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Abstract—Most of the new renewable generation in power
systems is connected through Grid-Following inverters (GFL).
The accompanying decline of fossil-fuelled synchronous gener-
ation reduces the grid inertia. As these two trends progress,
instabilities become more likely. To allow more renewables onto
the grid, the use of combinations of GFL and Grid-Forming
inverters (GFM) has been proposed, however, it is unclear how
to parametrise these inverters for system objectives. This paper
tackles the issue of parametrizing each GFM and GFL to
ensure frequency trajectories at all buses, expressed in terms of
frequency deviation, Rate of Change of Frequency and settling
time, are stable, recognising that local frequencies can deviate
substantially from the Center of Inertia (COI). The procedure to
achieve this comprises simple closed-form equations, and yields
the required values of droop slopes, GFM filter bandwidth and
GFL Phase-Locked Loop bandwidth. These equations are derived
from an analytical formulation of swing equations for GFM and
GFL which are combined to describe the behaviour of not only
the COI but also each bus. The detailed EMT simulations of a
modified IEEE 14-bus network demonstrate that the simplifying
assumptions made in the analysis are justified by the close
correspondence between simulation and analytical projections.

Index Terms—center of inertia, frequency stability, grid-
following inverter, grid-forming inverter, RoCoF, swing equation

I. INTRODUCTION

TO achieve decarbonisation of the electrical sector, the
volume of renewable sources will need to continue to

increase [1]. Most of these sources, such as wind turbines,
solar panels and batteries, are connected to the network
through inverters whose dynamics are different from those of
the traditional Synchronous Generators (SG). In contrast to
SG, which present as voltage sources with inherent inertia, the
behaviour of Inverter Based Resources (IBR) depends largely
on their software-defined controllers [2]. Many variations of
controllers have been proposed, and most can be classified
into two main types: Grid Following (GFL) and Grid Forming
(GFM) inverters. The former acts as a current source that
follows the grid frequency and voltage, and the latter presents
as a voltage source that forms the grid frequency and voltage
[2]. Since 2020, the grid code in Great Britain (GB) has
allowed implementation of GFM capabilities, mainly in the
form of power-frequency droop control [3]. However, GFL is
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still the main type of inverter in the GB grid despite drawbacks
such as Phase Locked Loop (PLL) instabilities [4] and absence
of inertia provision [5].

The decline in inertia as GFL IBR displace SG is a major
concern for the GB System Operator (SO), National Grid
ESO, as evident in its System Operability Framework [6].
The frequency of a system with little inertia varies more
rapidly after a power imbalance, giving less time for the SO
to call-up appropriate recovery measures. Further, Rate of
Change of Frequency (RoCoF) and frequency deviation are
metrics used by many apparatuses to assess the safety of a
connection. One common form of Loss-of-Mains frequency
protection scheme measures the RoCoF to determine if a part
of the network is islanded [7], and disconnection of generation
occurs if thresholds are exceeded. If the system inertia is too
low and a large power imbalance occurs, high RoCoF might
be measured and mistaken for an islanding. RoCoF relays
could be triggered, worsening the initial power imbalance and
potentially leading to load shedding [4].

GFM inverters can provide inertia [5], and many control
schemes have been proposed. Generally, the inertia is a
function of control parameters and can be configured to help
to regulate the trajectory of the system frequency. The base
scheme applies a Low-Pass Filter (LPF) to the measured output
power before it is used in a power-frequency droop function.
The LPF slows the response of the GFM frequency to a power
imbalance thereby providing virtual inertia. The combination
of droop slope and filter bandwidth defines the inertia of the
GFM [8]. Alternatively, Virtual Synchronous Machines (VSM)
implement the SG equations within the inverter controller,
mimicking SG inertia.

Tools and analyses to solve frequency stability issues have
been proposed for the planning and operation of the grid
with high penetration level of IBR. Traditionally, the swing
equation is used for frequency stability. It relates the Ro-
CoF and frequency deviation of SG to the power imbalance
between mechanical and electrical powers [9]. It is simple,
ubiquitous and well-understood by the community. To capture
dynamics specific to IBR, electromechanical models have been
developed that accurately represent the impact of inverters
on an electrical system. [10] and [11] develop a positive
sequence model for a generic IBR controller. [12] evaluates the
frequency support provided by different types of IBR through
simulations. [13] presents detailed and accurate GFM and GFL
models for dynamic analysis. While the models are useful to
study IBR dynamics, they are complex and take a long time
to simulate [13].
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From an operation perspective, an SO needs analytical pro-
cedures that allow them to design the trajectory of the system
frequency quickly. Frequency-Trajectory Planning attempts to
maintain the frequency deviation and RoCoF within defined
bounds by measuring said parameters and adjusting the inertia
in real-time [14]. However, a PLL is used to measure the
frequency, and this can cause instabilities and delays [4]. [15]
and [16] also offer self-adaptive inertia schemes for VSG
to obtain optimal local frequency trajectory. Those schemes
which adapt their parameters in response to the measured
frequency focus on the local need for inertia and do not
consider the wider system. Local frequency and RoCoF can
vary greatly around the Centre of Inertia (COI) [17]. COI is
the weighted average of the frequency at all buses, weighted
by inertia [18]. An SO facing a high RoCoF in an area with
few resources for offering improvement might be obliged to
choose to boost the inertia of an adjacent area.

Between computationally heavy models and online IBR
tuners, methods have been proposed to shape the frequency
trajectory in the short-term based on the steady state operating
point of the grid at the time of analysis. [19] models the
network with linearized swing equations and proposes an
optimization problem for the placement of inertia to be used
for planning or scheduling. It is an iterative solution that
relies on the knowledge of the eigenvalues of the system
which can be computationally costly to find. Besides, [19]
does not consider inverter models or whether they can provide
virtual inertia. [20] uses swing equations to optimize the COI
nadir and steady state frequency based on an economic cost.
However, it does not differentiate between GFL and GFM,
and local bus frequencies and local RoCoF are not studied.
[21] formulates an optimization problem for the placement
of inertia that also considers the parametrization of GFL
and GFM inverters, but its complexity does not allow for
analytical insights. [22] proposes a GFM control scheme to
shape the COI frequency trajectory, in terms of nadir and
RoCoF, through the tuning of controller parameters, but it does
not consider contributions from GFL.

[8] and [23] propose swing equation models for GFM
and GFL respectively. This paper uses these models to offer
analytical insights into the contributions of GFM and GFL to
frequency stability, and it proposes a procedure with closed-
form equations for an SO to design the local RoCoF at
all buses, the steady state frequency and the settling time
based on IBR parametrization at each settlement period. The
contributions of this paper are as follows.

1) The format of swing equations for SG, GFM and GFL
proposed respectively in [9], [8] and [23] is unified to allow
the calculation of the trajectory of local bus frequencies in a
composite grid. They are further combined in a swing equation
and transfer function for the global COI frequency.

2) Closed-form formulae are proposed to characterize the
trajectories of global COI frequency and of local bus frequen-
cies. The formulae for the local RoCoF at a GFL bus and
settling time are novel.

3) Using the analysis from 1) and 2), a procedure is
proposed for an SO to configure the system to obtain accept-
able trajectories of local frequencies in terms of frequency

deviation, RoCoF and settling time.
The remainder of the paper is organised as follows. Sec-

tion II presents the modelling of IBR and COI as swing
equations and the analysis of the model to characterise the
local and global frequency deviation, RoCoF and settling time.
The analyses are verified in Section III on a modified IEEE
14-bus network. Section IV proposes a procedure based on the
analysis of Section II to design the trajectory of the system
frequency. The procedure is validated on the modified IEEE
14-bus network. Finally, Section V concludes the paper.

II. ANALYSIS OF THE TRANSIENT POWER-FREQUENCY
RESPONSE

The power-frequency transient response of GFM and GFL
with droop control is studied in this section.

A. Assumptions (for analysis only)

Typical controllers are shown in Fig. 1 although the anal-
ysis would apply also to inverters with different controllers
provided the red parts (droop functions, and LPF or PLL) are
present. Classic VSM schemes are also equivalent to the GFM
in Fig. 1a [8], and an example of a GFL with an additional
droop function based on the measured RoCoF is presented in
Appendix C. It is assumed that the inner-loops of controllers,
that is, current controllers, and voltage controllers for GFM or
power controllers for GFL, are perfect. The PLL tracking delay
is not ignored since in an IBR-based network, the inertia is
expected to be low, the frequency variations could be fast, and
the PLL tracking delay of a large RoCoF might be significant.
It is assumed that any requirement for additional power asso-
ciated with inertia can be met by appropriate reserves. For the
inertial response immediately after an event, a sufficient energy
buffer should be provided, and also power can be extracted
from, for example, the mechanical inertia of wind turbines [24]
or from storage resources such as DC capacitors [25], [26]
or batteries [27]. These energy buffers allow time to access
the reserves for primary response which, for a renewable
resource, generally means de-loading it below its maximum
power point (at that point in time) to allow headroom for
increasing power [28]. A resource that does not have sufficient
power reserves would not be expected to provide frequency
response services. A renewable resource that is not able to
quickly deliver additional power through these methods would
not offer frequency response services to the SO and instead
operate as a simple GFL without droop. The assumption that
additional power is readily available implies that the variability
of power that is intrinsic to renewable resources and non-
linearities such as limitation of primary energy are ignored.
Extensive research has been done on forecasting renewable
resources [29], [30], and it is assumed that short-term forecast
models (around 30 minutes) are reliable enough to use the
analysis in this paper for the regulation market timescale
without hitting such limitations. An SO may choose to over-
contract for inertia and damping to manage the risk of some
resources failing to deliver the service when called upon.

The network is assumed lossless, and the lines are con-
sidered as a constant reactance with no dependency on the
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Fig. 1. Controller diagram for (a) GFM and (b) GFL.

frequency. With the focus on frequency stability, voltage
magnitudes are assumed constant, and the grid is therefore
voltage-strong. Since GFM can strengthen the grid voltage
[31], it is assumed that there are enough GFM or SG to ensure
voltage stability. The frequency strength of the grid is the focus
in this paper, and it is assumed that angle and small-signal
stability have been ensured first.

In Sections II-C, II-D and II-F, when deriving the COI
transfer function, steady-state frequency deviation and settling
time, frequency oscillations around the COI are assumed
negligible. This assumption is valid only when studying the
long-term dynamics of COI [32], so it is not used when
deriving the swing equations for local frequencies (Section
II-B) and RoCoF at each bus (Section II-E).

Most of these assumptions are not made in the simulations
of Sections III and IV, but one is retained: that there is no limit
on power provided by IBR (their DC-link is a voltage source),
which is mitigated by assuming that the available power is
known through reliable forecasts and appropriate hardware.

B. Swing equations

Swing equations have been used to study the frequency
trajectory of SG-based networks for decades [9], and they
are widely used and understood. This section simplifies IBR’s
power-frequency dynamics, and the results are analogous to
the SG swing equation. Although swing equations do not
incorporate the fast controller dynamics of IBR, their sim-
plicity reveals insights and rules of thumb that can be used
as a starting point to locate stable conditions of systems that
undergo frequent changes of operating point.

1) Synchronous Generator: A transfer function for the
frequency-power relationship of SG is obtained from Fig. 2
[33] as (1).(

2HSG
i s+DSG

i +KiGi(s)
)
∆ωi = −∆Pi (1)

with Gi(s) =
1

1+sT1i

1
1+sT2i

1+sFiT3i

1+sT3i
and where the subscript

i denotes a quantity at bus i, ∆ωi = ωi − ωset, ωi is
the frequency, ωset is the frequency setpoint, ∆Pi is the
difference between mechanical and electrical power, HSG

i is
the SG inertia, DSG

i is the damping contribution from SGs
and frequency-dependent loads, Ki is the governor constant,
T1i , T2i and T3i are respectively the servomotor, valve bowl

G(s) 1
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K

Pset+ +
P
− ∆ω

−

Fig. 2. Block diagram of a reheat turbine speed control [33]
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Fig. 3. Network diagram

and re-heater time constants, and Fi is the fraction of thermal
energy converted to mechanical work by the high-pressure
turbine [33]. The damping, DSG

i , in the SG swing equation is
small, and it is the governor droop and dynamics, KiGi(s),
that mostly impact the frequency deviation. Hence, this extra
term must be included to study the frequency trajectory.

2) Grid-Forming inverter: The GFM droop in (2) and its
LPF for the measured output power in (3) are combined
to derive a swing equation (4) for GFM inverters [8]. It is
assumed that the inner control loops of inverters track their
references perfectly, and ωi = ωref

i .

∆ωref
i = ∆ωi = −mPi∆P f

i (2)

∆P f
i =

ωPfi

s+ ωPfi

∆Pi (3)

1

mPi
ωPfi

s∆ωi +
1

mPi

∆ωi = −∆Pi (4)

where ∆ωref
i = ωref

i − ωset, ωref
i is the reference for the

frequency, mPi
is the droop slope of the inverter, ∆P f

i =
P f
i −Pseti , P

f
i is the filtered output power, Pseti is the power
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setpoint, ωPfi is the bandwidth of the GFM LPF, ∆Pi =
Pi − Pseti , and Pi is the power generated.

The power delivered by the inverter is Pi = PLi +
∑n

j Pij ;
it is the sum of the load, PLi

, and of the power flows between
bus i and bus j, Pij , with n the total number of buses. Note
that the power flows are a function of voltage angles δ with
Pij =

ViVj

Xij
sin (δi − δj), where V is the voltage magnitude

and X is the line reactance. Since ωi = sδi, (4) is a second
order differential equation. As shown in Fig. 3, the power is
considered as an input to the GFM and the frequency as an
output to the GFM and state for the network.

We use HGFM
i = 1

2mPi
ωPfi

as the GFM inertia and
DGFM

i = 1
mPi

as the GFM damping and rewrite (4) as
(5). Compared to the SG swing equation, the GFM damping,
DGFM

i , is similar to the SG governor droop KSG
i , but its

impact is not delayed by Gi(s). Hence, GFM are expected
to adjust their frequency output faster than SG. The GFM
inertia is not provided by an inertia emulation function but
by the combination of the LPF and droop control blocks. The
action of the LPF means that a step-increase in output power
is filtered to become a gradual increase with a rate set by the
LPF bandwidth, ωPfi which in turn gives a gradual change
in frequency (proportional to the droop slope, mPi

). This
behavior is analogous to inertia and gives a RoCoF defined
by the low-pass filtered increase in power. Hence, both ωPfi

and mPi define the GFM inertia.(
2HGFM

i s+DGFM
i

)
∆ωi = −∆Pi (5)

3) Grid-Following inverter: A swing equation for GFL
inverters is derived from its PLL characteristics (6) and droop
(7) as set out in [23].

ωc
i =

2ζiωpllis+ ω2
plli

s2 + 2ζiωpllis+ ω2
plli

ωi (6)

∆Pi = − 1

mPi

∆ωc
i (7)

where ωc
i is the frequency of the GFL PLL, and ζi and ωplli

are, respectively, the damping and bandwidth of the GFL PLL.
Equations (6) and (7) are combined into (8).

∆Pi = −
1

mPi

2ζi
ωplli

s+ 1
mPi

1
ω2

plli

s2 + 2ζi
ωplli

s+ 1
∆ωi (8)

We use HGFL
i = 1

mPi

ζi
ωplli

as the GFL inertia term and
DGFL

i = 1
mPi

as the GFL damping and rewrite (8) as (9).
(9) looks like the SG swing equation delayed by a second
order filter due to the PLL. For GFL, the frequency appears
as an input and the power as output. When considering the
whole network, the frequency and angles are states calculated
through the network admittance matrix, as shown in Fig. 3.
The GFL inertia term is formed by the PLL and droop control.
A change of frequency at the bus is measured by the PLL
with a bandwidth of ωplli , then this measured frequency is
used by the droop function with a slope of mPi to define the
power reference. Hence, ωplli and mPi define the GFL inertia.
However, inertia is usually expected to impact the RoCoF

directly, but the impact of HGFL
i on the RoCoF, s∆ωi, is

delayed by the PLL that appears as a LPF in (9). So GFL are
not expected to provide traditional inertia.

∆Pi = − 2HGFL
i s+DGFL

i
1

ω2
plli

s2 + 2ζi
ωplli

s+ 1
∆ωi (9)

4) Centre of Inertia: The frequency at the COI is defined
by (10) [18].

∆ωCOI =
1

HT

n∑
i

Hi∆ωi (10)

with ∆ωCOI = ωCOI − ωset, where ωCOI is the COI
frequency and HT =

∑n
i Hi is the total inertia. Each bus

frequency can deviate around the COI as ωi = ωCOI + ωosci

where ωosci is the oscillation around the COI of the local
frequency at bus i. In an IBR-dominated grid, each bus
frequency may deviate substantially from the COI, and each
IBR swing equation should be considered. However, SOs do
place value on the COI frequency, often referred as system
frequency, and a COI swing equation is presented in this
section. Limitations of the COI will be discussed in Section III.

To derive a swing equation for the COI of an IBR network,
(9) is re-written as (11), and (5) and (11) are summed over
the total number of GFM, nGFM , and GFL, nGFL.

(
2HGFL

i s+DGFL
i

)
∆ωi

= −

(
1

ω2
plli

s2 +
2ζi
ωplli

s+ 1

)
∆Pi (11)

Consider first the summation on the left-hand side of both
equations: the inertia and damping of both GFM and GFL are
expressed as Hi and Di, and the definition of COI (10) is used
in (12).

nGFM∑
i

(
2HGFM

i s+DGFM
i

)
∆ωi

+

nGFL∑
i

(
2HGFL

i s+DGFL
i

)
∆ωi

=

n∑
i

2His∆ωi +

n∑
i

Di∆ωi

= 2HT s

(
1

HT

n∑
i

Hi∆ωi

)
+

n∑
i

Di(ωi − ωset)

= 2HT s∆ωCOI +

n∑
i

Di(ωCOI + ωosci − ωset)

= (2HT s+DT )∆ωCOI +

n∑
i

Diωosci (12)

where DT =
∑n

i Di is the total damping.
The right-hand side of (5) and (11) are also summed in (13)

with ∆Pi expressed as PLi
+
∑n

j Pij − Pseti .

−
nGFM∑

i

∆Pi −
nGFL∑

i

(
1

ω2
plli

s2 +
2ζi
ωplli

s+ 1

)
∆Pi
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= −
nGFM∑

i

PLi +

n∑
j

Pij − Pseti


−

nGFL∑
i

PLi
+

n∑
j

Pij − Pseti


−

nGFL∑
i

(
1

ω2
plli

s2 +
2ζi
ωplli

s

)
∆Pi

= −
n∑
i

PLi
−

n∑
i

n∑
j

Pij +

n∑
i

Pseti

−
nGFL∑

i

(
1

ω2
plli

s2 +
2ζi
ωplli

s

)
∆Pi

= − (PLT
− PsetT )−

nGFL∑
i

(
1

ω2
plli

s2 +
2ζi
ωplli

s

)
∆Pi (13)

where PsetT =
∑n

i Pseti is the total of power setpoints,
PLT

=
∑n

i PLi is the total load power, and assuming no
power losses, the sum of all power flows,

∑n
i

∑n
j Pij , is null.

Equating the left- and right-hand sides, (12) and (13), the
swing equation for COI is obtained as (14).

(2HT s+DT )∆ωCOI +

n∑
i

Diωosci

= −(PLT
− PsetT )−

nGFL∑
i

(
1

ω2
plli

s2 +
2ζi
ωplli

s

)
∆Pi (14)

The COI swing equation comprises the usual inertia, damping
and power terms, here formed as sums of individual GFM and
GFL inertia, damping and power terms. The third term on the
left-hand side represents the sum of damped oscillations of
each bus frequency around the COI, and it is null with uniform
damping, Di/Hi = λ [18]. The term on the right-hand side
with the first and second derivatives of GFL power outputs
originates from the GFL swing equation (9). Note that these
derivatives are mathematical notations and do not reflect actual
derivative operations within the GFL controllers. As shown in
Fig. 3, P is an output for GFL, hence these mathematical
derivatives are really an inverse view of integrals on the input
δ, as is presented in (9).

C. COI transfer function

The analysis above is used to find a transfer function of the
power change to the COI frequency which facilitates inclusion
of the power-frequency transient behaviour of SG from (1). In
this section only, the frequency oscillations around the COI
are assumed negligible, hence ωi = ωCOI [32].

Consider the sum of (1) over all nSG SG and of (4) over
all nGFM GFM in (15, 16).

nGFM∑
i

(
2HGFM

i s+DGFM
i

)
∆ωi

+

nSG∑
i

(
2HSG

i s+DSG
i +KiGi(s)

)
∆ωi

= −
nGFM∑

i

∆Pi −
nSG∑
i

∆Pi (15)

(
2HGFM+SG

T s+DGFM+SG
T +

nSG∑
i

KiGi(s)

)
∆ωCOI

= −∆PGFM+SG
T (16)

where HGFM+SG
T =

∑nGFM

i HGFM
i +

∑nSG

i HSG
i is the

total GFM plus SG inertia, DGFM+SG
T =

∑nGFM

i DGFM
i +∑nSG

i DSG
i is the total GFM damping plus SG and frequency-

dependent load damping, and ∆PGFM+SG
T = PGFM+SG

T −
PGFM+SG
setT , with PGFM+SG

T the total power generated by
GFM plus SG and PGFM+SG

setT the total GFM plus SG power
setpoint.

For a system served by SG, GFM and GFL, the GFM and
SG supply the difference between the total power consumed
(which is the load power in a lossless system) and the power
injected by GFL, PGFM+SG

T = PLT
−PGFL

T . From this, (16)
is written as (17).(

2HGFM+SG
T s+DGFM+SG

T +

nSG∑
i

KiGi(s)

)
∆ωCOI

= −
(
∆PLT

−∆PGFL
T

)
(17)

Next, (9) is used to give an expression for the total GFL power
difference ∆PGFL

T (18). It is assumed in this section that ωosci

is negligible, so ∆ωi = ∆ωCOI .

∆PGFL
T =

nGFL∑
i

∆Pi

=

nGFL∑
i

− 2HGFL
i s+DGFL

i
1

ω2
plli

s2 + 2ζi
ωplli

s+ 1
∆ωCOI (18)

With some rearranging, (18) into (17) yields a transfer function
for ∆ωCOI :

∆ωCOI =
−1

N(s)
∆PLT

(19)

with

N(s) = 2HGFM+SG
T s+DGFM+SG

T +

nSG∑
i

KiGi(s)

+

nGFL∑
i

(
2HGFL

i s+DGFL
i

)( 1

ω2
plli

s2 +
2ζi
ωplli

s+ 1

)−1

(20)

The inertia terms for GFM and SG have the same form and
are combined as a sum. The GFM damping, which arises from
the droop function, DGFM , is summed with SG damping that
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arises from SGs and frequency-dependent loads, DSG. The SG
governor droop term, K, is added in steady-state to other droop
and damping coefficients to evaluate frequency deviation, but
the re-heater of an SG turbine significantly influences the
transient response through Gi(s). Each GFL in the network
adds dynamics of a second order filter to the transfer function,
and the GFL contributions cannot be aggregated if the PLL
parameters are dissimilar.

(19) relies on the assumption that each bus frequency does
not deviate much from the COI. Although it may be an invalid
assumption for some IBR networks, (19) nonetheless provides
insights and confirms that GFM can provide the same type
of inertia as SG. Any generation with a droop function can
provide damping with GFM being the quickest, and SG and
GFL delayed by G(s) and PLL, respectively. PLL dynamics
of a GFL are usually much faster than the re-heater of a steam-
turbine SG.

D. Pre-restoration steady-state frequency

The pre-restoration steady-state frequency designates the
value at which the COI frequency would settle if no action was
taken by the SO and no further change in power generation
or demand happened. This value would be similar to the nadir
for well damped systems, and it is found by applying the final
value theorem to (19) and assuming that the change in power
is a step function, ∆PLT

(s) =
∆PLT

s , in (21).

lim
t→∞

∆ωCOI(t) = lim
s→0

s
−1

N(s)
∆PLT

(s)

= lim
s→0

−1

N(s)
∆PLT

=
−1

DT
∆PLT

(21)

where DT is the total GFM, GFL, SG damping and SG droop,
DT = DGFM

T +DGFL
T +DSG

T +KT .
Hence, all apparatuses, including GFL, are able to contribute

to the frequency deviation regulation.

E. RoCoF

The RoCoF immediately after a change in power is consid-
ered for SG, GFM, GFL and COI. The oscillations of each bus
frequency around the COI are no longer assumed negligible,
hence each bus may have a different frequency and RoCoF.

1) Synchronous Generator and Grid-Forming inverter: As
for SG RoCoF (22) [9], a GFM RoCoF (23) is obtained by
neglecting the damping in the GFM swing equation (5).

RoCoFSG
i = sωi = − 1

2HSG
i

∆Pi (22)

RoCoFGFM
i = sωi = − 1

2HGFM
i

∆Pi (23)

The RoCoF of both SG and GFM depend on the power they
supply immediately after the change in load, so the additional
power contributions need to be identified. It is assumed that
the frequency will not have changed immediately after a load
change, so the power supplied by GFL inverters will not have

changed and all of the change in load power must be met by
SG and GFM. A “step” power flow calculation is performed
to reveal the additional power supplied by each GFM and
SG. Buses with GFM and SG are considered as slack buses
with their voltage magnitude and angle set to the pre-change
value, since the magnitude is assumed constant and the angle
does not change instantaneously. Buses without SG or GFM,
are considered as PV buses, with their voltage magnitude
unchanged and their additional real power set to zero except
for the bus where the load change was applied. If the change in
load happens at a GFM or SG bus, it is initially met entirely by
the inverter or machine at that bus, and the initial RoCoF at all
other GFM or SG buses is null. If the change does not happen
at an SG or GFM bus, the participation of each GFM and SG
is determined by the network topology and line impedances.

2) Grid-Following inverter: It is not possible to obtain an
expression for GFL RoCoF from its swing equation because
of the PLL second order dynamics, that appear in the swing
equation. The approach is to consider first the linearisation of
the power generated by GFL at bus i in (25).

Pi = PLi
+

n∑
j

Pij (24)

∆Pi = ∆PLi
+

n∑
j

ViVj

Xij
(∆δi −∆δj) (25)

Second, consider the linearisation (27) of the PLL equation
(6) rearranged as (26).

ωc
i = (kPi

+
kIi
s
)
ωi − ωc

i

s
(26)

∆ωc
i = (kPi +

kIi
s
)(∆δi −∆ϑc

i )

≈ kPi
∆δi = 2ζiωplli∆δi (27)

where kPi
= 2ζiωplli and kIi = ω2

plli
are respectively the

proportional and integral terms of the GFL PLL, ϑc
i =

ωc
i

s is
the PLL angle that is assumed to remain constant immediately
after a load change. Similarly, in this time-frame the integral
term is ignored in (27). Equation (27) into (7) gives (28).
Equations (28) and (25) are equated in (29).

∆Pi = − 1

mPi

2ζiωplli∆δi

= −2ω2
plliH

GFL
i ∆δi (28)

−2ω2
plliH

GFL
i ∆δi = ∆PLi +

n∑
j

ViVj

Xij
(∆δi −∆δj) (29)

Rearranging and differentiating (29), the GFL RoCoF is (30).

RoCoFGFL
i =

∑n
j

ViVj

Xij
RoCoFj

2ω2
plli

HGFL
i +

∑n
j

ViVj

Xij

(30)

The GFL RoCoF formula obtained agrees with the funda-
mental property of a GFL which is to follow the grid frequency.
Besides, note that attempting to increase the GFL inertia term
does not necessarily reduce the GFL RoCoF. Considering that
2ω2

plli
HGFL

i =
2ωplli

ζi
mPi

, GFL inertia could be increased by
reducing the droop slope, and the RoCoF would decrease. But
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increasing the GFL inertia term by reducing the PLL frequency
would increase the RoCoF.

One might expect, intuitively, that GFL RoCoF is deter-
mined by the RoCoF created by GFM and SG in response
to the power they have to supply. A GFL with a fast PLL
will quickly acknowledge the change in frequency and supply
additional power, relieving SG and GFM of some of the power
they must supply and reducing their RoCoF. Similarly, a GFL
with lower mPi supplies a larger power for the same detected
frequency change which also reduces the additional power
supplied by GFM and SG, and their resulting RoCoF.

3) Centre of Inertia: The COI RoCoF is obtained by
derivative upon the COI frequency (10) and using SG, GFM
and GFL RoCoF (22, 23, 30) in (31).

RoCoFCOI =
1

HT

n∑
i

HiRoCoFi (31)

Assuming that ωosci is negligible, the COI RoCoF is sim-
plified by applying the initial value theorem to the derivative
of the COI transfer function (19) in (32).

RoCoFCOI(t = 0) = lim
s→∞

sRoCoFCOI(s)

= lim
s→∞

s2 ωCOI(s)

= lim
s→∞

s
−1

N(s)
∆PLT

= − 1

2HSG+GFM
T

∆PLT
(32)

The inertia that limits the COI RoCoF is that of SG and
GFM, and they are of equal importance, whereas GFL has
no contribution to limit COI RoCoF.

F. Settling time

The COI transfer function (19) is too complex to readily
yield a settling time. Instead, a specific case where simplifi-
cation is possible is studied. Consider a network with IBRs
only and where the GFL PLLs are fast, (33) is a first order
system for which the 2% settling time, tss, is (34). It depends
on the total damping and the total GFM inertia. If a GFM is
replaced by a GFL with same damping and a fast PLL and if
the lost GFM inertia is compensated by other GFMs, then the
COI response is not impacted.

lim
ωpll→∞

∆ωCOI = − 1

2HGFM
T s+DT

∆PLT
(33)

tss = − ln(0.02)× 2HGFM
T

DT
≈ 4× 2HGFM

T

DT
(34)

III. ANALYSIS VALIDATION AND DISCUSSION

The modified IEEE 14-bus network [34] in Fig. 4 is used to
validate the analysis. The SG and synchronous condensers of
buses 1, 2, 3, 6 and 8 are replaced by GFM, and GFL are added
at buses 11, 12 and 13 [34]. The line impedances are the same
as the standard IEEE 14-bus network [35]. The configuration
of the IBR controllers is as shown in Fig. 1, and the parameters
of the outer loops of each IBR controller are shown in Table I,
with Prat the rated power. Following [36] and [37], the

A1

A2

A3

A6 A8

A11

A12

A13

1

2

3

4

5

6 7 8

9
10

11
12

13
14

Fig. 4. Modified IEEE 14-bus network with added inverters [34], GFM are
in red and GFL in blue. Either an SG or a GFM is connected to bus 1.

TABLE I
IBR OUTER LOOP PARAMETERS FOR CASE 1

Bus Type Pset Prat Droop Bandwidth Di Hi

(pu) (pu) (%) (Hz) (pu) (pu.s)
1 GFM ≈ 1 3 3 2.996 100 2.66
2 GFM 0.4 0.8 4 0.319 20 4.99
3 GFM 0.3 0.68 4.5 0.785 15 1.52
6 GFM 0.3 0.68 4.5 0.995 15 1.20
8 GFM 0.3 0.68 4.5 0.995 15 1.20
11 GFL 0.1 0.1 5 10 2
12 GFL 0.1 0.1 5 10 2
13 GFL 0.1 0.1 5 10 2

COI 2.6 6.13 171 11.57

voltage- and current-controller bandwidths of the GFM are
chosen to be 300 Hz and 1, 500 Hz respectively. For GFL,
the power controller is static (algebraic) (35), and the current-
controller bandwidth is 1, 500 Hz. Apparatus parameters are
detailed in Table II, and inverters themselves are represented
with average models rather than switching models. The yellow
area in Fig. 4 comprises of buses 1 to 5 and has a high
local inertia of 9.17 pu.s compared to the purple area which
is composed of buses 6 to 14 and has a local inertia of
2.4 pu.s. The trajectories of bus frequencies after a change in
load are calculated from the swing equations (5, 9, 14) using
Matlab. The trajectory is compared with that obtained from
an EMT simulation (with 40 µs time-step) in Matlab Simulink
with the Simplus toolbox which uses the Specialized Power
Systems library (previously known as SimPowerSystem) [38].
As explained in Section II-A, the swing equation model is
simplified whereas the EMT simulation takes into account the
dynamics of controller inner loops, the voltage responses at
buses and the network dynamics including line resistances.[

irefd

irefq

]
=

[
Vd Vq

−Vq Vd

]−1 [
P ref

Qref

]
(35)

The first three test cases investigate the validity of the
analysis for different examples of power imbalances. In case
1, a positive step change in load of 0.1 pu at bus 10 is applied
to resemble a loss of generation in the low inertia area of the
network, while case 2 investigates a positive step change in
load of 0.4 pu at bus 5 in the high-inertia region. In case 3,
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TABLE II
APPARATUSES PARAMETERS

GFM inner loops
Current Controller PI, 1500 Hz
Voltage Controller Decoupled PI, 300 Hz

GFL inner loops
Current Controller PI, 1500 Hz
Power Controller Static (35)

GFM LCL filter
Inverter-side inductor 0.159× 10−3 pu

Inverter-side inductor inner resistance 0.01 pu
Capacitor 0.063× 10−3 pu

Grid-side inductor 0.032× 10−3 pu
Grid-side inductor inner resistance 0.002 pu

GFL L filter
Inductor 0.637× 10−3 pu

Inductor inner resistance 0.01 pu
SG parameters

damping from SG and
2 pu

frequency-dependent load DSG

Servomotor time constant T1 0.3 s
Valve bowl time constant T2 0.05 s
Re-heater time constant T3 10 s
Fraction of thermal energy

0.25converted to mechanical work F

a negative step change in load of 0.295 pu is applied at bus
9 to mimic a load rejection that happens when an HVDC line
running on export is disconnected.

The comparison between the frequency trajectories obtained
from solving the swing equations (5, 9, 14) in Matlab and
that from time-step simulation of the network is shown in
Fig. 5 for the GFM at bus 1 in the high inertia region,
the GFL at bus 11 in the low inertia region and the COI.
The frequencies are seen to be accurately modelled by their
swing equations. The frequencies at the two example buses
are seen to oscillate around the COI, with the frequency and
amplitude of these oscillations similar in the swing equation
model and the simulation and any small differences attributed
to the limited bandwidth of the inverter inner loops. Similar
observations apply for other buses as shown in Appendix A
for case 1. Therefore, as found in [23] for a 4-bus network,
the swing equations (5, 9, 14) for the frequency stability of
inverters are accurate and scale up, here to a 14-bus network.
In cases 1 and 3, where the change happens in the low inertia
region at bus 10 and 9 respectively, the oscillations are larger
in the low inertia region (bus 11) than in the high inertia region
(bus 1) which is further from the change in load. In case 2,
the change happens in the high inertia region, closer to bus 1
than bus 11, but the inertia of the area is significantly larger,
and the oscillations at bus 1 remain small.

For a quantitative comparison, the pre-restoration steady-
state frequency in Fig. 5 is 49.97 Hz, 49.88 Hz and 50.09 Hz
in case 1, 2 and 3 respectively as predicted by applying (21):
∆ωCOI = −∆PLT

DT
. The theoretical RoCoF for GFM and COI

are shown in Table III for case 1. A step power flow is used
as explained in Section II, to give the theoretical ∆Pi, and
the theoretical RoCoF are then calculated with (23, 30, 31).
The simulated RoCoF are seen to be close to the theoretical
RoCoF, but there are some significant differences, notably at
bus 6. This difference is mainly due to the rough estimation of
initial additional power supplied by each machine. At bus 6,
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Fig. 5. Frequency trajectory of GFM bus 1, GFL bus 11 and COI for cases 1,
2 and 3 after a change in load at t = 10 s obtained from simulations (plain)
and from swing equations (dashed)

TABLE III
ROCOF AND ADDITIONAL POWER ∆Pi SUPPLIED IN CASE 1

Local Bus i
∆Pi (pu) RoCoF (Hz · s−1)

inertia theory simulation theory simulation

High
1 0.004 0.005 −0.03 −0.06
2 0.012 0.011 −0.06 −0.06
3 0.007 0.008 −0.12 −0.14

Low

6 0.051 0.042 −1.07 −0.86
8 0.026 0.028 −0.53 −0.53
11 0 0 −0.80 −0.69
12 0 0 −0.91 −0.82
13 0 0 −0.91 −0.79

COI 0.1 0.099 −0.21 −0.20

the initial additional power supplied observed in the simulation
is 0.042 pu, which is smaller than the theoretical value of
0.051 pu. The difference is explained by the combination of
two factors: first, when the step in power happens, the voltage
briefly dips before returning to its initial value, and second,
the analysis does not consider the transient dynamics of the
line caused by the inductance (see Appendix B).

In case 1, the change in power happens in the low inertia
region, and the RoCoF recorded at buses 6 and 8 (Table III)
are 3 to 6 times higher than the RoCoF at buses 1 to 3 in
the high inertia region. As shown in (30), the RoCoF at GFL
buses largely depends on the RoCoF at other buses, hence
the RoCoF at GFL buses 11, 12 and 13 are high because they
follow the RoCoF at the nearby bus 6. The COI RoCoF is low
at −0.2 Hz · s−1, but all the RoCoF in the low inertia region
are much higher and could trigger ±0.5 Hz · s−1 relays.

The impact of GFL inertia on GFL RoCoF is studied
through two further test cases in which the GFL inertia term
is increased through adjustment of the PLL bandwidth, case 4,
and droop slope, case 5. Table IV records how much the GFL
RoCoF changed in these two cases from the values found in
case 1 (discussed above), RoCoFcase 4 or 5 − RoCoFcase 1.
The values of bandwidth and droop are shown in the table.

The GFL RoCoF observed in simulation are far from the
theoretical values, but those observations should be used
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TABLE IV
CHANGE IN GFL ROCOF (Hz · s−1) FOR CASES 4 AND 5 COMPARED TO

CASE 1

Bus

case 4 case 5
fpll = 0.25 Hz, ∆H = 1.24s droop = 2.5%, ∆H = 0.03s

theory swing simu- theory swing simu-
equation lation equation lation

11 −0.08 −0.03 −0.03 0.07 0.04 0.03
12 −0.12 −0.05 −0.07 0.10 0.05 0.06
13 −0.09 −0.04 −0.06 0.08 0.04 0.05

cautiously. In contrast to the frequency of a GFM, which is
available directly as the reference frequency in the controller,
the frequency at GFL buses must be measured from the AC
signals. Here a measurement PLL, independent of the PLL
used in the GFL controller, is used. The choice of bandwidth
of this measurement PLL is a compromise. It is set to 100 Hz
to follow the frequency with little delay but the downside of
this choice is that the measurement is sensitive to noise and
phase jumps. To attenuate the noise, the measured frequency is
averaged over one cycle, i.e. 0.02 s. There is a significant phase
jump in this experiment when the step-change in load occurs;
the voltage angles of non-GFM/SG buses jump immediately
after the change and continue to change rapidly thereafter. To
be able to measure the initial RoCoF after the change, a good
measurement of the frequency immediately after the phase
jump is needed. To avoid the temporary loss of synchronisation
of the measurement PLL at the phase jump, post-simulation
analysis from the recorded measurement of phase voltages is
preferred. The AC voltages are reversed in time so that the
frequency is measured from the end of the simulation towards
the step change such that the measurement PLL remains
synchronised closer to the power change.

To make a fair comparison between the expected and the
measured (simulation) RoCoF for GFL, a further set of results
was created, labeled “swing equation” in Table IV, by applying
the same measurement processing steps described above to
the frequency calculated from the swing equations. These
results show a smaller difference in RoCoF compared to case
1 indicating that the differences between swing equation and
simulation arise mostly from the measurement processing.

The changes in RoCoF compared to case 1 are in the
expected direction notwithstanding any measurement artifact.
With the reduced PLL bandwidth in case 4, the GFL respond
more slowly to frequency change at their bus which delays
their supply of additional power to the grid. As a result,
the GFM/SG which determine the RoCoF have to provide
additional power for longer, and a larger negative GFL RoCoF
occurs. With the reduced droop in case 5, the change in
frequency as measured by the PLL results in a larger additional
power supplied by the GFL, such that the GFM/SG provide
less additional power and their RoCoF are reduced. This is in
accordance with (30) and Section II-E2.

Fig. 6 shows the simulated absolute RoCoF magnitude for
cases 1, 2 and 3. In case 1, even though the COI RoCoF is
below the limit of ±0.5 Hz · s−1, the RoCoF of the GFM
at buses 6 and 8 are much larger, due to their significant
participation in supplying additional power and their relatively
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Fig. 6. Simulated absolute initial RoCoF of individual buses and COI for
cases 1, 2 and 3
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Fig. 7. COI frequency trajectory of cases 1 and 6 after a change in load at
bus 10 at t = 10 s obtained from simulations and from transfer functions

low inertia. This leads the GFL which are in the same area
as the GFM at bus 6 to also experience high RoCoF. Case 3
is similar to case 1 since the change also happens in the low
inertia region, but at a higher magnitude. In case 2, the change
in load happens nearest to GFM buses 1, 2, 3 and 6 which
display higher RoCoF than GFM bus 8. Besides, even though
the change in load is multiplied by 4 from case 1 to case 2,
the RoCoF at buses 1 to 3 is multiplied by a much larger
factor. This is because in case 2 the change in load happens
closer to these buses which then have to contribute more to
the generation of additional power. GFL which mostly follow
the GFM at bus 6 also display large RoCoF. Note that the
GFL RoCoF are never higher than the highest GFM RoCoF
which is in accordance with (30).

Fig. 7 compares the COI frequency trajectory as calculated
from the transfer function (19) to that found in the simulation.
In case 6, an SG is connected to bus 1 instead of the GFM.
The SG governor droop and the inertia are equivalent to the
droop and inertia of the GFM being replaced: K1 = DGFM

1 =
100 pu and HSG

1 = HGFM
1 = 2.66 s. The G(s) parameters

from (1) are in Table II. In both cases 1 and 6, the results
obtained with the simulation accurately follow the prediction
made with the transfer function in terms of initial RoCoF,
pre-restoration steady-state frequency and overall shape. The
initial COI RoCoF is the same in both cases, −0.20 Hz · s−1,
and it is close to the theoretical value of −0.21 Hz · s−1,
confirming that GFM contribute equivalent inertia to SG. The
overall shape of case 6 is very different to case 1, the frequency
of the network with IBR only is much quicker to settle as was
expected by comparing the SG and GFM swing equations (1)
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Fig. 8. COI frequency trajectory of case 4 after a change in load at bus 10
at t = 10 s obtained from simulations, swing equation and transfer function

and (5) where SG governor droop is delayed by Gi(s).
The limitation of the COI transfer function caused by the

assumption that the oscillations of each bus frequency are
negligible is shown in Fig. 8 which compares the trajectory of
the COI frequency in case 4 as estimated by the swing equation
(14) and the transfer function (19) and as simulated. The PLL
bandwidth is significantly reduced in case 4, causing large
oscillations in each bus frequency which are propagated to
the COI. Since the transfer function ignores these oscillations,
it cannot predict them as shown in orange in Fig. 8, the
trajectory obtained looks like an average of the COI frequency
trajectory. Note that the swing equation is able to anticipate the
oscillations in COI frequency, but it requires to also calculate
each bus frequency trajectory. The simulated oscillations are
slightly delayed compared to the swing equation prediction
due to the processing applied to measure GFL frequencies.

Although the RoCoF study has clearly shown the need to
study the frequency trajectory at each bus, the COI transfer
function is still a useful quick tool to estimate the trajectory
of the system frequency, and identify frequency nadirs caused
by SG.

The settling time of case 6 at 21 s is much longer than that
of case 1 at 0.52 s due to the SG re-heater time-constant of
10 s. Furthermore, the COI settling time of case 1, 0.52 s, is
close to the minimum settling time with this combination of
damping and GFM inertia, which can be calculated as 0.53 s
with (34). On the other hand, for case 4, which has the same
damping and GFM inertia as case 1 but with much slower GFL
PLL, the settling time is 1.01 s. This is much higher than the
minimum, as expected, since (34) assumes fast PLLs.

IV. DESIGN OF FREQUENCY TRAJECTORY

A. Proposed Design Procedure

The equations obtained for the pre-restoration frequency
deviation, RoCoF and settling time are used to devise a
procedure to allow SO to design the frequency trajectory
through setting the droop and bandwidth parameters of GFM
and GFL inverters. The requirements from National Grid ESO
(NGESO) are first discussed to provide a case-study example.
The largest potential loss of generation in the GB system is
due to increase in 2027 from 1.4 GW set by North Sea Link
to 1.8 GW set by the new Hinkley Point C power station [3].
Although a loss of this magnitude is qualified as infrequent

by the SQSS standard [39], the SO must cover it. The RoCoF
should be maintained below 0.5 Hz · s−1 which corresponds
to an inertia of 90 GVA·s for a loss of 1.8 GW. This inertia
is for the whole system which suggests that the SO’s RoCoF
limit applies to the COI frequency, but local RoCoF should
also be considered as shown in Section III.

This procedure is designed to be applied at every trading
(settlement) period when SO and resource operators (genera-
tors and energy storage) have reliable estimates of generation
and demand. Resource operators should consider their forecast
output power and decide how much reserve and hence damp-
ing and inertia they are willing to offer to the network. The SO,
using the procedure, would determine the damping and inertia
needed globally and locally to guarantee frequency stability,
and choose which resources’ bids to accept. IBRs then set their
droop and bandwidth accordingly, and SG that are free to do
so set their governor droop. The inertia contribution of SG is
not flexible, but it is known as specified in the GB Grid Code
[40], and it can also be estimated with novel measurement
tools implemented in the grid [41].

Considering the list of credible contingencies in the network
∆PCC

Li
, the four-step procedure is:

1) Choose maximum pre-restoration frequency deviation
∆ωmax, and consider the maximum credible contingency

→ set total damping DT =
∆Pmax

LT

∆ωmax

2) Choose maximum RoCoF RoCoFmax, and for each
credible contingency
• solve the step power flow to find how much additional

power each GFM and SG would supply, ∆PCC
i , and

add a margin for error (to cover step power flow
simplifications noted above)

• find the local inertia needed Hi = − |∆PCC
i |

2|RoCoFmax|

→ set local inertia as the maximum found over all con-
tingencies

3) Consider settling time
→ set GFL PLL bandwidth ωplli

4) Contract generators in the areas in need for the appropri-
ate ancillary services of provision of inertia and damping
as found in steps 1), 2) and 3).

Since inertia is set based on local needs, it is likely that the
total inertia would exceed the current global requirement from
NGESO. Note that small-signal stability and voltage and angle
stability should still be considered alongside this procedure.

B. Procedure validation

The procedure is applied to the IBR network of Fig. 4 for
cases 1, 2 and 3 where there is respectively a load change of
0.1 pu at bus 10, 0.4 pu at bus 5 or −0.295 pu at bus 9. It
is arbitrarily decided that the maximum frequency deviation
should be 0.1 Hz (0.002 pu), the maximum RoCoF magnitude,
0.5 Hz · s−1 (0.01 s−1), and the settling time should be kept
to the minimum. Limits are shown in Figs. 5 and 6. The
frequency deviation exceeds the limit in case 2, and multiple
local RoCoFs are higher than the RoCoF limit in all cases.
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TABLE V
IBR PARAMETERS AFTER PROCEDURE

Bus i Type Droop Bandwidth Di Hi

(%) (Hz) (pu) (pu.s)
1 GFM 3 1.879 100 4.24
2 GFM 3 0.246 26.50 8.56
3 GFM 3 0.563 22.5 3.18
6 GFM 3 0.271 22.5 6.6
8 GFM 3 0.355 22.5 5.04
11 GFL 5 10 2
12 GFL 5 10 2
13 GFL 5 10 2

COI 200 25.1
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Fig. 9. Frequency trajectory of cases 1, 2 and 3 after applying the procedure
obtained from simulations
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Considering first the frequency deviation, the maximum
credible contigency is 0.4 pu, so the total damping must
increase from 171 pu to DT = 0.4/0.002 = 200 pu, using
(21). The values for damping and droop at each bus are shown
in Table V. Note that increased droop implies increased reserve
of power. The needed inertia calculated with the second step
of the procedure with a 10% margin and the corresponding
bandwidths values are shown in Table V. If only the RoCoF of
the COI needs to be limited, the global inertia requirement for
a maximum COI RoCoF of 0.5 Hz · s−1 (0.01 s−1) would be
only increased to HSG+GFM

T = −∆PLT
/(2RoCoFmax

COI ) =
0.4/(2× 0.01) = 20 s, using (32), whereas the total inertia is
25.1 s after the procedure.

Fig. 9 shows the resulting COI and individual bus frequen-

cies, and the RoCoF are presented in Fig. 10. The requirements
for frequency deviation and RoCoF have been respected. The
frequency deviation is limited to 0.1 Hz in case 2, which
was the only case that was over the limit (Fig. 5). In cases 1
and 3 where the load change happens in the previously low-
inertia region, the local frequencies are now close to the COI
with small oscillations due to the local inertia increased from
2.4 s to 11.64 s. The faded bars in Fig. 10 show that, before
the procedure, buses 1, 2 and 3 experienced their maximum
RoCoF in case 2, and buses 6 and 8, in case 3. In Fig. 10,
the RoCoF at these buses is successfully reduced after the
procedure. Maintaining all GFM RoCoF below 0.5 Hz · s−1

is sufficient to also maintain GFL buses below this limit. The
COI RoCoF is well below the limit since the global inertia is
higher than needed to only maintain the COI RoCoF below the
limit. However, considering local RoCoF ensures that RoCoF
relays are not triggered.

The settling time is longer at 0.98 s than case 1 (0.52 s)
due to the inertia being increased by 116% but the damping by
only 17%, increasing the minimum settling time to 0.98 s (34).
The settling time is still close to its theoretical minimum, and
the response remains much faster than obtained with a re-heat
equipped SG.

V. CONCLUSION

The unification of the GFM, GFL and SG swing equations
yields a COI swing equation and transfer function that ac-
curately predict the trajectory of the system frequency af-
ter a large change in load. The analysis of the local and
global frequency models produces closed-formed equations
that describe the frequency deviation, RoCoF at each bus and
settling time. Despite ignoring the controllers’ inner loops and
voltage magnitude variations, these equations give good local
predictions of the key characteristics of frequency stability.
The analysis provides insights into the support contributed
by each type of resource. Although both GFM and GFL
inverters provide damping to the network through their droop,
only GFM inverters supply useful inertia equivalent to an
SG. Inertia from GFL has some impact on the RoCoF, but
initial RoCoF is dominated by GFM and SG. The COI
analysis reveals that all the GFM inverters in a network can
be aggregated and together define the minimum settling time
achievable. Slow PLL of GFL increase the settling time.

A procedure was proposed, based on the local GFM and
GFL swing equations, that provides a useful and quick tool to
parametrise inverters in a network to meet an SO’s requirement
on frequency trajectory. Damping and inertia are set to achieve
specified frequency deviation and RoCoF, through the droop
slope and bandwidth of inverter, regardless of the proportion
of GFM to GFL inverters. Furthermore, RoCoF at each bus,
which can vary substantially from the COI RoCoF, can be
limited by careful placement of inertia. The proposed pro-
cedure has been successfully applied to the modified IEEE
14-bus network where the desired frequency response could
be achieved by properly setting the inverter parameters. The
procedure relies on the assumption that voltage magnitude is
constant and on a good estimation of the step power. Further
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works could propose alternatives to the step power flow to
estimate the initial power step taking into account the change
in voltage magnitude.

APPENDIX A
SWING EQUATION MODEL VS SIMULATION FOR ALL BUSES

Fig. 11 shows the comparison between the swing equation
model and simulation of the frequency for the buses not shown
in Fig. 5 after a change in load. Buses 1, 2, and 3 have very
small oscillations compared to other buses which are closer
to the bus where the load change happens. For all buses,
the amplitude of oscillations are well predicted by the swing
equation model. The frequency of these oscillations is also
similar between the simulation and swing equation model.

APPENDIX B
IMPACT OF LINE DYNAMICS ON ROCOF

As noted in Section III, using a power flow calculation
to estimate the RoCoF neglects the line reactance dynamics
which are responsible for the most of the difference seen

between the theoretical and measured RoCoF. To illustrate this,
a change in load of 0.34 pu is applied to bus 1 of the modified
IEEE 14-bus network in Fig. 4, and the power flow between
GFM buses 1 and 2 is considered. The assumptions made in
this work imply that the GFM at bus 1 should initially provide
all the additional power. The voltage magnitude and angle at
GFM buses are assumed not to change initially and so the
power flow between buses 1 and 2 is not expected to change
and neither should the GFM at bus 2 provide any additional
power. However, the simulation in Fig. 12(b) reveals that there
is an immediate change in the power flow between buses 1
and 2 (plain). Fig. 12(a) shows that the voltage magnitudes at
buses 1 and 2 dip immediately after the load change before
rapidly recovering. This change in voltage causes a change in
the rate of change of the inductor current, and hence a change
in power flow in the line. To verify that the step in power flow
between buses 1 and 2 is caused by the voltage magnitude dip
and not a change in angle, a line identical to that between
buses 1 and 2 is simulated. Voltage sources are connected at
each end, and their amplitude dips as in Fig. 12(a), but with
no change in angle. The resulting power flow is shown in
Fig. 12(b) (dashed). The initial step in power flow of 0.02 pu
matches exactly that observed in the full network simulation.
After 25 ms, the line-only power flow rapidly returns to
zero whereas it does not in the full simulation because the
GFM voltage angles start to change. It is considered that the
difference in step power predicted from the power flow and
simulated in Table III is due to the assumption of constant
voltage magnitude.

APPENDIX C
GFL WITH ROCOF DROOP

Some GFL droop schemes inject additional power based
on the frequency deviation, but also the RoCoF (36) with
nPi

the RoCoF droop slope [21]. This Appendix explores the
additional GFL inertia of such schemes. The RoCoF RoCoF c

i

is measured through a LPF with time constant τ which filters
the frequency measured by the PLL (37).

∆Pi = − 1

mPi

∆ωc
i −

1

nPi

RoCoF c
i (36)
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RoCoF c
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τi

(
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i − ωcfiltered

i
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=

1

τi

(
ωc
i −

1

τis+ 1
ωc
i

)
= s

(
1

τis+ 1

)
ωc
i = sωcfiltered

i (37)

The first part of the sum on the right-hand side of (36) is
expressed as (9) with HGFL

i = ζi
mPi

ωplli
, and the second part

as (38), using (6, 37) and H̃GFL
i = ζi

τinPi
ωplli

.

− 1

nPi

RoCoF c
i = − 1

nPi

s

(
1

τis+ 1

)
ωc
i

= − 1

nPi

s

(
1

τis+ 1

)
2ζiωpllis+ ω2

plli

s2 + 2ζiωpllis+ ω2
plli

∆ωi

= −
s

nPi

1
τi

(
2ζi
ωplli

s+ 1
)

(
s+ 1

τi

)(
1

ω2
plli

s2 + 2ζi
ωplli

s+ 1

)∆ωi

= −
2ζi

τinPi
ωplli

s2 + 1
τinPi

s(
s+ 1

τi

)(
1

ω2
plli

s2 + 2ζi
ωplli

s+ 1

)∆ωi

= −
2H̃GFL

i s2 + 1
τinPi

s(
s+ 1

τi

)(
1

ω2
plli

s2 + 2ζi
ωplli

s+ 1

)∆ωi (38)

(9) and (38) into (36) gives the GFL swing equation (39).

∆Pi = − 2HGFL
i s+DGFL

i
1

ω2
plli

s2 + 2ζi
ωplli

s+ 1
∆ωi

−
2H̃GFL

i s2 + 1
τinPi

s(
s+ 1

τi

)(
1

ω2
plli

s2 + 2ζi
ωplli

s+ 1

)∆ωi (39)

The same process as in Section II-E2, where slower dynam-
ics are ignored, is applied to find the initial GFL RoCoF. (37)
is approximated as (40), and (36) as (41) using (27).

RoCoF c
i ≈ 1

τi
∆ωc

i (40)

∆Pi = − 1

mPi

∆ωc
i −

1

nPi

1

τi
∆ωc

i

= −
(

1

mPi

+
1

τinPi

)
2ζiωplli∆δi

= −2ω2
plli

(
HGFL

i + H̃GFL
i

)
∆δi (41)

(41) is similar to (28) with an additional inertia term H̃GFL
i .

Using (29, 30), the GFL RoCoF is expressed as (42).

RoCoFGFL
i =

∑n
j

ViVj

Xij
RoCoFj

2ω2
plli

(
HGFL

i + H̃GFL
i

)
+
∑n

j
ViVj

Xij

(42)

Adding a droop function based on a filtered RoCoF could
indeed help contain the GFL RoCoF through the droop nPi .
It also adds a degree of flexibility to design the frequency
response through the LPF time constant τ . But the type
of inertia-RoCoF relationship is the same as the controller
presented in Fig. 1b, and the argument that RoCoF is mainly
set by GFM remains valid.
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