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ABSTRACT

This thesis focuses on two aspects of the analysis of binary data. The first one is 

the presence of overdispersion in data that might at first sight be expected to have a 

binomial distribution. The primary object is to study the asymptotic relative 

efficiency o f two different approaches to the problem. The first approach is by 

modelling the overdispersion using the beta binomial distribution and the second 

approach is the use of linear and quadratic statistics familiar from normal theory. 

The work focuses on estimating the parameters which define the overdispersion in 

different situations such as when the index of the binomial distribution varies from 

one individual to another or when there are explanatory variables present.

The second part of the thesis studies the relationship between two intimately 

related and yet conceptually different techniques: logistic regression and discriminant 

analysis. However there are situations in which the two techniques become very 

closed related, for instance, when the distributions of x  are normal with the same 

covariance matrix. This work studies the asymptotic relative efficiency of the 

likelihood ratio test based on the conditional maximum likelihood estimators obtained 

from logistic regression to the common tests used in discriminant analysis.
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CHAPTER 1: INTRODUCTION

Suppose that for each individual or experimental unit the response, Yv can take 

only one of two possible values, denoted for convenience and without loss of 

generality, by 1 and 0 respectively. We may write

E(Fi) = P ( y i = l )  = 0i,

P ( ^ i  = O ) = l - 0 i.

( 1. 1)

It is often convenient to call Y{ = 1 a "success" and Yx = 0 a "failure". 

Examples of such variables are : an electronic component may be defective, or may be 

nondefective; a test animal may die from a specified dose of a poison, or may survive. 

It is reasonable to call such observations binary.

Suppose now, that for i = 1 , . . . ,  m observations are available on individuals, 

or for each individual independent observations are available. For example q  might 

be the number of animals in a litter and the observations be whether they have survived 

after ten days from birth; in this case we could say that we have observations available 

on rj individuals or for one individual, the mother, we have r* independent 

observations.

The observations thus have the form y-x Jrv where y-u is the number of positive 

responses, successes, on rt trials y x = y^, for j = 1, ..^r^  Sometimes it is said

that the observations are grouped, the group sizes being rl t ..., rm.
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Asymptotic approximations for grouped data can be based on one of two 

distinct asymptotes, either m —» or r —> <», with r being the minimum of q.

If the observations on all individuals are independent and if the probability of a 

positive response is constant for all individuals in the same group, or for each 

observation in the same individual, then the distribution of Yx given q  is binomial with 

index q  and parameter 0P The likelihood function under these conditions is particularly 

simple. In many applications, however, observations in different groups may be 

independent or at least uncorrelated, but there is reason to expect positive correlation 

within groups. Under these circumstances the variance of Yx will be larger than that 

under independence. This phenomenon, known as overdispersion, arises frequently in 

applications.

The same phenomenon arises if the probability of a success, 0^ is different 

from group to group and is in fact a random variable.

In the first half of the present thesis we deal with this phenomenon from the 

second point of view. We are interested in the mean and variance of the distribution of 

0^ Assuming a beta distribution for the probability of success we obtain the maximum 

likelihood estimators and we obtain the asymptotic relative efficiency of moment based 

estimators relative to the maximum likelihood estimators. We consider the asymptotic 

properties of the estimators as m -> q  small. Finally we generalize to different 

situations, such as more than two categories or binomial responses.

In most investigations, we have, associated with each individual or 

experimental unit, a vector of covariates or explanatory variables (jcx, ..., Jtp). In a 

designed experiment this vector of covariates generally consists of indicator variables 

associated with blocking and treatment factors, together with quantitative covariates 

concerning various aspects of the experimental material. In non randomized studies the 

vector of covariates would consist of measured variables thought likely to influence the 

probability of success. The principal objective is to investigate the relationship between 

the response probability 0j and the explanatory variables O q , ..., jtp).
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Logistic regression analysis is the easiest way of relating a set of explanatory 

variables to a probability. Discriminant analysis is concerned with the optimal way of 

separating two populations based on a set of properties available for each individual. In 

logistic regression for each individual there is a vector, jc, of explanatory variables and 

a well defined conditional probability that the binary response is one, i.e., the 

distribution of x  is not directly relevant for the definition, whereas in discriminant 

analysis we assume two distinct populations and within each of these populations there 

is a distribution of a set of properties jc; the emphasis is on how the two distributions 

differ most sharply. Under certain circumstances the estimators obtained with one 

method might be used in the other one.

The second part of this thesis deals with the asymptotic efficiency of the logistic 

regression estimators relative to the linear discriminant function estimators when the 

explanatory variables, in the case of logistic regression, or the set of properties in the 

case of discriminant analysis, are normally distributed with the same covariance matrix 

and different means in each population. We focus on the efficiency of different tests of 

hypotheses about the coefficients. And finally we discuss the robustness of both 

methods to the violation of the assumptions, mainly equal covariance matrix and normal 

distribution.
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CHAPTER 2: OVERDISPERSION

2.1 INTRODUCTION

The possibility of overdispersion in data that might at first sight be expected to 

have a binomial or Poisson distribution has long been recognized (Bartlett, 1936; 

Cochran, 1943). There are at least two consequences to be considered. One is the 

effect on the estimation of means and contrasts of means. The other is the direct study 

of the overdispersion and this is closely connected with the estimation of components 

of variance. The present chapter focuses on the second matter.

There are broadly two ways to proceed. One is by specific modelling, often 

involving the beta binomial or negative binomial distributions (Williams, 1975; 

Griffiths, 1973), the other is to use the linear and quadratic statistics familiar from 

normal theory. At least in simple problems the latter approach has the advantage of 

computational simplicity and interpretability under broad assumptions, whereas the 

former has the advantage of full statistical efficiency under the postulated assumptions.

The primary object of the present work is to study the asymptotic relative 

efficiency of the two approaches.

We start by considering the asymptotic relative efficiency, ARE, in the case of 

the beta distribution, which is the limit distribution in the case where the number of 

independently distributed binary (0,1) random variables, which jointly have a binomial 

distribution, tends to infinity.

We calculate the asymptotic efficiency of the pooled sample mean and the mean 

of group means relative to the maximum likelihood estimator as well as the asymptotic
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efficiency of the quasilikelihood estimator relative to the maximum likelihood estimator. 

For the estimation of the variance we suggest the components of variance estimator 

from the formal analysis of variance and calculate its asymptotic relative efficiency, as 

well as the asymptotic efficiency of the quasilikelihood estimator of the variance, 

relative to the maximum likelihood estimator.

We extend the discussion to the case of binomial variables with parameters njj 

and 0j and to more than two categories of the response . Also we discuss the case with 

explanatory variables.

2.2 EFFICIEN CY  OF TH E ESTIM ATORS OF TH E BETA

DISTRIBUTION

Let {Fij}, i= l ,  ...,m; j= l,...,r i be independently distributed binary (0,1) 

random variables with £(F}j) = 0 {. Suppose then that © p ..., 0 m are independently 

and identically distributed with density

0?->(l -  0.)M1 v V
(2. 1)

B(<x,p)

with B(a,p) denoting the beta function.

For the beta distribution the mean and the variance are given by

(2.2)

Cg = var ( 0 L) = aB
(a  + p)2(a  + P +1)
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If the are all large then X* = Y J  r* has a beta distribution. It is helpful for 

interpretation, and of some intrinsic interest, to examine the estimates of the parameters 

|iQ and o 20 for a random sample taken directly from the distribution (2.1).

We can express the maximum likelihood estimators of |X0 and o 20, [i0 and o 20, 

and their variances in terms of the maximum likelihood estimators of a  and p, a  and p, 

and their variances.

The asymptotic covariance matrix of a  and p is given by mrT * 1 im  t S

__________________1_________________

xF'(a)vF’(P) + 'H a  + p){¥’(a)+'F,(P)}

'HP)-'F,(a+p) 'F'Ca+p) 

^(a+P) vF'(a)-'F,(a+p)

(2.3)

where H O  represents the digamma function.

Approximating 'F '(x) by 2/(2x -1), we have that, for large values of a  and p, 

the covariance matrix of a  and p is

j (2a -  l)a 2ap -  (a + P) + 1/2

m 2ap -  (a + p) + 1/2 (2p -  l)p
(2.4)

It is interesting that to this order the variance of, say, a  depends only on a

itself.

We note that there are better approximations for 'F (x) than this particular one, 

that is with a smaller relative error ( where the relative error is defined as the ratio of the 

difference of the true value and the approximate value to the true value), especially for 

small values of x. In particular we investigate H * )  = l/( x -.5 + . lx '1 ) ( Cox & 

Lewis, 1966, pp26 ), which gives a better approximation particularly for small values 

of x ( x < 1 ).

11



Approximating'F(x) as l/( x-.5 + .lx*1 )gives better results if we are interested 

in the variance of a  and/or p and/or the covariance of a  and (3.

For some values of x the values of the approximations are given in table 2.1.

Table 2.1.

Approximations fo r  the digamma function.

X 'F'(x) l/(x-.5+ .lx-1) 2/(2x-l)

.5 4.935 5.000(.01) not defined

1 . 0 1.645 1.667(.01) 2.000(.21)

1.5 0.935 0.937( * ) 1.000(.07)

2.0 0.645 0.645( * ) 0.667(.03)

2.5 0.490 0.490( * ) 0.500( *)

3.0 0.395 0.395( *) 0.400( * )

3.5 0.330 0.330( * ) 0.333( * )

4.0 0.284 0.284( * ) 0.286( * )

4.5 0.249 0.249( * ) 0.250( * )

5.0 0.221 0.221( * ) 0.222( * )

The value in brackets represents the relative error of the approximation. 
*  represents a relative error smaller than .002

Table 2.2.1.

Approximate value o f the variance o f a  or p.

a true

value

using

xP '(x )= l/(x -.5+ .lx '1)

using

'F (x)=2/(2x-l)

1 1.712 1.294(.24) 1.000(.42)
2 7.245 6.338(.12) 6.000(.17)
5 47.754 45.732(.04) 45.000(.06)

20 790.252 780.393(.01) 780.000(.01)

The value in brackets represents the relative error of the approximation.
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For instance, for some values of a (  or p), the values of the two approximations 

to the variance of a  ( or p) are given in table 2.2.1; for estimates of the covariance of a  

and p and to different values of the ratio <x/p the values of the approximations are given 

in table 2.2.2.

Table 2 .22.
Approximate value o f  the covariance o f a  and p.

a true
value

using
'F (x )= l/(x -.5+  .lx -1)

using
'F (x)=2/(2x-l)

p = a 1 1.104 1.059(0.04) 0.000(1.00)
2 5.694 4.987(0.12) 4.000(0.30)
5 43.236 40.986(0.05) 40.000(0.08)

20 770.748 760.995(0.01) 760.000(0.01)

p = a/2 1 0.475 0.871(0.83) -0.500(2.05)
2 2.523 2.169(0.14) 1.000(0.60)
5 20.285 18.672(0.08) 17.500(0.14)

20 378.641 371.199(0.02) 370.000(0.02)

p = a/3 1 0.293 1.235(3.22) -0.667(3.27)
2 1.551 1.367(0.11) 0.000(1.00)
5 12.818 11.362(0.11) 10.000(0.22)

20 248.280 241.404(0.03) 240.000(0.03)

p = a/4 1 0.209 2.2865(9.94) -0.750(4.59 )
2 1.098 1.082(0.01) -0.500(1.45)
5 9.184 7.800(0.15) 6.250(0.36)

20 183.273 176.607(0.03) 175.000(0.04)

The value in brackets represents the relative error of the approximation.

Even though approximating ¥ ' ( x) by l/( x -.5+ . lx -1) seems to give better 

results for calculating the mean and variance of the parameter estimates, a  and p, 

approximating 'F '(x) by 2/(2x-l) has been found to perform better in the specific 

context of calculating the variance of the maximum likelihood estimator of the mean of

13



the distribution, because we are approximating the variance of |i0 by

( T— ) var (a) +
da

2
var ) cov(a,P),

(2.5)

where

3a (a+p)2

and (2.6)

dji

3P
a

(a + P)2

Thus the contribution of the first two terms is positive whereas the contribution 

of the third one is negative, making the whole approximation perform better using 

'F'(x) = 2/(2x - 1). For some values of a  and p, approximated values of the variance 

of |i0 are given in table 2.3.

Thus, approximating 'F'(x) by 2/(2x - 1), the variance of the maximum 

likelihood estimator of jIq can be approximated by n r 1 times

aP(q + P -1) (2J)
(a + P)4

whereas the variance of the sample mean is n r 1 times

_______ aJ3_______  (2.8)
(a + p)2(a + p + 1)
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Table 2.3.
Approximated values o f the variance o f )i0.

a true
value

using
*F(x)=l/(x-.5+ x-1)

using
'F(x)=2/(2x-l)

p = a 1 .0760 .0294( .61) .0625017)
2 .0484 .0422( .12) .0469003)
5 .0226 .0219( .03) .0225( *)

p = a/2 1 .0779 not defined .0494036)
2 .0529 .0348(.34) .0494006)
5 .0259 .0237008) .0257( *)

P = a/3 1 .0482 .0220(.54) .0439(.08)
2 .0241 .0209(.13) .0239(.01)
5 .0068 .0066002) .0068( * )

p = a/4 1 .0429 .0108058) .0384(.10)
2 .0218 .0178018) .0215001)
5 .0061 .0059003) .0061( * )

The value in brackets represents the relative error. 
* represents a relative error smaller than .01.

Therefore except when a  and (3 are small, the asymptotic efficiency of the 

sample mean relative to the maximum likelihood estimator is

(a  + P)2
(2.9)
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The asymptotic relative efficiency as a  +  P —»«> is one. For some values of 

oc+ p the asymptotic relative efficiencies are given in table 2.4.

We note that if both a  and (3 tend to infinity, keeping the ratio a /p  constant, the 

beta distribution tends to normality, arid when a  is fixed and p tends to infinity the beta 

distribution tends to a gamma distribution. For both these limiting distributions the 

sample mean is an efficient estimator of the mean, and this to some extent explains the 

full efficiency as a  + p —> °°.

Table 2.4.
Asymptotic relative efficiency o f the sample mean to the maximum likelihood 

estimator in the case o f Beta distributed random variables

a  + p ARE
2 .912
5 .960

10 .990
15 .996
20 .977
50 1.000

In the case of the variance, it is convenient to obtain the asymptotic variance of 

the maximum likelihood estimator by

2

var(a) +
do2 v „ . 
— 1“ /  cov(a,p), 
d a

(2. 10)
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where

e _ BfB - 2a) 
3<x (a + p)4

and (2 . 11)

e __ a(a - 2P) 
3p (a + P)4

In this case approximating 'F'(x) by l/( x + .5 + . lx -1) gives better results; 

nevertheless since for a and P bigger than three the difference of the value obtained 

approximating VF'(X) by 2/(2x - 1) is shown only in the fourth significant figure, then 

for consistency we use 'F(x) = 2/(2x-l). It follows that, for large a and p, m times 

the asymptotic variance of the maximum likelihood estimator is

2a2p2(a + p)2 - 3ap(a+P)(aP - (a - P)2)
---------------------------------------------------------• (2.12)

(a + P)8

For large values of m, a  and p, m times the variance o f the sample variance is

6aP(a - P)2 + 2a2p2(a + P) B

(a + P)7

Thus for large a  and p the asymptotic relative efficiency for estimating a 2e is

3(a -  p)2(a + P) -3aP(a + p) + 2ap(a + p)2 

6(q -  p)2(q + p) + 2qp(q + p)2

For the same values of a  and p as in the case of the mean the values of the 

asymptotic relative efficiency of the sample variance to the maximum likelihood

17



estimator of the variance are given in table 2.5; because the approximation gives very 

bad results for owd p equal to or less than two the smallest value of a  presented is 

three.

Table 2 5 .
Asymptotic relative efficiency o f the sample variance to the 

maximum likelihood estimator.

a p=a P=a/2 p=a/3 p=a/4
3 .842 .871 .857 .842
5 .919 .920 .902 .887

10 .966 .959 .945 .934
20 .985 .979 .971 .964
50 .995 .992 .988 .985

The asymptotic relative efficiency as a  + p —»©o is one, but the convergence is 

slower than in the case of the mean.

Of course, in both cases, mean and variance, because they are a one to one 

transformation of a  and P, the same result is obtained if first we reparameterize the beta 

distribution in terms of )10 and o 20 and then apply maximum likelihood theory directly 

to the reparameterized distribution.

2.3 EFFICIEN CY  OF ESTIM ATION FOR TH E BETA 

BINOMIAL M ODEL

2.3.1 TH E M ODEL

Following the formulation of section 2.1 but assuming that all the sample sizes 

are small, we have that, conditional on 0j, Fj (= Zj Fy) has a binomial distribution 

with density

18



(2.15)( r‘ ) e f t i - e , ) ™ .
?i.

The unconditional distribution of Yu is the Beta binomial distribution, which in 

terms of the parameters of the beta distribution is written, writing Y-x for Y{ from now 

on

J r 1 h-yr1
f l  (a + k)fj (P + k)

P < y . = y  , ) =  (r ‘ ) ^ — ^ ---------
y.

JJ(a + p + k)
k=0

(2.16)

In terms of the expected value and the variance of {©j }, the mean and variance 

of the beta binomial distribution are written

E ( Y i) = r̂ e.

var( F;) = r;H6( l - |i9) + rj(rr l)a02,
(2.17)

the extra term r^ - 1)g0 being the additional variance representing the overdispersion.

Prentice (1986) uses model (2.16) for correlated binary observations, where 

within an experimental unit the binary response probabilities have a common value 0j 

and a pair of binary observations within the unit have a common correlation 

8 (= l/ (a + p +  1) ). Then if there are r observations in the unit, the sum of the 

responses, i.e., the total number of successes in the unit, has mean r0j and variance 

r0i(l - 0f){ 1 + (r - 1)8}, with 8 being in the interval (0, 1). Thus model (2.16) applies 

to positive values of correlation.

The Beta-binomial distribution might be used in the case when positive 

correlation among the variates exists, with 8 = a 02/Qi0( l-} iQ)). The beta binomial 

distribution is still a distribution for a range of negative values of 8; nevertheless that
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case does not correspond to the formulation present here; positive values of 8 give rise 

to overdispersion, whereas negative values of 8 give underd isp ersio n .. 

Underdispersion could not arise via a mixing distribution. Altham (1978)gives another 

way to generalize the binomial distribution in the case of correlation.

2.3.2 M AXIMUM LIKELIHOOD ESTIM ATORS

It is convenient to parameterize the beta binomial distribution in terms of 

ji= a /(a  + p) and % = l / ( a  + p); while not exactly orthogonal, these parameters both 

have a clear interpretation and become orthogonal when a  + p —»©°.

The likelihood in terms of |i  and k is

jt-l n-M-i

p  ( r ,  - y , ) = ( 0  — ---------------------------------• (2.18)

1 n a + k . )
k=0

We see that p  is identical to |iQ, the mean of the distribution of {€>i} and 

therefore the maximum likelihood estimator of }i0 is just the maximum likelihood 

estimator of \i and its variance is obtained directly from the information matrix, whereas

var (Y ) (r.-l)o? (r - l)jt
--------------= 1 + -------------= 1 + ---------- =1 + (r. - l)p,

1 + , t

(2.19)

where p serves as an index of overdispersion.

We assume that the number of samples, m, is large while the numbers of
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observations in each sample, rv are small and fixed as m —» °o. In other words we are 

considering asymptotic variances of the estimators as the number of samples tends to 

infinity.

For small values of n  (large values of a  + P), we write the likelihood of m 

samples as

T T  / r  \  y- T-y., y  -1) (r.-y.)(r.-y. - 1) r.(r. - l ) x .
n  o  n  (1 - H )“ {1 - It ( - ^ ---1 1 1 1  + ) }  • (2.20)

y, 2 n  2(1 -n )  2

The covariance matrix of p  and 7t, using (2.20), is given by the inverse of

® r. 7tr. (r.-l) V  i i v i 7 Jtr.(r.-l)(2n-l) 

i-i 2 n (l-n )
(2.21)

» 7tri(r.-l)(2 |i-l) 

. 2|J.(1-|X)

r,(rfD
i= l

+ C K

where C is the sum of Q ; and Q  is given by

4rf(r. - l )n  if(r. - l)n  r.(r. - l)(r. - 2)(l2 2rf(r. - l)(r. - 2)(t2 

6(1 - (J.) 3 (1 - n )  ( 1 - n )  3 ( 1 - n )

9r.(r. - l)(r. - 2)p" 

4 ( 1 - p )
+ r.(ri - l ) ( r i -2 ) ( r . -3 ) p  +

rf(r. - l)(r. - 2)2p 2

r.(r. - l)(r. - 2)(r. - 3) r3(r. - l ) 2 r2(r. - l)2
+ — ------- -A------ !— -  + - + — ------- . (2.22)

4 6 4

For small values of 7t, the variance of the maximum likelihood estimator of the

mean is
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(2.23)

m

* X r=(r: -  1)
U(l-lt) | ! | -  ___ ) .

m  ̂ m J

U  S ri

As K tends to zero the variance of the maximum likelihood estimator tends to

m (2.24)

equal to the equivalent variance in the binomial model, whereas the term of order k 

corresponds to X q tir iy X q  times the variance of the maximum likelihood estimator of 

the mean of the beta distribution.

The maximum likelihood estimator of the variance in terms of |i  and k is

a 2 = 'n ( l - n ) — 2 - ^ .  (2.25)
9 (1 + i t )

The variance of the maximum likelihood estimator of the variance, for small 

values of 7t, is

+ 4 ) }  . (2.26)

X ^ - D
i= l  1=1

with C defined as in (2.21)

As k —> 0, the variance of the maximum likelihood estimator tends to

- 2 2li2( 1 - li)2var( Oq) = ----- L— . (2.27)

X  rj(ri ■ i)

We will use this result to compare the moment estimator to the maximum 

likelihood estimator
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2.3.3 M OM ENT ESTIM ATOR APPROACH

To estimate |ig we can either use the general sample mean, namely

y

or the mean of the group means, which is written

y

Their variances in terms o f }x and 7t are respectively

(2.28)

(2.29)

m 2 ■
( I r . )

i» l

(2.30)
W (1 + ft)

1 + r ^

m2 i-i r.( 1 + it)
(2.31)

When the sample sizes are equal, the two estimators are clearly the same.
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It is clear that we could use other weighted estim ator as the estimator of the 

mean. Kleinman (1973) suggests to use as a weight Wj = q /(l + (q - l)p), where p is 

equal to G0 /(fi0(l - |i0)) and assumed known; note that this estimator does not depend 

on the assumption of the beta binomial distribution. This estimator corresponds to the 

quasilikelihood estimator that we will discuss later. Cochran (1943) suggests, instead 

of a pooled sample mean, using a weighted sum of the group means, the weights being 

the sample sizes until an upper limit is reached, where the upper limit is defined either 

as the average of the sample sizes or a fixed percent of the sample, and the rest of 

weights being constant, for instance, the nearest integer to the average of the sample 

sizes. He calculates the efficiency of these estimators relative to the estimator calculated 

with the true weights, where the true weights are defined as ri/(0i( l - 0j) + q a 02) in the 

particular case of equal values of 0j and ten sample of sizes 1, 2, 6, 8, 10, 20, 30, 40, 

50 and 80, and for a series of different values of u = (0j(l - Q-)/r)/( (0.(1 - 0.)/r)+o02), 

from zero to one, with r the mean of the sample sizes. A difficulty in using this 

estimator is the choice of the upper limit and the constant weight to use in order to have 

more efficiency than the pooled sample mean.

For the variance we concentrate on estimation of a 02 by means of the formal 

mean square between groups in an analysis of variance.

The analysis of variance table is

source d.f. Sum of squares

Between m-1 ^ ,r .(y . - y  )2
i»l

m riHi 1U M _

Within £ ( rj-l) Z S O ’i i ' J ’i)
i=l i=l j=l J

Total 5 > .-  i X X  O’ - y )2
i=l i=l j=l J

£(mean square)

^  ^  - °9  +

^  - °e

( X ^ - X r f
__i=l------------

m 0

i=l
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Then for large m, we estimate G02 as mX q times the difference of the mean of 

squares between and the mean of squares within divided by ((X  q  )2 - X  r 2 ). Writing 

the mean of squares between as the difference of the total sum of squares and the sum 

squares within divided by m -1 we have that

S* = —e 2
n i " n2

m

n2 - m y (2.32)

where nj = X qJ,yj is the total number of ones in a particular group and y  is the 
total number of ones in the whole sample.

When q ..... rm are all equal to r, this reduces to

r ^  1 -  -2
' i T T ) y - ~ y - ’ (2-33)

where y*is the mean of the observations in the ith sample and y is the mean of the 

whole sample and questions of different systems of weighting depending on q  do not 

arise.

The variance of this estimator is a linear combination of the first four moments, 

jXp ..., |i4, of the distribution of {©j} where the coefficients are functions of the 

sample sizes; in general for large numbers of samples the variance of the estimator is 

given by
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( ^ T - )  { X  ^  + ( ( ^ 7 ^  - ^  «-2rf(rr l ) ( ^  + ^ eH2)
nj - n2 (nj - m) '  i '  * i

+ 7 r.(rr l)(p.2 + |i2) + r|l0(l - |i0) + 6r.(r.- l)(r.- 2)(|i3 + 3ji0U2+ H0)

~Tf(Ti~ 1 ) V 4 + ^  + 2H26H2) + r.(r.- l)( r-  2)(rf  3XHj + 4 ^  + 6 ^ +  H4> )

2m 2n.m  2 2
(--------------------------r - )  (r.u  - r. \3? + 3r.(r.- l)(}i2 + \i ) - r. (r.- l)(u3 + u li )' v * .2  ' ' ve i^e 11 ' r  iv i /Vfeiijliij- m) (rij” m) r.

mm a a

+r(rr l)(r.- 2)(|i3 + 3|X0^  + H4) ) ) + X X  ^ --------------j )  (2rirj(rf  l)p2(l-iO
i= l  j # i (n ^  m) n

4 m  m  m  a
+r.r.n2(l-}X ) ) ---------------r.r.|i2(l - \i ) )  + Y Y —  (r.r.|i2( l  - \i )1 J T  * 8 "  . v i j 7  ' V '  2 i / Vn (n - m) 1=1 J>1 nt

m m m ^ A -\
X X . ^  + r.)n3( l - n 0)) + X X X  —  V /k f # 1 - He) } . (2-34)

i=l J>i k>j »->
1

and in the limit as a  + p —» using the fact that all the moments o f the beta

distribution but the first one tend to zero, the variance is

2  m

( J X _ )  { £ X X ^ ( H l ) +  ( _ X i _ )  ( 7r.(r.-l)|j.2 - r.|i.2
<nr mV  ^n i '  n2

2n,m* > 0 0 0  \  Alii 111 /
6r.(rf l)(rr 2 )^ -2 r(r.-l)n 3 - r(r.-l)2|i4 + r/r.-lK r.^ )^ ^ )^  ) ------ 1—  ( rp

(lym) r.

m  m

-rfn2 + 3r.(r.-l)|i.2 + 2r.(r.-l)n3 ) - X X  7 ^ 7  ( 2rirJ(rr 1)M.3(l-^ ) +rr.^2( l - | i ) )\ mi (n.-m)i=i j^i v 1 7

+ - ^ o T̂ 2(1̂ ) + X £ £ ^ i rjV 3a - ^  } •lv 1 ' i=l >i k> n.

24 
2j>i k>j n̂

(2.35)
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In the case of equal sample sizes the expression for the variance reduces to 

var (° 9) = mrfr - i d 2^ (1 "  ^ ) 2 + 2\  + 4(r " 2)tX3 + ( r '  2 ) ( r '  3)^ 4

- 8(r - 2)|ij n i + 4(r - 4 ) ^ ( 1 - ^ )  - r(r - l)n* } ,  (2.36)

For small values o f 7t, that is large values of a  + p, the variance is given by

var 6 %  = - h ) 2 + ®(2Hi(l - + 4(r - 4 ) |ij(l - n , ) 2) },0 mr(r-l )

and as a  + p oo , assuming 0j beta distributed, the variance tends to

2|I0( 1 '  ti o)2
varK )=  mrlr-l)6 •

(2.37)

(2.38)

We shall use this formula to calculate the asymptotic efficiency of the 

components of variance estimator relative to the maximum likelihood estimator in 

section 2.4.

2.3.4 QUASILIKELIHOOD ESTIM ATORS

Hill & Tsai (1988) investigate the efficiency of quasilikelihood estimation for a 

class o f a mixture models. Specifically, they assume that conditional on the sampling 

means, 0j, the data, y^  have independent distributions belonging to a natural 

exponential family with quadratic variance function, and that the means 0j are 

independent with conjugate mixture distribution.
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If we assume that the natural exponential family is the binomial and the mixture 

distribution is the beta distribution, we have the beta binomial model.

Assuming that the parameter, p, which represents the index of overdispersion is 

known, the quasiloglikelihood is written

r.

( l + ( r . - l ) p )
{^i log (------- ) - log(l - | i ) } (2.39)

l . -H

and the quasilikelihood estimator of the mean is

r i?i
( l + ( r . - l ) p )

( l+( r . - l )p)

(2.40)

which corresponds to the sample mean when the sample sizes are all equal and to the 

moment estimator proposed by Kleinman(1973) when they are different.

Following the results of Wedderburn(1974) and McCullagh(1983), the variance 

of the quasilikelihood estimator is given by the expected value of the second derivative 

of the log quasilikelihood with respect to |i.

The variance of the quasilikelihood estimator of \x is then

F(1 -M-)

r.i

( l + ( r . - l ) p )

(2.41)

W hen p is unknown, which is the most realistic case, the extended
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quasilikelihood estimation suggested by Nelder & Pregibon (1987) might be used. The 

extended quasilikelihood is defined by

Q'(y. P) = - y  log{27tpV0>)) - ^D(y, p)p‘\

where

y

as proposed by Wedderbum (1974), and p is the dispersion parameter.

As for quasilikelihood theory the use of extended quasilikelihood does not 

assume a full distributional assumption but only the form of the two first moments.

To estimate |i  and p we use an iterative technique, that holds one fixed and 

estimates the second one, and then holds the second one fixed and estimates the first 

one, until Q' is maximized.

In this particular case the maximum likelihood estimator of |i  is the same one as 

in the case p known, and the extended quasilikelihood estimator of p is

(2.42)

(2.43)

XT' (r.- 1) ~ „
X ---- ;-------{r-Cy- log(-ty - log(l-p))—1}

~ i=i(l + (r-l)p)2 1-p
P = ---------:---------------------------------- -̂--------------------

^  ( y l ) 2

(l + (r-l)p)2

(2.44)

The quasi-expected Fisher Information matrix, defined as the expected value of 

the second derivative of the quasilikelihood, is given by

diag -------------- --------------
i^ p ( l - p ) ( l  + (rr l)p)

^  (r. - l)2

w  2(1 + (r.- l)p )2
) • (2.45)
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Od the basis of the properties of quasi-likelihood estimation, we calculate the quasi­

likelihood estimator of ctq2 as

^  = (1(1 - S)p, (2.46)

with variance

aog _ do2
var(a2) = — var(p) + — -var(p) , 

0 3p

where

3c2
T i =p(1-2̂ ).dp.

do2

9p
therefore

var
HP2(1 - p)(l - 2|i)2

m

X - A -
i=i (1 + r.p)

P2(l - H)2 

f '  ( r  - 1)2

i = 12(1 + (r. - l)p)

(2.47)

(2.48)

(2.49)

In the next section we will calculate the asymptotic relative efficiency of this 

estimator to the maximum likelihood estimator.

2.4 COM PARISON OF THE M ETHODS

2.4.1 EQUAL SAMPLE SIZE

To compare the estimators we use the asymptotic relative efficiency of the 

moment estimators and the quasilikelihood estimators to the maximum likelihood

30



estimators.

In the particular case when all the samples are of size two the likelihood of the 

beta binomial model can be written as

(l-H)(l-H+7t)(

2 > .
4^2(1-|X)2 . M . ((l-n.)(l-n+rc))1/2

H(H+7C)( 1 -H)3(1-H+7C)3 2|i( l-|l)(|l(|H-7t))1/2

i=l

2

(2.50)

It can be seen easily from the likelihood that the sum of the observations and the

sum of the observations squared are the joint minimal sufficient complete statistics for 
2

|Iq and a 0 . We have that the moment estimators are the solutions of

=mr|X ,
i=l 0

in  ^  2
5 > i = mr>2 + mrji9(l - |i0) + mr(r - l)c2 ,

(2.51)

i.e., they are functions of the minimal sufficient statistics and are unbiased estimators of 

the mean and variance; therefore by the Lehmann-Scheffe theorem we have that they are 

the uniformly minimum variance unbiased estimators and hence the maximum 

likelihood estimators.

When the sample sizes are bigger than two there is no reduction to two 

sufficient statistics and the result no longer applies.

The asymptotic efficiency of the sample mean relative to the maximum 

likelihood estimator of the mean for some values of r and a  + p, which is the function 

of a  and p that influences it, are given in table 2.6.
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Table 2.6.
Asymptotic relative efficiency o f the sample mean to the maximum

likelihood estimator when the sample sizes are equal.

r  = sample size

a + p r = 3 r = 5 r = 10 r=20 r=50

2 .996 .989 .973 .957 .938

5 .999 .998 .995 .991 .987
10 1.000 1.000 .999 .998 .996

15 1.000 1.000 1.000 .999 .998
20 1.000 1.000 1.000 1.000 .999

The asymptotic relative efficiency increases when a  + P increases and decreases 

as r  increases but nevertheless the limiting value of the asymptotic relative efficiency as 

a+ p  tends to infinity does not depend on r  and it is always one. This is explained, to 

some extent, because as a  + P tends to infinity the beta binomial distribution tends to 

the binomial distribution and the sample mean is fully efficient in this case.

With equal sample sizes the quasilikelihood estimator o f the mean is the sample 

mean and therefore its asymptotic efficiency relative to the maximum likelihood 

estimator of the mean is the same.

In the case of the variance the relative efficiency depends on the ratio a /p  as 

well as on a  + p. Some results for different values of r and oc/p are given in table 2.7.

The ratio a /p  influences the relative efficiency, the components of variance 

based estimator becoming relatively more efficient as the ratio a /p  is closer to one, that 

is, in terms o f the distribution o f 0j, when the distribution is closer to being 

symmetrical.
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Table 2.7.
Asymptotic relative efficiency o f the components o f variance estimator to

the maximum likelihood when the sample sizes are equal.

r  = 3
a P = a p = 2a p = 3a P = 4a
1 1.000 .997 .993 .990
3 1.000 .998 .996 .995
5 . 1.000 .999 .998 .997

10 1.000 .999 .999 .999
20 1.000 1.000 1.000 1.000

r = 5
a p = a p = 2a p = 3a p = 4a
1 .989 .989 .982 .976
3 .998 .993 .989 .986
5 .999 .996 .994 .993

10 1.000 .999 .998 .997
r = 10

a p = a p = 2a p = 3a p = 4a
1 .957 .970 .964 .955
3 .992 .985 .975 .970
5 .998 .991 .986 .983

10 1.000 .997 .994 .994
r=  20

a p = a p = 2a p = 3a 8TfIICO.

1 .915 .947 .945 .935
3 .982 .974 .960 .951
5 .994 984 .975 .970

10 .999 .994 .990 .988
r = 50

a p = a p = 2a p = 3a p = 4a
1 .864 .918 .921 .911
3 .968 .959 .940 .927
5 .987 .975 .960 .951

10 .997 .989 .981 .977
20 .999 .996 .993 .991
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When the sample size per group increases the asymptotic relative efficiency of 

the components of variance estimator to the maximum likelihood estimator of the 

variance decreases, but the decrease is not major. As r  —>«»the limiting values of the 

asymptotic relative efficiencies are those corresponding to the beta distribution; we 

found in section 2, that for values of a  and/or P less than five the efficiency was under 

90%, but nevertheless for values of r as large as 50 the efficiency is over 90% when a  

and p are bigger than one. The limiting value of the relative efficiency as a + p —»<» is 

one, but the convergence is slower than in the case of the mean.

The quasilikelihood estimator is less efficient than the components of variance 

estimator, except for very small values of \i and large values of r. For small values of 

7t, large values of a  + p, the asymptotic relative efficiency of the quasilikelihood 

estimator to the components of variance estimator is

Table 2.8 gives the values of the asymptotic relative efficiency of the 

quasilikelihood estimator to the maximum likelihood estimator for the same values of 

sample size, a  and p, as table 2.7.

As n  —»0 the variance of the quasilikelihood estimator of the variance tends to

(2.52)

2h2( 1 - ^ ) 2

m(r - l)2
(2.53)
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Table 2.8.
Asymptotic relative efficiency o f the quasilikelihood estimator to the

maximum likelihood when the sample sizes are equal.

r = 3
a p = a P = 2a P = 3a p = 4a
1 .320 .355 .568 .662
3 .494 .570 .629 .662
5 .552 .605 .644 .670

10 .605 .635 .655 .669
20 .635 .650 .661 .668
50 .654 .660 

r  = 5
.664 .667

a p = a P = 2a P = 3a P = 4a
1 .433 .532 .688 .808
3 .581 .680 .655 .807
5 .656 .725 .772 .805

10 .723 .761 .787 .804
20 .761 .780 .793 .802
50 .784 .792 

r  = 10
.797 .801

a p = a P = 2a p = 3a 8IICQ.

1 .373 .585 .788 .945
3 .632 .759 .855 .920
5 .725 .810 .871 .911

10 .808 .854 .885 .905
20 .854 .877 .893 .903
50 .882 .891 

r  = 20
.897 .901

a P = a P = 2a P = 3a P = 4a
1 .363 .599 .824 .995
3 .646 .789 .897 .972
5 .750 .848 .917 .964

10 .846 .898 .933 .955
20 .899 .924 .943 .955
50 .930 .939 

r  = 50
.948 .951

a P = a P = 2a P = 3a p = 4a
1 .345 .596 .833 1.010
3 .643 .797 .914 .992
5 .757 .863 .939 .989

10 .862 .920 .958 .976
20 .920 .948 .960 .979
50 .956 .972 .978 .984
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The asymptotic relative efficiency with respect to the maximum likelihood 

estimator ( or the components of variance estimator) is

r  -1
— . (2.54)

Thus the smaller the sample sizes are the worse the estimator is. For relatively 

big sample sizes, the loss of efficiency, for large values of a  and p, is not important, 

especially when P is equal to 4a; but apart from being more efficient the components of 

variance estimator is easier to calculate because it is based on the sum and the sum of 

the squares of the observations, i.e., sums of zeros and ones while the quasilikelihood 

requires an iterative solution.

If we use the pooled sample mean to estimate | i 0 the asymptotic relative 

efficiency, as a  + P —» is one, whereas if we use the unweighted mean of the group

means the asymptotic relative efficiency for small values of n  is

i.e., the relative efficiency depends on how different are the values of the {r^; the more 

homogeneous they are the greater is the relative efficiency. Writing ^  = r( l + dp with 

Zdi = 0, then provided the dj are small, the asymptotic relative efficiency as a  + p —> 

is approximately

2.4.2 UNEQUAL SAM PLE SIZES

(2.55)
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(2.56)

and hence the smaller the are the bigger the relative efficiency is, the maximum being ^ 

obtained when d* = 0 for all values of i, corresponding to the case o f equal sample 

sizes.

As a  + P —» oo, a 2e tends to zero, i.e., the overdispersion is negligible and the 

pooled sample mean is fully efficient, whereas the mean o f the group means 

corresponds to a weighted estimator, where the weights are the inverses of the sample 

sizes. Again the full efficiency of the pooled mean in the limit case is explained because 

the limit case corresponds to the binomial distribution and the pooled mean is fully 

efficient in this case.

Table 2.9 shows the asymptotic efficiency of the mean of group means, the 

pooled mean and the quasilikelihood estimator of the mean relative to the maximum 

likelihood estimator in the case when m/2 sample sizes are equal to r  and m/2 sample 

sizes are equal to 2r, i.e., the ratio of the smallest sample size to the biggest sample size 

is equal to two; a difference from the case of equal sample sizes is that the ratio cx/p 

influences the asymptotic relative efficiency, therefore we consider the asymptotic 

relative efficiency for four different values of this ratio. The asymptotic relative 

efficiency of the mean of group means as a  + p tends to infinity is 88.9%. The 

asymptotic relative efficiency of the quasilikelihood estimator to the maximum 

likelihood estimator as a  + p tends to infinity is one.

Now if we have m/3 samples of size r, m/3 samples of size 2r and m/3 samples 

of size 3r/2, i.e., the ratio of the smallest sample size to the biggest sample size is equal 

to two, the efficiency for the three estimators increases compared with the two different 

sample sizes case. For equivalent values of a  and p bigger then one the efficiency of 

the pooled mean and the quasilikelihood estimator is over 97%. The asymptotic relative
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efficiency of the mean of group means as a  + (3 tends to infinity is 92.3%. This is 

explained because the q  are more homogeneous, i.e., the mean of the sample sizes is 

the same but the variance is smaller, in other words X  dj2 is smaller and the efficiency 

is bigger.

Table 2.9.
Asymptotic efficiency o f the mean o f group means, pooled mean and 

quasilikelihood estimator relative to the maximum likelihood 
estimator o f the mean.

a mean of group 
means

pooled
mean

quasilikelihood
estimator

1 .976
P = a  

.960 .996
3 .946 .988 1.000
5 .931 .995 1.000

10 .914 .998 1.000
20 .902 1.000 1.000

1 .967
P = 2 a  

.973 .998
3 .934 .994 1.000
5 .920 .997 1.000

10 .907 .999 1.000
20 .898 1.000 1.000

1 .959

P = 3 a  

.980 .981
3 .926 .996 .996
5 .914 .998 .998

10 .903 .999 .999
20 .896 1.000 1.000

1 .952
p = 4 a  

.985 .985
3 ,920 .997 .997
5 .909 .999 .999

10 .900 1.000 .999
20 .895 1.000 1.000

The sample sizes are m/2 of them equal to r and m!2 of them equal to 2r.
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If we increase the ratio of the smallest sample size to the biggest sample size the 

asymptotic relative efficiency decreases, whereas if we increase the number of different 

sample sizes in between the smallest and the biggest the relative efficiency of any of the 

estimators increases.

In general we find that the pooled mean and the quasilikelihood estimators 

perform better than the mean of group means ( even though for small values of a  and P 

the mean of group means could be better, the difference is negligible) and of these two 

the quasilikelihood estimator involves the index of overdispersion that in general needs 

to be estimated. Therefore the use of the pooled mean is recommended because it is the 

simplest to calculate, its efficiency when a  and P are bigger than one is over 95% when 

the values of the sample sizes are not very different and even when its efficiency is 

affected by the ratio oc/p it improves ( a difference from the quasilikelihood estim ator) 

as the ratio is further than one. Cochran's estimator is obviously more efficient than the 

pooled mean if we know where is the best place to fix the upper limit and what is the 

best constant to use. In general if there is great variation among the sample sizes it 

would be worth to try to use it but otherwise the pooled mean is as efficient as it is.

In the case of the variance, using the fact that the moments of the beta 

distribution can be expressed as functions of p, and % and that the limit, as 7t tends to 

zero, of all but the first one is zero, the asymptotic relative efficiency of the components 

of variance estimator as a  + P —»°° is given by the ratio of the limit of the variance of 

the maximum likelihood estimator given by expression (2.26) and the limit of the 

variance of the components of variance estimator given by expression (2.35).

When the sample sizes are small the relative efficiency depends on the ratio ct/p, 

but when all the sample sizes are bigger than or equal to twenty it does not depend on 

this ratio. In all cases the relative efficiency depends on how different are the sample 

sizes. Again writing ( as in the mean case) q  = r( l + dj) with L d} = 0, if in addition 

Sdj /m < (r - l)/r, the asymptotic relative efficiency as a+p —> <», is
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1
1 -

m

Ki=l

m

/  6(r-l)p. | 3 8r V  +2(r-l)

(l-H)r2 2(r-l)(l-|x)2 (r_1) (1-H)
} (2.57)

The smaller the di are, the bigger the asymptotic relative efficiency is and, as in 

the mean case, the maximum is obtained when all the di are equal to zero.

In the case of the quasilikelihood estimator the asymptotic relative efficiency as 

a+  p tends to infinity is

I ( v »i=l

2

*m

X ' i V 1)
1=1

(2.58)

2
and writing again ri = r(l + d*) with X dj =0, we have ( assuming rXdj /(m(r - 1)) < 1 ) 

that the asymptotic efficiency of the quasilikelihood estimator relative to the maximum 

likelihood estimator is

r -  1 
r { i + - ( - ^ ) }

( r - l )
(2.59)

Thus the asymptotic relative efficiency is always less than one and because of 

the restrictions imposed on the di the asymptotic relative efficiency is always bigger 

than (r - l)/r.

We calculate the relative efficiency of the components of variance estimator and 

the quasilikelihood estimator for different ratios of the smallest to the biggest sample 

sizes, as in the mean case. Table 2.10 gives the values of the asymptotic relative 

efficiency of both estimators when we just have two different sample sizes each one
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m/2 times and the ratio is equal to two.

Table 2.10.
Asymptotic efficiency o f the components o f variance estimator and the 
quasilikelihood estimator relative to the maximum likelihood estimator.

a
CVE

P =
QLE

a
CVE

P =
QLE

2 a
CVE

P =
QLE

3 a
CVE

P =
QLE

4 a

1 .943 .321 .953 .453 .948 .579 .936 .678
3 .944 .512 .925 .596 .901 .659 .876 .706
5 .931 .577 .908 .637 .881 .679 .856 .709

10 .911 .639 .889 .672 .862 .694 .836 .710
20 .896 .674 .876 .692 .850 .704 .825 .709
50 .885 .696 .867 .702 .843 .710 .817 .711

100 .881 .704 .864 .706 .840 .709 .815 .711

The sample sizes are two different values and the ratio of the bigger to the smaller is 2.

When we have two different sample sizes where the ratio o f the bigger to the 

smaller is two, the asymptotic relative efficiency of the quasilikelihood estimator as 

a + p  tends to infinity is 71.4%, whereas the asymptotic relative efficiency of the 

components of variance estimator depends on the ratio a /p ; for the ratio equal to one, 

.5, .33, .25 the asymptotic relative efficiencies are 88%, 86.2%, 84% and 81.2% 

respectively.

Even though the components of variance estimator loses efficiency as a  + p 

increases and the quasilikelihood estimator is more efficient, in general, for values of a  

as big as one hundred andp four times a  the components o f variance estimator is still 

more efficient

If we increase the number of different sample sizes, the asymptotic relative 

efficiency of the components o f variance estim ator increases, whereas the 

quasilikelihood one decreases. This can be explained because the sample sizes are 

more homogeneous and therefore the sum of the dj squared is closer to zero and the 

asymptotic efficiency in the case o f the components of variance estimator is closer to
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one; in the case of the quasilikelihood estimator the asymptotic efficiency is closer to 

(r- l)/r.

For a ratio equal to three with just two different sample sizes the asymptotic 

relative efficiency of the components of variance estimator decreases compared to the 

case of the ratio equal to two, whereas the asymptotic relative efficiency of the 

quasilikelihood one increases; for the same values of a  and P as before the result are 

given in table 2.11.

Table 2.11.
Asymptotic efficiency o f the components o f variance estimator and the 
quasilikelihood estimator relative to the maximum likelihood estimator.

a
CVE

P =
Q l£

a
CVE

P =

QL£.
2 a

CVE

P =

Qie.
3 a

CVE

P =
QL

4 a

1 .869 .342 .903 .497 .906 .643 .894 .759

3 .894 .566 .867 .667 .825 .744 .785 .797

5 .872 .648 .832 .719 .786 .769 .742 .803
10 .833 .723 .792 .762 .745 .788 .702 .808
20 .801 .764 .764 .784 .720 .799 .679 .807
50 .767 .790 .745 .798 .704 .804 .664 .809

100 .742 .800 .738 .803 .698 .807 .659 .810

The sample sizes are two different values and the ratio of the bigger to the smaller is 3.

The asymptotic efficiencies as a  + p tends to infinity for the ratio a /p  equal to 

1, .5, .33, .25 of the components of variance estimator relative to the maximum 

likelihood estimator are 73.8%, 73%, 69.1%, 65.2% respectively. The asymptotic 

efficiency of the quasilikelihood estimator is 81.25%.

If we increase the number of different sample sizes the relative efficiency of the 

quasilikelihood estimator decreases and that of the components of variance increases, 

therefore it is not easy to decide which one to use; when the ratio of the largest to the 

smallest is two the components of variance is a better choice, but when this ratio is 

three or more the decision depends on how many different values of sample size there
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are; for about five different values of sample size the components of variance estimator 

would be a better choice but otherwise the quasilikelihood estimator would give better 

results.

2.5 INDEX OF RELATIVE DISPERSION

2
The estimation of the ratio p = a 0 /{ p e(l -  |ie)} is of interest because it 

represents the ratio of the variance due to the overdispersion to the variance of the 

binomial model. Under the present assumptions, it takes values between 0 and 1, zero 

as a  + p -»  °° and one as a  + P —> 0.

The maximum likelihood estimator of this ratio is

and its asymptotic variance is

— i— .var(7t) , (2.61)
0  + *0

which for small values of n, i. e., big values of a  + p , is

m

2 T  C.
— I -----{ ! + * _ « _ ! _ }  ,m  ̂ m J
I r, ( V  1) I f j t V 1)

(2.62)

where Q  is given by expression (2.21); then the limit as % —» 0 is

43



2 (2.63)

I t f r . - l )
i=»l

Alternatively, we can estimate the ratio by

3

y  ( i  - y )
(2.64)

which is asymptotically unbiased, and its variance, in the case of equal sample sizes is

H j(l_ )l i)2mr(r ' 1)
{ 2(i2( l - ( i | )2+ 2 n2 + 4(r-2)n3 + (r-2)(r-3)n4-8(r-2)nj n i

(l-4u (1—u, ))|i2
+4(r-4)u u ( l - |i  ) - r(r-l)n2}  + ------- !------1— 2. (u  (1-u ) + (r-l)u )

2 1 1  2 r m ^ l - n /  1 1 2

mr(r-l)n3( l -n  )3
+ (r-l)H2) --------- ( ^ j —V ;  + n2)

m(r-l))l3( l —n x)3

+ (r' 2)r(r' 1V 3+ + H,H2) + ^ f  - ( r - l ) ( ^  + - M2}  •
H, (2.65)

For small values of 7t, the variance in terms of \i and n  is

2
m r(r-l)

{ i +Jc ( _ L

d-M-y (1-H)2 2\L
(2.66)

and the limit as n —» 0 is
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2
mr(r - 1) ’

(2.67)

therefore the asymptotic relative efficiency as a  + p tends to infinity is one.

When the sample sizes are all two both estimators are identical, since, as we 

noted in section 2.4.1, both the numerator and the denominator of the latter estimator 

are maximum likelihood estimators.

As a  and p increase the relative efficiency is very similar to the relative 

efficiency in the case of the estimation of the variance, since the major contribution 

comes from the first term of the expression for the variance.

This is also true in the case of different sample sizes, because any weighted 

mean is asymptotically unbiased (as m —» oo) for jie(l - jie). The asymptotic relative
A

efficiency as a+P -4  ©<> is identical to that in the case of the estimation of G0 .

The quasilikelihood estimator is given by expression (2.42) and its variance is

In general the asymptotic relative efficiency is very similar to that of estimating 

the variance. The limit as a  + p tends to infinity is given by expression (2.54), which 

is the limit of the asymptotic relative efficiency for estimating the variance. The 

comments made for asymptotic relative efficiencies of variances apply to the asymptotic 

relative efficiencies of this index.

2

(1 + (r. - l)p )2

(2 .68)
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2.6 SIMULATION STUDY

In the previous section we have considered only the asymptotic variances of the 

estimators. If we are interested to know the small sample efficiencies of the moment 

estimators relative to the maximum likelihood estimators or, in other words, how big 

has to be the sample for the asymptotic efficiencies to be valid, we can proceed in two 

different ways. The first one is to calculate the terms of order m ' for the variances of 

the estimators; while in the moment estimators this is not difficult, in the case of the 

maximum likelihood estimators it is quite complicated. The second way is simulation 

of small samples with the characteristics we have been studying.

For a series of values of a ,  p and r, in the case where the ^  are equal, we 

simulate three hundred samples of size m = 20 and thirty samples of size m = 30. We 

calculate the variance of these thirty values and compare the variance of the sample 

mean to the variance maximum likelihood estimator of the mean. The results for ten 

observations for each individual (r = 10) and sample size twenty (m = 20) are given in 

table 2.12.

Table 2.12.
Relative efficiency o f the sample mean to the maximum 
likelihood estimator based on 300 simulated samples o f

size 20.

r= 10

a P = a p = 2a p = 3a P =4a
1 1.411 .951 1.026 .998
3 .997 1.055 .982 1.065
5 .957 .983 1.000 .995

10 .998 1.001 .999 1.001
20 .996 1.002 1.003 1.000

The standard error of the simulation is less than 7  x 10 ^
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For all the values of r  considered the efficiency of the sample mean relative to 

the maximum likelihood estimator is close to one; therefore the use of the moment 

estimator is recommended even when m is small. The theoretical values in terms of 

a+ p  are given in table 2.6, we can see that for r  = 10 the asymptotic relative efficiency 

is bigger than .995 for a  + p bigger than 5, which is true for the simulated values with 

the exception of a  + p equal to six.

In the case of the variance, we calculate the components of variance estimator, 

the quasilikelihood estimator and the maximum likelihood estimator of the variance, and 

the relative efficiency for different values of r  and m; some of the results for some 

values are shown in tables 2.13 and 2.14.

Table 2.13.
Relative efficiency o f the components o f variance estimator and 

quasiliketihood estimator to the maximum likelihood estimator o f the 
variance, based on 300 simulated samples o f  size 20.

r = 3

a P =a P = 2 a P = 3 a p = 4 a

CVE QLE CVE QLE CVE QLE CVE QLE

1 .975 .547 .923 533 .813 .520 .727 .436

3 .761 .383 .7 2 0 .383 .504 .343 .618 .489

5 .622 .352 .591 .348 .623 .402 .537 .346

10 .753 .398 .450 .264 .624 .417 .344 .205

20 .318 .083 .449 .292 .405 .3 2 0 .315 .179

100 .452 .246 .509 .336 .379 .269 .241 .290

r = 10

1 .915 .480 .930 .567 .902 .933 .8 7 0 968

3 .869 .579 .901 .682 .799 .751 780 .769

5 .944 .667 .945 .587 .484 .402 .600 .574

10 .883 .651 .652 .543 .572 .594 .646 .468

20 .519 .443 .541 .334 .555 .457 .686 .509

100 .348 .291 .340 .245 .407 .2 6 0 .335 .207

The standard error of the simulation for both estimators is always less than J x 10 'a

In general, in the case of the variance for m = 20 the relative efficiency of the
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components of variance estimator is smaller than the corresponding asymptotic relative 

efficiency (for the same values of a  and P). Nevertheless for small values of a  and p, 

less than or equal to three, and for r  greater than four it is over 85%; for r  equal to two 

or three this is true for a  and p less than or equal to one and a /p  bigger than .3. In 

general if we increase m to 30 the relative efficiency for values of r bigger than or equal 

to four and a  and p less than or equal to 10 is greater than 80%. For bigger values of 

a  and P a bigger sample size is required to improve the efficiency ( when the 

overdispersion is smaller).

Table 2.14.
Relative efficiency o f the components o f variance estimator and 

quasitikelihood estimator to the maximum likelihood estimator o f the 
variance, based on 300 simulated samples o f size m = 30.

r = 3
a P =a P =2 a P = 3 a p = 4 a

CVE QLE CVE QLE CVE QLE CVE QLE

1 .959 .502 .955 .536 .903 .543 .768 .767

3 .654 .341 .637 .349 .247 .195 .602 .475

5 .658 .350 .673 .403 .655 .412 .436 .450

10 .656 .339 .513 .296 .428 .307 .436 .489

20 .225 .116 .5 0 0 .344 .490 .397 .508 .391

100 .175 .092 .342 .222  

r =
.322

10

.234 .415 .341

1 .882 .486 .802 .548 .973 1.054 .961 .880

3 .961 .581 .891 .696 .943 .824 .809 .799

5 .967 .608 .867 .760 .604 .4 6 4 .765 .565

10 .948 .669 .668 .496 .696 .621 .609 .479

20 .608 .484 .547 .388 .458 .365 .689 .464

100 A l l .413 .192 .144 .235 .187 .338 .287

The standard error of the simulation for both estimators is always less than 3 x 10 m<{

Another use of the simulation is to see how robust are the maximum likelihood 

estimators to departures from the assumption of a beta distribution for 0j. We simulate 

samples where the distribution o f 0j is a two point distribution. We focus on two 

different situations, the first one where 0i takes each of the values with probability of a
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half and the second one where Gj takes one of the values with probability px = .l and 

the other with probability p2 = .9. The results for the relative efficiency of the sample 

mean to the maximum likelihood estimator of the mean for different sets of values of 

(01,02) are presented in table 2.15.

Table 2.15.
Relative efficiency o f the sample mean to the maximum 

likelihood estimator fo r  a two point distribution o f 0i 
300 simulated samples.

e ,

r = 3 
Pi=.5 P i= .l

r =
P i= 5

10
P i= .l

.4 .6 .990 1.005
m = 20

.997 .998
.3 .7 .985 1.015 .993 1.079
.1 .9 1.261 1.028 3.8075 .948

.4 .6 .998 .995
m = 30

.995 .998
.3 .7 .987 1.003 1.011 1.002
.1 .9 1.226 .941 4.267 1.812

The standard error is always less than 2 x 10^,

In general, the efficiency of the sample mean relative to the maximum likelihood 

estimator is close to one, that is the maximum likelihood estimator is robust to 

departures from the beta distribution for the 0; but when the two possible values of 0j 

are .1 and .9 the sample mean is more efficient than the maximum likelihood estimator.

For the variance we calculate the components of variance estimator, the 

quasilikelihood estimator and the maximum likelihood estimator. The results for some 

values of r, m and different sets of values of 0j and 02 are shown in table 2.16.

In general when the values of 0j and 02 are .1 and .9 the relative efficiency of 

the components of variance estimator to the maximum likelihood estimator is close to 

one or bigger than one, and for values of 0 t and 02 equal to .3 and .7 the efficiency of 

the components of variance estimator is over 50%. Thus we can say that the maximum
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likelihood estimator is robust to departures from the assumption of beta distribution, 

but the components of variance estimator is a good option when the values of 0i are not 

close to .5.

Table 2.16.
Relative efficiency o f the components o f  variance estimator and the 

quasilikelihood estimator to the maximum likelihood estimator o f the variance, 
fo r  a two points distribution o f 0i based on 300 simulated samples.

Pi== .5 Pi=a Pr=.5 Pi =.l
r = 3

m = 20
r = 10

CVE QLE CVE QLE CVE QLE CVE QLE
.4 .6 .445 .239 .465 .250 .789 .624 .346 .287
.3 .7 .790 .421 .529 .337 .765 .571 .830 .615
.1 .9 .925 .478 .971 .974 .1.285 .635 1.677 2.274

m == 30
.4 .6 .438 .226 .393 .212 .800 .673 .351 .301
.3 .7 .765 .390 .654 .352 .783 .548 .637 .527
.1 .9 .990 .526 1.030 .768 2.095 .9715 2.783 3.306

The standard error is always less than 2 x 103

2.7 GENERALIZATION TO A BINOMIAL RESPONSE

Let {y^} i = l,...,m , j = l,...,rj be independently distributed binomial random 

variables with EO^j) = n0j ( i.e. we are observing the response o f n independent 

binary trials done at the same time), and assume that n is the same for each observation 

and each individual. Conditional on 0j, y-u =Lyij is a binomially distributed random 

variable with parameters nxv 0^

Suppose that 0i,...,0m are independent identically distributed random variables
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we assume that 8j follows a beta distribution with parameters p( = (1 - |I)tc) and 

a(=|i7c); therefore the unconditional distribution of y j , writing, for simplicity, 

from here on is beta binomial given by

nn-Jl-l

' ' M
1-(I + k7t)

k=0 k=0 (2.69)

I l a + k i t )

It is easy to see that the likelihood corresponds to the likelihood in the binary 

case changing q for nq and therefore we can obtain the maximum likelihood estimators 

of the parameters and their variances replacing r} by nq in the expressions for the binary 

case. This comment also applies to the quasilikelihood estimators.

In the case of moment based estimators, the sample mean is the obvious 

estimator in the case of equal sample sizes; if the sample sizes are different we could 

use any weighted estimator. In particular we focus, as in the binary case, on the pooled 

sample mean and the mean of the group means, defined by expressions (2.28) and 

(2.29) in section 2.3.3.

Their variances in terms of [i and n  are respectively

It is clear that both estimators reduce to the same when the sample sizes are

equal.

The variances o f the maximum likelihood estimator and the quasilikelihood

(2.70)

nm2(l + 7t)i=1 ri

H( l - H)  v  1 + nri71
0  r

(2.71)
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estimator are respectively

x Y r . ( n r . -1)
j ^ {  i + » ? . . '  ' ....} ,m **• m * (2.72)

" 2 > i
i=l 5 ' .

tA(l '  H)
m

I -
nr.______ i_____

(1 + (nr.- l)p)

(2.73)

For any value of a ,  P, n and r., we have that the asymptotic efficiency of any 

moment based estimator of the mean, including the quasilikelihood estimator, relative to 

the maximum likelihood estimator is identical to that obtained in the binary case for the 

same values of a , p and q.

In the case of the estimation of cr0 , we can obtain an estimator from the formal 

mean square between groups in an analysis of variance.

The analysis of variance table is

source d.f. sum of squares

Between m - 1
m — — 0  

J j p i - y . )
i=4

Within
m

X r; - m
i=4 i p r ' y - f1=4 j=4

Total
m

X r r 1 i=4 j»l J

£(mean squared)

nHe(l -He) - n a 2 + n

m m

2 i=l

( m - l ) X ri

„n0(l - n9) - no*

2 T 4
Then, for large values of m, we estimate a 0 , as in the binary case, as m Z  q
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times the ratio of difference of the mean square between and the mean square within to 

{ ( 2  q)2 - S q  }. Again substituting the mean square between by l/(m  - 1) times the 

difference of the sum of squares total and the sum of squares within the components of 

variance estimator of a 0 , a 0 is

m

“  1 i - - i - l  . (2-74)m  ̂ m

i=4 i=l 1=» i=l i=l

which reduces to

i1 |  i4 s>1m
2 l mr(r -1) (2.75)

when all the sample sizes are equal to r.

The variance in terms of the moments of the beta distribution is

2ll2(1 - u )2 2 ll ,  1 v ,
—T------- —  + — -------- + 2(nr - 1)) + u  (-
n2mr(r -1 )  mr n2(r -1 ) n mr n mr(r -1 )

u. ,  9 N 12u 11 . x
+ —— &---- (n r(r- 1) - 4n(r - l) + 1)  + —— ^-M n(r - 1) - l)

n mr(r - 1) n mr(r -1)

12 8 2 .  8 M . L L ,  n
-----------) +  - 2 - L3  - ( l - n ( r - l ) ) .  (2.76)

n m r ( r - l )  mr m n m r ( r - l )

which for small values of n  ( large values of a  + P) is
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(1 ~ ^  ---- (l2n (l - H)(n(r-1) -1 ) + 2|i2(l - |l)(n2(r - l)(r + 4) +6)
nmr(r-l) nmr(r-l)

+ 2(1 - (l)(2n2(nr -l)(r -1) + 1)). (2.77)

The limit as a  + p tends to infinity is

~ M») (2.78)
n2mr(r -1)

and hence the asymptotic relative efficiency as a  + p tends to infinity is

nr - n 
nr - f (2.79)

For some values of n, r, a  and p, the asymptotic relative efficiency is given in 

table 2.17.

The efficiency increases with r having n constant and decreases with n having r 

constant; therefore if we have a large number of responses at each observation we need 

to have a large number of observations in each sample. If n is bigger than or equal to 

the number of observations the use of the components of variance estimator is not 

recommended.

The quasilikelihood estimator of the variance is given by expression (2.46) and 

its variance is given by

p2(l - 2p)2|i(l - |I)(X
nr. -l

w 1 + (nr - l)p
)  + p2(i - p )2( £

(nr. - 1)'

w 2( 1 + (nr. - l)p)-
:)

-1

(2.80)
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Table 2.17.
Asymptotic relative efficiency o f the components o f  variance 

estimator to the maximum likelihood estimator o f the variance when 
the observations are binomially distributed.

n = 2

<NIIu

a p =  a P = 2 a p = 3 a II P

1 .871 .836 .822 .811
3 .797 .765 .747 .735
5 .761 .735 .721 .711

10 .722 .705 .696 .691
20 .697 .687 .682 .679
50 .679 .675 .673 .672

100 .673 .671 .667 .669
n = 2 r = 5

a p = a P =  2 a P = 3 a P = 4 a
1 .948 .891 .883 .887
3 .967 .931 .922 .915
5 .960 .937 .924 .917

10 .941 .925 .916 .911
20 .922 .919 .906 .903
50 .904 .900 .897 .895

100 .897 .894 .893 .892
n = 5 r =2

a p = a p = 2 a ' p = 3 a P = 4 a
1 .902 .821 .800 .797
3 852 .791 .753 .729
5 .797 .740 .706 .683

10 .715 .672 .647 .631
20 .649 .621 .606 .596
50 .597 .584 .577 .573

100 .577 .570 .566 .564
n = 2 r =10

1 .914 .828 .812 .823
3 .998 .940 .921 .916
5 .986 .961 .948 .942

10 .983 .969 .961 .957
20 .974 .966 .961 .958
50 .962 .957 .955 .953

100 .956 .953 .952 .951
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which tends to

2|x2( l  - U)2
m _

I ( n r r l)2
i= l

(2.81)

as 7t -> 0.

In the case of equal sample sizes the asymptotic relative efficiency of the 

quasilikelihood estimator with respect to the maximum likelihood estimator is given by

( n r - l ) 2 
nr(nr - 1)‘ (2.82)

The efficiency of the quasilikelihood estimator depends on the product of the 

number of responses and the number of observations in each sample, and the fact that 

the number of responses might be bigger than the number of observations does not 

affect the efficiency.

If the number of responses is smaller than the number of observations in each 

sample the components of variance estimator is more efficient than the quasilikelihood 

estimator, whereas if the number of responses is bigger than or equal to the number of 

observations in each sample the quasilikelihood estimator is more efficient. This can be 

seen, for example in the case n = 2 and r = 5; the asymptotic efficiency of the 

quasilikelihood estimator relative to the maximum likelihood estimator is given by table

2.8 taking the sample size equal to ten, and if we compare it with the value in the table 

2.17, for the same values of a  and (3, we see that the components of variance estimator 

performs better. Conversely for the case n = 5 and r = 2, we have that the asymptotic 

relative efficiency of the quasilikelihood estimator to the maximum likelihood estimator 

is given by the same value in table 2.8 and the performance is better than the 

performance of the components of variance estimator.
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When the sample sizes are different, the asymptotic relative efficiency follows 

the same pattern as in the case of binary variables, i.e., in the case of the components of 

variance estimator as a  + (3 increases the asymptotic relative efficiency decreases, 

whereas for the quasilikelihood estimators the opposite happens.

In most investigations there exists a vector of covariates or explanatory 

variables associated with each individual, i.e., treatment factors or quantitative variables 

concerning aspects of the individual.

Usually it is assumed that the dependence of 0j on ,*p) is through the 

linear combination

2.8 DEPENDENCE O F TH E BINARY RESPONSE ON

EXPLANATORY VARIABLES

m

( 2 .83)

for pp ...,pp unknown coefficients. We also assume that

(2.84)

where g maps the interval (0,1) into the real line; equivalently

WHj) = • (2.85)
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We introduce the dependence of on ( x \ , . . . ,x p) through the likelihood

(2 .86)

assuming, as before, that we have ^  trials for each individual and ( = Zy^) is the 

number of positive responses.

Even when all the available explanatory variables have been fitted, the residual 

variation may be greater than that which can be attributed to the binomial sampling 

variation assumed by the model, i.e., overdispersion is present. We can have different 

approaches to introduce it.

One possibility is to assume that there are factors affecting 0j whose effects are 

additive on the same scale as the explanatory variables, that is to assume that

where the ux are independently and identically distributed random variables which take 

values in the interval (-00,00) and a  > 0 is unknown.

Pierce and Sands(1975) assume that Uj are independently Norm al(0,l) and 

obtain the maximum likelihood estimator of p and a , and propose a test for a  equal to 

zero. They show that assuming that h is the logit function a simpler estimator may be 

obtained.

Im & Gianda(1988) assume a two way nested layout with allowance for 

binomial response, dependent on covariates; they assume that an underlying variable, 

Zyk, associated with the response follows the mixed linear model

(2.87)

z (2 .88)
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where p.- is a location parameter, that can be written as X 'p, where X is a fixed and 

known matrix and p is an unknown fixed vector; s} is a random effect and 8- is nested 

on it and random itself. Assuming that Sj and 8^ are normally distributed with mean 

zero and variances o 1 and c 2 respectively and eijk are symmetrical and identically 

distributed they suggest to estimate the parameters using maximum likelihood theory.

Another possibility could be to assume that there are factors which affect 

whose effects are additive to 0i5 i.e., to assume

0; = Xh ( £  p x ) + (1 - X)£. , (2.89)
j = l  J

where Ej is a random variable taking values in the interval (0,1) and X could be a known 

or unknown parameter. We could assume for instance that Ej is a beta distributed 

random variable. The main difficulty is likely to be finding a simple expression for the 

likelihood.

A third possibility is to assume that follows a distribution and that the 

mean of the distribution, is a function of the explanatory variables. One possibility is to 

assume that 0i follows a beta distribution with parameters and y.; then

£(0.) = — = h ( ^  P x  ) = ^ , 
a . + y.  h  J J

(2.90)

V3r(0.) ------------------------------- - |l;( l - (il)p i = o f.
(a ; + + Yj + 1)

We could assume different constraints in the parameters, e.g. Crowder(1978)

1) p-i and are different from sample to sample, in this case we have m(p + 1) 

parameters to be estimated from the likelihood.
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2) (ii are different from sample to sample and p { = p V i or in terms o f the 

notation in section 2.3 7Cj = rc; we have mp + 1 parameters to be estimated from the 

likelihood which is written as expression (2.18) replacing p  by

3) Pi and px are different from sample to sample but c i = p ^ l - p^pj = a  V i; in 

this case we have as well mp + 1 parameters to be estimated from the likelihood which 

is written

The main difference between 2 and 3 is that in 2 we are assuming that p, the 

parameter which represents the index of relative overdispersion (variance of the Beta 

distribution to the variance of the binomial distribution), is constant from sample to 

sample, whereas in 3 we are assuming that the total variance is constant from sample to 

sample. The choice of one or the other depends on the specific problem.

Another approach is quasilikelihood estimation. In this case we just need to 

assume the form of the unconditional expected value and variance of y-v For instance, 

if we assume that conditional on 0 i? yjhas mean and variance r.0-(l - 0^ and 

unconditionally E(yp=  r ^  and var(yj) = q ( l + (q - l )p )p i( l - p^ , i.e., we assume 

that £ (0 ^  = Pj and var(0j) = pP j(l - Pj), we reproduce the second model obtained 

assuming 0f is beta distributed.

Firth(198^) studies the efficiency, when overdispersion is present, of the 

quasilikelihood estimators of the parameters of the linear predictor relative to the 

maximum likelihood estimators for the members of the natural exponential family with 

quadratic variance, which includes the binomial distribution.

■)

(2.91)
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We focus on the estimation of the parameter which in some way represents the 

overdispersion, either o  or p, especially on the asymptotic efficiency of moment based 

estimators relative to the maximum likelihood estimator.
(xS r̂rr\pJl ^ ' c

Under the assumption of 7  ̂ equal to n  for all i, the^/covariance matrix of the 

maximum likelihood estimators of and n  is given by the inverse matrix of

A

B

B

i=l + Cn
(2.92)

where C is defined as in section 2.3.1, A is a p x p matrix whose elements are of the 

form

W i i  _ y  ri<ri - W u fli 

a  - H;)1-1 M.j(l - jXj) i-1 Hji
(2.93)

and B is the vector whose elements are given by

where

Ttr̂ r. - l)(2|i. - l)nj. 

2Hj(l - up
(2.94)

u

3 ^
(2.95)

For small values of n  ( large value of a  + P ), the asymptotic variance of n  is 

given by
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i~\ 2 f ,  2jcC \var()t) = —----------- (1 --------------- ) +
I ^ r . - l )  I r . ( r . - l )  T.(r, - 1> V
i= l  i= l  i= l

B' a ' b , (2.96)

and as tc tends to zero the variance tends to

(2.97)

i= l

independently of the link function and of the values of the explanatory variables. 

The asymptotic variance of p is given by

(1 - 2p) var(rc) 

( 1 - P ) 4
(2.98)

its limit as a  + p tends to infinity ( p tends to zero ), is

2 (2.99)

E r ^ l )
1*1

In order to define an alternative estimator for p, we notice first that if all the 

sample sizes are equal to r, the unconditional variance of y-x reduces to (i.(l - p.j) times 

T<)>, where

4 > = l + p ( r - l ) ,  (2.100)

and can be estimated by

__ r _  y  CVj - W

m r - P  i-1 |1(1 - |i.)
(2.101)

(McCullagh & Nelder (1983ppl73), W edderbum(1974)). This is essentially the 

components of variance estimator with a correction in the denominator because we are
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estimating more parameters and its asymptotic variance is

2 < |? ( l+ ^ )
z , (2.102)

m - p

where y2 is the average of the standardized fourth cumulant of the data. Therefore the 

variance depends, as with the maximum likelihood estimator, on the particular set of 

data.

The variance of p is

Y
2(1 + p(r - 1))2( 1 +

(r - l)2(m - p)
(2.103)

The asymptotic relative efficiency depends up to the fourth standardized 

moment of the data. If we assume that as m tends to infinity the standardized fourth 

sample moment tends to zero, which is not a very strong assumption, the limit as p 

tends to zero ( a  + P —> ©°) is

2

( r - 1 )
2 ’ (2.104)

that corresponds to the variance o f the quasilikelihood estimator in the case o f no 

explanatory variables and does not involve the particular link function.

When the sample sizes are different this estimator does not work. Williams

(1982) suggests a procedure to obtain an equivalent estimator. It is based on equating 

an approximation to the chi square goodness of fit statistic to its expectation, in this 

case the estimator is given initially by
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.X2 - (m - p)
(2.105)P m  % ’

S > ,  - d o  - v .qp
i - 1

where qj is the ith element of X'(X 'W V*X)‘1X’, W = diag(Wj), V*= diag(Vi*), 

Wj={ 1+pfr; - 1)} , Vj* = rj|lj(l - p ;) and X2 is the goodness of fit statistic

m w.(y. - r.Li.Vr  i i^ i7 (2.106)
w ^ ( 1 - ^ )

We compare X 2 with a chi squared with m - q degrees of freedom ; if  X2 is 

larger than the value of the chi squared we use p as the estimator of p, if X2 is smaller 

than or equal to it then using new weights we recalculate the estimators of the 

parameters, the goodness of fit statistic and we estimate p as

^ - i  w;(l - w.v'q.)
i= l

m

X  wi(ri ' 1)(1' wivi(li)

(2.107)

until the condition is reached.

Williams(1982) gives a straightforward procedure to obtain the estimator using 

GLIM; the problem is that it is not easy to investigate the properties of the estimator 

obtained.

In a more general way, we might define the extended quasilikelihood estimator 

of p, p, as in the case |ii = |X. The variance of p is given by expression (2.68) and is 

independent of any link function or value of the explanatory variables, but as Nelder & 

Pregibon(1988) point out the values of the variances of the estimators are conditional 

on the other set (m or Py) set equal to their estimate.
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It is clear that in this case we can not construct a components of variance 'wcdor of

•iVjL parameter c Q2 because the assumption of heterogeneity o f variance does not hold. 

Therefore we concentrate on the asymptotic efficiency of the quasilikelihood estimator 

of p relative to the maximum likelihood estimator.

The asymptotic variance of the estimator of p as p tends to zero (a  + (3 tends to 

infinity) is the same as in the case of no explanatory variables given by expression 

(2.58). For small values of p the relative efficiency depends on the values of the 

explanatory variables and on the particular link function.

If the assumption made is that the variance is constant from sample to sample, 

we suggest to estimate a e based on the formal analysis of variance. In this case and 

assuming the same number of observations for each individual the sum of squares 

between and the sum of squares within from the table of analysis of variance are given

b y

s o u r c e d . f . s u m  o f  s q u a r e s £ ( m e a n  s q u a r e d )

B e t w e e n m - 1

m *

I j & y f
i= i

, i \  2  V  /  r ^ i  1 r  , 2
( r - l ) o  4 * X , { --------------------1---------— M ------- 7 — t t (  /  ,U - )

0  1 m  m - 1  m ( m - l )  iT i 1

W i t h i n m ( r - l ) 1 1 % - y O 2
i = l j = l

H j d  - H P  2  
y ---------------------- a
«  m  e

2
We suggest to estimate a e as 1/r times the difference of the mean squared 

between and the mean squared within, expressions (2.32) for different sample sizes 

and (2.33) for equal sample sizes. A difference from the case with no explanatory 

variables is that this estimator is biased, the expected value in the case of equal sample 

sizes being

2 1 a  + 
e m

1 m A
- E nn  m

E  Hj)‘
i= l (2.108)

m
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obviously the bias depends on how different are the mean values. If we assume that 

jl-= p,(l + dj), with £ d i  = 0, we have that the expected value of the estimator can be 

written as

2a  + e (2.109)

To calculate the variance of the estimator we need to make assumptions about 

the third and fourth moments of the distribution ( such as that they are constant from 

individual to individual); nevertheless for small values of 7ti the variance is given by

1 ^  _  4 2 4 mm

m ^ r  - 1 ) i=1
X  f 2(r -3)Mi + 2M? ) ---------------X X (  (r - 2 ) |iV  + (r - l)(r - 3 ) ^ . }
i-i m3r ( r - J I J

a  m m m m m

m4r i-i n r  r 1=1i*i

2 ae + e
m ^ r - l ) 1^

m  .

{ X 4Hi(2r - 5) + 6|i;(r- 2)(r - 3) - ^ ( r  -1 ) }  • (2.110)

As + pj tends to infinity keeping a /fy  constant all the moments but the first 

ones tend to zero and therefore the limiting asymptotic variance is given by expression

(2.110) without the last three terms.

In the case of the maximum likelihood estimator we obtain an estimator 

maximizing expression (2.91); we can always solve the problem numerically but 

finding an analytically expression for the variance is quite complicated. The asymptotic 

relative efficiency depends on the particular link function.
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2.9 GENERALIZATION TO M ORE THAN TW O CATEGORIES

In order to generalize to more than two categories we have to take account of 

whether the categories have an order or not. It is obvious that, for the models 

considered here, in the case o f binary variables the order does not matter and the 

categories are interchangeable without altering the fit of the model or effect of different 

variables.

When the categories are not ordered they are fully interchangeable without 

altering results or inferences from a fitted model, whereas when order is present the 

only possible permutation of the categories is the one which reverses the order; not all 

the models for ordinal data have this property but a large number of them do. The lack 

of this property could be or could not be of importance depending on the specific 

context.

We discuss first the case of categories without order. For simplicity we present 

the case of three categories and we assume m samples of size r; it is clear that the 

generalization to more than three categories or to different sample sizes is 

straightforward.

Without implying any order we might label the categories as 0, 1 and 2 and

define

P(Jij = 1 I Pi, % ) = pi,

PO-y = 2 1 Pi, q; ) = q., (2.111)

PCyij= O l p i , q i )  = l - p i - q i.

If we define yip to be the variable whose value is the total number of ones in 

sample i and similarly yiq to be the variable whose value is the total number of twos in
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sample i, the joint distribution of yip and yiq given pj and is multinomial, given by

^ip ' Pi> > =

. ?ip vr '^ip"^iq
r! P; q; (1 - Pj - q;)

y. ! y. ! (r - y. -y.  )!J  ip J iq v J ip J iq'
(2. 112)

with 0 < yip < r, 0 < ̂ iq < r, yip + y iq < r.

Assuming that pj and qj are random variables with joint distribution, dropping 

the subscript i for simplicity, given by

/p ,q(p> q) =
r(a + P + Y) (a -1) CP-1),! Ay -1)
---------- — ^  p q (1 - P - q) ,
r(a)r(P)r(y)

(2.113)

0 < p < l , 0 < q < l , 0 < p  + q < l ,  then the compound distribution for one observation 

is given by

jj r! p p q q (1 - p - q)

W f r ' V V 1

_ r (a + p+y)—pa -lqp-1(i_p_q)'iL-ldpdq , 
r(a)f(p)r(Y) (2.114)

and the unconditional distribution of yp and yq is

________ B(cx + y p, P +  y q, Y + r -yp -yq)_________

(r + 2)(r + l)B(a,p,Y)B(yp + l,yq + l,r - yp - yq + 1)
(2.115)

where B(r,s,t) =
r(r)r(s>r(t)

T(r + s + 1)
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which can be written as

V 1 x r 1 r - w 1
r ! l l ( « + k ) r i ( P  + k) I I ( l '  + k)k=0 k=0 k=0 (2.116)

r-l

y j  y J  (r - y „  - y J !  I T ( a  +  P +  y + k)
v  H v  H k=0

The distribution (2.113) is known as the Dirichlet distribution and can be seen 

as a multivariate generalization of the beta distribution. The marginal distributions of Pi 

and q* are beta with parameters a , p + y and p, a  + y respectively.

As in the binary case, we are interested in the parameters of the distribution of p 

and q; we call them ^  jiq, CTp2, a q2, a ^ 2, where

11 = ----- ------- , [L = ----- ^------,
p a + p + y  q a + p + y

2a
p

_____ a(P + Y)________

(a + p + y)2(a + p + y + 1)
= \i (1 fi >.JS —

1 + K

2aq
_____ P(a+v)______

2
(a  + p + y) (a  + p + y + 1)

= n q a-M-q>
Tt

*

1 + K

< 4  ---------------- r 2---------------- --- • W r 2 - • (2-r17)
(a  + p + y )  ( a  + p +  y + 1) 1 + n

and 7t = l / ( a  + P + y).

Note that a disadvantage of the use of the Dirichlet distribution as a mixing 

distribution is that does not allow for po^rfiotcorrelation of p and q.

Reparameterising the distribution in terms of |ip, p q and n, the likelihood is
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written

r !  n < K + k it )  i i ( n  +  k it )  n a  -  Mp - J I  + k 7 C )
k=0 y  k=0 4 k=0 *  4

r-1

y ' . y ' .  ( r - v  -v )! J l o  + kTt)
k=0

(2.118)

For small values o f 7t, large values of a  + p + y, the likelihood can be written

as

0 - „ " y w - s a j j ) ) .*P yq
M-pM-q N- r p r q

2ll 2li

(2.119)

Using (2.119) the covariance matrix of the maximum likelihood estimates is 

given by n r 1 times the inverse matrix of

where

g - t e  -+jia

(^H p^q)
-+7tF 7tD

(h v V

r(l-Hp)
-+JtF ----------------wcB jcE

rcD 7tE r(r-l)+7tC

(2.120)

m

H = I h . ;
i = l

(2 . 121)

for H = A,B,C,D,E,F and h = a,b,c,d,e,f and, dropping the subscript i for simplicity
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(2.122)

a =
2r(r -1 )  3r(r -1 )  r(r '  !)HC r ( r - l ) a

Up 2(1 ~ V  V  a  - Hp - ^ q) d  '  H„)

r ( r - l ) U r ( r - l ) ( l - n  - n )  
---------------- -— - r(r - 1),

a - V  ^ q) d  - v  v 1 ‘ >V

, 3 3 , (r- 2)(r-3) 2r(r-21 (r-2)(r-3)(r-4)
= r ( r - l ) { — + — + (lip+ )J-q)( ------7-----------V - )  + ---------2---------

2ll 2li

+ -------1-------(5r2-3r) + M,p +  M’q + (r-l)2(r-3) + -^(r-2) + i-2-(r-2)
1 2 ( 1 - ^ ) d ’V V  3(1'V ^ q } 6 jli 6ji

, (r-l)(r-2)(r-3)

u - t y i y
+ (r-2)(r-3))

n ! ( l - ) 0  + M-̂ (1-|A„)

UCi-IXp-Hq)
<r-3)(r-4) + 2

. W V i V ( r„2)(r_3) + 3(r-3)(r' 4 ) .  2r2(r-l)+r(r-l)+6(r-2)

2 d - V ^ q)
12

2 2LL + LI U + U .
+ — H— 3—(2r -l)(r  -2) + ---- E— 2 _ (2 r - l) ( r -2 ) ( r  - 3)} , (2.123)

40 -V H q )

2 r(r -1) r(r - l)(u + u ) 
d = r(r - 1) - - i ------  + ---------- E— S- (2.124)

r  r ( r - l )  , r ( r - l )  r ( r - l ) ( 2 r - l )  r ( r - l ) ( r - 2 )
i = -....—— + ■ ■ ■ + ..... — „ ■■ ■■" (2.125)

b is equivalent to a and e to d interchanging M-p and |iq.

The variances of |ip and |iq are obtained directly from the matrix of covariance, 

whereas the variance of a_ , a_ , a__ are
P 4 P4
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2( l-2|i,)( 1.2 2
-2 ( l - 2 ^ r j t z - nfd-M-,)2

var (Gj) ---------------var(Mj) + ------------var(7t) +
(1 + n)2 (1 + 7t)4 ( 1  +  7 l)3

-c o v ( m.,,7 c) ,  l = p ,q

(2.126)

2 2 2 2 2 2 2 
~2 j i V  . \l k  . \l k  . 2m M rc

var(a ) = — E-3—var(7i) + — 2-----var(Mn) + —  ------var(M_) + — 2-^—cov(Mn,Mn)
(1 + tc)4 (1 + tc)2 (1 + rc)2 (1 + n)2 P

2\l u k  . - 2m u rc - - 
+ — £-2—cov(m ,tc) + —  " cov(m ,rc) .

(1 + 7C)3 p (1 + ti)3 q
(2.127)

As k  tends to zero the covariance matrix tends to n r 1 times

^ P(1 - ^  _ M i  o

M i

0

^ ( 1 - ^  o

0
1

r(r-  1)

(2.128)

In order to define alternative estimators, we suggest a components of variance 

estimator from a multivariate analysis of variance. We define the bivariate binary vector 

yij, with components y^p and y ^ ,  in the following way: y^p is equal to one if 

observation j o f individual i belongs to category one and zero otherwise and yijq is 

equal to one if observation j of individual i belongs to category two and zero otherwise, 

giving
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SO'ijp I Pi. 4 )  = Pi,

var(yijp I Pi, q;) = Pj(l - Pi),

£(yijq Ipi, Qi) = Qi,

var(yijq I p;, qj ) = q;(l - q;).
(2.129)

We also define

£(Pi) = Pp, Efai) = Pq>

2 2 var(p.) = a p, v a r ^ H ^ ,

cov(Pi,qi) = CTpq .

(2.130)

Then unconditionally

E{yiv) = rpp, E(y iq) = rnq,

var(yip)= rp p( l - p p) + r(r-l)ap, var(yiq) = rpq(l - p.q) + r(r - l)cyq, (2.131)

cov0 'ip, yiq) = -rPpPq + rfr - l ) a pq,

where y., = Z  yy,, 1 = p,q.

The Multivariate Analysis of Variance table is given by

source d.f. sum of squares

Between m -1 B = L r i6 ’i - y.K yj - y .)’
i=* 1

Within
m

2 > ,- m
i=l

m H
w = £ £ o ' i j - i 'i )0 ’ij ->’i)’i=*l j=*l J J

Total
m

S v i=l j=»l J J

where y. = ( X yijp/ri, )' = (yip, y iq ) and y„ = ( E y ip/S r i ,  S ^ i q / S r , )’

(y..P,y ..q )-

73



Assuming that the sample sizes are equal, we have

E(
1

-B-
1

m -1 m ( r - 1)
■W)=r

2 2a ap pq
2 2a apq q

(2.132)

and therefore, for large m, is

~2 a  =
1 -

1 m (r-l)ti2 /  y a - y ) — y J l  -  y j ). ■ i = p.q. (2.133)

is an unbiased estimator for Oj2.

An unbiased estimator for a ^ 2 is

~2apq m ( r - 1)• I  V i  , - v . . (2.134)

which, for large m, is equivalent to

a i m i m m

52 = — —  Y y .v .  - — y T y . v .  . pq n u (r - l) fr {V iq (2.135)

~ 2 ~ 2 ~ 2
The variances of a p and Gp correspond to the variance of the estimator of tfQ

in the binary case, replacing the moments of the beta distribution by the moments of the

marginal beta distributions of p and q respectively. The variance of a__ is given by
P 4

2 2
Sfr7Ij< V q  + % + V q  + + fr - 2><r - 3̂ 22 + *  - -  r(r

+ 2(r - l)2% |ipHq + (r - D2(hV  + -2(r - l)(r - 2)(|ipH12 + )y i21) ).

(2.136)
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Asymptotically, as a  + P + y ->oo, all the moments but the first ones, |ip and 

jx , of the marginal beta distributions of p and q tend to zero, whereas for the momentsH
of the Dirichlet distribution |i12 tends to |ip|iq2, |i21 to }ip2|iq, |i22 to p.p2|iq2 where jxst 

means E(psql). Therefore, as a  + p + y — the variance of a  tends to
r4

S F i ) 1 ^A - - ̂ A + 2mA  !• (2a h )

For some values of a ,  P and y the relative efficiency of the components of 
2 2variance estimator of a p ( or a q ) are given in table 2.18.

Table 2.18.
Asymptotic relative efficiency o f the components o f variance estimator 

to the maximum likelihood estimator.

a P = Y= a  
Hi =1/3

(3 = y = 2 a  

Hi = 1/4
p== 2y = 2 a  

=1/5
P = Y=I 

Hi= '

1 .547
r = 2

.618 .576 552
3 .522 .552 .533 .535
5 .514 .534 521 527

10 .508 .518 , .511 516
20 .504 .509 .506 509

100 .501 .502 501 .502

1 .481
r =

.573
10

.506 .531
3 .495 .536 .498 .580
5 .500 .525 .498 .588

10 .503 .515 .498 .576
20 .502 .508 .499 .553

100 .500 .502 .500 .514

The asymptotic relative efficiency of the moment based estimator of op2 (or a q2) 

with respect to the maximum likelihood estimator as a  + p + y tends to infinity tends to 

.5 for any value of the sample size when all are equal. It is possible to show that in 

general, if  k is the number o f possible categories of response, the limit of the
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asymptotic efficiency, as a  + p + y  tends to infinity, of the components of variance 

estimator relative to the maximum likelihood estimator tends to l/(k  -1). This can be 

explained by the fact that we are not using all the information available; for instance, in 

the three categories case, when y is equal to zero the observation might belong to 

category zero or to category two and we are not incorporating that information into the 

estimator. This does not happen in the binary case because all the information is 

contained in the estimator.

In general as the sample size, r, increases the efficiency increases and its 

convergence to the limit value is slower.

It is clear that estimating |xp by X X yijp/(m r), and analogously p q by 

XXyijq/(mr) is as efficient as in the binary case.

In the case of the covariance we find that the asymptotic efficiency of the 

moment estimator is always less than or equal to .25, but whereas the maximum 

likelihood estimator can only take negative values, the components of variance 

estimator is not restricted. Thus if for some reason we think that the correlation can 

only be negative it is better to use the maximum likelihood estimator; otherwise the 

components of variance estimator might be preferable.

We notice that as in the binary case, we can express the covariance matrix of the 

observations in terms of the mean of the population and a parameter which can be seen 

as an index of overdispersion. Writing the matrix of covariance as n r 1 times

r( l + (r - l)p)
l y 1 - v -LI U ' f  q

-nPnq Hqd - Hq)
(2.138)

which corresponds to ( 1 + (r - l)p) times the variance expected under a multinomial 

model, therefore p can be seen as an index of relative dispersion . It is clear that we 

can have different moment based estimators of p, such as the ones based on the ratio 

a i2/{ " y..i) }» for 1 = p,q, or alternatively the ratio a pq2/{y..p);..q}- The first
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ones are preferable because they are more efficient than the second one relative to the 

maximum likelihood estimator, the choice of 1 = p or 1 = q depends on the particular 

values of pp and jxq, the more efficient estimator being the one based on the bigger 

value, i.e., if y  is bigger than y  the estimator based on a p andy  . Again, as 

in the binary case, the comments referring to the asymptotic relative efficiency of the 

components of variance estimator to the maximum likelihood estimator of the variance 

apply for the estimation of p .

One alternative estimator of p is the quasilikelihood estimator, it is not difficult 

to see that we could use extended quasilikelihood and could estimate p by

P = -----------— 2— ^ —  - l ri( ^ £(iog(l-)'i -yi ) - logCy ) + (1-y. )log(l-y. -y. )
£  (rr l)  1-1 (l+ (r.-l)p )2 yiq

- 1 (l+ (rr l)p )2

-^<log(l-pp-Pq)-log(jIq))+(l-yiq)log(l-pp-pq))-l}} , (2.139)

( or the equivalent interchanging yip with yiq and |ip with |iq ) where pp and |iq are the 

quasilikelihood estimators of the mean given by expression (2.40). The variance of 

both estimators is given by expression (2.68) and the limit of the asymptotic efficiency, 

as a  + p + y —>oo is

m  ^

B v » 2
i=l
m

2 lr . ( r .  - 1)
(2.140)

which is always less than .5. When the number of observations in each sample is 

small, the estimator based in the components of variance estimator and the sample mean 

is preferable to the quasilikelihood.
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In the case when the categories of response are ordered, in the simple situation, 

with no explanatory variables, we could use the same models. In this case to assign to 

the categories numbers, like 0 ,1 ,2  is not just a label, we have to assign them in natural 

order according to the order of the categories and the only permutation that might be 

possible is that one which reverses the order of the categories. But even in the ordinal 

scale, the use of the labels 1,..., k does not imply that the spacing or distance between 

categories is in any sense regular.

The same moment based estimators are obtained by equating the first two 

sample moments and the first mixed sample moment to their expectation. In the case of 

three categories and using the same notation as before we have

m 10

m01

m v
= 1 ^ ,m

= 1 ^ ,m

E(m 10) = r n p>

£(m 01) = rnq,

£ ( m „ ) = r ( r - l ) n pn q +  r ( r - l ) a ^ q . (2 .1 4 1 )

2m y.
m 20 =  ^  “S f ’ £ (m 20} =  %  +  - 1^ p  +  r<r "DOp ’

m02 £ ( n V  =  r |iq +  r(r - l ) | l q +  r ( r - l ) a q .

Equating the moments to their expected values and solving for |i , o  2, a  2
** 4 r  4

and a   ̂we have the same estimators as before.
P 4
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2.10 GENERALIZATION TO M ORE THAN TW O CATEGORIES 

W HEN TH E RESPONSE PROBABILITY DEPENDS ON A 

LINEAR PREDICTOR

To develop a suitable statistical model it is essential to distinguish between the 

different types of scale measurement. We consider models for ordinal and nominal 

categories following McCullagh & Nelder (1978,pp 102)

The models for ordinal scale of measurement can be classified into two types, 

the first one being the models which are invariant under the group of adjacent response 

categories. These models are based on the cumulative distribution probabilities 

y .(= p1+ ... +pj), j= l,...,q . The simplest models in this case involve parallel 

regressions on the appropriate chosen scale.

g(Yij) = <Xj - P'X; j = (2 .1 4 2 )

where g is any suitable function mapping the interval (0,1) onto the whole real line.

The parameters (Xj and p are generally unknown and the main interest is in p 

and not in the aj.

The second class of models are those where the categories are of interest 

themselves, but because examples are not very common we do not present them 

explicitly.

The better known and more useful model for nominal scale of measurements is 

obtained by taking a linear logistic relation for the comparison of the probabilities of 

any two levels of response.

In general it is written
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(2.143)
exp(TV.)

p. --------------—
U X3'

2 > XP ( Vlc=0

where T)- = P'yq and in order to avoid overparameterisation we set Pq = 0.

The likelihood for both models is based on the multinomial likelihood and it can 

be expressed as a function of the unknown parameters by substituting the appropriate 

systematic model into the likelihood.

When overdispersion is present, we can assume a Dirichlet distribution and the 

same kind of assumptions as in the binary case, of equal index of overdispersion or, in 

this case, equal covariance matrix of the variables. In this case it is more sensible to 

assume that the index of overdispersion is constant from sample to sample, because 

with the assumption o f equal covariance matrix the likelihood becomes very 

complicated. We could use moment based estimators, but the relative efficiency of the 

moment estimators of the parameters which define the overdispersion to the maximum 

likelihood estimators is not veiy good.

2.11 CONCLUSIONS

When overdispersion is present and the sample sizes in all the individuals or 

groups are the same the sample mean is a good estimator, in terms of asymptotic 

efficiency relative to the maximum likelihood estimator, of the mean value of the 

probabilities of success; the degree of overdispersion is unimportant in this situation. 

In this case the easiest way to estimate the variance is using the components of variance 

estimator given by expression (2.33) and its asymptotic efficiency relative to the 

maximum likelihood estimator is over 95% for values of the sample size in each
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individual or group less than or equal to ten. As the sample size in each group 

increases the asymptotic efficiency decreases, but nevertheless the limiting values as r 

(the sample size in each group or individual), tends to infinity is still over 80%, for any 

amount of overdispersion. This estimator is more efficient than the quasilikelihood 

estimator of the variance, particularly when the sample sizes and the overdispersion are 

small.

When the sample sizes are different for each group, the pooled mean is a good 

estimator, in terms of efficiency, of the mean value of the probabilities of success. The 

quasilikelihood estimator is more efficient than the pooled mean but, in general, the 

difference is not large, unless the sample sizes are very different; in this case Cochran's 

estimator is the best option.

In the case of the variance the components of variance estimator and the 

quasilikelihood estimator are not as efficient as in the equal sample size case. The 

efficiency of the components of variance estimator decreases as the heterogeneity of the 

sample sizes increases and also as the overdispersion decreases, but nevertheless the 

efficiency is still quite high in a wide range of situations.

When instead of a binary response we have a categorical one, neither the 

quasilikelihood estimator nor the components of variance estimator are good to estimate 

the covariance matrix of the vector of probabilities. The efficiency decreases when the 

number of categories increases. Therefore especially when the overdispersion is small 

the use of the maximum likelihood estimators is recommended with the exception of the 

estimation o f the covariance between the probabilities of two different categories, 

because the maximum likelihood estimator is restricted to be negative.

When explanatory variables are present more consideration must be made and 

more assumptions about the distribution of the random probability of success have to 

be made. Nevertheless when the overdispersion is small moment based estimators 

perform well, and they are easier to calculate.
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Potthoff & Whittinghill (1966) suggest a test for the presence of overdispersion 

based on the assumption of a beta distribution for the probability of success, which in 

the case of the mean of the beta distribution being known is the locally most powerful 

test; the test statistic is based on sums of the observations, and is therefore 

straightforward to calculate. In the case that this mean is unknown, the most common 

one, they suggest a test which is based as well on sums of the observations. This test 

is conservative, i.e.,the actual probability of type I error is always less than or equal to 

the stated one. As a result in some cases the test loses power. They investigate the 

power o f this test and the traditional chi square test for homogeneity. Finally they 

extend this test to the case of more than two categories of response, using the 

assumption that the multinomial probabilities are Dirichlet distributed.
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CHAPTER 3 : ASYM PTOTIC EFFICIENCY OF TH E LO G ISTIC 

REGRESSION ESTIM ATORS RELATIVE TO TH E LINEAR 

DISCRIM INANT FUNCTION

3.1 INTRODUCTION

3.1.1 GENERAL FORM ULATION

Logistic regression and discriminant analysis are conceptually two different 

techniques and yet they are intimately related. We are talking of two different 

problems, and the solutions proposed for one are different from those proposed for the 

other. Nevertheless in some situations estimators obtained in one of them might be 

used in the other one.

In discriminant analysis there are two distinct populations, which we will

denote throughout by 1 and 0 (usually two intrinsically different groups ). Within each

of these populations there is a set of properties x. That is there are two probability
0

densities f x{x) a n d /0(;t) and the focus in discriminant analysis is on how the two 

distributions differ most sharply. In a different form we may wish to assign new 

individuals, in some optimal way, to one of the two groups given new vectors of 

variables from new individuals .

Note that the emphasis is strongly on the distributions of x  within the two 

populations, which are supposed to be stable well-defined characteristics of the two 

populations.
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On the other hand logistic regression presupposes a stable statistical relation 

such that once a vector of explanatory variables, x, is given a probability (that a binary 

response, y, is equal to one) is determined. The distribution of x  is not directly 

relevant to the definition. Usually y is in some sense determined by x  and ideally the 

vector* would be enough to determiney.

The linear logistic regression is a particular specification of this relation and is 

conceptually just a special case of a regression or dependency relation.

If a binary variable y, is related to a vector of explanatory variables, *, by 

means of this model, we have

a  +  $x

P ( y  = 1 U ) = --------------- .
( l  +  e“ +P* )

(3.1)

P ( y  = 0 IX )= -----------------
(1+e

Within the framework of discriminant analysis, there are two different situations 

for consideration. In the first the relative frequencies with which the two populations 

generate data are not defined. We can not represent y by a random variable, i.e., we 

cannot consider its probability distribution either marginally or conditionally on x. 

Thus logistic regression is not applicable. The statistic for assessing * in this case is 

the log likelihood ratio

logfito) - logCfoCx)), (3.2)

with large positive values pointing to the first population and large negative values to 

the second one.
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Now if the densities come from the same exponential family with canonical 

statistic x  and with two different parameter values, then it is easy to see that (3.2) is a 

linear combination of the components of x. We call the resulting function a linear 

discriminant function. The most important case is when f \ ( x )  a n d /0(jt) are 

multivariate normal densities with the same covariance matrix £  and means and |i0. 

Then (3.2) becomes

~  0 \  - ^ 0) 'S  OS + M-„) + OS - H0) ^  * ’ (3.3)

which is the population linear discriminant function.

The second situation within the framework of discriminant analysis is that there 

are physically defined probabilities k x and 7U0,  with n l + 7t0 = 1, so that we can 

represent the population for an arbitrary individual by a random variable Y, which 

will take the value one when the individual is from population one and zero when the 

individual is from population zero. The full properties o f such an individual a 

represented by a random  variable (7 , X),  the functions f \ ( x )  and fo(x)  now 

specifying conditional densities o f X  given y  equal to one or zero. For a new 

individual of known x  but unknown Y, we have by Bayes' theorem that

P ( Y =  1 \X  = x) =
rc /i(* ) + V 0(x)’

(3.4)

so that

, , P ( y  = 11*)^ , (3.5)

defining a logistic regression equation in which the prior probabilities are isolated into a
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single term.

In this formulation the logistic regression emerges as a natural way of 

describing the uncertainty in attaching a value of y  to a new individual with a known 

value of x; alternatively, if  that particular problem is somewhat notional we can regard 

the right hand side of (3.5) as a function of x  describing the criterion in terms of which 

the two distributions of X  most differ.

One approach to linear discriminant analysis which in a sense is purely 

descriptive is Fisher's Linear Discriminant Function (LDF) which is constructed as the 

linear combination o f the components of x, Xx,  which maximizes the ratio of the 

difference between the means to the standard deviation within populations, assuming a 

common but arbitrary covariance matrix for the components of x, i.e., the linear 

combination o f the components o f x which most strongly separates the two groups 

(Fisher, 1936); in this case X X~l ( M-i “  This approach was developed 

distribution free and X might be estimated by replacing jj.j by the sample mean of 

population i, x-v where again jij and x* represent column vectors, and X by the pooled 

estimator S = { (nx - l)S j + (n0 - 1)S0 }/(n - 2), where njis the number of individuals 

in population i, n (= + n0) is the total number of individuals in the two populations,

and Sj is the sample covariance matrix of the individuals coming from population i.

In the particular case of x being normally distributed, with mean and 

variance X, x x is the maximum likelihood estimator, pj, of |Xj and S is the maximum 

likelihood estimator, X, of X, and therefore when we replace 1 by Xj and X by S we 

obtain a multiple of the maximum likelihood estimator of the linear discriminant 

function defined by equation (3.3) and the linear combination function defined by 

equation (3.4), replacing by n^n.

When we are interested in discrimination it is not difficult to see that, for any 

positive c, cX ( =  cX '1(M.1-|i.0))> gives the same rule of classification and therefore the 

same probability of misclassification; we will see that in terms of coefficient estimation 

the value of c does not affect inference about the parameters.
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In terms o f maximum likelihood estimation, the contribution of the ith

individual, dropping the subscript for simplicity, can be written as

P(Y -  y)fy(x)> y = 0,1 (3.6)

or

P(Y = y \ X = x ) f ( x ), (3.7)

where in expression (3.6) f y(x) represents the conditional distribution of x  given y, 

and in expression (3.7) f ( x ), represents the unconditional distribution of x.  

Maximization of either expression leads to the same result, in the case of a normal 

population to Fisher's Linear Discriminant Function, but if in (3.7) we maximize only 

the first factor we would be using techniques of logistic regression analysis. It follows 

that logistic regression is inefficient, under the full assumptions, in that the second 

factor of (3.7) does contain information about relevant parameters and this information 

has been discarded.

3.1.2 GENERAL COMM ENTS

An advantage of logistic regression is that the estimators are conditional on the 

observed values of the x  and do not require an assumption of a distributional form for 

the x, or if the x  are in fact random variables they can have any distribution.

Another point is that the logistic regression model is satisfied for a wide range 

of conditional distributions of x  ( among them multivariate binary observations and 

members of the family o f densities / },(^)=g(0),,'n)/zU ,'n)exp(x'0;y), with ri an 

arbitrary nuisance param eter). In the case of the linear discriminant function, we have
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that when the observations are normally distributed the linear discriminant function 

estimators, formed by replacing the parameters by their moment estimators, are the 

maximum likelihood estimators (or a multiple of them ), but this is not necessarily true 

for any distribution; however it is true in the case of observations from any elliptical 

distribution, which covers a fairly wide range of distributions including the normal.

In terms of discrimination Efron (1975) proved that the linear discriminant 

function is more efficient than logistic regression when the observations have a 

multivariate normal distribution, and that this efficiency depends on the Mahalanobis' 

distance between two normal populations ( Mahalanobis (1936)), defined by A, where 

A2 = (jj.j - |I0)'X - M-q)» as well as on the number of individuals in each population

( or the probability of an individual being drawn from a specific population ). His 

work is based on comparing the error rates of the misclassification obtained with both 

methods.

Several authors have compared the two estimators, among them O'Neill (1978), 

who compared the maximum likelihood estimators of the linear discriminant function 

with the logistic regression estimators for several distributions of the explanatory 

variables, in terms of probability of misclassification. Not surprisingly he found that 

the maximum likelihood estimators are more efficient than the logistic regression. This 

is not necessarily true ( even in terms of misclassification ) when we use the moment 

estimator of the linear discriminant function ( Fisher (1936)).

Some other work on this subject has been done either with simulation studies or 

empirical studies under several distributions of the explanatory variables ( see, for 

instance Press & Wilson(1978) , Amemiya & Powell(1983)), but most of them have 

been in terms of probabilities of misclassification.

In terms of coefficient estimation Byth & McLachlan (1980) compare the 

relative efficiency, in terms of mean square error, of the logistic regression estimators 

to the linear discriminant function for particular distributions of the explanatory 

variables which satisfy the logistic regression model, in the sense that the logarithm of
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the ratio of conditional probabilities is linear in x. They find, that in most of the cases 

the logistic regression estimators have less bias ( order 1/n ) than the maximum 

likelihood estimators, but nevertheless in terms of mean squared error the maximum 

likelihood estimators are in general superior.

We start by reviewing both estimators and their properties in the particular case 

when the p explanatory variables follow a multivariate normal distribution. We 

calculate the asymptotic relative efficiency for different tests associated with the 

parameters and finally we discuss the robustness of the logistic regression estimators 

and the linear discriminant function estimators to different violations of the 

assumptions, first when the covariance matrix is not the same in both populations and 

later when the explanatory variables do not follow a multivariate normal but an elliptical 

or spherical distribution.

3.2 PRO PERTIES O F TH E ESTIM ATORS W HEN THE 

EXPLANATORY VARIABLES ARE NORM ALLY DISTRIBUTED

3.2.1 FISH ER 'S LINEAR DISCRIM INANT FUNCTION

An estimator of Fisher's linear discriminant function is given by cS_1d, where S 

is a p x p matrix which estimates X, the covariance matrix ( assumed equal in both 

populations) defined as

ni n j+ n u

£ ( * ; -  f j X X . - ^ y  +  X C t i - ^ X X i - J C g ) '

s = — ---------------------------- ^ _______________ _ (3.8)
n - 2
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where

.2 *
ni+no

a: = j—
n,

_  j=ni+I

xo ~ n„

x.j
(3.9)

d - X i  - xq%

n  =  n 1 4- n o ,

(3.10)

(3.11)

with nj the number of individuals in the sample from population i (i = 0,1 ), c any 

positive constant and, without loss of generality, we assume that the first nj individuals 

are from population one and the remanding no from population zero.

When the observations are normally distributed (n - 2)S is a Wishart distributed 

random matrix W (£; n - 2, p), independent of x i , x 0 and x x - x 0; therefore using 

properties of the Wishart distribution we have that

,-i
£ ( c S  ‘ d )  =  cE(S l)E(d) =  I ' V -  H ) = ' •

n - p - 3  1 o  n - p - 3
(3.12)

To obtain the covariance matrix of the linear discriminant function estimators we 

follow closely the work of Das Gupta (1968) who obtained it for the case of one 

population and £  = I.

Writing (n -2)S as S, the linear discriminant function is defined as

b = c (n - 2)S‘1( JCj - jc2). (3.13)

Assuming that the observations from population i have a normal distribution 

with mean jll* and variance £ ,  it is clear that x x has a normal distribution with mean 

and variance n ^ X , and therefore JCj - jc0 is normally distributed with mean - p 0
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and variance (n f 1 + no’1) X. The covariance matrix of b is given by

cov(b) = E(bb') - £(b)£(b’). (3.14)

To obtain these expectations we note first that if we write X = A A \ and define 

S*= A"1S(A')"1; then S* is Wishart distributed W(Ip; n - 2, p). If we define

b* = S*‘V  , (3.15)

where y = A*'(xj - xq) = A *d, we have that

b = (n - 2) (A’) 'V  (3.16)

and the covariance of b is then given by

cov (b) =(n - 2)2(A')’1cov (b*)A4 . (3.17)

Das Gupta shows that if S* is Wishart distributed W(Ip; m, p) and v is a p x 1

vector

* - i  * - i
E(S vv'S ) =

v'v I + (m - p - l)vv'

(m - p)(m - p - l)(m  - p - 3)’
(3.18)

in particular, if v is a random vector we replace v'v and w ' by their expected values. 

Therefore noting that

E ( b )  =(n - 2)
A_1 (li, - H0)

( n - p - 3 )  ’
(3-19)
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we have that

* N , „M E(y 'y ) 1 + (m-p-l)E(yy D A'VpXA'Vl , ,
cov(b ) = (n - 2) { p . ------------  / ) • (3-20)

(m-p)(m-p-1 )(m-p-3) (m-p -l)2

where \i = - |i0 and m = n -2. Because y  is a normally distributed random variable

with mean A’V  and variance (n ^1 + n0-1)I, we have that

E(yy") = A'VnXA1)' + ( —  + — ) I .
n i no p

(3.21)

and

E iy 'y  ) = ( — + — ) p  + p ’(A V a  V = ( — + — )  p + p T  V  •./a-k .a-i ,, r  1 . 1
n i no ni no

(3.22)

Therefore

cov (b ) =
m2((m -l)(i-  + i - ) l p + (p T V ) Ip + a V '(A ~ V (^ ; P - | . ) )- i ...... A A - i v / m - p + l

(m - p)(m - p -l)(m  - p -3)

and

c ( n  - 2)2(0iT V ) I '1 + (n - 3)------ 1 '1 + S’W 'Z

(3.23)

n v .i -i - i n - p - 1

-lcov (cS d) =
n ino n - p - 3 ‘

(n - p - 2)(n - p - 3)(n - p - 5)

(3.24)

We notice that the limit distribution, as n -> «>, of Vn (bn - X'V)> (where we 

write bn to emphasize the fact that the linear discriminant function has been calculated
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from n observations) is equal to the limit distribution of (A')’1 Vn (bn* - v), where 

v=A"V-

To obtain the asymptotic distribution of Vn (bn* - v), we note that

/  n \  >— S *-i
- W )  V (n-2)(—  -I)((n-2)S >  . (3.25)n-z n-z

As n —>©o,

(n - 2)S*’1 —» Ip in probability, 

'In fa *  - Vj) —» A(0,Ip) in distribution, (3.26)

and

V(n - 2)((n-2)_1S* - ID)v -»  N(0,vv' + v ’v ID) in distribution,

and we have that Vn (bn* - v) tends to A (0,vv' + ( ^ / ( n ^ o )  + v 'v)Ip ). Hence the 

limiting distribution of Vn (bn - S  V) is normal with mean zero and variance given by

1 21 /  2, . 2 H . ri* l “ 1 i’o “ 1 \— (c (A + ------)X + Z  nn l  )n V n n
n ino

(3.27)

This result will be used to compare the linear discriminant function to the 

logistic regression estimators.
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3.2.2 LOGISTIC REGRESSION MAXIMUM LIK ELIHO O D

ESTIM ATORS

In order to obtain estimators of the parameters of the logistic regression model 

we maximize the conditional likelihood given by

where in order to have a unique solution the explanatory variables must satisfy that the 

rank of X, the matrix whose rows are the individuals and whose columns are the 

explanatory variables has rank equal to the number of explanatory variables, provided 

that there are more individuals than explanatory variables (O'Neill ,1980).

Asymptotically the estimators are normally distributed with mean a  and fV and 

variance given by the inverse of

where dF(x) = ( n-Jiix) + KofQ(x) )dx. In the particular case of x  being normally

In order to calculate the asymptotic variance of the estimators we use the well 

known fact that if x  is a normally distributed random variable with mean \i and 

variance X, x*= Ax  + a is a normally distributed random variable with mean Aji + a

n (a +

(3.28)

(3.29)

distributed /•(*) = (2k ) 1/2| X | *1/2exp ( -  (x - p.i)'X"1(JC - \ i )  I 2 ).
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and variance AXA'. Based on this, and for simplicity, we define a standard situation. 

By a standard situation we understand that* (dropping the superscript for simplicity of 

notation) is normally distributed with mean p.s and variance I. In this particular work 

we define = (A/2,0,...,0) and p So=(-A/2,0,...,0). The reason for this particular 

choice is that in this case E(a)=log(7t1 / n2 ) and £(P') = (A,0,...,0), simplifying the 

integrals which define the variance as much as possible.

In order to have this standard situation, A must be such that A'A = Z ’1, and for 

some a, A jij + a = (A/2,0,...,0) and A p0 + a = (-A/2,0,...,0). In other words, if we 

call Vy the element (i,j) of Z \  the elements of A are the solution of the following 

equations

£ ak i= v u>k=l
i = l,...,p, (3 .3 0 )

^  V k i  “  Vij’

%II ( 3 .3 1 )

§ a i A l )  = A’ (3 .3 2 )

^  ajk^(k) =  °» j = 2,...,p (3 .3 3 )

with |i(j) equal to the jth component of |i (=  jij- |i0).

There are more equations than variables; therefore a solution might not exist. 

We obtain a solution by setting

Pj

ay = 7 ’

a -  A - f a  Mlp Z faik
(̂p) k" (̂P)

j = l,...,p -l, (3 .3 4 )

(3 .3 5 )
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and letting

1
2 2 a . . = v.. - a.. ,Kj u ij ’ j = i , - ,p , (3.36)

and

= v.. y - a ija ii i,j = j * i . (3.37)

The conditions define by equations (3.32) and (3.33) are satisfied when we 

solve equations (3.36) and (3.37), having imposed values for a , j= l,...,p . Because 

E '1 is a positive definite matrix there exists A such that A’A = X '1; therefore a solution 

for equations (3.36) and (3.37) must exist

Hence if we transform the variables in this way, we have that = A-1(|i - a), 

and therefore

P = A’A A 'V ,! - |ls2) = A'()isl - Hs2) = A'p,. (3.38)

The covariance matrix of the asymptotic distribution of p is expressed in terms 

of the covariance matrix of the asymptotic distribution of Ps as

A 'cov(ps)A. (3.39)

For the standard case the covariance of the asymptotic distribution of a s and ps 

is given by the inverse of the information matrix based on the transform variables. The 

information matrix is given by
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7t AXj
— e

-------  (  1 )(ljc)dF(A :) , (3.40)
^ i x2 x

where dFOc) = (n ^ ln )  p/2exp(-0t2-2A;t+A2)/2) +tc0(2tc) p/2exp(-Ct2+2A;t+A2)/2)) dx\ 

If we define

oo

-oo

n
— e

71. Ax{
( 1 +  — e

dF(x) . (3 .4 1 )

the covariance of the asymptotic distribution of ps is given by the inverse (p x p) matrix 

of n times

d iag [v3,v1,...,v1] - (v2,0 ,...,0)'v1' 1(v2,0,...,0), (3 .4 2 )

which is equal to

id ia g
V t V 3  -  V 2  V 1

(3 .4 3 )

The element (i,j) o f the covariance matrix of the asymptotic distribution of p is

then

a. .a., ii ij
V 1 V 3  '  V 2

+ i _ ^ a k.ak. .
„ U  kl kJ (3 .4 4 )

We will use this result to compare the logistic regression estimators with the 

linear discriminant function estimators.
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3.3 ASYM PTOTIC RELATIVE EFFICIENCY IN TERM S OF 

CO EFFICIEN T ESTIM ATION

3.3.1 TH E EFFECT OF A SINGLE VARIABLE

If we are interested in the effect on the response of a particular explanatory 

variable, say, without loss of generality, JCj, in the presence of other explanatory 

variables, one way of comparing the efficiency of the above two approaches is by 

comparing the efficiency of the test of the hypothesis H: = 0 ,  under the two

procedures.

Because both estimators are asymptotically normally distributed in both cases to 

use as a test statistic the ratio of the difference of the estimator and the null value to the 

standard deviation o f the estimator is appropriate, and both test statistics have 

asymptotically a standard normal distribution/

In testing a given hypothesis against a given alternative, the simplest way of 

comparing two tests is by comparing power functions. In other words, for the same 

statistical hypothesis, the relative efficiency of the second test with respect to the first is 

given by the ratio n1/n2, where n2 is the sample size of the second test required to 

achieve the same power for a given alternative as is achieved by the first test with 

respect to the same alternative when using a sample size nx.

In general the ratio nx/n2 will depend on the particular alternative chosen, that in 

some way is undesirable; however if we restrict attention to asymptotic results this fact 

can be avoided, and we can obtain a single measure of efficiency.

Both tests are a-consistent tests against the class of alternative hypotheses in the 

problem, i.e., for any fixed a , level of significance of the tests, the tests have power
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approaching one, for any fixed alternative; thus the simple comparison of the ratio of 

the power is no longer useful.

We use the definition of efficiency, which seems to be due to Pitman 

(Noether, 1955). The general idea is to define sequences of alternatives changing with 

n (approaching the value tested), in such way that as n— the power of the 

corresponding sequences of tests converge to some number less than one, and define 

the asymptotic relative efficiency as the limit of the corresponding ratios n^n^

Consider test of the null hypothesis H: 0 = 0O against alternatives H: 0 *  0O, 

based on the sta tistic  T n (= T ( jcx, . . . ,jcn )), w ith E ( T n) =i/rn (0 )  and 

var(Tn)=an (0) ( we write the argument to emphasize that either the mean or variance 

or both might depend on the value of the parameter ), satisfying the following 

conditions:

1.- lim
- m pn -

n —>oo

y £ X >

° n( V
= c , (3.45)

for some positive c and p; where m indicates the first non zero derivative of y/ 

evaluated at 0O.

2.- For an alternative H x: 0n = 0O + k/nP, where k is an arbitrary positive 

constant

lim
n —

= 1, lim
a  (0 )

n v i r

n̂ °°a (0 )
n v  0

= 1 . (3.46)

3.- The original condition on Pitman’s theorem is that as n tends to infinity the 

distribution of (Tn -yrn(0))/Gn(0) tends to the standard normal distribution 

both under the null and alternative hypothesis, but from the proof o f the 

theorem it is possible to see that this condition can be relaxed to the distribution
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of (Tn - Y n(Q))/Gn(Q) tends to a regularly behaved distribution function 

(continuous, strictly increasing function ) both under the null and alternative 

hypothesis.

Then Pitman’s theorem establishes that the asymptotic relative efficiency of two 

such tests, with the same value of m and p, is given by the limit as n —><» of the ratio of 

the efficacy of the two tests, where the efficacy of a test is defined by

(̂ X v /mp (3.47)

A proof is given by Noether(1955). For a discussion of the consequences, in 

terms of the asymptotic relative efficiency, for tests satisfying (3.45) for different 

values of m and p see Kendall & Stuart(vol. 2 pp 288).

If, in addition,

lim
n —>°o

= 1 (3.48)

is satisfied and yfln{ 0 )  = yr2n( 0 ) then the asymptotic relative efficiency of the tests 

reduces to asymptotic relative efficiency of the two test statistics ( the ratio of their 

variances ). In particular if Tj and T2 are unbiased estimators of the parameter 0, the 

asymptotic relative efficiency of the two tests is the same as the asymptotic relative 

efficiency of T2 and used as estimators of 0.

Blomqvist(1950), define the asymptotic relative efficiency of tests as the ratio of 

the derivatives of the power functions; this criterion is equivalent to Pitman’s when the 

additional condition
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(3.49)
a 2'(9 )

lira n g- - 0
< ( e 0)

is satisfied.

We will see that both estimators, the linear discriminant function and logistic 

regression, satisfy the conditions of Pitman's theorem and we will find the asymptotic 

relative efficiency of the tests.

First, in the case of linear discriminant analysis, we have that the expected value 

of the linear discriminant function, as suggested by Fisher, i.e., using the moment 

estimators of the parameters, as the number of observations tends to infinity is cp and 

the variance of the estimator of pj is given by

2 1 2
+ A2) v tl + — ]3 'P ,'  11 n *1 *1

(3.50)

where v n  represents the first element of Z '1.

Obviously the first derivative of the expected value of the linear discriminant 

function evaluated at the null value is different from zero, being equal to c for any value 

of the parameter, and the variance evaluated at the null value Pj = 0 reduces to the first 

term in expression (3.50).

It is clear that the conditions one and two in Pitman's theorem are satisfied with 

p = 1/2 and m = 1. The third condition is obviously satisfied because the linear 

discriminant function is asymptotically normal. Therefore the efficacy of the test is 

given by

n it n ______ 1 o
(1 + k k A2)v .. v l o '  ii

(3.51)
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for any positive value c. From here on when we refer to the linear discriminant 

function estimators we are considering c equal to one, without loss of generality. 

Because we are assuming that the observations are normally distributed the estimators 

are the maximum likelihood estimators.

In the case of the logistic regression estimators, we have seen that they are 

asymptotically unbiased and with asymptotic covariance matrix given by expression 

(3.44). Obviously the first derivative of the expected value evaluated at the null value is 

different from zero; in fact it is equal to one for any value of the parameter.

From expression (3.44) in section 3.3.2, we have that the variance of is 

given by

ln
V 1 V 3  -  V 2

,, k=2
2

■ki
(3.52)

When pj is equal to zero, we have that, from the construction of the matrix A in 

section 3.3.2, a n  = 0 and X a kl = v n  and therefore the variance of the conditional 

maximum likelihood estimator evaluated at the null value is given by VnAq, where Vj 

corresponds to the integral

n A x

— e

r t ,  A x

(1  + — e

dF(x) . (3.53)

with dF(x) =7C1(2tc) p/2exp(-(x2-2AA:+A2)/2)+rc0(27t) p/2exp(-(;t2+2A*+A2)/2)d*; 

it is not difficult to see that (3.53) is equal to

- A 2 / 8
n n k e 1 o f

2-x/2
-dx •

A x / 2  - A x / 2
k e + n  e 1 o

(3.54)
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It is clear that the two first conditions of Pitman's theorem are satisfied for m=l 

and p = 1/2. The third one is satisfied from the fact that the asymptotic distribution of 

the estimator is normal. Therefore the asymptotic relative efficiency of the two tests 

corresponds to the asymptotic relative efficiency of the estimators of the parameter and 

is given by

1 + K K A2 1 0
" ‘I -

2
-X 12

A x / 2  -Ax/2K e + K e 1 0

-6x > (3.55)

which corresponds to the value obtain by Efron(1975), as the asymptotic relative 

efficiency in terms of misclassification errors.

The asymptotic relative efficiency depends on the Mahalanobis* distance as well 

as on the values o f TUj and jc0; for some combinations of different values of these 

quantities we have

Table 3.1.

Asymptotic relative efficiency o f the test pi = 0 based on the logistic regression 
estimator to the test based on the linear discriminant function estimators.

A2 0 .5 1 1.5 2 2.5 3 3.5 4

.1 1.000 .998 .977 .911 .801 .660 .511 .370 .252

.2 1.000 .998 .980 .928 .836 .710 .566 .421 .293

.3 1.000 .999 .988 .949 .870 .752 .608 .458 .321

.4 1.000 .1.000 .993 .963 .892 .778 .633 .479 .338

.5 1.000 1.000 .999 .968 .899 .786 .641 .486 .343

As the Mahalanobis’ distance increases the efficiency of the logistic regression 

estimators decreases; also when the difference of the probabilities of being in one or the 

other population increases the efficiency decreases, and this is independent of p, the 

dimension of the explanatory variables.
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3.3.2 NO EFFECT FROM THE EXPLANATORY VARIABLES (A2= 0)

We might be interested in another kind of hypothesis, for instance, in testing 

that the explanatory variables have no effect on the response or in terms of 

discrimination that the variables do not discriminate among the two populations, i.e., in 

testing H: p' = 0; because p' = - |i0), and E  represents the covariance matrix,

i.e., a positive definite matrix, the test is equivalent to test H: jij - |i0 = 0 (or | i1 = jIq).

Hotelling(1931), proposed the T  statistic for testing hypotheses about the 

mean vector of a multivariate normal distribution; later this test was extended to 

numerous applications. One of its uses is to test whether the mean vectors of two 

normal distributions with the same covariance matrix are equal against the alternative 

that they are different.

In this case the T2 statistic is defined as

r  = - x 0y s  \ Xl - x 0) . (3.56)

It is possible to show that (see, for example, Muirhead,1982, pp98)

r V p - D
(n - 2)p

F
p , n  -  p  -

i(8 .) (3.57)

where F  p, n . p . represents the noncentral F distribution with p and n - p - 1
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degrees of freedom and noncentrality parameter 8j given by

^  • (3-58)

When H is tme the noncentrality parameter is equal to zero. Therefore testing 

H r p ^  0 is equivalent to testing H: = 0, or equivalently we can write Sx= n ^ S /n ,

with 8 = (jij - |00)]£”1(jx1 - |i0), and then the test is equivalent to testing H: 8 = 0.

This test is the uniformly most powerful invariant test and is also equivalent to 

the likelihood ratio test ( see for example Muirhead ( 1982, pp211) ). Kshirsagar 

(1972, pp l24  ) gives the distribution of T  , both under the null and alternative 

hypotheses.

In the case of the logistic regression estimators, the test we use is the 

conditional maximum likelihood ratio statistic, defined as

e(iow= /(fry!*) t (3 59)
/(P0;yt*)

where p0 represents the value under the null hypothesis and in this case is equal to the 

vector whose components are all zero, /(p0;ybc) represents the loglikelihood 

evaluated at p0 and /(p;ybt) represents the loglikelihood evaluated at the conditional 

maximum likelihood estimator of P, p. Strictly we should write /(a ,P 0;ylx) instead 

of /(P0;ylx) and /(a,P;yljt) instead of /(p;ybc) but because the value of a is not 

of interest, and for simplicity of notation we omit it.

Under H: P = p0 (p0 = 0), W has a central chi- square distribution with degrees 

of freedom equal to the dimension of P ( Cox & Hinkley ( 1974, pp34)).

This test is asymptotically equivalent to

w , -  (p - P0)'i.(P0)(P - Po)> (3-60)
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and

w u = jy.'(P0)i.-1(P0)t/.(po), (3.61)

where i.(p0) C/.(Po) rePresent respectively the expected value of the second and

the first derivative of the log likelihood evaluated at the null value. Again we are 

writing i.(p0) instead of i.(p0:oc) but the value is exactly the same as can be seen from 

expression (3.42) and (3.43).

When H is not true the distribution of W, We and Wu is a noncentral chi square 

with noncentrality parameter 82 equal to (p - p0)i.(p0)(p - p0). Therefore the test is 

equivalent to H: 82 = 0.

Because of the definition of the covariance of the conditional maximum 

likelihood estimators in section 3.1, we have that when P’ is equal to zero, the elements 

of the covariance matrix are of the form

(3.62)

where v l is defined as in section 3.3.1. Then

c o v (p 0) = ^ e
(3.63)

and therefore the noncentrality parameter, 82, is

v i(P - P 0) ’I  (P -P 0). (3.64)

or equivalently, when P0 = 0

vi(m  - - iV ; (3.65)

thus the non centrality parameter is equal to VjS, and the test is equivalent to H: 8 = 0
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We are interested on comparing the performance of both tests, which again we 

do by means of the power.

Firstly, it is a well known fact that the limit as n tends to infinity, keeping d 

constant, o f a noncentral F  distribution, F d>n(8), with d and n degrees of freedom and 

noncentrality parameter 5 is d times a noncentral F  distribution with d and infinity 

degrees of freedom and the same noncentrality parameter, dFd ^(8) or equivalently a 

noncentral chi-square distribution with non centrality parameter 8, Xd2(S).

Therefore asymptotically both tests are Xp2, the only difference being in the 

noncentrality parameters. To compare them we might use the power function, which is 

a function o f the noncentrality parameter, given by P 5(X2p(8) > X 2p^ ) ,  where a  

represents the significance level; but because both tests are equivalent to testing the 

hypothesis that the non centrality parameter is zero and both tests are a-consistent we 

can apply Pitman’s theorem to the tests H: 8 = 0.

The expected value in terms of the noncentrality parameter in the case of the 

discriminant function is p + Sn^o/n  compared to p + VjS in the case of the logistic 

regression estimators. The derivatives of the expected value evaluated at the null value 

( in fact evaluated at any value) are n^o/n and wl respectively.

The variance, evaluated at the null value is equal to 2p for both tests. Therefore 

conditions one and two of Pitman's theorem are satisfied. The third one is satisfied 

because the distributions of the tests are Xd2(8) and as the alternative value tends to the 

null value the distributions of the tests tends to a central chi square, which is a regularly 

behaved distribution. Hence the asymptotic efficiency of the likelihood ratio test based 

on the logistic regression estimators relative to Hotelling's test is nvj/njng,where v ^  

when (3' is equal zero is equal to

oo
n7t 7t r

dx = nit K > l 0
(3.66)
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and therefore the asymptotic relative efficiency of the tests is one. Obviously the 

efficiency corresponds to the efficiency of testing that the effect of a particular variable 

is zero when the Mahalanobis' distance is zero, independent of the dimension of the 

vector of explanatory variables x.

3.3.3 TH E EFFEC T OF A SUBSET OF TH E PARAM ETERS

Perhaps the most realistic situation is to consider hypotheses of the kind 

H:P(2)= 0 , w here fy2) is a q x 1 vector representing a subset of the vector of 

parameters, with 1< q < p.

Obviously we want to use tests that in the case of q = 1 reduce to the normal 

tests and in the case of q = p to the Hotelling's or likelihood ratio test.

Without loss of generality we assume that p ^  is the vector whose components

are the last q components of P'. To test that p ^  is equal to zero is equivalent to testing

2 2 
that A p, the Mahalanobis distance when all the p variables are used, is equal to A k,

the Mahalanobis distance when the first k ( = p - q) variables are used. To see this

equivalence we partition the elements of fi(= [Ll - p 0) and d(= x x - jcq), into two

subsets (}i= (|i(i), M-(2))' and d = (d(i), d(2))' ) the first one of dimension k and the

second one of dimension q , and we partition S and E, as follows:

where E n  and E 22 are square matrices of dimension k x k and q x q  respectively,
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Xi2=(X2i) \ is a k x q matrix and equivalently for the elements of the partition of S. 

Now if we define

Y -  S 2 l ( S l l )  ^22.1- ^ 2 2 "  ^ 2 l ( ^ l j )  1S i2 »  (3 .6 8 )

and similarity for the sample covariance matrix

g = S2i(Su) 1 , ^22.1=^22 " ^2 l(^ ll) ^ 1 2 ’ (3.69)

we find that

P(2) =  ( ^ 22.1) (M-(2)'  YM-(i))> (3 .7 0 )

and

Ap2=Ak2+(H(2)-'m(i))’ (3.71)

with the appropriate equivalent definitions for the sample data. Hence H: P(2) = 0 is
2 2

equivalent to H': |i(2) = Y J i ( i )  and to H" : Ap = Ak .

A test for H", that from here on we call H, was proposed by Rao( 1946,1948), 

and consists of testing that the difference of the Mahalanobis' distance calculated from 

the p explanatory variables to the one calculated with the first k explanatory variables is 

zero when the Mahalanobis' distance for the first k explanatory variables is fixed.

This test is given, with Dj representing the sample Mahalanobis' distance, by

n i n o

F = n - p - 1  ^ o r 2 ) (Dp - D^

(1 +
n ino D ?)

n(n -2 ) k

(3.72)

which has a noncentral F  distribution with q and n - p - 1  degrees of freedom and
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noncentrality parameter equal to 5/v, where

$ = ^(2)' (^-22.l) M-(2)

and

v = 1 + n in0 a 2
n(n-2) k

(3.73)

(3.74)

When H is true the noncentrality parameter is zero and therefore the hypothesis 

is equivalent to the hypothesis that the noncentrality parameter is zero ( as in the case of 

Hotelling's test statistic), or equivalently to the hypothesis that 8 is equal to zero. As n
9

tends to infinity the distribution of F tends to a non central chi square Xq (8A0-

It is clear that when q = p, the expression (3.72) reduces to Hotelling's statistic 

given by (3.57), and when q = 1, it reduces to the normal test.

In the case of logistic regression we use the likelihood ratio test W defined as

W / 2e
/(p;ylx)

/(R ,B ;ybc)VH(l) H(2)(T '

(3.75)

where ^ (P ^ p P ^ o ^ * * ) represents the conditional likelihood evaluated at the 

conditional maximum likelihood estimator of p ^ ,  having p ^  = p ^ o  fixed. Note 

that a  is included in the vector p ^ .

This test is asymptotically equivalent to

“  (P(2)" P(2)0^*(P(2): P(1))(P(2)" P(2)(P’ (3.76)

and to

Wu = f/.,(P(2)o>P(i))i.P<2>fip>(P(2)o,P(i))^.(P(2)o.P(i,). (3-77)
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where i.(p ^ : P(i)) represents the inverse of the covariance matrix p  ̂o f

the limiting normal distribution of p ^ ,  given by

i -(P(2):P(l))=  i -P(2)P(2)(P(2)»P(lp"i ‘P(2Ai/P(2)’P (l))i ‘P(i)P(i) (P(2)»P(l)^-P(i)P(2)(P(2)’P(l))»

(3.78)

where i-p(i)Pa)CP(2)» P(i)) represents the element (i,j) i, j = 1, 2 of the partition of the 
matrix i.pp(p).

All the tests are asymptotically equivalent and their asymptotic distribution is
2

Xq (S2), where 52, the non centrality parameter, is equal to

(P(2)"P(2)o)'̂ P(2)P(1)(P(2)0: P(1))(P(2)'P(2)o)’ (3.79)

which under the null hypothesis is equal to zero; therefore the test is equivalent to 

testing that the noncentrality parameter is equal to zero.

When p(2) is equal to zero, we can see from the definition of the covariance of p 

in section 3.3.2 that if we partition the covariance matrix as follows

Z '1^21

'12

Z’1"22

(3.80)

where the elements of Q are given by expression (3.44), then

1*r R 77^22.1 v - '® 22"^2 i® n^  ^ 12  ̂ ’ (3-81)
P(2)P(1)̂  (2)0 (1) Vl' " - 1 V1
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the noncentrality parameter is equal to 5 6 ^ and the test is equivalent to testing 8 equal to 

zero. Again we have two different tests for testing the same hypothesis, 8 = 0, both of 

them satisfying the conditions of Pitman's theorem and from (3.73), (3.74) and (3.81) 

we have that the asymptotic relative efficiency of the likelihood ratio test to the F test 

(given by (3.72)) for testing that a subset of the explanatory variables does not have 

effect on the response is given by expression (3.55) independent of the dimensions of

3.3.4 TH E RATIO OF LINEAR COMBINATIONS OF THE

PARAMETERS

Since only ratios of discriminant functions are unique a hypothesis of the type

which specifies that the ratio of two coefficients of the discriminant function is equal to 

a constant, is of interest.

More generally a hypothesis of the form

with nij = Xj lj = 1; which reproduces (3.82) when mi = 1, lj = 1, mk = 0, for k *  i, 

and lk = 0 for k *  j, might be of interest.

P and p(2).

(3.82)

(3.83)
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To test (3.83) is equivalent to testing

H :£ (m -p l.)p . = 0 • (3.84)
j = l  J  J  J

Using the fact that asymptotically the estimators of P under both methods are 

normal, if we call f  the vector whose components are (mj - plj), we have that, 

asymptotically, f p  and f b  are asymptotically normally distributed with mean f p  and 

variances f*var(P)f and f  var(b)f respectively. Therefore to test (3.84) we use a normal 

test, and the asymptotic relative efficiency of the two tests is defined according to 

Pitman's efficiency as the ratio of the variances evaluated at the null value.

In the case of the linear discriminant function we have that the variance of f*b is

f ( — + A 2) r ' f  + ( f r V x f x V ) ’ , o .8 5 )
K K 1 0

and under the null hypothesis the second term is equal to zero.

In the logistic regression case, we have that fvar(p)f is equal to f  A'var(Ps)Af, 

where A is defined as in section 3.2.3. From the definition of A, we have that under 

the null value f  A'var(Ps)Af is equal to

— f X ' f , (3.86)

and the relative efficiency of both tests is again given by expression (3.55), 

independently of the values of p and the vectors m and 1.
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3.4 RELATION OF LINEAR DISCRIMINANT ANALYSIS AND

LINEAR REGRESSION

It is well known (Fisher, 1936) that a multiple of Fisher's linear discriminant 

function coefficient vector can be obtained by fitting a linear equation by least squares 

using the explanatory variables as independent variables and a binary dependent 

variable, y, to separate the individuals into two samples.

Different choices of the values of the binary variable give different values of the 

estimated linear discriminant function, but all o f them are multiples of S"1̂  - ;c0).

For simplicity we choose the values of the independent binary variable equal to 

one if the individual is coming from population one and zero otherwise.

If we call Z the n x p matrix which columns represents the centred values of the 

explanatory variables and whose rows represent individuals, we have that bk is the 

solution of

Z'Zbls = Z'u (3.87)

where u represents the centred values of y  ( which corresponds to the values originally 

proposed by Fisher, no/n and -n^n).

We can rewrite (3.87) as

(S + cdd')bIs = cd, (3.88)

where S is the pooled sum of squares defined as (n - 2) times expression (3.5), d is 

defined as in section 3.2.1 and c = n^o/n.

Now from linear regression theory we have that the sum of squares due to 

regression  is b'lsZ'u = cb'isd and the total sum of squares is equal to 

cOqfao/n) +n0(n1/n) ), leaving the residual sum of squares, SSe equal to
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SSe = c( 1 - b'lsd). (3.89)

Combining (3.88) and (3.89) we have that

b,s = c (l - b’, d)S_1d = (n - 2)S '’d(SSc) , (3.90)

and hence the least squares estimators are equal to l/SSe times the estimators of the 

linear discriminant function, when the values of y  are chosen to be 1 and 0.

The assumptions in standard regression analysis to test hypotheses are that the 

independent or explanatory variables are fixed, and the dependent variable has a normal 

distribution with common variance a 2. It is obvious that none of them is satisfied, but 

nevertheless, the tests used in linear regression are equivalent to the tests we have 

describe in sections 3.3.1, 3.3.2 and 3.3.3, when the explanatory variables have a 

normal distribution.

The usual test in regression analysis, for testing that the vector of coefficients is 

zero, is based on the ratio of the mean square due to the regression and the mean 

residual sum of squares; in other words we use the statistic

n - p -1  c(b’,sd) 
~ ~ T ~ '  c ( l - b', d) ’

(3.91)

which, from (3.90), corresponds to

n - p - 1 
p(n - 2)

■cd'S (3.92)

which is the F test based in Hotelling's statistic, discussed in section 3.3.2.
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To test that a subset of the vector of parameters of dimension q is equal to zero 

the usual test in regression analysis is the ratio of the difference of the residual sum of 

squares calculated after omitting the last q variables and the residual sum of squares 

obtained from the full model to the residual sum of squares obtained from the full 

model divided by their degrees of freedom; when the independent variables are 

normally distributed this statistic has an F  distribution with q and n - p - 1 degrees of 

freedom. Noting that

SSReg = cd'S‘‘d(SSe) = C - SSe, (3.93)

we have that

s s  = --------- - --------- , (3.94)
Cp ( (n - 2) + cDp)

where the subscript on D and SSe emphasizes that the M ahalanobis’ distance is 

calculated from the p explanatory variables. Similarly we obtain the value of SSek, and 

therefore the standard test in regression analysis can be written as expression (3.72), 

which is the test suggested in section 3.3.3.

3.5 SIMULATION STUDIES

In order to examine the behaviour of the tests when the sample sizes are small 

we simulate data and apply the tests to them and calculate the power o f the tests in 

different situations. Obviously the power of the tests depends on the sample size and 

the distance from the null value to the actual value of the parameters; it is obtained as
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one minus the proportion of times that the test is accepted when the null hypothesis is 

false.

We generate data using the NAG subroutine for generating normal data; in all 

the cases we generate 1000 samples, and in all the cases we take, without loss of 

generality, the covariance matrix to be equal to the identity, so that A2 = p'(3.

In the case of the hypothesis H: P = 0 we generate data from bivariate and 

trivariate normal distributions, for a given A we obtain the values of p 2 as A2 divided 

by two or three, and from there for a fixed value of the mean vector in one population 

(usually zero, but any other choice would not change the results) we obtain the value of 

the mean vector in the other population.

We generate data for values of A from .5 to 3.5, but in all the cases the power 

of Hotelling's test statistic and the likelihood ratio test when A is equal to 3.5 is one; 

when A is equal to 3 in most of the cases the estimated power of both tests is one and in 

the few it is not equal to one it is equal in both tests, so that the estimated relative 

efficiency is one.

We generate data for two different values of the total sample size and for each 

one of these for three different values of the sample sizes in each group. The values for 

the total sample sizes are 20, 40 and for each one of these the values of the sample sizes 

in the groups are (n/2, n/2), (n/4, 3n/4), (n/10,9n/10). Note that if we generate data for 

a bigger sample size, because both tests are a  consistent, the powers approach one and 

therefore the relative efficiency is one.

The results in terms of A, n x and the different sample sizes are shown in tables

3.2.1 and 3.2.2. When the Mahalanobis distance is equal to .5 and n is equal to 20 the 

powers of both tests are less than .26 for all values of TCj considered in the study; this is 

also true for A2 = 1 and n l equal to . 1 when n = 20.
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Table 3.2.1.
Recta cplte f  ooaets o f the likelihood ratio test based on the logistic regression 

estimators the Hotelling's test statistic, fo r  testing the hypothesis H: P = 0, when 
the explanatory variables are bivariate normal, based on 1000 simulated samples.

A2 .5 1 1.5 2 2.5

n =  20

n l  = 0.5 1.000 1.529 1.625 1.167 1.034

jtj = 0.25 1.181 1.700 1.500 1.208 1.000

TCj = 0.1 1.571 3.000 2.143 2.200 1.208

n =  40

a i—* ii p L/i 1.037 1.000 1.035 1.034 1.000

7i j =  0.25 1.150 1.028 1.333 1.074 1.000

TXj = 0.1 1.083 1.111 2.125 1.412 1.000

P  is the vector whose components are all equal to the square root of A212.
- tThe standard error of the estimated relative efficiency is less than 1 x 10 *

For the trivariate normal distribution the powers of both tests are bigger than the 

powers for the bivariate normal; particularly, when A is equal to or less than 1.

In general, for both cases, the estimated relative efficiency for small sample 

sizes is very close to one for any fixed alternative investigated. However, for n equal to 

20 the powers are not very big, especially when the alternative is close to the null value.
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Table 3.2.2.
Rcl4 o z i h e  o f the likelihood ratio test based on the logistic regression

estimatorsa-rdthe Hotelling's test statistic, when the explanatory variables are coming 
from  a trivariate normal, fo r  testing the hypothesis H: (3 = 0, based on 1000

simulated samples.

A2 .5 1 1.5 2 2.5

n = 20
Ttj = 0.5 1.500 1.133 1.117 1.000 1.000
%l = 0.25 1.500 2.167 2.143 1.000 1.000

oII 1.750 1.800 2.285 1.333 1.136
n = 40

7C j = 0.5 1.500 1.000 1.000 1.000 1.000
7t1 = 0.25 1.000 1.500 1.071 1.105 1.036
7t1 =0.1 3.136 1.764 1.041 1.000 1.000

P  is the vector whose components are all equal to the square root of  A 2 / 3 .  

The standard error of the estimated relative efficiency is less than 1 x 10^,

In the case of testing that a subset of the parameters, of dimension q, is equal to 

zero, to compare the power of the conditional F test defined in section 3.3.2 with the 

likelihood ratio test based on the logistic regression estimators, we simulate samples 

from a trivariate normal distribution. First we test the hypothesis H: = 0 ( note that

these tests in this particular case are equivalent to the normal te s t) where the parameters 

are calculated in the same way as described for Hotelling's test ( i.e., the values of the 

[3 are obtained as the square root of A2 divided by three, and from there we obtain the 

values of Jij having fixed |i0); the results are shown in table 3.3.1.
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Table 33.1.
floho pp'flve pouxas o f the likelihood ratio testa*} the conditional F  test fo r  testing that 

one o f the parameters is zero when the observations are coming from  a trivariate 
normal and the parameters are equal.

A2 .5 1 1.5 2 2.5 3 3.5 4

n = 20
7Cj = 0.5 1.577 1.286 1.317 1.358 1.275 1.247 1.333 1.288
TCj = 0.25 1.548 1.727 1.385 1.185 1.520 1.480 1.273 1.279

n o i—i 2.333 2.600 2.057 2.000 1.808 1.315 1.193 1.250
n = 40

a II p Ln 1.175 1.195 1.193 1.064 1.050 1.023 1.051 0.973
TCj = 0.25 1.162 1.147 1.142 1.202 .985 1.096 .988 .977
Tlj = 0.1 1.321 1.657 1.339 1.197 1.213 1.151 1.079 .982

P  is the vector whose components are all equal to the square root of A113.

The standard error of the estimated relative efficiency is in between , / ?  and for any value of 

and A

In a second simulation, the parameter whose null value is zero is calculated as 

the square root of A2 divided by four and the other two are each . ' the square root o f

of three quarters of A2, and from there we obtain the values of the mean of the 

distribution. The results are shown in table 3.3.2.

For a third simulation, the parameter whose null value is zero is calculated as 

the square root of A2 divided by ten and the other two are each the square root

of nine tenth of A2. The results are shown in table 3.3.3.

When n is equal to 20 the logistic regression estimators are more efficient than 

the linear discriminant estimators, for all the alternative values we use,but the power of 

both tests is very small ( the maximum power in the case A2 equal to 4 and equal to 

.5 is .44 for the logistic regression estimators and .34 for the linear discriminant 

estimators) and so the relative efficiency is not a good indicator of the performance of 

the test. This is also true for A2 equal to or less than 2.5 in the case of n = 40.
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Table 3.3.2.
fteci/o of fh<L fcitfsofthe likelihood ratio tested the conditional F  test fo r  testing that 
one o f the parameters is zero when the observations are coming from a trivariate

normal.

A2 .5 1 1.5 2 2.5 3 3.5 4

n = 20
K l = 0.5 1.629 1.245 1.257 1.256 1.219 1.112 1.204 1.270
TCj = 0.25 1.709 1.552 1.333 1.357 1.200 1.395 1.230 1.195
k x = 0.1 2.157 2.344 1.750 2.272 1.693 1.311 1.222 1.200

oiic

Ttj = 0.5 1.190 1.135 1.059 1.050 1.032 1.026 1.005 0.995
n l = 0.25 1.256 1.058 1.064 1.093 1.013 1.059 1.062 0.952

Jri II o 1.267 1.631 1.410 1.137 1.175 1.194 1.081 0.952

The parameter we are testing is the smallest of the three , the square root of  A ^ / 4 .

The standard error of the estimated relative efficiency is in between . 1} and , 31 for any value of  f t j  

and A ^ .

Table 3 3 3 .
Rccho op pxo&s o f the likelihood ratio test Melt he conditional F  test fo r  testing that

one o f the parameters is zero when the observations are coming from a trivariate
normal.

A2 .5 1 1.5 2 2.5 3 3.5 4

n = 20

ii o iv
i 1.363 1.318 1.538 1.375 1.340 1.063 1.142 1.196

JCj = 0.25 1.375 1.470 1.535 1.333 1.022 1.406 1.125 1.191

ii o 2.214 1.842 1.555 1.454 1.500 1.392 1.354 1 . 1 1 1

n = 40
%i = 0.5 1.214 1.363 1.032 1.057 0.951 1.078 0.977 0.976

a 11 o to 1.173 1.113 0.964 1.014 0.970 1.027 1 . 0 0 0 1.027

a II p 0.818 1..500 1.461 1.800 1.100 0.913 0.923 0.963

The parameter we are testing is the smallest of the three , the square root o / A ^ / 1 0 .

The standard error of the estimated relative efficiency is in between . 1 a n d  for any value of  T t j  

and A ^ .
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3.6 ROBUSTNESS

3.6.1 INTRODUCTION

Because of the relative abundance of theoretical results in the normal case, there 

is a tendency to regard distributions as normal unless otherwise proven or the evidence 

for not doing so is very clear, or to find a transformation to reach normality, and to use 

the standard normal theory whenever possible. The question is whether such 

assumptions of normality are likely to be seriously misleading.

In this context there are two departures from the assumptions to consider; first, 

that the observations come from multivariate normal distributions with different means 

and unequal covariance matrices and secondly that the distribution is not normal, but 

that the observations come from a continuous multivariate distribution with longer or 

shorter tails than the normal with the same covariance matrix and different means.

Obviously another case would be a mixture of the two cases mentioned, i.e., 

different covariance matrices in the populations and the distribution not being a 

multivariate normal but this case is not considered in the present work.

We have to consider the effect of the departures from the assumptions, first on 

the estimation of the parameters and therefore on the estimation of the risk of being in 

one or other of the two groups, and then if this effect is not significant the effect of 

these departures on the tests of hypotheses related to the parameters.

In the particular case of hypothesis testing problems we call a test robust if it is 

a  insensitive to changes in the distributional form, with a  the level of significance, i.e., 

insensitive to departures from the assumptions which underlie it. Additional changes in
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the distributional form that do not have an effect on the significance level can have an 

effect on the power of the test.

3.6.2 DEPARTURES FROM THE ASSUMPTION OF EQUAL 

COVARIANCE MATRIX

In the case of unequal covariance matrices the linear logistic model no longer 

hold. If we apply Bayes' theorem to the posterior probability the logarithm of the ratio 

of the conditional probability of being in group one to the conditional probability of 

being in group two is not a linear function of the observations but a quadratic one, 

given by

obviously the closer S i and So are the less effect the departure from the assumption of 

equal covariance matrix has in the estimation of the parameters, but when this departure 

is significant, we have that any test used to test that a subset of the parameters is equal 

to zero does not measure the effect of the variables associated with that particular set of 

parameters. In other words, if we want to see the effect of jq on the response in the 

presence of the other variables, to test that is equal to zero does not mean that jq has 

no effect on the response, because the logarithm of the ratio of the conditional

log(-
P (y  = 1 Ijc)
■ ? ( y = 0 f r )

+ (EiVj - XoV0)'* + — Co - £ ’/)*  ; (3.95)
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probabilities o f being in the different groups is ndflinear in x, and the effect of the 

variables is not in one to one association with the parameters. Nevertheless the 

conditional likelihood ratio test is still valid for testing that the parameters of the logistic 

model are equal to a certain value, because it is based on the conditional distribution and 

asymptotically the test has a chi square distribution, central under the hypothesis P ( or 

a subset o f i t ) equal to zero.

We are going to consider the situation where the observations are normally 

distributed with mean p..= 0) and variance 1(1 + (-1)1_1S), for small 8,

with i = 1,0 depending on the population from which they are coming. Note that this is 

equivalent to having a normal distribution with mean and variance Z( 1 + ( - l )1'^  ) 

and applying the transformation discussed in section 3.2.2.

In this particular case expression (3.95) reduces to

7t 2
log(— )  + Ax + (p/2) log(l - 25) + Sx + &4_ (3.96)

7t 40

and as 8 tends to zero the model reduces to the standard case and, because the expected 

value of x2 is finite, as 8 tends to zero the expected value of (3.96) tends to the 

expected value o f the logarithm of the conditional probabilities in the equal covariance 

matrices case.

The power of the likelihood ratio test that the last k parameters are equal to zero 

against local alternatives ( p̂ 2)a = P(2)o + where n is the sample size and \\f

small) is given by the non centrality parameter

(P(2)a“ P(2)o)'i-P(2)P(i)(P(2)0: P(l))(P(2)a " P(2)())’ (3.97)

where i-p(2)P(i)(P(2)0: P(i)) represents the covariance matrix o f the limiting distribution of
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p, given by n-1 times

and v ' is approximately (ignoring terms of order 82) given by

K1
5 - ( x  +  8 A x ) / 2  ,  ( A x  +  8 x  +  A 2 / 4 ) / 2*e (7C e - ( A x  +  8 x  + A 2 / 4 ) / 2 .+ K  e0_______________ ■ dx

- ( x 2  +  5 A x ) / 2 ,  - ( A x  +8x2 +  A 2/ 4 ) / 2 - 71 e
^  )  ■ (3.99)

+ 7C eo )

In the case of the linear discriminant function, it was constructed under the 

assumption of equal covariance matrix and this matrix is estimated with the pooled 

estimator S. This estimator is used as well in the test statistics for testing that the 

parameters are equal to zero. The distribution of (n - 2) times the estimator is no longer 

Wishart; we have that

(n - 2)S = (nx - 1 )Sx + (n0 - 1)S0, (3.100)

where Sj is Wishart distributed W(Z*; nj -1 , p ) . Therefore we have that

E ((n - 2)S) = (nx - l ) ] ^  + (n0 - D I q, (3.101)

and assuming that Si is equal to Z(1 + (-1)1_18 ) , we have that

£ ((n - 2)S) « (n - 2) X { 1 + 8(7Cj - n0)}. (3.102)
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On the other hand we have that the covariance matrix of x 1 - x0 is

+ S { 1 + 5 ( i t 0 - J t l)} . (3.103)

Therefore in the case of the equal sample sizes ( n p  n0 ) we could assume that 

(n - 2 )S is Wishart distributed W(Z{1 + 8(7̂  - 7t0 )};(n - 2),p), and the standard 

theory for testing that the discriminant coefficients are equal zero can be applied. For 

instance Hotelling's test statistic is a function of - x0)'(Z i/no + Zo/ni ) '* (* !- i 0) 

and the statistic (xl - Jt0) ,(Z i/n 1 + Zo/no)"1(jc1 - jc0) has a chi square distribution 

with noncentrality parameter given by ((ij - p 0) ( ^ i /n i + ZoAio) so when

nj is equal to n0, we can apply Hotelling's test statistic without affecting the level of 

significance or power of the test. The same result can be extended to the case of the 

conditional F test for testing that a subset of the parameters is equal to zero.

Ito & Schull (1964) study the robustness of Hotelling's test statistic to 

departures from the assumption of equal covariance matrix. The approach they take to 

the problem is to find constants c and f  such that the distribution of the statistic can be 

approximated as c times a chi square with f degrees of freedom, where f and c are 

adjusted to give the correct two first moments of the distribution.

In the case of two samples it reduces to finding the positive characteristic roots 

of Zi(Zo)*1; then the significance level and the power of the test are function of these 

roots. In the particular situation where Zi is equal to Z( 1 + ( - l / ^ S  ) these roots are 

( 1 + 28); when 8 is equal to zero the roots are equal to one and the case reduces to the 

equal covariance matrix case and obviously the power and significance level are not 

affected. When the sample sizes are equal the power and significance level are also not 

affected. This approach can be extended to the case of the conditional F test for testing 

that a subset of the parameters is equal to zero. Nevertheless we can no longer compare
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the power of this test with the likelihood ratio test based on the logistic regression 

estimators because the significance level might be different.

Hotelling's test was constructed for testing hypotheses about the mean of 

normally distributed random variables, but because of the form of the linear 

discriminant function it can be used to test hypotheses about the linear discriminant 

coefficients. To see that this is still valid in the case of unequal covariance matrices, we 

see that the inverse of the pooled estimator of the covariance matrix is given by

i n - 2 .n. - 1 m  1 v ■
s  = ------- ( - i -----S, + —— S0)n n N n 1 n n un ino V h) n ino

(3.104)

If we assume that the sample sizes in both groups are big we have that Si is 

approximately equal to Zj, and then

S i r ' l l  +8(JI0- ^ ) ) -  (3.105)

Therefore to test that the means of the populations are equal is equivalent to 

testing that the linear discriminant function coefficients are zero.

We note ( from expression (3.102) ) that the expected value of the pooled 

sample covariance matrix can be written as

£(S) = I { l  + 8(7r0 -7t1)}{l + 2 ^  - tc0)}, (3.106)

so if we define the linear discriminant function coefficient estimators as

(1 + 25(jc0 - TtjWS’y 'C q  - *>), (3.107)
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where S* = S(1 + 28(k0 - TCj)), having assumed that (n - 2)S is Wishart distributed 

W(X{1 + 8(7tj - 7t0)}; n - 2,p), we have that (n - 2)S* is W ishart distributed 

W(X*=X{1 + 8 ( t z 0  - n - 2,p), independent of x x - x 0 which ( from expression 

(3.103) ) has covariance equal to (lAq + l/n0)X*. Hence we can calculate the mean 

and covariance of the linear discriminant function coefficients as in section 3.2.1 

replacing X by X*. Then the mean of the linear discriminant function is given 

(ignoring terms of order 82 and assuming S* Wishart distributed) by

(1 + 8(7to - rc^Xn - 2) 

(n - p - 3) ■ r V n0). (3.108)

and the variance is

( i+3S(tc - * ))c{ +A2) r ‘ + r V x ' ^ - U
o i  v n nn n - p - 3

+ 8(7C - 7l )C{ A2! ' 1 + ,
l o " n - p - 3 (3.109)

where C is equal to (n - 2)2/((n - p - 2)(n - p - 3)(n - p - 5)).

It is very easy to see, following the same idea as in section 3.2.1, in the equal 

covariance case, that asymptotically this estimator is normally distributed with mean 

(1+ S( 7t0 - 7Uj)) X 'V j  - |i0) and variance

( 1 +  38(7t -7t ) ) {  (  — —  +  A 2) X _1 +  X ' V m-’ X " 1 }  +  8(tc - 7t ) { A 2X _1 +  X ' V ^ ' E ' 1 }
u 1 7t 7t o i

l o

(3.110)

and when is equal to zero this expression reduces to
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1
(3.111)(1 + 58(ito - i t ))(—  + A2) ! ' 1 + 8(Jt0- k ^ aV .

K K 1 0

Hence as an approximation for the asymptotic relative efficiency we could use 

Pitman's theorem, noting, from expression (3.96), that the expected value of the 

logistic regression estimator of p 1 i s p 1( l  + 0 (5 ) ) , where the term of order 5 is, in 

absolute value, equal to or smaller than the absolute value of 8/2(tc1 - 7t0). ( To justify 

this we notice that the general form of the estimator of a  is a + bx + cjc2 and the 

general form of the estimator o f is & JX+ bj + cxx, so, as x  tends to zero, we 

notice that ax must be zero and a  tends to a; then if we assume that the contribution of 

the term &x2 corresponds only to P we have that c is equal to zero and the expected 

value of p is A(l+ 5/2(7t1 - 7t0)). Another way of justifying this is by replacing the 

values of a  and p by {log(7t1/7t0) + (p/2)log(l-2S) + 8A2/4} and A(1 + 5/2(7t1—7T0)) 

and evaluating the expected value of the first derivatives, which we find that to be of 

order 5). The expected value of the linear discriminant function estimator is p 2 times 

(1+ 5(7C0-7C1) ), and we have that the asymptotic relative efficiency in terms of k v  7t0, 

A, 8 and p, assuming that the expected value of the logistic regression estimator is 

equal to P1(l+8/2(7T1-7t0)), can be approximately given by

Vj '{ (1  + 28(it - Jt ))(—  + A2)  + 28(jt - JC )A 2 } .  (3.112)
U 1 K K 1 U1 0

The results for some values of 7tj, A, 5 and p are shown in tables 3.4.1 and 

3.4.2. We can see that the relative efficiency in this case ( different covariance 

matrices) is not symmetrical with respect to the values of and nQ, because population 

one has bigger variance than population zero. The logistic regression estimators are 

more efficient when the population with less variance is bigger, i.e., 7^ is less than .5
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and A is smaller than or equal to 1.5.

Table 3.4.1.
Asymptotic relative efficiency o f the normal test based on the logistic regression 

estimators to the normal test based on the linear discriminant function estimators, when 
the explanatory variables are bivariate normal and the covariance matrices are different.

p = 2

A .5 1 1.5 2 2.5 3 3.5 4
TCj = 0.1
5 = 0.05 1.176 1.128 1.031 0.892 0.728 0.559 0.404 0.274
5 = 0.10 1.314 1.239 1.113 0.950 0.770 0.589 0.424 0.287
5 = 0.20 1.396 1.284 1.130 0.952 0.766 0.585 0.423 0.288
TCj = 0.3
5 =  0.05 1.085 1.062 1.013 0.925 0.798 0.644 0.485 0.340
5 = 0.10 1.154 1.127 1.073 0.979 0.844 0.682 0.515 0.362
5 =  0.20 1.232 1.222 1.177 1.084 0.943 0.769 0.586 0.417

=  0.5
5 =  0.05 0.996 0.995 0.970 0.903 0.791 0.646 0.491 0.346
5 = 0.10 0.983 0.993 0.977 0.916 0.805 0.660 0.503 0.357
5 =  0.20 0.934 0.983 1.003 0.964 0.865 0.721 0.558 0.401
7Cj =  0.7
5 =  0.05 0.900 0.904 0.879 0.812 0.706 0.573 0.433 0.304
6 = 0.10 0.792 0.810 0.802 0.750 0.657 0.537 0.408 0.288
6 = 0.20 0.562 0.600 0.623 0.606 0.544 0.453 0.350 0.251
Ttj = 0.9
6 = 0.05 0.797 0.795 0.759 0.680 0.568 0.444 0.324 0.221
5 = 0.10 0.586 0.594 0.581 0.532 0.451 0.356 0.261 0.179
5 = 0.20 0.122 0.179 0.179 0.175 0.160 0.133 0.101 0.046

Because the variance of the logistic regression estimators depends on p, we 

calculate the asymptotic relative efficiency for different values of p; from the tables we 

can see that as p increases the relative efficiency of the logistic regression estimators 

increases when is smaller than .5 (with the exception of 7tj equal to .3 and A less 

than 1).
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Table 3.42.
Asymptotic relative efficiency o f the normal test based on the logistic regression 

estimators to the normal test based on the linear discriminant function estimators, when 
the explanatory variables are ten dimensional multivariate normal and the covariance

matrices are different.
p = 10

A .5 1 1.5 2 2.5 3 3.5 4
7Cj =  0.1
8 = 0.05 1.548 1.433 1.261 1.056 0.840 0.634 0.451 0.302
8 =  0.10 2.118 1.897 1.620 1.327 1.041 0.777 0.549 0.367
8 =  0.20 2.542 2.401 2.135 1.800 1.442 1.097 0.789 0.536
TCj = 0.3
8 = 0.05 1.191 1.156 1.094 0.992 0.851 0.684 0.514 0.340
8 =  0.10 1.246 1.253 1.218 1.126 0.979 0.796 0.602 0.425
8 = 0.20 0.909 1.095 1.289 1.370 1.309 1.137 0.905 0.664

ii © Ln

8 = 0.05 0.941 0.963 0.958 0.905 0.780 0.658 0.502 0.356
8 =  0.10 0.787 0.867 0.924 0.917 0.839 0.708 0.550 0.396
8 = 0.20 0.404 0.529 0.725 0.898 0.958 0.898 0.754 0.574

a n o

8 = 0.05 0.741 0.779 0.792 0.758 0.676 0.558 0.428 0.304
8 = 0.10 0.492 0.559 0.627 0.649 0.612 0.526 0.415 0.302
8 =  0.20 0.168 0.211 0.295 0.401 0.468 0.467 0.408 0.320

n o VO

8 = 0.05 0.573 0.593 0.600 0.569 0.498 0.403 0.302 0.210
8 =  0.10 0.292 0.314 0.346 0.364 0.348 0.301 0.236 0.170
8 =  0.20 0.041 0.043 0.049 0.061 0.073 0.074 0.063 0.047

In conclusion we can say that when TCj, the probability of the population with 

larger variance, is bigger than or equal to .5 the logistic regression estimators are less 

efficient asymptotically relative to the linear discriminant function estimators and even 

more, they are relatively less efficient than in the case of equal covariance matrices. 

That the logistic regression estimators are significantly more efficient than the linear 

discriminant function estimators when population two is much bigger than population
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one, A2 is smaller than 1.5 the efficiency increases as p and the departures from equal 

covariance increase.

Obviously a better approximation and the possibility to investigate bigger
2

departures from the standard case can be obtained using the terms of order 5 in the 

approximations.

3.6.3 DEPARTURES FROM  TH E ASSUMPTION O F NORM ALITY

Alternative distributional models to the multivariate normal distribution are 

provided by the class of elliptical distributions. The use of this class of distributions in 

robustness studies is of interest because the class contains long-tailed and short-tailed 

distributions relative to the normal and the contours of equal density for all the members 

of the family have the same elliptical shape as the normal. As earlier studies on 

robustness suggest ( see for instance Bartlett (1935), Geary(1947)) tests on population 

means ( which the tests on linear discriminant function coefficients essentially a re ) are 

rather insensitive to departures from normality in terms of null distributions and 

significance levels. Even more, for some tests, including the Hotelling's T2 test, it is 

possible to show ( see Kariya (1981a)) that the null distribution does not depend on the 

normal distribution of the observations but on the invariance of the distribution under 

the transformation Px, for any P in the space of the orthogonal matrices. We shall see 

this using properties of the elliptical distribution family and therefore we start by 

reviewing the properties of that family.
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3.6.3.1 ELLIPTICA L DISTRIBUTIONS

A random vector X  is said to have an elliptical distribution with parameters p  

and V if its density function is of the form

C p I V r '^ - t O 'V - V i i ) ) ,  (3.113)

for some function /*, where V is positive definite.

Obviously the constant cp can be absorbed into the function /z, but writing the 

distribution in the form given by (3.112) h is independent of p. If X  has an elliptical 

distribution we write that X  is Ep(p,V) which does not specify a particular elliptical 

distribution but only that the distribution belongs to the class of elliptical distributions 

or £ ph(p,V), which specifies the particular distribution. The characteristic function of 

an elliptical distribution is

cph(t) = exp(it'p)\}/h(t'Vt), (3.114)

for some function \jrh. Provided they exist the mean and covariance of an elliptical 

distribution are given by p  and X = kV, where k is given by -2\|/h'(0).

Many properties of elliptical distributions have been studied by Keller(1970)and 

they are summarized in Muirhead (1982,pp32-40).

The class of elliptical distributions includes the multivariate normal, multivariate 

Student's t, Cauchy and mixtures of normal distributions, among others. For the 

normal distribution we have that h{u)=exp(u), cp=(27t)'1/2, V=X and \jrh(u)=exp(-u/2). 

Any £ p (p , V) random variable can be reduced to an £ p (0, Ip), random
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where P is a non singular p x p matrix such that P’V 'P  = I and £pl'(0, Ip) represents 

a spherical distribution, which is characterized by the fact that if Z has a spherical 

d is tribu tion  HZ has the same distribution for all pxp orthogonal matrices H.

Anderson & Fang (1982c) prove that if X  has an elliptical distribution, where 

h is a decreasing and differentiable function the maximum likelihood estimators of \i 

and X obtained from a sample of size n are p. = x  and X = ^ maxS, where ^ max is the 

value which maximizes the function ^ np/2h(p/X,) ( in the normal case A,max = 1/n ). 

They also find the joint distribution of x  and S, and the marginal distributions of x  

and S.

If X‘V i = 1,..., n are distributed as £ ph(|i, V) the distribution of x  is an 

elliptical distribution £ ph(fi,(l/n)V), and the distribution of S, writing m instead of n-1 

for simplicity is given by

variable, by the linear transformation

Z = P 'I(X -p ) ,  (3.115)

^ m p / 2  -  p ( p  -  l ) / 4

r i n ^ )
i= l z

g  j ( m - p - l ) / 2 12 f ^ c  KtvT's),
”n (3.116)

which in the normal case reduces to the Wishart distribution W(X; n - 1, p). 

The density of S’1 is given by (see Anderson & Fang (1982b))

m p / 2  -  p ( p - l ) / 4  7t___________

n n ^ 2 )
i=l L

vp I o - l . - ( m  + p + l ) / 2 c h(tr'FS), (3.117)

which in the normal case reduces to the inverse Wishart distribution, where 'F  is equal 

to r 1.
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Cambanis, Huang & Simons(1981) prove that if x  is an elliptical distributed 

random variable £ p(|i,V) then E((x - - p.)) = (ER2/n)Z , where ER2 depends

on the particular elliptical distribution. Based on this result Anderson & Fang(1982c) 

show that the unbiased estimator of Z is np/( (n-l)ER2 )S; depending on the particular 

distribution S might be asymptotically unbiased for Z.

Mitchell & KrzanOunsky(1981) show that the Mahalanobis' distance is an 

appropriate measure of the distance between two elliptical distributions and is given by 

c ^ ji j  - |i0)Z"1(}i1 - M-0), where ch is a constant depending on the particular elliptical 

distribution and is the inverse of the asymptotic efficiency of the sample mean as an 

estimator of |i.

When the explanatory variables follow-an elliptical distribution with different 

means and the same covariance matrix (or the same matrix V), the linear discriminant 

function coefficients are a multiple of the maximum likelihood estimators, whereas the 

logistic regression model in general no longer holds, in the sense that the logarithm of 

the ratio of the conditional probabilities is not a linear function of x. Therefore we 

expect the linear discriminant function estimators to be more efficient in estimating the 

effect of a particular variable on the response.

In particular in the case of testing hypotheses about the parameters, 

Kariya(1981b) shows that any test for testing that a subset of the means of two normal 

distributed population with the same covariance matrix are equal is robust when the true 

distribution is elliptical.

As in the normal case the tests used in regression analysis can be used to test the 

discriminant function coefficients and the null distribution of the tests is unchanged 

when the explanatory variables come from an elliptical distribution. Therefore the level 

of significance of the test is the same for any distribution in the class of elliptical 

distributions.

Anderson & Fang( 1982a) show, in a very elegant way, that if x  is an 

elliptically distributed random variable £ p(0, V) with P(x = 0) = 0 and A is an n x n
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distribution of is written as

symmetric matrix, then the distribution of x 'Ax  is G2(k/2; (n - k)/2,/i) if and only if

the rank of A is k and A £A  = A ( in particular if £  = I this is true if and only if A= A2),

where if are distributed according to Gm( a 1, . . . ,a m a m; h)  the

n r («i)i=i

„ —v in -1

i= l

- 1

, (3.118)

where dF(r) depends on the particular distribution and its directly related to h.

They prove that if x  is an elliptically distributed random variable £ p(0,1), with 

P(x = 0) = 0 and A and B are n x n symmetric matrices such that A = A and B = B 

with rank of A equal to k and rank of B equal to q satisfying AB = 0 then the ratio of 

the quadratic forms (x'Ax, x 'B x ) divided by their ranks has an F distribution with 

degrees o f freedom equal to the ranks of the matrices, independent of the particular 

elliptical distribution.

Consider the linear model y = a  +X(3 + e, where y, e and (3 represent nxl 

vectors and X  represents an n x p matrix, with the error, e, assumed to have an 

elliptical distribution £ p (0, V). It is easy to see that y  is elliptically distributed 

£ ph(XP, V); the least squares estimator b of (3 is given by (X'X)AX'y  and the 

distribution of b is £ ph(p, (X,X ) '1X ,VX(X,X ) '1). In particular, if V is equal to 

a 2I, the sum of squared residuals is given by e'(Ip-X(X’X ) '1X ’)e = e'Ae and is 

distributed as o2G2((n-p-l)/2; p/2; h).

Now to test the hypothesis that a subset of the vector of parameters of 

dimension q is equal to zero, we calculate the estimators under the condition (3^)= 0> 

and obtain the sum of squared residuals under this model. The difference of the sum of 

squared residuals in the restricted model and the full model might be expressed as e'Be, 

where B = ^ ( X ' X y ’H ' C H C X ' X y ' H y ' H C X ' x y a n d  H is a matrix which
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ones in the q diagonal elements corresponding to the parameters we want to test and 

zeros anywhere else. Then e'Be is distributed as CJ2G2(q/2; (n - q)/2; h) and it is easy 

to see that A =A, B = B and AB = 0. Therefore the ratio of the quadratic forms 

divided by the rank of the matrices is distributed as an F with q and n - p - 1 degrees of 

freedom, independently of the particular elliptical distribution o f x.

In the case of the logistic regression model applying Bayes theorem, we have 

that

log(
P(y = 1 be) 
/ ,(y  = 0bc)■) = l°g (

h(x->i2) V '\x -H 2)
■). (3.119)

which is not in general linear in x. Again the parameters o f the logistic model are 

calculated from the conditional likelihood therefore the (conditional) likelihood ratio test 

is still valid and chi square distributed, with degrees of freedom equal to the dimension 

of the vector of parameters that are tested.

Kay and Little (1987) extend the idea of the logistic regression model to 

consider that the log ratio of the conditional distributions of Y  given x  is not a linear 

function of x  but of some function of x, g(x). Then the logistic regression is 

appropriate if we use g(x) instead of x  as the vector of explanatory variables. They 

the transformations for the case x  is a member of the exponential family. To find the 

appropriate transformation in multivariate cases could be complicated; however in the 

case of elliptical distributions, we can always transform (x - p.i),V"1(jc - p^) to a 

function which depends only on Xi and A, the Mahalanobis distance, and then find the 

transformation of x x needed.

Obviously the logistic regression estimators are less efficient than the maximum 

likelihood estimators, because, as in the normal case the logistic regression estimators 

are obtained maximizing the first term in expression (3.7), ignoring the information 

contained in the second term. This loss of efficiency depends on the particular elliptical 

distribution and it is not very easy to obtain. In the case when the explanatory variables
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have an e-contaminated normal distribution, it is not difficult to show that the 

asymptotic efficiency of the logistic regression estimators relative to the maximum 

likelihood estimators is the same as in the case of normally distributed explanatory 

variables.

3.7 CONCLUSIONS

The linear discriminant function estimators are more efficient than the logistic 

regression estimators in testing hypotheses about a subset of the parameters when the 

explanatory variables, or the set of properties, are normally distributed. The loss of 

efficiency could be as big as two thirds when the distance between the two populations 

( Mahalanobis' distance ) is bigger than four, but if the distance is equal to or smaller 

than two the efficiency is over 85%. Nevertheless, as the simulation studies suggest, 

when the sample sizes are small and an alternative hypothesis is fixed the logistic 

regression estimators could be more efficient.

In testing hypotheses about the whole vector of parameters the logistic 

regression estimators are asymptotically fully efficient relative to the linear discriminant 

function estimators; this is true even for small sample sizes.

The linear discriminant function estimators are more efficient than the logistic 

regression estimators when the explanatory variables are elliptically distributed. When 

the covariance matrix is different in the two populations the tests based on the logistic 

regression estimators are still valid and chi square distributed, whereas the tests based 

on the linear discriminant function estimators might have a different distribution and the 

level of significance of the tests might change. Nevertheless if  the difference of the 

covariance matrices is not very big and the M ahalanobis distance is bigger than two the
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linear discriminant function estimators are more efficient. The logistic regression 

estimators are more efficient if the proportion of individuals from the population with 

smaller variance is much bigger in the total sample.

However, this loss of efficiency is based on the assumed functional form of the 

conditional distribution of x  in the two populations and in many applications these 

assumptions would be unreasonable.

If both approaches are applicable, and the logistic regression is effectively 

linear, logistic regression assumed less, in that given the linear regression the form of 

the distribution of x  within sub-populations is irrelevant. On the other hand, if 

multivariate normality or some other specific distributional form can be assumed, then 

the discriminant approach is more efficient.
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