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Abstract

The study of event streams involves modelling arrival times of discrete random events.

Predictive systems for event streams infer information about future occurrences of random

events. These systems are useful for various applications such as stock trading modelling and

earthquake analysis, but the computational burdens limit their predictive power. This thesis

addresses the design and optimisation of reconfigurable predictive systems for event streams.

The first contribution of this thesis is the reconfigurable acceleration solution for the

calculations in the Hawkes point process models. We propose reconfigurable dataflow engines

for intensity evaluation and likelihood evaluation for univariate and multivariate Hawkes point

process models. We also establish an e�cient collaboration scheme between the CPU platform

and the reconfigurable accelerator to speed up parameter estimation.

The second contribution of this thesis is a novel predictive model for event streams. As

the Hawkes point process models have limited predictive accuracy and low computational

e�ciency, we propose a predictive model for event streams using regression techniques. We

derive the model from the intensity function of the Hawkes point process, but the final form

of the proposed model works without point process models. A software system based on the

proposed model reduces the prediction error by 3%–7% compared to a system based on the

Hawkes process. A hardware-accelerated system based on the proposed model is 5–66 times

faster in model fitting compared to the accelerated system based on the Hawkes process, while

the two systems produce similar predictive accuracy.

The third contribution of this thesis is the design of two reconfigurable accelerators for

time series analysis. One accelerator is for the estimation of correlation for multivariate time

series. The other accelerator is for the ordinal pattern encoding for univariate time series. We

design the two accelerators by transforming the calculations of the corresponding statistical

metrics into pipeline-friendly forms. Compared to multicore CPUs, both accelerators show

high e�ciency for large time series data.
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Chapter 1

Introduction

1.1 Overview

Event streams record occurrences of discrete random events in chronological order. Dynamic

systems around the world produce a considerable volume of event stream data every day.

These data contain rich information about the underlying mechanism of the data producer.

Statistical patterns extracted from these data can help decision making. For instance, event

stream modelling is attracting the attention of researchers and practitioners involved in seis-

mology [1, 2], algorithmic trading [3, 4, 5] and neuroscience [6].

The analysis of event stream data includes a series of calculations that are computationally

demanding, particularly for multivariate data. In this case, computational acceleration is in

great need. In recent years, the e�ciency problem has become increasingly severe, because

the length and dimensionality of real-world data have been growing swiftly.

The objective of this research is to develop and optimise reconfigurable hardware designs

to accelerate the computations in event stream prediction and the related statistical methods.

In particular, the problems and techniques we study in this research are as follows:

• Among the problems in event stream analysis, we mainly focus on predictive modelling

problems. Predictive modelling for event streams o↵ers the opportunity to predict future

situations based on historical data. For instance, a segment of the log of a website is

an event stream data set containing information about behaviours and preferences of

visitors. Such data set enables the development of models to predict the amount of web

tra�c and pre-arrange server resources accordingly.

• Among the application acceleration techniques, we focus on the design of dataflow en-

gines based on reconfigurable hardware. Specifically, we describe an algorithm as a

spatial layout of computational units on a data path. During the computation, data

streams flow through the data path, so that the computational units alongside the data

12



path may apply operations on the segment of data flowing through the units.

The acceleration of calculations in event stream modelling is useful as the conventional

techniques for event stream modelling have high complexity. For instance, when we use the

Hawkes point process [7] to model data, it is necessary to estimate the parameters to fit a

model to a data set. In the estimation process, an optimisation algorithm maximises the

likelihood function by searching in the parameter space. The optimisation algorithm needs to

evaluate the likelihood function frequently. Each evaluation of the likelihood function takes

O(N2) time in general [8] where N is the number of events in the data. Therefore, even a

single evaluation of the likelihood function may take a considerable amount of time when the

number of events is large. Moreover, the number of evaluations of the likelihood function

depends on the distribution of data and the settings of the search algorithm. There exists

no upper bound for the number of likelihood evaluations to the best of our knowledge. As a

result, even if the data volume is small, the total execution time for parameter estimation may

still be long. For instance, the maximum likelihood evaluation in [9] with only 2308 events

takes ten minutes on a desktop computer. When the data volume is large, it may take days

or months to fit the model with su�cient accuracy using a desktop computer.

The biggest challenge in this research is that conventional techniques for event stream

modelling involve operations that are di�cult to accelerate using reconfigurable hardware,

such as matrix inversion, sequence sorting, and random memory access. We address this

challenge using two approaches. The first approach is to derive mathematical methods to

transform the algorithms for conventional models to facilitate hardware design. The second

approach is to develop new predictive models with e�cient algorithms.

While data analysis systems can often benefit from the speed, simplicity and power ef-

ficiency of hardware implementations, hardware acceleration of event stream modelling has

not received attention. Our work is the first to cover hardware acceleration of event stream

modelling to the best of our knowledge.

1.2 Contributions

In this thesis, we present three contributions about hardware acceleration of event stream

prediction. The first contribution is the hardware acceleration solutions for the Hawkes point

process models. The second contribution is a novel predictive model for event streams. The

third contribution is the design of reconfigurable accelerators for two techniques in time series

analysis.

13



1.2.1 Reconfigurable Computing for Hawkes Process Models

Our first contribution focuses on the Hawkes self-exciting point process. Hawkes processes are

point processes which capture the statistical patterns of random events. Data modelling with

the Hawkes point process involves three major operations namely intensity evaluation, likeli-

hood evaluation and parameter estimation. Intensity evaluation is the operation to evaluate

the intensity function which quantifies the instantaneous occurrence rate of random events.

Likelihood evaluation is the operation to calculate the likelihood value that measures how

well a set of parameters fits a data set. Parameter estimation is the operation to find the best

parameter set that fits a model to a data set.

Chapter 3 describes our hardware acceleration solutions for the three operations. We first

develop dataflow engines to accelerate intensity evaluation, likelihood evaluation for univari-

ate data, and likelihood evaluation for multivariate data respectively. In the design of the

three accelerators, we simplify data dependency with mathematical transformation, rearrange

the computation, and exploit data parallelism. We then accelerate parameter estimation by

developing an e�cient collaboration scheme between the host computer and the accelerator

for likelihood evaluation.

1.2.2 Novel Predictive Model for Event Streams with Regression

One may use point process models to make predictions for event streams. However, we are

still interested in alternative predictive models for two reasons:

• Conventional point process models may limit the predictive accuracy. For instance, a

predictive system based on a Hawkes process model may give inaccurate predictions

when the data set does not follow a self-exciting pattern.

• The parameter estimation for Hawkes process models has no analytical solutions. As a

result, it may be di�cult to find a satisfactory parameter set in reasonable time even if

we can accelerate the estimation process using reconfigurable hardware.

Chapter 4 proposes a novel predictive model to address the accuracy and e�ciency problems.

We start by proposing an approximate intensity function for the Hawkes process with a

counting technique. By analysing the approximate intensity function, we manage to design a

predictive model for event streams based on the counting technique and regression analysis.

The proposed predictive model works without point process models, which improves the

computational e�ciency and facilitates reconfigurable computing. We conduct an empirical

study to compare the proposed model with point process models on the CPU and FPGA

platforms. The proposed predictive model is comparable to the Hawkes point process models

regarding predictive accuracy and computational e�ciency.
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1.2.3 Pipelined Dataflow Engines for Time Series Analysis

Time series analysis is a topic closely related to event streams. Similar to event stream data,

time series are temporal data collected from random processes. However, unlike event streams,

times series analysis is relatively well-studied. There exist a large number of classic techniques

for time series. One may take advantage of these time series techniques to study event streams

by converting event stream data to time series. Time series analysis techniques for long time

series are computationally expensive.

Chapter 5 provides two dataflow engines for time series analysis. Each dataflow engine

accelerates a time-consuming calculation. The first engine accelerates a correlation measure-

ment technique for multivariate time series, namely the heteroskedasticity and autocorrelation

consistent covariance matrix estimation, or the HAC estimation in short. HAC estimation

can be used to verify the quality of predictive models. We design the HAC estimation engine

by developing a hardware-friendly expression of the HAC estimator, by proposing algorithmic

transformations to eliminate conditionals, and by promoting data reuse. The second dataflow

engine accelerates a complexity analysis technique for univariate time series, namely ordinal

pattern encoding. Ordinal pattern encoding can be used to quantify the statistical complexity

and predictability of temporal data. We design the engine by eliminating sorting operations

and by compressing the result to save memory bandwidth.

1.3 Publications

Parts of the work presented in this thesis have been published. The following publication

contributes to the intensity evaluation engine for the Hawkes process in Chapter 3:

• C. Guo, W. Luk, E. Vinkovskaya, R. Cont, ‘Customisable pipelined engine for inten-

sity evaluation in multivariate Hawkes point processes’. ACM SIGARCH Computer

Architecture News, 41(5), 59-64.

The following two publications contribute to the likelihood evaluation engine for the Hawkes

process in Chapter 3:

• C. Guo, W. Luk, ‘Accelerating parameter estimation for multivariate self-exciting point

processes’. International Symposium on Field-Programmable Gate Arrays (FPGA),

2014

• C. Guo, W. Luk, ‘Accelerating maximum likelihood estimation for Hawkes point pro-

cesses’. International Conference on Field Programmable Logic and Applications (FPL),

2013

The following publications contribute to the Heteroskedasticity and autocorrelation consistent

covariance matrix estimation engine in Chapter 5:
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• C. Guo, W. Luk, ‘Accelerating HAC estimation for multivariate time series’. In-

ternational Conference on Application-specific Systems, Architectures and Processors

(ASAP), 2013, Best Paper Award

• C. Guo, W. Luk, ‘Pipelined HAC estimation engines for multivariate time series’.

Journal of Signal Processing Systems, 77(1-2): 117-129, 2014

The following publication contributes to the ordinal pattern encoding engine in Chapter 5:

• C. Guo, W. Luk, S. Weston: ‘Pipelined reconfigurable accelerator for ordinal pattern

encoding’. International Conference on Application-specific Systems, Architectures and

Processors (ASAP), 2014

The following publications are also published during my PhD studies, but they are not dis-

cussed in detail in this thesis:

• L. Guo, C. Guo, D. B. Thomas, W. Luk, ‘Pipelined genetic propagation’. International

Symposium on Field-Programmable Custom Computing Machines (FCCM), 2015, Best

Paper Nominee

• J. Yang, C. Guo, W. Luk, T. Nahar, ‘Collaborative processing of least-square Monte

Carlo for American options’, International Conference on Field-Programmable Technol-

ogy (FPT), 2014

• S. Shao, C. Guo, W. Luk, S. Weston, ‘Accelerating transfer entropy computation’,

International Conference on Field-Programmable Technology (FPT), 2014

• C. Guo, H. Fu, W. Luk, ‘A fully-pipelined expectation-maximization engine for Gaus-

sian mixture models’. International Conference on Field-Programmable Technology

(FPT), 2012

1.4 Thesis Organisation

The rest of the thesis is organised as follows. Chapter 2 provides the background on event

stream modelling, reconfigurable computing, intensity-based point processes, regression anal-

ysis and time series. Chapter 3 describes the first contribution of this thesis where we use

reconfigurable hardware to accelerate intensity evaluation, likelihood evaluation and parame-

ter estimation for Hawkes point process models. Chapter 4 presents the second contribution

where we derive a new predictive model for event streams. Chapter 5 details the third contri-

bution where we speed up two calculations in time series analysis. Chapter 6 concludes this

thesis by recapping the achievements and discussing future work.
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Chapter 2

Background

This chapter provides the background of this thesis, including the definitions of important

concepts and discussions about existing techniques. Section 2.1 introduces predictive sys-

tems for event streams. Section 2.2 discusses reconfigurable computing techniques and our

experimental platform. Section 2.3 covers intensity-based point process models, which are

dominating modelling techniques for event streams. Section 2.4 illustrates the modelling and

computation of regression models. Section 2.5 gives an overview of time series analysis.

2.1 Predictive Systems for Event Streams

The problems and techniques we study in this thesis are related to event streams. In this

section, we provide a brief introduction to event streams and the related prediction problems.

2.1.1 Event Streams

Event streams are streams of discrete events [10, 11]. For ease of discussion, we assign an

index to each event in chronological order [12]. In particular, we denote an event stream with

M types of events by

E =
�
(t

0

, l
0

), (t
1

, l
1

), (t
2

, l
2

) . . .
�

(2.1)

Each entry of the event stream is the record of an event in the form (ti, li) where

• i 2 N is the index of the event.

• ti 2 R is the occurrence time of the event. In this research, we assume that ti < ti+1

for

all i 2 N.

• li 2 [0..(M � 1)] is the type label of the event.
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Figure 2.1: An event sequence with three types of events

An event stream has an infinite length, but an algorithm can only process a finite number of

events in finite time. As a result, we analyse finite data segments taken from event streams.

Specifically, we analyse event sequences [13, 14] which are finite continuous sub-sequences

intercepted from event streams. For ease of discussion, let E(t?, t>) be an event sequence

containing all the events collected from an event stream in the time interval {t0 : t?  t0 < t>}.
For instance, an event sequence taken in the time interval {t0 : 0  t0 < 6.1} is as follows:

E(0, 6.1) = �
(0.5, 1), (1.0, 0), (1.9, 0), (2.5, 1), (2.6, 2),

(3.2, 0), (4.5, 1), (5.2, 2), (5.5, 1), (5.9, 1)
�

(2.2)

We may visualise an event sequence by plotting the events in a two-dimensional Cartesian

coordinate system [14]. The horizontal axis of the plot corresponds to the time, while the

vertical axis describes the event type. Each point on the plane marks an event. For instance,

a plot for the event sequence in Equation 2.2 is in Figure 2.1.

For ease of discussion, let |E(t?, t>)| be the number of events in the event sequence. Let

Em(t?, t>) be the sequence of all events in E(t?, t>) with type label m. For instance, given

the event sequence in Equation 2.2, we have

|E(0, 6.1)| = 10 (2.3)

E
0

(0, 6.1) =
�
(1.0, 0), (1.9, 0), (3.2, 0)

�
(2.4)

E
1

(0, 6.1) =
�
(0.5, 1), (2.5, 1), (4.5, 1), (5.5, 1), (5.9, 1)

�
(2.5)

E
2

(0, 6.1) =
�
(2.6, 2), (5.2, 2)

�
(2.6)

Models for event streams serve as the core compoments in a wide range of applications. For

instance, Cowpertwait et al. [15, 16] propose an event stream model to analyse rainfall data.

The model fits well with 23 years of historical daily data taken from the Thames catchment in

the United Kingdom. Truccolo et al. [17] analyse the spiking behaviours of a neurone using
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an event stream model. Other applications of event stream models include public security

[18, 19], financial computing [4], seismology [1] and cash machine management [20].

2.1.2 Predictive Systems for Event Streams

The prediction problem of event streams is the problem of inferring information about the

occurrences of events in the future. Let ptgt be a target function defined on an event

sequence E(t?, t>). Let q be a query time and �t be the length of a prediction period

[21]. The prediction problem is the problem where we use a predictive system to infer the

value of the function ptgt

�E(q, q + �t)
�
using the events occurred in the history E(0, q) =

�
(t

0

, l
0

), (t
1

, l
1

), (t
2

, l
2

), . . . , (tN�1

, lN�1

)
�
.

The type of a prediction problem depends on the definition of the target function ptgt(X).

In particular, if the objective of the prediction problem is to predict the exact occurrence times

and type labels for all events in the time interval {t0 : q  t0 < q + �t}, the target function

is ptgt(X) = X. We call this prediction problem the ultimate prediction problem. It is

attractive to solve the ultimate prediction problem, but we do not study this problem in this

thesis for two reasons.

1. It is impossible to solve the ultimate prediction problem for a random system. Event

sequences are observable, but the state of a system is not observable. Real-world dy-

namic systems are highly stochastic. As a result, the system may produce di↵erent

future scenarios even if the observable initial condition of the system stays unchanged.

2. It is unnecessary to solve the ultimate prediction problem. A practical prediction target

in decision making and knowledge discovery is often a statistic or a simple fact about

the future events rather than the exact occurrence times of the events. Therefore, a

predictive system is useful as long as it predicts the required information accurately and

e�ciently.

Rather than solving the ultimate prediction problem, we focus on the arrival prediction

problem in this thesis. Arrival prediction is the problem where we infer the occurrence time

of the next event. At time q, we predict the occurrence time of the next event of type m in

{t0 : q  t0 < +1}. In other words, the target function for event type m takes the form

ptgt(X) = min{t : (t,m) 2 X} (2.7)

We abstract the arrival prediction problem from many practical situations. The problem

is of particular importance for the situations where a single event causes a huge impact. For

instance, a patient with a heart disease may su↵er sudden heart attacks. A predictive model

that predicts the potential occurrence time of the next heart attack may help the patient to
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take precautions. Moreover, the arrival times of events also suggest the occurrence frequency.

In other words, a solution to the arrival prediction is also useful in the situation where it

is necessary to allocate resources according to the number of events in the near future. For

instance, a manager of a telephone call centre may be interested in predicting the number of

calls. The predictions may help the manager to arrange a proper amount of sta↵ to prevent

customers from waiting while controlling the cost of human resources [22].

Like other prediction problems in statistical inference and knowledge discovery, the pre-

dictions about event streams usually contribute information to decision making. As a result,

a slight di↵erence in predictive accuracy may result in a significant profit or loss. Moreover, it

is necessary to finish computation before the predictive target becomes a history, and before

it is too late to take actions.

We study the predictive systems for event streams from the perspective of modelling

and computing. The modelling issues include the representation of the predictive model and

algorithmic routines. The computational issues include the hardware and software supporting

the computation. Both perspectives involve practical challenges. In particular, we identify

two challenges from the perspective of model accuracy.

• The first challenge is the non-repeatable property of stochastic systems. An ideal method

to capture the statistical relationship between history and future is to reset the system

to an identical condition repetitively and observe di↵erent versions of futures. For

instance, we may model the changes of a stock index over time as an event stream. It

is ideal that we could reverse the time to make the market activities repeatable. By

reversing the time for multiple times, it is possible to observe di↵erent versions of future

scenarios with an identical initial condition. In this case, we may predict the future in

a statistically reasonable way. Nevertheless, the reset of a real-world stochastic system

usually requires the reversion of time, which is currently impossible.

• The second challenge is the weak descriptive power of data points. A stochastic system

may have unobservable and highly complicated internal structures. Therefore, an event

may be the outcome of thousands of hidden factors. As a result, a long event sequence

may still contain insu�cient information about the mechanism which generates it. For

instance, the changes of an index in the stock market is the outcome of the activities

of numerous market participants. Practically, it is only possible to obtain simple ob-

servations about the market such as stock prices and trading volumes while the exact

activities of the market participants are unavailable. Di↵erent activities of participants

may result in the same observation at one time and di↵erent observations in the future.

On the other hand, the following two challenges hamper computational e�ciency.

• The first challenge is the high time complexity of model fitting algorithms. The structure

of event sequences makes it di�cult to sample the data to reduce the time complexity.
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Without sampling, it is impossible to design a model fitting algorithm with a lower time

complexity than O(N), where N is the number of events. Moreover, the time complexity

of algorithms for fitting a sophisticated point process model to data is far higher than

O(N) or even unbounded [8].

• The second challenge is the di�culty in parallelisation. Parallelised and pipelined hard-

ware platforms like graphics processing units (GPUs) and field programmable gate ar-

rays (FPGAs) significantly improve the computational e�ciency of various predictive

systems [23]. Successful applications of hardware accelerators rely on appropriate parti-

tioning of the task. In a traditional prediction problem with independent data points, it

is often possible to divide the task by applying data operations to multiple data points

in parallel. Nevertheless, the dependency between the events in an event stream makes

it di�cult to partition the task in a similar way.

In Chapters 3, we address the challenges using the Hawkes point process models. These

models deal with the challenges of predictive accuracy by capturing the distribution of random

events in the time domain. We design reconfigurable accelerators to improve the computa-

tional e�ciency. In Chapter 4, we address the challenges by proposing a new predictive model

for event streams. The proposed model copes with the challenges of predictive accuracy us-

ing regression techniques. The proposed model also improves the computational e�ciency by

eliminating intensity-based point process models and by facilitating reconfigurable computing.

In Chapter 5, we address the challenges by developing accelerated analytical tools to extract

information about serial correlation and statistical complexity from data. The extracted in-

formation helps people to design and tailor models, algorithms and tools for higher accuracy

and e�ciency.

2.2 Reconfigurable Computing

Reconfigurable computing is an approach to solve computational problems using reconfig-

urable hardware. The reconfigurable hardware that we use in this research is based on field-

programmable gate array (FPGA) technology. In this section, we provide a short introduction

to FPGA devices and the acceleration platform that we use in this thesis.

2.2.1 Reconfigurable Computing with FPGAs

The microprocessor is the major part for computation in desktop computers and servers. They

provide the ability of general-purpose computing, and they are relatively easier to program.

However, the price for the generality is the relatively lower computational e�ciency and

higher energy consumption compared with application-specific integrated circuits (ASICs)
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[24]. However, ASICs are unattractive for many applications due to the long design cycles

and high upfront non-recurring engineering cost associated with chip fabrication. FPGAs

provide circuit-level hardware acceleration solutions like ASICs, while FPGAs do not have

non-recurring engineering cost.

A typical FPGA device provides fine-grained and coarse-grained computational resources

[25]. Fine-grained resources include look-up tables (LUTs), which are used in implementing

logic operations. Coarse-grained resources include multipliers and on-chip memory. One

may arrange and connect resources together to solve problems e�ciently. In addition to

computational e�ciency, a major strength of FPGA implementation compared with central

processing unit (CPU) or graphics processing unit (GPU) implementation is reduced power

consumption. However, this thesis focuses on computational e�ciency while power and energy

consumption will be considered in future work.

A common design platform for FPGAs includes a chain of tools to compile a design to a

configuration for the FPGA device [26]. First, the synthesis tool converts the design captured

at the register-transfer level into a description of logic gates. Second, the technology mapping

tool deploys the logic gates to fine-grained and coarse-grained resources on a specific FPGA

chip. Finally, the place-and-route tool decides the physical locations of the technology-mapped

components and wire the connections. The output of the place-and-route tool is a bit-stream

that configures the FPGA device.

Design productivity is an important problem in FPGA design. In particular, the tradi-

tional way to program an FPGA device is to use hardware description languages, such as

VHDL [27] or Verilog [28], at the circuit level or the register-transfer level. The hardware

programmed in this way may exploit the computational e�ciency with a full control of all

the available resources. However, the detailed control of the system limits the productivity of

designers.

The research on high-level synthesis addresses the productivity problem. Using a high-level

synthesis tool, a designer may describe a design using high-level programming languages, such

as C and C++. The high-level synthesis tool converts the code in a high-level programming

language to low-level description of circuits. There are an increasing number of commercial

and open-source tools for high-level synthesis. In particular, commercial tools include the

Vivado HLS [29] supported by Xilinx, OpenCL tools [30] supported by both Altera and

Xilinx, and OpenSPL [31] supported by Maxeler Technologies. Open-source tools, including

LegUp [32] and ROCCC [32], are also gaining popularity. Review papers about high-level

synthesis techniques and tools include [33] and [34].
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Figure 2.2: Framework of dataflow computing

2.2.2 Dataflow Computing Platform

The main reconfigurable programming paradigm studied in this research is dataflow computing

[35]. We show the framework of dataflow computing in Figures 2.2. In the traditional software

computing, a programmer implementents an algorithm as a temporal sequence of operations.

In contrast, in dataflow computing, the designer describes an algorithm as a spatial layout

of computational kernels on a data path. During the computation, the data flows from the

memory and pass through the data path, so that the kernels deployed on the data path may

apply operations to the data.

In all the experiments in the thesis, we use the Maxeler MAX3 acceleration platform to

design dataflow engines to accelerate the operations in event stream modelling. The hardware

of the acceleration platform contains a Xilinx Virtex-6 SX475T FPGA and 48GB of dynamic

random-access memory (DRAM). The acceleration platform communicates with a host com-

puter via a PCI-Express X8 interface. The software platform includes a high-level synthesis

tool, MaxCompiler, which compiles the hardware design written in the MaxJ hardware de-

scription language to a configuration for the FPGA.

The typical workflow to accelerate an application using the Maxeler MAX3 platform in-

clude the following steps:

1. Identification of e�ciency bottleneck: the designer finds the computationally expensive

parts of the application by time complexity analysis and profiling.

2. Design of kernels and connections: the designer describes the calculations as kernels and

connections using the MaxJ language.

3. Simulation: the MaxCompiler generates simulated hardware, and the designer may
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use the simulated hardware to verify the correctness of the design against software

implementations.

4. Hardware compilation: the MaxCompiler converts the design described in MaxJ into

VHDL and calls the Xilinx FPGA toolchain to generate a bit-stream for the FPGA.

5. Hardware optimisation: the designer may optimise the e�ciency of the hardware by

analysing the reports from the tools and by recompiling the hardware.

We follow the above steps to create all the hardware designs in the experiments on the MAX3

platform in this thesis. Although we use the Maxeler MAX3 platform to provides experimental

results on computational e�ciency and predictive accuracy, the methods proposed in this

thesis can target other FPGA systems or even ASIC systems.

2.3 Intensity-Based Point Process Models

A straightforward way to build a predictive system for a prediction problem is to use intensity-

based point process models. Section 2.3.1 introduces the intensity-based point processes.

Section 2.3.2 discusses a family of point process models namely the self-exciting point process

models. Section 2.3.3 presents a method to make predictions with point process models.

2.3.1 Point Processes

Point processes [36] are random processes describing occurrence times of random events. A

univariate point process {ti} is a random process whose realisations are discrete time points

in chronological order. A multivariate point process with M dimensions is a collection of

Mcorrelated univariate point processes. In other words, a multivariate point process takes

the form

P =
�{ti}0, {ti}1, . . . , {ti}M�1

 
(2.8)

Each univariate point process is a component of the multivariate point process. A realisation

of an M -dimensional point process is a description of occurrence times of M types of events.

The dominating models in the study of event streams are intensity-based point process

models. The idea behind intensity-based point process models is to model a statistical quantity

called intensity. The intensity measures the instantaneous occurrence rate of events. Given a

point process, the intensity of event type m at a time t is

�m(t) = lim
⌧#0

E
⇣Cm(t+ ⌧)� Cm(t)

⌧

⌘
(2.9)
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where lim⌧#0(u(⌧)) takes the limit of the function value u(⌧) when ⌧ decreases to approach

zero; Cm(t) is the counting process of event type m which counts the number of events of

type m during {t0 : 0 < t0  t}. In other words, the counting process C(t) is defined by

C(t) =
X

t
i

t

1i2N (2.10)

The intensity function defines the occurrence patterns of random events. We may model

the data by modelling the intensity function. Conventional methods to model the intensity

function include the following:

1. The intensity may simply be a constant number. A point process with a constant in-

tensity function is a homogeneous Poisson process [37]. The constant intensity limits

the descriptive power of homogeneous Poisson process models. However, the simplic-

ity of the intensity function makes it possible to derive fast algorithms for parameter

estimation and inference in various applications. In this research, we use the homoge-

neous Poisson process as the baseline in the experiments about predictive accuracy in

Section 4.3.

2. The intensity may depend on non-temporal information. In particular, a large number

of studies build spatial-temporal point processes [38, 39] to use spatial information

to model intensities. An spatial-temporal point process considers the location of the

event in addition to the occurrence time and the event type. However, the objective

of this research is to model the behaviours of random events in the time domain. We

do not assume the availability of non-temporal information such as physical locations.

Therefore, we do not discuss the intensity models in this category.

3. The intensity may also be a stochastic process itself [40, 41]. In particular, using self-

exciting intensity functions is a popular method to model the intensity in a stochastic

manner. Intuitively, in a point process with a self-exciting intensity function, an event

in the recent history implies that more events are likely to occur in the near future.

In this research, we study the self-exiting point processes from two perspectives. First,

we accelerate the likelihood evaluation and parameter estimation routines in Chapter 3.

Second, we use the self-exciting point processes as a start point to derive a new predictive

model for event streams in Chapter 4.

In addition to the above three types of methods, it is possible to model the intensity using

Gaussian processes [42], network models [43], decision tress [10] and decision forests [32].
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2.3.2 Self-Exciting Point Processes

A point process {ti} is a self-exciting process [7] if the intensity function � satisfies

�(t) = �? +

Z t

0

g(t� w)dC(w) (2.11)

where �? is a non-negative constant number; C is the counting process of {ti} and g is a

response function [44] which needs to be integrable and positive [5].

Before using the point process to model the data, it is necessary to specify a response

function g. We focus on the Hawkes exponential response function [7] defined by

g(x) = ↵e��x (2.12)

where ↵ and � are constant parameters. With this response function, the intensity function

can be written as

�(t) = �? +

Z t

0

↵e��(t�w)dC(w) (2.13)

The feature that makes the Hawkes process useful for making predictions and modelling data

is that the intensity (a) is stochastic, (b) changes in time and (c) depends on the history of

the process.

Hawkes processe models are parametric. A parameter set for a Hawkes process with an

exponential response function is a triplet in the form ✓ = (�?,↵,�). Given the parameter set

and an event sequence, it is possible to compute the intensities at any time.

A multivariate point process
�{ti}0, {ti}1, . . . , {ti}M�1

 
is a multivariate self-exciting point

process if the intensity function �m satisfies

�m(t) = �?m +
M�1X

m0
=0

Z t

0

gm,m0(t� w)dCm0(w) (2.14)

for all dimensions m 2 [0..M � 1] where �?m is a constant parameter; Cm0 is the counting

process of {ti}m0 and gm,m0 is a response function which needs to be integrable and positive

[5]. In this research, we focus on the multivariate Hawkes exponential response function

defined by

gm,m0(u) = ↵m,m0e��m,m

0u (2.15)

where ↵m,m0 and �m,m0 for all (m,m0) 2 [0..M � 1]2 are constant parameters. In other words,

the intensity of an M dimensional self-exciting point process with the multivariate Hawkes
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exponential response function is in the form

�m(t) = �?m +
M�1X

m0
=0

Z t

0

↵m,m0e��m,m

0 (t�w)dCm0(w) (2.16)

The property of such a point process can be uniquely given by a parameter set

✓ = (�?, A,B) (2.17)

where

�? =
⇣
�?
0

�?
1

. . . �?M�1

⌘T
(2.18)

A =

0

BBBB@

↵
0,0 ↵

0,1 · · · ↵
0,M�1

↵
1,0 ↵

1,1 · · · ↵
1,M�1

...
...

. . .
...

↵M�1,0 ↵M,1 · · · ↵M�1,M�1

1

CCCCA
(2.19)

B =

0

BBBB@

�
0,0 �

0,1 · · · �
0,M�1

�
1,0 �

1,1 · · · �
1,M�1

...
...

. . .
...

�M�1,0 �M,1 · · · �M�1,M�1

1

CCCCA
(2.20)

where the parameter matrix B may reduce to an M dimensional vector if we assume that

all rows are identical [5]. For instance, Figure 2.3 shows an event sequence produced by a

two-dimensional Hawkes process.

2.3.3 Prediction with Point Process Models

Point process models provide a way to build predictive systems for event streams. As we focus

on parametric point process models in this research, it is necessary to estimate the parameters

of the point process model using data before making predictions. A well-studied approach

for parameter estimation is maximum likelihood estimation (MLE) [45, 46, 47]. The core

calculation of MLE is the evaluation of the following estimator:

✓
MLE

= argmax✓L(✓) (2.21)

where argmax
x

(f(x)) is the argument x that maximises the function value f(x); L is the

likelihood function of the point process.

The computational e�ciency of parameter estimation depends on the form of the likelihood

function. In an intensity-based point process model, the form of the likelihood function
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Figure 2.3: A two dimensional Hawkes process

depends on the definition of the intensity function. In particular, if the estimator for a point

process model has a closed-form expression, one may compute ✓
MLE

directly by evaluating the

expression. Otherwise, it is necessary to search in the parameter space to find the parameter

set that maximises the likelihood function.

The predictive accuracy of a homogeneous Poisson process model may be limited because it

assumes a constant intensity for each type of event. Nevertheless, the algorithms for parameter

estimation and prediction are highly e�cient. The parameter estimation is computable in O(1)

time if the numbers of events for each event type are available, and the count of events takes

at most O(N) time where N is the number of events in the data set. Therefore, the parameter

estimation is computable in at most O(N) time.

Hawkes processes models are mathematically more general than homogenous Poisson pro-

cess models. The generality makes the Hawkes process models more accurate than homo-

geneous Poisson process models in data interpretation [48] and prediction [5, 49] for some

practical problems. However, the complexity of the Hawkes process models makes it impos-

sible to compute the maximum likelihood estimator in polynomial time. In particular, it is

necessary to search in the parameter space for a parameter set that maximises the likelihood.

To the best of our knowledge, there are no theoretical upper bounds for the execution time for

any search algorithm with the likelihood function. As a result, the MLE for Hawkes process

models is usually time-consuming [8].

One may use a general-purpose optimisation algorithm to search for a parameter set.

Common methods for the MLE for Hawkes process models include the Nelder–Mead (NM)

downhill simplex algorithm [55, 56], the expectation-maximisation (EM) algorithm [50], the
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Table 2.1: Parameter estimation methods for Hawkes process models

Reference Field of Study M Optimisation Tech.
Olson et al. [50] General-purpose 1 EM
Da Fonseca et al. [51] Trading analytics 1 GMM
Brentnall et al. [20] ATM management 1 NM
Vinkovskaya [5] Limited order books 4 NM
Halpin et al. [52] Email interactions 2 NM
Liniger et al. [53] Asset returns 1 NM, EM, DEA
Zadeh et al. [54] Online social networks 2 NM, SA
Kobayashi et al. [19] Online social networks 1 NM

generalised method of moments (GMM) [57], the di↵erential evolution algorithm (DEA) [58]

and the simulated annealing algorithm (SA) [59]. Table 2.1 summaries the optimisation

algorithms used in a collection of studies.

An optimisation algorithm for maximum likelihood evaluation needs to evaluate log-

likelihood frequently during the optimisation process. The evaluation process becomes com-

putationally expensive when the number of data points is large. Practically, it is necessary

to use large data sets to provide satisfactory estimation accuracy. As a result, the evalua-

tion of the likelihood function usually dominates the execution time of the parameter search

[51, 53, 60].

Reconfigurable computing is a promising method to accelerate the MLE operation for

Hawkes process models. There have been studies applying pipelined dataflow engines to ac-

celerate MLE for other statistical models. For instance, Guo et al. [61] design an expectation-

maximisation engine to accelerate the MLE for Gaussian mixture models. However, the like-

lihood functions for di↵erent statistical models are substantially di↵erent. As a result, it is

impossible to directly apply the acceleration techniques in existing work to our problem.

The acceleration of MLE for Hawkes point process models requires e�cient calculation

of the likelihood function. However, it is challenging to design hardware to accelerate the

calculation due to the complex data dependency in the likelihood function. In this thesis, we

develop mathematical methods to remove the complex data dependency and design reconfig-

urable accelerators to improve the e�ciency of MLE for Hawkes process models in Chapter 3.

As it is impossible to avoid the parameter search, the MLE process may still be ine�cient

even if we use hardware accelerators. We address the e�ciency problem by proposing a novel

predictive model in Chapter 4 which works without point process models.
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2.4 Regression

Regression [62, 63] is a topic in statistical inference and supervised machine learning. A

regression model maps an observation in the form of a vector to a numeric label. One may use

a regression model to make predictions after training it with data. It is usually necessary to use

sophisticated model representations to secure satisfactory predictive accuracy. Sophisticated

models require training algorithms with high time complexity. Moreover, an e↵ective way

to improve the predictive accuracy is to increase the amount of data rather than designing

smarter algorithms [64]. Therefore, the training process of regression models may become

computationally expensive for practical problems.

In this section, we briefly introduce the gradient descent method for training linear re-

gression models. We then review existing reconfigurable accelerators for training regression

models.

2.4.1 Gradient Descent for Linear Regression

The goal of training a regression model is to find a function � that maps a D-dimensional

vector xp = (xp,0, xp,1 . . . , xp,D�1

) to a numeric label yp using a training data set. A training

data set is a collection of data points O = {o
0

, o
1

. . . oN�1

}. Each data point is in the form

oi = (xi, yi) where xi is a feature vector; yi is the expected label for xi. In this study, we

address the regression problem where all the feature vectors are real vectors and all labels are

real numbers.

We focus on linear regression models in this research. In other words, the regression model

produces a prediction �w(xp) for the input xp by

�w(xp) = xp ·w =
D�1X

d=0

wdxp,d (2.22)

where the parameter w = (w
0

, w
1

, . . . , wD�1

) is a D-dimensional vector of linear combination

weights. Practically, it is possible to enhance the predictive power by applying non-linear

basis expansion to the input domain.

The vector w uniquely determines the regression function with respect to the training

data. Therefore, the training process of the model is to find out the best parameter w.

Before training the model, it is necessary to find a quantity to tell good parameters from bad

ones. A conventional way to measure the goodness-of-fit for a parameter w is to define a loss

function. In this study, we use the squared error on the training data as the loss function. In

particular, the loss function on a single data point oi = (xi, yi) for the regression model is

L(w,xi, yi) =
1

2
(�w(xi)� yi)

2 (2.23)
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The overall loss function on the whole data set is

L(w) =
N�1X

i=0

L(w,xi, yi) (2.24)

The training algorithm of the regression model is the optimisation process of the model

with respect to parameter w. In particular, the training process of a linear regression model

is the procedure to find the parameter w that minimises the overall loss function in Equa-

tion 2.24. Practically, we may use iterative optimisation algorithms, such as gradient descent

algorithms, to train regression models when the data volume is large [65].

Gradient decent algorithms [66] are optimisation techniques that minimises error functions

under the guidance of the gradient information. In particular, there exist two typical methods,

namely batch gradient descent [67, 68] and stochastic gradient descent [69, 70]. The batch

gradient descent algorithm directly uses the gradients of the overall error function on the

whole data set in Equation 2.24 to guide the minimisation process. In contrast, the stochastic

gradient descent algorithm uses the gradient information of the error function for individual

data points in Equation 2.23. In other words, it interactively updates the parameters to

minimise the overall loss function in Equation 2.24 in an indirect manner.

The stochastic gradient descent algorithm starts the minimisation process with an initial

guess for the parameter w and update the parameter iteratively with data using the update

rule

w w � ↵rw (2.25)

where ↵ is a positive real number indicating the learning rate that may change over time [71];

rw = (rwd . . .rwD�1

) is the gradient of the loss function in Equation 2.23 for a data point

with respect to w. In the linear regression model, each entry in rw takes the form

rwd = @w
d

�
Li(w,xi, yi)

�
= (

D�1X

d=0

wdxi,d � yi)xi,d (2.26)

Algorithm 1 shows the computational routine of the stochastic gradient descent method.

Discussions on the correctness and complexity of the method are available in [63].

2.4.2 Reconfigurable Training Engines for Regression

There have been a number of studies on the acceleration of supervised learning methods. We

briefly review existing acceleration solutions for training regression models. In particular, we

focus on two well-explored types of regression models namely neural networks and support

vector machines in the rest of this subsection. As we focus on the regression model, we do
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Algorithm 1: Stocastic gradient descent for linear regression
Input: Training data set O
Output: Parameter w

1 w make-initial-guess()
2 while termination condition not met do
3 (xi, yi) load-data-point(O)
4 ŷi  �w(xi)
5 �i  ŷi � yi
6 for d 2 [0..(D � 1)] do
7 rwd  �ixi,d
8 wd  wd � ↵rwd

9 end

10 end

not cover the hardware solutions for unsupervised learning methods such as frequent pattern

discovery [72], clustering [73] and probability density modelling [61]. As we focus on the

training process, we do not cover the hardware engines that only accelerate the prediction

process of regression models. Reviews that cover prediction engines include [74, 75, 76].

Training Neural Networks

Among the statistical models that are capable for regression, neural networks are arguably

the most popular candidate for reconfigurable acceleration [77]. There are three types recon-

figurable acceleration solutions for neural networks.

The first type of solutions accelerate the training process of general-propose neural net-

work architectures. The studies in this category use existing neural network structures and

achieve high e�ciency from the perspective of model optimisation. The dominating method

to train neural networks is the back-propagation algorithm [78]. Eldredge and Hutchings [79]

divide the back-propagation algorithm into three stages and design hardware for each stage

separately. During the training process, the hardware performs a run-time reconfiguration at

the beginning of each stage. Paul and Rajopadhye [80] propose a systolic back-propagation

engine that avoids the run-time reconfiguration. Their design maps all calculations in a

complete back-propagation procedure to hardware. Maeda and Tada [81] propose a training

engine for neural networks using the simultaneous perturbation rule [82] to avoid the gradient

computation in the training process.

The second type of solutions are hardware-oriented neural network structures. A popular

network structure in this category is the block-based neural network. Moon and Kong [83] first

propose the block-based neural network (BbNN) and implement the prediction facility on the

FPGA platform. The structure of the network is di↵erent from a conventional feed-forward

neural network. Specifically, a block-based neural network connects a collection of neutron

32



blocks. A neutron block carries four numeric I/O ports. Each I/O port may serve as either

an input port or an output port. An output port provides an activation signal computed

from the input signals on the same neutron block. Jiang et al. [84, 85, 86] study the training

process of the BbNN using evolutionary algorithms on the CPU platform. The idea behind

their training approach is to encode the topology of the network and the configuration of the

neural blocks into a vector so that an evolutionary algorithm may improve the network by

manipulating the vector. Merchant and Peterson [77] make it possible to train the block-based

neural networks using FPGAs.

The third type of solutions are domain-specific or problem-specific neural networks. A

representative neural network structure in this category is the convolutional neural network.

The convolutional neural network (CNN) [87] is a feed-forward neural network structure

inspired by the visual cortex of animals. The major application of CNNs is image recognition

[87]. The reconfigurable acceleration solutions for CNNs usually take advantages of the unique

properties of image data. Farabet et al. proposes an FPGA-based RISC processor that maps

basic operations in the CNN. The processor takes a description of a pre-trained CNN in the

form of a sequence of instructions to make predictions. A useful observation in this study is

that a proper reduction of the precision of image operations only results in a little negative

impact on the predictive accuracy. However, the precision reduction may save a considerable

amount of hardware resources. Further optimisations [88, 89, 90] have made FPGA devices

faster and more energy-e�cient than CPUs and GPUs for inference. Zhao et al. [91] propose

the first training engine for CNNs using a streaming data path. The data path contains a

collection of parameterised modules. The organisation of these modules changes over time

with run-time reconfiguration, which enables the data path to train di↵erent layers of a

network.

Training Support Vector Machines

Support vector machines (SVMs) [92, 93] are supervised learning models originally designed

for binary classification problems. A variant of the original SVM model, support vector

regression (SVR) [94], solves regression problems. The majority of existing research on the

acceleration of SVM models focus on the original SVM for classification. However, as the

optimisation methods behind the original SVM and the SVR are similar, it is possible to

apply the acceleration techniques for the original SVM to SVR with slight modifications. We

divide the studies about the acceleration of SVM training into two categories.

The first type of methods evaluate the kernel function of SVMs using a reconfigurable

accelerator and leave the optimisation framework to the CPU platform. Cadambi et al. [95]

discovers that dot product operations in the computation of kernel function may consume 90%-

95% of the total execution time. They design a co-processor to compute the dot product. An

33



optimised implementation of the proposed architecture on a Virtex-5 LX330T FPGA achieves

18 times speed up in training compared to a dual-core AMD Opteron CPU running at 2.2GHz.

The second type of methods map the whole training process to a reconfigurable engine.

Anguita et al. [96] propose a training algorithm for SVMs namely FIx b Svm for the ease

of hardware mapping. This algorithm solves the optimisation problem in an iterative way

and allows e�cient mapping to reconfigurable hardware. An optimised implementation of

the architecture on a Xilinx Virtex-II XC2V8000 FPGA achieves a predictive accuracy of

around 95% in two practical problems. An improvement in on-chip SVM training is the the

1-variable sequential minimal optimisation (SMO) algorithm proposed in [97]. The 1-variable

SMO algorithm trains SVM models with integer parameters using an optimisation method

similar to the standard SMO [98]. The use of integer parameters enables the architecture to

target reconfigurable hardware with limited resources for floating-point arithmetic. In their

experiments with 13 benchmarks and a people-tracking application, the SVM models trained

by the proposed architecture incur similar error compared with conventional SVM systems.

However, as the study focuses on the consumption of hardware resources, the computational

e�ciency was not compared to other architectures such as CPUs or GPUs.

2.5 Time Series Analysis

Time series analysis [99] is a subject closely related to event streams. In this section, we

provide a brief introduction to time series analysis and explain two computational problems

namely correlation measurement and ordinal analysis.

2.5.1 Time Series

A time series is a sequence of data points listed in chronological order. In this research, we

focus on the time series data sampled from a random process at uniform time intervals. In

particular, we study the multivariate time series which are sequences in the form

y = (y
0

, y
1

, y
2

, . . . , yN�1

) (2.27)

where N is the length of the time series; each data point yi is a D-dimensional column vector

in the form

yi = (yi,0 yi,1 yi,2 . . . yi,D�1

)T (2.28)

where yi,0 . . . yi,D�1

are components of the data point yi. In particular, a univariate time

series is a special case of the multivariate time series where each data point contains a single

component.

There is a close relationship between time series and event streams. Also, time series
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analysis provides indirect approaches to analyse event streams. A widely-used technique is to

convert an event sequence to a time series and analyse the converted time series. For instance,

Smith et al. [100] propose a state-space method to model univariate event sequences. This

model divides the timeline into intervals with equal widths so that each interval contains at

most one event. Yu et al. [101] also divide the timeline into equally-sized intervals, but the

model in this work allows multiple events to occur in one interval. The model counts the

number of events in each interval to form time series data.

A practical problem of time series analysis is the lack of fast computing systems to calculate

statistics from data. In recent years, data analysts began to appreciate the value of microscopic

statistical patterns in large time series data. Therefore, the e�ciency problem arise. Moreover,

the value of data decays with time. It is important to extract useful information as fast as

possible before the data lose its value. As a result, it is desirable to design faster computing

facilities for time series analysis.

Hardware acceleration for time series data processing has not been well-studied. Existing

work mainly focuses on pattern matching and aligning problems for time series. For instance,

Sart et al. [102] propose acceleration solutions to speed up dynamic time wrapping (DTW)

for time series using GPUs and FPGAs. Wang et al. [103] develop an FPGA-based hardware

engine for DTW-based sequence searching in time series. The aims of these studies are to

solve sequence matching problems which do not involve the discovery of underlying patterns

of time series data from a statistical perspective.

2.5.2 Measure of Correlation

An important problem in time series analysis is the measure of correlation between compo-

nents. Assume that we have a random process that satisfies

E[yi] = µ (2.29)

E[(yi � µ)(yi�h � µ)T] = ⌦h (2.30)

where µ is the expectation vector of the time series; ⌦h is the autocovariance matrix of lag

h. Let y be a time series of length N sampled from this random process. One may estimate

µ by taking the sample mean over N time steps

µ̂ = ȳ =
1

N

N�1X

i=0

yi (2.31)

In addition to the mean vector, it is also useful to know the correlation between components.

However, measuring such a correlation is non-trivial for time series because a data point

may depend on historical states. As a consequence, commonly used correlation measures for
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non-temporal data, like the ordinary covariance matrix, may become invalid [99].

A statistically feasible correlation measurement of multivariate time series is the long-run

covariance matrix defined by

S =
1X

h=�1
⌦h (2.32)

Unfortunately, it is impossible to compute the matrix S using Equation 2.32 because the

length of a time series must be finite.

Heteroskedasticity and autocorrelation consistent (HAC) estimation is a technique that

approximates S using a finite-length time series. This estimation can be achieved by comput-

ing the Newey-West estimator [104, 105] defined by

Ŝ = ⌦̂
0

+
HX

h=1

(
h

H + 1
)(⌦̂h + ⌦̂

T
h ) (2.33)

where

• H is a user-defined lag truncation parameter.

•  is a real-valued kernel function. In this research, we study the HAC estimation with

pre-computed kernel function values. Discussions about kernel functions are available

in [104] and [106].

• ⌦̂h is the estimate of the autocovariance matrix with lag h defined by

⌦̂h =
1

N

N�1X

i=h

(yi � µ̂)(yi�h � µ̂)T (2.34)

The estimate of long-run covariance is a weighted sum of a collection of estimated autoco-

variance matrices where the kernel function controls the weights. As the time to compute the

estimator in Equation 2.34 grows with the size of the data, HAC estimation for long and mul-

tivariate time series data is computationally demanding when the data volume is large. We

aim to improve the computational e�ciency of HAC estimation by designing reconfigurable

accelerators. However, it is challenging to design such an accelerator, because the calculation

of autocovariance matrices may incur high bandwidth consumption.

2.5.3 Ordinal Analysis

In addition to the measure of correlation, another important technique for time series analysis

is to quantify the complexity of a time series. A complexity measure reflects the regularity
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and predictability of the time series. Ordinal analysis [107] is an approach to analyse the

complexity of time series by considering the order of small segments in the time series. This

approach does not depend on a particular time series model, and it is robust against various

types of noise. It has been used in characterising dynamic changes in time series, with various

applications such as financial risk modelling and biomedical signal processing.

Given a sequence of n distinct values b = (b
0

, . . . , bn�1

), the ordinal pattern of b is math-

ematically described by a permutation ⇡ = (k
0

, . . . , kn�1

), such that b0 = (bk0 , . . . , bkn�1)

is in ascending order. For instance, the sequences b = (b
0

, b
1

, b
2

) = (5, 2, 4) satisfies b
1

<

b
2

< b
0

. Therefore, the ordinal pattern of this sequence is (1, 2, 0). A univariate time series

x = (x
0

, . . . , xN�1

) and an integer n 2 [1..N ] contains (N � n+ 1) contiguous sub-sequences

with length n. Ordinal patterns of these sub-sequences contain rich information about chaotic

properties of the time series [108].

Ordinal analysis refers to the study of the distribution of these ordinal patterns. The first

step for ordinal analysis is to extract all ordinal patterns in the time series and encode them

in a predefined format. The length of sub-sequences we consider is the query order of the

encoding problem. Ordinal pattern encoding is time-consuming for long time series or high

query orders.

The encoding procedure is computationally intensive regarding arithmetic operations, but

it only requires sequential access to the time series data. We consider it beneficial to encode

ordinal patterns with a pipelined accelerator using reconfigurable hardware. The abundant

logical resources in modern reconfigurable devices enable the arithmetic operations to be

e�ciently parallelised and pipelined. However, encoding ordinal patterns using reconfigurable

hardware is challenging, as the straightforward encoding method requires sorting, which lacks

e�cient hardware implementation.

2.6 Summary

In this chapter, we review five topics related to this thesis, including predictive modelling for

event streams, reconfigurable computing, point process models, regression analysis and time

series analysis.

We mention that the conventional method for event stream modelling is to use point pro-

cess models. The calculations for model fitting involve complex data dependency. As a result,

it is challenging to design dataflow engines for acceleration. In Chapter 3 of the thesis, we

address the challenges by deriving new mathematical methods for the calculations to simplify

the data dependency. In Chapter 4 of the thesis, we address the challenges by proposing a

novel predictive model for event streams which avoids the complex data dependency in point

process models.

We mention that the techniques for time series analysis require high bandwidth consump-
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tion, and they involve operations that lack e�cient hardware implementations such as sorting.

In Chapter 5, we address the challenges by designing new algorithms to promote data reuse,

and by developing time series encoding schemes to avoid sorting.
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Chapter 3

Reconfigurable Accelerators for

Hawkes Process Models

This chapter covers reconfigurable acceleration solutions for three operations for Hawkes point

process models namely intensity evaluation, likelihood evaluation and parameter estimation.

Intensity evaluation is the operation to calculate the intensities for a time point t using a data

set E(0, T ) and a parameter set ✓. Likelihood evaluation is the operation to evaluate the data

likelihood using a parameter set ✓ and an event sequence E(0, T ). Parameter estimation is the

operation to find a parameter set ✓ that best fits a event sequence E(0, T ). The main novel

aspects presented in this chapter include the following:

• An intensity evaluation engine for the Hawkes point process models. (Section 3.1)

• Novel mathematical expressions of the likehood functions that simplify data dependency

for dataflow computing. (Section 3.2.1 and 3.3.4)

• Reconfigurable accelerators for likelihood evaluation based on the proposed mathemat-

ical expressions. (Section 3.2.2 and 3.3.5)

• An empirical study where we apply the likelihood evaluation accelerator to improve the

e�ciency of parameter estimation. (Section 3.4)

The rest of this chapter is organised as follows. Section 3.1 presents an approach for

accelerating intensity evaluation for multivariate Hawkes point processes. Section 3.2 and 3.3

respectively discuss the likelihood evaluation for univariate and multivariate Hawkes process

models. Section 3.4 presents an e�cient collaboration scheme between the host computer and

the accelerator for parameter estimation. Section 3.5 gives a brief summary of this chapter.
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3.1 Intensity Evaluation

Intensity evaluation for a Hawkes process model is the evaluation of the intensities at a given

time t for all dimensions, �
0

(t), �
1

(t), �
2

(t), . . . , �M�1

(t), using a parameter set ✓ = (A,B,⇤).

The major challenge for reconfigurable acceleration is the bottleneck of memory bandwidth.

We address the challenge by proposing an intensity evaluation strategy shown in Equation 3.4,

3.5 and 3.6. With the proposed strategy, we may save the memory bandwidth by calculating

multiple intensities in parallel with a single data pass.

In general, the intensity of the Hawkes process is a function of the whole history of the

event stream. In real-time applications, such as the modelling and prediction of high-frequency

financial data involving thousands of data points, the data dependency makes the repeated

evaluation of the intensity computationally challenging.

As we have discussed in Section 2.1, we focus on the Hawkes exponential response function

this research. This response function has a Markov property allowing the computation of

intensities with sequential updates. In our discussions about intensity evaluation, we do not

take advantage of this property so that the methods proposed in this section can be adapted to

work with other response functions regardless whether the function has the Markov property.

We take advantage of the Markov property when we study the likelihood evaluation operation

in Section 3.2 and 3.3.

3.1.1 Strategy of Acceleration

In this section, we first analyse the data dependency in the intensity evaluation problem. We

then develop a computing strategy to calculate multiple intensities in parallel with a single

data pass.

A computable form of the intensity is as follows:

�m(t) = �?m +
M�1X

m0
=0

K
m

(t)�1X

k=0

gm,m0(t� tm0,k)

= �?m +
M�1X

m0
=0

K
m

(t)�1X

k=0

↵m,m0e��m,m

0 ·(t�t0) (3.1)

where Km(t) is the number of events with type label m before t. It is straightforward to com-

pute the intensities �
0

(t), �
1

(t), �
2

(t), . . . , �M�1

(t) individually using Equation 3.1. However,

we consider such a strategy ine�cient from the perspective of reconfigurable computing.

We investigate this e�ciency problem by analysing the data dependency which is shown

in Figure 3.1. In this figure, an edge from a node x to node y describes the fact that x is a

necessary element to compute y. If y is computable using a single access to x, then the label

of the edge is ‘1’. Otherwise the label is an asterisk. The data dependency suggests that if

40



λ⊥ A B

λ(t)
Data

1

1

1 *

Figure 3.1: Data dependency of straightforward intensity evaluation

we directly evaluate the intensities following the definition, we may only obtain one intensive

value after accessing the whole data set. As a result, it is unavoidable to access the whole

data set for M times to compute all the intensities for all the M event types.

In this study, we aim to design a hardware architecture to accelerate intensity evaluation.

The bandwidth between the memory and the acceleration platform is limited. Therefore, it

is ine�cient in terms of memory bandwidth consumption if we obtain only one intensity with

a data pass.

3.1.2 One-Pass Computation of Multiple Intensities

Regarding the problem on the memory bandwidth, we propose a method to calculate multiple

intensities in parallel with a single data pass. Let �m0(t), �m1(t), . . . , �mc�1(t) be a group of

c intensities at time t. By Equation 3.1,

0

BBBB@

�m0(t)

�m1(t)
...

�m
c�1(t)

1

CCCCA
=

0

BBBB@

�?m0

�?m1

...

�?m
c�1

1

CCCCA
+ s(t) (3.2)
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where

s(t) =
M�1X

m0
=0

0

BBBB@

PK
m

(t)�1

k=0

↵m0,m0e��m0,m
0 ·(t�t

m

0
,k

)

PK
m

(t)�1

k=0

↵m1,m0e��m1,m
0 ·(t�t

m

0
,k

)

...
PK

m

(t)�1

k=0

↵m
c�1,m0e

��
m

c�1,m
0 ·(t�t

m

0
,k

)

1

CCCCA
(3.3)

=
M�1X

m0
=0

Um0vm0(t) (3.4)

where Um0 is a c⇥ c diagonal matrix defined by

Um0 =

0

BBBB@

↵m0,m0 0 0 0

0 ↵m1,m0 0 0
...

...
. . .

...

0 0 0 ↵m
c�1,m0

1

CCCCA
(3.5)

and vm0(t) is a c-dimensional column vector defined by

vm0(t) =

K
m

(t)�1X

k=0

0

BBBB@

e��m0,m
0 ·(t�t

m

0
,k

)

e��m1,m
0 ·(t�t

m

0
,k

)

...

e
��

m

c�1,m
0 ·(t�t

m

0
,k

)

1

CCCCA
(3.6)

The diagonal matrix Um0 is independent of the data. All the elements needed to construct

Um0 are available in the m0-th column of the model parameter A in Equation 2.19. The

vector vm0(t) is the crucial part of the computation. Once vm0(t) for all m0 2 [0..(M � 1)]

are available, �m0(t), �m1(t), �m2(t), . . ., �mc�1(t) are computable by Equation 3.2, 3.4, 3.5

and 3.6. However, the vector vm0(t) depends on all past events. Therefore, the computation

of vm0(t) becomes the e�ciency bottleneck when the number of events in the data set is large.

The data dependency underlying our proposed method shown in Figure 3.2 is di↵erent

from that of the straightforward method shown in Figure 3.1. In particular, the proposed

method only needs to access the data set once to compute c intensities. We consider this

property valuable for developing hardware acceleration engines. In reconfigurable computing

systems, it is usually the memory access time, rather than the logical resources, that limits

the computational e�ciency and scalability of the hardware. Obtaining multiple results with

one data pass improves the memory e�ciency.
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Figure 3.2: Data dependence pattern of proposed evaluation strategy

3.1.3 Hardware Design

The calculation of vm0(t) is the most computationally expensive procedure in intensity eval-

uation. We accelerate this calculation by designing and optimising a pipelined hardware

architecture. We first propose a basic architecture and explain its core component, the glove.

We then propose a method to combine multiple gloves to promote data parallelism.

We propose a hardware architecture, which is shown in Figure 3.3, to compute vm0(t)

following Equation 3.6. The major computational part of the architecture, which we call a

glove, is enclosed in the large rounded square in the figure. For ease of discussion, we refer to

a component in charge of accumulating the statistical information for a single event type as

a finger. It is necessary to deploy c fingers in a glove to compute c intensities in a single data

pass.

The output of the i-th finger is accumulated using an accumulator. When an event in

the m0-th dimension passes through the engine, the engine calculates and accumulates the

contribution of the event towards all the c components in vm0(t) in parallel. When all the

data instances in the m0-th dimension have been streamed into the engine, the entries in

vector vm0(t) can be harvested from the accumulators . When the whole data set has passed

through the engine, we may obtain vm0(t) for all m0 2 [0..(M � 1)]. The host computer then

calculates �m0(t), �m2(t), . . . , �mc�1(t) using Equation 3.2, 3.4, 3.5 and 3.6.
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Figure 3.3: Basic architecture with a single glove

3.1.4 Data Parallelism

The single-glove architecture reaches its maximum computational e�ciency when the number

of fingers c is a factor of the number of dimensions M . In this situation, all the M intensities

can be computed with exactly M/c data passes. In contrast, if c is not a factor of M , we need

dM/ce data passes to finish the computation of all intensities. In some data passes, certain

fingers of the glove are inactive. Practically, we may maximise c with respect to the limitation

of hardware resources on a particular platform to maximise computational e�ciency. However,

we also expect to reduce c to avoid or reduce the idleness of hardware resources.

The memory bandwidth requirement of the single-glove architecture is both small and

constant. Moreover, there is no particular computational order in the summation operation

in Equation 3.6. As a result, we may take advantage of data parallelism to maximise resource

usage without increasing the number of fingers c.

We propose to deploy a group of g gloves in the way shown in Figure 3.4 to exploit the

data parallelism. Specifically, we break the data stream into g segments with identical or

similar length and stream them into g gloves in parallel.

3.1.5 Experimental Evaluation

The general information of the test data is listed in Table 3.1. For each problem, we generate

test data sets with di↵erent sizes L from 104 to 109.5 using the thinning procedure [109]. We

produce the data to simulate the situations in [5, 2, 9, 6]. The distribution of the simulated

data may be di↵erent from the real-world data. However, our results are una↵ected as the

execution time only depends on the size of data.
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Table 3.1: Test data for intensity evaluation

Case Area of study No. of dimensions M
1 Order book reconstruction (1 stock) [5] 4
2 Earthquake analysis (10 geological areas) [2] 10
3 Stock trading behaviour modelling (10 stocks) [9] 20
4 Neurone activity modelling (32 neurones) [6] 32

A data set is loaded into the main memory of the host computer before the computa-

tion begins. The data are then transmitted to the acceleration system via the PCI-Express

interface in real time during the computation. The computational e�ciency is measured by

the total execution time for all the M intensities. The execution time also includes the data

transmission overhead from the memory to the acceleration platform.

Experimental results are shown in Figure 3.5. Each column of the figures corresponds

to a data set in Table 3.1. The first two rows of figures record the computational e�ciency

of the FPGA and CPU implementations respectively. We record the data size in log scale

with base 10 in these figures. We also record the execution time in log scale to show the

trends. A small di↵erence along the vertical axis in each figure means a huge di↵erence in

execution time as we use the log space. The third row of the figures shows the speedup of the

FPGA implementation over one core and eight cores. We do not take the logarithms of these

numbers.

The CPU implementation works well on eight cores. It is around 7 times faster than a

single core in all tested cases. The speedup of the FPGA implementation over the CPU imple-
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Figure 3.5: Experimental results on intensity evaluation
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mentation increases as the size of data set grows. The maximum speedup we observe across

all the case studies is in Case 4 when the data size reaches 109.5. The FPGA implementation

is up to 94 times, and 12 times faster than the CPU implementation on a single core and

eight cores respectively.

The execution time of the CPU implementation increases linearly with the data size.

However, the growth pattern of the FPGA implementation appears irregular. In Case 2,

3 and 4, there are huge leaps when the data size increases from 104 to 105. We are unsure

about the reason behind these leaps, but they are likely to be caused by the hardware platform

rather than the design. After the leaps, the incremental trends follow convex functions. The

convex increment pattern suggests a better computational e�ciency than a linear one when

the data size is large. Specifically, when the size of the data grows by h times, the execution

time grows less than h times. The reason for the observation is that the overhead including

hardware initialisation time and post-processing time of the host computer does not increase,

while the execution time spent on pipeline processing grows linearly with the size of the data

set.

The execution time for a fixed data size is similar across the four case studies regardless

the number of dimensions because the numbers of dimensions in all cases are less than or

equal to the number of fingers c in each glove. Therefore, the engine is capable of processing

a data set with one pass through the data. As a result, the time spent on pipeline processing

for di↵erent data sets are identical, and the small di↵erence in the total execution times is

due to the di↵erence in post-processing time in the host computer.

3.2 Likelihood Evaluation for Univariate Data

Likelihood evaluation is a core calculation in parameter estimation. It is a computationally

expensive procedure and requires acceleration. In this section, we present a reconfigurable

computing solution to accelerate likelihood evaluation for univariate Hawkes processes using

reconfigurable hardware. The main challenge for acceleration is to simplify the data depen-

dency in the likelihood function. In this section, we propose a mathematical transformation

for the likelihood function to simplify the data dependency.

3.2.1 Recursive Likelihood Evaluation

During the evaluation of the likelihood function, it is necessary to collect a piece of statistical

information from each event in the data. By the definition of the likelihood function, when we

collect information from an event, we need to revisit all events before it. In this section, we

derive an expression for the likelihood function. When we collect information from an event

using the proposed expression, we only need to revisit one event before it.
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When the data only has a single type of events, we only need to record the occurrence

times of the events and omit the event labels. In other words, we may write an event sequence

of K events as

E(0, T ) = (t
0

, t
1

, t
2

, . . . , tK�1

) (3.7)

where T is the termination time of data collection. If this time is unavailable, we assume that

the arrival time of last event is the termination time following [47]. In other words, we take

T = tK�1

. With a single event type, the parameter set is in the form ✓ = (�?,↵,�). The

partial likelihood [110] of the Hawkes process is

L(✓) =

Z T

0

ln�(t)dC(t)�
Z T

0

�(t)dt (3.8)

The expression of the likelihood is the di↵erence of two terms. The first term equals the sum

of the logarithms of intensities at the occurrence times of all events, i.e.

Z T

0

ln�(t)dC(t) =
K�1X

k=0

ln�(tk) (3.9)

The second term of the likelihood expression is the integration of the intensity function over

the time interval of data collection. We may rewrite this term in a computable form as follows:

Z T

0

�(t)dt =

Z T

0

�
�? + ↵

K(t)�1X

k=0

e��(t�t
k

)

�
dt (3.10)

= �?T +

Z T

0

�
↵

K(t)�1X

k=0

e��(t�t
k

)

�
dt (3.11)

= �?T �
K�1X

k=0

↵

�
(e��(T�t

k

) � 1) (3.12)

We then rewrite the expression of the partial likelihood as

L(✓) =
K�1X

k=0

ln�(tk)�
�
�?T �

K�1X

k=0

h(k)
�

(3.13)

=
K�1X

k=0

�
ln�(tk) + h(k)

�� �?T (3.14)

where h(k) is a term depending on the termination time of sampling and the time of the k-th
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event defined by

h(k) =
↵

�
(e��(T�t

k

) � 1) (3.15)

One needs the values of h(k) and �(tk) for all k 2 [0..(K� 1)] in the computation of L(✓).

It is relatively easy to calculate h(k) using its definition in Equation 3.15. This calculation

is unlikely to cause problems in reconfigurable computing as the data dependency pattern is

simple. Specifically, the value of h(k) only depends on the parameter set ✓ and the occur-

rence time of the k-th event tk. However, the data dependency pattern of �(tk) is complex.

Specifically, by the definition of the intensity function in Equation 2.13, we have

�(tk) = �? + ↵
k�1X

k0=0

e��(tk�t
k

0 ) (3.16)

It is di�cult to calculate �(tk) by Equation 3.16 on the reconfigurable computing platform,

because �(tk) depends on (t
0

, t
1

, t
2

, . . . , tk�1

).

We present an alternative way to compute �(tk) to simplify the data dependency pat-

tern. The exponential response function provides the opportunity to eliminate the complex

data dependency in the computation of �(tk). We achieve this by applying the likelihood

decomposition technique in [45] to our exponential response function. Let

�(k) =
k�1X

k0=0

e��(tk�t
k

0 ) (3.17)

Then the intensity for any k are in the form

�(tk) = �? + ↵�(k) (3.18)

If �(k) is available, it is easy to calculate the intensity �(tk) as well as the logarithm of the

intensity �(tk). Therefore we find a way to compute �(k) in a recursive manner.

• When k = 0, there exist no points before tk. The summation operator in Equation 3.17

always equals zero regardless the the parameter �. As a result,

�(0) = 0 (3.19)
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• When k > 0, we may decompose �(k) as follows:

�(k) =
k�2X

k0=0

e��(tk�t
k

0 ) + e��(tk�t
k�1) (3.20)

=
k�2X

k0=0

e��[(tk�t
k�1)+(t

k�1�t
k

0 )] + e��(tk�t
k�1) (3.21)

= e��(tk�t
k�1)

k�2X

k0=0

e��(tk�1�t
k

0 ) + e��(tk�t
k�1) (3.22)

= e��(tk�t
k�1)

� k�2X

k0=0

e��(tk�1�t
k

0 ) + 1
�

(3.23)

On the other hand, by Equation 3.17,

k�2X

k0=0

e��(tk�1�t
k

0 ) = �(k � 1) (3.24)

Substitute Equation 3.24 into Equation 3.23, we obtain:

�(k) = e��(tk�t
k�1)

�
�(k � 1) + 1

�
(3.25)

Unifying the above two cases, we have

�(k) =

8
<

:
0 if k = 0

e��(tk�t
k�1)

�
�(k � 1) + 1

�
if k > 0

(3.26)

Equation 3.26 suggests that one may compute �(k) using �(k�1) without knowing tk0 for any

k0 2 [0..(k�2)]. The transformation is particularly useful for hardware design as it eliminates

the data dependency in Equation 3.17.

For hardware e�ciency, we compute the likelihood function with sequential data access

and simple data dependency. We define

Q(k) =
k�1X

k0=0

�
ln�(tk0) + h(k0)

�
(3.27)

The likelihood function in terms of Q is as follows:

L(✓) = Q(K)� �?T (3.28)
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Figure 3.6: Basic modules

On the other hand, Q(k) is recursively computable by

Q(k) =

8
<

:
0 if k = 0

Q(k � 1) + ln�(tk) + h(k) if k > 0
(3.29)

3.2.2 Hardware Design and Optimisation

We map the likelihood evaluation method derived in the previous section to a pipelined

hardware architecture. We first describe three hardware modules and discuss a method to

combine them to compute Q(k) e�ciently. We propose three arithmetic modules: the �

module, � module and h module. Their structures are shown in Figure 3.6.

1. The � module is designed based on Equation 3.26. The base case of the function when

k = 0 is not reflected in the hardware. By supplying �(�1) = �1 to the � module, we

can obtain �(0) = 0.

2. The � module is designed based on Equation 3.18.

3. The h module is based on Equation 3.15. One input to the h module, ↵/�, does not

change over time. We precompute this value in the host computer to avoid unnecessary

resource consumption for the reconfigurable device.

A combination of the basic modules, the Q module, is shown in Figure 3.6. This module

is designed based on Equation 3.29. It computes Q(k) and �(k) by taking Q(k� 1), �(k� 1)

and model parameters as the inputs.

Due to the latency of the module, it is impossible to use an output of Q(k) as the input

immediately for the next iteration. Therefore, evaluating the likelihood for a single parameter

set will result in pipeline stalls. We apply the c-slow retiming [111] to process a batch of N✓

parameter sets to keep the pipeline busy. Specifically, the Q module loads an event tk every
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N✓ cycles. During the next N✓ cycles, the Q module starts the computation of Q(k) for a

parameter set at the beginning of each cycle. We also deploy multiple Q modules to exploit

parallelism.

3.2.3 Experimental Evaluation

We implement the proposed architecture with all the discussed optimisations in an FPGA-

based acceleration platform and test its computational e�ciency using data sets with various

sizes. We develop a Hawkes process simulator based on the thinning procedure [45] to produce

the test data. Using the simulator, we generate a sequence of 109 events for our experiments.

We deploy twelve Q modules in parallel to maximise hardware resource usage for better com-

putational e�ciency. We evaluate 1024 parameter sets in a batch to avoid pipeline stalls.

We use the IEEE single precision floating point numbers throughout the FPGA and CPU

implementations except for the inputs of the logarithm evaluation unit in FPGA, where we

use double precision floating point numbers for better accuracy. A likelihood value com-

puted by the FPGA implementation may slightly di↵er from the one computed by the CPU

implementation, but the relative di↵erence is below 0.1% in all the experiments.

3.2.4 Results and Discussion

The experimental results are plotted in Figure 3.8. The execution times for a query are

recorded in Figure 3.8a. The speedup of the FPGA implementation over the CPU implanta-

tion on a single core and eight cores are presented in Figure 3.8b. We record the data size in
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Figure 3.8: Experimental results

log scale with base 10 in both figures. To reflect the trend of the increment of the execution

time, we also plot the results in log scale in Figure 3.8a.

The execution times of both the CPU and FPGA implementation increase approximately

linearly as the data size grows. The CPU implementation works well on eight cores. It is

around 7.1 times faster than a single core.

When data size K  107, the speedup of the FPGA implementation over the CPU im-

plementation increases as the size of the data set grows. This is because, while the execution

time spent on the pipeline grows linearly with the size of the data set, the overhead includ-

ing the hardware initialisation time and post-processing time does not increase. The peak

speedup is 72 times and 10 times over the CPU implementation on a single core and eight

cores respectively.

When K > 107, the speedup of the FPGA implementation decreases slightly and stabilises

at around 55 times over a single core. We find that the increment of execution time of the

FPGA implementation follows a linear pattern but that of the CPU implementation is slightly

below a linear trend when K > 107. We are unsure about the reason behind this observation,

but a possible explanation is that the compiler optimised the code for large data volume.

3.3 Likelihood Evaluation for Multivariate Data

In this section, we discuss a way to build a reconfigurable accelerator for likelihood evaluation

for multivariate Hawkes process models. Similar to the univariate case, the major challenge

of the likelihood evaluation for multivariate Hawkes process is the complex data dependency.

However, it is impossible to simplify the data dependency using the method proposed in the

previous section, because the likelihood function of the multivariate Hawkes process is more

general than that of the univariate case. We address the challenge by deriving a mathematical
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transformation for the likelihood function of the multivariate Hawkes process.

3.3.1 Straightforward Likelihood Evaluation

In this subsection, we analyse the data dependency problem in the straightforward method of

likelihood evaluation. The likelihood of a multivariate self-exciting point process is the sum

of likelihoods of all dimensions. The likelihood of a single dimension [112] is

Lm(✓) =

Z T

0

ln�m(t)dCm(t)�
Z T

0

�m(t)dt (3.30)

=
K

m

�1X

k=0

ln�m(tm,k)� �?mT +
K

m

�1X

k=0

hm(k) (3.31)

where

hm(k) =
M�1X

m0
=0

↵m,m0

�m,m0
(e��m,m

0 (T�t
m

0
,k

) � 1) (3.32)

Therefore the likelihood of the whole process is

L(✓) =
M�1X

m=0

Lm(✓) (3.33)

=
M�1X

m=0

�K�1X

k=0

ln�m(tm,k)� �?mT +
K

m

�1X

k=0

hm(k)
�

(3.34)

= Q+R+ S (3.35)

where

Q =
M�1X

m=0

K
m

�1X

k=0

ln�m(tm,k) (3.36)

R = �T
M�1X

m=0

�?m (3.37)

S =
M�1X

m=0

K
m

�1X

k=0

hm(k) (3.38)

We may compute the likelihood by adding up the three components Q, R and S. Among

the three components, R is easy to compute with a single multiplication. We focus on the
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computation of Q and S. In other words, we have

Q =
N�1X

i=0

ln�(oi) (3.39)

where

�(oi) = �l
i

(ti) (3.40)

Q is computable if the the intensities for all observations, i.e. �(oi) for i 2 [0..(N � 1)], are

available. S is in a complex and data-dependent form, but we may calculate the contribution

of each event towards S independently. By Equation 3.38,

S =
M�1X

m=0

K
m

�1X

k=0

M�1X

m0
=0

↵m,m0

�m,m0
(e��m,m

0 (T�t
m

0
,k

) � 1) (3.41)

An equivalent form of S is

S =
M�1X

m=0

N�1X

i=0

↵m,l
i

�m,l
i

(e��m,l

i

(T�t
i

) � 1) (3.42)

The value of S stays unchanged if the two summation operators are swapped. Therefore

S =
N�1X

i=0

M�1X

m=0

↵m,l
i

�m,l
i

(e��m,l

i

(T�t
i

) � 1) (3.43)

Assume that we can compute the following two quantities for each data point oi:

si =
M�1X

m=0

↵m,l
i

�m,l
i

(e��m,l

i

(T�t
i

) � 1) (3.44)

qi = ln�(ok) (3.45)

Then we have

S +Q =
N�1X

i=0

(si + qi) (3.46)

In other words, one may obtain (S + Q) by accumulating (si + qi) for all i 2 [0..(N � 1)].

The e↵ort to compute (S + Q) depends on the e�ciency of intensity evaluation, as we need

to evaluate �(oi) for all observations oi. Therefore, given a data set with N data points, one

needs to evaluate N intensity values.
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Figure 3.9: Data dependency pattern in di↵erent intensity evaluation methods

3.3.2 Straightforward Intensity Evaluation

The computable form of the intensity is as follows:

�m(t) = �?m +
M�1X

m0
=0

K
m

(t)�1X

k0=0

↵m,m0e��m,m

0 (t�t
m

0
,k

0 ) (3.47)

where

Km(t) = |Em(0, t)| (3.48)

This equation suggests that, when computing the intensity at time t, it is necessary to collect

a piece of statistical information from each point appearing before time t.

The computation of likelihood only requires the intensity values when an event occurs.

Therefore, rather than considering intensities for arbitrary time points, we only pay attention

to the intensities in the form

�(oi) = �?l
i

+
i�1X

j=0

↵l
i

,l
j

e
��

l

i

,l

j

(t
i

�t
j

) (3.49)
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This expression is computable, but the data dependency cause problems in computational

e�ciency.

The data dependency pattern underlying this expression is Figure 3.9a. In this figure, each

dotted square is a scenario when the intensity of the data point in gray is being evaluated. The

points enclosed in the solid box are accessed and used in the evaluation. Given an observation

oi, the data points needed for �(oi) are o
0

, o
1

, o
2

, . . . , oi�1

. Admittedly, this is a predictable

pattern where the locations of the depended data points are only related to the index i rather

than the distribution of the data. However, this strategy is not e�cient because it takes

O(N2) time to compute all intensities for a data set with N points. The time complexity

suggests that the likelihood evaluation time increases quadratically as the number of data

point grows. In this case, even if we develop a hardware accelerator for likelihood evaluation,

the computational e�ciency may not scale well with the data size.

3.3.3 Recursive Intensity Evaluation

As the straightforward intensity evaluation method incurs high time complexity, we need

to reduce the time complexity before eliminating the complex data dependency. In this

subsection, we derive a recursive likelihood evaluation strategy to reduce the time complexity.

The intensity for an event oi is in the form

�(oi) = �?l
i

+
M�1X

m0
=0

i�1X

j=0

zl
j

,m0↵l
i

,m0e��li,m0 (x
i

�x
j

) (3.50)

where

za,b =

8
<

:
0, a = b

1, a 6= b
(3.51)

The value of ↵l
i

,m0 are independent of j. Therefore, we may move it out of the inner summation

operator. The intensity at oi becomes

�(oi) = �?l
i

+
M�1X

m0
=0

↵l
i

,m0

i�1X

j=0

zl
j

,m0e��li,m0 (x
i

�x
j

) (3.52)

Let

ri,m0 =
i�1X

j=0

zl
j

,m0e��li,m0 (x
i

�x
j

) (3.53)
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Then the expression of intensity can be transformed into

�(oi) = �?l
i

+
M�1X

m0
=0

↵l
i

,m0ri,m0 (3.54)

This equation suggests that �(oi) is computable in O(M) time if ri,m0 for all m0 2 [0..(M �1)]

are available. Therefore, the e�ciency of intensity evaluation depends on the e�ciency of

computing ri,m.

We then focus on the computation of ri,m in hardware pipelines. For ease of discussion,

we define a quantity

◆(i,m⇤) = max{i0 : li0 = m⇤ and i0 < i} (3.55)

In other words, ◆(i,m⇤) is the maximum index of the points with the label m⇤ appearing

before oi. The historical points appearing before oi can be divided into two types: (i) those

occur before o◆(i,l
i

)

, namely o
0

, o
1

, o
2

, . . . , o◆(i,l
i

)�1

; and (ii) those do not occur before o◆(i,l
i

)

,

namely o◆(i,l
i

)

, o◆(i,l
i

)+1

, . . . , oi�1

. Then ri,m can be decomposed as

ri,m0 = ui,m0 + vi,m0 (3.56)

where

ui,m0 =

◆(i,l
i

)�1X

j=0

zm0,l
j

e��li,m0 (x
i

�x
j

) (3.57)

vi,m0 =
i�1X

j=◆(i,l
i

)

zm0,l
j

e��li,m0 (x
i

�x
j

) (3.58)

The two quantities, ui,m0 and vi,m0 contains the statistical information collected from points

of type (i) and type (ii) respectively. One may compute ui,m e�ciently based on r◆(i,l
i

),m0 .

Specifically, the definition of ri,m0 in Equation 3.53 can be rewritten as

r◆(i,l
i

),m0 =

◆(i,l
i

)�1X

j=0

zm0,l
j

e
��

m

◆(i,l
i

),m
0 (x

◆(i,l
i

)�x
j

)

(3.59)

From the definition of ◆(i,m⇤) in Equation 3.55,

m◆(i,l
i

)

= li (3.60)
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Subsitituting Equation 3.60 into Equation 3.59,

r◆(i,l
i

),m0 =

◆(i,l
i

)�1X

j=0

zm0,l
j

e��li,m0 (x
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) (3.61)

On the other hand, we rewrite ui,m0 in terms of r◆(i,l
i

),m0 by introducing the term x◆(i,l
i

)

into

Equation 3.57,

ui,m0 =

◆(i,l
i
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= e��li,m0 (x
i
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◆(i,l
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)] (3.64)

= e��li,m0 (x
i

�x
◆(i,l

i

))r◆(i,l
i

),m0 (3.65)

By Equation 3.65, one may calculate ui,m0 using x◆(i,l
i

)

without accessing o
0

, o
1

, o
2

, . . . ,

o◆(i,l
i

)�1

.

On the other hand, one may directly compute vi,m0 by Equation 3.58. After computing

ui,m0 and vi,m0 for a dimension m0, one may easily obtain ri,m0 by Equation 3.56. When ri,m0

for all m 2 [0..(M � 1)] are available, one may compute �(oi) by Equation 3.54.

We call this method recursive intensity evaluation because the two crucial intermediate

variable ri,m0 and ui,m0 can be recursively computed based on each other. Using this method,

one may compute an intensity �(oi) based on o◆(i,l
i

)

, o◆(i,l
i

)+1

, . . . , oi. In other words, the

intensity at oi is calculated based on the points occurring in all dimensions since the last event

of type li. This data dependency pattern is shown graphically in Figure 3.9b.

In terms of hardware design, the recursive intensity evaluation method enables us to

compute all intensities by a one-o↵ visit through the data. As a result, it is possible to design

a fully pipelined hardware accelerator based on the proposed intensity evaluation method if

the following two assumptions holds:

• The on-chip memory is su�ciently large to cache o◆(i,l
i

)

, o◆(i,l
i

)+1

, . . . , oi at any time for

all i 2 [0..(N � 1)].

• The arithmetic resources are available to extract information from all the cached points

in parallel.

However, neither of the two assumptions holds practically. One may encounter the worst case

where there are N data points but ◆(i,mN ) = 0. To fully prepare for such a worst case, we
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need to cache and collect statistical information from (N�1) points using the on-chip memory,

but the on-chip memory on a typical reconfigurable device is too small to store (N�1) events.

3.3.4 Hyper-Recursive Intensity Evaluation

The recursive intensity evaluation strategy reduces the time complexity of intensity evaluation,

but the data dependency remains complex. In this subsection, we propose the hyper-recursive

intensity evaluation strategy which eliminates the data dependency. The key insight of this

method is that we introduce a group of intermediate variables that (i) contain all necessary

statistical information of all past points for intensity computation and (ii) can be computed

with a hardware resource requirement that does not scale up with data size N .

Finding such a group of intermediate variables is a very di�cult task from the perspective

of statistics, information theory and algorithm design, because this variable set needs to be

compact, informative and easy to compute. In this study, we manage to find a set of variables

that meets all these requirements. Let

!i,m0,m⇤ = r◆(i,m⇤
),m0 (3.66)

 i,m0,m⇤ =
i�1X

j=◆(i,m⇤
)

zm0,l
j

e��m⇤
,m

0 (x
◆(i,m⇤)�x

j

) (3.67)

Then !i,m0,m⇤ and  i,m0,m⇤ for all (m0,m⇤) 2 [0..(M�1)]2 constitute a set of variables meeting

all the requirements. When li = m⇤, Equation 3.66 becomes

!i,m0,l
i

= r◆(i,l
i

),m0 (3.68)

 i,m0,l
i
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i�1X
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Therefore, by Equation 3.65

ui,m0 = e��li,m0 (x
i

�x
◆(i,l

i

))!i,m0,l
i

(3.70)
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By Equation 3.58, vi,m0 can be expressed in terms of  i,m0,m⇤
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= e��li,m0 (x
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)) i,m0,l
i

(3.74)

Both !i,m0,m⇤ and  i,m0,m⇤ depend on the value of ◆(i,m⇤), and ◆(i,m⇤) is closely related to

li�1

.

• When li�1

= m⇤, we have ◆(i,m⇤) = i� 1. Therefore,

!i,m0,m⇤ = ri�1,m0 (3.75)

 i,m0,m⇤ = zm0,l
i�1e

��
m

⇤
,m

0 (x
◆(i,m⇤)�x

i�1) (3.76)

• When li�1

6= m⇤, we have ◆(i,m⇤) = ◆(i� 1,m⇤). Therefore,

!i,m0,m⇤ = !i�1,m0,m⇤ (3.77)

 i,m0,m⇤ =  i�1,m0,m⇤ + zm0,l
i�1e

��
m

⇤
,m

0 (x
◆(i,m⇤)�x

i�1) (3.78)

Unifying the expression of !i,m0,m⇤ and  i,m0,m⇤ and in both cases, we have

!i,m0,m⇤ =

8
<

:
ri�1,m0 if li�1

= m⇤

!i�1,m0,m⇤ if li�1

6= m⇤
(3.79)

 i,m0,m⇤ =

8
<

:
 ̃i�1,m0,m⇤ if li�1

= m⇤

 i�1,m0,m⇤ +  ̃i�1,m0,m⇤ if li�1

6= m⇤
(3.80)

where

 ̃i�1,m0,m⇤ =

8
<

:
e��m⇤

,m

0 (x
◆(i,m⇤)�x

i�1) if li�1

= m0

0 if li�1

6= m0
(3.81)

Equation 3.70 to 3.81 suggest that the proposed variables, !i,m0,m⇤ and �i,m0,m⇤ for all

(m0,m⇤) 2 [0..(M � 1)]2, provide su�cient information for intensity computation without
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involving complicated data dependences.

When i = 0, !
1,m0,m⇤ and  

1,m0,m⇤ for all (m0,m⇤) 2 [0..(M � 1)]2 can easily be calculated

using their corresponding definitions in Equation 3.66 and 3.67. When i > 1, assuming that

ri�1,m0 , !i�1,m0,m⇤ and  i�1,m0,m⇤ for all (m0,m⇤) 2 [0..(M � 1)] ⇥ [0..(M � 1)] have been

obtained by the time we take the data point oi. Then ri,m0 ,!i,m0,m⇤ and  i,m0,m⇤ for all

(m0,m⇤) 2 [0..(M �1)]2 can be computed by Equation 3.79 and 3.80. Then one may compute

ui,m0 and vi,m0 by Equation 3.70 and 3.74. Finally, �(oi) can be obtained by evaluating

Equation 3.56.

We name this method hyper-recursive intensity evaluation because the intensity is obtained

from a two-layer recursive computation. The recursively computed variables !i,m0,m⇤ and

�i,m0,m⇤ are required for the recursive computation of ri,m0 and ui,m0 . We consider this method

useful for hardware implementation for the following three reasons.

1. The requirement for arithmetic resources scales linearly with the dimensionality of the

problem M . The major arithmetic computation in this strategy is the update operation

in Equation 3.81 when li�1

= m0. For each data point oi, only the entries in the form

 i,l
i�1,m⇤ satisfy this condition. Therefore, one only needs to deploy M evaluation units

for the update operation.

2. The computation of the intensity �(oi) only requires the data point oi�1

. The data

dependency pattern of this method is shown in Figure 3.47. There is no need to cache a

sequence of data points in this case. As a result, the requirement of hardware resources

is independent of the data size.

3. It is easy to parallelise the update operations for !i,m0,m⇤ and  i,m0,m⇤ , because the

update operations for all (m0,m⇤) 2 [0..(M � 1)]2 are independent of each other by

Equation 3.79 and 3.80

Hyper-recursive intensity evaluation is arguably the most general hardware-oriented al-

gorithmic optimisation for the parameter estimation operation of Hawkes process models, as

there is no theoretical constraint in the number of data dimensions.

3.3.5 Hardware Design

We develop a pipelined architecture for likelihood evaluation using the hyper-recursive inten-

sity evaluation strategy. We propose a basic hardware module called the intensity evaluation

cell to compute ri,m0 ,  i,m0,m⇤ and !i,m0,m⇤ for a data point oi and a dimension m0 following

the hyper-recursive intensity evaluation strategy discussed in the previous section. In other

words, an intensity evaluation cell does not provide the intensity value directly, but it collects

statistical information from data so that the intensity value can easily be computed.
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Figure 3.11: Likelihood evaluation accelerator

The structure of the intensity evaluation cell is shown in Figure 3.10. The data input and

the parameter set are omitted for brevity. As shown in the figure, an intensity evaluation

cell contains five modules. The ! module and  module compute Equation 3.79 and 3.80

respectively for !i,m0,m⇤ and  i,m0,m⇤ respectively. The u module and v module take the

outputs of the !i,m0,m⇤ and  i,m0,m⇤ respectively, and then evaluate Equation 3.70 and 3.74

to produce ui,m0 and vi,m0 . The r module then use ui,m0 and vi,m0 to calculate ri,m0 by

Equation 3.56.

We design a data path to finalise the likelihood evaluation by combining multiple intensity

evaluation cells. The structure of the data path is shown in Figure 3.11. Each block marked

with ‘IEC’ represents an intensity evaluation cell. In this architecture, we deploy M intensity

evaluation cells to compute ri,0, ri,1, . . . , ri,M�1

in parallel for each data point oi. These

results are passed to a � module which computes the intensity �(oi) by Equation 3.54. We

also design the S module which computes si according to Equation 3.43. By accumulating

the sum of ln(oi) and si in an accumulator, we can finally harvest the value of (S + Q) by

Equation 3.46.
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3.3.6 Experimental Evaluation

We evaluate the proposed likelihood evaluation accelerator with data. We develop simulators

to mimic four real-world situations and create four data sets for the experiments, namely

‘rainfall’, ‘earthquake’ , ‘neuron’ and ‘highfreq’. The ‘rainfall’ data set contains simulated

rainfall records from three observation points; the ‘earthquake’ data set is a simulated log

of earthquake detectors in eight locations; the ‘neuron’ data set describes the activity of ten

simulated spiking neurons; and the ‘highfreq’ data set is the data collected from a simulated

market for high-frequency currency trading. The numbers of dimensions of these four data

sets are 3, 8, 10, and 14 respectively. The distribution of the simulated data may be di↵erent

from real-world data, but the results are useful because the execution time only depends on

the data size rather than the data distribution. We deploy 14 intensity evaluation cells in

the FPGA to maximise resource usage. This implementation takes 71 percent of fine-grained

logic, 38 percent of DSPs and 45 percent of block memory on the FPGA. The clock frequency

of the FPGA is set to 120MHz.

The occurrence times of data points are represented in IEEE single precision floating point

numbers. The event type labels are represented in 8-bit unsigned integers. We validate the

correctness and precision of the system by comparing its results with a MATLAB implemen-

tation using the same data sets. The maximum relevant error is less than 1.1 percent.

In addition to the hybrid FPGA-based system, we build a CPU-only implementation that

runs exclusively on the host computer of the acceleration platform. This implementation is

programmed with the OpenMP library. To make a fair comparison, we apply a series of opti-

misations to the implementation, including avoiding redundant memory access and selecting

appropriate parallelisation scheme. Both the host code for the FPGA implementation and

the CPU implementation are written in the C programming language.

A data set is loaded into the main memory of the host computer before the computation

begins. The data are then transmitted to the acceleration system via the PCI-Express inter-

face in real time during the computation. The execution time includes the data transmission

overhead.

Experimental results for likelihood evaluation are shown in Figure 3.12. The first row of

figures show the execution times for likelihood evaluation. We record the data size in log scale

with base 10 in these figures. We also record the the execution time in log scale to reflect the

trend of the increment of the execution time. As we use the log axis for execution time, a

small di↵erence along the vertical direction in each figure means a huge di↵erence in execution

time. The second row of the figures shows the speedup of the FPGA-based system over one

CPU core and eight CPU cores.

The maximum speedup for likelihood evaluation is achieved when M = 14 and the data

size reaches 107. In this case, the FPGA-based implementation is respectively 67 times and 11
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Figure 3.12: Computational e�ciency for likelihood evaluation

times faster than a single CPU core and eight CPU cores for likelihood evaluation. Moreover,

we obtain the following three observations from the experimental results:

• The FPGA-based system demonstrates higher speedup when the data volume is large.

This is because the execution time of the FPGA-based system includes the hardware

initialisation time. The overhead becomes less significant when the data volume is large.

• Although not clear in the figures, the execution time of the CPU implementation is

slightly below the linear trend. As a result, the speedup of the FPGA-based implemen-

tation slightly drops when the data size reaches 107. We believe that such an observation

is caused by compiler optimisation of the CPU-only implementation.

• The execution time curve of the FPGA-based implementation intersects with that of

the CPU-only system. The intersect points tend to shift to the left when the number

of dimensions increases. This is because the execution time of the FPGA-based imple-

mentation is less a↵ected by M than the CPU implementation, while the time of CPU

implementation grows linearly with M .

65



3.4 Host-Accelerator Collaboration for Parameter Estimation

Simulated annealing [113, 114] is a powerful method for parameter search. We may incorporate

the simulated annealing algorithm and our proposed likelihood evaluation accelerator to solve

the parameter estimation problem. In this subsection, we first discuss a potential e�ciency

problem in parameter estimation with the proposed accelerator. We then present the eager

preparation method which solves the e�ciency problem by deliberately computing redundant

information, and by rearranging the computation steps.

3.4.1 Straightforward Simulated Annealing

Assume that an implementation of the likelihood evaluation engine evaluates likelihood values

for a batch of K parameters in each run, we create K searching threads accordingly. Let ✓g,k

be the parameter set of thread k in iteration g. We first randomly pick initial parameter sets

✓
0,0, ✓0,1, . . . , ✓0,K�1

, and then execute the following three steps repetitively.

1. Neighbour generation: the host computer generates neighbour parameter sets ✓0g,0, ✓
0
g,1,

. . . , ✓0g,K�1

for the current parameter sets ✓g,0, ✓g,1, . . . , ✓g,K�1

.

2. Likelihood evaluation: the accelerator reads the neighbour parameter sets ✓0g,0, ✓
0
g,1, . . . ,

✓0g,K�1

from the host computer, and then evaluate the corresponding likelihood values

L(✓0g,0), L(✓
0
g,1), . . . , L(✓

0
g,K�1

) using the data set.

3. Post-processing: for each neighbour parameter set ✓0g,k, the host computer judges whether

L(✓0g,k) is larger than the largest likelihood found in previous iterations. If so, the host

computer updates the best solution to ✓g,k. The host computer decides whether to ac-

cept ✓0g,k as the parameter set of iteration (g + 1). In other words, it decides whether

✓g+1,k = ✓g,k or ✓g+1,k = ✓0g,k.

The three steps are executed until a satisfactory solution emerges or the time limit is

reached. A Gantt chart of the computational steps is shown in Figure 3.13a. Typically,

the execution times of the three steps are di↵erent. Likelihood estimation is the most time-

consuming part in each iteration when the data volume is su�cient large. We may use the

accelerator proposed in the previous section to accelerate likelihood evaluation.

The neighbour generation step and the post-processing step are not directly related to

data. Mapping these steps to hardware accelerator may lead to a waste of valuable on-

chip logical resources. However, when executing the two steps in the host computer, one

may encounter a computational e�ciency bottleneck in the neighbour generation step. The

execution time of this step is considerable compared to post-processing. Specifically, the

neighbour generation algorithm is a key to reduce the number of iterations. It must be
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(a) Straightforward collaboration scheme

(b) Collaboration with eager preparation

Figure 3.13: Gantt chart of two host-accelerator collaboration schemes

carefully designed with heuristics to avoid bad neighbours [115, 116]. In contrast, post-

processing typically only involve the evaluation of simple expressions [117].

3.4.2 Eager Preparation

The Gantt chart in Figure 3.13a shows that when the accelerator is working, the host computer

is idle. Therefore, the total execution time can be shortened if the host computer is busy while

the accelerator is busy. However, it is impossible to rearrange the workflow because the three

steps can only be executed in a strictly serial manner to guarantee correctness. In iteration

g, the neighbour generation step requires the post-processing result of iteration (g � 1). The

accelerator can only be invoked when all the neighbour parameter sets of iteration g have

been generated.

We propose the eager preparation method to parallelise neighbour generation and likeli-

hood computation. When we begin to evaluate the likelihood using the accelerator in iteration

g, if we know the exact parameter sets ✓g+1,0, ✓g+1,1, . . . , ✓g+1,K�1

, we can compute the neigh-

bours ✓0g+1,0, ✓
0
g+1,1, . . . , ✓

0
g+1,K�1

for all search threads while the accelerator is busy with

likelihood evaluation for iterator g. Practically, it is impossible to know the new parameter

sets until the post-processing step is done. However, we know that a new parameter set ✓g+1,k

must be in one of the two cases (i) ✓g+1,k = ✓g,k or (ii) ✓g+1,k = ✓0g,k. Therefore, rather

than predicting the new parameter sets and produce their neighbours, we propose to generate

neighbours for both cases for the K threads.
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We name this method eager preparation because the host computer eagerly prepare neigh-

bours for the next iteration regardless which parameter set will be accepted. The eager prepa-

ration operation runs on the host computer while the accelerator is busy with the evaluation

of likelihood values. By adopting eager preparation in the workflow, the neighbour generation

step can be removed because in an iteration g, the neighbours for both possible parameter

sets for all searching threads must have been generated in the eager preparation step of the

iteration (g � 1). In this case, one only needs to pick the correct neighbours to invoke the

accelerator. The Gantt chart of this optimised workflow is shown in Figure 3.13b.

With the eager preparation method, we deliberately compute redundant information. For

K searching threads, 2K neighbours are generated in each iteration. Only K of them are used

in the next iteration, while the remaining K neighbours are discarded. For a given parameter

estimation task, the execution time of eager preparation in the optimised workflow is around

twice the time of neighbour generation in the original workflow. Also, the execution time of

neighbourhood generation is less than that of likelihood evaluation when the data volume is

large. Therefore, the time for likelihood evaluation on the accelerator may completely cover

the execution time of eager preparation on the host computer.

3.4.3 Experimental Evaluation

In this subsection, we evaluate the computational e�ciency of parameter estimation. We use

the same hardware platforms and data sets with the experiments in Section 3.3.6. Experi-

mental results for parameter estimation are shown in Figure 3.14. The maximum speedup is

achieved when M = 14 and the data size reaches 107.5. The system is up to 78 times faster

than a single-core CPU and 11 times faster than the same CPU with eight cores. We also

obtain the following three observations from the results:

• The general trends of experimental results in parameter estimation is similar to the

trends in likelihood evaluation in Figure 3.12, because the likelihood evaluation domi-

nates the execution time of parameter estimation.

• The growth of the execution time of the CPU implementation does not follow a lin-

ear growth pattern when the data size is small, which is di↵erent from the results on

likelihood evaluation. This observation is due to the time taken by neighbourhood

generation.

• The execution time of the FPGA-based implementation stays unchanged when data

size is small, because the likelihood evaluation time on the accelerator cannot cover the

execution time of the eager preparation process on the host computer. In this case, the

eager preparation time, which is independent of the data size, keeps the execution time

unchanged.
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Figure 3.14: Computational e�ciency in parameter estimation

3.5 Summary

This chapter discusses the acceleration of three operations for the Hawkes point process

namely intensity evaluation, likelihood evaluation and parameter estimation. Section 3.1

presents a hardware architecture that accelerates intensity evaluation for multivariate Hawkes

point process models. We analyse the data dependency in the computation and present a strat-

egy to compute multiple intensities with a single pass through the data. Section 3.2 presents

a hardware architecture for likelihood evaluation for the univariate Hawkes point process

models. We derive a mathematical method to eliminate complex data dependency in the like-

lihood function. Section 3.3 generalises the likelihood evaluation strategy for the univariate

Hawkes process to the multivariate case. The core technique of the generalised strategy is

the hyper-recursive intensity evaluation method which eliminates complex data dependency.

By mapping the proposed strategy to reconfigurable hardware, we design an accelerator for

likelihood evaluation. Section 3.4 discusses an acceleration solution for parameter estimation

using the likelihood evaluation accelerator. We propose the eager preparation method where

we deliberately compute redundant information to gain the flexibility in workflow scheduling,

which is the key technique to the reduce total execution time for parameter estimation.
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Chapter 4

Event Stream Prediction with

Regression

The conventional way to make predictions for event streams is to estimate a point process

model using data and simulate the model. However, we are aware of the e�ciency problem

in the parameter estimation process of point process models. Also, the predictive accuracy of

a point process model may be limited when model is unable to capture the data distribution.

In this chapter, we develop an alternative predictive model for event streams without point

process models. The main novel aspects in this chapter are as follows:

• An approximate intensity function with a counting technique which is inspired by the

Hawkes point process. (Section 4.1)

• A novel predictive model for event streams based on the counting technique and regres-

sion analysis. (Section 4.2)

• An empirical study comparing two predictive systems based on the proposed model and

a system based on the Hawkes point process model. (Section 4.3)

The organisation of this chapter is as follows. Section 4.1 presents a method to compute

approximate intensity values for the Hawkes point process. Section 4.2 proposes a novel pre-

dictive model based on counting and regression. Section 4.3 describes an empirical evaluation

of the proposed predictive model. Section 4.4 gives a brief summary of this chapter.

4.1 Approximate Intensity Evaluation

Intensity evaluation for Hawkes point process models is computationally demanding and dif-

ficult to accelerate. In this section, we solve this problem by proposing a method to compute

approximate intensities based on a counting technique so that point process models are no
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longer needed. The proposed method, shown in Algorithm 2 and Algorithm 3, provides in-

tensities by counting the number of events in a collection of intervals in the recent history.

In Chapter 3, we have used two methods to compute the intensity of the Hawkes point

process using reconfigurable hardware. The first method is a straightforward approach where

we compute the intensities based on the definition of the intensity function. To compute the

intensity values at time q, it is necessary to visit all events (t0, l0) 2 E(0, q) and sum up the re-

sponse function values. The straightforward intensity evaluation method is easy to parallelise,

but it results in a huge amount of redundant computation. The second method is a sequential

approach based on the relations between the current intensity and a previously computed

intensity. The sequential intensity evaluation method avoids the redundant computation, but

it is di�cult to parallelise and pipeline due to the serial data dependency.

The redundant computation in the first method and the serial dependency pattern in the

second method are two major problems for e�cient reconfigurable computing. To the best of

our knowledge, there exist no methods that solve the two problems together.

We believe that the root of the two problems is the pursuit of exact values of intensities.

In other words, it might be possible to design e�cient hardware to compute the approximate

intensities rather than the exact ones. In this study, we propose to approximate the intensity

function of the Hawkes point process using a collection of step functions. We start by analysing

and approximating the intensity function of the univariate Hawkes process. We then generalise

the method to the multivariate Hawkes process.

Let E(0, t) be an event sequence produced by a univariate Hawkes process ✓ = h�?,↵,�i.
The intensity function at time t is

�(t) =

|E(0,t)|�1X

i=0

g(t� ti) + �? (4.1)

=

|E(0,t)|�1X

i=0

↵e��(t�t
i

) + �? (4.2)

=

|E(0,t)|�1X

i=0

↵e�(ti�t) + �? (4.3)

To approximate the intensity function, we build a function �̃(t) such that

abs(�̃(t)� �(t)) < � (4.4)

where � is a positive real number defining the error bound of the approximation. In this study,

71



we let �̃(t) take a similar form to �(t). In particular, we use

�̃(t) =

|E(0,t)|�1X

i=0

↵⌫(ti � t) + �? (4.5)

where ⌫ is a function that we need to design. Using Equation 4.5, we may simplify Inequal-

ity 4.4 as

abs
� |E(0,t)|�1X

i=0

↵⌫(ti � t)�
|E(0,t)|�1X

i=0

↵e�(ti�t)
�
< � (4.6)

The simplification removes the background intensity �?. Therefore, we may design the func-

tion ⌫ without considering the background intensity. By simplifying Equation 4.6, we have

abs
�
↵

|E(0,t)|�1X

i=0

�
⌫(ti � t)� e�(ti�t)

��
< � (4.7)

By the definition of the Hawkes self-exciting processes, ↵ is a positive real number. Therefore,

we divide both sides by ↵ without changing the direction of the inequality, i.e.

abs
� |E(0,t)|�1X

i=0

�
⌫(ti � t)� e�(ti�t)

��
<
�

↵
(4.8)

We may secure the validity of Inequality 4.8 by finding a function ⌫ such that

abs
�
⌫(ti � t)� e�(ti�t)

�
<

�

↵|E(0, t)| (4.9)

In other words, Inequality 4.9 is a su�cient condition for error control. When Inequality 4.9

holds, the absolute di↵erence between the exact intensity function value �(t) and its approx-

imate value �̃(t) must be less than �.

We generalise the above analysis to the multivariate Hawkes process and find a su�cient

condition for error control. Let E(0, t) be an event sequence taken from an M -dimensional
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Hawkes process ✓ = h�?, A,Bi. The intensity function for event type m is

�m(t) =
M�1X

m0
=0

|E
m

0 (0,t)|�1X

i=0

gm,m0(t� tm0,i) + �?m (4.10)

=
M�1X

m0
=0

↵m,m0

|E
m

0 (0,t)|�1X

i=0

e��m,m

0 (t�t
m

0
,i

) + �?m (4.11)

=
M�1X

m0
=0

↵m,m0

|E
m

0 (0,t)|�1X

i=0

e�m,m

0 (t
m

0
,i

�t) + �?m (4.12)

Similar to the treatment for the univariate Hawkes process in Inequality 4.4, we build a

function �̃m(t) such that

abs
�
�̃m(t)� �m(t)

�
< �m (4.13)

where �m is the error tolerance for event type m. Let �̃(t) take a similar form to �m(t), i.e.

�̃m(t) =
M�1X

m0
=0

↵m,m0

|E
m

0 (0,t)|�1X

i=0

⌫m,m0(tm0,i � t) + �?m (4.14)

Therefore, the error constrain simplifies to

abs
�M�1X

m0
=0

↵m,m0

|E
m

0 (0,t)|�1X

i=0

⌫m,m0(tm0,i � t)

�
M�1X

m0
=0

↵m,m0

|E
m

0 (0,t)|�1X

i=0

e�m,m

0 (t
m

0
,i

�t)
�
< �m (4.15)

which is equivalent to

abs
�M�1X

m0
=0

↵m,m0

|E
m

0 (0,t)|�1X

i=0

�
⌫m,m0(tm0,i � t)� e�m,m

0 (t
m

0
,i

�t)
��

< �m (4.16)

This form is more complex than its counterpart for the univariate case in Inequality 4.7,

because it is impossible to directly divide both sides by a parameter-dependent constant.
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However, we may apply the triangle inequality of absolute values to Inequality 4.7 and obtain

abs
�M�1X

m0
=0

↵m,m0

|E
m

0 (0,t)|�1X

i=0

�
⌫m,m0(tm0,i � t)� e�m,m

0 (t
m

0
,i

�t)
��


M�1X

m0
=0

↵m,m0

|E
m

0 (0,t)|�1X

i=0

abs
�
⌫m,m0(tm0,i � t)� e�m,m

0 (t
m

0
,i

�t)
�

(4.17)

As a result, a su�cient condition to ensure the validity of Inequality 4.16 is that the right-hand

side of Inequality 4.17 is less than �m. Let

⇢m = max
m02[0..(M�1)]

↵m,m0 (4.18)

The right hand side of the Inequality 4.17 must satisfy

M�1X

m0
=0

↵m,m0

|E
m

0 (0,t)|�1X

i=0

abs
�
⌫m,m0(tm0,i � t)� e�m,m

0 (t
m

0
,i

�t)
�

⇢m
M�1X

m0
=0

|E
m

0 (0,t)|�1X

i=0

abs
�
⌫m,m0(tm0,i � t)� e�m,m

0 (t
m

0
,i

�t)
�

(4.19)

As long as we can keep the right-hand side of Inequality 4.19 to be less than �m, we can

guarantee the validity of Inequality 4.17 and 4.16. The nested summation in the right-hand

side of Inequality 4.19 is the accumulated error of the function ⌫m,m0 for all events in the

sequence. As a result, a su�cient condition to make the right-hand side less than �m is

abs
�
⌫m,m0(ti � t)� e�m,m

0 (t
i

�t)
�
<

�m
⇢m|E(0, t)| (4.20)

for all (m,m0) 2 [0..(M � 1)]2. The error control condition for the univariate Hawkes process

in Inequality 4.9 is a special case of Inequality 4.20, because we have ⇢m = ↵ and �m = � for

a univariate Hawkes process.

4.1.1 Step Function Approximation

We design a function ⌫m,m0 that satisfies the error control condition in Inequality 4.20. It is

expected that the function ⌫m,m0 approximates the exponential part of the response function.

We propose to build ⌫m,m0 as a step function, because it is unnecessary to use adders or

multipliers to evaluate the function. As the value of the exponential function exp(x) decreases

towards zero as x decreases to �1, we treat the function values as zero when x is su�ciently

small. Therefore, we may build ⌫m,m0(x) as a step function with a finite number of intervals.

We divide the domain of the step function into K intervals separated by an ascending
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sequence of (K + 1) separators

b = (b
0

, b
1

, b
2

, . . . , bK) (4.21)

where bk < bk+1

for all k 2 [0..(K � 1)] and b
0

= 0. Given the current time t, each pair of

adjacent separators defines an interval

µk(t) = {t0 : t� bk+1

 t0 < t� bk} (4.22)

Given a pair of event type labels (m,m0), we use a collection of K real numbers to define the

function values for the K intervals. As a result, the approximate function becomes

⌫m,m0(x) =
K�1X

k=0

hm,m0,k�k(x) (4.23)

where �k(x) is an indicator function defined by

�k(x) =

8
<

:
1 �bk  x < �bk+1

0 otherwise
(4.24)

By Equation 4.14 and 4.23, one may write the intensity function using the approximate

exponential function ⌫ as follows:

�̃m(t) =
M�1X

m0
=0

↵m,m0

|E
m

0 (0,t)|�1X

i=0

K�1X

k=0

hm,m0,k�k(tm0,i � t) + �?m (4.25)

Therefore, it is possible to swap the two inner summation operators as they are independent

of each other, i.e.

�̃m(t) =
M�1X

m0
=0

↵m,m0

K�1X

k=0

|E
m

0 (0,t)|�1X

i=0

hm,m0,k�k(tm0,i � t) + �?m (4.26)

Moreover, hm,m0,k is independent of the summation index i is independent, it is possible to

move hm,m0,k out of the innermost summation operatior, i.e.

�̃m(t) =
M�1X

m0
=0

↵m,m0

K�1X

k=0

hm,m0,k

|E
m

0 (0,t)|�1X

i=0

�k(tm0,i � t) + �?m (4.27)
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Table 4.1: Comparison of three intensity evaluation methods

(Column 2–4 respectively correspond to the three evaluation methods)
Property Straightforward Sequential Approximate
Exact result Yes Yes No
Requirement of exact o↵sets Yes Yes No
Requirement of full history Yes No No
Requirement of extra storage space No Yes Yes

By the definition of the indicator function �k(x), we have

|E
m

0 (0,t)|�1X

i=0

�k(tm0,i � t) =

|E
m

0 (t�b
k

,t�b
k�1)|�1X

i=0

1 (4.28)

= |Em0(t� bk, t� bk�1

)| (4.29)

Finally, the approximate intensity function becomes

�̃m(t) =
M�1X

m0
=0

↵m,m0

K�1X

k=0

hm,m0,k|Em0(t� bk, t� bk�1

)|+ �?m (4.30)

We may further simplify the expression using the dot product operator, i.e.

�̃m(t) =
M�1X

m0
=0

↵m,m0
�
hm,m0 · cm0(t,b)

�
+ �?m (4.31)

where cm0(t,b) is a column vector of K numbers defined by

cm0(t,b) =

0

BBBB@

|Em0(t� b
1

, t� b
0

)|
|Em0(t� b

2

, t� b
1

)|
...

|Em0(t� bK , t� bK�1

)|

1

CCCCA
(4.32)

We name cm0(t,b) the count vector of event type m0 at time t with respect to b. Moreover,

we call {t0 : t� bk+1

< t0  t� bk} be the count interval bounded by bk+1

and bk. For ease of

discussion, let c(t,b) be the concatenation of c
0

(t,b) . . . cM�1

(t,b).

This approximation makes it possible to avoid the redundant computation and the sequen-

tial dependencies in the two evaluation methods for exact intensities. Table 4.1 summaries

the major di↵erences. Di↵erent from the straightforward intensity evaluation, the proposed

method does not track back to visit the full history, as long as the count vectors are available.
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Di↵erent from the sequential method, the proposed method stores and updates event counts

instead of the information about the previous intensities.

4.1.2 Separators and Step Heights

The evaluation of the approximate intensity function in Equation 4.31 requires two param-

eters. The first parameter is a sequence of separators b. The second parameter is a set of

height vectors hm,m0 for all (m,m0) 2 [0..(M � 1)]2. In this section, we propose a method to

compute a sequence of separators and step heights using the parameter set of a multivariate

Hawkes point process.

We first make Equation 4.20 independent of the time t and the event type m by specifying

a unified error bound for the maximum time T for all dimensions m 2 [0..(M � 1)]. Let

⌅ =
�m

⇢m|E(0, T )| (4.33)

for all m 2 [0..(M � 1)]. A su�cient condition to secure Inequality 4.20 is

��⌫m,m0(ti � t)� e�m,m

0 (t
i

�t)
�� < ⌅ (4.34)

Plugging Equation 4.23 into equation 4.34, we have

��
K�1X

k=0

hm,m0,k�k(x)� e�m,m

0 (t
i

�t)
�� < ⌅ (4.35)

We try to find a su�cient condition about hm,m0,k to make 4.35 constantly hold. Let bm,m0 =

(bm,m0,0, bm,m0,1, bm,m0,2, . . . , bm,m0,K) be a sequence of separators for a pair of event types

(m,m0). We set hm,m0,k to be a value of the exponential function in the count interval

bounded by bm,m0,k+1

and bm,m0,k, i.e.

e��m,m

0b
m,m

0
,k+1  hm,m0,k < e��m,m

0b
m,m

0
,k (4.36)

The exponential function is a monotonically increasing. Therefore, when a data point falls

in the interval µk(t), the maximum error between the perfect exponential function value and

the approximate value must be no more than the range of the exponential function in the

interval �bm,m0,k+1

 x  �bm,m0,k. In other words, the following inequality must hold:

abs
�K�1X

k=0

hm,m0,k�k(x)� e�m,m

0 (t
i

�t)
�
< e��m,m

0b
m,m

0
,k � e��m,m

0b
m,m

0
,k+1 (4.37)
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As a result, we enforce

e��m,m

0b
m,m

0
,k � e��m,m

0b
m,m

0
,k+1  ⌅ (4.38)

for all k 2 [0..(K � 1)]. Then

e��m,m

0b
m,m

0
,k+1 � e��m,m

0b
m,m

0
,k � ⌅ (4.39)

Take the logarithm of both sides, we have

bm,m0,k  � 1

�m,m0
ln(e��m,m

0b
m,m

0
,k�1 � ⌅) (4.40)

We want the margin to be as large as possible as long as the Inequality 4.40 holds, because

larger margin results in smaller K. As a result, we take the maximum bm,m0,k, i.e.

bm,m0,k+1

= � 1

�m,m0
ln(e��m,m

0b
m,m

0
,k � ⌅) (4.41)

We may make the expression non-recursive, i.e.

e��m,m

0b
m,m

0
,k � e��m,m

0b
m,m

0
,k+1 = ⌅ (4.42)

In other words, {e��m,m

0b
m,m

0
,k}k is an arithmetic progression with the general formula

e��m,m

0b
m,m

0
,k = 1� k⌅ (4.43)

When the right-hand side is greater than or equal to zero, we take logarithm to solve bm,m0,k

bm,m0,k = � 1

�m,m0
ln(1� k⌅) (4.44)

We use a unified collection of separators to control the complexity of the model. As smaller

intervals lead to higher precision for the approximations, we take the minimum location o↵set

for all separators. Equation 4.44 shows that bm,m0,k decreases as �m,m0 increases. Therefore,

given the Hawkes process parameter ✓ = (A,B,⇤), we pick the largest entry from from B to

calculate bk, i.e.

bk = � 1

�
max

ln(1� k⌅) (4.45)
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where

�
max

= max
(m,m0

)2[0..(M�1)]

2
�m,m0 (4.46)

We then find the number of count vectors K. To make Equation 4.45 valid, we need to keep

the input of the logarithmic function positive, i.e.

1� k⌅ > 0 (4.47)

This inequality is equivalent to

k <
1

⌅
(4.48)

In other words, when k satisfy the above inequality, it is possible to produce a separator bk

using Equation 4.45. We produce all possible separators to maximise the precision of the

approximation. Therefore, we set the number of separators to the maximum integer solution

of the above inequality, i.e.

K = d 1
⌅
e � 1 (4.49)

When the separator sequence b is available, we compute the step heights hm,m0,k for

(m,m0, k) 2 [0..(M � 1)]⇥ [0..(M � 1)]⇥ [1..K] for the approximate intensity function. Given

a pair of dimensions (m,m0) 2 [0..(M�1)]⇥[0..(M�1)], we compute a vector hm,m0 containing

K entries. A reasonable way to set hm,m0,k is to take a value of the function f(x) = e�m,m

0x

in the interval (�bk+1

,�bk). In this study, we take the value at the middle point of the two

consecutive separators, i.e.

hm,m0,k = e�
1
2�m,m

0 (b
k+1+b

k

) (4.50)

4.1.3 Algorithms for Approximate Intensity Functions

Based on the above discussion, we design an algorithm to compute the parameters for the

approximate intensity function. The input of the algorithm includes (i) a Hawkes point process

parameter set ✓ = (A,B,⇤) and (ii) the number of separators K. The output of the algorithm

includes (i) a separator sequence b; (ii) step height vectors hm,m0 for all (m,m0) 2 [0..(M�1)]2.
Algorithm 2 gives the detailed steps of the initialisation process of the approximate in-

tensity function. We show the correctness of the algorithm by specifying the correspondence

between the lines and the related definitions. Line 1 computes �
max

using Equation 4.46.

Line 2–6 compute the separators b = (0, b
1

, . . . , bK) using Equation 4.45. Line 7–14 com-

pute the heights hm,m0 = (hm,m0,0, . . . , hm,m0,K�1

) using Equation 4.50. The worst-case
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Algorithm 2: Initialisation of approximate intensity function

Input: ✓ = (A,B,⇤);K
Output: b;hm,m0 for all (m,m0) 2 [0..(M � 1)]2

1 �
max

 max
(m,m0

)2[1..M ]

2 �m,m0

2 b
0

 0
3 for k 2 [1..K] do
4 bk  � 1

�
max

ln(1� k⌅)

5 end
6 b (b

0

, b
1

, b
2

, . . . , bK)
7 for m 2 [0..(M � 1)] do
8 for m0 2 [0..(M � 1)] do
9 for k 2 [0..K � 1] do

10 hm,m0,k  e�
1
2�m,m

0 (b
k+1+b

k

)

11 end
12 hm,m0  (hm,m0,0, hm,m0,1, . . . , hm,m0,K�1

)

13 end

14 end

Algorithm 3: Approximate intensity evaluation

Input: b;hm,m0 for all (m,m0) 2 [0..(M � 1)]2; t
Output: �m for all m 2 [0..(M � 1)]

1 for m 2 [0..(M � 1)] do
2 �m(t) �?m
3 for m0 2 [0..(M � 1)] do
4 �m(t) �m(t) + ↵m,m0

�
cm0(t,b) · hm,m0

�

5 end

6 end

time complexity of the algorithm is O(M2K). In particular, the calculation of �
max

takes

O(M2) time; the calculation of b also takes O(M2) time; the calculation of hm,m0 for all

(m,m0) 2 [0..(M � 1)]2 takes O(M2K) time in total.

When the separators and the step height vectors become available, we may compute

the intensity vector �(t) at any time t using Algorithm 3. The proof of correctness for the

algorithm is trivial because it is a straightforward computational procedure for Equation 4.31.

The worst-case time complexity for the algorithm is O(M2K).

We provide an example for the proposed approximate function. The parameter set of the

80



Hawkes process we use in this example is as follows:

A =

0

B@
0.30 0.04 0.05

0.03 0.30 0.02

0.10 0.00 0.25

1

CA (4.51)

B =

0

B@
0.80 0.80 0.80

0.80 0.75 0.90

0.80 0.80 0.65

1

CA (4.52)

⇤? =
⇣
0.10 0.05 0.12

⌘T
(4.53)

We plot the exact intensities along with the approximate ones for K = 4, 8, 16, 32, 64,

128 in Figure 4.1. The three components of an intensity vector are in blue, red and green

respectively. Solid lines stand for exact intensities, while dotted lines stand for approximate

intensities. The approximate intensity function appears as a step function of time as we

expect. We may obtain the following three other observations from Figures 4.1.

1. The step widths of the approximate function are irregular. The reason behind the

irregularity is that the change rate of the count vector is data-dependent. Specifically,

the value of the approximate intensity function changes with the count vector. As a

result, when the count vector changes frequently in a time interval, the approximate

intensity function tends to have shorter step widths.

2. A larger value of K results in more accurate approximation. In particular, a larger K

corresponds to a smaller value of ⌅. The small value of ⌅ enforces a better control of the

error. Let ⌅
small

< ⌅
large

. The o↵set of the farthest separator with ⌅
small

is larger than

the o↵set with ⌅
large

. Moreover, the distribution of separators with ⌅
small

are denser

than that of ⌅
large

.

3. A small set of intervals may provide a satisfactory approximate function. In a Hawkes

process, the intensity vector at any time t depends on the full history. As a result, the

approximation with a finite number of separators may accumulate the error caused by

the historical point whose o↵sets are beyond the coverage of all separators. Nevertheless,

the approximate function does not show a visible sign of error accumulation, as the

exponential decay of the response function makes the events in the early history far less

important than the events in the recent history.
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Figure 4.1: Exact and approximate intensities
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Figure 4.2: Prediction by simulation

4.2 Event Stream Prediction with Regression

The parameter estimation of the Hawkes point process models is computationally expensive.

Therefore, fitting a predictive system based on the Hawkes process may be time consuming. In

this section, we propose to use the count vectors and regression techniques to make predictions

for event streams. The fitting algorithm for the proposed model, as shown in Algorithm 4

does not require the estimation of point process models. Moreover, it is possible to design

reconfigurable hardware to further accelerate the model fitting process.

4.2.1 Elimination of Point Process Models

The conventional way to make predictions with point process models is to perform simula-

tions. The underlying idea of the simulation-based method is straightforward. The simulator

generates NS di↵erent futures situations. It is then possible to make a prediction by averaging

the target values in the NS future situations.

We analyse the calculations involved in the prediction process to reveal the potential

problems. Figure 4.2a shows the workflow of a simulation-based predictive system for event

streams. The system simulates an intensity-based point process model to generate future

situations. We omit the internal control signals in the simulation process for brevity. The
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predictive system generates a prediction using the following four pieces of information:

1. The query time q.

2. The set of all events E(0, q).

3. The parameter set of the point process model ✓.

4. The number of repetitions of the simulation NS .

The internal structure of the predictive system consists of an intensity evaluator, a simu-

lator, a target function evaluator, and a prediction generator. These parts operate as follows:

• The intensity evaluator computes the exact intensities at time t for the event sequence

E(0, t). The two input signals of the intensity evaluator are the events in the actual

history E(0, q) and the simulated events E(q, t). The evaluator obtains E(0, t) by con-

catenating E(0, q) and E(q, t).

• The simulator consists of a controller and an event bu↵er for simulated events. To

generate a new event, the simulation controller passes the query time t and the event

stream E(q, t) to the intensity evaluator. The intensity evaluator returns the intensity

vector at the current time t. The simulation controller then decides whether to produce

an event at time t.

• The target function evaluator computes and stores the target function value for simu-

lated situations.

• The prediction generator combines the target values to produce a single prediction after

all the NS runs of simulation.

The simulation-based predictive system in Figure 4.2a results in a data dependency prob-

lem. The system needs to visit all historical events E(0, q) to make a prediction. As the

approximate intensity function solves the data dependency problem in intensity evaluation,

we replace the exact intensities by the approximate intensities. Figure 4.2b shows the modified

predictive system with approximate intensities. The modified system takes two parameters b

and h. The two parameters control the approximate intensity function.

The approximate intensity evaluator solves the data dependency problem of the original

system in Figure 4.2a by truncating the history. The modified predictive system in Fig-

ure 4.2b only relays on the recent history E(q� bK , t) rather than the full history E(0, q). The
approximate intensity function allows the truncated history to provide su�cient information

to approximate the intensities in the simulation. To compute the intensity for time t, the

evaluator only needs the historical event sequence E(t� bK , t).
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Figure 4.3: Elimination of simulation facilities

When we map the algorithms to a reconfigurable system, it is expected that the simu-

lation controller generates intensity queries e�ciently and keep the intensity evaluator busy.

Nevertheless, the simulator is unable to generate intensity queries e�ciently due to a data

loop-back. Specifically, to decide whether to produce an event at time t, the simulator must

finish the generation of all events in time interval {t0 : q  t0 < t}.
It is necessary to remove the data path from the event bu↵er to the intensity evaluator to

improve the e�ciency. Nevertheless, the predictive system without the data path is unable to

operate. As a result, we propose to get rid of simulation. Specifically, we analyse the input

and output of the simulation-based prediction method to find a way to replace the simulation

process by a di↵erent prediction logic.

We may replace the simulator and all its downstream facilities by a predictive function that

takes the intensity vector �(q) as the only input. However, the input of the predictive function

may limit the predictive accuracy, because the intensity �(q) compresses the historical event

stream with information loss. In particular, di↵erent historical event sequences may produce

similar or identical intensities at time q, but the future situations after q may have di↵erent

statistical properties.

We propose to find an enhanced predictive function by directly taking the count vector

c(t,b) as an input, as shown in Figure 4.3. Compared to the original prediction process, the

proposed prediction process no longer requires the intensity evaluator, the proposed model

makes a prediction directly based on a count vector without calculating intensities.

From the perspective of statistics inference, the assumption of the Hawkes point pro-

cess model with approximate intensities is that the count vector c(t,b) provides su�cient

information to infer the intensities at time t. The assumption of our proposed model is a gen-

eralisation that c(t,b) provides su�cient information to directly infer the prediction target.

In other words, we treat the data generator as a black box following the principles in [118].

Our predictive model for event streams includes two components. The first component is

the set of separators b. The second component is the predictive function �. Before making

predictions with a predictive system, it is necessary to fit the model by finding a proper
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Algorithm 4: Fitting counting-based predictive model to data

Input: R, E(0, T ),K
Output: b⇤,�⇤

1 for r 2 [0..(R� 1)] do
2 br  make-separators(r, E(0, T ),K)
3 O  make-regression-data(br, E(0, T ))
4 (�r, Jr) train-regression-model(O)

5 end
6 r⇤  argminr(Jr)
7 b⇤  br⇤

8 �⇤  �r⇤

configuration of b and �. We propose an algorithmic framework shown in Algorithm 4 for

model fitting. The algorithm enumerates b and � by trying R configurations of separators.

Among the input arguments, the event sequence E(0, T ) is the data; K is the number of count

vectors. The correctness, e↵ectiveness and complexity of the algorithmic framework depends

on the design of the three subroutines namely make-separators, make-regression-data

and train-regression-model. The definitions of the subroutines are as follows:

• make-separators is the subroutine to produce the r-th configuration of the separator

sequence using the data. In this study, we use Equation 4.45 to produce separators.

• make-regression-data is the subroutine to generate training data for regression. Specif-

ically, a data set is in the form

0

BBBB@

�
c(q

0

,br), ptgt(q0)
�

�
c(q

1

,br), ptgt(q1)
�

...
�
c(qN

D

�1

,br), ptgt(qN
D

�1

)
�

1

CCCCA
(4.54)

• train-regression-model is the training algorithm of a regression model. It returns

the regress function �r and the prediction error Jr on the training data.

4.2.2 E�cient Computation of Count Vectors

The count vector plays a key role in the proposed predictive model. Both the model fitting

process and the prediction process need to query count vectors. In this subsection, we discuss

the algorithms for the computation of count vectors. We first present and analyse a straight-

forward algorithm derived from the definition of count vectors. We then propose an algorithm

with lower time complexity than the straightforward algorithm.
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Algorithm 5: Backward scanning algorithm for count vectors
Input: q,b
Output: cm(q,b) for all m 2 [0..(M � 1)]

1 imax  argmax
i2[0..(N�1)]

{ti : ti < q}
2 i imax

3 k  0
4 while i > 0 and k < K do
5 while i > 0 and q � ti  bk do
6 m li
7 cm,k  cm,k + 1
8 i i� 1

9 end
10 k  k + 1

11 end
12 for m 2 [0..(M � 1)] do

13 cm(q,b) �
cm,0, . . . , cm,K�1

�T

14 end

It is possible to design an algorithm to compute the count vector cm(q,b) by its definition

in Equation 4.32, as shown in Algorithm 5. The algorithm computes the count vectors using

an event stream E(0, q), a query time q and a separator sequence b.

The algorithm locates the latest event before q and scan backwards to count the events.

Specifically, the first three lines initialise the algorithm. Line 1 finds out the latest event

before q and stores the index of the event as imax. Line 2–3 initialise two indices namely i and

k. The index i maintains the index of the event that the algorithm is counting. The index k

keeps the index of the count interval into which the i-th event falls. The nested loop in Line

4–11 controls the counting procedure.

The algorithm is correct because the index k-interval that contains the i-th event whenever

cm,k updates. In particular, the nested loop in Line 4–11 keeps the correspondence between

the events and indices as follows:

• The inner loop controls the visits to the events. In each iteration of the inner loop, the

algorithm visits all the events, if there is any, in the k-th interval. When visiting an

event (ti, li), the algorithm checks the event type li and adds the corresponding count

by one. The inner loop terminates when the algorithm finishes visiting all the points in

the k-th interval.

• The outer loop updates the interval index k according to i. When the inner loop

terminates, if the event index i is greater than or equal to zero, it must point to an

event in the (k � 1)-th interval. Therefore, the algorithm decreases the value of k by
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one so that k points to the interval where event oi locates. The outer loop terminates

when either the event index i or the interval index k reaches zero.

The worst-case time complexity of the algorithm is O(N) where N is the number of events

in the sequence. The time spent on the algorithm consists of two parts namely initialisation

time and the execution time of the nested loop.

• The initialisation time includes the time spent on Line 1–3. The calculation of imax in

the first line takes at most O(N) time. It is possible to reduce the time complexity with

additional assumptions. For instance, we may assume that the list holding the data

o↵ers an indexing operation in O(1) time. In this case, it is possible to use a binary

search algorithm to find imax. Therefore, the time complexity reduces to O(logN). The

initialisation operation in Line 2–3 are memory copy operations. The two operations

altogether take O(1) time.

• The nested loops take at most O(N) time. Both the event index i and the interval

index k decrease in a monotonic manner. The calculations in each run of the inner loop

consume O(1) time. In the worse case, the event index i decreases from imax to zero.

Therefore, the total time spent on all runs of the inner loop algorithm is O(N).

As the time spent on one query is O(N), the time spent on NQ queries is O(N · NQ).

Therefore, the algorithm scales poorly with the length of the sequence because of the com-

plexity, but it is impossible to further reduce this time complexity. In the worst case where

all historical events are in the count interval, the algorithm must visit all points to ensure the

correctness.

We consider it di�cult to design an e�cient pipelined dataflow engine to compute count

vectors based on Algorithm 5. The binary search algorithm for imax gives a low time com-

plexity, but the algorithm is di�cult to deploy in pipelined hardware as it requires random

memory access frequently over a large memory space.

It is di�cult to improve the straightforward algorithm for lower time complexity or higher

pipeline friendliness. We believe that the key reason for the di�culty is that the straight-

forward algorithm processes each count vector query independently regardless the relations

between the count vectors for di↵erent time points. Instead of processing the count vector

queries individually, we compute the count vector for a time tB based on the count vector for

an earlier time tA.

We consider the process of calculating the counter vector for tB as a process of sliding

the count intervals from tA to tB. At any time t during the sliding process, we maintain a

collection of counters that keeps the number of events for each interval. In other words, the

collection of counters keeps the count vector c(t,b) when the rightmost separator reaches t.
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Algorithm 6: Counting by incremental updating

Input: (t
0

, l
0

, k
0

) . . . (tN
U

�1

, lN
U

�1

, kN
U

�1

); Q = {q
0

, . . . qN
U

�2

}
Output: cm(q

0

) . . . cm(qN
U

�2

) for all m 2 [0..(M � 1)]

1 for (m, k) 2 [0..(M � 1)]⇥ [0..(K � 1)] do
2 cm,k  0
3 end
4 for i 2 [0..(NU � 2)] do
5 if ki > 0 then
6 cl

i

,k
i

�1

 cl
i

,k
i

�1

� 1
7 end
8 if ki < K then
9 cl

i

,k
i

 cl
i

,k
i

+ 1
10 end
11 for m 2 [0..(M � 1)] do

12 cm(q,b) �
cm,0, . . . , cm,K�1

�T

13 end

14 end

We initialise the vector to c(tA,b). When the rightmost separator reaches tB, we harvest the

count vector c(tB,b).

The algorithm produces correct results because the count vector changes if and only if a

separator swipes over an event. In particular, any combination of an event and a separator

constitutes an update to the count vector. As the set of events and the set of separators are

finite and deterministic, the set of updates is also finite and deterministic. The set of updates

of the count vector is

U = {(t, l, k) : (t� bk, l) 2 E , k 2 [0..K]} (4.55)

We may pre-compute all the updates by enumerating the combinations of events and sep-

arators. In particular, the update produced by the event oi = (ti, li) and the separator bk

is

ui,k = (ti + bk, li, k) (4.56)

The set of updates U contains N · (K +1) elements in total. Therefore, the generation of the

updates takes O(NK) time. Once all the updates are available, it is possible to compute the

count vector for any time t.

As the count vector stays unchanged during a pair of consecutive updates, we only need to

calculate one count vector after each update. Specifically, let (t
0

, l
0

, k
0

) . . . (tN
U

�1

, lN
U

�1

, kN
U

�1

)

be a sequence of updates. Let qi be any time point in the interval {t0 : ti < t0  ti+1

}. We
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Figure 4.4: Completeness of history

may compute the count vectors at time qi for all i 2 [0..(NU � 2)] using Algorithm 6.

It is possible to map Algorithm 6 to a reconfigurable hardware block. We may use the

on-chip memory to maintain the values of cm,k for all (m, k) 2 [0..(M � 1)] ⇥ [0..(K � 1)].

Once an update query for the count vector (ti, li, ki) arrives, the hardware block updates the

value of cl
i

,k
i

�1

and cl
i

,k
i

�1

in the on-chip memory.

4.2.3 Data Preparation for Regression

The proposed event stream prediction model calls a regression model to make predictions.

The training of this regression model requires a set of data. In this section, we propose a

method to extract a data set for regression from the original event stream data.

Regarding the completeness of the history, the timeline {t0 : 0  t0 < T} consists of two

intervals, as shown in Figure 4.4. A time point in the first interval {t0 : 0  t0 < bK} only

has a partial history. In contrast, a time point in the second interval {t0 : bK  t0 < T}
has a complete history. As a result, we only collect data for regression in the second interval

because the first interval provides underestimated counts.

Regarding the completeness of future, the timeline {t0 : 0  t0 < T} also consists of two

intervals, as shown in Figure 4.5. It is possible to compute the perfect predictions for all time

points in the first interval {t0 : 0 < t0  T � �t}. However, it is impossible to compute the

perfect prediction for any time point in the second interval {t0 : T � �t < t0  T}. Therefore,
we only collect data for regression from the first interval.

All the time points in the interval D = {t0 : bK  t0 < T � �t} have both a complete
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Figure 4.5: Completeness of future

history and a complete future. In other words, one may compute both a count vector and its

perfect prediction for any time point in D. We create a data point using the middle point q

of each pair of consecutive updates in D. Specifically, we use the count vector c(q,b) as the

feature vector of the data point; we use the perfect prediction ptgt(E(q, q + �t)) as the label

of the data point. With these settings, we may generate the feature vectors of the data points

using a software or hardware implementation of Algorithm 6.

4.2.4 Gradient Descent Engine for Linear Regression

We design a reconfigurable gradient descent engine to train linear regression models. One may

feed the count vectors and prediction targets to the engine to train a linear regression model.

Algorithm 1 shows the stochastic gradient descent algorithm that we map to hardware.

The stochastic gradient descent algorithm updates the linear coe�cients iteratively. Each

iteration contains three steps. The first step is to compute a prediction ŷi using the current

parameter w and a data point oi = (xi, yi). The second step is to calculate the gradients

using the di↵erence between the prediction ŷi and the actual label yi. The third step is to

update the parameter w using the gradients.

We map the three steps in an iteration to a hardware data path. Assume that we have

a reconfigurable computing platform with su�cient resources for the deployment of all the

calculations for the parameter update operation for a c-dimensional feature vector in a fully

pipelined manner. We show a hardware data path in Figure 4.6 which involves three major

hardware blocks.
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Figure 4.6: Data path for one iteration of SGD training

1. Prediction: the ‘pred’ block generates a prediction ŷi using a data point and the cur-

rent parameter w. A fully-pipelined hardware block for this calculation may take c

multipliers and c adders.

2. Gradient computation: the ‘grad’ block computes the gradients for all dimensions, which

requires the prediction ŷi and the actual target value yi. The calculation consumes at

least one adder to subtract the actual target value from the prediction. The linear

regression model requires c multipliers for a fully-pipelined design.

3. Weight update: the ‘updt’ block updates the weights using the gradient information. A

typical update of the parameter consists of two steps. The first step is to multiply the

gradient vector by a small learning rate to construct a revision vector. The second step

is to subtract the revision vector from the old parameter to produce the new parameter.

A fully-pipelined hardware for the two steps take c multipliers and c adders.

The number of multipliers and adders in the above data path scales with the number of

dimensions c. In particular, assume that all the calculations in the data path are with an

identical data type. The data path may take as many as 3c multipliers and (2c + 1) adders.

As a consequence, the data path may consume a considerable amount of hardware resources

when c is large.

When the dimensionality D is high enough, it is impossible to deploy the full data path

on a reconfigurable computing platform with satisfactory clock frequency. In this case, it is

necessary to break down the calculation into smaller pieces to meet the constrains of hardware

resources. The critical calculation to break down is the dot product in the generation of pre-

diction. It is relatively uncomplicated to retime the calculation into multiple cycles. Assume

that we have a prediction block for the c-dimensional data, then it is possible to calculate the

dot product of two D-dimensional vectors by invoking the hardware block for dD/ce times

and collect the results using an accumulator.

After loading all segments from data point (xi, yi), it is di�cult to start processing the

next data point (xi+1

, yi+1

) immediately because the latest parameter w is not available due
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to the latency of the pipeline. We solve this problem by taking an older version of parameter

updated by (xi�1

, yi�1

). In other words, we maintain two parameters. One parameter updates

with the data points with odd indices. The other parameter updates with the data points

with even indices. After streaming the data through the engine, we take the average vector

of the two parameters.

4.3 Experimental Evaluation

In this section, we evaluate the proposed predictive model in an empirical way. We build two

predictive systems based on the proposed model with di↵erent settings. We then compare the

two systems with a system based on the Hawkes point process model.

4.3.1 Benchmarks

We propose five benchmark data sets consisting of four real-world data sets and a synthesised

data set. We build the four real-world data sets namely ‘crime’, ‘earthquake’, ‘gbpusd’ and

‘nasahttp’ by converting and reformatting data from the public domain. In addition to the

real-world data, we synthesis a data set ‘cantor’. Figure 4.7 shows a segment of each data set.

1. The ‘crime’ data set records the criminal cases in seven districts in Washington D.C.

from 2011 to 2013 [119]. The data set contains 102952 events in seven types. Each

event is the record of a crime case. The type label of an event marks the district ID of

its occurrence.

2. The ‘earthquake’ data set marks earthquakes of di↵erent magnitudes in Northern Cali-

fornia form 1984-2011 [120, 121, 122]. The data set contains 513278 events in four types.

Each event is the record of an earthquake. The four event types correspond to di↵erent

earthquake magnitudes.

3. The ‘gbpusd’ data set consists of the changes in the exchange rate between United States

Dollars and and British Pounds on 30 June 2014. The data set contains 32608 events

in four types. The four event types correspond to ‘bid price rise’, ‘bid price drop’, ‘ask

price rise’ and ‘ask price drop’ respectively.

4. The ‘nasahttp’ data set is the log of the HTTP requests of di↵erent file types on the web

servers of National Aeronautics and Space Administration (NASA) in July 1995 [123].

The data set contains 1450296 events in five types. Each event is an HTTP file query.

The type label indicates the type of the queried file. The five event types respectively

correspond to HTML files, JPEG images, GIF images, plain text files and other files.
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5. The ‘cantor’ data set presents a Cantor set [124] in the time domain. The data set

contains 18915 events in eight types. We design this benchmark to test the ability of

the predictive models of capturing fractal and chaotic patterns.

4.3.2 Experimental Configuration

In the experiments, we build two predictive systems based on our proposed model. One system

works with support vector regression (SVR). The other system works with linear regression

(LR). We select the two regression models for two reasons.

1. Both regression models have e�cient training solutions. The training of the regression

model is a necessary part of model fitting. Therefore, we pay special attention to the

e�ciency of training. We have proposed a reconfigurable training engine for linear re-

gression for our task. Although we have not proposed hardware engines to train support

vectors regression models, there are fast software implementation such as LibSVM [125]

and LaSVM [126].

2. Both regression models have uncomplicated prediction procedures. There are e�cient

tools for the prediction procedure for both regression methods. The prediction procedure

of linear regression only requires dot product operations. The prediction procedure of

SVR is relatively complex, but there are e�cient hardware accelerators [127].

Table 4.2 summarises the detailed configurations of the three predictive systems used in

the experiments. In the system with linear regression, we use a hardware implementation of

Algorithm 6 for event counting and the SGD engine proposed in Section 4.2.4 for regression

training. In addition to the two systems based on the proposed predictive model, we also

build a predictive system based on the Hawkes point process model. In particular, we use the

hardware accelerator proposed in Chapter 3 to accelerate the parameter estimation process.

In the prediction stage, we simulate the Hawkes process for 2000 times for each test case and

take the average result as the final prediction.

We use all the five benchmarks to test the predictive models. We solve an arrival prediction

problem for each event type of each benchmark. For each benchmark, we evenly divide the

timeline into two intervals, producing two event sequence E(0, T
2

) and E(T
2

, T ). We fit the

predictive systems using E(0, T
2

) and test the systems using E(T
2

, T ). We set up a collection

of Nc = 1000 checkpoints using

Qc = {qi : qi = T

2
(1 +

i

Nc
), i 2 [0..Nc � 1]} (4.57)

Each predictive system makes a prediction at each checkpoint for each event type. We cal-

culate the mean absolute error using the predictions produced by the system and the perfect
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Figure 4.7: Segments taken from benchmarks
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Table 4.2: Configuration of experimental predictive systems

Configuration P-SVR (Software) P-LR (Hardware) Hawkes (Hardware)
Predictive model Proposed Proposed Hawkes process
Data transformation Counting Counting No transformation
Parameters for counting K=100, R=100 K=100, R=100 N/A
Decision core Support Vector Reg. Linear Reg. Simulation
Host CPU Intel Xeon X5650 @ 2.67GHz
No. CPU cores used 6 6 6
Host memory 48GB DDR3
Host code language C++ C C
Host code compilation Intel C/C++ compiler 12.1.4 with O3 optimisation
Libraries LibSVM 3.20 [125] OpenMP 3.0 OpenMP 3.0
Regression training LibSVM default SGD N/A
Acceleration engine No acceleration Maxeler MAX3 acceleration platform
Number of FPGAs used 0 1 1
FPGA type N/A Xilinx Virtex-6 SX475T
FPGA frequency N/A 100MHz 120MHz
Maximum training time 3600 seconds
Data sampling 10000 count vectors Full training set

predictions.

We record the computation e�ciency by the execution time of training. In the two predic-

tive systems with reconfigurable accelerators, the training time includes the data transmission

overhead from the host computer to the acceleration platform. Also, we present the prediction

accuracy of a Poisson process-based model as a baseline for accuracy.

4.3.3 Results and Discussion

We record respectively the experimental results for prediction error and computational e�-

ciency in Tabel 4.3 and Tabel 4.4. In Tabel 4.3, all the numbers are mean absolute errors.

Therefore, a smaller number stands for a more accurate result. In Tabel 4.4, the two ‘speedup’

columns respectively record the speedup of the two proposed systems over the accelerated sys-

tem based on the Hawkes point process.

• Regarding the predictive accuracy, all the three predictive systems beat the baseline

defined by the Poisson process. The two systems based on the proposed model are

comparable with the system based on the Hawkes process model in predictive accuracy.

Among the three systems, the proposed system with SVR is the most accurate in 26

out of 28 test cases in arrival prediction. The system based on linear regression is not

as accurate as the system based on SVR, but it is still as accurate as the system based

on the Hawkes point process.

• Regarding the computational e�ciency, the proposed system with linear regression is
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Table 4.3: Prediction error (mean absolute error)

Data Type P-SVR P-LR Hawkes Poisson
crime 0 87.895 90.720 91.758 95.524
crime 1 102.681 106.022 107.149 111.587
crime 2 77.167 79.690 80.510 83.869
crime 3 93.435 96.492 97.492 101.572
crime 4 93.073 96.148 97.141 101.189
crime 5 96.265 99.457 100.506 104.693
crime 6 99.083 102.295 103.530 107.675
earthquake 0 0.100 0.110 0.059 0.086
earthquake 1 0.044 0.048 0.119 0.035
earthquake 2 0.144 0.156 0.198 0.172
earthquake 3 1.890 1.985 2.059 2.078
gbpusd 0 16.205 16.709 16.841 17.598
gbpusd 1 15.361 15.831 16.130 16.652
gbpusd 2 16.645 17.219 17.572 18.121
gbpusd 3 17.066 17.545 17.780 18.481
nasahttp 0 9.075 9.398 9.542 9.871
nasahttp 1 85.567 88.303 89.335 92.978
nasahttp 2 4.725 4.858 4.807 5.091
nasahttp 3 131.653 135.921 137.390 143.089
nasahttp 4 15.974 16.508 16.907 17.386
cantor 0 0.477 0.495 0.575 0.500
cantor 1 168.649 174.124 176.015 183.297
cantor 2 242.809 250.686 253.483 263.920
cantor 3 258.598 267.058 269.883 281.084
cantor 4 260.849 269.339 272.333 283.524
cantor 5 259.568 268.034 270.942 282.143
cantor 6 257.058 265.475 268.359 279.451
cantor 7 253.888 262.118 265.055 275.941

the fastest among the three systems. It is 5–66 times faster than the system based on

the Hawkes point process. The system based on SVR is slowest in three out of the

five benchmarks. This is not surprising as the system runs on a single CPU core. In

the experiment with ‘earthquake’ and ‘nasahttp’, the parameter estimation procedure

of the Hawkes process stops as it reaches the time limit for model fitting. Therefore, the

speedups of the two proposed systems on the two benchmarks are conservative estimates.

The software system with SVR is faster than the system with the Hawkes process model

if we disable the accelerator for likelihood evaluation and estimate the parameters solely

on the CPU platform. With the three benchmarks, ‘crime’, ‘gbpusd’ and ‘cantor’, where

the accelerated system with the Hawkes process model finishes model fitting within the

3600-second time limit, the execution times to repeat the model fitting process on the
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Table 4.4: Computational e�ciency

(An entry in the ‘P-SVR’, ‘P-LR’ and ‘Hawkes’ columns presents the average training time of all
event types in the data set using the corresponding predictive system. An entry in the two ‘speedup’

columns records the speedup over the Hawkes system.)
Data P-SVR Speedup P-LR Speedup Hawkes
crime 691.6s 0.16x 21.1s 5.17x 109.0s
earthquake 116.8s 30.82x 53.9s 66.81x 3600.0s
gbpusd 916.0s 0.25x 3.4s 65.86x 225.5s
nasahttp 1103.8s 3.26x 224.8s 16.02x 3600.0s
cantor 306.6s 0.54x 3.9s 42.66x 165.4s

host computer are respectively 752.8 seconds, 1266.5 seconds and 895.4 seconds. As a

result, the software system with SVR is 1.09 times, 1.38 times, and 2.92 times faster

than the software system with the Hawkes process model on six CPU cores.

The results suggest that the proposed system with SVR may be a good candidate if we

need accurate predictions. The proposed system with linear regression may be the choice if

we have limited time for model fitting. However, the system based on the Hawkes process

model does not show a significant advantage compared to the two proposed systems.

The accuracy and e�ciency is for real-world applications, because we usually need to

model a data set before a hard deadline without compromising the accuracy. For instance,

one application of event stream models is the algorithmic high-frequency trading [128]. A

stock market may produce millions of random events in every trading day. After the closure

of the market, it is desirable to update the trading model with the random events recorded

during the trading hours. It is necessary to finish the calculation overnight before the stock

market opens again on the next day. However, it may take a few days to fit the model with

su�cient accuracy using a desktop computer. The reconfigurable acceleration techniques

proposed in this chapter may cut down the time for model fitting from a few days to a few

hours so that overnight model updates become possible.

4.4 Summary

In this chapter, we propose a novel predictive model for event streams. Section 4.1 discusses

an approximate intensity function for the Hawkes point process. One may evaluate the ap-

proximate intensity function by counting the recent events without visiting the full history.

Section 4.2 proposes a novel predictive model for event streams using the counting technique

in the approximate intensity function. The proposed predictive model works without point

process models, which lead to e�cient model fitting algorithms. Section 4.3 presents an em-

pirical study to compare predictive systems based on the proposed model with an accelerated

system based on the Hawkes process model. The two proposed predictive systems achieve
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comparable accuracy with the system based on the Hawkes point process model. Among the

three systems, the proposed system based on support vector regression produces the most

accurate predictions while the proposed system with linear regression is the fastest in model

fitting.
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Chapter 5

Pipelined Data Flow Engines for

Time Series Analysis

The study of time series is attracting the attention of researchers from various application

areas such as financial risk management, statistical biology and seismology. In this chapter,

we propose two reconfigurable accelerators for two time series analysis techniques. The first

accelerator is for the heteroskedasticity and autocorrelation consistent (HAC) covariance ma-

trix estimation. The second accelerator is for the encoding operation of ordinal patterns. The

main novel aspects in this chapter are as follows:

• A novel pipeline-friendly algorithm for HAC estimation derived from the Newey-West

estimator. (Section 5.1.3)

• A reconfigurable HAC estimation engine for multivariate time series based on the pro-

posed algorithm. (Section 5.1.4)

• A two-level ordinal pattern encoding scheme which avoids sorting. (Section 5.2.1 and

5.2.2)

• A reconfigurable ordinal pattern encoding engine based on the proposed encoding scheme.

(Section 5.2.3)

The rest of this chapter is organised as follows. Section 5.1 presents a fast estimation

engine for the long-run covariance matrix which detects correlations between components in

multivariate time series. Section 5.2 describes a hardware-based ordinal pattern encoding

engine that discovers chaotic properties of time series. Section 5.3 gives a summary of our

work.
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5.1 Long-Run Covariance Matrix Estimation

An important technique in time series analysis is heteroskedasticity and autocorrelation con-

sistent (HAC) covariance matrix estimation, or HAC estimation in short. This technique pro-

duces an estimate of the long-run covariance matrix for a multivariate time series. The HAC

estimation is computationally expensive for long time series data. Moreover, it is challenging

to design reconfigurable hardware to accelerate it, because the straightforward algorithm for

HAC estimation incurs high memory bandwidth consumption. In this section, we address

this challenges by designing a pipeline-friendly algorithm for HAC estimation. The proposed

algorithm, as shown in Algorithm 9, saves memory bandwidth by promoting data reuse.

The long-run covariance matrix measures the correlation between di↵erent components

in a time series. It plays a similar role to the ordinary covariance matrix for non-temporal

multivariate data. However, di↵erent from the estimation of ordinary covariance matrices for

non-temporal data, HAC estimation considers the unique features of time series data such

as serial correlation. HAC estimation serves as a standard method in model verification and

hypothesis testing. For instance, studies about stock markets [129, 130, 131] employ HAC

estimation quantify risks of trading strategies.

The computation of HAC estimation is time-consuming for long or multivariate time

series. This e�ciency drawback has become increasingly significant in recent years because the

lengths and dimensions of real-world time series grow continuously. Moreover, data analysts

take samples at short time interval to capture microscopic patterns. They also analyse multiple

long time series simultaneously to discover causal relationships. The conflict between data

size and computational e�ciency is especially serious in time-critical problems such as high-

frequency trading and real-time electroencephalography analysis. As a result, it is usually

necessary to compute HAC estimation as fast as possible.

The organisation of the rest of this section is as follows. Section 5.1.1 explains the rea-

son that we do not map the straightforward HAC estimation algorithm to hardware. Sec-

tion 5.1.2 transforms the expression of the long-run covariance matrix into a pipeline-friendly

form. Section 5.1.3 proposes a pipeline-friendly HAC estimation algorithm and discusses its

hardware-oriented features. Section 5.1.4 describes a hardware design that maps our algo-

rithm to a fully-pipelined hardware architecture. Section 5.1.5 provides experimental results

of an implementation of our hardware architecture.

5.1.1 Analysis of the Straightforward Algorithm

It is straightforward to design an algorithm following Equation 2.33 for HAC estimation. For

instance, Algorithm 7 gives a direct mapping of Equation 2.33. The subroutine AutoCov(h)

in Algorithm 8 computes a single autocovariance matrix where µ̂m is the sample mean of

y
0,m . . . yN�1,m. We call this algorithm the straightforward HAC estimation algorithm because
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it is directly derived from the definition of the Newey-West estimator. Popular implementation

of this algorithm include the ‘sandwich’ econometrics package [132] and the GNU regression,

econometrics and time-series library [133].

Algorithm 7: Straightforward HAC Estimation Algorithm
Input: H
Output: Ŝ

1 Ŝ  AutoCov(0)
2 for h 2 [1..H] do
3 ⌦̂ AutoCov(h)

4 Ŝ  Ŝ + k( h
H+1

)(⌦̂+ ⌦̂0)

5 end

Algorithm 8: AutoCov(h)

Input: h
Output: ⌦̂

1 ⌦̂ 0D⇥D

2 for t 2 [h..(N � 1)] do
3 for i 2 [0..(D � 1)] do
4 for j 2 [0..(D � 1)] do
5 ⌦̂i,j  ⌦̂i,j + (yt,i � µ̂i)(yi�h,j � µ̂j)
6 end

7 end

8 end

Taking arithmetic operations as basic operations, the time complexity of the algorithm is

O(D2HN), which means that the execution time grows linearly with D2, H and N . Moreover,

the lag truncation parameter H should grow with T to keep the results statistically feasible

[105]. As a consequence, the algorithm may become computational demanding with long and

high-dimensional time series.

The most time-consuming part of the algorithm is the computation of the autocovariance

matrix in Algorithm 8. Technically, it is possible to implement this part in a reconfigurable

device. However, the memory e�ciency is low because the algorithm only executes one mul-

tiplication and one addition after two data access operations [134]. It is critical to find

optimisations of the algorithm to improve memory e�ciency.

5.1.2 Pipeline-Friendly Expression for Long-Run Covariance

In this subsection, we show a way to transform the expression of Ŝ in Equation 2.33 to

eliminate conditionals, to parallelise arithmetic, and to promote data reuse. Then, we present
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our new estimation algorithm.

We build the mathematical foundation of our pipeline-friendly algorithm by deriving a

novel expression of Ŝ in Equation 2.33. We first simplify Ŝ by centralising the data and merg-

ing ⌦
0

into the weighted sum. This simplification eliminates redundant arithmetic operations

and complex conditional logic in the computation. Then we propose an expression of Ŝ using

vector algebra. This expression exposes the parallelism in arithmetic operations and enables

considerable data reuse.

The computation of Ŝ only concerns centralised values of data points. Specifically, the

computation only involves (yi� µ̂) for all data points yi. As the algorithm may access the cen-

tralised values multiple times, we precompute the centralised time series (u
0

, u
1

, u
2

, . . . , uN�1

)

by

ui = yi � µ̂ (5.1)

Let ui be a zero vector if t 62 [0..(N � 1)]. This is for simplicity in the presentation of related

algorithms. By our precomputing method, Equation 2.34 is equivalent to

⌦̂h =
1

N

N�1X

i=h

uiu
0
i�h (5.2)

When h = 0, ⌦h downgrades from a autocovariance matrix to an ordinary covariance matrix

which is always symmetric. In other words,

⌦
0

= ⌦0
0

(5.3)

By Equation 2.33, we merge ⌦
0

to the weighted sum by setting

wh =

8
>>><

>>>:

1

2

if h = 0

( h
H+1

) if 0 < h  H

0 otherwise

(5.4)

By introducing the coe�cient w
0

= 1

2

, the expression of Ŝ in Equation 2.34 becomes

Ŝ = w
0

(⌦̂
0

+ ⌦̂0
0

) +
HX

h=1

wh(⌦̂h + ⌦̂
0
h) (5.5)

=
HX

h=0

wh(⌦̂h + ⌦̂
0
h) (5.6)

In other words, the transformation merges the term ⌦̂
0

into the weighted sum. The major
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consideration behind this merge is that we hope to avoid spacial cases in hardware compu-

tation. After merging this computation in the main computational logic, the algorithm may

treat ⌦̂h for all h 2 [0..H] in the same way. On the other hand, we may rewrite the expression

of Ŝ as

Ŝ =
HX

h=0

wh[(
1

N

N�1X

i=h

uiu
0
i�h) + (

1

N

N�1X

i=h

uiu
0
i�h)

0]

=
1

N
( + 0) (5.7)

where

 =
HX

h=0

wh

N�1X

i=h

uiu
0
i�h (5.8)

Therefore, once  is obtained, Ŝ can be easily computed. We introduce a parameter c, which

is a positive integer less than or equal to H + 1. We further define a quantity G as

G = dH + 1

c
e � 1 (5.9)

where d·e is the ceiling operator.

 =
GX

g=0

gc+c�1X

h=gc

wh

N�1X

i=h

uiu
0
i�h (5.10)

If c is a factor of (H + 1) then Equation 5.10 obversely holds. If not, terms with h > H will

be calculated, but Equation 5.10 still holds in this case because wh = 0 for all h > H. The

value of a single entry of  can be computed by

 d,d0 =
GX

g=0

gc+c�1X

h=gc

wh

N�1X

i=h

ui,d · ui�h,d0

=
GX

g=0

w̃g,c r̃g,c,d,d0 (5.11)
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where

w̃g,c =
⇣
wgc wgc+1

. . . wgc+c�1

⌘
(5.12)

r̃g,c,d,d0 =

0

BBBB@

PN�1

i=gc ui,d · ui�gc,d0PN�1

i=gc+1

ui,d · ui�(gc+1),d0

...
PN�1

i=gc+c�1

ui,d · ui�(gc+c�1),d0

1

CCCCA
(5.13)

By Equation 5.13, we decompose w̃g,c as a product of two vectors. The aim this decom-

position is to seek for data reuse opportunities. One may construct the vector w̃g,c using the

weights precomputed by Equation 5.4. We only need to focus on the computation of r̃g,c,d,d0 .

The forms of all entries in r̃g,c,d,d0 are similar. We take advantage of the structural similarity

to simplify the expression of r̃g,c,d,d0 and observe the data access pattern. Aligning the lower

bounds of the summation operators in Equation 5.13, we have

r̃g,c,d,d0 =

0

BBBB@

PN�gc�1

k=0

uk+gc,d · uk,d0PN�gc�2

k=0

uk+gc+1,d · uk,d0
...

PN�gc�c
k=0

uk+gc+c�1,d · uk,d0

1

CCCCA
(5.14)

We have defined that ui = 0 when i � N . Therefore, we can set the upper bounds of all

summation operations in Equation 5.14 to (N � gc � 1). Then the expression of r̃g,c,d,d0 can

be further simplified as

r̃g,c,d,d0 =

0

BBBB@

PN�gc�1

k=0

uk+gc,d · uk,d0PN�gc�1

k=0

uk+gc+1,d · uk,d0
...

PN�gc�1

k=0

uk+gc+c�1,d · uk,d0

1

CCCCA
(5.15)

=
N�gc�1X

k=0

uk,d0

0

BBBB@

uk+gc,d

uk+gc+1,d

...

uk+gc+c�1,d

1

CCCCA
(5.16)

In Equation 5.16, we unify the lower bounds and upper bounds of the summation operations

respectively. The expression of r̃g,c,d,d0 becomes the sum of a collection of scalar products.

Given any k 2 [0..(N � gc � 1)], the data entries involved in Equation 5.16 constitute a

contiguous subsequence of the i-th component of the centralised time series data.

An intuitive explanation of the mathematical reformulation is that we partition the infor-
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Algorithm 9: Pipeline-Friendly HAC Estimation
Input: G
Output: Ŝ

1 for d 2 [0..D � 1] do
2 for d0 2 [0..D � 1] do
3  i,j  0
4 for g 2 [0..G] do
5 w̃  �

wgc wgc+1

. . . wgc+c�1

�

6 r̃  Pass(g, c, d, d0)
7  d,d0   d,d0 + w̃ r̃

8 end

9 end

10 end

11 Ŝ  1

N ( + 0)

Algorithm 10: Subroutine Pass

Input: g, c, d, d0

Output: r̃
1 r̃  0D⇥1

for k 2 [0..(N � gc� 1)] do

2 r̃  r̃ + uk,d0

0

BBB@

uk+gc,d

uk+gc+1,d
...

uk+gc+c�1,d

1

CCCA

3 end

mation collection process of the (H + 1) di↵erent lags into (G + 1) batches. In each batch,

we collect statistical information for c lags. If the batch size c does not exactly divide the

number of lags (H + 1), there must be a batch where the number of lags is less than c. We

may still treat such a batch as a complete one by arranging redundant computation.

5.1.3 Pipeline-Friendly HAC Estimation Algorithm

We design a tangible algorithm to compute Ŝ using the equations developed in the last

subsection. Following a top-down design approach, we first investigate the way to compute Ŝ

assuming the availability of all r̃g,c,d,d0 ; then we discuss the way to compute r̃g,c,d,d0 .

Suppose we are able to compute the value of r̃g,c,d,d0 for all g, c, i and j. We can then

compute all entries in  by Equation 5.11. Once the computation of  finishes, it is then

possible to compute Ŝ by Equation 5.6, as shown in Algorithm 9. The algorithm queries

the value of r̃g,c,d,d0 by invoking the subroutine Pass(g, c, d, d0) shown in Algorithm 10. This

subroutine passes through the data and compute r̃g,c,d,d0 by Equation 5.16. In Algorithm 9
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and 10, the variables w̃ and r̃ correspond respectively to w̃g,c and r̃g,c,d,d0 in Equation 5.11.

We call Algorithm 9 the pipeline-friendly HAC estimation algorithm because we consider

its most time-consuming subroutine, Pass(g, c, d, d0), as an excellent candidate to be mapped

to a pipelined hardware architecture. The reasons are as follows.

• This subroutine contains no conditional statements. We consider it beneficial to avoid

such statements because they may fork the data path and lead to redundant resource

consumption on reconfigurable hardware.

• Many arithmetic operations in the algorithm may execute in parallel. We can observe

from Line 2 in Algorithm 10 that r̃g,c,d,d0 is the sum of the a collection of vector scalar

products. As the components in the vector are independent, the addition and multipli-

cation operations on all the c components of the vector can take place in parallel.

• There is a considerable data reuse pattern behind the subroutine. In the computation of

r̃g,c,d,d0 , when k = k
0

, the accessed data elements are uk0,i and uk0+gc,j . . .uk0+gc+c�1,j ;

when k = k
0

+ 1, the accessed data elements are uk0+1,i and uk0+gc+1,j . . .uk0+gc+c,j .

All data elements accessed when k = k
0

+ 1, except uk0+1,i and uk0+gc+c,j , have been

previously accessed when k = k
0

. We may design a caching scheme to take advantage

of this data reuse pattern. With a perfect caching scheme, the algorithm retrieves only

two data elements from the main memory for each scalar product. This is our essential

idea to crack the memory bandwidth bottleneck.

Admittedly, the time complexity of the pipeline-friendly algorithm is still O(D2HN) which

is identical to the straightforward algorithm. Moreover, the pipeline-friendly design may incur

redundant computations when c is not a factor of (H + 1). However, the pipeline-friendly

properties enable us to achieve significant acceleration in practice.

5.1.4 Hardware Design

In this section, we discuss a pipelined architecture for the subroutine Pass(g, c, d, d0). We first

present the hardware architecture and explain its interactions with the host computer. Then

we discuss a theoretical model for its execution time.

The elementary computational unit, which we call a bead, is described in Figure 5.1. A

bead handles the computation for one component of r̃ in Line 2 in Algorithm 10. We link up

c beads with the organisation shown in Figure 5.2. Specifically, we use a single bu↵er register

to store a single data element from its input stream. For ease of discussion, we call this bu↵er

register the broadcasting bu↵er hereafter. The broadcasting bu↵er serves as one input to all

the c beads. At the end of each cycle, the bu↵er retrieves a data element from the input

stream.
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× Σ
Host 
Computer

Figure 5.1: Structure of a bead

Admittedly, the broadcasting bu↵er may a high fan-out when the number of beads is large.

However, hardware compilers may apply optimisations to resolve fan-outs automatically. In

addition, it is also possible to manually reduce the fan-outs [135].

b
0

b
1

b
2

b
c-2

b
c-1...

stream

stream

FIFO buffer

broadcasting buffer

...

Figure 5.2: Proposed architecture for HAC estimation

We customise on-chip fast memory in the reconfigurable hardware device, e.g. block

RAMs, to become a first-in-first-out (FIFO) bu↵er with c storage units. This bu↵er is used

to store c consecutive data elements of its input stream. At the end of each cycle, each

element of the FIFO bu↵er accepts the data element from its right neighbour. The previous

leftmost element is moved out of the bu↵er and discarded. The input stream supplies data to

the rightmost element in the FIFO bu↵er. Each storage unit in the FIFO bu↵er contributes

another input to a bead.

Each time when Algorithm 10 is invoked, the data streams u
0,i . . . uT�gc�1,i and ugc,j . . . uT�1,j

are streamed into the architecture for the computation of r̃. This streaming process can be

divided into the following three stages.

1. Initialisation stage: all registers in all beads reset to zero. The broadcasting bu↵er

loads the first element of the stream u
0,d0 . . . uN�gc�1,d0 . The FIFO bu↵er is filled with

the first c elements of the stream ugc,d . . . uN�1,d. In other words, at the end of the

initialisation stage, the broadcasting bu↵er contains u
0,d0 and the FIFO bu↵er contains

ugc,d . . . ugc+c�1,d.
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2. Pipeline processing stage: in every cycle, each bead accumulates the product of its

inputs. Then both the broadcasting bu↵er and the FIFO bu↵er load the next data

element from their corresponding input stream. This process runs for (N � gc) cycles

before termination.

3. Result summation stage: each bead reports its accumulation result to the host computer.

The accumulation result of the q-th bead is the q-th component of r̃. The host computer

then revises  i,j according to r̃.

We can observe from the hardware design that the pipeline-friendly features behind our

algorithm are exploited. The FIFO bu↵er provides a perfect caching mechanism to take

advantage of the data reuse pattern discussed in Section 5.1.3. In each cycle, the hardware

only loads two data elements from the input stream, and all the remaining elements are

obtained from the FIFO bu↵er. In other words, the memory bandwidth requirement is both

small and constant. The bandwidth requirement is independent of the number of beads,

which suggests that the computational e�ciency may scale up well with the amount of on-

chip logical resources without being limited by the memory bottleneck. Furthermore, the

architecture is highly modularised. The major computational modules of the architecture are

the beads and the two bu↵ers. These modules are structurally uncomplicated and can be

tested individually, which reduces the potential e↵ort in implementation and debugging.

We are interested in processing long time series in this study. Therefore, the pipeline

processing stage would be the most time-consuming one. The computation of each entry of

 needs to invoke Pass(g, c, d, d0) for (G+ 1) times. The number of cycles spent on the g-th

invocation is (N � gc). Let F be the clock frequency of the reconfigurable device. The total

execution time of this stage in all invocations is

ETP =
1

F

GX

g=0

(T � gc) =
(G+ 1)(2T �Gc)

2F
(5.17)

For ease of discussion, we will call this time the theoretical pipeline processing time hereafter.

Let ET✏ be the total execution time that is not spent on the pipeline processing stage. Then

the total execution time is

ET = ETP + ET✏ (5.18)

We do not attempt to model ET✏ since we consider it platform-dependent, unpredictable

and negligible. Specifically, ET✏ depends on the configuration and execution status of the

acceleration platform, and this quantity is unlikely to be significant compared to the pipeline

processing time, especially when the time series is long.
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5.1.5 Experimental Evaluation

We run two experiments to evaluate our proposed architecture. The first one examines the

computational e�ciency while the second one concerns the scalability. In this section, we first

present the general experimental settings and then discuss the two experiments respectively.

In our implementation, we deploy 384 beads and set the clock frequency to 100MHz.

We also build a CPU-based system by implementing the straightforward HAC estimation

algorithm on the host computer of the acceleration platform. We validate the results of the

proposed systems against a MATLAB implementation of the straightforward HAC estimation

algorithm. The computational e↵orts for all entries of the long-run covariance matrix are

identical. Therefore, we describe the computational e�ciency in terms of the computation

time of a single entry. Following the experiment scheme in [105], we generate the data using

a vector autoregression (VAR) model [99]. The time series and lag parameters tested in the

two experiments are di↵erent, and we will present the settings individually.

We first study the computational e�ciency of our data flow engine. We enable all the 384

beads on the data flow engine to demonstrate its full power. Time series with di↵erent lengths

are tested with di↵erent lag truncation parameters. Specifically, we use four time series with

length T = 105, 106, 107, 108. Following [105], we use lag truncation parameters H in the form

H = b�T 1
3 c (5.19)

where bxc is the smallest integer not larger than x; � is a data-dependent positive real number.

to simulate the computation of di↵erent types of data, for each data set we select 12 di↵erent

values of � in the range 0.25  �  3.00 which is slightly wilder than the range investigated

in [105].

We present the experiment results in Figure 5.3. Each row of the figures corresponds to a

time series length. The first two columns of figures are computational e�ciency results from

the CPU-based system and the FGPA-based system respectively. FPGA(P) is the theoretical

pipeline processing time. The third column records the speedup of the FPGA-based system

over the CPU-based system.

It is clear that the speedup of the FPGA-based system is significant, especially for long

time series where T = 106, 107, 108. The best speedup obtained in this experiment is 106 times

compared to the CPU-based system running on a single core, when N = 108 and H = 1045.

The execution time of all systems increases as the lag truncation parameter grows. How-

ever, the growth pattern of the FPGA based system is significantly di↵erent from that of

CPU-based systems. In particular, the execution times of the two CPU-based system grow

linearly with di↵erent slope. This linear growth can be explained by the time complexity of

the algorithm. The time of the FPGA-based system increases like stairs. This is because the

FPGA-based system handles the computation for di↵erent lags in batches.
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Figure 5.3: Results on computational e�ciency
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Figure 5.4: Results on scalability

Due to the di↵erence in the growth pattern in execution time, it is not surprising that the

speedup of the FPGA-based system over the CPU-based one appears an zig-zag pattern in a

periodical manner, as shown in Figure 5.3i and 5.3l.

As the memory bandwidth requirement of the proposed architecture is constant, deploying

more beads along the pipeline is a direct way to boost computational e�ciency. We analyse

how the number of beads influences computational e�ciency by running a controlled exper-

iment to demonstrate the scalability of our system. In this experiment we use the largest

problem in the previous experiment where the series length T = 108 and we set a large trun-

cation parameter H = 3839. The execution times of the CPU-based system are 1186.31s and

151.26s on a single core and eight cores respectively.

We also test the computational e�ciency of the FPGA-based system with di↵erent num-

bers of beads. The maximum number of beads that we manage to deploy is 384. Therefore,

we only test the configurations where the number of beads is no more than 384. We plot the

results in Figure 5.4 along with the corresponding theoretical pipeline processing time. In

this figure, FPGA(P) is the theoretical pipeline processing time. FPGA(E) is the estimated

computational e�ciency of the FPGA-based system in the extrapolated scenario. When c,

the number of beads, reaches 384, the execution time reaches 10.67s, achieving 111 and 14

times speedup over the CPU-based system on one core and eight cores respectively.

There is a significant trend that the execution time is shortened as the number of beads

c increases. Another trend, which is not significant in the figure, is that the gap between the

experimental execution time and the theoretical pipeline processing time becomes narrower as

the number of beads c increases. The gap decreases from 2.2934s when c = 64, to 0.6683s when
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c = 384. As shown in Figure 5.4, the theoretical pipeline processing time continues to decrease

when more beads are deployed along the pipeline. We can obtain a conservative estimate of

the computational e�ciency of a system with more than 384 beads, by extrapolating the gap

value of 0.6683s for 384 beads as an upper bound for designs with more than 384 beads. The

computation time values can then be estimated by adding this gap value to the corresponding

theoretical pipeline processing time. This estimation suggests that our proposed architecture

scales well with the amount of available computational resources.

5.2 Ordinal Pattern Encoding

Ordinal pattern encoding is a fundamental calculation in the ordinal analysis of time se-

ries. It is computationally demanding particularly for high query orders and large time series

data. Reconfigurable computing is a promising acceleration technology for encoding ordinal

patterns. However, it is challenging to design a reconfigurable accelerator because the calcu-

lations involve sequence sorting that does not have an e�cient hardware implementation. We

address this challenge by proposing a two-level hardware-oriented ordinal pattern encoding

scheme. The proposed encoding scheme, as shown in Figure 5.6, may extract ordinal patterns

from time series without sorting.

The rest of this section is organised as follows. Section 5.2.1 presents the first level

of encoding which produces an intermediate representation for an ordinal pattern without

sorting. Section 5.2.2 presents the second level of encoding that compresses the intermediate

representation to a compact final result. Section 5.2.3 describes a hardware design based on the

two-level encoding scheme. Section 5.2.4 provides experimental results of an implementation of

our proposed hardware design, and explains experimental observations. Section 5.2.5 describes

a case study applying our proposed architecture to calculate the permutation entropy.

5.2.1 Sorting-Free Ordinal Pattern Encoding

Permutations are natural representations of ordinal patterns, while sorting is a straightforward

way to encode the ordinal pattern of a sequence into a permutation. Specifically, one may

first store the data entries in value-index pairs, and then sort these pairs by their values. The

encoded permutation is the sequence of indexes in the sorted pairs. For instance, let (6, 8, 2)

be a subsequence in a time series. We first associate the index of each number to the number

itself and obtain (6�0, 8�1, 2�2). Sorting the pairs by the value, we get (2�2, 6�0, 8�1).

Therefore, the ordinal pattern in the permutation representation is (2, 0, 1).

Although the sorting-based method is straightforward, we propose to avoid sorting in

our solution because we consider sorting unsuitable for reconfigurable hardware. There are

two types of sorting algorithms namely comparison-based sorting and non-comparison-based
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sorting. Both methods may result in troubles in reconfigurable computing.

• Comparison-based sorting algorithms are mathematically acceptable for reconfigurable

computing. There are papers adopting reconfigurable architectures for sorting sequences

[136, 137, 138, 139]. However, these architectures are typically expensive in terms of

hardware resources. This is because, to sort a sequence of n values, the theoretical lower

bound of the number of comparison operations is O(n log
2

n). In terms of hardware

computation, although it is possible to use any number of comparators to perform

sorting, one needs to deploy at least n log
2

n comparators to make the design fully

pipelined. Furthermore, it is necessary to plan additional data paths and bu↵ers to

support at least n data movement operations.

• Non-comparison-based sorting algorithms usually have lower time complexity compared

to comparison-based algorithms. Nevertheless, they may not be e↵ectively applicable to

real-world time series data. The amount of fast memory required by a non-comparison

sorting algorithm depends on the number of distinct values in the sequence. The number

of distinct values may be as large as the length of the time series data if all entries are

di↵erent from each other. However, the amount of on-chip memory in a hardware

platform is usually limited.

In this study, we use the Lehmer code [140] to avoid sorting. We first encode the

ordinal pattern of a sequence into a Lehmer code rather than a permutation. Let x =

(x
0

, x
1

, . . . , xn�1

) be a sequence of length n, the Lehmer code of x is also a sequence with

length n in the form L(x) = (l
0

, l
1

, . . . , ln�1

) where

li = card({xj : i < j, xj < xi}) (5.20)

and card(S) is the cardinality of set S. In other words, li is the number of entries in the

sequence appearing after xi and smaller than xi. For instance, the Lehmer code of the

sequence x = (3, 9, 5, 1, 7, 4, 8) is L(x) = (1, 5, 2, 0, 1, 0, 0). A useful property of this encoding

scheme is that one ordinal pattern uniquely maps to a Lehmer code. In other words, the

Lehmer code may serve as an alternative to the permutation in terms of representing ordinal

patterns.

Divergent algorithms are available for encoding the ordinal pattern of a sequence to a

Lehmer code. For instance, it is easy to compute a Lehmer code from the corresponding per-

mutation representation, but this strategy brings no improvement in e�ciency. One may also

encode a sequence by calculating Equation 5.20 for each entry, but this makes no fundamental

di↵erence from sorting the sequence in terms of resource consumption.

We aim to develop an encoding scheme that can e↵ectively use the on-chip hardware

resources of a reconfigurable device. Therefore, we hope to parallelise as many encoding
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operations as possible. Two properties [141] of the Lehmer code draw our attention:

1. If the Lehmer code of x = (x
0

, . . . , xn�1

) is L(x) = (l
0

, . . . , ln�1

), then the Lehmer code

of x0 = (x
1

, . . . , xn�1

) must be L(x0) = (l
1

, . . . , ln�1

). In other words, a Lehmer code

entry li is independent of all data entries xk such that k < i. Hence the removal of data

entry x
0

directly result in the removal in the corresponding Lehmer code entry l
0

.

2. If the Lehmer code of x0 = (x
0

, . . . , xn�1

) is L(x0) = (l
0

, . . . , ln�1

), then the Lehmer

code of x00 = (x
0

, . . . , xn�1

, xn) must be in the form L(x00) = (l+
0

, . . . , l+n�1

, 0), where

l+i =

8
<

:
li + 1 if xi > xn+1

li otherwise
(5.21)

In other words, if we append one entry to a data sequence, the corresponding Lehmer

code entry must be zero because it is structurally the last data entry. If an entry xi in

the original data sequence is larger than the newly appended entry, then the Lehmer

code entry li needs to grow by one because a new inversion is produced.

The two properties are key insights for our hardware design. They enable the possibility for

e�cient hardware-based ordinal pattern encoding. The sequences we encode are not isolated.

These sequences are sub-sequences from a time series. Therefore, as long as we encode the

sequences in their natural temporal order, a sequence to be encoded is largely overlapped with

the previous encoded sequence. Specifically, the above two properties enable us to encode a

sequence by updating the last encoding result. Let x = (x
0

, . . . , xN�1

) be a univariate time

series of length N , and let n be the query order. When the Lehmer code of a sequence

(xk+1

, . . . , xk+n) is available, we can easily obtain the Lehmer code of (xk+2

, . . . , xk+n+1

)

using the two properties.

To encode the ordinal pattern of a sequence with length n, we only need (n�1) comparison

operations. The hardware resource consumption is significantly less than the sorting-based

method. Therefore, given a fixed amount of hardware resources, it is expected that we can

parallelise more encoding operations with Lehmer codes than using permutations.

5.2.2 Compressed Ordinal Pattern Encoding

In a typical ordinal patterns analysis problem, encoding is only the first step. The encoding

results need to be further processed in a general-purpose computer or another hardware engine.

Therefore, it is needed to transmit the encoding result from the reconfigurable accelerator to

a di↵erent device. To avoid potential data bandwidth bottleneck, the representation of an

ordinal pattern should be as compact as possible to allow more data to be transferred per

unit time.
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We compress a Lehmer code into an unsigned integer using the factorial number system

[142, 143]. Let L(x) = (l
1

, . . . , ln) be a Lehmer code of order n. We know that each entry

li must be a non-negative integer no larger than (n � i). This is because there are no more

than (n � i) data entries appearing after xi. This property implies that a Lehmer code can

be treated as a number in the factorial number system.

C(x) = lnln�1

. . . l
2

l
1

!

=
nX

i=1

li · (i� 1)! (5.22)

For example, we treat the Lehmer code (2, 3, 1, 0, 0) as 23100
!

in the factorial number

system. The number 23100
!

is equal to 2⇥ 4!+3⇥ 3!+1⇥ 2!+0⇥ 1!+0⇥ 0! = 68 in decimal

or 1000100 in binary. In this research, we use an unsigned integer to represent an ordinal

pattern. For instance, we list the compress codes for all the six ordinal patterns of order 3

in Table 5.1. We provide a complete example of the two-level encoding method in Table 5.2

where we encode x = (6, 2, 3, 8, 1, 4) with n = 3.

Table 5.1: Lehmer code for ordinal patterns with order 3

Ordinal pattern Permutation Lehmer Compressed (D) Compressed (B)

(0, 1, 2) (0, 0, 0) 0 000

(0, 2, 1) (0, 1, 0) 1 001

(1, 0, 2) (1, 0, 0) 2 010

(1, 2, 0) (1, 1, 0) 3 011

(2, 0, 1) (2, 0, 0) 4 100

(2, 1, 0) (2, 1, 0) 5 101

We may analysis the code compactness by measuring the number of bits required to store

or transmit a single encoding result for di↵erent encoding schemes.

• The compactness of the permutation representation is not satisfactory. To store a per-

mutation of order n, one needs to store n unsigned integers, each of which is in the

range [0..(n � 1)]. Each integer requires dlog
2

ne to store. As a result, the number of
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Table 5.2: Example of encoding process

Time series Ordinal pattern Lehmer code Compressed code

6 2 3 8 1 4 (2, 0, 0) 4

6 2 3 8 1 4 (0, 0, 0) 0

6 2 3 8 1 4 (1, 1, 0) 3

6 2 3 8 1 4 (2, 0, 0) 4

required bits is

bP (n) = ndlog
2

ne (5.23)

• The compactness of the Lehmer code representation is better than the permutation

representation. As we have discussed, each entry li of a Lehmer code L(x) must be in

the range [0..(n�i�1)]. It is unnecessary to record the n-th entry because it is is always

zero. Aside from the last entry, the i-th entry takes dlog
2

(n� i)e bits. As a result, the

number of bits required by Lehmer code is

bL(n) =
n�2X

i=0

dlog
2

(n� i)e (5.24)

• The integer representation of the Lehmer code is more compact than the other two

methods. For any given positive query order n, the code must be an non-negative

integer less than n!. Therefore, the number of bits required to represent an ordinal

pattern is

bC(n) = dlog
2

(n!)e (5.25)

We plot bP (n), bL(n) and bC(n) against the query order n in Figure 5.5. It can be observed

form the figure that bC(n)  bL(n)  bP (n) for all 1  n  20. Moreover, the number of bits

taken by a code in the unsigned integer representation is the theoretical lower bound. In other

words, the encoding results from any other encoding scheme cannot be more compact than

the results from the proposed encoding scheme. Therefore, by translating a Lehmer code to

an unsigned integer using the factorial number system, we compress the code with the best

possible compression ratio. This compactness of the compressed code guarantees the lowest
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Figure 5.5: Number of bits required by each encoding scheme

possible bandwidth consumption from the reconfigurable accelerator to another device.

The typical aim of encoding is to model the distribution of ordinal patterns. Therefore, a

useful post-processing procedure is to build histograms from the encoding results. The design

of an e�cient histogram algorithm relies on the knowledge of the set of all distinct encoding

results. A designer may take advantage of this set to simplify the design of the histogram.

The integer representation of Lehmer code ensures that the permutation pattern of a

sequence uniquely maps to an unsigned integer in the range [0..(n! � 1)]. In particular,

sequences in ascending order correspond to 0; sequences with length n in descending order

correspond to (n!�1). To build a histogram, one only needs to maintain the counts of ordinal

patterns in a zero-based array of size n! indexed by the encoding result.

In contrast to the integer representation, it is di�cult to build histograms for the other two

representations. While it is still possible to maintain the counts using an array indexed by the

encoding result, the array would be significantly longer than that of the integer representation,

because the maximum encoding result is larger. In this case, one has to carefully design a

hash table for the histogram to reduce memory consumption [144]. The hash table operations

take more time than the array operations of the integer representation.

5.2.3 Pipelined Reconfigurable Accelerator

We map the proposed two-level encoding scheme to a reconfigurable dataflow engine. The

structure of the data path is shown in Figure 5.6. The design parameter @ is the maximum

query order allowed. The time series data flows form the data source to a first-in-first-out

(FIFO) bu↵er for reuse. The data in the FIFO bu↵er is then encoded as an unsigned integer.

The major part of the architecture consists of four components namely the data bu↵er, the
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increment decider, the Lehmer code reviser and the compressor. The first three components

correspond to the first level of encoding where the time series subsequence in the data bu↵er is

encoded as a Lehmer code. The fourth component corresponds to the second level of encoding

where the Lehmer code is compressed to an unsigned integer. Structures and functions of the

four components are as follows:

1. The data bu↵er is a first-in-first-out bu↵er that caches a sequence of @ consecutive

data elements of the time series data. One may customise on-chip block RAMs in the

reconfigurable hardware to implement this bu↵er. At the end of each cycle, the content

of the leftmost unit is discarded. Each storage unit except the rightmost one in the

FIFO bu↵er takes the data from its right neighbour. The rightmost unit reads one

entry from the data stream.

2. The increment decider is a group of (@�1) comparators. These comparators correspond

to the comparing operation in Equation 5.21. Each comparator takes two inputs. Every

unit of the data bu↵er except the rightmost one contributes one input of the comparator.

The rightmost unit in the data bu↵er serves as the other input of each comparator. A

comparator is expected to produce 1 if the input from the rightmost bu↵er is smaller

than the other input.

3. The Lehmer code reviser consists of (@� 1) adders and (@� 1) bu↵er units. The bu↵er

units caches a Lehmer code of the latest encoded sequence. Each unit of the bu↵er is

an input of an adder, while the output of the increment decider provides another input.

This component is in charge of updating the Lehmer code using Equation 5.21.

4. The compressor is composed of (@ � 1) multipliers and a single adder. This structure

corresponds to the compressing operation in Equation 5.22. Each multiplier multiplies

its input by the factorial of a constant integer n in [1..@]. The adder then sums up the

products of all constant integers.

Before using the pipeline to encode sequences, we allow the user to disable multipliers in

the compressor by forcing their output to be zero. When the query order n is less than @, one
needs to disable the first (@ � n) constant multipliers [145, 146] before streaming data into

the pipeline.

An example demonstrating the encoding process of a sequence is shown in Figure 5.7.

In the initial stage shown in Figure 5.7(a), the accelerator has just finished the encoding of

the subsequence (3, 8, 4, 2). The storage units in the data bu↵ers shift to the left. A new

data entry 6 occupies the rightmost unit. We temporary disable the input port of the FIFO

bu↵er to focus on the encoding process of (8, 4, 2, 6). The increment decider decides whether

to revise each entry of the Lehmer code as shown in Figure 5.7(b). Then the Lehmer code
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reviser updates the Lehmer code using the adders as shown in Figure 5.7(c). Finally, the

compressor translates the Lehmer code into an unsigned integer as shown in Figure 5.7(d).

Suppose that the Lehmer code cache is storing the Lehmer code of the current sequence in

the data cache. When the data source feeds a new data entry to the data cache, the encoding

process for the sequence in the data cache begins. The Lehmer code reviser obtains the

sequence from the data cache and revise the code using Equation 5.21. Then the compressor

fetches the code from the Lehmer code bu↵er and compress it to an unsigned integer using the

factorial number system. Finally the reconfigurable accelerator sends the compressed code to

the host computer.

5.2.4 Experimental Evaluation

We conduct an experimental evaluation to test the computational e�ciency of the proposed

architecture. In this section, we first describe the experimental configuration, and then discuss

the computational e�ciency results.

The maximum query order for our implementation is @ = 12. One consideration behind

this setting is that appropriate query orders for real-world problems are typically small. The

order 7 is su�ciently high for many real-world problems [107]. Moreover, we are unable

to find any problem that requires a query order larger than 12 in terms of statistics. The

other consideration is that 12 is the highest order such that an encoding result fits a 64-bit

unsigned integer. Therefore, with this setting, we may keep the simplicity and e�ciency of

the implementation by avoiding arbitrary-precision arithmetic.

It is possible to promote data parallelism by running multiple data paths in parallel.

A designer may use fewer data paths to fit a smaller FPGA, or more data paths to exploit

available resources. In our experimental implementation, we deploy 6 data paths in the FPGA

chip to use up the I/O bandwidth.

The time series data are recorded in the IEEE single precision floating point number

format. In real-world applications, the ordinal encoder receives the data stream from a data

source. To simulate this situation, we load the data to the DRAM of the acceleration card

and treat the DRAM as the data source. The encoding results are transmitted from the

acceleration card to the main memory of the host computer. The data bandwidth consumption

from the on-board DRAM to the FPGA chip is around 2.24GB/s. The encoding results are

represented in 32-bit unsigned integers. They are transmitted to the host computer via the

PCI Express interface. The memory bandwidth consumption for result transmission is also

around 2.24GB/s. The whole design only consumes 20.36% of fine-grained logic, 4.17% of

DSPs and 10.01% of block RAM in the FPGA chip.

We validate the correctness of our implementation using the same data for computational

e�ciency evaluation. We compare the histogram generated by our system with the one pro-
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duced by the MATLAB implementation described in [147]. We observed no di↵erence between

the two histograms in all tests.

The computational e�ciency results are shown in Figure 5.8. The two figures in the first

row record the execution times in ordinal pattern encoding for query orders n = 6, 12. To

observe the computational e�ciency for di↵erent data sizes, we generate data with lengths

from 105 to 109. Lengths of time series and the execution times are plotted in log scale with

base 10 in these figures. A small di↵erence along the vertical axis means a huge di↵erence

in execution time. The time of loading data to the DRAM is not considered because in real-

world problems, the encoding system may obtain data directly from a data source without

loading the data into memory. The two figures in the second row show the speedups of the

FPGA system over the CPU system with one core to eight cores. The speedup of the FPGA

system is higher for larger time series data because the execution time of the FPGA system

includes an initialisation time. This time becomes insignificant when the data set is large. It

is expected that a speedup reaches its maximum value when the data is su�ciently large and

the initialisation time becomes negligible.

For the same data size, the speedups with n = 12 are higher than those with n = 6. We

set @ = 12 for each data path. Therefore, when n = @ = 12, all computational resources in

the architecture participate in the computation. In contrast, when n = 6, the system does

not work at its full capacity because @ � n = 6 multipliers are disabled in each data path.

The maximum speedup is observed when the query order n is 12 and the data size reaches

109. In this case, the FPGA implementation is respectively 52.5 times, 28.1 times, 15.0 times

and 7.6 times faster than the CPU implementation running on one core, two cores, four cores,

and eight cores.

5.2.5 Case Study: Calculating Permutation Entropy

Permutation entropy [107] is a real number that measures the statistical complexity and

predictability for a time series. This quantity is similar to the Shannon entropy [148] for non-

temporal data. However, they are very di↵erent in a statistical sense since the permutation

entropy contains information about unique features of time series data such as self-coherence.

The permutation entropy is widely used to detect dynamic changes [149] and to estimate

the predictability [150] for time series. However, due to the lack of e�cient ordinal pattern

encoders, the calculation of this entropy, particularly for high-order queries, is computationally

demanding.
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(a) Time series A with H(3) = 1.00
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(b) Time series B with H(3) = 1.75
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(c) Time series C with H(3) = 2.29

Figure 5.9: Time series with di↵erent complexity

Definition and Applications

One may estimate the probability distribution of all ordinal patterns in a time series using

their relative frequencies. For each unique ordinal pattern ⇡m, the relative frequency is

p(⇡m) =
card({t : F(xt+1

, . . . , xt+n) = ⇡m})
T � n+ 1

(5.26)

where F(b
1

, . . . , bn) is the encoding result of the ordinal pattern of (b
1

, . . . , bn). The permuta-

tion entropy of query order n, denoted by H(n), is the information entropy of the distribution

of ordinal patterns expressed by

H(n) = �
MX

m=1

p(⇡m) log
2

p(⇡m) (5.27)

We provide an example to show the relationship between the permutation entropy and
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the statistical complexity of time series. Figure 5.9 shows three time series with di↵erent

complexity. The permutation entropy of the three time series with order 3 are respectively

1.00, 1.75 and 2.29. The three entropy values suggests that, among the three time series, A

is the least complex one while C is the most complex one.

Permutation entropy is a widely used complexity measure for time series. A major appli-

cation area of this measure is bioscience signal processing. For instance, Olofsen et al. [151]

calculate the permutation entropy of the electroencephalogram (EEG) to quantify the e↵ect

of anaesthetic drug. Frank et al. [152] use the permutation entropy to analyse heartbeat

sequences. They conclude that permutation entropy significantly improves the classification

accuracy of fatal behavioural states. Nicolaou et al. [153] use the permutation entropy of

the EEG as a feature to characterise di↵erent stages of sleeping. Another application area of

permutation entropy is financial computing. For instance, Zunino et al. [154] propose to use

the permutation entropy to measure to describe the degree of stock market ine�ciency. They

also successfully use this measure to predict the stage of stock market development. Ruiz et

al. [155] suggest the use of a modified version of permutation entropy to estimate uncertainty

and volatility in markets. Ortiz-Cruz et al. [156] use permutation entropy along with other

entropy measures to analyse the dynamics of crude oil market.

System Design

We divide the calculation of permutation entropy into three major operations: (i) ordinal

pattern encoding where ordinal patterns of all sequences are encoded; (ii) histogram con-

struction where a histogram is built to store the count of all unique ordinal patterns following

Equation 5.26; and (iii) entropy computation where the distribution of ordinal patterns is

extracted from the histogram and the permutation entropy is calculated by Equation 5.27.

The ordinal pattern encoding is the most time-consuming procedure. We accelerate this

part using the architecture proposed in Section 5.2.3. The other two operations are unsuitable

for reconfigurable architectures. Both calculations rely on a histogram, the maintenance of

which needs random memory access. It is impossible to avoid the randomness because one

may never predict the encoding result of the next ordinal pattern.

On-chip memory resources such as the block RAM in FPGAs are able to support e�cient

random memory access. However, the storage capacity of the on-chip memory resources in a

commercial reconfigurable device is usually far too small even for a moderate-sized histogram.

The number of entries in the histogram H is no more than the number of distinct ordinal

patterns of order n in the time series. Specifically, the number of entries must be fewer than

the minimum of (i) the number of subsequences in the time series and (ii) the number of

permutations of order n. In other words, if we denote the maximum number of entries in the
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histogram by |h|, then we have

|h|  min{(T � n+ 1), n!} (5.28)

For instance, assume that a histogram entry only stores the count of the corresponding ordinal

pattern, and each count fits a 32-bit unsigned integer. To evaluate a permutation entropy

with query order 5, the on-chip memory resources required by the histogram far exceed the

available resources in a Xilinx Virtex-6 SX475T FPGA device.

To avoid random memory access to o↵-chip memory from the reconfigurable device, we

propose to encode ordinal patterns in the reconfigurable accelerator but finalise the remaining

two calculations in the general-purpose host computer. The accelerator receives the time

series data stream and encodes the ordinal pattern for each sequence. Once the accelerator

finishes producing the encoding result for a subsequence, it transmits the resulting code to

the host computer. The computer updates the histogram when it receives a code from the

reconfigurable accelerator. At all times, the histogram maintains the counts for each possible

code. Once the host computer receives a code from the accelerator, it increases the count of

this code by one.

When the host computer has received and stored the codes of all sequences in the time

series data, it is then possible to calculate the permutation entropy. We extract the distri-

bution of ordinal patterns by calculating the relative frequency for each unique code in the

histogram. We then compute the permutation entropy by taking the standard information

entropy following Equation 5.27.

Evaluation with Real-World Data

We use two large data sets to test the computational e�ciency of the proposed hybrid permu-

tation entropy calculator. One data set is an EEG data set with 38400000 entries. Another

data set is a single time series taken from the foreign exchange market. This time series

records the exchange rate between the United States dollar and British pound sterling in

January 2014 with 100Hz sample rate. The length of this time series is 267840000.

We calculate the permutation entropy for all the time series in each data set. We then

record the total execution time for the two experimental systems. All operations in the

CPU platform are executed on a single core. The computational e�ciency results are shown

in Table 5.3. The execution times for the CPU system and the FPGA-based system are

respectively recorded in the third and fourth column in the table. The fifth column, titled

‘Speedup’ shows the speedups of the FPGA-based system over the CPU system considering

both the histogram construction time and the entropy calculation time.

The FPGA-based system achieves 1.8–15.9 times speedup over the CPU system in the

tests. We observe lower speedups in permutation entropy calculation than ordinal pattern
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Table 5.3: Computational e�ciency for permutation entropy

Data Order CPU+FPGA CPU Speedup
EEG 3 0.1357s 1.0544s 7.8 times
EEG 6 0.1346s 1.7549s 13.0 times
EEG 9 0.2639s 1.2419s 4.7 times
EEG 12 3.9813s 7.2017s 1.8 times

GBPUSD 3 0.7648s 6.4079s 8.4 times
GBPUSD 6 0.7701s 12.2070s 15.9 times
GBPUSD 9 1.6540s 17.5380s 10.6 times
GBPUSD 12 7.5475s 30.7858s 4.1 times

encoding, because the histogram update procedure in the host computer takes a considerable

amount of time. We also observe that the best speedup is not obtained with the highest query

order, which is di↵erent from the observation concerning ordinal pattern encoding. This is

because, when the query order is higher, the construction of the histogram takes longer time

than small query orders. Therefore, the overall speedup is negatively a↵ected even if we have

high speedup in ordinal pattern encoding.

5.3 Summary

This chapter presents two reconfigurable accelerators for time series analysis. Section 5.1

presents a reconfigurable computing solution to the heteroskedasticity and autocorrelation

consistent (HAC) covariance matrix estimation for multivariate time series. Rather than

providing a hardware design for an existing HAC estimation algorithm, we derive a novel al-

gorithm which is designed specifically for hardware implementation to eliminate conditionals,

to parallelise arithmetic, and to promote data reuse. We then propose an e�cient and scalable

hardware architecture based on our algorithm and analyse its computational e�ciency using

both theoretical and empirical approaches. Section 5.2 proposes a reconfigurable acceleration

solution for ordinal pattern encoding. We begin by proposing a two-level ordinal pattern

encoding scheme to avoid sequence sorting operations in the accelerator and to reduce the

amount of data transmission. We then develop a hardware mapping method by promoting

data reuse and by parallelising arithmetic operations. In addition, we conduct a case study

applying the ordinal pattern encoding engine to the calculation of permutation entropy.
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Chapter 6

Conclusion

This thesis focuses on reconfigurable predictive systems for event streams. In this chapter,

we recap our achievements and discuss directions for future development.

6.1 Summary of Achievements

Our achievements presented in this thesis include three parts. The first part is the design of

reconfigurable acceleration solutions for the calculations in Hawkes self-exciting point process

models. The second part is a novel predictive model for event streams with e�cient model

fitting. The third part is the design of reconfigurable accelerators for time series analysis.

6.1.1 Custom Computing for Hawkes Process

A critical calculation in Hawkes process models is intensity evaluation. The intensity of

the Hawkes process is stochastic, changes in time and depends on the history, which makes

the calculation computationally expensive. Our achievements on intensity evaluation are as

follows.

• Identification of the computationally demanding part of intensity evaluation.

• A hardware accelerator for the computationally demanding part.

• Evaluation of the hardware with four data sets.

Another important calculation in Hawkes process models is likelihood evaluation. Like-

lihood evaluation is the necessary operation for parameter estimation. Our achievements on

likelihood evaluation are as follows.

• Mathematical transformation that eliminates the complex data dependency in likelihood

evaluation for univariate Hawkes process models.
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• A pipelined hardware architecture for likelihood evaluation based on the proposed trans-

formation for univariate Hawkes process models.

• The hyper-recursive likelihood evaluation strategy that eliminates the complex data

dependency in likelihood evaluation for multivariate Hawkes process.

• A reconfigurable accelerator for intensity evaluation for multivariate Hawkes process

models based on the hyper-recursive likelihood evaluation strategy.

To model the occurrence pattern of an event stream with a Hawkes process model, one needs to

estimate the parameters using historical occurrence data. The parameter estimation problem

of Hawkes processes can be solved by maximum likelihood estimation. Our achievements on

parameter estimation are as follows.

• An e�cient host-accelerator collaboration scheme for parameter estimation using the

acceleration engine for likelihood evaluation.

• An empirical study of the accelerated parameter estimation solution.

6.1.2 Novel Predictive Model for Event Streams

The Hawkes point process model have limited predictive accuracy. Also, the model fitting

procedures are time-consuming as the maximum likelihood evaluator has no analytical solu-

tion. To address the two problems, we propose a novel predictive model for event streams

which works without point process models. Our achievements on the novel predictive model

are as follows.

• An approximate form of the intensity function of the Hawkes point process.

• A novel predictive model for event streams that transforms an event stream prediction

problem to a regression problem.

• Algorithms for fitting the proposed model to data.

• An empirical study of the proposed model regarding predictive accuracy and computa-

tional e�ciency.

In the empirical study, a software system based on the proposed model reduces the prediction

error by 3%–7% percent compared to a system based on the Hawkes process in four out of five

benchmarks. A hardware-accelerated system based on the proposed model achieves a similar

accuracy to the accelerated system based on the Hawkes process model, while the proposed

system is 5–66 times faster in model fitting.
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6.1.3 Reconfigurable Acceleration for Time Series

Measuring the correlation of time series is an important topic in the study of temporal data.

However, the standard correlation measure for time series, the HAC estimation for long-run

covariance matrices, is computationally demanding for large data. Our achievements on this

problem are as follows.

• A pipeline-friendly HAC estimation algorithm derived from a mathematical specifica-

tion.

• A pipelined accelerator for HAC estimation based on the proposed algorithm.

• An empirical study of the proposed accelerator on the FPGA platform.

In addition to the e�cient measurement of the correlation between time series components,

we also build pipelined accelerators for ordinal analysis to measure the statistical complexity

of time series. Our achievements on the e�cient ordinal analysis are as follows.

• A two-level ordinal pattern encoding method that avoids sequence sorting and reduces

the amount of data transmission.

• A pipelined hardware architecture for the proposed encoding scheme.

• A case study where we apply the encoding engine to the calculation of permutation

entropy.

6.2 Future Work

Although we have proposed solutions to accelerate the calculations in the predictive systems

for event streams, we are aware of the limitations of our methods. In this section, we elaborate

the limitations and discuss directions for future research.

6.2.1 Point Process Models with Non-Temporal Information

We propose acceleration solutions for the point process models in Chapter 3. Currently, we

only analyse the temporal statistical pattern behind the data without being able to integrate

the information from other aspects. However, in practical situations, random events usually

come with other types of information. Future work in this direction includes the support for

the following types of information:

• Geological information: instead of focusing exclusively on the temporal distribution of

events, it is possible to develop accelerators for the models that involves the geological

information of the events. A point process model with geological information may
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generate predictions about the locations of future events. Accelerators for these models

are particularly useful for seismology and public security.

• Numeric labels: instead of focusing on the events with categorical type labels, it is

useful to consider the events with numeric labels. For instance, one may model the

sharp changes in a stock price as a point process using our accelerator. The magnitude

of change may provide important information about the future trend. However, our

current models and accelerators are unable to take advantage of magnitude information.

6.2.2 Training Engines for Supervised Learning

We propose a training engine for regression in Chapter 4. Currently, we are unable to use it

to train general-purpose regression models. The proposed training engine may produce weak

models if the data redundancy is low because maintaining multiple versions of parameters

with data partitioning may seriously reduce the convergence rate of the stochastic gradient

algorithm [157]. However, it is possible to develop the training engine for general-purpose

machine learning with a di↵erent optimisation strategy or a di↵erent model representation.

• Regarding the optimisation strategy, the proposed method has close relations to existing

gradient-based optimisation methods. It is possible to improve the proposed data path

to support more sophisticated optimisation strategies. In particular, it is promising to

develop dataflow engines for batch gradient descent and mini-batch gradient descent.

The batch gradient descent algorithm collects gradient information from all data points

and update the parameters only once in each iteration. We may customise the proposed

data path to collect gradient information without updating the parameters. The mini-

batch gradient descent algorithm collects gradient information from a small batch of

data and update the parameter accordingly. This method avoids frequent parameter

update in stochastic gradient descent. As a result, it is possible to avoid the maintenance

of multiple parameters using the mini-batch gradient descent method.

• Regrading the model representation, the proposed method only covers the linear model

for regression. The linear regression model may be useful to obtain non-linear regression

models or classifiers. In particular, it is promising to customise and improve the proposed

data path to train Gaussian process regression models and Softmax classifiers. For

Gaussian process regression, we may customise the proposed data path to compute the

approximate inverse of the covariance matrix. For the Softmax classifier, we may replace

the prediction function by the Softmax function so that the data path gains the ability

to train classifiers with categorical labels.
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6.2.3 Acceleration of Time Series Analysis Techniques

We propose hardware accelerators for two time series analysis techniques in Chapter 5. The

two accelerators serve as analytic tool for time series data. Based on the two proposed

techniques, it is promising to develop in the following two directions:

• An important application of HAC estimation is to measure the error of time series

models. It is possible to use the result of HAC estimation to guide the actions of a real-

time reconfigurable system. For instance, Guo et al. [158] propose the pipelined genetic

propagation system which runs a hardware-oriented genetic algorithm on the FPGA

platform. The system needs to reconfigure at run time when the results produced by

the system are no longer useful. The HAC estimation engine may serve as the error

measure of such systems that triggers run-time reconfiguration at proper times.

• The typical usage of ordinal patterns is to measure the complexity of time series. How-

ever, the ordinal patterns may also contain information that is valuable for making

predictions about time series. For instance, Kalpakis et al. [159] develop classifiers with

ordinal pattern analysis to predict the in-hospital mortality of brain-injury patients

with high accuracy. It may be useful to build predictive systems based on the proposed

ordinal pattern encoding engine for time-critical prediction problems.

6.2.4 Improving Reconfigurable Implementations and Their Evaluation

In this thesis, we propose reconfigurable acceleration solutions for event stream prediction.

We put most of our e↵orts on the algorithmic and mathematical methods that facilitate

reconfigurable computing. However, the proposed methods have not demonstrated their full

potentiality as we have not thoroughly optimised and evaluated the implementations. Future

work in this direction includes the following:

• Map the designs into recent FPGA devices. We use the Maxeler MAX3 acceleration

platform in our experiments. The Xilinx Virtex-6 FPGA on the platform is no longer the

latest FPGA technology. However, the proposed algorithms and mathematical methods

work with other FPGA devices. Therefore, it is possible to improve the computational

e�ciency by mapping the proposed methods into recent and more advanced FPGA

devices such as Xilinx Virtex UltraScale Plus devices [160] and Altera Stratix 10 devices

[161].

• Explore the way to use the proposed methods with run-time reconfiguration [162]. The

precision requirement of a model fitting algorithm may change over time. In particular,

the initial stage of a model fitting process may tolerate low arithmetic precision [163].

At present, we use a single setting of arithmetic precision in each experimental system.
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However, using run-time reconfiguration techniques, we may dynamically change the

arithmetic precision in the model fitting process. Specifically, we may use low arithmetic

precision at the beginning for higher e�ciency, and reconfigure the system later to adopt

high arithmetic precision to fine-tune the model.

• Evaluate trade-o↵s between computational e�ciency, accuracy, resource usage, power

and energy consumption of various implementations. Currently, we have only tested a

limited number of implementations for each proposed method. However, an implemen-

tation for a practical problem needs to satisfy constraints regarding problem settings

and hardware platforms. We may implement the proposed methods with di↵erent con-

straints to gain knowledge about how the factors change with each other. The knowledge

on the trade-o↵s is particularly useful when tailoring and customising the hardware to

meet specific goals at low cost.

6.3 Reflection

We conclude the thesis by considering the potential impact of the techniques discussed in this

thesis. We have proposed the reconfigurable computing solutions for event stream modelling.

The results suggest that reconfigurable computing may also be useful for the analysis of other

types of data with time stamps, such as database logs.

Moreover, the most exciting and unexpected result in this research is the predictive ac-

curacy of the novel predictive model for event streams proposed in Chapter 4. Our initial

purpose was to approximate the Hawkes point process model to facilitate hardware accelera-

tion, but we finally develop a standalone predictive model that works without point processes.

In the experiments, the proposed system with counting vectors and support vector regression

produces higher predictive accuracy than the Hawkes process model in the majority of test

cases. The results suggest that it may be useful to think beyond the existing algorithms and

propose new ones specifically tailored for hardware design. These algorithms may potentially

bring improvements in statistical accuracy in addition to computational e�ciency.
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permutation entropy and stock market ine�ciency,” Physica A: Statistical Mechanics

and its Applications, vol. 388, no. 14, pp. 2854–2864, 2009.

[155] M. D. C. Ruiz, A. Guillamón, and A. Gabaldón, “A new approach to measure volatility

in energy markets,” Entropy, vol. 14, no. 1, pp. 74–91, 2012.

[156] A. Ortiz-Cruz, E. Rodriguez, C. Ibarra-Valdez, and J. Alvarez-Ramirez, “E�ciency

of crude oil markets: Evidences from informational entropy analysis,” Energy Policy,

vol. 41, pp. 365–373, 2012.

[157] M. Zinkevich, M. Weimer, L. Li, and A. J. Smola, “Parallelized stochastic gradient

descent,” in Advances in neural information processing systems, pp. 2595–2603, 2010.

[158] L. Guo, C. Guo, D. B. Thomas, and W. Luk, “Pipelined genetic propagation,” in Pro-

ceedings of the IEEE International Symposium on Field-Programmable Custom Com-

puting Machine, pp. 103–110, IEEE, 2015.

[159] K. Kalpakis, S. Yang, P. F. Hu, C. F. Mackenzie, L. G. Stansbury, D. M. Stein, and

T. M. Scalea, “Outcome prediction for patients with severe traumatic brain injury using

permutation entropy analysis of electronic vital signs data,” in International Workshop

on Machine Learning and Data Mining in Pattern Recognition, pp. 415–426, Springer,

2012.

[160] S. Leibson and N. Mehta, “Xilinx ultrascale: The next-generation architecture for

your next-generation architecture white paper.” http://www.xilinx.com/support/

documentation/white_papers/wp435-Xilinx-UltraScale.pdf, May 2014.

[161] A. Davidson, “A new FPGA architecture and leading-edge FinFET process

technology promise to meet next generation system requirements.” https:

146



//www.altera.com/content/dam/altera-www/global/en_US/pdfs/literature/

wp/wp-01220-hyperflex-architecture-fpga-socs.pdf, June 2015.

[162] W. Luk, N. Shirazi, S. Guo, and P. Y. Cheung, “Pipeline morphing and virtual

pipelines,” in International Workshop on Field Programmable Logic and Applications,

pp. 111–120, Springer, 1997.

[163] S. Gupta, A. Agrawal, K. Gopalakrishnan, and P. Narayanan, “Deep learning with

limited numerical precision,” in Proceedings of the International Conference on Machine

Learning, 2015.

147



Appendix A

General Settings of Experiments

The hardware designs are implemented and tested on a Maxeler MAX3 acceleration platform.

The acceleration platform is installed on a dual CPU server with 48GB DDR3 memory.

The server has two Intel Xeon X5650 CPUs running at 2.67GHz. Each CPU contains six

physical cores. With the Intel hyper-threading technology, one physical core appears as two

logical cores to the operating system. Therefore, the two CPUs o↵er 12 physical cores which

appear as 24 logical cores. The CPUs are based on the 32nm transistor technology which is

more advanced than the 40nm technology of the Virtex-6 SX475T FPGA on the acceleration

platform.

The CPU implementations in the experiments run exclusively on the server with the

OpenMP library. To make a fair comparison, we perform a series of optimisations on this

implementation, including avoiding redundant memory access and optimising the parallelisa-

tion scheme. The CPU implementations and the host code for FPGA implementations are

written in the C programming language. The C code is compiled using the Intel C/C++

compiler 12.1.4 with the ‘-O3’ option for the highest compilation optimisation level. To en-

sure the vectorisation of the CPU code, a serial version for each piece of code is produced

with vectorisation disabled. The largest data set in each experiment is tested to ensure the

execution time of the vectorised version is less than that of the serial version.

The experiment for each data set is repeated for multiple times. At the end of each run,

the experimental system checks whether the total execution time exceeds 3600 seconds. If

so, the experiment process terminates immediately. The average execution time is calculated

by dividing the total execution time by the number of runs. The caches are kept warm as

the experiment process does not perform a cold reset at the end of each run. Therefore,

the execution time of the CPU implementations may be underestimated, which results in

pessimistic estimates of speedups.
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