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Abstract
The main purpose of this thesis is to prove a priori error bounds for the standard con­

tinuous piecewise linear finite element approximation of a semilinear elliptic problem with 
a singular nonlinearity which occurs in nonlinear elasticity and a semilinear degenerate 
parabolic problem modelling fast diffusion.

The elliptic problem can be stated as follows: Given z/ G R+, find u > 0 such that

—Aiz = cu~^ in Q , u = Q on ,

where Q C with sufficiently smooth boundary, d = 1, 2 or 3, and c > 0 in Q. Although 
this problem has been studied in the literature from an analytical point of view, we are 
not aware of any finite element error analysis on it. We prove and error bounds for 
the standard Galerkin finite element approximation with a (weakly) acute triangulation. 
Our bounds are nearly optimal. In addition, for d = 1 and 2 and c G R+ we analyse a 
more practical scheme involving numerical integration on the nonlinear term. We obtain 
nearly optimal and error bounds for d = 1. For this case we also present some 
numerical results.

The parabolic problem modelling fast diffusion is to find u such that

+ / in Qt := Q X (0, T] , u = Q on X (0, T] ,

0(w)(-,O) = in Q ,

where Q is convex polyhedral in d = 1, 2 or 3, ^(5) := A sign(s) |sp with A > 0 and 
p > 1 and f, g given. There is a vast literature on the singular (i.e. p < 1} form of the 
given problem, which models slow diffusion. Considerably less work has been done on the 
degenerate case, p > 1. We are aware of only one article which proves an error bound for 
a fully practical Galerkin scheme; and this only for d = 1.

We prove error bounds for the standard Galerkin finite element approximation in 
space and backward Euler time discretization. Our bounds hold for d = 1,2 and 3. In 
addition, we analyse a more practical scheme involving numerical integration in space on 
the nonlinear terms and derive error bounds for the fully practical method. Our bounds 
improve on those in the literature both in terms of the order of convergence and in terms 
of the size of the time step required for the computation. After that we include an 
adaptation to our setting of a novel but abstract approach given by Rulla for the analysis 
of the backward Euler method.

We also deal with the finite time extinction property which distinguishes the fast from 
the slow diffusion equation and its appropriate numerical treatment via Le Roux’s method. 
Numerical results for both the backward Euler and Le Roux’s method are presented for d — 
1. We conclude this thesis with a brief look at linear schemes deriving from extrapolation 
and relaxation.
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Some Preliminary Remarks

As can be seen from the Contents this thesis consists of two fairly large chapters 
subdivided into a number of sections and subsections. Both chapters are organised in the 
same way: starting from the analysis of a singular/degenerate partial differential equation 
via regularization we proceed to the analysis of finite element discretizations and conclude 
both chapters with numerical experiments. Our main results are called Theorems and 
auxiliary results are called Lemmas. Theorems, Lemmas and main Definitions are labelled 
according to chapters, e.g. Lemma 1.5 denotes the fifth Lemma in chapter 1.

Next we point out that the two chapters were written so that they can be read in­
dependently of each other. Although this may have slightly increased the total number 
of pages, it should also have increased the legibility. For the same reason our formulae 
are labelled according to sections within the two chapters. The number of the chapter is 
omitted in the numbers of the formulae, e.g. (3.2) denotes formula 2 in section 3 of both 
chapter 1 and chapter 2. As there is no cross-referencing between the two chapters no 
confusion will arise.

Finally, we remark that throughout this thesis we use standard notation unless other­
wise specified. In particular, the notation concerning the classical function spaces, Le- 
besque and Sobolev spaces and their associated (semi)norms can be found in [11], and the 
notation concerning the parabolic spaces in chapter 2 can be found in [48].
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Chapter 1

A Semilinear Singular Elliptic
Problem

1.1 Introduction

Let Q be a bounded, connected domain in R^, d = 1,2 or 3. The boundary 5Q is assumed 
to be C^. consider the following problem:

Find u such that u > 0 in Q, u = 0 on do, and

{P} Aiz = c{x)f{u),

where we will assume that /(s) := 
measurable function.

Applications of (P) can be found for y = 
nonlinear elasticity [19]. The kind of singular 
considered by several authors (e.g. [12], [13],
from an analytical point of view. The weakest assumption on c to exclude the Laplace 
equation (with solution u = 0 ) for (P) is

0 and c is a non-negative, bounded and

1 in fluid mechanics [10] and for u = 2 in 
nonlinearity which occurs in (P) has been 
[21], [27], [42] and the references therein)

y >

(Al) c > 0 a.e. and meas{x E Q : c(a:) > 0} > 0.

In fact, del Pino [13] has proved that under (Al) and E and for all p > 0 there 
exists a unique function u E C'^’'^(Q) A C(Q) for all 7 E (0,1) which satisfies (P) in the 
following weak sense: u > 0 in Q, u = 0 on and

(IFP) [ \^u-V(/)dx= [ cf{u)(f)dx
Jn Jo.

In fact, u e C2’^(Q) nC(Q) and thus is a classical solution of (P), if one also assumes that 
c £ C^(Q) for a E (0,1) (cf. our remark after Lemma 1.5). This is in accordance with 
[42] where the existence of positive solutions of generalisations of (P) is proved.

11



12 CHAPTER 1. A SEMILINEAR SINGULAR ELLIPTIC PROBLEM

Under the assumption

(A2) There exist constants a > 0 and m > 0 such that

m [dzsi(a;, ^Q)]*^ < c(a;) < M [</isi(a;, 5Q)]" a.e. in Q.

Gui and Lin ([21], Theorem 2.1) have shown the following boundary behaviour of u: 
(i) If V < 1 + O', then there exist A, A > 0 such that

A d{x} < u(x) < A d(x) for all x E Q ; (1-1)

(ii) If z/ = 1 + Ct, then there exist A, A, D > 0 such that

A d(a;)[D — In d(rc)]i^ < w(a;) < A d(a:)[Z? — In d(rc)]H^ for all re E Q ; (1.2)

(iii) If p > 1 + Ct, then there exist A, A > 0 such that

A [cZ(rc)] 1"+^ < u[x} < A [d(a;)]i^ for all re E Q, (1-3)

where we have used the notation := dist{xdUL}. As a consequence of Remark 2.2 
in [21] we have that the lower bound of (A2) is not needed to prove (1.1). On using the 
inequalities (1.1) - (1.3) Gui and Lin [21] were able to show that

(i) If p < 1 + a, then
u e C^’'^(Q), (1-4)

where 7 = 1 + a — p, 
(ii) If // = 1 + ce, then

if a < u and 'y may be any number in (0,1), if p < ct;

for all 7 E (0,1); (1-5)

(iii) If p > 1 + O', then

u 2 + Ctwhere y =------- :
1 +

u e C"^(Q) , (1-6)

see Theorem 1.1 in [21].
In this chapter we prove (Q) and L°°(yL) error estimates for a finite element appro­

ximation of (P). The outline is as follows. In section 2 we consider a regularized version 
(Pe) of (P) which we obtain by replacing / by a non-singular function /g, and bounds for 
the regularization error are shown. In our analysis we will use the inequalities (1.1) - (1.3) 
to show the following property of u:

I cf{u)u^dx < C^£^ , 
J0<U<£

where // and u depend on u in (P) and ct in (A2). (1.7) is the basis for our P^(Q) 
regularization bounds. In section 3 we will consider a second method for the regularization 
of (P) and compare its properties with the one from section 2.

(1-7)
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In section 4 we discretize (P^) by applying a Galerkin approximation using continuous 
piecewise linear functions. For a = 0, P^(Q) and error estimates will be proved,
the latter by adapting a technique first introduced by Nochetto [32] for a semilinear elliptic 
problem with a free boundary. In section 5 we take into account the effect of numerical 
integration which is important in practice. However, we will only deal with the case c = 
constant. Finally, we present some numerical results for d = 1 in section 6.

In order to use the inequalities (1.1) - (1.3) and u E riC(Q), we will make the
following assumptions throughout this chapter: There exists a constant cv > 0 such that

z

A(q;) <

\

c for some /? E (0,1);
m [{/(a;)]*^ < c(a:) < M [d(a:)]“ for some M, m > 0 and all a; E Q; 
y E R-|. E R : t Oj’j
dQEC2

holds.

1.2 Regularization

1.2.1 The Regularized Problem

We now introduce a regularized version of (P).
Find We such that We = 0 on dQ and

- Awe = c{x)f^{us) in Q ,

where for s > 0

/e(«) : =
/(£) + /'(e) (s - e) , 5 E (-OO, e)

/(«) , s E [e, oo).

Clearly, E C^(R) with

<
< < 0

(2.1)

(2.2)

and from (2.2) it follows that Va, 6 E R,

[a - 6]2 < [/^(a) - /e(6)][a - 6] <-^[A(a)-/e(6)p<0. (2.3)

Definition 1.1 is a weak solution of (Pe), if u^ E Pd(^^) is such that

Vv e •
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In order to establish existence and uniqueness of a weak solution to (F^), we define an 

operator : Fo(f^)

Vu, wGFo\^)-

It is easy to see that /^(u) G L"^{Ul') for all v G Fq(Q), and that AeV is a linear functional 
on Fo(Q). We note that for all vi,V2, w G Hq(Q),

l<>leVi - w)| <

<
<

where we have noted the Mean Value Theorem and (2.2).

Obviously, (iVPr) is equivalent to the operator equation

(OP,) = 0 in [Ho‘(«)r = •

Lemma 1.1 For alle > 0 there exists a unique solution u^ to {OPe} and hence to (IVPe).

Proof. Hq (Q) is a separable and reflexive Banach space. We show that A^ is a strictly 
monotone, coercive and hemicontinuous operator. The assertion then follows from the 
Browder-Minty-Theorem (cf. [49], p.557).

The (hemi)continuity of A^ is an immediate consequence of (2.4), which implies that 

IIA^i - -4eV2||jy-i(n) < C'(^)||’^1 - V2||i,n- Furthermore, for all Vi, V2 E Fo(Q) we have 
that

where we have noted Poincare’s inequality and (2.3). Hence, is strongly monotone. 
Since strong monotonicity implies strict monotonicity and coercivity (cf. [49], p.501), the 
proof is complete. ■

Since we assume that A(q!) holds, elliptic regularity and Sobolev embedding yield that 
for all p G (1, oo) and 7 E (0,1),

In particular, u^ is the unique solution of (Fe) in the classical sense.
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To derive further properties of u^, recall the following maximum principles:

The Strong and the Hopf Maximum Principle (cf. Theorem 3.5 and Lemma
3.4 in [17]): Suppose that w E C*2(Q) A (7(17) satisfies Lw = —N.w + (t{x)w > 0 in Q and

0 < a < C in Q. (2.5)

(SMP) 
(HMP)

If w > 0 on do,, then either w = 0 or w > 0 in Q.
If w = 0 on do, and w 0 in Q, then < 0 on (provided exists), 

where n is the outward unit normal, to dLl.

1.2 Assume A(q;) holds. Let u and be the unique solutions of (P) and {Pg}Lemma
respectively, and £o > Q be arbitrary. Then we have for all £ E (0,So) lhat

Q < u^Q < Us < u inUl.

Proof. Firstly, for all s > 0, ?/£ satisfies

—N.Us:{x) = cfs{us{x)) >0 Vj; E Q.

Hence, We 0 in Q. It follows from (SMP) (with cr = 0) that u^ > 0 in Q. To prove the 
last inequality in (2.6), let = u — u^. On subtracting (P^) from (P) vje obtain that

0 = - c[/(^) - ^(^e)] < -Awe - c[/£(m) - ^(iZe)] in Q,

where we have used that /(s) > 'is > 0. The Mean Value Theorem and (2.2) yield
that

-Awe + (T£(a:)w£ > 0 inQ.

Note that (2.5) holds for cr^. Now (SMP) yields that either = 0 or > 0 in Q. On 
noting that c > 0, = 0 implies that

f{u) = f^{u) inQ. (2.7)

But, from (1.1)—(1.3) we obtain that

?z(a:) < £, (2.8)

if X E Q is close to dO,. Since (2.8) contradicts (2.7), we conclude that u > u^. Noting this 
result and that f^ > > 0, the inequality > u^^ can be proved similarly. ■
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Note that the above proof did not use the upper bound in the second assumption of 
A(q'). The lower bound however, was used on noting that c > 0 in Q. In fact, the next 
Lemma shows that u^ can be identically equal to u, if we replace the second assumption 
in A(q!) by

c > 0 in Q.

With all the other assumptions of A(q;) still in place we denote the altered set of assump­
tions by Aq.

Lemma 1.3 Assume Aq holds. Let u and u^ be the unique solutions of (P) and (Ps) 
respectively. Let := {x E 0, : u(x) < £ and 0 < Then

Proof. We first prove Assume that -Us = iz in Q. Then, by subtracting (Ps) from
{P} we obtain that

0 = c(a;)[/(w(a;)) -/£(?z(a;))]

from which the result follows as u{x} < £ implies that f(u} > fe^u). Now, we prove 
Assume = 0. As in the proof of Lemma 1.2 we obtain for = u — that either 
Ws = 0 or Ws > 0 in Q. On the other hand, by our assumption and the definition
of fs we obtain that

-AWj = c[f{u) - fe(Uc)] = <
0 , if u < £

< 0 
c[/s(?z) - AfWe)], if C < U

(2.9)

u > Us^ see (2.6). Now (SMP) yields that = u — u^ < Q, and hence u = u^.

To illustrate the last result: if u < 1 a, it follows from (1.1) that u > Sg In Q\Q£a 
for a given £q > 0, where

Q5 :zz {a: E Q : d{x) < <5} .

Hence we obtain from Lemma 1.3 that = u for all £ E (0,So] if c = 0 in 0,^.

To resume our main line of argument — which is to prove that converges towards 
u as £ —> 0 — we need a further technical result. From (1.1)—(1.3) it follows that u is 
growing away from the boundary at least linearly. The same is true for

Lemma 1.4 Assume A(q') holds. Then for all s > 0 there exists a > 0 sucA that

As d{x) < Us {x), Vx C Q . (2.10)
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Proof. It suffices to show that there exists a 6 = ^(e) such that

< Us{x}, \fx E 0'S • (2.11)

For, if (2.11) holds, (SMP) yields that

^sb < Ue in Q\Q5 , (2.12)

and (2.10) follows from (2.11), (2.12) and the boundedness of Q.
Now, the (HMP) yields that there exists a /3 > 0 such that

< -fl on do .
on

We choose 6 such that for all x E O§ there exists a unique y(x} E dO such that

where the points x and y are related by

X = y- d(x)n{y) (2.13)

see [17], p.355. Let 5 < be such that for any x G Q5,

-^(x) < 
dn{yf 2'

On noting (2.13) it follows from (2.14) that for any x E Q5,

du 3

Since a; is arbitrary, we obtain (2.11) with Xs

(2.14)

Note that analogues of the lower bounds of (1.2) and (1.3) however cannot hold for 
since u^ C C'^’'^(Q).

Lemma 1.5 Assume 24(ce) holds. Let u and be the unique solutions of (P) and (Ps) 
respectively. Then

Proof. For <5 > 0 we define := Q\Q5. Clearly, cos is open and for 0 < b' < 8" we have 
that i.)Js" GGivs' GQ 0. Moreover, if (5o is sufficiently small, then duJSo is We fix such 
a ^0 and define a sequence of domains by Qj := <^SqI3^ j = 1 (X). Clearly, we
have that

(0 
(««) 
(n'z) 

('f')

dOl- e J = 1 -> oo; 
Qi cc Qi cc • • • cc Q; 

dist^O'p dO) = j =z 1 
ur=i •
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Now, we also fix an Sq > 0. From Lemma 1.2 we obtain that for all £ E (0,So) and any 
subdomain lo CC Q,

Q < UsQ < Us < u in cu.

Hence, we have that {w£}o<£<£o is uniformly bounded on Since <
E (0,£o)) we also have that {fe{us:)}o<£<£Q is uniformly bounded on 6). Hence, 

it follows from standard interior estimates, see e.g. (4.45) in [17], that for j = 1 —> oo.

(2.15)

Now, we fix 7*, 7 E (0,1) with <'y and define Uk '^£Qik’i k = 1 (X). From (2.15)
and the compactness of the embedding C^’'^(fii) —> C^''^ (^i)i there exists a subsequence 

of the sequence which converges to a function iz^^^ in C'^’'^7Q|) (cf.

[1], p.241). Similarly, we obtain a subsequence {tZ;2}^| of the sequence {w/i}^i which 
converges to a function u^^^ in (Q'2)- By an induction procedure we obtain for each 
j = 1,2,... a sequence {zzp}^| which is convergent in to a function and
has the property that {uo+i}'^-^ is a subsequence of {izp}^i with zz(-’‘*’B|-, = zz^-’^L/. 

Since is a subsequence of {l^k for all j, we have that

(2.16)

We set u- = u.j ior j = 1,2,.... Given any domain Q' CC Q, there exists a Jo such that 

CC Hence, {-Uj} converges in (Q') for any Q' CC Q, in particular there exists 
a 7Z* C s'lch that

J = 1 -> oo • (2.17)

By ‘construction’ of u*, Lemma 1.2 and (2.16) we have that Vj = 1 —> oo,

0 < UsQ < u'j < < u* < iz in Q. (2.18)

Thus, if (Cl 6 dQ,

lim u^x} = 0.
a;—>211

(2.19)
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Now, we show that w* solves (P). Firstly we show that for all j = 2 —> oo,

in • (2.20)

For arbitrary but fixed 7 > 2 we define correspondingly to u,j the functions := f 
lor k = 1 oo. By definition we have that

(2.21)

From Up u^^^ in (Q,'A as k —y oo we obtain that7-'

lim ||wp - = 0,
K—>-00 fe J

lim / • V</>drc.

(2.22)

(2.23)

The Mean Value Theorem, Lemma 1.2, |/'(s)| < Lemma 1.4 and (in)
yield that

(2.24)

Lemma 1.4, (iii) and (2.16) yield that for all k >

/(^/p =onQ'-. (2.25)

i,OO,l

Now, we obtain from (2.24), (2.22) and (2.25) that limfc-^oo ||/(«^’^"^) — fp ("f^p )||o,oo,n' = 0 

and hence, that

(2.26)

It follows from (2.21), (2.23) and (2.26) that

Jn'
3 3

From Theorem 8.8 and Theorem 9.19 in [17] we obtain that E C2’^(Q'._j) and hence 
that (2.20) holds.

Now, it easily follows from (ii), (iv), (2.20), (2.18), (2.19) and (2.17) that u* E 
n C(Q) and u* has the properties w* > 0 in Q, w* = 0 on dO, and u* satisfies 

(P). By uniqueness, u* = u.
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To prove the desired convergence of towards u, we first consider the convergence of 
u'j. It follows from (2.18) that for all j > jo

“ ^llo,oo,n < ||wj — 'fil|o,oo,rz<^ d" ll'^jo “ '^l|o,oo,n\Q'^ •

Now, let r > 0 be arbitrary but fixed. From (2.18), (1.1)—(1.3) and (nz) we have that there 

exists a J such that -w||o,oo,q\q'(^ < Iloilo,00,< T/2ior jq > J. Since u'j converges 
uniformly on O'j^, we have that there exists a Ji > jo such that ||m'. — 'uHo.oo.Q' 1^^ for 
j > Jy. Hence, we have for all j > that

(2.27)Il'^j '^||o,oo,fi <

and hence uniform convergence of -u'- towards u. The desired uniform convergence of 
follows easily from (2.27) and Lemma 2.3. ■

The proof above is basically the existence proof on p.346 in [13], see also p.l89 in [42]. 
We have filled in the details. Since we assume that c E C'^(Q), we could use a regularity 
argument to show that u is a classical solution of (P).

1.2.2 The Regularization Error

As was seen in Lemma 1.5, the solution of (Pe), converges to u, the solution of (P), in 
We will now prove bounds for ||w — 'UeHo.oo.Q and |-u —

Firstly we want to determine for which values of u (depending on o-) the solution 
of (WP), is in The following example shows that even in the case when (P) has
a classical solution, this solution need not be in Pq(Q). Consider the problem

—u" = 4?z“^ in Q = (0,1) (2.28)

with ?z(0) = iz(l) = 0. On multiplying (2.28) by u' and using the method of separation of 
variables we obtain the classical solution of (2.28) as = 2a;2(l — a;)2, x E Q. We have 
that [w'(a;)]2 = —4 + a;“^(l — a:)“\ x E 0,. Since a:“^(l — a;)“^ dx > x~^ dx for all

be in 77q(Q).
Obviously, it follows from (1.4) that w, the solution of (WP), is in if z/ < 14-q:.

But this result is sub-optimal as must be expected. To prove an optimal result, we need 
to know the boundary behaviour of | Vtt|. This can be obtained from combining (1.2) and 
(1.3) with the next result, which is a generalization of a Harnack inequality.

Lemma 1.6 There exists a constant Ki > 0 5UcA that if r E (0,1] ,B2r{xo) = {re E R : 
[a; — rcol < 2r} C Q and v E VF2’^(P2r(2^o)) where q > d, then

(H) |Vv(a:)| < Ki [^r ||v||l~(B2,(i„)))

{or X € Br(a:o) (l|A'’IU“(B2r(xo)) = °o “ allowed).
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Proof. See Lemma 2.19 in [12], where the result is proved for any second order uniformly 
elliptic differential operator with continuous coefficients. ■

Lemma 1.7 Assume that A(q;) holds and let u be the unique solution of (WP). Then we 
have that

(2.29)

Proof. We prove We first note that by (1.4) we only have to prove the assertion
for p > 1 -h a. We proceed as in the proof of Theorem 2.5 in [12]. For a; E Q, we set 
r = d(x}/3. Note that if 2: E B2r(xy then d(a:)/3 < d(z} < ^d^x}/'^. Hence, it follows 
from (77) with v = u (so —/\u = cf(u}) and xq = x that

(2.30)

for all X E Q, where := {2; E Q : d{x}/3 < d{z} < 5d(a;)/3}.
If = 1 + O', we obtain from combining (1.2), (A2) and (2.30) that

|Vu(a:)| </<[£) — In d(a;)]i+‘" , Va: E Q .

Hence u E 77o(Q).
Similarly, if 1 + a < (1.3), (A2) and (2.30) yield that

Hence, u E Hq(Q,), if 2 > —1, i.e. if v < 3 + 2o, and the proof of is
complete.

For the proof of one can easily adapt the proof given on p.728 in [27]. ■

We remark that this result is a generalization of Theorem 2 in [27] where in our notation 
O' = 0. However, we believe that the proof of sufficiency given in [27] is incorrect. In [12] 
estimates for the solution of (P) when c is constant are given in terms of a solution of the 
following one-dimensional problem:

Let a > 0 be given. Find p E C'2((0, a]) A C([0, a]) such that

-p"(s) = c/(p(s)), p(s) >0 for s e (0, a], p(0) = 0 . (2.31)

When p > 1, exact solutions p for (2.31) can be found using the ansatz p = where
A;, K are positive constants. We find that the estimate given in Theorem 2.2 of [12] is 
exactly that of (1.3) when a = 0.

The next result is crucial for our error bounds.
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Lemma 1.8 Assume A(q;) holds. Let u be the unique solution to (WP). Then there exists
£0 > 0 such that for all £ E (OjSoL

pl+a+M-i^

£^
/ cf{u)u^dx <C*<

if Q<y<lPa and r/ - (1 + ce) < //, 
if y = l-\- a
if l-\-a < y,

and
and

1

5

where C* = C^{M^ A, meets 5Q),

Proof. Let S > 0 be as in the proof of Lemma 1.4. If z/ < 1 + a, (1.1) holds. We choose 
Co < X5 and obtain for all // > p — (1 + a) that

f cf{u}u^dx< / cf{u}u^dx<C [ drjds < Cmeas dO, .
Jo<.u<.£ Jd£iJo

II y = 1 + a, (1.2) holds. Its lower bound yields that u{x) < £ implies that d{x} <
— In d(a;)]“^ — where C is a positive constant. Hence, on choosing Co < C~^X6 

y/e obtain that

[ cf(u)u^dx< f cf{u}u^dx<C [ [
fo<.u<.£ Jd£ifo

T]^~^ [7? — In 77]dijds .

If < ^5 the term [D — In 77]^ is bounded independently of 77. Hence, we obtain the 

desired result for fi < y. \I y then

[ cf{u}u^dx < £^~^ [ cf{u)u^dx = £^~'^ / c{x} dx
Jo<.U<.£ Jo<.U<.£ Jo<.U<£

< Cs'^-'' / 7t“dri = C.s'‘-‘'+^+“ = ,
JOJo

and hence the desired result for // > z/.
Finally, if 1 + a < z/, (1.3) holds. We choose Co < A^^2+a)/(i+p) obtain that

/ cf{u)u^dx< / cf{u)u^ dx < C meas dO, / drj.
Jo<.u<.£ 1+p Jo

For the existence of the last integral we require a + i^(z^ — ^} > —1- On choosing 
a = + 6 for a > 0 we obtain that

\ 1 2 “b Cl _

and hence the desired result.

We can now prove H^(Q) and £°°(Q) bounds for the regularization error.
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Lemma 1.9 Assume A(ce) holds. 

(Oj^oL

(z)

Then there exists an £q > 0 such that for all

z

(«0

£^^^2 if 0 < z/ < 1 + a,
3+2a—p

£ , 271-|-Q'<p<3 + 2q!,
< C£ for all u > H .

Proof, (z) To begin with we note that by Lemma 1.7 an error bound can only be 
proved for p G (0,3 + 2a). Subtracting (PFPe) from (IFF) and choosing (f> = u — u^ yields

~ c[f(u) — /e(w£)][zz — zz^] dx which we rewrite as

/ c[f£{u) - feM][u- Us]dx = / c[/(zz) - fs (zz)] [zz - ZZe] dx .
J£l J£l

Noting (2.3) we obtain that

/ c[f{u) - fs{u)][u-Us]dx , 
Jn

and on noting Lemma 1.2 we have for all /z € [0,1] that 
[ C[/(?Z) - A(«)][« - We] dx

= f c[/(w) - /e(w)][?Z - wj dx <
JO<U£<U<£

< f c/(-iz)w^[?z — da; < I 
Jo<.Uc<.U<.£ .Ji

(z) now follows from (2.32), (2.33) and Lemma 1.8.
(zz). Firstly we prove that for all 6 E (0,£),

c/(w)[w — Wg] da;
0<Ue <u<e

0<U<£

(2.32)

(2.33)

(2.34)

(2.35)

where C can be chosen independently of 5 and £.
We follow the argument of Nochetto [32], Theorem 2.1. By subtracting (IFFg) from 

(IFF5) and choosing (f> = where e = us — u^ and p E R+, we obtain
/ Ve • Ve^p+i da; = [ c[fs{us) - fe{us)]e‘̂^'^^ dx .

Jil J^i

Using the chain rule and Friedrich’s inequality on the left hand side of the equation yields 
[ Ve-Ve^P+^da; = (2p+l) [ {y e) ■ {e^^^e) dx = {2p1) [ |eP(Ve)|2da;

7q 7n

- I +1)2 Iloilo,2(p+i),q- (2.36)

To find an upper bound for the right hand side of (2.35) we consider two different cases. 
If us > £ then /^(zz^) = fe^us) and it follows from (2.3) that

[fs^us) - /4w£)]e2P'^^ = [/£(w5) - /£(wJ][zz5 - zzJe^P < 0.

Recalling from Lemma 1.2 that 0 < We < in Q we have only to consider the case when
Q < Us < us < £. Then we have, on noting (2.1), that
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[ c[/5(^i5) - A(^i£)]e2’’’^^da: < f cf{us)e‘̂P'^^dx
J0<Ue<us<.s JQ<.us<e

= [ cf{us}\us-u,\‘'e'^>’+^-‘'dx<C I <€£^’’■>■'-'',(2.37)
7o<U5<£ Jo<US<£

for all p> {y—l}/2. Thus, it follows from (2.35), (2.36) and (2.37) that for all p > (u—1)/2,

fn 4- 1)21 2{p+i) 2p+i—p

h- s 2(p+1) .||e||o,2(p+i),fi - I 2p + l

Letting p ao yields (2.34). Since we have that ||u — 'Uello,©©,^ < ||ti — “
{ii} follows from (2.34) and Lemma 1.5. ■

The following bounds for ||c/e(u£)||o,g,Q, q = 1, 2 or oo will be useful later.

Lemma 1.10 Assume A(o) holds. Then there exists > 0 such that for all 

e E (0,£i],

1 ,z7 0<z/<| + o,
< C(o,Z/)< (In l)i , z/ p = 1 + q;,

-4-0; — U T 1 1t , if +

Proof. For ease of exposition we introduce the following constants:

CiHmeas^Q, C'2 = l|c||o,oo,Q ? Cs^measQ.

For q E [1, 00) we have that ~

= [ [cf^{u^)]^ dx[ [cfe(u^)Y dx[ [c/e(w5)pda:, (2.38)
./Q £_ Jn ej_\Sl e_ J

Aiq

where we choose Si as follows. Let J be as in the proof of Lemma 1.4. For arbitrary, but 
fixed So > 0 we can choose Si E (0,So] such that Si < and as /£(5) < (l + i/)s~^, Vs > 
0, we obtain for any s E (0,Si] that

[ [c/£(7Ze)]’da: <

^^0

(2.39)

(2.40)
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Finally, we have that

f [c/£(u£)]’da: < C3C^£/''. 
\

Aeo

(2.41)

Now, (2.38) - (2.41) yield that f^[cfs(us)]'^ dx <

z

<

\

if 1/ i + a

+ [M(l + i + [in(^) - ln(,;^)] .
if p = - + Ct.

<1

On noting the inequality + 6’ < (a + which is valid for all a,b> 0 and all q > 1 
we obtain the desired result for q E [1, oo). The result for g = oo follows from noting that 
||^/£(^£) ||o,oo,Q — linig-4-oo ||<^/£('^£) ||o,g,J2 ' ■

1.3 An Alternative Regularization

In this section we will consider an alternative regularization of (P), i.e. f will be replaced 
by a non-singular function g^: different from see e.g. [12], [13], and [27]. In order to
keep our notation simple, the notations (Pe),?/^ etc. will be kept but will correspond to 
the new regularization. This does not cause confusion in this section, and in later sections, 
we will always state which regularization we are referring to.

1.3.1 The Regularized Problem

We consider the problem:
Find Us such that u^ > -e in Q, = 0 on dO, and

(Ps) - A.Us = c{x)gs{us) in Q ,

where for s > 0, ^(^(s) := /(s + s). Vs E (—£,oo). Clearly, E C'^((—£, oo), R) and for all 
£ E (0,£o) we have that

(3.1)

(3.2)

From (3.2) it follows that E R+,

y £^'^^

[a - f>] < [ffe(a) - ff.(&)][a - 6] <-----— [ffe(a) - fle(6)]’ < 0. (3.3)
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Definition 1.2 Us is a weak solution of (Fe), if u^: E > —s in Q and

Lemma 1.11 For all £ > G there exists a unique solution u^ to (lyPe).

Proof. Since Ps is monotone, there can be at most one solution to (W'E). To prove 
existence, we set

^£(s) :=
s e (-00,0), 
s e [0, oo).

Since gs is monotone and has a bounded derivative, one can show as in section 2 that 
there exists a (unique) solution Us to (WF^), where (WPs} denotes (IVF^) with
gs replaced by gs. Moreover, we obtain that for all p (l,oo) and 'y E (0,1),

Us e Ty2.p(Q) n n . (3.4)

As in the proof of Lemma 1.2 (SMP) yields that > 0 in Q. Since ge{s') = ^'^(s), Vs >
0, Us is the unique solution of (IPFg), and by (3.4) also the unique solution of (F^). ■

Lemma 1.12 Assume A(q;) holds. Let u and Us be the unique solutions of (F) and (Ps) 
respectively, and £q > Q be arbitrary. Then we have for all s E (0,£o) that

0 < UsQ < Us < u < Us P £ in Q .

Proof. The first three inequalities can be proved as in Lemma 1.2 with fs replaced by 
Qs- To prove the last inequality, we set Ws = Us + £ — u. On subtracting (F) from (Ps) 
and on noting the definition of Ps and the Mean Value Theorem we obtain that 

0 =-A(w£ - u) - c[gs{us) - /(?/)] =-A(?i£+£-?z) - c[/(iz£+e) - /(w)] <-^Ws + crws.

Since cr > 0 in Q and Ws > 0 on dO,, it follows from the weak maximum principle (cf. 
Corollary 3.2 in [17]) that > 0 and the proof is complete. ■

Lemma 1.12 is different from Lemma 1.2 in that now u is “sandwiched” between Us 
and Us + £. As an immediate consequence we obtain that

(3.5)

and hence that

(3.6) 
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We remind the reader that in section 2 a lot of work had to be done to prove (3.6) for the 
regularization f^ in Lemma 1.5. (3.6) was then used in the proof of Lemma 1.9(ii). Also 
we note that (3.5) is better than the bound of Lemma 1.9(ii) since C = 1 as opposed to 
an unknown C before.

We remark however that the new regularization which basically consists of shifting the 
whole graph of f to the left effects the solution globally. There are no longer non-trivial 
cases in which u^ = u:

Lemma 1.13 Assume Ag^a) holds. Let u and u^ be the unique solutions of (P) and 
respectively. Then u^ = u in Q c = 0.

Proof, obvious, similar to the proof in Lemma 1.3.

We also note that Lemma 1.4 holds for the new regularization.

1.3.2 The Error for the Alternative Regularization

Since the Lemmas 1.7 and 1.8 only involve f and u, they remain valid. We now prove an 
analogue for Lemma 1.9.

Lemma 1.14 Assume A(q') holds. Then there exists an Cq

S E (0,£oL
z

> 0 such that for all

(i) <c{
£ if 0 < u < a,
^(logi)L

if u = a,
2+a —p

if a < v' < 1 -H cv,
3+2a-p

£ 4+2q , ifl + 0 < z/ < 3 4- 2o

'^£||o,oo,n < e for all z/ > 0 .

Proof. (it) was noted above in (3.5). Proof of {i}: Similarly to (2.32) we obtain that

(3.7)

Let w := c[/(w) — 5f£(ii)][w — u^]. Then we have that

wdx + / w dx = Il 12 V I3 • 
J£q <U

(3.8)

Similarly to (2.33) and on noting Lemma 1.8 we obtain for all // E [0,1] that

h [ cf{u)u^dx < C <
Jo<.U<€

£2+^-'' , if 0 < Z/ 
3 + 2a —1/

£ 2+q , if 1 + O' < Z/
< 1 + c^,
< 3 + 2a.

(3.9)
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(3.10)

/2 (3.11)

The Mean Value Theorem and (zz) yield that

h = [ c[/(^) - + ^)][w - «e] dx < Ce"^,
J

< f c|/^(zz)| dx .
J £<U<£o

To bound the right hand side of (3.11), we proceed as in the proof of Lemma 1.8 to which 
we refer to for the choice of Sq- If < 1 -1- a, we obtain that 

and ifl + Q'<i/<34- 2a, that

(3.13)
The desired result follows from (3.8), (3.9), (3.10), (3.12), and (3.13).

We note that the bounds of Lemma 1.14(i) are only diflferent from those of Lemma 
1.9(i) when Q < u < a. Finally, since Lemma 1.4 holds for the new regularization, it is 
easy to see that Lemma 1.10 holds with replaced by

1.4 Finite Element Approximation

We will now introduce and analyse a finite element approximation of (IFP^). As in the 
two previous sections when we considered the solution to two regularized versions of our 
problem, existence and uniqueness of a discrete solution do not require any boundary 
assumptions.

In subsections 4.1 and 4.2 we consider the regularization of section 2, whereas in 
subsection 4.3 we show that the results obtained in subsections 4.1 and 4.2 remain valid 
for the alternative regularization of section 3. Finally, we discuss the optimality of our 
error bounds in subsection 4.4.

1.4.1 The Discrete Problem

Let be a polyhedral approximation of Q defined by where T^ is a quasi­
uniform partitioning and h is the maximum diameter (i.e. side-length) over all simplices 
T of T^. Note that = Q if Q is convex polyhedral. Let I be the set of nodes and 
{rCj jie/ lhe coordinates of the vertices of this partitioning. It is assumed that Xi E dO, for 
all Xi G and all h, so that dist(5Q,5Q^) < Ch"^ if dO, is C^. For ease of exposition. 
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it is also assumed that C Q. (Note that this last stipulation is made purely for the 
purposes of simplifying the following analysis; it is not essential.) We also assume that for 
each simplex r not all vertices lie on dO,. The following function spaces are introduced:

{x € C(Q'‘) : xIt is linear Vr 6 T'"} , 

{x € s'*: xlan* = 0} •

On defining the functions Xi by xd^j) ^i,j for id and the set of internal 
nodes by lint '■= E / : Xi ^Q^}, the set {xi : i E /} (resp. {xi : i E lint}) is a basis 
for (resp. Sq).

It will be convenient to extend the elements of Sq to the whole of Q by defining

xIqxq'i = 0 • (4.1)

We also introduce the interpolation operator : C(Q) —> which is defined to be 
such that for any G C'(Q), 7r^-0 e satisfies 7r^'0(a:i) = '0(^t) The standard
interpolation result, see [11], p.l23, states that for m = 0 or 1, s G [l,oo] and a E [l,oo], 
provided that iy2’‘^(r) C fy’^’®(r) 0(7(7),

and Vr £ T'* . (4.2)

VxesJ.

We want to consider the following discretization of (P^):
Find Sq such that

(f?) f ^u^,-Vxdx= [
JO.

Existence and uniqueness can be shown along the lines of the proof of Lemma 1.1.
In order to show that is non-negative in Q, we need the Discrete Maximum Principle 

which in turn requires a further assumption on the partitioning T^ of Q^. Throughout 
the following we will assume

(WA) The triangulation is such that (i) for d = 2 it is weakly acute; that is, for any 
pair of adjacent triangles the sum of opposite angles relative to a common side does not 
exceed tt; and (ii) for d = 3 the angle between any two faces of the same tetrahedron must 
not exceed

We note the following consequences of (WA).

f |V)r*[x]±P<fe< f Vx-^i ’̂'[xhdx

e.g. see [22], Lemma 1.

(4.3)

[ • ^Xj dx<Q Vi,; e /, i^j,
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and the stiffness matrix K defined by

is an M matrix, e.g. see [34].

Discrete Maximum Principle (DMP):
Let T^ be a weakly acute triangulation of and E Sq satisfy

[ [ 7r^(cru\)da: > 0, Sq, x>0,
Jo.

where cr E C(Q) and cr > 0. Then 0 < in Q.

(4-5)

Proof, (cf. proof of Theorem 8.1 in [17]). On letting x •= —7r^[u^]_ (4.5) yields that 

[ Vu'^.V7r^[u^]_da: < - [

On noting (4.3) and Poincare’s inequality we 
hence, > 0.

(4.6)

obtain from (4.6) that 7r^[v^]_ = 0 and

Since c, > 0, we obtain from {P^} that

[ VmJ.Vx>0,

Hence, (DMP) (with <7 = 0) yields that

Vx e 5^, X > 0.

0< mJ in Q. (4.7)

Later we will also need the following consequence of (WA):

q; E W^’°°(R), a(0) = 0 and G < a' < La < <xi a,.e. in R

|V)r*[a(x)]|?^ < L„(Vx, V7r'‘[tt(x)]> , (4.8)

e.g. see §2.4.2 in [34].

1.4.2 The Discretization Error

We now want to derive bounds for |w£ - and ||w£ — Mj||o,oo,ft’ The following inverse
inequality and standard discrete Sobolev embedding result will be required later: for 
d = 1, 2, 3 and for any r E [1, oo].

Ixli.r.n'- < Ch ’|xlo.r (4.9)

and for d = 1,2,

1x11.2'. Vxe5o\ (4.10)
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We also recall the definition of the elliptic projection operator Q^.
E £(Hq(O), Sq) is defined to be such that for any 'll) E Hq(Q,)

The following estimate is standard. For E 7/q(Q) A //^(Q) and for m = 1 and 2 we 
have that

(4.11)

IV" - <3'‘V’|o,n + ftlV” - ■ (4.12)

Later we will also need the following result. For all -0 E n we have for h
sufficiently small that

ll(/ - <3'‘)V>llo,<x>.fi'. < C (in y II(/ - 7r'‘)V.||o.„o.nA ,

where r = 0, if d = 1, and r = 1, if d = 2 or 3. For the proof of this result for d = 2 or 3 
see [41]. If d = 1, it is well known that

(4.13)

Q^ = 7r^ onFo^(Q). (4.14)

For notational convenience we define hd := h (in ^)^ , where r is as in (4.13).

Lemma 1.15 Assume A(a) holds. Then there exist Si > 0 and Hq > 0 such that for all 
£ E (0,£i], E (0, Hq] the following bounds hold:

(i)

<

<

<
(

1 , ifu<^Pa,

Chdh\\cfe(ue)\\o,oo,n < Chdh,

(zn‘) <

Proof, (z) follows from (4.12), elliptic regularity and Lemma 1.10 with q = 2, and holds 
for all /z > 0. To prove (ii) vje note that (4.2) yields for d = 1,2,3 and a > 1 that

||(/ - 7r'')ae||o,oo,fi'‘ < • (4.15)

For d = 1 we can choose <7 = oo, and the desired result follows from (4.15), the equation 
—u” = cfs^Us) and Lemma 1.10 with q = oo. For d 2 or “i use the Calderon-Zygmund 
inequality, see [17], to bound For all a E (l,oo),

(4.16)
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where

(4-17)C(<r) = 
[ Ca 2 < (T < oo

from tracing the constants in the singular integrals involved, see e.g. [43], p.48. Combining
(4.15) with G = In , (4.16) and noting (4.17) we obtain that for sufficiently small /z.

Noting that hinh = and Lemma 1.10 yields

II(/ - 7r^)iz^||o oo,n/* < C ^In < Chdh£^°‘~^^- ,

and hence (n'). (Hi] follows from {ii) and (4.13).

In the following (•, •) denotes the inner product in L^(O,).

Lemma 1.16 Assume A(q!) holds. Then there exists > 0 such that for all 
£ C (0, £1] and h > 0,

Proof. Define e^ := Q^u^ — Sq. By subtracting {P^} from (IFPe), choosing x = 
and noting (4.11) we obtain

(Ve\ Ve'*) = (c[A(«e) - e*),

which we rewrite as

“ WA(^e) - A(We)], We “ W^) = (c[A(We) “ .

Noting (2.3) and using Cauchy’s inequality and the first two inequalities in Lemma 1.15(i) 
yields the desired result. ■

To bound we adapt the technique introduced by Nochetto [32].
This involves introducing the following dual problem:

Find D E Hq{0,) n s.t.

-ND-\-eD = 6, (4.18)

where

0(a:) =
-c if a: G and Us(x)

0 , otherwise.
(4.19)
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(4.20)

and 8 is defined to be a regularisation of the Dirac delta function satisfying

0 < 5 < I S = 1

and zero outside some open ball of radius yh about some point Xq, where 'y and xq are to
be chosen. Note that by (2.3) and the boundedness of c

0 < e(a:) < C£-(‘'+*>, Vxen, (4.21)

and hence there exists a unique solution to (4.18), see [17], Theorem 8.3.

Lemma 1.17 The unique solution D of (4.18) satisfies

||A£i||o,i.n + ||0D||o,i.n<C.

Proof. See Lemma 2.1 in [32].

Lemma 1.18 For h sufficiently small we have that

Proof.
see Lemma 2.2 in [32].

For d = 1 the bound follows from (4.14), (4.2) and Lemma 1.17. For d = 2 or 3
■

Lemma 1.19 Assume that ^(0) holds. Then there exist > 0 and Hi > Q such that for 

all s E (0,£i], h E. (0, -Hl],

Proof. Define e^ = — *^o* Let xq E 0,^ be such that ||e^||o,oo,n — l^^(^o)| and,

noting (4.1) and (4.20), choose xi E Byh(^o) satisfying

f e’'S= [ e'‘S.

By the Mean Value theorem and (4.9), 

and so for 7 sufficiently small

[ e^S . (4.23)
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By subtracting from (ITPe) and noting (4.1) and (4.11) we obtain the following error 
equation

[ [Ve'‘.Vx + 0ex] = O Vx ,

where e = — u^. Now, by (4.18), (4.24), (4.11), (4.19) and Lemma 1.17 it follows that

(4-24)

(4-25)

The first inequality in (4.22) now follows from (4.25) and Holder’s inequality, and the 
second from noting Lemmas 1.15(iii) and 1.18. ■

In order to use the bounds of Lemma 1.15 and Lemma 1.16 [resp. Lemma 1.19] 
to bound ||we - w^||o,Q [resp. ||?Z£ - Ho.oo.fl], we need bounds for ||c/e(tzj)||o,n and 
||c/£;(w^)||o,oo,q- Clearly, the best thing would be to have an analogue of Lemma 1.10 
for u^. Unfortunately, we were only able to prove such an analogue for a = 0, see Lemma 
1.20 below. The essential ingredient of the proof is that is growing at least linearly 
away from the boundary, independently of £. We will establish this result first.

It follows from Lemma 1.10, the boundedness of c and (4.7) that

(4-26)

Letting H2 := min{77o, 771} we obtain from the Lemmas 1.4, 1.15(iii), 1.19 and (4.26) that 
there exist C*, £1 >0 such that for all £ G (0, £1] and h E (0, 772],

(4.27)

Hence, we obtain from (4.27) that for all £ G (0, £i] and h G (0, 772]?

z *«1
(4.28)

if

(4.29)£ > C* .
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Lemma 1.20 Assume A(0) holds. Then there exist 62^ H2
2

aZZ h E (0, H2] and £ G , S2] we have that

v

> 0 and C* > 0 such that for

1 

(Ini)
i—p

<1

if 0 < V <

<1 '
'' <i

1

J

1
9 ’

Proof. Let 6 be as in the proof of Lemma 1.4 and 
We choose S2 := min{4A£j^,Si}.

For E [1, 00) we have that

^1, .^£1 H2 and C* be as in (4.27).

I [cfe{UeWdx. (4.30) 
\ 2^2

Note that as £2 < 2'^£i<^ we have that

Q2£2. C
^=1

(4.31)

As we only consider those s for which (4.29) holds, we have also (4.28). Using (4.31) 
and (4.28) one can now proceed from (4.30) as in the proof of Lemma 1.10 to obtain the 
desired result. ■

We can now summarize this section under the assumption A(0). Firstly we remark 
that it follows from comparing the bounds of Lemma 1.15 with those of Lemmas 1.16 and
1.19 on noting Lemma 1.20 that the bounds for the error u^ — u^ are of the same order as 
those for u^ — Q^u^.

Theorem 1.1 Assume A(0) holds. PKe then have for h sufficiently small that

\

z

5h if <£<Ch^ and 0 < p < I
if s = Ch^ and 1/ =

2-:/
h , if £ = Ch'^ and < y < 1

3-1/
/zi+3*^ , if e = Ch"^ and 1 < z/ < 3

9

1

where C has to be chosen sufficiently large,

(zz) < ifc = Ch^^'^‘' and 0 < u.
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Proof. From equating the bounds of the Lemmas 1.9(i), 1.15(i), 1.16 and noting Lemma
1.20 we obtain that

if 0
if 1

/

1
+ (Ini)^

if

if
if

1
2
1
2
y

(4.32)

from which (z) follows on equating and /z, where we note that

y =

i <

C has to be chosen£

sufficiently large in order to use Lemma 1.20. Similarly, we obtain from the Lemmas 
1.9(ii), 1.15(iii), 1.19 and (4.26) that

Ik — llo,oo,£2'» < Cs + Ch^£ < Ch^''

if £ = Ch'U^ and 0 < z/. ■
We remark that for 0 < z/ < 1 the same choice of the regularization parameter £ can be 

used for both the L°°(Q,} and the (Q) error bound without much altering the bounds 2
in (4.32); more precisely, for £ = Ch^'' 'nq have that

k - < c <
h , if 0 < z/ < I,

, if

<
<

z/ < 1
z/ < 3

y <

)

1.4.3 Discretization and Alternative Regularization

now show that the above results apply to the discretization of the alternative regula­
rization which we introduced in section 3.

We define {P^} as in 4.1 with A replaced by g^. Existence and uniqueness of a solution 
to {P^} can be proved similarly as in the proof of Lemma 1.11. We just note that instead 

of (SMP) we have to use (DMP) which yields that

0 < in Q.

Since Lemma 1.10 holds for A replaced by the same is true for the Lemmas 1.15 
and 1.16. On replacing A by g^ in (4.19) and on noting (3.3) (4.21) remains valid, and 
so do the Lemmas 1.17-1.19. Also the analogue of (4.26) holds, and hence we obtain 
analogues for Lemma 1.20 and Theorem 1.1. Note that in the proof of the analogue of 
Theorem 1.1 one now uses Lemma 1.14 instead of Lemma 1.9: the fact that Lemma 1.14 
differs from Lemma 1.9 when 0 < y < a has no effect, since we assume A(0) in Theorem 
1.1.

1.4.4 Optimality of the Error Bounds

To obtain an idea how good the bounds of Theorem 1.1 are, we compare them with 
standard bounds for the interpolation error: u - tt^u. We adopt the convention that, if 
these interpolation error bounds are the same as our bounds on u — we say that our 
bounds are optimal.
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Firstly, we consider the bounds. For m = 0 or 1 and 7 E [0,1] we have the following 
standard estimate for the interpolation error:

||?z - 7r^w||o,oo,fi < , (4.33)

if u E C'^''^{TLY Combining (4.33) and (1.4)-(1.6) we obtain that 

' h‘^-\
||iz - 7r^iz||o,oo,n < C <

2
V

if y < 1, 
if i/ = 1,
if 1 < //,

(4.34)

where 8 E (0,1) is arbitrary. Comparing (4.34) with the bound of Theorem 1.1 (ii), we see 
that our bound is quasi-optimal for 1/ > 1. For y E (0,1), we have to compare ^^d

2
An easy calculation shows that the maximum difference between 2 — y and for

p E (0,1) occurs at y^ax = — 1 ^-nd is approximately equal to 0.1716, which is not too
bad considering that 2 — z/max ~ 1.5858 and ~ 1.4142.

Now we turn to the bounds. Clearly, for y < | our bound is optimal. For y 3)
we only consider the case d = 1. From (4.2) we obtain for cr E [1,00] that

(4.35)

If z/ < 1, we obtain from (1.1) that Xd{x) < u{x) for all a; E Q and hence |/(w)|o,ct,q < C., 
if CT < Choosing a = we obtain from (4.35) that

|tt - 7r'‘M|i.n < ,

i.e. we have to compare /z2“'" and h^+‘'. Again, an easy calculation shows that the 
maximum difference between — y and for y E. [|, 1) occurs at z/max = \/3 — 1. We 
have that | — ymax 0.7679 and = \/3 — 1 ~ 0.7321. Hence, the maximal difference
is approximately equal to 0.0358. Thus we consider our error bound of Theorem l.l(i) to 
be “nearly optimal” for y E [|, 1).

Now we consider the case when y E (1,3). We cannot apply (4.35), since by (1.3) f(u) 
L^(Q). We will use the following generalization of (4.35) for “fractional derivatives”:

(4.36)

where for /3 E (0,1),

|7z^(a;) -7z^(^)|^
|3;_^|iW dxdy,

cf. [16]. We may assume w.l.o.g. that Q = (0,1). On noting (1.3) we obtain that

|w'(a;) —-u'(^)| = [ u"{s')ds =

(4.37)

ds <c / s ^+'' d s
-ly

I 1 1—I
<(7 2:!+«' — .

(4.38)
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As for the integration in (4.37) we note that by the symmetry of the integrand,

1 r fl 1

Uo
..dydxP / .. .dy dx 

J Jo Ux

I I ...dxdy = 2 / .
Jo Uo0 Uo

From (4.38) and (4.39) we obtain that

(4.39)

— y^+‘'
Jo Jo (x-yy+^(^

0 (1-®)*+^^'^^

C
Jo

C
Jo

dy dx

-(1+2/?) r
Jo

< c J x^^i+‘' dx [fJo 7o (l-^)l+2<i (4.40)

^11+/?,2,Q

<

0

0

1
. .dy dx .

where we have used the substitution z = ylx. The first integral on the right hand side of
(4.40) exists, if (1 — z^)/(l +1^) > i.e. if

2(1 + 1/) ■ (4-41)

We note that
(1 — ^1+^)2 (1 — ^*4^)2 91^/ \1 9/?

(l-z)>+2/’ (l_^)l+2/3-^
— 1 1 iizJ.

as E (0,1) and 1 — < 1 — -2^, and hence

(1 -

if (i) 2(1 — z>')/(l + p) > —1 and (ii) 1 — 2/3 > —1. But (z) holds SiS y E (1,3), and (zz) 
holds as E (0,1).

On combining (4.36), (4.37), (4.40), and (4.41) we obtain that for all 8 > 0,

(4.42)

3-1^ 3-p
i.e. we have to compare /z2(i+*") and /zn-s*'. A straightforward calculation shows that the 
maximum difference between for z/ E (1,3) occurs at i/max = (I+a/S){2 and
is approximately equal to 0.0278, which is again not too bad considering that ~
0.2639 and « 0.2361.

Finally, we note that the analysis for v = 1 is the same as for p E (1,3). This is because 
from (1.2) and (SMP) it follows that Xd{x) < nix') for all x E Q, which is the lower bound 
of (1.3) for q; = 0 and p = 1. In fact, (4.42) shows that our estimate in Theorem 1.1 is 
optimal for z/ = 1.
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Figure 1.1 shows the orders of convergence for u E (0,3) according to Theorem 1.1 
compared to the optimal orders of convergence obtained from the interpolation error. In 
the upper part of the figure the graphs refer to the error, in the lower part to the 
error.

Figure 1.1: Orders of convergence according to Theorem 1.1 (—) versus optimal orders

1.5 The Effect of Numerical Integration

(P^^) involves exact integration of the nonlinear term, and as it is virtually impossible to 
implement such a scheme in practice, it is of interest to introduce and analyse a method 
involving numerical integration. As in section 4 we will first consider the regularization of 
section 2 in subsections 5.1-5.3.

1.5.1 The Discrete Problem with Numerical Integration

A quadrature rule is introduced as follows: given a simplex t eT^ having vertices 

for V’ C C'('r), define

f 1
QrW := J .

Then
[ V’lV’2 « (V’1,'02)^ := <5t(V’1V’2) = / 7r^(V’iV’2),

for all C C(Q^). Also required is the fact that for all x

(5.1)

(5.2)

where |xU ■= [(x,x)^]’.
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The standard Galerkin finite element approximation in the presence of numerical in­
tegration is now defined as follows:

Find e Sq such that

-Vxdx = (cUu^),X)'‘ Vx&S^- 
Jo.

The proof of existence and uniqueness of a solution to {P^} is similar to the proof 
of Lemma 1.1: We again consider the corresponding operator equation. We define an 
operator A^ : Sq [Sq]* by

f Vvl'-Vxdx- [ ;r''[cA(o'>)x]da:

We note that since E C(O.^} we have that Hc/e (’''*) Ho.M.fi'- < C{£,v^) for all
C Sq. Moreover, we have for all Uj,U2, X

[ |V(-

<
< (5.3)

where we have noted the Mean Value Theorem and (5.2). Note that (5.3) implies the 
hemicontinuity of A^. Moreover, similarly to is strongly monotone.

On noting the (DMP) we obtain similarly as in the proof of Lemma 1.2 that for all 
e E (0,So] and h > 0,

Inft. (5.4)

1.5.2 Error Analysis

Our next goal is to find bounds for and ||w£ — w^Ho.oo.n- Ideally one would
want to show that the (nearly) optimal bounds of Theorem 1.1 still hold when numerical 
integration is involved.

In this subsection we prove error bounds for d = 1 and 2. Although these bounds 
will be seen to be suboptimal, our approach is fairly general and aims at pointing out the 
difficulties in the analysis. In the next subsection we will refine our analysis for d = 1. To 
simplify our analysis, we will from on assume that c is a positive constant.

We begin with some more notation. Let U E £(£2(Q), Hq(0,} be the “inverse
Laplacian” defined by

(5-5)
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Let E Z}(L2(Q^), 5^) be the “discrete inverse Laplacian” defined by

[ - ^/xdx = [ ^xdx ^X^Sq

Ju J Q,

and E be the “discrete inverse Laplacian in the presence of numerical
integration” defined by

(5.6)

JO.
VxeSo".

7Q

It is easy to see that u^ = cQfs(^Us}, u^ = u^ = cQ^fs^u^) and

(5.7)

(5.8)

and hence it follows from (4.12) and (4.13) that for all 7/ E ^^(Q),

(5.9)

(5.10)

where r = 0, if c? = 1, and r = 1, if d = 2 or 3.
We also note two technical facts. For Xi,X2 C we have that

j XlX2 - Qt{X1X2) < (5.11)
Jr

for all T E T^. Furthermore, under the assumption A(0) one can proceed as in the proof 
of Lemma 1.10 to show that for all e E (0,£i] and q E [l,oo],

||/'(«e)llo.„n<Ce-(''+''-71). (5.12)

Lemma 1.21 Assume that A(0) holds and that c £ Then we have for sufficiently 
small s and h that

Proof. We define := cG^fs{us) - On noting (5.6) and (5.7) it follows from 

and (WPe) that for all X *^o»

(Ve\Vx) - - A(iiJ),x)'*

Hence, on letting x = noting (5.8) we have that

|e'‘ltn - c{h(u,) - Jr'‘uc - **)'“

= c(V(e'‘ - + c(A(«.) - fM'l, {Q’' ~
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On noting (2.3), (5.2) and Young’s inequality we obtain that

|e'‘lln + c'^ ‘^‘'■’■‘lA(«e) -/e(We)lA

< - <?'‘)A(’‘e)ltn + ci'e-'‘'+‘’|(7r'‘ - O'‘)«,|l.

From (5.2), (4.2) and Lemma 1.15(i) we have that

|(7r'‘-(3'')«,|t<C||(7r'‘-<3'‘)M.||o,n.

< C [||(/ - 7r'‘)M,||o,n^ + ||(/ - O'‘)«e||o,fi<.] < C A'||/e(«,)||o,S2 .

(5.13)

(5.14)

The desired result follows from (5.13), (5.14) and noting that

Lemma 1.22 Lei d = 1 or 2. Assume that A(0) holds and that c E 
for sufficiently small £ and h that

z
ifu < 1,

In i, ifu = 1,

Proof. Let E^ = Q^{I — From (5.6), (4.10) and (4.2) we obtain that

(5.15)

j£l

< |/e(«e)|2,l.!2|£'‘|l.n.

On expanding !/£('«£)12,i,n (see Theorem 7.8 and 7.5 in [17]) and on noting Cauchy’s 
inequalities in and £^(17) we obtain that

IA(««)|2,l.n < C[||/'(«e)||o,nkr|2,n + Iiz:'(tt.) ||o.l.n] .

Since f"(t) > 0 for almost all t E R, it follows from Green’s formula that 

ll/'K) |ViZenio,i,n = [
j£l.

= [ \^f^{ue)-'^Uedx= [ f'^{u^)^ds- [ f^{ue)^u^dx
Jan ('n J£i

where we have noted that /^(we), AlU^ < 0. The (HMP) yields that
X E do. Hence, we can again use Green’s formula and obtain that

||/"(we) |VtteP||o,l,n < ||/£(w£)||o,oo,9Q /* -AWeCfiC
j£l

< c||/£(^^£)l|o,oo,an||/£(ii£)||o,i,n.

(5.16)

< 0 for all

(5.17)
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On noting elliptic regularity we obtain from (5.16) and (5.17) that

The desired result follows from (5.15), (5.18) and the bounds of Lemma 1.10 and (5.12).

Since we believe that the bounds of Lemma 1.10 are optimal, we also believe that the 
bound on l/e(w£)|2,i,n in Lemma 1.22 is optimal. To see this, consider the following simple 
identities for d = 1, where Q = (0,1).

On noting Lemma 1.10 we obtain the given bound.
The proof of Lemma 1.22 also shows why we have only dealt with the simplest case c = 

constant. The transfer of the proof above to the more general case A(0) is complicated: 

To obtain bounds for |c/e('^^e)|2,i,n one has to bound || |Vc| /^('iZe)||o,7,f2, ||c/e('^^e)||o,g,n and 
II I Vc| /^('^e) ||o,<7,n for suitable q and || 9^|^/£('M£)||o,i,n- Although one can do this similarly 
to Lemma 1.10, this would not only require additional assumptions on c but also lead to a 
very complicated error bound, since many different cases would have to be distinguished.

Lemma 1.23 Assume that A(0) holds and that c G R+. Then we have for sufficiently 
'' —2—small £ and h, satisfying £ > Ch^-^^ for arbitrarily chosen C, that

/ ^-^(1+21/)

2 
5

e i (InJ)

£

if u < 1,

(/■//= 1,
if 1 < u.

Proof. From (5.6), (5.7) and (5.11) we obtain that 

(5.19)

— 1/To bound |7r^/e(‘«*c)|i,n, set /^(s) := £ - /^(s). Vs G R. We have that /^(O) = 0 and
0 < /^(s) < ^s E R. It now follows from (4.8) that
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Next we have that

< C/z||/4^Jllo,Q|7r''/e(we)|i,n +(AiZe,7r^/e(we)) - / ds , {5.21)
Jd^ Cfn

where we have noted (4.2), Lemma 1.15(i) and have used Cauchy’s inequality and Green’s 
formula. On noting that Azz^ < 0, Tr^fe^u^) > 0 and noting Young’s inequality and again 
Green’s formula, it follows from (5.20) and (5.21) that

£‘'+’|7r'‘/4“e)lls2<C’AV(‘'+'’||AW||J,n + C'£-‘' [ -Au,dx.

Hence, if £ > Ch^+’', the assertion follows from (5.19) and (5.22) on noting the bounds of 
Lemma 1.10. ■

(5.22)

On comparing the bounds of the Lemmas 1.21-1.23 we
Lemma 1.21 (for d = 1 or 2) are dominated by the bound on

z

obtain that the bounds in 
|^'^(/- 7r^)/e(we)|i,n, i.e.

£-(1+'^), if Z/ < 1, 
£~'^ In if z/ = 1, 
£-^^ , if 1< y ,

Theorem 1.2 Let d = 1 or 2. Assume that A(0) holds and that c E We then have 
for arbitrarily chosen C and h sufficiently small that

d-l
/ 1 \ 2

4-2t/
h 4+^^

A’In 5,
6-21/

^3 + 7*^ ,

< 1,
= 1,
<3,

z/ = 1,

z

y

>

1 < y.

Proof. From equating the bounds of Lemma 1.9(i), (5.9), Lemma 1.10 and (5.23) we 

obtain that

<
1--

3-1^ 
£ 4

if0<p<l
+ CA <

if 1 < z/ < 3

if 01
(inf)^ if

in i
£-2-

if

, if 0 

e’ if
, if

^=2

y < 1
p = 1
1 < y

(5.24)

V <

z

\

<

from which (z) follows on equating s and /z.
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It follows from (5.8) and Lemma that

(5.25)

Hence, we obtain from Lemma 1.9(h), (5.25) and (5.23) on noting (4.10) that

h if

, if

\ X ,

= 1,
1 < p.

(n') follows on equating s and hd.

Clearly, the bounds of Theorem 1.2 are suboptimal compared to those of Theorem 1.1. 
We point out again that in our analysis above the discretization error is dominated by 
the bounds of Lemma 1.22. Hence, by our remark after Lemma 1.22 we need to improve 
(5.15) to improve on our error bounds. In the following subsection we will thus try to 
bound ||^^(/ — fe{us}\\o^oo,n^ without using the discrete Sobolev embedding (4.10).

Before we do this, we note that

(5.26)

On noting Lemma 1.15(ii) we have only to work on the last two terms of (5.26). In fact, 
the next Lemma shows that it suffices to bound — c^^/£('W£)||o,oo,fi'»-

Lemma 1.24 Let and be the unique solutions of (P^) and Then

Proof. We set ;= - c^^/£(^i£)||o,oo,n'*- Then we have that

(5.27)

and hence by the monotonicity of

/.(ceVa^e)+ch < - eh • (5.28)

Note that for fixed £ and /z, is a constant and hence we obtain from (5.28) that 

[ = c{^Ue),x)^ = c(fs{7r^u^yx)^

Vxes^,x>0 (5.29)
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and similarly that

I ^{cg''Uu,) + -Vxdx^c + C*), x)*

Now we replace by E Sq defined by

^xeS^,X>0- (5.30)

L L
v^ [Xi) = for all interior nodes Xi.

As TT^Usj U^fe{us) E Sq, it follows that (5.27), and hence (5.28) remain true for in 
place of On noting (4.4) we have for all i E lint that

f Vv^-Vxidx = C* E(^^^-Vxi)

> E(VXj,Vx.)+ E {^Xj,^Xi}

Hence we obtain similarly to (5.29) and (5.30) that

[ + v^) -^^xdx > + v^},x)'‘ Vx e s^, x>o.

On noting (DMP) it follows from (5.31) and (5.32) that

(5.31)

(5.32)

which implies the desired result, since

Next we write

(5.33)

and split the second term on the right hand side again

(5.34)

Lemma 1.25 Assume that A(0) holds and that c E R+. Then we have for 
sufficiently small that

and h£

Proof. The assertion follows from (5.26), Lemma 1.15(ii), Lemma 1.24, (5.33), (5.34), 
and (5.25). ■
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1.5.3 (Nearly) Optimal Error Bounds for d = 1

In this subsection we consider the special case d = 1. Our aim is to improve on the 
bounds of Theorem 1.2 and to recover the bounds of Theorem 1.1 as far as possible. First 
we will deal with the error bounds, i.e. with the terms ||^^(/ - 7’'^)/£(^e)||o,oo,n^
II(^^ — ^^)7r^/£('U£)||o,oo,Q'» of Lemma 1.25. In the light of our remark after Theorem 1.2 
we will then also be able to improve on the error bound. As before we assume w.l.o.g. 
that in one dimension Q = (0,1).

The crucial ingredient of our approach is the known simple behaviour of the Green’s 
function of —A for d = 1. Moreover, our analysis will implicitly make use of the fact that 
the main contributions to the error occur in the vicinity of the boundary dQ, e.g. see 

p.655 in [4].
Given a quasi-uniform mesh on Q, i.e. a set {(Cj : j = 0 -4- N -1-1 such that 0 = xq < 

Xi < ...< iCAT+i = IJjWe use the following notation

I. 1 := (x1 ,xA, h ■ 1 := (Cj - for ? = 1-F 1, and/z := max h-i,. \ J I, J/, 3 3 I J 3-2

E Sq defined by
We take h to be the parameter for our meshes and assume that /i —> 0. Note that Q = Q^. 

It is easily deduced that for y 3^, mesh point,

a^(l-^), if 0 < X < y ,

if ?/ < 1
(5.35)

satisfies
J 9y dx = x(y}

Moreover, for all mesh points y E 0 we have that

Vx6S5. (5.36)

(5.37)

Also note for future reference that

[Uu,}]" = = -cf'MfeM + > 0. (5.38)

Lemma 1.26 £e/ d= 1. For £ and h sufficiently small we have that

Proof. We have from (5.6) and (5.36) that there exists a mesh point y E 0 such that

\\U^{I - 7r^)/e(^^e)||o,oo,n = “ 7r'^)A(^^e)](z/)| = | [ 9^(1- </x|

(5.39)
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From (5.35) we have that ||^y ||o,oo,/. i < Ch for j = 1 and N + 1 and hence, that

ll(^ - ’r'‘)A(«€)l|o,l,/ 1 llffjllo.co,/ 1
^2 ^2

< C/z^lKJ - 7r^)/£(iZ£)l|o,oo,/ _i < C£~''h?‘ for J = 1 and ?/+ 1. (5.40)
S’

Since U^{I — E Sq and is a mesh point, there exists Jo {1, • • - , such that
y = xjq E. (0,1). From (5.35) we have that

**
,, ... (1 - ?/)(a; + h) for all x Elj_L , if 7 < Jo ,
||jy ||o,oo,/._ 1 < \ IX r 11 r 2 T 7

2- ^(1 _ a; 4- /i) for all x i if Jo < 7 •
(5.41)

II '■Il .rrl (1-!/)^ if2<j< Jo.

y(l — ai) for all x (zIj_L , Jo < j < N.

(5.42), (4.2) and (5.38) yield that

11(7 - 7r'^)/e(lie)||o,l,7 _1 ||o,oo,/_. < Ch'^{I - y) [ X [f,(Ue)]'\x) dx
j=2 '

(5.42)

Jo
(5.43)

Similarly, we have that

N Pl
11(1 - 7r'^)A(^^£)||o,i,/_1 llfifyllo.ooj _1 < ch^y / (1 - «) [A(ii£)]"(a;) dx . 

J=Jo+i '

Hence, on noting (5.43) and (5.44) we have that

^^||(-^“ llfi^y||o,oo,/Ch A,
j=2

(5.44)

(5.45)

where
{1-y} [ x[fe{ue)]”dx-{-y [ (1 - a;) .

Jo Jy
Integration by parts yields that

A :=

A = /e(0) - < Cs . (5.46)

3/

The desired result follows from (5.39), (5.40) and (5.45) on noting (5.46).

(HMP) yields that ^^(0) > 0 and w'(1) < 0. From (P^) we obtain that u” < 0 in [0,1] 
and that is symmetric about = Il^l. Hence, for all £ > 0 we have that

u'^>Q in [0,1), <(|) = 0, <<0 in(|,l]. (5.47)
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From this and the Lemmas 1.2 and 1.4 we obtain for all £ E (0,£o] and x E [|, |] that

- c fc{uc)dx =csign(|-a:) dx < C. (5.48)
2

Lemma 1.27 Let d= 1. For £ and h sufficiently small we have that

Proof. From (5.6), (5.7), (5.36), (5.1), (4.2), and (5.37) we have that there exists a mesh 
point y E 0, such that

For h sufficiently small there exist Ji, J2 E {!,...,7V} such that xj^ E (I, |) and 
(i’i)- From (5.47) we obtain that

Ji
^^2_ilA(^e(a:j)) - /£(w£(a:j_i))| < C/^^[/^(^^(a^o)) - ^(^^(ajji))] < C£~''h'^ (5.50)
j=i

and analogously that

N 
^•_ilA(w4^j)) - A(^e(a:j-i))| < C£~^h^ .

J=J2 + 1

(5.51)

Finally, by the Mean Value Theorem, the Lemmas 1.2 and 1.4 and (5.48) we obtain that 

there exist C_i E T_i, 7 = ‘/i + 1 —> </2) such that
J 2 ^2

ft^^_JA(«,(a:;))-A(«4x^_i))|< £ ft-_il/^(«e(C,_i))l|«:{<i_i)|<Cft^ (5.52)
J=</1 + 1 j=Jl+^

The desired result follows from (5.49)-(5.52).

We can now summarize our results for d = 1.
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Theorem 1.3 ZeZ d = 1. Assume that A(0) holds and that c E IKe then have for 
arbitrarily chosen C and h sufficiently small that

z

(z) |iz--zz^|i,Q < C <
h^
2i^

h ,

3-1/

s = Chd^

£ = Ch7

s = Ch^-^''

s = Ch
s = Chi+^‘'

and Q < y < y 

and I < < I,

and y = I

and < y < 1,

and y = 1

and 1 < y < 3,

if Ch^+^ Ch^-^

if

if

if

if 
if

(ii) ||w - Wello.oo.n < , ifc = Ch^

Proof, (i) On noting (5.15), Lemma 1.22 and Lemma 1.26 we obtain that

|^'^(/- 7r'^)A(?Ze)|?,Q < ||(^- 7r^)A(ii£)||o,l,Q||^^(/- 7r'^)A(We)||o,oo,n
z

< Ch‘^
if z/ < 1, 
if z/ = 1, 

, if 1 < z/.
(5.53)

Hence, we have from (5.24), Lemma 1.9(i), Lemma 1.21, Lemma 1.10, (5.53) and Lemma
1.23 that

+ c[l(^-^;")A(^e)|l,Q + \Q\l-7r^)feM\l,^ + |(^?"-^")7r^A(^e)ll,d
f

c<
1--
3-iy

il 0<u
if 1<

-+Cft<
< 3

1 
(Ini)L 

a-

if u < 

if z/ = 
ifi<

1 
2
1
2
y

h

h
5

\

u —

<

and 0 < 1/ .

£ In -e

/

+ Ch'^ < (5.54)

\

The desired bounds of (z) follow from (5.54), if we take c as prescribed above.
(n) From the Lemmas 1.9(ii) and 1.25-1.27 we obtain that

11^ “ l|o,oo,n < 11'^^ “ ^sllOjOOifi + Cs
+ - 7r'^)A(^/e)||o.oo,n + ||(^^" - ^^)7r'^A(^e)||o,co,n]

< CspCe-^h'^,

and the desired bound for s = Ch^-^^.
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Figure 1.2: Orders of convergence according to Theorems 1.1 (----- ) and 1.3 (------- ).

Note that the L°° error bounds of Theorems 1.1 and 1.3 are the same, and that the 
error bounds differ only when 5 < i 1- Figure 1.2 is an analogue to Figure 1.1. 

This time we compare the orders of convergence according to Theorems 1.1 and 1.3 for 
y G (0,3). As before the upper part of the figure refers to the error, and the lower 
part to the error.

1.5.4 Numerical Integration and Alternative Regularization

In this subsection we again replace /r by i.e. we consider the problem:
Find C Sq such that

(P*) [ Vfi<Vx</a: = (c9e(<iJ),x)'‘ 'ixeS^-

Existence and uniqueness of a solution to follow similarly as in the proof of Lemma 
1.11. Next we note the following inequalities. For fixed h > 0 and Sq > 0 we have that

0 <
7/^ <

in ,

< u^i -1- £' - £ in Q for 0 < s < e' < £o •

(5.55)

(5.56)

Since the stiffness matrix K of the problem is an M matrix, we have that K~^ > 0 
and each row of K~^ has at least one element strictly greater than zero. If we also note 
that no interior node lies on dQ we obtain (5.55). (5.56) can be proved similarly as in 
Lemma 1.12 on noting (DMP) instead of (WMF). The non-discrete analogues of (5.55) 
and (5.56) were used in [12] to prove existence of a solution u to (P). We will use the 
above inequalities to prove existence of a solution to the following discrete unregularized 
problem with numerical integration.

Find E Sg, > 0 in such that

(/>'•) Z Vfi'‘-Vxda:= Vx € So\
Jo.
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Lemma 1.28 For all h > Q there exists a unique solution to {P^). Moreover, for all 
£ E (0,5o) we have that

0 < + e in 0,^ ,

where u^ denotes the unique solution of {P^)-

(5.57)

-h {5.58)

Proof. We fix h 0 and Sq > 0, and consider the sequence {^£0lj}h j = 1,2,..., in S^. 
By (5.56) we have that is a Cauchy sequence in Sq with respect to the L°° norm.
Hence, there exists a u^ E Sq such that

lim - w^llo.oo.n = 0.

Obviously, (5.57) follows from (5.55), (5.56) and (5.58). Since Sq is finite dimensional, we 
also have convergence with respect to the norm, which implies that 

lim [ I--Vxdx = [ Vy E Sq .

On noting {P^) and (5.59) it is clear that u^ will be a solution of (F^), if one can show 
that

(5.59)

• / ^^^^9eo/j{'d'^o/j)x]dx = f 7r'‘[c/(f2^);vpa; ^X Sq . (5.60)

Note that it suffices to prove (5.60) for the standard basis functions Xi of Sq, i.e. for each 
fixed i E linti need to show that

(5.61)>>m = /(“'‘(.a;;)).
J-4-OO

The proof of (5.61) is easy. On noting the Mean Value Theorem, (5.57) and (5.58) we 
have that

< c |/'(w^o (iri))| - w'^(a;i)l + £o/j] ^0 as J -> oo ,

and hence the proof is complete.

It is straightforward to check that all results of subsections 5.2 and 5.3 remain valid 
when fs is replaced by In particular we have the error bounds of the Theorems 1.2 
and 1.3. Moreover, it follows from (5.57) that

\\u^ - wj||o,<x>,n <

Combining this result with Theorems 1.2(ii) and 1.3(ii) we obtain that these results remain 
valid with replaced by u^, i.e. for d = 1 we have that

||w - 'w^||o,oo,n < Ch^ . (5.62)

Hence, we have obtained an a priori L°° error bound for a practical discretization of (F) 
which does not involve regularization.
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1.6 Numerical Experiments

In this section we deal with the practical solution of and {P^}. We choose the Newton 
method to solve the nonlinear systems of equations which correspond to {P^} and (P^). 
We describe this in subsection 6.1. We then report on some numerical results in the case 
d = 1 in subsection 6.2. There we will compare the results of computations done with 
/, /e and g^.

1.6.1 The Systems of Nonlinear Algebraic Equations

In the following we will always assume A(0) and that we are given a partitioning of 
which satisfies the assumption (WA) of section 4.1. In practice, one considers a family 

and (P^) (resp. (P^)) is solved for some selected h. In this subsection we let 
h, e > 0 be given and fixed.

We first deal with (P^^) for the regularization of section 2. Choosing the standard 
basis functions for Sq as in subsection 4.1 leads to the following nonlinear system
for {p^y.

Find Ue,jXj Sq, i.e. find . ...U^^nY such that

KUe = , (6.1)

where
!<••=([ dx\ ,

/ j,j=i
is the stiffness matrix and the map $£ : -> R^ is given by its component functions

$• (V) = c(xi) [ Xidx, y6R^« = l->W.
Jn

(6.2) shows that $£ is a continuously differentiable (with respect to V) diagonal map. 

We also have that

(6-2)

(6-3)

where is the Jacobian of 0 is the X 2V zero matrix and is a diagonal N x N 

matrix with
-C(£)<(Qe)n, 2=1->A, (6.4)

where C(e:) := [max^^Q c((c)]z/£“('"'*’^) > 0. As mentioned in section 4.1, K is an M matrix 
under assumption (WA) and so must be K — P$£(V) for all K C and K — (see 
2.4.11 in [36]). Moreover, is a convex map, i.e.

(6.5)

Hence the Newton iteration



54 CHAPTER 1. A SEMILINEAR SINGULAR ELLIPTIC PROBLEM

(6.6)

(6.7)

converges globally, i.e. for any f/f E towards the solution Ue of (6.1), and the sequence 
of iterates has the following monotonicity property

<U^ <-■< < U,. (6.8)

(see 13.3.7 in [36], where a concave nonlinearity, i.e. —is convex, is assumed to prove 
global, monotonically decreasing convergence for (6.6), (6.7). However, the proof can easily 
be adapted to a convex nonlinearity.) Moreover, since fi, and hence $£, is in the
iteration converges quadratically in a neighbourhood of (see the proof of 11.2.2 in [36]).

Next, we deal with the unregularized problem (P^). With K as above, we now have 
to solve the problem:

Find u^ = UjXj e , i.e. find U = (Pi,..., UnY E R^, such that

/<[/ = $([/), (6.9)

where the map : R^ —> R'^ is given by the component functions

$XV) = c(a:i)/(K-) [ Xidx, V eR^,i = l-^N.

Existence and uniqueness of U satisfying (6.9) follow from Lemma 1.28. Again we want 
to solve (6.9) by the Newton method:

(6.10)

[/< - P$(P^)](5P^ = [$(P*) -/<P^], (6.11)

(6.12)

Since $(V) is only defined for V E R^, it is not clear that for any given E R^ the 
Newton iteration (6.11), (6.12) is well defined let alone converges. Hence, we need a 

sufficient condition for the choice of E R^.

Lemma 1.29 Suppose E satisfies

Then the iterates {C/^} given by (6.11), (6.12) satisfy for k >Q,

U'^ < , (6.14)

KU^ < $([/°). (6.13)

m particular and they converge to the solution U of (6.9).
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Proof. Since E R^, — /?$(t/°)] and [$(t/®) — A’t/°)] are defined. Moreover, the
former is an M matrix. Hence, it follows from (6.13), (6.11) and (6.12) that

<U\ (6.15)

On noting that (6.5) remains true for 
[K — jD<>(V)] is an M matrix for all V 

k>Q,

V, V' E R^, if $£ is replaced by $, and that 
E R^, one can now prove by induction that for

U’^

KU’^
pk

(6.16)

which proves (6.14). Next we show that for k > Q,

< U.

We set C R"^. On noting (6.9), (6.16) and (6.5) for $ we obtain that

K6’^ > $(t/) - $(C/^) = $(t/^ + 6'^) - $(f/^) > P$([/^)5^,

and hence,

[K - > 0,

from which (6.17) follows. Since the sequence of iterates {C/^} is increasing and bounded 
above, it converges to a U C On taking the limit as k —> oo in (6.11) we obtain that

/<(/ = $([/).

Hence, by uniqueness, U = Uand the proof is complete.

We now give a practical method of finding a E R^ which satisfies (6.13). First, for 
a given mesh, we solve the linear problem

KU^ = , (6.18)

where E R^f is given by

=[ Xi dx , i = l^ N .

Since K is an M matrix, we have that

(6.19)

(6.20)
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For /J, > 0 to be determined we set

(6-21)

By (6.20) we have that P° E RJ?, and it follows from (6.21), (6.18), (6.19) and (6.10) that 
P® satisfies (6.13), if

[ Xi da; < c(a;J [Pf]”'' [ Xi dx, i = 1N .
Jo. Jo,

Hence, for any

(6.22)IJ>< \ [ min c(a:i)] [ max Pfl ) i=l->iV '■ •' J

the vector P° given by (6.21) satisfies (6.13).
Finally, we consider (P^) with the regularization of section 3. Analogously to 

Lemma 1.29 we obtain that the iterates of (6.6), (6.7) with in (6.2) replaced by 
are well defined and converge to the solution P^ of (6.1), if we start the iteration with 
P° E R^ satisfying

(6.23)

and
KU° < . (6-24)

In practice, we set
U^:=fieU\ (6.25)

where P® satisfies (6.18), (6.19), and > 0. Again, P° E R^, in particular (6.23) holds. 
Similarly to above, we obtain that Pf satisfies (6.24), if

Te / Xi dx < Xidx , i=l^ N .

If Te we have that e + 1] • Hence, if for any

//£ < min{[ min c(rci)] [1 + max Pf] 
i=i-^N i=l-^N

(6.26)

the vector C/f given by (6.25) satisfies (6.24).

1.6.2 Numerical Results

In this subsection we present some numerical results of the following problem in R:

— p-u” = cu on (0,1), 7/(0) = 0 and w(l) = a , (6.27)

where c E R+ and a > 0. (6.27) is of type (P) when a = 0, and v/e have discussed its 
fully practical finite element approximation in section 5. If a > 0, i.e for inhomogeneous
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Dirichlet boundary conditions, our analysis can be adapted without effecting the error 
bounds of Theorems 1.1, 1.2 and 1.3. The case a > 0 is included here, since for y > 1 it 
is eeisy to write down the exact solutions for (6.27). For example, for

« ^-1
" (1 +

p > 1, a = 1, (6.28)

the exact solution of (6.27) is given by

2
w(a;) := x , X E [0,1]. (6.29)

We choose equidistant meshes on [0,1], i.e. for fixed h there exists an N E N such 
that h — and the mesh points are given by Xi = ih, i = Q —Y N 1.

Straightforward calculations show that

/ 2 -1 0 \0

-1 2

0
K

-1
h

0

-1

-12

0

-1
0

2
-1

-1

2 7
and that

hc(/)s{Vi) + 6^
a

(6.30)

where </>£ = or g^:.! and

$’(V) hcf{Vi} + 6iN , (6.31)

Since we have included the case a > 0, we have to remark on the convergence of the 
Newton iterations (6.6), (6.7) and (6.11), (6.12).

First we consider (6.30) for For any a > 0, (6.3)-(6.5) remain true. Hence
the Newton iteration (6.6), (6.7) converges for arbitrary U^ G R^.

As for the convergence of (6.11), (6.12) for $ in (6.31) with a > 0, we note that Lemma 
1.29 remains true for this case. Hence, we only have to give an adapted practical method 
of finding a E R^ which satisfies (6.13). Instead of (6.18), (6.19) we now solve 

where i“ e is given by

(6.32)

(6.33)
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Next, we set

(6.34)

It is easy to see that satisfies (6.13), if

:= min{/2,1}, (6.35)

where /z is as in (6.22) with replaced by C/“.
Similarly, one see that for (6.30) with and a > 0, the Newton iteration (6.6),

(6.7) converges, if we start with
af/f = p.’iU'

where Uf satisfies (6.32), (6.33) and

(6.36)

= min{;z£. 1}, (6.37)

and fis as in (6.26) with replaced by C/“.
We also note that for d = 1 we do not have to solve the systems (6.18), (6.19) and

(6.32), (6.33) computationally. It is well-known, see (4.14), that

(6.38)

where we have used the standard identification Sq = R^, and

= ^x(2a 4-1 — a;) (6.39)

is the solution of
—u" = 1 on (0,1), iz(0) = 0 and w(l) = a .

We use a direct method to solve (6.6) and (6.11). As K — jD$£(V) and K — P$(y) 
are M matrices, we can use Gaussian elimination without pivoting. As they are also 
tridiagonal, one can store them asA^x3or3xA^ matrices. Algorithms which are adapted 
to this storage are available and solve (6.6) with O(A^) multiplications (as compared to 

multiplications which are needed to solve a linear system directly where all the 
elements of the corresponding matrix are nonzero). We use the FORTRAN 77 code for 
such an algorithm given in [31], p.424. Alternatively, on noting that K — and
K — are also symmetric (Stieltjes) and positive definite matrices, one could use
Cholesky factorization to solve the linear systems (6.6) and (6.11).

For our computations we choose h = 2~\ i.e. ?/(/) = 2^ — 1, / = 1 —> L. For fixed h 
we stop the Newton iteration, if

max |(5CZ*')d < Tol := 10"®, 
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where as an initial guess for the iteration we use the piecewise linear interpolant of 
the result for the case N(I - 1). If Z = 1, i.e. N = 1, we start the iteration with C/° as 
prescribed above. Although we did not prove convergence of the Newton iterations for 
this choice of the initial guesses when ?/ > 1, they perform very well in practice, since the 
initial guesses are by ‘construction’ close to the sought solution.

All our computations were done on an IBM RS6000 workstation using FORTRAN 77 
with real*8 precision. We used MATHEMATICA to generate the graphs in this section.

We begin with showing some qualitative behaviour of the computational solutions for 
zero boundary conditions, i.e. a = 0. We choose the following parameters:

2
S = /ii+‘' , (6.40)

where c is from (6.27) and C from Theorem 1.3.
We start the computations for h = | and use as an initial guess for the Newton 

iterations given by (6.21). On noting (6.22), (6.26) and (6.38), (6.39) we have to 
choose

C/° < 0.25 (6.41)

for the computation with f and
n 13(7° < 2'T . (6.42)

for the computation with g^. In order to have comparable computations, we start in every 
case, i.e. for /, and with = 2“'^ « 0.0496.

The Figures 1.3 - 1.5 show some piecewise linear Galerkin approximations of u for the 
parameters as in (6.40) and h = 2“\ 2“^, 2“^ and 2“^°, where for and g^, £ = is 
chosen according to Theorem 5.2. The graphs for h = 2~^° appear to be smooth in the 
scale of the Figures below, and graphs for smaller values of h cannot be distinguished in 
the same scale.



60 CHAPTER 1. A SEMILINEAR SINGULAR ELLIPTIC PROBLEM

Figure 1.3: Some piecewise lin. Galerkin approx, for y = 0.5 and comput. with f

Figure 1.4: Some piecewise lin. Galerkin approx, for y = 0.5 and comput. with

Figure 1.5: Some piecewise lin. Galerkin approx, for y = 0.5 and comput. with
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Next, we compare the error estimates of Theorem 1.3 with some computational results. 
On using the notation Eoo{h) := \\7r^u - v||o,oo,fi, where v = or we have that

(6.43)

Clearly, exact values for Eoo{h) can be obtained computationally, if the exact solution u 
is known. For the interpolation error we have the bounds of (4.34) which are the same as 
those of Theorem 1.3(ii), resp. (5.62), when z/ > 1 and slightly better, when 0 < u < 1.

On assuming that 

we obtain that 2p°°£'oo(/z) — Eoo{2h) 0 and hence

(6.44)

Similarly, with Ei{h} := (tt^w — and Ei[h} Ki pi > 0, we have that

(6.45)

(6.46)

From our discussion in section 4.4 we have that
z

\

h

/z2(1 + p) -<5

if 0 < z/ < I,
if I < z/ < 1,

if 1 < z/ < 3,
(6-47)

where 8 > 0 is arbitrary.
We need the exact solution u of (6.27) to compute Ei{h} and EQo{h}. In fact, for p 

and c as in (6.40) we can obtain u:
Noting the uniqueness of u it must also be symmetric about |, since u defined by 

u{x) := ^(1 — rc), a; G [0,1], solves (6.27). Hence, it suffices to solve the problem

II — -
— W = W on (0,1), w(0) = w'(|) = 0 . (6.48)

Then, u defined by

w(j;) := <
w{x} , if 0 < a: < I, 
w(l — a;), if I < a; < 1

(6.49)

is the solution of (6.27).
To solve (6.48) we multiply the differential equation by w' and integrate to obtain for 

X e [0, |] that
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The method of separation of variables yields that

rM
/ z, ,i i. i = 1 — 2a;,

Jw{x) (M2 —32)2

where M := 'i^(|)- Using the substitution t := M~^s we obtain from (6.50) that

f' ----------i-r

ds
(6.50)

dt
= l-2x.

Hence, on noting that

/

11 1 -l 3
2

= |M“^(l-2a:). (6.51)

On choosing x := 0 (6.51) yields M = (|)3. With

i-li
Z/(a^) := 1 - (6.52)

(6.51) becomes a cubic equation for T/(a:):

^(a;)-|[?/(a;)f =|(l-2a;). (6.53)

(6.53) has three real roots:

^j;.(a;) —2cos(|[cos ^(1 — 2a;) + 2A:7r]), A; = 0,1,2, (6.54)

in particular,
Z/o(|) = -V3, ^i(i) = \/3, y2{^-'} = Q.

(6.52) yields that = 0. Therefore we must choose for A; = 2 in (6.54).
obtain from combining (6.49), (6.52) and (6.54) with k = 2 the exact solution u of (6.27)
as

(6.55)

Hence, we

{1 - 4cos2(|[cos ^(1 - 2a;) + 47r])} , if 0 < a; < |
{1 — 4cos2(|[cos~^(2a; — 1) + 47r])} , if | < a; < 1.

Table 1.1 shows the computational orders of convergence, pi(/i), ^©0(^)5 for the compu-
4

tations with and g^. The parameters were chosen as in (6.40), in particular e = Zis, 
by Theorem 1.3. We also include the number of Newton iterations, na, that were needed 
for each h to solve (6.6) or (6.11).

:=(1)^ <
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4
Table 1.1: Computational orders of convergence for z/ = 0.5 and s = /zs

A 9e
h nit piW Poo (^) na Pi{h) Poo{h) na Pi{h) Poo (^)
2-1 6 — — 2 — — 4 — —
2-^ 5 .7642 1.2289 4 1.4262 1.8908 4 .6064 .8613
2-3 4 .8326 1.3182 4 .8326 1.3182 4 .9225 1.0802
2-'i 4 .8656 1.3297 4 .8656 1.3297 4 1.0512 1.2025
2-^ 3 .8979 1.3493 3 .8979 1.3493 3 1.1087 1.2647
2-3 3 .9252 1.3712 3 .9252 1.3712 3 1.1366 1.2971
2-7 3 .9460 1.3905 3 .9460 1.3905 3 1.1505 1.3147
2-8 3 .9612 1.4087 3 .9612 1.4087 3 1.1562 1.3246
2-9 2 .9723 1.4233 2 .9723 1.4233 3 1.1564 1.3303
2-19 2 .9802 1.4358 2 .9802 1.4358 2 1.1523 1.3337
2-^^ 2 .9859 1.4461 2 .9859 1.4461 2 1.1445 1.3356
2-12 2 .9899 1.4548 2 .9899 1.4548 2 1.1339 1.3366
2-13 2 .9928 1.4620 2 .9928 1.4620 2 1.1211 1.3371
2-14 2 .9949 1.4681 2 .9949 1.4681 2 1.1070 1.3373
2-15 2 .9964 1.4731 2 .9964 1.4731 2 1.0924 1.3372

1.3333.
1.5000.

As for the numbers of Table 1.1, we first note that the values of Poo{h}, h small, for f 
and /e are better than the value predicted by (5.62) and Theorem 1.3(ii): Poo = | ~ 
In fact, these values suggest optimal convergence: (4.34) for u = | yields p°^ = 
However, the values of Poo{h) for in good agreement with our theory.

The values of pi(/z) are too good compared to our prediction from (5.54), pi 
0.6667, for and g^. Although we do not have a theory for the value of pi for /, the 
values of pi(/i) for f {as well as those for and g^) in the above Table suggest again 
optimal convergence: (6.47) for y = | yields p^^^ = 1.

To conclude our discussion of Table 1.1, we now explain why the values of pi(Zz), Poo{h} 
for f and sere the same when h > 2“^. The Newton iteration (6.6), (6.7) yields the 
computational solution of (6.1). However, from the definition of and /g we have 
that (6.6), (6.7) are only different from (6.11), (6.12), if at least one component of is 
less than £. Table 1.2 shows the number of components of the computed solution 
which are less than c. Since for each h the final iterates are close to (4, Table 1.2 
implies that these iterates are in fact computed with f instead of for h > 2~^. Hence, 
they converge to the solution of (6.9), and we obtain the same computational orders 
for f and /e in Table 1.1 for /z > 2“^. Obviously, the same effect cannot happen for g^ as 
it is a global regularization.
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Table 1.2: Number of components of Ue which are less than £ for u = 0.5 and f^.

h 2-'^ 2-'^ 2-3 2-4 2-3 2-® 2-^^ 2-3

ris 1 0 0 0 0 0 0 0

h 2“^ 2-10 2-11 2-12 2-13 2-1^1 2-15 —

ne 0 0 0 0 0 0 0 —

Next we present some numerical results when the parameters z/, a and c a,Te as in 
_2_ (6.28). The parameter C of Theorem 1.3 is again chosen to be equal to 1 and s = .

Again we start the computation for /i = | but use as an initial guess given by (6.34).
In order to use for the computations with /, /c and 'we choose to satisfy both 
(6.35) and (6.37). Table 1.3 is an analogue of Table 1.1 for z/ = 3.

Table 1.3: Computational orders of convergence for z/ = 3 and e = /zL

fe 9e
h nn piW PaoW nit PiW Poo{h) nit PiW PcoW
2-1 10 — — 2 — — 5 — —
2-2 5 -.0077 .2023 4 -.0709 .1394 3 -.4120 -.1889
2-3 6 .0391 .4402 4 .0218 .4242 4 -.1733 .1904
2-4 6 .0200 .4863 4 .0155 .4826 4 -.0701 .2476
2-3 6 .0075 .4967 4 .0063 .4958 4 -.0223 .3266
2-6 5 .0025 .4991 4 .0022 .4990 4 -.0035 .3770
2-7 5 .0008 .4998 4 .0007 .4997 4 .0021 .4114
2-3 5 .0002 .5000 4 .0002 .4999 4 .0027 .4357
2-9 5 .0001 .5000 4 .0001 .5000 4 .0021 .4526
2-10 5 .0000 .5000 4 .0000 .5000 4 .0013 .4646
2-11 5 .0000 .5000 4 .0000 .5000 4 .0008 .4734
2-12 5 .0000 .5000 4 .0000 .5000 4 .0004 .4799
2-13 5 .0000 .5000 4 .0000 .5000 4 .0002 .4847
2-14 5 .0000 .5000 4 .0000 .5000 4 .0001 .4883
2-13 5 .0000 .5000 4 .0000 .5000 4 .0001 .4910

For small /z, the computational orders PooW for f and in very good agreement
with (5.62) Theorem 1.3. As for the figures are slightly worse but still in good agreement. 
Once again, the values of pi(/z) are better than compared with the prediction from (5.54), 
Pl = -i, for /e and g^.
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Figure 1.6: Some piecewise lin. Galerkin approx, for y = 3 and comput. with /

Figure 1.7: Some piecewise lin. Galerkin approx, for z/ = 3 and comput. with

Figure 1.8: Some piecewise lin. Galerkin approx, for y — 3 and comput. with
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Figures 1.6 - 1.8 are analogues to Figures 1.3 - 1.5 for p = 3. The smooth graph in 
the Figures above is the graph of the exact solution u(x} = .

_ _2_
In Table 1.4 we show numerical results for different z/’s with h = 2“^^ and £ = h^+>'. 

As for the values of Poo(2“^^) we have again very good agreement with Theorem 1.3 for 
f and /e, and good agreement for g^. It is however remarkable how well pi(2~^^) agrees 
with the optimal rate of convergence given by (6.47), see Table 1.5.

Table 1.4: Poo{h) for different z/’s with h = 2 and £ =

f fe 9e Theorem 1.3

1/ nu Poo PooW Poo (^) 2 
l+«/

1.0001 1 .9973 1 .9973 2 .8820 1.0000

1.1 2 .9523 2 .9523 2 .8565 .9524

1.2 3 .9091 2 .9091 3 .8304 .9091

1.3 3 .8696 3 .8696 3 .8043 .8696
1.4 3 .8333 3 .8333 3 .7787 .8333

1.5 3 .8000 3 .8000 3 .7534 .8000

2 4 .6667 3 .6667 4 .6437 .6667

2.5 5 .5714 4 .5714 4 .5579 .5714

3 5 .5000 3 .5000 4 .4910 .5000

4 6 .4000 4 .4000 4 .3951 .4000

5 7 .3333 5 .3333 5 .3301 .3333

6 8 .2857 5 .2857 5 .2334 .2857

7 8 .2500 5 .2500 5 .2481 .2500

8 9 .2222 5 .2222 5 .2207 .2222

9 10 .2000 5 .2000 5 .1987 .2000

* I

19 17 .1000 5 .1000 5 .0994 .1000

I ; I :

99 72 .0200 6 .0200 6 .0198 .0200
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Table 1.5: pi(/i) for different p’s with h = 2 and e = h^+‘'

f fe Pe (6.47) (5.54)
u piW piW PiW 3—1/ 2-u

2(1+1/) 1+i/

1.0001 .4999 .4999 .4991 .5000 .4999
1.1 .4524 .4524 .4520 .4523 .4286
1.2 .4091 .4091 .4089 .4091 .3636
1.3 .3696 .3696 .3695 .3696 .3043
1.4 .3333 .3333 .3334 .3333 .2500
1.5 .3000 .3000 .3000 .3000 .2000
2 .1667 .1667 .1667 .1667 (.0000)
2.5 .0714 .0714 .0715 .0714 (-.1429)

3.0 .0000 .0000 .0001 (.0000) (-.2500)

2
We note that for our computations we have so far chosen s = h^+‘'. However, by 

Theorem 1.3(i) 'we should choose £ = Cfor the computations of when 1 <
p < 3. It turns out that now the choice of C determines which kind of convergence will 
be seen computationally. In Table 1.6 we show for C = 0.001 and C = 100. The 
numbers for C = 0.001 are in very good agreement with the optimal orders of convergence 
from (6.47), whereas the numbers for C = 100 are in good agreement with Theorem 1.3.

Table 1.6: pi(/i) for different p’s with h = 2 and e = C x

C = 0.001 C = 100

fe 9e (6-47) fe 9e Theorem 1.3

p Pi{h) PiW 3-p Pi{h) PiW 3—i/
2(l+i/) 1+3j/

1.0001 .4999 .4999 .5000 .4995 .4791 .4999
1.1 .4524 .4523 .4523 .4414 .4214 .4419
1.2 .4091 .4089 .4091 .3908 .3703 .3913

1.3 .3696 .3692 .3696 .3464 .3243 .3469
1.4 .3333 .3329 .3333 .3071 .2826 .3077

1.5 .3000 .2994 .3000 .2721 .2440 .2727
2 .1667 .1658 .1667 .1408 .0856 .1429

2.5 .0714 .0704 .0714 .0416 -.0059 .0588

3.0 .0000 -.0010 (.0000) -.0406 -.0483 (.0000)
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Tables 1.5 and 1.6 show a fundamental problem when one uses regularization in practi­
cal computations. If the regularization parameter £ is small (as in Table 1.5 and in Table 
1.6 for C = 0.001), it can happen that the computation does not see the effect of the 
regularization, and thus the error of the computation is just the discretization error. It is 
however likely that our theoretical bound for the discretization error is suboptimal. This 
is why we see a better order of convergence than predicted by Theorem 1.3. On the other 
hand, when e is large, regularization does play a role in the practical computations and 
the computational error consists of both the regularization and discretization error. The 
figures in Table 1.6 for C = 100 agree with the prediction of Theorem 1.3(i), where £ was 
chosen in terms of h in order to balance these two errors.

We conclude this section with the remark that the computations presented above may 
not be practical after all. Especially if one is interested in high accuracy, i.e. in small 
Eoo^hy for large values of z/, then the above computations yield very poor results. This is 
because in our computations we have chosen an equidistant mesh which is not appropriate 
for the kind of singular behaviour displayed by the exact solution near the boundary, 
see Figures 1.6 - 1.8 and Table 1.7 where we have listed £'oo(2“^^) for the computations

2 30
corresponding to Table 1.4. Note however that £ = = 2 .

In practice, one would of course use adaptive meshes and be interested in a posteriori 
error bounds. But that is a completely different story....

Table 1.7: Eoo{h) for different z/’s with h = 2 « 3.05 x 10 and £ =

y f fe 9e

1.0001 .00000000 .00000000 .00000001
2 .00011126 .00011727 .00090577
3 .00081333 .00092742 .00541156
4 .00245714 .00302192 .01547681
5 .00495774 .00653462 .03107407

6 .00802051 .01126045 .05107385
7 .01134680 .01687784 .07411220

8 .01470950 .02307486 .09898692

9 .01795932 .02959537 .12476470
:

19 .03772635 .08954411 .35328263

•

99 .03101551 .21542397 .81202102



Chapter 2

A Semilinear Degenerate
Parabolic Problem

2.1 Introduction

Let Q be a convex polyhedral domain in R^, 1 < d < 3, with boundary dO,. We now 
consider the following problem:

(P) Find such that

dtv = Au + f in Qt x (O^T] , v = ; u = 0 on dO. x (0,T]

^^(•,0) = in Q ;

where, for given constants A > 0 and p > 1,

(1-1)

We will begin our analysis with the following assumptions on the given data:

/ei'(Qr),

but these assumptions will be sharpened as we proceed.
The model (P) is widely used for physical processes. Obviously, when p = 1 then (P) 

is the standard mass diffusion or heat transfer equation with u representing mass density 
or temperature. For p 1 we list some examples which we have mainly taken from [35]. 
We also refer the reader to the references therein.

In the case when 0 < p < 1, (P) can be used as a model for the diffusion of gas 
in porous media; the gas density being represented by v. A similar model is the Stefan 
problem for heat transfer involving two phases (liquid-solid): ^(s) in (1.1) is replaced by 
0(s) := cs-l-P(s), where c is a positive constant and H the Heaviside graph. In the Stefan 
problem u represents temperature and u enthalpy. There is an abundance of literature on 
both the porous media equation and the Stefan problem.

69
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We consider the case p > 1. For d = 1, p = 2 and / = 0, (P) with v representing 
particle density is mentioned in the literature as a model for plasma ditfusion across 
magnetic fields, see [7] and the references therein. For general p > 1 and d = 1,2 and 3, 
(P) can also be considered a crude approximation of models of nonstationary filtration, 
see again [35]. Here, we point out that although there is some physical justification for 
considering (P) we are only aware of one article [29] dealing with a finite element error 
analysis on it. This is all the more surprising since it has been known for quite some 
time that the qualitative behaviour of the solutions for p > 1 is in stark contrast to the 
qualitative behaviour for 0 < p < 1, see below.

Depending on the range of the parameter p in the constitutive relation (1.1) (P) is 
called a singular parabolic problem when 0 < p < 1 (since in this case the graph of </> has 
a singularity at the origin), and it is called a degenerate parabolic (or elliptic-parabolic) 
problem when p > 1 (since then the parabolic equation above may degenerate into an 
elliptic equation). Unfortunately, we have to remark that there is no agreement in the 
literature as to which case should be called singular and which degenerate. Some authors 
call the case 0 < p < 1 degenerate and p > 1 singular (since they replace v = by its 
equivalent u = 0”^(u)). Other authors, like [35] mentioned above, use “degenerate” for 
the whole range of p > 0, p 1 in order to contrast it with “regular” nonlinear parabolic 
problems. We stick to the first definition in this thesis.

The solutions for the singular and the degenerate parabolic equations differ in their 
qualitative behaviour in time. We first mention the question of compact support arising 
for the Cauchy problem, i.e. (P) with f = 0, Q = and no boundary conditions. It is 
well-known (cf. [47]) that when 0 < p < 1 a solution for a compactly supported initial 
function stays compactly supported for alH > 0 and that the interfaces (i.e. the boundary 
of supp w) move with finite speed. Therefore the singular case is sometimes referred to as 
“slow diffusion”. This is in contrast to the standard heat transfer equation (p = 1) where 
the solution has an infinite speed of propagation in R^, d = 1,2,3, for any t > Q. As 
for the degenerate case p > 1, Sabinina [40] showed that the solution also has an infinite 
speed of propagation in R^ (we do not know whether there is an extension of her proof to 
d = 2 and 3). In addition and more importantly to our considerations, it is also shown in 
[40] that for the initial boundary value problem (P) with / = 0 and d = 1, the solution 
for a non-identically zero initial function has to vanish identically in fi at a certain time 
Tex > 0- This important result can be extended to d = 2 and, under a restriction on the 
range of p to d = 3; we refer to subsection 2.2.3 where we report further on this finite time 
extinction property. Because of this property the degenerate problem (P) is sometimes 
also called the “fast diffusion problem”.
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The layout of this chapter is as follows. In section 2.2 we begin with the analysis 
of (F) by introducing the notion of a weak solution to (F) in an appropriate function 
space. Uniqueness of a weak solution will be easily seen. Although existence proofs based 
on different approaches exist in the literature (e.g. see [37], [2], [14] and the references 
therein) we will give a full existence proof based on the standard techniques of introducing 
a regularized problem (F^), deriving a priori estimates for a semidiscretization of (F^) in 
time and then using compactness arguments (our proof is closest to that given in [37]). 
The obtained a priori estimates for (F) and (F^) play a crucial role in later sections. We 
conclude section 2.2 with reporting on the finite time extinction property.

In section 2.3 we introduce semidiscrete approximations in space, (F^) and (F^^). 
The standard continuous piecewise linear Galerkin approximation will be used for the 
discretization in space, but (F^) and (F^) will still be continuous in time. A priori error 
bounds in will be derived first on assuming exact integration and then on taking
into account the effect of numerical integration in space.

Fully discrete problems (F^) and will then be introduced in section 2.4 by using
the backward Euler method for the time discretization. A priori error bounds are obtained 
from combining the bounds of section 2.3 with a priori bounds for the time discretization 
similar to the ones derived in section 2.2. The work done in sections 2.2 and 2.3 allows 
section 2.4 to be rather short. Nonetheless, the obtained a priori error bound is both 
sharper and more general than the existing one in the literature (cf. [29]).

In section 2.5 Rulla’s novel approach [39] for the analysis of the backward Euler method 
in the setting of an abstract Cauchy problem will be adapted to our concrete situation. 
This way we are able to improve on the a priori error bounds of section 2.4.

In section 2.6 we report on Le Roux’s scheme for the semidiscretization of (F) in time. 
This scheme has the interesting feature of capturing the extinction in finite time property 
of the continuous problem. We introduce a fully discrete version of the method for later 
reference, but unfortunately it is not clear how to prove a priori error bounds.

Numerical results are included in section 2.7 for homogeneous (F) and d = 1. First 
we compare our a priori error bounds of section 2.5 with computational results. Then 
in analogy to the extinction time of the continuous solution we observe a computational 
extinction time for the discrete solutions. The asymptotic profiles in space of the discrete 
solutions approaching extinction time will be compared with the asymptotic profile of the 
continuous solution.

Finally, since linear numerical schemes based on extrapolation and relaxation have 
proved to be useful methods for the numerical solution of slow diffusion problems (cf. [34] 
and the references therein) we will have a brief look at these methods transferred to an 
ODE model of the fast diffusion problem. This is done in the concluding section 2.8.
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2.2 Regularization

now introduce a regularized version of (P). 
(Ps;) Find (re, f) such that

f in Qt , Ve = (f>£{us) ; = 0 on x (0, P] ,

u4-,0) = in Q ;

where we define for all s G R

Xss , 
. </>(«)

(2-1)

Since </>'(«) > Ae > 0 Vs G R, (P^) is not degenerate. Furthermore the following 
inequalities are easily verified for all e G (0,£o]’

(2-2)

and VM e R+,

(2.3)

where Lj^^ := AmaxjpM^ ^o}- To define the notion of a solution of (Pe), we 
following assumption on f and g’.

(DO) /6i''(QT), sei^'CQ).

Definition 2.1 is a weak solution of (P^) if E L'^{Q,T', =
and for all g G L^((i^T; we have that

I {[dtV£]g+'^Us''^g-fg}dxdt = 0,
-'Qt

Ue(-,0) = in Q.

make the

(2.4)

(2.5)

«ie(We) e

We remark that since P^(0, T; q C([O, P]; the initial condition makes sense.

We define a weak solution u to (P) analogously by replacing </>£, and by </>, u and v.

Firstly, we note that there can be at most one solution to (P^). Suppose there are two 
solutions and Then we have that for all T' G (0,P] and g G L^{Q,T'’, 

[ - 42)) • Vt/} dxdt=Q.
Qt^

[ (4^^ - dt 
Jo

cT' ill (2)Choosing t) = (ue ' — Ue s) ds and integrating by parts yields

2

= 0. (2.6)
l,f2

[ - “?*] dxdt+l
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On noting that the first term in (2.6) is nonnegative by the monotonicity of </>£ we obtain 
that

= 0, vr'e(o,r], 
i,fiJo

and hence by Poincare’s inequality,

/ («(*’-«?*) = 0, VT'e(0,T],
Jo

which implies that o,.e. in [0,7]. Uniqueness of a weak solution to (P) can be
proved similarly.

To prove existence of a solution to (P^) we introduce a problem with a Lipschitz
continuous nonlinearity It is convenient to fix an Cq > 0 to choose M such that

< M .

For all s E (0,eo] and s E R we define

'= Ms) (2.7)—M < s < M, 
s < —M._ </.4-M) + </.i(-M)(s + M) ,

Obviously, 0^ satisfies (2.2) and (2.3) for all a, b E R with Lm =

We define the problem as, (P^) with (/)e, and replaced by and .
Uniqueness of is shown as for u^.

Our program now is the following. Firstly we will prove existence of a weak solution 
to (P/^) by considering a semidiscrete approximation in time. Then we will show that 

for M sufficiently large is a weak solution of (Pe). After that we prove the existence 
of a weak solution of (P) by letting e -4- 0.

2.2.1 Existence of a Weak Solution to (P/^)

For E N we define the time step t := We strengthen our assumption (PO) to

(Pl) /eP'(0,P;£2(Q)),

and consider the following problem:
(Pj^) For n = 1 N find e Hq{Q} such that for all w e 

J
where := /{-.nr).
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The first equation in (P^) can be rewritten as

[ (()^{u^j^)wdx H-r [ -S/wdx = T [ ff^wdx-^ [ (f)^dx (2.8)
' Jn ' Jn Jn

For given (2.8) can be considered as an operator equation

= b [ffo{«)]* (2.9)

on defining A : Lfo(Q) -> = [/fJ(Q)]* ( ( •, • ) denoting the - Hq{Q.)

duality pairing) by

(>lw, w) := (>liw, w) + (>l2W, w) := / </>^(w)wdx + t / Vw-Vwda:, ,
Jo.

which is well defined since </>^(w) E L^{D') for all w E L^(yi.)
A2 is strongly monotone and continuous. Since by (2.3) Ai is monotone, will be 

strongly monotone and continuous, if Ai is continuous. On noting Holder’s inequality and 
(2.3) we obtain for all Wi, W2, w E Hq(D,} that

|(41Wi - >11W2, w)|

Hence, >li is (Lipschitz) continuous.
Existence and uniqueness of a solution to (2.9) and hence to (-P^) now follow from 

the Brouwder-Minty-Theorem on Monotone Operators (cf. [49], p.557).

(2.10)

Our main aim in this subsection is to show that a solution to (P^) can be obtained 
from (Pj^) by letting TV —> oo. To this end we need a priori estimates. To prove these 
estimates we recall a ‘summation by parts’ formula (where we use superscripts):

N N
- b"-'} = - a°b° - ,

n=l n=l

and the discrete Gronwall’s inequality (cf. [18], p.l76): Let {a’’'}, {&”’}, {c”} 
sequences of non-negative real numbers such that {c”^} is non-decreasing and

m—1

a” for m > 1 and C > 0, with -H 6° < c® .
n=0

Then these three sequences satisfy

be three

exp(m0 for m > 0 . (2-11)

Lemma 2.1 Under assumption (DI) we have that
2 N 2

0,fi

N 

n=l
T

where C is independent of M and N.
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Proof.
(2.3) we

On testing the first equation of (Pj^) with and noting (2.2) and
obtain that

jAer
M.n M,n—1

T

2

+ —
o,n

I I M.n r-r f M.n M.n + / ^“e,A -^(M -^e,N

2

T

On noting the inequality ^(^ — ?/) > ~ summing (2.13) from
n = 1 to m (1 < m < N) we obtain that

m

n=l

M.n M,n—1
- '^e,N
r

2

0,n n=l

< jlffltn +
n=

- %,N ) • (2.14)

From (2.10) we have that

n=

71 =

= [ dx - [ f{-,0}gdx-
Jn ’ Jn

^ll/|lL~(0,T;L2(fi)) + + ill'll,

rriT
/ dtf dt 

J (n—1)t
dx

T i

rnr
+ E / dtfu^}^~^dx dtUq j

< ^ll/|lL~(0,T;L2(n)) + 12l^ll,^^
1
2

(2.15)

where we have noted Young’s, Poincare’s and Holder’s inequalities. On noting Young’s 
and Poincare’s inequalities again we obtain that

1 1

/ l^l/lo,£2*
Jo JIJO

2 m—1

< 52 li,n •
n=0

(2.16)

Now, it follows from (2.14), (2.15) and (2.16) that

m

n=l

2 m

+
o,n w=i

T

m—1

15'11,+ ^ll/llL°°(0,T;L2(fi)) + I ^£,7v 11,n
n=0

(2-17)
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and hence by (2.11),

+ II/IIl°o(0,T;L2(q)) + exp(Cmr) <C, m = I^N, (2.18)

since m < N = ^. The desired bound (2.12) now follows from (2.17) and (2.18). ■

Let e L°°(0,r;BoV^)), /n e L°°{Q,T-, L\D)) and e H^Q,T; be
such that

■= := /n and

if i e ((n-l)r,nr]; := g.

Similarly, let E L°°(Q,T] and E H^((),T; ^^(Q)) be such that
and

if te{{n- 1)7-, nr]; u^a^(O) = :=

On noting the definitions above and (Pj^) it follows that

[ {[a,vyXr'^h + Vii5,-V77-/^,»/}da:dt = 0, 'ir, e L\0,T-, . (2.19)
-'Qt

As a consequence of Lemma 2.1 we have the following a priori estimates:
11 o Af,ZZ| , rI £1 I II ^I'^ii I II A/ II /

Io.Qt + \^t^e,N IO.Qt + ll%A^ l|L°°(0,T;Hi(fi)) -T ll^£,7vllL°°(0,T;//i(n)) S L ,
(2.20)

where C is independent of M and N.
These a priori estimates will enable us to use two standard compactness results, the 

Banach-Alaoglu and Rellich’s Theorems, in the proof of the main result of this subsection, 
the existence of a solution to (P/^). This will be done by letting N —> oo in (2.19). 
As a byproduct we will obtain that the bounds of (2.20) also hold for . For a further 
bound on we will use elliptic regularity (cf. [20]) which requires a further assumption:

(Bl) dQ E or Q is convex polyhedral.

We also recall the following well-known embedding and identification results:

B^(Q) C L\D) C [Ho^(Q)]* = H-\D), 

L-(0,r;Bo'(^^)) = ^'(0,T;B-\Q))*.
For further reference we note the following results which are easy to prove 

I M I / inI^£,7V ^£,nIo,Qt — \^iQt 1

I^£,N l^<^£,Ar Io.Qt ,

|/-/7v|o,Qt <

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)



2.2. REGULARIZATION 77

Lemma 2.2 Suppose that assumption (Bl) holds. Then for alls E (0,£o] there exists a 
unique weak solution u^ of Furthermore, we have that

(2.26)

If in addition (Bl) holds, we have that

(2.27)

Proof. In the following we adopt the standard practice of not distinguishing notationally 
a subsequence from the sequence it is derived from.

It follows from the Banach-Alaoglu Theorem on noting the bounds on the first and 
third term in (2.20) that we can extract a subsequence {u^^} such that

weak* in L°°(0,r;Bo^(Q)), (2.28) 

weakly in , (2.29)

for the compatibility of the generalized derivative and the weak limit in (2.29) see e.g. 
[48], Proposition 23.19. Also note that the limits in (2.28) and (2.29) are the same. This 
is because (2.28) on noting (2.21) and (2.22) implies weak convergence in

By Rellich’s Theorem, the bounds on the first and third term in (2.20) also imply that 
we can choose the above subsequence such that

strongly in (Qt) , (2.30)

see e.g. [30], p.l2. From noting (2.23) and the bounds on the first and last term in (2.20) 
we obtain that (2.30) and (2.28) remain true for a suitably chosen subsequence of {w^}.

Our first aim is to show convergence of the first term in (2.19). On noting (2.3) it 
follows from (2.30) for that

Strongly in .

Hence, on noting (2.24) and the second bound in (2.20) we have that

strongly in . (2-31)

Since by the second bound in (2.20) {dtv^ff} must converge weakly in we have

similarly to (2.29) that v^ E H^{0,T; and that
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The convergence of the second and the third term in (2.19) is easy to show. It follows 
from (2.28) for on noting (2.22) and from (2.25) that

/ V • V 9 dx dt—>/ Vu^-Vrjdxdt as A" oo,
Jqt "^Qt

/ fN^dxdt—> / fgdxdt as A” —> oo,
JQ’p JQt

(2.34)

We have from (2.19), (2.32), (2.33) and (2.34) that satisfies (2.4). To prove that 
(2.5) holds, let cp E C^([0,T];R) with </?(0) = 1 and = 0, w E L‘^(yi,} be arbitrary and 
7/ = cpw E {Q,T] L^{0,}. On integrating both sides of (2.32) by parts and noting (2.31) 
we obtain that

f 0) - </>^(if(a;))]w(a:) da; = 0 ,

and hence that = ^^(5f(-)), since w E L'^^O) wscs arbitrary. This completes the
proof of existence. As remarked earlier, uniqueness is a consequence of the monotonicity 
of^.

Finally, we want to show the a priori bounds (2.26) and (2.27). The bound on the 
first term in (2.26) follows from (2.29) on noting the bound on the first term in (2.20), 
cf. [48], Proposition 21.23c. Similarly, we obtain the bound on the second term from the 
weak convergence of whereas the bound on the third term in (2.26) follows from
(2.28) on noting the bound on the third term in (2.20), cf. [48], Proposition 21.26b. To 
prove (2.27) note that since satisfies (2.4) we have for almost all t E [0,T] that

Aw^(-,i) =-/(•,i) + ^tu^(-,t) in Q (2.35)

in a weak sense. (2.27) now follows from (2.35) and elliptic regularity on noting the second 
bound in (2.26). ■

2.2.2 Existence of a Weak Solution to (P^)

To prove existence of a weak solution u^; to (P^), we first prove a uniform a priori bound 
for on Qt which only depends on the data f and g. From this the existence result 

will easily follow.
We need a stronger assumption on the data. We will assume that

(D2) /eff'(0,T;£='(fi))ni~((3T), n

It follows from (D2) that there exist constants /, £, g such that

f < f < f Si-Q- in , 9<9<g in Q ,

where without loss of generality we may assume that

/, < 0 < 7, (2.36)
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We also need the following well-known results: 

e.g. see [38], Theorem 3.3.

Lemma 2.3 Assume that holds. If M satisfies

MP > max{|/|, /JT + [max{|^|, ,

then we have for all £ E (0,So] that

(2.38)

—M < < M a.e. in Qt • (2.39)

In addition, if f, g > 0 we have that > 0.

Proof. The idea of the proof is to exhibit a super- and a subsolution of (P/^) which can 
be bounded in terms of the data.

Let be defined by

«"(•. t) := (ft + . '^t e [0, T].

(2.40)

(2-41)

It is easy to see that v^ = E 77^(0, T;//^(Q)) and on
noting (2.36) that for all T' E [0,r] and g E with 7/ > 0 in

f {9t[v^ - t;^^]77 +V[w^ - w^] • V7/}t/a:df > 0.
Q 'T'l

Moreover, we have that u^(-,0) > and > 0 on dO, X [0,7"]. Hence, is a
supersolution of

On noting the first part of (2.37) it follows from the Lipschitz continuity of and 
(2.36) that we may choose g = -[(/>^(w^) — </>^(w^)]_ = —[u^ —u^]_ in (2.40) to obtain 
that

f {- V^]- + - tt«l • V[u" - vy]_ }dxdt<0.

By the second part of (2.37) and the strict monotonicity of (f>^ we have that

V[w^ - iz^]_ = V[iz^ - u^] < v^} ,

dt[v^ -v^]- = ^f[u^ - u^] x{v^ < ,

where x is the characteristic function. Hence, we obtain from (2.41) that

f + V[u"-«"]_• V[u" - uy]_ } (/a: rfJ < 0.
Q'pf

(2-42)
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Noting that by (2.37),

[ . V[u^ - u^]_ da; di = [ [ (<^^)'(zz^)|Vzz^|2 da; di > 0 ,
JQt> Jo J^t

where Q/ := {a; G Q : u^{x,t) < u^{x,t)}, it follows from (2.42) that for all i £ [0,r]

i[e(^r) - r (^r)]-(-,^)i?,n < i[e(^r) - e(^^)]-(-,o)is,^,=o.

Hence, on noting the monotonicity of we have that

a-.e. in Qt • (2.43)

Similarly, one can show that for defined by

t) = , Vt e [0. T],

one has that u^ > u^. If /, > 0, one can take f,g = Q and it follows that u^
~ _X_

We obtain from (2.36) that ^^(^) < A[max{^, and hence that

0 < 7t + <7T + = \M^, [0, T],

> 0.

(2.44)

if

MP > A-7-fT + max{5r, ' } . (2.45)

It then follows from (2.43), the definition of and (2.44) that

< M Si.e. in Qt •

Similarly, one can show that

—M < u^ < u^ in Qt ,

if
MP > |/|T+ max{|9|,£j '} . (2.46)

Since (2.45) and (2.46) are satisfied by assumption (2.38), the proof is complete.

Lemma 2.4 Assume that (jD2) holds. Then for alls E (0,£o] there exists a unique weak 
solution Us to (Ps). Moreover, there exists an M > 0 such that for all s E (0,eo]

—M < Us < M a.e. in Qt , (2.47)

and if f, g > Q we have that Us > Q.
Furthermore, we have for all e E (0,£o]

i --
+ ll«e||L«>(O,T;Hi(n)) < .

If in addition (Bl) holds, we have that

||^£|k2(0,T;H2(n)) < C .

(2.48)

(2.49)
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Proof. On choosing M such that (2.38) holds we obtain from Lemma 2.3 that for all 
£ G (0,£o] (2.39) holds and hence that = ^£(1^^), from which it follows that
the solution of (P/^), is also a solution of (Pe). Uniqueness was proved earlier, see (2.6) 
and below. Obviously, (2.47), (2.48) and (2.49) follow from (2.39), (2.26) and (2.27). ■

2.2.3 Existence of a Weak Solution to (P); Extinction in Finite Time

Theorem 2.1 Under assumption {D2) there exists a unique weak solution u of (P). In 
addition the bound (2.47) holds true for u, and if f, g > 0 ZAen w > 0.

Furthermore, we have that u E and v E and u E
£2(o, £; ^^(Q)) ij" ifi addition (Pl) holds.

Finally, for all £ C (0,£o] we have that

+ <C{A^(r)s^ TPeS^} < ,

where A'^(T) := meas(Q^(t)) dt, 0^{t) := {x E 0, : |w(a;,i)| < and :=
1

meas{x E Q : |fi'(a;)| <

(2.50)

Proof. Uniqueness was remarked upon earlier, see (2.6) and below. To prove existence of 
a weak solution u to (P) we let s —> 0 in the weak formulation of (Pe). Let Sq > 
and e h Us-—Usj . On subtracting the weak formulation of (Pej) from that of (P^J, choosing 
the test function e(a;,s) ds and integrating by parts we obtain that

= [ (fif) - (t>e, (d)][ f € dx ,
1,Q JQ Jo

I ('f^sj)] e da; dt T 2
-'Qt

Tedt
JO

which we rewrite as
2

5 [
Jo

[ (s') - (s')]! [ dx .
dn Jo

/ [</»€, {us,) - {us^ )]edxdt+^
J Qt

= / (w£.) - (/)e, (usi)] edxdt +
d Qt

Using (2.2) and (2.3) on noting (2.47) and Young’s and Poincare’s inequalities yields 

2

,Jdi <

A:‘‘(T) + ef^B,h2.51)

'Ci
0

r £±i
< c

Thus {lie} is a Cauchy sequence in i-e. We w in as e —> 0, in particular
we have pointwise convergence almost everywhere and hence (2.47) holds true for u in 
place of Us.
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Due to the last bound in (2.48) there exists a subsequence such that

Ue^u weak* in L~(0, T; ,

in particular u L°°(0,T\ cf. (2.28) and below. Therefore, we can pass to the
limit in the weak formulation of (P^), if we can show that

dtVs dtv weakly in • (2.52)

We have from (2.47) for and w, the Lipschitz continuity of 0 on [—M, M] and (2.1) that

Now (2.52) and v € T; £2(Q)) follow from (2.53) and the second bound in (2.48), cf. 
(2.29) and below. Moreover v satisfies the initial condition, since strongly
in

If (Bl) holds, it can be shown similarly to (2.27) on noting dtv E LP'^Qt} that w E 
cf. (2.35).

It is left to show (2.50). On replacing and Wg. by </> and u and Sj by £ we obtain 
analogously to (2.51) that 

and hence the desired result (2.50).

Now we turn to the important case / = 0, i.e. {P) homogeneous. By the above there 
exists a unique weak solution u to (P) for all T > 0. The interesting feature of u however 
is that it becomes extinct after a finite time Tex which was first proved by Sabinina [40] for 
the case d = 1. It is claimed in [28] that Sabinina’s proof can be adapted for d = 2 and 3. 
Below we will prove extinction in finite time by adapting the proof of [28] for semidiscrete 
solutions, cf. section 2.6. To this end we recall a further technical result.

Note that since
e H‘(0,T;£^(Q)) (2.54)

we have by Sobolev’s Embedding Theorem that ^(w) E C([0, T]; and hence, by the
definition of </>, that u E C([0,r]; L'^^^O,)). Thus, since 2p > p + 1 for p > 1, we have that

u 6 L\0, T-, n C([0. T]; L’+‘(fi)), (2.55)
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in particular, we obtain that u(-,0) = g{-). On noting (2.54) and (2.55) it can be shown 
analogously to the proof of Lemma 1.2 in [37] that

(2.56)

which is not too surprising since we formally have that

We also recall the Sobolev embedding Hq(Q) C with

(2.57)

for all w E Hq (Q) , provided p > 0 is restricted by

p < 00 if d = 2 and p < 5 iL d = 3 . (2.58)

Since we consider p C (l,oo) only, it is no restriction to rewrite (2.58) for clarity as

(5) l<p<oo ifd<2 and l<p<5 ifd = 3.

Lemma 2.5 Assume that (S) and {02} hold and that f = 0. T/zen there exists a Tex 1^+ 
such that

u{’,t) = 0, 'it > Tex- (2.59)

Moreover, with Cp as in (2.51) we have the following bound on the extinction time Tc^:

p-1 (2.60)

Proof. As mentioned above we adapt the proof given in [28]. On testing (P) with u and 
noting (2.56) we obtain that

(2.61)

This equation holds for all T > 0. We also recall that u G L°°(0, T; Po(Q)). Hence, on 
introducing the function a{t) = |w(-, i)|o,p+i,Q, t 1^+, we obtain from (2.61) that is 
Lipschitz continuous and that

(2.62)

where we have also noted (2.57).
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Our aim is to show that there exists a Tex such that

a(Te^) = 0. (2.63)

For (2.63) is equivalent to u{'^Tex) = 0 and the desired result (2.59) then follows from the 
uniqueness of the weak solution.

For the purpose of contradiction we assume that

(2.64)

Let 2" > 0 be arbitrary but fixed. Since is (Lipschitz) continuous, it attains its 
minimum 6, say, on [0,2"]. By (2.64), we have that 6 > 0. Hence, on noting the Mean 
Value Theorem we have for any ^, Iq € [0,2"] that

Thus, it follows from the Lipschitz continuity of that is Lipschitz continuous on 
any interval [0,r], 2" > 0, in particular exists a.e. in R4.. Hence, on noting the
chain rule we have that

Consequently, we obtain from (2.62) that

By the aforementioned properties of we can integrate the last inequality on [0,2"], 
see e.g. [48], Corollary 23.22, and obtain that

(T) < (0) - A-i T .

It follows that ^(T^r) = 0 which contradicts (2.64). Thus we have shown that u becomes 
extinct at a certain time Tex- The argument above also shows that (2.60) holds. ■

We note that Lemma 2.5 contains the trivial case u = 0, if ?/(•, 0) = 0. We also mention 
that Lemma 2.5 can be sharpened under additional assumptions: For instance, Sabinina 
[40] showed that if d = 1 and g non-negative and not identically 0 then there exists a 
Tex > 0 such that (2.59) holds and that u, the weak solution of (P), is a positive classical 
solution on Q X (0,rex). To illustrate this result we consider the following example which 
is based on [8].

For d = 1, Q = (0,1) and p > 1 there exists a unique w E Hq(O,) which satisfies
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Given these data, we have from Theorem 2.1 that there exists a unique weak solution u 
of (P), and u is non-negative on Qt, since f^g > 0. In fact, the data have been chosen so 
that u is the following separable function, which is easy to check:

u{x, t) = w{x)T*(ty y^x, t) E 0 X [0, r], (2.65)

where

(2.66)T*(t} := [{p - 1) {Tex - i)] t e [0, Pea:),
0 , f E [Pea:,?'].

From elliptic regularity we have that w E C2(Q) nC(Q) and hence it is easy to check from
(2.65) and (2.66) that Sabinina’s result holds in this special case.

Assuming extinction in a finite time Tex Sabinina’s result about the existence of positive 
classical solutions on Q x (0, Tex) was extended to d > 1 in [26] where it is also assumed 
that do, is smooth, g E L°°{0.) and p > 2.

The example above raises the question whether the positive separable solutions of (P) 
are not in fact typical rather than special solutions. Indeed there is another feature of 
separable solutions which shows that they are quite typical. This feature is stability which 
was first studied by Berryman and Holland [8]. Below we state their main result.

For d = 1,2,3 and A = 1, Usep{x, t) = w{x)T''{t) is a positive separable solution of (P) 
if

—Nw = pw^ , w > Q inQ, w = 0 on dO, (2.67)

and T'^(t) is as in (2.66). To state the main result of [8] the following regularity requirement 
is needed for the solutions u of (P): There exists a 7 E (OjTer) such that

(P) Ut, Uxit, Ux,xi C(Q X (7,Pea:)) and dUt is smooth.

Lemma 2.6 (main result of [8]) Assume that (5) and {R) hold.

Let W{x4) := u{x,t)/T*{t) for all {x,t) EOx {0,Tex)-

(i)

(ii)

Then there exists an increasing sequence of times tn Tex (ind a classical solution 
w e of (2.67) such that IV(-,in) -> w{‘) in Hq(Q).
If there is a unique solution to (2.67) (which e.g. is the case when d= 1), 
then VF(-, t) —> w(-) in Hq{Q,) as t Tex-

It is claimed in [26] that (z) and {ii) can be shown without using the strong regularity 
requirement {R).

Finally, to conclude this section on the regularization we remark that it is also easy to 
derive from (2.65) and (2.66) that u E L^{0,)) if and only if p E (1,3).
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2.3 A Semidiscrete Approximation

We now consider a continuous piecewise linear finite element approximation to (P^), which 
is continuous in time.

To keep this exposition simple, we will assume that

(B2) Q is convex polyhedral.

Let be a regular partitioning of Q, i.e. Q = IJkgt'’ where h is the maximum 
diameter (i.e. side-length) over all simplices k, of We denote the set of vertices of 
by and introduce the following function spaces:

= {x C C'(Q^) : xl« is linear V/c E T^}

^0 = {x = 0}

We also introduce the interpolation operator tt^ : C(Q) —> which is defined to be 
such that for any 'ip E C'(Q), Tr^'ip € satisfies 'jr^'ip^Xi) = E P, and the elliptic
projection operator : Hq{0,} Sq which is such that for any 'tp E Hq(O,}, Q^'ip satisfies 

Jq ^(^ “ ■ ^xdx = 0 Vx € Sq. We note the standard approximation results:
For Ip E W2’’(Q), 'm = 0 and 1 and q E [1, oo] if d < 2 and q E (|, oo] if d = 3, we have 

that
(3.1)

(3.2)

We also note that

(3-3)|(/ - < C'/i|^^(</>^^(x))li,n Vx e So,

see [15], p.68.
We have seen in the previous section that under assumption (P2), (2.47) holds true 

for both Us and w, if M is chosen sufficiently large, i.e. such that (2.38) holds. As a 
consequence we have that

<P^M = = </>(w), . (3.4)

We will from now on always assume that (-D2) holds and that M is fixed but satisfies 
(2.38). By (3.4) it is justified to use (f)^ [resp. (/)^] instead of (/)s [resp. </>] in our 
(semi)discrete models. Moreover, we will strengthen (jD2) to

(D3) feH\O,T-,L\ii))nL^{QT'>,

Analogously to (3.4) we have that
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We consider the following continuous in time finite element approximation to (P^): 
(P*) Find uj e L‘^(0,T;S!i) with uj = € P‘(0,T; L^Cfi)) such that

forallxei^(0,P;SS),

[ + -Vx = 0,
JQt

Note the slight abuse of notation, since S^. However, this notation is very concise. 
It also suppresses the dependence on M which is justified since we consider a fixed M. 
{P^}, and cltq defined analogously.

Theorem 2.2 Assume that {D3} and (B2) hold. Then for all s E (0,eo] (^^d h > 0 there 
exists a unique weak solution u^ to {P^}. Furthermore, we have that

1 — -
^2 \dtU^ |o,Qj. + + ||^£ llL~(O,T;Hi(fi))

^1^5 - Io.Qt. + be - "

(3.6)

(3.7)

Proof. Existence and uniqueness can be proved els in Lemmas 2.1 and 2.2; and (3.6) as 
(2.26). We now give the proof of (3.7), which is similar to that of (2.50). From (3.4), (P^) 
and (Pg^) we have for all x E L^(Q,T', Sq} that

[ - 0^(We)k + VIQ'^u^ - u^]. Vy} dx dt = 0 .
dQr

Setting ej = Q’^Us - u^ and choosing x{Xi t) = ^) ds, v^e obtain that

2 'J'

I,f2 Jo

Hence, on noting Young’s and Poincare’s inequalities,

2

T

JoJqt

-'Qt

-'Qt

Noting (2.2) and (2.3) yields that

u^] dx dt + I [ 
Jo

"T
dt

1,Q

rTI /
Jo

2

1,Q

The desired result (3.7) now follows from noting (3.2), (2.49), (3.1) and (3.4).
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We have the following analogue of Theorem 2.1.

Theorem 2.3 ylssume that (B3) anJ {B2} hold. Then there exists a unique weak solution 
u^ of (P^). Furthermore, for all s E (0,So] have that

(3.8)

Proof. The proof is a direct analogue of the proof of Theorem 2.1. Note however, that 
since we now have the globally Lipschitz continuous functions (/>^ and 0^ in place of (f> 
and (/>£, analogues of (2.47) for u^ and u^ are not needed. ■

As a consequence of Theorems 2.1, 2.2 and 2.3 we obtain on noting (3.4) and choosing 
4(p—1)

s = Ch p+1 that

(3.9)

(3.10)

2.3.1 The Effect of Numerical Integration

The approximation {P^) studied above is not practical since terms like {u^}]x and

fx need to be integrated exactly. It is computationally more convenient to consider a 
scheme, which uses numerical integration on these terms. Below we introduce and analyse 

such a scheme.
The introduction of numerical integration into a scheme {P^) which we give below 

makes this scheme more difficult to analyse than {P^). In fact, our analysis will require a 

smoother regularization when p E (1,2):

For all £ E (0, s:©] and sERwe define

/

0e(s) := </>(«) 

</»£(«)

for p E (1,2), 
(3.11)

\
for p E [2, oo),

have E C'^(R) with ^^(s) >we
where a^ := and :=

It is straightforward to check that for p E (1,2)
Vs E R (if we used the cubic regularization for the whole range of p, this would not 

be true). Hence, satisfies (2.2) [resp. (2.3)] with A [resp. Lm\ replaced by | [resp. 

Lj^ -.= Apmax{M^“^,So}]. Similarly to (2.7) we define and note that it again satisfies
(2.2) and (2.3) with the aforementioned changes.
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Since nearly all results of section 2.2 are based on (2.2) and (2.3) they also hold when 
and (/)^ are replaced by and . A close inspection of the proof of Lemma 2.3 (in 

particular (2.44), (2.45) ) which is the only possible exception shows that it also holds 
true. Hence, we also have (3.4) and (3.5) for and .

Although we will work in this subsection with and we can always refer back 
to the results obtained with </>£ and The advantage of the smoother regularization 
however is the following bound which is valid for p E (1,2):

l(^")"lo.oo.R < Ce .̂ (3.12)

This will allow us to do the same kind of error analysis for p E [2, co) and p E (1, 2).

Now, a quadrature rule is introduced as follows: given a simplex k E having vertices
5 lor 'ip E define

/> 2 d+i
<5k(V’) := / —meas(/<) ^V’(«i) •

1=1

Then on denoting the inner product in L‘^(Q,} by we have that

[ dx = (V’l, V’2> ~ {^1, '^2)^ := {M2} dx ,

for all V^i,V’2 C'(Q).
With := [(V’) we have the following standard results:

(3.13)

and, for m = 0 or 1

(3.14)

A more practical approximation to (P^) than (P^^) is then
(P^^) Find E L'^^O^T’Sq) with = 7r^[^^(i2g)] E H^{Q,T;Sq) such that 

for all y E 1/2(0, T; 5o),

T
/ + Vx)-(/,x)'‘}rf« = 0,

Jo
= ’r'-[^"(fl(.))].

Again, (P^), and are defined analogously. Below we will prove an analogue of 
Theorem 2.2. Note that because of numerical integration we obtain a more pessimistic 
bound on the discretization error. We also point out that a further assumption on is 
needed for the proof:
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(WA) The triangulation is such that (i) for d = 2 it is weakly acute; that is, for any 
pair of adjacent triangles the sum of opposite angles relative to a common side does not 
exceed tt; and (ii) for d = 3 the angle between any two faces of the same tetrahedron must 
not exceed j.

We need the following consequence of (WA):

e.g. see §2.4.2 in [34]. Hence, on noting that 0 < < Lm and that y G Sq C L°°(Q),
we have for all s E (OjSq],

(3.15)

Theorem 2.4 Assume that (P3) and (B2) hold. Then for alls E (0,Co] and h> Q there 
exists a unique solution u^ to {P^}. Furthermore, we have that

\dtUs |o,Qt + |o,Q^ + ||^£ ||L°°(0,T;Hi(n)) < • (3.16)

If in addition, (WA) holds and f E L^(f),T', we have that

(3.17)

Proof. Existence, uniqueness of a solution and the bounds (3.16) follow similarly to 
{P^Y Let ej := Q^u^ - u^. On noting (3.4) , subtracting (P^) from (P^), choosing 

T LtX{x, t) := s) dt and integrating by parts we obtain that

T[ e'^dt 
Jo

rT

2

0
rT

dt

rT

Jo
Ti + r2 + Ts + Ti, (3.18)

where := ds.
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First, we bound the left hand side of (3.18) from below. On noting (2.2) for with 
A replaced by | , (2.3), the monotonicity and definition of tt^, (3.13) and (3.4) we have 
that

*/ 0 */Q'p
> ^Xs [ 7r^[{u^-u’̂ y]dxdt-{-^L]^ [ dx dt

-IQt 'IQ'p

= [ \Us-Ue\hdt3-^L^ [ |<^^(lZe)
Jo Jo

> |A5|7r'^We - + 2^M 1^^^^ - •

Now we establish upper bounds for T^ - T4. On noting Young’s inequality, 
(3.2), (3.1) and (2.49) we obtain that

T*
Ti= I - Q''u,}'‘ dt

Jo
< + C'l(’r'- -

From (3.14), Cauchy’s and Young’s inequalities we have that

T2 =
Jo

= e’i't'' - + {(rr'' - e^)] dt
Jo

< Ch‘^ (w£)||L2(0,T;Hi(fi)) IIQ^^e “ ||L2(o,T;Hl(fi))

From (3.15), (3.1) and (2.49) we have that

||7r^0^(w£) 11^2(0,T;H1(Q)) = l|7’’^0^^(7r^W£)||L2(O,T;Hl(fi)) 

< C||7r^W£ 112^2(0,T;//1(Q)) < C'||w£||2,2(o,T;H2(Q)) < C ,

and from (3.2), (2.48) and (3.16) that

IIQ^We - ||l2(O,T;77'1(Q)) < .

In order to obtain a bound on |(/ - {us)\q q^ we distinguish between p E [2,00)
and p E (1,2). For p E [2, 00) we have on noting (3.4) that

|(/ - 7r'^)0^(ir,)|?,Q^ = !(/ -

< C [|</'(Mj) - + k'‘k(’‘e) - '^e(«e)]lo,(3i. + Io.Qt]

< C'[£^ + |(/-7r>(«,)|?,<5^] , (3.24)

where we have noted that for all t E [O,!"], |^(w£) - ^£('M£)|o,oo,q < which follows
from (2.1).

(3.19)

(3.13),

(3.20)

(3.21)

(3.22)

(3.23)
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By (3.1), we have that

l(/-7r'^)</>(iZ£)|§,Q = f \{I-7r^)(f}{u,)\l^^dt<Ch‘^ [ |(/>(we)l2,n•
Jo Jo

On expanding |</>(we)|2,n and noting that by (2.47) |</>'(«£)|o,00,Q, |0"(w£)|o,oo,n < C for 
p > 2, we obtain that

(3.25)

where we have used a Gagliardo-Nirenberg inequality, e.g. see [49], p.l034. Hence, on 
noting (2.49) and (2.47) we obtain that

1(1- 7r'^)(/>(we)|§,Q^ < Ch^, if p E [2,00) . (3.26)

For p E (1, 2) we replace (/> by in (3.25), note (3.12) and proceed similarly to above to 
obtain that

(3.27)

(3.21) - (3.27) yield that

, if p € [2, oo).
(3.28)

\

On treating T3 similarly to T2 { here we need f E L‘^(0,T\ ) we obtain that

(3.29)

Finally, we have to bound T4. From (3.14) on noting Cauchy’s, Young’s and Poincare’s 
inequalities we obtain that

r rT rT 1
T4 =

<
Jo

dt

<

i,n -'0

Jo

Jo
"T 

dt

2
0,Q

i,n

1
4

2

/ +
Jo i,n

< , if p E (1,2), 
if p E [2, 00),

(3.30)

where on noting (3.5) for and we have treated the term |7r^^^(p)|i,fi [resp. 
1(1 - 7r^)<^^(p)|o,n] similarly to |7r^<^^(ii£)|i,Q [resp. |(/ - tt^)0^(iz^)|o,n] above.
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From (3.18), (3.19), (3.20), (3.28), (3.29) and (3.30) we obtain that

2

< C{

Jo l,fi

, if pE (1,2),
(3.31)

The desired result (3.17) follows from (3.31) on noting |(/ — 7r^)?Z£|QQ^ < Ch^, (3.27), 
(3.24) and (3.26). ■

We have the following analogue of Theorems 2.1 and 2.3.

Theorem 2.5 Assume that (D3) and {B2) hold. Then there exists a unique weak solution 
u^ of {P^}. Furthermore, for all s E (0,So] we have that

(3.32)

Proof. The proof proceeds similarly to the proof of Theorem 2.1, with the same re­
mark as in the proof of Theorem 2.3. Note in addition, that for the term -

(^£,)]|o,Q-r we cannot use any possible non-degeneracy as in (2.51). ■

2(P-1)
It follows from Theorems 2.1, 2.4 and 2.5 on choosing e = Ch p+i that

pe (1,2),
0 , p e [2, oo) _

(1,2), 
s~^h‘̂ , p E [2,oo) _

< Ch^, (3.33)

< Ch. (3.34)

On comparing (3.33) [resp. (3.34)] and (3.9) [resp. (3.10)] we see that the order of 
convergence with quadrature is exactly half as good as without quadrature.

2.4 A Fully Discrete Finite Element Approximation

We now discretize our problem both in space and time. We choose the time step t in 
terms of /z, the size of the mesh in space: t = Ch^, where q will be specified later. Given 
r, we define

N := \ T/t\ = max{n E No : < T/r} and ;= Nr < T. (4.1)

We assume that (D3) and hold and consider the following problem:
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Here we remind the reader that we only want to use in the case with numerical 
integration. The proof of existence and uniqueness of a solution to is similar to
(Pj^). Also, analogously to v^^^ and v^ff' we define and

h C, and we have analogously to (2.19) and (2.20) that

Qt»

(4.3)

We note that C in (4.3) is independent of h and r. This can be seen from the proof of
Lemma 2.1. Furthermore, we have analogously to (2.23) - (2.25) that

(4-4)

(4.5)

(4.6)

The a priori bounds (4.3) - (4.6) enable us to prove a basic error bound for the time 
discretization. Despite being basic on combining this result with our bounds for the 
semidiscrete approximation we can improve on existing error bounds for the fully discrete 
approximation in the literature, see below.

Lemma 2.7 Assume that {D3) and (B2) hold. Then for all s E (0,Co]j h > 0 and t, N 

and as above we have that

(4.7)

Proof. Let Ey = v^ - E^ = v^ - and Ef = f - fj^. On
setting

“(O , ifte(T..T],

subtracting (4.2) from (P^^), and integrating by parts we obtain that

2 rTt pTt rt
= / {Ey - Ei^, Ey) dt-\- { Ef ds, Ey} dt.

Jo Jo Jo

T[ (Ey, Eu) dt+^ 
Jo

/ Eu dt 
Jo
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Hence we have on noting (2.2), (2.3) and Young’s inequality that
2

1 /i,-C h \2 ,\\n ~ + / Ef ds
Jo

(4-8)

Next we note that by Holder’s inequality and (4.6),

< < ct\

Now the desired result follows from (4.8) on noting (4.5), (4.3) and (4.9).

(4-9)

It is straightforward to check that the above results remain true when we introduce 
numerical integration into the scheme (P^^yv), i*®* with solution
and G Sq}. With numerical integration the analogous result
to (4.7) is:

(4-10)

We also note that we can discretize (P^) and (P^) in 
analogous results to (3.8) and (3.32) are

time without regularization. The

p+1

<
p+1

(4-11)

(4.12)

where C is independent of h and r, which can be seen on inspecting the proof of Theorem
2.1.

We can now summarize our results:
In the case without numerical integration we obtain from (4.11), (3.9), (3.10) and (4.7) 

4(p—I) 4p
on choosing e = Ch and r = Chp+^ that for p > 1,

h h -1^ - '^^JvIo.Qt. + 1^ - '“e.TvIo.Qr.
|v - + |v - uJjvIo.Qtl < Ch'^ = CT^.

(4.13)

(4.14)

In the case with numerical integration, on additionally assuming (WA) we obtain from 
2(P-1) 2p

(4.12), (3.33), (3.34) and (4.10) on choosing e = Ch p+^ and t = Chp+^ that for p > 1,

h h -1^-“ ^£,nIo,Qt. Chp-^^ =Ctp ,
h h|v - + 1^ - ^£,7v|o,Qt» < Ch = CT^P.

(4.15)

(4.16)

We consider the case p = 2 for illustration: Due to (4.15) the best order of convergence
2 4is (9(/i3), if we choose t = Ch^. This result improves on the result in [29], where the 

1 3
best order of convergence is (9(/i2) with t = Ch^. Since we consider up to three space 
dimensions for (P) and a nonlinearity </>(s) = A sign(s) |s|p, our results are also more 
general than those in [29], where only one space dimension is considered and p = 2 only.
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2.5 An Improved Error Bound for the Time Discretization
Rulla’s paper [39] analyses the backward Euler method for approximating the abstract 
Cauchy problem

(5.2)

^ + /l(v(t))3 0, v(0)€£)(A). (5.1)

where A is assumed to be a maximal monotone (and possibly multivalued) operator on 
a Hilbert space H. The main result of [39] asserts that the rate of convergence of the 
backward Euler approximation is 0(7"), t being the uniform time step, if A is a subgradient.

If f = 0, then (F) can be cast into the form (5.1) on setting A := —A o 0“^ and 
H := cf. [39], p. 86, and [9], p. 123.

We will now transfer Rulla’s techniques to the regularized semidiscrete problem (F^^) 
with f = 0 and show O(r) convergence of towards in more precisely, we
will show that (4.7) can be improved to

i.e. we can drop the factor on the right hand side of (4.7). It can be seen that this 
improvement goes through to the case with numerical integration, (F^^); i.e. (5.2) holds if 
we put ‘hats’ on the w’s and u’s.

It is possible to apply Rulla’s techniques to our concrete situation without referring to 
the theory of maximal monotone operators. We will do this in the following three Lemmas 
which are adapted and simplified versions of Theorems 3 - 5 in [39]. This is similar to the 
approach in [23] where Rulla’s techniques are applied to the porous medium equation. We 
point out however that contrary to a remark in [39] we can prove (5.2) and its analogue for 
numerical integration only when / = 0, i.e. for the homogeneous case. The key difference 
in our application, as opposed to the Stefan and porous medium problem cited in [39] and 
[23] is that </>' is not uniformly bounded below away from zero.

Since in (F^^^) we apply the backward Euler method to (F^^) which is already dis­
cretized in space, we begin with recalling the notion of the “discrete inverse Laplacian”. 
As before we will always assume that (F2) holds.

Let E £(L2(Q),5q) be the “discrete inverse Laplacian” defined by

where (•, •) again denotes the inner product in For tj E ^^(Q) we set

Ikll-i./i ■= ■

(5.3)

(5.4) 

Since does not depend on i, we have the following well-known (integration by parts) 
formula for 7/ E 77^(0, T; 7z2(Q)):

IWr)||ii,A- ll»(o)||\ft = 2 /
Jo

Throughout this section we write z/(i) = 7/(-,i) for notational convenience.

(5.5)
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Finally, with r, N and T* as in section 2.4, we set tn := nr, n = 0 N, and define a
function on (0,TJ by

iP (f) •— -- -n — 1 N .

With this definition we have in a generalized sense that

(5-6)

(5.7)

Lemma 2.8 Assume that (D3), (B2) and f = 0 hold. Then for all £ E (0,£o]5 h > Q and 
n = 1 N we have that

Proof. On setting r] := we obtain from (5.5), (P^^),
and (5.3) that

Jo

= - <jv). - <n) dt.
Jo Jo

Hence, on noting (5.7) and (4.2) it follows that

l|v?(^n) - V^;7$(^n)||il,/, + 2 [ {v^ - dt
Jo

= ll^^(O) - ^^e;N(0)||?.i,A f u'^ - dt
Jo

= l|v^(0) - + 2r f" V[«J - <^]) dt
Jo

= Ib^(O) - <^(0)1111,/. + r f" - <;v]) dt
Jo

-T [ V[izJ - izj,;v]> dt
Jo

= ll^^(O) - ^5;7v(0)II-i,/i + ^ /* l^''\u^\lndt-r [
7o JO

-T f - u';^^\l^dt.
Jo

The desired result (5.8) now follows from (5.9) on noting that iz^^ is piecewise constant
/l jC hin time and that = <N(^n), n = 0^N. ■

(5.9)

Note that all the terms on the left hand side of (5.8) are non-negative; the second 
because of (2.3).
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Next, we want to remove in (5.8). To this end we need the following result which 
states that without source term the energy of the semidiscrete solution is non-increasing 
in time:

Let f = 0. Then for alls > 0 we have that

VO < Si < S2 < r.

(5.10) is easy to prove: Since Sq is finite dimensional, we have from (3.6) that dtu^ E 
L‘^{Q,T] Sq). Furthermore, we have that dtv^ = {(/)^y{u^)dtu^. Hence, on defining 
X e L\0,T-,S^) by

(5.10)

z
0 ,

0 ’ 

we obtain from {P^) with f = 0 that

J Si JS]

X(s) := <
if
if
if

0 < s < Si,
51 < s < S2 ,
52 < s < T

52

Jsi v/Si

Now (5.10) follows from noting that (</>^)' > 0.

Lemma 2.9 Assume that (D3), (B2) and f = 0 hold. Then for all e G (OjSo], h > Q and 
n = 1 N we have that

m —Proof. Since /j,'^ > on (^m-i, m = 1 —> A^, we have that

(5.12)
m=l dtm-l do

If instead of and v^ we consider and v^ defined by u^{t) := u^{t + ^) and uj(t) := 

+ i) obtain analogously to Lemma 2.8 that
rtn

T / — wjjvliodt (+ non-negative terms)
Jo
< ll''?(0)(0)11-1,/. +1" /

JO JO

and hence, similarly to (5.12), that

Tn — 1 — 1^_1 -'Im-l
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Since is constant in time on (im-ii^m]} the change of variable t —> t + yields that

(5.13)

where /z^(^) := t E (—r, 0].
By (5.10), the fourth term on the right hand side of (5.13) dominates the second. 

Hence, on noting that (0) = (0) we obtain from Lemma 2.8, (5.12), and (5.13) that

ll^£ (^n) - ^^^,jv(^n)||?-l,/i + 2 / (v^ - dt + f |11,^2
Jo Jo

< lke^5)-<N(0)|P-M ++ (5-14)
Jo Jo

It is easy to see that

(5.15)

On noting (5.10) we have that

L '^n

<

< (5.16)

Now the desired result (5.11) follows from (5.14), (5.15) and (5.16).

Finally, the right hand side of (5.11) can be bounded by

Lemma 2.10 Assume that (D3), (B2) and f = 0 hold. Then for all e E (0,£‘o]5 h > G 
and n = 1 —> N we have that

Jo Jo
< 2r2|w^(0)l?,j^. (5.17) 
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(5.18)

(5.19)

(5.20)

Proof. On noting Cauchy’s inequality, (5.4), (P^^), (5.3), and (5.10) we have for the first 
term on the right hand side of (5.11) that

- <^(0)||i,,, = ||«J(|) - v^(0)||?.i.,
T

= II ll^t’^^ll-i,/,*
Jo Jo

1. I.
= 5 Zdt=-l p dt

Jo Jo
T T

= “2 {dtv^^u'i)dt= [^\Ue\'i,ndt
Jo Jo

< 4l’*e(0)l?,n-

In order to deal with the last integral of (5.11) we define for all s E R,

'I-«(s) :=
Jo

Note that is convex, since (^^)“^ is monotone.
On noting (5.19) we obtain from (P^^) that

Jo Jo
= - r dt = (1, VS^^^J^O))) - (1, '^“(vKtn))).

Jo
Next, we have from (P^^yv) noting (5.19) that

m=l
n n

E! h,m—l h,m h,m—l\ . \ '' / h.m h,m—l h.m h,m—l\ 
- '’..N ) + (Kn - - '’e.N I

m=l m=l

= ■
m=l m=l

By the convexity of we have that
n n

1\ h.m h,m—l\ /i yT,Mf h,m\\ .t.Mf h,m—l\\h'^e:N-^e:N } < 2^^^  ̂e e ))

m=l 771=1

and by (P< ) and Young’s inequality,
n n

Elh,m _^h,m—}. h.m h,m—l\ \ '' / h.m h.m—I
(\,N - ’‘e:N - '’,:n - ’’e.N > = - Kn

m=l 771=1
71

— -r |2 _ ri /i,7i|2

771 = 1

(5.21)

(5.22)

/i.m h,m—l
^e’N-^e:N

T )

(5.23)
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On noting that = u^(0) and = tt£(O) we obtain from (5.20) - (5.23) that

- l<;vlln] di < 5l«e^0)|?,n - + (1, “ <1- ^'“(''‘(in))) •

By the convexity of (5.19), (5.3) and Young’s inequality we have that

and hence that

From (5.11), (5.18) and (5.24) we obtain the desired result (5.17).

(5.24)

The bounds (5.2) now follow from (5.17) on noting (2.2), (2.3) and the non-negativity 
of the first and third term in (5.17).

Similarly, on defining “the discrete inverse Laplacian with numerical integration” 
ff'‘e£(C(fi);S*) by

(5.25)

and introducing

||p||-i,/i:= (5.26)

for r/ E C'(Q), it is straightforward to check that all the above results go through to the case 
with numerical integration (where, in addition, we use instead of ^^) ; in particular, 
we have that

(5.27)

In order to summarize our results for the homogeneous case, / = 0, we again combine 
the bounds for the time discretization with those for the space discretization:

In the case without numerical integration we obtain from (4.11), (3.9), (3.10) and (5.2) 
4(p—1) 

on choosing s = Ch p+i and t = Ch^ that for p > 1,

\u - u^\o,Qt,\u - ui,N\o,QT, ChFU=CTFU^

Iv - + lu - uJ/vlo.Ooi < Ch^ = CT.

(5.28)

(5.29)

In the case with numerical integration, on additionally assuming (WA) we obtain from 
(4.12), (3.33), (3.34) and (5.27) on choosing s = Ch'^p^ and t = Ch that for p > 1,

2 2
1^ - ^n\o,Qt, + < ChFU = CrFR

k-^Nlo,QT.+ I^-^^.2vIo,Qt. < Ch = CT.

(5.30)

(5.31)
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2.6 Le Roux’s Method for the Discretization in Time

As we have seen in Lemma 2.5 the homogeneous (P) has the important feature that 
its solution becomes extinct at a certain time Tex- However, it is not clear whether 
the discrete solution we have considered so far by using the backward Euler method 
for the time discretization has the same property. Nevertheless, it is possible to give 
a semidiscretization (Pl) in time which does have finite time extinction. This was done 
by Le Roux [28]. Here we report on this method and we elaborate on a number of points 
in [28] which are interesting in our context. The extinction in finite time property goes 
through to the fully discrete problem (P^) which we introduce at the end of this section.

Le Roux’s semidiscretization is based on the following idea. Instead of approximating 
dtu^ by the finite difference r“^[('u”)^ — (w”“^)^] as in the backward Euler method, we 
first note that

and then approximate by '^”^[(^2)^“^ — subscript L shall remind
the reader that we are using Le Roux’s method. Now, the semidiscrete approximation of 
(P) in time with g >0, g 0 and f = Q is posed as:

(P/,) For n > 1, given wj G C(Q) find wj G such that for all g G Po(Q),

---- ,idx+ pS^ul-Vridx = 0,
T Jo.

(6.1)

(6.2)

It is shown in [28] that if (S) of subsection 2.2.3 holds and g E Po(Q)nC'(Q) is as above, 
i.e. g >Q and g then for all n > 1, (6.1) has a maximal solution nJ G Hq{Q,) H C'(Q) 
and a minimal solution nJ. Moreover, it is shown that

< (6.3)

and there exists an tiq G N such that

for

for all

n2 > 0 in Q 

n2 = 0 in Q n > no.

(6.4)

(6.5)

of (6.1) for n = 1 —> no — 1. For com-Furthermore, is the unique positive solution
pleteness we present Le Roux’s proof of (6.5) which we have already used in an adapted 
version for the proof of (2.59) in Lemma 2.5:
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Firstly, it suffices to prove that (6.5) holds for a certain n = uq. For, if this is the case, 
it follows inductively from (6.1) that = 0 is the unique solution of (6.1) for all n > tiq 

and hence, (6.5) holds for all n > no. Next, we assume for the purpose of contradiction 
that u’l 0, Vn E N. Then from {S} and (2.57) we have that

(6.6)

On choosing rj = u’l (6.1) yields for n > 1 that

Hence, on noting (5), (2.57) and Holder’s inequality we have that

By (6.6) we can divide the last equation by A |^i£lo,p+i,n which yields that

This yields inductively that

(6.7)

Hence, we have for large n that |^2,lo"p+i n — ® which contradicts (6.6).
From (6.7) we obtain an upper bound on the extinction time T^^ = uqt for the semidis­

crete solution:

Note that this is the same bound as (2.60) for the extinction time of the continuous 
solution. We remark that analogously to [28] a lower bound can also be proved for the 
extinction time of the semidiscrete solution:

(6.8)

Moreover, it is shown in [28] that if for fixed T = Nt, £ H^{Q,T-, is given by

“ tn-l}(t){ul) -H {tn - t)(f){ul ^)] , if E [en-l,in] ,

where tn = nr^ n = 1 then

uf —> u = ^(iz) in (^([O, T]; £^(Q)) as ?/->oo. (6.9)

where u is the weak solution of (P).
Note that in the limit case p = 1, i.e. the homogeneous heat equation, from (6.8) 

becomes infinite. This is consistent with the well-known fact that no extinction occurs in 
the heat equation.
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We also report that Le Roux [28] proves bounds on the decay of |w2|o,oo,n’ If denotes 
the smallest no such that (6.5) holds and T^^ = then for n = 0 —> Uq and tn = nr we 
have that

Le Roux points out that these bounds are the same as those proved for separable solutions 
of (P) in [8], where the factor (1 — ^)^ can be rewritten as r*(i)/T'*(0), see (2.66).

By the above properties Le Roux’s method seems to be the appropriate method for 
the time discretization of (P). However, as far as we know no error estimates exist in 
the literature for Le Roux’s method. (6.9) is shown in [28] using compactness arguments 
similar to those in our proof of existence of a weak solution of (P^) in subsection 
2.2.1. Unfortunately, we were not able to improve on this situation and derive a priori 
error bounds for Le Roux’s method.

Thus, although the backward Euler method lacks the qualitative properties Le Roux’s 
method shares with the continuous problem (P), we prefer the backward Euler method 
since we were able to give a full error analysis for it in sections 2.4 and 2.5. Nonetheless, 
we will present some numerical results for Le Roux’s method in section 2.7 and so we also 
have to report on the computational aspect of it.

In order to compute Le Roux suggests the following linear iterative method:

Set := 1^2 ^|o,oo,n» then for k > 0 find ^o(^) such that for all 7/ G //q(Q),

(6.10)

where we remind the reader that in this chapter (•, •) denotes the inner product in

Lemma 2.11 Assume that (Bl) holds. Let ^lo.oo.Q- Then the iterates
(w2’^’^^)a:>o given by (6.10) satisfy

-n.O \ -n.k -n,k+l -n 
Ul > Ul' >u^ > Ul (6.11)
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Le Roux [28] refers to [24] for the proof of Lemma 2.11. In the following we give some, 
but not all, of the details of the proof of Lemma 2.11. As in [28] we will assume throughout 
this subsection that (5) of subsection 2.2.3 holds and that u^ = ge Hq{D) riC(Q) is non­
negative.

First we define a function f as follows: Given u E Hq(Q), set

Lemma 2.12 / defined as above satisfies

f{v) ~ /(u) > - [ar*]”-') (V - u)

forO <u <v < |a2“'|o,oo,sj, i.e.

/(v) — /(w) > —m {y — u)

with a non-negative m E C'(Q).

Proof. On noting the Mean Value Theorem we obtain that

/(v) - f{u) =

=
— A P

>

{v - u (K-']”-' - «'”>)}

uj-ljp-lfv-u) _ (vP-«!>)}

(K-’r'-p|a2-'lS;e^.0 (v-«).

Hence, we set m = Clearly, m is non-negative. Since
C C'(Q), we also have that m E C(Q). ■

With the help of f and m as in Lemma 2.12 we can rewrite (6.10) as

(Vu2’^+\ Vt/)-!-(6.12)

= {uy - K-V-‘), 0 (6.13)

Note that since E C(Q) we obtain inductively from (6.12) on noting elliptic
regularity and Sobolev embedding (we assume (Bl)) that E Hq(D) D H^{D,) C C(Q) 
for all k > Q.

We also need the following well-known maximum principle (see Theorem 8.1 in [17]):
The Weak Maximum Principle (WMP):
Let c E L°°(Q) with c > 0. If ■0 C H^(D,) satisfies

(VV>,V;;)+> 0 V); ei; > 0,

then inffi 0 > infaQ[0]_ in Q.
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We can now give most of the details for the proof of Lemma 2.11: We will prove by 
induction that

-n,o > -n,k y -T^k+i > Q VA; > 0

holds. We then outline how this implies existence of and

^2’^ > VA: > 0.

(6.14)

(6.15)

Obviously, (6.11) is an immediate consequence of (6.14) and (6.15).

We begin with the proof of (6.14).

k = Q: The first inequality in (6.14) is trivial. Next, we have on noting (6.12) that

and hence that (V(iZ2’° - 6 for 3,11

7/ G with 7/ > 0. Thus, the second inequality in (6.14) follows for A; = 0 from noting
(WMP). From (6.13) we have that

<Vw2’\ Vi;) + (p|aL°IS,c^,n - [Sj’®]" ') ,1;) > 0

for all T] E Lfo(Q) with rj > Q and the third inequality in (6.14) follows again from (WMP).

k k + 1: We assume that (6.14) holds for a fixed k > Q and want to show that

> 0. (6.16)

The first inequality in (6.16) follows from the inductive hypothesis. Next, we have from
(6.12) that

By the inductive hypothesis we can apply Lemma 2.12 and obtain that

for all rj E with 7/ > 0. Hence, on noting (WMP) we obtain the second inequality
in (6.16). From (6.13) we have that

Vrj) = (p|5Z’‘’lS,’o:.n - . ri}

and hence, by the inductive hypothesis that - 6 for all
7/ £ Hq{D,} with 7/ > 0, which on noting (WMP) completes the proof of (6.16) and hence 
(6.14).
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It follows from (6.14) that there exists a w C L°°(Q) such that \ w > 0 pointwise 
as A; —> oo. Now define the inverse Laplacian € /^(//^(Q), P^(Q)) to be such that for all 
e e l2(q)

Assuming (Pl) it follows that Q G , Hq(D,)} A In addition, we have on
noting Sobolev embedding that Q G ^(//^(Q), 77i(Q) nC(Q)); and it is well-known that 
this Q is a compact operator. One can now show on noting (6.14) that w solves (6.1). 
Moreover, it can be shown that w is the maximal solution of (6.1), i.e. w = This is a 
rough outline of the proof of existence of u’l and of (6.3). (6.15) is now obvious, since by 
the above ■

Le Roux’s method has a further interesting property which is not mentioned in [28]: 
Applied to the ODE equivalent of (P) it yields the exact solution at every mesh point 
tn = nr. To see this, we consider for a > 0 the ODE

(6.17)

which can be regarded as a simple ODE model for (P). It is easy to see that the exact 
solution of (6.17) is given by

’ "it >Q . (6.18)

From the Le Roux discretization of (6.17),

P ..n
----------------r---------------- + ttwZ = 0 , (6.19)

and = g we obtain that for n > 1 the maximal solution u’l of (6.19) is given by

(6.20)

It follows inductively that

Ul = [9^ , Vn > 0 .

On comparing the last result with (6.18) we have that

= u(tn) , yn>Q. (6-21)
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Finally, we remark that Le Roux’s idea can also be used on (6.17) with p = 1, i.e. a 
linear ODE. The key is to note that

Hence, on approximating In u by t [In — In u” we obtain the numerical scheme

(6.22)

Again, with u'^ denoting the maximal solution of (6.22) it is straightforward to see that

w” = u{tn} = e , Vn > 0 , (6.23)

Also note that (6.21) and (6.23) remain valid for non-equidistant time steps r.

Finally we also discretize in space: the fully discrete Le Roux’s method with numerical 
integration is given for fixed time step t and fixed mesh size h by

(F^) For n > 1 find E Sq such that for all x E Sq,

(6.24)

(6.25)

For n > 1 the existence of a maximal solution of (6.24) can be shown similarly to 
the outlined existence proof for the semidiscrete problem (Fl) above. In this context we 
note that a discrete weak maximum principle is valid under assumption (WA) of section
2.3 and that we can replace the inverse Laplacian by the discrete inverse Laplacian with 
numerical integration which we defined in (5.25). In the following will denote the 
maximal solution of (6.24). We also note that has the finite time extinction property, 
i.e. it satisfies (6.5). This can be shown similarly to the semidiscrete situation by replacing 
the continuous L^ norms by their discrete analogues.

The fully discrete iterative linear method corresponding to (6.10) reads:

«/i,n—1

(6.26)

where
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2.7 Numerical Experiments

In this section we deal with the practical solution of {Pj!/} and (P^), the fully discrete 
problems with numerical integration. To keep matters simple we will assume throughout 
that

f = 0 and g > 0 in Q .

In subsection 2.7.1 we describe the system of nonlinear algebraic equations corresponding 
to {Pj!/} and its numerical treatment via the Newton method.

We then report on some numerical results in the case d = 1. Most of our computations 
deal with the case when (P) has a separable solution (cf. end of subsection 2.2.3). In 
subsection 2.7.2 we report on the discretization error for the fully discrete backward Euler 
method and compare our numerical results with the a priori error estimates of section 2.5. 
Our results suggest that the approximation error is determined by the behaviour in time 
of the exact solution. This will be studied further in subsection 2.7.3 both theoretically 
and computationally. In subsection 2.7.4 we exhibit some numerical results for (P^) with 
an emphasis on finite time extinction.

Finally, in subsection 2.7.5 we consider the case of non-separable solutions of (P), again 
for d = 1. We will first define the notion of a ‘computational extinction time’. Then we will 
present some computations which exhibit the profile in space of the fully discrete solutions 
of both the backward Euler and Le Roux’s method near the computational extinction time. 
In doing this our aim is to investigate whether the fully discrete solutions of both {P^} 
and (P^) show the kind of asymptotic behaviour which was described in Lemma 2.6 for 
the exact solution of (P).

2.7.1 The System of Nonlinear Algebraic Equations for {Pl!/}

Throughout the following we assume that (P3) and (P2) hold and that we are given a 
partitioning of Q which satisfies assumption (WA) of subsection 2.3.1. In practice, one 
considers a family {T^}h and (P^) is solved for some selected h and N, i.e. t.

In this subsection we let h > 0 and N G N be given and fixed. We begin with recalling 
that {Pj!/} with / = 0 is the following problem:

For n = 1 —> A find G Sq such that for all y G 5q

(7-1) 

(7.2)

We know from our previous analysis that if is given by (7.2) there exists a unique 
solution fijy” of (7.1) for n = 1 —> N.
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We now also fix n E {1,..., iV}. On choosing the standard basis functions {Xt}g:i for 
Sq we obtain the following nonlinear system for (7.1):

Find -ujy” = 13^1 ^fXji find = (I/p,..., E R^ such that

F(F^) := tKU^ + E^(U^) = F$(C/^-i), (7.3)

where and E are R'X. R matrices with entries Kij := (V^i, Eij := (l,Xi) ^^d
is given by its component functions

$,(V) :=0^(K-), i = VVeR^. (7.4)

Firstly, we note some properties of F: It is easy to see that F is differentiable with

FF(y) = tK + FF$(y), VV E R^.

On noting that E C'^’^(R) we have that DF is Lipschitz continuous. Since ED^{y) > 
0 W E R"^ and K is an AL-matrix under assumption (WA) (see §2.4.2 in [34]), DF{y} 
must also be an AL-matrix (see [36], 2.4.11). Noting that is convex on R^. we obtain 
that $ and F are convex on R^.

By the aforementioned properties of F we obtain from the Monotone Newton Theorem 
(cf. 13.3.4 in [36]) that the Newton iteration

G , if n = 1,
, if n > 1,

[t-F + FD$(F”’^)] = [tKU^>^ + F($(F^’^) - $(F^-i))],"
jjn,k+l _ jjn,k _ ^Un,k

where G denotes (^,.. .^gY E R^ with E R as defined after (F2), has the properties

[jn Q as k^OO,

F{U^} - E^{U^) = tKIF = -F[$(F") - $(F”-^)] > 0,

the convergence in (z) is quadratic, 

(7.5)

> A: = 0,1,2,..., (7.6)

(i) 

(“■) 

(in)

provided
and = Q < E^{U^-'^) < . (7.7)

On noting (7.3) and (7.4) we obtain inductively from (i) and (ii) that (7.7) holds for all 
n > 1, if

0 < and F(0) = 0 < E^{U^} < F{U^'^). (7.8)

Since we have that 0 < < ^, we also have that 0 < G = Furthermore, it follows
from (7.2) that 0 < and hence, by (7.3) and (7.4) that F(0) = 0. On the other hand, 
since KG > 0 (as /< is diagonally dominant, see e.g. §2.4.2 in [34]) and we have

Fi(G) = t{KGY + , z = 1 -> F.

Hence, (7.8) is satisfied.
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When solving (7.3) in practice (n fixed), one needs a criterion for which k > 0 the 
Newton iteration (7.6) is to be stopped. In order to give such a criterion we define for 
notational convenience functions by

With these definitions, (7.3) can be rewritten as

Ijn 4. . (7.9)

In order to see how well a Newton iterate from (7.6) solves (7.9), we set

p^n,k (7.10)

On subtracting (7.9) from (7.10) we obtain that

_ c/"] + [$([/"’'=) - $([;»)] = -R’‘ = Res"''’ (7.11)

Note that the first term on the left hand side of (7.11) is non-negative by (z). The second 
term is non-negative by (z), the monotonicity of and since K is an M-matrix. Hence, 
we have that

0 < U"'’’ -U" < Res"’’’ (7.12)

In our practical computations we will therefore stop the Newton iteration (7.6) if 

maxfRes"’*^ : i = 1 R} = maxfCZ"'* + -. i = IR] < Tol,

(7.13) 
where Tol is a. prescribed (small) tolerance. (7.13) is computationally not impractical for 
d = 1 cis the linear system which has to be solved can be dealt with by fast standard 
methods, see below. If (7.13) is satisfied for a certain A;, we set

(7.14)

We point out that what has been said in this subsection is valid for d = 1, 2 and 3. 
However, in the following subsections all our computations were only done for d = 1 and 
Q = (0,1). We quickly mention the practical peculiarities:

We chose equidistant meshes on [0,1], i.e. for fixed h there exists an R G N s.t. 
h = and the mesh points are given by Xi = ih, i = Q R A I- Straightforward 
calculations show

and that

that K is given by
2 if «■ = 7 ,

Kij — < 1 
h ' if - 7 = 1, > for i,j

, 0- if -7’1 > 0

Eij — h Sij , id =--l^R.
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We used a direct method to solve (7.6). Since r/< + £'79$”(V) is an M matrix, we can 
use Gaussian elimination without pivoting. As it is also tridiagonal, one can store it as an 
R X 3 or 3 X R matrix. Algorithms which are adapted to this storage are available and solve 
(7.6) with 0(7?) multiplications. We used the FORTRAN 77 code for an algorithm given 
in [31], p.424. Alternatively, on noting that tK + F7?$”(y) is symmetric and positive 
definite one could also use Cholesky factorization in order to solve the linear system (7.6).

For n fixed we chose h = 2“^ in our computations, i.e. 7?(/) = 2^ — 1, / = 3 -4- L. For 
fixed h we stopped the Newton iteration, if (7.13) was satisfied with Tol := 10“®.

A ,

2.7.2 Numerical Results for (Pfl/) in the Separable Case

In this subsection we present some numerical results for the problem mentioned at the end 
of subsection 2.2.3:

Let d=l,Q = (0,1), A = 1, p > 1 and consider the problem

dtup — ^xx U Qt ,

?z(.,0) = kw{'} in Q,

1
where k = [{p — l)rea:]P“^ and w E is given by

—w" = pw^ and w > 0 in Q .

(7.15)

(7.16)

(7.17)

As mentioned previously, the exact solution of (7.15), (7.16) is separable and given by

[(P- l)(7’ei - [O,?):!),
0 3e[Tei,J’].

u(a:,i) = where T'*(f) := •< (7.18)

As there is no explicit solution to (7.17), we solved it numerically by using COLSYS, 
a standard boundary value problems package for ordinary differential equations.

Our main aim in this section is to check the error estimates of (5.30) and (5.31) 
computationally. Since there is no practical way of monitoring the errors |u — 
and |u — vjvlo.Qr, involve continuous L^ norms, we resort to monitoring discrete
errors which is a standard practice, see e.g. [5]. This is done as follows.

We recall that for a given discrete time step r we set tn = nr, n = 1 —> N. Let

n^''* : C(Qt) -^{wi L°=‘(Qt) : For n = 1 Af, w 6 C([0,1] X ,

and for n = 1 N and i = 1 -4 R + 1,

w linear in space and constant in time on [a^i-i, •^i] (?n—l??n]}

be given by
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On noting (3.13) we have that

1^ - '^JvIo.Qt. < - n^’^^lo,Qt. +

where 1
2- N

. n=l

N R

n=lt=l

On assuming that E^h) qu > 0, we obtain that 2’“F?y(/i) — El{2h) 0 and
hence that qu log2 E^h) • given /i > 0 we therefore define the computational order 
of convergence as

Similarly, on defining Ey{h) analogously to E^h) and assuming that E^h) « Ch^'^

Note that our computational orders of convergence qu{h) and qv{h} do not take into 
account the approximation errors |w — and |u — Theoretically
these errors are also difficult to bound as we do not know the (existence of the) derivatives 
of u with respect to time and of v with respect to the space variable(s).

In Tables 2.1 and 2.2 we show E^^^h) and qu{h} for p = 2 and 5, h = 2“^, 2“^,.... 
The extinction time Tex in (7.18) was chosen to be 0.25. We chose T = 0.5 and t = h 
and from which it follows that T*, the time end of the computation, coincides with a 
mesh point in time: T* = T = 2^“^ x 2”^ For r = /i we computed up to /i = 2“^^ (i.e. 
r = 2“^2 ~ 2.4 X 10“'^) and for t = up to h = (i.e. r = 2“^® 1.5 x 10“®). In
both cases the total number of mesh points on [0,1] X [0,0.5] is about 2^^ 8.4 x 10®.

Table 2.1: E^^^h) and qu{h} lor p = 2 with Tex = 0.25 and T^ = T = 0.5

T = h r =

h ELW qu{h} EUh} 9u(/i)

2-3 0.12035673 — Q.Q222Q2QS —
2-4 0.06551429 0.8774 0.00605239 1.8790
2-5 0.03543913 0.8865 0.00157847 1.9390
2-5 0.01891377 0.9059 0.00040235 1.9720
2-'^ 0.00994855 0.9269 0.00010142 1.9881
2-8 0.00516550 0.9456 0.00002544 1.9952
2-® 0.00265390 0.9608 — —
2-10 0.00135249 0.9725 — —
2-11 0.00068514 0.9812 — —
2-12 0.00034559 0.9873 — —
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Table 2.1 suggests that for p = 2 the order of convergence is 0(7") whereas Table
2.2 suggests that for p = 5 the order of convergence is Note that both rates of
convergence are better than predicted: (5.30) yields 0{t^‘^'^) for p = 2 and O(t®'^^) for 
p = ^. We note however, that (5.30) bounds |w - wJvIo.Qt, 5 better.

Table 2.2: E^h} and qu{h) lor p = 5 with Tex = 0.25 and T^ = T = 0.5

T = h T =
h g«(A) Qu{h}

0.20194757 — 0.05863779 —
2-4 0.12685315 0.6708 0.02273196 1.3671
2-5 0.07960638 0.6722 0.00871865 1.3825
2-5 0.04992887 0.6730 0.00331439 1.3954
2-7 0.03128963 0.6742 0.00125330 1.4030
2-« 0.01958286 0.6761 0.00047234 1.4079
2-^ 0.01223322 0.6788 — —
2-10 0.00762385 0.6822 — —
2-11 0.00473867 0.6860 — —
2-12 0.00293754 0.6899 — —

The following Tables 2.3 and 2.4 are analogues of Tables 2.1 and 2.2 with u replaced 
by v; all other parameters are kept the same: Tex = 0.25 and T* = 0.5.

Table 2.3: E^h} and qy{h) lor p = 2 with Tex = 0.25 and T* = T = 0.5

T = h r =

h 7v(/i)
2-^ 0.07484528 — 0.01394176 —
2-4 0.04041038 0.8892 0.00354062 1.9773
2-5 0.02101655 0.9432 0.00088871 1.9942
2-6 0.01072872 0.9700 0.00022241 1.9986
2-7 0.00542223 0.9845 0.00005561 1.9996
2-8 0.00272592 0.9921 0.00001390 1.9999
2-9 0.00136670 0.9961 — —
2-10 0.00068428 0.9980 — —
2-11 0.00034238 0.9990 — —
2-12 0.00017125 0.9995 — —
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Table 2.4: E^(/z) and qv{h} for p = 5 with Tex = 0.25 and Ti, = T = 0.5

r = h T = h^

h EUh) ?v(/i)
2-3 0.08191118 — 0.02366867 —
2-4 0.03618808 1.1785 0.00547222 2.1128
2-5 0.01701051 1.0891 0.00136223 2.0062
2-6 0.00823919 1.0459 0.00034023 2.0014
2-" 0.00405542 1.0227 0.00008504 2.0003
2-8 0.00201256 1.0108 0.00002126 2.0001
2-® 0.00100277 1.0050 — —
2-10 0.00050058 1.0023 — —
2-11 0.00025011 1.0010 — —
2-12 0.00012501 1.0005 — —

From Tables 2.3 and 2.4 we infer that the order of convergence is 0{t} as predicted 
by (5.31). Table 2.5 shows that in general we see the predicted order of convergence for 

but a better order of convergence for when we compare the computational results 
with our theory. As before the orders of convergence are expressed in terms of a power of 
h in Table 2.5 and Tex = 0.25, T* = T = 0.5.

Table 2.5: Computational and theoretical orders of convergence for different values of p

T = h T = Theory (r = Ch}

P 9v(2-«) qv{2-^} (5.30) (5.31)

1.5 0.9984 0.9990 1.9998 1.9999 0.8000 1.0000
2.0 0.9873 0.9995 1.9952 1.9999 0.6667 1.0000

2.5 0.9306 0.9997 1.9213 1.9999 0.5714 1.0000
3.0 0.8571 0.9998 1.7719 2.0000 0.5000 1.0000

3.5 0.7969 1.0000 1.6399 2.0000 0.4444 1.0000

4.0 0.7522 1.0001 1.5396 2.0000 0.4000 1.0000

4.5 0.7176 1.0003 1.4641 2.0000 0.3636 1.0000

5.0 0.6899 1.0005 1.4079 2.0001 0.3333 1.0000

Next, we want to remark on a special feature of the computations above: We chose 
Tex and T so that they coincided with mesh points in time.

The Tables 2.6 and 2.7 are analogues of Tables 2.1 and 2.2 but with Tex = 0.2 and 
T = 0.4. Now these points do not coincide with a mesh point in time. We have included 
the values of T* according to (4.1) in separate columns.
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Table 2.6: E^{h) and qu{h) lor p = 2 with Tex = 0.2 and T = 0.4

T = h T =

h T, E^h) 7u(/i) T, ELW 9u(A)

2-^ 0.375000 0.08188825 — 0.390625 0.01856099 —
2-^ 0.375000 0.05260402 0.6385 0.398438 0.00517114 1.8437
2-5 0.375000 0.02899146 0.8595 0.399414 0.00131920 1.9248
2-5 0.390625 0.01619551 0.8400 0.399902 0.00034868 1.9656
2-7 0.398438 0.00860460 0.9124 0.399963 0.00008806 1.9854
2-8 0.398438 0.00454044 0.9223 0.399994 0.00002210 1.9941
2-^ 0.398438 0.00234278 0.9546 — — —
2-10 0.399414 0.00120074 0.9643 — — —
2-11 0.399902 0.00060957 0.9781 — — —
2-12 0.399902 0.00030817 0.9841 — — —

Table 2.7: and for p = 5 with Tex = 0.2 and T = 0.4

T = h r = /i2

h T, E^h} qu{h} T, ELW
2-3 0.375000 0.13761134 — 0.390625 0.05006703 —
2-4 0.375000 0.05566873 1.3057 0.398438 0.01482894 1.7554
2-5 0.375000 0.04781176 0.2195 0.399414 0.00772589 0.9406
2-5 0.390625 0.04326621 0.1443 0.399902 0.00239636 1.6889
2-7 0.398438 0.02400518 0.8498 0.399963 0.00113886 1.0733
2-8 0.398438 0.01186907 1.0161 0.399994 0.00036664 1.6352
2-^ 0.398438 0.00861822 0.4617 — — —
2-10 0.399414 0.00679117 0.3437 — — —
2-11 0.399902 0.00384617 0.8202 — — —
2-12 0.399902 0.00205132 0.9069 — — —

Obviously, the fact that T* does not have the same value for all time steps has an 
effect on the computational order of convergence. Because of the oscillatory behaviour 
especially for r = h and p = 5 it is no longer clear what the computational order of 
convergence actually is. As far as analogues of Tables 2.6 and 2.7 for the computation 
of are concerned, we report that although the numerical results showed an oscillatory 
behaviour for the computational orders of convergence, this was far less pronounced: for 
r = h and p = 5 the values of qv{h) ranged between 1.0276 and 0.9897 for h ranging 
between 2“® and 2“^2.
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One can of course argue that in Tables 2.6 and 2.7 T* depends on h, i.e. on r, and one 
should therefore normalize E^h) and qu{h}:

■.= Iog2 - •
ft^;(ft)

However, as the comparison of Tables 2.8 and 2.7 shows the effect of this normalization is
small compared to the oscillations in the computational order of convergence:

Table 2.8: E^h} and qu{h) for p = 5 with Ter = 0.2 and T = 0.4

T = h T =

h ELW 9u(A)

2-3 Q.14212438 — 0.05066428 —
2-4 0.05749442 1.3057 0.01485798 1.7697
2-3 0.04937977 0.2195 0.00773156 0.9424
2-3 0.04378233 0.1736 0.00239665 1.6897

0.02409941 1.0604 0.00113891 1.0734
2-3 0.01189131 1.0190 0.00036664 1.6352
2-9 0.00863510 0.4617 — —
2-10 0.00679615 0.3455 — —
2-11 0.00384664 0.8211 — —
2-12 0.00205157 0.9069 — —

We now remark upon the fact that above we computed a separable solution of (P) for 
d = 1. The generic form of the equation in time obtained from separating the variables in 

(7.15) is
+ aw = 0 in (0,r], v = .

dt
For a = with 3 > 0 and the initial valuep—1

«(0) = > 0

(7.19)

(7.20)

(7.21)

the exact solution of (7.19), (7.20) is given by

’'(«) = [s’”'fe[0,T],

which is analogous to T*(f) in (7.18). Note that independently of p > 1, u{t) vanishes for 
[^^^,7"]. Hence, for

5 = 1 (7.22)

and (3 = 4: and T = 0.5 [resp. (3 = 5 and T = 0.4] we have a situation analogous to the 
computations for Tables 2.1 - 2.5 [resp. Tables 2.6 and 2.7]. We also note that in our 
practical computations of the ODE (7.19) the analogue of (7.13) reads as 

[(tZ”’*')’’ - (tZ”"^)’’] < Tol. (7.23)
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In Table 2.9 we compare the computational orders of convergence of (P^) for the PDE 
(7.15) with those obtained from applying the backward Euler method to the ODE (7.19). 
For the PDE the initial values are given by (7.16) and (7.17), for the ODE by (7.20) and 
(7.22). Note that Tex = 0.25 and T = 0.5 coincide with mesh points, and q^ in the 
fourth and fifth column are defined analogously to the PDE case. The numbers for the 
PDE are in good agreement with those for the ODE.

Table 2.9: Comp, orders of convergence for PDE and ODE with Tex = 0.25 and T = 0.5

PDE (7.15) ODE (7.19)

p ««(2-«) 7v(2-^2) 9v(2-^^)

1.5 0.9984 0.9990 0.9996 0.9997
2.0 0.9873 0.9995 0.9946 0.9999
2.5 0.9306 0.9997 0.9467 0.9999
3.0 0.8571 0.9998 0.8708 0.9999
3.5 0.7969 1.0000 0.8064 0.9999

4.0 0.7522 1.0001 0.7589 0.9999
4.5 0.7176 1.0003 0.7239 0.9999
5.0 0.6899 1.0005 0.6964 1.0000

The following Table 2.10 is an analogue of Tables 2.6 and 2.7 for the ODE case where 
the extinction time Tex = 0.2 is not a mesh point. Eu{t) is defined analogously to E^h) 
of the PDE case. It is quite remarkable how well the computational orders of convergence 
gu('r) for p = 2 below agree with the corresponding figures in Table 2.6.

Table 2.10: E'u('r) and 9u(7’) for ODE case with Tex = 0.2 and T = 0.4

p = 2 p = 4

r T* Su(r) E.(r) 9«(^)
2-6 0.390625 0.01986583 — 0.04209009 —
2-7 0.398438 0.01056667 0.9108 0.02292756 0.8763
2-8 0.398438 0.00557896 0.9215 0.01204525 0.9286
2-9 0.398438 0.00287942 0.9542 0.00794035 0.6012
2-10 0.399414 0.00147598 0.9641 0.00575887 0.4631
2-11 0.399902 0.00074929 0.9780 0.00320243 0.8468
2-12 0.399902 0.00037885 0.9840 0.00174532 0.8756
2-13 0.399902 0.00019071 0.9902 0.00109421 0.6736
2-14 0.399963 0.00009579 0.9933 0.00073306 0.5778

Similarly to the remark after Table 2.7 we report that in the computation of in the 
ODE case the oscillatory behaviour of is again far less pronounced: for p = 4 the 
values of range between 0.9826 and 0.9999 for t ranging between 2“^ and 2~^^.
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2.7.3 Error Analysis for the ODE

Because of the remarkable similarities between the numerical results for the PDE (7.15) 
and the ODE (7.19) we now analyse the backward Euler method applied to (7.19). Al­
though one could do this using Rulla’s techniques [39] which we have employed in section 
2.4, our analysis starts from first principles and is very straightforward.

With 0(s) = sign(s) |sp, s E R, (7.19) can be rewritten more generally as

^0(u) -H au = 0 on [0, T],

where we remind the reader that a > 0. On choosing r = A E N, we set := nr, n = 
1 —> A, and approximate u'^ = u{tn} via the backward Euler method

-------L 4. Q , n = 1 A .
T

We first show that for non-negative initial values the numerical solution lies above the 
exact solution. This will be crucial in our error analysis.

(7.24)

(7.25)

Lemma 2.13 Let = g >Q and p > 1. Then we have that

(7.26)

Proof. Introducing for notational convenience a function 0 : K —> R by

(7.25) can be rewritten as

0(s) = cxTs 4- , s E R , (7.27)

(7.28)

On integrating (7.24) on we have that

0(u”) + a [ udt = ^{u^~^}. 
dtn-l

(7.29)

The exact solution u of (7.24) is given by (7.21), in particular u is non-increasing. Hence, 
we have that

0(u”) + cvru” < -p a [ udt.
dtn-l

On noting (7.27) it follows from (7.29) and (7.30) that

(7.30)

(7-31)

Next, we note that 0 is strictly monotone. Since -0' = or + <^^ > 0, is invertible with 
(■0“^)^ > 0, i.e. is also strictly monotone. The first inequality in (7.26) now follows 
inductively from (7.28) and (7.31); the second is an immediate consequence of (7.21). ■



120 CHAPTER 2. A SEMILINEAR DEGENERATE PARABOLIC PROBLEM

In order to prove error bounds for the backward Euler method applied to (7.19) we 
need the following well-known ‘summation by parts’ formulae (where we use superscripts):

m
£[(«"
n=l

m

j=n

m m

n=l j='n

m

n=l

.n=l

Also needed is the following standard bound: Let p > 1 and a, 6 > 0. Then

(7.32)

(7.33)

(7.35)

We introduce some more notation: Let [/, u be the piecewise constant functions given 

by

U{t) := ,

C/(0) ;= ,

?z(t):=?z”, if i e (i„_i,tn], 

w(0) := .

We define for r E [1, cxd] discrete L^ errors and computational orders of convergence as

- N
Eu,r[r}

- n=l

, , £u,r(2T)
gu.ri.T) := log; .

^u,r V /

1_
r

, if r < oo ; Eu oo(t) '= max (w’’' — ,
’ n=l->N

Analogous definitions hold for v and V.

Lemma 2.14 Let = g > 0 and p > 1. Then we have that

<

<

<

< Ct, (7.36)
£±i

(7.37)Cr ,

2 
Ctp+i , (7.38)

Ctp , (7.39)

Ct. (7.40)

<
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ProoL On noting that iz is non-increasing we obtain from integrating (7.24) on (t„_i, tn] 
that

(7.41)
Jtn-1

Let = (^(iz’^) — e'^ = u'^ — and 6^ = — u) dt < 0. Subtracting

(7.25) from (7.41) yields that
_ ^n-1 

r

Hence, for 1 < m < we have that

m m

T

(7-42)+ ae^ = .

m

n=l j=n n=l

From (7.43) we obtain on noting(7.32), (7.33) and = 0 that

m / m \ m m f i
r££"e" + f r£e» + £(e’>)2 = ar r ]

n=l \ n=l / n=l n=l \ jz
(7-44)

As 6^ < 0 and by (7.26) e'^ < 0, it follows from (7.44) that

m / m m / m \ / m \
+ ^^2 £(^n)2 < „ / £ k £ e" .

n=l \ n=l / n=l \ n=l / \ n=l /

Applying Young’s inequality we obtain that
m / m \'^ m / m \Z 2

r^F"e" + | r^c" + ^(e")^ < C r^5"l =C( {u-u)dt] <Ct^
n=l \ n=l / n=l \ n=l /

(7-45)
since from (7.21) it is easily seen that E £\0,r) for all p > 1.

The desired result (7.36) now is an immediate consequence of the bound on the second 
term in (7.45) and (7.26). (7.38) follows from the bound on the first term in (7.45) 
on noting (7.35). The desired bound (7.37) can be obtained from (7.36) and (7.38) via 
interpolation: With 7 E (0,1] we have on noting Holder’s inequality that

T* / T \ / T \\^-^\lRo,T} = J \u-U\'<\u-U\^-'<dt< (j |ii-(7|</t) (j \u-U\^dtj

(7-46) 
We can bound the first factor on the right hand side of (7.46) on noting (7.36). In order 
to use (7.38) to bound the second factor, we choose = p + 1 and hence 7 = and 
1 — 7 = ^. Thus, we obtain from (7.46) that

_ _ E2J. _ E±i p-l 2 £±i
1^ ~ ^Il2(o,t) — 1^ “ ^IlP(o,T) ~ p TP = Ct p

which proves (7.37).
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Next, we prove (7.40). It follows from (7.42) that

"I" e'^E^ = ra
n=l

m

n=l
(7.47)

On noting (7.34) and E^ = 0 we obtain that

m m

+1E1^" - ™ E
n=l n=l

On applying Holder’s and Young’s inequality we have that

m m
^\E^\^ +1 1^” -

n=l n=l
< J max 

n=l—>7n

< 1
4 max 

n=l—>m

As (7.48) is valid for all 1 < m < TV, it also holds if we replace the left hand side by its 
maximum over m — 1 N. Hence, on noting that the second and third term in (7.48) 
are non-negative we obtain that

max
n=l-^N ~

which proves (7.40). Obviously, (7.39) follows from (7.40) on noting (7.35).

We note that it is not possible to adapt the proof above in order to derive bounds 
analogous to (7.36) - (7.40) for the PDE case, i.e. when a in (7.19) is replaced by —A: 
Proceeding similarly as in the proof of Lemma 2.14 the equation analogous to (7.44) reads

m / m
r£<K’‘,e”) + l V 

n=l \ n=l

2 m ml I ^ \ \

+ E ( k E«J) •
0,n 71=1 n=l \ y j=n J !

(7.49) 
However, we have now no control over the sign of (V5”, Ve"^) and so we cannot proceed 
further to prove bounds analogous to (7.36) - (7.38). Similarly, because of the appearance 
of V in the analogue of (7.47), it is not possible to obtain analogues of the bounds (7.39) 
and (7.40). Note that the same is true for the proof of the first inequality in (7.26).
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Table 2.11 shows the computational orders Qu,i(2“^'^), Qu,2(2~^'^), ^ti,p+i(2“^'*) and 
9u,oo(2“^'^) as compared to the corresponding theoretical orders from (7.36), (7.37), (7.38) 
and (7.39) for different values of p. The computation was done with Tex = 0.25 and 
T = 0.5, i.e. both points coincide with mesh points.

Table 2.11: Computational and theoretical orders of convergence for ODE (7.19)

p 1.0000 9u,2(2-“‘) E±1
2p

9„.p+i(2-“) 2 
p+1

9»,oo(2-‘'‘) 1 
p

1.5 0.9999 1.0000 0.9996 0.8333 0.9995 0.8000 0.9994 0.6667

2.0 1.0000 1.0000 0.9946 0.7500 0.9875 0.6666 0.8708 0.5000

2.5 1.0010 1.0000 0.9467 0.7000 0.8340 0.5714 0.5845 0.4000

3.0 1.0038 1.0000 0.8708 0.6667 0.6750 0.5000 0.4406 0.3333

3.5 1.0080 1.0000 0.8064 0.6429 0.5659 0.4444 0.3537 0.2857

4.0 1.0125 1.0000 0.7589 0.6250 0.4879 0.4000 0.2956 0.2500

4.5 1.0167 1.0000 0.7239 0.6111 0.4293 0.3636 0.2540 0.2222

5.0 1.0201 1.0000 0.6963 0.6000 0.3839 0.3333 0.2227 0.2000

On comparing the numbers of the second and third column in Table 2.11 we see that 
the bound (7.36) is sharp. We recall from the proof of Lemma 2.14 that (7.36) was obtained 
from the bound on the second term in (7.45).

The bound (7.38) was obtained from the bound on the first term in (7.45) on noting 
(7.35). From the sixth and seventh column in Table 2.11 we see that the computational 
order of convergence is better than the theoretical.

In Table 2.12 we show the computational order of convergence for the first term in 
(7.45), where we define

N
:= log, ® with £(r) := r - ^(tZ**)][u” - U’'].

^(^) n=l

Table 2.12: Computational orders for the first term in (7.45)

P 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
7^2-14) 1.9994 1.9993 1.9985 1.9976 1.9983 2.0012 2.0056 2.0105

Table 2.12 suggests that the bound on the first term in (7.45) is sharp. Obviously, 
since we have obtained the bound (7.37) from interpolating (7.36) and the suboptimal 
(7.38), it is no surprise that (7.37) is also suboptimal, as is seen on comparing the fourth 
and fifth column of Table 2.11.



124 CHAPTER 2. A SEMILINEAR DEGENERATE PARABOLIC PROBLEM

The bound (7.39) was obtained from the bound (7.40) on noting (7.35). From the 
eighth and nineth column in Table 2.11 we see that the computational order of convergence 
is better than the theoretical. However, Table 2.13 shows that the bound (7.40) is sharp 
(the computations were again done with Tex = 0.25 and T = 0.5):

Table 2.13: 9v,oo(2 for different values of p.

p 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
0.9996 0.9998 0.9997 0.9997 0.9997 0.9996 0.9995 0.9994

We conclude this subsection with the remark that if we choose Tex = 0.2 and T = 0.4, 
we again see the ‘oscillatory behaviour’ of the computational orders of convergence we 
have seen before in this situation (cf. Tables 2.7, 2.8 and 2.10). As an example of this we 
show in Table 2.14 the numerical results for p = 4.

Table 2.14: Comput. orders of conv. for ODE case with p = 4, T^x = 0.2 and T = 0.4

T 9u,l(l') 9«,2(’’) 9u,p+l(7-) 9«,oo (t")
2-7 1.1477 0.8763 0.6055 0.4056
2-8 1.1034 0.9286 0.8097 0.6449
2-® 0.9526 0.6012 0.2245 -0.0063
2-10 0.8772 0.4631 0.1825 -0.0113
2-11 1.0612 0.8468 0.5806 0.3785
2-12 1.0405 0.8756 0.6912 0.5151
2-13 0.9821 0.6736 0.3517 0.1345
2-1^ 0.9515 0.5778 0.2821 0.1053

Although the computational orders of convergence in Table 2.14 ‘oscillate’, it is in­
teresting to observe that on average they (nearly) yield the corresponding computational 
orders Qu,r(2“^'^) from Table 2.11 for p = 4: With

14

qu,r 8 )

n=7

we have that = 1.0145, qu,2 = 0.7304, qu,p+i = 0.4660 and qu,oo = 0.2708 as compared 
to 1.0125, 0.7589, 0.4879 and 0.2956 from Table 2.11.
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2.7.4 Some Numerical Results for Le Roux’s Method

In the previous two subsections we presented some numerical results for the backward 
Euler method applied to the ODE (7.19) and (7.20). This was motivated by the fact that 
we have so far considered the case where (P) has a separable solution. However, as we 
pointed out in section 2.6 (7.19) and (7.20) can also be considered as a simple ODE model 
for (P) generally.

We have seen in section 2.6 that Le Roux’s method applied to (7.19) and (7.20) yields 
a discrete solution which is exact at every mesh point and which can be given explicitly, 
see (6.18) and (6.21). Hence, there is no need for computations. Nonetheless, it seems to 
us that the ODE

+ aul = 0

(7.50)

(7.51)

+ cvu = 0 , iz(0) = g >0

and its Le Roux’s discretization

p ..n
p-i “i r------------

provide a good test case for the iterative solver (6.10). After some simple algebraic ma­
nipulations we can rewrite the iteration in its ODE adapted form as:

Firstly, we note that a stopping criterion is needed for the iteration. To this end we 
rewrite (7.51) notationally somewhat simpler as:

Let a = ^2”^ find s* = E [0, a] such that

F(s*) = 0 where P(s) := s(s^ ^) + /25 = 0 (7.53)

and M := p
We have that 

p'(s) = ps^~^

> 0.
1

s. = is a root of (7.53), i.e. F(s.) — 0. Next, we have that
+ [/z — Hence, on letting D = — fj. we obtain that

F'M

f"(3)

if
if

D > 0,
D < 0,

for s > 0 .

(P-I)^,

1 -0 .
> 0

and consequently
F'(5) > F'{s,) > 0 (7.54)

provided
s > s*. (7.55)
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The iterates (ii2’^)A:>o of (7.52) satisfy > s* as we have seen for the more general
Ti kPDE case in Lemma 2.11. Hence, (7.55) is satisfied for s = Uj^’ . Thus we obtain on noting 

the Mean Value Theorem and (7.54) that 

where < rj < s. Hence, on assuming that

flP-i - p, 0D = (7.56)

we obtain that

< s < s* Tol

provided
z

F{s} < F'(s*) Tol= < (P-1)7?,
-D

Note that (7.56) translated back means that extinction does not occur at a mesh point in 
time, see the above notation and (6.20). Also note that the stopping criterion (7.57) uses 
s*, the root of (7.53), which is unknown in the PDE case.

> Tol. (7.57)
if P > 0 ,
if n < 0

The data for all the following numerical results are as before: For the exact solution u 
of (7.50) which is given by (6.18) we choose g = 1 and a = i.e. u(t) = [1 ~ .
Wq set = 5 and obtain the extinction time of the exact solution as Tex = 0.2.

In the following Table 2.15 we show for different values of p and t the behaviour of 
the Le Roux approximation to (7.50) around Tex when is obtained from (7.52) with 
stopping criterion (7.57) and

Tol = 10"®

For each time step r the values of t in Table 2.15 are those seven mesh points tn which 

are closest to Tex- By Cu-ul {t} we denote the error Iw(^n) — ^21 number of
71 fc'iterations after which (7.52) was stopped, i.e -

Firstly, we note from Table 2.15 that the values of e^-u^ (i) are smaller than Tol = 10"® 
for all t > Tex'i i.e. within the precision of our computations we can say that becomes 
extinct immediately after Tex = 0.2 as expected. Secondly, when t is closest to Tex (the 
values of such t have a next to them) a large number of iterations is required. Finally not 
surprisingly , we note a certain kind of‘error propagation’ since 7^ -u(tn-i).
Before the extinction time is reached the error (f) is larger than Tol = 10"®.
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Table 2.15: Le Roux’s method: behaviour around extinction time Tex = 0.2

p = 2 p = 3 p = 4
T t ^U — U L (^) f^it Cu-Uf, (^) ^it ^U-Ul (^)

0.19628906250000 0.6698 xl0“® 12 0.2202 X10-® 11 0.2868 X10-® 11
0.19726562500000 0.6796 X10-® 14 0.2575 X10-® 13 0.3520 X10-® 13
0.19824218750000 0.6890 X10-® 19 0.3219 X10-® 18 0.4733 X10-® 17
0.19921875000000 0.6969 xlO-^ 36 0.4837 X10-® 33 0.8136 X10-® 31

*0.20019531250000 0.9631 X10-® 94 0.9256 X10-® 185 0.9602 X10-® 264
0.20117187500000 0.9631 X10-® 0 0.9256 X10-® 0 0.9602 X10-® 0
0.20214843750000 0.9631 X10-® 0 0.9256 X10-® 0 0.9602 X10-® 0

2-“

0.19824218750000 0.7043 X10-® 12 0.5214 X10-® 11 0.1832 xlO"^ 11
0.19873046875000 0.7130 X10-® 14 0.6141 X10-® 14 0.2276 xlO-^ 13
0.19921875000000 0.7202 X10-® 20 0.7849 X10-® 19 0.3147 xlO-^ 18
0.19970703125000 0.7281 X10-® 43 0.1280 xlO"^ 41 0.6051 xlO"^ 39

*0.20019531250000 0.9653 X10-® 37 0.8816 X10-® 73 0.9861 X10-® 103
0.20068359375000 0.9653 X10-® 0 0.8816 X10-® 0 0.9861 X10-® 0
0.20117187500000 0.9653 X10-® 0 0.8816 X10-® 0 0.9861 X10-® 0

2-12

0.19921875000000 0.2546 X10-® 12 0.2198 xlO-^ 12 0.3815 xlO-^ 11
0.19946289062500 0.2553 xlO-5 15 0.2651 xlO-'* 15 0.4898 xlO-'^ 14
0.19970703125000 0.2561 X10-® 23 0.3590 xlO-^ 23 0.7336 xlO-^ 22

*0.19995117187500 0.2571 xlO-5 101 0.8774 xlO-^ 105 0.2415 xlO-3 101
0.20019531250000 0.5972 X10-® 9 0.6438 X10-® 17 0.6520 X10-® 23
0.20043945312500 0.5972 X10-® 0 0.6438 X10-® 0 0.6520 X10-® 0
0.20068359375000 0.5972 X10-® 0 0.6438 X10-® 0 0.6520 X10-® 0

2-13

0.19958496093750 0.3227 X10-® 11 0.2337 xlO-^ 11 0.3981 xlO-^ 11
0.19970703125000 0.3236 xlO"® 13 0.2781 xlO-^ 14 0.5021 xlO-^ 13
0.19982910156250 0.3245 X10-® 19 0.3641 xlO-^ 20 0.7191 xlO-^ 19

*0.19995117187500 0.3254 X10-® 52 0.6803 xlO-^ 55 0.1655 xlO-3 53
0.20007324218750 0.7804 xlO-8 17 0.7580 X10-® 35 0.8786 X10-® 49
0.20019531250000 0.7804 xlO"® 0 0.7580 X10-® 0 0.8786 X10-® 0
0.20031738281250 0.7804 xlO"® 0 0.7580 X10-® 0 0.8786 X10-® 0

2-1^

0.19976806640625 0.2663 X10-® 9 0.2000 xlO"^ 10 0.3497 xlO-^ 10
0.19982910156250 0.2671 xlO"® 11 0.2330 xlO"^ 12 0.4287 xlO"^ 12

0.19989013671875 0.2679 X10-® 15 0.2906 xlO-^ 16 0.5754 xlO-^ 16

0.19995117187500 0.2689 X10-® 27 0.4357 xlO-^ 30 0.9872 xlO-^ 29
*0.20001220703125 0.9599 X10-® 74 0.9299 X10-® 172 0.9792 X10-® 254
0.20007324218750 0.9599 xlO-8 0 0.9299 X10-® 0 0.9792 X10-® 0
0.20013427734375 0.9599 X10-® 0 0.9299 X10-® 0 0.9792 X10-® 0
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In Table 2.16 we present a test of the computations above. Instead of starting the 
iteration (7.52) at time level tn with the Eomputational result of the previous time level 
tn-i, we start it with the known Exact solution of (7.50) of the previous time level and 
replace in (7.52) with u(tn-i}- We only present the results for t = 2”^^ and

Table 2.16: Test of Le Roux’s method: behaviour around extinction time Tex = 0.2

p = 2 p = 3 p = 4
T t Cu-ul kit kit Cu-ul (t) kit

2-“

0.19824218750000 0.4576 X10-® 12 0.8033 xlO”® 11 0.4642 xlO”® 11
0.19873046875000 0.8716 X10-® 14 0.4853 X10-® 14 0.7607 X10-® 13
0.19921875000000 0.7132 X10-® 20 0.7395 xlO”® 19 0.8312 xlO”® 18
0.19970703125000 0.8007 X10-® 43 0.8425 xlO”® 41 0.8295 xlO”® 39

*0.20019531250000 0.9543 xl0“® 37 0.8623 X10-® 73 0.9298 xlO”® 103
0.20068359375000 0.0000 X10-® 0 0.0000 xlO”® 0 0.0000 X10-® 0
0.20117187500000 0.0000 xlO”® 0 0.0000 xlO”® 0 0.0000 xlO”® 0

2-12

0.19921875000000 0.5476 xl0“® 12 0.4643 xlO”® 12 0.9932 xlO”® 11

0.19946289062500 0.7184 xlO”® 15 0.6164 xlO”® 15 0.9943 X10-® 14

0.19970703125000 0.8447 xlO”® 23 0.7305 xlO”® 23 0.7898 xlO”® 22

*0.19995117187500 0.9863 xlO”® 102 0.9079 xlO”® 106 0.8999 xlO”® 102

0.20019531250000 0.5472 X10-® 9 0.5593 X10-® 17 0.5504 xlO”® 23
0.20043945312500 0.0000 xio-8 0 0.0000 xlO”® 0 0.0000 X10-® 0

0.20068359375000 0.0000 xlO”® 0 0.0000 xlO”® 0 0.0000 xlO”® 0

Firstly note from Table 2.16 that is always less than Tol = 10~® which
suggests that our FORTRAN code is correct. Next note that from the second time level 
after extinction onward Eu-u^ (t) is identically 0, since the iteration was started with 0, the 
exact solution at the previous time level. Finally, note that the number of iterations kit 
needed is hardly different from the corresponding number in Table 2.15 which we interpret 
as the two computations being consistent.

Before we turn to the fully discrete Le Roux’s method for (P) we consider the same 
computations as above but for the backward Euler method in order to see whether the 
computational results also capture extinction in finite time. The following Table 2.17 is 
an analogue of Table 2.15 for the backward Euler method applied to (7.50) instead of Le 
Roux’s method. As before in the case of the backward Euler method we use Newton’s 
Method to solve the nonlinear discrete equation in practice. For t = tn, a mesh point, we 

set Eu-UEuier(.^} •” I^Gn) ~ U‘^\i whcrc denotes the backward Euler approximation of 
(7.50) at t = tn- Here, ka denotes the number of iterations needed before the stopping 
criterion (7.23) is satisfied where we set again Tol = 10”®. Again, we show the results for 
T = 2”^^ and r = 2”^^ only.
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Table 2.17: Backward Euler method: behaviour around extinction time Tex = 0.2

p = 2 p = 3 p = 4
r t ^U — UEuler (^) kit eu-UBuler(^) kit ^n-UEuler (^) kit

2-11

0.19824218750000 0.5210 xl0"2 3 0.1359 xlO-^ 3 0.1362 xl0“^ 4
0.19873046875000 0.5421 xlO-2 3 0.1635 xlO-i 3 0.1739 xlO-i 4

0.19921875000000 0.5671 xlO-2 3 0.2089 xlO-i 4 0.2427 xl0-‘ 4

0.19970703125000 0.5978 xlO-2 3 0.3066 xlO-i 4 0.4196 xlO-^ 4
*0.20019531250000 0.5391 xlO-2 3 0.5170 xlO-i 4 0.1187 xl0-° 4
0.20068359375000 0.3477 xlO-2 3 0.3021 xlO-i 4 0.5762 xlO-i 5
0.20117187500000 0.1807 xlO-2 4 0.7414 xlO-2 4 0.3388 xlO-2 3

2-12

0.19921875000000 0.3033 xlO-2 3 0.1166 xlO-i 3 0.1339 xlO-i 4
0.19946289062500 0.3140 xlO-2 3 0.1414 xlO-i 3 0.1739 xlO-i 4
0.19970703125000 0.3266 xlO-2 3 0.1851 xlO-^ 4 0.2532 xlO-^ 4

*0.19995117187500 0.3421 xlO-2 3 0.3056 xlO-i 4 0.5378 xlO-i 4

0.20019531250000 0.2642 xlO-2 3 0.3342 xlO-^ 4 0.8307 xlO-^ 4

0.20043945312500 0.1690 xlO-2 3 0.1747 xlO-i 4 0.2883 xlO-^ 4
0.20068359375000 0.8641 xlO-3 3 0.2897 xlO-2 4 0.4246 xlO-3 3

From Table 2.17 we have two main results. Firstly, the number of Newton iterations 
needed is between 3 and 5, i.e. considerably less than the number of Le Roux iterations 
in Table 2.15. Moreover, for a given time step r the number of iterations hardly varies for 
different mesh points. Secondly, for t as in Table 2.17, i.e. in a very close vicinity of the 
extinction time Tex = 0.2 of the exact solution, the error in is too large (compared to 
the computational tolerance of To/ = 10“®) in order to speak of computational extinction.

Now we turn to the fully discrete Le Roux’s method. In order to simplify (6.26) recall 
that the parameter h is fixed; L simply denotes Le Roux’s method. We will therefore 
suppress these two indices in the following. On choosing the standard basis functions 

for Sq and writing Uj‘~^Xj we obtain the following linear system

for (6.26):
Find i.e. find e such that

{tK + , A: = 0,1,2,... (7.58)

where A', E and E R X R matrices with entries

Kij = Ei, = {cxi}

and

Eij = {i,Xi} P max If/;'--n—lip—1 (Tr'n',k\p—l
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Similarly to the argument in subsection 2.7.1 one can see that rKi/iE is an M matrix 
under assumption (WA) of section 2.3. We will therefore use again Gaussian elimination 
without pivoting when we solve (7.58) for fixed k. As an ad hoc stopping criterion for the 
iteration (7.58) we use 

max < Tol (7.59)

with Tol = 10“®.
The following Table (2.18) is an analogue of Table (2.15) for the fully discrete Le 

Roux’s method applied to the separable problem (7.15) - (7.17) with exact solution u 
given by (7.18). We choose h = r, and for a mesh point t = tn the discretization error 
^u-UL (^) is defined in analogy to the ODE case:

eu-ur{t} := max \u(xj,tn) - Uf\,

where denotes the set of space mesh points, kn denotes the number of iterations
before (6.26) was stopped, i.e.

(7.60)

Table 2.18: Fully discrete Le Roux’s method: behaviour around extinction time Tex = 0.2

p = 2 p = 3 p = 4
T (^) kit kit ^U-Ul

2-10

0.19628906250 0.1459 xlO-5 23 0.7170 xlO-3 38 0.1212 xlO-^ 59
0.19726562500 0.1475 xlO-^ 24 0.8380 xlO-3 31 0.1488 xlO-^ 54
0.19824218750 0.1495 xlO-5 28 0.1049 xlO-^ 38 0.1999 xlO-^ 54
0.19921875000 0.1533 X10-® 43 0.1579 xlO-^ 52 0.3437 xlO-'i 61

*0.20019531250 0.8927 xlO-"^ 91 0.1593 X10-® 210 0.2474 X10-® 334
0.20117187500 0.7769 xlO-i® 2 0.1889 xlO-28 2 0.1652 X 10-^3 2
0.20214843750 0.1545 X10-29 1 0.2587 X10-33 1 0.3814 X10-133 1

2-11

0.19824218750 0.1044 xlO-5 22 0.7732 xlO-3 31 0.1776 xlO"^ 57
0.19873046875 0.1059 xlO-5 23 0.9117 xlO-3 3^ 0.2208 xlO-^ 53
0.19921875000 0.1076 X10-® 28 0.1164 xlO-^ 38 0.3054 xlO-^ 51

*0.19970703125 0.1116 xlO-5 49 0.1907 xlO-4 60 0.5877 xlO-4 70
0.20019531250 0.2818 xlO-"^ 40 0.6154 xlO-"^ 88 0.9092 xlO-"^ 139
0.20068359375 0.9772 X 10-^7 2 0.6509 X10-33 2 0.5985 xl0-'i3 2

0.20117187500 0.4890 X10-31 1 0.2117 xlO-3^ 1 0.1314 xlO-139 1

Again we obtain from Table 2.18 that immediately after the extinction time of the 
exact solution the computational solution becomes very small. We also note again that a 
large number of computations is needed close to extinction.
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2.7.5 The Nonseparable Case and Asymptotic Profiles

So far we have only shown numerical results for the case when (P) has a separable solution, 
see (7.15) - (7.18), or for the model ODE (7.19), (7.20). In this subsection we deal with 
the nonseparable case where we do not know the exact solution.

In the following computations we choose the time step to be equal to the mesh size, 
i.e. T = h, and we define the ‘computational extinction time allowing tolerance’ to
be the first mesh step in time where

max \UP\ < Tol

with as in (7.14) for the fully discrete backward Euler method and as in (7.60) for 
the fully discrete Le Roux’s method.

For the domain Q x (0,T) on which we want to solve (P^) and (P^) we choose

fix(o,r) = (o,i)x(o,T;,,™)

and for the initial value function g we consider 
Case (a):

see Figure 2.1 below.

, 0 < X < 0.5 ,
, 0.5 < X < 1,

0.25 <x < 0.75 ,
, 0 < X < 0.25 or 0.75 < x < 1

and Case (b):

Figure 2.1: Two different initial value functions: Case (a) and Case (b).
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We begin our computations with the fully discrete Le Roux’s method. Table 2.19 
shows the computational extinction times for different time steps r in Cases (a) and (b). 
The tolerance Tol for both (7.59) and was chosen to be 10“®. k^ax denotes the
maximal number of iterations before (7.58) was stopped and T^^^^ the time level at which 
this maximal number was needed.

Table 2.19: Fully discrete Le Roux’s method: computational extinction times T^^

Case (a) Case (6)

T p = 2 p = 5 p=2 p = 5

2-6

/T-IJ-
ex, 10-8 0.140625 0.078125 0.125000 0.06250
k ̂max 216 149 87 204

0.125000 0.0468750 0.093750 0.015625

2-7

q-ir 
ea;,10”8 0.132813 0.06250 0.109375 0.046875
k ̂max 397 181 107 1386

0.125000 0.054688 0.007813 0.039063

2-8
er,10-8 0.130813 0.058594 0.113282 0.046875
kmax 82 257 170 559

0.003906 0.003906 0.003906 0.003906

2-9
-^ex,10-^ 0.130859 0.054688 0.111328 0.042969

kmax 126 429 277 972

0.001953 0.001953 0.001953 0.001953

2-10

rpT 
■^ex,lQ-^ 0.129883 0.052734 0.111328 0.041992

kmax 200 11838 457 1710

mox
0.000977 0.051758 0.000977 0.000977

2-11

rpT
er,10“8 0.130371 0.052734 0.111328 0.041504
kmax 322 1260 758 3025

'^max
0.000488 0.000488 0.000488 0.000488

We make the following three observations on Table 2.19. Firstly, the computational ex­
tinction times T^^ y’o/ seem to converge as t becomes smaller. This justifies our definition of 
a ‘computational extinction time’. Secondly, it should be noted that the maximal number 
of iterations needed can be extremely large from a practical point of view: for instance, 
it took over one hour on an IBM RS6000 to compute from t = 0 to T^^ jq_8 = 0.041504 
(i.e. for 85 time steps) in Case (b) with p = 5. This is clearly not practical. Also note in 
this context the extreme number 11838 in Case (a) with t = 2“^° and p = 5. Finally, we 
observe that the maximal number of iterations needed only occurs either at the first time 
step or close to the computational extinction time. Note that the second case is consistent 
with the behaviour of the number ka in Table 2.15. The first case can be explained by the 
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infinite speed of propagation which causes a compactly supported initial function to be 
spread out over the whole domain Q immediately. This effect is also seen for the discrete 
solution, cf. Figures 2.2 - 2.5 below.

Although we have seen above that the fully discrete Le Roux’s method is not very 
practical, we will now use it to present the profiles in space of the computational solution 
at mesh point tn in time near the computational extinction time. In Figures 2.2 - 2.5 we 
show some profiles W of the fully discrete solution factored by the time part T* of the 
separable solutions: 

where T* is as in (2.66) with Tex replaced by ?7rToZ- time step r(= h mesh size) 
was chosen to be 2“^^ = 0.00048828125 ~ 0.0005. The computational extinction times 
were obtained from Table 2.19. The time labels in the Figures contain rounded numbers 
for easier legibility. By ‘true asymptotic profile’ we mean the profile of w given by (2.67) 
which we obtained by using COLSYS and which by Lemma 2.6 is the asymptotic profile 
of the exact solution after factorization by T*.

Our first observation from Figures 2.2 - 2.5 is that the profiles for t = 0.1 in Figures
2.2 and 2.4 and for t = 0.04 in Figure 2.3 are very close to the respective true asymptotic 
profiles. In Figure 2.5 there is a slightly larger gap between the profile for t = 0.04 and the 
true asymptotic profile than one may have expected after Figure 2.3. It should be noted 
however that t = 0.04 is only three time steps away from the computational extinction 
time. This may suggest that the (lack of) precision of our computations is reflected in the 
gap between the two profiles.

We also note that the factored profiles seem to approximate the true asymptotic profile 
rather quickly. Note in particular, how much the profiles for t = 0.001 (i.e. after only two 
time steps) differ from the profile at t = 0.000 at points where the latter is equal to 0. 
As mentioned above this explains why the maximal number of iterations needed occurs at 
the start of the computations, cf. Table 2.19.
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= 5: Profiles of factored solution as t > T^^ jq_8 = 0.052734
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In the following we will repeat the computations above for the backward Euler method. 
To begin with we convince ourselves that the notion of ‘computational extinction time 
allowing tolerance’ is also appropriate for the backward Euler method. To do this we first 
consider the backward Euler method applied to the model ODE (7.50). Table 2.20 shows 
the computational extinction times for different time steps t which are defined analogously 
to the PDE case.

Table 2.20: Backward Euler method: Computational extinction time allowing 10 ®

P = 3 p = 4 p = 5
T <T-I7-

ex, 10-8 -^ea:,10-s
zpr

2-6 0.28125000 0.26562500 0.25000000 0.25000000
2-7 0.24218750 0.23437500 0.22656250 0.22656250
2-8 0.22265625 0.21484375 0.21484337 0.21093750
2-9 0.21093750 0.20898438 0.20703125 0.20703125
2-10 0.20605468 0.20410156 0.20410156 0.20312500
2-11 0.20312500 0.20214848 0.20214843 0.20166016
2-12 0.20166015 0.20117187 0.20092773 0.20092773
2-13 0.20092773 0.20056152 0.20056152 0.20043945
2-14 0.20043945 0.20031738 0.20025635 0.20025635
2-15 0.20022583 0.20016479 0.20013428 0.20010376
2-16 0.20011902 0.20008850 0.20007324 0.20005798

From Table 2.20 it is seen that T^^ > T^x = 0.2 as t —> 0. The rate of this
convergence seems to be (nearly) linear, independently of p.

We can summarize Tables 2.17 and 2.20 as follows: The backward Euler method has 
the disadvantage of a noticeable discretization error which for fixed time step t prevents its 
approximation from becoming extinct immediately after extinction of the exact solution 
(as opposed to Le Roux’s method). However, as the time step becomes smaller one can 
see the computational extinction time approaching the exact extinction time. This shows 
that after all the backward Euler method is not impractical for the time discretization of 
the fast diffusion equation.
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The good practical behaviour of the backward Euler method can also be seen from the 
following Table 2.21 where we return to the PDE case and show the analogous results to 
Table 2.19. Firstly, note from Table 2.21 that the computational extinction times seem to 
converge albeit at a slower rate than for the fully discrete Le Roux’s method, 
we observe that the maximal number of Newton iterations needed is small 
to the maximal number of iterations in Table 2.19. The computations from

ea;,10“®

p = 5 (as compared to over one hour for Le Roux’s method). Finally, it is also seen that 
the maximal number of iterations is always needed at the first time step.

Secondly 
compared 
t = 0 to

= 0.042967 took only about five minutes on an IBM RS6000 in Case (b) with

Table 2.21: Fully discrete backward Euler method: computational extinction times jq_8

Case {a} Case (6)
T p=2 p = 5 p = 2 p = 5

2-6
er,10-8 0.203125 0.093750 0.187500 0.093750
kmax 8 11 8 10
Tk

max
0.015625 0.015625 0.015625 0.015625

2-7

mr
-‘er,10-8 0.171875 0.078125 0.148438 0.062500

kmax 9 14 9 13
TL.. 0.007813 0.007813 0.007813 0.007813

2-8

Tt
er,10-8 0.152343 0.062500 0.132813 0.054688
k 10 17 11 16

Tk
max

0.003906 0.003906 0.003906 0.003906

2-9

rpr
er,10-8 0.142578 0.058594 0.123047 0.046875
kmax 12 20 12 20

max
0.001953 0.001953 0.001953 0.001953

2-10

TT
-‘er,10-8 0.136719 0.054688 0.117188 0.043945

k ̂max 13 24 14 24

max
0.000977 0.000977 0.000977 0.000977

2-11

rpr 
-^ex,lQ-^ 0.133789 0.053711 0.114746 0.042967

kmax 15 27 16 27
0.000488 0.000488 0.000488 0.000488

The Figures 2.6 - 2.9 are analogues of Figures 2.2 - 2.5. At first sight the Figures 
seem to be very similar to their analogues. Note however that the profiles closest to the 
true asymptotic profile are not as close as their analogues for the fully discrete Le Roux’s 
method. This is presumably due to larger discretization errors which directly effect the 
profiles. However, there is also an indirect effect in the Figures below; larger discretization 
errors causing larger computational extinction times which in turn effect the scaling of the 
profiles when factorized by T*.
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= 5: Profiles of factored solution as t = 0.053711
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Figure 2.8: Case (b): p = 2: Profiles of factored solution as t —> jq_8 = 0.114746
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2.8 Linear Schemes

In this second chapter the emphasis of our analysis for the time discretization of (P) has 
been on the backward Euler method. For this method we have given a full error analysis 
in sections 2.4 and 2.5. However, the backward Euler method yields a system of nonlinear 
algebraic equations which we solved in section 2.7 on using Newton’s method. Le Roux’s 
method, for which we have not given a full error analysis, was implemented on using 
an iteration of a linear scheme, (6.10). In section 2.7 we saw that this iterative scheme 
performed very well as far as accuracy was concerned. On the other hand it proved to 
be less practical than solving the nonlinear scheme for the backward Euler method via 
Newton’s iteration as it required far more iterations (especially near extinction time).

In this last section we will consider two linear schemes without iteration. The following 
however is not meant to be a thorough investigation and we will point out where further 
research could be done. To keep matters simple we will assume as in the last section that 

and we will only deal with model ODEs. We will only remark on the PDE case.

2.8.1 A Scheme based on Extrapolation

Our first linear scheme is based on extrapolation, which Nochetto [33] considered for the 
Stefan problem. We start by considering the regularized model ODE

+ ow = 0 , -u(O) = g (8.1)

with
V = </>(w) (8-2)

and where, for notational convenience, we have set

U = U^ , (8-3)

= nr, n = 1 N, and approximate

(8.4)

On choosing t = N G N, we set again 
u'^ = u{tn} via the backward Euler method

yn _ yn-l 
-------------- + = 0 

T

The main point is the following. In the previous sections we required (8.2) to be satisfied 
exactly at every discrete time level tn, i.e. This is now replaced by the
extrapolation scheme

(8.5)

where Lai is the Lipschitz constant of </) = </>^ as after (2.7).
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On using the standard notation dy'^ := we obtain from (8.4) and (8.5) the
scheme

LMdU" + aU” = LmQU’'-' - , n = 1 Af. (8.6)

At every time level (8.6) is linear in and it requires the results and C/” of the
two previous time levels. When n = 1 a value for U~^ is required which we define as

U-^ := U^-.= g, (8.7)

i.e. at the first time level we apply the backward Euler method to ^[Lmu] + au = 0.

Our first aim is to show stability of the scheme (8.6).

Lemma 2.15 For all £ E (OjSo) r as above we have that

N
£Ty"\dU^\^+ max \U^\'^<C. 

n=l-^N ~
n=l

(8.8)

Proof. On multiplying (8.6) by 2TdU^ and noting the elementary identity a(a — b) = 
^a"^ ^{a — by — ^b^ and the Mean Value Theorem we have that

2T£M|dtZ“p + o|lZ"p + a|C/" - + 2r[LA/ - <j>'{C]dU’‘-^dU",

where E or ^). Noting that (!)' = and Young’s
inequality for the product dU^~^dU^ yield that

7-[Lm - + 2A£r|^/7”|2 + q- _ cz«-i|2

On summing over n from 1 to m < N and noting (8.7) we obtain that

from which the desired result (8.8) follows.

^0 note that for s = 0, i.e. no regularization, the method of the proof above does 
not yield a bound on the term 7’52^=i The existence of such a bound is crucial

in the following error analysis. Before we do this analysis, we also note that under our 
convention (8.3) the ODE analogue of (2.26) reads

(8.9)
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Lemma 2.16 Let u be the solution of (8.1) and U be the piecewise constant function 
given by U{t) as in (8.6) for t E o,i^d := as in (8.7). Then we
have that

eh - A|b(o,r) + - ^(A)lb(o.r) < + Ct . (8.10)

Proof. We follow along the lines of [33]. On integrating (8.1) on P := fj] we obtain 
that

dv'’ + r / izdi = 0,
Jl

where v^ := (/){u^) := (/)(u{iT)). On the other hand we define a function -0 by 0(s) := 
Lms — s E R, and rewrite (8.6) as

(8-11)

9</>(C/’‘) + aU" = a[V>(tl’‘’‘) - V’C^")] • (8.12)

Subtracting (8.12) from (8.11) and summing over i from 1 to n < N yields that
nn n

i=l

On setting := u—U.) multiplying by t and noting (8.7) the last equation can be rewritten
as

1=1 1=1

- </>(t/^)] -{-aV [ eudt = - </>([/°)] + Td'iP{U^).

On multiplying by ?/ h Cu dt^ summing over n from 1 to and noting that 

we obtain that

rE / W«")-</>(A")]h-A"]*
n=l

N

(/)

r f 1 ” r /*
+ e.dt

n —1 J 1 Lv'i

n

eu dt {in

n=l

n=l i=l

[ Cudt . {iin

We now bound the terms (/) - (///) separately.

r
(I) = / m-^(Oh-A"]</f

I+ EI Wun-'t>{«}][^-u’']dt.
n=l

Since (f = we have from (2.2) and (2.3) that

(A)

{h)

{11} > “ <A(A)|£2(o,t) + |•^e|enlL2(o.^) •
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In order to bound {I2) we note (8.9) and (8.8) and obtain that

n=i
N

n

n=l

To bound (//) we use the identity (where we use again superscripts)

1 2

which yields that

N
2E«"

n=l

■ N

=
-n=l

n

.1=1 n=l

A f
2 N r 2 z-T

{11} = ^0: eudt
n=i

+1^52

n=l

/ Gudt > / Cu dt
Jo

Since |V’'|o,oo,R < Lm can bound (///) on noting the Mean Value Theorem as follows:

Now we use Cauchy’s and Young’s inequalities and the fact that dW^ is constant on to 
obtain that

N

{III} <
n=l

<
■ N

- n=l

<

where for the last inequality 
obtain the desired result (8.10).

we have noted (8.8). On collecting all the above bounds we

Next we want to obtain an a priori error bound for the regularized model ODE (8.1), 
(8.2). To this end we rewrite (8.10) for clarity as

sluy-C/yi^2,0,.)+|^"(u^)-^y([/y)|^2(0,2.) <C€ ^r^ + Cr (8.13)

and note the ODE analogue of (2.50):

(8.14)

(recall that it was proved in Lemma 2.4 that for M sufficiently large, and
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From equating the bounds in (8.13) and (8.14)

c<
1

c<

we obtain that

TP+l , if s = Ctp+^ and p E (1,3],
(8.15)2

r3p-i if
2(p-l)

e = Ct 3p-i and p E [3,00),
1 p-i

if £ = Ctp-^^ and p (1, 3J,
(8.16)p+1

if
2(P-1)

7-3p-l , £ = Ct ^p-^ and p (3, 00).

z

\

We note that when equating the bounds (8.13) and (8.14) it turns out that the term 
Cr in (8.13) is the dominant term for p G (1,3]. We recall that this is the bound on {I2) in 
the proof of Lemma 2.16. Any attempt to improve on the above error bounds for p E (1, 3] 
should therefore improve on the bound on {I2} (or try to avoid this term altogether).

We also remark that unlike for the backward Euler method (cf. Theorems 2.3 and 2.5) 
we were unable to prove a discrete analogue of (8.14). Hence we cannot give error bounds 

on |tt - C/|l2(o,t) and \(f}{u') - </>(C/)|l2(o,t)-

Next, we present some numerical results for the ODE (8.1), (8.2) when solved by the 
scheme (8.6), (8.7) with 0 = . In the following computations A in the definition of (/}^ is
chosen to be equal to 1, g = 1 and s is chosen according to (8.15) (and (8.16)) with C < 1. 
Since / = 0, we can choose Af = 1 by (2.38), and hence by (2.7) Lm = XpM‘P~^ = p in 
our computations, a in (8.1) is chosen to be equal to with = b and hence by (7.21) 
the exact solution of (8.1), (8.2) is given by 

= [1 - 5t]{’‘, ie[o,r]. (8.17)

with extinction time Tex = 0.2.

We begin with showing some qualitative behaviour of the pointwise error

Error{tn) =

In Figure 2.10 we show the piecewise linear interpolant of Error for p = 2. T was chosen 
to be equal 0.8 and r = 2“^® (which is fairly small so that the graphs appear to be nearly 
smooth). The Figure shows two graphs for comparison. The dashed graph shows the 
result for C = 1 and the continuous graph for C = 0.001.
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Figure 2.10: Error for extrapolation method, p = 2; C = 0.001:

We observe two interesting features of the extrapolation method in Figure 2.10 which 
we do not try to explain. Firstly, after extinction time the discrete solution of the extra­
polation method shows an oscillation with decaying amplitude. Secondly, the modulus of 
Error is smaller for larger regularization parameter s.

We now check our error bound (8.15) from the first part of this subsection. In the 
following Table 2.22 we show the discrete error and the computational order of conver­
gence for p = 2. We set i

Table 2.22: 2('r) 9u,2('^) for ODE case with Tex = 0.2 and T = 0.4

(7 = 0.001 C=1
T T E'u.Ar} 9«.2(’')
2-6 0.390625 0.05465931 — 0.05018574 —
2-7 0.398438 0.03588186 0.6072 0.03121130 0.6852
2-8 0.398438 0.02394927 0.5832 0.01888206 0.7251
2-^ 0.398438 0.01557446 0.6208 0.01091032 0.7913
2-10 0.399414 0.00993606 0.6484 0.00610044 0.8387
2-11 0.399902 0.00625522 0.6676 0.00331455 0.8801
2-12 0.399902 0.00389416 0.6837 0.00175643 0.9161
2-13 0.399902 0.00239790 0.6995 0.00091585 0.9394
2-14 0.399963 0.00146384 0.7121 0.00048209 0.9258

We recall that T* was defined in (4.1). As in Figure 2.10 the numbers for C = 1 are 
better than those for C = 0.001. This may well be due to our suboptimal error analysis 
which not only produced a presumably suboptimal error bound (8.10) but also determined 
the balancing of terms for the final error bound (8.15) and the choice of s as a power of 
T which we used in our computations. In both cases however, the computational order of 
convergence is better than predicted by (8.15) which yields for p = 2.
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The following Table 2.23 is an analogue of Table 2.22 in order to check our error bound 
(8.16). It shows for p = 2 where we define 2('^)

1r AT 12 Ef,2(2r}
Ei,2{r) :=

Table 2.23: and Qv,2('’’) ODE case with Tex = 0-2 and T = 0.4

(7 = 0.001 (7=1
T T. 7v.2(’‘) 9v,2(^)

2-6 0.390625 0.02259265 — 0.02425153 —

2-7 0.398438 0.01250653 0.8531 0.01333004 0.8634
2-8 0.398438 0.00666611 0.9078 0.00704993 0.9190
2-9 0.398438 0.00345826 0.9468 0.00363087 0.9572
2-10 0.399414 0.00176380 0.9714 0.00183832 0.9819
2-11 0.399902 0.00089054 0.9859 0.00092139 0.9965
2-12 0.399902 0.00044711 0.9940 0.00045937 1.0041
2-13 0.399902 0.00022383 0.9982 0.00022853 1.0073
2-14 0.399963 0.00011191 1.0001 0.00011367 1.0075

The results in Figure 2.23 for C = 0.001 and (7 = 1 are in good agreement with each 
other. Again the computational order of convergence is better than predicted: (8.16) 
yields (^(ts) for p = 2.

We also note that the errors in Table 2.22 both for (7=1 and C = 0.001 are worse 
than the corresponding errors for the backward Euler method in Table 2.10. We report 
that the same is true for the errors in Table 2.23 and the corresponding errors for the 
backward Euler method.

We conclude our exposition of the extrapolation method by some short remarks on the 
PDE case. As mentioned before, the extrapolation scheme (8.6) was adapted from a paper 
by Nochetto [33] where it is used on the Stefan problem. Given a (regular) partitioning 

of Q polyhedral, i.e. Q = Ukgt''* simple matter to adapt Nochetto’s fully
discrete variational formulation to our problem (-P/^):

For n = 1 —> N find (7” E Sq such that

+ = Vx€So\ (8.18)

where (f) = (f)^ and P^ denotes the L^ projection operator onto = {^ E
L°°{Q) : is constant Vk e T^}. The projection operator P^ is given by

(p'‘2,o = (z.e vzeL^(Q),

occurs in (8.18) in order to include quadrature in space.
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With being the canonical basis of Sq and (pj denoting the characteristic func­
tion of supp Xj multiplied by we can rewrite (8.18) in matrix form as

AU^ := [LmM-LtK]U^ = b, (8.19)

where K and A4 are R x R matrices with entries Kij = (V^i, A4ij = and
b is a vector depending on and

A is a symmetric, positive definite matrix and hence (8.19) is uniquely solvable. More­
over, A is independent of n which suggests that in practice one uses a Cholesky factoriza­
tion just once at the beginning of the computations. Obviously, this is a computationally 
nice feature of (8.18). However, here we will not present any computational results. In­
stead we remark that a straightforward adaptation of Nochetto’s error analysis yields the 
following analogue of (8.10) (where for clarity we have included the indices s and M):

< Ce-^r^ + Ct + Ch^. (8.20)

2.8.2 A Scheme based on Relaxation

In this subsection we consider the unregularized model ODE (8.1) where instead of (8.2) 
we now require that for arbitrary but fixed k E R+,

A: ^Vk = Uk-(f) ^(vjk). (8.21)

We will show further below how (8.21) can be used to derive a linear discretization of (8.1). 
First we try to explain the reasoning behind (8.21). As k oo one expects the left hand 
side of (8.21) to converge towards 0 and the right hand side to converge towards u — (f>~^{v\ 
which is equivalent to (8.2). Thus (8.21) is a relaxation of (8.1) and we expect it to be a 
feasible approximation for large k. The parameter k is called the relaxation parameter. 
We remark that in the slow diffusion case relaxations of the form (8.21) are in fact used 
in the literature to replace constitutive relations of the form (8.2) in order to improve on 
the modelling of such phase transition effects as superheating and undercooling, e.g. [45], 
[46]. But here we do not attempt to give any physical meaning to (8.21).

Alternatively, one can relax (8.2) by replacing the right hand side of (8.21) by <f){uk)—Vk, 
see e.g. [5] for the porous medium equation. The advantage of (8.21) as stated above 
however is that we can write down the exact solution of the relaxed problem (8.1) (with 
u = Uk^ V = Vk) and (8.21): From equating (8.1) and (8.21) we obtain that

aUk = -k{uk - ^(^^A:))

and hence that
Vk = </>([!+ q;A: ^]?Zfc) •
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Thus we obtain from (8.1) that

^[<?^([l + «^ ^]«jk)] + auk = 0 , WA:(0) = g. (8.22)

a
On setting

Uk := [1 + ak~'^]uk , ak := , (8.23)

(8.22) is equivalent to
■^(t){uk} + ^kUk = 0, uk{Q)=g. (8.24)

Equation (8.24) is of the same form as (8.1), (8.2) whose exact solution is given by

«w= , t6[0,T].

see (7.21). Hence, on noting (8.23) we obtain that

(8.25)

(8.26)

with extinction time

Te.,k = [1 + = [1 + .

It is easy to derive from (8.25) and (8.26) the maximal relaxation error: Assuming 
T > Tex we have that

^max^ |iz(i) - UA:(t)| = ^max^[ufc(i) - w(0] = Uk{Tex)

= 5r[l - (1 + . (8.27)

We now derive a linear discretization for (8.1) (with u = Uk, v = Vk) and (8.21).
Analogously to (8.4) we first approximate (8.1) by

T
(8.28)

where we set

Vk ■■= ^(9} ■ (8.29)

Now we approximate (8.21) by

------ ku;; = -k<j>-\Vi^-^), n = l^N. (8.30)
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Clearly, if is given, then (8.28) and (8.30) form a system of linear equations in 
the unknowns and V(^ which are easily obtained as

(8.31)

Below we present some numerical results for the ODE (8.1), (8.2) when solved by the 
relaxation method (8.29), (8.31). As in the previous subsection we choose A = 1, g = 1 
and a = with (3 = 5 which again means that the exact solution is given by (8.17). As 
for the choice of k in our computations we set k = ^.

Figures 2.11 and 2.12 show the piecewise linear interpolant of the discrete solution Uj^ 
for p = 2 and p = 4 when t is equal to 2“^ w 0.0078.

Figure 2.11: Relaxation method applied to ODE, p = 2
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Obviously the most striking feature of Figures 2.11 and 2.12 is that after extinction 
time we observe an oscillation developing which seems to be of the form

..., Ur' = -A, = A, = -A,..., (8.32)

where A > 0. Although one may at first think that this oscillation is an artifact, we are 
in fact able to derive an exact expression for the amplitude A above: On assuming (8.32) 
and noting (8.31) and that is an odd function we obtain the following equivalences

0. (8.33)

The positive root of (8.33) is given by

(8.34)

Hence, we obtain from (8.34), (8.31) and (8.32) that

—L_, k ak T p-i A =
a + k [o + k 2j

Note that A can be bounded independently of the choice of k > 0:

(8.35)

1A < C{a,p) TP-^ .

We point out that we have not proved that the iteration (8.31) must always develop into 
the periodic pattern (8.32), but simply derived (8.35) on assuming (8.32). Nonetheless, we 
have observed (8.32) in all our computations. In Table 2.24 below we show A according to 
(8.35) for different values of p and r with k = ^. ua denotes the number of mesh points 
greater than T^x = 0.2 that were needed before | |t/J| — A | < 10“®.
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Table 2.24: A according to (8.35) and computational convergence

r = 2-7 t = 2-i® r = 2-i3

p A A A

2 0.03360639 4 0.00478882 3 0.00060886 3
2.5 0.09177669 11 0.02514544 9 0.00636107 8

3 0.15715082 13 0.05985656 14 0.02136606 13
3.5 0.21997327 20 0.10217980 19 0.04484891 18

4 0.27700615 24 0.14692710 22 0.07402161 21
4.5 0.32768700 28 0.19111778 27 0.10625071 23

5 0.37241709 32 0.23325673 31 0.13962108 27

We conclude with the following Table 2.25 which shows the maximum error

max.error := max ICZ? — w” 
n=l^N

(where N = \T/t\ and T = 0.8 as for Figures 2.11 and 2.12) and the relaxation error 
given by (8.27). As before we set k = ~.

Table 2.25: maximum error and relaxation error

r = 2-7 r = 2-io r = 2-i3

P max.error (8.27) max .error (8.27) max.error (8.27)

2 Q.QMsms 0.13967654 0.00714217 0.01924883 0.00089147 0.00243694
2.5 0.12127306 0.09177669 0.02536342 0.07382499 0.00639335 0.01860933

3 0.21261473 0.15715082 0.06892732 0.14715528 0.02193903 0.05235991
3.5 0.29254198 0.21997327 0.12629536 0.22329932 0.04657279 0.09771847

4 0.35982493 0.27700615 0.18383033 0.29481179 0.07713922 0.14810348
4.5 0.41614794 0.32768700 0.23795308 0.35917382 0.10765121 0.19913288

5 0.46353915 0.37241709 0.28744482 0.41606342 0.14393377 0.24838003

From Table 2.25 we obtain that in most cases the maximum error is smaller than the 
relaxation error. Since — w^) + (w^ — this means that in practice we
observe a partial cancellation of the relaxation error by the discretization error which is 
obviously a rather good property. On comparing the results for r = 2"^^ in Tables 2.24 
and 2.25 we see that A is a good approximation for the maximum error.
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We summarize section 2.8 as follows: Although we possess a full preliminary error 
analysis for the extrapolation method introduced in subsection 2.8.1, this method shows a 
rather unpractical behaviour. On the other hand we do not possess a full error analysis (not 
even in the ODE case) for the relaxation method introduced in this subsection. Nonetheless 
its good practical behaviour for the ODE case seems to warrant further research on its 
application to the PDE case. For instance, one could for a start try to adapt the error 
analysis given in [44], [23] and [5] which deal with slow diffusion. The recently published 
article [23] would be of particular interest as it applies Rulla’s error analysis for the time 
discretization [39] to relaxation models with extrapolation. Unlike [44] and [5] however, it 
only deals with discretization in time, but not in space.
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