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THE 3D NARROW CAPTURE PROBLEM FOR TRAPS WITH
SEMIPERMEABLE INTERFACES*

PAUL C. BRESSLOFFT

Abstract. In this paper we analyze the narrow capture problem for a single Brownian particle
diffusing in a three-dimensional (3D) bounded domain containing a set of small, spherical traps. The
boundary surface of each trap is taken to be a semipermeable membrane. That is, the continuous flux
across the interface is proportional to an associated jump discontinuity in the probability density.
The constant of proportionality is identified with the permeability k. In addition, we allow for
discontinuities in the diffusivity and chemical potential across each interface; the latter introduces a
directional bias. We also assume that the particle can be absorbed (captured) within the interior of
each trap at some Poisson rate . In the small-trap limit, we use matched asymptotics and Green’s
function methods to calculate the splitting probabilities and unconditional mean first passage time
(MFPT) to be absorbed by one of the traps. However, the details of the analysis depend on how
various parameters scale with the characteristic trap radius e. Under the scalings v = O(1/€?) and
k= 0(1/¢), we show that the semipermeable membrane reduces the effective capacitance C of each
spherical trap compared to the standard example of totally absorbing traps. The latter case is
recovered in the dual limits v — co and k — oo, with C equal to the intrinsic capacitance of a sphere,
namely, the radius. We also illustrate how the asymptotic expansions are modified when v = O(1/¢)
(slow absorption) or k = O(1) (low permeability). Finally, we consider the unidirectional limit in
which each interface only allows particles to flow into a trap. The traps then act as partially absorbing
surfaces with a constant reaction rate . Combining asymptotic analysis with the encounter-based
formulation of partially reactive surfaces, we show how a generalized surface absorption mechanism
(non-Markovian) can be analyzed in terms of the capacitances C. We thus establish that a wide
range of narrow capture problems can be characterized in terms of the effective capacitances of the
traps.
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1. Introduction. An important problem in the mathematics of diffusion is an-
alyzing transport through a semipermeable interface. Interfaces of this form occur
in a wide range of processes, including lipid bilayers regulating molecular transport
in biological cells [43, 2, 8, 42], chemical and electrical gap junctions [21, 19, 23, 7],
artificial membranes for reverse osmosis [36, 44], and animal migration in heteroge-
neous landscapes [5, 4, 34]. Moreover, a variety of complex porous media are mod-
eled in terms of multiple semipermeable interfaces and heterogeneous diffusivities
[25, 30, 20, 1, 37, 22, 3]. The classical approach to incorporating a semipermeable in-
terface into the diffusion equation is to impose flux continuity across the interface,
with the flux proportional to an associated jump discontinuity in the concentration;
the constant of proportionality represents the permeability. One method for deriv-
ing the semipermeable boundary conditions is to consider a thin membrane and to
apply statistical thermodynamical principles [33, 32, 31]. This leads to the so-called
Kedem—Katchalsky equations, which also allow for discontinuities in the diffusivity
and chemical potential across the interface. The latter introduces a directional bias.
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In this paper we consider the problem of a single Brownian particle diffusing in a
three-dimensional (3D) bounded domain Q € R® containing a set of N small, spherical
traps U;, j=1,...,N. The boundary olf; of the jth trap is taken to be a semiperme-
able membrane with permeability «; and a directional bias «; € [0, 1]. Diffusive flux is
preferentially directed into the trap if a; € [0,1/2) and out of the trap if o; € (1/2,0];
the unbiased case is a; = 1/2. We also allow for the diffusivity D; within a trap to dif-
fer from the bulk diffusivity D. Finally, we assume that the particle can be absorbed
(captured) within the interior of each trap at a Poisson rate 7. In the small-trap
limit, |U;| = €3] with 0 < e < 1, we use matched asymptotics and Green’s function
methods to solve the resulting narrow capture problem [17, 16, 18, 6, 38, 39, 9, 10].
In particular, we calculate the splitting probability 7 (x0) to be captured by the kth
trap, given that the particle started in the bulk domain at a position xg, and the
corresponding unconditional MFPT T'(xg) for absorption. We investigate how these
quantities depend on the model parameters and consider various limiting cases.

In the dual limits v — co and x; — oo, j =1,..., N, the interfaces 0l; become
completely permeable and the particle is immediately absorbed on entering a trap.
Our model then reduces to the standard example of a 3D narrow capture problem, in
which the surface of each trap acts as a totally absorbing surface 0U;. We show that
in this limiting case our expressions for 7 (xg) and T'(x¢) are equivalent to previously
obtained results [18, 9]. In particular, the leading order contribution to 7 (xo) is an
O(1) constant, whereas the leading order contribution to T'(x¢) is an O(1/¢) constant.
On the other hand, for finite v and &, the details of the asymptotic analysis depend on
how these parameters scale with the size of the traps. Under the scalings v = O(1/€?)
and k = O(1/e), we show that the contributions from the semipermeable membranes
are encapsulated by an effective reduction in the diffusive capacitance C; of each
spherical trap compared to the standard example of totally absorbing traps, for which
C; is the trap radius. We also explore how the asymptotic expansions are modified
when v=0(1/e¢) (slow absorption) or k = O(1) (low permeability). In particular, we
show that the O(e) contribution to 7 (x¢) and the O(1) contribution to T'(xg) are
also now constants involving effective capacitances.

Another important limiting case is obtained by taking «; — 0 for finite ;, which
means that once the particle enters a trap it can never escape (no outward flux). Each
trap thus acts as a partially absorbing surface dlf; with a Robin boundary condition.
The corresponding reaction rate is determined by ;. We have recently analyzed a
generalized version of the narrow capture problem with partially absorbing surfaces
[11] by combining matched asymptotic analysis with an encounter-based formulation
of diffusion-mediated surface reactions [27, 28, 12, 13]. The latter considers the joint
probability density or generalized propagator for particle position and the so-called
boundary local time, which characterizes the amount of time that a Brownian particle
spends in the neighborhood of a point on a totally reflecting boundary. The effects
of surface reactions are then incorporated via an appropriate stopping condition for
the boundary local time. In particular, Robin boundary conditions are recovered in
the special case of an exponential law for the stopping local times. In [11] we derived
an asymptotic expansion of the generalized propagator in the case of diffusion in an
unbounded domain R3. (The traps were taken to be small compared to the minimum
distance between any pair of traps.) One difference from a bounded domain 2 is
that the splitting probabilities are O(e), since 3D diffusion is transient rather than
recurrent. Our main result was to show that for a general surface reaction, the
leading order terms in the asymptotic expansion are characterized by an effective
renormalization of the capacitance (radius) of the form C; — C; — ¥(1/C;), where ¥
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is the Laplace transform of the stopping local time distribution. In the final part
of the paper we generalize this result to narrow capture in bounded domains, thus
establishing that a wide range of narrow capture problems can be analzyed in terms of
effective capacitances. (Alternative methods for analyzing the encounter-based narrow
capture problem are developed in [29].)

The structure of the paper is as follows. In section 2, we write down the for-
ward reaction-diffusion equations for the narrow capture problem with semipermeable
traps, define the splitting probabilities and mean first passage time (MFPT), and dis-
cuss various limiting cases. We then derive the boundary value problems (BVPs) for
these quantities by constructing the corresponding backward reaction-diffusion equa-
tions. The main nontrivial step is determining the adjoint semipermeable boundary
conditions. In section 3 we carry out the matched asymptotic analysis of the split-
ting probabilities for v = O(1/€?) and k = O(1/¢) and derive an explicit expression
for the effective capacitances C;. (The alternative forms of scaling are presented in
Appendix A.) In section 4 we develop the corresponding analysis of the unconditional
MFPT. The analysis is then illustrated in section 5 by considering the example of
a triplet of traps in the unit sphere. Finally, in section 6, we consider the narrow
capture problem with partially absorbing surfaces.

2. The 3D narrow capture problem. Consider a set of partially absorbing
traps U, C ), k=1,...,N, in a bounded search domain Q C R*® and set Uszl Uy,
=U,; see Figure 1. Whenever the particle is within U}, it can be absorbed (react) at
a rate 7. Each trap is taken to be much smaller than €, that is, [U;| ~ €3|2] with

U; — x; € Q uniformly as e = 0, j = 1,...,N. In addition, the traps are assumed
to be well separated with |x; — x;| = O(1), j # 4, and dist(x;,0Q) = O(1) for all
i =1,...,N. For concreteness, we take each trap to be a 3-sphere of radius ep;:

Uy ={x € Q, |x—x;| <ep;}. Finally, the jth trap boundary Ol is treated as a
semipermeable interface with BL{;F ((%{jf) denoting the side approached from outside
(inside) U;; see Figure 1(b). The particle flux across each interface is continuous, but
there is a jump discontinuity in the concentration. Throughout the paper we will fix
the length and time scales by taking L= Q|3 =O(1) and 7= L?/D =O(1).

FiG. 1. (a) A particle diffuses in a bounded domain Q C R? containing N partially absorbing
traps U;, j=1,...,N. Whenever the particle is within the trap domain Uj;, it can be absorbed at a
rate y. The outward unit normals of 9Q and OU; are denoted by n and nj, respectively. (b) The
boundary OU; of the jth trap acts as a semipermeable interface.
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2.1. Forward reaction-diffusion equations. Let p(x,¢|xg) be the probability
density that at time ¢ a particle is at X(¢) = x, having started at position xg. We will
set p = q; for all x €U so that

Op(x. t
(2.1a) W = DV2p(x, t|xo), X € N\Ua,

0q; (x,t|x
(2.16) 00sCI0) _ 172, o) — 3y o), x €24y

together with the semipermeable boundary conditions

(2.1c)  DVp(x*,t|xo) -n; =D;Vg;(x,t]xo) - n; = J;(x, t|x0),
(2.14) T30, tix0) = 5 (1 — g oo™ tho) — aya; (7 o], x € Uy,

and the exterior boundary condition
(2.1e) Vp-n=0, x €.

Here D and D are the diffusivities in Q\U, and U}, respectively, n is the outward unit
normal at a point on 012, n; is the outward unit normal at a point on U, J;(x,t)
is the continuous inward flux across the point x € U, x; is the permeability of the
interface OU;, and «; € [0,1] specifies a directional bias with «; = 1/2 the unbiased
case. Equations (2.1c, d) are one version of the well-known Kedem—Katchalsky (KK)
equations [33, 32, 31]. We will assume that the particle starts at some point xq €
O\U, .
The absorption flux within the kth trap at time ¢ is

(2.2) jk(xo,t):fy/ qr(x,t|x0)dx, k=1,...,N.
U

Hence, the splitting probability that the particle is eventually captured by the kth
trap is

(2.3) mr(X0) :/ Ti(x0,t")dt' = Ti(x0,0),
0
where jk(xo,s) denotes the Laplace transform of Jx(xo,t). Let Q(xq,t) denote the

survival probability that the particle hasn’t been absorbed by a trap in the time
interval [0,¢], having started at xo:

(2.4) Q(x0,1§):/Qp(x,txo)dx:/ﬂ\u p(x,t[x0) dx—|—Z/ qr(x, t|xo)dx

Differentiating both sides of this equation with respect to ¢ and using equations (2.1a,
b) implies that

9Q(x0,1) S
Tw\R0,Y) V2p(x, t|xo)dx + Z/ [DkVqu(x,ﬂxo) - ’qu(x,t\xo)] dx
ot Q\L{ — Ju,
N
=-D Vp - nydo + D Vi - nido
Z -~ k kZ:l k . kg
N
(2.5) oy | tixo)dx == 3" ot
k=1"Uk k=1
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where we have used the current conservation condition in (2.1¢). Laplace transforming
(2.5) and imposing the initial condition Q(xg,0) =1 gives

N
(2.6) s@(xms)—l:—ij(xo,s).

k=1

In the case of a bounded domain €2, the particle is eventually absorbed by one of the
traps with probability one, which means that lim; o Q(x0,t) = lim,_,¢ sQ(xo, s) = 0.
Hence, chv:1 Ti(X0,8) = Zgil mr(X0) = 1. The normalized flux Ji(xo,t)/mk(X0)
is the conditional first passage time (FPT) density for absorption by the kth trap.
Hence, the kth conditional MFPT is

(2.7) T (x0) = ﬁ /OOO t T (x0,t)dt = —M(lx()) %jk(xo, s) B
The corresponding unconditional MFPT is

N PR N
(2.8) T(x0) = ; i (x0) T (x0) = = 7~ ; Tr(%0,5) B = Q(x0,0).

Note that if the domain  were unbounded, then T'(xq) would be infinite.

Finally, note that the Laplace transformed fluxes [J;(xo,s) and J;(x,t|xg) can be
related as follows. Integrating (2.1b) with respect to x € U; and multiplying by v
gives

0J;(x0,t
% _FYDj/u- V2q;(x,tx0)dx — vJ;(x0,t)
:")/Dj/ qu(x,t|xo) . l'ljdX - ’7‘7j(X07t)
ou;
(2.9) = [yt txo)dx =17 (x0.1).
ou;

Laplace transforming this equation with respect to ¢t and using the initial condition
J;j(%0,0) =0 for xo ¢ U;, we have

(2.10) (97 x0,5) = [Ty, sfxa)ix.

U

In particular, for all x¢ & Uy,

(2.11) ﬂk(xo)zjk(XO,O):/ Ji(x, s|x0)dx
8Z/Ik
and
1 0 ~ 1 1 ~
2.12 T, = — Ji(x0, =—— 0 Ji (%, 0[x0 ) dx.
(2.12) k(x0) Tox0) s (X0 8)5:0 T x0) o k (%, 0]x0)dx

2.2. Limiting cases. The general model given by (2.1) includes a number of
limiting cases that have been considered previously. These are illustrated in Figure 2.
First, in the limit xK; — co (complete permeability), the particle can freely enter and
exit the jth trap and is absorbed at a rate v whenever it is within the trap interior
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reactivity « i

FI1G. 2. Limiting cases of the general semipermeable trap. (a) Semipermeable interface 61/{;‘:
with a partially absorbing interior. (b) Totally permeable interface with a partially absorbing inte-
rior. (c) Partially absorbing surface OU;. (d) Totally absorbing surface OU,;.

(Figure 2(b)). The corresponding narrow capture problem was analyzed in [10]. On
the other hand, if a; — 0, then once the particle enters the trap it cannot escape (zero
outflux). This means that 0U; acts as a partially absorbing boundary with reactivity
kj, and the boundary condition (2.1(c)) becomes Robin (Figure 2(c)). That is, we
have

6p(X,t|X0)
ot

together with the Robin boundary conditions

(2.13a) = DV?p(x,txq), x € N\U,, Vg-n=0, x €09,

(2.13Db) DVp(x,t|xo) - nj = k;p(x,t[x0), x€ ;.

The narrow capture problem with partially reflecting surfaces l; was recently de-
veloped within the context of encounter-based models [11]; see also section 7. Fi-
nally, in the double limit v — oo (or a; — 0) and k; — oo, the surface U; be-
comes totally absorbing (Figure 2(d)), and we recover the original example considered
n [18, 9].

2.3. Backward equations, splitting probabilities, and MFPTs. In order
to derive BVPs for the splitting probabilities and the MFPT, we need to determine
the backward diffusion equation. Since the adjoints of the semipermeable boundary
conditions (2.1c, d) are not as familiar as classical boundary conditions, we derive
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the backward equation explicitly. We use the fact that the solution p(x,t|x¢) to the
forward BVP (2.1) satisfies the Chapman—Kolmogorov equation

(2.14) p(x, tlxo) = / p(x,t — 1y)ply, Tlzo)dy, 0<T<t.
Q

This essentially states that the probability of x given xg is the sum of the probabilities
of each possible path from x( to x. We have also imposed time translation invariance.
Using the fact that the left-hand side of (2.14) is independent of the intermediate time
T, we have

(2.15) 0=/ afp(x,t—TIY)p(y,T\Xo)dyﬂL/p(x,t—TIy)arp(y,Tle)dy
Q Q

Since p(y, T|xo) satisfies the forward BVP equation, 9;[p(y,T|x0)] can be replaced by
terms involving derivatives with respect to y:

/Q Pt =iy )aeply o)y =D [ ot =) Vaty, oy
U,

+Z / ok (%, = 7Iy)[Dk V241 (v, TIxo) = 7ai (y, 7o)y

(Here we are using the notation that for all x € Q, p(x,t — 7]y) = u(x,t — 7]y) if
y € Q\U, and p(x,t — T]y) = vp(x,t — 7]y) if y € Uy.) Integrating by parts using
Green’s identities shows that

/ w(x,t — ly)V2p(y, 7lx0)dy
N\Ua

=—/ Vyu(x,t—TIY)-Vyp(y,T\XO)dY+/ u(x,t —7ly)Vyp(y,7|x0) - ndy
o\U o0

N
- Z/ u(x,t —7|y)Vyp(y,7|X0) - npdy
k=1 OU

— [ V2ux.t—ly)p(y. Ixo)dy — / p(y, 7/%0) Vyu(x, ¢ — 7ly) - ndy
Q\Us a0

N
-3 / u(s,t = 71y)Vyp(y. 7o) - midy
au;t
+ Z/ p(y, T|x0)Vyu(x,t — 7ly) - nipdy.
Similarly,

/ vk(x,t = 7ly) V3 an(y, Tlxo) = / Vyvr(x,t = 7ly)pi(y, Tlxo)dy
U, U,
Op(X,t = 7|y " )Vyar(y, 7[%0) - npdy

/
- / 4y 71x0) Vy o (x, £ — 7ly) - mpdy.
O
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We see from the above equations that the various boundary terms cancel if we
impose the adjoint boundary conditions Vyu(x,t —7]y) -n=0 and

Dp(y+,T\x0)Vyu(x,t —7ly") - ng — Du(x,t — T|y+)Vyp(y+,7'|x0) -1y,
=Drqr(y ™, 7|%0)Vyvr(x,t — 7|y~ ) -1 — Dyvi(x,t — 7|y " )Vyar(y . T|x0) - np
for all y* (%llzt. Setting
(2.16) J{(x,tly") = DVyu(x,tly") -ng, J(x.tly") =Dy Vyu(x,t —7|y”) -y
gives
Py, 7o) Il (x,t = Tly ™) — u(x,t — 7]y ) Ji(y, TIx0)
=iy~ 7Ix0) L (5.t = 7ly ) — vk(x,t = Tly ) k(v TIxo), yE € QUE.

Rearranging the last equation and imposing the forward semipermeable boundary
conditions (2.1c, d) yields

(2.17) ply ™. 7lxo) ) (x,t — 7|y t) — q(y ™, 7lx0) J} (x.t — 7|y ™)
=[u(x,t —7|ly") —vi(x,t — 7y )] Je(y, T|x0)
= [u(x,t — 7ly*) — vr(x,t — 7|y )]skl — a)p(y ™+, 7Ix0) — awar(y~, 7Ix0)]

for y* € 814,;':. We thus have the adjoint equations
(2.18a) TE6ty ™) = k(1= ) fulx, tly ™) — ve(x, 1y )],
(2.18b) TEx,tly ™) = maufu(x, tly ™) — vk (x, tly 7).

Combining our various results, we have the following backward BVP:

(2.19a) w = DViu(x,ﬂy), y € O\U,,

(2.10b) oiCMY) _ 20, (. tly) — ey ly), v €U,

with the adjoint semipermeable boundary conditions

(2.19¢)  a;DVyu(x,tly") n;=(1—a;)D;Vu;(x,tly”) n; = %J}L(X,ﬂy)7
(2.19d) J]T(x,t|y) =2r;0;(1 — aj)ulx, tly") —vi(x,tly )], y € oU,

and the exterior boundary condition
(2.19¢) Vyu(x,tly) - n=0, y € 90Q.

Note that if ; = 1/2 (unbiased interface), then the semipermeable boundary condi-
tions are self-adjoint.

We can now write down the corresponding BVP for the absorption flux Jj(xo,t)
by integrating equations (2.19) with respect to x € Uy:

0Tk (X0,1)

(2.20a) = DV2Ty.(x0,t), X0 € Q\Us,
0 ,t
(2.20b) % = D;V>J(x0,t) — 7Tk (X0, t), X0 EU;,
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together with the adjoint semipermeable boundary conditions

1
(2.20c)  a; DV Ti(x0,t) - 15 = (1 — ;) D;V Ti(x0,t) -1 = 5ij(xo,t),

(2.20d) Jh(x0,t) = 26505 (1 — ) [Tn(xE 1) — Ti(xq 5 )], x0 € AU,

J

and the exterior boundary condition

(2.20e) V Ik (x0,t) - 1=0, xq € O

All derivatives are with respect to the initial position xg. The initial condition is
(2.21) Ti(x0,0) =Ly, (x0),

where Iy, (x0) = 1 if xg € Uy, and is zero otherwise. Laplace transforming the

BVP (2.20) and using (2.3), we find that the splitting probability m(x) satisfies
the BVP

(2.22a) DV?m,(x0) =0, x0 € Q\Uy,

(2.22D) D;iV7(x0) + (6 — e (x0)) =0, x0 €U,
a;DVmi(xg) ;= (1 — a;)D;Vmi(xg ) - 1,

(2.22¢) = rja;(1— a;)[mi(xg) — mr(xg )], o0 € OU;,

and the exterior boundary condition
(222d) Vﬂ'k(XO) -n=0, xg € 0.

Similarly, using (2.8), we obtain the BVP for the unconditional MFPT, which takes
the form

1
(2.23a) V3T (x0) = —3 Xo€ N\U,,
1
(2.23b) V2T(x0) — T (x0) = —5 Xo €U,
J
OéjDVT(X()) ‘N = (1 - Oéj)DjVT(Xo) Ly
(2.23¢) =rja;(1—a;)[T(xg) — T(x0)”], xo € U,

and the exterior boundary condition
(2.23d) VT(x0) -n=0, xo € 9N.

3. Matched asymptotic analysis: Splitting probabilities. The BVP (2.22)
for the splitting probabilities and the BVP (2.23) for the unconditional MFPT can
both be solved in the small trap limit using matched asymptotic expansions and
Green’s functions along analogous lines to previous studies of the narrow capture
problem [17, 16, 18, 6, 38, 39, 9, 10]. The basic idea is to construct an inner or local
solution valid in an O(e) neighborhood of each trap, and then match to an outer or
global solution that is valid away from each neighborhood.

We first consider the BVP for the splitting probabilities. In the outer region
Q =0\{x1,...,xn}, 7 is expanded as 7 = 71',(60 + ew,(cl) + 627T](€2) + ..., where 7T](CO) is
an unknown constant. After dropping the subscript on xg, we have
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(3.1a) DVZW,(:) (x)=0, xe,
(3.1b) Vﬂ',gn)(x) n=0,x€0Q, n>1,
together with a set of singularity conditions as x — x;, j=1,...,N. The latter are

determined by matching to the inner solution. In the inner region around the jth
trap, we introduce the stretched coordinates z =€~ (x — x;) and set

Ur(z) =me(x; +€z), |2] <pj, Vi(z)=m(x; +€z), |2] > p;.

Note that Uy and Vj are the components of the inner solution corresponding to the
interior and exterior of the jth trap. For concreteness, we will assume that v = O(1/€2)
and k£ =0O(1/¢) and perform the scalings

/ K
(3.2) A/:Z—Q, nj:?ﬂ.
(Note that this choice of scaling is for mathematical convenience. Although we do not
consider specific biological applications, one could check whether or not the scaling
is consistent with experimental determined absorption rates and permeabilities by
fixing the length and time scales as highlighted at the beginning of section 2, and
then determining e from the size of the relevant reactive domains Y. For the sake of
generality, we consider alternative scaling scenarios in Appendix A.) Introducing the
series expansions

(3.3) Up=U9+e0M + ... vi=vO ey

we have

(3.4a) DV (z) =0, |z > p;,

(3.4b) DU (2) + 7/ (8;50n.0 — UL (2)) =0, [2] < pj,
a; DYV (2) - n; = (1 a;) D; VU™ () - m

(3.4c) = o (1 - a))[U" (2) = V" (2)], |2| = p;.

Finally, the matching condition is that the near-field behavior of the outer solution
as x — x; should agree with the far-field behavior of the inner solution as |y| — oo,
which is expressed as

7r,(§0) + 67T,(§1) + 6271(62) ~ Vk(o) + EV,C(D + 62Vk(2) e

3.1. Inner solution U,go), Vk(o). We solve the inner BVP for n = 0 using spher-
ical polar coordinates with p = |z| and the far-field condition Vk(o) ~ 77,(;)) = constant.

Equations (3.4) reduce to the form
Vi), 2D V" (p)

(35&) dp2 P ap =0, p>pj,
U (p) | 2D; 9UL (p) ©
(3.5b) DijQJrTJTerv(@;kak (p)) =0, P <pj,
v (p,) U (p;)
(3.5¢) %‘Dkap(] =(1- ij)Dj% = rja;(1— o)V (p;) = U (p))-

A well-known trick for solving the spherically symmetric diffusion equation in 3D
is to perform the change of variables Uéo)(p) = ,(CO)(p)/p and Vk(o)(p) = w,go)(p)/p.
Substituting into (3.5a, b) yields
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8”0 (p)
(3.6a) Dak7p2 =0, p>pj,
82(]5(0) p
(3.6b) D, 00 s 6O () =0, p<

We also have the far-field condition w,(co) ~ W](c())p. We thus obtain the general solution
(0)

sinh(y/7'/D;p) Ajk
61 U =i+ BRI 0 ) = S ),
Substituting into the boundary conditions (3.5¢) gives
(3.8a)
O‘J’DA('(I? 0 D;
~BEEE 1= B { VD coshly /Do) = sinity /Do) |
j j
(3.8b)
o; DAY © O ©
D (- ag) |4+ 5~ 0yl - B sty /D05 .
j
Setting
D D, D
(3.9) IR S
(1—aj)p; pi | (1 —aj)K)p;
and
(3.10)

, = D; {ijcosh(\/mpj) —Sinh(\/’mpj)} |
I¢sinh(\/9'/D;p;) + I {Pj V7' [Djcosh(y/7'/Djp;) — Sinh(mﬂj)}
we find that
(3.11) A =¢;(0;0 - 7).

The expression for the coefficient C; is one of the main results of this paper. Its
significance will be developed below.

(0) (0)
k

3.2. Calculation of 7, . So far we have shown that the inner solution V}

outside the jth trap is
A('O)
(3.12) V() =" + 7|;T :
with Ag-(,? given by (3.11). It follows that the outer solution 7T](€1) satisfies the singularity
condition

A
w,il)(x) ~ I ag X = Xj.
[x — x|

In other words, w,il) satisfies the inhomogeneous equation

N
(3.13) VQW,(CU (x) = —4r Z A;(,?(S(X —X;), Xx€; Vﬂ,(cl)(x) ‘n=0, x€N.

Jj=1
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Integrating this equation with respect to x € € and using the divergence theorem

implies that Z;vzl j(,i = 0. Hence, summing (3.11) with respect to j = 1,...,N

determines the unknown constant 7r,(C ) according to

(0) C 1 N
0 k = 2 :
(38.14) ™ =ne OTW = “

In particular, note that Y0, 7\”) =1 and thus S>0 7™ =0 for n.> 1.
Equation (3.13) can now be solved in terms of the Neumann Green’s function:

N
(3.15) m ) (x) =4r > AN G(x, %) + X,

j=1
where

1
(3.16a) V3G(x,x') = - d(x—x'),x€Q; VG-n=0,x €N,
1

(3.16b) G(x,x') = e — X/| R(x,x") / G(x,x)

with R(x,x’) corresponding to the regular part of the Green’s function. Integrating
both sides of (3.15) with respect to x €  shows that the unknown constant X,(cl)
satisfies

( N (1)
(3.17) ) = / S =o.

k ‘Q| k

k=1

3.3. Calculation of X( ). The outer solution (3.15) implies that the inner so-
lution V( ) around the jth trap has the far-field behavior

N
(3.18) V(@) ~ A =4r 3 @A + X, 2] = oo,
i=1
where
(3.19) Gji =G(x5,x%;) for i #j, Gj; = R(x;,%x;).

The inner BVP for n=1 for Vk(l)(p) = w(l)(p)/p and Uél)(p) = qSél)(p)/p is

v, ()
(3.20a) D=k 957
1)

¢8 2( ) — 6 (p) =0, p<pj,

and w,(cl) ~ ( ) © p- The general solution is thus

_07 P>P]7

(3.20b) D,

. (1)
1 nsinh(+/v"/D;p) 1 A4; 1
U )(p):B](-k)—p AR OE ) LA

Proceeding along analogous lines to the case n =0, we find that

(3.21)

(3.22) AL =—c;Al),
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with C; defined in (3.10). Hence, the inner solution Vk(l) outside the jth trap is
3.23 V@)= (1-5) AW
(3.23) p ()= (1- 7 ) Dk

It follows that the outer solution %) has the singular behavior

1
;AL

x — x|

(3.24) 7r,(€2) ~— as X — X;.

That is, 77122) satisfies the inhomogeneous equation
(3.25) 47726 A(1 d(x—x;), xe le(f)(x)~n:O, x € 0N

Integrating this equation with respect to x € Q and using the divergence theorem
implies that

N
(3.26) > ¢ <47TZGJZ (Gig — )] + <1>>:o,
j=1

where we have used (3.11) and (3.18). That is,

(3.27) Xy = ) Z C;GiCi — Zc GrCr

i,j=1

3.4. Properties of C;. In summary, the outer solution for the splitting proba-
bility 7 is

c N al

k

ﬁk(xo) ~ {1 + 47‘(6( Z —,CjGjiCi — ZCjij>
NC S NC =

(3.28) +47T€ZC (%0,Xk) G(xo,xj)]} +O(%).

Hence, the dependence of my(xo) on the properties of the jth trap (k;, a5, Dj,p;)
are encapsulated by the coefficients C; in (3.10). In the limit 7/ — oo, a particle is
instantaneously absorbed when entering a trap and

-1
D; D

3.29 lim C;=—==p; | —————— +1 .

( ) 7/1—I>noo J Fb p] [(1 _Oéj)ligpj + ]

If we also take n;- — 00, 7 =1,..., N, then the interfaces become totally permeable

and C; — p;. The corresponding splitting probabilities reduce to the form

Pk
k(XO)N]\fp{1+47r6< Z N,p_] ]lp’b Zp] ]k)

i,j=1 j=1

(3.30) +4776ij (x0,X%) G(XQ,Xj)]} + O(e?).
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This is identical to the result previously derived for the 3D narrow capture problem
with totally absorbing surfaces U, [18, 9]. The length p; is the diffusive capacitance
of a sphere of radius p;.

Now suppose that +/ is finite, a; = 0.5, and n} — 00; see Figure 2(b). We then
recover the example of partially absorbing target interiors analyzed in [10], except
that here we are allowing the diffusivity to be discontinuous across each completely
permeable interface. From (3.10),

(331)  lm C = piD; {pj\/mcosh(\/mpj) —sinh(\/mpj)}
. K/, —00 7 [D —Dj]Sinh(\/'T-Dij) +Djpjmcosh(mpj).

In particular, if D; = D, then

o ,
(3.32) lim C; = p; {1 _ tanh(v'/Dp;) } ,
K —00 Pj \/W

which recovers our previous result [10]. In the case of finite # and 4/, the general
expression for C; in (3.10) can be interpreted as the effective capacitance of the sphere
with C; < p;. Reducing the permeability Ii; or increasing the outward bias a; reduces
Cj, since it is more difficult for a particle to enter the trap and be absorbed. The latter
is illustrated in Figure 3(a), which shows plots of C; against «; for various absorption
rates 7'. In the limit v — oo we see that the range of C; is [0,2/3], which is consistent
with (3.29) for D = D; = p; = &, = 1. Corresponding plots of C; as a function of
are shown in Figure 3(b).

Finally, consider the intermediate absorption regime in which ¢ < 7/ < 1 and
D;/ p? =0O(1) for all j=1,...,N. Taylor expanding the numerator and denominator
on the right-hand side of (3.10) with respect to &; =+/7'/D;p; gives

0.7 — : 0.9 ‘
— =005 b
06 [\ S , . y-os] o8 ©®
S = 00
. Y =1 07l Y
v=2 4
Y = 0.6} CemmmmmmTTTTT
v =104 o5
o4t [
03l [/
0.2}
0Alf,----=7mTTTTTTTT T T T T
S o |
0.8 1 0 2 4 6 8 10

permeability k j'

F1G. 3. Plot of coefficient C; defined by (3.10) as a function of (a) the bias parameter a; and
(b) the permeability Ii; for different absorption rates v'. Default parameters are D=Dj =p; =1=

f@;- =1 and a; =0.5.
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o Di{&(1+6/2) &1 +E/6)} +...
TODG+E/6) + T {1+ €/2) -+ /6))
D& A —aj)p; A1 —ay) U]
T8¢ 3a;D 4nDay

(3.33)

That is, to leading order, C; is proportional to the absorption rate 4’ and the stretched
trap volume |L{]Q| = 47rp? /3, whereas it is independent of the permeability ;. On the
other hand, in the intermediate permeability regime e < s} <1 and (1 —a;)p;/D =
O(1) for all j=1,...,N, we find that

D; (L—oay)wfps  (1—ay)s|oU])|

3.34 Cin — =~

(3:34) T D 47D
To leading order, C; is proportional to the permeability /@; and the stretched trap
surface area |8Z/I]°| = 47rp?, but is independent of ~'.

4. Matched asymptotic analysis: MFPT. A similar analysis to section 3
can be performed in the case of the MFPT. Again we will consider the particular
scaling (3.2). In the outer region, T is expanded as T = ¢ T  T7M) 4+ 7 4
Here Ty is an unknown constant, and

(4.1) V2™ (x) = —5%1, x € O\ {x1,...,xn}, v (x) n=0,x €99,

together with certain singularity conditions as x — x;, j =1,...,N. The latter are

determined by matching to the inner solution. In the inner region around the jth
trap, we again introduce the stretched coordinates z; = ¢! (x — x;) and set

Ule) =T(x; +c2). |2l <pj. Vl(e)=T(x; + ), |z] > p;.

We keep the same scalings v — v/€? and k; — £ /€. Introducing the series expansions

(4.2) U= U@ 4uW 4. v=clv@Opy® 4

we have

(4.3a) DV*V (™ (z) =0, |z| > pj,

(4.3b) D;V2U ™ (z) —4U™(2) =0, |z| < p;, n=0,1,
a; DVV™(z) -nj = (1—a;)D;VU™(z) - n,

(4.3¢) = k(1= ay)[U™(2) =V (2)], |z| = p;.

Finally, the matching condition is that the near-field behavior of the outer solution
as X — x; should agree with the far-field behavior of the inner solution as |y| — oo,
which is expressed as

'O 4 T7M 4 7@ VO Ly ey @)

Following along similar lines to section 3.1 by working in spherical polar coordi-
nates, we obtain the solutions

: (0)
(4.4) UO(p) = B(O)M7 VO (p) = 4 + 70,
p

’ p
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with
a; DA} ) D;
(4.5a) B (1—a;)B;" 4 \/vDjcosh(y/v/Djp;) — 7smh( v/Djpj) ¢
J J
a; DAY
(4.5b) _% = k(1 — o) {A?’ +T©p; — B sinh( y/Djpj)} .
J

Hence, Ago) =—C,;T© with C; defined in (3.10). Next, the outer solution T(!) satisfies
the singularity condition

c;T®
Ix —x]

T(l)(x) ~—

as X—)Xj.

Hence, TM satisfies the inhomogeneous equation
(4.6)

N
1
DV2T(1)(X)=—B—|—47TZCJ'T(O)5(X—X]'), xeQ, VIM(x)-n=0, xed.

Jj=1

Integrating with respect to x €  and using the divergence theorem implies that

(4.7) 70) — LL
4rDNC

Equation (4.6) can now be solved in terms of the Neumann Green’s function:

N
(4.8) TM (x) = —47T© > " C;G(x,%;) + x V.

j=1

Integrating both sides of (4.8) with respect to x € {2 implies that the unknown constant
) satisfies

1
(4.9) xW = @/QT(U(X)CZX.

The outer solution (4.8) implies that the inner solution V(1) around the jth trap has
the far-field behavior

N
(4.10) VO (2) v A = 47T 37 G+ XD, Ja] = o0
=1

Proceeding along analogous lines to the case n =0, we find that

(4.11) V) () = (1 _ Cj) AW

V4

with C; defined in (3.10). It follows that the outer solution T' (®) has the singular
behavior

1
;ALY

Ix — x|

(4.12) 7@ ~ — as X — X;.
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That is, T(?) satisfies the inhomogeneous equation

N
(413) DVTP(x) =47 CAVo(x—x;), xeQ VI (x) - n=0, xed.
=1

Integrating this equation with respect to x €  and using the divergence theorem
implies that

N N
(4.14) e (47TT<0> > GiiCi+ X“)) =0,
j=1

i=1

where we have used (4.10). That is,

(4.15) ) _ AnT® anﬂc

1,j=1

In summary, the outer solution for the unconditional MFPT is given by

N N
9] { 1 }
4.16) T(xg)~ ————=11+4me —C,;G;;C; — 4me C;G(x0,%x;) ¢ + O(e).
(116) T(xo) ~ 3. Gt ame €6 ) +0()
Again we recover previous results in the dual limits v — oo and k; - 00, j=1,..., N,
since C; — p; [18, 9]. As in the case of the splitting probabilities, C; acts as an effective
capacitance. Finally, note that for a single target, (4.16) reduces to

Q Q
471"ch1 %'[R(le x1) — G(x0,x1) + O(e),

(4.17) T(x0) ~

and the O(1) contribution becomes independent of the parameters (D, k1, a1, p1).

5. Example: Triplet of targets in the unit sphere. For the sake of illus-
tration, suppose that the search domain 2 is the unit sphere and that it contains a
triplet of targets evenly distributed in the horizontal mid-plane, see Figure 4(a). The
3D Neumann Green’s function in the unit sphere is known explicitly [17]:

Go(x,8) = ! + ! + iln 2
47 \X &l Anlx|r’ 4w 1 — |x||&| cos @ + |x|r’

7
5.1 2
(1) + e+ 16P) - 1o
where |Q| =47/3, and
x-§ ’ X ’ ’
cosf=——=, x'=—, r=x"-¢
x|/ x|

The final constant is chosen so that [,G(x,€)dx = 0. We assume that all traps
have the same radius €p and take the positions of the traps to be x; = (a,0,0),
X3 = a(cos2n/3,sin27/3,0), and x3 = a(cosdn/3,sindr/3,0) with 2ep(a(l. In
Figure 4(b-d) we show contour plots of the MFPT T'(x¢) given by (4.16) for N = 3.
We display T'(xg) as a function of the o and yo components of the initial position xg
for fixed zp, namely, xo = (2o, yo,cosm/3). The traps are taken to be identical except
for different choices of the bias a in the first trap. It can be seen that if oy < as = asg,
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0.8 (b)
06
04 1.25
02
Yo 0
0.2
0.4
0.6
0.8 -@1.2
-0.8-06-0.4-02 0 0.2 0.4 0.6 0.8
X0
0.8/ (¢) .y 08
0.6 : 06 1.7
0.4 0.4
0.2 02+
Yo O Yoo
-0.2 0.2
-0.4 -0.4
-0.6 1 0.6 1.6
0.8, ] 0.8 ]
0.8-06-0.4-02 0 0204 0.6 08 -0.8-0.6-04-02 0 0.2 0.4 0.6 0.8
Xo )(0

F1G. 4. MFPT for narrow capture in the unit sphere. (a) A triplet of spherical traps is evenly
distributed in the horizontal mid-plane at a radial distance a = 0.5 from the center. (b) Contour
plot of MFPT T(x) given by (4.16) as a function of the initial position xo = (xo,yo,cosbp) with
0o =m/3 fized. The three traps are identical with D; = p; =1, aj = 0.5, and k; =10 for j=1,2,3.
(c) Same as (b) except that oy =0.1. (d) Same as (b) except that a1 =0.9. Other parameters are
D=1,v=1, and e=0.05.

then the MFPT is smaller if it starts in a neighborhood of the first trap. On the other
hand, if a3 > @y = a3, then the MFPT is reduced if it starts in a neighborhood of the
second or third trap. Finally, note that the xo dependence of T'(x¢) is particularly
weak, since we are considering xy away from the horizontal mid-plane.

Suppose that the initial condition is now taken to be in the (zg,yo)-plane such
that xo = (po cos @, po sin ¢g, 0) with pg fixed. In Figure 5 we plot the splitting proba-
bilities 7, j =1,2,3, as a function of the angular coordinate ¢ € [0, 27] for different
parameter values of the first trap. Clearly m; has a maximum when ¢y = ¢; and
minima at ¢g = ¢, k # j, where ¢y is the angular coordinate of the kth trap. For
identical traps, the splitting probabilities are identical up to a 27/3 shift in ¢o. How-
ever, as expected, decreasing a1 or increasing x; increases m; and reduces mo and 7.
Analogous plots for the MFPT are presented in Figure 6.

6. Partially reactive surfaces. Taking a; = 0 leads to the narrow capture
problem of (2.13), with x; the effective constant reaction rate for the Robin boundary
condition at the jth trap; see Figure 2(c). For simplicity we will assume that x; = ko
for all j=1,..., N. We can then reformulate the Robin boundary conditions using a
probabilistic interpretation based on a boundary local time [27, 28, 12, 13]. The latter
is a Brownian functional that keeps track of the amount of time a particle spends in
a local neighborhood of the total interior boundary dU, with U, = Z;-V:]_u]'. Let
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angle ¢o radians

F1G. 5. Splitting probabilities m;(x0), j = 1,2,3, for narrow capture in the unit sphere with
the triplet of traps shown in Figure 4(a). The initial position is taken to be in the (zo,yo)-plane,
x0 = (po cos ¢o, posingo,0) with po = 0.6. (a) Identical traps with the same parameter values as
Figure 4(b). (b) Same as (a) except that a1 =0.1. (c) Same as (a) except that k1 =0.3. (d) Same
as (a) except that k1 =100. Other parameters are D=1, y=1, and e =0.05.

16 " "
k1=0.3
14
~ L ]
Ict1.2
o . \ag=o1
L RN A SRR ATENONE
L /I, \\‘\/,1’ ‘\‘\/,ll \\\ 4
08 }/k1 =100
A G L )
0 1 2 3 4 5 6 0 1 2 3 4 5 6

angle ¢p radians

angle ¢p radians

F1G. 6. MFPT T(x0) as a function of ¢o with xo = (po cos o, posin¢go,0). (a) Effect of
changing one of the parameters of the first trap. Baseline levels are as in Figure 4. (b) Identical
traps as in Figure 4(b) and various po. Other parameters are D=1, v=1, and e =0.05.

X € Q\U, represent the position of the diffusing particle at time ¢. If the surface OU,
is totally reflecting, then we can define the boundary local time according to

D t
(6.1) 0= lim—/ O(h — dist(X.., O, ))dr,
h—0 h 0

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 09/25/23 to 128.110.184.55 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

3D NARROW CAPTURE WITH SEMIPERMEABLE INTERFACES 1287

where © is the Heaviside function. Note that ¢; has units of length due to the addi-
tional factor of D. Let P(x,¢,t|xqg) denote the joint probability density or propagator
for the pair (X4, ¢;) and introduce the stopping time

(6.2) T=inf{t>0: £, >0},

with ¢ an exponentially distributed random variable that represents a stopping local
time. That is, P[¢ > (] = e~*0! with 2y = ko/D. (Roughly speaking, the stopping time
T is a random variable that specifies the time of absorption, which is determined by
the instant at which the local time ¢; crosses the random threshold ¢.) The marginal
density p(x,t|xo) satisfying (2.13) can be related to the propagator P(x,/,t|xq) as
follows:

p(X,t|x0)dx =P[X; € (x,x + dx), t < T|Xg=x0]
=P[X; € (x,x+ dx), {; < |Xo =)

:/ dl zpe > P[X,; € (x,x + dx), £; < £|Xq = X
0

o L
:/ ¢ zoe_z"e/ dl'[P(x, ', t|xg)dx].
0 0

We have used the fact that ¢; is a nondecreasing process so that the condition ¢ <7
is equivalent to the condition ¢; < ¢. Using the identity

(6.3) /OOO de f(0) /(fde’ g(e’)/:o ae g(e’)/;o de f(0)

for arbitrary integrable functions f, g, it follows that
(6.4) p(x,tx0) :/ e~ P(x, 0, t|x0)dl = P(x,7,t[x0).
0

_ Hence, the marginal density p(x,t|xq) is equivalent to the Laplace transform
P(x,20,t|x0) of the propagator with respect to the local time ¢. In other words,
P(x,z,t|xq) satisfies the Robin BVP (2.13) with ko = zoD. The advantage of this
fog\mulation is that one can consider a more general probability distribution U(l) =
P[¢ > (] for the stopping local time ¢ such that [27, 28, 12, 13]

\IIX Xg) = - X X = - _1~xz X
65 p¥(x txo) /0 W) P(x, 0, txo)dp /0 W)L B(x, 2, tx0)dp,

where £7! denotes the inverse Laplace transform with respect to z. The steps of
the general encounter-based method for a Brownian particle can be summarized as
follows:
1. Solve the Robin BVP for the probability density p(x,t|xg) in the case of a
constant rate of absorption . _
2. 2. Identify p(x, t|xo) with the Laplace transform P(x, z,t|xq) of the local time
propagator, with ko = zD.
3. Invert the Laplace transform with respect to z to obtain P(x,¢,t|x).
4. Calculate the general marginal density according to (6.5).
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An alternative approach would be to solve the BVP for the local time propagator
directly, which is how we proceeded in [11] for the narrow capture problem in R3. Here
we will work directly with the asymptotic expansions of the splitting probabilities and
MFPT in the bounded domain §2.

First, consider the case of constant reactivity kg. The total probability flux into
the partially absorbing boundary Uy, is then

(6.6) Ji(x0,t)=D | Vp(x,t|xo) -n;dx, x9€QN\Uy,
Uy,

with p the solution to the BVP (2.13). Hence, the corresponding splitting probabilities
and unconditional MFPT are 73 (x0) = Jx(X0,0) and T'(x¢) = —0sJx(X0,0). Suppose
that we include z = ro/D as an additional variable in the flux by writing J, =
Ji (%0, 2,8), and set

(6.7) Tr(X0,2) = Ji(x0,2,0), T(x0,2) = —0sJr(x0, 2,0).

Using the above encounter-based method, the splitting probabilities and MFPT for a
general reaction scheme can then be written as

(6.8) wg(xo)z/oooqf(e).c17rk(x0,z)dz, T‘I’(xo):—/ooollf(é)ﬁ1T(x0,z)d£.

It remains to determine the explicit dependence of 7 and 1" on z. We now make
the crucial observation that the flux Jj is related to the flux Jj according to (2.11)
and (2.12). That is, although the interior of each trap no longer plays any role, we
can still use the solutions of the BVPs (2.22) and (2.23) to determine 7y (xo,2) and
T(xg,z) for partially absorbing surfaces with constant reactivity kg = zD by setting
a; =01in (3.28) and (4.16). This is equivalent to setting

-t zZp; 1
+1:| = J _pj—iECj(Z).

D
6.9 Ci=p; =
(6.9) j = Pj [ ,0;1‘5‘2 p;l—l—z

Kopj

It follows that the construction of the asymptotic solutions for general ¥ reduces
to the problem of finding the inverse Laplace transforms of the terms involving the
capacitances Cr(z). (We are using the fact that an asymptotic expansion commutes
with integral operators.)

As a simple example, suppose that p; =7 for all j =1,...,N. Equation (3.28)
reduces to the simpler form

N N
1 1
ﬂk(XQ,Z)NN 1+ 4meC(2) E NGji+ g [G(x0,%xk) — G(%0,%;) — Gji]
i=1

(6.10) +O(€?) |
with

_ 1 a1 o P
(6.11) e == CO=[C7e)0)=p(0) ~ 7"
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Substituting (6.10) into the first equation of (6.8) and using (6.11) yields the gener-
alized asymptotic expansion

Wg(xo)w;j/ooolll(ﬁ){é(f)—i-ﬁlﬁe{pé ](Z — Gy

i,j=1
N

Z (x0,Xk) — G(x0,%;) —ij]>}+0(62)

N;/Ooo{l-%-@w{p \111/;)}(2 ~Gii

N i,7=1
(6.12) +Z[G(x0,xk)G(xo,xj)ij])}+O(62).
Similarly, (4.16) becomes
N N
(613) T(XO,Z) ~ g{4w€]é(z) + Z Gji - ZG(Xo,Xj)} + O(E)
with
614)  Fe)=ce) =P mey=cF0=tsw) - .
2p p p
Hence
Q[ 1 al
(6.15) TY (xq) ~ D{mp ( ) ;1 Gji ;G(XO,Xj)} + O(e),

where U = [ W()d.

It is possible to extend the analysis to the case of inhomogeneous radii p;, but the
algebra is more involved, since one has to find the poles of potentially high-dimensional
rational functions in order to calculate the inverse Laplace transforms. For example,
suppose that we have two traps. The O(1) contribution to 7 is independent of xg
and takes the form

m1(2) = Ci(2) 1 _ pi(py " +2)
Ci(2) +Calz) 14 b2 Pl t2 T it ey (o1t pa)z
P1 p, 14z
-1

(6.16) S N

p1+p2 Y12+ 2
with

-1 -1
1 1 2
(6.17) Sa=firrter, L L _
p1+ p2 p1 P2 p1tp2

Hence,
6.18 L7m](0) = —L2— [5(0) + [p3 ! — Sro)eS24]
(6.18) [m1](£) o+ s [6(6) + [p3 12)e ]
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o o o
» ) o0

splitting probability 7¢
o
S

radius p 1

Fi1G. 7. Pair of spherical traps with non-Markovian, partially absorbing surfaces OU; and radii
pj, J =1,2. Plots of the leading order contribution to the splitting probabilities 7r11' (solid curves)
and 71'51' (dashed curves) as a function of p1 with po =1. (The leading order terms are independent
of x0.) The local time distribution ¢ (€) = —U’'(£) is taken to be the gamma distribution (6.20) with
parameters (u,n) and n=1.

so that
£
6.19) ¥ :/ WOL m)(0d0 = P 14 o~ SralB(2)
0 p1+p2

Similarly, 73 is obtained under the interchange p; <> p2. It can be checked that
7 + 7 =1 since ¥15 = ¥o1. For the sake of illustration, suppose that ¢ (¢) = —¥’(¥)
is given by the gamma distribution:

_ n(nO)te

where I'(u1) is the gamma function. The corresponding Laplace transforms are

, >0,

(6.21) J(z)_<n1z> , \Tf(z):l%/’(z).

Note that if p = 1, then v reduces to the exponential distribution with constant
reactivity kg = Dn. The parameter p thus characterizes the deviation of ¢ (¢) from
the exponential case. If p < 1 (u > 1), then t(¢) decreases more rapidly (slowly)
as a function of the local time £. The effective reaction time is given by the mean
E[{] = u/n. Example plots of the leading order contributions to 7y and 7y as a
function of p; for po = 1 are shown in Figure 7. It can be seen that increasing u
reduces 7y when p; < p, and has the opposite effect when p; > ps.

7. Discussion. In this paper we developed a general theory of the 3D narrow
capture problem for small spherical traps in a bounded domain, with the boundaries
of the traps taken to be semipermeable. We used singular perturbation theory and
Green’s function methods to derive the leading order terms in the asymptotic expan-
sions of the splitting probabilities and the unconditional MFPT. (Other quantities
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such as the conditional MFPTs and higher FPT moments could have been analyzed
in a similar fashion; see [18, 10].) We also showed how previously studied versions of
the narrow capture problem can be recovered in appropriate limits, including partially
absorbing interior substrates [10], totally absorbing surfaces [18, 9], and partially re-
active surfaces [11]. This established that the main difference between the various
cases is the form of the effective capacitances C;; the general formula was given in
(3.10). In the special example of partially reactive surfaces, we also showed how to
incorporate non-Markovian models of absorption using the encounter-based method.

One natural extension of the current work would be to consider nonspherical trap
geometries along the lines of [18] for totally absorbing traps. This would require
taking into account the intrinsic capacitance and dipole vectors that are determined
by the shape of U/;. In particular, the analysis of the inner solutions would need to be
modified using a different stretched coordinate system. Another nontrivial extension
would be to apply the encounter-based method to the full model given by (2.1). This
would involve both the absorption process within each trap along the lines of [12, 13]
as well as the semipermeable interface itself. As we have recently shown elsewhere
[14, 15], the latter can be reformulated using a probabilistic formulation of Brownian
motion through a semipermeable interface known as snapping out Brownian motion
[35]. The latter sews together successive rounds of partially reflected Brownian motion
that are restricted to either the interior or the exterior of each interface. Each round
is killed when an associated local time exceeds a random threshold, analogous to
the mechanism considered in section 6. We have also recently developed an efficient
algorithm for evaluating the boundary local time, which we applied to Monte Carlo
simulations of 2D snapping out Brownian motion through semipermeable interfaces
[45]. This included a 2D version of the 3-trap configuration considered in section 6,
which established the validity of the 2D version of matched asymptotics. We are
currently extending this work to the 3D case.

Finally, it is useful to relate our work to another class of problem involving
semipermeable interfaces, namely, coupled PDE-ODE systems. Let us return to the
full model system (2.1) and assume that D; is sufficiently large so that the density g;
within U; is approximately spatially uniform. This means that we can take

(7.1) qj(x,t)ij(t)Wu/bl_qj(x,t)dx.

For convenience, we have dropped the explicit dependence on xq. Integrating both
sides of (2.1b) with respect to x € U; and using the divergence theorem gives
dq;(t) _ D,

2 = ; -n;dx — ~q;(t).
(7.2) di U] o, Vg;(x,t) - njdx —vq;(t)

Using the semipermeable boundary conditions (2.1c), we see that this becomes

dg;(t) _ Kj
dt Ul Jou,

(7.3a) ([1 = aglp(x, 1) — a;g; (1)) dx = 745 (t),

with p(x,t) the solution to

(7.3b) i (a); D Dv2p(x.t), x € N\,
(7.3¢) DVp(x,t) -n; = r;[(1 —a;)p(x,t) — a;q;(t)], x€U;,
(7.3d) Vp-n=0, x€N.
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Equations (7.3) are an example of a PDE-ODE system that couples bulk diffusion in
OQ\U,, with a set of N spatially uniform compartments. The coupling is mediated by
an effective semipermeable boundary condition. More general versions of this type of
model are obtained by replacing the decay term in the ODE (7.3a) with a nonlinear
function f(g;,w;), where w; represents a set of m additional variables that evolve
according to a system of ODEs that in turn couple to g;.

One major application of the nonlinear version of (7.3) is bacterial quorum sensing
[40, 41, 24]. Quorum sensing involves the production and extracellular secretion of
signaling molecules known as autoinducers. Each cell contains receptors that specif-
ically detect the signaling molecule (inducer), which then activates transcription of
certain genes, including those for inducer synthesis. However, since there is a low
likelihood of an individual bacterium detecting its own secreted inducer, the cell must
encounter signaling molecules secreted by other cells in its environment in order for
gene transcription to be activated. The extracellular concentration depends on the
bacterial population density. Hence, as the population grows, the concentration of the
inducer passes a threshold, causing more inducer to be synthesized. This generates a
positive feedback loop that fully activates the receptor and induces the up-regulation
of other specific genes. All of the cells thus initiate transcription at approximately the
same time, resulting in some form of coordinated behavior such as bioluminescence,
biofilm formation, or infection of an animal host. With reference to (7.3), p(x,t) would
represent the extracellular autoinducer concentration, whereas g¢;(t) would represent
the concentration inside the jth cell. On the other hand, the additional variables
w; would represent the concentrations of downstream signaling proteins and genes
that are activated by the autoinducers within the jth cell. At the population level,
one is typically interested in the steady-state solution and its stability, both of which
can be analyzed using matched asymptotics [40, 41, 24]. These studies typically take
a; =1/2 (unbiased interfaces).

Appendix A. Alternative parameter scalings. Throughout the paper we
considered the particular scalings v = O(1/€?) and x = O(1/¢). In this appendix, we
perform an asymptotic analysis of the splitting probabilities in the slow absorption
regime v =0(1/e) and the low permeability regime r; = O(1), respectively.! In both
cases we find that the O(1) terms in the asymptotic expansions agree with (3.28)
under the approximations (3.33) and (3.34), respectively. However, the O(e) terms
are now constant so the xo-dependence of my(x¢) first occurs at O(e?). Hence, the
narrow capture problem can no longer be reduced to the totally absorbing case in an
appropriate limit. (Analogous results hold for the MFPT.)

A.1. Slow absorption. Suppose that

K
(A.1) y=—, kKj=-L.

€
The inner solutions are now expanded as

(A.2) Up=7" + UV +0(), Vi =n2 +ev M +0(eh),

LUnder the scaling v = O(1/¢), the effective absorption rate in stretched coordinates is €2y = O(e).
Similarly, if K = O(1), then the effective permeability in stretched coordinates is ex; = O(e).
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with

(A.3a) DV, (”)( )=0, |z| > p;,

(A.3b) D;V2U (2) + 7 (84001 — U (2)) =0, |2 < pj, n>2,
a; DYV (2) - m; = (1 - a;) D; VU™ () - m

(A.3¢) = j0;(1— 0))[U (2) - V™ (2)], |2l =

Following along similar lines to section 3.1, we find that

€]
’}/PQ A e
(A4) U0 =By - L0 —m, V(o) = =2 4.

J p
Substituting into (A.3c) yields

1
DAYy (1-a))p?

(A.5a) — py =— 3 [6; kfﬂlg )L
j
O‘jDA(‘}c) (1) (1) 'Y/PS (0) (1)
(A.5b) _Tizn;aj(l—aj) Ayl + pimy, +6—D‘J7_[(5j,k—7rk |—p;B
Hence
/ 0

1) Yis (0) 7_7(1_aj)|uj|
(AG) Ajk —C»[(S],k—ﬂ'k ], C] —W,
and

D a; D

AT BY— (1 J AL .
(A Pi7an i K (1 —aj) T 31=a)D; O

The outer solution has the asymptotic expansion 7y (x) ~ 71'120) —|-67r,(C )+627r,(f)( )+

O(€?) with W,io’l) constants, and
(€h)
(2) Ajk

k
m(x )N|x—jx-| as X — X;.
J

Proceeding in a similar fashion to section 3.2, we have

(A.8) 7r,(€2)( 47TZA§?G (x,%x;5) + X(2) ZA]k =
j=1

In particular, 7, (9) has the form (3.14) under the mapping C; — C

C'Y
A9 ) — , cl.
(A.9) Ty, NC Z

Since Zk 1Tk ) — 1 we see from (A.6) that Zk 1 J}c) =0.

Finally, 7r,(C is determined by considering the next term in the inner solution

along the lines of section 3.3. First, note that
AR
A1) V= AR =iy Gl e
i=1
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On the other hand,

(A1) D VU (2) = 7' U (2) =0, [2] < p;.
Setting U]EZ) (z) = (;5,(62)(,0)/;), we have

32925(2)( ) 203 0)

We thus have
2 4 / 23(1)
2 v p 0 VPO 2

Substituting the resulting solutions for U,§2) and Vk(2) into (A.3c) yields

(A.14a)
(2) 2 5 3 (1)
a; DAY 7P ©, , V'PiBj
——— 2 —(1-a)D; A H.i
p; 7T\ 3002 k 3D;
(A.14b)
(2) 5 ( )
ajDAR @ 4 pAD 4 V05 o 7PB )

The inner solution Vk determines the singular behavior of the outer solution Tr(g)

and the resulting diffusion equation implies that Z A;i) = 0. Hence,

ZN: D; V/Qf’?[a _ﬂ<o>]+ﬂ
=~ 3002k Tk 6D;

- (1) o; D (1)
¢ p:BY - T 4
g J (pg ik 5(1—a;)D; Jk)

Substituting for Bﬁ) using (A.7) yields

(A.15)

N
1 D 3a; D
Al @ __ - 711 j V5. ()
(A16)  m=—gr > G e 00 ;) G e

where ©7 = Ejvzl p;C]. Note that S W](Cl) =0.

A.2. Low permeability. Now suppose that v =1'/e?, whereas r; = O(1). The
inner solution is

(A.17a) DV2V ™ (2) =0, |z > p;,

(A.17b) Dy VAU (2) +7'(6)10m0 — U (2)) = 0, |2 < pj,
a; DYV (2) - n; = (1 a;) D; VU™ () - m

(A.17¢) = k05 (1= ) [U" " (2) = V" V()] |2l = py,
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with U,gfl), k(*l) = 0. Equations (3.7) still hold for U,EO),V,C(O)7 but the boundary
conditions now take the form

vV O(z) - n; = vU” (z) =0.

It follows that U,EO) =0, and Vk(o) = Tl'](co). In addition, as in the previous example,
the outer solution has the expansion 7y (x) ~ 7T](€0) + ew,(gl) + 627TI(€2)(X) + O(e3) with
71'1(;)71) constants.

The O(e) inner solution has the same form as (3.21):

1)

1)sinh(y/~'/D;p) Vk(l)(P) _ Ay n 771(:)-
p

(A.18) U (p) = B, ;
The corresponding boundary conditions are

a;DVV,"(2) n; = (1 - a;)D;VU" (2) - n,
(A.19) = rja;(1— ;)00 —m ), 2] =y

This implies that

(A.20a)
(1)
a; DA, (1){ D; . }
————— =(1—«;)B;}’ < /7' D;cosh "/D;p;) — —Lsinh "ID;ip;) ¢,
0 ( i) ik T (\/7/ iP;) Py (\/7/ iP3)
(A.20D)
OéjDA('? (0)
——— " = w51 — )k — ]
Pj
Hence,
1 % 0 K ki(1—a;)|oU;)| 1 1
A21)  AQ =i -m) o= Bj) =045,

where

(A22)  G;= ﬂfjoi)')ﬂ' {\/TDjCOSh(\/W’/Dij) - % Sinh(\/v’/Dij)}_1 :

J J

The outer solution 77122)()() is then given by (A.8) so that

cr o 1
A.23 0= =k =N e
(4.23) = D

The O(€?) inner solution has the form

(2

2 2)sinh(y/7'/D;p) 2 Ak 2
(A.24) U ) = B =, VP o) = =+ A,
with
N
(A.25) AP =4 ZG--A(1)+ 2
: jk = =T jittie T X
i=1
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The corresponding boundary conditions are

a; DVV?(2) - n; = (1- ;) D; VU (2) -,

(A.26) — ki (1— )06 — 7], |2| =

This implies that
(A.27a)

oz-DA(i) D
S el L2 py 12 =(1- aj)BJ(-i) {\/'y’Dj cosh(y/v'/Djp;) — p—"jsinh(g /'y’/Djpj)} ,
j j

(A.27b)

a»DA(-i)
ik 5 J =r05(1 —aj) [Agh ](Cl)pj B(l)smh(\/'y’/Djpj)} .

Pj

Finally, the diffusion equation for 7r,(€3) implies that Z 1A k) =0 and, thus,

N
(A.28) 0:2(3]'7” ( AL +7T( pj B( )smh(\/’y’/Djpj)) .
j=1

Rearranging shows that

N
1 .
(a29)  m=g:> 0 (1 +9; Slnh(\/V’/%‘ﬂj)) Crlok — ),
j=1

with ©% =Y ¢rp;

(10]

(11]

]1J
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