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Abstract

Abstract

A new non merit function based lens design algorithm has been developed which
combines a quadratic approximation to the individual aberration variations with
adaptive aberration control techniques. This has resulted in an increase in the
magnitude of the applied parameter changes and a reduction in computing load rel-
ative to the linear adaptive method. Several examples are given which demonstrate
that the new quadratic adaptive correction algorithm can find solutions not readily

available to conventional gradient descent methods.

To demonstrate the capabilities of the new algorithm two quite different stages of
the design process have been investigated: the generation of starting designs with

reduced higher order aberrations and the fine correction of optical systems.

The generation of starting designs with reduced higher order aberrations has en-
tailed the development of a new method for computing higher order aberrations
which is explained in detail. The higher order aberrations were reduced using the
quadratic adaptive correction algorithm for five initial lens designs which were then
optimized using the damped least squares method. Different design forms were
found using this technique but these were not consistently superior to the designs

resulting from the exclusive use of damped least squares optimization.

The fine correction of optical systems has been attempted by initially determining
target values for the third order aberrations which optimize the Strehl ratio and
then using the adaptive quadratic correction method to target these aberrations.
This technique is described in detail and four examples are used to demonstrate the

strengths and limitations of the method.
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Chapter 1 - Introduction

CHAPTER 1

Introduction

1.1 Historical Overview

In 1952 Baker [1.1] was one of the earliest workers to use computers for the it-
erative improvement of optical systems which was somewhat ambitiously termed
“automatic optical design” at that time. Unfortunately his work at Harvard un-
der a US Air Force contract was classified until 1959. The reports subsequently
revealed that several of the methods described by other authors in the interim had
been evaluated by Baker including an algorithm that was almost identical to the
damped least squares algorithm. At about the same time as Baker’s work at Har-
vard, Black was working on univariate methods of lens correction at the University
of Manchester [1.2]. This was the first reported work on computer lens optimiza-
tion in the U.K. and coincided with the publication by R.E. Hopkins of work at the
Institute of Optics, University of Rochester, where a computer was used to find the
third order solution to a lens system {1.3] by solving an exactly determined set of
linear equations. Meiron at the Weizman Institute in Israel and Feder at the East-
man Kodak Company, New York were also working on computer optimization of
lens systems and both published a series of papers on the subject in the late 1950’s
and early 1960’s. The methods covered were a parabolic approximation technique
[1.4], the optimum gradient method [1.5], the modified gradient method [1.6] and
the conjugate gradient method [1.7). However, all these techniques together with

the steepest descent method [1.2), [1.9], suffered from slow convergence and are now

considered obsolete.
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The least squares method was first used by Rosen and Eldert {1.8] in 1954 as a
technique for reducing a single-value merit function which was defined as the sum
of the squares of the transverse ray aberrations. The method though has a ten-
dency to oscillate about a solution and sometimes catastrophically diverges from it
because of the inherent ill conditioning of optical change matrices. In 1958 Wynne,
who was working at Wray Optical Ltd. at that time, described a modification to
the least squares algorithm which ed the magnitude of the applied parame-
ter changes and also allowed the solution to continuously vary between a steepest
descent increment and a least squares increment [1.9]. The technique was called
SLAMS (successive linear approximation using maximum steps) and overcame the
limitations of the least squares approach. It was subsequently found to be identical
to the work of Levenberg who had developed the method to find least squares so-
lutions to certain non-linear problems {1.10]. Wynne’s clarity of explanation made
the results from his work readily accessible and SLAMS rapidly grew in popularity.
Under its new name of the damped least squares algorithm (DLS) it has become
the most widely used and researched optimization algorithm for lens design and is

available in almost every computer-aided optical design program.

In the early 1960’s with computers becoming more powerful and increasingly wide-
spread in their availability, the amount of work on computer-aided lens design in-
creased. Glatzel, who was working for Carl Zeiss at Oberkochen, first published his
adaptive method in 1962 in the German journal Optik [1.11] although an English
translation was not available until the Conference on Lens Design with Large Com-
puters which was held at the University of Rochester in 1966 [1.12). Glatzel’s work
received little attention although R.E. Hopkins and Spencer at the University of
Rochester had been working along similar lines and published their results in the
same year [1.13]. Grey’s orthonormalization optimization method was published in
1963 [1.14] and it presented an approach that attempted to counter some of the
major problems in lens optimization namniely non-orthogonality of the aberrations
with respect to the parameter base and ill-conditioning of the matrices. Grey’s
method together with damped least squares and Glatzel’s adaptive method are the

only optimization algorithms from the early work on lens optimization which have
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survived to the present day.

Most of the work during the late 1960’s and 1970’s centred around the damped
least squares algorithm and considered such issues as selection of the damping fac-
tor [1.15], the use of different merit functions [1.16] and convergence [1.17). It was
not until desk top computers became available in the late 1970’s that the direction
of computer lens design software and optimization methods significantly changed.
Initially, desktop computers (later to become personal computers, or PC’s) had
only limited memory and great emphasis was placed on computational efficiency
and program size. This further encouraged the development of efficient numerical
methods for lens design, particularly during optimization where expensive function
evaluations could make an iterative method impractically slow. However, arguably
the most significant outcome of the desk top computer revolution has been the vast
increase in the number of people who have access to lens design software. Op-
timization programs now need to handle multi-configuration zoom systems, non-
rotationally symmetric systems, many-colour optimization, direct optimization of
the spatial frequency response, optimization of novel optical elements such as diffrac-
tion gratings, GRIN lenses .... the list is endless. Many of the techniques though
were developed for large mainframe computer programs and the challenge was to
make computer programs small and efficient enough to fit on a PC. In addition, the
user interface was of increasing importance, particularly for those optical engineers

who did not spend every day using a program.

The development of personal computers was so rapid that the problems of computer
speed and program size were shortlived and in particular computer processing power
increased to such an extent that by the mid 1980’s so called global optimization
became feasible. Some of the earliest attempts at global optimization used the
generalized simulated annealing algorithm and were reported in 1987 by Hearn
[1.18] and Weller [1.19]. More recently Forbes and Jones [1.20] have continued
working in this area although the initial enthusiasm of many lens designers appears

to have subsided. The problem with any global optimization method is the ‘curse
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of dimensionality’; for example, if all six curvatures of a triplet are allowed to vary
and there are 10 possible values for each curvature then 10® system evaluations
are required to assess all the possible designs. One of the most recent examples
from Forbes and Jones [1.21] was a four element lens which required their adaptive
simulated annealing algorithm to run for 8 hours on a UNIX workstation. More
recently Sturlessi and O’Shea [1.22) have described a parametric survey technique
which covers the entire parameter space with a uniformly spaced grid and evaluates
the system at each point on the grid. Again this is computationally very expensive
and more recent work by these authors described using the technique as a method
for finding likely regions of parameter space for local minimization algorithms. One
of the main reasons that these algorithms should not be dismissed as impractical
is that a majority of PC’s and workstations are idle for at least half of the day.
Therefore to set a global optimization program running overnight does not involve
any loss of resources and may at best find a better solution or at the worst be able

to suggest some alternative configurations.

In paralle] with the work on global optimization was the application of artificial intel-
ligence and expert systems to lens design. This was first discussed by Bohachevsky
et al. in 1984 [1.23] and has received a steady increase in interest since then. There
has however, only been one instance, to the author’s knowledge, where an artifi-
cially intelligent program has been implemented in commercial software and where
examples of its application have been given [1.24]). However, ambitious projects are
currently under development, most notably at the University of Alabama [1.25],

which may yet prove successful.

With the widespread use of computer graphics it has become common to study the
state of correction of a lens system through the graphical display of aberrational
information rather than by the direct use numerical ray trace results. The effects
of the classical aberrations on the transverse ray error curves and the optical path
difference curves are therefore well known to all practising lens designers. Aberra-

tions that need to be corrected are usually identified through the finite transverse
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ray errors resulting from ray trace calculations. However, each transverse ray error
contains information about many different aberrations and to all orders of approx-

imation. But such techniques have achieved a large measure of success.

Much of the work over the past thirty years in the field of lens optimization has
involved variations of the least squares method where there are always more aberra-
tions to correct than variable parameters. In these methods it is necessary to define
a single figure of merit which can be reduced as in a least squares linefit where the
sum of the squares of the deviations is minimized. The merit function that has been
most extensively used in lens design is the sum of the squares of the transverse ray
errors although the merit function may use wavefront aberrations and in addition,
will usually contain other quantities including paraxial constraints and boundary

violations.

One of the problems with the least squares approach is that valuable information
is lost about the distribution of the magnitudes between different aberrations. This
is unfortunate since most lens designs are assessed in terms of the aberrations that
are limiting the performance of the system and which need to be altered to achieve
a ‘better’ aberration balance. In the least squares environment this is achieved
indirectly by altering the contributions to the merit function and re-optimizing the
system. This procedure may have to be repeated several times to achieve the desired

effect assuming it is possible.

The merit function variation defines a surface in n-dimensional parameter space
which can be considered similar in terrain to a mountainous landscape with long
winding valleys and many local depressions. Standard gradient algorithms only have
the ability to move in a direction in which the merit function decreases. They can
therefore become trapped by local minima and are also dependent on the starting
point for the descent (the initial design). This limitation has been recognized and
many variants of the basic DLS algorithm are now available which allow the user to

define his/her own merit function and to target aberrations to specified values. The
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use of different merit functions has been prompted to help avoid local minimum
solutions by manipulating, in some ill-defined sense, the topography of the merit
function surface. It is also becoming increasingly common for programs to use
a merit function based on a direct measure of image quality. This may be, for

example, the variance of the wavefront aberration or the optical transfer function.

1.2 Thesis Synopsis

This thesis is concerned with methods for correcting optical systems which do not
use a single-value merit function. If a merit function is not defined and if instead
individual aberration values are targeted, it is possible to find solutions that are not
readily available to gradient methods that use a merit function. Following from the
discussions in the previous section, such a method can provide the designer with
direct control of a design since individual aberrations can be adjusted rather than
having to go through the less direct route of changing optimization parameters and
re-optimizing the merit function. However, the drawback with such methods is that
the user must specify target values for the aberrations. Although this is possible
with experience, it is tedious and may require more than one optimization run to

reach the desired result; it should be possible to avoid such an indirect approach.

Historically, the ideas for lens correction in this thesis evolved from a project that
intended to use ‘optical intelligence’, or information regularly used by lens design-
ers to create an expert systems type of environment for lens correction. Such an
environment would use standard gradient optimization methods where appropriate
but not during final aberration balancing or during the initial correction of a lens
that is far away from a suitable solution. In addition different correction strate-
gies would be programmed to attempt the correction of aberrations that have been
diagnosed as fundamentally limiting the design from further improvement. Such

techniques required an algorithm that was much more flexible than a standard DLS
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optimization program with the ability to handle composite variables, any type of

aberration and to be able to specify suitable target values for the aberrations.

Chapter 3 of this thesis describes a lens correction algorithm which is a hybrid of
Glatzel’s adaptive method [1.26] and a quadratic extrapolation method described
by Maxwell and Hull {1.27]. It combines many of the aberration control techniques
used in the adaptive method together with the ability to take large steps in param-
eter space due to the second order approximation to the aberration variation. The
quadratic approximation also allows the explicit indication of intractable aberra-
tions and the precise targeting of aberrations within the region of a solution. The
algorithm is general and can be applied to the correction of optical systems where

transverse ray aberrations or aberration coefficients are targeted.

Chapter 4 applies this algorithm to the reduction of higher order aberrations during
the initial stages of the design process. Higher order aberrations vary more slowly
than third order aberrations and hence, if they can be reduced at an early stage of
the design process, the final aberration balancing has a greater potential for success.
Conventional correction methods are ill-suited to reducing the higher order aberra-
tions since the linear approximation to the aberration variation restricts the size of
the applied parameter changes and more importantly, when the starting design is a
long way from a good solution, it is likely that the design will converge to an inferior
local solution. The reduction of the higher order aberrations considered in chapter
4 is an attempt to find new starting designs in a manner which is independent of
a merit function and which may then converge to better solutions than is possible

using conventional methods.

Chapter 5 presents an approach for optimizing the Strehl ratio of an optical system
by adjusting only the third order aberrations during the final stage of aberration
correction using the algorithm described in chapter 3. The higher order aberrations
remain approximately static for the small changes required to adjust the third order

aberrations and therefore the algorithm converges rapidly. The higher order aber-
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rations are found by approximating the wavefront up to and including the seventh
order spherical aberration term and subtracting the Seidel aberrations from finite
ray trace computed wavefront aberrations. Similar approaches have been given by
Cox [1.28] and King [1.29]. The derivation of the third order coefficients which
balance their higher order counterparts to optimize the Strehl ratio is given in some
detail. Several observations are also made about the variance of the wavefront aber-
ration. The technique is suitable for systems with relatively small aberrations where

wavefront aberrations are an appropriate method of assessing image quality.

Chapter 6 summarises the main results and draws conclusions about the advantages

and limitations of applying the methods described in the earlier chapters.
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CHAPTER 2

Optimization Methods
in Lens Design

2.1 Introduction

This chapter presents a review of many of the optimization techniques that have
been applied to lens design. Its purpose is to clarify the current state of work in this
field and to put into context the material described in chapters 3-5 of this thesis. It
includes algorithms that no longer appear to be in current use and the more recent

investigations into global optimization and artificial intelligence.

There is a large amount of literature on optimization theory and the methods for
‘automatic’ optical design. Few authors, however, have attempted to compare the
various algorithms and Takahashi [2.1] is the only one who, to the author’s knowl-
edge, has presented a practical comparison based on the optimization of model
functions. Two possible reasons for this are that consistency in programming meth-
ods is required and that there are numerical difficulties associated with the practical
implementation of some algorithms. It is known, for example, that Grey’s orthonor-
malization method will fuil if it is implemented without the numerical safeguards
which have been discussed by Grey [2.2]. Consequently, such a study would be very

time consuming and its value questionable in some respects.
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2.2 Algorithms No Longer in Common Use

2.2.1 Relaxation Techniques

One of the earliest reported attempts at computer-aided lens design and optimiza-
tion was carried out by Black [2.3] at the University of Manchester in the early
1950’s. The method he described successively alters each available design parame-
ter in an attempt to minimize a system merit function, ¥, which is defined as the
sum of the squares of the residual aberrations. When a change in one variable does
not improve the merit function, the minimum for that particular parameter has been
reached and control moves on to the next parameter. Such a technique produces
a rapid improvement over the first few changes but the process rapidly stagnates.
Three methods were described to ‘upset’ a system in this condition. Firstly, block
operations can be used where two or more variables are changed simultaneously;
bending is an example of a block operation. Secondly, it is possible to use a group
operation to reduce ¥ where extrapolation is applied to two or more systems to
produce a system with an even lower merit function. This requires that a large
number of system specifications, together with their calculated residuals, are held
in memory at any one time. Finally, when none of these processes affects any fur-
ther improvement in the merit function, the system can be subjected to a random
operation. This is a random application of changes of random length applied to the
system parameters. There is a connection here with Monte Carlo methods which

are now used for lens optimization on some of the larger computers [2.4].

The four techniques described above were run in parallel, the latter three being
used to upset the design before returning it to the variable by variable minimiza-
tion. The convergence rate was extremely slow, (Black presented a Tessar lens that
had vndergone two hours of minimization on a computer that could calculate 16
aberration residuals in a minute), and the method lacks consistency. However, these
techniques present an interesting historical perspective when more recent work on

global optimization is considered (see §2.7).
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2.2.2 The Method of Steepest Descent

The steepest descent algorithm was first proposed by Cauchy [2.5] as a method for
solving sets of simultaneous linear equations. Several authors ([2.3, 2.6-2.8]) have
since described its application to lens design as a method for lens optimization. It

is also known as the gradient method.

The steepest descent method proceeds as follows. A merit function is defined as the
sum of the squares of the aberrations and the vector of first order partial derivatives
of the merit function with respect to the system parameters, V¥, is calculated.
The direction of V¥ is normal to a surface on which ¥ is constant and therefore
movement in the — V¥ direction will reduce the value of the merit function. The

incremental changes in the design parameters are therefore chosen to be proportional
v

tO-a;j—

and this vector of parameter changes multiplied by a scalar step-length h.
Selection of the step-length is important since ideally it should be chosen to reduce
the merit function to zero (if the higher derivatives are also zero). Too large a step
length can result in an increase in ¥ due to its quadratic form and non-linearities,
whereas too small a value of h results in very slow convergence. The calculation of

the optimum value of h will be considered in the next section.

The rate of convergence of the steepest descent algorithm is too slow to be of
any practical value in practical optimization problems. The reasons for this have
been most clearly explained by Wynne [2.7]. For a corrected system, the aberration
residuals are usually small, resulting in small steps towards the solution. In addition,
the algorithm requires that simultaneous changes to all the parameters produce a
decrease in the merit function. However, in a corrected system, the most likely
outcome of a parameter change is an increase in V. Consequently the parameter
changes are very small and progress towards the minimum is very slow. If the
aberrations, f;, are linear with respect io the system parameters, z;, then the
contours of constant ¥ define a series of concentric hyper ellipsoids. The algorithm

produces a zig-zag movement which is rarely directed towards the centre because of
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the extreme eccentricity of the ellipses (figure 2.1). In addition, any non-linearity
in the aberrations tends to warp and twist the ellipsoids making the situation even

worse (see §2.3).

X2
¥ = const. ™~

\

(0,0)
7T 7 T 77 x5

Figure 2.1 An illustration of the zig-zag movement
during steepest descent optimization.

Mathematically, the slow convergence of the steepest descent method can be theo-
retically proved to be caused by the difference in the sensitivities of the parameters

and not the non-linearities of the aberrations [2.9].

2.2.3 The Optimum Gradient Method

The optimum gradient method is an attempt to accelerate the convergence of the
steepest descent algorithm and was first described by Feder [2.6]. At each iteration
the step length h is calculated such that ¥(h) is a minimum. This can be achieved
in one of two ways: ¥ can be evaluated for several values of h and a polynomial
fitted to the data. It is then a simple matter to find hpmin. Alternatively V¥ can be
evaluated for several values of the step-length and the scalar product V¥(h)-V¥(0)
plotted against h. This function is zero for stationary values of V¥(h) (which of
course does not rule out the possibility of finding points of inflection) and occurs

when VW¥(h) is perpendicular to V¥(0) explaining the typical zig-zag movement
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towards the solution. In the optimum gradient method the ratio E‘h._.. is always
chosen to be 1. If this ratio is less than unity then one is said to undershoot the

minimum and if 7:% > 1, then the minimum is overshot.

Although the optimum gradient method is simple and general, it is also very slow
even when applied to linear equations which can be readily solved by Gaussian

elimination.
2.2.4 The Modified Gradient Method

Meiron and Loebenstein [2.8] first described this method which is an adaptation
of of the method of steepest descent to try and improve convergence. For small
increments in the design parameters, Az;, the change in the merit function is given
to a first order approximation, by:-

n

ov
AV = — | Az; .
3 (5) e &)

and the changes Az; are constrained to a small region by the condition:-
Y (pidz;)’ < (2.2)
j=1

where the weighting factors, p;, are introduced approximately to equalize the dif-
ferent variabilities of the parameter changes. Although the values of p; vary over
large parameter changes, they can be regarded as constant within a small region.

Inequality (2.2), therefore, restricts the ‘distance’ moved in parameter space.

Equation (2.1) is linear in Az; and hence the largest decrease in the merit function
occurs on the boundary of the valid region specified by (2.2). As a result (2.2) can
be written as an equality. The values of Az; are then calculated using Lagrange

multipliers to give

_k oy
p; Oz;

where k is a positive coefficient of proportionality. Increasing k in steps, decreases ¥

Arj = (2.3)

along a path which can be considered to be of steepest descent. The formulation of
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this method using Lagrangian multipliers also allows the handling of additional con-
straints; for example, maintaining the back focal length or restricting the steepness

of the curvatures.

Although two examples are presented which demonstrate the mathematical validity
of the algorithm, no mention is made of efficiency or convergence speed. Takahashi
[2.1] noted that the convergence was better than any of the techniques discussed in

the previous sections but was still rated as ‘poor.’

2.2.5 Parabolic Approximation Method

Meiron and Volinez [2.11] have described another modification to the gradient
method where the variation of the merit function, ¥, with each parameter, zj,
is approximated by a parabola. Three values of ¥ are calculated to determine the
parabola: z; — Azj, z; and z; + Az; where Az; is small. The minimum of the
parabola is found computationally by replacing the derivatives in the derived math-
ematical equation for (zj)min by finite difference approximated derivatives. The
value of the parameter change to give the minimum value of ¥ is determined for
each parameter in turn while holding the other parameters constant at their initial
values. The computed values of all the Az;’s are then added to the variables and

the new system evaluated.

The algorithm suffers from the same problem as the optimum gradient algorithm of
Feder [2.6], namely that more computation is required at each stage when compared
with the techniques discussed earlier in this section. Therefore, although the rate of
convergence is faster, this is to some extent nullified by the increased computation
time. However, a ‘better’ minimum is often found because the separate minimiza-
tion of each parameter in the parabolic approximation method is not so adversely
affected by an ill-conditioned optical system. Consequently, satisfactory solutions

are more likely to be found.
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2.2.6 The Conjugate Gradient Method

The conjugate gradient method was originally described by Hestenes and Stiefel
[2.12] but first appears in the optical literature some ten years later [2.13], [2.10].
Although the mathematics are elegant, it is doubtful whether any advantage is
gained over Gaussian elimination for solving sets of linear equations. However,

with ‘slight modifications,” Feder [2.6] applied it successfully to optical design.

In the steepest descent method, a step was made in the — V¥ direction to minimize
V. In the conjugate gradient method, a correction vector, which is dependent
upon —V V¥ at the previous iteration, is added to the gradient vector. It has been
mathematically proved [2.12] that for N linear equations, the technique converges in
N steps or less — a significant improvement over the steepest descent method where
the number of steps may be raised to the power 6 or 7! In optical design, Feder [2.10]
states that ‘the important thing is that this gain in speed carries over to the non-
linear case.” However, Takahashi {2.1] finds no significant improvement in speed
of convergence and claims a faster convergence for the parabolic approximation

method of Meiron and Volinez [2.11].

2.2.7 Least Squares Minimization

In lens design it is common to have more aberrations to control than available
variable parameters. Such situations lend themselves to a least squares approach
which finds the “best compromise” solution to the problem. It is important to
consider the conditions for obtaining a least squares solution and the necessity for
defining a merit function (or, perhaps more correctly an error function). Therefore,
the least squares normal equation will be derived in some detail. Discussions and

definitions of some of the optimization nomenclature are given in Appendix A.

The aberrations of an optical system, f;, are continuous functions of the system
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parameters therefore they can be expanded in a Taylor series about the current
aberration value
N0 24)
f,’—fo+ZaTj(L‘J+... ( .
1=1
where f, is the aberration value for system parameters x, and z; are the parameter
changes. The merit function ¥, is formed from the sum of the squares of the

aberrations f; such that

v(x)=) fi. (2.5)

Apart from the numerical convenience of having a sum of squares merit function
where negative aberrations do not cancel out their positive counterparts, there are
sound mathematical reasons for the definition of ¥ given in equation (2.5) which

will become apparent.

Equation (2.4) can be written in matrix/vector notation as

f=f,+Ax (2.6)
where A is the m x n matrix of partial differentials with elements A,; = 2 z’: . The
merit function to be minimized becomest

¥(x) = ||fo + Ax])*
= (fo + Ax) - (fo + Ax)
=f,-fo+2f,- Ax + Ax - Ax
=f, fo+2ATf, - x+x-ATAx (2.7)

and hence the gradient vector, V¥(x), is found by differentiating (2.7) with respect

to x

V¥(x) =2ATf, + 2AT Ax. (2.8)

Differentiating again, the Hessian H¥(x) is obtained;

H¥(x)=2ATA. (2.9)

t The following relations have been used in deriving (2.7): u-v=u®v and (AB)T=BTAT
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In general the matrix product ATA is positive definite and hence the Hessian
H¥(x) is also positive definite. As a result ¥(x) is a convex function and therefore
has a unique minimizer at the point x* for which V¥(x*) = 0 (see Appendix A).

The normal equation which characterizes x* is given by
ATf, = —ATAx". (2.10)
Since the matrix ATA is positive definite it can be inverted, to give
x* = - (ATA) ' ATE, (2.11)

The two mathematical reasons for defining the merit function as the sum of the
squares of the aberrations are now apparent; they are that ¥(x) is a convex function
of x and that ¥(x) is also twice differentiable with respect to x. Both of these

features are essential in deriving the normal equation (2.10).

Least-squares was one of the first minimization techniques to be applied to lens
design [2.14], [2.6], [2.15]. However, it proved unsuccessful for two main reasons;
the matrix A and hence the matrix product AT A is prone to ill-conditioning and the
method has a tendency to oscillate about and sometimes diverge catastrophically
from a solution [2.10). The damped-least squares algorithm described in the next

section overcomes these difficulties.

2.3 The Damped Least-Squares (DLS) Minimization Algorithm

Levenberg [2.16] first described a method for applying least squares to solving
certain non-linear problems. The same method was discovered independently by

Wynne [2.7] who presented the first results on its application to lens design. The

two equations to be normalised to form the damped least squares solution are
f,+Ax=0 (2.13)
px=0 (2.14)
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where p is known as the damping factor because it limits the magnitude of the
solution vector. Following an identical approach to that in the previous section we

have that

¥(x) = |Ifo + Ax|® + [lpx|’
= (fo + Ax) - (fo + Ax) + px - px
=f, fo +2fo- AX+ AXx - AX + px - px
=f, £, +2ATf, - x+x - ATAx +p’x - x (2.15)

and differentiating equation (2.15) with respect to x gives the gradient of ¥
ViI(x) = 2ATf, + 2AT Ax + 2p’x. (2.16)

The normal equation that characterizes the damped least squares algorithm is found

by equating the gradient vector to zero
(p*1+ ATA)x* = -ATH, (2.17)
and hence the required change in the system parameters is given by
x* = —(p’ I+ ATA)TIATS, (2.18)

where x* defines a DLS solution step. In optical design the damping factor serves
two purposes; it restricts the magnitude of the applied parameter changes to the
region over which a linear approximation is valid (equation (2.4)) and it also prevents
the matrices becoming singular as a result of ill-conditioning. This is because the
damping factor adds a positive value to all terms on the diagonal of the matrix ATA
and hence even if one diagonal element becomes zero due to A being singular, a
solution is still possible. The dual purpose of p has been criticised by some authors
[2.17] who have developed methods of eliminating the ill-conditioning based on
orthogonalising the aberrations. The subject of orthogonalization will be considered
in more detail in the §2.5 where Grey’s orthonormalization optimization method is

discussed.

A variation of the merit function ¥ with respect to p during a typical iteration is

shown in figure 2.2. At each iteration there is an optimum value of p which has
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Actual variation

damping factor, p

Figure 2.2 Variation of the merit function ¥ with respect
to the damping factor p during a typical DLS iteration.

to be found. Levenberg [2.16] proposed a linear search which was time consuming
and has been superceded by a method due to Marquardt [2.18] where from an
initial arbitrary value, the damping factor is multiplied or divided by a factor v
depending on whether the merit function is higher or lower than its predecessor.
(The suggested value for v was 10 but at least one optical design program uses
a value of 2 [2.19]). Fletcher [2.20] has indicated inefficiencies in the Marquardt
method for a poor starting value of the damping factor and has proposed a method
where the starting value for the damping factor is governed by R, the ratio between
the linearly predicted decrease and the actual value of the merit function. If R ~ 1
then the first-order approximation to the Hessian, H(¥) = 2(ATA), used in the
least squares increment (equation (2.11)) is good and p can be decreased for the
next iteration. However, if |1 — R| > 0.3, then the approximation is poor and p

must be increased.

The DLS algorithm is known as a variable metric method [2.21] because the damping

factor allows a smooth transition between a steepest descent increment and the least

squares (or Gauss-Newton) solution:-

lim x* = -ATf,/p* (2.19)

p—o
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: . TA\ 1T
lim x* = - (ATA) ™ ATH,. (2.20)

X2
20
16
12
8
4
X1 o

(10,-2)

Figure 2.3 Merit function contours for a simple linear system
llustrating the effect of changing the damping factor.

The effect of the damping factor can be viewed for the simple two dimensional case
if two arbitrary ‘aberrations’ are defined which are functions of the two variable
Parameters z, and r;. These aberrations do not relate to any real optical system
and have been constructed simply for the purpose of examining the damped least
squares solution. Figure 2.3 shows the merit function contours at values of ¥ =

4,8,12,16, 20 for the simple linear system

fi = 0.8z, + 0.2z, (2.21)
fa = —0.4z; + 0.4z, (2.22)

consisting of two aberrations, f; and f, which are linear functions of the two vari-
ables r, and z,. To illustrate the effect of changing the damping factor, a starting
point of (10,—2) has been taken and the DLS equation (2.18) solved for values
of p = 0 to 10. The values of z; and r; have been plotted after applying the

change and are represented on figure 2.3 by the curved line joining the minimum
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Figure 2.4 Merit function contours for a non-linear system.

solution (0,0) to the starting point (10,~2). For a zero damping factor, the mini-
mum is reached in a single step but as the damping factor is increased the applied
parameter changes become smaller and the direction tends towards that of steep-
est descent. Hence the damping factor serves not only to limit the magnitude of
the applied changes but also to alter the direction taken in parameter space. A
Steepest descent increment is used far from the solution continuously changing to a
Gauss-Newton solution close to the minimum. The aberrations of optical systems
are, however, non-linear functions of the system parameters and so the minimum
cannot be reached in a single step. The effect of the non-linearities is to twist the
hyper-ellipsoids which, combined with ill-conditioning, produces long and narrow
twisting valleys in parameter space. This is illustrated in figure 2.4 which again
shows the merit function contours for values ¥ = 4,8,12,16, 20 for the non-linear

System
fl =2z, + 0.3z2 + (0.3$1 - 22)2 (223)
f, = 0252, — 0.25z, (2.24)

The method of damping in the above equations is known as ‘additive damping’
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because a positive constant p? is added to all terms on the diagonal of the matrix
ATA. Levenberg [2.16] also described a method where the functions which have
high linear rates of change are more heavily damped than those with slow rates of
change. The effect is to multiply the elements on the diagonal by (1+p?), and hence
this method is usually termed ‘multiplicative damping.’ Meiron [2.22] has applied
multiplicative damping to lens design and reported significant improvements in
convergence in non-linear regions and when parameters of different types are used .
However, Kidger and Wynne [2.19] found little difference between the two methods
except when the parameter increments used for computing the finite difference
differentials were poorly chosen. Jamieson [2.23)] subsequently pointed out that
there is little theoretical justification for either additive or multiplicative damping
other than to limit the applied parameter changes in the presence of non-linearity.
For example, damping the aberrations by an amount proportional to their linear
rates of change is unjustified because it is the second order derivatives that limit the
range of applicability of the linear approximation. The same argument led Buchelle
[2.24] to introduce approximate second order damping where only the homogeneous
second order derivatives were evaluated. Their values were then used as the damping
factors for each aberration. For example, if the second order derivative is zero then
the linear approximation allows the solution to be reached in a single step. However,
larger values of the second order derivatives indicate a significant non-linearity and
hence the applied parameter change should be reduced. The homogeneous second
order derivatives have also been used by Huber [2.25] but for a different purpose

which will be described in the next section.

In practical lens systems it is usually necessary to ‘weight’ the individual aberra-

tions. The merit function is then defined by

¥(x) = - 2 £2
X) = Z w? f; (2.25)

where w; are the weighting factors for the aberrations f;. The weighting factors in
damped least squares perform two vital functions: they allow the designer to assign
values of relative importance to the various aberrations and they also balance the

effects of the varying rates of change and inherent differences in the magnitudes of
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the different aberrations (wavefront aberrations, transverse ray aberrations, paraxial
quantities). As a result, the final aberration balance is fundamentally affected by
the choice of weighting factors. Most commercially available lens design programs
which use the DLS optimization method have a set of default weighting factors

which generally will need to be adjusted as a design is optimized.

All lens design optimization problems will have boundary conditions or other con-
straints, for example, lens edge thicknesses, paraxial quantities, real glasses etc.
These can be handled in three possible ways: by freezing variables which violate a
boundary, by treating the violation as another aberration targeted to the boundary
value or by solving for the exact boundary value using Lagrangian multipliers. The
relative merits of these methods has been discussed at length by several authors,

most notably Kidger [2.26] and Hopkins and Kadkly [2.27)].

The damped least squares algorithm was the first algorithm that met with success
in optical design. It has remained the most widely used and developed optimization
method. However, its major limitation is that it will only make changes where the
merit function decreases. Consequently it can only find the local minimum solution
to the starting design for a given set of aberration weights. This dependence on the
starting design is of great importance and benefits from the input of an experienced
designer. Another limitation of the damped least squares algorithm is that the final
solution is dependent upon the choice of damping factor at each iteration and the
selection of the aberration weighting factors. Both of these variables influence the

direction taken in parameter space.
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2.4 Enhanced Damped Least squares Algorithms

A majority of the enhancements to the damped least squares algorithm have been
concerned with the rate of convergence to the local minimum. This was particu-
larly important when the speed of even large timeshare mainframe computers was

significantly slower than most modern personal computers.

In §2.2 a linear approximation was made to the aberration variation by truncating
a Taylor series expansion after the linear term (equation (2.4)). The merit function,

defined in equation (2.5), can therefore be written as

m n
ofi
V)= [fo+d vl (2.26)
which includes quadratic terms of the form

m of: 8f:
; ;; 5z, Doy~ (2.27)

If the Taylor series expansion includes the second order terms then equation (2.26)

becomes \

m a ; 1 n n 62f'
=§ f0+2 fi "+§jz=:lkz_:_l—6z,0zkx’" (2.28)

which includes quadratic terms of the form

a.a, ~ &
Z ZZZ f fz] k+fozzax16fzkxj$k (2.29)

i=1k=1 Jj=1k=1

for a system with m aberrations and n variables. Comparing expressions (2.27)
and (2.29), the missing quadratic terms are the second order partial derivatives of
the aberrations with respect to the variables. This was first noted by Grey [2.28]
and also by Wynne and Wormell [2.29]. Dilworth [2.30] modified the basic damped
least squares algorithm by taking account of the missing second order derivatives.
A complete set of both homogeneous and inhomogeneous derivatives was considered

too expensive to calculate and so only the homogeneous second order derivatives
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were approximated. The method was termed “pseudo-second-derivative” (PSD) for
this reason. The inhomogeneous terms are in any case smaller than the homogeneous

terms for reasons noted by Wynne and Wormell [2.29].

Dilworth [2.30] reported faster convergence and an ability to avoid stagnation in
the presence of differing non-linearities. Further examples of the application of the
pseudo-second derivative algorithm were given in a later paper {2.31). Faggiano
[2.32] subsequently reported a further modification to the pseudo-second derivative
method which involved selecting the smallest possible damping factor for which the
merit function decreases. This was claimed to enhance the speed of convergence yet

further.

Robb [2.33] also described a method for accelerating the convergence of the basic
DLS algorithm which was based on the observation that when the optimization
1s progressing slowly, the direction of the applied solution vector does not change
significantly. When this condition is detected, the solution vector can be scaled and
reapplied without calculating and resolving the matrix equation. The resulting lens

parameters are therefore given by
Tn4l1 = Tn + Atz* (230)

where z* is the calculated solution vector and A a suitably chosen scalar. This
procedure is repeated until the merit function increases or the value of n exceeds
a specified number of iterations. A convergence improvement factor of ~ 11 was

reported.

The enhancement to the DLS algorithm reported by Huber [2.34] [2.25] was con-

cerned with approximating the homogeneous second order derivatives by the ex-

8%fi a3k

Oz? 6z

where the first-order derivatives had been calculated from the two previous least

pression

(2.31)

squares iterations and the change applied to the variable z; was 6z; between these
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iterations. Huber recognised that the major expense during optimization is the
caleulation of the optical change matrix. However, a knowledge of the second order
derivatives allows the first-order change matrix to be updated without any extensive

raytracing of the system by using the expression

ofi' _ofi  O*fi,
35, "oz, T ol (2:32)

This equation performs an extrapolation from the second order derivative and hence
Huber called his technique ‘extrapolated least squares’ (ELS). The updating of the
first-order derivatives by this method can continue until the approximation breaks
down due to higher order non-linearities thus saving a large amount of computing

time.

Other techniques for enhancing the basic DLS algorithm have included different
algorithms for solving the DLS equation (2.18), for example, Cholesky decompo-
sition to form the transformation to orthogonal variables [2.17] and singular value
decomposition [2.35). Analytical derivatives have also been successfully employed to
improve the accuracy and reduce computing time [2.36]. Many improvements that
have not been documented will have also been made by working optical designers;

therefore this cannot be considered to be an exhaustive survey.

2.5 Orthonormalization

Grey developed the method of orthonormalization [2.28] because of two particular
areas where design with Hamiltonian aberration coefficients is intractable. Firstly,
it is possible for two classical aberration coefficients to have finite values which
compensate each other; the system is therefore at an optimum solution although
a merit function defined as the sum of the squares of the aberration coefficients
(equation (2.5)) would not be zero. Secondly, in general, each system parameter

affects every aberration coefficient. Thus a parameter change that improves one
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aberration coefficient may cause the values of other aberration coefficients to become

significantly worse.

Orthonormalization counters both these problems by defining a set of aberrations
such that
0 OP

305 =0 (#9) (2.33)

where P is a merit function and g; the orthogonal aberrations. A consequence of
equation (2.33) is that any decrease in an aberration will also result in a decrease in
the merit function. The orthogonal aberration coefficients can therefore be targeted
to zero which generally results in a satisfactory balance of the classical aberration

coefficients. A set of parameters u;, must also be defined such that

g% =0 (i#)) (2.34)

and therefore a change in one parameter will only affect one orthogonal aberra-
tion. By Grey’s definition, an “aberration theory” is orthonormal if it is orthogonal
(equation (2.33)), has an orthogonal parameter base (equation (2.34)) and if

9gi _
Bu, (2.35)

The consequences of an orthonormal aberration theory can be most simply illus-
trated by examining the merit function contours in a fashion analogous to the pre-
vious section for the damped least squares algorithm. Figure 2.5 shows the merit

function levels at values of P = 4,8,12,16,20 for the orthonormal linear system
g1 = luy + Ou; (2.36)
g2 = Ouy + 1uz (2.37)
which consists of two aberrations, g; and g2, which are orthonormal with respect to
the two variables u; and u;. The merit function surfaces have been transformed in

to hyperspheres and any solution of the least squares equations is directed towards

the minimum (0, 0).

The implementation of this method as a computer program has been discussed by

Grey ([2.37] and [2.2]). The mathematical technique for forming the orthogonal
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Figure 2.5 Contours of constant merit function for an orthonormal system.

parameter base is the Classic Gram-Schmidt process, a description of which can be
found in Jamieson [2.23] or a number of mathematical texts (for example [2.38)]). It
is a linear transformation method and, since optical systems are non-linear, the or-
thogonal parameter base must be recomputed once the region of linearity has been
exceeded. However, Grey noted that not all of the change matrix A is required for
the computation of each orthogonal parameter and therefore it is possible to post-
pone the calculation of the relevant columns of A until after a preceding orthogonal
change has been made [2.39). This increases the capability of the orthonormal-
ization method in the presence of non-linearity, a fact confirmed by the results of

Takahashi [2.1).

The classic Gram-Schmidt orthogonalization method has numerical difficulties in
its implementation which have been extensively discussed by Grey ([2.2] & [2.37)).
However, these can be alleviated by using the modified Gram-Schmidt scheme and
this approach has been described together with the results of some numerical work

by Cornwell et al. [2.39)].
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2.6 The Adaptive Method

The adaptive method, first described by Glatzel [2.40], represents a significantly
different approach to the problems of automatic correction of optical systems. In
the adaptive method there must be at least as many variable parameters as there
are aberrations during an iteration. This is the inverse situation to least squares
where there must always be more aberrations than variables. Glatzel’s reasoning
for such an approach was that it is not possible to correct more independent aber-
rations than there are available variable parameters. The classical aberrations are
not orthogonal and hence there are dependencies of various degrees between them.
Glatzel’s method exploits this by detecting linear dependence and removing one of
the aberrations causing the interdependence. The number of aberrations is there-
fore restricted and it becomes practical to correct lens systems while maintaining

at least as many variables as aberrations.

A linear system with more variables than unknowns is said to be underdetermined
i.e. there is no unique solution. One approach to solving the system is to calculate
the solution for the smallest change in the variables. This is known as a minimum
norm solution since it minimizes the length of the solution vector x. It is given by
[2.41)

x = AT(AAT) 7 (£, - fo) (2.38)

where x is the vector of parameter changes with components (Z1,%2,... &5y ..,Tp),
A is the m x n matrix of first-order partial derivatives with elements a;; = 3f;/9z;,

AT is its transpose and (fy — fo) is the m-vector of requested aberration changes.

Glatzel was not the first worker to use equation (2.38) to find the specified target
values for the aberrations of an optical system. Hopkins and his co-workers at
Rochester [2.42] first described a program for correcting third order aberrations for
an exactly determined linear system. MaCarthy [2.43] then extended this to the
minimum norm solution for situations when there were more degrees of freedom in

the lens system. However, although equation (2.38) is the mathematical basis of
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the adaptive method, it is really the control of the aberrations and the handling of

the parameter changes that is significantly different.

In the adaptive method [2.44], the designer selects a small number of aberrations
which are to be targeted to specified values and the lens parameters that the pro-
gram may change. In addition a set of aberrations can be defined which are con-
trolled to be within a specified tolerance band. Controlled aberrations do not take
part in the correction process unless they have drifted outside their predetermined
limits. To counter non-linearity, the target values are subdivided into a series of
intermediate levels by dividing the requested aberration changes by a fixed factor
entered in the program. Equation (2.38) is then solved using the first and subse-

quent intermediate target levels for the requested parameter changes x.

The parameter changes are not all applied to the system simultaneously but are
first divided by a scalar constant and then the largest element of x is applied to the
system. The reason for this is that the higher order aberrations change relatively
slowly and hence have the strongest influence on the direction taken in parameter
space. Therefore, applying the largest element of x first should preferentially reduce
the higher order aberrations. After applying the largest requested single variable
change, the system is evaluated and the process continues until the region of linearity
has been exceeded. The largest factor may be the same variable for several cycles
but may then switch to another variable. This process of applying several parameter
increments without recomputing the change matrix A was termed “inner cycles” by
Glatzel and it is one of the reasons for the rapid convergence of the method. Figure
2.6 illustrates this process for a single non-linear aberration and just one variable.
In practice, the function f; would be the vector f containing all aberrations and

the variable r; could change as described earlier in this paragraph.

During correction the matrix A is tested for ill-conditioning. This occurs when
two rows or columns become nearly linearly dependent and is countered by re-

moving one of the interdependent aberrations. It is also possible for variables to
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Figure 2.6 Illustration of ‘inner cycles’ in Glatzel’s adaptive method.

violate boundaries, in which case they are frozen and removed from the vector x
of variable parameters. Whenever the number of aberrations or variables changes,
equation (2.38) is resolved; it only becomes necessary to recompute the change ma-
trix when the linear approximation breaks down, or when the current target levels
have been reached. The optimization stops when either all aberrations have reached

the requested target values or when the number of variables becomes less than the

number of aberrations.

At about the same time as Glatzel first published his method, Hopkins and Spencer
[2.45] and Spencer [2.46] published their development of an optimization program
which was along similar lines to the adaptive method. However the success of other
optimization programs at the time, notably the damped least squares algorithm,
meant that both versions of the adaptive method went almost unnoticed. As a
result they have subsequently received little attention in the literature [2.47-2.49].
However the adaptive method has some important and useful features which have

formed the basis of some of the work elsewhere in this thesis (see Chapter 3).
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2.7 Global Optimization

The techniques presented earlier in this chapter are all local minimization methods;
they can only take steps which decrease the merit function and hence the solution
will be the local optimum for the starting design. (An exception to this is the
adaptive method which, although constrained to always accept decreases in the
targeted aberrations, is not constrained by the topography of a merit function
surface. This will be discussed further in Chapter 3). The possibility, therefore,
always arises that there could be a significantly better design at some other point in
parameter space. The very best design possible with respect to the merit function
specification is generally referred to as the global minimum although it is important
to remember that there is no mathematical proof that any such solution is the global

minimum.

2.7.1 Simulated Annealing

The simulated annealing algorithm attempts to model a molten metal as it is cooled.
Initially, the atoms in the metal crystal have no preferred direction of orientation
resulting in a high total energy state. If the metal is cooled slowly the atoms can
align themselves along the preferred directions in the crystal lattice and the resultant
total energy is at its global minimum. This process is known as annealing. However,
if the metal is cooled too quickly the atoms cannot orientate themselves along their
preferred directions and the resulting energy state is high. The simulated annealing
algorithm can be applied to optical design if the energy of the crystal lattice is

replaced by a merit function for the optical system being optimized.

The generalized simulated annealing algorithm proceeds as follows. Firstly, a ran-
dom set of changes is generated in the construction parameters and this change is
applied to the system. Secondly the merit function is evaluated and if it is lower
than the previous value, the change is accepted with a probability of 1. However, if

the merit function is greater than its predecessor a random number R is generated
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in the range [0,1]. The probability P is then evaluated from the expression
P = AAY/Y) (2.40)

and if P < R then the change is accepted but if P > R then the change is rejected.
In equation (2.40), 8 is a scaling factor, AV the change in the merit function and
V¥ the current value of the merit function. If § is set equal to 1/«T then P becomes
the Boltzman distribution and the analogy with cooling molten solids becomes more
apparent. As a result, control of the parameter 3 is known as a ‘cooling schedule.’ In
the basic algorithm, random changes are generated in the construction parameters
until no further reduction in ¥ can be achieved. The system is then said to have
reached equilibrium for the particular value of 8. It is only at this stage that the
value of 3 is incremented. The division by ¥ in the exponent of equation (2.40)
ensures that uphill steps are accepted with a greater probability when the system
is a long way from the global minimum. As the global minimum is approached,
the chance of the algorithm accepting a change for which there is an increase in ¥

decreases thus speeding convergence to the solution.

The first reported application of simulated annealing to lens design was by Bo-
hachesky et al. [2.50] at Los Alamos where it was to be used as global optimizer
within an ‘intelligent’ optical design program. Further developments were given
by Viswanathan et al. [2.51] although, to the authors’ knowledge, no subsequent
publications presented the results of their findings or practical examples from a func-
tioning program. Their implementation of an ‘intelligent’ optical design program
will be considered in the next section. Application of the generalized simulated
annealing algorithm has also been reported by Hearn [2.52, 2.53] and Weller [2.54]
who both describe implementations which use the damped least squares algorithm.
The observation was that damped least squares converges very rapidly in the region
of a solution, whereas simulated annealing finds good solution spaces, but then con-
verges slowly. In addition, an initial run with a damped least squares algorithm can
help limit the area of interest in the design space and information can be gained to

help set up the simulated annealing variables.
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In a later paper by Hearn [2.55]), where simulated annealing was applied to cost
control in optical systems, a modification to the probability function (equation
(2.40)) was employed which was derived from the laws of statistical mechanics. The
result was a continuous function which did not always accept the system changes if
the merit function had decreased. It was given by

1

P = raem

(2.41)

and circumvented the problem that in the original algorithm (equation (2.40)) steps
for which there was very little change in the merit function had an acceptance
probability P = 1. Equation (2.41) was considered more ‘natural’ since very small

values of AV only had a 50% probability of acceptance.

More recently, Forbes and Jones [2.56] have been investigating adaptive simulated
annealing for lens optimization. This approach rejects the original ‘staircase’ tem-
perature schedule for 4 and recognizes that, at every stage of the simulated anneal-
ing process, there is an optimum step and associated temperature if the algorithm
is to reach equilibrium rapidly. The method chosen, which is based on a heuristic
principle, minimizes the distance to equilibrium at each cycle. Forbes and Jones
[2.56) showed that, if this was the case, the temperature change depends on: the
sensitivity of the equilibrium distribution, the reduction towards equilibrium and a
constant entered to the program which determines the extent to which the param-
eter space is explored. As a result, the change in the temperature is modified at

each cycle and hence the algorithm is termed ‘adaptive simulated annealing’.

2.7.2 Other Global Search Techniques

Other approaches to global optimization have included a parametric survey tech-
nique where the design space is sampled with a regularly spaced grid and the best
regions recorded for local minimization algorithms [2.57]. Such an approach is
computationally very expensive since, in common with all global optimization al-

gorithms, it suffers from the ‘curse of dimensionality.” This is a simple pertinent
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observation which states that if parameter space is to be sampled with I intervals
for each parameter, then the number of system evaluations required is I"™ where
n is the number of variables. It is perhaps not suprising that results using global

optimization techniques have typically been limited to 2 or 3 element designs.

Just recently Code V released a version of their optical design program with a
“global optimizer.” Although some initial results of its application have been pre-
sented by Kuper and Harris [2.58], no details of the actual algorithm are available

at present.

2.8 Artificial Intelligence

Several papers have been published over the last seven years on the application
of artificial intelligence to lens design [2.59]-[2.61], {2.64]. However, only Dilworth
[2.61) has demonstrated a successful application of artificial intelligence that has
been implemented in commercially available software (SYNOPSYS). His approach
to the problem is twofold: a natural language interface is used to remove the problem
of the designer having to remember the large number of commands necessary to
control a comprehensive software package, and an expert systems approach is used
to aid the design process. The former is concerned with clever data manipulation
- the user can request the program to display data in many different combinations
and forms. An example which illustrates the value of such an interface is that the
user can request the program to plot coma versus the shape of a lens and display

the output graphically.

In Dilworth’s approach to ‘expert systems’, a database of lenses designed by experts
is maintained. During correction of the aberrations of a particular design, the pro-
gram considers splitting the lens at any air or cemented interface. The wavefronts
are computed at these locations and the database is then searched for a lens or part

of a lens, which has a wavefront that balances the wavefront of the aberrated lens,

53



Chapter 2 - Optimization Methods in Lens Design

the result obviously being a reasonably well corrected system. The design philos-
ophy is to use the expert system to suggest lens designs which meet a preliminary
specification that can then be subjected to further design work. The expert system
therefore has the ability to provide input to an optimization routine, but does not
deal with the fine correction of lenses at the optimization stage. This approach can
be programmed in a ‘standard’ language, such as FORTRAN, and details of the

procedures followed are given in the paper together with an example.

The expert systems approach to preliminary design has also been investigated by
Moss [2.62]. Few commercial programs help the designer through the initial stages of
the design process and therefore this has proved a valuable area for expert systems.
The optical knowledge, design aids (e.g. the Delano diagram [2.63]) and rules of
thumb can be implemented in software which can then suggest lenses for further
design work. Moss achieves this by matching specifications with generic lens types
held in a selection matrix where the matching is governed by a rule set. The
resulting thin lens layout is optimized and then a routine is used to thicken the lens
before it is re-optimized. Although such a design tool is of practical use, the system
is limited by the elements in the selection matrix and the rule set used. Also the
lens, resulting from a ‘standard’ optimization routine, may still be poorly balanced

and difficult to manufacture.

The approach taken by Choudry and Johnson [2.64], considers the overall process
of design in relation to specification, analysis, design, manufacture and test. The
result is a knowledge base consisting of both commercial codes (algorithms) and
heuristics generated using knowledge engineering. An inference engine is used to
search the knowledge. No successful implementations of this level of artificial in-
telligence have been demonstrated, although several other authors have described

a similar approach [2.59] & [2.51].
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CHAPTER 3

A Quadratic Adaptive Method for
Aberration Correction

3.1 Introduction

In most optimization algorithms, the aberration variation is approximated by a
Taylor series expansion [3.1] about its current value. For aberration f;, which has
a current value of (f;)o, the new value for this aberration after applying a set of

parameter changes (z,,22,...,2j,...,Zn) is given by
6f,
= (fi)o + Z (3.1)

In all correction methods employing a linear approximation, the series is truncated
after the linear term. The first-order partial derivatives are usually calculated using
finite differences although they can be evaluated analytically [3.2], [3.3]. The offset
finite difference approximation for a first derivative is given by

fi . filzj +6z;) — fi(z;)
Oz ~ oz

(3.2)

which requires two system evaluations; an evaluation of the current system and
an evaluation of the system perturbed by an amount éz;. If greater accuracy is
required, the central finite difference method can be used but at the expense of a
further system evaluation,

Of; f;(-’l?j +éz;) — fi(z; — bz;)
dz; ~ 26z; '

(3.3)
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Equation (3.2) provides an adequate approximation under most conditions, al-
though greater efficiency both in terms of increased accuracy and reduced raytrac-
ing load has been reported when using analytical derivatives in the damped-least
squares algorithm [3.4]. If the second order terms are included in the Taylor series

expansion, equation (3.1) becomes

4 a 1
= (fido +z o x’ 2 ZZ"’J“ax 6f-’tk + (3:4)

1=1k=1

which can be rewritten in matrix notation as
fi=(fio+d-x+3ix-H-x+... (3.5)

where d is the n-vector of first derivatives and H is the Hessian matrix of second
derivatives. A finite difference approximation for homogeneous second derivatives

is given by
d* fi fa(-'”J + 6z;) = 2fi(z;) + fi(z; ‘5‘”1)

31? 63:

(3.6)

However, it is advantageous to calculate or approximate all terms in the Hessian
matrix and not just the homogeneous terms. This is because in the region of a local
minimum of a continuous function, a quadratic approximation allows the minimum
to be found in one step. Even if the minimum is not sought, within a finite region
of the starting point a quadratic approximation allows any value within that region
to be found in a single step if the approximation is valid. For this reason, some
linear minimization techniques build up information about the Hessian matrix over
a series of iterations [3.5], [3.6]. However, if the aberration variation is approximated
by equation (3.5), a function which has been specified by the user, then the Hessian

matrix is known.

The quadratic correction method described here is an extension of the quadratic ex-
trapolation algorithm given by Maxwell and Hul. [3.7] operating in an environment
derived from the adaptive method as described by Glatzel and Wilson [3.8]. The
quadratic approximation allows large steps to be taken in parameter space, permits

the explicit definition of intractable aberrations, and removes the repeated use of
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the change matrix which was termed “inner cycles” by Glatzel and Wilson [2.8]

thus greatly increasing efficiency.

3.2 Mathematical Basis of the Method

In lens correction methods that make direct use of aberration coefficients, it is
usually necessary to solve a set of linear equations for the specified target values. A
least squares solution is not suitable because it is only a best compromise solution
to the requested aberration changes. However, in the former case, there must be
at least as many variables as aberrations and the mathematical system is said to
be underdetermined. This may appear to be an un:%cessary restriction but, as was
noted by Glatzel and Wilson [3.8], it is not possible to correct more independent

aberrations than the number of available variable parameters.

For an underdetermined linear system, the minimum norm solution (the solution

that minimises the length of the parameter change vector, ||x||) is given by [3.9]
x = AT(AAT) ' (£ - fo) (3.7)

where x is the vector of parameter changes with components (z,,z3,...,2;,...,z,),
A is the m x n matrix of first-order partial derivatives with elements a; j = 0fi/0z;,
AT is its transpose and (fy — fo) is the m-vector of requested aberration changes.
The matrix product (AAT)_l is one form of the generalised inverse of matrix A.
When there are an equal number of aberrations and variable parameters equation
(3.7) reduces to

x = A" (f, — fo) (3.8)

which is the well known matrix equation for solving an exactly determined system

of linear equations.

64



Chapter 3 - Quadratic Adaptive Correction

Equations (3.7) and (3.8) above are based on a linear variation of the aberrations
with respect to the variable parameters (equation (3.1)). The quadratic approxi-
mation to the aberration variation is an extension of the work of Maxwell and Hull

[33] and it proceeds as follows.

Initially, equation (3.7) is solved to find the parameter change vector, x, which is the
set of changes required to reach the specified aberration targets on the assumption
that the system is linear. The vector x is then mutiplied by a factor FS (the
quadratic fitting step) and the resulting change vector applied to the system. This
perturbed system is then evaluated and the new values of the aberrations (fi)Fs
recorded. It is now possible to approximate the aberration variation, with respect
to the parameter changes defined by the vector x, with a quadratic function of the
form

(fi)si = (a0)i + (@1)isi + (az)is? (3.9)
where s; is the length of the vector x for aberration f; and the coefficients ap, a3
and a; have a subscript ¢ to indicate that they refer to the quadratic approximation

for aberration f; (see fig. 3.1).

The coefficients (ag):, (a1)i and (az); in equation (3.9) are determined by first
considering the case when s; = 0 which corresponds to the current or starting point

before any change has been applied to the system. It follows immediately that
(ao)i = (fi)o (3.10)

where (fi)o is the current value of aberration f;. The first-order coeflicient, (a; );,

is the gradient of aberration f; with respect to s; at (f;)o,
(a1)i = dfi/dsil(s:),- (3.11)

It is calculated as follows: the change in the value of aberration fi after applying a

set of parameter changes s;x is given by

_Ofi . Ofi ofi
6fi = -3—;1—3..7:1 + F $iTa+ ...+ Bz, 8$iTn
_ [ of ofi Of;
== ‘{-5;:.1,'1 +a—$;x2++axn$n} (3.12)
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(fdo
linear approximation
.................... quadra[ic appmximaﬁon

actual variation

Abcrration, ;

(fdrs

(fi)l

f

Figure 3.1. The relationship between the actual aberration variation
and the linear and quadratic approximations.

on the assumption that the system is linear. When s; = 1, the vector of parameter
changes is simply x which is a solution of the underdetermined set of linear equa-
tions (3.7). Consequently, the aberration target values, (f;);, will be reached and

therefore, é f; is simply the requested aberration change given by
6fi = —=((fi)o = (fi)r) (3.13)

Substituting equation (3.13) into equation (3.11) and recalling that §s; = 1, gives
(a1)i = ((fi)e = (fi)o)- (3.14)

Finally the value of the aberration after applying a change FSx is ( fi)rs and hence
substituting (3.10) and (3.14) into (3.9) and solving for a; gives

az = {(fi)rs + (FS = 1)(fi)o — FS.(fi)} /FS?. (3.15)

The coefficients, (ao)i, (a1); and (a2);, are calculated for each aberration and the
quadratic approximations solved for the value of s; which would achieve the specified

aberration targets. Equation (3.9) will give two values for s; and the larger is
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discarded so as not to exceed the region of approximation. The values of s; which
are obtained for each aberration are converted in to a new set of aberration targets

as follows.

According to a linear approzimation, the variation of f; with respect to s; is given
by '
fi=(fi)o +a1si (3.16)

and hence the linear target value which would achieve the specified aberration target
according to the quadratic approzimation, (the two values are not necessarily the
same), is given by evaluating equation (3.16) for the value of s; obtained from solving
equation (3.9). If these target values are now used to form a new aberration change
vector (fy — fo)' and equation (3.7) resolved for a new set of changes x’, then the
originally specified aberration targets will be reached if the quadratic approzimation

18 valid.

The procedure described above, forms a single step or iteration during quadratic
adaptive correction. Successive iterations are made until the target values are within
the requested tolerances or no further correction is possible. The control of the
aberrations, their target values and the variables which participate in each iteration,

are described in the following section.

Finally, it is noted that the approximation in this method can be viewed as a
smoothing function between the starting value of the aberration (point O) and
the second fitting point (P in fig. 3.2). As such ,only the Hessian matrix of this
smoothing function is known. However, this will approximate to the Hessian of
the actual variation to a greater or lesser extent depending on the goodness of fit,
and hence this is a true second order method which approximates all second order

derivatives, including the inhomogeneous terms.
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------------------- quadratic approximation
actual variation

Model function or smoothing
function between points O and P

Abcrration, f;

T ;

§; X

Figure 3.2. The quadratic approximation viewed as
a smoothing function between points O and P.

3.3 Implementation of the Method

The quadratic correction method described in §3.2 is straight forward to program
although there are several computational features which have not been described in
the previous section. Some of these are to facilitate a flexible user-interface whereas
other features are more fundamental to the success of the algorithm and it is these

that will be described first.
3.3.1 Solving Equation (3.7)

Figure 3.3 shows a simplified flow-chart diagram of the computer program. First
note that equation (3.7) is not solved in its stated form since the inversion of the
matrix (AAT) introduces numerical errors and is rarely necessary when solving
linear systems unless it is explicitly required. Instead, a unique vector w is defined
such that x = ATw (Appendix B). Substituting this result into equation (3.7),

gives
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Figure 3.3. A simplified flow chart of the computer program

for the adaptive quadratic correction algorithm.
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ATw = AT(AAT) (£, — fo)
w=(AAT) (£, - fo)
(AAT)w = (f, — fo). (3.16)

The matrix product AAT is an m x m square matrix and hence (3.16) can be
solved for w by LU decomposition [3.10] (other suitable methods that handle ill-
conditioned equations well include QR decomposition [3.11] and singular value de-

composition [3.12]). It is now possible to find x by evaluating

x=ATw. (3.17)

3.3.2 Ill-conditioning

The matrix A is well known for being ill-conditioned in optical systems. Ill-
conditioning occurs when the matrix becomes near singular; that is when either
two or more rows or columns are almost linearly dependent. The result of solving
an ill-conditioned linear system is that a very large parameter change vector x is cal-
culated which will not achieve the requested aberration target values. Usually this
will slow the progress of the correction signiﬁcantly) but in extreme cases stagnation
can occur and no further improvement is possible until one of the offending aber-
rations is removed. It is therefore important to test for linear dependence between
the rows of matrix A and remove one of the aberrations causing ill-conditioning.

This helps to maintain rapid progress towards the solution.

An ill-conditioned linear system is therefore unstable with respect to very small

perturbations in that system. For example consider the two linear equations

7z) + 10z, = 1 (3.18)
521 + Tzy = 0.7 (3.19)

which have the solution z; = 0,z = 0.1. However, if the right hand sides of

equations (3.18) and (3.19) are perturbed to values of 1.01 and 0.69 respectively
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then the solution becomes r; = —0.17,z2 = 0.22. Therefore the changes in z are
. -

quite large compared to the perturbation 0.01. A measure of the:\condltlomng of a

matrix is given by the ratio of the maximum eigenvalue to the minimum eigenvalue

Max|A|
Min|}|

cond(A) = (3.20)

for the set of all eigenvalues on A [3.12]. One of the useful features of equation
(3.20) is that it is independent of the matrix norm (the method used to determine
the ‘size’ of the matrix). In optical problems the eigenvalues of the matrix products
ATA and AAT are of interest since these appear in formulations of the damped
least squares and the adaptive (minimum norm) algorithms respectively. The value
of the condition number, cond(A), has been calculated for several optical matrices
and table 3.1 summarises the results. These change matrices have been calculated
for a triplet lens where all six curvatures are variable. The matrix products are only
useful for either the damped least squares or the adaptive method. For example,
only examples 4-6 have a smaller number of aberrations than the variables and
could be used to find a minimum norm solution in the adaptive method. As a result ,
values in the table have been omitted when the matrix products have no meaning

to a practical correction method.

Aberrations in the matrix cond(AAT) cond(ATA)
1. All 7 primary aberrations - 1.31 x 104
2. 7 primary aberrations & u’ - 6.58 x 107
3. Finite ray aberrations at 1 field position |- 2.34 x 107
4. 81,811, 8111, Cr, Crp 2.27 x 104 |-

5. s & t at 1 field position and u' 1.62 x 108 |-

6. Finite TRA’s at 1 off-axis field position {2.35 x 106 |-

Table 3.1 The condition number, cond(A), of the matrix products

AAT and AT A for six optical change matrices

(Note: High condition number corresponds to ill-conditioning)

The values in table 3.1 are in good agreement with Feder [3.13], who has reported
that values of cond(ATA) = 10°% and higher can easily occur in optical systems.

They also illustrate that the presence of aberrations in the change matrix, which
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have widely differing rates of change, can significantly increase the degree of ill-
conditioning. For example, compare examples 1 and 2 in table 3.1 where the in-
troduction of the paraxial quantity u', which is used to control the effective focal

length of the system, has increased the condition number by a factor of over 1000.

On their own the values in table 3.1 are not particularly meaningful because the
question arises as to what value of cond(A) can be tolerated before the instability
created by ill-conditioning becomes significant. There is no easy answer to this
question since it depends upon the accuracy of the numerical work and therefore
upon computer hardware and software. As an indication, the condition number of
the matrix, which must be inverted to solve equations (3.18) and (3.19), has been

calculated and found to be cond(A) = 198.

In most algorithms it is desirable to detect the presence of ill-conditioning so that
the user can be warned of its presence and/or an offending aberration removed.
In addition)the method should not add unduly to the computation time since its
intended use would be during an optimization run. Two possible methods are the
computation of the vector product and hence the angle between two row/column
vectors or the computation of the ratios of elements in the two rows/columns being

tested.

The linear angle between the two vectors a and b is given by the well known formula,

a-b
|al|b]

cosf =

(3.21)

and when the two vectors a and b are linearly dependent such that b = ra where r is
a scalar, equation (3.21) becomes unity. Consider now the situation where the linear
dependence is broken by the second element of a such that a = (ay, fay,...,a,)
where f # 1. In this case equation (3.21), after substituting b = ra and expanding,

becomes

(@ + fa +... +d?)
Vi + i+ +a2)/(el+ai+... +a2)

Squaring both sides of equation (3.22) it can be seen that the numerator and de-

cosf =

(3.22)
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nominator only vary in terms containing a3. The numerator contains terms in a?

of the form

2fa3(a? +a+...4+d%) (3.23)
and the denominator terms of the form
fa2(a® + a2 +...+d%). (3.24)

The only disparity between the expressions (3.23) and (3.24) is the factor of 2 in the
cross-terms faza?. For a fixed value of f, 6 would therefore be expected to depend
on the magnitude of a;. This may not be desirable since optical change matrices
usually contain aberrations with largely differing rates of change. Then it becomes
difficult when trying to compare the degree of linear dependence between rows or

columns with very different magnitudes.

The second possibility for assessing the degree of linear dependence between two
rows/columns of an optical change matrix is to evaluate the ratios of the correspond-
ing elements in the two vectors and to compute their standard deviation. Consider
the same two vectors a and b which are linearly dependent such that b = ra where
r is a scalar constant and where the second element in a is given by fa,. If f =1
then the vectors are parallel but if f # 1 then the linear dependence is broken. The

vector r of the ratios of the elements in a and b is therefore given by
r=(1/r,f/r,...,1/r) (3.25)

and hence the mean ratio is

(3.26)

n—1) (f;l) (3.27)

which is independent of the magnitude of element a; but dependent on the ratio r.

Close to linear dependence ¥ — 1/r and hence

o/f x\/(n—1) (f — 1) (3.28)

n
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which is independent of the ratio r.

In the following numerical examples, the values of § and o /7 have been computed
for two row vectors which are nearly linearly dependent:- In all the examples, the
value of one element of a, indicated by an asterisk, has been multiplied by f = 1.05

representing a 5% shift away from linear dependence.

6=1.35581, o/F=0.01848  (3.29)

0
1 1 2 3 52 1
500 500 1000 1500 2500 50

1.0* 1 2 3 5

0
1 —

5 5 10 15 25 5) ©0=044146, o/r=001848  (3.31)
1
5

2 3.15* 5

11
5 5 10 15 25

} 6 =135581, o/F=0.01848  (3.30)
} 6=1.17270, o/F =0.01848  (3.32)

The first two examples (3.29) and (3.30) confirm that both methods of assessing
linear dependence are independent of the row ratio r. Examples (3.31) and (3.32)
demonstrate that the angle § depends on the values of the vector element which

breaks the linear dependence.

In the quadratic adaptive method, if the value of ¢/F during each iteration drops
below a specified level (0.05 was been found to be suitable), one of the rows is
temporarily removed. Ill-conditioning that exists between two aberrations at one
stage of the correction process may not be present at a later stage. Therefore, the
aberration(s) that have been temporarily removed are regularly tested, and replaced

into the matrix if the linear dependence is no longer present.
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3.3.3 Specification of Aberrations during Correction

An important feature of the adaptive method is the dynamic control of the matrix
A. However, before describing the ways in which the program selects the aberrations
and variables which go to form matrix A, the two types of aberration which can be
specified by the user for correction must be defined: a targeted aberration is one that
the designer wishes the program to change to a specified value, whereas a controlled
aberration is allowed to drift within a certain range or tolerance band. As a result
there are four types of aberrations during correction: targeted aberrations, targeted
aberrations that have been controlled due to intractability, controlled aberrations
which are within their tolerance band and controlled aberrations which have been
temporarily targeted because they have drifted outside their tolerance band. Only

the first and last types of aberration go to form matrix A for a particular iteration.

3.3.4 Intractable Aberrations

The handling of intractable aberrations is one of the advantages of using a quadratic
approximation. A linear approximation will always intersect the aberration target
value, whereas a quadratic approximation will give a vertex solution if the required
level is not intersected. This indicates that one of the following conditions has
arisen: either the aberration is intractable for the current choice of variables and
aberrations in matrix A; or the approximation is poor (higher order non-linearities);
or the variables do not permit the aberration variation to intersect the target level.
In the program, vertex solutions are recorded and a targeted aberration removed
if two successive vertex solutions are obtained. The goodness of fit is controlled
by changing the value of the quadratic fitting step, F'S (§3.3.7). However, if an

aberration remains intractable, the choice of variables must be changed.
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3.3.5 An lllustrative Example of Aberration Control

The features described in §3.3.2 — 3.3.4 have the ability to alter the aberrations par-
ticipating in the correction and this can help the program to juggle the aberrations
in its search for the specified target values. This occurs most frequently during the
final stages of correction where several aberrations are at or close to their minimum
values. Table 3.2 shows the course of correction over three iterations for the first
three Seidel aberrations of a 50mm f/4 Cooke triplet. All six curvatures are variable,
S1, Srr and Syr; have all been assigned target values of 0.00005, and the effective
focal length of the system has been controlled via the paraxial axial marginal ray

angle, u', to within +1% of its specified target value (—0.125).

Aberration Current Result Target

Iteration 1

(u' -0.12500 -0.11959 -0.12500)
Sr 0.01396 -0.00002 0.00005
Srr 0.00032 0.00006 0.00005
Srrr -0.00640 0.00005 0.00005

Controlled aberration violation - u' is now targeted

Iteration 2

u' | -0.11959 | -0.12500 -0.12500
Sr | -0.00002 0.00075 0.00005
Srr 0.00006 0.00037 0.00005
Srr 0.00005 0.00024 0.00005

Controlled aberration within limits - u' is released

Iteration 3

(u' -0.12500 -0.12437 -0.12500)
St 0.00075 0.00005 0.00005
Srr 0.00035 0.00005 0.00005
Srrr 0.00024 0.00005 0.00005

All targeted aberrations are within tolerance

Table 3.2. A simple correction illustrating the handling of controlled aberrations.

The first iteration makes the major changes required and the resulting aberration
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values are all close to their specified targets. However, the value of u' has drifted
outside its tolerance band and is therefore targeted for the second iteration. The
second iteration now contains four aberrations; the three original targeted aberra-
tions and u'. The aberration values, after the second iteration, demonstrate that v’
has been returned to its specified value. Therefore, u’ is removed from the correc-
tion. Finally, in iteration three, the three targeted aberrations are brought to their

target values and the correction stops.

Although this is a trivial example, the precision with which the aberration targets
have been found is not uncommon with the quadratic correction method. Two
possible explanations for this are that the quadratic approximation is particularly
good in the cases studied and that this technique encourages the designer to restrict
the number of targeted aberrations, so assisting the efficiency of the correction

algorithm.

3.3.6 Control of Variables

The handling of variables also allows a continual updating of matrix A as the cor-
rection proceeds, but in a more familiar way. The variables are assigned boundary
values and, if a violation is requested, they are frozen at the boundary value and
their respective column removed from the change matrix. It would also be pos-
sible to treat the variables as aberrations whenever they violate a boundary as is
commonly done in many damped-least squares algorithms. However, although this
provides a smoother boundary which can help prevent oscillations, it would be im-
practical in the present technique, where it is required that there are at least as

many variables as aberrations.
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3.3.7 The Quadratic Fitting Step F'S

The automatic control of the quadratic fitting step F'S has been mentioned in
§3.3.4. It is an important parameter because it controls the goodness of fit of
the quadratic approximation and hence the precision with which target values can
be found. Although there must be an optimum value for this quantity during
correction, it is not possible to predict what its value will be beforehand and so
the program continually updates its value during correction. Successive iterations
where the goodness of fit is better than 70% result in increases in the fitting step
of 0.1. If the deviation from the quadratic approximation is greater than 30% , then
the fitting step is reduced by 0.05 to a minimu level of F'S = 0.1. (The goodness
of fit is measured by the maximum deviation of a targeted aberration from the
predicted value at each iteration). These values are somewhat arbitrary but have

been found to work adequately.

3.3.8 Aberration Target Levels

In most situations it is not sensible to attempt large aberration changes in a single
step, although obviously the quadratic adaptive method has the ability to cope
with larger changes than is possible with linear methods. In fact the ability to
make large changes has been found to be a useful feature and can help to avoid
local minima [3.14]. This is discussed further in §3.5. If the changes requested are
large, then the aberration change is split into a series of intermediate (or reduced)
target levels. There are two possibilities for assigning the number of reduced target
levels: either scale the length of the aberration change vector (fy — fo); or scale the
length of the solution vector x. The two cases are linked via the linear relationships
expressed in equation (3.7) and therefore it would not be expected for there to
be a significant difference between them and indeed both have been implemented
successfully. The parameter change vector has been used, since the efficiency of the
quadratic approximation can be more directly maximised without taking account

of the rates of change of the aberrations. The number of reduced aberration levels
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r is therefore given by the integer value of

x|
= —— 3.18
"= T lmes (3.18)

where || X ||mqz is specified by the user. If an inappropriate value of || X |[maz is
specified, then there will be either too many or too few intermediate aberration
target levels. If there are too many, successful steps will be made repeatedly at
each iteration and the number of intermediate target levels is reduced. However,
if the program is taking more than a fixed number of iterations (typically 3 to
5) before reducing the target levels, the number of levels is increased. This feature
helps the program exploit the valid range of the quadratic approximation by making
the largest possible parameter changes while still maintaining progress towards the

solution.

3.4 Examples
3.4.1 Primary Aberration Correction of an f/4 Triplet

The first example is an f/4 triplet with an EFL = 50mm and field of view +15
degrees (Appendix C, TL3.1), for which correction of all seven primary aberra-
tions (five Seidel and two primary chromatic aberrations) has been attempted. The
starting design consists of two plano-convex lenses placed symmetrically about a
bi-concave lens and the stop placed at surface 4, the second surface of the negative
lens. All six curvatures and the two air spaces were allowed to vary and the glass
types were fixed at LAK9 for the outer positive elements and SF8 for the central
negative element. Although the correction of all the primary aberrations is arti-
ficial and not a useful step towards achieving a finished design, it does allow the
quadratic approximation to be investigated since the actual aberration variation
can be rapidly calculated from a paraxial ray trace. Figure 3.4 shows four examples
of the quadratic approximation which are taken from the correction of example 1.
Each graph shows the linear and quadratic approximations together with the actual

aberration variation plotted in

79



Chapter 3 ~ Quadratic Adaptive Correction

XQ + SX

(a)

actual variation
........... sccond-order approximation
......... lincar approximation

©

Figure 3.4 Actual aberration variations and approximations for (a) linear variation,
(b) predominantly quadratic variation, (c) higher order variation where
the QAC algorithm is successful and (d) higher order non-linearities
requiring a smaller value of the quadratic fitting step FS.
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the x direction. The actual variation has been found by evaluating the aberration

for 100 points along the x-axis.

The following observations can be made from figure 3.4, When only small parameter
changes are required, the algorithm is essentially linear but without the efficiency
of the ‘inner cycles’ of the adaptive method (a). However, for a larger parameter
change, the non-linearity is predominantly second order and the approximation
is particularly good (b). Even when the initial approximation is poor, the QAC
method can still find a valid approximation in a very few steps. For example, in
(c) the aberration target value lies below the vertex of the quadratic approximation
and hence the vertex solution will be taken (point A). If the system is evaluated
and a new quadratic approximation computed from points B and C, the resulting
approximation to the actual variation is particularly good. Finally, higher order
non-linearities can cause significant problems (d) and in this case the situation can
only be improved by reducing the value of the fitting step FS, giving a better

approximation close to the starting value.

Example Iterations Steps
1. Primary correction of an f/4 triplet 14 2
2. Flat-field correction of an /4 triplet 15 3
3. Final correction of an f/4 triplet 4 1
4. Correction of an /1.7 50mm Double Gauss derivative 34 4

Table 3.3. The number of iterations for correction of

examples 1-4 using quadratic adaptive correction.

Table 3.3 shows the number of iterations for the correction of this and other ex-
amples described below, together with the number of stages taken. The number
of stages is recorded when the aberrations have been corrected sequentially. For
example, in the correction of the f/4 triplet for all seven primary aberrations, the
Petzval sum and distortion (S;v and Sv) were corrected first since they require

the largest changes in the system parameters. The correction of the five remaining
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aberrations is achieved after Syv and Sy have been reduced to a reasonable level.
Simultaneous correction of all seven aberrations is not practical in this particular

instance since ill-conditioning causes slow convergence. This technique is described

further in §4.3.2.

3.4.2 Higher Order Astigmatism and Petzval Sum Balancing

In example 2, the higher order astigmatism and Petzval sum in the triplet of ex-
ample 1 are balanced to achieve a flat image field. In addition, the axial spherical
aberration is balanced. The aberration target values are given in Table 3.4 which
is a typical example of the setup screen used in the program. All six curvatures
are allowed to vary and the effective focal length is controlled by maintaining the

paraxial axial marginal ray angle constant at its required value of —0.125.

Finite Ray Aberration Current Target Tolerance(% )
dY’ axial marginal ray -0.16477 0.00500 50
t zonal-field principal ray 0.78512 0.03000 50
s full-field principal ray -2.15128 0.03000 50
t full-field principal ray 1.62836 -0.09000 30

Table 3.4. Target values for the flat-field correction of an f/4 triplet (example 2).

The correction is achieved in 15 iterations (table 3.3) using the QAC algorithm and
figure 3.5 shows the astigmatism curves for both the starting design and the cor-
rected lens. The target values have been achieved although some of this correction

may have to be balanced against off-axis aperture aberrations.

3.4.3 Further Correction of a 50mm f/4 Triplet

The third example presents a corrected design for the f/4 triplet and uses the flat-

field solution of example 2 as its starting point. The only significant aberration that
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Figure 3.5. s & t Curves for an f/4 triplet (a) before and (b) after flat-field correction.

remains to be corrected is coma,which needs to be balanced against oblique spherical
aberration. It is quite common that designs of the same general form as the triplet
require some vignetting to achieve optimum performance and therefore the zonal
aperture rays have been targeted. This allows the marginal rays to assume large
aberration values since they can be vignetted at a later stage if necessary. During
the course of correction, it was quickly discovered that only one off-axis field position
could be corrected for coma if the flat-field correction was maintained. Attempts
to correct all four zonal rays (two for each off-axis field position) produced a large
number of intractable aberrations and the algorithm could make no improvement
in the system. However, correction of each individual field position was possible
and therefore it was necessary to balance the aberrational performance between the

zone and the margin of the field Figure 3.6 shows the resulting aberration curves
achieved after 4 further iterations.

3.4.4 Correction of an f/1.7 50mm Double Gauses Lens

The triplet has only a small number of variables and so a double Gauss derivative has

been chosen with an aperture of f/1.7, field of +24 degrees and effective focal length
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Figure 3.6. Unvignetted transverse ray aberrations for
the f/4 50mm triplet of example 3.

of 50mm for example 4 (Appendix C, TL3.2). Although this is a well understood
design, it does have a large number of degrees of freedom and there are several
possible solutions. Photographic lenses of the double Gauss type should have a
flat-field and the distortion should also be small. The approach taken for this
correction is to control aberrations sequentially. Although this method can take
a larger number of iterations for correction than if all aberrations are corrected
simultaneously, there is the advantage that the aberrations which are intractable

are found.

The correction proceeds in four stages. Firstly the sagittal focal surface is brought
under control while correcting for axial spherical aberration. Secondly, the tangen-
tial focal surface is controlled while maintaining the axial correction. The third
stage is to target the zonal aperture rays at both off-axis field positions while main-
taining the previous correction. The aperture margin rays are left and may assume

large values without interfering with the correction. Finally an attempt is made to
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reduce the sagittal astigmatism values, although this quickly stagnates with vertex
solutions for almost all aberrations. It is worth noting that a damped-least squares
run also finds a problem in balancing the s and ¢ focal surfaces to reduce Petz-
val sum. The resulting aberration curves are shown in in figure 3.7. This design,

though, cannot be considered acceptable because of the positive Petzval sum.

Meridional Section
+0.05

Defocus 0.000 mm
Scale 0.050 mm ———
Wavelength 587.6 nm

-0.05
+0.05

= /5

-0.05
+0.05

~ [
[ L

Figure 3.7. Unvignetted transverse ray aberrations for the f/1.7 50mm

Sagittal Section

Margin

double Gauss Derivative of example 4.

3.5 Discussion
3.5.1 Merit Function Variation During Correction.

Figures 3.8 and 3.9 show the variation of a sum of squares merit function during

the correction of examples 2 and 3 described in the previous section. The merit
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function, ¥, is defined by
v = > f? (3.19)

all aberrations

and is therefore the sum of the unweighted squares of the transverse ray aberrations.
Any weighting factors would alter the merit function and hence the topography of

the merit function surface.

Figures 3.8(a) and 3.9(a) show the merit function variation during quadratic cor-
rection of examples 2 and 3 described in §3.4. The general trend in the merit
function is downwards, which would be expected since the transverse ray errors
usually decrease as the system moves closer to a solution. However, during flat-field
correction (fig. 3.8(a)), there are small but clearly evident increases in ¥. Two pos-
sible reasons for this are; firstly, that by targeting only a few specific aberrations,
untargeted aberrations can assume large values which dominate the total value of
the merit function; and secondly, some aberrations are allowed to drift within a
specified tolerance band and therefore may contribute to an increase in ¥ if they
assume values towards the upper limit of the band. The increases in ¥ are important
since they demonstrate the ability of programs, which do not define or use a merit
function, to avoid what would be local minima in least squares based optimization.
Figures 3.8(b) and 3.9(b) show the variation of ¥ for identical runs with the linear
adaptive method. Although the variation shows identical characteristics to figures
3.8(a) and 3.9@), the increase in step size and efficiency of the QAC algorithm are
clearly evident. These topics are investigated further in §3.5.2 and §3.5.3.

There is another important observation that can be made if the hypothetical merit
function is considered further: The QAC algorithm (and the adaptive method), have
the ability to alter the aberrations participating in the correction at each iteration.
This lends a dynamic nature to the merit function and hence the merit function
surface is continually changing its contours. This effect would be hard to quantify,
although it is clearly an advantageous feature. It would also appear sensible, since
although the target values have been specified by the designer, nothing is known

about the direction taken or the topography of the merit function surface.
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Figure 3.8 (a) Merit function variation during flat-field correction
of an f/4 triplet with the QAC algorithm.
(b) Merit function variation during flat-field correction
of an {/4 triplet with the adaptive method.
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Figure 3.9 (a) Merit function variation during final correction

of an f/4 triplet with the QAC algorithm.
(b) Merit function variation during final correction
of an /4 triplet with the adaptive method.
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Although the above discussion is instructive, it is somewhat academic since equation
(3.7), which is solved to find an initial direction, X, is fundamentally different from

the damped least squares solution which is given by
x = —(p I+ ATA)'ATE,, (3.18)

where p is the damping factor and I is the identity matrix. Unless the directions are
identical, the comparison of how the merit function variations differ becomes invalid.

For this reason, a comparison hasn’t been made with a similar DLS optimization.

3.5.2 Relative Computational Efficiency.

In this section the computational efficiency of the quadratic correction algorithm is
compared with a version of the linear adaptive method. This has been programmed
following the description given by Glatzel and Wilson [3.8]. Although comparisons
could be made with other linear algorithms, the adaptive method has the advantage
of solving the same minimal equations (equation (3.7)) and is arguably one of the
most efficient linear methods in its use of the change matrix. The chosen measure of
computing load is the number of complete system raytraces required for a specified
correction. A complete system raytrace is defined as the finite raytracing required
to assess fully a new or perturbed system; this involves the tracing of seventeen

rays: 3 for the axial field position and 7 at each off-axis field position.

Tests have been run in which a comparison of the computational efficiency has
been made between the linear adaptive method and the QAC algorithm for the first
three of the examples described in §3.4. The results showing the number of complete
system raytraces taken by each algorithm are presented in Table 3.5. In addition, an
efficiency factor (EF) has been defined as the ratio of the number of system raytraces
taken by the adaptive method (AM) to the number taken by the QAC algorithm.
Although the results are favourable towards QAC, a large number of intermediate
target levels when it is not appropriate, soon negates the increased efficiency. This

is because the change matrix is computationally expensive to calculate; whereas an
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inner cycle requires a single system assessment )the change matrix requires n system
raytraces,where n is the number of variables. As a result QAC usually benefits
from fewer intermediate target levels than the adaptive method since the quadratic
approximation allows larger steps to be taken. This is investigated further in the

next section.

Example QAC AM EF
1. Primary correction of an f/4 triplet 128 427 3.34
2. Flat-field correction of an f/4 triplet 104 462 4.44
3. Final correction of an f/4 triplet 32 46 1.44

Table 3.5. Comparison of computational efficiency between the

linear adaptive method and the QAC algorithm.

3.5.3 Average Step Size.

Table 3.6 compares the average length of the applied parameter change vector for
the four examples described in §3.4 where the step size is calculated as the vector-2
norm or the Euclidean length of the parameter change vector || x ||, and these values

are averaged over the number of iterations taken for the specified correction.

Example QAC AM Ratio
1. Primary correction of an f/4 triplet 0.3513 0.0361 9.73
2. Flat-field correction of an f/4 triplet 0.0099 0.0017 5.82
3. Final correction of an f/4 triplet 0.0027 0.0005 5.40

Table 3.6. Comparison of the mean step size between the

linear adaptive method and the QAC algorithm.

The results show an average increase in step size of magnitude five for the QAC

algorithm when compared to the linear adaptive method. However, it is important
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to note that, when considering the average applied step length, the results of the
previous section are also considered. For example, it would be possible to apply large
changes that continually overshoot the solution and at worst could even diverge from
it. The fact that both the step size and computational efficiency have been increased
by similar orders of magnitude, allows us to conclude that the QAC algorithm can

successfully make large changes in the system variables.
3.5.4 Comparison with the Adaptive Method.

One of the interesting features of the adaptive method is its efficient use of the
change matrix by what Glatzel and Wilson (3.8] refer to as “inner cycles.” This
is particularly important since the main computational expense is in the caltglation
of the change matrix, A, and the matrix inversion when solving equation (7). The
process of inner cycles works by repeatedly using the same change matrix until
the linear approximation has been finally exhausted. The linear approximation is
therefore only a tangent to the actual variation during the first inner cycle. This

has been described in detail by Glatzel and Wilson [3.8].

One advantage of the quadratic approximation method is that it could potentially
eliminate the inner cycles of the adaptive method which each require an extra
system evaluation. To test this, the correction of the examples described in §3.4
have also been attempted with a version of the adaptive method and table 3.7
shows the number of iterations and inner cycles taken by both the QAC algorithm
and the adaptive method. The results demonstrate a marked improvement for
the QAC algorithm even though the adaptive method appeared to use the ‘“inner
cycles’ successfully. Also the number of iterations taken by the QAC algorithm is
significantly less than the adaptive method and therefore not only have the inner

cycles been eliminated but an increase in efficiency has also been achieved.
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Example QAC Adaptive Method
itns itns inner cycles

1. Primary correction of an f/4 triplet 18 35 137

2. Flat-field correction of an f/4 triplet 15 41 102

3. Final correction of an f/4 triplet 4 3 18

Table 3.7. Comparison of the Number of Iterations Between Adaptive Correction

and the QAC Algorithm.

There are several other differences which can be summarised as follows:

The adaptive method described by Glatzel and Wilson [3.9] applies a fraction
of the maximum requested single parameter change and continues to do so until
another requested parameter change becomes largex; at which point the correction
switches to this new parameter. This process continues until all requested parameter
changes are zero, at which time the current targets have been reached. Experience
with the QAC algorithm has shown that this does not work well since equation (3.7)
determines a set of parameter changes whose combined effect would be to reach the
aberration targets. The lens variables are well known for being non-orthogonal with
respect to the aberrations and so only changing one parameter would not necessarily
have a positive effect. Rayces [3.15] has also reported similar findings and described

a version of the adaptive method where all changes are applied simultaneously.

Finally, the tolerance values for the aberrations are given as percentages of the
current target values and this has the effect of narrowing the tolerance band as the
targets are reduced to their specified levels. Of course this is not the case when it

is desired to increase the target value of the aberration; not a common situation.
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CHAPTER 4

Generating Starting Designs with
Higher Order Aberration Correction

4.1 Introduction

The first stage in the design process, after selecting an initial lens configuration, is
usually to reduce the larger primary aberrations. In particular, it is generally under-
stood that the reduction of the large edge-of-aperture or edge-of-field aberrations is
an important step before assessing the design’s potential for well balanced aberra-
tional characteristics. However, optical design optimization programs are ill-suited
to carrying out this initial correction stage since they perform most efficiently on
well corrected starting designs. The principal reason for this is that if large parame-
ter changes have to be made, it is possible that multiple local minima solutions will
be encountered which will prevent the algorithm reaching a more desirable region

of parameter space.

The higher order aberrations generally have slower rates of change than their third
order counterparts and therefore large parameter changes are required to correct
them. This is in direct opposition with the requirement to reduce the larger (pri-
mary) aberrations since these require comparatively small parameter changes. Such

changes would tend not to affect the higher order contributions significantly.

In this chapter, the initial correction of an optical system is attempted by correct-

ing the higher order contributions prior to reducing the primary aberrations. The
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algorithm developed in Chapter 3 is used for this preliminary correction since it has
been shown to be capable of making large parameter changes without becoming
trapped in local minima solutions. Although this approach to preliminary correc-
tion has, to the author’s knowledge, not been reported in the literature, Rogers [4.1]
has indicated that similar approaches have been investigated by other workers in

the field.

4.2 Mixed Higher Order Aberrations
4.2.1 Mixed Higher Order Monochromatic Aberrations

Mixed higher order aberrations, which contain all contributions to a particular
aberration of fifth order and above, have been used for a number of years as an
approximation for evaluating the magnitude of the higher order contributions (see,
for example, Cox [4.2]). However, little practical use has been made of them during
the correction of optical systems. They can be calculated from finite ray trace
data and a knowledge of the third order aberrations. Expressions for the mixed
higher order transverse ray aberrations, which are required later in the chapter, are

developed in this section.

The finite transverse ray aberrations can be subdivided into three constituent com-
ponents: aberrations which are even functions of the aperture coordinate, aberra-
tions which are odd functions with respect to aperture and finally those aberrations
which result in the transverse ray aberration curves having a finite gradient at their
origin (the point at which the finite principal ray strikes the image plane). These
groupings correspond to the coma terms, the spherical aberration-like terms and
the astigmatism and field curvature terms of the total ray aberration. Distortion
is an odd function of the aperture coordinate) but it is a special case because it is
not usually represented as a transverse ray aberration. This is because the finite

principal ray is usually chosen as the reference for calculating the transverse ray
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aberrations; any difference between the paraxial and finite principal ray heights at
the image plane would just add a constant term to all the aberration values for that

particular field position.

In the following analysis, the finite transverse ray aberrations in the meridian and
sagittal sections are denoted by én(r,o) and 8¢(r, o) respectively)where r is the
normalized aperture coordinate and o the relative field. 6én(r, o) in the sagittal
section is ignored here as is commonly done on transverse ray aberration curve
plots. For the axial field position, only spherical aberration terms are present and
the defocus is assumed to be zero. Therefore, the finite ray aberration is the sum
of the spherical aberration terms alone and hence the finite ray aberration for the

axial marginal ray can be written as

én(1,0) = Z Spherical Aberration Terms (4.1)

all orders

However, the transverse component of third order spherical aberration is given by
S1/2nu’ (see, for example, [4.3]) where Sy is the Seidel coefficient for spherical
aberration which can be computed from a paraxial raytrace of the system and u’
is the convergence angle of the paraxial axial marginal ray. If a mixed higher order
aberration coefficient, My, is defined as the sum of all the spherical aberration terms

of fifth order and above then from (4.1)

S
M; = én(1,0) - 2_n:7 (4.2)

This aberration is field and aperture azimuth invariant and can be subtracted out

from subsequent calculations at off-axis field positions.

The full semi-field position, ¢ = 1, is chosen for calculation of the other mixed
higher order aberrations, since the Seidel aberrations are usually scaled to this field
position, thereby facilitating the subtraction of the third order contributions. In the
sagittal section, only aberrations which are odd functions of the aperture coordinate
are present. These include the field invariant spherical aberration which has already

been evaluated, oblique spherical aberration (OBSA) and sagittal astigmatism and

97



Chapter 4 — Generating Starting Designs with Higher Order Aberration Correction

field curvature (FC). Therefore the finite transverse ray aberration at the edge of

the aperture in the sagittal section ~ can be written as

86(1,1)= Y. SA+OBSA+ Y Astigmatismand FC. (4.3)
all orders all orders

The astigmatism and field curvature term may be found by tracing s & ¢ foci along
the principal ray using Young’s formulae [4.4] (sometimes referred to as the Cod-
dington equations). The result of applying Young’s equations are finite aberration
values for the sagittal and meridional astigmatism, which are denoted by s’ and ¢’

respectively. Equation (4.3) may now be rewritten as
6¢(1,1) = 6n(1,0) + OBSA + &' (4.4)

and defining My as the mixed higher order aberration relating to oblique spherical
aberration,

Myr = 6£(1,1) — 6n(1,0) — &' (4.5)
The astigmatism and field curvature term may also be subdivided into its third order
and higher order components by subtracting the primary aberration contribution
from the results of the s & t trace. Therefore a mixed higher order aberration M,y

can be defined by
_Sur+ Sy

My =3¢
I 2nu'

(4.6)

where (Syrr+ Srv)/2nu’ is the transverse primary aberration component of sagittal

astigmatism and field curvature.

The meridian section contains aberrations which are both odd and even functions
of the aperture coordinate, r. If these are denoted by é7, and 67, respectively then

from figure 4.1
6n(1,1) = éne + én, (4.7)
én(—=1,1) = én. — én, (4.8)
which can be rearranged to give
6ne = 3{6n(1,1) + én(-1,1)} (4.9)
éno = 3{én(1,1) — 8n(-1,1)}. (4.10)
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The even component of the aberration contains the coma components of the finite

transverse ray aberration,

one = Z coma (4.11)
all orders

and therefore subtracting the primary aberration component will leave the mixed

higher order term, M;;, which is given by

3511
M;r = én. - Srin’
= 3{6n(1,1) + én(-1,1)} — $u. (4.12)
Abn Abn.
B N S I
dn(odd)| " Apernire Aperture
— 4, llll}F Apman | 777

Figure 4.1 Even and odd function contributions to the
finite transverse ray aberration.

The odd component, é7n, of the finite ray aberration consists of spherical aberra-
tion, a higher order astigmatism term (HOA) and tangential astigmatism and field

curvature components. Therefore,
fmo= D, SA+HOA+ Y Astigmatism and FC. (4.13)
all orders all orders

Following an identical approach to that used for the sagittal section, the finite

astigmatism and field curvature term can be evaluated by tracing the ¢ focus along
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the finite principal ray and hence substituting from equations (4.10) and (4.1),

equation (4.13) becomes
1{6n(1,1) - 6n(~1,1)} = 8n(1,0) + HOA + ¢ (4.14)

where t' is the finite transverse ray aberration component of the tangential astig-
matism and field curvature. Defining My as the mixed higher order aberration

due to higher order astigmatism, then
My = 3{én(1,1) = én(-1,1)} — 6n(1,0) — ¢'. (4.15)
The astigmatism and field curvature term may be subdivided by subtracting the

primary aberration component (35171 + Srv)/2nu’ to give the mixed higher order

term,
(35111 + Srv)

M=t -
III 2nw

(4.16)

Distortion is not usually represented as a transverse ray aberration since it would
simply add a constant term to all aberration values for a given field position. The
finite ray aberration due to distortion is measured as the difference between the
heights at which the paraxial principal ray §' and the finite principal ray ¥/ strike
the image plane. Therefore, the finite transverse error due to distortion 67 is given

by

fi=9 =Y (4.17)
and hence the mixed higher order component of distortion, My is given by
Sy
My = 67 — o’ (4.18)

where Sy /2nu’ is the primary aberration component of transverse distortion. The

seven mixed higher order aberration coefficients that have been defined are given in

table 4.1.

Aberration | Value

M; én(1,0) — Sr/2nv’

M [ 3{6n(1,1) + 6n(~1,1)} - 3517/2nu’
Mir |t = (381 + Srv)/2nu’

My | s —(Si1r + Srv)/2nv

My 671 — Sv /2nu’

Myr  [8£(1,1) — 6n(1,0) = &'

Myir | 3{én(1,1) = én(=1,1)} — én(1,0) — ¢

Table 4.1 Mixed Higher order Transverse Ray Aberrations.
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4.2.2 Extension to Chromatic Aberrations

The analysis performed in the previous section, where the third order contributions
were subtracted from the finite ray aberrations to find the mixed higher order con-
tributions, becomes more complicated when applied to chromatic aberrations. This
is because the two primary chromatic aberrations - chromatic variation of back focal
length and magnification respectively - have no higher order counterparts. For ex-
ample, the ray aberration associated with chromatic variation of focal length would,
following the approach of the previous section, be evaluated by tracing a finite ax-
ial marginal ray at the blue and the red wavelengths. However, this ray not only
contains information about chromatic variation of back focal length but also about
axial spherochromatism. It would be possible to evaluate the spherochromatism by
computing the Seidel aberration coefficient, Sy, at the blue and red wavelengths
and the difference between these two values would give a measure of the chromatic

variation of primary spherical aberration.

The subject of chromatic correction and the associated area of glass selection are
outside the scope of this thesis and therefore the development of mixed higher order

chromatic aberrations has not been attempted here.

4.3 Reduction of the Higher Order Aberrations

4.3.1 Simultaneous Correction of Higher Order Aberrations

Simultaneous correction of all the higher order aberrations is the first stage of the
initial correction process as described in this chapter. The success of this method is
dependent on the relative rates of change of the rhosen aberrations; the aberrations
with slow rates of change will tend to have the greatest influence on the direction of
the solution vector and hence the aberrations with faster rates of change will have a

tendency to overshoot their target values. As a result, the tolerance criteria for each
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intermediate aberration target value is modified from that described in Chapter 3

§3.3.

the

The objective oi;\initial correction process which is being used here is to reduce the
magnitude of the higher order aberrations and therefore at each intermediate target
level a test is made to see if the current aberration value is smaller in magnitude

than its current target value plus the tolerance, that is;

I(fi)currcntl < I(fi)target {1 + tOI/lOO} I (419)

where tol is the specified tolerance on the aberration expressed as a percentage. This
criterisn allows an aberration to overshoot its target value provided the magnitude
of the aberration remains low. This technique has been found to be of advantage

in any situation requiring the reduction of the magnitude of aberrations.
4.3.2 The Effect of Boundary Conditions

It is possible to reduce all the mixed higher order aberrations simultaneously by
targeting each aberration to the required level. At the same time the paraxial spec-
ification (EFL and numerical aperture) must be maintained and several methods
are available for this: Scaling the lens data after each iteration would appear to be
desirable since it removes a paraxial quantity from the change matrix whose pres-
ence has been shown to significantly increase the degree of ill-conditioning (§3.3.3).
However, in practice it can lead to oscillation of aberrations about their target

values and it also tends to destroy any correction that has been achieved (fig. 4.2).

This is further aggravated by the large changes required when modifying the higher
order aberrations. It is therefore necessary to target the EFL or the paraxial
marginal ray angle u' to maintain the paraxial specification and to tolerate the
resulting increase in ill-conditioning. Figure 4.2 shows the variation of My;; during
the correction of all mixed higher order aberrations using u' to control the EFL

(labeled u') and scaling the lens data after each iteration to maintain the paraxial
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Figure 4.2 Variation of the mixed higher order aberration My
using U’ to control EFL and by scaling the lens data.
specification (labeled “scaling”). It can be seen from the figure that if scaling is
used to control the paraxial specification, progress towards the target value (0.05)
is erratic and that oscillation is also evident. However, using u’ the reduction is

more controlled with no evidence of oscillation about intermediate target levels.
4.3.3 Grouped Correction of Higher Order Aberrations

In situations where combined correction is unsuccessful, it is often possible to reduce
the higher order aberrations by building up the matrix of targeted aberrations.
To do this in anything more than an ad hoc manner, the rates of change of the
aberrations must be examined and aberrations grouped together with similar rates
of change. For this purpose, a measure of the average rate of change of an aberration

has been defined as

m
)

RRC = ——— (4.20)

m
where a;; = 0f;/0z; for aberrations fi,i = 1...m and variables z;,j = 1...n.

(RRC is an abbreviation for row rate of change).
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Grouped correction is performed by targeting the slowly varying aberrations first
(usually only two or three, typically M1y, My and My) and reducing them as far as
possible before targeting the remaining aberrations. If there are very disparate rates
of change then an additional group may be necessary. In this way, the aberrations
that require the largest parameter changes are corrected ﬁrst)with subsequent groups
requiring smaller changes in the system which do not significantly upset any previous
correction. This method requires that the ratio between the various rates of change

of the aberrations should remain constant as the correction proceeds.

—— M

¢ MI

= MV

Row ratc of change

—_—Tt— MvI

& MVl

1 2 3 4 5 6 7 8 9 10 11 12 13 14

Itcrations

Figure 4.3 Variation of the row rates of change of all seven mixed higher order
aberrations during correction of an f/2 Petzval lens.

From figure 4.3, which shows the variation in the row rates of change of the mixed
higher order aberrations during correction of an /2 Petzval lens which is described
in §4.4.4, it can be seen that the variation of all seven mixed higher order aberra-
tions follows a common trend and that the ratios between the aberrations remains
approximately constant. Therefore the method of grouped higher order aberration
correction described above is reasonable)based on the observations shown in figure

4.3.

104



Chapter 4 — Generating Starting Designs with Higher Order Aberration Correction

4.3.4 Variation of the Seidel Aberrations

The program described in §3.3 of chapter 3 has the potential to treat the Seidel
aberrations as controlled aberrations)therefore preventing them from assuming very
high values. This is achieved by only targeting an aberration if it drifts outside a
specified tolerance band. In the examples that have been corrected for their higher
order aberrations (§4.4), it has not been found necessary to target or control the
Seidel aberrations at all; they can be allowed to assume any value. The variation of
the Seidel aberrations for combined correction of all mixed higher order aberrations

in an f/2 Petzval lens is shown in figure 4.4.

E
E
~
2
S
E
: .
i ] —— I
T 0059 —— s
? ] —— SIV
-0.10 —a— v
0.15. | B BRI SN SEN RA SR RN EENENE N SHEE A E NS Em
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Iterations

Figure 4.4 Variation of the Seidel aberrations during combined
higher order correction of an f/2 Petzval lens.

Figure 44 shows that there does not appear to be any tendency for the Seidel
aberrations to diverge and therefore it is unlikely that they will attain very high
values. This has been confirmed by the examples in §4.4. It is possible that targeting
the higher order aberrations to small values ensures that the design is reasonable

and therefore no single aberration value becomes excessively large.
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4.3.5 Computer Implementation

It is not possible to predict what magnitudes the higher order aberrations can be
reduced to and therefore two simple modifications have been made to the program
described in chapter 3 that prove essential during this ‘blind’ correction. First,
the program reduces the aberrations to their specified target values via a set of
intermediate or reduced aberration target levels whose number is specified by the
user. As the aberrations reach these intermediate target values, a file is saved which
contains a partially corrected lens. Should no further improvement be possible then
this partially corrected design can be recovered for further correction or assessment.
Second, the lens is saved at the start of every correction run; it is therefore always
possible to recover the lens data if a run diverges or, in the very worst case, causes

a program crash.
4.3.6 Choice of Variables

The choice of variables is constrained by the fact that there must be at least as many
variables as aberrations during each iteration. The maximum number of aberrations
at each iteration is eight; seven mixed higher order aberrations (M;-My 1) and the
paraxial marginal ray angle u' which is used to control the EFL. The use of all
available curvatures is almost always useful although separations must also be used
when they contribute to the aberration correction. However, separations generally
have a much slower rate of change than curvatures and therefore their inclusion
may lead to ill-conditioning and poor convergence)particularly if they are not useful

variables.
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4.4 Examples

In this section comparisons are made between the solutions obtained using damped
least squares (DLS) optimization on a starting design both before and after it has
undergone higher order aberration correction. Changes in efficiency and the final
solution are noted. All the example lenses used here have moderate to high aper-
tures (f/4 — f/1) so that the higher order aberrations are significant. The DLS
optimization (Kidger Optics Sigma PC), used the weighted sum of the squares of
the transverse aberrations as the merit function with a default set of weighting fac-
tors. The merit function also included boundary violations (paraxial constraints,
edge violations etc.) The default weights vary with field and so merit function

comparisons can only be made for designs with the same field specifications.

The objective of this study was to determine whether preliminary higher order
aberration correction allowed different solution forms to be found. The designs
resulting from a single run with DLS and using the default weighting factors can

not be considered well corrected and so aberration curves have not been given.

4.4.1 Experiments with a 50mm /4 triplet - starting design # 1

The first starting design (# 1) is a 50mm f/4 Cooke triplet comprising two positive
plano-convex lens elements placed symmetrically about a biconcave negative lens.
The air spaces are each 5mm, the field £15 degrees with the stop at the second
surface of the negative element. The glasses were LAK9 for the outer positive
elements and SF8 for the negative lens (Appendix D, TL4.1). This design is close
to the final Cooke triplet form and therefore it is not necessarily expected that

different solutions will be found.

DLS optimization of the starting design (¥ = 430) with all six curvatures and the
two air spaces variable and using multiplicative damping stopped after 16 iterations

with a merit function of ¥ = 74.9. This lens form, shown in figure 4.5, consists
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of three elements in two groups - an airspaced doublet followed by a plano-convex
singlet. DLS optimization of starting design # 1 with only the curvatures variable
resulted in a symmetrical triplet form with a merit function of ¥ = 4.45 after
20 iterations. It is unlikely that this design is an optimum since it suffers from

astigmatism and field curvature and has not achieved longitudinal achromatism.

Combined higher order aberration correction of starting design # 1 was attempted
with all six curvatures and the two air spaces as variables. The target values for
all the mixed higher order aberrations were 0.05. The correction could not achieve
better than 4/11ths of the specified target values; the values of the higher order

aberrations both before and after correction are given in table 4.2.

Aberration Start pc4-11

M; | -0.00728 0.01456
My 0.04298 0.04230
Mirr 0.79606 0.49152
My 0.43693 0.27319
My | -0.39987 | -0.23617
My; | -045332 | -0.26548
My | -0.86153 | -0.52516

Table 4.2 Mixed Higher order Transverse Ray Aberrations both
before (‘start’) and after (‘pc4-11’) combined higher order

correction of an f/4 triplet (starting design # 1).

Combined higher order aberration correction has made two noticeable changes: the
power of the negative lens has been increased and the first air space has been reduced
to give an asymmetric design. A DLS run on this lens with all six curvatures and
the two air spaces variable stopped after only 9 iterations with a merit function
of 1.51. Not only was the final merit function lower but there was also a marked
increase in efficiency (fig. 4.6). The resulting design is an asymmetric triplet with
the negative lens closer to the first positive lens. It suffers from field curvature,

which was found to be a common problem when using the default weight settings.
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Figure 4.5 Diagrammatic representation of the lenses resulting from the
corrections performed on triplet starting design # 1 (see text).
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No definite conclusions can be made about the significance of higher order correction
from the above example since only partial correction was achieved. It may have just

been fortuitous that the superior asymmetric design was found and that there was

an increase in efficiency.

500

@ DLS on starting design (c1 -6)

———o—— DLS on starting design (c1 - ¢6, d3, d5)

3001 & —a— DLS on combined HO design (c1 - ¢6, d3, d5)
——o— DLS on grouped HO design (c1 - ¢6, d3, d5)

Mcrit function,

0 5 10 15 20 25

Iterations

Figure 4.6 DLS optimization runs on starting design # 1
and higher order corrected designs.

To test the significance of higher order aberration correction further on this design
grouped higher order aberration correction was attempted (84.3.2). First the RRC’s
were examined (table 4.3) and the three slowest aberrations, M;, My and My,
were targeted. Mj; was not included because previous experience with this lens
in Chapter 3, §3.4 had shown that there was a difficult coma balance with respect
to the field. Although the use of a priori information makes the process of initial
correction far from automatic, the purpose here was to test the effect of significantly

reducing the higher order contributions before attempting optimization with DLS.
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Aberration | Row rate of change
M; 0.19
My 1.05
Mrrr 5.64
Mry 2.11
My 4.42
Mvyr 2.26
Myir 5.97

Table 4.3 RRC’s for starting design # 1.

After successful correction of the first group of aberrations to magnitudes of less
than 0.05, a second group containing all mixed higher order aberrations with the
exception of M was also corrected to this level. Finally M;; was included and
all mixed higher order aberrations attained their target value of 0.05 to within the
specified tolerance of 50%. Table 4.4 presents the values of the mixed higher order

aberrations both before and after grouped higher order aberration correction.

Aberration Start Corrected
M; -0.00728 0.05640

M 0.04298 0.04650

Mirrr 0.79606 0.04546

My 0.43693 0.04857

My -0.39987 0.05023

Myr -0.45332 0.05224
Myrr -0.86153 0.05365

Table 4.4 Mixed Higher order Transverse Ray Aberrations both
before (‘start’) and after (‘corrected’) grouped higher order
correction of an f/4 triplet (starting design # 1).

The higher order correction has reduced the first air space to produce a lens with
three elements in two groups (fig. 4.5) of similar form to the lens resulting from
the initial DLS run on the starting design (# 1) with all curvatures and the two air

spaces variable. However, DLS optimization of the design resulting from grouped
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higher order aberration correction with all curvatures and the two air spaces variable
gave an asymmetric triplet with a merit function of ¥ = 4.89 after 23 iterations. The
slightly higher merit function is due to an inferior correction of transverse chromatic
aberration. This optimization run is plotted in figure 4.6. A second DLS run was
made on the same design but with only the curvatures as variables. This resulted in
a lens with three elements in two groups and with ¥ = 87.5. However, the airspaced
achromatic doublet which forms the first group has a nearly plane parallel air space
(fig. 4.5). The design of similar form which resulted from DLS optimization of the
starting design (# 1) with all curvatures and the two air spaces variable has an air
lens between the first two elements which helps to achieve correction of longitudinal

chromatic aberration and spherochromatism.

4.4.2 Experiments with a 50mm f/4 triplet - starting design # 2

The starting design used in the previous section was reasonably close to the Cooke
triplet form and its correction does not present a very great challenge for many
modern optimization programs although several different ‘solutions’ were found.
Starting design # 2, which is used in this section, is a triplet with the same specifi-
cations and glasses as starting design # 1 but it consists of three equispaced plane
parallel plates with an angle solve on the final surface. The air spaces were each set

to 5mm and the stop was again at surface 4 (Appendix D, TL4.2).

DLS optimization of this design with all curvatures and the two air spaces as vari-
ables reached an asymmetric solution (negative element closer to the first positive
lens) with ¥ = 1.1 after 47 iterations (fig. 4.7). This was perhaps surprising since
starting design # 1, which is potentially much closer to the Cooke triplet form,
converged to a design with three elements in two groups shown in figure 4.5. DLS
optimization with just the curvatures variable produced a symmetrical design with
U = 2.58 after 22 iterations. Both these designs are shown on figure 4.8 which

presents all the results for the correction of starting design # 2 and its derivatives.
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Figure 4.7 DLS optimization runs on starting design # 2.
and higher order corrected designs.

Combined correction of all seven mixed higher order aberrations achieved 7/10ths
of the requested aberration target values (0.05). The values of the aberrations both
before and after correction are given in table 4.5 although some aberrations have

been removed from the matrix due to intractability and ill-conditioning.

Aberration Start Corrected
M; -0.01603 0.00469

My 0.09225 0.05494

M 0.77339 0.28408

My 0.42393 0.16176

My 0.03961 -0.46559

My, -0.44349 -0.10059

Myir -0.34954 -0.14746

Table 4.5 Mixed Higher order Transverse Ray Aberrations both
before (‘start’) and after (‘corrected’) combined higher order
aberration correction of an {/4 triplet (starting design # 2).
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Figure 4.8 Diagrammatic representation of the lenses resulting from the
corrections performed on triplet starting desing # 2 (see text).

This correction produces a design of the Cooke triplet form but the air spaces

about the stop have been reduced symmetrically. (Grouped higher order aberration
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correction of starting design # 1 in the previous section only reduced the first air
space to less than 1 mm). Subsequent DLS optimization of this design with all
curvatures and the two air spaces variable finds the asymmetric triplet solution
with ¥ = 1.1. This design is identical with that achieved by DLS optimization
of the starting design. However, optimization of the higher order corrected design

takes only 14 iterations compared with the 47 originally required by DLS (fig. 4.6).

4.4.3 Experiments with a 50mm f/4 triplet - starting design # 3

The third starting design tested for the 50mm f/4 triplet was similar to starting
design # 2 but the air spaces have been reduced from 5mm to lmm (Appendix D,
TL4.3). As a result this lens is a long way from the final Cooke triplet form and
should present significant problems to an optimization program. The DLS run on
this starting design with all curvatures and the two air spaces variable was successful
and managed to extricate itself from at least one local minimum solution (see fig.
4.9). The final merit function after 52 iterations was ¥ = 1.19 and the lens form
was an asymmetric triplet but with the central negative element closer to the rear
positive lens (fig. 4.10). This was the opposite asymmetry to the designs found in
§4.4.1 and §4.4.2. Its aberrational performance was slightly inferior due to larger

edge of aperture aberrations.

Combined higher order correction on this design failed at the first iteration since
the changes requested were so large that the curvatures were all frozen at their
boundary values of 0.3. However, grouped sequential correction achieved a signifi-
cant reduction in the mixed higher order aberrations: two groups were used based
on the row rates of change as described in the previous section. The first group,
consisting of My, My and My achieved 9/10ths of the requested change (target
values, 0.05) and a second group consisting of all the mixed higher order aberra-
tions with the exception of Mj; achieved 4/10ths of the requested changes. No
further higher order aberration correction was possible and the resulting values for

the mixed higher order aberrations are given in Table 4.6.
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Figure 4.9 DLS optimization runs on starting design # 3
and higher order corrected designs.

Aberration Start pc4-10

My -0.01603 0.03127
M 0.16693 -0.83954
M 1.15330 -0.11556
My 0.55331 0.08112
My -0.13212 0.05018
My, -0.58785 0.00983
My -1.30831 0.09887

Table 4.6 Mixed Higher order Transverse Ray Aberrations both
before (‘start’) and after (‘pc4-10’) grouped higher order
aberration correction of an f/4 triplet (starting design # 3).

The resulting design is given in Figure 4.9 from which it can be seen that the air

spaces have remained at their starting values of Imm and the lens has some very

strong curvatures to achieve the aberration correction. DLS optimization of this

design stopped after 23 iterations with a merit function of ¥ = 173.2. The design

is tending towards a double Gauss objective form with very steep curvatures about
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Figure 4.10 Diagrammatic representation of the lenses resulting from the
corrections performed on triplet starting desiga # 3 (see text).

the stop. Aberrationally it is poor and suffers predominantly from longitudinal

colour and oblique spherical aberration.
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4.4.4 Experiments with an 90mm f/2 Petzval Lens - starting design # 4

The /4 triplet used in the previous sections does not suffer from very large mixed
higher order aberrations due to its moderate aperture. Therefore, a higher aperture
lens was chosen for further testing of mixed higher order aberration correction. The
lens chosen was an f/2 Petzval lens with a field flattener (see fig. 4.11). Its effective
focal length was 90mm, the field +15 degrees and the glasses were Schott LF5/SF3
and BAF50/SF3 in the two doublets and SF3 for the field flattener. The doublets
in the starting design (# 4) had bi-convex positive elements and plano-concave
negative elements. The field flattener was plano-concave. The three air spaces were
each 30mm although the assumption has been made that these are not significant

variables and that they are close to their optimum values (Appendix D, TL4.4).

DLS optimization of this starting design had few problems and with all curvatures
variable, converged to a design with a merit function of ¥ = 18.85 in 13 iterations

(see fig. 4.12).

Combined higher order aberration correction was successful in reducing all mixed
higher order aberrations to within the specified tolerance of their target values

(0.05). Table 4.7 shows the extent to which the values have been reduced.

The lens resulting from this correction of the mixed higher order aberrations is
shown in Figure 4.11 and the most noticeable change is the increased power of the
positive elements of the doublets and the consequent increase in curvature at the
doublet interfaces. DLS optimization of this design (fig. 4.12) converged to an
equivalent solution to that obtained by applying DLS to the original starting design

with a merit function of ¥ = 19.17 after 17 iterations.
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STARTING DESIGN # 4

A
Vi
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DLS (multi)
cl-c3
¢5-¢9

Combined higher-order
aberration correction

¥ = 18.85 after 13 itns
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o
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DLS (multi)
cl-c3
c5-¢9

¥ = 19.17 after 17 itns
mutli = multiplicative damping used
add = additive damping used “ l
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]

Figure 4.11 Diagrammatic representation of the lenses resulting from the corrections
performed on the Petzval lens starting desij._ # 4 (see text).
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Figure 4.12 DLS optimization runs on starting design # 4
and higher order corrected designs.

Aberration Start Corrected
My 0.03309 0.05010

M 0.19132 0.04977

M 1.54202 0.04986

Mrv 0.63564 0.04968

My 0.06607 0.05032

My; -0.61486 0.04963

My -1.49108 0.46045

Table 4.7 Mixed Higher order Transverse Ray Aberrations both
before (‘start’) and after (‘corrected’) grouped higher order

aberration correction of an f/2 Petzval lens (starting design # 4).

For this example, no benefit has been gained fromn achieving some degree of correc-
tion of the higher order aberrations either in terms of efficiency or convergence to
a different solution. In fact the Petzval lens solution was found to be very stable

with a large capture region using the DLS algorithm. Attempts to force different
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solutions by collapsing the air spaces surrounding the stop and varying the aperture
and field requirements failed to find any different solutions until the aperture was

reduced to f/10 with a field of £40 degrees when a double Gauss form was found.

4.4.5 Experiments with a 75mm f/1 IR triplet - starting design # 5

The aperture was increased to f/1 for the final example which was an infra-red
triplet with an EFL of 75mm and field of £5.65 degrees. The materials chosen for
the lenses were Germanium for the outer elements and NaCl for the central ele-
ment. The starting design (# 5) is shown in figure 4.13 and is a somewhat eccentric
looking Cooke triplet with the stop at the first surface (Appendix D, TL4.5). DLS
optimization of this design with all curvatures and the two air spaces variable con-
verged in 22 iterations to a design which is close to the optimum and has a merit
function of ¥ = 424.75 (¥ ~ 63 without edge violations). Both additive and mul-
tiplicative damping, indicated by ‘add’ and ‘multi’ in figure 4.13, gave an identical

solution although multiplicative damping took 29 iterations before stopping.

Aberration Row rate of change
M; 7309.81

M 2761.08

Mrrr 24.95

My 15.39

My 2.78

Mvyr 58.50

Mvrr 1867.90

Table 4.8 RRC’s during grouped higher order aberration correction
of starting design # 5.

Combined correction of all seven mixed higher oi1der aberrations could do no better
than achieve 1/10th of the requested aberration change and so grouped sequen-
tial correction was attempted. Following a similar approach to that taken in the

previous sections, the four slowest aberrations, My;;, M;y, My and My, were
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STARTING DESIGN # §
|

1

AT

DLS %add)
cl-¢
d3, ds, d7 Grouped higher-order

aberration correction

Combined higher-order
aberration correction

V¥ = 424.75 after 22 ims

Fails to make any improvement

DLS (add)
cl-c
DLS (multi
DLS (multi) d3,ds, 47
a3, d5, d7

¥ = 479.95 after 31 itns

[& ] ?LS multi)
-C
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¥ = 423.89 after 29 itns

(
\ 1

¥ = 496.67 after 35 itns
mutli = multiplicative damping used W / |
add = additive damping used \ L

Figure 4.13 Diagrammatic representation of the lenses resulting from the corrections
performed on the IR triplet starting desing # 5 (see text).
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first targeted and reduced to their required level of 0.05. The row rates of change
for this example (Table 4.8) were very disparate and so the very fast aberrations
(M;, M1 and My ) were targeted separately on the assumption that the changes
in the system parameters would be relatively small and therefore not disrupt the

correction previously achieved for My, Mrv, My and My .

Aberration Start pc6-10

M; -1.08251 0.18217
My 0.56145 0.54456
Mirr 0.82794 0.28739
My 0.23602 -0.02507
My -0.01498 -0.01488
My, -0.24719 0.07250
Myir -0.92150 -0.39050

Table 4.9 Mixed Higher order Transverse Ray Aberrations both
before (‘start’) and after (‘pc6-10’) grouped higher order
aberration correction of an f/2 Petzval lens (starting design # 4).

Correction of the second group only achieved 6/10ths of the requested aberration
change and the resulting values for the mixed higher order aberrations after this
correction are given in Table 4.9. The form of the lens resulting from this correction
is show in figure 4.13 and it is tending towards three meniscus components all with

positive curvatures.

DLS optimization of this design converges to two different solutions depending on
the method of damping used. If multiplicative damping is used, the final design
has an air spaced meniscus doublet for the first group and a strong meniscus lens
which acts as a field flattener in the second group. However, if additive damping is
used then the resulting design has a singlet in the first group and a combination of a
near plane parallel plate and a strong meniscus lens in the second group. Both these
design are aberrationally inferior to the original DLS correction. The number of
iterations taken for convergence (fig. 4.14) is also greater although edge violations

have a significant influence in this case.
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Figure 4.14 DLS optimization runs on starting design # 5
and higher order corrected designs.
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CHAPTER 5

The Fine Correction of
Optical Systems

5.1 Introduction

Conrady [5.1] stated that the fundamental principle of the treatment of image form-
ing optical systems is that “the optical paths from object to image should all be
equal to within a fraction of a wavelength”. In the optimization of an optical sys-
tem this task can be nominally split into two parts: the reduction of aberration
values and the adjustment of the relationship between the various aberrations to
achieve an overall optimum state of correction. The latter process, where higher
order aberrations which are irreducible in some ill-defined sense, are balanced by
third order aberrations, is generally referred to as aberration balancing. Aberration
balancing is usually performed during the final stages of the design process when
it is desirable to optimize some meaningful measure of image quality. The aim is
not necessarily to reduce the magnitudes of the aberrations further, (although this
would be beneficial), but to make small changes to the system which cause the
aberration coefficients to have a nearly equal but opposite effect, the result of which

would be a very low residual aberration.

Many different approaches have been applied to this problem and most optimiza-
tion programs have some aberration balancing potential. In fact, an optimization
program that didn’t perform some aberration balancing would not be particularly

useful. The damped least squares method, for example, usually attempts to min-
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imize a merit function defined as the sum of the squares of the transverse ray
aberrations which have been determined by a system raytrace. The selection of
rays that are traced helpsto determine the aberration balance. In addition, the
aberrations in the merit function are usually multiplied by a weighting factor which
affects the aberration balance with respect to the field coordinate. Although this
approach has yielded satisfactory results, it can lead to different ‘best’ forms of
correction dependent upon the choice of aberrations (the sampling points) and the

weighting factors.

An alternative approach to the problem is to define a new set of aberration coef-
ficients which, when zero, balance the aberrations in the Hamiltonian expansion.
Several author s [5.2, 5.3] have described the expansion of the classical aberrations
in terms of orthogonal polynomials which have an inherent ability to balance aber-
rations. For instance, the Zernike polynomial R = 20r% — 30,4 + 12r2 — 1, where
r is the relative aperture coordinate, can be recognized as a combination of fifth
order spherical aberration, third order spherical aberration and defocus [5.4]. The
significant feature is that the coefficients are in exactly the correct ratio to maximize

the Strehl ratio (see §5.4).

It is generally recognized [5.5-5.7] that different criteria of image quality are re-
quired for automatic correction programs during the final stages of design than
those used during the early stages of optimization. For example, the merit func-
tion based on the sum of the squares of the transverse ray aberrations becomes
inadequate when the system approaches the diffraction limit. In these situations,
suitable merit functions that can be used include RMS spot size [5.8, 5.9], wavefront
variance [5.6, 5.10], the variance of a wave aberration difference function [5.11] and
direct optimization of the spatial frequency response (OTF) [5.12, 5.13]. Most of
these techniques are limited to well corrected systems, although Tatian [5.14] has
described a balancing criterion for non-diffraction limited systems. Comparisons of
several of the optimization criteria have been carried out by Hopkins [5.6], Meiron

[5.7] and Woodruff [5.15].
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In this chapter, values of the third order aberration coefficients are derived which
balance the fifth order aberrations to maximize the Strehl ratio (§5.4). This, in
turn, maximizes the volume under the spatial frequency response curves, a result
which follows from the inverse Fourier transform relationship between the irradiance
distribution and the two dimensional optical transfer function. The third order
coefficients are used as target values for the quadratic adaptive correction algorithm

described in chapter 3 and applied to several test lenses (§5.5).

5.2 Wavefront Aberration Approximation to E'fth order

Wavefront aberration polynomial coefficients of higher order than third may be
computed using the methods of Buchdahl [5.16] or by polynomial fitting to the
exact raytrace-computed wavefront aberrations [5.17). Knowledge of these higher
order coefficients, which have lower rates of change than the third order coefficients,
allow targets to be set for the Seidel aberrations at any stage of the design process.
However, it is only when the design is close to its optimum correction balance that
this technique is useful ,because it is then that the relative magnitudes of the higher
order terms is large enough for them to play a significant part in determining the

image quality.

The wavefront aberration can be approximated by the wavefront polynomial con-
taining all terms up to fifth order together with seventh order spherical aberration
for most systems of moderate aperture and field. In this section values for the fifth
order coefficients are derived from a knowledge of the Seidel sums and nine values

of the finite wavefront aberration calculated during a system raytrace (fig. 5.1).
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:-1\ ; ‘Z"r:ﬂ P 4(/ Off axis

Figure 5.1. Finite wavefront aberration values required to approximate
the wavefronts to a fifth order expansion.

The wavefront aberration, W(r, ¢, ¢), expressed in polar coordinates (r, #) and rela-
tive field position g, contains both even and odd terms with respect to the aperture
coordinate. The even terms are due to spherical aberration, astigmatism and field
curvature)whereas the odd terms are due to the coma-like components of the total
aberration plus distortior} and transverse chromatic aberration. The even compo-

nent of the monochromat:c wavefront aberration, W, is therefore given by
W, = owaor® + owgor? + owso™® + owsor® + 2Wa00°r* + 2Wa20°r cos? ¢
+ 2w200°r? + 2wy20%r? cos’ ¢ + qwa00'r? + 4w2r0'r? cos? ¢ (5.1)
and the odd component by
W, = 1wsior’ cosd + 1ws107° cos @ + 3w310°r® cos @ + swzp’rdcos’ 6. (5.2)

Although there are ten terms in equation (5.1), six are dependent on field and
three on pupil azimuth. As a result, it is possible to find the wavefront aberration
polynomial coefficients by considering the wavefror.t aberrations calculated for the
axial field position and one off-axis field position for both the meridian and sagittal
sections. During a system raytrace, values for the total wavefront aberration are
assumed to be computed for both the margin (r = 1) and zone (r = 1 /\/5) of the
aperture in both the meridian and sagittal sections for each field position. Therefore,

values of the finite wavefront aberration W(r, ¢, o) are obtained for

= #1
¢=0,n’/2{:=i1/\/§ (5.3)
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The values of W (r, ¢, ¢) for r < 0 both in the sagittal section and for the axial field
position are derived from symmetry.

be.
The third order terms in the wavefront polynomial expansion canAdetermined from
the values of the Seidel sums which have been calculated from an appropriately
defined paraxial ray trace of the system. The five third order monochromatic aber-
ration coefficients, as they appear in the Hamiltonian wavefront expansion, are given

in table 5.1 when expressed in terms of the polar coordinates (r, ¢, g).

Aberration Third-order term

Spherical aberration owgor?

Coma 1w31 073 cos ¢

Astigmatism and field curvature 2w220°1% cos? ¢ + wqg 022
Distortion 3wy 0%r cos ¢

Table 5.1 Third order monochromatic wavefront aberrations.

Their relationship to the Seidel sums can be found by direct comparison of the

expressions in table 5.1 with, for example, equation (8.42) in reference [5.18):

owso = 157 (5.4)
1w31 = 3517 (5.5)
awz0 = (Sr1r + Srv) (5.6)
222 = 3SII1 (5.7)
Wy = %Sv. (5.8)

The value of owso is found by deriving its relation to the longitudinal shift in the
image plane, Az, which has been specified by the designer or an optimization pro-
gram. Figure 5.2 shows the geometry for the axial reference sphere and a defocussed

wavefront.
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Q Gaussian Image Plane

! n

Figure 5.2. Wavefront aberration component of longitudinal defocus.

The wavefront aberration for defocus is given by

22 +y2
— 4 } 4
W = owago ( 2 ) (5.9)

where z, and y, are the cartesian coordinates in the exit pupil and k, the height

of the paraxial marginal ray at the pupil. Differentiating equation (5.9) gives the
transverse ray aberration component of defocus, which after substituting for the

radius of the reference sphere R = —h,/u’becomes

_ 29wz

on = (5.10)

n'u’
where r is the normalized height in the exit pupil. The longitudinal component of

defocus Az is therefore given by én/u’and hence
0wz = §n'uPAz (5.10)

for the marginal ray when r = 1.

The axial spherical aberration coefficients can be derived from the wavefront aber-
rations at the axial field position (¢ = 0). Inspection of equation (5.1) shows that
only these first four terms are non-zero and therefore the following two equations
can be written for the finite wavefront aberration calculated at the margin and the

zone of the aperture respectively:
W(1,0,0) = owzo + owqo + oweo + owso (5.12)
W(1/v2,0,0) = % ow2o + % oW40 + % owso + Tlg oWso. (5.13)
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The coefficients for defocus and third order spherical aberration are known from

equations (5.4) and (5.11) and therefore solving for oweo and ws gives that

oweo = 16W(1/+/(2),0,0) — W(1,0,0) — 7 gwzo — 3 oo (5.14)
owso = 2W(1,0,0) — 16W(1/1/(2),0,0) + 6 owz0 + 2 owso. (5.15)

In the sagittal section, ¢ = 7/2 and all the terms in equations (5.1) and (5.2)
containing powers of cos ¢ are zero. As a result the total wavefront aberration,

W(r,n/2,1), for the full semi-field position (¢ = 1) is given by

2 4 6
W(r,m/2,1) = owaor” + owaor" + oweor"® + owgor®

+ qwgor® + qwaer? + qwaor’. (5.16)
At the margin of the aperture (r=1) the wavefront aberration is therefore
W(1,7/2,1) = owzo + oWso + oWso + oWso + 2Wg0 + 2wzq + 4wze  (5.17)
and at the zone of the aperture (r = 1/v/2)

W(l/\/ia ”/2’ 1) = ';' owz0 + % oWy40 + -18- 0Weo + Tl_é 0Wso

+ § 2wa0 + § 2wao + 3 4W20 (5.18)
Equations (5.17) and (5.18) can be solved for ;w40 and 4w, to give that
qwgo = 2W(1,7/2,1) - 4W(1/\/§,7r/2, 1) — owgo — % oWeo — % oWso (5.19)
and
4W20 = 4W(1/\/2_, 7/2,1)=W(1,7/2,1) = owzo + % oWeo + % owso — 2wz (5.20)
since ,wsyq is known from equation (5.6).
Alternatively, it is possible to write down a pair of equations which can be solved
for w4 and 4wz at the zone of the field, or a pair of equations can be written

using both off-axis field positions and only the zonal aperture rays. This raises the

question as to which field position should be used for computing the aberration
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coefficients. For example, it is probable that the designer will want a higher image
quality at the zone of the field than at the field margin and therefore it would
be better to use the zone of the field for computing the higher order aberrations.
The selection of fitting points can greatly affect the approximation for designs with
different aberrational characteristics; this is examined in more detail in §5.3

when numerical and graphical results are presented for several test lenses.

In the meridian section (¢ = 0) and at the full semi-field position, the approximating
wavefront aberration polynomial contains all terms in equations (5.1) and (5.2).
Therefore

wW(r,0,1) =W, + W, (5.21)

where powers of p can be removed since they are all unity. The total wavefront
aberration, W(r,0,1), for r = +1 and r = £1/v/2 has been computed from a

system raytrace, therefore at the upper and lower margins of the aperture (r = £1)

W(1,0,1) = owzo + owso + oWeo + oWso + 2W40 + 2wez + w31 + jws
+ 3w31 + 3w3z + 2wW20 + 2Wa2 + 4w + 4w22 (5.22)
W(-1,0,1) = w20 + oWso + oWeo + oWso + 2W40 + 2wez — w33 — jws,

— 3w31 — 3W33 + 2W20 + 2W22 + 4w + swoo. (5.23)
Similarly for the zone of the aperture (r = £1//2)

W(1/v2,0,1) = +3 owzo + 3 owao + 3 oweo + 15 oWso + 7 2Wa0 + 3 2wy
+ 2—\175 1w3;1 + ;&5 1ws1 + 555 3w3) + -2-55 aw3s + 3 2wao
+ % 2wz + 3 4wao + % 4W22 (5.24)
W(-1/v2,0,1) = +3 owz0 + § oWs0 + § oWeo + 15 0Wso + 1 2Wa0 + 1 2wsr

1 1 1 1
— 33 1W31 T 5 1Ws1 — 55 awan — 75 3Wss + % 2Wag

+ 3 2wa2 + % aW20 + 3 4w, (5.25)

The above equations form an underdetermined linear system since there are five

unknown coefficients and only four equations. However, the elliptical coma terms,
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aw310°r3 cos ¢ and 3w330°r® cos® @, both have identical values in the meridian sec-
tion and zero contribution in the sagittal section. Figure 5.3 shows the variation of
sw3; and 3wz with azimuth and demonstrates that different contributions from
sw3; and 3ws3 can only be distinguished for intermediate azimuths between the
meridian section (¢ = 0) and the sagittal section (¢ = 7/2). Consequently, it is nec-
essary to consider the sum of the elliptical coma terms if the wavefront aberrations

are not calculated at an intermediate azimuth.

By defining vy = 3w3;0%r® cos ¢+ 3w330°r® cos® ¢, the above equations can be solved
for the four remaining variables as follows: Taking the sum and the difference of

equations (5.22) and (5.23), the following two equations are obtained:

qwaz + swzz = 3 (W(1,0,1) + W(-1,0,1)) — qwag — qwao
— 0We0 — 0Ws0 — 2W40 — 2W20 — 2W22 — 4wz  (5.26)

1wsy +v = 3 (W(1,0,1) = W(~1,0,1)) — jwy, (5.27)

Similarly for equations (5.24) and (5.25)

sWas + 4Wap = (W(l/\/§,0,1) + W(—l/\/§,0,1)) — oW20 — 3 oWgp — 2 oweo
— 1 owso — 3 2wa0 — 2W20 — 2wa2 — 4woo (5.28)

31ws1+7 = V2 (W(l/\/Z—,O,l) - W(-1/v2,0, 1)) = 1W3; (5.29)

Replacing the right hand sides (RHS) of equations (5.26-5.29) with the constants
A, B, C, and D respectively, (the RHS’s all contain known coefficients), equations

(5.26) and (5.28) can be solved for w42 and sw;; to give

2wgz =2(A-C) (5.30)
swn=2C-A (5.31)
and equations (5.27) and (5.29) can be solved for ws; and v to give
1wsy = 2(B - D) (5.32)
y=2D-B. (5.33)
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Figure 5.3. Polar diagram showing the variation of elliptical coma with azimuth.

Finally, an approximate value for fifth order distortion can be derived but in a
slightly different manner to the results already presented. This is because most
programs that calculate finite wavefront aberf_tzions define a reference sphere cen-
tred on the point at which the finite principal strikes the image plane. Distortion
is then either presented as numerical data during a system raytrace or as distor-
tion curves plotted for the whole field. However, the transverse ray aberration

component of distortion is readily available and this can be used to calculate the

corresponding wavefront aberration coefficient.

The transverse ray aberration component of distortion is the difference between the

height at which the paraxial principal ray and the finite principal ray strike the
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&W L' MN)

Figure 5.4. The relationship between distortion and wavefront aberration.

image plane (fig. 5.4),

&' = =Y. (5.34)
Distortion therefore produces a lateral shift in the centre of the reference sphere.
The equation for the reference sphere which is centred on the height at which the

paraxial principal ray strikes the image plane, §', is given by
2 + y2 + 22— 2yy' - 2zz, =0 (5,35)

where z, is the separation of the exit pupil from the image plane. Equation (5.35)

can be differentiated to give
28z + yby + 262 = y 65" + §'6y + z,6z. (5.36)

which can be simplified using the following identities:

oW
bz =-L— (5.37)

sW
by = -M—n- (5.38)

6z =-N— (5.39)

to give
—nyéy'

W =
LT MG =7+ NG5

(5.40)
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Finally, after substitution for the direction cosines and further simplification

n _
§W =z yby (5.41)

which is the finite wavefront aberration for distortion. The approximate fifth order

coefficient for distortion, sw;;, can now be found;

swi; = 6W — jwq,

no_
= Ey&/' - 3Sv (5.42)

Table 5.2 summarises the results from this section.

Aberration | Approximate Value

oWa0 Az(l}_vlyl)

oWso 16W(1/\/(2), 0,0) - W(l, 0,0) -7 owzo — 3 oW4o0

0Wso 2W(1,0,0) — 16W(1//(2),0,0) + 6 gwaq + 2 gwyg

2W40 2W(1,7/2,1) — 4W(1/v2,7/2,1) — owsp — % 0Weo — % 0Wso

4020 AW (1/v2,7/2,1) = W(1,7/2,1) = owag + § oweo + 3 gwso — 2wao
2W42 2(A-C)

4W22 QC - A
1Ws) 2(B - D)
0% 2D-B
5W11 2yby' — 35v

Table 5.2 Approximate fifth order aberration coefficients.

5.3 Testing the Fifth Order Aberration Coefficients.

The results of the previous section are only approximate in that a complete de-
scription of the wavefront aberration of an optical system is only obtained if all the
aberration coefficients are found to all orders. This is impractical and in all cases
when it is necessary to find an expression for W, the approximating polynomial will
be truncated when terms become insignificant. It is therefore necessary to test the

approximation of the previous section and to find the limitations of its applicability.
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The approximation is investigated by comparing the finite raytrace computed wave-
front aberration curves to the curves derived from the higher order aberration co-
efficients derived in §5.2. The error in the approximation can then be found by
subtracting the finite wavefront aberrations from the values predicted from the fifth
order polynomial and the standard deviation of the approximation can be evalu-
ated for 20 data points used to define the finite wavefront at each field position and

azimuth.

Meridian section

Wavelength  587.6 nm
Scale 1.00 2 \ / n=0

Defocus 0.00 mm

Sagittal section

~_ | - n=v2

Figure 5.5. Raytrace computed wavefront aberrations for an f/4 triplet (see text).

The first example is the triplet from chapter 3, §3.4.3. The aberrations have been
reduced to several wavelengths but it is not especially well corrected. It also has a

particular problem, which is that coma changes sign between the zone and margin

of the field (fig. 5.5).

The error in the approximation is shown graphically in fig. 5.6 and the standard

deviations of the wavefronts are given in table 5.3.
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Meridian section

Wavelength 587.6 nm
Scale 1.00 A n=0
Defocus 0.00 mm
Sagittal section
— =1
r=-1 r=+1 n

Figure 5.6. Wavefront error curves for an f/4 triplet (see text)
using finite ray trace results from the margin of the field.

0 ¢ o

0.0 | 000 | 0.0025
0.7 | 0.00 | 0.1088
07 | =/2 | 0.0669
1.0 | 000 | 0.0238
1.0 | =/2 | 0.0069

Table 5.3 Standard deviations of the approximating wavefronts

for the f/4 triplet test lens.

The fifth order polynomial approximation is particularly good for the axial and the
full semi-field position (¢ = 0 and p = 1) which have been used to determine the
fifth order coefficients. However, at the zone of the field, the standard deviation
rises to &~ A/10. If a better approximation at the rone of the field is required,

equations (5.17) to (5.33) can be recast for ¢ = 1/v/2. Equations (5.17) and (5.18)

become:
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W(1,7r/2,1/\/§) = owz0 + oWso0 + oWeo + 0Wso

+ 7 2wa0 + 3 2w20 + 3 aw20 (5.43)

W(1/V2,7/2,1/V2) = 1 owao + 1 owao + 3 0Weo + 15 oWso

+ 3 2wa0 + § 2w20 + 3 4wy (5.44)
which can be solved for w4 and 4wyp to give that
2W40 = 4W(1’ 7!'/2, 1/\/_2.)-—8W(1/\/2-, 7!'/2, 1/\/5)_2 owg0—3 o’wGQ—% oWso (545)

and

swao = 16W(1/V2,7/2,1/V/2) = 4W(1,7/2,1/V/2)

— 4 w30 + 2 oweo + 3 owso — 2 2w2o. (5.46)
Similarly, omitting details, equations (5.26) — (5.29) become

2way + 3 qwar = W(1,0,1/V2) + W(-1,0,1/v2) — 2( w30 + owao
+ oWeo + oWso) — 2W40 — 2W20 — 2W2p — 3 4wy (5.47)
2 ws1 + 7 = V2(W(1,0,1/v2) - W(-1,0,1/v2)) - 2 w3 (5.48)
2waz + swa2 = 4W(1/v2,0,1/vV2) + W(=1/v2,0,1/V2)) — 4 4wy — 2 qwao
— oWeo — 3 0Wso — 2Wa0 — 2 2Wap — 2 2Way — 4wWao (5.49)

1Ws1 + v = 4(W(1/\/§’ 0’ 1/\/5) - W(—l/\/ia 0, 1/\/5)) -2 1W3) (550)

and by replacing the RHS’s of equations (5.47 ~ 5.50) with the constants A’, B', C'

and D' the unknown aberration coefficients can be found;

qwag = 24 — O (5.51)
swyy =2(C' - 4') (5.52)
1ws1 = B' — D' (5.53)

v=2D'-B' (5.54)
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Meridian section

Wavelength 587.6 nm
Scale 100 A n=0
Defocus 0.00 mm
Sagittal section
=-1 r=+1

Figure 5.7. Wavefront error curves for an /4 triplet (see text)
using finite ray trace results for the zone of the field.

If these equations are used to determine the fifth order aberration coefficients, then
it would be reasonable to expect a better approximation at the zone of the field.
Figure 5.7 shows the error in the approximation for the triplet lens using the zone

of the field for the fitting points.

This approximation is not as good as that shown in fig. 5.6 and does not even
have zero values at the zone and margin of the aperture which would be expected
and was obtained for the approximation shown in fig. 5.6. A possible reason for
this is that in equations (5.45) and (5.46), comparatively large numbers are being
subtracted to obtain a value for the aberration coefficients which may well be less
than a wavelength in magnitude. Any errors at this stage will produce errors in the
coefficients derived for the meridian section. Fig. 5.7 demonstrates that the sagittal
curves have errors that are greater than their counterparts in fig. 5.6. The errors in
the meridian section are even greater still and demonstrate a possible propagation

of error from the results obtained from the sagittal section.

This technique has also been tested on two examples which were both well corrected

across 80% of the aperture. The large edge of aperture aberrations (x 100)) caused
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the approximation to break down since four of the fitting points are aberration
values at the aperture margin. An attempt was made to counter this problem
by again recasting the equations to only use the finite wavefront aberration values
calculated at the zone of the aperture for both off-axis field positions. Although this

improved the approximation, the results were still unsatisfactory as demonstrated

by the error curves in fig. 5.8.

Meridian section

Wavelength  587.6 nm , ,
Scale 1.00 A
Defocus 0.00 mm

Sagittal section

S e n=1/2

r=-1

Figure 5.8. Wavefront error curves for a Tessar lens
with large edge of aperture aberrations.

As a result the approximate aberration coefficients calculated in §5.2 only form
a good approximation to the actual wavefront when an optical system has been
vignetted and the final adjustments are being made to optimize the aberration
balance. The approximation breaks down when the system is badly behaved, i.e.
when there are large aberration values at one or two points in the aperture or the
field. Results also demonstrate that the equations derived from the full semi-field

position are better conditioned and introduce less error than the coefficients derived
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from zone of the field. It should be noted that it is generally necessary to use finite
raytrace computed wavefront aberrations from both the zone and the margin of the

aperture so that any turning points in the wavefront are well approximated.

5.4 Balancing the Wavefront to Maximize Strehl Ratio

The Strehl ratio, I, which is defined as the ratio of the maximum intensity in the
aberrated point spread function to the maximum intensity in the unaberrated Airy

pattern, can be written as [5.19]
2
1 .
I== / e*VdA (5.55)

A
A

where W is the wavefront aberration and it is assumed that the integration is
performed over the area of a circularly symmetric exit pupil. Maréchal [5.20] bas

shown that equation (5.55) can be approximated by

or2 |2
I~ ’1 ~zE (5.56)

for values of the Strehl ratio, I > 0.8, where E is the variance of the wavefront
aberration. Therefore, minimizing the variance of the wavefront aberration will
maximize the Strehl ratio. King [5.10] subsequently demonstrated that minimizing
the variance of the wavefront aberration is a useful measure of image quality for
systems with I 2 0.5)thus greatly extending the range of applicability of the variance

as a meaningful measure of image quality.

The variance, E, is defined as the difference between the mean square value of the

wavefront aberration and the mean value of the wavefront aberration squared,

2

E=%//W2dA— %//WdA (5.57)

A A
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which, when expressed in polar coordinates becomes

2

] 27 1 1 2r 1
=—5//W2rdrd¢— F//Wrdrqu . (5.58)
0 o 0 0

The variance of the total wavefront aberration can be expressed as the sum of the
variances of the even and odd parts of the wavefront aberration. This has suggested
the approach followed by Hopkins [5.6], King [5.10] and others)where expressions
are derived for the optimum ratio of the third to fifth order aberration coefficients

that maximize the Strehl ratio.

In the analyses of Hopkins [5.6] and King [5.10], the even contribution to the wave-
front aberration has been considered to comprise the third and fifth order spherical
aberration terms together with defocus, and the odd component, the third and fifth
order coma terms and the transverse focal shift, ;w;;. However, it is also possible
to consider balancing the astigmatism and field curvature terms and to also include
oblique spherical aberration, elliptical coma and distortion in the analysis. This is
possible since the results of §5.2 allow all fifth order terms to be approximated and
also Appendix G provides a proof that the total variance of the wavefront aberration

is equal to the sum of the variances of several odd and even components.

The wavefront aberration considered in this analysis consists of two even com-
ponents, spherical aberration and astigmatism and field curvature, and two odd
components, coma and distortion. In addition, the longitudinal defocus term is in-
cluded when optimizing the spherical aberration balance. However, the transverse
focal shift term jwj; is neglected)since in practice it is not a degree of freedom that

can be used when viewing extended objects in practical optical systems.

The even part of W(r, ¢, ¢), which contributes spherical aberration terms on axis,
is given by
W(r,¢,0) = owzor’ + owsor* + qweor® + owsor® (5.59)
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where ows has been included so that the position of the best focal plane may also
be calculated. If equation (5.59) is substituted into equation (5.58) and the integrals

evaluated, an expression is obtained for the variance of this wavefront;

_ 1 .2 , 4 .2 . 9 2 . 168 , 2
E= 13 0W2o + 55 oWy t+ 173 0Weo T 335 0Wgo

1 3 2
+ § oW20 0W4o0 + 35 0W20 0We0 + 75 0W20 0Ws0

1 12 3
+ § oW40 0Weo t+ 155 0We0 0Ws0 t+ 55 0Weo 0Wso- (5.60)

Assuming that the changes required to optimize the Strehl ratio are small and
that the higher order aberrations remain effectively static during these changes,
the variance can be minimized by changing the third order spherical aberration
coefficient (w40 and the position of the focal plane qwjg. This assumption is not
unreasonable since it is known that the higher order aberrations vmy more slowly
than the third order aberrations. The partial differentials of the variance with

respect to qwzo and owso are given by

OE

5o 3 owzo + 3 oWao + 25 oweo + % 0Wso (5.61)
0
OFE 1 8 1 16

Bown ¢ oW20 + 35 0W40 + § oWeo + 755 0Wso (5.62)

and the variance has stationary values when equations (5.61) and (5.62) are zero.

Solving for the value of w20 and w40 gives
—3 96
0W20 = § oWeo + Tp5 0Wso (5.63)

and

owso = — {3 owso + e owso } - (5.64)

These values minimize the variance since the second order partial differentials, which

are given by

0*E 8
a szo = E (565)
0*E 1
Foul = G (5.66)
0*E 1
0 ow400 ow2o ~ 6 (5.67)
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Figure 5.9 Surface ,Ol"vfi{@ map of the change in variance, F,
as oWg0 and W40 are varied.

satisfy the two conditions,

0°E O°E _( 8°E )2>0
0 ow3, 9 ow3, 0 ow400 ow20
0°E

e 35 )
8 owiy

(5.68)

(5.69)

which are the necessary and sufficient conditions for a function of two variables to

have a minimum [5.21].

Figure 5.9 shows a  prufile plot of the variance as gwzo and (w4 are varied between

—5.0 and +5.0 wavelengths. The values of oweo and owgo were both fixed at +1.0

wavelength. The plot is interesting since it demonstrates that a valley exists along

which the variance increases slowly. This implies that a series of values exist for

owszo and owso for which the variance remains close to the analytical minimum.

The existence of this valley can be examined further by computing the values of
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the variance at all the mesh points and filtering the data to plot only those values
below a specified level. Figure 5.10 shows a scatter plot of the thresholded variance
values for five different combinations of values for gwgo and gwsg which are given
in table 5.4. The values of qwz¢ and owyo give the analytical solution which has
been calculated from equations (5.63) and (5.64).

Balance oWe0 oWso oWz2o oWqo
Balance A 1.00 1.00 1.51 -3.21
Balance B 1.00 2.00 2.43 -4.93
Balance C 3.00 1.00 2.71 -6.21
Balance D 2.00 -1.00 0.28 -1.29
Balance E -3.00 1.00 -0.89 2.79

Table 5.4. Values for the higher order aberration coefficients in wavelengths

for the axial aberration balances shown in figure 5.10.

All the valleys lie at 45 degrees to the axes and hence the valley floors can be deter-
mined by a linear equation passing through the analytical minimum solution and
with a gradient of —1. For example, if the variance has a minimum at ( gwb,, 0Wyo)

then the valley floor is given by
0Wa0 = — oW20 + 0Wao + 0Wig (5.70)

and hence if an optimization program cannot find the value of w,, which achieves
the analytical minimum, then owzo can be calculated from equation (5.70) to

achieve the best possible solution.

The shape of the wavefront aberration curves when the above axial spherical aber-
ration balance has been achieved is shown in figure 5.11. The shape of these curves
remains the same as the values of owgo and owgo increase in magnitude, but the

minimum achievable variance increases causing a drop in vhe Strehl ratio.
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1 B  Balance A (E < 0.005)
4= E
. ¢ Balance B (E <0.012)
3 o
- \ + Balance C (E < 0.03)
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= 1 © Balance D (E < 0.002)
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5 - ®  Balance E (E < 0.002)
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Figure 5.10 Scatter plot of filtered variance values
for different axial aberration balances.

Figure 5.11. Theoretical wavefront aberrations for an axial aberration balance
which maximizes the Strehl ratio.

Coma contributes odd terms to the wavefront aberration and hence W is given to

fifth order by

W = ,w3lgr3 cos ¢ + 1w519r5 cos ¢ + 3w3193r3 cos ¢ + 3w3393r3 cos® ¢ (5.71).
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where the last two terms are the elliptical coma coefficients. The variance of this

expression is given by
2r 1
1
E = = //Wzr drdg¢. (5.72)
00

since the integral of the odd functions in the second term on the right-hand side
of equation (5.58) is zero. Substituting equation (5.71) into (5.72) and integrating

yields an expression for the variance, E,
E= -g- wi 0? + % 1w31 1ws10° + % 1w 0
+ 1 1w3 sware* + § 1ws1 sware* + § 3wl + % 1wa1 3was0*
+ £ 1ws swsse® + 5 swar swsze® + & swl;e®. (5.73)
Following an identical approach to that used for the spherical aberration terms, the

variance is minimized with respect to the third order coefficient jws;;. Differenti-

ating equation (5.56) with respect to ws; gives that
OF

0 1w3;

and hence for the variance to have a stationary value

=1 wne® + 3 1wno? + § swaief + % swszp! (5.74)

1wy = — {3 1ws1 + (swa1 + 3 aws3)p? } (5.75)
which is a minimum value since the second order partial derivative is positive. The
second term in equation (5.75) cannot be replaced by ¥ which was defined in §5.2 as
the sum of the elliptical coma terms since the elliptical coma terms do not appear
in equation (5.75) in the ratio of 1:1. There are two possible ways of handling
this; First, the ratio of 4:3 may be considered close enough to the required ratio of
1:1 so as not to be significant, or second, an assumption could be made about the
distribution of magnitudes between the two coefficients. The former approach has

been adopted and produces acceptable results for the lenses that have been tested.

¢=0
/N I ‘\.// n=1
r=-1 ‘ r=+1

Figure 5.12. Theoretical balance of the coma terms in the
wavefront aberration to maximise Strehl ratio.
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The shape of the theoretical wavefront aberration curves which have been balanced
for the marginal field position are given in figure 5.12. The general form of the curves
is unaffected by the magnitude of the fifth order coefficients. However, the minimum

achievable variance increases as the magnitude of the fifth order coefficients increase.

Oblique spherical aberration, astigmatism and field curvature all contribute even
terms to the wavefront aberration at off-axis field positions. The wavefront aberra-

tion due to these terms is given by

2,4 2.4 2 2.2
W = 2ws0°r" + 2ws20°7" cos” ¢ + 2w200°1* + 2wi20%r? cos® ¢

+ swyeo'r? + 4w22947'2 cos’ ¢ (5.76)
which when substituted in equation (5.58) and the variance evaluated yields

_ 1 2 4,1 .2 4 4 4, 17 4, 1 2 4
E= 13 2Wa0 0 + 16 2W220 + 35 2W400 + 360 2W420 + 13 4Woo 0
1 2 4, 1 4,1 4, 1
+ 16 4w 0" + 75 2W20 2W220" + § 2W20 2W400" + 75 2Wa0 2Wy20*
+ 1 owa0 sw200% + & 2w20 4w220® + 5 2w2p 2wyt + 3 4
& 2W20 4W200 i3 2W20 4W22 12 2W22 2W40Q 18 2W22 2W420
1 6 , 1 6 4
+ 73 2W22 4W200 + g 2W22 4W220 + 5 2W4q0 2w4294 + % 2Wyp 4w2096
1 6, 1 6, 5 6

+ 15 2W40 4W220 + 73 2W42 4W200 + 35 2Wa2 4W220° + 3-]5 4Wag 4Wa20°.

12
(5.77)

Both ,wsz and swz2 can be varied to minimize the variance and therefore the

partial differentials of equation (5.77) are taken with respect to these two variables:

OFE
Toom =z swa00® + -113 2wa20° + & 2wao0! + Tlg 2W42 0%
+ 1 sw00® + & 41w220° (5.78)
9F _ 1,0 o' + § 2wa20* + 75 2wa00® + S 4
Toon 1! 20 3 12 2W400" T 35 2Wa20

+ -11—2 sw200® + % 2We20° (5.79)

Equations (5.78) and (5.79) must be simultaneously zero for the variance to have a

stationary value and therefore solving for qwye and wsy; gives

2wy = — { 2wao + % 2Wyq2 + 4w2092} (5.80)
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and

W22 = — {% 2Wqe2 + 4w2292} . (5.81)

These values define a minimum value for the variance since the conditions in equa-

tions (5.68) and (5.69) are again satisfied.

A . plot of the variance surface as w39 and w;; are varied between —5.0
and +5.0 wavelengths is shown in figure 5.13. The surface is approximately rota-
tionally symmetric about the analytical minimum value and therefore there is an
even degradation in the Strehl ratio as the values of ,wy0 and ,w,, move away

from this point.

5.85

0.017

Figure 5.13. Surface profile of the change in variance, E
as 2wWo0 and 2W22 are varied.

y

Further confirmation of the symmetrical increase in the variance is provided by fig-
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ure 5.14 which shows four scatter plots for different aberration balances detailed in
table 5.5. The values of w;; and 2w2¢ which appear in the table have been calcu-
lated from equations (5.80) and (5.81) and therefore give the analytical solution. To
obtain the scatter graph, all mesh points on the contour map have been computed
and the data filtered so that only values of the variance below a specified threshold
level appear. The areas are approximately circular although some elongation at 45
degrees to the axes is evident. This effect is not as marked as for the axial spherical

aberration balancing and therefore cannot be exploited.

2
)
o
1] D
0] -
z 4
'-;0 1 -: A as C
S T4, B mh.
:;: -15- %. “,*
S 2lE
; ’ ¢ Balance A (E <0.02)
4 - + Balance B (E <0.05)
4 ¢ Balance C (E <0.02)
e O Balance D (E <0.02)
-5 i e s s e S S BN AN A A RN S e Sane S s P ——y—
5 4 -3 2 -1 0 1 2
2W20 (wavelengths)

Figure 5.14 Scatter plot of filtered variance values
for different off-axis aberration balances.

The values of the fifth order coefficients and the values of the third order coefficients

for the analytical minimum for the different balances shown in figure 5.14 are given
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in table 5.5;
Balance 2W4p 2Wq2 4W20 4W22 2W20 2W22
Balance A 1.00 1.00 1.00 1.00 -2.13 -1.75
Balance B 2.00 1.00 3.00 1.00 -5.13 -1.75
Balance C 2.00 -1.00 -3.00 2.00 1.13 -1.25
Balance D 1.00 1.00 -1.00 -1.00 -0.13 0.25

Table 5.5. Values for the higher order aberration coefficients in wavelengths

for the off-axis aberration balances shown in figure 5.14.

The theoretical shape of the balanced wavefront aberration curves for the one spec-
ified field position, both equations (5.68) and (5.69) have a dependence on g?, are
shown in figure 5.15.

0

r=-1
\/

—_ ot
-
"
+
Gk

Figure 5.15. Theoretical wavefront aberrations for an off-axis aberration balance
which maximizes the Strehl ratio.

Distortion contributes odd terms to the wavefront aberration and therefore equa-
tion (5.54) for variance applies. However, distortion does not affect image sharpness
and is not usually toleranced on a wavefront aberration basis. The distortion bal-

ance is included here for completeness.

The wavefront aberration contribution contains the third and fifth order distortion

terms and is given by

W = swyprcosd + swiyp°rcosd (5.82)
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which has a variance of

E= i‘ swi; 0% + % 3w swi10® + % sw? 10, (5.83)

The minimum variance is found when

oF
03wn

=3 3wng®+ 3 swne® =0 (5.84)

Therefore

3w = — 5wy 0° (5.85)

and an exact balance can be achieved at one off-axis field position.

5.5 Examples

The correction of four test lenses has been attempted using the methods developed
in §5.2 - 5.4. The lenses have been chosen in an attempt to form a representative

set of examples and are given in Appendix E.

One of the assumptions underlying the optimization of the Strehl ratio which is
described in this chapter, is that the higher order aberrations remain static while
their third order counterparts are adjusted. In practice, this will not be the case,
although it is a good approximation and a necessary one if the optimization is
to converge. The small changes in the higher order aberrations are dealt with by
repeating the optimization until the requested changes in the third order aberrations
become negligible. This is achieved in approximately 3-4 iterations for the lenses
that have been tested; a typical variation of the Seidel aberrations is shown in figure
5.16. Although the changes in the system parameters are small, it is likely that the
focal length may drift by a mm or so. Focal length is not targeted since it would
increase the ill-conditioning of the linear equations (§3.3.2). Scaling the focal length
during optimization was tested and led to oscillation of the aberrations about their

target values and so no control is placed on focal length in the present program.
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Figure 5.16. Typical variation of the Seidel aberrations during Strehl optimization.

In the examples, the higher order aberrations have been calculated using the same
field position that was being optimized. This improves the accuracy of the aberra-
tion coefficients for the specified field position (§5.3) and hence the resultant spatial

frequency response of the optimized system.

The first test lens was an f/4 triplet (TL5.1 in Appendix E) which has been op-
timized using the damped least squares (DLS) algorithm with default weighting
factors. The design has a relative aperture of f/4 and field of £15 degrees. Op-
timization showed that this lens has a difficult aberration balance with respect to
the field coordinate (coma changes sign between the zone and margin of the field)
which is a characteristic of this type of design. The wavefront aberration curves are
shown in figure 5.17 and the resulting OTF (not shown) was poor with the contrast

! at both off-axis field positions.

falling to below 0.2 for frequencies over 50 cmm™
The diffraction limited cut off frequency was 425 cmm™!. Strehl optimization at
the field margin produced only a small increase in the spatial frequency response for
the sagittal section with the meridian section performance remaining almost unaf-

fected. However, inspection of the wavefront aberration curves showed a reduction
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from £2) to £1X in the meridian section (fig. 5.18). However, optimization at
the zone of the field produced a significant improvement in the spatial frequency

response with a slightly superior performance in the sagittal section (fig. 5.19).

Meridian section
Wavelength 587.6 nm

Scale 1.002 — o _
Defocus -0.03 mm Axis

Sagittal section

~ |

11 deg

f \ / =< 15 deg

Figure 5.17. Raytrace computed wavefront aberrations for TL 5.1 (see text).

Meridian section

Wavelength 587.6 nm
Scale 1.00A

W-W* 3
Defocus -0.03 mm Axis

Sagittal section

o 11 deg
r=-1 r=+1 N\ 15deg

Figure 5.18. Raytrace computed wavefront aberrations for TL 5.1 after Strehl optimization.
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5.19. Spatial frequency response of TL5.1 both before and after Strehl optimization.
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The potential problems with applying this method to the first test lens is that
firstly, the lens is not close to the diffraction limit at the off-axis field positions and
secondly, the approximate higher order coefficients are not as accurate as in some

of the other lenses that have been tested ’due to the field varying aberrations.

The second test lens was a unit magnification lens of the split Dagor type,which
has been optimized using the damped least squares algorithm (lens TL5.2 in Ap-
pendix E). It is already close to the diffraction limit although the contrast drops
rapidly in the sagittal section at the field zone. Strehl optimization at the zone
of the field produced diffraction limited performance in both the sagittal and the
meridian sections (fig. 5.20). The field margin was already close to the diffraction
limit and little improvement was possible. This example clearly shows the effect of
optimizing at a particular field position and illustrates the potential for develop-
ing the algorithm further by averaging the balance over the field or weighting the
different field positions.

The third test lens was an f/2 Petzval lens (TL5.3 Appendix E) which has again been
optimized using the damped least squares algorithm. This example has a compar-
atively high relative aperture but the field requirements are low (+6 degrees). The
wavefront aberration curves appear to have a reasonable balance with turning points
towards the edge of the aperture. However, the magnitude of the aberrations (£4))
takes the lens well away from the diffraction limit (cut off frequency 851 cmm™})
with the spatial frequency response falling to zero at 80 cmm ™1 in the sagittal sec-
tion. Optimization at both off-axis field positions produced an improvement in the
sagittal section but at the expense of performance in the meridian section. The axial
spatial frequency response, which has been corrected to the diffraction limit in the
three previous examples, was only slightly improved. The higher order aberrations
in this lens are still too high for a diffraction limited response to be attainable. It
also demonstrates that the technique is limited to I > 0.5 since the higher order

aberrations remain effectively static during correction and are not reduced further.
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5.20. Spatial frequency response of TL5.2 both before and after Strehl optimization.

158



Chapter 5 — The Fine Correction of Optical Systems

The final example was a 25mm focal length Erfle eyepiece (TL5.4 Appendix
E) whose performance was approaching the diffraction limit (cut off frequency
340cmm™1). Optimization of this lens was unsuccessful due to the very large
requested changes in the Seidel aberrations. The lens is also particularly sensitive
to changes in the curvatures of the eye lens, some of which are working close to
total internal refraction. The very large changes in the Seidel aberrations are still

not properly understood.

5.6 Discussion

§5.5 has shown that the optimization of Strehl ratio by balancing the third order
aberrations against their higher order counterparts is a practical technique and can
have a significant effect on some designs. Barakat and Houston [5.22] have noted
that some third order aberrations can become intractable during final correction of
an optical system and this can cause problems unless the intractable aberrations
are recognized and removed. The indication and removal of intractable aberrations,
which is a feature of the quadratic correction algorithm described in chapter 3, is
one advantage of the method. In particular, it is worth recalling that the total vari-
ance is simply the sum of the variances from balancing the odd and the even terms
in the wavefront aberration. Therefore, if the lens can only be partially balanced,
there should be some improvement in its performance. Another advantage is the
explicit control of the field balancing. The problem of balancing the aberrations
with respect to field is an area for further investigation and beyond the scope of
this thesis. However, some simple extensions of the methods in this chapter can be
made; for example, averaging the performance over the field or weighting the dif-
ferent field positions. It is the author’s belief that more sophisticated methods are
probably necessary involving through focus OTF data. However, the limitations of
the technique are that it can only successfully be employed on designs approaching
the diffraction limit and that the higher order aberrations are not further reduced.
Meiron [5.7] has described the application of the variance of the wavefront aberra-

tion as a merit function in damped least squares optimization. Such a technique has
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the potential to reduce the third and higher order aberrations simultaneously. How-
ever, the example used to illustrate its application was a high aperture catadioptric
system with only a modest field requirement (£2.25 degrees). In the author’s ex-
perience, it is the oblique aberrations which are the most difficult to correct and
balance and the spherical aberration terms do not usually present great problems.
The example quoted may therefore be a ‘best case’ example since with the small
field of view the optimization reduces to balancing the spherical aberration terms

and defocus.
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CHAPTER 6

Summary and Conclusions

In this thesis the correction of lens systems has been attempted by targeting indi-
vidual aberrations as opposed to using methods which require a single-value merit
function. A new algorithm has been developed for this purpose)which utilises
a second order approximation to the aberration variation and aberration control
techniques based on Glatzel’s adaptive method. As a result it has been called the
Quadratic Adaptive Correction (QAC) algorithm. Adaptive aberration control can
alter the aberrations that participate at each stage of the correction process by
recognizing sources of ill-conditioning, intractable aberrations and aberrations that
have drifted with respect to a specified tolerance band. The second order approx-
imation allows significantly larger parameter changes to be made when compared
to algorithms based on a linear approximation and also finds the aberration target
values, where possible, with high precision. If this approach is compared with an al-
gorithm using a merit function defined as the sum of the squares of the aberrations,
several important features emerge. First, the adaptive aberration control means
that the merit function surface changes as aberrations are removed or added to
the matrix at each iteration. This lends a topological nature to the merit function
surface and therefore a long winding valley in the merit function surface caused
by ill-conditioning at one iteration may not be present at the next if the source
of ill-conditioning has been removed. Second, if a merit function is not used dur-
ing correction, (even though a merit function may still be defined for illustrative
purposes), then it is possible to find different solutions when compared with merit
function based gradient methods. Examples in chapter 3 showed that this was the

case and that during certain correction runs a merit function can increase as well as
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decrease,although the general tendency is for it to decrease as the system is brought
under better control. If a merit function based method had followed the same set of
directions in parameter space it would have become trapped in the local minimum

solution.

The algorithm of chapter 3 is of general applicability and was used to correct two
test lenses; a 50mm f/4 triplet with a field of 15 degrees and a 50mm f/1.7 double
Gauss derivative with a field of £24 degrees. The results with the triplet compared
favourably with known optimum solutions but the double Gauss derivative required
a significant number of iterations for correction (34). In fact the double Gauss is
regarded as an easier lens to design because it has more than enough degrees of
freedom to correct the aberrations, whereas the triplet has only just enough useful
variables for the correction and even then there are usually problems balancing
the aberrations with respect to the field. This reduction in efficiency when dealing
with larger systems has also been noted by Day [6.1]. Possible explanations are
that increased ill-conditioning adversely affects the method or that requiring the
aberrations to simultaneously reach an intermediate target level before reducing

this level further towards the required values, provides too stringent a control.

One important feature of the QAC algorithm is that it allows the designer to in-
vestigate the correction of different aberrations and ‘learn’ about the design. This
is very important and, in the absence of a true expert systems approach to lens
design, can provide a useful design aid when more information is required about a
particular system. It is something that quickly becomes apparent when using the
program although it is not possible to quantify such information. The feedback
provided is more direct than when using standard gradient methods because the
individually targeted aberrations do not lose their identity. The further develop-
ment of this technique as a diagnostic tool is worth further investigation, although
a series of tests must be devised which are general enough in their applicability to

make this a practical proposition.
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With the exception of Glatzel’s adaptive method, comparisons with other algorithms
have been avoided because they are fundamentally different in their approach to the
optimization problem. In addition, some versions of the DLS method have been de-
veloped over the past 35 years and represent the result of research by many workers.
It would therefore be somewhat harsh to expect a new algorithm to perform well
against such a well refined optimization method. Many modifications have come
to light (no pun intended!) which would enhance the method further, for exam-
ple, the use of different aberration coefficients (Zernike polynomials) and composite
variables, both of which would have the effect of altering the design space. Sequen-
tial correction of aberrations was also used for some of the aberration corrections
attempted on the test lenses in chapter 3. It has also been used in chapter 4
for the correction of mixed higher order aberrations and was found to allow the
targeted aberrations to be corrected when simultaneous correction of all targeted
aberrations had failed to make any improvement. The approach used for selecting
the aberrations to be targeted based on the average rate of change could be made

semi-automatic and warrants further investigation.

The application of the QAC algorithm to the examples that have so far been tested
indicates that it may well be best suited as a design tool rather than as an op-
timization algorithm. In this context, optimization is defined as the reduction of
aberration residuals whereas design is concerned with aberration balancing. These
definitions therefore raise the question as to what many commercially available ‘op-
timization’ programs are attempting to be; it is the author’s opinion that many
programs at their outset were content to simply reduce aberration residuals since
this was a major achievement at the time but that later developments were con-
cerned more with the lens design process. The resulting algorithms not only reduce
aberration residuals but also attempt a basic level of lens design. However, an “au-
tomatic” lens design program still appears to be only a remote possibility and with
optical systems becoming increasingly divers, it seems less possible that any such

program will be able to deal with all cases.
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One of the drawbacks with correcting individual aberrations is the selection of suit-
able target values. It is possible to make this process automatic for certain situations
and it was decided to tackle two areas of design where current optimization meth-
ods are not always appropriate. These are the production of starting designs and
the adjustment of the final aberration balance. Chapter 4 examined the possibility
of using the higher order aberrations as a guide to finding starting solutions for
a standard gradient optimization method (in this case the damped least squares
algorithm). The correction of the higher order aberrations which generally have a
lower rate of change with respect to the variable parameters than the third order
aberrations, has been noted by several authors including Wynne [6.2] and Glatzel
[6.3] as an important part of the design process. Such an approach is justified in
that the higher order aberrations require the largest parameter changes for correc-
tion. Any subsequent changes needed to control the third order aberrations will
be comparatively small and therefore will not significantly upset any previously
achieved correction. Reduction of the higher order aberrations is important if the
finished design is to have a good spatial frequency response. In chapter 5 it has been
shown that the magnitude of the higher order aberrations fundamentally limits the
minimum achievable variance of the wavefront aberration and hence the maximum

possible Strehl ratio.

Seven mixed higher order transverse ray aberrations are derived and the QAC al-
gorithm has been used to reduce their magnitudes for three test lenses, a 50mm
f/4 triplet, a 90mm f/2 Petzval lens and a 75mm {/1 IR triplet. The results show
that after DLS optimization of the higher order corrected designs using the default
weighting factors, several different and useful solutions could be found. However,
these alternative solutions were not necessarily superior designs and in some cases
were significantly inferior. /For example, in the higher order correction of a 50mm
f/4 triplet, the starting design for which consisted of plane parallel plates separated
by only 1mm air spaces, produced very steep curvatures to achieve the correction
although the air spaces remained almost unchanged. This correction however was
sufficient to guide the DLS algorithm towards a Gauss type objective with very

steep curvatures about the stop and away from the superior triplet design.
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The results presented in chapter 4 show that there does not appear to be any
consistent advantage to be gained when higher order aberration correction is used
to find starting designs for a standard gradient optimization algorithm. The use of

this technique may only become apparent when further examples are tested.

In chapter 5, the adjustment of the final aberration balance based on maximizing the
Strehl ratio of an optical system has been discussed and implemented. The method
consists of evaluating the higher order aberration coefficients and calculating the
third order aberrations which minimize the variance of the wavefront aberration.
The third order aberrations can be adjusted using the QAC algorithm and provided
the parameter changes are small, the higher order aberrations remain effectively
static. This approach was tried on four test lenses and produced a significant
increase in the spatial frequency response for two of the examples. One of the test
lenses, a 90mm f/2 Petzval lens, was too far from the diffraction limit for there to
be any significant improvement although the wavefront aberrations were noticeably
different. The final test lens, a 25mm f/4 Erfle eyepiece, requested very large changes
in the Seidel aberrations and so the underlying assumption broke down. This lens

was close to the diffraction limit and it is still not clear why this situation arose.

The advantage of using the QAC algorithm in this context is that if one aberration
is intractable then it does not prevent the other primary aberrations from reaching
their target values. Since the total variance is simply the sum of the variances
of the odd and even parts of the wavefront aberration then the minimum total
variance is found. An intractable aberration at this stage of the design would not
be uncommon since most aberrations would be somewhere close to their limiting
values. If this intractable aberration remained in the change matrix then it would
strongly influence the parameter changes and a worse solution is likely to result.
A comparison with a gradient algorithm which uses the variance of the wavefront

aberration as a merit function is necessary tc confirm this hypothesis.

There are many available methods for computing the wavefront aberration coeffi-
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cients. The approach taken in chapter 5 is to form an exactly determined set of
linear equations from the finite wavefront aberrations computed from a ray trace
and the wavefront aberration polynomial coefficients expanded to the seventh or-
der spherical aberration term. This requires nine rays to be traced and for only
one off-axis field position. It would probably be more appropriate to use both off
axis field positions and extend the number of terms in the approximating polyno-
mial accordingly. It has recently been found that this is similar to the approach
described by King [6.4], MacDonald [6.5] and other workers at Reading Univer-
sity although in this thesis the primary aberration coefficients are derived from the
Seidel sums. Other methods include least squares fitting of the aberration polyno-
mial to the wavefronts or the procedure described by Andersen [6.6]. The method
described in this thesis is only appropriate for systems of moderate aperture and
field specification and needs to be enhanced further if it is to be of more general

applicability.

The major limitation with the Strehl ratio optimization is that the off axis field
position for optimization must be specified by the user. A lens designer who only
considers one off axis field position would be restricted to a very limited class of sys-
tems and so more sophisticated methods of balancing the aberrations with respect
to field need to be investigated. At an elementary level, the performance could be
averaged with respect to field but a more desirable option would probably be to
use a weighted average, for example, it is unusual for a system to have as good a
performance at the margin of the field as at the zone of the field. The balancing
of aberrations with respect to field is a complex problem which has been outside
the scope of this thesis and is probably worth further study in its own right. A
more sophisticated approach to this problem may involve, for example, the use of

through focus OTF data.
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Appendix A. Optimization Nomenclature and Definitions

For an objective function f(x), the gradient vector V(f(x)) is the vector of first-
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A function is convez if it is never underestimated by linear interpolation i.e. the

chord joining the points (z1, f(z1)) and (z,, f(x2)) lies on or above the graph of

f(z). A twice differentiable function is therefore only convex if
f'(z)20 (A.3)

and hence a function of n variables is convex only if its matrix of second order

partial differentials is positive semi-definite everywhere;
sTAs >0 (for all vectors s # 0). (A.4)

The main importance of convexivity is that if f(x) is a convex function in the convex

region R then any local minimizer x* of f(x) in R is also a global minimizer.
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Appendix B. Proof that x = ATw.

This result follows from the following mathematical theorem for a minimum norm

solution:

If A is an m X n-matriz with linearly independent rows, b € R™ and the linear
system Ax = b is underdetermined, then a solution xX* is the solution that minimises

the norm of the solution vector if and only is x* € R(AT)

From this since x* € ER(AT) (where R is the range of the matrix AT which is a
subspace of R™) and the m columns of AT are simply the m linearly independent

rows of A then x* = wja; + wia2+ ...+ wpam.

For further details of the mathematics of minimum norm solutions, see for example,

(8.1].
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Appendix C — Test Lenses Used in Chapter 3.

EFL:- 48.237708 mm
Lagrange Invariant =
Wavelength 1 = 587.6rm

-1.5786

Wavelength 2 = 656.3nm

TL3.1

Mag:- 0.00

u's -0,125
Defocus = 0.0000
Wavelength 3 = 486.1mm

# [curve |radius | sep. | nt | n2 | n3 | dsp | clrad | glass
1 0.06819 14.66 0.000 1.00000 1.00000 1.00000 0.00000 .18 Air
2 0.00161 707.71 3.500 1.69100 1.68716 1.69980 0.01263 .03 LAK9
3 0.00000 plane 3.521 1.00000 1.00000 1.00000 0.00000 4.46 Air
4 -0,02932 -34.10 0.521 1.00000 1.00000 1.00000 0.00000 4.62 AIR
5 0.07609 13.14 1.000 1.68893 1.68250 1.70461 0.02211  4.42 SF8
6 0.01921% 52.06 8.251 1.00000 1.00000 1.00000 0.00000 6.56 AIR
7 -0.03132 -31.92 3.500 1.69100 1.68716 1.69980 0.01263 7.07 LAK9
i  0.00000 plane  34.994 1.00000 1.00000 1.00000 0.00000 13.45 AIR

=

47 —

%/ —
—
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EFL:-

Wavelength 1 = 587.6nm

50.022650 mm
Lagrange Invariant =

Appendix C - Test Lenses from Chapter 3

TL3.2

Mag:- 0.00 utz -0.294
-6.1603 Defocus = 0.0000
Wavelength 2 = 656.3rnm Wavelength 3 = 486.1rm

# | curve | radius | sep. | n1 | n2 | n3 | dsp | clrad | glass
1 0.02417 41.37 0.000 1.00000 1.00000 1.00000 0.00000 39.26 Air
2 0,00552 181.06 5.073 1.80801 1.80209 1.82200 0.01991 39.15  LASF3
3 0.04192 23.85 0.250 1.00000 1.00000 1.00000 0.00000 31.89 Air
4 0.02862 34.94 6.002 1.80801 1.80209 1.82200 0.01991 30.55 LASF3
S 0.02094 47.75 0.862 1.00000 1.00000 1.00000 0.00000 16373.96 Air
6 0.05907 16.93 1.250 1.78472 1.77598 1.80646 0.03048 24.62 SF11
7 0.00000 plane 9.759 1.00000 1.00000 1.00000 0.00000 9.64 Air
8 -0.04746 -21.07 8.259 1.00000 1.00000 1.00000 0.00000 23.79 Air
9 0.01261 79.28 1.250 1.78472 1.77598 1.80646 0.03048 27.88 SFN
10 -0.03487 -28.67 11.257 1.80801 1.80209 1.82200 0.01991 29.00 LASF3
11 0.01145 87.32 0.000 1.00000 1.00000 1.00000 0.00000 30.64 Air
12 -0.01278 -78.22 5.747 1,72000 1.71568 1.72997 0.01429 31.52 LAK10
13 0.01692 59.12 0.250 1.00000 1,00000 1.00000 0.00000 31.58 Air
14 0.01122 89.10 3.000 1.72000 1.71568 1.72997 0.01429 31.44 LAK10
i 0.00000 plane  30.341 1.00000 1.00000 1.00000 0.00000 53.95 Air
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Appendix D — Test Lenses Used in Chapter 4.
TL4.1

EFL:- 49.165863 mm Mag:- 0.00 u'z -0.125
Lagrange Invariant = -1,6089 Defocus = 0.0000
Wavelength 1 = 587.6rm Wavelength 2 = 656.3rm Wavelength 3 = 486.1nm

# |curve |radius | sep. | n1 | n2 | n3 | dsp | clrad | glass
1 0.03000 33.33 0.000 1.00000 1.00000 1.00000 0.00000 9,04 Air
2 0.00000 plane 2,582 1.69100 1.68716 1.69980 0.01263 8.36 LAKS
3 -0.01500 -66.66 5.000 1.00000 1.00000 1.00000 0.00000 5.7% Air
4 0.01500 66.66 1.000 1.68893 1.68250 1.70461 0.02211 5.27 SF8
5 0.00000 plane 5.000 1.00000 1.00000 1,00000 0.00000 7.43 Air
6 -0.03000 -33.33 1.938 1.69100 1.68716 1.69980 0.01263 7.7% LAKS
i  0.00000 plane  41.284 1.00000 1.00000 1.00000 0.00000 14.00 Air
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EFL:- 48.234234 mm
Lagrange Invariant =
Wavelength 1 = 587.6nm

-1.5785

TL4.

2

0.00

Appendix D - Test Lenses from Chapter 4

u's -0,125
Defocus = 0.0000

Wavelength 2 = 656.3nm Wavelength 3 = 486.1mm

# | curve | redius | sep. | nl | n2 | n3 | dsp | clrad | glass
1 0.00000 plane 0.000 1.00000 1.00000 1.00000 0.00000 ©.04 Air
2 0.00000 plane 3.000 1.69100 1.68716 1.69980 0.01263 8.36 LAK9
3 0.00000 plane 5.000 1.00000 1.00000 1.00000 0.00000 6.8 Air
4 0.00000 plane 1.000 1.68893 1.68250 1.70461 0.02211 6.03 SF8
5 0.00000 plane 5.000 1.00000 1.00000 1.00000 0.00000 7.43 Air
6 -0.03000 -33.33 3.000 1.69100 1.68716 1.69980 0.01263 7.71 LAK®
i 0.00000 plane  48.234 1.00000 1.00000 1.00000 0.00000 14.08 Air

\

L

L
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EFL:- 48.234234 mm
Lagrange Invariant =

Wavelength 1 = 587.6nm

Appendix D ~ Test Lenses from Chapter 4

TL4.3

Mag:- 0.00 ut= -0,125

-1.5785 Defocus = 0.0000

Wavelength 2 = 656.3rnm Wavelength 3 = 486.1nm

# | curve |redius | sep. | n1 | n2 | n3 | dsp | clrad | glass
1 0.00000 plane 0.000 1.00000 1.00000 1.00000 0.00000 9.04 Air
2 0.00000 plane 3.000 1.69100 1.68716 1.69980 0.01263 8.36 LAK?
3 0.00000 plane 1.000 1.00000 1,00000 1.00000 0.00000 7.5¢9 Air
4 0.00000 plane 1.000 1.68893 1.68250 1.70461 0.02211  6.03 SF8
5 0.00000 plane 1.000 1.00000 1.00000 1.00000 0.00000 7.43 Air
6 -0.03000 -33.33 3.000 1.69100 1.68716 1.69980 0.01263 7.71 LAKS
i 0.00000 plane  48.234 1.00000 1.00000 1.00000 0.00000 15.11% Air
- )
1111
/ LJ
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Wavelength 1 = 587.6nm

L:- 87.4692464 mm
Lagrange Invariant =

-3.8166

Appendix D — Test Lenses from Chapter 4

TL4.4

0.00 utz -0.250
Defocus = 0.0000

Wavelength 2 = 656.3rm Wavelength 3 = 486.1nm

# | curve |radius | sep. | n1 | n2 | n3 | dsp | clrad | glass
1 0.01000 100.00 0.000 1.00000 1.00000 1.00000 0.00000 33.42 Air
2 -0.01000 -100.00 20.000 1.58144 1,57723 1.59147 0.014246 32.44 LF5
3 0.00000 plane 5.000 1.74000 1.73241 1,75867 0.02625 30.24 SF3
4 0.00000 plane  30.000 1.00000 1.00000 1.00000 0.00000 17.14 Air
S 0.02000 50.00 30.000 1.00000 1.00000 1.00000 0.00000 23.57 Air
6 -0.02000 -50.00 20.000 1.68273 1.67816 1.69350 0.01535 23.38 BAF50
7 0.00000 plane 4.000 1.74000 1.73241 1.75847 0.02625 22.86 SF3
8 -0.02000 -50.00 30.000 1.00000 1.00000 1.00000 0.00000 16.58 Air
9 0.00000 plane 4.000 1.74000 1.73241 1.75867 0.02625 17.30 SF3
i  0.00000 plane 5.178 1.00000 1.00000 1.00000 0.00000 17.98 Air
—
/ :;/ == L
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Appendix D - Test Lenses from Chapter 4

TL4.5

EFL:- 88.651064 mm Mag:- 0.00 u‘z -0.500
Lagrange Invariant = -4.4097 Defocus = -0.1871
Wavelength 1 = 10 microns Wavelength 2 = 12 microns Wavelength 3 = 8 microns

# | curve |radius | sep. | n1 | n2 | n3 | dsp | clred | glass
1 0.00000 plane 0.000 1.00000 1.00000 1.00000 0.00000 &44.33 Air
2 0.00300 333.33 -10.000 1.00000 1.00000 1.00000 0.00000 45.02 Air
3 0.00000 plane 4.200 4.00329 4.00202 4.00551 0.00349 44.87 Ge
4 -0.00500 -200.00 20.000 1,00000 1.00000 1.00000 0.00000 38.47 Air
S 0.00500 200.00 3.000 1.49470 1.48000 1.50640 0.02640 37.14 NaCl
6 0.00000 plane  20.000 1.00000 1.00000 1.00000 0.60000 35.47 Air
7 -0.00300 -333.33 2.000 4.00329 4.00202 4.00551 0.00349 35.46 Ge
i 0.00000 plane 61,253 1.00000 1.00000 1.00000 0.00000 17.24 Air

>/
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Appendix E — Proof that Var(W)=Var(W,yen)+Var(Woqq).

Appendix E. Proof that Var(W) = Var(Weyen) + Var(W,aq).

Central to the work presented in chapter 5 is the assumption that the variance of
the total wavefront aberration, Var(W), is equal to the sum of the variances of
several even and odd contributions to the wavefront aberration. In this appendix,

a proof of this identity is provided.

Define a set of even functions fi(z), f2(z),..., fm(z) on the interval -1 < z < 1
and a set of odd functions g1(z), 92(),...,gn(z) also on the interval -1 < z < 1.

The variance of the even contributions to the total variance, Var(f), is given by

Var(f) =/_1(f1 + fo+...)%dz ~ {/_ll(fl +f2+...)da:}2

- ; (/ f,f,dx) - {g/_ll fida:}z (E.1)

and the variance of the odd contributions to the total variance by

Var(g) = /1 (91 +92 +...) % - {/_Il(gl + g2 ~i—...)d:z:}2
= ZZ / gide (E.2)

i=1j=1v"

A value for the total variance, Var'(W), can be found by summing equations (E.1)

and (E.2) giving that

n n

Varl() =33 ( / ffide) +3°3 ( / oi9sdz ) - { g / 11 f,-dx}2 (E3)

i=1 =1 =1 j=1

Finally define the function W to be the sum of its even and odd contributions,

W=hf+hfh+.. .. +a+g+...

then the total variance of W is given by

1 1 2
Var(W)=/1(f1+f2+91+92+...)2d:c—{/ (fi + f2 +g1+g2+...)dx}
_ -1
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Appendix E — Proof that Var(W)=Var(W,.yen)+Var(Woaq).

If the squared bracket which forms the integrand of the first term is multiplied out
before performing the integration all the cross terms of odd and even functions are
zero. Similarly, the integrals of the odd contributions in the second term are also

zero leaving

VarW) =33 (/ 11 fifyds) + »> (/ 11 sigsds ) - { i::/_ 11 f.-dx}z (B.4)

i=1 j=1 i=1 j=1

which is identical to equation (E.3).
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Appendix F - Test Lenses from Chapter 5.

Appendix F — Test Lenses Used in Chapter 5.
TL5.1

EFL:- 51.040430 mm Mag:- 0.00 u's -0,125
Lagrange Invariant = -1,6703 Defocus = 0.0000
Wavelength 1 = 587.6rm Wavelength 2 = 656.3rm Wavelength 3 = 486.1nm

# [curve |radius | sep. | n | n2 | n3 | dsp | clrad | glass
1 0.06116 16.35 0.000 1.00000 1.00000 1.00000 0.00000 8.70 AIR
2 0.00641 156.03 3.500 1.69100 1.68716 1.69980 0.01263 B8.20 LAKS
3 0.00000 plane 5.101 1.00000 1.00000 1.00000 0.00000 4.58 AIR
4 -0.04008 -24.95 2.101 1.00000 1.00000 1.00000 0.00000 &.74 AIR
5 0.06386 15.66 1.000 1.68893 1,68250 1.70441 0.02211 5.05 SF8
6 0.01978 50.56 4.367 1.00000 1.00000 1.00000 0.00000 7.44 AIR
7 -0.03896 -25.67 3.500 1.69100 1.68716 1.69980 0.01263  7.85 LAK®
i  0.00000 plane  33.221 1.00000 1.00000 1.00000 0.00000 14.01 AlR

:555—"
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Appendix F - Test Lenses from Chapter 5.

TL5.2

EFL:- 97.656003 mm Mag:- 0.00 u'z -0.250
Lagrange Invariant = -4.2610 Defocus = 0.0000
Wavelength 1 = 587.6rm Wavelength 2 = 656.3nm Wavelength 3 = 486.1nm

# |curve |radius | sep. | n1 | n2 | n3 | dsp | clred | glass

1 0.01092 91.58 0.000 1.00000 1.00000 1.00000 0.00000 33.42 Air
2 -0.01067 -93.76 16.000 1.58144 1.57723 1.59147 0.01424 32.44 LFS
3 0.00203 491.88 5.000 1.74000 1.73241 1.75867 0.02625 30.24 SF3
4 0.00000 plane  38.707 1.00000 1.00000 1.00000 0.00000 19.32 Air
5 0.01503 66.56 27.207 1.00000 1.00000 1.00000 0.00000 23.57 Air
6 -0.02370 -42.19  14.000 1.68273 1.67816 1.69350 0.01535 23.38 BAFS0
7 -0.00234 -426.80 4.000 1.74000 1.73241 1.75867 0.02625 22.86 SF3
8 -0.02192 -45.63 52.000 1.00000 1.00000 1.00000 0.00000 16.58 Air
9 0.00191 524.1 4.000 1.74000 1.73241 1.75867 0.02625 17.30 SF3
i 0.00000 plane 0.677 1.00000 1.00000 1.00000 0.00000 17.38 Air
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EFL:- 25.061567 mm
Lagrange Invariant = -0.8748
Wavelength 1 = 587.6nm Wavel

Appendix F - Test Lenses from Chapter 5.

TL5.3

Mag:- 0.00 u'z -0,100
Defocus = 0.0000

ength 2 = 656.3rnm Wavelength 3 = 486.1rm

# |curve | radius | sep. | nt | n2 | n3 | dsp | clrad | glass
1 0.00000 plane 0.000 1.00000 1.00000 1.00000 0.00000 2.51 Air
2 0.006432 231.54 20.500 1.00000 1.00000 1.00000 0.00000 10.05 Air
3 0.04641 21.55 2.000 1.61659 1.61164 1.62848 0.01684 11.00 Fé4
4 -0.03700 -27.02 11.000 1.51680 1.51432 1.52238 0,00806 12.31% BK7
5 0.01886 53.02 0.500 1.00000 1.00000 1.00000 0.00000 13.04 Air
6 -0.01066 -93.83 5.000 1.61765 1.61427 1.62547 0.01121 13.01 S$SKé
7 0.04356 22.96 0.500 1.00000 1.00000 1.00000 0.00000 12.46 Air
8 -0.03932 -25.43 13.300 1.60881 1.60567 1.61600 0.01034 10.25 sK3
9 0.08322 12.02 2.000 1.64831 1.64271 1.66187 0.01916 8.20 SF12
i 0.00000 plane 8.478 1.00000 1.00000 1.00000 0.00000 8.84 Air
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Appendix F - Test Lenses from Chapter 5.

TL5.4

EFL:- 99.766307 mm Mag:- -1.00 u'z 0,000
Lagrange Invariant = -2.8796 Defocus = 0.0000
Wavelength 1 = 587.6nm Wavelength 2 = 656.3nm Wavelength 3 = 486.1nm

# | curve | radius | sep. | nl | n2 | n3 | dsp | clrad | glass

1 0.03440 29.07 177.537 1.00000 1.00000 1.00000 0.00000 13.94 Air
2 -0.00635 -157.53 6.300 1.62041 1.61727 1.62756 0.01029 13.05 sK16
3 0.05091 19.64 6.500 1.54814 1.54456 1.55655 0.01199 9.06 LLF1
4 0.03674 27.22 1.300 1.00000 1.00000 1.00000 0.00000 8.84 Air
5 0.02392 41.80 2.600 1.69100 1.68716 1.69980 0.01263 8.14 LAKS
é
7
8
9

0.00000 plane 4,872 1,00000 1.00000 1.00000 0.00000 &.1% Air
-0.02392 -41.80 4.872 1.00000 1.00000 1.00000 0.00000 8.14 Air
-0.03676 -27.22 2.600 1.69100 1.68716 1.69980 0.01263 8.85 LAKY
-0.05091 -19.64 1.300 1.00000 1.00000 1.00000 0.00000 9.06 Air

10  0.00635 157.53 6.500 1.54814 1.54456 1.55655 0.01199 13.06 LLFY
11 -0.03440 -29.07 6.300 1.62041 1.61727 1.62756 0.01029 13.94 $K16
i 0.00000 plane 177.506 1.00000 1.00000 1.00000 0.00000 73.70 Air

—F )
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