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Abstract

In this paper we extend dynamic programming techniques to the study of discrete-
time infinite horizon optimal control problems on compact control invariant sets with
state-independent best asymptotic average cost. To this end we analyse the interplay
of dissipativity and optimal control, and propose novel recursive approaches for the
solution of so called shifted Bellman Equations.
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1 Introduction

Dynamic programming (DP) is a cornerstone of control theory which allows to solve
(in feedback form) optimal control problems formulated on horizons of increasing
length through a suitable recursive formula for the computation of the so called value
function, [1]

Remarkably, dynamic programming allows to study problems formulated both on
a finite horizon or an infinite one, the latter achieved under suitable technical assump-
tions, by studying the asymptotic properties of the recursion or by computing its fixed
points. By now, the subject of dynamic programming and infinite horizon optimal
control has been studied in depth by many authors and several monographs on the
subject exist both in the control domain [2—4] and in economics, [5, 6].

While, in its naive form, DP is often associated to the curse of dimensionality,
which may hinder its applicability to scenarios of practical relevance, the topic of its
approximate and efficient numerical treatment has also gathered significant impetus,
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in particular in the context of machine learning, [7]. Indeed, the dynamic programming
or Bellman Equation is at the core of any (deep) reinforcement learning algorithm [8,
9].

The link of optimal control to dissipativity was already established by Willems in
the seminal papers [10, 11] and in parallel in the study of nonlinear inverse optimal
regulators for nonlinear systems, [12]. However, it was only brought to the fore-
front of the discourse on optimisation-based control in recent years, [13, 14], thanks
to its surprising connections to closed-loop stability of Economic Model Predictive
Control [15, 16] and long-run average optimal control, [17, 18]. In particular, [15]
proposes a notion of optimal operation at steady-state and provides a sufficient con-
ditions for this property to hold based on dissipativity of the associated systems’
dynamics with respect to a suitable supply function. The converse statement is inves-
tigated in [16] where an additional controllability assumption is needed in order to
prove necessity of dissipativity. While generalizations of the above results, its rela-
tion to the so-called turnpike property, and extensions to periodic optimal solutions
are provided in several subsequent works (i.e., [19] and [20]), the connection to
Dynamic Programming and infinite horizon optimal control has remained elusive,
due to restrictive technical assumptions needed to make sense of undiscounted cost
functionals.

In this paper we further explore connections between dissipativity and infinite
horizon optimal control problems, while proposing new formulations and iterative
methods for their solutions that significantly expand the class of problems which can
be meaningfully addressed by this approach. Our main contributions are

e introducing a terminal penalty in infinite horizon optimal control, in the form of
suitable storage functions with negative sign;

e proposing a shifted Bellman Equation to be used in optimal control problems
with non-zero (yet state-independent) optimal long run average performance (this
includes systems with periodic, almost periodic or even chaotic regimes of oper-
ation allowing general time-varying asymptotic cost along optimal solutions);

e proposing two novel recursions whose fixed points are solutions of shifted Bellman
Equation (of any shift);

e analysing the convergence properties of such recursions under fairly general
technical assumptions, allowing simultaneous computation of the best average
performance and of the associated value function;

o tackling the non-existing trade-off between transient cost and asymptotic average
performance.

The rest of the paper is organized as follows: Sect.2 introduces the problem formu-
lation, basic notations and some preliminary results, Sect. 3 introduces the shifted
Bellman Equation and the novel recursion operators whose properties are inves-
tigated in Sect.4. Section5 provides a general convergence result under suitable
conditions on the controllability of the system’s dynamics, while Sect. 6 relaxes
some continuity assumptions needed for convergence analysis approaching the recur-
sion from specific initialisations. Examples and counter-examples are shown in
Sects. 7 and 8 draws some conclusions and points to further open research direc-
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tions. Important intermediate technical results are collected in the appendix in
Sect. A.

2 Problem Formulation and Preliminary Results

Consider the discrete-time finite dimensional nonlinear control system described by
the following difference equations:

x(@+1) = f(x(@),u(t)) 2.1

where x(t) € X C R” is the state-variable, taking values in some compact control
invariant set X, u(t) € R™ is the control input and f : Z — X, is the continuous
transition map. We denote by U(-) : X — 2&” the upper semicontinuous set-valued
mapping defined below:

Ux) :={u e R" : (x,u) € Z}, 2.2)

which corresponds to the set of feasible control inputs in state x, given the compact
state/input constraint set Z. Moreover, we assume, without loss of generality,

fx,Ux)) X, (2.3)

for all x € X. For an input sequence u = {u(#)};°,, we denote by ¢ (¢, x, u) the state
at time ¢, from initial condition x(0) = x, as given by iteration (2.1). We also extend
definition (2.2), to allow feasible control sequences of length t, as follows:

Ur(x) == {u= {u(n))’Z) e R": (@1, x,u),ur)) € Z,¥1 € {0, ..., T — 1}}.
(2.4)

Our contribution is twofold; namely, to define optimal control problems over an infinite
horizon within a significantly larger set of systems dynamics and associated cost
functional than is currently possible to address by existing formulations, and, at the
same time, to propose a dynamic programming approach for their solution. To this end
we consider a continuous stage cost, £(x, u) : Z — R, and formulate the following
cost functional:

—1

TV ()ou()) =) L), u() + ¥ (x(1)) 2.5

t=0

where ¢ : X — R is a continuous function called the terminal cost. Terminal costs
significantly affect the solution of an optimal control problem and a key insight of our
paper will be providing guidelines for their selection in order to allow the formulation
of infinite horizon optimal control problems. A finite horizon optimal control problem
is then defined as follows:
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V¥ (x) 1= ming ey I (X ),u()
subject to
x(0) =x
xt+1) = fx@,u@) te{01,....,1—1}
x(@),u®) eZ te{0,1,....,1—1}
x(t) eX

(2.6)

For each value of the initial condition x € X, a solution of (2.6) is guaranteed to exist
thanks to the compactness and non-emptiness properties of the feasible set, control
invariance of X, and continuity of the cost function.

On the other hand, when the control problem has no natural termination time,
one might want to define an infinite horizon optimisation problem. This has often
the additional appealing feature of being achieved through implementation of a time-
invariant feedback policy. However, making sense of an infinite horizon formulation
of (2.6) typically entails strong assumptions on the kind of system’s dynamics and
cost functional that are allowed.

One strategy for avoiding such kind of limitations is, at least in practice, to introduce
a discounting factor 0 < y < 1 in the cost function:

Ty (), u()) =Yy @), u@)), 2.7

t=0

which for y & 1 provides a good approximation to some form of infinite horizon
(average) cost. While this approach has some appealing features, for instance mak-
ing optimal solutions invariant with respect to translation of £ by any finite constant
value, having to settle on a specific value of y less than unity is unsatisfactory as it
always leaves open the question of how optimal control policies would be affected by
variations in y, i.e., if higher values were to be considered. Moreover, as shown later
in Sect.7.5, adoption of a discounting factor may introduce non-existent trade-ofts
between optimisation of steady-state and transient costs.
An alternative approach is to resort to average, rather than summed costs:

7—1
JPE(x (), u()) = limsup 2 =0 L& (), ”(t)).

T— 400 T

(2.8)

Taking the average yields well-defined costs even when summed costs would be
divergent to £o00, or are non-convergent (for instance oscillating), which constitute
the main obstructions in the definition of infinite horizon control problems for general
dynamics and costs. On the other hand, time-shift invariance of average costs along
any solution, implies that this approach disregards transient costs, which therefore
won’t be minimised and might be arbitrarily large even for optimal feedback policies
(see again example in Sect. 7.5). It is worth pointing out that similar notions have
also attracted considerable interest in the Markov Decision Process literature, where
optimal average cost is usually referred to as bias optimality, in contrast to gain
optimality which captures optimal transient behaviour (see for instance [21]).

@ Springer



Applied Mathematics & Optimization (2024) 89:42 Page50f64 42

Our proposed solution and novel contribution is to provide fairly general conditions
on the terminal cost ¥ to make sure that the functional:

vY(x) = im VY (x)

is well-defined. To this end the notion of dissipativity will play an interesting role.

This notion was originally introduced by Willems in [10, 11] and has recently received
a surge in interest for its crucial role in the analysis of closed-loop Economic Model
Predictive Control schemes [13—16]. In a nutshell a system as (2.1), is said to be
dissipative with respect to the supply function £(x, u), if there exists a continuous
storage function A : X — R such that:

AMf(x,u) <AXx)+L€(x,u) V(x,u)€Z. 2.9)

This inequality is normally interpreted in “energetic” terms as enforcing, for a dissipa-
tive system, that energy stored within, at the next state, cannot exceed the energy at the
current state plus the energy externally supplied through the supply function £(x, u).
In the context of optimal control, where the objective is to minimize a cost functional,
A(x) can be interpreted as the value of the state x and the dissipation inequality guar-
antees that the gain in value for any feasible control action u# and state x cannot exceed
the corresponding stage cost. Notice that, while optimal control sequences over any
finite control horizon (or over infinite control horizon with forgetting factor y) are
invariant with respect to cost translation, viz. 2 (x,u) := €(x, u) — c for any constant
¢ € R, dissipativity is not a shift-invariant property. In fact, it can always be guaranteed
by a sufficiently negative value of ¢, given compactness of Z. Trivially, if £(x, u) > 0
for all (x,u) € X, dissipativity is ensured just by defining A(x) = O for all x € X.
Our first result is stated below.

Proposition 2.1 Assume that system (2.1) is dissipative with continuous storage func-
tion A(-) with respect to the supply £(x, u), and let ¥ (x) = —\(x), then the limit:

- ¥
Jim v @) (2.10)

exists for all x € X, possibly assuming the value +00.

Proof. Consider any feasible solution x} |, 7, ; (with x*(0) = x) which achieves

the optimal cost V;ﬁ_ 1 (x). By definition,

Vi) = Y eat @), ut (1) — A (T + 1)

t=0

—1
= (Z z(x*(n,u*(r)))

t=0
+(x* (1), u* () = A(x*(r + 1))
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—1
> (Z (o), u*(r))) — (" (D) = VY (),

=0

where the first inequality holds by the dissipativity assumption, and the second because
x*, u* is a feasible solution also over the shorter horizon [0, t]. Hence, V,l// (x) is
monotone non-decreasing with respect to T and the limit (2.10) exists.

It is important to realise that Proposition 2.1 only guarantees existence of the limit,
not actual boundedness of the cost Vo]/é (x). In fact, typically the cost would be +oo
unless a suitably shifted version of £(x, u) is considered. In particular, there is only
a single value of this shift that might result in a finite cost. This can be found, by
alternative means, looking for the optimal average cost,

VAe(x) = infy(y. ) JVE(), u(-)
subject to
x(0) =x (2.11)
x(t+1) = fx@),u) teN
(x(®),u()eZ teN.

Under suitable technical conditions, for instance global controllability assumptions,
the optimal cost is independent of x, and its value can be found [18, 22] by an infinite
dimensional linear program, viz. by solving the following optimisation problem:

yave — supk(_)ec(x) c
subject to (2.12)
Af(x,u)) < x)+L(x,u)—c Y(x,u) €Z

where:
C(X) :={r: X — R : Aiscontinuous }.

We note that this approach has similarities to the effective Hamiltonian approach in
continuous-time ergodic optimal control, see [23]. Dynamic programming allows to
solve optimal control problems through iteration of a suitably defined operator, which
computes the optimal cost for increasing values of the control horizon. To this end,
for summed costs without exponential rescaling, the following Bellman operator is
normally defined: 7 : C(X) — C(X).

Ty (x) = min £(x,u) + ¥ (f(x,un)). (2.13)
uel(x)

The following result characterizes Vo'g (x) as a fixed-point of the Bellman operator.
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Proposition 2.2 Assume that = —A for some storage function ). € C(X) and that
the following limit exists and is finite:

Vi) = lim VY (x). (2.14)
T—+400
Then, Vgg is a lower semi-continuous solution of the Bellman Equation, viz.
TvI ) = vi).

Proof To see this, recall that Vfw (x) is non-decreasing with respect to t. Hence:
lim inf vo‘é (x) = liminf lim VT'/’ (x) > lim inf er x) = Vf'/’ (x0) VteN
X—>X0 X—>Xx9) T—>+00 X—> X0

Since 7 is arbitrary, we see that:

liminf VZ(x) > lim VY (xo) = V& (xo).
X—>X( T—>400

This proves that VOT’Z is lower semicontinuous. Hence the minimum of

min E(x u) + Voo(f(x u)),
uel(x

is achieved, for some optimal feedback policy u*(x). Moreover it fulfills:

TVE() = L0 () + VE(f () = _lim e () + VY (f (e ()

> lim V), (x) = VL.

T—>+00

On the other hand:

V;/é(x) 11m V 10 = liTooTer(x) lim min E(x u) + V‘/’(f(x u)).

T—>+00 uel(x

Let x € X be fixed and arbitrary. Since V; is continuous in x (by induction over 7,
continuity of ¥ and u.s.c. of U(x)), for each t > 0 and the current fixed value of x
there exists a minimizer u, (x) € U(x) for this last expression. Since U(x) is compact,
we find a sequence 7, — o0 (possibly x-dependent) such that u,, converges to a
control value u,(x) € U(x). For each t > 0 this implies

V() = i 00rur, () + VY (f (s, ()

> HmE(x, g, (0) + VY (F 0 17, (1) = £ oo () + VY (F (x, oo (1))
(2.15)
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Since VQ// x) — Vo’/é (x), for each ¢ > 0 there exists 7.(x) > 0 such that Vr'f(x)(x) >

VO]/é (x) — . Hence we see, starting from (2.15):

V) = 006, 00()) + VY o (G 0 () = 60X, 10 (x))

FVE(f (oo (1)) — &
> i%f)é(x,u)—i—V;é(f(x,u))—e = TVl(x) —e.
ue X

Since x € X and ¢ > 0 were arbitrary, the assertion vgé (x) > TVQZ (x) follows for
all x € X and this, combined with the complementary inequality V;/é x)<T Vol/é (x)
previously shown, completes the proof. O

We remark that Proposition 2.2 is connected to the result in [24], where the role of
linear penalty functions is explored in guaranteeing asymptotic stability of Economic
MPC.

3 Shifted Bellman Equation and Operators

In the literature, different constructive approaches for computing storage functions
are described, above all the classical constructions of the available storage and the
required supply, which go back to [10] and are easily adapted to the discrete-time case
(see, e.g., [16, 19] for the available storage). For this reason, a possible, but ultimately
unsatisfactory, way to approach an infinite horizon optimal control problem would be
according to the following steps:

1. Computing the minimal average cost, yave.
2. Defining a shifted stage cost, £(x, u) = £(x,u) — V¥&, so as to yield O optimal

average; 3
3. Compute a storage function A for the supply function £(x, u);
4. Defining ¢ := —2 as a terminal penalty for the infinite horizon optimal control

problem, with shifted stage costs ¢;

5. Use the standard Bellman iteration to asymptotically compute the value function
over an infinite horizon or directly looking for a solution of the associated Bellman
Equation.

This procedure is non ideal for several reasons: first of all, computation of the optimal
average cost involves a limiting operation, and therefore typically only approximate
values for V'€ can ever be achieved. However, using approximate values in the iter-
ation of the Bellman operator, yields diverging optimal costs over an infinite horizon,
either to =00, depending on whether the optimal average cost has been over or under-
estimated. In addition, Step 3 is bound to fail whenever the average optimal cost
Va8 has been overestimated (in other words a storage function might exist only for
£(x,u) = £(x,u) — ¢ where ¢ < V&),

The goal of this section is to propose operators, the min-shifted and max-shifted
Bellman operator, whose iteration would converge to the optimal infinite horizon cost,
and, at the same time, yield as a by-product the optimal average cost.
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To this end, we need additional notation. Given ¥; : X — R and ¢, : X — R,
continuous, we define the following:

1 1
¢, ¥2) := g max[yn (x) — Yo ()l + 3 ‘}2;2“”1()‘) — V2], (3.1)

viz. the median value of the difference ¥r; — 1. The following distance notion is also
defined:

d(Y, ¥2) = ggﬂg V1 — VY2 + bllo-

Notice that d(Yr1 + c1, Y2 + ¢2) = d(Yr1, Yp) for all ¢q, co € R. Indeed,
d@Wn +c1, Y2 +c2) = Zneilg 1 — Y2 +c1 —c2 + blleo

= r_nin ||1ﬂ] — Iﬂz +B||oo = d(l//‘], 1pZ)
beR

where the second equality follows by the change of variables b = ¢ — ¢2 + b.
Moreover:

d(W1, ¥2) = Y1 — Y2 — e, ¥2)ll oo

viz. the infinity norm of the shifted version of signal ¥r; — v, once its median value
has been subtracted. In fact, an equivalent alternative definition for d (¥, ;) is as

follows:
1 I
d(Y1, ¥2) = 5 max[y1(x) — Y2(x)] — 5 min[y1 (x) — Y2 (x)].
2 xeX 2 xeX
Recall the Bellman operator T : C(X) — C(X) previously introduced:

Ty = ugbig)ﬂ(x, u) + ¥ (f(x,u).

Definition 3.1 Define the min-shifted Bellman operator T:C X) - C(X) as:
Ty = min{y, TY + (¥, TY)}. (3.2)

Similarly, we may consider the following operator.

Definition 3.2 Define the max-shifted Bellman operator T:C X) - C(X) as:
T := max{y, Ty + (¥, TY)). (3.3)
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It is straightforward to see that:

Y@ > T = T*W)x) = ... > TH) ) > ...

for all kK € N. Opposite inequalities hold in the case of the T operator:

Y < TW)x) <T*’W)x) <... < TFy)Hx) < ...

Remark 3.3 By induction, and exploiting the min commutativity property, the follow-
ing formula can be proved (see Appendix B.2):

Zc(fsw, wa)} . (3.4)

min
{0,..., SC{0,....k—1},|S|=7
seS

Along similar lines the following inequality can be shown by induction for the T
operator:

0,....k—1},|S|=
= hiSl=r 7=

,,,,,

Yv"kl//(x)zrer{rolaxk}{TTlﬁ(x)—f-Sc max Zc(ffw,Tfsw)}. (3.5)

The following result holds:

Proposition 3.4 A function V(x) € C(X) is a fixed point off‘ orT if and only if there
exists b € R such that v is a solution of the following shifted Bellman Equation:

Ty = +b. (3.6)

Proof Assume that v fulfills the shifted Bellman Equation (3.6). Then, direct compu-
tation shows:

Ty = min{y, TY + c(¥, TY)} = min{y), ¥ + b+ c(¥, ¥ +b)} = min{y, ¥} = ¥,

where the equality follows since by definition c(¥, ¥ +b) = —b. Conversely, assume

Ty =y:
¥ =min{yr, TV + (¥, TY))}.
Hence, the following inequality holds:
Y(x) STy @) +c(, TYy) VxeX (3.7
We claim that more is true, namely:

V) —Ty(x)=c(, TYy) VxeX. (3.8)
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Assume by contradiction:
min  (x) = Ty (x) < c(, T),
xeX

where the min exists by continuity of ¥, T and compactness of X. By inequality
(3.7) we also know that:

max ¥ (x) — T (x) < e, TH).
xeX
Taking a convex combination of the two previous inequalities yields:
- - 1 . - - 1 - - - -
c(, Ty) = 5 min Yx) =Ty (x) + zmaxy(x) — Ty (x) < c(, Ty),
xeX 2 xeX
which is a contradiction. Hence, (3.8) hovlds, and gﬁ is solution of a shifted Bellman

Equation. A similar proof applies to the T operator. O

The following proposition shows that the feedback control that can be generated
from a solution ¥ of the shifted Bellman equation guarantees the optimal average cost
b, provided v is bounded.

Proposition 3.5 Let \ be a bounded solution of the shifted Bellman equation (3.6)
for some b € R. Let x*(t), u*(t) be a solution of (2.1) which realizes the minimum in
2.13) forallt > 0, i.e.,

M), u* (1)) + P (f (@), u* (1)) = TP (x*(1))
forallt > 0. Then the average cost satisfies
JUEC), ut () = b
and this is the best possible value.

Moreover x*(-), u*(-) is optimal with respect to the following finite and infinite horizon
costs:

—

T—

D L), u) = bl + ¥ (x(2))
t=0
—1

lrlI_T)IJlrfg Z [£(x (1), u(r)) — b] + ¥ (x(1)).
=0

Proof The assumptions yield for all £ > 0

L), u* () + Y (f (@), u* (1) = TY X)) = Yy (x*(1) + b,
N— e —

=x*(t4+1)
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implying
(@), u* (1)) = b+ Y () — Y2+ D).

Summing up this equation yields

7—1 T—1
Do, ur0) =Y [b+ P @0) =y + 1))]
=0 i=0
= b+ Y (x*(0)) — ¥ (x* (1)), (3.9)

which implies

JYVE(x*(-), u*(-)) = lim sup h + Y (x*(0)) — ¥ (x*(1)) _

T—00 T

ba

because by the boundedness assumption on ¥ the expression (¥ (x*(0)) —v (x*(1))) /T
converges to 0 as T — 4-00.
For any other solution x(-), u#(-) of (2.1), the definition of 7 in (2.13) implies

EOe(0), u(0) + Y (f (@), u(®))) = T (x(1)).

Then the same computations as above yield J2&(x(-), u(-)) > b, showing optimality
of the average cost b. Alternatively, equality (3.9) may be restated as

—1

D LT @), ut (1) = b1+ P (x* (1)) = P (x*(0)).

t=0

Similarly to the case of average costs, for any other feasible solution x(¢), u(t) with
x*(0) = x(0) we have:

T—1

D L@@, u®) = bl + ¥ (x(0)) = ¥ (x(0) = ¥ (x*(0))

=0
thus proving optimality of x*(-),u*(-) with respect to finite horizon costs
Z::_OI [€(x(t), u(t)) — b] + ¥(x(r)) for all T € N. Letting T go to infinity in the

above (in)equalities shows optimality of x*(-), u*(-) on infinite horizon costs:

T—1

liminf 3 | [£0x(0), u(0) = b] + ¥ (x(0)).
t=0

It is worth pointing out that lim inf in the infinite horizon cost could also be replaced
by lim sup since the cost of the optimal solution admits a limit for all initial conditions.

@ Springer



Applied Mathematics & Optimization (2024) 89:42 Page 130f64 42

In addition, removing the bias term b from finite horizon costs only shifts them by a
constant and does not affect optimality of solutions. As we will see later in Proposition
4.1, the value b for which the shifted Bellman equation can have a solution is unique
(even without assuming boundedness of the solution), which is in line with the fact
that due to its minimality the minimal average cost is also unique. O

Remark 3.6 (i) A similar computation as in the proof of Proposition 3.5 shows that
for the shifted cost £(x, u) — b the identity

T O, u* () = P (e (0) — ¥ (5 () + ¥ (x*(1))

holds. If 1,} and ¢ are bounded, then the lim sup of this expression is bounded,
implying that ng from (2.14) (if existing) is bounded from above. Particularly, in
the situation of Proposition 2.1, where Vo]/é exists but may be +o0, the existence
of a bounded solution of the shifted Bellman equation implies finiteness of Vo'g
when £(x, u) is replaced by £(x, u) — b.

(i) Conversely, if Vové exists and is finite for the shifted cost £(x, u) — b, then a
standard dynamic programming proof (see, e.g., [25, Theorem 4.4]) shows that
Vgg solves the Bellman equation (i.e., the shifted Bellman equation (3.6) with
b = 0) and thus the shifted Bellman equation (3.6) for the original £.

(iii) A crucial question is thus whether Vo'g exists and is finite, or even bounded. For
strictly dissipative systems (for a definition see (4.1), below), sufficiently fast
(asymptotic) controllability to the equilibrium (x¢, u¢) guarantees this, see [26,
Assumption 6.1 and Theorem 6.4]. A similar condition applies to optimal control
problems with an optimal periodic orbit, see [19, Assumption 10 and Theorem
16]. In both references the inequalities are shown for all sufficiently large finite
horizons, but carry over to the infinite horizon limit. We conjecture that this
condition can be extended to systems that have more complex optimal behavior
than equilibria or periodic orbits, but this extension goes beyond the scope of
this paper.

(iv) Alternatively one might wonder whether shifting the stage-cost by the optimal
average cost might be enough (without adoption of a terminal penalty function)
to guarantee existence of the infinite horizon cost. For this to happen, typically,
one needs two conditions: constant stage cost along a recurrent (e.g. periodic)
average optimal solution and some form of fast enough convergence of the cost to
this constant value (e.g. exponential). Together the conditions guarantee a finite
limit of the infinite horizon transient cost.

4 Propertiesof T, Tand T Operators
Throughout this section we recall some useful properties of the T operator and addi-

tionally provide original derivations for the properties of the Tand T operators. Some
of the properties listed below are well known and can be found in [3]:
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e Monotonicity:
[V1(x) < ¥n(x), Vx € X] = [TY1(x) = Tya(x), Vx € X]

e Translation invariance:
T +b)=Ty + b,

for any constant b € R;
e Minimum commutativity, for finite index set K:

T i = min{T
(?élll(l{Wk}) min{Ty}
To see the last one, notice:

T (iréilf(l{l/fk}> = Hbi&)f(x, u) + min{y (f (x, u))}

ue

= ulelggc) kmeill(l{ﬂ(x, u) + Y (f (x, w)}

= igi}guggg)@(% u) + Y (f(x,u)) = kmeilg{ka}-

e Concavity:
For all ¢ € [0, 1] and any 1, v it holds:

T(ayi+ (1 —a)y2) = aly1+ (1 —a)Tys.
To see this, notice:
Ty +—-—ayn) = ureltlui&)f(x, u) + o (f (x, u)) + (1 =)y (f(x, u)
= MZ}}&)“[Z()" u) + Y1 (f (x, u))l

+(1 =) [€(x, u) + Y2 (f (x, u))]
> g%}{l)a[é(x,u)+llf1(f(x,u))]

+urer[bi&)(l —a)[l(x, u) + Yo (f(x,u))]
=aTy;+ U —a)Ty,.

e Max-super-commutativity: the following inequality holds:

T max{yr, Y2} = max{T ¥y, Ty},

and by induction, for any finite set K:
T | max l// X > max Tlp X)j.
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e Non-expansiveness: monotonicity and shift-invariance can be exploited to show
the following inequality, expressing (incremental) non-expansiveness of the T
operator:

d(Ty1, Tn) <d(Wn,¥2), Vi, ¥ € CX).

Next we derive some useful properties of the T and T operators. Notice that for all
b1, by € R the following holds:

c(W1+ b1, Y2+ b2) = c(Y1, ¥2) + by — bo.
Hence the following translation invariance can be seen:
T +b) =Ty +0b,
for all b € R. In fact,

Ty +b) = min{yy + b, T(Y +b) + c(y +b, T (Y + b))}
=min{yy +b, TY +b+c(y +b, TV + b)}
=min{y +b, Ty +b+c(y, TY)}
=min{y, Ty +c(W, TY)} +b = Ty +b.

The same property holds for T. The next proposition states that all solutions of a
shifted Bellman Equation share the same shift value.

Proposition 4.1 Let | and yr» be continuous solutions of the shifted Bellman Equation
(3.6), viz. TYr1 +c1 = Y1 and Ty + ¢ = Yy for suitable constants ¢ and cy. Then,
c1 = ).

Proof See Appendix B.1. O

We show later, by means of an example, that while the shift is uniquely defined for all
solutions of the shifted Bellman Equation, it is not true in general that d (¥, ¥») = 0,
i.e. there may be multiple solutions of the shifted Bellman Equation, even after taking
into account translation invariance. In the remainder of this section, we describe a
situation in which the solution of the shifted Bellman Equation is unique, up to the
addition of a constant. Again, a dissipativity inequality plays a role, but now a stronger
one than (2.9). For an equilibrium (x¢, u¢) (i.e., f(x¢, u®) = x¢) we call the system
strictly dissipative, if there exists a storage function A : X — R, bounded from below,
and! o € K such that

Af(G,u) < A(x)+L(x,u) —£(x%u®) —a(lx —x¢|))  VY(x,u) €Z. (4.1)

1 As usual we define K as the set of continuous functions « : [0, 00) — [0, c0) that are strictly increasing
with ¢(0) = 0.

@ Springer



42 Page 16 of 64 Applied Mathematics & Optimization (2024) 89:42

We note that a positive definite stage cost, i.e., an £ satisfying €(x, ) > a(||x — x¢])
for all (x, u) € Z and £(x¢, u®) = 0, satisfies the inequality (4.1) for A = 0. For this
kind of stage costs, the following proposition holds.

Proposition 4.2 Suppose the stage cost £ satisfies £(x,u) > o(||lx — x¢]||) for all
(x,u) € Zandsome a € K, and £(x¢, u®) = 0. Then, up to the addition of a constant,
there exists at most one continuous solution of the shifted Bellman Equation.

Proof Let 1 and Y, be two continuous solutions of the shifted Bellman Equation
(3.6) that are bounded from below. By adding suitable constants, we can assume that
Y1(x¢) = Yp(x¢) = 0. From (2.13) we obtain that

Vi(x°) + ¢ =Ty (x) = I%i(n )ﬁ(xe, u)
uelU(x¢
i (f (€, u)) < (x°, u®) + i (f (3, u®)) = i (x),

implying ¢ < 0.

For each x € X, let u;“(x) € U(x) be a control that realizes the minimum in the
Bellman operator (2.13) for ¥ = v;,i = 1,2. Such a u;‘(x) exists because £, f, and
Y; are continuous and U(x) is compact. Then from the shifted Bellman Equation we
obtain that

Vi (X) + ¢ = £(x, ui () + i (f (x, uj (),
implying
Ui (f (e, w7 (6)) = i (x) + ¢ — €0, ui (0) < i (x) —a(flx —x°). (4.2)

Now, given x;(0) € X, by x/"(k) we denote the sequence generated by x;(k + 1) =
S k), uf(x}(k)). Then (4.2) implies

k—1
i (6 (k) < Y (0) = Y alllx (k) — x°1)).

k’'=0

Since v; is bounded from below in X, this sum must converge, implying that
a(|lxf(k) — x¢l) — 0 and thus x/(k) — x¢ as k — oo. Since ¥;(x°) = 0 and
Y; is continuous, we also obtain v (xl.* (k)) > 0ask — oofori =1,2and j =1, 2.

Now pick an arbitrary x € X. We show that for each ¢ > 0 and for both choices
i=1,j=2andi =2, j =1 we have

Vix) —vilx) <e 4.3)

holds, which shows v (x) = ¥ (x) and thus the assertion.

To this end, consider the sequence xi* (k) with x;" (0) = x.Foreach k > 0 we obtain,
using that ¢ must be the same in the shifted Bellman Equation for v/; and v; due to
Proposition 4.1,
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v (e (k) — i (x (K))
=T/ (k) +c = (TYi(x; (k) +0)

= min L), u) + Y (FGFK),u) —  min L(xFk), u) + Wi (F (e (K)e, u)
uel(x} (k) uel(x; (k)

= 00 Rt} (e )+ (F (e Ryt (7 ())) = 00 (ke e G+ (f (5 (k). (e (K)
= (O R, uf (e (K))) = v (f O (), (e (K))) = 0 (" (k4 1) = v (7 (k + 1)

Iterating this inequality we thus obtain

Vi () — ¥ (x) < ¥ (xf (k) — ¥ (x] (k)
for all k > 0. Since we know that ¥; (x;"(k)) — 0 and ¢; (xi*(k)) — 0ask — oo,
thereisk € Nsuch thatboth [; (xl?“(k))| < &/2and | (xl?“ (k)| < &€/2hold, implying

Vi (x7 (k) — ¥i(x] (k) < & and thus (4.3). O

Now for a strictly dissipative system satisfying (4.1) we consider the “rotated” stage
cost

C(x,u) = €(x, u) — £(x%, u€) + A(x) — A(f (x,u)) (4.4)

and observe that it satisfies the conditions on £ from Proposition 4.2. The corresponding
Bellman operator defined by

Ty(x) = i C(x, u) + Y (f(x, u)

satisfies the following property.

Lemma 4.3 For any continuous function ). : X — R the identity
Ty =T@W =0 +1— & u)

holds. Particularly, if ¥ is a solution of the shifted Bellman Equation for T and
some ¢, then v =  + A is a solution of the shifted Bellman Equation for T and
c=c—L0(x° u).

Proof For all x € X we have that

Ty(x) = ug&r;){ﬂx, u) + 9 (f(x, u))
Jmin (£06, ) = 00, 1)+ A06) = A G 0) + 9 (f (xw0)
(00610 + Y (F (1)) = A (1)} 4 A() = £, u)

T — A (x) + A(x) — £(x°, u®).
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This proves the first statement. Now, if ¢ is a solution of the shifted Bellman Equation
for T, then

Ty =T — 1) +xr— 0% u)
=Ty +r— L uS) =y +c+r—0(xu’) =9 +c— L6, u),

i.e. ¥ is a solution of the shifted Bellman Equation for T. O

Theorem 4.4 Consider an optimal control problem for which strict dissipativity (4.1)
holds with a continuous storage function A.

Then, up to the addition of a constant, there exists at most one continuous solution
of the shifted Bellman Equation.

Proof Let | and vr, be two solutions of the shifted Bellman Equation satisfying the
assumption. Then V; = ¥; + A, i = 1,2 satisfy the assumption of Proposition 4.2
since A is continuous and bounded from below. Hence, applying Proposition 4.2 to T
yields that Y| + ¢ — £(x¢, u®) and ¥, + ¢ — £(x¢, u®) coincide up to the addition of
a constant, implying the same for 1| and ;. O

We note that non-strict dissipativity is not enough to obtain this uniqueness result
up to additions of constants, as the example in Sect. 7.2.1 shows.

Remark 4.5 1f the optimal control problem is strictly dissipative, then under a mild con-
trollability condition it has the so-called turnpike property at the equilibrium (x¢, u°),
see, e.g., [13]. This in particular means that the infinite horizon optimal trajectory®
from Proposition 3.5 satisfies (x*(¢), u*(t)) — (x¢, u®) as t — 00. Moreover, the
optimal control problem with cost O, u) = (x, u) — £(x¢, u®) + A(x) — A(f(x,u))
from (4.4) also has the turnpike property at (x¢, u¢), which is here easily seen directly,
since this cost is positive definite with respect to the equilibrium (x°, u®).

By adding appropriate constants to 1 and A we can assume without loss of generality
that 1/_/(xe) = 0 and A(x®) = 0. In the following, we moreover assume that I/_f and A
are continuous near x¢. For the cost £ defined above we obtain

-1 —1
D ECe(®) ut) = 2(x(0) — UG, u) + Y Lx(D), u(t) — Ax(1)), (4.5)
=0 1=0

i.e., minimizing the sum over ¢ is equivalent to minimizing the sum over £ with
terminal cost ¥ = —A. Now the fact that ¢ is positive definite with respect to the
equilibrium (x¢, #¢) implies that any candidate for an optimal trajectory of (4.5) must
eventually be close to (x¢, u¢), implying A(x(7)) — 0. This means that a trajectory
is an approximate minimizer of (4.5) if and only if it approximately minimizes

T—1

D (), ut)) (4.6)

t=0

2 While [13] considers the finite horizon turnpike property, [27] shows that it carries over to infinite horizon
trajectories.
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among all solutions satisfying A(x(t)) ~ 0. The closer the value of (4.6) is to the
minimum of this sum and the closer A(x (7)) is to 0, the closer (4.5) is to its minimum.

Now consider the optimal trajectories (x*(¢), u*(¢)) from Proposition 3.5 minimiz-
ing

-1 T—1
D L@@, u®) = bl + Y (x(x)) = —th + Y L(x(), u()) + P (x(7)).
t=0 =0

Since the problem has the turnpike property, we have that x(r) ~ x. and thus
Y(x (1)) ~ 0 for large 7, i.e.,

—1 T—1
DL @), w () = bl + Y (x (1) & —th+ Y L), w* (1)),
=0 t=0

This means that (x*(¢), u*(¢)) approximately minimizes (4.6) and satisfies x*(t) ~ x,.
Consequently, it approximately minimizes (4.5), with the approximation error tending
to 0 as T — oo. Conversely, the finite horizon optimal trajectories minimizing (4.5)
can be extended to near-optimal infinite horizon optimal trajectories for the stage cost
£, with the gap to optimality decreasing to O as the length of the finite horizon in (4.5)
tends to infinity. This explains from an optimal control point of view why the finite
horizon optimal value functions V,w with terminal cost ¥ = —A converge to a solution
of the Bellman equation (if they converge, at all), as stated in Proposition 2.2.

5 Convergence Analysis Under Equicontinuity

In order to prove convergence of the T and T iterations to a solution point of the
shifted Bellman Equation we restrict the dynamics to fulfill suitable equicontinuity
assumptions. Moreover, we provide sufficient conditions, in the form of controllability
assumptions, which lead to the needed equicontinuity properties both for the iteration
T*y and Ty

In order to have convergence guarantees for a sequence of functions, the following
notion of equicontinuity is adopted.

Definition 5.1 A sequence of functions {wk},j;’g, Y+ X — R is said to be equicon-
tinuous, if there exists a function y € K such that:

VkeN, Vxi,xo e Xt [Yn(xr) — ¥(x2)| < y(lx1 — x2|).

To carry out our analysis, we will need the following assumption.

Assumption 5.2 The sequence {7%v},°5 is equicontinuous.

The following lemma shows that this assumption immediately carries over to f"kw.
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Lemma 5.3 The sequence {f"w};‘j“j is equicontinuous provided {T"w},jjg is such.

Proof The lemma is a consequence of formula (3.4). In particular, for any x; € X
there exists T*(x;) such that:

Ty () = Ty (x2) + S e(@ 0y, T ).

min
Sc{0,...k—1}:|S|=1*(x2)
seS

Therefore, for any x| € X we see:

TRy (1) — TRy (x0) = TRy (x1)

. |:TT*(X2)I//(X2) + Zc(f"sljf, Tf"sw):|

min
Sc{0,...k—1}:|S|=1*(x2)
seS

< [ T7 0Dy (xp) + min o(T5y, TTS
- |: 1[/( 1) SC{O,.‘.kfl}:\Sl:‘[*(xz)Z ( w 1/[)

ses

min
Sc{0,...k—1}:|S|=1*(x2)

- [T’*“‘z)w(xz) + 2 ey, TM)}

seS

=T" Dy (x) = T Dy (x2) < y(Ix1 — x2),

where the last inequality holds by the assumption of equicontinuity of the 7%y
sequence. The symmetric inequality Tk Y(x) — Tk Yw(x1) < y(x1 — x2]) can be
proved along the same lines. Therefore equicontinuity holds with respect to the same
function y.

Our main convergence results under equicontinuity are now stated in the following
two theorems.

Theorem 5.4 Let v € C(X) be such that T*y (x) fulfill Assumption 5.2. Then, if
a continuous solution of the shifted Bellman Equation exists, the sequence T* (x)

converges uniformly to one such solution.

Proof Consider the sequence [T* ¥1],. By Lemma A.5 this sequence is bounded since:
0 < [Tyl = maxT*y () —min T4y (x)
= [max () = min ()| + [max(y () = F(0] = minly (0 = F 1]

Moreover, by Lemma 5.3 itis equicontinuous. Hence, by the Arzela-Ascoli Theorem, it
admits a non empty set of accumulation points (with respect to the uniform topology),

o) = {¥ € CX) : hn} X, ky — +00: P = lim Ty},

n=1 n—-+oo
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Moreover, each accumulation point in w (1) is continuous and fulfills the same con-
tinuity inequality,

[V (x1) — ¥ (x2)] < y(x1 — x2]) (5.1

ByLemmaA.8, the functlon W([W]n) = W) :=d, T¥)isnon-increasing along
the iteration of T, viz. W(T*v) is a non- increasing sequence, bounded from below
by 0. In addition W is continuous in the topology of uniform convergence. Hence,
the limit limg_s 400 W(Tk ) exists, and we denote it by W. Because of contlnulty
of W and uniform convergence to the limit points we also have W () = W for all
w € w(y¥). Notice that w () is invariant with respect to T. Let, in the following,
¥ denote an arbitrary element in (). For any k € N we have W(T"w) = W.
By combined 1nequa11tles (A.9) and (A.8) we see that W(Tkw) can be constant only
provided miny¢x Tk V(x)— TTkw(x) and max,ex Tk W(x) TTkl/f(x) are constant
with respect to k. By Corollary A.24, the sequence T* V¥ is bounded and converges
monotonically to an upper semi-continuous limit. Notice that, by invariance of o (/)
and the fact that all elements of w () fulfill 1nequa11ty (5.1), equicontinuity of Tkw
follows. Hence the limit ¥/oo(x) 1= limg— 40 Tk ¥ (x) not only exists (as previously
established), but is also continuous and, by Dini’s Theorem, convergence is uniform
in X. By continuity of the T operator with respect to uniform convergence, ¥, (x) is a
solution of the shifted Bellman Equation (cf. Lemma A.22) and 0 = d (Vo, T ¥ o) =
d(y, T). This shows that any element of w (/) is a solution of the shifted Bellman
Equation. We only need to show that () is a singleton. This follows because of
Lemma A.6. Indeed, the distance to any element v/ of (1) is non increasing along
the iteration T* Y. Since such distance is converging to 0 along some subsequence
Tkn ¥, then it is converging to 0 along the sequence f"l// itself. O

Due to the lack of an analogue to formula (3.4) for the T operator, there is no simple
way of proving a version of Lemma 5.3 for T"xp As a consequence, the analogue of
Theorem 5.4 for T is stated by directly assuming equicontinuity of Tkw

Theorem 5.5 Let v € C(X) be such that Tkl//(x) Julfills Assumption 5.2. Then, if
a continuous solution of the shifted Bellman Equation exists, the sequence T*vr(x)
converges uniformly to one such solution.

Proof Consider the sequence [Zv"kw]n. This sequence is bounded since:
0 < [T'y )]y = max 7"y (x) — min 7"y (x)
xeX xeX
< [max (o) = min ¥ ()| + [max 749 () = F )] = minl 7y () = P01
X X X X

= [max ¥ x) = min ()| + [maxy (v) = F00l = minlyr () = F 1]
where the last inequality follows by Lemma A.7. Moreover, by assumption, it is
equicontinuous. Hence, by Arzela-Ascoli Theorem, it admits a non empty set of limit

points (with respect to the uniform topology),

o) = (¥ € CX) : Ik}, kn — 400 : ¥ = lim_ THy (o).

n— 400
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Note that each limit point in w () is continuous and fulfills the same continuity
inequality,

[ (x1) — ¥ (x2)] < y(x1 — x2) (5.2)

By Lemma A.11, the function W([v¥'],,) = W () := d(¥, T{¥) is non-increasing
along the iteration of T, viz. W(T*y) is a non- increasing sequence, bounded from
below by 0. In addition W is continuous in the topology of uniform convergence.
Hence, the limit limg_, 4 W(T V) exists, and we denote it by W. Because of conti-
nuity of W and uniform convergence to the limit points we also have W) = W forall
¥ € w(yr). Notice that w () is invariant with respect to T. Hence, for any ¥ € ()
and any k € N we have W(Tkw) W. By combined 1nequal1t1es (A.12) and (A.13)
we see that W(Tklﬂ) can be constant only provided miny¢x Tk w (x)— TTklp(x) and
max,ex Tk w(x) TTklp(x) are constant with respect to k. By Corollary A.26, the
sequence T* ¥ is bounded and converges monotonically to a lower semi-continuous
limit. Notice that, by invariance of w(yr) and the fact that all elements of a)(w)
fulfill 1nequa11ty (5.2) follows equicontinuity of TkI// hence the limit ¥ (x) :

limg_s 400 Tk w(x) not only exists (as previously established), but is also contlnuous
and, by Dini’s Theorem, convergence is uniform in X. By continuity of the T opera-
tor with respect to uniform convergence, Voo (x) is a solution of the shifted Bellman
Equation and 0 = d (Yoo, T¥o) = d (¥, TV). This shows that any element of (1)
is an solution of the shifted Bellman Equation. We only need to show that w (y/) is a
singleton. This follows because of Lemma A.7. Indeed, the distance to any element 1}
of w () is non increasing along the iteration Tk Y. Since such distance is converging
to 0 along some subsequence Thn Y, then it is converging to 0 along the sequence Tk v
itself. O

In the remainder of this section we derive a sufficient condition for Assumption 5.2,
which is based on a controllability condition.

Definition 5.6 Given a system as in (2.1) and the associated state and input constraint
sets X and U(x), we say that the system fulfills Uniform Incremental Continuous
Controllability, if there exists N € N, and a class K function §, such that, for
all x;,x» € X, and for all u; € Upy(x;), there exists up € Upy(x2) such that
¢ (N, x1,u;) = ¢(N, x2,u3), and in addition: |Jlu; — wz| < §(|x; — x2]).

A milder controllability assumption can be formulated by considering continuity with
respect to the cost alone, rather than the control input. To this end, let Jy (x, u), for
x € Xand u € Uy (x) denote the following:

N-1

InGew) = L@, x, w), u(h)).

t=0

Definition 5.7 Given a system as in (2.1) and the associated state and input constraint
sets X and U(x), we say that the system fulfills Uniform Incremental Controllability
Continuous in Cost, if there exists N € N, and a class Ky function §, such that,
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for all x;,x; € X, and for all u; € Up(xy), there exists upy € Uy (x2) such that
¢(N1 X1, ul) = ¢(N7 X2, u2)7 and in addition: |JN(.X1, ul) - JN(XZ, u2)| S 3(|-x1 -
x2).

Remark 5.8 Notice that Uniform Incremental Continuous Controllability implies Uni-
form Incremental Controllability Continuous in Cost. This is because the considered
stage-cost function and the dynamics are both continuous, moreover cost is considered
only over a finite interval of length N. The converse implication is not true in general.

The following proposition now shows that Uniform Incremental Controllability
Continuous in Cost implies the equicontinuity in Assumption 5.2 required in Theo-
rem 5.4.

Proposition 5.9 Assume that system (2.1) fulfills the controllability assumption in Def-
inition 5.7. Then, for any continuous function ¥ : X — R, the sequence {Tkl//};;’g is
equicontinuous, i.e., Assumption 5.2 is fulfilled.

Proof Consider any k € N, and arbitrary xj, x, € X. Let u’l‘ € Uk4+n(x1) be any
optimal control sequence corresponding to the optimal control problem with terminal
penalty function ¢ and horizon k + N, with initial condition x;. Then, from the
optimality principle:

TNy (x1) = In (e, ) + TR (0 (N, x1, u)). (5.3)

Let now, uy be as in Definition 5.7. Clearly, applying u; is, in general, suboptimal
from initial condition x;. Hence, the inequality below holds:

TN (x2) < Iy (x2,w2) + T*Y (H(N, x2, w)). (54)
Combining equations (5.3) and (5.4) yields:

TNy (xp) — TNy (x1) < Iy (x2, w) 4+ TX Y ((N, x2, u2))
—JIn(x1,u}) — TRy (@ (N, x1, u}))
= Jy(x2, w) — Jy(x1,u}) < 8(|x; — x2l),

where the first equality follows because ¢ (N, x1, u’f) = ¢ (N, x2,up), and the last
inequality from Definition 5.7. Symmetric inequalities can be obtained swapping x|
and x, yielding | 7%tV vy (x1) — T*N 4/ (x2)| < 8(|x1 —x2]). This shows that equicon-
tinuity holds on the tail of the sequence T¥v. However, {T* v} ]1(\7:—01 is a finite family of
continuous functions defined over a compact set (thus also fulfilling an equicontinuity
property), and therefore equicontinuity of the whole sequence follows. O

Unfortunately, due to the lack of a counterpart of Lemma 5.3, we currently do not

have a controllability condition for ensuring the equicontinuity needed in Theorem
5.5 for the T operator.
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Remark 5.10 The operators T and T are the main novel technical tool that we propose
to compute solutions of shifted Bellman Equations and solve infinite horizon control
problems. Notice that they come with different a priori guarantees of continuity of the
limiting solution, i.e., upper semi-continuous and lower semi-continuous respectively.
As regularity of solutions of the Bellman Equation is normally not available a priori,
it is hard to state a criterion for choosing one or the other. Nevertheless, it is worth
pointing out that, due to the fact that such operators share Lyapunov functionals (i.e.,
W) =d(, Tyr), see Lemmas A.8 and A.11, or Lemmas A.6 and A.7), one could
also apply them in switched combinations or in random order while typically still
retaining (or even improving) convergence. This topic is outside of the scope of the
present manuscript

6 Convergence Analysis Without Continuity

In this section we provide a convergence result for the iteration using the T operator
without assuming any continuity. This is possible if we assume a dissipativity condition
and start the iteration from the negative storage function. The result can thus be seen
as an extension of Proposition 2.2 to the shifted Bellman Equation with nontrivial shift
b # 0. The only property we impose in this section on the iterates ¢ : X — R is that
they attain a minimum on X. Then we can define

(V1 (x) := ¥ (x) — min ¢ (x).
xeX

We note that [¢/], > 0 and min,cx [V ],(x) = 0 as well as [ + b], = [], for all
b € R and start our analysis with a little auxiliary lemma.

Lemma 6.1 For any b € R it holds that

(T + D) =[T¥], and [T +b))y = [TV],.

Proof We have that

f"(l// +b) =min{y +b, T(Y +b)+c(y +b, T(Yy +b)}
———
=Ty +b =c(Y,.TY)
=min{y, Ty +c(W, TY)} +b = Ty +b.

This implies the assertion since [Ty + bl, = [T¥], for all b € R. A similar
computation works for 7 in place of T'. O

We now first consider the case where £ > 0. To this end, we make the following
assumption.

Assumption 6.2 There exists a nonempty set N C X such that for any ¢ : X - R
with ¢ > 0 and |y = 0 we have that T/ |y = 0.
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We denote by |y the restriction of function ¥ over the set N, and by = 0 the
fact that the function is identically O on its domain. We note that this assumption is
satisfied for instance if £ > 0 and there is an equilibrium (x¢, u¢) with £(x¢, u®) = 0.
Then one can choose N = {x°}.

Lemma 6.3 Assume £ > 0 and let Assumption 6.2 hold for some set N. Then for
YO = 0 the sequence of functions y* = [T*y°),, k € N, satisfies the following
propetrties for all k € N:

(@) TFyO > gk, (b) Ty > gk,
© vy =0, (d g ! >yk

Proof By applying Lemma 6.1 inductively we see that y*+1 = [f‘l/fk],,. Moreover,
we observe for all { : X — R the equality

(Ty)" = [min{y, TY + c(¥, TY)}, = [min{yy — c(, TY), TV} + c(fr, TY)]y
= [min{yy —c(¥, TY), TY}]n.

Now we prove (a)—(d) by induction over k.

For k = 0, (a) and (c) hold trivially, while (b) and (d) hold because ¥ = 0 and
Txpo > 0 (since £ > 0) and lﬂl > 0 (by definition of the [-],, operator).

For k — k + 1, assume that (a), (b), and (c) hold for ¥*¥. We now prove these three
properties for ¥ ! and start with (c). By the above computation it holds that

Y = [Ty M, = Iminfy* — c*, TY5), Ty ..
By induction assumption (b) we have that Ty > * implying that c(y*, Ty*) <0
and thus ¥ —c(y¥, Ty*) > 0. Since £ > 0 and * > 0 we moreover have Ty* > 0.
By induction assumption (c) we know that YKy = 0. Thus, Assumption 6.2 yields

Ty* |y = 0. Together this implies that min{y/¥ —c(y*, Ty*), Ty*} > 0andis equal
to 0 on N. This implies that

Y = [min{y X — e(yk, Tyb), Tyk), = min{y* — vk, TyX), Ty*) (6.1)
and thus ¥ty =0, i.e., (c) for k + 1.

Next we prove (b) for £ + 1. Using (6.1) as well as the min commutativity and the
translation invariance of T we obtain

Ty**! = T min{y* — ey, Ty"), Ty*)
= min{Ty* — c(y*, Ty ), TTy*).

Now using the induction assumption for (b) and the monotonicity of 7 we obtain
Ty* > ¢* and TTy* > Ty*, implying, using (6.1) once more

min{Ty* — ey, TYh), TTY ) > min{y* — vk, Ty*), Ty*) = g+
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This shows (b) for k£ + 1. From the induction assumption (a) and (b) and monotonicity
of T we obtain

TR0 = TR0 > Tyk > gk,

which shows (a) for k + 1.
Finally, for showing (d), we use that the induction assumption for (b) yields
c(yk, Ty*) < 0 and Ty* > ¢*. Together with (6.1) we obtain

Y = minfy* — c®, Tyh), Tk = minfyk, ph) = gt O

0
Proposition 6.4 Assume { > 0, let Assumption 6.2 hold and assume that VQZ is finite

N 0
for y© = 0. Then the sequence of functions y* = [T*y°],, k € N, converges to VQZ ,
i.e., in particular to a solution of the Bellman Equation.

Proof From Lemma 6.3 it follows that /% is increasing and bounded from above by

0 0
" Hence, it converges to some limit function > < V. . Now from Tyk > y*

we obtain that
cH, Tyh) = 5 max Ty — v @),
implying that
Y — e, Tyh) = v ) + %n;sg[wkoz) —yk®1= %(w’%x) + Ty (x)).

Since Ty* > ¥* we moreover obtain that 7y* > %(wk(x) + Tyk(x)). Inserting
these inequalities into (6.1) then yields

YA = minfyh — ey, Ty, Ty = S+ T
and using this inequality and T (1 /2 + ¥2/2) > (T¥1)/2 + (T¥2)/2 yields
vz gyt Ty
= %1//‘ + %TI/H > % (%wo + %Two) + % (%wo + %T%//O)
— %(wo + 27y + 12y°)
1

W3 > _1//2+1T1/f2 - 1 lwl_i_lTl/fl _I_l lTl/jleszwl
-2 2 - 2\2 2 2\2 2

v

é(wo + 3790 + 37290 4+ 73y9)
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which by induction yields the general formula

k 1 : k 1,10
v zz—kz(l)w.
=0

Since Y1_o (¥) = 2* grows exponentially in k while for each fixed p € N the sum
Zf:_ol (*) grows only polynomially in k, we have that

) D vty 1
2k T 2k
—— —’
—0

as k — oo. Combining this with 79 wo > T”lﬁo > 0 forg > p > 0, we obtain that
for each C € (0, 1) and p € N thereis k¢ , € N with

k k k
1 k 1 k 1
k 1,0 l 0 0
14 ZZ—kE <1>T¢ Zz—k g (l)T _kE ()TPW > CTly
=0 I=p I=p
for all k > k¢ . This implies that

Y = lim y* = C lim 77y —cv)

k%oo

for any C € (0, 1). Since C can be chosen arbitrarily close to 1, this implies ¢ >

0
VO'/é , which finishes the proof. O

Now we extend our results to dissipative stage costs. The dissipativity inequality
here is similar to (2.9), where we explicitly include a shift of the cost function by b in
the inequality.

Assumption 6.5 There exists a continuous storage function A : X — R and a value
b € R such that

AMf(x,u) <Ax)+L€(x,u)—b V(x,u)eZ (6.2)
For such a function A, similar to (4.4) we define the rotated cost
E(x,u) = €(x, u) — b+ A(x) — A(f (x, u)) (6.3)

and the corresponding operators T and TA’ The next lemma extends Lemma 4.3.

Lemma 6.6 For any continuous function ) : X — R and for all k € N the identities
Tk _ ok Tk _ Ak
Ty =Ty —A)+r—kb and Ty =T( — 1)+ A
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hold.

Proof The first identity follows with an analogous proof as for Lemma 4.3 followed
by induction over k. For the second identity we compute

Ty = minfy, Ty + c(y, Ty)
=min{y, T(Y —A) + A —b+c(y, T(Y — 1) + A —b)}
=c(Y—A,T(Y—21)+b
=min{y — A, T — ) +c(¥ —A, TR —1)}+ A
=T — 1)+ A

From this, the statement for Tk Y follows by induction over k. O

Assumption 6.7 There exists a nonempty set N C X such that forany ¢ : X — R
with ¢ > —A and ¥ (x) = —A(x) for all x € N we have that Ty (x) = ¢ — A(x) for
allx € N.

Somewhat similar to Assumption 6.2, for dissipative optimal control problems
Assumption 6.7 holds with N = {x°} for an equilibrium (x¢, u¢) with £(x¢, u®) = c.
This is because dissipativity implies ¢ >0and £(x¢, u®) = 0. Together this yields for
all u € U(x®) that

O )+ Y (f (6, u) = 0, u) — A(F () = £(x°, u) + ¢ — Mx€) = ¢ — A(x°),
while for u = u® we get
% ul) + Y (f(xu)) =c— Mx°),

implying that this is the minimum and hence 7' (x¢) = ¢ — A(x¢). The situation just
described in particular occurs for strictly dissipative problems, cf. eq. (4.1).

Theorem 6.8 Assume that the optimal control problem is dissipative in the sense of
Assumption 6.5, that Assumption 6.7 holds and that there is M > 0 with Tk(wo) <
M + ck for all k € N and y° = —). Then the sequence of functions * = [Tkwo]n,
k € N, converges to a solution of the shifted Bellman Equation.

Proof The assumptions together with Lemma 6.6 imply that the operator YN: corre-
sponding to the cost £ from (6.3) satisﬁes all assumptions of Proposition 6.4. Hence,

for y0 = 0 the sequence 1/}" T’Wp ]n converges to a solution %> of the Bell-
man Equation for ¢, i.e., Twoo = . Because of Lemma 6.6 and using that
[V + &1, = [[¥]n + @], for all functions ¥, ¢ : X — R attaining a minimum on
X we obtain that

Yk = [5G0 = )1y = [TFFO) = Ay = (TGO — Al = [ —
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implying that

v =% = A
From this we get, again using Lemma 6.6 and w := [ — 1], — 42,

TYy® =T(P* =il = TH® —r+w)
=TW® - 4w =Ty —A+w+c
=y® —Atw+c =[P —Ali+c = ¥v>® +ec.

This finishes the proof. O

7 Examples and Counterexamples

In this section we illustrate the performance of the iterations proposed and discussed
in this paper with various examples.

7.1 Comparison of Solution Methods

The examples in Sect. 7.1 are meant to illustrate different approaches for the for-
mulation and solution of infinite horizon optimal control problems using dynamic
programming. In particular, they emphasize the need for a terminal penalty function
and highlight the benefits of using the T and T operators for their solution.

7.1.1 Need for Terminal Penalty Function

We consider the following scalar linear system:
xT=—x+4u (7.1

along with state x taking values in X = [—2, 2], and input constraints U(x) = [-2 +
x, 2 + x]. The stage cost is piecewise linear and defined as:

1 1
E(x,u):min{|x—1|—Z,|x+1|+z}+|u|. (7.2)

Notice that the state-dependent part of the cost has two local minima, at x equal —1
and +1. Moreover, for u = 0 solutions are 2-periodic and fulfill x(r) = (—1)"x(0).
It is possible to show that the optimal average cost is 0, achieved by the solution
x(t) = (—1)! corresponding to u(t) = 0. We show that using ¥ = 0 does not lead to a
convergent sequence of cost-to-go functions, see Fig. 1. In particular, T+ converges to
aperiod 2 oscillation between two distinct piecewise linear functions after 2 iterations.
Accordingly the optimal state-feedback (which is bang-bang) does not converge and
will differ at least in some regions of state-space depending on whether an horizon of
odd or even length is considered.
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Fig. 1 Sequence of cost-to-go 251
functions T* v, from ¥ = 0 for Tk

(7.1).(7.2) oL [koven>0 |

05+ N\ A
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Fig.2 Sequence of cost-to-go functions TkI//, from ¢ = —A; (left) and v = —A; (right) for (7.1), (7.2)

In order to obtain meaningful infinite horizon costs and feedback policies we need
to use a suitable penalty function for the final state, as shown in Proposition 2.2, in
particular by letting v = —A where A is a storage function. The intuition is that let-
ting T go to infinity without terminal penalty function is akin to minimising costs up
to time t assuming that time stops afterwards and therefore the final state reached
does not carry any value. This is, generally speaking, unsuitable as our optimal costs
might be affected by boundary effects that propagate all the way back to decisions
taken at time 0, as in the current example, where different decisions are optimal
considering an even or odd time horizon. The flexibility afforded by a terminal cost
(which of course never materializes in the case of infinite horizon), is to allow costs
to converge to a steady-state expression and decisions to asymptotically converge
to a time-invariant policy. For the considered example one can show that the func-
tion:

1
xl(x)=min{|x— 1|+§,|x+1|}/2

is a storage function. Figure 2(left) shows that the iteration initialized with ¢ = —X;
converges. Notice that the cost monotonically converges in 3 steps to its infinite hori-
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zon value. It is well known that storage functions need not be unique. For instance the
following function is another storage function:

1 1
Az(x):—min{|x+ gl = 1|—Z,2|x+l|}

Our results show that any storage function can be used in order to define a suit-
able infinite horizon cost, provided this exists finite. We show in Fig. 2(right) how
choosing a different penalty function v = —A; still leads, for this particular exam-
ple, to the same infinite horizon cost, with convergence in just one time step. It
is important to emphasize that convergence of the cost iteration to a steady state
solution does not translate to “optimal trajectories being or converging to an equi-
librium”. In fact, in this example, optimal trajectories converge to period 2 solutions
of the type previously described. On the other hand, convergence of the iteration to
a steady state allows to extract a time-invariant optimal policy in the form of state-
feedback. Solutions achieving the minimum of the Bellman operator are optimal in
many respects, as clarified in Proposition 3.5. In this particular case, since conver-
gence of the iteration to its steady-state solution is achieved in a finite number of steps
(rather than asymptotically) it is possible to show that such solutions are also optimal
with respect to infinite horizon costs with terminal penalty function —A; and —Aj
respectively.

7.1.2 Solution with f'Operator
We consider below the same system and constraints as in the previous example, namely
xT=—x+4u (7.3)

along with state x taking values in X = [—2, 2], and input constraints U(x) = [-2 +
x, 2 + x]. The stage cost is merely a shifted version of the previous piecewise linear
cost:

. 15 13
Z(x,u):mm{|x—1|—:,|x+l|—Z}+|u|. (7.4)

Example 7.1.1 was crafted to have optimal average cost equal to 0 so that iteration con-
vergence could be achieved just by choosing a suitable terminal cost function. When
formulating a generic optimal control problem one cannot expect to have 0 optimal
average cost, except for very special cases. Introducing a shifted version of the cost is
meant to highlight the power of the approach, which is genuinely “shift-invariant” and
does not rely on a priori knowledge of the optimal average cost. Therefore, rather then
applying ad hoc considerations trying to figure out the optimal average performance
(which in this case is —7/2) and correspondingly shifting £ in order to make the prob-
lem into its previous version with optimal O average, we directly apply the operator T
to an arbitrary initialization 1 (x) = 0. We show in Fig. 3, the resulting non-increasing
sequence of functions fkw, and the corresponding limit, which is a solution of the
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-2 -1.5 -1 -0.5 0 0.5 1 15 2 -2 -1.5 -1 0.5 0 0.5 1 15 2

T x

Fig.3 Sequence Tk ¥ from initialisation ¥ = 0 (left) and limiting function (right) for (7.3), (7.4)

Fig. 4 Sequence of shifts 4
o(Thy, TTRy) for (7.3), (7.4) ie
38
37+

36

35F o~
34 |
3.3 [
321 |

3.1 |

shifted Bellman Equation. The value of shift applied c(Tky, TT*y) is displayed in
Fig.4. Notice that the shifts converge to 7/2, which is indeed the positive translation
needed in order to compensate for the optimal infinite horizon average performance of
—7/2. To highlight the power of the T iteration, which simultaneously adjusts to the
right value of shift and asymptotic cost, we show in Fig. 5 its evolution for a different
initialisation ¥ (x) = — sin(x).

7.1.3 Solution with 7V'Operator
We provide next numerical evidence of convergence using the T operator in Fig. 6
(left). It is also interesting to remark that both 7 and T operators show robustness with

respect to the definition of the shift term c(y, T ). Specifically, any strict convex
combination (@ € (0, 1) ):

cW,¥n) =« max [V1) = ¥2(0)] + (1 — ) Iglel}rgl [¥1(x) = ¥2 ()]
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Fig.5 Sequence fkw from R e
initialisation ¥ = — sin(x) for Tk ™~
(7.3), (7.4) wo.s - \\\

ot

"2 45 4 05 0 05 1 15 2 "2 45 4 05 0 05 1 15 2
x x

Fig.6 Sequence 7%y from initialisation ¥ = — sin(x) with shift term ¢ (left) and shift term & with & = 3/4
(right)

yields convergence, although at possibly different speed. To this end we show the
iteration corresponding to « = 3/4 in Fig. 6 (right).

7.2 Non Uniqueness of Optimal Solutions

The following examples illustrate non-uniqueness phenomena arising when dealing
with infinite horizon control problems. In particular, they emphasize non uniqueness
of the fixed-points of the Bellman Equation and/or of the associated optimal feedback
policies.

7.2.1 Example With Multiple Solutions of the Bellman Equation

Consider the scalar linear system:
xT=—x+4u (7.5)
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Fig.7 T iteration for non R 3
monotone initial function yr Tk;b \

along with the state constraint: X = [—2, 2] and input constraints U(x) = [-2 +
x,2 4+ x]. We consider a piecewise linear stage cost defined as:

CCx, u) = ex + |ul (7.6)

for some constant ¢ which will need to be sufficiently small. Any function ¥ (x) =
a|x|+¢ex /2 is a solution of the (shifted) Bellman Equation, aslongas0 < o < 1 —¢.
In fact:

uelU(x

Ty = n]}ji?)sx+|u|+a|—x~|—u|—|—8(u—x)/2

=ex/2+ min |u|+a| —x +u| + eu.
uel(x)

We notice that if 0 < o < 1 — ¢ then the optimal value is achieved for u = O,
since the slope of the absolute value of |u| dominates the slope of the other terms. In
particular, substituting u = 0 yields T (x) = «|x| + ex/2. Hence there are infinitely
many (even continuous) solutions to the shifted Bellman Equation (3.6) (although the
associated optimal feedback policies happen to be the same). We remark that because
of Theorem 4.4 this implies that the problem is not strictly dissipative. Applying the
T iteration from the ¥ = 0 initial condition and converges in one step to a fixed
point of the type previously considered, in particular for « = € = 0.1. The final fixed
point depends in a non-trivial way from the initialisation. For instance, applying the T
iteration from some non-monotone function ¥ (x) = — sin(x) + 2 cos(3x) converges
to a fixed point of different shape, hinting at some even stronger variety of possible
steady-state solutions, see Fig. 7.

7.2.2 Example with Multiple Optimal Feedback Policies
We consider the following scalar linear system:
xt=x+u (7.1
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Fig. 8 Multiple solutions of A
Bellman Equation

along with the state constraint X = [—1, 1] and input constraints U(x) = [-1—x, 1 —
x]. We consider a piecewise linear stage cost defined as:

Cx,u) =1—|x| + |ul/2. (7.8)

Notice that, for each given x € X, u = 0 minimizes the stage cost and makes x into
an equilibrium for the system. Hence, maximizing |x| so as to minimize ¢, the optimal
average performance is achieved for the equilibrium solutions x = =1 provided a
zero input is applied. Consider the following terminal penalty functions:

Vi) =1— x|+ (1+x)/2
Ya(x) =1 —[x[+ (1 —-x)/2 (1.9)

As seen in Fig. 8, the functions y; and ¥, assign different terminal costs to the two
optimal equilibria. In particular ¥r; favours —1, with O terminal cost, while v, favours
+1.

Both functions fulfill the Bellman Equation. In fact:

Iell}ji?)ﬂ(x,u)Jrlﬁl(f(x,u)) ]1—IXI+|M|/2+[1—IX+MI

ue[—1l—x,1—x
+(1+x+u)/2
1 — x|+ (1+x)/2,

which is achieved for u7(x) = —1 — x. Similarly one can show that u3(x) =1 — x
achieves the optimum for 1, and that ¥, is a solution of the Bellman Equation. Notice
that:

A 3
Y (x) = Z (1 = |x]) = min{y (x), Y2.(x)}

is also a legitimate choice of terminal penalty function. In fact, this is the infimum
element in W, and is therefore the terminal penalty function that corresponds to the
cheapest infinite horizon transient cost. As shown in Proposition 4.1, feedback policies
corresponding to different solutions of the shifted Bellman Equation, share the same
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infinite horizon average cost. Notice, in addition, that for any constants ¢ and ¢, the
function:

¥ (x) = min{yr; (x) + c1, Y2 (x) + c2},
solves the shifted Bellman Equation. In fact, in this case, it can be shown that every

solution of the shifted Bellman Equation is of this form. This result is likely to admit
an extension to more general control set-ups.

7.3 Regularity of Fixed-Points of Bellman Equation

The following examples are meant to illustrate potential discontinuity and unbound-
edness issues of the fixed-point of the (shifted) Bellman Equation.

7.3.1 Example With Lower Semi-Continuous Solution of the Bellman Equation
Consider the following bilinear scalar system:
+_

xT=x(14u) (7.10)
with state taking values in X = [—2, 2] and input constraints:

Ux) =[-2,0].
Let the stage cost be piecewise linear defined according to:

L(x, u) = max{0, x} + |u].

Notice that for # = 0 every point is an equilibrium. Hence, simply letting u = 0
whenever the initial condition is < 0 achieves the minimum average cost. If the initial
condition is positive, the best control action is # = —1. Indeed, an input u < —1
is needed in order to leave the set of positive states and enter the negative semi-axis,
where the optimal average performance can be achieved. Hence, the best choice, given
the penalty || on inputs, is to have u = —1. Moreover, waiting to apply such a control
action does not pay off as the same cost will need to be incurred at some point in

the future in order to switch to negative states. The following function is a lower
semi-continuous solution of the associated Bellman Equation:

0 ifx<O0
1’”(x)z{l—i—xifx>0

which is achieved for the following control policy:

e |0 ifx<0
u(x)_{—lifx>0
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. 3
Tk

25

Fig.9 Iteration of i‘kl/f and f’klj/

We show in Fig. 9, how the iterations of the operators T and T behave when initialised
from ¥ (x) = 0.

It is worth pointing out that while both sequences seem to asymptotically approximate
the correct ‘shape’ of infinite-horizon cost, the theory confirms that T* ¥ (x) cannot
be bounded, since its pointwise limit is known to be at least upper semi-continuous,
which is not the case for the solution in the considered example. Essentially two
possibilities are left: numerical round-off errors make T converge to something that
looks approximately correct or f‘kI/r diverges to —oo, though very slowly.

7.3.2 Example With Unbounded Infinite Horizon Cost
Consider the following bilinear scalar system:
xt = xu (7.11)
with state x € [0, 1] := X and u € [1/2, 1]. Consider the stage cost:
C(x,u) =|u— 1]+ |x]|. (7.12)

We claim that the optimal average cost is 0. In fact, the control sequence u(¢) = 1/2
fort =0...K—1landu(¢) = 1fort > K yields: x(K) = x(O)/2K,andx(t) =x(K)
for r > K. Notice that £(x (1), u(t)) = |x(0)|/2X <= 1/2X forall r > K. Hence the
average cost can be made less or equal than 1/2X for any positive integer K, and this,
together with the inequality £(x, #) > 0, proves 0 optimal average cost. We show next
that the optimal cost is unbounded.
By induction, x (k) = x(0) ]_[fz_(} u(t). For the infinite horizon cost to be bounded we
need to find an input such that x (k) — 0 as k — +00. Hence, the input needs to fulfill
f;ol u(t) — 0. On the other hand:

k—1
[Tuw = e 210 log(u(t)
t=0
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and therefore, for the cost to be bounded we need:

k—1

Zlog(u(t)) — —00
t=0
as k — +o00. However, on the interval [1/2, 1], concavity of the log function yields:

log(u) > log(2)(u — 1).

Using the inequality above shows:

k—1 k—1
Y log(u(®) = log(2) Y (u(r) = 1).
t=0 t=0

As a consequence, for the infinite horizon cost to be bounded we need:

k—1

Y W@ — 1) » —oo,

t=0

as k — 4o0. This, however, contradicts boundedness of the cost as £(x, u) > 1 — u.
It is worth pointing out that the optimal steady state for the considered example is
xs = 0 and uy = 1. This steady state is not reachable in finite time, though. Notice
also that this is trivially a dissipative system with storage function A(x) = 0 due to
the non-negativity of the cost. As a consequence no bounded solution of the shifted
Bellman Equation exists.

7.3.3 Example With Continuous and Discontinuous Solutions

Consider the autonomous nonlinear system:

along with the cost functional £(x, u) = 0. Choose X = [—1, 1] which is a forward
invariant set for the dynamics, with 3 equilibria in —1, 0 and 1 respectively. The
equilibrium in O is antistable, while the equilibria in -1 are asymptotically stable with
basin of attraction (0, 1) and (—1, 0) respectively. Clearly, ¥ (x) = 0 is a solution of
the Bellman Equation. Any function of the form:

c1x<0
Yx)=q3cx=0

c3x >0

is also a solution. Consider next an arbitrary continuous increasing initialisation of
of the T and T maps. It can be seen that T is also increasing, as f(x) is such in
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Fig. 10 Numerical T*x iteration A~ 1r
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the interval [—1, 1]. As a consequence f"w anq Txp are also increasing. Moreover,
Ty (0) = ¢ (0) and Ty (£1) = ¢ (£1). Thus, Ty (0) — Tlﬂ( D =v(0) —y (-1
and TI/I(]) — TI/I(O) ¥ (1) — ¥ (0). By induction then, Tk ¥ (x) is increasing with
respect to x for all k£ and so is Tkw(x) It can be shown that for ¢ (x) = x it holds
c(T*y, TT*y) = 0 for all k. In particular, 7%y converges to:

A —-1x<0

¥(x) = { X x>0

Numerical simulations indeed confirm this claim, see Fig. 10. This shows that even
if 7 (or T') admit continuous fixed points, the iteration of T* Y does not necessarily
converge to a solution of the Bellman Equation. Similarly, considering the iteration
Tky, for the same initial function ¥ (x) = x, it holds c(T*y, TT*y) = 0 for all k
and T*y converges to:

7.3.4 Example With Upper Semi-Continuous Solution

We slightly modify the previous example to include a scalar control input and induce
an upper semi-continuous solution. Consider the nonlinear system:

with state-space X = [0, 1], scalar input u constrained in U(x) = [0, 1] along with
the cost functional

Lx,u)=1lu—1]— f(x,u) +x.
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Fig. 11 Numerical Tk (—x)
iteration

Notice that:

T-1 T-1
D ek, u() = x(0) —x(T) + Y |ulk) = 1.
k=0 k=0

Hence, the optimal average performance is 0, achieved for u(-) = 1. The function ¥
defined below:

- =2+ xforx €(0,1]
‘“x)—{o forx =0

is a solution of the Bellman Equation. To see this, notice, assuming x # 0:

Ty (x) = ugg(i)nl] lu— 1] +x — f(x,u) + ¥ (f(x,u)
= min {1 +x + v(0), ueifbfu lu—1+x — fx,u) +¥(f(x, u))}

:min{l—i—x—i—t/_f(O), inf |u—1|+x—2] = —2+x.
ue(0,1]

For x = 0, itis easy to verify 7 (0) = 0. We show in Fig. 11 the iteration converging
to . Notice that, despite ¥ being upper semi-continuous, not admitting a minimum
in [0, 1], and the discontinuity point x = 0 being reachable from all states in X within
a single step, still the minimum in the definition of the operator T/ is achieved. More
in general we see that the iteration T* Y converges, forx > 0, to ¥ (1) — 1 4 x.

We don’t have any examples of optimal control problems where the only solutions
are upper semi-continuous (and not continuous), or where the minimum T is not
achieved. 1t is worth pointing out that ¥ (x) = x is also a solution of the Bellman
Equation.
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7.4 Complex Optimal Regime of Operation

We consider examples where the optimal average performance is not achieved at
steady-state, but for more exotic type of behaviours. It is worth pointing out that dealing
with a terminal penalty function allows to treat such examples without the need of
an a priori known terminal absorbing state or terminal absorbing set. Moreover, the
optimal regime of operation does not entail a constant (or zero) optimal stage cost in
steady-state.

7.4.1 Example With Chaotic Optimal Regime
Consider the scalar nonlinear system:
xT=ux(1—x) (7.13)

with scalar state x € X := [0, 1] and input u € U := [0, 4]. We consider the stage-
cost:

C(x,u) = x% — [ux(1 — x))? + |u — 18/5].

Notice that £(x(k), u(k)) = x(k)*> — x(k + 1)?> + |u(k) — 18/5|. Therefore, along
arbitrary solutions we have:

T—1 T—1
D ek, uk) = x(0)* —x(t)* + > |ulk) — 18/5].
k=0 k=0

In particular, computing asymptotic time averages we see:

o Tl ter . uk) L xO)F —x(0) + Y k) — 18/5)

T—+400 T T—>+400 T

—1
-1
— lim Zk:0|u(k) 8/5|'

T—+400 T

The optimal average performance is therefore 0, and is achieved for instance, for any

input u (k) converging to 18/5. Notice that for # = 18/5 the considered dynamical
system is known to have chaotic solutions. Moreover u(k) = 18/5 is potentially
an optimal infinite horizon control policy. This policy corresponds to the solution
¥ (x) = x? of the Bellman Equation. Indeed,

Ty = min x> — [ux(1 —x))* + |u — 18/5] + ¥ (ux(1 — x))
uel0,4]
. 2 2 T
= —18/5|=x> = )
urel%(l)&]x + |u /5l =x"=¥(x)

Numerical solution using the T operator is shown in Fig. 12, starting from two distinct
initializations, ¥ (x) = 0 and ¥ (x) = sin(4x). The optimal average performance is
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3

25

Fig. 13 Iteration using the T operator from ¥ (x) = 0 and ¥ (x) = sin(4x)

correctly estimated to be 0 and Tk ¥ converges to a shifted version of x2 in both cases.
The numerical solution using the T operator is slightly different and is shown in Fig. 13.
While it is hard to write an explicit analytic solution of the limiting function, due to
the presence of somewhat unexpected spikes, we believe that the numerical result hint
at the presence of multiple solutions to corresponding the Bellman Equation. These
solutions match x? for most of the interval [0, 1] but appear to allow for piecewise
linear spikes that might correspond to transient costs in regions which are not visited
by the chaotic attractor. It seems more plausible that these be true solutions rather
than artifacts due to numerical approximations. The optimal average performance is
identified with very good precision in both cases. In particular, for the T iteration
the error is lower than 107!, See Fig. 14 for the shift sequence achieved for the T
operator when ¥ (x) = 0.

7.4.2 Two-Dimensional Example With Periodic Optimal Regime

We consider next the following two-dimensional linear system:

x+=|:_01 é]x—f-[é} u, (7.14)
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Fig. 14 Sequence 0.15
c(Tky, TT ), for y =0 c j
0.1
l
0.05 ‘L .
U
0 _—
-0.05
-0
-0.15
02
025 :
0 50 100 150 200 250

Fig. 15 solution of the 2d
Bellman Equation

with state x € X :=[—1, 1]%, and inputu € U(x) :=[—1—x2, | —x2]. Consider the
stage-cost

00, u) = |u) + x% — |x1]/2.

Notice that this cost is not positive definite. In particular, the optimal average per-
formance can be expected to be negative, as the zero solution is feasible with zero
input, yielding 0 average cost. However, the stage cost can be made negative for some
values of x; # 0. The zero-input responses of the system are (feasible) period 4 oscil-
lations. Moreover the system is controllable, which guarantees an optimal average
performance independent of the initial condition (and regardless of the adopted stage
cost £(x, u)). We show in Fig. 15 a solution of the shifted Bellman Equation. The
iterations resulting from the T operator and the T operator starting in ¥ = 0 are
shown in Fig. 16.

7.5 Inefficiency of Exponential Discounting Factors

We end our example section with an example of a discounted optimal control prob-
lem, which shows that ensuring well-posedness of infinite horizon optimal control
problems by means of discounting can have unwanted side effects, making the pro-
posed approach via the shifted Bellman Equation an attractive alternative. To this end,
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Fig. 16 Iterations of the 2d T operator (left) and of the 2d T operator (right)

we consider a scalar infinite horizon linear quadratic optimal control problem with
exponential discounting. In particular, the system’s dynamics are given as:

xT = (x +u)/2, (7.15)
with x and u taking values in R. The stage cost is:
0x,u) = (x — D> + u>.

Since this choice will not give rise to bounded costs over an infinite horizon we use a
discounting factor y € (0, 1):

+o0
Jy = Zyke(x(k), u(k)).

k=0

The optimal infinite horizon cost fulfills the following Bellman Equation:
J;(x) = Zneilgﬁ(x, u) + yJ;f(f(x, u)).
It is possible to show that this equation admits a solution:
J;(x) =ax>+Bx+8
where «, $ and § fulfill the conditions:

ay) =y =2+y*+4

_ 2a(y)y+8

B) = —3Gyvaay
5(y) = deWrtlo—plpy?
V) = TGaGHy+16)d—y)

The optimal feedback is affine in x and expressed as:

By +ayx

* —_ —
ux) = ay +4
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Fig. 17 Equilibrium x, as a 0.6
function of y in [0, 1] Te(7)
05t
04 / dl
03t g
pd
02t e
,//
01t -

This feedback globally asymptotically stabilizes a unique equilibrium x,(y):

By

(V) =—5———.
20(y)y +4

Notice that the optimal average performance is achieved at equilibrium, for x = 1/2
and u = 1/2, which yields V¢%¢ = (1/2)?> 4+ (1/2)> = 1/2. On the other hand,
the equilibrium x.(y) only approaches the value 1/2 as y — 1 (see Fig. 17). This
shows that the long run average performance achieved by introducing a discounting
factor is in general suboptimal. Moreover, the discounting factor introduces a non
existent trade-off between optimising transient cost and steady-state (average) costs
which persist for y arbitrarily close to 1. This trade-off can be avoided by the approach
pursued in this paper. On the other hand, any feedback u = k(x) (for instance affine,
u = k1x + k) which stabilizes the equilibrium 1/2, clearly achieves optimal average
performance (and is therefore optimal with respect to the cost functional J2'8), but, at
the same time, it is not necessarily optimal from the point of view of transient costs. We
refer to [28—-30] for more examples of this kind and an in-depth study of the stability
properties of discounted optimal equilibria. On a related note, [31] highlights how, by
suitably adapting the stage cost, discounted and undiscounted formulations in Markov
Decision Processes can yield the same optimal control law.

8 Conclusions and Outlook

Two novel recursion operators are proposed for the simultaneous computation of
value functions and minimal average asymptotic cost in discrete-time infinite horizon
optimal control problems. The recursive formulas can be readily applied when average
asymptotic cost is independent of initial conditions, a situation referred to as the
ergodic case in [22]. The approach renders dynamic programming techniques invariant
with respect to additive constants on the stage cost, as it is naturally the case in the
finite horizon case, for infinite horizon control problems. The recursions converge,
under fairly relaxed technical assumptions, to solutions of a shifted Bellman Equation,
whose shift value is not a priori determined but is asymptotically computed alongside
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the value function. The approach removes the need for absorbing states and zero cost
conditions on the absorbing sets which have often hindered the applicability such
techniques, or the need for discounting factors which introduce unnecessary trade offs
between transient cost and asymptotic average performance. While the approach is
developed for the case of deterministic systems only, its extension to stochastic settings
appears of potential interest. Finally, this may serve as a first step in understanding the
more general question of a shift-invariant approach to infinite horizon optimal control
problems in the non-ergodic case, [22, 32].
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A Appendix: Technical Results

In order to analyse the convergence properties of the newly introduced operators T
and T it is useful to explore inequalities involving the max and min operators applied
to a finite set of functions. The next two lemmas provide such tools.

LemmaA.1 Let ; € C(X) fori =1, ..., N. Then, the following holds:

max max X) — min max i(x) < max max V; (x) — min y; (x .
xeX iefl,..,N} Vi) xeX ie{l,.. 1//1( )_ie{l,...,N}{xeX Vi) xeX Vil )}

Proof Let x* in X be such that:

Yr(x™) = max max Ilfi(x),
xeX ie{l,..

for some 7 in {1, ..., N}. By monotonicity of the min operator, we see that:

min max w, (x) > mm Yr(x).
xeXiefl,..

Combining the latter inequality with the previous equality yields:

max max X) — I’l’llIl max i (X
max, _ma }W,( ) cina %( )
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= ¥i(x7) — miny(x) = max y; (x) — min y; (x)

< maxN} {max Yi(x) — IXIlGislgl vi (x)} .

iefl,..., xeX
O
The following lemma provides a similar bound for the min operator.
LemmaA.2 Let v, be continuous functions of x € X, fori = 1,..., N. Then the

following holds:

max min ;(x) —min min i (x) < max max ¥; (x) — min ¥ (x) ¢ .
xeX iefl,...,N} Vi) xeXie{],,..‘N}lm( )_ie{l,...,N}{xeX Vi () — mig i )}

Proof Let x* in X be such that:

(x*) = min  min (%),
vile) xeXie(l,..., N}wl()

for some 7 in {1, ..., N}. By monotonicity of the max operator, we see that:

max min i (x) < max y;(x).
xeXie{],...,N}wt( )= xex Vi)

Combining the above inequalities imply:

max min ;(x) —min min i (x
xeXie{],...,N}wt( ) xeXie(l,...,N) Vi)

= max i (x) — Yi(x7) = max ¥; (x) — g&l Vi (x)

< max max ¥; (x) — min y; (x) ¢ .
= iell,... N}{xexwl() g Vi )}

O

Existence of solutions of the shifted Bellman Equation can be used to establish
useful upper and lower bounds on the rate of growth of the T* operator applied to any
initial condition ¥ € C(X). This is stated in the following lemma.

Lemma A.3 Assume that there exists a continuous solution W to the shifted Bellman
Equation, viz. T = ¥ + ¢, for some ¢ € R. Then, for any positive integer k, and any
function ¥ € C(x), the following holds:

THY (x) < ¥ (x) + ke + max [y (x) = ¥ (x)]
TE (x) = ¥ (x) + ke + min[y (x) - ¥ (0)].
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Proof To see the first inequality, notice:
Y = P (@) + max[y () — ¥ ()],

Hence, exploiting monotonicity of the min operator we get:
k—1

k
Iy (x) = u()xl(%l?(())f ZE(X(k) u(k)) + ¥ (x (k)

k—1
S Ze(x(k) u(k)) + 9 (e (k) + max [y (x) = ¥ (x)]

=¥ (x) +kc+ r;lgg[w(X) — Y ()]

The second inequality can be proved along similar lines. O

A direct consequence of Lemma A.3 is that:
max 79 (x) — min Ty (x) < [rggg ¥ (x) = min 1/3<x>}
+ [maX[w(X) ¥ ()] — minly (x) - Jr(x)]} :

Moreover, we can state the following corollary:

Corollary A4 Assume there exists a continuous solution V to the shifted Bellman
Equation, viz. Ty = ¥ + ¢, for some ¢ € R. Then, for any € C(X) the following
holds:

. TRy (x)
lim =
k—+00 k

Proof The result follows dividing by k both sides of the inequalities in Lemma A.3,
and taking the limit as k — +o0. O

Notice that, by construction, if the sequence Tk Y isbounded it converges to an upper
semi-continuous function. Analogously, if T*y is bounded it converges to a lower
semi-continuous function. If a continuous solution of the shifted Bellman Equation
exists, both iterations might be suitable for determining such function, however, if
no continuous solution exists, then it is not a priori clear which operator might be
most suitable for the analysis. In fact, solutions of the shifted Bellman Equation might
be both upper or lower semi-continuous (or neither), despite the operator 7' being in
principle defined only on lower semi-continuous functions.

The next lemma shows that iterates of the T operator have a bounded excursion
between their maximum and minimum value, provided a continuous fixed-point of the
Bellman Equation exists.
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LemmaA.5 Assume that there exists a continuous solution to the shifted Bellman
Equation, viz. Ty = ¥ + c, for some ¢ € R. Then, the solution T*y fulfills the
bound:

max 5y (x) — min Thy (x) < [rgg}g Vx) — min &(x)}
+ [maxWx) — ¥ ()] — min[¢ (x) — Jf(x)]] .
xeX xeX

Proof To see this, notice that, by the min-commutativity property, a simple induction
argument shows, Tkw(x) = minye(o,... k) ThI//(X) + ¢y, for suitable values of ¢, € R
and cp = 0. By Lemma A.2 we have:

Tk — min 7% < T! [T .
max Y (x) min V(x) < {Illaxk}{r;lgg[ Y(x) +ci] — ml;gl 1/f(x)+cz}

iefl,...,

Canceling out the constant terms and exploiting Lemma A.3 yields:

=< [I;lgg vx) — I,}EQ 1P(x)] + [I;lgg[w(ﬂ — ¥(0)] — min[y(x) — W(X)]} .

This last inequality completes the proof of the lemma. O

Our subsequent analysis will rely on a combination of monotonicity and Lyapunov-
based arguments. To this end it is useful to show that T and T operators yield non-
increasing iterations according to suitable Lyapunov functionals. Exploiting Lemma
A.2 yields the following:

Lemma A.6 Assume that there exists a continuous solution to the shifted Bellman
Equation, viz. Ty = ¥ + ¢, for some ¢ € R. Define the Lyapunov functional:

V() = max[y (x) — ¥ (x)] — min[ (x) — ¥ (x)]. (A1)
xeX xeX
Then, for any continuous \ the following holds:
V(Ty) < V(). (A2)
Proof Let v € C(X) be arbitrary. The inequality can be derived as follows:
v(dy) = max [Ty () = F0o] = min[ Ty 00 — 0]
= max | min{y(x), Ty (x) + e, TY)} = ¥ ()]
— min [ min{y(x). Ty (6) + e, T)) = ¥ ()]
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= maxmin{y (x) — V() TY () = ¥ (x) + e, TY))
— min min{y (x) — V() TY () = ¥ (x) + e, TY))

< max {glgg [y = 70 = min [y () — F],
max | T () = F() + ey, Ty) | = min [T9(0) = F(0) + (. Tw)]]
= max {vum, max( Ty () — T4 ()] — min[ Ty (x) - T&(xn} < V).

where the first inequality follows by Lemma A.2, and the second follows because

d(Ty, Ty) <d(, ¥). o

Lemma A.7 Assume that there exists a continuous solution to the shifted Bellman
Equation, viz. Ty = ¥ + ¢, for some ¢ € R. Define the Lyapunov functional:

V() 1= max[y (x) — ¥ (x)] — min[ (x) — ¥ (0)]. (A.3)
xeX xeX
Then, for any continuous r the following holds:

V{TY) = V). (A4)
Proof The inequality can be derived as follows:
V(Tw) = max [Ty ) - ¥ @) | - min [Ty ) - P @)
= max max{y (). TV () + c(0r. T¥)} = ¥ ()
— min max{y (). TV (x) + (¥, T9)} = ¥ ()
= max max{y (x) = § (1), TV () = ¥ () +c(hr. TY))
— min max{y () = ¥ (). TY () = () + (¥, TY))

< max {r)fleag [V () —vx)] - min [v(x) — v ()]
max [ 79 (x) = ¥(0) + (¥, Ty) | = min [ Ty () = ) + (v va)]}
= max {V(w max[ T (x) — T ()] = minTy (x) - TW)]} < V@),

where the first inequality follows by Lemma A.1, and the second follows because

d(Ty, Ty) <d(, ¥). o

An alternative Lyapunov functional for the operator T can be stated as follows:
W) :==dW, Ty). (A.5)
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The following lemma proves that this is non increasing along iterations of T().

Lemma A.8 Consider the function W () defined in (A.S). For any real valued con-
tinuous function ¥ : X — R the following holds:

W(Ty) < W).

Proof To prove the lemma consider the following inequalities:

TY () +c(, TY) —d(, TY) < Ty (x) < TY(x) +c@, TY), VxeX.
(A.6)

In addition, by definition of f‘lﬂ, we see that:
Y(x) —d(p, TY) < Ty (x) < ¥ ).

By monotonicity and translation invariance, applying the T operator to all sides of the
former inequality yields:

Ty (x) —d(, Ty) < TTy(x) < Ty (x), Vx e X. (A7)

We are now ready to estimate W(f Y¥) by combining inequalities (A.6) and (A.7):

. 1 . . . .
WTy) =3 (I;gg[TW(X) —TTY)(x)] - fcneislgl[Tw(x) - TT(I#)(X)])
1
=3 (r)%)g[Tl/f(X) + (. TY) =Ty (x) +dW, TY)]

—min[TY (x) + c(b, TY) —d (. TY) — Tl/f(x)])
=dY. Ty) =WH).
O

Remark A.9 The same argument used to prove Lemma A.8 can be used to prove the
following decoupled inequalities:

max[Ty (x) — TT¥ (x)] < max[(x) — T (x)] (A.8)
xeX xeX

and:
;rgg[fw) —TTYy(x)] > min[y (x) — Ty (x)] (A.9)

Our analysis indicates that regardless of whether the sequence of functions Tk ¥(x)
converges, the real-valued sequence of shifts applied, c(T*y, TT*y) is always
bounded and convergent.
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LemmaA.10 The sequence c(f‘k v, TTk ¥) is bounded and convergent, viz. there
exists Coo € R such that:

lim o(T*y, TT"Y) = ¢so.
k—+o00

Proof By induction, and Remark A.9 we have that the real-valued sequence:
maxxeX[T Y(x) — TTktﬂ(x)] is monotonically non- 1ncreasmg, (and bounded from
below by mingex[T5y (x) — TT*y (x)]). Similarly, mingex[T5y (x) — TTktp(x)]
is monotomcally non-decreasing (and bounded from above by maxxeX[T Yx) —
TTklp(x)]). Hence, both sequences admit a limit:

M = lim max[T*y(x) — TT ¥ (x)]
k—+o00 xeX
m = lim mln[TkI//(x) TT Y (x)]
k—+o00 xeX
By definition of c(fkl/f, Tfkw) we see that:
lim c(T5y, TT*Y) = (M +m)/2 := éo,
k——+00
which completes the proof of the lemma. O
We turn next to establishing similar inequalities for the T operator.

Lemma A.11 Consider the function W definedin (A.S). For any real valued continuous
function ¥ : X — R the following holds:

W(Ty) < Wp).
Proof To see the inequality consider that we have:
Ty () +c(W, TY) < TY(x) < TY () + e, Ty) +d(, Ty), Vx e(8.10)
In addition, by definition of T, we see that:
Y(x) < TYE) <Y ) +dy, TY)

By monotonicity and translation invariance, applying the T operator to all sides of the
former inequality yields:

Ty() <TTY(x) < Ty(x) +d@, Ty), VxeX. (A.11)

We are now ready to bound from above W(flﬂ) by combining inequalities (A.10) and
(A.1D):

W(Ty) = (max[w(x) Tf(wxx)]—ggg[fw(x)—Tf(w)oc)])
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1
=3 (r)fleag[Tl/f(X) +cW, TY) +dW, TY) — Ty (x)]

—min[TY (x) +c(b. TY) = Ty (x) —d(¥, TW])
=dW, Ty) = W).

O

Remark A.12 The same argument used to prove Lemma A.11 can also be used to prove
the following decoupled inequalities:

max[Ty (x) — TTy(x)] < max[y(x) — T (x)] (A.12)
xeX xeX

and:
mi}rgl[fw(x) —TTy(x)] > min[y (x) — Ty (x)] (A.13)

A similar proof as in Lemma A.10 allows to conclude the following result:

Lemma A.13 The sequence c(]v"kl/f, TT’%//) is bounded and convergent, viz. there
exists Coo € R such that:

lim o(T*y, TT*y) = éw.
k—+00

It seems important to relate the value of Co, and o, With the optimal average
infinite horizon cost, viz. VY. The following result shows that —¢, is always an
upper-bound to the optimal average cost.

Lemma A.14 Assume that a solution of the shifted Bellman Equation exists, viz. Ty =
Y + c for some ¢ € R. Then, for any ¥ € C(X) it holds:

¢+ éso < 0. (A.14)

Proof We argue by contradiction. Assume that ¢ 4+ ¢o > 0. Then, there exists ¢ > 0
and Q € N such that:

c+ Ty, TT*y) > e >0 (A.15)
for all k > Q. Moreover, there exists N € N such that for any x € X

Ne > —ineig[fQW(X) — Y] =P + ¥ (x). (A.16)

We claim that, under such assumptions, T 4y (x) converges to a fixed-point within a
finite number of iterations. In fact, for any m > N we see that:

T2y (x) = T™(T 9y (x))
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= min {7779 i T5HQy, 77512
IE{I(I)I}.I.I.m] { 1//(X) + Sg{(),l,f.rllrllrll},\ﬂ:r |:Z e v \[I)

ses
= min {TTfQW(x)—i- min
7€{0,....N} SC{0,1,....N—1},|S|=t
[Zc(f”Q ¥, Tf”%} } :
ses

where the last equality holds because for T > N application of Lemma A.3 and
inequality (A.15) yields:

T Ty (x) + min Zc(f”Qw, TT5HCy)
em—1},|S|=t oy

> Y (x) +te+ meig[f%(x) — Y]+t —0)

=Y (x) + e +§nei§r§1[wi(x) — )] = Yx).

Hence 72+N Y(x) = limg 400 f”kw(x) where convergence is in a finite number of
steps (uniform over x € X). Moreover,

T2 Ny (x)) = T2V yx) = T2y (x).

Therefore, T72+N Y (x) is a (continuous) fixed point of the T operator, and by virtue
of Proposition 3.4 it is a solution of the shifted Bellman Equation for some ¢ =
—c(T2Ny TT 2N y). This implies ¢ 4 ¢« = 0, which is a contradiction. o

Whenever the sequence f‘kw is pointwise convergent, one can show that also the
converse inequality holds, and therefore —co, equals the optimal average performance.
The next lemma is instrumental in deriving such result.

LemmaA.15 Let Jiy(u) : U — R be a monotonically non-increasing sequence of

continuous functions, converging pointwise to J(u), and let U be a compact set. Then
the following holds:

lim min Ji () = inf J(u).
k——+o00 uel uel

Proof Remark that the function J is upper semi-continuous, but not necessarily lower
semi-continuous. Hence its minimum might, a priori, not be well-defined. By mono-
tonicity of the minimum operator:

min Ji (u) > min Jiy1 (),
uel uel
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for all k¥ € N. Hence, the limit limg_, 4o min, ey Ji (1), exists. Moreover, by mono-
tonicity of the inf operator we see:

. — . f > . f o)
min Ji (u) = inf Jp(u) = inf J(u),
which holds for all kK € N. Letting k£ go to infinity in the previous inequality shows:
lim min Ji(u) > inf J (u).
k—+o00 uel uecl

We need to show the converse inequality. To this end, denote by u, any sequence in
U such that J (u,) — 27" <inf,cy J (u). Clearly, for any n, there exists k,, > n such
that Ji, (u,) < J(u,) +27". Overall we see:

inf J(u) > J(up) —27" > Ji, (up) — 227" > min Jy, (u) —2-27".
uel uel
Letting n go to infinity in the previous inequality yields:
inf J(u) > lim min Jy(u).
uel @) 2 k— oo uel k)
This completes the proof of the lemma. O

It is sometimes useful to consider the extension of operator 7 to functions v
bounded from below (and non-necessarily continuous). To this end, if ¢ : X — R is
bounded from below, we denote by 7y the following:

Ty(x)= inf £L(x,u)+ ¥ (f(x,u).
uel(x)

Lemma A.16 Assume that the function Tk Y (x) converges pointwise to I/Af(x), bounded
from below. Then the following holds:

V) < TP + oo
Proof To prove the lemma notice that:

Yo = lim Ty @)
k—+00
= lim min{T*y (x), TT*y (x) + ¢(T*y, TT*y))
—+00
< lim TT Y (x) + c(T*y, TT ) = Ty (x) + Coo.
—+00
where the last equality follows by applying Lemma A.15 to the sequence of x-

parameterized functions Jy (x, u) := €(x, u) + f"klp(f(x, u)). O

We are now ready to prove the converse inequality.
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Lemma A.17 Assume the sequence f"klp(x) to be pointwise convergent to some
bounded function I/I(x) If a solution of the shifted Bellman Equation exists, viz.
Ty =¥ + c for some ¢ € R and some ¥ : X — R, the following holds:

0<c+ Coo.

Proof By Lemma A.16, we see that 1/}(x) < Tl/Af + Coo- Monotonicity of T together
with shift-invariance yields, by induction for k € N:

U0 < T (x) + kéoo.
In particular then, for any continuous v > @:
U ) < THY () + kéoo
Dividing both sides of the previous inequality by k and letting k tend to infinity yields:
0 <c+Coo.

m}

A similar analysis can be carried out with respect to the iteration T* Y and the
corresponding limiting value of the shift ¢«,. As a matter of fact, not all results extend
along the same lines, due to the lack of formula (3.4). We first state the analogue of
Lemma A.15.

LemmaA.18 Let Jiy(u) : U — R be a monotonically non-decreasing sequence of
(lower semi-)continuous functions, converging pointwise to J (u), and let U be a com-
pact set. Then the following holds:

lim min J;(u) = mm J(u)
k——+o0o uel eU

Proof Note that the function J is lower semicontinuous, hence its minimum is well
defined. By monotonicity of the minimum operator:

min Ji (#) < min Ji4+1(u),
uel uel

for all k € N. Hence, the limit limy_, 4o min,cy Ji (1), exists. Moreover, again by
monotonicity of the min operator we see:

min Ji (1) < min J (),
uel uel

which holds for all kK € N. Letting k£ go to infinity in the previous inequality shows:

lim min Ji(u) < m1n J(u)
k——+o00 ucl
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We need to show the converse inequality. To this end, denote by u,, any element of
U such that J,(4,) = minycy J,(u). For any £ € N and any n > k we see that
Jn(un) > Ji(uy). In particular, then:

lim sup J,, (u,) > lim sup Ji (uy,) > J(u™)
n——+00 n——+o0o

for some limit point u* € U of the sequence u,,. Hence:

lim min Ji (1) = lim sup J,, (u,,) > Jy(u™)
k—+00 uel n——+4o0o

forall k € N, and letting k go to infinity in the right hand side of the previous inequality
yields:

lim min Jy(u) > J(u*) > min J ().
k—+o0 uel uel

This completes the proof of the lemma. O

Corollary A.19 Assume that Tk ¥ (x) converges point-wise to a lower semi-continuous
limit ¥ (x), for all x € X. Applying Lemma A.18 to the x-parameterised sequence of
cost functions:

TG, u) i= 00, u) + TEY (f (x, )
admitting the limit:
T ) v= 00 w) + 9 (f (v w)),
with u € U(x), yields the following point-wise convergence result:

lim TT*y(x) = Ty (x)
k—+00

LemmaA.20 Assume that T* Y (x) converges pointwise to a lower semi-continuous

limit tp(x),for all x € X. Then, @(x)fulﬁlls:
U () = T () + oo

If in addition the limit 1/Vf(x) is continuous, then it is a solution of a shifted Bellman
Equation.

Proof For all k € N we see:
) = Ty 0 = TT (x) + c(Try, TTHy).
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Hence, by Corollary A.19, letting k — 400 in the right-hand side of the latter inequal-
ity yields:

¥ (x) > TP (x) + oo

In addition, ifvlb € C(X) then, by Dvini’s theorem, convergence is uniform and 1Z isa
fixed point of 7 by continuity of the 7" operator in the topology of uniform convergence.
O

We are now ready to state the analogue of Lemma A.17.

Lemma A.21 Assume that the sequence Tk Y (x) be pointwise convergent to some
bounded function I/I(x) If a solution Vr of the shifted Bellman Equation exists, viz.
Ty = + c for some ¢ € R, the following holds:

0>c+ Coo.

Proof By Lemma A.20, we see that U(x) = Ty + Coo. Monotonicity of T together
with shift-invariance yields, by induction for k € N:

V() = T (x) + koo
In particular then, for any continuous ¥ < 1&:
V() = T () + koo
Dividing both sides of the previous inequality by k and letting k tend to infinity yields:
0> ¢+ Coo.

m}

A stronger claim can be achieved when the f“kw and Yv“kw sequences admit a
continous limit.

LemmaA.22 Letyr(x)bea contmuousfunctlon and assume that T* ¥ (x) (or Tk ¥(x))
converges point-wise to a continuous limit l/f(x) ( I/f (x), respectively ). Then, I// ( w

respectively) is a solution of the shifted Bellman Equation. (a similar argument holds
forT).

Proof By construction f‘kw is monotone non-increasing with respect to k. Hence, by
Dini’s Theorem, convergence to v is uniform. The result follows by continuity of the
T (.) and c(., .) operators with respect to the topology of uniform convergence. O

The convergence properties of Tk Y and T* Y sequences will be established through
a combination of Lasalle-style and monotonicity-based arguments. The following
lemmas are crucial to understand the implication of certain Lyapunov functionals
being constant along iterations of the Tand T maps.
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Lemma A.23 Let  be a continuous function such that:
min Ty (x) — TTy(x) = miny (x) — Ty (x).
xeX xeX

Then the following holds:

e the sets achieving the minimum are nested:

arg min f"w(x) — Tf"lp(x) C argmin ¢ (x) — T (x)
xeX xeX

e the operator T does not alter the value of ¥ in the arg min set:

Vm) =TV (xm) Yam € argmi}rgl Ty (x) =TTy (x)
xe

o TTY(xm) =TV (xm) forall x, € argmingex T¥ (x) — TTy (x).
Proof To prove the lemma notice that inequality (A.9) holds, and can be derived from
the following inequalities: 77Ty (x) < Ty (x) and TY (x) > Ty (x) +c (¥, TY) —

d(y, Ty). If (A.9) is an equality, both previous inequalities need to be fulfilled non
strictly for any x,, € argmin,ex 7 (x) — T T (x). Hence, it holds:

T (xpm) = T (xp) 4+ c (W, TY) —d (W, TY),
and
TTY(xm) = TV ().

Since d(yr, Tyr) > 0, the first equality proves that f"w(xm) = ¥ (x,,). Moreover, by
assumption:

min (x) = T (x) = TY m) — TTY () = ¥ () — TV ().

This shows that x;,, € arg miny,ex ¥ (x) — Ty (x). Since x;;, was arbitrary to start with,
inclusion of the arg min sets follows, which concludes the proof of the lemma. O

Corollary A.24 Assume that a continuous solution \ of the shifted Bellman Equation
exists. If for some continuous W and all k € N it holds

min 75y (x) — TT*y (x) = min ¥ (x) — Ty (x) (A.17)
xeX xeX

then, limg_, 100 T*V exists and is an upper-semicontinuous function.
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Prooii By virtue of Lemma A.23, if equation (A.17) holds there exists x,, € X such
that Tkl//(xm) = ¥ (x,,) for all k € N. In particular,

max TR (x) = T*Y (xn) = ¥ () > min ¢ (x),

which in combination with the inequality proved in Lemma A.5 and existence of a
solution of the shifted Bellman Equation implies boundedness and pointwise conver-
gence of the T iteration. Moreover, as TXv is non-increasing the limiting function is
upper-semicontinuous. O

A symmetric argument can be used to establish the following lemma.

Lemma A.25 Let i be a continuous function such that:
max Ty (x) — TT¥ (x) = max ¥ (x) — Ty (x). (A.18)
xeX xeX

Then the following holds:

e the sets achieving the maximum are nested:

arg max Tw(x) — TYV"Ip(x) Cargmax ¥ (x) — Ty (x)
xeX xeX

e the operator T does not alter the value of ¥ in the arg max set:

V) =T (xm) Vg€ arg max Ty (x)— TTy(x)

o TTY(xy) =TV (xn) forall x, € argmaxyex T¥ (x) — TT Y (x).
A version of Corollary A.24 can be proved for the T operator.

Corollary A.26 Assume that a continuous solution W of the shifted Bellman Equation
exists. If for some continuous W and all k € N it holds

max TFy (x) — TT Y (x) = max (x) — Ty (x) (A.19)

then, limy_s 400 Tklﬂ exists and is a lower-semicontinuous function.

Proof By virtue of Lemma A.25, if equation (A.18) holds there exists x,, € X such
that 75 (x,n) = ¥ (x,) for all k € N. In particular,

min 759 (x) < T59 (xn) = ¥ () < max ¥ (x). (A.20)
xeX xeX

We show next that the sequence Tkl// is bounded from above:
max 749 (0) = max[T*y (x) = ¥ (x) + ¥ (0)]
xeX xeX
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IA

%»g[fkwx) — ¥ (0] + max i (x)

=d(T*y, ) + ggg[fw(x) — Y] + max ¥ (x)
i S o _

<dW,y)+ mip T Y (x) — ;r&n/f(x) + max ¥(x)

<d@W,¥) + max ¥ (x) — min V(x) + max U (x),

where the last inequality follows by (A.20) and the former one by Lemma A.7. Hence,
pointwise convergence of the T"w sequence to a lower semi-continuous function
follows by boundedness and monotonicity (viz. by Tkw being non-decreasing in k).
]

B Appendix: Additional Proofs

B.1 Proof of Proposition 4.1

Let k € N be arbitrary. By induction it is possible to see that:
T*y1 + key = 1.

The claim is trivial for k = 1. Assume this holds for k, we will show it is true for
k+1:

Ty = T(T*Y1) = T —ke) = Ty — ket =y — c1 —ker = Y1 — (k + Der.
A similar argument applies to . In particular then:

Tk .
fim VOO
k—+00 k

Moreover, we know that:
VI (xo) = THy1 (o),

for all k € N and all xo. Assume that || (x) — ¥2(x)|] < M for all x € X, which
is always fulfilled for sufficiently large M due to boundedness of | and . Then
Vk]//2 (x0) < Vk]//1 (x0) + M as it follows by remarking that the optimal solution relative
to the terminal penalty 1/ can be used as a feasible solution to estimate the optimal cost
of the problem with terminal cost ¥». A symmetric argument also yields kal (x0) <
V> (x0) + M. This shows: |V"! (x0) — V> (x0)| < M for all k. We may then divide
by k and let k go to infinity to realize:

Ve = Vo) M
lci —c2] = lim < lim — =0,
k—+o00 k k—+o00 k
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which completes our proof. O

B.2 Proof of Formula (3.4)

The formula is trivially fulfilled for & = 0, remarking that by definition ) __,(-) = 0.
In fact:

. T . =S s _ — 70
Tﬂel;g}{T ¢+rsn=1326(T v, TT lﬁ)] =y =T

seS

Arguing by induction, and assuming the formula true for an arbitrary value of k, we
can derive it for k + 1 according to the following steps:

Ty = T(Ty)

min
€0, ..., c{0,....k—1}:|S|=t

> e Ty, Tfow)]

ses

= %11n X {Tr(mln{lﬂ, TI// + C(lpa Tl/f)})

min
SC{0,....k—1}:|S|=t

Z C(YA-'S-FI w’ T'IA*S-'FI w)]

ses

7€{0,..k

min
SC{1,...k}:|S|=T

> ey, Tf%//)}

ses

— . . T* . j‘ws ’was .
%"“H{mm{ Ve Mg 2 T T

ses

T+1 N : (TS ™S
Ty + e(y, Tw)—i_sg{l,.r.l.l.}cr}lﬂS\:ch(T v, TT w)”

seS

:min{ mink}{mwr c, Min _rzc(ﬁw,ﬁw)},

ses

. 741 . s a
min [T v+ e, T¢)+SE{I’T}<I}1:|S|=TZC(T v, TT W)H

ses

SC{l,...k}:|S|=
= EISl=r (=

:min[ mink}{TTw—i— min Zc(fﬂ/f,ﬁw)},

mil}<+1} :wa e TV + SE{I,...I,Ikl}iZIIIS\=r—1 Z Ty, TTSW} }

ses

= min min T* min Ty, TTS ,
[re{o k}{ w+O¢S§{0,l,...,k}:\$|=tZC( v lﬁ)}

""" ses
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min T Y + min
re{l,... k+1} 0eSC{0,1,....k}:|S|=7

D ey, TT )

seS

=min{¥, min T* min TSy, TTS ,
iy re{l, ...k} v +OgéSg{O,l,...,k}:lS\:réC( 4 ¥

i T* i (T5y, TTY) }
T 1T+ oesc T 2V TTW)
k+1
Ty 3 eIy, TTy)

s=0

=min{Y¥, min T* min TSy, TTS ,
iy 1.k} 1p+sg{o,l,...l,k}:|S\:rZ:C( 4 2

tefl,..., oS
k+1
Ty 43 (T y, TTy)
s=0

min T Yy + min Ty, TT°
1e{0,1,..., k+1) v 39{0"*“""}:'“:’;6( v v
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