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DESIGN OF NON-LINEAR CONTROL SYSTEMS
VIA

MATHEMATICAL PROGRAMMING

ABSTRACTS

Two kinds of mathematical programming problems which ar-
i1se in the design of non-linear control systems are discussed
in this thesis. Control design 1s naturally formulated as an
optimization problem in which the constraints may be conven-
tional, non-differentiable (e.g. constraints on singular
values for robustness or ergenvalues for stability) ox
infinite-dimensional (e.g. time domain constraints on step
responses or frequency domain constraints for performance)
and the design variables may be finite dimensional (e.g.
parameters of a controller) or infinite dlmeq\/51onal (e.g. a
nonlinear control law). The first problem 1s concerned with
the cholice of a control law to satisfy stabilaity and perfor-
mance constraints; the constraints and the design varlables
are i1nfinite dimensional. The problem can be posed as choas-
ing a control law and a Lyapunov function to satisfy stabili-
ty and performance constraints or to minimize a criterion
functron subject to these constraints. The second problem 1is
concerned with the satisfaction of performance constraints in
the time domain for all disturbances lvying in a speclfied

class of functions; this problem also arises in the design



of robust circuxits. This problem can be posed as choosing a
finite dimensional design vector so that the output satisfies
one set of constraints in the time domain for ALL inputs
satisfying another set of constraints in the time domain.

Algorithms for these problems are proposed in this
thesis. They are based on the outer approximation approach.
Sets of simplices are created duraing computation to replace
the continuum regions and plecewise linear continuous func-
tions (or piecewise quadratic functions) are employed to
appro\-/x1mate the solution functions. Feasibility and con-
vergence of the algorithms are established.

Applications of the algorithm to the design of non-
linear control systems are discussed. Condartions, 1n Lie
bracket form, for the existence of an observer for a non-
linear ‘system and conditions for the stability of the compo-
si1te system 1ncorporating the observer and the non-linear
control law are presented.

To 1llustrate the algorithm a non-linear controller 1s
designed for a simple non-linear system. Simplices are
created adaptively; this reduces computation effort compared
with standard finite element methods. The method of decom-
posing the state space permits the employment of a constraint

dropping scheme.
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CHAPTER ONE INTRODUCTION

1.1 Control system design and optimization problems

It 1s now well-known that design of control systems can

lead naturally to the farmulation of a constrained optimiza-

tion problem and any soclution to the optimization problem

will <characterise an acceptable design [1] .o Constraints
may be conventional, non-differentiable or infinite-
dimensional. Here are some examples.

(1) Design of linear feedback systems[2].

Fig.1 1s the block diagram of a linear control system.

By the usual conventions, G(s) denotes the plant transfer
function. K(s,z) 1s the transfer function of the controller.
Y(s,z) and Ri(s} are the output and i1nput, respectively.

Thus, the output of the closed-loop system 1s

Y(s,z) = { I + G(s)K(s,2z)} 'G(s)K(s,z)R(s).

)+ O ,
rt) Kcs'z>[ wetz) [ e SAIONS

—

Y,
-
Figure 1
Suppose that R(s) = 1/s and

K(s,z) = 2 + Z



Hence, K{(s,z) represents a proportional-plus-integral con-
troller. The design criteria can be specified as a set aof

inequalities. For i1nstance,

¢ (2) < c, (1.1)

¢2(z) L4 <, {1.2)

where ¢1 and ¢2 denote risetime and overshoot of the output

yit}), respectively. c1 and c, are constants in accordance

with engineering considerations and with due regard to the
physical system. Moreover, because of physical limitations,
the parameters z of the controller, z = [21,22]T. may be res-

tricted as

¢3(z) € Cq {1.3)

¢4(z) < c, (1.4)
where,

¢3(2) = Az,

¢4(2) = Bz,

A and B are constant matraices.
The design problem 1s equivalent to finding a vector =z such

that i1nequalaities (1.1) - (1.4) are satisfied.

(11) Stabilization of a linear system[1}.

Suppose we are given a linear time-invariant system in

state-space form:

b = Ax + Bu
v = Cx
x{0) = Xq

where, A,B and C are, respectively, nxn,nxm and pxn real ma-

trices. We choose the feedback controller as



u = -Kx + v,
where v 1s the reference 1nput.

Thus the dynamic equation of the system 1is

X = (A-BK)x + Bv.
The design variable z 1s an pm-dimensional vector con-
sisting of all entries 1n matraix K. For stability of the

closed-loop system, a z should be chosen to satasfy the fol-

lowing 1nequality:

$(z) < 0O,
where, ¢(z) 4 ma X {Re(Al)}, Al. i =1,...,n, 1s the eigen-
b
value of matrix A-BK. Obviously, Al depends on z.

The constraint here 1s non-differentiable.

(111) Design of envelope-constrained fllterstal.

The problem here 1s to choose the weighting function w
of a digital filter to process a given a1nput pulse s corrupt-
ed by noirse such that the output error is minimized subject
to the coﬁ%ralnt that the resulting output pulse Y satisfies

envelope constraint, 1.e., Y(t)e [a(t), b(t)] for all te T

> 3

fo,t. 1.

1
This problem 1s relevant to pulse compression in radar
systems, waveform equilization, channel equalization for com-
munications and deconvolution of seismic and medical ultra-

sonic data.

{1v) Design of earthquake resistant structures[3].

The objective here 1is to design structures, such as



steel-framed multilevel buildings that can resist earth-
quakes. The design considerations include the <constraint
that the displacements of structure elements, 1n response to
a specified i1nput, should be limited in magnitude at all
times 1n a certain interval.

Let z denote the design variable. Then the <constraint
may be summarized as the following 1nequality:

$(z,t) ¢ 0, for all t € T,

where, T 1s the taime interval.

When the input is parameterized by a parameter vector «,

for instance, the input r 1is

T

[ao,q1]

a
and o lies 1n a subset J}CRZ. then the optaimization problem
1s to find a z such that

$(z,t;a) ¢ 0 , for all t € T and all L}

Moreover, when there 1s some cost criterion for the
structure, 1t 1s clearly a function of z. Hence the problem
1s now to find the vector z which minimizes the cost function
subject to

¢(z,t;a) ¢ 0, for all t € T, o € L.

The last two examples are semi-1nfinite programming
problems. They are characterised by finite-dimensional vari-
ables and ainfinite-dimensional constraaints. Recent research
shows that theyarise i1n control system design, circuit design

and other Flelds[g].



1.2 Semi-i1nfinite programming algorithms

Semi-infinite programming problems have been considered
in the mathematical programming literature in recent years.
Several kinds of algorithms for solving problems of satisfy-
ing 1infinaite constraints or for minimizing a cost function
subject to those constraints have been proposed. Two of

them, due to Mayne, Polak and Trahan(5.6.71 ..,

be intro-
duced in thls_sectlon. For the sake of simplicity, we 1ignore
the conventional constraints and restrict the number of
infinite-daimensicnal constraints to one. Thus the feasible-
point-finding problem P(A) and the optimal-point-finding

problem P(B) are, respectively, as:

P(A): Find a z € R" , such that

$(z,a)<0, for all acf}.

P(B): Minimize f(z)
Subject to

$(z,a)<0, for all cefd.

(1) Descent algorithms.
This type of algorithms deal with the case when 4} 1s an
interval {(r.e., closed and bounded subset) of R . The fol-

lowing assumptions are made:

(a) $ 1s continuously differentiable;
(b) f 1s continuously daifferentiable;
(c) For each z, ¢(z,») has only a finite number of lo-

cal maxaima 1n 4};



C
(d) For all z in F* 4 4 colv_¢(z,a),aef (2]},

where, F® and 4}0(2) are as defined shortly below.

For all z, we define
wiz) &8 max{¢(z,a)|ac }
and

v (z) 4 max{0, P(z)}

+
The feasible set F 1s defined by

F 2 {2 eRr" | v(z) ¢ 0}

]

{ zer" | ¥ (2) =0 }.
FC 1s the complement of F.
For any z ain Rn, all € » 0, let the e-most-active con-
straint set ile(z)cll be defined by
B _(z2) & feeflez a0, (2)-¢)

A subset of Lle(z) is defined by

-

A
{le(z) = {a€$la(z)lu 1s a local maximizer of ¢(z,.) on £:}.
r~
From Assumption (c), 4}2(2) is finite for all z and all
€30.
For problem P(A), a search direction pe(z) 1s chosen by
solving
8 (z) = min max { <v_¢(z,a),p> 1}, (1.5)
€ DE P - z
e (z)
€
where, o) 4 { p ¢ R | Hiplt ¢ 1}.
For problem P(B), a search direction pe(z) 1s chosen by
solving
~ ~
88(2) = min max {<Vf(z).p>—Yw+(z); <V2¢(z,u),p>,qF¥1€(z)}

ptP
(1.86)



where, Y 1s a positive constant.
The step-length 1s obtained using Armijo rule. Thus,

we .have the following algorithm for problem P(A).

Algorithm (A):

Data: 2 n

0ER , EOE(U.w). Be(0,1).
Step 0: Set 1 = 0;
€ = eo,
~ -

Step 1: Compute ﬁle(zl).ee(zl) by (1.5), and obtain

pe(zl).
Step 2: If ae(zi)>—e. set € = /2 and go to Step 1.
Step 3: If z € F, stop;
Else, compute the largest A€{1,B,82,...}
such that

¢(21+Ap€(zl))—¢(zi)<-A€/2.

Step &4: Set »r = 1 + 1 and go to Step 1.

Algorithm (8) for problem P(B) 1s similar to Algorithm
(A) except that §€(z> and ;e(Z) are computed from (1.6) and
Step 3 1s replaced by Step 3°:
Step 3': If w(zl) > 0, compute the largest
A € {1,8,82,...} such that
¢(21+A;€(zl))-w(zl) ¢ -Ae/2;

If w(zl) < , compute the largest

0
A E ﬁuﬁ,ﬁz,...} such that
f(zl+Ap€(zl))—F(zl) ¢ -Ae/2

¢(21+Ap€(zl)) ¢ 0

The convergence of these algorithms has been esta-



blished. To make them implementable, ${(z) and 13 (z) are only
€

approximately evaluated, the accuracy being increased au-

tomatically to ensure convergence.

(11) Outer approximation algorithms.

The assumptions of continuously differentiable ¢ and f
are still made. L} is no longer restricted to one dimension;
1t may be a compact subset of Rp.

In these algorithms problem P(A) and P(B) are replaced
by an infinite sequence of conventional problems i1in which ll
1s replaced by an infinite sequence {Lll} of sulitably chosen
finite {discrete) subsets of L. The corresponding feasible

sets {Fl} are defined for all 1 by

>

F

N { z | ¢(z,a) ¢ 0 for all o € Lli}.

At 1teration 1, £ 1s formed by adding to £_. the «a which

1+ 1 1
(approximately) solves the global maximization problem
max{¢(z,a)|ae ]} and discarding some elements of {ll which are

judged to be unnecessary. An algoraithm, for problem P(A),

which has proved successful, 1s as follows:

Algoraithm (C)
Data: Llo(a discrete subset of f3), &:(0,1), K>>1.
Step O0: Set 1 = 0
Step 1: Compute a zl in Fl
Step 2: Compute w(zl) and an ulEJl such that
$ = H
(Zl,ul) w(Zl).

If Y(z_ ) ¢ 0, stop

Step 3 Set



) c I_st
LKi+1 = lag e A ula d | ¢z a) > KI8 ),

3 =0, ..., 1}

Step 4: Set 1 = i + 1 and go ta Step 1.

For problem P(8), an algorithm 1s easily obtained by
replacing Step 1 1n Algorithm (C) with the following
Step 1': Compute a 2l to solve

min { f(z) | z € Fl }

Also, the 1mplementable versions of these algorithms
utilizing an approximate, but progressively more preclse cam-

putation of w(zl) and al have been proposed.



1.3 Recent results on non-linear systems theory

Non-linear systems constitute a large and 1mportant
class of control system models for practical purposes. The
non-linear features may originate i1nherently or intentional-
ly. In exther case, the nonlinearities make the analysis and
design of systems much more difficult than i1n linear case.
Because of the well-developed knowledge about linear systems,
the 1dea to find out the relationship between certain kinds
of non-linear systems and linear systems 1s obviously always
attractive. In control systems, the following non-linear

systems form 1s popular and of great interest:

Xtt) = FIx(t)] + glx(t)lult) (1.7)
where, f and g are C~ vector fields on some subset QCRn, Q
contains the origin and f(0)=0. Here we consider the

single-i1nput single-output situation only for the sake of

convenience.,

KrenerEa] has used state transformation without feedback
to transform (1.7) into a linear system. Mevyer and
Clcolanltg] considered such transformations for block tri-

[101]
angular systems. Brockett obtained sufficient condai-
tions, using both state transformation and feedback, for a
real-analytic system of the form {(1.7) to be locally
equivalent to a linear system. Recently, Hunt, Su and

Meyer[11]

obtained necessary and sufficient conditions for
the local transformation of system (1.7) 1nto a controllable
linear system, and sufficient conditions for the global case.

In this section, we will very briefly introduceae their

results. Firstly we define three kinds of Lie derivatives.



If f and g are C® ,.ctor fields on R", the Lie bracket

of f and g 1s defined as

[f,9] = (dg/dx)Ff - (O0f/3dx)g .
where, 9g/90x and 9f/dx are nxn Jacoblran matrices. The Luie
bracket [f.g] 1s also a vector field on Rn. We define Laie
brackets [f,[f,g]]l, etc., successively as follows
(ad1f.g) = [f,q]
2 1
(ad®f,g) = [f,[f,91]1 = [f,(ad f,g)]

-1
(ad¥e,g) = (£, (ad" 5,911,
A set of C” vector fields {f1.F2,"',fr} on R" 1s called
1nvolutive 1f there exist C~ functions Yljk such that
r
[fl,fjl(x) =kE1yljk(x)Fk(x).

1€, 3¢, 2#3.
o0 oo n
Let f be a C vector field and h a C function, h: R —>x
R, with gradient dh on Rn. Then the Lie deraivative of h
with respect to f 1s
L. (h) = <dh, >,

where <oy denotes the duality between one-forms and

vector-fields. This duality 1s easily understood 1f we set

<dxia/8xj> 0, 1% 3

= 1, l:-'.j

If f 1s a C~ vector field on Rn and w 1s a C°° one-form

on R", i.e., w=w dx_ +...+ w dx , w being a C function,
1 1 n n 1

1=1,...,n, then the Lie derivative of w with respect to f 1s

defined as

Lolw) = ((dw/dx) )" + widf/ox),



where * denotes transpose and dw/dx and 0f/3x are Jacobilan

matrices.

The above three kinds of Lie differentiations are relat-

ed by a Leibnitz-type formula

Lecw,g> = Lolw) . g>+<w, [f,91>

wilth f and w as before and g a c” vector field. Also

de(h)=LF(dh) with h a C function.

n+1

A C transformation T = (T1,T2,,..,T , T ) from R

to Rn+1 1s 1deal for system (1.7) 1f 1t has the following

properties:

1) T(0) = O

2) T1"‘°'Tn are functions of X o X only and T maps
Q in R" into (T1""‘Tn) space with a nonsingular Jacobian
matrix

3) Tn+1 1s a function on x1,....xn,u which can be in-

verted as a function of u

&) T satisfies

T, =

1% To

T. =

2 ° T3

(1.8)

T = 7T

n n+1
5) T 1s one-to-one (with (T1,. "Tn) being one-to-one

on Q).

It 1s obvious that under such a mapping T, system (1.7)

1s transformed 1ntoe a linear controllable system 1n i1ntegra-

tor form (1.8), where Tn+1 1s taken as control.



From Hunt, Su and Meyer, we have the following results.

Theorem 1.1:
Necessary and sufficient conditions for the 1local (at
the origin) existence of a mapping T above are:

1) the controllabilaty matrix {g.[f,gl,...,(adn-1f g)}

1s nonsingular in some neighbourhood of the origin in R"

(with variables x_,6 x e e, X )
1 2 n

. -2
2) the set of vector fields {g,[f,g],....(adn f,g)} 1s

involutive 1n some neighbourhood of the origin in R™ .

For such a map 1n global situation, they gave the fol-

lowing theorem.

Theorem 1.2:

Assume that the controllability matrix of system (1.7)

n-2

1S nonsingular on Rn, the set {g,[f,gl,...,(ad f,9)} 1s an-

n
volutive on R, and the noncharacteristaic matrix satisfies

the ratio condition on R" { see their paper for definitions.)
Then there exists a C. transformation T= (T1""‘Tn'Tn+1) on
Rn+1 with the properties mentioned above.

These results provide a sound, theoretic base for the

analysis and design of a large class of non-linear systems.



1.4 Contribution of the thesis

In this theslis, the design of non-linear control systems

1s discussed. We show that these design problems give rise
to two new kinds of mathematical programming problems. The
first kind 1s an optimization problem with infinaite-

dimensional constraints and i1nfinite-dimensional variables.
This arises from designing a controller for stability as well
as performance and robustness, design of observers and design
of regulators. In the second kind of mathematical program-
ming problems, the constraints must be satisfied for an in-
finaite number of functions over a containuum although the
design variable 1s finite-dimensional. Such a problem arises
in the design of a controller which ensures that the output
of the system satisflies certain constraints in time domain
for a class of input functions specified by hard constraints.
It also arises 1n the design of robust cirrcuits. In this
thesis, the former problem 1s discussed 1n more detail. Some
discussions are restricted to the non-linear systems dealt
with by Hunt, Su and Meyer. Conditaions, 1n Lie bracket form,
for the existence of an observer for a non-llnear system and
conditions for the stability of the composite system incor-
porating the observer and the non-linear control law are ob-

tained.

Algorithms for these mathematical programming problems

are proposed 1n this thesis. They are based on the outer ap-
proximation approach. Sets of simplices are created adap-
tively, during the computation, to replace the continuum re-

gion and piecewlse linear continuous functions are employed



to approximate solution functions. The feasibility and con-
vergence of these algorithms are established.

Design problems which result in the first kind of
mathematical programming problems are discussed i1n Chapter 2.

In Chapter 3, algorithms for this kind of problem are
proposed and analysed.

An example illustrating the algorithms for the fairst
kind of mathematical programming problem is presented 1n
Chapter &. It 1s concerned with the design of a stabailaty
regulator to a 2-dimensional non-linear system.

Chapter 5 deals with the second kind of mathematical
programming problem. Algorithms are presented and analysed.

In the Appendix, a dynamic programming approach to the
optimal control problem 1s briefly introduced. It shows that
the optimal value function may be computed approximately us-
ing an algorithm for the first kind of mathematical program-

ming problem discussed in the thesais.



CHAPTER TWO SOME NON-LINEAR CONTROL SYSTEM

DESIGN OBJECTIVES

2.1 Stability constraints

Stability 1s the most important constraint in the design
of dynamic systems. Here we only involve ocurselves with sta-
bility 1in the sense of Lyapunov.

Suppose we are given a control system in state-space

description as follows:

{x(t) = fix(t),tl , t > 0

x(0) = Xg - (2.1)

The state xe 1s called an equilaibrium state of system (2.1)
1f f(xe,t) = 0, for all t. Without loss of generality, we
always may assume xe = 0, the origain of the state space.

The equilibrium state 1s called stable 1f for any >0,
there exists &(e)>0, such that

Hx(t;xO,G)H < €,

for any x €

0 Bé(e)(u)' any t » t

0"
where, Bé(e)(o) 1s the open ball centered at the origin with

radius 6le). Let x(t;xo,o) denote the solution of (2.1) at

time t with 1nitial time 0 and i1nitial state xD
The equilibraum state 1s called convergent 1f there ex-
1sts 08>0, such that

x{t;x_,0) — 0, as t —>oo,

O )

for any x_€B

0 6(0).

The origin 1s called asymptotically stable 1f 1t 1s both
stable and convergent.

In control system design we are maore rnterested in



asymptotical stability. Hence, a1n the rest of the paper, we
discuss asymptotical stability only and simply use “stable

(stabilaty)” i1nstead of “"asymptotically stable (asymptotical
stabilaty)”.

The well-known Lyapunov stability theorem follows.

Theorem 2.1:
Consider the system (2.1) with the origin as an equlli-

braium state. If there exists an open subset G of er which contains

the origin and a function V(x,t) such that
1) ¢1(Hx") ¢ Vix,t) wz(HxH) .
for all x&€G,t}»0;
2)  Vix,t) < -y (i),
for all x€G,t30,
where, for 1=1,2,3, ¢i(0)=0 and wl(ﬂxﬂ) are continuous,
strictly monotonically-increasing with xl, xX&€G, then,

the origin 1s a stable state of system (2.1).

The function V 1s usually called a Lyapunov function.
The region G contains a domain of attraction of the oraigan.
When G = Rn, the origin 1s called globally stable. The
Lyapunov theorem for global stability 1s almost the same as
the above theorem except G 1s replaced by Rn and the condi-
tion ¢1(HXH) —> o as Ixll —> e 1s added.

The Lyapunov stability theorems gives an approach to es-
tablishing the stability of either a linear or a non-linear
system. In linear systems, 1t 1s relatively easy to con-

struct a Lyapunov functaion. Suppose a linear, time-invariant

system 1s described by



{;(t) = Ax(t) , t 3 O

x{(0) X . (2.2)

§

A prospective Lyapunov functaion V 1s defined by
T
Vix) = x Px (2.3)
where P 1s a positive definite matraix to be chosen. The

following theorem 1s avallable.

Theorem 2.2:

If matrix A 1s stable (1.e., all the eirgenvalues of A
lie in the open left half complex plane), then for an arbi-
trary positive definite matrix Q, there exists a positive de-

finite matraix P satisfying the matrix equation

PA + ATP = -Q . (2.4)
Thus 1n case that the matrix A 1n system (2.2) is
stable, we can arbitrarily choose a positive definite Q@ and

obtain a positive definaite matyix P either by the formula

= t
P = eA QeAtdt
0

or by solving a set of linear equations from (2.4). Then
functaion (2.3) 1s a Lyapunov function for system (2.2).

The simplaicity of the linear case suggests an appruach
for the non-linear case; the system 1s linearised around an
equllaibrium point and a controller designed for the resultant
linear system. This 1s called Lyapunov's first method. In
Lyapunov' s second method, a Lyapunov function for the non-
linear system 1s directly constructed. Now let us consider

the kind of non-linear system mentioned ain Section 1.3. We



rewrite 1t here.

X(t) = fIx(t)] + glx(t)lult) (2.5)
where, f(0) = 0.
The objective 1s to design a regulator for (2.5) such

that the closed-loop system 1s stable at the oraigan, that is

to find a function r: RN —> R of state X, satisfying
r(0) = 0 such that the following system
X = flx) + glx)r(x) (2.6)
1s stable at the origain. We try to apply Lyapunov's second
method. The function V 1s unknown and because of the non-
linearity of system it might be very complicated. Suppose

that the system (2.5) satisfies the assumptions of theorem in

Section 1.3. Then, from Hunt, Su and Meyer's result, there
n n n

exist transformations Fr: RR"—>R and 8: R xXR—>

R, Mix)=z, 8(x,ul=w such that under these transformations,

system (2.5) 1s in form:

¢ Q0 1 ) 0
z = 01 z +|. w (2.7)
C1
\ C.4 "f
Thus, a feedback law w = sz can be easily chosen such that

the closed-loop system 1s stable at the origin, as 1n the
linear case discussed above, with a Lyapunov function \ de-
fined by

- T

viz) = (1/2)z Pz (2.8)
where P 1s a positive definite matrix, decided partly by k
and obtained from (2.4). From (2.5), we have

(d/dt)viz(t)) = z (t)P2s(t)



(r(X))TPFX(F(x)+g(x)u)

(F(x))TPFx(f(x)+g(x)r(x)).
-1 -1 T
where, r(x) = u = § (w;x) = & (k T{x);x).

From Lyapunov’'s theorem, in order to make the closed-
loop system stable we should require, for some ¢3,

(PO TPE (£ +g(x)T(x)) < SN ETRI (2.9)
n
for all Xx€ER

The i1nvertibility of transformation ' also requires that
the Jacobian matrix Fx 1s nonsingular everywhere 1in Rn.

This shows us that there do exist Lyapunov functions and
feedback control laws for system (2.5). Furthermore, it en-
courages us to contruct a Lyapunov function V and a feedback
control law r directly (whenever theair exlistence has been es-

tablished) since those transformations are difficult to ob-

tain analytically Oor numerically. Hence the stability con-
straint 1s that V and r (both from Rn into R) must satisfy
(for some ¢1,1 = 1,2,3, defined 1n Lyapunov's theorem) the

following 1nequalities:
VIix) ¢1(Hxﬂ)
VIix) < wztuxn)
Q(x) = V (Fx)+gix)rix))

< -w3(HxH) . (2.10)

for all X € Rn

In the case when the stability property of system (2.5)

1s required only in some subset Q (containing the origin) of

Rn, V and r usually should be considered over a larger subset

Q, where

!
>

{fonIV(x) ¢ sup VIix)}
XEQ



and (2.10) should be satisfied

In practice, we may apply

construct a Lyapunov function

~

for all x in Q.

Lyapunov's first method to

and a control law since these

might be good 1nitial values and good behavior around the origin.



2.2 Performance and robustness constraints

In the design of control systems, a controller 1s sought
to satisfy performance constraints as well as stability con-
straints. In the last section, we discussed stability con-
straints 1n the sense of Lyapunov. In this section, we con-
sider performance constraints.

Performance criteria can be naturally expressed as
seml-infinite constraints as we saw in Chapter 1 (for in-
stance, example (iv) in Sectaion 1.1.) There, however, some
knowledge about the controller 1s available, because at least
it has been parameterized by finite-dimensional design vari-
ables. If, unfortunately, nothing 1s known a priori about
the structure of the controller, then a direct constructaion
of the controller might be worth trying, since in many cases
the controller itself 1s a function of the state and, possi-
bly, time. For instance, let us consider a performance con-

<tans

straint for tracking error. Suppose the i1nstaneous tracking

n

error due to an 1nput 1s e(t,c(x(t));xo)‘ where c: R" —> R

1s the controller function. The performance constraint 1s
assumed to be

le(t,cix(t))ix_ )| ¢ a(t;xo) .

0
for all t ) O,

where, a 1s a specified function and x 1s an 1nitial state.

0

Then, 1t  a1s required to obtain a control law c, satisfying
(1n addition to stabaility and other constraints)

felt, cix(t));x )] € alt;x.),

0 g

for all t + T, all x £ Q,

where, T 1s the time i1nterval 1nterested, Q 1s some subset



in RN

If the 1nput 1s parameterized by vector « and/or the
system 1s parameterized by some vector 8, where a and 8 lie
in specified sets Ll and O, respectively, then the robust con-
troller must satisfy (i1n addition to other constraints)

lel(t,cix)ix_,a,8)] < a(t:xo.u,ﬁ),

0
for all t € T, xoes'z, ac ), 8€0.



2.3 Design of observers for non-linear systems

Often a1n design of control systems 1t is necessary to
construct estimates of state variables which are not avail-
able by direct measurement. The problem of observer design
in linear systems is well studied and nice results are avail-
able. Take as an example the simplest case a linear, time-
invariant system. (For sake of simplicity, we consider sin-
gle 1nput and single output case only.) Suppose we are given
a system as follows.

X

= AX + bu
iy = ch . (2.11)
Then an observer can be constructed as in Flg.2[12]
L
u gt ' : dJ
ATy ] TS sl >
I, +. A
A le—
&
| | <&
— o+ X T <
b | s T

S

I —

Figure 2

Obviously, the estimate % of the state x 1s obtained by
A . T A
X = AX + bu + l{y-c x)
T, ~
= (A-1lc )x + bu + 1ly
The error e between x and x satisfies the following equa-
tion:

é = (A-1lc e



The linear system theory tells us that when the system

T

(2.11) 1s observable, 1.e., the matrix [c,A'C ..,(AT)”"1C]T

T) has arbitrary

1s nonsingular, 1 may be chosen so that (A-lc
eigenvalues. Thus, we can choose 1 such that all the eigen-
values of (A—lcT) lie 1n the open left half plane. Hence,

the error e(t) —> 0, as t —> oo

In non-linear system case, situation is complicated and

no unirform approach 1s avallable. Let us first consider
. [13]
non-linear systems in an observable canonical form :
z = E z + w(z_,u)
{ n n
y = CTz s (2.12)
’ *
e 3 Wil
where, E ={ 0 U ., wilz_,u) = "
n n .
1 0
D ) (zs
L /( O’ kN" ;‘a
cT = [ 0,...,0,1].

In this case we can construct an observer as
2 . TaA
z = Enz + wly,u) + k{y-c 2).

As 1n linear case, the error e1 é z-2 satisfies
. T
e1—(En ke )e1

A
The constant parameters k may be chosen to ensure that g(t)
—> 0,as t —> oo
Now let us consider the more general non-linear system

(2.5) with output y as follows:

- X

{y

where, f and g are C°° vector fields, h 1is C°° function.

fix) + gi{x)u

h(x) ) (2.13)

We then have the following result concerning the ex-

1stence condition of a transformation which transforms system



(2 13) 1nto (2.12).

Theorem 2.3:

For system (2.13), 1f there exists a C* vector

satisfying the following two groups of equations:

(G1) <dh, r> = 0
r
<dh, [f,rl> = 0
<dh, (ad" "% r)>= 0
<dh, (ad" gm0
{G2) fg, r1l = 0
fg, [f.rl] = 0
[g.(ad" " %f, 1)1 = 0 .
where dh 1s the gradient of h, then there
singular transformation $ of X false Y =

under this transformation, system (2.13) 1s 1n

(2.12).
Proof:
Suppose r satisfies (G1) ard (G2}
Let $, a vector field from Rn into R”‘ be

of the tollowing eqgquation

&

Q8 T op rsrl, o oM N ad™ s oy =1
O X
Let z = ¢(x). (1.e., z = ¢ (x), 1 = 1,...
1 1
db
From (1), Ay LS nonsingular, hence there
n -
bW: R — RnA such that o= $ 1.

exy1sts

1
)

the

tne

exists

field r

a non-

such that

form of

solution



Consequently,

2% b _
% Bz = I (11)
9 94 20 284 9  Ob . _
(az Cox' 132 * ax'laz (az!! =0
K Kk
8 2¢, _ 883 2 3
dz Ox Ox 9z "z 'Ox
K K
9 3 du 00
Ox dz 2)2k dx
_ 9% 2 _ 9y
= ‘ax‘ax‘azk X (122]
Also, from (112) and (1), we have
29
oz T
1
O , eIl
%& = -[f,rl1 = ~Ln°,‘5'L‘L
“22 \21
(1v)
o) - - A
Qb = (-1)n 1(acin 1f,r) = -[f L ]
oz Jdz
n N
For k = 1, , n-1,
o) Qb 9 Qb 0 AF
(W=F) = (57 (5T))F + = oo
sz A x &4k D% Ax O
o¢ D D ¢ B A
= —%— P Tm Y)Yk %iir— <)
O % Oz D A Az
Kk
weing (1x1) )
A A
- b QU
% dz
K
% Ozk+1
_ o
c)zk+1



Thus

o4

Ax

where,

= [o, .0,1,0,
(k+1)
- -
(0.z,. AT wilz )
= E z + wi{z )
n
En 1s defined 1n (2.12), w

vector function of zn only.

For Kk

1,

LI

and by the equations

then,

Thus

@E?
N

N-

o))
<

—~

[o3
X

om

¢
DX

o
hed

N

1l

n-1

(G2

o¢

T dx

, similar to

) ’

lg

[(o,...

b (x)

+ gu

K
ax?

(w(z
n

wlz
n

we have

b

G
oz,

, 01

]

, wWe have

)

)+

vz
n

Yu)

the

(v)

n-dimensional

1ls an

deraivation of (v)

{vi)



Furthermore, (G1) and (1v) yzield

dh C
;7 = (hx)%% =0, kK= 1,...,n-1
Tk Tk
oh  _ (2 _
¢z X 0oz
n n
This implies
z = hi{x).
n
Hence, the theorem 1s proven.
Q E.D
Also, from the proof above, we can aobtain
nd$ n n-1
- ‘ = — _ o Y 7
Fye (W(Ln,u)) (-1) 6x((ad f.r) + [g, (ad f.or)iu),
n
so that
Sl n n n-1
— ! - _ e / - -
5 azn(w\zn.u))) (-1) ((ad f,r) + [g, {ad f,1)3u)
(viiyi)

This relationship will be later used in the design of
observer.

By the Leibnitz-type formula about Lie artrt=rentration
(on page 12) a1t 1s easy to show that a sufir~tient conditian
for the existence of an r satisfying {(G1) 1s the nonsingular-
1ty of the following matrix

{dh, L _{dh), L _(dh), ... L {dh)}
f +_2 LN
The above result gives a constructaive method for design

ing an observer. For the transtormed system (2 12) of

- 29 -



(2.13), the observer may be chosen as
L Py -~ ~
Z = E 2z + wlZz ,u) + ki{y-z )
n n n
The error e1 thus satisfies
S = E - wiz - kly-z
¢, E e, + w(zn,u) ( n u) (y )
= E e, + ?ﬂ | c e, - kc e, + O(llc e_1II7)
1 oz 'z ,u 1
n n
o) T 2
= (e o« 22, T oecTe v ootncTen?)
n oz z ,u 1 1
n n
ow
Thus, let k = e | - g t Y, with 1 a constant vector
- n n’
that (Eﬁ - lc ) 1s stable
i
For the system (2.13), the observer may be
X = Flx) + g(x)u + ki(X,ully - h{x))
Then, under the transformation ¢,
N - -1 - -
z = Enz + wlz ,u) + P kix,ully-hi{x))
. dw
Thus, k(x,u)=wq(%7 | ~ gt 1),
hw NN
where, b and = | 4 are available from t1iv) and
z dz 'z ,u
n n
above evaluated at X, 2n=h(%)
Sance (G1) and (G2) are high-dimensional partial
ferential equations, an analytic solution 1s difficult

such

(viyy)

dir-

. Nu -

merical methonds are reqguired This shows that theo observer
design problem for a non-linear control system can be again
turned 1nto a malhematical programming problem of finding a

function to satisfy a set

of

30

constraints



2.4 Design of regulator and observer

In this section, we consider the problem of designing a
regulator for system (2.12), for the case when the states can
not be obtained directly; it 1s assumed that the origin 1i1s a
stable equilibraium 1n sense of Lyapunov. The system equa-

tions with regulator r are as follows:

Fix(t)) + glx(t))r(xit))

x(t)

vit) hi{x{t)) (2.14)

The dynamic equation of the observer is:
X(t) = Flx(t)) + gix(t))r(x{t)) + kix(t),y(t))
(2.15)

Hence, the composite system 1s:
x(t)
e
x(0)
o)

The design objectaive 1s to find r and k such that for

{f(x(t)) + gix(t))r(x(t))

FIx(t)) + glx(t))r(x(t)) + k(i(t).h(x(t)))]

N
X (2.16)

0

any pair of 1nitial states (xo.io) in Rann, the trajectories
of system (2 16) are bounded and go to the origin eventually.

First, we give a lemma concerning general non-linear

differential equations with perturbations.

Lemma 2.1:
Given the following systems:

x(t) fix(t))

x(0)

Xa ' (2.17)



{y(t) = flyl(t)) + ult)
y(a) = XO )
where, t 3 0, x0 € Rn

Suppose there exists a scalar function V: Rn——éR for
(2.17) such that
1) Vix) 3 d1HxH, for all x in Rn, where d1 1s a
positive constant
11) V(0) =0
111) Vo IxIFx) € -d,Vix), for all x€R", where d}
is a positive constant

iv) There exist positive constants d3
HovVix) Il g d3V(X)

for all x 1n the set {zERnIHzH>DL}

Then, 1f the function u: R+ _ Rn satisfies

Jolult)ldt < +o0
0

the trajectory of system (2.18) i1s bounded.

Proof:

(2.18)

system

and 04, such that

Consider function V along trajectory of system (2.18),

VIix{t))

= Vx(x(t))[F(x(t))+u(t)]
=V (x(t))Fflx{t)) + VvV (x{t))uft)
X X
¢ -d VIix(t)) + V (x{(t))ult).
2 X
Multiplying by e(dZt), yvields
e 9ty init)) » dzv(x(t))e(dzt’ ¢ eldpt)

Thus,

[Vx(x(t))u(t)].



t —
Vix(t)) g e-(dzt)f e(dZT)[Vx(x(r))u(r)]dr+e (dzt)V(xo)
0
< I e 92 T hgvinunar
1
I e—dz(t-r)HVVHHquT+e—(d2t)V(xD)
2
where, T, 2 {tefo,t] |ly(tius>o ¥ , 7. & (o,t1-1
! 2 ! 4 ! 1 ! 2°
Denote d = max ﬂNV(leIzERn,"Z"<Dk}.
Thus, at any time t,
t € -(d.t)
Vix(t)) ¢ dafuu(T)NV(x(r))dr + dfffu(T)lidT + e 2 V(xo)
0 0
t
< d3f Tu(T)vix(Tt))dt + C(t),
0
¢ (d,t)
where, C(t) = dfllu(T)lidt + e 2 V(XO)'
0

From the Gronwall inequality, we have

t
& fd3ﬂu(Y)HdY
Vix(t)) ¢ c(t) + fdauu(T)HC(T)eT dt.
h)

By our assumption on u, the right side 1s bounded by some
constant i1ndependent of time t. Thus V 1s bounded along tra-
Jectories of system (2.18). By assumption (1) on V, the tra-

Jectories of system (2.18) are bounded.

Hence, the design of regulator and observer should

satisfy the following assumptions, as based on the discus-



si1ons 1n Sections 2.1 and 2.3 and the lemma above.

Assumption A1 {For system (2.5))
1) The n-dimension vector fields f and g satisfy

f(0)=0, g(0)=0;

2) g 1s bounded,i.e.,there exists a positive constant a
such that lig(x)ll ¢ a , for all x in RO
Assumption A2 (For controller r)
1) r is a uniformly Lipschitz continuous function
from R" 1nto R, i.e., there exists a positive

constant b1 such that

|I‘(><1)—r(x2)l < byl =x, I,
for all x,,x. in Rn:
1 2

2) There exists a scalar function V1: Rn——>R satisfyaing

(1) V1(x) > bzuxH. for all xERn:

(21) v1(o) = 0;

(231) [V v 0G)1T [FOO+g0OTIx)] €-b V. (x), for all xer™:
(1v) For any given &>0, there exists a b4(6)>0 such that

T
[va1(x)] [Fix)+gix)rix)] ¢ —bk(ﬁ)“VxV1(X)“3
for all xe{zeR"|UzN>&};

(v) There exist b5 and BG‘ such that

HVXV1(X)H < b5V1(x) '

for all xE{ZERn|H2H>BS};

where,
e b2‘b3'b4'b5'85 are all positive constants.
Assumption A3 (For observer function k({, his)}))
n__n n
1) k{(+, h{*»)) 12s a function from R xR 1nto R
satisfying kix,h{x)}) = 0, for all x 1in Rn;



2)  Ik(x \ ) n .
1,h(x2))” ¢ oyl -x I, for all x,.x, 1n R ;

3) There exists a scalar function V :Rn——éR satisfying

2

(here, we denote the variable of V2 as e):

(1) Vz(e) > czﬂen. for all e 1in Rn;

(11) VZ(D) = 0; ~
(111) [V_v,(e)1 ((evz)-F(z)+(gle+z)-g(z))r(z)-k(z, hle+z)]
< —C4£V2(e)JC3, when Vi (e)<1
< 0 , otherwise
. n . n
for all e # 0 in R, all z in R :
are all positive constants.

where c1, ,and c

Ca:C3 4

We have the following theorem.

Theorem 2.4:

If system (2.5), function r and k satisfy Assumptions
Al, A2 and A3 , respectively, then for any pair of initial
states (xo,io), the oraigain 1s a stable equilibrium point of

system (2.16) 1n sense of Lyapunov.

Proo-f:
Let e = x - x |,
then
€ = FX)-F(x)+[g(x)-g(X)Ir(x)-k(x,h{x))
= fle+x)-f(%)+[gle+X)-g(X)Ir{x)-ki(x,hle+x))
Let w1, w2, be defined by

W1(t)=[VxV1(x)]T[f(x)+g(x)r(x)]
w2(t)=[VeV2(e)]T[f(e+§)—f(i)+[g(e+i)-g(§)]r(i)—k(i,h(e+§))]
where, x, X and e stand for x(t), %X(t) and e(t), respective-

ly.



Define the function V(x,%) for system {(2.16) by

Vix,x) = V1(X) . Vz(e)
= V1(x) + Vz(x-x)
Obviously, V(x,%X) 1s positive for any (x,%x) and
Vix(t),x{t)) = Vv + V

1 2

(7Y, 1T EF OO +g ()T (3 1409V, (e) 1T LF (x)+g{x)T (%) -
FlX)-g(X)r(x)-k(x,h{x)]
= W (t) + W, (t) + [VV1(x)]Tg(x)[r(§)-r(x)]
By Assumption A2, the following system (2.19) 1s stable at
oraigin,
% o= FUR) g(x)r(x) (2.19)
By Assumption A3, e 1s bounded and

e(t) — 0 , as t — o«

And from Assumptions 2),3)/{(1), 3)/(ii11) 1n A3,
J l-k(x(t),h(x(t)))idt < oo

0

y

Lemma 2.1, % in system (2.16) 1s bounded. And so
1s X 1n system (2.16) because of the boundness of e. There
exists M such that lIx(t)ll < M, for any t 3 0.

By Assumptions 2) 1in A1, 1) 1n A2 ,

H[VV1(x)JTg(x)(r(ﬁ)-r(x)m < HVV1(x)HMg(x)HHr(i)-r(x)H
< ab1HVV1(x)HHeH.
For any given &>0, 1n annulus 8<IlIxli<M,
by Assumption 2)/(iv) 1n A2, there 1s b4>0, such that

W (t) ¢ -b HVV1(x(t))H < 0

1 4
Since lle(t)ll —> 0,as t —> =, there exists finite T, such
that
wl(t) + ab1HVV1(x(t))H'He(t)H < 0 , when t > T
Hence, when t > T, Q(x(t)) < 0, for all xt{z*Rn|6<NzH<M).



Thus, x 1s forced i1nto the disc lIxligd.

Since the arbitrariness of &, X —> 0, as t —> oo,

So 1s X, since e = x - x — 0, t —> o

This completes the proof of the stability of system (2.16).

Q.E.D.

Thus, the design objective here once more turns into the

selection of functions r, k and V ' V2 which have to satisfy

a set of constraints over Rn or a subset of Rn.



CHAPTER THREE MATHEMATICAL PROGRAMMING PROBLEM WITH

INFINITE DESIGN VARIABLES AND CONSTRAINTS

3.1 The problems

As we saw in Chapter 2, many non-linear control system
design problems can be expressed as a type of mathematical
programming problem of finding a function satisfying an 2in-
finite number of constraints or minimizing a cost function
subject to an infinite number of constraints. The former 1s
referred to as the feasibility problem and the latter as the
constraiﬁed optimization problem. To be more specific, such
problems in control system design often take the following
forms, (we 1gnore other kinds of constraints in design prob-

lems and concentrate on this new type of constraint ).

~

P (the feasibility problem):
Given a continuum subset Q of Rn and a function f:
m nxm P
QxR xR —>R", find a continuously differentiable function

1S
$: Q~—>Rm, such that the following lnequallty¢§atlsf1ed

f(x.¢(x).vx¢(x)) £ 0, for all x € Q.

It 1s easy to see that the stabilaity design constraints
(2.10) described in Sec.2.1 falls 1nto this category with

m=2 and p=3.

P2 (the constrained optimization problem):
Given a continuum subset Q of Rn , a function f:

1
QxRMygMXM — rRP  and a functional FO. C; )(Q) —> R, where



cl1) (g

e

{d: @ — r" 1s continuously differentiable 1},

* (1)
find a function ¢ € Cm

£906%) = 1nef £9(0) | & € c;1’(9) and

(Q) such that

f(x,¢(x).vx¢(x)) ¢ 0, for all x € Q@ }.

As we said in Introduction, the approach proposed in

this paper is to wuse piecewise linear continuous functions to

approximate solution functions. In control system design

‘problems, piecewise continuously differentiable soalution
functions are usually acceptable . Hence, we
are concerned with the following problems which are different

-~ ~

from P1 and P2 in the definition of ¢.

P1:

Given a continuum subset Q of Rn and a function f:

nxm _ Rp, find a function ¢: Q —> Rm, which 1s a

QxRMxR
pliecewlse linear continuous function or 1s the accumulation
point (under the norm of Def.3.7 below) of a sequence of
plecewise linear containuous functions, such that the follow-
1S5
1ng 1nequalityVsatisfied
f(x,¢(x),Vx¢(x)) < 0, for all x ¢ Q,

where, the value of Vx¢(-) at the discontinuous points of

Vx¢(') takes the local average value.

P2:

Given a continuum subset Q of Rn, a function f:
Qmeanxm —_—> Rp, and a functional FO Cé1)(Q) ~—> R, where
~01) A m
Lm () = { ¢: @ — R 1s continuous and 1ts first order



derivative 1s a piecewlse

function ¢* . (1)

continuous function},

find a

(Q) such that
m
N -
£90e™) = anet £%0e) | eec! ) |, and
f(x.¢(X).Vx¢(x)) € 0, for all x € Q 1},
where, the value of Vx¢(') at discontinuous points of Vx¢(')

takes the local average value.

The definition of the

wlll make 1t more detailed

solution 1s not precise here. We

in Sec.3.5.

The relationshaip, 1.e., the feasibility and optimality,
between ;1, ;2 and P11, P2 will be discussed along with the
proceeding. For the sake of saimplicity, we assume m=1 and
p=1. This assumption will hold through this chapter.

40



3.2 Algorithms for Problem P1

The main algorithm proposed below for problem P1 is
of the outer-approxaimation type. At every 1teration, there
are two sets of discrete points i1n Q. One 1s the set of no-

dal points, wl = .t Which the constraints must be satisfied.

The other 1s the set of auxiliary points, A3 , which helps to
find the desirable values at nodal points. We use some sub-
algorithm to find the values at both wi and Aj such that
the plecewise linear continuous function obtained satisfies
constraints with regard only to points in wi . If this is
successful withain certain 1terations 1in the sub-algorithm, we
go to next step that 1s to find, approximately, the "worst"”
point in Q in the sense that the constraints are mostly
violated at this point. Then we add the "worst” point to the
nodal set and go to the next i1teration. If we are unable to
find the desirable pilecewlse linear continuous function
within certain 1terations in the execution of the sub-
algorithm, we 1ncrease the points 1n the auxiliary point set
and try again. That 1s the basic i1dea of Main-algorithm 1

stated below.

First, there are some definitions.

Definition 3.1:

For a given discrete subset w of Q, where  1s a contin-
uum subset of Rn , s(w) 1s a set of nonoverlapping simplices

whose vertex set 1s w. S{w) 1s the class of all such s(w).



Definition 3.2:

~

For discrete sets w! w2‘ a set of simplices s(wz) is

said to contain a set of simplices s(w1) if s(wl) € S(wl), 1

= 1, 2, respectively, and every simplex in s(w1

) 1s either a

~ ~

simplex in s(wz) or 1s the union of some simplices in s(wz).

Definitaion 3.3:
For a given discrete subset w of Q, a function <class
L{w) 1s called the Piecewise Linear Continuous Function Class
over w 1ff L(w) satisfies
L{w) 4 { 1 | There exi1sts a set of simplices ;(w)

on which 1 is continuous and is linear
on every simplex in ;(w). 1

The subset of L(w) consisting of functions specified over

~ ~

s{w) 1s denoted by L(w,s(w)).

Definaition 3.4:
For a given simplex s in Rn. a side of s 1s called the
largest side of s 1f 1ts measurement defined by
L s -xt
n

1€1<J¢<n

exceeds (or, equals) the measurements of all other sides,

where {x1,x2,"',xn} 1s the set of vertices of this side and

H'Hn 1s the Euclidean norm 1in R'.

Definition 3.5:

n
For a given samplex s i1n R , the divaiding-point x 1s the

centroaid of the largest side of s.



Main-

Data:

Step

Step

Step

Now we present our main-algoraithm for problem P1.

algorithm 1:

w0 {x , ..., x }cQ and s(wo) = {s ,

as

defined in Def.3.1 such that Us(wo) (the union of

-~

the elements of s(wo)), 1s an approximation to Q;

Integer: 1t > 1;

Logical variable: CASE;

Initial function: lUE L(wo,s(wo)) as defined

in Def.3.3.

0: Set i=0 ;
Set w-1'0 = wo :
Set w0,0 = wo
1: Set J = 0;
0
Set A = empty set;

~ ~

Construct s(w ) such that 1t contains sf{w

~

2: Let A:]+1 be the dividing-point set of s(wl'j)'
Set wl'j+1 = wl'j U A3+1 4
Construct s(wl'j+1) containing s(wl‘a);
Set 1 = 1_;
1,3+1 1
Set J =3 + 1 ;
Let n be the cardinal number of w>'J

1.3

1,0 1-1



Step 3: Find (using Sub-algorithm 1.1) the pirecewise

linear continuous function li,j satisfying

fix, .
(% ll‘j(x). Vxll,j(X)) £ 0,

for all X € wl;

If a solution 1s found (1.e. CASE = true),
go to Step ¢&;

Else (1.e. CASE = false},
set ll = li.j and

go to Step 2.

. -
Step &4: Find the "worst” poaint x in Us(wl'j) such that
* *
fix , 1 (x ), v 1 (x ))=
-Ln:] l'j
ma x Fx, ll' (x), V ll'j(x))

* *
Step 5: If f(x , 1 (x ), Vv 1 {x )) ¢ 0,
1,3 X 1,3
set 1 =1 and stop.
1 1,73
*
Step 5: Set wl+1 = w- U {x }:
Set 1 = 1 H
1+1 1,73
Set w1+1,0 — wl‘j:
Set I = 1+1;

Go to Step 1.

The following 1s a sub-algorithm called in Step

Main-algoraithm 1 to determine ll

3

of



Sub-algorithm 1.1

Comment 1

This sub-algorxithm determines a function

li'chlwl'j,s(wl‘j)\ satisfying

1
fix, 1 , v 0, for all x € w ,
( l'j(x) Xll.j(X)) <
when such an ll . exi1sts and can be found within certain
number of i1terations (e.g., J*it).

Comment 2:

What we want to do now 1s to find a finite-dimensional
vector satisfying a finite number of constraints. Many algo-
rithms are available. The follow1ng[14] 1s Just one of them.
Roughly speaking, this algorithm employs a minimum norm
search dairectaion p, at a present variable =z, such that the
first-order approximation of constraints at Z+p 1s the most
descending. It uses an Armi1Jjo rule to choose the step
length. Some modification has been made here since the ex-

istence of solution from the sub-algorithm 1s not guaranteed

1N our case.

For a pliecewlse linear continuous function
1 L(wl‘j.s(wl‘j)), we define the vector z, by
n
=, S a6k, e R T,

Kk
K € wl'j and {x } 1s arranged in certain order.

n
1,
Oon the other hand, a vector 2 € R J defines a piecewlse

where, X

'3 T3y,

N ~
linear containuous function lz £ Liw ,slw
Consequently, we defaine a set of constraints, for vector

z, by



93(z) & f(xj,l(xj).vxl(xj)), Je {1, ....ond,

1
where, nl 1s the cardinal number of set w

Comment 3:

Since such sub-algorithm often employs the gradients of

constraints, we assume that f 1s differentiable in z. This
1s possible i1n many design problems (e.g., in stability
design) and 1n case 1 1s a plecewlse linear continuous func-
tion.
i
We define a function Y: R 3 —> R by
piz) 4 max {g7(z) | j=1....,nl}.
n
Also, for all Z, p in R l'j. we define the first-order
approxaimation to Y(z+p) by
diz.p) 8 max ¢ gj(z)+gg(z)p | I=t.....n ).
0 0 1,3
Let the functions J , $€ : R —> R be defined, for
all € 3 0, by
¢O(Z)9mln {P(z.,p) | p & P},
$€O(z)érnax {¢0(2) , -e},
A nl
where, P ={ pe&e R 3 | el < L},

L 1s some suitably chosen large number.

The algoraithm 1s as follows.

Sub-algoraithm 1.1:

Data : B £ (0, 1), " ¢ (0, 1), L >> 1.
S . =
tep 0O: Set zO 21 ;
1
Set £ = ¢ w(zo).



Set k = 0.

Step 1: If w(zk) <0,

true

»n
®
ct
g
>
(%]
m
"

, stop.
Step 2: If k > 3*xit,
set CASE = false;
Set 1 = 1 , stop.

Step 3: Compute @0(2 ) = min { &(zk,p) | p g P}.

Step 4&4: Compute

0]
P, = pe(zk) = argmin{lipll | ¢(2k.p) T4 ®E (zk)}.
Step 5: Compute A, the largest number an {1, B8, BZ, ...}
such that

0
w(zk+Apk)—w(zk) < A[¢€ (zk)-¢(zk)]/2.

Step 6: Set Zk+1 = zk+Apk;
Set k = k+1;

Go to Step 1.

Main-algoraithm 1 together with Sub-algorithm 1.1 1s a
complete algoraithm for problem P1. Yet 1t 1s, however, a
conceptual algorithm in the sense that the Step 4 1n Main-
algorithm 1 requires the solution of a global optimization

problem. To make 1t implementable, we propose the tfollowing



sub-algori1thm.

Sub-algoraithm 1.2:

Comment:
This sub-algorithm 1s to find, approximately, the
"worst” point 1n Q. It is of grid type and replaces Step 4

in Main-algorithm 1.

Data: s(y''3J) as before;
. R
m 5 the number of simplices in s(w )}
. i,3 7, i,
i,9° @ function 1n L(w j.s(w 3)):
G(1): a monotonically increasing integer function
Step 1: Order the m. . simplices 1n s(wl'j). from 1 to m -

Choose, equally spread or randomly, G{(1) points 1in

every simplex 1n s(wl'j) and order the points
(e.g., lexicographically) 1in each simplex

from 1 to G(i).

Step 2: Set k = 1.

*
Step 3: In Simplex k, faind, xk, the worst point among
G{1) points, 1.e.,
Fixo, 1 SR 1 £
X l,](xk , Xll,j(xk = mix X, ll'j(x), Vxll’j(x)).
Step 4 If k < m , set k = k+1;
1.3

Go to Step 3.



Step 5: Among the above My .3 points, find the worst point

X , i.e.,
* * Y LFix ., 1. _(x). Y 1. _(x))
fix , ll'j(x ). Vxlllj(x ) ) =max xk, 1.3 X o x1li, 3 xk ,
= 1! *
As 1s pointed out in Section 3.1, in many cases a

pirecewlse linear continuous function 1s acceptable for con-
trol system design problems, provided 1t satisfies the design
constraints. Hence we do not employ a precision criterion
for the size of the final simplices 1in algorithms solving
problem P1, when only Main-algorithm 1 and sub-algorithm 1.1
are employed (1.e., 1f the exact or nearly exact maximization

in Step 4 1s carried out via some alternatives, analytic or

numerical, to Sub-algoraithm 1.2). If Sub-algoraithm 1.2 1s
used, however, the size of simplices and the value of G
should be taken 1nto account. Since the corresponding modif-~-

i1cation 1s similar to that in Main-algorithm 2, we leave dis-

cussion on this point later.



3.3 Analysis of the algorithms in Sec.3.2

In this section, the properties of the algorithms pro-

posed i1n the last section for problem Pt will be discussed.

Definition 3.6:

Given a continuum subset Q in Rn' the pilecewlse con-
tinuously differentiable function class on Q, 5(1)(9). 1s de-
fined by:

2(1)(9) & {$: Q — R is a continuous function

and 1ts fairst order derivative 1is
a piecewise continuous function}.
And the plrecewlse linear continuous function class on 9,
L(Q), 1s defined by:
A

L(Q) = {¢: Q —> R 15 a precewise linear

continuous function }.

Definaition 3.7:

(1)

For a function ¢ 1n C (Q), the norm of ¢ 1s defined
by :
A
Hell = sup ([e(x)][+NT_d(x)ll )
) had n
XEQ n
where, H'Hn 1s the Euclidean norm in R space. For those

points x, at which Vx¢(-) 1s discontinuous, Vx¢(x) 1s defined

to be the local average of all relevant derivative values.

In most cases we consider a closed, bounded Q. Then the
"sup’ in the definition of norm may be replaced by 'max’
Also we suppose @ can be covered by a set of simplices, 1.e.,

Q=Us({w) Thus, L{w) 1s a subset of C(1)(Q).



Lemma 3.1:
C(1)(Q) 1s a normed linear space of functions with norm

ll°lloo under Def.3.7

Proof: (Elementary)

Definition 3.8:

For problem P1, the feasible set ¥ 1s defined as:

ne>

vy & eec' Moy FUx.®(x).V #(x)) ¢ 0, for all x € Q}.

We give the following assumption for f 1in problem P1.

Assumption 3.1:
_ The function f 1n problem P1 is assumed to satisfy the
following inequality: for all x1,x2 y1,y2,21.22,
|f(x1,y1,21)-€(x2.y2,22)I(K(Nx1—x2Hn+|y1-y2|+Hz1-22un),
where,
X, , X, EQ Qx 1s a bounded subset in R ,
3
y1,y2 Qy, Qy 1s a bounded subset in R,
Z..,2,€Q_, QZ 1s a bounded subset in R ,

2 z
K 1s a constant, 0<K<+w, related to Q ,Q 'Qz and f.

Actu\?lly, 1in Comment 3 of Sub-algorathm 1.1, we assume
that f 1s differentiable. Hence 1t satisfies this Lipschitz

conditaion.

Lemma 3.2:

~

(1)

In normed space C (Q), 1f a sequence {¢l} converges to
x
¢, as 1—>w, then U{¢l(x)IXtQ} and U{Vx¢l(x)lxtQ} must be
1 1
bounded.



Proof:

~

Since Ql e ¢*, as 1 —> e, 1n C(1)(Q).
* * "
ma x (|¢l(x)—¢ (x)] + HVx¢l(x)—Vx¢ (%) n)
XEQ
*
= H¢l - ¢ H” —> 0,as 1 —> o,

Obviously, there 1s a BE(0,»), such that for any 1,

X *
ma x (l¢l(x)-¢ (x)|+NVx¢l(x)-Vx¢ (x)Hn) < B.
XEQ

(1)(9) and @ 1s bounded, so are

. -
Since ¢ €C
*x *
{d (x)|xeQ} and {Vx¢ {x)|xeEQ}.
Consequently, we have positive numbers B1 and 82
such that, for any 1,
81 1s a bound for {¢l(x)leQ}.

B, 1s a bound for {V ¢.(x)]|xeQ}.
2 X 1

For any vector z in U{¢l(x)leQ}, there exists an 1,
such that :
z € {¢l(x)lx€Q}.
thus, llzfl ¢ 81.

The same argument holds for U{Vx¢l(x)|xEQ}.

Hence, the lemma 1s deraived.

Lemma 3.3:
If f an problem P1 satisfies Assumption 3.1, then ¥, the
set of feasible functions, 1s closed.
Proof:
Let {¢l} be a convergent sequence in Y, 1.e.,
*
$ -—> ¢ , as 1—> o

hs

From Lemma 3.2, we know the sets



¥{¢l(x): x € Q} and S{Vx¢l(x): x E Q}
are bounded. Thus, from Assumption 3.1, there exists a K
such that for any x € @,
(%), 7 e (x)) ]
FFOc e 00,7 ¢ (x))-Flx, & (x),V & (x)
* *
< K(|¢i(x)-¢ (x)|+HVx¢l(x)—Vx¢ (x)l).
Since ll¢l—¢*ll°° —> 0, as 1 —> oo,
* *
[ Fix,¢_ (x),V & (x))-F(x,¢ (x),V ¢ (x))]| —> 0,
1 X 1 X
as 1 —> =, for all x € Q.

Since ¢i € ¥, for every 21,

fix,$ (x),V ¢ (x)) ¢ 0, for all x € Q,
1 X 1
we have
* *
fix,¢ (x),Vx¢ (x)) € 0, for all x € Q.
Thus,
* *
max fi(x,$ (x),V ¢ (x)) € 0,
_ X
XEQ
1.e $ eV
Q.E.D
Definition 3.9:
A real-valued, nonnegative function d.: C(1)(Q) —> R

Q
(measures the "distance” from ¢to¢)1s defined by
g (4) & max{0, max Fix.$(x).V &(x))}.
Q _ X
XEQ
Theorem 3.1:

Assume that f i1n problem P1 satisfies Assumption 3.1,

- *
that {¢l} 1s a sequence 1in C(1)(Q) converging to ¢ 1n
- %
C(1)(Q), and that dQ(¢l) —> 0, as 1 —> oo, Then, ¢ ¢ VY.

Proof:



From the assumption that dQ(¢ Y —» 0, as
N '

obtain
max f(x,% (x),Vv ¢ (x)) < €_,
1 X 1 1
XEQ
where, el > 0 and el —> 0, as 1 —> oo,

From Assumption 3.1, there exists (similar 1in the proof of

Lemma 3.3) a K such that

x *
[ Fix,® (x),7 ¢ (x))-F(x,¢ (x),V ¢ (x))]|
1 X L X
*
Kité -

< N $ II°° ,
for all x € Q and all i 3 0.

Thus, for all x € Q and all i 3 0,

FUx, 0 (x).T 6 (x)) € KIS -6 I +Ff(x,o (x).V &_ (x))
X h e oo h X 1

£ Klié —¢*H + max Flx,d_ {(x),V & (x))
1 0 1 X 1
XEQ

*
< Kité -4 I+ €
h N o

i
*
As 1 —> oo, H¢l—¢ ll°° —_ 0,81 -—> 0 so that
* x
fix,¢ (x),Vx¢ (x)) €< 0O, for all x F Q.
Hence,
* *
max fi{x,¢ (x),V ¢ (x)) ¢ 0 ,
X
XEQ .
That 1s dQ(¢ ) = 0,
*
$ € v

Now we prove the followaing main theorem.

Theorem 3.2:

For problem P1, suppose ¥ 1s not empty and f satisfies
Assumption 3.1. Let sequence {ll} be generated by Main-

algorithm 1 and Sub-algorathm 1.1 ain 3 2. Then, 1f the se-



quence 1s finite, the last point lies 1n Y: 1f the sequence
is 1nfinite, then any accumulation point of 1t is in Y.
Proof:

The finite case is traivial.

In the 1nfinite case, since VY 1s not empty and the class
of piecewlse 1linear continuous functions 1s dense 1in the
class of continuous functions, the algorithm does not Jam
between Step 2 and Step 3 1n Main-algorithm 1

Suppose {ln } 1s a sub-sequence of {1.} and {1} con-
1 i

*
verges to 1, as 1 ~— o, As 1n the proof of Lemma 3.3, by

Assumption 3.1, there exi1sts a K such that

If(X.ln (x),Vxln (x))-f(x.ln (x).Vxln.(x))l
1 1 J 3
< K(|1n (x)-1_ (x)|+uvx1n (x)—Vxln.(x)H“),
1 3 1 3

for all x in Q and all 1,3 3 0.

n n.
By construction, w * 1S a proper subset of w j, for 1 < 3.
*
Let xl satisfy
* * *
fix_,1 (x_ ),v 1 (x_)) = max f(x,1 (x}),Vv 1 {(x))
1 n hi X n 1 n X n
1 1 XEQ 1 1
By construction,
F( X * *
xl.ln (xl),Vxln (xl)) > 0, for all 1 3 0.
1 1, n
Also, by construction, xl E w j, and
*
fix_,1 (x_ ),V (x_)) ¢ 0,
n 1 x'n
J J
for all 1 2 0, all J > 1
Thus,
* * * *
ML -1 Il > |1 (x )-1 (x I+ W9 1 (x_ )=-v 1 (x )
n n_ oo n 1 n 1 X n 1 X 'n 1 n
J 1 J 1 J 1
—1|‘F( * ( * ( * x *
2 K xl,ln xl)‘vxln xl))—f(xl,ln (xl),VXln
1 1 J
-1 x * A * *
= K (fix ,1 (x_),v 1 (x_))-Fi(x .1 (x_),v 1
1 nl 1 X nl 1 1 nj 1 X n

- 55 -



> K e ® 1 () v 1 (xT))
1l 1 X n L

* -
But, since ln —> 1 , as 1 —> e, and

for all 1,3 such that 3 > 1,

the right side also tends to zero as 1 —> oo,
Thus, dQ(ln )y —> 0, as i1 —> o
h

From Theorem 3.1, we have
*
1 €Y
Q.E.D.
We notice that an infinite sequence of plrecewlise linear
continuous functions does not always have an accumulation
point in the class of the piecewise continuously differenti-
able functions. Heowever, by construction and the continuity,

the "dirstance” between the functions constructed and the

feasible function set hopefully tends to zero.

Now we consider Main-algorithm 1 together wlith Sub-

algorathm 1.1 and Sub-algoraithm 1.2.

Definition 3.10:

For a function 1 ain C (Q), define



1] 12

M(1) max f(x,1(x),V_1(x)).
X
XEQ
Definition 3.11:
Similarly, we define, for any subset Ql of Q,

ﬂQ (1) 8 nmax Flx,1(x),V 1(x)).
X
1 xEQl

Definition 3.12: (cf. Def.3.9)

Define a real-valued, nonnegative distance function
(1)
GQ : C (Y — R by
* A
GQ (L) = max{0, HQ (L)} .
1 1

where, Ql is a subset of Q.

Now we state a theorem which parallels Thm. 3.1.

Theorem 3.3:

Suppose f 1n problem P1 satisfies Assumption 3.1, {ll}
is a sequence 1in C(1)(Q) convergaing to 1 in C(1)(Q) and {Ql}
1s a sequence of subsets of Q. If GQ (ll) —> 0, as 1 —> oo,

1

and, for all 1 3 0, HQ (ll) pY M(ll)-yl, where Y, 3> 0 and
Yl —> 0, as 1 —> oo, then l € VY.
Proof:

As 1in the proof of Thm. 3.1, since 4. (1 ) — 0, as

1 —> o, we may deduce that

where el > 0 and el —> 0, as 1 —> oo,
Also, since {ll} converges to 1, by Assumption 3.1, there
exists a K such that for any x in Q and any 1,

[FOGL 60,7 1 6O =F0, 1000, 7 10O < KL =1,

Thus,



1

+

FOGLO0 LT 1 0) ¢ KL, FUx, 1 (x),9 1 (x))

+

< K|lll - 1 M(ll)

< Kllll - 1 + M (ll) + N

< Kllll lll°° + €. + ¥
Allowing 1 to tend to ainfinity, we obtain
f(x,l(x),vxl(x)) < 0, for all x ain Q.

Hence, 1 e VY

From the construction of Main-algorithm 1 and Sub-
algorathm 1.2, we can see that the number of simplices over Q
and the number of points 1n every simplex are both increasing
as the computation proceeds. Hence 1t 1s obvious that the
functions generated by these algorithms satisfy the assump-
tions regarding M and M. Therefore, we can have the following

theorem.

Theorem 3.4:

For problem P1, suppose Y 1s not empty and f satisfies
Assumption 3.1. Let sequence {ll} be generated by Main-
algoraithm 1 together with Sub-algoraithms 1.1 and 1.2. Then,
1f the sequence 1s 1infinite, any accumulation point of 1t 1s
in Y.

Proof:

The proof 1s almost the same as the proof in Theorem 3.2



except using HQ (ll) 1n the place of max f(x,1(x).V 1(x)),
1 XEQ

using d 1nstead of d and employing Thm. 3.3 1instead of Thm.

3.1.



3.4 Algorithm for problem P2

For the constrained optimization problem P2, the follow-

ing main-algorithm 1s proposed.

For a set of simplices, s(wl)' we use dl to denote the

1

s1ze of s(uh) {e.g., d- is the largest volume of the sim-

~

plices in s(wh)).

Main-algorithm 2:

Data: wo. s{w ), L(wo,s(wo)) as i1n Main-algorithm 1;
5 > 0
Step O: Set 1 = 0;
Set s(w-1) = s(mo).
T T o1-1
Step 1: Construct s(w” ) containing sf{w )3
1 "
Compute d~ - the size of s{w };
Find xl - the dividing-point of the simplex
with dt.
Step 2: Solve problem P(wl):
Plwr): min { fo(l) | leL(wr,s(w));
FIX, LX),V 1(X)) < 0, for all xtuw™ }
to obtain ll
* T
Step 3: Find X € Us(w™) such that
X - 1
x = argmax {F(x,ll(x),Vxll(x))lx Us(w™)1}

X

- 80 -



Step &4: If f(x* ll(x*)‘vxll(x*)) ¢ 0, go to Step 5;

Else, set wttl = wlu{x*},
1 = 1+1,
go to Step 1
Step 5: If dl < &6, stop;
Else, set wtt! = wiu{ x* ¥,
1 = 1i+1,

go to Step 1.

Step 3 1n Main-algoraithm 2 can be replaced by Sub-
algoraithm 1.2 as 1n Main-algorithm 1. Step 2 1s now a minim-
1zation problem with finite variables and finite constraints.
Hence avallable algorithms can be used. The point

1s that the feasible set of 1 i1n Step 2 might be empty be-

cause of the "coarseness” of the simplices even though the
existence of a solution to problem P2 1s guaranteed. Thus
modifications, such as use of the auxiliary nodal set A:l as
1n Main-algorithm 1, should be made. The modified algorithm

1s as follows.

Main-algorithm 2°':

Data: wO. s(wo), L(wo,s(wo)) as 1n Main-algoraithm 1;
5 > 0
Step 0: Set 1 = 0;



Set 3 = 0;

Set S{w™ ') = s
0
Set A~ = empty set;
Set §(w°“1) = s(w?).
~ T o1-1
Step 1: Construct s{(w™) containing s(w )
1 T
Compute d~ - the size of s{w’);
Find x* - the dividing-point of the simplex
with d*;
Let wh I = wl U Aj.
Step 2: Let w3 = vt u ad;
Construct s(w>'3d) containing s(wl'j-1).

Step 3: Solve problem P(wl'j):

0 | 03

Plw*' 3): min { £°(1) T3y,

lEL(uul ,s{w
f(x.l(x),vxl(x)) { 0, for all xew® }
to obtain 1 ;
1

If the feasible function set 1s empty,

let A:’+1 be the dividing-point set of s(wl'j),
set J = J3+1 and go to Step 2.
* 1,3
Step 4: Find x ¢ Us(w ) such that
L 1)
x = argmax {fi{x,1 (x),V 1 (x))]x ¢ Us(w )}
1 X1
X
* * *
Step 5: I+ fx .ll(x ),Vxll(x })) € 0, go to Step 6;
*
Else, set wl+1 = wt U {x },
set 1 = 1+1,



Step 6:

If d

Else,

set J =

set A0

go to Step

< &, stop;
set wi+1 =
-set i
set J
set A

go to Step

0.

empty set,

wo U {xi}.
i+1,

0.

empty set,

1.

63 -

and

and



3.5 Analysis of algorithm 1n Sec.3.4

For the constrained optimization problem 52‘ a bound as-

sumption is needed.

Assumption 3.2:

We assume that the set of feasible function in P2 is

(1)

- -
contaained in a bounded subset, C(1)(Q), of C (Q), i.e.,

there exists a finite positive number B .such that

(1) gy,

Hen_ ¢ s, for all ¢el

This assumption 1s often achieved in control system

designs since the control law we want to construct usually 1is
restricted 1n magnitude.

In this section, we always restraict the feaslible set

(pef.3.8) on 8¢ (q).

Definition 3.13:

The feasible set for problem P(ml'j) in Step 3 of Main-
algorithm 2° 1s defined as follows
viw 3y & f1eiwr Y swt ) FOx,1(x) .,V 1(x)) < 0,

for all x & wr}
Similarly, we define
Yiwr) & (1 ¢ Liwr, s(wb)) | £Ux,1(x).9 1(x)) € 0,

for all x ¢ ml}.

Clearly, for all 3 2> 0,



By a solution 1 to Problem P2, we mean one of the two
si1tuations as follows:
{1) There 1s a set of simplices, g(wl)' satisfying

the precision requirement &§ 1n Main-algorithm 2 or 2°;

1 12s such that

£001) = inete0) | 0 e v},
and
f(x,l(x),Vxl(x)) < 0, for all X E Q;
(2) There 1s a sequence of’ simplex sets, {;(wi)}. such

that

s(wl) meets the precision requirement for all 1;
1 € 8(1)(9) and 1s such that
0 ¢ £ Y ). for all ¥ e Y(wh),

for all 1,

and

f(x,l(x),VXl(x)) < 0, for all x € Q.

Lemma 3.4:

n
Suppose ) 1s a simplex in R whose vertices are

1 n+1}.

{x , ..., % Let l1,l2 be two linear scalar functions on

S, and vectors 3, be defined by the values of ll' 12 at the

vertices of S, 1.e.

LB

n+1



Then, on S,

WL =2 0 = up-zn_+u
2 oo oo
where, 11 -1_1H defined as 1n

1 2 oo ‘
1g-21 2 max{ig_-2_|
o0 J 73
and b1, b2 are, respectively,

Proof:

Let 11(x)=a

+b:x, lz(x)=a +

1 2

Choose 3 such that

18,-2 1 = us-2i .

For all x €

such that

X

S, there exast o

n
= x + [ a.y

Thus, for all x in S,

l1(x) = a
= a
= B
= 8
Similarly,

Then, for all x in S,

111(x)—1

2

n
+ bT(x1 + I o yl)
1 1
1=1
n
+ b x1 + I o bT(x
. 11
1=1
n n
_ OL181+1 L ul
1=1 1=1
n n
(1 - L o ) + L ¢
1 1
1=1 1=1
n
lZ(X) = g1 - L Gl
1=1
(x)] = I(B1—Z1)(1 -

R

b1—b2lln .
Def.3.7, and
J=1,...,n+1}

the gradients of

T
bzx.



< IB A h
1-Z1|(1 - La )+ I dJlBl+1-Zl+1|
1=1 1=1
< -
IBj Zjl
= IIB-ZII°° )
so that
|l1(x)—12(x)l + llb1—b2Hn < IIB—ZII°° + |Ib1-b2IIn
Hence,
Ill1—lzll°° e IIB—ZII°° + llb1—b2|In
On the other hand, 1t 1s obvious that
IIB—ZH°° + Hb1-b2Hn g Hl1-12Hm,
since xj E S
Hence, the conclusion of the lemma holds.
Q.E.D

Proposaition 3.1:

1,
For every 1 > 0, 1f Y{uw j) 1s not empty, then 1t 1s a
sequentially compact set (1.e., every infinite sequence of
functions in W[wl'j) has, at least, one convergent sub-

sequence) .

Proof:

l,j)

Suppose Y(w 1s not empty.

Let E be a "cubic” subset of the finite-dimensional space

n, o, m _xn
R Txr
n m Xxn

E = {ye R "' 3Ixr 3 | uyll_ < B},

l '
where, nl 5 1s the cardinality of w j, ml 1 1s the number

lj)

of simplices 1in s(wl B 1s the bound in Assumption 3.2.

»

Define a map I from L(wl'j,s(wl'j)) 1nto E by

F(1) = (6. ni',



n
where, 8 1s a vector an R 1+J ¢ ynich the components are

'

njust the value of 1 at each poaint in wl'j; N 1s a vector in
ml s N
R ' of which the components (every n in a group) are the

’

gradients of 1 in each simplex 1n s(wl'j).

Suppose {lj} is an i1nfinite sequence 1n W(wl'j), there 1s

hence a corresponding sequence of vectors {IBR,nj]T} in E.
m XN

Since E is a closed and bounded subset of R l‘ij 1.3

there ex1sts a subsequence {[Bp ,np ]T} £ E,

T * *_ T J J
[Bp ,npv] _—_> {e ,.n 1 € E,
3 J
T as ] —> oo,
R *
Form a piecewlse linear, continuous function 1 on Q, 1.e.
* 2(1) * 1,3
1 € C (Q), with 8 as 1ts value at points 1n w (having
1,3 _,.1,3
the same structure as the elements of L(w . slw ) ).
By an obvious extension of Lemma 3.4, we have , for all 3,
* * *
ni, -1n, <oneey .ng 1T-t8 T
J J 3J
Since the right side tends to zero as 37 —> o,
*
lp —> 1 , as J —> oo,
3J 1 m
Now, for any x & w , by Assaﬁtlon 3.1, there exists a K
such that

[Fix,1 (x),v 1 (x))—F(x,l*(x),V l*(x))l
p:l X p3 X

CKOIL. (x)-170(x)1+0¥ 1 (x)-9 1 ()l )
pj X pj X oo

o0

*
4 Knlp -1 0
J
Thus, as J —> oo,

Fix,1_ (x).9 1 (x)) —> Fix,1 (x).¥ 17 (x)) |
p_ X" p X
J J
for all X € w

It follows that, for all x & w>,

* *
fix,1l (X),Vxl (x)) < 0,



since for every 73,

1
f(x,lp (x), V.1 (x)} € 0, for all x E w .
3 x P
J
Thus,
1% e viwt 3
Hence W(wl'j) 1s sequentially compact.

Since the set of piecewlise linear continuous functions
1s dense in the set of continuous functions, for every 21 » 0,

Y(wl‘j) will be not empty for a finite j. (We assume that VY,
201)

as defined ain Def.3.8 with the restriction in € (R), 1s not
empty.) Hence we have the following obvious theorem.
Theorem 3.5:

The problem P(wl‘j) in Main-algorithm 2° 1s solvable,
1.e., the minimum 1s achievable, for some finite 3.

For Main-algoraithm 2, we have the following result.
Theorem 3.6:

2(01)

Suppose Y, restraicted ain € (Q), 1s not empty, Assump-
tions 3.1 and 3.2 are satisfied and fO 1s continuous. Let
{ll} be a sequence generated by Main-algorithm 2°'. Then, 1f

{ll} 1s finite, the last point 1s an approximation solution
to problem P2 with sataisfactory precision &; 1f {ll} 1s in-
finaite, then any accumulation point of this sequence solves
problem P2.

Proof:



The finite case 1s traivial.
*
In the 1nfinite c€ase, let 1% Lo 31 accumulation point of

{ll}. For the sake of convenience, we assume

ll —_ 1 , as i —> oo,

Since {ll} 1s infinite, & 1s a given number, 1t 1s clear
that, after a finite number of i1terations, the computation
does not enter Step 6 (otherwise the execution will stop be-
cause of the decreasing of di). Hence we can assume that the
si1ze of ;(wl) is less that & for all . From the discussion
earlier about problem P1, l*EW (see Thm.3.2).

For a function ¢ € Y(wl). there 1s a J (depending on 1)
such that

01 = minte% ] 1 e vty ¢ ¢ Py
By construction, for all k > 1, as i1—>® |,
01 ¢ 0.
Thus, fo(lk) £ Fo(w), for all k > 1.
Allowing k to tend to infinity yields

21"y ¢ %

*
Hence, 1 1s a solutaion to problem P2.

Actually, the solution generated by Main-algorithm 2"
lies 1n the piecewlse linear continuous function class, whaich
1s a subspace of the plLecewlse continuously differentiable
function space. This 1s different from the solution to prob-
lem ;2, where a continuously differentiable function 1s re-
quired. Discussion on the optimality of solutions subject to

these different spaces 1s left to Section 3.6.



3.6 A sequence approximation theory

As we stated earlier, the original problem 52 1s to seek

an optimal function a1n the space of continuously differenti-
able functions. But the procedures proposed in the above
sections are carried out 1in the class of piecewise linear
continuous functions which does not i1nclude the class of con-
tinuously differentiable functions nor vice verse. Can the
solution obtained by Main-algorithm 2' really solve the orai-
ginal problem ;27 In this section, this question will be

considered 1n a broader situation.

Assumption 3.3:
Let C be a closed subset of a Banach space, E 1s a sub-
set of C, and {Cl} 1s a family of subsets in C satisfying

C c¢C
1 1+ 1

Uc = c;
1
1=1
Also,{El} 1s a family of subsets an E satisfying

E CE
1 1+1

u . = E,
1
1=1 _
where, for any set S, S denotes the closure of S.

Definition 3.14:

Let E be a subset of C, and let both E and C be elements
of a normed space (called the base space). Let f: E —> R be
a global Lipschitz continuous functional on E. A  functional
; 1s called a Lipschitz Bounded Extension Functional (LBEF)

of f, 1f f 1s defained on C and there exists a positive finite

K such that



f[¢) = f(¢), for all ¢ in E,
|f(¢1)-f(¢2)|<KH¢1—¢2H,
for all ¢1,¢2 in C,

where, /Il is the norm 1n the base space.

Now we consider the following optimization problem.

P(E): inf { f(Y) | b € E }

Definition 3.15:
*
For any functional f: E — R, a function ¢ in E is
called a solution of problem P(E) af

FOO )= 1nf{f(Y) | 0 € E }.

Definition 3.16:

Let f be a functional on E, f: E — R. {El} 1s a fami-
ly of subsets ain E and {sl} 1s a positive sequence converging
to zero. A function ¢: € El 1s called a solution of optaimi-
zation problem P(El,el) 1f 1t satisfies

FOOT) ¢ anflf(p) | W« el v e,

Lemma 3.5:
Let E be a subset of a closed subset 1n a Banach space,
{El} a family of subsets of E satisfying Assumption 3.3. Let
* *
Y and {wl} be solutions for P(E) and P(El,el). respectively.
If the functional f 1s continuous, then
X *x
f(wl) - f{y ), as 1 —> oo,
*
and any accumulation point in E of {wl}, 1f there exists,

solves P(E).



Proof:

Since El increasingly approaches (Assum.3.3) E, there

ex1ists a sequence {¢l} such that wi € El, for every i and
b 4
@l — b , as 1 —> oo,
It 1s also obvious that {inf{F(wl)leEEl}} 1s decreasing
*x

monotonically with i1 and is bounded below by f({ ).

Thus, from

inf flL) ¢ F(P_),
b.EE *
i "1
we have

F(07) ¢ 1im ( inf FLb_))

1 bieE;

¢ lim f(&l)
1
*
= f(p ) ,
where, the last equality comes from the continuity of f.
Hence,
*
Iim ( ainf¥f F(wl)) = f(Y )

1 P EE
1 1
Since

* x
<
fFlY ) < f(wl) <€ in:E f(¢1)+el ,
1 1
allowing 1 to tend to infinity yilelds

* *
f(p ) ¢ laim lnF(F(wl))
1

aN

lim sup(F(w:))

1
¢ 1lim ( ainf f(h Y+e )
N v oeE 1 1
1 a2
*x
= £y ),



that 1s

f‘wz\ — £(pT), as 1 —> w.

Finally, 1f there exists an accumulation point § of

such that
*
17 —_ P, as k —> oo,
o
from the continuity of f, we have
*
£(0) = 11m Fly, )
k k

It follows that
%
fF(P) = f(p )
since

f(wz) —_ f(w*). as 1 —> oo,

("3
1

Suppose C, E, {Cl}. {El} satisfy Assumption 3.3, f 1s a

continuous functional on E and f 1s an LBEF of f on C. Let

*
{¢l} be a sequence of solutions for problems {P(Cl,al)}

w* solves P(E).

Definition 3.17:

For every ¢1€C1' the distance between ¢l and El 1s

fined by
d%e E ) B inftue -0l | woc £}
1’ Ty 1 1
Definition 3.18:
For every Cl, define
nl é sup d0(¢l,El).
$ ©C
1 1

Then the following theorem 1s availlable.

and



Theorem 3.7:

If ﬂl tends to zero as 1 tends to infinity, then
- * *
f(¢l) —> f(Y ), as 1 —> oo,
* -
and, any accumulation point & of {¢l}, 1f 1t exists, solves

problem P(E} in the sense that
;(6) = inf{f(Y) | y € E}
Proof:
It 1s clear that f and ; are continuous.
Assume that ¢ solves P(C) and {wz} solve {P(Ei)}, for all
1, 1.e. '
FLO™) = anf{f(e) | & € C},
f(¢I) Canflfle) | b e E} o+ e,

where, {el} 1s a sequence given in Def.3.16.

By Lemma 3.5, we have

-~ * - *
lam f(¢l) = f(¢ ),
1 * *
lim () = Fly ).

1

*
For every ¢l there exists a @lEEl such that

%
H¢l-$lﬂ < 2nl,

where, nl 1s as defined 1n Def.3.18.
Hence, from Definition 3.14,
- * *
f{¢ - - |
LFCe V=FCD )] < Kie -b |
€ 2Knl.
Letting 2 tend to infinaty yields

FLOY) = limflé ) = Limf(d )
1 1 h 1

* - %
f{p ) 2 Fld ).

i

*
> lamf (Y )
1
1
Thus,

- 3 *
llmf(¢l) = f(y )
Ry



Finally, 1let {¢;

k
verges to a function & € C, 1.e.,

*
} be a subsequence of {¢l} which

¢i — $, as k —> o,

~

Then, from the continuity of f,

~ - *
f(é) = 1im f(¢i )
k K
-~ *
= 1lim f(¢.)
i
1
*
= f(y )
That 1is,
F(d) = 1nf{f(yp) | Y € E}.

*
The theorem shows the accumulation point ¢ of {¢l},

1t exists, really solves problem P(E).
Finally, we state the following obvious corollary.
Corollary 3.1:

~ *
The sequence { f(¢l) } 1s a monotonically decreasing

guence.

con-

1f

se-

From these results and the properties of function

classes we employed 1n algorithms, we are able to conclude

that the solutions generated by Main-algorithm 2 do solve

problem P2 1n sense of the statements in Thm.3.7.



3.7 Independent simplex construction scheme

In the design of control systems 1t may be desirable to
have a set of "regular” simplices over the region of state
space on which the control law 1s defined. Suppose such a
set is {Si, Sz, 53, ...}, in which s* 1s a set of simplices

and Sl+1 "contains” S:L 1n sense that every simplex 1n st 1s

the union of some simplex({es) in Sl+1. (Cf. Def.3.2.) For

instance, Sl+1 might be made by dividing each simplex in Sl
into n by the "dividing-point” (Cf. Def.3.5). In such
cases, Main- algorithm 1 and Main-algorithm 2 are still valad
with some slight modifications. The following proto-type al-

gorirthm 1s a modified version of Main-algorithm 1 wilth Sub-

algoraithm 1.1, which shows the necessary alterations.

Problem:
Find a pirecewlse linear continuous function 1 defined on
region Q such that
f(x,l(x),vxl(x)) < 0, for all x € Q
where, the value of Vxl at points of discontinuity 1s de-

fined to be the local average value.

Without loss of generality, we suppose Q 1s the union of
51, where S1 1s a set of simplices, and denote P1 as the set

of nodal points in S1.

Main-algorithm 3:



set {k1. Koo ...} of pos_atave integerS satisfying
k., —> o, as 1 —> oo
1
1 2 1 2
{s , s, ...} and {P , P°, ...} as specified above.
Step O0: Set 1 =1
Step 1: Find a pirecewlse linear continuous function ll

on USl such that
fix,l {(x),V L.(x)) ¢ 0, for all x € Pl,
1 X1
using an 1terative algorithm;
If the 1teration number reaches kl and a solution

ll has not been found, stop the execution,

set

and go to the 1terative algorithm again;
Otherwise, go to Step 2.

* 1+1
Step 2: Find an x €& P such that

* . 1+ 1
X argmax{F(x,ll(x),Vxll(x)) | x & P }

1

Compute dl -- the of Sl

(Cf. Main-algoraithm 2 or 2').

* * *
Step 3: If f(x ,ll(x ).Vxll(x }) ¢ 0, go to Step 4

Else, set 1 = 1+1: and go to Step 1.

Step 4&4: If d < &, stop;

Else, set 1 = 1+1, and go to Step 1.



Main-algorithm 3 1s, i1n fact, a special case of Main-
algorithm 1 together with Sub-algorithm 1.1 and Sub-algorithm
1.2. Thus Theorem 3.4 remains valid, 1.e., any accumulation
point of an infinite sequence generated by the algorithm will
be feasible.

Main-algoraithm 3 1s linked more closely to the conven-
tional finite element method. The "distance” between the
functions constructed by this algorithm and the feasible set

for P1 1s more likely to tend to zero.



3.8 Constraint construction scheme

Algorithms proposed 1n Sec.3.2, Sec.3.4 and Sec.3.7 are
of the outer approximation type. The drawback of such algo-
rithms is that the number of constraints will grow quickly
with fteration number 1. Hence some constraint droppaing
scheme has to be considered.

We state 1t with the feasibility problem P1. That 1s

P1: Find a precewlse continuous differeptiable function ¢ on

Q, where QcRr” such that

f(x,¢(x),Vx¢(x)) < 0, for all x & Q

Definaition 3.19:
Define a functional ; : L(Q) —> R by
;(¢) = max {F(x,¢(x).vx¢(x)) | x € Q}.
To specify the dependence of ; on the maximal point in
Q, 1t can also be denoted as
B x) B Fle0,
where,
x* £ {argmax{f(x,¢(x),vx¢(x)) | x &€ Q}.

The constraint for problem P1 1s now 1n the following

form:

The following constraint construction scheme can be pro-

posed.



Constraaint construction scheme:

(1) Given a positive constant K and a positave, decreasing

sequence {el} with € —> 0, as 1 —> =

{2) At Iterataion 1 with functaon ¢l, compute

1
xT € {argmax {f(x.¢l(x).vx¢i(x)) | x € Q).

(3) Defaine q byt ou IxTYs
Construct ml*1 = Q. - Q.,
i i
where,
9 23 eq. | f (x3) ¢ Kle.-€ ).
1 i 4 "2
3
3 = 0,1, ,1}
Apart from the specified restraiction 1N (3), the con-

struction of the discrete subset wl 1s arbitrary in the sense
that other points X lyang 1n Q, not spec1f1cally covered by
the scheme, can pbe added to the set wl

This procedure can be employed in Step 6 of Main-
algorithm 1. The followling theorem shows that Thm.3.2 st1ll
remains valid when Main-algorithm 1 and Sub-algorithm 1.1 are

carried out using the above constraint construction scheme.

Theorem 3.8:

For problem P1, suppose Y 1s not empty, f satisfies As-
suQiptlon 3.1 and functional ; defined 1n Def.3.19 1s con-
tinuous. Let sequence {ll} be generated by Main-algoraithm 1,

Sub-algorithm 1.1 together wilth the above constraint con-



struction scheme.

point l1es in ¥; af
mulataion point 1s in
Proof:

The finite case

Then,

1f¥ the sequence 1S finite, the last

the sequence 1S infinite, then any accu-

Y.

1s trivial.

In the infinite case. for sake of simplicity, suppose
that
*
1, — 1, as 1 —> -
(1) 1If there 1S a set JC {0,1,...} of infinxte
cardinality such that
f(ll ) < Kel , for all 3 an J.
J J
then since el —> 0 as 3 —19 o and f s continuous,
- 3 -
f(1 ) = 1lim F(ll y ¢ 0.
N 3 3
Hence 1 €Y.
(2) 1f f£{1 ) < Ke_ .
1 L
for only a finite subset 1 of {0, 1,
'}l

then, there

i1terations

f(x3. 1 (x7),9 1 (x
1 X X

and

1
1

— 1

- *
Hence, fi(1l )y ¢ O

of Theorem 3.2.

In case

*
'

that the maximization

exi1sts an ND > 0 such that after N0

Jyy ¢ o0, For all Ny < 3 ¢ 2

for 1 » ND and 1 —> .

can be established as 1n the proof

.E.

step 1n Maln—algorlthm 1
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1s obtained approxlmately (r.e., algoraithms like Sub-
algoraithm 1.2 are used), 1t 1s easy to prove that the con-
straint construction scheme still can pe employed provided
l£ (1 )1-f(1 21 — 0,
1 71 1
as 1 —> =,
th .
where, the approx1matlon maximum value at 1 iteration with

functaon 1_ 1s denoted as £ (1)
1 1 1

1t should be noted that with this constraint dropping

~

scheme 1N operation, the set of simplices s(wl) no longer
necessarily contains s(wj), for 3 < i. Hence relatave steps
in Main-algorithm 1 will have small changes. This might

cause poor performance inconvenience 1N computation.

This kand of constraint construction scheme can be used
for problem P2 1n algorithms proposed in Set.3.4 or the algo-
rithm 1n Sec.3.7. The situations are more or 1less the same

since the scheme retains the feasibilaty of solutaions.



3.9 Reduction of variables

In order to improve the efficiency of algorithms pro-
posed in above sections, 1t 1s always beneficral to employ
all avallable 2 priorl knowledge to reduce the computation
variables. For instance, in the design of non-linear control
systems, 1f the feedback control law can be parameterlzed by
a Flnlte-dlmen51onal design vector, then the computation can
pe considerably reduced. Ssuppose the feedback control law 1s
parameterlzed by a vector 8, 2.e., u=r(x:;8), BEDO. The prob-
lem now 1s to choose a 8* in ©O such that there ex1sts a
LyapunovV function V satisfying (cf. Sec.2.1)

VX(F(x)+g(x)r(x;8*)) < 0, for all xeQ, x#0
Vx(f(0)+g(0]r(0;8*)) =0
Hence, at every iteration of procedure, a positive precewise
n

lineary continuous function ll of X, ll: R —> R such that

min max (Vv 1 (x)(f(x)+g(x)r(x;8))) < 0,
_ T X1
BED XEW

where, wl 1s the nodal set at 1teration 1, must be found.

Suppose nl 1s the number of points in ml. then the

th
number of variables 1in 1 1terataion 1s reduced from 2nl to
nl+p. where p 1s the dimension of vector B8. Efficiency can be

increased considerably.



CHAPTER FOUR AN EXAMPLE
4.1 Control system equations and design obJjective

In this chapter, we wi1ll consider a design example for a
2-daimensional single-input and single-output control system.

We are given a non-linear control system £1 as follows:

X sinx cosx
'21: ! = { ZJ +{ 110. (4.1)
X 0 1

where, u 1s the control.
The design objective here 1s to find a feedback control

law u- = Y(x1,x ) such that the closed-loop system £2 below 1is

2

stable at the origin in sense of Lyvapunov over region Q.

where
x1 51nx2 'Y(x1,x2)cosx1
22‘ = + , (4.2)
: X5 0 Y(x1,x2)
and

-w/2 ( X, { w/2 2

Q = [ ] C R
-m/3 < %, & T/}

First, let us check the properties of system L,. Fol-

1

lowing the notations used 1n Chapl and Chapll, the non-linear
system equation 1s
x = f{x) + gi{x)u

The vector fields f and g are, respectaively,



s1nx
2

fi{x) = , (4.3)
0
cosx1
gl{x) = [ } . (4.4)
1
Thus,
Lf.,g] = (0g/Ox)f - (Of/Odx)g
_ r-SlnX1 0 51nx2 0 cosx2 cosx1
0 0 0 0 0 1
\
~ r-SlnX1SlnX2 - cosx2
L 0

The controllability matraix is

' cosx, -sinx,sinx, - cosx,
ig.[f;9]}=
1 0 ,
which 1s non-singular in Q. Also, {g} 1s, travially, invo-
lutive.

Hence, from Thm.1.1 1n Sec.1.3, 21 1s equivalent to a
linear controllable system 1n integrator form. Thus, there
do ex1st feedback control laws such that the system 22 1s
stable at the origin i1n sense of Lyapunov over Q. This es-
tablishes the existence of the function vy and \% such that
the closed loop system 1s stable and V 1s a Lyapunov func-
tion.

In the light of the design philosophy demonstrated in

Sec.2.1, two scalar functions, v and V, defined on Q, will



be constructed directly. Satisfaction of the following con-

straints on v and V ensures the closed loop system stable.

V .¢sainx, + v(x_ ,%x.)cosx
X 2 12 ! < 0, (4.6)
Y(x1.x2)
for all (x1,x2)EQ, (x1,x2)¢0
v(o,0) = 0 ,
¥(0,0) =0

The controller should be designed to satisfy both sta-
bi1lity and performance constraints. In the interest of sim-

plicity we 1gnore performance constraints.



4.2 Computation procedure

We propose to use a computation method to obtain the

functions V and ¥ defined on Q. We start with a larger region

Q defined by:

1

- -w/2 ¢ x_ & w/2
Q={

-T § X, § U

2

and satisfying

Qc Q.

In fact, the region Q should be as large as possible,
provided that the existence of V and ¥y on-é,ls guaranteed; a
larger region facilitates the determination of a level con-
tour of Lyapunov function V which encloses Q.

Following the approach proposed in Chap.IITI, sets of
simplices and pliecewilse linear, continuous functions over

these simplices will be constructed on Q.

Suppose the vertices of a simplex are p1. p2 and p3 and
that the origin does not lie i1in this simplex. The codalnates
of t

vertices are, respectaively, (p11.p12). (p21.p22). and
(p31,p32). Also, "the values of the function V on these ver-
tices are yl. 1= 1,2,3, correspondingly. Then, from the
formula,
X
T 1
V(x1,x2) a, + b1 y 5

2

where, a1 1s a scalar, b1 1s a 2-daim vector, b1=(b11,b12)T.

1t follows that:



p12
1 =1,2,3,
y2 - y1 = b:(pz-p ).
v -yl = ele’-phy,
where, b

So,

T
o

2 1 3 1 2 1 3 1.-1
ly"=y ,y -y 1lp -p .o -p 1 .

b1 1s the slope of functaion V aon this simplex.

Since any point p = (xI,xz)T in the simplex can be

pressed as

1 2 1 3
pP=p +alp-p) ¢+ a,(p -p )

"
t
Q
!
R
n
O
+
Q
O
+
R
N
o)

where,

1 2 3
V(x1,x2) = (1—&1—u2)y Yooy + azy
It 1s obvious that V(x1,x2) will remaain positive
1 2 3
Yy . Y .Y are positive.
Similarly, suppose the values of function Y
p1. p2, p3 are 21, 22, 23, respectaively. Y satisfies
X
T 1
Y(x1,x2) = a, ¢ bz[x ]
2 ’
where,

ex-

1 f

at



b - T
2 [byy.0,,] '
on this simplex. Thus,
2 1 1 2 1 3 1.-1
bT = [z -2z ,23-2 I1lp -p ,p -p 1 )

2
and the value of ¥ at point p=[x1,x2]T 1n this simplex 1i1s

(% ) = (1-a,-« )z1 + o 22 + o z3
YIXgux0 = R 1 2%

1f

1 2 1 3 1
p = p + a1(p -p )+ aztp -p ),

where, u1 and uz are restricted as above.
Thus, the constraints (4.5) and (4.6) for p ., p ,

with regard to this simplex are:

v > 0
y2 > o]
y3 > 8]

where,
b,y = q11(y2-y1) + q21(y3-y1)
by = q12(y2-y1) + qzz(ya-y1).

19 q12} _(P217P11r P3Py a

{ szz'p12 P327P 2 ‘

For an arbitrary poaint p=[x1,><2]T in this simplex, when

1 2 1 31
p = p + 01(9 -p ) o+ uz(p -p ),

954 95,

the following 1i1nequality should be satisfied,

b11(31nx2 + ycosx1) + b122 < 0,
where,

Xy o= l-oymay)py g rag P, o, Py

P e P R AR L P R PLEPE

- g0 -



y = {(1-a _ 1 2 3
170, )y ray Yy,

z = (1-a,-a )z1+a 22+a z3
1 2 1 2
Varying (ul,uz) in the domain {(u1,u2) | 0<d1,0<d2,
u1+u2 < 1} gives different points in the saimplex. In the
present example, the following rule.i1s set for (a1.u2). (1n

Step 4 of Main-algorithm 1),

a

1/10, i-

1 0,..., 10;

%2

3/10, "3 0,..., 10-21

"

In a net of simplices a nodal point should satisfy _the

constraints i1nvolved with all adjacent simplices.

The system E1 1s linearized at the origin vieldaing the

linearized system ZL:

or, in vector form,

ZL: X = AX + bu,
where,
T
X = [x1,x2] .
~ 0 1
Az[ |
0 0
b = [1, 1]T

The parameterization of the feedback control law 1s chosen

to be:



Thus,

>

AX
The selection of k1= -5, k2= 1 makes A a stable matrix,
since then
-5 2
A =
-5 B
and has eigenvalues --2+1 -‘and --2-1

Let Q@ be a positive definite matrix, say,

40 1]
Q =
0 40
Solving the following matrix Lyapunov equation
ATP + PA = -Q

vields the positive definite matraix P,
31 -27

-27 34

Thus, a suitable Lyapunov function V for system ZL might be

L

chasen as

T
VL = (1/2)x Px ,
since
OL = (1/2)x (ATP+PA) X
= —(1/2)% " ax
2 2

—20(><1 + x2)



< 0 , for all x# O.

Then, an attractive region around the origin, with re-
gard to th1is Lyapunov function VL and the feedback control

law u= -5X_+x

1 X 1s obtained via computation. Meanwhile, the

~

,X,) serve as initial values i1n Q

values of V., and this uf{x 2

L 1
and the computations which were described in the last chapter
are then carried out. The results are given in the next sec-
tion.

As the computation proceeds, the number of variables and
the number of constraints increases. In this example the re-
glon‘é 1s decomposed 1nto several regions 1n order to make
better use of the computer facility available and computation
1s carried out separately in each region. of course, the

values of variables along shared boundaries should agree.



4.3

Computation results and simulations

The

simplices

constructed

corresponding data are as follows.

Coordinates

(In the fairst quadrant)

P1

P2

P3

P4

P5

P6

PT7

]

P3

P10

P11

{0, 0)

(1.571, 0) 3
(1.571, 5447) 3
{(1.571, .8978) 4
(1.571, 1.270) 4
(1.571, 1.571) 5
{(1.571, 3:142) 8
{0, 3.142) 6
(0, 1.571) 3
(.7855, .7855) 2
(1.649, 1.38%4) 4
(1.275, 1.270) 4

(In the second quadrant)

(-1.571, 3.142) 8.
(-1.571, 1.571) 5.
(-1.571, .3886) 1
(-1.571, .0849) 0
(-1.571, 0) 4
(-1.028, .1143) 9

Lyapunov function

.052e+1

.550864e+1

.200847e+1

.720882e+ 1

.7T34558e+1

.824875e+1

.106750e+1

.053375e+1

.9618961e+1

.436309e+1

.632621e+1

741590e+1

669063e+1

.719193e+1

. 7737252

.574e-2

.928853e-1

- 94 -

are

1n Figure 3.

The

Controller function

.372e-4
.149135e+1
.554873e+1
.809163e+1
.235701
.184628e+1
.236891e+2
.184455e+1
.9503145
.829056e+1

.130028

.h27157e+2
.810794e+2
.096947
.242046e+3
.846e+3

.776366e+3



(In the thaird quadrant)

P19 {(-1.571, -.1020) 9.150498e-3 -1.016303e+3
P20 (-1.571, -.1029) 9.70411e-3 . -1.08560e+3
P21 (-1.571, -.1088) 9.61703e-3 5.73200

P22 (-1.571, ~-.161T7) 0.349339%e-1 8.587715e+2
P23 {-1.571, -1.571) 7.291926e-2 9.366053e+2
P24 (-1.571,--3.142) 1.766527e+5 8.934137e+2
P25 (0,--3.142) 5.227220e+2 2.207211
P26 (0, -1.571) 2.613610e+2 1.1036055
P27 {-1.309, -.1180) 2.87446e-2 -1.10536e-2

({In the fourth quadrant)

P28 (1.571, -3.142) 5.153777e+2 4 .594B650e+1
P29 (1.571, ~-1.571) 2.545794e+2 4 .465063e+1
Some saimulations are shown i1n Figure 4. Figure 5 1s the

overlapped diagram.
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The simulation results.



CHAPTER FIVE MATHEMATICAL PROGRAMMING PROBLEM WITH
INFINITE FUNCTION CONSTRAINTS IN THE

TIME DOMAIN

5.1 The i1ntroduction

In this chapter we conslder a different mathematical
programming problem. In this problem the design variables
are finite 1n number, but the constraints must be ~satisfied
for every function in a specified class and every time 1n a
specified interval. Only the feasibility problem will be

discussed. The abstract problem form 1s as follows.

Given a subset O of Rr, find a 8fF0 such that the follow-
1ng 1nequality holds:
fl(t,ul(t);8) ¢ 0,
for all u f U, all teT

where, U 1s a set of functions,
A
T = [0.t1] 1s a time interval,

f 1s a function of t, u and §.

We will consider a problem of control system design
which can be formulated as ;3. In the next section the
design problem will be introduced and a prototype algoraithm
will be proposed. This algorithm reveals the basic 1dea of
Qur approach. The analysis 1s relatively easy because the

prototype algorithm 1s simple. The design problem will be

specified 1in more detailed 1n Sec.5S.3. A detailed algoraithm



will be described and analysed. Sec.5.4 will 1ntroduce two
possible approaches towards the global maximization problem
in the main-algorithm proposed 1n Sec.5.3. In Sec.5.5 a con-
straint dropping scheme.will be discussed.

For the sake of convenience only the single input/single

output case will be discussed 1n this chapter.



5.2 A prototype algoraithm

In this section we will propose a prototype algorithm

for a control system design problem.

The continuous system L(8), 8 € @ C RT ;35 gefined by
£(e) x(t) = f(x(t),ult);8)
yit) = hix(t)) , teT
There are two classes of functions: C_ and C,. C 1s

1 2 1

the class of admissible input functions and C2 1s the class
of desired output functions.

The control system design problem requires the determi-
nation of a 8 1n the design parameter set O such that for any
function u 1in C1 the corresponding output function \Y always
lies an C2.

"Suppose that when B8 € 8 and an input function u’'€ C1 is
given we can solve L[(8) and obtain the output function vy.
Thus we can write

yl{t) = yl{t; u, 8),
or, simply,
y = y(u,8),

1Lf no ambiguity arises.

The problem 1s now in the form:

P3: Find a 8:¢0@, such that

y(u,8)eC for all uEC1

2 '

Furthermore, some real-valued functional E(y) of y <can

usually be defined to decade whether y lies 1n C2 or not.

For 1nstance, when C2 1s given by



C2 4 { v 1s continuous | y1(t)<y(t)<y2(t), a.e. t € T},

we can define a non-negative E by

t
. 1
Ely) & g max{0,y(t)-y,(t),y (t)-y(t)}dt
0
Thus, E(y) = 0 denotes y E C2; otherwise, vy ¢ C2.

Also 1t 1s clear that we can define f: C1x@ —> R by

Alu,8) 2 E(y(u.8)).

Hence, lettaing C denote C1, the problem becomes

PP:
Find a 8 € 8, such that
A(u,8) = 0, for all u € C.
For any subset C(l) of C we define the following prob-
lem:
P (1): Find a 68 € ®, such that
C
Au,8) = 0, for all u ¢ c'*),
For a given 8 ¢ O, we can define the followling maximiza-
tion problems:
*
M: Given a 8 f ©, find the "worst” u in C,
1in the sense that
~ * -~
Nlu ,8) = sup{A(u,8) | u ¢ C}.



Similarly, 1f D

ly a subset of C),

M : Given a 8 €
D(1)

*

,8)

n(u

For the sake of

D(1)'

>

n.(a)

c

n (8)
D(1)

ne>

M and n

(1) (1)

Now we are able to describe the following prototype

gorithm, which 1s

control system desig

Prototype-algoraithm:

(1) 16 &

we define:

0, find the

*

"worst" u

sup{fif{u,8) | u € D(l)},

convenience,
by
sup{Alu,8) |

sup{f(u,8)

we define

u € C},

u € D(l)

set of functions

}.

(not necessari-

wlll be useful 1n the next section.

of the outer approximation type,

n problem.

*

Data: Choose a subset C(O) c C
Step 0: Set 1 =0
Step 1: Solve P to obtain 8
(1) 1

C
Step 2: For 81‘ solve M to obtain u
Step 3: If nC(Bl) = 0, stop;

Else, go to Step &

- 100
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step 4: Set cla+1) _ (1) , 0 %y

1 = 1+1,
*
where, u 1s obtained from problem M i1n Step 2;

Go to Step 1.

To explore the properties of this prototype algorithm,

the following assumptions are made fairst.

Assumption 5.1:

The design parameter set @ 1s compact.

Assumption 5.2:

A 1s continuous in u and in 8, separately.

Assumption 5.3:
For u 1n C, there 1s a constant K such that
€
for any 81, 82 Q,

|ﬂ(U.91)-n(u,8 )] € KH81-82Hr

2

The first assumption 1s natural and can be obtained from
physical systems. Assumption 5.2 1s guite reasonable since
the function f 1n system L[(8) 1s always continuous differen-
tiable and usually the output depends continuously on input
and design parameters. Assumption 5.3 1s a Lipschitz condi-
tion for A 1in 8. It can be obtained by the output of the
control system usually being differentiable in the design
parameters.

Now we define the feasible set F of problem PP as.
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Lemma 5.1: F 1s closed.
Proof:
*
Suppose 81 —> 8 , as 1 —> o, and
Bl € F, for all 1.

For any u € C, since ﬁ(u,Bl) = 0 and A(.,.) 1is continu-

ous 1n the second variable, we have

. %
ntu,8 )=0.
Th 8°) = 0
US nc( - +
lL.e.,
*
8 €F

Lemma 5.2:
Suppose the 1nfinite sequence {Bl} satisfies Bl — 8 ,
and nC(Bl) —> 0, as 1 —> oo,
*
Then, 8 € F.
Proof:
From the hypothesis in the lemma, for all u in c, there
ex1sts a sequence {el} satisfying, for all 1 ) O,
€ > 0 and
€ -—> 0, as 1 —> oo,
such that
n(u,al) g e, -
Since A 1s continuous 1n 8, allowing 1 to tend to in-
finity 1n the above 1nequality vyields
N *
n({u,8 ) = 0,

slnce the right side of the 1nequality tends to zero and the
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left side 1s non-negative.

*
Thus Nctg™) = o0,

Q.E.D
Theorem 5.1:
Suppose F 1s not empty.
If the prototype algorithm generates a finite

sequence
in @,

then the last point lies 1n F.

If the algoraithm generates an infinite sequence, then

any accumulation point of the sequence will be in F.

Proof:

-~

The finite case 1s traivial.

In the infinite case, suppose Bn

*x
—> B8 , as 1 — oo,
1

*
For any 1, let ul be such

For any 3 > 1,

we have a constant K from Assumption 5.3
such that

Aty 8 )-Alu 8, )01 < ke -8 .
1 J 1 3J
By construction:
*
u 3 C(nj). 1Lf 1 < 3
1
Thus,
Nn(u ,Bn ) =0
3J
and, for all 1 J such that 1 < 3,
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*
Since Bn —> B8 , as 1 —> o, the left side of the above

1

inequality tends to zero.

Hence, nc(ﬂn ) —> 0, as i —> oo,
1

From Lemma 5.2, we have
*
8 E F
Since @ 1s compact from Assumption 5.1, there at least

ex1sts one accumulation point. This completes the proof.

Q.E.D.
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5.3 The main-algorithm

In this section we consider the control system design
problem 1n detail. First we specaify the input and output

function classes as hard constraints: the input function

class C1 and the output function class C_, are, respectively,

2
defined by:
A 0
C1 E {ue Cc(T) | u1(t) ¢ ult) ¢ uz(t), a.e. t € T}
and
A 0
C2 = {ye Cc(T) | y1(t) ¢ ylt) £ yz(t), a.e. t € T},

where, CO(T) is the space of continuous scalar functions

defined on T, and u u

1 y1 and y2 are continuous functions

2 ’
defined on the time i1nterval T and satisfying

u1(t) < uz(t) . a.e. t € T,

yv,(t) < yz(t) , a.e. t € T.

1
The basic 1dea of our approach 1s to use a discretized
time interval i1nstead of the continuous time 1nterval and to

use plecewlse linear continuous functions instead of continu-

ous functions. We 1ntroduce the following definitions first.

Definition 5.1:

A discrete subset T of T 4 [O.t1] 1s defined by

<t a {Tl,..., <t 1.
1 n
1
where,
g0 = Tl < < Tl = t
1 n 1
1

Definaition 5.2:
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For any subset Tt . {T? Ti } of T and w® = {w?

1
. wt } & Rx...%xR, (nl times), u N denotes a plirecewlise
n
1 T ,w

linear continuous i1nput function satisfying

l -
u N i (rk) = wk , k = 1, , nl.
T ,w
Definition 5.3:
For the continuous system L(8), the discrete subset Tl

of T and vector wl, the discrete output vy R is defined by

where, vy 1s the output of system L with the input func-
tion u .
1
TT,w
Def.5.3 shows that we use a plrecewlise linear contilnuous
function as the input function in the continuous system L(8)

and consider the output only at the discrete time points.

Definition 5.4

For an output vy N N defined above, we define a measure-

ment ©l(y N l) of vy N N which measures the deviation of

T, W T, w
v N N from the function class C2, as follows
T, w
A
®ly b 1) -
TT,w
n_ -1 N N
t max {0, vy 1(Tk)—yz(‘rk),
k=1 T, w



y 1, 1 O |
1(Tk) v o, l(Tk)}(rk+1 T ).
TT,w
Definition 5.5:
For a discrete subset Tt of T, the largest length of the
sub-i1ntervals of rl 1s defined by
A 1 N
Al = max{rk+1 - T | kK = 1, ..., ni~1}.
Further, we define an adding point 01 of rl 1s the mid-

poant of the sub-interval corresponding to Al (If there are

more than one such i1nterval§, choose any one.)

Definition 5.6:

For a discrete subset v of T and a point & 1in T, suppose

0 ¢ r1 < T2 < ... K Tn <t1,

we define an addition operation A of T and {81} by Joining

them together i1in order, 1.e.

T A {0} {11, P § &, Thwqr oo Tn}.

if Tk < 5 <« Tk+1, 1 € k € n-1;

T, 1f & coincides with one point 1in T.

Definition 5.7:
1
For a discrete subset T of T, we define an 1nput range

set gl by

te}

where, Q

1]
~
C

—

~
X =
=
N

~
X H
—

We now have all the aingredients for the main-algorathm

Low. Step 1 and Step 2 1n the main-algorithm construct a
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piecewlse linear continuous i1nput function lying in C1_ In

Step 3, a design parameter 8 1s found to satisfy the 1nput
function set up to present. The newly “worst” input
function's value at the present discrete time subset is
determined in Step 4. Stopping rule includes not only satis-
factory “worst” case but also the fineness of the discretized
time 1nterval, which 1s the number &€ ain the following algo-

rithm.

Main-algorithm 4&4:

Data: The time interval T é [o, t1];

Continuous functions U Uy, Yy and Yoi
Compact design parameter set O C Rr:

Positive number & < 1;

Positive sequence {Bl}. Bl —> 0, as 1 —> oo,

Step 0: Choose a discrete subset TO of T;

Construct an i1nput range set go;

Construct wo = (wo. e wo ) E 20
1 n
0
to satisfy
0 _ 0 0
w o= [u1(rk) + uz(rk]/Z.
for all k € {1, . nD}:
Set 1 = 0
1
Step 1: Form u = u H
1 1
T ,w
Compute Al
Step 2: Check whether ul lies 1n C1 by computing
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Wludy & oy o, utit)-u.(t), u1(t)—ul(t)}:

teT 2
If $(ut) = 0, go to Step 3;
Else, compute

5 € {argmax {0, ul(t)-uz(t), u1(t)—ul(t)}}:
teET

72}
®
-+
~
I
~
B
L)
(o]
[

Form w™ by adding w to wt (1n the place
that & occupies 1in rlk

Go to Step 1.

Step 3: Find a vector Bl € O such that for every
3 A .

u, 3 &€ 2 = {0, ..., 1}, the corresponding

vy i lies, approxaimately, in Cz, in the sense

T ,wj

that = .

ply N j) 0
T, w

Step 4: Determine the "worst"” vector w in gl

to satisfy

Lp(yTl Q) = max w(yTl Lu).
) wegl .
Step 5: If ply N ) < Bl, go to Step 6;
TT,W
1L+ 1 -
Else, set w = w;
Set n = n_;
1+ 1 1



Set L SR X
Set 1 = 1 + 1;
Go to Step 1.

Step 6: If Al < €, stop;

Else, find an adding point o of <t :

Set n = n_;
1+1 1
set **! = ™t A {a};
Form wl+1 by adding u N (o)

TT,W

to @ 1n the corresponding place
1+1
with ¢ 1n T , and set

1 = 1 + 1;

Go to Step 1.

Step 3 1n the above algorithm requires the determination
of a finite-dimensional variable, (the design parameter 8),
to satisfy a finite number of constraints. Hence. Step 3 1s
solvable. In Step 4, a finite dimensional global maximiza-
tion problem involved. This problem will be discussed 1in the
next section. The properties of Main-algorithm 4, however,
are discussed here.

Since the class of piecewise linear contlnuous functions
1s dense 1n the class of continuous functions and the stop-
P1ing rule 1n the algorithm includes the satisfactory fineness

of the discrete time interval, we may define a "relaxed”
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feasible set F as the set consistaing of all points satisfying
the stopping rule 1n Main-algoraithm 4. We admit that ; 1s
acceptable for problem P3 in Sec.5.2.

Let us compare Main-algorithm 4 with the Prototype-
algoraithm presented in the last sectaion. The set C 1n the
Prototype-algorithm 1s now, in the Main-algorxithm 4, the
class of plrecewlse linear continuous functions defined on T
bounded by u, and u,. The only essential difference between
these two algorithms is that 1n Step 4 of Main-algorithm 4 we
solve problem Mo(l) to obtain the "worst" point @ instead of

solving M 1n Step 2 of Prototype-algoraithm to obtain the

" " * (1) .
worst point u , where O 1s a class of pliecewlse linear
continuous functions and 1s not necessarily a subset of C.

Hence, we state the following modified algorithm.

Modified prototype-algorithm:

(0)

Data: Choose a subset C c C.

Step O0: Set 1 = 0.

Step 1: Solve P to obtaain 6 .
C(l) 1

Step 2: For 81' solve M (1) to obtain Ol, satisfying
D
PR _ . (1)
n(ul,Bl) = max { n(u.Bl) | ue D }.
: = . [ .
Step 3 If nc(el) 0, 1.e., 8l F, stop;

Else, go to Step 4.



% .
Step 4: Construct Ul € C from U (as 1in Step 2 of

Main-algorathm 4).
Step 5: set c!*t1) - (1)
Set 1 = 1 + 1;

Go to Step 1.

Suppose C and D(l), i1 = 0, 1, e e are 1n a normed

space. We have the following result.

Theorem 5.2:
Suppose F 1s not empty.
If the modified prototype-algorithm generates a finite
sequence 1n @, then the last point of the sequence lies 1n F.
If the algoraithm generates an i1nfinite sequencq&uch that

l)-nc(el) | — o,
*
-u, I — 0, as 1 —/> o,

| Aa .8

(ag)

and I
1

then any accumulation point of {Bl} will be 1n F.

First, we need an assumption similar to Assumption S5.3.

Assumption 5.4:
For 8 1n O, there exaists a constant L such that
l Aluy 8)-Alu,,8) | ¢ LI u -u, 0,

for any u u 1n the normed space.

1 2

Proof of Thm.5.2:

The conclusion for the finite case follows from the
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stopping rule.

x
In the infinite case, suppose Bn > 8 ,
1

as 1 —> oo,

Then there 1s an L such that
~ * . b . . . .
I Atu .8 )-n (8 ) | < IAtu 8 )-ACa .8 )|+1ACG .8 )-n (8 )]

*
- e Lllul—ulll+|n(ui.al)—nc(81)|.

The right side of the inequality tends to zero, as 1 —>

o, because of the assumptions of the theorem. We have

Py

*
|ﬂ(ul.9i)-nc(81)l —> 0, as 1 —> oo,

(%)

By Assumption 5.3 there exists a constant K such that

* . *
In(ul,e )—n(ul,Bn

)yl € xWe_ -8 0,
. n n
1 3 1 J

r

for all 1,73, 1 < 3J.

By construction:

*
u. £ C(nj), 1f 1 < 3.
1
Thus,
N *
N(u ,8n ) = 0
J
and
Knen -8 IIr b3 n(ul,Gn ),
1 J 1

for all 1,73, 1< 7

*
Since Bn —> B8 , as 1 —> o, the left side of the above
1

inequality tends to zero.

*
Hence, ﬁ(ul,sn ) tends to zero, as 1 —> oo,
1
N *
since n{u ,8 ) > 0, for all 1.
1 nl



Furthermore, nc(gn ) — 0, as 1 —> o, because of (*).
1

From Lemma 5.2, we have
*
8 € F
Since ©® 1s compact from Assumption 5.1, there at least

exists one accumulation point. This completes the proof.

Q.E.D.

In the Prototype-algoraithm and 1ts modified version we
employ the non-negative scalar function nc to denote the
“distance” of 8 to the feasible set F. Execution stops when
this value 1s zZero. In the Main-algorathm 4 the stopping
rule consists of a non-negative scalar function ¢ (defined in
Step 4) and the fineness of the discrete time 1nterval. The
feasible set ; consists of all 8 satisfying stoppaing rule.
As a matter of fact, we can set {Bl} in such a way that 1t
goes to zero slowly before the fineness requirement on
discrete time 1nterval meets and very fast thereafter. Then

~

Lemma 5.2 and Thm.5.2 sti1ll hold 1f we replace F and nC by F

and P, respectively. When the functions f and h 1n system
£(8) are smooth enough Assumptions 5.1 - 5.4 are satisfied
as well as the hypothesis 1n Theorem 5.2. Hence, 1t 1s easy

to see that the following theorem 1s a direct consequence of

Thm.5.2. We conclude this section with Theorem 5.3.
Theorem 5.3:

Suppose F 1s not empty.

If the Main-algorithm 4 generates a finite sequence {81}
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in 0, then the last point lies 1in E.
If the algorithm generates an infinite sequence {81}'

then any accumulation point of the sequence lies 1n F. Since

© 1s assumed to be compact, the accumulation point always ex-

1sts.
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5.4 The global maximaization i1n Main-algorithm 4

In Step 4 of Main-algoraithm 4 (presented in the 1last

section) a global maxaimization problem has to be solved, the
n
determination of a vector ® 1in the set Q1 & o', g such
that
ply ) = max @ )
Sl i ? yTl w
’ weg ,

where, ¢ 1s defined an Def.5.4 by

n_-1
1 . .
1 1 1 i i
ply N ) = [ max{0,y N (Tk)-yz(rk), y1(rk)—y N (Tk)}(rk+1r
T, W k=1 T ,w T ,w
and,
1, 1

. vy, (Tk) = y(rk),

T, w

where, v 1s the output of system L(8) with ainput func-
tion u , a plecewlise linear, continuous function.
TT,w
This 1s an optimization problem with a finite-
dimensional design variable and a non-differentiable cost
function. We propose below two approaches to this problem.
The first approach employs a Monte-Carlo method to produce

1nterpolation i1nput functions. It 1s as follows.

Sub-algorathm 5.1:

Data: A set {G(1)} of positive 1integers;
A discrete subset Tl of T;

Intervals Ql'k 4 (u, (T
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Step O0: Set J =1,

k = 1
Step 1: Generate, randomly, a number 9 between 0 and 1
: Set wd = - 1 i :
Step 2 " {1 ck)u1(rk) + okuz(Tk).
If k = n.,
i
set w3l = [wj, e, wg ],
i

and go to Step 3;
Else, set kK = k + 1,

and go to Step 1.

Step 3: If J = G(1), go to Step 4;
Else, set 3 = 3 + 1;
Set k = 1;

Go to Step 1.

Step 4: Solve
1 G(a1
max {@(y N Y ]l we {w, ..., w (1)
T, w
to obtain the “"worst” @

b}

Thus, the maxaimization step 1n Main-algorithm & at 1th
1 G(1)
lteration 1s carried out over all { w , ..., w }. This
situation 1s i1ncluded in Theorem 5.2, when {G(1)} 1s a
strictly monotonically i1ncreasing sequence as 1 —> oo,

The second approach 1s based on Bertsekas' approximation

method for non-differentiable optlmlzatlon[15]. For the sake
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of convenience, we use the following simple nctation to 11-
lustrate the method.
We define ylgl(w)] as a saimple kink a1f

ylgl(w)]l = max{ 0, glw)},

Q

where, w €& Q@ C RS = .74 g 15 a rel-valued function on

RS.
Some other kinds of non-differentiable terms can also be
expressed by the simple kinks. For instance,
max { 9yv Gy e gm}
=9, + ylg,-g,+xl ceerylo -9 o*ylg -9, 4,11 ...11.

The basic 1dea of the approach 1s to approximate every
simple kink by a smooth function and solve the resulting dif-
ferentiable problem by conventional methods. The following

two-parameter approximation vylglw), b, ¢c] 1s often used for a

simple kink y[glw)]l,

glw)l-(1-b)%/2¢ 1f (1-b)/c < glw)

ylglw), b, cl
2
-b~/2c if glw) < -b/c,
where, b and c are parameters with

0 ¢ b ¢ 1, 0 < c.

Hence, 1f the function g 1s differentiable then the

function <ylglw), b, ¢l above 1s also differentiable with

respect to w. Its gradient 1s given by
, Vglw) 1f (1-b)/c € glw)
Vylgl(w), b, cl] = ][b»cg(m)]vg(w) 1f -b/c ¢ glw) < (1-b)/c
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ﬁ_o 1f glw) < -b/c.

The parameter c controls the accuracy of the approxima-
tion. The parameter b determines whether the approximation
1s more accurate for positive or negative values of the argu-
ment glw). This kind of approximation 1s closely related to
penalty and multiplier methods for constrained optimization.
Bertsekas proved that when the non-differentiability of the
cost function 1s exclusively due to the presence of simple
kink terms, the number of kink terms might be arbitrary but
finite, then the solution to the approximation problem will
converge to the true solution to the original problem as ¢ -
-> oo, Also, he proposed some updating formula for the multi-

plier b 1n order to improve the computational efficiency.

In our case, since yilt) < y,(t), a.e. t e T, the cost.

function might be rewritten as

91-1 )
__ i, 1 11
ply . )= L max { 0, [y 1 (Tk) YZ(TK)J(Tk+1Tk)} +
T, w k=1 T, w
1 1 11
max{ 0, Ey1(rk)-y , (Tl LT

T, w

Thus, 1t 1s a form involved only with 51Q~Ple kinks con-
venient for applying Bertsekas' method. However, we notice,

the speclal difficulty here 1s that

1 1 1 1

Ly N (Tk)-yZ(Tk)](Tk+1Tk ) are
T W T, w

not direct functions of w. They are composite mappings from

n
1
R into R, via the plecewlse linear continuous function

) and [y1(rt)—y s (Ti)](Tki?Ti

space and containuous function space. Hence, the differenti1a-

bility should be understood 1n sense of Frechet differentia-
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bilaity.
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5.5 Constraint construction scheme

A constraint construction scheme similar to that in

Sec.3.8 1s proposed below.

Definition 5.8:
Define a scalar function p: 8 — R by,

for every 8. generated by Main-algorithm 4,

Y
u(ei) = ply N .)‘
TT,0
where, o@ly N ) 1s defined 1n Step 4 of Main-algorithm 4.
TT,0

We notice that p is continuous in 8 since v 1s continu-
ous in vy N and vy N 1s continuous in 8.
TT,0 T,
The following 1s the scheme.

Constraaint construction scheme:

(In cooperation with Main-algorithm &)

(1) Given a positive constant k and a positive,

decreasing sequence {el} wlth e, — 0, as 1 —> oo,
- A
(2) Construct 1 = {0 ¢ 3 < 1] u(ej) > k(ej-el)}.

{3) Replace 1 an Step 3 of Main-algoraithm 4 by i

constructed ain (2).

We have the following result.
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Theorem 5.4:

Suppose F 1s not empty.

Suppose the Main-algorithm 4 1s employed together waith
the above constraint construction scheme.

Then, 1f the algorithm generates a finite sequence in 0O,
the last point lies 1in ;.

If the algorithm generates an infinaite sequence, then

any accumulation point of the sequence will be i1n F.

Proof:
The finite case 1s obvious.

In the infinite case, for sake of simplicity, we suppose

that
*
Gl —> 8 , as 1 —> o,
{1) If there 1s a set J ¢ {0, 1, ...,} of infinite
cardainality such that
1.1(8l ) < ksl , for all 3 & 3J,
J J
*
then (since al -—> 0 and Bl —> 8 as J —> oo,
J J
M 1s non-negative and 1s containuous i1n B8)
we have
*
pu(8 ) = 0
As 1s pointed out 1n Sec.5.3 (see Theorem 5.3)
the requirement on the fineness of discrete
time 1nterval will be satisfied 1n a finite
. ~
number of 1 terations, hence 8 € F.
~—
(2) If the set J of 3 such that

(8_) <
¥ J <€3
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has finite cardinalaty,

then, there exists an integer N0 > 0 such that after

N0 i1terations every 1nput function constructed

w1ll remain i1n the constraint set. Thus the

conclusion i1n Theorem 5.3 can be applied here.

Q.E.D.
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CHAPTER SIX CONCLUSION

Many control system designs may be naturally expressed
as mathematical programming problems of which the constraints
may be conventional (e.g., constraints on controller parame-
ters), non-differentiable (e.g., stability constraints on

elgenvalues or robustness constraints on the saingular values

of certain transfer function.matrlces). or infinite dimen-
. ¥

sional (e.g., constraints on time or freyency responses to

ensure stabilaity, performance and robustness). In this

thesis, two more types of optimization problems which also
arise in the design of non-linear control systems are
presented and discussed. The first one 1s the optaimization
with infinite dimensional constraints and parameters. This
often occurs when 1t 1s required to find a controller which
cannot be parameterized by finite-dimensional design vari-
ables (e.g., to find a Lyapunov function and a non-linear
control law to ensure the stability of a closed-loop non-

linear systen) The prototype problem considered 1is that of

finding a function ¢: Q —> RM™ nere Q 1s a compact subset
of Rn, to satisfy the 1nequality

F(x,¢(x),vx¢(x)) ¢ 0, for all x ¢ Q, (6.1)
where, f: QxRMxRM*M 5 RP 15 given; or finding ¢ to minim-

1ze a cost function subject to this 1nequality constraint.

Main-algorathm 1, 2, 2', and 3 are proposed to thais kind of

problems. All of them are of the outer approximation type.
Main-algorithm 1 1s for the feasibility problem (1.e.,
finding a function $ satisfying (6.1)). The function ¢ 1s

approximated usang finite element methodology by plecewlse



linear continuous functions. The number of simplices 1s 1n-
creased adaptively during computation. At each 1teration,
the set of nodal points at which the constraint must be sa-
tisfied 1s augmented by adding in the ‘“worst” point (1.e.,
the most violence of constraint) in Q. A set of auxiliary
points are used to obtain a presently feasible piecewise
linear contilnuous function. The convergence 1s proved when
an accumulation point exists. An example, which concerns

with the design of a stability regulator to a 2-dimensional

non-linear system, is presented. It 1s notaiced that, howev -
er, the si1mulations from some 1nitial states are not satis-
factory i1n the example. This is supposed due to the absence

of performance criteria in the constraints.

Main-algorithm 2 and 2' are for the constrained optimi-

zation problem (i.e., finding a ¢ to minimize a cost function

subject to the constraint (6.1)). They follow the same
as e

basic methodolog§vln Main-algoraithm 1. However, in these two

algoraithms a criterion 1s set for the fineness of simplices.
This device prevents the algorithms from stopping at a
“coarse” piecewlse linear continuous function which satisfies
the present optimality and constraint (6.1).

Main-algorithm 3 1s for the purpose that a “"regular”
shape of simplex set 1s preferred (in the i1nterest of con-
venirence of practising) in the above mathematical program-
mings. In this case, the methodology apprcaches more closely
to the conventional finite element method.

The second mathematical programming problem 1s the op-
timization wlth constraints which should be satisfied by an

infinite number of functions on a time or frequency domain.
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Only the feasibility problem of this kind 1s discussed an
this thesis. It occurs 1n the design of a controller such
that the output of the closed-loop system satisfies hard con-
straints 1n a time domain for a class of i1nput functions. It
also arises in the desaign of robust circuits. In this
thesis, we consider such problem with finite-dimensional
design variables. The prototype problem of this kind 1s that
of finding a finite-dimensional design varlable 8 which lies
in a compact admissible set O such that the output function vy
satisfies
yit;u,8) ¢ 0, for all t € T, all u € U,

where, 7 1s a time interval, u 1s an i1nput function on T, U
1s the class of admissible input functions, y 1s the output
decided by u and 8.

Main-algorathm 4 1s proposed for the second mathematical
projgramming. It 1s also of the outer approximation type.
The time domain T 1s discretized adaptaively and the input
functions are replaced by piecewise linear continuous func-
tions.

Convergence analysis 1s made for the above algorithms.
Constraint dropping schemes are proposed to reduce the amount
of computation.

The work which has been done in this thesis 1s only a
first attempt towards these two mathematical programmings.
[by no means| 1t 1s|{complete. The computation 1s demanding.
An 1nfinite sequence aof piecewlse linear continuous functions
does not always have an accumulation point in the class of
continuously differentaiable (or, piecewlse continuously dif-

ferentiable) functions. However, we believe that 1t 18
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worthy to explore more powerful algoraithms towards these
mathematical programming problems, since the design methodol-
ogy (1.e., constructing a control law directly) presented 1in
the work 1s attractive i1n the design of non-linear control
systems and, also, since such mathematical programmings arise

frequently in other engineeraing fields.
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APPENDIX A NUMERICAL METHOD IN OPTIMAL CONTROL PROBLEM
A1 Optaimal control problem and dynamic programming

In many control problems 1t is natural to want to con-
trol the system so that a given performance index is minim-
1zed. Thus the optimal control problem makes up an i1nterest-
ing and well-studied, yet sti1ll developing, field 1n control
system theory. The following 1s a simple type of optimal con-

trol problem in Lagrange form.

1 .
(oP): Minimize [ L(x(t),t,ult))dt
0

Subject to

x(t) = fi{x(t),t,ult)) a.e. t£(0,1]
x(0) = x0

x(1) = x1

ult) €Q a.e. te (0, 1]

{(x{t),t)]|tel0D,11} = O

For problem (QOP), the feasible control set F(x t ) for
0'"0

an initial pair (xo,to), where 0 ¢ tD < 1, consaists of all

plecewlse continuous functions u such that ul(t) & Q, a.e. t

€ [t 1] and the corresponding trajectory x{(t;x_.,t.) reaches

0’ 0' ‘o
X, at t=1 with (x(t).,t) € £, a.e. t ¢ [ty. 11,

The pair (x,u) 1s an admissible process when u 1S a
feasible control and x 1s the corresponding trajectory.

For an 1nitial panrlr (xo,tn) and a feasible control u,



define that the performance function of u 1s

1

TG, u B f L) tuteat
tO
The value function for problem (0OP), when the 21nitial
time 1s tO' 1s defined as
A .
= €
V(xo,to) min {J(xo,to.u) | u F(xo'to)}'

An admissible process which 1is corresponding to the
value function is called an optimal process.

The most significant aspect of this kind of optimal
theory concerns the following Hamilton-Jacobi equation:

¢t(x,t) + max {¢x(x,t)f(x,t,u)—L(x,t,u)} = 0.

UEQ
(A.1)
We have the following theorem.
Theorem A.1:

Suppose W(x,t) 1s a C(1) solution of the Hamilton-Jacoba
equation (A1), W: Q4 —> R, and suppose (x,u) 1s an admlssi-
ble process such that

wt(Q(t),t)+wx(§(t),t)f(i(t),t,D(t))—L(Q(t),t.G(t)) =0
a.e. t € [t 11 . (A.2)

0 '

Then (x,u) 1s an optimal process.

The approach to finding the optimal process using

Hamilton-Jacob1 equation (A.1) 1s usually referred to as the

Dynamic Programming Method.
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A.2 A dual problem

Now let us specify t0 = 0. (1)

Suppose W(x,t) 1s a C
solution of equation (A.1) and (x,u) 1s any admissible pro-

cess. Then

1
d
w(x1,1)—W(x0,0) gdtW(x(t),t)dt
1
J W, (x(t), t)+W_(x(t),t)fix(t),t,ult))}ldt
0 t X
1
< Lix(t),t,ult))dt.
0

(A.3)

If (x,u) is an admissible process satisfying (A.2), then

W (% ,1)—W(x0,0)

1
JW_(x(t),t)+W (x(t),t)fix(t).t, ult))dt
1 0 t X

1
JLIx(t),t,ult))dt
0

Thus (x,u) 1s an optimal process and W(x ,1)-W(x0.0) is the

1

minimum cost, 1.e.,

Vix_ ,0) = W(x1.1)—W(xD,O).

0
Since (A.3) 1s valad for any C(1) function W which satisfies

(A.1) provided the set of feasible control 1s not empty, this
implies that

Vix_,0) > sup{W(x ,1)—w(x0,0)}

where, the supremum 1s taken over all C(1) functions W which

1

satisfy the Hamilton-Jacobi equation (A.1).

Theorem (A.1) gives sufficient conditions for optimali-

ty. When some convexity hypothesis 1s made. 1.e.

u > (L{x,t,u), fix,t,u))
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1s convex for all (x,t)e}

the optimality conditions becomes necessary as well{ll].

Furthermore, the conclusions of Thm A.1 remains valid when
the Hamilton-Jacobi equation 1s relaxed to 1nequallty[ll]
¢t(x,t)+¢x(x,t)f(x,t.u)—L(x.t,u) < 0.
(A.4)
Hence, we have the following duality principle.
Theorem A.2:
Suppose the convexity hypothesis holds, then
V(xO,U) = sup{W(x1,1)—W(xO,0)}
where the supremum 1s taken over all C(1) functions W whaich

satisfy the Hamilton-Jacobi 1nequality (A.4).
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A.3 A construction method

With a further hypothesis called “strong calmness” on

the system ( This 1includes the requirement that

nNix,)-ni{x,)
lim inf ! L > -oo

a [

x 3¢ -
1> x, le1 x1H

where n 1s the minimum cost expressed as a function of ter-

minal constrained state x1), we have the following existence

theorem[lxﬂ.

Theorem A.3:

e
Suppose the convexity hypothsais holds and fix,t,u),

Lix,t,u) are continuous 1n (x,t,u) and Lipschitz continuous
in x, uniformly ain (t,u). Suppose the strong calmness hy-
potﬁ%ls also holds. Then there exists a Lipschitz function

W(x,t) such that the Hamilton-Jacobi inequality (A.4) 1s sa-
tisfied and an admissible process (x,u) 1s optimal 1f and
only 1f

Dop(x(t).t) = Lix(t),t,ult))

dt X . = » Ly

a.e. te(0,11].

The function W({x,t) can be taken as a solution to the dual

problem:
Maximize { w(x1,1) - wtx0,0> }
over Lipschitz continuous functions W: L} —> R such that
(A.4) 1s satisfied. The value of the dual problem 1s the
minimum cost.
Hence, the optimal control problem (0P) can be turned
into a kind of optaimization problem which 1s
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Maximize W(x1‘1) _ W(xo,o\
subject to Lipschitz containuous functions W: ﬁl —> R
wt(x,t)+wx(x,t)f(x,t,u) ¢ Lix,t,u)
for all u £ Q

a.e. (x,t) & 0
This 1s obviously the mathematical programming problem

which we discussed 1n Chapter 3. Thus the algorithms pro-

posed there can be applied to this optimal control problem.
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