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Abstract

In this thesis we prove an integrated local energy decay estimate for axisymmetric solutions to the Teukolsky equa-
tion on slowly rotating Kerr exterior backgrounds. We employ physical space transformation theory based on
fixed-frequency theory of Chandrasekhar (as was introduced in [12]), resulting in a generalised Regge-Wheeler
type equation. This allows us, under the assumption of axisymmetry, to use entirely physical space methods. This
is convenient for potentially proving a non-linear stability result (restricted to axisymmetry) for slowly rotating Kerr
spacetimes. We also prove an integrated local energy decay estimate for solutions to the homogeneous generalised
Regge-Wheeler equation on Kerr exterior backgrounds for the full subextremal range of Kerr parameters.
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1 Introduction

An important open problem in general relativity is the stability of the Kerr family of black hole solutions of the
Finstein vacuum equations
Ric(g) = 0. (1.1)

The ultimate goal is to establish nonlinear stability of the Kerr family of spacetimes (M, gp1,) (Which includes the
Schwarzschild family (M, gpr) with a = 0) in the context of the initial value problem for (1.1). The analogous goal
for the Minkowski space, the trivial solution of (1.1), was achieved in the monumental work of Christodoulou and
Klainerman [10] in 1993. Since then, alternative proofs for the nonlinear stability of Minkowski space were found.
For example, in 2010 Lindblad and Rodnianski gave an alternative proof utilising a harmonic gauge (see [27]).

An important intermediate step towards this goal is to prove linear stability, i.e. boundedness and decay statements
for the linearisation of equation (1.1) around the Schwarzschild and Kerr solutions. In their paper [11], Dafermos,
Holzegel and Rodnianski provided a complete study of the linear stability of the Schwarzschild solution. A key
step was proving boundedness and decay of solutions of the so called spin 2 Teukolsky equation.

In their next paper [12], Dafermos, Holzegel, and Rodnianski extended their boundedness and decay results for
the Teukolsky equation from the Schwarzschild case (a = 0) to the slowly rotating Kerr case, corresponding to the
values of parameters |a| < M. One of the difficulties the authors faced passing from the a = 0 case to the |a| > 0
case was the fact that trapped null geodesics no longer approach a zero measure set {r = 3M} in spacetime. In-
stead, trapping occurs in a range of values of r. This is an important obstacle because integrated local energy decay
estimates (or "ILED" estimates for short) that do not lose derivatives must degenerate where trapping occurs (see
[39] and also the classical [37]). The authors dealt with this obstacle by using frequency localised analysis in the
region where trapping occurs.

In addition to [11] and [12], other imporant contributions towards stability of the Schwarzschild and Kerr solution
have been carried out in the recent years. Namely, for Schwarzschild, see [25] and [13], and for Kerr, see [3], [24],
[23].

In this thesis, we restrict to axisymmetric solutions. This results in the following simplifications in the analysis:

1. The usual issue of superradiance on Kerr is overcome easily (see discussion in the beginning of 1.5.1). We are
therefore able to obtain a coercive energy on spacelike slices.

2. Trapped null geodesics asymptote to a single value of ¥ = rap, akin to the Schwarzschild case where this
value rirap is equal to 3M (where M is the Schwarzschild parameter).

3. The Teukolsky equation and the associated transformation theory simplifies considerably,

as certain terms vanish.



These simplifications allow us to give an alternative proof of boundedness and decay of axisymmetric solutions of
the Teukolsky equation on Kerr, using entirely physical space methods. This in turn may allow one to directly
employ the approach of [13] to prove a restricted (to axisymmetry) non-linear stability result for slowly rotating
Kerr spacetimes.

1.1 Teukolsky and (generalised) Regge—Wheeler equations

The Teukolsky equation on a Kerr background is:

lilgls] — mga[suz;(r_ ol 22( Cosﬂ>awm

sin? 6

25 [ M(r* —a?) )
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(1.2)

where
A =1*+a* —2Mr,

p? =1* +acos? 6,

s € %Z is a spin parameter, and g = gum, is the Kerr metric (see Section 2). For us, the values s = 32 will be
important, where a[*2) are spin 42 weighted complex scalar valued functions (see Section 2.2.1 of [12]).

To introduce the history of the Teukolsky equation, one must first step back and discuss briefly the history of
the study of the equations of gravitational perturbations around Schwarzschild (meaning the linearisation of (1.1)
around Schwarzschild) and Kerr families of solutions. This study for the Schwarzschild case was initiated by Regge
and Wheeler in 1957 (see [34]) and continued in 1970 by Vishveshwara [43] and Zerilli [46]. An alternative ap-
proach using the Newman-Penrose formalism (see [31]) was introduced in 1973 by Bardeen and Press [6] for the
Schwarzschild family, and extended to the Kerr family by Saul Teukolsky [42] in the same year. A major upshot of
these works was the realization that various curvature components (with respect to a null frame) satisfy a decou-
pled wave equation - the now called Teukolsky equation.

In particular, Teukolsky identified two gauge invariant quantities that decouple from the system obtained by lineari-
sation of (1.1) around the general Kerr solution. These quantities correspond to the extremal curvature components
in the Newman-Penrose formalism and can be represented by (spin +2 weighted) complex functions a[*2/ satisfy-
ing respectively the spin 2 Teukolsky equation (1.2).

Other values of spin s are also important.

1.1.1 The case s = 0 (the wave equation)

In the case s = 0, the equation (1.2) reduces to the homogeneous covariant wave equation on a fixed Kerr back-
ground

1
0=0a:=V*V,a = —0 —ooto,u), 1.3
3 p f_gu(v 88" dva) (1.3)

where & = a[% is now a scalar. Equation (1.3) carries a significant amount of importance in its own right, as it can be
viewed as a poor man’s analogue for the more complicated problem of gravitational perturbations. A lot of work
has been done on equation (1.3).

In 1987, Kay and Wald [26] proved boundedness for solutions of the scalar wave equation on Schwarzschild (i.e.
(1.2) with s = a = 0) posed as a Cauchy problem with regular localised initial data. Already in this early work,
non-trivial issues arise on the event horizon. This has to do with the fact that the Killing field d;, which is timelike
in the exterior of Schwarzschild, is in fact null on the event horizon, leading to a bounded energy that degenerates
at the horizon. These issues have been understood in a more robust way using the red-shift energy identity (see
[17] and also the notes [21]).



The s = 0 case has seen even more activity from the early 2000s onwards (see for example [4, 14, 5,17, 18, 19, 35, 21,
2, 22]) that culminated in 2016 (see [22]) in boundedness and decay results for (1.3) in the full subextremal range of
Kerr parameters |a| < M.

There are two main difficulties when passing from the a2 = 0 to the |a| > 0, namely superradiance and the fact that
null geodesics no longer approach a single value of r (as is the case in the a = 0 case with r = 3M). The latter is an
issue because integrated local energy decay estimates, an important step for proving decay of solutions, must nec-
essarily degenerate at trapping (if one wants to avoid losing derivatives). On the other hand, superradiance (first
discussed by Zeldovich in 1971 [45]), is the phenomenon that the energy flux at null infinity can be larger than the
initial energy. This is due to the fact that there exist a region (so called ergoregion) in the black hole exterior (close
to the event horizon) where the Killing field 9; is actually spacelike, and thus 0; no longer gives rise to a statement
of boundedness of a non-negative energy. It should be noted that the issues of superradiance were overcome in
the slowly rotating case |a| < M, exploiting the fact that the terms arising from 9; not being everywhere causal
are small and can be absorbed by good terms one obtains from utilising the red-shift energy identity near the event
horizon.

We now address the issue of trapped null geodesics. In the Schwarzschild case (2 = 0), trapping of null geodesics
occurs at the codimension-1 hypersurface {r = 3M} in physical space called the photon sphere. The fact that this is
a single value of r allowed for recovering an integrated local energy decay estimate (also called Morawetz estimate,
named after Cathleen Morawetz [30] who proved such estimates in the context of scattering of waves by obstacles)
by appealing to an energy identity associated with the multiplier vector field f(r)0d,, where the function f is chosen
to vanish at ¥ = 3M. As mentioned before, this estimate is necessarily degenerate at r = 3M.

In the slowly rotating case |a| < M, trapped null geodesics exist for a range of r-values in a neighbourhood of
r = 3M. This makes it impossible (see [1]) to use a multiplier vector field in physical space to obtain an ILED
estimate. This was overcome by constructing frequency-localised generalisations of physical space multipliers re-
sulting in frequency localised Morawetz estimates ([18, 22]). For this one employs Carter’s separation [8] of the
equation (1.3), as discussed in detail in section 8.1 of [19]. Importantly, for fixed frequency, trapping does happen at
a single value of r.

In the full subextremal case |a| < M the issue of superradiance poses a greater difficulty since it can no longer be
treated as a small error and is a priori coupled to the problem of trapped null geodesics. However, these issues were
overcome in [22]. The fact that superradiant frequencies happen not to be trapped and the results of [40] allowed
the authors of [22] to extend energy boundedness and ILED estimates from the a = 0 case to the whole subextremal
case |a| < M.

We should note that in the special case of axisymmetric solutions, superradiance in fact does not play a role. While
there exists an ergoregion in the underlying spacetime, the energy fluxes on the event horizon and at spacelike slices
at later times can be shown to be nonegative and one in fact can obtain an energy boundedness statement. Moreover,
axisymmetric geodesics asymptote to a single value of 7 = ryap (Which is now different from 3M) which suggests
that a Morawetz estimate can be obtained from a physical space vector field multiplier, akin to Schwarzschild.

1.1.2 The casess = +1

The cases of (1.2) with s = £1 were studied in 2016 by Pasqualotto [33] as part of an alternative proof of bound-
edness and polynomial decay for the Maxwell equations on Schwarzschild (which was first proven in 2008 by Blue
[7]). In 2017, Ma (see [28]) extended these results to the case of Maxwell equations on (exterior) Kerr (for range of pa-
rameters |a| < M), proving a Morawetz estimate for quantities (corresponding to extremal curvature components
in the Newman-Penrose formalism) satisfying equation (1.2) with spin s = +1.

1.1.3 The cases s = +2

The cases s = £2 (for a = 0) were studied by Dafermos, Holzegel and Rodnianski, as part of their study of linear
stability of the Schwarzschild solution to gravitational perturbations [11]. The main difficulty of the s = %2 case
(as opposed to the s = 0 case, say) is that there does not exist, for equation (1.2), an obvious analogue for conserved
(coercive) energy associated to the Killing field d;. To overcome this problem, Dafermos, Holzegel, and Rodnianski
employed particular transformations, as follows:



A L( i L(r%c”])), 49

where L = d; — 9y« and L = 9; + 9y« are elements of a null frame, and r* is the Regge-Wheeler coordinate, and
Or« is defined with respect to the (f,7*,6, ¢) coordinates on Schwarzschild. These transformations can be viewed
as physical space analogues of the fixed-frequency transformation theory introduced by Chandrasekhar [9] in the
context of mode decoupled solutions.

The quantities

were then be shown to satisfy the Regge-Wheeler equation

2 /o [£2
LLY!F2 4 0—2 (A[ Iy 2) v 4 02 (42 - 6?) v =, (1.5)
T T r
where oM
QZ — ]. - 7,

o [£2
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Now, equation (1.5) in fact has the usual good structure for energy estimates and thus boundedness and integrated
local energy decay estimates were obtained for ¥[*+2], Estimates for a/*2 were subsequently obtained via integrating
the transformation relations (1.4) as transport equations and employing the Teukolsky equation itself as an elliptic
relation to mitigate loss of derivatives. This led to integrated local energy decay and energy boundedness estimates
for al*2, and hence pointwise decay using the r” energy hierarchy akin to [16].

In 2017 (see [12]), Dafermos, Holzegel, and Rodnianski extended their analysis of the s = 42 Teukolsky equation
from the Schwarzschild case (a = 0) to the slowly rotating Kerr case (|a] < M), proving boundedness and decay of
solutions. The rough statement of the theorem they proved is as follows:

Theorem 1.6 (Dafermos, Holzegel, Rodnianski, 2017). Fix M > 0. There exists 0 < ag = ao(M) < M such that for all
la| < ag we have the following:

Solutions «l*2 to the spin s = +2 Teukolsky equation (1.2) on Kerr exterior spacetimes (M, g, ) arising from reqular
localised initial data on a Cauchy hypersurface o remain uniformly bounded and satisfy an rP-weighted energy hierarchy and
polynomial decay.

Passing from the a = 0 to the a < M case, the authors faced difficulties analogous to the ones encountered in the
s = 0 case of wave equation (1.3). The smallness of a helps overcoming superradiance and the obstructions to decay
posed by trapped null geodesics were overcome by utilising frequency localised energy estimates akin to [18, 22].

The transformed quantities PI*2/ of [11] from the Schwarzschild case were generalised to the Kerr case as follows:

1
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3
The rescaled quantities yi+2 = (r2+a2)2 P (2] can then be shown to satisfy equations (analogous to (1.5)) of the
form
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where 9312] are second order differential operators generalising the Regge-Wheeler operators (cases 12 respec-

[+£2

tively) appearing on the left hand side of equation (1.5), and the weights c; ] (r) are proportional to a. Once again,
these have good divergence properties that allow one to derive energy estimates. For the precise form of equations
(1.8), see Proposition 4.8 and equation (4.9).

As opposed to equation (1.5), where one enjoyed total decoupling from the Teukolsky equation (1.2), equation (1.8)
now has a nonzero right hand side. However, the right side is small in a since the weights cl.j[2 are proportional to
a. Moreover, one can integrate the relations (1.7) (and their commuted versions with Killing fields ¢, d) in order to
obtain tranport estimates that allow one to estimate spacetime integrals of terms involving al*!, Lal=2], La[*? and
their derivatives by spacetimes integrals of terms involving ¥[*2),

Note that in the axisymmetric case, the right hand side of equation (1.2) is of even lower order, since the d,, deriva-
tives disappear. As we shall see, this eliminates the need for commuted versions of transport estimates.

In addition, in 2017, independently of [12], Ma [29] gave a proof of integrated local energy decay estimates (key
ingredient to proving decay) for the s = +2 Teukolsky equation (1.2) in the |a| < M case. This work also used
frequency localised analysis in a similar way as [12].

Mode stability for the Teukolsky equation was recently addressed in [36]. See also the classical [44].

Recently, the authors of [41] studied the boundedness and decay of solutions to the Teukolsky equation on full
subextremal Kerr backgrounds. In contrast to this thesis, the authors of [41] used frequency space analysis. The
physical space approach of this thesis may prove convenient for nonlinear applications.

1.2 The axisymmetric case
We now make the assumption of axisymmetry, i.e. that we have
aq)a[s] = 0.

Thus the equation (1.2) becomes

2s

2_ .2
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Given a[*2, recall we have the transformations (1.7). Let us also label the intermediate quantities w[ﬂ], i.e. we can
write:

¢[+z] — EA*%( 2, a2)2L (Az(rz _}_az)f%w[ﬂ]) )
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where
a

O
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Here, the vector fields are T = d; and ® = d,, (see Section 2).

Remark 1.11. Note that the assumption of axisymmetry easily implies that a(plp[ﬂ} =0and B(P‘I’[iz] =0.

Remark 1.12. We have (note, the prime """ denotes derivative with respect to r*)
/
(L-L)¥F =2 (\}f[ﬂ])
and, under the assumption of axisymmetry, also

(L+L)YH*? = 21y *2],

(+2]

It can be then shown that the quantities ¥ satisfy the inhomogeneous Regge-Wheeler type equation

2
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where the operator 930 is called the generalised Regge-Wheeler operator and is defined as
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where hy, h; are functions satisfying the following:

There exist constants ¢1, Cy,¢p, Co > 0 such that for all 7 > r,.:
e < ()] < C,
c2 < |ha(r)| -7 < Ca
Hence, the Regge—Wheeler type equation we work with in the axisymmetric case is of the form

1
5
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Remark 1.14. Note that in the case a = 0 (corresponding to the Schwarzschild background), the equation (1.13) sim-
plifies. Firstly, the right hand side disappears, making the equation homogeneous in ¥. Secondly, the problematic
terms w (a? sin? TT + 4ia cos 0T) ¥ containing the second derivative TTY disappear too. What is left is a principal
part and a potential term. Thus the resultant equation in the 2 = 0 case demonstrably manifests good structure,

permitting energy boundedness and a subsequent Morawetz estimate.



We are also interested in the homogeneous version of equation (1.13), where we keep a > 0 but set the right hand
side to 0:

o |s 2_ 2 2
;(LL+LL>‘PM+w(A”+s>xy[sl+w<4 6Mr r°—a 7a2A > .

i+ 42 (r2 + a2)2

1.15
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Note this is a linear equation purely in ¥!s/, with no coupling to lower order terms al*! and /s, This equation can
be thought of as an analogue of (1.3) as a "poor man’s" model for the linearisation of (1.1), under the assumption
of axisymmetry. We shall be able to prove a Morawetz estimate for equation (1.15) in the full subextremal range of
parameters |a| < M, see Theorem 1.17 below.

1.3 Rough statements of main results

We state rough versions of main results, that are analogous to Theorem 1.6. For precise statements of main results,
see Theorems 4.20 and 4.21.

Theorem 1.16. Fix M > 0. There exists 0 < ag = ag(M) < M such that for all |a| < ag the following holds:
Let =2 be a solution to the spin s = —2 Teukolsky equation (1.9) on Kerr exterior spacetime (M, Qa,M) arising from regular

smooth localised axisymmetric initial data on a Cauchy hypersurface Zo. Let =2, ¥I=2 be as defined by transformations
(4.7). Then we have an ILED estimate of the form

/ s [¥172,yl2, ol ] drardo+ | B 902,902 6l drdo + (L+Lye2[" av,,.
R(TllTZ)

T, HT (11,12)

< C(M)/ E [‘i’[_z],l/}[_ﬂ,a[_z]} drdw,

T
where S ‘Y[_z],lp[_z],oc[_zq and E [‘I’[_z],tp[_z],vc[_z]] are coercive energy densities involving =2, w[=2, ¥[=2 and

derivatives of ¥1=2 (see Section 4.3 for definitions of energies).

Theorem 1.17. Let |a| < M and assume s = +2. Let ¥} be a solution to the spin s homogeneous generalised Regge~Wheeler
equation (1.15) on Kerr exterior spacetime (M, g, m) arising from regular smooth localised axisymmetric initial data on a
Cauchy hypersurface X. Then we have an ILED estimate of the form

/R S (¥ dtdr deo + /)2 E (%] drdeo + e

SC(M)/ E [¥¥]] drdw,

T

2
(L+ L)Y dvy,.

where E {‘I’[S]} ,5 {‘I’[S]} are coercive energy densities depending only on ¥ and derivatives of ¥15).

Remark 1.18. Theorems 1.16 and 1.17 provide integrated local energy decay estimates for solutions of equations (1.9)
and (1.15) respectively. This allows one to invoke the method (also based on purely physical space arguments) of
Dafermos and Rodnianski (introduced in [16]) to obtain also decay statements for solutions of these equations.

Remark 1.19. The estimates in Theorems 1.16 and 1.17 degenerate at the event horizon (see also Theorem 4.20 and
Theorem 4.21). One can, however, using a red-shift multiplier (see [17]), obtain versions of these estimates without
this degeneration.

Remark 1.20. To prove Theorems 1.16 and 1.17, only physical space methods are used, which is possible due to the
assumption of axisymmetry. Hence, Theorem 1.16 can be thought of as an analogue to Theorem 1.6 of [12], where
we restrict to the axisymmetric case and provide a much easier proof. On the other hand, Theorem 1.17 allows us
to extend to the whole subextremal range of parameters a < M, if we restrict to the homogeneous case.

10



Remark 1.21. One can also think of these theorems as respectively overcoming two main difficulties. Theorem 1.16
overcomes (in the small a regime) the issue of error terms coming from the right hand side of equation (1.13). On
the other hand, Theorem 1.17 focuses on overcoming the difficulty arising from the presence of the term

—w <a2 sin? OTT — 2isa cos GT) wlsl,

which appears on the left hand side of equation (1.13). Theorem 1.17 also gives us a way to obtain extra positivity
which one could potentially use to absorb error terms (coming from a right hand side of (1.13)) for larger values of
a. The next step would be to see how much can be absorbed, and (in an ideal scenario) extend Theorem 1.16 to a
result about the whole range a < M.

Remark 1.22. Regarding equation (1.15) as an analogue of the wave equation (1.3) as a poor man’s linearisation of
(1.1) (under axisymmetry), one can compare Theorem 1.17 to previous results for the wave equation. For the study
of axisymmetric solutions to the wave equation on Kerr exterior backgrounds (using frequency decomposition), see
[18]. The advantage of the setting of equation (1.15) is the presence of a Poincaré inequality for spin 2 complex
valued functions - see (1.35) and also page 18 of [12].

Remark 1.23. An estimate similar to Theorem 1.16 may be proven for the s = +2 case using similar methods. We will
just include the s = —2 case in this thesis. In the s = +2 case, the right hand side of equation (1.13) has a different
form, containing terms involving {2 and ¢[*? instead of «l=2 and (2], and energies exhibit different weights
at the horizon and null infinity. Note, the quantities {2/ and «[*? are in fact non-trivially related to each other.
For fixed frequency solutions, these relations are well known and often referred to as the Teukolsky-Starobinskii
identities (see [38]). However, we shall not be using these relations in this thesis.

Remark 1.24. Theorem 1.17 in fact extends to the extremal Kerr case |a| = M, in which case the energy densities
exhibit an additional degeneration at the event horizon (see Theorem 4.21 for details).

1.4 Notation for estimates

We define some shorthand notation that we use for estimates.
For two expression E; and E, we write
E1SE

if there exists a constant C > 0, only (potentially) dependent on M (but not on 4), such that
E; <C-E,.

Similarly, we write
E1~Ep

if there exist constants ¢, C > 0, only (potentially) dependent on M, such that
c|Ez| < |Eq1| < C|E,y|.

For example, for a function F = F(r), we will often write

F~—
)

if there exist constants ¢, C > 0, only (potentially) dependent on M, such that

c C
2 SIEM)l =

for all » > r, (here r4 is the location of the event horizon, so the range r > r corresponds to the exterior of the
Kerr black hole - see Section 2 for detail).
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1.5 Outline of the proofs of main results

In this section we outline rough sketch proofs of the main results. While this is not a precise treatment, it demon-
strates the overall logic of the proof.

We choose the foliation by constant t* (for definition of coordinates on Kerr, see Section 2) slices - for a value T > 0
define

For fixed values 72, > 171 > 0, define the spacetime region

R(T1,T2) = U 2.

71<t<n

For the reader familiar with the concept of Penrose diagram, the following picture in Figure 1 will be instructive.

Figure 1: Penrose diagram, exterior of a Kerr black hole foliated by spacelike slices extending to the event horizon.

1.5.1 Energy boundedness (up to error)

We outline how we obtain an energy boundedness (up to error) estimate for equation (1.13). For details see Section 6.

First, we briefly revisit the issue of superradiance. As mentioned before, Kerr spacetimes exhibit the presence of an
ergoregion - a region of spacetime where the vector field T fails to be causal, defined by the set {A — a? sin? @ < 0}.
Generally, this presents an obstacle for obtaining an energy boundedness estimate for a non-negative energy on
spacelike slices (see section 2.2.1). However, under axisymmetry, despite the presence of an ergoregion in the
underlying spacetime, one does enjoy an energy boundedness statement for a non-negative energy. We can easily
illuminate this mechanism in the case of the wave equation (1.3), where one has the well-known energy-momentum
tensor of the form

1
Ty [a] = 0uadye — 5 S gPr 0 O ar. (1.25)
The energy flux on spacelike hypersurfaces X+ is
1
T[a] (T,nz) = T[a] (F(L+L),n5) - MLQZT[“] (®n5). (1.26)

The vector fields 1(L + L) and ny are both future directed causal in the entire exterior of the black hole {r > r},
thus the first term on the right hand side of (1.26) is non-negative in the whole exterior. Moreover, under axisym-
metry, the second term is zero, since ®a = 0 and g(P,ny) = 0. Hence the non-negativity of the energy flux

T[] (T, ny) follows immediately.

12



If we actually calculate ¢!, we can derive
1 1 2Mr 2, 1 2
T(o) (T,m5) = 5 (14 2) @ea + 513 Gon)

| = 1+7
)1+ 2Mr p 0
e (1.27)

1 , 1 2 A—a?sin?0 2
+2p2<a s1n9870c+singq>lx> —|—T(8ﬂx) .

We can see the quantity A — a? sin®#@ in the coefficient of (B,zx)z is precisely the quantity that is negative in the
ergoregion. Under axisymmetry, the ®a term vanishes, and hence the flux reduces to

1 1 2M 1 A
T[[X} (T, 7’[2) = \/ﬁ [2 <1 + pzr) (at*zx)z + ﬁ (890()2 + ﬁ (arﬁé)z‘| ’ (128)
P2

which is non-negative for all » > r..

The flux on a section of the event horizon % (7, T2) can be shown to be non-negative using a similar argument. In
fact, one computes

Tla] (T, ny ) = (@pa)? (1.29)
on H*, for axisymmetric a.

The non-negativity of the above fluxes means that we indeed obtain an unconditional energy boundedness state-
ment.

We return to addressing the matter of energy boundedness for equation (1.13). Multiplying (1.13) by TYL! taking
real parts and integrating, we obtain, after applying the Divergence theorem, an energy boundedness estimate of
the form

E |¥6| drd L+ L)¥8124v,
/Zrz [ } rawt H+(Tlr72)|( FL¥E AV

. 242 . S (1.30)
< Yl d + Re{ — ———J68/. TYls t* ,
N/rl E [ } rdw / (r1) e{ J }d drdw

where ., )
1E [qf[s]] - ’ms} 2 rta ‘ny[s] 2L Uity 1 ’T[S} 2
AT r2 r2
Remark 1.31. Note, we may rewrite the term
2 4 2 2 2
r 1—11 ’L‘P[s] _ (r2 —|—112) A ‘A—lLT[S]

and since A~1L has a finite limit on H T, we conclude that this term degenerates on the horizon.

Remark 1.32. We see that (1.30) is only an energy boundedness estimate up to an error. However, we can see that
this error is proportional to 2. Note, in the case of the homogeneous equation (1.15) the error term is not present
and we have an unconditional energy boundedness statement.

1.5.2 Provisional Morawetz estimate

We outline how we obtain a preliminary Morawetz estimate that we use to prove the main results. See Section 7 for
more details.
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We multiply equation (1.13) by fml + f ¥ (for an appropriate function f = f(r)), and, after taking real parts,
integrating, and applying Divergence theorem, we obtain an estimate of the form

! — [s]
/R(Tl,fz) {C(LL)\W) ’(L L)Y

< /271 Termsé [‘I’[S]} drdw — /Z‘rz Termsé {‘I’[sq drdw +

2 o 18] 15|
+cé‘y(1’) v ol —l—c{; "I’[S]

2
} dt* drdw

Termsj;_,5+ {‘I’[S]} AV + (1.33)

H (11,12)

72 + aZ [S] P —/
— sl [s] [s] *
+ /R(Tl,Tz)Re { A (f Yl +2fY ) } dt* drdw,

where the coefficients c{ L-L)¥’ c; by’ c{; are non-negative functions dependent only on r.
Note that in (1.33), we lack control on the (L + L)¥!s! derivative. In order to gain control on the (L + L)¥[¥ deriva-

/
tive, we multiply equation (1.13) by y'¥l5/, for a suitable function y = y(r). After taking real parts, integrating and
applying Divergence theorem, we obtain the following estimate:

(1) ‘(L O | R ‘(L — [
Ritm) “(L+L)¥ = “(L-L)¥ =
y AT NI S
+cl (1) |V ¥ ey (r) “I’ dt* drdw
V¥ (1.34)
v [yls] [ v [ls] v [yl
< /211 Termsy, {‘I’ ] dr dw '/272 Termsy, [‘I’ } drdw + 7_l+(T1’T2)Termsy_L+ {‘I’ } AVay+
2. 2 _
+ / Re {—7”3[51 -2y‘1f[sl'} dt* dr dew.
R(1,12) A
We now add (1.33) and (1.34). We also use the Poincaré inequality (see page 18 of [12])
T 27 o [s] 2 T 27 2
/ / dg dfsin 6 ‘W ¥l > 2/ / dgdfsin 6 "I’M (1.35)
0 Jo 0 Jo
2
to obtain more positivity for the coefficient of the “I’M term.
We obtain:
2 2 2
L ){°<L+L>w(a,r) L+ DY e pywlan) (L —L)¥| + ey (a,r) [¥F }dt* dr dw
T, B N
<[ S [l v [yl
N-/Zfl {TermsZ [‘I’ } + Termsy, {‘I’ H drdw
_ [ [yls] Y |yls]
/ZTZ {TermsZ [‘*Y } + Termsy, [‘Y }} drdw
f [s] y [s] (1.36)
+ AP {TermsH+ [‘I’ } + Terms;, | [‘I’ }} dVay+

2 2 .
+/ Re{—r T 505 -2y‘P[SJ'} dt* dr dw
R(1,m) A

r2+a2 — —
Re LT84 0 pgH }dt*d dco.
+/R(Tlrfz) e{ A (f w2 ) T

We now couple the (up to error) energy boundedness estimate (1.30) with (1.36), estimating boundary terms, and
we obtain the provisional estimate:
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/2 E [W] drdw + (L +Ly¥El]” avy,.

o HH (11,72)

2
+cy(a,r) “I’[S]

2 2
" /R(T1,Tz) { c(uenye (@) [(L+ L)Y gy (@) (L= )9 } dt* dr dw

5/2,1 E [‘f[s]] dr dw

rta 96T (1.37)
Re q — b1 2y ls] } dt* drd
+/R(T1,T2) e{ A Y raw
r2+a2 — —
Re § — 3l (FeE 4 2p9E ) Y drt drd
+/R(T1,T2) e{ A J (f + fLF )} raw
2+ a? —
Re < — 3[5]-T‘P[S}} dt* dr dw.
+/7e<mz> e{ A rdw
1.5.3 Outline of the proof of Theorem 1.16
(For details see Section 9.2)
Set
s = —=2.
Recall
2., 2
_7 Zﬂ 3[72] = {12 hl . (\/Etp[fz]) +a2 h2' (“[*2](],2 +a2)7%) )
Hence we may write (1.37) as
2
Jo, B [v ] drae (L+ LY vy
Xy HY (t1,12)
Lo 2 ] T P A ) | I I -1 ol Qe
+/R(Wz){r4(r Ttrap) ‘(L+L)‘P ’ +r2‘(L L)Y ‘ + 5 "}’ ‘ A dr dew
=y JE[‘PH]] dr dw
112 W VAW 412l (2 4 22 _3 2 A drd (1.38)
: . 2) . -
+a/R(T1’TZ)Re{( 1 VAP 4 hy - al (" 4 a%) ) 2yY } # dr dew
2 . (-2] o202 -3\ . (92 ﬂ/ B
+a /R(n,Tz)Re{(hl VAP 4 hy - al 72 (2 4 a?) 2) (f‘I’ +2f¥ )}dt drdw (C)
2 . (2] N1 S SO W w1 )
+a /R(Tl,rz)Re{(hl \/ZI[J +hy - almH (" +a) 2) TY }dt dr dew. (D)

Remark 1.39. For a small enough, we can bound the coefficients ¢(; 1)y, ¢(_1)y, cy from below by the explicit
functions of r that we wrote in (1.38).

1.5.3.1 Transport estimates (See Section 8)

Note that on the right hand side of (1.38), there are spacetime error terms involving al~2 and y[~2.. A priori, one can
not absorb these by the left hand side of (1.38). We aim to bound these error terms by spacetime integrals involving
¥[-2] only, which can afterwards be absorbed by the left hand side of (1.38), for a small enough.

[-2]

15



To this end, we use transport estimates (see Section 8). We can interpret the relations (4.7) as transport equations:

3 2A3 _
L<(r +a%)%a al™ 2]> = (72+a2)2¢

A (1.40)
2y = _ 8 -2
L (\/ZIIJ ) (72_'_112)211!
Integrating these equations (after multiplying by appropriate weights), we obtain the estimates:
2 2, 2 )
/ l2 ’a[*Z](rZ +a2)f% At dr dw + rta ’a[fz}(rz +a2)*% r dew
R(T],Tz) r ZT
r ” - 32 (1.41)
S [—2]/,2 . 2
N/(Tlsz) 7’2+ﬂ2 ‘\/»#) ‘ ar drdw+/ ‘“ (r*+a°)" 2| drdw
and
r2 + a? 5
/ ‘flp[ 2]’ dt* drdw+/ ‘\Flp[ ]’ drdew
R(11,72)
: B r+a - (1.42)
S Ty (Y] ar / =
N/R(Tm) (2 ¥ a2)2 "1’ ‘ dt* dr dew + v A ‘\/&p ‘ drdew.

We see that these estimates allow us to estimate spacetime integrals of terms involving al~2 and ¢[~2) by spacetime
integrals of terms involving only ¥[~2/, which is what we need.

Note that the boundary terms in (1.41) and (1.42) come with a good sign. Below, we use these good boundary terms
to absorb error boundary terms (for example ones coming from term (D) - see below).

1.5.3.2 Absorbing errors Let us now describe how we treat error terms by absorbing them by the left hand side
of (1.38).

Terms (B) and (C) contain cross-terms of the form (=2 . ¥[=2) 4[=2 . ¢[=2] ¢[-2 . (L — L)¥[-2, and al-2 . (L —
L)¥[-2]. To treat these terms, we can just use Cauchy-Schwarz inequality and then absorb (for a small enough) the

2 2
resulting “I’[*Z]l and ‘(L - L)‘I’[*Z]’ terms by the left hand side. Of course, this approach also produces terms

that are spacetime integrals of the quantities ltp[’Z]’ and ’a[’zl ’ We can estimate these by a term of the form

2
yi-2] ‘ by using transport estimates (1.41) and (1.42).

fR(TI/TZ)

Finally, term (D) is the most problematic one. It contains cross terms of the form (=2 . (L + L)¥{=2 and a[~2 . (L +
L)¥[~2. However, the naive approach of using Cauchy-Schwarz directly won’t work due to the fact that the term

2
L+ L ¥(=2|" appears on the left hand side of (1.38) with a weight proportional to (7 — Firap )2. This degeneration
’ ( pp ght prop P 8
prevents us from using the naive approach. Instead, we use the fact that, by definition of the vector field L, we have

Tyl2 _ gl gl oyl %(L — ¥l

where we used the fact that ®¥(~2/ = 0 (by axisymmetry).

The resulting cross terms of the form (=2 . (L — L)¥[~2 and a[=2 . (L — L)¥[~2 can be treated in the same way
as the terms (B) and (C), since (L — L)¥[~? is controlled non-degenerately near Ttrap- For the other resulting cross
terms, the ones of the form (=2 . L¥[~2 and a[-2 . L¥[-2], we use integration by parts to shift the L-derivative
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from ¥1~2 to al~2 and (2], and use the fact that by definition (up to weights), we have
pl=d =L a2
w2 =L pl2,

This approach produces spacetime terms of the form

/R(Tlsz)wlp[fz](r) ‘4;[*2]‘2 A dr deo

and
/ w5 (1) ‘“[—z] ’2 dt* drdw,
R(nw) *

where Wyl-2) and w |, are appropriate weights, and boundary terms that are all proportional to a. For small 4,

these boundary terms can be absorbed by the good boundary terms coming from the transport estimates (1.41) &
(1.42) and also the ones coming from the (up to error) energy boundedness estimate (1.30).

Finally, we conclude that for 2 small enough, after coupling (1.38) with transport estimates (1.41) & (1.42), and ab-
sorbing all the error terms, we end up with a Morawetz estimate of the form:

72 2
/ ]E[‘I’[*zqdrdw—i—/ +u ‘\FI/J ‘ drdcu+/ r +11 ‘a[*z](rz—i-az)*% drdw
e, e,
+/ (L+L)yl? 2 V.
Himm) | *
+/ L=t )2‘(L+L)‘I’[_2]‘2+l‘(L L)Y ‘ + = “P[ 21\ dt* dr dw
R(um) | P B r (1.43)
2
+/ ]\ﬂp[ 21] dtdrdw—i—/ a[ A2 4 a?) 3| ar dr de
R(t,m) 2 R(11,12) 2
72 2
<[ E[v?] drdw+/ jA” Vayl2 ‘ drdw—i—/ r +” e R
T 2

2 2 2
Remark 1.44. Note, after gaining control on terms ’(L + L)‘I’[’Z] , (L — L)‘I’[’z] ‘ and "I’[’Z] ’ , We may regain con-

2
o [—2
trol on ‘V[ ]‘Y[’Z} ’ by repeating the proof but this time, instead of using the Poincaré inequality (1.35), using the
control given by (1.43).

1.5.4 Outline of the proof of Theorem 1.17

(For details see Section 9.1)

Assume
s = £2.

For the homogeneous equation (1.15), (1.37) becomes
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2
(L+L)¥F|" dvy.

/ E [WM] drdow +
5 HH (1)

2

L+ Lyehl| L— )]
+/(T1,Tz) C(HL)‘P(W)‘( +1) ‘ +C(L—L)‘Y(”f”)’( ~L)

5/;1 E [‘f[s]] drdew.

) ‘IF[S]

2
dt* drdw
} (1.45)

We can show that .
C(L+L)T(“r7’) 2 rj(r - Vtrap)Z

forallr > ry and alla € [0, M].

However, the coefficient ¢y (a, 7) becomes negative in a region around Ttrap for values of a beyond a certain threshold
(this turns out to be around a = 0.6M). To obtain more positivity, we prove an estimate of the form (see Lemma 9.1)

g 2
) (L —L)¥S| dt*drd
S o e@n [ (L -1) rde

> wls|
_/R(Tl,Tz)CW(a, r) ‘

where the coefficients cjy and c%, depend on a smooth weight function W = W(r).

(1.46)

2
dt* drdw — & (a,r) "I’[S]

2 2
drdw + & (a,r) “i’[s]
o,

Ty

drdw,

Combining (1.45) with (1.46), we obtain

'/ZTZ

T /R(Tl,TZ){c(L-&-L)‘P(ar”) ’(L + L)Y
<
<)

It turns out that, for a suitable choice of weight function W, we have the bounds

97 > g {\F[S]}/

[‘f[ﬂ (a,r “I’ (L+Ly¥8]” avy,.

] drdw+/
T1T2

2

<C‘Y(11, r)+ cw(a,r)) “{J[S]

2
dt* drdw
} (1.47)

[‘Y[S]} (a,r “I’

T

] drdw.

E [‘I’[S]] —y(a,r) "I’[

r—r
cy(a,7) +ew(a,r) 2 -

rd 7

forallr > ry, for all a < M. We obtain the estimate

/ZTZ [¥t)] dr o+ /

1 2
+/ o {ﬁ(r—rtrap)z‘(L-i-L)‘F[S] +
1, 2

N/ ‘-P[S] drdw.

(L+L)YH ’ AV

(t1,72)

r—rg4 2
— ‘T[S]

} dt* dr dw (1.48)

terms in the spacetime integral, we can regain control on
2
term as before (see Remark 1.44). Finally,

2 2
Having obtained control on the ‘(L + L)¥bl| and “F[S]

2 o
the ‘(L — L)Yl ¥yl

from (1.45). We then regain control on the

we get an estimate of the form

18



2
E |¥6!| drd L+L)¥E| av
/Zrz [ } riw T HH (1,12) (L+1) "
2 2 _
+/ {14 r—rtrap)Zl(LJrL)‘f[SJ +12’(L—L)‘PM +r = ‘11![51
T] T2
(1.49)
+ T () 7 }dt*drdw

5/2 E [‘I’[S]} drdw

T

for all |a| € [0, M].

Remark 1.50. Note the additional degeneration at the event horizon {r = r }. This has to be included if we want to
include the extremal a = M case.

1.6 Use of Mathematica software

Throughout the proof, we use Mathematica software to plot various coefficients of terms in energy expressions.
This is done to verify positivity of long complicated expressions and to visualise behaviour of said expressions for
different parameters. While the rigour of the proof suffers due this approach to some extent, it is a way to avoid
writing out unnecessary long and complicated computations, that are not mathematically interesting .
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2 Kerr spacetime

We describe the Kerr family of spacetimes, coordinates and important vector fields. The Kerr family of spacetimes
are a two parameter family of solutions of (1.1) of the form (M, gu1,4). These solutions serve as a model of rotating
black holes with mass M and angular momentum a. For a detailed treatment of the geometry of Kerr spacetimes,
see [32].

2.1 The Kerr spacetime, coordinates, and vector fields
2.1.1 The fixed manifold with boundary

Define
M =R xR x (0,7) x (0,27)

where we call the respective coordinates (t*, y*, 6%, ¢*). These are called fixed coordinates.

Define the set (called the event horizon)

HT =M = {y* =0}.
Also, denote the vector fields (in fixed coordinates)
T:= a[*
b .= B(P*

2.1.2 Kerr-star coordinates

Define the set
P = {(xl,xz) S R2:0 < |X1| < x2},

We can think of P as the parameter space where the parameters 4, M live.

Define the smooth map
r:Px(0,00) >R

such that for all (a, M) € P
r(a,M,-): (0,00) — (M + VM2 - az,oo)
is a diffeomorpshim, and
o, My") =y
for all y* € (3M, c0).

Now for each fixed pair of parameters (a2, M) € P we have a coordinate system (t*,r = r(a, M,y*),0%, ¢*) on
M called the Kerr-star coordinates.

Moreover, note that the vector fields T, ® defined in fixed coordinates (still) correspond to the vector fields d;+, d -
in Kerr-star coordinates, i.e.
T = 0=

and
D =0y

where the right hand sides are with respect to the Kerr star coordinates.

Define the smooth functions of the parameters
r+:P—-R

by

re(a,M) := M+ M2 — 42,

Note that the event horizon H = {y* = 0} corresponds to {r = r4 }.
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2.1.3 The coordinate r*
Given parameters |a| < M, define the rescaled version of the r coordinate on {r > r } by

dr* r*+a?

W— A ’ 1’(3M):0,

where
A= (r—ry)(r—r_)=r*4a>—2Mr.

Note that r* — —coasr — 74, and r* — co as ¥ — oo.

For a parameter R (thought of as an r value), we denote R* = r*(R).

In addition, for any function F = F(r), we use the notation F " to denote the derivative 8875.

2.1.4 Boyer-Lindquist (BL) coordinates

Let (a, M) € P be fixed parameters and let (*,7, 6%, ¢*) be an associated system of Kerr-star coordinates on M. In
the interior of M (i.e. for r > r;), we define

¢(¢",r):=¢" —(r) mod 27,
0:=0%,
where
dt  2Mr
ar A’
dp a
dr A

The coordinates (t,7,6, ¢) are called Boyer-Lindquist coordinates and they map the interior of M to

(—00,00); X (ry,00), x [0,7]g x [0,277)

Remark 2.1. We can compute that
T =0y,
® =9,

where the right hand sides are with respect to the Boyer-Lindquist coordinates.

2.1.5 The Kerr metric in BL coordinates

Given parameters (a, M) € P (i.e. |a| < M), we may define in Boyer-Lindquist coordinates the Kerr metric gus, by

A 2 in? 0
SMa = —p—z(dt — asin®0dg)? + pKalrz + 0%d6* + %(ﬂdt — (12 +a?)de)?, (2.2)

where
p? = r* +a’ cos? 6.
Remark 2.3. Note that in the case 2 = 0 this reduces to the Schwarzschild metric, i.e. gp0 = gum-

In matrix form we have

0 1Y
2
o
g = 0 a9 N
0.2 0 p 2 0
M0 g S0 (2 4 62)2 — Ad?sin? 6)

21



We can compute

-1 2 2\2 2 qin2 —2Mra
v ((r* 4+ a?)> — Aa®sin®6) 0 0 A2
) 0 p% 0 0
& = 0 0 plz 0
—2Mra 0 0 P2_2M7’
Ap? Ap?sin’ 0
2.1.6 Kerr metric in Kerr-star coordinates
We can compute
. _ 2Mr 2Mr —2Mrasin® 0
1 p2 p2 O pZ
2Mr 14 2Mr 0 —asin? §(2Mr+p?)
g — P2 p2 5 pZ
0 0 0
) o ain? 2 22 .
—2Mrasin® 0 asin 9(§M’+P ) o sin” 0 ((r* +a*)? — Aa® sin? 0)
o /3 o
and
2Mr A 9 a
gl = 0’ 0? . 0?
0 0 e 0
a 1
0 02 0 p2sin? 0

2.1.7 Vector fields

Firstly, note that from the form of the metric, it is immediate that the vector fields T and & are Killing.

Define the Killing field
K=T+ w,®,

where w4 1= 77— Kis null on the horizon HT.

Define also the null vector fields: a
L = ar* + T"— m@,

a
Li==0p+TH4 775 ®

where 9+ is defined with respect to the (t,7*,6, ¢)-coordinates (i.e. 0+ = ﬁar in BL coordinates).

The vector field L extends smoothly to H ™" to be parallel to the null generator K. L extends smoothly to H™* so
as to vanish identically, while the quantity A~!L has a smooth nontrivial limit on H*.

Remark 2.4. Note, we assume axisymmetric solutions, therefore we have
dY =0
for a solution Y. Therefore, for example, we may write
(L+L)Y =2TY

which would not be true in the non-axisymmetric case.
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2.1.8 Rescaled coordinates

It is useful to introduce a rescaling of the r coordinate

N
M
and also
i=
M
Then
ae [0,1],
7e [174*/ OO),
where

Fp=-— = (M2+\/ —aZ)_1+\/
M M
This is convenient because the quantities 4 and 7 are dimensionless, and expressions for quantities like w = m
become the following:

r2+a?—2Mr _ (MP)?+ (Ma)? —2M(MF) 1 7+ —2F

(2 +a2)" ((M?)ZJr(zvm)z)2 M (24 2y

We can see this helps us see the M-dependency more clearly, pulling the factor W out in front of the rest of the
expression (which depends only on 7).

Note that we have

1
ar - Maf
and
dr = M d7

- t*
o=
M
We have 1
at* - M a't‘*
and
dr* = Mdf*.

2.2 Foliation and volume form
2.2.1 Spacelike slices

For all values T € R denote X := {t* = 7}. These constant +* slices are spacelike and they are useful when exam-
ining behaviour near the horizon H*.

Denote the unit future normal of X by ny. We can compute that

s * (gffa L)

2Mr
\/ e — / +2Mr
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and the volume form on these slices can be computed to be

aVvy = 1/1+2p]\grp2drdw.

We also define for 71 < 1) the spacetime region

R(n,w) = |J Z

T1<t<n
Denote also
HT (1, 1) == H" NR(t, »).
Define also the region
Ro:={t">0} = |J Z¢.

>0
2.3 Trapping
We can compute that
- 1 -2
— 3 2, 2 2 _ B2 | A2 22
ayw— m (7’ — 3Mr +ar+a M) = mm (7" — 37 +ar+a )

It can be shown that the polynomial p(r) := > — 3Mr? + a?r + a*M has a unique root in the interval [r,c0). We
shall call this root rrap. In the rescaled coordinates, we have

- __ Twap
Y

We can readily see that Firap is also the unique root of the polynomial p(F) := 7 — 37 + 4*F + @ in the interval
[F4+,00). Hence it is clear that Ftrap does not depend on M, only on 4.

We can also write

MZ( —ow) =

(725‘72)3 (?3 —372+527+a2) _ E <1 - ﬁrf‘p> Q(7)

which defines the quadratic polynomial Q.

It can be shown that the polynomial Q has a root 7y € [0, 1], such that

111’1‘1170:1,
a—1
limf’o:o.
a—0
Note, 7o <1 <1+ +V1—a2 =74 foralla € [0,1].
i (=
I_....I...ﬂ"_'--_._‘_.‘-\-\...\l'g\!/._l_/.luuu
-5} FD rtrap

Figure 2: p(7) for @ = 0.75. Note, here 7. ~ 1.66.
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24 Inner products

We compute useful inner products which we will need when applying Divergence Theorem in the spacetime region
R(7, 2). We have:

-2
§(L+Lng) = —=—,
S+
% 4 a? r* + a?
g(L—i—an)szde:—Z d?’dw,
-2 2Mr
L—L =
g ( L, ny) \/@72_’_”2’
o
1% 4 a? 4Mr
—8p%
L+1L, ’
g(L+ L ny~+) Mr+ (2 + a2)
,,2_~_a2 7p2
L+L, =—*,
Apz g( +—”’H+) M7’+p2
2 +a?
Ap2 g(L—L,i’l';_L+)—0,

where we used the fact that dVs = , /1 + %FF drdw.

2.5 Useful covariant identities
The following Lemma will be useful whenever we apply the Divergence Theorem in later computations.
Lemma 2.5. The vector fields L and L satisfy the covariant identities:
r? + a?
V(g 1) =0

r2 +a?

Proof. We compute this in Boyer-Lindquist coordinates. Note that in these coordinates we have

A a

We compute
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1r2+a2> 172442
=V < *+ = Vv, L¥
I o pz A M

112 +4? 172442 1
=d ( )U‘+ oL!
H pz Pz A \fﬂ(\f )

a? 1124421 )
)Lr'f'pzAp or (P Lr>

A 1 ﬂ+ﬁa , A
* "\Frra

2
GO
1 2 + a? A 1 r2+a? N A ) A
+p28r< A )r2+a2+(p2)2 A {ar<p>r2+a2+par<r2+a2)]

1 2 + a? A 1 > 1 A 2 + a?
+p23r< A )72+a2+(p2)28r<p>+p28r<r2+a2) A

2 + a? A P A 2 + a2
A )r2+a2 T\r2+a2) A

1a 2+a2 A
' A 12442

Similar computation shows the L case.
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3 Spin s-weighted complex functions

The Teukolsky equation concerns functions whose (6, ¢*) dependence is that of a spin s-weighted function, for
1

In this section we briefly recall the notion of spin s-weighted complex functions and the spaces they live in. For
more details see Section 2.2.1 of [12].

Fix s € %Z (for the purposes of this thesis s = +2).
Let (8, ¢*) denote spherical coordinates on S? and define the vector fields (which are, note, dependent on s)
7, = —sin ¢* 9y + cos (p*( —iscscl — Cot()aq)*),

Zy = — cos ¢* 9 —singo*(—iscsc@—cot@&)q)*),
Z3 = 0.

A complex-valued function f of (6, ¢*) is a smooth spin s-weighted function on S?, ie. f € 5”0[5], if for any
ki, ky, ks € NU {0},
(Z0) (Z)2(Z3) o f

is a function of the coordinates (6, ¢*) which is smooth for 6 # 0, 7t (i.e. away from the north and south pole of the
coordinate system), and such that

20N (Za) 2 (Z3)5 f
extends continuously to 8 = 0, and

eTN(Z) N (Z) 2 (Z) o f

extends continuously to § = 7.

Fixing Kerr parameters (2, M), let now f be a function of the Kerr-star coordinates (t*,r,6, ¢*). We say that f is a
smooth spin s-weighted functionon R, i.e. f € 7L (R), if for any kg, k5 € NU {0},

(0r)"4(3,)' f e 74
(#,7)=(F,7)
forall (f,7) € R x [ry, ).
Similarly, we define f to be a smooth spin s-weighted function on a slice X, i.e. f € 5’0[5} (Xr), if for any kg4 €
N U {0},

@)f| el

r=7

forall7 € [ry,c0).

Define, for m € IN U {0}, the Sobolev space [/ H" () to be the completion of L (X7) with respect to the norm

) B m
A6 () = 2= L /zT

i=0 ki+ky+ks+ky=i

(Z0)" (Za) (Za) @) f| Ve,

If U is an open subset of ., we can define 78! (U) and JH™ (U) in the obvious way. This allows us to define the
space

SIHm (27 = {f:ZT —C ‘ fl, € SH"(U) VU € ZT}.
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4 Teukolsky and Regge-Wheeler equation under axisymmetry

The Teukolsky equation for general spin s € 1Z is

2s 2s (a(r—M) .cos6
Tl = Ogal + 2 (r - M)a,ald + 2 ( i )a ]
8 p2 ( ) r p2 A Sin2 0 9
2 2 g2 1 .
+ —; (M(ra) —r—iacos 9) dals! 4 — (s — 2 cot? 0)als = 0. (41)
P A 0
Definition 4.2. We call a suficiently regular solution alsl of equation (4.1) axisymmetric if
Palsl = 0.
See also section 4.5 for relation to initial data.
Remark 4.3. Note that under axisymmetry the third term on the right hand side of equation (4.1) vanishes.
Let us restrict to the cases s = £2. Define the rescaled quantities
alt2 .= A% (r? + aZ)*%zx[*z],
a2 = AT2(2 4 a?) 342
Define the modified Teukolsky operator T/ by
e 1 o [s] a* + a?r? —2Mr3
2Z[s] — = _
Ao T =5 (LL+LL) +w (A +5-3 T a) +2
— w(2aT® + a? sin® TT — 2isa cos OT) + ¢,
where ,
= 2% g — o,
+a
/
-2 = 0% " &
+ - +8awr2+a2 ,
with
- A
(P +a2)?
We can check that for s = +2 the equation (4.1) can be rewritten as
F+2zl+2 = o (4.4)
and for s = —2 the equation (4.1) can be rewritten as
zl-2] (A%[—Zl) —0. 4.5)

We may combine equations (4.4) and (4.5) as follows:

gl ((s (1 + AZ) +2 (1 - A2> )a[51> — 0. (4.6)

Define further, given functions 2/, the quantities
plt2) = %A—%(r2+a2)2yvy (822 +a?) 722,
2= ¢ %A*% (1 + az)zL”VP, ((r2 + uz)*%a[*z]) ,
[+2] ._ (1’ +a ) U [+2]
R e e A (7N e D
(2] . _ (7’ ta ) u
¥l Ly, (Vi)

(4.7)
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We now cite a proposition from [12] (Proposition 3.2.1 on page 21).
Proposition 4.8. If &*2 satisfy the inhomogeneous equations
gl+2z+2 — pl+2

and
-2 (AZ&[—ﬂ) — A2p(-2]

then the quantities =2 satisfy the equation

2 gl+2) _ _% (j[iz] + ®[i2])

where the operator RV is called the generalised Regge~Wheeler operator and is defined as

o s 2 _ 2 2

r2a2r2 a2 (12 +a2)?
— w(2aT® + a®sin? OTT — 2isa cos OT),

and the symbols on the right hand side are defined as follows:

—8¢2 2 3 _ 2 2 2
j[+2] :_’(/U|: 87’ +8ﬂ a¢_20a27’ 3M1’ +rﬂ ‘I’Mﬂ :| (\/le][+2])

12 +a? (1> +a2)?
4_ A4 3 2
5 r r* —a* +10Mr’> — 6Ma“r 121 A2/.2 , 23
+HZU|:_12r2_f_u2ﬂ(D+3< (r2+a2)2 (p([ ]A (r +a) 2)[
elt2 .— EL ML AFHZ]
2= A T\ wp? ’
and 2 2 3 2 2 2
A2 8r° —8a an2!” = 3Mre +ra® + Ma (—2]
J =w [rz e a® — 20a (rz T a2)2 (\/&p )
4_ 4 3 2
2 r r* —a* +10Mr°> — 6 Ma“r S T N
+aw[+12r2+azaq)+3< G (« 22 +a2)2),
2 4 5232 3
sl-2 .1 (a7 (A )
2 A wp?
Proof. This can be proven by direct computation. See Appendix of [12].
O
In light of (4.4) and (4.5), we can use Proposition 4.8 to conclude that
Ap~ 21yl = 5l
where s = £2. Expanding, the equation becomes
1 5 [5] 6Mr 1> —a? 7a>A
~(LL+ LL)¥l! sl 4— - s
2( L+LL) +w<ﬁ +S) w r24+a2r2+a?  (r2+a?)? (4.9)

—w(2aT® + a®sin® OTT — 2isa cos OT) ¥ = —3lsl,
Remark 4.10. Note, under the assumption of axisymmetry, the term involving ® vanishes.

Hence, using the above transformations, the inhomogeneous (generalised) Regge—-Wheeler equation was obtained
from the Teukolsky equation.
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4.1 Homogeneous (generalised) Regge-Wheeler equation

We are also interested in the homogeneous version of equation (4.9), namely:

o [s 2_ 2 >
;(LL-FLL)‘Y[S]+w<A[]+s)‘i’[5]+w(4 6Mr '~ 74’ ) .

C24a2r2 42 (124 a2)?
—w(2aT® + a*sin? OTT — 2isa cos OT) ¥ = 0.

(4.11)

Remark 4.12. Note, equation (4.11) can also be viewed as a standalone equation for spin s-weighted functions s
(completely decoupled from al*! and ¢l*!). Note also that for axisymmetric solutions the term involving ® vanishes.

4.2 Recurring quantities

We define some quantities that will recur, so it is useful to have a name for them.

. 1
A= WA:#H#—Z?
p. A _Pra2-2r A
Tr24a2 R4a2 P 4a?
_ 8 1 A 1.
T P+a2)? MZ(R+a)? M2
., 6Mr r*—a*  7a’A  6F P —a* 7a%(P+a* —2F)
- r2 + a2 y2 + a2 (7’2 + a2)2 - 72 + G2 72 + 2 (,72 + dZ)Z
204> 3 2 o o 20a° 3 ad L A2e s w2 1 -
h1 —m <7’ — 3Mr +a‘r+a ) = W (r — 37 +avr+a ) =: Mhl
—3512 4 3 2 4 —3ﬁ2 4 3 D~ 4 7
hy ::m (r + 10Mr° — 6Ma“r —a ) = m (r + 107 — 647 — d ) =:hy
4.3 Energies
We define the energy
2 2 1 2 Mr 2
E,[¥6] = F ‘ L+ L)yl 7‘ L— L)Yl —)L‘PM
”[ } 8(r2 + a2) (L+1) *3 (L-L) TA IR
1 o s 1 1 2 (4.13)
- ls] - p ‘qf[s] ,
+ 2(r2 +a?) ’W + 2(r? 4 a2)
and the equivalent energy expressed in rescaled coordinates
_ 2 2 2 2 . 2
E; [11![5]] = ‘M(L +L)YE| ‘M(L—L)‘I’M +% MLYH!| + %2 "I’[S] +712 7yl (4.14)

Note that

M(L+L)¥F =20, %0,

A

M(L—L)¥F =2 o 0¥l

so this energy is in fact independent of M.

Remark 4.15. We can check that for all »

1o »
27 2442
1

- <P <4,
s SP<
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so these energies are indeed coercive, and we can derive the inequalities

L [xy[ﬂ <E, {T[S]} < % E, {T[S]]‘

16 M2 (4.16)

Hence the energies are indeed equivalent.

Remark 4.17. Note that since A~!L has a smooth nontrivial limit on H T, we can write

8Mr

TIL‘P\Z = 8MrA|ATILY|?

and conclude that 8" |L¥|2 degenrates on H+.

4.4 Reduction to casea > 0
A priori, the parameter a is allowed to be negative, it only needs to satisfy the bound |a| < M. We argue that for
a # 0 we can assume a > 0 without loss of generality.
Assume a < 0. Let

a:=—a>0.
Let us make (using the BL coordinates) the following coordinate transformations:

— —@ =:0,

¢ L _ (4.18)

0 —m—60=:6.

Then we can show that:

1. The form of the Kerr metric remains unchanged. In particular we can write gp1, (see (2.2)) in coordinates
(t,7,0, @) as follows:

__A g N2 P o, o 2 SINCE 2 2y )2
gM’”__fTZ (dt—asm 9dgo> —i—Xdr +p°do” + P (adt—(r +a )dq))

where
A=7r? + @ — 2Mr

and _
p? = r* +4°cos? 0.

Hence we reduced the metric to the form (2.2) where the parameter 7 is positive.

2. The form of the Teukolsky operator 3] (see (1.2)) remains unchanged. In particular, we may write it with
respect to the coordinates (t, 7,0, 9) as follows:

2s 2s (a(r—M) .cos®
S[S] :Dg‘F;(V—M)ar—F? < A +lsin20> 8¢

2s ( M(r* —a* = 1 =
+—; M—r—iﬁcos@ Jt + — (s—sz cotzﬂ).
A 2
P P
Hence we reduced the Teukolsky operator to the form (1.2) where the parameter 7 is positive.

3. Even though generally the spin-weighted functions a[*2! are sensitive to coordinate transformations (because
their definition depends on a frame on S? induced by the angular coordinates), they remain unchanged under
the transformation (4.18).

Hence, we can reduce the case of a < 0 to the case of 2 > 0.
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4.5 Well-posedness
We quote a well-posedness result from [12] (see page 19 within).
Proposition 4.19. Consider an exterior Kerr spacetime foliated by spacelike slices as in 2.2.1. Recall £g = {t* = 0} and
Ro = {t* > 0}. Assume s = £2.
Assume we have a pair of spin s-weighted complex valued functions (5(([)3], &gs]> e bl HZJOC (Zg) x [ Hl] O_Cl (Xo), where j > 1.
Then there exists a unique complex valued &l¥ on Ry satisfying equation (4.6) (equivalently, oS! satisfying equation (4.1))
such that )

il eblpl (5.)  vr>0,

ng @ e UH T (5)  ve>o,
]

bl = ald,

(o) I, =

Moreover, letting j > 2, for axisymmetric initial data, i.e. (Ea([]s],&[ls]) e Bl (20) x BHI 1 (0) satisfying CID&([)S] =

loc loc

@&[13] = 0, the solution &l* is axisymmetric, i.e. ®alsl = 0on Ro.

An analogous result holds for solutions ¥5) of equation (4.11).

4.6 Main results
We prove the following:

Theorem 4.20. Fix M > 0. There exists dy = do(M) € [0,1] and a constant C = C(M) > 0, such that for all d € [0, do]
the following holds:

Let &5 be a smooth solution of the spin s = —2 Teukolsky equation (4.5) on a Kerr exterior background with parameters
(a, M) = (aM, M), arising from axisymmetric initial data as in Proposition 4.19. Set

A2 A2 512

Let =2 and ¥1=2 be as defined by the transformations (4.7).
Then we have the Morawetz estimate

/R(T],-rz) [714 (7= i) ‘M(L +L)yl2 ’2 n rlZ ‘M(L i ’2

+ ;5 (’7 - ’7tmp)2 ‘ﬁ[ﬂ‘f[z]

2+ % "PMH AF* dF dew

2

4
Lo dr* dv dw

TlITZ) ?2
2

didw + / D3
pr,

pl=2(72 + %)
T %

DZ
oz
R(TllTZ) r \/E

o D |pl=2(2 + &)
E; |[¥(-2 | d7d i o A S el
L, o[ ar “”/zfz Pl VA

+ A+ (TllTZ)

/271 Ea[¥12] d;’dw%—/zﬁ %

2
[-2], /72 =2
df*d?dw—i—/( i A
R

Tk

A2 dr dw

2
M(L+ L)y ] AVy

2

2
N
7 dew + / p3 |4 VI at
ZT]

A2

2

‘ pl=2A (72 +
< C(M) 7

dr da)} ,

forall 7, > 1 > 0.

Theorem 4.21. Fix M > 0 and let s = £2. There exists a constant C = C(M) > 0 such that for all a € [0, 1] the following
holds:
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For any smooth solution ¥} of the homogeneous spin-s generalised Regge—Wheeler equation (4.11) on a Kerr exterior back-
ground with parameters (a, M) = (aM, M), arising from axisymmetric initial data as in Proposition 4.19, we have the
Morawetz estimate

1 2

1.2

2 1
i _ [s]
+5 M(L-L)¥

2 P\ 1
+ (b(a)+r ?”) ?—3-‘?[5]

I e 1T O RN B [ C S
+<b(a>+ f+)175(7’_7’tmp) ‘V TH

2
] dr drdw

+ [ Ba| V] drdo +

2
M(L+ L)%l ] AV
Z'rz

HH (11,12)
< C(M).L E; [T[ﬂ d7 dw
e,

forall p > 11 > 0, where b = b(a) is a non-negative constant satisfying b(a) \, 0asa /1.
2 . 2
and ’V[S]‘I’[S]

Note that in the extremal @ = 1 case, b(d@) = 0, and hence the coefficients of “I’[s] exhibit an additional

degeneration at ¥ = 7.
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5 Multiplier Identities for the generalised Regge-Wheeler equation

In this section we derive multiplier identities for the generalised Regge-Wheeler equation (4.9). These estimates
will be useful to prove energy boundedness and Morawetz estimates. In this section, ¥ will be written instead of
¥l to simplify the notation.

5.1 T-identity

Multiplying equation (4.9) by T, taking real part we get
s gl L ¥ el 7
Re {38 T¥} =_Re {(LL+LL)¥T¥} +Reqw (A" +5 ) ¥T¥

6Mr 1? —a? 7a%A —
R 4 — — YTY
+ e{w( r24a%r? +a? (r2+a2)2) }
—Re {waz sin’ G(TW)(W)}

+ Re {w2isacos O(TY)(TY)} .

We can compute the terms:

1

sRe {(LL+LL)¥T¥} = —(L+L) {|L+L‘I’|2+|(L L)‘I’|}

r
16

(L—L)Re {(L L) 1*I’T‘I’}
/Re {w (ﬁm +s> ‘I’T‘I’} sinfdfde L {iw ‘I’|2}sm6d9dq0,

6Mr 12 —a? 7a2A 6Mr 12 — a2 7a2A
R 4— — YTY (L+1L) — y2Y
e{w< 12 4+a? 12 +a? (r2+112)2> } * {w< 124 a2 12 +a? (r2+a2)2> | }

e

MH

—Re {wa2 sin29(TT‘f)(T?)} =(L+1L) {—iwaZ sin? 9|T‘I’2} :

Thus, after integrating with respect to sin 8 40 d¢, we obtain

/(L—f—L){FHL}smGd()d(p—i—/ (L—1){F[_, }sin0dodg = — /Re T} sin0dodg

(5.1)
where
1
FlLy = g (1 wesin?0) [(L+ LY +|(L - ¥
6Mr 1* —a? 7a%A 5 o [s] 12
dw (4-— — Y2 +4 b4
* w( 12+ a2r2 4 a2 (r2+a2)2>| | + 4w|V |}
and .
FLTL:—gRe{(L—L)‘I’ (L+L)¥}.

5.2 y-identity

Multiplying equation (4.9) by the first order term y(L — L)Y, where y is a smooth radial function, and taking real
parts, we obtain
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Re {—j[SJ y(L— L)?} :%Re {(LL+LL)¥ -y(L - L)¥}

(A +s)‘I’ y(L — L)‘I’}

6Mr r? —a? 7a°A -
Y.-y(L-L)Y
+Re{ ( LR+ a2 (r2+a2)2) y(L-1L) }

~ Re {wa?sin? 6(TT¥) - y(L — L)¥ |
+ Re {w2isacosO(TY) -y(L— L)Y} .

+ Re

We can compute the terms:
Re{J(LL+LLY - y(L - L)¥}
= (L+L) (§Re{(L+L)¥(L—L)¥}) — (L —L) (S +L)¥2+E[(L-L)¥P)

y ) e
+Z(|(L+L)‘I’| +|(L—L)¥| )
/Re{w (z[s] +s)‘f’ y(L—L)¥ }sm@d@d(p
1 [s] . .
/(L L) W s1n9d9dq)—/(wy)
6Mr 1’2—112 7112A -
Re{w(4_r2—|—ﬂ27’2+ﬂ2_(r2+a2)2>ly'y<L_L)T}
1 6Mr 1”2—a2 7€l2A )
= (L—L) {zw]/ (4_ 244292 4 g2 B (7’2+a2)2) |1P‘ }

6Mr 1* —a? 7a%A ! 5
w4 s T e A ¥,
r2+a?r?+a>  (r>+a?)

~Re {wa?sin® 6(TT¥) - y(L — L)¥ |

2
sinfdfde,

= (L+L) {—iwyaz sin?6Re { (L + L)¥(L — L) ‘I’}} (L-L) {;wyaz sin® 0| (L +L)‘I’|2}
- i(wy)’az sin2 0|(L + L)¥[2,
Re {w2isacosO(TY¥) - y(L— L)Y}

=(L- L){ — wysacos OIm {TYY } } + 2sa cos O(wy)'Im {TYY }
+(L+L) {wysa cos 0Im {¥'¥'} },
where iy = %(L —L)y.
After integrating with respect to sin df d¢g, we obtain:

/(L +1L) {P{+L} sin0d0dg + /(L ~u{r ) sin9d9d(p+/1y sin0.d6 dg

= /Re y(L-L)¥ } sinfdo dg (5.2)
where y B 7/
F%+L =1 (1 — wa?® sin’ 9) Re {(L+L)¥(L—L)¥} — wysacosfIm (‘I"{’ )
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and

2

1 °
F_y =~ Y10+ LY - S~ YR + oy |7

i lw 4_ 6Mr 1* —a® _ 7a%A |‘I’\2
2 r24+a2r2+a?  (r2+a?)?
1 __

+ gwyaz sin? | (L + L)¥|* + wysa cos 6Im (¥ TY)

and

/

/
=2+ LY 4+ I~ L) — ()

2 _ 4_ 6Mr 1> —a? _ 7a>A ,|‘~I’|2
vy r24+a2r2+a? (2 +4?)?

— i(wy)’a2 sin?0|(L + L)¥|* — 2sa cos 0(wy)'Im (¥TY) .

5.3 h-identity

Multiplying equation (4.9) by the zero order multiplier /'Y, where & is a smooth radial functon, and taking real
parts, we obtain

Re {3l n¥} = %Re {(LL+LL)¥ - n¥}

+Re{ (A +s>‘I’-h‘I’}
{e (0

2_ 2 2 o
6Mr r*—a® 7a°A ¥ . 1
2422+ a2 (2 +a2)?

— Re{ a*sin? O(TTY) - h?}
+ Re {w2isacosO(TY) - h'¥} .

+ Re

We can compute the terms:

{ (LL+LL)¥ - w}
= i(L+L)Re{(L+L)‘i’-h?} - }L(L—L) {Re{(L—L)‘P-hT} —h’|‘{’|2}
PO LR e - e
/Re {w @M + s> ¥ h‘F} sin0d6 dg
_ /hw ‘y”ﬂs]tf sin0d6odg,

6Mr 1% —a? 7a%A —

R 4 — — Y.hY

e{“’( 5 R, R ) (r2+a2)2> }
6Mr 1% —a? 7a%A

=hw(4- r2r2 a27 2a 272 ¥ 2,
r2+a?r>+a>  (r>+a?)

~Re {wa2 sin2 0(TTY) - h?}

1 _ 1

= (L +1L) {—hwa2 sin? 6Re { (L + L)¥ - ‘I’}} + hwasin® 0| (L + L)¥[?,
Re {w2isa cos §(TY) - h'¥ }

= —2hwsacosfIm {TY - ¥} .
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After integrating with respect to sin 6 df d¢g, we obtain

/(L +L){P£+L}sin9ded¢+ /(L—L){F’E,L}sin9d9d<p+/1hsin9d9dgo

- / Re {3 i¥ } sinodo dy (5.3)
where L
Fl = 1 (1 —wazsinz(?) Re{(L+L)¥-¥}
and
h h = h/ 2
Ffp = —3Re{(L—L)¥ ¥} + 7|¥
and

h 2
"= (- L)‘P2|(L+L)‘P|2+hw‘v b4

6Mr 12— a? 7a’A n'
hw (4 — — —— ¥
+[w( B TR %, ) (r2+a2)2> 2}| |

+ Zwa2 sin?0|(L + L)¥|* + 2hwsa cos 0Im {¥TY } .
5.4 f-identity
Adding the y-identity (5.2) and the h-identity (5.3), we get
/Re I (¥ +24%') } sinododg
—/L—I—L{ 1 — wa?sin 9) {(L—l—L)‘I”-T}—i—%(1—wa2sin29)Re{(L+L)‘Y-(L—L)?}

— wysa cos flm IF\IJ/ sm9d9d¢p
Y
2

4

Ly (4 6Mr rr—a>  7a’A +E’ ¥
2" r24+a2r2+a?  (r2+a?)? 2

+/(L—L){ M Ref-p¥ 7 - % (1—wa2sin29) (L+L)¥[* - 3§|(L—L)‘P|2+;wy‘§7[sh¥

+ wysacos Im (¥ - TY) } sinfdfde

+f { (3L -0¥P + (3 & - 1) (1-wrsin®o) - o' sino ) (L + L)¥P
+(w(h —y) - w/y) ‘ﬁ[S]Y 2

2 2 2 2 _ 2 2 ! "
=y (a- 6Mr r~—a®  7a°A —y(w(a- 6Mr r"—a”  7a°A W w2
r2+a2r2+a> (12 +a2)? r2+a2r2+a> (12 4a2)? 2

+2sa cosG(w(h —vy) - w’y)lm (Y-TY) } sinfdf dg.

Hence, choosing y = f and h = f’, where f is a smooth radial function, certain terms cancel and we obtain

/(L+L){F{+L}sm6d6d(p+/ L) ¥ L}s1n6d6d(p—|—/1fsm6d6d(p

(5.4)
—/Re f‘I’—I—Zf‘I”)}sinGdecp
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where

‘L _Z/ (1 —wazsin26) Re{(L+L)¥-¥} —0—£ (1 —wazsinzﬂ) Re{(L+L)¥-(L—-L)¥}

— wfsacos flm (‘I’ . ?’)

B, =

and
/
F{i E— fZRe{(L ~ L)Y ¥} - g (1 —wa2sin29) (L+L)¥|* - £|(L—L)‘P|2
1 o2 T1 6Mr 12 —a? 7a2A £ )
—I—waV ¥ +{2wf<4_7’24—112124-512_(7’24—112)2 T2 ¥l
+wfsacosfIm (Y- TY)
and

! R 2
If :%|(L —L)¥>— iw’faz sin? 0| (L + L)¥|> —w'f ‘V[S]‘F

N (w(a- 6Mr 1*—a*  7a’A /+ﬁ
r2 + a2 12 + a2 (7’2 + ﬂ2)2 2

—2sacosfw fIm {¥-TF!.
f

¥
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6 Energy Boundedness for constant t* slices (up to error)

In this section we prove a statement which can be thought of as an energy boundedness statement for solutions of
equation (4.9) up to an error, for the foliation by the spacelike slices £.. To this end, we use the T-identity (5.1). The
error comes from the right hand side of the equation (4.9) and is proportional to the parameter a.

Note that the non-negativity of the energy we obtain this way is due to the axisymmetry assumption. See the dis-
cussion about superradiance in the beginning of 1.5.1.

Note that the usual approach to proving an ILED (for example in the case of the wave equation) is to first show an
a priori energy boundedness estimate and then use it when proving the ILED estimate. Due to the error terms on
the right hand side of (4.9), we have to instead prove both energy boundedness and ILED "concurrently”, coupling
them to each other and absorbing all error terms by good terms at the end (after coupling also with the transport
estimates).

For the homogeneous generalised Regge-Wheeler equation (4.11), the right hand side is not present, so we in fact
obtain full energy boundedness of solutions.

Proposition 6.1. Lets = £2and j > 2.
Let ( il ] [1]) e Bl H] - (Zo) x x 18] H] - (X0) be an axisymmetric initial data set. Let @) be a solution of the Teukolsky

equation (4.6) as arising from the well- posedness proposition 4.19. Let !5, ¥ be as defined by transformations (4.7). We
have the identity

1 2

s / s]
/272 E, {‘I’ } dr dw + 16Mrs Ja¢ (r10 (L+L)YH | dVys o
3 2 .
= / Eq[¥5] drdeo + / { it} ‘1/[51} dt* dr dew.
R(t,1) A

Let (‘-Pés], ‘Pgs]) e sl H{OC (Zg) x ¢l H{o; (Zo) be an axisymmetric data set and Y1) a solution of the equation (4.11) as arising
from the well-posedness proposition 4.19. We have the identity

1 2
E, [¥] drd / L+ L)¥s| v
/Zrz [ } ' w+16MT+ H (1,12) (L+L) " (6.3)

= / [S] drdw.

Proof. Throughout this proof, we shall write ¥ instead of ¥[* to make the notation less cluttered.

Multiplying (5.1) by 2 and integrating with respect to dt* dr, we obtain for a spacetime region M:
2 +a% |
[re {3t 19} =2 ar dr do
212 24 42
— T +a * r-+a x
_/(L+L){FL+L} ar drdw+/ (- {F ) dr drdo

:'/ (L+L){PLT+L}YA—;2H dV+/ (L-1){F L}TA*;Z“zdv

7/ vﬂ{ o) r ‘;” (L+ L) }dv+/ny{{FLTL} ZA:;‘ (L—L)* }dV

r’+a 2 + a?
= oM {FE-i-L} Apz 8(L+Lr”a/\4) dVBM"’/BM {FLT_L} Ap2 g( naM) dVaM

where the penultimate equality follows from the chain rule and the covariant identities lemma 2.5, and the last
equality follows from the divergence theorem.
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Hence, choosing M = R(1y, 2) (with 7» > 77), we get

—|—61
Red 36 . TV 2D g gy g
/R(T],Tz) e{ } A raw

o T 7’ +ﬂ _ r +g
-/ (K.} 8 (LHL ) dV2+/ {Fl.} g § (L L) Ve
—|—a
Ff ria L+L - dv.
+/H+(Tl Tz){ L+L} A 78 (L+ ny+) V- (6.4)
+/ 7L A 2 g(L—L,—]’lZ) dVZ+AT1 {FL*L} szg (L—L,nz) dVZ

2 442
LA on—r,— AV, .
+/H+(T1/T2){ Lfg} Ao g ( nyt) dVy+

Substituting inner products (see section (2.4)) into (6.4), we obtain

 Ref . TRV e
/R(Terz) e{ } A rae

2/ [ [F PRy A a2 [ (L} R ) B e

+ / L,V avy,..
Mr+ H+(r1,rz){ L+L} Mt

We can compute the integrands to be

2 2
r“4a 2Mr
{Faf—— {3

1 2 4 o [s] Z 8Mr
=6 | 2 (LA LY (L= L)YP + ey (V5| 4 =LY
+L _ 6Mr r*—a*  7a’A NE
2 + a2 r2 + a2 r2 + a2 (1’2 + ﬂz)2

and

1 1
TV av,,. = / L+ L)¥P+|(L—L¥P| dv,,..
it fe oy (B Ve = g [ [ LR (L= LY vy

Hence, (6.5) becomes

(L+ L)Yl ?

AVy+

g 1 /
/Z IEH[‘F }drdawléMr+ i

°

_ / IEa drdw+ / { P T‘I’[S]} " dr de. (6.6)
T1 Tz A

For the homogeneous case, the same computation follows, the only difference being that the error term is not

present, and we obtain a closed energy boundedness statement.
O
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7 Preliminary ILED estimate for constant t* slices

In this section we prove an estimate that includes spacetime terms. We will later use this estimate in Section 9 to
prove main results.

Proposition 7.1. Let

(7.2)

Lets =+2andj > 2.

(Zo) x IHL!

loc

Let (#5),a") € FH]

Toc (X0) be an axisymmetric initial data set. Let & be a solution of the Teukolsky

equation (4.6) as arising from the well-posedness proposition 4.19. Let (U5l ¥Us! be as defined by transformations (4.7). We
have the estimate:

o] ar [ g _C i ok
/R(TLTZ)ST {T } At drdew + CEB- Io Ea [‘If } drdw + 16Mr J3+(1,m) (L+L)¥ AWVt
C — [s]
< (ZC CEB) /ZTl E, {‘I’ }drdw
~ 2 2 o
+C Re{—r 050 T‘I’[S]} dr* dr dw 73)
R(t1,72)
2 + a2 — —
" /R(Tl,Tz) 6{ A <f +2f¥ > raw
2 2 -
R(Tl/TZ) A
where
2gin% 0 2

ST [W] -

aff" ((—arw)f—a,<wy>)(“ : —aMCOSZe;)]-\(HL)w{s]

Of YN | Lyylsl]?
+(2+4> ‘(L L)Y

arf// 2

- [f&),(wP)%— S+ dr(wyP) + (2— A”/I) ((arw)f—l—ar(wy))] -]W

Let (‘I’([)S], ‘I’gs]) e ls H{OC (Zg) x b ngl (Zo) be an axisymmetric data set and Y a solution of the equation (4.11) as arising
rom the well-posedness proposition 4.19. For suc , we get an estimate of the same form as (7. ut without the terms
he well-posedness proposition 4.19. F h ¥, we g ' h (7.3) but without th

involving 3 on the right hand side.

Proof. Note, we will often write ¥ instead of ¥!5/ throughout the proof, in order to make the notation simpler.

()0 )
y=<1—m:p>2f

Assume the choices

(7.4)

in the f-identity (5.4) and y-identity (5.2).
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Multiplying f-identity (5.4) by > and integrating with respect to dt* dr, we obtain:

P e deo

/Re f‘I’+2f‘F)}
2 2
_/L+L B )= dt*drdw+/L L) {F L}r = i dr dao
+ [{¥ %dt*drdw
% 4 a? f r? +a?
—/ L+ {H,,} Tt dV+/ (L-1){F L}szdv
+ [{¥} - JAF“ d* dr dew
r + a? 2 + a?
_/ vy{ L) 7 (LFL) }dv+/ny{{F{_L} v (L_L)u} av

+/{1f}r JAF“ dt* dr dw

2 2 .
o f r°+a f r -|—g
= Jom {FHL} AR 8 (L+Lmnyp) dVorm + _/aM {FLfL} A2 §(L—Lnypm) dVoum

+/{1f} r2JA”’2 dt* dr dw

where the penultimate equality follows from the chain rule and the covariant identities of Lemma 2.5, and the last
equality follows from the divergence theorem.

Hence, choosing M = R(1y, o) (with 7y > 17), we get:

/R(Tl,rz)Re{ (fE 42 )}

2
_ nrtae .
/w 1} A At dr de

P e e deo

+/ L g(L+L —Vlz) dVZ"—/ L+L}Tp2g<L+L,ﬂ2) dVZ

f 12 + a? B
- /7'[+(Tl,12) {FL+L} APZ g(L +L Tl’;.[+) dV'H+

Ap?

" f 2 —|—a
F —L,— dv.
"’/7#(11@){ L—L} Ao —— (L g+ ) AV

. 2 2 2 2
Py PrR [ {F)
A R s Ly v [ {FL T (- L) v

Substituting the inner products, we obtain:
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2, 2
+a
it dt* drd
/R(Tl”[z){ } A raw
2+u f 2M
+2/ L+L A +{FL7L}T drdw
£
+ Mr /7-1+(T1 TZ){ L+L} AV +
r +a? 2Mr
_z/ [ L) e+ {25 }d dw

* ./R(Tm) Re{*j[sl ' <f'?+2f?)} P e drdew

(7.5)

Remark 7.6. Since Tirap is the root of d,w in the region {r > r+}, note that our choice of f makes it so that the coeffi-
cients —w' f that occur in If are non-negative.

We then get from (7.5) the following:

| 2
/R( ){ ;f|(L L)¥[* + ( d,w) fa?sin? 0| (L + L)¥|* + BrZU)f‘%s]T

— {f&, (wP) + orf" } |¥|* 4 2sacos 8 (—d,w) fIm (¥ - TY) }dt* drdw

r+a2 2Mr 2+a2 2Mr

2 [ LS (e )2 ] af [ [0 +{F5L}A]drdw -
f

M1’+ /7-ﬁ(rlrz) {FL+L}dVH+

7’ —|—11 5] . I — %
+/R(T1,T2)Re{ R (f‘i’+2f‘f’>} t* dr dew.

Remark 7.8. Note that in the above, we don’t have good control on the |(L + L)¥|? term. We only have a term
proportional to the parameter a in the spacetime integral. To get control on |(L + L)¥|? we use the y-identity (5.2).

Multiplying the y-identity (5.2) by 2 and integrate with respect to dt* dr, we obtain in a spacetime region M:
2
[Rre{-3.2y¥ }r 0 4 dr dw
2
= [a+p {5 = drdeo+ [(L-L) {F_ L}r +a dt*drdw-i-/{ly}r = it dr deo

g 2
-/, Vu[ Vi) r :“ (L+L)" } v+ [ vy[ (H}! A:f (L— L) } dV+/{IV}r T2 4 dr de

2 4 a? 12 + a? .
-/ [F,,) a8 (Lt L) dV3M+/aM e, Az SL-L naM)dVaM—i—/{Iy} i dr de

where again, we used chain rule, Lemma (2.5), and the divergence theorem.

Choosing M = R (7, T2) and substituting in formulas for the relevant inner products and volume forms, we obtain:
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2
” At dr dew

Y
/R(Terz){ }
r —i—az{

=_2 L
ZTZ{ A

1
_ Y
/)-ﬁ('r],rz) Mr { L+L

2 2
+/ Re{ -9 2%} " dr* dr deo.
IR(11,72)

Substituting for IY, we can compute this to be

— 0y (wyP) [¥]?

| ory 2, 9y 2 ‘°[S] 2
I+ L)FP+ 22 |(L-L)¥]? -9 v
/Rmm{ 2 (LHLYF+ =L = L)¥|" — or(wy) v

—%Lar(wy)az sin?6|(L + L)¥|* — 2sa cos 00, (wy)Im (¥ - TY) } dt* dr dw

— 2'/)271 l{p{ﬂ}ﬂzaz w{r,) ZMT] dr dw —2/ [ L+L}¥+{P{i} ZAN“} drdw
_M1r+ /H+(1—1 ) {FngL}dV;.ﬁ

L
R dt*drd
+/R(T1,T2) e{ A ]/ } rew.

We now add (7.7) and (7.9). We obtain:

/R(m){ 2 (o) 0 o) sine | [ ¥R+ (% 4+ BE) I - Ly

+ ((—arw)f - 8r(wy)) ’Y?[S]\{f ’ _

[far(wP) rf// +ar(wyp)} P

+2sa cosG((—arw)f — 0 (wy))lm {¥ -TY} } dt* drdw

2+a2{F{+L+FL+L}+¥{PfL+ }]drdw
M

2

+ >

r

>

_/22

)
1 f
- F jad av.
Mry /H+(r1 7) { L L+L} HE

2 + a [S] p— — .
+/R(T1/T2)Re { A A (f Y +2fY ) } dt* drdw

+ Re {—
R(TerZ)

- {F{+L+FI}J’+L} % {FLfL-FFijL}] drdw

2 2
! Z” 3l -Zy‘f’/} dt* dr dw.

For the cross term
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2sa cose((—arw)f — 0, (wy))lm {Y TY}

on the left hand side of the inequality (7.10), we can complete the square and obtain:

zSacose((—a,w)f—a, (wy))lm{‘P . T¥)

= ((~9,w) f =, (wy)) -21m {\/\/%‘I’ VaMs cosQT‘I’}

- ((—arw)f— 3, (wy)) : :‘\/WSCOSOT‘I’ - i\/\/%‘I’ o %mz — aMs? c0529|T‘I’|Z]

= (=) f =, (wy) ) - -‘\/WSCOSGT‘P = i\/\/%‘lf T 2 I¥[2 —aMcos? 0| (L + L)¥
> ((~0,w) f =3, (wy)) - — 22 —aMcos? 0| (L +L>\P|2]

where the inequality follows from the fact that

(—0w) f — 9, (wy) > 0.

Moreover, from the Poincaré inequality (see page 18 of [12])
T 27 o [4+2
/ / dq)dQSiné)’W[ ]‘I’
0 Jo

we get, after multiplying by ((—Brw) f—o (wy)) and integrating in t* and r, the estimate

2 T 27
> 2/ / de df sin 0¥ |?
0 Jo

a i * 2 g%
_ _ - - - |
/R(Tm)(( 9w) f =y (wy)) ’V ‘1” dt drdw_/R(mz)z(( dw) f — 9y (wy))l‘f’l At dr de

Finally, for the right hand side of inequality (7.10), we have that

f v _
/H+(T1,Tz) {FH'L + FL"'L} AV =0

and

F{+L+F{+L} + % {F{ijLFgfL}

2 2
=

< C-E, ¥,

where

C = C(M) = max {18ﬁ+ W 24 4+20V2 +8(2 + 7\/§)M} .

For details, see Appendix B.

Combining (7.10) with (7.11), (7.13), and (7.14) and (7.15), we obtain
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(7.12)

(7.13)

(7.14)

(7.15)

(7.16)



/ ST [‘P[SJ] At drdw—2C | T, [W[Sl} dr dew
R(t,m) Iy,

gzc/x E,[¥9)] dr de
+/ o { riay 3l (f¥E +2f~1f[5]')}dt*drdw
12

a2 i
Re ! — lsl . 2y ls] } dt* drd
+/R(T]/T2) e{ A y rae

(7.17)

where

d 2

2 i (0 g =2 (o)) (£

|

sin 6 2

ST [\P[ﬂ -

— aM cos? 9)1 : ‘(L +L)¥l

2

4
_ lfa,(wP) + 8,;” + 0, (wyP) + (2 - ]\u/I) ((arw)f—i— ar(wy)>] . "P[S]

Adding a C := (2C + Cgp)-multiple (for a positive constant Cgp) of energy boundedness (up to error) (6.6) to (7.17),
we obtain

/R(TLTZ)ST [#9] ar drdo + o [ Ba[¥9] ardo +

¢
s, 16Mr, /afﬁ(n,@)
< (2€ — Cn) /Z E,[¥9)] dr do

g

(L+L)¥H ’ dVy+

~ 2+ a?
C R bl el b g g
" /R(Tm) e{ A } rdw (7.18)

4@ (9 4o f T
_ 3. (gl g *
+ R(Tsz)Re{ 3 (¥ +2f¥ )}dt dr dew

2 .
+ / { Sy -Zy‘I’[s]/} dt* drdw.
T1 T2
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8 Transport Estimates

The results of this section are used in the proof of Theorem 4.20 in section 9.2. Throughout this section, we assume
that the quantities a[’z], z/)[’Z], and ¥(~2 satisfy the assumptions of Theorem 4.20.

We prove estimates of the form

a2 At dr dw + by (r) - |al72 2 drdw
/( ’ ‘ 1(7) ‘ ‘
TlTZ

g,

2
</ _2}‘ dt*drda)—i—/ b1(r)~‘zx[_2]‘ drdw
Tl T2) 271
and

/R(Tl,rz)cs(r) ‘lp[iz] ‘2 dt” drdew + by(r) - ‘4’[72] ‘2 drdw

o,

< /R(Tl Y cy(r) “I’[*z]‘z dt* drdw + by(r) - ‘1/1[*2] ‘2 dr dw

Iy
where ¢y, c2, ¢3, ¢4, by, by are suitable non-negative weights. Note, the boundary terms appear with a good sign.

Lemma 8.1. Forall n,y > 0, we have

3 —n -
242 ( A ) 1<1+r1’7> lw[—z}.a[z](ﬂﬂz)—h@z].,x[—z}(rzﬂz)—%]

PZ+a22 \12+a2 02

A 1 1 312
[-2](,2 4 2\—3
(7im) ()l

+<A>n 1 [ZM(n—l)(r — ) <1+71’7)+A_17] ’.a[fz](erruz),

L#

NI

r2+a2)  p2 (12 +a2)? r2+a2 yltn
Proof. Fixn,n > 0.

By definition we have
2A3 1p -

e NN (=22 4 g2)3
(r2—|—a2) = LIV, (oc (r"+a%) 2).

Thus, using chain rule, we derive:

3 _
2A2 A n 1 L, B B
(72 + a2)2 <7"2 + az) p <1 + — ) |fl)[ 2] ‘x ](7’2 + aZ) % + lp[—Z] . 06[ 2](7.2 4 a2) g

= A B 1 1 (-2](,2 4 2\—3
(7)) =» 1+ LV, | [l 22 + a?)
A 1 1 32
= il =) a2 a2 e
(r2+a2> p? <1+r'7>’a (" 4a’)™ L]

A | 1 _ _3
(rva) 2 (+0) ”] [ )

Computing the last term using a covariant identity from Lemma 2.5, we obtain the result.

2
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Lemma 8.2. Forall y > 0 we have:

72+a2 1 [ 2] 2 2 3 2
— - 2
AR (1+r7])‘¢x (r"+a°)

2
8 1
hd il (2]
S’?<1+r1> (r2+a2 ‘\Flp ‘

Proof. By Lemma 8.1, choosing n = 1, we have for all 7 > 0:

7’2+ﬂ2 1 [_2] > 2y_3 2
- — 2
A2 (1+M>’1x (r°+a)

2

H

1 7 -2]/,2 , 2y-32
LF‘|+21’1+’7PZ DC[ ](7’ +ﬂ) 2

2

P L¥

Ui 272 | 2\-3
+7r1+’ip2 ‘tx[ (2 +a2)72

3 -1
2A2 A 1 1 - ,
- . [=2] . 4[=21 (2 & 223
(r2 + a2)2 <r2+a2> p2 <1+ ) 2Re{1p a7+ a?) 2}

2vVA 1 _ 321 2 1 2

~ (2 +a?)p?

L a2y iy 8 (1 LY

T ‘zx (r"+a%)"2 —1—17 1—1—777 (r2+a2 ‘\F#J ‘
2

1 7 [—2](,2 2732 8 1 2

- Cli4+=) -/~ |Vaypl?

—2¢ltp2 ‘a (" +a) + 1 + r (r2+a2 ‘ Ay ’

where we used the Young’s inequality with weight W = 1 +e?)

drv/A(14r1)

. 312
Subtracting %ﬁ al =22 4 a?) "3

from both sides gives the result.

Proposition 8.3. For the constant t* foliation we have the estimate
LT -2 3
P re4a%) 2

‘/R(Tl ) 2111 (F+ah”

2
+ﬂ 1 ZMT [_2] 2 2 _%2
+/2T2 X <1+M) <r2+a2+1> ’a (r* +a?)

2
8 1
<% (14 L / Va2 ardrd
w(”) o s [V s

Ty

r? 4 a? 1 2Mr 312
14— 1 ’ (=212 4 422
+ S ( +r’7) <r2+a2+ ) al= (" 4 a%)

Proof. Integrate the inequality from Lemma 8.2 in the region R (1, 72), use Divergence Theorem, and substitute in

inner products. Note, boundary term on H* is zero since /=2 vanishes on H* by assumption (in particular, /=2
is proportional to A?).

2
dt* drdw

drdw

drdw

forally > 0.

O

Proposition 8.4. For constant t* foliation we have the estimate

)
/R(w Zrz‘ftp ‘ dr* dr do

2
+ + 2 <2Mr +1>(\f¢[ 2]’ dr dw

Jz, Ar r2 + a2

< / 2z
" IR@m) (77 +a?)?

1’2+ﬂ2 2Mr [-2]
+'271 A <r2+ 2+1>‘\F¢ ’ drdw

"I’[*Z} ‘ dt* drdw
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Proof. Similar to proof of Proposition 8.3. Note, boundary term on H* is zero since v/Apl~2 vanishes on #* (in
particular, v/Apl=2! it is proportional to A).
O
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9 Proof of main results

9.1 The homogeneous generalised Regge—Wheeler equation

In this section we prove Theorem 4.21.

First we prove an inequality which will be useful.

(o))
y=(1—rt:”p>2f,

and assume 0 < 71 < 1. Assume ¥ = Yls! as in Theorem 4.21.

Lemma 9.1. Let

For any smooth weight function W such that W and 0, W are bounded in [r4,00), we have:

[ clw-v¥lardrdo
R(11,12)

2/ [26 ( GW) - GWZ] | d dr dew
R(1,m2) r2

| Ve M 1] drdw+/ W My 1P drde

where G = (% + & ) and we wrote ¥ = ¥V for brevity.

Proof. Note that we have
[ Gl-Ly¥+ wy[ar drdw >0
R(t1,12)

since G > 0 (as f and y are non-decreasing). Hence we can derive:
/ G|(L— L)¥|* dt* dr dw
R(1,12)
2 2 2 2 *
:/ G[\(L—L)‘I’+W‘{’| — W Y| —W~(L—L)(]‘I’|)}dt dr dw
T,T2)
2/ [—Gwzmz—cw.(L—L) (|‘Y\2)}dt*drdw
R(11,12)
2 w2 2 2 *
-/ [ GWA¥ [+ (L— L) (GW) - [¥ — (L- 1) (GwW[¥[) } dt* dr dw.
R(11,72)
Thus we get
/ G|(L - L)¥|* dt* dr dew
R(11,m2)
9.2)

> {(L L) (GW) - cw2] Y[ drdo+ [ —L)[—GW]‘Pﬂ at* dr deo.
R(1,12)

R(t1,12)

For the second term on the right hand side of (9.2), we have:

50



/ (L—L){—GWH”Z] dt* dr dw
R(TllTZ)

:_/ -1, [Gwmz P2 dt* dr dw
. _

1 2 T 1 2
- v {quf L— L) dV+/ v < L—L”)~GW‘Y 2 48" dr de
/Rm,rz) | SRl L AV e

1 2 | A
- v, |GW= [¥(L = L) dV+/ ( )GW‘I’ At drd
/Rm,rz) . [ p2| I *)_ m) 12+ a? %] rae

where the last equality follows from the fact that we have (by covariant identities 2.5):
1 2 + a? A 2 + a? A
—(L—L)") = T (L—L)*- = L— L)
Vi (G -0") = Vi (o D" ) = o -0 ()

r? +a? - A 2 +a? A 2 A
- Ap? (L-L) v7*<72+a2)_ Ap? 20n <72+a2>_g)28r <72+a2>'

Using Divergence Theorem, we can further derive

e [ B GW!‘YIZ} dt* dr dew
R(11,72)
A 2
_ 20, [ ——— ) GW|¥|*dt* drd
/R(T”?) ' (72—1-112) k1 rdw
_ / GW%“PPg(LfL,—nz) Vs — / GWLZ|T‘28(L*L,nZ) "
J g, % . ZT] ;
1 g2
_ CW ¥ e(L = L —nas) dVis,
/HJF(TLTZ) pZ‘ ‘ g( L, T’ZH+> 2+

which, after substituting in inner products and volume forms, becomes

A

/ (L—L){ GW|¥| ]dt dr dw _/ 20, (22) GW|¥|? dt* dr dw
R(t1,m) R(11,12) re+

- ow 4Mr2 ¥ dr dw+/ GW 4Mr2{‘1fy drdw. 03
Ty
Combining (9.2) and (9.3), we obtain
/ G](L—L)‘I’|2dt* drdw 2/ [(L—L) (GW) — GW? 429, <2A2) GW] : |‘I"2dt* dr dw
R(11,1) R(11,1) + (9.4)
[ w2 P dw+/ GW o ¥ drdo.
o, re+a
Since
a9 A ad 0 a
(L—L)(GW)+209, ) CW =20 (GW) +20, ) CW
A A
=255 (GW) +29, <r2 - a2) GW
A
=20 (MGW) /
(9.4) is what we wanted to show.
O
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We now wish to combine Lemma 9.1 with the estimate (7.3) of Proposition 7.1. This is a way of obtaining more pos-
itivity for the coefficient of [¥|?, using the |(L — L)'¥|* term. This extra positivity is necessary, as we shall see shortly.

By Proposition 7.1, we have:

/R(T]/Tz){ [a;y + ((—Brw)f—ar (wy)) (aZ SZHZQ M cos? 9)} ) |(L+L)‘I’|2

+ af) (L -y
)

|
r(wP) + or (wyP) + arg” + (2 - %) ((arW)f-i-ar(wy))] : |‘I"2} dt* drdw 9.5)

rf

(%

- [fan(

+CEB/ E, [Y[ﬂ drdw + —S / [(L+L)¥| dvy.
%, 16Mry JH+ (1,1) N

< (26— CEB) /Z E, [T[ﬂ drdw.

T

Remark 9.6. We note that the error terms generated by the right hand side of the equation are not present, since we
are in the homogeneous case.

Combining (9.5) with Lemma 9.1, we obtain

/R(Tl,Tz){ [af T ((—arw)f—a, (wy)> (az SZHZQ — aM cos? 9)] (L +L)q;’2

_ [fa, (wP) + 9, (wyP) + arg" + (2 - %) ((arw)f—i— ar(wy)>

— 29, (DGW) + GW2} : |‘f|2} dt* dr dew ©.7)

4Mr

2

C /
H (ll 12)

o= +7)

Note, we have the freedom to choose the weight W.

where

The goal now is to achieve non-negativity for the coefficients of |(L + L)¥|? and [¥]* in the spacetime integral on
the left hand side of (9.7).

For the coefficient of |(L + L)Y ? we can derive
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coeff. of | (L + L)‘I’|2

= 1202 (o) £ r o) ) (0 ot e)]
>4 [afly - bt (o) £ (wy))]
= () (e )
[ 03) (52 (5 )
=3 (1- ﬁ?p)z{w }

where Q = Q(7) is a quadratic polynomial satisfying the relation

M%—mm:—m(

27

P +a®—2F

2

):<

(P +a2)2

77trap

L (73 — 37 +—a27-+-a2)

P+ a2)3

(1

7

)

i‘,

).

Recall, firap is defined as the root of the polynomial 7 — 372 + 427 + 4 in the interval [F, 00).

We can verify the non-negativity of F;(7) for the entire range @ € [0, 1] using Mathematica (for the code see Appendix

D). We can produce plots for multiple values of a:

0.20

0.15

010

0.05

015

0.10

0.05

(a) s with @ = 0.01

o1

(b) F; withd = 0.5

L
10

(c) E; with @ = 0.95

8 1
(d) Fr witha = 1

Figure 3: Behaviour of F;(7) for different values of @ € [0,1] and 7 € [F, 00).

Remark 9.8. Note that F; is the non-degenerate part of the coefficient of ’ (L+ L)‘I"z. Of course, the coefficient van-

ishes at Firap quadratically.
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Since F; decays like 71—2, we may conclude that

coeff. of |(L+ L) ‘I" %l (7 rtrap)z (9.9)

foralla € [0,1].

Let us turn our attention to the coefficient of “P‘z in (9.7). We have

coeff. of |‘I’|2

— [far(wP) + 9, (wyP) + arg// + (2 - %) ((arw)f—l—ay(wy))]

+209, ( A GW) — GW?
_ A;{ - lfaf (M) + 3, (MPayp) + 337 (D3 (Do) ) + (2 a) M2 ((Bro) s +87(wy))] 9.10)

20, (D( x*f . )MW) (8;f N afy) (MW)Z}

= A;{mﬁm + %ﬁm}
where
A (F) = (2—11) (( W) f — O ( )) — f3:(@P) — 05 (@yP) — ;8;<D8y(D8?f)>
and
Ba(F) = 205 (DGW) — GW2,
where

5o (%f 9y
o= (% +%)

Note, one can think of 2; as the W- -independent part of the coefficient of \‘Y| and B; as the W-dependent part.
Note also, we still have freedom of choice of W. Figure 4 shows that the choice W = 0 is not enough to obtain
non-negativity of the coefficient of ['¥|* for the full range @ < 1. Our goal now is to examine closely the failure of

non-negativity of 2; and subsequently make a suitable choice of W so that the coefficient of |‘I’|2 is non-negative for
alla <1.

Using Mathematica (for the code, see Appendix D), we can plot:
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0014

0.012
aozE

0.010
0.010 |

oooe b 0.008

nooel 0.008
0.004 | oooal

0002 - 0.002+

' L L L L L L L L L L
5 10 15 20 25 20 5 10 15 20 25

(a) Az with a = 0.01 (b) Az with @ = 0.5

0.015F

00z ‘ |

0.010 | \ |

0.010 | \

ooos| |

0.008 |-

0.008 |-

0.004 |

0002

. . .
'\/ 5 10 15

(0) Az with @ = 0.7 (d) Az with 7 = 0.99

Figure 4: Behaviour of 2l; for different values of 4 € [0,1).

We can observe that as 4 increases towards 1, the value of ; dips below 0 in a small neighbourhood. This can be
seen directly since the non-negative term

(2 - a) ((—af@) f—or (@y))

becomes smaller as @ increases. It is also easy to see that this region 2(; dips below 0 is close to 7irap because the term

((—87@) f—0or (ﬁy)) has a local minimum at irap, namely it is 0 at this point.
Next we examine the behaviour of 2; near the horizon H ™' as d varies. We can rewrite 2; as
Aa(7) = (= %) (f +y) (P+2-a) =@ (3:((P+2—a)y) + forP)

- % (0:D)? (3: ) — %D (a%D) (0:f) — %D (3:D) (a%f) - %DZ (a;:"f) .

The behaviour near the horizon of the terms above is as follows:

A~ (F—7y)(F—7),
D~ (F—74)(F—7_),
o:D ~ (7 —a),
W~ (F—74)(F—7-),
(—orw) ~ (F —7p).
Since
lim7,. =lim7_ =lim7 =1,
i—1 ai—1 i—1

in the limit, all these terms degenerate at the horizon.

Using Mathematica, we may plot:

55



08

1.2 1.3 1.4 1.5

(a) Az with & = 0.99

0.8

0.4

L
1.1 1.2 1.3 1.4 1.5

(b) Az with & = 0.999

08

0.4

L ' L
1.1 1.2 1.3

(c) Az with & = 0.9999

1.4 1.5

0.8

0.4

L L L L L
1.1 1.2 1.3 1.4 1.5

(d) 2 with @ = 0.999999

Having examined the failure of non-negativity of 2z, we collect a list of properties that W has to satisfy in order to

L L L
1.1 1.2 1.3

() ; with & = 0.9999999

1.1 1.2 1.2 1.4 1.5

(f) Qlﬁ withd =1

Figure 5: Behaviour of 2;(7) in a region close to the event horizon, as @ — 1.

remedy the situation.

We need the following properties for the choice of W:

1. We need to make the term B; positive in the neighbourhood of #ap where 21; dips below 0. For this we need:

. |V~V| small - this ensures that the negative term

~GW?

is small, so that we don’t introduce significantly more negativity.

e ;W is positive and large in the neighbourhood where 21 is negative (close to Ftrap)- This ensures that the

term

is positive in this neighbourhood.

20; (DC;'W)
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2. We need to make sure that W decays fast enough as 7 tends to infinity. Note that 2; ~ %3 and G ~ ;lz for large

7. We want to avoid a situation where .
-GW?
decays more slowly than 2(;, causing 2(; + B; to dip below 0 for large 7. For example, making sure that

W ~

|

for large 7, will do the trick.

3. We need to ensure that B; behaves appropriately near the event horizon. Note we may derive:

4(F—a)(F+a)

s ~ 2(F—Ty)(F—T-) e ~r o

Balf) =~ N (GW) -cw
ool F-a W AF+a) ~ -7 2 (= W \  _\ <[ W
- L’—ﬁ (7—7+> (72+a2)2G+1’—1’+ 72+ﬁzar ¢ =Ty (F=) ¢ F—7y

So if we choose W such that W ~ (7 — 7. ), then B; ~ (7 — 7 )2 near the horizon, and the expression in the
square brackets has a finite limit as # — 1 at the horizon.

We can make the choice:

1 F—7 o
Wi= * arctan (4(r ~15 rtrap)> 9.11)

We can plot:

Figure 6: Plot of W(7), for the choice of W (9.11).

We can summarize our numerical experiments in the following plots, where we plot 2(; and B; for different values
ofa e [0,1]:
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Figure 7: This figure demonstrates how the choice our W makes the coefficient of |‘~I’|2 non-negative for all @ € [0, 1]
(for @ = 1 note the degeneration at # = 7).
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Having made an appropriate choice of W, we can conclude that

coeff. of |‘I’| > ]\}I3 (b(ﬁ) + 1’—171’+> 713

(9.12)
forall 7 € [F4,00) and all 4 € [0,1], where b(d) \(Oasa 1.
Moreover, for boundary terms we have:
CEB/ E, {‘I’[s]} drdw — GW 4Mr “I" dr dw
T2 ZT
2 2 2 2
[y 1 Mr 1 o [s]
= ——|(L+ L)Y -(L-L)¥Y — LY — Y drd
CEB/ZTZ 8(72—|—a2)‘( +1) ‘ +8’( L ’ A ’* ' +2(r2—0—a2) v raw
CEB 4Myr
—— P —-GW —— Y| drd
+/2T2 {2(r2+a2) r2 + } ’ ’ raw
Ces 2 2 N
> — _
> | “M(LJrL)Y‘ +](L L)¥| + ] dF dew
1 Cep 4~ 774 . . 2
+ M /ZTZ 7.2 5 G ) arctan (4(1’— 1.57trap))1 . “P‘ didw.
Since we have 1
G ~ ?7,
we can estimate (for Cgp sufficiently big)
CeB 4 ~ 7-—TF -
2R 5 (r2 2) arctan <4 (r —15 rtrap>) > —
forall @ € [0,1]. Hence,
g _ / 4Mr > i )
Ces /Z E ] ard L Woae | ‘If‘ drdw Eq 1] dar do, 9.13)
where, recall,
_ 2 2 2
o [‘IJH] ‘M(L+L)‘I’ ‘M (L—L)¥e| + % ’ML‘I’[S] + rlz ]‘FM 41
Similarly,
~ 4 Mr 2
_ [s]
(2€ — Ces) /le Eq[¥H] drde - [ Voo ¥ | drde
1 ~ ~ 9.14)
< - _[ls] (
< (4C + Cis) - /zrl Ea[¥1)] dF da.
Combining (9.7) with (9.9), (9.12), (9.13) and (9.14), we obtain
i/ Ly )2.‘M(L+L)‘Y‘2+ b(a) + 1+ l-"ff dF* dF daw
M R(TerZ) 74 trap - 7 73
1 ~ _ 2C + Cgp 2
+— | Ea|¥l drdw+7/ M(L+L)¥| av, (9.15)
T, a[ } M* Ht(t,12) ( L ‘ "
< 4C + Cgp ~

S =5 .ZrllEg[‘I’[sqd?da)
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foralla € [0,1].

At the moment, we are lacking control on (L — L)¥ and ﬁ[s]‘lf. To gain control on (L — L)¥, we go back to (9.5),
from which we get:

i/ l-‘M(L—L)*If’zdf*dfdw
M JR(v,) 72 B
arf ar]/) 2 *
< — 4+ —> |- |(L=L)Y¥Y| dt*drd
~ /R(Tllfz) ( 2 4 ‘( D ‘ rae

< (26 Cs) /2 E,[¥¥)] dr do

T
- /73(’[1,1'2)

S lfar(wP) o (wyp) + 2L 4 (2 - ]\a/I> (“rw)f +orlwy )>

2 2 2
aZTy + ((arw)fa, (wy)) (a S;n 0 — aM cos? 9)] . ‘(L+L)‘I" dt* drdw

. "Y lzdt* drdw

1,2 2

ory % sin? 0

Yt M2 ((_afw)f — 95 (wy)> (

1
oy
M JR(tm)

1
=y
M R(T],Tz)

2
— dcos? 9) ‘ : ‘M(L + L)‘Y’ dr* drdw (9.16)

For(MPwP) + 3;(M2wyP) + % 3 (D 3 (D 3 f))

+ (2—ﬁ)M2<(87w)f+a?(wy)> ’ : "Y lzdf* dF dw
< T [ [wH] drdw

Iy

1 1 " » 2 2 . 7— ?+ 1 2 o
+ M~/R(Tl,rz) [?4 (7 — Frap) ’M(LJrL)‘I" - (b(a) +— > = “{f‘ 1 AT d7 dw
4C + Cgp = Twlsl] s
< - 5P _ s]
ST k. E; [‘F } dFdw,
where the last inequality follows from (9.15).

Hence, combining this with (9.15), we get

1 1 - - 2 2 1 2 B 7_7+ 1 2 o
M/R(H,Tz){?‘}(r—nrap) -’M(L—i-L)‘I” —1—?2.‘M(L—L)‘Y’ +<b(a)+ . )r?)'qf‘ }dt I de

1 ~ . 2C 4 Cgp
— | E;|¥V| dra 7/
* M /Zrz ! [ ] raw T M* H (1,12)

< 4C + Cgp
~ M ZT]

2
M(L+ L)Y vy

9.17)
s [‘P[Sl] 47 de

foralla € [0,1].

To gain control on the ﬁ[S]‘I’ term, we go back to (7.18) with the exception that we don’t use the Poincaré inequality
(7.12). We get
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2
dt* drdw

/Rhm) ((_arw”_ar (wy)> : ’Y°7[S]‘If
< (26* CEB) /Z E, {\I’[S]} dr dew

T

2 cin?2 2
—/ oy + ((—ayw)f — oy (wy)) (a sin”f _ aM cos? 9) : ’(L —O—L)‘I" dt* dr dw
R(11,m2) 4

4
(ALY o ivefar
/R(Tl,Tz)( 2 T 4 ) )(L L)‘Y’ dt* drdw

- /R(n,m) -far(wp) +0,(wyP) + ar{” o ((arw)f + ar(wy))] ¥ ]2 dt* dr dew.

(9.18)

By (9.17), we already can control the spacetime terms on the right hand side of (9.18) by the energy on X,. Hence,

a similar computation to (9.16) yields the estimate
1 - 7 — 17_|_ 1 2
il b —(F—7 .
M/R(rl,rz) ( (a) + 7 ) ?5 (r rtrap)

also in light of the fact that

4C + Cgp
M

2
v | ar drdew < Es [\PM] d7dw,

Iy

(—3v) f — 35 (@y) (b(ﬁ) 47 j*) rls (F—Fuap)®  Va e [0,1].

Combining (9.17) and (9.19), we obtain for all 4 € [0, 1]:

1 1, _ 2 2 1 2 o F=7N 1 2
M/R(mz){ﬂ(r—rtmp) ME+DY[ + 5 ML -L)¥| +(b(a) _ >73~|‘I’|
B et 25 W U B [CAC N L) (o
+<b(a)+ - )?S(r—rtrap) VY }dt didw
1 7 = ~ 2C 4 Cgp 2
i L Ea[¥M]drde + = M(L+L)¥| av
+M/ZTZ a[ } R Ve R (L+L) ‘ i
4C + Cgp = Tyl s
< = T 2B - |y ls]
< i . E; [‘I’ }drdw.
This concludes the proof of Theorem 4.21.
9.2 The generalised Regge—-Wheeler equation fors = —2
In this section we prove Theorem 4.20.
Set
s = -2
We write
rP4a® g o 2 2 2,2 2y-3
——3 -2 =g h1~<\/glp[7])+a hz-(uc[*](r +a)*7),
where 20 20 1
— 3 2, 2 2a1) — B3 as2 | S22 A2\ 7
hl — (1,2_'_7112)3 (7’ —3M1’ +a 1’—0—11 M) — m (T _37’ +ﬂ I’—|—11 ) — mhl
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and
3

hy = - 2
2 M2(2 + #2)3

r* +10Mr® — 6Ma*r —a
3( 3 2 4)

— 1 -
4 =3 P A N
2+ a) (r + 107 — 64 r—a)— hs.

Firstly, we prove a lemma which classifies the types of error terms coming from the right hand side of equation (4.1).

Lemma 9.22. For Y(=2 4s in Theorem (4.20), we have the estimate

C
sT [wl-2] dr drdw + C / E, [¥-2] drd 7/
/7.2(@12) [ } rdw + Cep Y, [ } r w+l6M1’+ HH (11,1)

?

< (2€C — Cgp) /}2 E, [‘F[’Zq dr dw (9.23)

T

2
(L+L)Y 2 dvy.

+ a? (51 + & —|—53)

where B N
Hi=C-hy, Hy=C"-hy.
Here, €1, £ and &3 are error terms of three different types:
o & are spacetime error terms that contain ¥[=2),

o & are spacetime error terms containing only al=2 and 1,11[_2], and not ¥(=2,

o &3 are boundary error terms.

In particular,
& = 2(f +y)hy — Hy ) - Re { VA= %12} ar drd
1 /R(Tl,rz)( (f +y)n 1) e{\ﬁlP } rdw

3

+/R( )(2(f+y)h2 ~ Hy) - Re {al 22 4 a?) 2 ’ﬁ/} dt* dr dew
7,2

n / _ A
JR(rm) (r? + a?)?

" 2 + a2 , AH; , AH»
2= Jrinm) [a< 2 (hlf _ar(r2+a2>)>+2h2f _33’(r2+a2>

% + a2 2 2 AH, , 2.2 b3
+/R(T1,T2)ar 4 ay((i’ +a ) (ar (1’2—0-112> _h2f> "0‘ (7’ +a ) 2

)‘P[—Zl ]2 dt* dr dw,

: ’\/Ktp[_z] ‘2 dt* drdw

2
dt* dr dw,
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- (7’ + {1 AH] ZAHZ [-2] 1
b = /R(Tl,rz)v” 2Ap2 r2 + a2 —Inf ’\Flp ’ L

(72+ﬂ2) _ AHZ [_2] > o\_3 2 "
+/R<71,T2>V”_ a0\ ) (lef =0 () ) ) e 0Py e av

(12 + a?)? Hy \ 2] . T
+/R(T1,Tz)vﬂ Ap? r2 + a2 haf’ Re a (r +a ) \/ZQL’ }L av

—|—/R(T1,T2)V;4 _P {\/>1P[ o }Lﬂ
',
2

272 (-2](,2 2\-3 w2 2
+/R(T1,Tz)vy_ Re{zx (" +a%)"2 ¥l ]}L

dav.

Proof. We expand the error terms on the right hand side of (7.18). For the computations, see Appendix C.

O
We shall treat the different types of error terms differently.
For the error terms £, we use Young's inequality to obtain the estimate
513/ ’ 1— f+yh1’ ’\sz[zldt drdw
R(t,m)2
+/ f‘Hz —2(f+y)h2’ : |a[-21(72 +a?) 3 dr drde
R(11,12)
2
+/ (‘Hl f+y I’l1‘ + ‘Hz f+y)h2’) . ‘(L —L)T[_Z] dt* dr dw (9.24)
R(t,12)
+/ ZAle ¥l 21‘ dt* dr dew.
Tl Tz r + a

The error terms £ we leave in their current form.

For the boundary error terms &3, we apply divergence theorem in the spacetime region R(7, 72) to produce error
terms on X, X1, and H* (1, 2). We obtain:

2Mr 2Mr
& _/ZTZ (WH) () drdo— [ (MH)  &(2) dr dw

(9.25)
+ / & (H) dV.
HT (1,12) 3( ) HT

where

12 +a?

AH, (r>+a2)? | 3
o120 (-0 (205:)) ) S

+ (ar <AHZ) _ 2f> (r* +a?)? Re {a[fz](rz_i_[;)f% _ \/Kﬁ}

12 + a2

AH 2AH N\ (12 + a?)? 2
o= (o (28 o By ) P e

2

+ Hj Re {x/&/ﬂ*z] : ‘P[—Zl} + HyRe {aH] (P +a2)" 3. ‘I’[—Z]}
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and

&) :%("’f(rzAsz)*(ﬂZin) _’“f>’f¢ i

(e orn (2) e

1
4
+< ﬂ —hzf/)Re{“[Z](rZJraz)%'\/&/H}

2

12 +a?

{\Flp[ 7. yl- }+&Re{a[_2}(r2+a2)_%~ﬂ}.

* rrante 7+ a2y

Note that, in fact,
E(HT)dVy+ =0, 9.26
Lo ) Vi 9.26)
since a2l is proportional to A2 by assumption (and hence \/Kl/)[_z] is proportional to A, by definition (4.7)).

We can estimate:

AH; 2AH, AH,
‘53(2) ‘ < | |or <r2—|—g2> + (1,2_’_“2)2 - dr (1’2—|—a2> _hzf/
AlHy| | (P +a%)? |2
(12 + a2)2 2A ‘\/&/J ‘
1 AH AH
+ E ar<(1’2+02) <h2f/_ar (1’2—f—22>)> + ar (1’2—’_22> _hZfl
AlHy| | (P +a®)?) (o2, 2-3[2
("2 + a2)2 oA ‘04 (r* +a*)"2
1 12
+ 5 (1| + |Ho| ) 202
2
< ar(DHl)"“rZ azD’H2|+|h1’f/
r —|—a
)| + 12l f + DI H| i‘@p ‘
e somel ooy
1 2 4 52)2 )
* )|+l f + =D | %‘ammzﬂz),;

1 2
Z (2] ‘
+5 (|H1| +|Hal) ¥
where we used Young's inequality and collected terms.

_ AN rP4d?2Mr _ P4a?-2F A
Remark 9.27. Recall, D = - = s T T T me
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Hence we have

‘ &(2) ‘ < & (Z’lp[—Z]) % ‘\/Klp[—Z] ‘2 +& (Z,[x[_z]) % ‘(X[—Z](rz + az)—% i 9.28)

+ %(\Hﬂ +|Ha) ) "PH]]Q,
where we define

( =,y 2]) ’8 (DH;) ]+ 2D Ha| + |l f DHZ)’+}h2|f'+72+;azD|Hl|

C 26

:ﬁ 0 (Dhn) |+ r2+a2D|h2|+—D|h1|arf+ 9 (D) |
D|hZ|arf+ ]\(;5 ”2—1Hz2 D|h]|
and
& (z,al2) ::% o (P +a)haf') | + a,(DHZ)\+|hzyf’+r2+%D|sz

(r +a?) DH2)>’+
+

1 ~ c )
=5 ar<( )tharf)‘ e 8r<(r +a )af(Dh2)>’+M3 af(th)]
1
D’hZ‘aff"‘ M4 2 4+ 32 ‘h2|~

Combining (9.25) with (9.26) and (9.28), we estimate

o= A <722:\_/h‘;2 ) & +a 53 2 ¢ ) ' ‘\/Z¢[_2]‘2+53<Z,1x[—2]) ‘ ‘0{[—2](1’2—1—512)_% 2] drdw
T (rzzjfgz +1) % [Ha| + |H2|) ‘ -2 ‘ drdw
2Mr (r +a - s a2 0.29)
T (r2+a2 1) (Z,l,li ) ‘\/il) ‘ —|—53(sz )-‘zx (2 +a2)"2 1drdw
e (r’zzfzz +1) % [Hi| + |H2|> ‘ (2] ‘ drdw.

Combining (9.23) with (9.24) and (9.29), we obtain
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/ ST [‘P[—ﬂ At dr dw
R(t1,72)
_a2/7.€(7172)8(‘H1 2(f +y)i |+ [ —2 f+y)h2‘> @ Lyt ® 4t drdeo

— az/ % “I’[*z}‘ dt* drdw
R(t,m) (1% + a?)

—aZ/R(Tl’TZ) lar<r e (h - <Afjlz>> ) 2y f!

~ 3, (rffz) 2‘H1 2(f +v) hl(

i (0 (7))

. 2
* E‘Hz B 2(f+}/)hz” : ‘a[—z} (1 +a?)"3

E, |[¥17] drdw—aZ/ ( 2Mr +1) %(|H1\+|Hz])~"}’[’z]’2 dr dw
g

‘\Ftl) ‘ at* drdw

dt* drdw

2+ a?

+ Ceg /
P2

2

_ aZ/Z (,,22:\_4;2 n 1) (r? ;_Aaz)z & (Z’w[*ﬂ) ) ’\/Zl,b[*Z] ’2 I de
o

2 2Mr (r* +a%)? 21\ | [21/2 o 2y—3
a /T2 (r2+a2+1) 7A S3(Z,¢x ) ‘oc (rr+a°)"2

2
(L+Lyyl2 ‘ AVys

(9.30)

drdw

¢
T
< (2€ — Cgp) /Z E, ¥ drdw

T

2
+a [ (YZZJFA/ZZ+1>;(|H1|+]H2\>-‘THJ‘ dr dw
g

. ( 2Myr +1) (r* +a?)?
T

2 + a2 T (Z’ I/JH]) ' W&PM ‘2

+& (Z,l’é[_z}) . ‘a[_z] (r? + az)_%

2
] drdw.

Note that some of the terms in (9.30) proportional to a2, namely the ones involving only ¥!~2 (on line 3 and line 8 of
(9.30)), can be absorbed straight away for a4 small enough (provided we show suitable behaviour of the coefficients
at the event horizon and at infinity). To control terms involving =2 and (=2, we wish to add to (9.30) multiples of
transport estimates (see Section 8). These transport estimates also contain boundary terms (on X, and X,) which
have a good sign and will thus absorb the boundary error terms (that are, note, also proportional to %) involving
al=2 and lp[’z].

From Propositions 8.3 and 8.4, we get the estimates
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o2 (1 + az)_% ?

/ Ctr’ o dt* dr dw
JR(uw) 217

r* +a? 1 2Mr ol 0 9\ 32
+ Cy ol /2 ; <1+r><2 +1>‘zx[ 112 + a%) 2

drdw
2 + 2

1\2
< 1 dt*drd
Cir, a2 < + +> /R(Tl o) 72+a2 ‘\FIP ‘ rdw

r2 4+ a2 2Mr _ 312
i | P () (B
T

drdw
and

/ Ce, pl-2
R(nm) 212

r2+a® [ 2Mr 2] |2
g P (1) Vo e

Va2 ‘ ar* dr dw

?

</ 2”2 ! 21‘ dt* dr dw
T]T2 r +a
r“+a 2Mr
+ Cy, -2 /2471N< 2+1>‘f¢ ‘ drdw,

where C (2 and C; yl-2) are non-negative constants, depending possibly on M.

Adding (9.31) and (9.32) to (9.30), we obtain

/R(Tm) [cfﬁ (R(ri, ), (L+L)¥1) - ’(L + L)y ‘2 +cfp (R(11, ), (L L)¥1) - ‘(L — L)yl

+ cfz (R(TerZ)/T[_Z]) : ‘T[_Z]’z + cfz (R(Tlsz)rlP[_z]) : ’\/&P[_Z] ’2
+ cfz ('R(Tl,l’z),lx[_z]> . ‘(x[_z](r2 +a2)_% ?

+ /Zrz B2 [‘I’[_z]] drdw

+/ (2]J\F/Ir2+l>D ch (Zo, 9l ) - | VAY2 ‘ e
+/ < 2:\_47”2 +1> D™ cf; (Zrylx[ﬂ]) . ‘06[72}(7’24_&2)7% 2

] dt* drdw

drdw
C ' 2
= [-2]
+16Mr+/w<n,m> R ’ Vit
< T (-2
_/zrl]B” [‘{’ }drdw
2Mr B 12
+/>: <r2+a2 +1>D ofs (Ze,, 9! ﬂ)-‘x/&p[ 2]‘ dr dw
1
2
/z (rzzfrz +1> D™ cfa ():Tl,a[—2]) : ‘a[‘z}(rzjtaz)‘% drdw,
1

where
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cfz (R(T1,T2)f (L —|—L)‘I’[_2]) = oy + ((—arw)f —0r (wy)) (a2 sinz o aM cos? 9)

2

. ((_a?@)f_af (@y)) (ﬁ silnze — i cos? 6)],

) ([bi = 205+ vy + [ 207 + )]

(a;]eraZy) —%Q‘G_Z(fﬂty)‘ (!ﬁl\ +M\E2])],

3, f" AH 2Cy, yl-2
o) (0 £ =3 (o)) = for wP) = 3y (oyp) - 20 - 2 AT v

1 » _ _ _ _ 1
=0 [(2—‘1) ((—a;w)f—af (wy)) — for (WP) — 95 (WyP) — 237(D37(D87f>>
~ 1 - 2Cue 1
~2 __wy
CD 5 M (Pr@)e|
Ce, -2
cf; (R(Tl,Tz),ll)[ 2]) = tz’:JZ

[ (5 (- (255)) ) ey () ot om|

+a
1)\? r?
-8C. 2|1+ — | 75—
tr, al~2 ( + r+> (r2 + a2)2
C

trllp[*z]
- 2M2?72
Sl 1 Ly ~ . 2 . 3C -
_aZlM%( - <h1D87f—C87(Dh1))> —i—Mtha?f—May(th)

1 |~ _
oM ’sz(f+y)‘ : ’hlﬂ

_ 8Ctr,tx[*2] 14 1 \? 72
M? MFy ) (72 +a2)?’

C

_ (-2 2 + a? AH. 1
(R ) =S oS o (R25) <) ) 22|
Coal-2 Pra . (0 o (s (i . 1)~ -
= e~ (Mo o (P4 )(ca;(th)thaf > +§‘C—2(f+y)‘~\h2

B [\PHJ} .= Cgp - Eq [‘YH}] —a? ( 2Mr
¢
2

1 512
erraerl) 2(|H1| + |Hz|> : "I’[ 2J’
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(ZTZ,IP[ 2]) Ctr;/) 2 r2 -;- a2 & (Z,lP[_2]>

Gyl L, P4

Mr " T2 M4g3<2"/’[72})’

_ 1 1’ +a? _
Cfﬁ (ZTZ,D([ 2]) :_Ctr al-2l (1+ 1’> —ﬂzng,(Z,lX[ 2]>

1 ~2V +‘1 4 2
=Cy ol <1+ M?’) M 53(2 al= ])

12 + a2

= (2€ - Cep) - o [ ¥172] +52§ (rzi_raz—H) (134]%1\ + |Ez!) : \‘P[—Z]lz,

By [¥1°2] = (2€ - Ces) - I, [#12] + 22 (ZW +1) ;(\Hll + ]Hz\) : “P[‘Z]‘z

cfs (Z-r]/ IP[_Z]) = Ctr';p”] +a? r ; a? & (Z, lp[—z])

Co pl-2 P+ a2

= — M453(Z,1p[‘2]>,

ey (B, ) =G, (14 )+ T (a2
trac ( ) .,21’ +a 5 (Z,“[—Z]).

We can estimate the following:
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cfr (R(7, ), (L+L)¥2) > ;4{82/ + ((—afw)f ~ o (wy)> (ﬁz 51“2 b _dcos? 9) }

ctr (R, w), (L-L)¥2) > A;{ <a;f ¥ ﬂj/) — 5 (€20 +y) (1) max{1,m) (32 + 1ol (2)) }

cf; (R(Tl,rz),‘{’[*z]) >

3|
——
—
N
|
2
7N
—~
|
Q)
~t
g
—
|
S
N
s
N——
|
—
Q)
~t
S
3
|
Q)
~t
N
<
=
|
I
&
7N
i
Q)
~t
—
ol
&
X
~—
N———

~ 20 1 2C, 42 1
~2 T, P
—Cea (w*"' (&)) _M74}’
1\2l 1~ . [146 1
tl‘,l[)[72] _16Ctr,“[,2] <1+M) ] ?7 _3CMa2 (}73 + |0| (?‘4>>}/

—max{éf?),]\;lz (6—2(f+y)(7+))} .52<147+6(;7?rap_1) + |0| (7’13>) }’

C CM CM2 1
-2 ~2
Cfﬁ (Z’Q/D‘[ ]) Z Ctr,ﬂt[*Z] — max { 2/ 2 7 4 } -a <6 ‘0| <?)>/

o [‘P[_z]} § 1(6:% [ ‘M(L +L¥ ’2 + ‘M(L —L)yl? ‘2 + % ‘ML‘I’[—Z] ‘2 T ;2 ﬁ[—Z]T[—z] 2]
| e mfonse) (3o (3))] e

We can see that we have several inequalities of the form

where n,m € IN with n < m and the C; are constants some of which are dependent on M. The notation

0(3)

(with k € IN) stands for any non-negative function G = G(7) (not to be confused with the notation from Lemma
9.1), defined for # > 7., that satisfies

lim 7 G(¥) = constant.
F—o0

The fact that n > m in these relations will allow us to absorb the negative term by the positive one, provided i is
small enough.

We can compute that for all 4 € [0, 1]

€ ()= (2-a) <(—a;@)f S (wy)) ~ for (@P) 3 (WyP) — 2 <D (D ag)) ~ rlg
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for large 7. In fact, there exists a constants b, B > 0 such that

beaw<l vz

for all @ < 0.5. The positivity of b can be verified numerically, see Figure 4 and also Figure 8 below.

Bl
o0 0.008
[ Gigag  0.004
0.010 F 0004 oo
0.1 T
L 0.2 -
0.002
0.008 02
0.4 0.001
0.5
bir3
(b) In the minimum region.
S Bir"3
o 0.001
2. = 1078 0.1
) 0.2
5 Ex -
25410 0.2
2.x10% | 0.4
[ 0.5
180 185 200 208
(c) Large 7

Figure 8: Behaviour of ¢; for different values of @ < 0.5.

Hence, assuming 4 < 0.5, we have that

_ 1o ~ ,(20 1 2Cy, yi-2)
cha (Rim, ), ¥1%) 2 ml? —C'“2<f—5+'°' (‘6)) =M

Choose

/

c tr, p[=27

tr, y[2] =M-C

1\ 2
Co, ol =M (1 + M) Cp, ol

where we can choose constants C;r 5 > 0and C;r 42 > Oindependent of M.

ol

Choose C;r, e small enough so that

!

1 _ b
w2 A S 5

2 :
¢ 473

<
Also, there exist 4, = d1(M) > 0 such that for all 4 < d;, we have

~2
C-a (f—5+|0| <r_6>> S 3
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Hence for all @ > d;, we have

3R (9.35)

Also, there exists @ = (M) > 0 such that for all 4 > d,, we have

% (5—2(f+y)(r+)> max {1, M} - & <?32+ lo] (;)) < % (E);f+ a?) :

Hence for all & > dp:

et (R(n, ), (L-L)¥1Y) > L (aff + afy) > L1 (9.36)
In addition,

ofi (R(t1, ), (L+L)¥) ~ — 2 (F = Firap)” 9.37)

uniformly in 4.

We also have:

|-

i (R, ), 9l 2) >

10 , 1~ (146 1
{2 |:Ct1‘, lIJ[fz] - 16Ctl‘,ﬂc[2]:| 177 —3Ca (173 + |0| <174>>}
C/
1[Copla  ~ /146 1

A
tr, al=2 T 30 Ty, -2

where we chose

There exists d3 = d3(M) > 0 such that for all & < i3, we have

~ 146 1 tr, p[—2
~2 ad
3C-a <73+ lo] (74>) S —g2
Hence,
C/
1 (-2 11
) BN BT (9.38)

cfa (R(Tl’TZ)’l/’ ) “M 82 ~MPR

forall i < is.

We also have:

cf; (R(Tl,rz),zx[d])

1 [Mm 1\ 2 Cuaa CM® M2 [~ 5 (147 4 6(Firap — 1) 1
> _— )= il L _ = 7 _ .G il
= Mz{ 2 (1+M> 5 —max ) = 5 (Co2Af+)() ¢ o3 7 el (?3)

1 1) 2 [ Crat2 1\2 [eM ~ L (147 + 6(Fiap — 1) 1
_2]\/[<1+M) { 72 M(1+M> max T,C*Z(fﬁ’y)(fﬁr) - a 72 +|0| (3) .

~
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There exists d4 = d4(M) > 0 such that for all 4 we have

1\2 CM ~ o (147 + 6(Firap — 1) 1 C a2
M<1+M) max{z,C—Z(f+y)(r+)}~a < 2 + o] <73> < TR

Hence,
cfz (R(T ) [x[—2]) > 1 1+ 1)~ C;”‘H] _ 1 1+ 1y CLW’H] > 1 14 1\*1 (9.39)
EANA =2 M 22 M M 12872 ~ M M) 7
for all i < dy.

We also have: )

C ~ ~
_ . =2 C ~CM [ 6 1
cha (B 9 ) 2 L= _maX{ZM’C’Z} '”2<f+ ol (ﬂ))

There exists d5 = d5(M) > 0 such that for all < s, we have

~ C
C =Cm| (6 1 r, pl=2
— < . .
max{ZM C, 5 } ( + |o| <~2>> < —5

!/

C
[-2]
ofs (To ! ) > -z

Hence,

(9.40)

foralla <a

We also have:

B 1\ 2 1 1\2 C CM CM?2) _ 1
cf; (ZTZ,DC[ 2]) >M <1+M) {Cm,x[z] M (1+ M) max{2,2,4} - <6+ o] <7>> }

There exists dg = dg(M) > 0 such that for all 4 we have
1 1\2 C CM CM2)| 1 Cop al2
(14 = G ) ) <« e
M(+M> max{2 - } a<6+0<?)>_ >
Hence,
1\ %€, a2 1\ 2 Cy 2 1\ 2
. [=2]) > - o " — A S -
of; (ZTz,zx )_M<1+M> : M(1+M> 4 NM<1+M> (9.41)
foralla < a
We also have:
B2 [¥2] > Cen ‘M(L+L)‘1f[*2]‘2+ )M(L—L ‘ T ’ML‘I’[ 21‘ + |
a = 16M2 =
1 G .~ 23 1 -2
+16M2 2 16 C max{ } a ?2+|0| 3 "Y ’ .
There exists @y = dy(M) > 0 such that for all 4 < 47, we have

- 3 1 C
2 ~2 EB
16C max { M, M }-a (172+\0| <r3>> <2
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Hence, for all i < we have:

3 [WH}}
= 1(6:;3\32 ’M(LJFL \ +]M (L— L)yl 21‘ +Z‘ML‘P[2]’2+:2‘Y°7[2}\P[2] ? +3<23]E\22;2
2 3(2:}5\32 “M(L—FL ‘ + ‘M (L—L) yl- 2]‘ + Z ‘ML‘I’[_Z]’2_|_ %2 ‘ﬁ[_z]‘{f[—z] 2+ 1712 ‘W[—Z]H
ﬁ ‘ML+L‘Y[2’ M-y ‘ L7 ‘MLT ‘ + - [-2] :2‘11/[2]‘2]

Moreover, for the terms on the right hand side of (9.33), we have:

cfz (21—1,0([_2]) < max {1,M2} (1 + 6) ,

foralla € [0,1].

In summary, we have:

11
cfs (R(Tl,Tz), (L +L)‘Y[72]> ZM P} (7’ ?trap) ’
_ 11
of (R(n, ), (L-L)¥2) 2 —
1 1
cfz (R(Tl,Tz),Y[_ZO P ekl
11
Cfﬁ (R(TllTZ)/ ¢[72]> Z M ?7/
~ 1 1\ 21
cfz (R(Tl,Tz),Dé[ ]> ZM 1+ M) 1.?2/
_ 1
Cfﬂ (ZTz/w 2) Z?'
2
of; (zfz,a 2) ZM(lJrAl/I) ,
1 -
B2 [T[—Zq >, [qr[—ﬂ} )

for all 7 < min {0.5,&1,52, i3, a4, 05, e, 57} —: ap,

and also:

a

B [11,[—2]} < max {E

l-2 ’2

(9.42)

(9.43)

(9.44)

(9.45)



foralla € [0,1].

Remark 9.46. Here, all the underlying constants in all the < signs are actually independent of M, with all the depen-
dencies on M explicitly stated.

Hence, combining (9.44), (9.45) with (9.33), we obtain for all @ < dp :

A L A e e e L

DZ
o
R(n,w) T

+ /| Ea [‘FH]] d7 dw +
ZTZ

+),
HH (11,12)

< Const(M) -

2 2
~ D4 B
AP d7 dew + /R T AF* d7 dw

n,5) 72

lIJ[—Z] (172 + ﬁZ)

al=2 V72 4 32
VA& A2

2

-2 ?
¥ ) drdw (9.47)

(2 + @
VA
2
M(L+ L)¥[2 ] AV

b

Iy, T

dfdw + D3
Tr

al=2/72 1 32
A2

2

dFdw + D3
Zﬁ

dAyE TR

A2

Iy T

7

/ E; [‘I’[*Z}} drdws [ P |¢[2](72+ﬁ2)
To !

dr dw] ,

where _ ~ .

max { 2558, €, MC, M2C, M3C, M*C, G, Gt }
~ ) )

min{,\l/p@,ﬂ(1+§4> %(1+ﬁ) ,M3}

and the underlying constant in < is independent of M.

Const(M) =

2
o [-2
Note that we do not control the term ‘V[ ]‘I’[’Z] in the above. However, since we now have control on all the
other terms, we may re-do the computation starting from (7.10), this time not using the Poincare inequality (7.12).

2
Recall the reason for using it was to gain additional positivity for the coefficient of ‘1.1;[—2] ‘ in the spacetime integral.
Having obtained the estimate (9.47), this extra positivity is not necessary.

This concludes the proof of Theorem (4.20).
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A Some useful bounds

We have the following bounds in the black hole exterior (i.e. r > ry).

M<r, <2M

(14 V2) M < rirap <3M

2
r
(1 . trap> <2
r

I < max {|f(rs)],1} <2V2

Tt 2
Iyl < (1— “") £ <2lf] < 4v2

r
If+yl <6v2

2 2 2
lg i 6Mr r as 7acA <4
2 72_'_‘12 7’2+ﬂ2 (72+ﬂ2)2 —

a2

<1-—wd?sin?6 <1
< wa“sin“ 6 < +2Mr+

<3
-2

N =

2Mr 2Mr ( 2Mr ) 1 1 1 1

A (r2 +a?)? r24+a%2) r2+a? ~ r2+a® ~ ry24a>  2Mry
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B Estimating boundary terms
Here we show how we can obtain the bound

LS MR AL

A
o (R R+ S ()

<
A

<C-EB[Y¥]

where C = C(M) will be computed explicitly.

We can compute

P L)+ 2R )

_f (1—wa2sin29) Re{(L+L)T.W}+¥ (1—wazsin29> Re {(L+L)¥-(L—L)¥}

4
—w(f +y)sacosfIm {‘I’W’}
% - % (1 — wa?sin? 9) ILY[? - f%woﬁ sin®6 |(L — L)¥|* + w(f +y)sacos6 - Im {¥ - LF}

2 1" U
+(f+wa—|—f >|‘I’| + Re{L‘I” ¥} - fwa sin0Re {(L+L)Y ¥}

—w(f+y) ‘ﬁ[s}‘f >

where
6Mr 12 —g? 7a2A

P:=4— -
r2 +El2 r2 —|—ll2 (1’2 +612)2

We may estimate the individual terms as follows:

(1) := r (1—wu25in29) Re{(L+L)¥ ¥} <|(1)

I
<L (1 + 2]\“;) (1L +Ly¥P + 2P)
< () (v i) (1+75) - (sl 100 007)

+ <1+ 2;{;) sup ( f'(r )P> (2(1’21112)13'1{,'2)

2+2

(2) := f4ﬂ (1 — wa? sin? 9) Re{(L+L)¥-(L-L)¥} <|(2)

3 |f +yl (1 — wa? sin® 9) |Re{(L+L)¥-(L—L)Y}|

IN

17 (1 ) (10 LY+ - L)

w1 (1 g ) - (10— 0e)

IN
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@y:—wu+wwaBMm{f?}g|@n:y+mwmammpnﬁa?}

SUﬁyMwﬂm%Tff}wﬂf+mmﬂhm{T~;L—UTH
<V+ymw(WF+1KL—UTF>

A
= f+ylaz——07

2212 az ¥ + |f+y|aw|(L—L)‘I’\2

A
712 1 1
§V+ywwp<’§1)Pﬂ+ﬂ2TF+4V+ya<g%wUOIu—Lﬂ?

r>ry

=2|f +yl|a sup (72%2> <;r2j_ 2P|‘I’|2> +2|f +yla (maxw(r)) ' <51;|(L_L)1F|2>

r>ry

(@) := = 2TIV (1o sin?0) |L¥P? < |4
<|f+yl <1+ 21612) : (Air |L‘1f|2>
(5) 1=~ MY 2 sin ) (1 - ]2 < ()] = LEU 222 in gy - 1w
< |f;;y| <2AMrw> (L — L)¥|?
< |fg?/| <2A/1[r+> 2|(L — L)¥|?
=1 +ol g (§l0 - 0eP)
(6) := %w(f—l—y)sacos@lm {¥ LY} <|(6 %wa\f—i—stHcos(ﬂ “|Im {¥ - LY}|

Sg%@wﬂf+qAZUm{T-g¥H
2M M
Suv+y|(rw)mv+sz+ermwz

2Mr
:ﬂf+mGr—jﬂTV+MU+yW LY|®

<alf +y| sup

r>ry

(” +112 ’ Mr )
p) ﬂ+_zmTl+2ﬂf+y|Qggawﬂ> A ILY

r2+a2

Mr
|f vl sup <r2+u2 ) 72+a2P|‘P\2+2a|f+y| (garw(r)) ~ |L‘I’|2

r>r4
4 Mr
< 4a Pl¥2) +2 == LY
olf +vl sup ﬂﬂz> s raPIYR ) 2l ol (maxw(n) - (5 12 P)
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(8) :=

(9) :=

o [s 2
w>:zi”f+y|V“T]<un| U+ 2 7

2Mr 1
2+ a2 12 4 a2

vy

%[S]q,

)

2 (L tar+ L) 1o < 1) = [ B0 (Lyor + £ ) 1o

sup(‘zAm(fzﬂprra)‘)- L piyp

|f|

2

1
< — [

—1f+yl- ( ]vmw

IN

r>r4 2(,21+a2)P 2(72 + aZ)

= sup
r>rg

e (%wp + fT) 1
o . (2(r2 +a2)PlT|z>
2(r7+a%)

Re{LY ¥} <|(9 LW—‘R {LY-Y}|

’2Mr f 2Mr
<= LY
4 A L | +

2Mr f’
A

¥

1 2 G 1 2
< — | max LY| 4+ su . P|Y
-2 (r>r+f ( )> | | r>£ x 1 P 2(7,2 + a2) | |

r24a2)

<3 (o) (5107) 0 (M57) - (s Pie?)

!
(10) := Zlg/IrJ;wazsm 9Re{(L+L ‘If?} < 1(10)] = %fzwazsiHZQZ|Re{(L+L)‘If.?H
< fz e (L+ L)Y + a2 Ag J; %2
Mrf’ P’ 2\ 2Mr e
- (r* +a?)p? (8(r2+a2)|(L+L)‘P| oy g
Mf’ 0’ Mr f'
< 247 . 2 2
—”rw+ﬂ><aﬂ+ﬂﬂ@+wﬂ)+a Lwl¥)
Mf ) ( P’ 2) 2 Mr Loy 1
< 20%su ( : L+ L)¥|" | +a”su o4 : P
AT R CCET LRl A ) R TR

Hence we can estimate:
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R I B TR I \<1>+<2>+<3>+<4>+ )+ )+ (10)
< (s ) (1 3) (172) (ol 10077+ (1 3 P( 5) (e

+1f +yl <1+2A”Z+) <1+r“;> : (S(rziaz)KL+L)‘I’|2> +1f +yl ( ) (é| (L—1L) ‘I’2>
_A
+2/f +yla sup (*2;2> . (WPPYF) +2/f + yla (gr;erw(r)) . (8|(L—L)‘P|2)

r>r4

a? Mr 5
w1f ol (14 5 ) - (o o)

V) 20+ (maxo) ) - (5 L)

+ sup

r>rg

= (Y-
f Nomry \8 &
%(%P%)
1 , . 2 Mro,f\ 1 2
o2 () (F10E) 4 e (555 - (e

1
+4alf + y| su (
|f y|r E(,ZI\JZ#P) 2(r2
2
+If+yl- < AT+ ) )
1
- ple?)
1 ( 2 2
syt 2(r2 +a?)
o sup (M N (DY) e su Riw ) (1 Pl¥[2
WP\t a)) 5t @) L P Y

Collecting terms, we write:
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7’2+a2 f Y ZMT f Y
A {PL+L+FL+L}+ A {P LR L}‘
a2 a2 a? a2
< 1 1+ — 1 1+ —
<| (monr o)) (14 g ) (7)ot (e i) (14552)
Mf' > P2 2
+2a% su . L+L)Y
YZE <r(r2+a2) 8(1’2+a2)|( L)¥|
+f+yl | 1+ il +2a maxw(r) 1 —L)Y?
Y 2Mr, o 2Mr+ glL-L
2
a 1 Mr >
|f + vyl <1+ M7 ) +2|f+yla (maxw(r)) +§ (maxf( )) N ILY|
(B.1)
Y
+If+yl- r2+a2 ‘V
2 ! A
a r 1
+ (1+ )sup f{r) +2[f +yla sup | = | +4[f + yla sup oy
2M7’+ r>rg 72+uzp r>rg p r>rg er P
+ !
2 (Lrwp+ ) Mr, f Mr £y 1 )
+ sup T + sup P +a* sup T ‘57— P Y|
r>14 WP r>ry r>ry 2(1’2+a2)P 2(1’ +a )
2
P 2 1 2 Mr 2
= |A| - ———-|(L+ L)Y —|(L—-L)¥Y -— |LY
A 8(r2+2)|< +,>|+H S —D¥P+[c] S ILY)
1
b4 D] - ——~——P|¥|?
FUf 4yl \v + (0] s PIY
We can derive the bounds:
a2 3
o 1+ M. S 2
o1 —|— > <2
~ 2Ftra
. (maxrzr+ f/(r)> < Wz (rtrap -1+ %)
. <maxr>,+ w(r)) < ﬁ
2
* 1\/‘[17‘1, S 1
Mf’ 1 1 ~ 2Ftray
(] Supf>7’+ (r(rz_{uz)) S szi (l’trap 1+ %)
! ~ 2tra
° Sup,,>hr ( f4(r)P> S M (rtrap 1+ Y;er)
2442
A
o, () 22
i Supr>r+ (,2+1,12P> S 1
Mr
oMy ( f+y yild
A\ T wPt . i _ 3Fira
o sup,.,. <1P> <6v2+ - (rtrap —1+ %) + % (rtrap —1+ %)
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Mro f 2 ~ 277trap
(] Sllp,,z;,+ ( Pr ) S i (T’trap _1+ 2

Mr f’ ~
A TW 1 ~ _ 27trap
[ ] Sup}’27’+ ( 1 P) S ZM;’i (Ttrap 1 + n )

Using these bounds, we may estimate:

2 /
a Mf
Al = ! 1 1+ — 24> ———
[A] (|f+y|+§r;e;i<f(r))< +2Mr+)( +r+2>+ T sup (r(rz+az))
1 27tra 3 1 1 27tra
< 6\@+(7 B p> S 24 22— (r 1+~p>
= ( M2\ " 2 Mo \MP T
1 Z?trap 1 277trap
<3[6V2+ — | Firap — 1 — | Prap — 1
< ( f+M73_ <rtrap + P )) —f—M?i <rtrap + Py

1 2Ftrap
=18 Ptrap — 1 + ——
\f 2+ <M~2 + M}’Jr ) (rtrap + ?Jr

-
<18V2+ (ftrap —1+ rfrap)

s 2 @
* o, ) 20 (maxw(r) ) 4 5

<6\f< M2+ )—6f<2+MM)
§6\@<2+;4>—12f+ 6v2

)= el (14 ) +2n (o) ) 45 (e )
<62 (3 +5) + gy (e -1+ 22)

6vV2 [ a 1 1/, 2Firap
9\["‘ <M>+2A/If%r(rtrap_1+ ?+ >

[B] = |f +l

27
<9\f+ \f 2M<rtrap1+~trap>

T+
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2 / A
D] = (1_'_2]3[“) f’>£ < f'(r )P> +2|f +yla sup( 2 >—|—4|f+y|a sup <r2+1a2p>

r2+a2 r>ry r>ry N
oMr ( f+ "
Tr(%“ﬂ”‘f?) ,f Mr [y,
+ sup 1 + sup + a sup | ———
r>ry WP r>ry r>ry WP
27
Sg M(rtrap_1+ rtrap>+2'6\/§'ﬂ'2+4'6\/§-€l'1
+
27 4 37
6[ ‘|‘ - <7’trap -1+ trap) + o (ftrap -1+ Ntrap)
+ + ry
2M 27’trap ) 2 1 (~ Z?trap >
U 1 + " —— | Ftrap — 1+ —
T ( bp oM\ Pl
3M 27
< 2 <rtrap -1+ trap) + 48\[{1
1 27 4 37
+6V2+ — <?trap 14 2 ) + > (ftrap —1+ f“‘f’)
T+ + 7+ T4+
2M 2T’trap M [ thrap
+ N (r’frap -1+ n =+ ﬁ Prrap — 1+ 7
3M 1 2M M 27 4 37
= 6V2+48V2a + T tE vt <rtrap—1+ t”“’)JrQ(ﬁrap—H frap>
r4 27 + Ty 7’+ Ty

3M M 27 37
< 6V2+48V2M + (2 +1+2M+ 2) <7tmp 14+ rtl”ap) 14 (ﬁrap —1+ trap)
+

v
- 27”(1’5:1p - 37’trap
= 6V2+48V2M + (1 +4M) ( Firap — 1 + +4 ( Firap — 1+
Py Ty

Hence, combining the estimates for [A], [B], [C], [D] with (B.1), we obtain:

r2 4 a2

f y 2Mr ¢ y
A {FL+L+FL+L}+ A {FL Lt L}‘
2
P 2 1 2 Mr 2
<[4 5@ 2)|(L+L)‘I’| +[B}-§\<L—L>‘P| +[C] - & ILY]
b4 D] - ————<P|¥)?
Uyl g [P+ 0] g P
_ Zrtrap p2 2 6\/> 1 2
< = Pap — 1 : L+L)¥ 12v2 L—L)¥
< 18ﬁ+M<nap + 2 )| el DYP + 12vE+ S |Gl DY)
\[ 277trap Mr 2 1 o, [s]
— il 2. -
+ [9V2+ —= 2M(rtrap 1+ . ) 1 ILY| +6v2 T
+ [6V2+48V2M + (1+4M) (7 1 T Gy (R 1 ) |1 pyp
trap i trap 17+ 2(7’2+ﬂ2)
< C(M,a) - o \(L+L)\1f|2+1|(L—L)‘1f|2 |L‘I’|2 W T S PlY|?
- ’ 8(r? 4 a2) - 8 - 2(r2+a2)

=C(M,a)-EB [‘I’]
where
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4 27 6 6 27
C(M, a) = max {18\@4_ i (,7trap 14 trap> 12v2 4 2V= \f N \[ ZM (T’trap 14 frap>,

I+

27 37
6\6, 6\/§+48\6M + (1 +4M) (rtrap — 14+ trap> +4 <rtrap — 1+ trap) }
+

T+

Since

+

4 27
18\6+ M (?trap -1+ rtrap) 12\f+ \f > 6[

and

4 27 6\[ 27
182+ (rtmp 1+ trap) >9Va+ o 4 o (rtrap 14 fap>

T+ T+
for all M and a, we have that

+ T+

4 27 o7
C(M, a) = max {18\6 + 1 <ﬁrap —-1+ ;“‘P), 6v/2+48V2M + (1+4M) (rtrap 14 trap> }

which we may bound (for all a) as follows:

2f 27
C(M,a) = maX{18ﬁ+:4(ﬁrap—1+ r”"‘P> 6V2 +48V2M + (1+4M) (7trap_1+ ;rap>}
+ +
< max{18f+ 82+ v2) 24+20f2+8(2+7f2)M}

=:C(M)

In summary, we have derived the estimate:

r? + a? 2Mr
ek (AT I B R S L}‘SC(M)JE]B[‘F] (B.2)

where

C(M)—max{18\f+ (ZL‘[) 24+20\6+8(2+7\6)M}
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C Expanding error terms

C.1 Error terms involving ¥[~2
We have:

. 2 2
/ Re{—r ta 3[_2}~T‘I’z]}dt*d1’dw
R(11,72) A

= . (2] =202 0 23\ e | g

= R(rl,rz)Re{ [hl (\/&P ) +hy (0( (r"+a%) 2)] el ]}dt dr dew cn

— g h /R A [‘ﬂ.ﬂ dr* drd h /R [-2](,2 2 _g.ﬁ At drd
JR(T1,12) if e{f@l] } r cL]JF/R(TLTZ) 2f Re {Ix (r*4a”)"2 } rdw

We now use the definition of ¥!~2/, which gives us:

7 = O g, (VagE)

to derive:

/. o Juf Re (Vg2 ¥03) ar ardo
—/R(Tlrrz)hlf’Re{\/&p[—ﬂ ( (r? +Aa) 1, (fw[ 2>)} 3 dr deo
:/7‘3(7”2)_ (r? +a) L Re { VAl 10, (VAP | ar drd
-/ e (r2 to PP, [\/&,,[21. 1, (VBYTY) + VAT - 1, (\/&p[z])] e
_/R(mz)_(r +a) hfIL vy“fl/, | ]pzdt*drdw

2002
(r* +a?)? e } ((rzﬂzz)2 . ) % 2
- Lt dv P ) VAl o drr drd
/R(leTZ)Vﬂ[ 2Ap2 l/} ’ +/ R(t,72) Vi 2Ap? if ‘\/>1[J ‘ P raw

By covariant identities 2.5, we have

(r? +a?)? r24a? 12442
VH (2Ap2h1f/Ly - Vy Apz LP‘ . 2 hlf/
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Thus we derived:

/%z(ﬁ o Re {Vayl2 . ¥~ 21} dt* dr dw

. (r? + a?)? }
B /R(n,mv” [ 2002 (C2)

2 +a? B
Or f') - |VAaplA drdrd
+/R(T1,Tz) < 1f) ’\Flp ’ raw

Moreover,

'R 2,2 1 23 w2\ g g4
/R(Tl,Tz) 2f e{lx (r +a ) : } rw

_ (r?+a2)% a2, 23 oy — )
_/R(Tm)—Thzf Re {al (2 +a?)72 - 14V, (VI } ar drdw

where we have
Re{zx[*Z](rZ +a)7 3. 1MV, (\/gﬁ)}
:% (a[Z] (2 +a?)3 L'V, (@m) +al (2 4 a?) v, (\/&/J[’z}) )
+ 19, (22 4+ a?)F - Vagld) - 1, (m< #)) Vg ]
=LV, {Re {“[_z](erraz)_%'\/&/MH +a2 )flp[ 2]’
where we used the definition of 1~2:
Vayld = %U‘W (,X[—z] (2 + a2)—%)
Hence we have:
_ s =y
/R(Tl Tz)hzf/Re {06[ 2}(r2+a2) 2 -‘}’[—2]} At dr w
o 1, e [ B2 ) VAT | av
+/R(w
o R e (a2 ) S VT 1] av
+/ o)V (Ap)hsz> {al A2+ ) E VAP R drdo
.
:_./R(Tl,Tz) [hZf( 2)2 Re{ 202 4 )72 Vayld 2] L”} dV+/
+/R(Wz) r((r +a )l’lzf) ‘Re {a[—Z](r +a?)7 3 VApl }dt dr dew

2] ‘ dt* dr dew

2
- }‘ dt* dr dew

2
—2]‘ dt* dr dew

R(t1,12)

86



For the last term above we have:
2 2 I . [—2] 2 2\ —3 ) Y N
/73(T1,Tz)ar((r +a )hzf) Re {tx (r +a ) 2 \/Ew[ ]} At* dr dew
_ 3 (2 +a)haf') -Re L al 22 + 2)*%.(7’2—1-{12) 0y, (a2 + ) 3) L ar drd
_/ R(11,1) r< nre 2f) " o 2A ( " +a ) rdw
= (2 +a%)? p [-2] 7,2 | 2y—32
/Tsz V—i—ﬂ)hf)szL Vﬂ ‘tx (r _l,_a) 5
M (=22 , 2\—3 2 "
/( { 1’+Ll)hf) 4707 ‘06 (r"+a°)72| L
r2 2., 2 ,
/ ;4( +2a . Za 3, ((r2+a2)h2f/))_‘“[z}(rz+az)g
T] Tz

:‘/R(Tl'fz)vy {ar ((r + @)k f) (X;z) ‘&[_2} (P +a%)"2

2 + g2 2 5 , 2.2 T
- J 9 h .
/R(TI,TZ) r( r ((1’ +a ) 2f)> ‘IX (r +a ) 5

Thus we have:

2
] ,D2 dt* drdw

|av

p? dt* drdw

2
U‘] av

dt* drdw

o f Re Lal=2 (2 + a3 .92\ 4t drd
/R(n,-rz) 2f e{(x (r +a) 2 } rdw

:_/Rmrm [hzf £ 2)2Re{[ WHZ)‘?-x/&M}L”} qv

+/ - ‘ dt* drdw
R(11,%) (C.3)
(P+a®)? | g2 =32 u
+/ Rt vy{ar ((r +a )hzf)sz‘zx (rf4a°)"2| L"|dV
—/ <r + o 9y ((r2+a2)h2f’)) : ‘zx[*z](rz—i-az)*% ’ dt* drdw
T1 Tz
Now, combining (C.1) with (C.2) and (C.3), we obtain:
/ Re{ r +a }dt*drdw
R(t,m) A
2
—/ ( <r +a h1f> thf’>‘\/&b[2]‘ dt* dr dw
T] Tz
2
f/ ( aaie o ((P+a )hﬁ))) (2 4 )" 2| dt* dr dw
R(T],Tz) (C4)
_/ \Y -h1f’M ‘\/EIP[Z]‘ZLF} dv
R(nm) | 280?
I 2
v, o, (2 2h/(”L[Z] SU’}dV
—i—/R(Tl,TZ) a3 ((r+a)2f) A ’ (1 +a*) "2
r 24 2)2
_ h ’MR (-2](,2 2y-3 Awl-2] LM:| dv
/R(TLTZ)V# _ 2f Ap? e{tx (r-+a°)"2 \Fi,b }
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C.2 Error terms involving Ty (2]

Here we use a trick, utilising axisymmetry ®¥[~2/ = 0. We have:

2Ty = (L+ L) ¢[-?

Since, we also have

(-2 _ (L _L)q/[*Z]

we can add the above equalities and obtain:

Tyl-2l — pyl-2] _yl-2/ (C.5)
In light of (C.5), we can write:

/ Re {— e+ azj[*z] . Ty(-2]
R(1,m) A
—/ . Tz)Re{ . (\/&/J[*ﬂ +hy- (lx[*ﬂ(ﬂ —0—112)7%)} ) (Lm_‘f[—z]/) }dt* dr deo
—/ hl Re {fllj
R(t,1)

_ Re Vapl=2.
/R(Terz) ! l,b

(C.6)

} dt* drdw + / h2 Re {a[*z](rz + az)% . L‘P[—Z]} dt* drdw
T1 T2

-2 } dt* drdw — / : 2Re{a[_2](r2+a2)_% ~‘I’[*2}/} dt* drdw
Tl T

Let us label some terms from above:
A= / mRe {Vayl2 . ¥} dr* dr deo
R(TllTZ)

- (21,2 . 2\-3 . 19[-2] *
B: /R(Tm)the{a (rf*4a°)"2- LY }dt drdw

Remark C.7. We leave the other two terms

_ hiRe {vVapl? w2\ ar drd
/R(Tmz) 1 e{xﬁl[) } rdw
3

f/ maRe {al-2(2 +a) 2 ¥} ar drdw
R(11,12)

in their current form. These are the terms we ultimately have to treat by using Young’s inequality.

C.2.1 The term involving w[*z]
We have:

Re {\/&p[*zl : L‘I’[—2]} - % {\/&p[*z] L2 4 VA2 L‘YH]]
:% {L (Vay-2 907 \/Zm.ly[*ﬂ) — L (Vayl®) ¥ L (Vapl) .T[Z]]

—L (Re {\/Zgb[’z] W}) W “I’ ‘

where the last equality follows by using the relation

(r2+ 2)2 rrapt” _L<\F¢[ 2])
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Hence
= A [ ar M -2 92 2 ar
A_/Rmm"f "t drdw+/TlT2 L1, (Re{Vay! 2 ¥E2Y) 2 ar dr de
h _
= [ [ 2] / 71 A [—2] "{472} L}4:| av
/ Tl T2 72+ﬂ2 "F ’ dt drdw+ Tl TZ ]/l |:p2 Re{\/»l/) }

— vV, (214 RedvVAap=2 . w2\ 2241 drd
»/73(”[1,1'2) # <p2 ) e{ lp }P raw

In light of the covariant identities 2.5, we have:

hl 1 Ahy
() = o ()
Hence we have

/<\l/ 7 [ v {Vau 7T ] v

_/R(Terz)a (rzAfl ) Re{ftP

Using the relation

(C.8)

} dt* dr dw

_ (r? +a?)? B
yl-2 — _TL}!VH (\/Klp[ 2])

we may derive:

_/R(Tl,rz)ar <r2A+hlaZ> - Re {VApl2 ¥ dr drdew
o () R e[V 1, (V)
:/7‘€(r1 r2)ar (rzAfrllaZ) (7222522)2 LIV, U\/&P[_Z] ‘2] p?dt* drdw
/ R " {(r 2252) or (rzAflaz> ’\/&P”]]ZU‘] v
/ R " < 721522)2 o (rzAj_llaz) U‘) : ’\/&P[’Z]]zpz dt* dr dw
o B ) o]
B /R(n,rz)ar (72 JZF : o (rZAillaz)) ‘ ’\/&P[_Z] ’2 dt* drdw

Hence term A becomes:

Ah] [_2] 2 % / 1"2 _I_ az ( Ahl >> [_2] 2 "
= 2 - r or - |VA dt*drd
4 -/R(TLTZ) (72 + a2)2 “P ’ At dr de R(Tl,rz)a 2 r2 + a2 ‘\FIIJ ’ raw

h (2] wi—2] ]
Vu|= R A =2l gy Co
+s/72('['1,'['2) # |:p2 € {\/>l)b } ( )

(r? 4 a?)? Ahq I
+'/R(T1,Tz)vy{ 2Ap? o 2+ a2 ’\/KIP ‘ L dv
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C.2.2 The term involving «[~2
We have:

Re {tx[_z](rz + az)_z . Lyl-2]
= ;|:L (,X[—Z] (r2 +a2)_§ 'W+ “[72](1,2 +a2)_% -‘Y[_Z])
(o ) L (T2 4 ) 2) .\m]
(e {2073 F) - P (V! ¥ VAR 1 12)
(Re {al ) Vapl? L (VApED) + VAT L (Va2

= 1 (Re {al 202ty ¥} [Vagl )

where we used the relations

a2 (2 4 g2 *%> Syl-2]

ol

L
L a2 + 023 ¥l

m (VAL ) =L (a0 %))

A
S, 4 i (2]
(rz_le)z‘P L(\/&P )
Hence:
B / U‘Vy Ofv,v ] +Re{a[ A2 + %)~ 3-‘P[—2J}>p2dt*drdw
Tsz
- ha (2] =22, 2y-3 wlal) ju
_/R(Tl,Tz)vV [Pz <‘\/ZI/J ‘ —i—Re{zx (r*+a°)"2-¥ } LE| dv
_ ha Y 2] |? =212 1 2\—3 w[—2] 2 1%
/R(rl,rz)vy (sz) (‘\/Zl,b ‘ —|—Re{0¢ (r"+a%) 3.9l ]} P2 dt* drdw
Since

hz 2+ a? Ahy 1 Ahy
= " _ L1 ([ Ah
Vi (p ) V”( YR r2+a2) pza’(r2+a2)

by covariant identities 2.5, we obtain:

= T [P ] 0 f
) R(11,72)
B < Ahy > ’\ftp[ 2]’ dt* dr dw

R(t,m)
oo () Refal A B g (=
R Tl T2 72+a2

The last term,

M o L2020 23 g
L) Re{ (r* +a*)"2 - ¥l ]}L av

(C.10)

- _ By ) (21,2 4 ,2\-3 . w[-2] B
x= /R(n,rz)ar(l’z—i—aZ) Re {al2(? +a?)7% - ¥120} a* drda

can be expanded further. We have

=— Ay 22, -3 (_(FP+a*)? T .
X = /R(Tl,”fz)ar (72+a2> Re {zx (r"+a°)"2 TL (@lp ) A dr dew
2, 2)2 -
:/R( )ar (rZAf2a2> (r —Za ) _Re{a[fz](#_i_az)f% ,L(\/&P[_z})} At dr deo
1,2
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and

Re{(x[ 2}( +a) %L(\/Km)}
:
1
2

o) L (VERT) +a  )1 (VA7)|
[L (tx[*z](rz +a?) 3. VAP a2 (2 4 ?) 3. \/&p[*z])

L (A0 ) 1) VAT - L (a2 ) ). \/&p[ﬂ
:L(Re{ufﬂ@2+aaf%.¢ziFi})
- % :L («HJ( )*%) Vagl-2l ( A2 +a )*%) : \/&p[zl}
=L (Re {a[fz](rz + az)% . \/Zm})
1 2A

- 3 | e VAN VAT +

~ (Re {al 22 +2) 1 VAPEI}) -

where we used the relation

VAP Ayl ]
o

(72 + a2)

r2 + a2
L (zx[_z](r2 + az)_%

) = ey (V)

Hence

Ah 2 4 a?)?
X = ar < 5 2 2) ( 5 )
R(t1,12) r*+a Ap

b\ o )
dt*drd
+/R(T1,Tz)ar(f2+a2> A r2+a2 ’\FIP ’ rdw
-/, 29r< A ) Vapl2 ar arde
R(11,12)

Al’lZ (7’ +a ) [—2](,2 2 73. W ”:|
+/R<T1,rz)v” {ar(ﬂﬂ#) Ap? Re {al2(? +a?)7% - Vap[ A} 10| av

Ahy (r2 + a2)2 ” [-2] (2 N3 ——TY 9 sk ( )
R(TLTZ)V]/L <a'r‘ <r2 + a2> Apz L Re {0{ (}" —|— a ) 2 \/>lp }p dt dr w

L'V, <Re {zx[*z] (r* + az)% : \/Zm}) p? dt* dr dw
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The last term Y can be written as

Ahz r2 —|—a — .
Y:_/R(Tl,rz)vy <ar< 5 ) ) Re 06[ 2] 1’ -|—Ll) \/lej[ 2]}p2dt dr dew

2+ a?

:—/ Vi <r o L' (r* + a? ar( Ay >> Re{tx[ A + )_%\/&p[*z]}pzdt*drdw
R(ﬁfz)

A 2
Ahy
+ a2
R(t1,12) P (

22
/ ZA—|Ij2112>
= s,
/ R(11,72) o < ), <r2A—|;—l2a2>> 741—;2) LHV”[
=~
*

<1’ +a
R(11,12)
a,(r +a?)

p (r*+a%)"2 \/&p[*z] } p2dt* drdw
4 2A

R(t1,12) P

\_/\_/\_/
W

_3
2

[ }(r2+a2)

2
} o dt* drdw

[ 2, 2 Ahy (FP+a®)? | a0, 232
i T [ ((r +a )a,(rzﬂ2 1y a2 (2 4 a2) 73
(r* +a*)? 2, 2 Ahy u 272 . 23> 2
() < Y or | (r*+a°)o, o L ‘zx (r"4a%)"2
[ 2, 2 Ahy (P +a)? | o2, 23]
/ R(t,m) _a <(r +a )ar <r2+a2 4Ap2 ‘DL (1” ta ) ’

r’+a 2., 2 Ahy 22 o 2y-3 ]2
+/ R(t,m) < o ((1’ e )ar <1”2+a2 ‘a (r —i—a) ’
Hence we have:

X:—/R(T1T2)Zar <7Ahz ) ‘\ftp[ 2]’ at* drdw

r* + a? Ah _ _3|?
+/ () ( oy <(r2+a2)ar (r2+2a2>)>"a[ 2](r2+a2) 2
Ahy \ (r*+a?)? (~2](,2 . 2\—3 2] y:|
+/R(w)vy [ar(rzﬂlz) v Re{oc (2 +a2)"2 By }L dv
_ 2., 2 Ahy (P +a)* | a2 -3
/R(TLTZ)V;, [8, ((r +a“) o, <r2+a2)> 1A ‘oc (r* +a%)"2

Combining (C.10) and (C.11), we obtain:
Ahy
B=- 30 (5 =2\ ar drd
/R(Tl ) <r ) ‘\FIP ‘ e
r’ +a* 2, 2 Ahy =22 4 2y=3]?
i (550 (00 (55))) )
[y hy _ 3 T
LF| dv Re {74 (% +a?)72 . ¥[-2] U‘] dv
+/R(T1,T2)v ‘flp ‘ } +/ R(11,72) L)Z e{lx (7’ +a) i }

[ Ahy \ (r* +a?)? 22 . -3 . JAa2 M}
+/R(T1’T2)Vy _ar( ) Re{oc (r*+a*) "2 VAy }L av

r2 + a2 Ap?
[ Ah (r? + a2)? 3|2
B 2, 2 2 2]
/R(m)vy o ((r +a%)o, <r2+a2>> 157 a2 + a?) 3

L*| dv

" dav

dt* dr dw

dt* drdw

U‘] av

dt* dr dw

U‘} av
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e{ 2] r +a ) %.ML (zx[2](r2+u2)_%)}p2dt*drda)

{tx[*z](rz + 112)7% L (ﬁ(i’z + az)*%) } p? dt* dr dw

(C.11)

(C.12)



C.2.3 Final expansion for TY!~2 errors

Combining (C.6) with (C.9) and (C.12), we obtain:

/ Re{ SRR ]}dt*drdw
R(1,12) A

—/ Al “I’[ 2]‘ dt* dr dw
T] Tz 7’2+a2

*Ja
T1 Tz

Ah2

7’ + {1 A h]
- 3, d, 39, [ 2

2
+a 2 2 A]’lz
or ((r +a )ar(r2+a2

2 4

)

|Vl 21] dt* dr de

2
- ’a[_Z] (2 +a2) "2

[ Ay 2Ahy
* /mwv” _ (o () + o

2 4 a2)2 2
>( 2Ap2) ’\/&P[ 2]‘ L* v

(r? +a?)?

’a[_z] (2 +a?) "2 ?

B " [ 2 2 Ahy
./R(Tl,‘rz)vy _87 ((r +a%) 9 <r2+a2

hq ol T
ar Apl=2 -2\ 1 n
" /R(Tlffz)vy p? © {\FIIJ }

' ha 202, oN=3 Gl
Vi|—=R (2] 2.yl e
+/R(T1,T2) ar: e{zx (r-+a°) }

Ahy (r2+a2)2 (2] (,2 2\
+/R(T1,T2)v,4 ar(rqaz) apr Re (a4 e

_/R(Tm)hl R_e{\/&p[ 2 y[-2] } dt* dr dew — /

4Ap?

av
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D Mathematica code - coefficients

Here we include Mathematica code that was used to examine the non-negativity of the coefficients of the |(L+ L) ¥| 2
and “I’ ‘ 2,
~ Kerr Parameters =«
M = 10;
a = 0.99xM;
aa = a/M;
Notation:
rr is \tilde{r} = \frac{r}{M]
aa is \tilde{a} = \frac{a} [M]
rrplus is r_{+1/M
names of functions are written in double letters (e.g. ff rather than f) to
signify that they are written in the rr coordinate here.
rrplus = 1 + Sgrt[1 - aa~2]; (+ rrplus = rplus/M = 1 =«
pp = rra3 - 3arrf2 4 aat2xrr o+ aat2;
rrtrap = rr /. FindRoot[pp,{rr,4}7; (+ rritrap = rtrap/Mm =
ff = (1-rrtrap/rr)«(1+1/rr);
ffrr = D[ff,rr];
yy = (1-rrtrap/rr)~2 « ff;
yyrr = D[yy,rr];
DD = (rr~2+aa”2-2+rr)/ (rr*2+aa’2);
PP = 4 - 6xrr/(rrf2+aa”2) = (rr*2-aa*2)/(rr~*2+aa”2) 7xaat2«x (rrh21aat2-2xrr) / (rrf21aan2) ~2;
ww = 1/M*2 « ( rrf2 4 o@at2 - 2xrr ) /[ rrth2 4+ aan2 )2
wwrr = D[ww,rr];
- coeff of | (L+\Lunder)\Psi|~2 «
TPsiCoeff = D[yy,rr]/4 + aa = M*2 » ( D[ww,rr]«ff + D[wwxyy,rr] | ;
TPsiCoeffNondeg = TPsiCoeff / (1-rrtrap/rrj*2 x rrt2;
Plot [TPsiCoeffNondeg, {rr,100«rrplus,6@@«rrplus}];
- coeff of |\Psi|*2 «
fppTerm = 1/2 « D[DD*D[DD«D[ff,rr],rr],rri;
Al = { FT«D[MA2+ww«PP,rr] + D[MA2xww+yy«PP,rr] + fppTerm + (2-aa)+M"2« (D[ww,rr]+Tf+D[ww+yy,rr]l) );

GG = ( D[ff,rr]/2 + D[yy,rr]/4 );

WW = 1/M = 1/20 « 1/rr « ArcTan[4x (rr-1.55«rrtrap)];
Plot [M«WW, {rr,rrplus,8«rrplus}];

A2 = 2 » D[DD+*GG+M+WW,rr] - GG * (MxWW)A2;

Plot [DD+GG+M=+WW, {rr,rrplus,1l«rrplus}];
Plot[Al, {rr,rrplus,23+rrplus}];

Plot |

Plot [A1+A2, {rr,rrplus,23«rrplus}];

A2, {rr,rrplus,13«rrplus}];
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