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1. Introductilon

1.1. The Vortex Tube and the Ranque Effect

We begin by describing the usual form of the Ranque-
Hilsch vortex tube and the physlcal effect which has
aroused interest in 1t.

The chlef component 1s a tube of constant circular
cross~section, 1ts length several times 1ts dlameter.
Near one end the tube wall 1s plerced to allow the entry
of fluid (usually air), the inlet ports or nozzles being
8o disposed that a awirling flow 1s set up within the tube.
The fluld escapes at the ends of the vortex chamber, some
through an oriflice plate near the 1nlet, the rest through
a second throttling device at the end of the tube distant
from the 1inlet. It 13 usually fouﬁd expedlent to supply
air at some pressure above atmospheric and to allow it to
exhaust to atmospheric conditions at both exits.

Under certain operating conditions (notably, for
reasonably high supply pressures and flow speeds) 1t 1is
observed that the alr emerging through the orifice near
the 1inlet has a lower total temperature than on entering
the tube, and that the air leaving at the other exit has
a hlgher temperature than the alr supplied; temperature
differences equivalent to several times the maximum
dynamic head can be obtailned. This phenomenon of energy
separation has been named the "Ranque effect" after 1its

discoverer. These effects lead naturally to the terminology
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"cold end" for that part of the tube contalning the inlet
ports and "hot end" for the far end.

This basic form can be modified in various ways while
8t11ll retaining the interestlng Ranque effect. For example,
vortex tubes have been constructed with taperling barrels
and have been water-cooled. A form which has been consid-
ered by several investigators 1s the so-called uniflow
vortex tube, in which the cold air is withdrawn through

a small tube concentric with the main tube.

l1.2. Historical

The device Just described 1s assoclated with the names
of two men: Ranque, the French englneer who first fashioned
i1t in 1931, and Hilsch, the German physicist who studied
its performance in detzil and applied it to the liquefaction
of gases in 1944. Hence the device has been variously
termed the Ranque tube, Ranque's tube, the Hilsch tube,
and the Ranque-Hllsch tube, or any of these wlith the word
"vortex" inserted appropriately.

Earlier investligators concentrated on performance,
measuring the temperature changes and exit mass flows
assoclated with particular geometrical configurations and
rressure differentlals. Most workers were interested in
the application of the vortex tube as a refrigerator;
their interest died when 1t became apparent that its
efficlency 1s lamentably low. The only really successful
appllcation is to in-flight thermometry, for which the
efficliency 1is not important. It has been found possaible
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to balance the recoverory temperature rise using the
coolling effect of the vortex tube and thus to obtailn the
true alr temperature by measuring that in the core of a
vortex fed with ambient alr.

Iﬁvestigations wlthin the tube began with flow viauali-
zatlion, techniques such as liquld injection béing necessary
for the high speed flows that are. of lnterest. Later
experimenters have made detailed meagurements within the
vortex chamber. 1Instead of finding the simple flow patterns
that were expected, they encountered éxial flows 1in both
directlons throughout the length of the vortex chamber.
Simllar complex reversal patterns had been noted previously
in swirling flows of llquids.

Theoretlical studles-have been carried on in parallel
with the experiments. Earller investigators suggested
seml-~empirical methods of performance prediction, based
upon not very clearly formulated theories of the separation
. mechanlsm. Attention then turned to the separation process.
The most plausible theorles are those suggesting that
turbulent mixing 1s the efficlent mechanism. But this
conclusion 13 not encouragling for detalled extensions of
the analysis since the theory of turbulent shear flows 1s
not sufficlently well-developed to cope with a complex
baslec flow and the complicatilons of important compres-
sibllity effects.

A few of the appllcations of the vortex tube have

been mentioned already. The range of attempts to use the
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device 1s conveyed by a 11st of the firms 1n whose labor-
atorles it has been studled: de Havilland, du Pont,

General Electric, Hoover, Kodak, Republic Alrcraft, Shell.

1.5. Recent Literature on the Vortex Tube

Vortex tube literature published before 1953 has been
listed and discussed by Westley. More recent work will
now be discussed brlefly. Some of the contributions will
be dlscussed more critically in later sections devoted to
particular aspects of the problem.

Since the publication of hls review of previous work
Westley has presented very extensive verformance data, for
supply pressure and inlet and outlet areas varying over
wide ranges. Another recent performance study is that of
Otten. He investigated a water-cooled tube with a tapered
bore, basing hls design on seemingly unpublished experi-
mental data obtalined at Royal Dutch Shell laboratories in
the Netherlands. A patent has recently been taken on the
1dea of a water-cooled vortex tube. Some thought-provoking
experimental results are reported by Sprengef. He has
compared the performance of a vortex tube and a similar
resonance tube at the same pressure ratlo, finding their
energy separating abllities to be very’much alike; On |
this basis he suggests that the separation mechanism must
be the same in each cass.

Several detailed investigations of the flow within

vortex tubes have been made recently. The most detalled

are that of Hartnett and Eckert and that of Lay. They
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present pressure, temperature and veloclty profiles for
a number of axial stations and for several supply pressures.
Lay also presents the results of flow visumslization by
liquid injJection. Scheller and Brown report less detailed
Internal flow data.

Several extensions have been made to the theory of
the vortex tube. Savet attempts a semi-empirical approach
to performance prediction; Lay gives an analysis of the
spiraling flow of a compressible inviscid fluid; Pengelley
has s8lightly extended the work of Dornbrand on plane axi-
symmetric flow of a viscous fluid; Rott has carried their
work into three dimensions by considering a swirling
stagnation-point model.

Delssler and Perlmutter attack the three-dimensional
viscous vortex and extend thelr treatment to the turbulent
vortex by assumlng a constant eddy viscosity and adlabatic
radial lump movements during turbulent mixing. Hinze
raises the concept of energy flow due to turbulent mixing
across a pressure gradlent to a new level of sophlstication
by showlng the place of this energy transfer in Reynolds'
energy equation.

A new university investigation of the vortex tube 1s
that of Wenlg referred to by Scheller and Brown. Hls work
has not been examined.

The 1lnvestlgations dlscussed above were g1l made wilth
the Ranque effect in mind and make dilrect reference to the

Ranque-Hilach vortex tube. A number of other recent
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Investigations are also of interest, although concerned
In the first instance with other problems.

Vulis and Ustimenko present the results of investi-
gations of the flows within several cyclone furnace models
and attempt an analysis of such flows taking'lnto account
thelr turbulent nature using approximate equations; kunror-
tunately, incorrectly approximated. These workers studied
the mixing within the cyclone chamber by supplying air at
a temperature higher than ambient and interpreting the
resultant 1sothermals as lines of constant mixing. They
were not aware of the Ranque effect, not realizing that
processes other than straightforward mixing could affect
the energy distribution.

Centrifugal separafion processes involve flows with
complex eddy patterns similar to those encountered in the
Ranque tube. Hughes reviews work on centrifugal separators,
giving sketches of typlical swirl distributipns and of a
typlcal flow pattern in an axial plane.

Fundamental studies of rotating liqulds also bear on
the vortex tube problem; Many such 1hvestlgatioﬁs have -
been made by Binnie and hils co-workers. Long also reports
experimental and theoretical investigations of swirling
flows, belng primarily interested in meteorological appli-
catlons. Gartshore has recently reviewed thelr work and
has made detailed investigations of water flows in vortex

tubes.
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l1.4. The Scope of the Present Investigation

At the time when this investigation was begun the
results of detalled studies of the flow within vortex
tubes were not avallable. Most of the available experl-
mental data were concerned wlth performance and were not
well adapted to study of the mechanism of the Ranque effect.
As a result, attempts at analysis were based on quilte
arbitrary flow models.

It seemed that the time had come for a critical
assessment of the various theoretical contributions in the
light of a real knowledge of the situation within the
vortex chamber. The same 1dea had occurred to other
investigators several yéars before. Thelr results were
published simultaneously with the completion of the
apparatus for the present investigation. They supplied
informatlion of precisely the kind that the apparatus to
be described in the ﬁext gection had been desligned to
obtain. Nevertheless, numerous measurements have been
made within the present vortex tube, a greater variety of
flows beilng examined than in previous studies.

In order to gain further 1insight into the problem
the original brass barrel was replaced by a Perspex tube
and water was passed through the chamber. Although obser-
vation was confined to the liquid/air interface, it was
possible to study a number of interesting phenomena.

The report of this experimentel work begins with a
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description of the apparatus utillzed and moves on to
describe the tests and the results obtained. Prsvious
theoretical contributions are then discussed in the light
of these data under two categories: qualitgtive theories
of the Rangque effect, and mathematical models of vortex
flows.

Finally, the analysls 18 advanced by deriving from
Reynolds' equations approximate relations appropriate to
flows with high swirl and by the study of a class of axi-

symmetric solutions of the Navier-Stokes equations.
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2. Basic Apparatus

In this sectlon we describe the apparatus common to
the several experimental investigations. Originally it
was proposed to use the equipment solely to generate an
alr vortex. However, 1t proved capable of adaptation to
the investigation of swirling water flows. The modlifications
are described in the sectlon devoted to experiments with
water.

The ma Jor components of the apparatus are shown in

Figures 1, 2, and 3.

2.1. Mechanical Design

The chief loads to be resisted by the components and
fittings are those due to internal pressurization during
operation and the welght of the apparatus 1itself. To
satisfy these strength requirements and to allow for the
convenlent introduction of instruments, it was decided to
make the device primarily from metal. Brass was chosen
for its corrosion-resistance.

The swirl chamber proper is a cylinder 3.05" in
diameter (after polishing) and 48.0" long, formed from a .
tube with wall thickness of about %".' The intake 1is a
flat drum (some 12" by 13" externally) fltting around
one end of the tube proper. It 1s composed of two side
plates (thicknesses 3/16" and 1/8") containing between
them a curved peripheral strip (thickness 1/8", depth 0.95").

This sturdy structure supports the end of the tube.
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Eight tle-rods pass through the intake and provide
the means of holdling plates agalnst the end of the tube
proper passing through the intake. The tube 1ls threaded
and screws into a flange 1iIn the intake.
Support at the other end of the tube and means of
fitting end plates there is provided by a second threaded

flange.

2.2. Aerodynamic Design

The deslgn of the flow passages was governed by two
conslderations: the deslre to obtaln as large a tempera-
ture drop as posslble from a convenlent pressure ratio
(1imited to 3:1 for convenient measurement using liquid
columng while exhausting to atmosphere), and the desire to
have set up within the tube a symmetrlical flow, slmplifylng
the experlmental study and facllitating comporison with
mathematical models. Fortunately, these two requlrements
were not contradictory. The design of the Intake drum
was also governed by the requirement of keeping it thin
in order that it might not pfevent access'to the tube.

Early investigators utilized a single peripheral jJet
to set up a swirling flow, but later, more sophlsticated
Investigations 1lnvolved multliple-slot inlets with air
flowing in form a plenum chamber. Another possibllity
1s a large swirl chamber whose core form3 one end of the
tube proper. An attempt has been made to combine the
advantages of the multiple-jet and swirl-chamber intakes

to achieve high efficiency and symmetrical flow. Eight

-
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slots have been cut tangentially through the tube wall.
They are surrounded by a swirl chamber fed by a single
duct.

MoGee investigated the symmetry of flow resulting
from the use of various numbers of symmetrically disvosed
inlet slots. He found that eight slots gave rise to a
qulte symmetrical flow, while lesser numbers might result
in an erslly discernable asymmetry. lWestley's detailed
tests involved a tube with eight inlet slots, perhaps as
a result of McGee's work. An.inlet very like that used
by Westley was chosen so that his results might be used in
other facets of the design. The experimental results of
Westley and Dornbrand were used to choose the original
slzes of the flow passages (inlet slots, outlet orifices)
30 that a maximum temperature drop might be attained for
a pressure ratlo of 2.5 to 1. The flow passage manufactured
on this basis 13 as follows: the total area of the eight
inlet slots 1s 1.36 square inches; the dlameter of the
intake end orifice is 1.25"; the dlameter of the far end
orifice plate is 1.35". |

Several other end plates were utilized in the tests.

They are described in Table I.

2.5. Fixed Instrumentation

Here we describe the sensing instruments that remained
in position during all tests: <those on the walls of the
tube proper and thosé in the inlet line providing

reference data.
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Four symmetrically disposed taps allowed the pressure
in an annular slot Jjust outslde the inlet slots to be
measured. A thermometer was introduced into the inlet
line Just outside the intake. Thus the control data---
inlet pressure and temperature---were determined. An
orifice meter was also introduced in the inlet line: 48"
downstream of a 135° bend, orifice diameter 1.100", 1line
diameter 1.521".

Twenty-two stations down the length of the tube were
chosen for fixed instrumentation and the introduction
of probes. Thelr positions are shown in Table II. Entries
plugged with screws were provided at the top and bottom
at each section to allow traversing, as well as a pressure
tap and another plugged entry intended for wall temperature
measurement. The final polishing of the tube was done
with all the plugs in place so that they might blend
smoothly into the tube wall.

2.4. Traversing Arrangements

2.4.1. Entry to the Tube

Provision was made for probes with shank diameters
up to 1/8". The entry holes along the top of the tube
wvere designed to let hooked probes 1into the tube: the
tapped portions have a dlameter of 0.35" but do not pass
right through the wall; the holes in the inner wall are
1/8" in dlameter.
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2.4.2. Lateral Traversing Gear

This mechanism 1s mounted on the tube 1ltself. Its
base 1s formed of two closely interlocking parts, each
resting in one of two slots milled along the tube. When
the halves are drawn together by a screw the base 1s
clamped to the tube. The actual traversing mechanism is
plvoted in the base thus provided. A vertical acale and
drum scale indicate movements of the traversing head and
& protractor measures probe rotations.

This gear 1s manufactured primarily from light alloy.

2.4.3. Longitudinal Traversing Gear

This rests on a platform supported by three screwed
rods. It allows a probe to be.traversed parallel to the
axls of the vortex chamber anywhere within the bore of the
tube. The platform and its supports are made of mild

steel, cadmium-plated; .the upper parts, of brass.

2.5. 1Installation and Control

The vortex tube was mounted on a table sufficlently
long to allow the longitudinal traversing mechanism to
be set up at elther end. The air supply line rises
vertlcally, then descends at 450 to the intake. This
configuration was adopted to gilve a reasonable length of
stralght plpe upstream of the orifice meter, and later
proved useful in allowing the apparatus to be moved simply
by rotating the whole about the upright portion of the

supply line.
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The vortex tube was connected to the high preassure
air lines of the Department of Aeronautics. The reservoirs
of this system are so large (2400 cubic feet at up to 1000
psi.) that very nearly constant supply conditions can be
maintained withqut great difficulty. The chief problem
1s that of reducing the pressure from the high reservoir
level to a few atmospheres at the intake of the vortex
chamber.

The pressure control system consisted of a Hale-
Hamilton RH-3DB controller in the line supplying the tube
and a subsidiary Hale-Hamilton L-15 controller to set the
dome pressure of the main valve. Various stop valves
were located in the system, one being downstream of the
main controller. During the tests the outlet pressure of
the main controller was set at about 100 psig., the down-
stream stop valve being used to control the actual supply
pressure to the vortex tube (generally about 30 psig.).
Thils technique utilized a more satisfactory part of the
controller's operating characteristic. By manipulating
the stop valve occasionally during 2 run it was possible

to keep the supply gauge pressure within about 1% of a mean.
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3. Experiments with Air

After consldering some preliminary tests chlefly
concerned with probe design and calibration we shall turn
to the maln body of the tests, first the pressure measure-
ments leading to a knowledge of dynamic effects within the
tube, and then the temperature measurements giving insight
into the energy flows.

It had been planned to make some measurements relating
to the turbulent fluctuatlions within the vortex chamber.
However, this project had to be dropped when 1t became
apparent that the loud nolse produced by the vortex tube

was having an increasingly damaging physical effect.

3.1. Preliminary Tests

5.1.1. Fixed Instrumentation

A number of early tests were made using only the
fixed pressure taps. We consider them first.

Usling a temporary flow meter the mass flow was found
(with the two orifice plates fitted at the ends of the
vortex tube) to be 32 pounds per minute for an inlet
pressure of 40 inches of mercury. This ;nformation,
allowed the choice of a more sultable dlameter for ﬁhe
orifice of the meter, that given in Section 2.3. The
pressure drop across the tube fitted with the two orifice
plates was found to be related to the mass flow, q » by
a law of form AiF)OC.QF "where K =1.7 or 1.8

Pressures were measured at tappings in various plates

at the ends of the vortex chamber. By progressively
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rotating the end plates the symmetry of the flow was
checked. No devilatlon from symmetry could be detected.
It was observed that the variation in end-plate pressures
with inlet pressure was usually very nearly llnear. This
was later found to be true of pressures measured in the
interior of the vortex chamber, both static and total.

The scatter of wall pressure measurements along the
length of the tube indicated that some of the tappings
gave erroneous readings, despite the care taken to ensure
that they were flush with the tube wall. It had been
hoped that detalled wall pressure measurements would
indicate the location of reversal points within the tube.
In fact, the wall pressures proved to be of little interest
in the investigation. They did not tie in well with the
static pressures measured using probes.

The pressures measured at the four lntake pressure
taps were found never to differ by more than 1/10" of

mercury.

3.1.2. Pressure Probes

The two traversing mechanlsms descrlbed previously
were used to support probes during the following tests.

a) Longitudinal Traversing

It was discovered very early that longitudinal
traversing was complicated by an unexpected aeroelastic
phenomenon, seemingly a form of "whirling." Probes
inserted longitudinally could adopt a stable whirling

motion like that of a conical pendulum. If a probes were
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inserted gradually into the tube fllled with swirling gas
the tip would suddenly move away from the axls and begin
fo spin with the rotating fluld. The probe could be
returned to the stationary condition by slightly reducing
the length exposed to the swirling gas. A loud singing
was produced by probes whlle rotating. Several probes
that had experienced the rotating mode repeatedly snapped
off within the tube.

Tests were made on various probes, but 1t proved
impossible to find one of practical size capable of
extending more than a few lnches into the tube, except at
very low alr speeds. For this reason, it was not possible
to obtaln reliable data by longitudinal traversing and
attention was concentrated on lateral traversing.

b) Lateral Traversing

The early lateral traverses were made with hooked
probes and consisted of determlnatlons of swirl angle and
of total and statlc pressure distributions across the tube.
The tube configuratlion consldered was that with both
oriflice plates fitted.

Traverses with a hooked Conrad type yawmeter (shank
1/8", sensing tubes 0.032") revealed an annular region of
reversed flow within the tube. The use of this type of
direction indlcating device in the complex flow field was
not at all stralightforward as several null readings could

be found on rotating the probe.
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The degree to which conditions wlithin the tube variled
due to the insertion of a probe was investigated while
total head surveys were being made using another hooked
probe (shank 1/8", sensing tube 0.020" at the end). With
inlet pressure held constant the wall pressure was measured
as the probe was moved across the tube. Not only was the
disturbance large (a total change during the traverse of
about 8% of gauge pressure), but its variation across the
chamber was far from linear. Correction 13 therefore
difficult.

Measurements of statlc pressure were also made with
a hooked prove (sensing tube 0.032"). The Mach number
distribution was then computed using the two sets of
pressure readings made with hooked probes. The lack of
symmetry of the varlous proflles about the geometric
centre~-line attested to the dlsturbing effect of the probes.

A serles of traverses were then made under the same
conditions using a probe passing completely across the
vortex chamber, a 1/16" dilameter tube plerced by a single
0.010" hole. The way in which it was used will be explained
in detall later. The total and static pressures and flow
directlions obtained agreed quite well with those determined
using hooked probes, but the Mach number distribution was
very different near the vortex core (a2 maximum of O.44 for
the stralght-through probe data, 0.94 for the hooked probes).
The most likely causes of thls dlscrepancy are errors in

locating the probes and differing positlion errors for the
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for the two hooked probes. The sigﬁlficance of such
errors 18 suggested by the high pressure gradients near
the core. Under the conditions of the tests, pressure
gradients as high as 240" of mercury per inch were measured,
indicating a difference of 8 inches of mercury across a
0.032" sensing tube.

The straight-through probe was utilized for all further
internal pressure measurements. By its use positioning
errors are avolded. Also, conditions within the tube remain
_ unaltered during any one traverse, although 1ntroducing
the probe at different stations must still alter conditions
during a series of traverses. However, a somewhat thinner
probe can be used if supported at both ends. Finally, data
13 obtained more easily using a single probe for both total
and static pressure measurements.

A probe passing through both walls does have the dis-
advantage that conditions near both walls are disturbed,
not only by the presence of the tube, but also by the radlal
cutflow around the probe. Hen;e, little attention was

given to the flow very near the walls.

3.1.3. Thermocouple Probe

It had been hoped to obtaln temperature profiles
across the tube by butt welding two wlres together to form
a thermojunctlion and stretching the resulting transducer
across the tube. The procedure has the advantages of intro-
ducing only small disturbances into the flow (since the

wires can be made quite thin) and that the disturbance
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which is introduced is like that of the cylindrical
pressure probe. It dld not prove possible to obtain
dependable welds using the equipment avallable, so this
plan was dropped.

a) Design of Probe

The probe consists of an 1/8" brass tube through which
passes a stalnless steel sheath contalning the wires of
the thermocouple imbedded in silica. The sheath and
contents are avallable commercially. The thermocouple
materlals are chromel and alumel; the thermoelectric
power for the range of interest (-20°C to 60°C) 1s about
0.0405 mV/C deg.

An Araldite probe tlp extends some %" beyond the
brass tube, the wires of the thermocouple being imbedded
Ih 1t. The Araldite is formed into a shallow cone at the
end (seml-apex angle about 60°), the actual junctlion forming
the tip. This deslign utilizes the low conductivity of
Araldlite to reduce conductlon errors.

b) Calibration of Probe

The probe was callbrated 1n the small supersonic
wind tunnel of the Department of Aeronautics, the subsonic
liner belng fitted for the purpose. A fitting was manu-
factured to hold the probe in the working section; the
probe projected some 1-3/4" into the test section. A long
thermometer was 1lntroduced lnto the centre;of the settiing
chamber to measure tunnel total temperature, the bulb

belng placed in a reglon of relative stagnation.
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The relationship between total and recovery tempera-
tures and Mach number is indicated in Figure 4a. The
recovery temperature was got by assuming the thermoelesctric
power to be 0.0405 mV/C deg and the Mach number directly
from settling chamber and working section pressures. The
potentiometer used to measure thermoelectric emf's will be
described later.

Alr was bled slowly from the tube supporting the
total temperature thermometer to reduce its lag. Never-
theless, total temperature lags seem to be the most likely
causes of the systematlc errors in the experimental results.

c) Interference of the Probe

The extent to which the introduction of the probe
into the flow affects conditlions within the tube can be
Judged from the results given in Figure 4b. Both curves
were obtained by traversing at Station 6, but during the
traverse represented by the upper curve a second probe
(3/32" diameter) extended completely across the tube at
Station 4. Tt will be noted that this additional disturbance
ralsed the temperatures at Station 6 by about 7 C deg. But
the shift was not constant across the bore; the central
drop was flattened out to some extent by the disturbance.
The lack of symmetry in the proflles is another indicatlon
of disturbance by the probe.

The profiles show that the required correction is
far from linear; simple correction does not seem possible.

We must content ourselves with noting that the introductlion
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of probes tends to ralse the temperature level generally
and that the apparent axis of the tube 1is shifted in the
resultant profile. It should be noted that.part of this
shift will be due to the finlte resolution of the sensing
element and to conduction effects.

A check on conduction error was made by introducing a
mercury thermometer along the tube centre-line to Station
21 (configuration as for Serles V) and comparing its
reading with simultaneous thermocouple measurements. The
thermocouple recorded lower temperatures than did the
thermometer (48°C vs. 52°C). Even allowing for the size
of the thermometer (bulb diameter 1/10") and for possible
misalignment, this suggests that the conduction errors

are not more than a degree or so, even in the core.

3.2. Pressure and Mach Number Distributions

5.2.1. Method of Obtaining Data

The 1/16" cylinder with an 0.010" sensing hole was
used for all internal pressure measurements. The total
pressure at a particular-position was determined by rotating
the cylindrical probe until a maximum pressure, an s, wWas
achlieved for a protractor angle of &m . The probe was
then rotated to €%h4-33° and a pressure reading, P, , made,
then to &,— 33° where the pressure, [, , was again noted.

It will be appreciated that position errors introduced
by this process wlll be relatively small. In order to
allow approximately for the effects of viscosity and

compressibility (both of which move the free-stream
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recovery position further back) the angle-of 33° has here
been assumed to correspond to the position at which the
free-stream static pressure 13 regailned, rather than the
30° indicated by perfect fluld theory. |

The total pressure was taken to be ;Dw.; the static
pressure was computed as psE'—%El . A correctilon of
A6 = - 9.1 -g% degrees was applied to S, to
determlne the flo: angle more accurately. This correction
was usually 3° or less, although in the core larger correc-
tions were often necessary. Its Justiflication is as follows.
We assume that the pressure distrlbution on the
surface of the cylindrical probe 1s glven by
Cp = Cpy, [2Cos<,‘?’r9) - l]
Then Cp=0 for o = 33°

hY

CiCP 2V3 o]
The difference 1n angular setting for the two measure-
ments near 33° 1s given by A &=- Il dCp radians.

The error in 8,, 13 then corrected by half of this quantity.
Static and total pressure distributions throughout
the vortex chamber can be obtained by traversing at a
number of sections, holding the overall pressure ratlo
nearly constant. For the earlier tests corrections were
applled to measured pressures to refer all readings to a
standard pressure ratio. But it was found that the inlet
conditions could be controlled so preclisely that, even
allowlng for day-to~day variations in atmospheric pressure,

& serles of tests could be made with essentially constant
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pressure ratio. Also, great care 1n reducing data to
standard conditlons 1s not of especlal value since the
effects of introducing probes into the vortex chamber at
different places are evidently very large compared to
these small variations.

The Mach number dlstributions within the vortex tube
were obtalned from pressure readings using 1sentropic
flow tables for ratio of apecific heats of 7/5. The axial
and swirl velocity distributions were then obtalned (in
the form of Mach number distributions) using the swirl
angles.

The aerodynamic data were themselves used to determilne
the radlal positlon of the sensing hole. Since the traver-
8ing cylinder passes right across the vortex chamber, the
varilous distribufions may be expected to be symmetrical
about the centre-line of the chamber. The corrected flow
angles were plotted and the axls of the vortex tube found
as the point about which the results were symmetrical. 'As
might be expected, varlations of a few hundfedths of an
inch were found along the tube, corresponding to inaccura-

cles 1n machining the clamplng slots.

3.2.2. Detalls of Tests

Lateral traverses were made for elght configurations
of the vortex tube, a3 detalled in Table III. The first
flve serles 1nvestigate the effect of simple orifice
restrictions at the ends of the tube; the last three, the

effects of altering the geometry of the throttling devilce.
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In orifice plate (d) the outlet area is distributed near
the periphery of the vortex chamber, whlle plates (c¢) and
(e) were designed to approach uniform distrilbution of
outlet area across the bore.

The possible extenslons to these tests are, of course,
very numerous. A good 1ldea of the potentlal complexity of
such tests can be galned by noting that the number of geo-
metric varlables to be specified in fixing a particular
configuration for a vortex tube (inlet and outlet areas;
length, bore and taper of vortex chamber; radial dlstri-
butlon parameters for outlet areas; etc.) 1is of the same
order as the numbser of parameters to be specified in flxing
the basic shape of an aeroplane (wing and tallplane aspect,
thlckness and taper ratlos; fuselage fineness ratlo; etec.).

It will be noticed that the tests were done for a
pressure ratio of about 2.32, except for those conflguratlons
for which alr consumption was especlally high when the
pressure ratlo was near 2.00.

The Justifilcatlon for investigating each conflguration
at only one flow rate 1s that the flow patterns are thought
to remain essentially unchanged as the pressure ratilo 1s
varled over a wide range, so long as 1t does not become
too low. This view 1is supported by the detalled measure-
ments in alr made by Hartnett and Eckert and by Lay and by
the previously mentioned linear correlation of pressures
everywhere within the apparatus consildered here.

At low speeds other, generally simpler, flow patterns
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may be expected. Conslderable attention has been glven to
transitions between various flow patterns in vortex tubes
carrying water. Typlecally, the flow patterns increase in
complexity with 1lncreasing flow rate, starting with uni-
directional axial flow, developlng a2 reversed flow along
the axis, and finally exhlibiting an annular reversed flow.
These transitions appear to be confined to the low speed
range.

Some of the more lnstructlive data from the tests are
presented in Figures 5 to 21. The scatter and repeat-
abllity of the results can be Judged from the plotted
points. Many of the curves are based on two seta of readings

since measurements were taken across the whole tube.

J3+.2¢53. Interpretation of Results

In this sectlion some of the more obvious implications
of the experimental data are polnted out.

It 13 possible to interpret the measured data to give
information about a number of points whilch cannot easlly be
Investigated directly---the nature of radlal flows, the
sort of flow occurring near the ends of the tube. The
policy adopted 1s to accept the measured data as represent-
ing the essential features of the undisturbed flow within
the vortex chamber; that 13, we assume that the effects
of probe disturbance are qualltatively negliglble. It
should be noted that violent turbulent mixing 1s superposed
on the mean motions to whichhthe instruments used here are

sensitive. The detaills of the turbulence can be neglected
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in a simple dlscussion of flow mechanics, although it must
be borne in mind that assoclated shearing forces can sig-
nificantly affect the mean motion.

Series I. (Figures 5, 6, 7)

The most striking feature of the swirl distribution
1s that the same radial profile exists through most of
the tube---from somewhére between Stations 2 and 8 to the
far end. (The known profiles that have not been given are
very like that at Station 21.)

A simple annular reversed flow exists the length of
the tube, save very near the hot end orifice, where a
small central reversal 1s also indicated. The air forming
the reversal 1s drawn from that moving down the walls, the
reversed flow belng continually augmented as it moves up
the tube. It seems unlikely that the maln reversal
contains any airflow from outside the tube as 1its area
diminishes rapidly towards the end of the tube at which
the orifice is fltted. Comparlison of volume flows suggests
that the core flow 13 drawn wholely from the annulus of
reversal. The flow in the core remalns failrly constant
for much of the length of the tube.

The pressure distributlion shows the gradlents associ-
ated with these axial flows; the pressure commonly falls
in the direction of local axial motion. The surfaces of
constant pressure are nearly cylindrical in the core reglion.

Serles II. (Figures &, 9, 10)

Here the annular reversed flow 1s much more vigorous,
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whlle the core flow 18 weaker; presumably the annular flow
escapes at the cold end. The core flow seems to be constant
the length of the tube, while the annular flow increases
as 1t moves up the tube towards the inlet end orifice.

The narrower core is assoclated with steeper swirl
gradlents than those of Series I. Somewhat greater
variations in swirl distribution are to be noted here;

The "hump" 4in the distribution in the region of reversed
flow indicates a radial inflow feeding the reversal. Once
again the central surfaces of constant pressure are very
nearly cylindrical.

For thls conflguration the flow external to the tube
was investigated by observing the deflections of small
obJects. This study was made difficult by the high velo-
cities of the flows from the tube, but the following points
were noted. At the hot end only outflow was found (despilte
the small reversal indicated by the profiles within the
tube), but at the cold end a core of inflow seemed to
extend about 5" 6utwarda from the orifice. Both the Jets
diverged with about 35° semi-angle.

Series III. (Figure 11)

The inflow through the orifice does not seem to be
induced by mixing effects but lnstead by the low core
pressures within the vortex chamber. Angular momentum is
not transferred into the core rapidly, perhaps because the
air there 1s not initlally turbulent. A large loss in
angular momentum 1s indicated by the swirl distributions
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(especlally when density changes are consldered too).

Series IV. (Figures 12, 13) ‘

Here, seemingly, &an eddy loop occuples the core near
the inlet end. The swirl distributlons indicate that the
reversed flow is moving outwards as 1t penetrates into the
tube; the main flow down the tube 18, of course, expanding
inwards as the pressure falls. The flow in the core can
be thought of as two 1lmpinging Jets.

Series V. (Pigures 14, 15)

Here the flow down the tube away from the lnlets
gradually feeds into tﬁe reverse flow in the core. However,
a considerable amount of the inflow does seem to turn back
right at the solid end plate. Again an orifice eddy is
indilcated. _

Series VI. (Figures 16, 17) .

The situation near the inlet-end orifice 1s very like
that of the previous geries. However, the complex blockage
at the far end has modified the situation there. It seems
likely that the strong reverse flow in the core is formed by
air entering through the central hole. The two outer rings
of holes both carry outflow, while the action of the inner-
most ring la doubtful. The 1dea that the alr near the axls
i1s newly entered 1is re-inforced by noting the hot—very-eteep
swirl gradient there. That the outer reversal is not fed
from outside 13 indicated by the swirl distribution near

the far end.
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Series VII. (Figures 18, 19)

Here the flow pattern is intermedlate between those
of the twp previous serles. The amnular eddy loop noted
in Berles VI seems not then to be the result of the inner.
ring of holes.

Serles VIII. (Figures 20, 21)

Again there 13 a strong inflow through the central

holes.

3.3. Discussion of Flow Mechanlcs

The followling features are found in most of the
sltuations investigated:

a) The pressure at the walls 1s higher than atmos-
pherlc and that in the core, lower.

b) The pressure drops off rapldly down the tube near
the walls. but remalns nearly constant in the core.

¢) The air entering the tube has little immediate
tendency to move inwards (and out the inlet-end orifice,
i1f present) but invariably splrals down the tube along
the walls.

d) The radius of maximum swirl moves further in at
successlive statlons down the tube.

e) The core is occupled by a complex flow system
involving flows up and down the tube.

Certalin dlssimilaritles may also be noted:

f) 1In some situations there appear to be large losses
in angular momentum at successive stations down the‘tube

(111, IV), while 1n others 1t remains constant (I).
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An attempt wlll now be made to justify these general
observations; that 1s, to sort out the chlcken/egg type
problem posed by the inter-related pressure and veloclty
fields. As before, we assume that the measured data do
represent the undisturbed flow reasonably well.

At first sight the 1dea that sub-atmospheric pressures
can exist within a devlce supplled with air at hlgh pressure
~ and exhausting to the atmosphere seems contradlctory to
elementary notions of fluld motlon. But thls sltuation
can be rationalized by the followlng crude analysils.

We assume that the velocity fleld wilthin the vortex
can be characterized by a single veloclty, \/ .

Then P, —~fpa oc /K

where Fﬁ is the 1inlet or wall pressure,

Pa 13 the atmospheric pressure, o3
3
30 that ;a-—F3¢ is the pressure drop from inlet to
atmosphere. From our test data we find that K 1is about 1.8

B — Po o< wauﬂ%gfoly_ oc \/2_

Further

glves the pressure difference between wall and core
(where the pressure 13 p, ). Hence,
Pa — o= K.Vi- KV
where k] and K. are positive constants. For V sufficl-
ently high, Pa— = O for K< 2.
This analysis 13 based on the plausible 1ldeas that
the absolute level of the interlor pressures 1s set by the

ambient pressure, but that the pressure differentials
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through the system are fixed solely by the velocity distri-
bution. The model, although itself empirically based and
thus offering essentlally a correlation of different bits
of test data, does indicate the necessity of sub-atmoapheric
core pressures unless the two pressure-differences are
related in a rather-8peclal way.

Having dealt briefly with the radial pressure distri-
bution, we turn to the axial variation. There are seversal
indications of large shearing forces acting near the walls
of the tube: 1large wall pressure drops down the tube with-
out signifié¢ant: axlal acceleratlon, certain swirl velocity
profiles 1indicating large losses in angular momentum down
the tube, and the inwards movement of fluid after passing
down the tube. (Unless some significant change occurs 1in
the fluid there seems to be no reason for it to mowe
inwards there rather than immedlately after entéring the
tube. However, some inwards movement 1s produced by expan-
slon as the pressure drops.)

Several configurations (particularly Series I and II)
show 1llttle variation in angular momentum down the tube.
Yét large wall pressure drops occur axially, indicating
slgnificant shear at the wall. The resolution of this
aprarent contradiction lles in the several reversals in the
axial flow dlrection which occur across the tube. The
strong axlal flows average out the effects of frictional
torques. Fluid which has traversed the length of the tube

several times i1s to be found at the same section as fluid
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which has Jjust entered. It seems likely that Series III,
lacking such axial mixling completely, gives the truest
picture of the effects of shearing forces. On this view,
the 1dentlical swirl profiles at successive stations observed
in Serles I and II are reckoned to have been set up by a
happy coincldence, rather than by some fundamental mechanism.

The near constancy of pressure along the core is at
first puzzling. Perhaps the most useful parallel to call
to mind is that of the alr cores formed in vortex tubes
carrying water.

The depression of a free surface normal to a vortex
18 easily understood in terms of gravity and centripetal
forces, and the alr core can be thought of as a more
spectacular form of this sort of phenomenon. In a case
where the vortex fluld and the ambient fluild are the same,
the 1dea of an air core seems inappropriate. But if the
pressures along the axis are low, and the radlal gradlents
in the core high, the density distribution in the air flow
1s not very unllike that in water. Further, the existence
of nearly cylindrical surfaces of constant pressure is
dependent merely upon high radlal pressure gradlents.

Thus the alr core in water 1is an indlcator of a general
phenomenon rather than its cause. The concept of the core
as a reglon filled with low denslty fluid which does not
take a direct part in the maln flow justifies the constancy
of pressure along the axls.

The only striking features of the flows lnvestigated
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that have not yet been touched on are the complex core
flowsa. These are determined by the simultaneous tendencies
for air to escape and to enter at the ends of the tube,
caused by the exlstence of both super- and sub-atmospheric
pressures 1n the interior, and by the tendency for relatively
slow-moving eddies to form in regilons of the core not in-
volved in the main motions.

It will clarify this complex situation if we introduce
terminology to distingulsh among the several different
phenomena occurring here. We shall attempt to distinguish
between eddles, induced flows, and maln reversal flows.
Turbulent mixing 1s, of course, superposed on these mean
streamline patterns.

The complex core flows found 1n the inlet end in Serles
IV and in the far end of the tube in Serles VII are termed
eddles as they appear to involve merely the recirculation
of fluid. The locallzed central flows encountered several
times near orifices are also of this typs.

The strong inflows produced by low core pressures
will be termed induced flowa. Such flows are to be found
in Series III and IV and, accompanied by eddles, in Series
VII and VIII.

Finally, we distinguish a main flow reversal as part
of the main flow through the vortex chamber to the atmos-
phere. Thils situation 1s to be found pre-eminently in
Series V and also in VII.

The three categorles of flows have been introduced in
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the order of their typical intensities. The divisions are
not clear-cut; the core flows of Series I and II provide
obvious aifficulties of classification.
The- real complexity of the core flows comes from the
interactions of the various types of flow. Series IV and
VII pro;ide examples of interaction of eddies and induced

flows, while Series VI shows interaction between all three.

" 3.4, femperature Distributiéns 21

3.4{1. Method of Obtaining Data

The thermocouple probe described previously was used
in all tests, the thermoelectric emf being measured using
a Cambridge Workshop Potentiometer. This combination of
instruments allows readings to be made easily with a
precision of 1/20 C deg.

The potentlometer and a polarity reversing switch
forming the effectlive cold Junction wvere encloged 1in a
large cardboard box to malntain them at a fairly even
temperature. The box was open at the top, but the instru-
menté were covered with a transparent £ilm to isolate them
from draughts. The cold Junctlon temperature was measured
by a thermométer under this film; 1t seldom varied % C deg
during a half-hour run.

Whenever a potentlometer reading € was made the
corresponding inlet pressure, inlet temperature, cold
Junction temperature, . , and amblent temperature, T ,
were noted. Slnce the inlet temperature varled more

rapidly than the other quantitles, it was noted before and
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after the other readings, the two readings belng averaged
to estimate the effective inlet temperature, TE .

The difference between recovery temperature and inlet
temperature is representative of the energy distribution
within the tube for reasonably small variations in 1E .

This quantity can be computed directly from the measured
: - e
data: T -7 = T. + /P ~-T:

The thermoelectric power P was taken to be N.0405 mV/C deg.
The total and static temperatures ( 7. and T ) ean

be estimated if the local Mach number is known:

T=Te = (o -T) + /(5 -1)

!
T-Tc= (T.-1) - T,'(1 - £ )
where the primes 1ndilcate absolute temperatures. 7’/ﬁf is
determined as a function of Mach number by the calibration
curve of Figure 4aj 7;2%;’ was obtained from isentropie
flow tables ( ¥ = 7/5).

3.4.2. Detaills of Tests

Lateral traverses were made for tube configurations
corresponding to four of the pressure test series: II, IIT,
IV and V. BSerles II 1s the configuration originally
designed for maximum temperature drop; the others are
Investigated because of the relative simplicity of their
flow patterns.

Detalls of the tests are found in Table IV. Traverses

were usually made from the wall outwards. The ambient
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temperature fell steadily throughout each run. The inlet
temperature commonly fell during the eafly part of a run,
remaining fairly constant through the second half.

It will be noted that temperature traverses were made,
for the most part, at statlions where pressure measurements
had been made.and that an attempt has been made to repro-
duce the conditions of the pressure tests by maintaining
the same inlet pressures. The varying disturbance of the
thermocouple probe will, of course, frustrate this attempt.

The data from these tests are presented in Figures
22 to 25, plotted against the distance from the wall of
the tube. The relationship between scale readlng and probe
positlion was obtalned by direct measurement at Station 1.
An error of 0.01" or 0.02" (depending on the station) will
be introduced into this co-ordinate by manufacturing
imperfections; a systematic error of perhaps 0.02" will
be introduced by the finite size of the thermojJunction.

An attempt has been made to correct for the latter error.
The readings made very near to the wall and in the core
are subject to large conduction errors due to the large
temperature gradients there.

The interference effects of the probe (and perhaps
conduction errors) are indicated by the deviatlion of the
position of minimum temperature from the centre-line of
the vortex chamber. This deviatlon makes the estimation
of local Mach number very doubtful, as 1t 1s difficult to

correlate the various distributions. However, the statlc
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and total distributions have been calculated for a few
cases; they are shown 1in Figure 26. Little information
1s added’'to that avallable in the recovery temperature
plots.

3.4.3. Interpretation of Results

For want of a better policy, we shall once again
interpret the measured data as representing, in the main,
the situation within the vortex chamber at some instant,
neglecting the admittedly large probe disturbance.

Serles II. (Figure 22)

The temperature differences across the vortex are
much larger for this serles than for the others investigated.
(Note that several scales are used in plotting the tempera-
ture data.) The mean temperature across a section rises
progressively down the tube, being somewhat lower than the
inlet value at the cold end and somewhat above inlet at
the hot.

Serieé I1I. (Figure 23)

Here the average temperature across a section remains
falrly constant down the tube. The high temperatures 1in
the core near the inlet are due to inflow there of warmer
atmospheric air. (7Tq -‘71‘21 13 ¢ deg for these tests.)
The speed with which temperature differences are smoothed
out 1s remarkable. By Station 1 (3" from inlet) a drop of
some 6 C deg has already been effected at the axis; the
next 3" (From Station 1 to 3) bring a2 drop of another 4 or

5 C deg. A very rapild redistribution of energy occurs
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1in the flow near the wall. Comparison of the Station 1
aﬁd Station'B profiles suggests that the thermal energy
tt@nﬁferrod from the core is very rapidly distributed
throﬁghput the surrocunding annular region.

N Although the ;emperature differences for this conflg-
uration are not large, they are of special interest as
‘they occur in a simple flow in which all the fluld moves
down the:tubé at about the same speed. Axlal convection
effects need not be taken into account.

Series IV. (Figure 23)

In this case the temperatures through most of the
voftex tube are below the inlet level. An eddying mass of
‘cold gas fills the inlet end of the tube. The low tempera-
tures in the inflowing core at the far end suggest that
this inflow 1s made up of gas which has Just left the tube;
that is, that another eddy extends out of the far end of
the tube.

Series V. (Figure 25)

The whole of the alr in the tube 1s above the inlet
temperature level. There are several places in the tube
where the fecovery temperature does not increase monotonlcally
outwards as it invariably has in the other configuratlons.
The re@uction in temperature near the wall at Station 21
is p:obably a result of probe conduction errors and the
temperature drop through a boundary layer to a cooled wall.

Although no attempt has been made to study the flow near
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the wall, a boundary layer 1s apparent in the correa-
ponding velocity proflles. The inversion in the core near
the inlet 13 not understood. It might be partially due to
an interference effect; Flgure 4b gives some support for

thils view.

3.5. Dlscusslon of Energy Flows

The temperature distributions just considered indicate
three salient features of the thermodynamics of vortex
tube flows:

a) The temperature almost invariably increases mono-
tonlcally outwards along a radlus.

b) Very rapld radial energy transfers are possible.

c) It 1s possible to maintaln all or part of the air
in the vortex chamber above (or below) the inlet and
amblent temperatures.

The omnipregence of outwardé temperature increases
in the varilety of flows consldered (with and without
reversed flows, with core and annular reversals, with one
or several outlets) suggests that the temperature distri-
bution 1is related to the radial pressure distribution, as
thls appears, at this stage in the investigation; to be
the only similarly monotonic distribution assoclated with
all the flows. Further, some operation of turbulence 1is
surely necessary to effect the rapid radial transfers
noted here.

The most wildely accepted hypothesis for the energf

separation does, in fact, relate the temperature and
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pressure dlstributions through the mechanism of turbulent
mixing. The motlion of lumps between radial layers 1is
concelved as being adlabatlic; work 1s done on those moving
outwards by compressing them; work 1is done by those moving
inwards on expanding. The mlxing of lumps with pheir new
environments tends to shift the static temperature distri-
bution towards that defined by an adiabatic law appllied to
the static pressure distributlon.

Thls mechanlsm seems capable of explaining the energy
separations studled here. We note that the larger tempera-
ture gradlents do correspond to the larger pressure gradients
and that the radial temperature gradient in no case exceeds
that predicted by the adlabatic law. (Actually, the tempera-
ture gradlent does exceed thls 1imilt near the wall in the
'far end of the tube for Series II. But the steeper vpressure
gradients in the inlet end could have given rise to this
gradient.)

However, a systematlic analysis of the energy fluxes
In vortical flows indicates conslideravly more complex
relationships between energy transfer and the dynamical
aspects of the flow. It seems that work fluxes may play
as large a part as the pressure gradlent effect dlscussed
above 1n achleving energy separation. The main work flux
1s generally opposed in directlon to the radial mass flow
and 1s thus commonly outwards in vortex tube flows in which

fluild 1s injected at the periphery.
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Although the radial temperature gradlents are always
leas than those predicted by the adlabatic law, there are

temperature differences between different parts of the

" device which exceed those calculated from the overall

pressure ratio using the adliabatlc law. We can show that
this 1s not inimical to the suggested mechanism and at the
same time.explain how large parts of the device can be main-
tained above or below inlet temperature.

To do thls we visuallze the processes within the tube
in terms of analagous hydraullc systems. As an example
we examine a simple exchange mechanism representing the
essentlial features of the configuration of Series V: two
main tubes carrying the peripheral inflow and the core
outflow and connected by a number of subsidiary tubes.

Mass flow pattern:

progresslvely smaller flow

1 ———— Flow In
I (at periphery)

1 'n11 lL 1 L . Flow Out

- m——— — (through acore)
progressively larger flow

whereigqf'is inwards flow from periphery to core,

pnj( is interchange between core and periphery,
followed by mixing.

We shall assume that a2 pressure difference is main-

tained between the tubes to complete the analogy.
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Energy flow pattern:

progressilvely hotter

Inflow

1
I e |

L ———==—  Qutflow
progressively cooler

where %c i1s the energy convected inwards by ( ,

W 13 outwards work flux,

Gm 13 the outwards flux of energy due to the mixing
interchange, M . The temperature gradlents produced by
these fluxes are shown.

Since the mass outflow 1s from the coolest part of
the tube the temperature of the gas leaving will be some-
what lower than the average over the whole tube. BRut,
since conduction effects willl be small, the exit temperature
can be only a little lower than inlet temperature. Thus
we see that the gas throughout most of the tube will be at
a temperature above the inlet value (and, coincidentally,
the ambient temperature).

At first sight it may appear that conduction is an
important factor 1n settlng the temperature level within
the tube. But this is probably not the case. As the tube
temperature rises upon starting, the outlet level will
rise with it, until the inlet value 1s reached. Thence-
forth, the only energy left behind in the tube by the
steady throughput 1s that requlred to restore the small

conduction losses.
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That a stable equilibrium 1s thus set up 1s shown
by the following considerations. If the temperature level
were to rise beyond the postulated equilibrium, the outlet
temperature must rise too, thus reduclng the net energy
within the tube and restoring the system to 1its former
condition.

Mass and energy flow models similar to these for
Series V can be constructed to Justify the sustalned

temperature levels of the other test series.

3.6. Comparison with Other Test Data

Two investigatlions of the Internal flow of vortex
tubes can be compared directly with this: those of Lay
and of Hartnett and Eckert. The former used a 2" dlameter
tube, the others a 3" tube; both investigations were made
witﬁ pressure ratios which bracketed those used here. 1In
both cases the inlets were very llke those of the present
apparatus.

These investigators studled the flow within the tube
with the inlet-end completely blocked and the far end
throttled using a cone valve which moved axlally; the air
escaped around the periphery of the tube. The results are
then most nearly comparable to those of the present Serles
VII (near the far end) and I and IV (near the inlet end).
They show that, as might be expected for configurations
in which only small inflows into the core are lilkely, the
velocity attalns a maximum value at a position nearer the

tube wall than for any of the present serles of tests,
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excepting Series III. The rises in pressure and tempera-
ture from the core are also less abrupt than in most of
the configurations studied here.

None of the invesatlgators felt confident enough in
hls results in the core reglon to present them. In both
cases the core readings are referred to as "erratic,"
perhaps implying unsteadiness 1in the pressure readings.
Presumably the damping in the pressure measuring system
of the present investlgation was sufflclently high to
obviate this difficulty.

Finally: thelr results tie in well with those reported
here, as do the less detalled data (for a 1" tube) glven
by Scheller and Brown and by Vulls and Ustlimenko for a

large (38 em diameter) eyclone furnace model.

3.7. Conclusions

It 1s posslble to rationalize most of the dynamical
features of the vortex flows investigated in terms of
mass and momentum conservatlon. Even the strikingly
dlverse and complex core flows can be Justified in generazl
terms by dlstlingulshing between several classes.

The temperature measurements show that there is a
flux of energy from the core of the vortex into the peri-
pheral regilon. The temperature fields can be explained
in terms of the mass flows within the vortex chamber and
an additlonal radlal energy flux for which turbulence is

the efficient mechanisnm.
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4. Experiments with Water
Water tests were made with a vortex tube exactly

slmilar to that used in the ailr tests with the hope of
galning further 1lnsight into the complex vortex flows by
direct observatlion of the rotating fluld. Only the gross
features of the flows were investigated, the chlef method
of study belng observatlion of the water surface. Despite
this 1limitation it was posasible to find much of interest
In the flows considered. Of particular interest were a
varlety of transitions between supercritical ("shooting")
and suberitical ("astreaming") flow. Measurements were
not made within the vortex chamber since they would have
been very time-consuming and since similar data can be
more easlly obtalned from ailr tests. The flow apeeds
were usually too high to allow visualization using dye

injection.

4.1. Apparatus and Installation

The modlflications to the basic apparatus were simple:
2 Perspex vortex chamber replaced the original brass one,
brass flanges fixed to the new tube by annular key rings
filled with Araldite permitting 1t to be fitted to the
orlgiﬁal intake and supports. The new tube had the same
interior dimensions as the old and was supplied by
ldentical inlet slots.

The tests were carried out in the Hydrodynamics

Laboratory of the Department of Aeronautics. Water leaving
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the tube was allowed to fall dlrectly into the sump of
this laboratory. Two tube positlons were considered:
vertical (entry at top) and horizontal. The table on
which the origlnal apparatus had been mounted was simply
stood on end and laid on its slde to support the tube.
Water from the high pressure supply (up to slxty feet of
head) was carried through flexible tubing to the length
of copper tubing which formerly rose at 45° from the intake.
Thus the orifice meter remalned in positlion and provided
a means of specifying the operating condition of the
apparatus.

The plates used at the end of the tube dlstant from
the inlets in the experiments on alr were used once agaln.
Perspex plates were made for the inlet end. The varilous

blockages are detalled in Table II.

4.2. Tube Vertical

In these tests the water entered through the inlet
slots near the top of the tube and flowed out through
various throttling devices at the bottom. For convenlence,
water was prevented from emerging at the top of the tube
by fixing the solid plate there during the high flow rate

tesnts.

4,2.1. Far End Unrestricted
When the tube was completely unblocked at the bottom
the fluld ran smoothly down the walls as a thin film.

Direct observation of the thlckness of the film was not
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posslble due to the optical distortion of the curved walls
of the tube. But the thickness at the top could be seen
to be about 1/4" (the width of the inlet slots) through
the end plate. There were striations on the surface which
seemed to indicate the flow direction, as well as could
be told by observing the wake behind a wire breaking the
gsurface. They grew progresslvely steeper down the tube.
Presumably this steepening 1s primarily due to a vertical
acceleration produced by gravity, but loss of angular

momentum to friction wlll also contribute to 1t.

4.2,.2. Flvg Hole End Plate

We now consider the opposite extreme to the case Just
dealt with--~the case of almost comglete blockage at thé
bottom, produced by fltting one blockage plate on top of
another. '

As might be expected, a pool of almost stagnant water
formed at the bottom of the tube. The appearance of the
reglon above the pool was exactly as for the completely
unblocked conditlon---flow adhering smoothly to the walls,
accelerating vertlically. This inlet flow slid smoothly
into the pool producing little disturbance. As the flow
rate increased the pool deepened until 1t finally filled
the whole tube. At the higher flow rates a slight dimpling
of the surface of the elongated pool was observed.

The helght of the pool surface from the orifice was
measured at the wall for verious flow rates up to that at

which the tube fllled completely. The heights are plotted
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in Figure 27 agalnst pressure drop across the orifice
meter, together with silmlilar data for other blockages.
For this case the helghts fall very nearly on a straight
line excert for the highest flow rates, for whlch the
pool depth increases more rapidly. The nearly linear fofm
1s to be expected as the plot simply relates the pressure
drops across two blockages through which the same mass
flow passes. The devliation from llnearity at the upper
end corresponds to the depression of the surface noted
for high swirl. The head acting across the holes at the

bottom 1s thus reduced below the value measured at the wall.

4.2.3. Single Orifice Plate

The cases intermediate to the unblocked and highly
blocked produced more complex results. We shall consider
the central outlet orifice first.

Once again a "pool" formed at the bottom of the tube,
but in this case the alr above was connected to the atmos-
phere through.the bottom oriflice: an alr core was formed
for all but the lowest flow rates when a dlsordered splash-
ing reglion was found at the bottom. The dlameter of the
core at the orifice did not vary greatly as the tube
filled, remaining throughout about one-half the orifice
dlameter. The core tapered upwards, having .a bell-shape
at the top.

Flgure 28 shows the alr core for several flow rates.
The water-film striations previously referred to ére

vigible. It should be noted that the image of the core
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1s magnified by the cylindrical tube. The surface of
the air core was smooth under most conditlons, especlally
in the lower parts. However, stationary circular deforma-
tlons were observed near the top.

The transition between the "water film" and "air core"
was effected smoothly near the top of the tube. An abrupt
change in flow direction (as indlicated by surface striations)
was noted at this transition. Once agaln, the flow above
the Jump was identical to that of the no-constriction case.
A surface dlsturbance there was accompanled by the develop-
ment of hellcal grooves in the air core surface below the
transition.

When the transitlon took place lower in the tube it
wasg accompanlied by considerable foaming. It seems likely
that this air entrainment 13 the result of higher kilnetic
energy in fluld approaching the Jump lower 1n the tube.
However, the core formed smoothly beneath thls disordered
region. Dlsturbances were propagated through the foaming
region and showed themselves on the air core, Just as for
the case of smooth transition.

For high enough flow rates the alr core extended
right to the top of the tube, ending on the plate there.
3y 1Increasing the inlet pressure it was posslible to decrease
the taper of the core until 1t became as nearly as could
be seen parallel, wlth dilameter about 1/2". Further

Increases in tharoughput reduced the diameter slightly
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(to, say, 3/8"). The core was intermittent at the top
for this condition and wavered slightly on the end plate.
It should be noted that estimates of the core dlameter
are likely to be inaccurate as it was necessary to allow
for the magnifying effect of the cylindrical tube. Where
possivle, measurements were made directly through a trans-

parent end plate.

4.2.4. Twenty-one Hole Plate

The behaviour of the fluld for this blockage differed
only in detall from that observed for the single-hole plate.
The alr core passed through the central hole, having a
diameter about one-half that of the hole; +thls influenced
the dlameter of the core throughout its length. The region
of alr entralnment was more extenslve in this case and the
thinner air core more disturbed beneath 1t. Filgure 29
shows three vlews of the core for this configuration. Xote
the circular disturbance at the top in (c¢), the striations
and foaming in (a}.

The tube filled completely at a somewhat lower flow
rate, as might be expected for the smaller, dispersed
outlet area. As the flow rate was increased the core
narrowed at the top, at first remaining of constant diameter
at the bottom (1/8"), then widening slightly. Under some
conditions the core was lntermittent at the bottom or top,
or moved about on the upper plate. The taper never qulte

disappeared in the range of inlet pressure considered.
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Blocking the central hole with a finger caused the
core to move to another. This effect is discussed at some

length by Bouasse.

4.2.5. ©Sixteen Hoie Plate

The eltuaiion for the sixteen hole end plate was quite
different from the cases just considered, where the end
plate possessed a central hole. As for the previous cases
the smooth water film ended in an abrupt transition. But
~ here an air core tapering to the bottom of the tube wés-not
formed. Wwhen transition occurred near the top of the tube
a relatively short (8" maximum) hollbw was formed, below
which the tube was completely filled save for a rapidly
wavering trail of tiﬁy bubbles on the centre-line. VWhen
the Jjump occurred lower in the tube the depression (if any)
was lost in the foaming region.

For this case in which free interchange of air between
the tube interlor and the atmosphere 1s impossible through
the bottom, the history will obviously be quite different
depending on whether the top 1s sealed or not. The situation
described above relates to the case in which air could
enter or leave freely at the top.

Two views of the phenomena described are shown in

Figure 30.

4.2.6. Sixty Hole Plate
Performance was similar to that described for the

twenty-one hole plate. An alr core extended up from
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the central orifice, its dlameter beihg about one-half
that of the hole. Higher flow rates were achleved through

the larger exit area provided here.

4.2.7. General

The transitlion between the "water f1lm" and "air core"
type flows 1s a form of hydraulic Jump. Thls sort of
transition can be described in physical terms as & change
from shooting to streaming flow, or in mathematical terms
as a change from supercritical flow in a hyperbolic regime
to suberitical flow in an elliptic regime. This inter-
pretation 1s supported by the observed inability of surface
disturbances to propagate upstream 1n the water-film
regime. A continuous transition from subecritical to super-
eritical flow presumably takes place in the inlet nozzles.

An interesting dynamic distinction can be made
between the supercritical and suberitical flows by comparing
thelir very different responses to gravity. The former
merely accelerates vertically, the swirl component playling
no part in the response; whlle for the latter regime a
complex Interaction between gravity and the dynamic effects
agsoclated with rotation takes place, the most obvious
consequence of which 1s the tapering alir core. For the
subcriticai regime, very large swirl completely dominates
gravitational forces.

Although the tests descrilbed here were performed by
goling from one equilibrium stage to another, it seemed on

starting the flow qulckly that essentilally similar stages
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were passed through as the tube fillled with water and the
flow moved towards an equilibrium.

The jump here 1s analagous to the normal shock (or
equivalent system) in a supersonic duct; the shock can
also be moved by altering downstream conditions or flow -
rate. The phenomenon 1s also analagous to an oblique
shock: the axlal momentum changes abruptly at'the transi-
tion while the angular momentum apparently remains constant.

But the detalled analysils for thils case is lilkely to
prove more difficult than the extension from normal to
obligque shock in a compressible fluld. The conservation
of angular rather than linear momentum makes 1t impossible
to use the simplifyling artifice of referring the motion to
a set of axes which eliminate the velocity component'alons
the discontinuity---except, of course, in the trivial case
of a very thin water fi1lm. The complex flow downstream
will also introduce difficulties. '

The concept of the Jjump and the 1deas of supercritical
and subcritlecal flow assoclated with it are useful in
forming & causal interpretation of the effect of blockage
on swirling flows. Here we see the effect of the blockage
extending upstream as the flow rate increases. And the
extension upstream 1s simply a swirl-modified form of the
almost stagnant pool which formed at low flow rates. We
can see that the effect of swirl 1s to extend the influence
farther upstream, at least in the case of pentral orificés.

Measurements were made for the config&rations Just
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discussed relating the position of the Jump in the tube
to the pressure drop across the orifice meter in the inlet
line. The data are presented in Figure 27. When conslder-
able alr entrainment took place 1t was not possible to say
Just where the Jump occurred. Hence, for each configuration
the transitions are represented by two curves, the upper
showing the position of the falilrly abrupt entry into the
foaming region, the lower, and estimate of its lower
boundary.

It is remarkable that the curves characterizing the
first four blockages all tend for high flow rates to
straight lines of very nearly the same slope. It seems
implausible to ascribs this wholly to chance.

One feature of the air core (also noted on the surface
of the truncated depression formed for the sixteen hole
plate) was a horizontal band which appeared white against
the rest of the core. Close examination showed that many
tiny bubbles circulating around the core gave the region
1ts characteristic appearance. Small changes in the slope
of the core also marked the regilon. The bubbles appeared
to move in nearly horizontal paths, while the flow further
down and further up the core seemed to be descending. It
gseems plausible that this band marked the end of an

annular region in which the flow 1s upwards.
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4.3. Tube Hor¥zontal---the Jump

For the cases to be considered 1n this sectlion the
flow was the same whether the solid or orifice plate was
introduced at the inlet end. Only for very low flow rates
did any water emerge through the orifice plate near the
Inlets. For higher flows the water adhered to the walls
near the entry and swirled away down the tube. To obtailn
gsufficlently small] blockages at the far end of the tube,
the plates used previously were held about half-an-inch
away from the end of the tube by four pillars of nuts and

washers.

4.3.1. Tube Unblocked at Far End

Once again a jump phenomenon was observed, thls time
moving along and out of the tube as the flow rate was
increased. The change 1in velocity dld not seem to be
as abrupt in thils case but was extended over one or two
diameters. VWhen the transition region was ejected from
the tube at sufficlently high flow rates, the jet formed
at the end adopted a more orderly and symmetrical aspect.
The final movement out of the tube (more than a foot)
took place for a very slight change in inlet conditions.
The Jjump 1s shown in several positions in the tube in
Figure 31.

Prior to the Jump the surface of the film was failrly
smooth, although marked by striations. The thickness (1/2"
to 3/4") seemed to increase for the first foot or so after

the inlet, then remain
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essentlially constant until the Jump was éncountered. No
variatlion of thickness with flow rate could be discerned.

As can be seen in the»photographs, the alr-water
interface downstream of the Jjump was disordered. For low
flow rates the flow in thls reglon separated from the
upper slde of the tube and flowed out along the bottom.

Judgling from the striatlons, the flow angle changed
along the tube. Just after the jump had moved out of the
tube the following strlation angles were noted: 30° near
the inlet, 45° in the middle of the tube, 60° at the far
end. Increasing the flow rate further produced maximum
and minimum angles of 45° and 25°. The acceleration
whlch seems to be 1lndicated by these angles is not incom-
patible with the constant-thickness fllm observed as
thickening of the boundary layer against the wall could

compensate for surface acceleration.

4,3,2. Sixty Hole Plate, held away from End

The movements of the transition were similar to those
described above, but a slightly higher flow rate was
requlred to maintain the Jump at any particular positlon.
The Jump moved completely from the tube at high flow rates.
Once agaln the final movement occurred suddenly, upon a
very slight increase in flow rate. The flow angles glven
by the striations were as above. The appearance of the

water £film was the same.
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4.%.3. Twenty-one Hole Plate, held away from End
Here an even higher flow rate was necessary for each
Jump position. The Jjump stabilized 1n one poslition near
the end of the tube but finally moved out for sufflcient
increase 1n flow rate. A hysteresis was noted near the
end of the tube; having once moved out, the Jjump dild not

return so far up the tube.

4.3.4. Solid Plate, held away from End

In thls case a considerabiy greater flow was needed
to put the Jump at any place. The Jump never moved fully
out of the tube. A short dlsturbed region remalned even
~at high flow rates. The appearance of the film was as 1in
the other cases: thickening for the filrst 6", then of
constant width, finally (18" or 2' from the end) thickening
agaln; strilatlons as usual.

The dlsturbed region which remained in the tube 1s
probably a bore resultlng from the implngement of the flow
on the s0l11d end plate. Whether the reduced outlet area
could of itself have caused thls bore, or whether the
unperforated end plate 1s responsible, 1s not known. Tests
were made to see whether the transitilons upstféam were
simply extensions of thls bore phenomenon. On rapld
starting, the transitlon moved steadlly down the tube
(inlet to far end) and took up its equllibrium pdsitlon.

It was not sent out from the end plate. There was indeed
a reflectlon from the end plate on starting 1in the form of

weak surface waves; these passed through the Jjump and
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moved ﬁpstream to the inlet.

4.3.5. General ,

Itvaeems-likely that the transitlion deascribed here
13 the result of the combined effects of wall friction
and the ﬁpstream blockage and that i1t 1s analogous to the
standing shocks found in duet flows of a compressible fluid.
Tbe.faot that the surface wave generated on rapid starting
passed through the interface and travelled on through the
supposedly supercriticgl region upstream 1s not 1nconsis;ent
with this interpretation. It merely indicates that the
axial component of the upstre;m‘velocity was suberitical.
In this case there seems to be no necessity for the normal
component of the upstream veloclty to exceed the wave
speed.

Since the effect of the downstream blockage is not due
to the upstream propagation of surface waves (even though
this 1s posalble), it seems that it must be due to a
pressure gradlent in the body of the water. This pressure
gradient, combined with the wall friction, produces the
Jump. Thus, the greater the constriction, the greater
the effect on the point of transition. The mechanism of
pressure propagation upstream 18 qulte apparent for low
flow rates. Here the flow separates from the upper wall
and forms a pool 1n the bottom of the tube, the depth of
the pool belng determined by the constriction at the end.

Flgure 32 ahowq the measured Jump positions plotted

agalinst pressure drop across the inlet orifice. The
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curves indicate the various effects described above---
the rapild final movement from the tube, the hesitation

before moving out, the continuing bore, the hysteresls.

4.4. The Tube Horilzontal---the Air Core

It was felt that the study of the air core in a
vertical tube was confused by the effects of gravity and
hoped that investigation of the air core in the horizontal
tube might clarify ideas on this phenomenon.

4.4.1. Single Hole Plate at Far End

Slightly different phenomena were observed for the
8011d inlet-end plate and for the inlet-end orifice plate.

For the s0lid plate at the inlet end a constant
diameter core was found at high flow rates (3/8" dlameter).
This core narrowed (to 1/4") on reduction of the flow
rate and vibrations were noted, especially near the inlet.
Another slight reduction in flow rate initiated the break-
up of the core and further reduction caused it to form
into discrete bubbles. These gradually moved out through
the orifice, the tube belng left entirely filled with
water. It 1s not possible to obtain this condition on.
starting up as some air is trapped at the end of the tube
until an air core 1is formed.

For the orifice plate at the inlet end tpe core was
at no time seen to be parallel (for high flow rate 1/2" at
entry end, 5/8" at the other). Lowering the flow rate

brought a slight reduction in dilameter and, once again,
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tremulations. Further reduction in flow. resulted in the
break-up of the core. But bubbles of air continued to
enter at the inlet end and to move along the axis and out
at the far end. Filnally, the polnt was reached where a
8light reduction allowed alir to enter at the far end and

the symmetry of the flow broke down.

4.4.2. Twenty-one Hole Plate '

An even more striking difference in behaviour was
produced by the different plates at the 1lnlet end when the
twenty-one hole plate was in posiltion at the far end.

For the solid plate near the inlet, the alr core was
parallel and about 1/8" in dlameter for high flow rates.

It vibrated slightly near the inlet. Redﬁction in flow
rate narrowed the core slightly and increased the vibratlon.
The core then began to wilthdraw from the tube through the
far end, the diameter being about 1/10" when half-way
wlthdrawn.

But with the orifice plate at the entry end, a 1/2"
dlameter core (slightly thinner near inlet) was found in
the tube for high flow rates and persisted for large reduc-
tlions 1n flow rate. Finally 1t grew thinner near the inlets,
then 1ntermittent there. The final stage before air entered
at tﬁe far end was a line of dancing bubbles (3/8" diameter,
some elongated) moving from the far end towards the inlet

end.
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4.4,.3. Slxteen Hole Plate

The performance with thls plate at the far end and the
solid plate at the 1lnlet end 13 complicated by the trapping
of alr on starting. By starting rapldly, 1t was found
possible to obtain a large tapering core (1-1/4" at inlet
end, 3/4" at far end with high flow). However, progressive
bleeding off of alr produced narrower cores tapering the
other way (petering out, in fact, short of the inlet end)
for the same high flow rate.

But for smaller flows the smaller amounts of trapped
air were concentrated near the inlet end. Intermedlate
flow rates produced bubbles distributed along the axis.

In short, the situatlon arising with alr trapped within
the tube was most complicated and 1s probably not worth
gsorting out.

When the orifice plate was used at the 1lnlet end the
sltuation was much 3implified. Tor high flow rates an alr
core (1/2" dlameter, perhaps 5/8" near the far end) extended
throughout the tube. 7Tt vibrated and undulated slightly.
This situatlon pertalned for large reduétions in flow
rate. Flnally, the core grew thlnner near the inlet, then
narrowed to 1/8" throughout, a2nd shortly thereafter became
intermittent. The final stage was a row of danclng bubbles
along the axlis, moving out for further reductions in flow

rate.
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4.4.4, Sixty Hole Plate

With the solld plate fitted at the inlet end the core
diameter was about 3/8", slightly thinner and intermittent
near inlet. The intermittency extended up the tube from
the inlet as the flow rate was reduced until 3/8" dlameter
bubbles were to be found at the far end and smaller bubblee
near ihe inlet. Further reductions in flow produced a
waverling, misty core of bubbles. Finally the bubbles moved
out of the tube leaving a misty core.

For the oriflce plate at the inlet end a wider core
(3/4" throughout at high flow, then 5/8") existed. This
broke up lnto bubbles, starting nearlthe inlet. They
moved out through the inlet end and finzlly air éntered

at the far end. "

4.4.5, Far End Completely Blocked

Here only the case of the orifice plate fitted at the
Inlet end is of interest. Rapld starting led to the forma-
tion of a parallel core some 1/8" in dlameter throughout
the tube, vibrating violently in the half nearer the inlet.
The flow pattern assoclated with this core seemed to be
quite permanent. The core persisted over a wlde range of
flow rate but thinned and moved out for very low flows.

" If the flow rate were then increased, another core
configuration was adopted---the core extending only a foot
or so up the tube, then bending over to the wall, the bent
portion whirling around with the fluid. This phenomenon
is shown in Figure 33. The dlameter was 1/4" to 3/8".
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Whether . thls second configuration was permanent
or not 18 not certain. On several occaslons it appeared
settled, then suddenly began to move down the tube (still
whirling) until the contlnuous core was formed. The transi-
tion between regimes took several minutes from the time
when movement was first noticed. On no occasion was a
complete core seen to change to the second, whirling
configuration without sultable manipulation of the flow
rate. During the process of rapid starting the whirling
core was seen moving up the tube to form the continuous
core.

When the whirling core occupled the region near the
1nlet the veloclties near the far end were low, judging
by the motions of solld particles in the water. However,
the velocities increased rapidly up the tube. Reversed
flows could be seen near the axis. It did not seem to
be the case that the whirling core marked the total extent
of the penetration of the inlet flow into the tube, the
rest of the tube being relatively stagnant and only
activated by viscous forces. Nevertheless, the existence
of an air core right through the tube in the other config-
uration does seem to indlicate a more vigorous penetration |
of the swirling fluid.

The termination of the core (which presumably marks
the centre of a strong vortex) on the wall can be Juspltied
if 1t is supposed that the fluid mass beydnd the whiriing

core is relatively stagnant by recalling the theorem



-297- c
of Helmholtz that a vortex cannot terminate within the
fluld. This 1line of thought was suggested by Profeasor
Squire.

But the real significance of the two configurations
found here does not lie in the detalls of the flow patterns,
but rather in theilr very existence. It appears that more
than one flow pattern can exist for the same inlet and
boundary conditions, depending on the past history of the
flow, the several patterns belng permanent or at least
changling only very slowly. As stated here, this is no
more startling than the several flows set up by trapping
varying amounts of alir within the tube. But there is a
rather more surprising phenomenon here-~--the asymmetry of
the one configuration. The tendency towards axlsymmetry
in flows forced to rotate by cylindrical boundaries is
strong due to the stablllizing effects of large centripetal
pressure gradlents. Yet here we find an air core extending
to the tube wall, indicating a highly asymmetric pressure
distribution and flow.

Although we have here learned of the exlstence of the
asymmetric flow by observing an alr-water interface, there
geems t0 be no reason to suppose that thls interface is
necessary for the establishment of such an asymmetric
configuration. It seems quite llkely that a similar
pattern might form in a flow fleld occupled by a single
fluld.

Since these observations were made, reference to the
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whirling core 1n a similar situation has been found in
the work of Sprenger (1951). He has also féﬁnd a like
whirling core (the rotation being weaker, however) 1n.the
far end of the tube. Hls sketch shows the two cores ending
at the same section of the tubs.

Sprenger discggses the effect of bleeding fluild away
at the far end of the tube. The lesser core 1is first
displaced and then ejected at the far end as the outflow
1s slowly increased. Although he mentions the existence
of stralght cores in some situations, there is no suggestion

6f transition between the two patterns.

4.4.6. General

In the tests Just descrlbed the effects of gravity
were negligilble except at very low flow rates, Judging from
the symmetry of the flow as evidenced by the air'cores.
For some configurations symmetrlcally placed air cores
were malintalned even for very low flow rates. On stopping
the flow they broke up and floated to the top of the tube.

o very clear-cut pattern emerges from the observations
of alr cores. Once agaln the behavliour of the three inter-
mediate blockages 138 similar while the extreme cases of
fully blocked far end and the least blockage there (the
sixty hole plate) offer divergent behaviour. For extremely
amall blockage (dlscussed in the previous section, 4.3.)
we have already 3een that a true alr core does not form.

At high flow rates the alr core dlameter seems to be
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determined primarily by the orifice near the inlet. With
the orifice plate in position there, a 1/2" core (slightly
wlder near the far end) was found for the three intermediate
throttling plates over a wide range of flow rate. A 3/4"
to 5/8" core resulted from the fourth throttling plate.
The extreme cases are obviously exceptions.

In the aS;;nce of an oriflce plate at the inlet end
a central oriflice at the far end seems to determine the
core dlameter. The sixty hole plate 1s an exception to
thls rule.

In short, when the cores are vented to the atmoéphere
they ére generally of nearly constant dlameter---that
dlameter being set seemingly by the vena contracta at the
controlling orifice.

The break-up of cores at low speeds 1s usually pre-
saged by tremulatlons. Then the core becomes intermittent
at a few places. A further reduction in the flow rate
brings the formatlion of bubbles in place of the core.
Finally, these move out of the tube. No ﬁattern has
emerged as to which end they willl leave by. A poasible
penultlmate stage 1s a stream of bubbles from one end to

the other, both directlons of flow being possible.

4.5. General Observations

a) The Alr Core

It has been observed that for high swirl the air
cores formed are not dependent on gravity for most config-

uratlons; that 1s, they are i1ndependent of the inclination
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of the tube to the horizontal. In both horizontal and
vertical tubes the high;swirl alr cores are very nearly
parallel.

The exlstence of parallel air cores in a vertlcal tube
is rather surprising at first sight. One expects a downwards
tapering core in the axial gravitatlonal field. However,

a simple calculation (taking %E*/O?,‘fi 5é§=‘7“'5 s Fu=
inlet value) does suggest that a core of dlameter 0.76"

at thé top and 0.72" at the bottom could exist in the
present installation. In the actual flow the angular
momentum is not constant throughtout the tube; the ailr
cores found are of smaller diameter.l However, the calcula-
tion serves to show that a large diameter (say, 1/2") air:
core with relatively slight taper can be set up in thils
apparatus. '

We have observed a marked correlation between core
diameter and the diameter of the central hole of the
blockage, noting also that in the absence of such a hole
an alr core does not form. It appears that even a small
central hole profoundly affects the flow throhghout the
tube or, more précisely, all along the axis. It seems
probable that the orifice draws fluid away from the core,
setting up an axial flow there and introducing more rapidly
swirling fluid. If there is no central orifice the core of
the vortex is relatively stagnant. The 1argerithe orifice,

the higher the rate at which new fluild 1s drawn into the

vortex core, and the larger the air core established. This
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line of thought explains the observed dependence of the
air core on the central orifice, qualitatively, at least.

b) The Effect of Blockage

Another point of interest which has emerged from
these investigations 1is some clarification of the ways in
which blockages spread thelr influence upstream.

First, we might note that there seem to be three ways
in which we can think of a body of fluld being influenced
by another body of fluild or by a solid body: by bodlly
‘contact, as when a Jet. impinges on a pool of stagnant
water, or conversely, when a pool of water intercepts a
Jet; Dby a steady pressure gradient acting through an
intermediate mass of fluid; by propagation of surface
or acoustic waves between the bodles.

.Cohaider first the vertlical tube with the water film
merging with the core reglon. The thin fllms seemed to be
quite independent of upstream conditlons until they actually
collided with the "pool." It appears that they are only
very poor mechanisms for propagating blockage disturbances.
The real mechanism for extending the Blockage 1influence
1s the "pool" formed at the bottom. The backing up of
the fluld 1s necessary to prodqge the pressure difference
to pass the flow through the blockage. It 13 to be
expected that the entry of a rapidly-moving film at the
periphery of the pool will give rise to a reverse flow
nearer the axis: as it moves downwards the film will

entrain fluid; the reversed flow supplles the entrained
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fluid. ’

So far our remarks apply equally well to fluid
without swirl. But the pool 1is profoundly influenced by
any angular momentum of the fluld forming 1it, the swirl
extending the blockage disturbance farther upstream. Thus
the flow reversals will also extend upstream. But they are
not the mechanisms by which blockage influences the flow,‘
only a side effect of that mechanism.

The processes acting to set up the flow in a partilally
filled tube can thus be grasped in simple terms. This
understanding will perhaps make the tube-filled case (no
water-film at the top), and even the flows in alr, more
comprehensible.

The influence of the blockage with tube horizontal 1s
not so easlily grasped. For here the Jump is from one water
film to another only slightly thicker. geemingly a pressure
gradient aet up by the blockage extends upstream through
these relatively thin films.

Finally, we note that surface waves did not seem to
play an important part in spreading blockage influence
through the fluld. This observation 1is consistent with
the basic simlilarity of the flows set up by swirling air

and water.
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5. Theoretical Treatment

In view of the complexlity of the problem of the
vortex tube and the Ranque effect it 1s not surprising
that 1ts theoretical treatment has progressed only slowly,
eépecially during the perlod prior to detalled experimental
study. The problem posed by three-dimensional vortical
flow 13 already a difficult one for laminar motions of a
viscous lncompressible fluid. And here we have the addl-
tional complications of compressibility coupled with
violent turbulence. We cannot expect to glve at this
time a completely convincing analysis of the phenomena
wlthin the vortex chamber.

Two approaches to this difficult problem seem
possilble. We can make radlical simplifying assumptions in
order to bulld up a model of the separation mechanism
immediately. Or we can deal more rigorously with simpler
problems with the hope of finding technigues through which
more difficult tasks may be performed and of galning 1nsight
into the mechanisms operative so that clarifying assumptions
may be 1ntroduced on a more rational basis. Both technlques
have been used 1n the past; both will agaln be used here.

We begin our theoretical considerations by reviewing
the trends which the analysis of the Ranque tube has taken
in the past. Then a frontal attack will be made on the
turbulent vortex 1n a compressible fluld, an attack glving
consliderable insight into the problem, but not pressed

far enough to give explicit solutions. Finally, the
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simpler problem of laminar vortical motion 1s considered

and some detalled solutions are found.

5.1. A Survey of Previous Work

For some twenty years after the discovery of the
Ranque effect theoretical workers were preoccupled with
the qualitative diascussion of the basic mechanism by which
the observed energy separation might be effected. Their
progress was delayed by lack of knowledge about what
actually took place within the vortex chamber. We shall
deal first with the evolution of ideas on energy separation
and then move on to consider subsequent attempts to
construct a model capable of predicting the observed

energy separation.

5.1.1. Qualitative Theorles of the Ranque Effect

a) Main Stream: Turbulent Mixing

The suggestion first put forward by Ranque in explan-
ation of the effect he had discovered was that the gas
which moves into the core of the vortex loses energy
(presumably in the form of work) to the outer fluid
simply by its movement through the radial pressure field.
The theory does not refer to heat transfer or turbulent
mixing; the steady laminar flow of a compressible, inviscid
fluid 1s held to be sufficient to produce the energy
geparation. But this theory cannot, in fact, explain the
establishing of a total temperature difference in a steady

flow without transport properties. 1In such a flow energy
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cannot be tranaferred across streamlines. Further,
successlve fluld particles will have ekactly the same
history, interactlions with neighbouring particles being
always in equilibrium. Hence, the total energy of each
partlicle will remain constant.

An attempt to introduce the effects of viscosity and
conductivity in a lamlnar motion was made by Scheper.
He consldered the effect of viscous dissipation on an
initially constant energy field. 1In the vortex core
. ktinetic energy is converted into thermal energy by viscous
effeots, while furthervout the kinetic energy remains
relatively unchanged. Hence energy wlll flow away from
the core by thermal conduction and the total temperature
there will be reduced. But these ideas seem 1mplausib1e{on
several grounds: the.time gpent in the tube 13 not
sufficlent for laminar conduction to have an important
effect, and the model proposed is based tacitly on an
unrealistic flow pattern. Deissler and Perlmutter analyzed
a simple laminar flow model and found that, indeed, the
separation effecfs due to laminar conduction were too small
to produce separations of the observed magnitude. |

A later theory of Ranque which was also supported by
Hilsch was that the outwards migratlion of energy was due
to a radial work transfer. They pictured an initial "free"
vortex being converted into a "forced" vortex by viscous

shearing forces and a consequent outwards movement of

kinetic energy. Theilr 1deas are thus linked to a particular
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flow pattern, one which is not often approximated in reality;

Fuiton carried forward these 1deas of vortex conversion
by noting that lnwards conduction of heat would counte?act
the outwards work flow. He found that a net outwards flux -
of energy occurred 1n laminar flow but estimated that it
was not of sufflcient magnitude to produce the observed
energy separatlons.

A1l the 1deas reviewed above are based on conslderations
of laminar motion. But it gradually became apparent that
1t was unllkely that molecular transvport properties could
account for the slgnificant energy redistribution which
had to be Justified. It seemed reasonable that the more
rapld mixing of turbulence must be considered; this
concluslon stlll seems valid today. The recent calculations
of Delissler and Perlmutter, based on slimple laminar and
turbulent models, support the ldea that account must be
taken of turbulence to obtaln energy separations of the
required magnitude. The present writer has put forward
the view (in a yet ﬁnpublished note in the Journal of
Aero/Space Sciences) that turbulent mixing 1is the prime
agent 1n a varilety of aerodynamlc cooling and heating
processes.

At first the role of turbulence in the vortex tube
was thought of as being qualitatively the same as that of
molecular transport, although giving rise to very muchr
greater energy flows. The first discussion noting that:

the effects of turbulent mixing across a large radlal
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pressure gradient might be essentially different from
those of molecular diffusion 1s that of Knoernschild.
His contribution was to note that it is not correct to
think of the mixing of a compressible fluld across a
pressure gradlent in terms of the slimple model used for
an incompressible fluid-~--a fluld lump shifted unchanged
to a2 new positlion and there mixing with the amblent fluld.
A lump of compressible fluid will not be transported
unchanged and without interactions with the fluid through
which 1t moves. A work interactlion with the surroundings
will occur during such a movement, the particle being
compressed on moving outwards to a region of high pressure
or expanding on moving inwards. This work interaction with
the matrix of fluld through which mlxing takes place results
in the cooling of the inwards-moving partlicles and heatlng
of the outwards-moving. It seems plausible that the effects
on the matrix fluid of the lnwards and outwards-moving
lumps will cancel. But if we return to the simple mixing
1deas and envisage the heated and cooled lumps mixing in
their new environments, we see that a radial transfer of
energy can nvertheless take place.

It 1s generally assumed that the convecting particles
do not interact with their surroundings except by expanding
and contracting. That 1s, it 1s held that they are very
nearly adiabatlc while in motlon. Delssler and Perlmutter
mention work supportingthe 1idea of adlabatlic movements of

fluid lumps in the field of meteorology and in pipe flow
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studles. In any case, the utility of the theory does not
require strictly adlabatic lump movements.

According to this simple theory the radlal transfer
will be zero if the temperature fleld 1ls related to the
pressure fleld by an adiabatic law, since in that case
particles will ad}ﬁst td the local amblent temperature
while moving. Thils concluslon follows even if lump motlon
1s not adlabatic. It is towards this adiabatlc distrib-
ution that the temperature distribution will end as mixlpg
progresses following this simple pattern.

Knoernschild's concept seems to be the most widely
favoured explanation of the Ranque effect at present.

The advantages of thls proposal were several: the possible
temperature changes weré eaglly large enough to account for
the Ranque effect; 1t seemed capable of acting with
sufficient speed to produce the observed temperature changes
since the motion within the vortex chamber 1s violently
turbulent; it was not dependent on a particular flow
pattern within the vortex chamber.

But some workers feel that other effects are important
too. Knoernschild himself thought that radlal work flux
was significant; Kreith in his recent discussion of Lay's
papers supported this view. fudine in discussing Hinze's
paper mentlioned an Archimedean effect in atmospheric mixing
that may have a counterpart in the vortex tube. Both of
these alternative mechanisms are assoclated with turbulent

mixing and thus could be comparable to that linked to the
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pressure gradient. But in nelther case has a convincing
exposition been given. '

The 1ldea that the radial energy transfer due to
turbulent mixing is influenced by the pressure gradient
was developed independently by Prins. It was put in
analytic form by van Deemter and again by Deissler and
Perlmutter using the arguments glven above to Justify
thelr results. Hinze has recently glven a somewhat more
detalled derivation.

The 1deas just discussed form the main stream of
thought concerning the Ranque effect. We shall later
dlscuss several detalled analyses which arise from this
evolution of ideas. But first we consider several
alternative explanatlons which do not fit into the main
evolutionary pattern.

b) Alternatives: Unsteady Processes

We shall conslder two sugzgestions concerning the
mechanism of energy separation in the vortex tube which
differ radically from the 1deas put forward above and,
indeed, from one another.

The first 1s the suggestlon of Goetz (made in dis-
cussing a paper by Webster) that the phenomenon can be
attributed to a "molecular shifting." This idea has
been effectively countered by Webster who noted that the
radical departure from equilibrium conditions required
for Goetz' theory was very unlikely in the vortex tube as

the time interval characterizing a typlcal flow was very
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large compared to the mean time between molecular inter-
actions.

The second suggestlon, due apparently to Ackeret and
eapoused by hls co-worker Sprenger, 1s not so easily dealt
with. They felt that organized unsteady processes (as
distinet from turbulence) play an important role in energy
separation. Sound waves were orlginally thought to be
the mechanlism, attentlion has more recently been glven to
travelling shocks. As these ideas appear to offer the only
serious competition to the turbulent mlxing concept, we
shall deal wlth them at some length.

Sprenger (1954) presents many experimental data for a
resonance tube in the form of a Hartmann generator and tries
to show a close connectlion between this device and the
Ranque~Hllsch vortex tube. The phenomena he studied were
produced by directlng a Jjet of air into a resonance tube.
The nozzle and tube were co-axial and of the same dlameter,
D , the tube usually closed at the far end. The sound
level produced by this device and the pressure and tempera-
ture within the generator were measured for both subcritical
and supercritical nozzle pressure ratios as the distance, ¢ ,
between nozzle and resonance tube was varled.

The relevant findings- of his main tests are:

1) The temperatures in the tube are dependent on £ ,

typlecally as indicated in the sketches below.
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times the dynamic head for both suberitical and supereritical
cases.

2) Significant temperature increments (as illustrated)
did not occur for suberitical Jets unless turbuleﬁce was
induced in them. A fine thread was stretched across the
nozzle to produce turbulence. The introduction of a turbu-
lence wire also augmented the temperature increments for
the supercritical case; the periodic peaks remained and
were magnified by factors as large as four.

3) The positions of the peaks in temperature were
not dependent on the resonator length (nor, a2s a result,
on frequency) but were markedly influenced by Jet speed
variastions. A maximum temperature increment 4did occur
for a particular tube length. ° However, detalls of these
measurements are not given, so the relevance/of this
point 13 not clear.

4) Peaks in sound level and tube pressure corres-
ponded to those in temperature.

5) Temperatures along the wall of the resonance tube
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increased monotonlcally from mouth to end.

Sprenger reached the concluslon that the resonant

osclllatlon within the tube produced the heating effect.
But the evlidence he presents does not support this view
at all strongly. It seems more lilkely ihat the heating
effect 1s produced by turbulent mixing, complicated in
the supercritiéal case by the cellular shock pattern in
the Jet.

One bit of evlidence which does not fit into thils
pattern and which does supvort Sprenger's theory 1s the
close linking of noise and temperature. Several investi-
gators of the Ranque-Hillsch vortex tube (including the
present writer) have noted that maximum energy separation
seemed to be assoclated with maximum noise level. Another
puzzling feature of the data 1s the large gradient in
temperature along the resonance tube. Such a gradient
would seem to lend support to Sprenger's ;dea of dissipation
within the tube, rather than to that of separation procesﬁes
wilthout.

Finally, Sprenger compared the performance of a vortex
tube with a resonance tube (bleeding away hot air at the
end distant from the Jet) by plotting outlet temperatures
agalnst cold and hot air fractions. The devices were
similar 1n construction and were tested at the same pressure
ratio. The performance curves for the two devices are not

unlike, either in shape of magnitude. This coincldence

does suggest that the energy separation mechanisms for the
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two are similar. But we have seen that the resonance tube
phenomena are highly dependent upon turbulence, so this
conclusion does not mitigate the turbulent mixing theory
of energy separation.

More recent experimental investigations have revealed
the nature of the unsteady flow assocliated with the
resonance tube. Hall and Berry present photographs of
pressure pulses travelling into and out of the tube, ﬁoting
that the pulses are associated with alternating perlods
of swallowing and spilling of the Jet. Several attempts
have been made to analyze the heating effect of a succession
of steepening pressure pulses passing through the tube;
no account is taken of turbulent mixing.

The case of unsteady energy separation in the Ranque
tube 13 dependent on its efficacy in the resonance tube.
And even for the latter device 1ts importance seems
doubtful. It seems safe to assume that organized unsteady
effects do not play a large part in producing the Ranque
effect.

5.1.2. Theoretical Models of the Vortex Tube

The problem of modeling the vortex tube flow and
enefgy separation processes has been found too difficult
to be approached directly. Two methods of attack have
been used: the study of slimple solutions of equations
potentially capable of representing the phenomena, and

the study of flows with the~requ1red geometric complexity
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but satisfying simpler equations. The contributions to
be discussed are applicable to the Ranque-Hilsch vortex
tube only in the light of these two approaches. -Each
contribution represents a compromise between confliocting
demands of reality; as the fluld properties are specified
more realistically, the geometric verisimilitude must be
correspondingly reduced. |

Lay glves an extensive discussion of spiral flows of
an inviscid compressible fluld. But he fails to show that
these models can be used to galn insight into the more
complex phenomena within the Ranque tube. Not only are
the necessary energy separatlon mechanlsms absent, but 1t
1s impossible to apply meaningful boundary conditions to
these flows. Some of the studles of perfect fluids by
Long and others provide greater insight into vortex flows.
In particular, the study by Long of a point sink on the
axlis of a plipe filled with rotating fluld 1s enlightening
in that it indicates reversed flows within the tube when
the swirl 1s sufficlently high relative to the sink flow.

Dornbrand and Pengelley consider a viscous fluid, but
restrict themselves to plane flows. 'hlle they are able to
give some consideration to energy flows, immediate appli-
catlon to vortices wilith lmportant three-dimensional effects
1s not rossible. Their analysis has been extended in Part
A of thls thesis. Rott studles g simple three-dimensional
vortex flow of a viscous fluid. His laminer flow model

falls to predict energy separation of the observed magnitude.
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Vulis and Ustimenko consider én incompressible fluld
but include the effepts of turbulence in their theoretical
models. They simplify the equations of motion by dropping
less important terms and by assuming a particular distri-
bution of eddy viscosity. However, their work 1s based
on 1ncorréct derivation of Reynolds' equations, so the
progress made is for the most part 1illusory.

Filnally, we consider two serious attempts to set up
models of the internal flow and hence of the energy
separation mechanism of the vortex tube. These are due to
van Deemter and to Delssler and Perlmutter. They consider
the turbulent motion of a compressible fluid, but assume
highly simplified modelslof the flow pattern. The effective
mechanlsm of separation in their models is mixing across the
pressure gradlent set up by the vortex. They obtaln pre-
dictions of the outlet temperatures as functions of cold
mass flow ratio; the functional relationships are similar
to those determined experimentally; reasonable numerical
agreement can be obtalned by sultably specifying undeter-

mined parameters.
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5.2. The Dynamics of Turbulent Vortical Flow

Turbulent mixing will profoundly influence high
velocity vortex flows such as those in the Ranque-Hilach
vortex tube---even laying aside the seemingly important
role of turbulence in thermal energy separatlion. The
analysis of such flows must then be approached through
Reynolds' equations. .

Initially we shall consider an incompressible fluld
of constant viscosity, for which the applicabie form of
Reynolds' equations are obtained from the simple Navier-
Stokes equations on taklng mean values with respect to

time and speclallizing to steady and axisymmetric mean flow:

L2 0w+ (am) - == 5p(B)+>(vU-£) a)

Far
_"’-_é_(y-,aﬂ-).{_i(ﬂ;w)-{-&?—w‘-: \)(v V~>-—/:.) (2)
P ,
l'b by _______(.__.) L
F.F(ba,w- +a——(zw) szl +V V. (3)
and for which the mean-value continuity equation 1s )
W
r_ar( Uy + $5 =0 (4)

The llnear terms are already 1in terms of the mean values:

PP , the mean pressure; [J , \/, W the mean velocity
components; //9 and V the constant density and kine-
matic viscosity. The non-linear terms can be resolved
Into mean accelerations and Reynolds' apparent stresses
due to turbulent mixing. Taking AL=LJ47a; etc., we have
ot = UNrat ) = UV etc.

The introduction of time-mean values has brought
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order intoc the system, but at a great price. For we now
have ten dependent varlables related by only four equatlons.
The situation is sucecinctly deseribed by Townsend (p. 23):
"The number of mean-value functions always exceeds the
number of equations, which makes the problem mathematically
indeterminate, but the restrictions imposed are.useful in
discriminating between alternative physical hypotheses."

He goes on to outline the plan of attack that will be used
here: "The application of the equations of motlon to
turbulent shear flow ls conveniently made in two stages,

the first stage belng the derivation and use of the exact
relations and the second the use of approximations to reduce

the complexities of these exact relations.”

5.2.1. Exact Results

Several exact first integrals can be obtalned for
constant density and viscosity if axial variatlons are
restricted.

Assuming that all mean values are independent of Z,

we get:

From (4), r=-yC (5)
W . K

From (3), ))Z—V-—"&W—?: Traz __ W (6)

where Y:N* 1s the time-mean axial shear stress, and the
constant k’ 13 a measure of the momentum transferred across

a cylindrical surface. Using (5),

W T
vr“;@; i) T s

|

"Y'L'

From (2), DY‘%(%)—E'% _b%': 3-29—-’—]\/ (7)
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where 'Z}e 13 the time-mean tangentlal shear stress and
the constant (3 1s a measure of the moment on a cylindrical

surface or of the torque applied to the fluid. Using (5)

G
rz

we may write vrl-kcz%__(r\'ic ) - ' =

An immediate integral of equation (1) cannot be

—

obtained unkess we Spacify‘dz:~.2;1. For example,,LL‘=,&:;

glves —_
Pra =R, 22 () (8)

r AT rar

The viscosity-dependent term 18 seen to be zero here.

At first sight 1t seems possible to generallze this
model by taking P=-(r)2, the other variables being
st111 ¥ -invariant. This assumption corresponds to
axlally constant 1losses and 1is consistent with equation (3).
However, the assumptions can only be consistent with
equation (1) for 4 = constant, and then only if %(Vﬁr)f-'f“

The generallzed axial momentum relation 1is

A K (9
L+ X )

v—g—\&/—awr-

where of( 1s a measure of the axial pressure drop.

The results obtalined here are generalization of well-
known relations for zero radial flow. Once again we have
found (as in Part A of this thesis) that generalization by
admitting source-type radial flow does not inhibit
analytic development.

Equations (5) and (7) govern plane, basically axi-
symmetric turbulent flow. The generalization (6) has no

obvious exact application but will apply approximately to
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the axlal translation of an 1solated rotating cylinder,
especlally in cases where suction is specified so as to
reduce boundary layer growth in the axlal directlon.

Similarly, equations (8) and (9) are exactly appli-
cable only when very special conditions are satisfled.
But these conditions are approximately satisfied when the
flow is very nearly in the axial direction. Thus these
results have their utility in problems of only slightly
swirling flow through tubes and annull.

5.2.2. Approximate Results

In the last section we obtained some results appli-
cable to plane axisymmetric flows and other relationships
which are very nearly true for realistic axially-directed
flows. 1In working away from these firm bases we can
consider either swirl perturbations to the axial flows or
axial perturbations to the planar ones. The former
approach 1s that adopted in the extensive literature on
swirling pipe flow; the latter seems more appropriate here.

We shall henceforth drop the viscous terms from
Reynolds' equations; however, account will be taken of
compressibility, in order that the results be directly
applicable to the Ranque tube. The results of this analysis
will then be valld only in the turbulent body of the flow.

From continuity and Euler's equations we obtain, on
taking time means and requiring the mean motion to be

steady and axisymmetric:
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£ (romm) + L (zam) - 2 - _ 2P (11)
—l;sa.; (V‘/aw)-l- gb—i (/OFAU)#- ,ﬁﬁﬁf‘-’i’z o (12)
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Taking 4 = L} +.u’, P= R +/o; etc., we have

Pl = Rax + e (2] +.0)

LU = Ratr + o' (D! + VAL +.0a-] , ete.
We shall now proceed to derive approximate forms of

these equatlions for several cases of large swirl.

a) Axial Perturbations to Radial/Swirling Flow
That the results derived for swirling flow 1n 2 plane
remain approximately true for small axial perturbatlions

can be shown by an order-offmagnitude analysis. We take
Uv~ol), W~ 0(g)

Sh'fr-’\' o), SB}’\* o($)

to represent the perturbed flow, and
I N s S S -} ’

to represent the turbulence.

We choose units of measurement so that Vv, LI, V,
AP~ 00). Then R~.0(1) also for consistency of these
agsumptions with the equation governing tangential momentum.

This result will be more clearly seen a posteriori.
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The quantities € , & , % , s 8re, of course,
agsumed to be small compared with unity so that terms of
higher order in them will be negligible.

If the fluld 1is homogeneous (that 1s, such that 1t
would be homogeneous on being brought to rest) the density
fluctuations, /o', will be dependent upon the turbulent
intensity, { . It seems plausible that these density
differences are maintained by the centripetal pressure
fields of the eddies makling up the turbulent wvelocity
field. The pressure difference from core to periphery
of a typical eddy 1is p'~RL‘~ o(%) ; we know that
’D/IP' ~ K , the compressibility of the fluld.

Hence, AL ~ K’)?

Introducing these orders into equations (10) - (13),
we find:

The continuity relation,
FRU = C, + 0(&5, wy')

The radial momentum relation,

o +E2(rRUT) = RYY, o

The tangential momentum relation,
V‘IRJF = O(QS,S‘Q s'/'(/.*}z'/'l-) ‘l"‘ G

The axial momentum relation,

334- {F?r(r-R,cTE") = 0(8%, uzn's)
o(s) OC&ﬂ?)

where only the lowest order terms are indicated ‘and those

not marked are NOC/)'
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The axlal momentum relation appears to be the least
accurate of the simplified equatlons. DNote that the
"exact" relations of the previous section retain a residual
error due to non-zero compressibillity even wilth € ,5—=0.

Integration of the continulity and tangential relatlons
has st1ll been possible. A result of some interest can be
derived from the lntegrated forms. We have

I".“‘RA:';:'-::—- G, for 1V = O.

If the variation of Reynolds' stress does not change

&
decisively with L} , we can write RUV“‘,%‘*’;“?.

or \/ = (fiﬁé%ﬁi_);é

Then 1t appears that \/oc-#; for small or vanishing L1 .
This law 1s found to be obeyed 1n the fully turbulent
reglon between two rotating cylinders, adjJustments to
particular boundary condiltions taking place 1in boundary
layers. But 1lts Justification 1s not simple unless the
more general radial] distribution 13 considered.

It 13 interesting to note that the exact result (7)
1s conslstent with the functlional forms

L] OC.T%'1\/OC-;£ 3 1532;'643;53

b) Radlal Perturbation to Swirling Flow

The real 1interest of this investligation 1s 1in vigor-
ously swirling flow through a tube, for whilch the appro-~

prilate speclallzatlions are
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V~o@), U~ oce)

2 2
£ ~o0, 5 o (8)

L ""0(‘7)) /O’N og,u.)

Units are again chosen so that v , \V , &P~00); R~ o)
for conslisatency.

Some Justiflcatlion of these specificatlions 1is perhaps
necessary. That small values of L] are appropriate is
suggested by 'the requirements that the radial velocity
vanlsh at the axls and the wall of the tube. The relative
magnltudes of the rates of change are suggested by the case
studied previously, by the elongated cylindrical vortex
chambers in which we are often interested, and finally by
examination of the flow patterns 1in a varlety of vortices.

Introducing thesé orders into the continuity equation
we find that W~ 0(‘5/5) at most, so that

L2 (rRU)+ Z(RW) = 0(un™)

21€3) o0&}
Radlal momentum gilves

.%f.«_ R%—A + o(7)
Tangential momentum,
Z(RVW) +-L& (mRaF)= 0(7§, wy™)
0(g) 0(5170

Axial momentum,

S €3 R A
22412 (rRaw )= 0 7575 Sav%)

0(S) ol(n)
These results should be applicable in the body of the

vortex tube, although not 1n the ends nor very near the
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walls. The accuracy of the simplified relations suggested
by this analysls does not seem to be as high as for those
of the previous model. However, we can estimate the
applicability of these results to flows such as that 1in
the Ranque-Hilsch vortex tube using data from the test
results given earlier.

In the turbulent body of the flow we find, typleally,
)

3\% ~ O(%) suggesting that & ~ ol

Considering the pressure distributions we flnd, typlcally,

AP ~ s
22 [LP 4+°/22 5o
Ay o 1-S
«-—5—'5 , 80 that E'\-i—é—b
For balance of the tangential and axlal momentum equatlions

suggesting that

we must have 77 of order of both $ and £ . Say
P26~ 2 ~ 5
This implles that the intensity of turbulence in the body
of the flow will be ~ 10%. As thls 1s of the order
expected 1t offers a slight check on these estimates.
We can easlly estimate | , the compressibility, in
the units adopted here. We have taken AP~o(1)and R ~ o)

But 1n these high-velocity air flows we have also AR~ o).

Then K~ @R/ip~00() so0 that A k'qs/:- NIOIOO

Finally, we obtain estimates of the error terms as

percentages of those retailned:
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i
'F%('”RU)"‘S%(RW) = 0(209,) 1 term
%%? = f{%%l + C)(} 9@) 2 terms

bz<va) + P‘Bb(r RM#‘) 0015 %) 1 term
5?:(" Radiwr')= 0(10%) | 2 terms

The number of the larger rejected terms 1s indlcated.

Although it 1is not poss}ble to obtain first integrals
for this case, some of the gross features of the flows in
the central part of the vortex tube can be grasped using
these approximate relations.

A rather surprising feature of these not-very-high-
speed flows (~ 400 feet per second) is the apparent
importance of the compressibility-turbulence interactlon.
Both the continulty and tangential momentum relations are
significantly influenced by radial mixing of the compres-

sible fluid. Their more accurate forms are

L2 (Ru) +a?z(Rw)+ rb,,(r/o ) = 0( Sun™)

rar

L2 (rRaw) +55 2 (RVW) + g (rV,er) = o(Se, 57)

The largest error terms are seen to be those involving /0AZ .
It should be noted, however, that estimates of the turbulent
mixing terms were made on the basis of 100% correlation.

For example, we have taken/agzz“*QQai@. Thus the errors
estimated here are more likely to be high than low.
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The correlation/ﬁﬂéé’ will agaln be found of interest
in the discussion of energy flowas. It seems likely that

/oud > O slnce lighter lumps will move lnwards due to
Archlmedean buoyancy forces. |

The tangentlal momentum relation 1s no longer a simple
balancing of Reynolds' stress agalnst convection of mean
vorticlty; the effects of axlal convection are not

negligible here:

Ru(W V)+RW—¥=—#§(WREF) (14)

(Note that the simple continulty relations are
sufflclently accurate in both systems of approximation to
allow the mean motlon acceleration terms to be written in
thelir more usual forms without altering the orders of
the errors.)

The simple radial equilibrium relation:

- V
AP = R = dr

retalns its applicabllity in this type of flow.

Although the simplified axlal momentum equation
Seems to be the least accurate of the set---the errors
here beilng due to the neglect of mean motlon convectlon -
terms---1t is suffieclent to show that the axlal pressure
changes are chlefly accountable to Reynolds' stresses.
Thls result 1s 1n accord with conclusions reached upon

examination of the experimental results in Section:B.
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¢) General Flow with High Swirl

The two sets of simplified equations derived in the
preceding sub-sections contailn, for the most part, the
same terms. That 13, most of the terms of Reynolds'
equations are negliglible for both categories of flow, only
a few becomling important or losing thelr importance as we
shift from one sort of flow to the other.

It seems plausible that by combining the two sets,
retalning the dominant terms of both classes, we will
obtain equations valld for a less restricted group of
vortical flows, a group contalning not only the two
gpecified claéses, but also the whole range of flows
.intermediate to them.

The combined set 1s

2 (rRU) + 22 (RW) =

Y‘DP
=R RUKS
2 (RVW) + L2 (r Rwuf) =0

P, L2 7)) =
S—;'- + r.g,—,,(V'RMM’)—

We know that these equatlions are valld for high swirl
so long as one of the other veloclty components 1s small.
But are they also valid when all the velocity components

are of the same order? This 1s easily checked.

Taking Llj\/‘\,/ OLI) —-~O(l) b.%n.. O(S) L'L'\-o("()
we obtaln the approximate forms
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vRU =.C, + 0C§)

%‘»P =R-Y;z--r§§r-\(rRU") +0o(8,7)
r*RUV = G + 0(3;7)

rRUW F + 0(%,7n)

These results are contained ln the general set glven

above. For this aegénerate case all the Reynolds' stresses
are found to be negligible and expllicit solutlons are
posslble.

The accuracy of the more general equations should
be generally higher than i1s indlcated by the calculations
of sub-section (b). Compressibility errors are relatively

large for small radial flows.

d) The Vortex Shape Hypothesils

Now that the restrictions on the velocity components
have been relaxed, 1t is poaslble to see that the key
feature in the simplifylng analysis 1s the hypothesils
(not unlike that associated with the boundary layer) that
changes in the axlal direction are much more gradual
than those in the radial direction. It seems appropriate
to term this a vortex shape hypothesis. The considerable
simplifications in the governing equations for high-swirl
flow are only possible when this concept 13 introduced.

The introduction of this vortex shape hypothesls

needs little Jjustification for the problem of present
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Interest, swirling flow throuszh cylindrical chambers.
But it 13 also a useful aprroximation for many other
vortex problems.
| On considering-the awirling flow of water through a
contracting conical chamber Blinnle and Teare found a
cyllndricai air core indicating the validity of the
hypothesis away from the tapering sides of the chamber.
The study of swirling flow tﬁrough a convergent-divergent
nozzle (Binnile, Hookings, and Kamel) revealed a cylindrical
alr core in the contracting, subcritical flow above the
throat. However, the supercritical flow below the throat
did not form a cylindrical core along the axis, but fanned
out along the diverging walls. A supercritlcal flow
will not necessarily violate the assumption that radial
changes are very much more rapid than axial. If the
supercritical flow 1s retained within a cylindsr, as in
the water tests reported in this thesis, the hypothesls
may still be valild.

A somewhat similar glituation is found in the vortlces
shed from 1ifting surfaces. Commonly they tighten in on
the axis and the elongation hypothesis represents the
pattern well. But a vortex burst phenomenon 1s sometimes
encountered, the tight core breaking up and the swirling
fluid moving away from the axls. Another case of interest
1s the emergence of a swirling Jet from a pipe or orifice
into the atmosphere. Commonly the vortex spreads out,

‘often leaving the core free for reversed flow.
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Flnally: there are cases for which the vortex shape
hypothesis 1s not useful, but it does adequately represent
the sltuatlion in the vortex core for a variety of problems,
not-only flows confined within nozzles and tubes, but also
gome cases of unrestralned flow in the atmosphere.

The reasons for its wide applicablility and the 1limita-
tions to its applicabllity are not hard to see. In the
first place, the radial and swirl components must be zero
on the vortex axls. Therefore their gradients must be.
related as suggested by the elongation hypothesls.. If;
further, we have swirling fluid close to the axis (that is,
a hligh angular velocity) thé radlal pressure gradient will
be high in the core. This in turn leads to steep radial
density gradlents whether by air core formation or by the
normal effect of compressibility.

Thus we see that the kinematlc requirement of axi-
symmetry, together with the dynamical requirement of
radial equilibrium for rapidly rotating fiuid, must
specify a flow in which radial gradients are large

compared to axlal gradlents.
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5.3. Energy Flows in a Turbulent Vortex
Having gained some insight into the mechanics of
vortex flows by speclalizing Reynolds' momentum equations.
to appropriate approximate forms, we now turn to the
energy equation to see whether the same sort of analysis

will be fruitful there.

5.3.1. Basic Analysis
As before, we neglect molecular transport properties

and body forces, the simple form of the energy equation

belng ;P
/0 Dt 3¢
where h,= h+lu* 1s the total enthalpy of the fluld,
the sum of the enthalpy and the kinetic energy per unit mass.
Using continuity we can obtain the alternative form
2 (phs) + vo(oh u) = 2

—r e

Taking mean values with respect to time we have Yfgp WAE

o h ¢ k) =
which gives %5;(”/’"‘ ) “‘5:2‘(/"»‘“’ ‘) =0

for axisymmetric mean flow.

We can write /,u-zv-a = (R Jr/o')(u-fxa')(/‘/o + A:)

= RUH, + Ralhy + 19 o'hs + /L/.,/—':a.—' + olath,
But ho‘: L\+-{',£L‘=H+Al‘f";{(xa¢l+#1+/¢‘") :
so that [,

H+Li[u*+ vrs W T 2]

and h! = W'+ 2'ld + AV + e’ W

o

We shall speclallze the energy equation using the

scheme of orders-of-magnitude of Section 5.2.2. (b):
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V~ o0, L[«_Q(E) leading to W~ o (€/g)

2~ 00, & ~0(5)

(~oln)y o o]

adding h' ~ p(«)

We choose units to that p, \/~ o(l), knowing that
R~ o(i) from the previous analysis. %e also take AH,~0(1),
knowing that energy separations are typlcally a few times
the dynamic head. This assumption will be seen to be
consistent with the others a posteriori.

This scheme is appropriate to swirling flow through
a tube. A few more terms must be retalned in an equation
valid for more general vortical flows.

The approximate energy equation for thls case 1is
M,,(VRLJH 2 (RWH,) + E2(r Ho )
0 (€) o (€) o (™)

rar(rR b))+ Fﬁ(rRVu,o-) + rar(rRWMw)

oy ) - oly) 0(;‘ )

= 0 (5%, €7, 54"

Only the leading error terms have been indicated.
This result relates the several important energy
fluxes into an elemental volume. It can be cast 1into
another form without altering the orders of the errors

if we use the more accurate form of contlnuity.
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HO a Iy _*———;al‘lo
F{%?E— "‘TLSFTW"R/MLA ) ok N3

where %):t: indicates the rate of change following the
mean motion. Here';e have a relatlion between the radial
energy fluxes and the energy 1lnput to a constant mass
moving through the systen.

From these two results we see that the changes in
the total energy of fluld spiraling through the tube
are produced by three effects:

a) the transport by radial mixing of lumps of fluid
with higher and lower thermal energy,

b) the transfer of‘energy (thermal and kinetlic) by
pmixing across a radial energy gradlent, and

¢) the work done by the two significant Reynolds'
stresses.

Each of these effects has been mentioned before.

But an explicit statement of their comblned role has not
been made. Note that (b) does not act in an incompressible
fluid.

We shall consider the nature of each of the several
contributions in vortex motion before attempting to
estimate their overall effect. Naturally none of the
organized unsteady effects suggested by Sprenger appear
here. We have ruled them out by speciallzing the analysils

to steady mean motion.
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5.3.2. The Energy Fluxes

a) Mixing across a Pressure Gradient

The correlation function Ath' appears innocuous at
first sight, seemingly merely a turbulent analogue of
molecular thermal conduction. It 1s not till Knoernschild's
train of thought regarding the movements of compressible
lumps through a pressure gradlent 1s brought to mind that
the full significance of this mixing term 1s reallzed.

But the effectlveness of this mechanism even 1ln the
absence of a pressure gradient 1s shown in the results
of Serles III.

Several workers (van Deemter, Delssler and Perlmutter,
Hinze) have shown that the mathematical expression of the
mixing model outllned in Section 5.1.1. leads, for a
perfect gas and with other idealizations, to a representa-
tion of the correlation in the form
>T _ x-1 T 313)

o r

} WL 2/ 9
g;/u/v=“€rw ¥ >

where ’T‘ 1s the time-mean temperature,
€1 1s an eddy-diffusion coefflclent.
An alternative form can be given using the radial
equlllbrium condition and the equatlon of state for a

perfect gas: w'h - - ér (\‘?2_:,;‘_ - _‘\;/,“)

When the radial temperature distribution is less
steep that that deflned by the adlabatlc law applied to
the vpressure distribution (as is the case in the flows

examined in this investigation) the heat flux due to this
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effect 1s everywhere outwards, although falling to zero
at axis and wall (neglecting conduction to the wall).
In the absence of data concerning directly the distribution
of turbulent activity in the vortex chamber it is not
possible to estimate the flux distribution with any
convictlon. However, it may be expected to rise rapidly
in the reglon of large pressure gradients commonly found

”

near the axis. Then

Elux Source
rRuk s Tifz;)
L5 (rRuh M
o o & v

may be taken as suggesting typical distributions.
Flnally, the effect of mixing across the radial

pressure gradlent willl be, in most practical casesa, to

remove energy from the fluld in the vortex core and

redistribute it in the outer fluid.

b) The Archimedean Effect

The existence of this contribution was suggested by
Yudine's remarks on Hinze's paper. We are led to expect
a heat flux assoclated with Archimedean forces by analogy
with turbulent mixing through the pressure gradient in

the earth's atmosphere.
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As was pointed out in the discussion of flow dynamics,
the correlation /EEET may be expected to be positive in a
vortex in a compressible fluid. Then the assoclated
energy flux; H3/EZ7, will be everywhere radially outward.
Surprisingly, the overall effect of this outwards flux,

—————

as indicated by the term —olu’ %é? , seems to be to

cool the fluld throughout the tube, except in a reglion very
near the wall. In moet practical situations %—ti‘ > 0,
except near the wall.

This conundrum can be resolved as follows. The
overall effect of the energy flux HQ/ZZP is to rediétri-
bute energy in the various regions of the tube. But when
continuity requlirements are taken into account, tﬁis
results in a reduction in energy per unit mass of the
whole of the moving fluid.

Consider a simple example: purely radial flow.
Continuity 1is %(WZ) =0 , whence, for Zero net
source flow, we get R = - %! |

We shall take /227 to be positive. Then the require-

ar—
4

[
ment of continuity is an inwards mean velocity, Lj:-/%§£
The energy equation derlved from continuity is

- 2He
Ry 2o gRHe - T ST

Thus we see that the rate of change following the mean
motlon 1s, in fact, the rate of change as a particle moves
inwards 1in the directlon opposite to the energy flux.

The energy equation can, of course, be integrated
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immediately for this case of restricted axlal varlation,

giving ryauaho = C.

we shall attempt to show the influence of the mean
flow on the correlation ‘/JEZ: as has previously been done
for 4;?22. Let us clarify the situation be relating the
turbulent velocity fluctuation at a point to the pertur-
bation velocity of a lump at that polnt. We write

AL = e+,

where «' is the deviatlion from the time-mean value at a
point; A%% 1s the velocity of the coincident particles
due to the Archimedean buoyancy force per unit volume,
/a' %42 ; and ), 1s the part of the local motilon
induced by surrounding turbulence. The term _e&, 1s
random with respect to the fixed polint but not so far as
the passing eddy 1s concerned. Then /5327 =4/53227

Oour next task 1s to relate the velocity ., to the
buoyancy force producing 1ti It seems plausible to
compare the inwards-moving lighter lumps to mleroscopie
particles whose net drift through a gas 1s superposed
upon Brownlan motions. In the present case, the turbulence
of the fluild supplies the random disturbance to the drift
due to the Archlimedean force. \

In his theory of Brownlan motion Einstein has assumed
that the drift speed 1s linearly related to the.force on
a particle, that is, that the drift motion obeys Stokes'

law. The results of nls theory have been verified
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experimentally. Similarly in electricity: a linear
reslstance law---Ohm's law---1s found to apply when the
electrons’ drif} speed 1s small compared with the speed
characterizing their random thermal motion.

We shall assume that a similar relationship goverms

the lump movements, taking .2/ cx:/o' A

Hence, the Archimedean correlation is of form

— v 1 2P
/0'#‘ = 644 ';.— = 64 R a‘ﬁ

where EA 1s dependent on the scale and structure of the
turbulence and, more especially, on the compressibility

of the fluid.

¢) Work Flux due to Tangential Stress

It is difficult to make general statements about
the work fluxes in vortex flows. They are not primarily
dependent on the ubiquitous radial pressure gradlent but
on the multifarious flow patterns. The equation (14)
relating the tangential stress to the mean velocity
suggests this 4ifficulty: 1t 1s too complicated in its
general form to be immediately useful.

An obvious simplification of this relation is that of
specifying the swirl distribution to be 1ndependent of
axial position. Fortunately, this idealization has close
counterparts in the vortex flows studied experimentally,
especially those of Serles I and II. Sublject to'this

restriction we have
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(r Ru)%(rv) = -g’—r(r‘RxATr‘)
We shall study this relationship by considering simple
examples, beginning with the case of constant radlal flow:
rRU = C

For this case the torque is found to be r*Ru's~'=-CrV
on requiring that both veloclty and mixing stress be. zero
at the axis. The work flux is K VR4~ = —cCV?
inwvards for C > 0, outwards for ¢ < 0; that 13, opposed
in direction to the radial masas flow. The source term is

~L2 (rvRaT) = BEvEYY
Local heating occurs for inflow combined with swirl
decreasing outwards and for outflow combined with swirl
increasing outwards. The other combilnations result in
cooling. Practically, this means that radial inflow will
result in the cooling of fluid in the core and the heating
of the fluild farther out.

Having considered the effect of swilrl on the work
flux for a particular radlal flow, we now take the other
point of view. We take V= k’r’yé and consider a varilety
of radial flows. This form of swirl distribution 1s
suggested by the test results. Except in the core and near
the wall, it models the experimentally determined distri-
butions quite wel}, especlally those of Series I and I1
to which this simple analysls 1s particularly applicable.

We table the results for some simple examples:
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Radlal Flow Work Flux Source Term
rRU rVRay —Ti'b% (rV R}
— S k> )
1) Cre G 5 v
2
2) cv "%S 0
>l Ck?
3) C - Ck* - =3
» e ack*
4) da-r), r<a —cky F- 3 - &5 ,
. _2.___ a
5) cr{a-r);, re<a —ck{E-%)vr — k(5

Case (1) models flow in the core; cases (2) and (3),

that 1n the body of the flow; case (4), that near the
wall. Case (5) covers the whole radius from axis to wall.
Agaln we have chosen aolutlions such that the torque
approaches zero 1ln the core.

These examples follow the pattern that emerged pre-
Similar results are found for the more general
\/= Kr"™ where stabllity

considerations suggest that cases for which

viously.
swirl distribution N> -1;
N <-1 are
not of physical interest. We conclude that the radial
work flux 1s usually in the direction opposed to the
radial mass flux.

Since inwards radial flows are more often encountered
in the vortex tube than outwards (as 1s to be expected,
since the alr commonly enters at the periphery) we can

expect that the core will commonly be cooled and the

peripheral fluid heated by action of the tangential stresses.
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d) Work Flux due to Axial Stresses
The effect of the other important Reynolds' stress

1s not simple. We have

| 3 (rR @) = _dP

L2 (rRuwr’] =

ror ( oz
as the approximate relation for axial forces in the body
of the tube. Requiring that the stress be bounded at the
axis, we find the work flux to be

rwR.acwr’ = —\W er%g dr

In order to investigate the properties of thils
functlon we consider a simple example:

W=_§§_—. r—1 for ¥ <3

incorporating the property that W and %g; are usually
of opposite sign in the vortex flows studled. The work

flux 1s rR Welw' = 3-'. V‘}‘(V‘vl)(/r-§)

> 0 for V<1, r > 3/2
< 0 for 3/2>2r > 1
This example 111ustratesvyhe trends of more complex

examples. Usually W and fr(—g'{)cff have the same
sign in an outer annulus, 1nglcating an outwards flux
there. Most of the fluid in this outer annulus will be
cooled; only that very near the wall is heated. The
core will be occupled by complex fluxes whilch will

probably not play an important part in overall energy

separation.
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5.3.3. The Efflcient Mechanlisms of Energy Separation

To sum up: 1t seems likely that each of the effects
consldered willl usually produce a flow of energy from the
vortex core to the peripheral region.

Our final task 1s to estimate the magnitudes of the
several contrilbutions to the energy separation. We use
the values suggested by the test data to determine the

relative magnitudes of the contributions:

L2(PROH) + Z(RWH.) + A& (v H, %)

o(-5.) ol-55 0 (7253
+ %%,(rk)»:'-/;—') + L2 (r RVET) + + k2 (r RWATT)
o(%) o( 753) o(z53)

The Archlmedean effect seems to be of somewhat less:
importance than the others. The work fluxes are of the
same order as the heating/cooling terms. There 1s no
reason to assume that the energy separation due to the
Knoernschilld effect 1is mdre important than that produced
by radial flux of work. The quantity o wlll have to be
~ 1/20 if the thermal convection term is to be'important.

Finally, we come to the following conclusions
concerning the air flows studied here and probably valid

for a wilder class:
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The efficlent mechanism of energy redistribution in
the vortex core 1s thermal transfer by turbulent mixing
across the large radlal pressure gradlents commonly
found there.
The further separation in the outer fluld 1s primarily
due to work fluxes assoclated with turbulent mixing

gtresses.
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5.4. A Class of Axisymmetric Solutlons of the

Navier-Stokes Equations

The analysls of the previous sections stopped short

of the predliction of three-dimensional flow patterns.

It became apparent that additional restrictions would

have to be suppllied to specify a meaningful mathematical
problem. Relationships between the mean motion and the
turbulence seem to be required at this stage, but physical
princlples on which they might be based have not yet been
devised.

In order to get some 1dea of the vortex solutions
that might be expected from Reynolds' equations we shall
consider the geometrically similar, but properly set,
problem governed by the Navier-Stokes equations. The two
gets of equations have the same mean acceleration and
pressure terms. They differ only in the way in which
shear 13 established in the fluid.

Reynolds' equations become formally identical to the
Navier-5Stokes equations on introducing the hypothesis of
constant eddy viscosity. It 1s not intended to offer any
very serlous attempt to justify this hypothesis for the
flows of interest here. However, it dces aseem to ve far
from the worst guess that could be made. The ‘direct
application of Prandtl’'s hypothesis

£ o< b (,(,Lmax —Almin)
where § 18 the eddy viscosity,
b 1s the width of the. mixing zone, and
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Llpay~Atmin 13 the velocity difference at a section through
the zone, does suggest that the eddy viscosity does not
vary rapldly in the axlal direction. On the other hand,
we find for the flow between two rotating cylinders the

same form for both apparent and viscous shear stresses,

—— | 3ZvV_v L
AL OC};-;_ S—F_———Focrz

consistent with constancy of eddy viscosity along the
radius. The strong flow reversals found in many vortex
tube flows seem to provide a large-scale mixing tending

to even out properties through the vortex chamber.

5.4.1. Basic Analysis
The equations governing the steady axisymmetric flow

of an Iincompressible fluid of constant viscosity can be

written

—é—;%(RM) + g’%’_: o (1)
w(SE+E) +aw 3 = T -« (2)
w2 w2 - &= 2P - (3)
ﬂ%%+kv§—’§’ =_§2—2P-:-vfw- (4)
where /%= 2- L 12 2>

"5§1'+Ff§§ '*2>2*
and the equations have been simplified by the substitutions:

R= {;'1 z = f% 7.73==;£;

Note that the first two equations are independent of the
kinematic pressure, Y> 7 the analysis to follow sérlngs

from this observation.
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We consider those flows for which the swirl distri-
bution is the same in every cross-section: U~ = o (R)
Then, from equation (2), .« = w(R)
and the flow patterns are seen to be necessarlly the same
in every cross-section.

There are two reasons for interest in this class of
flows. They are suggested by the two-dimensional analysis
of Part A and by the relatively small changes in swirl
distribution found in some experimental situations.

Subject to this restriction on axial variatlons,

equations (1) and (2) can be integrated to give
R
Ru = '3(,; Rexp[ V}udR}dR + Do (5)

w= —gR 2z + $(R) (6)

where QIR) can be interpreted as a source distribution
in a purely two-dimensional flow. A three-dimensional
flow pattern is completely specified (save for constants
of Integration) by supplying {(R) and one of «t, -, g -
But the only patterns of physical interest are those which
satlisfy the dynamical condition posed by equations (3)

and (4).

T

From equation (3), we find that SRaz

for the class considered here. Then from (4) we get

D D b,ar lbu— a,w' (4')
AR T ez T SRR SR e+~ 9@

where g(z) 1s seen to be kz + ¢ ( K, 2 constants)
using equation (6). An axially directed gravitational

force can be absorbed in _JZ.
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It 1s convenient to introduce F = R, a variable

representing local radial flow. 1In terms of this variable
_ 1 2F (6')

On substituting for 4L and w4~ in the dynamical condition
(4'), we obtaln ordinary differential equations for F and + .
RF"-RF'+ F'—= RFF"+ RF'F'+ FF'= KR?® (7)

R{"+f - F4'+ Ff --4R (8)
where differentiation is with respect to K.
The problem of obtaining solutions for this class
is thus resolved into solvihg equation (7) for the radial
flow parameter F . Once this is done, the axial and

swirl components follow from (5), (6'), and (8).

5.4.2. Radlal Flow Distributions
The equatlon (7) for F can be simplified slightly.
Introducing a new dependent variable, G=F+1,
R*6¢"-R66"+ 6G'+ RG'G' = KR3 (7")
Introducing a new independent variable, < =/09R,

G -36+2G -GE+G6E+26¢ = ket (TM)
This equation is not unlike those encountered in
other searches for viscous flow solutions, although some-
what more complex. It seemed unlikely that solutions in
closed form could be found. Nevertheless, several attempts

were made to reduce the equation to an integrable form.
For the case K= 0, 1t can be written as a second-order
equation with G the indeperndent varliable. However, this

does not appear to be a useful result. The resulting



=348~ c
equation 13 not one of the canonical forms discussed ﬁy
Ince for which solutions can be easlly obtalned.

We seek a solution in the form of an expansion
about the origin in integral powers of R : .
G“Aan where N= 0, 1, 2 ...
In practice it is easier to work from the form k?"), the
appropriate form of solution beling '
G=A, e where N= 0, 1, 2 ...

Substltuting we get .
[m(n-/)(n-z),q,, + glnaz "-Ct)Aq, An-c,]e”t - k ot
where ¥=0,1, 2 .c., @9=0,1, 2 ccceuh

On setting the various coefficients of ent equal to

zero we have
A =o
A3(2 ‘A°) = = 5/3/44 A‘_zo

A(3-4c) = = Vg4 Al - k)
A5(¢-Aa) “375Az A3
Ac(5~A)= =3 A, A, - 'l AL , etc.

Solutions of restricted validity exist for A,=2, 3 ...

]

But the solutlon of prime interest 1s that for which
A,:AS: A5= ,4.,: etec. = O,
A. and AL being parameters in terms of which all the even
coefficlents can be expressed.
A group of solutions that can be studled easilly and
that 1is of conslderable physical interest 1s that for

which 4, = 1. Here G =1, F » Ru=0 on the axis.
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For thls case, the series solutlon can be written

(setting 4A =«* K=8%):
Fad@r) - 21— (4)]«r) +§E—[ (5/}](«%7?‘)3
-2 2] - (@))<rY’ + S22 ] )y
- L - ] [ 2 -9) ) (<)
+ 3ITH B, (o) T~ ()] <D .

The form of this solution suggests that the governing

equatlon might be simplified by the 1ntroduction of the
1ndependent varilable 7?:-R1. Taking in addition
H= G-3=F -2 we have

277H”I-"‘HH"+ H_‘H' = k (7™

where differentlation is with respect to 41 .

For &%92 1.0, the solution given above reduces to the
well-known stagnation-polnt solution ¢ = %R, Az~ 2.
The more complicated solution can be thought of as a
generalized stagnation-point flow. The series solutions
that are not bounded at the axis ( A, # 1) are generalil-
zatlons of 4’-‘{-('1? + %— y A==k Fe

The solutions determined by the first seven terms of
the series (9) for various values of (@&)L are shown 1n
Figures 34 and 35. Judging by the descending magnitude
of the terms, the seven-term representation ls adequate for

AR*£20  with (84)z0.35 to 1.5
AR™ €15 with (84)"= 0 to 2.0
The seventh term 1s less than 0.25 withln these limits.
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5.4.3. Attempts at Generalization
‘The solution derived in the last sectlion has only
two undetermined parameters. As the third-order sequation
may be expected to have solutions with three parameters
there 1s some hope of generallzing thils result by an
extenslon of the methods used already.

Introducing an arbitrary index in the trial solution,

G=A,R*R" 24, et
we get [(n-pa)(h-ﬁ-b’-l)(f?{-b’-—l)/}n

TEAS
Hq 2 N +2-¥-29) Ag Au_g_y] € = ket
Thus we see that only integral values of ¥ are possible;

no generalization arises.

A third form of solution tried was
G = Amn Rh/or_-)mf\’ = Ampt"e"t
for which the equation takes the form
[m#1)ms D +3) Ay, 00 +3 (m +0)m12) (0 =) Apaa, s
+ {m+d(2ht en+2)Apmssh + Nlh-Nn-2) A,

+{F('” +3-2P) Amssp, n-q +[(n+2-4g)p+ qlmi))4

hntl-p,y\__,;
+qnt2-29) A g Apy J4 e "t = ket
where mM=0, 1, 2, cee, N=0, 1, 2, 3 ses,

P=0,1,2 ... m, 9¢=0,1,2... h.
But the set of equations obtained by setting the coeffici-
ents equal to zero cannot be solved successlvely for the

coefficients of the assumed solution.
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5.4.4. Axial Flows
We shall term the part of the axlial velocity distri-
bution which 1s dependent on Z the baslc axial velocity,
and that given by JF(R), the additional axial velocity.
The basic distribution follows easlily from equation

(6') and the seriles solution (9) for F since

| 3F _ of
R B3R - 255[LRY

Distrilbutions for various values of(%&f&re given in

Figure 36. Both core and annular reversals are represented.
The additional axial distributién 1s determined by

equation (8). The substitution 't=/03R allows 1t to

be written 4__}:_{_"}{:_’!62{

It has not proves possible to integrate this equation
formally so a solutlion 1n series 1is sought:
£=B,, emt where m=0, 1, 2 ...

On substituting we get
[MLBL + (M“Zﬁl) Am~q Bi‘)e'”tz_.)eext

where 4 =0, 1, 2 .«. . Equating the coefficlents of
@™t to zero, we have a series of equations for B,, in
terms of Ay , the coefficlents of the series for F .
The B,, can be written in terms of the single new parameter
Bo. Once again the solution is less general than might
be expected.
The complete solution can be found for the special
case F = O: {

L 52
=“'2‘R + C‘/03_§_'
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glving some indication of the nature of the generalized
complete solution. (Note that thils special case includes
Poiseullle flow.) However, the trial solution suggested,

-F = an _t"cm't

does not give rise to a suitable set of equations for B,,, .

5.4.5. Swirl Distributions

The swirl distribution assoclated with a particular
radial flow can be found from (5). The solution contains
two parameters, allowing the scale of the swirl to be
set and another property of the solution to be specified.

In general, numerical 1nte‘gration of (5) will be
necessary. But for the simple case A(,:—‘z'a:R + —% s W= X2

the integration may be carried part way in closed form:

R
R~ fof’?”c'eXP("%R‘)d? + ao = 9,1+ a.

The integral ] can be glven 1n terms of tabulated functions
(powers of R , the exponential function, the error function,
and the exponential integral) for integral values of the
parameter C .

For C =0, we get Ry = fo exP(—g?") + jc:!.c.

The solution which remains bounded at the axis is
A i l A
A= B [l—cxP(dR)]
It has been discussed prevlously by Burgers and by Rott.

The solutlons for C # 0 are generalizations of this

result. Those given for & = 0 seem to be the more
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Interesting physically. Far away from the axis the radlal
flow 13 inwards for thls class and the swirl distributlion
tends towards that for constant angular momentum.
Swirl distributlions subject to the condition

A= 0 for :}_,R“: 1
are shown 1ln Flgure 37, and those obeylng the condition

T=0 for -}—R"-'-'l
in Figure 38.

5.4.6. Possible Applications; an Example

The solutlons obtalned have the disadvantage that
they are not‘élexible enough to represent reallstie
situations. This difficulty manifests 1tself 1n unreal-
istic behaviour far away from the origin of co-ordinates
when reasonable conditions are imposed 1In the reglon of
the origin. However, they hint at the vast varlety of
solutions of the Navier-Stokes equatlions. That they can
be ohtained at all glves some hope that further progress
can be made with analysis springing from the exact equations.

The models dlscussed in the previous sections are
simple cases of swirling flows within and about cylinders.
If a solutlon for F involving three parameters can be
found, a greater varlety will open up. A case that could
then be dealt with i3 re-entrant flow in a c¢yllnder,
satisfying the conditions

L= 0 for R= 0, a

A= Q for R& a, 220
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Solutions of some physical interest can be derived
from the results already obtained. The stagnation-point
~ applications have already been noted. Another application
1s to the flow near the end of an alr core.

We take the core radius to be AJ:.;? and choose C such
that there 1s zero penetration; that 1s,such that

a(F) = - F/F 1 T = 0
Then C = 2 for any ¥ > 0. The swirl distribation for
which &= 0 and ga,‘f"%:o on the surface R:{? 1s that
for C = 2 in Figure 38. For the class considered heres
the shear components other than the tangential are zero
throughout the flow.

The final condition to be applled is that of constant
pressure within the core. Within the fluid the pressure
is given by P = L(R) +J'(z-) for this class of flows.
From (4'), j(2)-= -;’kz"—-j 2
For the ailr core case (§)1= 3’; =1; we can take £ = 0.
From equation (3), taking into account the developments

following from equatlon (5), we have near the air core

h(R) = a2 h(R) where ni{R)}z0 for R 71/;'
=

=0 for Ré’/;1

Then a surface of zero pressure is given approximately
by az h(R) = *z*
It lles outside the surface 'R:'/? . However, for high

swirl ( @2 1large) the equation of the surface tends to

n(R)= 0 or R=‘y%?
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Thus we see that the solution for C = 2 gives a
reasonable representation of a flow near the end of an
air core for the high swirl case. It 1s iInteresting to
note that interest in a parallel core arises only because
axial accelerations (including gravity) are often found

to be negligible in nature compared with the centripetal.
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6. Conclusions

Energy separation within the Ranque-Hilsch vortex
tube 1is chleflf effected by two energy fluxes produced
by turbulent mixing: an outwards flow of work assoclated
with the tangentlal shear stress, and an outwards heat
flux due to mixing of the compressible fluld across the
radial pressure gradient.

The flows withln the vortex chamber where the
Separation takes place are so complex that a well-founded
qualltative discussion 18 not yet possible. The essential
problem to be solved 1s that of expressing precisely the
role of turbulent mixing. Nevertheless, 1t 1s possible
to understand most of the phenomena encountered by
combining a careful study of detalled measurementa and

basic theoretical results.
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Table I. End Plate Detalls
Cold or Inlet End Plates
a) Solid .
b) Orifice: 1.25" dlameter
Plates used during alr teats were brass; those used for

water tests, Perspex.

Hot or Far End Plates
a) Solid
b) Orifice: 1.35" dlameter
c¢) 21-1" holes: 8 at 11", 8 at 7/8", 4 at 15/32",
1 at centre
d) 16-1" holes at 11" radius
e) 60-3/16" holes: 18 at 1-3/8", 18 at 1-1/8",
9 at 7/8", 9 at 5/8", 5 at 5/16", 1 at centre
(distributed to give as nearly as possible uniform
outlet area distribution)
The following blockages were utilized only in
water tests:
f) 5-2" holes: plates (b) and (¢) together
g) Various plates held 17/32" away from end of tube
by four plllars bullt up from 2BA nuts and washers.

All these plates were of 1/8" brass.



=362~ c
Table II. Instrumentation Stations

Distances are measured from the inlet end of the tube.

Stn.
0 2" (pressufe tap only)
1 3"
2 43
3 6" Stn.
4 3" 14 24"
5 9" 15 7"
6 104" 16 30"
7 12" : 17 33"
8 13" 18 36"
9 15" 19 39"
10 163" 20 42"
11 18" 21 45"
12 193"
13 21"
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Table III. Pressure Test Data

Serles Cold End Hot End Pressure Stations
Platé Plate Ratio Traversed
1 a) Solid b) Orifice 2.29-2.32 2, 8, 14, 18, 21
11 b) Orifice b) Orifice 2.30-2.39 2, 6, 11, 15,
18, 21
III  b) Orifice  None 1.99-2.02 3, 21
IV a) Solid None 1.98-2.02 2, 12, 21
v - b) Orifice a) Solid 2.31-2.34 2, 15, 21
VI b) Orifice e¢) 21-hole 2.30-2.36 2, 17, 21
VII b) Orifice d) 16-hole 2.30-2.32 3, 16, 21
VIII Db) Orifice d) 60-hole 2.31-2.33 3, 15, 21

Blockage detalls and station positions are given
in Tables I and II. Note that all unused pressure taps

were blocked during these tests.
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Table IV. Temperature Test Data
Series Station Pressure Inlet Amblent
Ratio Temperature Temperature
11 2 2.32-2.33 14.0-10.3 22.1-21.0
15 2.33-2.34 5.3-4.1 18.8-18.3
21 2.32-2.33 14.7-11.5 24.7-23.3
IT1 1 1.99-2.00 9.7-7.1 23.8-22.7
3 2.01-2.02 9.9-8.6 21.6-21.2
21 1.99-2.00 10.3-6.5 23.5-23.1
IV 2 2.01-2.02 11.6-9.7 22.6-22.0
12 2.01-2.02 11.2-10.2 22.5-22.0
21 2.01-2.02 11.7-10.8 22.4-22.0
v 2 2.31-2.32 12.8-11.5 25.9-24.8
6 2.30-2.32 15.0-,2.8 25.0-24.1
15 2.31-2.32 6.3-5.7 20.0-19.3
21 2.31-2.32 12.1-7.0 20.4-19.7

Temperatures are measured on the Centigrade Scale.
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