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ABSTRACT

Cne particular interpreter for the Xi-calculus is analysed in detail.
The interpreter is presented both formally and informally: an informal
discussion leading to a rigorous formal definition. The main results
show the suitability of the A-calculus and associated interpreter for
explicating the semantics of high-level block-structure programuing
languages. ALGOL 60 is used as the model of high-level block-structure
programming languages for the purpose of the analysis.

A method for spedifying complex data structures is developed, the
data structures being represented as graphs. This method is used for
the formal definition of the A-calculus interpreter.

Possible generalisations of the machine are considered, and direc-

tions for future research indicated.
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Introduction

)

Many authors have used the A-calculus to explicate the mechanisms
of block-structure languages, and have demonstrated its relevance to
prograrsi o language structure and design. An onlooker may ask "Why
should we want a machine for evaluating A-expressions; and supposing
we do, why do ve have to formalize it so precisely?”. Well, real
programming languages, infested as they are by syntactic and semantic
details, are difficult objects to study. Some relief to such a study
is afforded by the similarities to one another which many programming
languages show. Some of these are more fundamental than mere syntactic
gimilarities; they go right down to the foundations on which the
languages are based. One would like to strip away the irrelevant
syntactic trappings from programming languages, and study the resulting
"ocore language" which underlies so large a class of programming languages.

Now, the A-calculus is a mathematical system which models the pro-

cegses of functional application and substitution. It can therefore be

taken as a suitable approximation to the "core language": suitable

because it is precisely defined, because several questions of deep

theoretical importance about it have been answered, and because it is

relatively well understood. The processes of functional application

and substitution are fundamental to many programming languages, and so

one may expect a study of the methods used in implementing the A—-calculus

to yield real insights into them. Peter Wegner, in particular, has

advocated (see e.g. W2) a study of the A-calculus as an aid to understand-

ing the principles underlying a wide spectrum of programming languages.
A-calculus interpreters (which I call "A-machines") help in this pro-

cess by automating the reduction algorithms, thus enabling us to “see



(literally, if our trace routines are effective enough) clearly what
is involved in the reduction processes. We can then gain greater
insight into a particular programming language by choosing a A-machine
whose operation mirrors the “"real-life" evaluation strategy of the
language under consideration. Thus, for ALGOL 60 we might consider

a fixed-program A-machine which uses a stack, and treats an occurrence
of a variable bound to a A-expression as a procedure call. Clement-
McGowan in M3 defines and proves correct several quite different
A-machines, including one of the type just mentioned.

The A-calculus does more than just llluminate programming language
design and semantics, it also gives insight into programming language
implementation. 'zs will be seen, Laﬁdin‘s S.E.C.D. machine[Ll,12],
and my modifications of it, throw considerable light on such aﬁ imple-
mentation-dependent aspect as storage allocation, in languages as far
apart as ALGOL and LISP.

I have chosen (a modification of) Peter Landin's S.E.C.D.
machine[L1l] as the basis for my work for two reasons. First, it is
the premier )-calculus interpreter; it has been the inspiration for
all subsequent researches. The ideas embodied in it have been widely
used elsewhere, notably by the VDL group[LS} but see also L4,L6,N1,W3].
Secondly, I believe it to show the workings of the A-calculus in the
most perspicuous manner possible. That is, I consider that my S.C.E.
machine, although it is not a noxmal-order evaluation machine, shows
all the essential properties of a A-machine in a manner which is clearer
than that of other types of machine such as stack and pointer machines.
In particular, the interlinking of the enviromments is made quite
explicit in my machine, while it is obscured in VDL-style machi..es which
represent pointers as integer indexes, use dumps, or generate unique

names for each newly encountered identifier,



In Chapter 1, I give an account of the A-calculus, for the sake of
logical completeness of the thesis. Some of the formulae in this
chapter were arrived at by the author independently, although other
researchers must have derived them also. Chapter 2 sets forth the
basic data struc;ureAand function defining machinery used in Chapters
3 and 4. The data structure definitions used are a modification of
Peter Landin's structure definitions, and allow an arbitrary graph as
a data structure. This has some advantages over the pure trees
approach of the VDL group. Chapter 3 introduces my basic A-calculus
interpreter, the S.C.E. machine, and Chapter 4 extends its power and
develops it into the I.S.C.E.M.0O. machine. Chapter 5 explores one

possible generaliiétion,of the I.S.C.E.M.0. machine, and considers areas

for future research.



Chapter 1

The A~calculﬁs

Traditional notation for functions uses an expression such as
'f(x)' ambiguously, both as the name of z function, as in
f(x) = x+x2',
and the value of a function at a point, as in

'f(x)+x2+y'.

This can lead to genuine ambiguities of meaning, as in the following

example. e
£ (x)~£(0)

If we define P(f(x)) = X x70
£ (0) x=0,

then it is not clear what we mean by P(f(x+l)).

It could mean either

1) P(f(x+l)) is the function P{(g), where g is the

function £(x+1),

or 2) P(f{x+1l)) is the function h(x+l), where h 1is the

function P(f).
As a concrete example, if we let £(x) = x2, then 1) gives

g = f{x+l) = (x+l)2,

(x+1) 2= (1) 2

so P(g) = = x+2,

wvhile 2) gives h = P(f) =
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so hi{xtl) = x+l1,

- two different results. Without an unambiguous notation, we are unable
to decide what P(f(x+1)) means. We need to put into symbols a sen-—
tence such as "the function of x that x+x2 is", The appropriate
unambiguous notation for this was supplied by Alonzo Church in €1, who

represents the above by
2
f o= Ax.x+x", (1)

the f being the name of the function, and Ax.x+x2 being the
denotation of the function. It is this use of the Greek letter lambda
("x")} to intrcduce a function that gives the lambda-calculus its name.

The above two meanings of P{f(x+1)) now become
1) PQAx.£(x+1))

and 2) Ax.P(Ff(x+1)),

- two different expressgions.

We may similariy use the notation for functions of two or more arguments.

For example, the function definition usually written as:
gx,y,2) = Xz',*'y2+zz—3axyz
would now be written as:
g = kfX,y,z).x2+y2+zz—3axyz. (2)

The right-hand-side of any expression of the form (1) or (2) is called a
A-expression, The variables appearing between the ‘A' and the ‘.°'

are called the bound variables of the A-expression. Thus x is the

bound variable in (1), and x,y and z the bound variables in (2). The



11

’

expression after the '.*' 1is called the )-body (or just body) of the

2+22-3axyz

expression. Thus x+x2 is the Avbody of (1) and x2+y
the A-body of (2). Any occurrences of the bound variables in the

. A~body are called bound occurrences. Any variables which are not

bound variables cccurring in the A-body are called free variables, and

any such occurrence is called a free occurrence, Thus (1) has no free

vériables, and a is a free variable of (2). Ancther piece of

notation I shall use is:

Xl,...,x

r
s M

Nl’-.o ,Nr

which stands for the formula which results by substitution of Nl, cvey Ni
for xl, ceer X4 respectively, throughout a formula M,
I now give the rules for manipulating A-expressions. Returning to

the o0ld notation for an illustration, we know that the following two

expressions both define the same function:

X+X2

£(x)

and £(y) y+y2.

Clearly, renaming the variable used as argument of the function does not
alter the function defined. This gives us the first rule of the
a-calculus: "The bound variables of a A-expression may be consistently
replaced by any other variables", In symbols, if Xy oe.s X, are the
bound variables of a A-expression M, and the wvariables Yy eoer Y, are

all distinct from each other (though not necessarily from the x's) then
XypeoerX ) 2
the \-expressions M and Sy v M are equivalent. Thus AX.X+X
l,o--' n
and Aa.a+a2 are eguivalent A-expressiouns. Likewise,

2

X{x,y,z).x2+y2+z2—3axyz, A(p,q,r).p2+q2+r ~-3apgr and

2

Mz.x,t).z +x2+t2—3azxt, are all equivaleni. I use the word “"consistently"
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in the rule to indicate that all occurrences of a particular bound
variable in a A-expression must be changed to the same new variable.

This rule is called a-conversion, and we write

Ax.x+x2 >a ly.y+y2

2

to indicate o-conversion from Ax.x+x~ to ly.y+y2. Since, however,

we have equaliy that
Xy.yﬂyz > Kx.x+x2,
we write this dual relationship as

ca lx.x+x2 = ly.y+y2.

We nmust use this rule with care, however. Considexr the A-expression
Ax.a+x. (3)
This is equal {or a-equivalent) to

Ay.aty,

and so on. If we try to change the =x to an &, however, we get

xa.ata, (4)

which is a completely different )-expression. The function denoted by
{(3) adds ‘'a' to its argument, whereas the function denoted by (4)‘
doubles its argument. Clearly, what has gone wrong is that the a,
which is free in (3), has been “"captured" in (4), and is no longer free.
We must therefore modify our j-conversion rule so that it reads: "The
bounu variables of a A-expression may be consistently replaced by any

variables distinct from the free variables of the A-expression". In
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symbols, if xl, esey xr are the bound variables of a A-expression M

and the variables Yyr ee0s ¥, arxe all distinct from each other and the

free variables of M (though not necessarily distinct from the x's),
X ,...,X
l

then the A-expressions M and § M are equivalent.
Yyreees¥,

Going back to the old notation for another illustration, if

2

£{x) = x+x", (1)
then
£(10) = lO+102,
and
) £(a) = a+a2.

Since in the A-calculus (1) is written as

f = Ax.x+x2,

then £(10) = (Ax.x+x2) (10). This is cumbersome and so in the
A-calculus we write (fx) instead of f£f(x). We also drop any outermost

pair of parenthesis for convenience. Thus we have that

]

(xx.x+x2)10 10+10°.

Likewise,

jxx.x+x2)a ata“.

This gives us the second rule of the )-calculus: "The arguments of a
A-expression may be consistently substituted for the bound variables of

that A-expression throughout it", or, in symbols, (A(xl,...,xr).M)N1 .on Nr
x '...’x

may be replaced by S 1 r

M. This rule is called B-reducticn, and
Nl,...,Nr e
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we write

(Ax.x+x2)lo > 10+102.

B

As with a~conversion, we must be careful how we use this rule, for we

have:

(Ax. QLa.a+x))a > Aa.ata, (5)

B

and also:

{Ax.(Aa.at+x))a >a (Ax. (Ab.btx)})a

>B Ab.b+a, (6)

two different resﬁits. Since a-conversion leaves A-expressions equivalent,
expressions (5) and (6) should be the same. The trouble here is that in
(5) the a substituted for x has been "captured" by the 'Aa' in
"‘a.a+x'. Hence we must amend our f-conversion rule to read: "The
arguments of a A-expression may be consistently substituted for the

bound variables of that A-expression, provided that no free variables cf
the arguments are identical to bound vaiiables in the A-body of the

expression". In symbols, (A(xl,...,xr).M)Nl .o Nr may be replaced

X es e X
1’ 14

by SN NrM ; provided that the bound variables of M are distinct
l'olo' r

from the free variables of Nl, ceey Nr‘ If the bound variables of M

do coincide with the free variables of N ceey Nr’ then a preliminary

1’
a~-conversion of M is necessary to remove the conflicts. It should be
noted that the bound variables of a function do not necessarily have to
appear in the function body. As examples, A({x,y).x chooses the first
of two arguments and throws away the second, and A(x,y).y chooses the

second of two arguments and throws away the first, If, in the rule

above, we replace the phrases "bound variables" and "argumente" by
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"formal parameters” and "actual parameters" respectively, then the
parallel with the parameter-passing mechanism of ALGOL 68 (and 60)

should be obvious.

In the strict A-calculus, that is, a fully formalized A~calculus, we are
not allowed argument lists, Thus the two examples shown above have to

be written as AxAy.x and AxAy.y respectively.

The next section introduces the pure A-calculus along more formal lines;

"pure" A-calculus means A-calculus without arithmetic (such as I have

been using here). Alternative ways of writing the A-expression
(Ax.M)N

which I shall sometimes use are

and - M where x = N.

These forms (the "let-where” notation”) are called "sugarings" of

(Ax.M)N, because some people find them more “"palatable” than the strict

N

n "
form. I also sugar (A(xl,xz,...,xr).M)NlN2 ees N

as let xl = Nl
- and x2 = N2
and Xr = Nr
or
M yhere xl = Nl
and x2 = N2
and x_ = N_ .
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Let-where expressions may also properly be considered as concrete
examples of an abstract object rather than a sugaring of the "correct"

A-expression form. That is, we can consider the expressions

(Ax.M)N, let x=N inM

~

and M where x=

as three different concrete representations of the same abstract object,

namely an "AE" (for Applicative Expression). The AE (Ax.M)N would have:

rator {(Ax.M)N) = AQ.M,
rand {({Ax.M)N) = N,
bvlist(rator ((Ax.M)N)) = (x),
and body (rator ({(Ax.M)N)) = M.
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1.2. In this section I present the A-calculus as a formal system.

The calculus has as primitive symbols thée three symbols “(", ")"
and "A", and a denumerable set of symbols X1 Xy rXgreee each
different from "(", ")" and "A", called variables. I shall use

lower case letters to represent variables.

A finite sequence of instances of primitive symbols is termed a formula.
I shall use upper case letters to represent formulas. A formula X is
said to be equal to a formula Y, written X2y, if X and Y are
(different instances of) the same seguence of symbols. A formula N is
- a part of a formulgl M if N can be obtained from M by erasing zexo
or more symwbols from either or both ends of M. Thus, in particular,

any formula is a part of itself.

A formula is said to be a well-formed formula (abbreviated "wff™) if it

follows from a finite number of applications of the following three rules,
in which I also take the opportunity of saying what is meant by an

occurrence of a variable in a well-formed formula being free or bound in

that formula:

1. Every variaﬁle %X 1is a well-formed formula, and x

occurs free in x. No other variable occurs free in X.

2. If X and Y are well-formed formulas, then (XY) 1is a
well-formed formula, and an occurrence of a variable Xx
in (XY) is free in (XY) if and only if it occurs free

in at least one of X and Y.
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3. If ¥ is a well-formed formula, and x any variable,
then @A xX) is a well~formed formula, and an occurrence
of a variable y in {(xX) 1is free in (xX) 1if and

only if it occurs free in X and is not the same symbol

as XK.

Finally, an occurrence of a variable in a well-formed formula is said
to be a bound occurrence if and only if it is not a free occurrence.
Hence, all occurrences of a variable x in a wff (\xX) are bound-

OCCUrYences. All free occurences of x in X are said to be bound

to the x following the symbol j.

A variable is said to be free in a wff if there is at least one free
occurrence of that variable in the wff, and likewise a variable is
said to be bound in a wff if there is at least one bound occurrence
of that variable in the wff., It should be noted that a variable may
occur both free and bound in the same wff, for example, the first
occurrence of x in {(x{(A\xx)) is free, while the second and third

occurrences are bound.

A wff of the form (XY) is termed a combination, and a wff of the form

HxX) is termed a A}éxgression.

From now on, it is to be understood that unless otherwise stated, any
formula represented by an upper case letter will be a well-formed

formula.

It may be noted that those formulas designated as being well~formed by
the three rules above are the terminal productions of <lexp> in the

following grammax:
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<lexp> + <variable>
<lexp> = (<Aexp>< jexp>)
<rexp> + (A<variable>< \exp>)

. !
<variable> -+ xo[xl,xzf... .

I now define what is meant by a sub-formula (abbreviated "subwff") of a
formula. A formula N is a subformula of another formula M if it is
a well-formed part of M. It should be noted that this implies that N
cannot begin with a variable which immediately follows an occurrence of

the symbol A. A formula N is a proper subformula of a formula M

if N is a subwff of M and N%M.

1

For all variables x and all wffs N, I define the substitution operator

S;' by the following three rules:

.

1. If y 1is a variable, then S§y =‘{ N if y=x,
1 y otherwise,
M

X - X X
2. SN(XY) = (sNx SNY),

3. sl’;(xyy) = | Oyv) if y=x,

(Av S§Y) otherwise.

In order to avoid writing large numbers of brackets, I simplify wffs by
eliding redundant brackets.l Thus I write ((XY)zZ) as (XYZ) (left
association of combinations), (x(MN)) as OxMN), Ox(yz)) as (xAyz)
(right association of A's), and X{Q\wY)) as (KyY). Further, I drop
the outermost pair of brackets, if any. This means that I eliminate as
many brackets és possible, while keeping the original wff recovarable

from the simplified one. Note, though, the words of J.B. Rosser in R3:
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"Note that the parentheses are not suppesed really to be absent.
They are actually there, but for convenience we have failed to write

them,”. Finally, to aid the eye, if X does not begin with the symbol

A, I write AxX as AXx.X. Thus I write

x(x(Ayy))) as Ax.xv.y,
Ax(Qyy)x)) as Ax.{Av.y)x,

and (AxQy(yx))) as Ax\y.yx.

All wffs are now terminal productions of <iexp> in the following grammar,
which is complicated by my insistence on eliminating as many brackets as

possible:

-
<Aexp> > <kexp'>!<xexp“>

<Aexp'> + A<var >< dexp'>|A<var>.<iexp">
<Aexp"> > <comb>l<var>

<comb> -+ <comb' >< atom >

<comb'> + <comb'>< atom'>|<atom">
<atom> - <Aexp'>[(<comb>)!<var>

<atom'> + (<iexp'>)| (<comb>)|<var>
<atom"> + (<Aexp'>)|<var>

<var> -» xO[xllle... .

In practice, I often insert extra brackets and/or periods for clarity,

or to emphasise a particular éubwff. I therefore give a (double-level)
context-free grammar which has as its terminal productions all wffs
parenthesised in all ways between least-parenthesised (simplified scheme)
and fully-parenthesised (strict form). I believe this to be the first

time a double~level grammar has been put to this use.
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Metagrammar.

Grammar.

<NOTION> + <Aexp'>|<comb>|<comb">

<NOTION pack> - <NOTION>| (<NOTION>)

<Aexp> » <Aexp' pack>|<comb pack>{<var>
<Aexp'> -+ A<var><.option><liexp>

<comb> + <comb'><atom>

<comb'> + <comb" packs|<aton"s

<comb"> &> <comb'><atom'’s

<atom> - <)exp' pack>[(<comb>)[<var>

<atom's - (<xékp‘>)!(<COmb>)[<var>
<atom"> > (<Aexp'>)[<var>
<.option> - w]

<vars - xolxllle... .

The fully-parenthesised form is obtained by choosing each <.option>

to be empty and each <X pack> to be parenthesised, while the least-

parenthesised form is obtained by choosing each <.option> kefore a

<comb> or <vary> to be a ".", and all the rest empty, and each <X pack>

to be unparenthesised.

I now give the two rules by which one Wff may be converted into another.

1y

a-conversion (Renaming of bound variables).
We may replace any subwff (AxN) of a wff M by

Oy s;‘ N),
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provided that in so doing, no free occurrence of a (possibly
renamed) variable in N becomes bound. If M is converted

to M' by this process, we write

M> M'.
o

As examples, AxXAV.¥X >a Axhz.zx >u AvyAz.zy >a AvAix.xy, but
AXAY.YX > AVAY.yy 1is illegal (the free occurrence of x in
Av.yXx becomes a bound occurrence of y in Ay.yy), as is
Ax.xy >a Ay.yy (the free occurrence of y in xy becomes

~

bound) .

It is clear that, by the same rule, we may always replace
the subwff (AYN') of M', where N =s;‘N, by (Ax SiN'),

and so we also have
M' > M.
o

We therefore say that M =y M', or that M and M' are
equivalent up to renaming of bound variables. Since M >a M

trivially, =y is an equivalence relation.

e

B-reduction (substitution of arguments for bound variables).

We may replace any subwff ((AxM)N) of a wff P by

X
s M

provided that in so doing no free occurrence of a variable in

N becomes bound. If P is converted to P' by this process,
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we write

or occasionally, P* < P,
when we say that P is obtained from P' by a f-abstraction,
As examples,

(Ax)Ay.xy)Az.z >B AV. (Az.2)y >B AY .Y,
and Ax.xAxX\y.yIAX.xz >B (Ax.xz)AxAy.y

>B_(lxky.y)z >B AV.V,

g Av. Ox.xy)ly is illegal (the free

occurrence of y in Ax.xy becomes bound).

but (kxiy.xy)kx.xy >

If, on performing the substitutions, one of the free variables
of N does become bound, a-conversion must be used to renamne
the bound variasbles of M suitably. Thus while the last

example above was impermissible, we may have

(Ax\y.xy)ix.xy >a (xht.xt)Ax.xy >, At. Ax.xy)t

B

> At .ty >a AX.XY,

8

and the o-conversion reguired to convert At.(Ax.xy)t into
Ay. (Ax.xy)y is not permissible.’ From now on, I take a
B-reduction to include any preliminary o~conversions, if

necesgaxy.



Corrizendun

»

The section on page 24 beginning "I have never ..." and
eading with ... becones bkound tuereby.!, should be deleted

aad replaced by she followiag.

The rules given nere are the least restrictive possible:; they

forbid substitution only if a free variable becomes bound

. ~ ; . x et s
thorenr, Some anthors define SW as suongstituting N for

'l 3 F 5 x 1 1 1}
all occurrences of x 1in a wff, vhereas ny SN shields" a
subwff berinaing with "(Ax" from further substitution. This

simplifiec the statement of tre restrictions in the o« and g
conversion rules. Wnile this de
for =y purpese, it dis o Yazive definition, in that it does not

periorm s substitutions correctly. For example:
P
sEy.ex) = (Oy.y),
o

and Qy.x)y >4 Ay.y) is on inperanissible g-reduction,
Curry and Feys in C2 give a "correct! definition of the
substitution operator, whica renames vound variables when

NecesSEaAry.
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Rosenbloom, in R2, asserts that the statement of the o and B
conversion rules in several standard works is incorrect, and cites

Church [c1] as giving a correct statement. However, even Church's

statement of them is more restrictive than that given here. IThave—

A reductiocn sequence of a wff A into a wff B 1is a finite sequence of

>
wifs Eo,El,Ez,...,En, where n = 0, such that

- >
= > > > esa 7 = . = .
A EO 8 El 8 E2 8 8 En o B n 6]

We write A 2 B, or B 2 A, if there exists a reduction sequence which

g B

transforms A into B.

Two wffs A and B are interconvertible, written A =, B, if either

B8

A 25 B or B ZB A, or there exists a wff C such that A =B C and

A wff is in norxmal form (abbreviated "nf") if it contains no subwff of
the form (xM)N, i.,e. if it can be g~reduced no further. A wff B

is a normal form of a wff A, or A has a npormal form B if B is in

normal form, and A 28 B.
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For example, Ax.zu is a normal form of (AxAu.xzu)Ax\y.xu

since (Axhu.xzu) AxAy.xu >a‘(lxlt.xzt)kxly.xu

At. (Axdy.xu)zt >, At. {(Ay.zu)t

’8 8

>> At.zu >a AxX.zu.

g

Not all wffs have normal forms, for example:

(Ax.xx) (Ax.,x%) >B (Ax.xx) (Ax.xx) >B oo

and (Ax.xxx) (Ax.xxx) >B (Ax.xxx) (Ax.xxx) (Ax. XXX) >B ces

"It can be shown to be undecidable as to whether a wff has a normal form

or not {see e.g. Cl).

By far the most important theoretical result about the A-calculus is the
Church-Rosser theorem: If a wif A has two normal forms Bl and B2,

then Bl = Bz. What Church and Rosser actually proved in their theorem
o autudsay
is that if A =B B then there exists a wff Z such that A 28 Z and

VA SB B. From this the previous theorem follows immediately.

The proof of this theorem is long ahd tedious, and occupies the whole

of chapter 4 of C2.

This theorem means that if we reduce a wff to normal form by one choice

of reductions, then any other choice of reductions which lead to a normal

form will lead to (essentially) the same normal form.

This guarantees that no contradictions can arise if we assign meanings
to A-expressions. Since if we assign a meaning to a A-expression then
such a meaning must be invariant under o and B conversion, inter-

convertible A-expressions must be assigned the same meaning. That is,
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we must assign meanings consistently. We can look on B-reduction as

a deduction of one meaningful wff from another. If we now reduce a

wif A with a given meaning to normal éorm B, then the Church-Rosser
theorem guarantees that B is unique (up to renaming of bound variables),
or we cannot, from a wff A; deduce two different wffs in normal form
with the same meaning. Thus the Church-Rosser theorem guarantees the

consistency of the A-calculus.

It is important to realise that the Church-Rosser theorem does not assert

that if a wff has a normal form then every reduction sequence will lead to

it. A simple counterexample is:

(Ax.a) ( (ix. xx) (Ax. xx)) (ix.a) ((Ax.xx) (1x.xx))
>B a which is in nf. >B {(Ax.a) ((Ax.xx) (Ax.xx))

>B"' ad. inf.

A left-most reduction sequence is one where at each B-reduction the

© left-most subwff of the form (AxM)N is reduced. It can be shown that
if a wif is reduced by a left-most reduction seguence, then the sequence

is finite if and only if the wff has a normal form [c2].

If X and Y are wffs, then X =, ¥ implies X 28 Y and Y 26 X

trivially but the converse is not true. For example

Ax.xx} (Axdy.xyy)iu.u) >, (Axdy.xyy) (Au.u) ( (AxAy.xyy)Au.u)

B

and (Axdy.xzyy) Au.ow) (Axdy.xyy)da.u) > (Ay Qu.u)yy) ((AxAy.xyy)Au.a)

B
>B (Ay.yy) ((AxAy.xyy) Au.u)

> (Ax.xx) ((AxAy.xyy)Au.u) .

and clearly (Ax.xx) ( AxAy.xyy) Au.u) +a (AxAy.xyy) (Au.u) ((AxAy.xyy)Aiu.u).
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Since, for all wffs N, {(Ax{Mx))N >B (MN} provided that =x does not

occur free in M, some authors allow a n-~conversion rule, defined as

follows.
3} n-reduction

. We may replace any subwff (Ax(Nx)) of awff M by

<

N,

provided that x does not occur free in N. If M is

converted to M' by this process, we write
a M> M'.
’ n

Owing to the above-mentioned equivalence, this rule is not of
much importance. In the sequel there are only a few occasions
when we might be sorry that we have not included n-conversiomn.

A A-calculus admitting n-reductions is called a Bn-calculus.

An important enlargement of the A-calculus is the addition of an indefinite
EléEE.Of rules, called §-rules. We first of all include among the
primitive symbols of the calculus a denumerable set of symbols ao,al,az,...
each different from‘"k", )", "A" and each of the Qariables, called
constants. We then augment the definition of a wff to include the

constants, by adding to the previous three ¢lauses:

1. Every constant a is a well-formed formula, and no

variable occurs free in a.

The §-rules are all of the following form.
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$-reduction o

We may replace any subwff N of a wff M by the wff N',

provided that:
i) N is of the form ((aNl)...NE) where a is a constant,
ii) N and N' contain no free variables, and

iii) no proper subwff of N is reducible by the B- and
n-rules, or any §-rule, N itself is not reducible

by any other ¢-rule, and N' is not reducible by any

§~rule.

-l

"If M is converted to M! by this process, we write

[
M >6 M'.

A A-calculus admitting §-rules is called a BS-calculus. If
if also admits n-reductions, it is called a Bné-calculus, or

full 2~calculus.

A set of §-rules is always associated with the constants
appearing in a particular system, I give two examples of
the use of §-rules, the first modified from Cl and the second

from Mé6.

a) Church [C1] studied a specialised form of §~rules, as
follows. Just one constant is admitted, the symbol "&".
The two 8-rules are: If M 'and N conform to restrictions

i) -~ iii) above, then
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((SM)N) may be replaced by (Ax(Ayx)) if M = N,

and ((SM)N) may be replaced by {(Ax(Ayy)) if M +d N.

b) Morris [M6] gives a system for dealing with the natural
numbers. There are four constants, namely "O", "suc",
"éred" and "zero". We define a wff to be a numeral if
it has the form (suc™ 0), i.e. is one of O, (suc 0),

{suc (suc 0)), etc.. The (infinite) set of d-rules are

then the following:
If x is a numeral, then

i) .. (pred O) may be replaced by O,
ii) (pred{suc %)) may be replaced by x,
iii) (zero O) may be replaced by (x{Ayx)), and

iv) (zero(suc x)) may be replaced by (Ax{QAyy)l.

The reason for the choice of the )-expressions (A\x{jyx)) and
Ox(\yy)) in these reduction rules will become apparent in

the next section.

Analogously to the pfevious definitions of reduction sequence, inter-
convertibility and normal form (now all properly prefixed by "g-"), we

can define n- and 6- reduction sequences, interconvertibility and

normal form. We can also give corresponding fn-, RS-, né- and End~
definitions, all of which have their obvious, intuitive meanings. In
general the reductions are all done in one fixed calculus; and so we may
just talk of reduction sequences and normal form, and drop the gqualifying
prefixes. The Church-Rosser theorem retains its central position of impor-

tance, since it remains true for an arbitrary full A-calculus.
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I do not consider 8-rules further in the sequel, since for my purposes
all of the constants required (the integers, for example) can be defined

within the B~calculus itself

It is the purpose of the next section to show how this may be done.
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1.3.-

As alreadf mentioned, we may assign meanings to A-expressions.
That is, we can use the )~calculus to express other‘branches of mathe-
matics within the l-calculus itself, for instance, boolean algebra and
recursive function theory. Given the purely syntactic structures of
the A-calculus, we are at liberty to interpret them in any way we like,
and provided our assignments are consistent, we can say that these
formulas mirror within the A-calculus the system under consideration.
The Church-Rosser theorem guarantees that provided our original assign-

ments are consistent, no inconsistencies can result.

In this section, various sequences of characters will be used ambiguously.

As examples: fhe é&rings "suc", "and", etc. will be used to represent a
function and also to abbreviate a certain A-expression; the characters
"0", 1" etc. will be used to denote integers, and also to abbreviate a
certain A~expression, etc.. This convention saves the use of excessive

ugly underlining, or the appearance of a plethora of 'quote' symbols.

The basic idea behind the representation of any formal system within the
A~calculus is that of A-definability. A function F (over some domain

of interest) is said to be A-definable if there exists a A-expression F'

such that if xi, X ) eees x& are A-expressions representing the arguments

xi,x ...,xn of F, then F'x'x'...x' has a normal form x' (which

2' 172 n

represents x) if Fxlxz...xn is defined and equals x, and has no normal

form if Fxlxz...xn is undefined. Again, the Church-Rosser theorem

guarantees that no inconsistencies can arise from such a system.

.
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l' 3'1‘
I start with boolean algebra. The ALGOL 60 conditional statement

suggests a way of representing the boolean constants true and false in

the A-calculus. if.b then sl else s2; means that if b evaluates to

true, then statement sl is executed, otherwise statement s2 is executed.
If we write this as: if b,sl,s2; then we see that true chooses the
first element of a two element list, and false the second. I have
already shown A-expressions which do just that, namely AxAy.x and

AXAY .Y . Hence, I make the formal definitions:

+
i

AXAY.X

and L2 P

AXAY .Y

Therefore, if =l and 82 are any A-expressions, we have that

T s1 s2 >B sl and P sl s2 >B s2.

Now the A-expression for the function not is easily derived, since

not T must reduce to F, and not F must reduce to T. Hence

not = Ax.xFT,

or not = AX.x (AXAY.V)IAXAY.X.
As a check: not T = (AX.XFT)T >B TEFT >6 F
and not F = (AX.XFT)F >B FFT >B T.

The most convenient representation for the function or is the McCarthy
conditional form: (x - T}y). Hence (or T y) must select T, and

{or F v} must select y. Therefore, we have that

or = AUAV.ulv,

i.e. or = Aulv.u(Axdy.x)v.
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Similarly, and is (x > y,F}, and hence is rendered as a A-expression

‘as follows:

and = Aulv.uvr

- i.e. and = Audv.uviAzxiy.y.
Implies follows in the same way: imp = {(x > v,T). Hence,

imp = Aulv.uvT

i.e. imp = AuAv.uvAxAy.X.

As one last example in this sub-~section, I derive the function nand,

by two -different methods.

.1

{(x » vy,T). Hence,

It

Method (i). We have: nand

nand = Aulv.u(not v)T
= Audv.u({ (Ax.xFT) V)T
- >8lulv.u(vFT)T
Yaor nand = Auiv.u{v(AxAy.y)Axdy.x) Axdy.x.
Method (ii). By definition, nand x y = not{and x y). Therefore,

-nand 2 y = (AX.xFT) ((Audv.uvF)xy)
>6 (Ax.XFT) (xyF)

>B (xyF}FT

Hence, by B-abstraction twice,

nand = AuAv.uvFFT

or nand = Awdv.uv(Axiy.y) (Axdy.y)Axiy.x.



It should be noted that the two ji-expressions given for nand are

not interconvertible, since both exp¥essions are in normal form, and

one cannot be changed into the other by o-conversion only. I could have
reached the same result by noting that both or and and are commutative,

so that I also have or = AuAv.v{AxAy.x)u and and = Aulv.vudxly.y.

Since I constructed my functions to take the specific representations
I have chosen for T and F as arguments, I can say nothing about the
behaviour of not, or, and, imp etc. when applied to A-expressions other

than T or F.

My representation of true and false is not the only one possible, by any
means., As alrea&§ stated, we are at liberty to assign to any A-expressions
the meanings true and false, provided that such representations remain
consistent. We may represent true by kxkyfy and false by AxAy.x,

or represent true by AxAy.xy and false by Axiy.y. Church, in C1,
represented true by AxAy.x(xy) and false by AxAy.xy. One can also
investigate three-valued logics, perhaps representing true by AxAyiz.x,

undefined by AxAyAiz.y and false by AxAyrz.z.

I turn now to functions of the non-negative integers. If I could
find a representation of zero and the successor function suc in the
~A-calculus, then suc O would represent 1, suc(sucO) would represent 2,

and so on. But,

(\fax.fx)suc O >B suc 0 = 1,

(Afrx.£(fx))suc O >, suc(suc 0) = 2,

B

and so on. Also,
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(Afix.x)suc O >, O.

B

This suggests representing zero as Afix.x, one as Afix.fx, two as

Afix.f(fx), and so on. Accordingly, I make the definitions:
0 = )fiix.x,

1 = f(fnx), nzl.

+
n = Af}x.fnx, where flx = £fx and fn

It should be noted that here f£'x means right association £({f(...(£fx))).

I now find a A~expression to represent suc . suc must be of the form
AUe..oUe.., and suc applied to n will therefore yield

..ﬂ(xka.fnx).... To introduce an extra £, I need to remove the

v ol

FAf X' in n. This can be done as follows:
suc = Au....uf=x...
Therefore,
suc n >B .e. UEAK. £7R) £X. .. >B e %
Now I can apply an extra £, and reintroduce the 'AfAx’. So,
suc = AWAEAX. £ (ufx).

As a final check, for all n20,

(Aukka.f(ufx))lka.fnx

suc n
>B AEax. E((Hax. £7x) £x)
1

> AEAX. E(E0%) = AEAx.£7 Tx = n+l.

It should be noted that I can introduce the extra £ in another way,

by substituting (fx) for =x, giving a different version of suc:
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suc = Aurfix.uf(fx).
a&s a check, for any nZO,

suc n = (AuhfAx.uf (£x))AEAx. £ x
>4 AfAx. (AfAx. £x) £(£x)
1

>g MEAX.E7(£x) = AEAX.E7 x = ntl.

Hence, I have two easily-derivable but not interconvertible versions of

suc¢ {as I had for nand).

Now I find a A-expression for the function zero, which yields true
if applied to the number zero, and false if applied to any non-zero

positive integer. ” To start with,
ZEXO = Alswoeloass

Now, O = AfAx.x, and is identical in action to F, in choosing the

second of two arguments. Therefore,
zeroc = Au.uAT,

where A is some A-expression still to be determined. zero applied

to nt+l (n%0) gives us:

OGwwdT)ndl >, (Afax. £ Tx)aT

> A" 7 = a@™n.

Hence, I require A to be that function which throws away its argument

and yields F regardless, i.e. Ax.F. Therefore,
zero = Au.u(Ax.£)7T,

i.e, zero = A u(AXAXAY.YIARAY.X.



37

To construct a A-expression for the function add, I note that we must
have add = AuAV....Q.ceVeoa, Therefore, 1f I apply add to n and m,

I get:
...(Aka.fnx)...(Aka.me)...

I would like to strip the 'Afix' from the second term, and substitute

the resulting % instead of x in the first term. Hence,
add = AvwAvAfax.uf(vfx).

As an example: ‘add nm > Xflx.(lflx.fnx)f((lka.fmx)fx)

B

>B kka.(kx.fnx)(me)

> AR R (ERR) = Afx. 270 = nem.

Ancther representation of add can be found by noting that add nm can
be defined as n applications of suc to m. Hence,

o add = Aulv.u suc v,
and also,

add = Auvdv.u suc (v suc 0).

Since add is commutative, this gives me a large number of different

versions of add, when taken with the two versions of suc.

However, I do not have guite the freedom I appear to have at first sight.
While there is nothing wrong with choosing any one of the large number of
versions of add, and either of the versiéns of suc, I must take note

of the fact that add 1 is the same function as suc. Consequently,

while it is not necessary, it is somewhat pleasing to have add 1l =, SYC-
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If I choose add = Aulkaxx.uf(vfx)} then

add 1 = (AuAVAEAX.uf (VEx))AfAX. £x
>B Aulfix. £(ufx), the Ffirst verion of suc;
if T choose add = AuvAvAfix.vE{ufx), then

add 1 = {AudvAfiz.vi(ufx))Xfax.fx

AurfAx.uf (fx), the second version of suc.

’B

1]

From now on, I take suc AuA£Ax.F (ufx), and

i

add AVAvVAEA X uf (vEx).

e

Defining the function mult is a little more difficult. I would like

to arrange it so that mult n m substitutes the £ from m for every

£ in n. The following expression does just that:

mult = Auvdv.u(vf}.

I can also define mult nm as n applications of add m to zero.

Hence, I also have:
mult = Auiv.u(add v}O.
Also, the function exp i1s A-~defined by:
exp = AU)V.vu

It should be noted that with this definition, no is undefined for any n.

That is, the normal form of exp n O does not represent an integer.

In fact, exp n O >B AX. X. This is one of the cases when I might be

soxry that I have not included n-reductions, since
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1 =)Af. (Ax.fx) >n AE.(E) = Ax.x,

and hence

expnO = 1.
Bn

However, exp nm is m applications of mult n to 1, so I also have:

exp = \uprv.v(malt u)l.

With this definition of exp, n0 = 1 for all n.

Having found a ) -expression to represeht suc, I should like to find one

to represent pred, the predecessor function. ;ntroduc%ng an extra f

into £'x by sug{ was easy, but how am I to delete one £? Two possible
me£hods come to ﬁind. First, substitute for £ some )-expression of the

\ form Ay.yX. Then £x reduces to =xX. I therefore arrange to substitute
for x some l-expression which destroys X on a first application, and

from then on adds one f on each application. Secondly, I could substitute
some form of a counter for x, and allow £ +to increment this counter on
each application except the first. I derive an expression for pred by

both methods.

Method (i). I hope that . pred = Aulfix,uAB, for some A and B.

Therefore,

pred n > (AEAx. £ x)AB

n
>, A'B.
B

Therefore, I must have A = )y.yA', so

> ?
AB 8 BA

and A (AB) >B A(BA") >B BA'A', etc..
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Hence, I must have BA' >, Xx, and XxA' > X({£fx),

B B

X(fx)A® >B X(£f(fx)), etc..

Therefore, if B = AyAz.zx, BA' >, Az.zx,

B

and so ” BA'A" >3 A'x,

and T require A'xA' >6 A (£x).

Hence,
A' = xviz.z(Ey).
Tidying up the details after some experimentation, I have finally:

pred =y fax.ulAy.vAyrAZ.2(£y)) AvAzZ.2X)AY.Y.
As a test, pred n >B AP x. Oy.yAvAZ. z (Fv)) (YA 2. 2X)AY. Y

Now, Ay.vAviz.z{(fy))AyAz.zx
>6 (Ayiz.zx)Ayiz.z (fy)

>B Az.zZX,

and Oy.vaviz.z(fy))az.2x

>B ((z.zx)Ayrz.z (fy)

>B (lykz.z(fy))x‘

>B 2z.z (fx),

and in general, (Ay.yxylz.z(fy))Az.z(fnx)
>B (Az.z(fnx))xyxz.z(fy)

>B (Ayxz.z(fy))fnx

+
s az.z (T Ty

B
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Hence, for all nZO,

pred n+l >é Aka.(xz.z(fnx))ky.y

>g AEAx. (Ay.y) £x

>B Aka.fnx =n

It should be noted that pred O is undefined, since the normal form for

it is not the representation of an integer (but it is n-reducible to O).
Method (ii). I proceed as follows: I use <a,b> to represent j}x.xab.

e a, and <a,b>F >B b. (I hexre use T and F rather
than the better T; and Tg). Now, if A is any A-expression whatever,

Then, <a,b>T >

(Ax.<suc{xr), (XT)>)<n,B>
>B <suc (<n,A>T), (<n,A>T)>

>B <suc n,n>

>_ <n+l,n>,

8

i.e., for any A&,

Ax.<suc (1) ; (XT)>)<n, B>

> <n+l,n>

8
Hence,
(Ax.<suc(xT),(xT)>)n<0,D>
n-1
>B (Ax.<suc (xT) , (xT)>) <1l,0> >B ‘e
- >B <n,n—-1>, where D is a dummy A-expression.
Therefore,

pred = Au. {(ulx.<suc (xT), (xT)><0,D>)F.
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Also, pred O >8 D, so therefore, if I require pred O = 0, I may
chocse D =0, if I require pred O to be undefined, I may choose

D = (Ah.hh) (Ah.kh), which has no normal form.

3

From now on, any mention of pred will mean that version of pred

such that pred O = O.

Having defined pred, I can easily define the modified difference

>

function med-dif, such that mod-dif nm = n-m if n*m and

mod-dif n m = O if n<m, asg follows:
mod-dif = AuvAv.v pred u.
I can define abs~dif, the absolute difference function, as follows:
’abs~dif = Auiv.add {mod-dif u v} (mod-dif v u).

There is still one elementary function left to derive which I shall need
in 1.5., namely eqgual, which is such that equal nm = true if n=m
and equal nm = false if nfm. One idea for defining equal is as
follows: arrange for the £'s in n and m to build up A~expre§sions
which will annihilate each other when applied to each other. This is

done as follows:
equal = xuAav.u (xAy.yx)A (v (AxAy.yX)B)
Then,

equal n m > (Axxy.yx)nA((Axxy.yx)mB),

B

and

(Ay.va'} Qv.yB') >, (dy.yB")A"

B

>B A'B' = (Ay.yA") (Ay.yB")

>3 .o



43

and so on.
We see that three cases arise:

(1) if n=m then egqual nm >_ AB

8

(ii) if n<m then equal nm >, A{(Ay.yB')

B

(iii) if n>m then equal n m >B (Ay.yA')B >B BA!

The third case demands that B = Ax.F, the second that A = Ax.F or
 Ax.x{Ax.F). However, this reduces case (i) to (Ax.F){Ax.F) >B F,
which is not what I want. This leads one to consider my original

expression for eqgual followed by A-expressions C,D,E,.... Then I have:

B

(i) if n=m then equal n m.>B ABCDE...

(i1) if n<m then equal nm >B A(Ay.yB')CDE...

(iii) if n>m then egual n m >6 BA'CDE...

Case (ii) requires A = AX.x, so that (i) and (ii) reduce as follows:

(i) equal nm >B BCDE...

(ii) equal'n m >B CB'DE..,

It

Hence, by (ii), C AX....F, where I do not yvet know how many x's
will be needed. If I try to choose B = AxAv.y, to throw away the A'

in (iii), then I have:

(1) > DE...

(ii) >6 CB'DE...

and

(iii) >, CDE...
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Now, the C in (ii) Lac to throw away one more A-expression than the
C in (iii), which 1s not possible. Hence, I must choose B = AxAyiz.zZ.

Then,
(i) >, E...

(ii) >’3 CB'DE... )

i‘ D LI N
(iii) >B B

Hence,I choose E =T, C = AxAxXMx.F, D = Ax.F, and I am done.

Finally:

equal = lu}y.u(lxky.yx)(Ax.x)(v(hxly.yx)(lxkykz.z))

(AxAxAx.F) (Azx.P)YT.

It is clear that I can define the other five relational operators in

much the same way as follows: :

For greater, A = Ax.F, B = }x.T.

greater = Judv.u{Axiy.yx) (Ax.F} (vxdy.yx) ((x.T)).

For Llesseq (less than or equal), A = Ax.T, B = Ax.F.

lesseq = Audv.u(Axdy.yx) Ax.T) (v{(AxAy.yx) (Ax.F)).

For neq (not equal), A = Ax.%, B = Amdyiz.z, C = ixixax.T,
D =Ax.T, E =PF.
neq = AuAv.u{lxdly.vx) (Ax.x) (vAxdiy.vx) (Axdvaz.z))

(PxAxAX T} Ox.T)F.

For less, A = Ax.%, B = AxAyrz.z, C = ixixAax.T, D =3ix.x, E = F.
lesg = Audv.u (OxAy.yx) D vox) (v{Axdv.yx) (Axdiviz.z))

AxAXAX,T) (Ax.X)F.
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For greg (greater than or equal), & = Ax.x, B = Axdylz.z,

C = AxAxAx.F, D = Ax.x, E =T.

greq = AAv.u(AxAY.yx) (Ax.x) (v(Axhy.yx) Oxdyrz.z))

(Axxxdx.F) (Ox.x)T.

As far as I know, this analysis of the relational operators is completely

original.

As with boolean algebra, . one can choose other representations of the

integers. For example, I can define

0 = AfAx.x

1

and n= kka.xfn, where xfl = xf, and xfn+l = (xfn)f, n2l

It should be noted that here xf° means left association (((x£f)£)...)f,

contrary to usual convention. In this représentation, I have
suc = rulfax.ufxf
and also suc = AuAfax.uf (zf).
pred is considerably simplif;ed, since
pred = Aurfix.ufiy.x,

but mult and exp are made more complex, since one can no longer

define mult as Auiv.u(add v)O and exp as Auiv.v{mult u)l.
As an exercise, I translate from one notation to the other:

(\UAE.UAY . VE) AEAK. £7x > AEAX.XE"

and (AuAfo.u(AyAz.z(fy))(Ay.yx)ky.y)kka.xfn > AEax. £7x,

B

for all nio.
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I shall give another representation of the integers in the next sub~

section.

1.3.3.

A& very important use to which any formalism may be put is the
representation of complex data-structures. Fere I show that one of the
simplest data-structures, namely the list, is A-definable. It will be
clear that much the same method may be applied to any data-structure

representable as a tree.

A first idea for representing the list <al,a2,...,an> in the A-calculus

is as follows:

€8 4@, genepd > = B _ B ee.d .
172! “n 172 n

However, this representation has two deficiencies. First, a, way

not be in normal form, and hence will be reducible, thereby

aj8,eee8y
destroying the list. Secondly, even if al could be guaranteed to be

veed acts as a single entity,

in normal form, the entire expression ala2 n

so that any attempt to throw away 3 results in throwing away the entire

list.
A second attempt at representing lists is:
.<al,a2,...,an> = al(a2(‘°'(an—lan)"'))'

However, this suffers from the same deficiencies as the first method,

only more so, since each ay is free to cause reduction.

In order not to throw away the entire list on throwing away ajr I must
substitute the selector into a combination, something applied to the list.

I can do this by my next attempt:
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AL g@peee B P ® AKX XA, 8noeeell o
172 “n 1%2 n

This is allzéight as a tuple, and indeed I have already used 2-tuples

in defining pred. Here, the problem,;f ay not being in normal form
no longer -arises since a; is not being applied to anything. However,
the list selectors would need to be of the form Xxlkxz...kxn.xi, SO

that all the unwanted elements of the list would be thrown away. Since
the selectors musﬁ be of known length, they cannot be applied to lists

of arbitrary length. Hence, I must reject this as a method of represen-
ting variable-length lists.‘ However, I use this as a representation of
a tuple, and denote the tuple selectors 'kxlkxz
should be noted that the tuple must be applied to the selector, and not

i
L N ] x lx' b L]
A ¥y Y Tn It

vice~versa.

My problem seems to be solved by starting with Ax.xal... as for tuples.
My final, and successful, attempt to represent lists in the A-calculus

is as follows:

<A, 4B, ;40,2 > = AX.Xa ces s >
llzl In r Inl

<
192
and <an> = kx.xanU, where U is a dummy Ffunction,

which I shall here take to be AxAy.yU', where U' = (Ah.hh) (Ah.hh),
for reasons which will emerge later. It should be noted that I can

select othexr forms for U, as I find convenient.

The selectors are readily seen to be
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h ='Axxy.

t = Ax\y.

ht = Ax}y.

htn+l = AXAY.
hh =

and so on.

n

N. B. ht is an abbreviation for

mean h{t(t...(tt)}).

Again, the 1list must be applied to

I use the notatbion, <al,a2,...,an>

context, in the form of which type

clear which meaning is intended.

AXAy.

X
Y
YAXAY ..
yhtn

XAXAY.X,

the appropriate selector, and does NOT

the selectors and not vice-versa.
to represent both lists and tuples;

of selector is used, will make it

If ¢ represents any selector, one can "manufacture" the selectors GCh

and @t by means of

cons~h = Auixiy.xu
and cons-t = AuAxiy.yu,
respectively.
n+2

I now try applying <al,a2

+2 nt2

> to ht . I get:

n n+l
<al,a2>ht > ht a;<a > = {(AxAy.yht )al<a2>

B

n+l
>B<a2>ht

n+l

>_ht a,U = (Axxy.yhtn)azU

8 2

8

> Uht" = (AxAy.yU')ht®
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Hence,

<:=11,az>m:n+2 >a tht” = (Axdy.yUu')ht" >g Ay.y U',

which is undefined, since U' has no normal form. Here U acts as
the list terminator nil, and it is clear that any undefined list selection

will result in Ay.yU'.

As an example of list manipulation in the A-calculus, I try to define a

tupling operator Tor such that

<<a>’<b>,nvo>T =<<a,b>,.-.>'-

2

I must have that ‘§<a>,<b>,...>T2 >B T2<a <b>,...>.

Now I must "unlist" <a> by applying it to h, at the same time

applying <<b>,...> to something similar to T2. I must take care not
to apply a to anything in the meantime. This is best done by attaching

a onto the end of the expression out of harm's way. Hence, I put
T, = AuAV. vX (uh)
so therefore,

T2<a>< b>,...> >, <<b>,...»X(<a>h)

B

>  X<b><,..>a.

g

X clearly has much the same form:
X = aupv. yv (uh)

so X<bd<aea>a >, ¥<oo.> (<bsh)a

B

> Y<...>ba.

B
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Hence, putting:
Y = AuAvAwAX.X {(AxX.xwix.xvU)u
completes Té} since

(AvivAawdx.x (Ax.xwix.xviiu)<...>ba

>B Ax.x {Ax.xalx.xbU)<...>

1

Ax,xX<a,b><,..>

<<a,b>,<...>>,

Finally, bringing all the formulae together,

=1

T2 = AuAav.vX(uh)
X = Auvdv.¥v{uh)
Y = AuxvAvix.x (Ax.xwAix.xvU)u

Clearly I can construct T3 such that

<<a>,<b>,<c>,<...>>Ty = <<a,b,c>,<...>>

by analogy with th”

Ty = kukv.vxl(uh)
X, = Aurv.vX, (uh)
X, = Audv.Yv{uh)
Y = AAVAWAEAX.Xx (Ax.xtAx.xwAx.xvU)u

and similarly for more complicated operators.
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Since it is moxe natural to apply operators to lists rather than lists

to operators, I would like to alter h, t, Tz, etc., so that I can apply
them to lists rather than vice-versa. I can do this by prefixing each
operator by "Au.u". Thus h becomes Au.upx\iy.¥, t becomes
Au.uixdy.y, ht becomes Au.ulxAy.yAxdy.x, and so on. I can also do
this for the tuple selectors Ti. Thus I shall write the selectors either
before or after lists and tuples, as I find most convenient. More compli-
cated list operators, like adjoin, which splices two lists together, are
more easily defined using the McCarthy conditional of 1.5.. Two list
operators which will be needed in 1.5, are prefix and null, which are

defined as follows:

prefix a <...> = <@,...>,

and null applied to nil yields true and if applied to any other list

vields false. We see that
prefix = Aulvix.xuv,
and null is A-defined as:

null = Au.u{AxAxAx.F} x.T,

since null<a,...> >B <8,...2 (AXAXAX.F)AX.T
>B (AxAxAix.Fla<...>Ax.T
>B F,

and null U >8 U x)\XAX.F)IAX.T

= (AXAy.yU'} (QaAxAx.FIAX.T

>B (Ax.T)U? >8 T,

Hence the reason for the appearance of a “Ay.y" in the definition of U.
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It is customary in defining prefix to take it not as a dyadic function,
" but as a monadic function which when presented with an argument forms

the function which prefixes that argument to a list.  Thus

prefix a = Auix.xau

I can also define wunitlist, the function which takes a single argument

and makes it into a list, as:

I

unitlist a = prefix a U,

it

i.e. unitlist ulx.xul.

In 1.5. such useful list operators as adjoin and zip will be defined.

Now follows the promised representation of the integers. One can use

the list selectors as a representation of the integers as follows:

and n = ht" for all nZl
suc has already been given, as conps—t:
suc = Aukxiy.yu.

pred is easily defined as Ax.xDAx.x, where one may choose D =0

for predo >g O and D = (Ah.hh) (Ah.hh) for pred O undefined.
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1.4.
In this section I investigate the nature of the recursive definition

of functions. The discussion here appears essentially in Morris[me],

but was prepared completely independently of that source.

~ A}

My standard example in this section will be the well-known definition of

the factorial function:
f(n) = (n=0>1,nxf(n-1)),
which, by the results of the previous section, could be written as
f = An.zero n l{mult n(f(preg n))).

In this section I shall write my functions in the informal McCarthy
conditional form. It will always be possible to translate them into

the pure A-calculus form, however.

Does the above definition define any function at all? We know that it
does, since the recursion will eventually "unwind”, by taking the "1"
option when n 1is zero. However, what function does the following

.

definition define?

£(n) (n=0+1,£(n))

1l seems to fit this definition, but

il

ANY function such that f£(0)

this needs to be made precise.
I consider the evaluation of the following expression:

let £(x) = 2xx
in let f(n) = (n=0s1,nxf(n-1)

in £5
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I transliate this into the A-calculus:

let £ = Ax.2x%x -

in let £ = An. (n=0+1,nxf{n-1))

igkfs
and so to:
(L f. WE.ESYARn. (n=0+1,nxf (n-1)) ) Ax.2xx
Which is evalua£ed as follows:

(Af.(lf.fS)xn.(n=0+l,nxf(n—l)))kx:2xx

S S

>B OE.E5) A, (n=051,nx {(AX.2xx) (n-1))

>s (.. (n=0+1,nx {(}X.2xx) (n=1)))5

>B {5=0+1,5% (Ax.2xx) {5-1))

>B Sx (Ax.2xx)4

>B 5x (2x4) = 40,

which is not the answer one would like. The reason for this is in the

Yde-sugaring” of
let £ = An.(n=0+l,nf(n-1)) in £5
vhich is rendered as a A—-expression as follows:
(Lf.£5)An. (n=0->1,nxf(n-1)).

Now one can see the trouble: the "scope" of the £ in f£5 is the
r—expression )f.£5; there is nothing to tell one that the £ in

An. (n=0>1,nxf{n-1)) is the same £ as the £ din AE.E5. One can get
over this in the let-where notation by writing rec before all recursive

definitions, thus:



let rec £f{n) = (n=0>1,nxf{n-1))

in £5

I must now investigate how to "unsugar" the let-where notation into the

A~calculus.

+

In general, a recursive definition will contain many occurrences of the
function being defined in the expression on the right-hand side of the
equals sign. One can reduce these occurrences to just a single one by
prefizing the right-hand side with "A<function-name>", and applying it

to the function. For example:

f = (AfAn. (n=0+1,nxf(n-1)))f

.l

Now one can see that the function I require is such that it is unchanged
by an application of F = AfAn. (n=0>1,nxf{n-1}). The expression

. AfAn. (n=0+1,nXf(n-1)) is termed a functional, or function transformer,
That is, it takes a function as an argument and produces a function as

a result, I try applying this particular transformer to several simple

functions of one argument.

(i) Cé (Note: Cé(x) =0 for all x)

An.(n=0+l,nxcé(n—l))

(G £an. (n=0+1,nxf (n~1)) )c(l) >a

>q An. (n=0,1,0) = sg, the

signum~bar function.

(ii) suc

(A fAn. (n=0+1,nxf (n-1)))suc >B Ant. {(n=0+1,nxsuc (n-1)})

>B An.(n=0+l,n2lj a "disturbed"

square function,
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(iii) C {(Note: Ci(x) =1 for all x)

(Afkn.(n=0+1,nxf(n—l)))ci >B

An.(n=0+l,nxci(n-l))

>8 An. (n=0+1,n), a "disturbed" identity function.

(iv) Ui - (Note: Ui(x) =x for all x)

(\£An. (n=0+l,nxf(n-1)))U]]_' >

>B n. @=0>1,nx (n-1}).

’

In each case, the function is changed by the transformer F.

when one applies F to the factorial function fact, one has:

1

(AfAn. (n=0+1,nxf{n-1)))fact >, An. (n=0+>1,nxfact (n-1))

B
= An. {n=0+>1,fact(n)) = fact,

i.e. fact is unchanged by an application of F.

If H is any )-expression, and G is such that G = HG, then

An.(n=0+l,nin(n—l))

G

However,

is

said to be a fixed point of H, i.e. it is thdt A-expression which is

unchanged by an application of H. In my running example, fact

fixed point of F. _As an example, AxAy.x is a fixed point of

since

(AR .xxx)AxAY.X >, (Axy.xX) Axiy.x) (Ax\y.x)

B

>B AXAY . X,

Similarly, AxAy.y and Ax.x are also fixed points of AX.xxx,

is the

AX. XXX,

showing

that a A-expression may have more than one fixed point. Alsc, any

A-expression vhatever is a fixed point of Ax.x.
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' The question is, given H, can one find a fixed point of H? Well,

. certainly

-

(Ah.H(hh)) (Ah.H(hh)) >, H(Ah.H(hh)) (Ah.H(h)),

B

i.e. for any A-expression H, (Ah.H(hh)) Oh.H(hh)) is a fixed point

of H. Now,

(Ah.H (hh)) (Ah.H(hh)) <B (Ah.hh) (Ah.H(hh))

<B (Af. (Ah.hh) (Ah.£(hh))H

So, if H is any A-expression whatever, (Af. (Ah.hh) (Ah.£(hh))H is a
fixed point of H. I abbreviate Af£.(Ah.hh) (Ah.£(hh)) as ¥, and so

1

I have the importént result:
For all A-expressions H, YH =s H(YH).

Y is called a fixed point finder. It is simple to confirm that Y has

no normal form, and that Yl = {AhAf.£(hhf)) OhAf.f(hhf)) is also a fixed

point finder.
I try using Y to find the fixed peoint of a few A-expressions:
(i)  Ax.5, -~

Y(Ax.5) =8 (Ax.5) (¥YAx.5) >, 5.

B

Hence a fixed point of Ax.5 is 5.
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11y - anfkfkn.(n=0+l,nxf(o))

YH =g B(YH) = (AfAn. (n=0+1,nx£(0))) (YR)

>2 An. (n=0-1,nx (YH) (Q) )

=, An. (n=0>1,nX (H(YH) (0)))

= An. (n=0>1,n% ( (AfAn. (n=0~+1,nx£ (0))) (YH) (0)))
> xn.(n=o+1,nx(o=o+1,o¥(YH)(o)))

= An. (n=0+1,n% (1))

= An. {(n=0+1,n)

(iii) F = Afin. (n=0+1,nxf (n-1))
pay =g F (YF)

>q An. (n=0+1,nx (YF) (n-1))

= An. (n=0>1,nx ( (n-1)=0+>1, {n—-1)% (¥YF) (n-2)))

=  An.{n=0+1,n=l>n,nx (n-1)x (YF) (n~2))

This process can be continued indefinitely, always pushing the Y deeper
into the conditional. Eventually, for any input %k to F, one will reach
the conditional n=k,.. which will throw away the Y, giving the value

k! to the expression.

I give another example. Suppose F = \XAYAZ.XVZ. Then, when regarded
as a function, YF is undefined, since left-most reduction fails to give

a normal form:

YPab =, F(¥F)ab = (AxAylz.xyz) (YF)ab >

8 {(YF)ab

B

=8 .-+ and so on,



59

However, MxAyAz.z is also a fixed point of F, since

(Axiyiz.xyz) AxAiydz.z >, Ayiz. (Axiyliz.z)yz

B

AvAiziz.z =y AXAYAZ.2Z,
but Axlyiz.z when regarded as a function is defined, since

(AxAyAz.z)abc >8 c.

It can be proved (see M6) that if @ is any fixed point of a A-expression
F, i.e. ©Q =F¥FQ, then if the value of YFal...an is defined for
i-expressions al,...,an, then Qal...an is defined and YFal...an =
Qal...an. This theorem and the example shows that YF is the least, .

or minimal, fixed‘point of F, the intersection of all possible fixed-

points of F.

Since a A~expression H may have more than one fixed point, this raises
the problem of which fixed point G one chooses as the solution of
G = HG. I define the ¢ I want as the minimal fixed point of H, i.e.

I define G = YH. Hence one says that:

let rec £ =M

in N

means:

(A£.N) (Af.M).
This gives the "unsugared" version of an expression using rec.

It should be noticed that although one can now A~define the factorial

function as:

fact = YAfin.zero n l(mult n(f (pred n))),
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there may very well be a "simpler" non-recursive definition. For

example, one also has

2 1
fact = )\u.u()\v.<mult(v1:§)(v-rz),suc(ng)>)<l,l>T2

The second A-definition of ~fact above is in normal form, but the first
has no normal form. This is all right since my definition of
A-definability does not insist that the defining A-expression be in
normal form. In this case, f;ct n has a normal forxrm for any n, as

pointed out in (iii) above.

I go through an example, to show Y at work.

1

fact 1 =-(YAfAn. (n=0>1,nxf(n~-1)))1

it

It

{(Af. (Ah.hh) (Ah. £ (hh)) ) AfAn. (n=0>1,nxf(n-1)))1

>B ({(Anh.hh) (Ah.F(hh)))1
where F is my already used abbreviation for Afin. (n=0*1,nxf(n-1)),

>, {(Ah.F(hh)) (Ah.F(hh))1

>  (F((ah.F(hh))(Ah.F(hh))))1

= ((\in. (n=0+1,nxf (n-1))) ((\h.F (hh)) (\h.F (hh))))1

>_ an. (n=0+1,nx ((Ah.F (hh)) (Ah.F (hh))) (n-1)) 1

>, (1=0+1,1x ((Ah.F (hh)) (Ah.F (hh))) (1-1))

=  1x ((Ah.F (hh)) (Ah.F (hh)))O

> 1XF ((Ah.F (hh)) (Ah.F (hh)))O

= Ix ((Afin. (n=0>1,nx£f (n-1))) ((Ah.F (hh)) ((h.F (hh})))O
>, Ix(n. (n=051,nx ({({h.F (hh)) (\h.F (hh))) (n~1)))O

> 1x (0=0+1,0x { ({h.F (hh)) (Ah.F (hh))) (0-1))

= 1x1 = 1.
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I show how ¥ gives a meaning to the definition:

f(n) = (n=0+1,£(n)),

L4

which has as a solution any function such that £(0) = 1. The function

transformer is H = Afin. (n=0*1,£f(n)).

YHO =3 H(YH)O = (AfAn. (n=0+1,£(n))) (YH)O

>B (0=0+1, (YH) (0)) = 1,

and

YH(n+l) =_ H(YH) (n+l) >

8 8 (Afin. (n=0>1,£f(n))) (YH) (n+1)

Pars 3

>6 { (n+1)=0~>1, (YH) (n+1))

= YH{n+l) for all nZ0,

i.e., (¥H)n 1is undefined for all n+0 and '(YH)O =1, Again, one sees
that YH is the minimal fixed point of H, the intersection of all
possible functions such that f£(0) = 1, namely the function undefined

everywhere except at 0, where £(0) = 1.

[

I also show how Y affects a "non-recursive" recursive definition,

that is, —
let rec £=M
in N
where £ does not occcur free in M.

This is equivalent to
let £ = YAf.M

in N

=,



But, YAf.M =g (Af.M) (YA£f.M); and £ does not occur free in M, so

(AE.M) (YAE.M) >’3 M.

Thus the recursive definition in this case is equivalent to

let f=M

in N,
as one would hope.

With ¥, I can now quite easily define more advanced functions in terms
of my elementary functions, for example d&iv and log. divnm is the

largest integer not greater than (n/m), and is defined as:
div n m = zero{mod-dif (suc n)m)O(suc{div(mod~dif n m)m)).

The reason for the (suc n) will become apparent upon evaluating

divnn wich only n there. Hence,
div = YAfAudv.zero (mod-dif (suc u)v)0(suc (f (mod-dif u v)v)).

Similarly, log a n 1is the number of digits in n when expressed in

base a, and is defined as:

log a n = zero{div n a)l(suc(log a(div n a))).
Hence;

log = ¥YAfaiulv.zero(div v u)l(suc(f u(div v u))).

One can in fact define a sequence of fixed point finders, starting with

Y as follows:
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Define a new fixed point finder Y' by:

let rec Y'(F) = F(Y'F)

i.e. let rec Y' = AF.F(Y'F)
or Y' = YAY'\F.F(Y'F),
or, Y' = YAyAf.£(yE).

Now, if one lets G = AyAf.£({yf), one has that YG is another fixed

point finder.

Hence, define YO =Y
and Y =Y G for all nZ0.
n+l n
Then, for all n,-in =B°GYn' since for n=0 one has

Y, Af. (Ah.hh) (Ah.£ (hh))

> Aaf.(Ah.£(hh)) (Ah.£(hh))
> xf.f((Ah.f(ﬁh))(Ah.f(hh)))
<, Af.£({((h.hh) (A\h.£(kh)))

< Af.£((Af. (\h.hh) (Lh. £(hh)) )} E)

™

]

Af.f(Yof)

1)

<B (Aylf.f(yf))Yo GYO,

and for any n>0, if one supposes that Yn = GY

-1 Tg n-1" then

Y =Y G by definition of Y
n n-1 n

(GYn_l)G by induction hypothesis

OYAEE(YENY G

>o (EE(Y L))

G) = GYn by definition of Yn.
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With this lemma, I may now show that for all nZ0, YhF = F(YDF)

g

for any A-expression F, i.e. each Yn is a fixed point finder. For,

YnF =g GYnF by lemma
= (WAL.E(YE))Y F
>g (lf.f(Ynf))F

>B F(YnF).

It should be noted that ¥, = Y6 = YG = (Af. (Ah.hh) (Ah.£(hh))) (\yA£.£(y))

>g (Ah.Bh) (Ah. (AyA£.£(y£)) (hh))

>B (Ah.hh) (AhAE. £(hh£))

$B jlhlf.f(hhf))(lhlf.f(hhf))p.

which is the Yl I gave earlier.

It can be shown that Yl and Y are not interconvertible[B2], so one is

faced with the question, are the fixed points found by Yl and Y the
same? I leave the problem of whether the Yn's are equivalent, since

by definition, the only Yi I am interested in is YO = Y.

I now look at simultaneous recursion. Suppose that one has £ and g

defined recursively in terms of each other. Then, one will have that

£ = El

and g = E2,

where El and E, are the A-expressions defining the functions £ and

g, but containing occurrences of the functions being defined. As before,
I can reduce these occurrences to just one as follows: Replace every

(free) occurrence of £ in El and E, by (hT;), and every (free)

occurrence of g in El and E2 by (hT;), to form Dl and D2
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respectively. Then, the definitions above are equivalent to:

a)
I

(Ah.Dl)<f,g>

and g (xh.D2)<f,g>.

Hence,

<f,g> = <(Ah.Dl)<f,g>,(Ah.02)<f,g>>
<B (Ah.<(xh.D1)h,(Ah.Dz)h>1<f,g>

>8 (Ah.<Dl,D2>)<f,g>,
which is now of the form F = XF, and hence:

<f,g> = YAh.<Dl,D2>,

it

IS 1
and so £ Y(Ah.<Dl,D2>)12

2
Y(Ah.<Dl,D2>)r2

fi

and g

It is clear that in a similar way one can )-define the simultaneous

recursive definition of any number of functions.
As an example, let

f(x) = zero x 1(mult x(g(pred x)))

and g(#)‘= zero ¥ 1l(mult x(£f (pred x))).

Then f and g both define the factorial function. In this case one

has that

3}
L

au.zero u 1 (mult u{g(pred u)))

and E, = \u.zero u 1{mult u(f(pred v)})j,

and so
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)
1

Ju.zero u 1{mult u((hré)(pred u)))

and D

il

Mi.zexo u 1(mult u((hrg}(pred u)l}l.
Hence,

£ = (Af. (Ah.hh) (Ah.£ (hh))) (AhAax.x {(Au.zero u 1 {mult u(hrg

(pred u)))) (Hu.zero u 1{mult u(hr;(pred u)))))T;v

and g is identical with £ except that ¢ ends with "3x)y.y" and

not "Axiy.x".

1.5.
The McCarthy conditional is of the form (pl é-el,pz F Coreees
> : s . : . .
P, en’en+l)' where each p, isa predicate (i.e. a function yielding

true or false), and the ei's are expressions. The pi's are evaluated

from left to right, and the e corresponding to the first true p;
is evaluated, and taken as the value of the McCarthy conditional. The

ei's may contain the function being defined, yielding a recursive

definition. let Pl'Pz' ceey Pn A-define the predicates Pyr Por «evr P

respectively, and E_, E sy En+ A-define the functions el, e cesy €

1 2! 1 21 n.f.l’

except for occurrences of the function being defined. Then,

f(xl,...,xr) = (pl(xl,...,xr) a-el(xl,...,xr),...

pn(xl,...,xr)ﬁ-en(xl,...,xr),e (xl,...,xr))

n+l

is (almost) rendered as a A-expression as follows:

E,(P,E, (... (P EB M.

£ =2y Ax BBy (PR, nnn+l
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If the definition is not recursive, one is finished, and the right hand
gide is the A~definition of £f. Otherwise, if the deflnition is
hrecursive, in the xright hand side replaée each occurrence of the function
being defined by a variable not bound in any of the P's or E's, f£f,

say, and prefix the right hdnd side with "YAf.". This completes the

A-definition of f£.

As an example, I A-define adjoin, which concatenates two lists together.

One has:
adjoin (1,m) = (null(l)~> m,prefix(hl) (adjoin{tl,m))).
Hence, as a first step,

AuAiv.null u v{prefix(hu} (adjoin(tul}v)),

adjoin

and finally,

adjoin = YAfiulv.null u v(prefix (hu) (£(tu)v)).

Another example is zip, which joins two lists of the same length into
one, applying a specified function to corresponding elements from each

list:

zip{f,1,m) = (null(l)Anull (m)+ nil,

prefix(£(hl,hm)) (zip(f,tl,tm))).

and hence

zip = Yagafaurv.and (null u) (null v)U({prefix (£ (hu) (hv))
(g £{tu) (tv)))},

where U 1is the list texminator.

¥

As one last example, I define the function prime, which is such that
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prime n is true if n is a prime nusber, and prime n is false
othexrwise. I define prime in terms of an auxiliary function, auxfn,

as follows:
prime = Au.auxfn u 2,
where I have:
auxfn(n,m) = (n=m > T,divides(m,n} + F,auxfn(n,suc m)),
i.e. auxfn = YAfAulv.equal u v T{divides v u F(f u(suc v))),

where divides m n is true if m divides n, and false otherwise:

divides'; Aupv.zero(abs-dif (mult{divide v u)u)v).
A function £ is called MoCarthy corputable over <3 (a set of functions,
called the base functions) if f can be defined in terms of the base
functions using the McCarthy conditional. It can be shown that any
w-recursive function can be McCarthy computed using as base functions
either zero, suc and pred, or suc and equal[Ml]. Since I have
h~defined =zero, suc, pred and equal, it follows that any McCarthy
computable function is \-computable, and hence that any y-recursive
function is )-computable. Section 1.6. has a more direct proof of the

equivalence of p-recursiveness and A-definability.

1.6.

This section is devoted to one half of the proof of the equivalence
of y-recursive functions and )-definable functicns. I prove here that
every p-recursive function is A-definable. While this is by no means
original, the work presented here was exccuted independently by the

author. - The compiler is certainly new.
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The p-recursive functions are constructed from base functions by a finite

‘number of applications of function transformers. The base functions

are suc, and C? and Ui for all n,k20. Ci and Uz are such that
n ' _ n - .

) Ck(xl,...,xn2 = k and Uk(xl,...,xn) X . The function transformers

n n n . n .
are Sk' R agd H. Sk is such that Sk(f,gl,...,gk)(xl,...,xn) =
n |, n
f(gl(xl,...,xn),...,gk(xl,...,xn)). R is such that R (g,h)(xl,...,xn_l,0)=
n
g(xl,...,xn_l), and R (g,h)(xl,...,xn_l,xn+l) = h(xl,...,xn_l,xn

Rn(g,h)(xl,...,x

n—l’xn))' pu  is such that u(r)(xl,...,xn) = the least y

such that r(xl,...,xn,y) = Q,

I prove the theorem by showing that the base functions are A—-definable,

and that the function transformers preserve A-definability.
suc 1is A-defined by (AuAfAx.f(ufx)).

€~ is A-defined by (Axl...Xxn.k), i.e. (Axl...hxnlflx.ka), where

as usual, ka is an abbreviation for f(f(...(fx)}}, with k £f's.

n R
Uk is A-defined by (Axl...lxn.xk).
S, is X-defined as (kagl...Agk}xl...Axn.F(glxl...xn)...(gkxl...xn)).

n . : . . .
R is a little more difficult to derive. Let F abbreviate

fxl... G abbreviate gx....X and H abbreviate hx cee X

n-1' 1 n-1' 1
Then, I need to find an £ such that FO = G, and F(suc xn) = Hxn(Fxn).

-1°

Consider:

=1

i
2z
!

= <0,F0> = <0,G>, by definition of F,

and N <i ,Fi>,
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I regquire an M such that:

-

MN, = <suc i,F(suc i)>

<suc i,Hi(Fi)> by definition of F.

2
Hence, M is Au.<suc(uté),H(uT§)(u12)>, for:

MN, = Au.<suc(uté),H(uT§)(uT§)><i,Fi>

> <suc(<i,Fi>T§') ,H(<i,Fi>‘ré) (<i,Fi>T§)>

>6- <suc i,Hi(Fi)> = <suc i,F(suc 1)> for all
Therefore,
(&)
MN = <0,G>,
and MQN = <n,Fn>.
Hence,
(AEax. £7x)MN >é <n,Fn>,
or, i nMN >B <n,Fn>.
Therefore,
Fn = <n,Fn>T§ = (nMN)Tg.

Hence,

) 2
£ = Axl...xxn_lxxn.nger,

iZ0.
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_ 1 1 2
where M = lulx.xsuc(urz)(hxl...xn_l(urz)(utz))

and N = _lx.xO(gxl...xn_l).

Therefore, I finally have that

R* = (lglhxxl...lxn.xn(lplx.x((AuLfXx.f(ufx))(ulxly.x))

(hx)...x 5 (WAxAY.X) (UAXAY.¥))) (Ax.X(AEAX.X)

(gxl...xnal{)xxky.y).

U may be derived as follows: I define the function h such that

.ol

u(r)(xl,...,xn) = h(xl,...xn,O).

by h(xl,...,xn,y) =ly if r(xl,...,xn,y) = 0

h(xl,...,xn,y+1) otherwise.

Let H abbreviate hxl...xn, and R abbreviate rxl...xn. Then,

- H = (AY.RY..-)’

where the ... denotes A-expressions to be determined. If 'Rn >, O,

B

I want Rn... >6 n, so therefore I must choose the ... = Ay, where

A is still to be determined. If Rn >S m>0, then I want

RnAy >B H(suc y). Hence, A = Ax.,H(suc y). Therefore, I have so far

that

m
il

(Ay.Ry (Ax.H(suc y))y)

{(Ag. (\y.Ry (Ax.g(suc v))v))H
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Hence,‘
HO = ¥ (Ag. (Ay.Ry{Ax.g(suc y)}y)}O,

i.e. .h= Axl...kxn.Y(Ag.(ky.rx ...xhy(kx.g(suc ¥)v)o,

1

and so I have finally that

u = (krlxl...kxn.(Af.(kh.hh)(lh.f(hh)))(kg.(ky.rxl...xny

(Ax.g{ (Aurfix. £ (ufx))y))y) ) Afix.x).

Now one can easily translate any up-recursive definition of a function
into its A-definition, by simply replacing each function or functional
in the u-recursive definition by its corresponding A-expression,

provided that the definition is written using the notation (fx) for

a function applied to its arguments, rather than £(x).

For example, the function add has a p-recursive derivation:

2.1 3 3
R (Ul,sl(suc,U3)).

In my notation, this is

2 ..1,.3 3
(R Ul(S1 suc U3)).

Hence, add is A-defined as:

((Agkhkxlkx (kukx.x((kukka.f(ufx))(uxxky.x))(hxl

2°%2
(ukxky.x)(ukxky.y)))(Xx.x(kka.x)(gxl))kxky.y)(kxl.xl)

((kfkgllxlkxzkx3.f(glxlx2x3))(Aﬂkka.f(ufx))(Axlkxzkx3.x3))).
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This derivation can be simplified, however. One can do this by
performing some of the required substitutions as one compiles from a
p-recursive definition to a A-definition. Correspondingly, I give a
compiler which accepts a p-recursive definition of a function, in
reverse polish notation, and outputs the Ax~definition of the same
function. My'only concession to the working of the compiler is to

write py as un to specify the 'adicity' of the function produced.

The compiler uses a stack 's':

on stack violation, set O and goto finish;
set t<0;
loop:set x¢ipput, at end goto finish;

if x=suc the; set £<"Aurfix.f(ufx)";

then set £<"Ax ...Axnxka.ka";

if x=C 1

~

if %=U~ then set & Axl...kxn.xk .

if x=5

ABRADB

then set f*"xxl...kxn.(st)((st_k)xl...xn).‘.
((st_l)xl...xn)" and set te¢t-k-1;

if x=R" then set f*"kxl...Axn.xn(kukx.x((Aukka.f(ufx))

(ukxkg.x))((st_lrxl...xnml(ukxly.x)(ukxky.y)))

(Ax.x(kka.x)((st)xl...xn»l))lxly.y and set t¢t-2;

if x=p" t;;n set f«“xxl...xxn.(lf.(xh.hh)(Ah.f(hh)))(kg.(ky.
(st)xl...xhy(xx.g((Auxfxx.f(ufx)}y)}y})Xfo.x"
and set t<«t-1;
set tettl;
set stef and goto loop;

finish:if t%l then output ("error in input string") otherwise

output (sl);
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I exemplify by an example: add in reverse polish notation is

3 3.1 _2
03 suc S1 Ul R,
b4 t stack output
O -
v | 1 £ (£.=) Ax.Ax.A
3 1 177 AKXy
suc 2 flf2 (f2=) AuAfAx. f (ufx)
3 i § 4
Sl o} - (f3—) lxllxzka.( £, )(('fl‘)xlx2x3)
1 f3
1 .
Ul 2 —f3f4 (f4—) Xxl.xl
R? 0 - (£=) X, A%,. %, (Audx.x ( (WAEAR. £ (UEx) ) (uAXAY.%))
(('f3')xl(ukxky.x)(ulxly.y)))(kx.x(kka.x)
(('f4)xl))lxly.y
1 fS

where the quotes mean that the string contained by the variable is to
appear in that position. The result printed out is fS:
kxlxxz.xztlukx.x((Xulka.f(ufx))(ukxly.x))((Xxllx2Xx3.
(Aulka.f(ufx))((lxllxzkx3.x3)xlx2x3))xl(ulxly.x)(quXy.y)))
(Ax.x(lflx.x)((lxl.xl)xl))lxly.y,

which is a B-~reduction of the A-expression given earlier for add.
This expression can still be simplified, however, since

.(xxlxgzxx3.x3)xlx2x3 >8 X3

and ] (Axl.xl)xl >8 %4 -
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(It ultimately reduces to

Axlkxz.xz(Aulka.f(ufx))xl,

i.e. Aulv.v suc u.)

This completes my exposition of the A-calculus.
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ChaEter two

Structure Definitions

201

The concept of abstract syntax was introduced by J. McCarthy

in M2. An abstract syntax for an cbject defines what the essential
structure of the object»iglfbut is not committed to any method of
representing the cbject. In L1, P. Landin made the important contri-
bution of a notation for specifying the abstract syntax of objects.

This has been developed by Standish in Sl. A structure definition

(SD) defines the abstract syntax of an object, called a constructed
object (EED. That is, it defines an object without committing itself
to any concrete representation of that object, and it says how to create,
decompose and recognise objects. The set of all objects satisfying
a given SD {or the union of such sets) constitute what is known as a
data space. An SD defines
a) predicates - for testing which of several alternative formats
(if there are alternative formats) a CO may have,
b) selectors for selecting the coméonent parts of a CO once
its format is known,
c) constructors for constructing a CO of given format out of
given components.
As an example, I give an (informal) structure definition of the class

of arithmetic expressions or arexps.
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An arexp has a leftoperand(lrand) which is either an identifier

or an arexp

and an operator (rator)

and a rightoperand(rrand) which is either an identifier

or an arexp.

From this SD I have

a) The predicates isarexp and isidentifier, which test an operand

to see if it is an arexp or an identifier, respectively;

b} the selectors slrand and srrand which select the left operand

and right operand of an arexp, respectively, and srator which
- gelects the operator of an arexp;
c) the constructor carexp which constructs an arexp out of a given

left operand, operator and right operand.

The predicates, selectors and constructors are related by the following

identities:
isarexp(carexp(x,f,y)) = true
isarexp(x) = false
isideptifier(carexp(x,f,y)) = false
isidentifier(x) = true
slrand (carexp (x,f,y)) = x
srrand (carexp (x,£,y)) =y
srator (carexp (x,f,y)) = £
" carexp (slrand(X),srator (X) ,srrand (X)) = X

where in these equations x,f,y and X are such as to make both sides
meaningful; i.e. X is an identifier, y and X are arexps and f
is an operator.

In general, the predicates test for the entities the selectors
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selec; and the constructors construct, and the selectors break open
what the constructors put together.

A structure definition is similar in many respects to a context-
free grammar, but has the added advantage of explicitly naming the
predicates, selectors and constructors involved. Also, a contexﬁ—free
grammar is usually committéd t0 some concrete representation, while a
structure definition is not. To illustrate this, one may represent
the arexp represented by carexp (x,X,carexp(y,+,2)) by xx{y+z), or

X
Xyz+x, or xx+yz, or mult(x,add(y,z)), or / \ s Or by any one of
/+\
v z

A first step.to formalising SDs is to write them with a small

many other conceivable alternatives. X

number of 'bold~face' words, as in

a list is either a null
or has a head (1)

and a tail which is a list
I can define a structure definition as follows:

a structure definition is
either a simple which
has _a_‘definiendum which is a identifier
and a definiens which is
either a elementary object description
or a structure definition
or a choice which
has a definiendum which is a identifier
and a definiens which is a structure definition
list of length at least two
or a compound which

has a definiendum which is a identifier
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and a definiens which is a structure definition

list of length at least one.

The elements of the list defining a choice are called alternatives,

and the elements of the list defining a compound are called components.

This definition of SDs forces me to be more precise in my definitionms.

Thus, the 8D of a list becomes:

a list is either a null which is a elementary object
or a non-null which has a head which is a elementary cbject

and a tail which is a list.

The elementary obgects(EOs) are not further defined, and form the ‘base!’
data space from which all cothers aré constructed. I assume the
predicate of egquality to be defined over the set of EOs. I allow a
simple to be an EO description to allow complicated definitions in
terms of functions and sets, etc.. For my convenience, I use 'ygggg'
to "factor out" common subdefinitions, especially where these are

lengthy. For example,

]
"

a solely for the purposes of this example has a ap which is either a
or ay

and a ip which is either a x

or ay

and a ptr which is either a x

or ay
where a x is a very long structure definition

and a y is a another very long structure definition.
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Such uses of where will always be eliminable by textual substitution,

- however,
To have given this structure definition of SDs I must have already
.defined identifiers and structure-definition-lists. However, I need
to use the structure definition to define identifiers and lists; This
circularity of definition should not worry anyone; it besets the
definition of all formal systemns. One must eventually either leave
the primitives undefined, or "define" them in terms of themselves.
Such a procesg is not entirely pointless, since it may yield insight
into the primitives themselves.
I can now give the predicates, selectors and comstructors which

are derived from a structure definition (and which I call the derived

functions).

predicates (SD) {concatenate("is",x)]xe{all identifiers of 8D,
except those which name a simple which is a

structure definition}},

#

selectors (SD) {concatenate(“sﬁ,x)lxé{all identifiers of the

components of any compound in SD}},

constructors (SD) {concatenate "c",x)Ixe{all identifiers naming a

compound or an EO in SD}}.

The reason for these definitions is as follows. The identifier of a
simple is just another name for an already existing cobject, so I do not
want to manufacture new predicates and constructors from it, but I do
want to be able to select it from a compound. Hence from the
definiendum of a simple I manufacture only a selector, and then only

if it is to select a component of a compound. I need to be able to
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test fo; any type of CO, and so I must manufacture predicates from
all identifiers of an SD naming an EO, choice or compound. The only
COs which need to be constructed are compounds, out of sub-components,
and EOs, out of "thin air". Consequeﬁtly I manufacture constructors
only from the ideﬁtifiers naming compounds and EOs.

In order to aid the eye, hyphens are allowed to be inserted
anywhere in an identifier; they are purely decorative. Thus,
predicates are usually prefixed witﬁ "is-", selectors by "s-" and

constructors by "c~". Always prefixing selectors with "s" or

neon

is however a little onerous at times, and so I also allow just the
identifier as the selector, unless this ieads to an ambiguity.

One can pictire a structure definition as defining a tree-
structure, with the predicates testing for the objects at the nodes
of the tree, the constructors constructing the tree, and the selectors
labelling the branches of the tree. It is‘this approach to structure
definitions which directly influenced the development of the Vienna
Definition Language (VDL)[L5]. I prefer my approach to that of the
Vienna group, since I allow general rooted directed graphs as represen-
tations of COs, rather than merely'trees. This allows some economy
of description to bg_achieved when defining the A-machines of chapters
3 and 4. BEach arc of a graph is labelled with the appropriate
selector, and thus no two arcs emanating from one node may have the
same label. Each graph has an associated predicate, which tests for
that type of graph. This includes the case of EOs, which are l-node
graphs. The constructors construct the graphs from given subgraphs
by creating a new node and linking it to its arguments by directed
arcs labelled with the appropriate selector names. Thus in particular
one can create as many instances of an EO as one likes, by using the

appropriate constructor to create the l-node graph that is the EO.
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Alsoc, it is evident that coanstructors by themselves canﬁot create
-any structures other than trees. I shall give the mechanism by
which general graphs may be constructed below. It is clear from
this graphical interpretation that one can extend the predicate of
equality from the set of EOs to the set of COs. How this may be
done by a machine in any particular case will be sketched later.
I shall assume from now on that this extended predicate of equality
is available.

Since all derived functions are given by the identifiexs of an
Sp, at any point one can break off the definition, and leave the
identifier to be defined elsewhere. This allows mutually recursiwve
definitions, which would othexrwise be impossible to specify.

Using a VDL-~like notation, I give a concise representation of
SDs as follows. If tﬁe identifier "id" is a simple, defined to be

a o, then I write
id = 0.

If the 'O' is an EO to which I do not need to give a denotation (see

below} but‘only a name, then I write
id = EO.

If it is a choice, defined in terms of the structure definitions
1,2,...,n, then I write
id = lva2v...vn.

If it is a compound, defined in terms of the structure definitions

_];,_2-,¢cn"r_ly then I write
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Brackets are used to resolve any ambiguities, and for convenience,
I allow a colon ":"™ to be used in place of an "=".
Thus, the SD given earlier for lists would be more concisely

written as
list = (null:EQ) v (non-null=<head:EQ,tail:list>).

I use the convention that "=EO" may be omitted. Thus, if an
identifier is not specified elsewhere, it is an elementary object,

supposed distinct from all other EOs. Hence, I now have:
list = nullv(non-null=<head,tail:list>),
and from this are’derived the predicates:
is-list, is-null, is-non-null, is;head (but not is-tail),
the selectors
s-head, s-tail,
and the constructors

c-mill, c—non-null.

I use the convention that the last identifier of a list of alternatives

may be omitted, since its associated functions are obvious from the
preceding ones. This is particularly useful if a SD has only two

alternatives in a choice. Thus my SD of a list finally looks like:

list = nullv<head,tail:list>,

which is superficially the definition (1).
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Furthermore, if the identifier on the left~hand side of an "=" sign
is the same as the identifier representing a structure definition on
the right-hand side, then I omit the "=" sign and the identifier to

its left. Thus, if the set of nni's has been defined, I contract

an D containing -
'mni = nni?
to one containing only
'nni',

this being the right-hand occurrence of the identifier ‘mni' in the
original SD. Thélabove definition may look peculiar, but it just
means that the selector "s-nni" selects an objec£ which is a nni.

If one needs to give a denctation for an EO, one may do it by
underlining a group of symbols, e.g. 'nil', which is the denotation
of the null list, One has to be careful when talking about denotations
of EOs, because by hypothesis one is talking about abstract objects,
which have no representation. It is sometimes convenient however to
considexr representations of COs (as.directed graphs), and for this one
needs denotations of abstract EOs.

In order to aveid the tedious repetition of definitions, I need

the Van Wijngaarden type of meta-definition[W5], or SD schema. For

example,

a X-list is either a null
or has a head which is a X

and g_tail which is a X-list

defines an infinite class of structures, with their attendant predicateg,
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selectors and constructors, one for each substitution of an identifier
for "X" in the schema. As in the Van Wijngaarden grammars[W5],

each occurrence of a given meta—identifier in a SD schema must be
‘replaced consistently throughout by the same identifier. One can

use 'where' to qualify the strings which may replace a given meta-
identifier, The SD schemata are at their most powerful when an
instance of a schema is used in a set of SDs, with its meta-identifiers‘
replaced by those very identifiers being defined.

I now give a few elementary structure definitions.

il

letter avbvev...vavyvz.

L digit

alphanumeric = lettervdigit

OvlivZy...v7v8v9,

By my convention of omitting "=EO", “a", "pb", ..., "O", "1", ..., are

all defined to be EOs.

X-string = emptyv<stem:X,stern:X-string>

where I have here made use of the convention of omitting the identifier

of the last alternative of a choice.
identifier = <stem: letter,stern:alphanumeric~string>
I can now give the definition of a function such as 'concatenate':

concatenate: X-stringxX-string - X-string,
concatenate (s,t) = (is-empty(s) - t,c-non-empty (stem(s),

concatenate (stern(s),t))).

Strictly speaking, I should write ‘concatenatex', a different concaten-

ation function for each substitution for X. However, since the domain
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of definition of any given ‘concatenate! will usually be known from
" the context, I omit the subscripts X.

Using the full power of the Van Wijngaarden meta-syntax, I can
define an ‘'X-list-of-length-at-least-n' in terms of an 'X-list' as

follows:

X-list-of-length-at-least-N-plus—-one = <head:X,tail:¥-list-of-length-

at~least-N>

where NeL({N},{zero,one,plus},{N+zero,N+N-plus-one},N), (i.e. is a member
of the set of terminal productions of the given grammar),

X-list~of~length-at-least-zero = nullv<head:X,tail:X-list>.

. el

In practice, one can abbreviate one-plus-...-plus-one to a decimal
integer.

Now, & structure definition is defined as

structure-definition =

(simple = <definiendum:identifier,definiens:elementary—
object-descriptionvstructure—-definition>)v
{choice = <definiendum:identifier,definiens:structure-

definition-list-of~length-at-least-one-plus-one>)v
{compound = <definiendum:ident;fier,definiens:structure—

definition-list-~of~length-at~least-one>).

Before I can define the derived functions from the structure of an

8D, I need a partial function, ‘repxr', say,
repr:{x|is-identifier(x)} + EO

which maps an identifier paming a function into that function. In

particular,
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repr ("repr") = repr.

I will also need two list-processing functions. For convenience, I
abbreviate "s-head" to "h" and "s-tail" to "t". Also, I give myself
a special dispensation and leave out the brackets round the argument of

a monadic function when this can cause no confusion:

elem(i) = AL.{(i=1 -+ hL,elem(i-1) (tL)),

and length(L) = (isnull(L) -+ O,length(tL}+1).

elem(i) yields the function which chooses the ith element of a list,

and length vyields the number of elements in a list.
I can now define,“for a structure definition 8D,

predicates (SD) = {repr(concatenate("is",x))lxeid—set(SD)}

where rec id-set(X) =

(is-simple (X) *+ (is-elementary-object—-description (M) * {s-definiendum{X)},¢),
is-choice (X) + {s-definiendum (X)}Uid~set (elem (i) (M))]|1%i%length (M),
is-compound (X) -+ {s—definiendum(x)}Uid~set(elem(i)(M))!lsiﬁlength(M))

where M = g-definiens (X},

selectors(SD) = {repr(concatenate("s",x))[xeid—set(SD)}
where rec id-set(X) =
{(is-simple(X) = ¢,
is—choice (X) + Uid-set(elem(i) (M))|1%iSlength (M),
is-compound (X) - {s«definiendum(elem(i){M))Ilﬁiflength(M)}U
id-set (elem(i) (M))[1%i%1length (M))

where M = s-definiens (X},
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and

constructors (SD) =-{repr(concatenate("c",x))lxgid-set(SD)}

where rec id-set(X) =

{is-simple(X) * {is-elementary-cbject-description (M) = {s-definiendum(X)},¢)
is-choice(X) + Uid-set(elem(i) (M)) [1%i%1ength (M),
is-compound(x).+-{s-definiendum(x)}Uid—set(elem(i)(M))[lsislength(M))

where M = s-definiens(X).

In a similar manner, derived functions can be manufactured from an SD
schema. For example, from the SD schema ‘

X-list = nullwehead:X,tail:X-1list>
I have, as before, the functions

is-null, is-non-null, is-head, s-head, s—tail,
and in this case the tuwo functions

is-X-list and c-X-list.

These two functions give a different predicate and constructor for

each substitution for X. Strictly, from an SD schema I should derive
functionals, represented by identifiers possibly including upper case
meta—-letters. These functionals would then provide the appropriate
derived functions upon being supplied with an identifier. For example,

to manufacture the @erived functions for a string-list, I would have

is-X-list ("string") is~string-list,

c-string-list,

c—-X-list ("string"™)

and also "is-pull ("string") = is-null,

[

s-head ("string") s-head, etc..

From an SD schema containing n meta—identifiers would be derived’

functionals requiring n string arguments, one for each meta-identifier.
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As in the string-list example, not all these arguments may be
reguired. ’In general, context should remove any ambiguities between
the use of a string as a functional and as a function (e.g. is-null).
In practice, I require the identifiers of .an SD to be more general
than strings of<letters and digits (for iﬁstance, s-1st, is-y), and so

I allow an arbitrary string of characters (called a tag) to name a CO.

Two more fundamental structures are:

truth-value = truevfalse

and

nni = zerov<pred:nni> (non-negative-integer).
.ol

If one writes 'zero' for ‘is-zero', ‘pred' for 's-pred’, ‘suc' for
‘c-non~zero' and '0' for 'c-zero', then these four functions (three,
‘if one considers 'O' as being a constant) are the functions shown by
McCarthy in ML to be eguivalent to the y—recursive functions. As a
directed graph, a nni 1is just a single chain of edges.

A useful notational extension to structure definitions is to
contract a compound containing several component definitions all of

the same type into just one containing an indexed tag. For example,

the SD
xyz = <ip:nni,ap:nni,ptr:nni,flag:truth-value>
may be contracted to

xyz = <field(i):nni|1£1%3, flag: truth-value>.
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I now have the selectors s-field(l), s-field(2) and s-field(3)

instead of s-~ip, s~ap and s-ptr. A genuine extension to the power
of structure definitions is to allow an arbitrary number of components
of a compound. As a directed graph, this means allowing an arbitrary
number of edges to leave a node. For instance, the definition of an

X~-group is:
X-group = <s{i):X|iZ1>.

In this case the selectors are s-s(i) for all iptegers i, but not
all of them are required actually to select something from the cbject.
That is, the edges leading from a node are not reguired to be nunbkered
consecutively, or'be infinite in number. I do not even require that
the node have any edges leading from it at all. An extension of this
allows me to define a set, by using s-set—el(x) as a selector for

each element x I wish to belong to the set. Thus,
X~-set = <set—el(x):x[is-x(x)>.
I can define an n-tuple for arbitrary n as:

N-tuple = <¢sel(i)|1%ifdec-repr (N)>

where NeL({N},{zero,one,plus},{N+zero,N+N-plus—onel},N)
and dec-repr{zero) = O,
dec~repr (N-plus-one) = dec-repr (N)}+1.
The selectors of an n-tuple are s-sel(i) for 1£i%n; a O-tuple has
no selectors.

In a similar manner I can define an n-tuple, each component of which is

an X as:
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X-N-tuple = <sel(i):X|1%i%dec-repr (N)>,
where N and dec-repr are as before.

If I do not wish to specify beforehand how many elements a tuple may

have, I can define an X-tuple as:

X-tuple = <sel (i):X|15i%n>.

For constructed objects such as tuples which can have an arbiérary
but invariant number of components, I take the appropriate constructor
as accepting a list of the required length, and forming its elements
into a tuple. Thus c-tuple{n) manufactures the constructor which
accepts a list ofﬂlength n and constructs an n-tuple from it.

For constructed objects which can have‘an arbitrary and varying
nunmber of components, there is no simple way of défining the actiom of
the associated constructor, since functions cannot take an arbitrary
number of arguments. I could get over this as for tuples by packing
the arguments into a list, but not only is this aesthetically not
pleasing, bgt it may not always be convenient to do so. I therefore
take such a constructor as constructing the group (or set, etc.) with
no elements, that is, a single node. Elements may then be added by
the use of the assignment, or arc-swinging, operator, u. If a 1is an

arbitrary CO, b a compound, and s a selector, then the effect of

u (a,8,b) ("assign a to the s component of b")

is as follows: If b has a component selected by the selector s,

then the s component of b is made to be a. If b has no s
component, but may . have ; variable number of components one of which

could be selected by s, then 'b is made to have a as an s component.

Otherwise, the result is undefined. In graphical germs, if the node b
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has an arc labelled s leading from it, then s is "swung” to
connect b to a. The object pointed to by s previously may be
"lost" by this operation, in the sense that no path through the graph
from the root to tﬁe object exists. ‘Oggthe other hand, if the node
has no aré labe;led s leading from it,‘but could ha§e one, then one
is created, joining or “assigning" a to b.

I shall use two abbreviated forms for SDé, as follows:
(i) id = <SDp-1 Sp~2 ... SD~n>-indicator,
which is an abbreviation of

SD~temp = id-indicator
id = SD-1vSD-2v...vS8D-n

and (ii) id = <8D-1,8D~2,...,8D-n>-indicator,

which is an abbreviation of

Sp-temp = id-indicator

id = <8D-1,8D-2,...,SD-n>,
where 'indicator' is “list", "group", "set", etc..

This is more than a notational convention; all the derived functions

are formed from "1id", even those strictly requiring to be formed from

"Sb-temp". I can allow this because it cannot lead to ambiguity.



93

2.2

The structure of the A-machines introduced in chapters 3 and 4
will be given by an SD. The semantics will be given by a function
‘transform', which may be considered as a machine for mapping abstract
structures into abstract structures. Tﬁe “programming language" in
which each 'transform' is written is roughly the purely functional
part of PAL (RPAL)[El}, or Landin's ISWIM[L3], augmented by the use
of u. This usés the A-calculus for function definition, "sugared"

by the use of let and where, together with the symbol rec to indicate

- & recursive definition. The McCarthy conditional is used for

1

conditional evaluation. Y shall use the convention that

(pl > €,Py > €y .. o, en)

ig an abbreviation of
(pl > el,pz -> €or e ,pn - en,undefined)

Usually the pi's will be collectively exhaustive, and so the "undefined"
option will never be taken. Thus ény program written in this language
can be immediately transformed into a A-expression, and evaluated on a
A-machine, provided the action of y can be simulated. Thus the seman-
tics of the A-calculus reduction algorithm defined by 'transform' is
ultimately defined by the A-calculus itself. While it must be
possible to simulate the action of p in the A-calculus, the exact
details are tiresome, and I dc not intend to pursue them here.

Just és,VDL uses an interpreter to run programs specifying trans-
formations of Vienna Objects, so I need an interpreter to run the pro-
grams defining 'transform'. I call such an interpreter the "defining

machine", since it is this machine that defines how actual parameters
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are passed to formal parameters in a function call, or what the result

-is of applying a selector (M) to a compound not containing (which cannot

contain) the required component, etc..

A very important function of the defining machine is to specify

how actual parameters are bound to formal parameters in a function call.

Different results will emerge according as the actual parameters to

a function are copied or not copied.

structure definition

x = <a,b>

and the structure

then the result of

cx(a(x),b(x))

For example, if one has the

(where I have here dropped the "s" from the selectors) will be as

in figure 2.1 if the arguments are copied and as in figure 2.2 if the

arguments are shared (not copied).

copy

fig 2.1

s—a\

fig 2.2



95

Petexr Landin in L2 achieves the»effect of copying by using the

" function 'separate’'. Since the constructors always yield a new node,
without M Fhere is no way of "updating" an already existing node in a
graph. Thus there is no way of finding out whether a given }-machine
copies or shares its arquments. This is well known from the LISP
language: in pure LISP, there is no way of discovering how storage is
allocated, but as soon as assignments are allowed in the system a pro—-
grammer can discover his implementor's storage strategy.

Clearly, I could give several different defining machines, depend-
ing on how I want my programs to be interpreted, and what transformations
of data spaces I wish to specify. For my definition of 'transform', I
will take the defzning machine as sharing all argumeﬁts. I shall also
take the result of applying a selector to a compound not containing the
required cémponent as being undefined, etc.. That is, the defining
machine ceases interpretation of the function transform at that point,
and halts displaying some error message. Cne may specify different
machines according to the type of programming language one wishes to
use: for instance, my ISWIM-PAL machine, or one allowing sequential
instructionssas on the VDL pattern.

Another important function of the defining machine is to specify
whether arguments are passed evaluated (call by value) or unevaluated
{call by name). Foramy functions, I will take arguments as being
passed evaluated. The evaluated/unevaluated choice for argument
passing is independent of the copied/shared choice. Thus there are
four methods of passing arguments to functions. For emphasis, ALGOL
60 passes its name parameters by name/sharing and its value parameters.
by value/copy kvalue parameters act as local variables which can be

assigned to). On the other hand, ALGOL 68 passes all parameters by
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value/sharing. It is because the parameters are passed by value
that copying is not necessary.

Copying the arguments if they are a tree structure causes no
problems. The defining machine, in order to be able to effect the
interpretation, must do some "hidden” housekeeping operations, invisible
to the function transform and the associated data spaces. I can there-
fore suppose that the defining machine keeps associated with each node
@ list of the selectors labelling the edges leaving that vertex. It
is then simple to trace recursively down a tree until the terminal
nodes are reached, and then construct a copy of the tree. If the data
structure is not a tree, but has more than one edge incident on a node
{a directed acycliec graph), then a direct copy cannot be performed.

For instance, a direct copy of the grarh of figure 2.3 gives figure 2.4.

fig 2.3 . fig 2.4
I can get round this by supposing that when the defining machine inter-
prets a constructor;uit also attaches to the created node a unique
generation number. Then, during the copying operation, each node can
be checked to see if it has been copied previously, and if so, then the
already existing copy can be used. Thig presupposes an extra mechanism
to keep track of already existing copies, but there is no great diffi-
culty in this. This copying method will ‘also work for cyclic graphs,
since upon reaching a previously copied node, one proceeds no further
along that path. By a similar mechanism, the defining machine could

implement the predicate of eguality over COs, tracing through a graph
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and checking the equality of corresponding nodes. To be able to do
this, the defining machine does not even have to be able to implement
the full range of EOs; when interpreting a constructor constructing

an EO, it need only create a new node and associate with the node an
integer index, each class of similar EOs being allocated the same index.
Then, the predi;ate of equality between constructed EOs reduces to
determining the eguality of two integer indexes. In Chapter 4, ane

of the McCarthy conditionals used has as a predicate an expression
which evaluates to one of the truth-values true or £alse. Thus my
defining machine must evaluate a test for eguality between two EOs
(ultimately, all predicate tests reduce to tests for equality between
EOs) to one of thg values true or false. In this sense, the truth-

values are more fundamental than any other type of EO.
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Chapter three

The S.C.E. Machine

3.1. N

In this first section of chapter three, I describe most of the

notation and machinery which will be used later.

I have already given the definition of lists in section 2.1;

I shall need a concrete representation of lists other than as directed
graphs, and the one I shall use is as follows. The result of c-null
(the null list) is represented by an empty bracket pair "(}", or by
*nullist", two expressions which may be used interchangeably. I
represent a non-null list by the elements of the list in a sequence,
separated by commas, and enclosed by brackets. Thus

c—list(xl,()) = (xl)

c—llst(xz,(xl)) = (xz,xl)

c—list(x3,(x2,x1))-= (x3:%50% ),
and so on. It shéﬁld be noted that
c-list{(),x) = (nullist,x)
and is therefore entirely different from
c-list(x,()) = (x).

As before, I write "h" for "s-head" and "t" for "s-tail". I denote
the composition of two functions by a dot, i.e. f-g = Ax.Elg(x)).

Since f£-(g-h) and (f-g)-h both have the same meaning, the brackets
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may be omitted without ambiguity. I denote £-f by f2, fefef

bY_ f3, and so on. Functional composition binds more tightly than
functional application; thus +t-h(L) ‘means (t-h) (L), and not

ke (h(T)). Indeed, (t+h){(lL) is only defined if h(L) is a list,
and t+(h(L})) is only defined if h(L) is a function. I use this
to save writing brackets, which always produce confusing clutter in a
complicated expression. Thus, h(t(h(L))) would be wrltten as
h*t*h{L), or even as h-+t-h L, where as before I drop the brackets
round the argumént of a monadic function. For convenience, I glve
myself a special dispensation and also write functions consisting
solely of h's and t's without their infixed dots. Thus the above
expression wouldlge written still more simply as hthlL.

I now define several functions which operate on lists, in addition

to elem and length, which were defined previously, in section 2.1.

1) 1lst(S) = h§,
2nd(sS) = hts,

2
3rd(S) = ht"s,

and in general nth(S) = ht S, for all n>l.

One may regard 'nth' as an abbreviation of ‘elem(n)'. Likewise, I

consider t°S to be an abbreviation of t1l{n) (8), where
tl({n) = 2S. (n=0 > S,t+tl{n-1)(8)).
2) prefix (x) = AL.clist{x,L}.

prefix is a function-producing function of one argument (x}, which
when applied to X produces that function of one argument which pre-

fixes its argument with x. Thus

prefix(x)(i) =uc»list(x,L).
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In order to save myself writing, I shall denote prefix(x)(L) by
x:L.

Note that x:nullist = c~1list(x,(}) = (x).

Further to save myself writing, I shall suppose that x:y:L means

x: {y:L), and to obtain the effect of (x:y):L, I must write the
brackets explicitly. I take ":" as binding less tightly than either

functional application or composition.

3} append (X) = AL. (isnull (X) * L,hX:append (tX) (I)}.

The following example shows how this function of one argument works.
»Jappend((x,y,z))(L) = (x,v,2z,L).
Contrast this withs:
prefix((x,v,z)) (L) = {({x,v,2),L).

prefix adds a new head to a list, append concatenates two lists

together.
4) postfix(x) = AL. (isnull(L) -+ x: (), hL:postfix(x) (£L)).

postfix is a function similar in action to prefix, but its argument

is postfixed to a list.

5) rev(L) = (isnull (L) + nullist,postfix (hL) (rev(tL))).
The function rev reverses a list.

6) makelist(n) = AL.(n=0 -+ nulliét,hL:makelist(n~l)(tL)).

makelist(n) constructs a list of length n from the first n
elements of its argument. I shall abbreviate 'revemakelist(n)' by

n
‘Iist .



',:‘Since I am supp051ng the predlcatﬁkof Lquallty to be deflned OVer
} the set of COs, I have in particular the predlcate of equality
between lists. Were it not to be avallable, it could be defined as

{ffollows:

7 | X=Y = (islist(X)aislist(Y) -+ hX=hYAtX=tY,

~iglist (X)a~islist (¥) =+ X=¥,false).

The first, third and fourth occurrences éf =N denoté the.prédicate
being defined, the second occurrence of "=" is the = required in the
definition, and the fifth occurrence of "=" denotes the predicate of
equality bkstwesn list elemonts.

As a digression, it may be observed that the meaning of any
monadic function over the components of a data space can be extended
70 to the complete data space by means of a universal function 'extend'.

' If one specifies a function 4a td decompose an eleﬁent of the daté
space into a list of its components, a predicate p to recognise the
components, and a function ¢ for combining the separate operations

on the components, then one can give extend as

extend(p,d,c) = Af.¢d
where rec (6,¥) = (a.(p(a) » £(a) ¥(d(a)),

AL. (is-null(tL) - ¢ (hL) ,c($ (hL) P (EL)))).

Thus, for example, if a logarithm function 'log' is defined only for
primes, one can extend it to the domain of all non-zero integers by an

application of the function

extend (isprime,factorise,+).

It should be noted that the exact factorisation provided by 'factorise'

is immaterial, since the final factorisation will be unique.
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- ~Unfortunatery, it is by no means an easy task to extend dyadic

“functions such as '=' in a similar manner.

This completes the set of listrprocéssinq functions for the

present; any others needed will be defined as required.
In the representation of lists as directed graphs, the list

L f (xl'x2"f”xn) is represented as:

. el

I represent the null list by a dot:
nullist =.

My list-processing functions are now transformations of graphs as

follows:

prefix(x) (L) L

%

it -

== "% - P evsessenne *
{

R0

L

i
append(X) (L) = it e e — - — > - >
/ /- s P s o .
/
! /
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- It is worth whlle looking at append in “slow motion”. Iﬁitialiy:’r

); append(x)(L)‘: append () () . \ L_

& T

is pull(X) is false, so hX:append(tX) (L) is formed:

©

. "L
append({X) (L) = f——-~-—>append()(

= —re

And so on, until eventually isnull(X) is true, and the chain being

formed is linked onto L.

It should be noted that in all these processes the original lists
X and L remain "intact", they have not been modified. The only way
that either X or L could have been altered is by using the u

operator.
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3.2.

In this section I introduce my A-calculus intexpretex, the
S.C.E. machine. ' The machine presented in this section represents
just one approach to an implementation model of the A-calculus; it
is the purpose of Chapter 4 to show the relevance of this method of
implementation to "procedure-oriented" "block structure" languages.
Having informally described my machine, I go on to give a completely
formal definition. This is necessary, to provide an absolute standard
of reference against which answers to all questions may ultimately be
judged. More important, however, is that the function 'transform'
given in section 3.2.3., although not explicitly stated in that form,
may be written as a single A-expression. Thus I have the entire
definition of the S.C.E. machine in one A-expression. This is of
particular importance when I come to extensions of the S.C.E. machine,
which enable it to handle a larger class of data-structures than
A—expressions. Although my machine will then no longer be restricted
ta interpreting A-expressions only, the definition of the machine will
still be a single A-expression, and thus the larger class of data-

structures will ultimately be defined in terms of the A-calculus.
3.2.1.

I shall start off by describing a simplified machine, the S.C.
machine, which will evaluate arithmetical expressions in reverse polish
notation. Since arithmetic expressions do not form part of the

A-calculus directly, one may look upon them as being either abbreviations

for certain A-expressions, or as added §-rules, as one pleases. The S.C.
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machine is so called because it uses a Stack and Control in its
operation. I will develop the S.C., machine with my eye on future
developments. Because of this, I do not always take the most obvious
method of doing things. The best way of introducing the machine is
by way of an examuple. I evaluate 2+5¥3—7 on the S.C. machine. In

- reverse polish, this e#pression is 253 x + 7 ~,4 and I 1oad.this

string into the Control of the machine as follows:

AN

Stack Control < T

253x+7-

Now, the head of Control is a number, so it is deleted and placed on

.3

the Stack:
2 53x+ 7 - :

and again:

25 3%+ 7 -

and again:

253 co x + 7 -

Now the head of Contrel is an arithmetic operator; I delete it from

Control, and apply it to the 5 and 3 on the top of the Stack:
215 + 7 =

and similarly for the +:
17 ‘ 7 -

Now I carry over the 7:

17 7 -
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and now apply the -:
10

Now Control is empty, the computation is finished, and the result,

10, resides in the Stack. And, indeed, 2+45x3-7 = 10.

Having informally introduced my machine, I must now define an
abstract machine of which the pencil-and-paper one is a realization.
I shall represent the Stack and Control by a list, and shall give a
function 'transform' such that one application of transform to the list
composed of S ’and C will advance the computation through one step.
I defei giving a %tructure definition foi reverse polish arithmetic
expressions until I discuss the S.C.E. machine, and here merely suppOse

that I have the following four predicates and functions:

(1) -isnunber which yields true when applied to an arith-
metical constant, and false otherwise,
(ii) is function which tests for an arithmetical function or
operator, .
(iii) adicity which determines the number of arguments a given
__function requires, e.g. adicity(+) = 2,

adicity(sin) = 1, also adicity(adicity) = 1, and

(iv) apply which applies a function to its argument list.

The function transform is given by:

transform((S,C)) = (isnumber (hC) -+ (hC:S,tC),
is function(hC) + (apply (hC,list™(S)):t"s,tC)

where n = adicity(hC)).
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This function completely specifies my abstract machine, provided £hat

‘the action of the basic list manipulation functions, isnumber,

isfunction, adicity and apply are understood.

If one requires a function that yields the final result of the compu-

tation, then such a function is:
transform* ((S,C)) = (isnull(C) + hS,transform* (transform((5,C)))).

So far, this is only the normal evaluation method for arithmetic
exptessions in reverse polish notation. It is however rather unsatis-
factory to have the two predicates ‘*ispumber' and ‘'isfunction',
since in a more complicated machine one may“want ﬁo treat numbers and
(ALGCL) identifiers the same way, and also one may require an actual
operator to be put on the Stack, for instance, so that it may be
assigned to a variable. These problems are overcome by having the
S.C. machine treat numbers and functions in the same way, merely copving
each from the head of Control to the head of the Stack. Then, functional
application of a function to its arguments occurs when a special symbol
{which cannot occur in any other context), namely "y", appears at the
head of Control. I now have to compile any reverse polish expressions

into a form suitable for use by the machine. Thus a second attempt at

evaluating 2+5x3-7 (reverse polish mow 25 3 X y + . 7 - y) is:
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Stack Control

253xky+y7—y

2 53xYy+Yy7-~-%v
25 3IXY+Y T -y
253 xy+y 7T-%
253X y+y7-¥
215 +yY T -y
215 + Y7 -y
17 7 ~-¥
17 7 -y
177; o .
10 -+

This is better, but now a difficulty appears. When a ¥y
appears at the head of Control, the S.C. machine assumes that the head
of the Stack is an operator, and that its arguments lie beneath it.
But how many arguments? The operator could be monadic, dyadic,
triadic, and so on, or even niladic (i.e. has no arguments, for
instance a parameterless ALGOL procedure). As it stands, the S.C.
machine has no idea of how many arguments to apply the top of the
Stack to when a vy is encountered in Control. There are at least
three sclutions to this problem. The first is to suppose as before
that each function is amenable to a function ‘adicity', which when
apblied to a function returns the number of arguments that function
expects. Then, when a y reaches the head of Control, the adicity
of the function on the ead of the Stack is determined, and the function
applied to that many arguments. Perhaps a more sensible idea is that
one vy should cause the headvpf the Stack to be applied to the second

element on the Stack, rather than the 2nd, 3rd, and so on. Thus a
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second solution is to treat f (to take one partipular function as

an example) as a monadic function which produces a monadic function
when applied to an argument. Thus, + applied to 15 produces the
®4+15" function, a function which adds 15 to its argument. Then

{(+15) applied to 2 vyields 17. Tﬁis solution is equivalent to
defining + as AxAy.xdy. My example would now run as follows, where
" from now on for convenience I write the head of each list only; all

other elements beneath it being unchanged.

Stack ‘ Control

253 xYY+YYT-¥YY

2 ) .5

{x3) ‘ Y

15 .

17 7

10

It seems best, however, if only one y is needed for each function.
Hence the third solution is to treat every function as accepting one
argument, that argument being a tuple. Thus + would have one argument,

a pair of nunbers. Similarly, a "triadic function" would have one

argument, that argument being a triple. 'Now, in order to create a
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tuple on the Stack in readiness as argumants for a functién, i need

~ tupling operators Tz, T3, T4; ... and so on. Here I have a

- problem, as the tupling operators are functions and hence will only

~ accept one argument, that argument being a tuple! The way round this
is to allowlthe tupling operators the same status as vy, so that each
Ti is a special operator (which cannot occur in any other context and)
which turns the top i elements of the Stack into an i-tuple and is
applied as séon as it reaches the top of Control. Thus I do not need
a Yy to apply a Ti to its arguments, since each Ti "incorporates
its own «v". ft should be noted that T turns the top element of

1

the Stack into a list whose only element is that element, and TO

places the null list on the Stack. This solution is eguivalent to

defining + as M{x,y).xty. My running example now goes as follows:

Stack ( Control
2523T2XyT2+Y7T2~Y

2 5

(2,15) +
17 7
(17,7) -

10
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This third version of my machine is the one I shall develop.

-

I now suppose that I have the following three predicates and

two functions:

(i) isconstant which yields true when applied to any

arithmetical constant or function and false

otherwise,
(ii} 1isy which recognises a v,
(iii) istupler - which recognises a Ti’
{iv) tuplicity which delivexrs the number of arguments a tupler

requires, i.e. tuplicity(Tg) =n, and

{v) apply S which applies a function to its argument list;

and I can now give my (new) function ‘transform’:

transform{(S,C)) = {(isconstant(hC) -» (hC:S,tC),
isy(hC) + (apply (hS,htS) :£2S,tC),
istupler(hC) - (listn(S):tnS,tC)

where n = tuplicity(hC)).

For reference, the definitions of transform for the other two versions

of the machine are as follows:

for machine 1:

transform ((S,C)) = (isconstant{hC) + (hC:S,tC),
+
isy (hC) > (apply (nS,1ist” (£8)):t" s, )

where n = adicity (hS))
and for machine 2:

transform{{S,C)) = (isconstant(hC) > (hC:S,tC),

isy (hC) = (apply(hS,htS):tZS,tC))
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where apply and adicity are the appropriately defined functions

for each case.
3.2.2.

Even with this second definition éf the S.C. machine,none would
still like to know just how the machine "knows" how to apply +, say,
to its argument list. Alsco, the objects appearing on the Control are
just symbols, and not values; for example, VI and ADD would do
just as well on the Control as 6 and +. This fits in with a more
"advanced machine which will have to deal with (ALGOL) identifiers, but
leaves me with thé problem of how the machine knows that 6 or VI
means the number six. The solution to how the machine "knows" how
to apply + will not be completely clear until an "extension" of the
S.C;E. machine is given in section 3.2.4.

Now, any A-expression introduces a new level4of notation, and
indicates a sub-computation to be performed. In any A-expression
containing a sub-expression of the form (Ax.L)M, the pain computation
is to be broken off, and the sub-expression L 1is to be evaluated, but
with the added piece of information that x is to be replaced every-
vhere by M. Consequently, in evaluating an expression such as
(Ax.L)M, L is evaluated as on the S.C. machine but with an entry in
a loockup list giving the current value (M) of the bound variable x.
This entry in the lookup list is called an environment layer, and the
lookup list for an evaluétion of a A-expression forms an cbject termed
the environment. This solves the earlier problem, since I can suppose
that the machine has a 'primitive envircnment', an entity in which the

values of such 'primitive identifiers' as 6 and + are found. This
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vtﬁrns my 8.C. machine inﬁo thé S.C.E. machine, for I have now added
" an Environment component, When the machine comes across, say, the
identifier 2, it looks it up'in.the primitive environment, and finds
the corresponding value or 'primitive object', and i£ is this value
which is put on the Stack. The form of the ‘'value' corresponding to
a given primitive identifier is not defined; one is not allowed to
break open the primitive enviromment (hereafter abbreviated PE) to see
how it works. Indeed, there is little interest in doing so; one need
only suppose that the machine has some consistent representation of
. primitive objects, and can manipﬁlate these representations. One can
hbuiid machines with ﬂifferent PEs for different purposes, e.g. one for

arithmetic, one for list-processing, one for string-handling, etc..

I consider now the A-expression (Aa.a+a2)lo. This is to be
evaluated in the current envirorment, i.e. the PE. During this compu-
tation, a+a2 is to be evaluated, and this must be done in a new environ-
ment, the 0ld environment (PE) plus the layer consisting of the informa-
tion ‘a=10'. I put this computation onto the S.C.E. machine as follows.
The reverse polish form of a+a'2 is aaaszYT2+Y, and hence the
reverse golish form of (Aa.a+a2)lo is IQ(Aa.aaaszyT2+y)y {since in
reverse polish ndté%ion, (Ax.B)M is M(xx.L)y, the function )x.L
applied to its argument M). I représent this in what is krown as

"control syntax" as
lOAly
where the A-marker ll is given by

Al = Aa.aaaszYT2+Y.
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This is run as shown in figure AL, Initially, the Stack contains

the environment-marker (e-marker) € corresponding to the primitive

ol

_environment, marked 'O' in the Environment column. The Control con-

tains the string to be evaluated, lokly, appended to €g* The
Environment contains only the PE, no other layers having been added
yet. At line 1, a 10 is found at the head of Control. This

identifier is looked up in the current environment, which in this case

'is the PE, and its value found. This value, which is 10, is put on

the Stack. At line 2, I find a A-marker at the head of Control. This
represents a body of text to be evaluated at an appropriate time. It
must, however, be evaluated in the current enviromment, aﬁgmented by a
new environment ldyer giving the value of the bound varieble. Hence,
the A-marker, plus the most recent e-marker, are joined together to

form an object called a A-closure, and this object is put on the Stack.

' Unlike an identifier, this involves no looking up of any kind. A

~A-closure, plus the argument it is applied to, contains all the informa-

tion necéssary to perform a sub-computation. At line 3, I come to
apply the A-closure to its argument, 10. The A~closure and its
argument are both deleted from the Stack, and a new €-marker, €1

is put on the Stack (it is customary to number e-markers and the corres-

ponding environment layers from O upwards). The ¥ 1is deleted from

the Control, and the new ege-marker placed in Control. The new, derived,

t 1

environment is formed by adding a new layer, formed by giving ‘'a
(the bound variable of the A-marker part of the closure) the value 'l0'
(the argument on the Sta;k beneath the Closure). This new environment
layer is linked back (by the arrow) to the enviromment given by the
e-marker part of the closure, which is the environment in which Al

must be evaluated, namely the environment O (the PE). Finally, the

expression to be evaluated in this sub~coﬁputation is loaded onto the
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Control. All this is shown at line 4. At line 4, the identifier

a is encountered at the head of Control, is looked up in the current
environment, namely 1, and its value, 10, found in the top-most
layer. This value is put on the Stack. Similarly at lines 5 and 6.
At line 7, the tupler causes the first and second elements of the
Stack to be tupled into a pair. At 1iné 8, the identifier X

is encountered at the head of Control, and is looked up in the current
environment (1). But, the top-most environment layer of the current
environment contains only the information a=l0. Hence, the search
igs continued in the environment to which 1 is linked, namely O. This
is the PE, where the value of X is found. This value is put on the
Stack. At line 9, the x is applied. ILines 10, 11 and 12 follow
similarly for the +. At line 13, the g-marker €1 is at the head
of Control, and is the second element on the Stack. This indicates
that the current sub-computation is complete, so the two e-markers are
deleted, and the result of the sub-computation (110) copied down into
the new head of Stack. At line 14, the PE marker is encountered,
iﬁdicating that the computation is finished. Both markers are
deleted, and the result left on the top of the Stack at line 15.

Apart from A~ _and e-markers, tuplers and vy, all objects in
Control are identifiers, with no intrinsic meaning. The corresponding
objects on the Stack, however, are values, and have an intrinsic
meaning divorced from any physical representation. Because of this,
the primitive objects on the Stack are underlined with a wavy under-
line in figure Al, to denote that what occurs there is not a represen-

tation of an object, but the object itself.
I now evaluate the A-expression corresponding to

£(7) where £(x) = 2xx+l.
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The A-expression is

(A, £7) (Ax. 2xx+1),
1 2

~and in reverse polish this .is

MM Y
A=A
1 £.7£€Y
)‘2 = kg. 2xT2xle2+y.

I number the A's in the A-expression from left to right, to help me in
constructing the gdrresponding reverse polish control syntax form.

The computation is shown in figure A2; Initially, the control string
is loaded on to the Control, on top of the PE marker, which is also

. on the Stack. At 1ine‘l the A-closure of the A-marker Az and the
€-marker €, is formed and put on to the Stack. Similarly at line 2,
with Xl. At line'3, the head of Stack is applied to the element
below it. Thus a new environment is set up, whose top environment
layer has £ (the bound variable of the A-marker part of the closure)
coupled with the value Azeo. Thus the identifier £ has as value a
body of text plus ;ﬁé environment in which it is to be evaluated.

This new layer is linked back to the environment denoted by the
e-marker part of the closure. The new e-marker is placed on the Stack
and Control, and the body of the A-marker, namely 7fy, is loaded into
the Control. At line 4, the identifier 7 is looked up in environ-
ment 1, and is not found in the top-most layer, so the séarch continues
in the environment to which 1 is linked, namely O, and the value is

found there (in the PE). At line 5, the value of f is found

immediately in the top-most lgyer of environment 1, and is put on the
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Stack. At line 6 a XA-closure is applied, and a new environment set

" up, as before. At line 7, the identifier 2 is looked up in the top-
most layer of environment 2, and is not found, so the search continues
in environment O. Environment 1 is bypassed in this lookup process;
in fact environment 1 is completely inaccessible from environment 2.
At lines 7-15 the computation of 2xx+l1 proceeds, and at line 16 the
machine exits from the completed sub-computation; likewise at line 17;

and at line 18 the entire computation is completed.

I have always been careful to distinguish between an environment
layer, which ié a single piece of information, and an environment,
which’is a chain 9f environment layers linked together.

At any stage of the S.C.E. machine computation I can mechanically
reconstruct the A-expression represented by that stage of the computation.
The bést points for such reconstruction are just after entering a new
environment, since here a new layer has been added but the subcompu-

tation has not yet been initiated. For example, in figure Al, at

line 1 Loklye is in Control, and since Al is an abbreviation of

o
) la.aaaszYT2+y, this represents

{La.ataxa)l0,

the original expression. At line 4 éaaszyT2+yeleo is in Control,

and this therefore represents

at+aXa where a=10

or 10+10x10;
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I expand the meaning of the e-marker e, by suffixing the expression

i
obtained with "where” followed by the information held in the environ-
ment. The where expression is only an intermediate form, since the
substitution indicated by it must be performed to obtain the final
expression. The expression 10+10X10 is the original A-expression
after one B-reduction.

In figure A2 at line 4 7fyele is in Control, which represents

o

£7 where f£=Ax.2xx+1,

or (Ax.2xx+1)7.

At line 7 2XT2xY1T2+Y€ is in Control, which represents

2%1%0
' 2Xx+1 where x=7
where f£=Ax.2Xx+1,

or 2x7+1;

I must expand both e-markers of Control even though the information
in one of them is not required.
Figure A3 shows the computation corresponding to the expression
let g(x)(y) = x+y
in £(3)xg(4) (5)

E—

where f = g2,

which is (Ag. (A£.£(3)xg(4) (5)) (g2)) Ax.Ay.x+y) as a
1 2 3 4

A—-expression, or, in reverse polish control syntax:



) X3kly .

P
i

1 = Ag-2ovAyy
~l2 = Xf.3fY54gny2xY

A3 2 Ax.A,

A4 = ky.xyT2+Y.

This computation shows the machinery of the S.C.E. machine in full
_ swing. Note that at both lines 8 and 25 a A-closure is yielded as
the result of a sub-computation. Also, at line 19 the current sub-
computation in environment 4 finishes, and the 5, 4 and g at lines
20, 21.and 22 resgectively are locked up in environment 3.

This computation allows more interesting conversions to the
computed A-expressions. For example, at line 11 3fy54gny2X783£leo

is on Control, which represents

(£3)xg (4) (5) where f=(ky.x+y\where x=2)
where g=AxAy.x+y
where_g=kxhy.x+y,

or {(Ay.2+y)3)x { AxAy.x+y) (4) (5));

here I have to expéha the -marker part of the A-closure bound to £,
and I also have to follow the arrow frbm environment 3 to environment 1

marker on Control, before expanding the €4

while expanding the €4

marker on Control. At line 24, ,14ESYT2XYE is on Control, and

3*1%0
5 5 on the Stack, and so this represents



120

5%( (\y.x+y where x=4)5) where f=()x.x+y where x=2) ;i
vhere g=AxAy.x+y

whexre g=Axiy.x+y,

or S5X((Ay.4+y)5);

here, when a Y which has no second operand is met with on Control,
the required value is found on the Stack. Strictly, there has been
no need in these examples to expand the 81 on Control, since there

are no identifiers between the €4 and €, on Control.
This mechanical method of reconstyucting A-expressions from the

S.C.E. machine-states representing them becomes a necessary stage in
the proof that the S.C.E. machine implements B-reductions correctly,
using the technhique oé Clement McGowan in M3.

It is interesting to see in figure A3 how the various environments
get "hidden", then "reappear" again. For example,uin environment 4,
one can find only the values of primitive identifiers, and the identi-
fiers x and y, whereas as soon as the machine exits to environment 3
at line 19, one can find only the values of primitive identifiers, and
the identifiers f and g. The way the environment-markers are

nested on the Stack and Control is called the dynamic nesting of the

environments, and this nesting forms the dynamic tree of the compu-

tation. The dynamic tree is so called because it reflects the way
the computation proceeds dynamically, the way the various components
of the computation interact)at run-time. The way the environment-
markers are nested on the Envi;onment is called the statig nesting of
the environments, and this nesting forms the static tree of the compu-
tation. The static tree is so called because it reflects the way the
program is written, the way the various components of the program

interrelate at compile-time., . The computations of figures Al, A2 and A2
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demonst;ate different degrees of dynamic tree - static tree development.
The trees for figures Al, A2 and A3 are shown in figures 3.1, 3.2 and

3.3 respectively.

fig. 3.1 : fig. 3.2
dynamic static ) dynamic static
-0 o} o 0
l:a=10 1:a=10 T:f=k2€0 £=X2€0:1 2:x=7
2:x=7
fig. 3.3
dynamic static
o) O
//1:g=x3eo ?:gék3€0 T:x%g T:xa&
zifj%’Tifiiffz 3:f=l4€2 4:y=3 6:y=5
4:y=3 5:x=4 6:y=5

In Figure 3.1, the dynamic and static trees are identical. In

figure 3.2, the static tree is a "subtree" of the dynamic tree, in

the sense that two nodes directly joined in the static tree are
connected by a chain of nodes in the dynamic tree. This is the case

in ALGOL, and allows a stack-oriented storage regime. Because of

this stack orientation, in ALGOL the static and dynamic trees are

called the static and dynamic chains. In figure 3.3, the two trees

are quite general, and appear to be in no way related. This generality
is a feature of the A-calculus and programming languages like PAL[E1] which
are based on it. It comes about because a A-closure can be carried out
of the environment in which it was created, as at lines 8 and 25 in

figure A3. Thus, via the A-marker in the closure, one can gain access
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to an environment which in ALGOL would have disappeared forever.
Because of this, any storage regime needs run-time garbage collection.
Some LISP implementations use a run-time data structure known as a
chained stack, to allow for this generality.

Several authors (e.g. Peter Wegnér{Wl] and Clenment MéGowan[M3])
have developed so called "stack” A-calculus interpreters. However,
a true stack implementation is impossible, for the reasons cited above.
One is constrained to allocating space at the top of the stack, but
not being able to release it. In fact, all "stack" A-machines which
have been developed do not deallocate space at the top of theAstack,
and so implement storage allccation correctly. Eventually, "holes"
(in the form of ihaccessible enviromments) will appear in the stack,
and stack compaction, the equivalent of garbage collection for this
storage regime, can take place. As a matter of interest, Michael
Fisher has shown in Fl that for every program which uses a retention
strategy there exists a corresponding program which uses a deletion
strategy. Furthermore, this second program can be derived from the
first in such a way that the result of the theorem is true under all
interpretations of free function symbols, i.e. independent of the PE
chosen. The basis of this method is the use of Van Wijngaarden's
device (see W4 and M7): no procedure is ever delivered as a result
of a procedure call; when the procedure is about to be delivered, it
is not, but is passed as a parameter to a procedure call. Thus one
never exits from a procedure, except at the end of a program, when
all procedure exits are performed at once. Again, one marches up the
stack relentlessly, never deallocating anything.

A remark on the differences between the S.C.E. machine and S.E.C.D.
machine[L1] is in order here. When the S.C.E. machine places e-markers

on the Stack and Control, the S.E.C.D. maéhine clears its Stack, Contrcl
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and Environment components by pushing them down ontc a Dump, the old

Dump also being pushed down as a component of the new Dump. Thus,

* the Stack and Control components hold only the current sub-computation.
'Also, each environment component holds only the values relevant to
the current subcomputation, that is, the static chain. The dynamic
chain is held in the succession of Environment components in the Dump.
Also, there are no tuplers, all functions are monadic; nor are there
any appliers, the S.E.C.D. machine automatically supplies appliers when
( breaking open a combination in order to evaluate the operator and
operand. Expressions therefore need not be compiled, as on my
machine. Thus the S.E.C.D. machine is in some sense "purer" than
‘miﬁe, but only by’cho%ce; I have already investigated and rejected
having all functions monadic, and eliminating appliers is straight-

forward, since it only entails keeping the A-body as a combination.

Two last full examples of the machine are given. The first is

selfapply twice suc O
where selfapply = Ah.hh
A . ' and twice = AfAx.f (fx)

—

and suc = the successor function

and O = zero.

This is (Ah.hh) A\ fAx.£(£x))suc O, or, in control syntax,
1 23

o sucxleyyy
}‘l =z Ah.hhy

A3 = Ax.xfyfy.
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static and dynamic -

T S

trees in figure 3.4.

fig. 3.4

static

0\
=280 //4{ifsuc T:f=lée4
f=l2€0 4: f=suc 5:f=A3e4 7:x=0 Bix=2 3:x=suc 7:x=0 B:x=2 6:1x=0

In order to discover in which order my machine performs B-reductions,

I shall translate every step of this computation to its corresponding

.2

_ A-expression.
At line 1l: J 0 suc Azllyyyeo on Control.
This represents: V(Ah.hh)(kka.f(fx))suc 0 original expression
At line 6: hhyelyysc on Control, O suc on Stack.
Represents: (hh where h=\fix.f(fx))suc O
or (A Exx. £(£x)) LEAx. £(fx)}suc O only reduction possible
At line 9: ‘3?2317Y30 on Control, © suc on Stack.
Represents: (Ax,f (£x) where f=)AfAx.f (£fx)
where h=)\fax.f(fx}}suc O
or ‘(Ax.(Aka.f(fx))((Aka.f(fx))x))suc 0 only reduction possible
At line 13: xfyfy33yg0 on Control, O on Stack.
Represents: {(f{fx) where x=suc

where f=Afix.£(£fx))0

or (AEAX. E(£x)) ((AEh=. £ (£fx)Isuc)0 leftmost reduction




At line l6:

Represents:

or

At line 20:

Represents:

or

At line 24:
Represents:
or

At line 27:

Represents:

or

At line 35:

Represents:

or
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A3e4fye3yao on Control, O on Stack.
(£ (Ax.£(£fx) where f=suc) where x=suc
where £=)fix.£(£x))0

(A £ax. £(£x)) (Ax.suc (suc x))0 rightmost reduction

A e3yeo on Control, © on Stack.

35
(x.f (fx) where f={Ax.f{fx) where f=suc)
where xX=suc

where £=AfiAx.f(£x))0

(Ax. Ax.suc(suc x)) {(Ax.suc(suc x))}x))O only reduction

possible

x£y£ye on Contrel, ©O on Stack.

6°0
(f (£x) where x = O
where f£=(Ax.f(fx) where f=suc)

(Ax.suc(suc x)) ({Ax.suc(suc x))0O) leftmost reduction

xfyfya7fyesso on Control.
f(£(£x) where x=0
where f=suc) where x=0
where f=(Ax.f(fx) where f=suc)

{(Ax.suc{suc x)) (suc (suc 0)) rightmost reduction

xfyfyeaeeeo on Control.
f(fx) where x=2
where f=suc
where x=0
where £f={x. £(£x) yéggg_f=suc)

suc (suc 2) only reduction possible
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Thus the S.C.E. machine reducgs 'seifapply twice suc 0O' to

‘suc (suc(suc(suc 0)))' in just 8 steps, whereas rightmost redﬁction
also requires 8 steps, but leftmost reduction requires 9 steps. The
reduction order used by the S.C.E. machine is called "blackboard

ordexr", because the old name for the S.C.E. machine was the blackboard
machine, so called because it was used for teaching purposes using a
blackboard[B1]. Hence the rules followed by blackboard order reduction

are as follows:

1) Evaluate the operand of a combination before evaluating the operator.
- 2) Substitute the evaluated actual parameter of a A-expression for the

formal parameter before evaluating the A-body.

.t

It is noticeable that at several points of the computation, e.g. lines
28, 30 and 36, the value of the identifier £ eventually retrieved
~from the envirormment is not the one most recently placed there, but an
earlier one. For example, at line 28, the value of £ 1is looked up,
but the value retrieved is not the value most recently associated with
f, namely that at line 20, but the value at line 16. This phenomenon
has been known variously as 'The FUNARG binding problem', 'The environ-
ment problem', or 'The "Most recent” error', and considerable effort
has been expended on solving this "problem". Indeed, articles about
it still appear in the literature occasionally[M5]. Some versions of
LISP have been incprrect due to retrieving the value most recently
associated with a variable, and not chaining back through the static
tree (or some equivalent~mechanism). This same phenomenon alsc occurs

in more advanced macro generators.
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. The final full example is one of string manipulation:

~

T (let u(y) (z) = twice (adj (y)) {xev{z))
i_n tWice (u (llall)) (ﬂbcll)) -

where twice(f) ({x) = f{fx).

Here, adj is a function which has the same relationship to strings

as prefix has to lists, and rev reverses a string. Thus,

adj(a) = AS.c~-string(a,S),

and rev("drawer") = "reward".

The quotes enclose a string denotation. Thus quotes are retalned on
Control, which holds identifiers, but are not retained on the Stack,

. which holds values. This expression is

‘(Atwice.(Au.twice(u(“a"))("bc"))(lykz.twice(adj(y))(rev(z))))

1 2 34
O fxx. £(£fx))
56
or ) Aslly
Ay = Atwice.d Aoy
o A, E Au."bc""a"uytwiceyy
13 = Ay.k4
A4 = kz.z revyy adjytwiceyy
~XS = kf.ls

in control syntax. The computation is shown in figure A5, and the

static and dynamic trees in figure 3.5.
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fig 3.5
dynamic ‘ static
o o
H =i ice=l: sf= ¢ F=ads ¢ £=adij
} twice 5o twice=l kseo T £ 1453 7 f=adj_ 10:f=adj
/F:u=h3el 2:u=A3£1 3:y=a S:x=sbc B:x=cb 1ll:x=bcaa
- Jry=a 4:f=k4s3,5:xﬁbc 6:z=bc 9:z=aacb
6:2z=bc 9:z=aacb

/N

7:f£=adj_ 8:x=cb 10:f=adj_1ll:x=bcaa

Because my machine is a reverse polish machine, it evaluates
operands before 6§erators. With reference to the expression (Ax.I)M,
this corresponds to evaluating M 6nce and for all; then looking up
the value of M every time an X is encountered in L, rather than
reevaluating M every time, This corresponds to the difference
between call by value and call by name in ALGOL 60, and is likely to
lead to a very much more efficient computation on the S.C.E. machine
than on a normal-order evaluation machine. As an example, I consider

the evaluation of the A—-expression
T(AVELE(£(7-2))) (Au.utuxu).

In normal-order evaluation, the expression 7-2 is evaluated 9 times,
wi;h 8 subsequent arithmetic operations, but on the S.C.E. machine it
is evaluated only once, with 4 subsequent arithmetic operations. In
general, the number of operations performed by a normal-order machine
increases exponentially with the length of the expression to be
evaluated, whereas on the S.C.E. machine the number of operations

increases arithmetically with the length of the expression: in the
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expression .(Xf.fn(7—2)l(lu.ufpxu), a normal-order evaluation
machine evaluates 7-2 3% times, with 3n—l subsequent arithmetic
operations, but the S.C.E. machine evaluates 7-2 only once and
performs only 2n subsequent arithmetic operations. The computation
ig shown in figure A6, where, from now on, I perform several lines
of the computation at once, to save myself writing; I also dispense
with the wavy underlining.

In all these examples only a small percentage of lines of the
computation are actually calculation, the majority being "housekeeping"
rearrangements. This is not atypical of the S.C.E. machine.

The S.C.E; machine may fail to compute a result from a legal input
which has a value: for one of two reasons. The first is that if the
result of a computation is a A-expression, the machine will halt
prematurely, with a A-closure on the Stack. This A-closure will be a
A-expression plus the environment in which it is to be evaluated. Thus
on the computation of (ja. \x.x+(\y.yxa)3))}2 (see figure A7), the S.C.E.

machine halts with Azg on the Stack, which represents

1

Ax.x+(\y.yxa)3 vhere a=2,

or ix.x+(Ay.yx2)3.

Thus the machine does not fully evaluate the expression to Ax.x+6.
The reason for this is that in order to continue the evaluation to the
subexpression ' (A\y.yx2)3', the machine would have to break open the

closure by a pseudo-apply operation, and output the string "Ax." on an
output tape. Another shortcoming in this area is the inability of the

machine to handle a free variable. This can be overcome by using a

unigue-name generator, and putting a new, unique name on the Stack
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whenever a free variable is encountered on Control. This proposal
will only be of use if an output tape is added to the S.C.E. machine

so that it can ocutput A-closures correctly. These additions have been
made to Peter Landin's S.E.C.D. machine[L1l] by C. McGowan[M4] to form
the Modified S5.E.C.D., or M.S.E.C.D., machine. I do not consider
making such a modification here, since I am primarily concerned with
A-expressions which evaluate to constants which are not functions.

I am surprised that some researchers have discovered these shortcomings
of the machine only during attemp£s to prove it correct. The second
and much more serious reason for the S.C.E. machine to fail to compute
a result is that since my machine is not a normal-order evaluation
machine, some coﬁbutations which have a value can be expected not to
terminate on it. I considexr the computation of YF, for any
~A~expression F which has a value on the S.C.E. machine, where Y

is the fixed-point finder Af£. (Ah.hh) Ah.£(hh)). The computation is
shown in figure A8, and the machine is clearly in an inescapable loop.
This is in some senses a disaster, since Y 1s the A-expression I use
to implement recursion. A solution to this problem will be given in

Chapter 4.

" 3.2.3.

I now set about giving the function ‘transform' which defines
the S.C.E. machine. I must first define the objects which can appear
on the Stack, Control and Environment of the machine. At any stage
of the computation, the contents of the Stack, Control and Environment
determine uniquely the state of the machine: the total configuration

of the machine at this point, and all the information necessary to



131

continue the computation uniquely. Accordingly, I give a structure
definition of a state, and a function 'transform', which maps a state
into ancther state, called the next-state. I also give a function'
'initialise', which, given a A-expression as argument, creates an
'initial state' of the machine, a state which is not the next-state
of any state. Successive applications of transform to this initial
state advance the computation step by step until, provided every step
is defined (see below), the control component of the current state is

null, at which point the computation is completed. Definition of a

state:

state = «stack = <g-markervstack-item>-list,
control ; <g—markervcontrol-item>~list,
environment = <top:<identifier,primitive-cbject>,
static-chain:environment,
dynamic~chain:environment>vPE>.
stack—-item = primitive-objectyvy
A-closure = <A-marker-part:i-marker,
g—marker-part:€-marker>v
stack-item-1list.
control—-item = identifierv
A-markerv
applierv

tupler = <tuplicity:nni>.

e-marker = environment.

~ A-marker <bound~variable:identifier,

a-body:control-item-list>.

I thus have the following predicates, selectors and constructors, with

abbreviations I shall use in brackers: is-environment (isenv),
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- is-stack-item, is-control-item, is-identifier(isid), is-primitive-
object (isprimob), is-PE, is~l-closure (isclosure), is-A-marker (islexp),
is-applier(isy) and is-tupler; s—s;ack, s-control, s-environment,
s—top, s-identifier(id), s-primitive-object{primob), s-static-chain(sch),
-~ s—dynamic—chain(dch), s-A-marker-part (Apart), s-e-marker-part (epart),
s-tuplicity, s-bound-variable(bv) and s-i-body(body); c¢-state,
c-environment (c-env), c-top and c-A-closure(c-closure). I shall
avall myself of the facility for leaving the initial "s" off of
selectors. Since one may have different machines with different PEs,
I have a function 'val' which, when applied to a PE, gives a function
tfrom (primitive)’iéentifiers to valﬁes {(primitive objects) in that PE.
I alsc have a function 'apply', which applies a primitive function to

its argument list.

I can now give:

transform{state) =

Eéé.s = gtack (state)
égg_c = control (state)
ggé_E = environment {state)
in

{isid (hC) - Cwstatek;ookup(hC,E):S,tC,E)
géggg_ggé_lookup(I,E) =
(isPE(E) » val(PE) (I),
id-top (E)=I » primob-top (E) ,loockup(I,sch(E))),
is)lexp (hC) + c«state(c—ciosure(hC,E):S,tC,E),
istupler (hC) » c—state(listn(S):tnS,tC,E)‘
where n = tuplicity(hC},

isenv(hC) + c-state((htS=hC + hS:t2S),tC,dch (B)),
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isy¥ (hC) - (isprimob (hS) 9~c~state(apply(hs,htS):tzs,tC,E),
isclosure (hS) - c~state(E‘:tzs,append(body'xpart-hs)(E':tC),E‘)

where E' = c-env{c-top (bv-Apart-hS,htS) ,epart-hsS,E))).
And also:
initialise (X) = c~-state(PE: () ,makecontrol (X):PE: () ,PE)

The function 'makecontrol' is not formalised, but takes a )-expression

and turns it into my reverse polish control syntax form.

The function transform may sometimes be undefined, for instance
" if isenv(hC) is true, and $hts#hc. Also, if a primitive object is
“inapplicable" to'its arguments, or if the arguments are not tupled

into a list, the result of apply will be undefined. The clever

~ programmer will doubtless be able to find many ways in which to sabotage
the machine. This undefinedness corresponds to any physical realisa-
tion of the S,C.E. machine halting and displaying some error message

at that point.

In order to demonstrate the compactness of representation afforded
by not restricting myself to-trees, I show transform in action on the
example of figure A3i'in figures Bl to Bl4. Not all the computation
is shown, but enough to demonstrate the main points. In order to
reduce the number of long arrows, an arrow marked with a A— or g-marker
is to be considered as terminating on the node marked with the same
marker. It is interesting to see how the static and dynamic trees
are formed in the structﬁre of the Environment. In all this activity,
the only nodes which are created, rather than "shared", are those which

are created to contain primitive objects.
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vo3.2.4.

I now give an "extension” of the basic machine, which, as will
‘appeai, is already a part of the S.C.E. machine, but only in my treat-
ment of primitive functions. I now allow a A-expression to have a
list of bound variables, and hence to take a list of arguments; the
argument list must of course be the samé length as the bound variable
list. I allow the bound variable list and argument list of a
A-expression to be null. The alterations necessary to the S.C.E.
machine are as follows. I must now tuple the arguments of a
~i?expression before applying the corresponding A—closure, even‘if the

function is monadic or niladic {(c.f. T, and TO). This process is

1
already catered for on the machine. I must also alter my definition

of a A-marker so that it reads:

_A-marker = <bound-variable-list:identifier-list,

A-body:control-item-list>,

and of the top of an environment so that it reads:

top:<identifier,primitive-cbject>-1list.

I now have the selector s-bound-variable-list(bvlist) instead of
s-bound-variable.

Where before in the enviromment I had a name/value pair, I now
have a list of name/value pairs (which may be null). Finally, I must
alter the definitions of loockup and E' in transform. To give
ok I will need one new list-processing function, ‘unzip', defined as

follows:
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wnzip (X,¥) = (isnulb(k)AiSnull(Y) + (),

islist (X)Aislist(¥) < c~top(hX,hY) :unzip (tX,t¥)).
As examples of unzip at work:

uhzip(nullist,nullist) = (),

and unzip((x,v,z,w),(1,2,3,4)) = (<x,1>,<y,2>,<2,3>,<v,4>),

representing a ‘top' by angle brackets,

My new definitions are then:

. lookup(I E) = (isPE(E) - val(PE} (I),

}isnull -top(E) ~»> lookup(I,sch(E)),
1d h top(E)=I - primob-h-top(E),

lockup {c~env(t-top(E) ,sch(E) ,dch(E)))),

and
E' = c~env(unzip (bvlist-ipart-hs,htsS),epart-hS,E).

This definition of lookup works properly, even when searching an

environment containing a null environment layer.

I am now treating A-closures in the same way as I treat primitive
functions, tupling the arguments before applying. Thus one sees at
last that applying a primitive function to its arguments is "really"
applying the function's defining A-closure to the argument list. A new
environment is set up as usual, and the result, when (and if) computed,
is copied down on to the hgad of the Stack when the machine exits from
that environment. Since all this is hidden there is no way the machine
can reenter that environment after exit, so there is no need for any

working to be shown on the pencil and paper S.C.E. machine.
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I now extend the S.C.E. maéhine to deal with conditional statements.
A first attempt to render (p =+ el,ez) as a A-expression might be to
suppose that I have a function if such that for all expressions ay
‘and ay, if(true,al,az) =a; and if(false,al,az) = ag. Then,

{p > el,ez) would be rendered in contrel syntax as
P e e, T3 if v.

However, this is not an adequate translation of (p -+ el,ez), since
both e and e, are evaluated prior to choosing the required arm of

‘the conditional. "' This can be disastrous, as in:
(x>0 + sqrt(x),sqrt(-x)),

which will always be undefined if one evaluates both arms. Hence 1

must "freeze" each arm of the conditional, and "unfreeze" the success
arem after it has been chosen. Since A-markers are not evaluated when
they appear at the head of Control, but are formed into a A-closure,

I can do this by turning each arm éf the conditional into a A-expression
with a null bound variable list. I can then unfreeze later by applying
the A-closure to the null argument tuple. Instead of using the triadic
finction *if' given above, in my second attempt I allow an 'if' to
appear on Control, with the same status as vy and the tuplers. When
an if is at the head of Control, then if the head of the Stack is
true, it chooses the second element on the Stack and throws away the
third, otherwise if the head of the Stack is false, it chooses the
third element on the Stack and throws away the second. So, if I

represent the null bound variable list by "n", them (p ~ el,ez) is

translated into reverse polish as:

.
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Tq (Aﬂ.ez) GAﬂ.el) p if y.

I run  AX. {50 -+ xxx,%x-1)5 Jjust to illustrate conditional statements

on the S.C.E. machine. The expression in control syntax is

5T1X1Y -
ifkl = Ax.T013k2x0T2>YifY
4 Az = Aw.xxszf
- A, E

3 kw.xsz-Y.
The computation is shown in figure A9.

‘This extension requires two more lines in the definition of the
8.C.E. machine, which I now give. In the definition of a control-item

I must add:
.«.vChoicev...

which gives the predicate is-choice (isif). In the definition of

transform, I must include the line:

-

3

"isif(hC) -+ c-state((hS=true - htS,hS=false -+ ht2S):t>S,tC,E),".

When isif(hC) is true, I make sure that hS is a truth-value by

testing it for equality with both true and <£false.
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Chaptei four

The I.S5.C.E.M.0. machine

4.

In this chapter, T extend the S.C.E. machinelto the I.S.C.E.M.O.
machine. A method of tramslating ALGOL 60 programs into the A-calculus
will be given infoimally, mostly by example, and I shall show how to run
these programs con the I,S.C.E.M.0. machine. For those people who
already have an understanding of the A-calculus, this should shed
light on the mechanisms of ALGOL 60; contrariwise, for those people
who have a thorough knowledge of ALGOL 60, this should illuminate the
processes of the A-calculus. | & |

The one feature of ALGOL 60 which I do not consider at all, and
allow only this mention on the doorstep, is the apparent possibility of
entering a compound statement by a goto, and exiting from that sfatement
naturally. It will in due course become obviocus that this causes
complications far beyond what one would expect. These difficulties
add to my belief that the above~mentioned construction should not be
part of ALGOL 60 at all. I support this claim with part of section
4,1.3 from the 'Rev;;ed report on ALGOL 60', namely "A label separated
by a colon fréﬁ a statement, i.e. labelling that statement, behaves as
though declared in the head of the smallest enclosing block, ....".

This coupled with the first two paragraphs of section 5. would then make

it illegal to enter a compound statement by a goto. In all events,

jumping past a begin is against the whole spirit of the language.
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4.1.

The most prominent feature of any programming language compared
with the A-calculus is the possibility of assignment to a variable.
Despite the obvious advantages of a system including assignment, it

does not however seem to be fundamental, for

begin integer x;

x := 5;
X 1= 2%x;
print (x+1)

end =
corresponds well enough to

‘let x=5
ig_let X=2xX

in print(z+l1),
and so to (Ax. (Ax.print(x+l)) (2xx))5,

where here each “"assignment" establishes a new environment. This
removal of assignméﬂé statements can be carried to extreme lengths,
indeed, assignment seems not to be necessary at all (see B3). However,
such methods do not lead to efficient computations on the S.C.E. machine;
furthermore, they make it hard to see the wood for the trees. That is,
ALGOL programs are not made more perspicuous by eliminating all
assignment statements. Hence, any machiﬁe which attempts to model real
programming languages must have some provisions for a memory in which

values may be stored and retrieved. Consequently, I add to my machine

a Memory component, which is an indefinitely extensible sequence of
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D S Since the only (non-

locations with addresses 1 ,_}2 3

1
" primitive) identifiers used on the S.C.E. machine are bound variables,
it need raise storage only when a A-closure is applied. Thusf when
a A-closure is applied on the (now) S.C.E.M. machine, the bound
variables are associated with addresses of locations, and'in those
locations are stored the values of the arguments. I illustrate this
by translating my first ALGOL 60 program into control syntax, and

running it on the S.C.E.M. machine.

‘Consider the program:

begin boolean b;
b := false (1)

end.

Unlike other forms of declaration in ALGOL 60, the declaration of b
is uninitialised. Since there must be an argument to apply a A-closure
to, I initialise b to the undefined object, which I represent by "Q".

Also, I let the “type" of b 1lock after itself; alternatively, b

may be considered to be of typemgeneral, or of mode union(bool,int,real c
etc. ¢). I use "«" on Control as the assignment operator. A <

at the head of Control has two effects. Firstly, a “side effect"
occurs: the head of thé Stack is assigned to the location whose

address is second on the Stack. A side effect is defined to be a
transformation of any component other than S or C. Secondly, a
result is produced, just as in any functional application: the head of

the Stack is copied down into the second position, overwriting the

previous contents. Now, (1) can be rendered as
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let b=0. -

ig_b*false,

and so as (Ab.b«false)Q,

arnd hence in control syntax (1) is

-

2T Ay

kl = Ab.b false<.

This trivial program is run in figure AlO. At line 2, the A-closure
is to be applied. I enter the new environment in the normal way,
except that in the environment I associate b with the address 1l
rather than with the v?lue Q. In the Memory column I create the
locati&n with address 11, and initialise this location to §,
ignoring the fact that this line is crossed through, for the moment.

I now continue in the normal way, until a *' is at the head of
Control, at line 5. I then assign the head of the Stack to the location
whose address lies second on the Stack. This is done by crossing out
the existing }ine "ll =..." and writing in a new one “ll=false".
Furthermore, the head of Stack is éopied down one place in the Stack,
overwriting the address 1 (this copes with multiple assignments).

1
I illustrate further with the program:

begin integer x,y;

X 1= O3 (2)

Y 1= X ;= X+1

end.

This shows multiple assignment at work, and alsoc the necessity for a
"contents of" operator (8), and the necessity for a "voiding"” operator

(v). The program corresponds to
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et =0
‘mig_k(:= O; y 1= X 1= X+l,

_and so to (A(x,y)ex :=0; y := x := xt1)(Q,Q).

- Hence, in control syntax it is

QQTzkly

M

This is run in figure.All. At line 5; « 1is at the head of Control,
and O 1is assigned to ll. At line 6, the zero left by the previous
instruction is not wanted, so it is thrown away by the voider wv.~

At line 10, the contents-of operator € looks up the value currently

in location ll' and this value is placed on the Stack in place of
the address. The multiple assignment is shown at lines 13 and 14.
This example shows how long control strings become when one translates

several ALGOL statements at once. To overcome this, I translate (2)

as

QQTZAlY ‘
Al = A(x,y).x0+v52
62 z yxx€1T2+y++,

where I have now added §-markers to my list of possible control items.
When a S-marker reaches the head of Control, it is simply replaced by

its body, and evaluation continued. This computation is shown in

figure Al2. At line 6 the S~marker is at the head of Control, and

is replaced by its body, shown in line 7.
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'4'A2 -

So far, my programs have not seemed to do much. That is, they
accepted no input, and gave no output. Quite a considerable amount
of work was done, however, if one just considers the transformation of
the four components S, C, E and M. From now on, I link my
m&chine to the outside world by the addition of an Input and Output
component, turning it into the I.S.C.E.M.O. machine. The Input and
Output components are lists of concrete representations of internal
objects, and are altered by the "read" and "print" operators. The
occurrence of read at the head of Control causes the head of the
Input to be removed, and the corresponding internal object placed on
the Stack. The occurrence of print at the head of Control causes
the head of the Stack to be removed, and a corresponding concrete
representation of that primitive object placed on the Output. I

illustrate by running the program:

begin print(({"result = ",read+read)) end (3)

with input (534,486).

I consider (3) as

begin 1print("result ");
2print(read+read)

end

and hence in control syntax as

[
11

= "result = "printé2

read read T2+Yprint,
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where I gave the beginning of each command an integer suffix for ease
. éf translation into control s;ntax. This program is run in figure Al13,
where for my convenience I show the contents of the Input only once,
and the components of the Output only as they are printed. The next
position to be fead from or printed to is shown by an upward arrow;
the end of the input is shown by " " and the beginning of the output
by " ". I now have virtually all the machinery I need to model the

whole of ALGOL 60 on my I.S.C.E.M.O. machine. Por example, the following

program involves no new principles:

lbeginqintegerva,b;

b := a := read

-

begin integer a;
~t -4

a := read; (4)
Sb := b+a

end;

6print(b+a)

end.

I give subscripts to the statements according to the following scheme:
Number {(from 1) the start of each block and the start of each statement,

except the first in a block (this gives §-markers), and each "type

declaration" (this gives A-markers). Now, (4) is equivalent to

lletz(a,b)=(9,§2)

inb 1= a := read;

6print(b+a):
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and to l(zl(a,b).b := a := read; 3(4Aa.a := read; 5b := b+a)Q;

Gprint(b+a))(n.ﬂ),

and so to “ Gi = Qﬂmzkzy
Az Z X{a,b).b a read++v63
63 = QT1A4766
A4 £ Aa.a read+v65
§; = b bLaCT,+y+v
66 = bCacT2+yprin§.

with a'little pragtice, one can go straight from a subscripted ALGOL
program to the control syntax form without any intermediate steps.

I shall do this in future. ‘The program is run with input (3,5) in
figure Al4. It is of crucial importance that the A-calculus machinery
automatically takes care of some of the semantic features of ALGOL 60.
In the outer block, all references to a are to the a declared there,
and not to the a in the inner block. Likewise in the inner block.
Also, even if a were not declared in the outer block, the a in the

inner block would still only be accessible from inside the inner block.

I have already dealt with conditionals in section 3.2.5., so it is easy

to translate the ALGOL if-statement into control syntax.
if condition then expressionl else expression2;

translates into
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- Tokzklc§nd;tlon ify,

M

[{}]

An.expressionl

>
1}

2 Arn.expression2,
and

if condition then expression;
translates into

Tolzklcondltlon ify,

>
]

E AT.expression

>
1t

A,
I illustrate by running
lhegin print (if read thenzread else30) end,

with inputs (false,2) and (true,2) on the I.S.C.E.M.O. machine in
figures Al5a and AlSb, where, from now on, I show only those components

of the machine actually involved in a computation.
4.3.

I now éome to the recursive definition of functions, and how to
implement functions so defined. As already seen in the previous
chapter, the cémputation of YF for any A-expression F, where Y is the
fixed-point finder Af. (\h.hh) (\h.f£(hh)), always fails to terminate on

the S.C.E. machine, and hence also on the I.S.C.E.M.0. machine. The

computation on the I.S.C.E.M.0. machine is shown in figure Alé.
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I contrast the norxmal order an§ S.C.E. methods of reduction:-

(i) ( £. (A\h.hh) (Ah. £(hh)))F €o
normal orderi or S.C.E.
| (i) (Ah.hh) (\h.F (hh)) €
normal order | or S.C.E.
(1ii) fkh-F(hh))(kh.F(hh)) €9
hormal orderl or S.C.E.
(iv) F((Ah.F(hh)) (Ah.F (hh))) €3
normal order 7 \\\\E.C.E.
apply F to ((...){...)} apply (Ah....) to (xh....)
leading to a normal form ‘ : and so on!

if one exists,

A first attempt to accommodate recursion on the I.S.C.E.M.0. machine is
to prevent the machine from becoming trapped in the infinite loop by
altering Y to ¥', where Y' = Af.{Ah.hh) {Ah.£(Ax.hhx)). These two

~ A-expressions are equivalent, because for any A-expression Q,

(Ax.hhx)Q =B {hh)o. Now, line (iv) above becomes
F (Ax. (Ah.F (Ax.hhx)) (Xh.F (Ax.hhx) }x),

and so the entire expression to the right of the first F is frozen by

the Ax., and F is applied to (Ax.(...){(...)) as in normal-order reduction.
This new Y', however, although it deals with most cases will still cause
thé I.S.C.E.M.0. machine to loop indefinitely with certain forms of F.

For instance, if F is the factorial function disguised as:

let zec f = {(An.(n=0 + 1,cxnxf(n-1)) where ¢ = £0),
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‘wfft‘tﬁen. abbreviating AcAn.{(n=0 » 1,cxnxf(n-1)) by G, Ah.F(3x.hhx)

by kl' kx.xlklx by 12 and ?A G by G', then

2
F = Af.G(£O)
and
Y'F >B (Ah.hh) (Ah.F(ix.hhx)) = (lh.hh)hl
>B Allln
Now,

klkl = (Ah.F(xx.hhx))xl
>B F(xx.xlxlx) = F>\2

= (kf.G(fO))kz

>6 G' ()\20) = G' (xlle);

But now, the I.S.C.E.M.0Q. machine tries to evaluate the operand, so

one has
[ ] 4
Y'r >B G (;lxlo)

>a G'(G'(xlllo)o)

B

¥ eee andeso on,
I can cure this in this case by using ¥", where
Y" = xf. (Ah.hh) (Ah.£(AxAy.hhxy)).
Howevei, the factorial function disguised now as the 2~place function
let rec £ = (Anllnz.(nl=0 + l,anle(nl—l,nz)) where ¢ = f£OO0)

will cause the computation to loop indefinitely.
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x)

In general, if one uses Y » Where

(k)

b4 = lf.(lh.hﬁ)(Ah.f(lxl...kxk.hhxl...xk)p

" then the factorial function disguised as the k~place function
let rec £ = (knl...knk.(nl=0 > l,anIXf(nl—l,nz,...,nk)) where ¢ = £0...0)

causes the computation to loop indefinitely.

As a second attempt to accommodate recursion on the I.S.C.E.M.O.
machine, I try an imperative form of Y. That is, I try 'Q' as a first
"guess" to the fixed point YF of £, and then assign the true fixed

point to £. Thus I define Y¥* by

o

Y*(F) = let £ =Q

i_n (f :=F); £,
i.e. I replace

let rec f=F EE.N

by let £=(let f=Q in £ := F; £) in N,
or Qf.N) (MEF) = LN (OE.f := Fy £)Q).

This, again, deals with most cases, but some forms of F will still

cause the I.S.C.E.M.0O. machine to loop. If, for instance, F contains

£ outside of a A-marker, then an attempt will be made to look up the
value of f before the assigmment has been made, i.e., while the location
coupled with £ still holds Q. For inspance, using the F of the

previous example,

let rec £ = G(£0) in £2
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becomes
(A£.£2) ((Af.£ := G(£O); £)Q),
or ((\f.£f := G(fO); f)Q)2.
This is ((llf.f := (2kc3ln.(n=0 + 1,cxnxf (n~1})) (£0); £)Q)2,

and the computation is run in figure Al17. The necessity of computing
FO causes f to be looked up before the value G(f0) ~(h2€l) can be
assigned to it.

As a third attempt, I look again at the possibility of freezing
- the operand that causes all the trouble: Ah.f(hh). I may transform
this into Ah.f (Aw.hh), but now, unlike the previous two attempts, I |
must also alter the function under consideration, by replacing all

occurrences of £ theie by Tofsy, to unfreeze the (Arv.hh). 'I show

the computation of

let rec £ = An. (n=0 -+ 1,nxf(n~1))

in f1,

i.e. (A£.£1) (YAfin. (n=0 »> 1,nxf(n-1))),

or l(zlf.(BAh.hh)(4xh.f(51n.hh)))(61f7ln.(n=0 > 8l,gnxf(n—l)))l,

in figure 218, ..

Of the three methods considered so far, only the third has been able to
guarantee a non-looping computation when one exists. Also, all methods
are tediously inefficient.  Since I have lost the full power of the
~A-calculus in choosing an éfficient order of evaluation, I may as well
see if I can alter the evaluation mechanism of the machine to accommodate
recursion, rather than try to use a ¥Y-like A-expression. I try running

the »nrogram
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let rec £ = An. (n=0 + 1,nxf(n-1))

in £2,

i.e.

l(zhf.fZ)(3kn.(n=0 - 4l,snxf(n--l))),

" without bothering with recursion, to see what goes wrong on the machine.

I know in advance that it will try to interpret the £ in the definiens
of rec f = An.(n=0 > 1,nxf(n-1)) as an already known £, different
from the £ of the definiendum. The computation is shown in figure Al9.
Here, at line 12, I try to look up the value of £, and can find no such
variable in the current environment. In enviromment 1, I have the

information f=ll, and 1.=A_¢

1723807 thus, when I come to apply f at line 4,

the new environment (2) gets linked back to environment O, whereas what

I need is enviromment O plus the value of £, f=1 This persuades me

1
to use a special type of A, Arec’ which causes the e-part of a A-closure
to be updated to the current énvironment. The computation is repeated
in figure A20, and this time all goes well; the A-closure bound to £
not only contains the enviromment in which all non-local variables of £
must be evaluated, but also the environment layer containing £ itself.

Changing the state of the I.S.C.E.M.O. machine at the line marked (*)

back to the A-expression it represents, I have

2

nxf(n-1) where n

where f (An. (n=0 + 1,nxf(n~1})
where £ = (An. (n=0 » 1,nxf(n-1))
whexre £ = (An.(n=0 » 1,nxf(n-1))

where £ = «4ue
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€0 is expanded

Here, el' the e-marker part of the A-~closure h3

indefinitely. In order to obtain a finite representation of this

~

infinite sequence of substi;utions, I suppose that I have a )-expression

X such that

X £ Xn. (n=0 > 1,nxf(n~1)) where £ = (An. (n=0 » 1,nxf{n-1))

EEEE& £f=..a0

- Then, X £ (An. (n=0 » 1,nxf(n-1)) where £ = X),
or, X = (Afin. (n=0 + 1,nXf(n-1)))X.

Hence, the A-expression representing X is none other than

2 YAfAn. (n=0 - 1,nxf(n-1)},

-

and so the machine state represents the A~expression
2% (YAfAn. (n=0 > 1,nxf(n-1)))1,

which is the original A-expression (Af.£2) (¥YAfAn.(n=0 = l,nx£f(n-1)))
£

g8 ° (vr)

tion, and counting choosing the success arm of a conditional as one blackboard

-

after three blackboard reductions, discounting YF = (FE£) as a reduc-
reduction. Thus this "cheat" correctly implements recursion on the
I.S.C.E.M.O. machine (and hence also on the S.C.E. machine). The

theoretical reductlon rule corresponding to Arec would be:

X
Arec® >g Sy M
rec

after a possible o-conversion to remove bound/free variable clashes.
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4.3.1.

In ALGOL 60, a label constitutes an implicit declaration of a
v&riable. The variable is initialized to the line of text immediately
fallowing the label. Since this line of text may contain references
to the label preceding it, all label declarations are recursive. I
handle this on the I.S.C.E.M.O. machine by initialising a label to a
§-closure, which is a package similar to a A-closure, but containing a
§-marker in place of a A-marker. Just as a A-closure contains all the
information necessary to apply a A-expression, so a §-closure contains
all the information necessary to continue the computation from a §-marker.
I now require 6—mérker§ to appear in the Control as operands. I use
capital 6's (A) in the Control, as an ordinary § would be replaced by
its body on reaching the head of Control. A jump instruction is
represented on Control by 'J'. The effect of a J at the head of

Control is demonstrated in the following example.

begin integer a;

a := 0;
1:if read then goto k;

begin booleaﬁwi;

b := read; (5)
a := atif b then 1 else 2;

k:if b=read then goto k else goto 1

end;

k:print(a)

end.
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I amend.my method of giving subscripts to the statements as follows.

I first of all add declarations for all labels in the program. Then

I number (from 1) the start of each block and the start of each state-
ment, except the‘first in a block, I £ill out each one-armed conditicnal
with a Qummy arm; and subseript each arm. I also number each set of
non-recursive declarations, and each set of recursive declarations.

Last of all, I turn each declaration into an initialised declaration.

. The program (5) then becomes:

;Pegin integer a=R; jlabel (k,l)=(616.64);

a := 0;

l:4££ read thensgoto k elseé;

7begin8boolean b=} 9label k=613;

b := read;
10a := a+if b thenl 1 else122;
k:l35£_b=read thenl4goto k elselsgoto 1
end
B k:leprlnt(a)
© end. -

I can now give the control syntax for (5):

1 = 0TAyy

Ay EAa.4; A, TAqy

k3 = Xrec(k,l).a0+v64
64 = TOAGAS read ifys,
XS £ an.k&J

ka S AT.

67 = QTllay

Ay T AbLA,TUA

8 1371%9Y
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>
i

9 Areck.b rea&«vdlo .
z aaGToklzllleifyT2+y*v813
= am-l -
_ hlz = AT.2
613 = T0115A14b£readT2=Yift
.114 = An.kEJ
15 = AT, 18T
616 £ af print.

I run this program with input (false,false,false,true,true) in figure

A21l. At line 3, I find a A-marker at the head of Control. This is
removed, and the SbrresPonding 8-closure placed on the Stack. Likewise,
with the A-marker A, "at line 4. At line 6 a A-closure is applied.

The Apart of this closure is introduced by a Arec’ so the eparts of
the 6¥closures are updated to the current environment. Again, at
line 19 a x-closure is applied, and the §-closure updated. The first
J . appears at the head of Control at line 40, when the head of Stack

"is the.d§-closure 61355. The effect is to remove everything above the
e-marker €g in the Stack and Control, and then to install the body of
the §-marker 613 in the Control. A similar action occurs when a J

is at the head of thtrol at lines 47 and’53.
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4.3.2,

The ALGOL 60 procedure also constitutes an initialised recursive
declaration of a variable. The natural way to render an expression

such as

procedure f(x); value x; integer x;

print(x+l);
in control syntax is to consider the declaration to be eguivalent to

let £ = )x.print (x+1)

..E L

13

I try running the program

begin integer a,b;

‘EISQeAQre £(x); valué X; infége£ X;
b 1= x+24x;
a := read; (6)
f(axa); -
print(b)

on the I.S.C.E.M.0. machine. I first of all subscript the program,

and initialise all declarations.

;pegin integer (a,b)=(q,q);

3procedure f=4Ax.b s= X+24X;
a := read;

5f(axa);

6print(b)

end
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The control syntax for (6) is then

QeT, Y

o
1

3 Arecf.a read+v55

Ay = Ax.DXC2XET, MyT, +y<y

= a@aCszYTlfGyaa

o
wn
n

bfprint.

This program is run with input (3) in figure A22, and my first intgitive
approach is seen to be correct. At line 4, f is bound to the address
of the updated A-closure 1432, which represents the body of the

procedure and the'environment in which it is to be evaluated. Further-
more, when £ 1is applied at line 12 the identifier x is local to the

procedure body, and is initialised to the value 9. To underline the

point that x 1s local to the procedure, I run the trivial program

lbeginzinteger i;

1)

3procedure p({i); value i; integer i; 4i i+l

i:=0;
5P (i) H
gPrint (i)

end

in figure A23, where one sees that O is printed, in accordance with the
ALGOL 60 semantics that an assignation to a parameter called by value
does not alter the actual parameter supplied in the call.  In order to

run the corresponding program in which i is called by name, i.e.
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1beginzinteger i;

-

3grocedure p(i); integer i; 4i i= it+l;
i:=0; -
59(61): |
7print(i)
end
(which prints 1), I must somehow arrange that the i in the procedure
dey is bound not to a new location, but to the outer ei. This
suggests somehow "freezing" the i passed as a parameter, and "unfreezing"
it inside the procedure. I can do this by turning the i in the call
into a A-marker (Yhich explains the extra subscript in this case),

and code (7) as

O
[
§

= QT

P
n
i1

= M.A,TA3y

3 = Arecp’i0+\’65

P
H

4 = Ai.TOiGYTOicys 1Ty«
6 = Am.i
67 = iGprint. .

Bere, I replace the i in the call p(i) by Aw.i, and the i in
the procedure body 1 := i+l by Toisy. I run this in figure A24.

As one sees, 1l is printed and all is well.

The intuitive approach for parameterless procedures is the correct

approach, as the following example shows. The program
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begin integsr y;

-

procedure g; y := readtread;

gs -

print(y)
“end

corresponds fairly clearly to
(Ay. (Ag.g(); print(y)) (An.y := read+read))q,

and hence to

63 = 9T, Ayy
.12 E YA, Ty .
Ay = krecg°TOg£Y65
glé = Ar.y read read T2+Y+v
5 = YE print.

I run this program in figure A25 with input (2,3).

I can now give the rules for translating (non-type) procedures

(i) Procedure declarations (of procedure £, say)
a) if £ has parameters Xys Xogr eeny Xy then put
£ ='A(Xl,k2,...,xn)....
b} if £ 4is parameterless, then put £ = AT,...
The A-body is the translated body of the procedure, with each

occurrence of x replaced by T

1 xiQY if X is called by name.

o)

(ii} Procedure calls {(of procedure £, say)
a) if £ has actual parameters ayr 8py eesy s then translate

L} 'f
f(al,az,.,.,an) as blbz“'bnTnng’ where bl is als i

is called by value, and Arn.a, if a, is called by name

a 1 1

’ 1
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(with obvious alterations if a, is an expression).

1

b} if £ is parameterless, translaté f as T

n

ony.

In my subscripting scheme, as I have already noted, I must now also
subscript each parameter called by name in a procedure call. I now

run

begin boolean x;

procedure p(a); boolean a; if read then p(a) else q(a);
procedure g(a); boolean a; if read Egég_gggig_p(a);

a ;= ~a end;
X := read;
pix};
print (x);

© end,

or, partially translated,

1begin2boolean x=0;

jprocedure (p.,q) = (4Xa.i£_read then 5p(6a) else 7q(8a),

- éla.if_read then begin lOp(lla);
‘ 122 1= "2 end elsel3);
X := read;
l4P(15x);
16print(x)

end,

in figure A26, with input (true,false,true,false,false). When I

translate p(a) and g(a), because a is a parameter called by name, I
replace a by Toac'y. But then, since a is the actual parameter

of a procedure which calls its parameter by name, I further replace it
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by An.Toaﬁly. This example-will appeasr in a much more streamlined

and efficient form in section 5.1..

" I now deal with type procedures. A type procedure is exactly the
same as a non-type procedure, with the exception that one may assign
a value of the required type to the procedure identifier. Now, I

obviously cannot translate

bégin integer x;

integer procedure p(x); value x; integer Xx;

1= X+1; ' v (8)

o]

X 3= Op
print (p(x)+p (x))
end

-

as  (ix. (Ap.x := 0; print(p(x)+p(x))) (\x.p := x+1))9,

since if I did, the assignation of =x+1 to p during the first call
would destroy the value of p, and I would then be unable to apply

p at the second call. I accordingly set up a variable local to the
procedure body, p#, and aséign to that variable. Thus I translate

(8) as ~ -
x. (Ap.x = 0; print(p(x)+p(x))) (Ax. (\p#.p¥:= x+1;p#)Q))Q.
As an illustration, I run

begin integer z;

integer procedure X;

begin z := z+1l; x := z end;
z := 0;

print (x=x)



162

or
lbeginzinteger z=A2;
3integer procedure x=4lﬂ.(51nteger X%=; z = z+l;
g 1= 25 %%
z := 0O; -
8print(x=x)
end,

on the I.S.C.E.M.0. machine in figure A27. Here, I have to use the
property that when Control is exhausted, the machine copies down the
" head of the Stack to yield the value delivered by the procedure X.

This is at lines 17 and 28.

4.4.

I now give a series of 7 examples of varying complexity (in figures
A28-A34), to show the various aspects of the running of programs, and
the translation of ALGOL 60 programs into control syntax form. Each

program is given first, followed by its partial translation.

example 1.

l:begin procedure p(x); label x; l:goto Xx;

p(l);
i:
end

beglnzlabel l=63;

bt
3begin|label l=59;
procedure pzshx.(alabel l=67; 7goto x);

9(81)

end.
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example 2,

- begin boolean a,b;

procedure p(x,y); value y; boolean Xx,y;

™
v

= Xoy;

a := b := false;

P (a"b) H
print{(a,b))

end

;Pegin,boolean (a,b)=(2,9);

jprocedure p =‘4l(x,y).x 1=y $= XOV;
a :=b := false;

Pleabd)s .

7print(a); print (b)

end

example 3.

begin integer procedure p(x,y); value x,y; integer x,y;

p := if y=1 then x else p(x,y-1)*tx;
print (p (read,read)) :

end

lbeginzgroceaure p = 3l(x,y).(ginteger pa=ll;

ps := if y=1 then 5¥ else 6p(x,y—l)+x; 79#);

print (p (read,read))
end

with input (2,2).
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example 4,

begin integer procedurce p;

begin integer a;

a := read;

p := if a=0 then p glgg'a‘
end; |
print (p)

©end

lbeginzprocedure p = 3Aw.(!integer (p#,a)=(2,R); a := read;

5P := if a=O then cp else ,ai oW

print (p)
end

with input (0,5).

example 5.

begin integer k;

integer procedure pka); value a; integer aj;

begin k :='5; p := a end;
k := 2;
print(p(k))

end

lbeginzinteger k=0;

3Erocedure p = 4Xa.(5integer p#=0; k := 5; gP¥ T ai
k := 2;
8print(p(k))

end



165

example 6.

As example 5, but without "value a;":

gbrint (p(k)) becomes 8print(p(gk)).

example 7.

begin integer a,b;

procedure f(i,x); value i; integer i; label x;

begin
m:b := b+l;
i = i+1;

if b=4 then begin a := i; goto 1 end;
if b=3 then goto x;
if D=2 then £(i,x) else £(i,m)
end
- a:=Db = 0;
£(a,l);
l:print(a)

end

jbegin integer (a,b) = @,R);

'3labe1 1=522€

procedure f = 4X(i,x).(slabel m?66:
m:6b := b+l;
1 := 1i+1;

if b=4 then begin ja := i; lCgoto 1 end elsell;

if b=3 then‘13goto X elsel4;

£( m) ;

i'19

if b=2 then 16f(1,l7x) else 18

Zof (a’211) i
l:zzprint(a)

end

[onee-vy
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In eéch of these 7 exanples , the program :?.s si;nple enough for the
resulé ;f rqnniné it té be pré&icted beforehand, by running the
progfam iﬁ thé ﬁead. Example 8 is ahgrogram which is, I hope, too,
difficult for the result of running it to be predicted beforehand.
In it, a procedure calls itself recursively, with another procedure

as parameter, and very soon one is lost, unless one has a mechanical

means of keeping track of the environments.

example 8.

begin integer n;

procedure p(x,c); value ¢; procedure X; integer c;

begin begin procedure r(t); label t;

J_l_)_gg__n:,;ri n = ntc;
x(t);
end;
if c>n then x(j) else plr,c+l);
- Jeend;
S gégf
procedure q(t); label t;

= n+l;

o]

2

it

n:

s

plg,2);
1:print{n)

end
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1begin,,integer n=Q;

=8 .
| 31abel 1l 207

~ procedure (p,q)=(4l(x,c).(Sbeginalabel j=615;
procedure r=7kt.(n = nto;

8x( t)s

l:gcto t);

if e>n then _.x(. ,j) else 13p(14 r,c+l);

11%'12

jzlsend; 1edote L,

l7kt.(n := n+l));
nos= 2;

189(19q'2)’

1:2Oprint(n) "

end

4.5.

To complete my discussion of ALGOL 60, I have still to consider
arrays, for—loops, switches and own variables.

4.5.1. -

The last major feature of ALGOL 60 still to be accounted for is the

ability to collect values into arrays. I rendexr

array a[m:n];

as let a = formarray(((m,n))) in ....
Herc, formarray 1s a primitive machine function which places an array
of the appropriate size and dimension, with each element initialised to R,

on the Stack. To cope with multidimensional arrays, the argument of
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formarray is a list of argument pairs. If any upper bound is lower

" than the correspondiﬁg lower bound, then I take formarray as being

undefined. The subscripting function is represented by a “"o" on
Contrél. If a tuple of subscripts is on the top of the Stack, and
the address of the array lies below them, then a ¢ at the head of
Control causes the address of the required element to replace them on

the head of the Stack. If the actual array lies below the subscript

tuple, then a O at the head of Control causes the required element

itself to replace them on the Stack. I illustrate by running the

program

begin integer n;

n := read;

begin real array al[l:nl;

integer 1;

real max;

max := 1 := O; comment not legal ALGOL 60;

l:if_i=n then goto m;

<

ig_ati]>max then max := af[il;
goto 1; |
m:print (max)
end

end,
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or, : .

lbeginzinteger n=f;

n := read;

3begin:real array a=formarray(((1,n)));
integer i=;
real max=Q;

max 3= 1 := O3

ot
.
e
rh
o

i=n then7goto m else g’

if a[il]>max then

11iE | gmax 2= af[i] else

137
- 149080 L
” m:lSPrint(max)
end
on the I.S.C.E.M.0. machine with input (3,7.0,4.0,9.0) in figure A36.
At line 6, I have the parameters of formarray, tupled once by T2

to form the bound-pair argument list, and again by T since the array

1
is one~-dimensional and formarray operates upon a list with the same
number of elements as the array has dimensions. The array appears on
the Stack as the list (Q,2,2). The two-dimensional array formed by
formarray (({1,2), (1,3))) (which correspends to 35521!1:2,1:3]) would
appear as ((Q,0,2),{Q,2,0)). At line 21 the address of a (12)

is put onto the Stack, ready for subscripting. At line 22, a ¢ 1is

at the head of Control, and the subscripts, tupled into a lis*, lie on

the Stack above - 12. The result of the ¢ is shown at line 23, where
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the address (12'1) of the first element of the array has 5een formed.
This address is now used like any other; I assign to it at line 24,
and take the contents of it at line 34. I now take liberties with
ALGOL 60 and add a call by reference facility, to run the following

programs:

begin procedure p(i,r); integer i; real r;

al1] := 2;
print(xr)
end;
pli,ali])

end

where r is called by value, reference and name, in an environment where
i is an integer equal to 1, and a is a [1:2] array initialised to
(1,3). These three programs are run in figures A37a, A37b and A37c

respectively.

4;5.2.

There are only three constructions of ALGOL 60 left to be considered:
the switch, for loop and own variables.

The switch is nothing more than an initialised array of labels.
I have only to place the appropriate §-closures onto the Stack and then
tuple them into a list, in readiness to bg bound to a switch variable by
2 Arec'

A for-loop can invariably be expressed in terms of simpler constructs

in ALGOL 60, and so no new mechanisms need be added to the machine.



Thé for-loop
for v := AE do S;
v := AE; S;.

The for-loop
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is equivalent to

for v := AEl step AE2 until AE3 do S; is equivalent to

v := AEl;

again:vtemp := AE2;

if sign(vtemp)X (v-AE3)>0 then goto finish;

s;

-1

v = vivtemp;

goto again;

finish:....

It should be noted that AE2 is evaluated only once in each pass through

the loop, since it may be a procedure with side effects (only Randell

and Russel, in Rl, seem to get this right).

The for-loop

for v := AE while B do S; is equivalent to

again:v := AE;

if B then S else goto finish;

goto again;

finish:....
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Finally, the for-loop -
for v := FLE,FL do 8; is equivalent to
‘for v := FLE do S; for v :=FL do S;

The treatment of gggléariables is as follows. Firstly, for any
own variable in a program, all occurrences of that own variable are
altered to scome identifier which occurs nowhere else in the program.
fhen, all tne declarations of own variables are moved to the head of the

program. Thus the program

erd
beoin

.1
procedure r;

begin own integer a;

L

begin own real a;

a := at2;

end;

own boolean a;

end
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would become:

begin own boolean at;

own integer aff;

own real a*f+;

procedure r;
begin

a“"" 2= a+++2;

end.

This is only one of the several conflicting views of what the declaration
of own variables should mean, and the matter usually provokes hot

discussion. I do not intend to pursue the matter further.



174

4.6.

I must now give the precise definition of éhe I.S5.C.E.M.0. machine.
The outstan@ing difficulty of such a specification (since I am ignoring
data-types) is the specification of the . Memory, and the transformations
aséociated with it. The obvious method of specifying addresses is to
have the Memory a list or group, and each address one of the list or
group selectors 'nth' or 's{n)'. This necessitates having a secret
counter kept in the memory, so that the machine can "remember" the next
address to be allocated. A big problem is how to represent arrays.

The straight forward way is to have an array as a list, or group whose
elements are selected by consecutive selectors. Two—-dimensional arrays
would then be 1-D arrays whose elements are 1-D arrays, and so on to
higher dimensions.

If I use only lists to contain the Memory, then the y operator will
not be needed (assignment tc an address being by taking off the first
and last part of the memory list, and then inserting the new value in
the middle, discarding the old value), but some nasty programming results
(but see section 5.5.3.). Og'the other hand, if groups are used, then
the ﬁ operator w?l}ﬂbe needed, but simpler programming results.

When the machine comes to the subscripting functions, it has to be
able to tell whether an address or the array itself lies below the subscript
list, so consequently it must be able to recognise an address when it sees
one. I therefore keep an address as a composition of selectors, and also
represent the Memory as a group. Thus the address 1, . . is held

L sae g
lll 27 rt,.

as the function s(ir)'s(i )-...-s(il).

r-1

The total contents of the I, S, C, E, M and O components of the

machine at any time will be called the configuration of the machine: the
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total amount of information necessary to continue the computation
- unigquely. The contents of the S, €, E and M components will be
called the state of the machine; the total amount of information
necessary to continue the computation for any given input.

I can now give the definitions of a configuration, transform

and initialise.

Definition of a configuration:

"

configuration =
<input = identifier-list,
state = <stack = <g¢-markervaddressvstack-item>-list,

control = <e-markervcontrol-item>-list,
environment = <top:<identifier,primitive~ocbject>-list,
static~chain:environment,
dynamic—~chain:environment>vPE,
memory = <count:nni,store:<stack-itemvstore>-group>>,
output = identifier-list>. |
address = primitive-cobject.

stack-item = primitive-objectv

A-closure = <i-marker-part:i-marker,
e-marker-part:e-marker>v
§-closure = <§-marker-part:S-marker,

e-marker-part:e-marker>Vv

stack~-item-list.
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control—item = jdentifierv

~ A-markerv
S-markerwv
A-markerv
applierv
assignerv
subscriptervy
choicev
tupler = <tuplicity:nni>V
formarrayv

contents-ofv

.
Juiipv
voiderv
readv
print.

e-marker = environment.

A-marker = <recursiveness:truth-value,

bound-variable—list:identifier-list,

body:control-item-list>.

§-marker = <body:control-item-list>.

p—marker = <body:§-marker>.

From this definition, I have the following predicates, selectors
and constructors, with abbreviations I shall use in brackets: is-input,
is-state, is-stack, is-control, is-environment (isenv), is-memory, is-output,
is—address (isaddr), is-stack-item, is-control-item, is-top, ig-identifier(isid)
is-primitive-object (isprimab), is-PE, is-)~-closure, is-)-marker (is)exp),
is~§-closure, is-S8-marker (isfexp), is—A-marker(isAexp), is-applier (isy),

is-assigner (is«), is-subscripter(isc), is-choice (isif), is-tupler,
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is-formarray, is-contents-of (isC), is-jump(isJ), is-voider(isv),

i is~read and is-print; s-input, s-state, s-stack, s—-control,
s-environment, s-memory, s—-output, s-top, s—identifier(id),
s-primitive-object (primob), s-static-chain(sch), s~dynamic-chain(dch),
s-count, s-store, s-A-marker-part (Apart), s-€-marker-part (epart),
s-S-marker-part (Spart), s—tuplicity, s-recursiveness(rec), s-bound-
vériable—list(bvlist) and s-body; c-configuration(c-f), c-state(c-s),
~c¥environment(c—envj, c~memory, c-store, c-top, c-A-closure and

c-8—-closure.
I can now give:

transform(configutation) =

]

let I input{configuration)
and S = stack-state(configuration)
Egé_c = control-state (configuration)
and E = environment-state (configuration)
‘and M = memory-state (configuration)
§é§'0 = output {configuration)
in
(isid(X) » cf(I,cs(}pokup(X,E):S,Y,E,M),O)
where rec lockup(I,E} = (isPE(E) » val(PE)(I),
isnull-top(E) -+ lockup (I,sch(E)}),
id-h-top(E)=I » primob-h.top(E),
lookup {(c-env(t-top (E} ,sch(E) ,dch(E)))),
isyexp (X} » cf£(I,cs(c-Aclosure(X,E):S,Y,E,M),0),
isSexp(X) -+ cf£(I,cs(S,append (body (X)) (¥),E,M) ,0),
isAexp(X) -» cf{I,cs (c-8closure (body (X) ,E):S8,Y,E,M),0),

ise«(X) > cf(I,cs(hS:tZS,Y,E,c—memory(count(M),u(hs,hts,store(M)))):O)f

isg (X} » cf(I,cs(subscript(hS,htS):tZS,Y,E,M),O)
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where subscript(L,V) = (isaddr (V) =+ affix(L)-V,affix (L) (V))
ygggg_zég.affixEL) = (isnull (tL} - s(hL),
affix (tL) -s (hL)),
- isif(X) * cf£(I,cs{(hS=true > htS,hS=false +-ht25):t3S,Y,E,M),O),
istupler(X) > GE(I,cs (1ist™(s) :t%s,¥,E,M),0) N
where n = tuplicity(X),
isformarray (X) - cf(I,cs(arraygroup (hS):tS,¥,E,M),0)
where rec (arraygroup (L) ,arraylist(m,n,L)) =
((isnull (L) -+ val(PE) (Q), arraylist(lst-hL,2nd-hL,tL)),
(m=n - u(arraygroup (L),s{m},c~group),
u (arraygroup (L) ,s (m) ,arraylist(m+l,n,L)))),
is2(X) + cf(I,cs((hS) (store(M)):tS,Y,E,M),0),
isd (X) - cf(I, (isSclosure (hS) + cs (voidto(E') (tS),

» append (body-§part-hS) (voidta(E') (¥)) ,E' M)),0) ‘
where rec voidto(E) » AL. (hL=E - L,voidto(E) (tL))
and E' = epart-hs,

isv (X} * cf(I,cs (tsS,Y,E,M),0),
i;env(x) > cf(I,cs{(htS=X * hS,hS=X 2> htS) :tZS,Y,dch (E) ,M),0),
isy (X) + (isprimob(hS) + cf (I,cs (apply (hS,htS):t2S,Y,E,M),0),
isiclosure (h8)} > cf(I,cs(E':tZS,append(body*kpart-hS)(E':Y),E':
c-memoryicéﬁ;t(M)+R,assign(count(M),update(hts),store(M)))),O)
where rec update(L) = (~rec-Apart—ﬁS > L,

isnull (L) - nullist

(isiclosure (hL) + c-Aclosure (Apart-hL,E'),
isdclosure (hlL) + c-8closure(Spart-hL,E') ,hL):update (tL))

é&é.ESE assign(A,v,M) = (isnull (V) » M,
u(hv,s (B) ,assign (A+1,tV,M)))
where E' = c-env(unzip(bvlist-Apart-hS,formaddrs (count (M),

count (M)+R) ) ,epart-hS,E)
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where rec forma@drs(R,Ts = (R=T -+ nullist,
s (R) s formaddrs (R+1,T) )
where R = length-bvlist-Apart-hS),
isread(X) + c£(tI,cs (val(PE) (hI):S,¥,E,M) ,0),
isprint (X) »+ c£(I,cs(tS,Y,E, M) ,represent (PE) (hS):0))
EEEEE.X = hC

and Y = tC.

Here, 'represent(PE)' is the .inverse function to 'val(PE)'; it takes
a primitive object and forms an identifier which represents it.
Difficult points are the definitions of subscript, assign, E' and

the associated chénge in the nmemory. I form a tuple with formaddrs,
and then use unzip to open it out again, rathexr than try to form the
addresses one at a time, solely for convenience.

I also have the initialising function:

initialise(I,X) = cf(acceptinput(I),cs(PE: () ,makecontrol (X):PE: (),

PE,c-memory (1,c-stoxe)), ()).
The functions ‘acceptinput' and- 'makecontrol' are not further -formalised.

As with the S.C.E. machine, this definition allows considerable
scope for "sabotage"” by the clever programmer. For example, my
definitions for subscripting allow me much more than ALGOL 60 allows;
I can subscript an array more tﬁan once. That is, if I have
array alll:n,1:m,1:p] then my machine will allow me to write

al{11{31[x], ailillj,k] or aili,j] k as well as alli,j,k].
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Chapter five

Extensions

One of the major objections to the'i.S.C-E.ﬁ.O. machine as
prgsented in the previous section, is the inefficiency of several of
the constructions used. It is my dual purpose in this chapter to
streamline the I.S.C.E.M.0. machine, and to show some generalizations
of ALGOL 60 which take advantage of the full range of possibilities of
the I.S.C.EO.F.O. machino,

The first obvious target for optimisation is the conditional state-
ment. At the moment, I use an 'if' to select one of two A-closures,
then a ‘y' to apply the selected A-closure to the null argument-list.
This then creates a null environment layer, and I then continue the com-
putation of the success arm of the conditional, after which I exit from
the null environment layer. Clearly, the null argument-list and the
extra y are redundant. Also, for ALGOL 60, the A-markers freezing
the two arms of the conditional can only be placed on the Stack in
the same environment as the one in which the if is applied, and thus
the e-marker parts of the closure will always point to the current
environment. Hence, the null environment layer is also redundant.

I could avoid the null environment layer by freezing the arms of a
conditional statement as A-markers, and allowing a §—-closure to be
unfrozen by a Y. HOWe;er, A-markers, introduced solely to facilitate
the use of J, are themselves good candidates for removal. Hence, from
now on, I do not bother with the null argument list or the vy, but allow

an if both to select the required A-closure and then to "apply” it.
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-"Rpply"” here is in gquotes to indicate that the A-closure is not
applied to an argument, nor is a new environment entered. I re-~run
the computation of Ax. (x>0 =+ xxx,x-1)5, first shown in figure A9, in

figure A38, The expression in control syntax is now

STZAlY
Al = Ax.A3A2x60T2>Yif
. %2 = kﬂ.xtchzxy
A3 E OAT.XEIT,-Y.

At line 5, an if is at the head of Control. The second element on the
Stack is chosen, énd all three top elements removed. The body of the
chosen A-closure is then put into Control, gnd the computation continues
bnormally. It might be thought that I should generalise this use of if,
and allow the two A-closures to have e€-markers different from the current
environment. However, i1if I do this, then I should also allow both
A-closures to require an argument list, and I then lose efficiency, and
also have the problem of each A-closure requiring a different number of
arguments. I therefore reject such attempts to generalise the use of
if; besides, one can always obtain such generality if desired by the
ordinary use of 1if. While I am considering conditionals, I make the

observation that the begin and end in ‘'then begin ... end else'

are redundant, the then and else being perfectly good brackets in
themselves. Likewise, 'ig_boolean b; b := read; b=y EEEE: is
easily handled on my machine, In order to allow any number of state-
ments after an else, as after a then, I must enclose the end of the
conditional with some symbol, £7 say. My conditionals now appear

as either
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if condition then statementsl else statements2 fi;

or ig_condition then statementsl fi

L1}

‘I

. vhere ‘condition', ‘statementsl' and 'statements2' can be any sequence

of statements (but 'condition' must end with a boolean expression).

-

As I have already indicated, A-markers are redundant so I now allow
a J to act on a A-closure just as it did on a §-closure, provided
that the A-closure has a null bound-variable list (I reject the
" possibility of allowing J to act on a closure requiring an argument
“list: my use of J is sufficient). Since such a A-closure is indis-
tinguishable from a procedure with no parameters, a jump now appears as
acting on a paraméterlgss procedure. Indeed, there is a considerable
similarity between parameterless, typeless procedures and labels; &o
much so that the goto symbol is actually redundant: an ALGOL 60
processor could ignore it completely. One can, in fact, eliminate all
labels and goto statements from an ALGOL 60 program by transforming
them into procedure declarations and procedure calls respectively
(*van Wijngaarden's device', W4). Since the )-calculus allows a
_X*closuré to be delivered out of the environment in which it was created
(which is not allowed in ALGOL 60), in such a case one cannot remove
everything above the appropriate e—marker from the Stack and Control,
because those e-markers will already have been deleted. In this case,
I make J add the e-markers of the A-closure to the heads of the Stack

and Control, before appending the body of the A-closure to the Control.

The next step I take is to remove the double occurrence of "A" at the
beginning of each block. At the moment, I use an ordinary A-marker to
declare the non-recursive variables and a Arec~marker to introduce the

recursive ones. Unfortunately, it is not possible to use Arec everywhere,
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as this would lead to programs running incorrectly, for example:

~

begin integer 1i;

procedure p(i); integer i;

i s= it+l;
i := read; N
print(p(i})

end,

as run in figure A39. However, I can use‘lrec to introduce the
non~recursive variables in the blockhead, since no non-recursive
variable can be initialised to a A- or d-closure. I shall however

eliminate A later on.
rec

I now note some extensions of ALGOL 60 which the comprehensive machinery

of the I.8.C.E.M.0. machine allows me. For example, the A-expression
X := y+(Ar.x := (read+z)/2; r)Q

corresponds to the illegal ALGOL 60
x := ytbegin real r; r’:= (read+z)/2; r end;

In fact, I can now allow a block anywhere that a result is required.

The last occurrence of 'r', to deliver its value, is actually unnecessary
in this case, since 'r := (read+z)/2' will deliver the required value.

I can also write expressions such as
ig_b>0 then a else b fi.:= 0;
and I shall allow XXX := addr Xx;

which assigns the address of x to =xx. This enables me to program

list-processing algorithms. An example of a list-processing program
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is given later on.

One final step with ALGOL 60 is to clean up my inefficient storage
allocation, and remove some of the large number of contents-of
operators which are required at present. At the moment, I allocate
storage for procedures and labels, even though I cannot assignvto them.
From now on, I return to my original S.C.?. mechanism for applying a
~A-closure, and use an explicit storage raising function 'S' to create
%ddresses. This gives me greatly improved storage handling facilities,
and a much more efficient parameter-~passing mechanism. Now, all para-
meters are called by value; call by reference is an address called by
value, and call bglname is a procedure called by value. This is not
however the call by value of ALGOL 60: one ﬁow cannot assign to a
parameter called by value, since what is passed is a value and not an
address, nor is any address created. I have already hinted at call by
reference in the program of figure A37b, but my new method is more
efficient. I run the program of figure A26 again in figure A40, but

now written in ALGCL 68 and on my new machine.

begin bool x;

proc p = (ref bool a)void:if read then p(a) else gla) fi;
proc q = (ref bool a)void:if read then pla); a := ~a fi;

X := read;
pix);
print{x)

end,

and partially translated:
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begin,ref bool x = loc bool;

bt
proc p = (ref bool a)void:if read then 4p(a) elsesq(a) fi;
proc q = (Gref bool a)void:if read then 7p(a); gd = ~a

else 9skiE £i;
X = read;
10P (x);

llprint(x)

end.

The brevity both of the compiled code and of the program run as compared
with that of figure A26 is remarkable, especially the passing of the

parameters.
5.2,

As indicated by the previous example, the alterations presented in
this chapter so far have been motivated by a consideration of the
possibilities of ALGOL 68. I now consider how I am to deal with programs

containing constructions of the” form:

begin int x;
X := read;
real r;

Certainly, this is equivalent to

begin int x;
real r;
X := read;

css sy
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but I cannot perform a similar transformation to the following piece

of text:

begin int n;
read (n);
[1:nlreal al;

*eoe

Also, as the machine stands at present, storage locations to be bound
to a variable in a A-marker must be allocated before the A-marker is
applied. If I try to implement an efficient stofage scheme, where
variables disappear on exit from the block in which they were created,
this is intolerable. For both of these reasons, I separate the
function of environment entry from that of binding variables to their
arguments. From now on, I use ) in the usual way, but modify the
S-markers so that they have a bound-variable list. When a d§-marker
reaches the head of Control, the identifiers of the bound variable

list are coupled With the arguments of an argument list ready on top of
thé Stack, and these identifiers are added to the current environment.
The §-body is added to Control in the usual way. I must check that
the identifiers added in this way are not already present, otherwise
chaos will ensue. I do not now need Arec for recursive variables,
since I shall enter an environment, the A-marker which denotes the body
of a procedure will be turned into a A -closure with the current environ-
ment as its e-marker, and when a d-marker reaches the head of Control,
the procedure identifier Qill be added to the current environment,

coupled with its thus "updated" A-closure.
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The I.S.C.E.M.O. machine, with all the alterations to it so far
considered, can handle very sophisticated programs indeed. For
example, the following program can be handled with ease, after one trivial

modification:

" begin struct node = (ref node left,string val,ref node right);

node tree := (node := (nil,"bob",nil),"jim",ncde := (nil,

"sam",nil));
proc postwalk = (ref node root)void:if root :#: nil then
postwalk (left of root); (9)
print(val of root);
postwalk (right gf_root) £i;

postwalk (tree} -

end.

My modified &-markers mean that an address may be created on the Stack
before being bound to a variable. If I now assign to that address, I
will lose it forever, since the result of an assignation is the value
assigned. Consequently, I alter assignments so that the result of an
assignation is the address assigned to. Program (9) partially translated

is

begin

I—2

2mode node = struct(ref node left,string val,ref node right);

3ref/node tree = heap node := (heap node := (nil,"bob",

nil) ,"jim" ,heap node := (nil,"sam",nil));

proc postwalk = (,ref node root)void:if root :#: nil then
gpostwalk (left of root);
gPrint(val of root);

7postwalk(right of root)

else 8skip fi;
postwalk (tree)

end,
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and hence in control syntax is.

(Sl = 6TT.TO)\2Y

= — L1} 114 e o 1] " £
xz Z Aw.SS0 ?ob QT3+ Jim"SQ"sam QT3+T3+A4T263
6, = 8 (txree,postwalk).tree T, postwalky

-
11}

4= lroot,keksrootQTzﬁYif

15 = M.rootl‘l‘ld ¢ Ty ]:gostwalkyé6

§6 = Gw.rootZTlosprint67

67 S 6n.root3’I‘10f§ Tlpostwalky
'18 E AW, .

and is run in figure A4l.

-1

I can even run programs such as the following, which is not legal

. ALGOL 68:

begin op o = (proc(real)real f,g)proc(real)real:

proc (real x)real:f{g(x));

proc(real)real sincos = sinocos;

print(sincos (0})
end

In this program, the routine which is the result of © is local to the
body of ©, and thus the identity declaration sincos = sinocos 1is

illegal. However, on the I.S.C.E.M.0O. machine, it runs perfectly well,

lbegln2

'aopc>=(ﬁproc(real)real f,9)proc(real) real:

proc(real x)real:f(g(x));

6proc(real)real sincos = sinocos;

print(sincos (0))

end,
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or, in control syntax,

(=]
m

1 cW'TOJ\ZY
12 E AW.A4T163
63 = So.sin cos TzoyTIGG
14 = Mf,g).)\5
Ao =

5 Ax.legyTlfy

(o
b

6 = Gsincos.OTlsincosyprint.
as seen in figure A42.

Two alterations to the machine I have not dealt with, but must mention,
are thé following: As already noted in chapter three, for ALGOL (either
60 or 68) programs, the static tree of a computation is always a subtree
of the dynamic tree for that computation. This allows one to deallocate
an environment after exit from it, since one will never be able to
reenter it. Hence, I could if I wanted merge the Stack and Environment
components of the machine into one "superstack"”. Also, in ALGOL 60

(but not ALGOL 68), constructions like the following are forbidden:
X := x+if y>1 then z+2 else goto alamm fi;.

And, on exit from blocks and procedures (except for exit from a type-
procedure), the Stack is always empty.' These two facts make it the

case that a J at the head of Control will never cause anything to be
reﬁoved from the Stack. Hence, the environment markers in the Stack can
be omitted. Since these possibilities are not open toc me when imple-
menting the full A-calculus (which, with my new mechanisms, I can do just
as efficiently on the I.S.C.E.M.O. machine as on the S.C.E. machine), I

have left these modifications to one side,
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I must now

and initialise,

Definition of a

configuration

<input =

state
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give the new definitions for a configuration, transform

configuration:

identifier-list, .

<stack = <e-markervstack-item>-list,

control = <eg-markervcontrol-item>-list,

environment = <top:<identifier,primitive-cbject>-list,

-1 statlic~chain:environment,
dynamic~chain:environment>vPE,

memory = <count:nni,store:<stack-itemvstore>—group>>,

output = identifier-list>,

stack-item = pri
add

A—cC

sta

mitive-objectv

ress = primitive-objectv

losure = <A~marker—part:l-marker,
'g~marker—part:s-marker>v

ck-item-list.

control-item = identifierv

A

§

-markerv

-marker v

applierv

assignerv

=4

ubscripteryv

choicev

tupler = <tuplicity:nni>v

g

enerator vy
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formarxrayv
contents-of v

jumpv .
voiderv

readyv

print,

¢-marker = environment.

1

A-marker = <bound-variable~list:identifier-list,
body:control-item-list>.
§—marker = <bound-variable-list:identifier-list,

body:control-item—-list>.

ot

I have the same predicates, selectors and constructors as before, with
the exception of is-8-closure, is-A-marker, s-recursiveness, s-3-marker-
part and c-8-closure, and the addition of is-generator(iss). Since
there is now only one type of closure, I abbreviate is~-A-closure to
isclosure and c-A-closure to c-closufe. I allow an address to be
a stack-item so that I may form arrays of addresses, and also for ease
of definition of the environment and memory components.

I shall need the functions member(x,E), which yields true
if x is an identifier in the environment layer E, and false other-
wise; and subenv(E,L) which tests if the environment E is on the

list L

memberx (x,E) (isnull(E) + false,x=id-hEvmember (x,tE)).

i

subenv (E, L) (isnull (L) » false,

i

E=hL -+ true,subenv(E,tL)).

Bere, the "=" in “"E=hL" is the predicate of eguality between environments.
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I can now give:

transform (configuration) =

i

let T = input(configuration)
and § = stack-state(configuration)
gn_c‘_i_c = control-state (confj:guration)
and E = environment-étate {configuration)
_a.;ni M = memory-state (configuration)
: 59_@_ 0 = output (’configuration)
in
kisid(x) + cf(I,cs (lookup(X,E):8,Y,E,M),0)
_vilf_l_e_r_e_f_e_c_:_ lockup(I,E) = (isPE(E) -» val(PE) (I},
isnull-top(E) + lookup(I,sch(E)),
id-h+top (E})=I +» primob°h-top (E),
lookup (c-env (t-top (E) ,sch (E) ,dch(E)))),
isyexp(X) » cf(I,cs(c-closure(X,E):8,¥Y,E,M),0),
isgexp (X} » c£(I,cs (tS,append(body (X)) (¥),
c~env{update (unzip (bviist (X) ,hS) ,top (E)),sch(E) ,dch (E)) ,M),0)
where rec update(L,E) = (isnull (L} + E,
~member {id-hL,E) -+ update(tL,postfix (hL) (E)),
ise(X) > cf(I,cs (té‘:Y,E,c-memory (count (M) ,u (hS,htS,store(M)))) ,0}),
iso (X) »+ cf(I,cs(subscript (hS,htS) :tZS,Y,E,M) Q)
where subscript(L,V) = (isaddr (V) + affix (L) -V,affix (L) (V))
where rec affix (L) = (isnull(tL) -+ s (hL),
) affix(tL) *s(hL)),
isif(X) » c£(I,cs (t3S,append((gpart-htS=EAspart~ht25=EA
isnull‘bvlist')\part-AtSAisnull‘bvlist')\part-htzs >

body.” Apart((hS=true - htS,hS=false - htzs) ))) (¥),E,M),0),

istupler (X) + c£(I,cs(list”(s):t"s,¥,E,M),0)
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where n = tuplicity(X),
©1i88(X) * cf(I,cs{s(count(M)):8,Y,E,c~memory (count (M)+1,store(M))),0),
isformarray (X) + cf(I,cs{arraygroup (hS):ts,¥,E,M),0)
where rec (arraygroup (L),arraylist(m,n,L)) =
({isnull (L) =+ val (PE) (Q) ,arraylist{lst-hL,2nd-hL,tL)},
{(m=n + u{arraygroup(L),s(m),c-group),
# {arraygroup (L) ,s (m) ,arraylist (m+1,n,L)))),
is&(X) + cf(I,cs((hS) (store(M)):tsS,¥Y,E,M),0),
isJ(X) =+ c£(I,(isnull-bvlist-Apart*hS - cs(voidto(E') (tS),
append (body -Apart-hs) (voidto (E') (¥)),E',M)),0)
where rec voidto(E)} = AL. (subenv(E,L) =+ voidto (E) (tL) ,E:L)
and E' = egpart-hs,
igv (X) > cf{I,cs(tS,Y,E,M),0),
isenv(X) + cf(I,cs((ntS=X + hS,hS=X - htS):ts,¥,dch(E),M),0),
isy(X) + (isprimob (hS) » cf (I,cs (apply (hS,htS):t2S,¥,E,M),0),
isclosure (hS) -+ cf(I,cs(E‘:tzs,append(body'lpart-hS)(E':Y),
E',M),0)
EESEE.Ei = c-env (unzip (bvlist*Apart-hS,htS),cpart-hs,E}),
isread(X) » cf(tI,cs (val(PE) (hI):S,Y,E,M),0)},
isprint(X) + cf(I,cs(tS,Y,E M), ,represent (PE) (hS):0))
where x = hC

and ¥ = tC.
Initialise is as before:

initialise (I,X) = cf (acceptinput(I),cs(PE: () ,makecontrol (X) :PE: (),

PE,c-memory (1,c-store)), ()).
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I now give an extension to the I.S.C.E.M.0. machine, to enable

it to handle the case clause:

case integral-expression in S_, Sz, ooy Sn out S esac

1

where 'integral-expression' is any sequence of statements ending with
one that yields an integral result, and S, Sl' Sz, crey Sn are any
statements whatever (and they may yield a value). This is rendered in

contrel syntax as
.2 T int - i
_ AOALAZ in n integral—-expression case

where AT .S, Ai = xn.si, for liiin,

i

.o

and case has the following effect. When a case is at the head

of Control, if the head of the Stack has tﬁe value i, then the ith.
A-marker from the second element on the Stack is chosen and "applied".
If i is out of range (i.e. less than one, or more than the number of
markers in the list), then the third element on the Stack is chosen
and "applied". '

This renders if redundant, since the conditional expression

iﬁ condition then S, else S

1 2 £

is equivalent to

case abs condition in S, out S, esac.

1 2

‘

Here, abs applied to a truth-value yields 1 for true, and O for false.
n

Thus, if ‘condition' is true, the one and only element in the "success

list (Sl) is chosen; and if it is false, then the "default" option
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A Y

chooses Sz. However, in praq?ice one would keep both the case
and if control items. As with if, I eschew any attempts at
generalisations.

I therefore make the following alterations to the definitions of
a configuration and transform. In the definition of a configuration,
I must add the line "...vcasev...". This gives me the predicate
iscase. In the definition of transform, I must add after the section

beginning with "isif(X) -»" the section:

"iscase (X) -+ cf(I,cs(t3S,append((hS‘OVhS>length(htS)+
(Spart’htZS=EAisnull'bv1ist°Apart-htZS - body-xpart-htzs),
check (htS,E) + body-Apart-elem(hS) (htS))) (¥),E,M) ,0)
where rec check(L,E) = (isnull(L) + true,

gpart-hL=EAisnull-bvlist-Apart-hLacheck (tL,E)),".
5.5.

In this sub-section I shall outline those directions for future

" research which I should like to see carried through.
5.5.1.

One important area for future investigation is the notation and
machinery needed to accommodate parallel processing, or collateral
evaluation. Parallel processing is the evaluation of more than one
expression at the same time. On the blackboard machine, this could be
accomplished by allowing the Control and Stack lists to become forked
at an e-marker. The elaboration of the several arms of the Control

could then proceed in parallel. This allows blocks and procedures to
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be elaborated collaterally. Fach branch of the éontrol (a2 "task")
has access to the identifiers«and values in the common stem of the
Environment. Within each task evaluation is performed serially.
Incidentally, coroutines are tasks with no common Control stem, that is,
the Control forks at the PE marker. This idea can be extended further
by allowing the Control and Stack to fork at any point, to allow the
collateral elaboration of expressions such as formulas and assignments.
Then, an expression such as x+y would be elaborated byAhaving b4
and y placed onto the heads of a forked Stack, and the + would
operate on the two heads, vielding one result (thus "unforking™ the
Stack). An example of such an extended version of the I.S5.C.E.M.O.
machine elaborating the program
par(x[i] := i := i+l,
- (10}
x[i] := i := i+l); print(i,x)

in an environment where i is 1, and x is a ref[l:3]int initialised
to (1,1,1), is shown in figure 243. Only one of the many possible

elaborations is shown. The translation of (10) into control syntax

would be:
§
2 -
§. = &7 5
*18
1 3 4
b4 lsTlc
§, = &m. {i }+€ “v
iclr, . +
2
x 181 .0
§. = 1

= 8w, <y
3 i e
iClT2+

= §w.i€print x1T

O
4l

lcéprint x2T.olprint x3T g¢print

1 1
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However, formalising this presents problems, both in the definitions

of the data structures used, ;nd in the function transform. The data
structures must cater for the Control lists to split into two or more
parallel lists at any point, and to rejoin again later on. This could
be done by having the elements of Control a control-item-group. For
transform, a method must be devised so that upon reaching a fork in

the Control list, the Stack is forked and elaboration of all arms of

Control proceeds collaterally. During such a time, transform must

- -allow each task unimpeded access to the shared part of the Environment,

with some method of resolving simultanecus accesses. Furthermore, some
method must be devised such that when two or more control paths rejoin,
elaboration of each arm stops upon reaching the junction, and no further
progress is made until all arms have been elaborated up to the junction.
Further, such a method must allow for all control paths to be terminated
upon one of the control paths being prematurely terminated, e.g. by a
goto. Also, provision must be made for arms being elaborated collater-
ally to signal to each other, possibly by means of semaphores[Dl]. It
nay be more convenient to suppose an instruction-sequencing mechanism as
in VDL[L5]. There, one of the set of all possible next instructions
to be elaborated is chosen at random. If this should prove to be so,

then a defining machine and programming language on the VDL pattern may

be more appropriate.
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5.5.2.

VKA second important area for future research is that of modes,
or the tagging of data items as belonging to one of an infinite number
of different data types. Certainly, the defining machine has no
problems here: each mode égn be assigned a numeral, and a numerical
tag assoclated with each data item. The primitive operations can then
be made to be undefined if the modes do not match. However, a coherent
system 1s needed; 1t is not even certain what primitive modes and'mode
defining facilities are "best"™, but I believe the ALGOL 68 notion of
MODEs[W5] to be a step in the right direction. Difficulties here are
that values of one mode often need to be coerced to some other mode.
This can be achieved b& having the apply function, assigner, subscripter,
etc. coerce their argquments to the reqguired mode, or by inserting
specific coercion operators into the expressions. This second course
is not open if a dynamic mode system is used, that is, if the modes of
operands are only checked at run-time, and are not required to be
consistent at compile-time. While every value has a definite mode, a
variable may be required to receive values of more than one mode. Thus
a defining machine must be prepared to keep a list of the possible
values that a variagie may receive (although this information can be
built into the mode, see W5), and a tag giving the mode of the value
currently held. It may be desirable to have a variable able to receive
values of any one of an infinite number of modes, for example, variables
of mode general, or of mode printtype (which could contain any value
capable of being printed). Also, circular (recursive) médes [ws,m6]
are certainly required in a practical system. Thus it appears that a

mode has much the same form as a constructed object (see chapter 2),

and can be represented as a graph. Standish, in S1, considers modes

in great detail.
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5.5.3.

In Chapter 5, for efficiency I separated the acFion of environment
enﬁry from that of binding variables to their wvalues. Since the
_A-calculus is the most natural way of looking at procedure definition
andfactivation, can the A-calculus be modified to mirror my ad hoc
invention rigorously? Or, should we take the unmodified I.S.C.E.M.O.
machine as a basis for more advanced machines and not worry about a
theoretical interpretation? For example, languages which are defined
such that it is always the most recent wvalue associated with a variable
which is retrisved, can be implemented simply on the I.S.C.E.M.O.
machine by eliminéting_the static chain. This seems to have no
theoretical counterpart, because the environment component of the

machine remembers substitutions already performed. Thus accessing

the "wrong™ value would cause in a theoretical model the alteration of
B-reductions already made.

A difficult problem, mentioned earlier (section 2.2.), is the
simulation of p in the )}-calculus. Since the j-calculus is a universal
computing agency, it must be possiﬁle to do this. The problem is
intimately linked w;;h that of representing the data structures
defined by SDs within the )-calculus. This must be possible with a
carefully-enough designed coding of graphs. As discussed in section 4.6.,
it is not necessary to use y in my definition of transform there. This
is because the data structures involved do not contain loops, despite the
apparent loogs formed during the updating of )-closures by Arec' The
last portion of any such "loop" is in fact an address, which is held as
a function, and not as a pointer into the store. It is not possible,
however, to avoid the use of Y in my definition of the transform of

section 5.3.. This is because a constructor constructs a new node, and



200

links it to the arguments of ghe constructor {which are shared).

uwThus in effecfing the updating of an environﬁent by a §—-marker, the
state contains the updated environment, but an e¢-marker pointing to
that environment in any A-closure added during the updating will still
point to the old environment node, replaced by the constructor, and thus
only to those parts of the environment which were present before the
updating. This occurs whether the defining machine copies or shares

arguments.
5.6.

I shall end on a point of fundamental significance. Namely, it is
impossible to use my defining machine to define itself. That is, one
cannot write a program which defines the defining machine. The reason
for this is simple: the defining machine itself is performing the
interpretétion. One cannot use an undefined machine to implement a
definition; the defining machine must "know"™ how it is to perform in
crder to accomplish the interpretation of the definition. For example,
for my definition éf transform, I took the defining machine as sharing
arguments. Howeve;, this gives no information as to the argument passing
policy of a machine interpreting the defining machine. Depending on
how the program representing the defining machine is written, such an
interpreter could either copy or share arguments, or perform a mixture
of both. Hence, the defining machine cannot specify exactly how it
treats arguments, since fhis depends on how arguments are treated by
its interpreter. Writing a program to igplement a defining machine
which coples arguments is useless if its interpreter makes only oneﬂcopy
of every constructed object. Expressed in another manner, for any

program which purports to define the defining machine, I can write an

&
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interpreter which implements the program correctly, but in a manner
‘different to the one specified by the program. It is for this reason
that an algorithmic or formal language cannot define a machine; there
’ must be some machine already in existence to interpret the definition
of such a language machine, There is an infinite regression of
machines here; clearly (since computers do actually work), this
infinite regression must be cut short at scme point. It is cut short
by a human being, who can supply the necessary intelligence to get the
process started. This is clear; to define a machine a semantic
definition is regquired, a syntactic description (a program) is useless
unless a semantic description of the program's interpreter is given.
All the synt;x iﬂxthe world is useless without an intelligent being to
interpret the symbols used. Looked at in this manner, G8del's theorem
on the incompleteness of First Order MNumber Theory is obvious. No
axiomatisation (syntactic description) of an inherently meaningful
system cé; possibly hope to be complete. Certainly, a program meant
to define the defining machine can be written, and a statement can be
made that the interpreter of the defining machine works in the same
manner as the defining program. This however requires some covering
statement in English to accompany the program, and is an act of faith
which cannot be formalised. There is no possible method of preventing
an interested reader from misunderstanding the program, and hence
‘misunderstanding the action of the interpreter, and for these misunder-
standings to be consistent. There is no method of guaranteeing that
two people will not read the same definit}on, and understand different
things by it. This is well known; one can never be absolutely certain
that what you understand something to mean and what another person

understands that same thing to mean are in fact the same. One can only
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’usé words to communicate, and all words, the definitions of which one
- may quéry, are defined in terms §f other woxrds. r For this reason a
dictionary is useless since it defines words in terms of other words;
if you know no words to start with, you can never know. There must be
an end to this infinite regression somewhere, and this end is in the
intelligence of human beings, in a few basic words the definitions of
which are known, and in terms of which all other meanings can be given.

A
Likewise, mathematics assumes the definition of a set, it can never be
defined in terms of simpler constructs; only equally undefined synonyms
such as “collection®, "ensemble®, "group", etc., can be given. Thus, at
the back of the mind of every intelligent being there must be a basic
machine (interpreter) or "primitive envirogment“, which is "built" into
the genetic code and supplies the ultimate semantic definitions of all
syntactic constructions encountered during the lifetime of the being.
This also is well known; one cannot teach in a vacuum. All teaching
is performed by introducing new concepts, definitions and ideas to the
pupil in terms of what is already known and understood by the pupil.
That is, in terms ultimately understandable by the primitive environment.
Hence, all teaching merely tells the pupil something he already knows,
although he may pogw?e aware that he knows it. For example, it is
possible to use the VDL interpreter[L5] to define itself superficially,
but this requires the interpreter to be already programmed with the action
of 1 and the non-deterministic selection rule. Thus any “definition" of
VDL is in terms of VDL itself and hence undefined. So, any human beings
who wish to learn VDL must already have an appreciation of the action of u

{(or an equivalent action) before they set out to learn the language.
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APPENDIX A

figures Al -~ A43
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APPENDIX B

Figures Bl — Bl4
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