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Abstract

The implementation of optical quantum technologies requires precise and complete char-
acterisation tools for multi-mode nonclassical states of light. In this thesis, we propose and
we implement experimentally three applications of optical quantum measurements, which
combine aspects of light that are described by both discrete and continuous variables.

In the first part of this thesis, we present a new scheme for interferometric phase es-
timation, which uses double homodyne measurements as an alternative to photon counting.
We show that, without requiring a phase reference, this scheme can achieve the optimum
phase estimation precision for all path-symmetric probe states with a defined number of
photons. Furthermore, the estimation procedure is robust against state preparation imper-
fections, and naturally yields the same precision for all values of the estimated phase. We
implement the proposed scheme experimentally, using a polarisation interferometer probed
by a single-photon signal, and temporally multiplexing a single homodyne detector. We
repeat the experiment with classical probe states. For both cases, we demonstrate the ac-
curacy and precision of the proposed method, our implementation deviating by 5% from the
fundamental precision bound. We demonstrate that, in our scheme, single-photon probe
states can provide better precision than weak coherent ones. These results indicate that
hybrid quantum resources, which combine tools from the discrete and continuous-variable
paradigms, can play a significant role in practical sensing scenarios.

In the second part of this thesis, we present an application in the field of information
thermodynamics, reporting an experimental realisation, in a photonic setup, of Maxwell’s
demon. We show that a measurement at the few-photons level, followed by a feed-forward
operation, allows the extraction of work from intense thermal light into an electric circuit.
The interpretation of the experiment leads us to the derivation of an equality relating work
extraction to information acquired by measurement. We prove a bound using this relation,
and show that it is in agreement with the experimental results. Our work puts forward
photonic systems as a platform for experiments in the field of information thermodynamics.

In the third part of this thesis, we present a new method for the characterisation of
broadband parametric down-conversion, based on stimulated frequency generation. In par-
ticular, we analyse the information contained in the frequency generation produced in the
same mode as a seeding beam, for a type-II down-conversion process. We derive a model
for this signal and argue that its detection can provide a useful characterisation tool in the
high-gain regime, allowing for a self-referenced estimation of squeezing gain. We propose
a method for measuring this signal and present an experimental realisation, based on a
wave-guided source, at telecommunication wavelengths. Our experimental results demon-
strate that the proposed measurement is an effective experimental handle for discerning the
intricate structure of broadband parametric down-conversion.
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Chapter

Introduction

URRENT research makes a concerted theoretical and experimental effort to refine our
C control over quantum dynamics. Due, in particular, to the development of laser
systems, light serves as the main tool for the measurement and control of processes at the
quantum level.

In fact, the nature of light itself has been closely linked to progress in the theory of
quantum mechanics since its very beginning. Albert Einstein’s arguments concerning the
particle nature of light, presented in 19051, marked the inception of wave-particle dual-
ity, a concept that lies at the heart of quantum mechanics. Since the 1970s, experimental
quantum optics has been a key platform for testing the theory’s fundamental concepts, with
simple table-top experiments resulting in significant paradigm shifts. A good example is
that of experimental tests for Bell nonlocality 23!, which, with current technology, can be
readily implemented in many quantum optics laboratories (albeit leaving open some well-
known loopholes). The first realisation of such an experiment, reported by John F. Clauser
in 196914 was a landmark achievement. Clauser presented his work, titled “Experimental
limitations to the validity of semiclassical radiation theories”, at the Third Rochester Con-
ference on Coherence and Quantum Optics. In the proceedings of the same conference,
Edward T. Jaynes concluded his article, “Survey of the present status of neoclassical radi-

ation theory” °!, with the following:

“We have not commented on the beautiful experiment reported here by Clauser

which opens up an entirely new area of fundamental importance to the issues

18



1.1 THESIS OUTLINE 19

facing us. [...] What it seems to boil down to, is this: a perfectly harmless
looking experimental fact [...] can, at a single stroke, throw out a whole infinite
class of alternative theories of electrodynamics |[...] If it survives that scruitiny,
and if the experimental result is confirmed by others, then this will surely go
down as one of the most incredible intellectual achievements in the history of
science, and my own work will lie in ruins. I wish John von Neumann were here

to see it.”

The potential impact of experimental quantum optics is as high now as it was then. Re-
searchers are aiming to demonstrate controlled quantum evolution of nonclassical light at
a scale at which the simulation of experimental results using classical computers becomes
intractable. Although a daunting task, the scaling-up of current experiments in terms of
the number of photons and the number of interfering modes is being actively pursued.

In addition, current research is also making an effort towards developing applications
that use the laws of quantum mechanics in new ways (for instance, by exploiting quantum
entanglement), in fields such as communications and metrology. In order for quantum
technologies to prove successful, it is likely that a hierarchical approach to their design
will be needed, as with most modern technologies. In the context of quantum optics, this
requires the ability to abstract away the continuous modes of the electro-magnetic field
and manipulate the quantum state of an effective system with reduced dimensionality. In
order to achieve this, researchers need tools for the precise and complete characterisation of
multi-mode nonclassical light.

In this thesis, we focus on the design of quantum optical measurements for a number of
applications. Our work, consisting of three main projects, takes advantage of the versatility
of photonic systems and highlights the potential of combining aspects of light described by

both discrete and continuous variables.

1.1 Thesis outline

In Section 1.2, we define the basic concepts used throughout this work. In order to give
the reader the precise context for each project presented in the thesis, we defer a detailed

review of relevant topics to the beginning of the three main chapters.
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In Chapter 2, we present a new measurement scheme for precise interferometric phase
estimation, proposing double homodyne measurement as an alternative to photon counting.
We show that, in an arrangement distinct from heterodyne detection, and which does not
require an external phase reference, homodyne detection can achieve the optimum phase es-
timation precision for all path-symmetric interferometric probe states with definite number
of photons. Moreover, the phase estimation procedure is robust against state preparation
imperfections, and it performs global estimation, which does not require any prior inform-
ation on the value of the estimated parameter. We begin the chapter with a review of
quantum precision limits for phase estimation, with an emphasis on the issues that our
scheme addresses. We then analyse the performance of the double homodyne measurement
using the tools of quantum parameter estimation theory. Finally, we present the results of
an experimental implementation, using a single-photon signal to probe the phase of a polar-
isation interferometer. We demonstrate that, for our particular scheme, the single-photon
signal can provide an advantage in terms of precision compared to classical light.

In Chapter 3, we present an application of experimental quantum optics techniques in the
field of information thermodynamics, translating a well-known thought experiment, that of
Maxwell’s demon, into a photonic setup. In particular, we demonstrate a measurement at the
few-photons level that conditionally prepares an out-of-thermal-equilibrium state, starting
with intense thermal light. The chapter begins with a review of recent progress in the
fields of quantum and information thermodynamics, highlighting the concepts that help the
interpretation of the experiment and which are, in turn, illustrated by our implementation.
We then present our experimental results. Finally, we derive a new type of non-equilibrium
equality, which allows us to interpret the experimental results in the context of information
thermodynamics.

In Chapter 4, we present a new experimental tool for the characterisation of parametric
down-conversion sources in the high-gain regime. Considering seeded down-conversion, we
propose the measurement of frequency generation in the seeded mode, which, together
with a measurement of the signal stimulated in the conjugate mode, allows the precise
estimation of the gain that characterises the process. We begin the chapter with a general
treatment of broadband parametric down-conversion, including a second order perturbation

approach, which allows us to model the field generated in the seeded mode. We then present
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an experimental implementation of the proposed measurements. Although we are able to
report a full set of experimental results, this work is currently in progress. In this thesis, we
include a discussion of the experimental data and an overview of future developments.

We present concluding remarks in Chapter 5.

1.2 Basic concepts

This section defines some of the key theoretical tools used throughout the thesis. We assume
that the reader is familiar with the general formalism of quantum mechanics, including mixed
quantum states, generalised quantum evolution and positive-operator valued measurements.
Here, we begin with a presentation of quantum optics, which is relevant to all subsequent
chapters. We then provide a brief introduction to nonlinear optics, focusing on parametric
down-conversion (PDC), which is relevant for Chapter 2 and central to Chapter 4. We then
introduce some concepts from information theory, which will prove useful in Chapter 3.

Finally, we discuss the methods employed for the analysis of experimental data.

1.2.1 Quantum optics

Quantum optics is concerned with the semi-classical and quantum mechanical descriptions
of light and its interaction with matter, bringing together the wave and particle pictures
of the electromagnetic field. The standard quantisation procedure(f starts with writing
the free electric and magnetic fields in terms of the transverse vector potential, using the

Coulomb gauge!™,

0
E(r,t) = —aA(r,t), 11)

B(r,t) =V x A(r,t).

Here, 7 = {z,y, 2} is the position vector, and V = {0/0x,0/0y,0/0z}. Maxwell’s equa-
tions describe the evolution of the electric and magnetic fields. Separating the space and
time variables, we can write the vector potential as a superposition of spatial distributions,
called modes, with complex time-dependent amplitudes. The spatial modes are solutions
to the Helmholtz equation, depending on the set boundary conditions. For the electromag-

netic field in a cubic box of volume V = L3, with periodic boundary conditions, the mode
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decomposition of the vector potential reads

1 .
A(r,t) = e D> Aps(t) e et (1.2)
k,s

with &g the vacuum permittivity. The components of the wave-vector k, which labels the

electromagnetic modes, can take the values

ky = 2mn, /L, ny, =0,+1,£2, ... ;
ky = 2mny/L ,ny =0,£1,£2,...; (1.3)

k,=2mn,/L,n,=0%1,42,....

We use this in Chapter 3, to calculate the density of states of the electromagnetic field. The
unit vectors ey s, with s € {1,2}, indicate the direction of the transverse vector potential,

called polarisation, and they obey the conditions

k-eps=0;

ezys C € = 53,5’; (14)

€1 X €2 = k/k

For example, the two unit-vectors could indicate horizontal (H) and vertical (V) polarisa-
tions. Solving Maxwell’s equations for the complex amplitudes introduced in Equation 1.2
yields

_ o miwt | Hwt
Ak,s = ¢, 6" + o e, (1.5)

where we have introduced the mode frequency w = ck (c is the speed of light). We associate
the two terms of the solution to forward and backward propagating plane waves. As A(r,t)
is real, we must have Chs = (cJ_r,w)* and eg s = efk,s.

The Hamiltonian of the electromagnetic field is obtained by integrating the energy dens-

ity over the volume V,

H = %0 / d&*r [E*(r,t) + B*(r,t)] = Zoﬂ [(Af (1) Ar s () + Ag s () A3, ((1)] . (1.6)
v k,s

According to the postulates of quantum mechanics, quantisation is performed by replacing
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the complex amplitudes Ay 4(t) by the Hilbert space operators as(k,t), using the quantisa-
tion rules

Ap.s(t) = %ds(kz,t), (1.7)

where & is the reduced Plank constant. We then impose the commutation relations

[&S(kv t)a &i’(k/’ t):| - &S(ka t) di’ (k/a t) - ds’ (k/7 t)T ds(k, t) = 5k,k’5s,s’; (1 8)

[as(K, ), G (K, 1)] [ag(k,t) al (k’,t)} —0.

)y Vgl

We may allow the wave-vector components to take continuous values, in which case, the
Kronecker symbol dg, g/ is replaced by the Dirac delta distribution, é(k — k').
Transforming Equation 1.6 according to the rules given in Equation 1.7, and using the

commutation relations, we find the Hamiltonian operator

) ) ) 1
H=> hu <as(k,t)T as(k,t) + 2) . (1.9)
k,s
For continuous wave-vectors, the sum is replaced by an integral. Note that this represent-
ation of operators corresponds to the Heisenberg picture of quantum mechanics. In the
Shrodinger representation, the time dependence is taken over by the quantum state. The

free Hamiltonian generates the transformation
as(k,t) = as(k,0) e 't (1.10)

showing that, under free evolution, the field acquires a phase proportional with the propaga-
tion time.

It is useful to define modes that are superpositions of plane waves. For instance, all of the
experiments presented in this thesis use mode-locked pulsed lasers. An isolated, polarised
light pulse, propagating in the z direction (k, = k, = 0), is modeled by a broadband mode,

to which we associate the quantised amplitude

At) = /dz F(k2) an (s, 0) e—ichet, (1.11)

where [dk, |f(k.)[* = 1. If the phase of f(k.) is constant, the pulse is called Fourier



1.2 BASIC CONCEPTS 24

transform limited, and it is as tightly localised in space as allowed by the spread in the
wave-vector distribution. A phase that depends quadratically on the wave-vector describes
a chirped pulse, which, in space, has high frequencies at one end and lower frequencies at
the opposite end.

Let us now concentrate on a single mode, at a given moment in time, dropping the
dependence on k, s and t. The operator 7 = G a is the photon number operator. Fock
states, defined by n [n) = n|n), have well-defined energy, F,, = hw (n + 1/2), corresponding
to precisely n excitations of the electromagnetic field, called photons. The energy of a
photon is fiw, and hw/2 is termed the vacuum energy. The state |0) is called the vacuum
state.

The operators &' and @, are called, respectively, the creation and annihilation operator,

due to the way in which they act on Fock states:

i) = VT T +1):
aln)y =+vnin—1).

(1.12)

Combining them, we can construct two Hermitian operators, ¢ = (dT + d) /V/2 and p =
i (dT — &) /V/2, called field quadratures. In Chapter 2, we use the rotated quadrature, which
we denote Xg, according to a convention sometimes used in optical phase space, X, =
[eigdl + 6*19&3} / V2. The use of a capital letter in this case is simply meant to improve
readability.

The quadratures ¢ and p are physical observables orresponding to the sine and cosine
components of the electromagnetic field amplitude. They are canonical conjugate operat-
ors, analogous to the position and momentum of the quantum harmonic oscillator. The
measurement of a field quadrature is implemented using optical homodyne detection, which
we introduce in Chapter 2. We can calculate the probability distribution corresponding to
a quadrature measurement of the vacuum state, using the representation of the canonical

operator p in the eigenbasis of ¢, p = [dq (—-10/dq) |¢){q|:

(lajo) =0 = ¢1§ (ald+ip|0) = ém 1 9/9q) (ql0). (1.13)
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Solving this differential equation and normalising the solution, we obtain

(gl0)]* =772 ™", (1.14)
The fact that this distribution has a non-zero width is a direct manifestation of vacuum
fluctuations. In a similar manner, we can derive the quadrature distribution of a single-
photon Fock state,
(gD = 2772 e * 22, (1.15)
We present the experimental results for a measurement of this distribution in Chapter 2. In
general, the Fock basis representation of quadrature eigenstates can be computed by solving
the Schrodinger equation for the stationary states of the quantum harmonic oscillator. We
note that the eigenstates of the quadrature operators are not normalisable.

Using the commutation relations given in Equation 1.8, we can calculate the effect of
some simple Hamiltonians. It is natural to use the Heisenberg picture of quantum mechanics,
as it turns out that many relevant interactions result in linear transformations of the creation
and annihilation operators. For convenience, we set A = 1 throughout the rest of this thesis.
Therefore, all Hamiltonians should be understood as scaled by #.

Let us consider the simple Hamiltonian ﬁdisp, =1ié at + c.c., where c.c. stands for the
complex conjugate term (in this case, —i£*a), which ensures that the operator is Hermitian.
The transformation generated by this Hamiltonian is given by Heisenberg’s equation (here,

we reintroduce the time dependence of operators),

aatd(t) =i |:I:Idisp.7 d(t)} =&

at) = a(0) + €.

(1.16)

This operation is called a displacement (anticipated in the notation). The unitary D(«) =
exp(a at — c.c.) is called the displacement operator, as it implements the displacement
operation, E(a)T& ﬁ(a) = 4 + a. Acting on the vacuum, this yields a coherent state,
la) = D(c) |0). For most applications, we can model the light generated by a laser using a
coherent state!8, although, in principle, the phase of the laser emission is not well-defined [91.
It can be shown that the photon number distribution of a coherent state is Poissonian.

Optical fields can be superposed using semi-transparent optical elements, known as
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beam-splitters. The transformation implemented by a beam-splitter for two perfectly over-
lapping input modes with annihilation operators a; and @z is modeled (up to free propagation

of both modes) by

a1 — VT a; +VRe % ag;

. . (1.17)
dz — \/R€l¢2 dl — \/Te‘(¢1+¢2) dg,

where T' is the beam-splitter transmittance, and R =1—T.

In many instances described in this thesis, we implement the beam-splitter operation
between two orthogonal polarisations of a spatial mode. We use wave-plates, which are thin
slabs of birefringent material, to introduce a phase shift between two polarisation modes.
By adjusting the orientation of the birefringent axiAs, half wave plates (HWP) can rotate
the direction of oscillation of the electric field between the H and V directions. Quarter
wave plates (QWP) can convert between linear and circular polarisations. A HWP and a
QWP used together can implement any transformation described by Equations 1.17, where
a1 and ag correspond to two orthogonal polarisations of a spatial mode.

Another important operation is that generated by the squeezing Hamiltonian, ﬁsq, =

—i¢/2ata’ + c.c. The corresponding evolution of the mode operators is given by

£ alt) = [Frq.a(0)] = €41 (0)
%éﬂ(t) —i [Hq &T(t)] — £ a(t); (1.18)

where £t = rel?, and the real value r is called the squeezing parameter. This is known
as a squeezing transformation due to its effect on quadrature operators, ¢(t) = e "G(0),
p(t) = et"p(0), assuming here that £ is real, which means that the quadrature distributions
corresponding to the input state become narrower for ¢ and broader for p.

We employ, in Chapter 4 in particular, the two-mode squeezing operation, generated by
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the Hamiltonian f[gsq_ = —i¢ d{d; + c.c. The corresponding mode transformations are

a1 (t) = cosh(r) a1 (0) — e'? sinh(r) a2(0)';

t) = cosh(r) a}(0) — e~ sinh(r) a1 (0); (1.19)

where £ t = r e'? and we assumed ¢ to be real for the quadrature transformations. This shows
that two-mode squeezing can generate correlations between the quadratures of two fields.
For this reason, an interaction modeled by this operation can be used to generate light
exhibiting experimentally accessible entanglement. In particular, the two-mode squeezed

vacuum (TMSV) exhibits perfect photon number correlations between two modes (),

o0

exp(—i Hagq ) |0,0) = cosh™? Z [ e'tanh(r) |n,n> . (1.20)

In Chapter 2, we use a result related to the transformation of quadrature eigenstates. It
is well known that a TMSV can be created by combining two squeezed vacuum states on a
balanced beam-splitter 1%, This equivalence can be extended to quadrature eigenstates of
eigenvalue 0, which are analagous to infinitely squeezed vacuum states (although, as stated

above, they are not normalisable). We take the balanced beam-splitter transformation

(1.21)

implemented by the operator BT(E)O : 50). Here, 50 : 50 stands for 50% transmittance. If
we denote the quadrature eigenstates corresponding to the 0 eigenvalue by [0), and |0),
for ¢ and p respectively, then by applying BT(50 : 50)|0) 4 ©10),,, we obtain the Einstein-
Podolsky-Rosen (EPR) state. This state has perfect number correlations, like the TMSV,

but with equal weights for all photon numbers:

B'(50 : 50) |0), ® |0), Z In,n) (1.22)
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The name EPR is due to the fact that the state introduced above has perfect quadrature
correlations, similar to those described in Equation 1.19. These are analogous to the position
and momentum correlations discussed in the EPR argument, in 19351,

All of the transformations described above, generated by Hamiltonians that are quadratic
in the field amplitudes, maintain the Gaussian form of quadrature distributions, which we
derived for vacuum in Equation 1.14. Together, and taking vacuum to be the input state,
they form the tool-set of Gaussian quantum optics. For various tasks, such as universal
quantum computation!?| and, as we will see in Chapter 4, work extraction in quantum

(13]

thermal machines non-Gaussian operations are necessary. These can be implemented,

for instance, by conditional preparation techniques, using single-photon detection.

1.2.2 Nonlinear optics

The squeezing transformation, introduced in the previous subsection, can be implemen-
ted using parametric nonlinear optics!™. In parametric processes, light interacts with
matter without changing its state: there is no transfer of energy, momentum or angular
momentum between light and the matter system. In effect, the material mediates the in-
teraction between the modes of the electromagnetic field, without becoming correlated with
them.

In conventional (linear) transparent media, the only effect of the light-matter interaction
is the modification of the speed of wave propagation. The induced material polarisation
P(t) = g9 xX'"WE(t) describes the response of a linear medium to the electric field. The
polarisation acts as a source term in Maxwell’s equations. In nonlinear optics, the material

polarisation is extended to a power series in F(t),
P(t) = <o (XVE®) + xPEX(0) + xVEY®) + ... (1.23)

where X(") is the nth order nonlinear optical susceptibility. For clarity of the exposition,
we describe here the simplified case of a scalar field. In general, ¥ is a rank-n tensor,
coupling all vectorial components of the electric field.

The second order nonlinear susceptibility is non-zero only for crystals that do not display
inversion symmetry. Second order nonlinearity mediates interactions between three fields.

Let us consider two plane waves with frequencies w; and ws, in a medium with non-zero
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x?). The electric field is given by
E(t) = Eye ' + Bye ¥t - cc. (1.24)

The induced nonlinear polarisation is then

co XD EA(t) = eo x'? [(2|1Er| + 2|Es) + (Ef 7121 + EZ e 122 4 c.c.) 12
+ (2E1E2 e i (witws) 4 c.c.) + (2E1E§ e i(wi—we) 4 c.c.)].

The optical nonlinearity thus generates new frequencies, different from w; and ws. The
first term on the right-hand side in Equation 1.25 describes the generation of a 0 frequency
(DC) field, called optical rectification. The second term is responsible for second-harmonic
generation (SHG). This phenomenon was first observed in 196115) just one year after the
development of the ruby laser 6], Optical rectification was observed in 196217, The third
and fourth terms result in sum and difference frequency generation (DFG), respectively. In
this thesis, we are mostly interested in the latter.

In the particle picture description of DFG, a photon with energy Aw; is converted into
a pair of photons, with energies fiwy and h(w; — we) (assuming that w; > wy). This obeys
energy conservation, as expected for a parametric process. The generation of photon pairs
is interesting for the study of quantum optics, as it can lead to non-classical statistics, i.e.
the preparation of states that cannot be represented as a mixture of coherent states. In
particular, if we assume that the field at frequency w; is much stronger than at frequency
w2, and that the optical nonlinearity has a negligible effect on the strong field, then we can
treat it as an external source of Hamiltonian evolution for the two fields with frequencies
wo and w3 = wy — wa. In the quantum optical formulation, the Hamiltonian corresponding
to this evolution describes the creation of photon pairs in the two modes, and is equivalent
to the two-mode squeezing Hamiltonian introduced in Section 1.2.1.

In order to observe efficient optical frequency conversion, the nonlinear polarisation, act-
ing as a source at different points in a medium, must produce waves that interfere construct-
ively. In the presence of dispersion, which is due to the linear polarisation of a transparent
medium, the waves emitted at different points become out of phase over a given distance.

k(w)z (agsum-

Considering the spatial mode function of plane waves in transparent media, e



1.2 BASIC CONCEPTS 30

ing propagation on the z axis), we find that the DFG signals produced at different positions
become out of phase over a distance Azqeph, = 7/Ak, where Ak = k(w1) — k(w2) — k(w3) is
called the phase mismatch. We note that, in the particle picture, phase-matching is equival-
ent to momentum conservation, as the momentum of a photon is /4 k(w). Efficient nonlinear
phenomena are observed by phase-matching an interaction, making Ak = 0. This can be
achieved by compensating for the linear dispersion using the birefringence of the nonlinear
medium. The three interacting fields must then have different polarisations. We call type-1
phase matching the arrangement in which the ws and ws fields have the same polarisation
and type-1I phase matching the arrangement where their polarisations are orthogonal.

In the context of optical frequency generation, the field with frequency w; is called the
pump field, and the process is referred to as PDC. A field at frequency ws is called a seed.
PDC also occurs spontaneously, or stimulated by vacuum fluctuations. The spontaneous
process is used to generate individual photon pairs, which are the basis of many schemes
in experimental quantum optics. For instance, using a single-photon detector to signal one
of the two photons, we learn that its pair has been created. This is a common way of
constructing a heralded single-photon source. We discuss spontaneous parametric down-
conversion (SPDC) in more detail in Chapter 4.

If the pump is a broadband field, E1(t) = [;dwiE(wi)e ' + c.c., the Fourier com-

ponent of the nonlinear polarisation at frequency ws is given by
PWVE) (g) = 2g9x?) /dle(wl)E*(wl —w3) + c.c.. (1.26)

Throughout this thesis, the integration limits for frequency integrals should be understood
as 0 to oo, although we may extend them to —oco when integrating over localised functions.
As ¥ is in general a tensor, an effective nonlinear coefficient can be introduced, which

14 If we denote the unit polarisation

depends on the geometry of the interacting fields
vectors of the three interacting fields by e;, the second order effective nonlinear coefficient

is defined as the tensor contraction deg = 2 e3 - X(z) ee;.

1.2.3 Information theory

Information theory studies the quantification and the fundamental limits of the extraction,

storage, processing and transmission of information. Claude E. Shannon (1916-2001) was a
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pioneer of the theory, with a seminal paper published in 1948 18],

There are many familiar examples of useful information stored in physical structures,
such as DNA strands or solid state memory devices. A prototypical memory consists of
a number of stable systems that each occupy one of two possible states. To communicate
the state of such a memory, we can use a signal consisting of binary events, which are
commonly labeled by 0 and 1. If these events are, for observers unfamiliar with the state
of the memory, independent and randomly distributed, with equal probabilities for 0 and
1, then we call the amount of information communicated per event a “bit”. In 1924, Harry
Nyquist (1889-1976) found that the line speed at which “intelligence” can be transmitted
via a telegraph line with m different voltage levels is K logm per time step, where K is a
constant. If we replace K by logy(e) bits, then this result is not surprising, as we know
that integer numbers between 0 and m — 1, which we can use to label the voltages, can be
represented exactly using log,(m) 0’s and 1’s.

The theory of probability is at the basis of information theory.). The amount of
information contained in the value of a random variable is a property of the probability
distribution associated with it. Let us consider a string of independent realisations of the
random variable X, which can take n values, each denoted z;, to which we associate the
probabilities p(z;). It can be shown that, for a string of length m, in the limit of m — oo,
any message that can be encoded in the values of X can be compressed in a number of bits

equal to m times 20

H(X) == p(z:)logy(p(x:)), (1.27)
=1

which is called Shannon entropy. For this thesis, we use a unit of information called “nat”,
which corresponds to replacing the base-2 logarithm in Equation 1.27 with a natural logar-
ithm. Shannon entropy is the asymptotic measure of information, quantifying the informa-
tion contained in a large ensemble of independent realisations of a random variable.

The amount of information shared (e.g. through previous communication) between two
parties is called mutual information. Let us take two systems with states given by the

random variables X and Y. Their mutual information is

I(X;Y)=H(X)+H(Y) - H(X,Y), (1.28)
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where H(X,Y) is the Shannon entropy associated to the joint probability distribution of
X and Y. Expanding this expression, using the natural logarithm and denoting the values

taken by Y as y; , we have

I(X;Y) == plwi, y;) log(p(x:)) + log(p(y;)) — log(p(wi, y;))]

2

— Zp(xi, ;) log(p(y;|z:)) — log(p(y;))]-

i?j

(1.29)

Here, p(y;|x;) denotes a conditional probability, corresponding to y;, given the occurrence
of x;.

Due to the non-orthogonality of quantum states, the amount of information contained
in the mixed quantum state p depends on the basis in which we choose to represent it. The

maximum value is given by the von Neumann entropy 1221

S(p) = —Tr[plog(p)]; (1.30)

which gives the Shannon entropy corresponding to the diagonal representation of p i.e. the
“letters” of a signal encoded in realisations of p are taken to be the eigenvectors of the state.

The function introduced in Equation 1.27 had already been used before Shannon’s work,
in the context of thermodynamics. It is said that the name “entropy”, taken from ther-
modynamics, was suggested by John von Neumann (1903-1957) 221 Entropy may be seen
as a measure of the surprise created by learning the true state of a system described prob-
abilistically. If the physical system occupies its ground state with high probability, the
corresponding entropy is close to 0. Alternatively, if no state is more probable than any
other (assuming a bounded system), the entropy is maximised. A system with high energy
and low entropy (e.g. a laser field) is a resource, which can be used to perform mechanical
work. As it becomes correlated with the systems on which work is performed, its entropy
increases and it becomes less useful. For a fixed value of the internal energy of a system,

entropy is maximised by Boltzman’s distribution,

~1
p(z;) = e PP@) [Z e—ﬁE(xi)] , (1.31)



1.2 BASIC CONCEPTS 33

where E(x;) is the energy of the state x;. We can motivate the use of the Boltzman (or
canonical) distribution in describing a system at thermal equilibrium by stating that our
ignorance with respect to the actual configuration of the system must be maximal (23,

The free energy, introduced to quantify extractable work, is the difference between a sys-
tem’s internal energy and its entropy, scaled by temperature. We discuss in more detail the
role of free energy in thermodynamics in Chapter 3. We take the view that thermodynamic
and information entropy are equivalent, and specify in the text when we are referring to
equilibrium quantities, which correspond to the thermal state of a system. Using the inverse

temperature, 8 = (kpT)~!, where kp is Boltzmann’s constant, we define free energy as
F(X) =) pla:)E(x;) — B H(X), (1.32)
i

for classical systems. For a quantum system with Hamiltonian operator H, in the quantum

state p, we define

F(p) = Tr(Hp) — B~'S(p). (1.33)

In Chapter 3, we use the von Neumann relative entropy, which is a measure of distinguishab-

ility between two quantum states[2, defined as

S(plo) = =Tr [p (log(p) — log(5))] - (1.34)

For strings of finite length containing the realisations of a random variable, Shannon
entropy is not the unique measure of information. In the single-shot regime (concerning a
single realisation), only a partial order on probability distributions can be defined, by means
of majorisation, which finds an operational interpretation in the theory of entanglement 2.

Generalised entropies are monotones of this partial order. We elaborate more on this in

Chapter 3.
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1.2.4 Error analysis

For a simple estimation procedure, where f(z) is determined based on a measurement of z,

with precision Az, error propagation yields

2
(Af(@)) x| 5 fi) Ad] (1.35)
(assuming that z is not too close to a stationary point of f).

Throughout this thesis, we report experimental values that are, in most cases, limited
in precision by statistical errors i.e. errors that arise when we estimate a quantity based
on a set of random variables (measurement outputs), using a finite set of realisations. We
can define the covariance matrix of the set of measurement outputs = {z1,z2,... x,} as

oij = (xixj) — (x;)(z;), where (o) denotes an expectation value. Then, error propagation

yields .
Af@) = ) 8if<w>8ij ()75 (1.36)
hy=1"""

In practice, as great computational power is readily available, it is feasible and often a
robust option to estimate errors using re-sampling methods, instead of deriving analytical

(24 In order

expressions. Re-sampling methods are also known as bootstrapping algorithms
to describe how bootstrapping works, we consider the example of estimating the error that
corresponds to the variance of a sampled normally-distributed variable. We can generate a
set of m values, randomly sampled from the normal distribution (a Gaussian distribution
of width 1). Bootstrapping works by re-sampling m values from the data set (allowing
for repeated sampling of the same value), iterating this operation a large number of times
(several thousands). For each re-sampling, we calculate the variance. We then compute
the standard deviation of the resulting variances. We find that this method, applied to a
sample size of m = 200, yields the estimate 0.10(1) for the error on the variance of the
sampled variable, which agrees with the analytical solution, 2037_1. The advantage of this
method is that it can be straight-forwardly applied to arbitrary estimators and probability
distributions (with some known caveats?4). For this reason, we use it to determine error
estimates in most instances of error analysis occurring in this thesis. A disadvantage of

bootstrapping is that it sometimes deviates from the correct answer for small sample sizes

(< 100). However, our data sets are always considerably larger.



Chapter

Global estimation of phase with homodyne

measurements and single photons

PTICAL phase estimation is at the foundation of interferometry 2%/, which has a pleth-
O ora of applications, ranging from basic length measurements to spectroscopy, astro-
nomical observations and the celebrated detection of gravitational waves26:27]. The funda-
mental limits on the precision of phase estimation are imposed by quantum fluctuations. In
1981, Carlton Caves proposed the use of non-classical light as a way to improve this preci-

28] aiming to achieve the highest sensitivity in interferometers for gravitational-wave

sion
detection. The field of quantum-enhanced sensing has since expanded 29) and applications
have been proposed to various quantum metrology problems, such as frequency estimation
for atomic clocksB%32l weak magnetic field sensing 334 or biological measurements 3%
In practical interferometry, attention has focused mostly on measurements of intensity
and photon statistics. Typically, these schemes require adaptive phase control in order to

[36,37] " Here, we propose double-homodyne detection as an

achieve the highest sensitivity
alternative to photon-counting, in an arrangement that is distinct from the well-known het-
erodyne technique. We show that, without requiring a phase reference, our measurement
scheme achieves the same precision for all phase values, with no adaptive phase control.
Moreover, using an intuitive estimation strategy that is robust to state-preparation imper-

fections, it yields the highest possible precision for all path-symmetric pure probe states

with a fixed number of photons.

35
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In the presence of decoherence, it becomes difficult to demonstrate quantum-enhanced
sensitivity *®]. However, we find that while our proposed measurement scheme (with the
already-mentioned advantages) is sub-optimal for classical light, it recovers the optimal pre-
cision for single-photon probe states. Therefore, it constitutes a scenario where non-classical
resources can out-perform classical ones, when constrained to the same measurements. We
demonstrate the precision and accuracy of our method experimentally, implementing a po-
larisation interferometer with a single-photon input and a double-homodyne measurement.
Our results indicate that hybrid quantum resources, which combine tools from the discrete
and continuous-variable paradigms (favouring descriptions in the photon number basis and
in terms of quadrature distributions, respectively) can play an important role in achieving
the highest sensitivity in practical sensing scenarios.

We begin this chapter by introducing the fundamental limits on precision in optical
phase estimation, and the different frameworks in which these limits are derived. We then
discuss global phase estimation and the role of prior information in interferometry, as well
as some relevant aspects of multi-parameter estimation. In Section 2.2, we present the
double-homodyne measurement scheme and discuss its advantages. We then introduce the
experimental tools required to implement this measurement with a single-photon probe
signal in Section 2.3. In the same section, we also describe a high repetition-rate pulsed
optical homodyne detector®¥ and a heralded source of single photons in pure quantum
states®, both of which have been previously developed in our laboratory. In Section
2.4, we present experimental results, showing the precision and accuracy achieved in our

implementation. Finally, we summarise our work and discuss its implications in Section 2.5.

2.1 Limits on precision in optical phase estimation

An optical interferometer is designed to determine the phase accumulated by light waves,
as they travel from a common source though different, overlapping routes. This constitutes
a precise way of measuring small changes in the paths explored by the light waves, and it
has numerous applications. Figure 2.1 shows a prototypical interferometer. In this figure,
we set the phase accumulated in mode A as a reference and denote the additional phase
acquired in mode B as ¢ = k¢. Here, k is the wave-vector of the light waves and ¢ is the

optical path difference between modes B and A.
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The spatial and temporal coherence properties of the light waves probing the interfero-
meter determine the visibility of the interference observed at the output. In classical optics,
there are no limitations on the precision with which ¢ can be determined using intensity
measurements, as the signal-to-noise ratio (SNR) of these measurements can in principle be
made arbitrarily high. A fundamental limit on precision exists, however, in the quantum

mechanical description.

input A

input B
\ mirror A
mirror B
el FN=0-

detector A

detector B

Figure 2.1: The prototype of a Mach-Zehnder interferometer with intensity detection. The gray
squares depict optical beam-splitters.

2.1.1 The classical limit

The development of modern interferometric gravitational-wave detectors (GWD), which
started in the 1970s, prompted the study of the precision limits introduced by optical
quantum fluctuations. These detectors, arguably the most advanced interferometers realised
to date[*), perform extremely sensitive measurements of spacetime distortions, by monit-
oring the optical path length between two test masses separated by distances on the order
of kilometers. Their design is based on the Michelson interferometer, a folded version of
the Mach-Zehnder layout depicted in Figure 2.1. Laser light enters through one of the two
inputs and small phase changes are observed by monitoring the intensity at one of the out-
puts, set to an interference minimum. The test masses, two in each arm, double as mirrors,
forming an optical cavity, so that light travels the path between them over several reflections.
Power recycling is another standard feature. In the most recent runs, the displacement of
test masses was measured with precision on the order of 1071 m Hz=1/2, which enables the
detection of spacetime distortions with amplitudes as small as 10722 Hz~1/2[41],

Quantum fluctuations are the main source of noise in interferometric GWD 42745 They
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are manifested through (i) photon-counting noise at the monitored output, or optical shot
noise, and (ii) phase noise caused by radiation pressure on the test masses. Both can be
seen as consequences of vacuum fluctuations at the free input port of the interferometer.
The first type of noise can be dealt with by increasing laser power, as the SNR of intens-
ity measurements is inversely proportional to the square-root of the intensity. However,
fluctuations of the intensity difference between the interferometer arms, which introduce
phase noise through radiation pressure, are directly proportional to the square-root of the
intensity. Adding the two effects, it turns out that the lowest noise and highest sensitivity
is achieved for an optimum value of the power of circulating light.

The precision of path length measurements attained at the optimal power level is known
as the standard quantum limit (SQL). This limit can be seen as arising from perturbations
produced by the interaction between the test masses and the measurement light beams, like

45]

in Heisenberg’s microscope 5], We note, however, that test mass quantisation has no influ-

[6,47] " Only the latest version of gravitational wave detectors*!]

ence on GWD sensitivity
has reached the SQL over a limited signal frequency range. In many practical applications,
laser power is much below the value necessary to achieve the SQL, and fluctuations due to
radiation pressure are in effect negligible. Therefore, the main limitation of quantum origin
to the sensitivity of interferometers is, in the majority of situations, that introduced by shot
noise.

In order to discuss the effect of shot noise on phase estimation, we introduce a useful
isomorphism between passive optical interferometers and spin systems, formulated by Yurke,
McCall and Klauder in 198518, Let us denote by a and b the annihilation operators

corresponding to interferometer arms A and B. The total number of photons is 1 = ata+o'b.

We further introduce the set of operators:

(2.1)
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Using the harmonic oscillator commutation relations, we can show that these operators

satisfy the Lie algebra of the special unitary group SU(2):

[jx, Ay} — i, [Ay, Z} — iy [z I} =i, (2.2)
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Since we also have J2 = J2 + jf, +J2 = 2 (2 +1), the set {J, Jy, J.} can be seen as the
angular momentum components of a system with spin n/2. Passive optical elements conserve
photon number, and thus also the total angular momentum J. Therefore, the evolution of
operators through a passive interferometer (in the Heisenberg picture), corresponds to a
3-D rotation of the vector {jx, jy, jz} We define the beam-splitter transformation as the
unitary operation generated by Jy (in general, this generator is a linear combination of
J, and jy) Then, in the spin picture, a 50:50 beam-splitter corresponds to a 7 rotation
around the x axis. Relative phase-shifts between modes A and B (up to a global phase) are
generated by the operator J, and correspond to a rotation around the z axis. As depicted in

Figure 2.2, the overall transformation implemented by an interferometer with relative phase

¢ amounts to a ¢ rotation around the y axis.

2t

(b)

Figure 2.2: SU(2) picture of a prototypical interferometer. Using the isomorphism with a spin
system, we depict the evolution of the quantum state of light through the interferometer (in the
Scrodinger picture), representing the expectation value and uncertainty of angular momentum oper-

ators on a sphere of radius /5 (% + 1). (a) Initially all excitations are in mode A, so the correspond-

ing spin system occupies the eigenstate of J. with the highest eigenvalue. The first beam-splitter
corresponds to a rotation by —m/2 around the z axis. (b) A relative phase-shift ¢ corresponds to a
rotation around the z axis. (c) The final beam-splitter corresponds to a rotation by 7/2 around the
T axis.

An intensity measurement at the output of the interferometer corresponds to determining

the total number of photons n as well as the average intensity difference between outputs

A

A and B, proportional to (jz>out. The phase ¢ can be estimated from the value of (J,)out-

Using error propagation, we obtain the mean square error (MSE) of the estimation:

AJ.)? j j
(A¢)2 _ ( ) out <‘]z2>011t _< Z><2)ut. (2.3)

(90Tdon)” (96lT)em)
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As depicted in Figure 2.2, we have

(jz)out = cos(9) ( Az)in —sin(g) (ng)in' (24)

For an interferometer where light enters at input A and the total number of photons is
measured to be n, using Definition 2.1 we can calculate the following expectation values:
<jz>in = n/2; <jm>in = 0;

(2.5)
(I =02/4; (Lodoin = 0; (J2im = n/d.

Plugging these into Equation 2.3 and using Equation 2.4, we get

n/4sin(¢)?
(Ag)f = m = % (2.6)

If the input is a coherent state and we only consider (.J,)out, without the total photon-number
measurement, then performing the calculation above yields (Aqﬁ)i = 1/ ({(n)a sin(¢)?) [38]

indicating a dependence of the estimation precision on ¢.

2.1.2 Quantum-enhanced precision

We have seen that when only one input port is used, the MSE characterising phase estimation
is limited by 1/n. In order to improve phase estimation precision beyond this value, which
we will refer to as the classical, or shot noise limit (SNL), more general input states must
be considered.

The particle picture of light is particularly useful in approaching this problem?9. Let
us formally consider that each input photon occupies one of the two modes of the interfer-
ometer, in a symmetrised quantum state. The multi-particle quantum state that describes
coherent light in both input ports is separable in this picture. Moreover, passive optical
transformations act independently on each particle. Therefore, in an interferometer probed
by classical (coherent) light, photons effectively evolve independently. The phase estimator
MSE in this case is limited by the shot noise, as discussed in Section 2.1.1. Any quantum
state of light that offers an improvement on the classical limit must therefore contain correl-
ations between photons i.e. particle entanglement9. A beam-splitter can convert particle

[50]

entanglement into mode entanglement °”). However, the two types of correlations are inde-
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pendent and it is the former that constitutes a resource for quantum-enhanced sensing.
Particle entanglement can be produced by the squeezing interaction, which is discussed

28] proposed the injection

in several instances throughout this thesis. In 1981, Carlton Caves
of squeezed vacuum in the free input port of GWD interferometers in order to reduce the
effect of quantum noise, taking into consideration the limited power available from laser
sources. Let us denote a squeezed vacuum state |r) and choose the squeezing parameter r
to be real, meaning that the squeezed quadrature is %(& + dT). The expected number of
photons in this state is (r| 7 |r) = sinh?(r).

For inputs of coherent light and squeezed vacuum, |a), ® |r)g, we can compute the

following expectation values for the operators introduced in the previous section:

A 1 A PN
(i) = o +sinb?(r); (L) = 5 |af® = sinh(r)] 5 (Lo = 0 (JoTu)in = 0

= S 1 1
(AJZ)2 . <J22>in - <JZ>i2n 1 [|04|2 + QSinh2(27’)] ;
" (2.7)
(AJz)Z = i [|oz|2 cosh 2r — Re(az) sinh(2r) + sinhQ(r)] :
VANEE i [|a|2 cosh 2r + Re(a?) sinh(2r) + smh%)] _

The squeezed noise effect is manifested through the interference term Re(a?) sinh(2r), which
lowers the variance of J, while increasing that of jy. The effect on J, is maximised by
choosing Re(a) = |a|. We illustrate the basic principle of squeezed vacuum quantum-
enhanced phase estimation in Figure 2.3. Using the expressions above and Equation 2.4, we
obtain the MSE

(AJZ)2( cot?(@) [Jaf? + L sinb(2r)| + [af? 7" + sinh?(r)

(AD){ary = out = . (28)
T (0utdom)’ Jof? — sink(r)

Note that this expression is minimised by setting ¢ = 7/2. We can further optimise with
respect to r, under the constraint of a fixed average number of photons. This optimisation
can only be performed analytically in the limit (2) > 1, in which case the minimum MSE
is

1
<ﬁ>3/2'

(A¢)zoh.+sq. ~ (29)

The optimal number of photons in the squeezed vacuum input is sinh(r)? = <ﬁ>% / 2, which
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means that most of the energy is in the coherent light input.

Figure 2.3: SU(2) picture of squeezed vacuum interferometry. The variance of the angular mo-
mentum operators is reduced in one direction at the expense of increased variance in the others.
The operation of the interferometer ((a) input 50:50 beam-splitter, (b) phase-shift, (¢) output 50:50
beam-splitter, overall a rotation around the y axis) is estimated with better precision than using
uncorrelated particles.

Sub-shot-noise precision (by a factor of ~ 2) using squeezed vacuum was demonstrated
experimentally in 1987, detecting phase modulation signals over a limited bandwidth around
400kHzPY and 1.6 MHz2. In 2011, a squeezed vacuum source was added to the GEO
600 GWD observatory, yielding a factor of &~ 2 noise reduction for signals at a few hundred
Hz 5354 For gravitational wave detectors approaching the SQL, further theoretical analysis
has lead to the proposal of frequency dependent squeezing, as well as frequency dependent
homodyne detection [3557],

Better-still scaling of the estimation precision with photon number can be obtained using

a different input quantum state [48].

1

%) Fok = NG (In/2)a @ [n/2)g +[n/2 = 1)y ® |n/2+ 1)), (2.10)

where |n/2) is the Fock state with n/2 photons. For simplicity, we assume that n is even.

(J)in = %; (Jo)in = ;\/m’ (2.11)

(ALY =5 (AL

m

In this case, we have

which results in the phase estimation MSE

1

AP = .
( ¢)Fock %(%+1)

(2.12)
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The quadratic scaling of the MSE with respect to photon number is known as Heisenberg
scaling. Holland and Burnett (HB) have shown that if photon statistics at the output are
considered, instead of just the average intensity, the simpler state |¢)yp = [n/2), ® |n/2)p

yields the same precision scaling °8).

2.1.3 Theoretical framework and fundamental limits

We now introduce a general framework for the systematic analysis of estimation precision
limits, which we use to derive some of our results in subsequent sections.

A general setting for parameter estimation consists of three main steps: probe prepara-
tion, parametrised evolution, and measurement. The analysis of measurement results can be
considered a fourth step, and more generally, allowing for ancillary systems and controlled
operations, we can describe adaptive schemes for preparation and measurement ®?:6%. The
task of detecting small deviations of parameter values can be reformulated as that of dis-
tinguishing neighboring states of a system, on a manifold defined by the parametrisation.
If both preparation and measurement are fixed, then this amounts to statistically distin-
guishing the parametrised probability distributions (PDs) that define the output of the
estimation experiment. This is the setting for classical parameter estimation theory 61
If, on the other hand, the measurement is undecided, then this amounts to distinguishing
parametrised quantum states, which is the setting for the theory of quantum parameter
estimation [62].

Let us first consider the classical setting, where we require a statistical distinguishability
metric for PDs. The Fisher Information (FI), named after the statistician Ronald A. Fisher
(1890-1962), provides such a metric. To introduce this construct, we consider a single-
parameter estimation scenario. We define a family of PDs, py(§), and we want to estimate
¢ from a measurement register {&i,...,&,}. The estimation is performed via a function
Gest (&1 - - -, &m). The estimator’s deviation is Adest = @est (&1, - - - s Em) — (Pest) 6, Where (Pest)
is the estimator’s expected value. By simply expanding this expression, we get the following

equality:
[ pa(©0) - pol6n) A = 0 (2.13)
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and taking the derivative with respect to ¢,

" Dypl&)  dest)s
/dgl...smp¢<§1>...p¢<fm> (; ) )A%— o (2.14)

By applying the Cauchy-Schwartz inequality to the left-hand term, we obtain

m ] 2 2
/dfl .. .fmpd)(fl) .. -p¢>(§m) (Z W) <(A¢est)2>¢ > (W) . (215)

i=1

We can now use error propagation, in the same manner as in the previous subsections, to

obtain
2 211
(86)° = ((Adw)?), / (Koo} > | [agpute) (228)) ] W
Finally, FI is defined as
F(py) /d£ 3¢p¢ (2.17)

and the inequality above is known as the Cramér-Rao (CR) bound (63,

1
- mF(p¢) )

(A¢)? (2.18)

An estimator that achieves this bound only exists if py (&) belongs to the family of exponential
PD functions. However, for m > 1 and any well-behaved pg(&), the CR bound is achieved

by the maximum likelihood estimator [64:6]

Pmax-tik. (§15 - -+, §m) = arg;nax !Z log (qu(fi))] : (2.19)

i=1
We sketch below a brief proof of this result. Using Bayes’ theorem and ignoring any prior

information, the PD of ¢, given the measurement register {{1,&2...,&n}, is the likelihood

function

L(B&1, & &m) =N exp [Z log(%(fi))]
p (2.20)

=N exp (co + c1(d — do) + c2(d — do)? + c3(d — d0)* +...).
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In this expansion, ¢y contributes a constant factor, which can be included in the normalisa-
tion constant A/, while ¢; = 0 if we choose ¢g = dmax.-lik.- The second order term in the

exponent is

2= % (7}1 Z % log(p¢(§m))> [Vm(¢ — ¢max.-1ik.)]2 . (2.21)

The expected value of the sum in Equation 2.21 is —F(p,), and the deviations around the
expected value scale as 1/y/m. If we rewrite the expansion in Equation 2.20 in terms of the
variable \/m(¢ — ¢max.-1ik.), the constant coefficients corresponding to terms of order k will

scale as m!~%/2. Therefore, for m > 1, we have

L(dé1, 8. &m) = N exp(—=mF (pg) (¢ — bmax-iik.)”/2). (2.22)

The width of this approximation to the likelihood function is 1 / mF(pg). This shows that
the CR bound is achieved asymptotically by the maximum likelihood estimator.
FI defines a natural (Riemannian) metric on PDs, with the infinitesimal distance between

two neighboring points given by
(dspp)” = F(¢)(de)”. (2.23)

In quantum parameter estimation, ¢ describes a quantum state p, and the PD py(§) is
given by a positive-operator valued measure (POVM) with elements f[g >0 (fd¢ ﬂg =7 ),
such that py(§) = Tr <ﬁ¢ﬂ§>. The optimal estimation strategy is then found by maximising
F(¢) over all possible quantum measurements. The maximal value is referred to as quantum
Fisher information (QFI) and we denote it Fg(pg):

Fo(ps) = max (F(ps)) = max { / de [1r (9,p11c) | / Tr (pofle) } - (2.24)

meas. H§

The optimisation procedure yields a valid distinguishability metric on quantum states,

(dsQS)2 = max [(d3pp(¢))2]. In order to find an expression for Fq(pe), it is useful to
meas.

A

define the symmetric logarithmic derivative (SLD), L(pg), such that

5 [po00) + Eog)s] = 0us. (2:25)
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Since pg, f[g and L(pg) are all Hermitian, we have

Tr (0¢,6¢f15) = % [Tr( ( )pqsﬂs) +Tr (HE:%L(P(#))}

; ) (2.26)
= Re [Tr( Py pqﬁHs)} < ‘Tr (L(f)qb)ﬁqbﬂs))-

Plugging this into Definition 2.24,
L2 .
Tr (L( )PcﬁH&)‘ /TY (P¢HE>]

R 11,1 R 1
Tr [Hg L(ps) 93 9 117 / (v (pqsﬂs))z}

Fo(fs) < max [ [ e

e ) (2.27)
:%%/ }

AL A\ |2 A AL A
Applying the Cauchy-Schwartz inequality, in the form ‘Tr (OTP) ‘ <Tr (OTO> Tr (PTP>,

/Tr (ﬁ¢ﬂ§> , we get

Fo(pg) < /d£ Tr [ﬁf (U%))Qﬁqs] =Tr [(ﬁ(f)qﬁ))?%] ~ (2.28)

~

for O = and P = 11

AT

1
p2
Py

S o|=

P2 L(ps) T

This result was first derived by Helstrom %6 and Holevo 67

, yet it was established as central
to quantum metrology by Braunstein and Caves%8, who explicitly separated the classical
and quantum optimisation steps and showed that the limit obtained in Equation 2.28 can be
saturated. Indeed, a measurement that projects p, on the eigenstates of ﬁ(ﬁ¢) 69 saturates

both inequalities used above. We now have a distinguishability metric for quantum states,

which can be used to derive limits for quantum parameter estimation:

(@sqs)? = Fa(pa)(as =T |(£50))" o] a0 (2.20)

In order to derive precision bounds, one can optimise the QFI for probe states that obey
some relevant constraint. It is useful to note that the QFI is convex: Fg (Z PPy @) ) <
> pifq <p<(z>i)>'

Let us consider states with a fixed number of photons, n. It is easy to show, using the
convexity of the QFI, that in this case the optimal state must be pure. For pure states, the

QFTI reduces to Fo(|y),) = 4((P[) g — [(|1)]?), Where [1h)y = Dy ). In the particular

case of interferometric phase estimation, we have [i), = ei/=6 [4), where 1), is the state
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after the input beam-splitter, so the QFI is

Fo([)) = 4wl J2 [¥)g = (Wl J: [¥)g) = 4 AT . (2:30)

A

The variance of J, = %(afa — bfb) is maximised by the NOON state? |NOON) =
% (10), ® [n) + In), ®]0)g), which sets the ultimate precision limit for all inputs with

n photons,

1

(A¢)2N00N = n2

(2.31)
As we mentioned in the previous subsection, this is referred to as the Heisenberg limit. The
name is due to the similarity between the Heisenberg uncertainty principle and Inequality
2.18, with FI given by Equation 2.30.

In practice, NOON states are notoriously difficult to realise. A comparatively simple way
to achieve the same precision scaling is to pass the probing light multiple times through the
sampled optical path[™, which is implemented in GWD. After n passes, a single photon
picks up the phase n¢, which is equivalent to the particle-entangled NOON state, correspond-
ing to the same number of photons passing through the sampled path. The disadvantage
of multi-pass interferometry is a decrease in temporal resolution, as well as the accumula-
tion of losses. NOON states are also strongly affected by losses, with the same scaling for
both strategies™572. We note, however, that the effect of detection loss is less significant
in multi-pass than in NOON state interferometry. Moreover, if the relevant resource is the
amount of light absorbed by a sample rather than light passing through it (like in the case
of photo-sensitive samples), the multi-pass scheme is more effective, as at most one photon
per realisation can be absorbed by the sample. As we detail in Section 2.1.4, the main
practical motivation for investigating particle-entangled states for phase estimation is the
possibility of achieving improved tolerance to loss, and other decoherence effects, compared
to multi-pass interferometry.

We note that the QFI is not invariant to phase-shifts generated by n. This issue can
lead to misleading results for states that do not have a fixed number of photons. While
coherences between components of the state with different total photon-number contribute
to the QFI, in practice they can only be accessed in the presence of a phase reference I

the optical domain, such a reference is implemented by a strong coherent field, which is not
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part of our model of an interferometer and, unless extra assumptions about phase stability
are made, it must be accounted for as a resource!™). The issue is resolved by averaging
states with respect to the phase generated by 7, before computing the QFI3.

Now, taking a new look at phase estimation with coherent light and squeezed vacuum
with the help of QFI, we find["!

FQ(p(;Oh'+Sq') = |af?e® + sinh(r)?, (2.32)

with the notation already defined in the previous subsection, and after total-phase averaging,
as discussed above. Fixing the average photon-number, (R) = |a|? + sinh(r)? and taking
the limit (72) > 1, this expression is maximised when sinh(r)? ~ |a|?, in contrast with the

scheme discussed in Section 2.1.2. The Cramér-Rao bound then yields

1

(A¢c0h.+sq.)2 ~ <ﬁ>2 .

(2.33)

It has been shown that, in principle, this limit can be achieved with photon-counting (™!,

considering the full information available in the photon statistics, rather than just the mean
output intensity.

While these results provide useful ultimate bounds, there are several issues character-
ising the QFI approach to quantum parameter estimation. First, FI only depends on local
quantities: the output probabilities and their derivatives with respect to ¢. This can give
misleading results. For example, using NOON states, all phases ¢; = ¢+ 2i w/n with integer 4
give an equivalent output, as the state picks up n times the phase ¢. Therefore, in practice,
the prior distribution of ¢ must be very sharp in order for a NOON state measurement to
be useful. Furthermore, for estimation schemes where the output signal is at an extremal
point, the sign of a small phase-shift cannot be straight-forwardly determined. This issue
may not be captured by the FI approach.

Secondly, QFI is not appropriate for deriving limits with a constraint on the average
number of photons. Consider, for example, the state ﬁ INOON)(NOON| + % |00)(00],
where [NOON) has n photons. This has 1 photon on average, yet its QFI is n, which can be
made arbitrarily high.

The Bayesian approach to quantum phase estimation effectively tackles the issues stated
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38,75-78] 1 this framework, the phase ¢ is treated as a random variable in the interval

abovel
[0, 27), distributed according to the prior p(¢). Registering the output £ produced by an
interferometric measurement leads to a posterior distribution, according to Bayes’ theorem,
p(pl€) = p(f\é)%. In general, an estimator’s MSE can be calculated using the posterior
PD, and the minimum is achieved by the Bayesian mean estimator, ¢ppmE(§) = (@)p4|¢)-
We note that, in the case of phase estimation, the squared error is not an appropriate cost
(error) function; a well defined cost function should have the same value for ¢ and ¢ + 2.
A natural choice is C(¢est (€), ) = 4sin? (W), which for sharp posterior distributions

is approximately the squared error. Phase estimation precision is naturally quantified by

the mean Bayesian cost (MBC),

(€)= / 46 d€ p(,€) C(demt (€). 6). (2.34)

which, for our choice of cost function, is minimised by the estimator ¢¢c(§) = arg [<e¢>p(¢|§)] .

It is important to note that in the Bayesian framework, we consider the performance
of a single experiment. The full estimation strategy, including repeated runs, (adaptive)
measurements and data analysis, is effectively encapsulated in the measurement operat-

ors [T,

POVM elements by this phase: pr =11

Every possible outcome corresponds to a phase estimate, so we can identify the

. The measured state is py = U'd,poUJ,

3 _
R = Pest (ﬁ)-‘P
with Uy = e~"=. We choose the uniform prior, p(¢) = %, denoting complete lack of initial

knowledge. Using these definitions, the MBC is

1

(©) = 5= [ a6 de e (Uum0}1L,) Clp.0). (2.35)

ﬂ(c) = l; ) IA) W l‘t:h i = d9 iA/ IAI IA/ 2 36
© = ) X == 5 0 oV, ( . )

which describes a covariant measurement. Using Equations 2.35 and 2.36, and the symmetry

of the cost function, it can be shown that this new POVM yields the same MBC as the
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original one. We then have

. L R 2T
(©) = 5 [dode Te[TupnU}T1Y) O<@,¢>=4Tr[ / d¢ﬁ¢sin2<¢>] (2.37)

This leaves only the task of optimising with respect to A, with the constraints
2 aoat . .
/ dpU, U,=1and =>0. (2.38)
0

The minimum MBC is a concave function of the probe state: <C (ZZ piﬁg))> 2
min
> D <C (ﬁg))> . Therefore, the n-photon state that optimises the MBC must be a
min
pure state of the form ) = > (4 |i,n —i). We can compute the integral in Equation

2.37:

27 ~ t o -
[ aota i o] = [ao oo

irj (2.39)

™

5 (0341 + 52‘,;‘—1)] ;

A

where &;; is the Kronecker delta. Using this, we find (C) = 4n > " |wil? i —
47Re (Y ¢¥ii—1 ii—1). From Equation 2.38, we get ;; = % and ;1 < % To-
gether with () = 1, this yields a lower limit for the MBC,

(C) =2 -2 [hitpioa| =2 — (¥|AJy), (2.40)
i=1

with A;; 1 = A;4,; = 1. The limit can be achieved by setting = |x)(x| with |x) =
\/% Yoio Vi lwi] . Setting all ¥; to be real, we find the optimal POVM:

1 o
m _ L (=) 15 0 Nfg
H‘P T o ;j:ecp ! ‘Z7n 7‘><Jvn J|> (2'41)

which is referred to as the canonical phase measurement (™31, The expression in Equation

2.40 is minimised by the eigenstate of A with the highest eigenvalue, which is known as the

- 2 i1 .
Wl = 3\ g5 (73g ) Db =, (242

sine state:
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with (C)gine = 2 [1 — cos (%ﬁ)} In the limit of n > 1, we get the lowest possible error, in

the Bayesian sense, for states with n photons:

7T2

(A¢sine)2 ~ ﬁ (2.43)

We have thus found the optimal probe state for quantum phase estimation in the absence of

prior information. This is quite different from the NOON state, yet it yields similar estimation
precision.

For states with an indefinite number of photons, in the absence of a phase reference, we

can use the concavity of the MBC to show that (A¢)* > %

2.1.4 The effect of decoherence

The practical applicability of quantum-enhanced sensing is severely limited by decoherence.
In optical interferometry, three decoherence mechanisms must be taken into account: (i)
optical loss, (ii) phase diffusion, and (iii) imperfect visibility.

Arguably the main impediment towards the implementation of quantum-enhanced in-
terferometry is optical loss (8283 It occurs at all stages of an experimental setup, due to
absorption and scattering in optical elements: in the preparation through imperfect mode-
selection, and in the measurement, due to sub-unit detector efficiency and detection noise.
Balanced optical loss in the arms of an interferometer can be modeled all in one stage
(preparation, evolution or detection).

Phase diffusion, also known as collective dephasing, denotes fluctuations in the value of
the estimated parameter. It can arise due to thermal fluctuations, seismic noise, air move-
ment, temperature changes, radiation pressure, etc. The effect of phase diffusion depends
on the time scale and frequency range of the phase modulation to be detected.

Imperfect visibility, also known as local dephasing, arises because the modes combined
on the output beam-splitter are not perfectly matched. Equivalently, it can be seen as phase
diffusion acting individually on each photon, or as optical loss where the scattered light is
incoherently fed back into the detection stage.

In the presence of decoherence, quantum FI can be optimised numerically for states

54,84-86)

with a low number of photons, up to ~ 100! In addition, several methods have

been proposed for deriving asymptotic limits. In general, these methods use a representa-
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tion of the quantum channel modeling the interferometer (consisting of a phase-shift plus
decoherence processes) from which an upper bound on QFI can be derived. This bound
can be optimised over a set of possible channel representations. For example, one general

method is that of channel purification, which produces the limit Fg (pg) = 1|1£1Z)1>n {FQ(‘¢>¢):|
%

with py = Tre(|Y),(4]). Here, the state [1); extends over the system and additional en-

[87.88]  Other methods are classical simula-

vironmental degrees of freedom, denoted by E
tion, where the channel is approximated locally by a classical distribution over quantum
operations, with parametrised classical probabilities, and quantum simulation or channel

extension 89

In the presence of loss or imperfect visibility, all of these methods produce
bounds of the form (A¢?) > const./n, which limit any improvement over the SNL to a
constant factor. This is due to the fact that probe states achieving Heisenberg scaling in

the absence of decoherence are more fragile in a practical setting than uncorrelated states.

0.1¢
0.051

‘ ‘ ‘ w w ‘ +— n (num. photons)
1 2 5 10 20 50 100

Figure 2.4: Typical scaling of phase estimation precision, in the presence of decoherence. The
optimum performance is bounded from above by the classical limit, A¢ = 1/y/n and from below by
the Heisenberg limit A¢ = 1/n and the asymptotic bound, A¢ = const./y/n, where the constant
depends on the decoherence parameters, as shown in Table 2.1.

Intuitively, as we increase the number of available photons n, it becomes preferable to
limit the size of NOON-like states to k < n photons, and use these individually n/k times.
For large n, the improvement on precision therefore scales like the SNL. We illustrate this
in Figure 2.4. For example, in the case of NOON state (or multi-pass) interferometry with
transmittance n in one arm and 1 in the other, the optimal choice is k ~ 1.478/|log(n)|,
yielding the precision bound ((A¢)?) > Cllog(n)|/n, with C ~ 1.618[7284],

[87-90]

The general limits produced by channel extension methods and confirmed by
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Table 2.1: Lower bounds on the phase estimation MSE ((A¢)?) and the MBC (C), respectively
(the two are equivalent for high photon numbers), in the presence of decoherence processes.

t limit t limit
Dephasing process Classical limit Quar(l (;]?;) i QlEaBI;;Iga;I;I
Phase diffusion 1 2 _r T
(variance T") o I+ 2<1_€ 2)+?6 :
Loss L+ /L)QL o 1_—m+\/1—n3)2;
(efficiencies 4, ng) 4 na ng) n 1 nA B n
Imperfect visibility 1 12
(mode overlap 7) nn? nn?

[91,92]

other techniques , are presented in Table 2.1. The Bayesian approach produces similar

bounds [90:93] ,

through the optimisation presented in the previous subsection for states af-
fected by decoherence. We include these, too, in Table 2.1. Note that the QFI and Bayesian
approaches agree in the case of uncorrelated noise (loss and local dephasing), despite the
fact that in the absence of decoherence they yield different limits. For phase diffusion, the
two approaches only agree in the limit of small fluctuations. We note that various strategies
employing ancillary systems have been proposed, which may achieve better precision than
the limits presented in Table 2.119497),

The limits derived for uncorrelated decoherence processes are saturated asymptotically
by the coherent light and squeezed vacuum scheme discussed in Section 2.1.2. In fact, the
sensitivity of the GEO-600 detector, where the squeezed vacuum technique has been imple-
mented, is limited by loss, rather than difficulties in the engineering of quantum correla-
tions®#. More exotic approaches aiming to achieve Heisenberg scaling can only significantly
surpass squeezed vacuum interferometry as described in Section 2.1.2 if losses are very low
(n > 90%) and only a small number of photons (n < 100) is used. So far, experimental
realisations of NOON or HB states with a few photons have been shown to achieve high
enough interference visibility, yet they have been limited by high preparation and detection
losses [36:82,83,98,99]

However, there is still scope in considering phase estimation with exotic quantum states,

such as in a situation where the phase must be estimated in the absence of any prior

knowledge, in a single-shot manner, as we detail in the following section. These requirements
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are relevant in applications like imaging or communication using phase-shift keying [0

which motivate the work that we present in this chapter.

2.1.5 Global estimation of phase

In the already familiar example of GWD interferometry, the phase is set in order to obtain
an interference minimum at the monitored output. At this setting, the rate of change of the
measured intensity as a function of phase shifts vanishes. However, the phase sensitivity of
the measurement is optimal. The reason for this is captured by the FI expression given by
Definition 2.17: the sensitivity remains high if the average signal vanishes. This scenario is
possible in GWD because we are only interested in phase perturbation signals at a non-zero
frequency, where there is no systematic noise, and the output is carefully filtered.

In general phase estimation, however, there are several reasons why it is optimal to set
the measurement on a steep slope of the detected fringe. In fact, several effects lead to
a divergent variance of the phase estimator around phase values that correspond to fringe
minima or maxima. First, due to decoherence, the measured signal does not vanish at

99, Recently, it has

fringe extrema, leading to low phase sensitivity close to these points
been shown that the situation can be improved, by accessing additional degrees of freedom
of the probing light 191 Secondly, as indicated in Section 2.1.1, the phase estimator variance
diverges for states with an undefined total number of photons, an issue that can be addressed
by keeping track of this quantity, if the measurement setup allows it("8). Thirdly, there is
an ambiguity in choosing the phase estimator in the proximity of a fringe extremum.

We denote the task of determining a phase-shift with no prior information and with
sensitivity independent of its value as the global estimation of phase (GEP). One simple
way of implementing GEP is to perform measurements with a uniformly sampled (known)

[76,102,103]

phase offset for each measurement repetition More elaborate schemes must be

considered in order to obtain sub-SNL precision, and adaptive measurements are often

[70,77)

employed These schemes rely on a controlled phase offset that is constantly updated,

taking into account all previous measurement outcomes.
Previous research has demonstrated that, in principle (ignoring, for the moment, de-
coherence), adaptive estimation algorithms can achieve GEP with Heisenberg-like scaling,

y[36,104,105]

using NOON-state or multi-pass interferometr The protocols are, in effect, op-
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tical implementations of the quantum phase estimation algorithm, a basic building-block
of quantum computation 2. They rely on subsequent photon-counting measurements, em-
ploying probe states that pick up the phase 2F¢: either NOON states with 2¥ photons or
single-photons making 2% passes. These measurements are performed m(K, k) times, with
k taking the values K, K —1,...0, each time adjusting the interferometer phase. For con-
stant m(K, k) > 3, it has been shown that this protocol asymptotically achieves the 1 / n?
precision scaling (for n 2 100), departing from the Heisenberg limit by a constant factor.
In fact, if a variable m(K, k) is used (with higher values for smaller k), Heisenberg scaling

[105]

can be achieved without adaptive measurements Experimental implementations have

used NOON states up to 4 photons% and multi-pass interferometry[w‘l’l%]

, post-selecting
on lossless realisations. Analysing their performance in the presence of decoherence is an
interesting future avenue for research.

The sensitivity of GEP is naturally assessed by the MBC, introduced in Section 2.1.3.
As we have seen, the measurement that minimises this figure-of-merit is the canonical phase
POVMBY with elements ﬁgon) = % Z?j e 1%(=3) i, n — i) (j,n — j| (written in the photon
number basis). There is no feasible way to realise this measurement exactly. However,
there are practical schemes that provide a good approximation [70,77,106,107] * The algorithm
presented above is such an approximation, if we use a representation of multiple temporal
modes as a single interferometric probe state (7.

There is an ample body of work focusing on GEP schemes that use optical homodyning.
This type of detection, which we describe in more detail in Section 2.2, uses a strong
classical field, referred to as a local oscillator (LO), to perform a measurement of a weak
field’s quadrature, Xy = %(ew a' +e7%a). The parameter 6 is determined by the LO
phase with respect to the measured mode. In optical heterodyne detection, 8 is modulated,
usually by offsetting the LO frequency with respect to that of the measured field. Before
discussing phase estimation with these measurements, note that we must depart from the
model developed throughout this Chapter: two-mode interferometers with no external phase
reference. For the moment, we relax the requirement that LOs be accounted for as resources,
in order to convey the relevant GEP strategies.

Heterodyne measurement readily achieves single-shot GEP, as it samples all quadrat-

ures of the measured mode with equal probability. This is a standard way of implementing
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GEP [108], although the estimation variance achieved with classical probe states is two times
larger than the SNL (adapted to the single-mode scenario). The intuitive reason for the
factor of 2 is that heterodyne detection yields information not only about the phase, but
also about the amplitude of the measured field, and this information remains unused. A
phase uncertainty is introduced by the measurement scheme in addition to the intrinsic
uncertainty of the probe state. While the heterodyne phase variance scales with photon
number at best as the SNL, it has been shown that homodyne measurements with an ad-
aptive phase can perform better [106:109-111] reaching ~ log(n) / n?, with the appropriate
feedback and estimation strategy1°7l. Adaptive homodyning schemes have been demon-
strated experimentally using classical light 37112 as well as squeezed states, beating the
QN[ [113-115]

In Section 2.2, we present our homodyne detection scheme, which combines the advant-
ages of heterodyne detection with two-mode interferometry, enabling GEP with sub-SNL

capability, without an external reference and without the need for adaptive measurements.

2.1.6 Multi-parameter estimation

The simultaneous quantum estimation of multiple parameters can yield better sensitivity

than determining them in a sequential, individual fashion[* |. Szczykulska, Baumgratz and

Datta have recently presented a review of multi-parameter estimation, including historical

[116]  Tn an interferometric setting, multi-parameter estim-

development and recent advances
ation has been studied for the estimation of multiple phases*7), as well as for the estimation
of phase and the strength of a decoherence process (subject to fluctuations or simply not
known in advance)[103:118],

The theoretical framework of local parameter estimation, discussed in Section 2.1.3, can
be extended to the multi-parameter regime. The FI metric corresponding to the vector of

parameters 0 is given by (dspp)? = dOFd@, where F is now the FI matrix, with elements:

9gpe(&) g pe(§)

po(§) (244

[F(pe)]i,j = /df
The multi-parameter CR bound reads:

1
cov(8es) > - F(po) ™, (2.45)



2.1 LIMITS ON PRECISION IN OPTICAL PHASE ESTIMATION 57

where cov(Bfes;) denotes the covariance matrix of the estimators. For two parameters, it
is easy to see that the matrix inverse on the right-hand side yields a higher bound on the
estimator variances of 6; and 65 than the corresponding single-parameter FI, if [F(p@)]l?2
is non-zero. The interpretation is that not knowing one of the parameters increases the
estimation error on the other. One implication is that interferometers must be precisely
characterised, including decoherence effects, in order to achieve the highest phase estimation
sensitivity.

The multi-parameter QFI provides a valid metric on density matrices9 called the

Bures metric. The QFI matrix elements are

N

[Fq(pe)l; ; = %rﬁ [(ﬁ@- (Po) Ly, (po) + Lo (o) Lo, (ﬁe)) f)qb] - (2.46)

The bound on FI in terms of the QFI is not sharp in the multi-parmeter regime (it
can be achieved if Ly (pg) and ﬁgj (pg) commute). For quantum state estimation, which
is equivalent to the estimation of all d?> — 1 parameters of a d-dimensional density matrix,
Gill and Massar showed that, in the limit of many measurement repetitions (N > 1), we
[120]

have

Tr [Fo(pe) 'cov(0) '] < (d—1)N. (2.47)

Note that the quantum Cramér-Rao bound yields the much weaker limit (d> — 1)N. An
estimation strategy must trade-off the errors associated to different parameters, in order to
satisfy this bound 121,

We have shown, in work performed during the author’s PhD candidacy but which we

do not fully develop here193] that, for the joint interferometric estimation of phase and the

strength of phase diffusion, we have

<N, (2.48)

which holds for classical interferometry and NOON states. We provided numerical evidence
(for HB states with up to 6 photons) that the same bound holds more generally, in the
limit of small phase diffusion variance I'. Furthermore, we found that in this scenario, col-
lective (entangled) measurements on multiple probe states that evolve sequentially through

the interferometer can offer an advantage over separable measurements. This is not the
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case for single-parameter estimation, where we have Fg (pﬁ?N ) = NFq(ps). We found
that, even though the tools used to derive the bound given by Inequality 2.48 are those
of local parameter estimation, the bound is attained by measurements implementing GEP.
In particular, the double homodyne scheme that we present in the following section was
proposed as a means of achieving the multi-parameter bound on phase and phase diffusion
estimation. This shows an advantage of the measurement, in the fact that it provides in-
formation about parameters other than phase. On the other hand, in view of the trade-off
relations discussed above, or simply considering the finite capacity of quantum channels 122,

the measurements that yield the most information about phase cannot provide information

about other parameters.

2.2 A double homodyne measurement for
quantum-enhanced phase estimation without prior

information

In this section, we introduce a measurement scheme that uses homodyne detection for
interferometric phase estimation. As this scheme does not make use of a phase reference
external to the interferometer, it can be considered an alternative to photon counting. We
describe the estimation procedure and quantify the attainable precision, first in the ideal

case and then in the presence of losses.

2.2.1 Optical homodyne detection

Balanced homodyne detection (HD) is an important experimental tool for quantum optics, as
it can be employed to measure the quadratures of electromagnetic modes. One of its applic-
ations is in the implementation of optical tomography[u?”l%], a method for reconstructing
the quantum state of an optical mode based on measured quadrature distributions.

HD relies on the interference of the measured signal with an LO. The two modes are
combined on a balanced beam-splitter and the outputs are monitored by linear photodi-

126]  An electrical signal proportional to the quadrature of the weak field is obtained

odes!
by subtracting the photodiode currents, and amplified using a transimpedance amplifier 127,

Photodiode detection can be modeled as a photon-number measurement. We denote by
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a4+ and a_ the annihilation operators for the two detected modes, and by aro and dge. the
annihilation operators corresponding to the modes preceding the HD beam-splitter. Using
the balanced beam-splitter transformation defined in Section 1.2.1, we can derive the photon

number operator transformations

iy = 3 (ALo + fsig. £ (@} o sig. + Lol ))- (2.49)

As the LO is a strong classical field, aro and &{O can be replaced by the coherent field
amplitudes aro and af, respectively. In the difference signal, the first two terms in
Equation 2.49 are canceled. The interference terms survive and produce a measurement

output proportional to |apo|(e? &Zig. + e %4y, ), with § = arg(a). This represents the

quadrature of the weak field, Xy = %(ew &Lg' +e 1 asig.), scaled by the LO amplitude,

v2|arol|. The finite mode-overlap between the LO and signal, as well as the finite quantum

efficiency of the photodiodes, play equivalent roles, contributing to the efficiency of the HD.

2.2.2 Optimal global estimation of phase for a class of quantum probe

states

Several experimental groups have observed high-resolution interference fringes, produced by

probing interferometers with higher-order Fock states[36:82,83,98,99]

. These experiments show
that, with increasing photon number, the fringe patterns become more complex and prone
to experimental imperfections, which makes GEP difficult. Here, we propose a measurement
that allows for a more intuitive phase estimation strategy, without requiring an adaptive
phase offset.

Figure 2.5 depicts our measurement scheme, which consists of orthogonal (or conjugate)
quadrature projections in the two outputs of the interferometer. We denote by |x), the
eigenstate of the quadrature operator Xy with the eigenvalue x. For the moment, we set =
0. Then, the measurement output {x1, 22} corresponds to a projection on the state |z1), ®
|22) /2~ Using the displacement operator, defined in Section 1.2.1, we can write |21), =
D (z1/v2)]0), and 22) /2 = D (i 1‘2/\/5)‘0>7T/2. We now propagate the measurement
backwards, in order to obtain its effect on the probe state before the output beam-splitter.

The vectors that describe the projection inside the interferometer are obtained by applying
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input A

input B

LO(0)

LO(0+7/2) X,

Xor/2

Figure 2.5: Double homodyne phase estimation scheme. Orthogonal quadrature measurements are
performed in the two outputs of the interferometer, using homodyne detectors.

the inverse beam-splitter transformation, Bf(50:50), defined in Section 1.2.1:

meas. : 21, 22) = B1(50:50) [21)( ® |22),. /o = B'(50:50) D(z1/v/2)0)y ® D(i 22/ V2)|0), 5
= D[(21 +ix2)/2] @ D [(—x1 + iz2)/2] BT(50 : 50) |0), @ 10)/2 -
(2.50)

As discussed in Section 1.2.1, the balanced beam-splitter transformation acting on |0), ®
0) x> gives an EPR state, which in the photon-number basis is written as ﬁ > 1) @),
Using this, we find

(J1, jo|meas. : x1,x9) = LZ <j1 ’f)((ml +ix2)/2)’ z> <j2 ‘f) ((—x1 + i:1;2)/2)‘ z>
{

D (w1 +i2)/2)| 1) (i

D((x1+ i:L‘Q)/Q)’j2> (2.51)

. 1 . .
D (z1 +ix ‘ '>:—6_1(]1_]2)5"<' ‘D T‘ '>,
(71 +1z2)| j2 NG Jr|D(r)| jz2
with r = \/zf + 23 and ¢ = —arg(z; + ize). In the second line, we applied the resol-
ution to the identity, formally taking the operators to act on the same space. For total

photon-number n, we can now write the measurement operators for the double homodyne
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measurement,

- 1 n n —i(i—7 . N\ /o .
) = 536" (g7 () e P i — i) (G~ |, where
’L?]

€00 =V (i |D 0] 1) = VE e (o

(2.52)

L denoting the generalised Laguerre polynomials128].

Considering the phase of the LO, 0, we note that this translates to a relative phase
between blocks with different total photon number n. Therefore, if we let 6 be random (in
the absence of a phase reference), the measurement effectively acts on the subspaces with
definite total number of photons independently. Equation 2.52 is in the form of a covariant
POVM, and it shows that a relative phase between the interferometer arms results in a
rotation of the vector {x1,x2}.

For a single repetition of the measurement (a single-shot), the optimal estimator is

¢ = 2(p mod 7). In this case, we can easily associate a measurement operator to each

estimate, integrating over r. This yields a covariant POVM: f[g}) = USO/ AS,_S,U;,, where
R . 1 [
(i ]i) =52 [ rarePmen e (253)

[129] - ()

This integral can be evaluated analytically

and <z g

In particular, we have <z

N — 1
l>_27r

n— z> = (_T;)n This shows that for n = 1, the POVM is equivalent with

S.-S.

the canonical phase measurement. However, that is not the case for higher n, at least not
15y < &

considering the simple single-shot estimator, as in general <z ‘ S.-5.
In order to study the asymptotic limit corresponding to many measurement repetitions,

we want to calculate the FI for a pure probe state with n photons, |[¢)) = >"7" ; |i,n — 7).

The probability of obtaining the measurement outputs {r, ¢} reads

2

Z ¢i§§") (r)ei(n/2—i)(¢—2<p)

=0

Polr ) = o (254)

The corresponding FI is

Pl = [rirde Ounutr o) o) = [rardp (300 /o)) - @59
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The FI expression is greatly simplified for probe states that are path-symmetric 3%, fulfilling
the condition ¥; = ¢ ,e~2X0. This family of states is of great relevance, as it includes

most examples studied so far, describing classical, squeezed light, NOON-state and HB-state

interferometry. We show in Appendix A that, for path-symmetric states
F(pg) = Y vif* (n = 2i) = 4(AJ)° = Fo(Us [v)), (2.56)

which means that these states achieve the quantum CR bound. It has been shown that
precisely the same states achieve the quantum CR bound with photon counting meas-
urements 3%, There is, however, a difference between the two detection schemes: while
photon-counting naturally defines the total number of photons, n, homodyne detection does
not, which means that the CR bound cannot be achieved in practice with homodyne meas-
urements and probe states with indefinite photon-number (if we do not allow an external

phase reference).

(a) (b)

X(0+7/2)
X(0+7/2)

Figure 2.6: Measurement output distributions with Fock state inputs. The interferometer arms are
prepared in states with with 1 and 2 photons, respectively. Orthogonal quadratures are measured in
the two outputs. The phase is 0 in (a) and 7/2 in (b).

To exemplify how the estimation works, let us consider Fock states in both interfero-
meter inputs, |i,), = UsB(50 : 50) i) ® |j). The QFI is Fqo(li,j),) = 2ij +i+j. In
Figure 2.6, we depict the PD of the measurement outputs {x1,z2} corresponding to the
input state |1,2) & For ¢ = 0, the PD is separable in the two outputs, corresponding to
quadrature measurements of the two input modes. A phase shift results in a rotation of
the PD, with correlations between the two homodyne signals. The details of the quadrat-

ure distribution can also provide information about other parameters, such as the photon
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number distribution of the input states.

2.2.3 Realistic precision limits

In a practical setup, affected by optical losses, it is difficult to achieve a quantum enhance-
ment over the SNL. In Figure 2.7, we show the FI per photon corresponding to the homodyne
measurement, as a function of the total efficiency, for two-photon interferometry (with phase
encoded in the state |1,1) d))’ as well as using a single-photon probe state. We also include
the precision attained using coherent light, after phase averaging with respect to the LO.
For strong coherent light, the FI is 1/2 of that corresponding to the SNL, just as it is the
case for heterodyne phase estimation. In contrast, single photon probe states can achieve

the SNL.

F(lyne(‘wé>)/ph0ton |O[|2
207 (a) lof (b)
151 *
SY 6
1.0p X

0.5 -

_ = Tiptense 2 N
_ /Cgherent, 1 phot- n~0.73
ool cober" ' ‘ ‘ ‘ ‘ ‘
’ 0.2 0.4 0.6 0.8 1.0 0 0.2 0.4 0.6 0.8 1o

Figure 2.7: Fisher information per photon, with homodyne measurements, in the presence of loss.
(a) FI achieved by strong coherent light (dashed black), coherent light with 1photon on average
(blue), single photon probe states (orange) and 2-photon NOON states (green), as a function of the
total efficiency, 1. (b) The largest number of photons in a coherent state that achieves the same FI
per photon as a single photon input, as a function of the total efficiency, . The plotted values were
calculated numerically.

For weak coherent states, the FI per photon is less than the limit corresponding to intense
fields. For a probe with 1photon on average, it is always favourable to use a state with
precisely one photon. The higher the efficiency, the larger the coherent state amplitude that
is equivalent to single photons. As shown in Figure 2.7, for n > 0.73, a single-photon probe
state provides an advantage over any classical state. In practice, the number of photons per
experimental repetition is relevant in scenarios where a varying phase is monitored, or when
implementing multi-pass interferometry.

For n > 0.73, the two-photon NOON state offers better precision than the single photon

and for n > 0.9, this strategy beats the SNL (when considering the same efficiency for the



2.3 EXPERIMENTAL IMPLEMENTATION 64

SNL measurement).
We note that 79% total efficiency for the homodyne detection of single photons has been

131~ A practical advantage of homodyne

reported in a continuous-wave experimental setup
detection over photon counting is the ability to implement fast and robust GEP, with high-

bandwidth detectors and no need for a controlled phase offset.

2.3 Experimental implementation

In this section, we present the main experimental challenges and methods used to demon-
strate the phase estimation scheme described above. We first introduce the HD setup and
the single-photon source. We then sketch the experiment, and discuss in detail the data

analysis process.

2.3.1 Pulsed optical homodyne detection

The key performance requirements of HD are high efficiency, SNR, bandwidth (BW), and
stability. The development of fast, efficient HD has been stimulated by applications in
quantum information processing.

Several research laboratories 39132134 have developed detectors that can measure pulsed
optical modes at the full repetition rate of standard mode-locked Ti:Sapphire oscillators
(~100 MHz). Pulsed HD delivers fast data collection, as well as the possibility to sample,
in real time, modes prepared by temporal filtering using click detectors['3%. Due to these
capabilities, it is an essential tool for hybrid protocols that make combined use of discrete
and continuous variables of the optical field 36,

Intensity measurements on a pulse train using linear photodiodes effectively integrate
over the duration of ultrafast pulses. In order to sample each temporal mode, the photodi-
odes, combined with electronic amplification and read-out, must be fast i.e. have a constant
response for frequencies ranging from 0 Hz to the pulse repetition rate. In our implement-
ation of hybrid phase estimation, we use a mode-locked Ti:Sapphire laser (Spectra-Physics
Tsunami) producing a 100fs (300 fs filtered) pulse train, with a repetition rate of 80 MHz.
Our detector has a bandwidth of 70 MHz, sufficiently high to sample each pulse.

We use Silicon PIN photodiodes (Hamamatsu S3883), with 90% quantum efficiency
at 830nm, 6 pF junction capacitance and 300 MHz bandwidth, reverse-biased at ~ 20V.
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These photodiodes have a low noise-equivalent power (6.7 W/Hz!/2). Their active area has
a diameter of 1.5 mm, which is large enough to ensure that beam-pointing drift does not
have a strong effect on the stability of the detector, without needing to tightly focus the light
modes. Moderate focusing maintains a highly linear response to signals with optical power
below 10 mW. The difference photocurrent is amplified using a transimpedance amplifier,
including a voltage amplification stage, with an overall gain of 36 kV A1,

Figure 2.8 depicts the HD electronic circuit. The two photodiodes are mounted directly
on a circuit board, and all electronic elements are in surface-mount form, minimising any
delays and parasitic capacitances and inductances. The power supply lines and the signal
are isolated by using top and bottom ground planes. Decoupling capacitors and voltage
regulators filter any electronic noise that might affect the signal. The operational amplifiers
(Texas Instruments OPA847) offer a high gain-bandwidth product (3.9 GHz) and low noise
(0.85nV/Hz'/2). The feedback capacitances were optimised using SPICE!37 and are es-
sential for eliminating amplification instabilities (smoothing the frequency response of the
amplifier). The HD signal is monitored using an oscilloscope (Tektronix MSO5104) with a
10 GHz digital sampling rate and a 1 GHz bandwidth.

~20V I ~200fF
? 1)

$3883 @f/ .
OPAS47T

PA84
}7 100€2 OPASIT 500
S3883 1~ L ——1+6)
@ = 1 signal
® transimp.
~—20V amplifier gain = 36

Figure 2.8: Homodyne detector electronic circuit. The difference photocurrent is amplified in two
stages: a transimpedance amplifier with gain 1kV /A and a voltage amplifier with gain = 36.

In our experiment, we use 2mW of LO average power, which corresponds to
108 photons/pulse. Thus, the difference signals produced by quantum fluctuations are at
the level of ~ 10% photons/pulse. The ratio between the average pulse intensity and the
difference signal produced by quantum fluctuations gives an indication of how good the

common-mode rejection (CMR) of the detector must be. The CMR depends on the overlap
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between the pulse response functions of the two photodiodes, which must be matched in
amplitude, timing and duration. The amplitudes are balanced by fine-tuning the HD beam-
splitter ratio, implemented in polarisation, using a HWP and a polarising beam-splitter
(PBS). The relative arrival time of pulses on the photodiodes is adjusted using an optical
translation stage. The width of the response functions is tuned using individual bias voltages
for the two photodiodes, as the junction capacitance, and thus the duration of the response
function for each photodiode, depends on the bias voltage.

Table 2.2 summarises the performance of our pulsed homodyne detector. The detection
setup has been used previously by Cooper, Smith et al., to measure the quadrature distri-
bution of Fock states up to 3 photons*3%, state[!38] and process tomography[139]. For the
work presented in this Chapter, we required two quadrature measurements. We implemen-
ted these by temporally multiplexing a single homodyne detector. As we describe in this
section, using adequate data analysis, the detector can be used to perform two measuremets

per pulse, at twice the repetition rate that it was originally designed for.

Table 2.2: Homodyne detector parameters.

CMR SNR

PD efficiency  3dB bandwidth (temp. multiplex.) (2mW LO power)

Detection efficiency  Stability

90% 70 MHz, ~ 30dB 11dB 82% >25 [139]

2.3.2 A heralded source of single photons in pure quantum states

In our experimental implementation, we prepare a single-photon signal using SPDC. We use
type-1I phase matching, allowing us to separate SPDC photon pairs on a PBS, using one of
the modes as a herald and one as a signal. Observing herald photons with a simple click
detector, any spatio-temporal correlations between the modes in which the photon pairs
are emitted results in decoherence for the signal photon. We note that the generation of
a signal in a pure quantum state is necessary for the implementation of efficient HD, as
this measurement effectively filters a single optical mode. Multi-mode emission results in
non-unit interference visibility between the signal and the LO, which has an effect equivalent
to optical loss. The efficiency of HD is at most equal to the purity of the measured signal,
attained when the LO matches its marginal spatio-temporal distribution 149,

The single-photon source that we use was designed by Peter Moseley and reported in
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Figure 2.9: Sketch of the KDP type-II PDC single-photon source. This source generates photon
pairs at 830 nm, in separable quantum states (uncorrelated in frequency or space). The alignment is
performed with the help of a strong seeding field, which produces a DFG signal that simulates the
spatio-temporal mode of the PDC.

2007 [40:141] " 1t is the first PDC source engineered to produce a single-mode signal without
requiring any filtering of the heralding mode. The PDC nonlinear medium is potassium
dihydrogen phosphate (KDP). A KDP crystal is cut with the optical axis at an angle of
67.8° with respect to the direction of propagation, which allows the phase matching of a
degenerate PDC process at 830nm, in a collinear configuration. Moreover, the pump, an
e-polarised pulse with 415 nm central wavelength, travels at the same group velocity as the
o-polarised PDC signal, generated at 830 nm. This results in uncorrelated emission times for
the PDC photon pairs, with the heralding photon well localised temporally. Together with
the collinearity of the source, this ensures that the state of the signal and herald photons is
separable.

The pump field is produced by second harmonic generation (SHG) in a barium borate
(BBO) crystal. Special care is given to the spatial filtering of the SHG beam, which comes
out elliptical, due to birefringent walk-off in the BBO. The Rayleigh length of the pump
focusing in the KDP medium is matched to the length of the crystal, which ensures the
optimal collection efficiency of the generated PDC!41, Heralding photons are collected in
an optical fiber and detected using an avalanche photodiode (APD). An optical fiber is also
used as a mode reference for aligning the LO and the PDC signal. The LO is spatially

cleaned using a short length of fiber, and coupled to the mode reference with 90% efficiency.
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Figure 2.10: Spectrum of the photon-pairs produced by the KDP source. (a) Photon-pair joint
spectrum, measured by converting wavelength into time-delay using linearly chirped fiber-Bragg
gratings (FBG). This density histogram shows the binning of 3 x 10° coincidences. (b) The same
type of joint spectrum, after inserting a 3nm band-pass thin-film filter in the herald arm. This
density histogram shows the binning of 3.5 x 10* coincidences. Measurement artifacts can be ob-
served, such as a wavelength-independent reflection on the entrance-face of the FBG, as well as the
finite wavelength range of the Bragg gratings. (c) We calibrate the wavelength-dependent delay by
matching the (unheralded) arrival time distribution of signal photons (blue histogram, showing the
distribution of 8.5 x 10° counts) with their marginal spectrum, measured on a grating spectrometer
with a CCD sensor (black dashed line). (d) Using the calibration, we can compare the spectrum of
heralded single photons, measured using FBGs (blue histogram) with the LO spectrum measured
using the grating spectrometer (orange line).

Coupling the PDC signal to the same fiber, we employ an APD to detect coincidences with
the heralding arm, which we use to optimise the heralding efficiency of the PDC source.
For alignment, we also employ a classical seeding field that stimulates the PDC process,
producing a difference frequency generation (DFG) signal that simulates the optical mode
of the signal photons. This allows us to perform most of the spatial and temporal alignment
using strong fields.

The separability of photon pairs in the time-frequency domain translates into the condi-
tion for having a factorable joint spectrum for the emmited photons. We measure the joint

spectrum using a novel method based on chirped fiber Bragg gratings (FBG) 142]  Imprinted
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in an optical fiber using UV writing, these gratings are reflective for different wavelengths at
different positions. With the addition of an optical circulator, a chirped FBG can be used
to introduce a large wavelength-dependent delay in an optical signal. We use two FBGs and
APDs to detect coincidences in the two modes of the PDC source. We record the photon
arrival times using a time-to-digital converter (qutools quTAU), and we use the same cir-
cuit to keep track of the laser pulse arrival times on a photodiode, reducing the repetition
rate with a pulse delay generator (Stanford Instruments DG645). With this method, joint
spectrum measurements, which would take a long time using gratings and scanning slits,
can be performed at a rate of 10% coincidences/min, limited by the bandwidth of the time
tagger output. We show the joint spectrum of our source in Figure 2.10. For calibration
of the FBG delays, we measure the marginal spectrum of the signal photon both with the
FBG method and using a grating spectrometer (Andor Shamrock 303) with a CCD camera
(Andor iDus 401 series). This allows us to compare the spectrum of the heralded single
photons with the spectrum of the LO, which is picked-off from the Ti:Sapph laser beam and
filtered using a 3nm band-pass thin-film filter, with angle-tuned central wavelength.

Using singular value decomposition of the joint spectrum, we estimate the purity of the
source to be > 96% (greater than, because the higher-order modes that we find are mostly
due to measurement noise, and smoothing the joint spectrum readily improves the estimated
purity). For the work presented in this chapter, we improved the heralding efficiency of the
source from ~ 68% to ~ 75%, by reducing optical losses and adding a 3nm bandwidth filter
in the heralding arm. The performance of the single-photon source is summarised in Table
2.3.

Table 2.3: Single-photon source parameters.

Brightness Heralding efficiency Heralding efficiency Spectral purit
(3nm herald filtering) — raw — corrected for APD efficiency P PUHLY
~ 10° counts/s 34% ~ 5% > 96%

2.3.3 Experimental setup

We implemented the measurement scheme described in Figure 2.5 using a polarisation in-
terferometer and a single homodyne detector, temporally multiplexed. This experimental

setup has the advantages of excellent phase stability and precise phase calibration, sym-
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metry between the two interferometer modes, which ensures balanced detection efficiency,

as well as resource efficiency.

LO(9)

g PBS

= QWP

Xo, Xo1n/2

signal H

¢

Figure 2.11: Temporally multiplexed detection of two polarisation modes. The H and V modes
of a polarisation interferometer are split and overlapped spatially with the V and H polarisations of
the LO on a PBS. Homodyne detection is implemented in both outputs, using a HWP and a second
PBS, but with a delay of &~ 1.87m in one of the arms, which corresponds, in propagation time, to
half of the repetition period of the laser.

The setup (not including signal preparation) is depicted in Figure 2.11. The two inter-
ferometer arms are the H and V polarisations of the signal spatial mode. Passively going
between the H/V and the R/L polarisation bases corresponds to a 50 : 50 beam-splitter
transformation. A half-wave plate (HWP) effectively introduces a phase between the R and
L polarisations and is therefore equivalent to a Mach-Zehnder interferometer in the H/V
basis. Setting the birefringent axis to an angle # with respect to the vertical direction is
equivalent to setting the interferometer phase to ¢ = 46. Using a PBS, the H- and V-
polarisation modes of the interferometer are respectively overlapped with the V- and H-
polarisation modes of the LO. A HWP, with its axis set to m/8 with respect to the vertical
direction, then plays the role of the HD balanced beam-splitter and a PBS directs the two
interference outputs to the HD photodiodes. We use the two input ports of the same PBS
for both measurements, multiplexing a single homodyne detector. The two modes are dis-
tingushed by a temporal delay that corresponds to half of the laser repetition period. The
delay is implemented using highly reflective dielectric mirrors (R > 99.8%), ensuring that
the added loss in the delayed arm is negligible.

In order to implement the measurement described in Section 2.2, we must appropriately

set the relative phase between the H and V polarisations of the LO. The dielectric coating
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on the first PBS introduces an unspecified phase-shift between the transmitted and the
reflected modes, which can only be observed by interfering fields in both polarisations and
both inputs. We use a D-polarised, phase-modulated, weak coherent field as input, in order
to determine the phase-shift introduced by the PBS, by observing the phase-offset between
the interference signals measured on the homodyne detector for the two PBS outputs. We

compensate for this phase-shift using a HWP and QWP in the LO beam.

Table 2.4: Homodyne detection efficiency for single-photons.

Transmittance . . . Observed
of opt. elem. Spatial overlap Spectral overlap Spectral purity HD efficiency total efficiency
87% 86% 96% 96% 82% 55%

We summarise the different parameters that contribute to the total efficiency of single-
photon HD, in the temporally multiplexed scheme, in Table 2.4. The transmission of optical
elements is determined by measuring the attenuation of a classical beam travelling the same
path as the single photon signal. Due to polarisation dependence of the transmission, this
value is valid to within 2%. The spatial overlap of signal and LO is estimated based on the
parameters given in Table 2.3, and depends on a previous estimation of the APD’s absolute
efficiency. The spectral overlap assumes flat spectral phases for LO and single photons.
The HD efficiency is estimated based on the parameters in Table 2.2. The different factors
that contribute to the final efficiency match well the total efficiency reported here, which
is determined directly from the data presented in this Chapter. During the data-taking
process this efficiency drifted by at most 0.5% and we have, on other occasions, observed
higher efficiencies, up to ~ 57%.

For phase estimation with weak coherent light, we use a pick-off from the Ti-Sapph laser,

attenuated and pulse-picked using an acousto-optical modulator (APE pulseSwitch).

2.3.4 Data analysis

For each measurement, we acquire an oscilloscope trace representing 100ns of HD signal.
The acquisition time window spans the two temporal modes probing the interferometer, as
well as 7 pairs of unpopulated temporal modes. We use the latter to determine the variance
corresponding to vacuum fluctuations, for detector calibration. A typical set of outputs is

depicted in Figure 2.12.
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Figure 2.12: Homodyne signal. (a) 30 oscilloscope traces triggered by heralding APD events,
showing typical HD signals. Quantum fluctuations are superposed with a modulation at 80 MHz,
which is due to imperfect subtraction of the photodiode signals. (b) Variance of the HD signal as
a function of the time passed from the triggering event, calculated using 4 x 105 traces. The peaks
indicate quantum fluctuations that correspond to the different temporal modes of the pulsed optical
signal, two per laser repetition period. The peaks with higher variance correspond to the modes in
which we prepare a split single-photon. Note that the variance of a single-photon signal detected
with unit efficiency is 3 times the variance corresponding to vacuum fluctuations.

The HD output is a linear combination of several signals. First, for each measured
temporal mode, we have an output proportional to the impulse response function of the
detector, weighed by the quadrature value that we wish to extract. Secondly, we have a
modulation at 80 MHz due to imperfect rejection of the detector’s common mode. Thirdly,
the signal is affected by electronic noise, which is caused by photodiode dark currents,
thermal noise in the amplification circuit, digitisation, and other noise sources. In the
temporally multiplexed scheme, the CMR cannot be optimised to the same extent as with
simple HD. In this arrangement, the two HD inputs have slightly different spot sizes, due to
the longer propagation of the delayed mode, leading to slightly different response functions
that cannot be adjusted independently.

Let us define a matrix A, which contains the data acquired for m measurements and
where each oscilloscope trace, consisting of [ points, forms a column. Assuming that the
common mode signal is identical for all measurements, it can be easily removed by subtract-
ing the mean value in each line of A. However, due to triggering jitter, the common mode
signal is slightly displaced in time for each measurement. The jitter is greatly reduced by
precisely triggering on a fast photodiode that monitors the laser pulses, preconditioned by a
heralding or pulse-picking event. However, due to the persisting jitter, there remains a con-
tribution to each measurement which is proportional to the time-derivative of the common

mode signal, with randomly varying amplitude. This contribution can introduce artificial
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correlations between the sampled quadratures. Another effect that introduces artificial cor-
relations, if a simple integration is used to extract the quadrature values, is the overlap
between the impulse response functions corresponding to subsequent temporal modes. This
has a significant effect in the temporally multiplexed scheme, as in this case the temporal
modes are spaced closer than the resolution of the detector. In order to eliminate unwanted
correlations between the extracted quadrature values, we must deconvolve the HD signal.
We do this by fitting the data to a linear combination of all the contributions described

above, as illustrated in Figure 2.13.
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Figure 2.13: Quadrature extraction. (a) The impulse response function of the detector, measured
by sending an isolated laser pulse onto one of the photodiodes. (b) Matching the temporal correlation
of the HD signal (obtained using 4 x 10° traces) with respect to a point of maximum variance (for
each of two neighboring temporal modes), with the measured response function. (c) Temporal
derivative of the common mode signal (obtained by averaging 4 x 10° traces), which contributes to
the HD output due to triggering jitter. (d) Example of a 100 ns HD signal (orange line) fitted as a
linear combination of impulse response functions, centered on the arrival time of each pulse, and the
common mode temporal derivative (the fit is given by the black line). The difference between the fit
and the original signal is due to electronic noise.

We determined the impulse response function of the homodyne detector by sending
a weak isolated laser pulse on one of the photodiodes (we call this an impulse response
function because the femtosecond laser pulses are much faster than the correlation time
of the detection signal). In order to discern the HD response to each temporal mode, we

deconvolve the detector signal, as illustrated in Figure 2.13 (b). We calculate the correlation
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between the signal values taken at different delays and the signal values taken at the delay
that maximises the fluctuations corresponding to each temporal mode. We then fit the
deconvolved signals to the measured inpulse response function, as illustrated in Figure 2.13
(b). We can then create a matrix, C, with columns consisting of impulse response functions,
centered to each measured temporal mode, with one extra column for the time-derivative of
the common mode. Let us arrange the quadrature values (which we wish to extract) as well
as the amplitude of the common mode contribution, in the columns of a matrix ). We then
have A = C-Q. We can easily find the matrix Qg that provides the best approximation to A,
with respect to the Frobenius norm, using the Moore-Penrose pseudoinverse: Qg; = CTA.
This reduces the quadrature extraction procedure to a simple matrix multiplication, followed
by a rescaling by the standard deviation of vacuum fluctuations.

If we denote by £ the electronic noise contribution, then the resulting error in the
quadrature estimates is given by C*E. If the singular values of C* are high, which is the case
if there is a large overlap between response functions corresponding to subsequent temporal
modes, the noise contribution will be amplified by the deconvolution. Another parameter
that determines the effect of the electronic noise is the autocorrelation function: if this is
sharp, corresponding to uncorrelated noise, then the error contribution to the quadrature
estimates is reduced by effectively averaging the signal over the width of an optical response
function, which is implicit in the deconvolution procedure. A detailed characterisation of
the electronic noise in our homodyne detector is presented in Figure 2.14.

Applying the algorithm described above, we extract the quadrature distribution corres-
ponding to a single photon signal, which we show in Figure 2.15. By calculating the variance
of the quadrature distribution, from 4 x 10° samples, we estimate the overall single-photon
detection efficiency to be n = 0.553(2).

For phase estimation with weak coherent light, we aim to sample uniformly the phase
of the probe state with respect to the LO. As the two beams come from the same laser,
they have a well defined relative phase, which drifts due to temperature changes and air
fluctuations. We introduce a modulation of this phase using a piezoelectric actuator attached
to a mirror in the signal beam path. We drive the piezoelectric actuator with a saw-tooth
wave at ~ 30 Hz, with an amplitude that corresponds to a phase shift larger than 27. We

then select a window in the modulation signal, as illustrated in Figure 2.16. Vibrations
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Figure 2.14: Electronic noise in the HD signal. (a) Spectrum of the HD signal, with the LO
(blue line) and without the LO (orange line). The measurements were performed for the temporally
multiplexed detector, with 2mW LO power in each polarisation. The spectra were obtained from
40 ms of signal. We smoothed the Fourier transform with a Gaussian filter of 125 Hz width. (b) The
autocorrelation function of the detector electronic noise (orange line) extracted from the spectrum
shown in (a), compared to the autocorrelation of the optical response function (black dashed line). (c)
Distribution of measurement outputs extracted from the HD signal without the LO (electronic noise)
and (d) for comparison, the measurement output distribution corresponding to vacuum fluctuations
(optical shot noise). The density histograms are scaled to represent sampled normalised PD functions.

introduced by the piezoelectric actuator introduce noise in the HD signal, which we remove

with a digital low-pass filter.

2.4 Experimental results: demonstrating phase estimation

accuracy and precision

In this section, we present our main experimental results. We have implemented the phase
estimation scheme introduced in Section 2.2, using single photons, as well as coherent light.
We use Bayesian estimation to deduce the interferometer phase from the experimental data,

demonstrating both accuracy and precision over the full range of values that the phase can
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Figure 2.15: Measured quadrature distribution for (a) vacuum and (b) a single photon state. The
blue histograms depict the distribution of 4 x 10° samples. The black dashed lines are theoretical
fits, with 55.3% efficiency.
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Figure 2.16: Phase modulation for sampling phase averaged coherent states. (a) Quadratures
extracted for a phase modulated coherent state. (b) The phase modulation. (c¢) The processed
signal, keeping only a 27 interval for each period of the modulation and discarding the rest of the
data.

take.

2.4.1 Single-photon probe state

Here, we present the experimental results with single-photon probe states, i.e., the case
when we send a single photon in one of the input ports of the interferometer (in our imple-
mentation, this is the V-polarised mode). For ¢ = 0 or ¢ = =, the single photon is localised
at one of the outputs, and the two measured quadrature signals are uncorrelated. A much
more interesting setting is ¢ = +7/2, when the single photon occupies a superposition of

the two output modes. In this case, we observe correlations between the two quadrature
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measurements, produced by a single excitation. In Figure 2.17, we show the experimental
distribution of quadrature values, which is in excellent agreement with the theoretical pre-
diction derived in Section 2.2, where we showed that a phase-shift results in a rotation of

the distribution of measurement outputs.

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
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Figure 2.17: Quadrature distribution for a single-photon probe state, with ¢ = — 7/2. (a) Exper-
imental distribution, reconstructed using 4 x 10% measurements. (b) For comparison, the expected
distribution in the case of unit efficiency. Both figures represent normalised PD functions.

In order to demonstrate the accuracy of our phase estimation scheme, we rotate the HWP
that implements polarisation interference between 0° and 90°, in steps of 4°. This corres-
ponds to a scan of the phase ¢ between 0 and 27. For each step, we record 10° measurements.
Using the sampled quadratures, we calculate the posterior distribution for the interferometer
phase. We model the phase-dependent probability distribution of the measurement outcomes
including the effect of finite efficiency. Using the posterior distribution, we then calculate the
estimator ¢esy = arg (<ei¢>). This estimator minimises the Bayesian cost, defined in Section
2.1.3, as well as the Holevo variance!”, Vary = ’(eid’)}_z — 1. The results are shown in
Figure 2.18. For the error bars, we use Vary, which is equivalent to the standard quadratic
variance for sharp distributions.

Some error sources that can limit the accuracy of our implementation are wave-plate
imperfections, finite visibility of the polarisation analysis, artificial correlations between
quadrature measurements, and unbalanced efficiency for the two detection arms. Despite
these possible errors, we find that in our experimental implementation, without any correc-
tions, the deviation of the phase estimate from the actual set value is at most on the order
of 1°, which demonstrates the robustness of our method.

Let us now consider the precision of the phase estimation. In principle, for a large
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Figure 2.18: Phase estimation accuracy with single-photons. (a) The estimated phase (using
10° mesurements) versus the set phase, for 22 values in the interval [0,27) (orange points). Errors
are of the same order as the size of the points. The black dashed line gives the function f(z) = =.
(b) The difference between the estimated phase and the set phase.

number of measurements, this should approach the Cramér-Rao bound. We divide the
recorded data into blocks of m measurements, using each block to provide an estimate. We
then calculate the variance of these estimates, which, for large m, is proportional to 1/m.
In Figure 2.19 we show that the proportionality constant is approximately equal to the FI,
which we calculate taking the finite efficiency of the setup into account. The estimator
variance determined from the experimental data is larger than the minimum variance given
by the CR bound by only 5.3(10) %.

As discussed in Section 2.1.3, the estimator variance for a given realisation deviates from
the expected value with a standard deviation proportional to 1/4/m. In Figure 2.19 (b), we
show the Holevo variance of the posterior distribution, determined for different values of m,
as well as the standard deviation of this variance, which matches the theoretical prediction
very well. The Holevo variance is close to the CR bound for 100 < m < 2 x 10°. For
m < 100, Varyg increases, as this quantity diverges from the standard quadratic variance

unless the posterior distribution is sharp. The data presented in Figure 2.19 corresponds to

¢p=—m/2.

2.4.2 Classical probe state

We have performed the same phase estimation experiments with phase-averaged coherent
probe states. Figure 2.20 shows the measured quadrature distribution for ¢ = 7/2, using a

coherent probe state with average photon number |04|2 ~ 3. This distribution is in excellent
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Figure 2.19: Phase estimation precision with single photons. (a) The variance of the phase estim-
ates as a function of 1/m where m is the number of measurements used to calculate the estimates
(orange points) and the minimum variance given by the Cramér-Rao bound (black line). (b) The
Holevo variance of the phase probability distribution, scaled by the number of measurements m, as
a function of m (orange points) and a theoretical prediction (light gray filling).

agreement with the theoretical prediction.
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Figure 2.20: Measured quadrature distribution with coherent light. (a) Joint distribution of
the two quadrature measurements for a probe state with &~ 3 photons on average, and ¢ = 7/2.
1.8 x 10° samples were used. (b) The distribution of the rotated quadrature, corresponding to a
projection of the data in (a) on the anti-diagonal (blue histogram) and the expected distribution,
assuming a phase averaged coherent state (dashed black line).

Just like in the single-photon case, we determine the accuracy and precision of the phase
estimation scheme with coherent light. We show the results for |a|* ~ 3 in Figure 2.21. The
accuracy is slightly worse than when using single photons, with a deviation of ~ 2°. The
estimator variance is 5(1) % higher than the Cramér-Rao bound, for 100 < m < 10°.

We find that single-photon probe states outperform weak coherent states. In Figure

2.22, we compare the precision attainable in our setup with the two strategies. The single-



2.5 EXPERIMENTAL RESULTS: DEMONSTRATING PHASE ESTIMATION

ACCURACY AND PRECISION 80
Pest [rad] (A¢)?* [rad?]
on (a) . (b) )
s o | RN
3T /// 10 > - " 0\)\\
20 7 5.x 107 | Rt
,//f - /Q‘%,&\\O
" /’// ’ _ i e
gt Lx 107} 17
us ." P -
2[ e 5.x107 [ &
37 ¢ [rad] 5. ><‘10"5 1. ><‘10'4 5. ><‘10'4 10"3 1/m

2m

™ i

2

IR

Figure 2.21: Phase estimation accuracy and precision with coherent light. (a) Phase estimate
versus actual phase, for 21 values in the interval [0,27), with ~ 3 photons per probe state and
~ 5 x 10* measurements. Errors are smaller than the point size. The black dashed line gives the
function f(x) = x. (b) Variance of phase estimates as a function of 1/m, where m is the number of
measurements used to obtain the estimates (orange points), and the minimum variance allowed by
the Cramér-Rao bound (black dashed line).

photon signal outperforms a coherent probe state with less than = 2 photons on average, if
we assume unit detection efficiency for the latter (this situation is depicted in Figure 2.22).
If we impose the same detection efficiency (55.3%) to both scenarios, then we find that the

single-photon signal outperforms coherent probe states with up to ~ 4 photons on average.
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Figure 2.22: Comparison of single photon and coherent light estimation precision. Experimentally
determined inverse variance of the phase estimate with coherent light, divided by the average number
of photons per probe state, (n), as a function of (n) (orange points) and the maximum allowed values,
given by the Cramér-Rao bound (black dashed line). The horizontal orange line gives the inverse
variance, divided by the average number of detected photons per pulse, for a single-photon probe
state, determined with our experimental setup.

An application of GEP is optical phase tracking. We demonstrate the tracking capability
of our experimental setup, by following a phase that varies randomly, using 500 single-photon
measurements per point. For continuously varying phases, smoothing strategies have been

developed to improve phase estimation precision 37113,
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Figure 2.23: Phase tracking with single photons. A randomly varying phase (black line) and the
estimates obtained using single-photons, with 500 measurements per point (orange points).

2.5 Summary and outlook

We have proposed and realised a phase estimation scheme that combines two-mode interfer-
ometry with double-homodyne measurement. The LO required to implement HD represents
a resource in terms of optical energy, but not as a phase reference, as it does not need to
have a well-defined phase with respect to the light that probes the interferometer.

Through our experimental implementation, we have demonstrated that two quadrature
measurements can be performed using a single homodyne detector. To this end, we have
developed optimal data analysis techniques that extend the functionality of our HD setup,
using it at double the repetition-rate that it was designed for. Our experimental results are
in excellent agreement with theoretical predictions, and we were able to demonstrate good
estimation accuracy over a full 27 range, with no prior knowledge, no calibration and no
corrections. We demonstrated a precision close to the theoretical limit, with the estimator
variance only =~ 5% larger than that given by the Cramér-Rao bound. We showed that with
our scheme, using a single-photon probe state can offer an advantage over weak coherent
light.

Our HD achieved ~ 55% efficiency for the detection of single-photon signals. There are
several contributions to this efficiency that can be readily improved: the loss on optical
elements (by investing in better coatings), the quantum efficiency of the photodiodes (de-
tectors with efficiency in excess of 98% are available), the electronic SNR (in the present
implementation, the LO power is limited by self-phase modulation in the fiber used as a

spatial-mode cleaner), and the spectral overlap between the LO and signal. With these im-
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provements, we can foresee an efficiency in excess of 69%. For higher efficiency, continuous
wave pumped sources may offer a better solution. Achieving the 90% efficiency required to
beat the SNL would certainly be technologically challenging, but it is not out of the ques-
tion. On a more exotic note, a non-destructive photon-number measurement in advance of
the HD would greatly enhance the capability of the phase estimation scheme.

Possible applications of our method can be made in fast phase tracking with very low
light levels, optical imaging, possibly with spatially multi-mode probe states, and optical
communications using phase-shift keying. Estimation precision in these scenarios can be
improved using multi-pass interferometry. Our experiment is a demonstration that going
beyond the discrete variable paradigm in protocols such as phase estimation allows the design

of advantageous quantum optical measurements, which can address practical problems.



Chapter

Realisation of a photonic Maxwell’s demon

THIS chapter presents an application of experimental quantum optics techniques to a
well-known scenario pertaining to the field of thermodynamics. Maxwell’s demon

[143.144] " highlighting the fact that information

has had a rich, thought-provoking history
can be traded for thermodynamic work. In recent years, the demon is receiving renewed
attention, this time embodied in a number of physical implementations 145153 made possible
by ongoing progress in nano-technology.

Here, we present an experimental implementation of Maxwell’s demon in a photonics
setup™¥. In particular, we show that a measurement at the few-photons level applied
on intense thermal light and accompanied by feedback can allow extraction of work into
an electric circuit. Our aims are to pinpoint some of the challenges that arise when put-
ting the thought experiment into practice and to gain insights into the relation between
thermodynamic work and information. Thermodynamics, a field of study with overarching
implications on practical issues, is undergoing rapid progress, and we believe it is important
that experiments guide this progress. To this end, our work contributes by putting forward
photonic systems as a promising experimental platform.

We begin the Chapter with a brief history of Maxwell’s demon and a discussion of its
role in tackling questions of quantum information theory using thermodynamic arguments.
We then review recently reported realisations of the demon in various physical systems. We
introduce, in Section 3.2, some of the recent progress and current topics in thermodynamics,
focusing on quantum thermal machines and resource theories, as both play an important

role in clarifying the concept of work in small systems. We also introduce non-equilibrium
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work equalities, which provide a means of linking work to information in our experiment. In
Section 3.3, we briefly discuss the interface between optics and thermodynamics, presenting
the properties of thermal light. Section 3.4 describes our experimental setup, which models
a demon with light as the working medium. Section 3.5 present the details and results of our
experimental implementation. In Section 3.6, we present theoretical results stemming from
our analysis of the experiment, including a to-our-knowledge new non-equilibrium work—
information relation. We use this relation to derive a bound linking work extraction and
information in our setup, which we test with experimental data. We summarise and discuss

the implications of our work in Section 3.7.

3.1 Maxwell’s demon — linking thermodynamics and

information theory

3.1.1 A brief history

The four laws of thermodynamics define the theory’s fundamental physical quantities (en-
ergy, entropy and temperature) and impose limits on their dynamics. Maxwell’s demon is a
scenario that challenges the second law of thermodynamics, a statement about irreversibly
in thermodynamic processes. Likely the best way to fathom the meaning of the second law
is to gain familiarity with its many faces. Its formulations range from technical to formal:
“The efficiency of a quasi-static or reversible Carnot cycle depends only on the temperat-
ures of the two heat reservoirs, and is the same, whatever the working substance. A Carnot
engine operated in this way is the most efficient possible heat engine using those two tem-
peratures.” stated by Carnot (1796-1832), or “In every neighborhood of any state S on an
adiabatically enclosed system there are states inaccessible from S.” stated by Caratheddory
(1873-1950). Formulations by Clausius (1822-1888) and Kelvin (1824-1907) are the most
fitting for understanding the challenge that Maxwell’s demon lays out for the second law:
“Heat can never pass from a colder to a warmer body without some other change, connec-
ted therewith, occurring at the same time” and “It is impossible, by means of inanimate
material agency, to derive mechanical effect from any portion of matter by cooling it be-
low the temperature of the coldest of the surrounding objects”. Finally, the second law of

thermodynamics can be seen as a statement that thermodynamic systems evolve toward
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macroscopic states characterised by higher entropy, or disorder.

James Clerk Maxwell (1831-1879) made an important contribution to the kinetic theory
of gases in 1860, deriving the probability distribution of the velocities of particles in an
ideal gas, now known as the Maxwell-Boltzmann distribution. While his result provides
an underpinning for the laws of thermodynamics, Maxwell noted that it only does so in
a statistical sense: “The 2nd law of thermodynamics has the same degree of truth as the
statement that if you throw a tumblerful of water into the sea, you cannot get the same
tumblerful of water out again”.

In a letter from 1867, Maxwell introduced a thought experiment, questioning whether
the second law could be hypothetically violated. William Thomson (Lord Kelvin) would
later call this “Maxwell’s demon”. Maxwell describes the scenario in his thermodynamics
textbook “Theory of Heat” (%51, The thought experiment is centered around “a being
whose faculties are so sharpened that he can follow every molecule in its course, [...] whose
attributes are as essentially finite as our own”. The being (or demon) sits in a vessel full
of air at uniform temperature, divided by a wall in two parts, A and B. Molecules of air
in the vessel are moving with varying velocities. The demon can manipulate an opening in
the wall, and makes sure that only the faster molecules in A are allowed to pass to B and
only the slower molecules in B are allowed to pass to A. This selection process requires an
arbitrarily small amount of work, since the movement of the door in the wall can be made
arbitrarily slow, yet as time passes, part B of the vessel becomes hotter and part A colder.
Furthermore, the wall can then be used as a piston and work can be extracted from the
system initially at equilibrium, at the same time cooling it. The implication that Maxwell
proposed is that the second law is true when dealing with large systems, but can be violated
by controlling individual molecules.

Leo Szilard (1898-1964) made important progress towards reconciling Maxwell’s demon
with the second law of thermodynamics. He had several major contributions*®), the first
being to replace Maxwell’s intelligent being with a mechanical device. The second was to
introduce the Szilard engine, which greatly simplifies the thought experiment, reducing the
gas to a single molecule and the demon’s measurement to a binary one, as illustrated in
Figure 3.1. Szilard’s model consists of a box containing a single particle, initially with

an unknown position. The demon inserts a wall in the middle of the box and observes
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Figure 3.1: Szilard’s engine. (a) A single molecule is enclosed in a box. (b) A demon introduces a
wall separating the box in two halves. It then measures which side of the wall the molecule is on. (c)
The demon sets up a work extraction mechanism according to the measurement outcome. (d) The
demon extracts work by moving the wall quasistatically such as to increase the volume occupied by
the molecule, while keeping it in equilibrium with a heat bath at temperature T. kpT log2 work is
extracted.

the particle’s position, either to the left or to the right of the wall, thus reducing the
volume it occupies. Assuming quasistatic evolution and that the box is in contact with a
thermal bath at temperature T, the particle has on average kg7 kinetic energy per degree
of freedom. Szilard calculated that moving the wall in these conditions, such as to expand
the volume occupied by the particle back to the volume of the initial box produces an
average of kpT log 2 mechanical work, thus quantifying the result of the demon’s operation.
Another contribution by Szilard was to suggest that the demon’s measurement and storage
of its result cannot come for free. He proposed that the measurement must dissipate an
amount of heat higher than kpTlog2, keeping the second law intact. Brillouin (1889-
1969) suggested that the measurement converts “negentropy” (a term he introduced to
signify negative entropy, a measure of non-equilibrium) into information !5 which is then
converted back to negentropy through work extraction.

The work of Rolf Landauer (1927-1999) later clarified the connection to information the-
ory. Aiming to derive physical limits for the speed and power consumption of computers,
Landauer argued that the logical irreversibility of computer operations (like logical gates
with two inputs and a single output) implies thermodynamic irreversibility 1°8]. He quan-
tified the thermodynamic costs of irreversible logical operations, obtaining what is known
as “Landauer’s principle”, which states that in order to erase a bit of information in an
environment at temperature T', kg1l log 2 of heat must be dissipated. Landauer’s principle

is presently widely accepted, with one caveat: it has been shown that information eras-
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ure can take place in the presence of a bath corresponding to a conserved quantity other

159]  Therefore, while the generation of entropy

than energy, such as angular momentum !
amounting to kp log 2 is unavoidable, energy expenditure can be replaced with expenditure
of angular momentum.

Charles Bennett made the connection between Landauer’s principle and Maxwell’s de-
mon 160161 noting that the information referring to the particle position in a given cycle
of Szilard’s engine must occupy a memory bit. FErasure of this bit of information must
generate enough entropy as to balance the reduction of entropy produced by measurement.
Furthermore, the work extracted through each cycle of the engine, kT log 2 is exactly the
amount required for erasing (reseting) the memory, which is necessary if the engine is to be
truly cyclic. This observation leads to a reconciliation of Maxwell’s demon with the second
law of thermodynamics.

Bennett also showed that measurements can be constructed in a thermodynamically
reversible fashion, implying that it is not the measurement process itself that must generate
entropy, like Szilard suggested, but really the necessary resetting of the Demon’s memory.
To understand the operation of Maxwell’s demon, we can consider the dynamics of Shannon
entropy throughout an operating cycle, as follows. Shannon and thermodynamic entropy
are often used interchangeably, with kg log 2 as a scaling factor between the two. The demon
and the working medium start out uncorrelated, with their initial states characterized by
entropies Hy(D) and Hy(S), respectively. A measurement takes place when an interaction
between the demon and the working medium creates correlations between the two systems.
If the interaction is reversible, the total entropy, equal to Hy(D) + Hy(S), will be conserved.
However, the entropy of each system will change, such that, after the measurement, we have
H(D)+H(S) = Hy(D)+ Ho(S)+I1(D;S). I(D;S) is mutual information as defined in ?? and
must be positive. Let us assume that the measurement is a reversible operation changing
the state of the demon controlled on the state of the working medium, leaving the latter
unchanged. This models a measurement in Szilard’s engine and, with the demon’s states
degenerate, can be performed with no energy consumption. In this case, H(S) = Hy(S5)
and we then get H(D) = Hy(D) + I(D;S). An operation on the system controlled on
the demon’s state (we will call this feedback) then leaves the demon’s state unaltered,

H(D)' = H(D) = Hy(D) + I(D;S). Making this operation is reversible, we can have
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H(S) = Hy(S) — I(D;S), with the two systems uncorrelated again in the end. The demon,
therefore, uses mutual information created by measurement to decrease the entropy of the
system it is acting upon, while its own entropy increases by the same amount. Hence,
Maxwell’s demon can be thought of as a device that moves entropy from a working medium
into a memory, without an associated heat transfer. The low entropy working medium can
then be used to extract work.

Maxwell’s demon made a brief new attempt at evading the second law of thermodynamics
in 1990. Wojciech Zurek had proposed a demon that compresses measurement information,
and he identified algorithmic information as a measure of the memory space required to store
measurement outcomes 192/, At William G. Unruh’s suggestion, Carlton Caves analysed a
scenario in which the demon monitors a large number of Szilard engines simultaneously and
only records a measurement in the rare event in which the microstate of the system can be
efficiently represented in its memory e.g. when every particle is on the left side of its box [163].
Then the demon can extract work while only storing a small amount of information. The

1641 since the decision of whether to store a measurement

second law survived once again!
result or not occupies memory, which must be reset, using up the work extracted by “Unruh

demons”.

3.1.2 Maxwell’s demon and quantum information

More than a century after its debut, Maxwell’s demon plays an important role in illumin-
ating the relation between information and thermodynamics. Landauer’s principle can be
deduced from the second law of thermodynamics by applying it to the demon scenario
(note however that the result has also been derived for physical models of memories, under
classical and quantum evolution[165’166}). In particular, insights from thermodynamics have
guided progress in the theory of quantum information. John von Neumann (1903-1957) used
a thermodynamic consideration when discussing the entropy of a quantum state[2!). Asher
Peres (1934-2005) used similar arguments in discussing the distinguishability of quantum

4 [167,168]

state . Important information theoretic results, such as Holevo’s bound on the clas-

sical capacity of quantum channels['%9 can be derived by invoking Landauer’s cost of eras-
ure 170171 Landauer’s principle has also been used to derive measures of quantum and

classical correlations by quantifying the minimum work cost that must be payed for des-
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172]

troying them! The analysis of work extraction scenarios involving correlated Szilard

engines has provided further insights into quantum correlations, yielding an operational

interpretation of quantum discord27) and a witness of entanglement 74

3.1.3 Physical realisations of Maxwell’s Demon

In 1912, Marian von Smoluchowski (1872-1917) discussed a machine similar to Maxwell’s
demon in effect, yet simpler in construction*™). Instead of a demon performing measure-
ments and feedback, he considered a trap door between the two sides of a box, acting like
a valve. The trap door is held closed by a weak elastic mechanism and it can be opened
by receiving a kick from a molecule coming from one side but not from the other. This
type of device is a Brownian ratchet, and has been popularised by Richard Feynman (1918-
1988) 1761 Its effect is not in contradiction with the second law of thermodynamics, as
thermalisation with the working system introduces fluctuations in the trap door, hindering
it from working as a valve unless it is cooled to a lower temperature. In a broad sense, the
Brownian ratchet is not too far removed from practical issues. Consider, for example, a
windmill designed to pivot such that it always faces the wind which blows from a randomly
changing direction. The pivoting movement is naturally dampened by friction. It is easy to
overlook the importance of this effect, but without it, the windmill would end up rotating
randomly, so in effect, the dampening can be seen as analogous to the cooling required by
Brownian ratchets.

When it comes to measuring and controlling microscopic degrees of freedom, the realisa-
tion of Maxwell’s demon type experiments has had to wait until recently to become possible.
Measurement and feedback techniques are likely to find practical applications not as work
extraction mechanisms, but as methods for confining systems to a small volume of phase
space, which is desired in many experimental situations. A molecular “information ratchet”

has been shown to achieve this [145]

, driving a molecular ring to occupy with high probability
one of two sites on a molecular axis. This effect was achieved by conditionally lowering and
raising a barrier between the two sides, using a photochemical effect. A similar idea was
demonstrated as a general method for increasing the density of cold atomic or molecular

[146,147]

gases , confining magnetically trapped particles into an optical trap with a smaller

volume. The method is reminiscent of Maxwell’s demon, as it relies on a laser beam that
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“measures” when a particle enters the optical trap and changes its state, such that it be-
comes insensitive to magnetic fields. This has been coined single photon cooling, as a single
photon is scattered for each trapped particle.

Experiments with colloidal particles manipulated using optical tweezers have been an
appropriate testbed for protocols related to information in thermodynamics like Szilard’s

e[148-150] Tp these experiments, work is inferred by measuring

engine and Landauer’s erasur
particle trajectories in known external fields. Pekola et al. realised a single electron Szilard
engine ') using an electron box, a device that can be fabricated using small metal islands
connected by tunneling junctions. A single electron charge can be detected in this setting
using a single electron transistor based on the Coulomb blockade effect, while the potential
energy of electrons can be changed by applying a control voltage. The same setup was
used to validate a non-equilibrium work-information relation by Sagawa and Ueda (Equa-
tion 3.3) (152] ~ An autonomous demon working as an information powered refrigerator was
realised by replacing the measurement device with a second electron box[%3. Huard et.
al. realised a Szilard engine in a superconducting microwave cavity coupled to a supercon-
ducting qubit™. In their experiment, a microwave pulse is used to detect the state of the
qubit. When it is in the excited state, another microwave pulse stimulates the emission of
a microwave photon. The emission of this extra photon was confirmed experimentally.
These works have focused on demonstrating an effect in close analogy with Szilard’s single
particle engine. Our work described in Section 3.4 offers a slightly different perspective.
The photonic demon uses tools of quantum optics to prepare light in a non-equilibrium
state starting from equilibrium. Work extracted due to this non-equilibrium is stored in
a passive element (a capacitor) which can be used as an intermediary between the small
system and a practical work reservoir (a battery). We provide new insights into the relation
between information and thermodynamics, even though our setup does not aim to extract

the optimum amount of work per bit of information.

3.2 Recent progress in thermodynamics

In this section, we review some of the recent progress in thermodynamics, focusing on
quantum thermal machines, the resource theory of thermodynamics and fluctuation theor-

ems. Throughout this review, we discuss some of the models that have been proven effective
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for thermodynamic concepts in small systems, the aim being to motivate the choices that
we will make when interpreting our experiment in Section 3.6.

In recent years, the advancement of experimental techniques has enabled us to control
physical systems down to the level of single particles. This progress has prompted significant
interest in the analysis of thermodynamics in microscopic systems and into the quantum
regime. Single molecule experiments 278!, made possible by technologies like optical tweezers
and atomic force microscopes, can probe biological processes at a scale where large thermal

179]

fluctuations are the rule™!. A multitude of small devices driven by fluctuations have been

5 [180] [181]

recently developed, such as molecular motor , information ratchets and nanowalk-
ers!48] The theoretical framework necessary for extracting useful information in these noisy
conditions is provided by fluctuation theorems and non-equilibrium work relations 182186,
In even smaller systems, quantum effects such as coherence and entanglement can play an
important role. Transport of electrical charge or energy in molecular-size systems can be
affected by quantum interference 7189 and there is evidence of quantum effects playing a

(190] " Quantum thermodynamics aims to describe the fundamental

relevant role in biology
constraints that govern these processes and to clarify the emergence of macroscopic thermo-
dynamics from quantum mechanics. This is of great importance for the implementation of
quantum information processing tasks, which require quantum systems to be purified and

maintained in error—free subspaces by dissipative processes.

3.2.1 Quantum thermal machines

Quantum thermal machines are analogues of traditional heat engines and refrigerators, with
quantum systems as the working medium. Reviewing this topic will aid in the interpretation
of our experiment, introduced in Section 3.4, as we highlight results referring to the type of
interactions that allow work extraction and to fluctuations in the work extraction process.
For a quantum system, the internal energy is U = <I:[ > = > . pnEy, where {p,} are
the occupation probabilities of the Hamiltonian eigenstates and {E,,} the corresponding ei-
genenergies. Its infinitesimal change is dU = ) dp, Eyn+pndE,. This can be interpreted as
an expression of the first law of thermodynamics: the first term, which is due to the redistri-
bution of occupation probabilities, corresponds to heat transfer to or from the system while

the second term, due to shifts of energy levels, corresponds to work performed on the system.
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Starting with this interpretation, we can define protocols analogous to traditional thermo-
dynamic transformations, including thermalisation of the working medium by interaction
with a heat bath, and expansion/compression implemented by time dependent Hamiltoni-
ans. Following this approach, quantum mechanical analogues of Carnot’s ideal heat engine
as well as other idealised thermodynamic cycles have been analysed 1. Although these
thermal machines, known as quantum reciprocating engines/refrigerators behave mostly in
the same way as their classical counterparts, some dynamic effects of quantum nature have
been identified, such as the enhancement of work extraction due to the preparation of a

[192]

working substance with coherence between energy levels the oscillation of occupation

probabilities during thermalisation 193719 or other coherent effects[199].

The time dependent, sequential approach to quantum thermal machines assumes a high
degree of classical control, exerted on the working medium through zero-entropy baths,
such as intense laser fields. An alternative model that is closely related to systems of prac-
tical interest is that of continuous quantum thermal machines!97), including autonomous
systems 198, Geusic, Schultz-DuBois and Scoville pointed out in 1959199 that the 3-level
maser (the microwave analogue and predecessor of lasers) is an example of a quantum
thermal machine and showed that the efficiency of masers is bounded by that of the Carnot
cycle (actually the hydrogen maser works in a similar way to Maxwell’s demon, as the
population inversion is realised by a magnetic measurement).

We illustrate an idealised 3-level thermal machine in Figure 3.2. This model of great
conceptual simplicity serves as prototype for many important processes that stand at the
foundation of current experimental techniques, such as lasing, optical pumping and laser
cooling. The 3 or more energy levels of the model act as frequency filters, selectively coup-
ling to heat bath modes with a fixed energy splitting. A heat bath is a large quantum
system at thermal equilibrium, with a continuum of energy levels. It can be a bosonic bath,
consisting of photons or phonons, or a fermionic bath composed of electrons. The interac-
tion driving the heat machines must be non-linear, coupling three systems with different
energy splittings. Linear operations, generated by Hamiltonians quadratic in the creation
and annihilation operators, as exemplified in Section 1.2.1, can only lead to heat transfer
from a higher temperature to a lower one and are thus insufficient for realising non-trivial

heat machines®. The work extraction dynamics are essentially captured by the Hamilto-
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Figure 3.2: Continuous quantum heat engine: a 3-level system is in contact with two thermal
baths. E; denotes the energy of level i and {T,,T}} are the bath temperatures. The lengths of the
energy levels represent their respective populations when the machine is in thermal equilibrium with
the heat baths (obeying the canonical probability distribution). For T}, /T, > (Ey — Ey)/(E2 — E1),
there is a population inversion between levels 0 and 1 and a field stimulating the transition from Ey
to Ey will extract work from the system. The efficiency of converting heat from the bath at T}, into
work is (Fy — Ey)/(E2 — Ep) which in the limiting case is 1 — T,./T},, the same as for the Carnot
cycle. If Ty, /T, > (E2 — Ey)/(E2 — E1) the machine functions as a refrigerator, cooling the cold bath
at T,.

nian Hy = he(&TBTé + &BéT), where a' creates an excitation in one of the sub-systems that
acts as frequency filter (corresponding to one of the possible transitions in Figure 3.2) and
bf and éf belong, analogously, to the other two subsystems. This Hamiltonian commutes
with the non-interacting one ﬁo = hwgata + hLubI;TB + hw.éTé if hw, + hwy, = hw, (as depic-
ted in Figure 3.2 where hw, = E1 — Ey, hwy, = Fy — E; and hw, = FEy — Ey). The work
extraction dynamics, therefore essentially consists of energy-conserving transitions between
three systems.

In the framework of open quantum systems, a Markovian master equation in the Lind-
blad form 2% can be derived for the evolution of quantum thermal machines197:198], treating
the thermal baths implicitly. This approach has been employed for several example sys-
tems to calculate the trade-off between the power and efficiency of work extraction/cooling.
Moreover, a study of the cooling rate in a bath as it approaches absolute 0 temperature has
provided a quantitative, dynamical underpinning for the third law of thermodynamics [201]

The simplest thermal machines are composed of two qubits in contact with two different
thermal baths. We denote the ground and excited states of the qubits by |g;) and |e;)
respectively (i € {1,2}). Then the two levels |g1) |e2) and |e1) |g2) form a “virtual qubit” 202

which will tend to equilibrate at a temperature that depends on the bath temperatures

and qubit energy splittings. The energy splittings can be chosen such as to make this
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virtual temperature take any value, positive or negative. Autonomous thermal machines
act by putting an external system in contact with a virtual qubit. In this framework, work
extraction corresponds to creating a population inversion in the external system, which acts
as a work reservoir. If the energy of the work reservoir has an upper bound, it will tend to
equilibrate with the virtual qubit at negative temperature. For any temperature different
from —0, the final energy of the reservoir will not be sharply defined. Autonomous quantum
thermal machines thus introduce a new measure for classifying work extraction processes,

(2021 For unbounded reservoirs,

apart from efficiency and power: the “temperature of work”
this corresponds to the amount of fluctuations produced per average energy increase of the
reservoir. We use this concept (and the explicit model of a work reservoir) in Sections 3.5

and 3.6, to quantify the performance of our photonic Maxwell’s demon.

3.2.2 Thermodynamics as a resource theory

The concept of work in finite systems can be grasped through models like the ones outlined
in the previous subsection. The more general concept of thermal non-equilibrium is best
captured by a recently formulated resource theory that provides a general framework for
thermodynamic transformations. This framework, which we introduce in this subsection,
has been particularly successful in elucidating the role of quantum coherence in thermal
processes.

A resource theory is constructed around a restricted class of “free” operations. Specifying
this class divides the state space of the theory into a set of free states which can be prepared
using the free operations and a set of resource states, which cannot be prepared by these

[203,204]

operations alone. The foremost example is the theory of entanglement , which is

constructed by allowing free local operations and classical communication. Other examples

(206,

of resource theories deal with purity 2%’ and asymmetr It turns out that the main

questions of thermodynamics can be addressed rigorously within a hybrid resource theory,
combining purity and asymmetry 207,

In the resource theory of thermal non-equilibrium, the free transformations are all
quantum operations € : L(H) — L (H) of the form & (p) = Tra [V&A (h®7) V‘;-LA]. Here,

4 is the thermal state of an ancillary system with Hamiltonian H 4 and inverse temperat-

ure 8, ¥ = e_BﬁA/Tr (e_ﬁﬁ«“) and V&A is a unitary transformation that commutes with
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the free Hamiltonian, VSA, Hsol+IoH A} = 0. The latter condition ensures that the
closed evolution of the system and ancilla is strictly energy conserving. Free use of thermal
ancillary systems (in the state 4) corresponds to free access to a single heat bath. It is a
generalization of the free preparation of maximally mixed states in the resource theory of
purity. The requirement of strict energy conservation ensures that all energy flows are well
accounted for. As it is equivalent to enforcing symmetry with respect to time translations,
this is related to the resource theory of asymmetry. We note that a unitary transformation
that preserves energy only on average can always be constructed using an ancillary system
and a strictly energy conserving global unitary. Such an operation will introduce fluctu-
ations in the energy of the ancillary system, which must be accounted for in light of the
discussion in Section 3.1. This is why strict energy conservation must be enforced.

Using only thermal transformations, the rate of asymptotic conversion between non-

" with n — oo can be

equilibrium states is given solely by their free energy. The state p
reversibly converted to 6™ using thermal operations if m/n = S (p|7) /S (6]5) %L, S (p|%)
is the von Neumann relative entropy, defined in Section 1.2.3. The conversion rate can be
written in terms of free energies, F'(p) = Tr (ﬁsﬁ) — B715(p), using the equality S (p|5) =
B[F(p) — F(¥)]. Extraction of work W in this context is defined as the conversion of a
resource state into the fiducial state oy, which has sharp energy distribution: Tr (ﬁ S(’}W> =
W, S(é6w) = 0, and the free energy F(éyw) = W. Inserting this into the relation for the
conversion rate and setting n = m, we get that the work extractable from p in the asymptotic
regime is W = F(p). In the non-asymptotic regime, when only one copy of the system is
available, the same relation holds true only on average, (W) = F(p) and only for states

that commute with the system Hamiltonian 299,

In this regime, states with coherence in
the energy eigenbasis possess “locked” work, which can only be extracted in the presence of
a reference frame.

In the single shot regime, conversion rates are given in terms of generalised free ener-
gies defined by replacing von Neumann entropy with single shot entropies. When a sharp
amount of work is required, the relevant quantities are smooth entropies, and transforma-

210 n the presence of a catalyst (a non-thermal ancillary system

tions become irreversible!
that is left unchanged by thermal operations), the conversion of resource states is governed

by an infinity of free energies!?'l, F,,(p) = 87 (Sa(p|3) + F(3)), & > 0 where S,, are Rényi
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relative entropies. These are not sufficient for describing allowed thermal transformations
for states exhibiting coherence in the Hamiltonian basis. There is a second set of diver-
gences that govern the transformation of these states?'2: A,(p) = Sq (p|Dx(p)) where Dy
eliminates coherences in the Hamiltonian eigenbasis. All F, and A, must decrease during
a thermal transformation.

Models in which reference systems are included explicitly have been studied re-

cently [213-215]

aiming to elucidate how microscopic work is turned into its macroscopic
counterpart. In our experiment described in Section 3.4, we produce a macroscopic effect
by a microscopic measurement, using bright thermal states of light. The measurement
converts an equilibrium (thermal) state into a non-equilibrium one. As we have seen, any
non-equilibrium state is a resource in the theory of thermodynamic transformations.

In Section 3.6 we model work extraction assuming a strictly energy conserving global
interaction between the system, environment and work reservoir. Our assumption there

relies on physical arguments, but is also in accordance with the resource theory formulation

of thermodynamics.

3.2.3 Non-equilibrium work relations

In Section 3.6 we derive a non-equilibrium work relation that includes the effects of meas-
urement and feedback, which allows us to quantify the performance of our experimental
setup. We introduce this type of relation in this subsection.

The resource theoretic formulation of thermodynamics reveals the importance of free
energy, which turns out to quantify the resource of thermal non-equilibrium. For canonical
states, the expression of free energy at inverse temperature 8 given Hamiltonian operator H
is Fpy(9g) = Tr (I;VyH) - B71S(g) = —B"log [Tr(e_ﬂﬁ)}, which we will denote equilib-
rium free energy. When a system kept in contact with a heat bath undergoes a quasistatic
transformation such that it is always in the canonical state, the work extracted in the time
interval t = 0 to 7 is W = — fOT dt 0y Tr [’yHIEI } Using this expression and that of the
equilibrium free energy, and denoting the Hamiltonian at times 0 and 7 by Hy and H, re-
spectively, yields W = Fp (71%) —Fy ('yﬁT) = —AF'. The minus sign appears here because
we are writing all equations in terms of extracted work, instead of the work cost. This choice

ensures consistency within the current Chapter, although it is not the usual convention in
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the literature.

In finite time transformations, the Hamiltonian is changed at a rate too high for the
system to follow in the corresponding equilibrium state. In this case, the extracted work
is always lower that the consumed free energy, W < —AF. The offset —AF — W is called
dissipated work, signifying free energy that is converted to heat as the system equilibrates
with the thermal bath, generating entropy. Several relations go beyond inequalities in
this regime, maintaining their validity arbitrarily far from equilibrium. One example is
entropy production fluctuation theorems, which can be derived from statistical mechanics
with different ranges of applicability '®4. Their general form is P(+x)/P(—x) = eX™ where
P(x) is the probability distribution of the irreversible entropy production x, meaning that
the probability of negative entropy production decreases exponentially with the protocol
time 7.

Another example is the non-equilibrium work equality introduced by Jarzynski in
19970185 This equality relates equilibrium free energy change to the work statistics in

non-equilibrium processes:

(AW = e=PAF, (3.1)

The assumption is that the working system starts in thermal equilibrium. However the
control parameters can be changed arbitrarily fast. For a closed system, the derivation
of the equality relies solely on the properties of Hamiltonian dynamics, in particular the
conservation of phase space density (Liouville’s theorem), which ensures that the initial
thermal distribution of microstates can be extended to the trajectories that the system
takes throughout the transformation. The extension to an open process in the presence of
a heat bath can be achieved by simply interpreting part of the initial system as the heat
bath. The closed system derivation then suffices, with the assumption that the interaction
Hamiltonian between system and bath is negligibly small, such that correlations between
the two can be ignored in the global canonical state. The equality can also be derived for
stochastic evolution (219, A different derivation can be obtained starting from a fluctuation
theorem by Crooks[2'7l. In the limit of instantaneous Hamiltonian switching, Equation
3.1 had been used before as a standard method in Monte-Carlo simulations of free energy
differences?18]. Using Jensen’s inequality for the exponential function, we have (e*) > e{®

and applying this to Equation 3.1 we obtain W < —AF', as expected. For a Gaussian work
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distribution, we obtain —W —AF =  Var(W)/2, which is a fluctuation-dissipation theorem.
The left side of this equation is dissipated work. On the right side, Var(W) quantifies work
fluctuations.

Sagawa and Ueda extended Jarzynski’s equality to include preparation by measurement
and feedback 219 in effect an intervention from Maxwell’s demon. As discussed in Section
3.1, the resource in this scenario is the average of the mutual information between system

and demon, generated by measurement. This is defined point-wise as

I = log [p(mli)] - log m] (3.2)

where i denotes the state of the working system and m the measurement outcome. The

equality by Sagawa and Ueda is

(ePW-U-BAF)y — 1 (3.3)

which puts mutual information on an equal footing with free energy as a resource for work
extraction.

The Jarzynski and Sagawa-Ueda relations can be straightforwardly extended to closed
quantum systems, where unitarity plays the role of Liouville’s theorem 2201, with the caveat
that a measurement of energy must be assumed at the end of a protocol (and implicitly at

(221,222] " 1) open quantum systems, analogues of the Jarzynski relation can

the beginning)
be derived 223 but cannot be straightforwardly interpreted in terms of work.
Non-equilibrium work relations and fluctuation theorems can be tested in systems with

few degrees of freedom and have been proven accurate in laboratory experiments [148:224-226]

3.3 Light and thermal equilibrium

The previous sections have emphasized the importance of thermal equilibrium. Here, we
discuss this concept in the context of optical fields and introduce some of the properties of

thermal light.
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3.3.1 Blackbody radiation

Blackbody radiation is the name given to a set of electromagnetic modes that are in equilib-
rium with a heat bath. As with any physical system, the equilibrium state of the electromag-
netic field is e‘ﬁﬁ/ Tr [e_ﬁﬁ} . The Hamiltonian is H = > ks Tw(K)fi s where w(k) = c|k|
is the angular frequency and 7y  is the photon number operator belonging to the mode with
wave-vector k and polarisation s. The average number of excitations in a mode at thermal
equilibrium is (ny ;) = 1/(e?™® — 1) and the corresponding photon number distribution

1
(1+ (maes)) (14 1/ (mae o))

p(nk,s) = (3.4)

To calculate the spectrum of blackbody radiation, we need the density of states of the
electromagnetic field. The density of modes in phase space [l is equal to (27)73 in the k-
vector parametrisation. Using this, we can calculate the density of states for modes with
angular frequency in the vicinity of w = ck: ¢(w) = 2(27) 34nk?dk/dw = w?/(72%c?) (a
factor of 2 is due to the polarisation degree of freedom). We then get the energy density as
a function of angular frequency,

i fiw?
u(w) = p(w) eBhw _ 1 723 (efhw — 1)

(3.5)

This is the blackbody radiation spectrum first found by Max Plank (1858-1947) in 1900.
Satyendra Bose (1894-1974) re-derived this formula in 1924 using the particle picture of light.
He assumed that photons are indistinguishable for the purpose of counting microstates [227]
which we did here implicitly when defining the Hamiltonian. In 1905, Albert Einstein (1879-
1955) had made the journey in reverse, starting from the blackbody radiation spectrum and
using arguments from thermodynamics to arrive at the particle nature of light*). Equation

3.4 is known as the Bose-Einstein distribution, and it describes the equilibrium state for all

indistinguishable particles with integer spin.

3.3.2 Thermal light

Many sources at thermal equilibrium emit light that is not blackbody radiation, as it is
directional, polarised or with a different spectrum compared to the one given in Equation

3.5. In general, light emitted by these sources is equivalent to filtered blackbody radiation
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and is known as thermal light. Specifically, if only a narrow spectrum is emitted like in the
case of atomic gas lamps, only the modes within a certain bandwidth are in equilibrium
with a heat bath and the rest are unpopulated. The photon number distribution of each
mode of thermal light is still of the form given by Equation 3.4. Using the coherent state

representation introduced in Section 1.2, the state of a thermal light mode can also be

written as
1 2
Yphot = W /dae %/ () ) (e (3.6)
with (n) = Tr(yphotn). This is a mixture of classical states with Gaussian distributed

amplitudes. The probability distribution for the intensity I = |«|? is then
P(I) = (1)~ e /D, (3.7)

The intensity of thermal modes fluctuates following this distribution, with a coherence
time given by the inverse bandwidth of the signal. These fluctuations lead to intensity
correlations, which are quantified by the second order auto-correlation function (introduced
in Section 1.2), ¢ (r1,t,v2,t +7) = (I(r1,t)I(r2,t + 7))/ (I(r1,t))(I(r2,t + 7))). Using
Equation 3.7 we can compute g®(r,t,r,t) = (I(r,t))?/(I(r,t))?> = 2. Thermal intensity
correlations were measured in the laboratory in 1958 in a famous experiment by Hanbury

Brown and Twiss[228],

In 1956 they were used to determine the spatial coherence properties
of light emitted by a star?2?) from which the star’s angular size could be inferred. The
correlations measured by Hanbury Brown and Twiss were of the form (AI(rl,¢)AI(r2,t+
7))/ ((AI(rl,t))(AI(r2,t + 7))) where Al(r,t) = I(r,t) — (I(r,t)) is the deviation of the
intensity at position r from its mean value.

Let us now consider the average number of photons per coherence volume in thermal
light. For blackbody radiation, integrating the photon number density over the full spectrum
yields [ dwu(w)/(hw) = 2¢(3)/ (7*(Bhc)®) where ((3) ~ 1.2. The coherence length of
blackbody radiation is of the order Shc™, making the coherence volume ~ (th)?’. Thus,
it turns out that the number of photons per coherence volume in blackbody radiation is
always of order unity. For a thermal source that emits only at low frequency compared

to the frequency of maximum intensity in blackbody radiation, the energy in a coherence

volume is of the order k7. For practical thermal lamps, reaching temperatures on the order
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of 3000 K and operating at optical frequencies, these conditions do not hold. The number
of photons per coherence volume in the thermal radiation emitted by atomic gas lamps is
only 1072 ~ 1073,

The photonic Maxwell’s demon setup described in Section 3.4 requires intense thermal
fluctuations that can be resolved using linear silicon photodiodes. A thermal atomic gas
lamp would not be bright enough to achieve this. However, Equation 3.6 suggests that
thermal light can be simulated by a random process that produces a classical field with
amplitude sampled from a Gaussian distribution. A widely used method of achieving pre-

§[230-232]

cisely thi , which we adopt in our experiment, is to collect light from a cone of laser

speckle[233]

. Depicted in Figure 3.3 (a), this is the interference pattern created by a diffusing
surface placed in a laser beam. As illustrated in Figure 3.3 (b) the interference pattern is
obtained by adding the effects of secondary sources, with random phases introduced by the
diffusing surface. The addition of these amplitudes resembles a two-dimensional random
walk and therefore the total amplitude is sampled from a Gaussian distribution. Thermal

radiation is simulated by collecting light around a point in the speckle pattern and moving

the diffuser that creates it.

\ P

(a) (b) '

V><

Figure 3.3: (a) A picture of a laser speckle pattern (image from the public domain). (b) Phase
space diagram showing secondary sources with random phases (purple) summed up to create the
total amplitude (red) in a point of the speckle pattern. Like in the case of a random walk, the total
amplitude is distributed according to a Gaussian probability density (light purple).

An important property of the laser speckle pattern is its correlation length, the length
over which the intensity stays relatively constant. This must be larger than the collection
aperture to ensure that the collected signal has the same statistics as single mode thermal

states. If this condition is not satisfied, the signal intensity is averaged over many coherence
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areas, yielding the intensity distribution of multi-mode thermal light,

m(m1/<1>)m7167mz/<1>
(I)(m —1)! 7

Pm(I) = (3.8)
for m modes. The corresponding second order auto-correlation is g,(fb) (0) =1+1/m. When
m is large, Equation 3.8 gives a sharp distribution and the statistics are Poissonian.

The correlation length of the speckle pattern is determined by the geometry of the
setup. For clarity, we model this in one dimension. Let the optical field at the scattering
surface be A(z) = Ap exp[—2?/(2w?)] h(z) where z is the spatial coordinate orthogonal
to propagation in our model, w is the waist of the laser beam and h(z) is a random phase
pattern. The angular distribution of the amplitude in the far field, A;(6) is given by the
Fourier transform:

A (0) = / d2A,(2)eh02 = Fy[Ay(2) (3.9)

where k is the amplitude of the wave vector characterising the laser light. Using the convo-
lution theorem, Ay () ~ exp [—(kw#)?] =« Fy,[h(z)]. The scattering surface is itself character-
ised by a correlation length I, which means that Fj[h(z)] is a random distribution of width
(kls)~1. For Iy < w, this angle gives the divergence of the scattered cone of light. We can
identify the correlation length of the speckle pattern with d(kw)~! where d is the distance
from the scattering surface. This shows that the correlation length is inversely proportional

to the waist of the laser beam at the scattering surface.

3.4 A photonic Maxwell’s demon

In the previous sections, we have introduced Maxwell’s demon, its role in physics and its
recent physical implementations. We have reviewed the current context in thermodynamics
and introduced the concept of thermal equilibrium for light.

We now propose a physical scenario analogous to Maxwell’s demon, where light is the
working medium, as depicted in Figure 3.4. Instead of the two boxes occupied by gas mo-
lecules, we take two optical spatio-temporal modes initially in thermal equilibrium, prepared
in thermal states with the same average energy. We prepare these modes using the random
scattering method described in the previous section. We use laser pulses in order to achieve

high average energy, and collect light using optical fibers. The two modes are thus defined
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spatially by the optical fibers and temporally by the laser pulse shape.

Like in the scenario of Maxwell’s demon, we implement a measurement that distinguishes
the microstates of the equilibrium system, creating thermal non-equilibrium. To achieve
this, each light mode propagates through a high transmittance beam splitter from which
the reflected light is coupled to a highly sensitive avalanche photo-diode (APD). A way
to picture this measurement is with the demon, equipped with a sensitive APD, “hiding”
behind a highly reflective mirror that directs the thermal light.

entropy

¥ ..100110..  feedp
A <
(eg
I <
BSi ‘ work
—¥J
thermal light ' e
~107 photons T

. PD .
1 ) 2

I $1 /
APD\% g

measurement

Figure 3.4: Photonic Maxwell’s demon setup. A source of time-varying laser speckle simulates
thermal light. Two modes of the same intensity (= 4 x 107 photons/pulse) are selected using optical
fibre. A microscopic measurement is implemented on each mode using beam splitters (BS) with high
transmittance and single-photon sensitive avalanche photodiodes (APD). Two linear photodiodes
(PD) form an electromotive source that charges a capacitor (C). Non-zero average voltage across
C can be obtained by swapping its polarity according to the APD measurement outcomes, alowing
work extraction. We label the two sides A and B.

The measurement described has a binary output for each mode, as an APD simply
heralds the detection of one or more photons by producing a “click”, or otherwise remains
in its default state. We will treat the measurement as pertaining to the demon, without
explicitly considering the energy cost of running the detectors. Knowledge of a measurement
outcome updates the state of the corresponding light mode. In general for this measurement
and any input light, when the detector clicks, the expected average number of photons is
updated to a higher value if the input state is super-Poissonian (¢(®(0) > 1, e.g. thermal
light) and to a lower value if it is sub-Poissonian (see Section 1.2). As an example of how
this works for super-Poissonian statistics, consider the extreme case in which an incident
pulse contains either a large number of photons or no photons, with equal probabilities. In

this example, detection of even a single photon from the incident pulse informs that the
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transmitted mode has high energy. Therefore, the expected number of photons transmitted
conditioned by a detection event is two times the expected number of photons in the input
mode (minus the few photons that triggered the detector).

The limit of small photon detection probability is a relevant regime for the demon’s
measurement. In this limit, the operation conditioned by a click approximates “single photon
subtraction”, which has been extensively used for preparing non-classical, non-Gaussian
states of light 2342351 In this limit, for thermal light at the input, the average number of
photons conditional on a click is double that in the initial state, an effect that has been

2321 Tn our setup we do not restrict the APD click probabilities.

observed experimentally
Changing these probabilities by choosing how much light gets sent to the APDs provides a
way of tuning the effect of the measurement as well as the mutual information generated
between light and measurement apparatus (or demon).

We have introduced a measurement that produces conditional states that are out of
thermal equilibrium. The average state however, observed if measurement outcomes are
ignored, is no different from the input. The average effect of the measurement amounts
to negligibly small loss introduced by the high transmittance beam splitters. In order to
create the non-equilibrium resource on average, an operation controlled on the state of
the detectors is required. For example, the APD outputs can be fed-forward to a beam
splitter with controllable reflectance on which the two light modes are incident. The beam
splitter can be changed from totally reflective to totally transmitting, swapping the two
incident modes in the event that detector A clicks and detector B does not. In this way,
an asymmetric energy distribution can be created, with higher energy on average on side B
than on side A.

For work extraction we let the light fall on two photodiodes, connected with opposing
polarities such that on average they produce zero voltage when the two light modes are
balanced. This photodiode circuit charges a capacitor according to the fluctuating energy
difference between the two light modes. If an asymmetry is produced by forward-feeding the
APD measurement outcomes, the capacitor has a non-zero average voltage. As discussed
in Section 3.2.1, for true work extraction we must accumulate energy in a work reservoir.
To achieve this, a battery can be connected to the capacitor for each pulse and if there is a

non-zero average voltage across the capacitor, the battery can be charged. We propose this
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setup for its conceptual and experimental simplicity, aiming to observe what effects may
be achieved by measurement and feedback and without aiming to realise the optimal work
extraction strategy. We use a capacitor as intermediary energy storage, as this makes the
experimental setup symmetric with respect to the exchange of sides A and B. This allows us
to measure all the quantities of interest (we simply measure the voltage across the capacitor

instead of connecting a battery) without actually performing any fast feed-forward.

3.5 Experimental implementation

We now present the details and results of an experimental implementation of the scenario
described above. We observe the effect of the single-photon-level measurement on bright
thermal light and show that, accompanied by feedback, this measurement allows work ex-
traction. The results are interpreted in the context of information thermodynamics in Sec-
tion 3.6, where we present a bound on the work distribution in terms of mutual information
and verify it using experimental data.

We make a series of simplifications for our proof-of-principle implementation. Firstly,
the demon’s measurement can be realised with imperfect photo-detectors. In fact, the
effect of the measurement does not depend on detection efficiency, as we discuss in detail
in Appendix B. This means that we may implement the measurement beam splitters with
reflectance small enough to have a negligible effect on the transmitted light, and further use
variable attenuators to fix the photon flux sent towards the two APDs, at the level of few
photons per pulse. Secondly, the symmetry of the setup depicted in Figure 3.4 ensures that
swapping the two light modes has an effect indistinguishable from switching the polarity
of capacitor C. We actually replace feed-forward altogether with a logical operation on the

measured voltage across C, switching sign as a function of the measured APD outputs.

3.5.1 Experimental methods

We simulate thermal light using the method outlined in Section 3.3.2. In our experiment,
laser speckle is produced by a pulsed laser beam scattered on a spinning glass diffuser and
collected into multi-mode optical fibers. The average energy of the collected pulses is ~ 10 pJ
(in each fiber), high enough to allow intensity measurements with good signal-to-noise ratio

using standard Silicon photodiodes (Thorlabs Det10A). According to the analysis in Section
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3.3.2, the laser beam waist at the scattering surface must be small in order to make the
correlation length of the speckle pattern large, producing single-mode thermal statistics in
the collected modes. We focus the laser beam down to ~ 15 pm and set the distance between
the diffuser and the collection plane to d ~ 15cm. With central wavelength A ~ 830 nm,
the correlation length of the collected speckle is ~ 1 mm, much larger than the 25 pm core
diameter of the optical fibers. For the glass diffuser we use a fine grit (1500), as we found by
trial and error that this is optimal in terms of the source’s intensity fluctuations. The speckle
is produced by scattering a train of ~ 4nJ laser pulses from a Ti:Sapphire regenerative
amplifier (Rega9000). We use a pulse stretcher to chirp the femtosecond pulses, in order to
avoid nonlinear damage mechanisms that smooth out the surface of the glass diffuser.

Two light modes prepared by this source impinge on photodiodes connected through
a capacitor, as depicted in Figure 3.4. We use C' = 2pF, which is of the same order as
a photodiode’s junction capacitance. The voltage across the capacitor is monitored by an
oscilloscope with 50 €2 impedance. We observe simultaneously this voltage and the output
of the two APDs performing the demon’s measurement. Light is sent towards the APDs by
two anti-reflection coated glass windows, acting as beam splitters with 99.5% transmittance.
The amount of light falling on the APDs is determined by variable absorbers, which we use
to tune the rate at which they click. This rate takes values between 0 (the detector never
clicks) and 1 (the detector always clicks).

Throughout this Chapter, the uncertainties of estimated quantities are calculated using

the method outlined in Section 1.2.4.

3.5.2 The thermal light source

The simulated thermal light source was found to produce a pulse intensity distribution in
very good agreement with that of a single-mode thermal state. We measured the intensity
distribution using a linear photodiode, associating to each light pulse an amplitude by
averaging the photodiode signal around the peak voltage, as illustrated in Figure 3.5 (a).
A histogram of pulse amplitudes measured in mode A is shown in Figure 3.5 (b). The data
follows closely the model of a multi-mode thermal state, with the intensity distribution given
by Equation 3.8. This model has two parameters, m and (I), which we set by making the

model’s mean and second order auto-correlation g2(0) equal to those of the measured pulse
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Figure 3.5: Intensity measurements characterising the thermal light source. (a) photodiode voltage
response measured for 600 pulses of light. The plot is partially transparent, so that darker regions
correspond to many overlapping traces. Dashed lines indicate the interval over which voltage is
averaged in order to estimate each pulse amplitude, proportional to the light intensity. (b) Histogram
of 3000 measured pulse amplitudes (blue points). Error bars correspond to counting statistics. The
height of each solid bar indicates the frequency of events in the corresponding interval. The dashed
line corresponds to multi-mode thermal statistics with the same mean and variance as the data.
The model distribution was convolved with a top hat function of the same width as the histogram
intervals, to make it directly comparable with the data points.

For the second order auto-correlation we use the estimate ¢(® = (I%)/(I)? =
((U?) — AUZ2) /(U)* where we denote by U the photodiode signal amplitude and the cor-
rection term AU? is the variance of the electronic noise, which artificially increases (U?)
without affecting (U). Recording the intensity of 3000 pulses for each source mode, we ob-
tain the estimates gg) = 1.93(3) and g](32) = 1.95(3), which indicate thermal mode numbers
of 1.07(3) and 1.05(3) respectively.

3.5.3 Non-equilibrium preparation by measurement

The two thermal modes in our experiment are balanced so that the average voltage produced
by the “work extraction” photodiodes is zero. In practice, this means that the average value
of the voltage is much smaller than its standard deviation: (U)o/+/Var(U)o = 0.002(7).
However, conditioned on an outcome of the demon’s measurement, the average voltage can
be significantly different from zero. We will use the displacement (U)/+/Var(U) to quantify
the imbalance of conditional distributions. In the context of work extraction, this ratio is
akin to the notion of “temperature of work” that was introduced in Section 3.2.1.

The demon’s measurement is tuned by the amount of light sent towards APDs. In

the case of very rare detection events, as discussed in Section 3.4, the average energy of a
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Figure 3.6: Relative displacement of the average voltage U produced by the “work extraction”
photodiodes conditional on the output of APD A, as a function of the APD’s detection rate. Orange
points correspond to conditioning on click events and blue points to conditioning on trials when the
APD does not click. The unconditioned average voltage is 0. The dashed lines plot the functions
1 — z (orange) and = (blue).

transmitted pulse conditioned on a detection event is twice the average energy of the incident
pulses. In contrast, when a detector clicks on every trial, there is no way of distinguishing
pulses and therefore the conditional state must be the same as the initial one. The case of
intermediate detection rates can also be easily calculated. For the sake of clarity, we only
give the results here and present the calculation in Appendix B, where we also work out
the case of multi-mode thermal states. For single mode thermal light, if the probability of
a click is pM), then the average energy conditioned on registering a click is different by a
factor of 2 — p(!) from the initial average energy. For the state conditioned on the absence
of a click, the change is by a factor of 1 — p(!). Remarkably, the effect of the measurement
depends solely on the outcome probabilities. In Figure 3.6 we depict the displacement of the
voltage distribution across C, conditioned on the outcomes registered at APD A. We scan
the photon detection rates between 0 and 1, showing how the conditional states depend on
the probabilities of measurement outcomes.

We note that the voltage produced by the photodiodes turns out to be linear in the en-
ergy difference between the two impinging light modes, but this is only true within the linear
regime of the photodiodes and for the small value of C'. We choose to plot v/2(U)/\/Var(U)
in Figure 3.6 with the extra factor v/2 because the standard deviation of the energy differ-

ence between modes A and B is v/2 times the mean energy in one mode, so we are really
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Figure 3.7: Observing the average effect of measurement and feedback. (a) Photodiode traces (4000
in total) sorted according to the demon’s measurement outcomes. The dashed vertical line in the
bottom-right quadrant indicates the time at which the maximum voltage is sampled. (b) Histogram
of the maximum voltage. In gray, on top, the case when no feedback is applied, when the average
deviation from 0 is very small. In blue, below and displaced to the right, the case when the sign
of the voltage is flipped if the measurement outcome is “click/no click”. The dashed horizontal line
shows the average value for the second distribution, significantly displaced from 0. The detection
rates for the two APDs were pi‘l) = 0.702(8) clicks/pulse and pg) = 0.311(8) clicks/pulse.

normalising by the average voltage that would be created by one mode.

To convert the conditional effect depicted in Figure 3.7 into an average one, we must
implement feedback. Here, we simulate this by setting the sign of the voltage across C'
according to the APD outputs. The efficiency of this measurement and feedback operation
depends on the probabilities of the demon’s measurement outcomes. One might expect
that the greatest average imbalance can be created when the detection probability is 1/2,
corresponding to the highest entropy (information content) of the measurement register.
However, an optimisation of the average energy difference between the two modes (performed

not experimentally but using the model detailed in Appendix B) yields an optimum for
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p&l) =2/3 and pg) = 1/3. Figure 3.7 shows results for this setting.

3.6 Information thermodynamics interpretation

In the previous Sections we have presented the concept and experimental implementation of a
photonic Maxwell’s demon scenario, where work extraction is allowed by a measurement and
feedback operation. The advantage of using light as the working medium is that we can easily
implement a tunable microscopic measurement on thermal states that are intense enough
to have an observable effect on regular room temperature electronics. While it is clear that
the non-equilibrium resource is created by measurement and feedback, it is also easy to see
that we could simply use the large temperature difference between simulated thermal light
and electronics (photodiodes) to convert the energy of light pulses into work. Our work-
extraction mechanism uses symmetry to make this non-equilibrium resource inaccessible,
balancing the effect of two thermal light modes on the photodiodes. We note that the
feedback that we envisage (swapping the two sides of the setup) is an energy conserving
unitary operation.

Due to the existence of different temperatures in our setup, the scenario we have presen-
ted does not immediately fit within models of work extraction that assume contact with
a single heat bath. Therefore we cannot apply previously derived bounds to our scenario.
Furthermore, with our choice of parameters the work that can be extracted for each pulse is
much smaller than the average energy of the light pulses, which gives the order of Landauer’s
limit for work extraction. Still, we are able to show that there is a clear connection between
the information acquired by measurement and the work distribution achieved, in the form

of a bound on the latter. Here we derive this bound and test it with experimental data.

3.6.1 A non-equilibrium work-information equality

The work-information theorem by Sagawa and Ueda (Equation 3.3) was derived within a
model assuming interaction with a single thermal bath. As noted above, this is not the
case for our system of interest. We now present a relation similar to that of Sagawa and
Ueda that can be applied to our scenario despite this fact. The new work-information
relation makes use of work extraction measurements performed when the demon’s actions

are turned off. We denote this case, when no measurement or feedback are preformed and
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no work can be extracted by “0” and the case that includes measurement and feedback by

“m+1£”. Modeling these two situations, we can derive the following result:

(@ e = (€ )o (3.10)

where I is the point-wise mutual information defined in Section 3.2.3 (Equation 3.2). The
derivation of this theorem requires that the feedback operation be an energy conserving
unitary transformation acting solely on the equilibrium system that provides the inverse
temperature 5 (the two thermal light modes) and that a non-disturbance condition applies
to the measurement, as we detail below.

We now introduce a general model that encompasses the photonic Maxwell’s demon. We
divide the model into three parts: (i) The first system S starts in thermal equilibrium, with
inverse temperature 5. This represents the working medium, the two thermal light modes
in our setup. The initial and final energy eigenstates that this system occupies are labeled
|s) and |S) respectively, and the Hamiltonian is Hs. Measurement and feedback operate
only on this system, with feedback described by a unitary transformation with no energy
cost. The measurement outcome is labeled m with the corresponding set of measurement
operators M ](m). The index j allows for the possibility of several measurement operators
associated with a given measurement outcome (e.g. several possible physical processes are
associated with an APD click). The measurement operators are normalized according to
> omj M ;m)T]\Z/ ](m) = 1. We denote the feed-forward operation U,,. (ii) The work reservoir/
battery B occupies initial and final energy levels |b) and |B) respectively with energies Ej,
and Ep; its Hamiltonian is Hp. We define the extracted work as the energy increase of this
system: W = Ep — Ej. (iii) All ancillary systems and the environment, we denote as the
rest, R. This system occupies initial and final energy levels r and R respectively, and has
Hamiltonian Hg. We also find it convenient to label the final joint energy of S and R as
Esr = Es + Eg. We denote the set of random variables of interest £ = {s,b,r,m, SR}.

We assume that owing to decoherence the total initial state is diagonal in the product
basis of the free Hamiltonians so that we can treat the initial energies of the three systems
as classical variables. We also assume that the work reservoir undergoes decoherence in
its energy eigenbasis at the end, so that its final energy is well defined. It is a priori

not necessarily the case that the sum of the free-Hamiltonian energies of the systems is
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conserved. However we can model light-matter interaction using the Jaynes-Cummings
interaction Hamiltonian (with the rotating-wave approximation) plus decoherence in the
energy eigenbasis, in which case we do have energy conservation. Furthermore, no energy
is required in principle to connect or disconnect the capacitor from the battery. We shall
accordingly assume that E;+ Ey+FE, = Es+FEp+FEg. This implies that W = E;+F,.—FEgg.
The evolution of the entire closed system is given by the unitary operator V.

Using these definitions, the left hand side of Equation 3.10 is
(€ Nmye =Y p(s,b,r,m, SR) V1 =3 " p(m, SR|s, b,r)p(s,b,r) "V, (3.11)
13 1

using Bayes’ theorem in the second step. The probability distribution of the initial system

energies is p(s,b,r) = %6*5}35 p(b,r). Introducing the expressions for W and I we get

_ 1 - (m)
BW —I _ L —BEs B(Es+Er—Esg) P
e maf = E p(m,SR|s,b,r)—=e p(b,1)e
p(m) 1 B(E,—Esg) (3.12)
= E p(m, SR|s, b, r —p(b,r) e\ FrTESR
: ( | )p(m|s) Z (b,7)
Isolating the sum over s, we have
> " p(m, SR|s,b,7)/p(mls) =
’ (3.13)

) gy ol NPT )
|SR) (SR|V (Um (Z 2 My p(lni;) M ) Ul @ |br) <br|) 1l

S

Tr

The sum over s is over all normalized states produced by the demon’s measurement given
a sharp energy input. If the measurement is non-disturbing, it leaves the state |s) (s| un-
changed and the sum reduces to the identity. We show in Appendix B that for our meas-

urement, although it is not non-disturbing, we have

S M s) (s| AT
> olls) =1 (3.14)

S
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Using this and Uy, T = I, we get

Z p(m, SR|s,b,1)/p(m|s) = Tr[|SR> (SR V<f®|b7“> <br|)‘7q = ZpO(SR\s, b,T)

) | (3.15)
where pg denotes the probability distribution corresponding to the evolution of the systems
when the measurement and conditional operations are not implemented. Plugging this into

the expression for the left-hand side of Equation 3.10 we get

<€BW_I>m+f = Z pO(SR|5’ ba T)p(s, b’ T) 6BW = <65W>0‘ (316)
3

We note that Equation 3.10, which we have derived here, is really an information-theoretic

equality, applied to an energy transfer scenario. This fact exposes the information-theoretic

underpinning of thermodynamics [236].

3.6.2 Bound relating work extraction to information

We can derive a bound on work extraction using Equation 3.10. Applying the concave log

function to the two sides of the equation and using Jensen’s inequality, we get

B(W),us— (I) < log <65W>0. (3.17)

Let us rewrite the argument of the log function <e/BW>O = efWo <€6(W7<W>0)> . We then
0
get,

(Wit — (W)o < B7HI) + 57" log <65(W‘<W>0)>0. (3.18)

Expanding up to second order in 8 we have
log <65(W—<W>o)>0 = 82/2 Var(W)o + O(53). (3.19)

The second order expansion is exact in the case of a Gaussian work distribution. Taking

advantage of this intuition, we define the following quantity:

o (B, W) = \/2 5~2log <eﬁ(W—<W>o)> . (3.20)

0
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For a Gaussian distribution of W, as well as up to first order in 8 for any distribution,

o(B,W) is equal to the standard deviation of W. Inequality 3.18 can be rewritten:
(Wit — (W < B7HI) + B0 (B, W)]?/2. (3.21)

Let us now consider the work that can be extracted in IV runs of our experiment. Let Uy,
denote the voltage created across the capacitor C in the k' iteration. Work extraction occurs
when energy stored in the capacitor during each iteration is accumulated in a work reservoir.
Connecting the capacitor to a battery with voltage Uy transfers the charge C (U —Up) to the
battery, increasing its energy by CUy (U — Uy) (we assume that the voltage Uy is constant).
The capacitor then equilibrates to voltage 0 again. Over N cycles the work extracted is
wW) = v, Zg(Uk — Up) and the mutual information gain is I(N) = Zg I;. We define
the sum of voltages across the capacitor over N runs UWY) = Ziv Ui. Let us also define
& = BCUy. Replacing the expression for work in Equation 3.10 and canceling the constant
¢~BONUE.

factor we can apply Jensen’s inequality in the same way as above, obtaining

<U(N>> = <U(N>>0 < MM 4 ¢ [o(e,UN)?)2. (3.22)

Using only the fact that Uy are independently and identically distributed, we have the
following equality:

<ex yt >0 = <exU>g (3.23)

which is a general property of the moment generating function. We can then show using
Definition 3.20 that [0(¢, UN))]2 = No (€, U)]?. We also have (UN)) = N (U) and (I(V)) =
N (I). Equation 3.22 then becomes

(U)o — (U < 2<1> +Elo(e, U2/ (3.24)

Since this is valid for any value of Uy, we can minimize the right-hand term of the inequality

with respect to the variable £, in order to obtain the tightest bound:

U}y — (U} < ming {§<I> T elole U>12/2} . (3.25)
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Note that for a Gaussian work distribution of U we have [0({,U)] = /Var(U)y and

ming {%m +E[o(6,U))? /2} — V2I/Var(U)o which yields

[ U)mis = Wl

2(1 3.26

Var(U)o < > ( )
and, using the definition of work in our setup
w — (W

Var(W)o

The bound given by Inequality 3.26 is an approximation of that given by Inequality 3.25,
which works best for small values of (I). The left hand term of Inequality 3.26 can be
interpreted as a measure of distinguishability between work distributions with and without
measurement and feedback. This expression relates the work produced by the setup to its
fluctuations and can be linked to the concept of temperature of work, introduced in Section
3.2.1. We have shown that this quantity is limited by information acquired by measurement.
Our relation approaches the regime of Landauer’s bound ['%8 when the work fluctuations are
of the same order as the characteristic thermal energy of the equilibrium system on which
measurement and feedback are applied. In the following section we show how experimentally

measured quantities relate to the bound derived here.

3.6.3 Experimental verification of the bound

The extractable work being proportional to the voltage across capacitor C, here we focus
on measuring this voltage in relation to APD outputs. We measure the peak voltage for
each pulse, like in Figure 3.6. We relate the observed distribution to mutual information
using Inequality 3.25. Note that the entropy of the measurement register provides an upper
bound for the average mutual information (I). However we can calculate (I) using a model
of the measurement, as detailed in Appendix B and we use this result in order to provide a
tighter bound.

In order to maximise the observable effect in our setup, as discussed in Section 3.5.3,
we set the detection rate of APD B to approximately 1/3. We then scan the detection rate
corresponding to the measurement on mode A. Our results are reported in Figure 3.8. There

are two optimum strategies, corresponding to a change of the measured voltage sign every
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Figure 3.8: Extracted work bounded by information. We depict the displacement of the measured
distribution of voltage U on capacitor C' due to measurement and feedback. This is related to

the distribution of extractable work: [(U)m1¢|//Var(U)o = ((W)mts — (W)o) /+/ Var(W),. The

horizontal axis gives the detection rate for the demon’s measurement on mode A, effectively tuning
the effect of the measurement as well as the extracted information. The measurement on mode B
yields 0.311(8) clicks/pulse. Blue and orange points correspond to two feedback strategies: changing
the polarity of C' when the measurement yields click/no-click (blue) or no-click/click (orange). The
black line gives the bound established in terms of mutual information, Inequality 3.25, rescaled by
the standard deviation of U. The width of the line represents the uncertainty with which the bound
is determined using the measured voltage distribution (two times the standard deviation). Dashed
lines give predictions based on the average photon number difference between the two light modes
after feedback. The calculation of the photon number difference is detailed in Appendix B.

time APD A clicks and B does not, or B clicks and A does not, respectively. We find that
for different measurement and feedback settings, the extracted work weighted by the work
fluctuations is below the bound given in terms of mutual information, yet of the same order.
As Jensen’s inequality is only saturated for sharp voltage (work) distributions, it is to be
expected that our bound is not saturated. We emphasise however that the bound demands

that no work can be extracted when no information is acquired.

3.7 Summary and outlook

We have presented an experiment similar to Maxwell’s demon, in which work extraction is
ultimately bound by the amount of information acquired through measurement on a system
in equilibrium. We derived a bound relating work extraction to mutual information char-
acterizing the measurement setup by employing an information theoretic analysis, building
on previous literature and considering less idealised levels of complexity, as dictated by the

experimental arrangement. Differently from previous studies, the focus of our analysis is
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not the absolute energy efficiency, but the ratio between the average extracted work and
the fluctuations of the work distribution in the unperturbed setup, per each cycle. This
measure is relevant in scenarios where fluctuations are important. The derivation presented
here could be adapted to impose limits on the way in which the distribution of parameters
other than work can be affected by measurement and feed-forward strategies.

The ability of addressing light in both the single-photon and intense-field regimes has
been key in our experiment, and constitutes one of the main advantages of a photonic
approach. Our demonstration has been carried out in the classical regime, exploiting the
properties of second-order coherence. The setup can be adapted to include non-classical
states and measurements, investigating the role of quantum coherence in thermodynamic
processes. Furthermore, single particle measurement techniques similar to that presented

[237]

here are pertinent to opto-mechanical or spin-ensemble 238] systems, and can be used to

investigate the effect of weak probing in the dynamics of open systems.



Chapter

Precise measurement of two-mode
squeezing gain by seeding a parametric

down-conversion source

HE ability to prepare and manipulate non-classical states of light has enabled many
T important experimental achievements, such as the loophole-free violation of Bell’s
inequality 239,240] 31d quantum-enhanced interferometric measurements!®. Most of these
applications rely on spontaneous parametric down-conversion (SPDC) for squeezed light
generation. In recent years, the refinement of dispersion engineering4?) and the development
of wave-guided SPDC sources2*!l have made possible the observation of high degrees of
squeezing in well-defined spatio-temporal modes [242-244],

In this Chapter, we focus on the characterisation of pulsed SPDC sources in the high-gain
regime. We propose a method for measuring squeezing gain that uses seeding and frequency-
resolved intensity measurements and that does not require precise efficiency calibration. Our
method is applicable to squeezing in multiple spectro-temporal modes, and can be a useful
tool for analysing the intricate structure of broadband SPDC [245-247]

Using a seeding beam, we can determine the full broadband transformation describing

(248-250] * 1py particular,

an SPDC source by classical simulation of the spontaneous process
for a two-mode squeezing process, the generation of light in the unseeded mode, known as

difference frequency generation (DFG), can be used to simulate the joint-spectral distribu-

118
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250,251 In this Chapter, we go one step further

tion of photon-pairs produced by SPDC!
and consider the generation of light in the seeded mode. We argue that this signal has a
dependence on the squeezing strength that differs from the DFG, and which can be used to
provide a self-referenced measurement of the squeezing gain.

We begin the chapter with a brief look at the evolution of SPDC source engineering. In
Section 4.1, we develop the theory of type-II broadband SPDC. We devote the remainder of
4.1 to a discussion of second-order perturbation, which, to our knowledge, has not received
much attention to date. In Section 4.2, we present experimental methods that allow for
the field generated in the same mode as a seeding beam to be observed. We also describe
an application of these experimental methods towards the estimation of squeezing gain. In
Section 4.3, we report an experimental implementation, presenting preliminary results and

discussing the challenges that must be overcome in order to fully develop and apply our

method. We summarise our work in Section 4.4.

4.1 Broadband parametric down-conversion in optical

wave-guides

4.1.1 Development of broadband parametric down-conversion sources

David Klyshko (1929-2000) provided a theoretical description of SPDC (which he called
parametric fluorescence) in the early 1970s 252]  Klyshko also proposed the use of stimu-
lated and spontaneous PDC signals for self-referenced intensity measurements2°3), a tech-
nique that we refine in this chapter. In 1970, Burnham and Weinberg realized the first
experimental implementation of SPDCI?54. Later on, Leonard Mandel (1927-2001) and

[7]. Over the years, SPDC sources based

others developed applications related to coherence
on x@ and x® nonlinear crystals have become an established method for generating
squeezed light [255,256] ' heralded single-photons (257-259] 4nd polarisation-entangled photon-
pairs [260-262]

Spontaneous frequency generation is a highly inefficient process due to typical values for
the nonlinearity of optical crystals. The squeezing gain of SPDC sources can, however, be
enhanced, either by using optical cavities or by pumping with ultrafast pulses. Of these two

options, pulsed operation has the advantage of allowing conditional state preparation based
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on multiple photon detections. As an application, homodyne tomography of Fock states
with up to 3 photons has been demonstrated using pulsed SPD( [135:263,264]

In 2008, Peter Mosley developed a single-photon source based on KDP. This was the
first pulsed source ever engineered to generate squeezing in a single spatio-temporal mode,
and we use it for singe-photon generation in the experiment described in Chapter 2. For the
experimental implementation presented in this chapter, we use an SPDC source based on
wave-guided periodically-poled potassium titanyl phosphate (ppKTP), which was developed
by Andreas Eckstein and others 241] " We present the experimental details of this source in
Section 4.3.1.

Wave-guides sources have the advantage of allowing down-converted light to be con-
strained to propagate in a single spatial mode, which eliminates correlations between the
generated signals in the spatial degree of freedom. Furthermore, the large interaction lengths
lead to greatly enhanced brightness compared to bulk crystals. These advantages enabled
recent research to report the generation of two-mode squeezed light with up to 80 photons
on average in a single spatio-temporal mode, using the ppKTP source we employ for the
work presented in this chapter 242,

4.1.2 General mode transformations for type-I1I down-conversion in

optical wave-guides

First order perturbation theory is commonly used in the analysis of broadband
SPD([40,265,266] - Thig ig a suitable approach in the limit of low squeezing gain, leading to
the correct spectral distribution of SPDC-generted photon-pairs for single-photon sources.
However, as the squeezing gain increases, the effects of time-ordering become significant.
Several authors analysed these effects, using numerical methods to calculate the broadband

(245.247) T this section, we present a de-

mode transformations for some example processes
rivation of the general mode transformation for type-II down-conversion, starting from first
principles. We obtain expressions that are suitable for efficient numerical evaluation, as well
as for deriving perturbative approximations. Both of these characteristics are useful for the

work presented in this chapter.

From Maxwell’s equations, we can show that for a medium with no free charges, we have
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1 92 1 9?2

V xV x E('I’,t) =+ ?@E(T,t) = _%?@P(T’t) (41)

For cases of practical interest, we can approximate V - E = 014, although this is not, in
general, implied by Gauss’s law (V-D = 0). Using this, we obtain the simpler wave-equation
1 02 1 &

VZE(r,t)

We can write the electric field in terms of its frequency components: FE(r,t) =
fooodw'E(r,w’)e*i”/t + c.c., and perform an analogous spectral decomposition of the po-
larisation vector. Inserting these into Equation 4.2, multiplying both sides by e'“!, and

integrating over ¢ (after taking the time derivatives), we obtain the wave-equation in the

frequency representation:

2 2

2R YE - _“p . 4,
\Y4 (r,w)+62 (r,w) e (r,w) (4.3)

The polarisation of the propagation medium has a linear term,
P (r,w) = eoxV(r,w)E(r,w), (4.4)
and a nonlinear one,
P (rt) = g0 [XxP(r): Er, ) E(r,t) + X (r): E(r, ) E(r,t)E(r,t) +...|,  (4.5)

where we approximate the nonlinear interaction to be instantaneous. In the frequency
domain, the electric field products in Equation 4.5 become convolutions, as described in
Section 1.2.2. We use this later, when we introduce the nonlinear polarisation for a y(?)
interaction in the frequency representation.

We consider waves traveling along a crystal axis, with a well-defined polarisation, in-
dicated by the unit vector e. We can therefore define the refractive index n(r,w) =

V1 +ex®(r,w)e, which yields

w?n(r,w)? w?
U E(rw) = ——— PN w). (4.6)

V’E
(r,w) + p—

c2
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In an optical wave-guide, a finite number of guided modes with well-defined transverse
profiles are supported. Light propagation in this case can be described by a 1D wave-
equation, with the bulk medium refractive index n(r,w) replaced by an effective value,
w(w). This effective value is a property of the guided mode. The dependence on x and y is

now implicit:
92 2 2
E(z,w) +_&Lf£§ﬁl,

2
w
5.2 2 E(z,w) = ——— PN (z,w). (4.7)

goc?

For this chapter, we consider forward-propagating pulses that interact through a parametric
process on length scales that are much longer than the oscillation period of the fields. To
make this explicit, we write the forward-propagating electric field as the product of a slowly
varying envelope and a planar carrier-wave, E*(z,w) = Eg(z,w)e'*?. Here, the wave-vector
ko corresponds to the carrier frequency wg. We then assume that ’82 /02* Eo(z,w)’ <
|ko 0/0z Ey(z,w)|, which means that the second-order derivative of Ey(z,t) can be neglected
in Equation 4.7. This yields

0 2 ;
Qikogflaﬂz’w)__kgfb(zﬂu)4_gifiﬁgflaﬂz’“0::<_4&L7€—Mm21)NL(Z’w)
C

0z €0C2
(4.8)
k(“02 — k§ . w? efﬁmzlyNL(Z,u07

0 :
= an(z,w) —1

where we have introduced k(w) = wu(w)/c. Now, going back to the forward-propagating

field E*(z,w), we have

0 . k(w)? — K} o w?
—E* i L0 Et = pNb ) 4,
B ) -1 (M k) B ) =i P e, (09)

For long pulses (with bandwidth that is much smaller than the carrier-wave frequency), we

have k(w) = ko + 0k(w), with dk(w) < ko. This gives

k(w)? — k3
2o

Sk(w)?
%o

+ ko = ko + (5k(w) + ~ k(w), (4.10)

and allows us to obtain the simplified nonlinear wave-equation

iE*(z,w) =ik(w)E"(z,w) +i PNY(z ), (4.11)

where ik(w) generates the free evolution, and the nonlinear polarisation plays the role of a
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source-term.

We now turn to type-I1 PDC. In this case, the nonlinear polarisation mixes three fields:
the two down-conversion modes referred to as signal and idler, and a pump field. Writing the
nonlinear polarisation, as described in Section 1.2.2, we obtain, for the forward-propagating

signal and idler,

2
2Ej(z,w) =iks(w)Ef (z,w) +i5— d deo /dw o(w + W) B (2,0);
0z 2kosC? g
(4.12)
o w?

E*(z,0) = —iki(w)E™(2,w) — 5 d ff/du/ Efw+ W) Ef (2,0),

0z 2k:

where dog is the effective nonlinearity, combining x® and the polarisation directions of
the interacting fields. Analogous relations hold for E;(z,w) and E¥(z,w). As the process in
which we are interested is very weak, we can approximate that the pump field is not affected
by the nonlinear interaction. Solving for the free propagation of the pump field (which we
assume to be forward-propagating), we obtain E,(z,w) = A, f(w)e*(©)?. Here, f(w) defines
the pump spectral density, and is normalised such that ‘ Jdw f(w ‘ =1 A, = [dwE(0,w)
is a real value and represents the effective amplitude of the pump field. The propagation

equations for the signal and idler then read

ngj(z,w) =iks(wW)Ef (z,w) +i ;Jkodecf;A /dw flw—+ w') ethrlets’ )zEJr*(Z W');
2E‘Jr*(,z w) = —ik(w)E*(2,w) — i d deﬂA /dw’f*(w + W) e Wt ) Bt W)
82 v ’ 2/?01'62 p s ’ )

(4.13)

We are now ready to quantise the electric field. For wave-guided modes, the quantisation

E(r,w) =i2r((z,y)4/ 477?;’6”13(“0), (4.14)

where ((z,y) defines the transverse mode, and the bosonic operators i)(z,w) satisfy the

relation is[245:267]

commutation relations268-270]
bz:). bz = 0 [be), B (") | = B = ). (4.15)

The quantisation of Equations 4.13 leads to coupled differential equations describing a linear
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mode-transformation:

. . 1 . o
O (2, 0) = i ka(@)hs(5,0) 1 [ (0 + ) e (5 o)
0z Lt
5 - (4.16)
—bg(z,w) = —iki(w)b;{(zz,w) —i— [d fw+ ) eflkp(ww’)zbs(z,w').
0z L,

Here, we introduced a nonlinear interaction length, Ly, = (QCQM) / (woiwosdesrAp) 5
and in order to simplify the equations, we replaced all frequencies and wave-vectors by the
corresponding carrier-wave values. This operation assumes, again, a small bandwidth for
all interacting signals.

We now make a change of variables, writing by(z,w) = és(2,w)et**@)= and l;j(z,w) =
éT(z, w)e ki(@)z  This yields

1

1

563(27 w) =1 TNL dw’ f(w + w') €i Ak(w,w’)zéz(z, w’);
a . - (4.17)
aéj{(z,w) - TNL /dw’ f*(w + w/) e—lAk(w,w )Zés(z,w’),

where Ak = kp(w + ') — ks(w) — ki(w') is the phase mismatch. We follow a common
approach to linearise this function, using an expansion around the carrier-wave frequencies,
Ak(w,w') ~ Akg + [(Bk/aw)p - (Gk/aw)s] (w — wos) + [(ak/aw)p - (8k/8w)l} (W — wos),
with Akg = kop — kos — koi- Let us define Akg(w) = [(8/{:/&0)5 - (Ok/&u)p} (w — wps) and
Aki(w) = [(8k/8w)i - (8k/8w)p} (w — wo;). Making a new change of variables, ¢s(z,w) =
as(z,w)e 1Ak @)2 and éz(z,w) = al(2,w)el 2Fi(@)2 | we obtain

%

1 .
éds(z, w) =1Aks(w) as(z,w) +1 T dw' f(w+ W) elAkOZ&Z(z, W';
z

aa Nﬁ (4.18)
Zal(z,w) = -1 Aki(w) al (z,w) — 1 —— [ dw’ fiw+w') e 207, (2, ).
0z ’ LNL

The parametric process is phase-matched if Akg = 0. This can be achieved in the desired
frequency range either by taking advantage of the birefringence of the propagation medium,
or with the help of quasi-phase-matching (QPM).

QPM has greatly enhanced the versatility of parametric processes in nonlinear crys-

(271,272] * The simplest type of QPM is implemented by periodic poling: switching the

tals
sign of the x(? nonlinearity of a crystal after each length lp.p./2. This results in a modula-

tion of the effective nonlinear coefficient by a sawtooth function with period I, ;,., which can
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be written as the Fourier series

hequare(2) = 7272 o L exp(i2m(2) — 1)2/lyp) — exp(—i2n(2) —~ Dz /lpp)] . (419)

Multiplying the nonlinear term in Equations 4.18 by hgquare Tesults in a sequence of terms,
with different effective phase mismatch. For example, taking the first part of the term with
j =1, we see that the phase mismatch is changed to Akg+ 27/l .. This can be made 0 by
choosing the appropriate value for the poling period, I, ,. = — 2m/Akg. For this first-order
QPM process, the effective nonlinear coefficient is 2/7 deg.

Throughout the rest of this section, we consider phase matched processes. Setting Aky =
0 (meaning that we are expanding the wave-vectors around the values that correspond to a
phase mismatch of 0 ), the right-hand side of Equation 4.18 becomes independent of z, and

a solution can be easily computed. The general form of this solution is

as(z,w) = /dw’ Us,s(z,w,w")as(0,w’) + /dw' Um(z,w,w’)d;r((),w');
(4.20)
al(z,w) = / o' Ufy(2,w,w")al (0,0) + / dw' U (2, w,0) s (0,w),

with analogous relations for a; and dl. The functions introduced here completely describe
the propagation of frequency modes along the z axis. They are sometimes referred to as
Green’s functions 242270 but in this work we will use the term “transfer functions”. In order

to preserve the bosonic commutation relations, the transfer functions must satisfy

/dw" Us,s(2,w,0") U (2,0, 0") = Us (2, 0,0") U (2,0, ") = 8(w — o');

/dw” Ui,i(z,w,w”) U;':Z-(z, W W) — U@S(z,w,w") U*

,8

(2, ,W") = 6(w — w'); (4.21)

/dw” Us.s(z,w,0") Uj (2,0, 0") — Usﬂ-(z,w,w”) Usi(z,w' ") = 0.

Before moving on to treat pulsed PDC, let us take a look at the CW-pumped pro-

[270]

cesses In this case, the integrals in Equations 4.18 can be readily evaluated, after

replacing the pump spectral density by the Dirac delta distribution f(w) — 0(w—wop), with
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Wop = Wos + Wei. This gives

1
gzés(z, wos + Aw) = 1 Akg(wos + Aw) as(2, wos + Aw) + 1 T&I‘(Z"WOZ’ — Aw);

5 NlL (4.22)
&T(z, woi — Aw) = —1 Ak;(wp; — Aw) &T(z, woi — Aw) — i ——as(z,wps + Aw).
82 ¢ ¢ LNL

These differential equations have the solution

as(z, wos + Aw) = Cs 5(z, Aw) a4(0, wos + Aw) + Cs (2, Aw) &ZT-(O, woi — Aw);

i} (z,woi — Aw) = (Ci4(2, Aw))*al (0, woi — Aw) + (Cis(z, Aw))*s(0, wos + Aw), 2
with
Csi(z, Aw) = = (Ci (2, Aw))" = Llle exp (i [Aky(wos + Aw) — Ak;(wo; — Aw)] 2/2)
X sine <§\/ [Aks(wos + Aw) + Ak;(wo; — Aw)]” — 4 /Lg%) ,
(4.24)

The absolute-squared values of the functions Cs s(2, Aw) and C;;(z, Aw) are given by 1+
|Cs.i(2, Aw)>. In the interest of space, we do not include the full expressions for these
functions here.
Note that, at 0 phase mismatch, we have C;(z,0) = isinh (z/Lny,). Moreover, in the
weak interaction limit, given by z < Lyr,, we have
Cs,i(z, Aw) = isinh (z/Lnt,) sinc ([Aks(wos + Aw) + Ak;(woi — Aw)] 2/2)

(4.25)
x exp (1 [Aks(wos + Aw) — Akji(wo; — Aw)] 2/2) .

We will find a similar answer for pulsed PDC in the weak interaction limit.

For pulsed PDC in general, we resort to numerical evaluation. We discretise the fre-
quency scale taking N points spaced by dw: wj(.s) = wos + (j — N/2)ow and wj(i) =
woi + (j — N/2)dw. We construct the 2N-dimensional vector A(z) with the components
Aj(z) = as (z,wj(-s)> and Anyj(z) = d;-r (z,w](-i)). If dw is small enough compared to the
bandwidths of the interacting fields, solving the discretised differential equations provides a

good approximation for the evolution of the continuous mode-operators. The finite system
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of linear differential equations can be written in a compact form:

D) A%
8ZA(z) = IGA(Z), Wlth G = ' , Where

-v* -DW (4.26)
D) = 83 Bks(w); DY), = 85 Aki(wl”); Vigr = 0o/ Lt £ (w4}

The solution is given by A(z) = T(z) A(0), with T'(z) = exp(iG z). Then, the transfer

functions introduced in Equation 4.20 are given (approximately) by:

s s 1 s i 1
Uss(z,w, ') ~ —[T(2)] Usi(z,wi,wi) » 5o [Ty
1

i) (s 1 * i G *
U@S(z,w](- ),wj(.,)) ~ 5 [T(2)] N j s Um(z,w](- ),w§,)) N5 [T(2) Ny jntjr -

(4.27)

4.1.3 Perturbation analysis

In the previous sections, we have derived the differential equations describing mode-
propagation for type-I1 PDC. The evolution of mode-operators described by Equations 4.18
is generated by two terms, both independent of z. The first term describes free propaga-
tion: the walk-off between pulses in the signal, idler, and pump modes, which arises due
to different dispersion relations. The second term describes nonlinear frequency conversion.
Since the nonlinear interaction is weak, we can treat the second term as a perturbation.

Let us first define the linear superoperators O and V, such that

0 ds(z,w) = Aky(w)as(z,w); O&g(z,w) = —Aki(w)dz(z,w);
) A (4.28)
Vas(z,w) = /dw’f(w +w')&j(z,w’); V&g(z,w) =— /dw' [w+was(z,w'),

and introduce the propagator U(z, zo) such that ds(z,w) = U(z, 20) as(20,w) and &j(z,w) =

A

U(z, 20) d;r(zo,w). Equations 4.18 can then be recast as

A A~

1 -\ - N
EU(Z, 20) =10+ —V | U(z,20); U(z,2) =1, (4.29)
0z Ly

with the solution U(z, z9) = exp (i [O + 1/LnL V] (z — z0)>. We now expand this expres-
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sion using the Suzuki-Trotter decomposition 273274l

z/6z z/6z
U(z, 0) = 61213) g} exp <iO§z) exp (i L11\1LV(5Z> = 5lziglo jl;[o exp (iééz)

z/d8z

X <]l +iLll\ILf/5z> = exp <10z) —|—iL—NL Jz:% exp (10 (z —jdz)) V exp (inéz)
2/62
— <L11\IL>2 jzo ji::oexp (1@ (z — j62)> V exp (10 (J —j’)éz) V exp (in'éz) +....

(4.30)

Replacing the sums by integrals, we obtain

U(z,0) = eXp<iOz) +iLlNL Ozdzl exp(i@ (z — z1)> Vexp(i()z1> _ (LlNL>2 .
4.31

X /Ozdzl /OZIsz exp(ié(z — zl)> Vexp(i@(zl — 22)> Vexp(i@zg) +...,

which is analogous to the Dyson series, a standard result of time-dependent perturbation
theory.
Let us consider the terms in the expansion up to first order in 1/Lyy,. Propagating the

operators as(0,w) and dI(O,w), we obtain

s(2,w) = €228 (0, w) + / d' UL (2, 00,0) ] (0,) + O ((1/Ln1)?)

0
- . (4.32)
ol (z,w) = e #2Kia (0, 0) + / @ [Uf) (z,0,01)] a(0,0) + 0 ((1/n0)?)
0
where
Us(,li)(z,w,w') = iL dz1 exp(iAk‘S(w)[z — zl]) flw+wh) exp(fiAk‘i(w')zl)
NL Jo (4.33)

—i LLNL exp (lg [Aks(w) — Ak:i(w')D sinc(g [Ak,(w) + Ak‘i(w/)D flw, W),

and e z,w,w') =e

—1zAks(w) Us(l) (

X3

—izAk; (W) (D)
iz (W)Uz}s (2,0, w).
This first-order perturbation result is often employed in the context of photo-pair gen-
eration. The joint spectrum of SPDC photon-pairs can be computed by evaluating the

expectation value (0|7 (2, ws)fi(z,wi)[0) = (0]al(z,ws)as(z, ws)al (z,wi)ai(z, wi)|0), where
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|0) denotes the vacuum state at z = 0 (in a representation analogous to the Heisenberg
picture of Hamiltonian evolution). To calculate this expression, we use the transformations
given in Equation 4.32 and the equalities (0]a, (O,w)dl(i)(o,w’)|0> = 0(w —w'). Any other
ordering of two mode-operators yields the expectation value 0. Expanding the expectation

value, only one non-zero term survives up to second order in 1/Lny,:

(0lal (2, ws)is (2, ws)al (2, w;)ai(z, wi)|0) ~ <o

[ (U ) ai(0,)

)

_ /dw’dw” [e—izAks(ws)Us(}i)(z,ws?w,)}*efizAki(wi)Ui(;)(Z,wi7w//)5<w/ — w;)6(ws _w//)

i

xeiZAks(wS)&s(O, ws) e_iZAki(‘“i)dT(O, w;) /dw" Ui(? (z,wi, w”)dl(& wi,w")

2
US(}Z) (Za Ws, wz)

= [/ Law P | (s + i) sine? (5 [Akg(ws) + Aki(w:)])

(4.34)

This expression is a well-known result that has proven very useful, due to the intuit-
ive interpretation that it allows. It shows that, in the weak-gain limit, the joint spectral
distribution of SPDC photon-pairs results from the product of two functions: a “pump
function”, which effectively enforces energy conservation, and a function that describes the
effect of phase-matching. The pump factor leads to anti-correlation between the frequen-
cies of photons generated as a pair, indicating spectro-temporal entanglement between the
signal and idler. The phase-matching function can be engineered such as to minimise this
entanglement, leading to the generation of photon-pairs that are almost separable in the
spectral degree of freedom. For example, the KDP source used in the experiment reported
in Chapter 2 satisfies Ak;(w;) = 0 (meaning that the idler propagates with the same group
velocity as the pump). This leads to a nearly separable joint spectrum, as detailed in Section
2.3.2. Note that, due to the oscillation of the phase-matching function, we always have some
remaining correlations.

Figure 4.5 depicts (in absolute value) the U,; transfer function corresponding to a
typical example of pulsed PDC. We use a Gaussian pump intensity spectrum of width
op = 1, the propagation distance z = Lyi,, and the phase-matching function defined by
Akg(op) 2 = —2Aks(0p) 2 = 3. We present both a numerical full-order result and the first-
order approximation derived in Equation 4.32. For this relatively high interaction length

(resulting in the generation of more than one photon-pair on average per pump pulse) the
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Figure 4.1: Transfer function describing the coupling between different frequencies in the signal and
idler mode for a typical broadband PDC process. (a) Obtained by full-order numerical evaluation
and (b) the first-order perturbation result (corresponding to the joint spectrum of SPDC photon-
pairs). We depict the absolute values for the two functions. The frequency unit is given by the width
of the Gaussian pump field intensity spectrum.

error of the first-order approximation is visible, in particular in the magnitude of the transfer
function.

The first-order term in the series given by Equation 4.31 describes how a field in the
idler (signal) mode stimulates the generation of a field in the signal (idler) mode. The
second-order term corresponds to a process in which the generated field then stimulates
the generation of a field in the initial mode. Thus, the second-order perturbation term
contributes to the transfer functions U, s and U; ;. Applying the second order term, which

we denote U (z, z), to a,(0,w), we obtain

7®)(2,0) (0, ) = - (i) /0 dn /0 " 42 exp (i Aky(w) (2 — 1)) [ o+ )

L,

x exp (—1Ak;(w")(z1 — 22))/dw' " + W) exp (i Aks(w)22) as(0,w)

8,8

= /dw' U (z,w,w)as(0,w).

(4.35)

Considering, for example, a Gaussian pump spectrum, the integration above can be per-

(2)

formed analytically. Unfortunately, this approach yields an expression for Usy (z,w,w’)

that does not invite simple interpretation. However, we find that, in absolute value, a good
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approximation is provided by a Gaussian distribution:

U9 ()| = ot )| 2| exp (-2 (M) +(M>

C+(§Sa {z) C- (587 52)

z
L 3

(4.36)
where o), is the pump bandwidth and we introduced &s = ks(0p)2z and &; = k;(0p)z (defining
the bandwidth ratio between the pump and the phase-matching function). Expanding the
analytical result for gs)(z,w,w’ ) around w = 0 and w’ = 0, we find the following second-

order expressions for the coefficients introduced in Equation 4.36:

Col6s: &) = (44282/3)
C4(6,6) = (6+€2/4) [ |V2(& &) (4.37)

C-(&s,&) = 240/ (240 + (20 + €))€2) .

We find that C_(&,&)/Cy(€s, &) < 0.62, which means that U2 (z,w, ') always shows

positive correlations between w and w’.

(a) (b)
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Figure 4.2: Nonlinear contribution to the transfer function describing the coupling between different
frequencies in the signal mode, for a typical broadband PDC process. (a) Obtained by full-order
numerical evaluation, and (b) Gaussian approximation to the second-order perturbation result. We
depict the absolute values for the two functions. The frequency unit is given by the width of the
Gaussian pump field intensity spectrum.

The Us s transfer function takes the form

U, s(z,w,w') = e BE@)26(0 — ) 4 Us(?s) (z,w, W)+ ..., (4.38)
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where the first term describes free propagation, while the second term, proportional to
(z/ LNL)2, and the corrections of higher order in z/Lyt,, describe nonlinear frequency coup-
ling. In Figure 4.2, we depict the nonlinear part of U, in absolute value, for the same
parameters as those used to compute the functions displayed in Figure 4.5. We include
both a numerical full-order evaluation and the Gaussian approximation to the second order
perturbation term.

For the remainder of this chapter, we perform a basis transformation that corresponds
to the free propagation of both input and output modes to the middle of the nonlinear
interacting region, transforming the propagator to e_éZ/QUe_ioz/z. This is just a passive
transformation and it does not affect our results concerning nonlinear frequency generation.
Then, the Oth order term of the signal-signal and idler-idler transfer functions becomes

ég) (w, ) = Uz-(fi)) (w,w") = 0(w,w’). We also drop the position z as input to the annihilation
operators and transfer functions when considering only the input-output transformations for

a nonlinear medium of a given length.

4.1.4 Schmidt mode decomposition

The Schmidt mode decomposition provides a natural way of interpreting the broadband
structure of PDC [245-247.275,276] ' Thig decomposition defines a set of broadband modes that
are only coupled pair-wise by the PDC transformations described in Equation 4.20. The
fact that it is always possible to find such modes shows that broadband PDC can always be
modeled by a discrete set of independent squeezing interactions. The Schmidt modes are
found using the singular value decomposition of the transfer functions. Using the conditions
for preserving the commutation relations of mode operators, given by Equation 4.21, it can

be shown that the singular value decompositions of the transfer functions are constrained
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to take the form [247]

— Z cosh((x) [¢gk) (Wﬂ ' [wgk) (w/)} * ’

Usi(w,w) Zsmh Ck) —gﬁgk) (w) " wl-(k) (W');
: N . (4.39)
W) =Y cosh(Ge) [ @) 8]

g _ _

W) =S sinh(G) o (@)] v (W),
p L ]
The input and output Schmidt-mode annihilation operators are defined as flglzz) =
Jdw sy (w) sy (0,w) and B( = [dw ¢y (w) ag) (2, w), respectively. Using the ortho-

gonality of eigenfunctions, we can write the PDC mode transformation in the simple form

Agk) _ cosh(Ck;) k) 4 sinh((x) A k” (4.40)

BT = cosh(¢) A 5’“) "4 sinh(¢) AP

where the parameters (; are referred to as squeezing parameters.
If we approximate the transfer functions by Gaussians, in the limit of weak squeezing,
) (w) and ¢ (w) become the Hermite-Gauss functions?™>27 and similar distributions

are found for typical pulsed PDC processes.

4.2 Characterisation of a parametric down-conversion

source using a seeding beam

The joint spectrum of SPDC photon pairs is an important characterisation tool for squeezed
light sources. It was first measured using grating monochromators and APDs. The meas-

urement required monitoring coincidence detections produced by photon pairs while scan-

ning the detected wavelengths!*?l. Later on, a more efficient measurement scheme was de-

veloped, using time-of-flight spectrometers based on highly dispersive optical fibers [276-278]
In Chapter 2, we introduced a similar method, based on chirped fiber Bragg gratings.

[250]

In 2013, Liscidini and Sipe proposed stimulated emission tomography , which uses

a seeding beam to classically simulate SPDC, allowing the full reconstruction of the wave-



4.2 CHARACTERISATION OF A PARAMETRIC DOWN-CONVERSION SOURCE
USING A SEEDING BEAM 134

vector distribution of the down-conversion modes. For wave-guided sources, this method
can be easily applied to the simulation of the joint spectrum of photon-pairs. The simula-
tion has been implemented experimentally for an integrated PDC source 2™ resulting in a
characterisation with unprecedented spectral resolution.

In this section, we discuss seeded PDC, extending the measurement of joint spectra to
all transfer functions defined in the previous section and proposing an application for this

extension.

4.2.1 Seeded measurements

Seeding is modeled by a phase-space displacement applied to one of the two down-conversion
modes prior to the squeezing transformation. The displacement is described by the unitary

operator

ﬁi?f)d = exp(— /dw a(w) di(i) (w) — c.c.) , (4.41)

where a(w) is the spectral amplitude of the seeding light pulse. Introducing the squeezing
operator S , which produces the transformations given by Equation 4.20, we find the state

generated by seeded PDC (seeded in the signal mode):

A~

§ Dreed o) = § Heeed §1G10) = exp <— / dw a(w) Sl

(w)ST — c.c.> S10). (4.42)

An intensity measurement on this state has a contribution from the field displacements,
which is proportional to the seed amplitude, and a contribution from the spontaneous emis-
sion described by S |0). The former can easily be made many orders of magnitude higher
than the latter, which we can, therefore, neglect. The displacement given in Equation 4.42

is

® exp (/dw dw' o* (w) Us 4 (w, w") dz(w/) — c.c.) .

(4.43)

If the seed is a narrowband laser field, as modeled by a(w) — apd(w — wp), we find that

DFG(

the DFG signal at frequency ' is « wo,w') = —a§ Usi(wo,w'). Therefore, a spectrally
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resolved intensity measurement of the DFG signal produced by narrowband seeding yields
the distribution
IPFC (g, 0) ~ Jag|? |Us,i(wo, w') |, (4.44)

which, as discussed in Section 4.1.3, is proportional to the photon-pair joint spectrum.
In the signal mode, the displacement can be decomposed in two contributions, one from
the seed and one from the field produced by nonlinear optical frequency generation (the

factoring in two displacement operators introduces a global phase, which we ignore):

exp<— / do o () [Uss(w,o)]” a1 (o) —c.c.> _
:exp<— / dw a(w) ag(w)—c.c.> exp<— / dw dw' a(w) [UNF(w,w)]" al(w') —c.c.),

where US;IL) (w,w") = Us s(w,w')—d(w—w') is the part of the transfer function corresponding
to the nonlinear interaction. In order to distinguish these two contributions, we propose
two methods.

The first method we propose is to access the nonlinear signal generated in the seed mode
by performing a second displacement, which cancels the seed contribution. The final state
would then be modeled by D4t § Dseed |0} In an experimental setup, this can be effectively
implemented using the polarisation degree of freedom of the seeding field, assuming that
the PDC process is non-degenerate (phase-matching occurs at different frequencies for the
signal and idler). The method that we propose is to seed in diagonal polarisation, such
that one of the polarisations of the seed mode takes part in the nonlinear interaction,
while the other propagates freely, serving as a reference. The output of the source is then
analysed in anti-diagonal polarisation, such that the seed field is blocked, and half of the
intensity corresponding to the signal generated by PDC (with either horizontal or vertical
polarisation) is transmitted. Note that birefringence compensation must be used in order
to obtain high-visibility interference between the two polarisation modes of the seed, after
propagation through the nonlinear medium.

A complementary method for accessing the nonlinear signal generated in the seed mode
is to use a narrow-band seed. In this case, the nonlinear contribution can be separated from

the seed using an optical spectrum analyser (OSA), for all wavelengths outside of a small
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bandwidth occupied by the seed. In practice, this method requires both a CW laser source
and an OSA with a high dynamic range. This requirement may be relaxed by implementing

the polarisation method described above.

4.2.2 Application to self-referenced estimation of squeezing parameters

We now consider a single Schmidt mode, with the squeezing parameter (. The squezing
parameter can be determined by measuring the number of photon-pairs generated per pulse
by the spontaneous process. This can be calculated using Equation 4.40, and is equal to
sinh? (¢). The difficulty in measuring this precisely stems from the fact that the collection
(coupling and detection) efficiency must be determined first. In the weak squeezing regime,
this calibration can be performed using a scheme known as the Klyshko method[280-283]
which relies on the fact that SPDC photons are always generated in pairs. If a photon is
detected in one mode, this heralds the emission of a second photon in the conjugate mode,
providing a signal that can be then used to calibrate the collection efficiency. Extensions to
the Klyshko method that go beyond the single photon-pair regime have been proposed, using
photon number resolving detectors, and including the possibility of statistics generated by
multi-mode squeezed states[234-286]

Using classical simulation, by seeding the PDC process, we can detemine the squeezing
parameter using the seeded joint spectrum given by Equation 4.44. This requires estimating
the overlap between the seeding beam and the PDC modes. Our novel idea is to use the
signal generated in the seeded mode (corresponding to the transfer function Uy s or U; ;) as a
precise reference, which allows for the estimation of squeezing parameters that is independent
of any calibration for efficiencies or mode overlaps. We detail this proposal below.

Let us first note that the total intensity of the signal generated in the seeded mode
does not contain any additional information compared to the intensity of the DFG. This
is because the number of photons generated in the two downconversion modes must be
equal. We may gain some intuition on how this occurs for an arbitrary seed spectrum,
by considering a simple case with a single Schmidt mode. Let the corresponding spec-
tral distributions be the real functions vs(w) and ;(w), and let the seeding field spec-
trum be «(w), normalised such that [dw la(w)|* = 1. The DFG signal has the spec-

tral amplitude —(a |¢)5) sinh(¢);(w), where (¢ |a) = [dwip(w)a*(w). In the seeded



4.2 CHARACTERISATION OF A PARAMETRIC DOWN-CONVERSION SOURCE
USING A SEEDING BEAM 137

mode, the displacement generated by PDC (given by the transfer function Us(gL)(
Us.s(w,w)=d(w—w)), is (¢ |a) (cosh(¢) — 1) Ps(w). The total displacement (including seed)
is (1)) (cosh(¢) — 1) ¥hs(w) + a(w). Using [dwlihs(w)® = [dwlps(w)® = [dwla(w)]® = 1,

we can check that the total intensities of the generated fields in the seeded and unseeded

w,w) =

modes are equal:

[ 106 lad eosh(©) = 1vw) + @@ = [do la@* = [dw (0 fodf? fsinh O]

(4.46)
In the first term on the left-hand side of this equation, we see that the coherent interplay
between the seed field and the signal generated by PDC plays an important role in defining
the output of the seeded arm. In particular, if we take a narrowband seed, the intensity of
the broadband signal generated by PDC is proportional to (cosh(r) — 1)2, at all frequencies
apart from the seed frequency. Furthermore, just enough light is generated at the seed
frequency as to make the total intensity equal to that of the DFG signal. We can use
the ratio between the intensity of the broadband PDC generated in the seeded arm by a
narrowband seed and the DFG intensity, which is proportional to sinh?(¢), to determine the
squeezing parameter, (. Both the DFG signal and the frequency generation in the seeded
mode are linearly dependent on the overlap between seed and down-conversion mode and on
the losses that occur at different steps in the setup. Therefore, we can use their ratio with no
prior efficiency calibration, to determine (cosh(¢) — 1)?/sinh(¢)? = tanh(¢/2)?. This is why
we describe our proposed method as being self-referenced. The optimal sensitivity given by
d/0¢ tanh?(¢/2) occurs for sinh?(¢) = 3, and more than half of the optimal sensitivity is
achieved for 0.3 < sinh?(¢) < 500.

Of course, for the general case of a spectrally multi-mode PDC source, the contributions
of different Schmidt modes overlap in the measured signals. We thus propose and present
an implementation in the following section, which measures the full transfer functions by
scanning the narrowband seed. We suggest that these functions can then be fitted to a
model, using the theoretical tools developed in Section 4.1.

A practical issue is that the collection efficiencies for the two down-conversion modes,
Ns()» can differ slightly. However, if we perform the seeded measurements for each of the two

modes, the efficiencies contribute factors of ns/n; and n;/ns, respectively, to the relevant
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ratios for our estimation. Therefore, taking the geometric average of the results obtained
for the two cases, we can eliminate the effect of differential loss. A special role is played
by loss in the nonlinear medium, which affects the seeded and spontaneous processes differ-
ently. However, the transmittance of nonlinear crystals is high enough for this effect to be
negligible. In our implementation, presented in the following section, the transmittance of

the nonlinear wave-guides is > 98% 1275,

4.3 Preliminary experimental results

Here, we present a measurement of all four transfer functions defined and discussed in the
previous sections, for a pulsed PDC process, in a wave-guided ppKTP type-II source. The
interpretation of these experimental results is work in progress. We only discuss the results

here, and present the future objectives of our work.

4.3.1 Experimental details

We use a source engineered to produce nearly-degenerate signal and idler at telecommunic-
ation wavelengths (~ 1550 nm). The nonlinear medium is an 8 mm ppKTP chip purchased
from ADVR, made from a z-cut wafer (the z direction is depth, while x is the propagation

276]  The waveguides

direction), with waveguides written using a proton exchange process!
are roughly 4 pm X 6 pm in cross section. The periodic poling has a spatial period of 104 pm.
The chip output is AR coated for 1550 nm.

We pump the source using a mode-locked Ti:Sapphire laser (Coherent Chameleon), with
central wavelength 783 nm and 8 nm bandwidth, which we filter using two bandpass thin-film
filters (Semrock LL01-785-12.5) to a bandwidth of 1.9 nm. We pump the ppKTP chip in the
H polarisation, with pulse energy 100 pJ. We used a pulse characterisation device (APE LX
Spider) to ensure that the pump pulses are Fourier-transform limited, minimising spectral
chirp with a dispersion compensation setup. The signal is generated in the H polarisation,
with the central-wavelength at 1548 nm, and the idler, in V polarisation, with the central
wavelength at 1583 nm.

After many iterations, we converged on a simple setup for measuring the seeded PDC

signal, scanning a CW seed and resolving the output using an OSA. We do not use both

polarisations of the seed, as described in Section 4.2.1, because we found that a secondary
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phase-matched process overlaps with the signal and idler at our chosen wavelengths. This
additional process generates V polarised light at 1548 nm and H polarised light at 1583 nm.
It is due to a higher-order spatial mode for the pump, with a different effective refractive
index. We find that the specifications of our equipment are high enough to allow us to

perform all measurements with a simple setup, which is depicted in Figure 4.3.

CW fiber laser Optical
1550 nm spectrum
Polariser
Ti:Sapph =
783 LLBLRLRLRL] _
" ——(]] - N
ANRNNANNnNien
Bandpass wave-guided Polariser
filters pp-KTP

Figure 4.3: Experimental setup for seeded PDC measurements. We pump the ppKTP source with
a mode-locked Ti:Sapphire laser and seed the process with a continuous wave fiber laser. We analyse
the PDC signal using an OSA.

For seeding, we use a fiber laser (Yenista Tunics T100S-HP), with tunable wavelength,
between 1500 nm and 1680 nm. The laser has a very high spontaneous noise suppression, of
over 100 dB (measured over a bandwidth of 1 nm). The seed power was ~ 2.5 mW, inside the
waveguide. The OSA (Yokogawa AQ6370D) has an excellent dynamic range of 78 dB over
1nm, ensuring that the weak PDC signal in the seed arm (< 1nW) can be distinguished
from the seed (2.5mW). The OSA is blinded by the seed over a bandwidth of 1nm. We
simply interpolate the spectrum over this region, after performing background subtraction,

as illustrated in Figure 4.4.

4.3.2 Seeded measurements

Figure 4.5 shows the main experimental results of this Chapter. It depicts a seeded meas-
urement of all broadband PDC transfer functions defined in Section 4.1.2 (absolute-squared
values). Panels (b) and (d) illustrate the transfer functions obtained by DFG, commonly as-
sociated to the joint spectra of photon pairs. These transfer functions resemble the example
illustrated in Figure 4.5. As discussed in Section 4.1.3, two factors can be distinguished:
the pump and the phase-matching functions, with the latter displaying characteristic os-

cillations. Panels (a) and (c) illustrate the PDC signals measured in the seeded mode,
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Figure 4.4: Example of a PDC spectrum measured in the seeded mode (orange), the background
signal, taken with the pumped blocked (blue), and the spectrum after interpolation over the band-
width blinded by the seed, and smoothing (black, dashed).

corresponding to the nonlinear terms in the signal-signal and idler-idler transfer functions.
To our knowledge, these have not been measured before.

Our aim is to fit all measurements using the theoretical tools developed in Section 4.1,
which will allow us to determine the absolute scale for the transfer functions. However,
the measurements depicted in Figure 4.5 do not straight-away match our theoretical model,
which suggests that an assumption made in our derivation does not correspond to the
experimental setup. As an example, we depict, in Figure 4.6, the profile of the phase-
matching function that corresponds to the joint spectrum depicted in panel (b) of Figure
4.5. For comparison, we display a sinc function, which should approximate well the profile
of the phase-matching function according to our theoretical model. The data deviates
significantly. This is due to a small, unwanted variation of the poling period and duty
cycle along the wave-guide of our source. Our future efforts will concentrate on including
this imperfection in the theoretical model and, at the same time searching for a different
wave-guide, with a smaller deviation from the ideal poling.

The interpretation of the measurements presented in Figure 4.5 will be thus addressed in
future research. As a rough preliminary analysis, we have performed singular value decom-
positions for all measured transfer functions (after taking the square root). We found that
the principle eigenvectors are well overlapped, as illustrated in Figure 4.7, which suggests
that the data agrees with the decomposition given by Equation 4.39. The ratios between
the largest singular values corresponding to the transfer functions measured in the seeded

arms and those corresponding to DFG suggest a squeezing parameter of ~ 0.8. This value
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Figure 4.5: Measured transfer functions describing frequency generation in broadband PDC. (a)
signal-signal, (b) signal-idler, (c) idler-idler and (d) idler-signal. The white dashed lines indicate the
width of the diagonal region over which we interpolated the spectra, as the OSA was blinded by the
seed.

falls in the expected range, which we can can check by estimating the squeezing parameter

based on the DFG efficiency and APD count rates for the spontaneous process.

4.4 Summary and outlook

In this chapter, we presented a new experimental tool for the characterisation of broadband
PDC sources which relies on a classical simulation method based on DFG. We described and
analysed the broadband signal generated by PDC in the same mode as a seeding beam, link-
ing it to the transfer functions describing the mode transformations of broadband squeezing.
We determined that the intensity of this signal scales with the squeezing parameter in a dif-
ferent way than the DFG, and proposed an application in determining squeezing gain that

does not require any calibration for efficiencies or mode overlaps. The method that we have
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Figure 4.6: Measured phase-matching profile (orange) and, for comparison, a sinc function (dashed
black line), as indicated by the theoretical model. We simply chose the sinc parameters such as to
fit the main peak of the measured profile.
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Figure 4.7: Principal eigenvectors of the measured transfer functions. These are obtained by
performing a singular value decomposition of the square root of the measured transfer functions. The
eigenvectors depicted in orange are determined from the PDC signal measured in the seeded mode,
and those depicted with dashed black lines are determined from the DFG. (a) and (b) correspond to
input modes, while (c) and (d) correspond to output modes. (a) and (c) correspond to idler modes,
while (b) and (d) correspond to signal modes. The fact that these eigenvectors have similar shapes
is a very rough indication that the experimental data corresponds to the expected decomposition of
transfer functions given in Equation 4.39.

presented can be extended to the characterisation of bulk sources, where mode overlaps are
more difficult to estimate.

Using a wave-guided PDC source, we measured all PDC signals generated by seeding.
Our experimental results do not fit well with the derived theory. The disagreement is due to
variable phase-matching conditions throughout the waveguide, but other effects could also

play a role. By explaining the measured data, we will certainly gain new insights into the
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workings of PDC sources. In this sense, the new type of measurement introduced here offers

a useful experimental handle, making it a promising avenue of research.



Chapter

Conclusion

Through our research leading up to this thesis, we implemented three novel experimental
approaches to optical quantum measurements.

In Chapter 2, we described the implementation of a phase estimation scheme that com-
bines two-mode interferometry with double-homodyne measurement. We demonstrated its
accuracy over the full 27 range of the estimated phase value, without implementing any
adaptive phase technique. Our analysis showed that the estimation precision in the exper-
imental realisation deviates by 5% from the fundamental limit (taking the finite efficiency
into consideration). While, in principle, it is possible to use this scheme together with non-
classical interference in order to beat the shot noise limit, the required efficiencies are rather
prohibitive. However, we demonstrated an interesting effect: that single-photon probe states
can, for the same measurement, achieve better precision than weak coherent states. This
is, in some ways, similar to the case of absorption estimation, where single-photon probes
provide enhanced precision compared to classical light. The implication is that nonclassical
signals can prove useful, even in the absence of nonclassical interference. Our findings may
find applications in optical communications and imaging based on phase measurements.

Through our realisation of a photonic Maxwell’s demon, presented in Chapter 3, we put
forward experimental quantum optics as a testing platform for information thermodynamics.
Future work is likely to concentrate on introducing nonclassical effects in setups that are
similar to the one presented in this thesis. Our hope is that future research will also explore
the implications of the information theoretic bound derived in this work. This result can be

interpreted quite generally, as a relation between the information acquired about a system
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and the extent by which that system can be perturbed (steered).

In Chapter 4, we presented an extension to the stimulated emission tomography method
for the characterisation of parametric down-conversion sources. We reported experimental
data corresponding to all four transfer functions that define the broadband mode trans-
formations of a parametric down-conversion process. While the experimental results are
somewhat difficult to interpret at the moment, we are confident that further analysis will
shine some light on the subtleties of broadband parametric down-conversion. In this sense,
the new type of measurement that we have described here will be a useful experimental tool.

Throughout the research presented in this thesis, we have highlighted the versatility of
quantum optical measurements. We have shown that, by combining contrasting aspects of
the electromagnetic field, we can obtain new experimental tools for the characterisation of

optical processes, and advance towards practical and fundamental applications.
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Appendix A

Fisher information for double homodyne
detection

In Section 2.2.2, we discuss phase estimation using a double homodyme detection scheme.
In Equation 2.55, we find the following expression for the Fisher information:

F(pg) = /TdeSO (Oppo(r, /p¢> (r,¢) /TdeSO (2%\/%(7’7 80)>2= (A1)

with
" 2
Z el (n/2=1)(6—2¢)
" A2
sf"><r>=ﬁ<z D(r)\n—1> o
r2 . :
= V2 [Vl [V =)l e (=) 2L ),
For path-symmetric states, we have ; = 1 _, e~ 2X0, Let us write ¢; = |[]e! ¢50>. Introdu-

cing this in Equation A.2, and using 51-(”) (r) = ffln_)i(r), we obtain

p¢(7‘, 90) =

2
ZW’ 1€ () [1(n/2 D)(6-2¢)—x0+4." ) L —i (n/2-1) (0—20) - XO+¢§°))H
o !

2

= LIS €0 cos (/2 - (6 - 20) - x0 + 6°)

=0

(A.3)

The expressmn inside the modulus is real. For a real function g(z), we can write

[3 \/|gi } . We thus have
2
[2 s/ po(r, 0 ] = [Z il € () (n/2 = i) sin ((n/2 = 0)(6 = 2¢) = x0 + ¢§°’)] .

(A4)
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Let us define x; = (n/2 —i)(¢ — 2¢) — xo. We now expand the sum in Equation A.4,
P2y () (1 )
200 /nelro)| =2 2 170D €70) (/2 - /2 = sinG)sint). (45)
i,j=0
Introducing this in Equation A.1, we can simplify the integration using

2
dy sin(x;)sin(x;) = m6;j — 7 6in—y;

0
00 " 2
/0 rdr {fz( )(r)} =1.

/ rdrdyp <2 g/ (r, so>>2 = 4§nj [il*(n/2 — 0)*. (A7)
=0

(A.6)

This yields



Appendix

Predictions for the effect of the demon’s
measurements

Here, we calculate the effect that the measurement introduced in Chapter 3 has on a mode
in a thermal state. These calculations are used for the theoretical predictions depicteded in
Figures 3.6 and 3.8.

B.0.1 Effect of a lossy measurement

Let the beam splitter that implements this measurement have transmittance T and re-
flectance R = 1 — T and let n be the efficiency of the avalanche click-detectors. A single
mode thermal state can be written (1 — X\) >, A|i) (i| in the photon number basis, where
A = e W/T)  The second input to the beam splitter is the vacuum. The beam-splitter
transforms the creation operators corresponding to the two input modes, a' and BT, according
to the linear transformation: a' — /7T a4V R BT; bt — VT I;T—\/R al. Thus, the transformed
input state is: p = Ups[(1 — A) 30, A [d) (i] @ [0) (0[] U, = (1=X) 32, X Uis |d) (i[2]0) (0] T,

where

- - (ah)’ 1
Ubs |Z>®‘O> = Ubs \/;' ’00> = ﬁ

;< ; )\/1;' (ﬁdL)iik (ﬁbT>k|00> :; < ; >TikRk i — k) |k).

The state after the beam-splitter is

==Y )\\/< ; > ( lz ) T2-kK RE | ) (i~ K K|, (B.2)

ik’

(VT al + VR 00) =

(B.1)

The effect of the measurement performed by an avalanche click-detector is described by two
sets of measurement operators grouped according to the two possible outcomes. We denote
the outcome with no photons detected m = 0. This outcome is registered if there are j
photons in the incident mode and all of these are lost without producing an electrical signal.

The measurement operators describing this possibility are {M ](0) = (1—n)15) (| ‘ Jj> 0}.
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The measurement operators corresponding to the possibility that there are j photons that
do produce an avalanche (m = 1) are {M](l) = (1—(1—n)) |5 ] ’j > 1}. The probabil-

ity of the first outcome is p(® = Tr[p > M;O)] = (1= N < > Tk (1 —n)R)* =

ﬁ. The average number of photons in the updated state corresponding to this meas-

urement outcome is n(® = Tr [,E) (ﬁ @Y g M;O)ﬂ /p(o) where 7 is the number operator,

which yields n(® = Tml’\ 5+ Noting that the expected number of photons in the

initial state is ny, = ﬁ and approximating 7" — 1, we get n© = p(o)nth. The probability
of the second outcome is p) = 1—p© and using the fact that the expected average number
of photons after the measurement must be pOn(® 4+ pMpM) = Tny  we get (using ' — 1)
n® = (14 p)ng, = (2 — pV)ng.

We have shown that, given high T', the expected number of photons in the states filtered
according to the outcome of the demon’s measurement is a simple function of the measure-
ment’s outcome probabilities, even when the implementation is based on lossy detectors.
Moreover, these probabilities can be tuned by changing the efficiency n just as well as by
changing the reflectivity R.

B.0.2 Energy imbalance between the two light modes produced by
feed-forward

We can now calculate the expected photon number difference between the two thermal
light modes when these are swapped according to outcomes of the measurement discussed
above, performed on both modes. We denote p( ) and pél) the probabilities for photon
detection to occur in the two modes respectively. The average difference of photon number
in the two arms has the following contributions: when neither detector fires, the average
photon number difference is (pgl) — pgl))nth, with probability (1 — p( ) )(1 pgl)); when
only the first detector fires, (—1 +p (1) - pgl))nth with probability pg )(1 - pé )) when only
the second detector fires, (1 + p(l) p(l))nth with probability (1 — m)pé )7 and when both

detectors fire, (p; @ _ pé ))nth with probability pg JpiY. To obtain the average photon number

difference taking into account the controlled Swapplng of the two modes, we add-up these
contributions with either a plus of a minus sign. The resulting expression has a maximum
value, (n)2 —(n); = 16/27(n)o obtained when the modes are swapped in the second instance

of the above enumeration and for photon detection probabilities pgl) =2/3 and p(21) =1/3.

B.0.3 Non-disturbance condition applied to the APD measurement

We now show that the non-disturbance condition introduced in Chapter 3,

SN i) A
Z p(mli)

~>

(B.3)

holds for our measurement setup where {M,Em)} are the measurement operators corres-

ponding to measurement outcome m. We refer to this as a non-disturbance condition due

S M) T : s
to the fact that S0mll) is the normalized state after the measurement, given input
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state |#) (i| and output m. The relation in Equation B.3 thus holds straight-forwardly for a
measurement that does not disturb the initial states (a course energy measurement). Here,
we consider this relation for an idealized, lossless measurement (n — 0). Above we showed
that the experimental implementation is equivalent to this model.

Let us start with the measurement outcome corresponding to no photons detected (m = 0).
When this outcome is recorded given the input state i) (i|, the input is left unchanged: if
no photons were detected in the reflected arm of the beam splitter, all photons must have
been transmitted. Therefore, the condition stated above holds for m = 0. In the case of the
outcome corresponding to a photon detection (m = 1), the situation is not as simple. Using
the expressions above, we can write the measurement operators acting on the input thermal
modes, describing the detection of k photons in the reflected port of the beam-splitter:

My, =Y, \/(;)Ti*k(l —T)¥|i — k) (i| with T the beam splitter transmittance. The prob-
ability of outcome m = 1 when the initial state is |i) (i| is 1 — T? (with probability 7% all
photons are transmitted and the measurement outcome is m = 0). We thus have

(1)t
ZZk (|Mk ZM"C’ \Mg/(l—Ti):

) i,k>1

> (k> THI“ Foi-we-n= 3 ()

ik>1 ik>1

We can bound the coefficients of |i) (i| from above using

1 < 1
1 —Titk — 1 — Titl

i+ k\Ti(1—T)* i+ k\TH(1—T)* (B.5)
Z( k >1(_T+/2§Z< K )1<_Ti+2:1/T

k>1 k>1

=

and from below, using the first term of the sum (all terms are positive):

(RS ()RR )

k>1

As T — 1, the limit of both the upper and the lower bound is 1. This shows that

21 M
T*)lz :

so for high transmittance beam splitters, the non-disturbance condition applies approxim-
ately, up to an error of the order |1 — T|.

1) VAl
M .
‘ > < | M, =1, (B.7)

B.0.4 Computation of the expected mutual information

Here, we calculate the average mutual information characterizing the demon’s measurement.
We show that for high transmittance 7' ~ 1 of the measurement beam-splitter and high
average photon population of the initial states, this quantity depends only on the photon
detection probabilities.
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The average mutual information is

1= p(m,i) (log(p(m|i)) — log(p(m))) (B.8)

m,i

where we use the same notation as above. The probability distribution of the initial state is
p(i) = (1—e B™M)e=BMwi where fuw is the single photon energy. For high average occupation
number, the distribution over ¢ is smooth and we can convert the sum to an integral. We
introduce the variable x = 8 hw .

m = 0 corresponds to the no-photons-detected outcome and m = 1 corresponds to
the photons-detected outcome. Here, we denote the probability of the m = 1 outcome
by €. We have for the joint probability of the initial state and measurement outcome
p(0,i) = (1 — e ™) (1 — Ry)le ™ and p(1,i) = (1 — e P™)(1 — (1 — Rp)")e Pwi,
Converting this to a probability density in terms of the new variable z, we get P(0,z) =
(1 — e M) (1 — Rp) 7 e~ and P(1,2) = 5 (1 — e #™)(1 — (1 — Rp) 7% )e~*. For
B <1, ﬁ%(l—e_ﬂ fw) & 1, so we can write P(0,z) = e°® and, since 1—£ = [ P(0,2) dx =
Jo e dr =1, we get ¢ = %_5 Finally, we have

1

P(0,2) = T

e (B.9)

P(l,z) = (1 —e 1*€m> e
and we see that these probability densities only depend on &. We can now compute the
mutual information in the limit of high occupation numbers and high beam-splitter trans-

mittance, using p(0]z) = ¢ T and p(1|z) = 1 — e TE%
I= [ P(0.2) log(p(0}2)) ~1og(1 - §)] + P(L,2) log(p(1]2)) ~ log(€)] d =
/ e T (g /(1 — £)z — log(1 — £)) dut (B.10)
/ (1 . e—%sff) et (log(l _eTEY) - log(f)) dz.

These integrals have an analytic solution, but this is a complicated expression, which we
use only for plotting the bound in Figure 3.8.

B.0.5 Effect of multi-mode thermal statistics

The statistics of the light produced in our setup is not exactly that of a single-mode
thermal state, which is indicated by the estimated second order autocorrelation function,
g(2)(0) ~ 1.9. When the thermal light has k£ independent modes, the expected second order
autocorrelation is g(*(0) = 14 1/k. In the multi-mode case the average number of photons
after the demon’s measurement is different from that obtained above, for the single-mode
case. Let the input state be a mixture of £ thermal modes. We denote the probabilities of
the detection outcomes when only one of the k thermal modes is probed {5 0) ¢ (1)} and the
probabilities of the detection outcomes when all £ modes are probed {p(o)(k:), p(l)(kz)}. We
denote the expected photon number in the initial state ny, (k) = kng where ng is the number
of photons per mode. The probability for the detector not to fire when k modes are measured



is p(o)(k‘) = (5(0))k. Using the derivation above, we know the average number of photons

1
created by this outcome: n(0 (k) = £Okny = (p(o)(k:)) * nin(k). The average energy is ap-
proximatively conserved by the measurement (7' — 1): p(@ (k)n(® (k) +pM (k)n™ (k) = ny,.

Using this we can also find the average number of photons corresponding to a photon-
k+1
1-(p©) F

D nth(k)'

detection outcome: nM (k) =
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