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Abstract

Multiple access techniques have played a pivotal role in advancing wireless communi-
cations. Rate-splitting multiple access (RSMA) has been recognized as a promising
multiple access technique for future wireless systems. However, practical implemen-
tation challenges may restrict its applicability. This thesis addresses such challenges
by proposing novel extensions of RSMA with lower implementation complexity and
by investigating the performance of different RSMA schemes under practical con-

straints.

First, we develop alternative receiver designs for RSMA beyond the conventional
hard successive interference cancellation (SIC). These designs can be broadly clas-
sified into two categories: SIC-based and SIC-free. Using metrics derived from
mutual information, we model both categories and evaluate their theoretical lim-
its. Our analysis and link-level simulations demonstrate that RSMA can retain its
performance advantages even without SIC at the receiver. Second, we introduce a
new RSMA architecture, termed codeword-segmentation RSMA (CS-RSMA). This
approach reduces the complexity of encoding/decoding, control signaling, and re-
transmission, while achieving performance comparable to or better than existing
RSMA schemes. These contributions open the door to practical and competitive
RSMA strategies for 6G and beyond.

In addition to RSMA, this thesis also investigates the broader challenge of inter-
ference in wireless communications. By applying mismatched decoding, we analyze
scenarios where interference is treated suboptimally, providing new insights into its
impact, proposing novel receiver designs, and introducing a refined framework for

performance evaluation that more accurately captures interference effects.
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Chapter 1

Introduction

Digital communication systems have evolved rapidly since the foundational work
in information theory by Shannon [1]. Emerging wireless networks face increas-
ing demands for high spectral efficiency and massive connectivity. Multiple access
techniques have played a pivotal role in the advancement of wireless communica-
tion systems. Mobile broadband standards, such as 4G and 5@G, have converged
to the use of Time-Division Multiple Access (TDMA) and Orthogonal Frequency-
Division Multiple Access (OFDMA) to split time and frequency resources into re-
source elements, and linearly precoded Multi-User Multiple-Input Multiple-Output
(MU-MIMO) technologies, also called Space-Division Multiple Access (SDMA), to
exploit the spatial dimension. The focus of this thesis will be on a novel multiple
access technique, namely Rate-Splitting Multiple Access (RSMA) [2, 3]' and on a

study of suboptimal receivers in the presence of interference.

1.1 Background

1.1.1 Rate-splitting multiple access

RSMA was primarily proposed as a spatial domain technique to improve MU-MIMO
performance.?? With RSMA, in the simplest form known as 1-layer RSMA, the

!The term “Rate-Splitting Multiple Access” was also used in [4] for a rate-splitting technique
in single-antenna multiple access channels. This is different from the focus of this thesis.

2That said, the idea of RSMA can potentially be applied to other domains. For example, in [5],
the idea of RSMA was applied in the frequency domain, instead of the spatial domain.

3The term “multiple access” carries different meanings in wireless communications and infor-
mation theory. In wireless communications, multiple access often refers to techniques that allow
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transmitter first splits the unicast messages into common and private parts. The
common parts are combined and encoded into a common stream, while the private
parts are encoded separately. The transmitter then utilizes linear precoding to send
the common and private streams in a superposition manner. Each receiver decodes
the common stream first and applies Successive Interference Cancellation (SIC) be-
fore decoding the desired private stream. Owing to the presence of both common
and private streams, RSMA enables users to partially decode interference and par-
tially treat interference as noise, and hence is recognized as a powerful multiple

access strategy.

The idea of rate splitting and superposition coding first emerged in the study
of single antenna interference channels [6, 7], where they are also known as the
Han—Kobayashi coding scheme. This scheme leads to the best inner bound on
the capacity region of two-user Gaussian interference channels for all interference
regimes. Specifically, the Han-Kobayashi scheme generalizes treating interference
as noise and decoding interference, where the former achieves the sum-capacity un-
der very weak interference, and the latter achieves the capacity region under strong
interference. Under weak interference, the Han—-Kobayashi scheme achieves higher
rates than the two. Notably, [8] proposed a transmission strategy for a single-user
slowly fading Gaussian channel without channel feedback to the transmitter. Al-
though not termed rate splitting, this strategy involves message splitting to mitigate

channel uncertainty:.

Inspired by the power of the Han—Kobayashi coding scheme, [9, 10, 11] initiate the
research on RSMA for robust transmission under multi-antenna broadcast channels
by showing its superiority with partial Channel State Information at Transmitter
(CSIT). Although the fundamental limits of multi-antenna broadcast channels under
imperfect CSIT are still unknown, it was shown that the rate-splitting approach

achieves the optimal degree-of-freedom/multiplexing gain [9, 10, 12, 13, 14].

It can be noted that treating interference as noise and decoding interference in in-
terference channels are very similar to the two well-known strategies in downlink
MU-MIMO systems, namely SDMA and Non-Orthogonal Multiple Access (NOMA)
[15]. In light of this, [16, 17] show that even under perfect CSIT, RSMA gener-
alizes and outperforms NOMA, SDMA and physical layer multicasting. Several

architectures have been proposed for RSMA. Enabling only one common stream

multiple users to share limited transmission resources, such as time, frequency and space, and can
be applied to either uplink or downlink scenarios. In information theory, however, multiple-access
channels refer exclusively to the uplink, while broadcast channels correspond to the downlink.
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for all the users, 1-layer RSMA [9, 16] is the most attractive form due to its low
computation and hardware requirements. However, with more complicated imple-
mentations, multiple layers of common streams can be enabled in RSMA. Examples
of such designs are the hierarchical RSMA [18] and the generalized RSMA [16]. By
transmitting the private streams using dirty paper coding, dirty paper coded RS is
proposed in [19]. In this thesis, we will mainly focus on 1-layer RSMA.

Subsequent research has shown that RSMA benefits a wide range of downlink com-
munication scenarios. For scenarios with only statistical CSIT (i.e., only the knowl-
edge on the distribution of the channels is available), the application of RSMA is
discussed in [20, 21, 22]. The robustness of RSMA with imperfect CSIT caused by
quantized feedback is discussed in [23], where it was shown that RSMA enables over-
head reduction compared to SDMA. The superiority of RSMA on energy efficiency
is studied in [24]. The common stream in RSMA is naturally suited to multicasting,
which motivates joint unicast and multicast using RSMA [25]. Benefits under finite
resolution digital-to-analogue and analogue-to-digital are investigated in [26, 27].
Integration of RSMA and cooperative communications has been shown to improve

coverage by compensating for performance degradation at cell-edge users [28, 29].

The emerging technologies proposed for 6G and beyond brought new opportuni-
ties for RSMA. The emergence of higher frequencies brings challenges in high path
loss, blockage, and expensive hardware. RSMA is studied for millimeter wave and
hybrid precoding in [21] and terahertz systems in combination with cooperative com-
munications in [30]. For frequency division duplexing (FDD) massive MIMO, [20]
shows that RSMA can mitigate the performance degradation from imperfect chan-
nel statistics and CSIT. For time division duplexing (TDD) massive MIMO, RSMA
benefits under imperfect channel estimation caused by high mobility [31]. For in-
tegrated sensing and communications, [32] shows that the challenge of interference
caused by sensing can be improved by using the common stream to perform sensing.
The interplay between RSMA and reconfigurable intelligent surfaces is studied in
[33, 34, 35]. For multibeam satellite communication systems, the challenge of fre-
quency reuse and imperfect/delayed CSIT can be tackled by RSMA [36, 37]. For
low-latency scenarios, the performance of RSMA is shown to be stable in [38, 39].
RSMA for the space-air-gound integrated network is discussed in [40]. RSMA with
cell-free massive MIMO is discussed in [41]. For wireless caching, the idea of RSMA
is applied to the most popular content and the intelligent coded caching policy in
[42]. The application of RSMA in the cellular internet of things and massive ac-

cess is discussed in [43]. [44] investigates RSMA as a multiple access technique for
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semantic communications.

Although the majority of the research focuses on RSMA for downlink systems, [4]
provides the foundation for RSMA for single-antenna multiple access channels, i.e.,
uplink systems. For MIMO uplink systems, the benefits have also been studied, for

example, in short-packet systems [45] and network slicing [46]

While there is extensive literature on the application of RSMA across various scenar-
ios, comparatively little research has addressed its practical implementation. The
low complexity precoder design is involved in [17, 31, 47, 48, 24, 21]. The perfor-
mance of RSMA under finite-block lengths is studied in [38, 39]. For more convincing
performance evaluations, Link-Level Simulations (LLS) of RSMA are presented in

[49, 31, 50, 51, 52].

Beyond the aspects mentioned above, other practical limitations remain. A non-

exhaustive summary is as follows:

e Alternative receiver designs: Most existing work focuses on the hard-decision
SIC receiver, whereas research on alternative RSMA receiver implementations,
which potentially pose different complexity and performance, is very limited.
In [53], the de-modulation and cancellation modules in the SIC receivers are
replaced by deep neural networks to obtain performance improvement over
basic SIC receivers under imperfect Channel State Information at Receiver
(CSIR). [54, 55] analyze RSMA with joint decoding at the receiver from an
information-theoretic perspective, despite the fact that the implementation of
joint decoding is very difficult in practice. A more interesting yet unresolved
problem of RSMA lies in the necessity of SIC. Although it is convenient to con-
sider SIC or joint decoding for information-theoretic analysis, the requirement
of SIC poses a challenge in the practical implementation because of its high
complexity and error propagation issues. The effect of imperfect cancellation
from SIC is studied in [56]. However, the possibility of resolving the benefit of
RSMA without SIC at the receivers is completely undiscovered.

e Finite constellations: The aforementioned research on RSMA assumes Gaussian-
distributed input signals for ease of analysis. However, Gaussian signals are
impractical to realize, and finite alphabets/constellations (such as Quadrature
Amplitude Modulation (QAM) constellations) are commonly used in practice.?
Very limited work studies the potential of RSMA with finite alphabets. In [57],

4In this thesis, both alphabet and constellation refer to the set of possible input signals.
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constructive interference precoding with finite constellations is considered for
RSMA. In [31, 50, 51, 52|, although the LLS performance of RSMA is eval-
uated under QAM constellations, the system designs assume Gaussian input
signals. It is therefore difficult to exploit the potential of RSMA in practice
without considering the actual constellations in use during the design process.
System designs for RSMA that consider finite-alphabet constellations are de-
sired to reveal the full potential of RSMA in practical applications. Also,
finite-alphabet interference is less detrimental than Gaussian-distributed in-
terference, and it is therefore possible to preserve the benefit of superposition

coding without successively removing signals during decoding.

e Suboptimal decoders: The majority of the work on RSMA considers per-
formance metrics originating from mutual information, which is proved to be
achievable with reliable communications by Shannon’s channel coding theorem
[1]. Proofs of the channel coding theorem typically assume idealized decoders,
which is often difficult to implement in practice. It is therefore interesting
to discover the design and evaluation of RSMA systems under suboptimal

decoders.

1.1.2 Mismatched decoding

Shannon’s channel coding theorem provides limits on reliable communication rates
subject to optimal encoding and decoding [1, 58]. The channel coding theorem is
often proved by assuming decoding techniques that optimally exploit the channel
transition law, also called perfect channel knowledge, such as joint typicality decod-
ing [1] or maximum-likelihood decoding [58]. However, in practice, it is often the
case that suboptimal decoding is implemented because, for example, the channel
knowledge is not sufficient at the decoder, or there are constraints on the decoding

technique in use, possibly regarding computational burden.

Mismatched decoding [59, 60, 61] is a theory that addresses the problem of reli-
able communications subject to suboptimal decoders. Mismatched capacity, i.e.,
the supremum of rates that allow reliable communications under mismatched de-
coding, is often a difficult problem, because this would require the codebook to
be optimized according to not only the channel knowledge but also the decoding
rule. The common approach is to make certain assumptions on the coding ensemble
(i.e., the random process that generates the codewords), which is often suboptimal,

and study the resulting achievable rates. This approach leads to lower bounds of
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the mismatched capacity. Two well-known lower bounds of mismatched capacity
are Generalized Mutual Information (GMI) and LM rate,” where the GMI assumes
i.i.d. random coding and the LM rate assumes constant-composition random coding
[61].

Mismatched decoding has been evaluated under various scenarios. One motivation
behind using mismatched decoders is often from concern on the decoder’s complex-
ity. For example, [62] addresses nearest neighbour decoding under non-Gaussian
channels, as maximum-likelihood decoding for non-Gaussian channels can be com-
putationally complicated depending on the noise distribution. [63] investigates de-
coders under constraints of finite precision arithmetic. In [64], Bit-Interleaved Coded
Modulation (BICM) systems are analyzed using mismatched decoding. [65] consid-
ers multiple access channels with simplified decoders. [66] studies multiple access

channels with mismatches in successive decoding.

The above examples consider mismatched decoding due to decoder limitations. For
wireless systems, fluctuating channels and limited resources for channel estimation
bring about the other common cause of mismatched decoding, namely, imperfect
channel knowledge. [67] addresses the achievable rate with imperfect side informa-
tion at the receiver. [68] and [69] consider Multiple-Input-Multiple-Output (MIMO)
systems under block fading channels and imperfect Channel State Information at
Receiver (CSIR). [70] studies the scenario where imperfect channel knowledge exists

at both the transmitter and receiver.

1.2 Contributions

A summary of the following chapters, highlighting the key contributions of this

thesis, is presented below.

Chapter 2 provides background knowledge for this thesis, including the fundamentals
of RSMA, derivations of the mutual information under finite alphabets, a proof of
the GMI and the concept of subgradients.

In Chapter 3, various receiver implementations for RSMA are proposed and classified
into SIC and SIC-free types. It further analyzes the achievable rates of RSMA

under finite alphabets with and without SIC receivers, and demonstrates that the

®The LM rate appears to have originated in [59], implicitly denoting “Lower bound on the
Mismatch capacity”.
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two receiver types correspondingly push the performance of RSMA towards the two
achievable rates. The results on achievable rates and LLS demonstrate that RSMA

can retain its performance advantages even without SIC at the receivers.

Chapter 4 discovers the theoretical limits of SIC-based and SIC-free RSMA under
finite alphabets with fully optimized precoders. It proposes precoder optimization al-
gorithms along with methods to reduce computational complexity in large-scale sys-
tems. The results demonstrate that, under the evaluated scenarios, RSMA schemes
outperform SDMA with finite alphabets. Moreover, SIC-free RSMA retains most of
the performance advantages of SIC-based RSMA, thereby extending the conclusion

of Chapter 3 to a wider range of scenarios.

Chapter 5 analyzes the effect of suboptimally treating finite-alphabet interference
during decoding. This is achieved by proposing a channel model that incorporates
finite-alphabet input and interference and analyzing its achievable rate under vari-
ous decoders. Building on this analysis, the chapter provides new insights into the
impact of interference, introduces novel receiver designs, and establishes a new sys-
tem design and performance evaluation framework that more accurately captures

effects from suboptimally treating interference .

Chapter 6 proposes a novel RSMA architecture, namely codeword-segmentation
RSMA (CS-RSMA). Performance of CS-RSMA and conventional RSMA is evaluated
under a novel framework based on Chapter 5 to capture the effect of suboptimally
treating inter-user interference. A physical layer implementation of CS-RSMA is also
proposed. It is demonstrated that CS-RSMA achieves similar performance with
the conventional RSMA, while offering significant practical advantages in terms
of encoding/decoding complexity, control signaling overhead, and retransmission

mechanism design.

Lengthy proofs, some details on channel models and simulation setups, and supple-

mentary discussions are deferred to the appendices for clarity.

1.3 Publications

The content of this thesis builds upon materials from the following journal and

conference papers, a industrial contribution, and a patent.

Journal and Conference Papers:
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S. Zhang, B. Clerckx, D. Vargas, O. Haffenden and A. Murphy, “Rate-
Splitting Multiple Access: Finite Constellations, Receiver Design, and SIC-
free Implementation,” IEEFE Transactions on Communications, vol. 72, no. 9,
pp. 5319-5333, Sep. 2024. [Chapter 3]

e S. Zhang, B. Clerckx, D. Vargas, “SIC-Free Rate-Splitting Multiple Access:
Constellation Constrained Sum-Rate Optimization,” in Proceedings of IEEE

25th International Workshop on Signal Processing Advances in Wireless Com-
munications (SPAWC), Sep. 2024, pp. 903-910. [Chapter 4]

e S. Zhang, B. Clerckx, D. Vargas, “SIC-Free Rate-Splitting Multiple Access:
Constellation-Constrained Optimization and Application to Large-Scale Sys-
tems,” IEEE Transactions on Wireless Communications, vol. 25, pp. 10669-
10683, 2026. [Chapter 4]

e S. Zhang, B. Clerckx, “Optimal and Suboptimal Decoders under Finite-
Alphabet Interference: A Mismatched Decoding Perspective,” IEEE Journal
on Selected Areas in Communications, early access, Dec. 2025, doi: 10.1109/
JSAC.2025.3644829. [Chapter 5]

e S. Zhang, B. Clerckx, D. Vargas, “Codeword-Segmentation Rate-Splitting
Multiple Access and Evaluation under Suboptimal Decoding,” arXiv preprint
arXiv:2506.17164, Jun. 2025 — submitted to IEEE Transactions on Commu-

nications. [Chapter 6]

Industrial Contribution:

e 3GPP. Rate Splitting Multiple Access (RSMA) for Multi-User MIMO - En-
hancement of Unicast and Joint Unicast/Multicast Delivery. document RP-
231938, 3GPP TSG RAN Meeting #101, BBC, Bangalore, India, Sept. 2023.
[Chapter 3]

Patent:

e S. Zhang, B. Clerckx, D. Vargas, “Codeword-Segmentation Rate-Splitting
Multiple Access,” UK Patent Application, filed, Jun. 2024, patent pending.
[Chapter 6]


https://doi.org/10.1109/JSAC.2025.3644829
https://doi.org/10.1109/JSAC.2025.3644829
https://arxiv.org/abs/2506.17164
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1.4 Notations

Scalars are denoted by normal letters. Sequences and vectors are denoted by bold
lowercase letters. Random variables are denoted by capital letters. Calligraphic
letters denote multisets. Bold uppercase letters can denote matrices or a vector of
random variables, depending on the context. For example, x is an observation of

X, and x is an observation of X.

P.(), P).(- | -), f.(-) and f..(-|-) denote probability, conditional probability, probabil-
ity density, and conditional probability density, respectively. H(-), H(-|-), I(-; ) and
I(-; - | -) denote entropy, conditional entropy, mutual information and conditional
mutual information, respectively. I and 0 denote the identity matrix and the zero
matrix, whose dimensions are given by their superscripts. [-],,, denotes the (m,n)-
th entry of a matrix. ()7, (-)¥, || - || and || - ||[r denote the transpose, conjugate
transpose, Euclidean norm and Frobenius norm of the input entity, respectively.
| - | denotes the absolute value if the argument is a scalar, or the cardinality if the
argument is a multiset. x denotes the Cartesian product of two sets. Ex|-] denotes
expectation w.r.t. X, and the subscript is omitted when unambiguous. Expectations
are taken with respect to the joint distribution of all random variables involved. For
conditional expectations, the conditioned random variables are explicitly indicated.
CN(p,X) denotes a circular symmetric complex Gaussian distribution for vectors
whose mean and covariance matrix are g and . dim(-) denotes the dimension
of the argument. V f(x) denotes the gradient of f(z). log, represents the base-2
logarithm. log represents the natural logarithm. All information rate expressions

are in units of nats for clarity, while the numerical results are presented in bits.

Chapters 3, 4 and 6 reuses notations introduced in Section 2.1 unless otherwise
stated.
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Chapter 2

Preliminaries

This chapter presents the preliminaries of the thesis, including RSMA, mutual in-
formation under finite alphabets, the GMI and subgradient methods.

2.1 Rate-splitting multiple access

This section introduces the principle of RSMA and presents the system model to be
used in Chapters 3, 4 and 6.

We consider a downlink multi-user multiple-input single-output (MU-MISO) system
where a transmitter equipped with Nt transmit antennas serves K users with unicast
messages, {W1i,...,Wk}. We assume narrowband channels and let n denote the
transmission block length. At time instant ¢ € {1,2,...,n}, the received signal at
user-k, k € K ={1,2,..., K}, can be written as’

Yt ko = hk;HXt + Z¢ ks (2.1)

where x; is the transmitted signal, hy is the channel between the transmitter and
user-k and z;, is the additive white Gaussian noise observed by user-k, model as an
observation of CN(0,0%). We assume that the transmitter applies 1-layer RSMA

[9, 16], and the transmit signal can be expressed as

Xy = PSt, (22)

!The time indices will often be omitted in the rest of this thesis for clarity.

11
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where P = [p¢,Pp1, -, Ppk] € CNrx(K+1) prepresents the precoding matrix and
St = [Stc Stply--es st7p7K]T e CE+DX1 yepresents the transmitted symbol vector. We

assume E{s;s} = I, and the transmission is subject to a power budget Pr, where

Pr =E{xx;} = ||P||2. A collection of symbol vectors at all the time instances can
be written as S = [s, sy, ..., s,] € CEFVX" The rows of S are K + 1 symbol blocks
(streams), resulting in an alternative expression, S = [S¢,Sp1, ..., Sp ]’ , where s,

and s, , Vk € K, are referred to as common and private streams in RSMA.

W,
& User-1 b—2t.

Transmitter

Wea : User-k
— 1
- | Message We 1 X1 >> """""""""""""""""""

Y |

combiner Message |Wer '
splitter '

1

Wpa

Encoding
Precoding

Message
combiner

Message splitter

w,
& User-K  —2%

Figure 2.1: Single-layer RSMA with SIC receivers.

The key procedures in transmission and reception are shown in Figure 2.1 and ex-
plained as follows. Let {W1, ..., Wk} respectively denote the K unicast messages to
be transmitted to the K users. The transmitter first processes the messages by split-
ting each message into common and private parts, e.g., Wy, Vk € K, is split into W
and W, ;. Next, the K common parts, i.e., {W.1,..., W x} are combined into one
common message, denoted by W, while the private parts, i.e., {W,1,..., W,  } are
treated as individual messages. The resulting K + 1 messages, {We, Wy 1, ..., W, k },
are then encoded into K 4+ 1 common and private symbol streams, denoted by

{sc, s1, ..., 8k }. Finally, these symbols are precoded and transmitted.

As for receiver implementation at user-k, Vk € IC, SIC is conventionally used as
follows. The receiver first decodes W, from yy, by treating {si, ..., Sk} as noise and
obtains WC, denoting the resulting estimate of W.. WC is then re-encoded into S., an
estimate of the common stream. Next, the receiver decodes W, from y;, — th PcSc,
i.e., the received signal with the estimated common stream symbol canceled, by
treating {sy/|k’ € K/k}, as noise and obtains /Wp,k, an estimate of the desired private
message. Finally, the receiver extracts /chk from WC and combines it with ka to

reconstruct I7V\k as the resulting estimate of the original unicast message for user-k.
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Throughout this thesis, the following three assumptions are made to facilitate the

theoretical analysis:

1. channel state information is perfectly known at the transmitter and the re-

ceivers;
2. the transmission block is of infinite length;

3. all the messages are encoded at rates that are decodable at the corresponding

receivers.

Hence, W, = W,, i.e., the cancellation of common stream is always perfect.?

Let R.j and R, denote the achievable rate of W, and W, at user-k. To ensure
that the common stream can be decoded by all the users, the achievable common

stream rate, denoted by R., depends on the worst-case user, i.e.,

R, = mkin R . (2.3)

Because W, carries common part messages for potentially multiple users, R, is dis-
tributed among these users, and this distribution depends on the common part
message each user contributed to W,.. Let ¢, denote the portion of the common
stream rate that is allocated to user-k. Inherently, ¢, > 0, Vk, and Y, ¢, = 1. The
rate experienced by user-k, denoted by Ry, is given by

Rk = CkRC + RpJg. (24)

The expressions for R.; and R, vary throughout this thesis depending on the

assumptions regarding the input signals and decoders.

Remark 2.1 (Connection with NOMA and SDMA). In the case of two users, 1-
layer RSMA can be viewed as a generalization of power-domain NOMA [15], since
it becomes equivalent to NOMA when a user’s private stream is switched off and that
user’s message fills the entire common stream. For more than two users, NOMA 1is
a special case of generalized RSMA [16]. Regardless of the number of users, Spatial
Domain Multiple Access (SDMA), which has been widely used for downlink MU-
MIMO, is a special case of 1-layer RSMA, as it reduces to SDMA when ||p.||* = 0.

2The effect of imperfect cancellation and error propagation is presented in Chapter 3 through
LLS.
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Remark 2.2 (Capacity region of MU-MIMO). We note that the capacity region of
MU-MIMO under perfect CSIT is given by a non-linear strategy, namely dirty paper
coding [71]. However, the practical implementation of dirty paper coding is highly
complicated. Although the linear precoding approach is generally suboptimal, it is

much more tractable.
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2.2 Mutual information of finite-alphabet input

Gaussian channels

Consider a MIMO channel represented by
y = H¥Ps + z. (2.5)

where H is the known channel matrix, P is the precoding matrix, s is an observation
of a uniformly distributed random variable on finite support given by X, and z ~
CN(0,0°T) models the i.i.d. AWGN noise. Let s,, denote the m-th element in X in

a certain order. The mutual information in bits between s and vy is given by

I(s;y) =log(|X]) — H(s | y), (2.6)
where H (s | y) is the conditional entropy of s given y.3

Proposition 2.1.

Proof. Let f(y |s) denote the conditional probability density of y given s.

H(s|y)=E{—log P(s | y)} (2.8a)

f(y |s)P(s)
I 2.8b
{ : li"lf<y\sl>P<sl>} (2.8D)

=E {logm} (2.8¢)

flyls)
¥ exp (_ uy—H;Pszn?)
=E { log T (2.8d)
exp (_0'_§>
X
— H7Ps)|?
=" log;exp (— Iy - al ) +loge (2.8¢)
X [
1 IHEP (s, — s1) + z||?
= |X_| Z E logZeXp (— p +1, (2.8f)
m=1 =1 #

3Throughout this thesis, we assume that the channel is known. The mutual information and
conditional entropy are therefore evaluated by considering H is a known constant.
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where

e (2.8a) follows from the definition of conditional entropy.

(2.8b) follows from Bayes’ theorem.

(2.8¢) follows from the assumption that s is uniformly distributed.

(2.8d) follows from the definition of the Gaussian distribution.

(2.8e) follows from splitting the numerator and the denominator in the loga-

rithm and computing the expectation of the denominator part.

(2.8f) follows from substituting y by (2.5) and simplify the expectation over s

using P(s) = ﬁ, Vs € X.

The expectation in (2.7) cannot be resolved analytically. Therefore, computing (2.7)

requires numerical methods such as Monte Carlo and Gauss-Hermite quadratures.

By applying Jensen’s inequality and a constant shift, an approximation of (2.7) can
be obtained as [72]

X ¥

approx 1 HHP<Sm — Sl)) ?
H(s | y)™» ~:m210g2exp<—’ 552 | ) (2.9)
m=1 =1

As a consequence of Shannon’s channel coding theorem [1], if H and o2 are known
at the transmitter and receiver, any code rate below I(s;y) is achievable.® Note
that the mutual information under finite-alphabet inputs is referred to in the lit-
erature by several other names, such as constellation-constrained (CC) rates and
the capacity of coded modulation. In Chapter 3, the term “CC achievable rate”
is used to distinguish it from the commonly cited achievable rate under Gaussian
input signals. In other chapters, “CC” is omitted, as the finite-alphabet assumption

applies throughout those discussions.

4Shannon’s noisy-channel coding theorem establishes that error-free communication is achiev-
able when the code rate is below the mutual information, whose maximum over all input distri-
butions defines the channel capacity. In the literature, mutual information, channel capacity or
metrics based on them are conventionally described as “achievable.” This thesis follows the same
convention.
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2.3 The generalized mutual information

In this section, a proof of the generalized mutual information is provided using the
method of error exponent, which can be obtained from [73, 61]. More details on
the method of error exponent can be found in [58, 74]. Note that the GMI has
primal and dual forms. The proof given in this section directly leads to the dual
form, which is the form that will be used in this thesis. A proof of the equivalence

between the primal and the dual forms is given in [59)].

Consider a communication link with block length n characterized by an n-dimensional
channel transition probability (density) given by fy|x(y | x). The encoder is repre-
sented by the following code:

C={xW, ., x*1 (2.10)
i.e., x(™ is transmitted if the message is m. We consider a decoder represented as

m = argmax ¢"(x",y), (2.11)
I=1,., M

where ¢"(x"),y) is referred as the decoding metric. The decoder in (2.11) chooses

the message by maximizing the decoding metric.

We consider memoryless channels, i.e.,

fyx(y[x) = HfY\X(?/z‘ | ), (2.12)

and an i.i.d. random coding ensemble on the codewords, i.e.,
Fxom (™) = [ fx(="), m=1, ., M. (2.13)
i=1

We also assume that the decoding metric, ¢"(x,y), can be factorized into symbol-

wise decoding metrics, q(z,y;), i.e.,

n

n l
¢"(xy) =] e, w). (2.14)
i=1
This is because the optimal decoding would be separable in symbols under mem-
oryless channels and the i.i.d. random coding ensemble, and a separable decoding

metric, and factorized decoding metrics permit analytical tractability.
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Theorem 2.1 (The random coding exponent and the generalized mutual infor-

R

mation). There exists a channel code with M = e™* such that the average error

probability of the code, denoted by p.(C), satisfies

pe(C) < e~ Eo(p; s, fx)=pR) (2.15)

where

Eo(p,s, fx) = —logE VO<p<l1l s>0 (2.16)

E[o(X,v) | V]’
9(X,Y)*
with (X,Y,X) ~ fx(z)fyix(y | ) fx(Z), and R is achievable if

¢(X,Y)*
log (E [4(X,Y)" | Y})

R<Igwi&sup E (2.17)

s>0

Proof. For a randomly generated C whose codewords are i.i.d., the average error

probability over all possible codes is given by
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ﬁe - E[pe(c)] (218)
- % ;E P 191 {q(X(”,Y) > ¢(XD,Y) | X<l>,Y}” (2.19)
<E|P LAj {q(XU’),Y) > q(XW,Y) | X<1>,Y}” (2.20)
< E [min {1, (M — DP [{¢(X,Y) > (X, Y) | X, Y}]}] 2.21)
<E[min{1,(M -1)P [{¢(X,Y)* > ¢(X,Y)* | X, Y}]}] (2.22)

[ E[¢(X,Y)|Y
<E _mln {1, (M —1) XY }] (2.23)
I E[¢(X,Y) | Y]\"
<E _((M —1) TKXT ] (2.24)
< g | (B 1YY (2.25)
- q(X,Y)? '
- ]

o E[q(X:,Y) | Y] )"
_MEE< T )

o E[o(X.v) Y\
e (s (Blat 7)) oo

e (2.18) averages the error probability over all possible codes with slight abuse

where

of the notation;

e (2.19) follows from averaging the error probability of a specific codeword, i.e.,
the probability that, given X and Y, there is another codeword, X*) yields

a larger decoding metric than X®;

e (2.20) follows from the fact that every codeword has the same error probability
for the random coding ensemble, and we can only consider the error probability
of X(:

e (2.21) follows from the truncated union bound, i.e., P(UgAg) < min{1, >, P(Ax)};
e (2.22) holds for any s > 0;

e (2.23) follows from Markov’s inequality,
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e (2.24) applied the inequality min{l,z} < z” for 0 < p < 1;

e (2.25) follows from the assumption that the channel is memoryless and that

the symbols of every codeword are i.i.d.;

e (2.27) follows from the fact that each term in the product in (2.25) is the same

except the dummy index 1.

By defining R = 6 and the error exponent

n

E[q(X,v)|Y]\"
E = —logk 2.28
o(P,S,fx) 0g ( C](X,Y)S ( )
we obtain
P < e Eolp: s, fx)—pR) (2.29)

Since (2.29) gives an upper bound of the average error probability over all the
randomly generated codes, there must exist one code in the ensemble whose error

probability satisfies this bound.

It can be shown that, for p > 0,

Bo(p, s, fx) > 0 (2.30)
2E ( fx) >0 (2.31)
ap olp, S, Jx .
and
52
a—IOQEO(PaSa fx) <0, (2.32)

From (2.29), for fixed s, lim,,_, pe = 0 only if

0 q(X,Y)*
R< LE(p,s, ‘ —E |1 Sl . 2.33
By optimizing s, we conclude that any R < Igyg, where
q(X,Y)"
Iy =sup E [lo — 2.34
GMI 8>€ g (E [q(X,Y)S | Y} ( )

is achievable. O
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Note that

ol g(X,Y)?

as* | P\ E[g(X,Y) | Y]
_%EEb@ﬂ?@%ﬂKYWIﬂEh@ﬂTHﬂ—EMKYW%ﬁKYHYF
B E [q(X,V)* | Y]

<0

(2.35)

where the inequality is given by Cauchy’s inequality (E[XY]? < E[X?E[Y?]) as
follows.

E [¢(X,Y) logq(X,Y) | Y]*

< [(q(X,Y)S/2 (logg(X,Y)))" | Y] E [((J(X,Y)S/Q)2 | Y] (2.36)
(X, V)" (loga(X,))* | V| E [o(X,7) | V]

Therefore, optimization of s > 0 in (2.34) is a convex problem.

More properties of the GMI can be found in [61], for example, the expurgation and
the ensemble tightness of the GMI, i.e., it is the highest achievable rate under the

i.i.d. random coding ensemble.

2.4 Subgradient

Gradient descent, as a widely used optimization algorithm, requires the objective
function to be differentiable. To address non-differentiable functions, algorithms
based on subgradients can be employed. In this section, we introduce the concept

of the subgradient.

Given a convex and differentiable function f of real vectors, the first order criterion
states that

fly) =2 f(x) + Vfx)"(y —x),  Vx,y € dom(f). (2.37)

The first order criterion defines the tightest affine function that lower-bounds f and
equals it when x = y. Subgradients serve the same purpose for non-differentiable

functions.
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Definition 2.1 (Subgradient). g is a subgradient of a convez function f at x if

fly) > f(x)+g"(y —x), Vy e dom(f). (2.38)

Subgradients have the following properties:

e Subgradients always exist in the relative interior of the domain of f.

e If f is differentiable at x, then g = V f(x) uniquely.

e There can be an infinite number of subgradients.
For example, with f(z) = |z|, for  # 0, the subgradient is given by g = sign(z)
uniquely; for x = 0, the subgradient is any element of [-1,1].
The collection of all subgradients of f at x is called the subdifferential.

Definition 2.2 (subdifferential). Given a convex function f, the subdifferential at
x € dom(f) is

Of(x)={g| fly) > f(x)+g"(y —x), Vy € dom(f)}. (2.39)

For convex non-differential optimization, one can apply subgradient descent meth-
ods, which take one subgradient as the search direction. [75, 76, 77| are recom-
mended for further readings on subgradients, subdifferential and subgradient de-

scent.

For non-convex functions, subgradients satisfying (2.38) may or may not exist. To
enable the analysis of non-convex and non-smooth functions through convex anal-
ysis, a natural generalization of subdifferential, namely Clarke Subdifferential [78],

was introduced.

Definition 2.3 (Clarke Subdifferential). Given a function f of real vectors, the
Clarke differential at x € dom(f), denoted by Oc f(x), is defined as

Jof(x) =Co{s e R": Ix' = x, Vf(X) exists, and Vf(x') — s}, (2.40)

where Co{-} represents the convex hull of the argument set.
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Every element of J¢ f(x) is a subgradient of f(x), denoted by V¢ f(x), and can be

used as a search direction for non-convex non-differential optimization problems.?

[78] is recommended for additional readings on Clarke’s subdifferential.

5[79] shows that, if f(x) is a locally Lipschitz function, for every x, there exists a point y for
which Vf(y) exists.
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Chapter 3

SIC-free Implementation for
RSMA

In this chapter, we jointly address three practical but fundamental questions on
RSMA: (1) How to exploit the benefit of RSMA under finite constellations? (2)
What are the potential and promising ways to implement RSMA receivers? (3)
Can RSMA retain its superiority in the absence of successive interference cancellers
(SIC)? To address these concerns, we first propose low-complexity precoder designs
incorporating finite constellations and show that the potential of RSMA is better
achieved with such designs than those assuming Gaussian input signals. We then
consider some practical receiver designs that can be applied to RSMA. We notice
that these receiver designs follow one of two principles: (1) SIC: cancelling upper
layer signals before decoding the lower layer, and (2) SIC-free: treating upper layer
signals as noise when decoding the lower layer. In light of this, we propose to alter
the system design according to the receiver category. Through link-level simulations,
the effectiveness of the proposed power allocation and receiver designs is verified.
More importantly, we show that it is possible to preserve the superiority of RSMA
over Spatial Domain Multiple Access (SDMA), including SDMA with advanced
receivers, even without SIC in the receivers. Those results therefore open the door

to competitive implementable RSMA strategies for 6G and beyond communications.
The key contributions of this chapter are listed as follows.
1. With the distinction between receivers with and without SIC clarified, we de-

rive the CC sum-rate expression and its approximation for RSMA with or

without SIC, with some assumptions on the precoders made such that the
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expressions are more tractable. Subject to actual constraints on the constella-
tions in use, these rate expressions provide more accurate metrics for RSMA

than those commonly used for Gaussian input signals.

. We simplify the problem of precoder design by fixing precoder directions and

power distribution among private streams. Based on the derived approxi-
mations of CC sum-rate expressions, we propose low-complexity methods to
choose the power allocation of common and private streams. Closed-form
power allocation for optimizing the sum-rate assuming Gaussian input signals

is also obtained as a benchmark.

. Despite being rarely studied in the literature, variations or substitutes of SIC

are widely studied in standardization bodies [80, 81, 82]. In light of this,
apart from the basic SIC receiver as in [49, 31, 50, 51, 52|, we consider sev-
eral receiver designs that can be applied with RSMA in real applications to
provide more choices in terms of complexity and performance. Unlike works
such as [53] where some components of a basic SIC receiver are improved,
we focus on the overall architecture of the receiver and do not limit the
design of any building blocks in it; that is, most of the de-mapper designs
(such as maximum-likelihood de-mapper, max-log de-mapper and list sphere
de-mapper) and decoder designs (such as belief propagation decoding and
successive-cancellation list decoding for polar codes) can be adopted into the
proposed receiver designs. The complexity of different receivers is quantified,
such that a complexity-performance trade-off with different receiver designs
is revealed. We further notice that the receiver designs can be classified into
SIC-type receivers and SIC-free-type receivers based on their principles, and
therefore propose to alter the system design according to this classification.
This also indicates that these receivers respectively push RSMA towards the
two different information theoretic limits, which are characterized by the CC

sum-rate expressions assuming whether SIC is adopted or not.

. We evaluate RSMA with proposed power allocation methods and transceiver

designs using LLS. We show that CC sum-rate oriented system designs lead to
a significant performance improvement in practice in comparison with designs
that assume Gaussian signalling and SDMA. We also show that, although
receivers with SIC lead to some performance loss compared to SIC-type re-
ceivers, they still retain most of the superiority of RSMA over SDMA. Thus,
we reveal an important fact that it is possible to preserve the superiority of
RSMA over SDMA, including SDMA with advanced receivers, even without
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SIC at the receivers.

Organization: The remainder of this chapter is organized as follows: In Section 3.1,
low-complexity precoder designs for RSMA are proposed that incorporate different
optimization objectives. Section 3.2 summarizes the practical receiver implementa-
tions for RSMA. In Section 3.3, the numerical results are presented and analyzed.

Finally, Section 3.4 summarizes this paper.

Unless otherwise stated, the system model presented in Section 2.1 is assumed

throughout this chapter.

3.1 Low-complexity precoder designs for RSMA

We follow the system model for RSMA introduced in Section 2.1. To obtain simple
system designs for practical uses, we assume that the transmit power is uniformly

distributed among the private streams, and hence the transmit signal can be ex-

_ [Pr(1—1) o= _
X =/ Prtpcsc + K ; Pp.kSp,ks (3.1)

where Pr is the total transmit power budget, {Pc, Pp1; ---, Pp.i } are unit-norm vec-

pressed (2.2) as

tors in CM*1 indicating the direction of the precoders, and t € [0, 1] is the fraction
of the power budget allocated to the common stream. {py1, ..., Pp i} are designed

using zero-forcing (ZF) precoding. Specifically, we define H = [hy, hy,....hg] =

[ h, hy hy
[ha[]” [hal]? 7 |kl

ization of H(H#H)~!. For p., given its multicast nature, we heuristically hope to

]. With ZF, [Pp1, ..., Pp.x| are obtained by column-wise normal-

employ solutions for the following multicast problem.*
s minlBp.
be (3.2)
s.b [[pel]* =1

The solution to (3.2) for general cases has been addressed in [83, 84, 85]. Specifically,
for two-user cases, [85] provides the globally optimal p. in closed form assuming that
|hfp.|> = |h¥ p.|? is necessary for the solution. In this chapter, we design p. using
the solution from [85] for K = 2, and the dominant left singular vector of H for
K > 3 for their low complexity. Other designs, for example, those in [83] and [84],

are also valid.

! Any other choice of p is valid here without affecting any other parts of the rest of the design.
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With {pc, Pp1;---, Pp.i } decided, ¢ becomes the only remaining variable. In what
follows, two methods for determining ¢, namely optimizing sum-rate and optimizing

CC sum-rate,? are introduced.

3.1.1 Sum-rate optimization

The power allocation coefficient, ¢, is obtained by solving a sum-rate maximization
problem. With the above choice of {p., p1, ..., Px } and the assumption of Gaussian
input signals, the sum-rate of RSMA with SIC and Gaussian inputs can be written

as

L Prt|hp.|? b m- 2
Rym = min log <1 + Priy) 1 o) |thp P a2> Zlo < —\hk Pp.x| )7
(3.3)

where we have used the fact that |hi'p,;|*> = 0,Vi # k. The first term in (3.3)
represents the achievable rate of the common stream such that it can be decoded
by all the users. The second term represents the sum of the achievable rates of all

the private streams.

If |hi’p | = |hip.| = ... = |hp.|, or Pr — +o0, it is trivial to see that

PTt|thc|2 >

/A .
=argmin log <1 +
’ F L 1 2 |thp ?+ 02

- (3.4)
‘thc|2

= ar mln —_—
ST nlfp, A

and k' depends on {Pe, Pp.k, ---» Pp.x} but not ¢ and therefore can be pre-determined.

We can then further simplify (3.3) into
Pr(1—1t)
Rsum :1Og <1+_|hk’ C|2 T|hk’ppk'| )

(3.5)

+ Z 10g<1—|— ;{ >|hH_p7k\>
k=1,k£k'

(3.5) is a concave function of ¢. Let t* be the globally optimal ¢ that maximizes

(3.5). Using the first-order derivative, t* is given by

2To clarify, in this chapter, sum-rate implies that all the streams are transmitted generated
from Gaussian distributed symbols, while CC sum-rate implies that the input signal is constrained
to be a discrete and finite set.
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. a; b+ays
0 if =3 Tra T T+al, <0

. . a; b+ak./
1 if Zi1+ai—|—1+a;€>0and
b
— i @i+ a7 = 0

to otherwise,

= (3.6)

where a, = 5 [hfppil’, k€ {1,..., K}, b= Pr <|hk,pc\2 %oz [hi Py i ) and t,

is the only real root in [0, 1] of the following polynomial of ¢.

K
Z a; H (ta; —a;— Db+ aw +1)+b [[ (—tai+a;+1)  (3.7)
i=1,i#k"  j=1,jF#i,k' i=1,i#k’

Although the assumption of Gaussian input signals eases the analysis of system
performance, practical systems utilize only finite constellations. Next, two designs

considering finite constellations are introduced.

3.1.2 Constellation-constrained sum-rate optimization

In what follows, designing t to optimize the achievable sum rate under finite con-

stellations, i.e., CC sum-rate, is addressed. We consider two cases:

1. all the users apply SIC receivers: each user can perfectly remove common
stream signals before decoding the desired private stream, as long as the com-

mon stream is decodable by all the users?;

2. none of the users applies SIC receivers: each user decodes the private stream
without any prior knowledge of the common message, i.e., treating the common

stream signal as noise when decoding the desired private stream.

Proposition 3.1. The CC sum-rate of RSMA with SIC receivers is expressed as
(3.8) and can be well approzimated by (3.9), where p. = /PrtPe, Ppx = 1/ Wprh
X, is the finite size constellation set used for the common stream, Xy is the constel-
lation set used for the private stream intended for the k-th user, Si,, is the m-th

element in Xy and sy, € C**! contains two entries drawn from the m-th element
m XC X Xk

Proof. See Appendix B.1. n

3This is guaranteed by the assumptions made in Section 2.1.
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Proposition 3.2. The CC sum-rate of RSMA without SIC receivers is expressed as
(3.10) and can be well approzimated by (3.11).

Proof. See Appendix B.1. n
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Average CC sum-rate (bps/Hz)
Average CC sum-rate (bps/Hz)

—©— Exhaustive search for t and phase shift that optimize (3.8) I | —©— Exhaustive search for t and phase shift that optimize (3.10)

1 |[—A—sSearchfort €{0,0.2, ..., 1} that optimize (3.9) B 1 | |—A—Searchfort € {0, 0.2, ..., 1} that optimize (3.11)
Search for t € {0, 0.25, ..., 1} that optimize (3.9) Search for t € {0, 0.25, ..., 1} that optimize (3.11)
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(a) RSMA with SIC (b) RSMA without SIC

Figure 3.1: Comparison of CC sum-rate for RSMA achieved by different methods
of searching for t* with Ny =4, K = 2.

t* is obtained by searching for the point in [0, 1] that maximizes either R%Igsum or
R%I&fjfg, for scenarios where users apply or not apply SIC respectively.

Remark 3.1 (Phase shift and search space). Because of its circular symmetry, a
Gaussian distributed signal remains statistically unchanged under arbitrary phase
shifts, optimizing the power of symbol streams is sufficient when a Gaussian input
is assumed. However, a finite constellation generally changes under a phase shift.
After superposition, the sum constellation, i.e., the effective constellation of the sum
of signals observed by each user, depends on the phase shifts applied to the component
signals. Different sum constellations lead to different performance. Hence, initially,
both the power and the phase shift applied to each stream need to be optimized in
order to maximize the performance under finite constellations. Figure 3.1.2 and

3.1.2 evaluate the CC sum-rate achieved by two searching strategies:

1. To exhaustively search for t* and the optimal phase shift between the common
and private streams that optimize (3.8) or (8.10), depending on the availability
of SIC.

2. To search among only a small number of samples in [0,1] for one that maxi-
mizes (3.9) or (3.11), depending on the availability of SIC, without optimizing
the phase shifts applied to the streams.

It can be observed that searching t* among {0,0.2,0.4,...,1} without any control
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on the phase shifts leads to a near-optimal performance. We conclude that, given
enough freedom in designing t, optimizing the phase provides very little performance
improvement, and hence we neglect the phase shifts in the proposed design. Also,
taking (3.9) and (3.11) as objective functions, instead of (3.8) and (3.10), not only
significantly reduces the computational complexity of determining t*, since there is
no need to compute the expectations in (3.8) and (3.10), but also poses very lit-
tle performance loss. As a consequence, the second strateqy with the search space

{0,0.2,0.4,...,1} was applied to generate numerical results in Section. 3.3.

3.2 Transceiver designs for RSMA

This section introduces potential transceiver designs for RSMA employing a bit-interleaved
coded modulation (BICM) approach.

3.2.1 Transmitter design

Figure 3.2 depicts the proposed RSMA transmitter architecture, where FEC, II and
M represent forward error correction coding, interleaving and mapping (modulator)
correspondingly. Message splitting and combining in RSMA can be achieved by
de-multiplexing and multiplexing the information bits/uncoded bits. The common
message, which is generated by multiplexing W, 1, Weo, ..., W i, and the private
messages, Wy 1, Wp2, ..., W, ik, are encoded, interleaved and mapped into symbols
separately to generate blocks of common and private stream symbols, {s., s1, ..., Sk }

The precoders then mix the common and private streams before transmission.

3.2.2 Receiver designs

We introduce five RSMA receiver designs, offering flexibility in terms of complexity
and performance in practical applications. The receivers are classified into SIC and
SIC-free type receivers, and hence they also represent specific implementations that
push practical systems towards the information theoretic limits characterized by
(3.8) and (3.10) respectively.
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Figure 3.2: Transmitter architecture. Figure 3.3: Hard CWIC.
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Figure 3.6: Joint de-mapper. Figure 3.7: Soft SLIC.
Hard CWIC

Based on the definition of SIC from information theory, hard codeword-level SIC
(CWIC) [81, 82] is the most common way of implementing SIC in practice and is
also the most widely studied RSMA receiver in the literature, for example, in [49,
31, 50, 51, 52]. The structure of a hard CWIC is depicted in Figure 3.3, where M ™",
! and FEC™' represent de-mapper (demodulator), de-interleaver and decoder
respectively.? The receiver first de-maps the common stream symbols from 7 by
treating the private symbols as Gaussian noise and obtains the log-likelihood ratios
(LLRs) of the coded common stream bits. Next, the LLRs are de-interleaved and
decoded to obtain the LLRs of the uncoded common stream bits. Then, hard
decisions are applied to the LLRs to obtain estimates on W,, denoted by W,. This

4In the receiver diagrams, M~ in orange or blue represents marginal de-mapper for the common
or private stream respectively, i.e., it marginally de-maps one stream by considering the rest of
the signals as Gaussian noise. M~! in black represents a joint de-mapper which jointly de-maps
all the received signals and obtains soft-estimates for the coded bits carried by either the common
stream or the private stream or both.
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is followed by re-encoding, re-interleaving and re-mapping W. to obtain estimates on
a block of common stream symbols, 5.. After that,, a block of h'p 3, is subtracted
from the received signal block to cancel the effect of the common stream. Finally,
the remaining signals, vy, — hp 3., pass through de-mapping, de-interleaving and

decoding to obtain the uncoded bits carried by the private stream.

Hard CWIC has a known issue with error propagation, i.e., if the decoding of the
common stream fails, errors occur in the cancellation process and severely harm the
decoding for the private stream. To mitigate this issue, two extended CWIC designs
exploiting, instead of the hard information, the soft information from the common

stream decoding to perform cancellation, are introduced as follows.

Soft CWIC 1

The principle of soft CWIC 1 is depicted in Figure 3.4. The receiver first jointly de-
maps the common stream and the desired private stream but only computes the com-
mon stream coded-bit-LLRs.? As with hard CWIC, these LLRs are de-interleaved
and decoded to obtain uncoded-bit-LLRs of the common stream. Assuming the
decoder also updates the coded-bit-LLRs,® the probability distribution of a block
of common stream symbols, P(s.), is then computed. Note that this estimate on
P(s.) is more accurate than the one obtained from the de-mapper, as knowledge
of the error correcting code is utilized. To de-map the private stream symbols, the
receiver performs another joint de-mapping but also uses P(s.) as prior informa-
tion. The computation results on distances from the previous de-mapping can be
reused at this stage, hence the computational complexity of the second de-mapping
is negligible. Following the de-mapping, the private stream is then de-interleaved

and decoded. Readers are referred to [80] for more details.

5Here, joint de-mapping with marginal outputs is used instead of marginal de-mapping for
two reasons: 1) Joint de-mapping is the optimum way of detecting signals in the presence of
interference, while marginal de-mapping treats the discretely distributed interference as Gaussian
noise and hence is sub-optimal; 2) Applying prior knowledge of the interference distribution in the
LLR computation, which in our context is required for de-mapping the private stream, does not
introduce additional complexity to joint de-mapping [80].

6Many decoder designs used in practice are soft-input-soft-out, e.g., the belief propagation
decoders.
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Soft CWIC 2

With soft CWIC 1, joint de-mapping for the common and private symbols poten-
tially poses high computational complexity. To reduce this computational burden,
soft CWIC 2 is introduced and depicted in Figure 3.5 [86]. In this design, the
receiver first de-maps the common stream by treating the private stream symbols
as Gaussian noise. P(s.) is obtained after de-interleaving and decoding in a simi-
lar way as with soft CWIC 1. Unlike soft CWIC 1, P(s.) is used to compute the
mean (also called the soft symbol estimates), 5., and the variance, ch, of the com-
mon symbols. Subsequently, de-mapping for the private symbols is performed by
treating the common stream symbols plus noise as an effective noise following the
distribution CN (h,If PeSe, 02 + agc). To do so, the receiver removes th PcSe from
then calculates the LLRs by taking o2 + 02 as the noise variance. In comparison
to soft CWIC 1, soft CWIC 2 avoids any joint de-mapping and utilizes P(s.) in a

simpler way and hence is more computationally efficient.

Joint De-mapper

Figure 3.6 depicts a joint de-mapper [80] based receiver design for RSMA. The re-
ceiver first jointly de-maps symbols from common and private streams. The resulting
LLRs are then de-multiplexed and separately de-interleaved into coded-bit-LLRs of
common and private streams. Finally, these LLRs are fed into decoders to obtain

uncoded bits of the common and private streams.

Soft SLIC

To avoid the potentially high complexity brought by the joint de-mapper, a soft
symbol level interference cancellation (SLIC) design [87] is introduced as a sub-
stitute, as depicted in Figure 3.7. The process is similar to the soft CWIC 2
design mentioned above. The only difference is that the prior knowledge of the
common stream symbols is not from the decoder, but from the de-mapper for the
common stream. Another way to interpret soft SLIC is to view several steps,
M~1 — Soft Symbol — Cancellation — M ™!, as a simplified joint de-mapping
process. Indeed, it de-map the received signals into soft estimates on the common
and private coded bits. Instead of jointly de-mapping the two streams, using two
marginal de-mapping blocks reduces the computational burden, albeit at the cost

of accuracy.
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3.2.3 Comments on different receivers

Complexity

We summarize the complexity of different receiver designs under three criteria,

namely computational complexity, additional buffer size and additional delay. We

recognize that the joint de-mapper leads to the simplest structure and the shortest

delay among others, and hence measure the buffer size and delay in terms of the

extra requirement in comparison with the joint de-mapper. The three criteria are

explained as follows:

e Computational complexity: The majority of the computation burden comes

from de-mapping and decoding. For comparative purposes, we focus on the
de-mapping complexity and neglect the computational burden of decoding,
since the decoding process is identical for all the proposed receivers, i.e., all

the receivers decode the common stream and the desired private streams.

Additional buffer size: This refers to the additional buffers required for cancel-
lation, compared with the joint de-mapper. For CWIC receivers, the decoded
common stream message needs to be stored before performing cancellation.
The required buffer size depends on the number of coded bits during one

transmission and the type of information to be stored, i.e., hard or soft.

Additional delay: This refers to extra time required to perform cancellation
in comparison to the joint de-mapper. Apart from all the processes of joint
de-mapper, CWIC receivers need extra time to perform re-interleaving and re-
modulation (or more generally, converting bit level information into symbol-
level information) before cancellation. Furthermore, the time consumption on
joint de-mapping and soft SLIC can be shortened by parallelized decoding of
common and private messages, but this is not valid for CWIC receivers due

to the existence of the cancellation process.

Let X, and X, be the constellations for common and private streams, F' be the

number of bits required to store soft information, i.e., the LLRs, and B be the

blocklength in terms of symbols. A quantitative evaluation of receiver complexity
is given in Table 3.1. It can be concluded that the soft CWIC 1 and the soft SLIC

are of the highest and lowest complexity, respectively.
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SIC and SIC-free receivers

The above-mentioned receiver designs can be classified into two groups according
to their underlying principle. In particular, hard CWIC, soft CWIC 1 and soft
CWIC 2 utilize the common stream decoder outputs in the process of decoding the
private stream and hence are classified as SIC-type receivers. Joint de-mapping
and soft SLIC decode the private stream without using the output of the common
stream decoder by treating the common stream as noise. Hence, they are classified

as SIC-free-type receivers. This classification is also illustrated in Table3.1.

Jointly de-mapping the desired signal and interference is equivalent to treating in-

terference as noise. Two supporting evidences are given:

1. From an information theoretic perspective, approaches to handling interference
can be classified into: 1) decoding interference and 2) treating interference as
noise. From Figure 3.6, it is easy to see that joint de-mapping does not perform
SIC or joint decoding, hence it does not belong to the category of decoding

interference.

2. From a detection problem perspective, optimally detecting a discrete signal in
the presence of discrete interference and Gaussian noise is equivalent to jointly
de-mapping the desired signal and interference. A proof is given in Appendix
B.2.

A common confusion exists between two ideas: 1) treating interference as noise and
2) treating interference as Gaussian noise. With finite constellations, interference
is not Gaussian, and hence the sum of interference and noise is not Gaussian. The
optimal way of treating interference as noise is to use its exact probability distribu-
tion when de-mapping as shown in Appendix B.2. This leads to joint de-mapping.
However, in practice, it is computationally more efficient to pretend that the inter-
ference is Gaussian, and hence the sum of interference and noise is also Gaussian.
This leads to receivers treating the sum of interference and noise as an effective
Gaussian noise (such as receivers for downlink MU-MIMO), which could result in a
huge performance loss in comparison to joint de-mapping because the wrong prob-
ability distribution for the interference is used.” For RSMA, jointly de-mapping the
common and the private streams is equivalent to treating the common stream as

noise when decoding the private stream.

7An information-theoretic study of this performance loss will be the focus of Chapter 5.
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In light of the classification of SIC-type and SIC-free-type receivers, it is evident
that, depending on the type of receivers in use, the system should be designed to
maximize the corresponding CC sum-rate (with or without SIC) in order to optimize

the performance.

3.3 Numerical results

We consider the one-ring scattering model (See Appendix A for details). For sim-
plicity, we assume 0; = 0y = ... = 0 = 0 and A = Ay = ... = A = A, which
implies that users with similar channel statistics are served at the same time. With
this setting, we intend to model scenarios with a certain user density. A small A
indicates a high-density demand area. Throughout this section, we assume 6 = /3,

Nt = 4 for two-user cases, and Nt = 6 for three-user cases.

3.3.1 CC sum-rate comparison

For rate evaluation, we consider a block-fading model where the channel remains
static and known within each codeword. For each realization, we design the pre-
coder based on the instantaneous channel state and compute the resulting achievable
rate. The results are obtained by averaging these rates over a sufficiently large num-
ber of independent channel realizations. This approach is particularly suited for
slow-fading environments where the channel is approximately constant over a single

codeword but varies across different transmission blocks.

We verify that the proposed low-complexity precoder design that optimizes (3.9)
and (3.11) actually leads to a higher CC sum-rate than other schemes. In Figure
3.8, we compare the average CC sum-rate of three schemes, namely RSMA with pre-
coder optimizing the sum-rate assuming Gaussian input signals (with “Gaussian”
in the legend), RSMA with precoder optimizing the approximation of CC sum-rate
(with “finite” in the legend) and SDMA with either ZF or MRT precoding under
different scenarios. Constellations used for different schemes are given in the legend
and caption of the figure. The constellations were chosen such that different schemes
require similar decoding complexity. It can be observed that RSMA with precoders
optimizing the sum-rate does not essentially optimize the CC sum-rate and often

underperforms SDMA. Especially when an SIC-free receiver is assumed, RSMA by
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Figure 3.8: CC sum-rate comparison for different schemes.

optimizing the sum-rate always underperforms SDMA. On the other hand, the de-
signs that optimize (3.9) and (3.11) lead to nearly the best performance among
others at low and medium SNRs. At a very low SNR regime, SDMA with MRT
precoding slightly outperforms RSMA. However, this performance requires more
complicated receivers in practice. The reason is that CC sum-rate provides the per-
formance upper-bound and, to approach this, the receiver should at least jointly
de-maps the desired signal and interference rather than simply treating interference
as Gaussian noise. To do so, advanced receivers and extra knowledge on interference
are necessary. At high SNR regime, SDMA with high-order constellations outper-
forms RSMA because the latter saturates at a lower rate. For example, RSMA with
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QPSK used for both common and private streams transmits at most 6 bits/symbol,
while SDMA with two 16QAM streams transmits at most 8 bits/symbol.

The above results lead to two important implications. First, the potential of RSMA
can be better discovered when finite constellations are considered during the system
design process. Second, the superiority of RSMA over SDMA remains even under

constraints on similar decoding complexity.

3.3.2 Power allocation behavior
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Figure 3.9: Sum-rate/CC sum-rate as functions of ¢ with ¢* labeled by %, K = 2.

In the following, we show that taking sum-rate or CC sum-rate as the objective
function leads to distinct choices on the power allocation factor, t. We first con-
sider two channel realizations given in Appendix B.3. Figure 3.9 shows, under
the two realizations, the sum-rate, approximated CC sum-rate with SIC receivers
and approximated CC sum-rate with SIC-free receivers, i.e., (3.3), (3.9) and (3.11)
respectively, as a function of ¢, where t* for (3.9) and (3.11) are obtained from ex-
haustive search. It can be observed that ¢* under different objective functions is
indeed different. Also, it is can be illustrated that (3.3) is convex over ¢ while (3.9)
and (3.11) are not.
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Figure 3.10: CDF of t* under different objective functions with K = 2.

Figure 3.10 depicts the CDF of t*, denoted by F'(t*), under different objective func-
tions and channel conditions. It shows that the statistics of ¢* can be very different
under different objective functions. One interesting observation can be made from
the variation of CDF with different A. As A decreases, the system with Gaussian
signalling always allocates more power to the common stream, as this leads to less
interference. However, with finite constellations, this is not always the case. For ex-
ample, in Figure 3.10(b), the system allocates less power to the common stream with
a decreasing A. This is because the rate of finite constellations is upper-bounded
and saturates after a certain SNR. With a smaller A, the system can achieve the
saturating point for the common stream with a smaller amount of power, and it is

more beneficial to allocate the rest of the power to the private streams as they have
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not saturated yet. In Figure 3.10(c), the system again allocates more power to the
common streams as A drops because 16QAM requires more power than QPSK to

saturate in CC rates.

3.3.3 Link-level simulation

Link-level simulation was performed to provide a more comprehensive evaluation
of different precoders and receivers. In the following, fast fading and block fading
channels® with perfect CSIT are considered. For the error correction code, polar code
was chosen for its good error-correcting capability. Belief propagation decoding was
used as the decoding technique to obtain soft outputs. All the results were obtained
by averaging the Bit Error Rate (BER) performance of 50000 blocks. Symbol block
length is 512 for fast fading channels and 4096 for block fading channels. When
block fading is considered, it is assumed that the channel is coherent for 32 symbols.
Max-log approximation was used for de-mapping as it is common in real applications.
The target BER was 1074,

We first make a comparison of different receiver designs mentioned in Section 3.2
based on Figure 3.11(a) and Figure 3.11(b). Here, the precoders were designed to
maximize the sum-rate. Details on the modulation and coding schemes (MCS) in
use are shown in the caption of the figures in the format of “modulation/code rate”.
We first set the common stream code rate to a medium value such that common
and private streams reach 10~* BER with similar SNR. This simulates cases where
a good operating point is found. In Figure 3.11(a), it can be concluded that the
performance of different receivers follows the order: soft CWIC 1 > soft CWIC 2 >
hard CWIC > joint de-mapping > soft SLIC.

We now consider cases where the common stream rate is not properly set, and
hence errors may exist when decoding the common stream. In these cases, error
propagation effects with different receivers become important. Figure 3.11(b) shows
the BER performance with different receiver designs when a high error rate occurs in
the common stream. The code rate for the common stream was set to be high, such
that a high BER (around 0.4) occurs when the SNR is 10 dB. When hard CWIC
is applied, it can be observed that a similar BER occurs in the private stream due
to the error propagation. In contrast, with other receivers, the BER degradation

caused by error propagation is very weak or not visible.

8Fast fading refers to i.i.d. channel realizations for each symbol. Block fading refers to channel
realizations that are i.i.d. from block to block and identical within the same block.
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(a) MCS: QPSK/0.54 for common stream and QPSK/0.3 for private streams.
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(b) MCS: QPSK/0.6 (hard CWIC, soft CWIC 2 and soft SLIC) or QPSK/0.74 (soft
CWIC 1 and joint de-mapping) for common stream and QPSK/0.3 for private streams.

Figure 3.11: BER performance of different RSMA receivers with K = 2 and A =
7/9.

Next, we compare the performance of the sum-rate oriented precoder design and the

CC sum-rate oriented precoder designs through LLS. For clarity, only soft CWIC 1

and joint de-mapping are considered in the following as representatives of SIC-type

receivers and SIC-free-type receivers. RSMA schemes with power allocation methods

considering sum-rate or CC sum-rate, as proposed in Section III, are indicated by
“(Gaussian)” and “(finite)” in the legend. We also include several SDMA-based

schemes as benchmarks:

e SDMA+ZF+SD+QPSK/16QAM/64QAM/256QAM: The precoders are de-
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Figure 3.12: Fast fading channel with K = 2, A = 7/18 and throughput = 3
bits/symbol. Modulation schemes for RSMA: QPSK for both common and private
streams.

Common stream

—©— Soft CWIC 1 (finite)
—Ae— Joint de-mapping (finite)

Soft CWIC 1 (Gaussian)
——+— Joint de-mapping (Gaussian)
—&— SDMA+MRT+JD+16QAM
———— SDMA+ZF+SD+16QAM
SDMA+ZF+SD+256QAM

Coded BER
Coded BER

104 ¢

10 15 20 25 30 35 10 15 20 2 30 35
SNR (dB) SNR (dB)
Figure 3.13: Fast fading channel with K = 2, A = 7/18 and throughput = 6

bits/symbol. Modulation schemes for RSMA: 16QQAM for both common and private
streams.
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Figure 3.14: Block fading channel with K = 2, A = 7/18 and throughput = 3.6
bits/symbol. Modulation schemes for RSMA: QPSK for both common and private
streams.
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Figure 3.15: Block fading channel with K = 3, A = 7/9 and throughput = 5.52
bits/symbol. Modulation schemes for RSMA: 16QAM for the common stream and
QPSK for the private streams.
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signed using ZF with uniform power allocation. The receivers apply a single-
user detector (marginally de-map the desired signal). Both streams are trans-

mitted in QSPK, 16QAM or 256QAM signals.

e SDMA+MRT+JD+QPSK/16QAM: The precoders are designed using Maxi-
mum Ratio Transmission (MRT') with uniform power allocation. The receivers
jointly de-map the desired stream and interference. This receiver design is
studied as an advanced receiver for MU-MIMO in 3GPP [88].° Both streams
are transmitted in QPSK or 16QAM signals.

The code rates used in these simulations are given in Appendix B.4.

The BER performance of RSMA with different precoders and receiver designs, as
well as three SDMA benchmarks, is depicted in Figure 3.12-3.15, with maximum
throughput and modulation schemes in use for RSMA given in the caption of the
figures. In particular, Figure 3.12 and Figure 3.13 examine scenarios with fast fading
and two users. Figure 3.14 assumes block fading with two users, while Figure 3.15
assumes block fading with three users. In each figure, different schemes achieve
the same throughput as indicated in the captions. For SDMA schemes, the code
rates are uniform across users. For RSMA schemes, the code rates for common
and private streams are selected such that both streams achieve the target BER
at similar SNRs. It can be observed that RSMA schemes generally outperform
SDMA schemes. Among different RSMA schemes, the performance depends on the
precoder and receiver designs. In particular, it can be observed that the CC sum-
rate oriented RSMA (with “(finite)” in the legends) significantly outperforms the
sum-rate oriented RSMA (with “(Gaussian)” in the legends), with either SIC-type
or SIC-free-type receivers. For example, in Figure 3.12, with either SIC-type or SIC-
free-type receivers, CC sum-rate oriented precoder design achieves roughly 2.5 dB
gain over sum-rate—oriented designs. This again reveals the important fact that the
practical capability of RSMA is not well exploited by the sum-rate oriented designs

but is better discovered by the CC sum-rate oriented designs.

Figure 3.16 depicts how the angle spread, A, of the scattering ring affects the su-
periority of RSMA over SDMA. It can be concluded that RSMA offers greater

advantages under small-angle spreads.

In Figure 3.17, the trade-offs between performance and complexity with different
schemes and receivers are depicted based on the LLS results and Table I. SDMA

9As discussed in Section IV C, joint de-mapping is the optimal detector in the presence of
finite-constellation interference.
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Figure 3.16: Comparison between RSMA and SDMA with K =2, A = n/18, 7/9
or m/6. RSMA uses QPSK for both common and private streams. The throughput
of different schemes is 3 bits/symbol.

with QPSK constellation was chosen as the reference. SNR reduction was mea-
sured in the amount of SNR saved by a scheme when a BER of 107 is achieved.
Relative complexity increase was measured in the additional complex distances to
be computed per symbol during de-mapping. Without considering the cost of the
buffering memory and delay, CC sum-rate oriented RSMA with soft CWIC 2 leads
to almost optimal performance with low complexity. To save buffer and delay, CC-
rate-oriented RSMA with soft SLIC and joint de-mapper becomes a promising can-
didate. We again observe that RSMA outperforms SDMA, even when the decoding

complexities are comparable.

3.4 Summary

In this chapter, we considered the practical implementation of RSMA and addressed
several problems. We first introduced three low-complexity power allocation designs
that respectively optimize sum-rate, CC sum-rate with SIC receiver and CC sum-

rate without SIC receiver. We then introduced several transceiver implementations
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Figure 3.17: SNR-complexity trade-off with different schemes under fast fading with
K =2, A = /18 and throughput = 3 bits/symbol. Modulation schemes for RSMA:
QPSK for all the streams.

that can be applied with RSMA. We noticed that these designs can be classified
into either SIC-type receivers or SIC-free-type receivers based on their principle and
proposed to choose the power allocation design in accordance with this classification.
Through numerical simulations, we reveal the fact that, under practical constella-
tion constraints, sum-rate oriented designs do not always bring the benefit of RSMA,
while CC sum-rate oriented designs better exploit the potential of RSMA. It was
also observed that, with CC sum-rate oriented precoder design, RSMA often pre-
serves its superiority over SDMA even without SIC receivers. LLS was performed to
verify this conclusion. Different practical receiver designs were also compared using
LLS. We show that the most common SIC-type receiver design, the hard CWIC, is
not promising due to its weak immunity to error propagation. Soft CWICs suffer
very little from error propagation and hence provide better performance. Joint de-
mapping and soft SLIC, which incur less complexity on the user side with acceptable

performance loss, are also promising candidates.
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Chapter 4

Precoder Optimization for
SIC-based and SIC-free RSMA

The last chapter demonstrates that RSMA can maintain its superiority without
relying on SIC receivers. In practical systems, SIC-free receivers are more attrac-
tive than SIC receivers because of their low complexity and latency. This chapter
evaluates the theoretical limits of RSMA with and without SIC receivers under fi-
nite constellations. We first derive the constellation-constrained rate expressions for
RSMA with an arbitrary precoding matrix. We then design algorithms based on a
projected subgradient method to optimize the precoders and maximize the weighted
sum-rate (WSR) and max-min fairness (MMF) (or minimum rate per user) among
users. To apply the proposed optimization algorithms to large-scale systems, such
as massive MIMO, one challenge lies in the exponentially increasing computational
complexity brought about by the constellation-constrained rate expressions. In light
of this, we propose methods to avoid such a computational burden. Numerical re-
sults show that, under optimized precoders, SIC-free RSMA leads to minor losses
in both weighted sum-rate and max-min fairness in comparison to RSMA with SIC

receivers, making it a viable option for future implementations.

The key contributions of this chapter are listed as follows.

1. We provide constellation-constrained rate expressions and their approximation
for SIC-based and SIC-free RSMA. Note that the RSMA rate expressions de-
rived in Chapter 3 are based on the assumption that zero-forcing precoders are
used for private streams. As a result of this assumption, inter-user interference

was removed during the derivations, and the rate expressions were simplified.

93
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The rate expressions given in this chapter do not make any assumption on the

precoders and are therefore more general than those in Chapter 3.

. We propose precoder optimization methods to maximize the WSR and MMF

performance for SIC-based and SIC-free RSMA under finite constellation con-
straints. To enable this, we developed global optimal solutions to common
stream rate allocation for both WSR maximization and MMF problems. These
solutions hold for not only finite-constellation inputs but also any other input

signal distribution, including Gaussian inputs.

. We observe that the computational complexity of the proposed algorithms

grows exponentially as the system scales up in terms of the number of users.
In light of this, we propose methods to scale up optimization algorithms to
handle large-scale systems, such as massive MIMO, and avoid prohibitive com-

putational cost.

. We show through simulations that both SIC-based and SIC-free RSMA out-

perform SDMA under different evaluation metrics and dimensions of the sys-
tem. Moreover, SIC-free RSMA often preserves most of the superiority of
SIC-based RSMA. The results also show that SIC-based and SIC-free RSMA
require very different precoders, despite the fact that they achieve similar per-
formance in the end. This indicates the need for dedicated precoder designs
for SIC-free RSMA. Therefore, we extend the conclusion in Chapter 3 from
low-complexity precoders to fully optimized precoders, from the sum-rate ob-
jective to the WSR and MMF objectives, and from small-scale to large-scale

systems.

Organization: The rest of this chapter is organized as follows. Section 4.1 provides

achievable rate expressions for RSMA under finite constellations. In Section 4.2,

precoder optimization algorithms are proposed for WSR and MMF optimization.

Section 4.3 addresses optimization in large-scale systems. Section 4.4 presents and

analyzes numerical results. Finally, Section 4.5 summarizes this chapter.

Unless otherwise stated, the system model presented in Section 2.1 is assumed

throughout this chapter.
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4.1 Achievable rate of RSMA under finite con-

stellations

Chapter 3 extends the system model of RSMA in the literature by introducing
the possibility of SIC-free receivers. Figure 4.1 is a schematic of one-layer RSMA

involving either SIC or SIC-free receivers.
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Figure 4.1: Single-layer RSMA with SIC and SIC-free receivers.

The procedures in the transmitter and SIC receivers are described in Section 2.1.
For theoretical analysis, SIC-free receivers can be characterized by the following
steps: The receiver decodes W, from y; by treating {sp1,...,sp x} as noise, and also
decodes W, ;, by treating s. and s, , V&' € K/k, as noise. After this, the receiver
extracts /V[7C7k from WC and combines it with W\p,k to reconstruct /Wk The main
difference from the SIC implementation is that S. remains in the received signal

when the receiver decodes W, ;, due to the absence of the cancellation step.

For RSMA with finite-alphabet (constellation) inputs, the achievable rate expres-
sions of the common stream at user-k, denoted by R.j, and the private stream
intended for user-k, denoted by RS’ and RS under SIC and SIC-free receivers
respectively, are given in (4.4)-(4.6), where X, is the constellation set used for the
common stream, &, is the constellation set used for the private stream intended
for the k-th user, X £ [Liem Ao for certain set M, dp, (X) = s, — sy, and s,
denotes the [-th element of X in a certain order. Their approximations are given in
(4.7)-(4.9).

The derivation of (4.4)-(4.9) can be obtained by applying the mutual information
with finite alphabet inputs (See Section 2.2) to

Rer = I(sc;yr) = I({Smsp,b ---,sp,K};yk> — 1<{81, s SE Yk | sc>, (4.1)
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Ry = (s yalse), (4.2)

and
Rif"ﬁee = 1(Sps; Yk)- (4.3)

This extends the proof in Appendix B.1 by accounting for interference from private
streams intended for users other than user-k and is therefore omitted. Note that

the difference between (4.2) and (4.3) lies in the availability of knowledge on s..

Note that the “CC” subscript used in Chapter 3 is omitted in the notation, as the

remainder of this thesis focuses exclusively on finite-alphabet inputs.
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Recall from Section 2.1 that ¢, denotes the portion of the common stream rate
that is allocated to user-k. Following (2.4), the rate experienced by user-k can be

expressed as

RYCIICHe = ¢ gy RIS/, (4.10)

where the superscript “SIC/SIC-free” indicates that the expression depends on

whether SIC receivers or SIC-free receivers are used.

The performance loss incurred by removing the SIC at user-k can be characterized

as

SIC SIC-free
Rk - Rk

=1(spx; Yk) — L(Sp.k; Urlsc) (4.11)
:I(Sp’k; Z hgpp,k’sp,k’ + hgpcsc + Zk) — I(Sp,k; Z thPp,k'Sp,k’ + Zk)
k'ek ke

Understanding this difference requires addressing the following question: Consider
a channel that takes hp, xs,+ as input and is disturbed by interference and noise
denoted by > p/exc/k hfp, 15,10 + 2. How detrimental is it to the achievable rate if
an additional interference, h p.s., is added? It is intuitive that s. is less detrimental
to the achievable rate if it is from a finite alphabet rather than Gaussian distributed,
which motivated our analysis of SIC-free RSMA under finite alphabets. The impact
of finite alphabet interference will be further studied in Chapter 5, where we will
see that this impact is non-monotonic w.r.t. the interference power and can be low

even if the interference is strong. In particular, it can be shown that

Jim (s> Wl ppspr + i pese + 21) = sprs Y i Ppaspu + ).
E“hk Pc| }—>+OO kel ke

(4.12)
This indicates that the achievable rate of SIC-free RSMA can be made similar to

SIC-based RSMA through proper precoding design.

4.2 Precoding optimization

In this section, we consider WSR and MMF maximization problems for RSMA
with SIC and SIC-free receivers, and propose precoding optimization algorithms to

address them.
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4.2.1 Weighted sum-rate optimization

The WSR problem can be expressed as

SIC/SIC-f
max (i /S1C-free
P.c

kek

st. |P||f < Pr (1)

where ug, k € KC, denotes the weight assigned to user-k, Pr denotes the transmit

power budget, and ¢ = [¢q, g, ..., Ck].

’

Proposition 4.1. Let i € arg maxgex ug. If (P*,c*) is a solution of 4.13, (P*,c*)

. . / / / / . ’ / . .
is another solution where c* = [c} , ¢ , ..., C] satisfies ¢; =1 and ¢§ = 0,Vj € K\i.

Proof. See Appendix C.1. O

Remark 4.1. The intuition behind Proposition 4.1 is of significant value for the
practical implementation of RSMA, as it implies that when the objective is to maxi-
mize the WSR, only splitting the message of the most weighted users (or one of the
most weighted users if multiple users are most weighted) is no worse than splitting
multiple user messages. In practice, the splitting of messages requires additional
implementation and control signaling, making splitting only one message a more

favorable option.

Remark 4.2. The proof of Proposition 4.1 does not assume any input distribution,
which means that Proposition 4.1 holds for arbitrary input distributions, including

Gaussian input, and any other distribution for discrete or continuous space.

As a direct consequence of Proposition 4.1, one solution of ¢ can already be deter-
mined given uy, Vk € K. As a result, ¢ can be removed from the design variables,

and 4.13 is simplified into

SIC/SIC-free
max Wy R + Z ukRp’k
kek (4.14)
s.t. ||P||E < Pr,

where k' € arg maxgexc ug.
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One challenge in solving (4.14) lies in the fact that the expectation in (2.7) can-
not be reduced to an analytical form. One way to address it is to estimate (2.7)
empirically and optimize that estimate, but this can introduce a significant com-
putational burden to algorithms. We adopt an alternative approach by using the
approximation given by (4.7)-(4.9) during the optimization process. The effective-
ness of this approach has been illustrated, for example, in [72, 89, 90]. To tackle
the non-convexity and complicated structure of (2.9) and the discontinuity brought
about by the point-wise minimum in (2.3), a subgradient method, as introduced in
Section 2.4, is chosen to solve (4.14).

With a vector channel h, the gradient of (2.9) is given by

|X] |X] H H
hh7 Pd,, ;(X)dn ()
VPH<S’y)approx _ u(P) <_ ] 9y ,

W T 207

(4.15)

where »
[P, (X)[?
uP) =" exp ( - = ) (4.16)
=1 z

Based on (4.15), VpRex, VpRYC and VpRYCT can be obtained trivially. One
subgradient! of the WSR can be obtained as

g(Rs\I](SJP/{SIC-free) _ Uk’VPRchO + Z ukVPREIC/SIC-free7 (417)
kel

where k° € arg mingex R .2

It is easy to see that any solution of (4.14), denoted by P*, must satisfy ||P*||2 = Pr.
We therefore use the projection of P in {P | ||P||2 = Pr} as the updated solution
after every iteration. The proposed Projected SubGradient Ascent (PSGA) algo-
rithm is summarized in Algorithm 1.3 For choosing the step length, ¢, we use a
modified backtracking line search specific for PSGA as described in Algorithm 2.
Compared to the classical backtracking for gradient descent/ascent, the proposed
backtracking method incorporates projection when evaluating the predicted objec-
tive value after updating, ensuring a non-decreasing sequence of objectives. The
convergence of general projected gradient methods for convex problems is discussed

n [91], although the convergence rate of such methods for non-convex problems

'We use the Clarcke subgradient introduced in Section 2.4.
When arg mingecx Re x has multiple values, any of them can be used as k°, as they all lead to
valid subgradients.

3Tn Algorithm 1, depending on the assumption about receivers, Rwsg = R%\I,gR or R\S,\I,gi{ree.
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Algorithm 1 Projected Subgradient Ascent for Weight Sum-rate Maximization
Input: Pr, X, X, hy, k € K, €, Upax.

Output: P*
1: Initialize P°.
2: v:=0.
3: Update. R{ygg := Rwsr(P").
4: repeat
5. AP := g(Rwsr) according to (4.17).
6:  Choose step size t via Algorithm 2.
7. Update. P"" .= PY + tAP.
8:  Projection. P**! := IIP\{:H Pv+L,
9: Update. R%SIR = RWSR(PU+1).
10 v:i=v+1.
11: until | RYgg — Rivgr | < € or v > .
12: return P* := P".

Algorithm 2 Backtracking Line Search for PSGA

Input: AP, f(-),*Pr, a € (0,0.5), 3 € (0,1) and #p.

Output: ¢

ti=1.

while f(
t .= pt.

end while

if t < t,, then
t:=0.

end if

return ¢

—\p+mp|| (P +tAP)) < f(P) + at|AP||z2 and t > t,, do

is generally difficult to analyze. Note that each iteration in Algorithm 2 leads to
a non-decreasing variation of the objective function, and the objective function of
(4.13) is upper-bounded. Therefore, Algorithm 1 is guaranteed to converge. The
convergence is also numerically evaluated in Figure 4.5, where a monotonic increase

in the objective function and the convergence can be observed.

4£(-) refers to the objective function of interest. It is kept general here, as Algorithm 2 will be
reused later to solve the MMF problem.
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4.2.2 Max-min fairness optimization

We now consider an MMF problem as follows:

. SIC/SIC-free
max min [?,
P,c kek

st. |P||3 < Pr

o (4.18)

Note that (4.18) is also a non-smooth non-convex problem and hence is difficult to
solve. To develop efficient algorithms for 4.18, we decouple it into the following two
sub-problems,

max min R(c; P)

kek
s.t. ch =1 (4.19)

kek
c = 0K
and
max min R(P;c)
P kel (4'20)
ot [P < Pr
where Ry(c;P) indicates the case where R /%™ is determined with P as a

given parameter and c as a variable, whereas Ry (P;c) indicates the case in which ¢
is given and P is the variable. Hence, (4.19) optimizes ¢ with a fixed P while (4.20)

optimizes P with a given c.

Note that (4.19) is linear programming; therefore, its global optimal solution can
be obtained efficiently. In particular, we developed a closed-form solution as in

Proposition 4.2.

Proposition 4.2. The global optimal solution of (4.19) is given in closed form by
Algorithm 3.

Proof. See Appendix C.2. O]
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Algorithm 3 Global Optimal Common Stream Allocation
Input: R, Ry, k € K.
Output: c*
k=K 4+ 1.
: repeat
K =k —1.
d.= [Rp71, ceey Rp,k’]-

1
2
3
4
o: ni= T
6
7
8

cuntil ¢’ = 0.
. return c* := [¢/, QXK.

To remove the discontinuity caused by the point-wise minimum in (4.20), we apply
a log-sum-exp approximation to its objective function and consider the following

problem.

1
max — log Z exp (YRe(P;c))
PY ke (4.21)

st. |P|2 < Pr.

The gap between the point-wise minimum and its log-sum-exp approximation is

characterized by the following [92].

0 < min fl——logZexp vfi) < logL, v <0 (4.22)

1<i<L

Let Rpyaxmin denote the objective function in (4.21). One subgradient of Rax-min

w.r.t. P is derived to be

> ke &P (VRi(Pic)) g (Ri(P;c))

g(Rmax-min) — P
Y kex exp (YRR(P;c))

(4.23)

where

g (Ri(P;c)) = cxVpRepo + VpR, 1, (4.24)

and k° = argminy R.j. Similarly to (4.14), (4.21) can also be solved using PSGA.
The solution of (4.18) is obtained by updating the solution for (4.19) and (4.21)
alternatively, and the procedures are summarized in Algorithm 4. Note that, in
Algorithm 4, the updates on P do not decrease the objective function due to the
step sizes selected by Algorithm 2, and the updates on ¢ also do not decrease the

objective function, because Algorithm 3 leads to the global optimum. Hence, every
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Algorithm 4 Subgradient Ascent with Projection for MMF Optimization
Input: Pr, X, X, hy, k € K, 7, €, Unax-
Output: P* and c*.

1: Initialize P°.

2: v:=0.

3: Update. R . = Ryaxmin(P?).

4: repeat

5. Update R., R, based on P".

6:  Update c using Algorithm 3.

7. AP := g(Rpaxmm) according to (4.23) and (4.24).
8:  Choose step size t via Algorithm 2.

9:  Update. Pt := P? +tAP.

10:  Projection. PVt := ”P‘{]:TTHFP”“.

11:  Update. R’ = Riaxcmin(PUT).

12 v:=v+1

13: until | R%, o — RUL | < €0r v > Upax.

14: return P* :=P" c¢* =c.

iteration in Algorithm 4 leads to a non-decreasing variation of the objective function.
It is trivial to see that the objective function of 4.18 is upper-bounded. Therefore,

Algorithm 4 is guaranteed to converge.

4.3 Optimization for large-scale systems

In this section, we propose methods to extend the precoding designs introduced in
Section 4.3 to systems with a large number of transmit antennas and a large number

of co-scheduled users.

To solve linear precoding design problems for large-scale systems, the inherent chal-
lenge is the growing size of the design variable, i.e., the precoding matrix, which
leads to growing computational complexity. For problems considering finite con-
stellations, the even more fatal issue is the exponential growth in the cardinality
of observed constellations at each user. It can be observed from (2.7) and (2.9)
that the computational complexity grows exponentially with respect to the num-
ber of received signal sources. An estimate of the computational complexity of the
sum-rate of a MU-MIMO system with different numbers of users and constellation
cardinality is given in Table 4.1 in terms of floating point operations (FLOPs). In
practice, evaluating scenarios with more than 12 bits transmitted across all streams

becomes difficult.
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Table 4.1:

An estimate of the number of FLOPs for computing constellation-

constrained rate

Table 4.2: An estimate of the number of FLOPs for computing constellation-

K| QPSK 16QAM 64QAM

2 | 118 x 10% | 2.77 x 1010 | 7.05 x 1012
6 | 2.46 x 103 | 3.56 x 102 | 5.95 x 10
10 | 2.45 x 10 | 2.55 x 103 | 2.79 x 102
50 | 1.79 x 1057 | 2.72 x 102" | 4.36 x 10'87

constrained rate with user grouping and interference nulling

K | QPSK 16QAM 64QAM

2 | 1.18 x 10% | 2.77 x 10'° | 7.05 x 10'2
6 | 3.55 x 10% | 8.31 x 10'° | 2.11 x 10*®
10 | 5.91 x 10® | 1.38 x 10! | 3.52 x 10*3
50 | 2.96 x 10° | 6.92 x 10'* | 1.76 x 10

Transmitter

—_—

— Desired propagation of private streams

Desired propagation of common streams \

= = = = » Interfering propagation of private streams

7

Figure 4.2: Tllustration of user grouping.
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To enable precoding designs and evaluation for large-scale systems (e.g., massive
MIMO) with practical computational burden and acceptable reduction in perfor-
mance, we introduce user grouping and null space projection techniques. The idea
is to partition the co-scheduled users into groups, enable one common stream for
each group, and constrain the precoders such that inter-group interference is elimi-
nated. Figure 4.2 illustrates a system in which K users (assuming that K is even)
are partitioned into % groups, and each group contains two users. The elimination of
inter-group interference is illustrated since signals carrying the common and private
streams intended for a particular user do not propagate to other groups, although
intra-group interference, i.e., interference caused by the private stream intended for
a co-group user, potentially exists. In contrast to Table 4.1, an estimate of com-
putational complexity with user grouping and interference nulling is given by Table

4.2, where the growth in FLOPs is roughly linear w.r.t. the number of users.

Problem formulation involving user grouping and interference nulling can be written

as follows:

gy P.c.0)

st. [P} < Pr (4.25a)
R pi)* = 0,Ym € Ko,k € Ky, Ko € G, Ky € G, Ko # Ky (4.25D)
hitpi, > =0,Ym ¢ K, € G (4.25¢)
Y a=1VK,€G (4.25d)
keKaq
c = 07K, (4.25¢)

where, for the WSR problem,

AP, c,g) =D up Ry /¥, (4.26)
ke
for the MMF problem,
P i SIC/SIC-free 4
Q(P,c, ) Iglellléle , (4.27)
and
R:IC/SIC_&GQ = ¢ R, + RIS:,S/SIC'&%, VK, € G and Vk € K,. (4.28)
G = {K1,K5,...} denotes the grouping, whose elements are sets of user indices

allocated to different groups. P = [pi,, Py ---s Pp.1s Pp2, ---» Pp.x ), Where p,, VK, €
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g, is the common stream precoder intended for users in group K;. Rg,, VK; € G,

denotes the achievable rate of the common stream intended for group ;.

In addition to the constraints in (4.13) and 4.18, (4.25b) and (4.25¢) are added to
(4.25) to enforce inter-group interference nulling. As a result of (4.25b) and (4.25¢),
computation of the achievable rate of user-k, Vk € K, can be simplified by only
considering signals intended for users in the same group as user-k. Specifically,
Vk € K;, VK; € G, the computation of (4.4-4.6) and (4.7-4.9) can be reduced by
substituting K; for K without affecting the results.

(4.25) involves designing G, i.e., the user grouping, and therefore is a combinatorial
optimization problem. The joint optimization of P, ¢ and G is difficult. We therefore
design G through a heuristic approach and ensure (4.25b) and (4.25¢) through multi-
stage precoding, followed by optimizing P and c. To address the growth in the
dimension of P, we also utilize a technique to reduce the dimensionality of the

design variables to further accelerate optimization algorithms.

4.3.1 User grouping

It is intuitive that, with an optimal precoding matrix, a user would suffer less inter-
ference from streams intended for co-scheduled users that have dissimilar channels.
Hence, we heuristically group users with similar channels to limit the potential per-
formance degradation. For the purpose of limiting the computational burden, the
number of users within each group should be limited. We consider a special case
where each group contains two users. The proposed user grouping algorithm is de-
scribed in Algorithm 55, where g(h,,,h,,) is a predefined channel similarity metric.
We use the cosine similarity of channels for our analysis, i.e.,
[hihy|

10 ) = i i 2
although alternative metrics might provide superior results or serve different pur-
poses. It is evident that Algorithm 5 can be extended to handle cases with more

than two users per group.

5We assume K to be even for clarity, while extension to odd numbers is straightforward. For
example, one can assume that one group contains only one user, while all other groups contain two
users.
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Algorithm 5 User Grouping Algorithm
Input: hy, k€ K.
Output: G
1: Initialize G = @
2: Compute Q € CK*K where
Qlimn = q(hp, hy,), Vm <n,m e K,n € K, and
Qlmn =—-1,Ym>n,meK,nek.

3: for [ <+ 1 to K/2 do
40 (a,b) < arg max,, »[QJm.n-
5. Add {a,b} to .
6:  [Qlmn:i=—1,V(m,n)e
{(m,n)lm=a V m=bV n=a V n=>b}.
7: end for

8: return G

4.3.2 Null space projection and dimensionality reduction

We propose three-stage precoding by decomposing each precoder into a product of
two matrices and a vector, and design them sequentially. Suppose that the user
grouping algorithm suggests k£ € K;, where K; denotes one of the groups. The

common stream precoder for group K; is denoted and decomposed as

pr; = Fi, Gk, v, (4.30)
and the private stream precoder for user-k is decomposed as

Pk = Fie, G, Vi, (4.31)

where F, projects the subsequent vector onto the null space of the channels of users
outside K;, such that inter-group interference is eliminated. We denote and express

the inter-group channels to users in IC; as

Hi = [Hy,,...Hg, , Hg (4.32)

i—1) i1 ]7

where the columns of Hy, are the channel vectors of users in group K;. With
eigenvalue decomposition (EVD), it is readily seen that inter-group interference

nulling can be achieved by having
Fx, = Vi, (4.33)

where \N/',@i denotes the eigenvectors corresponding to the zero eigenvalues of H ,@iH% .
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Apart from interference nulling, an additional benefit of Fy, is that the dimension-
ality of the subsequent design variable is reduced from Nt to Ny — K + 2, i.e., the
dimensionality of the null space of inter-group channels. We introduce Gy, to further
reduce the dimensionality of the design variable by extending the low-dimensional
subspace property (LSP) introduced by [93] to finite constellation scenarios as fol-

lows.

Proposition 4.3 (Low-Dimensional Subspace Property). Any non-trivial station-
ary point P* of (4.13) and 4.18 is in the range of [hy,...,hg].

This is trivial to see as any components of P that lie outside the range of [hy, ..., hx]
do not affect the objective function of (4.13) and 4.18, hence the proof of Proposition
4.3 is omitted.

With inter-group interference nulling, the LSP implies that optimal Gy, vy, and
Gy, v lies in the column space of ngH,Cj. This allows a reduction in the dimen-
sionality of the design variable from Nt — K 42 to 2 while ensuring that the optimal

solution can still be achieved. Let
F{ Hy, = Ux,0,V{ (4.34)

be compact singular value decomposition (SVD) of F,IgiH,cj. We restrict Gy, v to

be in the desired subspace by choosing®
Gi, = U IVE. (4.35)

The procedures of interference nulling and dimensionality reduction are summarized
in Algorithm 6. Given solutions for the first and second stages of precoding, the third
stage, i.e., vi and v, is designed in a manner similar to that in Section 4.2. Note
that, as a result of inter-group interference nulling, inter-group interference does not
need to be considered when computing the achievable rates and their gradients for
(4.13) and 4.18. For the MMF problem, as each group posses a common stream, the
design of common rate allocation, i.e., Algorithm 3, is carried out for each group

separately.

5To achieve the same purpose, one can also have Gx, = F,Ié Hjc,. However, it was observed
numerically that the proposed G, leads to better convergence when optimizing vi. One potential
reason is that the proposed G, guarantees that ||pp «||*> = ||[vk||? and ||pk;.c||* = ||vk,|?-
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Algorithm 6 Interference Nulling and Dimensionality Reduction
Input: G, hy, k € K.

Output: Fi, and Gy, VK,; € G.

Construct Hg,, VK, € G.

Perform EVD to H,@Z_H% to obtain \7,@, VK €G.

Fx, := Vg, VK; € G.

Perform SVD to Fi Hy, to obtain Uy, and Vi,, VK; € G.
GICi = U]CZIV,I%Z

return Fi, and Gg,, VK; € G.

4.3.3 Complexity analysis

For clarity, we assume that all private streams apply the same alphabet, denoted by
X. For the general approaches proposed in Section 4.2, computing (4.7), (4.9) and
their gradients w.r.t. P requires O(|X.]?|X|** K Nt) operations. Computing (4.8)
and its gradient requires O(|X|* K Nt). Therefore, the complexity of Algorithms 1
and 4 is O(Ii| X |*| X |* K2Nr), where [ is the number of iterations.

With user grouping, interference nulling and dimensionality reduction, O(|X.|?|X|?)
is required for (4.7), (4.9) and their gradients. O(|X]?) is required for (4.8) and
its gradient. For user grouping, Algorithm 5 with the proposed similarity metric
requires O(K?Nt). The complexity of EVD for an n x n matrix is O(n?®), and
that of SVD for an m x n matrix is O(min(mn? m?n)). Hence, Algorithm 6 re-
quires O(N3 + N2K +min(NtK?, N2K)). The overall complexity of user grouping,
interference nulling, dimensionality reduction, and WSR/MMF optimization pro-
posed in this section requires O(I|X.|?|X[*K + N3 + N2K + NpK?). Compared
to O(Ii;| X, |*| X|*% K Nt) for the general algorithm, the prohibitive exponent K dis-
appears, although there is an increase in the power of Nt and K due to EVD and
SVD.

4.4 Numerical results

This section introduces the simulation setup in use and presents numerical results

on the performance of SIC-based and SIC-free RSMA.

The Racian channel model is used (See Appendix A. We aim to model channels in
practical scenarios where users are in high-density demand areas, therefore simu-

lating users in similar directions. For small-scale systems, a uniform linear array is
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assumed along the y axis with 6! = 0,Vk € K since elevation does not affect the
channels. For large-scale systems, a uniform rectangular array along the y-z plane

is assumed. It is assumed that k1 = ... = kg = k.

4.4.1 Adaptive modulation

The advantage of RSMA lies in its flexibility in adjusting the power and rates be-
tween common and private streams. To fully exploit this advantage under finite
constellations, we allow RSMA to dynamically adjust the constellations. In particu-
lar, we enable RSMA to maximize the objective function by exhaustively searching
for constellations from a pre-defined dictionary of transmission modes. To reduce
the searching complexity, private streams are limited to using the same constella-
tion in each transmission mode. To ensure fairness, different modes within the same
dictionary are designed to produce the same maximum achievable rate, denoted by
Ruax- According to the above design principles, the four transmission mode dictio-
naries used in the simulations are documented in Table C.1 - C.4 in Appendix C.3.
Note that with Mode 1 in all the examples, RSMA is equivalent to SDMA, since
the precoding optimization will allocate zero power to the common stream when
the common stream constellation is empty. For large-scale systems, we assume that
all the groups use the same transmission mode, which is searched from one of the
pre-defined dictionaries. In the numerical results, where necessary, K and R,,., are
provided in the legends or captions to identify the transmission mode dictionary in

use.

4.4.2 Weighted sum-rate performance

We first evaluate the sum-rate performance by setting [uy, ..., uz] = 17K, Figure
4.3 depicts the average sum-rate of SIC-based and SIC-free RSMA under finite con-
stellations. The performance of SDMA under finite constellations is also depicted
by fixing the transmission mode to be the first one in each dictionary. For two users,
we also included power-domain Non-Orthogonal Multiple Access (NOMA) [15] as
a benchmark, where both users apply the same constellation as in SDMA, and the

user ordering is determined by the channel strength.” Furthermore, the performance

"For example, if ||hy|? > ||hs||?, user-1 decodes user-2’s message, applies SIC and decodes its
own message, whereas user-2 decodes its own message directly.
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RSMA (Gaussian)
SDMA (Gaussian)
SIC-based RSMA, 8 bits
= = = SIC-free RSMA, 8 bits
SDMA, 8 bits

NOMA, 8 bits
SIC-based RSMA, 6 bits
= = =SIC-free RSMA, 6 bits
----- SDMA, 6 bits

NOMA, 6 bits

RSMA (Gaussian)
SDMA (Gaussian)
SIC-based RSMA, 9 bits
= = = SIC-free RSMA, 9 bits
SDMA, 9 bits
NOMA, 9 bits
SIC-based RSMA, 6 bits
= = = S|C-free RSMA, 6 bits 1
----- SDMA, 6 bits
NOMA, 6 bits

.

Average sum-rate (bits/channel use)
Average sum-rate (bits/channel use)

5 10 15 20 25 30 5 10 15 20 25 30

SNR (dB) SNR (dB)
(a) Ny = 2, K = 2, {63%,05*} = {0,7/18}, (b) Np = 4, K = 3, {65%,05%,65°} =
k=10 dB. {—n/36,0,7/36}, x = 10 dB.

Figure 4.3: Average SR performance.

of RSMA and SDMA under Gaussian distributed input signals, following [16], is in-
cluded as a reference. It can be observed that, in all cases, SIC-free RSMA preserves
most of the superiority of SIC-based RSMA over SDMA and NOMA, which is con-

sistent with the conclusion in Chapter 3.

Figure 4.4 depicts the ratio of the average common stream power to the transmit
power budget with SIC-based and SIC-free RSMA, i.e., E [||p¢||*/ Pr], under the same
setup as in Figure 4.3 (a). This result visualizes the fact that, despite SIC-based
and SIC-free achieving similar performance, they demand very different precoder
designs and power allocation strategies. Notably, SIC-free RSMA tends to allocate
less power to the common stream in the low-SNR regime. The intuition behind this
is as follows: at low SNR, there is limited flexibility in power allocation, and the
algorithm may fail to find a solution where the common stream is allocated sufficient
power while remaining nearly non-detrimental to the private streams. In such cases,
the solution naturally assigns less power to the common stream to minimize its
interference with the private streams. It can be observed that the algorithm tends
to turn off the common stream at extremely high and low SNRs. It can also be
observed that as R,y increases, the power allocation curves shift to the right-hand

side, because a higher achievable rate needs to be supported by a higher SNR.

We numerically evaluate the convergence of the proposed PSGA algorithm for solv-
ing the sum-rate maximization problem of SIC-free RSMA. Additionally, another

algorithm that serves the same purpose using Generalized Quadratic Matrix Pro-
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gramming (GQMP) [90] is incorporated for comparison. The simulation is under
Np =2, K =2 and QPSK as the constellation for all the streams. In Figure 4.5,
it is evident that both algorithms eventually converge, but PSGA always converges
with a much shorter computational time than GQMP, and sometimes converges at

a higher objective value.

By applying various weights to the users, the rate region can be obtained. Figure
4.6 depicts the average rate region with Nyt = 2 and K = 2 and indicates that
RSMA achieves better rate regions than SDMA under finite constellations, similar
to Gaussian distributed inputs [16]. It also suggests that SIC-free RSMA performs
similarly to SIC-based RSMA under different weights; hence, the two achieve similar
rate regions. This result extends the conclusion in Chapter 3 from sum-rate to rate

regions.

4.4.3 Max-min fairness performance

Figure 4.7 depicts the MMF performance of SIC-based and SIC-free RSMA under

finite constellations. The performance of SDMA under finite constellations is also
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Figure 4.7: Average MMF performance.

depicted by fixing the transmission mode as in the WSR evaluations. For two users,
we also included power-domain NOMA as a benchmark, where both users apply the
same constellation as in SDMA, and the user ordering is determined by the channel
strength?. In addition, the MMF performance of RSMA and SDMA under Gaussian
distributed input signals, following the work in [94], is included as a reference. It
can be observed that RSMA schemes achieve better MMF performance than SDMA
and NOMA under finite constellations; meanwhile, SIC-free RSMA preserves most
of the MMF performance of SIC-based RSMA. This result extends the conclusion

in Chapter 3 from sum-rate to MMF evaluations.

4.4.4 Performance in large-scale systems

We consider a large-scale rectangular antenna array with Nt = 128, with 16 anten-
nas in each row along the y-axis and 8 antennas in each column along the z-axis,
serving 64 users. Figures 4.8 and 4.9 depict the sum-rate and MMF performance
of SDMA, SIC-based and SIC-free RSMA for large-scale systems, which is enabled
by techniques including user grouping, null space projection, and dimensionality
reduction introduced in Section 4.3. We also evaluate the impact of user grouping
by comparing the performance under the proposed grouping method in Algorithm 5
and random grouping, respectively labeled as “(ordered)” and “(unordered)” in the
legends. For the channel model, 2 and 6, Vk € K, are randomly drawn from the
range of [—m/4,7/4] and [—7/6,7/6] with uniform distribution. & is set to 20dB
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Figure 4.8: Average sum-rate performance in large-scale systems with Np = 128,
K =64, and R,., = 6 bits per group.

to reflect the sparse nature of channels in typical large-scale antenna arrays. It can
be observed that the conclusions drawn from small-scale systems as discussed pre-
viously, i.e., RSMA schemes outperform SDMA in both sum-rate and MMF, and
SIC-free RSMA preserves most of the superiority of SIC-based RSMA, still hold in
large-scale systems. Moreover, the proposed user grouping strategy generally en-
hances the performance of both SDMA and RSMA, with a more pronounced benefit
for RSMA due to the high channel similarity within each user group.

4.5 Summary

In this chapter, we aimed to investigate the fundamental limits of SIC-based and
SIC-free RSMA under finite constellations. We first derived the rate expressions
for SIC-based and SIC-free RSMA. We then proposed precoding optimization algo-
rithms for the WSR and MMF optimization problems. To enable these optimization
algorithms in large-scale systems with a feasible computational burden, we intro-

duced user grouping, null space projection and dimensionality reduction techniques.
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The numerical results show that RSMA schemes outperform SDMA under finite
constellations and in both WSR and MMF evaluation, similar to the Gaussian dis-
tributed inputs. Furthermore, SIC-free RSMA preserves most of the superiority of
SIC-based RSMA, which extends the conclusion in Chapter 3 from low-complexity
precoders to fully optimized precoders, from sum-rate objective to WSR and MMF

objectives, and from small-scale systems to large-scale systems.

Before concluding, it is useful to summarize the trajectory of the preceding chapters:
In Chapter 3, we examined various receiver implementations and categorized them
into SIC-based and SIC-free types. In both Chapters 3 and 4, we analyzed the
performance of these two categories using a physical layer abstraction based on
mutual information, under the assumption that SIC is either implemented or not.
However, mutual information alone cannot distinguish among receivers within the
same category. Such a limitation arises not only in our study of RSMA but also
throughout the broader literature on wireless communications. We observe that a
key difference among receivers lies in the assumed interference distribution at the
demodulator. In the next chapter, we shift our focus to mismatched decoding and

develop tools that capture this distinction, applicable not only to RSMA receivers
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but also to a broader class of receivers operating under interference.
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Chapter 5

Optimal and Suboptimal Decoding
under Finite-Alphabet Signals and

Interference

Interference is a common challenge in wireless communication systems and is ad-
dressed in various aspects of the system design. For cellular networks, in 3GPP
Release 18, multiple work items address interference from different perspectives [95].
Among others, advanced MIMO receiver designs that suppress intra- and inter-cell
interference are studied [96]. [97] provides viewpoints on potential 6G RAN tech-
nologies, where the impact of interference is highlighted in various aspects. To
understand the impact of interference, the vast majority of work in the literature
models both the input signal and interference using Gaussian distributions, although
most systems apply finite-alphabet signals. Such approaches lead to acceptable ap-
proximations of system performance under the impact of interference and benefit
from the simple analytical achievable rate expressions. More precise but compu-
tationally more complicated evaluation of achievable rates can be obtained using
constellation-constrained Mutual Information (MI) [98]. However, both approaches
assume optimal decoders, which can be difficult in practice due to limited interfer-
ence knowledge and the complexity issue. The impact of suboptimal decoders when

dealing with finite-alphabet interference remains to be explored.

In this chapter, we investigate the effect of finite-alphabet interference under optimal

and suboptimal decoders. The contribution is as follows:

1. We define a special channel model, namely Finite-Alphabet Gaussian Chan-

81
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nel under Interference (FAGCI), which is a Single-Input-Single-Output (SISO)
channel with finite-alphabet input, finite-alphabet interference and Gaussian
noise. This channel model is to reflect practical scenarios where the com-
munication channel suffers from not only noise but also interference from co-
scheduled users or other communication links. Maximum-likelihood decoding
under FAGCI is given, but can be computationally complicated once the inter-
ference alphabet has a high cardinality. A more practical decoding approach
can be to treat part of the interference as Gaussian random variables (RV). We
derive the MI and GMI of FAGCI, which correspond to the achievable rates
under optimal and suboptimal decoders. Through analytical properties of the
GMI/MI and numerical simulations, insights into the impact of finite-alphabet

interference under different decoders are obtained.

. Noting the difference in computational complexity between the matched de-

coding metric and mismatched decoding metrics, we propose two novel de-
coding metrics, namely the generalized Gaussian decoding metric and the in-
terference decomposition decoding metric, whose computational complexity
remains low. Numerical results show that they lead to improved achievable

rates compared to decoders that treat interference as a Gaussian RV.

. We show that the notion of decoding metric in the FAGCI model is related to

BICM-demodulators, and propose low-complexity demodulators based on the
proposed decoding metrics. Through Link-Level Simulations (LLS), it is shown
that the proposed demodulators lead to improved throughput. We also show a
strong correlation between the GMI and throughput when the decoding metric
and demodulator apply the same principle for treating interference. Since
computing the GMI is much more time-efficient than conducting LLS, such a
correlation indicates that GMI can be an important performance indicator for
BICM systems.

. Motivated by the precise performance evaluation given the GMI and the cor-

relation between the GMI and throughput, we further consider signal process-
ing based on the GMI. In particular, we extend the GMI results for FAGCI
to multiple-antenna cases and provide an example of a Multi-User Multiple-
Input-Single-Output (MU-MISO) system, where each user potentially suffers
from inter-user interference. We propose optimizing the precoders by taking
the GMI as the objective function. Therefore, such an optimization problem
incorporates decoding strategies on the user side. An optimization algorithm

is proposed, and the numerical results reflect the impact of suboptimal de-
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coders on the achievable rate and the necessity of using GMI as the objective
function. The imperfection in receivers on treating finite-alphabet interfer-
ence widely exists in practice, yet means of incorporating such imperfection
are mostly overlooked in signal processing. The proposed method pioneers a

novel system design framework that addresses this problem.

The following is a brief summary of the new insights and implications of finite-

alphabet interference derived from this work.

1. The achievable rate under a finite-alphabet input signal and interference is in

general non-monotonic w.r.t. input power.

2. Different approaches to addressing interference during decoding result in sig-

nificant variations in the achievable rate.

3. Strong interference is not always detrimental: under proper interference treat-
ment, the achievable rate under very strong interference is as if that interfer-

ence were not present.

4. Decoding metrics and BICM-demodulators are strongly related, and innova-

tions in the former can inspire improvements in the latter.

5. The GMI/MI can be a computationally efficient tool for evaluating the per-

formance of BICM-demodulators.

6. The GMI/MI is a precise physical layer abstraction for signal processing and

for system-level simulations (SLS).

7. Discrepancy between the decoding metric and the objective function in signal

processing can be harmful to system performance.

Organization: The rest of this chapter is organized as follows. In Section 5.1, we
propose the FAGCI model, introduce assumptions on the encoder and decoder, the
resulting GMI and its approximation, and present numerical results from the GMI
along with some new insights. In Section 5.2, two improved decoding metrics for the
FAGCI model are proposed, namely the generalized Gaussian decoding metric and
the interference decomposition decoding metric, followed by numerical results on
the GMI led by them. In Section 5.3, we show the connection between the decoding
metric in the FAGCI model and the BICM-demodulators, propose low-complexity

demodulators based on the proposed decoding metrics, and provide numerical results
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comparing the GMI and the throughput performance of the demodulators. Section
5.4 provides an example of precoder optimization in MU-MISO systems utilizing
the GMI, which pioneers a novel system design framework that captures receiver
imperfection in treating finite-alphabet interference. Finally, Section 5.5 summarizes

this chapter.

5.1 Mismatched decoding for finite alphabets

5.1.1 Finite-alphabet Gaussian channel under interference

We consider coded communications with finite-alphabet inputs under additive in-
terference and additive Gaussian noise, or FAGCI. Without loss of generality, we
assume that there are two interference sources. Thus, at time instance ¢, the received
signal can be expressed as

Y=+ 0+ Jp + 2, (5.1)

where x; and y; are the complex-valued channel input and output, 7; and j; are the
two complex-valued interference observations, and z; is the noise observation. x;, 7;
and j, are uniformly drawn from alphabets X, Z and J correspondingly,! while z
are samples of Z; ~ CN(0, o). Unless any of X, Z and J is {0}, E[|X{|*] = 02,
E[|I,|*] = o} and E[|J,]] = 3. Xi, I, J; and Z; and are mutually independent are

i.i.d. over t, leading to a memoryless channel, i.e.,

Fex(y 1) =TT frix (e | 0), (5.2)

where x and y are the input and output sequences of length n. Henceforth, the time

index is omitted if no ambiguity arises.

1+ g+ 2

m Ty f‘\ Yt m
— Encoder —

N Decoder

Figure 5.1: Channel model with interference and noise.

IThis work focuses on uniformly distributed inputs and interference for clarity. The extension
to non-uniform distributions is straightforward and is briefly addressed at the end of Appendix
D.2.
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Remark 5.1. Note that (5.1) can represent channels under an arbitrary number of
interference sources. Channels under one interference source can be represented by

having either Z or J equal to {0}. For more than two interference sources, one can

=Y . ji=Y jlwithT=> T’ and J =) J° (5.3)
p q p q

where, for arbitrary range of p and q, ¥ and ji represents the elementary interfer-

have

ence observations drawn from IP and J?. We keep two interference sources rather
than one because, in the following, we are interested in scenarios where the two

interference sources are treated differently during decoding.

5.1.2 Encoding and decoding

We aim at reliably transmitting a message, m, over n channel uses, where m is
drawn randomly and uniformly from {1,...,M}. The encoding scheme is given
by a codebook C = {xM, ... xM} c X" ie., to transmit the message m, the
corresponding codeword x(™ is transmitted. We further assume i.i.d. random

coding ensemble, hence
n

Px(x™) =] Px (=™, (5.4)

t=1

where x,gm) is the ¢-th symbol of x"™, and n is the length of codewords.

The decoder is represented by

i = arg max ¢"(x", y), with ¢"(x", y) = [T a(ei”, v0), (5.5)

where ¢(z, y) is a non-negative decoding metric.

For the FAGCI channel model described above, the optimal (matched) decoder

maximizes the likelihood, which leads to the following optimal decoding metric:

e y) =Y exp (-'y_t;_w). (5.6)

i€T jJET

We are also interested in suboptimal (mismatched) but simpler decoding metrics.

Primarily, the following two are considered:
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1. Partially treat interference as Gaussian RV by treating I optimally and treat-

ing J as a Gaussian RV?:

=3 exp ( |y0— :‘0;’3 '2> . (5.7)

icT

2. Fully treat interference as a Gaussian RV:

it ) = exp (— L), 58)

2
o; +o0j+o0;

Indeed, if J ~ CN(0, o3) while I remains to be from finite alphabet, (5.7) is the
optimal decoding metric for (5.1); if I ~ CN(0, ¢7) and J ~ CN(0, o7), (5.8) is the
optimal decoding metric. Note that (5.8) is a special case of (5.7) as (5.7) becomes
(5.8) when viewing 7 as 0, and j as i + j.

5.1.3 Matched capacity and a lower bound on mismatched

capacity

Proposition 5.1 (Matched capacity). With optimal decoding, i.e., using (5.6) as
the decoding metric, the capacity of (5.1) is given by the constellation-constrained
MI as in (5.9).

Proof. See Appendix D.1. O

Proposition 5.2 (A lower bound on mismatched capacity). With any subopti-
mal decoding metric denoted by q(x, y), the mismatched capacity of (5.1) is lower
bounded by the GMI as in (5.10), which is a function of q(x, y).

Proof. See Appendix D.2. n

2 Another interpretation of (5.7) is to approximate Pr; (i + j) with a Gaussian mixture model.
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Remark 5.2. In (5.10), the optimization over s is convex [61].

Remark 5.3. The GMI given by (5.10) is the highest achievable rate of (5.1) under
the assumption of the i.i.d. random coding ensemble given by (5.4). Breaking such
an assumption may lead to higher achievable rates, for example, by using a constant-

composition random coding ensemble[61].

Remark 5.4. In (5.10), Icyu(X, T+ T, {0}, Z) with s = 1 and q(z, y) from
(5.7) equals Iy(X, Z, J, Z), as optimal decoding is a special case of mismatched
decoding.

5.1.4 Approximation of mismatched capacity

One potential challenge of utilizing (5.10) stems from the fact that it is difficult to
compute the expectation term analytically. One may estimate (9) empirically at the
cost of a high computational burden. For the sake of computation time, we provide

a closed-form approximation of (5.10).

Proposition 5.3 (Approximation of the GMI). With q(x,y) given by (5.7) or (5.8),
(5.10) can be approximated by (5.11) or (5.12) respectively.

Proof. By setting s = 1 and applying Jensen’s inequality to both expectations in
(5.10), the expectations can be moved inside the log, operators. With ¢(x, y) given
by (5.7) or (5.8), the result is further simplified using Gaussian integral into (5.11)
or (5.12) respectively. O

5.1.5 Results on GMI for FAGCI channels

We first investigate the behavior of GMI and MI in the SISO FAGCI model as
expressed by (5.1) under different scenarios. In the following results, the two afore-

mentioned mismatched decoding metrics are considered:
e Treating only J as a Gaussian RV, as given by (5.7): this is denoted by “GMI
(partial)” in the following results.

e Treating both [ and J as Gaussian RVs, as given by (5.8): this is denoted by
“GMI (full)” in the following results.
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Figure 5.2: GMI and MI with ¢? = 20dBm, 0']2» = 10dBm and ¢? = 0dBm.

We also plot the approximations of GMI, i.e., (5.11) and (5.12), which are denoted
as “GMI (partial) approx.” and “GMI (full) approx.” respectively. In the following,
we assume that x is generated using 16-QAM, while ¢ and j are generated using
QPSK .3

In Figure 5.2, we consider a scenario with fixed interference and noise powers and
characterize GMI and MI under different input power, i.e., o2. It can be ob-
served that all the considered decoding metrics generally lead to improved achievable
rates as the signal power increases, and all saturate at 4 bits at high input power,
which is limited by the cardinality of 16-QAM. Hence, with very high input signal
power, different decoding metrics under consideration lead to the same performance.
With limited o2, it can be observed that “MI” upper-bounds “GMI (partial)”’, and
“GMI (partial)” upper-bounds “GMI (full)”. This aligns with expectations because
matched decoding uses the optimal decoding metric, which utilizes full knowledge
of interference. With mismatched decoding, only part of the interference knowledge
is used. (5.7) uses full knowledge of I but only the variance of J by approximating
it as a Gaussian RV. (5.8) uses only the variance of I and J by approximating both

I and J as Gaussian RVs, hence uses even less knowledge on interference. In most

3The observations generally hold under different constellation setups.
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cases, the more interference knowledge is utilized, the more accurate the decoding
is. Hence, the order is almost always “MI” > “GMI (partial)” > “GMI (full)”.
When o2 is between 28dBm and 29.5dBm, the two GMI metrics become similar,
and both are lower than MI. This is because the impact of suboptimally treating J
becomes negligible, whereas the effect of suboptimally treating I remains significant,
as I is stronger than J in the setup. When o2 is higher than 29.5dBm, the three
rates become similar, because the impact of suboptimally treating both I and J
becomes negligible. Interestingly, MI does not increase monotonically as o2 grows
but fluctuates. This is because, with finite constellations, the achievable rate also
depends on the sum constellations, X +Z + J and Z + J. Note that in (5.9), the
second and third terms are conditional entropy, H(X, I, J|Y) and H(I, J|Y, X),
respectively (this can also be seen from (D.1)). Such conditional entropy depends
on the distinguishability of different points in the sum constellations. Since o? and
o are fixed, H(I, J|Y, X) is unchanged (computed to be 0.0066 bits). The MI
only depends on H(X, I, J|Y), and therefore the sum constellation, X +7Z + J.
Figure 5.3 visualizes X + 7 + J at the three marked points in Figure 5.2, with the
corresponding H (X, I, J|Y) and I(X;Y') given in the captions. It can be observed
that, in the three examples, as 02 increases, the sum constellation becomes less
distinguishable, leading to an increase in H(X, I, J|Y'), and therefore a drop in
I(X;Y).

By fixing o2 and 0’?, and adjusting o2, Figure 5.4 can be obtained. It can be
observed that there is always a gap between the GMI and MI, indicating that the
two mismatched decoders always underperform the optimal decoding metric. This
gap exists because J with non-negligible power is approximated as a Gaussian RV
by the mismatched decoders, while optimally treated by the matched decoder. It
can also be observed that, as o? grows, “GMI (partial)” first drops, then grows
and saturates in the end, while “GMI (full)” only decreases until zero. The gap
between the two GMI curves is due to the difference in treating I, and such a gap
increases as o7 increases. As for the MI, the fluctuation at the medium o? regime is
due to the non-monotonic change in the distinguishability of the sum constellations
as analyzed above. Notably, both the MI and “GMI (partial)” saturate to their
respective values, which remain the same as 02 — 0 or + oo. This trend is formally

stated by Proposition 5.4.
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Figure 5.3: Visualization of X +Z + J at the three marked points in Figure 5.2.
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Proposition 5.4.
lim Iy(X, Z, J, 02) = lim ©Ly(X, I, J, o?)
0'2.~>0 o7 —+00 (513)
:]MI(Xa {0}7 J, U?),
and
lim Ioui(X, I, J, 03) = lim Ieu(&X, I, J, 03)

0'142%0 a$%+oo (514)

:]GM](X7 {O}J j) 0'3)

with q(x, y) given by (5.7).

Proof. See Appendix D.3. O
We also consider a case with fixed o2 and 07, and with varying o3, which leads to
Figure. 5.5. It can be observed that, with low 032., there is a gap between “GMI
(partial)” and “GMI (full)” due to the difference in treating I from the corresponding
mismatched decoders, while “GMI (partial)” is very close to “MI” because q(z, y)
given by (5.7) is almost ¢*(x, y) when o7 is negligible. As o7 grows, the gap between
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Figure 5.5: GMI and MI with ¢2 = 10, ¢? =5 and o2 = 0.5.

“GMI (partial)” and “GMI (full)” shrinks and eventually vanishes. This is because,
when interference is dominated by J, optimally treating I in decoding leads to
limited benefits. As 07 — 400, both “GMI (partial)” and “GMI (full)” tend to
be zero, whereas “MI” saturates at a high level as stated by Proposition 5.4 with
interchanged ¢ and j. Figure 5.5 indicates that treating j as a Gaussian RV is nearly
optimal when af» is small but clearly suboptimal with large 0]2.In Proposition 5, we

formally show that the GMI indeed vanishes as O'j2- grows.
Proposition 5.5. With q(z, y) given by (5.7),

lim Iow(X, Z, J, 02) =0. (5.15)

0']24*)4*00

Proof. See Appendix D.4. n

Another interesting observation from Figure 5.5 is that “GMI (partial)” underper-
forms “GMI (full)” in the vicinity of 0]2. = 17.5dBm, indicating that the mismatched
decoder given by (5.7) does not always outperform the one given by (5.8) “GMI
(full)”, though very often.
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Figures 5.2-5.5 also depict that (5.11) and (5.12) provide an adequate approximation
of (5.10) under ¢(z, y) given by (5.7) and (5.8).

5.2 Improvements on decoding metric

In the spirit of decoding under finite-alphabet interference with reduced computa-
tional complexity in comparison to maximum-likelihood decoders, we propose two

decoding matrices and evaluate their performance.

5.2.1 Generalized Gaussian decoding metric

In light of improving the similarity between the ground truth interference distri-
bution and the one utilized by the decoding metric, we propose a decoding metric
assuming that the real and imaginary parts of J+Z follow i.i.d. generalized Gaussian

distributions with their total variance equal to 0]2- + o2, This leads to

q(ZE, y) _ Zexp <_’g{{y —i— m}‘ﬂ + ’j{y —i— :CHB) : (516)

£ oPf
GeT

where [ is the shape parameter to be chosen, « is the scale parameter and can be
(07 +2)0(1/B)

determined based on the variance as o = STGE)

5

with I'(+) representing the

Gamma function.*

Figure 5.6 provides a graphical comparison among a possible ground truth inter-
ference plus noise distribution, an approximation given by a Gaussian distribution
whose variance is equal to 0]2- + 02, and an approximation given by a generalized
Gaussian distribution with the same variance and § = 5.1. For ease of illustration,
the signals are restricted to being real. For clarity, = is drawn from uniform 4-PAM
with variance of 15dB, Z = {0}, j is drawn from uniform 4-PAM with variance of
8dBm, and ¢? = 0dBm. For the generalized Gaussian distribution, 8 = 5.1 is de-

4We consider both real and imaginary parts following the same generalized Gaussian distri-
bution. This is sensible if j, or a phase-shifted version of j, has symmetric distributions in real
and imaginary parts, for example, QAMs. For asymmetric distributed j (for example, a BPSK
signal), it is straightforward to extend (5.16) by assuming asymmetric generalized Gaussian distri-
butions in real and imaginary parts. For example, in Figure 5.6, only the real part is considered
to approximate the 4-PAM signal.

5The normalization constant of the generalized Gaussian distribution has been ignored in the
decoding metric, as it does not affect decoding results.
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Figure 5.6: Probability density comparison of ground truth interference plus noise
distribution by a mixture of Gaussian, approximation by the Gaussian distribution
and Generalized Gaussian distribution with § = 5.1.
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termined by optimizing the GMI under the generalized Gaussian decoding metric.®
It can be observed that, compared to the Gaussian distribution, the generalized
Gaussian distribution provides a better approximation of the ground truth distri-
bution, indicating the potential of utilizing the generalized Gaussian distribution in

decoding.

5.2.2 Interference decomposition decoding metric

Some constellations can be decomposed into the Minkowski sum of constellations of
smaller orders. We propose an interference decomposition decoding metric, which
treats one summand constellation optimally and the rest as Gaussian-distributed

RVs. Formally, if there exists one decomposition of 7 as the following,
JT=TJ"+J, (5.17)

one interference decomposition decoding metric can be

glz, y) =Y Y exp (—'y _;2._—]:02_ x|2> : (5.18)

€T jteg+

Note that | 71| < |J| if | J | > 2, therefore, the computational complexity of (5.18)

is always lower than (5.6).

Figure 5.7 provides a graphical comparison among a possible ground truth inter-
ference plus noise distribution, a Gaussian approximation, and two approximations
given by interference decomposition. The assumptions for interference and noise
are the same as in Figure 5.6. For interference decomposition, a uniform 4-PAM
can be decomposed into two BPSK constellations, where the powers of the two
summand constellations are 0.8 and 0.2 of the power of the 4-PAM, respectively.
By optimally treating either one of the two summand constellations, two different
underlying assumptions on interference-plus-noise distributions are obtained and de-
picted in Figure 5.7, where “Int. Summand 1” representing J+ being a BPSK with
02, = 0.80%, and “Int. Summand 2" representing o7, = 0.207. It can be observed
that optimally treating the stronger summand leads to improved approximation on
the interference plus noise distribution in comparison with Gaussian approximation,

while optimally treating the weaker summand leads to minor changes in the resulting

6In the simulations, 3 is determined by exhaustive search to maximize the GMI. In practice, a
lookup table for § may also be constructed.
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Figure 5.8: GMI and MI with 62 = 15dBm and ¢? = 0dBm.

distribution.

5.2.3 Results on GMI of the proposed decoding metrics

Consider x and j are generated by QPSK and 16QQAM respectively, whereas Z = {0}
for clarity. From Figure 5.8, it can be observed that both the generalized Gaussian
decoding metric and the interference decomposition decoding metric lead to im-
proved achievable rates compared to treating interference as a Gaussian RV. Often,
the generalized Gaussian decoding metric outperforms the interference decomposi-
tion decoding metric. However, such superiority comes with an additional compu-

tational cost in determining the optimal shape parameter, (3.

5.3 Practical receivers

To shine more light on the designs of the physical layer receivers, the decoding

metrics discussed above can be converted into demodulators in BICM-type systems.
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Figure 5.9: Transceiver structure.

Consider the physical-layer transceiver architecture shown in Figure 5.9, where,
for clarity, only one interference source, j, is considered. In Figure 5.9, “FEC”,
“Mod”, “Demod” and “FEC™!" denote channel encoder,” modulator, demodulator
and channel decoder, respectively. The demodulator takes the received signal, vy,
as input and estimates the posterior probability distribution of the channel input
signals, px|y($ | ), z € X, based on its knowledge of the input signal, interference
and noise. The estimated posterior input distribution can then be converted to
log-likelihood ratios of coded bits, which feed the channel decoder. The decoding
metrics mentioned above for the FAGCI model make different assumptions about
the interference distribution. The same principle can be applied to the design of

demodulators.

The optimal decoding metric (5.6), which applies the true interference distribution,
corresponds to the optimal demodulator, which jointly demodulates x and j as

follows.®

: 1 ly—j —af
Pxy(z | y) = 27077 > exp <— o (5.19)

The suboptimal decoding metric (5.8), which treats interference as Gaussian random
variables, corresponds to a demodulator that treats interference as Gaussian noise

as follows.

Pa(e|0) = gz o (-5 ) (5.20)

2, 2 2 2
2n(0F + 02 0; + 02

The generalized Gaussian decoding metric given in (5.16) can be linked to a de-
modulator that treats the sum of interference and noise as a generalized Gaussian-

distributed random variable, which can be written as

R 2 — YB3y — V|8
Pxiy(z |y) = (—2041“(61/&)) exp <_|9%{y J O; Pty - 7} ) ; (5.21)

(@2 +oD)(1/B)

STGIE) Finally, inspired by the interference decomposition decoder

with o =

"This potentially includes interleaving and scrambling.
8The constant factor Py (r)/Py (y) has been neglected from the approximated posterior distri-
butions, making them also approximated likelihood functions.
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in (5.18), an interference decomposition demodulator can be designed to jointly
demodulate the input signal and a summand of the interference constellation, while

treating the other summand of the interference as a Gaussian RV. This can be

written as
- 1 ly —j* —af?
Pxy(z|y) = exp| —————1. (5.22)
| 27 (03 + 02)|T | jgﬁ ol +o?

The similarity between the channel model in Section 5.1 and Figure 5.9 also im-
plies that the derived GMI in Section 5.1 may resemble the throughput of practical

transceivers with the corresponding demodulator.

We examine the throughput of different decoding metrics when they are used as
demodulators and compare it with the GMI led by different decoding metrics in
Figures 5.10 and 5.11. The legends are explained as follows:

e “JD” (MI) and (LLS): optimal decoding, i.e., (5.6) evaluated by MI, and
demodulator jointly demodulating x and j, i.e., (5.19), evaluated by LLS.

e “ID” (GMI) and (LLS): interference decomposition decoder, i.e., (5.18) eval-
uated by GMI, and interference decomposition demodulator, i.e., (5.22) eval-
uated by LLS.

e “IN” (GMI) and (LLS): decoder that treats interference as a Gaussian RV,
i.e., (5.8), evaluated by GMI, and demodulator that treats interference as a
Gaussian RV, i.e., (5.20), evaluated by LLS.

e “G Gauss” (GMI) and (LLS): the generalized Gaussian decoding metric, i.e.,
(5.16), evaluated by GMI, and the generalized Gaussian demodulator, i.e.,
(5.21), evaluated by LLS.

The channel code used in LLS is the LDPC code specified in [99],% with the block
length being 4000 symbols. The throughput is determined by searching for the
highest code rate that leads to a block error rate lower than 1072. In Figure 5.10
and 5.11, it can be observed that the proposed demodulators, i.e., (5.21) and (5.22),
lead to improved throughput compared to that given by (5.20). In addition, GMI/MI
provides adequate prediction on the physical layer throughput when the demodulator

9[99] specifies the LDPC code for code rate between 0.2 and 0.92. Hence, in Figure 5.10 and

5.11, the code rate suddenly increases from 0 to 0.2 with medium o2, and is capped at 0.92 at high

2

lops
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used in the LLS corresponds to the decoding metric assumed by GMI/MI. The gap
between GMI/MI and throughput is due to the non-ideal encoding and decoding.

These results lead to two key implications:

1. GMI/MI provides alternative tools to LLS for predicting demodulator perfor-
mance.'® The computational complexity for computing GMI/MI is much lower
than that of running LLS, making the former promising. The approximations
by GMI/MI also provide adequate prediction with even less computational

burden.

2. GMI/MI can be important for accurate physical layer abstraction in SLS.
Optimizing GMI/MI indirectly optimizes the physical layer throughput under

the corresponding demodulators.

The second implication motivates the next section, where an example of GMI opti-

mization for a multi-user MISO system is explored.

5.4 Signal processing with GMI

In multi-user communication systems, it is common that multi-user interference is
not optimally treated due to reasons such as limited receiver complexity and lack
of knowledge on interference. The channel model, the mismatched decoder, the
corresponding GMI and its approximation from Section 5.1 provide novel tools for
analyzing such scenarios and designing signal processing methods. In this section,
we extend the results from the SISO FAGCI model to multi-user MISO systems to
enable novel signal processing algorithms. In particular, we provide an example on
precoder optimization with the objective of maximizing sum-rates under different

decoding strategies adapted by users.

ONote that another approach for demodulator evaluation is proposed in [87] where interference
is not considered, and the resulting expression is not in closed form, hence not viable for system
design.
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Figure 5.12: Tllustration of a MISO broadcast channel, where solid arrows denote
desired signals and dashed arrows denote interfering signals. The three users poten-
tially suffer from multi-user interference.

5.4.1 Achievable rate of MU-MISO incorporating decoding
strategy

Consider a downlink MU-MISO system with Nt antennas at the transmitter and K
single-antenna users as illustrated in Figure 5.12, where the transmitted signal can

be written as
x = Ps, (5.23)

where P = [py, P2, ..., Px] € CV7*K is the precoding matrix, and s = [sy, o, ..., sg| €
CE*1 is the symbol vector to be transmitted. User-k desires s;, and generally suf-
fers from multi-user interference and noise. For simplicity, we assume that all users

adopt the same constellation, i.e., sy € X', Vk € {1, ..., k}.

Given a decoding strategy, i.e., deciding which interfering streams to be treated
optimally and as Gaussian RV at each user, the achievable rate at each user is given
by extending the GMI in (5.10). Consider a generic expression for the received signal
at user-k, Vk € {1, ..., K}, as follows:

yr = hil (P,x + P+ P,j) + z, (5.24)

where hy, is the channel vector at user-k, and x, i and j are respectively the desired
symbol vector for user-k, interfering symbol vector to be treated optimally and in-
terfering symbol vector to be treated as Gaussian RVs by user-k, respectively drawn
from X, 7 and J. P,, P, and P; are their precoders. z; is additive noise generated
from i.i.d. CN(0,02). Without loss of generality, we assume that E[xx] = [4m(),
E[iif] = I49m0) and E[jj#] = I9™0) unless any of the constellations is {0}. WLOG,
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user-k utilizes a decoding metric given by

—hiP,;i — WP, x|?
<_|yk E Eql k xx| ) (525>

[0 P1% + o2

q(x, yx) = Y _exp

ieT
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- h{/P,v|?
g(Pg,v) =exp | — |~k V] (5.31)
[0y Py ;1% + 202

(5.32)

- hZP,w]|?
h(Py, w) = exp <— by Piw] )

b Py, 1|2 + 202

By extending (5.10) and (5.11), the GMI at user-k can be expressed as (5.26) and
approximated by (5.27). To reduce the computational complexity, we focus on (5.27)
during signal processing, but the results will be evaluated by (5.26). To enable

optimization of GMI, the gradient of GMI w.r.t. precoders is given by (5.28), where
g(Pr,v), h(Py,v), g1(Py,v) and hy(Py, v) are given by (5.29-5.31), and

P, = [P, P, P}, (5.33)
v=[x—-x%i-1i j, (5.34)
W:ﬁwm““%i—iﬂ, (5.35)

Note that f’k is a column-wise permutation of the precoding matrix at the trans-

mitter, P, based on user-k’s decoding strategy.

5.4.2 Sum-rate optimization

We consider a sum-rate maximization problem under fixed transmit power budget
as follows:
max IR
keK (5.37)
IP[f < Pr,

where Pr is the transmit power budget. Note that the approximated GMI by (5.27)
is used to reduce computational complexity. The logarithmic barrier [100] is used

to approximate (5.37) into the following unconstrained optimization problem

max QP)=T Zfé}ﬁfoé( + log Pr—||P|l3 ) (5.38)
kel

where 7 is a positive parameter that sets the accuracy of the approximation. (5.38)

can be solved by gradient ascent as given in Algorithm 7, where VpI2PP%(P) is
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Algorithm 7 Gradient Ascent with Barrier Method for Sum-Rate Maximization
IanIt: PTa Xk; hka ke }C, 67 €, Umax; Tmax-
Output: P*

1: Initialize P° randomly and 7 := 1.

2: repeat
3 v:=0.
4 repeat
5 AP := 7 Vp I3 (P") + rpojz—pr-
F T
6: Choose step size a via backtracking line search.
7: Update. P"*! := P? + aAP.
8 Update. Q! := Q(Pv+).
9 vi=1v+ 1.

10:  until Q% — Q7| <€ or v > vy
11:  Update 7 := 7.

12: until 7 > 7.

13: return P* .= P".

computed by adding the GMI gradient at all users given by (5.28). The convergence
of Algorithm 7 is ensured by employing a backtracking line search to determine the

step sizes.

5.4.3 Numerical simulations

We consider the geometrical one-ring scattering model (See Appendix A) to model
correlated user channels where interference may hinder performance. The settings
are 0 = 7/3 and Ay, =7/9, Vk € {1,..., K}.

With Nr =4, K = 3 and X given by QPSK, we evaluate the optimal sum-rate of
the system under different decoding strategies deployed by the users. The results
are depicted in Figure 5.13, where the legends and their corresponding decoding

strategies are as follows.

1. “MI” indicates that the optimization objective is the mutual information,
whose underlying assumption is that all users apply the optimal decoding

metric, which treats the other two users’ interference optimally;

2. “GMI (partial)” implies optimizing a GMI which assumes that each user treats
interference from one of the other users optimally and the interference from
the third as a Gaussian RV. In particular, we assume that user-1 treats user-2’s
interference optimally, user-2 treats user-3’s interference optimally, and user-3

treats user-1’s interference optimally;
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3. “GMI (full)” indicates that the objective function is the GMI expression, which

assumes that each user treats all multi-user interference as a Gaussian RV.

From Figure 5.13, it can be observed that different decoding metrics lead to different
sum-rates in general. The order is always “MI” > “GMI (partial)” > “GMI (full)”,
which aligns with the intuition that utilizing more knowledge on interference leads to
better decoding, and therefore better performance. Figure 5.14 evaluates the “GMI
(full)” but with precoders obtained by optimizing different objective functions as in
Figure 5.13. It shows that not only the GMI optimization solution for one decoding
metric is different from other decoding metrics, but also the mismatch in the objec-
tive function can even be harmful, noticing the non-monotonic change in sum-rate
under discrepancy between the decoding metric and the objective function. This
indicates that mismatched receivers require dedicated signal processing approaches

based on the corresponding GMI.

To gain further insight into how the precoders are designed differently under vari-
ous decoding metrics, Figure 5.15 depicts the ergodic inter-user interference power
received by user-1 from the other two users for different decoding metrics. The re-
sults show that the optimized solutions allow interference that is optimally treated
to remain strong while keeping suboptimally treated interference weak. This ob-
servation is consistent with the results in Section 5.1, which indicate that strong
interference is not detrimental when optimally treated, but becomes harmful when

treated suboptimally.

Figure 5.16 depicts the convergence of the proposed algorithm through the approx-

imated sum-rate obtained at each inner-loop iteration in Algorithm 7.

5.4.4 Future directions

The above example pioneers a novel system design framework that considers the
receiver’s imperfection in treating finite-alphabet interference, which can be applied
to various communication scenarios where interference is critical. Examples of such

scenarios include, but are not limited to:

e MIMO receivers implemented by linear combiners and single stream decoders,

where inter-stream interference may exist during decoding;
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Figure 5.13: Sum-rate comparison of MU-MISO under different decoding strategies.
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Figure 5.14: Sum-rate comparison of MU-MISO, with decoders treating interference
as a Gaussian RV and precoders by optimizing different objective functions.
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Figure 5.15: Ergodic inter-user interference power received at User 1 from the other
two users under different objective functions.

e Massive random access channels, for example, massive (machine-type) com-
munications in 6G and internet of things, where collision in transmission may

happen.

e Superposition/non-orthorgonal transmission schemes, where the receivers need

to decode under interference brought by the nature of the schemes.

e Support for Unmanned Aerial Vehicles (UAV) from cellular networks, where
uplink/downklink interference between base stations and UAVs needs to be
resolved [95].

5.5 Summary

In this chapter, we aim at understanding the impact of mismatched/suboptimal
decoders under finite-alphabet interference. We first defined the FAGCI model,
which takes a finite-alphabet input and adds finite-alphabet interference and Gaus-
sian noise during transmission. We initially considered the optimal decoding metric

and two suboptimal decoding metrics, where the suboptimal decoding metrics treat
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Figure 5.16: Evolution of the ergodic approximated sum-rate over successive itera-
tions of Algorithm 7.

part or all of the interference as a Gaussian RV. Achievable rates under different
decoding metrics were given by the derived MI and GMI. To improve the achiev-
able rates of FAGCI channel while maintaining low decoding complexity, we further
proposed two novel decoding metrics, namely the generalized Gaussian decoding
metric and the interference decomposition decoding metric, whose superiority was
validated through numerical evaluation on their corresponding GMI. Noting the
connection between decoding metrics and demodulators in BICM systems, we also
applied the two proposed decoding metrics as demodulators. LLS show that the
two novel demodulators also lead to improved throughput. More interestingly, it
was also observed that there is a strong correlation between GMI/MI and through-
put when the decoding metric corresponds to the demodulator. This indicates that
GMI/MI can be used as an efficient tool for evaluating demodulators, and optimizing
GMI/MI improves the physical layer throughput under the corresponding demodula-
tor. Lastly, we extended the FAGCI model and the GMI to a multiple-antenna case,
and provided an example on MU-MISO precoder optimization, where the objective
function is given by MI or GMI, depending on the decoding strategy deployed by
the users. The numerical results showed that different decoding strategies led to dif-

ferent throughput and that suboptimal decoders required a dedicated optimization
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algorithm. Overall, this chapter provides novel theoretical tools, receiver designs, a
signal processing framework and insights that can potentially enhance interference

management in future wireless networks.



Chapter 6

Codeword-Segmentation
Rate-Splitting Multiple Access

SDMA is currently the predominant spatial domain technique in use. Despite the
numerous benefits of RSMA from theoretical analysis, replacing SDMA with RSMA
in practical systems will introduce several challenges. Although the SIC-free receiver
designs proposed in Chapter 3 addressed the increase in receiver complexity, other

challenges remain. These include:

e Increased encoding/decoding complexity: with RSMA, more codewords are
transmitted (especially with multi-layer schemes such as the hierarchical RSMA
in [18] and the general framework of multi-layer RSMA in [16]), which leads

to more complexity in encoding and decoding.

e Control signaling overhead: The increased number of streams requires an in-

creased control signaling overhead to assist in decoding at receivers.

e Retransmission: As the common stream is intended for multiple users, it re-
quires retransmission mechanisms that are different from SDMA, such as in
[101]. The design of an efficient retransmission process for RSMA schemes

poses a challenge.

In this chapter, a novel downlink RSMA architecture is proposed, namely Codeword-
Segmentation RSMA (CS-RSMA), to reduce the implementation challenges of RSMA

listed above.

113
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Another direction that deserves exploration is to evaluate and design RSMA schemes
using performance metrics that account for more practical limitations. The benefit
of RSMA has been well studied under performance metrics that originate from the
mutual information, but is less considered under suboptimal receivers. In Chap-
ter 5, we studied communication in finite-alphabet input channels under Gaussian
noise and finite-alphabet interference, namely FAGCI, where the decoders fully or
partially approximate the interference as Gaussian random variables to reduce com-
putational complexity. This model reflects a common issue that interference is not
properly detected in receivers due to complexity reasons. In this chapter, we will
consider a novel performance analysis framework using the GMI developed in Chap-
ter 5 to evaluate conventional RSMA and the proposed CS-RSMA.

The contribution of this chapter is summarized as follows:

e We propose a novel downlink architecture for RSMA, namely CS-RSMA. Un-
like conventional RSMA, which splits users’ messages into common and pri-
vate parts, then combines the common parts into a common message before
encoding, CS-RSMA encodes users’ messages directly, segments the resulting
codewords into common and private parts, and combines the common parts

into a common stream. Details on encoding and decoding procedures for both

conventional RSMA and CS-RSMA are provided.

e We apply the GMI derived in Chapter 5 to analyze the achievable rate of CS-
RSMA and conventional RSMA to capture receiver imperfection in practice.
This leads to a different analysis from Chapter 4, where the achievable rate is
measured by mutual information, which is often achieved by decoders that op-
timally exploit channel knowledge, e.g., the maximum likelihood decoder and
typical-set decoder. With the GMI, conventional RSMA and CS-RSMA can
be evaluated under the assumption that the decoders treat undesired private
streams as Gaussian random variables, despite the fact that they are from
finite alphabets. Such suboptimal decoders reveal the performance of com-
monly used low-complexity receivers that treat interference as Gaussian noise
instead of demodulating it, as demonstrated in Chapter 5. To ensure a fair

comparison, a decoding complexity constraint is defined.

e To reveal the theoretical performance of conventional RSMA and CS-RSMA,
we develop precoder optimization methods to maximize SR and MMF among
users, under the assumption of finite alphabets and suboptimal decoders. To

exploit the flexibility of RSMA, we allow adaptive alphabet selection under
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a decoding complexity constraint. Numerical results from the proposed op-
timization algorithms are provided, which show that CS-RSMA outperforms
conventional RSMA with and without SIC in terms of SR and performs simi-
larly to the two in terms of MMF.

e While the achievable rate given by GMI measures theoretical limits and pro-
vides closed-form expressions for system design, they are based on idealized
signal-space encoding and decoding, which remain a challenge in practice.
Although the achievable rate of a proper channel model reflects the through-
put in practical systems, a more accurate evaluation can be obtained through
LLS, which involves practical designs, i.e., those incorporating binary encod-
ing/decoding and modulation. For this purpose, as well as improving the
practicality of CS-RSMA, we propose PHY transceiver designs for CS-RSMA
and apply LLS to measure the BER performance of these designs. Similarly
to the achievable rate results, the LLS results show that CS-RSMA slightly
outperforms conventional RSMA. From the perspective of practical applica-
tions, the benefits of CS-RSMA over conventional RSMA are also discussed
in terms of encoding/decoding complexity, control signalling overhead, and

retransmission design.

Organization: The rest of this chapter is organized as follows. In Section 6.1, we
introduce the proposed CS-RSMA scheme. In Section 6.2, results from Section 5.4
on multi-user communications with suboptimal decoders are used as the perfor-
mance metric of conventional RSMA and CS-RSMA. Decoding complexity is also
defined. In 6.3, to evaluate the theoretical performance of conventional RSMA and
CS-RSMA, SR and MMF optimization methods that capture the suboptimal de-
coders are proposed. Section 6.4 summarizes the numerical results on the theoretical
performance. In Section 6.5, we propose the PHY implementation of CS-RSMA and
evaluate it using LLS, and discuss the implementation benefits of CS-RSMA over
conventional RSMA. 6.6 discusses the potential of CS-RSMA with optimal encoding

and decoding. Finally, Section 6.7 summarizes this chapter.

Unless otherwise stated, the system model presented in Section 2.1 is assumed

throughout this chapter.
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Figure 6.1: Codeword-Segmentation RSMA for multi-user MISO.

6.1 Codeword-segmentation RSMA

We continue to use expressions (2.1) and (2.2) for the transmitted and received
signals and keep the associated notations unchanged. We assume that the symbols
in s. and s, 5, Vk € K, are uniformly drawn from their corresponding alphabets,
denoted by X, and X, ;. CS-RSMA is defined by its encoding of {W7, ..., Wi} into
{Sc, Sp1, -..; Spi}t along with its distinct decoding procedure. Both the encoding
and decoding differentiate it from conventional RSMA. The general procedures of
CS-RSMA are depicted in Figure 6.1 and described as follows.

In CS-RSMA, {Wy, ..., Wk} are first encoded into K codewords, {s{¥, ..., s},
where s{¥ € C™*! Vk € K, and n, is the codeword length for user-k satisfying

nE >n (6.1)

and .
an = (K +1)n. (6.2)
k=1
{s{V, ..., s} are then segmented into private and common parts. The private
parts have a uniform length n and are denoted by {s,1, ..., spx} C C"*'. The
common parts are denoted by {Sc1, ..., Scx}, where s.; € Clw=)x1 Yk € K. The
common parts are then combined (e.g., concatenated or interleaved) into one symbol
stream, denoted by s, and the private parts remain as separate private streams. As
a consequence of (6.2), s, € C™!. An example of codeword segmentation and
combination is illustrated in Figure 6.2. Upon reception, user-k estimates s. and
Spx from y, and output S, and S,;. Then it extracts an estimate of its desired

~ ~ ~ . . e
codeword segment from s., denoted by S. ;. Scx and s, are combined into s}, an
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Figure 6.2: A visual illustration of codeword segmentation and combination.

estimate of s{". Finally, based on §§¥, user-k decodes its desired message, /V[7k

The main difference between conventional RSMA and CS-RSMA lies in the order of
encoding and splitting: at the transmitter, conventional RSMA splits the messages
before encoding them, whereas CS-RSMA directly encodes the messages and seg-
ments the codewords; at the receivers, the conventional RSMA decodes the common
and private streams before reconstructing the message, whereas CS-RSMA first re-
constructs the desired codeword from the codeword segments, and then decodes the

reconstructed codeword into the desired message.

Regarding receiver implementation, SIC can be implemented with conventional
RSMA. With SIC receivers, each user can first decode the common message, re-
encode it into an estimate of the common stream, remove/cancel the estimated com-
mon stream from the received signal, and decode the desired private message. Mean-
while, SIC-free receivers provide a low-complexity option for conventional RSMA as
discussed in Chapters 3 and 4, where re-encoding and cancellation are not per-
formed. With CS-RSMA, SIC cannot be implemented. This is because the common
stream is not a codeword, but a combination of segmented codewords from different
users, and therefore cannot be decoded directly. SIC-free receivers are still valid for
CS-RSMA. Fortunately, Chapter 4 shows that SIC-free receivers only incur a minor
performance loss in RSMA compared to SIC receivers. Therefore, the absence of
SIC in the CS-RSMA is not a critical limitation.
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The fact that the common stream consists of codeword segments not only leads to
the drawback of not employing SIC, but also introduces a benefit: each user is only
required to decode its own codeword segment within the s, rather than the entire

Sc, unless a single user occupies the whole stream.

Remark 6.1 (Relationship between CS-RSMA and rate splitting). Conventional
rate-splitting approaches, such as [6, 7, 4, 8], split messages and encode them at
different rates. In this sense, CS-RSMA does not strictly fall under the class of
rate-splitting schemes. Nevertheless, we refer to it as CS-RSMA to acknowledge its
conceptual connection to RSMA and because, as shown later, it provides an alterna-
tive implementation of SIC-free RSMA that preserves its performance while offering

several practical advantages.

6.2 Performance evaluation using mismatched de-

coding

We evaluate the achievable rates of RSMA and CS-RSMA when employing subop-
timal decoders that treat part of the interference as Gaussian noise. The resulting

decoding complexity is also quantified.

6.2.1 Evaluation of RSMA and CS-RSMA under subopti-

mal decoding

In Chapters 3 and 4, the performance of SIC-based and SIC-free receivers is studied
considering constellation-constrained mutual information. However, mutual infor-
mation has been shown to be achievable only under the assumption that the decoder
optimally uses channel knowledge (e.g., maximum-likelihood decoding in [58]). Such
decoders can be computationally prohibitive when the number of signals observed
by the receivers increases. In this section, to address scenarios where complexity
constraints are imposed on receivers, we apply the GMI results for FAGCI models
with MU-MISO derived in Chapter 5 to analyze and evaluate the performance of
conventional RSMA and CS-RSMA.

We assume that each user applies a suboptimal decoding strategy by treating the

desired signals optimally, but the undesired signals as Gaussian random variables
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with the same variance.! For example, when user-k decodes s., it treats h¥ pgs,x

optimally, but treats {hfpw sy} as CN(0,|hipy|?), V&' € K/k. This decoding
strategy is based on the assumption that desired signals are typically stronger than
unwanted signals. An insight from Chapter 5 is that treating strong interference
as Gaussian random variables can lead to significant losses, whereas the impact of
treating weak interference as Gaussian random variables can be negligible. Hence, we
consider decoders that treat the desired signals optimally to enable high performance

under limited allowance for decoding complexity.
Recalling (5.26), the contribution to the achievable rate of user-k from the common

stream and the desired private stream can be characterized using the GMI as follows:

e For the common stream:

Lk = Iowmn (h}? PeXe, hy Prdps, > il pr Xy, af) : (6.3)
k' #k

e For the private stream, assuming that SIC is applied to remove the common

stream signal:

]E,IIS = IGMI (thkap,k, {O}, Z thpk’Xp,k’7 O'z) . (64)
k'#k

e For the private stream, assuming SIC-free receivers, i.e., the decoding of the

private stream is under interference from the common stream:

2951 = I (thkap,ka h'pede, > hfipp Xy p, Uz> : (6.5)
Kk

Note that, with CS-RSMA, each stream carries only a segment of a codeword.
Therefore, the GMI of each stream quantifies only its contribution to the overall

rate and does not represent an achievable rate on its own.

We assign ¢, Vk € IC, two roles: we let ¢, denote the portion of W, occupied by

We in conventional RSMA (the same as in Section 2.1), and the portion of s.

!This decoding strategy is based on implications on soft codeword level interference cancellation
for SIC receivers, and joint-demapping receivers for non-SIC receivers proposed in Chapter 3. The
joint-demapping receiver is classified as a non-SIC receiver in Chapter 3, which effectively treats
the desired signals optimally when demodulating a stream. This is not the only possible decoding
strategy.
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allocated to sy in CS-RSMA (hence, ¢ = (ny — n)/n for CS-RSMA). Therefore,
the conditions ¢, > 0 and Zkelc ¢ = 1 hold under both interpretations.

The achievable rate for user-£ under conventional RSMA schemes and CS-RSMA is

expressed as follows:

e Conventional RSMA with SIC:
_ . / SIC
R = ¢, min Tew + 15y (6.6)
e Conventional RSMA with SIC-free receivers:
_ : non-SIC
R, = ¢ min Tep + LG (6.7)

e CS-RSMA:
Ry = crlep + LS. (6.8)

Note that (6.8) assumes that the user-k ignores the dependence between the decoding
of s and s, ;. The achievability of (6.8) under such separable decoders is proved

in Appendix E.1.

Remark 6.2 (On the dependence between the decoding of s.; and s, ;). In the
above discussion, we assumed that the decoding of s.r and s, is separable for two

reasons:

e In practical implementations, s., and s,y are typically encoded and decoded
without incorporating their mutual dependency during transmission. By ignor-

g this dependency in the rate expression, we capture this limitation.

e [gnoring this dependency allows us to maintain the notion of common and

private streams, thereby enabling a meaningful comparison with conventional

RSMA.

A higher achievable rate of CS-RSMA will be addressed in Section 6.6, where the

dependency is properly incorporated.
Remarkably, “mingex Iop” in (6.7) is replaced by “I.x” in (6.8). Since
inl.w < I, 6.9
e < Lo (6.9)

the rate of CS-RSMA is lower bounded by SIC-free RSMA.
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6.2.2 Constrained decoding complexity

Comparing communication schemes in the finite alphabet regime is more involved
than in the Gaussian signaling regime. On the one hand, the achievable rate ulti-
mately depends on the cardinality of alphabets under sufficient SNR. On the other
hand, the decoding complexity is proportional to the number of observed signals
and the cardinality of their alphabets, which can be observed from (5.6) and (5.7).
Therefore, we introduce the concept of decoding complexity constraint to ensure the

fairness of comparison.

Definition 6.1 (Decoding Complexity). A decoder of complexity-§ can compute

“‘exp(| - |?)” for at most n times for each received symbol.

For example, for the channel model given by (5.1), the matched decoding, as in
(5.6), is only valid if 6 > |X||Z||J|. The mismatched decoder given by (5.7) is valid
if 0 > |X||Z|. Therefore, it requires a lower decoding complexity than the matched
decoding.

Proposition 6.1 (Decoding Complexity of RSMA). For conventional RSMA (with
or without SIC) and CS-RSMA, if user-k treats all the undesired private streams as

Gaussian noise, the decoding is feasible with at least complexity-|X.||X, x| at user-k,

Vk e K.

Proof. For all the RSMA schemes considered, we show that, if user-k treats all the

undesired private streams as Gaussian random variables, it needs to compute

_ |yex — B/ pese — thkap,k|2) , (6.10)

s o i) = oxP ( > gk [0 P |? + 02

Vs, € X, Vspr € A and for each time instance ¢. The rest of the decoding is
achieved by only summing and multiplying d(sc, sp k. ¥1x) with different arguments.

The exact decoders in terms of d(sc, Spx, Yx) are listed as follows:

e For conventional RSMA, Let {sgl), ...,S,(;MC)} denote the codebook for com-

mon stream and {sl(al’,)ﬁ, s ss\g"’k)} denote the codebook for the private stream

intended for user-k, Vk € K, with M, and M, ;, being the corresponding code-

book sizes. Let s§?2 and 51(;{2,16 respectively denote the symbols of s and sl(f,)g
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at time instance t. The decoder for the common stream can be represented as

o (9)
W, = argqerlr}aﬁcq "5, yk)

—arg max H E d(Sets Spkes Ytk
qul,...,Mc ct7 P 7y )

t= lspke

(6.11)

If SIC is applied, the decoder for the private stream is based on /V[Z and can

be represented as

Wk =arg max qn(Sl(f/)g’ty Y)

q€el,.. Mp k

(6.12)

—argqelrrlexx Hd , ptkaytk)

If SIC is not applied,
(2)
W, = arg qerlr’la%q (S YE)

" (6.13)

= d cy ) .

arg max tl;[l ; (Sc: Spit s Yek)

e For CS-RSMA, let {s(l) . (M’“)} represent the codebook for user-k with M),
being the codebook size, Vk e K, and s represent the symbol of ¢-th code-

word at time instance ¢. The decoder can be represented as

Wk =arg max ¢ (s,(f),yk)

q€l,... .M
= arg max H Z d(s T(t/ ) ko Sky k)
a€L- My for R (6.14)
H Z d(SWSE'i?k(t),k:’yt’k)’
t=1 sceX,

where 7T, represents the time indices where the symbols of s, are generated
from s.x, and 7.(-) and 7, x(-) respectively maps the time index into the cor-

responding symbol index of user-k’s codeword.

7

Hence, computing d(sc, Sp.k, Yrk), Vs € X. and Vs, € Xy, covers all “exp(] - |?)
operations required for (6.11)-(6.13). This shows that complexity-d is sufficient
to decode conventional RSMA and CS-RSMA. It is also necessary to compute

d(Sc, Spge, Yek), Ve € X and Vs, € A, x, as long as, at each time instance and
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for each stream, the probability of any symbol in the alphabet occurring is non-

Zero. OJ

6.3 Precoder optimization

We propose precoder optimization algorithms for SR and MMF optimization under
finite alphabets and suboptimal decoders. The alphabets are assumed to be fixed
in this section, but will be allowed to adjust adaptively in Section 6.4. To reduce
computational complexity, the approximation given by (5.27) is utilized in the opti-
mization, but the performance evaluation in Section 6.4 will be based on the exact
GMI given by (5.26).

6.3.1 Sum-rate optimization

We consider a sum-rate maximization problem as follows:

(6.15)

where ¢ = [¢q, 3, ..., Ck].

Proposition 6.2 (Sum-rate maximization reformulation). Under different RSMA

schemes, (6.15) can be simplified into the following formulations:
e For conventional RSMA with or without SIC,

. SIC/non-SIC
mfz}x IkHEIIICl I.j + E Ip,k
kek (6.16)

st. |P||E < Pr.
e For CS-RSMA,
non-SIC
s wax Lot 313

kek (6.17)
st. ||P||? < Pr.
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Proof. (6.16) is readily seen by substituting (6.6) and (6.7) into (6.15). For (6.17),
substituting (6.8) into (6.15) leads to the following objective function:

D orlop+ Y ISC. (6.18)

kek kek

It is trivial to see that the optimal c is always given by having ¢, = 1 for k =

argmaxy Iz, and ¢ = 0 for k' # k.? Using this optimal ¢ results in (6.17). O

Remark 6.3. An interesting difference between (6.16) and (6.17) is that the “min”
operator in 6.16) is replaced by ‘“max” in (6.17). This indicates that CS-RSMA
is expected to perform at least as well as conventional RSMA without SIC in SR,
since its problem formulation only differs from the latter by changing the ‘“min” to
a ‘max”. The comparison between CS-RSMA and conventional RSMA with SIC is
difficult to reveal analytically because, although CS-RSMA is disadvantaged in the

omission of SIC, its common stream is not restricted to being decodable by all users.

Remark 6.4. To achieve the mazimum SR of CS-RSMA, if the common stream is
activated, the number of codewords to split is strictly one. In contrast, in conven-
tional RSMA, the number of messages to split can be any number between 1 and K,

as discussed in Chapter 4.

We further reformulate the problems in Proposition 6.2 using the logarithmic barrier
[100] to approximate 6.16) and (6.17) as the following unconstrained optimization

problem:
2
max 7 lam + log (Pr—IIP[I%) (6.19)

where I, represents the objective function of 6.16) and (6.17) depending on the
RSMA scheme in use, and 7 is a parameter that sets the accuracy of the approxi-

mation.
For RSMA with SIC, one subgradient of I, w.r.t. P is given by

g(Isum) = VPIc,lc’ + Z VPIS,IICC; (62())
ke

%In the cases where k € arg maxy, I, has more than one element, we simply select one element
as k.
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Algorithm 8 Subgradient Ascent with Barrier Method for Sum-Rate Maximization
IanIt: PT7 XC? Xp,ka hk7 ke IC7 ﬁa €, Umax; Tmax-
Output: P*

1: Initialize P° and .

2: repeat

3 v:=0.

4 repeat

5 AP =7 g(lgum) + m.

6: Choose step size a via backtracking line search.
7: Update. P"*! := P? + aAP.

8 Update. Q4! := Qgr(P*1).

9 vi=1v+ 1.

10:  until | Qg — Qgﬁl | < €orv> vpax.
11:  Update 7 := 7.

12: until 7 > 7.

13: return P* .= P".

where k' = arg miny, I, ;. For RSMA without SIC and CS-RSMA,

9Taum) = Vplop + > _ Ve I255C, (6.21)
kek
where, for RSMA without SIC, k' = arg miny, I, and, for CS-RSMA, k' = arg max;, I .
The gradients in (6.20) and (6.21) can be computed by referring to (6.3)-(6.5) and
(5.28).

It can be noticed that the problems described by (6.15)-(6.19) are non-convex due to
the non-convexity of (5.26) and (5.27) w.r.t. the precoders, and non-smooth due to
the “min/max” operators over k. Hence, it is difficult to obtain the global optimal
solutions of them. We use the subgradient descent method to optimize (6.19). The
complete algorithm is summarized in Algorithm 8, with Qgg(P) representing the
objective function in (6.19). Algorithm 8 is guaranteed to converge because each
update on P leads to a non-decreasing update on the objective function, and the

objective function is clearly upper-bounded.



126 Chapter 6. Codeword-Segmentation Rate-Splitting Multiple Access

6.3.2 Max-min fairness optimization

We now consider a max-min fairness problem as follows:
max min Igmrz
P,c kek ’
t. |[Pp <P
S.T. FSIT
E Cp = 1
kel
c>=0.

(6.22)

(6.22) is a non-convex problem. To solve it efficiently, we decouple it into the

following two sub-problems,

max Hglrcl Icwik(c; P)

c k
st Y =1 (6.23)
c =0,
and

max min Iemrx(P; c)
P kel (624)
st. ||P||g < Pr.

(6.23) optimizes ¢ with a fixed P, whereas (6.24) optimizes P with a given c. Note
that (6.23) is a linear programming problem, and hence its global optimal solution
can be efficiently obtained. In particular, we developed a closed-form solution as in

Proposition 6.3.

Proposition 6.3. The global optimal solution of (6.23) is given in closed form by
Algorithm 9.

Proof. See Appendix E.2. O

To remove the discontinuity caused by the point-wise minimum in (6.24), we apply

a log-sum-exp approximation to its objective function and consider the following:

1
max —logZeXp (Blamik(P; c))
YR (6.25)

st. |P|lE < Pr.
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Algorithm 9 Global Optimal Common Stream Allocation
Input: ., Ik, k € K.
Output: c*

1: I[; :=ming I.; for conventional RSMA and
]é,k = I, for CS-RSMA.
2: k=K.
3: repeat
4 Ac=diag{[ll,, ..., Ipl}, b= [, ... Lw]"
5: f = %
6: c:=EA7'1—bAL
7 K =k —1.
8 until ¢’ = 0.
9: return c* := [c¢/, QK=K -1)],

The gap between point-wise minimum and its log-sum-exp approximation is char-
acterized by (4.22).

A subgradient of the objective function in (6.25) w.r.t. P is derived to be

(I ) 1 Y owexc Bexp (Blamik(P;c)) g(lamik(P;c))
I meemin S e 5P (Blorn(Pic)) ’

(6.26)

with
gIemik(Psc)) = crg(le) + Vel g, (6.27)

where g(I.) = VpIo) /"% with &' = arg miny, D), for RSMA with /without
SIC, and g(I.) = VpI29"5'C for CS-RSMA.

Similarly to (6.19), the inequality constraint in (6.25)can be integrated into the

objective function through the logarithmic barrier. This leads to

-
max ;logZeXp (vlemik(P;c)) + log (PT_ | P H%) : (6.28)
kek

(6.28) can be solved using subgradient ascent. The solution of (6.22) is obtained by
solving (6.23) and (6.28) alternatively and the steps are summarized in Algorithm 10,
with Qnvr(P) representing the objective function in (6.28). Algorithm 10 is guar-
anteed to converge because each update on P and c leads to a non-decreasing update

on the objective function, and the objective function is clearly upper-bounded.
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Algorithm 10 Subgradient Ascent with Barrier Method for Max-Min Fairness
Inlet: PTv XC? Xp,ka hk7 ke IC7 ﬁa Y5 € VUmax; Tmax-
Output: P* and c¢*

1: Initialize P° and .

2: repeat

3 v:=0.

4 repeat

5 Update I, I, ; based on P*.

6: Update c using Algorithm 9.

7: AP =7 g(Inaxmin) + %.

8 Choose step size a via backtracking line search.
9: Update. P*! := P? + aAP.

10: Update QUM+1\/1IF = QMMF<PU+1).

11: vi=v+ 1.

12 until | Qe — Qe | < € 08 U > Upax.
13:  Update 7 := 7.

14: until 7 > 7.

15: return P* := P? and ¢* :=c.

6.4 Numerical results on achievable rate

In this section, we investigate the theoretical performance of CS-RSMA and conven-
tional RSMA schemes under mismatched decoding through numerical simulations.
All the results in this section are average performance measured by averaging 100
channel realizations. The precoder initialization in Algorithm 8 and 10 involves
the low-complexity precoders proposed in Chapter 3 for constellation-constrained

sum-rate optimization and some randomly generated precoders.

We follow the one-ring scattering model (see Appendix A for details) with 6 = 7/3
and A, = A, Vk € K, which implies that users with similar channel statistics are
served at the same time. The purpose of this setting is to model communication

scenarios with a certain user density.

Prior to the results, we introduce the adaptive modulation scheme in use, which

differs from the one in Chapter 4.
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Table 6.1: Transmission modes under decoding complexity § = 4
Mode 1 2 3

Private Stream | QPSK | BPSK | {0}

Common Stream | {0} | BPSK | QPSK

Table 6.2: Transmission modes under decoding complexity § = 16
Mode 1 2 3 4 5)
Private Stream | 16QAM | 8QAM | QPSK | BPSK {0}
Common Stream {0} BPSK | QPSK | 8QAM | 16QAM

6.4.1 Adaptive modulation

We assume that all the users are subject to a decoding complexity § = 4 or 16.® The
alphabets applied to the streams are chosen from BPSK and QAM constellations,
subject to the decoding complexity constraints. This leads to a few transmission
modes in terms of alphabets for each complexity constraint, as summarized in Ta-
bles 6.1 and 6.2. The simulations allow adaptive alphabet selection under certain

decoding complexity.

Remark 6.5. With Mode 1 in both Tables 6.1 and 6.2, RSMA becomes SDMA; with
Mode 3 in Table 6.1 and Mode 5 in Table 6.2, RSMA is equivalent to multicasting
all messages [17].

Remark 6.6. Achievable rates under finite alphabets are upper-limited by the car-
dinality of the alphabet. Different transmission modes lead to different maximum
achievable rates. It can be observed from Tables 6.1 and 6.2 that the sum rate of
Mode 1, i.e., SDMA, is upper-bounded by K log, d bits and is the highest among all
the modes, whereas the sum rate of multicasting, i.e., the last mode in both tables,
is upper-bounded by log, & bits and is the lowest among all the modes. For example,
for K =2 and 6 = 16, Mode 1 can bring at most 8 bits per transmission in SR,

which cannot be achieved by any other mode.

6.4.2 Sum-rate evaluation

Figure 6.3 depicts the average SR performance of conventional RSMA schemes, CS-
RSMA and SDMA. It can be observed that RSMA schemes, including CS-RSMA,

3Tt is assumed that ¢ is the same for all the users for simplicity and clarity. The problem and
solution introduced in Section 6.3 can be trivially generalized to ones with non-uniform complexity
constraints among users.
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bring benefits in the medium SNR regime compared to SDMA. Furthermore, CS-
RSMA slightly outperforms conventional RSMA schemes. The average SR led by
different transmission modes under CS-RSMA is depicted in Figure 6.4, together
with the performance of CS-RSMA given by adaptive alphabet/mode selection as a
reference. It can be observed that the transmission modes that enable the common
stream achieve higher SR than Mode 1, i.e., SDMA, at medium SNR. At high SNR,
Mode 1 dominates as other modes saturate at lower SR, as suggested by Remark
6.6.

Figure 6.5 depicts the average contributions of the common and private streams to
the user rates for CS-RSMA and conventional RSMA. It can be observed that CS-
RSMA tends to convey more information in the common stream than conventional
RSMA. This is a consequence of having “max” on the common rates in the SR
problem formulation for CS-RSMA instead of the “min” in the one for conventional
RSMA, as shown in (6.16) and (6.17).

6.4.3 Max-min fairness optimization

Figure 6.6 depicts the average MMF' performance of conventional RSMA schemes,
CS-RSMA and SDMA. Similar to SR performance, RSMA offers benefits at medium
SNR by activating the common stream, but converges to SDMA at high SNR. CS-
RSMA performs very similar to conventional RSMA schemes.* The performance of
different modes of CS-RSMA is depicted in Figure 6.7, along with the performance
of CS-RSMA given by adaptive alphabet/mode selection as a reference. It shows
that activating the common stream brings higher minimum rates among users under
medium SNR than Mode 1, i.e., SDMA, whereas Mode 1 dominates under high SNR,
because the modes enabling the common stream saturate at lower rates, as suggested
by Remark 6.6.

4For both SR and MMF evaluation, if the input signals are not from finite alphabets but are
Gaussian distributed, the gap between RSMA with SIC and SDMA exists in both medium and
high SNR regime, as shown in [9, 102], because the common stream rate will not saturate at high
SNR. CS-RSMA, SIC-free RSMA and SDMA will perform similarly under Gaussian input, because
the interference from the common stream when decoding the private stream is more detrimental
than with finite-alphabet inputs.
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6.5 Physical-layer transceiver design for CS-RSMA

and link-level simulation

In this section, we propose a transceiver architecture for CS-RSMA and evaluate its

performance using link-level simulations.

6.5.1 Transceiver design

Figure 6.8 depicts the proposed CS-RSMA transmitter architecture, where “FEC”
and “Mod” represent forward error correction coding® and modulation (mapping)
respectively. For clarity, the time index is neglected in the notation. In Figure 6.8,
the messages, Wy, Wa, ..., Wk, are first encoded into binary codewords, denoted
by Xi, X, ..., Xk. Codeword segmentation and combining can be achieved by de-
multiplexing and multiplexing the encoded bits into X, X, 1, X;2,..., Xpx. The
common and private streams are obtained by modulating the resulting K + 1 bit
streams into symbol streams. The precoders then mix the symbol streams into
a stream of vector symbols to feed the multiple transmit antennas. The resource
mapper allocates different instances of the vector symbol stream to different physical

layer resource elements.%

Figure 6.9 depicts two proposed receiver architectures for CS-RSMA, where “FEC~!”
and “Demod” represent channel decoder and demodulator (demapper), respectively.
They are based on the joint de-mapping receiver and soft Symbol Level Interference
Cancellation (SLIC) receiver for conventional RSMA proposed in Section 3.2. The

two receiver architectures are explained as follows.

1. Joint de-mapping: The receiver first jointly demodulates the common stream
and the desired private stream from the receiver signal. Assuming a soft-
output demodulator is in use, the demodulator produces Log-Likelihood Ratios
(LLRs) for X, and X, j, denoted as LLR. and LLR, ;. The receiver then de-
multiplexes (extracts) the LLRs for X ; from LLR., denoted as LLR. ;. LLR.
and LLR,, ;. are then multiplexed (combined) into LLRs of the desired unicast
message, X, denoted as LLRy. Finally, the receiver decodes LLR, into an

estimate of the desired message Wi.

5This potentially includes interleaving and scrambling.
6These can be created, for example, by Orthogonal Frequency-Division Multiplexing (OFDM)
and Time Domain Multiplexing (TDM).
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Figure 6.8: PHY transmitter design for CS-RSMA.

2. Soft SLIC: Jointly demodulating X. and X, may introduce a high compu-
tational burden. Therefore, soft SLIC is proposed as a low-complexity alter-
native to joint demapping. With soft SLIC, the receiver first demodulates s.
by treating all private streams as Gaussian noise and obtains LLR.. Based
on LLR,, the receiver then computes the posterior probability distribution of
the common stream symbols, denoted by P(sc|y). P(sc|y) is used to compute

the soft symbol estimates, i.e., E[s.|y], denoted by §, and the variance of the
2

Sc”

cancellation of s. by subtracting hfp.3. from y; and demodulates s}, from

residue noise, E[|s. — §|%|y], denoted as o2 . Next, the receiver applies soft
the remaining signal into LLR, ;. The remaining steps are the same as in
the joint de-mapping implementation: the receiver de-multiplexes (extracts)
LLR. from LLR., multiplexes LLR.; and LLR,; into LLRy, and decodes
Wy based on LLR;.

6.5.2 Link-level simulation

Link-level simulations were performed to evaluate the proposed CS-RSMA transceiver
designs. In the following, we assume fast fading channels, where individual channel
observations are generated using the one-ring channel model introduced in Section
V, with Ny =4, K = 2, and A = 7/18. For channel encoding and decoding, the
LDPC code specified in 5G NR [99] with belief propagation decoding is chosen for
its popularity and efficiency for long code lengths. All the BER results were ob-
tained by averaging the results from 50000 blocks. The symbol block length is set to
512. For de-mapping, the max-log approximation was applied for its popularity in

practice. To reduce simulation time, the low-complexity precoder design proposed
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in Section 3.2 for RSMA without SIC is used for CS-RSMA.
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Figure 6.10: BER comparison between conventional RSMA and CS-RSMA with all
streams using QPSK constellation. Code rate for RSMA: 0.85 for common streams,
0.325 for private streams. Code rate for CS-RSMA: 0.5 for all codewords.

Figure 6.10 depicts BER curves of conventional RSMA and CS-RSMA with both
joint de-mapping and soft SLIC receivers. It can be observed that, with the same re-
ceiver implementation, CS-RSMA performs slightly better than conventional RSMA.
Taking 10~ as the target BER, the SNR gap is around 0.05dB. In addition, a soft
SLIC receiver only leads to a minor performance loss compared to joint mapping,

which is consistent with the observation in Chapter 3.

6.5.3 Advantages of CS-RSMA

Although the numerical results in Section V and this section show that the achiev-
able rate and BER performance of CS-RSMA are not significantly different from
conventional RSMA, the introduction of CS-RSMA is of significant importance for
practical applications. We briefly discuss these benefits of implementing CS-RSMA

compared to conventional RSMA in the following aspects.

1. Reduced encoding/decoding complexity: With CS-RSMA, the transmitter en-
codes K messages rather than K + 1 messages as in conventional RSMA; the
receiver decodes one codeword rather than two as in conventional RSMA. The
reduced number of codewords for each user leads not only to reduced encod-

ing/decoding complexity (in the sense that fewer codewords are needed) but
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also to simplification of error detection (e.g., CRC check), interleaving, and

scrambling.

2. Reduced signaling overhead: With CS-RSMA, each receiver only needs infor-
mation on the encoding scheme for one codeword, rather than two (for com-
mon and private streams) as with conventional RSMA. This leads to fewer

requirements on control signaling from CS-RSMA.

3. Simplified retransmission design: With conventional RSMA, an additional re-
transmission process, e.g., Hybrid Automatic Repeat Request (HARQ), needs
to be implemented for the common stream. Due to the fact that the com-
mon stream is encoded with messages for potentially multiple users, designing
the retransmission scheme for the common stream can be a complicated prob-
lem (some examples are given in [101]). With CS-RSMA, the retransmission
mechanism only needs to be implemented for the K encoded unicast messages,
exactly the same as the widely used MU-MIMO. This means that the existence
of CS-RSMA can be transparent to the retransmission process for conventional
MU-MIMO. For example, to implement RSMA in 5G NR PDSCH channels,
CS-RSMA is naturally compatible with the existing HARQ process, whereas
conventional RSMA requires redesigning the HARQ process for the common

stream.

Although this work only presents the 1-layer CS-RSMA, i.e., with one common
stream, the idea of codeword segmentation and creating common streams using
part of segments can be trivially extended to multi-layer RSMA schemes, such as
the hierarchical RSMA in [18] and the generalized multi-layer RSMA in [16], where
more common streams need to be implemented. In these cases, the above three

benefits will be significantly magnified as the number of common streams increases.

Overall, CS-RSMA brings significant convenience in terms of complexity in imple-
mentation and compatibility with existing systems and performs slightly better than

conventional RSMA without SIC.
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6.6 On CS-RSMA with optimal encoding and de-

coding

In Section 6.2, it is assumed that the dependence between s, and s,; during
transmission is ignored in both encoding and decoding, which directly leads to (6.8).
The achievable rate of CS-RSMA was derived based on this assumption. While this
assumption has the benefit of capturing practical limitations, as discussed in Remark
6.2, it also reduces the achievable rate of CS-RSMA. This section investigates the

achievable rate of CS-RSMA when this constraint is removed.

6.6.1 A superposition perspective

We recall the block structure shown in Figure 6.2 and focus on the codeword for user-
k, i.e., si". During encoding, s} is segmented into s.j and sp ;. The transmission
involves precoding s, (as part of s.) and s, ;. At the receiver side, user-k observes
a linear combination of s ; and s, where the coefficients depend on the precoders
and channel at user-k. The communication channel between the transmitter and
user-k can therefore be viewed equivalently as a point-to-point channel without any
fading. The inputs of this channel are drawn from alphabets determined by the
precoders and channel at user-k, the transmission is interrupted by finite alphabet

interference and Gaussian noise. This is illustrated in Figure 6.11.

Nng—n
o< 2 [
n
soe e 2 [ NN

ng—n 2n-n
s’k € (hgpcxc + hg,kpp,kxp,k) xhgpp,kxp,k ,

Figure 6.11: An effective codeword construction for user-£ in CS-RSMA.
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Formally, the received signal at user-k at time instance ¢ can be written as

Ytk = Sg,k + Z Sg,k’ -+ Zt k! - (629)
k' ek /k
The alphabet of s, and s, depends on the time index. Let 7 = {1,...,n} and T4

represent the set of time indices when the common stream symbol, s, ., is from s,
Vk. Therefore, {71, ..., Tk } is a partition of 7. For t € Ty,

S;,k € thchc + thpp,kXp,kn

/ H
St € by pp e Xp s

and the instantaneous rate is denoted by I,iETk,
For t ¢ Ty,
Sg,k = thpkap,k

S::,k’ € hi’p. X, + hilp, 1 Xy .

and the instantaneous rate is denoted by I,igT’“.

The assumption on the uniform distribution of s. and s,x, Vk € K, from Chapter

6.1 implies that s;, and s} ,, are also uniformly distributed.”

The overall rate at user-k is given by

— Iy —
Ry =" [T LT (6.30)
= 1€ 4 (1 — ) 117,

where we used ¢ = (ng — n)/n from the definition of ¢; for CS-RSMA. (6.30) can
be rewritten as
Ry, = cp(I[€TF — [IFTv) 4 [1# Tk (6.31)

By comparing (6.31) with (6.8), we observe that the two expressions resemble each

teT t¢ T
[k Ik

other, where — I,?H’“ plays the role of I, meanwhile I;f}c“‘SIC and are

essentially the same.

Under the mismatched decoding conditions given in Section 6.2, i.e., user-k treats

Sew, VK € K/k, as Gaussian random variables during decoding, we have

“"We ignore the possibility that some points merge in the superimposed constellation.
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IIiETk == IGMI (thchc + thpp,kXp7k7 {0}7 Z hgpp,k’xp,kﬁ Ui) (632>
k' £k
and
[lf:gé77€ = lewn (thpp,kXp,ku hgpc‘)(c’ Z thpp,k’Xp,k’v 03) : (6.33)
k' Ak

Note that, to achieve (6.32), the encoder needs to have knowledge of the distribution

of s} ,,, which includes precoding and channel information.

6.6.2 Performance evaluation

Since (6.31) closely resembles (6.8), all optimization problem formulations, reformu-
lations, and algorithms introduced in Section 6.3 can be directly applied to precoder
optimization in CS-RSMA with optimal encoding and decoding, by replacing the
corresponding rate expressions. By omitting the intermediate steps, the task reduces

to solving the following two problems. For SR optimization, we need to solve

max 7 (r’?ea’? (II€7k — 170y 4 Z [,?ZT’“> +log (Pr — |P|}) (6.34)
kek

and, for MMF' optimization, we need to solve

max min Rg(c; P)

c ke
st. ¢T1=1 (6.35)
c>=0,
and
T . 2
max ~log Y exp (vRx(P;e)) + log (Pr — [IPIlF) (6.36)

kek

iteratively. (6.34) and (6.36) can be solved using subgradient descent, and (6.35)
can be solved using Algorithm 9 with

Loy = II€Te — [1#7 (6.37)

and

L= IFT (6.38)
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as the inputs.

8 . . . . . 6 .
4.25 - 1 RSMA SIC
e 5.5 | ==©==RSMA non-SIC

T 40 _- ut CS-RSMA
3 |l e
EXY: 4.15 4] is
[ ey .
S 4'115 15.5 16 g
S5 : Sy
(&) (&)
I @2
S 535
‘E’ 4r RSMA SIC =
&5 ==& RSMA non-SIC G 3t

sl CS-RSMA |

— = =CS-RSMA (opt) o5
SDMA
2 1 1 1 1 1 2 1 1
5 10 15 20 25 30 35 0 5 10 15 20 25 30
SNR (dB) SNR (dB)
(a) Nr =2, K =2, A=7/18, § = 16. (b) Np =4, K=4, A=7/9,0 =4.

Figure 6.12: Average SR performance of CS-RSMA with optimal encoder and de-
coder.
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Figure 6.13: Average MMF performance of CS-RSMA with optimal encoder and
decoder.

By applying the same simulation setup as in Figures 6.3 and 6.6, the average SR and
MMF performance of CS-RSMA with optimal encoder and decoders in comparison
to other schemes is depicted in Figures 6.12 and 6.13. It can be observed that the

optimal encoders and decoders only yield marginal improvements.
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6.6.3 Two other schemes with equivalent asymptotic rate
as CS-RSMA with optimal encoding/decoding

Apart from CS-RSMA, one can also interpret (6.30) as SDMA with geometrically
shaped constellations. In such a scheme, user-k’s transmission block of length n is
divided into two parts: one part of block length n; — n uses a geometrically shaped
constellation, which is designed through the linear combination of X, and A, j; the

other part of block length 2n — n;, uses a constellation given by X, .

In (6.31), if we compute I,ieﬂ“ and [ ,?ET’“ using mutual information, instead of the

generalized mutual information,

Ry =il (Sc, spe yi) + (1 — ) I (Sp,rs Yi)

=ck(L(sc; Uk | spk) + L(spriye)) + (1 — i) I (Sp.rs yr) (6.39)

=cel (sc; Yk | sp) + 1 (sppi k),
where the chain rule of mutual information is applied. The last line of (6.39) can
be achieved by another scheme: each user’s message is encoded into two codewords,
spr € C™and s, € Cwx1 g | k € K} are separately precoded and
transmitted, while {s.; | ¥ € K} are combined (e.g., concatenated or multiplexed)
into one block, denoted by s., which is precoded and transmitted along with {s |

k € K}. The codewords involved in this scheme are visually illustrated in Figure
6.14.

Sc1 Sc2 Sc,3

<« NN
< [ RN
=< RN
< HHTHEINENEENE

Figure 6.14: Illustration of a scheme where s, consists of multiple complete code-
words, user-k desires s.j, one codeword in s, and sj, a separately transmitted
codeword.

Note that although this scheme achieves the same rate as CS-RSMA at infinite block
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length, it has a higher probability of error, as each user’s message is encoded into
short blocks, rather than one long block as in CS-RSMA.

6.7 Summary

In this chapter, we proposed a novel architecture for RSMA, namely CS-RSMA. To
capture practical constraints on receiver complexity, we evaluated the performance
of conventional RSMA and CS-RSMA using the GMI for FAGCI channels, which
assumes that users implement suboptimal decoders that treat undesired signals as
Gaussian random variables for lower complexity. We further formulated SR and
MMF optimization problems and developed optimization algorithms for precoder
design. The numerical results in the SR and MMF evaluations reveal that CS-
RSMA slightly outperforms conventional RSMA schemes in SR, while it performs
very similarly to them in MMF. Furthermore, PHY transceiver designs were pro-
posed for CS-RSMA, and LLS was utilized to further evaluate CS-RSMA under
the proposed transceiver implementations. Overall, we concluded that CS-RSMA
performs very similarly to conventional RSMA, and occasionally outperforms it,
both under information-theoretical metrics and LLS. We also discussed the sig-
nificant practical benefits of CS-RSMA on encoding/decoding complexity, control
signalling overhead, and retransmission mechanism design in comparison to conven-
tional RSMA. Finally, potentially higher rates from CS-RSMA, by implementing

optimal encoding and decoding, were discussed.



Chapter 7

Conclusion

This thesis concludes with a summary of its key contributions and a discussion of

future research directions.

7.1 Summary of thesis achievements

To advance both theory and practice, this thesis develops two extensions of RSMA:
SIC-free RSMA and CS-RSMA. In addition, it presents an analysis of the impact

of suboptimal interference treatment.

Chapter 3 started by considering low-complexity precoder designs that respectively
optimize two information-theoretic metrics: the sum-rate (under Gaussian inputs)
and constellation-constrained sum-rate of RSMA. It also investigated several receiver
designs that can be applied with RSMA to provide more choices in terms of com-
plexity and performance. The complexity of different receivers are quantified such
that a complexity-performance trade-off with different receiver designs is revealed.
It was further noticed that receiver designs can be classified into SIC-type receivers
and SIC-free-type receivers based on their principles, and propose to alter the sys-
tem design according to this classification. This also indicates that these receivers
respectively push RSMA towards the two information-theoretic limits. Through
theoretical results and link-level simulations, it was shown that, although non-SIC-
type receivers lead to some performance loss compared to SIC-type receivers, they
still preserve most of the superiority of RSMA over SDMA. Chapter 3 revealed an
important fact that it is possible to preserve the superiority of RSMA over SDMA,

including SDMA with advanced receivers, even without SIC in the receivers.
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In Chapter 4, the fundamental limits of SIC-based RSMA and SIC-free RSMA under
finite constellations were discovered by allowing the precoders to be fully designed
under various scenarios. Precoder optimization methods were proposed to maximize
the WSR and MMF performance for SIC-based and SIC-free RSMA under finite
constellation constraints. Chapter 4 also proposed methods to scale up optimization
algorithms to handle large-scale systems and avoid prohibitive computational cost.
Numerical results show that both SIC-based and SIC-free RSMA outperform SDMA
under different evaluation metrics and dimensions of the system. Moreover, SIC-
free RSMA often preserved most of the superiority of SIC-based RSMA. Therefore,
Chapter 4 extended the conclusion in Chapter 3 from low-complexity precoders
to fully optimized precoders, from the sum-rate objective to the WSR and MMF

objectives, and from small-scale to large-scale systems.

In Chapter 5, the focus was shifted to the effect of finite-alphabet interference
under optimal and suboptimal decoders. Mismatched decoding was used to ana-
lyze communications with decoders that treat interference suboptimally, aiming at
more accurate performance metrics. Specifically, it defines the FAGCI model, a
finite-alphabet input Gaussian channel under interference, where the decoder can
be matched (optimal) or mismatched (suboptimal) to the channel. The matched ca-
pacity is derived using mutual information, while a lower bound on the mismatched
capacity under various decoding metrics is derived using the generalized mutual in-
formation. It was shown that the decoding metric in the proposed channel model is
closely related to the behavior of the demodulator in BICM systems. Simulations
illustrated that GMI/MI accurately predicts the throughput performance of BICM-
type systems. Finally, the channel model and the GMI are extended to multiple-
antenna cases, with an example of a multi-user multiple-input-single-output (MU-
MISO) precoder optimization problem considering GMI under different decoding
strategies. Overall, Chapter 5 discovered new insights about the impact of inter-
ference, proposed novel receivers, and introduced a new design and performance

evaluation framework that more accurately captures the effect of interference.

Chapter 6 proposed a novel architecture for downlink RSMA, namely Codeword-
Segmentation RSMA (CS-RSMA). Different from conventional RSMA, which splits
users’ messages into common and private parts before encoding, CS-RSMA encodes
the users’ messages directly, segments the codewords into common and private parts,
and transmits the codeword segments using common and private streams. A novel
performance analysis framework based on the derived GMI from Chapter 5 was

also proposed. The numerical results revealed the theoretical performance of con-
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ventional RSMA and CS-RSMA. It was observed that CS-RSMA leads to better
performance than conventional RSMA in SR, and similar performance in MMF.
Furthermore, a physical-layer implementation of CS-RSMA was proposed and eval-
uated through link-level simulations. In addition to performance benefits, Chapter 6
demonstrated that CS-RSMA brings significant benefits on the encoding/decoding,

control signaling, and retransmission process compared to conventional RSMA.

7.2 Future work

We outline several possible avenues for future research, inspired by the strengths

and shortcomings identified in this thesis.

¢ RSMA /SIC-free RSMA /CS-RSMA under various channel condi-
tions: A significant part of this thesis has focused on precoder design for
RSMA based on a single channel realization. In practice, this assumption is
reasonable when the entire transmission block experiences the same channel
conditions (which is less realistic in wireless applications), or when different
channel realizations occur but the precoder can be adapted for each realiza-
tion.! It is more often the case that the precoders are determined for a group
of channels. For example, in 5G NR, the same precoders are applied to a group
of subcarriers and time indices. It is therefore desirable to investigate the per-
formance of the proposed RSMA schemes under precoders designed per-group
of channels. Such studies can also reveal performance under imperfect CSIT,
as in [9]. As shown in Section 5.1, performance in finite constellations can be
very sensitive to the ratio between the desired signal strength and interference
strength. The design of RSMA (including SIC-free RSMA and CS-RSMA)
under finite alphabets needs to be more sophisticated in producing the desired
signal-to-interference power ratio at the receivers. Therefore, designs for a
group of channels may not be as trivial as in [9], and may require restrictions

on the size of group/variance of channels within the groups.

¢ Reference signals: One shortcoming of RSMA that has often been over-
looked is its requirement for additional channel estimation at receivers. In
downlink systems, each user must estimate the precoded channels correspond-

ing to all its intended streams. Since RSMA introduces common streams, users

'With a large number of channel realizations involved in one transmission, the ergodic rate is
achievable for every transmission [103].
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are also required to estimate the channels associated with these additional
streams, which incurs additional estimation overhead and resource consump-
tion. For example, in 5G NR, demodulation reference signals (DM-RS) are
used for downlink channel estimation. Future research is therefore needed to
investigate: (i) whether RSMA can maintain its performance advantages when
constrained to a fair allocation of downlink channel estimation resources; and
(ii) whether novel reference signal designs can be developed specifically for

RSMA, and more generally, for non-orthogonal transmission schemes.

CS-RSMA under finite block lengths: All the analyses in this thesis are
based on the ideal assumption of infinite block lengths, which is expected to
yield similar conclusions under finite but sufficiently long block lengths. Yet,
at least one benefit of CS-RSMA has remained hidden under this assumption.
In conventional RSMA and SIC-free RSMA, each user’s message is encoded
into two separate codewords, each of length n. In contrast, in CS-RSMA,
each user’s message is encoded into a single codeword of length nj, where
ng > n. The longer block length of CS-RSMA provides an inherent advantage
in terms of error probability compared to conventional RSMA and SIC-free
RSMA. A detailed comparison of the resulting differences in error probability
and achievable rates under finite block-length and error-probability constraints
should therefore be investigated in future work. Due to the SIC-free nature of

CS-RSMA, such an analysis needs to be based on finite constellations.

Novel receiver design for SIC-free RSMA and CS-RSMA: The phys-
ical layer designs of SIC-free RSMA and CS-RSMA proposed in this thesis
consider joint de-mapping and soft SLIC at the receivers. The soft SLIC tech-
nique was originally introduced to mitigate unwanted interference rather than
to process desired signals as in RSMA. It would therefore be interesting to in-
vestigate novel receiver architectures specifically designed for SIC-free RSMA
and CS-RSMA, which preserve their SIC-free nature while providing addi-
tional benefits in terms of complexity reduction and throughput improvement.
The mismatched decoding framework introduced in Section 5 can serve as a
foundation for inspiring new design approaches and assist in the analytical

evaluation.

Analysis of the FAGCI model: Further analysis of the FAGCI model
and the corresponding suboptimal decoders can be pursued. For example, the
LM rate [59] can be investigated. As the LM rate is an upper bound to the
GMI, the discovery of the LM rate may provide new insights into designing
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systems with suboptimal interference treatment. The LM rate is the achievable
rate under the constant-composition random code ensemble subject to the
optimal composition. Therefore, the challenge in determining the LM rate lies

in finding the optimal composition.

¢ Extensions to broader scenarios: While conventional RSMA has demon-
strated advantages in various wireless scenarios in the literature as outlined
in Section 1.1.1, it is of interest to examine whether similar benefits can be
achieved with SIC-free RSMA and CS-RSMA. For the FAGCI model, as dis-
cussed at the end of Section 5.4, the performance metrics based on GMI/MI,
together with the system design framework, can also be applied to a wide

range of communication scenarios where interference is expected.

¢ Reducing computational complexity: MI and GMI under the finite al-
phabet assumption are used throughout this thesis, yet they have high compu-
tational complexity due to the nature of finite alphabets. Methods for reducing

such complexity can be extremely valuable.

e Prototyping: The prototyping of SIC-free RSMA and CS-RSMA is a promis-
ing direction. Such efforts would not only validate some of the conclusions in
this thesis but also help to identify potential gaps between these schemes and
their practical implementations and standardization. The novel demodula-
tor designs proposed in Section 5.4 can also be implemented and examined

through prototyping.
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Appendix A

Channel Models Involving Fading

Correlation

This appendix presents detailed descriptions of the channel models employed in this

thesis for generating the numerical results.

A.1 Ong-ring model

The spatially correlated Rayleigh-fading channel is assumed, i.e. hy, ~ CA/(0M*! Ry)
and R, € CM*M is the channel covariance matrix for user-k. Applying eigende-

composision to Ry, one can have
Ry, = U,A U/, (A1)

where Ay is an r, X rp diagonal matrix of the nonzero eigenvalues of Ry and U, €
CM>" is a matrix containing the eigenvectors of Ry, corresponding to the nonzero

eigenvalues. Using Karhunen-Loeve representation, h; can be expressed in the form
1
hy, = UpAfwy, (A.2)
where w;, € C"*! ~ CN(0, I).

We further consider the one-ring scattering model [104], where the underlying as-
sumption is that, between the transmitter and user-k, there is no line-of-sight path

and the angle-of-departure (AoD) of all the scatters is uniformly distributed around
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transmit |- scattering ring

antennas

Figure A.1: Transmit antenna array and a scattering ring centered at AoD 6 with
two sided angular spread A.

a centre AoD, 0, with an angular spread of A, as depicted in Fig. A.1. Assuming
a uniform and linear antenna array centered at the origin and along the y-axis with
the spacing of the antenna elements to be A/2, as depicted in Fig. A.1, the (m,n)-th

element of Ry is given by

1 O +Ag

- e—jw(m—n) sinada. (AS)
20k Jo,—a,

[Rk]m,n

A.2 Rician fading model

The Rician fading model assumes that there is a dominant line-of-sight (LOS) com-

ponent in addition to scattered non-LOS (NLOS) components, i.e.,

Kk LoS/paz pel 1 NLoS
h, = h + h k A4
k hp t 1k (0}, 0y) V/-ik—irl v, Vk €K, (A4)

where hlo5 (022 g¢1) hI¥L°S and k; denote the Line-of-Sight (LoS) channel component,

non-LoS channel component and the Rician factor. hk°S is characterized by the

array geometry and the direction of departure in azimuth and elevation, denoted by

22 and 65 respectively.

following CN (0, 1).

hi¥L°S is modeled by Rayleigh fading with all the entries
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Appendices for Chapter 3

B.1 Proof of Proposition 3.1 and 3.2

The constellation-constrained achievable rate of the common stream at user-k is
expressed as (B.1), where (B.1a) follows the chain rule of mutual information, (B.1b)
follows the relationship between mutual information and conditional entropy, and
(B.1c) utilizes the assumption that the directions of {pp1,...,Ppx} are designed
using ZF precoding.

Recer =I(8¢; Yk | hy, P)
ZI({SC, Sp,s - Sp.K }3 Uk ’ hk;P> — ]<{Sp,17 ooy Sp K Y3 Yk ’ h;, P, 8c> (B.1a)

:H(Smsp,l) sy Sp,K) - H<Sca Sp,1y -4y Sp,K ‘ ykahkal:))

— H(Sp1, . Sprc) + H(spyl, oy Sp K | Yk g, P SC) (B.1b)
:H<Sc> Sp,k) - H<8C7 Sp,k ‘ Yk hlm [pm pp,k])

- H(Spvk) + H<Sp,k Yk, hka [pC7 pp,kL SC) (BlC)

It is assumed that the probability distributions of the constellation points are uni-

form, hence
H(SC, Sp,k) = log |XC X Xk| (BQ)

and

H(Sp’k) = lOg ‘Xk| (B?))
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Assuming user-k successfully decodes s. and applies SIC before decoding s, the

constellation-constrained achievable rate of s; is expressed as

R%ICC,k - ](Sp,k; Yk | Sc)

. (B.4)
= H(SpJf) - H(Sch | Yk — hk pCSC)7

where |hfp,;|> = 0,Vi # k, has been used. Alternatively, if user-k does not apply

SIC but treats s, as noise when decoding sy, 1,

RESD'C =1 (sp15 1)

:[<{3675p,k};yk> = I(s¢;yn | Spk) (B.5)
=H (s, Spk) — H (s, Sp,k | yr) — H(se) + H(sc | yr, Sp,k)

The CC sum-rate of RSMA is expressed as
K
R%I((]::sum = rk%l’? RCC,C,k + ; R%ng (B6)
when SIC is applied at the receivers and
K
Recen + > REED (B.7)
k=1

when the receivers do not use SIC.

By combining (2.7), (2.9), (B.1b-B.4) and (B.6), Proposition 3.1 is proved. By
combining (2.7), (2.9), (B.1b-B.3), (B.5) and (B.7), Proposition 3.2 is proved.

B.2 The equivalence of joint de-mapping and treat-

ing interference as noise

Consider a receiver that observes a symbol x, which is corrupted by interference
u, and Gaussian noise n. z is associated with a binary label sequence, {c1, ...,cp},

representing the code bits. The received signal is expressed as

y=x+u+n, (B.8)
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where x and u are from finite constellation sets, X and U, following certain prior
probability distributions, P(x) and P(u). For clarity, the channel effects on the

desired symbol and the interference are considered implicitly in x and wu.

The receiver detects = by treating u as part of the noise. To do so, we treat the sum
of interference and noise as an effective noise, n’ £ u + n, following a probability

density function given by a Gaussian mixture,

far(n') = Plu) fu(n' =), (B.9)

uel

where fy(n) is the probability density function of n. The optimum soft-output
maximum a posteriori (MAP) de-mapper for x in the presence of n’ can use the log

of the ratio of a posteriori of the [-th coded bit carried by z, denoted by ¢;, as follows

P(c; =0ly)
A; =log —gq — 1|?) )
meXlOP Y, T
TS Pla)
1o Zect POP(@)
> wex PO P() (B-10)
1o Dt vy = )P ()
S et Iy —2)P(x)

er)(lo Zueu fN
erXll Zuéu fN

y—x—u)P(x)P(u)
y—z—u)P(x)P(u)’

=log

(
(
where X and X! are the set of symbols with the ¢;-th bit being 0 or 1.

Note that the last expression in (B.10) is exactly the same expression to use if
the receiver jointly de-maps = and u. Hence, we conclude that jointly de-mapping
the desired signal and interference is equivalent to the optimal detector for signals
corrupted by finite-constellation interference and noise when interference is treated

as noise.

B.3 Channel realizations

The channel realizations used to produce Figure 12 are as follows.
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Channel 1: ~ )
—0.3010 — 1.08045 —0.6889 — 0.3357j
—0.3562 + 0.84515 0.7694 + 0.05727
[hy hy) = J . (B.11)
0.5462 — 0.24655 —1.0358 — 0.1752j
_—0.1919 —0.15825  1.0553 + 0.58797 |
Channel 2:

[ 0.9101 +0.35307 —0.0353 + ().8155]'_
—1.0081 — 0.77427 0.3403 — 0.66579

[hy hy) = J /| (B.12)
0.7555 + 1.20087 —0.3133 + 0.4655)

| —0.2739 — 1.37107  0.1513 — 0.5489; |

B.4 Code rates used in LLS

This appendix provides code rates used in the LLSs to generate Figure 3.12-3.17.
The code rates for SDMA are uniform across all the users and can be computed
based on the throughput given in the captions. For example, in Figure 3.12, the
throughput of 3 bits/symbol and QPSK leads to a code rate of 0.75 for both users.
The code rates for RSMA schemes are selected to reach good operating points, i.e.,
both common and private streams achieve 10~ BER at similar SNRs. These code
rates are summarized in Table. II in the format of “common stream code rate +
private stream code rate” and, in all cases, all the private streams share the same
code rate. In Figure 3.17, SIC-type and non-SIC-type receivers use the same code
rates as soft CWIC 1 and joint de-mapping respectively in Figure 3.12.
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B.4. Code rates used in LLS
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Appendices for Chapter 4

C.1 Proof of Proposition 4.1

If {uy, ..., ux} are all of the same value, it is trivial to see that ¢ does not affect the
objective function of (4.13). Hence, ¢; =1 and ¢; = 0, Vj € K\ ¢, is one solution for

c in (4.13). If {uy, ..., ux} are of different values, we need the following lemma.

Lemma C.1. If u; > u;, Vj € K\ i, for a given P, the optimal ¢ of (4.13) satisfies
ci=1and c;=0,Yj € C\ {i}.

Proof of Lemma C.1. Suppose P is given and the private rates, R, Vk € K, are

not functions of ¢, (4.13) is equivalent to

max RC E ULCr
c
kel

st Y e <1 (C.1)

which is a simple linear programming, and it is easy to see that Lemma C.1 is
true. O

Suppose (P*, c¢*) is optimal in (4.13), and c¢* does not satisfy ¢; = 1 and ¢; =0,V €
K\ i. Then, according to Lemma C.1, we can always find another c that gives a
higher WSR than c* given that P = P* in (4.13). By contradiction, c* must satisfy
¢g=1land¢; =0,Yj € L\
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In the cases where arg maxycic uy is a set of more than one element, a trivial extension
of the above reasoning implies that any c allocating zero rate to users who are not

the most weighted is an optimal solution. This includes ¢; = 1 and ¢j = 0,Vj € K\ 1,

7

where ¢ € arg maxgex ug.

C.2 Proof of Proposition 4.2

(4.19) can be written as follows.

max mincyRe + Ry

c k
s.t. ch =1 (C.2)

kel

c ? 01><K

We introduce a slack variable, 7, and convert (C.2) into

max i
c,t
s.t. ch =1
kek (C.3)
c = 0K

ceRe + Ry > 1, Vk.

Let (c*,n*) denote the solution of (C.3). Without loss of generality, we assume
R,1 < R,2 < ... < R, i, and the solution of (C.3) leads to ¢} > 0, Vk € {1,...,k"}
with 1 <k’ < K, and ¢ =0, Vk € {k'+1,..., K}. We have the following lemma.

Lemma C.2. ¢fR.+ R, =n*, Yk € {1,...,k'}, and with some value for n*.

Proof. 1t is trivial to see that R,x < n*, Vk € {1,...,k'}. Let K; and Ky be a
partition of {1,...,k'}. Suppose (c*,n*) leads to ¢fR. + Ry, > n* for k € K,
and ¢y R. + Ry, = n* for k € Ky. Then, another choice of ¢, denoted by ¢, can
be found by ¢® = ac®, where c;R. = (R, — Rpx +1*)/2 for k € Ky, ¢ = ¢
for k € ICy, and @ = 1/) , ¢y It is trivial to see that o > 1. Therefore,
Remingegy . wy ¢ + Rpp > Remingeqy .y ¢ + Ry, which indicates that ¢* is not

the solution of (C.3). By contradiction, Lemma C.2 is proved. O
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Lemma C.2 can be re-written as
R.c' 4+ d = g1t (C.4)

where d = [Rp 1, ..., Rp ], and ¢’ = [cq, ..., ¢pr]. Combining (C.4) and the constraint
on Y ,.x Ck = 1, the global optimal solution of ¢’ and 7, denoted by ¢ and 7*, can
then be obtained by

*11><lc’ -d
C,* — nT, (0-5)
and ol
. R.+d1¥~
=T (C.6)

Although £/, i.e., the number of users strictly served by the common stream, is still
not known, we can test it using (C.5) and (C.6). This is because allocating the
common stream rate based on (C.5) and (C.6) to more users than &’ will lead to ¢’
containing negative entries, which is infeasible. Hence, by iteratively guessing the

number of users to be served by the common stream, Algorithm 3 is obtained.

C.3 Transmission mode dictionaries used for nu-

merical results

The transmission mode dictionaries used to produce the numerical results in Section
4.4 are depicted in Tables C.1-C.4.
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Table C.1: Transmission mode dictionary for K = 2 and R, = 6 bits.

Mode 1 2 3 4
Se - QPSK | 16QAM | 64QAM
spk | SQAM | QPSK | BPSK -

Table C.2: Transmission mode dictionary for K = 2 and R, = 8 bits.

Mode 1 2 3 4 5
Sec - QPSK | 16QAM | 64QAM | 256QAM
spr | 16QAM | SQAM | QPSK BPSK -

Table C.3: Transmission modes dictionary for K = 3 and R,,,x = 6 bits.

Mode 1 2 3
Sc - 8QAM | 64QAM
spk | QPSK | BPSK -

Table C.4: Transmission modes dictionary for K = 3 and R, = 9 bits.

Mode 1 2 3 4
Sc ~ [ 8QAM | 64QAM | 512QAM
spk | SQAM | QPSK | BPSK -
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Appendices for Chapter 5

D.1 Proof of Proposition 5.1

Since uniformly distributed input is assumed, the capacity is given by the mutual
information under uniform distribution, i.e., L(X,Z,J,0?) = I(X;Y). The latter

can be expanded using the chain rule of mutual information into
I(X;Y)=I[(X,I,J;Y)—1(1,J;Y | X)
=H(X,I,J)-HX,[,J|Y)-H(,J|X)+H(,J|X,Y) (D.1)
=log(|X]) - H(X,I,J|Y)+H(I,J|Y —X).

The last two conditional entropy terms can be computed by definition, resulting in
(5.9).

D.2 Proof of Proposition 5.2

For any mismatched memoryless channel with channel transition probability Py|x (y|r),
decoding metric ¢(x,y) under i.i.d. random coding with input distribution Px(x),

the GMI is given by [61] (a proof is also given in Section 2.3)

q(X,Y)*
Ican =supExy [log S
s>0 E)_( [Q(va)s ‘ Y)} (D2>

=supsExy [logq(X,Y)] — Ey [lOgEX [Q(X7Y)s | YH )

s>0

163



164 Appendix D. Appendices for Chapter 5

where (X, Y, X) ~ Px(Z)Pyx(y|z)Px(z).

Under the assumptions given in Section 5.1.1, one can obtain

Exy [logq(X,Y)] = m YD > Ezllogalwa+i+j+2)], (D3)

reX 1€l jeJ

and

Ex [o(X,Y) | Y] = 1% POVIEREY D.4)

Based on (D.4), (D.5) can be obtained. By substituting (D.3) and (D.5) into (D.2),
Proposition 5.1 is proved. To derive the GMI under non-uniformly distributed input
signals and/or interference, one only needs to apply the corresponding distribution
when evaluating the expectations in (D.3), (D.4), and (D.5).
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D.3 Proof of Proposition 5.4

(5.9) can be expanded by separating the exponential terms according to whether
I =i or not, resulting in (D.6). If I # i, lim I — ¢ = 0. Therefore, for terms with

B 0'1.2%0
147,

. —X4+I4+J+Z—-z—i—j] —|X+J+Z—-7—j]
lim exp = exp )
o250 o? o?
(D.10)
and I+J+7—i—j)? J+Z—j|?
lim exp T+ Z=i— gl = exp —+Z-jF , (D.11)
020 o? o?
leading to (D.7).
From the reverse triangle inequality,
(—\X+I+J+Z—:E—E—j[2)
exp =
I —i|? X Z—7—j?
< exp (—’—;') exp (l S 5 7]l ) . (D.12)
O-Z O-Z
If I # 1,
I—i?
lim exp (—%) = 0. (D.13)
afHJroo O'Z
Since the exponential is nonnegative, the squeeze theorem yields
|\ X+I+J+7Z—-2—i—j?
lim exp( X+ 7+ +2 T—i—jl >:0. (D.14)
UZ-Q—H—OO O'z
Following a similar approach, it can be proved that
I+ J+Z—i—j
lim exp I+ 7+ =l =0, (D.15)
U?ﬁuroo Ug

if I # 4. Applying (D.14) and (D.15) to (D.6) results in (D.8).
The proof of
lim Iowi(X, Z, J, 02) = lim lom(X, Z, J, o?)
o; —0 o7 —+00 (D16)
:]GMI(Xa {0}7 \77 03)

with ¢(x,y) given by (5.7), it follows similar steps and is therefore skipped for clarity.
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D.4 Proof of Proposition 5.5

With ¢(z, y) given by (5.7), (5.10) is written as (D.9). From the reverse triangle

inequality,

( |X+I+J+Z—€—:z|2)
exp | —

2 2
o; + 03

< |J]? (X +1+7Z—i—1z)?
ex — exX

(D.17)
and
| J|? X +1+2Z—i—1z |J]?
algilooeXp( 0} +0o? P 0F + o2 o _0_? - (D18)
Similarly,
[+ J+Z— i | J|? I+ Z—i]?
€exXp (— 0‘]2. i 0’2 S exXp —m €exXp W s (Dlg)
and
J[? I +Z i J[?
it CXP ( ?102) P\ oy ) TP T ) (D.20)

lim Iew(X, Z, J, 0?)

2HJroo

Therefore, an upper bound on (D.9) follows from (D.17) and (D.19) and yields
<sup log|X|—E {log

(1 (e (7)) )
+ sE {log <|I| exp ( —jl))] (D.21)
:Sslzuo) —s (log|I|+E[—?;]) +s(l g|I|—|—IE{ ’iﬂ)

=0.
Since the rate is nonnegative, we conclude that

Jim  Tewi(X, Z, T, o?) = 0. (D.22)

o3 2 3400
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Appendix E

Appendix for Chapter 6

E.1 Proof of the achievability of (6.8)

We consider a CS-RSMA decoder at user-k that takes y; as the input and outputs

an estimate of the message, which is written in the following form

m = argl max Q<S::7}k7 sg?]w Yk)u (E1>

20ty

where [s; spy] = s is the codeword for user-k corresponding to message m.
We assume without loss of generality that s, occupies s, at t = 1,...,np —n. (2.1)

can be then rewritten as
Yk = thpcSt,c,k + thPp,kSt,p,k + Zig, for t=1,...,np—n (E.2)

and

H H ~
Yek = Dy PpeSepk + Dy PeSter + Zek,s

for t=n;—n+1,...,n and k' € K/k, (E.3)

where s, ,, ;; is the private stream symbol intended for user-£ at time instance ¢, s;
is the common stream symbol at time instance ¢ and is from s, and Z;; contains
interference from the private streams intended for other users and the AWGN noise,
ie.,

Gr= > hipyesipre + 2k (E.4)
ko ek /k
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Since the channel is memoryless across different time indices, we consider a decoding

metric that can be decomposed as follows.

A m m
m = arg max Q(Sc,lm Sp,k) Yk)

m=1,....M
ne—mn s (E5)
_ | | m m | | m Pb
= arg 1max qa(st,c,ka St,p,k? yt,k) Qb(3t7p,k7 yt,k)
m=1,....M i1 =
= =ni—n+1

We further consider suboptimal decoding metrics that are separable in s;.; and
St,p,ka i.e.,

Qa(Stcdes Stpkes Yt k) = Qae(Sted> Yt k)" Qap(St.p ks Ye) P (E.6)

Pacs Pap and p, are positive parameters. We evaluate the achievable rate using the
GMI. With capital letters representing the random variables and the time indices

omitted when unnecessary, the GMI for user-k can be derived as in (E.7).
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E.1. Proof of the achievability of (6.8)
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Under the channel model in (E.2) and (E.3) and the suboptimal decoding setup
given in Section 6.2.1, i.e., treating undesired private streams as Gaussian random

variables, we have

S Y, .)S
sup E log Qa,c( t,c,ks t,k)

a — I, E.8
s>o E [due(Stors Yin)® | Y2)] (E8)

and

a ,Yik)?
sup E |log q 7P_(St7p,k ik
520 E [qavp(st,p,k7 Y;f,k)s ‘ Ykﬂ

Y S
_sup E |log Qb_(St,p,k7 tk)
5>0 i E [qb(st,p,k: Yik)® | ch)]

__ non-SIC
— [roSIC,

Substituting (E.8) and (E.9) into (E.7), we obtain (6.8).

Remark E.1. This proof is strongly related to the proof in Section IV.D of [64],
which proves that for BICM systems that apply a decoding metric that is separable
i bits, the GMI equals the rate of the virtual parallel channels that carry the bits

separately.

E.2 Proof of Proposition 6.3

(6.24) can be written as follows:

max  min el + Lok
c ’ ’

s.t. ¢

N

0 (E.10)

ch: 1.

kel

For conventional RSMA (either with or without SIC), I ; = miny I.x, Vk € K. For
CS-RSMA, I}, = I.x, , Vk € K.
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By introducing a slack variable, &, (E.10) can be converted into

max &
st. ¢=0
E.11
Se-t ()
keK

Cklé,k -+ ]p,k Z 5, \V/k'

W.L.O.G., we assume [,; < I,2 < ... < I, k. Assume that the solution of (E.11)
leads tocy > 0for k=1, ..., K. Itis easy to see that ¢, I , + 1, = {for k=1, .., k.
Equivalently,

c’A+b=¢£1, (E.12)

where A = diag{[l},, ..., I[ ]}, b= [Ip1, ..., Lw]", ¢ =lc, ..., cp], and 1is a
column vector of length & whose elements are all ones. The global optimal solution
of ¢’ and &, denoted by ¢* and £*, can then be obtained by

c*=¢61A"' —bA! (E.13)
and
1+bTA 11
e E.14
¢ 1TA-11 (E.14)

Note that (E.13) is directly from (C.4), and (E.14) is from (C.5) combined the

condition of ), ¢, = 1.

Although k', i.e., the number of users strictly served by the common stream, is still
unknown, we can test it using (E.13) and (E.14). This is because allocating the
common stream resource to more users than k&’ will lead to ¢’ containing negative
entries, which is infeasible. Hence, by iteratively guessing the number of users to be

served by the common stream, Algorithm 9 is obtained.
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