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Abstract

This thesis investigates the incorporation of physically informed machine learn-

ing techniques—particularly Gaussian Process (GP) regression [1] and Atomic

Cluster Expansion (ACE) [2]—to effectively study and model the complex physical

behaviours of functional materials [3; 4]. Understanding the electronic, ther-

mal, and optoelectronic properties and applications of these materials requires

accurate atomistic modelling. The atomistic modelling continues to pose com-

putational difficulties due to the sophisticated anharmonic effects in crystalline

inorganic systems and the complex electronic coupling dependencies in organic

semiconductors.

The first section presents a derivative Gaussian Process framework [3; 5; 6; 7; 8],

(GPFC.JL [9; 10]) that effectively evaluates harmonic and cubic anharmonic lattice

force constants directly from data obtained through density functional theory

(DFT) [11; 12; 13; 14]. This GP-based approach significantly improves compu-

tational efficiency, surpassing conventional finite-displacement techniques in

predicting phonon dispersion, lifetimes, and thermal conductivity. Our model as-

sesses multiple descriptor strategies, encompassing Cartesian and phonon-based

representations, emphasising their influence on accuracy and computational

efficiency.

The second section enhances the Atomic Cluster Expansion methodology [2] to

precisely predict charge transfer integrals essential for charge transport in or-

ganic semiconductor materials. ACE models (ACEPOTENTIAL.JL [15]), employing

systematically developed symmetry-adapted descriptors [16], effectively capture
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the electronic coupling’s dependence on molecular orientation and separation

in various molecular dimers, including naphthalene, thiophene, ethylene, and

their fluorinated derivatives. Our results underscore the significance of descriptor

selection and illustrate enhanced model generalisation across chemical systems.

Our research collectively establishes a unified methodology that integrates rig-

orous physical insights with sophisticated machine learning techniques. This

integration greatly enhances the computational resources for predicting material

properties, facilitating efficient exploration and precise optimisation of innovative

functional materials. The thesis concludes by delineating future research avenues,

encompassing computational improvements, sophisticated descriptor formula-

tion, and applications to non-equilibrium and real-time dynamic processes.
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1
Introductions, Motivations and

Outlines

1.1 Introductions and Motivations

The ability to predict thermal conductivity and electron transport properties

is essential for designing next-generation functional materials, including

efficient thermoelectrics, improved semiconductors, and sustainable energy

systems. These properties influence performance in applications including

energy conversion, storage, miniaturised electronics, and optoelectronic

devices. Traditional experimental and computational techniques encounter

significant challenges involving scalability and accuracy, underscoring the

necessity for innovative physically informed modelling frameworks.

Functional materials, characterised by their critical roles in electronic, ther-

mal, and optoelectronic devices, often present significant challenges for

atomistic modelling due to their intrinsic complexity. Accurately characteris-

ing the vibrational properties of crystalline inorganic materials requires the

consideration of subtle anharmonic effects, which are computationally de-

manding when employing conventional methods. Meanwhile, organic semi-

conductors complicate modelling endeavours because electronic transport

properties are highly sensitive to molecular orientation and intermolecular

interactions. Conventional techniques which include density functional

theory (DFT) and semi-empirical methods are effective, but they may be-

1
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come computationally impractical or insufficiently accurate for large-scale

or complex molecular systems.

These computational challenges require novel approaches that integrate

physical knowledge with machine learning, facilitating scalable and precise

prediction of transport parameters across many categories of functional

materials. This thesis fulfils this requirement by developing and implement-

ing physically informed machine learning frameworks, such as Gaussian

process regression and atomic cluster expansion based linear regression,

that can improve the study of anharmonic phonons and charge transfer

integrals in complex materials.

Physically informed machine learning (ML) has arisen as an effective ap-

proach to address these challenges. This thesis examines two principal

methodologies within this framework: Gaussian Process (GP) regression

and Atomic Cluster Expansion (ACE). Gaussian processes are Bayesian ma-

chine learning methods that can model intricate, nonlinear functional re-

lationships from data, offer inherent uncertainty quantification, and ef-

fortlessly integrate derivative observations like atomic forces [1; 17; 18]. In

contrast, ACE systematically develops rotationally invariant and symmetry-

compliant representations of atomic environments [2; 16]. Collectively,

these methodologies form a comprehensive framework for simulating the

complex behaviours of functional materials.

1.1.1 Gaussian Process Force Constants for Lattice Dynamics

The mechanical and thermal properties of crystalline materials are fun-

damentally determined by their potential energy surfaces (PESs). Con-

ventional methods for modelling vibrational properties, like the finite-

displacement method (FDM), generally depend on a Taylor expansion of

the potential energy surface (PES) near equilibrium positions. This method

effectively captures harmonic interactions in simple systems; however, its

computational complexity increases prohibitively with larger system sizes
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and higher-order anharmonic interactions. The precise calculation of third-

order (anharmonic) force constants, crucial for forecasting finite phonon

lifetimes and realistic thermal conductivities, continues to be computation-

ally prohibitive.

Gaussian process regression provides an effective solution owing to its intrin-

sic differentiability and probabilistic structure. Gaussian processes facilitate

concurrent training on energies, atomic forces, and higher-order derivatives

of the potential energy surface, thereby enabling the efficient extraction of

both harmonic and anharmonic force constants via analytical and auto-

matic differentiation [5; 19]. Prior GP applications have effectively modelled

molecular potential energy surfaces for diverse small systems, including

H3O+, N4, and protonated imidazole dimers, in addition to bulk crystalline

materials like elemental silicon [20; 21; 22; 23]. These studies utilised ad-

vanced kernel engineering and dimensionality-reduction techniques to

address the scalability challenges associated with GP models.

Recent research has shown that Gaussian Process models trained on ener-

gies and forces calculated via density functional theory (DFT) can accurately

predict both second- and third-order force constants. [9]. The Gaussian Pro-

cess Force Constant (GPFC) methodology decreases the requisite number of

ab initio calculations by an order of magnitude relative to traditional finite

difference methods, particularly when utilising phonon-coordinate descrip-

tors. We present a comprehensive framework for higher-derivative Gaussian

process models, employing both Cartesian and phonon-based descriptors.

Our models facilitate efficient and precise predictions of phonon disper-

sions, lifetimes, and lattice thermal conductivities. Therefore, they offer a

feasible computational alternative for investigating complex, anharmonic

lattice dynamics in crystalline materials.
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1.1.2 Machine Learning for Charge Transfer Integrals

Meanwhile, charge transport in organic and molecular materials is funda-

mentally reliant on intermolecular electronic couplings, refered to as charge

transfer integrals. These transfer integrals determine the hopping rates of

charge carriers and demonstrate significant sensitivity to molecular orienta-

tion and interatomic distance. The precise computation of these integrals

generally necessitates resource-intensive wavefunction-based quantum

chemical techniques, rendering it impractical for systems marked by signifi-

cant structural disorder.

Machine learning methodologies provide effective solutions for predict-

ing transfer integrals based on restricted quantum chemical information.

Initial applications utilised Gaussian processes alongside geometric de-

scriptors to effectively forecast integrals in crystalline molecular systems,

including pentacene [24]. Recent developments have employed advanced

descriptors like Coulomb matrices and deep learning techniques, including

neural networks, to improve accuracy and generalisability in amorphous

and chemically varied systems [25]. These prior methodologies often de-

pend on heuristically selected descriptors, constraining their transferability

and general applicability.

In this thesis, I employ a linear model with Atomic Cluster Expansion (ACE)

descriptors as a systematic and invariant approach—respecting transla-

tional, rotational, and permutational symmetries—to characterise molecu-

lar environments, thereby addressing these limitations. Training machine

learning models to predict the transfer integrals using ACE descriptors effec-

tively captures fundamental physical trends while maintaining numerical

stability. We employ this methodology on a range of chemically diverse

molecular dimers, such as naphthalene, thiophene, and ethylene, showcas-

ing exceptional predictive accuracy and robustness in both coarse-grained

and atomistic representations.
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Together, these two research strands offer a unified methodology for mod-

elling vibrational and electronic phenomena in functional materials. This

thesis enhances computational methods by integrating quantum mechani-

cal data, physically informed descriptors, and differentiable machine learn-

ing models, thereby facilitating the systematic exploration and rational

design of next-generation functional materials beyond conventional con-

straints.

1.2 Thesis Outline

Outline of the thesis

The thesis consists of three primary chapters, each examining distinct facets

of employing physically informed machine learning to comprehend and

forecast the behaviour of functional materials.

In Chapter 2, I lay the theoretical groundwork essential for our ensuing

discussions. The chapter commences with an introduction to lattice dy-

namics, encompassing both harmonic and anharmonic phonon theories,

and elucidates the application of methods such as density functional the-

ory (DFT) and finite-difference techniques for the computation of lattice

force constants. I subsequently present a comprehensive introduction to

Gaussian Processes (GP), emphasising their enhanced derivative capabili-

ties for learning from atomic forces and energies. Additionally, we examine

inductive biases in machine learning models, highlighting equivariant de-

scriptors—representations that transform consistently under symmetry

operations such as translations, permutations, and rotations—specifically

the Atomic Cluster Expansion (ACE) descriptors (see Section 2.4). After that,

I finish the chapter with an analysis of the theory and importance of charge

transfer integrals in organic semiconductors. In Chapter 3, we establish and

implement our higher-derivative Gaussian Process framework (GPFC.jl),

intended to effectively acquire harmonic and cubic anharmonic force con-
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stants directly from ab initio data. We illustrate the proficiency of GP models

in precisely forecasting thermal conductivity, phonon lifetimes, and dis-

persion relations. Subsequently, we provide a comprehensive comparison

of descriptor options—specifically phonon-based and Cartesian descrip-

tors—and examine how the incorporation of ACE descriptors could further

improve our model’s accuracy and efficiency. Furthermore, we examine

prospective methodological enhancements and extensive active learning

strategies.

Chapter 4 provides the extension of our ACE methodology to accurately and

efficiently predict charge transfer integrals in molecular dimers typically

present in organic semiconductor materials. We evaluate both coarse-

grained and atom-resolved ACE representations by examining various

molecular dimers, including naphthalene, thiophene, ethylene, and fluori-

nated derivatives. Our analysis specifically emphasises the development of

descriptors that enable our models to generalise effectively across various

chemical systems, explicitly addressing the sensitivity of transfer integrals

to molecular orientation and distance.

In Chapter 5, I summarise the key contributions and insights obtained from

our research. I provide the comprehensive implications of incorporating

physical insights with machine learning models and propose directions

for future research. These future directions consist of the development

of more sophisticated descriptors, the explicit incorporation of electronic

correlation effects, and the enhancement of our models to explore real-time

dynamics and non-equilibrium processes.



2
Theoretical background

This chapter reviews the fundamental physics theory and machine learn-

ing concepts underpinning this thesis. The chapter begins with an overview

of lattice vibrations, covering topics from the calculation of force constants

to thermal properties, with a focus on Anharmonic Phonons. Section 2.2

provides a concise introduction to Density Functional Theory (DFT), the

electronic structure theory typically used for calculating force constants. In

section 2.3, the Gaussian Process (GP) model is introduced as a surrogate

tool for predicting lattice force constants based on DFT results. This section

also highlights how incorporating physics-informed constraints into the GP

model can enhance its predictions. Section 2.4, Inductive Bias: Equivariant

Representations, explores the integration of physical principles into ma-

chine learning models. Among the widely used equivariant representations,

the O(3) representation, as used in e.g. Atomic Cluster Expansions (ACE),

is described in detail in section 2.5. The utility of the ACE representation

extends beyond lattice force constant predictions, as these are also a useful

inductive bias for modelling transfer integrals in molecular dimers. Finally,

section 2.6 provides a brief introduction to electronic Transfer Integrals as

used to model electronic properties of organic semiconductors, concluding

the chapter.

7
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Figure 2.1: The infinite one-dimensional diatomic chain consists of an infinite
number of unit cells. In the l th unit cell, two atoms with masses m1 (yellow) and
m2 (green) are labeled by κ= 1 and κ= 2, respectively.

2.1 Phonons and (an)harmonic potentials

This section introduces the foundational concepts of lattice vibrations

in crystalline solids, focusing on both harmonic and anharmonic descrip-

tions. It is divided into two subsections: Subsection 2.1.1, which discusses

the calculation of lattice force constants using finite difference methods,

and Subsection 2.1.2, which delves into the theory of phonons and lattice

thermal conductivity derived from these force constants.

2.1.1 Lattice Force Constants

In crystalline materials, atoms are assumed to vibrate around their equi-

librium positions, R0
lκ, with displacements ulκ = Rlκ−R0

lκ, where κ and l

denote the κth atom in the l th unit cell. As an example, Fig. 2.1 illustrates

an infinite diatomic chain. To derive the lattice vibrational properties, we

begin by examining the Hamiltonian of the system, expressed as:

H=∑︂
lκ

mκ

(︃
dulκ

d t

)︃2

+Φ, (2.1)
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where Φ represents the lattice potential energy. The potential term can

be expanded using a Taylor series around the equilibrium positions R0
lκ.

Following [11; 12; 13; 14], this expansion is expressed as:

Φ= Φ(0) + ∑︂
αlκ

Φ(1)
αlκuα

lκ

+ 1

2

∑︂
αlκ

∑︂
βl ′κ′

Φ(2)
αlκ,βl ′κ′ uα

lκ ·uβ

l ′κ′

+ 1

3!

∑︂
αlκ

∑︂
βl ′κ′

∑︂
γl ′′κ′′

Φ(3)
αlκ,βl ′κ′, γl ′′κ′′ uα

lκ ·uβ

l ′κ′ ·uγ

l ′′κ′′

+·· · ,

(2.2)

where α, β, and γ represent the Cartesian coordinate directions and Φ(n)

is the nth-order force constants. The zeroth-order term corresponds to

the potential energy at equilibrium. The first-order force constant of the

potential energy vanishes at equilibrium positions becauseΦ(1)
αlκ = ∂Φ

∂uαlκ

⃓⃓⃓
u=0

represents the force, which is always zero at the equilibrium positions of the

system. The harmonic (second-order) force constants, which describe the

vibrational properties within the harmonic approximation, can be derived

in a similar manner toΦ(1), as:

Φ(2)
αlκ,βl ′κ′ =

∂2Φ

∂uα
lκ∂uβ

l ′κ′

⃓⃓⃓
u=0

. (2.3)

Terms beyond the harmonic approximation represent anharmonic contri-

butions. The cubic anharmonic (third-order) force constant, essential for

collecting vibrational properties, is given by:

Φ(3)
αlκ,βl ′κ′, γl ′′κ′′ =

∂3Φ

∂uα
lκ∂uβ

l ′κ′∂uγ

l ′′κ′′

⃓⃓⃓
u=0

. (2.4)

Equations (2.3) and (2.4) can be calculated using the Finite Difference

Method (FDM). In this approach, the harmonic force constant (correlating

atom A and B) is determined by displacing atom B by uβ(B) and calculating
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Figure 2.2: Schematic representation of harmonic and anharmonic force interac-
tions in a lattice.

the corresponding force Fα(A) acting on atom A, as illustrated in the left

panel of Figure 2.2. Generally, this involves generating a displaced crystal

structure and using it as input for electronic structure calculations, such as

Density Functional Theory (DFT), which will be discussed in Section 2.2.

The resulting forces acting on atoms in the structure are then obtained via

the Hellman–Feynman theorem from these calculations. The harmonic

force constant correlation between A and B is evaluated as follows:

Φ(2)
αβ

(A, B) =−Fα(A)

uβ(B)
. (2.5)

At equilibrium the net force on each atom vanishes (Fα(A) = 0), so the

reference force at the undisplaced geometry cancels. Only the perturbed

force appears in Eq. (2.5), which explains the absence of an explicit “dif-

ference” term. In practice, a centred finite difference scheme is usually

employed—displacing atom B by +uβ(B) and −uβ(B)—to symmetrise the

calculation about the equilibrium position. This cancels odd-order trunca-

tion errors and yields a more accurate O(h2) estimate of the force constants

compared with forward or backward differences.
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This centred finite difference pratically requires moving each atom a small

displacement separately in x, y, z , resulting in 3N independent displace-

ments. For each displacement, the forces on all 3N atomic degrees of free-

dom must be evaluated, yielding a full 3N ×3N force constant matrix. Using

central finite differences, this requires 6N total force evaluations (two per

displacement), leading to 9N2 distinct elements in the force constant ma-

trix [26]. (Typically, these forces are obtained from an electronic structure

method, such as density functional theory.)

For the cubic anharmonic force constants, a similar procedure is employed.

This requires the simultaneous displacement of two atoms (e.g., atoms B

and C ), while the resulting force acting on a third atom (e.g., atom A) is

calculated, as depicted in the right panel of Figure 2.2.

These calculations follow the same electronic structure calculation proce-

dure as for the harmonic force constants, enabling the numerical determi-

nation of the cubic anharmonic force constants, expressed as:

Φ(3)
αβγ

(A, B , C ) =− Fα(A)

uβ(B)uγ(C )
. (2.6)

The process of evaluating them through central finite differences requires

the displacement of all pairs of atoms (B ,C ) in all Cartesian directions (β,γ),

and the subsequent recording of the change in force on atom A. Conse-

quently, 9N2 distinct displacement pairings are generated, each necessi-

tating four force evaluations, resulting in a total of 36N2 required force

calculations. The third-order force constant tensor that results is signifi-

cantly more expensive than the harmonic case due to the presence of 27N3

elements.

The computational cost arises from the extensive number of force evalu-

ations (CPU time) required to generate the tensor and the considerable

memory required for storing all those 27N 3 independent elements. Thus,

calculations of third-order force constants increase combinatorially with
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system size and are far more resource-intensive than their harmonic equiv-

alents.

2.1.2 Phonon Calculations

Phonons are quantised periodic vibrations that describe the collective mo-

tion of atoms in a crystalline material. Their study is essential for under-

standing vibrational, thermal, and electrical transport properties in solids.

Phonon calculations begin with the construction of the dynamical matrix

using harmonic force constants and solving the equations of motion for the

lattice vibrations.

In the harmonic approximation, the potential energy of the lattice, Eq. (2.2),

is expanded to the second order around the equilibrium positions. The

equation of motion for the displacement of atoms is given by:

mκ

∂2uα
lκ(t )

∂t 2 =− ∑︂
βl ′κ′

Φ(2)
αlκ,βl ′κ′u

β

l ′κ′ , (2.7)

where mκ is the mass of the κth atom in the l th unit cell.

Due to the periodic boundary conditions of a crystal structure, the atomic

displacements can be expressed as plane waves [27; 28]:

uα
lκ(t ) =∑︂

j
ϵακ, j (q) e

−i
(︂
q·R0

κl−ω j (q)t
)︂
. (2.8)

In this expression, ω j (q) is the phonon frequency associated with the j th

phonon mode characterised by the wave vector q. The plane wave ampli-

tude ϵα
κ, j (q) represents the phonon polarisation in the αth Cartesian direc-

tion. Substituting this expression into equation (2.7) leads to the dynamical

matrix D eigenvalue problem:

ω2
j (q) ϵακ, j (q) = ∑︂

βκ′
Dαβ, κκ′(q) ϵβ

κ′, j (q), (2.9)
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Figure 2.3: Phonon dispersion relation for a diatomic chain.

where Dαβ, κκ′(q) is the discrete Fourier transform of the harmonic force

constants 1, defined as:

Dαβ, κκ′(q) =∑︂
l ′

1⎷
m(κ)m(κ′)

Φ(2)
αlκ,βl ′κ′ e

i q·
(︂
R0
κ′l ′−R0

κl

)︂
. (2.10)

Solving Eq. (2.9) results in the phonon frequencies ω j (q) and phonon polar-

isation vectors ϵα
κ, j (q) as eigenvalues and eigenvectors respectively.

The fluctuation of phonon frequencies in respect to the wave vector q within

the Brillouin zone is depicted by the phonon dispersion relations ω j (q).

These connections are essential to lattice dynamics and provide a thor-

ough understanding of the vibrational modes present within the crystal.

In crystals, the number of phonon branches corresponds to the total de-

grees of freedom per unit cell. For a unit cell containing N atoms, there

are 3N branches: 3 acoustic branches, where phonon frequencies linearly

approach zero as q → 0 and 3N −3 optical branches, where phonon frequen-

cies remain finite as q → 0. Acoustic branches are the collective, in-phase

vibrations of atoms that propagate through the crystal as sound waves. On

the other hand, optical branches are the result of out-of-phase, relative

motions between atoms within the unit cell and typically occur at higher

frequencies.

1 The translational symmetry, i.e. setting l = 0, can be used to simplify Eq. (2.10) more symmetric,
which appears in [29].
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I also provide the phonon dispersion relations of the infinite one-dimensional

diatomic chain, shown in figure 2.3.

Once acquiring the phonon dispersion relations, the phonon density of

states (DoS) can be computed to quantify the potential vibrational modes

distributed across the range of frequencies. This distribution is crucial for

determining thermodynamic properties such as heat capacity and entropy,

as well as for analysing vibrational contributions to thermal transport. The

phonon DoS [11] is defined as:

g (ω) = 1

Nl

∑︂
q j
δ(ω−ω j (q)), (2.11)

where Nl is the number of unit cells in the lattice, and δ(ω−ω j (q)) is the

Dirac delta function, which ensures contributions only at the frequencies

corresponding to the phonon modes.

The description of vibrational modes in the lattice, defined by acoustic

and optical branches, can be improved by including quantum mechanics.

This enables a quantised treatment of lattice vibrations by adding phonons

as discrete energy-carrying quasiparticles. Such a framework is required

for accurately collecting thermal characteristics at low temperatures and

modelling phonon scattering processes that influence thermal conductivity.

In a quantum mechanical framework, the atomic displacement uα
lκ can be

treated as a quantum operator and expressed as a discrete Fourier transform

of the phonon normal mode displacements, uκ, j (q) associated with the

wave vector q and the normal mode of band index j :

uα
lκ =

1√︁
Nl

∑︂
q j

uκ, j (q) e−i q·R0
κl ϵακ, j (q), (2.12)
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where the summation over j runs over all phonon modes. The normal mode

displacement uκ, j (q) represent the quantum-mechanical position operator

and is given by:

uκ, j (q) =
√︄

ħ
2mκω j (q)

[︂
â†

j (−q)+ â j (q)
]︂

, (2.13)

where ħ is the reduced Planck constant, â†
j (−q) is the phonon creation op-

erator and â j (q) is the phonon annihilation operator. This formulation

incorporates the quantum nature of lattice vibrations, where phonon cre-

ation and annihilation operators govern the quantised energy exchange in

the lattice.

Under the harmonic approximation, the lattice Hamiltonian can be ex-

pressed in terms of these operators. Starting from the Hamiltonian in equa-

tion (2.1), the total Hamiltonian is rewritten as the sum of the kinetic energy

(T ) and the harmonic potential energyΦHarm:

HHarm = T +ΦHarm

=∑︂
q j

ħω j (q)

[︃
1

2
+ â†

j (−q)â j (q)

]︃
,

(2.14)

which is the Hamiltonian of quantum simple harmonic oscillation. The

second term, â†
j â j , in equation (2.14) is the phonon number operator, which

corresponds to the phonon occupation number.

From the principles of statistical mechanics, phonons, as bosonic quasi-

particles, obey the Bose-Einstein distribution, as their occupation number

quantifies the thermal population of each vibrational mode in equilibrium.

The phonon occupation number can, therefore, be expressed as:

n j (q) = 1

e
(︁ħω j (q)/kBT

)︁
−1

, (2.15)

where n j (q) gives the average number of phonons in mode j at wave vector

q, kB is the Boltzmann constant, and T is the temperature. In the canonical
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ensemble system, the Hamiltonian in equation (2.14) can be solved to obtain

the energy of phonons as:

EHarm =∑︂
q j

ħω j (q)

(︃
1

2
+n j (q)

)︃
. (2.16)

This phonon energy can be used to calculate the isochoric heat capacity CV ,

which is essential to our research since it serves as a foundation for calcu-

lating lattice thermal conductivity [11]. By employing the thermodynamic

relation of the heat capacity [30], we, therefore, obtain

CV (T ) =
(︃
∂EHarm(T )

∂T

)︃
V

=∑︂
q j

CV , j (q, T )

=∑︂
q j

kB

(︃ħω j (q)

kBT

)︃2 e
(︁ħω j (q)/kBT

)︁
[︂

e
(︁ħω j (q)/kBT

)︁
−1

]︂2 .

(2.17)

This equation describes how phonons contribute to the heat capacity of the

system, with contributions from all phonon modes indexed by q and j .2

Here, we can see the harmonic approximation simplifies the lattice poten-

tial by preserving solely quadratic (second-order) terms in atomic displace-

ments. Consequently, atomic vibrations can be represented as a collection

of isolated, non-interacting phonon modes with constant frequencies that

remain unaffected by temperature variations. In this context, temperature-

dependent thermal parameters, including isochoric heat capacity, can be

precisely computed utilising Bose-Einstein statistics for phonon occupancy.

However, the lattice thermal conductivity cannot be computed realistically

under this approximation: because phonon-phonon interactions are ab-

sent, no intrinsic phonon scattering occurs, and the thermal conductivity

2 In addition to phonons, electrons also contribute to the heat capacity, particularly in metals. This
electronic contribution is typically linear in temperature at low T , but is negligible in insulators
and semiconductors where electronic excitations are thermally suppressed. [31]
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formally diverges and becomes infinite. To model thermal resistance and

predict finite conductivity, one must include cubic (third-order) anharmonic

terms, which give rise to three-phonon scattering processes.

The cubic anharmonic crystal potential, which introduces phonon-phonon

interactions, can be expressed as a sum of three-phonon collisions:

ΦAnh = ∑︂
j1, j2, j3

∑︂
q1,q2,q3

Φ j1, j2, j3(q1,q2,q3)

×
(︂
â†

j1
(−q1)+ â j1(q1)

)︂
×

(︂
â†

j2
(−q2)+ â j2(q2)

)︂
×

(︂
â†

j3
(−q3)+ â j3(q3)

)︂
,

(2.18)

whereΦ j1, j2, j3(q1,q2,q3) denotes the strength of interaction among the three

phonons with wave vector (q1,q2,q3) in the normal mode ( j1, j2, j3). The

explicit form of this interaction strength can be expressed through a discrete

Fourier transform of the cubic anharmonic force constant in Cartesian

coordinates,Φ(3)
αl1κ1,βl2κ2, γl3κ3

, as:

Φ j1, j2, j3(q1,q2,q3) = 1

6
√︁

Nl

∑︂
αβγ

∑︂
κ1κ2κ3

ϵακ1, j1
(q1) ϵβ

κ2, j2
(q2) ϵγ

κ3, j3
(q3)

×
√︄

ħ
2mκ1ω j1(q1)

√︄
ħ

2mκ2ω j2(q2)

√︄
ħ

2mκ3ω j3(q3)

× ∑︂
l1,l2,l3

Φ(3)
αl1κ1,βl2κ2, γl3κ3

· e
i q2·

(︂
R0

l2κ2
−R0

l1κ1

)︂

· e
i q3·

(︂
R0

l3κ3
−R0

l1κ1

)︂
· e

i(q1+q2+q3)·R0
l1κ1

×δ∗(q1 +q2 +q3),

(2.19)
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where δ∗(q1 +q2 +q3) enforces momentum conservation and is defined as:

δ∗(q1 +q2 +q3) =
⎧⎨⎩1, if q1 +q2 +q3 is a reciprocal lattice vector,

0, otherwise.
(2.20)

Many-body perturbation theory (MBPT)3 can be used to extract the an-

harmonic self-energy of phonons. The phonon self-energy is generally a

complex function comprising a real part, ∆(ω), and the imaginary part Γ(ω)

corresponding to a phonon of frequency ω [33]. The real part, ∆(ω), is as-

sociated with the phonon frequency renormalisation. The imaginary part,

Γ(ω), represents an energy loss term associated with phonon scattering

processes and is inversely related to the phonon lifetime.

To calculate the realistically consistent thermal conductivity of a crystal

necessitates consideration of the imaginary component, which, within the

context of second-order perturbation theory, is expressed as:

Γ j (ω; q) = 18π

ħ2

∑︂
j2, j3

∑︂
q2,q3

⃓⃓
Φ j , j2, j3(−q,q2,q3)

⃓⃓2

[︂(︁
n j2(q2)+n j3(q3)+1

)︁ ·δ(︁
ω−ω j2(q2)−ω j3(q3)

)︁
+ (︁

n j2(q2)−n j3(q3)
)︁ ·δ(︁

ω−ω j2(q2)
)︁

− (︁
n j2(q2)−n j3(q3)

)︁ ·δ(︁
ω−ω j2(q2)−ω j3(q3)

)︁]︂
(2.21)

where n j (q) is the phonon occupation number defined in Eq. (2.15).

2Γ j (ω; q) represents the phonon line-width for the phonon mode (q, j ). By

3 Many-body perturbation theory (MBPT) provides highly accurate calculations of phonon anhar-
monicity in crystalline materials with weak anharmonic interactions. However, for materials
exhibiting strong anharmonicity, such as perovskites, thermoelectric materials, and supercon-
ducting hydrides, alternative methods like first-order self-consistent phonon theory are often
more suitable [32].
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taking the inverse of the phonon line-width, the corresponding phonon

lifetime can be determined,

τ j (q) = 1

2Γ j (ω; q)
. (2.22)

From the linearised phonon Boltzmann transport equation (LBTE) un-

der the single-mode relaxation-time (SMRT) approximation [34], the

phonon lifetime τ j (q) is approximated to be the single-mode relaxation

time τ j (q)SMRT. This approximation assumes that each phonon mode

relaxes independently of all others, simplifying the complex interactions

in the phonon system. This allows us to efficiently calculate the thermal

conductivity by neglecting mode-coupling effects that may be substantial in

strongly anharmonic systems. Thus combining the mode-resolved specific

heat capacity (Equation (2.17)) and the phonon lifetime (Equation (2.22)),

the lattice thermal conductivity is expressed as

κ= 1

Nl ·Ωcell

∑︂
q j

[︂
v j (q)⊗v j (q)

]︂
·CV , j (q, T ) ·τ j (q)SMRT, (2.23)

where Ωcell is the volume of each unit cell, and Nl denotes the total number

of atoms per a unit cell. The phonon group velocities v j (q) can be given by

the slope of the phonon dispersion relation,

v j (q) = ∂ω j (q)

∂q
. (2.24)

Alternatively, the components of the group velocity, vαj (q), can be directly

calculated by differentiating the eigenvalue in Equation (2.9) with respect

to the phonon wave vector [12]:

vαj (q) = 1

2ω j (q)

∑︂
κβ

∑︂
κ′γ

ϵ
β

κ, j (q)
∂Dβγ, κκ′(q)

∂qα
ϵ
γ

κ′, j (q). (2.25)

I have discussed the fundamental relations as used in PHONOPY and

PHONO3PY, which form the basis for understanding the functionalities
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and computational procedures underlying these widely used tools for

phonon and thermal transport calculations.

While the force-constant approach described above is the most widely used

route to obtain phonon spectra from first principles, phonons can also be

computed from finite-temperature molecular dynamics simulations. In

such cases, we can extract vibrational information by analysing the velocity

autocorrelation function or the dynamical structure factor obtained from

a sufficiently long MD trajectory (classical or ab initio MD). These time-

correlation methods yield phonon densities of states and, when combined

with appropriate projections, phonon dispersions, providing an alternative

to the direct finite-difference or density-functional perturbation theory

approaches.

2.2 Density Functional Theory

Harmonic and cubic anharmonic force constants are the key parameters

which describe the phonon properties of materials. The calculation of these

force constants via the finite difference method requires a set of forces

acting on atoms in the system. One way to calculate these forces is by using

electronic structure calculations, such as Density Functional Theory (DFT).

Density Functional Theory (DFT) is a powerful computational method

widely used in quantum chemistry and condensed matter physics to study

the electronic structure of atoms, molecules, and solids. By approximating

the many-body Schrödinger equation with an O(N 3)-based method, DFT of-

fers a computationally efficient framework to investigate fundamental prop-

erties such as electronic energies, molecular geometries, and spectroscopic

features. This chapter provides a detailed explanation of the theoretical

foundations and computational methodologies associated with DFT.
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2.2.1 Theoretical Foundations

The first point of quantum mechanical calculations is the time-independent

Schrödinger equation for a system of interacting electrons,

ĤΨ= EΨ,

where Ĥ is the Hamiltonian operator, Ψ is the many-body wavefunction,

and E is the total energy of the system. The Hamiltonian includes the kinetic

energy of the electrons, the electron-nucleus attraction, and the electron-

electron Coulomb repulsion. Solving this equation directly is computa-

tionally infeasible for systems with many electrons due to the exponential

growth of the wavefunction’s complexity O(N !).

Establishing the Hohenberg-Kohn (H-K) theorems is a key step in the de-

velopment of density functional theory (DFT). These theorems prove that

the ground-state energy of a many-electron system is uniquely determined

by its electron density. Furthermore, the ground-state electron density

minimises a total energy functional of the electron density, which includes

contributions from the kinetic energy, the external potential, the Hartree

energy, and the exchange-correlation energy.

Building on this H-K foundation, the Kohn-Sham (KS) approach simplifies

the many-electron problem by introducing a system of non-interacting elec-

trons that reproduces the ground-state electron density of the interacting

system. The KS equations, which govern this non-interacting system, are

expressed as: (︃
− ħ2

2m
∇2 +Veff(r)

)︃
ψi (r) = ϵiψi (r), (2.26)

where ψi (r) are the Kohn–Sham orbitals, ϵi are their associated eigenvalues,

and Veff(r) is the effective potential, given by:

Veff(r) =Vext(r)+VHartree(r)+Vxc(r), (2.27)



22 CHAPTER 2. THEORETICAL BACKGROUND

with Vext(r), VHartree(r), and Vxc(r) representing the known external, exact

Hartree, and approximate exchange–correlation potentials, respectively.

In typical condensed-phase systems the external potential Vext(r) due to

the nuclei dominates, as it contains the strong Coulomb attraction at each

nuclear site. The Hartree term VHartree(r) represents the classical electro-

static repulsion of the electron density. It is generally an order of magnitude

smaller but still comparable to Vext in regions of high electron density. The

exchange–correlation potential Vxc(r) is the smallest component. Although

crucial for accuracy, it typically contributes only a few to tens of percent of

the total effective potential depending on the material and the functional

used. These relative magnitudes motivate why Vext sets the overall scale of

the problem, while VHartree and Vxc provide successively finer corrections to

the electronic structure.

2.2.2 Computational methodologies

The first step in a DFT calculation is to define the atomic positions and the

system geometry. For molecular systems, atomic arrangements are specified

using Cartesian or internal coordinates. For solid-state systems, additional

lattice parameters and unit cell configurations are required to define the

periodic structure of the material.

The electronic wavefunctions in a DFT calculation are typically represented

using a finite basis set, which is chosen based on the nature of the system

being studied. Common types of basis sets include:

1 Gaussian-Type Orbitals (GTOs): Frequently employed in molecular

systems because of their computational efficacy in depicting localised

wavefunctions. However, GTO basis sets sometimes exhibit overcom-

pleteness, affecting the extrapolation to the complete (basis-free) limit.

Plane Waves (PW): Commonly used in periodic systems, as they effec-

tively reflect delocalised electronic states in crystals. Although plane
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waves may be inefficient for systems with high ionic density due to the

requirement for a substantial energy cutoff, their intrinsic orthogonal-

ity allows systematic convergence to the complete basis set limit.

The choice of basis set significantly impacts the computational cost and

accuracy of the calculation, making it an important consideration during

problem setup.

The accuracy of a DFT calculation is also strongly influenced by the selection

of the exchange-correlation (XC) functional, which approximates the many-

body effects of electron exchange and correlation. Common categories of

XC functionals are

1 Local Density Approximation (LDA): Relies solely on the local elec-

tron density, parametrised using quantum Monte Carlo results for the

homogeneous electron gas (HEG), and is most accurate for systems

with slowly varying electron density, such as metals.

2 Generalised Gradient Approximation (GGA): Improves upon LDA by

incorporating the gradient of the electron density, allowing for greater

accuracy in systems with sharply varying electron densities, such as

insulates and semiconductor. Popular examples include the Perdew-

Burke-Ernzerhof (PBE) functional.

3 Meta-GGA Functionals: Represent the next rung on “Jacob’s ladder”

of DFT approximations by including, in addition to the density and its

gradient, information about the kinetic-energy density or the Lapla-

cian of the density. Examples include SCAN (Strongly Constrained and

Appropriately Normed) [35] and TPSS (Tao–Perdew–Staroverov–Scuseria)

[36] functionals. These functionals can improve predictions of struc-

tural and thermochemical properties compared with standard GGAs,

although the improvement is not universal.

4 Hybrid Functionals: Combine DFT correlation with a fraction of exact

Hartree–Fock exchange, providing a more accurate treatment of elec-
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tron interactions for many systems. Examples include B3LYP, widely

used in molecular chemistry, and HSE06, commonly applied in solid-

state calculations.

Climbing Jacob’s ladder [36] often increases the formal sophistication of the

functionality and often enhances accuracy for specific system categories;

but, it does not ensure consistently superior outcomes. For example, a well-

parameterised GGA can outperform a meta-GGA for specific properties,

and hybrids can sometimes degrade predictions for metals even though

they improve molecular energetics. Thus, the choice of functional should

be made on a property- and system-specific basis, taking into account both

accuracy requirements and computational cost.

After selecting the exchange-correlation (XC) functional, the Kohn-Sham

equations are solved using the self-consistent field (SCF) procedure, an

iterative algorithm designed to achieve convergence of both the electron

density and the total energy. The SCF procedure involves the following

steps:

1 Initial Guess: An initial guess for the electron density is generated,

which may be based on atomic orbitals, a uniform density, or results

from previous calculations.

2 Potential Update: the current electron density is used to calculate

the effective potential. This potential includes contributions from

the external potential, Hartree potential, and exchange-correlation

potential.

3 Solve Kohn-Sham Equations: The Kohn-Sham equations are solved

to obtain the updated Kohn-Sham orbitals (ψi ) and their associated

eigenvalues (ϵi ).

4 Convergence Check: The updated electron density and total energy are

compared to the values from the previous iteration. If the changes are
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below predefined thresholds, the calculation is considered converged.

Otherwise, the process is repeated using the updated density.

The SCF procedure ensures the self-consistency of the electronic structure,

which is essential for achieving accurate and reliable results in DFT calcula-

tions. It is essential to obtain well-converged energy and forces from DFT

calculations for our research, as we seek to predict machine-learned force

constants based on this reference data. We give the SCF convergence param-

eters in the techniques part of Chapter 3 to furnish an appropriate dataset

for training. [35] Although DFT provides a precise framework for calculating

electronic structures and associated properties, its computational expense

becomes excessive for large systems or when extensive configuration space

sampling is required, such as in the generation of training data for machine

learning models. To come across this limitation, machine learning, par-

ticularly Gaussian processes (GPs), has emerged as an efficient surrogate

model, as an approximate model, for predicting energy, forces, and related

observables with significantly reduced computational costs. In the subse-

quent section, we outline the fundamental notions underpinning Gaussian

process regression.
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2.3 Gaussian Processes

We present the mathematical foundations of the conventional Gaussian

process (GP) model and its derivative model in this section on GPs. After

that, a survey of relevant research will be given, emphasising its uses and

importance in the domains of computational chemistry and physics.

2.3.1 Conventional Model

The concept of a (multivariate) Gaussian distribution can be extended using

a Bayesian framework, leading to the formulation of a Gaussian process (GP)

model [1]. Mathematically, Gaussian processes are defined as a collection

of random variables, any finite subset of which follows a (multivariate)

Gaussian distribution. A random vector (descriptor), x, can be indexed by

time, space, or other inputs; this set of descriptors constitutes the input

space. In our case, the input space corresponds to Atomic Cluster Expansion

descriptors of a given configuration, while the target values are the physical

quantities to be predicted (such as energies, forces).

A GP is fully characterised by its mean function and covariance function.

These functions are defined for a real function f (x) as:

m(x) = E[ f (x)],

k(x, x∗) = Cov
(︁

f (x), f (x∗)
)︁

= E[( f (x)−m(x))( f (x∗)−m(x∗))],

(2.28)

where m(x) represents the expected value (mean) of the function at descrip-

tor x, and k(x, x∗) defines the covariance between the function evaluated

at x and x∗. The Gaussian process, fully defined by its mean function and

covariance function, can be interpreted as a prior distribution over the

space of possible functions,

f (x) ∼ GP
(︁
m(x),k(x, x∗)

)︁
, (2.29)
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where m(x) and k(x, x∗) are defined in equation (2.28), describing the

relationship between function values at different points in the input space.

This means that before seeing any data we have a prior belief about the

function’s behaviour (encoded by m and k). Given observed data D= {xi , yi },

Bayes’ theorem updates this belief to a posterior distribution:

p( f |D) = p(D | f ) p( f )

p(D)
, (2.30)

where:

• p( f ) is the prior, our assumption about the function before seeing the

data (here, the GP defined by m and k);

• p(D | f ) is the likelihood, which measures how probable the observed

targets are for a given function;

• p( f |D) is the posterior, our updated belief about the function after

observing the data.

Because GPs maintain full probability distributions over functions and ex-

plicitly update them via Bayes’ theorem, they are referred to as Bayesian

models.

The mean function is often assumed to be zero, i.e. m(x) = 0, simplifying

in many Gaussian process applications. The covariance function k(x, x∗)

is commonly referred to as the GP "kernel". This kernel is a pairwise func-

tion defined on two d-dimensional descriptors, x and x∗, and specifies the

correlation between the function values at these points. In essence, it maps

two d-dimensional vectors to a single scalar value,

k(·, ·) :Rd ×Rd →R,

The simplest kernel used in a GP model is the dot-product (or linear) kernel,

which is defined as:
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k(x, x∗) = x ·x∗. (2.31)

This kernel reduces Gaussian process regression to linear regression. A more

generalized version of the linear kernel is the polynomial kernel, expressed

as:

k(x, x∗) = (x ·x∗)ζ. (2.32)

where ζ represents the degree of the polynomial. In addition to these, vari-

ous other kernels have been developed, including the Matérn32, Matérn52,

and periodic kernels. Detailed definitions of these kernels can be found in

Rasmussen’s book [1].

In addition to the linear and polynomial kernels, one of the most widely

used kernels in Gaussian process models is the squared exponential kernel,

also known as the radial basis function (RBF) or simply the Gaussian kernel,

defined as:

k(x, x∗) = exp
[︃
−1

2
d(x, x∗)2

]︃
, (2.33)

where d(x, x∗) = ∥x−x∗∥2 is the Euclidean metric.

This kernel is stationary and isotropic, depending only on the distance be-

tween points, and is infinitely differentiable, implying a very strong prior

preference for smooth. These properties make the RBF kernel a default

choice for modelling smooth physical processes. However, it can perform

poorly for rough or discontinuous data-generating functions, or for non-

stationary behaviour where the characteristic lengthscale varies across the

input space; in such cases kernels with weaker smoothness assumptions (e.g.

Matérn) or locally adaptive/composite kernels may be more appropriate.

Building on the concept of Gaussian processes (GPs) discussed above, we

now explore how this framework can be applied in surrogate modelling

physics, such as regression tasks. A common application of GP models

in this domain is the analysis and prediction of potential energy surfaces
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(PESs). Specifically, the goal of a GP model in such cases is to predict the

continuous PES E∗(x∗), given the input x∗, discrete training datapoints x

and the corresponding PES E(x).

To build a GP model, we need to construct the joint Gaussian distribution

between those two datapoints with an 2-dimensional zero-mean vector, as:[︄
E

E∗

]︄
∼ GP2

(︄[︄
0

0

]︄
;

[︄
k(x, x)+σ2 k(x, x∗)

k(x∗, x) k(x∗, x∗)

]︄)︄
, (2.34)

where σ2 is the observation noise associated with the PES E(x).

This noise arises from electronic structure calculations and can be expressed

as

Ẽ(x) = E(x)+ϵ,

where the uncertainty ϵ ∈R can be presumed to be normal distributed with

a mean of zero and a variance of σ2. This is defined as:

ϵ∼N
(︁
0 ; σ2)︁ . (2.35)

Therefore, the posterior prediction for E∗ is given by

E∗| x∗, x, E ∼ GP
(︁
m⋆(x∗, x, E) ; k⋆(x, x∗)

)︁
, (2.36)

where m⋆ represents the posterior mean expressed as,

m⋆(x, x∗, E) = k(x, x∗) · (︁k(x, x)+σ2)︁−1 ·E , (2.37)

and k⋆ is the corresponding posterior covariance derived from

k⋆(x, x∗, E) = k(x∗, x∗)+k(x, x∗) · (︁k(x, x)+σ2)︁−1 ·k(x∗, x). (2.38)

In physics, Gaussian processes (GPs) have been used extensively. As previ-

ously mentioned, GPs can be used for modelling the electronic potential

energy surfaces (PESs) of N -atomic systems with the help of previous infor-
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mation. Typically, density functional theory (DFT) computations provide

potential energies and atomic forces at specific input structures, which form

the training data for the GP.

Each structure and its associated potential energy can be represented for GP

modelling as a scalar target Ei and a 3N -dimensional Cartesian descriptor

xi , respectively. A total of n structures can then be arranged into a 3N ×n

descriptor matrix X and an n-dimensional target vector E, yielding a training

or test dataset compatible with GP models.

For N datapoints, exact GPs require inversion of an N ×N covariance ma-

trix when training, which scales as O(N 3) in time and O(N 2) in memory.

Predictions at N∗ new structures scale as O(N N∗)–O(N 2 N∗) depending

on whether predictive variances are computed. This cubic cost limits the

practical application of exact GPs to only a few tens of thousands of training

points. Sparse or approximate GP methods alleviate this bottleneck by intro-

ducing a much smaller set of M ≪ N inducing points; training then scales as

O(n M 2) and prediction as O(M N∗), making GPs tractable for much larger

datasets at the expense of an approximation whose quality depends on how

well the inducing points capture the underlying data structure.

Beyond computational cost, another key challenge for GP models of materi-

als is ensuring size transferability. Total energy is an extensive quantity, so to

apply a GP model across system sizes different from those used in training

it must be reformulated as an additive or local model in which an intensive

latent function of each atom’s environment is learned and the total energy is

expressed as the sum of these contributions. In our work we use the global

Gaussian process approach, which represents each configuration by a single

whole-system descriptor and applies a global kernel. Within this frame-

work, the energy prediction cannot be made intensive and size-transferable

without restructuring the model. This global choice has the advantage of

capturing collective, long-range correlations and being conceptually simple
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for fixed-size systems, but at the cost of losing principled size transfer and

data efficiency when locality holds.

2.3.2 Reviews on Gaussian Processes for Molecules and Materials

Bartók’s and Szlachta’s PhD thesis [37; 38] were the first to propose this study

of electronic PESs using a GP technique in 2010 and 2013. Simple systems

with a few degrees of freedom, such as polarised water [20], a crystalline

silicon [23; 39], N4 [21], methyl chloride [40], or a molecule like H3O+ [19],

were effectively treated using a GP approach. However, because the GP

kernel computation does not scale well, examining a more complicated

structures with higher DoFs results in a costly GP calculation.

Several optimisation strategies can be used to lower the computing cost of

GP. For instance [1], a GP kernel matrix was reduced in size using a sparse

approach, which involves converting it into a smaller kernel matrix with a

low rank approximation.For the protonated imidazole dimer (C6N9N +
4 ), Sug-

isawa et al. successfully implemented this sparse GP to the 51-dimensional

PES [22].

A composite GP kernel, which is created by adding or multiplying two or

more distinct kernels, is an additional method to increase the complex-

ity of the GP model. By raising the GP model complexity, the number of

data points needed for a given accuracy is decreased while the GP model

becomes more complex. Global PESs of H3O+ were interpolated and extrap-

olated using this method by J. Dai and R. V. Krems [19].

Furthermore, by differentiating a GP kernel, the relationship between the

derivatives of pre and posterior data can be determined [5; 6; 41]. Specifi-

cally, the accuracy and dependability of posterior PES predictions can be

improved by using forces (energy derivatives), which are often calculated

’for free’ from electronic structure calculations by the Hellmann-Feynman

theorem, with previous PES data [3].
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The mathematical foundation for adding force training to a traditional GP

model, which allows for the simultaneous learning of potential energy sur-

faces and their derivatives, will be covered in the following subsection.

2.3.3 Derivative Model

Atomic forces can be used as prior derivative information to improve the

accuracy of Gaussian process (GP) models in forecasting potential energy

surfaces (PESs). Atomic forces are often calculated as part of an electronic

structure computations. This method improve the model significantly as the

force information gives the GP model specific knowledge about the local PES

gradient, which enhances its interpolation and extrapolation capabilities.

Since forces are the partial derivatives of energy with respect to atomic

displacements, it is necessary to differentiate the Gaussian process kernel

function in order to include force information into a GP model in practice

[3; 7; 8; 42]. This is accomplished by computing derivatives of the kernel

function up to the second order with respect to the selected descriptors,

guaranteeing that the model correctly represents the links between force

and energy information.

We take the first derivative of the kernel function k(x, x∗), as described in

Equation (2.33), with respect to the descriptor x and x∗, where x, x∗ ∈R3N

denote the Cartesian coordinates of N atoms. This differentiation yields

first-rank tensors, the Jacobian matrices, which measure how sensitive the

kernel function is to atomic displacements. The result is a 3N ×1 kernel

matrix, which are frequently called the gradient kernel:

[︁∇xk(x, x∗)
]︁T =

[︃
∂k

∂x1

∂k

∂x2
· · · ∂k

∂x3N

]︃T

, (2.39)

and [︁∇x∗k(x, x∗)
]︁T =

[︄
∂k

∂x∗
1

∂k

∂x∗
2

· · · ∂k

∂x∗
3N

]︄T

. (2.40)
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In the derivative kernel, the connection between the potential energy at

x∗ and the force at x is established by the kernel matrix in Equation (2.39),

whilst the inverse relationship is defined by Equation (2.40). Finally, to con-

struct the joint distribution similar to Equation (2.34) requires the second

derivative, the Hessian, of the kernel with respect to those two descriptors.

This Hessian matrix includes the correlation of the pre-training forces at x,

expressed as the 3N ×3N second-rank tensor,

∇x∇xk =

⎡⎢⎢⎢⎢⎢⎣
∂2k

∂x1∂x1

∂2k
∂x1∂x2

· · · ∂2k
∂x1∂x3N

∂2k
∂x2∂x1

∂2k
∂x2∂x2

...
...

. . .
∂2k

∂x3N∂x1
· · · ∂2k

∂x3N∂x3N

⎤⎥⎥⎥⎥⎥⎦ . (2.41)

Now, we can build a new joint distribution for the derivative GP model by

incorporating these Jacobian and Hessian kernel matrices into Equation

(2.34), yielding,⎡⎢⎢⎣
E

∇xE

E∗

⎤⎥⎥⎦ ∼ GP (1+3N )+1

⎛⎜⎜⎝
⎡⎢⎢⎣

0

0

0

⎤⎥⎥⎦ ;

⎡⎢⎢⎣
k|x, x +σ2 −∇xk k|x, x∗

[∇xk]T ∇x∇xk +Σ f [∇x∗k]T

k|x∗, x −∇x∗k k|x∗, x∗

⎤⎥⎥⎦
⎞⎟⎟⎠ , (2.42)

where ∇xE =−[︁
Fx,1 Fy,1 Fz,1 · · ·Fx,N Fy,N Fz,N

]︁T are the pre-training forces

at x and k|x, x∗ ≡ k(x, x∗). We also define 3N -dimensional zero-mean vector

0 associated with the force components and assign negative signs to ensure

that the first order kernel matrices are antisymmetric. Σ f is the 3N ×3N

variance matrix associated with the observation noise of the pre-training

forces, defined as:

Σ f =σ2
f × 13N×3N , (2.43)

where 13N×3N denotes a 3N ×3N identity matrix.

The posterior prediction (2.36) can be rewritten as:

E∗|x∗, x, E , ∇xE ∼ GP
(︁
m⋆|x∗, x, E , ∇xE ; k⋆|x, x∗

)︁
, (2.44)
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where m⋆ represents the posterior mean redefined as,

m⋆|x∗, x, E , ∇xE =
[︂

k|x∗, x −∇x∗k
]︂[︄

k|x, x +σ2 −∇xk

[∇xk]T ∇x∇xk +Σ f

]︄−1 [︄
E

∇xE

]︄
,

(2.45)

and k⋆ is the corresponding posterior covariance re-expressed as,

k⋆|x, x∗ = k|x∗, x∗

+
[︂

k|x∗, x −∇x∗k
]︂[︄

k|x, x +σ2 −∇xk

[∇xk]T ∇x∇xk +Σ f

]︄−1 [︄
k|x, x∗

[∇x∗k]T

]︄
.

(2.46)

The use of Gaussian process models with differentiation has been investi-

gated in a number of papers in the literature, utilising gradient information

to improve prediction efficiency and accuracy. E. G. del Río et al. [7] em-

ployed this method as a local optimisation approach to investigate the local

minimum of PESs for a gold cluster. In order to find the global minimum

of the PES for [Ta2O5]x clusters with x = 1,2,3 and the surface structure of

ZrN, S. Kaappa et al.[8] recently used the derivative technique with global

optimisation (using all accessible local minima as a guide). Asnaashari

and Krems [42] incorporated composite derivative kernels to enhance the

accuracy of force and energy predictions for large molecular systems with a

global 57-dimensional PES.

Adding inductive bias to machine learning models by incorporating phys-

ical principles is another appoach to increase efficiency of learning. By

incorporating previous system knowledge into the model prior to training,

this method improves efficiency by removing the need for the model to

learn the underlying physics alone from data. Consequently, the amount of

training data needed is greatly decreased while preserving the same degree

of accuracy.
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Figure 2.4: Diagrams show invariant and equivariant symmetry properties of
functions f and f ∗ repectively.

2.4 Inductive Bias: Equivariant Descriptors

The set of presumptions incorporated into a machine learning model that

directs its learning process and enables it to more successfully generalise

from sparse data is known as inductive bias. Physical symmetries as induc-

tive biases improve model accuracy and efficiency in the context of machine

learning for atomic and molecular systems [43; 44; 45].

Using Equivariant descriptors, which imposes symmetry requirements like

rotational, translational, and permutational invariance directly inside the

model architecture, is an effective strategy. Equivariant models increase gen-

eralisation to unseen configurations and minimise the requirement for huge

datasets by guaranteeing that the learnt representations follow these basic

physical symmetries. This requires the understanding of the equivariance

idea which is the symmetry property but different from invariance.

Let consider a map

f : X → Y

which function f maps any input x ∈ X into y ∈ Y . We need to consider

a symmetry group G , e.g. permutation, reflection, or rotation group. In
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Figure 2.5: Examples of the invariance and equivariance for the prediction of a
molecule’s properties.

the case of invariance we need a group action on space X . Given a group

element g ∈G , the group action on any x ∈ X can be written as g ▷X x. We

can then state the function f being G-invariant with respect to this action

when the function satisfies

f (g ▷X x) = f (x) ∀g ∈G , x ∈ X .

This means any transformed input is mapped to the same result and is

depicted as the left diagram in Fig. 2.4.

In the case of equivariance, we need another a group action on space Y .

It can be written similarly as g ▷Y y . The function f ∗ is then said to be

G-equivariant with respect to the actions (on space X and Y ) when the

function satisfies

f ∗(g ▷X x) = g ▷Y f ∗(x) ∀g ∈G , x ∈ X .

This is illustated as the right diagram in Fig. 2.4.

In atomistic modelling, this distinction can be understood intuitively (Fig.

2.5). Predicting a molecule’s total energy is an invariant task (left), since

the scalar energy does not change under rotations or translations, whereas
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predicting a force field is an equivariant task, since the vector forces must

rotate in step with the molecule (right).

We discuss how these ideas can be used to create machine learning po-

tentials that faithfully represent interatomic interactions while preserving

physical consistency in the following subsections.

2.4.1 Reviews on Atomistic Descriptors

A recent assessment of several descriptors used in machine learning poten-

tial models was conducted by Langer et al. [43]. These descriptors fall into

two general categories in the context of atomistic systems: local descriptors,

which describe specific atomic surroundings [46], and global descriptors,

which depict the overall structure of the system.

For modelling local descriptors that rely solely on a finite-size atomic en-

vironment, such as forces, nuclear magnetic resonance (NMR) shifts, and

core-level excitations [47; 48], local representations are especially well suited.

With additive approximations, which get system-wide attributes by adding

up atomic contributions [49], extensive global properties, like total energy,

can also be modeled using local descriptors. Since local descriptors only rely

on a finite atomic environment rather than the whole system, they can be

applied immediately to both finite and periodic systems without requiring

any adaptation. Examples of local atomistic descriptors are Atom-Centred

Symmetric Functions: ACSF [47; 50]; Smooth Overlap Atomic Positions:

SOAP [3; 17; 46]; (Multi) Atomic Cluster Expansion: (M)ACE [2; 4; 15; 16];

and the Message Passing (MP) version of ACE, MACE [51; 52].

Note that MACE is, however, not a purely descriptor-based model in the

traditional sense. While it builds on the ACE formalism for its functional

basis, it embeds this within a neural message-passing architecture in which

the effective descriptors and their weights are learned jointly from data

rather than fixed a priori.



38 CHAPTER 2. THEORETICAL BACKGROUND

Global descriptors, which can represent either finite systems (molecules

and clusters) or periodic systems (2D and 3D crystals), are designed to

capture system-wide features such as the band gap, total energy, and po-

larisability tensor. Examples for finite systems are Coulomb Matrix: CM

[53], and Bag of Bonds: BoB [54], while Many-body tensor representation:

MBTR [55] can be employed for both finite and periodic systems. Since

periodic systems are consider as an infinite system, global descriptors need

to be specially created or modified to take into consideration the boundary

conditions and repeating nature of the system.

These descriptors meet the requirements of Quantum Mechanics / Machine

Learning (QM/ML), except for CM [4; 43]. The primary requirement is (1)

Permutational, Translational, and Rotational Invariance, as the descriptors

of the atomistic system should remain unchanged under atom reordering,

spatial translation, and rigid 3D rotation.

For interpolation, learning stability, and facilitating gradient-based learn-

ing and optimization, descriptors should be smooth functions of atomic

positions and differentiable with respect to them. The second prerequi-

site—(2) Smoothness, Continuity, and Differentiability—follows from this.

The comparison of these descriptors relied on those transformations and

smoothness is illustrated in Table 2.1.

The ability of QM/ML descriptors to discriminate between various atomistic

structures in a unique way, hence avoiding degeneracies, is guaranteed

by the third condition, (3) Uniqueness & Completeness. In addition, they

must have enough knowledge to precisely recreate material properties while

preserving crucial physical aspects. Completeness is necessary, but so is the

fourth condition, (4) Compactness & Efficiency. Descriptors should encode

all pertinent information required for precise predictions while remaining

low-dimensional and computationally efficient. The last prerequisite is

(5) Scalability, which means that descriptors must effectively scale with
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system size to be feasible for high-throughput simulations and large sys-

tems.Requirements (3)-(5) of those descriptors are compared in Table 2.2.

ACE and MACE descriptors rank among the top options for atomistic simu-

lations, based on our comparison. Yet, since message passing introduces

non-linear scaling, MACE might be less efficient than ACE. As these descrip-

tors meet all necessary conditions—invariance, smoothness, uniqueness,

efficiency, and scalability—and provide linear scaling with system size, they

are extremely useful for large-scale atomistic simulations. Since SOAP de-

scriptors are the foundation for the development of ACE models, it is crucial

to introduce them in the context of Gaussian Approximation Potentials

(GAP) before diving into the mathematical underpinnings of ACE models.

The following subsection will examine this.

2.4.2 GAP & SOAP

Understanding material properties and chemical interactions requires ac-

curate energy calculations in these systems, which include bulk crystals,

surfaces, atomic clusters, and molecules. Potential energy datasets derived

from DFT calculations are examples of reference electronic structure com-

putations that may be used to predict potential energy surfaces by utilising

machine learning. These predictions can be made without the need for

detailed physical interpretations [56] if the dataset is large enough.

Many effective machine learning potential approaches have been developed

in the last ten years. A. P. Bartók et al. (2010) introduced the Gaussian

Approximation Potential (GAP) [17; 56], which is a particularly noteworthy

approach as the foundation of the current successful approaches, such as a

(M)ACE model [2; 15; 16; 52].
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By representing an N -atomic system’s overall energy as the sum of its local

atomic contributions, this method simulates the interatomic potential of

that system. The total energy is expressed by

Etot =
∑︂
α∈p,t

∑︂
j ∈α

ϵαj +Vlong range. (2.47)

This atomic system’s total energy is represented by the sum of its short-

and long-range terms [3; 17; 46]. Electrostatic Van der Waals and polaris-

ability contributions are included in the long-range term. The local energy

functional contributions inside a certain cutoff radius, which makes up

the short-range term. The local contributions within this cutoff zone are

classified into various categories, α, based on suitable atomic descriptors.

Pair distances for two-body interactions (p) and bond angles for three-body

interactions (t )are examples of these descriptors. The index j , which is the

sum over the bonds, the bond angles, or the dihedral angles in the system,

is used to index each contribution.

Because the GAP framework is additive and local, the approach typically

neglects long-range contributions and only includes low-order cluster ex-

pansion terms. Consequently, the total energy function’s general form can

be reduced to

E GAP
tot = ∑︂

p ∈∀pairs
ϵ(2)

p + ∑︂
t ∈∀ triplets

ϵ(3)
t , (2.48)

where ϵ(2)
p and ϵ(3)

t correspond to two- and three-body contributions.

We can reformulate the system’s total energy using an atom-centered

method. This method specifies the local atomic environment of each i th

atom by positioning it at the centre of a cutoff zone. The nearby atoms in

this area are then used to build the atomic descriptors.

The Cartesian coordinates of nearby atoms are transformed into a modified

descriptor using a transformation function to represent the local energy

contribution of each i th atom. This change guarantees that the local energy
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can only be determined by the relative positions of the atoms in the cutoff

radius.

The system’s total energy can be rewritten as follows using this atom-

centered framework:

E GAP
tot =

atoms∑︂
i

ϵi (di ), (2.49)

where di is the i th atomic descriptor. In the GAP framework, the local energy

ϵi is expressed as a sum of arbitrary basis functions φm of the descriptor di .

This descriptor, more explicitly, represents the coordinates of the atom i

surrounded by its neighbour atoms. This local energy can be written as

ϵi (di ) = cTΦ=
d∑︂

m =1
cmφm(di ), (2.50)

where cm is the weight parameters of a d-dimensional weight vector c corre-

sponding to basis functions φm of the basis vectorΦ. If each of the weights

follows a zero-mean Gaussian distribution, i.e.

c ∼Nd (c; 0, σc I),

then the equation above naturally extends to a Gaussian process (GP). The

primary objective of GAP is to employ a GP model for predicting atomic

energies based on arbitrary descriptors. This prediction is performed us-

ing a pre-training dataset obtained from electronic structure calculations,

enabling accurate and data-efficient modelling of interatomic interactions.

Employing a GP requires defining similarity measures between two atomic

descriptors through a kernel function, k(di , d j ). This kernel function mea-

sures the correlation between two atomic environments, in order to guar-

antee that structurally similar configurations produce similar predicted

energies. The kernel function can be constructed using the covariance be-
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tween two atomic energies, 〈ϵiϵ j 〉. This relationship, as deduced in [17],

results in:

k(di , d j ) =
d∑︂

m =1
φm(di )φm(d j ). (2.51)

This kernel function must be reconstructed to a covariance matrix for pre-

dicting the local atomic energy ϵ⋆ of a descriptor d⋆ from a pre-training

dataset E. If a pre-training dataset E = [︁
ϵ1 ϵ2 · · ·ϵn

]︁T
contains n local atomic

energies corresponding to individual n atomic descriptors in the set of de-

scriptors D = [d1 d2 · · ·dn]T, the n×n covariance matrix over the pre-training

dataset is defined as K (D) ∝〈EET〉. The predicting posterior mean of the

atomic energy, analogous to Eq. (2.37), can be calculated from

ϵ⋆ = k(d⋆, D) ·K −1(D) ·E, (2.52)

where k ∝〈ϵ⋆E〉 is the covariance of between the posterior atomic energy

and prior atomic energies.

Using a GP model to predict the local atomic energy proves to be a highly

effective approach. The prediction relies solely on a set of prior atomic

energies obtained from electronic structure calculations and a kernel func-

tion that measures the similarity between different descriptors. Unlike

traditional methods such as empirical interatomic potentials or cluster ex-

pansion methods, there is no need to explicitly define basis functions or

determine the corresponding weights. Furthermore, this implies that phys-

ical interpretation and understanding are not strictly required to achieve

accurate energy predictions.

Although a GP model does not require explicit physical understanding,

achieving accurate predictions can be computationally expensive. Since the

model is not inherently constrained by underlying physical symmetries and

conservation laws, it must learn these properties directly from data through

a data-driven approach. This requires training on a large dataset of total

energies and forces to capture the correct physical behavior. Consequently,
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the number of training datapoints can reach tens of thousands to achieve

acceptable predictive accuracy.

To minimize the number of required electronic structure calculations, phys-

ical symmetries of the system can be incorporated into the GP model before

training. Specifically, the choice of atomic descriptors can be designed to

inherently satisfy these symmetries or, mathematically, to serve as repre-

sentations of the corresponding symmetry groups. By embedding these

symmetry-aware descriptors as an inductive bias, the model’s predictive

accuracy is enhanced while reducing the dependence on large training

datasets.

Bartók and Csányi et al., using the Smooth Overlap of Atomic Positions

(SOAP) framework, presented a methodical way to choose a suitable de-

scription for a GAP model [17; 46]. In Cartesian coordinates, they first define

the atomic descriptor for atom i as a density function that represents its

immediate atomic environment, expressed as

ρi (r) =
neigh.∑︂

j
exp

(︄
−∥r− ri j∥2

2σ2

)︄
, (2.53)

This neighbour density includes Gaussian peaks specifying the spatial dis-

tribution of neighboring atoms j . The centre of the neighboring peaks is

displaced from atom i by the relative position ri j , capturing the atomic

environment in a smooth and differentiable manner. We can employ this

neighbour density to rewrite Equation (2.50) in terms of atomic energy ϵi as

a functional of the atomic density ρi ,

ϵi [ρi ] =
∫︂

c(r)ρi (r)dr, (2.54)

where the weight c is also Gaussian distributed. Evaluating the covariance

〈ϵiϵ j 〉 then defines the kernel function as

k(ρi ,ρ j ) =
∫︂
ρi (r)ρ j (r)dr. (2.55)
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By integrating all the associated density functions, this formulation guaran-

tees that the kernel function captures the similarity between atomic envi-

ronments. However, this kernel function is not invariant under 3D rotations

due to the chosen neighbour density ρi .

To ensure rotational invariance, the density function in Equation (2.53) can

be re-expanded in terms of radial and spherical basis functions to form a

single particle basis function as follows,

ρ(i )(r) = ∑︂
nlm

c(i )
nlmRnl (r )Y m

l (r̂), n, l ∈N, m{−l , · · · , l }, (2.56)

where r = r r̂ and c(i )
nlm are the coefficients of the expansion for atom i . Rnl (r )

is a radial basis function depending on the magnitude of vector r and Y m
l is

a spherical harmonic basis function depending on the direction of vector r.

To use the spherical density function, not only can it be substituted in the

above kernel function, it can be used in the form of a power spectrum

defined as

P (i j1)
nl =

l∑︂
m=−l

c(i )
nlm

(︂
c( j1)

nlm

)︂∗
, (2.57)

a which captures two-body correlations and serving as the standard SOAP

descriptor in GAP. The crucial property of Equation (2.57) is that the sum

over the magnetic quantum numbers m corresponds to integrating over

all possible rotations (i.e. averaging over the orthogonal group O(3) with

respect to the Haar measure). As a result, the power spectrum coefficients

are invariant under any 3D rotation of the atomic environment, even though

the underlying neighbour density ρi (r) is not.

To capture three-body correlations, the Bispectrum, defined as

B (i j1 j2)
n1l1n2l2l =

∑︂
m1m2

C lm
l1m1l2m2

c(i )
n1l1m1

(︂
c( j1)

n1l1m1

)︂∗
c( j2)

n2l2m2
, (2.58)

incorporates Clebsch-Gordan coefficients C l m
l1m1l2m2

between two spherical

harmonic components. This coupling requires the tensor product of two
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density functions in Equation (2.56) leading to more expensive computa-

tion than power spectrum. While the power spectrum efficiently captures

structural features and is widely used in GAP, the bispectrum provides

richer information at the cost of increased complexity. The computational

complexity increases factorially with the body order due to the coupling of

multiple density components. However, these decompositions make the

descriptor more appropriate for machine learning models that adhere to

basic physical symmetries by guaranteeing that it stays invariant under 3D

rotations. The derivations of these decompositions are stated in [3; 46].

Regarding the power spectrum and bispectrum, we can express the energy

of atom i with its environment as follows

ϵi =∑︂
j1

∑︂
k1

c̃k1P (i j1)
k1

+ ∑︂
j1 ̸= j2

∑︂
k2

c̃k2B (i j1 j2)
k2

, (2.59)

where c̃k1 and c̃k2 are the fitting coefficients indexed by quantum numbers

k1 = (n, l ) and k2 = (n1, l1, n2, l2, l ) respectively. To obtain the total energy,

we substitute the atomic energy back into Equations (2.49) and the result is

equivalent to Equation (2.48).

To estimate the coefficients c̃ = {c̃k1 , c̃k2} we consider a regularised least-

squares loss function with a joint objective over observed total energies Eobs
x ,

forces Fobs
x , and virials (or stresses) Vobs

x for each structure x in the training

set R. The objective can be expressed as

L(c̃) = ∑︂
x∈R

(︁
w2

E ,x

⃦⃦
E(c̃, x)−Eobs

x

⃦⃦2
2 +w2

F,x

⃦⃦
F (c̃, x)−Fobs

x

⃦⃦2
2

+w2
V ,x

⃦⃦
V (c̃, x)−Vobs

x

⃦⃦2
2

)︁+R,
(2.60)

where the weights wE ,x, wF,x, wV ,x allow differential emphasis on various

observables, typically scaled with the number of atoms in each structure

R to balance the relative contributions of energies, forces, and virials. The

final term represents regularisation for prevent overfitting, occuring when

a model learns noise or irrelevant details from the training data instead
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of capturing the underlying physical relationships. By adding a penalty

term to the loss function, regularisation constrains the model parameters.

The detail calculations are provided in section 2 of the Gaussian process

review [3].

In the next section, we will provide the extended framework to GAP for

capturing up to a higher-order body term while maintaining a linear scaling

with respect to body order. This computationally tractable framework is

known as Atomic Cluster Expansion (ACE).

2.5 Atomic Cluster Expansion

In the previous section, we reviewed atomic descriptors used in machine

learning potential models. We also discussed local atomistic descriptors,

particularly SOAP, and its corresponding Gaussian process model (GAP).

This model employs a cluster expansion approach, expanding interactions

up to the three-body order. It is restricted to low-body orders because the

descriptor’s complexity scales factorially with increasing body order. To

overcome this limitation, the Atomic Cluster Expansion (ACE) framework

is developed by Ralf Drautz in 2019 [2], providing a more efficient descriptor

which achieves linear scaling with the body order.

2.5.1 Canonical Cluster Expansion

In this section, we present a brief mathematical discussion constructing hte

ACE model. The first step is to reformulate the total energy in Equation (2.49)

as the sum of the site (atomic) energies [2; 15; 16] as follows

E({ri }J
i=1) =

J∑︂
i=1

ϵ(
{︁

ri j
}︁J−1

j=1), (2.61)

where ri is the position of the centre atom i and its atomic displacement,

from its neighbouring atom j , is defined as ri j = r j −ri for all j ̸= i . Each site
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Figure 2.6: This figure shows the 2- and 3-body order clusters for a 4-body system
(J = 4).

energy ϵ is expanded into a many-body order (Canonical) cluster around a

centre atom i and expressed as

ϵ(
{︁

ri j
}︁J−1

j=1) =V (0) +∑︂
j1

V (1)(ri j1)+ ∑︂
j1< j2

V (2)(ri j1 ,ri j2)

+·· ·+ ∑︂
j1< j2<···< jN

V (N )(ri j1 , · · · ,ri jN ),
(2.62)

where V (N ) represents the potential energy function of an (N+1)-body order

or an N -interaction order involving a centre atom with its N neighbours [16;

57]. For example, we can redefine the three-body order cluster expansion

from Equation (2.59) as

ϵ(ri j1 , ri j2) =∑︂
j1

V (1)(ri j1)+ ∑︂
j1< j2

V (2)(ri j1 ,ri j2). (2.63)

This is illustrated in Figure 2.6 which shows the associated clusters of the 2-

and 3-body order potential in a 4-body system. In this case, j1, j2 ∈ {1, 2, 3}

as J = 4.
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Figure 2.7: These charts, presented by Ortner in GAP & (M)ACE 2024 workshop,
show the allowed j1, j2 (yellow circles) for the restricted sums in a Canonical 3-
body’s cluster (left chart) and the unrestricted sums in an Self-interaction 3-body’s
cluster (right chart).

2.5.2 Self-interaction Cluster Expansion

To achieve the efficient cluster expansion model, Drautz [2] originally sug-

gested modifying the restricted summations in the canonical cluster ex-

pansion, defined in Equation (2.62), to the unrestricted summations in the

following cluster expansion expressed as

ϵ(
{︁

ri j
}︁J−1

j=1) =U (0) +∑︂
j1

U (1)(ri j1)+ ∑︂
j1 j2

U (2)(ri j1 ,ri j2)

+·· ·+ ∑︂
j1 j2··· jN

U (N )(ri j1 , · · · ,ri jN ).
(2.64)

This cluster expansion with these unrestricted summations is called the

Self-interaction cluster expansion because it includes all (non-physical) self-

interactions. For example, in the 3-body order term, there exists the case

that j1 = j2.
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To understand these non-physical self-interactions, we can parameterise

each interaction U (N ) term by the tensor product of N single particle basis

functions φk (ri j ), defined in equation (2.56), as follows

∑︂
j1 j2··· jN

U (N )(ri j1 , · · · ,ri jN ) = ∑︂
j1 j2··· jN

∑︂
k1···kN

c(N )
k1···kN

N∏︂
t=1

φkt (ri jt ), (2.65)

where c(N )
k1···kN

is the (N+1)-body’s expansion coefficient and each kt denotes

multi-indices of quantum numbers (nt , lt , mt ).

The 3-body order is, therefore, simply defined as∑︂
j1 j2

U (2)(ri j1 ,ri j2) = ∑︂
j1 j2

∑︂
k1k2

c(2)
k1k2

φk1(ri j1)φk2(ri j2), (2.66)

where j1 = j2 = j , shown as the red circles in Figure 2.7, introduces the term

proportional to the tensor product of the same two single particle basis

functions, φk1(ri j )φk2(ri j ). This product is interpreted as a self-interaction

term and can be re-expanded into a lower order term [2; 57], i.e.

φk1(ri j )φk2(ri j ) =∑︂
k

a(1)
k φk (ri j ). (2.67)

2.5.3 Many-body Product Basis

To avoid factorial scaling from the tensor product of the basis functions

requires a few mathematical tricks. We can use Fubini’s theorem [58] in

the discrete case. If each summation over j and each summation over

k in Equation (2.65) is convergent, then the order of summation can be

interchanged. The equation is rewritten as∑︂
j1 j2··· jN

U (N )(
{︁

ri jt

}︁N
t=1) = ∑︂

j1 j2··· jN

∑︂
k1···kN

f (N )
k1···kN

(
{︁

ri jt

}︁N
t=1)

= ∑︂
k1···kN

J−1∑︂
j1 j2··· jN

f (N )
k1···kN

(
{︁

ri jt

}︁N
t=1),

(2.68)
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where

f (N )
k1···kN

(
{︁

ri jt

}︁N
t=1) = c(N )

k1···kN

N∏︂
t=1

φkt (ri jt )

Moreover, we can use the fact that each of the basis functions in the prod-

uct is jt independent. This can refer to the linearity and the factorisation

property of independent sums. These sums over multiple indices, hence,

can be swapped and distributed over multiplication. We can re-express

Equation (2.68) as follows

∑︂
j1 j2··· jN

U (N )(
{︁

ri jt

}︁N
t=1) = ∑︂

k1···kN

J−1∑︂
j1 j2··· jN

c(N )
k1···kN

N∏︂
t=1

φkt (ri jt )

= ∑︂
k1···kN

c(N )
k1···kN

(︄∑︂
j1

φk1(ri j1)

)︄(︄∑︂
j2

φk2(ri j2)

)︄

· · ·
(︄∑︂

jN

φkN (ri jN )

)︄

= ∑︂
k1···kN

c(N )
k1···kN

N∏︂
t=1

∑︂
jt

φkt (ri jt ).

(2.69)

This makes the evaluation more efficient. Instead of calculating the tensor

product of the basis functions before sums over j , we perform a scalar

multiplication of
∑︁J−1

j φk(ri j ) leading to an N linear scale for evaluating

an N -interaction order term, compared to an N ! scaling in the canonical

cluster expansion. Each of the sums can be defined as Atomic neighbour

density basis

Ak (ri j ) =∑︂
j
φk (ri j ). (2.70)

The product over N in Equation (2.69) is applied to the basis function,

resulting in a Many body product basis

A(N )
k (R) =

N∏︂
t=1

Akt (ri jt ), (2.71)
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where the bold k index and R are identified by the collection of {k1 · · ·kN }

and {ri j1 , · · · ,ri jN }. This product basis ensures permutation invariance, yet

it is not invariant under rotations in a 3-dimensional space. It can be sym-

metrised by Group averaging over all possible rotations Q̂ ∈ SO(3), the spe-

cial orthogonal group in three dimensions,

B(N )
k =

∫︂
SO(3)

A(N )
k (Q̂R)dQ̂, (2.72)

where Bk is a rotation-invariant product basis. However, group averaging

results in losing all angular information, so only the radial basis functions

remain, leading to the model becoming insufficient to represent an atomic

system.

2.5.4 Rotation Invariance

To overcome this problem, we can use a foundational concept from repre-

sentation theory. Under an arbitrary 3D-rotation Q̂, the action on a spherical

harmonic function Y m
l , characterised by the angular momentum index l ,

yields a linear combination of unrotated spherical harmonics Y µ

l with the

same angular momentum [16; 46]. This is expressed as

Y m
l (Q̂ r̂) =

l∑︂
µ=−l

D l
mµ(Q̂)Y µ

l (r̂); ∀Q̂ ∈ SO(3), (2.73)

where r̂ ∈S2 is a unit vector in the direction of vector r. The D l
mµ(Q̂) defines

the Wigner D-matrices, which describe how spherical harmonics transform

under 3D-rotation. This transformation shows that the spherical harmonics

remain consistent under rotational operations, thereby preserving their

angular momentum l and capturing rotational effects through the magnetic

quantum number m.
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We can incorporate the single particle basis function, Equation (2.56) into

the above transformation 4. It can be re-expressed as

φnlm(Q̂r) =
l∑︂

µ=−l
D l

mµ(Q̂) ·φnlµ(r) ∀Q̂ ∈ SO(3). (2.74)

Substituting this transformation into the atomic neighbour density in Equa-

tion (2.70) yields the many body product basis transforming as follows

A(N )
nlm(Q̂R) =

N∏︂
t=1

∑︂
jt

(︄
lt∑︂

µt=−lt

D lt
mtµt

(Q̂) ·φnlµ(ri jt )

)︄

=
N∏︂

t=1

lt∑︂
µt=−lt

D lt
mtµt

(Q̂) · Ant ltµt (ri jt )

= ∑︂
µ∈Ml

Dl
mµ(Q̂) ·A(N )

nlµ(R); ∀Q̂ ∈ SO(3),

(2.75)

where the product of Wigner D-matrices is defined as

Dl
mµ(Q̂) =

N∏︂
t=1

D lt
mtµt

(Q̂). (2.76)

The set of principle and angular momentum quantum numbers are given by

n = {n1, · · · ,nN } ∈NN and l = {l1, · · · , lN } ∈NN , respectively, while m and µ

represent the set of magnetic quantum numbers within the coupled angular

momentum space Ml.

4 By coupling two rotational-transformed single particle basis functions, we can recover the
power spectrum in Eq. (2.57).
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Now we can perform 3D-rotational Group averaging on Equation (2.75) to

achieve the rotation-invariant product basis

B(N )
nlm(R) =

∫︂
SO(3)

A(N )
nlm(Q̂R)dQ̂

= ∑︂
µ∈Ml

(︃∫︂
SO(3)

Dl
mµ(Q̂) ·dQ̂

)︃
A(N )

nlµ(R)

= ∑︂
µ∈Ml

D̄l
mµ ·A(N )

nlµ(R),

(2.77)

where D̄l
mµ are the integrated coefficients. These coefficients can be ef-

ficiently calculated using a recursion formula involving Clebsch-Gordan

coefficients, as derived by Dusson et al. in Appendix A of their work [16].

Furthermore, in section 3.5 of their work, Dusson et al. present a systematic

way to incorporate permutation and parity invariance into Equation (2.77),

resulting in the symmetrised form,

B(N )
nlm(R) = ∑︂

µ∈Ml

Unl
mµ ·A(N )

nlµ(R), (2.78)

where Unl
mµ are the symmetry-adapted (generalised) Clebsch-Gordan co-

efficients. We can now substitute the symmetrised expression from Equa-

tion (2.78) back to Equation (2.69) to obtain the N -interaction order poten-

tial ∑︂
j1 j2··· jN

U (N )(R) = ∑︂
nlm

c(N )
nlmB(N )

nlm(R), (2.79)

where c(N )
nlm are the N -interaction order expansion coefficients, and B(N )

nlm(R)

denotes the symmetrized (N +1)-body basis functions. Eventually, the site

energy truncated at N -interaction order can be defined as

ϵ(
{︁

ri j
}︁J−1

j=1) =
N∑︂
ν=0

∑︂
nlm

c(ν)
nlmB(ν)

nlm(ri j1 , · · · ,ri jν). (2.80)
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The set of coefficients c = {c(0)
n0l0m0

, c(1)
n1l1m1

, . . . , c(N )
nNlNmN

} is determined by

minimising a least-squares loss function that jointly accounts for the ob-

served total energies Eobs
R , forces Fobs

R , and virials Vobs
R for each structure R

in the training set R. The loss function can be written as

L(c) = ∑︂
R∈R

(︁
w2

E ,R

⃦⃦
E(c,R)−Eobs

R

⃦⃦2
2 +w2

F,R

⃦⃦
F (c,R)−Fobs

R

⃦⃦2
2

+w2
V ,R

⃦⃦
V (c,R)−Vobs

R

⃦⃦2
2

)︁
,

(2.81)

where the weights wE ,R , wF,R , and wV ,R control the relative emphasis on

each observable. Since all observations are linear, the optimisation is carried

out by minimising the above loss function,

argmin
c

⃦⃦
W(y−Ac)

⃦⃦2
2 +λ

⃦⃦
Γc

⃦⃦2
2, (2.82)

where W is a diagonal matrix consisting of the weights wE ,R , wF,R , wV ,R ,

a vector y concatenates energy, force, virial observations, and A denotes

the design matrix including the ACE basis values associated with the obser-

vations. The last term λ
⃦⃦
Γc

⃦⃦2
2 is a generalised Tikhonov regularised term

which prevents overfitting when solving the linear least square system. A

scaling parameter λ specifies the relative weight of the regularisation, while

Γ determines the regulariser form. Note that Γ is set to zero or the identity

as a default and can be calculated via Automatic Relevance determination

(ARD) which is distinctive among the ridge regression solvers offered in

ACEPOTENTIALS.JL.

The total energy of the system is then obtained by summing over all atomic

site energies, as described in Equation (2.61)

E({ri }J
i=1) =

J∑︂
i=1

ϵ(
{︁

ri j
}︁J−1

j=1).
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2.5.5 Multi-element System & Learnable Radial Basis

In case of a multi-element system, the atomic coordinates ri j must be ex-

tended to account for the chemical identity of the atoms. Each pairwise

interaction between the centre atom i and its neighbouring atom j is de-

scribed by the tuple (ri j , ζ, z j ), where ζ and z j denotes the atomic number

of the centre atom i and of the the neighbour j . The single particle basis

function can be modified into

φζnlm(ri j , z j ) = Rζnl (ri j , z j )Y m
l (r̂i j )

= δ(z j −ζ)Rnl (ri j )Y m
l (r̂i j ).

(2.83)

Therefore, Equation (2.70), (2.71) and (2.78) are redefined as follows

Aζnlm(ri j , z j ) :=∑︂
j
δ(z j −ζ)φnlm(ri j )

A(N )
ζnlm({ri jt , z jt }N

t=1) :=
N∏︂

t=1
Aζnt lt mt (ri jt , z jt )

B(N )
ζnlm({ri jt , z jt }N

t=1) := ∑︂
µ∈Ml

Unl
mµ ·A(N )

ζnlµ({ri jt , z jt }N
t=1).

(2.84)

Note that the coupling coefficients Unl
mµ are identical to those employed

in the single-species case. In other words, they depend only on the angu-

lar momentum coupling structure and are completely independent of the

atomic species used in the definition of the basis functions.

Multi-element systems include additional atomic number z-dependence, re-

sulting in the configuration space greater in dimension and can dramatically

decrease the density projection’s efficiency [59]. The practical implications

of this efficiency reduction and solutions of minimising it, such as through

compositional structures or sparsification, have not yet been thoroughly

investigated.
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Witt et al. [15] suggested a choice for the radial basis functions depending

on index n only, which means Rnl = Rn for all l . They can be defined

Rζn(ri j , z j ) = fenv(ri j , z j , ζ) ·Pn(y(ri j , z j , ζ)), (2.85)

where fenv denotes the envelope functions and Pn(y) is an orthogonal basis

in y-coordinates.

This functional form in Equation (2.85) is chosen to make sure that the radial

basis stays smooth and numerically stable within the finite cutoff domain

while also efficiently capturing local structural changes. The envelope func-

tion fenv(ri j , z j ,ζ) imposes physical boundary conditions that ensure the

basis smoothly approaches zero as ri j nears the cutoff radius, which is nec-

essary for differentiability needed for force evaluation. The orthogonal poly-

nomial Pn(y), defined in the transformed coordinate y(ri j , z j ,ζ) ∈ [−1,1],

provides an orthogonal set of radial functions that minimises correlation

between basis channels and improves the conditioning of the least-squares

fitting problem. Moreover, using a radial basis that depends only on the in-

dex n (i.e., Rnl = Rn) further reduces the number of fitting parameters while

maintaining sufficient flexibility to represent the smooth radial dependence

of the atomic density.

In the implementation of this work within ACEPOTENTIALS.JL [15], Pn are

chosen to be the Legendre polynomials and y(ri j , z j , ζ) represents the

element-dependent distance transform which is defined as

y(ri j , z j , ζ) =

⎛⎜⎝1+a

(︂
ri j

ro(z j , ζ)

)︂q

1+
(︂

ri j

ro(z j , ζ)

)︂q−p

⎞⎟⎠
−1

, (2.86)

where ro(z j , ζ) denotes the equilibrium bond-length between the centre

atom (with atomic number ζ) and its neighbour (with atomic number z j ).

In order to maximise resolution for the nearest-neighbour interaction, the

factor a is selected to maximise the gradient of y at ri j = ro(z j , ζ). The
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choice of parameters p and q are introduced to control the resolution of the

distance transform at small and large values ri j , respectively. In the case of

large ri j , the transform behaves asymptotically as r−q
i j , while for small ri j , it

can be approximated using binomial expansion as 1− (r p
i j /a).

The envelope function fenv, which defines the smooth cutoff area within the

cutoff radias rcut, is employed to capture the pairwise interaction U (1). By

default, it is defined as

fenv(ri j , z j , ζ) =
(︃

ri j

ro

)︃−1

−
(︃

rcut

ro

)︃−1

+
(︃

rcut

ro

)︃−2 (︃
rij

ro
− rcut

ro

)︃
,

(2.87)

where ro ≡ ro(z j , ζ). This envelope function obviously resembles a

Coulomb potential form which exhibits the short-range repulsion pro-

portional to r−1
i j as ri j → 0. For higher-order interactions, the envelope

function fenv, by default, is expressed as

fenv(ri j , z j , ζ) = y2
i j (yi j − ycut)

2, (2.88)

where yi j = y(ri j , z j , ζ) and ycut = y(rcut, z j , ζ).

We will give more discussions on using ACEPOTENTIALS.JL and parameter-

ising p, q and rcut for the specific problems of the incorporation with the

lattice force constant prediction in Chapter 3 and of the prediction of charge

transfer integrals in Chapter 4.
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2.6 Charge Transfer Integrals

The concept of the transfer integrals, commonly denoted as J , plays a cen-

tral role in quantum chemistry and condensed matter physics. It quantifies

the electronic coupling between molecular orbitals on adjacent sited, and

thus governs key phenomena such as charge and exciton transport in molec-

ular systems. In materials like organic semiconductors, where weak Van der

Waals interactions dominate, the magnitude and orientation dependence

of J critically influence charge carrier mobility. The accurate evaluation of

transfer integrals is essential for the rational design of high-performance

electronic and optoelectronic materials. In the first few sections, we will

discuss how the transfer integrals are defined mathematically.

2.6.1 Tight-binding Hamiltonian

The microscopic framework for explaining charge transport in organic semi-

conductors is presented in this section. In these semiconductors, charge

motion is well modelled by a tight-binding Hamiltonian that allows hop-

ping between localised molecular orbitals. In second quantisation, the

Hamiltonian is defined by [60; 61; 62]

Ĥ tb =∑︂
a
εa â†

a âa +
∑︂
ab

Jab â†
a âb , (2.89)

where â†
a and aa are the creation and annihilation operators for an electron

on site a. The site energies εa represent the energy cost to place a charge

on molecule a, and are influenced by disorder, polarisation effects, and the

local chemical environment. The transfer integrals or electronic couplings

Jab , which characterise the quantum-mechanical interactions between

adjacent molecular orbitals and establish the directionality and rate of

charge hopping. The site energies are expressed as

εa = 〈ψa |Ĥ tb|ψa〉, (2.90)
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and the transfer integrals are defined as

Jab = 〈ψa |Ĥ tb|ψb〉, (2.91)

where ψa and ψb represent the single localised molecular orbital of

molecule a and b, respectively. These orbitals correspond to the Low-

est Unoccupied Molecular orbital (LUMO) for electron transport and

to the Highest Occupied Molecular orbital (HOMO) for the transport of

holes. Equations (2.90) and (2.91) assume that orbitals ψa and ψb are

orthogonal; however, this is typically not the case for HOMOs or LUMOs

positioned on distinct molecules. We will revisit the nonorthogonality prob-

lem and discuss how εa and Jab change while moving from nonorthogonal

to orthogonal representation later in this section.

Another important class of parameters relates to the electron–phonon cou-

plings, which describe how molecular vibrations dynamically modulate

both the site energies εa and the electronic couplings Jab . These couplings

introduce dynamic disorder, a key factor influencing charge transport in or-

ganic semiconductors. Unlike in inorganic systems, where electron–phonon

interactions are typically weak, in organic semiconductors they are often

comparable to—or even stronger than—the electronic interactions. As a

result, electron–phonon couplings cannot be treated as a mere perturba-

tion; instead, it leads to the formation of quasiparticles known as "small"

polarons, in which the electronic charge is accompanied by a cloud of lat-

tice vibrations [61; 62]. However, electron–phonon couplings will not be

discussed in detail in this thesis. A brief overview of their role in charge

transport can be found in the review article "Charge Transport in Organic

Semiconductors" by Coropceanu et al. [60].



62 CHAPTER 2. THEORETICAL BACKGROUND

2.6.2 Transfer Integrals

Charge transport properties are highly sensitive to the magnitude of the

transfer integrals. As introduced in the previous section, transfer integrals

are defined analogously to Equation (2.91) as:

Jab = 〈ψa |Ĥ |ψb〉, (2.92)

where Ĥ is the electronic Hamiltonian of the system. The wavefunctions ψa

andψb correspond to molecular orbital (MO) states in which an electron (or

hole) is localized on site a and b, respectively. These MO states are assumed

to be non-interacting, meaning there is no electronic coupling between

them; hence, they are referred to as diabatic states [62].

In practice, diabatic states (|ψa〉, |ψb〉) cannot be directly obtained from

standard density functional theory (DFT) or quantum chemistry calcula-

tions on a molecular dimer. Instead, such calculations yield adiabatic states

(|χ±〉), in which the charge is delocalized over both molecules. These adi-

abatic states are the true eigenstates of the electronic Hamiltonian—that

is, unlike diabatic states, they are diagonal with respect to the electronic

Hamiltonian.

One approach to approximate transfer integrals from the adiabatic states is

the "energy-splitting-in-dimer (ESD)" method [60; 63; 64]. This method is

particularly effective for symmetric inversion point dimers, where the trans-

fer integrals are not significantly perturbed by molecular orbital overlap.

This method assumes the electronic Hamiltonian of the orthogonal diabatic

states, i.e. 〈ψa |ψb〉 = δab , is defined via the tight-binding model as

Ĥ =
[︄
εa Jab

Jab εb

]︄
=

[︄
ε J

J ε

]︄
, (2.93)
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which refers to the bonding and antibonding combinations, similar to in

molecular orbital theory in which the Schödinger’s equation is defined as

Ĥ |Ψ〉 = E |Ψ〉. (2.94)

where |Ψ〉 =∑︁
i ci |ψi 〉 for all i ∈ a,b. Solving the eigenvalue problem results

in the energy splitting

E− = ε− J (for bonding) and (2.95a)

E+ = ε+ J (for antibonding), (2.95b)

which corresponds to the adiabatic eigenstates

|χ−〉 = 1⎷
2

(|ψa〉− |ψb〉) (for bonding) and (2.96a)

|χ+〉 = 1⎷
2

(|ψa〉+ |ψb〉) (for antibonding). (2.96b)

Regarding Equation (2.95a) and (2.95b), the transfer integrals can be deter-

mined by

J = ∆E

2
= E2 −E1

2
, (2.97)

where∆E is the energy splitting between the two relevant molecular orbitals

arising from intermolecular interaction. In the context of estimating the

transfer integral for electron (or hole) transfer from molecule a to b, this

splitting can be approximated from the orbital energy differences obtained

from a dimer calculation. Accordingly, Equation (2.97) can be approximated

as

Je = εLUMO+1 −εLUMO

2
(2.98a)

Jh = εHOMO −εHOMO−1

2
, (2.98b)
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where Je and Jh represent the transfer integrals for electron and hole trans-

port, respectively. The energy splitting between the adiabatic dimer’s fron-

tier molecular orbitals (LUMO and HOMO) is used to estimate these.

Although this method performs efficiently for the symmetric dimers where

the Hamiltonian assumes orthogonal molecular orbital states, it remains

limited when applied to the systems in which the molecular orbitals over-

lap—that is, when the overlap matrix component

〈ψ̃a |ψ̃b〉 = Sab ̸= 0.

The non-orthogonal molecular orbitals that arise from this non-zero overlap

component Sab have an additional impact on the energy splitting between

the adiabatic states as well as the transfer integrals. The ESD approach

becomes inaccurate and could result in incorrect predictions of charge

transport properties if this overlap is not appropriately considered for ac-

count.

To address this overlap molecular orbital, we examine the following effective

time-independent Schrödiger’s (TISE) equation

Ĥ̃ |Ψ̃〉 = EŜ|Ψ̃〉, (2.99)

where |Ψ̃〉 =∑︁
i c̃ i |ψ̃i 〉 for all i ∈ a,b, and the Hamiltonian and the overlap

matrix are defined as

Ĥ̃ =
[︄
ε̃a J̃ ab

J̃ ab ε̃b

]︄
and Ŝ =

[︄
1 Sab

Sab 1

]︄
, (2.100)

respectively. Those matrix elements are defined as follows

ε̃a = 〈ψ̃a |Ĥ̃ |ψ̃a〉, (2.101a)

J̃ ab = 〈ψ̃a |Ĥ̃ |ψ̃b〉, (2.101b)

Sab = 〈ψ̃a |ψ̃b〉. (2.101c)
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After solving this Schrödiger equation, one can use the resulting eigenvalues

to calculate the dimer energy splitting given by

∆Eab =

√︃
(ε̃b − ε̃a)2 +4

(︂
J̃

2
ab − J̃ abSab(ε̃b + ε̃a)+ ε̃a ε̃bS2

ab

)︂
1−S2

ab

.
(2.102)

In the case of electron transfer, this energy splitting and the transfer integrals

J̃ ab are equivalent to εLUMO+1−εLUMO and the electron transfer integrals Je ,

respectively, as defined in Equation (2.98a). However, extracting the electron

transfer integrals directly from ∆E12 is challenging due to the complexity

introduced by the non-zero overlap Sab unlike the simpler expression avail-

able in the orthogonal case.

We can employ the Löwdin’s symmetric orthogonalisation [65] to transform

the non-orthogonal states |ψ̃a〉 into the orthogonal states |ψa〉, i.e.

|ψi 〉 =
∑︂

j
(Ŝ

−1/2
)i j |ψ̃ j 〉; ∀ i , j ∈ {a, b}, (2.103)

where Ŝ
−1/2

depicts the inverse square root of the overlap matrix. In many

organic semiconductors, the overlap matrix element Ŝab ≪ 1, so we can

expand the inverse square root of the overlap matrix as

Ŝ
−1/2 ≈ 1√︂

1−S2
ab

[︄
1 −Sab/2

−Sab/2 1

]︄
. (2.104)

Now, we can apply this transformation to calculate the Hamiltonian matrix

elements in the orthogonal basis as follows

Ĥ̃ i j = 〈ψi |Ĥ̃ |ψ j 〉
= ∑︂

mn
(Ŝ

−1/2
)†

i m〈ψ̃m|Ĥ̃ |ψ̃n〉(Ŝ
−1/2

)n j ,
(2.105)
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where i , j ∈ {a, b}. The diagonal site energies are defined as

εa(b) ≈
ε̃a(b) − J̃ abSab

1−S2
ab

, (2.106)

while the off-diagonal transfer integrals are

Jab ≈ J̃ ab − 1
2 (ε̃a + ε̃b)Sab

1−S2
ab

. (2.107)

These are equivalent to Equation (28) and (29) in the review by Coropceanu

et al. [60], where S2
ab are small. The dimer energy splitting can be deter-

mined by solving the Schrödinger’s equation of the Hamiltonian of the

orthogonal states and is

∆Eab =
√︂

(εb −εa)2 +4J 2
ab

1−S2
ab

. (2.108)

Substituting Equation (2.106) and (2.107) into this dimer energy splitting

recovers Equation (2.102)

∆Eab =

√︃
(ε̃b − ε̃a)2 +4

(︂
J̃

2
ab − J̃ abSab(ε̃b + ε̃a)+ ε̃a ε̃bS2

ab

)︂
1−S2

ab

.

2.6.3 Computational Approaches

Transfer integrals can be evaluated using a variety of calculation methods,

each with differing degrees of precision and complexity:

Dimer Projection Method

The dimer projection (DIPRO) method is the foundational method to study

the transfer integrals or electronic couplings of molecular dimers. DIPRO

projects dimer molecular orbitals |Ψ̃〉 onto isolated monomer molecular
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orbitals {|ψa〉, |ψb〉} in order to address non-orthogonality. The DIPRO

procedure can be divided into four following steps:

• Employing quantum chemistry software (e.g., GAUSSIAN, ORCA, or

Q-CHEM) to perform a separately standard DFT calculation to obtain

isolated monomer MOs {|ψiso
a 〉, |ψiso

b 〉} of molecule a and b.

• Performing a single-point DFT calculation on the corresponding

molecular dimer to achieve the dimer Hamiltonian H̃̂ dim in Equa-

tion (2.100).

• Projecting the dimer Hamiltonian onto the isolated monomer MOs

the calculate Hamiltonian matrix elements H̃̂ dim
i j and determining the

overlap matrix elements Si j , for all i , j ∈ {a, b};

ε̃i = 〈ψiso
i |H̃̂ dim|ψiso

i 〉, (2.109a)

J̃ i j = 〈ψiso
i |H̃̂ dim|ψiso

j 〉, (2.109b)

Si j = 〈ψiso
i |ψiso

j 〉, (2.109c)

Note that, isolated monomer molecular orbitals (MOs), obtained from

separate DFT calculations, are initially not defined with respect to or-

bital overlap. Only after projecting the dimer Hamiltonian onto these

isolated MOs does the orbital overlap become explicit. This projection

procedure enables us to computationally evaluate Equations (2.101a)-

(2.101c), leading directly to Equations (2.109a)-(2.109c).

• Using the computed quantities ε̃i , J̃ i j and Si j as inputs, one can calcu-

late the site energies and transfer integrals via Equations (2.106) and

(2.107), respectively. These results can then be employed to determine

the energy splitting according to Equation (2.108).

The DIPRO method is highly effective for accurately calculating electronic

couplings in molecular dimers, particularly benefiting from its ability to han-

dle asymmetry and orbital non-orthogonality explicitly. While it provides
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physically clear and robust transfer integrals, DIPRO does require careful

orbital localization, precise monomer calculations, and additional compu-

tational effort compared to simpler approaches like the ESD method. Nev-

ertheless, its accuracy and flexibility, rooted in projecting the dimer Hamil-

tonian onto isolated monomer orbitals as detailed in Equations (2.109a)-

(2.109c), make it the foundational and preferred method for studying trans-

fer integrals in complex molecular systems.

Recently, Kohn et al. (2023) significantly accelerates the standard DIPRO

method by incorporating a novel semi-empirical potential called the den-

sity matrix tight-binding potential [66]. This incorporation significantly

decrease computational cost, since PTB achieves a roughly 300-fold compu-

tational speed-up compared to standard DFT [67]. Unlike full DFT, which

explicitly solves the complex Kohn–Sham equations iteratively (requiring

multiple SCF cycles), PTB employs a parametrised, semiempirical Hamilto-

nian. This PTB-based DIPRO enables efficient calculations for much larger

molecular systems, such as metal-organic frameworks and large molecular

aggregates.

ZINDO with Molecular Orbital Overlap

Another approach to evaluate the transfer integrals was presented by Kirk-

patrick in 2007 [68], He introduced the method, based on the Zerner’s Inde-

pendent Neglect of Differential Overlap (ZINDO) Hamiltonian [69], which

closely relates to the DIPRO (Dimer Projection) method. Both methods

involve projecting molecular orbitals (MOs) of a dimer onto MOs defined

on isolated monomers to calculate the transfer integrals.

The DIPRO method explicitly calculates the Hamiltonian (or Fock) matrix el-

ements and orbital overlaps by performing a full DFT-based self-consistent

field (SCF) calculation on the dimer. In contrast, the ZINDO-based approxi-

mation, developed by Kirkpatrick, avoids these computationally intensive

dimer-level SCF calculations. It estimates transfer integrals using a simpli-
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fied analytical expression for atomic orbital (AO) overlaps, derived from a

semiempirical framework. The AO Fock matrix elements are defined as

F AO
µν = S̄

AO
µν

βi +β j

2
+Pµν

γi j

2
, (2.110)

where S̄
AO
µν represents the weighted atomic orbital overlap matrix elements

between atomic orbital µ and ν, which are centered on atom i and j , re-

spectively. The parameters βi and β j represent atomic bonding parameters

specific to atoms i and j , and γi j is Mataga–Nashimoto potential describing

electron-electron repulsion between these atoms. Pµν is the density matrix

element, accounting for electron density coupling between AOs.

A key simplification of Zindo is the assumption that the density matrix P

is block diagonal, meaning Pµν ≈ 0 for inter-molecular pairs. This effec-

tively neglects electron density contributions between atoms on different

monomers, reducing the Fock matrix elements to

F AO
µν ≈ S̄

AO
µν

βi +β j

2
. (2.111)

Each monomer’s molecular orbitals are expressed in the linear combination

of atomic orbitals (LCAO) form

|ψiso
a 〉 = ∑︂

µ∈a
C (a)
µ |φµ〉, (2.112)

where C (a)
µ is the coefficient describing the contribution of atomic orbital µ

to the monomer MO of molecule a. The transfer integral between orbitals

|ψiso
a 〉 and |ψiso

b 〉 on monomers a and b is then calculated as

Jab = 〈ψiso
a |F̂ |ψiso

b 〉
= ∑︂
µ∈a

∑︂
ν∈b

C (a)
µ C (b)

ν F AO
µν .

(2.113)

The work in [68] shows the ZINDO-based method produces transfer inte-

grals in good agreement with those obtained from the full DIPRO method.
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This validation makes the ZINDO-based approximation a valuable tool

for large-scale simulations, where the computational cost of full SCF cal-

culations would be prohibitive. This approach is particularly useful for

high-throughput screening of materials.

2.6.4 Machine Learning-Based Approaches

In recent years, several machine-learning-based approaches have been

developed to predict transfer integrals. The remarkable work, done by Led-

erer et al. in 2018 [24], is the prediction of the pentacene dimer’s transfer

integrals using a Gaussian process (GP) model which we discuss in sec-

tion 2.3. They employed a Gaussian kernel, as defined in Equation (2.33),

and a simple geometric descriptor containing relative orientations and po-

sitions of the molecules in the system. In 2020, they released the following

work that improves the model accuracy by changing the model descriptor

into Coulomb matrix (CM)-based descriptors and performed them with a

Gaussian kernel and a Laplacian kernel [70].

During the same period, Wang et al.[25] also predicted the transfer integrals

of ethylene dimers via GP regression characterised by a Gaussian kernel and

a Laplacian kernel. Additionally, they investigated the effect of different CM

descriptors—such as intramolecular, intermolecular, and individual-atom

contributions—on the prediction. Their results clearly demonstrated that

the intermolecular contributions alone are sufficient to accurately describe

the system, as transfer integrals inherently represent quantum-mechanical

intermolecular interactions. In their following work [71], they replaced the

GP regression model with artificial neural networks (ANNs). The results

show ANNs are capable of capturing complex nonlinear relationships of

transfer integrals more effectively. This allows them to predict the transfer

integrals of more complex molecular systems, i.e. the naphthalene dimers

in amorphous environments.
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In contrast to solely geometric or Coulomb-matrix-based methods, Hafizi

et al. [72] created a neural-network-based model that estimates transfer

integrals by directly adding up atomic contributions. The complexities of

local atomic interactions are adequately expressed by their model’s use of

atomic local-environment descriptors built from symmetry functions (SF).

To enable them to select training data as efficiently as possible, they also

introduced farthest-point sampling (FPS) and active learning techniques

(such as query-by-committee, or QbC). Compared to earlier approaches, this

strategy significantly lowers the amount of the training set that is needed. Ad-

ditionally, their work integrates physics-based models through a∆-machine

learning (∆-ML) framework, where the neural network learns to correct

predictions from an existing analytic baseline model. This combination of

data efficiency and physical grounding enhances both the accuracy and

generalizability of the model.

Building on the idea of incorporating physical structure into machine learn-

ing, the Atomic Cluster Expansion (ACE) framework [2; 15; 16], discussed in

section 2.5, may offer a powerful and systematically improvable approach

for predicting transfer integrals. ACE can provide a symmetry-preserving

descriptor of atomic environments, crucial for capturing subtle electronic

couplings that influence charge transport. Its capability to include higher-

order many-body terms with linear computational scaling, along with its

flexibility to encode both geometric and chemical features, can make ACE a

highly efficient and accurate tool for modelling quantum properties such as

transfer integrals.

Learning transfer integrals directly, instead of entire Hamiltonians or den-

sity matrices, has both conceptual and computational benefits. Transfer

integrals are scalar quantities that have physical meaning and measure how

well electronic coupling works between molecular sites. This means that

they only store the part of the Hamiltonian information associated to charge

transport.
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This dimensional reduction simplifies the learning problem, makes data

more useful, and makes it easier to understand by directly targeting the

quantities that go into rate theories like Marcus or hopping transport mod-

els. This simplification, however, sacrifices generality; models trained ex-

clusively on transfer integrals are not readily extendable to retrieve com-

prehensive electronic structure information or to characterise properties

necessitating the complete Hamiltonian or density matrix (e.g., band dis-

persion or polarisation).

On the other hand, learning the Hamiltonian or density matrix gives a more

complete and transferable picture of the electronic system. However, this

needs much bigger training datasets, stricter phase-consistency rules, and a

higher chance of overparameterisation. So, learning transfer integrals is a

tractable way to balance physical relevance and computational tractability.

This makes it a efficient and focused strategy when charge transport is the

main property of interest.



3
Anharmonic Phonons with Gaussian

Processes

In this chapter, we introduce an approach for predicting harmonic (FC2)

and cubic anharmonic (FC3) force constants using differentiable Gaussian

process (GP) models. This approach uses the smoothness and uncertainty

quantification offered by GPs to efficiently estimate force constants from a

small number of atomic configurations. We describe how this methodology

is implemented in the GPFC.JL package and show how it may be used for

calculations involving phonons and lattice dynamics.

We begin by establishing the connection between force constants and dif-

ferentiable Gaussian process (GP) models. Building on this foundation, we

derive the formulation of a derivative GP model using Cartesian descriptors

for predicting harmonic (FC2) and cubic anharmonic (FC3) force constants.

The results and discussions are presented in Section 3.1. Section 3.2 in-

troduces the use of phonon descriptors in GPFC.JL. These descriptors

naturally impose translational symmetry and reduce the model size, leading

to an improvement in the accuracy and efficiency of the model. We compare

the learning behaviour of models trained with phonon descriptors versus

Cartesian descriptors and outline the procedure for recovering FC2s and

FC3s from the phonon basis to the Cartesian basis. Section 3.3 discusses

possible extensions, including the integration of atomic cluster expansion

(ACE) descriptors and the use of active learning strategies for enlarging

73
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training sets, facilitated by ACEPOTENTIALS.JL. Finally, Section 3.4 outlines

directions for future work.

3.1 GPFC.JL with Cartesian descriptors

In this section, we describe the construction of the differentiable Gaussian

process (GP) model used in GPFC.JL for predicting force constants from

atomic forces, using Cartesian descriptors. Cartesian descriptors represent

atomic environments directly in terms of relative atomic positions, pre-

serving full spatial resolution without imposing any symmetry constraints.

This choice allows us to directly construct the GP model derivatives with

respect to atomic displacements, enabling the prediction of harmonic and

cubic anharmonic force constants (FC2s and FC3s) from prior energies and

forces of materials. We begin by outlining the theoretical formulation of

the GP model and its derivatives, followed by implementation details and

validation results.

3.1.1 Higher Derivative GP Model

To extract harmonic and anharmonic force constants from a derivative

Gaussian process (GP) model of the force field, it is necessary to compute

higher-order derivatives of the predicted forces with respect to atomic dis-

placements. Specifically, the second derivatives correspond to the force

constant matrix (FC2), and the third derivatives yield the cubic anharmonic

force constants (FC3), as defined in the Taylor expansion of the potential

energy in Equation (2.2).

We begin by revisiting the derivative GP model with a kernel function k(x,x∗)

which defines the similarity between the descriptor x and x∗ of N atoms

in Cartesian representations, i.e. x, x∗ ∈ R3N . In our implementation, we
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mainly use the square exponential (radial basis function: RBF) kernel, equiv-

alent to (2.33), generically defined as

k(x, x∗) =σoexp
[︃
− 1

2ℓ2 d(x, x∗)2
]︃

, (3.1)

where d(x, x∗) = ∥x−x∗∥2
2 is the Euclidean metric. The kernel scale σo and

the length scale ℓ can be obtained from t hyperparameter optimisation.

The SE kernel was chosen because it assumes a smooth, infinitely differ-

entiable latent function. This is physically well-motivated for electronic-

structure-related quantities like potential energies that change smoothly

with small changes in geometry. Its isotropic form also provides a straight-

forward way to encode geometric similarity without introducing additional

directional parameters, making it computationally efficient and numerically

stable during training.

A systematic grid-based scan was used to find the kernel hyperparameters

σ0 and ℓ instead of doing full evidence maximisation. This manual optimi-

sation method was used to make sure that the smoothness and amplitude

scales were under control. This way, the chosen values would match the

physically meaningful changes in the data without causing numerical prob-

lems that can happen when automatic optimisation is used on small or

noise-sensitive datasets.

Conditioning this GP model with the energy E and forces ∇E at x yields the

posterior potential energy at x∗, analogous to (2.45) and (2.52), expressed as

E(x∗) =
[︂

k (∇xk)T
]︂

x,x∗
·K−1

x, x ·
[︄

E

∇E

]︄
x

, (3.2)

where the subscripts indicate the functions evaluated at the descriptors. The

first derivative of the kernel function (∇xk) with respect to the descriptor x

correlates the potential energy at x∗ to the force fields at x. This derivative,
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as mentioned in section 2.3.3, can be represented as a 3N ×1 covariance

matrix (Jacobian matrix as a first rank tensor)

[︁∇xk(x, x∗)
]︁T =

[︃
∂k

∂x1

∂k

∂x2
· · · ∂k

∂x3N

]︃T

. (3.3)

Marginal likelihood covariance matrix K which defines the probability dis-

tribution (1+3N )× (1+3N ) matrix of the priors, is

K(x, x) =
[︄

k (∇xk)T

∇x∗k ∇x∗∇xk

]︄
x, x

+
[︄
σ2

e 0

0 σ2
f · 13N×3N

]︄
. (3.4)

The first matrix contains the kernel, the Gradient kernel, and the Hessian

kernel for constructing the correlation between the prior energy and the

prior forces. The expressions of those derivatives of the kernel functions are

illustrated in (3.3) and (2.41). The second matrix is the observation noise

matrix, which includes σe and σ f indicates observation noises for prior

energy and force, respectively. One of the choices for these noises is the

energy and force convergence factor in the underlying electronic structure

calculations used for training.

The recent works [3; 7; 8; 42] on the derivative GPs suggested that the pre-

diction of potential energy can be potentially extended to predict forces

at x∗. This force prediction requires evaluating the first and second order

derivatives of the kernel function with respect to x and x∗ as follows:

∇x∗k and ∇x∗∇xk.

The first derivative is already expressed in Equation (2.40). The second

derivative is defined as the (3N ×3N ) rank-2 tensor, linking the force fields

at x to the force fields at x∗. This allows us to reconstruct (3.2) with changes

in those covariance matrices:

∇E(x∗) =
[︂
∇x∗k ∇x∗∇xk

]︂
x∗,x

·K−1
x, x ·

[︄
E

∇E

]︄
x

. (3.5)
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Motivated by this extension, we perform the higher-order differentiation to

predict the harmonic (FC2) and cubic anharmonic (FC3) force constants

and present the model construction in our work [9]. To predict FC2 requires

extra differentiation on those covariance matrices with respect to x∗ which

are equivalent to the second and third order kernel derivative with respect

to x and x∗, given by

(∇x∗)2k and (∇x∗)2∇xk. (3.6)

These (3N ×3N ) rank-2 and (3N ×3N ×3N ) rank-3 tensors are interpreted

as the covariance correlating the harmonic force constant at x∗ to the energy

and to the forces, respectively at x. Equation (3.5) can, then, be modified

into

GPFC2 prediction

Φ(2)(x∗) =
[︂

(∇x∗)2k (∇x∗)2∇xk
]︂

x, x∗
·K−1

x, x ·
[︄

E

∇E

]︄
x

, (3.7)

whereΦ(2) is the Gaussian process (3N×3N ) harmonic force constant tensor

(GPFC2) at descriptor x∗, constructed by correlating all degrees of freedom

of x∗ via the derivative GP model.

It is important to emphasise that this formulation follows the same fun-

damental learning framework as the original Gaussian Approximation Po-

tential (GAP) approach [56], which already incorporates total energy and

derivative (force) observations as training targets, combined with sparsifica-

tion for computational efficiency. As reviewed comprehensively in Chemical

Reviews (2021) [3], this joint energy–force learning strategy underpins nearly

all GAP-based applications to molecular and condensed-phase systems.

The present Gaussian Process Force Constant (GPFC) model adopts this

established foundation but extends it through an additional analytical dif-

ferentiation of the trained Gaussian process posterior, allowing direct com-
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Figure 3.1: Figureillustrates the tensor contraction in Equation (3.7), where the
derivative GP model is trained on a single data point at descriptor x.

putation of higher-order force constants (harmonic and cubic anharmonic)

from the same learned potential energy surface.

This post-processing differentiation step—absent from the original GAP

formalism—constitutes the principal methodological novelty of the GPFC

framework.

Equation (3.7) can be constructed as a tensor contraction (instead of the

matrix multiplication) as illustrated in Figure 3.1a. The resulting harmonic

force constant tensor Φ(2) is predicted at descriptor x∗, as shown in Fig-

ure 3.1b, for a 2× 1× 1 diamond-structure silicon supercell depicted in

Figure 3.1c [9].

The prediction of the cubic anharmonic force constant (FC3), similarly,

requires evaluating the rank-3 and rank-4 covariance tensors correlating

the FC3 to the potential energy and to the force fields, respectively. These

covariance tensors are defined as

(∇x∗)3k and (∇x∗)3∇xk. (3.8)
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1 using KernelFunctions # Kernel methods for ML
2 using ForwardDiff # Forward -mode AD
3 using Zygote # Reverse -mode AD
4

5 kernel = SqExponentialKernel () # Define RBF kernel
6

7 function diff3_kernel (kernel , x, x_star )
8 ForwardDiff .jacobian(
9 a -> Zygote .hessian(

10 b -> kernel (b, x_star ),
11 a
12 ),
13 x
14 )
15 end

Figure 3.2: Julia implementation of a third-order derivative of a kernel func-
tion, computed by applying forward-mode automatic differentiation (AD) via
ForwardDiff.jacobian on the Hessian obtained from reverse-mode AD via
Zygote.hessian.

Evaluating these allows us to recast Equation (3.7) as

GPFC3 prediction

Φ(3)(x∗) =
[︂

(∇x∗)3k (∇x∗)3∇xk
]︂

x, x∗
·K−1

x, x ·
[︄

E

∇E

]︄
x

, (3.9)

whereΦ(3) the predicted cubic anharmonic force constant tensor (GPFC3)

is the size of (3N ×3N ×3N ).

With these methods for directly evaluating force constants from the fitted

Gaussian process model, we now have all the essential components for

performing lattice dynamics calculations, including anharmonic effects.

To efficiently evaluate those derivatives of the kernel function, our imple-

mentation employs FORWARDDIFF.JL and ZYGOTE.JL, Automatic Differentia-

tion (AD) packages in JULIA, for doing differentiation on the kernel function



80 CHAPTER 3. ANHARMONIC PHONONS WITH GAUSSIAN PROCESSES

defined from KERNELFUNCTIONS.JL. The example of the evaluation of the

third-order derivative of the square exponential kernel with respect to x,

(∇x)3k, is given by the code in Figure 3.2.

Combining these two AD packages results in the efficient computation

of higher-order derivatives compared to implementing FORWARDDIFF.JL

purely. This is due to the fact that ZYGOTE.JL’s reverse-mode AD effectively

manages scalar-output functions with substantially reduced memory allo-

cations, avoiding the computational cost of repeating nested forward-mode

dual number evaluations, which are necessary for higher-order derivatives.

Moreover, the full derivations for differentiating the kernel function to

arbitrary order with respect to the input descriptors are provided in Ap-

pendix A.1. These derivations reveal the symmetry and antisymmetry prop-

erties of derivative kernels in (3.6) and (3.8), at a given order, which can be

exploited to significantly reduce the number of required kernel derivative

evaluations.

3.1.2 Dataset Preparation & Training

To evaluate the performance of our method and compare it with standard

approaches, we consider a set of representative solid-state materials. We

benchmark our approach—referred to as GPFC (Gaussian Process Force

Constants)—against two established methods: the traditional finite dis-

placement method, as implemented in PHONOPY [13; 14], and third-order

many-body perturbation theory, as implemented in PHONO3PY [12; 13]. For

consistency and comparability, we process force constants predicted by our

model using both PHONOPY and PHONO3PY.

Dataset Preparation

Details of the training datasets used for each method are provided below:
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• PHONO(3)PY-dataset: We use the PHONO(3)PY package to generate

displaced structures of 2×2×2 supercells using the finite difference

method (FDM). Energies and forces for these structures are computed

using density functional theory (DFT) via VASP, with the following pa-

rameters: plane-wave cutoff energy (ENMAX = 800 eV), self-consistent

field energy convergence (EDIFF = 10−8 eV), and a Monkhorst–Pack

k-point mesh of [6,6,6]. The resulting forces are processed with

PHONOPY to generate FC2s and FC3s using space group symmetry

operations.

• GPFC-dataset: Rattled 2× 2× 2 supercell structures are generated

using the ASE package, with random displacements sampled from a

normal distribution with a standard deviation of 0.01 Å. Using the same

computational parameters earlier mentioned, DFT is used in VASP

to calculate the corresponding energies and forces. Equations (3.5)

and (3.6) describe how the derivative GP model is trained using these

data without imposing any symmetry constraints.

Training

In the training process, we aim to optimise the hyperparameters of the

GPFC model—namely, the kernel output scaleσo , the length scale l , and the

observation noise parameters for the potential energy σe and forces σ f —by

maximising the logarithm of the marginal likelihood of the prior dataset.

Let the prior dataset consist of m total-energy values and corresponding

force vectors, each associated with a descriptor xi for a "global" system of N

atoms. We denote

E := [E1 E2 · · ·Em]T , (3.10a)

f := {︁∇x1E1 ∇x2E2 · · ·∇xm Em
}︁

, (3.10b)

X := {x1, x2, · · · , xm} , (3.10c)
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where E and f represent the training targets for energy and force, respectively.

Each energy Ei is subject to observation noise σe arising from electronic

structure calculation errors or convergence limitations and can be expressed

as:

Ei = E(xi )+ϵe , ϵe ∼N (0, σ2
e ). (3.11)

Similarly, each force vector ∇xi Ei carries its own observation noise σ f :

∇xi Ei =∇xi E(xi )+ϵ f , ϵ f ∼N3N (0, Σ f ), (3.12)

where Σ f =σ2
f · 13N×3N .

Assuming (3.11) and (3.12) allows us to construct an independent (1+3N )-

multivariate distribution for a pair yi of the energy Ei and the corresponding

force fields ∇xi Ei , i.e.,

yi =
[︄

Ei

∇xi Ei

]︄
(1+3N )×1

.

The covariance of any two of the prior data pairs can be expressed as

⟨︂
yi yT

j

⟩︂
=

[︄
k (∇x j k)T

∇xi k ∇xi∇x j k

]︄
xi , x j

+δi j

[︄
σ2

e 0

0 σ2
f · 13N×3N

]︄
. (3.13)

Note that, in the case i = j , we can recover the marginal likelihood covari-

ance matrix Kxi , xi , defined in (3.4). This (1+3N )×(1+3N ) covariance matrix

allows the multivariate probability distribution (marginal likelihood) of each

prior yi to be stated with zero mean as

P (yi ) = 1√︂
(2π)1+3N det

[︁
Kxi ,xi

]︁ exp

[︃
−1

2
yT

i ·K−1
xi , xi

·yi

]︃
. (3.14)

Hence, the marginal likelihood across all priors,

Y =
[︄

E

f

]︄
m·(1+3N )×1

,
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can be expressed as a multivariate Gaussian distribution with zero mean

and the m · (1+3N )×m · (1+3N ) covariance matrix, 〈YYT〉 =KX, X:

P (Y) = 1√︂
(2π)m·(1+3N ) det

[︁
KX, X

]︁ exp

[︃
−1

2
YT ·K−1

X, X ·Y
]︃

. (3.15)

Now, we can take the logarithm of this marginal likelihood as

Marginal Log-likelyhood

logP (Y) =− 1

2
YT · [︁KX,X

]︁ ·Y

− 1

2
log

(︁
det

[︁
KX,X

]︁)︁− m · (1+3N )

2
log2π,

(3.16)

and then maximise it to compute those hyperparameters. However, in this

work we set the hyperparameters to fixed, physically reasonable values. The

kernel scale σo and length scale l are set to 1.0 and 0.3-0.5, respectively,

which are appropriate for atomic displacements sampled from a normal dis-

tribution with a standard deviation in the range of 0.01–0.05 Å, as suggested

in Ref. [7].

The observation noise parameters σe and σ f are both set to 10−8, matching

the self-consistent field (SCF) energy convergence threshold (EDIFF) used

in our VASP calculations. This choice reflects the assumption that the refer-

ence energies and forces obtained from DFT are effectively noise-free within

the numerical precision of the electronic structure method. In practice, such

a tight noise level ensures that the Gaussian process regression treats the

DFT data as highly reliable, enforcing a near-exact interpolation of the

training points. Larger noise values were tested but resulted in marginally

reduced accuracy and less stable hyperparameter optimisation, confirming

that the 10−8 setting provides the best balance between numerical stability

and physical consistency with the underlying quantum-mechanical data.
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(a) (b)

Figure 3.3: Learning curves in (a) and (b) showing the RMSE of predicted GPFC2
and GPFC3 in Cartesian descriptors compared to FC2 and FC3 values, respectively,
obtained via the finite displacement method (FDM) using PHONOPY.

3.1.3 Anharmonic Phonons from GPFCs

As shown in our previous work [9], we evaluate the accuracy of our pre-

dicted harmonic (second-order) force constants by comparing the GPFC2

results obtained from our model against those from the standard finite dis-

placement method (FDM) as implemented in PHONOPY. The comparison is

performed for five representative materials: diamond-structure silicon (d-Si,

FCC), GaAs, CdTe, NaCl, and PbTe, all expressed in Cartesian descriptors.

The model accuracy is quantified using root mean square errors (RMSE),

shown as learning curves in Figure 3.3 (a). For all five materials, the RMSE

curves in the Cartesian basis converge to near-zero values with approxi-

mately 50 training data points. This value aligns with the number of degrees

of freedom in the descriptor: for a 2×2×2 supercell of a two-atom primi-

tive cell, there are 48 Cartesian components. Remarkably, these materials’

learning curves show comparable convergence behaviour with respect to

the number of training samples, though their chemistry and bonding differ.
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(a) (b)

Figure 3.4: Panels (a) and (b) show the phonon band structures and density of
states for d-Si and PbTe, respectively.

Moreover, the convergence of these RMSE learning curves can be confirmed

by analysing the convergence of the acoustic sumrule across those five

materials, shown in Fig. A.7a in Appendix A.2.3. This demonstrates that our

Cartesian-based GP model learns translational symmetry from the training

data, even though it employs Cartesian descriptors that do not explicitly

encode the system’s symmetries into the model.

To further validate the physical reliability of our predicted GPFC2 tensors,

we use them to compute the phonon band structures and phonon density

of states (DOS) for d-Si and PbTe. These results are shown in Figure 3.4.

The predicted phonon properties from GPFC2 closely match those obtained

from FDM-based force constants. Quantitatively, the root mean square

errors of the phonon band structures are approximately 1.13% for d-Si and

3.89% for PbTe.

We include supplementary comparisons of phonon band structures and

phonon density of states, calculated using our GPFC2, with those computed

from the FDM-based FC2s for the remaining materials (GaAs, CdTe, and

NaCl) in Appendix A.2.1. Additionally, in Appendix A.2.4 we compare our

d-Si phonon results with the phonon band structures and phonon density

of states evaluated using the FC2 based on the cluster expansion method,

HIPHIVE [73].
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(a) (b)

Figure 3.5: These figures show the predicted phonon lifetimes at 300 K of d-Si and
PbTe.

To evaluate the accuracy of cubic anharmonic (third-order) force constants

predicted by our model, we present RMSE learning curves analogous to

those used for GPFC2 in Figure 3.3 (b). Based on the convergence behaviour,

accurate prediction of third-order force constants in a Cartesian basis re-

quires approximately 400 energy and force evaluations.

We further assess the physical reliability of these predicted cubic force con-

stants by computing finite-temperature phonon lifetimes and lattice ther-

mal conductivities for five materials: d-Si, NaCl, PbTe, GaAs, and CdTe, over

a temperature range of 300–1200 K. These quantities are calculated using

third-order many-body perturbation theory as implemented in PHONO3PY,

with input FC3s generated either via finite displacement methods (FDM) or

our GP-based approach (GPFC). The cubic anharmonic GP force constants

are predicted using Equation (3.9), with the same training data used for the

harmonic GPFC2 model.

Figure 3.5 presents the predicted phonon lifetimes for d-Si and PbTe at

300 K in panels (a) and (b), respectively. The corresponding lattice thermal

conductivities are shown in Figure 3.6. To quantify differences in phonon

lifetimes across temperatures, we compute the Earth Mover Distance (EMD)



3.1. GPFC.JL WITH CARTESIAN DESCRIPTORS 87

(a)

Figure 3.6: This figure illustrates the lattice thermal conductivities of d-Si and
PbTe over the temperature range from 300 K to 1200 K.

between the lifetime density of states at 30 K intervals from 300 K to 1200 K.

The mean EMD values are 3.9×10−1 ps for d-Si and 8.6×10−3 ps for PbTe,

indicating high fidelity of the GPFC3 predictions, particularly for the latter.

The mean absolute errors in lattice thermal conductivity predictions us-

ing GPFC3 are 2.03 W·m−1K−1 (MAE ≈ 2.87% error) for d-Si, and 1.4 ×
10−3 W·m−1K−1 (MAE≈ 7.48% error) for PbTe. Additional results for NaCl,

GaAs, and CdTe, also computed with GPFC3, exhibit relative errors in the

range of 2–7%.

Among all studied systems, the lowest accuracy of GPFC3 is observed in

PbTe, which is known to exhibit strong anharmonicity and pronounced

phonon–phonon interactions that shorten phonon lifetimes and challenge

model generalisation.

Supplementary comparisons of phonon lifetimes and lattice thermal con-

ductivities for GaAs, CdTe, and NaCl are also provided in Appendix A.2.2.

It is important to note that the GPFC framework does not offer a computa-

tional speed advantage over conventional finite-displacement approaches

implemented in PHONOPY or PHONO3PY. In all applications presented here,

the GPFC calculations are in fact slower, primarily due to the analytical
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evaluation of higher-order kernel derivatives and the absence of symmetry

exploitation, which substantially increases the number of degrees of free-

dom. However, the purpose of GPFC is methodological generality rather

than speed. Because the present implementation does not impose crystal

symmetry, the model can be directly applied to systems with low or broken

symmetry—such as amorphous materials, molecular crystals, or interfa-

cial structures—where traditional finite-displacement or symmetry-based

lattice-dynamics approaches become inefficient or ambiguous. Therefore,

although slower for highly symmetric crystals, the GPFC method provides a

unified, symmetry-agnostic framework that can extract harmonic and an-

harmonic force constants consistently from general atomic configurations.

While the Cartesian descriptor provides a straightforward and general

representation of atomic displacements, it does not exploit the underlying

symmetries of the crystal lattice—such as translational invariance and dy-

namical matrix sparsity—which can lead to redundancy in the model and

increased data requirements. To address this, we will introduce a phonon-

mode-based descriptor that inherently incorporates lattice symmetries and

reduces the dimensionality of the learning problem. In the following section,

we present how this descriptor is implemented in GPFC.JL, analyse its im-

pact on model efficiency and accuracy, and compare its learning behaviour

with that of the Cartesian approach.



3.2. GPFC.JL WITH PHONON DESCRIPTORS 89

3.2 GPFC.JL with Phonon descriptors

In another section of our previous work [9], we investigate a different strat-

egy based on phonon coordinates, or normal modes, as input descriptors for

the Gaussian process model rather than straight Cartesian representations.

These normal modes form a natural basis for atomic motion in a crystalline

material or molecule and inherently encode the symmetries of the system.

Moreover, they serve as the foundation for higher-order theoretical frame-

works in lattice dynamics, such as many-body perturbation theory, which

couples normal modes through anharmonic interactions.

3.2.1 Phonon descriptors

Our motivation for using phonon-mode descriptors is to improve the ef-

ficiency of the machine learning model—achieving higher accuracy with

fewer training data—without explicitly encoding symmetry or equivariance

in the model architecture. The normal modes are obtained by diagonalising

the mass-weighted second-order force constant matrix, also known as the

dynamical matrix.

Before constructing phonon descriptors, we now revisit the expression of

the “Dynamical Matrix” [12; 13; 14] at wave vector q:

Dαβ, κκ′(q) = 1⎷
m(κ)m(κ′)

∑︂
l ′
Φ(2)
αlκ,βl ′κ′ e

i q·
(︂
R0
κ′l ′−R0

κl

)︂
, (3.17)

where the masses m(κ) and m(κ′) correspond to atoms κ and κ′ in unit cells

l and l ′, respectively. The term Φ(2)
αlκ,βl ′κ′ is the harmonic force constant

between componentsα and β of atoms κ and κ′ in cells l and l ′. The vectors

R0
κl and R0

κ′l ′ denote their respective equilibrium positions. The summation

runs over all primitive cells l ′, with l = 0 referring to the reference cell.

Equation (3.17) can be interpreted as the discrete Fourier transform of the

harmonic force constants expressed in the Cartesian basis. By analogy, we
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Figure 3.7: Figure illustrates the tensor contraction in Equation (3.7) using
phonon-mode descriptors.

can apply a similar transformation to the atomic displacement descriptors

themselves. Specifically, we recast the Cartesian descriptors in reciprocal

space and obtain the phonon-mode descriptor as

Phonon descriptor

dβκ′(q) =⎷
mκ′

∑︂
l ′

xβl ′κ′ e
i q·

(︂
R0
κ′l ′−R0

κl

)︂
, (3.18)

where xβl ′κ′ are the atomic displacement descriptors in Cartesian coordi-

nates, mκ′ is the mass of atom κ′, and R0
κ′l ′ denotes the equilibrium position

of the atom κ′ in the unit cell l ′. The resulting quantity dβκ′(q) represents

the projection of atomic displacements onto the vibrational normal modes

at wavevector q, and is analogous to the phonon eigenvector components

obtained from diagonalising the dynamical matrix.

Integrating the phonon descriptor directly imposes the system’s symmetry

in our GP model, which removes the requirement for the model to infer
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these symmetries from data. Moreover, the descriptor dimensionality is

significantly decreased: the model performs on a primitive cell that includes

just κ atoms, unlike a complete l × l × l supercell. This means that while

there are N = l 3κ atoms in the atomic environment, the phonon-based

descriptors reduce this information to the size of the primitive cell. As seen

in Figure 3.7, the equivalent tensor contraction, which was first represented

in Equation (3.7), can be redefined appropriately as

Phonon-basis GPFC2 prediction

D(d∗
q) =

[︂
(∇d∗

q
)2k (∇d∗

q
)2∇dqk

]︂
dq, d∗

q
·K−1

dq, dq
·
[︄

E

−f

]︄
dq

, (3.19)

where D(d∗
q) denotes the dynamical matrix evaluated at wavevector q and f

is the phonon-basis force obeyed the discrete Fourier transform in (3.18).

The prediction of GPFC3 can be recast in a form analogous to the GPFC2

expression derived above.

For a training set of size m, the computational cost of learning—dominated

by the inversion of a (m · (1+ 3N ))× (m · (1+ 3N )) covariance matrix—is

O(m3 · (1+3N )3). Similarly, the cost of prediction—arising from the dot

product of two vectors of dimension m · (1+3N )—is O(m · (1+3N )) [1; 74].

By employing phonon-mode descriptors, where the input dimensionality is

reduced from the full atomic environment (N atoms) to that of the primitive

cell (κ atoms), these costs are reduced to O(m3 · (1+3κ)3) for training and

O(m · (1+3κ)) for prediction, respectively.

3.2.2 Phonon-basis GPFC

We also compare our phonon-based GPFC2 and GPFC3 predictions with the

dynamical matrix and third-order force constants (FC3) obtained from the

finite displacement method (FDM), as implemented in PHONO(3)PY. The
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(a) (b)

Figure 3.8: Learning curves in (a) and (b) illustrate the direct comparison of
GPFC2 and GPFC3 in phonon descriptors to FC2 and FC3 from FDM, respectively,
using PHONO(3)PY.

same dataset used for the Cartesian-basis models in Section 3.2.2—com-

prising five representative materials (d-Si (FCC), GaAs, CdTe, NaCl, and

PbTe)—is employed to train the derivative GP model using phonon-mode

descriptors, enabling the prediction of Gaussian process force constants in

the phonon basis.

All GPFC predictions are evaluated at the Γ-point, as the current implemen-

tation of automatic differentiation limits predictions at arbitrary q-points.

We will discuss the extended procedure to address this limitation in the

next subsection. The accuracy of the GPFC2 and GPFC3 models is shown

in Figures 3.8(a) and (b), respectively, in terms of root mean square error

(RMSE) learning curves. The RMSE of GPFC2 predictions converges rapidly

to near-zero values using only 6–10 training points, while the GPFC3 model

requires approximately 30–50 data points to achieve comparable accuracy.

Compared to the Cartesian-basis results in Figure 3.3, these learning curves

again reflect the dimensionality of the descriptor: the number of required

training samples closely matches the number of degrees of freedom in the
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phonon descriptor, which corresponds to the number of atoms in the primi-

tive cell.

Moreover, the phonon-based GPFC2 and GPFC3 models also exhibit learn-

ing of translational symmetry, as illustrated in Fig. A.7b. The convergence of

the acoustic sum rule becomes evident in the learning curves after approxi-

mately 10 and 30–50 data points, respectively.

We also observe that predicting the cubic anharmonic force constants

(GPFC3) generally requires roughly eight times more training data than

is needed to achieve similar accuracy for the harmonic case (GPFC2).

3.2.3 Recovering Real Space FCs

Recovering phonon-based force constants into the Cartesian basis is es-

sential for calculating full phonon dispersion relations and lattice thermal

conductivity. However, a limitation arises due to current automatic differen-

tiation frameworks, which do not support taking derivatives with respect

to complex-valued phonon descriptors beyond second order. As a result,

both the harmonic and cubic anharmonic dynamical matrices can only be

evaluated at the Γ-point, where the phonon descriptors are real-valued.

To address this limitation, we propose the construction and implementation

of a differentiable Gaussian process model capable of handling complex-

valued descriptors. A discussion of this extension, along with the derivation

of the relevant complex derivatives, is provided in Appendix A.1.2.

Once the harmonic (GPFC2) and cubic anharmonic (GPFC3) Gaussian pro-

cess force constants have been computed in the phonon basis, we follow

a well-defined procedure to transform them back into the Cartesian basis

[12; 13; 14]. For the harmonic case, the inverse discrete Fourier transform of

the set of dynamical matrices over all Nq wavevectors can be used to recover

the real-space force constants as:
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Φ(2)
αlκ,βl ′κ′ =

⎷
mκmκ′

Nq

∑︂
q

Dαβ, κκ′(q)e
−i q·

(︂
R0
κ′l ′−R0

κl

)︂
. (3.20)

Here, Nq = Nx ×Ny ×Nz corresponds to the number of q-points sampled

from a Monkhorst–Pack grid covering the Brillouin zone. For a 2× 2× 2

supercell, we require only 8 q-points.

Similarly, GPFC3 values in the phonon basis can be transformed back to

Cartesian coordinates using an expression analogous to the inverse Fourier

transform of Equation (2.19):

Φ(3)
αl1κ1,βl2κ2, γl3κ3

=
⎷

mκ1mκ2mκ3

N 2
q

∑︂
q2,q3

Φ(3)
ακ1,βκ2, γκ3

(q2,q3)

×e
−i q2·

(︂
R0
κ2l2

−R0
κ1l1

)︂

×e
−i q3·

(︂
R0
κ3l3

−R0
κ1l1

)︂
×δ∗ (︁

q1 +q2 +q3
)︁

,

(3.21)

where δ∗(q1 +q2 +q3) enforces momentum conservation and is defined as

δ∗(q1 +q2 +q3) =
⎧⎨⎩1, if q1 +q2 +q3 is a reciprocal lattice vector,

0, otherwise.
(3.22)

Note that predicting Φ(3)(q2,q3) using our current GP model is limited to

specific q-points. Nevertheless, the GPFC3 predicted at wavevectors (q2,q3)

corresponds to the cubic anharmonic dynamical matrix in reciprocal space.

This quantity is the Fourier transform of the real-space third-order force

constants, and represents the linear response of the force on atom κ1 to

displacements with wavevectors q2 and q3.
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The relationship between this response and the force in reciprocal space is

given by:

Fακ1(q1) =− 1⎷
l 3

∑︂
βκ2

∑︂
γκ3

Φ(3)
ακ1,βκ2, γκ3

(q2,q3)

dβκ2(q2) dγκ3(q3) δ∗(q1 +q2 +q3),

(3.23)

allowing us to obtain the phonon descriptors dακ1(q1) from Equation (3.18)

and use the corresponding force Fακ1(q1) as training data for GPFC3.

For a 2× 2× 2 supercell lattice, recovering the full GPFC3 tensor in the

Cartesian basis requires evaluating N 2
q = 64 cubic anharmonic dynamical

matrices, assuming both q2 and q3 are sampled from the same mesh.

3.3 Atomic Cluster Expansion Model

In this section, we discuss possible approaches to further improve the ef-

ficiency of our differentiable Gaussian process (GP) model. Incorporating

physical symmetries of atomic structures has proven to be a sensible and

effective strategy in several machine learning potentials [43].

As reviewed in Chapters 2.4 and 2.5, Atomic Cluster Expansion (ACE) de-

scriptors offer one of the most efficient local basis sets for representing

individual atoms within atomic structures prior to training the GP model.

This is because they are systematically constructed to capture the atomic en-

vironment while inherently satisfying permutation, translation, reflection,

and rotation symmetries, as shown in Equations (2.70), (2.71), and (2.78).

To integrate ACE descriptors with our model, we employ a JULIA-language

implementation of the ACE framework, the ACEPOTENTIALS.JL package [15].

ACEPOTENTIALS.JL builds upon the foundational concepts of ACE [2; 16],

incorporating several extensions such as smoothness priors, robust param-

eter estimation, and an extended design space for capturing atomic species

through radial basis functions. These features make ACEPOTENTIALS.JL
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a simple, interpretable, and robust framework, well-suited for use in our

differentiable GP model.

3.3.1 ACE descriptors

This section aims to investigate the construction of ACE descriptors us-

ing the ACEPOTENTIALS.JL package and to assess their compatibility and

efficiency when incorporated into our differentiable GP model.

In an N -atom structure, ACE descriptors which represent the centred atom

i as a symmetrised many-body product basis set Bi . This basis set can be

written as the set consisting of the many-body product basis from 1-body

order to (ν+1)-body order expressed as

Bi =
[︂

B(0)
i B(1)

i B(2)
i · · · B(ν)

i

]︂T
, (3.24)

where B(ν)
i are defined in (2.78) for a single-element system and (2.84) for

a multi-element system. The set of the many-body product bases can be

evaluated using the code shown in Figure 3.9. The acemodel constructor

specifies a set of hyperparameters that control the structure and behaviour

of the basis set. Within acemodel, the element parameter specifies the

chemical species, the order parameter sets the interaction order N (cor-

responding to N +1-body correlations), and the totaldegree parameter

constrains the maximum total polynomial degree of the basis functions.

The parameters r0 and rcut define the equilibrium bond length, specific to

the chemical species, and the cutoff radius beyond which basis functions

vanish smoothly, respectively.

The pair_transform parameter corresponds to the transformation defined

in Equation (2.86), typically using the Agnesi function (:agnesi), which

enhances resolution near the nearest-neighbour distance and improves

the accuracy of the interatomic potential. The pair_envelope parameter,

defined in Equations (2.87) and (2.88), modifies the radial behaviour for
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1 model = acemodel( elements = [:Si,],
2 order = 2, #3-body order
3 totaldegree = 5,
4 r0 = rnn(:Si),
5 rcut = 3.0,
6 pair_transform = (:agnesi, p = 1, q = 4),
7 pair_envelope = (:r, 2, 2)
8 )
9 @show length (model.basis)

10 > length(model.basis)> = 12

Figure 3.9: Construction of a 3-body order ACE descriptor for a silicon structure
using a total degree constraint of 5, an Agnesi radial transform, and a smooth
polynomial envelope. The code prints the resulting size of basis functions.

ensuring that functions vanish at the cutoff and behave smoothly at short

range.

Note that only the number of chemical species, the order parameter, and

the totaldegree parameter determine the size of the many-body product

basis, which is printed as the length of the model basis in the code shown

above.

To determine r0, rcut, pair_transform, and pair_envelope parameters

for a given dataset, it is necessary to analyse the radial distribution function

(RDF) of the centred atom in each configuration and then modify the radial

basis functions (RBFs), defined in Equation (2.85), as these RBFs serve as

building blocks for constructing the many-body product basis.

Let us consider the top panel of Figure 3.10, which shows the RDF histogram

of the input d-Si dataset, with dashed black lines indicating the set of equi-

librium bond lengths of silicon (r1, r2, . . . , r5). The bottom panel illustrates

the possible choices of radial basis sets (centred at the average of these dis-

tances within the cutoff radiuis 3 Å (red), 5 Å (green), 6 Å (yellow)), extracted

from the code shown in Figure 3.9. We construct three sets of radial basis

functions, shown in red, green, and yellow, designed to cover the first peak,

the first three peaks, and all peaks in the RDF, respectively. These three
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Figure 3.10: Radial distribution function (RDF) and radial basis functions (RBF)
for the d-Si training set.

sets are characterised by different cutoff radii and corresponding average

equilibrium bond lengths, i.e., {3 Å, r1}, {5 Å, r 3}, and {6 Å, r 5}, where r 3 and

r 5 denote the averages of {r1, r2, r3} and {r1, r2, . . . , r5}, respectively.

After obtaining the appropriate radial basis set for the individual centred

atom, we can then form the descriptor of the N -atom structure by concate-

nating the many-body product basis for all atoms in the structure. This total

structure descriptor is expressed as

Btot =
[︂

B1 B2 · · · BN

]︂T
, (3.25)

where each Bi is defined in Equation (3.24). Therefore, the size of the full

descriptor Btot is given by the size of the ACE model basis, dim(Bi ), multi-

plied by the number of atoms N in the structure. For example, using the

ACE basis constructed by the code in Figure 3.9, the descriptor size for a

2×2×2 d-Si supercell is 12×16 = 192 degrees of freedom.

We also investigate the construction of ACE descriptors for a PbTe structure

as an example of a multi-element system. The many-body product basis
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1 model = acemodel( elements = [:Pb, :Te,],
2 order = 2, #3-body order
3 totaldegree = 5,
4 r0 = (rnn(:Pb)+ rnn(:Te))/2 ,
5 rcut = 6.5,
6 pair_transform = (:agnesi, p = 1, q = 4),
7 pair_envelope = (:r, 2, 2)
8 )
9 @show length (model.basis)

10 > length(model.basis) = 65

Figure 3.11: Construction of a 3-body order ACE descriptor for a PbTe-structure
using a total degree constraint of 5, an Agnesi radial transform, and a smooth
polynomial envelope.

set can be generated using the code shown in Figure 3.11, which follows a

similar procedure to the d-Si case, with the change for accounting for the

two input elements and the average equilibrium bond length of the Pb–Te

pair.

The hyperparameters r0, rcut, pair_transform, and pair_envelope are

determined by analysing the RDFs and RBFs of the input PbTe structure, as

illustrated in Figure 3.12. Since PbTe is a two-element system, it is necessary

to consider the radial distributions between Pb–Pb, Pb–Te, and Te–Te atom

pairs, which are shown as yellow, green, and red lines, respectively, in the

RDF histogram in the top panel.

The r0 parameter is selected as the average position of the first three RDF

peaks, as the fourth peak, associated with the Pb–Te bond length, is rela-

tively small compared to the others. The rcut parameter is chosen to cover

the fourth peak, while pair_transform and pair_envelope are employed

identically to the d-Si case. The resulting radial basis functions (RBFs) ex-

tracted from the ACE model with these parameters are shown in the bottom

panel of Figure 3.12.

To construct the full descriptor Btot for the PbTe structure, we can now

perform Equation (3.25), resulting in a 65×16 = 1040-dimensional feature



100 CHAPTER 3. ANHARMONIC PHONONS WITH GAUSSIAN PROCESSES

Figure 3.12: Radial distribution function (RDF) and radial basis functions (RBF)
for the PbTe training set.

vector. This descriptor size of 1040 degrees of freedom also applies to other

two-element systems, such as NaCl, GaAs, and CdTe, when using the same

hyperparameter settings.

However, we observe that incorporating ACE descriptors directly into our

differentiable GP model may not be sufficiently efficient, as the size of the

ACE descriptors is significantly larger than that of the Cartesian and phonon

descriptors. This increased descriptor size impacts both the computational

cost and memory requirements for calculating higher-order derivatives with

the current version of automatic differentiation. Therefore, instead of using

ACE descriptors directly in the GP model, we propose to incorporate the

ACE framework in an alternative way, namely for data generation and active

learning, which will be discussed in the next subsection.
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(a) (b)

Figure 3.13: Panels (a) and (b) show the ACE-fitted potentials for an input d-Si
and PbTe training data point (blue) alongside the corresponding target energies
(yellow).

3.3.2 ACE fitting

In this section, we discuss an alternative approach for incorporating the ACE

framework into our differentiable GP model. To generate datasets efficiently,

we use the ACEPOTENTIALS instead of ACE descriptors as inputs.

The ACEPOTENTIALS enables highly accurate energy fitting for both d-Si

and PbTe structures. Using the ACE model settings shown in Figures 3.9

and 3.11, we train the ACE model with only three data points obtained from

DFT calculations1.

With the minimal training set, the ACE model achieves excellent predic-

tive accuracy: it recovers all 500 energy values with RMSEs (MAEs) of

2.37(1.84) µeV/atom for the d-Si structure and 136.18(6.68) µeV/atom

for the PbTe structure, as shown in Figure 3.13. The RMSEs (MAEs) of

the predicted forces are similarly low, at 0.89(0.68) meV/Å for d-Si and

0.11(0.09) meV/Å for PbTe.

The strong predictive performance of the ACE model enables efficient gener-

ation of energies and forces for new data points, which can be used to further

1 The DFT calculations are performed using VASP, with convergence settings detailed in Subsec-
tion 3.1.2.
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(a) (b)

Figure 3.14: Panels (a) and (b) show the phonon band structures and density of
states for d-Si and PbTe, respectively.

train our GP model. These new configurations, denoted as {x′
1, x′

2, . . . , x′
n},

can initially be sampled from a normal distribution around the equilibrium

structure.

We offer two approches to benefit from using these Linear ACE data. One

is directly doing finite different methods to calculate force constants for

phonon calculations. This will be discussed in the next subsection. Another

is doing Active learning on top of GPFC models which the guidance is

provide in subsection 3.3.4.

3.3.3 Phonons from Linear ACE data

The highly accurate forces obtained from the linear ACE model enable

accurate phonon calculations using standard approaches such as Finite

Difference Methods (FDM).

To evaluate the fitting results against our model, it is necessary to disre-

gard the crystal symmetry (i.e., deactivate the symmetry in PHONOPY). We

compute the harmonic force constants using the data point number of 6N ,

where N indicates the number of atoms in the system as mentioned in

section 2.1.1. For a 2×2×2 diamond-structured silicon and a 2×2×2 lead
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telluride, the symmetry-breaking force distribution matrices necessitate 96

data points (16 atoms per system).

The results are illustrated in figure 3.14. Their RMSEs are roughly 1.01

This shows that the Linear ACE model is potentially powerful for using

generating dataset for the study of phonons. For the future work, we will

propose this to capture the anharmonic phonons.

3.3.4 Active learning with Linear ACE data

Moreover, we can apply an active learning strategy [75; 76; 77; 78] to select

the next data points by maximising the predictive variance of the Gaussian

process force constants. The predictive variance of the GPFC2 model is

defined as

Σ(2)(x∗) = [︁
(∇x∗)2(∇x)2k

]︁
x∗, x∗

−
[︂

(∇x∗)2k (∇x∗)2∇xk
]︂

x∗, x
·K−1

x,x ·
[︄

(∇x∗)2k

(∇x∗)2∇xk

]︄
x, x∗

,
(3.26)

which corresponds to the predictive mean of GPFC2s given in Equation (3.7)

and is analogous to the predictive variance of the energy in a differentiable

GP model, as defined in Equation (2.46). The next data point can be selected

by maximising the predictive variance according to the following expression:

Maximization of Predictive GPFC2 Variance

x′next = argmax
x∗

Σ(2)(x∗), (3.27)

where Σ(2)(x∗) is defined in Equation (3.26). Finding x′next requires differen-

tiating Σ(2)(x∗) with respect to x∗, which in turn demands evaluation of up

to the fifth-order derivatives of the kernel function.
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Meanwhile, active learning for the GPFC3 model would require constructing

an analogous expression for the predictive variance of GPFC3, followed by

maximisation to select the next data point. In this case, kernel derivatives

up to the seventh order would be required.

At present, we have implemented only the random sampling method in

our model. Full implementation of the active learning strategy remains

challenging, as performing high-order automatic differentiation leads to

substantial memory demands. However, analytic expressions for arbitrary-

order derivatives of the radial basis function (RBF) kernel are provided in

Appendix A.1, which may facilitate future improvements.

3.4 Conclusion and Future work

We developed a differentiable Gaussian process (GP) model for predicting

harmonic (second-order) and cubic anharmonic (third-order) force con-

stants. Our approach, which is incorporated into the GPFC.JL package,

uses higher-order kernel derivatives to predict force constants directly from

density functional theory (DFT)-calculated energies and forces.

Initially, we employed Cartesian descriptors, validating the model by com-

paring the predicted GPFC2 and GPFC3 tensors against finite displacement

method (FDM) results for several representative materials. Accurate phonon

properties, including band structures, density of states, phonon lifetimes,

and lattice thermal conductivities, were obtained from the GPFC predictions

with excellent agreement relative to traditional FDM approaches.

To improve model efficiency, we introduced phonon-mode descriptors,

which inherently impose system symmetries and reduce the dimensionality

of the learning problem. Using phonon descriptors significantly decreased

the number of training data required, particularly for GPFC2 predictions,

while maintaining or improving model accuracy.
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We also outlined procedures for transforming phonon-based force constants

back into the Cartesian basis, necessary for full Brillouin zone sampling

and thermal property calculations. Although our current implementation

is restricted to real-valued descriptors (thus, the Γ-point), we proposed

strategies for handling complex descriptors in future extensions.

Furthermore, we investigated how the Atomic Cluster Expansion (ACE)

framework might be integrated. While direct incorporation of ACE descrip-

tors into our GP model proved inefficient due to large descriptor sizes, we

proposed and tested an alternative: using ACE models for rapid and accu-

rate data generation. With minimal DFT training, ACE potentials were able

to reproduce reference datasets with very low errors, making them ideal

for augmenting GPFC training through either random sampling or active

learning.

Finally, we outlined an active learning strategy based on maximising the

predictive variance of the GPFCs to help guide the selection of new train-

ing data. The full implementation of the active learning procedure is still

challenging due to the memory demands of high-order derivatives, but the

analytic expressions provided in the Appendices pave the way for future

work.

In summary, this study introduces a flexible and powerful framework for

learning force constants with differentiable Gaussian processes. By im-

proving both accuracy and data efficiency, it creates new possibilities for

modelling lattice thermal properties and anharmonic phonons in complex

materials.





4
ACE-Transfer Integrals

In this chapter, we present an alternative approach for predicting transfer

integrals (electronic couplings) of organic molecular dimers using ACEPO-

TENTIALS.JL. Instead of employing standard atomic neighbour representa-

tions, we introduce two alternative schemes, namely, Bead (Coarse-Grained)

and Heavy-atom representations.

This methodology is motivated by the physical origin of transfer integrals,

which are determined by atomic and molecular orbital couplings. It is there-

fore reasonable to group the transfer integrals associated with individual

atomic orbitals into effective molecular orbitals of a coarse-grained system

or to focus specifically on molecular orbitals localised on carbon atoms (e.g.,

C–H coupling orbitals).

We outline how to build ACE descriptors that are customised to handle

various input datasets and analyse which representations are well suited for

different classes of molecular dimers.

Section 4.1 highlights the significance of transfer integrals in organic semi-

conductors. We then discuss the symmetries of the transfer integrals and

how we incorporate them into ACE models in section 4.2. Section 4.3 pro-

vides an analysis of the naphthalene dimer’s transfer integral energy surfaces.

The transfer integrals of its uniform configurations are calculated from the

quantum chemistry package PYMOO, ZINDO-based method [68]. It also

covers the construction of ACE descriptors within the Bead and Heavy-atom

107
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Figure 4.1: Coupling between frontier molecular orbitals (FMOs) of two conju-
gated organic molecules. The top and bottom FMOs represent the coupling be-
tween the lowest unoccupied molecular orbitals (LUMO–LUMO) and the coupling
between the highest occupied molecular orbitals (HOMO–HOMO), respectively.

frameworks, along with the fitting results and discussions that follow. In Sec-

tion 4.4, we apply the approach to other simpler molecular dimers (ethylene

and thiophene). Their rnadom configuration’s transfer integrals, generated

from XTB-DIPRO package [66], are used to train the ACE model. We then eval-

uate the predictive capability of the Heavy-atom representations within the

ACE framework. Finally, we conclude with a summary of the main findings

and outline potential directions for future work in Section 4.5.

4.1 Transfer Integrals in Organic Semiconductors

Organic semiconductors are now essential components for lightweight, flex-

ible electronics. Charge carriers in organic materials are frequently localised,

unlike in inorganic semiconductors, where charge transport occurs through

band-like conduction.

The active layer of the organic semiconductors is typically composed of π-

conjugated molecular systems, in which overlapping π-orbitals allow for the

delocalisation ofπ-electrons along the molecular backbone. Thisπ-electron

delocalisation facilitates the formation of frontier molecular orbitals, shown

in Figure 4.1, that are critical for transport processes.
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Figure 4.2: Schematic illustration of charge transport in organic semiconductors.
The active layer consists of an intermixed donor/acceptor morphology between
anode and cathode electrodes. A zoomed-in view shows the electronic coupling
between two π-conjugated molecules (Mol a and Mol b), characterised by their
relative centre-of-mass displacement (xab , yab , zab) and relative rotational orien-
tations (θx ,θy ,θz). The transfer integral Jab , governing the charge transfer rate
between molecules, is a function of these relative coordinates.

Regarding the discussion in section 2.6, transport processes can be deter-

mined by the electronic coupling between two molecular sites and influence

the rate of charge hopping transports, defined as the transfer integrals J

Jab = 〈ψa |Ĥ |ψb〉,

where ψa and ψb denote the frontier molecular orbitals on the respective

molecular sites, and Ĥ is the electronic Hamiltonian. Practically, we can pa-

rameterise Jab using the relative centre-of-mass displacement (xab , yab , zab)

and the relative rotational orientations (θx ,θy ,θz) between two molecules,

illustrated in Figure 4.2.

In Marcus theory, the transfer integrals can be employed to calculate the

charge transfer rate k between two molecular sites, given by

k = 2π

ħ |J |2 1√︁
4πλkB T

exp

(︃
−(∆G +λ)2

4λkB T

)︃
, (4.1)
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where λ is the reorganisation energy, ∆G is the Gibbs free energy change,

kB is Boltzmann’s constant, and T is the temperature. The rate depends

quadratically on the magnitude of the transfer integral |J |2, implying that

precise predictions of J are critical for reliable modelling of charge transport

phenomena in organic materials.

However, predicting transfer integrals presents several challenges.

• Direct quantum chemical calculations are computationally expensive,

particularly for large datasets of molecular dimers [79]. Accurately

computing J typically requires electronic structure methods such as

density functional theory (DFT) or fragment orbital approaches, which

become prohibitively costly when thousands of molecular configu-

rations must be evaluated, or the molecular assembles contain thou-

sands of atoms.

• Transfer integrals are highly sensitive to molecular geometry [80]; even

small structural perturbations can lead to significant variations in

J . Thermal fluctuations, molecular vibrations, and slight changes

in intermolecular orientation can all induce large deviations in the

electronic coupling, leading to the difficulty of generalising results

across different configurations.

Applying a machine learning potential approach, particularly in frameworks

based on the atomic cluster expansion (ACE), offers a promising alternative.

By learning the mapping between molecular configurations and transfer

integrals, ACE-based models can achieve high predictive accuracy across

diverse geometries while significantly reducing computational costs com-

pared to traditional ab initio methods.
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4.2 ACE Model Incorporation

The purpose of this study is to estimate the transfer integrals Jab between

molecules a and b utilising the Atomic Cluster Expansion (ACE) model.

We first recast the site enegery in Eq. (2.80) for the multi-element system

ϵ(
{︁

xi j
}︁

j∼i ) = ∑︂
ζnlm

c(Zi )
ζnlmB(i )

ζnlµ, (4.2)

Similar to Equation (4.2), the site transfer integral may be articulated by

determining the parameter c̃ as follows:

Jab
(︁
{xi j } j∼i

)︁= ∑︂
ζnlm

c̃(Zi )
ζnlm,abB(i )

ζnlm, (4.3)

where the chemical species Zi and the index ζ need not correspond to

actual atomic species but may be designated as a pseudo-atomic species

(any categorical variable representing an abstract particle), as elaborated in

next section.

Upon ascertaining the parameters c̃ for the model in Equation (4.3), the

overall transfer integral of the molecular dimer system is subsequently

formulated as a summation of the site contributions.

Jab

(︂
{xi }J

i=1

)︂
=

J∑︂
i=1

Jab
(︁
{xi j } j∼i

)︁
. (4.4)

Text in bold Symmetry concerns. The transfer integrals Jab adhere to three

essential symmetry constraints dictated by the electronic Hamiltonian: (i)

Hermitian symmetry (Jab = J∗ba), (ii) spatial invariance under rotations and

translations, and (iii) localisation of electronic interactions. In developing

the ACE model in Equations (4.3) and (4.4), we expressly guarantee the

preservation of all these qualities.
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The transfer integral between molecular orbitals ψa and ψb is defined as

Jab = 〈ψa |Ĥ |ψb〉,

which, due to the Hermiticity of the Hamiltonian Ĥ = Ĥ
†
, adheres to the

following condition:

Jab = J∗ba . (4.5)

In systems with real-valued molecular orbitals, this simplifies to Jab = Jba ,

signifying that the transfer integral is a symmetric scalar quantity upon the

interchange of monomers a and b. This property is inherently maintained in

the ACE representation via symmetric parameterisation of the coefficients

c̃(Zi )
ζnlm,ab or through training on symmetrised data, hence ensuring that

Jab
(︁
{xi j } j∼i

)︁=Jba
(︁
{xi j } j∼i

)︁
. (4.6)

Given that the transfer integrals are contingent solely upon the relative

geometry of the molecular dimer, rather than its absolute position or ori-

entation, the ACE basis functions B(i )
ζnlm are formulated to exhibit both

rotational and translational invariance, thereby ensuring that

Jab

(︂
{xi }J

i=1

)︂
= Jab

(︂
{x′i }J

i=1

)︂
, forx′i = Q̂xi + t, (4.7)

where Q̂ denotes an arbitrary rotation matrix and t represents a translation

vector. The ACE framework explicitly encodes these symmetry requirements

by constructing descriptors and basis functions that remain invariant under

the Euclidean group E(3), which includes all rotations, translations, and

reflections. Consequently, the resultant model parameters c̃ inherently

ensure rotational and translational invariance without requiring explicit

data augmentation.

The spatial decomposition of the single particle basis function in Equa-

tion (2.83) illustrates the location of electronic interactions. In quantum
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mechanics, the total coupling can be expressed as a summation of local

orbital-orbital interactions,

Jab = ∑︂
i∈a

∑︂
j∈b

〈φi |Ĥ |φ j 〉, (4.8)

Because each term diminishes swiftly with increasing interatomic distance

due to the localised characteristics of atomic orbitals. Analogously, each site

contribution Jab({xi j }) in the ACE model relies solely on adjacent atoms

within a defined cut-off radius, guaranteeing that Jab is represented as a

summation of local, symmetry-preserving contributions:

Jab
(︁
{xi j } j∼i

)︁=Jab

(︂
{xi j }|xi j |<rcut

)︂
. (4.9)

4.3 Naphthalene Dimer

This section presents the transfer integral energy surface analysis of the

naphthalene dimer. This naphthalene dimer are rigid and fully parame-

terised with 6 DoF. Moreover, the dimer is relatively small, leading to rapid

transfer integral calculations. Therefore, it is sensible to begin modelling

their transfer integrals as a starting point.

Two alternative frameworks, the Coarse-Grained and Heavy-atom represen-

tations, are employed to construct ACE descriptors. Each representation’s

predictive performance is assessed by fitting the transfer integrals derived

from calculations involving quantum chemistry, and the outcomes are then

discussed.

We intend to evaluate the ACE methodology’s ability to capture the depen-

dence of electronic couplings on molecular configurations by looking at the

naphthalene systems.
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(a) (b) (c)

Figure 4.3: (a), (b), and (c) show the surface plots of the transfer integral J (θ,φ) of
a naphthalene dimer, the squared transfer integral J 2(θ,φ), and the logarithm of
the squared transfer integral.

Analysis of Transfer Integral Surface

We begin by investigating the surfaces of the transfer integrals. As discussed

in Section 2.6.4, many studies predict transfer integrals based on either the

square or the absolute value of the transfer integrals, since these quanti-

ties correlate linearly with the charge transfer rate. However, the surface

of the squared transfer integrals J 2 is typically discontinuous and highly

skewed, containing many small values and a few large peaks, resulting in

non-smooth behaviour that poses challenges for machine learning models

based on smooth basis sets.

Since ACE models are constructed from a set of smooth basis functions, fit-

ting highly non-smooth quantities such as J 2 may be particularly sensitive

to the choice of basis parameters. In such cases, training models directly on

the transfer integrals J or on the logarithm of the squared transfer integrals,

log(J 2), can improve predictive capability. Both J and log(J 2) produce distri-

butions that are smoother and more Gaussian-like, which are well suited for

regression tasks.

Figures 4.3 and 4.4 illustrate the three 2d-surfaces and heatmaps corre-

sponding to the transfer integral of the naphthalene dimer: the transfer



4.3. NAPHTHALENE DIMER 115

(a) (b) (c)

Figure 4.4: (a), (b), and (c) show the heatmaps of the naphthalene dimer’s transfer
integral, the squared transfer integral , and the logarithm of the squared transfer
integral.

integral itself, its squared value, and the logarithm of its squared value.

These surfaces are parameterised by the orientational angles θ ∈ [0,π] and

φ ∈ [0,2π] of molecule b with respect to molecule a, as depicted in Figure 4.2.

In other words, molecule b is rotated over the surface of the sphere around

molecule a, at a fixed centre-of-mass distance of 12 Å. It is evident that the

surfaces of the squared transfer integrals (Figure 4.3b and 4.4b) and the

logarithm of the squared transfer integrals (Figures 4.3c and 4.4c) exhibit

sharp singularities, whereas the transfer integrals J (Figure 4.3a and 4.4a)

are smoother by comparison. This observation suggests that choosing ap-

propriate target quantities, such as J , is critical for achieving efficient and

accurate ACE model fitting.

Representing Naphthalene Dimers

Before constructing the ACE descriptors, we introduce an efficient represen-

tation of the naphthalene dimer aimed at reducing the dimensionality of

the descriptor space while preserving key geometric and electronic features

relevant to transfer integral prediction.

One such approach is the Bead or Coarse-Grained Representation, illustrated

on the left pathway of Figure 4.5. This method is inspired by the recent
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Figure 4.5: Illustration of two types of molecular representations used for con-
structing ACE descriptors.

work of Wang et al. [81], in which ACE models were successfully applied to

coarse-grained molecular dynamics. We adapt this idea to model electronic

coupling (transfer integrals) by constructing Bead ACE descriptors tailored

to dimer interactions.

Since the transfer integral is an intermolecular property, it is important to

distinguish between atoms (or Beads) belonging to different molecules. As

shown in Figure 4.5, we assign distinct element labels to each molecule:

the yellow Beads in Mol a are treated as pseudo-C elements, while the

green Beads in Mol b are labelled as pseudo-Si elements. This labelling

enforces a separation of molecular environments and ensures that intra- and

intermolecular interactions are treated distinctly within the ACE framework.

The next step is to analyse the intra- and intermolecular radial distribution

functions (RDFs), plotted as a function of Bead-pairwise distance in the top

panel of Figure 4.6. The yellow histogram represents the intra-molecular

RDF, while the red histogram shows the distribution of intermolecular pair
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Figure 4.6: Analysis of radial distribution functions (RDFs) and radial basis func-
tions (RBFs) used in the ACE descriptor construction for the coarse-grained (Bead)
representation.

distances. The dashed vertical line indicates the fixed centre-of-mass sepa-

ration (12 Å) used in our dimer configurations.

The analysis of the RDF guides the construction of radial basis functions

(RBFs) using the acemodel() function, as illustrated in Figure 4.7. A discus-

sion of the relevant hyperparameters is provided in Section 3.3.1.

Here, we emphasise the role of the envelope function used in constructing

the RBFs. The default envelope pair_envelope = (:r, 2, 2) leads to

basis functions extending across both intra- and intermolecular regions

(middle panel of Figure 4.6). As shown in the bottom panel, modifying

the envelope to (:x, 2, 2) localises the RBFs to the intermolecular range

only. In other words, RBFs are adapted to the relevant intermolecular RDF

support ranges, enabling resolution where features are concentrated. This
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1 model = acemodel( elements = [:C,:Si,],
2 order = 2, #3-body order
3 totaldegree = 10,
4 r0 = 12.0 ,
5 rcut = 13.6 ,
6 pair_transform = (:agnesi, p = 19, q = 43),
7 pair_envelope = (:x, 2, 2),
8 Eref = [:C => 0.0, :Si => 0.0]
9 )

Figure 4.7: Construction of a 3-body order ACE descriptor for a Bead structure
using a total degree constraint of 10, an Agnesi radial transform, and a smooth
polynomial envelope.

ensures that the descriptor focuses on features relevant to transfer integrals,

which are by nature intermolecular.

An additional hyperparameter, Eref, defines the one-body (atomic ref-

erence) energy. By setting Eref = 0 for each Bead type, we enforce the

physical constraint that the transfer integral vanishes for isolated molecules

or Beads.

For the Heavy-atom Representation shown on the right pathway in Fig-

ure 4.5, a similar analysis can be performed to construct the radial basis set

for the corresponding ACE descriptors. In this representation, only heavy

atoms (typically carbon) are included, thereby retaining chemically relevant

geometric features while reducing the descriptor size.

The radial distribution functions (RDFs) for this representation are shown

in the top panel of Figure 4.8, plotted as a function of pairwise distances

between carbon atoms. As in the coarse-grained case, the yellow histogram

corresponds to intramolecular RDFs, while the red histogram captures inter-

molecular distances. The fixed centre-of-mass separation is again marked

by a dashed vertical line.

The choice of envelope functions for the radial basis can follow the same

design as used in the Bead representation. Specifically, by applying an
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Figure 4.8: Analysis of naphthalene dimer RDFs and RBFs used in the ACE de-
scriptor construction for the Heavy-atom representation.

intermolecular envelope (e.g., (:x, 2, 2)), the radial basis functions can

be restricted to the intermolecular distance range, thereby focusing the

model on the features most relevant for predicting transfer integrals.

ACEfit!

With all descriptors and hyperparameters defined, we now proceed to fit

the ACE model to the transfer integral data of the naphthalene dimer. The

reference transfer integrals were computed using the PYMOO, ZINDO-

based method [68], package as implemented by J. M. Frost.

The ACE models constructed using the descriptors in Figure 4.7 were trained

on 1,350 dimer configurations out of a total of 4,753. The resulting fits us-

ing the Bead and Heavy-atom representations are shown in Figures 4.9a

and 4.9b, respectively. Both models achieve high accuracy in predicting

transfer integrals. The Bead-based model yields a root-mean-square er-

ror (RMSE) of 23.85 meV/molecule and a mean absolute error (MAE) of

16.86 meV/molecule. In comparison, the Heavy-atom model achieves even

lower errors: RMSE = 13.63 meV/molecule and MAE = 9.84 meV/molecule.
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(a) (b)

Figure 4.9: The plots comparing predicted and reference energies for ACE models
trained on 1350 structures out of a total of 4,753 dimer configurations. (a) Model
trained using the Bead representation. (b) Model trained using the Heavy-atom
representation.

These results are notable in that the predictive errors are of similar mag-

nitude across the two representations, yet the computational cost of the

Bead-based model is significantly lower—by approximately a factor of five.

The Bead representation uses only four coarse-grained Beads per naphtha-

lene dimer, while the Heavy-atom representation employs twenty carbon

atoms per configuration. This efficiency gain results from the reduced num-

ber of sites per configuration.

Therefore, the Bead (or coarse-grained) representation may offer an ad-

vantage in high-throughput screening scenarios where computational ef-

ficiency is critical. On the other hand, when maximal predictive accuracy

is required—for example, in detailed mechanistic studies or high-fidelity

simulations—the Heavy-atom model provides superior performance.

We also provide an analysis of hyperparameter fine-tuning with respect to

the order (interaction order) and totaldegree parameters. Figure 4.10
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(a) (b)

Figure 4.10: Hyperparameter sensitivity analysis of ACE models fitted to transfer
integrals using Bead (solid) and Heavy-atom representations (dashed).

presents the performance of ACE models fitted to transfer integrals us-

ing Bead (solid lines) and Heavy-atom (dashed lines) representations.

Additional fine-tuning on these two hyperparameters is provided in Ap-

pendix A.3.1 and A.3.2, respectively.

Panel (a) shows the root-mean-square error (RMSE) and mean absolute

error (MAE) as a function of the interaction order ν, which determines

the maximum (ν+1)-body correlation captured in the ACE descriptor. As

expected, increasing the interaction order improves accuracy for both rep-

resentations, although with diminishing returns beyond ν= 4.

Panel (b) illustrates the effect of increasing the total polynomial degree.

Both representations benefit from increasing totaldegree up to a point

of saturation (totaldegree = 20), after which performance plateaus or

slightly worsens due to overfitting or numerical instability.

We can also see that this fine-tuning analysis supports the earlier discussion

for Figure 4.9, confirming that the Heavy-atom representation consistently

achieves lower errors than the Bead-based model across these two tested

hyperparameter settings.
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(a) (b)

Figure 4.11: Growth of ACE basis size as a function of key hyperparameters for 2-
(solid) and 4- (dashdot) chemical species.

However, these improvements in accuracy come with an increased com-

putational cost. As shown in Figure 4.11, the size of the ACE basis set for

2-chemical species grows rapidly with both order and totaldegree values.

Higher values lead to a substantial increase in both memory usage and

model training time. These trends emphasise the compensation between

model expressivity and computational efficiency in ACE model construc-

tion.

We also further analysed and fine-tunde additional hyperparameters, in-

cluding cutoff radias rcut, parameters p, and q for controlling the envelop

function of RBFs. The corresponding ACE fitting results and discussions,

provided in Appendix A.3, will justify the suitable range of these hyperpa-

rameters for bith Bead and Heavy-atom representation.

In the following sections, we apply the same analysis workflow to predict

the transfer integrals of two additional molecular dimers: ethylene and thio-

phene. For these systems, the reference transfer integrals were generated

using the XTB-DIPRO package [66], rather than PYMOO. As discussed in Sec-

tion 2.6.3, XTB-DIPRO leverages a semi-empirical tight-binding framework,

offering significantly lower computational costs compared to conventional
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Figure 4.12: Illustration of three types of molecular representations used for
constructing ACE descriptors for the ethylene and thiophene dimer (Mol a and
Mol b).

density functional theory (DFT) methods. This makes it particularly well-

suited for generating large datasets required for ACE model training.

4.4 Ethylene and Thiophene Dimers

In this section, we examine suitable molecular representations for the ethy-

lene and thiophene dimers and evaluate the corresponding ACE model

predictions of their transfer integrals.

We, here, exclude the Bead (coarse-grained) representation from consid-

eration. For small molecules, this representation results in insufficient

geometric resolution as a molecule turning into a point (psuedo-atom).

This makes it difficult to build effective radial basis sets and may lead to

poor predictive performance.

We focus on the Heavy-atom representation, as illustrated in Figure 4.12. On

the left of the figure (a), the ethylene dimer is depicted using the standard

Heavy-atom representation, incorporating only carbon atoms. On the right,
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(a) (b) (c)

(d) (e) (f)

Figure 4.13: (a), (b), and (c) show the heatmaps of the ethylene dimer’s transfer
integral, the squared transfer integral , and the logarithm of the squared transfer
integral. (d), (e), and (f) illustrate the corresponding heatmap.

we consider two variants for representing the thiophene dimer: pathway (b)

includes only carbon atoms, while pathway (c) incorporates both carbon

and sulphur atoms as distinct species.

Analysis of Transfer Integral Surface and Training Sets

Figure 4.13 and 4.14 presents the transfer integral surfaces and heatmaps

for the ethylene and thiophene dimers. Panels (a)–(f) correspond to the

ethylene and thiophene dimer show the transfer integrals J , their squared

values J 2, and the logarithm of the squared values log(J 2), respectively.

These transfer integrals are generated by systematically rotating molecule b

over the upper hemisphere around molecule a, while maintaining a fixed
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(a) (b) (c)

(d) (e) (f)

Figure 4.14: (a), (b), and (c) show the heatmaps of the thiophene dimer’s transfer
integral, the squared transfer integral , and the logarithm of the squared transfer
integral. (d), (e), and (f) illustrate the corresponding heatmap.

centre-of-mass distance of 6.25 Åfor the ethylene dimer and of 7.50 Åfor

the thiophene dimer. The orientations are parameterised by the angular

coordinates θ ∈ [0,π] and φ ∈ [0,2π].

This visualisation helps to determine the most suitable target quantity for

ACE model training. Despite some local skewness and discontinuities, the

transfer integral surface J appears noticeably smoother than those of J 2 and

log(J 2), supporting its selection as a more appropriate target for regression

with smooth basis function models such as ACE.

For gernerating the ethylene’s training set, we sampled a three-dimensional

surface,

J (xab , yab , zab) := J (rab ,θab ,φab),
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Figure 4.15: Ethylene dimer’s RDFs and RBFs used in the ACE descriptor construc-
tion for the Heavy-atom representation.

where the intermolecular separation rab ∈ [6.25, 7.00] Å. This separation

range gauruntees the transfer integral results being smooth and continuous.

The polar angle θab ∈ [0, π], while the azimuthal angle φab ∈ [0, 2π]. The rel-

ative orientation of molecule B is fixed at θz =π/6 with respect to molecule

A. This θz will provide normal distributed radial distribution functions

(RDFs) which are shown in next section.

For the thiophene’s training set, we use the same setting as the ethylene’s

one but change the intermolecular separation rab ∈ [7.25, 7.75] Å.

Representing Dimers

We now proceed to construct the ACE descriptors for the ethylene and

thiophene dimer, following the molecular representations illustrated in

Figure 4.12.

The left pathway (panel a) shows the Heavy-atom representation for the

ethylene dimer. Similar to the naphthalene’s case, to distinguish the two

molecules, the atoms in Mol a is labelled as a pseudo-C element (yellow),

while the atoms in Mol b is labelled as a pseudo-Si element (green). This
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Figure 4.16: Thiophene dimer RDFs and RBFs used in the ACE descriptor con-
struction for the Heavy-atom representation.

labelling enforces molecule-specific environments, allowing the ACE model

to distinguish between intra- and intermolecular interactions.

The right pathway (panels b and c) illustrates two variations of the Heavy-

atom representation. Panel (b) includes only carbon atoms, while panel (c)

includes both carbon and sulphur atoms. The sulphur atoms are assigned

distinct element labels (e.g., red and dark green) to ensure that atomic

species and molecular origin are treated separately.

Again these representations enable a reduction in descriptor dimensionality

while preserving essential geometric and electronic features relevant to

transfer integral prediction. Moreover, the labelling strategy ensures clear

separation of intra- and intermolecular contributions in the ACE basis.

As a next step, we analyse the radial distribution functions (RDFs) for intra-

and intermolecular interactions. These are plotted as a function of pairwise

distance between the atoms in the ethylene and thiophene dimer in the top

panel of Figure 4.15 and of Figure 4.16, respectively. The yellow histogram

corresponds to intra-molecular RDFs, while the red histogram represents

intermolecular RDFs. The dashed vertical line indicates the fixed centre-

of-mass separation (6.5 Åand 7.5 Å) used in the ethylene and thiophene’s
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1 model = acemodel( elements = [:C,:Si,:S,:O,],
2 ..., # c.f. Figure 4.7
3 Eref = [:C => 0.0,:Si => 0.0,:S => 0.0,:O => 0.0 ,]
4 )

Figure 4.17: The extension of the construction of the ACE basis to support 4-
chemical element structures.

dataset. The both bottom panels illustrate the RBFs which can be extracted

from the ACE model in the following discussion.

For the construction of the ACE model, we adopt the framework illustrated

in Figure 4.7, applying it to the Heavy-atom representation containing only

carbon atoms (Figure 4.13a and 4.13b). In each case, the parameters r0
and rcut are appropriately adjusted to reflect the relevant intermolecular

distance ranges observed in the thiophene dimer dataset.

Extending the model to the Heavy-atom representation that includes both

carbon and sulphur atoms (Figure 4.13c) requires additional species which

must be introduced to the ACE descriptor. In particular, sulphur atoms in

molecules a and b are treated as distinct atomic types. For example, the

species may be defined as in the code in Fig. 4.17.

In this configuration, a pseudo-oxygen label (:O) is assigned to the sulphur

atom in Mol b to ensure that the ACE model distinguishes between chem-

ically identical atoms residing in different molecular environments. This

strategy is consistent with the intermolecular nature of transfer integrals

and enables explicit encoding of cross-molecular interactions in the basis

construction.

ACEfit!

The fitting performance of the ACE models for the ethylene dimer is shown

in Figure 4.18a. The model was trained on 2,000 structures out of a total of

8,000 and exhibit strong predictive performance, with the RMSEs (MAEs)
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(a) Ethylene (HA-rep) (b) Thiophene (HA-rep) (c) Thiophene (ext. HA-rep)

Figure 4.18: The plots comparing predicted and reference transfer integrals for
ACE models trained on 2,000 structures out of a total of 8,000 dimer configurations.

of 3.20 (2.30) µeV/molecule for the purely carbon (ethylene’s Heavy-atom)

representations.

The thiophene’s fitting results are illustrated in Figures 4.18b and 4.18c. Both

of the results are fitted using the models were trained on 2,000 structures

out of a total of 8,000 as the ethylene’s case. The fitting performance is also

high with the RMSEs (MAEs) of 3.10 (2.03) µeV/molecule for the purely

carbon (thiophene’s Heavy-atom) and of 2.65 (1.40) µeV/molecule for the

carbon-sulphur (thiophene’s extended Heavy-atom) representations.

In comparing the two models, the incorporation of sulphur reduces the

model error by around 15% for the RMSE and approximately 40% for the

MAE, based on 2,000 training structures. This change, however, increases

the computational cost associated with assessing the model descriptors

(the basis set) and extends the duration required for fitting the ACE model:

the training wall-clock time increases from 15 to 20 minutes (2,000 training

structures).

Moreover, we perform a systematic hyperparameter study focusing on the

order (interaction order) and totaldegree parameters. Figure 4.19 illus-

trates the performance of ACE models trained to predict transfer integrals

for the purely carbon (ethylene heavy-atom) representation.
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(a) (b)

Figure 4.19: Hyperparameter sensitivity analysis of ACE models fitted to transfer
integrals using Heavy-atom representations for fitting the ethylene’s transfer inte-
grals.

Panel (a) presents the RMSE and MAE as functions of the interaction order ν,

which determines the maximum (ν+1)-body correlations represented in

the ACE descriptor. Increasing the interaction order improves model ac-

curacy, with the optimal performance observed at ν= 3. Panel (b) shows

the effect of the total polynomial degree, totaldegree, on fitting perfor-

mance. Increasing totaldegree enhances accuracy up to a saturation point

at totaldegree = 20, beyond which the performance plateaus or slightly

degrades due to overfitting and numerical instabilities.

The results for thiophene are presented in Figure 4.20. For the purely carbon

(thiophene heavy-atom) representation, the trends are consistent with those

observed for ethylene, while increasing the interaction order has little effect

for the richer carbon–sulphur (extended heavy-atom) representation. In

both cases, increasing the total polynomial degree improves accuracy, with

optimal performance also achieved at totaldegree = 20.

We evaluated our model’s efficiency across a variety of semiconducting sub-

stances. The naphthalene model has an acceptable inaccuracy for charge-

transfer simulations, with inaccuracies less than 2% (9.84 meV/molecule).

The error for ethylene and thiophene is considerably elevated (5–10%) when
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(a) (b)

Figure 4.20: Hyperparameter sensitivity analysis of ACE models fitted to transfer
integrals using Heavy-atom representations (green) for fitting the ethylene’s trans-
fer integrals.

trained on 2,000 samples, suggesting a necessity for enhanced inductive bi-

ases for these systems. We propose that this decreased performance results

from the model’s capacity to deduce the orientation in the case of ethylene

(heavy atoms) and the distinct chemistry of the C2 and C3 carbons in thio-

phene, which we drive the model to combine. There is substantial valuable

work to be carried out experimenting with the fitting of complicated organic

electronic molecules of contemporary technical significance, as well as with

other structural representations.

To contextualise our findings, we compare them to existing literature. This

comparison is constrained by the use of different datasets. The establish-

ment of standard standards for organic electronic transfer integrals will

greatly assist the community in the development and validation of these

methodologies, rendering them efficient tools for modelling real materials.

We emphasise the data efficiency of our approach. Recent studies[71; 82] re-

veal mean absolute errors (MAEs) of 1.99 meV for naphthalene and 0.27 meV

for ethylene using multi-stage kernel ridge regression (KRR) models with

15,000 to 40,000 training samples [71; 82], and approximately 6.5 meV for

naphthalene utilising artificial neural networks (ANNs) trained on 120,000
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samples [71]. Our naphthalene model achieves comparable accuracy with

1,350 samples.

4.5 Conclusions and Future Work

This chapter has designed and extensively assessed an Atomic Cluster Ex-

pansion (ACE) framework for predicting electronic transfer integrals in

organic molecular dimers. By expressing Jab as a summation of localised,

symmetry-conserving site contributions, the proposed methodology guar-

antees Hermitian symmetry, rotational and translational invariance, and

spatial locality—attributes that are crucial for accurately depicting inter-

molecular electronic couplings in a physically relevant context.

Two molecular representations were presented: a coarse-grained Bead rep-

resentation and a chemically informed Heavy-atom representation. The

Bead method delivers notable computational performance, especially for ex-

tensive aromatic systems, whilst the Heavy-atom representation ensures en-

hanced accuracy by preserving critical geometric and chemical information.

ACE models demonstrated high predictive accuracy across naphthalene,

ethylene, and thiophene dimers with relatively limited training datasets,

showcasing superior data efficiency compared to traditional kernel- and

neural-network-based methods.

An hyperparameter investigation indicated that model performance en-

hances with rising interaction order and polynomial degree until a satura-

tion threshold is reached, after which further complexity results in decreas-

ing returns or causes numerical instability. In chemically simple systems

like ethylene, increased interaction orders significantly improve accuracy;

yet, in more heterogeneous systems such as thiophene with an extensive

carbon-sulphur representation, the advantage becomes negligible due to

the existing chemical variety enriching the descriptor. The ideal polynomial

degree was consistently identified at totaldegree = 20.
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The comparative investigation of various molecular representations and

hyperparameter configurations demonstrates that ACE is highly effective at

capturing the geometric dependency of transfer integrals, even in chemi-

cally diverse systems. The study simultaneously identifies specific limita-

tions: in systems where electronic coupling fluctuates substantially with

geometry or displays significant anisotropy, the continuous polynomial

framework of the ACE basis might require larger basis sets or more focused

sampling of configuration space to attain equivalent accuracy. These obser-

vations point toward promising directions for future development, including

hybrid descriptor schemes, improved target transformations (such as mod-

elling log J 2 to stabilise learning), and tighter integration with graph-based

neural descriptors or message-passing schemes [51; 52].

This chapter’s results indicate that ACE offers a robust, symmetry-preserving,

and computationally scalable framework for simulating intermolecular

electrical interactions. The technique provides reliable predictions while

maintaining sufficient flexibility to address the complicated nature of real

molecular materials. This offers a robust basis for future extensive charge-

transport simulations in organic semiconductors and provides an oppor-

tunity to expand ACE-based models to more sophisticated chemical and

structural contexts.





5
Conclusion and Future directions

This thesis demonstrates that physically informed machine learning can

be effectively used to model complex phenomena in functional materials,

substantially improving the predictive capability and efficiency of conven-

tional first-principles methods. By integrating solid physical theories with

machine learning methods, we have created sophisticated surrogate mod-

els that maintain accuracy while significantly decreasing computational

demands.

Our development of higher-derivative Gaussian process models allowed

us to accurately reconstruct harmonic and cubic anharmonic force con-

stants directly from DFT-calculated energies and forces. These Gaussian

process force constants (GPFCs) can then be used to perform phonon calcu-

lations, such as dispersion, lifetimes, and thermal conductivity, considerably

surpassing standard finite-displacement techniques in computational ef-

ficiency. Nevertheless, the current implementation encountered practical

limitations, notably high memory requirements for higher-order kernel

derivatives, restricting the full realisation of advanced active learning strate-

gies. Future research should explicitly address these computational con-

straints by exploring improved computational techniques and alternative

implementations. Moreover, extending our methodology to complex-valued

phonon descriptors beyond the Γ-point, and incorporating the Atomic Clus-

ter Expansion (ACE) framework for accelerated data generation represent

promising paths forward.

135
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In parallel, our adaptation of the ACE framework for modelling charge trans-

fer integrals in organic molecular dimers has shown strong potential. The

ACE-based method, utilising systematically constructed symmetry-adapted

descriptors, showed its ability to precisely model the complex relation-

ship between electronic couplings, molecular orientation, and separation.

Challenges still remain—especially regarding model performance when

confronted with sharply peaked or discontinuous transfer integral surfaces

characteristic of particular molecular systems. Addressing these challenges

requires additional studies aimed at enhancing radial sampling techniques

for obtaining improved descriptor resolution and distribution. Altering pre-

diction targets, such as using log-scaled values, may result in more uniform

distributions and enhanced model accuracy. Moreover, incorporating ACE

descriptors with sophisticated neural architectures, such as graph neural

networks or message-passing frameworks [51; 52], offers a successful tech-

nique for capturing complicated anisotropic and long-range interactions

that characterise real-world systems.

Ultimately, applying these enhanced models to large-scale and realistic

simulations of device-level phenomena is a crucial next step, validating their

practical utility and opening new avenues for the discovery and optimisation

of novel functional materials.



A
Detailed Derivations and Results

A.1 Differentiable GP Kernels

A key property of many kernel functions used in Gaussian process regression

is smoothness, which is directly related to differentiability. In this section,

we examine the differentiability properties of the widely-used squared ex-

ponential (SE) or a radial basis function (RBF) kernel, which is infinitely

differentiable and thus yields a Gaussian process prior over smooth func-

tions [1; 5].

Before examining a squared exponential kernel and its derivative, we initially

define the squared exponential kernel as

k(x, x∗) =σo exp

(︃
− 1

2ℓ2∥x−x∗∥2
)︃

, (A.1)

where σo is the , ℓ is the length scale, and ∥ ·∥ denotes the Euclidean norm.

The kernel depends on the squared distance between input vectors, making

it isotropic and stationary.

A.1.1 Arbitrary Order Derivatives

Since the SE kernel is infinitely differentiable with respect to both arguments

x and x∗, this property allows us to compute analytic gradients and higher-

order derivatives, which are crucial for modelling derivatives of functions
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(e.g., force fields, gradient, and higher-order derivative observations) or

constructing physically informed models.

I begin with deriving from the first- up to sixth-order derivatives which are

essential for the predictive means and varainces of Gaussian process forces

constant, i.e., defined in Equation (3.7), (3.9), and (3.26).

The first order derivative of the kernel with respect to x can be derived

To compute the first-order partial derivative of k(x, x∗) with respect to

component xi of x, we first define r = x−x∗ and its Euclidean distance

r2(x, x∗) = ∥x−x∗∥2 =
d∑︂

j=1
(x j −x∗

j )2,

where x, x∗ ∈Rd . The kernel then becomes:

k(x, x∗) =σo exp

(︃
− 1

2ℓ2 r2
)︃

,

which is analougous to (3.1). Now the gradient of the kernel can be evaluated

using the chain rule:

∂k

∂xi
= dk

dr2 · ∂r 2

∂xi

=
(︃
− 1

2ℓ2 k(x, x∗)

)︃
·2(xi −x∗

i )

=− 1

ℓ2 k(x, x∗) (xi −x∗
i ). (A.2)

Thus, we can represent it in the form of the d-dimensional vector given by

∇xk(x, x∗) =− 1

ℓ2 k(x, x∗) · r. (A.3)

Likewise, the gradient with respect to x∗ is expressed as

∇x∗k(x, x∗) = 1

ℓ2 k(x, x∗) · r, (A.4)



A.1. DIFFERENTIABLE GP KERNELS 139

which is the antisymmetric form of Eq. (A.3).

We can now compute the second-order derivative of the squared exponen-

tial kernel with respect to the j -th component of x:

∂2k

∂xi∂x j
= ∂

∂x j

(︃
∂k

∂xi

)︃
.

This calculation is divided into two cases: i = j and i ̸= j . Using the first

derivative solution in (A.3), we compute the second-order partial derivative

of the kernel with respect to x j = xi for the first case, resulting in

∂2k(x, x∗)

∂x2
i

= ∂

∂xi

[︃
− 1

ℓ2 (xi −x∗
i )k(x, x∗)

]︃
=− 1

ℓ2

[︃
∂

∂xi
(xi −x∗

i ) ·k(x, x∗)+ (xi −x∗
i ) · ∂k(x, x∗)

∂xi

]︃
=− 1

ℓ2

[︃
k(x, x∗)− 1

ℓ2 (xi −x∗
i )2 k(x, x∗)

]︃
=

(︃
1

ℓ4 (xi −x∗
i )2 − 1

ℓ2

)︃
k(x, x∗). (A.5)

For the second case, cross-differentiating with respect to x j ̸= xi yields

∂2k(x, x∗)

∂xi∂x j
= ∂

∂x j

(︃
− 1

ℓ2 (xi −x∗
i )k(x, x∗)

)︃
=− 1

ℓ2 (xi −x∗
i ) · ∂k(x, x∗)

∂x j

=− 1

ℓ2 (xi −x∗
i ) ·

(︃
− 1

ℓ2 (x j −x∗
j )k(x, x∗)

)︃
= 1

ℓ4 (xi −x∗
i )(x j −x∗

j )k(x, x∗). (A.6)

Combining the solutions in (A.5) and (A.6), the second derivative is ex-

pressed as a rank-2 tensor or a d ×d matrix

(∇x)2k(x, x∗) =
(︃

1

ℓ4 r⊗ r− 1

ℓ2 1

)︃
k(x, x∗), (A.7)
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Figure A.1: Construction of the derivative kernel (covariance) matrix used in our
GP model.

where 1 is a (d ×d) identity matrix. Similarly, the mixed partial derivative of

the squared exponential kernel with respect to x and x∗ is expressed as

∇x∇x∗k(x, x∗) =
(︃
− 1

ℓ4 r⊗ r+ 1

ℓ2 1

)︃
k(x, x∗), (A.8)

and the second derivative with respect to x∗ and x∗ is given by

(∇x∗)2k(x, x∗) =
(︃

1

ℓ4 r⊗ r− 1

ℓ2 1

)︃
k(x, x∗). (A.9)

By examining these three second-order derivative solutions, we can form

the symmetric relation among them as follows

(∇x)2k(x, x∗) =−∇x∇x∗k(x, x∗) = (∇x∗)2k(x, x∗). (A.10)

The SE kernel, along with the solutions of its first- and second-order deriva-

tives, can be used to construct the covariance matrix depicted in Figure

A.1. This matrix construction provides the systematic classification of the

(m +n)th-order kernel derivative (∇x)m(∇x∗)nk(x,x∗), where the oreder m
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and n increase along the diagonal direction. Each (∇x)m(∇x∗)nk(x,x∗) is

denoted by the block (m,n). For example, the SE kernal is the block (0,0)

whereas the block (2,0) represents the second-order derivative given in

(A.7).

Moreover, this matrix assists us in identifying the (anti)symmetry of the

kernel derivative in the same order. Specifically, block matrices of identical

colour that align along the same antidiagonal exhibit correlation due to

their (anti)symmetric property. The blocks (2,0), (1,1), and (0,2) exemplify

the (anti)symmetric property defined in (A.10). This matrix construction

will become more evident after completing all the blocks.

Let us consider the third-order derivative of the kernel. Correlating the

symmetric property of the relevant blocks–specifically, (3,0), (2,1), (1,2),

and (0,3)–allow us to formulate

(∇x)3k =−(∇x)2∇x∗k =∇x(∇x∗)2k =−(∇x∗)3k. (A.11)

Accordingly, the construction of all third-order derivative blocks requires the

calculation of only a single representative term, from which the remaining

components follow by symmetry. We then solve the solution of the third-

order derivative with respect to components xi , x j , and xk of x:

∂3k

∂xi∂x j∂xk
.

We begin with applying the product rule to differentiate the Hessian compo-

nent of Equation (A.7), yielding

∂3k

∂xi∂x j∂xk
= ∂

∂xk

(︃
∂2k

∂xi∂x j

)︃
= ∂

∂xk

[︃(︃
1

ℓ4 ri r j − 1

ℓ2δi j

)︃
k

]︃
.

The product rule is, now, employed to obtain

∂3k

∂xi∂x j∂xk
=

(︃
1

ℓ4δi k r j + 1

ℓ4 riδ j k

)︃
k +

(︃
1

ℓ4 ri r j − 1

ℓ2δi j

)︃
∂k

∂xk
. (A.12)
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Figure A.2: Complete construction of the derivative kernel matrix used in our GP
model.

We substitute the gradient solution given in (A.2), resulting in

∂3k

∂xi∂x j∂xk
=

(︃
1

ℓ4δi k r j + 1

ℓ4 riδ j k

)︃
k −

(︃
1

ℓ4 ri r j − 1

ℓ2δi j

)︃
1

ℓ2 rk k

=
[︃

1

ℓ4 (δi k r j +δ j k ri )− 1

ℓ6 ri r j rk +
1

ℓ4δi j rk

]︃
k. (A.13)

Therefore, the final expression is given by

∂3k

∂xi∂x j∂xk
=

[︃
− 1

ℓ6 ri r j rk +
1

ℓ4

(︁
δi j rk +δi k r j +δ j k ri

)︁]︃
k(x, x∗). (A.14)

We now proceed to populate the third-order derivative blocks (3,0), (2,1),

(1,2), and (0,3), as illustrated in Figure A.2. To evaluate the remaining

higher-order derivative blocks—namely the fourth-order (3,1), (2,2), (1,3);

the fifth-order (3,2), (2,3); and the sixth-order (3,3)—we similarly employ

the (anti)symmetry relations between the mixed Wirtinger derivatives, as

follows:
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• Fourth-order (involving (∇x)4k):

(∇x)3∇x∗k =−(∇x)2(∇x∗)2k =∇x(∇x∗)3k :=−(∇x)4k.

• Fifth-order (involving (∇x)5k):

(∇x)3(∇x∗)2k =−(∇x)2(∇x∗)3k = (∇x)5k.

• Sixth-order (involving (∇x)6k):

(∇x)3(∇x∗)3k :=−(∇x)6k.

To evaluate the required derivatives—(∇x)4k, (∇x)5k, and (∇x)6k—one must

additionally apply both the product rule and the chain rule, in a manner

analogous to the third-order case discussed in Equations (A.12)–(A.14).

Rather than presenting full derivations, I will provide the solutions associ-

ated to those three cases. Beginning with the fourth-order, its components

are given by

∂4k

∂xi∂x j∂xk∂xa
=

[︂ 1

ℓ8 ri r j rk ra

− 1

ℓ6

(︁
δi j rk ra +δi k r j ra +δi ar j rk

+δ j k ri ra +δ j ari rk +δkari r j
)︁

+ 1

ℓ4

(︁
δi jδka +δi kδ j a +δi aδ j k

)︁]︂
k(x, x∗).

(A.15)

We can rewrite the expression in terms of symmetrised permutation nota-

tion, yielding

∂4k

∂xi∂x j∂xk∂xa
=

[︃
1

ℓ8 ri r j rk ra − 6

ℓ6 δ(i j rk ra) + 3

ℓ4 δ(i jδka)

]︃
k(x, x∗) (A.16)

where the parentheses (·) denote symmetrisation over the enclosed indices.
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Finally, the fifth- and the sixth-order derivatives can be expressed in the

symmetrised permutation noatation as

∂5k

∂xi∂x j∂xk∂xa∂xb
=

[︂
− 1

ℓ10 ri r j rk rarb

+ 10

ℓ8 δ(i j rk rarb)

− 15

ℓ6 δ(i jδkarb)

]︃
k(x, x∗),

(A.17)

and
∂6k

∂xi∂x j∂xk∂xa∂xb∂xc
=

[︃
1

ℓ12 ri r j rk rarbrc

− 15

ℓ10 δ(i j rk rarbrc)

+ 45

ℓ8 δ(i jδkarbrc)

− 15

ℓ6 δ(i jδkaδbc)

]︃
k(x, x∗),

(A.18)

respectively.

In the following section, I will present a sophisticated framework for devel-

oping the differentiable Gaussian Process model to accommodate complex

representations, such as phonon descriptors.
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A.1.2 Complex Gaussian Process

In this section, we investigate the kernel function, which supports com-

plex vectors, and its derivative with respect to these vectors. Deriving

these derivatives allows us to build the differentiable GP model supporting

phonon descriptors evaluated at arbitary wavevectors q. These phonon de-

scriptors are currently not compatible with our GP model, while the phonon

descriptor evaluated at Γ-point (q = 0) is only the case that can be applied

to our model, as discussed in section 3.2.

We begin with consider a squared exponential kernel defined on complex

vectors z, z∗ ∈Cd , where

z = a+ i b, z∗ = a∗+ i b∗, with a,b ∈Rd .

The squared exponential kernel can be rewritten as

k(z, z∗) =σo exp

(︃
− 1

2ℓ2∥z−z∗∥2
)︃

, (A.19)

where

∥z−z∗∥2 := (z−z∗)†(z−z∗) =
d∑︂

j=1
|z j − z∗

j |2,

ensuring that k is real-valued and positive definite.

To diffentiate the kernel requires to define the Wirtinger derivatives with

respect to the complex coordinates:

∂

∂zi
:= 1

2

(︃
∂

∂ai
− i

∂

∂bi

)︃
,

∂

∂zi
:= 1

2

(︃
∂

∂ai
+ i

∂

∂bi

)︃
.

The first-order derivatives of the kernel are given by:

∂k(z, z∗)

∂zi
=− 1

ℓ2 (zi − z∗
i )k(z, z∗), (A.20)
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∂k(z, z∗)

∂zi
=− 1

ℓ2 (zi − z∗
i )k(z, z∗). (A.21)

These expressions respect Holomorphic1 structure when treating z and z∗

as independent formal variables. Higher-order Wirtinger derivatives follow

similarly and preserve symmetry under complex conjugation.

We can also take the Wirtinger derivative of the kernel with respect to z∗

and z∗, resulting in the similar results as Equation (A.4).

Computing the second-order derivatives can be divided into two cases. One

is the pure (holomophic) second derivative with respect to z and z:

∂2k

∂zi∂z j
= ∂

∂z j

[︃
− 1

ℓ2 (zi − z∗
i )k

]︃
=− 1

ℓ2δi j k + 1

ℓ4 (zi − z∗
i )(z j − z∗

j )k, (A.22)

which can be expressed as

∂2k

∂zi∂z j
=

(︃
1

ℓ4 (zi − z∗
i )(z j − z∗

j )− 1

ℓ2δi j

)︃
k. (A.23)

This result is defined as the component i , j of the rank-2 tensor ∇2
zzk. Mean-

while, the mixed derivative with respect to z and z can be solved as follows

∂2k

∂zi∂z j
= ∂

∂z j

[︃
− 1

ℓ2 (zi − z∗
i )k

]︃
=− 1

ℓ2 (zi − z∗
i ) · ∂k

∂z j

=− 1

ℓ2 (zi − z∗
i ) ·

(︃
− 1

ℓ2 (z j − z∗
j )k

)︃
= 1

ℓ4 (zi − z∗
i )(z j − z∗

j )k, (A.24)

1 A function is considered holomorphic if it is complex differentiable in an open neighbourhood,
a characteristic that entails infinite differentiability and analyticity as a result of fulfilling the
Cauchy-Riemann equations. This concept is fundamental to complex analysis and is essential
for deriving derivatives through Wirtinger calculus [83].
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yielding

∂2k

∂zi∂z j
= 1

ℓ4 (zi − z∗
i )(z j − z∗

j )k (A.25)

as the component i , j of the rank-2 tensor ∇2
zzk.

To obtain the remaining second order derivatives, i.e. ∇2
zzk and ∇2

zzk, re-

quires to use the conjugation of derivative identity defined as(︃
∂ f

∂zi

)︃
= ∂ f

∂zi
, (A.26)

for f :Cd →R be a real-valued, smooth function of complex variables. They

can, therefore, evaluated through the relations

∇2
zzk =∇2

zzk, (A.27)

∇2
zzk =∇2

zz
k. (A.28)

Combining Equation (A.23), (A.25), (A.27), and (A.28) allow us to form the

full description of the second order derivative with respect to z and z, defined

as a (2d ×2d)-matrix:

D̃
2
zzk =

[︄
∇2

zzk ∇2
zzk

∇2
zzk ∇2

zzk

]︄
. (A.29)

The diagonal block matrices ∇2
zzk and ∇2

zzk denote the standard second-

order holomorphic derivative and its anti-holomorphic counterpart, respec-

tively. The existence of both real and imaginary values in these two blocks

causes themselves generally unphysical. Meanwhile, the off-diagonal blocks

∇2
zzk and ∇2

zzk exhibit physical properties, as they are Hermitian conjugates

of each other.

To construct the differential GP model for predicting harmonic force con-

stants, analogous to (3.7), also requires to evaluate the third-order deriva-

tives with respect to those complex vectors.
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Regarding the symmetric conjugation property, only three cases are ade-

quate to populate all solutions for the third order derivative.

We begin with defining ri := zi − z∗
i , and r̄ i := z̄i − z̄∗

i . The third-order

Wirtinger derivatives of the complex squared exponential kernel are given

by

(i) Holomorphic third derivative:

∂3k

∂zi∂z j∂zk
=

(︃
− 1

ℓ6 ri r j rk +
3

ℓ4δ(i j rk)

)︃
k, (A.30)

(ii) Mixed two holomorphic, one antiholomorphic:

∂3k

∂zi∂z j∂zk
=

(︃
− 1

ℓ6 ri r j r̄ k +
1

ℓ4δi j r̄ k

)︃
k, (A.31)

(iii) Mixed one holomorphic, two antiholomorphic:

∂3k

∂zi∂z j∂zk
=

(︃
− 1

ℓ6 ri r̄ j r̄ k +
1

ℓ4δ j k ri

)︃
k. (A.32)

These are the components i , j , k of ∇3
zzzk, ∇3

zzzk and ∇3
zzzk, respectively.

We can employ the conjugation of derivative identity and the permutation

symmetry to achieve the following relation

∇3
zzzk =∇3

zzzk, (A.33)

∇3
zzzk =∇3

zzzk =∇3
zzzk, (A.34)

∇3
zzzk =∇3

zzzk =∇3
zzzk. (A.35)
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Figure A.3: Figure illustrates the tensor contraction in Equation (A.37), where the
derivative GP model is trained on a single data point at descriptor z. This serve as
an extension to the tensor contraction shown in Fig. 3.1 and 3.7.

We can now construct the full third order derivative with respect to z and z,

defined as a rank-3 tensor with size 2d ×2d ×2d :

D̃
3
zzzk =

{︄[︄
∇3

zzzk ∇3
zzzk

∇3
zzzk ∇3

zzzk

]︄
,

[︄
∇3

zzzk ∇3
zzzk

∇3
zzzk ∇3

zzzk

]︄}︄
. (A.36)

Therefore, our diffrential GP model, for predicting the second oreder force

constants in both the Cartesian (3.7) and the phonon basis (3.19), can be

rewritten to support the complex vectors as

Wirtinger GPFC2

Φ(2)(z∗) =
[︄

D̃
2
z∗z∗k

D̃
3
z∗z∗zk

]︄T

z, z∗
·
[︄

k (D̃zk)T

D̃zk D̃
2
z∗z∗k

]︄−1

z, z

·

⎡⎢⎢⎣
E

∇zE

∇zE

⎤⎥⎥⎦
z

, (A.37)

where

D̃zk =
[︂
∇zk ∇zk

]︂
.
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Here, ∇zE and ∇zE correspond to the forces defined on complex vector z.

They can, particularly, be obtained using the transformation to transform

Cartesian forces into the phonon coordinate at arbitrary q-wavevector.

Subsequent to the prediction, we will acquire the 2d ×2d complex GPFC2

Φ(2)(z∗) :=Φ(2)(z∗, z∗).

This corresponds to the 12×12 dynamical matrix for a 2×2×2 supercell

of a diatomic crystal structure, such as d-Si, PbTe, and NaCl, which is in-

consistent. However, we can use the fact that the 6×6 off-diagonal block

matrices are non-holomophic (or physical). This is due to the fact that these

off-diagonal block matrices depend on both z∗ and z∗, while the diagonal

block matrices depend only on z∗ (or z∗). This z∗- (or z∗-)dependence leads

to (anti)holomorphism, preventing the definition of the Hermitian prop-

erty. Therefore, the real (physical) dynamical matrix should be equivalent

one of the 6×6 off-diagonal block matrices, with the other block being its

Hermitian matrix.

In the case of the cubic anharmonic force constants, this Wirtinger derivative

GP model requires the fourth-order derivative for the extension to support

phonon-based GPFC3 prediction.
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A.2 GPFC Results

This section provides additional results that support Chapter 3. Initially,

we present a comparison of the phonon dispersion relations and phonon

density of states for the three remaining materials: NaCl, GaAs, and CdTe.

The subsequent data includes the associated phonon lifetimes and lattice

thermal conductivities, assessed at 300 K.

To further evaluate the convergence of our Gaussian Process (GP) model, we

present learning curves derived from the violation of the acoustic sum rule

in the predicted force constants. This measure shows the model’s capacity

to learn the translational symmetry of crystal structures during the training

process. We, finally, compare our model performance with HIPHIVE [73],

the force constant prediction model based on the cluster expansion method.

The phonon properties are used as the standard of comparison.

A.2.1 Phonon Dispersion and Density of States

Here, I first present the phonon dispersion relations and phonon density of

states for NaCl, GaAs, and CdTe, as shown in Fig. A.4. The dashed red lines

indicate the results obtained using Gaussian Process-predicted harmonic

force constants (GPFC2), while the solid green lines represent the reference

results computed using second-order force constants (FC2) derived from

the finite displacement method (FDM) as implemented in PHONOPY.

The GPFC2 results show excellent agreement with those from the standard

FDM approach. The root mean square errors (RMSE) of the phonon band

structures of NaCl, GaAs, and CdTe are 1.87%, 1.42%, and 2.01%, respec-

tively. Wasserstein’s distance is here employed to measure the dissimilarity

of two phonon density of states between different methods over a frequency

ω region: we calculate these as 0.071, 0.037, and 0.021 T H z · eV −1Å−3 re-

spectively.
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(a) (b)

(c)

Figure A.4: Panels (a), (b) and (c) show the phonon band structures and density
of states for NaCl, GaAs and CdTe, respectively.

A.2.2 Phonon Lifetime and Lattice Thermal Conductivity

We examine the phonon lifetime and lattice thermal conductivity of NaCl,

GaAs, and CdTe at finite temperatures ranging from 300 to 1200 K. They are

computed utilising a third-order many-body perturbation theory methodol-

ogy, incorporating distinct cubic anharmonic force constants—one derived

from FDM in PHONO3PY and the other from kernel regression in our GPFC.

The predicted phonon lifetimes of NaCl, GaAs, and CdTe at 300 K are pre-

sented in panels A.5 (a), (b), and (c) respectively, while their associated

lattice thermal conductivity is shown in Figure A.6 (a), (b), and (c). EMD

is again employed to measure the dissimilarity of the distribution of the

predicted lifetime for each 30 K increment from 300 K to 1200 K. The average

EMD are 3.12×10−2 ps (NaCl), 2.99×10−2 ps (GaAs), 8.07×10−2 ps (CdTe).
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(a) (b)

(c)

Figure A.5: Figures (a), (b), and (c) present the predicted phonon lifetimes at 300 K
for NaCl, GaAs, and CdTe, respectively.

The mean absolute errors of the lattice thermal conductivity, computed

using the GPFC3, are 4.33%, 3.56% and 3.77%, respectively.

A.2.3 Acoustic Sumrule

The acoustic sum rule [73; 84; 85] is a physical constraint that indicates

whether the harmonic (second-order, FC2) and cubic anharmonic (third-

order, FC3) force constants satisfy translational symmetry. The sumrule for

FC2 is defined as ∑︂
κ′
Φ(2)ακ,βκ′ = 0, (A.38)
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(a) (b)

(c)

Figure A.6: Figures (a), (b), and (c) illustrate the lattice thermal conductivities of
these materials across the temperature range of 300 K to 1200 K.

while the corresponding sum rule for FC3 is given by∑︂
κ′′
Φ(3)
ακ,βκ′,γκ′′ = 0, (A.39)

where α, β, and γ denote Cartesian components of atoms κ, κ′, and κ′′,
respectively.

Since translational symmetry is not explicitly imposed in our GP model,

analysing the learning curves associated with violations of the acoustic sum

rule offers a meaningful way to assess the model’s capability to learn this

physical constraint. These learning curves provide insight into how well the
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(a) (b)

Figure A.7: Learning curves showing violations of the acoustic sum rule for GP-
predicted force constants (GPFCs) across various materials. (a) Translational
symmetry violations in GPFC2, quantified by the total magnitude of the residuals
in Eq. (A.38), as a function of the number of training points. (b) Translational
symmetry violations in GPFC3, computed from the residuals in Eq. (A.39), using
phonon-based descriptors.

GP model captures the underlying symmetry as a function of the training

data size or model complexity.

The learning curves are illustrated in Figure A.7. In panel (a), solid lines

represent predictions based on Cartesian descriptors, whereas dashed lines

correspond to those based on phonon descriptors. The learning curves

converge within approximately 50 and 10 training points, respectively, which

is consistent with the RMSEs of the GPFC2s shown in Figures 3.3a and 3.8a

for Cartesian and phonon descriptors. Phonon-based GPFC3s also satisfy

the acoustic sum rule around 30–50 training points, in agreement with the

RMSE convergence observed in Figure 3.8b.

In contrast, the Cartesian-based GPFC3s do not appear to preserve transla-

tional symmetry. This may be attributed to the inherent noise in the Gaus-

sian Process model, which can lead to small but non-negligible violations

of symmetry. During training, this noise can perturb trivial (symmetry-
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forbidden) off-diagonal components of the GPFC3 tensor, causing them to

deviate from zero.

A.2.4 HIPHIVE

In this final section, we compare the phonon properties calculated using our

GP-predicted second-order force constants (GPFC2) with those obtained

using second-order force constants predicted by the HIPHIVE package.

HIPHIVE [73] is a recent machine learning model designed to extract lat-

tice force constants from electronic structure data. The model is based

on the cluster expansion formalism combined with compressed sensing

techniques. As such, it provides a suitable benchmark for evaluating the per-

formance of our GP-based model against an established machine learning

method.

To evaluate the force constants using HIPHIVE, we first construct a training

dataset. For consistency, we use electronic structure calculations with set-

tings identical to those described in Section 3.1.2. These calculations are

carried out on 2×2×2, 3×3×3, and 4×4×4 supercells of d-Si, NaCl, GaAs,

CdTe, and PbTe, using the same random displacement sampling employed

in generating the GPFC training data.

The choice of supercell size directly determines the maximum allowable

cutoff distance for clusters included in the expansion. For example, 2×2×2,

3× 3× 3, and 4× 4× 4 supercells of the d-Si structure permit maximum

cutoff distances of approximately 3Å, 5Å, and 7 Å, respectively, for two-body

clusters, which are required for constructing the FC2 model. Consequently,

these configurations yield 6, 30, and 72 two-body representative clusters per

structure, which are then used to train the HIPHIVE model.

The comparison results are illustrated through the phonon dispersion rela-

tions and phonon density of states (DOS) for d-Si, as shown in Figure A.8.

Solid green and dashed red lines represent results computed using second-
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Figure A.8: Figure shows the phonon band structures and density of states for
d-Si.

order force constants (FC2) obtained from PHONOPY (via the finite displace-

ment method, FDM) and our GPFC2 predictions, respectively—similar to

those shown in Figure 3.4a. The additional solid, dash-dotted, and dashed

blue lines correspond to phonon properties calculated using FC2 predicted

by HIPHIVE, trained on 2×2×2, 3×3×3, and 4×4×4 supercell structures,

respectively.

For the HIPHIVE results, we observe that increasing the supercell size im-

proves model accuracy. The RMSEs of the phonon band structures, com-

pared to the FDM reference, are 6.85%, 3.97%, and 2.26% for the 2×2×2,

3×3×3, and 4×4×4 supercells, respectively.

We employ the Wasserstein distance (also known as the Earth Mover’s Dis-

tance, EMD) to quantify the dissimilarity between the phonon DOS calcu-

lated using FDM-based FC2 and those obtained from HIPHIVE. The result-

ing EMD values are 0.469, 0.376, and 0.200 THz·eV−1Å−3 for the increasing
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supercell sizes, respectively, further confirming the improved agreement

with the larger number of the two-body representative clusters.

Moreover, Zhu et al. [86] propose that employing an 8-10 Åcutoff radius,

acceptable within a 6× 6× 6 supercell of the d-Si structure, is appropri-

ate for predicting the FC2 and the FC3. Therefore, to further substantiate

this observation, it would be necessary to train the HIPHIVE model using

larger supercell structures, extend the comparison to include the remain-

ing materials, or even explore higher-order force constants—for example,

by employing the predicted FC3 to compute phonon lifetimes and lattice

thermal conductivity.

A.3 Fine-tuning ACE Transfer Integrals

This section outlines the hyperparameters, including interaction-order,

totaldegree, rcut, p, and q, involved in the fine-tuning of the Atomic

Cluster Expansion (ACE) model for predicting transfer integrals (electronic

couplings) in a naphthalene dimer.

All evaluations are based on ACE models trained on 900 dimer configura-

tions, represented by green markers in the subsequent plots. Model per-

formance is tested on an independent set of 3,853 configurations, denoted

by yellow markers. This setup enables a detailed investigation of not only

model accuracy but also the risk of overfitting.

A.3.1 Interaction-order

We begin by examining the ACE fitting performance with respect to varia-

tions in two hyperparameters: the interaction-order and the totaldegree,

for both bead and Heavy-atom representations, as depicted in Fig. 4.5. Vary-

ing these hyperparameters affects the size of the model basis, as illustrated

in Figure 4.11. It is therefore important to assess not only the model’s pre-
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(a) order= 2 (b) order= 3

(c) order= 4 (d) order= 5

Figure A.9: Panel (a), (b), (c) and (d) show the model trained using the Bead
representation parameterising with order = 2, 3, 4 and 5, respectively.

dictive accuracy, but also its fitting behaviour, particularly with regard to

potential overfitting.

The trade-off is clearly illustrated in Figure A.9, which shows that an in-

crease in the interaction-order enhances the fitting performance of the

bead-based model. The Heavy-atom-based model demonstrates a minimal

improvement in predictive accuracy at zero-valued transfer integrals, yet

it also reveals obvious signs of overfitting, as illustrated in Figure A.10. The

convergence behaviour of RMSE and MAE, as illustrated in Figure 4.10a,

indicates that increasing the interaction-order beyond 3 results in diminish-
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(a) order = 2 (b) order = 3

(c) order = 4 (d) order = 5

Figure A.10: Panel (a), (b), (c) and (d) show the model trained using the Heavy-
atom representation parameterising with order = 2, 3, 4 and 5, respectively.

ing returns. The improvements in accuracy are not sufficient to warrant the

increased computational cost and memory needed to assess the expanded

model basis.

A.3.2 totaldegree

With similar investigation, Figures A.11 and A.12 show ACE fitting results for

the bead-based and Heavy-atom-based models, respectively, by varying the

totaldegree hyperparameter. These hyperparameter typically controls
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(a) totaldegree = 5 (b) totaldegree = 15

(c) totaldegree = 20 (d) totaldegree = 30

Figure A.11: Panel (a), (b), (c) and (d) show the model trained using the Bead
representation parameterising with totaldegree = 5, 15, 20 and 30, respectively.

the maximum degree of the polynomial basis. The totaldegree values are

set to 5 (a), 15 (b), 20 (c), and 30 (d). As shown in the figures, it is evident

that increasing totaldegree beyond 15 yields diminishing returns in terms

of fitting accuracy. This observation is consistent with the convergence

behavior of the RMSEs and MAEs shown in Figure 4.10b.
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(a) totaldegree = 5 (b) totaldegree = 15

(c) totaldegree = 20 (d) totaldegree = 30

Figure A.12: Panel (a), (b), (c) and (d) show the model trained using the Heavy-
atom representation parameterising with totaldegree = 5, 15, 20 and 30, respec-
tively.

A.3.3 rcut

In this section, we now examine how variations in the cutoff radius (rcut) hy-

perparameter affect the ACE model’s performance. The bead-based model,

in particular, exhibits strong sensitivity to changes in the cutoff radias, as

shown in Figure A.13. The predictive capability of the model is confined to

a narrow range of rcuts, i.e., between 13.3 and 13.9 Å. The predictions de-

crease outside of this range, showing a horizontal distribution pattern that
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(a) rcut = 13.0 Å (b) rcut = 13.3 Å

(c) rcut = 13.6 Å (d) rcut = 14.2 Å

Figure A.13: Panel (a), (b), (c) and (d) show the model trained using the Bead
representation parameterising with rcut = 13.0 Å, 13.3 Å, 13.6 Å, and 14.2 Å,
respectively.

suggests the model is unable to discriminate between various geometric

configurations.

This can be confirmed by examining the first panel of Figure A.14. Selecting

a cutoff radius of 13.3 Åeffectively avoids including the second peak of the

RDFs of the bead training set, where the region around the peak encom-

passes a variety of distinct geometric configurations. Meanwhile, increasing

the cutoff beyond 13.9 Å captures the right tail of the RDF, which includes

atomic environments with a wide range of relative positions and orienta-
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Figure A.14: Radial distribution functions (RDFs) and radial basis functions
(RBFs) used in the ACE descriptor construction for the bead and Heavy-atom
representation.

tions. These long-range configurations are structurally diverse—meaning

they differ significantly in geometry—and are only coarsely represented by

the model basis. This constrained resolution probably heightens predictive

uncertainty and results in diminished performance. Unlike the sensitivity

observed in the bead-based model, modifications to the rcut parameter do

not significantly affect the performance of the Heavy-atom-based model.

The accuracy of predictions improves, particularly for transfer integrals

around zero as the cutoff radius increases. This enhancement is ascribed

to the Coulombic characteristics of the transfer integrals, which diminish

inversely with distance. Furthermore, as shown in the second panel of

Figure A.15, the distribution of interatomic distances in the Heavy-atom

training set is more uniform at larger separations (i.e., in the right tail of the

distribution), in contrast to the more structured radial distribution function
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(a) rcut = 13.0 Å (b) rcut = 13.3 Å

(c) rcut = 13.6 Å (d) rcut = 14.2 Å

Figure A.15: Panel (a), (b), (c) and (d) show the model trained using the Heavy-
atom representation parameterising with rcut = 13.0 Å, 13.3 Å, 13.6 Å, and 14.2 Å,
respectively.

observed for the bead-based dataset. This uniformity facilitates learning of

long-range interactions without introducing ambiguity or overfitting.

A.3.4 q parameter

As mentioned in the theory chapter (Section 2.5.5), the parameter q specifi-

cally controls the shape of the left side of the radial basis functions (RBFs).

The RBFs are extended further toward shorter interatomic distances with a
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Figure A.16: Radial distribution functions (RDFs) and radial basis functions
(RBFs) used in the ACE descriptor construction for the bead and Heavy-atom
representation.

smaller value of q, while a larger value contracts the basis functions closer

to the equilibrium bond length r0. These behaviours are illustrated in the

third and fourth panels of Figure A.16.

This adjustment of the q parameter has a significant impact on the ACE

model’s fitting performance for the bead-based training set. An excessively

small q value expands the RBFs too far into the short-range domain, thereby

capturing structurally diverse configurations. This is similar to the earlier

discussion on the effects of modifying the cutoff radius (rcut) This overrep-

resentation of complex local environments may lead to unstable behaviour

in the model, as reflected in the unphysical horizontal prediction patterns

observed when q is set outside the optimal range of 41 to 43 (see Figure A.17).

In contrast, in Figure A.18, for the Heavy-atom-based model, adjusting q
within the range of 39 to 45 does not significantly affect prediction perfor-
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(a) q = 39 (b) q = 41

(c) q = 43 (d) q = 45

Figure A.17: Panel (a), (b), (c) and (d) show the model trained using the Bead
representation parameterising with q = 39, 41, 43, and 45, respectively.

mance. However, we hypothesise that performance in this case could be

improved by choosing a sufficiently small q value to allow the RBFs to better

capture short-range interactions associated with large-magnitude transfer

integrals. This possibility is supported by the left-side radial distribution of

the Heavy-atom dataset, shown in the second panel of Figure A.16.
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(a) q = 39 (b) q = 41

(c) q = 43 (d) q = 45

Figure A.18: Panel (a), (b), (c) and (d) show the model trained using the Heavy-
atom representation parameterising with q = 39, 41, 43, and 45, respectively.

A.3.5 p parameter

This final section evaluates the ACE model’s fitting performance with respect

to variations in the fine-tunable hyperparameter p. Unlike q, which controls

the left side of the radial basis function (RBF) envelope, the parameter p
governs the sharpness and localization of the envelope near the equilibrium

bond length r0, particularly on the right-hand side. A reduced p results in

a more gradual ascent of the envelope function near rcut, permitting the

RBFs to oscillate further from r0. Concurrently, an increased p yields a more
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Figure A.19: Radial distribution functions (RDFs) and radial basis functions
(RBFs) used in the ACE descriptor construction for the bead and Heavy-atom
representation.

acute transition and heightened localisation around r0. The alteration in

envelope shape is depicted in the third and fourth panels of Figure A.19.

As demonstrated in Figure A.20, modifying p does not seem to influence

the model’s prediction effectiveness, because of the closeness of r0 and

rcut in the model formulation. Consequently, the modification of p min-

imally changes the resolution of the RBFs inside the constrained interval

between r0 and rcut, thus preserving the RBFs’ ability to obtain structural

information.

In the Heavy-atom-based model, the change of p similarly exhibits minimal

impact on predicted accuracy, as illustrated in Figure A.21. To achieve a

more significant effect, it may be essential to increase the cutoff radius rcut
to a value further from the equilibrium bond length. This would expand the
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(a) p = 17 (b) p = 19

(c) p = 21 (d) p = 23

Figure A.20: Panel (a), (b), (c) and (d) show the model trained using the Bead
representation parameterising with p = 17, 19, 21, and 23, respectively.

radial domain, so enhancing the impact of p on the resolution of the RBFs

and perhaps influencing the model’s performance.

To sum up, this section examines the optimisation of the Atomic Clus-

ter Expansion (ACE) model for predicting electronic transfer integrals in

molecular dimers, using naphthalene as a model system. The investiga-

tion employs models trained on 900 configurations and evaluated on an

independent set of 3,853 configurations. This configuration enables the

assessment of accuracy and generalisation, specifically aimed at minimis-
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(a) p = 17 (b) p = 19

(c) p = 21 (d) p = 23

Figure A.21: Panel (a), (b), (c) and (d) show the model trained using the Heavy-
atom representation parameterising with p = 17, 19, 21, and 23, respectively.

ing overfitting. Five major hyperparameters are analysed comprehensively:

interaction-order, totaldegree, cutoff radius (rcut), and the envelope

parameters q and p.

The interaction-order defines the complexity of the many-body inter-

actions represented in the ACE basis. Increasing the interaction order in

the bead representation enhances fitting performance. However, in the

Heavy-atom representation, improvements are constrained to nearly negli-

gible transfer integrals, and higher orders result in overfitting. Analyses of
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RMSE and MAE indicate that increasing the interaction order beyond three

provides negligible advantages compared to the raised computational cost.

The totaldegree parameter establishes the maximum value of the polyno-

mial base degree. Raising totaldegree to 15 can enhance the performance

of both bead-based and Heavy-atom-based models, beyond which improve-

ments are negligible. This can be confirmed by the convergence patterns in

RMSE and MAE, indicating that elevated polynomial degrees add unneeded

complexity without substantial improvements in accuracy.

The effect of rcut is significant in bead-based models. Optimal perfor-

mance occurs within a limited range of 13.3 to 13.9 Å. Beyond this range,

particularly at higher cutoffs, the model includes geometrically varied con-

figurations that the current basis cannot sufficiently resolve, resulting in

diminished predictive accuracy. This sensitivity is exemplified by changes

in the radial distribution function (RDF). The Heavy-atom representation

exhibits more resilience to fluctuations in rcut. As the cutoff grows, accu-

racy enhances—especially for small transfer integrals—due to the model’s

improved capture of long-range Coulombic interactions. The Heavy-atom

dataset demonstrates a more consistent RDF at extended distances, hence

promoting accurate learning of long-range effects.

The q parameter governs the left side of the radial basis function envelope,

influencing the extent of short-range structure integration. In bead-based

models, a smaller q extends the radial basis functions (RBFs) over short

distances, hence encapsulating highly variable local environments, which

frequently results in instability or overfitting. Optimal outcomes are attained

within the range q = 41–43. The Heavy-atom representation exhibits reduced

sensitivity to this parameter; yet, the model may gain from minor q values to

enhance the resolution of high-magnitude transfer integrals resulting from

short-range interactions.

Finally, the p parameter affects the accuracy and localisation of the RBF

envelope in proximity to the equilibrium bond length r0, especially on
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the right side. Modifying p does not substantially affect model accuracy in

either representation, primarily due to the closeness of r0 and rcut values.

This restricted domain constrains the impact of changing p, while the RBF

resolution stays fundamentally unaltered. A larger rcut is necessary to

expand the radial domain and allow p to significantly impact the envelope.
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