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Abstract

This thesis presents a comprehensive investigation into modeling and controlling high di-
mensional agent-based models within a multi-scale framework. At the core of this research
lies the fundamental challenge of overcoming computational bottlenecks in solving opti-
mal control problems with many-agent dynamics. Solutions to this class of optimization
problems are doubly cursed by the dimensionality of the system, first in the number of
interacting agents, and second in the dimensionality of each agent’s underlying dynamics.
This dual nature suggests a broad spectrum of techniques to enhance the efficiency and
scalability of optimal control computations across various modeling resolutions. At the
microscopic scale, we address this double trouble at the agent-to-agent interaction level
through data-driven approximation techniques. We combine neural network approxima-
tion models with control theory and existing solvers for synthetic data generation, resulting
in efficient and effective control laws. When the computational challenge is mostly linked
to a large number of agents, we switch to a macroscopic viewpoint, formulating an optimal
control problem for the distribution of agents evolving in the underlying physical space.
The resulting mean field dynamics offer an ideal framework to analyze emergent behaviors
of many-agent systems and addressing PDE-constrained optimization problems to stabilize
the system around desired steady states. When both the number of agents and the di-
mensionality of their underlying dynamics make traditional control synthesis impractical,
we introduce a mesoscopic kinetic approximation framework that models agent densities
as plasma-like matter. The mean-field behavior is approximated by averaging over con-
trolled subsystems of interacting agent pairs in a Monte Carlo fashion. The accuracy of
this approximation relies on high-frequency sampling of controlled binary interactions, for
which we leverage neural network speed-ups similar to those used at the microscopic scale.
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Chapter 1

Introduction

In nature, complex group behaviors often emerge from the interactions of individuals fol-

lowing simple rules. Honeybees use basic communication and task allocation strategies,

yet their collective behavior enables the hive to function with remarkable sophistication,

appearing almost intelligent at the group level. Similarly, bird flocks are able to change di-

rection in perfect unison without a central coordinator, and ant colonies can efficiently op-

timize food paths through simple local interactions. This approach reflects a core paradigm

of mathematical research: breaking down formidable challenges into manageable, solvable

components.

Inspired by such natural phenomena, Agent-Based Models (ABMs) were designed to model

complex collective behaviors across diverse domains. ABMs consist of networks of intelli-

gent agents, each with independent decision-making capabilities and specific goals, while

also engaging in dynamic interactions that may not always be rational. Applications of

ABMs are both diverse and impactful, enabling extensive research into emergent behav-

iors driven by decentralized, collaborative, or competitive interactions. Beyond ecological

simulations, ABMs find applications in robotic coordination, urban planning, traffic man-

agement, and distributed artificial intelligence, among others. In robotics, interactions

between drones are used to coordinate swarm dynamics towards military missions, disas-

ter management, rescue operations, infrastructure inspection, and surveillance [230, 155].
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In urban settings, analyzing pedestrian behavior in crowded environments plays a critical

role in designing public venues with effective evacuation plans and congestion mitigation

strategies [128, 11]. Similarly, modeling vehicles as agents that share information like

speed, direction, and location is a cornerstone of automated driving [30, 42]. ABMs have

also proven instrumental in ecological preservation, where they are used to model, moni-

tor, and manage complex ecosystems, enabling researchers to simulate species interactions,

predict environmental changes, and design strategies for biodiversity conservation.

1.1 Constructing Agent-Based Models

Drawing inspiration from physics and classical mechanics, we encode fundamental inter-

action forces through first- or second-order dynamical systems. Using principles from

Newtonian physics, these models effectively capture both external influences and the mi-

croscopic interactions between agents, including attraction, repulsion, self-propulsion, and

alignment forces. These equations govern the evolution of the state variables of each agent

in the ensemble, often describing spatial movement. As a clarifying example, we consider a

Cucker-Smale system [91] of N agents within the physical space Rd, where the i−th agent

is described by the state si := (xi, vi) ∈ R2d collecting position and velocity information

for i = 1, . . . , N . The evolution of the system can be described as

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ẋi(t) = vi(t)

v̇i(t) =
N∑︁
j=1

P (xi(t), xj(t))(vj(t)− vi(t)) + ui(t)
, (1.1)

for t ≥ 0, where P (·, ·) denotes the communication function between two interacting

agents, for example the Cucker-Smale interaction kernel

P (xi, xj) = α1
(1 + |xi − xj |2)α2

. (1.2)

In (1.1), ui encodes all the external forces acting on the i−th agent. The interplay between

internal interactions and external control forces is a fundamental feature of all the models
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discussed in this thesis.

A fascinating property of these agent-based dynamical systems is their capacity for self-

organization. Based on the nature of the interaction rules described in P (·, ·) coherent

global patterns emerge spontaneously from purely local interactions. Without centralized

control or external coordination, the ensemble dynamics can evolve toward ordered collec-

tive behaviors through the complex interplay of individual agent rules. Emergent patterns

such as synchronization, flocking, or lane formation, represent macroscopic structures

that cannot be directly inferred from the properties of individual agents alone [205]. This

self-organizing principle provides a powerful framework for understanding how complex,

coordinated behaviors can arise across diverse systems, from bird murmurations and fish

schools to pedestrian flows and cellular aggregations. Remarkably, similar pattern forma-

tions can emerge from systems with vastly different underlying mechanisms, suggesting

fundamental organizational principles that transcend specific domains. For instance, flock-

ing dynamics in bird flocks and robotic swarms can be captured by Cucker-Smale-type

interaction kernels like (1.2) [91, 182]. Even in abstract spaces, social influence models

exhibit consensus formation akin to physical clustering, where opinion dynamics evolve

based on similarity-weighted interactions [127, 237], much like how oscillators synchronize

in the Kuramoto model through phase coupling [157]

P (xi, xj) = κ sin(xi − xj). (1.3)

Similarly, lane formation in pedestrian flows arises from short-range repulsion and long-

range attraction forces between individuals [215, 184, 53], a mechanism that also governs

swarming behaviors in fish schools and drone formations [176, 177]. These interactions

are often modeled using Morse-type potentials, which balance attraction and repulsion,

P (xi, xj) = C1e
−|xi−xj |/σ1 − C2e

−|xi−xj |/σ2 . (1.4)

As the number of agents grows large (N → ∞), interactions at the agent level can be

11



approximated by a macroscopic description in terms of the distribution ρ(t, x, v) which

characterizes the probability of finding an agent with state s = (x, v) at time t [243].

Under this statistical interpretation, the dynamics for the density ρ follow a mean-field

model over the physical space R2d:

∂tρ+ v · ∇xρ = ∇v ·
(︃

(P[ρ] + u)ρ
)︃
, (1.5)

where the mean-field interaction operator is given by

P[ρ](x, v; t) =
∫︂

R2d

P (x, y)(w − v)ρ(y, w; t) dy dw. (1.6)

From a dynamical perspective, this formulation provides a powerful framework for study-

ing emergent behavior. The system typically evolves toward stable configurations that

correspond to steady states of the Vlasov-type dynamics, often minimizing an underlying

energy functional or satisfying specific equilibrium conditions [90, 115]. Notably, small

variations in the interaction kernel P (·, ·) can induce bifurcations, leading to qualitatively

different collective behaviors [52, 246]. By analyzing the stability of these equilibria, we

can study the conditions under which specific patterns emerge and persist.

An alternative description of the macroscopic dynamics can be derived from kinetic theory

by modeling the evolution of the probability distribution of agents while incorporating

explicit microscopic interaction effects through a Boltzmann-type collision operator [69,

174, 16]. In this mesoscopic model, the evolutionary equation takes the form

∂tρ+ v · ∇xρ = Q(ρ, ρ), (1.7)

where the operator Q(ρ, ρ) encodes binary collision dynamics between agents, accounting

for both the gain and loss of particles in a given state at time t. A standard form of the

Boltzmann collision operator can be expressed based on the interaction dynamics in (1.1),
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simplified to the case N = 2 particles with velocities (v, v∗).

Qη(ρ, ρ)(t, x, v) =
∫︂

R2d

1
Jη
ρ(t, x,′ v)ρ(t, x∗,

′ v∗)− ρ(t, x, v)ρ(t, x∗, v∗) dx∗ dv∗ , (1.8)

where (v′, v′
∗) represents the velocities update after a forward Euler step of length η, and Jη

is the Jacobian of the binary interactions map (v, v∗) ↦−→ (v′, v′
∗), while (′v,′ v∗) ↦−→ (v, v∗)

are the pre-interaction velocities that generate the couple (v, v∗).

As discussed in [5], the choice of resolution scale in modeling ABMs remains a subject of

debate, as each level of description offers distinct advantages and limitations. Microscopic

models, such as agent-based dynamics, provide the highest fidelity by explicitly tracking

individual agents and their interactions. However, their computational complexity grows

rapidly with system size, making them impractical for large-scale analysis. At the macro-

scopic level, hydrodynamic-type models emerge from asymptotic approximations of these

agent-to-agent interactions, describing the system through continuum fields that capture

global patterns while sacrificing individual variability. Although these models enable effi-

cient large-scale predictions, they inherently smooth out local heterogeneities that may be

crucial in certain contexts. Kinetic models bridge the gap between microscopic and macro-

scopic descriptions by approximating the system’s state through a probability distribution

over individual agent states. While this approach allows for a more tractable represen-

tation of collective dynamics, it relies on the assumption that the probability density is

well-defined and sufficiently smooth. Rather than endorsing a single correct resolution,

in this thesis we adopt a multi-scale perspective that leverages the strengths of each

modeling approach. By selecting the most suitable resolution for each case study, we en-

sure both analytical tractability and practical applicability while maintaining consistency

across different scales.

1.2 Controlling Agent-Based Systems

Moving past the mere modeling purposes, a fascinating question is how to influence sys-

tems and induce a specific collective behaviour. This problem has a variety of applications,
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e.g. designing collision-avoidance protocols for swarm robotics [79, 194, 208, 119], formu-

lating pedestrian evacuation strategies for crowd dynamics [11, 89, 107, 62], assessing

interventions for traffic flow management [239, 136, 226], and learning mechanisms for

opinion dynamics [12, 18, 123].

ABMs can be influeced by guiding the evolution of agents using an external force, rep-

resented in our model by u := (u1, . . . , uN )⊤. Within the optimal control framework,

this external force becomes a variable that can be adjusted and tuned to reach the desired

outcome. Referred to as the control action, u is determined by solving an optimization

problem. Specifically, the control is computed as the minimizer of a cost functional, subject

to the constraints imposed by the controlled dynamics. The cost encapsulates the trade-

off between competing goals, such as minimizing effort while maximizing performance.

Typically, we consider optimal control problems (OCPs) of the form:

u∗ = argmin
u∈Uadm

{︃
J (u, s) := 1

N

+∞∫︂
0

N∑︂
i=1
L(si, ui; t) dt

}︃
s.t. (1.1) , (1.9)

where the running cost function

L(s, u; t) := l(s(t)) + γ G(u(t)) (1.10)

penalizes both the state tracking error l(s) and the control effort G(u), weighted by a

coefficient γ > 0.

The choice of cost functional depends on the problem setting and desired control objec-

tives. A common choice for state penalization is a quadratic function, l(s) = ∥s− sref∥2l2 ,

which encourages the system to converge toward a desired reference state sref w.r.t. the Eu-

clidean norm. Similarly, the control cost is often taken as a quadratic term, G(u) = ∥u∥2l2 ,

promoting energy-efficient control strategies by discouraging excessive control effort. The

coefficient γ plays a crucial role in balancing the trade-off between minimizing state devi-

ations and reducing control expenditure, influencing the overall control aggressiveness.

The motivation for quadratic penalties is rooted in their convexity, which ensures that the
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optimization problem remains well-posed and computationally tractable [1]. Convex cost

functions guarantee the existence of a unique global minimizer, and enable efficient nu-

merical solutions using gradient-based optimization techniques and dynamic programming

principles. These advantages make quadratic penalties particularly appealing for a wide

range of applications. More sophisticated cost functionals can be used to encode addi-

tional problem-specific constraints. For example, ℓ1-type penalties on the control, such as

G(u) = ∥u∥ℓ1 , promote sparse control strategies. This is particularly useful in networked

or distributed systems where actuation is costly or must be applied selectively [225, 61].

Barrier functions can enforce safety constraints, ensuring that agents avoid restricted ar-

eas, which is crucial in applications like collision avoidance for multi-robot coordination

[166, 255]. In time-sensitive scenarios, such as emergency response or automated driv-

ing, exponentially weighted costs can prioritize short-term performance, ensuring rapid

reaction to immediate changes while balancing long-term objectives [193]. In this thesis,

we focus on convex cost functionals to preserve the well-posedness and tractability of the

optimization problem.

Centralized vs. decentralized control strategies

When designing control strategies for ABMs, a fundamental distinction arises between cen-

tralized and decentralized approaches. In centralized control, a single decision-maker

has global access to all agents’ states and determines the control actions for the entire sys-

tem, as seen in (1.9). While this approach can achieve globally optimal solutions, it suffers

from scalability challenges. As the number of agents grows, the computational complex-

ity and communication overhead increase exponentially, making real-time implementation

impractical.

In contrast, decentralized control distributes the decision-making process among indi-

vidual agents, each relying on local information and limited communication with neighbors

to determine its actions. The optimization problem for each agent is posed as:

u∗
i = argmin

ui∈Uadm

{︃
Ji(si, ui) :=

∫︂ +∞

0
L(si, ui; t) dt

}︃
s.t. (1.1) (1.11)

15



The running cost L might encode limited communication between agents, but each agent

optimizes without full access to the global state s. This approach significantly enhances

scalability, but the reliance on partial information typically leads to suboptimal perfor-

mance, as individual agents lack a global perspective on the system’s evolution.

This distinction between centralized and decentralized control has a parallel at the macro-

scopic level. In Mean Field Optimal Control Problems (MF OCPs), the global

decision-maker optimizes the control actions for a large population of agents using infor-

mation about the overall distribution ρ of agent states [45, 116]. This is formulated as the

following PDE-constrained optimization problem:

u∗ = argmin
u∈Uadm

⎧⎪⎨⎪⎩J (ρ,u) :=
+∞∫︂
0

∫︂
R2d

L(s, u; t) dρ(s) dt

⎫⎪⎬⎪⎭ s.t. (1.5) . (1.12)

In Mean Field Games (MFGs), each agent makes its decision based on its own state si

and the distribution of states across all agents, essentially playing a game against the rest

of the population [162]. The population’s collective behavior is captured through the mean

field, which reflects the aggregate state of all agents and influences each agent’s optimal

strategy. In this framework, the optimal solution is described by a Nash equilibrium,

where no agent can improve its outcome in the optimization horizon (0, T ) by unilaterally

changing its strategy, given the strategies of all other agents. This is typically formulated

as a forward-backward system of equations:

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂tρ+ v · ∇xρ = ∇v · ((P[ρ(t)] + u) ρ) in R2d × (0, T ),

−∂tV (s, t) = minu {L(s, u) +∇sV (s, t) · (P[ρ(t)] + u)} in R2d × (0, T ),

ρ(0) = ρ0, V (s, T ) = 0 in R2d,

(1.13)

where the first equation describes the evolution of the state distribution of the agents,

while the second equation represents the Hamilton-Jacobi-Bellman (HJB) equation that

characterizes the optimal control strategy given the time-dependent mean field ρ(t).
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Challenges of centralized control for high-dimensional agent-based systems

In this thesis, we focus on centralized control frameworks across different scales and work

to mitigate the challenges associated with this class of dynamic optimization problems.

Solving such OCPs generally requires advanced numerical techniques, as analytical solu-

tions are rarely available except in special cases, such as linear-quadratic regulators [158].

Common approaches include indirect methods based on Pontryagin’s maximum principle

[212], which transform the problem into a two-point boundary value problem, and di-

rect methods that discretize the control and state trajectories, converting the OCP into

a finite-dimensional nonlinear programming problem. For large-scale systems with many

agents, these approaches become computationally prohibitive, necessitating approxima-

tion strategies such as mean-field control or macroscopic formulations that capture the

system’s emergent behavior while reducing computational complexity.

In the ABMs context, the numerical solution of these problems is shadowed by the chal-

lenges deriving from the dimensionality of the system being controlled. The controlled

dynamics describe the evolution of the system ensemble state, whose dimension scales

according to both the number N of agents being considered, and the dimensionality d of

the space where the agent-to-agent dynamics take place. Addressing this dual challenge

is the central focus of this dissertation, with the aim of developing methods to effectively

mitigate the computational complexities associated with solving OCPs across scales for

high-dimensional, many-agent systems.

1.3 Contributions and Publications

The dual nature of the curse of dimensionality we aim at alleviating suggests a broad

spectrum of potential techniques. This has motivated a variety of projects, all unified

by the overarching goal of addressing the computational challenges associated with the

(approximate) solution of OCPs for high dimensional many-agent systems. Below, we

provide a taxonomy of the techniques and contributed papers presented in this thesis,

organized according to their modeling resolution:

17



• Microscopic scale At the agent-to-agent iteraction level, we rely on Neural Network

approximation techniques to mimick and accelerate existing numerical OCP solvers.

Performance is further enhanced by incorporating information about the gradient

of the target variable, which comes as a by-product the optimization routines under

consideration.

[8] G. Albi, S. Bicego and D. Kalise, Gradient-augmented Supervised Learning of

Optimal Feedback Laws Using State-dependent Riccati Equations. IEEE Control

Systems Letters 6(2022): 836 -841, doi: 10.1109/LCSYS.2021.3086697

[6] G. Albi, S. Bicego, M. Herty, Y. Huang, D. Kalise, and C. Segala, Data/moment-

driven approaches for fast predictive control of collective dynamics. ArXiv

preprint, doi: arXiv.2402.15611 to appear as a book chapter on Model Pre-

dictive Control, Series on Dynamic Modeling and Econometrics in Economics

and Finance, Springer.

An alternative research direction explores the use of deflated Newton’s method to

solve time-optimal control problems governed by n−th integrator dynamics. The

algorithm solves a polynomial system to determine the switching times of the optimal

bang-bang control and is used to generate a synthetic dataset for training a Neural

Network classifier that approximates the state-to-control map.

[49] S. Bicego, S. Gue, D. Kalise, and N. Villamizar, Time Optimal Feedback Con-

trol of Nilpotent Linear Systems using Neural Networks. Arxiv preprint, doi:

arXiv.2503.17581, submitted to Communications on Applied Mathematics and

Computation

• Macroscopic scale Since the number of agents contributes to the dimensionality of

the system’s ensemble state dimension, a viable approach for many-agent OCPs is to

adopt a mean-field perspective. This shifts the focus from an agent-based description

to modeling the density of agents as a whole. Within this framework, we consider a

stabilization mean-field OCP governed by McKean–Vlasov PDEs.
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[50] S. Bicego, D. Kalise and G.A. Pavliotis, Computation and control of unstable

steady states for mean field multiagent systems. Arxiv preprint, to appear in

Proceedings of the Royal Society A, doi: arXiv.2406.11725.

We highlight that the goal of the project is twofold: first, stable and unstable station-

ary configurations of the governing PDE are identified using a deflated root-finding

approach in Banach spaces. Second, a control problem is formulated and solved to

steer the system towards a desired (unstable) steady state.

• Mesoscopic scale In many-agent systems with high-dimensional underlying dy-

namics, a mean-field approximation may fall short in achieving sufficient compu-

tational complexity reduction. One way to address this limitation is to treat the

agents’ density as plasma matter, approaching the mean-field solution from subopti-

mality via averaging over controlled subsystems of interacting pairs of agents. This

routine still requires efficient solution of many 2-agents OCPs, for which we rely on

Neural Network approximation.

[9] G. Albi, S. Bicego and D. Kalise, Supervised learning for kinetic consensus con-

trol. Proceedings of the 25th International Symposium on Mathematical Theory

of Networks and Systems (I), pp. 308-313, doi: 10.1016/j.ifacol.2022.11.036

[10] G. Albi, S. Bicego and D. Kalise, Control of high-dimensional collective dy-

namics by deep neural feedback laws and kinetic modelling. Arxiv preprint, doi:

arXiv.2404.02825, submitted to Journal of Computational Physics.

The specific contributions of these publications are explicitly stated at the beginning of

the respective chapters.

1.4 Outline of the Thesis

The rest of this thesis is structured as follows. Chapter 2 establishes the theoretical foun-

dations of this research. It introduces optimal control theory, explores neural network

approximation techniques for accelerating numerical solvers for optimal control problems,
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and details the deflation algorithm from [50]. This chapter also presents two motivat-

ing numerical examples, adapted from [8] and [49], which investigate the use of neural

networks for accelerating feedback control computations and the application of deflated

Newton’s method to time-optimal OCPs, respectively. Chapter 3 examines the micro-

scopic resolution level, focusing on gradient-augmented neural network approximations of

controllers for large-scale agent-based models, as developed in [8, 6]. Chapter 4 transitions

from an agent-based descriptions to the mean-field frameworks, exploring the use of de-

flation techniques for identifying and stabilizing stationary states in the McKean–Vlasov

equation, following [50]. Chapter 5 presents the kinetic approximation approach for con-

trolling high-dimensional many-agent systems, synthesizing results from [9, 10]. Finally,

Chapter 6 provides concluding remarks and perspectives for future research.
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Chapter 2

Background

In this chapter, we present the theoretical and computational foundations for the multi-

scale control strategies developed in the rest of the thesis. We begin with a concise

overview of optimal control theory, introducing its core concepts and emphasizing the

computational challenges posed by high-dimensional problems. We then discuss neural

network approximation techniques as data-driven tools to accelerate control synthesis,

with a focus on learning efficient state-to-control mappings. As a concrete example, we

illustrate how neural networks can be used to speed up feedback computation, following the

approach developed by the author in [8]. The chapter concludes with an introduction to the

deflation technique, a numerical strategy for systematically identifying multiple solutions

to nonlinear systems. Its relevance is motivated through the analysis of polynomial root-

finding problems arising in time-optimal control, as explored in [49].

2.1 Optimal Control

Optimal control is a mathematical framework used for determining the best possible strat-

egy for influencing dynamical systems towards a desired objective. The control variable

can be interpreted as an external force that acts on the system and that can be optimized

while balancing performance and efficiency, as seen in (1.9).

Optimal control emerged as a distinct mathematical field in the aftermath of World War
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II, driven largely by applications in military defense. Although the problem’s roots can

be traced to early developments in the Calculus of Variations, the nonlinear nature of the

dynamical systems under consideration often resulted in differential equations that were

unsolvable at the time. In a technological race characteristic of the Cold War, scientists

from both the East and the West independently developed the two foundational method-

ologies in optimal control: Pontryagin’s Maximum Principle and Dynamic Programming.

We refer the reader to [207] for an historical overview of these contributions.

In a general framework, denoting as s(t) the state of the system at time t, and u(·) as the

control action, we consider quadratic cost functionals

min
u(·)∈Uadm

J (y,u(·)) :=
+∞∫︂
0

s⊤(t)Qs(t) + u⊤(t)Ru(t)dt, (2.1)

subject to nonlinear, control-affine constraint

ṡ(t) = f(s(t)) + g(s(t))u(t) , s(0) = y , (2.2)

where we denote the state of the system as s ∈ Rn, and the control variable u(·) ∈ Uadm :=

{u(t) : R+ → Rm is measurable}. We further assume 0 ≺ Q ∈ Rn×n and 0 ⪯ R ∈ Rn×m

to be symmetric.

Without imposing a priori any regularity on the control u, the measurability assump-

tion ensures existence and uniqueness of the controlled trajectory (2.2) via Carathéodory

theorem ([110] Chapter 8.1).

22



Theorem 2.1.1: Carathéodory

Assume that

(i) For every u(t), the function s ↦→ f(s) + g(s)u is continuous.

(ii) The function f(s(t)) + g(s(t))u(t) is measurable in t ∈ R+.

(iii) There exists a function L(s) ∈ L1
loc(R+) s. t. ∥f(s) + g(s)u∥ ≤ L(s), ∀u ∈

Uadm.

Then,

s(t) = y +
t∫︂

0

f(s(τ)) + g(s(τ))u(τ) dτ (2.3)

is the unique solution to (2.2).

In what follows, we consider dynamics f(s) : Rn → Rn and g(s) : Rn → Rn×m in C1(Rn),

satisfying f(0) = 0 and g(0) = 0. These assumptions ensure that the conditions of

Theorem 2.1 are met.

Moreover, the assumption of a quadratic running cost as in (2.1), with symmetric positive

semi-definite operators Q and R, ensures convexity of the optimization objective. This, in

turn, implies the existence of a unique solution and facilitates efficient computation using

well-established optimization algorithms.

The design of the cost functional (2.1) is key to ensuring the convergence of the controlled

system to the desired behavior. Depending on the application, the optimization can be

performed over a finite horizon T , where the control strategy is tailored to a specific time

interval, or an infinite horizon T → +∞, which enforces asymptotic stability in the sense

of Lyapunov [131]. In this thesis we will mostly be concerned with the latter framework.

2.1.1 Dynamic Programming and HJB equation

We start by addressing the continuous-time deterministic infinite horizon OCP in (2.1-2.2)

by means of dynamic programming. The approach stands on the principle formulated by

R. Bellman in 1950s, stating that the optimal policy for a sequential decision problem has

the property that – in each intermediate time – the remaining decisions must form an
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optimal policy with respect to the current system configuration.

Mathematically, this principle can be expressed in terms of the value function associated

with the problem, defined as

V (y) := inf
u(·)∈Uadm

J (y,u(·)) . (2.4)

The set of admissible controls Uadm is typically chosen based on the problem’s require-

ments. A common choice is L2([0,+∞);Rm), which ensures finite control energy, or

L∞([0,+∞);U), where U is a compact subset of Rm, enforcing bounded control inputs.

Alternatively, a more general choice is to define Uadm as the set of all measurable func-

tions u(·) : [0,+∞) → Rm, allowing for unconstrained controls. The specific choice of

Uadm depends on the problem setting and the desired regularity and constraints on the

control function. We refer to [38] for details.

The value function encodes the cost associated with the optimally controlled dynamics

starting from y. Bellman’s Dynamic Programming Principle the provides a first charac-

terization of the value function.

Theorem 2.1.2: Dynamic Programming Principle

Let the system dynamics f(s) and g(s) in (2.2) satisfy the assumptions of

Carathéodory’s theorem 2.1. Additionally, assume that the cost functional is of

the form (2.1), with 0 ≺ Q ∈ Rn×n and 0 ⪯ R ∈ Rn×m symmetric. Then, for all

y ∈ Rn and t > 0

V (y) = inf
u(·)∈Uadm

{︃∫︂ t

0
s⊤(τ)Qs(τ) + u⊤(τ)Ru(τ)dτ + V (s(t))

}︃
. (2.5)

The value function can also be characterized as the unique viscosity solution of a convex

Hamilton-Jacobi-type partial differential equation, commonly known as the Hamilton-

Jacobi-Bellman (HJB) equation. We now formally derive the HJB equation from Bellman’s

principle, while a rigorous justification follows from viscosity solution theory; see [38].
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To do this, we consider equation (2.5) over a short interval of length ∆t:

V (s(t)) = inf
u(·)∈Uadm

{︃ t+∆t∫︂
t

s⊤(τ)Qs(τ) + u⊤(τ)Ru(τ)dτ + V (s(t+ ∆t))
}︃
. (2.6)

We approximate the change in the value function over small time intervals ∆t using a

first-order Taylor expansion

V (s(t+ ∆t)) = V (s(t)) + ∆t
[︂
∇V (s(t))⊤ (f(s(t)) + g(s(t))u(t))

]︂
+O(∆t2), (2.7)

while the integral cost, for short intervals, can be approximated as

t+∆t∫︂
t

s⊤(τ)Qs(τ) + u⊤(τ)Ru(τ)dτ ≈ ∆t
[︃
s⊤(t)Qs(t) + u⊤(t)Ru(t)

]︃
. (2.8)

Substituting in equation (2.6), while letting ∆t→ 0, we obtain the HJB equation

inf
u(·)∈Uadm

{︃
s⊤(t)Qs(t) + u⊤(t)Ru(t) +∇V (s(t))⊤ (f(s(t)) + g(s(t))u(t))

}︃
= 0 (2.9)

The optimal control u∗ is found in the unconstrained case by imposing the first-order

optimality condition, i.e. by requiring the gradient w.r.t. u of the objective functional

(2.9) to vanish, leading to

∇u
(︁
u⊤(t)Ru(t) +∇V (s(t))⊤g(s(t))u(t)

)︁
= 0 =⇒ u∗(s) = −R−1g(s)⊤∇V (s) . (2.10)

Substituting u∗ back into the HJB equation gives us the closed form:

∇V (s)⊤f(s)− 1
2∇V (s)⊤g(s)R−1g(s)⊤∇V (s) + s⊤Qs = 0 . (2.11)

In this approach, the control design (2.10) is expressed in feedback form, also known as

closed-loop control, meaning that the optimal action is determined as a function of the

state variable. This approach is particularly desirable as it ensures that the control adapts

dynamically to changes (and external perturbations) in the state.
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Curse of dimensionality

The Hamilton-Jacobi-Bellman equation (2.11) is a fully nonlinear, first-order PDE for

which explicit solutions are generally unavailable, except in specific cases (e.g., linear-

quadratic problems). Moreover, the HJB equation is posed over the state space of the

optimal control problem, which can be of arbitrarily high dimension. This issue is partic-

ularly pronounced in agent-based models, where the state dimension scales with both the

number N of agents and the dimension d of the underlying state space.

Following the notation introduced before, the ensemble state s = (s1, . . . , sN )⊤ counts n =

2dN entries. As a consequence, numerical methods that rely on state-space discretization,

such as dynamic programming or finite difference schemes, suffer from an exponential

growth in computational cost and memory requirements as n increases.

To circumvent these difficulties we approach the solution from suboptimality by means of

numerical approximation. We present two alternative approaches: long horizon first-order

necessary conditions by means of Pontryagin’s Maximum Principle (PMP) and locally

asymptotically stabilizing feedback design via State Dependent Riccati Equation (SDRE).

These methods enable practical implementation of control strategies while mitigating the

computational challenges posed by the curse of dimensionality.

2.1.2 Pontryagin’s Maximum Principle

We now consider the finite-horizon optimal control problem, where the cost functional

takes the form

J (y,u(·)) :=
T∫︂

0

L(s,u; t)dt+ Ψ(s;T ) , (2.12)

where L, Ψ encode the running and terminal cost respectively, and the system dynamics

evolve according to (2.2) over the fixed time interval [0, T ], T < +∞. We also introduce

the associated Hamiltonian function, defined as

H(s,u,λ; t) = λ⊤(︁f(s(t)) + g(s(t))u(t)
)︁
− L(s,u; t) , (2.13)

26



which is defined as a function of the current state s, control u, and adjoint variable λ,

appearing in this formulation as a time-dependent Lagrange multiplier.

Theorem 2.1.3: Pontryagin’s Maximum Principle [213]

Let the system dynamics f(s) and g(s) in (2.2) satisfy the assumptions of

Carathéodory’s theorem 2.1. Additionally, assume that the running cost L and

terminal penalty Ψ in (2.12) to be continuously differentiable w.r.t. s so that the

Hamiltonian (2.13) is differentiable in its arguments (s,u). If (s∗,u∗) is an opti-

mal trajectory, then there exists an adjoint variable λ∗(t) such that the following

two-point boundary value problem holds:

ṡ∗(t) = ∂λH(s∗,u∗,λ; t), (state) (2.14)

λ̇∗(t) = −∂sH(s∗,u∗,λ; t), (adjoint) (2.15)

s∗(0) = y , λ∗(T ) = ∇sΨ(s∗;T ) , (b.c.’s) (2.16)

closed with first-order optimality condition for the optimal control:

u∗(t) = arg min
u(·)∈U

H(s∗,u,λ∗; t). (2.17)

For the quadratic case, where the running is of the form

L(s,u; t) = s⊤(t)Qs(t) + u⊤(t)Ru(t), (2.18)

with 0 ≺ Q ∈ Rn×n and 0 ⪯ R ∈ Rn×m symmetric, the optimality condition (2.17)

simplifies to

u∗(t) = R−1g⊤(s∗(t))λ∗(t). (2.19)

This procedure only provides the necessary conditions for optimality, meaning that PMP

solutions are good candidates, with only some of them being optimal. Triples (s∗,u∗,λ∗)

solving (2.14-2.17) are called extremal trajectories, and are computed departing from a

fixed initial configuration y. To determine whether an extremal trajectory is indeed

globally optimal, additional verification techniques, such as second-order conditions or

convexity arguments, are required.
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The optimal control derived via PMP is time-dependent, meaning it is computed as a func-

tion of time rather than the current system state. This is often referred to as open-loop

control, as opposed to feedback (closed-loop) control strategies. A significant limitation

of this approach is its sensitivity to disturbances and uncertainties: any deviation from the

nominal trajectory during execution cannot be corrected without re-solving the optimal

control problem with an updated initial condition.

Reduced gradient iteration

The Pontryagin optimality system is a fully coupled system of forward and backward

equations, with boundary conditions specified at t = 0 and the terminal time t = T of the

optimization horizon. To address this problem, we iteratively integrate the state equation

(2.14) and the adjoint equation (2.15), while employing a gradient descent algorithm to

update the control signal [140, 34, 32].

Following the derivation provided in [32], we reformulate the optimal control problem

(2.12)-(2.2) with quadratic running cost (2.18) by expressing it as an unconstrained dy-

namic optimization problem depending on the control variable u alone:

min
u(·)

{︃
J̄ (u) := J (s,u)

⃓⃓
e(s,u) = 0

}︃
, (2.20)

where

e(s,u) :=

⎛⎜⎝ṡ(t)− (f(s(t)) + g(s(t))u(t))

s(0)− y

⎞⎟⎠ . (2.21)

Assuming the solution operator s(u) = s(y,u) to (2.2) to be well-defined and continuously

differentiable, we obtain the Gateaux derivative of the reduced cost functional J̄ at ν ∈

L2(0, T ;Rm) in a direction δu by computing

J̄ ′(ν)δu =
⟨︁
∇J̄ (ν), δu

⟩︁
L2(0,T ;Rm) =

⟨︁
(s′(ν))†∂sJ (s,ν) + ∂uJ (s,ν), δu

⟩︁
L2(0,T ;Rm) (2.22)
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where s′(ν) is given by

s′(ν)δu = −(∂se(s,ν))−1∂ue(s,ν)δu , (2.23)

and the superscript † stands for the adjoint operator.

A sensitivity analysis on the OCP of interest leads to a first-order perturbation s̃ of the

state trajectory in response to variations in the control δu and an external perturbation

ϕ. The perturbation s̃ satisfies the linearized state sensitivity equation

⎧⎪⎪⎨⎪⎪⎩
̇̃s(t)− ∂s(f(s(t)) + g(s(t))u(t))̃s(t) = ϕ,

s̃(0) = s̃0,

(2.24)

where s̃0 represents the perturbation in the initial state. Similarly, the first-order per-

turbation λ̃ of the adjoint trajectory in response to variations in the adjoint terminal

condition λ̃T and an external perturbation ψ satisfies the linearized adjoint equation:

⎧⎪⎪⎨⎪⎪⎩
− ̇̃λ(t)− (∂s(f(s(t)) + g(s(t))u(t)))⊤λ̃(t) = ψ,

λ̃(T ) = λ̃T .

(2.25)

It can be shown that (∂se(s,u))−1 in (2.23), defined by (ϕ, s̃0) ↦→ s̃, is the solution operator

of equation (2.24), whilst the adjoint operator (∂se(s,u))−†, defined by (ψ, λ̃T ) ↦→ λ̃, is

the solution operator of equation (2.25). Using these elements, we can now compute the

gradient as

∇J̄ (ν) = ∂uJ(s,u)− (∂se(s,u))−†(∂ue(s,u))∗∂sJ(s,u). (2.26)

Thus, we conclude that the reduced gradient reads

∇J̄ (u)(t) = 2Ru(t) + g(s(t))⊤λ(t), (2.27)
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where λ is the solution to

⎧⎪⎪⎨⎪⎪⎩
−λ̇(t)− (∂s(f(s(t)) + g(s(t))u(t)))⊤λ(t) = ∂sJ (s(t)),

λ(T ) = ∇sΨ(s∗;T ).
(2.28)

The explicit form (2.27) can be used to implement a gradient descent algorithm for solving

the optimal control problem. Starting from an initial guess for the control u0, the control

is updated iteratively as

uk+1(t) = uk(t)− δk
(︃

2Ruk(t)− g(sk(t))⊤λk
)︃
, (2.29)

where sk,λk denote the state and adjoint trajectory associated with the control signal

uk, and the step size δk is either fixed or adaptively determined at each iteration, for

example, using the Barzilai-Borwein method [40]. The steps of this numerical scheme are

summarized in Algorithm 1.

Algorithm 1: Reduced gradient iteration
Data: y initial condition; T time horizon; u0 control signal guess; ε > 0 tolerance
k = 0;
converged ← False;
while not converged do

sk ← integration of (2.14) from y forward in time with control uk;
λk(T )← (2.16);
λk ← integration of (2.15) from λk(T ) backward in time with control uk;
uk+1 ← uk(t)− δk

(︁
2Ruk(t)− g(sk(t))⊤λk

)︁
; gradient step

converged ← ∥uk+1 − uk∥22 < ε;
k = k + 1;

Result: Approximated extremal trajectory (s∗,u∗,λ∗)

A key drawback of PMP is its sensitivity to the initial guess for the control signal u0. For

Algorithm 1 to converge, the initial guess must correspond to an asymptotically stabilizing

control. If the initial guess is inaccurate, the iterative process may converge to a subopti-

mal solution or fail to converge altogether. This dependence on a good initial guess can

make PMP challenging to implement, especially in complex systems where determining a

reliable initial guess is difficult.
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On the suboptimality of PMP control signals We reiterate that the PMP approach

is inherently suboptimal. The two-point boundary value problem defined by equations

(2.14-2.16) provides necessary conditions for optimality, but does not guarantee sufficiency

unless additional convexity conditions on the Hamiltonian and the value function are sat-

isfied. In practice, if the Hamiltonian has multiple stationary points, the computed control

may fulfill the first-order optimality conditions but fail to represent the true minimizing

control.

Furthermore, solving the optimality system requires numerically integrating both the for-

ward state dynamics and the backward costate equations. However, these equations are

often stiff and highly sensitive to initial conditions, causing discretization errors to accu-

mulate. This can degrade the quality of the resulting feedback law.

Another source of suboptimality arises from horizon truncation error. Unlike HJB-based

approaches, which inherently encode the full cost-to-go, PMP only considers the backward-

propagated costates from a finite horizon (T < ∞). This limitation can lead to myopic

control behavior if the chosen horizon is insufficient to accurately approximate the infinite-

horizon solution.

Model Predictive Control

To retrieve closed loop controls from this method, one can rely on subsequent open-loop

solves departing from the current system configuration s, and retrieve a control action of

feedback nature by associating the first time instance of the control signal to y = s, i.e.

u(s) := u(t = 0) along the trajectory departing at s [32]. Defining a uniformly spaced

time-discretization on the time interval [0, T ] with Nsteps steps, we denote the step size as

dt = T
Nsteps+1 and define the discrete time points as th = h dt for h = 0, 1, . . . , Nsteps. The

corresponding state at each time point is denoted by sh := s(th). Starting from the initial

configuration of the system, s0 = y, we employ a receding horizon strategy to guide the

controlled evolution, as summarized in Algorithm 2.
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Algorithm 2: MPC
Data: y initial condition; T time horizon; N_steps number of time steps in [0, T ];

ε > 0 tolerance; u0 control signal guess
dt = T/(N_steps+ 1)
s0 ← y
for h = 1, . . . , N_steps do

(s(t),u(t),λ(t))← Algorithm 1 (sh−1, T , u0,ε)
u(sh)← u(t = 0); feedback control
sh ← integration of (2.14) from sh−1 for t ∈ [0, dt] with control u(sh)

Result: Feedback control u(sh) and controlled trajectory sh for h = 1, . . . , N_steps

On the link between PMP and the HJB equation

The connection between PMP and DP approach in finite horizon settings dates back to

Bellman’s early work and has been a central topic in optimal control theory since the

foundational contributions of Pontryagin [213].

Under suitable regularity assumptions on the HJB solution (here V ∈ C1), the forward-

backward dynamics derived from PMP can be interpreted as characteristic curves of the

HJB equation [258, 227]. Consequently, the value function at a given space-time point is

determined by solving the two-point boundary value problem (2.14-2.17), with its gradient

corresponding to the adjoint variable [39, 85]. We now outline this connection and refer

to [38] for further details.

In finite horizon setting, the value function is defined as

V (y, t) = inf
u(·)∈Uadm

{︃ T∫︂
t

L(s,u; τ)dτ + Ψ(s;T )
}︃

(2.30)

where s evolves according to controlled dynamics as in (2.2). The associated HJB equation

reads

∂tV (s, t) + inf
u(·)∈Uadm

{︁
(f(s) + g(s)u) · ∇V (s, t) + L(s,u; t)

}︁
= 0, (2.31)

recalling the definition of Hamiltonian in (2.13) and selecting λ(t) = ∇V (s, t) as costate,
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this can be rewritten as

∂tV (s, t) + inf
u(·)∈Uadm

H(s,u,∇V ; t) = 0 . (2.32)

Assuming the existence of an optimal control u∗, the infimum is attained and leads to

∂tV (s, t) = −H(s∗,u∗,∇V ; t). (2.33)

We conclude by considering the state gradient on both sides, obtaining the adjoint equation

(2.15) for λ∗(t) = ∇V (s∗, t):

∂t∇V (s∗, t) = −∇sH(s∗,u∗,∇V (s∗); t) , (2.34)

with terminal condition ∇V (s∗, T ) = ∇sΨ(s∗;T ). This describes how the value func-

tion gradient evolves along an optimal trajectory, effectively establishing the connection

between the PMP optimality system and the HJB equation.

This interpretation does not readily extend to infinite horizon optimal control problems of

the type (2.1-2.2), as the final condition for the adjoint variable would pathologically be

set at infinity. Several methods have been proposed in the literature to approach T →∞

with PMP [63]; in this present work, we simply consider a finite horizon T long enough

for the system to reach consensus [24].

2.1.3 State Dependent Riccati Equation

As an alternative approach for circumventing the direct solution of the HJB PDE for V , we

resort to the State Dependent Riccati Equation (SDRE) approach, providing suboptimal

feedback laws that ensure locally stabilizing effect at the limits. This is applicable to

nonlinear quadratic optimal control problems in infinite horizon setting (2.1-2.2), where

the system dynamics can be represented in semi-linear form

ṡ = A(s)s + B(s)u , (2.35)
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with state-to-state matrix valued map f(s) = A(s)s, A : Rn → Rn×n and control operator

g(s) = B(s), with B : Rn → Rn×m. Carrying over the assumtions on the system dynamics

in (2.2), we further have A,B ∈ C1, satisfying A(On) = On×n and B(On) = On×m. In

what follows, we further assume pointwise controllability in the state space, i.e. ∀s ∈ Rn

the pair (A(s), B(s)) is controllable [23].

This method is based on the idea that the value function (2.4) is non-negative by con-

struction, and with no loss of generality it can be represented as a quadratic form V (s) =

s⊤Π(s)s, with Π(s) ∈ Rn×n a symmetric matrix-valued function. In order to better de-

scribe the difficulties related to the solution of this optimal control problem, we first focus

on the linear quadratic case, where the optimal solution is computed via linear quadratic

regulator (LQR). The optimality of the feedback law is ensured by a direct link between

the LQR solution and the dynamic programming one, obtained from equation (2.11). In

non-linear settings, the parallelism between the non-linear quadratic regulator (NLQR)

and the dynamic programming approach is broken, together with the optimality of the

solution.

Linear Quadratic Regulator

Under linearity assumption, i.e. f(s) ≡ A ∈ Rn×n, g(s) ≡ B ∈ Rn×m, by using the

quadratic ansatz V (s) = s⊤Πs, Π ∈ Rn×n, we can rewrite the HJB equation (2.11) as

inf
u

{︃
2s⊤ΠAs + 2s⊤ΠBu + 1

2u⊤Ru + s⊤Qs
}︃

= 0 . (2.36)

which can be solved as before by means of first order optimality conditions, leading to an

optimal feedback of the form

u∗(s) = −Ks = −R−1B⊤Πs . (2.37)

and substituting it in (2.36), we obtain

2s⊤ΠAs− s⊤ΠBR−1B⊤Πs + s⊤Qs = 0 . (2.38)
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For (2.38) to hold for every state s ∈ Rn, Π satisfies the following algebraic Riccati equation

(ARE):

ΠA+A⊤Π−ΠBR−1B⊤Π +Q = 0 . (2.39)

We highlight that the feedback (2.37) is derived directly from the application of the dy-

namic programming principle in the linear quadratic case, ensuring its optimality.

Nonlinear Quadratic Regulator

In order to extend LQR to the nonlinear case, we re-arrange the dynamics in semilinear

state-dependent form as in (2.35) and we impose the quadratic ansatz V (s) = s⊤Π(s)s.

Similarly to the LQR design, the feedback control policy can be calculated via first order

optimality conditions. By approximating ∇V (s) ≈ 2Π(s)s and inserting it into the HJB

equation (2.11), we obtain the State-dependent Riccati Equation

A⊤(s)Π(s) + Π(s)A(s)−Π(s)B(s)R−1B⊤(s)Π(s) +Q = 0 (2.40)

to be solved for Π(s). The resulting feedback law then reads

u(s) = −K(s)s = −R−1B⊤(s)Π(s)s . (2.41)

On the suboptimality of SDRE feedback laws In the SDRE approach, suboptimal-

ity arises primarily from the way it approximates the optimal control solution by enforc-

ing a state-dependent linearization of the system dynamics. Instead of solving the fully

nonlinear optimal control problem, SDRE reformulates it as a sequence of locally linear-

quadratic subproblems. A key issue with this approach is that the semi-linearization of

the free dynamics, given by f(s) = A(s)s, is not unique for state dimensions n > 1. This

non-uniqueness means that different choices of A(·) lead to different Riccati equations

and, consequently, different feedback control laws. While this produces a stabilizing feed-

back controls, it does not necessarily yield the globally optimal law. A more fundamental

source of suboptimality lies in the approximation of the value function gradient. Equa-
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tion (2.40) holds for ∇V (s) ≈ 2Π(s)s, whereas a chain rule calculation accounting for the

state-dependency of Π(·) shows

∇V (s) = 2Π(s)s + s⊤∇Π(s)s . (2.42)

which is not captured in the SDRE (2.40), leading to a discrepancy w.r.t. the true op-

timal control derived from the HJB solution. These two sources of suboptimality are

entertwined, as the choice of A(·) directly influences the quality of the SDRE approxi-

mation. A way to leverage this fact is to optimize the choice of A(·) to minimize this

misalignment [143, 101], potentially reducing suboptimality while maintaining computa-

tional tractability.

Anoter significant limitation of the SDRE method is its dependence on the stability of

the system’s eigenvalues. If the eigenvalues of the linearized system become unstable, the

Riccati equation may fail to converge to a stabilizing solution, leading to instability in

the closed-loop system. As a result, the SDRE-based controller can become ineffective in

controlling systems with unstable eigenvalues, limiting its applicability in such scenarios.

MPC with SDRE update

The state dependency of the feedback operator K(s) in (2.41) suggests the need for solu-

tions Π(s) of (2.40) at every s ∈ Ω ⊂ Rn, where n can be arbitrarily large. Thus, solving

the SDRE (2.40) does not offer any computational advantage compared to directly solving

the original HJB equation (2.11). Between the several numerical approaches that have

been proposed to address this, we cite Taylor series method [26] and interpolation for

Π(s) [35], while we refer the interested reader to [189] for a more exhaustive review.

Following a similar approach as in [36], we realize the feedback design in a model predictive

control fashion: given the current configuration s̄ of the system, we freeze the operator

Π(̄s) ≡ Π ∈ Rn×n, meaning that (2.40) reduces to its algebraic form (2.39), where all the

state dependencies are neglected by accordingly evaluating all the operators at s̄. The

system is then evolved for a short time, after which the current state s̄ is updated. This
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procedure requires subsequently solving the linear quadratic problem associated with the

frozen system, which is addressed via the linear quadratic regulator routine.

This numerical procedure is sketched in Algorithm 3, where a controlled trajectory is

computed along the time interval [0, T ]. Defining a uniformly spaced time-discretization on

the time interval [0, T ] withNsteps steps and discrete times th = h dt for h = 0, 1, . . . , Nsteps.

Departing from the initial configuration of the system s(t0) = y, we follow a receding

horizon strategy for the controlled evolution.

Algorithm 3: MPC with SDRE update
Data: y initial condition; T time horizon; N_steps number of time steps in [0, T ]

dt = T/(N_steps+ 1)

s(t0)← y ; initial condition

for h = 0, ..., N_steps do

s̄← s(th) ; read current state

A← A(̄s), B ← B(̄s) ; freeze the system accordingly

solve (2.40) for Π;

u← −(R+B⊤ΠB)−1B⊤ΠAs̄; approximated feedback control

s(th+1)← s̄ + dt(As̄ +Bu) ; the control system evolves for dt

Result: Feedback controlled trajectory s(th) for h = 1, . . . , N_steps

2.1.4 PMP vs. SDRE update for model predictive control, a comparison

We conclude this Optimal Control background section by providing some comparative re-

marks to guide the choice between the two methodologies in different problem settings. In

Fig. 2.1, we sketch the MPC update computation using SDRE versus PMP to approximate

the feedback control.

From an implementation perspective, the SDRE approach is particularly effective

when system dynamics allow for a semi-linear factorization. It benefits from well-established

Riccati solvers, which typically have polynomial complexity O(n3) in the system’s state

dimension. While efficient for moderately large-scale systems, it becomes computation-

ally prohibitive for very high-dimensional problems due to intensive matrix operations.
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Figure 2.1: MPC update computed via SDRE versus PMP.

On the other hand, PMP-based control synthesis requires solving adjoint equations, mak-

ing implementation more intricate. However, it can exploit problem-specific sparsity and

structural properties to improve efficiency. In scenarios where agent interactions are sparse,

each agent’s costate equation (2.15) depends only on a subset of other agents, enabling

problem decomposition into smaller, independent subproblems. This facilitates scalable,

distributed computation, reducing overall complexity. Inherent system symmetries can

further simplify the problem by enforcing common optimality conditions across similar

agents [195].

Both methods provide approximation of the optimal feedback control associated with the

solution of the HJB equation (2.11). The resulting state-to-control maps are suboptimal by

construction. A fist common reason for suboptimality is the receding horizon approach,

which inherently introduces a numerical integration of the controlled trajectory, but deeper

reasons can be found for each numerical routine, as discussed earlier. A summary of the

comparison between PMP and SDRE updates for MPC can be found in Table 2.1.

For high-dimensional problems, both PMP and SDRE-based control synthesis can still
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PMP update SDRE update

Formulation TPBVP for state and adjoint
equations + optimality condition

ARE for the linearized system at
current state

Suboptimality • Truncation error for the opti-
mization horizon T < +∞

• Necessary but non-sufficient
optimality condition

• Non-uniqueness of semilin-
earization f(s) = A(s)s for
state dimensions n > 1

• Inexact gradient of the value
function ∇V (s) ≈ 2Π(s)s for
nonlinear systems

Numerical
solvers

Reduced Gradient Iteration Linear Quadratic Regulator

Complexity Iterative, can exploit sparsity
and structural properties of the
system

Riccati solvers are O(n3) due to
intensive matrix operations

Shortcomings • Asymptotically stabilizing ini-
tial guess for the control signal
is required

• The state and adjoint equa-
tions are often stiff

• Stability of the system’s
eigenvalues is required

• Can only be applied to nonlin-
ear quadratic OCP that admit
semilinearization.

Table 2.1: Comparison of PMP and SDRE updates for Model Predictive Control

demand significant computational resources in a receding horizon framework. These chal-

lenges motivate the exploration of alternative methods for efficient and scalable feedback

control approximation.

2.2 Data-driven control strategies

The numerical approximation of high-dimensional Hamilton-Jacobi-Bellman equations in

deterministic optimal control has been widely studied. While an exhaustive review is

beyond our scope, we highlight several key approaches reported in the literature.

Classical grid-based methods include sparse grids [121, 150, 149], tree-structured algo-

rithms [22], and max-plus methods [3], each designed to mitigate the curse of dimensional-

ity in structured settings. Another line of research leverages viscosity solutions [233, 129],
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providing theoretical guarantees for convergence. Additionally, representation formulas

for HJB equations have been combined with fast convex optimization solvers [83, 80, 93],

enabling efficient feedback synthesis in certain problem classes.

Beyond direct numerical solvers, alternative approaches aim to approximate the feedback

control law without explicitly solving the HJB equation. One early example is [43], where

feedback policies were constructed by interpolating finite-horizon open-loop solutions, re-

ducing the computational burden for high-dimensional systems. Polynomial-based meth-

ods, including sparse polynomial approximations [145, 146, 32], and tensor decomposition

techniques, such as tensor trains [130, 196, 197, 100, 102], have also been explored for

scalable approximations.

In recent years, artificial neural networks (NNs) have gained prominence as a powerful tool

for approximating solutions to high-dimensional HJB equations. These methods can be

broadly classified into unsupervised learning techniques [92, 82] and supervised learning

approaches [148, 81, 187, 186, 147], with [198] offering a comparative study of different

approximation models. More generally, deep learning algorithms for solving PDEs have

been extensively investigated in works such as [252, 109, 135, 169], highlighting their

potential beyond HJB-specific applications.

Building on this extensive body of work, the majority of the projects presented in this

thesis utilize a supervised learning-based computational method to accelerate the solution

of large-scale optimal control problems. By circumventing the explicit solution of the

HJB PDE, this approach relies on offline approximations of the feedback law, significantly

reducing the computational burden during online implementation. In particular, we focus

on neural network approximation models, which are briefly introduced in the remainder

of this section.

2.2.1 Feedforward Neural Networks

An artificial neural network of feedforward type is associated with a directed acyclic graph

(V, E) defining the architecture of the model, with E finite set of directed edges and V a
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finite set of vertices (or nodes), which is partitioned in three proper distinguished subsets:

• Set I consisting of the input vertices, having only outgoing edges, while receiving

input scalars from outside the network.

• Set O containing the output vertices, with only incoming edges. For every network

input, these vertices will store the corresponding output value of the model.

• Set H = V ∖ {I,O} of hidden vertices storing intermediate values.

Vertices v ∈ V ∖ I are associated with a non-linear activation function σv : R→ R and a

bias bv ∈ R, whilst for every edge e ∈ E there is a weight we ∈ R. The weights and biases

are the trainable parameters of the network, and they define a family of many output

functions. At each vertex v ∈ V ∖ I we place a computational unit (neuron) defined as

xv := σv

(︃
bv +

∑︂
v′ s.t. ∃e∈E
e=(v′,v)

wexv′

)︃
, (2.43)

where xv′ is the output of the neuron at vertex v′.

The first class of model we will consider is the one of fully-connected FNNs, where the

vertices are organized into layers, and each vertex of every layer is connected via outgoing

edges to all vertices in the next one. This family of models is characterized by the flowing

of information from the input nodes to the output ones without forming any cycles or

loops, as shown in Fig. 2.2.

Under the above assumptions, these architectures approximate general functions ψ through

a sequence of layered transformations l1, . . . , lK , resulting in ψ̃ = ψθ ≈ ψ where

ψθ(x) = lK ◦ . . . ◦ l2 ◦ l1(x), lk(x) = σk(Wkxk + bk). (2.44)

Each layer lk applies a nonlinear activation function σk element-wise to a linear trans-

formation of its input xk. Assuming the k-th layer to have nk neurons, the parameters

Wk ∈ Rnk−1×nk and bk ∈ Rnk represent the weight matrix and bias vector for the k-th
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Figure 2.2: Directed acyclic graph of a fully connected FNN.

layer respectively, defined as

bk =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

bv1

bv2

...

bvnk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
[︃
Wk

]︃
i,j

= w(v′
i,vj) (2.45)

where v′
i and vj denote vertices in the (k − 1)-th and k-th layers, respectively, with i =

1, . . . , nk−1 and j = 1, . . . , nk. We use the same activation function for all neurons within

a given layer, with σ1 = σK being the identity function.

2.2.2 Recurrent Neural Networks

Recurrent neural networks are a class of models which can be obtained from FNNs by

allowing loop connections between layers. This architecture is particularly well-suited for

processing sequential data. When a sequence is fed as an input, while the output is a

single vector, the RNN is said many-to-one; vice versa, a RNN receiving a single input

vector and producing a sequence of outputs is called one-to-many. A many-to-many RNN

is characterized by input and output of sequential type, while one-to-one RNNs deal with

non-sequential data.

In this thesis, we extend FNNs into RNNs by allowing hidden layers to be one-to-one
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Long Short Term Memory (LSTM) cells which – for every input x – generate output h

according to the following system of equations

i = ρ
(︁
Wi x + bi

)︁
c̃ = σ

(︁
Wc x + bc

)︁
c = i⊙ c̃

o = ρ
(︁
Wo x + bo

)︁
h = o⊙ σ

(︁
c
)︁

input gate

candidate value

cell value

output gate

final output

(2.46)

where (assuming xk ∈ Rnk), the weight matrices Wi, Wc, Wo ∈ Rnk×nk+1 and the bias

vectors bi, bc, bo ∈ Rnk+1 are the trainable parameters, σ(·) is the activation function, and

ρ(·) is the recurrent activation function. The number nk denotes the number of neurons in

the k−th cell. For convenience, we denote Wk = (Wi,Wc,Wo)⊤ and bk = (bi, bc, bo)⊤.A

visual representation of the flux of information through a LSTM cell can be found in

Figure 2.3.

Figure 2.3: One-to-one LSTM cell, visualization of equation (2.46)

2.2.3 Training

In a supervised learning environment, the trainable parameters θ = {Wk,bk}Kk=1 are to

be computed as minimizers of a suitable loss function measuring the approximation error

within a set of sampled data (training set) T = {x(i), ψ(i)}Ns
i=1 where ψ(i) := ψ(x(i)):

θ∗ = argmin
θ

LNN (ψ,ψθ) , LNN (ψ,ψθ) =
∑︂
T
lNN (ψ(i), ψθ(x(i))) . (2.47)
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In particular, we consider

LNN (ψ,ψθ) = MSE(ψ,ψθ) , lNN (ψ(i), ψθ(x(i))) = ∥ψ
(i) − ψθ(x(i))∥2

Ns
. (2.48)

Training convergence is assessed via the loss LNN , computed on a held-out validation set.

Models are trained for a fixed number of epochs, and the best-performing configuration is

selected based on minimum validation loss. The number of layersK, the number of neurons

per layer, the set of activation functions {σk}K−1
k=2 in the hidden layers, and eventual other

parameters represent further degrees of freedom defining the architecture Θ of the NN.

They are to be computed as result of the hyper-parameter tuning phase, which amounts to

choose, between trained models ψθ[Θ] having different architectures, the one performing

better w.r.t. some error measure (e.g. the root mean squared error)

Θ∗ = argmin
Θ̃

√︂
MSE(ψ,ψθ[Θ]) , MSE(ψ,ψθ) = 1

Nt

∑︂
Tv

∥ψ(j) − ψθ(x(j))∥2
∥ψ(j)∥2

(2.49)

where Tv = {x(j), ψ(j)}Nv
j=1 is the validation set such that T ∩ Tv = 0.

2.2.4 Example: Gradient-augmented supervised learning of SDRE feed-

back laws

We proceed by providing an example of the NN approximation routine for SDRE feedback

controls in the context of PDE-constrained optimization, based on the work published in

[8]. This test builds upon a similar example from [100], where we consider the control of

the nonlinear Allen-Cahn PDE

∂tx(ξ, t) = 0.1∂2
ξξx+ x(1 + x2)− χω(ξ)u(t) (2.50)

in [0, 1] × R+ with Neumann boundary conditions, where the scalar control signal u :

[0,+∞] → R acts through the indicator function of the interval ω = [0.6, 0.9]. Without

control action, these dynamics are bistable with x ≡ ±1 being the stable equilibria. We
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are interested in minimizing

J (y,u(·))(u, x) =
∫︂ +∞

0
||x(ξ, t)||2 + 0.1u2(t)dt , (2.51)

thus stabilizing the dynamics towards the equilibrium x = 0. The PDE (2.50) is discretized

in space via finite differences with N = 51 degrees of freedom, leading to a system of non-

linear ODEs

ẋ = Ax + x⊙ (1 + x⊙ x) + Bu(t), (2.52)

where x(t) = (x(ξ1, t), ..., x(ξN , t)) is the discrete state, ⊙ denotes the Hadamard product

and A,B correspond to a discretization of the Laplace operator and the indicator function

χω(ξ) over a uniform grid {ξi}Ni=1.

Synthetic data generation

The control laws to be approximated rely on the pointwise solution of the SDRE (2.40), for

which we resort to the lqr routine in MATLAB. The samples for training were generated

from initial condition vectors {x(i)}Ns
i=1 ∈ Ω ⊂ Rn, computed using Halton quasi-random

sequences in [0, 1]n.

Similarly to what is presented in Section 3.4, we consider two alternative NN approxima-

tion targets:

• Learning u(x): we train a model for the vector-valued feedback law u(x) : Rn →

Rm upon a set of Ns training states {x(i)}Nsi=1, the solution of the corresponding

Π(x), and the controls u(x) via (2.37).

• Learning V (x) we train a model for the scalar function V (x) : Rn → R from

V (x) = x⊤Π(x)x and its gradient ∇V (x) = 2Π(x), where Π(x) is a positive definite

solution of (2.40) for each x(i). The feedback law is then expressed as u(x) =

−1
2R−1B(x)⊤∇V (x).

Both alternatives are a direct supervised learning formulation of the SDRE approach, with

the common objective of synthesizing a feedback requiring a reduced number of operations
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for online implementation. The advantage of the second formulation resides in the training

of a scalar function, for which both function and gradient values are available as a by-

product of solving the SDRE. Once the solution of the SDRE is computed for each sample

x(i), i = 1, . . . , Ns, the training set {x(i),u(x(i))}Ns
i=1 for uθ can be computed as in (2.37),

while the ANN Vθ is trained upon an enriched dataset, containing both the value function

V (x(i)) and its gradient ∇V (x(i)).

Training and goodness of fit

The sampling datasets are split into training set T and validation set Tv with a ratio of

80/20. For training the different models, we rely on the mean squared error as measure of

the approximation error LNN0 . In the gradient-augmented regression for V , we additionally

incorporate a penalty term to account for discrepancies in the derivative information:

LNN0 (ψ,ψθ) =
Ns∑︂
i=1

∥ψ(i) − ψθ(x(i))∥2
Ns

,

LNN1 (ψ,ψθ) = LNN0 (ψ,ψθ) + µ
n∑︂
j=1
LNN0

(︃
∂ψ

∂xj
,
∂ψθ
∂xj

)︃
,

(2.53)

where xj denotes the j−th dimension of the input variable x, and ψ is a general function

of the state x approximated by the NN ψθ. In this example, we focus on FNN models and

select the architecture based on the goodness of fit in the validation set, measured using

the coefficient of determination

r2 = 1−
∑︁

Tv
∥ψ(x(j))− ψθ(x(j))∥2∑︁
Tv
∥ψ(x(j))− ψ̄∥2

, (2.54)

for ψ̄ sample mean of the target variable in the data.

The minimization of the loss function (2.53) is performed using the quasi-Newton method

lbfgs. Other than that, the parameters to be optimized are the number of hidden layers,

the number of neurons per layer, the activation function, and the number of epochs taken

into account during the training (we fixed the batches’ size to 100). For Vθ(x), we also

optimize the hyper-parameter µ weighting the gradient term in LNN1 . The goodness of fit
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of the trained models is finally evaluated in the test set, a uniform grid of N = 104 points

within the state space, where the approximated control is compared with the pointwise

computation through the SDRE solution.

Numerical Test

We consider a dataset {x(i), V (x(i)),∇V (x(i))}Ns
i=1 with Ns = 1000, where the states have

been sampled from [−2, 2]51. We train a model for Vθ with 3 hidden layers, 500 neurons

per layer, and activation function σ(x) = max(0, x). The best configuration of hyper-

parameters is found to be µ = 7.5, with the NN being trained for 71 epochs. Finally,

we test the trained model Vθ in a test grid of points in [−2, 2]51. For the model uθ,

the architecture is built with 4 hidden layers, with 500 neurons per layer, and activation

function σ(x) = max(0, x). In this example, also the output layer for uθ is made only of

a single neuron, since the feedback law is a scalar in R. The model was trained for 50

epochs.

predicted variable r2 MSE
Vθ 0.81681 0.00024628
∇Vθ 0.87114 0.00025852
uV 0.91976 0.012181
uθ 0.85443 0.022098

Table 2.2: Goodness of fit.

In Figs 2.4 and 2.5 we compare the trajectories resulting from the integration of the dis-

cretized dynamics (2.52) with t ∈ [0, 10], for an initial condition x(ξ, 0) = 1 + (1 − ξ)ξ,

and different feedback laws: the constant zero function, the feedback obtained consid-

ering the linear control operator K0, the control resulting from the gradient-augmented

approximation Vθ, and the one given by uθ. In this high-dimensional local problem, the

approximation done through the gradient-augmented model Vθ happens to outperform uθ

in terms of goodness of fit. On the other hand, observing the different closed-loop evo-

lutions and control signals, we can see how both approximate feedback laws succeed in

stabilizing the trajectories near x = 0, while the uncontrolled system is stable in x = 1

and the u0 results in a system which, for t = 10 has not yet approached the equilibrium.
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Figure 2.4: Right: uncontrolled state, converges to x = 1. Middle: controlled state with
linearized feedback u0(x) = −K0x around the origin, fails to stabilize. Left: the nonlinear
feedback uV stabilizes the system towards the origin.

Figure 2.5: Different control signals: u0, uθ and uV . In this test the feedback law trained
with gradient-augmented data uV outperforms uθ.

Concluding remarks This numerical example presented the computational method

from [8] for approximating stabilizing feedback laws in nonlinear dynamics using a su-

pervised learning approach. The training data is derived from the pointwise solution

of the SDRE. We examined the approximation of feedback control via FNNs, exploring

various architectural choices and loss functions for training. Our computational results

demonstrate that for high-dimensional nonlinear problems, the SDRE feedback law can

be effectively approximated using FNNs, eliminating the need for a fast ARE solver in

real-time closed-loop control.

Problems where a linear structure is more prominent, such as in the control of semilinear

parabolic PDEs, learning a model for a local approximation of the value function V (x)

and computing the control from its gradient is an accurate and more efficient alternative

w.r.t. directly learnign the feedback control u(x).
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2.3 Deflation method for polynomial systems and PDEs

We conclude this background chapter by introducing a numerical technique that plays a

pivotal role in identifying distinct solutions to non-linear systems of equations. The tech-

nique combines Newton’s iteration with a deflation routine, which systematically elimi-

nates previously identified solutions to uncover new ones.

Consider the root-finding problem for scalar polynomials as a motivating example. A

standard Newton method typically converges to only a single root within the basin of

attraction where the initial guess resides. To compute multiple roots, one would tradi-

tionally need to initialize different starting points, hoping they fall into distinct basins of

attraction. Instead, the deflation technique transforms the landscape of the root-finding

problem by effectively "hiding" previously identified solutions, reshaping the basins of at-

traction. As illustrated in Figure 2.6, this process allows a single initial condition to be

used iteratively to recover all solutions.

If an iterative algorithm is used to determine the zeros a1, . . . , an of a polynomial q(a),

distinct roots can be identified by applying the same iterative algorithm to the modified

function:

d(a) = q(a)
n∏︁
i=1

(a− ai)
. (2.55)

Deflation was introduced in the study of polynomials in [250] and later extended in [60] to

differentiable finite-dimensional maps F : Rn → Rn. The generalization of this deflation

technique to infinite-dimensional Banach spaces was proposed in [111]. This technique

has gained popularity due to its effectiveness and is widely used in various fields, often in

combination with continuation and barrier methods, particularly in topology optimization

and other engineering applications. and has been successfully applied in various contexts

[73, 164, 199]. Below, we briefly outline the key elements of the deflation algorithm.

The procedure aims at systematically changing the PDE (or polynomial system) residual

F so that known solutions are progressively ruled out. Namely, we are going to construct

a new function D(·) having all the zeros coinciding with the roots of F(·), except for those
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Figure 2.6: Illustration of the deflation technique applied to a root-finding problem. The
first panel shows a standard Newton method converging to a root (pink star) from an
initial guess (black circle) within the root’s basin of attraction. Subsequent panels demon-
strate how deflation progressively alters the basins of attraction, allowing the same initial
condition to reach different solutions iteratively, until the root-finding method ultimately
diverges for the given initial guess.

we have already found. As a clarifying example, let us assume we have already identified

a solution r of F(a) = 0, then

D(a) =M(a, r)F(a) (2.56)

where M(a, r) is a deflation operator, i.e. M is invertible, and M(a, r)F(a) = 0 if and

only if F(a) = 0.

Different classes of alternative choices of deflation operatorM are proposed in [111], among

which we consider the shifted exponential-norm deflation operator that specifies

D(a) =
(︃ I
η(a) + Iξ

)︃
F(a) , η(a) = ∥a − r∥p , (2.57)

where I denotes the identity operator, p is the deflation power and ξ ≥ 0 is the shift

parameter. The deflating term η(a)−1 ensures that D(r) ̸= 0, while the shift operator Iξ

forces the norm of the deflated residual to not vanish artificially as ∥a − r∥ → ∞.

2.3.1 Computing the derivative of the deflated operator

In the following we assume that roots are found using Newton’s method. Provided that,

starting from an initial condition a0, the first root r0 of F has already been found, the
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problem reduces to D(·)=0, for which the Newton’s iteration reads

an+1 = an − D(an)
D′(an) . (2.58)

This motivates a brief discussion of how to conveniently compute the derivative D′(·). We

focus on the case

D(a) =
(︃ I
η(a)

)︃
F(a) , η(a) =

n∏︂
i=0
∥a − ri∥p , (2.59)

as the generalization to (2.57) is straightforward. We write the deflation routine in a

recursive way w.r.t. the number of roots.

• At the very first step, with only one known solution r0 to F(a) = 0, we have

D(a) =
(︃ I
η0(a)

)︃
F(a) , η0(a) := ∥a − r0∥p , (2.60)

with derivative

D′(a) = F
′(a)

η0(a) −
F(a)

(η0(a))2 ⊗ η
′
0(a) . (2.61)

where ⊗ denotes the outer product. Assume that, by applying Newton’s method for

D(a) = 0 from the same initial guess a0, we find the second root r1.

• At the n−th iteration of the deflation loop, assuming to know roots r0, . . . , rn−1, the

adjusted residual operator D reads

D(a) =
(︃ I
ηn(a)

)︃
F(a) , ηn(a) = ηn−1(a) τ(a) , (2.62)

for the temporal variable τ(a) = ∥a − rn−1∥p and, dropping all the dependencies

w.r.t. a, we have the derivative

D′ = F
′

ηn
− F
η2
n

⊗
(︁
η′
n−1 τ + ηn−1 τ

′)︁ . (2.63)

Newton’s method is then used to find the next root rn of D(a) = 0.
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The deflation loop stops when the root finding technique diverges for a given deflated

operator.

A pseudocode for this routine is provided in Algorithm 4. A crucial consideration for the

deflation algorithm is the selection of suitable stopping criteria, as once all roots have been

found, the algorithm will naturally fail to converge. However, numerical instability can

also prevent convergence as the number of roots in the deflation operator increases.

Algorithm 4: Deflated Newton
Data: Function F and its derivative F ′, initial guess, deflation parameters p, ξ,

convergence tolerance ε≪ 1
max_iteration = 103, solutions← {}, exit_flag = false; initializing
η0(∗)← 1, η′

0(∗)← 0, τ(∗)← 1, τ ′(∗)← 0 ; deflation operators
m← 0 ; count of identified roots
while not exit_flag do

t← guess ; initial guess
update≫ 1, iteration← 0; reset convergence flags
while update > ε and iteration < max_iteration do

iteration + = 1;
f ← F(t), df ← F ′(t);
D ← (2.57), D′ ← (2.63); compute deflated system
tnew ← t− pinv(D′) · D; update root candidate
update← ∥tnew − t∥;
t← tnew;

if iteration = max_iteration then
exit_flag = true;

else
solutions← solutions ∪ {t} ; store solution
m+ = 1;
τ(∗)← ∥ ∗ −t∥p ; Update deflation operators
τ ′(∗)← p · ∥ ∗ −t∥p−2 · (∗ − t);
ηm(∗) = ηm−1(∗)τ(∗);

Result: list solutions, containing the roots of F

2.3.2 Numerical considerations and limitations of deflation methods

While deflation techniques have proven effective for computing multiple solutions to non-

linear problems, they are not without numerical limitations.

The core idea of deflation is to systematically modify the nonlinear residual to introduce

singularities at previously discovered solutions, hence preventing the solver from converg-
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ing to them again. However, this modification leads to a cumulative degradation in the

conditioning of the resulting nonlinear system. As additional solutions are deflated, this

can adversely affect the convergence behavior of Newton-type solvers.

In practical applications, these issues are most apparent after a large number of solutions

have been deflated. For instance, in problems with translation-invariant steady states

or symmetry-induced multiplicities, even a well-tuned Newton solver may diverge after

several deflations. This phenomenon has been documented in the literature (e.g., [111])

and was also observed in the experiments conducted in this thesis.

Deflation has been applied successfully to high-dimensional problems, including PDEs

discretized on fine spatial grids. However, its performance in such settings is sensitive

to the size of the problem and the accumulation of deflation terms. In high dimensions,

numerical instabilities, increased memory usage, and deteriorating convergence rates all

present challenges that limit the scalability of the method.

Furthermore, deflation methods assume that the Newton solver remains effective near

the solution set. This assumption breaks down in the presence of degenerate critical

points—that is, locations where the gradient vanishes but the Hessian is singular. At

such points, standard Newton updates become undefined or unreliable, and deflation can

exacerbate the problem by introducing additional singular behavior in the residual.

Overall, while deflation offers a powerful framework for exploring solution multiplicity,

its numerical behavior must be carefully monitored, particularly in high-dimensional or

degenerate regimes.

2.3.3 Example: Time optimal feedback control of nilpotent linear sys-

tems using neural networks

In this section, we present an example illustrating the use of the deflation algorithm to

find multiple roots of polynomial systems linked to the solution of a specific type of OCPs.

More specifically, summarizing the work in [49], we study the synthesis of time-optimal

control laws, i.e. external inputs that steer a dynamical system to a target in the least
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amount of time.

Let A be an n× n real matrix, B = (b1, . . . , bn)⊤ ∈ Rn an n-dimensional real vector, and

y ∈ Rn a given point. We aim at finding solutions of the form (T,Ω, u, s) to the linear

system of differential equations

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ṡ(t) = As(t) +Bu(t)

s(0) = y

s(T ) = 0,

(2.64)

where T is called the total time of the system 2.64, and is it given by T = t1 + · · · + tn

for non-negative ti ∈ R, which we call switching times. The domain Ω is the union of

subintervals Ωi = [Ti−1, Ti), with T0 = t0 = 0, and Ti = ∑︁i
j=1 tj , for every 1 ≤ i ≤ n− 1,

and Ωn = [Tn−1, Tn].

According to Pontryagin’s maximum principle [212, Theorem 2], time-optimal control

signals for this problem can be parametrized as sequences that switch among a finite

set of values. The function u(t) is hence a piecewise-constant function on Ω called the

control function of the system (2.64) taking values between 1 and −1 on each Ωi. In

particular, the theorem shows that the optimal control is constant on each subinterval Ωi,

taking values of only −1 or 1. Such a control is known as bang-bang for its discontinuous

switching of signs.

The trajectory function s : Ω → Rn is defined as the unique solution to the differential

equation (2.64). We say that such a solution (T,Ω, u, s) is optimal if for any other solution

(T̃ , Ω̃, ũ, s̃), we have that the total time T ≤ T̃ .

For this class of linear dynamical systems, this parametrization allows us to reformulate the

feasibility of an optimal switching sequence as the existence of non-negative solutions to a

polynomial system of equations. To determine feasible switching sequences, we compute

all roots of the associated polynomial system and identify the real, non-negative solutions.

Since multiple roots naturally arise in this setting, the deflation technique introduced

earlier offers a systematic approach for recovering all distinct solutions. By applying
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deflation iteratively, we obtain the complete set of roots and extract the real, non-negative

ones, which correspond to valid optimal switching sequences.

While this approach provides open-loop control solutions, real-world applications often

require robustness to uncertainties and disturbances. A more resilient alternative is to

construct state-to-control mappings, allowing for real-time adaptation through feedback

control.

Nilpotent Linear Time-invariant Systems

In this section, A is assumed to be a nilpotent matrix with nilpotency index n. Since

in this case A = (Aij)i,j is similar to an n × n nilpotent Jordan block, without loss of

generality, we assume that Aij = δi,j−1, for i, j = 1, . . . , n, where δ is the Kronecker delta.

Proposition: Let b,x ∈ Rn be fixed. If (T,Ω, u, s) is a solution to (2.64), where

s(t) = etAs(0) + etA
∫︂ t

0
e−τAB u(τ) dτ, (2.65)

for t ∈ Ω and an n× n nilpotent Jordan block A, then

0 = −u(0)
n∑︂
k=i

bk
∑︂

α1,...,αn≥0
α1+···+αn=k

(−1)max{i : αi ̸=0} t
α1
1 · · · tαn

n

α1! · · ·αn! +
i−1∑︂
j=0

xn−j
T i−j−1

(i− j − 1)! , (2.66)

for every i = 1, . . . , n, where (x1, . . . , xn)⊤ = y.

Example: In R3, a solution (2.64) leads to a the system of equations (2.66), which in

the case n = 3 is of the form

0 = u(0)(t1 − t2 + t3) + x3,

0 = u(0)
(︄
t21
2 + t1t2 + t1t3 −

t22
2 − t2t3 + t23

2

)︄
+ x2 + (t1 + t2 + t3)x3,

0 = u(0)
(︄
t33
6 + t21t2

2 + t21t3
2 + t1t

2
2

2 + t1t2t3 + t1t
2
3

2 − t32
6 −

t22t3
2 − t2t

2
3

2 + t33
6

)︄

+ x1 + (t1 + t2 + t3)x2 + (t1 + t2 + t3)2

2 x3,
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for u(0) = ±1. Note that from a solution of (2.66), with u(0) = ±1 and non-negative

switching times ti, we can recover a control function and thus a solution of the form

(2.65) to the system of differential equations (2.64). In the following, we focus on finding

solutions to (2.66) subject to these two conditions. By results found in [212, Theorem 11,

12], if there exists a solution of (2.66) with u(0) = ±1 and non-negative switching times

ti, then the recovered control function u(t) is the unique optimal control for the system

(2.64).

Deflated Newton’s method

To determine all possible solutions of the polynomial system (2.66), we rely on the deflation

routine discussed in Section 2.3. In the context of this project, F(t) = (f1, . . . , fn)⊤ will

be the polynomial system from (2.66), with t := (t1, . . . , tn) vector of switching times.

Moreover, we consider the deflated system of equation as in (2.57), with Jacobian

F ′ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂t1f1 ∂t2f1 · · · ∂tnf1

∂t1f2 ∂t2f2 · · · ∂tnf2
...

... . . . ...

∂t1fn ∂t2fn · · · ∂tnfn

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (2.67)

where the partial derivative of some fk with respect to the switching time tq is the poly-

nomial

∂tqfk = −u0
∑︂

α1,...,αn≥0
α1+···+αn=k−1

(−1)min{min(1≤i≤n|αi ̸=0),q} t
α1
1 · · · tαn

n

α1! · · ·αn! +
k−2∑︂
l=0

xn−l+1
T l

l! . (2.68)

This explicit form of the Jacobian of F is instrumental to computing the derivative of the

deflated system, as discussed in 2.3.1.

We terminate the deflation loop either when the root-finding method fails to converge or

when the theoretical maximum number of solutions is reached. In the reference paper

[49], we discuss the Hermite quadratic form and show how its signature can be used to

determine the existence of non-negative real roots of a system of polynomial equations.
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This can be used as a methods to bound the number of feasible solutions of 2.3.1, which

are exact in most cases, and are better than then naive factorial bound n!.

Feedforward Neural Network Classifier

The numerical procedure developed so far generates open-loop controls, which are effec-

tive under ideal conditions where the system dynamics and initial conditions are precisely

known. However, in real-world applications, uncertainties, disturbances, and modeling

inaccuracies can lead to deviations from the desired trajectory. This issues are well under-

stood in the control literature, particularly in the context of stabilizing control, and are

typically mitigated by adopting a closed-loop control approach, which is inherently more

robust. Closed-loop controls are state-to-control mappings that determine the optimal ac-

tion based on the system’s current state. Unlike open-loop control signals, which prescribe

an optimal trajectory based solely on the initial condition, feedback controls are computed

dynamically as the system evolves. This adaptability allows them to correct deviations

from the optimal trajectory, enhancing robustness to uncertainties and disturbances.

Open-loop solvers, like the one here proposed, can be utilized to synthesize feedback

controls in a MPC fashion. However, as discussed in Section 2.1.2, these approaches

typically come with a high computational cost due to the need for frequent recomputation

of the optimal trajectories. Similarly to what we discussed in Section 2.2, we alleviate this

issue by considering a Neural Network approximation of the state-to-control mapping.

Given the bang-bang (binary) nature of the control in the problem under consideration,

we frame the feedback approximation as a classification task rather than relying on

regression. This means that the output of our model will be of discrete nature in {−1, 1}.

In particular, we focus on FNN-type of architectures with a sigmoidal final layer

lM (zM ) = 1
1 + e−zM

, (2.69)

where, as before in (2.44), the function is applied component-wise to the entries of the

layer input zM . This function maps any real-valued input into the range (0, 1), making it

57



particularly suitable for binary classification tasks, as the output can be interpreted as a

probability:

P
[︁
u(z) = 1

]︁
=: uθ(z), P

[︁
u(z) = −1

]︁
=: 1− uθ(z). (2.70)

By denoting the approximation of the feedback control as ũ(z) ≈ u(z), we define it as the

most likely event under the probability uθ:

ũ(z) =

⎧⎪⎪⎨⎪⎪⎩
1, if uθ(z) ≥ 0.5,

−1, otherwise.
(2.71)

This formulation not only provides a classification decision but also quantifies the confi-

dence of the model in the forecast.

The network is trained to minimize a cross-entropy loss function on data, ensuring the

output probabilities align with the provided labels. The number of layers and neurons is

selected to balance model complexity and computational efficiency, and hyperparameters

such as learning rate and batch size are tuned using a grid search and aiming at maximizing

the approximation performance. These choices are problem-specific and will be clarified

for each numerical test.

In this case, the binary cross-entropy loss function measures how well the neural network’s

predicted probabilities align with the true binary labels (u(z) ∈ {−1, 1}). The binary

cross-entropy loss for a single data point z is given by:

lNN (z, u(z)) = −
[︁
ζ log(uθ(z)) + (1− ζ) log(1− uθ(z))

]︁
,

where:

• ζ ∈ {0, 1} is the true label, with ζ = 0 corresponding to u(z) = −1 and ζ = 1

corresponding to u(z) = 1,

• uθ(z) is the network’s predicted likelihood that u(z) = 1, as in (2.70).
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For a dataset of N samples, the total binary cross-entropy loss is:

LNN = 1
N

N∑︂
j=1

[︁
− ζj log(uθ(z(j)))− (1− ζj) log(1− uθ(z(j)))

]︁
. (2.72)

This loss function encourages the network to predict probabilities uθ(z(j)) close to 1 when

ζj = 1 and close to 0 when ζj = 0, effectively learning the mapping from states z(j) to

control labels u(j).

The model’s performance is assessed through the accuracy, measuring the proportion of

correctly predicted labels out of the total number of samples

Accuracy = 1
N

N∑︂
j=1

1(ũ(z(j))=u(j)),

where 1 denotes the indicator function.

Numerical Tests

In this section, we evaluate the proposed methodology on an nth order integrator system,

where n ranges from 2 to 5. The discussion includes the process of data generation, the

architecture of the model, and the chosen hyperparameters.

For the generation of training and testing datasets, we utilize the deflation routine and

solve the polynomial system in (2.66). We begin by generating Ns sample points in the

state space, denoted as {y(i)}Ns
i=1. For each initial condition, we evaluate the solvability of

the polynomial system under the two possible initial control values, u0 = 1 and u0 = −1.

To ensure the accurate detection of switching surfaces, we further store the state and

control information for a sequence of 100 points along the resulting optimal trajectory

generating from each initial condition. This process results in a dataset consisting of

N = 100Ns entries:

T = {y(i), u
(i)
0 }i ∪ {s(i)(tk), u(i)(tk)}i,k for i = 1, . . . , Ns, k = 1, . . . , 100, (2.73)
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where s(i)(t) is the optimal trajectory departing from y(i) and tk’s are uniformly spaced

discrete times in (0, T ]. For convenience, we will denote the input uθ(·) as z, and rearrange

the training set as

T = {z(j), u(j)}Nj=1 , (2.74)

where N = 100Ns.

The training is performed using the Adam optimizer, which efficiently handles the stochas-

tic gradient descent steps with adaptive learning rates. The dataset is split into two

subsets: 90% for training, 10% for testing.

Across the numerical examples, we demonstrate how leveraging the confidence interpre-

tation of uθ can improve approximation performance. We evaluate the robustness of the

feedback approximation under noisy trajectories and highlight the computational advan-

tages of using Hermite quadratic forms to bound the number of roots identified through

deflation.

2nd order We consider the time-optimal control problem

min
u(t)

T s.t.

⎧⎪⎪⎨⎪⎪⎩
ṡ1 = y2 , s1(0) = y1 , s1(T ) = 0 ,

ṡ2 = u , s2(0) = y2 , s2(T ) = 0 ,
(2.75)

whose solution is a piecewise constant function, starting from an initial control u0 ∈

{−1, 1} and switching at times t := (t1, t2)⊤, computed by solving the associated polyno-

mial system (2.66), which for n = 2 reads:

⎧⎪⎪⎨⎪⎪⎩
t1 − t2 + y2 = 0
t21
2 + t1t2 −

t22
2 + y1 + y2(t1 + t2) = 0

for (u0 = 1),

⎧⎪⎪⎨⎪⎪⎩
t1 − t2 − y2 = 0
t21
2 + t1t2 −

t22
2 − y1 − y2(t1 + t2) = 0

for (u0 = −1).

(2.76)

60



Figure 2.7: The trained classifier identifies the switching surface as a low-confidence region.

Admissible solutions of (2.76) specify the optimal trajectory, starting from y := (x1, x2)

with control u0 and switching times t. We generate a dataset by sampling Ns = 50 nor-

mally distributed initial conditions {y(i)}Ns
i=1 in the numerical domain [−1, 1]2 and coupling,

along the optimal trajectories, states s(i)(tk) with the associated control u(i)(tk) ∈ {−1, 1},

for 0 = t0 < . . . tk < . . . t100 = T .

We rely on the N = 100 ·Ns generated data pairs in T to train a NN classifier mapping

states z into the associated feedback uθ(z). After a grid search over a number of possible

feedforward architectures, we select uθ(·) to have a single hidden layer of width n2 = 100

neurons and σ2 = tanh(·) as activation function. We train the model to minimize the loss

function (2.72) over the training set via Adam, a first-order gradient-based optimization

method [151].

After training, the model achieves a test set accuracy of 99.38% with a corresponding loss

L = 0.0156. In Figure 2.7, we show how the trained classifier labels points in [−0.25, 0.25]2.

The model assigns controls with high probability to points on either side of the switching

surface, while points lying directly on the surface are associated with lower confidence, as

indicated by the lighter colors in the figure.

All optimal trajectories eventually intersect the switching hyperplane and travel along
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it until reaching the origin. Therefore, the model’s accuracy on the switching surface is

crucial for achieving a reliable feedback approximation. At this point, we have two options:

• we rely on the classification provided by the neural network uθ, disregarding its low

confidence,

• or we define a confidence threshold, and if the confidence falls below this thresh-

old, we invoke the open-loop solver to determine the feedback control at the low-

confidence point.

We compare these two procedures in Figure 2.8. The trajectory controlled through the

NN feedback approximation, is integrated via explicit Euler, with time-step 5−4. The

enhanced approximation, relying on the polynomial system solution when the classifier

confidence is below ε = 0.01, is triggered on 1% of the trajectory points and doesn’t

improve significantly the approximated optimal horizon TNN . We conclude that, in this

first example, even low-confidence points are classified correctly via uθ.

Figure 2.8: Comparison of the optimal trajectory computed via deflation with the one
controlled with the classifier uθ. On the left, the NN feedback is solely determined via uθ,
whilst on the right we rely on the identification of the solution of the polynomial system
(2.76) to identify the feedback at low-confidence points.

3rd order Similar to what we have discussed in the previous section, we consider the
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time-optimal control problem subject to

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

ṡ1 = s2

ṡ2 = s3

ṡ3 = u

(2.77)

with state variable s := (s1, s2, s3) and boundary conditions s(0) = y := (y1, y2, y3),

s(T ) = 0. The polynomial system (2.66) features 3 equations for the unknown switching

times (t1, t2, t3) =: t. Relying on the deflation routine, we sample state and controls along

the optimal trajectories departing from Ns = 5000 normally distributed initial conditions

in [−1, 1]3. The resulting dataset is used to train a model uθ characterized by a single

hidden layer with width n2 = 80 and σ2 = tanh(·) activation function. After training,

the model reaches 99.12% accuracy in the test set, associated with a loss L = 0.0334.

In this example, the enhanced feedback approximation, calling the polynomial solver for

identifying the control at points with confidence below ε = 0.005, occurs on 4.08% of

the trajectory points, and improves the approximated horizon when compared to the

trajectory controlled solely via uθ. We show the results in Figure 2.9, where the NN-

controlled trajectory is computed via a forward Euler scheme with stepsize 10−3, whilst

the optimal trajectory is computed through exact integration.

Figure 2.9: Comparison of the optimal trajectory with the uθ-controlled (left) and with
the confidence-enhanced approximation (right). The reliance on the polynomial solver for
low-confidence points improves the approximation, as the time TNN needed to reach the
origin decreases.
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We motivated the introduction of the feedback NN approximation for achieving robust-

ness against noise. To evaluate this, we introduce white noise into the last component

of the system. Specifically, at every discrete integration time t we add (0, 0, η(t)), where

η(t) ∼ N (0, σ2), with σ2 = 0.02. Starting from the same initial condition, we perform

a Monte Carlo simulation for both the open-loop and the approximated feedback con-

trol approaches. Figure 2.10 illustrates the mean and variance obtained from 1000 noisy

controlled trajectories. As expected, while the open-loop solution diverges on average

from the target final state, the approximated feedback law successfully drives the system

towards the origin.

Figure 2.10: Mean and variance of a Monte Carlo simulation with 1000 trajectories per-
turbed by Gaussian noise. The robustness of the approximated feedback law ensures that
the controlled system reaches the target destination, while the open-loop solution, obtain
as solution of the polynomial system (2.66), diverges from it.

4th order We consider the time-optimal control problem subject to the fourth order inte-

grator for state variable s = (s1, . . . , s4) and boundary conditions s(0) = y := (y1, . . . , y4),

s(T ) = 0. In this higher-dimensional example, we examine the upper bound on the num-

ber of solutions of the associated system (2.66) for the switching times t1, . . . , t4. The

theoretical bound on the total number of real and complex solutions is 4! = 24. However,

as discussed in [49], the use of Hermite quadratic forms allows us to refine this bound by

identifying the number of real solutions more precisely.

64



We sample initial conditions y(i) ∈ ([−1, 1] ∩ Q)4, for i = 1, . . . , Ns = 10,000, and for

each y(i) we compute the number of real roots of the polynomial system associated with

u0 = 1 and u0 = −1. Note the transition from R to Q, which we do as computation of

the Hermite quadratic form over the reals is computationally unreliable, if not impossible.

This preliminary step reduces the computational cost of data generation, as the bound

for the deflation algorithm is tightened relative to the theoretical one. Additionally, some

y(i)’s will exhibit 0 real solutions for one system or the other, directly determining the

sign of the initial control u0. These new bounds reduce the CPU time for data generation

from 108 to 49 minutes when compared to the theoretical bound.

We train a model uθ characterized by 2 hidden layers, with width n2 = n3 = 100 and

σ2 = σ3 = tanh(·) activation functions. After training, we evaluate the model in the test

set, obtaining accuracy of 96.76% and loss L = 0.0882. In Figure 2.11 we analyze the

controlled trajectories comparing the optimal solution with the approximated one along

the dimensions y2, y3, y4. We consider a low-confidence threshold ε = 0.005, under which

we rely on the deflation routine for determining the control. This interests 1.3% of the

trajectory. Even more than in the lower order examples, this enhanced approximated

feedback improves the performance of the control law. As done for the previous example,

we also test the robustness of the feedback approximation by injecting additive noise of the

form (0, 0, 0, η(t)), with η(t) ∼ N (0, σ2), where σ = 2−2. A Monte Carlo simulation of 1000

controlled noisy trajectories shows how the approximated feedback control successfully

steers the system towards the origin, while the open loop solution diverges.

5th order As an extreme case for the proposed numerical procedure, we consider the 5th

order integrator for state s = (s1, . . . , s5) with boundary conditions s(0) = y := (y1, . . . , y5)

and s(T ) = 0. The theoretical upper bound for the number of solutions (t1, . . . , t5) of the

associated polynomial system is 5! = 120. However, excessively deflating a polynomial

system can lead to instability. Heuristically, as the number of identified and deflated roots

increases, the root-finding procedure may diverge, failing to locate additional existing

solutions. This pathological behaviour worsen as the upper bound increases.
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Figure 2.11: Monte Carlo simulation of 1000 controlled noisy trajectories via open loop
control signal vs. approximated feedback control (top). Comparison of the optimal tra-
jectory with the one controlled via the approximated feedback law (left). Calling the
polynomial solver for the low-confidence points improves the approximation performance
in terms of time horizon TNN (right).

We sample Ns = 50, 000 points y(i) ∈ [−1, 1]5, i = 1, . . . , Ns, and include in the dataset

T only the optimal trajectories corresponding to initial conditions for which the deflation

algorithm successfully identifies an admissible solution. This selection process excludes

approximately 20% of the initial conditions. We consider a model uθ with 2 hidden layers

having width n2 = n3 = 80 and σ2 = σ3 = tanh(·) activation functions. The trained

classifier achieves accuracy 99.61% in the test set, associated with loss L = 0.0141. In

Figure 2.12 we test the performance of the NN feedback controller against the optimal

trajectory. The performance of the approximation is significantly improved by selectively
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intervening with the polynomial system solver whenever the classifier confidence drops

below ε = 0.1. This occurs only at 5 low-confidence points, all located at the intersection

of switching surfaces.

Figure 2.12: Comparison of the optimal trajectory with the trajectory controlled using
the approximated feedback law (left). Leveraging the polynomial solver for low-confidence
points enhances the approximation’s performance in terms of the time horizon TNN (right).

2.4 Concluding remarks

In this chapter, we have provided the methodological background necessary for the devel-

opments in the remainder of this thesis. We began by introducing optimal control theory,

outlining its fundamental principles and highlighting the challenges associated with solving

optimal control problems. In particular, we compared MPC with PMP and SDRE update,

highlighting their respective advantages and computational challenges. We then explored

neural network approximation techniques as a means to accelerate these solvers by learn-

ing efficient state-to-control mappings. As an illustrative example, we reviewed the use

of neural networks to accelerate feedback control computations, following the approach in

[8].

Next, we presented the deflation technique, a powerful numerical method for systematically

identifying multiple solutions to nonlinear systems. This was motivated by its application

in time-optimal control problems, where solutions often correspond to multiple switching
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sequences that must be computed efficiently. In particular, we examined the deflated

Newton’s method in the context of solving polynomial systems linked to OCPs, as detailed

in [49].

In the following chapters, we will apply these techniques to increasingly complex systems,

transitioning from microscopic agent-based models to macroscopic mean-field formula-

tions and mesoscopic kinetic approximations. This multi-scale perspective will allow us

to develop and analyze computational methods for high-dimensional control problems,

leveraging the theoretical tools introduced here.
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Chapter 3

Microscopic Scale
Learning gradient-augmented feedback control synthesis

In this chapter, we address the challenge of improving the computational efficiency and

scalability of solving optimal control problems at the agent-to-agent interaction level. By

leveraging data-driven control synthesis, we aim at bridging the gap between traditional

numerical solvers and the growing demands of real-time, high-dimensional control appli-

cations.

In the following, we provide an overview of the methodologies and results presented in

[8, 7] in the context of data-driven feedback control strategies for large-scale agent-based

models.

Related literature and contributions

The high dimensionality of the physical state space d, combined with the large number

of interacting agents N , poses significant challenges for synthesizing optimal feedback

controls using conventional direct methods (e.g., [64, 34]). As the number of agents grows,

the computational cost of solving these problems escalates exponentially. Addressing this

issue requires the development of novel, efficient algorithms capable of overcoming the

computational bottlenecks associated with high-dimensional optimization.
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A promising framework for addressing these challenges is Model Predictive Control, as

detailed in Section 2.1.2. However, a major drawback of MPC is its computational com-

plexity, as it requires repeatedly solving an optimal control problem at each time step.

Accelerating MPC computations while maintaining accuracy is crucial for practical appli-

cations, particularly those requiring real-time execution.

The research community has proposed various effective solutions to mitigate these issues,

involving the simplification of either the predictive models or the optimization problems, to

reduce the computational complexity while maintaining acceptable control performance.

Among the various proposed methodologies, we cite Reduced-Order MPC [256, 142, 134],

linearization techniques [46], lookup tables (e.g., explicit MPC [20, 44]), fast-update

schemes [251], and instantaneous control strategies [14], which can be interpreted as a

one-step MPC approach. Approximation techniques for the optimization tasks, mostly

based on machine learning algorithms, have also been explored. For instance, Learning-

based MPC addresses the data-driven approximation of possibly different elements of the

MPC formulation, such that the overall performance is improved. For these methods, a

fundamental categorisation can be made between offline and online paradigms. In offline

learning, the model targets the controller design and is trained using synthetic samples,

or data obtained from previous simulations [211, 172]. In online learning instead, the

model is trained to approximate the system dynamics, and data are collected while the

system evolves, hence the model is actively adjusted during the closed-loop operation.

Among other methods in this class, we find Gaussian Processes [153, 152] – providing

a non-parametric and probabilistic model of the system’s behavior – and Reinforcement

Learning [161, 167, 181], particularly useful when the dynamics are complex, unknown, or

hard to model accurately using traditional approaches. We refer the reader to [141, 191]

for a more comprehensive discussion of the matter.

The main contributions of our work, inspired by the aforementioned results, can be sum-

marized as follows:

• This project is based on supervised learning MPC, where the control policy is learned
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offline using training data generated by sampling optimal agent trajectories [102].

Notably, both numerical procedures discussed in Sections 2.1.2 (MPC with PMP up-

date) and 2.1.3 (MPC with SDRE update) adhere to the receding horizon paradigm.

Rather than solving high-dimensional optimal control problems from scratch at each

time step, we employ neural network approximations to accelerate these numerical

procedures.

• A key innovation of this approach is the incorporation of gradient information into

the training process (as introduced in Section 2.2.4), which significantly enhances

the learned policy’s accuracy and generalization. Since the gradient of the value

function is naturally obtained as a by-product of standard optimization routines,

using this information is an efficient way to improve learning efficiency. This method

offers a scalable alternative to traditional solvers, combining data-driven function

approximation with classical control-theoretic insights.

Outline of this chapter

The rest of this chapter is organized as follows. In Section 3.1, we introduce the OCP of

interest, along with the associated first-order optimality conditions, presented in Section

3.2, and the semi-linear form of the SDRE approach in Section 3.3. Section 3.4 explores

these optimal control techniques within the context of supervised learning, presenting a

method for enabling real-time feedback control. Finally, Section 3.5 concludes with a

numerical test to evaluate the effectiveness of the proposed approaches.

3.1 Consensus Control of Cucker Smale dynamics

We consider second-order systems of N interacting agents with state variables described

by si = (xi, vi) ∈ Rd × Rd for i = 1 . . . N , where xi and vi represent the position and the

velocity of the i−th agent, respectively. Given an initial configuration s(0) = y of the
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ensemble, the evolution of the agents is governed by

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẋi(t) = vi(t),

v̇i(t) = 1
N

N∑︂
j=1

P (∥xj(t)− xi(t)∥) (vj(t)− vi(t)) , i = 1, . . . , N,
(3.1)

where P ∈ C1(R+) is a non-increasing positive function encoding the interaction kernel.

In particular, we focus on kernels of Cucker-Smale type

P (r) = 1
(1 + r2) . (3.2)

A remarkable property of the Cuker-Smale model is the emergence of consensus by isotropic

averaging, i.e., convergence towards

v̄ = 1
N

N∑︂
j=1

vj .

Consensus convergence depends on the interaction strength, encoded in P (·), and the

cohesiveness of the initial configuration [133]. Whenever consensus is not guaranteed to

emerge, an external control action can be introduced to enforce convergence towards the

desired pattern. To this end, the controlled collective evolution can be modeled as

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ẋi(t) = vi(t),

v̇i(t) = 1
N

N∑︂
j=1

P (∥xj(t)− xi(t)∥) (vj(t)− vi(t)) + ui(t),
(3.3)

where each agent is influenced by an ad-hoc control component, with u(t) := (u1, . . . , uN )⊤

representing a dynamical external force applied in a centralized manner. This external

influence can be tuned by solving an optimal control problem

u∗(t) = argmin
u(·)∈Uadm

{︃
JN (u(·)) :=

+∞∫︂
0

1
N

N∑︂
i=1

(︂
∥v̄(t)− vi(t)∥2 + γ ∥ui(t)∥2

)︂
dt

}︃
, (3.4)
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subject to the dynamics (3.3), and where the control signal lies in the admissible set

Uadm :=
{︂

u : R+
0 → (Rd)N is measurable ; JN (u(·)) <∞

}︂
. In such a way, the control

action is designed to penalize both the distance of the agent’s velocities from the target v̄

and the control energy required to steer the system towards the consensus manifold, with

parameter γ > 0.

In the following, we compare PMP and SDRE feedback synthesis to generate data for

training a neural network that approximates the state-to-control map.

3.2 Pontryagin Optimality System

As discussed in Section 2.1.2, after troncating the optimization horizon at T < +∞,

necessary optimality conditions for the optimal control problem (3.3)-(3.4) lead to a two-

point boundary value problem for the state variables si = (xi, vi), the associated adjoint

variables λi = (pi, qi), and the control signals ui.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋi = vi

v̇i = 1
N

N∑︁
j=1

vi − vj
1 + ∥xi − xj∥2

+ ui

ṗi = − 1
N

N∑︁
j=1

2(xi − xj)
(1 + ∥xj − xi∥2)2 ⟨qj − qi, vj − vi⟩

q̇i = − 1
N

N∑︁
j=1

qj − qi
1 + ∥xi − xj∥2

− 2
N (v̄ − vi) + pi

(3.5)

together with boundary conditions given by (xi(0), vi(0)) = yi and (pi(T ), qi(T )) = (0, 0)

for all i = 1, . . . , N . The PMP system is closed with the optimality condition

u∗(t) = argmin
u

(︃ N∑︂
i=1
⟨qi, v̇i⟩+ γ

N
∥ui∥22

)︃
= −N2γq⊤ , (3.6)

where q = (q1, . . . qN )⊤ [34]. It is possible to approximate the optimality conditions above

by following a reduced gradient approach (see Section 2.1.2). Starting with an initial

guess for the control signal over the whole horizon, this method iterates forward-backward

passes over (3.5), while updating the control signal u(·) using (3.6) as a gradient step.
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3.3 Semi-linear formulation

The semi-linear formulation of the dynamics of interest is derived for the ensemble con-

figuration s, where a two-dimensional agent’s state is denoted as (x, v) = (x1, x2, v1, v2):

s :=
(︃
x1

1, x
2
1 , . . . , x

1
N , x

2
N , v

1
1, v

2
1 , . . . , v

1
N , v

2
N

)︃⊤
, (3.7)

and it holds as in (2.35) for operators: B = (O2n, I2n)⊤,

A(s) =

⎡⎢⎣O2n I2n

O2n Ã(s)

⎤⎥⎦ , Ãi,j(s) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

P (∥xj − xi∥) if i odd, j = i+ 1

P (∥xj − xi∥) if i even, j = i− 1

−P (∥xj − xi∥) if i = j

0 otherwise

, (3.8)

where O2n, I2n indicate the zero and the identity matrices in R2n×2n respectively, n = dN ,

and P (·, ·) Cucker-Smale type kernel defined in (3.2). Furthermore, aiming at writing the

consensus cost functional in quadratic form as in (2.1), we notice that

N∑︂
i=1
∥vi − v̄∥2 = ∥v− Cv∥2 (3.9)

for v = (v1, . . . vN )⊤ and a matrix C ∈ Rn×n full of zeros, except for the N ×N diagonal

blocks, which are valued N−1 · IN , for IN denoting a matrix in RN×N full of ones. It

follows that

∥v− Cv∥2 = v⊤
(︃
In + C⊤C − 2C

)︃
v . (3.10)

Thus, we can write the cost (3.4) in the form (2.1) w.r.t. linear operators

Q = In + C⊤C − 2C , R = γ

N
· In . (3.11)
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3.4 Gradient-augmented regression and data generation

We aim to provide a model ũ ≈ u that acts as a surrogate for the feedback law, accelerating

the receding horizon control of the system. The primary candidate for approximation is

the state-to-control map s ↦→ u(s), as it directly synthesizes the control action and serves

as the objective of the learning operation.

As an alternative, the value function V can also serve as a learning target, from which

a control policy can be derived using u ≈ ∇V , according to the optimality conditions

in equations (2.37) and (2.17). Besides its theoretical significance, a key advantage of

selecting V as a learning objective is its property of being a scalar function, hence relatively

easy to approximate. Furthermore, information about ∇V is generated for free as a

byproduct of both the SDRE and PMP routines. In the SDRE case, this is expressed as

∇V (s) ≈ 2Π(s)s, where Π(·) is the solution operator. In PMP, the gradient of the value

function corresponds to the adjoint variable λ.

We compare control designs learned through the state-to-control map and through the

value function, with the training datasets sampled appropriately. Specifically, we sample

state configurations {s(i)}Ns
i=1 and associate them with the associated labels

u(i) := u(s(i)), V (i) := V (s(i)), ∇V (i) := ∇V (s(i))

• In the PMP framework, we solve the optimality system (3.5-3.6) fixing each sample

as initial configuration y = s(i). As done in [32], once the extremal trajectory

(s∗,u∗, λ∗) is computed for time t ∈ [0, T ], the variables of interest can be obtained as

follows: the feedback control associated with the initial condition s(i) is u(i) = u∗(t =

0), the optimal cost-to-go from s(i) can be retrieved as the cost integrated along the

extremal trajectory, and coincides with the value function V (i) = V (s(i), t = 0), its

gradient being ∇V (i) = λ∗(t = 0).

• For the SDRE approach, we solve the Algebraic Riccati Equation (2.36) associated

with freezing (2.40) at each current state s(i). The target variables can then be re-
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trieved by using the quadratic ansatz for V (i) = s(i)⊤Π(s(i))s(i), ∇V (i) = 2s(i)⊤Π(s(i))

and the first order optimality condition for u in (2.41) [8, 9].

Once the training data are collected, we consider models for both the control designs and

target variables, denoted as:

• uSDREθ , uPMP
θ – for the direct approximation of the mapping s ↦→ u(s), with loss

function LNN0 given by the mean squared error

LNN0 (u,uθ) =
Ns∑︂
i=1

∥u(i) − uθ(s(i))∥2
Ns

(3.12)

• uSDREV , uPMP
V – for the approximation of the feedback map through a model for

the value function V . A deterministic layer is stacked on top of the FNN, encoding

(2.17,2.41). In this case, we additionally incorporate a penalty term in the loss

function LNN1 to account for discrepancies in the derivative information:

LNN1 (u,uV ) = LNN0 (u,uV ) + µ
n∑︂
j=1
LNN0

(︃
∂u
∂sj

,
∂uV
∂sj

)︃
, (3.13)

where sj denotes the j−th dimension of the input variable s.

3.5 Numerical Test

We apply the proposed methodologies to the high-dimensional second-order consensus

problem (3.4) for a system of N = 50 agents in R2, following dynamics of Cucker-Smale

type (3.3) and a control penalization parameter γ = 0.1. We consider the integration of

the system in a time-frame t ∈ [0, T ] with T = 10 and time-step dt = 0.01. The solution

of this optimal control problem is associated with an HJB equation cast in a 2dN = 200

dimensional space Ω, hence the need to rely on numerical representations for the optimal

feedback design.

We prescribe the initial condition for the ensemble state s ∈ [0, 1]2dN , and a grid search

in the parametric space is performed, to select an appropriate model architecture.

76



M layers width σ µ PRMSE

uSDREθ 1 1000 tanh − 0.7921%
uPMP
θ 3 400 sigmoid − 1.1477%

uSDREV 2 200, 100 sigmoid 0.07 4.1843%
uPMP
V 2 800 sigmoid 0.1 4.8775%

Table 3.1: Different model specifics, including architectural details and Percent RMSE in
a test-set.

In Table 3.1, we compare the architectures of the different models, characterized by the

number M of layers, the width of each one of them, the activation functions σ on the

hidden layers and the gradient augmentation parameter µ. All models have been trained

with the Adam solver [151] over batches of 200 samples. In the table, we also display

the Coefficient of Variation or Percent Root Mean Squared Error (PRMSE) for the dif-

ferent models when applied to a testing dataset of 106 unseen sample initial conditions in

[0, 1]2dN .

In Figure 3.1 a plot of the distance from the target configuration is displayed for the dif-

ferent models, and compared with the one resulting from both the PMP SDRE approach.

Another interesting comparison is the one in terms of the required CPU time for inte-

grating the system trajectories while controlling them via the different methods. This

is presented in Table 3.2, versus the CPU time used by the forward simulation with the

original solvers.

uSDREθ uPMP
θ uSDREV uPMP

V SDRE PMP

13.9152 9.2503 11.8068 4.0699 1821.21 425.1578

Table 3.2: CPU time (in seconds) required for the system integration along time t ∈ [0, 10]
under the different alternative feedback designs.

3.6 Concluding remarks

In this section, we reviewed the numerical procedure proposed in [8, 7] for accelerating

MPC algorithms when controlling large-scale agent-based models at the microscopic scale.

Our findings show that supervised learning, combined with deep neural networks, provides

an effective approach for constructing a suboptimal feedback law using a finite set of offline
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Figure 3.1: Comparison of learned and target trajectories for a random initial condition
in [0, 1]2dN . All the models improve consensus with respect to the uncontrolled dynamics.
In terms of learned models, the uPMP

V model can be considered the optimal one, with an
overall cost (at final time horizon T ) J ≈ 1.44.

Figure 3.2: System configuration at time t = 0, 1, 10 seconds respectively, under the control
action provided by the feedback map uPMP

V .

samples from optimal trajectories. Synthetic trajectory generation can be performed using

either first-order optimality conditions in Pontryagin form or the SDRE approach. In

both cases, the high dimensionality of the control system renders online computation

prohibitively expensive, but this challenge can be mitigated through an offline training

phase, enabling efficient real-time feedback control.
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Chapter 4

Macroscopic Scale
Computation and Control of Unstable Steady States for

Mean Field Multiagent Systems

As the number of agents in an ABM increases, the dimensionality of the system’s state

space grows rapidly, making modeling and control computationally intractable at the mi-

croscopic agent-to-agent interaction level. In these scenarios, a more efficient approach is

to adopt a mean-field perspective, replacing the explicit agent-based description with a

density-based representation of the population. Collective behaviors and coherent struc-

tures at the mean-field level are intrinsically linked to the underlying microscopic inter-

actions [236, 112, 19, 201, 182]. These emergent phenomena encompass a wide range

of examples, including swarming, flocking, bacterial synchronization, and socio-economic

dynamics [188, 96, 4], as well as the formation of clusters in opinion dynamics [137].

Outline of this chapter.

This chapter presents the findings published in [50] and is organized as follows. Section 4.1

introduces the main objectives of this project: the computation and control of steady

states for weakly interacting diffusion processes at the mean-field limit. This introduction

is followed by a review of the related literature and a summary of our contributions. Sec-

79



tion 4.2 introduces the class of models under consideration, ranging from noisy ABMs to

the Fokker-Planck equation arising in the mean-field limit. Section 4.3 details the identifi-

cation of stationary states at the macroscopic level. We employ a spectral Fourier-Galerkin

method for spatial discretization of the steady-state PDE. The resulting system of nonlin-

ear equations is solved via Newton’s method combined with a deflation algorithm to handle

the multiplicity of solutions, a characteristic of this class of problems. We also present two

numerical examples demonstrating the proposed steady-state-finding procedure and vali-

dating it against established linear stability analysis and bifurcation results. In Section 4.4,

we augment the evolutionary Fokker-Planck equation with an external control force. This

control signal is designed to stabilize the system at a desired unstable stationary state by

optimizing a suitable cost functional. The resulting finite-horizon optimal control problem

is addressed at the discrete level using first-order optimality conditions, and the control

action is synthesized in feedback form via nonlinear model predictive control. Section 4.5

presents numerical results, testing this stabilization routine for two different models across

one- and two-dimensional domains. Finally, Section 6.1.2 provides an appendix addressing

some theoretical aspects of our numerical methodology.

4.1 Introduction

The mean-field description of ABMs driven by noise involves replacing the complex N -

particle Fokker-Planck equation with a single, nonlinear, and nonlocal PDE for the evo-

lution of the one-particle distribution function—the McKean-Vlasov equation [118, 229].

This mean-field approach has proven valuable across diverse fields, including physics and

astrophysics [87, 74], biology, traffic flow modeling [138], opinion dynamics [105], and the

convergence analysis of Artificial Neural Networks [245, 217, 179, 224, 223]. Emergent

patterns in these systems are captured by the stationary states of the McKean-Vlasov

PDE. A common characteristic is the coexistence of multiple stable and unstable configu-

rations, with transitions between them representing disorder-order phase transitions. The

number and nature of these steady states depend on the interplay between interaction and

diffusion, quantified by the strengths of interaction and noise [94, 220, 67].
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The first objective of this project is to develop accurate and efficient computational

methodologies for identifying both stable and unstable stationary states of noise-driven

interacting particle systems in their mean-field limit, particularly for systems exhibiting

multiple emergent behaviours [97, 118, 37].

These ABMs are characterized by rich self-organization landscapes. While stable equilibria

often possess large basins of attraction, convergence can be slow depending on confine-

ment and interaction potentials [180]. For linear Fokker-Planck-type PDEs with a unique

Gibbsian stationary state, introducing external forcing terms can accelerate convergence

towards globally stable steady states [58, 163]. This is naturally addressed within the

framework of nonlinear control theory and feedback stabilization.

Following this control-theoretical approach, our second objective is to study the optimal

stabilization of McKean-Vlasov PDEs towards unstable steady states. As a prototypical

example, we focus on opinion dynamics, particularly the noisy Hegselmann-Krause model,

where the goal is to either promote or prevent the emergence of polarization or consen-

sus, especially in the presence of a phase transition [248, 123, 67, 108]. Optimal control

methodologies have been applied to synchronization problems for Kuramoto-type mod-

els [221]. The methodology developed here applies directly to this problem; indeed, we

study a variant of the noisy Kuramoto model with an external potential in Section 4.3.4.

Unstable steady states, while not typically observed in forward-time simulations, are often

of significant physical or functional interest. In applications ranging from climate science

and neuroscience to chemical reaction networks and engineering systems, unstable steady

states frequently embody functionally relevant but dynamically inaccessible targets.

Models, methods, and related literature.

For ABMs with weakly interacting diffusions, the passage to the mean field limit [229, 192]

and the structure and nature of phase transitions for the mean field dynamics is well

understood [94, 76, 67]. We consider McKean-Vlasov PDEs characterized by confinement

and interaction potentials. Similarly to [126], see also [2, 75], we discretize the stationary
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McKean-Vlasov PDE using a spectral Galerkin method, approximating the steady state

solution as a truncated Fourier series. This translates into a system of nonlinear equations

for the Fourier coefficients which can be written in vector form. The integrals involved in

the discretized operators are computed using Gaussian quadrature. The constraint that

mass is conserved, i.e. that the solution of the McKean-Vlasov PDE integrates to 1, is

imposed by adding a constraint to the system. Positivity of the density is enforced by

filtering out solutions with negative values.

Finding multiple solutions to nonlinear PDEs such as the Allen-Cahn or the Yamabe

equation has been previously studied in [111], where an abstract deflated Newton method

in Banach spaces was proposed. The same method has been applied for bifurcation analysis

in [73]. This algorithm, throughly presented in Section 2.3, yields a complete taxonomy

of the equilibrium points of the system, for which we formulate an optimal stabilization

problem.

We focus on the control of densities at the mean field scale, that we formulate as a PDE-

constrained optimization problem for the McKean-Vlasov PDE. First-order optimality

conditions for this problem have been previously studied in [31, 114] for the Fokker-Planck

equation, and in [13, 56, 2] for the McKean-Vlasov PDE. Although related, our work

is conceptually different as it focuses on the mean-field/McKean-Vlasov nonlinear and

nonlocal PDEs where multiple steady states can exist, and which cannot be stabilized

using open-loop controllers. To circumvent this difficulty, we resort to the synthesis of

feedback laws [58] via nonlinear mean-field MPC [28, 95, 33], and in particular to PMP

policy iteration algorithm, presented in Section 2.1.2. We also mention the (formal) link

between optimal control methodologies for mean field dynamics and linear response theory,

e.g. the study of the response of the system to a weak external forcing (control), in

particular close to the transition point [171, 254]. It was shown in these references that

linear response theory breaks down close to the transition point, and that a weak external

forcing can have a substantial impact on the behaviour of the mean field dynamics.
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Contributions.

In summary, the main contributions of this project are:

1. The development of a numerical scheme for identifying all steady states (up to trans-

lation invariance), both stable and unstable, of noise-driven interacting particle sys-

tems in their mean field limit, posed on the torus. The proposed method combines a

spectral Galerkin approximation of the McKean-Vlasov PDE with a deflated New-

ton’s method to handle the multiplicity of solutions. This allows for a comprehensive

characterization of the self-organization landscape of these systems, including the co-

existence of various stationary configurations and the transitions between them.

2. The formulation and solution of an optimal control problem for stabilizing the

McKean-Vlasov PDE towards an unstable steady state. The control enters as an

external forcing term in the PDE and is computed by solving a finite-horizon opti-

mization problem using first-order optimality conditions. The control is synthesized

using MPC, enabling the stabilization of unstable stationary solutions in a receding

horizon fashion.

3. The application of the proposed methodology to several examples of interacting

particle systems exhibiting phase transitions and multiple steady states, including

the noisy Hegselmann-Krause model for opinion dynamics and the Haken-Kelso-

Bunz model from biophysics. The numerical results demonstrate the effectiveness of

the approach in capturing the rich self-organization behaviour of these systems and

stabilizing unstable configurations of interest. Detailed numerical studies illustrate

the role of noise and interaction strength in shaping the landscape of stationary

solutions in the considered models. We analyse the bifurcations and phase transitions

in the number and stability of steady states as the system parameters are varied,

providing insights into the collective behaviour of these systems.
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4.2 The McKean-Vlasov PDE and Characterization of Steady

States

We consider a system of N interacting particles driven by additive noise:

dXi
t = −∇U(Xi

t) dt−
1
N

N∑︂
j=1
∇W (Xi

t , X
j
t ) dt+

√︂
2β−1 dBi

t , Xi
0 ∼ ν , i = 1, . . . , N, (4.1)

where Xi
t denotes the state of the i−th agent at time t. Here, U and W denote the

confining and interaction potential, respectively, β denotes the inverse temperature, and

bt :=
(︁
B1
t , . . . , B

N
t

)︁
is a standard N−dimensional Brownian motion. The confining po-

tential is a symmetric function, W (x, y) = W (y, x). We consider the dynamics on the

torus Td, in one and two dimensions. The noisy Hegselmann-Krause model [248, 122, 125]

that we will study later on is a prototypical example of a system of the form (4.1). The

white noise in (4.1) models uncertainty and it can be easily replaced by noise processes

with a non-trivial spatio-temporal structure [126]. As is well known [206, Ch. 4] that the

dynamics (4.1) has a gradient structure with respect to the Hamiltonian

HN (X1, . . . , XN ) :=
N∑︂
i=1

U(xi) + 1
2N

N∑︂
i,j=1

W (xi, xj) (4.2)

and reads

dXi
t = −∇HN (X1

t , . . . , X
N
t ) dt+

√︂
2β−1 dBi

t . (4.3)

The N−particle distribution function ρN (t, x1, x2, . . . , xN ) satisfies the Fokker-Planck

equation associated with the N−particle system as

∂tρ
N
t = ∇N ·

(︃
∇NHNρNt

)︃
+ β−1∆Nρ

N
t . (4.4)

Under appropriate assumptions on the Hamiltonian and certainly when considering the

dynamics on the torus with smooth confining and interaction potentials, the N−particle
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Fokker-Planck equation has a unique steady state given by the Gibbs measure

ρN∞ := 1
ZNβ

e−βHN (x1,...,xN ), ZNβ :=
∫︂
e−βHN (x1,...,xN ) dx1 . . . xN . (4.5)

We refer to [206, Ch. 4] for details.

For exchangeable interacting particle systems and with chaotic initial data, and when

the interaction strength is inversely proportional to the number of particles as in (4.2),

we can pass to the mean field limit N → +∞. In particular, the N−particle dis-

tribution function becomes approximately the product of 1−particle distribution func-

tions, ρN (x1, . . . , xN , t) ≈ ΠN
ℓ=1ρ(xℓ, t); the 1−particle distribution function satisfies the

McKean-Vlasov PDE

∂tρ = ∇ ·
(︃
ρ
[︁
(∇W ∗ ρ) +∇U

]︁)︃
+ β−1∆ρ , (4.6)

in the domain Td with periodic boundary conditions and initial distribution ρ(0, x) = ρ0,

with (︁
W ∗ ρ

)︁
(x) :=

∫︂
Td

W (x, y)ρ(y)dy . (4.7)

We refer to the classic references [229, 192] for proofs and refinements of the above and

to [98, 160] for modern approaches to entropic propagation of chaos.

Unlike the N−particle system (4.3) that is always reversible with respect to the unique

Gibbs invariant measure (4.5), it is well known that the mean field dynamics can exhibit

phase transitions, i.e. non-uniqueness of stationary states [94, 220, 118, 67]. This is the

case, for example, for the mean field dynamics in unbounded domains and for a non-

convex confining potential and a quadratic interaction potential at sufficiently low tem-

peratures [94, 242]. For the dynamics on the torus, which is the case that we will consider

in this chapter, the concept of convexity is replaced by that of H−Stability [218, 76, 67]:

The mean field dynamics exhibits a unique stationary state at all temperatures if and only

if the interaction potential has no non-negative Fourier coefficients. When the interaction

potential has negative Fourier coefficients, then a phase transition occurs at sufficiently
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low temperatures. We refer to [76, 67] for a detailed analysis of phase transitions in the

absence of a confining potential and to [231, 97, 48] for partial results when a confining

potential is present on the torus. It is important to note that, in the absence of a confining

potential, the uniform distribution on the torus is always a stationary state. Furthermore,

past the phase transition, steady states are translation invariant [47]. We can identify a

particular steady state by choosing appropriately the initial condition [48]. Translation

invariance is removed by the addition of a confining potential, e.g. a "magnetic field" [97].

Several equivalent characterizations of stable and unstable steady states of (4.6) exist:

they can be defined as solutions to the steady state PDE

β−1∆ρ+∇ ·
(︃
ρ
[︁
(∇W ∗ ρ) +∇U

]︁)︃
= 0 , (4.8)

as critical points of the free energy functional

F [ρ] = β−1
∫︂
Td
ρ log(ρ) dx+

∫︂
Td
Uρdx+ 1

2

∫︂
Td

∫︂
Td
W (x, y)ρ(x)ρ(y) dxdy , (4.9)

or fixed points of the Euler-Lagrange equations for the free energy functional [41]

ρ = 1
Z
e−β(U+W∗ρ), Z :=

∫︂
Td
e−β(U+W∗ρ) dx. (4.10)

Alternatively, it can be shown that this integral equation, the Kirkwood-Monroe map

is equivalent to the stationary McKean-Vlasov PDE (4.6); see [231, Thm 4.1] or [104,

Thm. 1]. A rigorous proof of the equivalence between steady states obtained through

the previously mentioned methods is presented in [67, Prop 2.4]. Furthermore, [67, Thm

2.3] establishes the regularity of steady state solutions as ρ ∈ H1 ∩ Pac(Ω), where Pac(Ω)

denotes the space of absolutely continuous probability measures over Ω. The solutions are

in fact strictly positive [190].

We reiterate that finding critical points of the free energy functional (4.9), roots of the

nonlinear map Fκ[ρ] := ρ− 1
Z e

−β(U+W∗ρ) in (4.10) and stationary solutions of the McKean-

86



Vlasov PDE are equivalent [Prop 2.4][67].1 One of the main goals of this project will be the

development of efficient numerical methodologies that enable us to calculate all solutions

of the Kirkwood-Monroe equation, i.e. all critical points of the free energy functional.

4.3 Computing multiple steady states in the McKean-Vlasov

PDE

The variety of applications of this problem has motivated a flourishing literature on nu-

merical solvers for (4.6). For a review of finite difference and finite element methods, we

refer the reader to [210], beyond which we cite the structure preserving scheme proposed in

[204], where the positivity of ρ and its mass preservation are guaranteed by construction.

Alternative solvers include Spectral Methods [257, 70], Deep Learning [253, 77, 168, 232],

and Tensor Train approximation [103].

We are concerned with the identification of invariant probability measures of (4.1) ob-

tained as solutions of the stationary McKean-Vlasov PDE (4.8). The proposed numerical

procedure relies on a spectral approximation of ρ in terms of L Fourier modes, for which

(4.6) can be written as a bilinear system of L equations. In these settings, the identifica-

tion of steady states reduces to a root finding problem, addressed via Newton’s method. In

order to identify distinct solutions, typically one applies the routine multiple times start-

ing from many different initial guesses, and relying on the assumption that those starting

points lie in different basins of attraction. Here instead, we rely on the infinite-dimensional

deflation algorithm proposed in [111] and presented in Section 2.3, where the PDE resid-

ual is iteratively modified in such a way to eliminate known solutions from consideration.

Alternative approaches include numerical continuation [72, 78], and numerical integration

of the Davidenko differential equation associated with the original nonlinear problem [57].

1In fact, these statements are also equivalent to finding global minimizers of the entropy dissipation
functional, but this observation will not be used in this chapter.
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4.3.1 Spectral Galerkin method for the Stationary Fokker–Planck equa-

tion

We consider a Galerkin approximation of the stationary Fokker–Planck equation (4.8). Its

weak form over a periodic domain Ω reads

β−1
∫︂
Ω

∆ρφ dx+
∫︂
Ω

∇ ·
(︃
ρ
[︁
(∇W ∗ ρ) +∇U

]︁)︃
φdx = 0, (4.11)

with test functions φ ∈ V := {φ : Ω → R
⃓⃓
φ smooth, periodic}. After integrating by

parts and under the periodicity assumption for both ρ and φ, this leads to

0 = −β−1
(︃∫︂

Ω

∇ρ · ∇φdx
)︃
−
(︃∫︂

Ω

(︁
ρ
[︁
(∇W ∗ ρ) +∇U

]︁
· ∇φdx

)︃
, ∀φ ∈ V . (4.12)

We consider a global spectral basis {ψi}Li=1 spanning an L−dimensional subspace VL ⊂

V. The approximate solution ρL is then to be found in VL, parametrized as ρL(x) =∑︁L
n=1 anψn(x), and to be tested against an arbitrary φ ∈ VL of the form φ(x) = ∑︁L

m=1 kmψm(x).

In particular, we consider km = em to be them−th standard unit vector, leading to φ = ψm

for all m = 1, . . . , L. This leads to the equation

−β−1
L∑︂

n=1
an

∫︂
Ω

(︁
∇ψn + ψn∇U

)︁
· ∇ψm dx−

L∑︂
n,k=1

anak

∫︂
Ω

(︁
ψn

[︁
(∇W ∗ ψk)

]︁)︁
· ∇ψm dx = 0 (4.13)

holding for all m = 1, . . . , L. This system of nonlinear equation can be written in vector

form for a :=
(︁
a1, . . . , aL

)︁⊤ as

0 = −(β−1K + C)a − bil(a) (4.14)

with stiffness matrix K ∈ RL×L, forcing term C ∈ RL×L, and bilinear form bil(·) ∈ RL

defined as

[︁
K
]︁
n,m

=
∫︂
Ω

∇ψn(x) · ∇ψm(x) dx ,
[︁
C
]︁
n,m

=
∫︂
Ω

ψn(x)(∇U · ∇ψm(x)) dx (4.15)
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bil(a) =

⎡⎢⎢⎢⎢⎢⎣
a⊤b1 a

...

a⊤bL a

⎤⎥⎥⎥⎥⎥⎦ RL×L ∋
[︁
bk
]︁
n,m

=
∫︂
Ω

ψn
(︁
∇W ∗ ψk

)︁
· ∇ψm dx (4.16)

In the numerical tests, all the above integrals, including the convolution in (4.16), are com-

puted by means of Gaussian quadrature rule. The number of quadrature points considered

will be specified in each example. Without loss of generality, we consider ψ1, . . . , ψL to be

the first L Fourier modes in Ω, but any orthonormal basis of functions globally defined in

space can be used instead. The main burden it terms of computational time (and mem-

ory) relies in the calculation and storage of the three-way tensor b ∈ RL×L×L, and can be

partially mitigated by parallelization.

Imposing the positivity and density conditions

Since ρL ≈ ρ is the approximation of a probability density function we need to impose

that it is strictly positive (for a strictly positive initial condition) and that it conserves

mass at all times, and in particular at the level of steady states

ρL(x) > 0 ∀x ∈ Ω ,

∫︂
Ω

ρL(x)dx = 1 . (4.17)

The mass conservation constraint can be imposed directly on the system (4.14) by means

of an additional matrix row. We sketch the idea in the two-dimensional case x = (x1, x2),

but it can be easily generalized to arbitrary dimensions. Assuming we have discretized

the domain Ω in a mesh having N + 1 nodes in both the dimensions, with the same

discretization step h, we have

L∑︂
i=1

ai

N+1∑︂
j,k=1

ψi(x1
j , x

2
k)h2 ≈

∫︂
Ω

ρ(x)dx . (4.18)
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Moreover, using the notation ζi = ∑︁N+1
j,k=1 ψi(x1

j , x
2
k)h2, the imposition of the density con-

dition is equivalent to require

ζ̄a = 1 , where ζ̄ =
[︃
ζ1 . . . ζL

]︃
. (4.19)

Then, our modified system of equations will be

0 = −Ãa − b̃(a) . (4.20)

with operators

Ã =

⎡⎢⎣β−1K + C

ζ̄

⎤⎥⎦ , b̃(a) =

⎡⎢⎣bil(a)

−1

⎤⎥⎦ . (4.21)

On the other hand, the positivity constraint is handled by filtering out – once a set of

candidate steady states is generated – all the ρ∞’s that display negative values for at least

one point in the mesh.

4.3.2 Deflation algorithm for steady state identification

After the spectral discretization and the imposition of the L1 conservation constraint,

we are left with the task of finding the (possibly) multiple solutions of the discretized

Kirkwood-Monroe map

F(a) := −Ãa − b̃(a) = 0 . (4.22)

As proposed in [111] and presented in Section 2.3, we combine the dard Newton’s method

with a deflation technique to systematically eliminate known solutions from consideration.

The PDE residual F is iteratively modified so that the roots of the deflated operator D

coincide with the remaining unknown solutions:

D(a) =M(a, r)F(a) (4.23)
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where for each r ∈ Ω, a ∈ Ω \ {r} M(a, r)F(a) = 0 if and only if F(a) = 0. The operator

M is constructed as a shifted exponential-norm deflation operator:

M(a, r) =
(︃ I
η(a) + Iξ

)︃
, (4.24)

while the derivative of D is efficiently computed using a recursive formula (see 2.3.1).

The deflation loop stops when the root finding technique diverges for a given deflated

operator and initial condition â. In the numerical tests we adopt the following stopping

criteria for the Newton’s iteration: at the n−th step, either we have ∥an − an−1∥ ≤ ε,

with ε = 10−10, or n ≥ 103.

Remark 1. In this project, we apply the deflated Newton’s method to find steady states

of a PDE arising as the gradient flow of a free energy functional. The deflated operator D

used in this work is not to be considered as the gradient of a modified energy. The purpose

of deflation is purely numerical: it alters the residual of the steady-state equation to avoid

convergence to previously known solutions when applying Newton-type solvers. Although

D shares the same nontrivial roots as the original operator (excluding deflated ones), it is

not meaningful to simulate D as a dynamical system and convergence to a steady state of

the original system is not guaranteed.

4.3.3 The Haken-Kelso-Bunz Model

In this section, we apply the root-finding procedure described above to a one-dimensional

mean-field model on [0, 2π] with periodic boundary conditions. In particular, we consider

the Haken-Kelso-Bunz (HKB) model [118, Sec. 5.3.3] which was introduced as a model

for human hand movement. This model exhibits phase transitions and has a rich set of

(stable and unstable) stationary states; see also [27]. We then compare the results of our

numerical simulations with known analytical results.

We consider the PDE (4.6) for ρ : [0, 2π] → R for confining and interaction potentials,
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respectively,
W (x, y) = −κ cos(x− y)

UHKB(x) = −c1 cos(x)− c2 cos(2x)
(4.25)

with parameters c1, c2 ∈ R and κ ≥ 0. We consider the case for c1 = 0, c2 = −α, α = −1.

For the initial guess in Newton’s method, we consider a uniform random vector a0 with

entries normalized such that ρ(0) is a distribution. We consider bifurcations with respect

to the interaction parameter κ, and we fix the inverse temperature β−1 = 1. The choice of

the model parameter values is motivated by the analysis provided in [118, Sec. 5.3.3]. As

expected, we see that, when the interaction strength κ is below the critical value κ < κc,

the PDE has a unique stationary solution. This stationary state, for the interaction and

confining potentials (4.25), is calculated in [27, 48]. However, when κ is above the critical

value κ > κc, we expect to have multiple steady states, as displayed in Figure 4.1.

Figure 4.1: Steady states for the McKean–Vlasov PDE with potentials in Eq. (4.25) via
deflated Newton’s method for different interaction strength κ. Weak interaction regimes
lead to a unique stable steady state, that collapses into the uniform distribution as κ →
0 (left). However, for stronger interactions with κ = 2 and κ = 5 (centre and right,
respectively), multiple stable and unstable stationary configurations coexist.

Verification of Solutions

We solve the time-dependent McKean–Vlasov PDE (4.6) for the HKB potential (4.25).

The stability and bifurcation analysis presented in [118, Sec. 5.3.3], on which we rely to

validate the deflated Newton’s method as a steady-state finding procedure.
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The McKean–Vlasov PDE with potential as in (4.25) reads

∂tρ = β−1∂2
xρ+ ∂x

[︃
ρ

(︃
2α sin(2x) + κ

∫︂
Ω

sin(x− y)ρ(y)dy
)︃]︃

, (4.26)

with steady states that are solutions of the Kirkwood-Monroe integral equation

ρ∞(x) = Z−1 exp
{︃
− β

(︃
α cos(2x)− κ

∫︂
Ω

cos(x− y)ρ∞(y)dy
)︃}︃

, (4.27)

for Z normalization constant. Introducing the notation

⟨︁
g(X)

⟩︁
:=
∫︂
Ω

g(x)ρ(t, x)dx , (4.28)

we can write equation (4.26) in the form

∂tρ = β−1∂2
xρ+ κ ∂x

[︃
ρ

(︃
2α sin(2x) +

(︁
sin(x)

⟨︁
cos(X)

⟩︁
+ cos(x)

⟨︁
sin(X)

⟩︁)︁)︃]︃
, (4.29)

for which the steady states come as solutions of the integral equation

ρ∞(x,m) = Z(m)−1 exp
{︃
− β

(︃
α cos(2x)− κ

[︁
cos(x)m1 + sin(x)m2

]︁}︃
. (4.30)

Here, the parameters m = (m1,m2) are placeholders for the expectations
⟨︁
cos(X)

⟩︁
,⟨︁

sin(X)
⟩︁

w.r.t. ρ∞. This means we can solve equation (4.30) by coupling with the

self-consistency equation

m = r(m) for r =
(︁
R1, R2

)︁
(4.31)

for r(m) :=
(︃∫︂

Ω

cos(x)ρ∞(x,m)dx,
∫︂
Ω

sin(x)ρ∞(x,m)dx
)︃
. (4.32)
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Figure 4.2: Solution to the self-consistency equation (4.31) for fixed β = 1 and α =
−1, with varying interaction strength parameter κ. The dashed red line represents self-
consistency, and its intersections with the curves identify symmetric stationary solutions
of Eq. (4.30). In weak interaction regimes (similar to high noise β−1 ≫ 1), all solutions
collapse into a single stable solution, indicating a saddle-node bifurcation.

Remark 2. Each one of the (possibly) many solutions m of the self-consistency equation

(4.31) is uniquely linked to a steady state. Therefore, m serves as a vector-valued order

parameter for detecting phase transitions. Given a steady state ρ̃, it is possible to estimate

the associated m via Linear Least Squares regression (LSS) for coefficients a, b, c defined

as

log(ρ̃)⏞ ⏟⏟ ⏞
Y

= −β U(x)−log(Z)⏞ ⏟⏟ ⏞
a

+β κ cos(x)m1⏞ ⏟⏟ ⏞
U1(X) b

+β κ sin(x)m2⏞ ⏟⏟ ⏞
U2(X) c

. (4.33)

We will use this to estimate the order parameters m associated with the stationary solutions

that we find via deflated Newton’s method, and then check if they are consistent with (4.31).

From the stability analysis developed in [118], we expect a phase transition between a

monostable and a multistable regime, which is studied here separately with and without

additional symmetry assumptions that are discussed below.

Symmetric solutions

Due to the even symmetry of the confining potential U(x), the second componentR2(m1, 0)

vanishes. We focus then on solutions of the self-consistency equation (Eq. (4.31)) of the

form:

m1 = R1(m1, 0), m2 = 0, (4.34)
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which correspond to symmetric steady state configurations. Figure 4.2 illustrates how

the number of solutions to equation (4.34) varies with the inverse temperature parameter.

Following [118], we expect the non-negative solutions m1 ≥ 0 to parameterize stable

steady states, while negative solutions lead to unstable configurations. The self-consistency

argument ensures that at least one symmetric stable steady state always exists (associated

with R1(0, 0) = R2(0, 0) = 0). Figure 4.4 verifies that the deflation algorithm finds all the

expected symmetric solutions. This is obtained by considering l = 100 Fourier modes, 200

Gauss-points, p = 2, ξ = 1, and with initial condition a0 given by the zero vector. All the

steady states obtained via Newton’s method give a residual (4.22) ∥F(a)∥ℓ2 ≤ 10−15.

Dropping the symmetry assumption

For validating both symmetric and non-symmetric solutions (as in Figure 4.1), the full

self-consistency equation (4.31) with m = (m1, m2) is needed. We verify these solutions

by comparing the LSS-estimated m with the intersection of the diagonal planar sections

in Figure 4.3. In Figure 4.5 we superimpose the self-consistency solutions over the free

Figure 4.3: κ = 2: The complete self-consistency equation is linked to two surfaces, one
for each component of r(m) (left). The solutions m lie then on the diagonal planar section
of those surfaces w.r.t. m1 and m2 respectively (right).

energy levels; this allows us to identify stable and unstable configurations. The figures

have been obtained by considering L = 50 Fourier modes, 100 Gauss-points, p = 4, ξ = 1,

and with initial condition a0 given by a random uniform vector normalized such that the

associated ρ is a distribution. All the steady states obtained via Newton’s method give a

residual (4.22) ∥F(a)∥ℓ2 ≤ 10−15.
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Figure 4.4: Left: Solutions obtained via the deflated Newton’s method for two different
parameter configurations, leading to a single solution (top) and triple solutions (bottom),
respectively. Right: The self-consistency equation (4.34) and the free energy landscape.
The dashed vertical lines represent the m1 values estimated by the LSS method. The
colouring of the curves corresponds to the solutions displayed on the left. All figures
are generated with α = −1, β = 1, and varying interaction strength κ = 1 (top) and
κ = 3 (bottom). The green curve shows the free energy F [ρ] of the system, where stable
and unstable configurations correspond to minimizing and non-minimizing critical points,
respectively.

4.3.4 Phase transitions for the O(2) model with magnetic field

To validate the proposed root-finding procedure numerically, we apply it to the problem

of the O(2) model with an external magnetic field; for this problem, the stationary states

can be computed analytically [97, Lemma 1.26]. We consider the state space Ω = [0, 2π]

with interaction and confining potentials

W (x, y) = −cos(2π(x− y)) , U(x) = −ηcos(2πx) , (4.35)

respectively, with η ∈ (0, 1). The presence of a small confinement (e.g. η = 0.05) is
enough to break the translation invariance of the problem. In [97, Lemma 1.26], it is
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Figure 4.5: We display all the solutions (symmetric and asymmetric) found via deflation
and we compared the estimated values of m1 and m2 with the contour plot and free
energy landscape for different parameter configurations: κ = 2 (left), κ = 4 (center), κ = 5
(right). The estimated parameters lie in the desired intersections, validating the numerical
solutions.

proved that there exists a critical temperature β−1
c such that:

• for β−1 > β−1
c there exists a unique stable steady state parameterized by

ρmin = Z−1
mine

αmincos(2πx) , Zmin =
∫︂
Ω

eαmincos(2πx)dx with αmin > 0; (4.36)

• for β−1 < β−1
c we expect at least two steady state solutions of the form

ρmin = Z−1
mine

αmincos(2πx) , Zmin =
∫︂
Ω

eαmincos(2πx)dx

ρ∗ = Z−1
∗ eα∗cos(2πx) , Z∗ =

∫︂
Ω

eα∗cos(2πx)dx

(4.37)

for α∗ < 0 < αmin with both constants depending on β−1. At low temperatures,

ρmin is the unique minimizer (ρ∗ being a non-minimizing critical point) of the free

energy. This classifies ρmin and ρ∗ as stable and unstable steady states, respectively.
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Figure 4.6: Steady states for the modified noisy Kuramoto model (confining strength
parameterized by η = 0.05) obtained via deflated Newton’s method. We label the solutions
with the LSS-estimated coefficients αmin and α∗’s.

The results of our numerical experiments are displayed in Figure 4.6 , and are obtained

with the following parameters choice: L = 10 Fourier modes, 100 Gauss-points, p = 2,

ξ = 0.05, and a0 is the uniform distribution. The coefficients αmin and α∗’s, estimated

using the LSS method as done in the previous example, match the expected behaviour. In

particular, regardless the choice of β−1, we always retrieve a positive αmin > 0, associated

with a stable configuration. Below the critical temperature, which we place numerically

between 0.4 < β−1
c < 0.415, other unstable steady states, parametrized by α∗ < 0, start

to appear.

4.4 Optimal feedback stabilization of unstable steady states

Having determined all possible steady state solutions to our problem, we now turn our

attention to the design of control laws which can effectively steer the McKean-Vlasov PDE

towards a given stationary distribution. For this, we consider the mean-field equation with

a control term in the drift

∂tρ = β−1∆ρ+∇ ·
(︃
ρ
(︁
(∇W ∗ ρ) +∇U + u

)︁)︃
, (t, x) ∈ Ω× [0, T ] , (4.38)

where u = u(t, x) ∈ L2(0, T ;L∞(Ω)) is a time-dependent vector field representing an

external control signal. In the following we refer to ρ ∈ W(0, T ) as the weak solution to
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(4.38), where the Bochner space reads

W(0, T ) := {ρ ∈ L2(0, t;H1(Ω)) | ∂tρ ∈ L2(0, T ;H−1)} ,

with H−1 dual space of H1.

A natural control problem arising in this context is the acceleration of convergence towards

a stable steady state, which can be achieved by studying the linearized control problem

around an equilibrium [58]. In this project, our goal is to choose a control law to steer

the solution to the McKean-Vlasov PDE towards a prescribed unstable steady state. The

synthesis of such a control signal is achieved by casting the following dynamic optimization

problem:

min
u
J (u) := 1

2

∫︂ T

0
∥ρ(t, ·)− ρ∞∥2L2(Ω) + γ∥u(t, ·)∥2L2(Ω,Rd) dt + Ψ(ρ(T, x)) , (4.39)

subject to (4.38). In this formulation T > 0 denotes a prescribed prediction horizon for

stabilization, ρ∞ corresponds to the desired unstable steady state to be tracked, γ > 0 is

a control energy penalty, and Ψ(ρ) is a terminal cost. In finite horizon optimal control

problems, this terminal penalty plays a crucial role in enforcing stabilization towards the

terminal state, representing a relaxation of the terminal constraint ρ(T, x) = ρ∞. In our

case, we consider a terminal penalty given by

Ψ(ρ) = η ∥ρ(T, ·)− ρ∞∥2L2(Ω) , η ≥ 0 . (4.40)

Remark 3. The non-negativity and mass conservation conditions have not yet been ad-

dressed in the optimal control problem. However, these properties are inherently satisfied

when the initial condition ρ0 ∈ L2(Ω) is non-negative and has an integral equal to 1. For

a more detailed discussion on this topic, we direct the reader to Corollary 2.4 in [159].

4.4.1 First-order necessary optimality conditions
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To solve the optimal control problem (4.39), we derive first-order conditions for opti-

mality, consistently to what was presented in Section 2.1.2. These conditions are ob-

tained by analysing the behaviour of J under infinitesimal perturbations of the control

and, consequently, the state variable. Assuming J (u) is Fréchet differentiable (proof

in Appendix A.1) with derivative denoted by DJ (u)[·], every optimal control signal

u∗ ∈ L2(0, T ;L∞(Ω)) satisfies

DJ (u∗)[h] = 0 ∀h ∈ L2(0, T ;L∞(Ω)) . (4.41)

The condition (4.41) can be rewritten in a more convenient form by means of a system

of equations for the triple (u, ρ, λ), where λ ∈ W(0, T ) denotes the adjoint state variable

associated with the pair (ρ, u)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂tρ = β−1∆ρ+∇ ·
(︃
ρ
(︁
(∇W ∗ ρ) +∇U + u

)︁)︃
(state)

−∂tλ = β−1∆λ−∇λ ·
(︃
∇W ∗ ρ+∇U + u

)︃
+
(︃
∇W ⋆ (∇λ ρ)

)︃
+ (ρ− ρ∞) (adjoint)

ρ(x, 0) = ρ0(x), λ(t, x) = ∇ρΨ(ρ(T, x)) (b.c.’s)

−∇λρ+ γu = 0 (optimality)
(4.42)

and where the operation ⋆ is defined as

(f ⋆ g)(x) :=
∫︂
Ω

f(y, x)g(y)dy . (4.43)

This optimality system can be immediately derived from the first order condition (4.41)

combined with the derivation of a computational expression for DJ (u∗)[·] [241, 114, 159,

31, 29]. The full derivation can be found in Appendix A.2

If an optimal control signal u∗ exists that solves (4.39), then the optimal triple (ρ∗, λ∗, u∗),

comprising the u∗-controlled state ρ∗, the corresponding adjoint λ∗, and u∗ itself, satisfy

eq. (4.41). For a comprehensive derivation and well-posedness analysis of optimality
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conditions for a similar control problem, we refer the reader to [114].

In the following, we discuss the construction of a numerical scheme for the approximation

of such an optimal triple by following a discretize-then-optimize strategy. That is, instead

of approximating the continuous optimality system (4.41), we derive optimality conditions

for a discretized version of (4.39), which has a similar forward-backward structure as in

the continuous case. For this, following the method of lines, we consider the spatial

approximation in VL of the target steady state ρ∞, the distribution ρ(t, ·) and the control

signal u(t, ·) at each fixed time t as L−truncated Fourier series. A semi-discrete problem

is then obtained by embedding the time dependency at the level of the Fourier coefficients

ρL∞(x) =
L∑︂
i=1

ãiψi(x) , ρL(t, x) =
L∑︂
i=1

ai(t)ψi(x) , uL(t, x) =
L∑︂
i=1

d∑︂
j=1

ui,j(t)ψi(x) .

(4.44)

The discretization maintains the assumption that the control signal uL(t, ·) ∈ L∞(Ω) for

all t ∈ [0, T ]. This is ensured by the boundedness of our basis functions |ψi(x)|L∞ ≤ 1

i = 1, . . . , L, and by uL being a finite sum of such bounded functions, hence remaining in

L∞. The associated L-dimensional approximation of (4.38) reads

M ȧ(t) = −
(︁
β−1K + C

)︁
a(t)− bil(a(t))− d(a(t),u(t)) , (4.45)

where the operators K, C, bil(·) are as in (4.15-4.16), u ∈ RL×d, and the mass matrix M

has entries

Mn,m =
∫︂
Ω

ψn(x)ψm(x)dx , (4.46)

whilst the bilinear control operator reads

d(a,u) =
L∑︂

i,k=1

d∑︂
j=1

ai(t)uk,j(t)
∫︂
Ω

ψi
∂ψm
∂xj

ψk dx, m = 1, . . . , L . (4.47)

Under this discretization, denoting the j−th column of the control coefficients as uj ∈ RL,
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the finite-dimensional approximation of the optimal control problem reads

min
u(·)∈Vd

L

JL(u) := 1
2

T∫︂
0

(a(t)− ã)⊤M (a(t)− ã)+γ
d∑︂
j=1

(uj(t)⊤M uj(t)) dt+P (a(T )) , (4.48)

subject to (4.45), where final cost is given by

P (a(T )) = η (a(T )− ã)⊤M (a(T )− ã) . (4.49)

For the sake of simplicity, we will drop the time dependence and denote a = a(t), u = u(t).

Writing the system dynamics in (4.45) in control-affine form as

ȧ = f(a) +
d∑︂
j=1

gj(a) uj (4.50)

f(a) := M−1
(︃
−(β−1K+C) a−bil(a)

)︃
, gj(a) := M−1

(︃
−Dj(a)

)︃
, g(a) :=

(︁
g1(a), . . . , gd(a)

)︁
,

(4.51)

[︁
Dj
]︁
k,m

(a) :=
L∑︂
n=1

an

∫︂
Ω

ψn
∂ψm
∂xj

ψk dx , k,m = 1, . . . , L, (4.52)

we define the Hamiltonian associated to the optimal control problem

H(a,u,p) := p⊤
(︃
f(a) + g(a) u

)︃
+ L(a,u) , (4.53)

with adjoint variable p ∈ RL and running cost

L(a,u) := (a − ã)⊤M (a − ã) + γ
d∑︂
j=1

(u⊤
j M uj) . (4.54)

Analogously as for the continuous problem, first-order necessary optimality conditions for

the semi-discrete problem (4.48) are then expressed as

ȧ = ∂H
∂p (a,u,p) , −ṗ = ∂H

∂a (a,u,p) , ∂H
∂u (a,u,p) = 0 , (4.55)
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closed with initial and terminal boundary conditions. This two-point boundary value

problem reads

ȧ = M−1
(︃
− (β−1K + C) a − bil(a)− d(a,u)

)︃
(state)

(4.56)

−ṗ = p⊤M−1∇a

(︃
− (β−1K + C) a − bil(a)− d(a,u)

)︃
+M (a − ã) (adjoint)

(4.57)

a(0) = â , p(T ) = ∇aP (a(T )) = 2η (a(T )− ã)⊤M (b.c.’s)

(4.58)

0 = γ u⊤
j M − p⊤gj(a), j = 1, . . . , d (optimality)

(4.59)

The system is addressed via policy iteration, combining the forward-backward integration

of the state (4.56) and adjoint (4.57) equations, with a gradient descent algorithm for the

update of the control signal. This iterative procedure is presented and discussed in Section

2.1.2.

Remark 4. (On the consistency of optimality conditions). The continuous optimal con-

trol problem (4.38) and its discretized counterpart (4.48) yield different optimality systems.

Establishing consistency between these two approaches is essential for ensuring the reliabil-

ity and accuracy of our numerical solutions. We provide a detailed proof of this consistency

in Appendix A.3.

4.4.2 Nonlinear Model Predictive Control

Our original goal is the design of a control law for stabilizing the McKean-Vlasov PDE

towards an unstable steady state. In general, optimal asymptotic stabilization is addressed

by means of infinite horizon optimal control, that is, taking T = +∞. This formulation is

not approachable with the proposed methodology as it would translate into an ill-posed

two-point boundary value problem with an asymptotic terminal condition as t→∞.
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On the other hand, finite horizon T < +∞ optimal control problems are generally not

suitable for stabilizing systems around unstable stationary configurations. Small perturba-

tions or deviations from these points tend to derail the system from the desired convergence

and in our case, trajectories will be attracted towards stable steady states. Even if the

open-loop optimal control successfully steers the system towards an unstable steady state

ρ∞ within the finite horizon, the system is likely to diverge from that beyond T due to

disturbances. In this context, a fundamental aspect is the use of a feedback control law

which can continuously steer the dynamics towards the desired configuration based on

measurements of the current state of the system, hence robust to perturbations.

Nonlinear Model Predictive Control (MPC) is a technique for synthesizing stabilizing

feedback control maps from subsequent solves of the optimality system (4.56)-(4.59) over

a moving time frame of reduced horizon T < +∞. The idea is that state dependency of

the open loop solution only resides in the first entry in the control signal, which can be

registered as feedback w.r.t. the initial condition. This procedure is presented in Algorithm

2 and discussed in Section 2.1.2. The receding horizon nature of MPC allows for subsequent

feedback and correction of deviations from the unstable target configuration.

4.5 Numerical Tests

In this section we assess the proposed deflation and control methodology on a test cases

related to opinion dynamics. In this context, the uncontrolled dynamics converge to a

single cluster (or consensus), and we wish to prevent such behaviour and steering the

system towards an unstable multi-cluster or uniform distribution.

The PDE model parameters, such as noise and interaction strengths, are selected to ensure

the system operates below the transition point where multiple solutions (both stable and

unstable) to the integral equation emerge. For a comprehensive theoretical analysis of

these models, including the examination of critical temperatures and interaction strengths,

readers are referred to [123, 67] for the Hegselmann-Krause model and in [132] for the two

dimensional Von Mises model.
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In both the following numerical tests, at a fixed time, the control signal and density are

discretized in space as in (4.44) as linear combination of spectral basis functions, here

given by the first L Fourier modes. For the time stepping we will use a 4th order Runge

Kutta scheme.

4.5.1 Hegselmann-Krause opinion formation model

We consider the controlled McKean–Vlasov equation with V ≡ 0 and Hegselmann-Krause

interaction potential

∇W (x, y) :=

⎧⎪⎪⎨⎪⎪⎩
x− y if |x− y| ≤ r

0 otherwise
(4.60)

where r encodes the radius of interactions. The jump discontinuities in this potential are

treated by shifting either the base or the end of the jump by a small factor of 5e− 3.

Figure 4.7: The Hegselmann-Krause interaction potential and its regularization (left).
Difference between original and regularized potential (right).

In the one-dimensional case with Ω = [0, 1] and periodic boundary conditions, the Mckean-

Vlasov equation reads

∂tρ = β−1∂2
xρ+ ∂x

[︃
ρ

(︃∫︂
Ω

(x− y)ρ(y)I|x−y|≤r(y) dy
)︃]︃

, (4.61)

where I|z|≤r denotes the indicator function of the ball of radius R centred at the origin.

The emergent behaviour in this model depends on both the noise amplitude β−1 and
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the range of interaction r. In Figure 4.8 we fix r = 0.1 and we analyse the asymptotic

behaviour while changing β−1. The figures have been obtained with l = 50 Fourier modes,

200 Gauss points, and deflation parameters p = 3, ξ = 1. In high noise regimes (similarly

to what happens for long interaction ranges), we identify a unique stationary configuration,

converging to the uniform distribution as β−1 → 1. For lower inverse temperature β−1 ≤

β−1
c , agents’ opinions tend to cluster into distinct groups [123]. Once the opinion clusters

are formed, they remain relatively stable for a long period of time. This is a manifestation

of the dynamical metastability phenomenon that characterizes the dynamics of systems

exhibiting discontinuous phase transitions, and it will be studied in detail in forthcoming

work. Eventually, the opinion clusters merge, leading to the stable stationary consensus

configuration.

Figure 4.8: In high noise regimes (β−1 > β−1
c ≈ 1e − 3), a single stable steady state

converges towards the disordered uniform state (left). For low noise regimes (centre-
right), opinions start condensing into clusters. In both parameter regimes, the stable
configuration is consensus. However, deflated Newton’s method identifies some unstable
steady states displaying concentration around multiple positions. All solutions can be
found translated along the domain, but only a selection of those is displayed for clarity of
presentation.

Having identified the multi-cluster distributions as metastable, we solve the optimal control

problem (4.38) for stabilizing the system at this configuration while preventing consensus

formation. We consider β−1 = 3e− 4, with the stabilization target distribution ρ∞ being

the blue line in Figure 4.8 (centre). We address the stabilization problem with control

energy penalization parameter γ = 0.01, and terminal cost weight η = 100, over a total

time interval [0, T ], T = 1e3 seconds. The parameters for the gradient descend are a

step size δ = 10−6 and convergence tolerance ε = 0.01. In a receding horizon approach,
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Figure 4.9: We address the optimal control problem for stabilizing the system in (Fig. 4.8
- centre) at the unstable configuration in blue via MPC. (Left) evolution of the discrepancy
w.r.t. ρ∞ in the controlled case, departing from a uniform initial condition. (Centre) the
free dynamics diverge from the target state, towards the stable consensus configuration.
(Right) discrepancy in L2 norm between density ρ(t, x) and target steady state ρ∞(x).

the control is computed by subsequent solves of (4.59) over a rolling window of reduced

time horizon (100s). In Figure 4.9, we compare the controlled and uncontrolled evolution

of ρ(t, x), where the MPC action successfully stabilizes the distribution at the desired

state, preventing the formation of the concentration profile appearing in the uncontrolled

dynamics.

4.5.2 Two-dimensional Von Mises interaction potential

In this numerical test we apply the proposed methodology to a two-dimensional problem,

with Ω = [−π, π]× [−π, π] and Von Mises interaction potential

W (x, y) = −I0(k)−2exp

{︃
θ
(︁
cos(x) + cos(y)

)︁}︃
, (4.62)

without any confining force U(x) ≡ 0. We use this a "periodized" version of the two-

dimensional attractive Gaussian interaction potential that was used in, e.g. [175, 120].2

For sufficiently small interaction parameter, relative to the size of the domain, this system

displays a discontinuous phase transition between a disordered phase, where at high tem-

2Alternatively, we could have also considered the wrapped Gaussian. For small variances, the case of
interest for us, the wrapped Gaussian, the Gaussian potential and the Von Mises potential give identical
numerical results. On the other hand, the rigorous theory put forward in [67] upon which we rely in order
to prove the existence of a discontinuous phase transition for the bounded confidence model, applies only
to periodic interaction potentials.
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peratures β−1 ≥ βc the stable steady state is the uniform distribution, and a cooperative

one, where the uniform configuration is still a stationary state (now unstable), together

with a stable, "droplet" concentration profile [67]. In this numerical test we fix θ = 1. In

the deflation routine, as initial guess a0, we consider the one resulting from the iterative

scheme presented in [120]. As expected, for large values of β−1, we have a single (uniform)

solution, whilst the solutions become two when the inverse temperature is low enough.

Figure 4.10 shows the results obtained for κ = 1, with l = 10 Fourier modes and 200

Gauss points.

(a) β−1 > 0.3702 (b) β−1 = 0.3701 (c) β−1 = 0.2

Figure 4.10: Steady states identified with the deflated Newton’s method. For β ≥ 0.3702,
the iterative scheme converges into a uniform distribution, and the root finding method
does not identify other steady states. For smaller values of β−1, we have convergence
towards a droplet configuration, whilst the uniform distribution remains an unstable steady
state.

We consider an optimal control problem for stabilizing the system towards the uniform

distribution in a parameter regime where this is an unstable steady state (β−1 = 0.3701).

Following a receding horizon strategy, we solve the problem in t ∈ [0, T ], T = 1s with a

rolling window of reduced 0.1s length, for control penalization parameter γ = 0.001 and

terminal cost weight η = 1000. The parameters for the gradient descend are δ = 10−3

and ε = 0.1. In Figure 4.11 we compare the evolution of ρ(t, x) with and without the

control action. In the controlled case, the distribution of particles is successfully steered

to the target uniform distribution, whilst the free dynamics move towards the stable

concentration profile.
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(a) (b) (c)

Figure 4.11: (a) evolution of the controlled dynamics towards ρ∞ at three sample times.
(b) the free dynamics diverge from the target state, forming the stable droplet configura-
tion. (c) discrepancy in L2 norm between density ρ(t, x) and target steady state ρ∞(x).

4.6 Concluding remarks

We have presented a comprehensive methodology for computation and control of unstable

steady states for McKean-Vlasov PDEs. The proposed pipeline consists of a spectral dis-

cretization of the dynamics, the use of a deflation algorithm for identification of all possible

steady states, and a nonlinear model predictive control law for asymptotic stabilization

towards the desired unstable state. While unstable steady states do not naturally arise

from studying the evolutionary system, there are applications where it might be useful

to artificially force the system around an unstable configuration. For example, in opinion

dynamics, one may wish to break down clustering in a highly polarized society. In this

context, we have demonstrated the effectiveness of our method in multiagent models for

opinion dynamics both in one and two dimensions.

Even though in this project we applied our methodology to a relatively simple class of

examples, namely weakly interacting diffusions on the torus, for which a well developed

theory of phase transitions exists, our approach opens up new possibilities for understand-

ing and controlling the collective behaviour of complex interacting particle systems, with

potential impact in various scientific and engineering domains. We are particularly inter-

ested in multiagent systems in the social sciences, such as models for consensus formation,

pedestrian dynamics and sociodynamics, as well as multispecies models in ecology [124].
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Our identification-control pipeline can also be applied to mean field models arising from

rational strategies rather than interactions forces, e.g., mean field games with multiple

solutions [96], or mean field game models for systemic risk [65]. Moreover, the impact of

the proposed methodology expands well beyond the realm of physical multiagent systems

to problems in computational statistics, where there is interest in accelerating convergence

to the target distribution for Fokker-Planck dynamics in applications related to sampling

from probability measures in high dimensions [58, 59, 163].
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Chapter 5

Mesoscopic Scale
Control of kinetic collective dynamics by deep neural

feedback laws

In the study of large-scale ABMs, when both the number N of agents and the intrin-

sic dimensionality d of the microscopic dynamics exacerbate the curse of dimensionality,

rendering the methodologies discussed in previous chapters insufficient for practical im-

plementation.

To address these limitations, in this chapter we summarise the work published in [9,

10], where we introduce a different perspective that occupies the middle ground between

microscopic agent-to-agent interactions and macroscopic mean-field descriptions. This

mesoscopic scale serves as a crucial bridge between these approaches by examining the

dynamics of smaller agent subsystems rather than focusing exclusively on either individual

or collective behaviour.

In this chapter, we consider a modeling paradigm that conceptualizes the agents’ density

as a plasma-like matter distribution. This approach solves the large-scale OCP by focus-

ing on controlled subsystems, specifically pairs of interacting agents. While we continue

to leverage mean-field principles for large-scale approximations, our method introduces

an enhanced level of granularity through averaging over controlled binary interactions.
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This technique effectively alleviates the computational challenges linked to both the large

number of agents N and the high dimensionality d of the state space.

To make matters more concrete, let us consider a second-order system with N agents in

Rd, where the state of the i-th agent is encoded by the pair si = (xi, vi) ∈ R2d, representing

position and velocity, respectively, evolving according to transport-interaction dynamics

of the form

ẋi(t) = vi(t)

v̇i(t) = 1
N

h∑︂
j=1

P (xi(t), xj(t))(vj(t)− vi(t)) + ui(t) , i = 1, ..., N.
(5.1)

Here, P (·, ·) : Rd×Rd → R denotes an interaction kernel, while ui(t) is a control signal in-

fluencing agent i. The ensemble of control signals is denoted by u(t) = (u1(t), . . . , uN (t))⊤.

The core of the self-organization behaviour of the free dynamics resides in P , which can

induce clustering, polarization or alignment, among many others. This self-organization

behaviour can be modified by the influence of an external control law. In the framework

of dynamic optimization, this control is synthesized by minimizing a cost functional which

rewards the convergence of the system towards a cooperative goal, e.g. consensus

ũ(t) = argmin
u(·)

{︃
JN (x,v,u) := 1

N

+∞∫︂
0

h∑︂
i=1
∥vi − v̄∥2 + γ G(ui) dt

}︃
, γ > 0 , (OCP)

where the first term in the cost is promoting consensus towards the target velocity v̄, while

G : Rd → R+ ∪ {0} is a convex function penalizing the energy spent by the control ui.

The double trouble of the curse of dimensionality

The solution of the optimal control problem defined by minimizing (OCP) subject to

(5.1) is twice cursed by the dimensionality of the problem: solving the OCP becomes

prohibitively expensive for large values of N (as in swarm robotics or collective animal be-

haviour where hundreds or thousands of agents are present), as well as for high-dimensional

state spaces (i.e. d≫ 1, as in portfolio optimization). As discussed in Chapter 4, a partial
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remedy to this problem comes from statistical mechanics by assuming the number of agents

N →∞, so that the dynamics of the individual-based problem can be approximated by a

mean field equation

∂tρ+ v · ∇xρ = −∇v ·
(︃

(P[ρ] + u)ρ
)︃
, (5.2)

where ρ(t, x, v) is the probability density of having an agent with state (x, v) at time t,

and the mean field interaction force is given by the non-local operator

P[ρ](t, x, v) :=
∫︂

R2d

P (x, x∗)(v∗ − v)ρ(t, x∗, v∗)dx∗ dv∗ . (5.3)

A direct transcription of the objective (OCP) leads to the mean field optimal control

problem [117]

min
u
J (ρ, u) :=

+∞∫︂
0

∫︂
R2d

(︂
∥v − v̄∥2 + γ G(u)

)︂
ρ(t, x, v) dx dv dt . (MFOC)

Even though the formulation using (5.2) alleviates the curse of dimensionality with respect

to N , it leads to a PDE-constrained optimization problem over 2d+ 1 dimensions, which

becomes prohibitively expensive already for moderate values of d. The solution of high-

dimensional mean field optimal control problems has been addressed using deep learning

techniques in [219] in the case of linear dynamics, however, the case with nonlinear agents

remains open.

A kinetic remedy

In this chapter, we discuss the synthesis of a feedback control for (5.2) which is a sub-

optimal solution to (MFOC). In order to overcome the obstacle posed by the treatment

of high-dimensional, nonlinear agents, we resort to modeling the evolution of the agents

density ρ from a kinetic viewpoint, reformulating the mean field controlled dynamics as a

Povzner-Boltzmann type equation

∂tρ(t, x, v) + v · ∇xρ = λεQκ,u(ρ, ρ)(t, x, v) , (5.4)
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where the operatorQ takes into account the gain and the loss of particles in (x, v) at time t,

due to the motion of individuals via free transport and the velocity changes resulting from

the controlled interaction dynamics, see [214, 201]. If we consider the interaction dynamics

in (5.1), reduced to the case of N = 2 particles with velocities (v, v∗), by denoting as (v′, v′
∗)

the update of those velocities after a forward Euler step of length κ, we have

Qκ,u(ρ, ρ)(t;x, v) =
∫︂

R2d

1
Jκ
ρ(t, x,′ v)ρ(t, x∗,

′ v∗)− ρ(t, x, v)ρ(t, x∗, v∗) dx∗ dv∗ , (5.5)

where (′v,′ v∗) ↦−→ (v, v∗) are the pre-interaction velocities that generate the couple (v, v∗),

while Jκ is the Jacobian of the binary interactions map (v, v∗) ↦−→ (v′, v′
∗).

We will show that the alternative mesoscopic description of ABMs via eq. (5.4) is consis-

tent with a sub-optimal, controlled solution of the constrained mean field PDE (5.2), when

assuming high frequency λε and weak interactions κ between particles, similarly to the

grazing-collision limit in kinetic theory [178]. The convenience of such kinetic formulation

relies on the reduced computational cost required for its solution via direct simulation

Monte Carlo (DSMC) methods, [16]. Such a sampling-based technique approximates the

solution of the Boltzmann eq.(5.4) by computing a collection of binary sub-problems for

couples of agents sampled from the population density function ρ(t, ·) [201].

Assuming a high interaction frequency between agents requires, at each evolution step,

the solution of a large number of reduced 2-agent (OCP). For efficiency purposes, we rely

on supervised learning to build an NN approximating the solution of the binary OCP, thus

circumventing its online solution at every sampling instance. For training, we generate

synthetic data via the solution of the binary OCP using a discrete time state-dependent

Riccati equation (dSDRE) approach [35, 259]. The overall procedure is outlined in Figure

5.1.

Related literature and contributions The modeling of high-dimensional ABMs sys-

tems has been extensively studied within the kinetic research community, aiming at re-

ducing the computational complexity of simulations [51, 54, 99]. The formulation of a
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Figure 5.1: A diagram summarizing the main building blocks of the proposed numerical
method. The mean field optimal control problem is approximated by a kinetic equation,
which relies on sampling interactions between pairs of agents. To reconstruct the com-
plete microscopic dynamical system, these interaction equations are coupled with a free
transport process (omitted here for simplicity). Since every sample requires the solution
of a binary optimal control problem, we resort to supervised learning techniques to build
a feedback control law which can be called in the sampling step without solving online
optimization problems. We denote by s(i) := (x(i), v(i)) the state of the i−th agent.

kinetic description for evolutionary models has inspired a flourishing literature in ABMs

[66, 202, 238, 240]. In this direction, the authors of [17] proposed a Monte Carlo approach

based on binary collision dynamics [201], inspired from plasma physics. The proposed

methodology addresses the integration of the mean field formulation of ABMs by means

of a Boltzmann scheme, allowing to retrieve the mean field evolution of the system as a

limit of 2-agents sub-problems. Such complexity reduction has motivated the extension of

this numerical scheme to fit the optimal control framework [16, 203, 209].

In [13, 16], consistency was shown between the feedback controlled, non-local, mean field

equation (5.2) and the homogeneous non-linear Boltzmann equation (5.4) with controlled

binary interactions in the quasi-invariant scaling, and where the control action has been op-

timized by means of (MPC) 2.1.2, or via dynamic programming 2.1.1. Similar approaches

can be found also in [18] for leader-follower multi-agent systems.

The main contributions of our work, inspired by the aforementioned results, can be sum-
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marized as follows:

• Aiming at a further reduction in computational complexity with respect to [16, 13],

we rely on data-driven approximation models fitted in a supervised learning fashion

over synthetic data for the reduced binary OCP. For this, we consider candidate ap-

proximation models of both feed-forward (see 2.2.1) and recurrent (see 2.2.2) neural

network type. The architecture of such fitted approximation models conveniently

allows for batch evaluations of data, meaning that at each time step the controls

can be computed for all the sampled 2-agents sub-systems at once. The precision of

the fitted models and their efficiency as the dimensionality of the problem increases

have been assessed through numerical tests.

• The dataset guiding the ANNs training phase is collected from synthetic data, ob-

tained from the solution of the infinite horizon (OCP) reduced to the binary case.

Unlike the approaches taken in [13], we circumvent the solution of the HJB equation

associated to the binary OCP, which would be unfeasible even in moderate agent di-

mensions d. Instead, we rely on the State-Dependent Riccati Equation approach for

synthesizing nonlinear feedback controls, as discussed in Section 2.1.3. In particular,

we will focus on discrete time settings [106, 71].

• A first, intuitive, choice is to consider the feedback control as target variable of

the approximation task, as done in [216, 8, 148, 156, 102]. Furthermore, we also

train networks for approximating the whole of the controlled right hand side of the

discrete-time binary controlled dynamics. For uncontrolled systems, approximation

techniques has been studied for detection and approximation of interaction kernels

P (·, ·) [55, 170]. However, to our knowledge, this work has not been yet extended to

the controlled framework.

Outline of the Chapter

The rest of the chapter has been organized as follows. In Section 5.1 we construct an

approximation for the sub-optimal control of the mean field PDE (5.2) from a kinetic
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viewpoint. This leads to a Boltzmann description of the dynamics (5.4), which is then

proven to converge to its mean field counterpart when performing a proper scaling of the

frequency and strength of interactions. In Section 5.2 we discuss how to approximate the

evolution of system according to the Boltzmann dynamics for the distribution of agents

via Monte Carlo simulation: from the current system configuration, we sample a pool of

agents, which are then randomly coupled according to statistics of interaction. The post-

interaction agents are then considered, so that their sampling distribution models the

updated population density. Following this scheme, the evolution of the system is tracked

at discrete times. This requires the computation of the feedback control in discrete-time

settings, which is addressed in Section 5.3 by means of a discrete time state-dependent

Riccati Equation approach. In Section 5.4, we discuss a supervised learning approximation

to the solution of the binary OCP. Numerical tests are presented in Section 5.5.

5.1 A Boltzmann formulation for the control of mean field

dynamics

The accurate modeling of self-organization phenomena and optimal control in ABMs re-

quires a large number of interacting individuals, implying the need for the solution of

a very high dimensional optimal control problem, which often comes at a prohibitively

expensive computational cost. An alternative way to address this problem is to model in-

stead the distribution function ρ(t, x, v) describing the density of individuals having state

variable (x, v) ∈ Rd × Rd at time t ≥ 0. The evolution of ρ(t, x, v) can be characterized

by a kinetic equation accounting for the motion of individuals undergoing pairwise inter-

actions, as modeled in (5.8). Thus, the mean field dynamics can be retrieved by suitable

scaling of the interactions, also referred as quasi-invariant scaling, or grazing collision limit

[201, 247]. In particular, the quasi-invariant limit consists of considering an interaction

regime where low intensity interactions occur with high frequency. In this regime, the

density ρ(t, ·, ·) is expected to converge pointwise in time to the solution of the mean

field controlled PDE (5.2), which corresponds to a sub-optimal solution of the mean field

optimal control problem (MFOC).
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5.1.1 Binary controlled dynamics

We denote by (x, v), (x∗, v∗) ∈ Rd × Rd the position and velocity states of two agents in

the population, and we assume that they modify their velocity states according to binary

interaction maps (v, v∗) ↦→ (v′, v′
∗) as follows

v′ = v + κP (x, x∗)(v∗ − v) + κu,

v′
∗ = v∗ + κP (x∗, x)(v − v∗) + κu∗ ,

(5.6)

where κ is the strength of interaction, u = (u, u∗)⊤ is the forcing term associated to

interaction between agents. The goal of such external influence is to steer a couple of

agents toward consensus. In particular, we will address the optimal control ū as the

solution of an infinite horizon binary optimal control problem, as follows

ũ = argmin
u∈Uadm

{︃ +∞∫︂
0

∥v − v̄∥2 + ∥v∗ − v̄∥2 + γ
(︁
G(u) + G(u∗)

)︁
dt

}︃
, (5.7)

where Uadm = L∞([0,+∞);R2d) is the space of admissible controls. The numerical pro-

cedure for the feedback control synthesis will be addressed in section 5.3.

Furthermore, we model the evolution in time of ρ(t, x, v) with a kinetic integro-differential

equation of Boltzmann type [13, 200, 214]

∂tρ(t, x, v) + v · ∇xρ(t, x, v) = λεQκ,u(ρ, ρ)(t, x, v) , (5.8)

where the parameter λε encodes the interaction frequency, and the operator Qκ,u(ρ, ρ)

accounts for the gain and loss of particles with state (x, v) at time t

Qκ,u(ρ, ρ) = Q+
κ,u(ρ, ρ)−Q−

κ,u(ρ, ρ). (5.9)
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In particular, we can express respectively the gain and loss operators as follows

Q+
κ,u(ρ, ρ)(t, x, v) =

∫︂
Rd×Rd

1
Jκ,u

ρ(t, x,′ v)ρ(t, x∗,
′ v∗) dx∗ dv∗ , (5.10a)

Q−
κ,u(ρ, ρ)(t, x, v) =

∫︂
Rd×Rd

ρ(t, x, v)ρ(t, x∗, v∗) dx∗ dv∗ , (5.10b)

where (′v,′ v∗) ↦−→ (v, v∗) are the pre-interaction velocities that generate the couple (v, v∗),

while Jκ,u is the Jacobian of the binary interactions map (5.6). To avoid the presence of

the jacobian we can introduce a test function φ(x, v) ∈ C2
0 (Rd × Rd) and express the

Povzner-Boltzmann operator in the weak form as

⟨Qκ,u(ρ, ρ), φ⟩ = λε

∫︂∫︂
R2d×R2d

(︁
φ(x, v′)− φ(x, v)

)︁
ρρ∗ dx∗ dv∗ dx dv, (5.11)

where v′ denotes the post-interaction velocity as in (5.6), and and we adopted the shorten

notation ρ = ρ(t, x, v), and ρ∗ = ρ(t, x∗, v∗).

Remark 5. Here we considered the unbounded domain in space and velocity, where the

operator (5.9) accounts interactions with constant collision frequency λε, analogously to

the Boltzmann equation for Maxwell molecules. In general, the interaction frequency is

ruled by a non-linear kernel, where in the Povzner-Boltzmann model it reads as follows

λε⟨Qκ,u, φ⟩ =
∫︂∫︂

R2d×R2d
PB(x, x∗, v, v∗)

(︁
φ(x, v′)− φ(x, v)

)︁
ρ ρ∗ dx∗ dv∗ dx dv, (5.12)

where the kernel PB(·) in the Povzner approach [214] considers non-local interactions

among particles.

If we consider a bounded domain, further conditions should be included in (5.8). Of par-

ticular interest is the case, when the velocity space is bounded, e.g. v, v∗ ∈ Ωv ⊂ Rd. In

this situation, we can directly impose in (5.12) that the boundary is satisfied introducing a

non-linear interaction kernel PB such as PB ≡ χ(v′ ∈ Ωv)χ(v′
∗ ∈ Ωv). This latter choice

automatically satisfies the boundaries, however such nonlinear kernel causes major diffi-

culties when we are interested in studying asymptotic properties of the model (5.8), such
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as mean field approximations. Alternatively, following the approach proposed in [201],

one can ask that the discrete interaction (5.6) preserves the boundary. In this setting,

such requirement is possible by properly designing the admissible space of controls Uadm in

such a way that the boundary cannot be violated. We also observe that the control acts by

forcing the state within an admissible position in the bounded domain. Thus, to preserve

numerically the bounds a possible strategy is to require a sufficiently small penalty param-

eter γ > 0 in the cost functional (5.7), as for example shown in [240], where an explicit

form of the control is obtained.

5.1.2 Consistency with the mean field formulation

Here we focus on the consistency of the Boltzmann operator (5.9) with a mean field con-

trolled dynamics of the type (5.2), in particular introducing a quasi-invariant optimality

limit we can regularize such operator, considering a regime where interactions strength

is low and frequency is high. This technique, analogous to the grazing collision limit in

plasma physics, has been thoroughly studied in [247] and specifically for first order models

in [88, 21], and allows to pass from Boltzmann equation (5.8) to a mean field equation

[16, 18].

In what follows we consider the change of notation for the control in the binary dynamics

(5.6)

u→ uκ(x, v, x∗, v∗), u∗ → uκ(x∗, v∗, x, v)

to give explicit dependence on the parameters and the state variables, since we focus on

feedback type controls, and we introduce the following assumptions

(i) the system (5.6) constitutes an invertible changes of variables from (v, w) to (v′, w′);

(ii) there exists an integrable function u(x, v, x∗, v∗) such that the following limit is well

defined

lim
κ→0

uκ(x, v, x∗, v∗) = u(x, v, x∗, v∗). (5.13)
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Hence, in accordance with [66] and with [13], where an analogous of this argument is

furnished for the controlled dynamics in stochastic settings, we state the following theorem

Theorem 5.1.1:

Consider the Boltzmann-type equation (5.8), with κ, λε > 0 and the control uκ ∈

Uadm, where Uadm is the class the admissible controls. Furthermore, assume the

kernel function Fκ(·) ∈ L2
loc(R2d × R2d) for all κ > 0, where

Fκ(x, v, x∗, v∗) = P (x, x∗)(v∗ − v) + uκ(x, v, x∗, v∗),

and define the parameter ε > 0 to introduce the quasi-invariant scaling as follows

κ = ε, λε = 1/ε, (5.14)

which links the strength and the frequency of the interactions in the Boltzmann-type

equation (5.8).

Thus, if ρε(x, v, t) is a solution for the scaled equation (5.8), for ε → 0 ρε(t, x, v)

converges pointwise, up to a subsequence, to ρ(t, x, v) where ρ satisfies the following

controlled mean field equation,

∂tρ+ v · ∇xρ = −∇v · ((P[ρ] + U [ρ])ρ) (5.15)

with initial data ρ0(x, v) = ρ(0, x, v) and where P[·] represents the interaction kernel

(5.3) and the control is such that

U [ρ](t, x, v) =
∫︂
Rd×Rd

u(x, v, x∗, v∗)ρ(t, x∗, v∗) dx∗ dv∗ (5.16)

where u(x, v, x∗, v∗) is defined as the limiting value in (5.13).

We report the proof of this result in Appendix A.3, as a reformulation of the result proposed

in [13].
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5.1.3 Full state controlled binary dynamics

A further generalization consists in introducing a binary interaction dynamics where, dif-

ferently from the previous section, we consider a binary exchange of information for the

full states of the agents s = (x, v)⊤, s∗ = (x∗, v∗)⊤ ∈ R2d. The interacting process defining

(s, s∗)→ (s′, s′
∗) is described by a binary rules of the following type

s′ = s+ κG(s, s∗) + κHu

s′
∗ = s∗ + κG(s∗, s) + κHu∗

(5.17)

where the controls are respectively u = u(s, s∗), u∗ = u∗(s, s∗), and the operators G and

H are defined accordingly to (5.6) as follows

G(s, s∗) =

⎛⎜⎝Od Id

Od −P (x, x∗)Id

⎞⎟⎠
⎛⎜⎝x
v

⎞⎟⎠+

⎛⎜⎝Od Od

Od P (x, x∗)Id

⎞⎟⎠
⎛⎜⎝x∗

v∗

⎞⎟⎠ , H =

⎛⎜⎝Od

Id

⎞⎟⎠ .
(5.18)

Hence, the kinetic density ρ(t, s) evolves according to a Boltzmann-type model of the

following type

∂tρ(t, s) = λεQ̂κ,u(ρ, ρ)(t, s), (5.19)

with frequency λε > 0, and where, differently from the formulation in (5.8), the transport

term is now encoded in the interaction operator Q̂(ρ, ρ)(t, s). The interaction operator

Q̂(ρ, ρ)(t, s) is now defined as follows

Q̂κ,u(ρ, ρ)(t, s) =
∫︂
R2d

(︄
1
Ĵκ,u

ρ(t,′ s)ρ(t,′ s∗)− ρ(t, s)ρ(t, s∗)
)︄
ds, (5.20)

where Ĵκ,u is the jacobian of the binary rule (5.17), with (′s,′ s∗) the precollisional states.

In this framework, we can retrieve the consistency with mean field model (5.15) via The-
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orem 5.1.2, considering now as a kernel function the following

Fκ(s, s∗) = κG(s, s∗) + κHu(s, s∗), (5.21)

and assuming Fκ(·) ∈ L2
loc(R2d × R2d;R2d). Then, in the quasi-invariant scaling (5.14),

and taking the limit ε→ 0 we have pointwise convergence of the kinetic model (5.19) with

the following mean field equation

∂tρ(t, s) = −∇s ·
(︃
ρ(t, s)

∫︂
R2d

(G(s, s∗) +Hu(s, s∗)) ρ(t, s∗) ds∗

)︃
. (5.22)

Recalling that ∇s = (∇x,∇v)⊤ and that the operators G,H are defined as in (5.18), we

have that (5.22) is equivalent to the mean field equation (5.15).

This result follows the same steps as the proof of Theorem (5.1.2), in this regard further

details can be found in A.3.

We stress that the main differences, with respect to the results of the previous section,

consist in treating the transport term as part of the interaction dynamics, and requiring

that (5.21) is L2
loc. This last requirement, useful for the validity of the consistency Theorem

5.1.2, is in general more restrictive. Nonetheless the full state binary interaction (5.17), in

a reformulated version, allow to provide an efficient control synthesis for the second-order

dynamics. This aspect will be discussed in more details in Section 5.3.

5.2 Asymptotic Monte Carlo methods for constrained mean

field dynamics

We provide a fast simulation numerical scheme for the Povzner-Boltzmann-type controlled

equation, in the asymptotic regime, reminiscent of Direct Simulaton Monte Carlo methods

(DSMCs), used in plasma physics, [54, 51, 17] and later adapted to collective dynamics

[17, 237].

First of all, considering a splitting of the transport and collisional term of the Boltzmann-

123



type equation (5.8) in the asymptotic regime in two different steps [17]:

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∂tρ = −v · ∇xρ transport

∂tρ = ε−1Qκ,u(ρ, ρ). interaction
(5.23)

The purpose of the splitting scheme (5.23) is to focus the discussion on the convergence

of the collisional term, since the free transport process coincides with the mean field

formulation and the Boltzmann one.

In the previous section, consistency between the time evolution of the agents’ population

has been proven between the mean field model for the population density function, and a

scaled Boltzmann description for the dynamics. The latter modeling of ρ(t, x, v) is guided

by the reduced microscopic binary interactions (5.6) between agents. This motivates the

resorting to Monte Carlo simulation techniques for the approximation of the population

density function under the Boltzmann formulation [201, 200, 17, 13].

The evolution (5.23) of ρ in [0, T ] can be modeled by means of a Forward Euler method,

for which we define a time step ∆t, and discrete times th = h∆t for h = 0, . . . , NT

ρ(th+1, x, v) = ρ(th, x, v) + ∆t ∂tρ(th, x, v) . (5.24)

In the spirit of DSMC methods, we can design a stochastic simulation scheme where we

sample Ns agents from ρ0 and we approximate the time variation of ∂tf as the evolution

of the sampled distribution according to the post transport/interaction states.

Concerning the free transport process, the time evolution amounts to the exact free flow

at time th of sample particles
{︂

(xhi , vhi )
}︂Ns

i=1
and evolves as follows

xh+1
i = xhi + ∆tvhi i = 1, . . . , Ns. (5.25)

The collisional term in the Boltzmann-type equation (5.23), can be rewritten in dependence
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of the gain and loss components of the operator Qε,u:

∂tρ(t, x, v) = 1
ε
Q+
ε,u(ρ, ρ)(t, x, v)− Zρ(t, x, v) , (5.26)

where ρ > 0 represent the total mass

Z =
∫︂

R2d

ρ(t, x∗, v∗) dx∗ dv∗ . (5.27)

Assuming ρ to be a probability density function we will consider Z = 1. The Forward

Euler scheme for (5.26), with the notation ρh = ρ(th, x, v) reads

ρh+1 =
(︃

1− ∆t
ε

)︃
ρh + ∆t

ε
Q+
ε,u(ρh, ρh) , (5.28)

since ρh is a probability density, thanks to mass conservation Q+
ε,u is again probability

density function. Moreover, under the restriction ∆t ≤ ε, also ρh+1 is also a probabil-

ity density. Equation (5.28) can be interpret as follows: an agent with state (x, v) has

probability (1 − ∆t/ε) ∈ [0, 1] to avoid collision with other agents in each time interval

[t, t+∆t]. When, instead, the collision does happen (event with probability ∆t/ε ∈ [0, 1]),

the evolution follows the interaction law Q+
ε,u described by the scaled binary interaction,

then a sampled pair of agents at time th

(x, v) := (xhi , vhi ), (x∗, v∗) := (xhj , vhj )

evolves according to (5.6) as follows

vh+1
i = vhi + ε P

(︂
xhi , x

h
j

)︂ (︂
vhj − vhi

)︂
+ ε u

(︂
xhi , v

h
i , x

h
j , v

h
j

)︂
,

vh+1
j = vhj + ε P

(︂
xhj , x

h
i

)︂ (︂
vhi − vhj

)︂
+ ε u

(︂
xhj , v

h
j , x

h
i , v

h
i

)︂
.

(5.29)

In what follows we consider the asymptotic regime with ∆t = ε, where the binary interac-

tions (5.29) are equivalent to a Forward Euler scheme for the two agent dynamics, and the

particles that interacts at each iteration are maximized according to the scheme (5.28).
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The choice of ε is of paramount importance to approximate consistently the mean-field

model (5.15) according to Theorem 5.1.2. Nonetheless, there is a trade-off between the

number of samples Ns and the size of ε, indeed it is possible to see that below a certain

threshold there is no further improvement in approaching the mean field model. We refer

to [17] for further discussion in this direction.

The asymptotic Monte-Carlo algorithm can be formalized as the procedure outlined in

Algorithm 8, which is comparable to Algorithm 1 in [13]. This approach differs from

the conventional Nanbu scheme, which was originally developed for free particle systems

lacking external control inputs.

Up to this moment, the discussion overlooked the derivation of the forcing terms u in

the interaction (5.29). These control variable is meant to be of feedback type, as they

only depend on the current agents’ states. Nevertheless, the discrete-time nature of the

interaction map (5.29), embeds within the control variable a dependency on the time-step

∆t, which in turn is related to the parameter ε, see for example [13, 16]. In the following

section, we address the solution of the discrete time formulation (5.25)(5.29) of the binary

interaction control problem.

5.3 Infinite horizon optimal control of binary dynamics

In this section we study the solution of the infinite horizon optimal control problem for

the reduced 2-agent system.

We begin by recalling some fundamental notions on optimal control for discrete-time

systems [185], to then present its numerical approximation using a discrete-time State-

Dependent Riccati Equation approach. We highlight that this formulation has fundamen-

tal differences w.r.t. its continuous version (presented in section 2.1.3).

We reformulate (5.29) in a general semi-linear control-affine discrete time systems of the

form:

z(th+1) = f(z(th)) + g(z(th))u(th) , (5.30)
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where z(th) ∈ Rn and u(th) ∈ Rm denote the state of the system and the control signal at

time th = h∆t, such that z(th) := (sh, sh∗)⊤ ∈ Rn, with n = d or 2d depending on whether

the agent dynamics are of first or second order, respectively. The control vector is defined

as u(th) := (uh, uh∗)⊤ ∈ Rm , with m = 2d.

The free dynamics map f : Rn → Rn×n and the control operator g : Rn → Rn×m are

assumed to be C1(Rn), satisfying f(On) = On×n and g(On) = On×m. Note that binary

systems of the form (5.29) fit this setting. Given Q ∈ Rn×n, Q ⪰ 0 and R ∈ Rm×m,

R ≻ 0, we are interested in the infinite horizon optimal control problem

min
u(·)
J (u; s) :=

+∞∑︂
n=0

z(th)⊤Qz(th) + u(th)⊤Ru(th) , (5.31)

subject to the dynamics (5.30) with initial state z(t0) = s. We look for a solution ũ to

(5.31) in feedback form, that is, an optimal control map ũ : Rn → Rm which is expressed

a function of the state, ũ(th) = ũ(z(th)). The computation of an optimal feedback law

follows a dynamic programming argument, for which we define V (s) : Rn → R as the

optimal cost-to-go departing from s:

V (s) = min
u(·)
J (u; s) , (5.32)

where V satisfies the Bellman equation

V (s) = min
u∈Rm

(︃
s⊤Qs + u⊤Ru + V

(︁
f(s) + g(s)u

)︁)︃
, for all s ∈ Rn . (5.33)

From this point onwards, as we work globally in the state space, z and s are treated

indistinctly.

In order to better describe the difficulties related to the solution of this optimal control

problem, we first focus on the linear quadratic case, where the optimal solution is computed

via the discrete-time linear quadratic regulator (LQR). The optimality of the feedback

law is ensured by a direct link between the LQR solution and the dynamic programming

one, obtained from equation (5.33). In non-linear settings, the parallelism between the
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nonlinear QR and DP is broken, together with the optimality of the solution.

5.3.1 Discrete-time Linear Quadratic Regulator

The discrete time linear quadratic problem is a particular instance of the optimal control

problem (5.31) when f(s) ≡ A ∈ Rn×n, and g(s) ≡ B ∈ Rn×m. Under these assumptions,

we make the ansatz V (s) = s⊤Πs, so that the Bellman equation (5.33) becomes

s⊤Π s = min
u∈Rm

(︃
s⊤Q s + u⊤Ru + (As +Bu)⊤Π (As +Bu)

)︃
for all s ∈ Rn . (5.34)

Solving the equation above leads to an optimal feedback of the form

ũ = ũ(s) = −(R+B⊤ΠB)−1B⊤ΠAs , (5.35)

where Π ∈ Rn×n is the unique positive definite solution of the discrete-time algebraic

Riccati equation (DARE):

Π = Q+A⊤ΠA−A⊤ΠB(R+B⊤ΠB)−1B⊤ΠA . (5.36)

Remark 6. Consider a discrete first-order binary system as in (5.29) with constant in-

teraction kernel P (x, x∗) = p, with individual states v, v∗ ∈ Rd, target ṽ = 0 and ε = ∆t.

In this case, the optimal control problem (5.31) reads

min
u(·)

+∞∑︂
n=0
∥vh∥2 + ∥vh∗∥2 + γ (∥uh∥2 + ∥uh∗∥2) (5.37)

s.t.

⎧⎪⎪⎨⎪⎪⎩
vh+1 = vh + ∆t

(︁
p(vh∗ − vh) + uh

)︁
vh+1

∗ = vh∗ + ∆t
(︁
p(vh − vh∗ ) + uh∗

)︁
.

(5.38)

This formulation corresponds to a linear-quadratic control problem by setting s = (v, v∗)⊤,
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u = (u, u∗)⊤ and

A = I2d + ∆tÃ , Ã =

⎛⎜⎝−p p

p −p

⎞⎟⎠⊗ Id, B = ∆tI2d Q = ∆tI2d, R = ∆tγI2d.

Similarly as in Theorem 5.1.2, we are interested in the asymptotic limit for ∆t → 0, in

which case (5.36) becomes

2ÃΠ− γΠ2 + I2d = O2d. (5.39)

Exploiting to the symmetric structure of the two agent interaction, Π can be reduced to

diagonal and off-diagonal components, see e.g. [139, 15], obtaining the following

Π =

⎛⎜⎝πd πo

πo πd

⎞⎟⎠⊗ Id , πd = 1
2γ

(︃√
γ − 2p+

√︂
4p2 + γ

)︃
, πo = 1

√
γ
− πd . (5.40)

The limiting optimal feedback law ũ(s) = (ũ, ũ∗) is given by

ũ(s) = −1
γ

Πs = −1
γ

⎛⎜⎝πdv + πov∗

πov + πdv∗

⎞⎟⎠ , (5.41)

from where it follows that the individual feedback laws are given by

ũ(v, v∗) = −1
γ

(πdv + πov∗) = ũ∗(v∗, v).

In the limiting kinetic equation this corresponds to the mean field control model

∂tρ+ v · ∇xρ = −∇v ·
(︃∫︂

R2d
(p(v∗ − v)− 1

γ
(πdv + πov∗))ρ(t, x∗, v∗) dx∗ dv∗

)︃
. (5.42)

Notice that the structure of Π ∈ R2d×2d in (5.40) implies isotropic action of the control

in the d-dimensional state space.
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5.3.2 Discrete-time Non-Linear Quadratic Regulator

Similarly to the continuous case (2.1.3), it is feasible to apply LQR to a linearization of the

system (5.38). However, if we want to compute a law accounting for nonlinearities, then

we compromise the convenient connection between the DARE and the Bellman equation.

Moreover, the computational cost required for the solution consistently increases.

In order to extend LQR to the nonlinear case, we begin by re-arranging the difference

equation (5.30) in semilinear state-dependent form

z(th+1) = A(z(th))z(th) + B(z(th))u(th) , (5.43)

where f(z) = A(z)z and g(z) = B(z). Note that this semi-linearization is not unique for

systems of order greater than 1. In what follows, we further assume pointwise controlla-

bility, i.e. ∀z ∈ Ω the pair (A(z),B(z)) is controllable.

Similarly to the LQR design, the feedback control policy can be calculated as

ũ(z(th)) = −z)z

K(z) =
(︁
B(z)⊤Π(z)B(z) +R

)︁−1B(z)⊤Π(z)A(z)
(5.44)

where the argument z for the operators denotes dependency of the current state z(th)

with discrete time scale ∆t, and Π(z) is the solution of a DARE with state-dependent

coefficients (DSDRE):

Π(z) = Q+A(z)⊤Π(z)A(z)−A(z)⊤Π(z)B(z)(R+ B(z)⊤Π(z)B(z))−1B(z)⊤Π(z)A(z) .

(5.45)

The state dependency of the feedback operator K(z) = K(z(th)) suggests the need for

consecutive sequential solutions Π(z) = Π(z(th)) of (5.45) at every discrete time th along

a trajectory. Thus, for high dimensions of the state space Ω ⊂ Rh, the exact solution

of the DSDRE (5.45) comes at a cumbersome computational cost. Between the several

numerical approaches that have been proposed to address this, we cite Taylor series method

[26] and interpolation for Π(z) [35], while we refer the interested reader to [189] for a more
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exhaustive review. In what follows, we rely on a discrete version of the SDRE approach

proposed in [35].

5.3.3 Discrete-time SDRE approach

We aim at circumventing the computational challenge of solving (5.45) at each time step,

by realizing the DSDRE feedback law in a model predictive control fashion: given the

current state z(th) of the system, we assume the operator Π(z) to be a positive definite

matrix in Π ∈ Rn×n, meaning that (5.45) reduces to its algebraic form (5.36), where the

state dependencies in (5.45) are neglected by accordingly freezing all the operators at the

current configuration. The resulting feedback variable leads to a suboptimal approxima-

tion of the controlled trajectory between th and th+1, after which the procedure is repeated

by freezing the system at the updated state z(th+1).

Algorithm 5: MPC-DSDRE approach

z(0)← s; initial condition

for h = 0, ..., NT do

s← z(th); read current state

A← A(s), B ← B(s); freeze the system accordingly

solve (5.36) for Π;

u← −(R+B⊤ΠB)−1B⊤ΠAs; approximated feedback control

z(th+1)← s + ∆t(As +Bu); the control system evolves for ∆t

The main computational bottleneck still persisting with this approach is the availability

of a sufficiently fast solver for (5.36). Efficiency in retrieving the DARE solution is key in

the settings under consideration. The consistency between the mean field and the kinetic

dynamics only holds for ε≪ 1 which in turn is associated with high frequency sampling,

i.e. large numbers of couple of interacting particles in the Monte Carlo simulation. At

each time step, we aim at conveniently approximate the controlled post-interaction states

for a large number of paired agents, living in an arbitrarily high dimensional state space
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Ω ⊂ Rh. We address this task by means of supervised learning approximation, relying on

models within the family of Artificial Neural Networks.

5.4 Synthetic data generation for Neural Network feedback

laws

The computational method presented in this chapter models the time evolution of the

population density ρ(t, x, v) according to the Forward Euler scheme (5.28), where the

updated density is to be approximated by the sampling distribution of controlled post-

interaction states in a Monte Carlo fashion.

In this section we will discuss supervised learning of feedback laws for allowing efficient

high frequency MC sampling. In particular, we will focus on neural network models of

feedforward or recurrent type, as previously introduced in Section 2.2.

Both the training and hyper-parameter tuning phases for the neural network approxima-

tion rely on the availability of datasets containing input data points coupled with the

corresponding target function evaluations. Since our goal is to approximate the feedback

law for the reduced binary controlled dynamics, a straightforward approach is to treat the

feedback control itself as the output variable in our approximation. As an alternative, we

also train networks for approximating the whole of the controlled right hand side of the

discrete-time binary controlled dynamics. In Section 5.5, we compare the two approaches

in two numerical tests, in terms of precision and computational time. In both cases, we

consider the MSE as loss function.

To create training data and establish a benchmark for precision, we solve the optimal

control problem using the discrete-time SDRE approach. The difference equations for the
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binary system at the discrete time th hold as follows:

⎧⎪⎪⎨⎪⎪⎩
xh+1 = xh + ∆t vh

xh+1
∗ = xh∗ + ∆t vh∗⎧⎪⎪⎨⎪⎪⎩
vh+1 = vh + ∆t

[︁
P (xh, xh∗)(vh∗ − vh) + u(xh, xh∗ , vh, vh∗ )

]︁
vh+1

∗ = vh∗ + ∆t
[︁
P (xh∗ , xh)(vh − vh∗ ) + u∗(xh, xh∗ , vh, vh∗ )

]︁
(5.46)

being (x, v), (x∗, v∗) ∈ Ω ⊂ R2d the states for a couple of interacting agents. We introduce

the notation s = (x, x∗, v, v∗)⊤ ∈ R4d, u = (u, u∗)⊤ ∈ R2d, for which the difference

equation reads as in (5.30)

sh+1 = f(sh) + g(sh)uh , (5.47)

for f(s) = (I4d + ∆tG(s))s and g(s) = ∆tH(s), with G and H defined as in (5.18). From

this, comes the ∆t-dependency of the feedback law u: the DSDRE parameters A, B are

dependent of the time-step, as will be the DARE solution associated to the system frozen

at the current configuration.

Algorithm 6: Synthetic data generation
1 {s(i),∆t(i)}Ns

i=1 i.i.d.; Ns uniform samples in Ω2 × [0, T ]
2 for i = 1, ..., Ns do
3 A← I4d + ∆t(i)G(s(i));
4 B ← ∆t(i)H(s(i)); G, H as in (5.18)
5 solve (5.36) for Π;
6 u(i) ← −(R+B⊤ΠB)−1B⊤ΠAs(i); feedback control
7 s′

(i) ← s(i) + ∆t(i)(As(i) +Bu(i)); post-interaction state

8 Tu = {s(i),∆t(i),u(i)}Ns
i=1; dataset for uθ

9 Ts′ = {s(i),∆t(i), s′
(i)}

Ns
i=1; dataset for s′

θ

The generation of datasets Tu, Ts′ for the supervised learning approximation of the feed-

back law uθ, and post-interaction states s′
θ is summarized in Algorithm 6. The number

Ns of samples in the datasets is discussed in Section 5.5 specifically for each numerical

test, whilst the reliability and generalizability of the sampled data are ensured through

cross validation of the trained models over an unseen test set Tt ⊈ T ∪ Tv also generated
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through Algorithm 6. The addition of the time step ∆t to the models’ input allows to train

the networks to provide accurate approximations even when applied to adaptive time-step

integration techniques.

Remark 7. As the controlled density evolution is carried by a Monte Carlo type method,

the computational efficiency of evaluating a batch of controlled particle interactions is cru-

cial. Our choice of control/state architectures is motivated by its favorable computational

complexity. The evaluation cost of a single point through FNNs is O(n), n being the

number of neurons in the network. Furthermore, in our non-sequential framework, the

evaluation cost of a one-to-one LSTM cell with n neurons is comparable to the one of

a FNN with 4n neurons. This linear scaling in both architectures ensures efficient batch

evaluation, as the computational cost grows proportionally with network complexity. This

efficiency is particularly advantageous for large-batch evaluation, associated with ε≪ 1.

5.5 Numerical Tests

In this section we will assess the proposed methodology over consensus control problems for

two high dimensional (both in d and in N) ABMs. We aim at modeling the time evolution

of the agents’ distribution ρ(t, x, v) via Monte Carlo simulation of the approximated binary

post interaction states. In this section we will compare two different approaches: the

approximation of the feedback control map uθ, acting in the binary system (5.46), and the

direct approximation of the controlled dynamics s′
θ. Since the approximation of the post-

interactions positions s′
x is direct, the neural network model is restricted to post-interaction

velocities s′
v, that is s′

θ = (s′
x, s′

v,θ)⊤. Algorithm 7 [17] summarizes the proposed numerical

procedure for the density evolution once an approximated optimal feedback law uθ ≈ ũ

has been constructed. When a neural network s′
θ is built, we replace line 6 in the algorithm

with

sh+1
k ← s′

θ(shk) . (5.48)

The assumption of constant time-step ∆t can be easily relaxed, as both the approximants

uθ and s′
θ take ∆t as input. In the following numerical tests, the NN training has been
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Algorithm 7: Monte Carlo simulation for Boltzmann dynamics
1 {(x, v)i}hi=1 ∼ ρ(t0, x, v) i.i.d.; N samples from the initial distribution
2 for h = 0, ..., T , th = h ·∆t do
3 select {(ik, jk)}N//2

k=1 ; random pairs of agents without repetitions

4 {shk}
N//2
k=1 , shk =

(︁
xhik , x

h
jk
, vhik , v

h
jk

)︁
; N//2 couples of agents

5 for k = 1, ..., N//2 do
6 sh+1

k ← A(shk)shk + B(shk)ũ(shk ,∆t); controlled dynamics (5.46)
7

(︁
xh+1
ik

, vh+1
ik

, xh+1
jk

, vh+1
jk

)︁
← sh+1

k ;

done via Adam optimizer [151] with a learning rate α = 0.01 over batches of 100 samples.

5.5.1 Test 0: Sznajd model

To illustrate the relationship between the control strategy derived at the supervised learn-

ing kinetic approximation level and its mean-field counterpart, we consider a preliminary

numerical example in a simplified setting. We focus on consensus control for a one-

dimensional first-order Sznajd model for opinion dynamics [228]. At the mean-field level,

the control problem reads as a first-order version of (MFOC):

min
u
J (ρ, u) :=

T∫︂
0

∫︂
Ω

(︁
∥x− x̄∥2 + γ∥u∥2

)︁
ρ(t, x∗) dx dt ,

subject to ∂tρ+ ∂x

[︃
(P[ρ] + u)ρ

]︃
= 0 ,

(5.49)

where x̄ denotes the target configuration, and the interaction operator is defined as

P[ρ](t, x) =
∫︂
Ω

P (x, x∗)(x∗ − x)ρ(t, x)dx∗ , P (x, x∗) = β(1− x2) , (5.50)

for β ∈ R. In particular, we consider Ω = [−1, 1], representing the opinion space of a

population of voters ranging between two extreme positions represented by {−1, 1}, and a

negative interaction coefficient β = −1, which induces polarization behavior. The control

energy penalization coefficient is fixed to γ = 0.05.

This simplified framework enables the numerical solution of the mean-field optimal control

problem, which would be computationally prohibitive in the higher-dimensional, second-
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Model K # Neurons Activations

uFNNθ 1 100 σ(z) = log(exp(z) + 1)
uRNNθ 1 100 σ(z) = tanh(z), ρ(z) = (1 + exp(−z))−1

s′FNN
v,θ 2 60 σ(z) = tanh(z)

s′RNN
v,θ 1 100 σ(z) = tanh(z), ρ(z) = log(exp(z) + 1)

Table 5.1: Summary of models and their configurations for Test 0.

order models considered in the subsequent numerical tests.

At the binary interaction level, the problem reads

min
u(·)

∆t
2

+∞∑︂
n=0

(∥xn∥2 + γ∥un∥2) , s.t.

⎧⎪⎪⎪⎨⎪⎪⎪⎩
xn+1 = xn + ∆t(β(1− (xn)2)(x∗ − x) + un)

xn+1
∗ = xn + ∆t(β(1− (xn∗ )2)(x− x∗) + un∗ )

(5.51)

for un := (un, un∗ )⊤ and x = (xn, xn∗ )⊤. The synthetic data generation procedure associates

Ns = 105 uniform samples of interacting couples of agents xn(i) ∈ Ω to their associated dS-

DRE feedback control un(i) and the controlled state update xn+1
(i) obtained with interaction

strenght ε = 0.01, for i = 1, . . . , Ns. With a ratio of 80/20, we designate those samples to

form the training set T and the validation set Tv respectively. We test the architectures

reported in Table 5.1.

The error comparison for the binary-controlled evolution of a randomly selected pair of

interacting agents is presented in Fig. 5.2, where all approximation models demonstrate

similar performance to the dSDRE control.

We conclude this preliminary example by quantifying the performance gap between the

solution of (5.49) and its neural network-accelerated kinetic approximation, both imple-

mented with a time step ∆t = ε = 0.01. This comparison offers a more concrete under-

standing of the suboptimality of the control strategy at the kinetic level with respect to the

MFOC. The approximation of the mean field control law under the numerical procedure
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Figure 5.2: Convergence to consensus for two randomly sampled interacting agents with
states x, x∗ ∈ Ω, when controlled via dSDRE feedback law vs. the approximation models.

proposed in this paper is retrieved as

∫︂
Ω

uθ(x, x∗)ρ(t, x∗)dx∗ ≈ u(t, x) . (5.52)

In Table 5.2, we compare the MPC solution of problem (5.49) with the forward integration

of the mean-field dynamics controlled via (5.52), where the control input uθ is given

by the previously trained neural networks uFNNθ and uRNNθ . The optimality conditions

arising from problem (5.49) are approximated with a first-order semi-Lagrangian scheme,

as done in [13], but neglecting diffusion. Moreover, to mirror the feedback nature of the

control resulting from the numerical routine discussed so far, the solver is applied in an

MPC fashion, where the optimality conditions are solved iteratively over a reduced time

horizon T = 0.5s [216]. Using the same semi-Lagrangian scheme, we simulate the forward

dynamics controlled via the kinetic approximation models through (5.52).

The table reports comparable outcomes in terms of cost functionals, density evolutions,

and control profiles across the three approaches. The mean-field control, denoted here

by uMPC, retains the best performance. It is worth noting that even uMPC should be

regarded as close-to-optimal for an infinite horizon cost. This is because it is computed

as the numerical solution of the first-order necessary optimality conditions, implemented

in a receding horizon fashion over a sequence of finite-horizon MFOCs. In Figure 5.3,
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Figure 5.3: Comparison of the time evolution of the running cost for the MFOC (5.49).

we compare the running cost evolution, i.e. the integral w.r.t. time in (5.49), which is

consistent with the results reported in Table 5.2.

5.5.2 Test 1: Cucker-Smale model

We proceed by testing the proposed methodology in a consensus control problem for non-

linear and non-local dynamics governing the evolution of a N -agent system. In its reduced

binary semilinear formulation (5.46), the model is written for the state s = (x, x∗, v, v∗)⊤ ∈

R2d × R2d, with an interaction kernel given by

P (x, x∗) = 1
1 + ∥x− x∗∥2

. (5.53)

The control variable u = (u, u∗) ∈ R2d is here computed as

ũ = argmin
u(·)

1
2

+∞∫︂
0

∥v − v̄∥2 + ∥v∗ − v̄∥2 + γ∥u∥2dt , (5.54)

with d = 15, γ = 0.01, and target velocity v̄ = v + v∗
2 . Furthermore, we notice that the

cost can be parametrized in quadratic form as done in equation (3.11).

As discussed before, the key ingredient of the proposed methodology is a NN approxima-
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uRNNθ uFNNθ uMPC

J = 0.063444 J = 0.063504 J = 0.063230
ρ
(t
,x

)
u

(t
,x

)

Table 5.2: Comparison of the mean field optimal control problem solved via the proposed
numerical procedure against the MPC routine relying on the first-order semi-Lagrangian
scheme discussed in [13]. For the three cases, we display the resulting total cost (top),
controlled evolution (middle), and mean field control (bottom), with uMPC retaining the
best performance.

tion of either the control uθ or the (controlled) update s′
θ of the reduced binary problem.

In both cases, the synthetic data have been generated from Ns = 105 uniform samples

of interacting couples of agents {s(i)}Ns
i=1 within Ω × Ω = [−5, 5]4d, together with their

associated (sub)optimal DSDRE feedback control for the discrete-time infinite horizon

OCP (5.44) starting from each s(i) for the sampled time-step ∆t(i) ∈ [0, 1]. We highlight

that while the dynamics and controls are defined in the entire space, we consider a finite

computational domain Ω for sampling.

Once the problem has been written in semi-linear form, we rely on the DSDRE approach

(described in algorithm 5) for the generation of a dataset collecting Ns samples of coupled

states, time-steps, associated feedback laws, and controlled state updates. With a ratio

of 80/20, we designate those samples to form the training set T and the validation set Tv
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Model K # Neurons Activations

uFNNθ 1 100 σ(z) = log(exp(z) + 1)
uRNNθ 1 100 σ(z) = max(0, z), ρ(z) = (1 + exp(−z))−1

s′FNN
v,θ 3 100 σ(z) = max(0, z)

s′RNN
v,θ 1 100 σ(z) = max(0, z), ρ(z) = (1 + exp(−z))−1

Table 5.3: Summary of models and their configurations for Test 1.

respectively. In table 5.3 we summarize the selected architectures.

The behaviour of the approximated controlled binary dynamics for a single couple of

agents is shown in Figure 5.4, where we compare the true DSDRE solution with our NN

approximations. As the trajectories evolve, the approximated states deviate from the

DSDRE closed-loop. However, this does not significantly affect the MC simulation, as

a sampled pair of agents will only interact for the duration of a single time step. The

goodness of fit of the trained models measured in a test set Tt ⊈ T ∪ Tv is presented in

Table 5.6.

In Figure 5.5, we show the evolution of the density of agents’ velocities according to a

Monte Carlo simulation of binary controlled dynamics, as described in Algorithm 7. All the

approximation models equally succeed in steering the density distribution to concentration

profiles. Snapshots of the mean field distributions at specific time intervals show how

similar the consensus configurations are across the trained models.

d = 15 Ns = 102 Ns = 103 Ns = 104 Ns = 105

s′FNN
θ 0.045515 0.227243 2.097497 24.060892

s′RNN
θ 0.067627 0.283442 3.210856 34.087541

uFNNθ 0.293578 2.447205 21.754862 2.2594× 102

uRNNθ 0.340493 2.225319 22.486736 2.2559× 102

u 2.3866× 102 2.3738× 103 − −

Table 5.4: CPU times (seconds) for coupled agents in R4d, d = 15, when considering
different number of MC samples. The omitted records exceeded a time threshold tmax =
24h.

So far, the reliance on approximants for the binary controlled state update has been
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Figure 5.4: Test 1: Evolution of the two interacting agents’ in the velocity space restricted
to the first 3 dimensions (top); convergence to consensus in logarithmic scale (bottom
left); consensus configurations for the different approximators (bottom right).
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motivated in terms of efficiency. In Tables 5.4 and 5.5, we present CPU times1 (in seconds)

for the MC simulation with the different models, compared with the DSDRE solution

u. The improved efficiency achieved through approximation is crucial, as the alignment

between the mean field dynamics and their kinetic approximation relies on high-frequency

sampling (ε ≪ 1). The evolution of the agents’ distribution is approximated along a

sequence of discrete times th = n∆t, ∆t = 0.05, n = 1, . . . , 100. The tables address the

computational cost associated to sampling a number of controlled binary interactions in

the MC simulation, and the dimensionality d of the agents physical space, for a total of

4d dimensions. The reliance on NN approximation models allows for a speedup of 2 to

3 orders of magnitude. For d ≥ 7 and Ns ≥ 104, the computational cost resulting from

the use of uθ displays a linear growth, whilst s′
θ performs even better. CPU times for the

true DSDRE controlled dynamics exceed 24 hours.

Ns = 104 d = 3 d = 7 d = 10 d = 15 d = 30

s′FNN
θ 1.048226 1.212633 1.390813 2.142041 2.617840

s′RNN
θ 2.033726 2.243084 2.493256 3.210856 3.893368

uFNNθ 7.712628 11.006977 15.041731 21.754862 70.172311
uRNNθ 7.734224 11.224325 15.991421 22.486736 70.564372
u 1.1979× 103 5.2136× 103 − − −

Table 5.5: CPU times (seconds) when considering 104 MC samples of coupled agents in
R4d, with varying d. The omitted records exceeded a time threshold tmax = 24h.

5.5.3 Test 2: quasi-Morse potential

As a second numerical test, we consider the consensus control problem analysed in [68] for

the interacting particles of a second order system of agents in the physical space R3. The

velocities are here governed by both a self-propulsion force, expressed in the i− th agent

by the term (α− β∥vi(t)∥2)vi(t), for fixed α ≥ 0, β > 0, and an attraction-repulsion force

acting though the pairwise interaction potential W . We consider a radial potential of the

form

W (x) = V
(︁
∥x∥

)︁
− C V

(︃∥x∥
l

)︃
, V (r) := −exp

{︃−rp
p

}︃
(5.55)

1The experiments have been executed in MATLAB R2022a installed on a machine with Intel Core
i7-10700 processor running at 2.90GHz.
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(a) uRNN
θ (b) uF NN

θ

(c) s′RNN
θ (d) s′F NN

θ

(e) t50 = 0.5s (f) t100 = 1s

Figure 5.5: Density of agents’ velocities in norm for Test 1. Comparison of the time
evolution of the MC pdf obtained considering different approximation approaches for the
controlled binary interactions. In the bottom row, we display a comparison of the different
approximated densities at two different discrete times.
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mlticolumn3cTest 1 mlticolumn3cTest 2

Model r2 MSE MRE % r2 MSE MRE %

s′FNN
θ 0.99998 0.075252 0.38964 0.9994 0.038274 0.60308

s′RNN
θ 0.99999 0.0069192 0.3739 0.9998 0.012784 0.20956

uFNNθ 0.99996 0.045596 0.63555 0.9997 7.6882 3.4018
uRNNθ 0.99998 0.018018 0.40136 0.99979 5.5492 2.7483

Table 5.6: Goodness of fit for Tests 1 and 2 in terms of: coefficient of determination
r2, mean squared error and mean percentage error. Tt is a collection of sampled states
s(i) ∈ (Ω× Ω) and related target DSDRE values for i = 1, ..., 105.

with C = 0.6, p = 1.5, l = 0.5, α = 2, β = 1.5, in a similar configuration as in [68].

Accordingly, for the couple of interacting agents s = (x, x∗, v, v∗) we define

Px(x, x∗) = ∥x− x∗∥(p−2)
(︃
C

lp
e

−
∥x− x∗∥p

p lp − e
−
∥x− x∗∥p

p
)︃

(5.56)

Pv(v) = (α− β∥v(t)∥2) , (5.57)

with which we write the reduced binary dynamics in semilinear form as

A =

⎡⎢⎣O2d I2d

Ax Av

⎤⎥⎦ [︃
Ax

]︃
i,j

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−Px(x, x∗) if i = j

Px(x, x∗) if m odd, j = i+ 1

Px(x, x∗) if m even, j = i− 1

0 otherwise

(5.58)

where Av is the diagonal matrices with diagonal vector the component-wise application

of Pv(·) to the vector with d repetitions of v, v∗. Moreover, the cost operators for the

consensus goal Q,R hold as in (3.11).

As discussed for the previous numerical example, we aim at approximating the binary

control u, resulting from the DSDRE approach, and the related controlled state update
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Figure 5.6: Evolution (in velocities) of a couple of approximately controlled interacting
agents under the different models, versus the uncontrolled dynamics and the dSDRE-
controlled ones (top); convergence to consensus in logarithmic scale (bottom left); consen-
sus configurations for the different approximators (bottom right).
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Model K # Neurons Activations

uFNNθ 3 100 σ(z) = log(1 + exp(z))
uRNNθ 5 100 σ(z) = ρ(z) = log(1 + exp(z))
s′FNN
v,θ 4 100 σ(z) = log(1 + exp(z))

s′RNN
v,θ 3 100 σ1(z) = ρ(z) = log(1 + exp(z)),

σ2(z) = σ3(z) = elu(z)

Table 5.7: Summary of models and their configurations for Test 2.

s′. We train the model described in Table 5.7, where

elu(z) :=

⎧⎪⎪⎨⎪⎪⎩
ez − 1 if z ≤ 0

z if z > 0
(5.59)

The goodness of fit of these models outside T ∪ Tv is displayed in table 5.6, whilst a com-

parison of the approximately controlled binary system is displayed in Figure 5.6, where the

dynamics of a couple of agents with states randomly sampled in [−4, 4]12 evolve through-

out 40 discrete time intervals of length ∆t = 0.02s. Whilst all the NN models lead to

a similar final state, those approximating the feedback design perform closer to the ref-

erence DSDRE solution. As shown in Figure 5.7, the controlled evolution converges to

concentrated density profiles, exhibiting slight differences in mean and variance among the

various models. This can also be noticed from the 5.8, which depicts the density of agents

along the first two dimensions, together with the associated vector field of the velocities.

5.6 Concluding remarks

We have developed a novel computational method for mitigating the curse of dimensional-

ity arising in the optimal control of large-scale, high-dimensional, agent-based models. The

key ingredients of the proposed approach are: the use of a kinetic model to reduce the com-

plexity associated to the particle ensemble to the sampling of two-agent subproblems, and

the synthesis of control laws for the two-agent system by means of deep neural networks,

supervised learning, and a discrete-time state-dependent Riccati equation approach.
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(a) s′RNN
θ (b) s′F NN

θ (c) uRNN
θ (d) uF NN

θ

Figure 5.7: Density of the system in the velocity space. First row: density of the un-
controlled system at initial and final times t ∈ {0s, 2s}. Second row: controlled system
configuration at time T = 2s, with projection of partial densities along the first and second
dimension. Third row: configuration of the controlled system at the final time T = 2s,
with projection of partial densities along all the three dimensions.

Our numerical experiments validate the effectiveness of the approach in controlling con-

sensus and attraction-repulsion dynamics in high-dimensional interacting particle systems.

The use of neural network approximation models for fast feedback synthesis allows for a

speedup of 2 to 3 orders of magnitude compared to solving a binary optimal control

problem every time two interacting agents are sampled. The proposed framework can be

extended to construct a deep neural network that directly predicts the post-interaction

states, or to different control problems provided that a solver for synthetic data generator

is available.

Potential future research directions include the generalization of the proposed approach
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(a) uRNN
θ (b) uF NN

θ

(c) s′RNN
θ (d) s′F NN

θ

(e) t5 = 0.5s (f) t100 = 1s

Figure 5.8: Density of agents’ velocities in norm for test 2. Comparison of the time
evolution of the MC pdf obtained considering different approximation approaches for the
controlled binary interactions. In the bottom row, we display a comparison of the different
approximated densities at two different discrete times.
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to the H∞ robust control framework, which could further enhance the applicability of the

method to real-world scenarios where robustness to uncertainties in the agents’ interac-

tion forces is crucial. Additionally, exploring the integration of adaptive time-stepping

techniques with the neural network approximation models could lead to faster and more

accurate simulations of the controlled agent-based system. Finally, investigating the scal-

ability of the proposed approach to even higher-dimensional problems and larger agent

populations could enable applications in consensus-based optimization and mean field

limits of neural networks.
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Chapter 6

Conclusions

This thesis has addressed fundamental computational challenges in solving optimal control

problems for high-dimensional many-agent systems, with a particular focus on overcoming

the curse of dimensionality. Inspired by collective behaviors in nature and their mathemat-

ical description through agent-based modeling, we have developed a multi-scale framework

that significantly improves the efficiency and scalability of optimal control computations

across different modeling resolutions.

At the microscopic level, we leveraged Neural Network approximation techniques to

accelerate existing numerical OCP solvers. By incorporating gradient information from

optimization routines into our learning architecture, we achieved remarkable computa-

tional efficiency gains in high-dimensional settings. Specifically, in a 200-dimensional state

space, our method demonstrated speedups of up to two orders of magnitude compared

to traditional numerical solvers, while preserving reasonable solution accuracy. We vali-

dated this approach on two challenging problems: achieving consensus in high-dimensional

second-order ABMs and stabilizing nonlinear parabolic PDEs. The substantial perfor-

mance improvement make real-time control applications feasible, which would otherwise

be computationally prohibitive using conventional techniques.

At the macroscopic level, we adopted a mean-field perspective to tackle the dimension-

ality challenges inherent in large-scale agent systems driven by stochastic dynamics, in
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particular weakly interacting diffusions on the torus. This led to the formulation of sta-

bilization problems for McKean–Vlasov PDEs, where we developed a systematic pipeline

for computing and controlling unstable steady states. Our approach combined spectral

discretization, a deflation algorithm for identifying multiple steady states, and a nonlinear

model predictive control strategy to achieve asymptotic stabilization towards a desired

unstable equilibrium. While unstable steady states do not naturally emerge from the

system’s evolution, there are scenarios where deliberately steering a system towards an

unstable configuration is beneficial. A key example is opinion dynamics, where breaking

down clustering in highly polarized societies can be desirable. To demonstrate the effec-

tiveness of our method, we applied it to agent-based opinion dynamics models in both one

and two dimensions, showing its potential to shape collective behaviors in social systems.

At the mesoscopic level, we tackled the control of ABMs where both the number of

agents N and the dimensionality of the underlying agent dynamics d render traditional

control synthesis infeasible. To approximate the mean-field OCP, we introduced a ki-

netic approximation framework that models agent densities as a form of plasma matter.

This hybrid approach balances between computational efficiency and control accuracy

by averaging over controlled subsystems of interacting agent pairs. Further enhancing

performance, we implemented neural network-based controllers for the reduced 2−agent

subsystems, significantly accelerating control synthesis. Compared to conventional meth-

ods, our approach demonstrated a speed-up of at least 3 orders of magnitude in terms of

CPU times, reinforcing its potential for scalable control of high-dimensional agent-based

models.

6.1 Future directions

While this thesis has developed computational techniques to tackle optimal control chal-

lenges across multiple modeling scales, many research directions remain open. Building

on the frameworks established in this work, we identify two main avenues for future explo-

ration: robust control of ABMs under modeling uncertainties at the mesoscopic scale and

inverse optimal control of agent-based models in conservation science. These directions

151



extend our multi-scale approach to address practical challenges in handling model uncer-

tainty and inferring control objectives from observed collective behaviors. The remainder

of this section introduces these problems and presents some preliminary work on these

topics.

6.1.1 Robust kinetic control for parametric uncertainty

In many practical scenarios, the parameters governing agent interactions are not precisely

known, posing challenges for control design. To address this, we propose leveraging the

H∞ control framework at the kinetic level, extending our current methodologies (Chapter

5) by incorporating robustness against model uncertainties. A key aspect of this approach

is the use of neural networks to approximate optimal feedback laws while accounting for

worst-case disturbances in the system dynamics.

Case study

As a preliminary example, we consider a system of N interacting agents governed by

a Sznajd-type opinion dynamics model, where uncertainties in interaction kernels can

significantly impact collective behavior:

ẋi = 1
N

N∑︂
j

P (xi, xj)(xj − xi) + ui, (6.1)

where the interaction kernel

P (xi, xj) = β(1− xi)2 (6.2)

depends on the unknown parameter β. We model this uncertainty as a confidence interval

β = β̄ ± ω around a known reference value β̄. The perturbation term |ω| ≪ 1 acts as an

adversarial signal opposing our control action u = (u1, . . . , uN )⊤.

Our objective is to design a robust control law that ensures stability despite these uncer-

tainties. Using the kinetic argument from Chapter 5, we approximate the original optimal

control problem via averaging of many two-agent subproblems. The simplified system for
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N = 2 agents is given by:

ẋ1 = β̄(1− x1)2(x2 − x1)± ω(1− x1)2(x2 − x1),

ẋ2 = β̄(1− x2)2(x1 − x2)± ω(1− x2)2(x1 − x2).
(6.3)

Rewriting in affine control form:

ẋ = f(x) + g(x)u + h(x)ω, (6.4)

where x = (x1, x2)⊤ and u = (u1, u2)⊤, with initial condition x(0) = y. We assume the

adversarial signal satisfies ω ∈ [−δ, δ] with δ ≪ 1 and remains constant over time.

Robust binary control

The control goal is to ensure both internal stability and disturbance attenuation [244, 145],

formulated as:
T∫︂

0

ℓ(x; t) + u⊤Ru dt ≤ γ2
T∫︂

0

ω⊤Pω dt, (6.5)

where γ is a robustness parameter quantifying the control’s ability to mitigate adversarial

effects. A minimal value γ∗ (the H∞ norm of the system) exists, ensuring the feasibility

of an asymptotically stabilizing feedback law.

For a chosen γ ≥ γ∗, applying the dynamic programming principle leads to the Hamilton-

Jacobi-Isaacs equation:

min
u∈U

max
ω∈[−δ,δ]

{︃
∇V (x)⊤(︁f(x) + g(x)u + h(x)ω

)︁
+ ℓ(x) + u⊤Ru− γ2ω⊤Pω

}︃
= 0, (6.6)

providing a recipe for computing robust optimal feedback policies that account for worst-

case parameter uncertainties. As done in standard optimal control theory for the HJB

equation 2.11, we synthesize a stabilizing feedback law uγ along with its associated worst-

case disturbance ωγ :

uγ(x) = −1
2R

−1g(x)⊤∇V (x), (6.7)
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ωγ(x) = 1
2γ2P

−1h(x)⊤∇V (x), (6.8)

where V (x) solves the HJI equation:

∇V (x)⊤f(x) + 1
4∇V (x)⊤S(x)∇V (x) + ℓ(x) = 0, (6.9)

with

S(x) = 1
2γ2h(x)P−1h(x)⊤ − g(x)R−1g(x)⊤. (6.10)

We highlight that, in the limit γ → ∞, the disturbance attenuation term vanishes, and

the Hamilton-Jacobi-Isaacs equation reduces to the standard HJB.

Physics Informed Neural Networks for the binary HJI equation

Since standard numerical techniques such as LQR and SDRE are not directly applicable

to solving the HJI equation arising from this H∞ OCP, we propose addressing it using a

semi-supervised learning approach based on Physics-Informed Neural Networks (PINNs).

Inspired by [222], we approximate the solution of the HJI equation by minimizing a residual

loss function over the domain. Given a general PDE of the form

N [V ](x) = 0, x ∈ R2d, (6.11)

where N is a differential operator (in our case the LHS of equation (6.9)), we approximate

its solution by minimizing the loss function

J (Vθ) = ∥N [Vθ]∥22,Ω + µ
Nd∑︂
i=1
∥∇Vθ(x(i))−∇V (i)∥2, (6.12)

where Vθ is the neural network parameterized by θ, and the additional term penalizes

deviations from the reference gradients ∇V (i) := ∇V (x(i)) computed using data synthe-

sized via the PMP. The dataset {x(i)}Ns
i=1 ⊂ R2d consists of sampled states from optimal

trajectories obtained through PMP [183, 84], ensuring that the learned value function

aligns with optimal control solutions. The parameter µ balances the contributions of the
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physics-informed residual and the data-driven regularization term.

Next steps

This project is still in its early stages, and several challenges remain in effectively solving

these problems. One of the primary obstacles encountered is the optimization process,

particularly in achieving a proper balance between the unsupervised and supervised com-

ponents within the multi-objective optimization framework. The current optimizer selec-

tion does not fully capture the complexities inherent in the problem, necessitating the

exploration of more robust optimization methods.

Future research should focus on identifying and developing alternative optimization strate-

gies that can better address the intricacies of multi-objective optimization in kinetic control

problems. Notably, recent work in [25] on the challenges of the nonlinear regime for PINNs

provides valuable insights into improving the training process in the presence of complex

nonlinearities. Their approach offers a promising direction to tackle some of the difficulties

encountered when optimizing these systems, potentially leading to more effective solutions

of the binary HJI equation.

6.1.2 Towards a quantitative understanding of collective animal behaviour

under climatic events

This open research project, supported by the Turner-Kirk Trust and carried out in col-

laboration with Vincent Savolainen from the Life Science department at Imperial College

London, aims to address the pressing challenge of understanding collective animal behavior

in the context of extreme climatic events. Climate change poses significant threats to bio-

diversity, with severe weather events such as hurricanes and wildfires causing widespread

devastation to animal populations. In these circumstances, collective behavior emerges as

a key survival strategy, where individual animals interact in response to environmental

stressors.

Understanding the dynamics of these interactions is crucial for uncovering the self-organizing

principles and decision-making mechanisms that guide animal populations during such

155



emergencies. This project, with the ultimate objective of inferring the social structure

of animal groups and the decision rules that govern their behavior in order to maximize

survival, employs a combination of mathematical modeling, computational simulations,

and empirical data collection to analyze collective animal behavior.

Case study

The primary case study for this work is the macaque population on Cayo Santiago, a

small island off the coast of Puerto Rico. Since 1938, the island has been home to a free-

ranging population of rhesus macaques (Macaca mulatta). Today, the colony consists of

approximately 1,800 individuals, all direct descendants of the original 409 monkeys. The

Cayo Santiago Field Station serves as a key research site for behavioral and noninvasive

studies on the colony [86], offering a unique opportunity to study the dynamics of collective

behavior in a controlled yet natural environment.

On the 20th of September 2017, Hurricane Maria made landfall in Puerto Rico as a

Category 4 storm, with winds reaching 250 km/h and torrential rain. The storm devastated

the island, triggering a major humanitarian crisis, and it became the strongest hurricane

to hit Puerto Rico in nearly 90 years, resulting in a death toll exceeding 3000 people.

Cayo Santiago was directly in the storm’s path, causing significant damage to the research

facilities on the island. Despite the widespread destruction, remarkably, only about 50

macaques (approximately 2% of the colony) from the colony perished. This event attracted

a lot of research interest, with extensive studies focused on both the social [234, 235] and

biological [249] reaction to the trauma of the storm. The high survival rate among the

macaques has been attributed to their collective behavior, especially the role of leadership

and the social structure, which enabled the group to navigate the storm’s challenges and

ensure survival. This episode became the focus of our study, as it provided a compelling

case to investigate the role of social dynamics and leadership in survival strategies under

extreme climatic events.
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Mathematical Modeling

A dynamical system was developed to represent macaque populations as interacting agents

driven by a combination of interaction forces and self-propulsion. A two-population model

was specifically constructed to distinguish followers from leaders, incorporating alignment,

repulsion from the hurricane, and leader anticipation of the hurricane’s trajectory.

The colony follows a hierarchical social structure, where groups of macaques follow a

designated leader. It is assumed that the leaders are experienced individuals, typically

elders, who possess knowledge of extreme events and safe routes or locations. Additionally,

macaques with stronger social ties are hypothesized to have a higher likelihood of survival

during the hurricane due to their knowledge of safe areas and their ability to stay close to

leaders.

We model the macaque colony on the island as a system of interacting agents, represented

by a set of position-velocity pairs (xi,vi)Ni=1, where xi,vi ∈ R2 denote the position and ve-

locity of the i-th agent, respectively, for i = 1, . . . , N . The agents move in space according

to Newton’s Second Law:

ẍi =
∑︂

F(xi) , (6.13)

where the forces F acting on the ith agent can be distinguished between endogenous and

exogenous. An agent is influenced from within the system via topological interactions

with other agents. Agents communicate within a neighborhood N comprising M closest

agents (and a leader):

F endo
i =

∑︂
j∈N

C1

[︃
(xj − xi)I(∥xj−xi∥>r1)

]︃
− C2

[︃
e−∥xj−xi∥γ xj − xi

∥xj − xi∥
I(∥xj−xi∥≤r2)

]︃
, (6.14)

where C1 and C2 denote long-range (r1) attraction and short-range (r2) repulsion strength

respectively. We further enhance follower-leader attraction with higher value of C1 when

j is the index of a leader.

Agents are also influenced by the environment, in this case the moving storm. This is

translated in our model as a wind-induced perpendicular movement and a repulsion from
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the storm center xc

Fexo
i = Φ(xi) · n̂i + κ

xi − xc(t)
∥xi − xc(t)∥3

(6.15)

where Φ(x) denotes the wind power at the position x and κ is the repulsion strength

parameter. Leaders have knowledge of the storm trajectory in a window ∆t in the future,

and

Fexo
leader = Φ(xi) · n̂i + κ

t+∆t∫︂
t

xi − xc(s)
∥xi − xc(s)∥3

ds . (6.16)

This detailed mathematical model provides the foundation for our future work in inverse

optimal control, where we aim to infer the underlying optimization principles that guided

the macaques’ survival strategies during Hurricane Maria. By observing the emergent col-

lective behaviors and comparing them with our model predictions, we can reverse-engineer

the implicit cost functions that leaders and followers may have been optimizing, poten-

tially revealing key insights into adaptive decision-making under extreme environmental

stress.

Simulations

Computational experiments simulated the movement of a macaque group of in response to

a modeled tornado on Cayo Santiago. The results show that leaders play a critical role in

ensuring group survival, with significantly higher mortality rates when leader anticipation

is absent.

Field Data Collection

Fieldwork at Longleat Safari Park captured drone footage of a group of macaques of the

same type as the ones in Cayo Santiago. The animals were filmed while interacting, and

reacting to food introduction. This serves as a proxy to better undestand the response

of the collective to external disturbances. The dataset will be used for model calibration,

ensuring that the simulated behaviors align with real-world observations.
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Figure 6.1: Simulation of N = 1000 agents (blue dots), neighborhood size M = 5. Top:
no leaders. Bottom: 10 leaders (red stars). White crosses denote dead agents.

Next steps

Data post-processing: Extract and analyze movement trajectories from drone footage

to quantify both individual and group behavior. This will involve applying computer vision

techniques, such as convolutional neural networks for object detection and tracking, along-

side optical flow methods to capture motion dynamics. Additionally, deep learning-based

multi-object tracking and behavioral clustering techniques can be explored to differentiate

social interactions from responses to environmental factors. These approaches will help

infer leadership roles, quantify coordination strategies, and analyze collective movement

patterns under extreme conditions.

Inverse problems: Using the tracked trajectories, we aim to infer the underlying decision-

making mechanisms that drive collective behavior in the colony. This can be approached

at multiple levels:

1. Inferring social interaction rules: By analyzing movement patterns, we can esti-

mate the strength and nature of social forces that influence decision-making, such

as attraction, repulsion, and alignment. These forces determine group cohesion,

escape strategies, and responses to environmental threats. Recent work on learn-
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Figure 6.2: Drone footage from Longleat Safari Park. Studying the behaviour of the
macaque group to food serve as a proxy to better understand the system an exogenous
disturbance.

ing interaction kernels from trajectory data [165] and inferring social dynamics in

multi-agent systems [113] offers promising approaches to reconstructing underlying

decision mechanisms. Variational methods [55] can further aid in recovering in-

teraction rules by formulating the problem as an optimization task constrained by

observed behaviors.

2. Network-based models: the macaque society follows a hierarchical structure, where

social bonds influence movement decisions. By modeling these interactions through

graph-based representations (as done in [173]), we can infer the underlying social

network and its role in optimizing collective responses.

3. Leaders as optimal controllers: leaders can be modeled as agents optimizing group

survival by anticipating environmental risks. This can be formulated as an inverse

optimal control problem, where the objective is to recover the cost function that best

explains observed behaviors. Inverse optimal control with constraints [144] provides

a framework for recovering both the objective function and the constraints shaping

agent behavior, which is particularly relevant in understanding how animal groups

balance survival strategies with social cohesion. As an alternative avenue, insights

from reinforcement learning (RL) suggest that inverse optimal control can be used

to infer cost structures [154]. Since RL can be viewed as an optimal control problem

with unknown dynamics, where an agent learns an optimal policy through interaction
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with the environment, inverse RL techniques allow us to recover the implicit cost

function that drives decision-making.

By integrating these techniques, we aim to reconstruct the implicit optimization strategies

that macaques employ during extreme climatic events, advancing our understanding of

adaptive collective behavior.
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Supplementary material to Macroscopic Scale Chapter

A.1 Fréchet differentiability of the cost functional J

This section examines the differentiability of the cost functional (4.39), which serves as the

objective in our optimal control problem. The differentiability assumption is fundamental

to the derivation of first-order optimality conditions, upon which our model predictive

control algorithm is built.

By definition, J is Fréchet differentiable at u ∈ U := L2(0, T ;L∞(Ω)) if there exists a

bounded linear operator DJ (u)[·] such that

lim
∥h∥U →0

⃓⃓
J (u+ h)− J (u)−DJ (u)[h]

⃓⃓
∥h∥U

= 0, (17)

then DJ (u)[h] is the Fréchet derivative of J .

The proof follows 3 steps assessing the existence of a candidate operator matching the

definition (17), its linearity, and boundedness.

1. Candidate derivative - We start by showing that the candidate DJ (u)[h] we used

to derive the optimality system (4.41) satisfies (17). The expression for DJ (u∗)[·]

was derived following [241] and reads:

DJ (u)[h] :=
T∫︂

0

∫︂
Ω

(ρ(t, x)− ρ∞(x))δρ(t, x) + γ u(t, x)h(t, x) dx dt ,

where δρ denotes the change in the state ρ induced by the perturbation u ↦→ u+ h.
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By expanding the perturbed cost functional J (u+ h) we obtain:

J (u+ h) = 1
2

T∫︂
0

∫︂
Ω

(ρ− ρ∞ + δρ)2 + γ(u+ h)2dx dt

= J (u) + 1
2

T∫︂
0

∫︂
Ω

2δρ(ρ− ρ∞) + δρ2 + γh2 + 2γuh dx dt .

Hence

J (u+ h)− J (u)−DJ (u)[h] = 1
2

T∫︂
0

∥δρ∥2 + γ∥h∥2 dt ,

where a standard energy estimate gives

∥δρ∥L2(0,T ;L2(Ω)) ≤ C∥h∥U . (18)

We conclude upon noticing that

⃓⃓
J (u+ h)− J (u)−DJ (u)[h]

⃓⃓
∥h∥U

≤

(C + γ)
2

⃦⃦
h
⃦⃦2

U

∥h∥U
−−−−−→
∥h∥U ↦→0

0 , (19)

hence the definition of Fréchet differential is satisfied.

2. Linearity - The differential operator DJ (u)[h] features both h and the associated

state perturbation δρ. To show linearity in the argument h, we need to investigate

the relationship between h and δρ. To this end, we derive the Fokker Planck equation

for the state perturbation:

∂tδρ = β−1∆δρ+∇ · (δρ((∇W ∗ ρ) +∇U + u)) +∇ · (ρh) , (20)

which is linear in both δρ and h, so we can rewrite it as ∂tδρ = L(δρ)+∇·(ρh), where

L is a linear operator. We introduce the solution operator S, so that δρ = S(h),

which we will now show to be linear. Let δρ1 = S(h1) and δρ2 = S(h2), and consider

δρ1,2 = aδρ1 + bδρ2, for a, b ∈ R. Substituting into the PDE (20), by linearity of L
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and ∇· we have

∂tδρ1,2 = L(ρ1,2) +∇ · (ρ(ah1 + bh2)),

hence δρ1,2 satisfies the PDE for the control perturbation ah1 + bh2 and S(ah1 +

bh2) = aS(h1) + bS(h2). This implies that δρ depends linearly on h. We can

conclude that DJ (u)[h] is indeed linear in h, as both h and δρ appear linearly in

the expression for DJ (u)[h].

3. Boundedness - We need to show that there exists a C > 0 such that

|DJ (u)[h]| ≤ C∥h∥U .

This reads

|DJ (u)[h]| ≤
⃓⃓⃓⃓ T∫︂

0

∫︂
Ω

(ρ− ρ∞) δρ dx
⃓⃓⃓⃓
+ γ

⃓⃓⃓⃓ T∫︂
0

∫︂
Ω

uh dx

⃓⃓⃓⃓
.

By Cauchy-Schwarz inequality and the estimate (18), we can bound the first term as

⃓⃓⃓⃓ T∫︂
0

∫︂
Ω

(ρ− ρ∞) δρ dx
⃓⃓⃓⃓
≤ ∥ρ− ρ∞∥L2(0,T ;L2(Ω)) ∥δρ∥L2(0,T ;L2(Ω))

≤ ∥ρ− ρ∞∥L2(0,T ;L2(Ω))C∥h∥U

≤ C1∥h∥U

due to the regularity of ρ and ρ∞. Similarly, the second term reads

γ

⃓⃓⃓⃓ T∫︂
0

∫︂
Ω

uh dx

⃓⃓⃓⃓
≤ γ∥u∥U∥h∥U ≤ C2∥h∥U . (21)

Combining the estimates for both terms, we obtain

|DJ (u)[h]| ≤ (C1 + C2)∥h∥U
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which concludes the proof.

A.2 Derivation of the continuous optimality system

In this section explicitely derive the PMP optimality system associated with the continuous

OCP (4.38)-(4.39).

We start by considering the Frechèt derivative of the cost functional J in a direction

h ∈ L2(R2,R2)

DJ (u)[h] =
T∫︂

0

∫︂
Ω

(ρ− ρ∞)ρ̇+ γuh dt , (22)

where we define

ρ̇ := Duρ[u] (23)

which solves the following FP equation

∂tρ̇ = σ2∆ρ̇+ div

(︃
ρ̇
[︁
∇W ∗ ρ+∇V + u

]︁)︃
+ div

(︃
ρ
[︁
∇W ∗ ρ̇

]︁
+ h

)︃
. (24)

By Riesz representation theorem, given L : L2 → R is a linear functional, there exists

v ∈ L2 such that L(u) = ⟨v, u⟩L2 . Since Duρ[u] is a linear functional we can compute ρ̇

by finding a suitable function v.

With this objective in mind, we can rewrite the derivative in (22) as

T∫︂
0

∫︂
Ω

(ρ− ρ∞)ρ̇ dt =
T∫︂

0

∫︂
Ω

∂tρ̇− σ2∆ρ̇− div
(︃
ρ̇
[︁
∇W ∗ ρ+∇V + u

]︁)︃
− div

(︃
ρ
[︁
∇W ∗ ρ̇

]︁)︃
dt , (25)

so that
T∫︂

0

∫︂
Ω

(ρ− ρ∞)ρ̇ dt =
T∫︂

0

∫︂
Ω

λ div(ρh)dt (26)

for λ adjoint operator.

An integration by parts of the RHS of (25) yields

T∫︂
0

∫︂
Ω

(ρ− ρ∞)ρ̇ dt =
T∫︂

0

∫︂
Ω

(︃
− ∂tλ− σ2∆λ+∇λ ·

(︁
∇W ∗ ρ+∇V + u

)︁
−∇W ⋆ (∇λρ)

)︃
ρ̇ dt , (27)
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with

f ⋆ g(y) :=
∫︂
Ω

f(x− y)g(x)dx . (28)

From this, the adjoint operator λ follows backward dynamics defined as

−∂tλ− σ2∆λ+∇λ ·
(︁
∇W ∗ ρ+∇V + u

)︁
−∇W ⋆ (∇λρ) = (ρ− ρ∞) . (29)

We conclude by going back to the definition of Frechèt derivative of the cost functional

J , that by (26) reads

DJ (u)[h] =
T∫︂

0

∫︂
Ω

λ div(ρh) dt+
T∫︂

0

∫︂
Ω

γuh dt ,

=
T∫︂

0

∫︂
Ω

⟨−∇λρ+ γu, h⟩L2 dt .

(30)

Every optimal control signal u satisfies

DJ (u)[h] = 0 ∀h ∈ L2(R2,R2) , (31)

which translates into the sufficient optimality conditions

−∇λρ+ γu = 0 . (32)

This concludes the informal derivation of the optimality system (4.42) for the stabilizing

optimal control problem at the continuous level.

A.3 Consistency of the discretized optimality condition

In this section we prove consistency between the two approaches to solving the PDE-

constrained optimal control problem (4.38). The crucial distinction lies at the stage at

which discretization is applied to the solution process:

• optimize-then-discretize - The optimality system is derived at the continuous,
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infinite-dimensional level, as in (4.41). The functions ρ, u, and λ are then discretized

and the two point boundary value problem is rewritten in finite-dimensional form.

• discretize-then-optimize - Discretization is performed at the PDE level, resulting

in a finite-dimensional optimal control problem. The optimality conditions for this

approach are given by (4.56 - 4.59).

Consistency between these approaches can be shown by comparing the first order opti-

mality conditions in (4.59) and (4.41). The explicit expression of (4.59) reads

γ u⊤
j M − p⊤gj(a) = γ

∫︂
uLj ψm dΩ− 1∫︁

ψmψmdΩ

∫︂
ρL

∂λL

∂xj
ψm dΩ

for j = 1, . . . , d and m = 1, . . . , L and λL(t, x) := ∑︁L
n=1 λn(t)ψn(x). Noting that

• since u(t, ·) ∈ L2(Ω) ⊂ L∞(Ω), and ρ, λ ∈ W(0, T ) implies ρ(t, ·) ∈ L2(Ω), ∇λ ∈

L2(Ω), as a direct result of Paserval’s identity we have convergence of the truncated

Fourier series ρL, uL, ∂λL

∂xj
;

• 1∫︁
ψmψmdΩ is constant and independent of the number of Fourier modes L, hence it

represents a scaling that does not affect consistency;

we have

γ u⊤
j M − p⊤gj(a) −→

L2

∫︂
(−∇λρ+ γu)ψm dΩ

hence the discrete optimality condition converges in L2 in variational sense to it’s contin-

uous counterpart, ensuring consistency of the discretization scheme.
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Supplementary material to Mesoscopic scale chapter

B.4 Proof of Theorem 5.1.2

Step 1

Let us introduce a test function φ ∈ C2
0
(︁
Rd×Rd

)︁
, is the state space hosting the Na agents

of the system. We consider the following weak formulation of the Boltzmann equation

(5.8)

d

dt
⟨f, φ⟩+ ⟨f, v · ∇xφ⟩ = λ⟨Qη,u(ρ, ρ), φ⟩

= λ

∫︂∫︂
R2d×R2xd

(︁
φ(x, v′)− φ(x, v)

)︁
ρ(t, x∗, v∗) dx∗ dv∗ dx dv

(33)

Step 2

By definition of the binary post-interaction dynamics (5.6), we can explicitly write v′ − v

as

v′ − v = η P (x, x∗)(v∗ − v) + η uη(x, v, x∗, v∗) =: ηFη(x, v, x∗, v∗) (34)

where we introduce the function Fη(x, v, x∗, v∗) for the controlled dynamics binary dy-

namics. Moreover, we expand φ(v′) inside the operator (33) in Taylor series of v′ − v up

to the second order, obtaining

φ(x, v′)− φ(x, v) = η Fη(x, v, x∗, v∗) · ∇v φ(x, v) +Rφ(η2) (35)
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where the term Rφ(η2) represents the reminder of the Taylor expansion as follows

Rφ(η2) =
d∑︂

i,j=1

(︂(︂
∂(i,j)
v φ(x, v)− ∂(i,j)

v φ(x, ṽ)
)︂

(v′ − v)i(v′ − v)j
)︂

= η2
d∑︂

i,j=1

(︂(︂
∂(i,j)
v φ(x, v)− ∂(i,j)

v φ(x, ṽ)
)︂

(Fη)i(Fη)j
)︂

=: η2R̃φη (x, v, x∗, v∗)
(36)

where ṽ = (1 − θ)v′ + θv for some θ ∈ [0, 1] and we use the multi-index notation for the

second order partial derivatives of φ.

Step 3

Embedding (35) into the interacting operator for the weak form (33), and introducing the

quasi invariant scaling (5.14), i.e. λ = 1/ε, η = ε we have

1
ε
⟨Qε,u(ρ, ρ), φ⟩ =

∫︂∫︂
R2d×R2d

Fε(x, v, x∗, v∗) · ∇v φ(x, v) f f∗ dx∗ dv∗ dx dv + εRφε , (37)

with reminder term

Rφε =
∫︂∫︂

R2d×R2d

R̃φε (x, v, x∗, v∗) ff∗ dx∗ dv∗ dx dv. (38)

For ε → 0, assuming that the reminder vanishes to zero, and integrating by parts the

scaled weak form of the Povzner-Boltzmann model (33) we have

⟨︃
∂tρ+ v · ∇xρ+∇v ·

[︃
f

∫︂
R2d

(P (x, x∗)(v∗ − v) + u(x, v, x∗, v∗)) ρ(t, x∗, v∗) dx∗ dv∗

]︃
, φ

⟩︃
= 0

for every φ ∈ C2(Rd × Rd). Hence, in strong form, we retrieve consistency of the scaled

Povzner-Boltzmann model (5.8) with controlled mean field model (5.15). Hence, in the

next step we show that the reminder is bounded and the previous limit hold true for ε→ 0.
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Step 4

Finally we provide estimate on the reminder of the Taylor expansion, to show that such

term vanishes for ε→ 0. We observe that

∥Rφε ∥ ≤
C

2

∫︂∫︂
R2d×R2d

∥Fε(x, v, x∗, v∗)∥2 ρ(t, x, v)ρ(t, x∗, v∗) dx dv dx∗ dv∗

where C is the bounding constant of C2
0 (Rd×Rd), and since Fε(x, v, x∗, v∗) ∈ L2

loc we can

conclude that the quasi-invariant limit holds true.

□

Remark 8. The proof provided here can be readapted seamlessly in the case of the full state

binary dynamics (5.17) by assuming that Fη(s, s∗) := G(s, s∗) + Hu(s, s∗) ∈ L2
loc(R2d ×

R2d). More precisely, in Step 1, we consider the test function Φ ∈ C2
0 (R2d) and the weak

form of (5.19) as follows

d

dt
⟨f,Φ⟩ = λ

∫︂∫︂
R2d×R2d

(︁
Φ(s′)− Φ(s)

)︁
ρ(t, s∗)ρ(t, s) ds∗ds, (39)

where s′ = (x′, v′) is the post-collisional state in (5.17). In Step 2, by Taylor’s expansion

around s = (x, v), we retrieve

Φ(s′)− Φ(s) = η (G(s, s∗) +Hu(s, s∗)) · ∇sΦ(s) + η2R̃Φ
η , (40)

with reminder term defined now as

R̃Φ
η (s, s∗) :=

2d∑︂
i,j=1

(︂(︂
∂(i,j)
v Φ(s)− ∂(i,j)

v Φ(s̃)
)︂

(Fη(s, s∗))i(Fη(s, s∗))j
)︂
, (41)

where s̃ = (1 − θ)s + θs′, θ ∈ [0, 1], similarly to (36). Then in Step 3, introducing the

scaling (5.14) and using (40) in (39) we have

d

dt
⟨f,Φ⟩ =

∫︂∫︂
R2d×R2d

(︁
(G(s, s∗) +Hu(s, s∗)) · ∇sΦ(s)

)︁
ρ(t, s∗)ρ(t, s) ds∗ds+ εRΦ

ε , (42)
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where the reminder RΦ
ε is defined as in (38), as integrating R̃Φ

ε (s, s∗). Thus, integrating

by parts, we have that for any test function Φ is

⟨︃
∂tρ+∇s ·

(︃
f

∫︂
R2d

(G(s, s∗) +Hu(s, s∗)) ρ(s∗) ds∗

)︃
,Φ
⟩︃

= 0. (43)

Finally, the reminder vanishes in the limit ε→ 0 following the same argument of Step 4.

B.5 Asymptotic constrained symmetric Nanbu algorithm

Algorithm 8:{︁
(x0
i , v

0
i )
}︁Ns

i=1 ∼ ρ
0 i.i.d.; Ns samples from the initial distribution

for h = 0, ..., NT − 1, tn = n ·∆t do
select {(ik, jk)}Ns/2

k=1 random pairs of agents without repetitions

for k = 1, ..., Ns/2 do

Compute (vn+1
ik

, vn+1
jk

) according to (5.29) ; interaction

for i = 1, ..., Ns do

Compute xn+1
i according to (5.25) ; transport

For the generalized binary dynamics (5.17) an analogous stochastic simulation technique

can be designed, where in this case interaction and transport are updated simultane-

ously considering the particle states at time tn as follows sni = (xni , vni )⊤, snj := (xnj , vnj )⊤.
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