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Abstract

The main purpose of this thesis is to prove a priori error bounds for the standard con-
tinuous piecewise linear finite element approximation of a semilinear elliptic problem with
a singular nonlinearity which occurs in nonlinear elasticity and a semilinear degenerate
parabolic problem modelling fast diffusion.

The elliptic problem can be stated as follows: Given v € Ry, find u > 0 such that

— AR = cups i Sui=10onl a0,

where  C R¢ with sufficiently smooth boundary, d = 1, 2 or 3, and ¢ > 0 in Q. Although
this problem has been studied in the literature from an analytical point of view, we are
not aware of any finite element error analysis on it. We prove H! and L* error bounds for
the standard Galerkin finite element approximation with a (weakly) acute triangulation.
Our bounds are nearly optimal. In addition, for d = 1 and 2 and ¢ € Ry we analyse a
more practical scheme involving numerical integration on the nonlinear term. We obtain
nearly optimal H' and L* error bounds for d = 1. For this case we also present some
numerical results.

The parabolic problem modelling fast diffusion is to find u such that

dip(u) = Au+f in Qr:=2x(0,7], u=0 on 92 x (0,77,
p(u)(-,0) = o(g(-)) in Q,
where Q is convex polyhedral in R%, d = 1, 2 or 3, ¢(s) := X sign(s) |s|? with A > 0 and
p > 1 and f, g given. There is a vast literature on the singular (i.e. p < 1) form of the
given problem, which models slow diffusion. Considerably less work has been done on the
degenerate case, p > 1. We are aware of only one article which proves an error bound for
a fully practical Galerkin scheme; and this only for d = 1.

We prove L? error bounds for the standard Galerkin finite element approximation in
space and backward Euler time discretization. Our bounds hold for d = 1,2 and 3. In
addition, we analyse a more practical scheme involving numerical integration in space on
the nonlinear terms and derive error bounds for the fully practical method. Our bounds
improve on those in the literature both in terms of the order of convergence and in terms
of the size of the time step required for the computation. After that we include an
adaptation to our setting of a novel but abstract approach given by Rulla for the analysis
of the backward Euler method.

We also deal with the finite time extinction property which distinguishes the fast from
the slow diffusion equation and its appropriate numerical treatment via Le Roux’s method.
Numerical results for both the backward Euler and Le Roux’s method are presented for d =
1. We conclude this thesis with a brief look at linear schemes deriving from extrapolation

and relaxation.
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Some Preliminary Remarks

As can be seen from the Contents this thesis consists of two fairly large chapters
subdivided into a number of sections and subsections. Both chapters are organised in the
same way: starting from the analysis of a singular/degenerate partial differential equation
via regularization we proceed to the analysis of finite element discretizations and conclude
both chapters with numerical experiments. Our main results are called Theorems and
auxiliary results are called Lemmas. Theorems, Lemmas and main Definitions are labelled
according to chapters, e.g. Lemma 1.5 denotes the fifth Lemma in chapter 1.

Next we point out that the two chapters were written so that they can be read in-
dependently of each other. Although this may have slightly increased the total number
of pages, it should also have increased the legibility. For the same reason our formulae
are labelled according to sections within the two chapters. The number of the chapter is
omitted in the numbers of the formulae, e.g. (3.2) denotes formula 2 in section 3 of both
chapter 1 and chapter 2. As there is no cross-referencing between the two chapters no
confusion will arise.

Finally, we remark that throughout this thesis we use standard notation unless other-
wise specified. In particular, the notation concerning the classical function spaces, Le-
besque and Sobolev spaces and their associated (semi)norms can be found in [11], and the

notation concerning the parabolic spaces in chapter 2 can be found in [48].

10



Chapter 1

A Semilinear Singular Elliptic
Problem

1.1 Introduction

Let Q be a bounded, connected domain in R¢, d = 1,2 or 3. The boundary 9 is assumed
to be C%2. We consider the following problem:
Find » such that v > 0 in Q, v = 0 on 9 and

(P) — Au=c(z)f(u),

where we will assume that f(s) := s7,» > 0 and c is a non-negative, bounded and
measurable function.

Applications of (P) can be found for » = 1 in fluid mechanics [10] and for v = 2 in
nonlinear elasticity [19]. The kind of singular nonlinearity which occurs in (P) has been
considered by several authors (e.g. [12], [13], [21], [27], [42] and the references therein)
from an analytical point of view. The weakest assumption on ¢ to exclude the Laplace

equation (with solution u =0 ) for (P) is
(A1) ¢ >0 a.e. and meas{z € Q: ¢(z) >0} > 0.

In fact, del Pino [13] has proved that under (Al) and 9Q € C? and for all v > 0 there
exists a unique function v € C17(Q) N C(Q) for all v € (0,1) which satisfies (P) in the

following weak sense: u > 0 in ©, v = 0 on J€2 and
(WP) /Vu-Vd)da::/cf(u)d)dx Vo € C5° ().
Q Q

In fact, u € C?P(Q)NC(R) and thus is a classical solution of (P), if one also assumes that
c € CP(Q) for a B € (0,1) (cf. our remark after Lemma 1.5). This is in accordance with

[42] where the existence of positive solutions of generalisations of (P) is proved.

11
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Under the assumption
(A2) There exist constants a > 0 and M, m > 0 such that
m [dist(z,0Q)]* < ¢(z) < M [dist(z, 0Q)]* a.e. in Q.

Gui and Lin ([21], Theorem 2.1) have shown the following boundary behaviour of u:
(i) If v <1+ a, then there exist A\, A > 0 such that

Md(z) <u(z) < Ad(z) forallz € Q; (1.1)
(i) If v = 14 «, then there exist A\, A, D > 0 such that

1

Ad(z)[D - In d(a:)]lw“;" <u(z) < Ad(z)[D - Ind(z)]™> for all z € Q; (1.2)

(iii) If » > 1+ «, then there exist A, A > 0 such that
Ad(2)]5 < u(z) < A[d@)]F  forallz € Q, (1.3)

where we have used the notation d(z) := dist(z,09). As a consequence of Remark 2.2
in [21] we have that the lower bound of (A2) is not needed to prove (1.1). On using the
inequalities (1.1) — (1.3) Gui and Lin [21] were able to show that
(i) If v <1+ @, then
v e CH(Q), (1.4)

where vy =1+ a — v, if @ < v and ¥ may be any number in (0, 1), if v < o3
(ii) If v =1+ a, then
u€C(Q), forallye(0,1); (1.5)

(iii) If v > 1 4+ «, then

24«
1+4+v

u€C(Q), wherey= g (1.6)

see Theorem 1.1 in [21].

In this chapter we prove H!(2) and L*°(Q2) error estimates for a finite element appro-
ximation of (P). The outline is as follows. In section 2 we consider a regularized version
(P:) of (P) which we obtain by replacing f by a non-singular function f., and bounds for
the regularization error are shown. In our analysis we will use the inequalities (1.1) - (1.3)

to show the following property of u:

/ cf (u)ut dzi<iCRe?, (1.7)
0<u<e

where p and o depend on v in (P) and « in (A2). (1.7) is the basis for our H!(Q)
regularization bounds. In section 3 we will consider a second method for the regularization

of (P) and compare its properties with the one from section 2.
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In section 4 we discretize (P.) by applying a Galerkin approximation using continuous
piecewise linear functions. For a = 0, H!(Q) and L*°(Q) error estimates will be proved,
the latter by adapting a technique first introduced by Nochetto [32] for a semilinear elliptic
problem with a free boundary. In section 5 we take into account the effect of numerical
integration which is important in practice. However, we will only deal with the case ¢ =
constant. Finally, we present some numerical results for d = 1 in section 6.

In order to use the inequalities (1.1) - (1.3) and u € C*P(Q) NC(Q), we will make the

following assumptions throughout this chapter: There exists a constant o > 0 such that

ce€ CP(Q) for some B € (0,1);

m[d(z)]* < ¢(z) < M [d(z)]* for some M, m > 0 and all z € Q;
veRy:={teR:t>0}

Q€ C?

A(a)

holds.

1.2 Regularization

1.2.1 The Regularized Problem

We now introduce a regularized version of (P).

Find u, such that u. = 0 on 92 and
(P.) = Aug=rc(z)ifs(uz)infRr

where for e > 0

fe(s) < f(s) Vs € (0,e) and (2.1)

and from (2.2) it follows that Va,b € R,

v 6u+1

e [a = b)* < [fe(a) = fe(B)][a -] < —

[fe(a) = f(0)) < 0. (2.3)

v

Definition 1.1 u. is a weak solution of (P:), if ue € H}(Q) is such that

(WP,) /QV’LLE -Vode = /che(ue)v dz Yv € Hy(Q).
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In order to establish existence and uniqueness of a weak solution to (F.), we define an
operator A, : H}(Q) — [HL(Q)]* by

(Aev, w) ;:/Vu-vwdx—/cfe(v)wdz VU,’(DEH&(Q).
Q Q

It is easy to see that f.(v) € L?(RQ) for all v € H}(R2), and that A.v is a linear functional
on H} (). We note that for all vy, vs, w € Hg(9),

[(Aevs — Aevy, )] < /ﬂ IV (01 - v2) - V)| da + /Q elfa(vr) = fu(v2)]0] da
< |IV(v1 = v2) oo IVwllon + Cll fe(v1) = fe(va2)llo llwllo,n
< CE) llvy = vallralwlig, (2.4)

where we have noted the Mean Value Theorem and (2.2).

Obviously, (W P.) is equivalent to the operator equation
(OP.) Axu.=0 in[H}(Q)]'=H(N).

Lemma 1.1 For alle > 0 there ezists a unique solution u. to (OP.) and hence to (W F).

Proof. H}(f) is a separable and reflexive Banach space. We show that A, is a strictly
monotone, coercive and hemicontinuous operator. The assertion then follows from the
Browder-Minty-Theorem (cf. [49], p.557).

The (hemi)continuity of A, is an immediate consequence of (2.4), which implies that
|A:v1 — Acva|lgr-1(q) < C(€)llvr — v2ll1,0. Furthermore, for all vy, v, € H}(2) we have
that

(Acvr — Acvg, vy — v3) = |vg — va|f g — /Qc[fs(vl) — fe(v2)][v1 = va]dz > Cllvr — wo|l} g,

where we have noted Poincaré’s inequality and (2.3). Hence, A, is strongly monotone.
Since strong monotonicity implies strict monotonicity and coercivity (cf. [49], p.501), the

proof is complete. [ |

Since we assume that A(a) holds, elliptic regularity and Sobolev embedding yield that
for all p € (1,00) and v € (0,1),

ue € WHP(Q)NCHP(Q) N CH(Q).

In particular, u. is the unique solution of (F:) in the classical sense.
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To derive further properties of u., we recall the following maximum principles:

The Strong and the Hopf Maximum Principle (cf. Theorem 3.5 and Lemma
3.4 in [17]): Suppose that w € C?(Q) N C(Q) satisfies Lw = —Aw + o(z)w > 0 in Q and

0<o<C inQ. (2.5)

(SMP) If w > 0 on 0%, then either w =0 or w > 0 in Q.
(HMP) Ifw=0o0ndQand w#0in Q, then 22 < 0 on 9N (provided g—“—’ exists),

on n

where n is the outward unit normal. to 99.

Lemma 1.2 Assume A(a) holds. Let u and u. be the unique solutions of (P) and (P.)
respectively, and €9 > 0 be arbitrary. Then we have for all € € (0,¢¢) that

Q<R Rusi<tngimn CIN (2.6)

Proof. Firstly, for all € > 0, u. satisfies
—Auc(z) = cfe(ue(z)) >0 Ve eQ.

Hence, u. #Z 0 in Q. It follows from (SMP) (with ¢ = 0) that u. > 0 in Q. To prove the
last inequality in (2.6), let w. = v — u.. On subtracting (P.) from (P) we obtain that

0=-Aw, — c[f(u) o fe(us)] SisAW = c[fe(u) = fe(us)] in 2,

where we have used that f(s) > f.(s) Vs > 0. The Mean Value Theorem and (2.2) yield
that
—Awe + o (z)we >0 in Q.

Note that (2.5) holds for o.. Now (SMP) yields that either w. = 0 or w, > 0 in Q. On
noting that ¢ > 0, w, = 0 implies that

f(u) = fe(u) in Q. (2.7)
But, from (1.1)—(1.3) we obtain that
u(zil=ey (2.8)

if z € Q is close to 9. Since (2.8) contradicts (2.7), we conclude that v > u.. Noting this
result and that f.(s) > f.,(s), Vs > 0, the inequality u. > u., can be proved similarly. m
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Note that the above proof did not use the upper bound in the second assumption of
A(ca). The lower bound however, was used on noting that ¢ > 0 in Q. In fact, the next
Lemma shows that u. can be identically equal to u, if we replace the second assumption
in A(a) by

c>0 in Q.

With all the other assumptions of A(a) still in place we denote the altered set of assump-

tions by Ap.

Lemma 1.3 Assume Ag holds. Let u and u. be the unique solutions of (P) and (P.)
respectively. Let N, :={z € Q: u(z) < e and 0 < c(z)}. Then

ve=u inQ) < N,=0.

Proof. We first prove “=>". Assume that u. = u in Q. Then, by subtracting (F:) from
(P) we obtain that

0=c(z)[f(u(z)) - fe(u(z))] VzeQ,
from which the result follows as u(z) < € implies that f(u) > f.(u). Now, we prove “<=".
Assume N, = (). As in the proof of Lemma 1.2 we obtain for w. = u — u. that either

we = 0 or w, > 0 in Q. On the other hand, by our assumption N, = @) and the definition
of f. we obtain that

0 ,ifu<e
—Aw, =c[f(u) — fe(us)| = <0 2.9
Jpcy {C[fe(U)—fe(ue)], Hads )

as u > u, see (2.6). Now (SMP) yields that w, = u — u. <0, and hence u = u,. ]

To illustrate the last result: if v < 1+ @, it follows from (1.1) that u > &¢ in Q\Q%‘Q_

for a given €9 > 0, where

Qsi=8{zleiOd (z)h<ton "
Hence we obtain from Lemma 1.3 that u. = u for all € € (0,&0] if ¢ =0 in Q%.

To resume our main line of argument — which is to prove that u. converges towards
u as € =& 0 — we need a further technical result. From (1.1)—(1.3) it follows that u is

growing away from the boundary at least linearly. The same is true for w.:

Lemma 1.4 Assume A(«) holds. Then for all € > 0 there ezxists a Ae > 0 such that

Aed(z) < uc(z), VzeQ. (2.10)
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Proof. It suffices to show that there exists a § = 6(¢) such that
Asd(z) L uc(z), Yz eQs. (2.11)
For, if (2.11) holds, (SMP) yields that
Asd<u.  in Q\Qs, (2.12)

and (2.10) follows from (2.11), (2.12) and the boundedness of €.
Now, the (HMP) yields that there exists a § > 0 such that

Ou,
on

We choose & such that for all € Qj there exists a unique y(z) € 9 such that

< —f ondf.

d(z) = |z —y(z)|,
where the points 2 and y are related by
z =y - d()n(y) (2.13)

see [17], p.355. Let § < & be such that for any z € Q;,

Ou. B
a5 (2.14)

2
On noting (2.13) it follows from (2.14) that for any = € Qs,

1) gy
w@)= [ (= enls)) de > Hd(o).

LSTESY

Since z is arbitrary, we obtain (2.11) with As := ]

Note that analogues of the lower bounds of (1.2) and (1.3) however cannot hold for u,,
since u. € C1(Q).

Lemma 1.5 Assume A(a) holds. Let u and u. be the unique solutions of (P) and (P.)
respectively. Then

lim ||u — ue||o,co,0 = 0.
e—=0

Proof. For § > 0 we define ws := Q\Qs. Clearly, ws is open and for 0 < § < §” we have
that wsn CC wgr CC Q. Moreover, if &g is sufficiently small, then dws, is C2. We fix such
a & and define a sequence {Q;}j‘;l of domains by Q; = wsy /iy J = 1 — oo. Clearly, we
have that

(i) 09; € C?, j=1— o0;

(1)  QCCyCC---CCQ;

(id7)  dist(Q},090) = 8o/j, j =1— o0}

(iv) Uiz, Q=0Q.
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Now, we also fix an g > 0. From Lemma 1.2 we obtain that for all € € (0,¢0) and any

subdomain w CC Q,

[ e T ISt AT T (B

Hence, we have that {u.}o<ec<e, is uniformly bounded on @. Since f.(u.) < f(ue) <
f(uey), Ve € (0,0), we also have that { fe(uc) }o<e<e, is uniformly bounded on @. Hence,

it follows from standard interior estimates, see e.g. (4.45) in [17], that for j = 1 — oo,

”uS”Cl,‘Y(Q;) < C'y,j7 V7 E (Oa 1) . (215)

Now, we fix v, 7 € (0,1) with v' < v and define uj := Uy /ks K =1 — co. From (2.15)
and the compactness of the embedding C17(Q;) — C17'(Q)), there exists a subsequence
{up }52, of the sequence {ug}$2, which converges to a function u() in C17(Q)) (cf.
(1], p.241). Similarly, we obtain a subsequence {uli},‘f’:l of the sequence {u,}c }%2, which
converges to a function u(?) in C1'(Q,). By an induction procedure we obtain for each
Jj =1,2,... asequence {ul{c}l?;l which is convergent in CI'VI(Q;-) to a function u() and
has the property that {u;+1}32, is a subsequence of {u) }72, with wlt|s = w0

k k J J

Since {li“}k is a subsequence of {li}k for all 7, we have that

Pl s

A PR (I S (3 (2.16)

We set u; = u,; for j = 1,2,.... Given any domain Q' ccC Q, there exists a jo such that
J -—

¥ CC Q. Hence, {u;} converges in C17' () for any Q' CC €, in particular there exists

a u* € CY"(Q) such that

st o =i look (2.17)

By ‘construction’ of u*, Lemma 1.2 and (2.16) we have that Vj = 1 — oo,

0<tug <u <ujyy <u*<u in Q. (2.18)

Thus, if z, € 09,

lim v*(z) =0. (2.19)

r—r]
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Now, we show that u* solves (P). Firstly we show that for all j = 2 — oo,
~Aul) = cf(u?) in Q). (2.20)

For arbitrary but fixed j > 2 we define correspondingly to u,; the functions f,; := fso/lj
k k k
for k =1 — co. By definition we have that

J

From u, — ul) in CI’W'(Q;) as k — oo we obtain that
k

Vu, - Véde = /Q cfyuy)bdz, V$ € CR(R). (2.21)
J

/4
J

Jim fuy = uPllo o g = 0, (222)

lim
k—co Jo

The Mean Value Theorem, Lemma 1.2, |f/(s)| < |f'(s')], Vs’ < s, Lemma 1.4 and (7i17)
yield that

Vu, - Vedr = / vul) . Ve de . (2.23)
Q

/ !
J J

1F@D) = fy () oo
1FO) ~ g logo, + 1) = i () oo
1 Crofo/ ) 0D — ooy + (15 () = iy (oo - (2:24)

J
k

IN

IA

Lemma 1.4, (2i¢) and (2.16) yield that for all k¥ > ./\izjo’
f(uli) = flf; (uli) on Q. (2.25)

Now, we obtain from (2.24), (2.22) and (2.25) that limg—ye || f(u?)) — f’i (uli)Ho,oo,Q;_ =0

and hence, that

lim
k—o0 Q

It follows from (2.21), (2.23) and (2.26) that

J

From Theorem 8.8 and Theorem 9.19 in [17] we obtain that (%) € C’2’ﬂ(§_2;-_1) and hence
that (2.20) holds.

Now, it easily follows from (i7), (iv), (2.20), (2.18), (2.19) and (2.17) that u* €
C*P(Q) N C(Q) and u* has the properties u* > 0 in Q, u* = 0 on I and u* satisfies

(P). By uniqueness, u* = u.

cfy (uy)$de = /Q cf(u)pdz, Vo€ CP(Q). (2.26)

,v
J

Q

’ /.
J J
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To prove the desired convergence of u. towards u, we first consider the convergence of

u}. It follows from (2.18) that for all j > jo

1 = wlloco,0 < Il = wllo,oz, + 14, = ullocoaras, -

Now, let 7 > 0 be arbitrary but fixed. From (2.18), (1.1)—(1.3) and (4i7) we have that there

/.
J

uniformly on Q2 , we have that there exists a J; > jo such that ||u} — ullo a < T/2 for
™30
j > Ji. Hence, we have for all j > J; that

exists a J such that ||u}, —u||0100,9\99 < ||’U/”0'ooyg\99_ < 7/2for jo > J. Since u’; converges
0 0

luj — ulloco < 7 (2.27)

and hence uniform convergence of ug towards u. The desired uniform convergence of u,

follows easily from (2.27) and Lemma 2.3. ]

The proof above is basically the existence proof on p.346 in [13], see also p.189 in [42].
We have filled in the details. Since we assume that ¢ € C#(Q), we could use a regularity

argument to show that u is a classical solution of (P).

1.2.2 The Regularization Error

As was seen in Lemma 1.5, u,., the solution of (F;), converges to u, the solution of (P), in
L (€2). We will now prove bounds for ||z — uc||o,c0,0 and |z — ue|1 0.

Firstly we want to determine for which values of v (depending on «) u, the solution
of (WP), is in H}(Q). The following example shows that even in the case when (P) has

a classical solution, this solution need not be in HJ(f2). Consider the problem
—u" = 4u~3 in Q= (0,1) (2.28)

with %(0) = u(1) = 0. On multiplying (2.28) by v’ and using the method of separation of
variables we obtain the classical solution of (2.28) as u(z) = 2:1:%(1 - :z:)%, z € 2. We have
that [v/(z)]? = -4+ 27 1(1 —2)!, 2 € Q. Since f(;% g1 = z)=ldz > f; zytidz forlall
§ € (0,1], u cannot be in H}(Q).

Obviously, it follows from (1.4) that u, the solution of (WP), is in H}(Q),if v < 1+a.
But this result is sub-optimal as must be expected. To prove an optimal result, we need
to know the boundary behaviour of |[Vu|. This can be obtained from combining (1.2) and

(1.3) with the next result, which is a generalization of a Harnack inequality.

Lemma 1.6 There ezists a constant Ky > 0 such that if r € (0,1], Bar(z0) = {z € R :
|z — xo| < 2r} C Q and v € W9 (Ba,(z0)) where ¢ > d, then

, 1
(1) 190 < Ko (180l oo + 7 ol e

for & € By(z0) (||Av||Loo(By,(2o)) = © is allowed).
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Proof. See Lemma 2.19 in [12], where the result is proved for any second order uniformly

elliptic differential operator with continuous coefficients. [

Lemma 1.7 Assume that A(a) holds and let u be the unique solution of (WP). Then we
have that
wue H(Q) < v<3+2a. (2.29)

Proof. We prove “<=". We first note that by (1.4) we only have to prove the assertion
for v > 14 a. We proceed as in the proof of Theorem 2.5 in [12]. For z € Q, we set
r = d(z)/3. Note that if z € By, (), then d(2)/3 < d(z) < 5d(z)/3. Hence, it follows
from (H) with v = u (so —Au = c¢f(u)) and zo = z that

Va(e)| < K (d(w) e @l + 775 nuumx)) (2.30)

for all ¢ € Q, where A := {2 € Q: d(z)/3 < d(z) < 5d(z)/3}.
If v =1+ «, we obtain from combining (1.2), (A2) and (2.30) that

IVu(z)| < K[D - Ind(z)]# , VYzeQ.

Hence u € Hj ().
Similarly, if 1+« < v, (1.3), (A2) and (2.30) yield that

IVu(z)| < K[d(@)] 75, VzeQ.

Hence, u € H}(Q), if 2 [%j‘_—:"] > —1, ie. if ¥ < 3+ 2a, and the proof of “=" is
complete.

For the proof of “—>" one can easily adapt the proof given on p.728 in [27]. ]

We remark that this result is a generalization of Theorem 2 in [27] where in our notation
a = 0. However, we believe that the proof of sufficiency given in [27] is incorrect. In [12]
estimates for the solution of (P) when c is constant are given in terms of a solution of the

following one-dimensional problem:
Let a > 0 be given. Find p € C?((0,a]) N C([0, a]) such that

-p"(s) = cf(p(s)), p(s)>0 forse (0,a], p(0)=0. (2.31)

When v > 1, exact solutions p for (2.31) can be found using the ansatz p = Kz*, where
k, K are positive constants. We find that the estimate given in Theorem 2.2 of [12] is
exactly that of (1.3) when a = 0.

The next result is crucial for our H! error bounds.
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Lemma 1.8 Assume A(a) holds. Let u be the unique solution to (WP). Then there exists
€0 > 0 such that for all e € (0,¢0],

ghtetu=rv if0<v<l4+a and v— (1+a) < u,

e ,if v=14+a and 0 < pu,

cf (w)utdz <C,
/0<u<e () 55 y 2f Lstloe<sy; and'u_dl-*_—al

24«
with § > 0,

where Cy = Cu (M, o, i, v, A, A, meas 09).

Proof. Let § > 0 be as in the proof of Lemma 1.4. If v < 1+, (1.1) holds. We choose
€0 < Ad and obtain for all u>v— (14 a) that

e i

Ifv=1+ @ ( 2) holds. Its lower bound yields that u(z) < ¢ implies that d(z) <
D —Ind(z < C%, where C' is a positive constant. Hence, on choosing ¢g < C~1\8
X

cf(u)utde < C/ /k n*TH=" dnds < Cmeas Q gltotr—v
N Jo

>m

we obtain that

C€
/ cf(w)u*da < / u)ut de < C’/ / 7*~1[D — In 9] 1% dnds.
0<u<e ch N

If p < v, the term [D — In 77]%: is bounded independently of . Hence, we obtain the
desired result for p < wv. If p > v then

/ efi(u)uldzin< 6“_”/ cf(w)u” dz = 6"_”/ c(z) dz
0<u<e 0<u<e 0<u<e

CE
= C’s““’/ 7% dn = C,et~ "1t = C,¢e*,
0

and hence the desired result for u > v.
Finally, if 1 + o < v, (1.3) holds. We choose g9 < A§(2+)/(1+¥) and obtain that

U

a+—+—

/ cf (w)u* dz s/ cf (v)u* dz < C meas 99 /X o) g,
0<u<e 0 %i_
(%)

For the existence of the last integral we require a + 1+V(u —v) > —1. On choosing

V;Q(‘E-Tal + 0 for a § > 0 we obtain that

24+« 24+«
—v)=-14+—-4§
1+I/(M V) +1+

a+
and hence the desired result. [ ]

We can now prove H!(Q2) and L*°(£2) bounds for the regularization error.
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Lemma 1.9 Assume A(c) holds. Then there exists an 9 > 0 such that for all
£ € (0,&'0],

(i) lu—ula <C 82,3_u’ RS S
h I8 = 34+2a—v X
= € 2 | f l+a<rv<3+22a,

(42) v — wellooe < Ce forallv>0.

Proof. (i) To begin with we note that by Lemma 1.7 an H! error bound can only be
proved for v € (0,3 + 2a). Subtracting (W P;) from (W P) and choosing ¢ = u — u. yields

w—uel? o= [oc[f(u) — fe(u:)][u — u.] dz which we rewrite as
1,0 Q

e — 2 /Q elfe() — o (o))t — ue] d = /Q [ (w) = £ ()]s — ) de.

Noting (2.3) we obtain that

u-welo < [ dfw - il - ulde, (2.32)
Q

and on noting Lemma 1.2 we have for all u € [0, 1] that
| s - i ud do
= [ df@-Lu-wldes [ ef@lu- ulde
0<ue<u<e

O0<ue<u<e
= / cf (u)utlu — u )~ *dz < [/ cf (u)u* dw] LRl (2.33)
<ue<u<e 0<u<e
(2) now follows from (2.32), (2.33) and Lemma 1.8.
(7). Firstly we prove that for all § € (0,¢),
||u5 e us”O,oo,Q < CE, (234)

where C' can be chosen independently of § and ¢.
We follow the argument of Nochetto [32], Theorem 2.1. By subtracting (W P.) from
(W Ps) and choosing ¢ = e?*! where e = us — u. and p € R, we obtain

/ Ve Vet gz = / clfs(us) — fe(ue)]e**t dz . (2.35)
Q

Q
Using the chain rule and Friedrich’s inequality on the left hand side of the equation yields

/QVe -Ve?Ptldes = (2p+1) /Q(Ve) - (e*’Ve)dz = (2p + 1)/ |eP(Ve)|? da

2p+1 2p+1 1
2t [ 1vertt e > O BRI 0. (230

To find an upper bound for the right hand side of (2.35) we consider two different cases.
If us > ¢ then fs(us) = f-(us) and it follows from (2.3) that

[f5(u5) i fe(ue)}62p+l = [fe(u6) s fa(us)][UJ = u5]€2p <0.

Recalling from Lemma 1.2 that 0 < u. < us in © we have only to consider the case when

0 < ue < us < . Then we have, on noting (2.1), that
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/ c[fs(us) — fe(ue)le®t! dz < / cf (us)e?t dz
O0<us<us<e

O0<us<e

= / cf (us)|us — ue|"e*Pt~ dz < C’/ utuseliti s de <GPSV (9137)
O<us<e O0<us<e

forall p > (v—1)/2. Thus, it follows from (2.35), (2.36) and (2.37) that forall p > (v—1)/2,

1
(p+ 1)2 2(p+1) 2p41—v
llello,2(p+1),0 < [ &

2(p+1) |
2p+1
Letting p — oo yields (2.34). Since we have that ||u — uc||0,c0,0 < [|© — Us]|0,00,0 + ||us —
e ||0,00,2, (%¢) follows from (2.34) and Lemma 1.5. ]
The following bounds for ||cf.(ue)|l0,q,0, ¢ =1, 2 or co will be useful later.
Lemma 1.10 Assume A(a) holds. Then there exists €1 > 0 such that for all
€€ (0,81],

1 , f0<v<iqta,
Vg € [1,00], [lefe(te)lloge < Cle,v) (ln%)%, ifv=1+a,

Lia— ;
UL zf%+oz<z/.

Proof. For ease of exposition we introduce the following constants:
Ci = meas 0, C3=||cljo,c0,0s C3 = meas.

For ¢ € [1,00) we have that Jalefe(u))? dz =

= [ lehturds+ [ chufdet [ [efwlids  (239)
e 9{_30_ \Oye Q\Q%
where we choose ¢, as follows. Let & be as in the proof of Lemma 1.4. For arbitrary, but
fixed €9 > 0 we can choose €; € (0, o] such that &; < ¢ 6 and as f.(s) < (14v)e™?, Vs >
0, we obtain for any € € (0,¢;] that

/ [efelue)|bde i< [ (1+v)e _” 77‘10‘ dnds
ﬁ anN
v (as)
< gl COREIRE 1+gq(a-v) )
< MaPE—_—cie (2.9

As Ayd(z) < ue(z) for all € € (0,¢1] and all z € Q we have that

J

RN
e ultds < OZYCy [T e ay
A

€ Q
s\
[1 4 q(a - v)]~! {(Te,__)ﬁq(a-u) E ()‘L)l'{'q(a—u)], T2 i s
~— q qu €0 €0 q
=0 MIAZEGE, { “(Aro) ln(,\—';-) ,ifu:%_*_a' (2.40)
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Finally, we have that

/ [cfe(ue)]?da < C3Clel?. (2.41)
Q\Q ey

Xeg

Now, (2.38) — (2.41) yield that Jalefe(ue)]? de <

A= (14ge)

C3cgsl_qu + Mql-:-qia—ui Cl€}+q(a_U) 2y chl)":_l)(l+qa) ( ii;: - 1+qilcx—u5) 51+‘1(°“V) A
i e 1
S if l:#y q + a, 1 /\'_(1+qa) Y ) )
CaCfer® + [M(1+ L + a)l1=e—C1 + MIAC1 [In(32-) - In(55)]
if v= % + .

On noting the inequality a? + b? < (a + b)? which is valid for all @, b > 0 and all ¢ > 1
we obtain the desired result for ¢ € [1,00). The result for ¢ = oo follows from noting that

llefe(e)llo,co,0 = limgsoo [l fe(te) o, - n

1.3 An Alternative Regularization

In this section we will consider an alternative regularization of (P), i.e. f will be replaced
by a non-singular function g. different from f, see e.g. [12], [13], and [27]. In order to
keep our notation simple, the notations (P.), u. etc. will be kept but will correspond to
the new regularization. This does not cause confusion in this section, and in later sections,

we will always state which regularization we are referring to.

1.3.1 The Regularized Problem

We consider the problem:

Find u. such that u, > —¢ in Q, u. = 0 on 992 and
(P.) — Aue = ¢(2)ge(ue) in Q,

where for € > 0, g.(s) := f(s+¢), Vs € (—&,00). Clearly, g. € C'((—¢,0),R) and for all
€ € (0,g9) we have that

oo () F<SgE (S T <SEVfi('S) Vs e Ry, (3.1)
—ve™tH) = g/(0) < gi(s) < 0 VseR,. (3.2)

From (3.2) it follows that Va,b € R,

v 6u+1

|| G b)* < [ge(a) — ge(b)]fa— ] < — [9:(a) — g:(b)]* < 0. (3.3)
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Definition 1.2 u, is a weak solution of (P.), if uc € H3(Q), ue > — in Q and

(WP,) /Q Vue - Vode = /che(ue)qﬁd:c Vo € Hy ().

Lemma 1.11 For all € > 0 there exists a unique solution u. to (WF).

Proof. Since g. is monotone, there can be at most one solution to (WF.). To prove

existence, we set

ge(8) , s€[0,00).
Since §. is monotone and has a bounded derivative, one can show as in section 2 that
there exists a (unique) solution i, € H(RQ) to (WP.), where (W P.) denotes (W P.) with
ge replaced by g.. Moreover, we obtain that for all p € (1,00) and v € (0, 1),

G.(s) = { 9:(0) + g:(0)s, s € (-0,0),

i. € WHP(Q) NCHP(Q) NCH(Q). (3.4)

As in the proof of Lemma 1.2 (SMP) yields that @, > 0 in . Since g.(s) = gc(s), Vs >
0, . is the unique solution of (W F), and by (3.4) also the unique solution of (P.). m

Lemma 1.12 Assume A(a) holds. Let u and u. be the unique solutions of (P) and (P.)
respectively, and €9 > 0 be arbitrary. Then we have for all € € (0,&q) that

0.< thag << U < U <tz e i

Proof. The first three inequalities can be proved as in Lemma 1.2 with f. replaced by
ge. To prove the last inequality, we set w. = ue + € — u. On subtracting (P) from (P.)

and on noting the definition of g. and the Mean Value Theorem we obtain that
0 =—A(ue — u) — c[ge(ue) — f(u)] =—A(ue+e—u) — c[f(ue+€) — f(u)] £ —Awe + owe.

Since ¢ > 0 in Q and w. > 0 on 09, it follows from the weak maximum principle (cf.

Corollary 3.2 in [17]) that w, > 0 and the proof is complete. [ ]

Lemma 1.12 is different from Lemma 1.2 in that now u is “sandwiched” between u.

and u. + €. As an immediate consequence we obtain that
”u = ue”O,oo,Q <e (35)

and hence that

lim [[u = .o e, = 0. (3.6)
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We remind the reader that in section 2 a lot of work had to be done to prove (3.6) for the
regularization f, in Lemma 1.5. (3.6) was then used in the proof of Lemma 1.9(ii). Also
we note that (3.5) is better than the bound of Lemma 1.9(ii) since C' = 1 as opposed to
an unknown C' before.

We remark however that the new regularization which basically consists of shifting the
whole graph of f to the left effects the solution globally. There are no longer non-trivial

cases in which u, = u:

Lemma 1.13 Assume Ag(a) holds. Let u and u. be the unique solutions of (P) and (Px)
respectively. Then u.=u inQ <= c=0.

Proof. “<=” obvious. “=" similar to the proof in Lemma 1.3. [
We also note that Lemma 1.4 holds for the new regularization.

1.3.2 The Error for the Alternative Regularization

Since the Lemmas 1.7 and 1.8 only involve f and u, they remain valid. We now prove an

analogue for Lemma 1.9.

Lemma 1.14 Assume A(a) holds. Then there exists an 9 > 0 such that for all
€ € (0,80],

€ , if l<v<a,
1
; 5(10gl)51 ’f v=a,
? U—u 1,0 SC ia—ue
(0 | d 5 , if a<v<l+a,
83413;'/ , fl+a<v<3+2a,
) |l — velloo <€ forallv>0.

Proof. (ii¢) was noted above in (3.5). Proof of (¢): Similarly to (2.32) we obtain that
lu— ueli g < (c[f () = ge(u)], v = ue), (3.7)
Let w := ¢[f(u) — ge(u)][u — uc]. Then we have that
|u—u€|iﬂg/ wd:v+/ wdz + wdr=hL+L+15. (3.8)
0<u<e e<u<eg co<u

Similarly to (2.33) and on noting Lemma 1.8 we obtain for all x € [0, 1] that

G e 0<v<l+a,

I <51_“/ cf(w)utde < C ooz 3.9
i 0<u<e fu) {8322'“’ , fl+a<v<3+2a. B
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The Mean Value Theorem and (¢7) yield that
= / c[f(u) — f(u+¢)][u — u)dz < Ce?, (3.10)
60511.
13T 5 62/ e f'(u)| dz . (3.11)
e<u<eg

To bound the right hand side of (3.11), we proceed as in the proof of Lemma 1.8 to which

we refer to for the choice of 9. If ¥ < 1+ «, we obtain that

€0 24 [a—v]- if
necet [ o drwldssce [Cpptmanged £ 0T TEEe
£ <d@)$D : eflogl , ifv=a,
(3.12)
and if 1+ o < v < 3+ 2a, that
1+v
2 / 2 5‘?{? —Zta(14y) 342a—p
12305/ o 1 €l (w)] de < Ce / non e 0 dy < Ce™e
(5175 <a(o)<1p1 78 7t
(3.13)
The desired result follows from (3.8), (3.9), (3.10), (3.12), and (3.13). |

We note that the bounds of Lemma 1.14(i) are only different from those of Lemma
1.9(i) when 0 < v < a. Finally, since Lemma 1.4 holds for the new regularization, it is

easy to see that Lemma 1.10 holds with f. replaced by g..

1.4 Finite Element Approximation

We will now introduce and analyse a finite element approximation of (WPF.). As in the
two previous sections when we considered the solution to two regularized versions of our
problem, existence and uniqueness of a discrete solution do not require any boundary
assumptions.

In subsections 4.1 and 4.2 we consider the regularization of section 2, whereas in
subsection 4.3 we show that the results obtained in subsections 4.1 and 4.2 remain valid
for the alternative regularization of section 3. Finally, we discuss the optimality of our

error bounds in subsection 4.4.

1.4.1 The Discrete Problem

Let Q" be a polyhedral approximation of Q defined by Q" = U,en 7, where T" is a quasi-
uniform partitioning and h is the maximum diameter (i.e. side-length) over all simplices
7 of T". Note that Q" = Q if Q is convex polyhedral. Let I be the set of nodes and
{z;}ier the coordinates of the vertices of this partitioning. It is assumed that z; € 99 for
all z; € 9Q" and all h, so that dist(99, dQ") < Ch? if 0Q is C2. For ease of exposition,
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it is also assumed that Q" C Q. (Note that this last stipulation is made purely for the
purposes of simplifying the following analysis; it is not essential.) We also assume that for

each simplex 7 not all vertices lie on 9. The following function spaces are introduced:

St = {xeC@"): x|, is linear Vr € T"},

S = {x€S": xlaogr =0}.
On defining the functions x; € S by x;(z;) := & ; for all i, € I, and the set of internal
nodes by Iip; := {i € I : z; € 90"}, the set {x; : i € I} (resp. {xi: i € Lin;}) is a basis
for S (resp. SE).

It will be convenient to extend the elements of S? to the whole of Q by defining

Xlavan =0. (4.1)

We also introduce the interpolation operator 7" : C(Q) — S which is defined to be
such that for any ¢ € C(Q), 7" € Sh satisfies 7h4(z;) = (z;) Vi € I. The standard
interpolation result, see [11], p.123, states that for m =0 or 1, s € [1,00] and ¢ € [1, 0],
provided that W7 (r) c W™?*(r)n C(F),

|9 — 7P| s < CRAG=EF2=m |, Yap € W2 (r) and Vr € TH. (4.2)

We want to consider the following discretization of (P.):
Find u? € S} such that

(P /QVUQ-dem:/chE(uf)xdm Vx € Sk.

Existence and uniqueness can be shown along the lines of the proof of Lemma 1.1.
In order to show that u” is non-negative in 2, we need the Discrete Maximum Principle
which in turn requires a further assumption on the partitioning T" of Q". Throughout

the following we will assume

(WA) The triangulation is such that (i) for d = 2 it is weakly acute; that is, for any
pair of adjacent triangles the sum of opposite angles relative to a common side does not
exceed 7; and (ii) for d = 3 the angle between any two faces of the same tetrahedron must

not exceed 7.
We note the following consequences of (WA).
/Q IV |? dz < /Q Vx-Vrtldseds Yy e St (4.3)
e.g. see [22], Lemma 1.

/Q,, Vi Vxidz <0 Vijel, ij, (4.4)
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and the stiffness matrix K defined by

K = </ Vixi - Vx; dm) ,
Q 1,7€Lint

is an M matrix, e.g. see [34].

Discrete Maximum Principle (DMP):
Let T" be a weakly acute triangulation of Q" and v" € Sk satisfy

/ Vol de:c+/ m(ovhx) dz > 0, Vx € S¥, x >0, (4.5)
Q Q

where 0 € C(Q) and o > 0. Then 0 < v" in Q.

Proof. (cf. proof of Theorem 8.1 in [17]). On letting x := —7*[v*]_ (4.5) yields that

/ Vol . Vah[vh]_ dz < —/ rh(ovhrhoP]-) dz < 0. (4.6)
Q Q

On noting (4.3) and Poincaré’s inequality we obtain from (4.6) that 7*[v*]_ = 0 and
hence, v* > 0. [

Since ¢, f. > 0, we obtain from (P) that
/;ZVUQ'VXZO, VxESé‘,xZO.
Hence, (DMP) (with ¢ = 0) yields that
0<u? inQ. (4.7)

Later we will also need the following consequence of (WA):
a€eWH*(R), a(0)=0 and 0< o/ <Ly<o0 ae.inR =
IVrta()ll @ < La(Vi, VA'la(x)])  Vx € 5§, (4.8)

e.g. see §2.4.2 in [34].
1.4.2 The Discretization Error

We now want to derive bounds for |u. — u?|; o and |Jue — u?||o,c0,0. The following inverse
inequality and standard discrete Sobolev embedding result will be required later: for
d =1,2,3 and for any r € [1,00],

IXl1,r0n < Ch7MXlopon VX € S (4.9)
and for d =1, 2,

d—1

1 2
IXllo,c0,n < C (ln 5) IXlLar YX €S- (4.10)



1.4. FINITE ELEMENT APPROXIMATION 31

We also recall the definition of the elliptic projection operator Q".
Q" € L(H(R), Sk is defined to be such that for any ¢ € HL(Q)

/ V(- Q") - Vx=0 VxeSh. (4.11)
Qh

The following estimate is standard. For ¢ € H}(Q) N H%(Q2) and for m = 1 and 2 we
have that
1% = Q" loa + Al ~ Q*lia < Ch™[¢llma- (4.12)

Later we will also need the following result. For all ¢ € H}(2) N H%(Q) we have for h
sufficiently small that

I = @bl < C (1 2) 17 = )l n (1.13)

where r = 0,if d =1, and r = 1, if d = 2 or 3. For the proof of this result for d = 2 or 3
see [41]. If d = 1, it is well known that

Q"=r" on HLQ). (4.14)
For notational convenience we define iy := h (In +)" , where r is as in (4.13).

Lemma 1.15 Assume A(c) holds. Then there ezist £ > 0 and Ho > 0 such that for all
€ € (0,e1], h € (0, Hy] the following bounds hold:

(1) form =0 orl,
(= Q" elma < CH* ™" uellag < CH*"lefe(ve)llo
1 ) ZfV < % + «,
Ch2—m (lné)%, ifV=%+a,
erte~ ifliacy,
(i) (=7 uellogogr < Chahllefe(ue)lloon < Chahel™l-,
(i#1) (I~ Q" cllopon < CHIel-.

IN

IN

Proof. (i) follows from (4.12), elliptic regularity and Lemma 1.10 with ¢ = 2, and holds
for all > 0. To prove (i7) we note that (4.2) yields for d = 1,2,3 and o > 1 that

_d
17 = ) tellg oo,0n < CH2% 1l g0 - (4.15)

For d = 1 we can choose 0 = 0o, and the desired result follows from (4.15), the equation

—u” = cf.(u.) and Lemma 1.10 with ¢ = co. For d = 2 or 3 we use the Calderén-Zygmund

inequality, see [17], to bound |ue|y 5 gr: For all o € (1,00),

|tel2,0.0 < C(0)|lefe(ue)lloo.0; (4.16)
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where

(4.17)

= 1=t 51 <49
C’(U)E{C(U s
Co , 2<0< >

from tracing the constants in the singular integrals involved, see e.g. [43], p.48. Combining
(4.15) with o =1In 4 , (4.16) and noting (4.17) we obtain that for sufficiently small ,

T e (R e O ACA TN
Noting that hin# = ¢ and Lemma 1.10 yields
17 = )l amn < C (10 ) W2le(uloon < C haheli=-,
and hence (27). (ii7) follows from (i¢) and (4.13). [ |
In the following (-, -) denotes the inner product in L?().

Lemma 1.16 Assume A(a) holds. Then there ezists €; > 0 such that for all
€ € (0,e1] and h > 0,

Q" ue — wlli,0 < Chllefe(ue)llog + llefe(wd)llo0] -

Proof. Define e* := Q"u, —uP € S}. By subtracting (P?) from (W P.), choosing x = e"
and noting (4.11) we obtain

(Ve", Ve) = (c[fe(ue) — fo(ul)], "),
which we rewrite as
|eh %,Q - (c[fs(us) Wy fs(uil)]v Ue — u.}el) = (c[fE(UE) = fE(ug)]a Qhue = us) .

Noting (2.3) and using Cauchy’s inequality and the first two inequalities in Lemma 1.15(i)

yields the desired result. u
To bound ||Q"ue — ul||g o We adapt the technique introduced by Nochetto [32].
This involves introducing the following dual problem:
Find D € H}(Q) N H%(Q) s.t.

_AD+0D =34, (4.18)

where

Ue — UG

(4.19)

{ —c (f—‘git%ﬁb) (z), if z € Q" and u.(z) # ul(2)

0 , otherwise,
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and ¢ is defined to be a regularisation of the Dirac delta function satisfying
0<8<Cyh)™4, / §=1 (4.20)
Q

and zero outside some open ball of radius yh about some point 2o, where v and zq are to

be chosen. Note that by (2.3) and the boundedness of ¢

0<0(z) <Ce )| vz e, (4.21)
and hence there exists a unique solution to (4.18), see [17], Theorem 8.3.
Lemma 1.17 The unique solution D of (4.18) satisfies

|ADllo,1,0 +[|©Dljo1,0 < C.

Proof. See Lemma 2.1 in [32]. ]

Lemma 1.18 For h sufficiently small we have that

Proof. For d = 1 the bound follows from (4.14), (4.2) and Lemma 1.17. For d = 2 or 3

see Lemma 2.2 in [32]. u

Lemma 1.19 Assume that A(a) holds. Then there exist ey > 0 and Hy > 0 such that for
alle € (0,81], h e (O,Hl],

“Qhus i Ug”o,oo,ﬂ
< el fe(ue) = fe(u)llo,0o,0nll(T = @) Dllo 100 + CII(I = Q") tello,o0,0n
< OB [llefeluelozon + lefe(u)llogma +e-] . (4.22)

Proof. Define ¢’ = Q"u. —u? € SE. Let zo € Q" be such that lle*|lo0,00.2 = |€" (z0)]| and,
noting (4.1) and (4.20), choose &1 € Byx(2o) satisfying

eh(:vl):/ehéz/ ehs.
Q Qh

By the Mean Value theorem and (4.9),

le" (wo)| < le"(21)] + Yhlle 1,000 < le* (21)] + Cvle" (o),

/ el .
Qb

and so for v sufficiently small

(4.23)

le"lo,c0.0 = [¢" (z0)| < Cle(z1)] =C
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By subtracting (P?) from (W P.) and noting (4.1) and (4.11) we obtain the following error
equation

/h[Veh -Vx+0Oex] =0 Vxe Sg, (4.24)
Q

where e = u. — u?. Now, by (4.18), (4.24), (4.11), (4.19) and Lemma 1.17 it follows that

h . eh. eh
/Qhe e /Qh[v VD + @t D]
= / [Ve* - V(I - Q")D + O(e"D — eQ"D)]
Qh
= [ ol )1 - @D - 0D(1 -
< /Qh |elfe(ue) = fe(u)I(T = Q™) D| + CII(I = Q") uellp coian - (4:25)

The first inequality in (4.22) now follows from (4.25) and Holder’s inequality, and the

second from noting Lemmas 1.15(iii) and 1.18. u

In order to use the bounds of Lemma 1.15 and Lemma 1.16 [resp. Lemma 1.19]
to bound ||ue — ul|joq [resp. |[ue — u!|lo,000], we need bounds for ||cfs(ul)[lo,o and
llefe(ul)]Jo,c0,0- Clearly, the best thing would be to have an analogue of Lemma 1.10
for u*. Unfortunately, we were only able to prove such an analogue for o = 0, see Lemma
1.20 below. The essential ingredient of the proof is that u! is growing at least linearly
away from the boundary, independently of €. We will establish this result first.

It follows from Lemma 1.10, the boundedness of ¢ and (4.7) that

”cfs(ue)HO,oo,Qa ||Cf5(ug)”0,oo,9 < Gemdt (4.26)

Letting Hy := min{Ho, H;} we obtain from the Lemmas 1.4, 1.15(iii), 1.19 and (4.26) that
there exist C*, e; > 0 such that for all € € (0, &1] and h € (0, Hy],

Wh(2) = A d(o)

= [uele) = Ao d(@)] + Ao, d(e) + [ (@) — e(a)]

> %/\sld(:r) _CreUhy, Vo eQ. (4.27)
Hence, we obtain from (4.27) that for all € € (0, €1] and h € (0, Ha],

1
u?(x) > —2_A51d(x) ) Vz € Q\Qf_e. . (4.28)

&1

if
e>C RV, (4.29)
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Lemma 1.20 Assume A(0) holds. Then there ezist €5, Hy > 0 and C* > 0 such that for
2
all h € (0, Hy] and € € [C*h;*" &3] we have that

1 yif0<v<l,
15
Vg€ [1,00], |lcfe(ut)llogn < C(v) (In)s, fv=1,
ga” M f % <SVr

Proof. Let § be as in the proof of Lemma 1.4 and ey, Aey, Ho and C* be as in (4.27).
We choose €4 := min{%/\slg, €1}

For g € [1,00) we have that
[les.tutyioda
Q

- 19 dg cf-(uM? de cf-(uM)]? da. ;
= [ erbrde [ enhdes [ fenbids @3

Q 2¢ Q\Q 2,
# i i
Note that as g9 < %/\515 we have that
Q2e, C Q5. (4.31)

As we only consider those ¢ for which (4.29) holds, we have also (4.28). Using (4.31)
and (4.28) one can now proceed from (4.30) as in the proof of Lemma 1.10 to obtain the

desired result. |

We can now summarize this section under the assumption A(0). Firstly we remark
that it follows from comparing the bounds of Lemma 1.15 with those of Lemmas 1.16 and
1.19 on noting Lemma 1.20 that the bounds for the error u. — u” are of the same order as

those for u. — Q"u,.

Theorem 1.1 Assume A(0) holds. We then have for h sufficiently small that

() Ju—ullig
2 ~
h . if C*hIF <e<Ch™ and0<v<},
1 2 o _ Al =
<C h2(_l£171-)2, if €—~Ch2 andly o
hi+v o e=Chi+v and 3 <v <1,
Wi, if  e=Chiw and 1< v <3,

where C' has to be chosen sufficiently large,

2 Lo
(i7) lu—v?looan < CHIT, if e=Chy™ and 0<v.
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Proof. From equating the bounds of the Lemmas 1.9(i), 1.15(i), 1.16 and noting Lemma
1.20 we obtain that

v 1 1f1/<l
B g7, ifo<wv<l il h
lu—ugho<Cq oo +Chq (nl)?, ifv=1, (4.32)
eq , ifl<v<3 )
c2man if%<1/,

from which (i) follows on equating ¢ and h, where we note that C' has to be chosen
sufficiently large in order to use Lemma 1.20. Similarly, we obtain from the Lemmas

1.9(ii), 1.15(iii), 1.19 and (4.26) that
21
llu = w{loc0,an < Ce+Chie™ < Chy™

ifszéhhi_"and0<1/. [

We remark that for 0 < v < 1 the same choice of the regularization parameter € can be
used for both the L>(Q) and the H12(Q) error bound without much altering the bounds
in (4.32); more precisely, for e = Ch;*" we have that

h if 0<v<i
|u—ug|IQ§C aes | 28
’ R i Sl

1.4.3 Discretization and Alternative Regularization

We now show that the above results apply to the discretization of the alternative regula-
rization which we introduced in section 3.

We define (P!) as in 4.1 with f. replaced by g.. Existence and uniqueness of a solution
ul to (P!) can be proved similarly as in the proof of Lemma 1.11. We just note that instead
of (SMP) we have to use (DMP) which yields that

0<u! inQ.

Since Lemma 1.10 holds for f. replaced by g., the same is true for the Lemmas 1.15
and 1.16. On replacing f. by g in (4.19) and on noting (3.3) (4.21) remains valid, and
so do the Lemmas 1.17-1.19. Also the analogue of (4.26) holds, and hence we obtain
analogues for Lemma 1.20 and Theorem 1.1. Note that in the proof of the analogue of
Theorem 1.1 one now uses Lemma 1.14 instead of Lemma 1.9: the fact that Lemma 1.14
differs from Lemma 1.9 when 0 < v < « has no effect, since we assume A(0) in Theorem

B3l I

1.4.4 Optimality of the Error Bounds

To obtain an idea how good the bounds of Theorem 1.1 are, we compare them with
standard bounds for the interpolation error: u — 7"*u. We adopt the convention that, if
these interpolation error bounds are the same as our bounds on u — u”, we say that our

bounds are optimal.
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Firstly, we consider the L* bounds. For m = 0 or 1 and v € [0, 1] we have the following

standard estimate for the interpolation error:
s — T ulloen < CE™lullomaqay (4.33)
if w € C™7(Q). Combining (4.33) and (1.4)—(1.6) we obtain that

hA=v e
lu — Tulloon < C S A8, ifr=1, (4.34)

hl’i“v, ifl<v,
where § € (0,1) is arbitrary. Comparing (4.34) with the bound of Theorem 1.1(ii), we see
that our bound is quasi-optimal for » > 1. For v € (0,1), we have to compare h?~" and
h1+" An easy calculation shows that the maximum difference between 2 — v and 1+u for
v € (0,1) occurs at Umax = V2 — 1 and is a,pprox1mately equal to 0.1716, which is not too

bad considering that 2 — vjpax ~ 1.5858 and —— ~ 1.4142.

Now we turn to the H! bounds. Clearly, for v < 1 our bound is optimal. For v € (3,3)

we only consider the case d = 1. From (4.2) we obtain for ¢ € [1, 00] that
lu—mtuli 0 < ChE™ % |ulyp0 < Ch277 | f(W)|os- (4.35)

If v < 1, we obtain from (1.1) that Ad(z) < u(z) forall z € Q and hence | f(u)|o,r,0 < C,
if 0 < % Choosing o = V—(1—1+—6) we obtain from (4.35) that

3 3
| — whuly0 < Ch2 I+ = QRa=—>—%

i.e. we have to compare h3=" and h%ﬁ. Again, an easy calculation shows that the
maximum difference between % — v and % for v € [%, 1) occurs at Vpax = V3-1. We
have that %—I/max =~ 0.7679 and ﬁ—l’j:i‘f =1/3—1=~0.7321. Hence, the maximal difference
is approximately equal to 0.0358. Thus we consider our error bound of Theorem 1.1(i) to
be “nearly optimal” for v € [1,1).

Now we consider the case when v € (1,3). We cannot apply (4.35), since by (1.3) f(u) ¢

L'(). We will use the following generalization of (4.35) for “fractional derivatives”:
lu - mul10 < CRPul14p20, (4.36)

where for g € (0, 1),

|u'(2) — W' (y)]?
|u|¥+ﬁ,2,ﬂ = / / '37 T |1+25 d:Edy, (437)

cf. [16]. We may assume w.l.o.g. that € = (0,1). On noting (1.3) we obtain that

/c[u(s)]_”ds /3"12+_uv ds
v v

u"(s) ds 2 gc\xil—i el

(4.38)

/() — o' (y)| =
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As for the integration in (4.37) we note that by the symmetry of the integrand,

[ [ [ ([ sers [[[o]
:/()l[/oz...dy]dw/o [/Oy...dx]dy=2/0 [/:...dy]dx. (4.39)

From (4.38) and (4.39) we obtain that

:L-I-}-u ._.y1+u 2
lultpoe < C/ {/ y)“’zﬁ) dyJ dz

2122 _(142) 38(1“[251}']”")2
< C/ 4T l:/o —(1_[%])1+2ﬁdy dz
1 1 1_211—52
<NG UO 2205 ﬁ)dx] [/0 Wdz], (4.40)

where we have used the substitution z = y/z. The first integral on the right hand side of
(4.40) exists, if (1 -v)/(14+v) > B — 3, i.e. if

208
< 4.41
We note that -
4 V) 1 — 21+v )2 =
8 2)11++2)ﬁ i El z)1+2)ﬁ < AP (L - 2)' %,
-— Z —

v—1
as ¥+ € (0,3) and 1 — z1% < 1 — 2, and hence

1 (1 L Z%ﬁ)z
/0 —(1_2)1+2ﬁ dz < 00,
if (¢) 2(1-»)/(14v) > —1 and (i¢) 1 — 26 > —1. But (¢) holds as v € (1,3), and (i7)
holds as 8 € (0,1).

On combining (4.36), (4.37), (4.40), and (4.41) we obtain that for all § > 0,
=5

3—v
lu — huly o < CAZTF (4.42)

e 3=v . .
i.e. we have to compare h20+%) and h1+3v. A straightforward calculation shows that the

(31+1/) 1+3V forv e (1 3) occurs at Vmax = (1—{—\/5)/2 and

is approximately equal to 0.0278, which is again not too bad considering that mﬂfﬁ ~2
0.2639 and {mymes ~ 0.2361.

Finally, we note that the analysis for » = 1 is the same as for v € (1, 3). This is because
from (1.2) and (SMP) it follows that Ad(z) < u(z) for all & € ©, which is the lower bound

of (1.3) for « = 0 and v = 1. In fact, (4.42) shows that our estimate in Theorem 1.1 is

maximum difference between and

optimal for v = 1.
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Figure 1.1 shows the orders of convergence for v € (0,3) according to Theorem 1.1
compared to the optimal orders of convergence obtained from the interpolation error. In
the upper part of the figure the graphs refer to the L error, in the lower part to the H*

error.

Figure 1.1: Orders of convergence according to Theorem 1.1 (—) versus optimal orders

Eoal

1.5 The Effect of Numerical Integration

(P) involves exact integration of the nonlinear term, and as it is virtually impossible to
implement such a scheme in practice, it is of interest to introduce and analyse a method
involving numerical integration. As in section 4 we will first consider the regularization of

section 2 in subsections 5.1-5.3.

1.5.1 The Discrete Problem with Numerical Integration

A quadrature rule is introduced as follows: given a simplex 7 € T" having vertices {ai}?__“fll,

for ¢ € C(7), define

d+1
Qr(¥) == /hd}— meas qu
Then
IR SEIAAED D ES(ABE (5.1
T€TH reTh”7

for all vy, 1y € C(Q"). Also required is the fact that for all x € SEn

lIx1l5,0n < IxIh < ClixIlg o (5-2)

[SIE

where |x|p := [(X,X)h] .
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The standard Galerkin finite element approximation in the presence of numerical in-
tegration is now defined as follows:

Find 4 € Sk such that
() /Q Vit Vxde = (cfu@t), )" VYxe Sk,

The proof of existence and uniqueness of a solution 4! to (IADEh) is similar to the proof
of Lemma 1.1: We again consider the corresponding operator equation. We define an
operator A : St — [SH]* by

(Abvh x) == /Q Vot . Vydz — /Qn'h[cfs(vh)x] dz Vol x € Sk .

We note that since cf.(v") € C(Q") we have that lefe(v™)]lo,c00r < C(e,v") for all

oM € Sk. Moreover, we have for all v, vl x € Sk,

((Abob — Atk ] < /Q IV (of — o) - V)| dz + /Q rPlelLfe (o) = £ (o)l de
< V! = v)lloa [V xlloq + C(E)lof = vlnlxln
< C@E) I} - vlhallle, (5.3)

where we have noted the Mean Value Theorem and (5.2). Note that (5.3) implies the
hemicontinuity of AQ Moreover, similarly to A, Ai‘ is strongly monotone.
On noting the (DMP) we obtain similarly as in the proof of Lemma 1.2 that for all
e € (0,&0] and h > 0,
0<al <ah in Q. (5.4)

1.5.2 Error Analysis

Our next goal is to find bounds for |ue — @*|; o and ||ue — @*||0 000 Ideally one would
want to show that the (nearly) optimal bounds of Theorem 1.1 still hold when numerical
integration is involved.

In this subsection we prove error bounds for d = 1 and 2. Although these bounds
will be seen to be suboptimal, our approach is fairly general and aims at pointing out the
difficulties in the analysis. In the next subsection we will refine our analysis for d = 1. To
simplify our analysis, we will from on assume that c is a positive constant.

We begin with some more notation. Let G € £(L%(Q), H}(Q) N H?()) be the “inverse
Laplacian” defined by

/VGn-Vvdx:/nvdx Yo € Hy(Q). (5.5)
Q Q
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Let G € L(L%(Q"), Sk) be the “discrete inverse Laplacian” defined by
/Vghn-dex :/ nx dz Vx € Sk (5.6)
Q Q

and G" € L(C(Q"),Sh) be the “discrete inverse Laplacian in the presence of numerical

integration” defined by
/Qvg“"n -Vydz=(n, x)* VxeSh. (5.7)
It is easy to see that u, = ¢ G f.(u.), ut = cGhf.(ul), @F = cG"f.(al) and
Q"G =g" (5.8)
and hence it follows from (4.12) and (4.13) that for all n € L*(2),

(G~ GMnloq+h(G - GPnha < CH|Gnlla < CHllloa., (5:9)
1 r
G =Ml < € (103) 10 = 7)Gnloogn, (510

INA

where r =0,if d=1,and r=1,if d =2 or 3.

We also note two technical facts. For x1, x2 € S* we have that

/X1X2 - Q-(xax2)| < Ch2|X1|1,T|X2|1,T7 (5.11)

for all 7 € Th. Furthermore, under the assumption A(0) one can proceed as in the proof

of Lemma 1.10 to show that for all € € (0,£1] and ¢ € [1, o0],
1£2(ue)llogq < Ce¢H=3D (5.12)

Lemma 1.21 Assume that A(0) holds and that ¢ € Ry. Then we have for sufficiently
small € and h that

lcghfs(ue) - /&gll,ﬂ

< elIGh(I — 7 fe(ue) o + 16" — GM)mt fe(ue) gl + C o™ % B2 fe(ue) o

Proof. We define é" := cG"f.(u.) — @". On noting (5.6) and (5.7) it follows from (P})
and (W P;) that for all x € S§,

(Véhv VX) = c(fC(UE) = fs(ﬂg)’X)h
= c(fe(ue),X) — c(felue), )" = e(V(G" = ") fe(ue), VX) .

Hence, on letting y = é* and noting (5.8) we have that

|éh %,Q — c(fe(ue) - fs(ﬂg)a . — ﬂ.};)h

= C(V(gh o Gh)fE(“E)a Véh) + c(fe(ue) — fe(ﬁg)’ (Qh Er ”h)ue)h-
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On noting (2.3), (5.2) and Young’s inequality we obtain that

|éh|¥,n e CV_15V+1|fs(ue) = fs(ag)ﬁz

< (G" - M fe(ue)F g+ eve™ (" — QM (5.13)
From (5.2), (4.2) and Lemma 1.15(i) we have that

(7" = Q) ueln < CIl(m™ = Q™)uello, 0
< Ol =7 uellogr + 1 = @M uellogr] < C (| fe(ue) log- (5.14)

The desired result follows from (5.13), (5.14) and noting that G* = Ghr", ]

Lemma 1.22 Letd =1 or 2. Assume that A(0) holds and that ¢ € R;. Then we have
for sufficiently small € and h that

1 d—1 1 d—1 5—(1+U)a ZfV < 1)

2 2
G (-7 wlna < 8 (10 7) 7 Ifue)lana < O (mF) "{ emt gv=1
e AL FE |V

Proof. Let E* = G*(I — r") f.(uc). From (5.6), (4.10) and (4.2) we obtain that

|EMiq = /Q[(I = ") fe(ue)] B" do < (I = 7") fe (ue) o [|E*flo,co,0

d—1
1

20 e
< ow (m 5) 1o () 210 | E* 1. (5.15)

On expanding |f.(ue)|2,1,0 (see Theorem 7.8 and 7.5 in [17]) and on noting Cauchy’s
inequalities in R% and L?(2) we obtain that

|fe(ue)l2,1,0 < Clllf(ue) logluclza + [ £ (ue) Vel [lo,0] (5.16)

Since fI'(t) > 0 for almost all ¢ € R, it follows from Green’s formula that

172 () [ Vel o = /Q £ (0s) |V ? de

Ju

_ / V£ (4e) - Vit di = / £ () 222 dis - / F(ua) Ay d
Q 20 an Q
ou ou
! £ ! &
[ a0 G ds < 1w locosn [ 1521 ds,

where we have noted that f!(u.), Au. < 0. The (HMP) yields that %}(z) < 0 for all

z € 09Q. Hence, we can again use Green’s formula and obtain that

INA

A

17 () Vel lone < 12 (ue)locosa /Q ~Aucdz
e 1 72te) om0l fo () lor- (5.17)

IN
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On noting elliptic regularity we obtain from (5.16) and (5.17) that

|fe(ue)lz1,0 < CllIf(ue)llogllfe(ue)llog + 12 (ue)llo,co,00ll e (ue)llo,1,0] (5.18)

The desired result follows from (5.15), (5.18) and the bounds of Lemma 1.10 and (5.12).
|

Since we believe that the bounds of Lemma 1.10 are optimal, we also believe that the
bound on |f:(uc)|2,1,0 in Lemma 1.22 is optimal. To see this, consider the following simple
identities for d = 1, where Q2 = (0, 1).

|fe(ue)|2,1,9 = /0 [fe(ue)]” dz = [fe(ue)],(l) = [fe(ue)]/(o) = fé(O) [u.ls(l) = uls (0)]
1 1
= fe'(O)/O ug (z) dz = —fé(o)/o cfe(ue) (z) de = Ce™*| fe(ue)lo1,0-

On noting Lemma 1.10 we obtain the given bound.

The proof of Lemma 1.22 also shows why we have only dealt with the simplest case ¢ =
constant. The transfer of the proof above to the more general case A(0) is complicated:
To obtain bounds for |cfe(ue)|2,1,0 one has to bound || |Ve| fe(ue)|lo,q,95 llcfi(ue)llo,q.0 and
I Vel fL(ue)l|o,q,0 for suitable ¢ and || 5=%5— ax 5e; fe(ue)|lo,1,0. Although one can do this similarly
to Lemma 1.10, this would not only require additional assumptions on ¢ but also lead to a

very complicated error bound, since many different cases would have to be distinguished.

Lemma 1.23 Assume that A(0) holds and that ¢ € Ry. Then we have for sufficiently
small € and h, satisfying € > CA'hHLv for arbitrarily chosen C, that

(G" = GMr" fe(ue) e
e~z (14+2) ] |

L il
< Ce R wllon+e 1L WG ) OB e n 1)}, ifv=1,
e % il
Proof. From (5.6), (5.7) and (5.11) we obtain that
|(gh = gAh)"rhfs(UE)ll,Q < Ch* |7Thf6(u8)|1,9 . (5.19)

To bound |7rhfe(u€)|1,9, we set f;(s) i=¢7" — f.(s), Vs € R. We have that f;(O) =0 and
0 < f!(s) < ve=(*+1) Vs € R. It now follows from (4.8) that

|7rhf€(u€) %,Q = |7rhf~5(u5)|f’9 S ve~ (1) (VﬂhuE,Vﬂth(ue))
= —ve~ ) (Vrhu,, VS, (u.)). (5.20)



44 CHAPTER 1. A SEMILINEAR SINGULAR ELLIPTIC PROBLEM

Next we have that

—(Vrhu,, Vil f. (ue)) = (V(ue — 7ue), Vo' f.(us)) — (Vue, Vrh fe(ue))
< Ch||fe(ue)llog ™ fo(e) 1,0 + (Aue, 7 fo (ue) / Ol " fo(ue) ds, (5.21)

where we have noted (4.2), Lemma 1.15(i) and have used Cauchy’s inequality and Green’s
formula. On noting that Au, <0, ﬁhfe(us) > 0 and noting Young’s inequality and again
Green’s formula, it follows from (5.20) and (5.21) that

St ()l < ORI L ) B+ Ce™ [ ~Aucda. (520
Q

Hence, if ¢ > C’h“i_V, the assertion follows from (5.19) and (5.22) on noting the bounds of
Lemma 1.10. a

On comparing the bounds of the Lemmas 1.21-1.23 we obtain that the bounds in
Lemma 1.21 (for d = 1 or 2) are dominated by the bound on |G*(I — 7") f. (uc)|1,0, i.e.

e~ ify<i,
e?lnl ify=1, ife>Chiv. (5.23)
=

d—1

16G* . (ug) — @1 < C 12 (m %)

e

RS S R

Theorem 1.2 Let d = 1 or 2. Assume that A(0) holds and that c € Ry. We then have
for arbitrarily chosen C' and h sufficiently small that

NG K | ife=Ch™ and 0<v <1,

2

(7) lu— a0 < C(lng) hgln;l;,zfezChs and =l
B3 ,if€:éh“%and1<u<3,

h”“ Sifde= h”" and 0 < v <1,
(47) ““—ﬁgno,oo,nh <. RC h3 ln A5l if e—Ch3 and v=1,
hé“" , if e= C'h1+2” nd i<ty

Proof. From equating the bounds of Lemma 1.9(i), (5.9), Lemma 1.10 and (5.23) we
obtain that

|u_uh|19<|u_ue|lﬂ+cl(g gh)fe(ue)|19+lcghfs( e) ﬂg'l,ﬂ
e < 1 ,if0<v <%
e 2,if0<v 1

<06 ) + Ch < (ln%)z,if 1/:%

e ,ifl<v<3 .
e2=v | if S,
N e+ ifo<v<1

2
+ Ch? (ln E) e 2lnl,if =l (5.24)

Gt S 1<v

from which (i) follows on equating € and h.
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It follows from (5.8) and Lemma 1.15(iii) that
1(G = G") fe (ue) llo o @n < Ch3e™ . (5.25)
Hence, we obtain from Lemma 1.9(ii), (5.25) and (5.23) on noting (4.10) that

~h A
llu = @ [lo,co,0n < llu—1tello,co,@ + €ll(G—G") fe(ue) llo,000n + [1€G™ fe (tte) — il 00 n
e~+) ifo<v<l,

d-1
1
< Ce+Ch%c™" + Ch? (ln E) e 2lnl, if =l
i fi 1<vw.

(21) follows on equating € and hq. |

Clearly, the bounds of Theorem 1.2 are suboptimal compared to those of Theorem 1.1.
We point out again that in our analysis above the discretization error is dominated by
the bounds of Lemma 1.22. Hence, by our remark after Lemma 1.22 we need to improve
(5.15) to improve on our error bounds. In the following subsection we will thus try to
bound [|G"(I — 7") fe (ue)|lo,00,0» Without using the discrete Sobolev embedding (4.10).

Before we do this, we note that

5 h
llue = @2 llo,00,0n < (I = 7")tello 00,01

I e — G fo () loysa,n + l1eG™ i (e) = @l 00 (5.26)

On noting Lemma 1.15(ii) we have only to work on the last two terms of (5.26). In fact,

the next Lemma shows that it suffices to bound ||7*u, — C(jhfe(ue)”()’ooynh.
Lemma 1.24 Let u. and @ be the unique solutions of (P.) and (BP*). Then

16" fi(ue) = @l lo,0n < 17" e — €G" fe (1) llo 0,00
Proof. We set ¢ := ||7hu, — CthE(u5)||07w,Qh. Then we have that

¢G" fo(ue) = € < whue < ¢G" fulue) + € (5.27)

and hence by the monotonicity of f,

Fe(cG" fe(ue) +€2) < folmue) < folcGfe(ue) — €2) - (5.28)
Note that for fixed € and h, € is a constant and hence we obtain from (5.28) that

/Q V(G . (ue) — 1) - Vxda = ¢ (fo(ue), )" = ¢ (folmhue), x)

< c(fe(cG"fe(ue) =€), )" VxeSt x>0 (529
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and similarly that
/ﬂ V(cG"fe(ue) +€) - Vxdo > ¢ (fo(cG™fe(ue) + €2, 0" Vx e SEx20.  (530)

Now we replace &* by v € Sk defined by

vh(z;) = ¢t for all interior nodes z; .

As mhu,, G*f.(u.) € S&, it follows that (5.27), and hence (5.28) remain true for v? in

€

place of 52 On noting (4.4) we have for all ¢ € I;,,; that

/ij-vx,-dz = &> (VX V)
4 jeIint

(Y

E1Y (Vi V) + Y. (VX V)

J€ILint JEIN\Lin:
= ¢(v1,Vy) =0.

Hence we obtain similarly to (5.29) and (5.30) that

/ﬂ V(eG" fe(ue) = v) - Vxdz < e(folcG" felue) = k), X)* Vx €55, x 20, (531)

/$)V(céhfe(ue) +ul) Vxde > e(fo(cGMfo(ue) +v1), x)" Vx € Sk x> 0. (5.32)
On noting (DMP) it follows from (5.31) and (5.32) that

¢G" fe(ue) = v2 < 42 < oGP fo(ue) + 02,

which implies the desired result, since v? < ¢k, =

Next we write

e — €G* fuue)logoan < llte = 7*telloso0n + €116 = G1) fe(w)lloman  (5:33)
and split the second term on the right hand side again

(G~ ") fe(ue) = (G = GM) felwe) + G (I = 7*) fulue) + (G" = G fe(ue) . (5.34)

Lemma 1.25 Assume that A(0) holds and that ¢ € Ry. Then we have for € and h
sufficiently small that

llue = @llo,00,0n < Ce™h+ 2¢[[|GH(T =) fe (ue)llo,on + 16"~ GM) 7" fe () llo,00,20] -

Proof. The assertion follows from (5.26), Lemma 1.15(ii), Lemma 1.24, (5.33), (5.34),
and (5.25). ]
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1.5.3 (Nearly) Optimal Error Bounds for d =1

In this subsection we consider the special case d = 1. Our aim is to improve on the
bounds of Theorem 1.2 and to recover the bounds of Theorem 1.1 as far as possible. First
we will deal with the L error bounds, i.e. with the terms ||G"(I — ) fe(ue)|lo,00, 0» 2nd
(G - Gh)ﬂhfs(ue)ﬂoyoo,m of Lemma 1.25. In the light of our remark after Theorem 1.2
we will then also be able to improve on the H! error bound. As before we assume w.l.0.g.
that in one dimension Q2 = (0, 1).

The crucial ingredient of our approach is the known simple behaviour of the Green’s
function of —A for d = 1. Moreover, our analysis will implicitly make use of the fact that
the main contributions to the error occur in the vicinity of the boundary 0%, e.g. see
p.655 in [4].

Given a quasi-uniform mesh on , i.e. aset {z;: j =0 — N 4 1 such that 0 = 2o <
21 < ...< xN41 = 1}, we use the following notation

Ij_;_ =TI EN ) hj_;_ i=2;—zj—1 forj=1=3N+4+1, andh:= j=1rrl}a,g[<+1 hj_;_.

We take h to be the parameter for our meshes and assume that & — 0. Note that Q = Q".

It is easily deduced that for y a mesh point, gg € Sk defined by

z(l-y), if0<z<y,
gh(a) = | (5.35)
(1-2)y, ify<z<1
satisfies
/Q o' X'dz=x(y) VxeSt. (5.36)
Moreover, for all mesh points y € Q we have that
981,000 S 1. (5.37)

Also note for future reference that
[fe(ue)]” = fL(ue)ul + 2 (ue) (ul)? = —cfl(ue) fe(ue) + f (ue) (ug)® 2 0. (5.38)
Lemma 1.26 Let d = 1. For ¢ and h sufficiently small we have that

IG*(I = ) £ (te) llo,c00 < CE™ A2

Proof. We have from (5.6) and (5.36) that there exists a mesh point y € 2 such that

G (I = ") fe (we) loco,n = I[G*(T = 7*) fe(ue)] (v)| = | /ﬂ gr (I — 7" fo(ue) da|

N+1

< NI =) fe(ollos,_y Ngylloces, (5.39)

i=1
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From (5.35) we have that ||¢”?||o.co.r. ; < Ch for j =1 and N 4+ 1 and hence, that
yl10,00,1; 4

(I = ) fe(e)llo, 1, 1
< CRAI = fe(ue)llogos,_, SCe™h?  forj=1land N+1. (5.40)
=2

h
||gy HO,OO,IJ_%_

Since G*(I — 7") f.(u.) € S and y is a mesh point, there exists Jo € {1,..., N} such that
y=uzyj, € (0,1). From (5.35) we have that

(1—-y)(@+h) forallz el._1, if j < Jo,
lggllo,co,r,_, < ) : (5.41)
g y(1—z+h) fOI‘a,HZEEIj_%,lfJo<].
(5.41) and the quasi-uniformity of the mesh yield that
(1—y)z forallz el._1, if2<j< Jo,
lgglloco,r,_, <C L : (5.42)
2 y(l—ac)forall:vEIj_%,lfJ0<]§N.
(5.42), (4.2) and (5.38) yield that
Jo Yy
DT =) feelllon,_y gglloco,r,_, < CRA(L - y)/ 2 [fe(ue))"(2) da
i=2 =
v
< ChYl-y) / 2 [fo ()] (=) de (5.43)
0

Similarly, we have that

N 1
5> =7 Awlons, y Wollacos,_y < CWy [ (=) (w0 do- (.40

J=Jo+1

Hence, on noting (5.43) and (5.44) we have that

2

DT =7 feluellon,r,_y ||gf}|lo,oo,1j_% < Ch*A, (5.45)

i=2
where

ni= [ [ atrydety [ (- o) ) es
Integration by parts yields that
A= £.(0) - fo(ue(y)) < Ce™. (5.46)
The desired result follows from (5.39), (5.40) and (5.45) on noting (5.46). [ ]

(HMP) yields that u.(0) > 0 and .(1) < 0. From (P:) we obtain that u{ < 0 in [0,1]

and that u. is symmetric about & = 1/2. Hence, for all ¢ > 0 we have that

ul >0 in[0,3), u (1) =0, u, <0 in (3,1]. (5.47)
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From this and the Lemmas 1.2 and 1.4 we obtain for all £ € (0,&o] and z € [%, 2] that

/ ife(uz)ids<iC. (5.48)

—fc s1gn

%—c/ fe(ue) da| =

|ug ()] =

Lemma 1.27 Let d = 1. For e and h sufficiently small we have that

(G = GM) " fe (ue) [lo,co0 < Ce™"h?

Proof. From (5.6), (5.7), (5.36), (5.1), (4.2), and (5.37) we have that there exists a mesh
point y €  such that ,

16" — 6" fu(ue)lloos
= (6" - GM)r" fo(u)])] = | /Q (7 £ (ue)]g! d — (" fu (), 1)1
N+1 N+1
< 2N =gy felwe o,y C 30k yIn felwe)l, 1oy,
=1 =1
J o J

N+1
< C Z h3 1 |7T fs(ue)ll 0, I - =C Z h llfe uE(‘T])) A fe(ue(zj-—l))I (5 49)

i=1

)

%, —;—) and

For h sufficiently small there exist Ji, Jo € {1,...,N} such that z5 € (

zJ, € (3,2). From (5.47) we obtain that

Ji
Y b1 fe(ue(®) = fe(ue(@jm1)| < CR[fe(us(0)) = fe(ue(es))] < Ce™h*  (5.50)

and analogously that
(5.51)

N
Z hf-_;_|fs(“€(xj)) — fe(ue(zj-1))] < Ce™h?
j=J2+1
Finally, by the Mean Value Theorem, the Lemmas 1.2 and 1.4 and (5.48) we obtain that

there exist Cj_l_ €l 1,5= J1 + 1 = Jy, such that
2 2
J2 2
D Wl felue(z;)) = fe(welw-))l < ZJSHh;?_ng we(Gio)) ue(G_1)l < CR2. (5.52)
j=d

j=h+1
The desired result follows from (5.49)-(5.52).

We can now summarize our results for d = 1
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Theorem 1.3 Let d = 1. Assume that A(0) holds and that ¢ € R,. We then have for
arbitrarily chosen C and h sufficiently small that

h , if Ch3 <e<Ch™ and0<wv<i,
e R = (O and L <v<l,
1 -
: ! h7 InL)z, if e=Ch? and v=1,
(1) |u = u?lm < 2(2(—u)h) . At £
h™3tv , if € =Ch3+v and%<l/<1,
it R
hi (nd)7, if e=Ch and v=1,
3—v ~
{ hi+3v SR e =Chi+3v and 1 <v <3,
(i) |lu—@P|ocon < ChT?, if e=Ch™ and 0<v.
Proof. (i) On noting (5.15), Lemma 1.22 and Lemma 1.26 we obtain that
G = 7" fe(ue) [ @ < (T = 7*) fe(we)lloa,a 16" = 7") fe (te)llo,00,0
o R [
<Ch*q e3Inl ifv=1, (5.53)

e ,ifl<v.

Hence, we have from (5.24), Lemma 1.9(i), Lemma 1.21, Lemma 1.10, (5.53) and Lemma
1.23 that

S _vt1
lu— @t < Ju— el +Ce™ % h2||fe (ue) lo,n

+ C“(g—gh)fs(ue)h,ﬂ i |gh(1_7rh)fe(u5)|1,ﬂ + I(gh_éh)ﬂhfe(us)ll,ﬂ]

o = i 1 : ifl/<%

e 2, f0<v< L
(Gl e +Chq (nl)?, ifv=1

IR R T e 1 4 ) - o

i3 lf§<l/

g~z (1+2) iffi<sl’

1
NGRS R (ln %)5, ifr=1, (5.54)
e F ,yifl<w

The desired bounds of (z) follow from (5.54), if we take € as prescribed above.
(27) From the Lemmas 1.9(ii) and 1.25-1.27 we obtain that

llw — @?]lo,con < ||t = telo,co + Ce™"h?
7 C[”gh(I o 7"h)fes (te)]lo,00,0 + ”(gh = gAh)”hfS(UE)HO,oo,Q]
< CeEesihi

and the desired bound for € = CAhl_i-V ]
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Figure 1.2: Orders of convergence according to Theorems 1.1 ( ) and 1.3 (— — —).

Note that the L* error bounds of Theorems 1.1 and 1.3 are the same, and that the
H' error bounds differ only when :1; < v < 1. Figure 1.2 is an analogue to Figure 1.1.
This time we compare the orders of convergence according to Theorems 1.1 and 1.3 for
v € (0,3). As before the upper part of the figure refers to the L error, and the lower
part to the H! error.

1.5.4 Numerical Integration and Alternative Regularization

In this subsection we again replace f. by g., i.e. we consider the problem:

Find 4" € S such that
(Ph) / Val - Vxde = (cge(82),X)"  Vx€Sg.
Q

Existence and uniqueness of a solution " to (PP follow similarly as in the proof of Lemma

1.11. Next we note the following inequalities. For fixed h > 0 and g9 > 0 we have that

0 al  in QF, (5.55)

< £
ah < W<afi+e-c inQ for0<e<e <ep. (5.56)

Since the stiffness matrix K of the problem (P!) is an M matrix, we have that K~1 > 0
and each row of K~! has at least one element strictly greater than zero. If we also note
that no interior node lies on 92 we obtain (5.55). (5.56) can be proved similarly as in
Lemma 1.12 on noting (DMP) instead of (WMP). The non-discrete analogues of (5.55)
and (5.56) were used in [12] to prove existence of a solution u to (P). We will use the
above inequalities to prove existence of a solution to the following discrete unregularized

problem with numerical integration.
Find @* € S§, @* > 0 in Q*, such that

(Ph) /ﬂ Vit Vyde = (cf(@), )" VxSt



52 CHAPTER 1. A SEMILINEAR SINGULAR ELLIPTIC PROBLEM

Lemma 1.28 For all h > 0 there ezists a unique solution @* to (P"). Moreover, for all

€ € (0,e0) we have that
0O<al <al<cat<al4e inQh, (5.57)

where 4! denotes the unique solution of (P!).

Proof. We fix h > 0 and g9 > 0, and consider the sequence {ﬁi‘o/j}j, =R inhsh:
By (5.56) we have that {ﬁi‘o/j}j is a Cauchy sequence in S? with respect to the L* norm.

Hence, there exists a @* € S§ such that
lim ||u€ B 2(lo,c0,0 = 0. (5.58)

Obviously, (5.57) follows from (5.55), (5.56) and (5.58). Since S is finite dimensional, we

also have convergence with respect to the H! norm, which implies that

lim /Q Vi ;- Vxde = /Q Vit .Vxde  Vxe Sk (5.59)

J—o0
On noting (P?) and (5.59) it is clear that @* will be a solution of (P"), if one can show

that
,lim/n [cgeo/]( EO/]) ]dw:/{zﬂh[cf(ﬁh)x]dx Vx € S&. (5.60)

j—o0
Note that it suffices to prove (5.60) for the standard basis functions x; of S, i.e. for each

fixed ¢ € I;,¢, we need to show that

lim ge,;(a ;(2:)) = F(3"(21)). (5.61)

j—oo
The proof of (5.61) is easy. On noting the Mean Value Theorem, (5.57) and (5.58) we
have that
\9eo/i (@l /5(:)) = F(@" ()] = £ (@5, /5 (i) + €0/3) = F(@" (1))
< C|f/(ak (@)l (el ;(2i) — (@)l +€0/i] =0 asj— oo,
and hence the proof is complete. [
It is straightforward to check that all results of subsections 5.2 and 5.3 remain valid

when f, is replaced by g.. In particular we have the error bounds of the Theorems 1.2

and 1.3. Moreover, it follows from (5.57) that
12" — @¢llocon < €.

Combining this result with Theorems 1.2(ii) and 1.3(ii) we obtain that these results remain

valid with @" replaced by ", i.e. for d = 1 we have that
lu — o co < CRTF . (5.62)

Hence, we have obtained an a priori L* error bound for a practical discretization of (P)

which does not involve regularization.
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1.6 Numerical Experiments

In this section we deal with the practical solution of (P?) and (P"). We choose the Newton
method to solve the nonlinear systems of equations which correspond to (13?) and (Ph)
We describe this in subsection 6.1. We then report on some numerical results in the case

d = 1 in subsection 6.2. There we will compare the results of computations done with
[y fe and ge..

1.6.1 The Systems of Nonlinear Algebraic Equations

In the following we will always assume A(0) and that we are given a partitioning T" of
Q" which satisfies the assumption (WA) of section 4.1. In practice, one considers a family
{T"}4, and (P!) (resp. (P")) is solved for some selected h. In this subsection we let
h, € > 0 be given and fixed.

We first deal with (P?) for the regularization f. of section 2. Choosing the standard
basis functions {x;}¥., for S? as in subsection 4.1 leads to the following nonlinear system
for (P}):

Find @ = YN, U jx; € S&, i.e. find Us = (Ueyy, - .., Uev)t € RY, such that

KU. = ®.(U,), (6.1)

where N

K = (/ NoXsNoG dw) .
Q 1=1

is the stiffness matrix and the map ®. : RN — R¥ is given by its component functions
@i(V):c(wi)fe(I/i)/Xidx, VeERN,i=15N. (6.2)
Q

(6.2) shows that ®, is a continuously differentiable (with respect to V') diagonal map.
We also have that
Q.<D®. (V)<0, VVeRV, (6.3)

where D®, is the Jacobian of ®., 0 is the N X N zero matrix and @, is a diagonal N X N

matrix with
—C(&?) < (Qe)ii, t=1—N, (6.4)

where C(€) := [max,cq ¢(az)]ve=+1) > 0. As mentioned in section 4.1, K is an M matrix
under assumption (WA) and so must be K — D®.(V) for all V € RY and K — Q. (see

2.4.11 in [36]). Moreover, ®. is a convex map, i.e.
& (V)= ®. (V') > DO(V)(V -V"), V¥V, V' eRV. (6.5)

Hence the Newton iteration
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K - D®.(U)| 6UF = [®.(U}) - KUY, (6.6)
Ukl = yk4sur (6.7)

converges globally, i.e. for any U? € RN, towards the solution U, of (6.1), and the sequence

of iterates has the following monotonicity property
Ul<UZ<---<UF<UL. (6.8)

(see 13.3.7 in [36], where a concave nonlinearity, i.e. —®, is convex, is assumed to prove
global, monotonically decreasing convergence for (6.6), (6.7). However, the proof can easily
be adapted to a convex nonlinearity.) Moreover, since f,, and hence ®., is in C1'1(R), the

iteration converges quadratically in a neighbourhood of U, (see the proof of 11.2.2 in [36]).

Next, we deal with the unregularized problem (P*). With K as above, we now have

to solve the problem:
Find " = YN, Ujx; € St ie. find U = (Uy,...,Un)* € RV, such that

KU =9(U), (6.9)
where the map & : Rﬂ\_’ — R¥ is given by the component functions

B(V) = c(wi) f(Vi) /QX" dort AV (6.10)

Existence and uniqueness of U satisfying (6.9) follow from Lemma 1.28. Again we want

to solve (6.9) by the Newton method:

[K — D®(UX6U* = [@(U*) - KU, (6.11)
Uttt = U*+6U*. (6.12)

Since ®(V) is only defined for V € RY, it is not clear that for any given U° € R_IA_’ the
Newton iteration (6.11), (6.12) is well defined let alone converges. Hence, we need a

sufficient condition for the choice of U° € Rf.
Lemma 1.29 Suppose U° € RJI satisfies
KU°<®(UY%. (6.13)
Then the iterates {U*} given by (6.11), (6.12) satisfy for k > 0,
UEr Ul (6.14)

in particular U* € RY, and they converge to the solution U of (6.9).
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Proof. Since U° € RY, [K — D®(U%)] and [®(U°) — KU°)] are defined. Moreover, the
former is an M matrix. Hence, it follows from (6.13), (6.11) and (6.12) that

DR i (6.15)

On noting that (6.5) remains true for V,V’ € Rf, if ®. is replaced by ®, and that
[K — D®(V)] is an M matrix for all V € RY, one can now prove by induction that for
k>0,

ULe R
KU* < oU", (6.16)
UL UL

which proves (6.14). Next we show that for k& > 0,
Uk<u. (6.17)
We set % := U — U* € RM. On noting (6.9), (6.16) and (6.5) for ® we obtain that
K&* > ®(U) — o(U*) = ®(U* + &%) — o(U*) > DO (U*)6*,

and hence,

[K — D®(U*)]6F > 0,

from which (6.17) follows. Since the sequence of iterates {U*} is increasing and bounded

above, it converges to a U € RY. On taking the limit as £ — co in (6.11) we obtain that
KU =o(U).

Hence, by uniqueness, U = U, and the proof is complete. [ |

We now give a practical method of finding a U° € Rﬁ_’ which satisfies (6.13). First, for

a given mesh, we solve the linear problem
KU°=1°, (6.18)
where 1° € Rﬂ;’ is given by
i?:/ﬂ)@dm, i=1—>N. (6.19)
Since K is an M matrix, we have that

U° e RY. (6.20)
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For 1+ > 0 to be determined we set
U=t (6.21)

By (6.20) we have that U° € R¥, and it follows from (6.21), (6.18), (6.19) and (6.10) that
U° satisfies (6.13), if

,u/Xidzgc(a:,-)p_”[f]?]_”/X,-dx, i=1—>N.
Q Q

Hence, for any
—FL

< (L min o) max,091) ™ (6.22)

i=1+N i=1+N
the vector U° given by (6.21) satisfies (6.13).
Finally, we consider (Peh) with the regularization g¢. of section 3. Analogously to
Lemma 1.29 we obtain that the iterates of (6.6), (6.7) with f. in (6.2) replaced by g.
are well defined and converge to the solution U, of (6.1), if we start the iteration with

U0 € RN satisfying

Ui>-e, i=1-=N (6.23)
and
KU? <o, (UY). (6.24)
In practice, we set
Ul := puU°, (6.25)

where U° satisfies (6.18), (6.19), and p. > 0. Again, U? € RII, in particular (6.23) holds.
Similarly to above, we obtain that U2 satisfies (6.24), if

,LLE/X,'dl‘SC(SE,') [u5(~1?+5]_”/x,-dz, i=1—N.
Q Q
If pe < e, we have that e [U? 4 1]7* < [1eU? +€]7". Hence, if for any
pte < min{[ min_e¢(z;)][1+ max U%]™“e™", ¢} (6.26)

1=1-N 1i=1-N

the vector U? given by (6.25) satisfies (6.24).

1.6.2 Numerical Results

In this subsection we present some numerical results of the following problem in R:
—u’"=cu™ on (0,1), u(0)=0 and u(l)=a, (6.27)

where ¢ € Ry and a > 0. (6.27) is of type (P) when a = 0, and we have discussed its

fully practical finite element approximation in section 5. If @ > 0, i.e for inhomogeneous
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Dirichlet boundary conditions, our analysis can be adapted without effecting the error
bounds of Theorems 1.1, 1.2 and 1.3. The case a > 0 is included here, since for v > 1 it

is easy to write down the exact solutions for (6.27). For example, for

v—1
1 =1 =12 .
v>1, a : c e (6.28)
the exact solution of (6.27) is given by
w(w)ii= e z € [0,1]. (6.29)

We choose equidistant meshes 7" on [0, 1], i.e. for fixed A there exists an N € N such
that h = N;'H-’ and the mesh points are given by z; =ih, 1 =0— N + 1.

Straightforward calculations show that

2 -1 0 0
-1 2 -1
-1 2 -1
K = -}1; 4
0
-1 2 -1
0 0 -1 2
and that
%UV) = heq(V)+8ng, i=1-N, (6.30)
where ¢. = f. or g., and
(V) = th(Vi)+5uv%, i=1—N. (6.31)

Since we have included the case @ > 0, we have to remark on the convergence of the
Newton iterations (6.6), (6.7) and (6.11), (6.12).

First we consider (6.30) for ¢. = f.. For any a > 0, (6.3)—(6.5) remain true. Hence
the Newton iteration (6.6), (6.7) converges for arbitrary U? € RY.

As for the convergence of (6.11), (6.12) for ® in (6.31) with @ > 0, we note that Lemma
1.29 remains true for this case. Hence, we only have to give an adapted practical method

of finding a U° € RY which satisfies (6.13). Instead of (6.18), (6.19) we now solve
KIS =515 (6.32)
where 1° € RY is given by

a

i?‘—’/XidiE+5iN :h—i—(S,'NE, t=1— N. (6.33)
Q h h
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Next, we set

U= uaban (6.34)

It is easy to see that U° satisfies (6.13), if
s =min { ik (6.35)

where p is as in (6.22) with U° replaced by U°.
Similarly, one see that for (6.30) with ¢. = g. and @ > 0, the Newton iteration (6.6),

(6.7) converges, if we start with
U0 = p2t°, (6.36)

where U2 satisfies (6.32), (6.33) and
pe = minfpe, 1}, (6.37)

and g, as in (6.26) with U° replaced by U®.
We also note that for d = 1 we do not have to solve the systems (6.18), (6.19) and
(6.32), (6.33) computationally. It is well-known, see (4.14), that

Ue = rhu®, (6.38)
where we have used the standard identification S? = R", and

u(z) = zz(2a+1-2) (6.39)

is the solution of
—u"=1 on (0,1), u(0)=0and u(l)=a.

We use a direct method to solve (6.6) and (6.11). As K — D®.(V) and K — D®(V)
are M matrices, we can use Gaussian elimination without pivoting. As they are also
tridiagonal, one can store them as V X 3 or 3 X N matrices. Algorithms which are adapted
to this storage are available and solve (6.6) with O(NN) multiplications (as compared to
O(N?) multiplications which are needed to solve a linear system directly where all the
elements of the corresponding matrix are nonzero). We use the FORTRAN 77 code for
such an algorithm given in [31], p.424. Alternatively, on noting that K — D®.(V) and
K — D®(V) are also symmetric (Stieltjes) and positive definite matrices, one could use
Cholesky factorization to solve the linear systems (6.6) and (6.11).

For our computations we choose h = 2%, i.e. N(I) =2 —1,1 =1 — L. For fixed h
we stop the Newton iteration, if

max |(6U*);] < Tol :=1078,
i=1->N(1)
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where as an initial guess U° for the iteration we use the piecewise linear interpolant of
the result for the case N(I —1). If I = 1, i.e. N = 1, we start the iteration with U° as
prescribed above. Although we did not prove convergence of the Newton iterations for
this choice of the initial guesses when N > 1, they perform very well in practice, since the
initial guesses are by ‘construction’ close to the sought solution.

All our computations were done on an IBM RS6000 workstation using FORTRAN 77
with real*8 precision. We used MATHEMATICA to generate the graphs in this section.

We begin with showing some qualitative behaviour of the computational solutions for

zero boundary conditions, i.e. @ = 0. We choose the following parameters:

~ 2

! c=1, c=1, E=hT+v | (6.40)

D=

14

where ¢ is from (6.27) and C' from Theorem 1.3.

We start the computations for h = % and use as an initial guess for the Newton

iterations U° given by (6.21). On noting (6.22), (6.26) and (6.38), (6.39) we have to
choose
U°<0.25 (6.41)

for the computation with f and

cal;

fpee Dl (6.42)

for the computation with g.. In order to have comparable computations, we start in every
case, i.e. for f, f. and g., with U° = 9=% ~ 0.0496.

The Figures 1.3 — 1.5 show some piecewise linear Galerkin approximations of u for the
parameters as in (6.40) and A = 271,272 273 and 271° where for f. and g., € = h3 is
chosen according to Theorem 5.2. The graphs for h = 2710 appear to be smooth in the
scale of the Figures below, and graphs for smaller values of h cannot be distinguished in

the same scale.
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Figure 1.3:

Figure 1.4:

Figure 1.5:
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Some piecewise lin. Galerkin approx. for v = 0.5 and comput. with f

0.25¢

0 0.i25 0..25 0.:%75 0:5 0.625 0.75 0.875 1

Some piecewise lin. Galerkin approx. for » = 0.5 and comput. with f,

0 0.125 0.25 0.375 0.5 0.625 0.75 0.875 1

Some piecewise lin. Galerkin approx. for » = 0.5 and comput. with g,
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Next, we compare the error estimates of Theorem 1.3 with some computational results.
h h

<, we have that

On using the notation E(h) := ||7"u — v||o,00,0, Where v = @" or i

[[u = vllo,co0 < [lu = 7ullo,00,0 + Eoo(h) (6.43)

Clearly, exact values for E,(h) can be obtained computationally, if the exact solution u
is known. For the interpolation error we have the bounds of (4.34) which are the same as
those of Theorem 1.3(ii), resp. (5.62), when v > 1 and slightly better, when 0 < v < 1.

On assuming that
Ewo(h) = ChP>,  poo >0,

we obtain that 2P~ E (h) — Fs(2h) =~ 0 and hence
Fuo(2h)

_—r h) = : 44
Similarly, with E; (k) := |mhu — v|; g and Ej(h) ~ ChP, p; > 0, we have that
lu—vle < |u-r"uliq+ Ei(h), (6.45)
Ey(2h)
~ h) =1 . 6.46
P1 pl( ) OgZ El(h) ( )
From our discussion in section 4.4 we have that
h , f0<v<i,
u— 7rhu|lyg <C{ hzv-s Seeif] % SUI<ple (6.47)

=S=prul -
RN if 1<v <3,

where § > 0 is arbitrary.

We need the exact solution u of (6.27) to compute Fy(h) and Es(h). In fact, for v
and c as in (6.40) we can obtain u:

Noting the uniqueness of u it must also be symmetric about %, since % defined by

u(z) := u(l —z), z € [0, 1], solves (6.27). Hence, it suffices to solve the problem
—w”=w"7 on (0,1), w(0) = w'(}) =0. (6.48)

Then, u defined by

1

T (6.49)

is the solution of (6.27).
To solve (6.48) we multiply the differential equation by w’ and integrate to obtain for
z € [0,1] that
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The method of separation of variables yields that

/M——ds——1—2x (6.50)
w(z) (M% —S%)% P ’ .

where M :=w(3). Using the substitution ¢ := M~!s we obtain from (6.50) that

/ 11==1—2:1;.
ﬂ(ﬂ ]_.._tz 2

.:;m

Hence, on noting that

Dl
g
—_
~
N
N

O

| S— |

/(1—_‘1-:%—)% 4 [b - 1)

we have for z € [0, 1] that

{1 = (%) %] ; = !1 - (%) %] % = 1M~3(1-24). (6.51)

On choosing @ := 0 (6.51) yields M = (%) With

2
{ ] 652
(6.51) becomes a cubic equation for y(z):
y(z) - 5ly(@)° = 3(1 - 22) . (6.53)
(6.53) has three real roots:
yk () := —2cos(§[cos™ (1 — 2z) + 2k7]), k=0,1,2, (6.54)
in particular,
wd) =-v3, nl)=v3, n)=0. (6.55)

(6.52) yields that y(3) = 0. Therefore we must choose for k = 2 in (6.54). Hence, we
obtain from combining (6.49), (6.52) and (6.54) with k& = 2 the exact solution u of (6.27)

{1 — 4cos?(3[cos™}(1 — 22) +4nx])}, f0<a
{1 —4cos?(3[cos™!(2z — 1) +4n])}, if} <z

Table 1.1 shows the computational orders of convergence, p;(h), ps (h), for the compu-
tations with f, f. and g.. The parameters were chosen as in (6.40), in particular ¢ = h%,

by Theorem 1.3. We also include the number of Newton iterations, n;;, that were needed

for each h to solve (6.6) or (6.11).
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/ Je 9e
h nit | P1(h) | Poo(h) || mit | pr(h) | poo(h) || mit | Pr(h) | Poo(h)
2-1 [ 6 | — — 2 — — 4 — —
272 | 5 |.7642 | 1.2289 || 4 | 1.4262 | 1.8908 || 4 | .6064 | .8613
273 | 4 |.8326 | 1.3182 || 4 | .8326 | 1.3182 || 4 | .9225 | 1.0802
274 | 4 |.8656 | 1.3297 || 4 | .8656 | 1.3297 || 4 | 1.0512 | 1.2025
27% | 3 |.8979 | 1.3493 || 3 | .8979 | 1.3493 || 3 | 1.1087 | 1.2647
276 | 3 |.9252 | 1.3712 || 3 | .9252 | 1.3712 || 3 | 1.1366 | 1.2971
277 | 3 |.9460 | 1.3905 || 3 | .9460 | 1.3905 | 3 | 1.1505 | 1.3147
278 | 3 |.9612 | 1.4087 || 3 | .9612 | 1.4087 || 3 | 1.1562 | 1.3246
279 [ 2 | .9723 | 1.4233 || 2 | .9723 | 1.4233 || 3 | 1.1564 | 1.3303
27101 2 | 9802 | 1.4358 || 2 | .9802 | 1.4358 || 2 | 1.1523 | 1.3337
271 2 | 9859 | 1.4461 || 2 | .9859 | 1.4461 || 2 | 1.1445 | 1.3356
27121 2 | .9899 | 1.4548 || 2 | .9899 | 1.4548 || 2 | 1.1339 | 1.3366
27131 2 1.9928 | 1.4620 || 2 | .9928 | 1.4620 || 2 | 1.1211 | 1.3371
27141 2 1.9949 | 1.4681 || 2 | .9949 | 1.4681 | 2 | 1.1070 | 1.3373
27151 2 [ .9964 | 1.4731 || 2 | .9964 | 1.4731 || 2 | 1.0924 | 1.3372

Table 1.1: Computational orders of convergence for » = 0.5 and ¢ = h3

As for the numbers of Table 1.1, we first note that the values of po,(h), h small, for f
and f, are better than the value predicted by (5.62) and Theorem 1.3(ii): po, = % ~EILGRERL
In fact, these values suggest optimal convergence: (4.34) for v = } yields p%* = 1.5000.
However, the values of py,(h) for g. are in good agreement with our theory.

The values of p;(h) are too good compared to our prediction from (5.54), p; = % ~
0.6667, for f. and g.. Although we do not have a theory for the value of p; for f, the
values of p;(h) for f (as well as those for f. and g.) in the above Table suggest again
optimal convergence: (6.47) for v = % yields pfl’pt =1l

To conclude our discussion of Table 1.1, we now explain why the values of p; (h), peo (h)
for f and f. are the same when h > 273. The Newton iteration (6.6), (6.7) yields the
computational solution U, of (6.1). However, from the definition of ®. and f. we have
that (6.6), (6.7) are only different from (6.11), (6.12), if at least one component of UF is
less than €. Table 1.2 shows the number n. of components of the computed solution U,
which are less than €. Since for each h the final iterates Uek are close to U,, Table 1.2
implies that these iterates are in fact computed with f instead of f. for A > 272, Hence,
they converge to U, the solution of (6.9), and we obtain the same computational orders
for f and f. in Table 1.1 for h > 273. Obviously, the same effect cannot happen for g. as

it is a global regularization.
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A2l a2t So=8t i Rosdil i Rostis | Rasod B0 ST 9 =8
Ne 1 0 0 0 0 0 0 0

h 2—9 2—10 2—11 2—12 2—13 2—14 2—15 e
Ne 0 0 0 0 0 0 0 —

Table 1.2: Number of components of U, which are less than ¢ for » = 0.5 and f..

Next we present some numerical results when the parameters v, @ and ¢ are as in
(6.28). The parameter C' of Theorem 1.3 is again chosen to be equal to 1 and & = hTH
Again we start the computation for h = % but use as an initial guess U° given by (6.34).
In order to use U° for the computations with f, f. and g., we choose u‘(‘E) to satisfy both
(6.35) and (6.37). Table 1.3 is an analogue of Table 1.1 for v = 3.

f fe e

h | nit | pr(h) | poo(h) || mit | pr(h) | Poo(h) || mit | P1(R) | Poo(h)
21 110 | — —— 2 | — - 5 — -

2=2 | 5 |-.0077 | .2023 || 4 |-.0709 | .1394 || 3 |-.4120 | -.1889
2-3 | 6 | .0391 | .4402 || 4 | .0218 | .4242 || 4 |-.1733 | .1904
2=4 | 6 | .0200 | .4863 || 4 | .0155 | .4826 || 4 |-.0701 | .2476
2-5 | 6 | .0075 | .4967 || 4 | .0063 | .4958 || 4 |-.0223 | .3266
2=6 | 5 | .0025 | .4991 || 4 | .0022 | .4990 || 4 |-.0035 | .3770
2=7 | 5 | .0008 | .4998 || 4 | .0007 | .4997 || 4 | .0021 | .4114
2=8 | 5 | .0002 | .5000 || 4 | .0002 | .4999 | 4 | .0027 | .4357
2=9 | 5 | .0001 | .5000 || 4 | .0001 | .5000 | 4 | .0021 | .4526
210 | 5 | .0000 | .5000 || 4 | .0000 | .5000 || 4 | .0013 | .4646
2=11 | 5 | .0000 | .5000 || 4 | .0000 | .5000 || 4 | .0008 | .4734
2-12 1 5 | .0000 | .5000 || 4 | .0000 | .5000 || 4 | .0004 | .4799
2-13 1 5 | .0000 | .5000 || 4 | .0000 | .5000 || 4 | .0002 | .4847
2-14 | 5 | .0000 | .5000 || 4 | .0000 | .5000 || 4 | .0001 | .4883
2-15 | 5 | .0000 | .5000 || 4 | .0000 | .5000 || 4 | .0001 | .4910

Table 1.3: Computational orders of convergence for v = 3 and € = hz.

For small h, the computational orders po,(h) for f and f, are in very good agreement
with (5.62) Theorem 1.3. As for g. the figures are slightly worse but still in good agreement.
Once again, the values of p;(h) are better than compared with the prediction from (5.54),
p1 = ——i, for f. and g..
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Figure 1.6: Some piecewise lin. Galerkin approx. for » = 3 and comput. with f
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Figure 1.7: Some piecewise lin. Galerkin approx. for » = 3 and comput. with f.

0

0 0.125 0.25 0.375 0.5 0.625 0.75 0.875 1
Figure 1.8: Some piecewise lin. Galerkin approx. for » = 3 and comput. with g,
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Figures 1.6 — 1.8 are analogues to Figures 1.3 — 1.5 for v = 3. The smooth graph in
the Figures above is the graph of the exact solution u(z) = 23,

In Table 1.4 we show numerical results for different 1’s with h = 2-15 and ¢ = hT#v.
As for the values of po,(271°) we have again very good agreement with Theorem 1.3 for

f and f., and good agreement for g.. It is however remarkable how well p;(271°) agrees

with the optimal rate of convergence given by (6.47), see Table 1.5.

f Ife Je Theorem 1.3

v it | Poo(h) || Mit | Poo(R) || nit | Peo(h) H_Ll,

1.0001 | 1 | 9973 || 1 | 9973 || 2 | .8820 1.0000
%1 2 | 9523 || 2 | .9523 || 2 | .8565 .9524
152 3 1 .9091 (| 2 | .9091 || 3 | .8304 9091
123 3 | .8696 || 3 | .8696 || 3 | .8043 .8696
1.4 3 | 8333 || 3 | .8333 || 3 | .7787 .8333
1.5 3 | .8000 || 3 | .8000 || 3 | .7534 .8000
2 4 | .6667 || 3 | .6667 | 4 | .6437 .6667
2.5 5 | 5714 || 4 | 5714 || 4 | .5579 5714
3 5 | .5000 (| 3 | .5000 || 4 | .4910 .5000
4 6 | .4000 || 4 | .4000 || 4 | .3951 .4000
5 7 | 3333 || 5 | .3333. || 5 [ .3301 .3333
6 8 | .2857 || 5 | .2857 || 5 | .2334 .2857
7 8 | .2500 || 5 | .2500 || 5 | .2481 .2500
8 9 .2222 5 | .2222 5 .2207 22222
9 10 | .2000 || 5 | .2000 (| 5 | .1987 .2000
19 17 | .1000 (| 5 | .1000 || 5 | .0994 .1000
99 72 | .0200 || 6 | .0200 || 6 | .0198 .0200

Table 1.4: peo(h) for different v’s with A =271° and e = hT
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f fe 9e (6.47) || (5.54)
v pi(h) | pi(h) | ;(R) || 553 =
1.0001 | .4999 | .4999 | .4991 || .5000 4999
1.1 4524 | 4524 | .4520 4523 4286
1.2 4091 | .4091 | .4089 || .4091 .3636
1.3 3696 | .3696 | .3695 || .3696 .3043
1.4 3333 | 3333 | 3334 || .3333 .2500
1.5 .3000 | .3000 | .3000 {| .3000 .2000
2 1667 | .1667 | .1667 || .1667 (.0000)
2.5 .0714 | .0714 | .0715 0714 || (-.1429)
3.0 | .0000 | .0000 | .0001 || (.0000) || (-.2500)

Table 1.5: py (k) for different v’s with h = 2715 and ¢ = hTs

P
We note that for our computations we have so far chosen ¢ = hT+v.

However, by

Theorem 1.3(i) we should choose € = C hT#5 for the computations of p;(h), when 1 <

v < 3. It turns out that now the choice of C' determines which kind of convergence will
be seen computationally. In Table 1.6 we show p;(h) for ' = 0.001 and C' = 100. The

numbers for C' = 0.001 are in very good agreement with the optimal orders of convergence

from (6.47), whereas the numbers for C = 100 are in good agreement with Theorem 1.3.

¢ =0.001 C =100

i Je (6.47) fe Je Theorem 1.3
v pi(h) | pi(h) | gy || i(R) | pa(R) ey
1.0001 | .4999 | .4999 | .5000 4995 | 4791 .4999
1.1 4524 | .4523 4523 4414 | 4214 4419
1.2 4091 | .4089 | .4091 3908 | .3703 3913
1.3 .3696 | .3692 | .3696 3464 | .3243 .3469
1.4 3333 | .3329 | .3333 3071 | .2826 3077
1.5 .3000 | .2994 | .3000 2721 | .2440 2727
2 .1667 | .1658 .1667 .1408 | .0856 .1429
2.5 .0714 | .0704 | .0714 .0416 | -.0059 .0588
3.0 .0000 | -.0010 | (.0000) || -.0406 | -.0483 (.0000)

Table 1.6: py(h) for different v’s with h = 271 and ¢ = C' x §e=r
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Tables 1.5 and 1.6 show a fundamental problem when one uses regularization in practi-
cal computations. If the regularization parameter ¢ is small (as in Table 1.5 and in Table
1.6 for C = 0.001), it can happen that the computation does not see the effect of the
regularization, and thus the error of the computation is just the discretization error. It is
however likely that our theoretical bound for the discretization error is suboptimal. This
is why we see a better order of convergence than predicted by Theorem 1.3. On the other
hand, when ¢ is large, regularization does play a role in the practical computations and
the computational error consists of both the regularization and discretization error. The
figures in Table 1.6 for C' = 100 agree with the prediction of Theorem 1.3(i), where ¢ was
chosen in terms of h in order to balance these two errors.

We conclude this section with the remark that the computations presented above may
not be practical after all. Especially if one is interested in high accuracy, i.e. in small
E(h), for large values of v, then the above computations yield very poor results. This is
because in our computations we have chosen an equidistant mesh which is not appropriate
for the kind of singular behaviour displayed by the exact solution near the boundary,
see Figures 1.6 — 1.8 and Table 1.7 where we have listed E,(271%) for the computations
corresponding to Table 1.4. Note however that € = hTH = 27T,

In practice, one would of course use adaptive meshes and be interested in a posteriori

error bounds. But that is a completely different story....

2 f fe e
1.0001 | .00000000 | .00000000 | .00000001

2 | .00011126 | .00011727 | .00090577
.00081333 | .00092742 | .00541156
.00245714 | .00302192 | .01547681
.00495774 | .00653462 | .03107407
.00802051 | .01126045 | .05107385
.01134680 | .01687784 | .07411220
.01470950 | .02307486 | .09898692
01795932 | .02959537 | .12476470

Nl Bie ol BN B B> B BN S V)

19 .03772635 | .08954411 | .35328263

99 .03101551 | .21542397 | .81202102

Table 1.7: E(h) for different v’s with h =275~ 3.05 x 1075 and ¢ = T



Chapter 2

A Semilinear Degenerate

Parabolic Problem

2.1 Introduction

Let Q be a convex polyhedral domain in R%, 1 < d < 3, with boundary Q. We now

consider the following problem:
(P) Find u(z,t) such that

ow=Au+f in Qr:=Qx(0,T], v=¢(u); u=0 on INx(0,7],
v(-0)=¢(g()) in Q;
where, for given constants A > 0 and p > 1,
¢(s) := Asign(s) [s|P Vs eR. (1.1)
We will begin our analysis with the following assumptions on the given data:

f € L2(QT)v g€ L2(Q)’

but these assumptions will be sharpened as we proceed.

The model (P) is widely used for physical processes. Obviously, when p =1 then (P)
is the standard mass diffusion or heat transfer equation with u representing mass density
or temperature. For p # 1 we list some examples which we have mainly taken from [35].
We also refer the reader to the references therein.

In the case when 0 < p < 1, (P) can be used as a model for the diffusion of gas
in porous media; the gas density being represented by v. A similar model is the Stefan
problem for heat transfer involving two phases (liquid-solid): ¢(s) in (1.1) is replaced by
¢(s) := cs+ H(s), where c is a positive constant and H the Heaviside graph. In the Stefan
problem u represents temperature and v enthalpy. There is an abundance of literature on

both the porous media equation and the Stefan problem.

69
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We consider the case p > 1. For d = 1, p = 2 and f = 0, (P) with v representing
particle density is mentioned in the literature as a model for plasma diffusion across
magnetic fields, see [7] and the references therein. For general p > 1 and d = 1,2 and 3,
(P) can also be considered a crude approximation of models of nonstationary filtration,
see again [35]. Here, we point out that although there is some physical justification for
considering (P) we are only aware of one article [29] dealing with a finite element error
analysis on it. This is all the more surprising since it has been known for quite some
time that the qualitative behaviour of the solutions for p > 1 is in stark contrast to the
qualitative behaviour for 0 < p < 1, see below.

Depending on the range of the parameter p in the constitutive relation (1.1) (P) is
called a singular parabolic problem when 0 < p < 1 (since in this case the graph of ¢ has
a singularity at the origin), and it is called a degenerate parabolic (or elliptic-parabolic)
problem when p > 1 (since then the parabolic equation above may degenerate into an
elliptic equation). Unfortunately, we have to remark that there is no agreement in the
literature as to which case should be called singular and which degenerate. Some authors
call the case 0 < p < 1 degenerate and p > 1 singular (since they replace v = ¢(u) by its
equivalent u = ¢~!(v)). Other authors, like [35] mentioned above, use “degenerate” for
the whole range of p > 0, p # 1 in order to contrast it with “regular” nonlinear parabolic
problems. We stick to the first definition in this thesis.

The solutions for the singular and the degenerate parabolic equations differ in their
qualitative behaviour in time. We first mention the question of compact support arising
for the Cauchy problem, i.e. (P) with f =0, @ = R? and no boundary conditions. It is
well-known (cf. [47]) that when 0 < p < 1 a solution for a compactly supported initial
function stays compactly supported for all £ > 0 and that the interfaces (i.e. the boundary
of supp u) move with finite speed. Therefore the singular case is sometimes referred to as
“slow diffusion”. This is in contrast to the standard heat transfer equation (p = 1) where
the solution has an infinite speed of propagation in R¢ d = 1,2,3, for any ¢t > 0. As
for the degenerate case p > 1, Sabinina [40] showed that the solution also has an infinite
speed of propagation in R! (we do not know whether there is an extension of her proof to
d =2 and 3). In addition and more importantly to our considerations, it is also shown in
[40] that for the initial boundary value problem (P) with f = 0 and d = 1, the solution
for a non-identically zero initial function has to vanish identically in Q at a certain time
Tez > 0. This important result can be extended to d = 2 and, under a restriction on the
range of p to d = 3; we refer to subsection 2.2.3 where we report further on this finite time
extinction property. Because of this property the degenerate problem (P) is sometimes

also called the “fast diffusion problem”.
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The layout of this chapter is as follows. In section 2.2 we begin with the analysis
of (P) by introducing the notion of a weak solution to (P) in an appropriate function
space. Uniqueness of a weak solution will be easily seen. Although existence proofs based
on different approaches exist in the literature (e.g. see [37], [2], [14] and the references
therein) we will give a full existence proof based on the standard techniques of introducing
a regularized problem (P.), deriving a priori estimates for a semidiscretization of (P:) in
time and then using compactness arguments (our proof is closest to that given in [37]).
The obtained a priori estimates for (P) and (P:) play a crucial role in later sections. We
conclude section 2.2 with reporting on the finite time extinction property.

In section 2.3 we introduce semidiscrete approximations in space, (P") and (Pl}).
The standard continuous piecewise linear Galerkin approximation will be used for the
discretization in space, but (P") and (P%) will still be continuous in time. A priori error
bounds in L?(Qr) will be derived first on assuming exact integration and then on taking
into account the effect of numerical integration in space.

Fully discrete problems (151’\‘,) and (PE’fN) will then be introduced in section 2.4 by using
the backward Euler method for the time discretization. A priori error bounds are obtained
from combining the bounds of section 2.3 with a priori bounds for the time discretization
similar to the ones derived in section 2.2. The work done in sections 2.2 and 2.3 allows
section 2.4 to be rather short. Nonetheless, the obtained a priori error bound is both
sharper and more general than the existing one in the literature (cf. [29]).

In section 2.5 Rulla’s novel approach [39] for the analysis of the backward Euler method
in the setting of an abstract Cauchy problem will be adapted to our concrete situation.
This way we are able to improve on the a priori error bounds of section 2.4.

In section 2.6 we report on Le Roux’s scheme for the semidiscretization of (P) in time.
This scheme has the interesting feature of capturing the extinction in finite time property
of the continuous problem. We introduce a fully discrete version of the method for later
reference, but unfortunately it is not clear how to prove a priori error bounds.

Numerical results are included in section 2.7 for homogeneous (P) and d = 1. First
we compare our a priori error bounds of section 2.5 with computational results. Then
in analogy to the extinction time of the continuous solution we observe a computational
extinction time for the discrete solutions. The asymptotic profiles in space of the discrete
solutions approaching extinction time will be compared with the asymptotic profile of the
continuous solution.

Finally, since linear numerical schemes based on extrapolation and relaxation have
proved to be useful methods for the numerical solution of slow diffusion problems (cf. [34]
and the references therein) we will have a brief look at these methods transferred to an

ODE model of the fast diffusion problem. This is done in the concluding section 2.8.
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2.2 Regularization

We now introduce a regularized version of (P).
(P.) Find ue(z,t) such that

Owe =Au.+ f in Qr, ve=¢(us); u=0 on N x (0,7],
vs(,0)=¢e(g()) in Q)

where we define for all s € R

Aes || gr-1
e(s) := 2.1
get) {¢(8), S|S|- S

Since ¢.(s) > Xe > 0 Vs € R, (P.) is not degenerate. Furthermore the following

inequalities are easily verified for all & € (0, o):
Aela = b]* < [$e(a) — ge(B)][a—b] < (Ae) ~'[ge(a) — ¢ (b))* Va, bER, (2:2)
and YM € R*,
Lyz(¢e(a) = ¢(0))* < [¢:(a) = ¢ (O)][a— b] < Ly[a = b Va|, || <M,  (2.3)

where Lps := Amax{pMP~1 ¢0}. To define the notion of a solution of (P.), we make the

following assumption on f and g:
(D0)  feL’@Qr), gel* Q).
Definition 2.1 u. is a weak solution of (FP.) if u. € L%(0,T; H}(Q)), ve = ¢c(u.) €
H(0,T; L*)) and for all n € L*(0,T; H}(Q)) we have that
{[0wveln + Vue - Vp— fp}dedt = 0, (2.4)
& 0(0) = e(g()) in Q. (2.5)

We remark that since H(0,T; L*(Q2)) C C([0,T); L*()) the initial condition makes sense.

We define a weak solution u to (P) analogously by replacing ¢., u. and v. by ¢, u and v.

Firstly, we note that there can be at most one solution to (P.). Suppose there are two
solutions u{" and u!?. Then we have that for all T’ € (0,T] and n € L2(0,T"; HA()),

{0 (ulV) — $e (@) + V(M) —ul?) . Vy}dzdt=0.
Qpt

Choosing 7n(z,t) ft 5 - us )(z, s) ds and integrating by parts yields

T 2

/ @h —u@)at| =0.  (26)
2 1,0

/Q [pe (1)) — e (u)][ulM) — uP]dz dt + L
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On noting that the first term in (2.6) is nonnegative by the monotonicity of ¢. we obtain
that

!

T
| - uya

0

=0, VT'e(0,T],
1,0

and hence by Poincaré’s inequality,
TI
/ W — @) dt =0, VT'€ (0,T],
0

which implies that v = u® ae. in [0,T]. Uniqueness of a weak solution to (P) can be

proved similarly.

To prove existence of a solution to (P.) we introduce a problem (PM) with a Lipschitz

continuous nonlinearity ¢M. It is convenient to fix an €9 > 0 and to choose M such that

1

s(’J’Tl <M.
For all € € (0,&0] and s € R we define
¢e(M) + 4. (M)(s - M) , M<s,
92 (s) = 9e(s) , ~M<s<M, (2.7)
Be(=M) + S (-M)(s+ M) , s<—M.
Obviously, ¢M satisfies (2.2) and (2.3) for all @, b € R with Ly = ApMP~L,
We define the problem (PM) as (P.) with ¢., u. and v, replaced by ¢M, uM and vM.

Uniqueness of uM is shown as for ..

Our program now is the following. Firstly we will prove existence of a weak solution
uM to (PM) by considering a semidiscrete approximation in time. Then we will show that
for M sufficiently large uM is a weak solution of (P.). After that we prove the existence

of a weak solution of (P) by letting ¢ — 0.

2.2.1 Existence of a Weak Solution to (PM)

For N € N we define the time step 7 := % We strengthen our assumption (DO0) to
(D) fe HY(0,T;L%(9Q), g€ Hy(Q)

and consider the following problem:
(PMy) Forn=1— N find u%\? € H} () such that for all w € Hg(Q),

/ SM (uMhiry — M (w1
Q

T

wdw-l—/VuiVI]{;l-dew = /f}&,wdz,
Q ; Q
2l (uey) = 9(0)

where f{(:) := f(-,n7).
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The first equation in (PEA’/{V) can be rewritten as

/¢>M wdz+7’/QVu i de:v_r/fNWd"’+/¢M M Hwdz (2.8)

For given uiwl\? : (2.8) can be considered as an operator equation

Au =be [Hy(Q)]* (2.9)
on defining A : H}(Q) - H~Y(Q) = [H}(Q)]* ( ( -, ) denoting the H~1(Q) — H}(Q)
duality pairing) by
(Aw, w) := (A0, w) + (A, w) /¢5 wd:z:—i—r/ Vo -Vwdz, Vo,w e Hy(Q),
which is well defined since ¢M (w) € L%(Q) for all @ € L2(Q) D H(Q).
Aj is strongly monotone and continuous. Since by (2.3) A; is monotone, A will be

strongly monotone and continuous, if .A; is continuous. On noting Hélder’s inequality and

(2.3) we obtain for all Wy, W, w € H}(Q) that

|(A1@1 — A1, w)| = ’/Q[d)iw(ﬂn) — M (3)]w da

L ||wy — w2||1,0lw]|ie.

< Ly|wy — walo,0|wlon

IA

Hence, A; is (Lipschitz) continuous.

Existence and uniqueness of a solution to (2.9) and hence to (P%V) now follow from

the Brouwder-Minty-Theorem on Monotone Operators (cf. [49], p.557).

Our main aim in this subsection is to show that a solution to (PM) can be obtained

from (Pe ~) by letting N — oo. To this end we need a priori estimates. To prove these

estimates we recall a ‘summation by parts’ formula (where we use superscripts):
Yy P P p
N

Za bn_ i aNbN _ aObO = Z(an bk, an—l)bn—l ] (210)

n=1
and the discrete Gronwall’s inequality (cf. [18], p.176): Let {a"}, {b"}, {c"} be three

sequences of non-negative real numbers such that {¢"} is non-decreasing and
m—1
a™ +b™ Scm—i-(Za" for m>1 and ¢ >0, with a®+0°<c°.
n=0
Then these three sequences satisfy

a™ +b" < c™exp(m() for m>0. (2.11)

Lemma 2.1 Under assumption (D1) we have that
2

N Mmn Mn—-1 N M M n—1
u —u T ¢e ( N) gb ( )
der y L—N— —5 L, max_ |u; 2
T = +LM - + | |1 Q
n=1 O,Q n=1 ,Q

where C' is independent of M and N.
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Proof. On testing the first equation of (P ) with u,s = uyﬁl_l and noting (2.2) and

(2.3) we obtain that

2 2

Mn Mmn—-1
U N — U N

oM (u) - ¢M( T

1 1 —l
§>\€T +§LM

0,2

A s a VA ey @

T

On noting the inequality (& — n) > $([€|* — |n/?), V&, n € R, and summing (2.13) from
n=1tom(l1<m < N) we obtain that

M, M,n—1 |2 M 1y |2
1y “ ues,]\;L E: ue,]\? 1L ) ¢5 ( i )
2 ETZ T M 2|U |1Q
n=1 0,0 0,2
M, M,
< Ygltq + Z /Q IR — et do (2.14)
n=1

From (2.10) we have that

m

M, Mmn-1
Z/ﬂf,’\‘,(uS, Ny ) de
=1

o /fmuﬁw,\,’”dx-/f gd:v—Z/ [/(N_I)Tatfdt] Min i

< C||f||L°°(OTL2(Q)+4|u T+ 3lelia
+Z/ [/(?tfuy]’\;‘_ld:c] dt
(n-1)7 :
< Clfleoor;zay) + el e+ 3lolia

[ L lZIuM" llmr, o

where we have noted Young’s, Poincaré’s and Holder’s inequalities. On noting Young’s

and Poincaré’s inequalities again we obtain that

1

m—1
|:/0 ‘atfh)ndt] [ Z‘uMn lloﬂ] < C|8tf|OQT+C7' Z |u |1Q (2.16)

n=0

Now, it follows from (2.14), (2.15) and (2.16) that
n n— 2 n— 2
x m uf_}:l]{/ _ui\jf](] 1 ) ¢M( M 1)
é‘)\é‘TZ _T—_— 4|’Ll. ‘IQ
n=1 0,2 0,2

m—1

< gl a+ ClAlEmoriixay + ClOfBar +CT Y lugiilia,  (217)

n=0
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and hence by (2.11),
lugiia < C [|g|1 a+ 1o, r2() + 10:f15.0, | €xP(CmT) < C, m=1— N, (2.18)

since m < N = L. The desired bound (2.12) now follows from (2.17) and (2.18). |

Let uMy € L=(0,T; HY(Q)), fv € L®(0,T; L*(Q)) and uly" € H'(0,T; H3(%)) be
such that

ubly(t) = UEN, fn(t) := ff and

(@) =71 [t = (0 = )RR+ (or — R,

if te ((n-1)7,nt]; quIN(O) = uyNC(O) =71

Similarly, let vyN € L>(0,T; L*(R)) and v i H'(0,T; L%*(2)) be such that
Mv(t) = 9 () and

”yf’vﬁ(t) = e- - D) (ue) + (o = O (w57,
if te ((n—l)r,nr]; UC, (O)E ( ) ¢M( )

On noting the definitions above and (P ) it follows that

{[(9,512 “n + Vus L - Vn— fnn}dzdt =0, ¥Yne L?(0,T;H)RQ)). (2.19)
Qr
As a consequence of Lemma 2.1 we have the following a priori estimates:

€410 l0.0r + Ly 1005 0.0 + 1025 | ongo ey + 6yl o ziarscay < €
(2.20)
where C' is independent of M and N.
These a priori estimates will enable us to use two standard compactness results, the
Banach-Alaoglu and Rellich’s Theorems, in the proof of the main result of this subsection,
the existence of a solution u™ to (PM). This will be done by letting N — oo in (2.19).

€

As a byproduct we will obtain that the bounds of (2.20) also hold for u™. For a further

bound on uM

we will use elliptic regularity (cf. [20]) which requires a further assumption:
(B1) 0QeC" or Q is convex polyhedral .

We also recall the following well-known embedding and identification results:

H}(Q) C L3(Q) C [Hi(Q)]*=H1(Q), (2.21)

Lo=(0, 75 HY(Q)) = L'(0, T3 H-1(Q))". (2.22)
For further reference we note the following results which are easy to prove

uliy —uiivlogr < Tl0eR loqr (2.23)

exr = vMvlogr < 710w loor (2:24)

lffe="fn/loQn

IN

710:flo,Qr - (2:25)
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Lemma 2.2 Suppose that assumption (D1) holds. Then for all € € (0,&q] there ezists a

unique weak solution uM of (PM). Furthermore, we have that
L iy
e2|0:u"lo,0r + Laf 10 0,7 + 1 | oo 0.1 (2)) < C- (2.26)
If in addition (B1) holds, we have that

1)
Ly 1u | 20,720 < C- (2.27)

Proof. In the following we adopt the standard practice of not distinguishing notationally
a subsequence from the sequence it is derived from.
It follows from the Banach-Alaoglu Theorem on noting the bounds on the first and

third term in (2.20) that we can extract a subsequence {u%{,ﬁ} such that

ui\:!]’\,c — uM weak* in L°°(0,T; H}(Q)), (2.28)

u?yl]’f [resp. 8tu£:!1{,‘c] — uM [resp. 0;uM]  weakly in L%(Qr), (2.29)

for the compatibility of the generalized derivative and the weak limit in (2.29) see e.g.
[48], Proposition 23.19. Also note that the limits in (2.28) and (2.29) are the same. This
is because (2.28) on noting (2.21) and (2.22) implies weak convergence in L2(Qr).

By Rellich’s Theorem, the bounds on the first and third term in (2.20) also imply that

we can choose the above subsequence such that

M,C M

u_ — U strongly in L*(Qr), (2.30)

see e.g. [30], p.12. From noting (2.23) and the bounds on the first and last term in (2.20)
we obtain that (2.30) and (2.28) remain true for a suitably chosen subsequence of {quIN}

Our first aim is to show convergence of the first term in (2.19). On noting (2.3) it
follows from (2.30) for {u}y} that

vé"’IN = ¢M(u£:[N) — oM (uM) = oM strongly in L*(Q7).
Hence, on noting (2.24) and the second bound in (2.20) we have that
M,C M

v, N — V. strongly in L*(Qr) . (2.31)

Since by the second bound in (2.20) {&vx(,ﬁ} must converge weakly in L?(Qr), we have
similarly to (2.29) that v™ € H'(0,T; L*)) and that

/ [8tv£:11(,£]77 de dt — [OwMn dedt as N = oo, Vne€ L*Qr). (2.32)
Qr Qr
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The convergence of the second and the third term in (2.19) is easy to show. It follows
from (2.28) for {uXy} on noting (2.22) and from (2.25) that

/ VuijN-Vnd:r dt— | VuM .Vndzdt as N — oo, VY €L?(0,T; HL(RQ))(2.33)
Qr Qr

fyndzdt—s | fndzdt as N — oo, Vn€L?*(Qr). (2.34)
Qr Qr

We have from (2.19),(2.32),(2.33) and (2.34) that u satisfies (2.4). To prove that
(2.5) holds, let ¢ € C*([0, T]; R) with ¢(0) = 1 and ¢(T) = 0, w € L*(2) be arbitrary and
n=ow € HY(0,T; L*(). On integrating both sides of (2.32) by parts and noting (2.31)
we obtain that

[12,0 - ¥ g@)w(e) e =0,
and hence that vM(-,0) = ¢M(g(-)), since w € L?() was arbitrary. This completes the
proof of existence. As remarked earlier, uniqueness is a consequence of the monotonicity
of oM.

Finally, we want to show the a priori bounds (2.26) and (2.27). The bound on the
first term in (2.26) follows from (2.29) on noting the bound on the first term in (2.20),
cf. [48], Proposition 21.23c. Similarly, we obtain the bound on the second term from the
weak convergence of 8tv£,/[](,‘c; whereas the bound on the third term in (2.26) follows from
(2.28) on noting the bound on the third term in (2.20), cf. [48], Proposition 21.26b. To
prove (2.27) note that since uM satisfies (2.4) we have for almost all ¢ € [0, T] that

AuM(-,t) = —f(-,t) + BwM (1) in Q (2.35)

in a weak sense. (2.27) now follows from (2.35) and elliptic regularity on noting the second
bound in (2.26). ]

2.2.2 Existence of a Weak Solution to (F:)

To prove existence of a weak solution u. to (P.), we first prove a uniform a priori bound
for u?’[ on @Qr which only depends on the data f and g. From this the existence result
will easily follow.

We need a stronger assumption on the data. We will assume that
(D2)  feH'(0,T;L% Q) N L®(Qr), g€ Hy(Q) N L™(Q).
It follows from (D2) that there exist constants f, g, f,7 such that
[<fLF aeinQr, g<g<7 ae inQ,
where without loss of generality we may assume that

Jo 9I0< g (2.36)
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We also need the following well-known results:

B € C(R) [and B(0) = 0], B’ € L®(R) and 5 € WH4(Q) [resp. Wy (Q)] =
B(n) € Wh(Q) [resp. Wy ()] and V (B(n)) =/ (n)Vy ae. inQ, (2.37)

e.g. see [38], Theorem 3.3.

Lemma 2.3 Assume that (D2) holds. If M satisfies

MP > A7 max{|f], F}T + [max{lgl, 7, 207 7}] ", (2.38)
then we have for all € € (0,¢&q] that
M <uM <M ae in Qr. (2.39)

In addition, if f, g > 0 we have that uM > 0.

Proof. The idea of the proof is to exhibit a super- and a subsolution of (PM) which can
be bounded in terms of the data.
Let M be defined by
w(,0) = (o) (Fe+ 62 (@), Ve e0,T].
It is easy to see that @M € L%(0,T; H(Q)), 7™M = oM @M) € H'(0,T;L*)) and on

S £

noting (2.36) that for all 7" € [0,T] and n € L2(0,T'; H}(R)) with n > 0 in Q7v,
/ {o[vM — vMIn+ V[EM — uM] - Vp}dedt > 0. (2.40)
Qq

Moreover, we have that 5 (-,0) > ¢M(g), and @7 > 0 on 9Q x [0,T]. Hence, TV is a
supersolution of (PM).

On noting the first part of (2.37) it follows from the Lipschitz continuity of #M and
(2.36) that we may choose n = —[¢M (@) — oM (uM)]_- = —[6M —vM]_ in (2.40) to obtain
that

/ {0[oM — vM[oM — o M_ + V[ — uM]) . V[ZM —vM]_}dedt < 0. (2.41)
QTI

By the second part of (2.37) and the strict monotonicity of ¢¥ we have that

vz -ulf]- = VEY -] x{7 <)},

3,[5?’1 — vM]_ = 8t[6M — véw] X{ﬁf’f < viw},

£ [

where x is the characteristic function. Hence, we obtain from (2.41) that

/ {o[vM — vM]_[oM — oM + V[EY — uM]_ - V[BY —ovM]_}dzdt<0. (2.42)
Qp
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Noting that by (2.37),

TI
viEM - uM)_ . v[eM _dedt = / / (oMY (uM)|VuM > dz dt > 0,
Qv

where Q; := {z € Q: @M (2,t) < uM(z,t)}, it follows from (2.42) that for all ¢ € [0, T]
6 @) = ¢ (wN]-(, Ol 0 < 16 (@) = ¢ (wiD)]-(-,0)[§ o = 0.
Hence, on noting the monotonicity of ¢M we have that
M<aM ae in Qr. (2.43)
Similarly, one can show that for u™ defined by

w(t) = (@) ([t + ¢ (9), VEe[o,T],

one has that u > M. If f, g > 0, one can take f, g = 0 and it follows that uM > 0.

We obtain from (2.36) that ¢ (7) < A[max{g,eZ~" }]* and hence that

0< ft+ oM@ <TT+¢M(@ < oM (M) =2AMP, Vtel0,T], (2.44)

MP SN [max{g, }] : (2.45)
It then follows from (2.43), the definition of @V and (2.44) that
uy <7 5 M a.e.in Q7.

Similarly, one can show that

-M SyeM < u?’[ a.e. in Qr,

P
MP > AN AT + [max{|g| Eon 1}] . (2.46)
Since (2.45) and (2.46) are satisfied by assumption (2.38), the proof is complete. ]

Lemma 2.4 Assume that (D2) holds. Then for all ¢ € (0,&q] there exists a unique weak
solution u. to (P.). Moreover, there ezxists an M > 0 such that for all € € (0, &g

-M<u. <M ae inQr, (2.47)

and if f, g > 0 we have that ue > 0.

Furthermore, we have for all € € (0,¢0)
1 _L
€2[0gtielo,Qr + Lpf [0tvelo,Qr + [|tellLooo,1;m1(0)) < C - (2.48)
If in addition (B1) holds, we have that

1
Lyf uellz2o,1;02(0)) < €' (2.49)
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Proof. On choosing M such that (2.38) holds we obtain from Lemma 2.3 that for all
e € (0,€0] (2.39) holds and hence that ¢M (uM) = ¢ (uM), from which it follows that uM

the solution of (PM), is also a solution of (P.). Uniqueness was proved earlier, see (2.6)
and below. Obviously, (2.47), (2.48) and (2.49) follow from (2.39), (2.26) and (2.27). m

2.2.3 Existence of a Weak Solution to (P); Extinction in Finite Time

Theorem 2.1 Under assumption (D2) there exists a unique weak solution u of (P). In
addition the bound (2.47) holds true for u, and if f, g > 0 then u > 0.

Furthermore, we have that u € L*°(0,T; H}(Q)) and v € H*(0,T; L*(Q)); and u €
L2(0, T; H¥(R)) if in addition (B1) holds.

Finally, for all € € (0,&q] we have that

ptl 2 Pl
elu — ueld g, + |0 — vel3 o, < C{AYT) T + B 71} < CerT, (2.50)

where A(T) := fOT meas(QL(t)) dt, QL) = {z € Q : |u(z,t)] < €P+1} and B,
meas{z € Q: |g(z)| < 81717},

Proof. Uniqueness was remarked upon earlier, see (2.6) and below. To prove existence of
a weak solution u to (P) we let € — 0 in the weak formulation of (F.). Letgg > €; > ¢; > 0
and e = u,; —u.;. On subtracting the weak formulation of (P, ) from that of (F,), choosing
the test functlon n(z3t) ft (z, s) ds and integrating by parts we obtain that

T
%/edt
0

2

=Amwrmmm[wwa

/ [d’e.' (ue;) — ¢€j (ugj)] edz dt +
Qr

1,

) T
2 / edt
0

T
%mmm—%mmwwwémwwmmmlwmw

which we rewrite as
2

/ [¢€j (ue,') o’ ¢)5J (uej )] edz dt +
Qr

1,2

Using (2.2) and (2.3) on noting (2.47) and Young’s and Poincaré’s inequalities yields

T;
/0 (ue; — usj) dt
2p_

ptl
C[€;1|¢€J(u5i) = ¢€i(u5i)|(2),QT + |¢e; (9) — ¢sj (g)|(2),ﬂ] < C[g;‘)_l Ag;i (T) + 5;_1 Bej](2-51)

2
<
1,2

€5 |ue; — quI(z),QT -+ IQSEJ' (ue;) — Pe; (ueg')‘?),QT 3F

Thus {u.} is a Cauchy sequence in L%*(Qr), i.e. ue = uin L?(Qr) as € — 0, in particular
we have pointwise convergence almost everywhere and hence (2.47) holds true for u in

place of u..
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Due to the last bound in (2.48) there exists a subsequence such that
ue — u  weak* in L®(0,T; H)(Q)),

in particular u € L*°(0,T; H3()), cf. (2.28) and below. Therefore, we can pass to the

limit in the weak formulation of (F;), if we can show that
Owve — 0w weakly in L*(Qr) . (2.52)

We have from (2.47) for u. and u, the Lipschitz continuity of ¢ on [—M, M] and (2.1) that

[v = velo,gr = |p(u) — ¢e (ue)|0,QT < [g(u) = ¢(u€)|01QT + | (ue) — B (ue)lo,@r
< Luylu— uelogp +Cept . (2.53)

Now (2.52) and v € H'(0,T; L*()) follow from (2.53) and the second bound in (2.48), cf.
(2.29) and below. Moreover v satisfies the initial condition, since ¢.(g) — ¢(g) strongly
in L2(9).

If (B1) holds, it can be shown similarly to (2.27) on noting d;v € L*(Qr) that u €
L*(0,T; HY(Q)), cf. (2.35).

It is left to show (2.50). On replacing ¢.; and u.; by ¢ and u and €; by € we obtain
analogously to (2.51) that

2
=<
1,0

C e 1¢e(u) — v g, +18(0) — e(0) 30 < C [e75 AX(T) + €77 B.]

T
S S \ | w-uya

and hence the desired result (2.50). ]

Now we turn to the important case f =0, i.e. (P) homogeneous. By the above there
exists a unique weak solution u to (P) for all T > 0. The interesting feature of v however
is that it becomes extinct after a finite time T, which was first proved by Sabinina [40] for
the case d = 1. It is claimed in [28] that Sabinina’s proof can be adapted for d = 2 and 3.
Below we will prove extinction in finite time by adapting the proof of [28] for semidiscrete
solutions, cf. section 2.6. To this end we recall a further technical result.

Note that since
#(u) € HA(ONT: LZ(Q)) (2.54)

we have by Sobolev’s Embedding Theorem that ¢(u) € C([0,T]; L%(2)) and hence, by the
definition of ¢, that u € C([0,T]; L*()). Thus, since 2p > p+ 1 for p > 1, we have that

u € L*(0,T; Ho() N C([0, T); LP*1(Q)) (2.55)
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in particular, we obtain that u(-,0) = g(:). On noting (2.54) and (2.55) it can be shown
analogously to the proof of Lemma 1.2 in [37] that

| Bbtluded =33t (1t D= . O bag) i (250)
which is not too surprising since we formally have that
(r?)u = (d?) ()7 = 520, ([uz’ﬁ“) = 20, (uw).
We also recall the Sobolev embedding H}(Q) C LP+1(Q) with
[wlopt1,0 < Cplwli (2.57)
for all w € H(Q), provided p > 0 is restricted by
pi<ioopiifidi=t2 and p<b if d=3. (2.58)
Since we consider p € (1,00) only, it is no restriction to rewrite (2.58) for clarity as
(S) l<p<oo ifd<2 and 1 <ipi<ih, if id'="3)

Lemma 2.5 Assume that (S) and (D3) hold and that f = 0. Then there ezists a Te, € Ry
such that

u( ) =0, V> To.. (2.59)

Moreover, with Cy, as in (2.57) we have the following bound on the extinction time T,,:

Tex £ Tex = /\;_P_—ICZW( )Io PO (2.60)

Proof. As mentioned above we adapt the proof given in [28]. On testing (P) with u and
noting (2.56) we obtain that

T
a2 (W DB~ OB g) == [ a0Badr. @201

This equation holds for all T > 0. We also recall that u € L>(0,T; H}(R2)). Hence, on
introducing the function a(t) = |u(-,t)|op+1,0, t € R4, we obtain from (2.61) that aP*! is

Lipschitz continuous and that

Ashy £aPt(t) = —u(- 1)} q < —C;Zaz(t) a.e. in R, (2.62)

where we have also noted (2.57).
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Our aim is to show that there exists a T, € R4 such that
a(Tez) =0. (2.63)

For (2.63) is equivalent to u(+, Te;) = 0 and the desired result (2.59) then follows from the
uniqueness of the weak solution.

For the purpose of contradiction we assume that
a(t) >0 Vt>0. (2.64)

Let T > 0 be arbitrary but fixed. Since aP*! is (Lipschitz) continuous, it attains its
minimum b, say, on [0,7]. By (2.64), we have that b > 0. Hence, on noting the Mean
Value Theorem we have for any t, to € [0,T] that

—1 -1
|aP=1(t) — a7 (to)| = | [ (O)]PFT — [P (t0)]7FT | < 51—1”_’% |aP*1(8) — P (20)] .

Thus, it follows from the Lipschitz continuity of aP*! that aP~! is Lipschitz continuous on
any interval [0,T], T > 0, in particular %a”“l(t) exists a.e. in Ry. Hence, on noting the
chain rule we have that

Jhal,
LaPtl(t) = L(aP71(t))rT = 2 a?(t) LaP1(t) ae. in Ry.

=

Consequently, we obtain from (2.62) that

d p-1 =2 .
AEr e’ (1) £ -C.° ae. in Ry.
By the aforementioned properties of a?~! we can integrate the last inequality on [0, 7],

see e.g. [48], Corollary 23.22, and obtain that
=1 -1 —1p=1,-2
ol () =<tal S (0) ISR et == G e

It follows that a?~!(T.;) = 0 which contradicts (2.64). Thus we have shown that u becomes

extinct at a certain time T,;. The argument above also shows that (2.60) holds. ]

We note that Lemma 2.5 contains the trivial case v = 0, if u(+,0) = 0. We also mention
that Lemma 2.5 can be sharpened under additional assumptions: For instance, Sabinina
[40] showed that if d = 1 and g non-negative and not identically 0 then there exists a
Tez > 0 such that (2.59) holds and that u, the weak solution of (P), is a positive classical
solution on Q X (0, Te;). To illustrate this result we consider the following example which
is based on [8].

For d =1, = (0,1) and p > 1 there exists a unique w € H}(Q2) which satisfies

—w”" =pwP and w >0 in Q,

see e.g. [8]. Now, for fixed T, € (0,7),let k= [(p - 1)Tex]P_l—'T, A=1l,9g=kwand f=0.
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Given these data, we have from Theorem 2.1 that there exists a unique weak solution u
of (P), and u is non-negative on @, since f,g > 0. In fact, the data have been chosen so

that u is the following separable function, which is easy to check:
w{z tr=rw(z) T8 (t) ¥ (z; ) et 400D (2.65)

where

T*(t) =i { [(p_ 1)(Teav = t)]ﬁ, te [OaTez)’ (266)

0 ¢ € [Tea, T).

From elliptic regularity we have that w € C?(2) NC(2) and hence it is easy to check from
(2.65) and (2.66) that Sabinina’s result holds in this special case.

Assuming extinction in a finite time T¢, Sabinina’s result about the existence of positive
classical solutions on Q X (0,T,;) was extended to d > 1 in [26] where it is also assumed
that 99 is smooth, g € L*°(2) and p > 2.

The example above raises the question whether the positive separable solutions of (P)
are not in fact typical rather than special solutions. Indeed there is another feature of
separable solutions which shows that they are quite typical. This feature is stability which
was first studied by Berryman and Holland [8]. Below we state their main result.

Ford =1,2,3 and A = 1, usep(z,t) = w(z)T*(t) is a positive separable solution of (P)
if

—-Aw=pwP, w>0 in Q, w=0 on 0N (2.67)

and T*(t) is asin (2.66). To state the main result of [8] the following regularity requirement
is needed for the solutions u of (P): There exists a y € (0, T;) such that

(R) Uty Ug;y Ugty Uiz € C(QX (7,Tez)) and 98 is smooth.

Lemma 2.6 (main result of [8])  Assume that (S) and (R) hold.
Let W(z,t) := u(z,t)/T*(t) for all (z,t) € Q x (0, Tez).
(i)  Then there ezists an increasing sequence of timest, /* Te, and a classical solution
w € HY(Q) of (2.67) such that W (-,t,) = w(-) in HJ(Q).
(ii)  If there is a unique solution to (2.67) (which e.g. is the case when d = 1),
then W (-,t) = w(:) in Hy(Q)cas v M Tes:

It is claimed in [26] that (¢) and (¢) can be shown without using the strong regularity
requirement (R).

Finally, to conclude this section on the regularization we remark that it is also easy to
derive from (2.65) and (2.66) that v € H(0,T; L*(2)) if and only if p € (1, 3).
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2.3 A Semidiscrete Approximation

We now consider a continuous piecewise linear finite element approximation to (P:), which
is continuous in time.

To keep this exposition simple, we will assume that
(B2) Q is convex polyhedral.

Let 7" be a regular partitioning of Q, i.e. Q = U,e7n K, where h is the maximum
diameter (i.e. side-length) over all simplices x of 7". We denote the set of vertices of 7"

by {z;}icr and introduce the following function spaces:
St = {xeC@") : x| is linear Vx € T"}
S = {xeS": xlpgr =0}

We also introduce the interpolation operator 7% : C(Q) — S” which is defined to be
such that for any 1% € C(Q), "y € S satisfies 7M1 (z;) = ¥ (;) Vi € I; and the elliptic
projection operator Q" : H} () — Sk which is such that for any ¢ € H3(Q), Q"1 satisfies
Jo V(- Q") - Vxdz =0 Vy € S We note the standard approximation results:

For ¢ € W%9(Q), m=0and 1 and ¢ € [1,00] if d < 2 and ¢ € (3, 00] if d = 3, we have
that

(I = 7")Plmgm < CRP ™ Plogn Ve € T (3.1)
and for ¢ € H}(Q) N H%(R2) and m = 1 and 2,
(T = Q") dlog+ AT - Q") Pl10 < CR™|¢lma- (32)
We also note that
(7= 76 (o < ChIT" (@Y (X)) Yx € S5, (33)

see [15], p.68.
We have seen in the previous section that under assumption (D2), (2.47) holds true
for both u. and w, if M is chosen sufficiently large, i.e. such that (2.38) holds. As a

consequence we have that

8! (ue) = e (ue), 021 (v) = ge(u), &M (u) = ¢(u), $M () = P(ue). (3.4)
We will from now on always assume that (D2) holds and that M is fixed but satisfies
(2.38). By (3.4) it is justified to use ¢M [resp. #M] instead of ¢. [resp. ¢] in our

(semi)discrete models. Moreover, we will strengthen (D2) to
(D3)  fe HY(0,T;L*Q)NL®Qr), g€ H*(Q)NHH).
Analogously to (3.4) we have that
$M(9) = de(9), oY (r"g) = de(n"9), $™(9) = #(9), " (z"9) = d(z"g).  (3.5)



2.3. A SEMIDISCRETE APPROXIMATION 87

We consider the following continuous in time finite element approximation to (F:):
(P  Find u? € L?(0,T; Sk) with v = ¢M (ul) € H(0,T; L*(Q)) such that
for all x € L%(0,T; S%),

{[0wFx + Vul - Vx — fx}dedt = 0,
Qr
vP(,0) = ¢M(xg(-)) = ¢e(r"g(")).

Note the slight abuse of notation, since vf ¢ S". However, this notation is very concise.
It also suppresses the dependence on M which is justified since we consider a fixed M.

(P"), u* and v" are defined analogously.

Theorem 2.2 Assume that (D3) and (B2) hold. Then for all e € (0,eq] and h > 0 there
exists a unique weak solution u? to (P*). Furthermore, we have that
1 3
e210yullo,r + Lag 1002 10,07 + [[ulllLoo(o,mimr(2)) £ € (3.6)
€lue — u,’;lg,QT + |v. - v£‘|(2),QT < hAh (3.7)

Proof. Existence and uniqueness can be proved as in Lemmas 2.1 and 2.2; and (3.6) as
(2.26). We now give the proof of (3.7), which is similar to that of (2.50). From (3.4), (F)
and (P!) we have for all x € L%(0,T;SE) that

€

{0:[6M (ue) — oM (uM)x + V[Q ue — ul]- Vx}dz dt =0.
Qr

Setting e? = Q"u. — u? and choosing x(z,t) = ftT el (z, s) ds, we obtain that

1;
/ el dt
0

Hence, on noting Young’s and Poincaré’s inequalities,

i
/ el dt
0

- /Q [6M (ue) — M (WD) - @MYl dz dt + ClgM (g) — oM (xg) 0.

2

T
[ 164 (we) - g (st do e+ 3 = [1849) - ¥l | e dt)ao.
Qr Q 0

1,2

2

[ 680 - 0B - nt +

1,

Noting (2.2) and (2.3) yields that

o M M, h
%6|u5— u?lg,QT + ;11~LMI|¢€ (ue) = ¢ (u5)|(2)vQT + i

< ClI-QMuelig, + ClUI-7)gl3q-

The desired result (3.7) now follows from noting (3.2), (2.49), (3.1) and (3.4). ]
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We have the following analogue of Theorem 2.1.

Theorem 2.3 Assume that (D3) and (B2) hold. Then there ezists a unique weak solution
uh of (P"). Furthermore, for all € € (0,0 we have that

ptl 2
eluh — w2 o, + [ — vt 2 o, < C{AY (T) w1 + B.er-T} < Ceri. (3.8)

Proof. The proof is a direct analogue of the proof of Theorem 2.1. Note however, that
since we now have the globally Lipschitz continuous functions ¢™ and ¢M in place of ¢

and ¢., analogues of (2.47) for u” and u” are not needed. ]

As a consequence of Theorems 2.1, 2.2 and 2.3 we obtain on noting (3.4) and choosing
4(p—1
¢ = Ch™p¥1 that

lu = uPlo,gp + [u— uhlogp < Ce#T + Ce™5h? < Ch#H (3.9)
_ptt
lv — v*|o.0p + |v — Vo0 < Ce2e=D + Ch? < ChZ. (3.10)

2.3.1 The Effect of Numerical Integration

The approximation (P!) studied above is not practical since terms like 9;[¢M (u’)]x and
fx need to be integrated exactly. It is computationally more convenient to consider a
scheme, which uses numerical integration on these terms. Below we introduce and analyse
such a scheme.

The introduction of numerical integration into a scheme (P!) which we give below
makes this scheme more difficult to analyse than (P*). In fact, our analysis will require a
smoother regularization when p € (1,2):

For all € € (0,e0] and s € R we define

AMaes® + bes], |s| < e
. | fi 1,2),
3e(s) = be) ,erT <o } S (3.11)
P& () , |s] < o0 for p € [2,00),

-3
1

where a. := ”;—lep and b, := 3—;96.

It is straightforward to check that for p € (1,2) we have ¢, € C'(R) with &.(s) >
%s, Vs € R (if we used the cubic regularization for the whole range of p, this would not
be true). Hence, . satisfies (2.2) [resp. (2.3)] with A [resp. Lps] replaced by % [resp.
L = Apmax{MP~1 &}]. Similarly to (2.7) we define ¢ and note that it again satisfies

(2.2) and (2.3) with the aforementioned changes.
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Since nearly all results of section 2.2 are based on (2.2) and (2.3) they also hold when
¢ and ¢f_.w are replaced by $. and ¢~>£’1 A close inspection of the proof of Lemma 2.3 (in
particular (2.44), (2.45) ) which is the only possible exception shows that it also holds
true. Hence, we also have (3.4) and (3.5) for ¢, and M.

Although we will work in this subsection with @, and ¢~>£’1, we can always refer back
to the results obtained with ¢. and ¢¥. The advantage of the smoother regularization
however is the following bound which is valid for p € (1, 2):

~ -2
(820,00 < Cer=r . (3.12)
This will allow us to do the same kind of error analysis for p € [2,00) and p € (1, 2).

Now, a quadrature rule is introduced as follows: given a simplex k € 7" having vertices
{ai}?;ly for ¢ € C'(R), define

d+1

meas Z ¥(a

Then on denoting the inner product in L%(Q) by (-,-) we have that

Qu(¥) = [ Thyda =

[ tnde = ()~ (0 = 3 Qulvital = X [ w i) d

KETh keTh "

for all 44,1, € C(Q).
With ||, = [(¥, ¥) ]2 we have the following standard results:

IXloe < Ixln < Clxloe  VxeS” (3.13)

and, for m=0or 1

l(x1, X2) — (x1 »X2)h| < Ch1+m,X1ll,Q|X2|m,Q ¥x1,x2 € S, (3.14)

A more practical approximation to (P:) than (P2) is then
(P*)  Find @} € L2(0,T; S§) with oF = 7*[¢M (ah)] € H(0,T; SE) such that
for all x € L%(0,T;S%),

T
| 1@k 0+ (vit, v - (£ Mt = o,
0
02(,0) = "G (9()).
Again, (15"), a* and ©" are defined analogously. Below we will prove an analogue of
Theorem 2.2. Note that because of numerical integration we obtain a more pessimistic

bound on the discretization error. We also point out that a further assumption on 7" is

needed for the proof:
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(WA) The triangulation is such that (i) for d = 2 it is weakly acute; that is, for any
pair of adjacent triangles the sum of opposite angles relative to a common side does not
exceed 7; and (ii) for d = 3 the angle between any two faces of the same tetrahedron must

not exceed 3

We need the following consequence of (WA):

a€ WHh°(R), a(0)=0 and 0<a'<Ly<o0 ae.inR =
[Vr*a()]l§ e < La(Vx, Vat[a(x)]) Vx € 5§,

e.g. see §2.4.2 in [34]. Hence, on noting that 0 < (¢M)’ < Lps and that x € S§ ¢ L=(Q),

we have for all € € (0, &¢),

7" ()he < Lmlxhe Vx € St. (3.15)

Theorem 2.4 Assume that (D3) and (B2) hold. Then for alle € (0,e0] and h > 0 there

ezists a unique solution 4 to (Ph) Furthermore, we have that
LT S A 2
e2|0,i2l0,@r + L/ 10:02l0,0r + 182 ]| oo (0,131 (2)) £ C - (3.16)
If in addition, (WA) holds and f € L*(0,T; H*(2)), we have that

[F=niemr]  irpe,),

elue — 4|3 op + Ve — 929, <C (3.17)

[eﬁ—i +em 1t 4 h?], if p€[2,00).

Proof. Existence, uniqueness of a solution and the bounds (3.16) follow similarly to
(Ph). Let é! := QMu. — 4*. On noting (3.4) , subtracting (Ph) from (P.), choosing
X{ETti= ftT ¢l (z,s) dt and integrating by parts we obtain that

/Té,’;dt
T 4 T .
= /0 (@ (ue) —¢y(ﬂ?),ue—Qhue>h+/o (@Y (ue), )" — (V! (ue), €2)] dt

7 N T 3 i
+ [um ey - (e [<¢£4 W, [ éay-@ o, [ & dt>h]
T+ Ty +T3+ Ty, (3.18)

2

T ~ ~
/0 (M () — M (@), we — Y dt +

1,

where F(z,t) fo
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First, we bound the left hand side of (3.18) from below. On noting (2.2) for $™ with
A replaced by % , (2.3), the monotonicity and definition of 7", (3.13) and (3.4) we have
that

T = -
/O (M (e) — B (a), u, — Ay = /Q LB () — M (a2)) (e — 1Y) d e

> e [ - abdedir gt [ RO (u) - (0 do d
Qr Qr
g ~h|2 17-1 2 M IM (~h\|2
= e / e — a2 dt + 117 /0 1M () — M ()2 dt
> elrhu. — a3 o, + L0377 v — 0212 5. (3.19)

Now we establish upper bounds for 73 — T4. On noting Young’s inequality, (3.13),
(3.2), (3.1) and (2.49) we obtain that

N by h, \h
Ty [ (0 () = 3(38), e = Qhuc)

Yo I (ue) — M (21118, + Cl(7" — @M ueld o,
< Lpifintve — o3 o, + ChY. (3.20)

IN

From (3.14), Cauchy’s and Young’s inequalities we have that
T ~
Tz [0 (we),eh)* - (0 (uc) )
0

h A ~
= [ U (), )" — (e (), )+ (- D) (), )]

0
Ch? e M (ue)l| 20,11 () 1Q e — 82| 120,701 (0))
+Ce (I = 7)Y (ue) 3 0, + f5€1€218 0 (3.21)

From (3.15), (3.1) and (2.49) we have that

IA

7" M (ue)ll p2(0,m8100)) = 7" Y (7" ue) | 220,711 0))
< Cllmuellzzorma)) < Cllvellzzora2@)) < C ) (3.22)
and from (3.2), (2.48) and (3.16) that

1Q ue — || 20,11 (2)) < C- (3.23)
In order to obtain a bound on |(I — nh)ég’[(us)lg,QT we distinguish between p € [2,c0)
and p € (1,2). For p € [2,00) we have on noting (3.4) that
|(1 = )M (o) 2 0 = |(T = 7) e (ue) 5.0,
< C[19(e) = 9e(u) g + 1T (0e) = e (w0 + 1T = 7)) B 0
< C [5——”— +1(T = 7Mb(ue) 2o, (3.24)

where we have noted that for all ¢ € [0,T], |¢(ue) — ¢e(Ue)|0,00,0 < CeF%f, which follows
from (2.1).
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By (3.1), we have that

T T
0= agwlap = [ 10 -otuEade < Cht [ lpuiBade.  (325)
On expanding |<;S(u£)|§Q and noting that by (2.47) |¢'(ue)|0,00,0s |0 (%e)]0,00,0 < C for

p > 2, we obtain that

1 1 &
|$(ue) 30 < Cllucls g+ lueli g0) < C (”“e”%,n iz [Husllf,gluslém,g] ) ;

where we have used a Gagliardo-Nirenberg inequality, e.g. see [49], p.1034. Hence, on
noting (2.49) and (2.47) we obtain that

|(I = 7" (ue)ld o, < Ch*, if p€[2,00). (3.26)

For p € (1,2) we replace ¢ by @4 in (3.25), note (3.12) and proceed similarly to above to
obtain that
= 2 2—2!
|(I — 7) M (ue) |3 o, < Ce P AE. (3.27)

(3.21) — (3.27) yield that

[gzi’%fhuhz] L ifpe(1,2),

Ty < Zelétd o +C (3.28)

[5% +5‘1h4+h2] , if pe2,00).
On treating T4 similarly to T, ( here we need f € L?(0,T; H*(Q2)) ) we obtain that
Ts < elétlE o, + Ch? +Ce™tht. (3.29)

Finally, we have to bound T4. From (3.14) on noting Cauchy’s, Young’s and Poincaré’s

inequalities we obtain that
T T
= [(gM shdty — (M (xhg), "fd h]
1= (@), [ éhay- @t [ e
T T T
il hiM shoan _ /- hIM sh g\ _ _h\IM sk
(o), [ etan-mat), [ a4 -aidtia), [ ey

T ) T3
< CHYThM (g)ln / il 10 - (@)hog / e dt
0 1,Q 0 0,0
T 2
< CHIT*M ()P o+ CI(T — 7 M ()2 + L / & di
1,0
T 2 = if pe (1,2
< i/ ehidr [ G S S (3.30)
0 1,0 [gp—l—{—h"], if p€[2,00),

where on noting (3.5) for . and ¢M we have treated the term |7héM (g)|1. [resp.
|(I = 77)¢M (g)o,q] similarly to |T*¢M (ue)|1,q [resp. |(1 — ™M (u.)]o.q] above.
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From (3.18), (3.19), (3.20), (3.28), (3.29) and (3.30) we obtain that

T 2
/\5|7rhu€ = ﬁg|(2),QT + LX,!I|7rhv5 = 5:]1(2),QT + \/0 é? dt

1,
[sﬁ%h“—*—hz] , if pe(1,2),

i (3.31)
{ep—l +e1pt + h2] , if p€[2,00).
The desired result (3.17) follows from (3.31) on noting |(/ — ﬁh)u€|g’QT <UCh1(3:27);
(3.24) and (3.26). n

We have the following analogue of Theorems 2.1 and 2.3.

Theorem 2.5 Assume that (D3) and (B2) hold. Then there ezists a unique weak solution
a* of (P"). Furthermore, for all € € (0,e0] we have that

ptl

+
elah — k|3 o + 0" - ﬁ§|ngT < Cer1. (3.32)

Proof. The proof proceeds similarly to the proof of Theorem 2.1, with the same re-
mark as in the proof of Theorem 2.3. Note in addition, that for the term ]ﬁh[éé‘;’(ﬂf;’) -

&g(ﬁé“)]hQT we cannot use any possible non-degeneracy as in (2.51). ]

2(p—-1)
It follows from Theorems 2.1, 2.4 and 2.5 on choosing ¢ = Ch r+1 that

-1
er-Th?, pe (1,2),

< Ch#¥1, (3.33)
0 y P € [2,00)

e
|u — QAthQQT + u — zh‘?|0,QT <C I:EP"I oE 8~%h +{

p=3
£2(p=1) 2 , PE (1, 2) ,

Eil
eT2h? | p€[2,00)

J <Ch. (3.34)

On comparing (3.33) [resp. (3.34)] and (3.9) [resp. (3.10)] we see that the order of
convergence with quadrature is exactly half as good as without quadrature.
2.4 A Fully Discrete Finite Element Approximation

We now discretize our problem both in space and time. We choose the time step 7 in
terms of h, the size of the mesh in space: 7 = Ch?, where ¢ will be specified later. Given

7, we define
N = |T/7|'= max{nie Noi: ;< T/} " and Li=INT < T. (4.1)

We assume that (D3) and (B2) hold and consider the following problem:
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(Psh,N) Forn=1— N find u?,}\‘, € S(};‘ such that for all y € S{,‘,

¢M d)M hnl
[ (ve) = 02" (el e+ [ il -Vxdr = [ fde,
Q ¥ % ;

M@y = ¢M(nhg).

Here we remind the reader that we only want to use ™ in the case with numerical
integration. The proof of existence and uniqueness of a solution to (P;:N) is similar to

(PSA’]IV) Also, analogously to u?jIN, u%{,’c, vé\,’!N and vyNC we define “?,N’ ufy’f,, Ug,N and

v:’]\c,; and we have analogously to (2.19) and (2.20) that

/ {[ (?tv Ix + Vul '~ Vx— fnx}dzdt=0, VYye L*0,T,;S§), (4.2)

1 : h,C R,C
€2 |3tU€,N|0,QT. it LM2 000, N l0,0n + g Nl Lo o0,1m1 (@) + U2 Nll Lo 01511 () < C-
(4.3)

We note that C' in (4.3) is independent of A and 7. This can be seen from the proof of
Lemma 2.1. Furthermore, we have analogously to (2.23) — (2.25) that

h,C h,C
lue,N - u?,NlonTp S Tx |atu£,N|01QT. ) (4'4)
AT < 718,uME A5
|UE,N ve,N|0,QT. = TI tve,N|0yQ’I‘. ) ( : )
|f = fnlo@n < 710:flo,Qq - (4.6)

The a priori bounds (4.3) — (4.6) enable us to prove a basic error bound for the time
discretization. Despite being basic on combining this result with our bounds for the
semidiscrete approximation we can improve on existing error bounds for the fully discrete

approximation in the literature, see below.

Lemma 2.7 Assume that (D3) and (B2) hold. Then for all e € (0,60}, h > 0 and 7, N

and T, as above we have that
h_ . h |2 A A —1.2
Elue — e nlo,Qr t+ Ve — Venlo,Qn S CeT T, (4.7)
Proof. Let E, = u! - ui‘,N, E, = vt - vé"N, Ef = b - v:]f:, and £y = f — fy. On

setting

. s)ds, iftel0,T],
XEs)= Ji B .
0 , ifte(L,T],

subtracting (4.2) from (P!), and integrating by parts we obtain that

: T.
5/ E,dt
0

T 2

T. t
(Ey, E,) dt + = (E - EXE )dt+/ (/Ede,Eu>dt.
0 0

1,Q
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Hence we have on noting (2.2), (2.3) and Young’s inequality that

t
/Efds
0

< T2|Efl§ gq < CT2. (4.9)

= _ Ry n iy

0,QT,

] R

Next we note that by Holder’s inequality and (4.6),

¢
/ E¢ds
0 0,Qmn

Now the desired result follows from (4.8) on noting (4.5), (4.3) and (4.9). |

2

It is straightforward to check that the above results remain true when we introduce
numerical integration into the scheme (PE}fN), i.e. (132 ) with solution ﬁQ,N END=(0NTS L)
and f)f,N = 7rh<Z>§"(aQ,N) € L*°(0,T;Sk). With numerical integration the analogous result
to (4.7) is:

elts - denlSoqn +108 - 8nleon < Ce77, (4.10)

We also note that we can discretize (P*) and (P") in time without regularization. The

analogous results to (3.8) and (3.32) are

elufy - “g,ng,QT_ + oy — v:_N'%,Qn < (G (4.11)
~ ~h ~h ~h ptl
elafy — ig Nl3.on + 198 — O nloon < Cert, (4.12)

where C' is independent of h and 7, which can be seen on inspecting the proof of Theorem
2.1.

We can now summarize our results:
In the case without numerical integration we obtain from (4.11), (3.9), (3.10) and (4.7)
ap=1) Ap_
on choosing ¢ = Ch™»¥T and 7 = Ch?+! that for p > 1,

Ll 1

Iu . u};\’lo»QT. F Iu o ug,NlonT. S Chrtt =(CrP ) (4'13)
ptl

v — URI|O,Q’I‘. + |v - v?,N'QQT. < Ch*=Cr'w . (4.14)

In the case with numerical integration, on additionally assuming (WA) we obtain from
2(p—1

2(p=1)
(4.12), (3.33), (3.34) and (4.10) on choosing ¢ = Ch 741 and 7= Ch#T that for D>

2

L L
|u — {‘}MO,QT. + |u— ﬁﬁleo,QT‘ < Chrt =CrP, (4.15)
+1
o= 9lo@n +1v—dhnlogn < Ch=Cr% . (4.16)

We consider the case p = 2 for illustration: Due to (4.15) the best order of convergence
is O(h%), if we choose 7 = Ch3. This result improves on the result in [29], where the
best order of convergence is O(h%) with 7 = Ch3. Since we consider up to three space
dimensions for (P) and a nonlinearity ¢(s) = A sign(s)|s|P, our results are also more

general than those in [29], where only one space dimension is considered and p = 2 only.
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2.5 An Improved Error Bound for the Time Discretization

Rulla’s paper [39] analyses the backward Euler method for approximating the abstract

Cauchy problem d(t)

dt
where A is assumed to be a maximal monotone (and possibly multivalued) operator on

+A((t)) 30, v(0) € D(A), (5.1)

a Hilbert space H. The main result of [39] asserts that the rate of convergence of the
backward Euler approximation is O(7), T being the uniform time step, if A is a subgradient.
If f = 0, then (P) can be cast into the form (5.1) on setting A := —A o ¢~! and
H := H~Y(Q), cf. [39], p. 86, and [9], p. 123.
We will now transfer Rulla’s techniques to the regularized semidiscrete problem (P2})

with f = 0 and show O(7) convergence of ”?,N towards v? in L?(Qr,); more precisely, we

will show that (4.7) can be improved to

h h h h
€|U€ o ue,N|(2),QT_ r |ve e ve,Nl(z),QT‘ < CTZ ) (52)

i.e. we can drop the factor e! on the right hand side of (4.7). It can be seen that this
improvement goes through to the case with numerical integration, (P*); i.e. (5.2) holds if
we put ‘hats’ on the u’s and v’s.

It is possible to apply Rulla’s techniques to our concrete situation without referring to
the theory of maximal monotone operators. We will do this in the following three Lemmas
which are adapted and simplified versions of Theorems 3 — 5 in [39]. This is similar to the
approach in [23] where Rulla’s techniques are applied to the porous medium equation. We
point out however that contrary to a remark in [39] we can prove (5.2) and its analogue for
numerical integration only when f =0, i.e. for the homogeneous case. The key difference
in our application, as opposed to the Stefan and porous medium problem cited in [39] and
[23] is that ¢’ is not uniformly bounded below away from zero.

Since in (PE’fN) we apply the backward Euler method to (P!) which is already dis-
cretized in space, we begin with recalling the notion of the “discrete inverse Laplacian”.
As before we will always assume that (B2) holds.

Let G" € L(L*(R), Sk) be the “discrete inverse Laplacian” defined by

(VG"n, Vx)=(n,x) Vx€Sg, (5.3)
where (-, -) again denotes the inner product in L?(Q). For n € L*(2) we set
1
Inll-1,4 == (n,G"n)z . (5.4)

Since G" does not depend on t, we have the following well-known (integration by parts)
formula for n € H'(0,T; L*(2)):

T
) 1p— (0O 10 = 2 /0 (O, G dt (5.5)

Throughout this section we write 7(t) = 5(:,t) for notational convenience.



2.5. AN IMPROVED ERROR BOUND FOR THE TIME DISCRETIZATION 97

Finally, with 7, N and 7 as in section 2.4, we set t, := n7, n = 0 — N, and define a
function p” on (0, T,] by

BAEE= It El(Ta s i PN =EE TN (5.6)
With this definition we have in a generalized sense that
h

hiC h,C
Ven — U N = TR O,y - (5.7)

Lemma 2.8 Assume that (D3), (B2) and f =0 hold. Then for all ¢ € (0,&q], h > 0 and
n=1— N we have that

tn tn
h h h h h h h h
”Ue (tn) v ve,N(tn)llz—l,h or 2/0 (ve - vs,N’ Ue — ue,N) dt+ TA .uT|ue = ue,NI%,Q dt

tn tn
= J0h(0) = o N Q)P s+ / Wb o dt— T / W B adi.  (5.8)

Proof. On setting 7 := v} — v € H'(0,T; L%(Q)) we obtain from (5.5), (P}), (Py)
and (5.3) that

||v£<t>—v5N< ta)|12 h—||v£(o>—v£t>$<0)u2_1,h=2 " (ol — o), G (vl — i) dt

tn
= | (V(u —uh ), VGh (P vf;,f,))dt: ] (oF — ol ul —ul gy dt
Hence, on noting (5.7) and (4.2) it follows that
108 (t) — ol (¢ )||21h+2/ (o — by, ub — ub Y db
o h h,C 2 s o h
= ub(0) — oML )2 lh—zr/O WO b — b ) dt
tn
= [[of(0) - VL) 4 +27 / W7 (Tt Vb — b ) de
tn
= [lob(0) - VML) 1h+r/0 W7 (Tt 4wl ], Vb — b)) de
tn
—r [ (Tt ], Vi -
tn tn
= [[oF(0) - L2 p+T / Wb g dt — 7 / uTlub |2 g dt

tn
—r [T - e, (5.9)

The desired result (5 8) now follows from (5.9) on noting that uﬁ__‘,N is piecewise constant

in time and that v’ N(t = vé‘,N(tn), n=0— N. ]

Note that all the terms on the left hand side of (5.8) are non-negative; the second
because of (2.3).
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Next, we want to remove p” in (5.8). To this end we need the following result which
states that without source term the energy of the semidiscrete solution is non-increasing
in time:

Let f =0. Then foralle > 0 we have that
uh(s)l2g < [uh(s g YOS s Ssp<T. (5.10)

(5.10) is easy to prove: Since S{ is finite dimensional, we have from (3.6) that d,u” €
L*(0,T;Sk). Furthermore, we have that d;vf = (#M)'(ul) dyul. Hence, on defining
X € L*(0,T; Sg) by

0 o if 0<s<s7,
X(S) = atuga if S1 SS<527
A i s s 12

we obtain from (P}) with f =0 that

s2
[y, ki = =4 [ gt de = [l ~ ke lEal
s1
Now (5.10) follows from noting that (¢)’ > 0.

Lemma 2.9 Assume that (D3), (B2) and f =0 hold. Then for all € € (0,&0), h > 0 and
n=1— N we have that

tn tn
h h
102 (tn) — o2 (tn) I 10 +2 / (o = Py ut —ub gy dt+ 3 / [ — u |2 o dt

tn
2 h h
< ob(E) = oEn O+ SO o+ [ [1dfEa - lehnia] b 611
Proof. Since u” > % on (tm-1,t,_1], m=1— N, we have that
2

tm—i- t
T z : h 1 n
2 \/t | ue uC,N'%,SZ dt <47 /0 M |u5 ue,Nl%,Q dt . (5.12)
m=1"Ytm—

1
If instead of u* and v we consider @" and & defined by @!(t) := ul(t + Z) and 92(t) :=
vh(t + 7) we obtain analogously to Lemma 2.8 that

tn
7'/ ur |k — U?,Nﬁ,n dt (+ non-negative terms)
0

tn tn
< 152(0) = o N (O yp + 7 / W g dt— 3 / [ 12 o dt

and hence, similarly to (5.12), that

m%
223/ Mt43) — ut y () o dt
h i h 3 h 2
< Wh(E) - ot n O 1h+r/0 #T(t)lue(t+%)lf,ndt—%/() ()2 d.
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h

Since ug  is constant in time on ({;m—1,%m], the change of variable ¢ — ¢ 4 7 yields that

n tm
S5 / [P (1) — b (0)2 g dt
m=1 m_%
p t"'*'% T e T T
< liv:<§)—v£,N<o>||31,h+r/ u(t—%)lu?(t)lf,ndtH/O (=Dt () g dt
tn
'} YD) T 2
- / W= Dbt qdt - T / [ N (B dt, (5.13)

where u” () := p"(t+ 1), if t € (—7,0].
By (5.10), the fourth term on the right hand side of (5.13) dominates the second.
Hence, on noting that v?(0) = vf,N(O) we obtain from Lemma 2.8, (5.12), and (5.13) that

tn tn
12 (tn) — 02t 1 + 2 / (o = vty — b Y+ 3 / [ — w2 o dt
tn tn
< oh(E) - vty ()||21h+r/0 () + 17 (b= D)l (). dt — / [ v (D)2 o d. (5.14)

It is easy to see that

WO+ -F) = S+ B (0). (5.15)

On noting (5.10) we have that

BT RN t" z 2

| entoad= / Ofadi+ [ W20 - ko fad
TR dt + / Ii U 2t
[0k Z OB TG
< 3 [t ndt+z (G- DD~ WGP R
tn

< 4 [Tb@ad+ it O ad. (5.16)

Now the desired result (5.11) follows from (5.14), (5.15) and (5.16). ]

Finally, the right hand side of (5.11) can be bounded by Cr%:

Lemma 2.10 Assume that (D3), (B2) and f = 0 hold. Then for all € € (0,&0), h > 0

and n =1 — N we have that

in
o2 (£n) — Py (t) 1h+4/ (o = vty ut — 5N>dt+r/0 b — b 2 g dt
< 2r%ub(0 )1,9- (5.17)
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Proof. On noting Cauchy’s inequality, (5.4), (P?), (5.3), and (5.10) we have for the first
term on the right hand side of (5.11) that

IIUS(%)—vh )12y, = [lv2(3) = ve (124

E
7)
h
- 1 [Pt < g [P 1antie,
T

= g/2<atv Ghouty dt = —g/2<vug,vghatug> dt
0 0

L 1/
e 2
0

(@t by de =5 [ it g
0
T O e (5.18)
In order to deal with the last integral of (5.11) we define for all s € R,
w0 = [ (6 0) do. (5.19)

Note that WM is convex, since (¢M)~! is monotone.
On noting (5.19) we obtain from (P}) that

/0 : |Ug|ig dt = __/0 "<atvg, (¢£\4)—1(U?)> di
= - [ e el d= (W EEO) - 1) (520)

Next, we have from (PhN) on noting (5.19) that

[NIE]

[CIE]

IN

n

tn
A hym  h, hym—1
- / [t 12 o dt = / (Ol ul e = 3 (ulbm, b — bty

m=1

hm—1 _ h, h,m-—1 hm 1 A, hym—1
= Z<u ’ e]l’n_veN >+Z ’vekn—vs]?;

M h,m—1 h, 1 hm—-1 _hm hym—1
= Z((‘I’e ) (ven ), vl VU e Z(UGN —UN UeN —Ven ). (5:21)

By the convexity of ¥M we have that
Myt h 1 h,m hm 1 M M/ hm-—1
Z(‘I’ N ven Z(l‘I’ M) = (1L, (o7 7)

= (LEY () - (1 v (vz0)) (5.22)

and by (PhN) and Young’s inequality,
h,m
§ : h 1 A, h, 1 j : h 1 YN~V N _U
<u m 7v51</n_ve;\fn R <u m ' = T >

h, h,m—1 h, h,0 h,
et Z(Vugﬁ — VulR, Vul) < g|uE,N|§,Q = §|u5,}:,|§,9. (5.23)

m=1
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On noting that v” N = v (0) and uhg, = u/*(0) we obtain from (5.20) — (5.23) that

tn
T hvn hv
/0 (k2 — el o] dt < Flub(O)F o - Flubnl o+ (1 ¥M(W2R)) = (1, UM (b (ta))
By the convexity of ¥ (5.19), (5.3) and Young’s inequality we have that

(1, MWl — (1, ¥M (Wl () < (M) (02, vl — vk (ta))
= (ul%,oP% - P (ta)) = (Vuly, VGH[uhh - vl (ta)])
< '2_|u5,N|1,Q eh .2_7-”’05,’]\7 o vs( n)”—l,h )

and hence that
tn
T h,n
r [T [ - lkafa] de < FIEORa+ B0k - o) (524
From (5.11), (5.18) and (5.24) we obtain the desired result (5.17). |

The bounds (5.2) now follow from (5.17) on noting (2.2), (2.3) and the non-negativity
of the first and third term in (5.17).
Similarly, on defining “the discrete inverse Laplacian with numerical integration”
G* € L(C(Q); 58) by
(VG Vx) = (mx)"  Vx €S (5.25)
and introducing :
lallZn = [0, Gy ]? (5.26)
for n € C(R), it is straightforward to check that all the above results go through to the case

with numerical integration (where, in addition, we use M instead of $M) ; in particular,

we have that

~h ~h ~h ~h
Elue L us,Nl(z),QT. et |ve = ve,Nl(z),QT‘ < CT2 . (527)

In order to summarize our results for the homogeneous case, f = 0, we again combine
the bounds for the time discretization with those for the space discretization:

In the case without numerical integration we obtain from (4.11), (3.9), (3.10) and (5.2)
on choosing € = ChUET and = Ch? that for p>1,

Ch#T = CrieT | (5.28)
Ch?=Cr. (5.29)

IN

h h
lu — uplo,Qq + [t — ue nloQs

IA

h h
|v = leonT. + Iv ox UE,NIOyQT.

In the case with numerical integration, on additionally assuming (WA) we obtain from
2(p—1

(4.12), (3.33), (3.34) and (5.27) on choosing € = Ch™p#¥T and 7 = Ch that for p > 1,

2 2
lu— @Nlo@y + e — 8 nlogs < ChPT =Cri, (5.30)
lv—d¥loQn +1v—02Nnlogn < Ch=Cr. (5.31)
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2.6 Le Roux’s Method for the Discretization in Time

As we have seen in Lemma 2.5 the homogeneous (P) has the important feature that
its solution becomes extinct at a certain time T.,. However, it is not clear whether
the discrete solution we have considered so far by using the backward Euler method
for the time discretization has the same property. Nevertheless, it is possible to give
a semidiscretization (Pr) in time which does have finite time extinction. This was done
by Le Roux [28]. Here we report on this method and we elaborate on a number of points
in [28] which are interesting in our context. The extinction in finite time property goes
through to the fully discrete problem (P}) which we introduce at the end of this section.

Le Roux’s semidiscretization is based on the following idea. Instead of approximating
OwuP by the finite difference 7=![(u™)? — (u™~1)?] as in the backward Euler method, we

first note that

and then approximate 9;uP~ by 77}[(u})P~! — (u}~')?~1]. The subscript L shall remind
the reader that we are using Le Roux’s method. Now, the semidiscrete approximation of
(P) in time with ¢ > 0, ¢ # 0 and f =0 is posed as:

Pr) Forn>1,given 7! € C(Q) find u? € HL(R) such that for all n € H} (),
L L 0 0

n\p—1 _ (,,n—1\p—1
A;EI/Quﬁ(uL) (g ) nda:—{-/QVu’i-Vndm =40l (6.1)

(up)? = ¢ (6-2)

It is shown in [28] that if (S) of subsection 2.2.3 holds and g € H}(Q2)NC(R) is as above,
i.e. g >0and g #0, then for all n > 1, (6.1) has a maximal solution @} € H}(R2) NC(Q)

and a minimal solution u}. Moreover, it is shown that
0=u} <af <|a} oo, (6.3)
and there exists an ng € N such that

ar, >0 in Q for n=1-mnp-1, (6.4)
af =0 in Q forall n2>ng. (6.5)

Furthermore, 47} is the unique positive solution of (6.1) for n = 1 — no — 1. For com-
pleteness we present Le Roux’s proof of (6.5) which we have already used in an adapted

version for the proof of (2.59) in Lemma 2.5:
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Firstly, it suffices to prove that (6.5) holds for a certain n = ng. For, if this is the case,
it follows inductively from (6.1) that u}7 = 0 is the unique solution of (6.1) for all n > ng
and hence, (6.5) holds for all n > ng. Next, we assume for the purpose of contradiction
that a7 # 0, Vn € N. Then from (S) and (2.57) we have that

lﬂ2|0,p+1yﬂ >0 Vn € N. (66)

On choosing n = @} (6.1) yields for n > 1 that

MaRlbh 0+ hrialta = A [ @)ty de.
Hence, on noting (.5), (2.57) and Hoélder’s inequality we have that

_n |p+1 5 e . —n—1p—1
/\luﬂg,pﬂ,a"‘pTC 7|32 13 prr,0 < ’\|uL|p,p+1 n+p—T L F A Y L e
By (6.6) we can divide the last equation by A |ﬂ2|g,p+1,n which yields that

|uL|p,p+lﬂ+’\ 1P_C T < lag” |p,p+lﬂ

This yields inductively that

= -1 — - oed
| |p,p+1 a < lu(, )lg,p+1,n— A lp—ple S TiR (6.7)

Hence, we have for large n that |uL|0p+1 o < 0 which contradicts (6.6).
From (6.7) we obtain an upper bound on the extinction time 777, = noT for the semidis-
crete solution:

Te < 335Chlu(-, 0)[5110-

er —

Note that this is the same bound as (2.60) for the extinction time of the continuous
solution. We remark that analogously to [28] a lower bound can also be proved for the

extinction time 77, of the semidiscrete solution:
rlu(, 0) 6k o lu(- 0)I73 < T (6.8)
Moreover, it is shown in [28] that if for fixed T = N, v¥ , € H'(0,T; L1(Q)) is given by
LN
OEN(E) =77 [(t = tao1)B(@]) + (tn — )B(@F )], if ¢ € [tno1,ta],
where t, =n1, n =1— N, then
oy 2 v=¢(u) in C([0,T];L () as N — oo, (6.9)

where u is the weak solution of (P).
Note that in the limit case p = 1, i.e. the homogeneous heat equation, T, from (6.8)
becomes infinite. This is consistent with the well-known fact that no extinction occurs in

the heat equation.
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We also report that Le Roux [28] proves bounds on the decay of |47} |o,00,0: If n§ denotes
the smallest ng such that (6.5) holds and T, = n§r, then for n = 0 — nf and ¢, = nr we
have that

1= tn p+1
-1 -1 =
[ (T = )] < [@Rlopt10 < (1 - T—T) [u( Olop+1,-

Le Roux points out that these bounds are the same as those proved for separable solutions
of (P) in [8], where the factor (1 — TLe:c)p%l can be rewritten as T*(t)/T*(0), see (2.66).

By the above properties Le Roux’s method seems to be the appropriate method for
the time discretization of (P). However, as far as we know no error estimates exist in
the literature for Le Roux’s method. (6.9) is shown in [28] using compactness arguments
similar to those in our proof of existence of a weak solution u™ of (PM) in subsection
2.2.1. Unfortunately, we were not able to improve on this situation and derive a priori
error bounds for Le Roux’s method.

Thus, although the backward Euler method lacks the qualitative properties Le Roux’s
method shares with the continuous problem (P), we prefer the backward Euler method
since we were able to give a full error analysis for it in sections 2.4 and 2.5. Nonetheless,
we will present some numerical results for Le Roux’s method in section 2.7 and so we also

have to report on the computational aspect of it.
In order to compute %} Le Roux suggests the following linear iterative method:

Set @7 := |@3 10,002, then for k > 0 find @}*** € HL(Q) such that for all n € HL(),

A= <[p|u oo — (@Y 1] _nk+l,ﬂ>+(Vﬁz’k+l,V7})

Aﬁ([ |2 oo — (& Z’k)”"‘] T n>, (6.10)

where we remind the reader that in this chapter (-, ) denotes the inner product in L?(Q).

Lemma 2.11 Assume that (B1) holds. Let @}° = |@} o000 Then the iterates

(ap**! k>0 given by (6.10) satisfy

ap® > apt > aptt > ap (6.11)

(in fact, @Wp* N\, @} as k — o0).
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Le Roux [28] refers to [24] for the proof of Lemma 2.11. In the following we give some,
but not all, of the details of the proof of Lemma 2.11. As in [28] we will assume throughout
this subsection that (S) of subsection 2.2.3 holds and that @9 = g € H}(2) NC((Q) is non-

negative.

First we define a function f as follows: Given u € H}(f), set
F) = Ay (@t - vt
Lemma 2.12 f defined as above satisfies
) = fw) > -2ty (la st o - [P (v - w)
for0<u<v< |ﬁz_1|0,oo,9; i.e.
f(v) = f(u) 2 =m (v —u)

with a non-negative m € C ().

Proof. On noting the Mean Value Theorem we obtain that
fv)— f(u) = /\(p T {U ( uy- 1]” L v”“l) —u ([122_1]”‘1 _ up—l)}
At AP (o - ) — (07 - wP)}
= A2 {7 P o —w) - p T (v - w)}
)‘( )7 ([ﬂz_ Pt - plag™! |00<>Q> (v—u).

Hence, we set m = ’\(T—IDIT (plu |0 w0 — BT T 1) Clearly, m is non-negative. Since
a}~! C C(Q), we also have that m € C(Q). ]

v

With the help of f and m as in Lemma 2.12 we can rewrite (6.10) as
(Vap ™, v+ (maptttn) = (F@apF) + mapt,g) (6.12)
= A (@2 (plaE*Ioma - BEPY) 1 n) (6.13)
Note that since uzo = 4}~! € C(Q) we obtain inductively from (6.12) on noting elliptic

regularity and Sobolev embedding (we assume (B1)) that ﬁzk € H}(Q) N H*(Q) c C(N)
for all £ > 0.

We also need the following well-known maximum principle (see Theorem 8.1 in [17]):
The Weak Maximum Principle (WMP):
Let ¢ € L>=(Q) with ¢ > 0. If ¥ € H'(Q) satisfies

(VY, V) + (cyp,n) > 0 ¥ne HY(Q), n>0,

then infg 9 > infaq[¥]- in Q.
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We can now give most of the details for the proof of Lemma 2.11: We will prove by
induction that
af’ >apF > a M >0 Vk>0 (6.14)

holds. We then outline how this implies existence of @} and
ap*>a}  Vk>0. (6.15)
Obviously, (6.11) is an immediate consequence of (6.14) and (6.15).
We begin with the proof of (6.14).
_k =0: The first inequality in (6.14) is trivial. Next, we have on noting (6.12) that
(V@ - aph), Vo) = ~(Vag', Vi) = (m(ap" - a°) - f(az°), )

and hence that (V(QZ’O - ) V) + (m(ay 1o 122’1),77) = —(f(ﬁ;’o),n) > 0 for all
n € HY(Q) with n > 0. Thus, the second inequality in (6.14) follows for k£ = 0 from noting
(WMP). From (6.13) we have that

(Vap', Vo) + (map',m) = Aty (350 (plaf b - @EP) yn) 2 0
for all n € HJ(Q2) with 7 > 0 and the third inequality in (6.14) follows again from (WMP).
k — k+1: We assume that (6.14) holds for a fixed £ > 0 and want to show that
e ot A S () (6.16)

The first inequality in (6.16) follows from the inductive hypothesis. Next, we have from
(6.12) that

(Vg™ = a™+2), i) + (m(ap™ -z"“),m
= (f@ph) - @Y + m@pt - aptt),m), Yne HY(Q).

By the inductive hypothesis we can apply Lemma 2.12 and obtain that
(Vi@ = apt?), V) + (m(@pt - ap™?),m) > 0.

for all n € Hy(2) with n > 0. Hence, on noting (WMP) we obtain the second inequality
n (6.16). From (6.13) we have that

n,k _n,k —n,k _n,k
(Vap +2—!—muz m2 V= (——5—< e ( lay’ |00°Q—uL +1),n>

and hence, by the inductive hypothesis that (Va}’ AR v/ (mup M2 ) > 0 for all
n € H§(Q2) with n > 0, which on noting (WMP) completes the proof of (6.16) and hence
(6.14).
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It follows from (6.14) that there exists a w € L*°(2) such that ﬁ%’k ¢ w > 0 pointwise
as k — co. Now define the inverse Laplacian G € £L(L?(2), H}(€)) to be such that for all
§e L*(Q)

(VGE, V) = (€,m), Vne Hp(Q).

Assuming (B1) it follows that G € L£(L%(Q), H}(Q)) N H%(Q)). In addition, we have on
noting Sobolev embedding that G € £(L?(Q), Hi () N C(R)); and it is well-known that
this G is a compact operator. One can now show on noting (6.14) that w solves (6.1).
Moreover, it can be shown that w is the maximal solution of (6.1), i.e. w = @}. This is a
rough outline of the proof of existence of 4} and of (6.3). (6.15) is now obvious, since by

Skl
the above u;™ \, u}. ]

Le Roux’s method has a further interesting property which is not mentioned in [28]:
Applied to the ODE equivalent of (P) it yields the exact solution at every mesh point
t, = nt. To see this, we consider for & > 0 the ODE

LuP+au=0, u0)=g>0 (6.17)

which can be regarded as a simple ODE model for (P). It is easy to see that the exact
solution of (6.17) is given by

1

u(t) = [g" —oBHTT,  VE20. (6.18)

From the Le Roux discretization of (6.17),

u?)P-1 — un—l p—1
e VT2 U o, (6.19)

and u) = g we obtain that for n > 1 the maximal solution @} of (6.19) is given by

1

af = [(a77!)P~! - aBiT]R (6.20)

It follows inductively that

1

a} = [¢P! - oB28 ]2, Vm 20.
On comparing the last result with (6.18) we have that

Fr=1u(tn) Vn > 0. (6.21)
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Finally, we remark that Le Roux’s idea can also be used on (6.17) with p = 1, i.e. a

linear ODE. The key is to note that

&.lg‘

di( ]"“) = udt Inu.

(U

Hence, on approximating ln u by 77! [Inu™ — Inu"~!] we obtain the numerical scheme

Slnwli=Inulst

= +au" =0, u=g. (6.22)

Again, with 4" denoting the maximal solution of (6.22) it is straightforward to see that

A= u(th) =ler 27 gty ni>1 08 (6.23)

Also note that (6.21) and (6.23) remain valid for non-equidistant time steps 7.

Finally we also discretize in space: the fully discrete Le Roux’s method with numerical

integration is given for fixed time step 7 and fixed mesh size h by

(PF)  Forn >1find a»™ € S} such that for all x € SZ,

— ~sh,n—1\p—
/\_2_< G i l,x> +(Vah" Vy) = 0, (6.24)

@0y = . (6.29)

For n > 1 the existence of a maximal solution of (6.24) can be shown similarly to
the outlined existence proof for the semidiscrete problem (Pr) above. In this context we
note that a discrete weak maximum principle is valid under assumption (WA) of section
2.3 and that we can replace the inverse Laplacian by the discrete inverse Laplacian with
numerical integration which we defined in (5.25). In the following d’i’" will denote the
maximal solution of (6.24). We also note that u’i" has the finite time extinction property,
i.e. it satisfies (6.5). This can be shown similarly to the semidiscrete situation by replacing
the continuous LP norms by their discrete analogues.

The fully discrete iterative linear method corresponding to (6.10) reads:

Set @™ := |4 |g 0.0, then for k > 0 find @}™* ! € 2 such that for all y € S,

h
hn=1p ohn—1 o hyn k41
§< [|U e ) 1] ay” ’X>

h
ey AT et | e
= t{p[lapesta - @ A X)) (6.26)

I

A

where u



2.7. NUMERICAL EXPERIMENTS 109

2.7 Numerical Experiments

In this section we deal with the practical solution of (151{}) and (P}), the fully discrete
problems with numerical integration. To keep matters simple we will assume throughout
that

f=0 and ¢g>0 in Q.

In subsection 2.7.1 we describe the system of nonlinear algebraic equations corresponding
to (P!) and its numerical treatment via the Newton method.

We then report on some numerical results in the case d = 1. Most of our computations
deal with the case when (P) has a separable solution (cf. end of subsection 2.2.3). In
subsection 2.7.2 we report on the discretization error for the fully discrete backward Euler
method and compare our numerical results with the a priori error estimates of section 2.5.
Our results suggest that the approximation error is determined by the behaviour in time
of the exact solution. This will be studied further in subsection 2.7.3 both theoretically
and computationally. In subsection 2.7.4 we exhibit some numerical results for (P}}) with
an emphasis on finite time extinction.

Finally, in subsection 2.7.5 we consider the case of non-separable solutions of (P), again
for d = 1. We will first define the notion of a ‘computational extinction time’. Then we will
present some computations which exhibit the profile in space of the fully discrete solutions
of both the backward Euler and Le Roux’s method near the computational extinction time.
In doing this our aim is to investigate whether the fully discrete solutions of both (151’\1,)
and (PI’;‘) show the kind of asymptotic behaviour which was described in Lemma 2.6 for

the exact solution of (P).

2.7.1 The System of Nonlinear Algebraic Equations for (P})

Throughout the following we assume that (D3) and (B2) hold and that we are given a
partitioning 7" of Q which satisfies assumption (WA) of subsection 2.3.1. In practice, one
considers a family {77}, and (P}) is solved for some selected h and N, i.e. 7.

In this subsection we let h > 0 and N € N be given and fixed. We begin with recalling
that (131’\’,) with f = 0 is the following problem:

Forn=1— N find u?\;n € Sk such that for all x € Sk
¢M(ah,ﬂ)_¢M(ah,ﬂ—l) h h
< N N ,X> +(Vay",Vx) = 0, (7.1)
rhM(ay’) = wteM(g). (7.2)

We know from our previous analysis that if fL};\}O is given by (7.2) there exists a unique
solution ﬁf;}" of (7.1) forn=1— N.
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We now also fix n € {1,..., N}. On choosing the standard basis functions {Xi}szl for
S& we obtain the following nonlinear system for (7.1):
Find @)™ = Y5 Ury;, ie. find U™ = (U}, ..., Up)* € RR such that
F({U"™) :=7KU" + E®(U™) = E®(U™1), (7.3)
where K and E are R X R matrices with entries K;; := (Vxi, Vx;), Eij := (1, xi) 6;; and
® : RE — R~ is given by its component functions
®;(V):=¢M(V;), i=1—-R, VVeRE. (7.4)
Firstly, we note some properties of F: It is easy to see that F is differentiable with
DF(V)=1K + ED®(V), VV € RE,

On noting that $M € C1'(R) we have that DF is Lipschitz continuous. Since ED®(V) >
0 VV € RF and K is an M-matrix under assumption (WA) (see §2.4.2 in [34]), DF(V)
must also be an M-matrix (see [36], 2.4.11). Noting that ™ is convex on R, we obtain
that ® and F' are convex on Rf.

By the aforementioned properties of ' we obtain from the Monotone Newton Theorem
(cf. 13.3.4 in [36]) that the Newton iteration

G , ifn=1,
Um0 = S (7.5)
(A=l e>218

[rK + ED®(U™K)] U™k = [rKU™F + E(®(U™F) — &(U™1))],

Un,k+1 —_— U'n,k o 6Un’k } k = 0, ]-) 21 ey (7.6)

where G denotes (g, ...,7)! € RE with § € R as defined after (D2), has the properties
(3) UMEN UM >0 as k— oo,
(i)  F(U") - E®(U™) =rKU" = —E[®U") - (U™ )] > 0,
(7¢1)  the convergence in (i) is quadratic,
provided
0<U™ and F(0)=0< E®U™") < F@U™). (7.7)
On noting (7.3) and (7.4) we obtain inductively from (¢) and (¢7) that (7.7) holds for all

n > 1,if
0<U" and F(0)=0< E®U° < F(UYY). (7.8)

Since we have that 0 < g < g, we also have that 0 < G = UYC. Furthermore, it follows
from (7.2) that 0 < U° and hence, by (7.3) and (7.4) that F(0) = 0. On the other hand,
since KG > 0 (as K is diagonally dominant, see e.g. §2.4.2 in [34]) and § > g, we have

F(G) = 7(KG); + E®M(3) > E®M(U?), i=1—R.

Hence, (7.8) is satisfied.
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When solving (7.3) in practice (n fixed), one needs a criterion for which k& > 0 the
Newton iteration (7.6) is to be stopped. In order to give such a criterion we define for

notational convenience functions ¥ : RE — RF by
U(V):= (rK)'E®(V), VV eRE.

With these definitions, (7.3) can be rewritten as

U™ 4 0 (UR) =h(UP=5) =R (7.9)
In order to see how well a Newton iterate U™* from (7.6) solves (7.9), we set

U™k 4 U (U™*) =: Rk, (7.10)

On subtracting (7.9) from (7.10) we obtain that
[U™* — U™ + [®(U™*) — §(U™)] = R™* — R™ = Res™*. (7.11)

Note that the first term on the left hand side of (7.11) is non-negative by (¢). The second
term is non-negative by (i), the monotonicity of " and since K is an M-matrix. Hence,

we have that
OE TR = U2s<fRes st (7.12)

In our practical computations we will therefore stop the Newton iteration (7.6) if

max{Res?* : i =1 — R} = max{UM* + ¥,(U™*) - ;(U"!) : i=1— R} < Tol,
(7.13)
where Tol is a prescribed (small) tolerance. (7.13) is computationally not impractical for
d = 1 as the linear system which has to be solved can be dealt with by fast standard

methods, see below. If (7.13) is satisfied for a certain k, we set
U= URE. (7.14)

We point out that what has been said in this subsection is valid for d = 1, 2 and 3.
However, in the following subsections all our computations were only done for d = 1 and
Q= (0,1). We quickly mention the practical peculiarities:

We chose equidistant meshes 7" on [0,1], i.e. for fixed h there exists an R € N s.t.
h = R;+1 and the mesh points are given by z; = ith,7 = 0 — R + 1. Straightforward

calculations show that K is given by

2, ifi=j,
I('ijz —%, if|i—j|:1, for 1,j=1— R
0, if|i—j|>0

and that
E,‘th(s,']’, i,j=1—)R.
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We used a direct method to solve (7.6). Since 7K + ED®"(V) is an M matrix, we can
use Gaussian elimination without pivoting. As it is also tridiagonal, one can store it as an
R x3 or 3x R matrix. Algorithms which are adapted to this storage are available and solve
(7.6) with O(R) multiplications. We used the FORTRAN 77 code for an algorithm given
in [31], p.424. Alternatively, on noting that 7K + ED®"(V) is symmetric and positive
definite one could also use Cholesky factorization in order to solve the linear system (7.6).

For n fixed we chose h = 27! in our computations, i.e. R(l)=2'-1,1=3 — L. For
fixed h we stopped the Newton iteration, if (7.13) was satisfied with Tol := 1073,

2.7.2 Numerical Results for (P}) in the Separable Case

In this subsection we present some numerical results for the problem mentioned at the end
of subsection 2.2.3:

Let d=1,Q2=(0,1), A =1, p > 1 and consider the problem

OwP = Oyzu in Qr, (7.15)
u(-,0) = kw() in Q, (7.16)

where k£ = [(p — 1)TW]P_1T and w € H}(Q) is given by
—w"=pw? and w>0 in Q. ({7210
As mentioned previously, the exact solution of (7.15), (7.16) is separable and given by

[(p— 1)(Tew — £)]77, £ € [0, Tea),

(7.18)
0 yt € [Tex, T

u(z,t) = w(z)T*(t), where T*(t) ::{

As there is no explicit solution to (7.17), we solved it numerically by using COLSYS,
a standard boundary value problems package for ordinary differential equations.

Our main aim in this section is to check the error estimates of (5.30) and (5.31)
computationally. Since there is no practical way of monitoring the errors |u — @4 0,0z,
and |v — 9%o,gy. as they involve continuous L? norms, we resort to monitoring discrete
errors which is a standard practice, see e.g. [5]. This is done as follows.

We recall that for a given discrete time step 7 we set t, =nr,n =1— N. Let

I : C(Qr) — {we L®(Qr) : For n=1— N, w e C([0,1] X (tn-1,tn]),
andforn=1— N and i=1—>R+1,

w linear in space and constant in time on [z;_1,2;] X (tn—1,tn]}
be given by

(HT'hz/))(xi,t) e B yi= L= RSt el (tnttnlyn =1 — N,
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On noting (3.13) we have that

lu — @klo,@r, < lu—T""uloqy, + Ef(h),

where

2

N 5 N R
BI(h) = [rzm—amz] [hrzzuu—am(wi,tnnz

n=1 n=1 i=1
On assuming that Ej(h) =~ Chi, g, > 0, we obtain that 2% E7(h) — E7(2h) = 0 and
hence that ¢, = log, %;((%l For given h > 0 we therefore define the computational order
of convergence as

qu(h) := log,y %T%g .

Similarly, on defining EJ (h) analogously to E(h) and assuming that E](h) =~ Ch?,

EJ(2h)
E3(h) -

o= ¥ lo,er, < lv—T""loqp, + E(h), g gu(h) :=log,

Note that our computational orders of convergence g¢,(h) and g,(h) do not take into
account the approximation errors |u — 1™ uog, and |[v — I™"v|o g, . Theoretically
these errors are also difficult to bound as we do not know the (existence of the) derivatives
of u with respect to time and of v with respect to the space variable(s).

In Tables 2.1 and 2.2 we show E7(h) and g, (h) for p = 2 and 5, h = 273,274 ...
The extinction time T,, in (7.18) was chosen to be 0.25. We chose T = 0.5 and 7 = h
and h? from which it follows that T, the time end of the computation, coincides with a
mesh point in time: T, = T = 2'~! x 2!, For 7 = h we computed up to h = 2712 (i.e.
=2k Ba Ot iand forire="rh2 i pitor Ai=E2mo 8 (ileqir =12 5184 ~=41:5 X 10=2) S 8In
both cases the total number of mesh points on [0,1] x [0,0.5] is about 223 ~ 8.4 x 10°.

Ti="'h T=Ihe
h £y (h) qu(h) E5(h) qu(h)
e 0.12035673 — 0.02226208 —

2=% || 0.06551429 | 0.8774 || 0.00605239 | 1.8790
275 || 0.03543913 | 0.8865 || 0.00157847 | 1.9390
2% |1 0.01891377 | 0.9059 || 0.00040235 | 1.9720
2=7 || 0.00994855 | 0.9269 || 0.00010142 | 1.9881
278 |1 0.00516550 | 0.9456 || 0.00002544 | 1.9952
279 || 0.00265390 | 0.9608 — =
21011 0.00135249 | 0.9725 == ==
2711 11 0.00068514 | 0.9812 — =
2712 11 0.00034559 | 0.9873 — =

Table 2.1: E7(h) and ¢, (h) for p =2 with Te, = 0.25 and Tx. =T = 0.5
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Table 2.1 suggests that for p = 2 the order of convergence is O(r) whereas Table
2.2 suggests that for p = 5 the order of convergence is O(7%7). Note that both rates of
convergence are better than predicted: (5.30) yields O(7%¢7) for p = 2 and O(7%33) for
p =5. We note however, that (5.30) bounds |u — @% 0,0y, ; EZ(h) may be better.

r=h T = h?
h EZ%(h) qu(h) E5(h) qu(h)
2-3 0.20194757 = 0.05863779 —
D5 0.12685315 | 0.6708 || 0.02273196 | 1.3671
oI5 0.07960638 | 0.6722 || 0.00871865 | 1.3825
A 0.04992887 | 0.6730 || 0.00331439 | 1.3954
Do 0.03128963 | 0.6742 || 0.00125330 | 1.4030
255 0.01958286 | 0.6761 || 0.00047234 | 1.4079
2-9 0.01223322 | 0.6788 — =
2-10 11 0.00762385 | 0.6822 = =
2-11 11 0.00473867 | 0.6860 — ==
2-12 |1 0.00293754 | 0.6899 == —

Table 2.2: E7(h) and g, (h) for p =5 with T, =0.25 and T, =T = 0.5

The following Tables 2.3 and 2.4 are analogues of Tables 2.1 and 2.2 with u replaced
by v; all other parameters are kept the same: T, = 0.25 and T, = 0.5.

T=h T = h?
h E7 (h) qv (h) E;(h) qv(h)
2iss 0.07484528 — 0.01394176 =
22 0.04041038 | 0.8892 || 0.00354062 | 1.9773
I 0.02101655 | 0.9432 [ 0.00088871 | 1.9942
9=8 0.01072872 | 0.9700 || 0.00022241 | 1.9986
9= 0.00542223 | 0.9845 || 0.00005561 | 1.9996
9=8 0.00272592 | 0.9921 | 0.00001390 | 1.9999
25 0.00136670 | 0.9961 — =
2-10 11 0.00068428 | 0.9980 = —
2-11 11 0.00034238 | 0.9990 — =
2712 11 0.00017125 | 0.9995 — =

Table 2.3: E7(h) and g, (h) for p =2 with T.; = 0.25and Tu =T = 0.5
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T=h Ti=Ih*
h Ey (h) v (h) E7 (h) qv(h)
2-3 || 0.08191118 — 0.02366867 -

2-% |1 0.03618808 | 1.1785 || 0.00547222 | 2.1128
2% |/ 0.01701051 | 1.0891 || 0.00136223 | 2.0062
2% | 0.00823919 | 1.0459 || 0.00034023 | 2.0014
2-7 || 0.00405542 | 1.0227 || 0.00008504 | 2.0003
278 |1 0.00201256 | 1.0108 || 0.00002126 | 2.0001
279 || 0.00100277 | 1.0050 — ==
21011 0.00050058 | 1.0023 = =
2-11 11 0.00025011 | 1.0010 — =
2712 11 0.00012501 | 1.0005 == ==

Table 2.4: E7(h) and g¢,(h) for p=5 with Tep, =0.25and T, =T = 0.5

From Tables 2.3 and 2.4 we infer that the order of convergence is O(7) as predicted
by (5.31). Table 2.5 shows that in general we see the predicted order of convergence for
% but a better order of convergence for 4% when we compare the computational results
with our theory. As before the orders of convergence are expressed in terms of a power of

h in Table 2.5 and T, = 0.25, T, =T = 0.5.

Ti=th T = h? Theory (7= Ch)
Pl 9u(27'?) | 90(27%) || qu(27") | 90(27%) || (5:30) | (5.31)
1.5 0.9984 0.9990 1.9998 1.9999 |[ 0.8000 1.0000
2.0 0.9873 0.9995 1.9952 1.9999 || 0.6667 1.0000
2.5 0.9306 0.9997 1.9213 1.9999 | 0.5714 1.0000
3.0 0.8571 0.9998 1.7719 2.0000 || 0.5000 1.0000
3.5 0.7969 1.0000 1.6399 2.0000 || 0.4444 1.0000
4.0 0.7522 1.0001 1.5396 2.0000 || 0.4000 1.0000
4.5 0.7176 1.0003 1.4641 2.0000 |l 0.3636 | 1.0000
5.0 0.6899 1.0005 1.4079 2.0001 || 0.3333 1.0000

Table 2.5: Computational and theoretical orders of convergence for different values of p

Next, we want to remark on a special feature of the computations above: We chose
Ter and T so that they coincided with mesh points in time.

The Tables 2.6 and 2.7 are analogues of Tables 2.1 and 2.2 but with 7., = 0.2 and
T = 0.4. Now these points do not coincide with a mesh point in time. We have included

the values of T, according to (4.1) in separate columns.
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m=th Ti=th:
h T Ei(h) | qu(h) T. Ei(h) | qu(h)
I 0.375000 | 0.08188825 — 0.390625 | 0.01856099 ==

2=% | 0.375000 | 0.05260402 | 0.6385 || 0.398438 | 0.00517114 | 1.8437
275 | 0.375000 | 0.02899146 | 0.8595 || 0.399414 | 0.00131920 | 1.9248
276 |1 0.390625 | 0.01619551 | 0.8400 || 0.399902 | 0.00034868 | 1.9656
2=7 || 0.398438 | 0.00860460 | 0.9124 || 0.399963 | 0.00008806 | 1.9854
278 |1 0.398438 | 0.00454044 | 0.9223 || 0.399994 | 0.00002210 | 1.9941
279 || 0.398438 | 0.00234278 | 0.9546 = == =
2710 11 0.399414 | 0.00120074 | 0.9643 == = ==
2-11 11 0.399902 | 0.00060957 | 0.9781 = — =
271211 0.399902 | 0.00030817 | 0.9841 — — —

Table 2.6: E7(h) and g, (k) for p =2 with Te; = 0.2 and T = 0.4

T=h T—tha
h T. Eq(h) qu(h) T, Eg(h) qu(h)
273 | 0.375000 | 0.13761134 — 0.390625 | 0.05006703 —

2=% || 0.375000 | 0.05566873 | 1.3057 || 0.398438 | 0.01482894 | 1.7554
275 | 0.375000 | 0.04781176 | 0.2195 || 0.399414 | 0.00772589 | 0.9406
276 |1 0.390625 | 0.04326621 | 0.1443 || 0.399902 | 0.00239636 | 1.6889
2=7 || 0.398438 | 0.02400518 | 0.8498 || 0.399963 | 0.00113886 | 1.0733
278 |1 0.398438 | 0.01186907 | 1.0161 || 0.399994 | 0.00036664 | 1.6352
279 |1 0.398438 | 0.00861822 | 0.4617 — = =
2710 11 0.399414 | 0.00679117 | 0.3437 - = =
2711 11 0.399902 | 0.00384617 | 0.8202 — = —
2712 11 0.399902 | 0.00205132 | 0.9069 == — —

Table 2.7: E7(h) and ¢, (k) for p =5 with Tep, = 0.2 and T = 0.4

Obviously, the fact that T, does not have the same value for all time steps has an
effect on the computational order of convergence. Because of the oscillatory behaviour
especially for 7 = h and p = 5 it is no longer clear what the computational order of
convergence actually is. As far as analogues of Tables 2.6 and 2.7 for the computation
of f)]’(, are concerned, we report that although the numerical results showed an oscillatory
behaviour for the computational orders of convergence, this was far less pronounced: for
7 = h and p = 5 the values of ¢,(h) ranged between 1.0276 and 0.9897 for h ranging

between 276 and 212,
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One can of course argue that in Tables 2.6 and 2.7 T depends on h, i.e. on 7, and one
should therefore normalize E7(h) and g, (h):

E7(2h)
g2 —= -

E(R)

However, as the comparison of Tables 2.8 and 2.7 shows the effect of this normalization is

EJ(h) == (L)2EL(R),  Gu(h):=lo

small compared to the oscillations in the computational order of convergence:

T=h TA=thZ
h Ey(h) | qu(h) Ey(h) Gu(h)
25 0.14212438 — 0.05066428 =

274 | 0.05749442 | 1.3057 || 0.01485798 | 1.7697
275 | 0.04937977 | 0.2195 || 0.00773156 | 0.9424
275 | 0.04378233 | 0.1736 || 0.00239665 | 1.6897
2=7 |1 0.02409941 | 1.0604 || 0.00113891 | 1.0734
278 |1 0.01189131 | 1.0190 || 0.00036664 | 1.6352
279 || 0.00863510 | 0.4617 — =
271011 0.00679615 | 0.3455 = =
2711 |1 0.00384664 | 0.8211 — —
2712 {1 0.00205157 | 0.9069 = ==

Table 2.8: E’Z(h) and §y(h) for p=5 with Tez = 0.2 and T' = 0.4

We now remark upon the fact that above we computed a separable solution of (P) for
d = 1. The generic form of the equation in time obtained from separating the variables in

(7.15) is

%v—i—au:O in (0,7], v=nu?. (7.19)
For o = pﬂfpl- with 8 > 0 and the initial value

u(0)=g20 (7.20)
the exact solution of (7.19), (7.20) is given by
oL
u(t) = [¢*' - B, te(0,T], (7.21)

which is analogous to T*(t) in (7.18). Note that independently of p > 1, u(t) vanishes for
all t € [’iﬁ_—l,T]. Hence, for

gi=hl (7.22)
and 3 =4 and T = 0.5 [resp. § = 5 and T = 0.4] we have a situation analogous to the
computations for Tables 2.1 — 2.5 [resp. Tables 2.6 and 2.7]. We also note that in our
practical computations of the ODE (7.19) the analogue of (7.13) reads as

Uk + L [k - urty] < Tol. (7.23)

aT
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In Table 2.9 we compare the computational orders of convergence of (P]’\‘,) for the PDE
(7.15) with those obtained from applying the backward Euler method to the ODE (7.19).
For the PDE the initial values are given by (7.16) and (7.17), for the ODE by (7.20) and
(7.22). Note that T, = 0.25 and T = 0.5 coincide with mesh points. ¢, and ¢, in the
fourth and fifth column are defined analogously to the PDE case. The numbers for the
PDE are in good agreement with those for the ODE.

PDE (7.15) ODE (7.19)

Pl 9" | 027" || u(27™) | @(271)
1.5 || 0.9984 | 0.9990 || 0.9996 | 0.9997
2.0 | 09873 | 0.9995 | 0.9946 | 0.9999
25| 0.9306 | 0.9997 | 0.9467 | 0.9999
3.0 08571 | 0.9998 | 0.8708 | 0.9999
3.5 0.7969 1.0000 0.8064 0.9999
4.0 0.7522 1.0001 0.7589 0.9999
4.5 0.7176 1.0003 0.7239 0.9999
50| 0.6899 | 1.0005 || 0.6964 | 1.0000

Table 2.9: Comp. orders of convergence for PDE and ODE with T, = 0.25 and T' = 0.5

The following Table 2.10 is an analogue of Tables 2.6 and 2.7 for the ODE case where
the extinction time Tz = 0.2 is not a mesh point. E,(7) is defined analogously to E7(h)
of the PDE case. It is quite remarkable how well the computational orders of convergence

qu(7) for p = 2 below agree with the corresponding figures in Table 2.6.

p=2 p=4
T T Eu(r) | qu(r) Eu(r) | 4u(7)
27% 1 0.390625 || 0.01986583 | — 0.04209009 | —

27 ] 0.398438 || 0.01056667 | 0.9108 || 0.02292756 | 0.8763
278 1 0.398438 || 0.00557896 | 0.9215 || 0.01204525 | 0.9286
279 1 0.398438 || 0.00287942 | 0.9542 || 0.00794035 | 0.6012
27101 0.399414 || 0.00147598 | 0.9641 || 0.00575887 | 0.4631
2711 10.399902 || 0.00074929 | 0.9780 || 0.00320243 | 0.8468
2712 1 0.399902 || 0.00037885 | 0.9840 || 0.00174532 | 0.8756
2131 0.399902 || 0.00019071 | 0.9902 || 0.00109421 | 0.6736
27141 0.399963 || 0.00009579 | 0.9933 || 0.00073306 | 0.5778

Table 2.10: E,(7) and ¢,(7) for ODE case with T, = 0.2 and T'= 0.4

Similarly to the remark after Table 2.7 we report that in the computation of vy in the
ODE case the oscillatory behaviour of ¢,(7) is again far less pronounced: for p = 4 the

values of ¢,(7) range between 0.9826 and 0.9999 for 7 ranging between 276 and 2714,
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2.7.3 Error Analysis for the ODE

Because of the remarkable similarities between the numerical results for the PDE (7.15)
and the ODE (7.19) we now analyse the backward Euler method applied to (7.19). Al-
though one could do this using Rulla’s techniques [39] which we have employed in section
2.4, our analysis starts from first principles and is very straightforward.

With ¢(s) = sign(s) |s|?, s € R, (7.19) can be rewritten more generally as
d -~
Ed)(u) +au=0 on [0,7], (7.24)

where we remind the reader that @ > 0. On choosing 7 = Jl\}, N e N,weset t, :=nrt,n=

1 — N, and approximate u"™ = u(t,) via the backward Euler method

TN 2(rrn—1
¢(U )_T¢(U )+aUn:0, n=1—N. (7.25)

We first show that for non-negative initial values the numerical solution lies above the

exact solution. This will be crucial in our error analysis.
Lemma 2.13 Let U°=u® =g >0 and p > 1. Then we have that

Ut>u" >0, n=1—>N. (7.26)

Proof. Introducing for notational convenience a function % : R — R by
(s) = ars+ d(s), seR, (7.27)
(7.25) can be rewritten as
HU™ = U™ ), n=1-N. (7.28)

On integrating (7.24) on [t,—1,t,] we have that

qAS(u”) + a/ : wdt = J)(u""l) ; (7.29)

tn—1
The exact solution u of (7.24) is given by (7.21), in particular u is non-increasing. Hence,

we have that

d(u™) + aru™ < $(u") + a/tn udt. (7.30)

th—1

On noting (7.27) it follows from (7.29) and (7.30) that
pu") < pu™ ), n=1-N. (7.31)

Next, we note that ¢ is strictly monotone. Since ¢/ = ar+ ¢ > 0, ¥ is invertible with
(=1 > 0, i.e. ¥~1 is also strictly monotone. The first inequality in (7.26) now follows

inductively from (7.28) and (7.31); the second is an immediate consequence of (7.21). m
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In order to prove error bounds for the backward Euler method applied to (7.19) we

need the following well-known ‘summation by parts’ formulae (where we use superscripts):

> l(a® - a™) ij] = ) (a"— )", (7.32)
Z[an Z aj] = % (Z a,n) + %Z (7.33)
n=1 j=n n=1 n=1

> [(@"-a*"a" = i[(a™ 92+) (@ —a” (7.34)

Also needed is the following standard bound: Let p > 1 and @, b > 0. Then
la — b|P*! < (aP — bP)(a — D). (7.35)

We introduce some more notation: Let U, @ be the piecewise constant functions given
by

U(t)=U8 et =l et e (st b

We define for r € [1,00] discrete L” errors and computational orders of convergence as

N T
s n __yin|r s . — I
T | = [TZW Un| } S T oo R Ve ()Lt nr_nle(N|u &R
E..(2T
Qur(T) = logy i ((T)) .

Analogous definitions hold for v and V.

Lemma 2.14 Let U’ =u® =g > 0 and p > 1. Then we have that

IA
Q
Al

|z - U|L1(0T Eui(r

IN
Q
ﬁ

S

|z - U|L2(0 T) = Eya(r

(7) (7.36)
(7) (7.37)
|t — Ulp+1(0,1) = ,p+1(7') Crrit (7.38)
(7) (7.39)
00 (T) (7.40)

IN

T

IA
Q
\‘

R

|t = Ulpo(o,r) = Eueo

IA
Q
s‘

IU—V|L°°0T T
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Proof. On noting that u is non-increasing we obtain from integrating (7.24) on (t,,—1, t5)
that

Lo _ Af(sn—1 tn
() T‘b(" i g/ (u* —u)dt < 0. (7.41)
th—1
Let E™ = $(u™) — (U™), e® = u™ — U™ and " = lf — u)dt < 0. Subtracting

(7.25) from (7.41) yields that

E" — En—l
r

Hence, for 1 < m < N we have that
Ti (—n 2 1) ( Ze’)} +ar§: ’en (Tiej)] :arié" (riej) ;
n=1 n=1 j=n =1 ]
’ (7.43)

From (7.43) we obtain on noting(7.32), (7.33) and € = E° = 0 that

2 m m
ZE"e" AP ( Ze") + %7’22(6" = athS" (TZej) . (7.44)

n=1 n=1 n=1 Jj=n

+ ae™ = ad™. (7.42)

As 6" < 0 and by (7.26) e™ < 0, it follows from (7.44) that

sz:E”e"-l—% (Tie”>2+%r2i(e <a (T25n) (rien> ;

n=1 n=1 n=1 n=1 n=1

Applying Young’s inequality we obtain that

2 m m 2 P 2
ZE"e" +4 ( Zen) +9m2) ("< C (725") =G (/ (@ —u) dt) < Cr?
n=1 n=1 n=1 2
(7.45)
since from (7.21) it is easily seen that “ e L'(0,T) for all p> 1.

The desired result (7.36) now is an 1mmed1ate consequence of the bound on the second
term in (7.45) and (7.26). (7.38) follows from the bound on the first term in (7.45)
on noting (7.35). The desired bound (7.37) can be obtained from (7.36) and (7.38) via
interpolation: With v € (0, 1] we have on noting Hélder’s inequality that

T Y T S 1—v
[ = Ul2ao 1y = /|u—U|7|u |2‘7dt§(/ |a_U|dt> (/ |a—U|1—vdt> ;
0 0

(7.46)
We can bound the first factor on the right hand side of (7.46) on noting (7.36). In order
to use (7.38) to bound the second factor, we choose 2%3 = p+1 and hence v = 3—;—1 and

1
1—y= %. Thus, we obtain from (7.46) that

. 2 ~ p=1 L p—1 2 ptl
|U—U|L7(O,T) S |'U, UlLl(OT | U|Lp+1(OT) <CT prp=CT P

which proves (7.37).
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Next, we prove (7.40). It follows from (7.42) that

= (Er— Er1 1B i
7‘; (f) E™ + Toznz_:le"E” = TQT;é”E" - (7.47)

On noting (7.34) and E° = 0 we obtain that

%[Eml2 + %i |E™ — E*T12 4 Tai e"E" = Taf: "E™.

n=1 n=1 n=1

On applying Holder’s and Young’s inequality we have that

m m m 2
HEM2+ 4 |E"—E" P +ra) e"E" < I max |E"|2+C<TZ|¢S”|)
n

n=1—-+m
=1

< 1 max |E™?+Cr2. (7.48)

4 n=1—-m

n=1 n=1

As (7.48) is valid for all 1 < m < N, it also holds if we replace the left hand side by its
maximum over m = 1 — N. Hence, on noting that the second and third term in (7.48)

are non-negative we obtain that

max_|E"* < Cr?
n=1+N

which proves (7.40). Obviously, (7.39) follows from (7.40) on noting (7.35). |

We note that it is not possible to adapt the proof above in order to derive bounds
analogous to (7.36) — (7.40) for the PDE case, i.e. when « in (7.19) is replaced by —A:

Proceeding similarly as in the proof of Lemma 2.14 the equation analogous to (7.44) reads

(%)

n=1

2

7 Z(E", e™) + %
n=1

+%T2Z|Ve"|g,9 :TZ<V6”,V TZej >
Q n=1 n=1 Jj=n
(7.49)

However, we have now no control over the sign of (Vé™, Ve™) and so we cannot proceed

0,

further to prove bounds analogous to (7.36) — (7.38). Similarly, because of the appearance
of V in the analogue of (7.47), it is not possible to obtain analogues of the bounds (7.39)
and (7.40). Note that the same is true for the proof of the first inequality in (7.26).
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Table 2.11 shows the computational orders g, 1(27*), qu2(271), qup+1(271%) and
Gu,00 (271) as compared to the corresponding theoretical orders from (7.36), (7.37), (7.38)
and (7.39) for different values of p. The computation was done with T,z = 0.25 and

T = 0.5, i.e. both points coincide with mesh points.

p qu,1(271%) | 1.0000 || gu,2(271%) %l o@D | & [ (@) L

1.5 0.9999 1.0000 0.9996 0.8333 0.9995 0.8000 0.9994 0.6667

2.0 1.0000 1.0000 0.9946 0.7500 0.9875 0.6666 0.8708 0.5000

2.5 1.0010 1.0000 0.9467 0.7000 0.8340 0.5714 0.5845 0.4000

3.0 1.0038 1.0000 0.8708 0.6667 0.6750 0.5000 0.4406 0.3333

3.5 1.0080 1.0000 0.8064 0.6429 0.5659 0.4444 0.3537 0.2857

4.0 1.0125 1.0000 0.7589 0.6250 0.4879 0.4000 0.2956 0.2500

4.5 1.0167 1.0000 0.7239 0.6111 0.4293 0.3636 0.2540 0.2222

5.0 1.0201 1.0000 0.6963 0.6000 0.3839 0.3333 0.2227 0.2000

Table 2.11: Computational and theoretical orders of convergence for ODE (7.19)

On comparing the numbers of the second and third column in Table 2.11 we see that
the bound (7.36) is sharp. We recall from the proof of Lemma 2.14 that (7.36) was obtained
from the bound on the second term in (7.45).

The bound (7.38) was obtained from the bound on the first term in (7.45) on noting
(7.35). From the sixth and seventh column in Table 2.11 we see that the computational
order of convergence is better than the theoretical.

In Table 2.12 we show the computational order of convergence for the first term in
(7.45), where we define

T

- N
i(7) 1= logy 2 with B(r) = Y_I6(0) ~ $UTI" = U7,
n=1

1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
G(271) | 1.9994 | 1.9993 | 1.9985 | 1.9976 | 1.9983 | 2.0012 | 2.0056 | 2.0105

T

Table 2.12: Computational orders for the first term in (7.45)

Table 2.12 suggests that the bound on the first term in (7.45) is sharp. Obviously,
since we have obtained the bound (7.37) from interpolating (7.36) and the suboptimal

(7.38), it is no surprise that (7.37) is also suboptimal, as is seen on comparing the fourth
and fifth column of Table 2.11.
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The bound (7.39) was obtained from the bound (7.40) on noting (7.35). From the
eighth and nineth column in Table 2.11 we see that the computational order of convergence
is better than the theoretical. However, Table 2.13 shows that the bound (7.40) is sharp
(the computations were again done with T,, = 0.25 and T = 0.5):

p 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
qu,00(271%) | 0.9996 | 0.9998 | 0.9997 | 0.9997 | 0.9997 | 0.9996 | 0.9995 | 0.9994

Table 2.13: ¢, (27!%) for different values of p.

We conclude this subsection with the remark that if we choose Te, = 0.2 and T = 0.4,
we again see the ‘oscillatory behaviour’ of the computational orders of convergence we
have seen before in this situation (cf. Tables 2.7, 2.8 and 2.10). As an example of this we

show in Table 2.14 the numerical results for p = 4.

T qu,1(7) | qu,2(7) | Qu,p+1(7) | Qu,00(7)
2-7 | 1.1477 | 0.8763 0.60565 0.4056
258 1.1034 | 0.9286 0.8097 0.6449
279 | 0.9526 | 0.6012 0.2245 -0.0063
2710 | 0.8772 | 0.4631 0.1825 -0.0113
27111 1.0612 | 0.8468 0.5806 0.3785
27121 1.0405 | 0.8756 0.6912 0.5151
2-13 1 0.9821 | 0.6736 0.3517 0.1345
27141 0.9515 | 0.5778 0.2821 0.1053

Table 2.14: Comput. orders of conv. for ODE case with p=4, T, = 0.2 and T = 0.4
Although the computational orders of convergence in Table 2.14 ‘oscillate’, it is in-

teresting to observe that on average they (nearly) yield the corresponding computational
orders ¢y, (27!%) from Table 2.11 for p = 4: With

14
Qu,r = %Z Qu,r (2—n)
n="7

we have that ¢,,; = 1.0145, ¢y 2 = 0.7304, @y p4+1 = 0.4660 and Gy,0o = 0.2708 as compared
to 1.0125, 0.7589, 0.4879 and 0.2956 from Table 2.11.
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2.7.4 Some Numerical Results for Le Roux’s Method

In the previous two subsections we presented some numerical results for the backward
Euler method applied to the ODE (7.19) and (7.20). This was motivated by the fact that
we have so far considered the case where (P) has a separable solution. However, as we
pointed out in section 2.6 (7.19) and (7.20) can also be considered as a simple ODE model
for (P) generally.
We have seen in section 2.6 that Le Roux’s method applied to (7.19) and (7.20) yields
a discrete solution which is exact at every mesh point and which can be given explicitly,
see (6.18) and (6.21). Hence, there is no need for computations. Nonetheless, it seems to
us that the ODE
LuP+au=0, u0)=g>0 (7.50)

and its Le Roux’s discretization

— —1\p—
2y (up)?P~! = (up )Pt

T = +aur =0 (7.51)

provide a good test case for the iterative solver (6.10). After some simple algebraic ma-

nipulations we can rewrite the iteration in its ODE adapted form as:
Set EZ’O = ﬂ’i"l, then for k > 0 find ﬂﬁ’k“ such that

(- V(@Y o] gttt = [paptyt - @ty et (7.52)

Firstly, we note that a stopping criterion is needed for the iteration. To this end we
rewrite (7.51) notationally somewhat simpler as:
Let a = a}™! find s, = @} € [0, a] such that

F(s,)=0 where F(s):=s(s"1-aP ) +us=0 (7.53)
and p = ﬂf’;ll > 0.

1

We have that s, = [a?~! - ,u]fT is a root of (7.53), i.e. F(s.) = 0. Next, we have that
F'(s) = psP~! 4 [u — aP~!]. Hence, on letting D = aP~! — i we obtain that
_1)D, if D>0,
B (5 Rl & P DD
e T e (1)
F'(s) = p(p—1)s»"2>0 fors>0.

and consequently
F'(s) > F'(s:) >0 (7.54)

provided
RN i (7.55)
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The iterates (ﬂZ’k)kzo of (7.52) satisfy ﬂZ’k > s. as we have seen for the more general
PDE case in Lemma 2.11. Hence, (7.55) is satisfied for s = uz’k. Thus we obtain on noting
the Mean Value Theorem and (7.54) that

0 < F'(si) (s = s) < F'(n)(s = s4) = F(s) = F(s.) = F(s)
where s, < 1 < s. Hence, on assuming that
D=adP1-pu#0 (7.56)

we obtain that

8 <8< 8,4+ Tol
provided

(7.57)

F(s) < F'(s.) Tol:{ Bl DD, }Tol.

-D , if D<O

Note that (7.56) translated back means that extinction does not occur at a mesh point in
time, see the above notation and (6.20). Also note that the stopping criterion (7.57) uses
S«, the root of (7.53), which is unknown in the PDE case.

The data for all the following numerical results are as before: For the exact solutiorl u
of (7.50) which is given by (6.18) we choose g = 1 and o = S5, i.e. u(t) =[1 — ﬁt]j::‘-.
We set 8 = 5 and obtain the extinction time of the exact solution as T,; = 0.2.

In the following Table 2.15 we show for different values of p and 7 the behaviour of
the Le Roux approximation 4} to (7.50) around T, when @} is obtained from (7.52) with
stopping criterion (7.57) and

Tol =1078.

For each time step 7 the values of ¢ in Table 2.15 are those seven mesh points ¢, which
are closest to Te;. By ey—g, (t) we denote the error |u(t,) — @}| and by k;; the number of
iterations after which (7.52) was stopped, i.e 4} = ﬂz’k“.

Firstly, we note from Table 2.15 that the values of e,_z, (t) are smaller than Tol = LOE®
for all ¢ > T,,; i.e. within the precision of our computations we can say that 47 becomes
extinct immediately after 7., = 0.2 as expected. Secondly, when ¢t is closest to T¢, (the
values of such ¢ have a ‘*’ next to them) a large number of iterations is required. Finally not
surprisingly , we note a certain kind of ‘error propagation’ since 4}~ = ﬂz_l’k“ A )

Before the extinction time is reached the error e,—_g, (t) is larger than Tol = 10—8.
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p=2 p=3 p=4
T t euca,(t) | ki [ ewca,® | ki [|euma®) | K
0.19628906250000 || 0.6698 x10~6 12/ ||-0:2202 x10=% 11 || 0.2868 x10~5 11
0.19726562500000 || 0.6796 x10~6 14 || 0.2575 x10~% 13 || 0.3520 x10~5 13
0.19824218750000 || 0.6890 x10~6 19 || 0.3219 x10~° 18 || 0.4733 x10~° 17
il 0.19921875000000 || 0.6969 x10~6 36 || 0.4837 x10~° 33 || 0.8136 x10~° 31
*0.20019531250000 || 0.9631 x10~8 94 || 0.9256 x10~8 | 185 || 0.9602 x10~8 | 264
0.20117187500000 || 0.9631 x10~8 0.9256 x10-8 0 [| 0.9602 x10—8 0
0.20214843750000 || 0.9631 x10~8 0.9256 x10~8 0 || 0.9602 x10—8 0
0.19824218750000 || 0.7043 x10~° 12 || 0.5214 x10~% 11 || 0.1832 x10~* 11
0.19873046875000 || 0.7130 x10~6 14 || 0.6141 x10~° 14 || 0.2276 x10~* 13
0.19921875000000 || 0.7202 x10~6 20 || 0.7849 x10-5 19 || 0.3147 x10~4 18
Dl 0.19970703125000 || 0.7281 x10~© 43 || 0.1280 x10~* 41 || 0.6051 x10~* 39
*0.20019531250000 || 0.9653 x10~8 37 || 0.8816 x10~8 73 || 0.9861 x10~8 | 103
0.20068359375000 || 0.9653 x10~8 0.8816 x10~8 0.9861 x10~8 0
0.20117187500000 || 0.9653 x10~8 0.8816 x10~8 0.9861 x10—8 0
0.19921875000000 || 0.2546 x10~5 12 || 0.2198 x10~* 12 || 0.3815 x10—* 11
0.19946289062500 || 0.2553 x10~° 15 || 0.2651 x10~* 15 || 0.4898 x10~4 14
0.19970703125000 || 0.2561 x10~3 23 || 0.3590 x10~4 23 || 0.7336 x10~* 22
2712 | %0.19995117187500 || 0.2571 x10-5 | 101 || 0.8774 x10~% | 105 || 0.2415 x10~3 | 101
0.20019531250000 || 0.5972 x10~8 0.6438 x10~8 17 || 0.6520 x10~8 23
0.20043945312500 || 0.5972 x10~8 0.6438 x10~8 0.6520 x10~8 0
0.20068359375000 || 0.5972 x10~8 0.6438 x10~8 0.6520 x10~8 0
0.19958496093750 || 0.3227 x10~5 11 || 0.2337 x10~* 11 || 0.3981 x10—* 11
0.19970703125000 || 0.3236 x10~% 13 || 0.2781 x10~* 14 || 0.5021 x10~* 13
0.19982910156250 || 0.3245 x10~° 19 || 0.3641 x10~* 20 || 0.7191 x10~* 19
2713 1 *0.19995117187500 || 0.3254 x 105 52 || 0.6803 x10~* 55 || 0.1655 x10~3 53
0.20007324218750 || 0.7804 x10~8 17 || 0.7580 x10—8 35 || 0.8786 x10~8 49
0.20019531250000 || 0.7804 x10~8 0.7580 x10~8 0.8786 x10~8
0.20031738281250 || 0.7804 x10~8 0.7580 x10~8 0.8786 x10~8
0.19976806640625 || 0.2663 x10~° 9 || 0.2000 x10~* 10 || 0.3497 x10~* 10
0.19982910156250 || 0.2671 x10~5 11 || 0.2330 x10~* 12 || 0.4287 x10~* 12
0.19989013671875 || 0.2679 x10~5 15 || 0.2906 x10~* 16 || 0.5754 x10~* 16
gl 0.19995117187500 || 0.2689 x10~5 27 || 0.4357 x10~* 30 || 0.9872 x10~* 29
*0.20001220703125 || 0.9599 x10~8 74 || 0.9299 x10-8 | 172 || 0.9792 x10~8 | 254
0.20007324218750 || 0.9599 x10~8 0.9299 x10~8 0 || 0.9792 x10—8 0
0.20013427734375 || 0.9599 x10~8 0.9299 x10~8 0| 0.9792 x10-8 0

Table 2.15: Le Roux’s method: behaviour around extinction time T, = 0.2
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In Table 2.16 we present a test of the computations above. Instead of starting the
iteration (7.52) at time level ¢, with the computational result of the previous time level

tn—1, we start it with the known ezact solution of (7.50) of the previous time level and

replace @}~ ! in (7.52) with u(t,—1). We only present the results for 7 = 27! and 2712,

p=2 p=3 p=4
T t eu—ay (t) kie || eu—a,(t) | ki || eu—a.(t) | kit
0.19824218750000 || 0.4576 x10~8 12 || 0.8033 x10—8 11 || 0.4642 x10~8 11
0.19873046875000 || 0.8716 x10~8 14 || 0.4853 x10~8 14 || 0.7607 x10~8 13
0.19921875000000 || 0.7132 x10~8 20 || 0.7395 x10~8 19 || 0.8312 x10~8 18
D 0.19970703125000 || 0.8007 x10~8 | 43 || 0.8425 x10~8 | 41 || 0.8295 x10~8 39
*0.20019531250000 || 0.9543 x10-8 | 37 || 0.8623 x10~8 73 || 0.9298 x10~8 | 103
0.20068359375000 || 0.0000 x10~8 0.0000 x10~8 0.0000 x10~8 0
0.20117187500000 || 0.0000 x10~8 0.0000 x10~8 0.0000 x10~8 0
0.19921875000000 || 0.5476 x10~8 12 || 0.4643 x10~8 12 || 0.9932 x10-8 11
0.19946289062500 || 0.7184 x10~8 15 || 0.6164 x10~8 15 || 0.9943 x10-8 14
0.19970703125000 || 0.8447 x10~8 23 || 0.7305 x10-8 23 || 0.7898 x10~8 22
2-12 | %0.19995117187500 || 0.9863 x10~8 | 102 || 0.9079 x10~8 | 106 || 0.8999 x10~8 | 102
0.20019531250000 || 0.5472 x10~8 0.5593 x10—8 17 || 0.5504 x10~8 23
0.20043945312500 || 0.0000 x10~8 0.0000 x10—8 0.0000 x10-8
0.20068359375000 || 0.0000 x10~2 0.0000 x10~8 0.0000 x10~8

Table 2.16: Test of Le Roux’s method: behaviour around extinction time T, = 0.2

Firstly note from Table 2.16 that e,—_g, (t) is always less than Tol = 10~® which
suggests that our FORTRAN code is correct. Next note that from the second time level
after extinction onward e,_z, (t) is identically 0, since the iteration was started with 0, the
exact solution at the previous time level. Finally, note that the number of iterations k;;
needed is hardly different from the corresponding number in Table 2.15 which we interpret
as the two computations being consistent.

Before we turn to the fully discrete Le Roux’s method for (P) we consider the same
computations as above but for the backward Euler method in order to see whether the
computational results also capture extinction in finite time. The following Table 2.17 is
an analogue of Table 2.15 for the backward Euler method applied to (7.50) instead of Le
Roux’s method. As before in the case of the backward Euler method we use Newton’s
Method to solve the nonlinear discrete equation in practice. For ¢t = t,,, a mesh point, we
set ey—upye, (t) 1= |u(tn) — U"|, where U™ denotes the backward Euler approximation of
(7.50) at t = t,.

criterion (7.23) is satisfied where we set again T'ol = 1078. Again, we show the results for

Here, k;; denotes the number of iterations needed before the stopping

T =2"1 and 7 = 2712 only.
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p=2 p=3 p=4
T t Cu—upure, (1) | kit || eu—upue,(t) | kit || eu—upuie.(t) I kit
0.19824218750000 || 0.5210 x10~2 3 || 0.1359 x107! 3] 0.1362 x10~! 4
0.19873046875000 || 0.5421 x10~2 3| 0.1635 x10~! 3] 0.1739 x10~! 4
0.19921875000000 || 0.5671 x10~2 3] 0.2089 x10~! 4 || 0.2427 x107! 4
2-11 1 0.19970703125000 || 0.5978 x10~2 3| 0.3066 x10~1 4 || 0.4196 x10~1! 4
*0.20019531250000 || 0.5391 x10~2 3 || 0.5170 x10~! 41 0.1187 x107° 4
0.20068359375000 || 0.3477 x10~2 3 | 0.3021 x10~1! 4 || 0.5762 x10~! )
0.20117187500000 || 0.1807 x10~2 4 || 0.7414 x10~2 4 | 0.3388 x10~2 3
0.19921875000000 || 0.3033 x10~2 3] 0.1166 x10~1 3| 0.1339 x10~! 4
0.19946289062500 || 0.3140 x10~2 3] 0.1414 x10~? 3] 0.1739 x10~! 4
0.19970703125000 || 0.3266 x10~?2 3 || 0.1851 x10~! 4 || 0.2532 x10~! 4
2712 | %0.19995117187500 || 0.3421 x10~2 3 || 0.3056 x10~1 4 || 0.5378 x10~! 4
0.20019531250000 || 0.2642 x10~2 3 || 0.3342 x10~1 4 | 0.8307 x10~! 4
0.20043945312500 || 0.1690 x10~2 3 || 0.1747 x10°! 4 || 0.2883 x10~! 4
0.20068359375000 || 0.8641 x10~3 3 || 0.2897 x10~2 4 || 0.4246 x10~3 3

Table 2.17: Backward Euler method: behaviour around extinction time Tg; = 0.2

From Table 2.17 we have two main results. Firstly, the number of Newton iterations
needed is between 3 and 5, i.e. considerably less than the number of Le Roux iterations
in Table 2.15. Moreover, for a given time step 7 the number of iterations hardly varies for
different mesh points. Secondly, for ¢ as in Table 2.17, i.e. in a very close vicinity of the
extinction time T,, = 0.2 of the exact solution, the error in U™ is too large (compared to

the computational tolerance of Tol = 1078) in order to speak of computational extinction.

Now we turn to the fully discrete Le Roux’s method. In order to simplify (6.26) recall
that the parameter h is fixed; L simply denotes Le Roux’s method. We will therefore
suppress these two indices in the following. On choosing the standard basis functions
{x;}L, for S} and writing e
for (6.26):

Find a}™*! = T8 UMy, e find Umk+L = (UM, UR*)t € RE such that

= 2;11 U}"lxj we obtain the following linear system

(K + pE) U™+ = uEU™ | k=0,1,2,... (7.58)

where K, £ and E are R X R matrices with entries

Ki; = (Vxi, VX3),  Eij = (1, ) [p max_|U/ P~ - (Uf_l)p"l] 8ij
I=1-R

and

.. — ! n—1|p—1 n,ky\p—1 »
Eij = (1, xi) [P,g}ngle [P=! — (U}")P ]5,1.
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Similarly to the argument in subsection 2.7.1 one can see that 7K +pF is an M matrix
under assumption (WA) of section 2.3. We will therefore use again Gaussian elimination
without pivoting when we solve (7.58) for fixed k. As an ad hoc stopping criterion for the
iteration (7.58) we use

n,k+1 &k
j;nfE(ij 3 - UM < Tl (7.59)

with Tol = 1078,

The following Table (2.18) is an analogue of Table (2.15) for the fully discrete Le
Roux’s method applied to the separable problem (7.15) — (7.17) with exact solution u
given by (7.18). We choose h = 7, and for a mesh point ¢ = ¢, the discretization error
eu—q, (t) is defined in analogy to the ODE case:

ey—qy () := j;ng(RIU(wj,tn) S UHG

where {:1cj}?=1 denotes the set of space mesh points. k;; denotes the number of iterations
before (6.26) was stopped, i.e.
Uz =it (7.60)

p=2 p=3 p=4

T t eu—a, (t) | kit || eu-a. (@) | ki || euan(®) | ki
0.19628906250 || 0.1459 x10~% | 23 || 0.7170 x10-% | 38 || 0.1212 x10~* 59
0.19726562500 || 0.1475 x10~> | 24 || 0.8380 x10~% | 37 || 0.1488 x10~* 54
0.19824218750 || 0.1495 x10~% | 28 || 0.1049 x10=* | 38 || 0.1999 x10~* 54
27101 0.19921875000 || 0.1533 x10~5 | 43 || 0.1579 x10~* | 52 || 0.3437 x10~* 61
*0.20019531250 || 0.8927 x10~7 | 91 || 0.1593 x10~¢ | 210 || 0.2474 x10=% | 334
0.20117187500 || 0.7769 x10=16 | 2 || 0.1889 x10~28 2 || 0.1652 x10~4° 2
0.20214843750 || 0.1545 x10~2° | 1 || 0.2587 x10~%3 1] 0.3814 x10~16° 1

0.19824218750 || 0.1044 x10~% | 22 || 0.7732 x10=5 | 37 || 0.1776 x10~* 57
0.19873046875 || 0.1059 x10=° | 23 || 0.9117 x10~% | 36 || 0.2208 x10~* 53
0.19921875000 || 0.1076 x10=° | 28 || 0.1164 x10=% | 38 || 0.3054 x10~* 51
211 | *0.19970703125 || 0.1116 x10~° | 49 || 0.1907 x10~% | 60 || 0.5877 x10~* 70
0.20019531250 || 0.2818 x10~7 | 40 || 0.6154 x10~7 | 88 || 0.9092 x10~7 | 139
0.20068359375 || 0.9772 x10~17 | 2 || 0.6509 x10~3° 2 || 0.5985 x 1043 2
0.20117187500 || 0.4890 x1073! | 1 || 0.2117 x10~87 181¥0:1314% 105152 1

Table 2.18: Fully discrete Le Roux’s method: behaviour around extinction time T, = 0.2

Again we obtain from Table 2.18 that immediately after the extinction time of the
exact solution the computational solution becomes very small. We also note again that a

large number of computations is needed close to extinction.
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2.7.5 The Nonseparable Case and Asymptotic Profiles

So far we have only shown numerical results for the case when (P) has a separable solution,
see (7.15) — (7.18), or for the model ODE (7.19), (7.20). In this subsection we deal with
the nonseparable case where we do not know the exact solution.

In the following computations we choose the time step to be equal to the mesh size,

T

i.e. 7 = h, and we define the ‘computational extinction time allowing tolerance’ T, 1,

; to

be the first mesh step ¢, in time where

max _|U'| < Tol
1=1+R

with U™ as in (7.14) for the fully discrete backward Euler method and U™ as in (7.60) for
the fully discrete Le Roux’s method.

For the domain © x (0,7 on which we want to solve (P) and (P}) we choose
Q2 x (07 T) = (Oa 1) X (O,Tgx,ToI)

and for the initial value function ¢ we consider

Case (a):
1— 0.252
g(a:) — € 0.25 -(1‘—0.5) 9 0-25 < T < 0-75,
0 , 0<2<0250r 0.75< <1
and Case (b):
2
61—0.2553'(215—0.25)5 , 0<z<0.5,
9(z) =
0 , 0.6<Lz<1,

see Figure 2.1 below.

Case (b) Case (a)

0 0.1250.250.375 0.5 0.625 0.75 0.875 1

Figure 2.1: Two different initial value functions: Case (a) and Case (b).
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We begin our computations with the fully discrete Le Roux’s method. Table 2.19
shows the computational extinction times for different time steps 7 in Cases (a) and (b).
The tolerance T'ol for both (7.59) and T7, 1o Was chosen to be 1078. k,,,» denotes the
maximal number of iterations before (7.58) was stopped and 7] the time level at which

this maximal number was needed.

Case (a) Case (b)
T Di=r2 | p=5 p=2 | p=2>5
17, 10-s || 0.140625 | 0.078125 | 0.125000 | 0.06250
258 kmax 216 149 87 204
(. 0.125000 | 0.0468750 |[ 0.093750 | 0.015625
17, 10-s || 0.132813 | 0.06250 | 0.109375 | 0.046875
9= [Fovir 397 181 107 1386
T . 0.125000 | 0.054688 || 0.007813 | 0.039063
T7, 10-s || 0.130813 | 0.058594 | 0.113282 | 0.046875
XS kmaz 82 257 170 559
v 0.003906 | 0.003906 || 0.003906 | 0.003906
T7, 10-s || 0-130859 | 0.054688 | 0.111328 | 0.042969
2 kmaz 126 429 277 972
(I 0.001953 | 0.001953 || 0.001953 | 0.001953
T7, 10-s || 0.129883 | 0.052734 || 0.111328 | 0.041992
PRy | 200 11838 457 1710
Tl 0.000977 | 0.051758 || 0.000977 | 0.000977
T, 10-s || 0.130371 | 0.052734 | 0.111328 | 0.041504
A | B 322 1260 758 3025
T - 0.000488 | 0.000488 || 0.000488 | 0.000488

~
er,10—8

Table 2.19: Fully discrete Le Roux’s method: computational extinction times
We make the following three observations on Table 2.19. Firstly, the computational ex-

tinction times 1’7

. To S€em to converge as T becomes smaller. This justifies our definition of

a ‘computational extinction time’. Secondly, it should be noted that the maximal number
of iterations needed can be extremely large from a practical point of view: for instance,
it took over one hour on an IBM RS6000 to compute from ¢ = 0 to fo—’;;_g = 0.041504
(i.e. for 85 time steps) in Case (b) with p = 5. This is clearly not practical. Also note in
this context the extreme number 11838 in Case (a) with 7 = 271° and p = 5. Finally, we
observe that the maximal number of iterations needed only occurs either at the first time
step or close to the computational extinction time. Note that the second case is consistent

with the behaviour of the number k;; in Table 2.15. The first case can be explained by the
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infinite speed of propagation which causes a compactly supported initial function to be
spread out over the whole domain €2 immediately. This effect is also seen for the discrete
solution, cf. Figures 2.2 — 2.5 below.

Although we have seen above that the fully discrete Le Roux’s method is not very
practical, we will now use it to present the profiles in space of the computational solution
at mesh point ¢, in time near the computational extinction time. In Figures 2.2 — 2.5 we
show some profiles W of the fully discrete solution factored by the time part T* of the
separable solutions:

W(e,t,) = a™(2)/T*(tn), €9,

where T is as in (2.66) with T, replaced by T 1. The time step 7(= h mesh size)
was chosen to be 271! = (0.00048828125 =~ 0.0005. The computational extinction times
were obtained from Table 2.19. The time labels in the Figures contain rounded numbers
for easier legibility. By ‘true asymptotic profile’ we mean the profile of w given by (2.67)
which we obtained by using COLSYS and which by Lemma 2.6 is the asymptotic profile
of the exact solution after factorization by T*.

Our first observation from Figures 2.2 — 2.5 is that the profiles for t = 0.1 in Figures
2.2 and 2.4 and for ¢t = 0.04 in Figure 2.3 are very close to the respective true asymptotic
profiles. In Figure 2.5 there is a slightly larger gap between the profile for ¢ = 0.04 and the
true asymptotic profile than one may have expected after Figure 2.3. It should be noted
however that ¢ = 0.04 is only three time steps away from the computational extinction
time. This may suggest that the (lack of) precision of our computations is reflected in the
gap between the two profiles.

We also note that the factored profiles seem to approximate the true asymptotic profile
rather quickly. Note in particular, how much the profiles for ¢ = 0.001 (i.e. after only two
time steps) differ from the profile at ¢t = 0.000 at points where the latter is equal to 0.
As mentioned above this explains why the maximal number of iterations needed occurs at

the start of the computations, cf. Table 2.19.
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Figure 2.2: Case (a): p = 2: Profiles of factored solution as ¢ — Tzz_;:]_s = 0.130371

——————— t=0.04"
--------------------------------------- true asympt. profile
2 L
5
l -
03515
0

0 Q25 05
Figure 2.3: Case (a): p = 5: Profiles of factored solution as ¢t — Tf;i;_s = 0.052734
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Figure 2.4: Case (b): p = 2: Profiles of factored solution as ¢ — Tf;i;_g =0.111328

t=0.01"
——————— t=0.04
o | G, o i S e true asympt. profile
185
S
SN
0.5} =S AN i
1\ \ %\
N\
0 N

0 025 05 OFS75 1
Figure 2.5: Case (b): p = 5: Profiles of factored solution as ¢t — fo_’;;_g = 0.041504
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In the following we will repeat the computations above for the backward Euler method.
To begin with we convince ourselves that the notion of ‘computational extinction time
allowing tolerance’ is also appropriate for the backward Euler method. To do this we first
consider the backward Euler method applied to the model ODE (7.50). Table 2.20 shows
the computational extinction times for different time steps 7 which are defined analogously
to the PDE case.

p=2 p=3 p=4 p=>5

o Tee 10- 0 Tes 10- Tes10-8

e 0.28125000 {| 0.26562500 [ 0.25000000 || 0.25000000
o= 0.24218750 || 0.23437500 || 0.22656250 || 0.22656250
e 0.22265625 || 0.21484375 || 0.21484337 || 0.21093750
G 0.21093750 | 0.20898438 || 0.20703125 || 0.20703125
2710 11 0.20605468 || 0.20410156 || 0.20410156 || 0.20312500
2-11 11 0.20312500 || 0.20214848 || 0.20214843 || 0.20166016
2712 11 0.20166015 || 0.20117187 || 0.20092773 || 0.20092773
2713 1110.20092773 || 0.20056152 || 0.20056152 || 0.20043945
2-14 11 0.20043945 || 0.20031738 || 0.20025635 || 0.20025635
2-15 11 0.20022583 || 0.20016479 || 0.20013428 || 0.20010376
2716 11 0.20011902 || 0.20008850 || 0.20007324 || 0.20005798

Table 2.20: Backward Euler method: Computational extinction time allowing 1078

From Table 2.20 it is seen that T ,,_s = Tez = 0.2 as 7 — 0. The rate of this

convergence seems to be (nearly) linear, independently of p.

We can summarize Tables 2.17 and 2.20 as follows: The backward Euler method has
the disadvantage of a noticeable discretization error which for fixed time step 7 prevents its
approximation from becoming extinct immediately after extinction of the exact solution
(as opposed to Le Roux’s method). However, as the time step becomes smaller one can
see the computational extinction time approaching the exact extinction time. This shows
that after all the backward Euler method is not impractical for the time discretization of

the fast diffusion equation.
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The good practical behaviour of the backward Euler method can also be seen from the
following Table 2.21 where we return to the PDE case and show the analogous results to
Table 2.19. Firstly, note from Table 2.21 that the computational extinction times seem to
converge albeit at a slower rate than for the fully discrete Le Roux’s method. Secondly
we observe that the maximal number of Newton iterations needed is small compared
to the maximal number of iterations in Table 2.19. The computations from ¢ = 0 to
T2 1o = 0.042967 took only about five minutes on an IBM RS6000 in Case (b) with
p = 5 (as compared to over one hour for Le Roux’s method). Finally, it is also seen that

the maximal number of iterations is always needed at the first time step.

Case (a) Case (b)
T p=2 | p=2>5 p=2 | p=>5
17, 10-s || 0-203125 | 0.093750 || 0.187500 | 0.093750
Ie kmaz 8 11 8 10
1% .. 0.015625 | 0.015625 || 0.015625 | 0.015625
17, 10-s || 0-171875 | 0.078125 || 0.148438 | 0.062500
oF T kmaz 9 14 9 13
B 0.007813 | 0.007813 [ 0.007813 | 0.007813
17, 10-s || 0.152343 | 0.062500 || 0.132813 | 0.054688
9=L kmaz 10 17 11 16
Twen 0.003906 | 0.003906 || 0.003906 | 0.003906
17, 10-s || 0.142578 | 0.058594 || 0.123047 | 0.046875
29 kmax 12 20 12 20
i P 0.001953 | 0.001953 || 0.001953 | 0.001953
17, 10-s || 0.136719 | 0.054688 || 0.117188 | 0.043945
el L A 13 24 14 24
Ty, .. || 0.000977 | 0.000977 || 0.000977 | 0.000977
T7, 10-s || 0.133789 | 0.053711 || 0.114746 | 0.042967
A= | R 15 27 16 27
Ty || 0.000488 | 0.000488 || 0.000488 | 0.000488

Table 2.21: Fully discrete backward Euler method: computational extinction times T, s

The Figures 2.6 — 2.9 are analogues of Figures 2.2 — 2.5. At first sight the Figures
seem to be very similar to their analogues. Note however that the profiles closest to the
true asymptotic profile are not as close as their analogues for the fully discrete Le Roux’s
method. This is presumably due to larger discretization errors which directly effect the
profiles. However, there is also an indirect effect in the Figures below: larger discretization
errors causing larger computational extinction times which in turn effect the scaling of the

profiles when factorized by T*.
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Figure 2.7: Case (a): p = 5: Profiles of factored solution as t — sz_,i;_s = 0.053711
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Figure 2.9: Case (b): p = 5: Profiles of factored solution as t — Tgx_i;_s = 0.042967
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2.8 Linear Schemes

In this second chapter the emphasis of our analysis for the time discretization of (P) has
been on the backward Euler method. For this method we have given a full error analysis
in sections 2.4 and 2.5. However, the backward Euler method yields a system of nonlinear
algebraic equations which we solved in section 2.7 on using Newton’s method. Le Roux’s
method, for which we have not given a full error analysis, was implemented on using
an iteration of a linear scheme, (6.10). In section 2.7 we saw that this iterative scheme
performed very well as far as accuracy was concerned. On the other hand it proved to
be less practical than solving the nonlinear scheme for the backward Euler method via
Newton’s iteration as it required far more iterations (especially near extinction time).

In this last section we will consider two linear schemes without iteration. The following
however is not meant to be a thorough investigation and we will point out where further

research could be done. To keep matters simple we will assume as in the last section that

f=0,

and we will only deal with model ODEs. We will only remark on the PDE case.

2.8.1 A Scheme based on Extrapolation

Our first linear scheme is based on extrapolation, which Nochetto [33] considered for the

Stefan problem. We start by considering the regularized model ODE
ditv +ou=0, u(0) =g (8.1)

with

and where, for notational convenience, we have set

w=ul Lo=¢M, uv=vMe (8.3)

€ [

On choosing 7 = %, N € N, we set again t, := n7,n = 1 — N, and approximate

u"™ = u(t,) via the backward Euler method

Vvn — Vn—l
— ————+aU"=0, =n=1-N. (8.4)
The main point is the following. In the previous sections we required (8.2) to be satisfied
exactly at every discrete time level ¢,, i.e. V™ = ¢(U"). This is now replaced by the

extrapolation scheme

VP = (U™ Y) + Ly (U™ - U™ (8.5)

where Ly is the Lipschitz constant of ¢ = ¢M as after (2.7).
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On using the standard notation dy" := LiL_l we obtain from (8.4) and (8.5) the

scheme

LyOU™ + U™ = Ly U™ — 0¢(U™Y), n=1-N. (8.6)

At every time level (8.6) is linear in U™ and it requires the results U"~! and U"~2 of the

two previous time levels. When n = 1 a value for U~! is required which we define as
Ul:=0%=g, (8.7)
i.e. at the first time level we apply the backward Euler method to %[LMU] + au = 0.

Our first aim is to show stability of the scheme (8.6).

Lemma 2.15 For all € € (0,&q] and T as above we have that

N
67'2:|(‘9U”|2%—nrzrllzg(N|U"|2 <C. (8.8)

n=1

Proof. On multiplying (8.6) by 2r0U™ and noting the elementary identity a(a — b) =

36* + 3(a — b)* — 1b? and the Mean Value Theorem we have that
271 Lp|0U™ 2 + U2 4 a|U™ — U™ Y)2 = o|U™ 1|2 4 27[Ly — ¢/ (€)]OU™ 10U,

where £ € (U™ 1,U"?) or (U"2,U""!). Noting that ¢' = (¢M)’ > Xe and Young’s
inequality for the product QU™~19U" yield that

T[Lam — Ae]|OU™? + 22eT|0U™|? + o|U |2 + /U™ — U712
< U2+ 1[Lar — Ae]|OU™ 2.

On summing over n from 1 to m < N and noting (8.7) we obtain that

T(Ly = A)|OU™* + 22e Y |0U >+ o|U™ P+ @Y |U" = U2 < o|U°P?
n=1 n=1
from which the desired result (8.8) follows. ]

We note that for € = 0, i.e. no regularization, the method of the proof above does
not yield a bound on the term TZT]:LI |0U™|2. The existence of such a bound is crucial
in the following error analysis. Before we do this analysis, we also note that under our

convention (8.3) the ODE analogue of (2.26) reads

1t 1
e2|Fulraor) + Lyf 1501 20,1y + |ulLeoor) < C- (8.9)
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Lemma 2.16 Let u be the solution of (8.1) and U be the piecewise constant function
given by U(t) := U™ as in (8.6) for t € (tn_1,ts] and U(0) := U° as in (8.7). Then we
have that

elu = Ulfa(o.m) +16(u) = $(U) 720,y < Ce™*r* + Cr. (8.10)

Proof. We follow along the lines of [33]. On integrating (8.1) on I* := (t;_1,¢;] we obtain
that
8v"+7'_1a/4udt:0, (8.11)

where v' := ¢(u') := #(u(ir)). On the other hand we define a function ¢ by (s) :=
Lars — ¢(s), s € R, and rewrite (8.6) as
0p(U™) + aU™ = 3[p(U™") — p(U™)]. (8.12)

Subtracting (8.12) from (8.11) and summing over i from 1 to n < N yields that

Z[av—aqbw +a2[( /iudt> ] Za H(UH].

1=1

On setting e, := u—U, multiplying by 7 and noting (8.7) the last equation can be rewritten

as

[6(u™) = $(U™)] +aZ / eu dt = [B(u) — (UO)] + TOB(U™)..

On multiplying by n = [}, e, dt, summing over n from 1 to N and noting that U° = u°

we obtain that

N
> [ 1) @l vlar (1)

I
+a§:[/neudt}zn:[/ﬁeudt} (IT)
" n=1 1=1
;r[aw(m)] [ / e dt] . (I17)
We now bound the terms (I) — (I11) separately.
N
= Y [ e-swu-va @)
o
+ 3 [ oW - gllu -0l (1

Since ¢ = ¢M, we have from (2.2) and (2.3) that

(I1) > L3t 16(w) — $(U) 2¢0.m) + 32eleulz o1y -
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In order to bound (/3) we note (8.9) and (8.8) and obtain that

12|<Z/ (™) - d(w)lu - U
<CZ/ U Ids] dt = Cr|%| 10,1y < CT.

To bound (/1) we use the identity (where we use again superscripts)

2231(1 [Za} = [Za

n=1

Z:’ ds| (Ju| + |U™]) dt

2 N

+ Z(an)2

n=1

which yields that

2
)= 1o

Z/ eudt i aZ[/ eudtrz% /OTeudt

Since [9’|o,00,g < Ly we can bound (I17) on noting the Mean Value Theorem as follows:

N
(IT1) < Ly Z/ T|0U™||ey] dt .
ne=] m

Now we use Cauchy’s and Young’s inequalities and the fact that QU™ is constant on I" to

obtain that

N 1
(I1I) < LMZ[/ Ieu|2dt] U T2|3U"|2dt]2
e n In

< /\5|eu|L2(OT +Ce™ 172 ! ZlaUnP:l
< i)‘eleu&z(o,n + Ce~%12,

where for the last inequality we have noted (8.8). On collecting all the above bounds we

obtain the desired result (8.10). u

Next we want to obtain an a priori error bound for the regularized model ODE (8.1),
(8.2). To this end we rewrite (8.10) for clarity as

elul = UM 320y + 18Y () = $¥ (UM F20,r) < Ce™27% +CT (8.13)
and note the ODE analogue of (2.50):

P+l
elu — w3201y + [(u) — 6 (W) 20,7y < Cer (8.14)

(recall that it was proved in Lemma 2.4 that for M sufficiently large, u. = u

e (ue) = oM (ulM)).

and
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From equating the bounds in (8.13) and (8.14) we obtain that

-1
7T ,if €=Cr» and 7S okl

|u = UM|L2 0T S C (p—1) 8.15)
€ (0,T) 1 if e= C’q-zsz—i and p € [3,00) , (
. p=1
72, if e=Crrf and pe€(1,3],
l¢(u) — M (UM)|r2ory < C{ o 2(p=1) BS s (8.16)
T8e=T Hif “ei=1Gn2e=18 iandifpic|[3\ico)r

We note that when equating the bounds (8.13) and (8.14) it turns out that the term
C't in (8.13) is the dominant term for p € (1, 3]. We recall that this is the bound on (1) in
the proof of Lemma 2.16. Any attempt to improve on the above error bounds for p € (1, 3]
should therefore improve on the bound on (I3) (or try to avoid this term altogether).

We also remark that unlike for the backward Euler method (cf. Theorems 2.3 and 2.5)

we were unable to prove a discrete analogue of (8.14). Hence we cannot give error bounds

on |u— U|L2(0,T) and |¢(u) — <,i’(U)|L2(0,T)-

Next, we present some numerical results for the ODE (8.1), (8.2) when solved by the
scheme (8.6), (8.7) with ¢ = ¢M. In the following computations A in the definition of ¢} is
chosen to be equal to 1, ¢ = 1 and ¢ is chosen according to (8.15) (and (8.16)) with C' < 1.
Since f = 0, we can choose M = 1 by (2.38), and hence by (2.7) Ly = ApMP~! = p in
our computations. « in (8.1) is chosen to be equal to z% with 3 = 5 and hence by (7.21)
the exact solution of (8.1), (8.2) is given by

1

u(t) =[1-5457", te(o,T] (8.17)

with extinction time T,; = 0.2.

We begin with showing some qualitative behaviour of the pointwise error
Error(t,) = (UM)" — ™.

In Figure 2.10 we show the piecewise linear interpolant of Error for p = 2. T was chosen
to be equal 0.8 and 7 = 2710 (which is fairly small so that the graphs appear to be nearly
smooth). The Figure shows two graphs for comparison. The dashed graph shows the

result for C' = 1 and the continuous graph for C' = 0.001.
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Figure 2.10: Error for extrapolation method, p = 2; C = 0.001: —, C =1: — — —

We observe two interesting features of the extrapolation method in Figure 2.10 which
we do not try to explain. Firstly, after extinction time the discrete solution of the extra-
polation method shows an oscillation with decaying amplitude. Secondly, the modulus of
Error is smaller for larger regularization parameter €.

We now check our error bound (8.15) from the first part of this subsection. In the
following Table 2.22 we show the discrete L? error and the computational order of conver-

gence for p = 2. We set

N 3 .
= [TZ |[u™ - (UeM)nF} ) qi,z( 7) := log, EE?EZ((Q? :
n=1
C =10.001 Cc=1

r T. Eio(r) | gha(r) | Eis(r) | gia(r)
276 1 0.390625 || 0.05465931 | — 0.05018574 | —
277 1 0.398438 || 0.03588186 | 0.6072 || 0.03121130 | 0.6852
278 1 0.398438 || 0.02394927 | 0.5832 || 0.01888206 | 0.7251
2% | 0.398438 || 0.01557446 | 0.6208 || 0.01091032 | 0.7913
27101 0.399414 || 0.00993606 | 0.6484 || 0.00610044 | 0.8387
2711 10.399902 || 0.00625522 | 0.6676 || 0.00331455 | 0.8801
2712 1 0.399902 || 0.00389416 | 0.6837 || 0.00175643 | 0.9161
2713 1 0.399902 || 0.00239790 | 0.6995 || 0.00091585 | 0.9394
27141 0.399963 || 0.00146384 | 0.7121 || 0.00048209 | 0.9258

Table 2.22: E; ,(7) and g; »(7) for ODE case with Tz = 0.2 and T' = 0.4

We recall that T\ was defined in (4.1

better than those for C' = 0.001. This may well be due to our suboptimal error analysis

). As in Figure 2.10 the numbers for C' = 1 are

which not only produced a presumably suboptimal error bound (8.10) but also determined
the balancing of terms for the final error bound (8.15) and the choice of ¢ as a power of
7 which we used in our computations. In both cases however, the computational order of

convergence is better than predicted by (8.15) which yields O(‘r%) for p = 2.
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The following Table 2.23 is an analogue of Table 2.22 in order to check our error bound
(8.16). It shows Ej »(7) and g; ,(7) for p = 2 where we define E7 ,(7) and ¢j ,(7) by

1
N 21
E52(27)
52(r) = (1) 1o() = S(UIMP| 0 gla(r) =log, o~
n=1 U,Z(T)
C =0.001 Cc=1
r T. Boo(r) | aia(r) || Eia(r) | a5a(r)
276 | 0.390625 || 0.02259265 = 0.02425153 —

2-7 | 0.398438 || 0.01250653 | 0.8531 || 0.01333004 | 0.8634
278 10.398438 || 0.00666611 | 0.9078 || 0.00704993 | 0.9190
27% 1 0.398438 || 0.00345826 | 0.9468 || 0.00363087 | 0.9572
2710 1 0.399414 || 0.00176380 | 0.9714 || 0.00183832 | 0.9819
2-1110.399902 || 0.00089054 | 0.9859 || 0.00092139 | 0.9965
2712 1 0.399902 || 0.00044711 | 0.9940 || 0.00045937 | 1.0041
2131 0.399902 || 0.00022383 | 0.9982 || 0.00022853 | 1.0073
27141 0.399963 || 0.00011191 | 1.0001 || 0.00011367 | 1.0075

Table 2.23: E; ,(7) and ¢; ,(7) for ODE case with T,y = 0.2 and T' = 0.4

The results in Figure 2.23 for C' = 0.001 and C = 1 are in good agreement with each
other. Again the computational order of convergence is better than predicted: (8.16)
yields O(T%) forip'=2:

We also note that the errors in Table 2.22 both for C' = 1 and C' = 0.001 are worse
than the corresponding errors for the backward Euler method in Table 2.10. We report
that the same is true for the errors in Table 2.23 and the corresponding errors for the
backward Euler method.

We conclude our exposition of the extrapolation method by some short remarks on the
PDE case. As mentioned before, the extrapolation scheme (8.6) was adapted from a paper
by Nochetto [33] where it is used on the Stefan problem. Given a (regular) partitioning
Th of Q polyhedral, i.e. Q = Uxern &, it is a simple matter to adapt Nochetto’s fully

discrete variational formulation to our problem (PM):

Forn=1— N find U™ € S{ such that
La{OPMU™, x) + (VU™ Vx) = @QILpnPPU™ = ¢(PPU™ )], x)  Yx €S, (8.18)
where U™ = (UM)", ¢ = ¢M and P" denotes the L? projection operator onto Shi=_ftre
L®(Q) : €|, is constant Vk € T"}. The projection operator P" is given by
(Phz,6) = (2,6)  Vze L}(Q), £€ St.

P* occurs in (8.18) in order to include quadrature in space.
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With {x;}2, being the canonical basis of S§ and ¢; denoting the characteristic func-

tion of supp x; multiplied by d}r—l we can rewrite (8.18) in matrix form as
AU" .= [LyM +7K|U" = b, (8.19)

where K and M are R X R matrices with entries K;; = (Vxi, Vx;), Mi; = (xi, ;) and
b is a vector depending on U™~! and U"2.

A is a symmetric, positive definite matrix and hence (8.19) is uniquely solvable. More-
over, A is independent of n which suggests that in practice one uses a Cholesky factoriza-
tion just once at the beginning of the computations. Obviously, this is a computationally
nice feature of (8.18). However, here we will not present any computational results. In-
stead we remark that a straightforward adaptation of Nochetto’s error analysis yields the

following analogue of (8.10) (where for clarity we have included the indices € and M):

elull — UM T2 g + 188 (W) — Y (PPUM)32igp) < CeT2r2 +CT+ CR?. (820)

2.8.2 A Scheme based on Relaxation

In this subsection we consider the unregularized model ODE (8.1) where instead of (8.2)

we now require that for arbitrary but fixed £ € Ry,
k! Lop = ug — ¢ (vg) - (8.21)

We will show further below how (8.21) can be used to derive a linear discretization of (8.1).
First we try to explain the reasoning behind (8.21). As £ — oo one expects the left hand
side of (8.21) to converge towards 0 and the right hand side to converge towards u—¢~!(v),
which is equivalent to (8.2). Thus (8.21) is a relazation of (8.1) and we expect it to be a
feasible approximation for large k. The parameter k is called the relaxation parameter.
We remark that in the slow diffusion case relaxations of the form (8.21) are in fact used
in the literature to replace constitutive relations of the form (8.2) in order to improve on
the modelling of such phase transition effects as superheating and undercooling, e.g. [45],
[46]. But here we do not attempt to give any physical meaning to (8.21).

Alternatively, one can relax (8.2) by replacing the right hand side of (8.21) by ¢(ux)—vx,
see e.g. [5] for the porous medium equation. The advantage of (8.21) as stated above
however is that we can write down the exact solution of the relaxed problem (8.1) (with

u = ug, v =vg) and (8.21): From equating (8.1) and (8.21) we obtain that
ouy, = —k(ug — ¢ (vr))

and hence that
v = o([1 4+ ak™uy) .
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Thus we obtain from (8.1) that

L1+ ak™u) +aup =0,  u(0)=g. (8.22)
On setting
~ =i} oyl o e -1
Uk =1+ ak™ Jug, ag:= T Gg:=[1+ak™]g (8.23)
(8.22) is equivalent to
Lo(iix) + axie =0, @(0)=3. (8.24)

Equation (8.24) is of the same form as (8.1), (8.2) whose exact solution is given by
1

u(t) = [g”_l - a’%t]iz , teo,1], (8.25)

see (7.21). Hence, on noting (8.23) we obtain that

l

u(t) = [ - et T te0 1), (8.26)
with extinction time
Teop = [L+ k™! Pyt 1 =1+ ok 1JPT...

It is easy to derive from (8.25) and (8.26) the maximal relaxation error: Assuming

T > T., we have that

o lu(t) —uk(t)] = trer%%][w(t) w(t)] = uk(Tez)
= gl-(Q+ak™!) ]P—l ~Ck™L. (8.27)

We now derive a linear discretization for (8.1) (with v = ug, v = vg) and (8.21).

Analogously to (8.4) we first approximate (8.1) by

n_Vn—l
V’°—’“+aU,§=0, n=1-N, (8.28)

where we set

Ve = 4(9) . (8.29)
Now we approximate (8.21) by

V an

T

—kUp = —k¢ ' (V*Y), mn=1-N. (8.30)



2.8. LINEAR SCHEMES 149

Clearly, if Vk"_1 is given, then (8.28) and (8.30) form a system of linear equations in

the unknowns U}! and V;* which are easily obtained as

Up =gt~ (V0 ™),

3 f n=15N. (8.31)
Ve=Vet - aa_fETd’—l(Vk Y }

Below we present some numerical results for the ODE (8.1), (8.2) when solved by the
relaxation method (8.29), (8.31). As in the previous subsection we choose A = 1,9 =1
and o = p—ﬁ_"’T with § = 5 which again means that the exact solution is given by (8.17). As
for the choice of £ in our computations we set k = %

Figures 2.11 and 2.12 show the piecewise linear interpolant of the discrete solution U}

for p=2 and p =4 when 7 is equal to 277 ~ 0.0078.

0.8¢
0.6
0.4
0.2
0 AAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAAA/
VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVY
0 0rs2 0.4 0.6 0.8

Figure 2.11: Relaxation method applied to ODE, p = 2

0 0.2 0.4 0.6 0.8

Figure 2.12: Relaxation method applied to ODE, p =4
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Obviously the most striking feature of Figures 2.11 and 2.12 is that after extinction

time we observe an oscillation developing which seems to be of the form
ST = AN TR VA Tl I R AT (8.32)

where A > 0. Although one may at first think that this oscillation is an artifact, we are
in fact able to derive an exact expression for the amplitude A above: On assuming (8.32)

and noting (8.31) and that ¢ is an odd function we obtain the following equivalences

-A=U' = -Up
= a+k¢ (an) = a+k¢ (an—l)
— ¢—1 (an—l a_-{-k Vn 1)) — _¢ (an—l)
— an_l_a.}.k ¢ (Vn 1) - _an—l
— Vel - (2 (vpl)r = o (8.33)
The positive root of (8.33) is given by
n— T _L
Hence, we obtain from (8.34), (8.31) and (8.32) that
1
SR e o kit i (8.35)
a+k [a+k2

Note that A can be bounded independently of the choice of k& > 0:
A< C(a,p) T

We point out that we have not proved that the iteration (8.31) must always develop into
the periodic pattern (8.32), but simply derived (8.35) on assuming (8.32). Nonetheless, we
have observed (8.32) in all our computations. In Table 2.24 below we show A according to
(8.35) for different values of p and 7 with k = % n4 denotes the number of mesh points

greater than Te, = 0.2 that were needed before | |U?| — A| < 1078.
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=i =5l hi=t2=18

p A ny A ny A ny
21 0.03360639 | 4 || 0.00478882 3 || 0.00060886 3
2.5 || 0.09177669 | 11 |[ 0.02514544 | 9 || 0.00636107 8
3 || 0.15715082 | 13 || 0.05985656 | 14 || 0.02136606 | 13
3.5 || 0.21997327 | 20 || 0.10217980 | 19 || 0.04484891 | 18
4 | 0.27700615 | 24 || 0.14692710 | 22 || 0.07402161 | 21
4.5 || 0.32768700 | 28 || 0.19111778 | 27 || 0.10625071 | 23
5 || 0.37241709 | 32 || 0.23325673 | 31 || 0.13962108 | 27

Table 2.24: A according to (8.35) and computational convergence
We conclude with the following Table 2.25 which shows the maximum error

maz.error := max_|Ul — u"|
n=1-N

(where N = |T'/r| and T = 0.8 as for Figures 2.11 and 2.12) and the relaxation error
given by (8.27). As before we set k = L.

T =10 =gt =1

p || maz.error | (8.27) magc.error | (8.27) maz.error | (8.27)

2 | 0.05783768 | 0.13967654 || 0.00714217 | 0.01924883 || 0.00089147 | 0.00243694
2.5 | 0.12127306 | 0.09177669 || 0.02536342 | 0.07382499 || 0.00639335 | 0.01860933
3 || 0.21261473 | 0.15715082 || 0.06892732 | 0.14715528 || 0.02193903 | 0.05235991
3.5 || 0.29254198 | 0.21997327 || 0.12629536 | 0.22329932 || 0.04657279 | 0.09771847
4 1| 0.35982493 | 0.27700615 || 0.18383033 | 0.29481179 || 0.07713922 | 0.14810348
4.5 || 0.41614794 | 0.32768700 || 0.23795308 | 0.35917382 || 0.10765121 | 0.19913288
9 || 0.46353915 | 0.37241709 || 0.28744482 | 0.41606342 || 0.14393377 | 0.24838003

Table 2.25: maximum error and relaxation error

From Table 2.25 we obtain that in most cases the maximum error is smaller than the
relaxation error. Since U} — u™ = (U} — u}) 4+ (u} — u™) this means that in practice we
observe a partial cancellation of the relaxation error by the discretization error which is
obviously a rather good property. On comparing the results for 7 = 2713 in Tables 2.24

and 2.25 we see that A is a good approximation for the maximum error.
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We summarize section 2.8 as follows: Although we possess a full preliminary error
analysis for the extrapolation method introduced in subsection 2.8.1, this method shows a
rather unpractical behaviour. On the other hand we do not possess a full error analysis (not
even in the ODE case) for the relaxation method introduced in this subsection. Nonetheless
its good practical behaviour for the ODE case seems to warrant further research on its
application to the PDE case. For instance, one could for a start try to adapt the error
analysis given in [44], [23] and [5] which deal with slow diffusion. The recently published
article [23] would be of particular interest as it applies Rulla’s error analysis for the time
discretization [39] to relaxation models with extrapolation. Unlike [44] and [5] however, it

only deals with discretization in time, but not in space.
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