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ABSTRACT

This thesis presents the development and application of a method

for the prediction of steady, subsonic, two- or three-dimensional fluid

flow in ducts of complex geometry.

Various mathematical formulations of the problem were examined,

and a strong conservation form of the governing equations employing

Cartesian vector and tensor components was adopted. The differential

equations were discretised in a finite volume fashion, using a non-

staggered arrangement of variables. The computational grid is completely

characterized by the coordinates of the cell vertices, which are assumed

to be joined by straight lines.

An efficient solution procedure, which facilitates the use of the

non-staggered variable arrangement, was developed. It represents signi-

ficant improvements on the SIMPLE algorithm for velocity-pressure cou-

pling, and an existing method of its implementation when a non-staggered

variable arrangement is used.

Several differencing-schemes were evaluated, and a new flux blend-

ing technique for eliminating numerical oscillations associated with

the higher-order ones was developed.

The method was first assessed by applying it to some flows for

which "exact" solutions were known. It was then applied to a number of

complex two- and three-dimensional, laminar and turbulent recirculating

flows in a range of duct geometries. These calculations demonstrated

the good robustness, accuracy and generality of the solution method pre-

sented.

The agreement between the predictions and the experimental data,

where available, is found to be satisfactory, within the limitations

of the turbulence model used (the standard k-C model) and the possi-

bility of achieving grid-independent solutions.
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NOMENCLATURE

Latin letters

a	 general vector; coefficients in the discretised equations

A	 general tensor; area; coefficient matrix

b	 parts of discretised transformation factors 	 , defined in

Eq. (3.24)

B	 coefficients in transformed differential equations, defined

in Eq. (3.13)

c	 specific heat; coefficients in SCHEME 2, defined in Eq. (4.25)

C	 coefficients in the turbulence model; source term in the

discretised equations

d	 diameter

D	 deformation tensor; coefficients in the discretised equations

defined in Eq. (3.36); diameter

e	 base vectors

E	 coefficients in the cross-derivative diffusion terms, defined

in Eq. (4.21); coefficients in the pressure-correction equa-

tion, defined in Eq. (5.28); constant in wall functions;

errors, defined in Eq. (8.1)

f	 spatially constant base vectors; general vector function;

linear interpolation factors

F	 mass fluxes through a cell face

g	 determinant of a metric tensor; magnitude of a base vector;

quadratic interpolation factors

C	 rate of production of turbulent kinetic energy

H	 operator in discretised momentum equations, defined in

Eq. (5.15)

i	 Cartesian base vectors; node index in x 1 coordinate direction

I	 unit tensor; flux through a cell face

j	 node index in x 2 coordinate direction

J	 Jacobian of coordinate transformation

k	 kinetic energy of turbulence; node index in x 3 coordinate

direction

1	 arc length

L	 length; large number

M	 total number of computational nodes (cells)

n	 normal (perpendicular) coordinate; a unit normal vector
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N
	

number of nodes in a particular direction; normal vector

p
	 pressure

P
	

function in Eq. (6.36); forcing function in Eqs. (7.3) and (7.9)

Pe
	

Peclet number

q
	

flux vector

Q
	

coefficients in pressure terms, defined in Eq. (5.15);

forcing function in Eqs. (7.3) and (7.9)

r	 radial coordinate; aspect and expansion ratios, defined in

Eqs. (7.1) and (7.2)

R
	

residual source, defined in Eq. (6.38); forcing function in

Eq. (7.9)

Re
	

Reynolds number

S	 volumetric source

S
	

integrated volumetric source (over cell volume)

SR
	

sum of residual sources

SN
	

normalization quantities, given in Table 6.1

t
	

time

T
	

stress tensor; wall shear force

U
	

Cartesian velocity components

U
	

covariant velocity components (normal to cell faces)

V
	 velocity vector

V
	

volume

x	 arbitrary coordinates

y
	

Cartesian coordinates

z	 axial coordinate

Greek letters

Cartesian components of a dual natural base vector; under-

relaxation parameter

coordinate transformation factors, defined in Eq. (3.2)

y	 blending factor, defined in Eq. (4.31)

1'	 diffusivity coefficient

difference; Kronecker's delta

c	 rate of dissipation of turbulent kinetic energy

K	 Von Karman's constant

A	 conductivity; coefficients in Eqs. (6.21) . , (6.23) and (6.37);

convergence limit for normalized residual source sums

p	 dynamic viscosity

w	 differential operator in transformed momentum equations,

defined in Eq. (3.20)
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anisotropic part of the stress tensor; shear stress

discretised w operator

P	 density

O	 Prandtl/Schmidt numbers

o	 circumferential coordinate; angle between grid lines

angle between coordinate lines of the arbitrary and Cartesian

coordinate systems

Subscripts

B	 lower-order scheme (bounded)

c	 general cell face location

corr	 correction

e,w,n,s,t,b	 at the centre of cell face: e,w,n,s,t,b

E,W,N,S,T,B	 at the neighbour node. E,W,N,S,T,B

eff	 effective

i,j,k	 coordinate directions; tensor indices

in	 inlet

nomn	 normalization quantity

0	 outlet

p	 pressure-related

P	 at the central node P

S	 sum

u	 velocity-related

U	 higher-order scheme (unbounded)

w	 wall-related

4>	 related to a scalar quantity 4)

1,2,3	 coordinate directions

Superscripts

C	 convection

D
	

diffusion

DC	 cross-derivative diffusion term

DN	 normal-derivative diffusion term

i,j,k	 coordinate directions; tensor indices

S
	

source

t
	

turbulent

1,2,3
	

coordinate directions

*
	 predictor stage; normalized coordinate

**
	 corrector stage



11

second corrector stage

fluctuating component; first correction

second correction

-	 mean; average; linearly interpolated

vector

+	 normalized quantities in wall functions

A	 pseudo-quantities in the SIMPLER method

pseudo-quantities in the PISO and SIMPLEC methods
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CHAPTER 1

INTRODUCTION

1.1 Background

During the past three decades some new branches in the engineering

sciences tree have emerged. Due to developments in computer technology,

it has become possible to obtain (relatively) accurate solutions to many

problems for which , although the mathematical formulations were laid

down long ago, solutions were impossible to obtain analytically except

for a limited number of special, simple cases. One of these new branches

is computational fluid dynamics, which is attracting more and more inte-

rest as its achievements are becoming apparent.

Fluid flow, often coupled with heat transfer, and sometimes also

with chemical reaction and mixing, finds many applications in enginee-

ring. The differential equations describing the motion of a fluid and

associated phenomena have been known for more than a century; however,

only for laminar flows in simple geometries (pipes, channels etc.) could

analytic solutions be found. For more complex flows engineers have had

to rely solely on the experimental information. The gathering of that

information is, however, not only difficult and time consuming, it is

also very expensive, since for every new experiment new test facilities

have to be built. On the other hand, as computers have become more power-

ful, the possibility of numerical prediction of fluid flows has emerged.

In this, the differential transport equations are discretised essentially

by replacing differentials by differences, calculated from a finite num-

ber of values associated with the computational nodes, which are distri-

buted on a suitable grid over the solution domain. The system of ordina-

ry algebraic equations results, which can be efficiently solved by means

of a digital computer. This is aided by the fact that computers are beco-

ming ever faster in performing "number-crunching" (at current rates in

excess of 200 million of floating point operations per second), and in-

creasing in capacity to store variables (millions of values can be kept

in internal memory and a virtually unlimited additional capacity is avail-

able in the form of external, disc and tape memory). Also important is

the fact that the size of the computer is reducing: machines used to oc-

cupy large rooms and required powerful air conditioning system 10 years

ago, whereas nowadays a computer of similar capacity is often a desk-top

machine. All this adds to the attractiveness of numerical solution methods,
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for it is enabling them to become faster and cheaper than experiments.

Practical fluid flow problems, however, still pose substantial dif-

ficulties for numerical analysts. The three main obstacles to be over-

come are the following:

1. The physical complexity of the flow;

2. The geometrical complexity of flow domains;

3. The limited accuracy, stability and economy of numerical solu-

tion methods.

Each of the above problems will now be discussed in turn.

Most real-life flows are unsteady and turbulent; even when the a ye-

rage flow is steady, the fluctuations induced by turbulence require the

three-dimensional time-dependent form of equations to be solved. Even

more problematic is the fact that the length scales of the turbulent mo-

tions can be very small in high Reynolds number flows, and to resolve

these by numerical methods requires grids so fine, that the capacity of

even the largest of todays supercomputers is strained 	 (although this

approach is currently being used for fundamental studies of simple flows,

eg. by Moser, 1984).

•The only feasible practical approach is therefore to "model" the

turbulance. Many such models exist; a comprehensive survey can be found

in Rodi (1980). All of them rely on experimental data to determine empi-

rical parameters featuring in the equations, which are often problem de-

pendent. Thus none of these models can be said to be universal. The de-

gree of accuracy they provide varies from case to case. The problem of

modelling of turbulence is even more pronounced by the lack of detailed

experimental studies of ccniplex turbulent flows with benchmark accuracy,

which could be used for the determination of model parameters. Recent

developments in Laser Anemometry are already bringing progress in this

direction, and the selection of detailed reliable data has already been

accomplished for some flows (Johnston, 1981). This remains, however, an

area in which substantial improvements are needed to enable accurate pre-

dictions of complex turbulent flows.

The differential transport equations are easily discretised if they

* Leslie (1985) suggests that the storage and cauting time requirements for the "full
sintulation" of turbulent f1c at Re6000 would be about 20 ?4ords of fast store,
and about 300 hours on CRAY XMP ca!fxiter. With the increase in Re, the denands are
likely to encrease with the. pewer of Re: for storage, as Re26 and for cxzitational
time as	 . If the current trend in canpeter technology developnts cx,ntinues, he
expects the full simulations of engineering flcs to be performed by the year 2060.
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are in the Cartesian or polar cylindrical form. However, the range of

practical flow configurations into which these coordinates fit is rather

limited, and is already extensively covered by numerical and experimental

studies. Most practical geometries are of irregular shape, and thus a

different approach is needed. The present study is principally concerned

with this subject, the aim being to develop a numerical solution method

which is applicable to a wider range of geometries. More details about

possible approaches, previous related work and present contributions will

be given in the next two sections.

The demands on a numerical solution method from the user point of

view are (i) accuracy, (ii) stability and (iii) economy. All three

are difficult to meet simultaneously, as will be discussed later. However,

some gerneral observations will be made here.

The accuracy* of numerical solutions is obviously of vital impor-

tance. It can generally be increased by: (1) using more computational

nodes in the numerical grid, (ii) using higher-order interpolation for-

mulae and (iii) controlling certain grid properties (eg. degree of align-

ment of grid and stream lines). Some of the measures aimed at increasing

accuracy (eg. the use of higher-order interpolation schemes) may impair

other important properties, namely stability and economy, of the numeri-

cal solution process.

Stability also depends on the type of numerical solution method adop-

ted (ie., whether explicit, implicit or semi-implicit). A method which is

not stable over a wide range of problems is of little practical value.

The economy of a numerical solution method is also important. Al-

though computer resources are growing, they are by no means unexhaustable,

and a method which requires less storage and computing time for the same

level of accuracy than its competitors is to be preferred. Special compu-

ter hardware architecture (eg. vector or parallel processing) can some-

times be utilized to improve the efficiency, as discussed in Gentzsch

(1984).

* It is necessary to distinguish here between the "numerical" accuracy, ie. the degree to
which the solution of discretised algebraic equations satisfies the original differen-
tial equation, and the "physical" accuracy, ie. the degree to which such solution re-
presents the true solution of the physical probln under consideration. A numerically
"exact" solution will result if the number of cxnjxitational nodes tends to infinity.
On the other hand, the "physical" accuracy depends on the correctness of the differen-
tial equations. These are usually not exact, but involve certain assumptions (eg. tur-
bulence medel etc. ) • which can greatly influence the physical accuracy of otherwise
correct numerical solutions.
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The present study is, as already noted, mostly concerned with over-

coming the second-named diffilcuty, although due attention will also be

given to the questions of accuracy and economy. Before, however, the pre-

sent contributions are outlined, the need for the development of the pre-

sent method, and some related work which provided both the background and

inspiration for it, will briefly be discussed.

1.2 Previous Related Studies

As already noted, most fluid flows of engineering interest occur in

domains of irregular geometry. Many such examples can be found in indus-

try (turbine blade passages, heat exchangers, combustion chambers, inter-

nal combustion engines, aircrafts, vehicles, mixing vessels and other

equipment), as well as in everyday life (air flow around buildings and

in air-conditioning systems, water flow in rivers and lakes etc.). The

ability to predict those flows is of vital importance for a number of

reasons, including the reduction of energy losses and environment pollu-

tion.

Irregular shapes of flow domains can be treated in numerical solu-

tion methods in one of the following ways:

(i) the use of regular coordinates with stepwise approximation

of curved boundaries (Fig. 1.1), or with a composite of two

or more grids fitting to the boundaries and partly overlap-

ping (Fig. 1.2);

(ii) the use of orthogonal curvilinear coordinates (Fig. 1.3);

(iii) the use of non-orthogonal curvilinear coordinates (Fig. 1.4).

A brief description of these approaches will now be given by considering

a typical irregular flow domain, as found, for example, in heat exchan-

gers. A more detailed discussion will appear in later chapters, in con-

junction with the description of the approach developed in the present

study.

The first approach uses the simplest equations (eg. Cartesian) whose

discretisation is easy and straightforward (see, for example, Gosman and

Ideriah, 1976 and Patankar, 1980). However, the treatment of irregular

boundaries is extremely difficult, and has proved to be not only incon-

venient, but also inaccurate (Koutmos and McGuirk, 1983). Another problem

with this approach is the distribution of the grid lines. The introduction

of fine grids in regions of steep gradients (eg. near walls) results in
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unnecessary refinement elsewhere, thus extending the computational storage

and time requirements (see Fig. 1.1)

In some cases boundaries of the flow domain consist of different types

of "regular" geometry, eg. circular and straight; it is then possible to,

for example, construct polar grid around a circular boundary, and recti-

linear elsewhere, with some overlapping (see Fig. 1.2). This approach has

been used by eg. Launder and Massey (1978) and Fujii et al (1984) for stu-

dy of flow in tube bank assemblies. It possesses several shortcomings, name-

ly the necessity for separate solutions on each subgrid, the need for the

extensive interpolation to define the internal boundary values for each

Fig. 1.1 Stefise approximation of	 Fig. 1.2 A cxnp3site grid
curved boundaries

Fig. 1 • 3 Curvilinear orthogonal grid 	 Fig. 1.4 Non-orthogonal grid
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subgrid where they overlap, and the fact that different computer pro-

grams need be written for different problems.

The second mentioned approach utilizes general curvilinear orthogo-

nal coordinates. The transport equations become somewhat more complex,

but their discretised form is still very similar to that resulting from

the use of Cartesian coordinates. The main shortcomings of such methods

are: (1) the need to generate the orthogonal grid, which is sometimes

difficult and time consuming, especially in three dimensions, and (ii)

the limited control allowable on the distribution of the grid lines: in

particular, in order to avoid intersection of neighbouring grid lines in

one coordinate direction, excessive spacing between them may be required

in some parts of the solution domain, which may result in poor resolution

of the flow there (eg. near boundary "discontinuities", or corners, as

illustrated in Fig. 1.3). Although not general, this approach extended

the applicability of numerical solution methods to a wider class of prob-

lems. More details can be found in works of, eg. Pope (1978) and Antono-

puolos (1979).

Methods which employ non-orthogonal grids do not suffer from the

drawbacks mentioned earlier. Quite arbitrary shapes of solution domains

can be tackled, and the grid properties can be controlled to much grea-

ter extent (see Fig. 1.4). Here a distinction can be made between methods

which employ grid-oriented velocity components, and methods which use

Cartesian velocity components. In the first-named group (eg. methods de-

veloped by Demirdic et al, 1980 and Demirdi, 1982) the curvature of

grid lines plays an important role, in that smoothness and moderate rate

of change of curvature from node to node is essential for the accuracy

of the flow calculations, which is an important drawback. Another incon-

venience is that the differential equations become considerably more com-

plex than in the two previous approaches, especially in three dimensions.

The second-named group has the advantage that, although the differential

equations have an increased number of terms as compared to the Cartesian

ones due to the coordinate transformation, they do not contain the unde-

sirable curvature terms and thus are easier to discretise and less sensi-

tive to grid properties. Various numerical solution methods based on this

type of grid and working variables have been developed so far (eg., Hirt

et al, 1974; Rhie, 1981; Hah, 1983, 1984; Vanka et al, 1980; Nakayama,

1985). The present method also falls within this group. More details about

this class of solution methods will be given in Chapter 5.

It should be also noted here that finite element methods, which do-

minate the scene in solid mechanics, are being more and more used for
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fluid flow predictions. Their main feature, the ability to handle arbi-

trarily shaped solution domains, has long been held to be a unique ad-

vantage over finite volume (difference) methods. However, the recent de-

velopment of versions of the latter methods employing non-orthogonal grids

has shown this advantage not to be real. On the other hand, some serious

problems exist with Galerkin finite element methods, which led to the

development of a control volume version of a finite element method for

two-dimensional fluid flow (Baliga and Patankar, 1983). In general, f 1-

nite element methods place higher demands on computer resources, especi-

ally in three-dimensional cases. More details about this class of solution

methods can be found in Schneider et al (1978), Chung (1978) and other

references cited in Baliga and Patankar (1983).

1.3 Present Contributions

The present study contributes to the computational fluid dynamics

field in the following areas:

(i) Further evaluation of the various forms of the differential

equations which describe viscous fluid flow in general coor-

dinates, along the lines of the earlier study of Demirdid

(1982). It is shown that the strong conservation form of go-

verning equations, with vector and tensor components expressed

through the arbitrary, but spatially constant base vectors

are to be preferred.

(ii) Derivation and discretisation of the governing transport

equations, written in terms of Cartesian vector and tensor

components and arbitrary non-orthogonal coordinates. The f i-

nite volume approach is used for the discretisation which has

been performed in physical space, in a novel way which mini-

mizes the requirement for geometrical information about the

grid, and the sensitivity to same.

(iii) Evaluation of various differencing schemes with respect to

flow calculations on arbitrary three-dimensional grids. Five

common differencing schemes for convective terms, and two

for diffusion terms, have been adapted for use in the pre-

sent method and their properties have been examined. It has

been found that the unconditional boundedness is diffcult to

guarantee when non-orthogonal grids are used, due to the
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presence of cross-derivative diffusion terms. Also the use

of higher-order schemes for convective terms is found to

violate the boundedness requirement under certain conditions,

due to the negative coefficients in the final discretised

equations.

(iv) Development of a new flux-blending method to remedy the un-

boundedness of the higher-order scheme solutions. Suitable

boundedness criteria for convection and diffusion contribu-

tions are defined, and in regions where these criteria are

not met the blending of lower- and higher-order fluxes is

performed in proportions which guarantee boundedness of the

solution.

(v) Evaluation of various alternative dependent variable arrange-

ments on non-orthogonal grids. It is shown that the non-

staggered arrangement is the simplest and most desirable,

but all of arrangements studied may result in pressure-ve-

locity decoupling when Cartesian velocity components are

used, unless special care is taken.

(vi) Development of an interpolation practice which enables the

use of the non-staggered variable arrangement. This is based

on an idea first used by Rhie (1981), and ensures that no de-

coupling between the pressures and velocity occurs.

(vii) Evaluation of various pressure-derivation algorithms. Four

available algorithms for the derivation of pressure have

been adapted for use in conjuction with the non-staggered

variable arrangement, and their relative merits have been

examined. It is shown that one commonly-employed algorithm

can be adapted for calculations on non-orthogonal grids in

a way which makes it economical when the non-orthogonality

of grid lines is not too severe.

(viii) Derivation of a relation between the optimum under-relaxa-

tion factors for velocity and pressure. It is shown that in

the chosen algorithm the under-relaxation factor for pressure

can be related to the under-relaxation factor -for velocity

components to assist in optimizing convergence rates. This

has been demonstrated on predictions of several recircula-

ting two-dimensional flows, where up to five-fold savings

on computational effort have been obtained by using the op-

timized factors as compared to the use of standard ones found
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in the literature.

(ix)	 Prediction of several two- and three-dimensional complex

flows and comparisions with experiment. The present method

has been embodied in two computer programs: for two-dimen-

sional, and for three-dimensional problems respectively. The

performance of these is first assessed by predicting some

simple flows for which solutions are known. Predictions are

then made of some complex, laminar and turbulent recircula-

ting flows of practical engineering interest, for which ex-

perimental results exist. Some examples of other applications

are also	 given.

1.4 Contents of the Thesis

In Chapter 2 the discussion of various forms of governing differen-

tial equations of fluid flow in general coordinates is carried out, and

the relative merits of the strong, semi-strong and weak conservation form

of the differential equations are pointed out. Based on this discussion

the choice of vector and tensor components and the form of governing

equations to be used in the present study is then made. Next, the time-

averaged equations of turbulent flow, and the k-C turbulence model adop-

ted for use in the present study, are described.

In Chapter 3 the governing differential equations are presented one

by one in an expanded form which is suitable for discretisation in the

finite volume fashion, and then so discretised. The evaluation of the

key components of these equations, namely the convection, diffusion and

source terms is then outlined, in a general way which allows for diffe-

rent differencing schemes (interpolation practices) to be later intro-

duced and evaluated. Next, the form of the discretised (algebraic) equa-

tions to be solved, the general structure of the coefficient matrix re-

sulting from various possible interpolation practices, and the ways of

solving these equations are discussed. The notion of under-relaxation as

a means of stabilizing the iterative solution process and improving the

rate of convergence is also introduced there.

Chapter 4 deals with various interpolation (differencing) schemes

which may be used to express the cell fluxes in terms of the neighbouring

nodal values. First the desired properties of the differencing schemes

are outlined. This is followed by the evaluation of five common schemes
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for the convective terms, where it is found that all so called "higher-

order" schemes are prone to generate unbounded solutions under certain

conditions. Next, two possible interpolation practices for diffusion terms

are outlined, and their properties are also discussed. Special attention

is paid to the cross-derivative terms and the effects they have on the

numerical solution procedure. This is followed by a brief review of ex-

isting methods for overcoming unboundedness problems associated with the

higher-order differencing schemes, and the presentation of a new flux-

blending method, developed here for that purpose.

In Chapter 5 various possible grid and variable arrangements are

dicussed. A non-staggered arrangement is adopted, and an interpolation

practice for the discretisation of the continuity equation which avoids

otherwise possible decoupling problems is introduced, which is inspired

by the work of Rhie (1981) and Rhie and Chow (1982). Next some of the

available methods f or pressure derivation are adapted to the non-stag-

gered variable arrangement and non-orthogonal grids, and then examined

from the point of view of efficiency and economy of the overall solution

process.

In Chapter 6 the final choices are made about the form of the dis-

cretised equations to be solved, the differencing schemes to be embodied

and the pressure-derivation algorithm to be used. This is followed by a

summary of the overall solution algorithm and associated convergence cri-

teria.

Chapter 7 deals with the grid and associated geometrical parameters

featuring in the discretised equations. The desired properties of a com-

putational grid are first described, followed by a description of some

simple grid generation methods which in many cases produce grids with

satisfactory properties. Also described are the calculation of cell vo-

lumes, and other geometrical properties required for general two- and

three-dimensional cases.

In Chapter 8 the present method is assessed by applying it to some

simple inviscid, laminar and turbulent flows for which either analytic

or well-known empirical solutions exist. The sensitivity of the method

to the grid properties, the effects of under-relaxation factors on the

rate of convergence, and the performance of various differencing schemes

arid the new flux blending method on some model problems, are also pre-

sented in this chapter.

In Chapter 9 applications of the method to several 	 physically and

geometrically complex flows are presented. These include flows in a circu-
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lar pipe with a sudden contraction, across staggered banks of tubes, aro-

und a bluff body confined in a pipe, and in S- and C-shaped diffusers.

For these cases some experimental data exists and it is used to further

assess the performance of the method. In addition predictions are given

of some complex flows for which no experimental data exist: these are

shown in order to demonstrate the range of applicability of the present

method.

Finally, conclusions and suggestions for future developments are

given in Chapter 10.

Additionally, in an appendix the special case of two-dimensional

axisymmetric flow is discussed. It is shown that the final form of the

discretised equations is similar to that for a plain two-dimensional

case, and the evaluation of the extra terms is described.
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CHAPTER 2

DIFFERENTIAL EQUATIONS OF VISCOUS FLOW IN GENERAL COORDINATES

2.1 Introduction

When a simple coordinate system is used to express the differential

transport equations (eg. Cartesian, polar cylindrical), the choice of

vector and tensor components, and therefore the form of governing equa-

tions, is obvious. However, if a more complex coordinate system is used,

there are different possibilities to choose from, and therefore various

forms of governing equations can be obtained. The difference in the form

of equations will have a great influence on the process of their discre-

tisation, suitability of the discretised equations for numerical solution

methods, computational effort needed to obtain solutions, and at the end

on the accuracy of the solutions themselves. Before deciding which form

to use, one should therefore first have a look at the relative merits of

these different possibilities. This will be the subject of this chapter.

First, in section 2.2, the various forms of governing differential

equations that can be obtained in general coordinate systems will be

briefly discussed, and references for more detailed studies will be gi-

yen.

In section 2.3 the choice of vector and tensor components to bo used

in this study will be made, based on conclusions derived in the preceding

section.

In section 2.4 the final form of governing differential equations

adopted for use in this study will be given.

In section 2.5 time-averaged equations of turbulent flow and turbu-

lence closure model will be presented.

Finally, the conclusions will be summarized in section 2.6.

Tensor notation will be used to present equations in their compact

form, with superscripts denoting contravariant, and subscripts denoting

covariant components. The Einstein summation convention is assumed, ie.

matching upper and lower indices are to be summed over their range

(1 to 3 for three-dimensional space).
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2.2	 Discussion of Various Forms of Governing Differential Equations in

General Coordinates

2.2.1 Coordinate-free form of governing equations

The basic equations which describe conservation of mass, momentum

and scalar quantities can be expressed in the following vector form, which

is independent of coordinate system used:

+ div(p) = s
m

+ div(p4) -	 = s

Here the density p, velocity vector 	 and scalar quantity 4) appear

as the basic dependent variables,	 is the stress tensor and is the

flux vector. The latter two can be expressed in terms of basic dependent

variables. The stress tensor is defined, for a Newtonian fluid, as:	 -

where p is the pressure, i is dynamic viscosity of the transporting fluid,

I is the unit tensor of second order, and D is the deformation (or rate

of strain) tensor. The flux vector is usually given by the Fourier-type

law:

- = Xgrad4)
	

(2.3)

where proportionality coefficient X is sometimes called "diffusivity" or

"conductivity", and is usually a property of the transporting fluid.

Demirdi (1982) has conducted an extensive study of the possible

forms of governing differential equations when a general, non-orthogonal

coordinate system is used. Therefore, there is no need for a repetition

of this exercise here; only the most important factors that will influ-

ence the choice of the form of equations to be used further in this stu-

dy will be mentioned here. Readers interested in more details are direc-

ted to Demirdi (1982) and other references (Vinokur, 1974; Anderson et
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al, 1968; Walkden, 1966; Tuesdell, 1977; Eiseman and Stone, 1980; Sedov,

1971; Sokolnikoff, 1964, etc.)

2.2.2 General coordinate system

Figure 2.1 shows a general, non-orthogonal coordinate system

(x', x 2 , x 3 ) and the reference Cartesian coordinate system (y', y 2 , y3).
The latter is uniquely defined by three, mutually orthogonal unit vectors

, directed along coordinate lines y 1 . On the other hand, in general

coordinate system x 1 , several base vectors can be defined,with reference to

which other vectors and tensors can be expressed (any set of three line-

arly independent vectors can form a basis).

Fig. 2.1: General coordinate 1sysem ix', x 2 . x 3 ), reference
Cartesian frame (y , y , y ), and their base vectors

The "natural" base vectors 	 are tangential to their coordinate line x',

and are defined as:
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The "dual natural" base vators ' are normal to the coordinate surface of

constant x i-, and are defined as:

Both bases are shown in figure 3.1.

These base vectors are normally neither nondimensional, nor unit

vectors; a set of nondimensional and unit base vectors in a general co-

ordinate system represent physical natural base vectors, which are ob-

tained by normalizing the natural base vectors, thus:

+
e	 (2.6)

()

wherejj is the magnitude of	 ie.	 =	 The reciprocal base

vectors, defined as

are also nondimensional, but not unit vectors.

Nondimensional unit base vectors can also be obtained by normalizing

dual base vectors, in which case one gets dual physical. base vectors:

-	 e	 (2.8)

The reciprocal base can also be defined as:

eW =v/Il
	

(2.9)

These vectors are also nondimensional, but not unit vectors.

Depending on the type of basis used, vectors and tensors can accor-

dingly be expressed in terms of their covariant (a1 and A1) contrava-

riant (ái and A3), physical (a(1) , A(1) , a	 , A'-	 ) or dual physical

(a [1J , A	 , a'3 , A 1' 1 ) components. The essentials of tensor calculus

in terms of the covariant and contravariant components can be found in

most textbooks about tensors (Sokolnikoff, 1964; Aris, 1962; Sedov, 1971)
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while tensor calculus in terms of physical components has been presented

by Demirdi (1982).

2.2.3 Strong, semi-strong and weak conservation form of equations

Depending on the way the divergence operator is expressed when a ge-

neral coordinate system is used, two basic forms of governing equations

can result: a "weak conservation" form, in which some terms are not under

a differential operator, and a "strong conservation" form, in which all

terms arising from the divergence operator are under differential opera-

tors. A special case is the momentum equation, which describes the conser-

vation of a vector quantity. To be solved, it has to be resolved into

specific directions, which would result in three equations in terms of

vector components. However, only if the direction of resolution is spa-

tially invariant, does conservation of a vector mean conservation of its

components too. When a strong conservation form of momentum equation is

resolved into directions which vary in space (eg., in the direction alig-

ned or normal to curvilinear coordinates), then in the equations for the

velocity components undifferentiated terms will appear (centrifugal and

Corriolis forces and stress-tensor counterparts fl.(pvmvJ - T), see
j

Demirdi, 1982). This form of equation is then said to be a "semi-strong"

conservation form.

While all forms of differential equations describe the same laws and

from mathematical point of view any would do, it is not irrelevant which

form is used when numerical solution is attempted. When the differential

equations are integrated over a finite number of control volumes and pro-

perly discretised, the resulting fluxes from the strong conservation form

would cancel in pairs at all interior control volume (cell) faces when

summed, so that only boundary fluxes remain. This guarantees overall

conservation of the transported quantity (Roache, 1976), and for that

reason such a form of equations is called a "strong conservation form".

On the other hand, when a weak conservation form of equations is

integrated over control volumes, there remain undifferentiated terms

which do not go into cell face fluxes , but are associated with cell cen-

ter, and there is no obvious discretisation procedure which would guaran-

tee overall conservation; hence the "weak conservation" name for such

equations.

It is not only the fact that the weak conservation form of equa-

tions has some "non-conservative" terms, that causes worries to a nume-
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rical analyst; the nature of those terms is also of considerable concern.

Specifically, these terms are all related to Christoffel symbols, which

include what is commonly called "curvature terms", ie. the second deriva-

tives of coordinates. These are very sensitive to grid smoothness, and

difficult to calculate accurately by a numerical procedure; if strong

curvature along any coordinate line is present, many nodes are needed on

the numerical grid to assure reasonable accuracy of numerically calcula-

ted curvature terms.

From this brief discussion one can conceive that the strong conser-

vation form of governing differential equations is to be preferred. It

can be achieved if the base vectors at any point are expressed in terms

of arbitrary, but spatially constant base vectors, eg.:

It can also be achieved by expressing vector and tensor components

in terms of such constant base vectors, eg.:

= i	 ,	 = T13
	

(2.10)

The first method has a drawback in that the resulting individual

momentum equations do not contain a dominant velocity component, which

would make numerical solution difficult and expensive (instead of sol-

ving weakly coupled equations for velocity components by iterating for

each in turn, one would have to solve the whole set simultaneously). The

alternative way does not suffer from this problem, and has another ad-

vantage that stress tensor terms are simpler, because their components

are expressed in terms of vectors which have fixed direction, and there-

fore contain no curvature terms.

The second approach seems to be superior, and the obvious choice

would be to use Cartesian base vectors 	 as a fixed basis. That this

approach, in spite of its advantages, has not been used very much in the

past is due to some numerical problems. In such a case the velocity com-

ponents do not follow the local coordinate directions , and decoupling

problems and oscillations have usually been encountered when standard

numerical solution techniques were used (Hirt et al, 1974;- ;Rhie and Chow,

1982; Demirdid, 1982). The arrangement of the variables on a numerical

grid and the way of deriving a pressure equation are crucial for effec-

tive numerical solution if this form of equations is used. These matters
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will be addressed in more detail in Chapter 5.

Another approach to obtain (an apparent) strong conservation form of

governing equations would be to express base vectors (eg. 	 ) in terms

of locally fixed base (eg.	 in the centre of each computational

cell, as done by Vinokur (1974), or to express vector and tensor compo-

nents in the terms of such a locally fixed basis. Although this approach

results in relatively simple form of equations, their strong conservation

form is illusory, as now a discontinuity problem on subdomain boundaries

arises, since the basis on one side is not the same as on the other. To

account for this, one would have to introduce some extra terms, which

would represent nothing else but the apparently avoided curvatureterms!

2.3 Choice of Vector and Tensor Components for Use in this Study

As was mentioned in the previous section, vectors and tensors in a

general coordinate system can be expressed in terms of as many types of

components as there are types of base vectors that could be used. Only

when nondimensional base vectors are used (physical or dual physical)

will all components bare the same dimensions and physical significance

as vectors and tensors themselves. For example, in plane polar coordina-

tes the contravariant velocity components are 	 =	
,	

=
and covariant ones are v = 	 , v = r 2 -- ; both v0 and vr	 ut	 dt	 0
have dimensions which do not correspond to what is normally understood

as a "velocity component". This makes understanding of results obtained

by using such components more difficult, as they do not behave in an

"expected" manner. For example, the above mentioned yr and ye change

(from point to point) in space even if a physically constant, uniform

parallel flow field is being considered. Moreover, v 8 is, for given

o , equal to constant/r , and it tends to infinity as r tends to

zero. It is not only difficult to appreciate what is the actual behaviour

of the flow by looking at results in terms of such non-physical compo-

nents, but they can also introduce additional inaccuracies in the nume-

rical solution (eg., in the above example near r = 0).

The physical contravariant components (a" 	 and A(1 ), which are

related to nondimensional unit base vectors 	 (i) , do not suffer from

such problems, neither do the covariant dual physical components (au)

and A [1 ), which are related to normalized dual base vectors,

The first-mentioned ones were successfully used by Demirdid (1982) in
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numerical predictions of two-dimensional flows in complex geometries.

However, the simplest equations result when vector and tensor compo-

nents are referred to a fixed base vectors, and this is the only way of

achieving the desired strong conservation form of the governing equations.

The obvious choice is to use orthogonal, Cartesian base vectors	 , in

which case there is no difference between covariant and contravariant,

physical and non-physical components. Such representation of vectors is

easy to understand; the magnitudes of vector and its components are rela-

ted by the simple Pythagora's rule, and since most often measurements are

made of Cartesian components, comparison of numerical results and expe-

rimental data is made easier. Implementation of boundary conditions is

also easier in the case of Cartesian components.

Having all this in mind, it has been decided to express vector and

tensor components with reference to the Cartesian base vectors for the

purpose of this study. The resulting equations are far simpler for nume-

rical integration in three dimensions than any other form, and they con-

tain the minimum necessary information about the coordinate frame. This

will avtd problems of sensivity of solutions to grid properties, pos-

sessed by methods which employ curvilinear (grid oriented) vector compo-

nents, such as that of Demirdid (1982). Numerical problems, associated

with particular solution algorithms when Cartesian components are used

on general grids, which have prevented their wider use so far, have been

successfully overcome in this study. Details about this will be given in

Chapter 5.

2.4 The Form of Governing Differential Equations Adopted for Use in this

Study

Since Cartesian components of vectors and tensors will be used from

now on, there is, as already noted, no difference between contravariant

and covariant ones. The equations would be different only in form, if one

strictly used covariant or contravariant notations; however, since in es-

sence the difference does not exist, strictness can be omitted, and here-

after indices will be placed conveniently.

The compact form of differential equations, which describe transport

of mass, momentum and an arbitrary scalar quantity over general coor-

dinate system can, in case of steady, incompressible, subsonic flow (the

only type of flows considered here), be written as (Demirdid, 1982):
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;;-5 (pu mcLmi ) = Sm
	 (2.11)

[puu - Tmi)ami] = s
	

(2.12)

mj
Z3 {(Pumcl) - qm)c	 II = s (2.13)

Here, the differential operator 	 /i is defined as (see Demirdid,

1982):

=--{c..)]
x J	 v'j ax

(2.14)

where g is the determinant of metric tensor, g=J 2 , and J is the Jaco-

bian of coordinate transformation y=y1 (x) (see Fig. 2.1). In above

expressions the a's represent the projections of the dual base vectors

of the general coordinate frame 	 onto the Cartesian base vectors

ie. their Cartesian components:

:i	 ii	 -:'	 -4 j	 .-i--j	 oxa=a	 =i1 e =ie =----j

The stress tensor and the flux vector are defined as:

ui n au 1
T mi = Pómi+ Tmj	 P6mj+ i (-a T -fla)

-r
q- 4Bx" m

(2.15)

(2.16)

(2.17)

where	 is the Kronecker's delta (1 if m=i, and 0 otherwise), and

T	 is the anisotropic part of the stress tensor. All terms on the lef t—

hand side of Eqs. (2.11)-(2.13) are contained under the differential

operator, and therefore they represent a desired strong conservation

form of governing equations, which, as already noted, is important for

finite volume method of numerical solution adopted here. These equa-

tions do not contain undesirable "curvature terms"; the momentum equa-

tions do contain three pressure terms, but as will be seen later, this

does not pose any difficulty to the present solution algorithm. These
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terms are far simpler for numerical calculation than extra stress terms:

in semi-strong and weak conservation form of governing equations when

vectors and tensors are related to variable base vectors (see Walkden,

1966; Demirdi et al, 1981; Demirdié, 1982).

2.5 Time-Averaged Equations of Turbulent Flow and Turbulence Closure

Model

It has been said earlier that the subject of present investigation

is the steady flow of a fluid at low Mach numbers. However, it is well

known that only laminar flows (at low Reynolds numbers) can be literally

"steady"; high Reynolds number flows can be said to be steady on an ave-

rage basis only, since small scale high frequency fluctuations are always

present (Launder & Spalding, 1974). Therefore, unless a special treatment

is applied, the full three-dimensional time-dependent form of the equa-

tions of motion would have to be solved, and a very fine numerical grid

(with spacing smaller than the length scale of smallest turbulent eddies)

would have to be employed. This is not a very practical approach, al-

though it is being employed for fundamental studies of relatively sim-

ple flows.

The alternative is to use some sort of averaging to obtain equations

for average quantities (eg. time-averaging, see Schlichting, 1979). The

time-averaging process consists of expressing each variable through its

"mean" value	 and "fluctuating" component 4 , thus:

(2.18)

It is justifiable, for non-reacting incompressible turbulent flows, to

neglect fluctuations of fluid viscosity and density. In this case, after

introducing substitutions of the type of (2.18) for the dependent variab-

les of equations (2.11), (2.12) and (2.13) and time-averaging, there re-

sults the following set of equations:

;j (Pmct ) = Sm
	 (2.19)

- (Tr Jam}
	

(2.20)
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- (mP	
)J mJ} =	 (2.21)

These are similar to their instantaneous counterparts (equations (2.11),

(2.12) and (2.13), with the addition of time-derivative), if the instan-

taneous quantities in the latter are replaced by the mean ones, with the

exception of extra terms appearing in scalar and momentum equations,

which contain mean products of fluctuating components. These are usually

called the Reynolds stresses:

T=-puf
	

(2.22)

and turbulent scalar fluxes:

q=-p
	

(2.23)

To close the system of equations (2.19)-(2.21) it is necessary either to

relate these extra terms directly to the mean quantities, or to supply

additional equations from which they can be derived. A wide variety of

"turbulence models" exists for the latter purpose. It is beyond the scope

of this study to review all of them; such reviews can be found in the li-

terature, and readers interested in more details are directed to referen-

ces (Launder and Spalding, 1972; Hanja1i and Launder, 1972; Jones and

Launder, 1972; Rodi, 1982, and others).

For this study the most widely used model is adopted, namely the so

called "k-c" model of turbulence (Hanjali, 1970; Jones and Launder,

1972). This is based on the mixing lenght theory (Bousinesq, 1877;

Prandtl, 1925) and provides the following relations for the Reynolds

stresses and turbulent scalar fluxes:

atii
= t(im +--a}) -k= Tj _I:h6rpi	 (2.24)

= rt ...iL
4: ax"

where the turbulent viscosity	 and diffusivity coefficient

are defined as:

(2.25)

lit =c 2
	

(2.26)
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rt	 4
	

(2.27)

and the parts of turbulent normal stresses 	 are normally incorpo-

rated into pressure. Here, k stands for the kinetic energy of turbulence,

and c stands for the rate of dissipation of that energy. They are defined

as:

k = -uju'j	 (2.28)

C_ p l 3 xn iJ [a?	 J
	

(2.29)

The quantities C 1.t and	 are empirical constants, derived by refe-

rence to detailed measurements of well-established turbulent flows (see

Launder et al, 1972; Launder and Spalding, 1972).

The values of k and c appearing in the definition (2.26) of

are derived from the momentum equations with the aid of assumptions and

empiricism (see Hanjali, 1970). The left-hand sides of equations for k

and c (see Launder and Spalding, 1974) are the same as that for a ge-

neral scalar quantity (ie. equation (2.13)),when k and 	 are substi-

tuted for 4 , and -- and - 	 for r . The respective source terms s

take the following form:

= G -	 (2 .30)

where C 1 and C 2 are further empirical coefficients, and C is the

rate of production of turbulent kinetic energy, defined as:

G = T.	
= 

t(a1 +
	

) (-&' )	 ( 2.32)1] ay.

The values of empirical coefficients (C, C 1 , C2, 
ok 

and o ) used in this

study were taken from Launder and Spalding (1974) and are given in Table

2.1.
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C	 C	 C

	

1.	 2

0.09	 1.44	 1.92

Table 2 • 1: The values of enpirical coefficients in the k-E ndel of
turbulence

When (2.24) and (2.25) are introduced into momentum and scalar equa-

tions, (2.20) and (2.21) respectively, they reduce to the same form as

that of equations (2.12) and (2.13), where now t' and	 are replaced

by

Reff = I' +
	

(2.33)

and

r4eff =	 +
	

(2.34)

This is one of the attractive features of the k-C model of turbulence -

the equations of laminar and turbulent flow have the same form; only the dif-

fusivity coefficients	 are differently calculated.

Therefore, equations (2.11) - (2.13) will be used to describe trans-

port of mass, momentum and arbitrary scalar quantity in both laminar and

turbulent flows. The overbar denoting mean quantities is no longer nee-

ded, and hereafter it will be omitted, as well as the suffix 	 in
eff

(2.33) and (2.34).

2.6 Closure

In this chapter a brief discussion of the various possible forms of

transport equations in general coordinates has been conducted. It has

been recognized that, from the point of view of a numerical solution

method, a strong conservation form of governing equations is superior

to other alternatives (semi-strong and weak conservation form). It has

also been recognized that the best way of achieving a strong conserva-

tion form of equations is to express vectors and tensors through spa-

tially invariant, nondimensional unit base vectors. The choice has fallen
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onto Cartesian base vectors, since in that case the simplest form of go-

verning equations results, and all problems of choice of the type of com-

ponents (ie. covariant, contravariant, physical or non-physical) become

redundant. Discretisation of this form of equations is also the easiest

possible, as it requires the minimum information about the coordinate

transformation (no curvature terms etc.), and thus the necessity of ha-

ving a smooth grid is relaxed.

For the case of turbulent flow, time-averaging and the k-E turbu-

lence model have been used to derive transport equations in terms of mean

quantities. These have the same form as those for the instantaneous quan-

tities (with due modification to the diffusion coefficients as in Eqs.

(2.33) and (2.34)), but of course entail the solution of two additional

differential equations for k and c.

The discretisation procedure and the numerical solution method for

these equations will be presented in the next four chapters.
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CHAPTER 3

DISCRETISATION OF GOVERNING DIFFERENTIAL EQUATIONS

3.1 Introduction

In the previous chapter a choice has been made about the vector and

tensor components to be used in this study, and the final form of gover-

ning differential equations resulting from that choice has been given.

This chapter deals with discretisation of those equations using the finite

volume technique, in order to obtain a form suitable for numerical solu-

tion.

First in section 2, the expanded form of governing differential equa-

tions for three-dimensional problems is given. This will be the starting

point for discretisation procedure, which is outlined in section 3.

Section 4 deals with the treatment of the various terms, that can

be distinguished in the discretised equations, namely those describing

convection, diffusion and sources.

In section 5 the general form of algebraic equations, to which dis-

cretised and linearized transport equations reduce, will be shown and dis-

cussed. Special attention will be paid to the structure of the resulting

coefficient matrix, and the influence it has on the choice of solution

method.

Section 6 gives the closing remarks on the topics of this chapter.

3.2 Expanded Form of Governing Differential Equations

Firstly, for the sake of easier subsequent manipulation, the coeff i-

cients a , featuring in Eqs. (2.11) to (2.13), will hereafter be expressed

as:

= a =	
=	

(3.1)

where the	 's are defined as:
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=
3xZ 3x

1	 (1: av3 -	 av31
2	 ax2 ••	 ax	 2'3x

= (L	 -	 3v2
•3	 a	 ax	 ax3 '•2'ax

2 _.(L2 aY 3	aY 3 aY)1.	 ax'
2yaY3y2	 ax' ax 3	 ax' ax

2 _(1 ay2 - 3y 2 ay'
3	 ax'	 1 •-J

= (L	 - ay3 ay21	 ax' ax 2	 •I	 J

2	 ax1 ax 2	ax' 3x2

3	 ax' ax 2	ax' ax2

(3.2)

Obviously, the I3	 represent the cofactor of	 in the Jacobian of

the coordinate transformation y = y1(x).
The compact form of governing differential equations can now be re-

written as follows:

ia__(pf3mJ) = Sm

mi1	 ]=ij[(pumuj - T 
•13mj	 U

1 a	 mj
qrn)	 i = S4

(3.3)

(3.4)

(3.5)

Each of these equations will now be expressed in its expanded form, which

will serve as the starting point in discretisation procedure to follow.
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3.2.1 Continuity equation

When expanded, the continuity equation (3.3) reads:

+	 +	 = SITJ

where the U j are defined as follows:

U 1 = p(u 1 + u 2	 + u3)

U 2 = p(u 1 + u2 + u3)

3	 3
U3 = p( u1	 + U2 2 + u3

(3.6)

(3.7)

The bracketed expressions on the right-hand side of equations (3.7) for

U are related to the velocity component normal to the x- = const.

surface.

3.2.2 Scalar equation

The flux vector	 (Eq.(2.3) or (2.17)) can be now written as:

4:	 in
mm

or, in expanded form:

1
=	 +	 +

31
x32J

1
q 3	 r4 3	 +3)

(3.8)

(3.9)

When these expressions are introduced into Eq.(3.5), taking into account

(3.7), one gets:

-
ax	

mmi =jq
J 3x

(3.10)
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or, in expanded form:

4) _i	 1	 1)] +
+ —B2 + —B1	 J ax' 1 ax2	 3x3

--[u2 4) ---(-B
ax2	 j ax'	 ax2 2 a3	

+

-_[U34)_&(-B	 =Jscp
j ax1	 3x2	 ax3

(3.11)

In the above equations the B's represent the following products of

the s's:

or, in expanded form:

B=

B = B =	 ++

B' = B33	 1	 11	 22
(3.13)22

B=

B =B =+

B=	
33

1 1+22 +

The additional complexity of Eq.(3.11), compared to its Cartesian counter-

part (obtainable from (3.1.1) by replacing U1 , x 3 and B with u, yJ

and ó-j respectively), is obvious: cross-derivatives have emerged, and

coefficients B contain many terms. However, all these terms are rela-

tively simple to treat numerically, as they involve only the first deri-

vatives of the grid coordinates.
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3.2.3 Momentum equation

The stress tensor (Eq.(2.16)) can now be written in the following

form:

Tmj	 Pómi +	 + 
ax'
	 (3.14)

or, when expanded:

T,, = -p +(.1^	 i:3! +-i)
ax3j ax'	 a2

T, 2 = T2, 
=	 +	 + p33 ) +

j 1 ax' 2	 ax2 2	 ax3 2

+	 +ax	 ax	 ax

au, 2	 auT,3	T3, =	 + 23 +	 +

+	
+	 3i)]	 (3.15)

ax2

T22 a' 2	 ax	 ax

T23	 T32	 + !2 +	 +
J ax' 3	 ax2	 ax3

+	 +
ax	 ax	 ax

T33 = j +	 +	
+

j ax'	 ax2	 ax3

With the above taken into account, the compact form of the momentum

equations (2.12) can be written as:

-{Uu .	 + p] = Js	 (3.16)
Jlaxm m ax	 J

In expanded form three equations, for the Cartesian velocity components

u1 , U2 and u3 , are the following:
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U1 —component

_•_•	 +s' +-B +u +w +u] +p ] +1

3U1	 3U1 2
{U2 Ui 	---I +-B +-B3 +	 +	 +	 +	 +	 (3.17)

[	

1.tIBU1	 aU1	
+--B + t3w i +	 +	 w} ^	 = Js--jB+--B2

U2 -component

1	 11
[UiU -B	 +B3 + W2 +} +3 ü}2} + P2] +2 J3x1

ac?[U2u2	
1'2	 au22	 au22	 21	 22	 231-	 - J[I B +--- B2 +--B3 + 1'2 +	 + 3 W2j + P] +	 (3.18)

I3u23 	 au23	 a.2331	 32	 331.
-	 +	 B2 +-B3	1W2 + 22 + 3 W2j + Pi32 ] = Js

u3 -component

r	 a3	 a3	 1 1	 1 2
LU1 U3_ J1ax1	 +	 +	 + U)3 +	 + u} +	 +

21	 22aU3

- [ax1	
+	 +	 + 13 +	 + u} + p] +	 (3.19)

1au3 	 3u3	 au3	 13 1	 3 2	 3 31	 3]	 3_4U3 U3_ {fB +	 +	 + w3 +	 + 3UJ3J + 3 = JS

where wk - or, in expanded form, for the u1-component:- Bxm j

1	 a	 1	 a	 2	 3Wi 
=	 +	 +

1	 au	 3u	 au
= 12 +	 +

Wi = !ii +	 +3	 ax1 3	 ax2 3	 ax3 3

(3.20)
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Similar expressions follow for the u 2 and u3 components.

As can be seen, the momentum equations are even more complex than

the scalar one: in particular, for any component and any direction all

three derivatives of all three components are present. There are also

three pressure gradients in the equation for each component. However, it

is important to note that, apart from having a large number of terms,

these equations are of relatively simple form and are easy to discretise.

Since equations have a strong conservation form and do not contain any

higher-order derivatives (curvature terms), it is expected that the in-

creased number of terms will not significantly affect the accuracy of

the numerical solution. These matters will be discussed in more detail

in Chapter 8.

3,3 Discretisation Procedure

The differential equations which describe the transport of mass, mo-

mentum and an arbitrary scalar quantity were given in their expanded form,

suitable for discretisation, in the previous section. In the finite vo-

lume approach, which has been adopted here, these equations are integra-

ted over a finite number of control volumes (hereafter referred to as "com-

putational cells", or just "cells"). Using Gauss' theorem* the volume

integral terms on the left-hand sides of the equations (2.1) (without time

derivative) can be converted into surface integrals over the six "faces"

of computational cell (see Fig. 3.1), thus:

I = Jdivf dV = JdA - JdA + JdA - JdA + JdA - JdA	 (3.21)

	

V	 Ae	 Aw	 A	 As	 At	 Ab

	

where, eg.	 e is the component of f normal to the "e" face of the

cell, and Ae is the area of that cell-face.

Following Eq. (3.21) the transport equations (3.6), (3.11), (3.17),

(3.18) and (3.19), integrated over control volume 6V enclosing node P,

can be now written in general form as:

* Also knn as Ostrogradsky's theorem:
-3-	 -3-

fdivf dv = fndA
V	 A

-3-

where A is the surface enclosing volume V and n is the outward normal to that surface.
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- 1 + I -	 + 't - 'b =JsdV
	

(3.22)

where the surface integrals over the six cell faces have been denoted as

'e' I' 'rig 1	 1 and 'b Each of these terms is made of two distinct

Fig. 3.1: Control volume surrounding cantational node P

y2

	
x2/

Nd

Fig. 3.2: To-dinnsional presentation of sa basic geaetrical quantities
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parts: a convection contribution 1c and diffusion contribution 1D

Before each of them is given more attention, the basic geometrical quan-

tities, entering the coefficients	 , will be examined. For ease of pre-

sentation in figure 3.2 a two-dimensional projection of x 3 =const sur-

face is shown along with graphical representations of the basic geometri-

cal quantities that will be used.

Figure 3.3 shows three cell faces (e, n and t) of a general three-

dimensional cell, along with the notation used in this study. The diffe-

rences in Cartesian coordinates at specific locations on cell faces,

which are with the cell volumes the only necessary geometrical informa-

tion about the grid, can be expressed as follows (see Fig. 3.3):

x3/

Fig. 3.3: Details of labeling schne at e, n and t cell-faces

(6y1 ) = y - y ; (6y1 ) = (y - se ; (6y') = ( y - y)e

(6y1 ) = (y - y ) ; (óy' ) = y - y ; (y1 ) = (y - y)	 (3.23)

13	 1	 1
(ó y1 ) = (y - Y)t ; (ó'1 ) 2 = ( y j - Y)t ; (	 i = YT Yp

Here, (6y1 )	 represent the increment in Cartesian coordinate y1 along
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arbitrary coordinate x at the "e" cell face. Similar expressions fol-

low forthe w, s and b cell-faces, and for other coordinates too. With

computational cells being defined by segments of straight lines joining

cell vertices, it follows that all differences in Eqs. (3.23) can easily

be calculated if Cartesian coordinates of cell vertices are known.

Now the coefficients t3 can be discretised as follows:

___________	 1
oX26X3[(6	 - (óY2)3(Y3)2] =	 23 b

__________	 16x2x3[(6Y)(Y) - (6y1)2(oy3)3] =
	 23

__________	 1
ox2ox3[(1)22)3 - (6Y1)3(6Y2)2] = óx2óx3 b

__________	 1x1x3{(6y3)1(óy2)3 - (óY3)3(6Y2)1] 	
6x16x b

_______	 1.	 2613 [ (o y1 ) 1 (y3 ) 3 - (oyl)3(oy3)1J = ôxlóx3 b2	(3.24)

___	 1 26163[y1)3Y2)1 - (oyl)1(6y2)3} = 6xió
	 b3

__________	 1612(6y2)1(6y3)2 - (
6y2 )2 ( 6y3 ) 1 1 = óxlóx2 b

__________	 1
2	

- (y1)1(oY3)2] = 6162 b

__________	
11	 ____- 6162 [( y1)1(6y2)2 - (y1)2(6y2)1J = 6162

Here, ox1 , Ox2 and Ox3 represent the grid spacings along coordinates

x1 , x2 and x3 respectively. As will be shown later, the actual values

are immaterial here, and one can take it that in the transformed space

(x',x2 ,x3 ) all these intervals are equal to unity. However, it is impor-

tant to note that Jdx1-dx2 dx3 = dV , a differencial volume in physical

space. Therefore

J6x16x2 Ox3	(3.25)
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represents the actual volume of the computational cell. This considera-

tion will lead to disappearance of the coordinate transformation in the

final form of discretised equations. The cell volumes used in the calcu-

lationswill not be determined from (3.25); instead, a different approach

will be used, which will be described in Chapter 7.

One should also note here that all nine 	 's are needed at all six

cell faces. The coordinate differences which enter expressions for the

b's are easily calculated, as shown in Fig. 3.3.

3.4 Evaluation of Convection. Diffusion and Source Terms

The continuity equation (3.6) contains only convective terms and will

be examined first. Here one has to determine values of the U's at all

cell faces. By referring back to Eq. (3.7) and taking into account Eqs.

(3.23), one arrives at:

= J(U i dA )e	 F1 	 = (U1Sx2óx3) = p(ub + u 2l- + u b 1 )	 ( 3.26)
3 3e

This represents the mass flux through the "e" cell face (surface). The

terms multiplying Cartesian velocity components u 1 , u2 and u3 (ie.b,

and b , defined in Eqs. (3.24)), represent projections of the "e"-

surface onto Cartesian coordinate planes. One should note here that the

flux Fie does not depend on the shape of "e"-surface (which is boun-

ded by four straight lines, joining four vertices); for as is well known

the mass flux through any surface bounded by the same closed line would

be the same. This justifies the approximation of cell surfaces as two

planar triangles, as will be described later in Chapter 7.

On the "w"-surface, F1	 is calculated in the same way. Similari-

ly, expressions for the mass fluxes in the other two directions are:

F 2 = U 26xóx3 = p(u1 b + u2b + u3b)
	

(3.27)

F 3 = U 36x16x 2 = p ( u 1b + u2b + u3b)
	

(3.28)

This gives the following discretised form of the continuity equation:

F ie - F1 + F 2 - F2 + F 3 - F 3b = Sm	 (3.29)
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which is a well-known integral formulation of the mass-conservation law.

Here Sm represents a volume integral of the volumetric mass source (or
sink) over the control volume, and is calculated as:

I
SmJd)dX2dX3 SpôVp = Sm 	 (3.30)

where Smp is the value of volumetric source at node P , which is ta-
ken to represent the whole control volume, and 	 is the actual volume

of the computational cell containing node P

The convection terms in Eqs. (3.11), (3.17), (3.18) and (3.19) are

discretised in an analogous way, eg.:

= Ju1 dA Fie4)e	 (3.31)

Ae

where e is, according to the Mean Value Theorem, defined as:

{U1dA IU14dA
e	 (3.32)

e	
JU 1dA	 Fie
Ae

Similar expressions follow for the other cell faces and other transpor-

ted quantities.

There remains to be defined how the mean values 	 e' n '	 etc.

of the dependent variables at the cell faces will be expressed in terms

of values at the discrete nodes, for which a numerical solution is being

sought. This will be delt with in the next chapter.

The diffusion-like terms in Eqs. (3.11), (3.17). (3.18) and (3.19)

contain the	 's and first-order derivatives. The discretisation of the

and thereby the B's , has been performed in the previous section.

The first derivatives of 4' in directions "normal" to the cell faces are

simply central differenced, eg.:

1__)	 -
ax'Je	 64	 (3.33)

This is equivalent to assuming a linear profile in 	 between nodes P

and E (or even quadratic, if "e" is midway between P and E ). How-

ever, matters are not so clear for cross-derivatives, which are also re-

quired at each cell face (see Eq. (3.11)). With reference to Fig. 3.3

the two cross-derivatives at the "e" cell face can, for example, be ap-
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proximated as:

I4 •) - (n4)e
tJe

1a )

x3Je e
(3.34)

Values like d fl,	 , appearing in the above expressions, are to be

expressed in terms of neighbouring nodal values by means of interpolation,

as will be discussed in the next chapter.

The integrated and discretised diffusion terms in Eq. (3.11) over

"e" cell face now look like:

e J U	 1 + — B2 +	 B)Jdx2dx3	 1DN + 1DC =
IDrr!IBl	

4 1	 _
e	 e

Ae

	_{VJeD_41') -
	 r1
(6VJ e 2	 -	 +	 )] e (3.35)

where	 and I	 represent normal- and cross-derivative contribu-

tion respectively, and the D's are determined from the b's in the ana-

logous way as the B's were expressed through the 	 's , ie.:

D	 = bb + bb + bb

D = D = bbI + bb + bb

D' = D3 = b3 b1 + b b + b b3	 1	 11
(3.36)

=bb +bb +bb

D =D =bb +bb +bb

D	 = bb + bb + bb

In arriving at Eq. (3.35), expression (3.25) has been utilized, and the

b's are defined by Eq. (3.24).

The other diffusion-like terms of the differential equations (3.11),

(3.17), (3.18) and (3.19) are discretised in a similar way.

The manner of integration of source terms has been demonstrated for

the continuity equation, (3.30). If the volumetric source s, depends

on dependent variable 4 itself, it is then linearized so that two di-

stinct parts are obtained (see, eg., Patankar, 1980):

=	 -	 (3.37)



50

The reasons for doing so will be discussed further in Chapters 4 and 6.

For example, the source terms for k and e (Eqs. (2.30) and (2.31)) are

linearized as:

s=cpovp	 s =p6v
(3.38)

S = CG,óV
	

S = C2P6V

where the rate of production of turbulent kinetic energy G (Eq. (2.32))

is evaluated as:

I lt
= 1J {2{(6u 1 )'b + (6u1 ) 2 b + (6u1 bfl 2 +

2{(6u2 )'b + (cSu2 ) 2b + (óu2 ) 3 bJ 2 +

\3 3 2
2[(6u 3 )'b + (Su3 ) 2 b + (6u3 ) b3] +

(3.39)

[(óu1 )'b ^ (6u 1 ) 2 b ^ (6u1 ) 3 b + (Su2 )'b + (6u2)2b + (6u2 ) 3 b] 2 +

3 3-12
[(óu 1 )'b + (6u 1 ) 2b + (óu1 ) 3 b ^ (6u3 )'b + (óu3 ) 2 b + (6u3 ) b1j +

3 3,
[(óu 2 ) 1 b + (äu2 ) 2 b + (óu2 ) 3 b + (óu3 )'b + (óu3 ) 2 b + (6u3 ) b2j }

Here (6u)	 represents the difference in u velocity component,

across the cell enclosing node P , in x 3 coordinate direction. These

differences are evaluated as:

(6u1 ) = uj e -

(óu1 ) = u1 -
	 (3.40)

(6u) = Ujt - Uth

Differences in Cartesian coordinates y	 , needed for the calculation

of b?s for the central location P (Eqs. (3.24)) are calculated in the

same way. Values on cell faces, eg. Uje	 u, etc., are to be obtained
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from surrounding nodal values by means of interpolation. This will be
demonstrated in section 4 of the next chapter.

The second part of the source term for k (Eq. (2.20)) has been
"artificially" made dependent on Ic, to produce	 . The reasons for
doing so will become obvious in the next chapter.

The pressure terms in momentum equations are integrated as source
terms, for reasons which will be discussed later in Chapter 6, when the
manner of calculating the pressure is examined. For example, for the re-
levant terms in the u.1 -component equation (3.17), one gets:

1B	 1	 2	 3

-J	 iP1 + Tpi +	 Pi]dXldX2dX3
6V

PP)1jp - (p-p)b2 - (p-ç)l p	(3.41)

where the coefficients b , b and b are calculated at the central
node P . Similar expressions follow for the other two equations.

3.5 The Form of Discretised Equations to Be Solved

After introducing expressions like (3.31) and (3.35) (in which (3.33)
and (3.34) are utilized) into (3.22) and taking into account (3.30),
(3.37) and (3.41), the typical discretised transport equation (eg. Eq.
(3.11)) can be cast into the following quasi-linear form:

= mm +	 (3.42)
In

where the am are coefficients multiplying the values of I' at the "rn"
neighbour nodes surrounding the central node P , a	 is the coefficient
of &, , and C contains all other terms which are not expressed through
the nodal values of the dependent variable (eg. the S source term, the
pressure gradients in the momentum equations, terms involving known va-
lues of 4' etc.). The coefficients a 	 contain convective contribution

C	 ,,	 ,,	 ,,	 ,,	 DN(am) and contributions from normal - and cross -diffusion terms (a
DCand am , resulting from expressions like (3.33) and (3.34) respective-

ly), ie.:

C	 DN	 DC	 C	 D
a=a + a +	 =am+am	 (3.43)
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The coefficient a also contains the linearized source term coefficient

S	 , and is usually* given by:

a =am +
	

(3.44)

The number of neighbour nodes "m	 which appear in Eq. (3.42) depends

on the interpolation practices used to evaluate the 	 values at the

cell face locations (eg. for "e" cell face: 	 in (331),	 n,e' s,e',e
and b,e in (3.34), and similar values at other cell faces). The minimum

number of nodes involved, in case of an orthogonal grid and a linear in-

terpolation scheme, would be 5 in two-dimensional cases and 7 in

three-dimensional cases. The cross-derivative diffusion terms resulting

from non-orthogonal coordinates bring in additional nodes (see Fig. 3.4),

so that the minimum numbers now become 9 and 19 for the two- and three-

dimensional cases respectively. If more complex interpolation practices

are used, the number of nodes involved may rise to 13 or more for two-

dimensional problems, and 27 or more for three-dimensional ones. The

more commonly-employed interpolation practices and associated nodal struc-

tures will be discussed in more detail in the next chapter.

Since anequation like (3.42) exists for every interior computatio-

nal node, the numerical solution procedure entails solving a system of

M equations in M unknowns, where M is the total number of nodes.

(Additional equations of a somewhat different form also exist for nodes

on the solution domain boundaries where 4 is unknown.) Such a system

of equations can be written in matrix form as

[ A]{} = {c}	 (3.45)

Here, [A] is the coefficient matrix, consisting of MxM coefficients

A1	 , {} is a column matrix having M 4 values, and {c} is the

matrix of the same form;containing M C-terms. The diagonal coefficient

A 1 of matrix [A] corresponds to a ,1 in Eq. (3.42), while the non-

zero coefficients A1 , ij , correspond to the -am coefficients in

Eq. (3.42) (ie., the i-th row of Eq. (3.45) corresponds to Eq. (3.42)

rewritten as: a4 -a4	 Ce).

* Whether uatiOn (3.44) holds depers on the type of interpelation practices eaployad;
in this study only practices which satisfy Eij. (3.44) will be used, for reasons which
will be discussed in the next chapter.



THE LEGEND:

• simplest rr1ecule for
orthogonal grid

I+E) simplest rrlecule for
non-orthogonal grid

o additional nxles involving

higher-order interlations
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Fig. 3.4: cantational nlecules for two-dimensional and three-dimensional grids
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Fig. 3.5: Graical presentation of retrix equation (3.45)

non-zero diagonals for orthogonal grid and linear interpolatIon

- -- -- edditiotal non-zero diagonals for non-orthogonal grid and linear
interpoat1on

additional non-zero diagonals for higher-order interpolation

In Fig. 3.5 the structure of the coefficient matrix [A) is shown

for the case where M = N1 x N x Nk , where N $ N1 and Nk are the

numbers of nodes in each coordinate direction. The ordering of the nodes

is such that index	 (see Fig. 3,4) is increasing first, then i and

en	 . The diagonal lines represent the non-zero coefficients entries.
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Equations of the form of (3.45) (or (3.42)) can be solved in seve-

ral ways. Direct solution methods (ie. matrix inversion) offer exact so-

lution to the algebraic equations for given coefficients (to within round-

off error); however, in the present case they are not attractive, for se-

veral reasons. Firstly, such methods require the storage of a large number

of auxiliary coefficients, which can easily exceed the memory capacity

of largest available computers, especially for three-dimensional cases

(eg.,if the number of computational nodes is of the order of	 -

which would correspond to a 22 x 22 x 22 nodes grid - the size of matrix

{A) is of the order of 108 , requiring about one Giga-byte of memory

storage). Computing times for matrix inversion are also likely to be

excessively large for any reasonable three-dimensional grid. Secondly,

the equations of motion (and very often the scalar ones as well) are non-

linear, ie. the coefficients am in Eq. (3.42) involve the dependent va-

riable	 , and therefore an iterative approach is required in which the

coefficients am are updated each time a new ct field is obtained.

This renders direct methods even more expensive.

For those reasons wholly iterative solution methods, in which the

equations are solved only to a certain level of convergence for a given

set of coefficients, are to be preferred. There are numerous such methods

(Varga, 1962) which are suitable for the solution of Eq. (3.42). In general, they re-

quire little additional storage capacity, and the computing times per

iteration are normally only a fraction of those of direct solution methods.

Because of the need for the "outer" iterations to update the coefficients

it is usually enough to perform a few "inner" iterations in the equation

solving algorithm*.
The "Strongly Implicit Procedure" (SIP) of Stone (1968) has been

adopted as the iterative solver in this study. However, the present me-

thod is not restricted to use of this particular solver; other algorithms,

like the widely used line iteration procedures (see Ames, 1977), the "al-

ternating direction implicit" method (Peaceman and Rachford, 1955), the

method of conjugate gradients (Hestens and Stiefel, 1952), the Gauss-Sei-

del method, and variants thereof, may be used as well. The original SIP

method was, strictly speaking, developed for five- and seven-diagonal ma-

trices. However, if the equations (3.42) being solved have more coeffi-

* How meny "inner" iterations should be performed depends on the solution nethed sn-
ployed, the equations being solved, and the prob1n under consideration. 'bre details
will be given in Chapter 6.
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dents, one can still use this method by employing the so called "deferred

correction" approach (Khosla and Rubin, 1974), ie. the extra terms can be

absorbed into the C-term and evaluated at the previous iteration level.

All iterative methods start the solution process from a guessed di-

stribution of the dependent variables and perform successive updates of

'I and the coefficients until converged solution is obtained. However,

depending on the initial guess and the structure of the coefficient ma-

trix, the iterative process can sometimes fail to produce a solution, ie.

	

it may diverge. Scarborough (1958) has shown that 	 sufficient conditions

for an iterative method to converge are that*:

1 at all nodes;
(3.46)

Ia p1
	

<
	

1 at one node at least;

Although this is not a necessary requirement, it is still desirable that

Eqs. (3.42) satisfy condition (3.46). It also has some other implications

which will be discussed in section 2 of the next chapter.

Even satisfaction of the above criteria may not be sufficient to ensure

convergence when a solution of the coupled non-linear equations, like

the Navier-Stokes equations, is sought. In such cases under-relaxation

is usually necessary in order to slow the changes in the 4' , and hence

in the coefficients, from iteration to iteration. This can be done in

the following way.

Equation (3.42) can be tewritten as:

where 4	 is the value of 4 at node P obtained in the previous ite-

ration. The bracketed term represents the change in '1	 from one itera-

tion to the next, ie.	 t. To reduce this change, an under-relaxa-

tion parameter a , in the range between zero and unity, is used to mul-

tiply the bracketed term in (3.47), leading to the following relation:

* Matrices which possess these properties are often term1 "diagonally dciinant".
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It should be noted that the bracketed term in (3.47) tends to zero when

the converged solution is approached, so that the introduction of under-

relaxation parameter cY	 does not affect the final solution.

Equation (3.48) can be recast into the form of Eq. (3.42), where

now the central coefficient a becomes:

a =_+

and the last term in Eq. (3.48) is added to •the other terms in C

This method of under-relaxation plays an important role in solving the

Navier-Stokes equations, as will be shown in Chapters 5 and 6. Also, since

is smaller than unity it makes the iterative procedure more stable,

by enhancing the diagonal dominance of the coefficient matrix.

3.6 Closure

In this chapter the discretisation of the transport equations has

been described. The complexity of these equations when written in gene-

ral coordinates and strong conservation form as compared to their Carte-

sian counterparts is manifested in a substantially larger number of terms.

However, the structure of these terms is of a similar kind, and they re-

present no problem from the discretisation point of view. The coordinate

transformation is absorbed into the discretised equations, aided by the

fact that the discretisation has been carried out in physical space. As

a consequence all the necessary information about the computational grid

is defined by, and easily calculated from, the Cartesian coordinates of

the cell vertices.

The final form of discretised transport equations is a set of alge-

braic equations, one for each computational cell (node), in which a num-

ber of coefficients multiplying values of the dependent variable at neigh-

bour nodes appear. The actual number of neighbour nodes involved depends

on the interpolation practices, used to express the values of the depen-

dent variable at various cell-face locations in terms of surrounding no-

dal values. The higher the order of these approximations, the greater

number of nodes will be involved; this may result in increased numerical

accuracy, but it will also increase the cost of obtaining solution, and

may cause stability problems for iterative solution methods or numerical

oscillations in the solution. These matters will be discussed in more de-

tail in the next chapter.
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CHAPTER 4

INTERPOLATION PRACTICES (DIFFERENCING SCHEMES)

4.1 Introduction

In the previous chapter the discretisation of the transport equa-

tions, in the finite volume manner, was performed. In the discrete form

of the equations there appear values of the dependent variables at con-

trol volume boundary locations (cell faces): these have to be expressed

in terms of the neighbour nodal values in order to obtain algebraic equa-

tions of the form (3.42). On the type of interpolation practices (also

called "differencing schemes") used to accomplish this task depend both

the stability of the numerical algorithm and the accuracy of the solu-

tions obtained. These matters will receive attention in this chapter.

First, in section 2, the desired properties of the differencing

schemes will be identified. This is followed, in section 3, by descrip-

tions of some common differencing schemes for convective terms.

In section 4 alternative interpolation practices for the diffusion

terms, and their properties, will be discussed.

In section 5 some existing methods for overcoming boundedness prob-

lems associated with higher-order differencing schemes, will be briefly

described. Following this, in section 6, a new flux blending method, de-

veloped here for the same purpose, will be presented.

Finally, closing remarks will be given in section 7.

4.2 Desired Properties of Differencing Schemes

If the number of computational cells tends to infinity, one would

expect to get the "exact" solution of the differential transport equation

(eg. Eq.(3.5)), irrespective of the interpolation practices used to eval-

uate the convective and diffusive fluxes (eg. Eqs. (3.31) and (3.35)).

However, in practice one can only employ a finite number of cells, and

it is then important to ensure that the solution of discretised equations

(3.42) satisfy certain important properties of the exact solution even on

a coarse grid. These properties are outlined below.
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4.2.1 Conservativeness

It has been demonstrated in the previous chapter that the discre-

tised equations (3.42) are obtained by integrating the differential equa-

tions over a finite number of control volumes (cells). A set of integral

equations like (3.22), involving fluxes through cell faces, results.

These equations represent conservation balances over corresponding con-

trol volumes; if summed, all inner fluxes should cancel in pairs, thus

giving the integral conservation equation for the solution domain as a

whole (ie., the net transport across the solution domain boundaries

should equal the total production - or consumption - by internal sources).

It is, from the physical point of view, very important that the physi-

cally conserved quantities (eg. mass, heat, chemical species etc.) are

conserved by a numerical solution method too, since otherwise unrealistic

results may occur (eg., negative density or turbulent kinetic energy, spe-

cies mass fractions less than zero or greater than one, etc.).

Conservation of transported quantities is ensured if the flux across

any cell face is uniquely represented in the discretised equations for

the two adjacent control volumes. In other words, with reference to Fig.

3.3, the expressions used to evaluate 4 e ' (4 n - s)e and tt	 be
in Eqs. (3.31) and (3.35), which are written for the cell enclosing node

P , should be the same as those used to evaluate	 , (4 -	 and

b)w respectively, in corresponding equations for the cell enclo-

sing node E . A scheme which possesses this property is said to be con-

servative. Only such schemes will be considered here, for the reasons

stated above.

4.2.2 Boundedness

The ensuring of conservation does not guarantee that all the other

important properties of transport processes will be maintained within

the solution domain. For example, in the absence of sources, the values

of transported quantity 4 in the interior of solution domain should be

"bounded" by the values	 on the domain boundaries, ie. there should

result no value larger than the maximum, nor smaller than the minimum,

boundary value (Cosman and Lai, 1982):

min(4 5 ) < 4: < max(4 5 )	 ( 4.1)
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Bounds will also exist for more general cases, but they are not so easi-

ly perceived.

It can be shown (eg. Lillington, 1981) that differencing schemes

leading to the coefficient matrix which satisfies condition (3.46), ie.

which is "diagonally dominant", will also satisfy the boundedness crite-

rion (4.1) under stated conditions. From (3.46) it follows that all co-

efficients in Eq. (3.42) should have the same sign* (eg. positive). Thus

an increase in the dependent variable value 	 at one node, with other

conditions remaining unchanged, would result in an increase (and not a

decrease) of 1 at neighbour nodes. This is a desirable feature of the

discretised equation, although it is not easy to achieve in general, as

will be demonstrated later in this chapter.

Boundedness is also influenced by the ratio between a , the coef-

ficient of the central node P , and the neighbour coefficients am fl

Eq. (3.42). If (3.44) holds and S 	 is zero, then	 is a weighted

mean of neighbour values 4m (ie., if all the neighbour values 4m are

equal,	 is also equal to them). Although satisfaction of (3.44) does

not by itself guarantee that the results will satisfy boundedness crite-

rion (4.1), it is obviously a desired feature of the discretisation

scheme.

If the discretised equations do not satisfy the boundedness require-

ment (4.1) under some conditions, the scheme used will be prone to pro-

duce "overshoots", "undershoots" or "wiggles", as will be demonstrated

later.

4.2.3 Transportiveness

Figure 4.1 illustrates what is often termed the "transportive pro-

perty" of a fluid flow (Roache, 1976). If there is a constant source of

4 at a point P in a flow field with uniform velocity and diffusivity,

then the shapes of contours of constant 4 will be influenced by the ra-

tio of convection to diffusion, ie. by the Peclet number (Pe =

where L is a characteristic length) as shown in Fig. 4.1. When the fluid

* This is again a sufficient, not always necessary ndition for the bouridedness crite-
rion to be satisfied. %hether the presence of a negative neighbour coefficient, say

aw, will drive 4) out of bounds depends on the simnothness of the (1) field around
P. However, this is the only unconditional guarantee that bounded solution will be
obtained.
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is stagnant (Fe = 0), the contours will be circles with P as the centre;

as 1e increases the contours become elliptical, shifted in the direction

of flow until, for Pe 0O (no diffusion), they collapse into the stream-

line from P downstreams. The implication is that for high Fe flows

events at node P will have a weak or no influence on upstream regions,

while downstream regions will be strongly affected.

p s A

Fig. 4.1: Illustration of transportive property of a fluid flow

Failure of the discretised equations to account for these features

of a fluid flow can give rise to unrealistic results as will be demon-

strated in the next section.

4.3 Differencing Schemes for Convective Terms and their Properties

Here attention will be focussed on the convective fluxes (Eq. (3.31)),

and the methods of expressing convected (cell face) value of the depen-

dent variable (eg. e in Eq. (3.32) for the "e" cell face) in terms

of surrounding nodal values. Some common differencing schemes used for

this purpose are briefly described below.
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4.3.1 Central Differencing Scheme (CDS)

If the cell face value	 in Eq. (3.32) is evaluated by means of

linear interpolation between nodes P nd E (see Fig. 4.2), one gets:

VT	 I

Fig. 4.2: Scl-natic representation of the CDS for one-dimensional case

Here, f1	is a linear interpolation factor, associated with a particu-

lar node P and x 1 coordinate direction, and defined as:

where P and	 are the distances of cell face location "e" (cell

face centre) from nodes P and E respectively; these are equal to

the halves of the cell arc lengths along x 1 coordinate for P and E

cells, 6x	 and	 respectively (see Fig. 3.1 and 3.2). By ana-

logy, linear interpolation coefficients for the other two coordinate di-

rections, f2	and f3 , can also be defined.

With expressions similar to (4.2) following for the other cell fa-

ces, the convective parts of the coefficients am (Eqs. (3.42) and (3.43))

are:
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C
aE =	 t,eip

F	 •(1-f )1,w	 1W

a = -F2

a = F2, (1-f25 )

C
aT = -F3 . f3

(4.4)

a = F3(l_f3B)

ac =	 aC	 , m = E,W,N,S,T,Bp mm

From (4.4) it is obvious that convective contribution a	 to the coef-

ficients of some neighbour nodes m is always negative, and if convec-

tive processes dominate, ie. if I a	 > Ia	 + a	 (see Eq. (3.43)),

this can cause the whole coefficient am to be negative. In the limit

of a uniform Cartesian grid this would happen if the grid Peclet number,

defined as (see Eqs. (3.26) and (3.35)):

becomes greater than 2. In such a case the condition (3.46) would be

violated, with the ultimate result of possibly unbounded solutions and

difficulties in obtaining them (Spalding, 1972; Raithby and Torrance,

1974). The CDS exhibits this behaviour because it violates the trans-

portive property at high Pe numbers, by employing downstream nodes

in expressions like (4.2). Thus upstream propagation of any disturbance

is possible even for Pe =, which is physically unrealistic. However,

the CDS is conservative and at small Peclet numbers (Pe<2) it is both

stable and accurate.

In terms of Taylor series truncation error analysis (TSTE), which

is still widely used as a measure of accuracy in spite of its limitations

(Cheng and Shubin, 1978; Stubley et al, 1980), the CDS is second order

accurate; details about the TSTE analysis and resulting truncation
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error expressions for many differencing schemes, including those consi-

dered here, can be found in Lai (1982).

4.3.2 Upwind Differencing Scheme (UDS)

The upwind differencing scheme (also known as the "donor cell"

scheme) is schematically represented in Fig. 4.3. The convected cell face

value is taken to be that at the upstream node along the same coordinate

line, eg.:

=	 if Fi,e> 0

e	 I
I. E' if Fie< 0

(4.6)

I-

U

Fig 4 • 3: Schematic representation of the TJDS in a one-dimensional case

Using similar expressions for other cell faces, the convective parts of

the coefficients am in (3.42) are:

C
aE = max (OFie)

= max (0, F1,)

a = max (0 -F2)

(4.7)a = max (0, F2,)

C
aT = max (0.-F3,)

aB = max (0, F3,b)

a=	 am , mE,WN,S,TB
m
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From (4.7) it is obvious that convective contribution to the coefficients

am is always non-negative (zero for downstream nodes and positive for the

upstream ones). Thus, unless violated by diffusion contribution, the re-

quirement (3.46) is unconditionally satisfied, which guarantees the boun-

dedness of the solution and the ease of obtaining it by iterative tech-

niques. This can be attributed 	 to the fact that the transpor-

tive property is fully accounted for (no reference is made to downstream

nodes in expressions like (4.6)). In one-dimensional cases the scheme is

asimptotically exact as Pe tends to infinity (Spalding, 1972; Raithby

and Torrance, 1974).

In terms of the TSTE the UDS is first-order accurate; the leading

higher-order neglected term is a function of 	 , ie. diffusion like.

This has led to the definition of the so called "false diffusion" concept,

discussed among others by Patankar (1980) and Raithby (1976) . Namely, if

the flow direction is not aligned with one set of grid lines and if there

is a strong gradient of the dependent variable in the direction normal to

the flow, the use of UDS results in severe numerical smearing, as if much

stronger diffusion processes were present in the flow than actually is

the case. The additional, numerical or "false" diffusion coefficient

'a1se	 has been worked out, among others, by Lai (1982). It is a func-

tion of the angle i.1 between the flow and the grid lines, and is equal to

zero if L0° or 90° (ie. flow aligned with one set of grid lines) and

a maximum for =45°.

However, relying on TSTE and "false diffusion" concept can often be

misleading. Sometimes inaccuracies due to other sources (inadequate treat-

ment of boundary conditions, for example) are - unfairly - attributed to

"false diffusion" effects. For example, the presumption that the UPS is

"over-diffusive" has thus resulted in "severe numerical diffusion" being

claimed even in one-dimensional steady problems at large Pe (Leonard,

1979, for example), where it is not present (Patankar, 1980).

4.3.3 Linear Upwind Differencing Scheme (LUDS)

This scheme is, for a one-dimensional case, schematically represented

in Fig. 4.4. The cell face values, used in the evaluation of convective

fluxes, are obtained by linear extrapolation from the two closest upstream

neighbour nodes on the same coordinate line, eg. for 4e
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+
	

for Fie > 0
=

+ ( E — EE ) lE
	 for Fi,e < 0
	 (4.8)

VI,'	 U—a

Fig. 4.4: Scl-iernatic presentation o the LUDS

Employing similar expressions for the other cell faces gives the follo-

wing expressions for a

a = max(0,-F )(1 + f ) + max(0,-F ) fle	 1E	 1w 1P

= max(0, F )(2 - f	 ) + max(0, F1)(1 -1w	 1WW

= max(O,-F )(1 + f ) + max(0,-F25 ) f22n	 2N

a = max(0, F25)(2 - f 255 ) + max(0, F 2 )(1 - f25)

4 = max ( O ,_F 3 )( 1 + 3T + max ( O ,_F 3b ) f

4 = max(0, F 3b )( 2 - 3BB + max(0, F3)(1 -

aEE = _max(O,Fie) 1E

C = -max(O, F )(1 - f	 )1w	 1WW

aNN = -max(0,--F ) c2n 2N

= -max(0, F2)(1 -

aTT = _max(0,_F3) 3T

aBB = -max(0, F 3b )( l -

C	 -C
= )am	 In = E,W,N,S9T,B,EE,WW,NN,SS,TT,BB

in

(4.9)
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The scheme fully obeys the transportive property requirement, by inter-

polating in the region of influence only (no downstream nodes are in-

volved in (4.8)). It is also conservative, but it does not satisfy the

boundedness reqirement, as evidenced by the fact that the contributions

to the coefficients of the most distant nodes EE, WW, NN, SS, TT and BB

are non-positive (zero for downstream nodes, and negative for the up-

stream ones). These nodes are usually not involved in the diffusion term

aproximations, and thus their total coefficients are always non-positive

thus violating condition (3.46). In one-dimensional problems this feature

will not result in unbounded solutions; a monotonic result will always be

obtained, due to strict obedience of the transportive property (Wilkes

and Thompson, 1983). However, in multi-dimensional problems unbounded

solutions may be generated under certain conditions, which will be dis-

cussed in section 5.

In terms of the TSTE the LUDS is second order accurate, and unless

boundedness problems arise, a given level of accuracy is achieved on far

coarser grids than required by the UDS. The diagonal dominance of the re-

sulting coefficient matrix is stronger than in case of CDS (this will be

demonstrated in the summary for this section), and most iterative solvers

handle it well. The LUDS is also attractive for its relative simplicity

when employed with non-orthogonal and non-uniform grids, as compared to

the more complex schemes to be described next.

4.3.4 Quadratic Upwind Differencing Scheme (QUDS)

This scheme is due to Leonard (1979), who named it "QUICK". For,

say, the "e" cell face, the t	 value is found from a quadratic func-

tion g passed through the two bracketing nodes, P and E , and the

most distant node on the upstream side along the same coordinate line,

le. W for Fie>O or EE for Fie<O	 (see Fig 4.5), thus:

1E g 2 14 + (1 - g 1 + g 1 )	 , for F	 > 0	
(4.10)

g 2 -	 ( 1 - g 2 + g 2 )f , for F	 < 0
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L
U-...

Fig. 4.5: Schematic presentation of the QUDS

Here, g 1 and g 1 are the coefficients arising from the quadratic func-

tion	 , and g 2 and g 2 are the similar coefficients arising from

the parabola	 These coefficients are functions of the distances be-

tween cell face location "e" and the participating nodes P , E , W

and EE . For the case of a uniform grid (f1=f2=f3=-) they are (for both

and	 ):

1	 3	 2	 1
g e =	 ; ge=	 (4.11)

and remain the same for all cell faces (other than those near boundaries).

However, for non-uniform and non-orthogonal grids they vary from one cell

face to another, and can be calculated, using the linear interpolation

coefficients defined earlier, from the following expressions:

1 - ( 2fiw)(fip)2
- 1 + f1 -

g2	
(1-fi)(1-fi)2

el - 1 + l i p - fiw

(4.12)

i - (1+fiw)(1-f1p)2
g	 - 1	 ce

g2	 1E2 lip
e2	 l+fiE—tip

By applying the same treatment to the "w" cell face, there results:
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I	 -	 + ( 1 - g1 + g 1 )cb , if F >0
wi 1w

4) =	 (4.13)w
-	 + (1 -	 +	 2P , if F <01w

where the coefficients g can be calculated as:

1 - ( 2_fiww)(fiw)2
- 1 + f - 1WW

2 -
W

(4.14)

= (1-f)2(1+f)
w2

2 - (f1)2
- 1 + f 1 -

For "t" and "n" cell faces, expressions analogous to those derived

for "e" cell face, (4.10) and (4.12), exist with indeces 1,E,P,W,EE

replaced by 2,NI,P,S,NN or 3,T,P,B,TT respectively. Simi-

larily, expressions for "s" and "b" cell faces follow from those for

"w" cell face, (4.13) and (4.14), by replacing indeces 1,W,P,E,wW

with	 2,S,P,N,SS	 or	 3,B,P,T,BB	 respectively.

The convective contribution to the coefficients am in Eqs. (3.42)

are now the following:

a = -max(0,F 1 )g 1 - min(0,F 1 )g 2 - min(0,F1)(1-g2+g2)

4 = max(0,F 1 )g 1 -,- min(0,F 1 )g 2+ max(0,F1)(1-g1+g1)

4 = -max(0,F 2 )g 1 - min(0,F 2 )g 2 - min(0,F2)(1-gj2+g2)

4 = max(0,F2 )g 1 -1- min(0,F2 )g 2 + max(0,F2)(1_g1+g1)

4 = -max ( 0 , F 3 ) g 1 - min ( O , F 3b ) g 2 - min(0,F3)(1_g2-1-g2)

4 = max(0,F 3 )g 1 + min(0,F 3 )g 2 + max(0,F3)(1-g1+g1)
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aEE = min ( O , F i e) g2

= -max ( 0 , F 1 ) g1

aWN = min(0,F 2 ) g2
	 (4.15)

a 5 = -max(0,F 25 ) g1

aTT = min ( O , F 3t ) g2

aBB - -max ( O , F 3b ) g1

a =	 aC	 , m = E,W,N,S,T,B,EE,WW,NN,SS,TT,BB

This scheme is also conservative, since the convected values of 4 are

uniquely defined on each cell face. Unlike the LUDS, the QUDS obeys the

transportive property only partially, for downstream nodes feature in in-

terpolation formulae like (4.10) and (4.13) with a considerable weighting

(see Eq. (4.11)). The implication is that even in one-dimensional cases

"overstoots" "undershoots" or "wiggles" can result at high Pe , as

shown by Leonard (1979) and Syed et al (1985). As with the LUDS, the con-

tributions to the coefficients of the most distant nodes EE, WW, NN, SS,

TT and BB are always non-positive (again zero for downstream nodes, ne-

gative for the upstream ones). However, the QUDS contains negative contri-

butions for the "principal" downstream nodes too. For example, in case of

a uniform flow with F 1 , F2 and F3 all positive and uniform grid, the

following convective contributions to the downstream nodes E, N and T

coefficients would result:

c_	 . c_ 3r . C
aE -	 - 82 , a = _81: 3 (4.16)

Thus, if the Peclet number is greater than in the case just described

the total coefficients aE a and aT are negative. This can give rise

to both stability problems when an iterative solution procedure is used

(Han et al, 1981) and unbounded solutions (Syed et al, 1985; Leschziner,

1980).
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In terms of TSTE, the QUDS is third order accurate on uniform grids

(Leonard, 1979). Indeed, it has proved to yield marginally better accura-

cy than other, lower-order schemes, in a number of cases; however, boun-

dedness problems can offset the gain on interpolation accuracy, as will

be demonstrated in Chapter 8 (also in Leschziner , 1980; Gosman and Lai,

1982; Han et al, 1981).

4.3.5 Skew Upwind Differencing Scheme (SUDS)

This scheme, due to Raithby (1976 b), is designed to take fully into

account the transportive property of a fluid flow. It assigns to the cell

face locations e, w, n, s, t and b the values found in surfaces contai-

ning four (2 in the 2D case) nodes immediately upstream from the particu-

lar cell face in question. These values are found by interpolating for

the location where tangent to the streamline passing through the cell face

centre intercepts the forementioned surface. Figure 4.6 shows a two-dimen-

sional case, where eg. cb	 is found by linear inpolation between 	 and

for the location "un", where streamline passing through "n" crosses

line WP

NW__________ _________
NE

streomLine

W

I
I

swl ----	 S

Fig. 4.6: Schematic presentation of the SUDS in a

two-dimensional case
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In a three-dimensional case, 26 nodes surrounding central node P

are involved in such interpolations (see Fig. 3.4). The expressions for

the convective contribution to the coefficients am in Eqs. (4.42) are

very complex for general case and will not be presented here.

The SUDS is conservative and fully transportive; however, it does not sa-

tisfy unconditionally the boundedness requirement, since some coefficients

can become negative, depending on the flow inclination towards grid lines

and grid Peclet number (in a 2D case, a E, a , aN and a 5 can become ne-

gative; see Lai (1982) for more details). It reduces to the UDS in case

of flow along one set of grid lines. In terms of TSTE, the SUDS is, like

UDS, first order "accurate". However, Lai (1982) has shown that the nume-

rical diffusion coefficient is significantly smaller for SUDS than for

UDS.

The scheme has been widely used in two-dimensional applications and

discussions can be found in Leschziner (1980), Lillington (1981) and

Lai (1982). Improved accuracy as compared to UDS has been reported, but

unbounded results have also been encountered. For general three-dimensio-

nal applications the SUDS is less attractive than either LUDS or QUDS, for

the expressions for coefficients a become extremly complex and produce

a clumsy 27-diagonal matrix in (3.45).

4.3.6 Discussion

In addition to the five convective differencing schemes described

here, there exist a number of other, less common schemes which could be

used; these are reviewed by, eg. Gosman and Lai (1982) and Syed et al

(1985).

All of five schemes described here are conservative, and thus pos-

sess at least one of the desired properties. Transportiveness is fully

satisfied by the UDS, LUDS and SUDS, and only partially by QUDS. The

boundedness property is unconditionally possessed only by the UDS; all

other schemes either have some coefficients which are always negative

(LUDS, QUDS), or some which can become negative under certain circum-

stances (CDS, SUDS, QUDS). The latter ones are also less diagonally do-

minant, although iterative solution methods have been successfully used

(with more or less difficulty) on all but the CDS* . The degree of depar-

* The prob1ns with the CDS can be, to sane extent, surnunted by using the deferred-cor-
rection approach (Khosla and Rubin, 1974), where the CDS convective flux is expressed
as:	 1CDS = 1UDS + (1CDS 1UDS)	 and the bracketed right-hand side term is treated
explicitly, as a pseudo source (Ghia et al, 1982).
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ture from diagonal dominace, as measured by the ratio lal/laI and the

maximum magnitude of the negative coefficients max(0,-a) realtive a

is shown in Table 4.1, for a uniform grid.

Scheme	 CDS	 UDS	 LUDS	 QUDS	 SUDS

c '	 C1	 3	 3
a 

1 / a ml	
1	 depends on

the angle
between flow

max(0,-a)/a	 00	 0	
1	 4

direction and
m	 grid lines

Table 4.1: Sczne schene properties in the limit of uniform flow and grid

Experience has shown that the UDS, which is the only scheme which

possesses all the desired properties, suffers from excessive numerical

(false) diffusion (under conditions cited in subsection 2), which can

outweigh the actual diffusion present in the flow (Leonard, 1979; Raith-

by, 1976; Leschziner, 1980; Lai, 1982; also to be demonstrated in Chap-

ter 8). The cures for this are: (1) grid adaptation, to make it aligned

with the flow direction, or (ii) grid refinement until Peclet number

becomes low enough so that the numerical diffusion is small in compari-

sion with the physical diffusion.

Evidence also exists (in references cited in this section, among

others) that other so called "higher-order schemes" offer better accura-

cy and faster response to grid refinement. This, however, is true only if

the solution is smooth and no unbounded regions are generated. If, on the

other hand, "overshoots", "undershoots" or "wiggles" are present in the

solution, it may be not only inaccurate, but also physically unrealistic.

The cure in such cases is again grid refinement, until negative coeffi-.

cients become non-negative (Pe<2 for CDS), or the solution is sufficient-

ly "smooth" over the range of nodes covered by the particular interpola-

tion formula (LUDS, QUDS). Another alternative exists, however, in the

form of "flux correction" or "flux blending": this will be described in

sections 5 and 6 of this chapter.
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4.4 Interpolation Practices for Diffusion Terms and their Properties

The method of evaluation of gradients "normal" to the cell faces,

which feature in the expressions for diffusion fluxes (Eq. (3.35)), was

described in the previous chapter (Eq. (3.33)). The central-difference ap-

proximations employed there yield the following contributions a	 to

the coefficients of the discretised transport equation (3.42):

a =

a =

D2
DN _r _a
aN - fl6Vfl

D2
DN_p
a -	 S

(D3DN	 i-'
aT = l 4 t 6V t

fD3
DN r	 I.aB - 4 b óV b

(4.17)

=	 , m = E,W,N,S,T,B
p	 in

m

All these contributions are positive, and provided no larger nega-

tive contribution for any node arises from the treatment of the convec-

tion and cross-derivative diffusion terms, bounded solutions and a stable

iterative procedure are guaranteed. In terms of the TSTE, this treatment

is second order accurate, and it is almost universally used in numerical

solution methods of all kinds (see eg. Gosman et al, 1969; Patankar,

1980; Hah, 1984; Demirdid, 1982 and others).

If the computational grid is othogonal, then the cross-derivative

diffusion terms will be zero, and the only diffusion contribution would

be from a just defined. However, when a non-orthogonal grid is em-

ployed, the cross-derivative terms like those in Eq. (3.34) are non-zero,

and their contribution a 	 can sometimes outweigh a	 , and be either

positive or negative, as will be demonstrated below.

The central-difference type approximations for the cross-derivatives,
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given by equations like (3.34), require additional interpolation practi-

ces for the evaluation of the dependent variable values at locations on

the cell bounderies (the cell corners in case of a two-dimensional grid),

like those appearing in Eq. (3.35) for the "e" cell face. Two such prac-

tices will be described next.

SCHEME 1

The most obvious (and perhaps most economical, but not necessarily

most accurate) approach is to employ linear interpolation and make use of

the interpolation factors which were defined earlier (Eq. (4.3)) and used
for the evaluation of convective terms. With reference to Fig. 4.7, the

differences appearing in Eq. (3.35) can be evaluated as:

((ba - s )e =	 -	 ) p (1 .-f1 ) + ( n - s ) E p
(4.18)

(P	 t)e =	 - 4b)P (1f1) + (4 - 't)E1p

a)
	

b)

Fig. 4.7: Evaluation of cross-differences on "e" cell face.
a) 3D grid ; b) 21) grid

Expressions similar to (4.18) follow for the other cell faces. Using in-

terpolation coefficients f1 , f2 and f3 , the values at centres of cell

faces surrounding node P can be calculated as:
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N2P +	 - f2)

P2S +	 - 2S)

=	 T3P + cl:(l - f3)
	

(4.19)

+	 -

=	 E1P + h(l - f]•p)

=	 + 4(l -

Expressions of this form are also suitable for the evaluation of the pres-

sure terms in momentum equations (Eq. (3.41)), and the rate of production

of turbulent kinetic energy in equations for k and 6 (Eq. (3.39)).

After introducing (4.19) 	 ( for central and neighbour nodes) into

equations like (4.18) for all six cell faces, and then inserting these

into flux expressions like (3.35), the following cross-derivative diffu-

sion contributions a	 to the coeficients of Eqs. (3.42) result:

= -Ef1 + {E(1-f2 E-f2s E ) + E (1-f3E-f3BE)}flp

= E(1-f1 ) - {E ( 1 -f2w-f2sw) + E ( 1 -f 3w-f3Bw)] (1-f1)

a	 = -Ef2 + [E ( 1-flN --.f lNw) + E(1-f3N-f3BN)]f2p

= E ( 1f2) - [E ( 1_f1_f1) + E(1_f3s_f3Bs)](1_f2s)

= -Ef3 + [E ( 1-f lT-f lTW) + E(1-f2T-f2Ts)]f3p

DC	 3
aB = E(1-f35 ) - [E ( 1 -f lB-flBw) + E ( 1-f2B -f2Bs)] 13B

DC = E3f f + Ef3p flTaTE	 e1P3E

DC = -E3 faBE	 e 
1P3BE - E1)(l_f33)f13

DC	 p3i
=	 - Ef3p(1_flTw)

DC	 .3
aEW = - ( 1-aw)(1-3Bw) +
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DC	 V34
a TN = 1-n'-2P3N + -t-3P-2T

DC - i3i2 (1 ;	 - i 2 (ic \c
aBN -	 - 3BN'	 £b	 3B' 2B

DC = -E3 (1-f25 )f35 - Ef 3p( 1-f2Ts)aTS	 S

DC - E3aBS - S ( 1 2s)( l 3Bs) + E(1f3B)(1—f2Bs)

DC -	 12i4	 (1 c
aNW - LiL1wJL2w	 L2pkJ 1NW (4.20)

a	 = E( 1 -f1 )( 1-f2) + E(1-f2)(1-f1s)

DC = E2 fl p f2E + En f2P fiNaNE	 e

DC -	 \	 1'i(J ;
aSE -	 e1P2SE1 -	 - 2S is

a	 =	 , m	 E,W,N,S,T,B,TE,BE8TW,BW,TN,BN,TS,BS,NW,SW,NE,SE

The coefficients E- , appearing in above expressions, are defined as:

1
I D

F. =	 óVe

I DF= 
(!öVe

1
I D3F=

I D
Ej=

I DE=

I DE=

2
I D3

=
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= 1r1t

= [r4)
3

D1
E= FWb

3

F= FWb

(4.21)

-E(1-f2 ) + Ef25 - E(1-f3) +	 3B

E = -E(1-f1 ) + Ef	 - E(1-f3 ) + Ebf3B

= -E(1-f 1 ) + Ef 1 q - E(1-f 2 ) + Ef2s

This scheme results in cross-derivative diffusion contibutions to the

coefficients of 18 neighbour nodes and the central node P . Since the

cell face differences are uniquely defined at each cell face, the scheme

is conservative, and the sum of neighbour coefficients a 	 remains equal

to the central coefficient a	 . However, boundedness of the solution

is not guaranteed, since the contribution to some coefficients is nega-

tive.

It appears that a	 is unconditionally negative if node "m" lies

in the "sharp" corner (a corner with the interior angle <900) of computa-

tional molecule. Figure 4.8 shows a two-dimensional grid (or, a two-di-

mensional projection of the surface x3 =0, see Fig. 3.4), with the angle

/

Fig. 4.8: On the evaluation of cross-derivative diffusion terms



between coordinate lines x 1 and x2

would turn out to be negative, while

1
D,

= - cos 0'1) (4.22)
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0	 --o	 DC	 DC

12	 . ere, aNE anu a5

a	 and a	 would be positive,

and the contribution to aW,aS,aN and aE could be either positive or

negative (but zero for uniform grid). The situation would be just the op-

posite for 012>90.

The magnitude of cross-derivative coefficients a, relative to a

depends on the ratio of cell dimensions (also called "cell aspect ratio")

and the angle between the grid lines. These deperidences are simultaneously

determined by the ratio	 , ij (no summation), which for a two-di--

mensional grid is:

where 5x	 , 5x	 are the cell "bisector" arc lengths measured along

x1 and x2 coordinate lines (see Fig. 3.1 and 3.2). The larger are the

aspect ratio,	 , and the departure from orthogonality (@9O°)

the more will be significant a	 . Table 4.2 shows the a	 and a

contributions for a two-dimensional case shown in Fig. 4.8, for a uniform

diffusivity coefficient 	 and a uniformly spaced grid (f 1 =f 24) of pa-
rallel straight lines for each coordinate.

	

m	 E	 W	 N	 S	 NE	 NW	 SE	 SW

o(1	 DNx	 am/F4)	 /I	 v'1	 0	 0	 0	 01

O 12 =45°a	 0	 0	 0	 0	 --	 -	 ---

	

2	 2	 2	 2

1')	
10	 a	 ''

__x	 - 1
)	14) 1 0v' I 10v 1	 0	 0	 0	 0

012	
450 a	 0	 0	 0	 0	 4)	

.

	2 	 22

Table 4.2: Normal- and cross-derivative contributions to coefficients in Eq.(3.42)
for a two-dimensional uniform grid and uniform	 SCH4E 1

From table 4.2 one can see that, for 012=45°, the cross-derivative con-

tribution to the "corner" coefficients outweighs the contribution to

"principal" coefficients aE and a	 for cell aspect ratio greater than

4v'	 Also aE and a	 , which receive contributions from the cross-de-
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rivatives only, stay negative for any aspect ratio and 0 12 < 90°.

This feature of the scheme described (ie., having unconditionally

negative "corner" coefficients) is undesirable, since negative diffusion

coefficients can result in anomalous behaviour, as experienced by Demir-

dic (1982). He proposed an alternative scheme, described below, which

remedied the situation in his case.

SCHEME 2

This scheme, proposed by Demirdid (1982), corresponds to using the

following expressions instead of (4.18) and (4.19):

= IEsf	 +
	

for 0<012<90°

+ (4-ds)(lfip)
	

for 90°<012<180°

1( E- BE ) 1 p + (T-P)(1-flp)
	

for 0<012<90°

	 (4.23)

(4 tb) e = 
[( TEE ) 1P +
	

for 90°<012<180°

Here,	 0 is the angle between positive parts of coordinate lines x1

and x . This treatment is equivalent to evaluating '1 	 , for the si-

tuation shown in Fig. 4.8, by interpolating between N and E nodes on-

ly, thus excluding "sharp corner" ones. The following cross-derivative

contribution to the coefficients of discretised equation (3.42) result

if this scheme is employed:

a	 = Ef 1 (2c 2-1) + Ef 1 (2c 3-1) + E(1-f 2 )c 2 ^

E(1-f 3 )c 3 - Ef 25(1c 2 ) - E,f3B(1-c,3)

aj = E ( 1 -f 1 )( 2c2- 1 ) + E ,( 1 -f 1 )( 2c3-1 ) - E(1-f 2 )(1-c 2 ) -

E(1-f 3 )(1-43 ) + E'f 2sc2 + E,f3Bc3

a = Ef 2 (2c 2_ 1) + Ef 2 (2c 3-1) + E(1-f 1 )c 2 +

E(1-f 3 )c 23 - E2f '1-c 2 ) - Ef3B(1-c3)t	 wiW"

= E(1-f 25 )(2c 2-1) + E(1f 25 )(2c 3 1) - E(1-f 1 )(1-c 2 ) -

E(1_f 3 )(1_c 3 ) + Ef iwc2 + Ef3Bc3
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a	 = Ef3 (2c 3 -1) + Ef3 (2c 3 -1) + E(1f1p)c13 +

E(1-f 2p)c 3 - ,fi(1-c 13 ) - Ef2s(1-c3)

DC	 1a5 = Eb ( 1-f3 s)(2c3 -1 ) ^ F(1-f35 )(2c 3 -1) - E(1-f1)(1--c3) -

E(1-f2 )(1-c 3 ) + Efiwc ,3 + Ef2sc3

a	 = -Ef 1 c 2 - E(1-f2)c'2

a	 = Ef1 (1-c 2 ) + Ef2(1-c2)

DC	 p2asw =	 (1-fiw)(1-c,2) + E(1f25)(1-c2)

DC	 p2aNW = -(1-f1 )c 2 - Ef2c2

DC - r'3c	 (1	 13\	 12l	 (1 13aTE -	 I +

DC - i3c	 13	 1'l(i ç	 13
aBE - e1pce -

(4.24)

DC -	 13	 i'lç	 13
aTW -	 iL1W)CW - L13pC

DC	 p3asw =	 (1-f1)(1-c,3) + E(1-f3B)(1-c3)

= Ff2 (1-c 3 ) + Ef3(1-c3)

23DC
aBN = Ef2 c	 - E(1-f3B)cb

23
= E(1f25 )c 3 - Ef3c

DC	 3
aBs = E(1-f25 )(1-c 3 ) + E(1-f35)(1-c3)

a	 =	 C ,m = E,W,N,S,T,B,SE,NE,SW,NW,TE,BE,TW,BW,TN,BN,TS,BS

In these expressions the coefficients c' 3 have the following meaning:

= I1 if

1 0 , if 90°<O. <18013

(4.25)

This scheme is also conservative, but it still does not guarantee

boundedness of the solution, since the contributions to some coefficients
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are negative. However, unlike the scheme previously described, this scheme

does not produce negative "corner" coefficients, which never have contri-

bution from the normal derivatives nor necessarily from the convective

terms (eg., if UDS, LUDS or QUDS are employed). But, while the contribu-

tions to the corner coefficients are always non-negative, those to the

"principal" coefficients ( am ,rrFE.W,N,S,T,B) are always negative and stron-

ger than in the previous case. Table 4.3 shows the values that would re-

sult for the case shown in Fig. 4.8, under the same conditions as those

for which the values in table 4.2 were calculated.

m	 E	 W	 N	 S	 NE	 NW	 SE	 SW

	

aDN v'r	 iFq,	 /rc1	 o	 o	 o	 om

612=45 aDC

	

m — r 	 -i	 —r	 -	 0

Table 4.3: Diffusion contribution to the coefficients of Sq.(3.42) under the same
conditions as for Table 4.2, but with SCHEME 2

From table 4.3 one can see that in this case, for any aspect ratio grea-

ter than %/Z , the total diffusion contribution to the coefficients of

E and W nodes will be negative. It can be shown that, in the limit of

grid being non-orthogonal in one plane only (which includes the two-di-

mensional case) and a uniform diffusivity coefficient 1 , the diffusion

contribution will stay positive for all nodes if the following condition

is satisfied (Demirdid, 1982):

I	 Vx(.) II cos e 	 max óxJ	 (4.26)
Ijj

Infringement of this condition may, even when a bounded scheme for the

convective terms (eg. UDS) is used, cause the am coefficients to become

negative due to the cross-derivative contributions, and unbounded (unre-

alistic) solutions may thereby be generated, as well as numerical insta-

bility.

The two schemes for the evaluation of cross-derivative diffusion

terms described above are relatively simple, and in most cases with mo-

derate non-orthogonality (4SO<O <135°) and cell aspect ratio (< 5) they

will yield bounded and stable results. As for the relative accuracy, it

would be expected to be consistent with that of the linear interpolations

used for the evaluation of the other terms.
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It is possible to use higher-order interpolation practices, which may be

desirable in the case of non-smooth grids, when linear interpolation along grid

lines may be inaccurate, as will be demonstrated later in Chapter 8. In such ca-

ses interpolation formulae which give a continuous distribution of 4) , fitted

to the nodes in the region of interest (as is usually done in finite element

methods) may be more appropriate. Such interpolation practices, on the other

hand, result in considerably more complex formulae for the a	 , especially

in general three-dimensional cases, and for that reason they are not evaluated

here. However, this subject deserves to be given more attention in the future,

in order to assess the effects of the higher-order interpolation on the accura-

cy and stability of the present method.

4.5 Remedies for Unboundedness of Higher-Order Differencing Schemes

As was shown earlier, unconditionally bounded solutions will result only
if all the coefficients of the discretised equations (3.42) are positive. This

condition is satisfied only by the UDS for convective contribution, and under

certain conditions (of Eq. (4.26)) by SCHEME 2 for the diffusion contribution.

As already noted, use of liDS can sometimes introduce problems of numeri-

cal diffusion. If sufficient grid refinement is not possible, the use of higher-

order scheme becomes imperative if accuracy is to be improved; however, if this

results in unbounded solutions* a cure must be sought which will remedy both

problems, ie. unboundedness and numerical diffusion. In the past several methods

have been devised which aim to achieve this. Some will be briefly described be-

fore a new method, developed in the present study, is presented.

4.5.1 Flux-Corrected Transport (FCT)

This method, due to Boris and Book (1973), was originally devised for the

solution of the one-dimensional continuity equation in explicit time-marching

methods, with the aim of maintaining the density field positive, and avoiding

overshoots at peaks and oscillations elsewhere. It was later extended to multi-

* Unbounded solution may result whenever f 1CM direction is oblique to grid lines and/or there
exist regions in which the rate of change of gradient of the dependent variable is high
("sharp' changes in profiles).
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dimensional problems (Book et al, 1975 ) 	 and	 further generalized

(Zalesak, 1979), so that it could be used in conjunction with any two

differencing schemes, one of which must be unconditionally bounded and

non-oscillatory (invariably the UDS) and the other of higher accuracy but

unbounded. The method goes through the following stages at each time step:

(1) A provisional updated ("transported and diffused") solution

is obtained using the bounded scheme fluxes 'B

(2) A local antidif fusion flux correction 'corr defined to be

'corr = Y(I tj-I B )	 ( 4.27)

is sought (where Ij is flux obtained using unbounded, but more

accurate scheme, and Y is a weighting factor between zero and

unity) such that corrected solution does not exhibit extrema

not found in the provisional solution 'i	 and that of the

previous time level, tj

(3) The provisional solution is corrected by applying 'corr

The most critical step in the above is that of evaluation weighting fac-

tors Y . In multidimensional problems it is required that:

n+1
4Tflifl <	 < max

where the bounds are:

tdAn
Wmax_ max (m 'm)

min mm 
(td

(4.28)

(4.29)

and m covers range of neighbours (E,W,N,S,T S B, see Fig. 3.4). This

practice does not guarantee that the physical bounds will always be obeyed,

as will be demonstrated later. To overcome this Zalesak (1979) proposed

that the correction procedure should be first applied in a one-dimensio-

nal manner, and then finally using multidimensional bounds (4.29). This,

however, may result in "clipping" of physical peaks and "terracing"(ie.

the extrema suppressed, but the profiles are not smooth) problems, as re-

ported by Book et al (1975). Various remedies for these two problems have

been suggested, but none can be said to have general validity (Book et al,

1975; Zalesak, 1979).
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corr	 B U

(4.30)
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The FCT method has been employed on several discretisation schemes

and applied to various problems, always giving improved results as com-

pared to use of the "uncorrected" fluxes. More details, in addition to

the references already cited can be found in Book (1981). However, the

FCT method is fairly complex and strictly speaking only applicable to ex-

plicit time marching procedures (which possess the well known Courant re-

striction on the maximum time step) which are expensive of computer time

and unsuitable if steady state solutions are sought.

4.5.2 Filtering Remedy and Methodology (FRAN)

A non-linear "filtering" methodology, called FRAN, has been deve-

loped by Chapman (1981). Unlike the FCT method, where the provisional so-

lution is first calculated using a lower-order, "overdiffusive" scheme

and then the "antidiffusion" correction is applied, FRAN operates the

other way around, le. a provisional solution at the new time level is

first calculated using the higher-order scheme, and a "diffusion" correc-

tion is applied locally, only where necessary. The algorithm can be summa-

rized as follows:

(i) Calculate a provisional time-advanced solution	 using

a higher-order (unbounded) scheme to evaluate the fluxes 1;

(ii) Determine the local bounds on the advanced time solution;

(iii) Introduce a strong local corrective dissipation flux into

the equations wherever the provisional solution is not within

bounds, by switching to the bounded scheme at such locations.

The bounds are here determined by the local Lagrangian solutions 	 at

the central and neighbouring points.

Seen in the light of FCT description, here a diffusion correction

flux

is applied where y is taken to be zero if	 is within the bounds,

and unity otherwise. In this respect FRAN is simpler than FCT and thus

claimed to be more economical. However, the remarks made earlier about

the "clipping" and "terracing" problems, encountered with FCT, apply also

to FRAN, perhaps even more so because it uses the extreme cases, Y=0 or

Y=1 only. Further, like FCT, FRAN is also designed for time-marching ex-



86

plicit solution algorithms, and cannot be directly implemented in impli-

cit methods,whether time marching or steady state.

4.5.3 Flux blending methods

The idea of flux blending is similar to that exploited in the FCT

and FRAN methods, and can be expressed as follows: at each cell face a

resultant flux I is obtained by blending a flux 'B	 obtained from a

lower-order, unconditionally bounded scheme, with the flux Ij , deter-

mined from a higher-order, more accurate but not necessarily bounded

scheme, thus

= Y 'u + (1-Y)I
	

(4.31)

The main question to be answered is: how is the local value of I to be

determined for each cell face? Different approaches are possible, and

there is also the possibility of applying the blending to convective, nor-

mal- and cross-derivative diffusive fluxes separately, or simultaneously,

as will now be demonstrated.

Hybrid scheme (HS)

One of the first and perhaps most widely used methods that can be

said to employ a form of flux blending technique is the so-called "hy-

brid scheme" of Spalding (1972). It operates on the convective fluxes,

with the CDS as the U-scheme, and the UDS as the B-scheme. Strictly spea-

king, the fluxes are not blended; rather as in FRAN, the CDS (1=1) is

used wherever its contribution a does not cause coefficients inm
Eq. (3.42) to become negative (ie., wherever Pe<2), and the UDS (y=O) is

used otherwise. The scheme is simple and involves a single step in deter-

mining local values of y , in which only the Peclet number has to be

evaluated. However, in convection-dominated flows (Pe>>1) the result of

this scheme is that UDS is used everywhere, irrespective of whether

boundedness problems arise or not, and thus the accuracy of the solution

may be impaired by excessive numerical diffusion.
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Bounded Skew Upwind Differencing Scheme (BSUDS)

This scheme, developed by Lai (1982), also aims to keep the coef-

ficients of the discretised equations non-negative, in this instance by

blending the SUDS and UDS schemes, although in principle the method could

be applied to any two "compatible"* schemes. As was described earlier, SUDS

has "corner" coefficients which are always positive, but the "principal"

ones (aE,aW,aN and a5 for a two-dimensional case) can become negative.

On the other hand, UDS generates only principal coefficients and they

are always positive, so it is possible to find a blending factor Y

such that blended coefficients are non-negative. Lai (1982) achieves this

by a modification of the SIMPLEX optimization algorithm (Dantzig, 1951),

which results in a unique solution for the Y's. As this method of deter-

mining the blending factors does not depend on the solution itself, it is

linear and therefore non-iterative.

The BSUDS requires little extra work for coefficient assembly as

compared to SUDS, especially if scalar equations are being solved for a

given flow field, when the l's need be calculated only once. Moreover,

since diagonal dominance is ensured by this blending procedure, the BSUDS

is unconditionally stable as well as unconditionally bounded. The attrac-

tiveness of this scheme is however reduced by the facts that (i) its

accuracy is lowered by the requirement that the coefficients be always

positive since this is a sufficient, rather than necessary condition, and

(ii) SUDS itself is significantly more complex and time consuming in coef-

ficient assembly than eg. LUDS or QUDS, especially in the three-dimensio-

nal problems, where the computational molecule of the SUDS is a clumsy

27-point one.

4.6	 A New Flux Blending Technique

4.6.1 Introduction

All bounding techniques presented in the previous section concen-

trated on treatment of convetive terms, chiefly because for discretisa-

* Two schnes are cxxnpatible in this respect if one produces positive contribution to
those coefficients, to which the other schne brings negative contribution, so that
blending of the two can always result in non-negative coefficients. In general both
schemes individually may be unbounded (higher-order), if the above criterion is xret.
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tion on orthogonal grids, to which they were directed, negative coeff i-

dents do not arise from the diffusion terms, at least when conventional

second-order central differencing is used for them (see section 4 of

this chapter and Eqs. (4.17)). In what follows a new method of suppres-.

sing spurious oscillations in solution of transport equations arising from

the treatment of either the convective or diffusive terms will be des-

cribed. It falls within the flux-blending category, and aims to use as much

of the higher-order scheme as possible while retaining a bounded solution.

As the method depends on the solution field itself to determine the blen-

ding factors, it is non-linear and therefore of an iterative nature: as

a consequence it is more expensive than either of the component schemes

on its own.

Implicit solution algorithms, like the one adopted for use in the

present study, make it difficult to determine blending factors Y such

that resultant fluxes produce a bounded solution everywhere. In particu-

lar, a change of I at one cell face will provoke changes in the solu-

tion at more distant nodes, and it seems to be impossible to determine

all the Its in one step so that the new solution is everywhere bounded.

For non-linear problems (like the Navier-Stokes equations) this is even

more difficult to accomplish, as changes in the solution for one depen-

dent variable result in changes in the solution for others too. Therefore,

some sort of iterative procedure has to be devised. But first, one has to

decide which quantities have to be bounded and what are the bounds to be.

This is the subject of the next subsection.

4.6.2 Boundedness criterion

Taking into account Eqs. (3.43) and (3.44), the discretised trans-

port equations (3.42) can be rewritten as:

(a +	 +S)=	 tm +1)m +C
	

(4.32)
in	 in

When the set of these equations is solved for 4 , an explicit expres-

sion of the following form will
	

hold between 4 and the components

contributing to it:

1
= 

Tfl +	
+	

( mm + Tnm + Cp }	 ( 433)

in



P	 D
am

(4.34)
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This expression shows that the value of c1 at node P is made up of

contributions of three kinds: convection, diffusion and sources. One can

define the following quantities which describe these contributions:

cp
4p=

am +	 + s
m	 m

When these are introduced into equation (4.33), the following relation

between them results:

(fC4,C + fDcJD)fCD + 4,S	 4çD1cD + 4,9	 (435)

where the weighting factors fC,fD and fCD are given by:

fC =

fD___	 (4.36)

fCD

+ a + St,

It is obvious that fC+fD=l ; therfore, the combined convection-diffu-

sion contribution	 is	 formed by linear interpolation between

and 4	 , as is schematically shown in Fig. 4.9. If the linearized

source part S" is zero, then f	 is equal to unity, and the source

contribution 4	 , if nonzero, adds to 't 1	to make the total value

of 4 . One can now examine these three contributions to & separate-

ly , from the boundedness point of view.



=

4 P,TnirI =

(4.37)
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Fig. 4 • 9: Formation of (f) fran convection, diffusion and source contributiorE

Source contribution,	 . The evaluation of the source terms in fi-

nite-difference forms of transport equations is an important issue in it-

self, and can significantly influence both the accuracy and convergence

rate of a numerical solution procedure. However, we shall assume here

that these terms are adequately evaluated and that their contribution to

is physically realistic. The source terms can make 	 lie outside

the range of its neighbours, and therefore the solution, when such sour-

ces are present, does not necessarily have to be monotonic. In formula-

ting a bounding procedure it must therefore be recognized that local ex-

trema due to the source effects are physically realistic, and should not

be suppressed or clipped.

Diffusion contribution, I. Since diffusion is a two-way process

the value of 4 at node P can be influenced by changes at any neigh-

bour node. From the definition of the boundedness criterion in section 2

of this chapter (and Eq. (4.1)), it can be concluded that there are no

physical grounds for	 to be larger than the maximum, nor smaller than

the minimum value at immediate neighbour nodes (E,W,N,S,T and B for a

three-dimensional case), ie. it should be bounded by:

If all a	 (ie. the sum a ' +a) are positive, then this will be uncon-

ditionally satisfied (this will occur when the grid is orthogonal, or when
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SCHEME 2 is used for cross-derivative diffusion terms and conditions such

as (4.26) are satisfied). Otherwise, 4 may fall outside its bounds, and

jf fD is not small, it can make 4	 unbounded. In such a case blending

of the scheme used with one (if available) which produces unconditionally

positive coefficients, and may be less accurate, could be performed to

bring 4 within the bounds. One of possible methods for evaluating the

blending factors will be described in the next subsection. It can also be

noted here that the contribution of 	 to	 becomes smaller as Pe

increases, since fC tends to unity and f) tends to zero as Pe tends

to infinity: so in such circumstances the	 contribution is of lesser

importance than	 p.
Convective contribution, 	 . It is usually this part of	 which

drives it out of bounds when "higher-order" schemes like CDS, LUDS, QUDS

are used for the convective terms in high Pe flows, under the circum-

stances described earlier in this chapter. While diffusion-schemes behave

well on orthogonal grids, with the forementioned convective ones this makes

no difference: negative coefficients are either always there, or their ap-

pearance depends on the flow conditions, but grid non-orthogonality playes

no role. Therefore, the convective contribution 	 is the most "dange-

rous e' from the boundedness point of view, and deserves special attention.
As discuâsed earlier, from the transportive property of a fluid flow

we know that, in the limit of high Pe , the value of	 at any node will

be only influenced by values at upstream nodes - for when Pe^00 , the

lines of constant 	 will coincide with streamlines. It can, therefore,

be concluded that by the action of convection only the value of 4 at

node P should not rise above the maximum, nor should it fall below the

minimum value at upstream neighbour nodes. This is schematically shown

in Fig. 4.10 for a two-dimensional case, with F 1 and F2>0 , where the
C

bounds for 4	 would be:

C
P,max	 = max(4,4sw,4s)

(4.38)
C

= min(4',ct5,)

From these considerations the boundedness criterion for 	 can be de-

fined as follows: the convective contribution 4, at any node should lie

within the bounds given by the values 4 at the n upwind neighbour

nodes in the "compact" computational molecule (9-point in two-dimensio-

nal case, 27-point in a three-dimensional case, see Fig. 3.4). This is
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Fig. 4.10: The region of influence for nce P

where the present method differs mostly from the FCT and FRANmethods,

which both use bounds of the type (4.37) for convective fluxes, or re-

quire monotonic solution in each coordinate direction. According to the

experience of the present study, bounds of the type (4.37) do not guaran-

tee bounded solutions (this will be shown in ChapterS), and the latter

approach is not appropriate when the solution is not monotonic due to

either sources or initial conditions (an example illustrating this will

be presented in Chapter 8).

Some remarks about the boundedness criterion for 	 adopted here

can now be given. Firstly, in the absence of sources and at high Fe

it will guarantee that interior nodal values are bounded by values at

upstream boundaries, as expected. This will be later proved on some test

cases. Secondly, in the one-dimensional case it will demand that 	 =

for u >0 , le. the use of UDS. This may seem like a drawback, but it

should be borne in mind that	 arises from convection only, and in the

one-dimensional case pure translation of upstream information would be

expected. These comments are of course restricted to steady flows, which

are the subject of the present study; however the analysis can readily

be extended to the unsteady case.

It remains to evaluate the blending factors Y . One possible ap-

proach is described next.
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4.6.3 Evaluation of Blending Factors Y

As already noted, in order to maintain the conservativeness of the

blended scheme, the blending factors y should be associated with cell

faces rather than cell nodes. This makes it impossible to determine all

the y's uniquely in a single set of operations, such that the final con-

verged solution is bounded everywhere. Therefore, the procedure must be

iterative and the one devised here will now be described. It can be used

if either convective, diffusive or total fluxes are to be blended, so co-

efficients am appear without superscript (but stand for either the con-

vection part a , the cross-derivative diffusion part a 	 , the total

diffusion part a or the complete coefficient, see Eq. (3.43)).

Consider the blended flux expression:

I =	 + (1-)1B = 'B +
	

(4.39)

When particular U (unbounded, higher-order) and B (bounded, UDS for

convective terms) differencing schemes are introduced in equation (4.39)

for each cell face, the resulting coefficients of the discretised equa-

tion (3.42) will consist of two parts: one a which does not depend on

y (the "B"-contribution), and one ya 	 which is y-dependent (the

"U-B" contribution):

am	 am +ya
	

(4.40)

This leads to an expression for the contribution to 4	 which is to be
C	 D	 CD

bounded (and which could be 4, , 4 or 4 ) of the following form (as-

suming that the same	 is applied to all cell faces enclosing node P):

4:

	

	
(4.41)

^

By requiring that 4< 4, < 4, one gets the following expression for

the maximum value of blendin g factor Y at all cell faces enclosing node

P , which will keep	 bounded:

	

4 aim	 (4.42)
a4— 4a

m	 m



nnl
= 'B + Y (4.45)
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Here c1 is the violated bounding value, which is either 	 or

With such a "provisional" y value determined for each node, the final

value of Y at each cell face is taken as the minimum of the two

values calculated for the cells on either side of it, eg. for the "west"

face:

= rnin(Yp,Yw)	 (4.43)

When all nodes are so checked for boundedness and the Ys are evaluated

where necessary, the coefficients am are assembled again from Eq. (4.40),

using the appropriate I for each cell face, and a new solution is ob-

tained. If the new solution is not bounded everywhere, this implies that

more of the B-scheme has to be blended in at some locations, and new blen-

ding factors have to be evaluated. The procedure for this is the same as

above, but now the B-scheme flux I is not blended with U-scheme flux

but with the blended flux 	 from the previous blending step,

ie.

= yflIfl	
+ ( 1- y' 5I 	(4.44)

Here, "n" denotes the new blending step, and "n-i" the previous one.

This process is to be repeated as many times as necessary to produce a

solution which is bounded everywhere. At this stage the final blended

fluxes will be of the form:

This means that the current blending factor I is always obtained by

multiplying the one prevailing from the previous blending step with the

newly determined one from Eq. (4.43). Therefore, the a	 parts of the

coefficients used in Eqs. (4.41) and (4.42) should contain the "old" I 's

(starting with unity for the first blending step), and the "new" cell

face I should be taken to be the product of the value obtained from

(4.43) and the "old" value at that cell face.

The overall procedure can now be summarized as follows:

(i) Assemble the coefficients of the discretised equations using 1=1

everywhere (full U-scheme);

(ii) Obtain the solution to the discretised equations;
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(iii) Examine the solution for boundedness, by evaluating iI 	 or

(whichever may be unbounded) from (4.34) and comparing it with the

appropriate bounds (Eqs. (4.37) or (4.38));

(iv) Where the checked value is not within bounds, calculate provisional

l's using (4.42) and assemble cell face blending factors by multi-

plying prevailing values with the newly obtained ones from (4.43);

(v) Assemble the coefficients of the discretised equations using the

new blending factors;

(vi) Go to step (ii) and repeat the sequence until solution becomes

bounded everywhere.

How many times the process will have to be repeated will depend on

the problem involved. Obviously, if the U-scheme solution happens to be

bounded, no blending will be needed. If, on the other hand, the solution

happens to be unbounded in the majority of the solution domain (as in

some model problems to be presented later), it may require more steps to

get a bounded solution. However, in each new step less l's will need to

be changed, and therefore less iterations will be needed to obtain a new

converged solution.

The above method will be assessed, by applying it to some standard

test cases, in Chapter 8, where its advantages and disadvantages over

the alternative methods will also be discussed.

4.7 Closure

It has been shown that interpolation practices (differencing schemes)

used in the evaluation of fluxes in discretised transport equations can

have a significant impact on both the accuracy and the stability of the

numerical solution procedure. The three most important properties which

differencing schemes should satisfy have been identified as: conserva-

tiveness, boundedness and transpotiveness. Five common differencing schemes

have been investigated; four of them (UDS, CDS, LUDS, QUDS) have been

found suitable for general three-dimensional applications, while the

fifth one, SUDS, has been found too complex for three-, but suitable for

two-dimensional cases. Only the UDS possesses all of desired properties,

but also has a drawback in that its accuracy can be low when the grid and

flow are not aligned. The other four schemes are more accurate in general,

but on the other hand, they violate the transportiveness and/or bounded-

ness requirements and can produce physically unrealistic solutions.
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Two schemes, both involving linear interpolation, have been sugge-

sted for the evaluation of diffusion terms. One of them, SCHEME 1, pro-

duces some unconditionally negative coefficients and may be unbounded;

the other one, SCHEME 2, can be made to be bounded under certain condi-

tions.

Several methods which were designed to overcome the boundedness

problems of higher-order schemes have been analysed; none of them has

general applicability and validity. A new flux blending method has been

devised here for that purpose, which is suitable for steady state impli-

cit calculations. It guarantees a bounded solution of linear problems,

with as much of higher-order scheme used as possible; it may not be,

however, as efficient in case of non-linear problems (eg. the Navier-

Stokes equations). An assessment of the method and more discussion about

its features will be presented in Chapter 8.
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CHAPTER 5

GRID AND VARIABLE ARRANGEMENTS AND CALCULATION OF PRESSURE

5.1 Introduction

In the two previous chapters the discretisation of the transport

equations and the interpolation practices have been described. The dis-

cretisation has been carried out for cells enclosing the nodes at which

a particular variable is "stored". However, the nodes and associated

control volumes for different variables need not coincide,if this facili-

tates solution. In particular, existing methods of calculation of pres-

sure, which does not have its "own" governing equation, depend strongly

on the relative positions of the velocity and pressure nodes within the

solution domain. These matters are addressed in this chapter.

First, in sections 2 and 3, the grid and variable arrangements are

discussed. Several arrangements proposed and used by various research

groups are analysed; their suitability for use in conjunction with gene-

ral non-orthogonal grids and Cartesian velocity components is examined,

and the choice for use in the present study is made.

Next, in section 4, the calculation of pressure is examined. An in-

terpolation practice which facilitates the use of a family of pressure-

calculation algorithms, originally devised and used in conjunction with

orthogonal grids, is first introduced. This is followed by descriptions

of four pressure-calculation algorithms: SIMPLE, SIMPLER, PISO and SIM-

PLEC, suitably modified here for the selected variable arrangement.

Finally, in section 5 some closing remarks are given.

5.2 Grid Arrangements

The two possible grid arrangements considered here are depicted (for

the two-dimensional case) in figures 5.1 and 5.2 . In the first case a

grid is drawn first and the computational nodes are placed at the cros-

sings of the grid lines. Control volumes are then constructed around each

node, by placing their boundaries midway between the nodes.

In the second case (Fig. 5.2) the grid first drawn defines the con-

trol volume boundaries and the computational nodes are then placed in the

centre of each volume (cell).
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Fig. 5 • 1: Grid arrangement where nodes are defined at grid intersections

Fig. 5 • 2: Grid arrangnt with nodes in the centre of control vDlurnes
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While the first practice may be more convenient for the finite-dif-

ference solution techniques, for the finite-volume approach used here

the second practice is preferred, as will now be explained.

The main advantage of the arrangement shown in Fig. 5.2 is that the

computational nodes reside in the centre of control volumes they repre-

sent. This is a very desirable feature, especially for the integration

of the source terms. Secondly, the cell face locations e , w etc. are

in the middle of the cell faces, which facilitates the derivation of ac-

curate average flux approximations. Thirdly, with this arrangement irre-

gular cells are not generated adjacent to the solution domain boundaries,

whereas in the first practice it is necessary either to insert half cells

near the boundary, or to extend the adjacent cells to the boundary, as

shown in Fig. 5.1 . These irregular cells require special treatment,

which is inconvenient and sometimes cumbersome. Finally, with the second

arrangement it is easier to treat different types of boundary conditions,

different shapes of boundaries and solid bodies submerged within the so-

lution domain, as illustrated in Fig. 5.3 . The treatment of these fea-

tures in general is simpler than with the other arrangement because the

boundary nodes can be placed at the centre of boundary cell faces in what

can be imagined as zero-thickness cells, which facilitates implementation

of the boundary conditions, as will be demonstrated in the next chapter.

The only advantage that the first practice has over the second is

that the linear interpolation used in approximating normal derivatives

at cell faces (ie. the "diffusion" terms) is third order accurate (in

terms of the TSTE) even if the grid is non-uniform. This is because cell

Fig. 5.3: Sane examples of grid construction, with irregular boundaries and sub-
merged bodies, using the practice of Fig. 5 • 2
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face locations are midway between the nodes, and therefore the slope of

a linear profile at that location is the same as the slope of a quadratic

profile. However, since the cell face location where gradient is calcula-

ted does not (for a non-uniform grid) lie in the centre of that cell

face, the flux thus calculated is not as representative as it would be

if the location was centered, as in the second arrangement.

For the reasons listed above, the grid arrangement shown in Fig.

5.2 is selected for use in the present study.

5.3 Variable Arrangements

In the forementioned grid arrangements the "nodes" could be taken

to be the locations where all dependent variables c are stored. However,

if the fluid flow equations are being solved, problems may arise with

this arrangement. The reason for this is connected with the fact that

pressure, which does not have its "own" governing equation, has to be ex-

tracted somehow from the continuity and momentum equations.

In case of compressible, high Mach number flows, the continuity equa-

tion (3.3) can be taken as an equation for density, and pressure can then

be obtained via an equation of state. Since, however, the present study

is concerned with incompressible or low Mach number - flows only, such

methods will not be considered here, for they can not be applied in these

circumstances (a survey of methods which use this approach is given by

Hollanders and Viviand, 1980).

Several other variable arrangements have been proposed in order to

facilitate the calculation of pressure. Some will now be discussed by

considering, for the sake of simplicity but without loss of generality,

the two-dimensional momentum equations of inviscid fluid and the con-

tinuity equation. These equations are obtained by omitting the source

and viscous terms from Eqs. (3.6), (3.17) and (3.18), and run:

1	 3P 2
+—u) =_-;1

(5.2)
- P 1	 2T(U1u2)+(U2u2)	 ax22
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where U	 are defined by Eq. (3.7).

1

= -cos(012+44)2

/	 =	 = sin(0+44)

2	
y2 = _s1n44

yl	 1
2 =	 = cosiP1

xl

1	 -

Fig. 5.4: Gecznetrical representation of coefficients 	 for a simple two-thmen-
sional case

In Fig. 5.4 an arbitrary coordinate system (x',x 2 ) and a reference

Cartesian coordinate system (y',y 2 ) are shown, together with the rela-

tions between the	 coefficients and the angles 012 and 44 . To sim-

plify the equations further (again without loss of generality in the con-

clusions derived), the case 012=90 will be considered, ie. the coordi-

nate system (x',x2 ) is taken to be orthogonal, but translated and rota-

ted by 44 relative to (y',y2 ). In this case Eqs. (5.2) reduce to:

+ -(U2 u1 ) = _ 21 cos ij +--2sin4

(5.3)

-1-(U1 u2 ) +	 (U2 u2) =	 cos 11)1 -	
.1

1

It should be noted in the above that because Cartesian velocity compo-

rients are employed, two pressure gradients are always present if the co-

ordinate lines x- and x2 do not coincide with Cartesian coordinate

directions y1 and y2

When integrated and discretised in the manner of Chapter 3 equations

(5.1) and (5.3) become:
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Fi e _ F1 + F2 - F2 =0
	

(5.4)

=	 - (PePw) c5x2cos	 + (p -p8 )6x1 sinp

(5.5)
= EU2m - (PePw) cSx2 sini- (p-p5 )6x'cos

where the F's and a's are defined by relations analogous to (3.26)

and eg. (4.7).

In addition to a "non-staggered" variable arrangement (ie., one

where the velocities and pressureare all stored at the centres of the

computational cells), the alternative "staggered" arrangements employed

in the (i) MAC method of Harlow and Welch (1965), (ii) ICED-ALE method

of Hirt et al (1974) and (iii) TURF method of Wachspress (1979) will be

examined. The arrangement of variables employed in these four alterna-

tives is shown in Fig.. 5.5 . , for Cartesian grid (ie.t44 =0).

5.3.1 Non-staggered arrangement

In case of a non-staggered arrangement (Fig. 5.5 a) all the varia-

bles share the same control volume, which facilitates efficient compu-

ter programming, since in this case the convection coefficients

(see Eq. (3.43)) are the same for all variables, and for those variables

which have the same diffusivity coefficient, the diffusion coefficients

a are also the same. Further, this arrangement minimizes the amount of

geometrical information required about the computational grid and the

amount of interpolation which needs be performed. Unfortunately, however,

this arrangement has one major drawback which can cause difficulties, as

will now be described.

Equation (5.5), for the case 	 =0 , reduces to:

apu1p = am u lm - (PePw)2	 (5.6)

Now if the pressures at the "e" and "w" locations are obtained by li-

near interpolation (the obvious choice), the above equation becomes (for

a uniform grid):

au1 = E amui m - 9- 5x2(pE_pw)	 (5.7)
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a) non-stagger arrangement

10
- . -o-

W

is

c) the ICED-ALE arrangement

b) the MAC sthggered arrangement

010	 hø. --	 -	 o10
NW r1	 I	 NE

d) the TURF arrangement

boundaries of main (scalar) control volumes

boundaries of velocity control volumes

0
	

locations of scalar nodes

locations of U1 velocity cainent nodes

locations of	 velocity cciiinent nodes

I,	 additional pressure nodes

Fig. 5 • 5: Variable arrangements employod in various solutions methods
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As can be seen from the result, the pressure p, at the central node P

does not appear in the equation for u1 . Similarily, the pressure term

in the equation for u 2 , contains only PN and p5 . The consequence of

this anomaly can be appreciated by considering an inviscid flow in a

straight channel, in which velocity and pressure fields are uniform. If,

however, in the numerical simulation the correct velocity field, but a

"checkerboard" pressure field are specified as initial conditions (in the

manner indicated in Fig. 5.5 a) the pressure term in Eq. (5.7) would be

everywhere zero. Thus, unless a special treatment is employed, such ano-

malous pressure fields could persist in the final numerical solutions (Pa-

tankar, 1980; Rhie and Chow, 1982).

5.3.2 The MAC staggered arrangement

A remedy to the above deficiency was suggested by Harlow and Welch

(1965), in the form of displacement of the velocities (and associated con-

trol volumes) to lie between the pressures which drive them. In their

arrangement, first implemented in their "MAC" algorithm, the u 1 velo-

city component is stored at the centres of the "e" and "w" cell faces of

the "scalar" control volumes, and u2 is stored at the centres of the

"a" and "s" faces, as shown in Fig. 5.5 b. In this case the pressure terms

in Eqs. (5.5) turn out to be (for iP=0):

ae ule =1amu1m - óx2(p-p)

(5.8)

au2 =Eamu2m - óx'(pN-pp)

Here ae stands for the a coefficient of the u1 momentum equation,

obtained by integrating over cells constructed around the displaced velo-

cities. In this case only the (correct) uniform velocity and pressure

fields will satisfy Eqs. (5.8) and (5.4) for the inviscid channel flow

problem, ie. no spatial oscillation in the pressure field can pass un-

detected. Another advantage of this arrangement is that the velocity com-

ponents which determine the cell face mass fluxes for scalar cells are

directly available; furthermore the continuity equation (5.4) can be

simply written as:

p oX2 U1 e - p Ox2 ulw + P OX1 U2 n - Ox' u2 = 0	 (5.9)
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These features of the staggered MAC arrangement have been exploited to

advantage in several methods as will be discussed in the next section.

Fig. 5.6: MC variable arrangennt on non-Cartesian grid

This arrangement does, however,possess a serious deficiency when grid

ceases to be Cartesian. If, for example, a grid is fitted to a duct as in

Fig. 5.6 , and the MAC variable arrangement is used, then at some cells

(at the 90° bend location) the situation will be as shown in Fig. 5.7

where the velocities now lie parallel, rather than perpendicular, to the

cell faces. Moreover, equations (5.5) reduce in this case (for a uniform

grid and linear interpolation) to:

= Eamu im + 0.25 óx'(pNE+pN-psE-ps) 	

(5.10)

= Eamu 2m - 0.25

showing that the pressures are only coupled at alternate nodes. Conse-

quently a "zig-zag" pressure distribution like that indicated in Fig. 5.7,
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would satisfy the momentum equations and therefore be accepted as the

final solution.

Xli

ONE	 SE

Fig. 5.7: The MC variable arrangement for	 =900 and 012 90

A further problem arising from the orientation of velocities is

that the continuity constraint is no longer easily enforced; because

both velocity components are now needed at all cell faces to evaluate

the mass fluxes, and two always have to be obtained by interpolation from

four neighbour nodes. This not only may introduce additional inaccuracies

but also causes additional problems in the pressure calculation, as will

become clear in the next section.

Thus, although successful for rectilinear grids (as evidenced by its

use in the alutionnEthods of Cosmn and Ideriah (1976), Patankar and Spalding

(1972) and others), the MAC arrangement may not work in circumstances

like those just described, at least when the Cartesian velocity components

are employed. However, if grid-oriented curvilinear velocity components

are used, all the advantages that the MAC method has on Cartesian grids

are retained, as shown by Pope (1978), Demirdic et al (1980), Demirdi

(1982), and others. On the other hand, the strong conservation form of

governing equations is then lost, bringing in the other disadvantages

which have been discussed in Chapter 2. (A minor disadvantage of the MAC

arrangement, even on Cartesian grids, is that the velocities are, in case

of a non-uniform grid, not stored in the centres of their control volumes.)
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Despite the problems with the MAC arrangement and Cartesian veloci-

ties just described, several applications to non-orthogonal grids have

been reported (Hah, 1983 and 1984; Nakayama , 1985). However, in the

published applications the angles 4 were not too large, so that situa-
tions like that shown in Fig. 5.7 were probably not encountered.

5.3.3 The ICED-ALE arrangement

In the ICED-ALE method, developed at the Los Alomos Scientific La-

boratory by Hirt et al (1974), the velocity locations are also staggered

in relation to the scalar ones, but here both velocity components, u1

and u2 , are stored at the same locations, coinciding with the scalar

cell vertices, as shown in Fig. 5.5 c . This was intended to overcome the

problems with the MAC scheme when i1	 approaches 90° and/or the grid

is non-orthogonal. However, this arrangement is also not free from def i-

ciencies. Specifically, for the inviscid channel flow problem, the pres-

sure term in the discretised form of Eq. (5.5) for u 1 is now (see Fig.

5.5 c):

a u	 = Eu1m - 0.5óXP N E E PNPP)	 (5.11)
ne me m

Now if the correct velocity and equal pressures along alternate diagonals

were specified as initial fields (as numbers assigned to nodes in Fig.

5.5 c show) equation (5.11) would be satisfied,which is again clearly

unsatisfactory. This feature of the ICED-ALE arrangement may result in

oscillatory solutions being generated, as there appears to be no mechanism

of detecting and correcting them by the method itself. Such problems in-

deed have been reported by Hirt et al (1974) and Rhie and Chow (1982).

To avoid the decoupling of adjacent nodes Hirt et al (1974) introduced

an artificial restoring force at each velocity node to keep them in line

with those at neighbour nodes - a treatment which does not have a physi-

cal basis and is not guaranteed to work in all circumstances.

Nonetheless the ICED-ALE method, which has been developed for gene-

ral, two-dimensional (ilirt et al, 1974) or three-dimensional (Pracht,

1975), Eulerian calculations, has seen numerous successful applications,

frequently to the high Mach number flows. A similar variable arrangement

has also been employed by Vanka et al (1980) in their method for the so-

lution of three-dimensional partially-parabolic flows in ducts of arbi-

trary cross-section.
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5.3.4 The TURF arrangement

Another velocity staggering technique has been proposed by Wachs-

press (1979). Realizing that both velocity components are needed at each

scalar cell face to calculate the mass fluxes (unless the grid is Carte-

sian), he decided to store both there. To match this arrangement of ye-

locity locations, he introduced additional pressure nodes, situated in

the corners of the scalar cells, as shown in Fig. 5.5 d . The consequence

of these additional velocity and pressure nodes is that there are now two

sets of momentum equations and associated (overlapping) control volumes

for the velocity components. The coupling between the equations for the

two sets (le. the coupling between variables stored at odd and even co-

lumns) is, according to Wachspress (1979), very weak, arises only from the

non-orthogonality of grid lines, and therefore vanishes in the case of an

orthogonal grid. This can be seen from discretised momentum equations

(5.5) at "e" and "n" locations, for the situation shown in Fig. 5.5 d:

aeule = Eamuim - óx2 (pE Pp )

a eu 2e =	 n2m - 5X1(Pne_Pse)

(5.12)

au1 = Zam uim - t5X2(Pne_Pnw)

au2 = ZamU2m - 6x'(PN-Pp)

where it is evident that ule and
	

are (like in the MAC method)

linked with pressure at P , E and N nodes, whereas U2e and	 are

linked with the pressures at the 'ne' , ' nw ' and 'Se' nodes: thus two over-

lapping, staggered solution may result. For example, in the inviscid chan-

nel flow problem uniform pressure values along alternate lines/columns,

as suggested by the numbers assigned to the nodes in Fig. 5.5 d, would

satisfy Eqs. (5.12). This is a serious drawback of the TURF method, in

addition to the fact that there are twice as many velocity and pressure

nodes as there are scalar ones. There appears to be no published results

of calculations performed with the TURF method.
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5.3.5 Discussion

All three of the staggered variable arrangements considered above

are significantly more complex, from the computational point of view, than

the non-staggered one , especially when non-orthogonal and non-uniform

grids are being used. The fact that, for a three-dimensional grid, up to

four different sets of control volumes may be involved in the staggered

arrangements, results in significant coefficient-assembly time and stor-

age overloads. Also the treatment of boundaries becomes more complex be-

cause of the irregular cells which result there due to staggering, as

was shown in Fig. 5.1 and discussed in section 2 of this chapter.

From the above discussion it can also be concluded that all of the

arrangements studied suffer from some decoupling problems. The non-stag-

gered arrangement would be the most convenient one, br the reasons sta-

ted earlier in this section. However, due to the problems which may arise,

and the success of the MAC scheme on Cartesian and general orthogonal

grids, it has seen little use in the past. Early attempts by Rhie (1981)

to employ non-staggered arrangement failed, due to the (expected) spatial

oscillations produced in the pressure field. However, Rhie (1981) and

Rhie and Chow (1982) seem to have been the first to find a successful

cure for this and other problems associated with the non-staggered varia-

ble arrangement. It was this work which provided the inspiration for the

present approach, which will be described in the next section.

Therefore, the non-staggered arrangement of variables has been adop-

ted for use in the present study. The way of calculating pressure and

avoiding oscillations will be discussed in the next section.

5.4	 Calculation of Pressure

5.4.1 Introduction

It has been noted earlier that in case of incompressible or low Mach

number flows, the effects of pressure on density are negligible, but the

effects on velocity are of great importance. Thus in these circumstances

the continuity equation ceases to be a conservation equation for density;

rather it is an additional constraint on the velocity field, which can be

satisfied, together with momentum conservation, through the pressure field.

However, the way of deriving pressure from continuity and momentum equa-

tions is not so obvious.
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One of the first methods for pressure calculation was the foremen-

tioned MAC-method of Harlow and Welch (1965), developed originally for

the Cartesian grids. The staggered velocity locations enable them to ob-

tam an equation for pressure by combining the continuity and momentum

equations. Several improvements on this approach, all based on the MAC

staggered variable arrangement, have been subsequently developed: a sur-

vey of the most widely used ones has been made by Raithby and Schneider

(1979). The SIMPLE method of Patankar and Spalding (1972) is perhaps the

most extensively used: it also forms a basis of the algorithm employed

in the present study. In what follows SIMPLE, and three other methods be-

lieved to offer faster convergence than SIMPLE, will be described and the

steps required to adapt them to the non-staggered arrangement of variables

will be outlined. First, however, a technique will be described which

prevents decoupling problems when the non-staggered variable arrangement

is employed. The key lies in the interpolation practice used to evaluate

the mass fluxes, which will be described next.

5.4.2 Evaluation of mass fluxes (continuity equation)

The discretised continuity equation (for the two-dimensional case

shown in Fig. 5.5 a , represented by Eq. (5.4)) requires the values of

the velocity components at cell faces for the evaluation of the mass

fluxes. In earlier unsuccessful attempts to use the non-staggered varia-

ble arrangement these values were obtained by linear interpolation. This

practice led to pressure oscillations, as reported by Rhie (1981) and

discussed in the previous section. Rhie (1981) suggested a different in-

terpolation practice, which avoids this drawback. It can be interpreted

as follows*: to evaluate a velocity component at a cell face, use the

discretised momentum equations (5.6) for the two neighbouring nodes as

the interpolation formulae, but replace the terms representing pressure

gradient across the cell face, by one which is centered about it (as done

in the MAC staggered scheme), ie.:

* This slightly differs frcrn the formu]ation given by Fthie (1981) and Rhie and Chow (1982),
in that they interpalate quantities Uj , defined by Eqs. (3.7), which they evaluate at
central IDint P • The two practices differ when grid lines are not parallel; the above
is believed to be nore appropriate, since Uj 's involve also areas and are not directio-
rially invariant as uj' s
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U =le	 a	 e

( i )
-	 óx2(p-p,)

Pp
(5.13)

Here the overbar denotes linear interpolation between the two neighbour

nodes. Now a checkerboard pressure distribution in the 	 inviscid

flow example used earlier will result in non-zero values of the pressure

term in (5.13); hence mass fluxes calculated using these velocity corn-

ponentswill not satisfy the continuity constraint, even when the u1

imposed at central nodes are correct. The "mass source" thus produced

will, in the course of pressure "correction" (using one of the methods

to be described in the following subsections), lead to the correct fields

of both velocity and pressure. This approach has been extensively tes-

ted in the present study on one- and two-dimensional problems with vari-

ous initial field values, including zig-zag and checkerboard pressure

distributions, and it always results in correct solutions being obtained.

More details about these tests and the influence of various factors on

the accuracy of numerical solutions will be presented in Chapter 8.

In case of non-Cartesian and non-orthogonal grids more pressure

gradients are present in momentum equations, as can be seen in Eqs. (5.5).

This represents no problem: again, for a particular cell face, the velo-

city components are assembled by interpolating from their discretised

momentum equations at the two neighbour nodes all terms but those re-

presenting pressure gradient across the cell face (ie., including the

"cross-derivative" pressure terms), which are evaluated from neighbour

pressure nodes, as in Eq. (5.13).

The interpolation practice just described couples efficiently Va-

lues at neighbour nodes, without the need to resort to artificial dam-

ping of oscillations as eg. in the ICED-ALE method.

5.4.3 The SIMPLE algorithm for pressure calculation

As a starting point for describing the derivation of the SIMPLE me-

thod of obtaining pressure the discretised momentum equations (3.17),

(3.18) and (3.19) will be first written in the following form, using

(3.41) and (3.42):

= Hp( 1im) + ( Q p' + Q,5p + Qó p3 ) + C	 (5.14)
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Here, the following new notation has been employed:

H (uj) =

(5.15)

b
j	 1

Q.	 -u3
p

where a	 is the coefficient of u. , in Eq. (3.42) and given by (3'49),

and C; is the "source term" C 	 from Eq. (3.42) after extraction of

the pressure terms, which feature explicity in Eqs. (5.14). The pressure

differences op3 in the coordinate directions x are calculated using

linear interpolation formulae (4.19).

The solution method consists of two stages: a predictor and a cor-

rector, which are described in turn below.

Predictor stage

In this stage an estimate of the pressure field is used, denoted by

and by solving the system of equations (5.14) the velocity field

is obtained, ie.:

u* = 
Hp(U) + 

(QOp*1 + Q6p*2 + Qdp*3 ) + C	 (5.16)
ip

This velocity field u satisfies the momentum equations for the given

pressure field and coefficients am (which, it should be noted, also in-

volve velocities), but in general does not satisfy the continuity con-

straint. To check this, the velocity components at the cell faces are

required. These are evaluated, as described in the previous sub-section,

by the following interpolation formulae:

U e = He( lI m) + (Qj1 + Qc5p*2 + Q5c3 +C)
e

u* = H (u* ) + (QOp*1 + Q?Op*2 + QOp*3 + Cp)n	 (5.17)in	 ri im

u* =H (uP ) + (Q*1 + Q 2 *2 + Q36p*3 ^C)it	 t im

where the overbar denotes linear interpolation between two nodes on

either side of the cell face. For example, for the "e" cell face:
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H u'	 = (1-f1 ) H (U 'm) + 1 P HE (Um)e im'

(5.18)

(Qóp* 2 )e = ( 1-f 1 ) (Q?óp*2) + f1 (Q26p*2)

etc.

Equations similar to (5.17) follow for w, s and b cell faces. The pres-

sure gradients across the cell faces, and the corresponding coefficients

Q	 , are to be evaluated as:

(óç?) =	 -

=	 -
/n	 'N	 -P

(óp) =	 -T	 'P

(Q	 = _(b:)e•[•iJe

(Qh = _(b2).L—]i
( Pjn

(Qb =
Pt

(5.19)

Similar expressions follow the w, s and b cell faces.

With the cell face velocity components so defined, the predictor

stage mass fluxes can be calculated using Eqs. (3.26), (3.27) and (3.28),

ie.:

= p(ub + ub + ub	 (5.20)

where subscript "c" stands for cell face locations e, w, n, s, t and b

Corrector stage

Since the mass fluxes calculated from (5.20) do not necessarily

satisfy continuity, it is necessary to introduce corrections to the field

values obtained in the predictor stage. Thus new field values, denoted

here by u* and p** , are sought such that:

.J_	 I
ur-- = ur + Ui

(5.21)

= p* + p'

The corrections 4 and p' should be such that the ur aid p**
fields satisfy both the continuity and momentum equations. One way of
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achieving the first goal is as follows.

Approximate momentum equations can be written for the advanced ve-

locities	 , in which only pressure field is updated, as follows:

u** = H (u'? ) ^ (Ql5p**l + Q26p**2 + Q5p**3	 +	 (5.22)iP	 P.m	 1	 1

By subtracting Eqs. (5.16) from Eqs. (5.22), the following expressions

for the velocity corrections result:

u1p = (Q5pt1 + Q5p2 + Q6p')
	

(5.23)

In a similar way equations for the cell face velocity corrections can be

obtained, eg.:

u! = (QSp'' + Q6p' 2 + Qóp'3)1

u	 = (Qóp' 1 + Q6p' 2 + Qóp'3I
	

(5.24)

'3uj = (Qóp' 1 + QSp' 2 + Q6p )

and accordingly for w, s and b cell face locations. Using the above ex-

pressions (5.24) cell face mass flux corrections F are defined as:

= p(ub + ub + ub )
	

(5.25)

where c again stands for cell face locations e, w, n, s, t and b

The continuity equation (3.29) can now be written as:

(F4-F	 -(F--F	 -(F+F	 +(F+F )-(F3+F3 b = Sm	 (5.26)

If the F	 values are calculated from Eqs. (5.20), expressions (5.24)

are introduced into (5.25), and these into (5.26), then there results an

equation of the form of (3.42) in which the p' are the only unknowns.

The coefficients am and C are defined as follows:
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aE =p[E + Ef 1 + E (1-f 2E --f 2 s E ) + E(1-f3E-f3BE)]

aN =p [E + E,f 2 + E ( 1-f 1N-f1Nw) + E(1-f3N-f3BN)]

a T = J {E + Ef 3 +	 + E(1-f2T-f2Ts)]

aw =p {E - E(1f 1 ) - E(1-f 2 --f 25 ) - E(1_f3f3Bw)]

as =p [E - E(1f 25) - E ( 1 f1s_fis) - E(1_f3s_-f3Bs)]

aB	 - E( 1-f3B ) T E( 1 -flB -flBw) - E(1-f2B-f2Bs)]

r2	 1
aNE = P L E Ef 2E + ENf1N

a SE = - p {E ( 1 -f 2s E ) + Ef15]

aNW = -p[Ef2 + E ( 1-f	 )]

= p [E(1_fçq) + E(1_f15)]

13	 1	 1
aTE = P L E Ef 3E + ETf1TJ

(5.27)

aBE = - p [E ( 1 -f3BE) + EflB]

aTw = -p [Ef 3 + E(1-flTw)]

aBW = P[Eq(1_f 3Bw) + E(1-flBw)]

r3	 2
aTN = P LE N f3 N + ETf2T

aBN = -p[E(1-f3BN) + Ef23]

aTS = -p [E(1-f 2Ts ) + Ef35J

aBS = p [E ( 1-f3Bs) + E(1-f2BS)]

a =	 In = E,W,N,S,T,B,NE,NW,SE,SW,TE,TW,BE,BW,TN,BN,TS,BS

I-,	 V*	 *	 *	 *	 *	 t'	 ('= n e - n W + 2n - r 2s + n 3t - n 3b -
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In these expressions the coefficients E' represent the following quantities:

- (2 r 1 h 2 	h2 i \(1_f \ - (h2 ni h2 Al h2 ri]. 'cP - ' inlP+ 2n<2P+ 3n'3P"	 2P'	 ' ls'< 1P 2s2P+ 3s'3P' 2S +

(h3 fli j-3 fli	 fl1 (1-f	 -	 '' ^b3 ' +b3' lt'< 1P 2t'< 2P 3t'< 3P"	 3P'	 ' lb'lP 2b'< 2P 3b'3P' 3B

E=

(h 3	 h3 A2 h3 n2 \(1_F ' - (h3 n2 i-3 n2 1b3 n2 'f" ltiP+ 2t<2P+ 3t'3P"	 3P'	 ' lb'lP 2b'< 2P 3b'< 3P' 3B

- (hi r3 i-si 3 il n3 \(1_f \ - (i-1 n3 ji
P -	 1elP+ 2e2P+ 3e'< 3P"	 1P'	 " lwlP+ 2w'2P 3w'< 3P' 1W

(h2 3 h2	 h2 3 \(1_c \ - (h2 3 h2
ln'iP 2n2P+ 3n'3P	 2P'	 " ls'< 1P 2s'2P 3s'< 3P 1 2S

E = (bQ + bQ + b13Q13)e

E = (bQ + bQ + bQ)

= (bQ + bQ + bQ)

= (bQ + bQ + bQ?)

E = (bQ + bQ + bQ)

E = (bQ + bQ + bQ)b

p2 - (hi 2	 hi 2	 hi ii2 " ç
- Lh lelE + 2e'2E + 3e'3E' 1P

E = ( b eQ E + b1	+ beQE) fip2e'2E

-	 A2	 hi n2	 hi 2 \(1_f
- "lw'lW + 2w'2W + 3w'3W"	 1W

- (hi fl3	 hi A3	 hi A3 '1-f- " lw'<1W	 2w'2W	 3w'3W"	 1W

El = "b2 Q N + b flQ N + b flQ N ) f2N	 ln

-	 A3	 i,2 ñ3	 h2 fl3	 f- "ln'iN + 2ri'2N + 3n'<3N' 2P

E	 (bQ5 + b Qs + b8Q5)(1f2s)

E = ( b Q 5 + b Qs + b8Q5)(1f25)
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t'l	 it..3 til	 i..3 ril	 k3 rl \ c
'-T = 	 U2tt..2T+ U 3t3T) L3p

E = (b tQ T + btQT + btQT) f3

(5.28)
- (k3	 1	 i,.3	 1	 ,.3 t-']. \i'l c'-'1b'1B + '2b'2B + U3bt.(35/kL3B

= ( b ?bQ B + b bQB + bbQB)(1-f3B)

When the pressure-correction equation is solved, the p' so obtained are

used to correct the cell face mass fluxes, making use of Eqs.(5.24) and

(5.25). The F's now satisfy the continuity requirement, and are used

for the convective parts of coefficients in the momentum and scalar equa-

tions at the next iteration level. The velocity components at central

nodes are corrected using Eqs. (5.23) and (5.21). The pressure changes

usually have to be under-relaxed (Patankar, 1981), as:

p** = p* +	 (5.29)

where	 is an under-relaxation factor in the range between zero and

unity.

5.4.4 The SIMPLER method

Patankar (1980, 1981) has recognized that although the pressure cor-

rections p' correctly drive the velocities towards satifying continuity,

they provide poor approximations to the correct pressure field. The reason

for the poor performance of SIMPLE if the "optimum" ct, is not used is

that the velocities u1* no longer satisfy their momentum equations.

This is because p' is derived primarily from the continuity constraint,

and hence there is no guarantee that the momentum balance will be satisfied

by ur* and p** fields. Realizing this Patankar (1980) suggested that

p' be used only to correct velocity components, to make them satisfy con-

tinuity, and that the pressure be calculated from another equation to

match the velocities, so that the momentum equations are also satisfied.

A suitable pressure equation can be obtained, for the non-orthogonal

grid and non-staggered arrangement considered here, after rewriting the

momentum equations (5.23) as:
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Ujp = r' + (Q6p' + Qóp 2 + Qop3)

where the pseudovelocities 	 p are given by:

(u. )+CHP im

(5.30)

(5.31)

and then proceeding as follows.

By using Eqs. (5.30) and (5.17), the expressions given below for

the cell face velocity components result, eg. for "e" cell face:

Uie = ie + (QI op' + Q6p2 + Q6P3)e
	 (5.32)

where

= ui1 (1-f,) + '1E1P
	 (5.33)

Similar expressions can be derived for other cell faces. When these are

introduced into the flux expressions (5.20), and the fluxes are required

to satisfy the continuity equations (3.29), then there results the pres-

sure equation

ap = Zap + C
	

(5.34)

in which coefficients am are the same as in p' equation, ie. those from

Eqs. (5.27), and	 is now given by:

-.
= F1 - F iw + F2n - F25 + F3 - F3b - Sm	 (5.35)

where F are pseudo-fluxes, obtained from Eqs. (5.20) by substituting

	

u*	 by	 .

	

1	 2.

The solution procedure is now slightly different from that of SIMPLE.

Here the pressure equation (5.34) is solved first (using an estimate for

the velocity field) and then solutions are obtained to the momentum and

pressure-correction equations. Because no approximations like that in

SIMPLE corrector stage, in Eqs. (5.22), are made in deriving the pressure

equation, if the initial velocity field happens to be the correct one,

the p equation (5.34) will then yield the correct pressure* . It is

* Strictly speaking, this is only true for MAC staggered variable arrang nt and ortho-
gonal grids. In case of non-staggered variable arrangement, due to linear interrxDiation
of non-linear quantities	 sane iteration will in general be always necessary.
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from this characteristic of the pressure equation that SIMPLER derives

its effectiveness, which results in significantly faster convergence

than when SIMPLE is used (Patankar, 1981).

5.4.5 The PISO method

Issa (1982) developed another improved pressure-velocity calculation

method, aimed initially at non-iterative computations of unsteady compres-

sible flows. The simplified iterative version for steady-state calcula-

tions can be interpreted as an extension of the SIMPLE method, in which

a second corrector stage is added. In it both left- and right-hand side

of Eq. (5.22) are further updated, ie.: 	 -

u* = H(u-*) + (Q )iSp*** l + Qc5p***2 + Qc5p***3) + C	 (5.36)

Thus new field values, denoted here by u** and p*** , are sought.

For this purpose additional corrections u" and p" are defined, thus:

u* =	 + ui"
1	 1	 1

(5.37)

p*** = p** + PU

By subtracting Eq. (5.22) from (5.36) there result equations for u

in terms of u' and p" , of the following kind:

u " = H (u' ) + (Q6p"' + Qc5p" 2 + Qóp" 3 )	 ( 5.38)
iP	 P im

It should be noted that the difference between Eqs. (5.23) and (5.38) is

in the appearance of Hp(um) term in the latter. The expressions for

the cell face velocity corrections and mass flux corrections are obtained

in the same way as in the first corrector stage. Since the F 	 mass

fluxes already tisfy continuity as a result of the first corrector stage,

the continuity equation (3.29) now reduces to:

ft	 ,I	 U

Fi e - F1 + F2 - F2 + F3 - F = 0	 (5.39)

From (5.39), when the F ' are expressed through u	 and these through

u	 and p" as in Eq. (5.38), there results an equation for p" , in
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which the coefficients am are the same as those in the p'-equation,

ie. they are given by (5.27), and only C, differs, as follows:

Cp = ' 1e - F iw +	 - F2 +	 - F3b	 (5.40)

Here the F1 are pseudofluxes obtained from Eqs. (5.20) by substituting

u for a particular cell face "c" by Hc(Ujm) evaluated, for the same

cell face, according to (5.18) and (5.15) (in which the u are substi-

tuted by uI defined by (5.23)).

The second pressure correction p" brings the velocity and pres-

sure fields closer to satisfying both the momentum and continuity equa-

tions, for given coefficients, without the need to under-relax the pres-

sure changes (Issa, 1982; Issa et al, 1984).

When implemented with the MAC staggered variable arrangement on Car-

tesian-like grids PISO provides considerable savings on computational time

as compared with standard iterative techniques like SIMPLE (Issa et al,

1984). The applicability of PISO to non-iterative calculations of unstea-

dy flows on non-staggered grids may be affected by the interpolations

like (5.17), used to evaluate the mass fluxes. However, no adverse effects

are expected in calculations of steady flows.

5.4.6 The SIMPLEC method

Another enhancent of the SIMPLE method has been proposed by Van

Doormaal and Raithby (1984). The rationale behind their method, called

SIMPLEC (SIMPLE Consistent) is the following.

In the SIMPLE corrector stage, in Eqs. (5.22) only the pressure on

the right-hand side has been updated, leaving the term H(u) unchanged.

Had this approximation not been done, the expressions for the velocity

corrections would have been:

u	 = Hp( u;m ) + (Q6p " + Q6p ' + Q5p'),	 (5.41)

The reason for omitting the term Hp(Um) in the SIMPLE method is that

the pressure-correction equation, derived from (5.41) and the continuity

constraint, would have been too complex and impractical to solve. However,

Van Doormaal and Raithby (1984) have found that a more "consistent" omis-

sion can be made to simplify Eq. (5.41). To show this, Eq. (5.41) will be

rewritten as:



-	 b
Q- -
	 -Ea

(5.45)
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1	 ,1
au	 =Zam u m - (b6p	 + bc5p'2 + bóp' 3 )	 ( 5.42)

Now, to introduce a consistent approximation, the term amup

is substracted from both sides of Eq. (5.42), thus leading to:

(a-Ea)u	 = E(u m-u p) - (bfcsp' 1 + b6p'2 + bóp' 3 )	 ( 5.43)

Assuming that all u are of about the same order as u , the under-

lined term on the right-hand side of Eq. (5.43) can be omitted, thus gi-

ving:

ujp = (op t1 + Q 26p' 2 + Qj3'3)p	 (5.44)

which has the same form as Eq. (5.23) in SIMPLE , only now the coeff i-

dents	 are replacing Q	 , and are evaluated as:

The coefficients of the pressure-correction equation resulting from in-

troduction of (5.44) into (5.25) and (5.26), are the same as those in

(5.27), if the	 in (5.28) are substituted by the 	 . The pressure

corrections obtained by solving the pressure-correction equation are used

to correct the velocities and pressure through (5.44) and (5.21). No un-

der-relaxation of the pressure changes is needed, but u 	 should be un-

der-relaxed, either according to (3.48) or according to the practice of

Van Doormaal and Raithby (1984). Significant savings on computational time

have been reported by Van Doormaal and Raithby (1984) for several appli-

cations (on Cartesian grids with the MAC staggered arrangement), as corn-

pared with the SIMPLE and SIMPLER methods.

5.5 Closure

It has been shown that all four of the variable arrangements which

have been suggested for use with Cartesian velocity components and gene-

ral grids suffer from some sort of decoupling problem. The simplest ar-

rangement, and perhaps the most economical in general situations from the

numerical solution point of view, is the non-staggered one, in which all
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the dependent variables are stored at the centres of the control volumes.

A suitable interpolation practice, first suggested by Rhie (1981), enab-

les avoidance of decoupling problems when the non-staggered arrangement

is employed. This practice also facilitates the use of a family of effi-

cient pressure-velocity coupling algoritms, built around the SIMPLE algo-

rithm of Patankar and Spalding (1972). Therefore, the non-staggered ar-

rangement of variables has been adopted for use in the present study.

Apart from SIMPLE, three more advanced pressure-velocity coupling

algorithms have been described and the way they could be adapted for use

in conjunction with the non-staggered variable arrangement has also been

suggested. Their relative meri-ts will be discussed in the next chapter,

where one will be selected for use in the present study.



123

CHAPTER 6

SOLUTION ALGORITHM AND BOUNDARY CONDITIONS

6.1 Introduction

In the previous two chapters various differencing schemes arid pres-

sure-velocity coupling algorithms have been described. At this stage a

selection will be made from these, along with some other decisions con-

cerning the numerical solution procedure. First, in section 2,the discre-

tised equations will be rearranged into a form suitable for iterative so-

lution techniques, by treating some parts of the convection and diffusion

fluxes explicitly . The motive for doing so is to reduce computer storage

requirements.

Next, in section 3, the differencing schemes to-be employed are Se-

lected. Following this, in section 4, the chosen pressure-calculation al-

gorithm will be specified, and the possibility of further simplification,

to yield a form of pressure-correction equation which can be solved eff 1-

ciently, will be investigated.

In section 5 the under-relaxation of pressure changes and the selec-

tion of under-relaxation factors will be discussed. Next, in section 6,

implementation of boundary conditions will be described.

In section 7 the sequence of operations which make up a typical ite-

ration cycle will be presented, followed by a specification of the conver-

gence criteria employed in the present study.

Finally, closing remarks will be given in section 8.

6.2 Rearrangement of Discretised Equations

As already noted in section5of Chapter 3, due to the non-linearity

of the equations to be solved, an iterative solution technique is employed

in the present study. Because of the need to update the coefficients am

(Eq. (3.42)) from one iteration to another, there is no incentive to solve

the equations exactly at each iteration level. This fact enables some

terms in the discretised equations to be treated in an "explicit" manner,

ie. they are evaluated at the previous iteration level, and incorporated

as known quantities into the "sources"* . Eventually, as the solution con-

* This proc&Iure is sczetins ref ered to as "matrix preconditioning" or "deferred correc-
tion", and is used not only to reduce the size of the coefficient matrix, but also to
enhance the stability of iterative solution method (Khosla and Rubin, 1974).
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verges, the differences between the two iteration levels disappear, so

the full equations are solved.

If the grid is orthogonal (eg. Cartesian), all the cross-derivative

terms vanish. Therefore, if the grid lines do not depart much from ortho-

gonality, these terms are relatively small compared with the "principal"

terms (ie.,	 a+a ). In these circumstances explicit treatment

will not influence significantly the rate of convergence of the overall

solution procedure.

Based on these arguments and supported by the evidence from numerous

test calculations performed so far, it has been decided that all cross-

derivative terms (ie., those involving B's with unequal indeces in Eqs.

(3.11), (3.17), (3.18) and (3.19)) and also selected stress terriis in mo-

mentum equations - specifically,those involving the w operators in Eqs.

(3.17), (3.18) and (3.19) - will be treated explicitly. Also the contri-

butions in convective terms from nodes other than the principal ones

(ie. P,E,W,N,S,T and B) will be treated in the same way. This has been

found to improve stability and convergence rate when schemes like the

QUDS are employed (Han et al, 1981).

In the light of the above decisions, the final form of algebraic

equations to be solved is*

= am	 + C,	 (6.1)

where:

DN
am = a m + am	 mE,W,N,S,T,B

a = am +	 + S4 ,	 nEE,WW,NN,SS,TT,BB 	 (6.2)

C= S +	 - a t?) +

l =m + NE,NW,SE,SW,TE,TW,BE,BW,TN,TS,BN,BS

*	
DC

In the canpiter programming of these equations the a are not calculated as such;

rather the whole cross-derivative cell-face fluxes TeC 1DC etc. are assembled (see

. (3 • 35)) and the "source" term C is evaluated as:

c, = IDC_IDC+IDC_IDC+IC_I C+S+ 	(6.3)

This also facilitates the implenntation of boundary conditions, as will be seen la-
ter in this chapter.
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Here, the coefficients a , a	 and a	 have already been defined for

the differencing schemes considered in Chapter 4, and the 4* are the,

values of the dependent variable 4, obtained in the previous iteration.

If under-relaxation is necessary, it is performed according to Eqs. (3.48)

and (3.49).

In the case of the momentum equations, the additional terms, which

are absorbed into C, , can be identified by comparison of the u 1 , u2

and u 3 momentum equations (Eqs. (3.17), (3.18) and (3.19)) with the sca-

lar equation (3.11): the "extra" terms are then seen as those stress terms

involving the w operator, and the pressure terms. These terms, when dis-

cretised, are as follows:

'ui	 e

[Je 
{b	 +b	

Je -	 w	
+bcJ w +

F[^c^1]_ I	 •[	 I^c2 +bk] +	 (6.4)

--- 
•1b3c ' +b	 +b)t- LJ Ib 1 32	 i)b -1 c j -i-b2 +b31 i L5VJb

KPe_Pw)tI + (p -p )b + (Pt-Pb)b]

j	 j
In the above the	 terms represent the discretised form of Wj ope-

rators (see Eq. (3.20)), and are calculated as follows:

= [( u E-u p) b +	 + (Ujt_Ujb )b ] ei.e

= [(u. -u )b + (u. -u. )b 2 + (u. -u. )b]	 (6.5)
in	 je JW 1	 jN jP i.	 jt jb

= [(u -u. )b + (u. -u. )b 2 + (u. -u. )bJ
it	 je jw 1	 jfl js 1	 jT	 ' 1 t

Similar expressions follow for w, s and b cell faces.

It follows that the Cp term of the momentum equations becomes:

C, = S j + S	 + (afui - au) + acu	 (6.6)
fl fl lfl
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The implications of these decisions are the following: firstly, the

coefficients of nodes other than E, W, N, 5, T, B and P (ie., those

marked by • in Fig. 3.4) need not be stored, thus resulting in a consi-

derable saving on storage (only seven coefficients per node need be stored,

instead of the 18 to 33 , required if all terms were treated "implicitly").

This is of particular importance in three-dimensional applications, where

storage capacity is often the limiting factor. Secondly, the coefficient

matrix in Eq. (3.45) has been reduced to a seven-diagonal one (five-dia-

gonal for a two-dimensional case), which is suitable for selected method

of solving the algebraic equations (the SIP method of Stone, 1968).

The above treatment is, however, only appropriate if the grid depar-

ture from orthogonality is not too severe in the major part of the solu-

tion domain (ie., if on average 45°<Ojj <135° approximately), and if the

grid aspect ratios are not too large (—<10). Otherwise, as discussed. in

section 4 of Chapter 4, the magnitude of coefficients a	 may exceed the

magnitude of a	 , thus resulting in important parts of the equations

being treated explicitly: this would in turn probably require substan-

tial under-relaxation for stability, which in the limit is equivalent to

working with the time-step restrictions of explicit time-marching solution

methods* (Roache, 1976 and Patankar, 1980).

6.3	 Choice of Differencing Schemes

6.3.1 Convective terms

It has been shown in section 3 of Chapter 4 that the.UDS is the only

scheme which Ixssesses all of the desirable properties: conservativeness,

transportiveness and boundedness. It also satisfies condition (3.46) un-

conditionally and thus guarantees that a solution can always be obtained

by iterative solution methods. For those reasons it is taken to be the

* It can be shown (Raithby and Schneider, 1979 arid Issa et al, 1984) that the under-re-
laxation procedure described in section 5 of Chapter 3 is uivalent to solving the
tire-dependent form of equations with a tine step 6t related to the under-relaxation
factor	 as:

6t = 1-a
,p ap
	 (6.7)

Thus lover value of	 is euiva1erit to smaller time step (St . It should be noted,
however, that for a fixed c, (St nuist vary frcmi one nede to another.
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basic scheme employed in the present numerical solution method. However,

due to the numerical diffusion problems discussed in Chapter 4, arrange-

ments are made for a higher-order scheme to be employed whenever it does

not prevent convergence and produces realistic solutions. This is done by

adding to the UDS convective flux the difference between the higher-order

scheme flux and the UDS flux according to Eq. (4.39), in which 'B
the UDS flux, and I is the higher-order scheme flux. Multiplication

of this difference by a factor y enables switching from one scheme

(UDS for y=O) to the other (y=l), or blending of the two (O<y<l).

Of the four higher-order schemes described in Chapter 4, the SUDS

and the CDS are regarded as unsuitable for a general solution method.

The CDS is neither transportive nor bounded, and the structure of its

coefficient matrix is not suitable for iterative solution techniques

(see table 4.1). Only at low Peclet number, typically less than 2, does

the CDS become stable and bounded. The SUDS, on the other hand, is consi-

derably more complex than the alternatives, especially in three-dimensio-

nal cases, while offering no obvious advantages.

The LUDS and the QUDS are here believed to be the most suitable for

implementation in general three-dimensional applications. For the present

study the LUDS is adopted, for the following reasons. Firstly, its coef-

ficients are significantly simpler than those of the QUDS, and hence it

is more economical from the computational point of view. Secondly, the

structure of its coefficient matrix is more suitable of the two for itera-

tive solution algorithms (ie., it is more "diagonally dominant" than that

of QUDS, see table 4.1). Thirdly, the rate of convergence of the LUDS

equations is usually similar to that of the UDS, while QUDS usually con-

verges slower (see Han et al, 1981, and also Chapter 8 of the present stu-

dy). Finally, as the test calculations to be presented in Chapter 8 show,

the difference in accuracy between LUDS and QUDS is far smaller than the

difference between either of them and the IJDS.

For the majority of the calculations to be presented in Chapters 8

and 9 the full LUDS-scheme was used, although usually UDS solutions were

also obtained for comparison. Therefore, the coefficients a , appea-

ring in (6.2), (6.3) and (6.5) were obtained either from Eqs. (4.9) or

(4.7).
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6.3.2 Diffusion terms

The coefficients a	 in Eq. (6.2), which arise from diffusion terms

involving "normal" derivatives, are calculated according to Eqs. (4.17).

Their contribution is always positive, thus leading to bounded solutions

and stable iterative solution procedure.

The cross-derivative contribution to the coefficients of algebraic

equation (6.1), a	 , are in the present study calculated using SCHEME 1

of section 4, Chapter 4. This results in negative coefficients being ge-

nerated at the "sharp corner" nodes in computational molecule (some of

those nodes labeled C in Fig. 3.4), which is a potential danger; how-

ever, in cases where the grid is moderately non-orthogonal and where the

Peclet number is high, these coefficients are small relative to the prin-

cipal ones (see table 4.2 for an example), and it is-anticipated that no

problems will occur. Nonetheless, in other circumstances these negative

coefficients may result in unrealistic solutions; in such cases SCHEME 2

will have to be used, and possibly the grid will have to be rearranged

so that conditions of the form (4.25) are satisfied in affected regions,

as discussed by Demirdi (1982). In the present applications no problems

attributable to negative a	 where encountered.

6.4	 Choice of Pressure-Calculation Algorithm

Of the four pressure-calculation algorithms described in the pre-

vious chapter, SIMPLEC had not been published at the time the present

study was undertaken. Two of the three remaining algorithms, namely PISO

and SIMPLER, were known to give significantly faster convergence and thus

lower cost of computation than the "standard" SIMPLE, at least when ap-

plied in conjunction with Cartesian grids and the MAC staggered arrange-

ment of variables. However, there are reasons which make these algorithms

unattractive for steady flow predictions on non-orthogonal grids. Before,

however, these reasons are discussed, a possible simplification of the

SIMPLE algorithm for such circumstances will be described.

From Eqs. (5.28) it is evident that, even when simple linear inter-

polation is employed to evaluate the pressure terms in the momentum equa-

tions (see Eqs. (3.41) and (4.19)), the coefficient matrix of the pres-

sure-correction equation will have 18 diagonals (9 in a two-dimensio-

nal case), entailing substantial storage requirements. Earlier, to avoid

/,
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this problem with the momentum and scalar equations, the cross-derivativ

were treated explicitly (see Eqs. (6.1), (6.2) and (6.4)). The same ap-

proach could be used here, but it would still be both inconvenient and

costly, since - unlike the other equations- the pressure-correction equa-

tion has to be solved to a certain tolerance for reasons of stability, as

will be described later. To achieve this, the explicit pseudo-sources

would have to be updated for each iteration in the pressure-correction

equation, thus increasing the computing time. Since the solution of this

equation consumes the majority of the total computing time, it would clear-

ly be advantageous to avoid such updates.

Avoidance is possible through recognition that: (i) the cross-deri-

vative terms vanish if the grid becomes orthogonal, and are samli compared

to the principal ones for moderate non-orthogonality (45°<O<l35°) and

grid aspect ratios (less than 10), and (ii) as the calculation converges,

the corrections in Eqs. (5.22) all tend to zero. From these it can be con-

cluded that an approximated pressure-correction equation in which the

cross-derivative terms are dropped might be satisfactory This has indeed

been confirmed in numerous calculations performed in the present study

(some of which will be presented in Chapters 8 and 9), as well as in the

earlier works of Rhie (1981), Rhie and Chow (1982), Demirdi (1982) and

Hah (1983, 1984), who used this approach.

With this simplification the coefficients for the pressure-correc-

tion equation become, instead of (5.28):

aE = pE

a = pE

aN = pE

a = pE

aT = pE

a 8 = pE

a = Za	 ,	 m = E,W,N,S,T,BP mm

(6.8)

* As the cnverg solution is approached the source terms Cp in the pressure-correction
uation tends to zero at every node, since msss fluxes will then satisfy continuity.

Thus both the si.mlpified and the full version of equation will be satisfied, ie. both
will yield negligible pressure corrections p'
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while the source term C is calculated in the same way as in Eqs. (5.28).

With this simplification the coefficient matrixis again reduced to a

convenient seven-diagonal one, as in the momentum and scalar equations.

Under-relaxation of pressure changes remains essential for the sta-

bility and efficiency of the SIMPLE algorithm, as will be discussed in the

next section.

The SIMPLER and PISO algorithms do not allow for the above simplifi-

cations. In the SIMPLER algorithm the "final" pressure is calculated from

the correct velocity field by solving Eq. (5.35) for pressure rather than

p' : hence the equation cannot be analogously simplified.

In the PISO algorithm if the simplified version of p' and p"

equations are employed the "exactness" of the method will be impaired,

and divergence may occur unless the pressure changes are under_relaxed*

The consequent necessity to solve the two pressure-correction equa-

tions in their full form to a tight tolerance results in a dramatic in-

crease in the computational time per "outer" iteration when these two

algorithms are used, as compared to the simplified SIMPLE algorithm des-

cribed earlier. Thus the reduction in the total number of outer iterations

may not be enough to compensate for extra work needed. Also, the implemen-

tation of boundary conditions for the full form of pressure-correction

equation is significantly more complex than for the simplified version,

as will be discussed later in this chapter.

The SIMPLEC algorithm seems to be a more attractive alternative to

SIMPLE than PISO and SIMPLER, for it requires only one pressure-correction

equation to be solved per outer iteration. However, if the latter equation

is simplified, under-relaxation will again become essential if grid is sig -

nificantly non-orthogonal.

For the reasons listed above the "simplified" SIMPLE algorithm has

been adopted for use in the present study. A further incentive has been

the development in the present study of a method of calculating optimum

under-relaxation factors for SIMPLE, which makes it far more efficient.

This will be described in the next section.

* It is also expected that, in order to retain the full efficiency of P150 on non-ortho-
gonal grids, the nnentum euations should also be solved in their fully implicit form,
ie. the ouefficients of all neighbeur nodes should be incleded in the H-operator of
ajs. (5.15).
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6.5 0timum Relation Between Under-Relaxation Factors for Pressure and

Velocity

It was noted in section 5 of Chapter 3 that under-relaxation of the

momentum equations is essential to ensure convergence, due to the inter-

linkage through the pressure field (Patankar, 1980). Experience with the

SIMPLE algorithm has also shown that the pressure changes also should be

under-relaxed in order to improve convergence (Patankar, 1980, 1981;

Raithby and Schneider, 1979; Demirdi, 1982). This is due to the fact

that the p' equation has been derived from approximate momentum equa-

tions, as discussed in section 4.4 of Chapter 5. Patankar (1980, 1981)

suggested that the pressure under-relaxation factor p should be set

at 0.8 and the velocity under-relaxation factors a at 0.5 . How-

ever, in the present study these values have been found not to be the op-

timum ones, for reasons which will now be explained.

The rationale is as follows. Pressure corrections p' make the velo-

city components u* and pressure p** , obtained via Eqs. (5.22), satis-

fy the continuity equation (5.27) and the approximate momentum equations

(5.23). However, it would be preferable to have fields which satisfy the

"exact" momentum equations, which can be written as:

u* = H (u** + (Qp***l + Qóp*** 2 + Q6p*** 3) + C;	 (6.9)
. p 	P	 m1

Here p*** is the pressure field which ensures that the above equations

are satisfied. By subtracting Eq. (5.23) from Eq. (6.9), the following

expression is obtained*

0 = H p(ii) + (Qóp" + Qóp" 2 Qóp" 3 )	 ( 6.10)

in which the new unknowns are the second pressure corrections p" , de-

fined as:

Pu =	 - p**
	

(6.11)

and p** is defined by Eqs. (5.22).

* The similarity between equations (6.9), (6.10) and (5.37), (5.39) of the PISO algorithm
is noteworthy; here 	 only no second correction of velocity conxnents is required.
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It can be argued that there is little incentive to find the "exact"

solution for p" out of equations like (6.10) (if this is possible at all)

since the momentum equations have been linearized and further iteration

will in any case be needed irrespective of the goodness* of the solution.

A satisfactory approximation can be obtained if: (1) it is assumed that

at every node the following relation between p" and p' holds:

PI' + p? = aPP'	 (6.12)

(ii) the u	 are expressed in terms of p' according to Eqs (5.24),

and (iii) the operator H is expressed as in (5.16). These steps al-

low equation (6.10) to be transformed into an equation for c 	 , thus

in U im	 -.
1 _'	 (6.13)

When	 is expressed via neighbour coefficients am and the under-re-

laxation factor a according to Eq. (3.49), equation (6.13) becomes

(for S<< Earn):

1 _ a

	

	(6.14)
upEam

If it is now further assumed that (iv) the velocity correction at the

central node P , Up , is approximately equal to the am_weighted mean

of the velocity corrections Um at the m neighbour nodes, then equa-

tion (6.14) finally reduces to**:

= 1 -	 (6.15)

It follows therefore that the pressure should be corrected according to:

* This will be dionstrated on saie test calculations in Chapter 8.

** It has been drawn to the attention of the present author that the P53 scha of Raith-
by and Schneider (1979) enbodies the same relation as (6.15) between the under-relaxa-
tion factors. However, they arrived at this result by a different route, in which they
required consistency of the pseudo-time steps implied by CLu arid 	 in a way which
is not obvious, It is believed that the present derivation is mere transparent; the fact
that the same result can be derived in another way only reinforces its validity.
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p* + p' + p" = p* + a p'
	

(6.16)

in order that the momentum and continuity equations are satisfied by the

corrected velocity u* and pressure p*** fields. The equation (6.16)

is identical to the equation (5.30), and hence 	 defined by Eq. (6.15)

is the optimum under-relaxation factor for pressure, for a given value

of

The derivation presented above is valid for orthogonal and non-or-

thogonal grids, and non-staggered and staggered variable arrangements.

However, if the simplified version of the pressure-correction equation

presented in the previous section is used and the grid is substantially

non-orthogonal (So that the neglected terms are significant), expression
(6.15) may no longer represent the optimum relation. Experience suggests,

as will be demonstrated in Chapter 8, that in such cases the value of

should be reduced below the value suggested by Eq. (6.15) to obtain

the maximum rate of convergence.

6.6 Boundary Conditions and their Implementation

The most frequently encountered boundary conditions in fluid flow

problems and the treatment necessary to incorporate them into the dis-

cretised equations are described below.

6.6.1 Inlet boundaries

The values of all dependent variables are normally known at inlet

boundaries. These are usually obtained by reference to experimental da-

ta, or analysis, or - if neither practice is possible - estimated. The

last practice is strictly only justifiable when inlet conditions are not

expected to significantly influence the downstream region of interest.

It is, however, usually necessary to calculate the turbulence dissipation

rate c from the measured kinetic energy of turbulence k and estimates

of the distribution of the length scale 1 , via the relationship Cczk2/l.

Figure 6.1 shows a two-dimensional cell next to an inlet boundary,

for illustrative purposes. As noted in section 2 of Chapter 5, boundary

nodes are placed at the centre of boundary cell faces, and the known va-
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Fig. 6.1: Location of boundary nodes

lues of dependent variables are assigned to them. If a zero-thickness

boundary cells are imagined to enclose these nodes, then according to

Eq. (4.3) the linear interpolation factor	 will turn out to be zero

on the w, s or b boundaries, if B denotes the boundary node (W in Fig.

6.1). Further,	 will turn out to be unity for nodes in the centre

of cells next to e, n and t boundaries. It follows that no explicit mo-

difications are necessary to the discretised equations for the cells neigh-

bouring boundaries, since the weighting factors ensure the correct eva-

luation of diffusion terms, and the convection inlet flux is directly

calculated, since the cell face values in the expression like (3.31) cor-

respond to the boundary nodal values (see Fig. 6.1). Only when the LUDS

is employed is special action necessary: eg. for the situation shown in

Fig. 6.1 , the coefficient	 must be set equal to zero, and 	 a

is given by Eqs. (4.7).

Since the inlet boundary mass fluxes are known (or treated as such),

they need not be corrected and so the flux corrections, given by Eqs.

(5.16), for boundary cell faces are suppressed. This is equivalent to

prescribing zero-gradient boundary conditions for the pressure-correc-

tion equation, as can be inferred from Eq. (5.25), which is readily im-

plainted by setting to zero the coefficient of Eq. (6.8), corresponding

to the boundary node. The same treatment also applies for outlet, symrne-

try and wall boundaries.

It should be noted that, if the full form of the pressure-correction

equation is used (ie. Eq. (5.28)), the imposition of the zero boundary
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flux correction condition requires changes to the coefficients for the

neighbour cells, which complicates computer programming. The practice em-

ployed for the simplified pressure-correction equation is actually equi-

valent to setting to zero the gradient in the coordinate direction x

This, for reasons explained earlier, has no effect on the converged solu-

tion but may inhibit convergence as the degree of non-orthogonality is in-

creased.

6.6.2 Outlet boundaries

If the values of the dependent variables are known at exit bounda-

ries, these are then fixed as such. However, it is rare that such infor-

mationis known in advance. In such cases the out1et boundary should be

placed far downstream from the region of interest, at a location where

the flow is everywhere directed outwards (see Fig. 6.2) so that any in-

accuracy in estimating the outlet conditions will not propagate far up-

stream, provided that the Reynolds number is large.

Fig. 6.2: Outlet boundary

Since both the UDS and LUDS do not refer to downstream nodes, the

convetive part of coefficients, a , corresponding to the outlet bounda-
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ry nodes (a for the situation shown in Fig. 6.2) will be zero for all

neighbour cells. Thus only the diffusion part of the coefficients will

remain, and this will be small for high Reynolds numbers. It is therefore

appropriate to evaluate outlet boundary values by extrapolation from up-

stream. It is often adequate to set boundary values equal to the values

at immediate upstream neighbour, eg. E =	 for the situation shown in

Fig. 6.2 (which is equivalent to zero gradient in x 1 direction). Other-

wise, linear (Eq. (4.8)) or quadratic extrapolation may be used*

In the case of the velocity components, it is also necessary to en-

sure that they satisfy overall continuity, ie. that the sum of outlet

mass fluxes F° equals the sum of inlet mass fluxes F' . This can be

done by calculating outlet mass fluxes using newly estimated boundary va-

lues of velocity components, and correcting these velocity components by

multiplying them with the ratio of F'IF°

6.6.3 Symmetry boundaries

The conditions applying at an axis or plane of symmetry are:

- no cross-flow (zero convective flux);

- zero diffusion flux 1D of dependent variables in the normal

direction.

Figure 6.3 shows a cell whose "b" face is a part of a symmetry plane.

The above conditions can be imposed according to Eqs. (3.28), (3.35)

and (6.3) by setting

F 3b = 0

Ic = 0
	

(6.17)

DN -

and,in addition, by setting in the momentum equations to zero that part

* It should be noted, however, that a good estimate of outlet normal velocities is im-
portant, since its effects caj-i propagate upstream through the pressure.
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of S	 pertaining to the "b" face (see Eq. (6.4)):

I= 0
	

(6.18)

The values of the dependent variables at symmetry boundary nodes are

needed for evaluation of fluxes through cell faces which intersect this

boundary (for the situation shown in Fig. 6.3 , these are e, w, n and s

cell faces). These values can be calculated from the interior nodal va-

lues by imposing the condition of zero normal gradient (which is equiva-

lent to specifying the zero diffusion flux), ie.:

Here ns denotes the coordinate normal to the symmetry plane or axis.

For the situation shown in Fig.. 6.3 , the above equation is equivalent

to:

ax3J
=	 . cosO 13 + Li.cosO23	(6.20)

b	 l.3X1Jb	 1x2Jb

where 013 and 023 are the angles between positive parts of coordinate

lines x 1 and x 2 and the inward part of x 3 , as shown in Fig. 6.3

ig. b •	 byTnnetry plane X,OUnOary
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By employing the discretisation practices described in section 4 of Chap-

ter 3 (notably Eq. (3.34)) and some analytic geometry, the above expres-

sion can be transformed to:

ct:i13 ..	 - Al (4ew)b - A 2ns)b
	 (6.21)

where the coefficients A1 and A2 are given by:

[(y-y) Yb-YJ
A,	

2Z(yg_y)2

j1,2,3	 (6.22)

[(y-y) (yJfl_y)J

2	 2E(y,-y)2

Similar expressions follow for the other cell faces. The values of 4e
etc. on the boundary cell face can be calculated from the boundary

nodal values obtained in the previous iteration with the aid of the in-

terpolation formulae (4.18). Alternatively, the set of equations (6.21)

for all symmetry boundary nodes could be solved simultaneously; however

this is not warranted, in view of the facts that (i) the overall pro-

cedure is iterative, and (ii) A, and A2 tend to zero as 013 and

023 tend to 90°,ie. as the grid becomes orthogonal.

6.6.4 Impermeable walls

Rigid impermeable walls occur in most fluid flow problems. The va-

lues of the velocity components u1 , and hence the mass fluxes F 1 , are

known to be zero there. These conditions are easy to impose; however, in

the case of turbulent flows the calculation of the stresses on the wall

needs special treatment, since expressions (3.35) and (6.4) become inap-

propriate for the wall cell faces (Launder and Spalding, 1974; Gosman and

Ideriah, 1976). This is due to existence of boundary layers, across which

steep variations of flow properties occur and the standard k-c model of

turbulence becomes inadequate (Launder and Spalding, 1974). In order to

adequately avoid these problems it would be necessary to employ a fine

grid and use a low Reynolds number form of the k-c model of turbulence

(Jones and Launder, 1972), which would be expensive. An alternative and

widely employed approach is to use formulae known as "wall functions"
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(Launder and Spalding, 1974) to bridge this region: this has been followed

in the present study. It is based on a one-dimensional Couette flow ana-

lysis, which is assumed to be valid in the near-wall region* , and will

be summarized briefly in what follows.

yt

Fig. 6.4: Wall boundary

The wall shear stress	 is expressed as a function of the adja-

cent nodal velocity component parallel to the wall, 	 , thus (see Fig.

6.4):

=	 wp)p
	 (6.23)

where the coefficient	 is determined from a two-part "universal"

velocity profile expression (Gosman and Ideriah, 1976), ie.:

* The Couette flow assumption implies constant shear stress (T = T, where T is the
wall shear stress) and hence no streaiTiwise pressure gradient. Although this is a rea-
sonable assumption for parallel near-wall flows, it may be greatly in error in case of
recirculating flows, where large gradients along the wall are present and the flow near
wall is not parallel (eg. in separation and reattachmarit zones).
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a) laminar sublayer:

= -	 if
	

11 .6

b) fully turbulent layer:

)JL 1/2
_ p ci KpK

w - ln(Ey)

(6.24)

if y ; , 11.6

where 4 is calculated as:
C	 i2

y =	 °	
on	

(6.25)p

In the above equations K is the von Karman's constant (K=O.4l87) and

E is an integration constant which depends on the wall roughness, and

through which other effects such as pressure gradients and mass transfer

can be accounted for (Launder and Spalding, 1974). For smooth impermeable

walls E is assigned a constant value of 9.0 (Launder and Spalding,

1974).

More elaborate multilayer wall functions have been proposed, eg. by

Chieng and Launder (1980) and more recently by Amano (1984), in which some

of the restrictions implied in the above equations are relaxed. These re-

sult in much more complex formulae, and have not yet been sufficiently

tested: hence it was decided not to implement them in the present solu-

tion procedure at this stage. However, they deserve to be considered as

future improvements, as will be discussed later in Chapter 9.

Since the momentum equations are resolved in the directions of the

Cartesian coordinates, the resultant shear wall force 	 needs also be

expressed in terms of its Cartesian components. For simplicity* , it is

assumed here that	 acts in the direction opposite to	 , as shown

in Fig. 6.4. This force is equal to the product of the wall shear stress

and the area A , ie.:

+ +	 +
= TA = _AAq (vp )p	 (6.26)

* The validity of this assumption is rather limited in nplex three-diinsional flows,
where substantial velocity vector rotation through near-wall region may occur.
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Its components in the y- directions can readily be obtained if the

is expressed in terms of its components in these directions, ie.:

=
	

(6.27)

can be obtained by substracting from the total velocity 	 its com-

ponent in the direction normal to the wall, 	 , which is deducible from

the scalar product of v and the unit normal vector n . If the Carte-

sian components of	 are n1 , n 2 and n 3 , then the following expres-

sions for shear force components result:

T 1 = -AA {{1-(n 1 )2 J U]p - n1 n2 u2p - n1n3u3}

T 2 = -A{-n1n2u1p + [1_(n2 ) 2 Ju2p - n2 n3 u3 }-	 (6.28)

T 3 = A Aw{-ni n3 ui p - n2 n3 u2 + [ 1_(n3 )2 ] u3}

The normal vector	 is defined by the vector product of two cell face

"central lines", eg. for the situation shown in Fig. 6.4 , from ()b

and ()b
Thus, for the u momentum equations the shear stress integrals

over boundary cell faces, appearing in equations like (3.35) and in (6.4),

are replaced by. the 	 , defined in (6.28). These are conveniently in-

troduced through the source term C , and then linearized according to

(3.37).

The equations for k and c also need special treatment for the

near wall cells. In the equation for k , the diffusion flux through the

wall cell face, I , is set to zero (Launder and Spalding, 1974) in the

manner indicated earlier, while the source terms are modified as follows.

Within the turbulent layer a balance between production and dissi-

pation of turbulent kinetic energy is assumed (Launder and Spalding,

1972), giving the following relation for E

= Cr k	 (6.29)

The dissipation of k , given by Eq. (2.30), is now obtained by integra-

tion over the near-wall cell (Gosman and Ideriah, 1976):
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_JpcdV	 -Sk=- pC
	 kuóV k,	

(6.30)

where u is given by:

if y<11.6

(6.31)

4 =-_ln(Ey)	 ,	 if y > 11.6

In the above k is evaluated at the previous iteration, which enables

linearization according to Eq. (3.37).

The rate of generation of turbulent kinetic energy C , under the

Couette flow assumptions, is given by:

I-, -- -P
	

(6.32)

Integration over the cell volume gives the S part of the linearized

source term (Cosman and Ideriah, 1976) as:

f G•dV	 = TW6V)P
ov

(6.33)

The transport equation for c is abandoned for the next-to-wall cells

due to its inapplicability there. Instead, C is fixed to the value gi-

ven by Eq. (6.29) by means of linearized source term, ie. by setting:

C4k?

K y,	
(6.34)

S' = L

where L is a large number, typically 10°

Wall functions provide also the means of bridging the near-wall re-

gion for scalar variables 4 like temperature. The following expressions

(Launder and Spalding, 1974; Gosman and Ideriah, 1976) for the diffusion

flux through the wall cell faces result:
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if

if

y > 11.6

< 11.6

(6.35)

where

=	 +
	

(6.36)

In the above equations w referes to the wall boundary, c 	 and

are the molecular and turbulent Prandtl numbers respectively, c is

the constant-pressure specific heat, and P is an integration constant

which depends on the ratio of Prandtl numbers 	 and o , and involves

additional empirical constants to account for wall roughness (Jayatilla-

ka, 1969).

Cells surrounding a submerged solid body within the solution domain

are treated in the same way.

6.6.5 Other boundaries

Various other types of boundaries can be encountered in fluid flow

problems, like free stream boundaries, porous walls, periodic boundaries

etc. Each of these requires special treatment, as can be seen from exam-

ples appearing in the literature (see, eg. Antonopoulos, 1979; Demirdid,

1982; Hah, 1983, 1984; and others). In all cases information will be

avai1,able from which the boundary values or boundary fluxes, or relations

between the two, can be extracted. If the boundary values are known, the

trtment is the same as for inlet boundaries. If the flux is known, it

can be usually expressed (after linearization, if necessary) as a func-

tion of the near-wall nodal value, eg.:

1b	 A2- A3 4
	

(6.37)

In such case the flux expressions for corresponding boundary cell faces

in the discretised equations should be suppressed, and the flux from Eq.

(6.37) introduced instead, through the source term in the usual way (ie.

A2 inserted in S and A1 in S" ).
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6.7 Solution Algorithm

It is now possible to assemble the complete solution algorithm, ie.

the sequence of operations which, when repeated as many times as necessa-

ry, leads to the final, converged solution, satisfying all the governing

equations involved. It can be summerized as follows:

(i) Initialize all field values by an initial guess;

(ii) Solve the momentum equations (5.17) to obtain ur , using the

prevailing pressure as p

(iii) Solve the pressure-correction equation to obtain p'

(iv) Correct the velocities using expressions (5.24) and (5.22),

the mass fluxes using Eq. (5.26) and the pressures using

Eq. (5.30), to obtain the u* ; F 	 and p** fields;

(v) If the flow is turbulent, solve the equations for k and

and calculate the new eff
(vi) Solve additional equations for further scalar quantities f

if necessary;

(vii) Using the ur* , F and p** fields as the prevailing fields

for the new iteration cycle, return to step (ii)

The sequence of steps (ii) to (vi) is to be repeated until the conver-

gence criterion defined below is satisfied.

Convergence can be defined in various ways. One is to monitor the

changes in the field values at all locations, and a second is to monitor

the "residual sources" (defined below) in the discretised equations: in

both cases the monitored quantities are required to fall below prescribed

levels. The second approach is believed to be more appropriate, as slow

changes in the field values can sometimes be misleading (eg., the chan-

ges may be small due to low values of under-relaxation factors being

used). In the present study the sum of absolute residuals at all computa-

tional nodes is used as the primary test. The residual at node P is

calculated as (see Eq. (6.1)):

and the sum is given by:

SR =IR	 , 1=],...,N	 (6.39)

where N is the total number of nodes, and n is an iteration counter.
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These sums are calculated at each iteration, for each dependent variable,

after the new sets of coefficients am are assembled but before equations

are solved. The sums SK are then normalized by the appropriate inlet

fluxes SN , given in table 6.1 , to give non-dimensional values:

r = -
	 (6.40)
SN

It is then required that:

max(r) . A5
	 (6.41)

where A5 is the prescribed maximum allowable value of normalized resi-

dual sums, and is typically 1 . i0 for all equations.

In addition, the values of the dependent variables are also moni-

tored at one or more locations, chosen in the regions which can be consi-

dered as most sensitive, to ensure that there are no appreciable changes

in them when convergence is declared.

Equation	 Normalization quantity SN

Continuity (p'-eq.)	 Total mass inflow, F' =

Momentum equations 	 Total inlet momentum,

Scalar equations	 Total inlet 4 flux, F'.1

Turbulence kinetic	 Total inlet flow of mean kinetic energy,

energy k	 F'. k 0 , where k 0	 (Vr)2

Turbulence dissipa-	 Nominal total inlet flow F€0

tion c

	

	 Cr	 =k-,j1 , 1 is typical length

scale, usually fraction of duct width

_____________________ eg. 0.1L

Table 6.1: List of quatities used to normalize residual sums

For each dependent variable (u 1 , , k, C ) usually only one "inner"

iteration (ie. application of the SIP solver) is performed before the

coefficients am and C, in Eq. (6.1) are updated. The exception is the
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pressure-correction equation, for which the sufficient inner iterations

are performed to satisfy the following criterion (Van Doormaal and Raith-

by, 1984):

A•SR
	

(6.42)

where SR is the absolute sum of the mass sources C, in the pressure-

correction equation (defined in Eqs. (5.28)), and
	

is typically 0.3.

6.8 Closure

In the final arrangement of the discretised equations it has been

decided to treat the cross-derivative diffusion terms and some of the

stress terms explicitly, ie. to evaluate them from the values of the de-

pendent variables obtained in the previous iteration. There are several

important advantages which arise from this treatment; these are:

(i) the coefficient matrix is reduced to a convenient seven-dia-

gonal (five-diagonal in two-dimensional cases) form, thus

significantly reducing storage requirements;

(ii) the coefficients am in all momentum equations become the

same, thus reducing computational effort;

(iii) relegation of (possibly negative) cross-derivative coeffi-

cients into source term improves stability and sometimes con-

vergence of the, numerical solution process.

It has also been found that the pressure-correction equation in the SIMPLE

algorithm, chosen for use in the present study, can be simplified by neg-

lecting cross-derivative terms, thus achieving the same convenient coef-

ficient matrix as in other equations.

The optimum relation between under-relaxation factors for velocity

and pressure has been found, resulting in much faster convergence than

when standard values, found in the literature, are used.

'The most frequently encountered boundary conditions and the treat-

ment necessary to incorporate them into the discretised equations have

been described. Standard wall functions have been employed in the treat-

ment of turbulence near-wall flow.

Finally, the solution algorithm and the convergence criteria have

been defined, thus completing the description of the present numerical so-

lution method. Its assessment and applications will be presented in Chap-

ters 8 and 9, after some more details about the numerical grids are given

in the next chapter.
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CHAPTER 7

COMPUTATIONAL GRID AND ASSOCIATED PARAMETERS

7.1 Introduction

In simple, regular geometries, the question of grid generation is

trivial; however, in complex geometries it becomes an important issue. For

reasons already discussed in Chapter 1, the computational grid should be

boundary-fitted and have sufficient resolution in regions of interest.

To be able to achieve this for a wide range of problems, a general nume-

rical grid generation technique is needed. It should, ideally, be easy

to use and cost effective, and allow for user control over particular

grid properties, which will be identified later. In this chapter some

simple methods for the generation of grids suitable T or use with the pre-

sent solution method will be described.

First, in section 2, the desired properties of the computational

grid will be discussed, and the possibility of achieving them will be out-

lined.

In section 3 the generation of grids for two-dimensional problems

will be addressed, and several approaches will be suggested, which were

appropiate in all the cases considered in this study. References will

also be given to other, more general methods which might be more appro-

priate in other circumstances. The same will be done for three-dimensio-

nal problems in section 4.

In section 5 the calculation of geometrical quantities related to

the grid which feature in discretised form of governing equations will

be described, for both two- and three-dimensional grids.

Finally, in section 6, closing remarks on this topic will be given.

7.2 Desired Properties of Computational Grid

As already noted, the accuracy of the numerical solutions, and the

stability and the rate of convergence of the solution procedure all de-

pend to a certain degree on particular properties of the computational

grid. These properties, the way of achieving them and the degree of their

influence will be described in this section.
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7.2.1 Orthogonality

The very reason for developing a method of the present kind is to

enable working with non-orthogonal grids, which is desirable, if not es-

sential in most pratical situations, as discussed in Chapter 1. However,

it is still useful to identify the advantages which arise from minimizing

the departure from orthogonality, all other factors being equal.

First of all, if orthogonality prevails, then all cross-derivative

terms in the governing equations vanish (see Eq. (3.35)). This means that

there will be no explicit "sources" in the discretised equations arising

from these terms, and the "neglected" cross-derivative terms in flux-cor-

rections used to derive the pressure-correction equation are also formal-

ly absent. The result is a more stable and faster converging numerical

solution procedure.

The accuracy of numerical solution is not affected by grid non-ortho-

gonality alone, but also depends rather strongly on some other grid pro-

perties, as will be discussed in the next chapter. However, strong non-

orthogonality does affect the stability and convergence rate of the pre-

sent method, and therefore should be avoided if possible*

7.2.2 Grid spacing

The accuracy of chosen interpolation practices (differencing schemes)

is usually judged by means of the Taylor Series Truncation Analysis

(TSTA). This shows that all schemes loose one order of accuracy if the

grid spacing is non-uniform. From this consideration it could be con-

cluded that uniform spacing is a desirable property of a computational

grid. However, this goal is neither easy nor economical to achieve in

every situation. In practical flow configurations there are regions of

very steep gradients where very fine resolution is needed, and regions of

low gradients, where more coarse spacing is adequate. For this reason a

non-uniform grid is usually preferable, and it is desirable that a grid

generation procedure should facilitate the achievement of such an arrange-

ment.

In constructing non-uniform grids it is desirable to keep the grid

* This, however, is riot a shortcmirig of the nthod in ener, 1t a nsuence of the
adopted treatitEnt of the cross-derivative terms.
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Fig. 7.1: Definition of grid expansion and aspect ratios

expansion ratios in each coordinate direction, defined as (see Fig. 7.1)

	

sx
2 

ox	 ____

=	 (1)	 ; re = 6x	 ; r =tsxP
(7.1)

under control, for their departure from unity adversely affects the ac-

curacy of finite-difference approximations (at least in terms of the

TSTA). Also the grid aspect ratios, defined as

should not exceed -1O . These ratios influence the stability of the

present solution method (and also the boundedness of solutions) due to

the fact that they can generate negative cross-derivative coefficients

(see Eqs. (4.22) and (4.26) and related discussion in section 4 of

Chapter 4, and also Demirdid, 1982). The rate of convergence of some

iterative solvers, including the one employed in the present study, is

especia1l adversely affected by the high aspect ratios. This is due to

the fact that the coefficients am of Eq. (3.42) contain the cell face

areas (see Eq. (3.26)) and in case of high aspect ratios they thus be-

come larger in one coordinate direction than in the other. The pressure-

correction equation is most sensitive, since its coefficients (Eq. (6.8))

are proportional to the squares of these areas: for example, if the ratio
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10 , than the coefficients aN and a of Eq. (6.8) will be ap-

proximately 100 times larger than aE and a . The result is very

weak coupling in the x1 coordinate direction, as will be further dis-

cussed in Chapter 9.

7.2.3 Smoothness

As noted earlier in Chapter 2, methods which use curvilinear velo-

city components, and therefore require the calculation of curvature terms,

suffer significantly from sensitivity to grid smoothness* . In the present

method, however, such terms do not appear. The geometrical information

about the grid needed by the present method is limited to the Cartesian

coordinates of the cell vertices only, and hence these may and are taken

to be connected by segments of straight lines. Therefore, the grid lines

are not - and need not to be - continuous.

Here, however, the term smoothness is taken to refer to the relative

change in grid line direction from one cell to another, characterized by

the angle 0 shown in Fig. 7.2 . This does have an influence on the ac-

curacy of the interpolation formulae used to obtain dependent variable

values at locations other than the principal nodes. The way the accuracy

of the linear interpolation used in this study can be affected by. this

Fig. 7.2: Definition of grid sncothness

* "Smooth" in this respect assumes continuity of the grid lines and their first deri-

vatives.
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property of the grid will be examined in an example in the next chapter.

Higher-order interpolation practices may help in reducing the errors in-

troduced by non-smoothness; however, they are computationally more expen-

sive and can generate more negative coefficients* , thus affecting the

stability of solution process and unboundedness of the solutions. Often

it is possible to avoid large O's (ie. to obtain a smoother grid) by

local refinement. Figure 7.2 shows how large 0 between cells	 and

(3 can be reduced by one-third by halving the two cells.
It follows that, at least when linear interpolation is used, it is

desirable that the grid should be as smooth as geometry of the solution

domain allows. The method of grid generation should clearly offer the

possibility of controlling this grid property. The effects of grid non-

smoothness on the solutions of some complex flows will be demonstrated

later in Chapter 9.

7.2.4 Alignment of grid lines and streamlines

It has been shown in Chapter 4 that "numerical diffusion", which sig-

nificantly affects the accuracy of a numerical solution, is a function of

the skewness of grid and streamlines, and is reduced to minimum or com-

pletely eliminated if one set of grid lines is closely aligned with the

streamlines (see also Spalding, 1972; Raithby and Torrance, 1974; Patan-

kar, 1980 and Lai, 1982). This, therefore is a very desirable property of

a computational grid, and is probably the one which most affects numeri-

cal accuracy, especially if lower-order differencing schemes are used.

One of great advantages of the kind of general calculation procedure

presented here over those which employ regular (Cartesian, polar cylidri-

cal) or orthogonal curvilinear grids, is that this property usually can

be procured to a higher degree. However, in order to achieve alignment,

it is necessary at the time of grid generation to know the streamline

pattern, which is usually not the case. Therefore, the generation of an

ideal grid should be an adaptive process, carried out during the course

of the flow calculation (see eg. Dwyer, 1984; Eisenman, 1985). Adaptive

grid generation is, however, 	 very complex and difficult	 to achieve.

* As i11ustrat by the higher-order convective differencing schs examined in section

3ofchapter4.
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A crude but effective alternative is to perform the adaptation manually,

by generating a solution on an initial grid and then using it to improve

alignment for a further calculation. Of course, this is possible only if

the grid generation procedure employed offers this flexibility, which is

obviously desirable.

All of the forementioned desirable properties of a computational

grid cannot, in general, be satisfied simultaneously. However, the two

which are of the highest importance for the present solution method -

alignment of grid lines and streamlines and high resolution in regions

of high gradients - do not conflict, and usually can be satisfied to a

much higher degree than when regular or orthogonal grids are used. In or-

der, however, to exploit this flexibility to the fullest extent, a versa-

tile grid generation procedure is needed. This will be discussed in the

next two sections.

7.3 Generation of Grid for Two-Dimensional Problems

The type of computational grid employed in the present method has

been described earlier, in Chapter 5. It has also been shown that the

only information about the grid, needed in the present method, are the

Cartesian coordinates of cell vertices. In recent years a number of me-

thods for the generation of such information have emerged. A collection

of most important ones has been published by Thompson (1982), and many

other publications have appeared since (eg. Shieh, 1984, and others).

Most methods generate the coordinates of the grid points or cell

vertices by solving differential equations of the form:

_______	 2(x')
+	 = P(x1,x2)

(7.3)

a 2 ( x2 )	 2(x2)

3(y') 2 + açy2)2 
= Q(x',x2)

with Dirichlet boundary conditions, where user-prescribed functions P

and Q are employed for control over the distribution of grid lines in

the interior of solution domain and degree of non-orthogonality. Any of

these procedures could be used to generate grids for the present solu-

tion method. However, the solution of the differential equations (7.3)
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can be quite complicated and time consuming; and since the requirements

for smoothness and orthogonality of grid lines are not so strict here,

simpler methods of grid generation might be equally applicable.

A class of such methods, named "transfinite mappings" or "transfi-

nite interpolations", exists and many have found application in finite-

element methods (eg. Gordon and Hall, 1973; Haber et al, 1981; Gordon

and Thiel, 1982). Here two simplified versions of discrete transfinite

mapping (Haber et al, 1981) were used, and they will be described below.

For more information about other general grid generation methods that

could be employed, interested readers can refer to the forementioned re-

ferences.

Practice 1

One of the simplest methods of grid generation, which is nonetheless

quite versatile, has been used and described by Demirdié (1982). In

this, the Cartesian coordinates of grid points which lie on two opposite

boundaries (x	 and x) are prescribed* along with a function which

gives the distribution of points along the straight lines joining these,

defined as (see Fig. 7.3):

f = L	 (7.4)

Then the Cartesian coordinates of any interior grid point can be found

from:

= Y1,1

(7.5)

y , j = y , 1 + f (,N-Y,l)

Here, N 1 and N denote the number of grid points in x 1 and x2

directions respectively and f- has limiting values f 1 =O , f =1 (it

should be noted that the number of computational cells in each direction

is N1 -1 and N-1 ; the total number of nodes, including the boundary

ones, is thus N1 -4-1 and N 3 .f-1). If the boundary lines x	 and x

are smooth, this method will always produce smooth interior grid lines.

* This is u1va1ent to linear lofting mapping of Saber et al (1981).
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Fig. 7 • 3: Schanatic presentation of Practice 1 for grid generation

This grid generation procedure is very simple, non-iterative and cost-

effective, and in most cases involving duct-like flows,it is quite satis-

factory. The grid lines can easily be concentrated in regions of high

gradients by appropriately specifying the f 	 function, and the possi-

bility also exists of varying the latter from line to line to achieve

reasonable alignment of the grid and streamlines. However, it is restric-

tive in that one set of grid lines (x 2 in the present case) is taken to

be straight. This sometimes can result in severe non-orthogonality and

ill-shaped control volumes, in which case it is necessary to use alter-

native approaches like that described below.

Practice 2

The shortcomings of Practice 1 can be avoided by a more general, but

equally simple, method which requires that the Cartesian coordinates of

the cell vertices on all four boundaries (x 	 ,	 x2. , x2 ) of the

solution domain be given* . Four distribution functions are then calcu-

lated (see Fig. 7.4):

* This practice is a simplification of the bilinear transfinite mapping of Saber et al

(1981).
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fi	
L1 Y1j4

i,1	 Yj,1 -Ylj,i
L• —LNj

4,Nj = yl	 _ylNj , ? j	 1,I.

(7.6)
2 _2y1,j y1,1

= y 2	 -y2i,r'	 1,1
f	

-	 3,i
,Nj - y2	 _y2

Nj ,Nj	 .,1

which describe the distribution of the boundary grid points. The coordi-

nates of interior grid points are then calculated from the following in-

terpolation formulae:

Y] ;	 = Y1-	
+ f].	 (1	

_ y].	 )1 ,j	 i,j	 N1,j	 1j
(7.7)

2	 +f2 (2	 _2i,j	 'i,l	 i1j 'i,N	 Yj]

where values of the functions and for interior points are

calculated by interpolating between the two boundary functions defined

in Eq. (7.6). The interpolation practice employed in the present study

is as follows:

= (N-i)f	 + (i_1)f,N
1, j N-1

f2	
- (N1 -i)f ,	+ (i-1)f1,

i,i -	 N-1

(7.8)

(N1,1)

Fig. 7.4: Schnatic presentation of Practice 2 for grid generation
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This practice offers greater control over the distribution of the grid

lines than the previous one. Depending on the boundary distributions, va-

rious shapes of interconnecting lines can result, as shown in Fig. 7.5

In practice, the grid lines are usually concentrated near solid walls,

which results in good interior distributions in quite complex cases, as

will be seen in the applications presented in Chapter 9

(Li)

Fig. 7 • 5: Various pessible shapes of grid line connecting two boundary points

When a submerged body is present within the solution domain, the

problem of grid generation is more complicated. The grid lines have to be

forced to coincide with, and be concentrated near, the boundaries of the

body. In many cases this can be achieved by subdividing the solution do-

main into several regions in which one of the practices described above

gives a good grid, and then merge these subgrids to get the grid for the

solution domain as a whole. An example is shown in Fig. 7.6, where three

subdomain grids, 13 , ® and. ® were separately generated and then
merged.

The same treatment can be used whenever particular grid line(s) are

required to pass through particular point(s), or when the above practices

produce an unsatisfactory grid if applied to the solution domain as a

whole. For example, when the boundaries are highly irregular, the grid

lines generated by either of the two practices may stray outside the so-

lution domain, giving what is sometimes termed the "overspill" problem.

Haber et al (1981) also use the multiple-region approach to handle this
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problem, while Gordon and Hall (1973) employ the "constraint curve" tech-

nique, in which higher-order mappings are used to force the grid lines to

pass through the constraint curves.

Fig. 7.6: Generation of grid around subnerged lxdies
region	 - Practice 2; regions () and ()- Practice 1

The multiple-region approach was also used in the present study in

the generation of a grid for the problem of flow around a bluff body con-

fined in a pipe, illustrated in Fig. 7.7 . There the solution domain is

divided into two regions, the boundary between which is the outer surface

of the bluff body, and - to some extent - the deviding streamline enve-

loping the recirculation region (in this case known from experimental re-

sults). The aim of this manipulation was to achieve good alignment of grid

Fig. 7.7: Multiple-region approach in grid generation
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lines and streamlines, which was indeed accomplished in the most of corn-

putational domain, thus resulting in reduction of numerical diffusion.

Further details will be given in section 2 of Chapter 9.

Another area where manual intervention in grid generation is effec-

tively used in this study is in smoothing	 severe discontinuities. These

usually result from sharp discontinuities in the boundaries, which is of-

ten the case in practical situations as will be seen in many applications

to be shown later. As was discussed in the previous section, sudden chan-

ges in the grid direction introduce some inaccuracies and are therefore

undesirable. To minimize this effect a provisional "smoothing" is intro-

duced, as illustrated in the right-angle bend example of Fig. 7.8 , in

which temporary boundary points are used to round off the discontinuities.

a) non-smooth grid	 b) smoothed grid

Fig. 7.8: Smoothing of grid discontinuities

The interior grid points are then generated by the usual practices, after

which the temporary points are moved back to the real boundaries. This

helps create smoother interior grid lines, as can be seen in Fig. 7.8:

instead of a sharp change of direction for 0=900 (grid a), it now hap-

pens gradually through three 0's of -30°

In all applications in the present study in which this practice was

employed only one boundary point was manipulated in this fashion, as this

was found to be sufficient. If the local grid refinement,, as suggested

in the previous section (see Fig. 7.2) is also used, it may be desirable

to introduce more than one temporary point, as this will further reduce

the 0's and thus make the grid even smoother.



159

7.4 Generation of Grid for Three-Dimensional Problems

The task of generating grids for general three-dimensional problems

is significantly more complex than in two-dimensional cases. As in two-

dimensional applications several methods based on the solution of diffe-

rential equations of the form:

2 (x l ) + 2(xl)

(y l )2	 (y2)2

2 (x 2 )	 2(x2)

( y l)2	 (y2)2

2(xl)
+	 (y3)2 = P(x',x2,x3)

-+ 2(x2)

(y3)2
= Q(x',x 2 ,x 3 ) (7.9)

2 (x 3 )	 a2(x3)
+

(yl)2	 (y2)2
= R(x1,x2,x3)

have been devised (in Thompson, 1982; Shieh, 1984 and other). They require

that the coordinates of boundary grid points be given, usually employ some

adjustable parameters (or forcing functions) which can be tuned to opti-

mize the grid distribution and solve Eq. (7.9) iteratively. The method of

Shieh (1984) is attractive, since it generates the forcing functions F,

Q and R automatically. This is achieved by enforcing orthogonality of

grid lines on the boundaries and using exponential interpolation functions

to obtain the interior values of P. Q and R . Two adjustable parameters

are employed, which influence the distribution of the interior grid points

for given coordinates of the boundary ones.

The solution of Eq. (7.9), however, requires considerable effort,

especially if an optimized grid is sought. In the present study, in which

complex ducts are of primary interest, a logical extension 	 of Practice 2

is developed. This approach requires that in general the coordinates of

the cell vertices lying on all boundary surfaces of solution domain be

given. However, if the inlet and outlet surfaces are plane, which is of-

ten the case, then only the coordinates on the other four boundary surfa-

ces are necessary: those on the inlet and outlet planes can be determined

using Practice 2

When coordinates of the grid points on all boundary surfaces (la-

belled E, W, N, S, T and B in the usual notation) are known, then the

coordinates of interior points can be obtained from the following equa-

tions (see Fig. 7.9):
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fii,j,k = i,j,k + ijk	 '1,j,k )

i,j,k =	 +	 i.Nj,k	 i,1,k	 (7.10)

i,j,k =y?.	 +f3i,j,k	 )

where Nk is the number o'f grid lines in the x 3 direction, and the

functions f', f 2 and f 3 for interior grid points (i,j,k) are defined

as:

• k = (N -j)	 + ( j-i)
1.,),	

N_-1

2
2	 = (N-k) f .	 + (k-i)

fi,,k
Nk -1

(7.11)

(N. -1)	 + (i-i)
= 1
	 1

N. -11

Values of f', f 2 and f3 on the boundary surfaces are defined accor-

ding to Eq. (7.6).

Fig. 7.9: Generation of a three-dinnsiona1 grid
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In situations where two opposite duct walls are plane, one set of coor-

dinate surfaces (eg. x3 =const.) can be taken to be plane too, and in

those planes Practice 1 or 2 can be used without modification. This

was the case in all three-dimensional applications to be presented later

in Chapter 9. In more complex cases neither of practices described here

may be successful; in those circumstances either more general transf 1-

nite mapping methods (like that of Cordon and Thiel, 1982) or methods

which solve differential equations of the type (7.9) (like that of Shieh,

1984) would have to be used.

The coordinates of the cell vertices are the only basic information

about the grid, needed by the present solution method. All other quanti-

ties related to the grid geometry can subsequently be calculated from

this information, irrespective of how it was generated. These quantities

can either be recalculated within the iteration process each time they

are needed, or calculated once for all and stored, to save on computing

time. The nature of the calculations required is described in the next

section.

7.5	 Calculation of Geometrical Quantities Featuring in Discretised

Equations

7.5.1 Two-dimensional planar geometries

In the case of two-dimensional planar geometries, the third dimen-

sion is taken to be unity, and thus the cell volume is equal to its area

in the plane considered. Since the cell faces normal to this plane are

projected as straight lines joining two vertices, the cell volumes can

be calculated as:

1--ÔV =-
	

axb 
I	

(7.12)

where	 and	 are the two vector diagonals, shown in Fig. 7.10

When expressed through the coordinates of the cell vertices, expression

(7.12) becomes:	 -

6V	 - ( y ;-3	 )(YY q )I 	(7.13)
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Fig. 7 • 10: Calculation of cell volume for two-dimensional planar grid

2.

by;

yl

Fig.7.11: Calculation of cell face area and distance between near wall node and
the wall

Another two quantities of interest are the perpendicular distance from a

near-boundary node to the boundary surface and the area of the boundary

cell face, which feature in the boundary condition treatment, as described

in the previous chapter. The approach used is illustrated by reference to
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the general near-boundary cell shown in Fig. 7.11 . The coordinates of

points ne, nw, se and sw are known, and those of nodes S and P are

easily obtained by linear interpolation. Now ón , the normal distance

between node P and the boundary can be found as the scalar product of

a vector connecting the boundary node S with its near-boundary neigh-

bour (eg.	 S1 in Fig. 7.11) and the unit vector 	 , normal to the boun-

dary surface:

+4-
ón = an

The unit vector is defined as:

+	 61
s	 Y-

n = -- i1 + -
cSl

(7.14)

(7.15)

Here 6l is the lenght of boundary cell face projection, which is also

the area ôA	 of that cell face, ie:

6l 
= 6A = /(6yl)Z(6y2)	 (7.16)

and óy and 6y are the differences in coordinates of two boundary

cell vertices, eg. for the situation shown in Fig. 7.11 , 	 6y =

and óy = Ye -y	 . The same expressions are valid for any other exter-

nal boundary, as well as for the surfaces of a submerged body present

within the solution domain.

The linear interpolation factors f 1 and f2 used to calculate va-

lues of the dependent variables at locations other than cell centres, were

defined earlier in Chapter 4 . The lenghts of segments of coordinate lines

x' between two opposite cell face centres, needed for the calculation of

ft 's , are calculated as (see Eq. (4.3)):

= /(yl_yi)2+(y2y2)2

(7.17)

6 (2) - /yj-y )2-i-(y-y )2Xp -

The coordinates of cell centres are, for two-dimensional case, calcula-

ted by linear interpolation from the coordinates of vertices, eg.:
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1
= O.5(	 +y )e se

(7.18)

y = O.5(Y'+y1)

7.5.2 Two-dimensional axisymmetric geometries

In the case of an axisymmetric geometry , the third dimension is

unit angle, 1 rad. The coordinate transformation is performed in one

plane only, ie. between r, z and x 1 , x 2 , while the third coordinate,

the circumferential angle 0 , remains the same. Therefore allowance is

made in the calculation of the areas and volumes which appear in the

discretised equations for the axisymmetric geometry.

Fig. 7.12: Calculation of volume of axisyrtuuietric cells

The volume	 V of a cell surrounding a typical node P (Fig. 7.12)

is defined by rotating area 6A for unit angle around the symmetry axis

z (where area óA is bounded by straight lines), and is given by:

6V	 -1(z	 ne)(rsserne) + cne	 )(r+rnernw) +61 se

( 7 w_Z sw)(ws 4 iwsw) + ( z , zse)( r + r+i rse )] (7.19)

The area of a particular cell face is equal to its projection in the
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cross-sectional plane (which is a straight line, eg. ne,se for e-cell

face) times the mean radius in that cell face. The distances of near-

wall nodes from the wall are calculated in the same way as for planar

geometry, and so are the interpolation factors. The coordinate frames

can be arranged so that z coincides with the Cartesian coordinate y1

in this case r is the same as y 2 in the planar case (see Fig. 7.12).

This makes computer programming easier, and the same code can be used

for both planar and axisynimetric two-dimensional problems.

7.5.3 Three-dimensional problems

To calculate the volume of an arbitrary three-dimensional cell, boun-

ded by six surfaces which are in general non-planar, it is necessary to

make certain approximations. Here the method suggested by Kordulla and

Vinokur (1983) will be used.

A

Fig. 7 • 13: A typical three-dinnsiona1 canp.itational cell

A typical three-dimensional computational cell, as shown in figure

7.13, is enclosed by six surfaces, each being defined by four cell ver-

tices, which in general do not lie in the same plane, but are connected

by straight lines. For computational purposes, each of these surfaces can

be approximated by two planar triangles, which are arranged such that the

surface diagonals on opposite sides of the cell connect corresponding

vertices (and are therefore parallel in transformed space). This ensures
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that each surface is uniquely defined for the neighbouring cells it di-

vides, and in the end that the volumes of all cells, when summed, give

exactly the total volume of solution domain (le., there is no overlap-

ping of neighbouring cells). One more diagonal joining two opposite cor-

ners of computational cell (eg. A-H in figure 7.13) enables division

of the cell into six tetrahedra, bounded by planar surfaces. Their vol-

umes can easily be calculated when the coordinates of the vertices are

known. These six tetrahedra, obtained by decomposing the cell of Fig.7.13,

are shown in figure 7.14:

Fig. 7.14: Control vo1un fran Fig. 7.13 decanosed into six tetrah3ra

Now, the total volume of the cell can be expressed, in vector form, as:

-* -	 -+ -^ 	-^ -	 - .-*	 -* -+ -

tSV =*[(AxA) ^ (ACxAD) + (AGxAC) + (ABXAF) + (AF'XAE) + (AExAG)].AH

(7.20)
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In terms of the coordinates of cell vertices, the components of the above

are given by:

(xj)	 = [(y2_y2)(y3_y3) -	 +

- (yl_yl)(y3_y3)](y2...y2) +
HA

- ( y -3:	 (7.21)

where, eg. vector Aii is defined as (-y)T1 + (y-)+ (y3_y)i3

To calculate the distance of a near-wall node from a boundary, the

same approach as employed in two-dimensional case can be used. However,

since the boundary surface is in general non-planar, the direction of the

normal vector varies from point to point. Since, however, for any grid

of reasonable finess, the variation in direction over a cell face will

not be large, a mean normal direction can be taken as that of the vector

product of two cell-face diagonal vectors	 and	 which connect oppo-

site vertices on boundary cell face, as shown in Fig. 7.15 , thus

The unit normal vector is then	 =j_ and the distance on can be
found as the scalar product of a vector connecting the boundary node B

-3-	 ^and its near-boundary neighbour P , BP , and the unit normal vector n

thus:

In terms of the nodal coordinates the above becomes:

On = ( xP-xB ) nl + (y_y)n2 + (z_z8 )n3	(7.24)

where the coordinates of nodes B and P are obtained from the vertex

coordinates by linear interpolation, eg.:

y = 3 = 0•25	 bne	
+y	 )

=	 O.25(	 +y	 +y	+yi)	 (7.25)

= O.5(y-1-y)
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Fig. 7.15: Distance between node P and the boundary

and the n.1 , n2 and n3 are Cartesian components of the unit vectors

• The area of a boundary cell face	 is equal to the half of NI

and in terms of vertex coordinates can be calculated as (see Fig. 7.15):

= --INl 
= 1	

)2^(6y2 )2+(o )2 =

sw	 'nw3se	 nwse	 +

[Y'b 1se 'ne	 sw	 -	 ne	 sw	 nw "se ] 
2 +

[ ne	 sw X3'nw	 se	 -	 sw	 3nw	
2}]12	 (7.26)

The Cartesian components of 	 can now be conveniently expressed as:

n.=
26A5
	 (7.27)

where	 are calculated from vertex coordinates as shown in Eq. (7.26).

The distances between the two opposite cell face centres, needed for

the calculation of interpolation factors f1 (see Eq. (4.3)), are now

calculated as, eg.:
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ôx = /(yy1 )2+(9_y2)2+( _y3 )2
P	 t b	 t b	 t b

(7.28)

The coordinates of cell face centres are calculated as in Eq. (7.25).

Similar expressions follow for	 and óx

Thus, all geometrical quantities which feature in the discretised

transport equations have been defined.

7.6 Closure

In this section four desirable grid properties were identified as:

orthogonality, uniformity of spacing, smoothness and alignment with stream-

lines. The three last named properties most affect the accuracy of nume-

rical solutions; fortunately, they are not conflicting and usually can

be satisfied to much higher degree by sacrificing the first one, ortho-

gonality. However, as will be shown in the next chapter, non-orthogonali-

ty of grid lines mainly slows down convergence, and does not introduce

significant inaccuracies, which justifies giving higher priority to the

other three properties.

The numerical grid generation method employed in solving fluid flow

problems should allow control over the above-named grid properties. How-

ever, general methods capable of creating grids for any situation would

have to be very complex. In many applications, like those considered la-

ter in this study, the two simple grid generation practices described

here, which belong to a family of transfinite mapping methods, give sa-

tisfactory results and are very simple to use and cost effective, and yet

allow good control over grid properties.

The calculation of quantities related to grid geometry in the pre-

sent solution method is independent of the way in which coordinates of

the cell vertices are generated: indeed they may even be generated by

hand. The volumes and areas of the cells are calculated in the way which

ensures conservation of space, ie. the sum of all cell volumes gives

exactly the total volume of computational domain, which is important for

assuring true conservation of transported quantities. All these calcula-

tions are described in a general, vector approach, thus making program-

ming simple and easy to follow.

In the next chapter the present method will first be assessed on some

test problems for which solutions are known, before applying it to complex

flows, which will be reported in Chapter 9.
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CHAPTER 8

ASSESSMENT OF THE SOLUTION METHOD

8.1 Introduction

The numerical solution method described in previous chapters has

been embodied in two computer programs: for two-dimensional (plane or

axisyrnmetric) and general three-dimensional problems respectively. Before

applying them to complex flows, a series of test calculations on model

problems has been performed in order to assess the performance of the me-

thod and influence of various factors. The problems selected are ones for

which either analytic solutions, or well established experimental or nu-

merical results exist.

First, in section 2, the performance of the selected differencing

schemes and the newly-developed flux blending method are examined.

In section 3 the effects of certain important grid properties, name-

ly the non-orthogonality and non-smoothness of grid lines, on the accura-

cy and stability of the present method are investigated.

In section 4 effects of under-relaxation of velocity components and

pressure on the stability and rate of convergence of the solution method

are analysed. Attention is also paid to combined effects of grid non-or-

thogonality and under-relaxation factors on convergence.

Finally, in section 5 closing remarks are given.

8.2 Differencing Schemes and Flux Blending Method

The assessment of the three differencing schemes for convection

terms selected earlier is here performed by considering several one- and

two-dimensional model problems for which exact solutions are known. In

all cases the transport of a scalar quantity 4 in a given flow field

is considered. The flux blending method presented earlier in Chapter 4

is applied whenever boundedness problems occur. These tests, and the con-

clusions derived from them, are described below.

One-dimensional test problem

This problem involves the one-dimensional transport of a scalar

quantity 4 (eg. temperature), with the inlet boundary value prescribed

and a constant source one cell wide, located seven cells downstream from
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inlet. Figure 8.1 presents the profile of 4) predicted using the UDS,

LUDS and QUDS, for three grid Peclet numbers, namely 2, 5 and 	 . Because

of the sudden rise in 4) due to source, the QUDS produces substantial

undershoot and oscillations immediatly upstream of the source location
8

for all Peclet numbers greater than - (see Eq. (4.16) in section 4.3.4).

yl
	

yl

yl

Fig. 8.1: One-dimensional transxrt of 4) with constant source

This is due to the fact that the QUDS employs downstream nodes in evalua-

ting the convected 4) value, and thus violates the transportiveness

requirement. On the other hand, the LUDS produces always a monotonic solu-

tion, although it too has negative coefficients: however, these occur on-

ly for upstream nodes, because the scheme is fully transportive. The UDS

produces, for Pe=o , the exact solution shifted upstream half a cell.

When the flux blending method is applied to the QUDS, it results in

the UDS being used in the affected region, as discussed earlier in Chap-

ter 4.
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Fig. 8.2: Test problems with uniform velocity field

Two-dimensional test problems

One frequently used (eg. by Raithby, 1976; Lillington, 1981; Leschzi-

ner, 1980; Lay, 1982) test case involves the convective transport of a

scalar profile in a uniform velocity field, with the flow direction in -

clined at an angle 0 to the Cartesian grid lines, as shown in Fig. 8.2.

Of particular interest are the effects it reveals about the "numerical

diffusion" introduced by the differencing schemes (ie. smearing of steep

gradients normal to the flow direction), as well as any unboundedness

problem that may arise. ACartesian grid consisting of 20x20 control

volumes (CV) was used here, with uniform spacing in both directions. Cal-

culations were performed first for the step profile shown in Fig. 8.2 (a),

at Pe=a and five inclination angles defined by the ratio* u21u1

0.2, 0.4, 0.6, 0.8 and 1.0 (the corresponding angles 0 are 11.3°,

21.8°, 31°, 38.6° and 45°). In Fig. 8.3 (a)-(e)	 the 4 profiles

produced by the LUDS and BLUDS (Bounded LUDS) schemes along the vertical

centerline of the solution domain are shown and compared with the exact

result (which is in all cases the initial step profile). As can be seen

from these figures, the LUDS produces overshoots at all flow angles, and

as 0 increases, undershoots also appear. These extrema are about 8%

of the step hight, several cells wide and spread, on both sides, all

* For U2 ! U] 0, ie. when streamlines and grid lines are aligned, all three schemes

yield the exact solution.
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y2
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Fig. 8.3: Transport of a step profile in 4) , in uniform two-diunsional flow
field: vertical centerline profiles, LUDS and BLUDS predictions, Pe

along the step.

The BLUDS results obtained using the new blending technique are free

from both overshoots and undershoots, while the step resolution of the

LUDS is retained (the change in profile steepness, apparent at lower an-

gles, is due to the conservativeness, of- the blended scheme, as the inte-
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y2

Fig. 8.4: Transport of a step profile of 4) in r iform two-dimensional flow field:
vertical centerline profiles, QUDS and BQUDS predictions, Pe

grals under both curves - LUDS and BLUDS - should be the same). This is

a very important feature of the blending technique, as it shows that the

amount of UDS blended in is just sufficient to remove non-physical oscil-

lations, while as much of the LUDS (the "U-scheme" here) as possible is

retained.
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Solutions of the same problem obtained using QUDS and BQUDS (Boun-

ded QUDS) are shown in figure 8.4. Contrary to LUDS, the QUDS always pro-

duces undershoots, while overshoots appear at larger angles of flow in-

clination. The undershoots are of a larger magnitude at lower angles, and

amount up to 12% of the step hight. The efficiency of blending technique

in again removing them without destroying the profile resolution is ob-

vious.

It should be noted here that the use of the boundedness criteria gi-

ven by Eq. (4.37) would not remove undershoots spread along the step, for

the solution is still monotonic in one coordinate direction at each node.

Fig. 8.5 shows results for the transport of a Causian-like inlet profile

on the same grid, with Pe= and u 2 1u 1=O.5 (0=26.5°). Both the QUDS and
LUDS produce undershoots along either side of the profile, but neither

overshoots the exact peak value. The blending technique, in both cases,

removes these undershoots, but it does not "clip" the peak of profile

because it is able to recognize that it does not represent a numerical

overshoot.

.20

	 a)	 -	 b)

a exact	 o exact
.00
	

LtJDS
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0 00
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0.00,
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Fig. 8 • 5:	 ansport of a Gaussian-like profile of 4) in uniform two-dinensional
flow field: vertical centerline profiles, u 2/u 1=0.5

The third test case, which involves both a variable velocity field and inclination

of streamlines to grid lines is the convective transport of a scalar

profile in an inviscid stagnation flow field, given by u 1=y 1 and u2=-y2.

Three different scalar profiles were prescribed on the inlet boundary, as

shown in insets (a) - (c) in Fig. 8.6 , and the resulting profiles at

the exit plane are compared with the exact values.

Figure 8.7 shows results obtained with the LUDS and BLUDS with in-
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Fig. 8.7: Transport of a scalar profile in stagnation flow field: exit profiles,
LUDS and BLUDS solutions

let profiles (a) and (b). Again, only the numericaly generated peaks (over-

shoots and undershoots) are removed by the BLUDS, whereas the "real" peaks

are left as with the LUDS, since they were not out of bounds.

Also shown in Fig. 8.7(b) is the result obtained by requiring a mo-

notonic solution in both coordinate directions, which is equivalent to

Zalesak's (1979) proposal for a variant of FCT. The undershoots are evi-

dently efficiently removed, but the peak (which does not with the present

"U-scheme", LUDS, overshoot the exact value) is also clipped-off and roun-
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ded, giving about a 6.5% lower peak value than LUDS alone. While these

results are still much better than those of the UDS (not shown), they

are inferior to the results obtained using the new bounding method.

Figure 8.8 shows results for the same problems obtained with the

QUDS and BQUDS. The profiles of QUDS are closer to the exact ones than

those of LUDS, but they also exhibit overshoots or undershoots at the

peaks. Here, they are recognized as such by the bounding method, and re-

moved in the BQUDS solution, together with the oscillations on both sides

of the peaks. Otherwise, the profile shape is the same as that of QUDS

solution, le. the accuracy of profile resolution has not deteriorated

when blending is applied.

.23

0	 0.20	 0.30	 00	 0.50	 0.60	 0.30	 0.30	 0.90	 lOt

Fig. 8.8: Transport of scalar profile in stagnation flow field: exit profiles,
QUDS and BQUDS solutions
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Fig. 8.9 shows results for the convection of a square wave (profile

(c) of Fig. 8.6) in the inviscid stagnation flow field, on the same

20x20 CV grid, at Pe=co. Both the LUDS and QUDS overshoot the peak and

produce undershoots on both sides of wave at the exit of the calculation

domain. These are again efficiently removed by the bounding method; the

peaks are reduced just to the correct value, and not clipped further, as

would happen with the alternative way of determining bounds mentioned ear-

lier.	 -

In Fig. 8.10 comparisons are made between the UDS, BLUDS and BQUDS

solutions for two cases: one is a uniform flow field and a step inlet pro-

file, with u 2 /u1 =0.4 , and the other is square wave transport in an in-

viscid stagnation flow field. It is obvious from these diagrams that both

bounded higher-order schemes give much better results than the UDS. The

difference between the BLUDS and BQUDS results is much smaller than the

difference between either of them and UDS. The BQUDS is marginally the

most accurate, which is expected, since it employes interpolation of one

order higher than the LUDS.

Some surface plots of the solution fields and their projection onto

a surface normal to the computational plane are shown in Fig. 8.11 . They

offer better insight into the problem of unboundedness than do profiles

at one cross-section only. The unbounded solution by QUDS (plot (b)) looks

rather unrealistic; the smooth, properly bounded solution of BQUDS (c)

represents a much better approximation to the exact solution. These plots
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Fig. 8.10: Ccuiparison of UDS, BLUDS and BQUDS results
a) step profile transport, result on vertical centerline

b) square wave transport in stagnation fl field, exit profiles
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Fig. 8 • 11: Transport of a square wave in stagnation flow field
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also show that the LUDS (a) is less oscillatory than the QUDS.

Discussion

From the above results the following conclusions can be drawn:

(1) The UDS offers good accuracy if the streamlines and one set

of grid lines are aligned, but suffers from excessive flume-

rical diffusion when the flow is oblique to the grid lines

and steep gradients across the flow are present.

(ii) The LUDS is less affected by numerical diffusion than the

UDS, but it is prone to produce overshoots or undershoots

when high second derivatives in 4) are present across the

flow.

(iii) The QUDS is also far less affected by numerical diffusion

than the UDS, and slightly less than the LUDS. However, it

is prone to produce overshoots or undershoots whenever strong

second derivatives exist in 	 direction, due to the fact

that it is not fully transportive. It also requires more com-

putational effort to obtain solution, because of the unfa-

vourable structure of its coefficient matrix.

(iv) The new flux blending method is successful in removing flume-

rical oscillations from the LUDS and QUDS solutions, while

retaining their accuracy. This is, however, guaranteed only

for linear problems and when sources are prescribed, as was

the case in problems considered here. Also it requires that

the higher-order scheme solution be obtained first; hence

the computational effort needed to obtain bounded solution

exceeds that for component schemes alone*

8.3 Grid Effects

The desired grid properties have been described in the previous

chapter. The effect of grid and flow alignment is obvious. Here the at-

tention will be focussed on two other important grid properties, namely

non-orthogonality and smoothness.

* H much itore effort is needed to obtain the bounded solution depends on the proçortion
of the solution donain affected by nunrical oscillations. In the cases ounsidered above
(which were extren ones with steep gradients and Pe= ) the ratio of total work for
the bounded calculation to that of higher-order schene alone was in the range 2 to 6
(higher values for BQUDS).
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8.3.1 Non-orthogonality of grid lines

The effects of grid non-orthogonality were first studied on inviscid

flows. Since in such cases the viscosity is zero, only convection and

pressure terms feature in momentum equations: thus the influence of these

terms on non-orthogonal grids can be examined in isolation.

First flow in a straight channel was considered, in which both pres-

sure and velocity fields are uniform. Various grids and initial field va-

lues were used, for both two- and three-dimensional cases. The angle

between x' and	 grid lines was varied in the range 4S°<O<l35°

and linear, "zigzag" and random initial pressure distributions were im-

posed. The solution process was always stable and converged to the exact

solution (to within prescribed convergence tolerance) in all cases. The

effect of grid non-othogonality was to increase the number of iterations

needed to reach converged solution by up to 100% for 	 , as com-

pared to	 =90°. This is due to the omission of the p' cross-derivatives

in the process of deriving the approximate pressure-correction equation.

However, these tests have shown that the presence of more than one pres-

sure gradient in the momentum equations, and omission of p' cross-deri-

vatives in flux corrections, does not affect the stability of the present

solution method, at least for the range of grids considered.

Next laminar flows between parallel plates and in a circular pipe

were considered. These belong to a small number of flowsfor which analytic

solutions exist (see eg. Schlichting, 1979).

Fig. 8.12: Grid used for prediction of flows between parallel plates and in a pipe
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Grids consisting of 20x10 control volumes (CV), covering region

of 50L in the flow direction and the half width (because of symmetry,

see Fig. 8.12), were used to predict these flows at a Reynolds number

(Re=Q4JL., where U is the mean velocity) of 100 , for different angles

between the grid lines (45°< 012<135°). Uniform velocity profiles at in-

let and zero axial gradient at outlet were prescribed, with the initial

interior values set to: u 1 =U , u =0 , p=O . Both the predisted velo-

city profiles (see Fig. 8.13 and 8.14) and pressure drops in the fully

developed region were in very good agreement with analytic solution. The

number of iterations was again increased as 012 departed from 90°

being up to three times higher at 
012=	 than at 012 =90 ° . However,

the solution procedure was always stable, and no effect of grid non-ortho-

gonality on accuracy was observed. No detrimental effects attributable to

the extra terms in the axi-symmetric case (see Appendix) were observed

on non-orthogonal grids.
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Fig. 8.13: Cai-iparison of predicted and exact velocity profile in fully developed
region of flow between infinite parallel plates at Re100
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The parallel plate and circular pipe cases were also predicted for

the turbulent regime, in order to assess the effect of grid non-orthogo-

nality* when the additional scalar equations for k and	 are solved.

The computational grids used were the same as in laminar cases, with uni-

form inlet profiles prescribed:

= U , kin = Lii2

Here I. is the turbulent intensity, taken to be 5%

For these cases no increase in the number of iterations nor any in-

stability was observed with non-orthogonal grids: on the contrary, the

numbers of iterations required were found to be lower than for laminar

ones. This could be explained as the result of more pronounced dominance

of convection, as the cell Peclet numbers were higher than those of the

laminar case. However, the iteration ratios remained about the same. Again,

no difference was observed between the solutions obtained on the various

non-orthogonal grids and the orthogonal one, to within the convergence

tolerance.

The velocity profile obtained in the fully developed regime between

parallel plates** is shown in Fig. 8.15(a) and compared there with the

numerical solution of Demirdi! (1982). Figure 8.15(b) shows a similar

comparison of the fully developed profile of k normalized with u.

where u =	, and Tw is the wall shear stress. The agreement in both

cases can be said to be satisfactory for the grids used (20x10 CV in

the present case, and lOx 10 CV in Demirdi, 1982).

The fully developed velocity profile for turbulent pipe flow is shown

in Fig. 8.16 , where it is compared with the experimental data of FlUgge

(1982). Good agreement can be seen everywhere but near the wall: however,

in this region experimental uncertainity was rather high (about 15%, ac-

cording to FlUgge, 1982), and in this light the present results can be

* These flows belong to a small group which can be predicted by using either orthogonal
or non-orthogonal grids; other problems whiáh might be nre representative of the
range for which the present nethcxl is designed usually do not allow this freedon.

** The same results were obtained by three-dimensional canp.iter onde, taking the t
side undaries to be synunetry planes.
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Fig. 8.17: Caitutationa1 grids used in predictions of inviscid stagnation flow

taken as quite satisfactory. Also the pressure drop coefficient obtained

from the numerical results was within 1% of the value obtained from

Moody's diagram for the same Re and smooth pipes. Thus no adverse ef-

fects of grid non-orthogonality, other than slower convergence, were en-

countered in these calculations.

8.3.2 Smoothness of grid lines

The possibility of an influence of the "smoothness" of the grid

lines on the solution process was outlined in the previous chapter. These

effects will now be demonstrated. Inviscid stagnation flow has been cho-

sen as the most suitable test case, since itpossesses an analytic solution

(which is u1 =y 1 , u2=-	 , p=p0_.-P[(u1)2+(u2)] , where p0 is the

pressure at stagnation point), and allows various grids to be used. Fi-

gure 8.17 shows the three types of grid here considered: uniform Carte-

sian (diagram (a)), polar (b) and an arbitrary grid (c), generated by

hand. The accuracy of the numerical solution is assessed by evaluating

at each node errors

=	 (%)
	

(8.1)
ref

where 4	 is the numerically calculated value,	 e is the exact value,

and ref is a reference value, taken to be Uref L , or Pref = P0

Table 8.1 shows maximum values of the errors in the u 1 , u2 , p and Pt
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predicted fields: here Pt S the total pressure, which should be con-

stant and equal to p0 . The results are for 10 x 10 CV grids (as shown

in Fig. 8.17), and for cases (a) and (b) also for 20x20 CV grids.

Grid
"a", lOxlO CV "b", lOxlO CV "C", lOxlO CV "a", 20x20 CV "b", 20x20 CV

IEu1 I	 3.15%	 4.79%	 2.77%	 1.19%	 3.64%I	 hx

I 2.19%	 3.76%	 4.81%	 0.93%	 2.54%

I EXX	 5.99%	 8.61%	 5.64%	 3.17%	 4.76%

IPt

	

E lir.	 5.55%	 8.96%	 5.09%	 3.09%	 6.14%

No. of iter.	 15	 25	 17	 21	 43

Table 8.1: Maximum errors in predictions of inviscid stagnation flow

The Cartesian grid calculations revealed that Eul and Eu2 are on-

ly significant at the cells adjacent to boundaries. The reason is that

with the non-staggered variable arrang1ient knowledge of the pressure on

the boundaries is required in order to evaluate pressure gradients for

adjacent cells, and the boundary pressures were obtained here by linear

extrapolation from interior nodes. In cases like the present one where

the pressure variation is highly non-linear this procedure introduces er-

rors. When grid was refined by halving the cell size, these errors were

also halved. The maximum errors on both grids occured in the corner cell

adjacent to the stagnation point, where two boundaries meet.

In case of the irregular grid (c) the average Eul and E'2 were

higher than on Cartesian grid (a), and they are nre evenly spread, although

still the IE'	 are situated near the stagnation point. The larger

E's are due to interpolation errors in the calculation of cross-deriva-

tive pressure terms; these result from the non-smoothness of the grid

lines, rather than non-orthogonality (these effects were not present in

the channel and pipe flow predictions because both sets of grid lines

were always specified to be straight and parallel). However, the increase

in E was not large (under 1%), and only IE"2 l 	 was larger than the

Cartesian grid level.
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Grid (b) was designed to give better insight into the effect of non-

smoothness. In many practical situations, as will be shown in the next

chapter, the boundaries of solution domain exhibit discontinuities (cor-

ners), in which case the adjacent grid lines have to change direction sud-

denly. This has been simulated in grid (b), where x 1 grid lines sharply

change their direction, from vertical to horizontal, at the diagonal of

solution domain, thus producing a rather extreme case.

As evident in table 8.1 , the errors E were larger on grid (b)

than in the two previous cases. This is partly due to the non-optimal di-

stribution of grid lines (a coarser grid is produced along the y1 =O and

y 2 0 boundary lines) but more significantly to the sudden change in

their direction at the diagonal. The latter is influential because the

linear interpolation along coordinate lines used to calculate the pres-

sure at the cell faces is inadequate for cells along the diagonal; for

in this particularly extreme case, the contours of constant pressure are

circles with centre at stagnation point, while the "centre" of streamline

curvature and the grid pole are situated diagonally opposite. For example,

for location "e" shown in Fig. 8.18 , linear interpolation along the x-

line gives:

Pe = 0•5(PEPP)	 (8.2)

Since in the exact solution	 is equal to p, , this interpolated va-

lue for Pe actually corresponds to the value at location e' , as shown

Fig. 8.18: Interrolation at the diagonal for grid (b)
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in Fig. 8.18 . Thus, significant pressure errors are produced at cells

along the diagonal, which leads to the forementioned increase in the

as compared to those for Cartesian grid (up to two times larger EI
according to table 8.1). Halving the cell spacing reduced the maximum er-

rors by a third. In Fig. 8.19 (a,b) the profiles of the u 1 and u2 ve-

locity components along the two centerlines of the solution domain, pre-

dicted with the aforementioned grids, are shown and compared with the

exact solution. Appreciable discrepancies can be seen only for grid (b),

and they are largest near boundaries for the same reasons as before. How-

ever, no obvious effect of the discontinuity of grid (b) can be seen in

the velocity profiles.

Figure 8.20 showns a 22x20 CV grid similar to 8.17 (b) , and cor-

responding plots of the predicted streamlines and isobars. The effect of

the discontinuity is obvious only in the pressure contours, where it is

manifested as kinks in otherwise smooth curves. Results obtained on a si-

milar but smoothed 	 grid (using technique described in section 3	 of

the previous chapter) are also presented in Fig. 8.20. The interpolation

errors, although not eliminated, are significantly smaller on this grid,

as can be seen from the pressure contours.

These test calculations show that the accuracy of numerical solu-

tions is affected by non-smoothness of the grid lines (which, it should

be noted, is not a shortcoming of the present method in general, but a

7.

Fig. 8.19: Profiles of U 1 and U 2 velocity canponerits along two centerlines of
solution danain for iriviscid stagnation flow problem
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consequence of interpolation practices currently employed). The effect is,

however, of limited extent, tends to be apparent only in the pressure

field and can be brought to within acceptable limits by simple actions

like local grid refinement and smoothing. 	 This conclusion will be sup-

ported by practical applications to some complex flows to be presented in

the next chapter.

8.4 Effects of Under-Relaxation

In section 5 of Chapter 6 an optimal relation between the under-re-

laxation factors for velocity and pressure was derived of fairly general

validity.

In this section the influence of c&1	and	 on the rate of con-

vergence is studied on two laminar flow problems, which are schematically

presented in Fig. 8.21 and 8.22 , together with the boundary conditions

employed. The first is flow in a plane channel with a sudden expansion,

and the second flow in a cavity with moving lid. The two side walls of

cavity can be inclined, and here three angles 012 were considered:

012 =90° (the square cavity), 60° and 45° . First results obtained on

orthogonal grids will be discussed.

Fig. 8.21: channel with sudden	 Fig. 8.22: Cavity with nving lid
expansion
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Figures 8.23 and 8.24 show the dependence on a and a of the

number of iterations required to obtain converged solutions for channel

and square cavity flows. In all cases the criterion for convergence of

the pressure-correction equation was X=O.3* , while the residual sums

in continuity and momentum equations were normalized with respect to uH

and uH respectively, and	 =11O3was employed (see section 7 of Chap-

ter 6). These diagrams show that the rate of convergence is primarily de-

termined by the value of a: the closer to unity it is, the fewer the

number of required iterations. This trend holds up to a certain limiting

value, which is problem-dependent, after which it reverses, as Fig. 8.23

(b) and 8.24 (b) show. For given a , a range of	 values can be used

without affecting the convergence rate. This "band" of suitable avalues

extends for an 's not too close to the aforementioned limiting value on

both sides of the value given by Eq. (6.15), ie.	 = 1 - a9 , and becomes

narrower as cz increases.

* It should be noted that this tolerance is necessary to ensure that the corrected mass
fluxes reasonably satisfy continuity. Higher A would necessitate use of lower va-
lues of for stability reasons, while tighter tolerance usually does not result
in inprovenent of the overall convergence rate (Van Doorrnaal and P.aithby, 1984).
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From Fig. 8.23 and 8.24 it is also evident that the optimum set of

under-relaxation factors a	 and	 which provides fastest convergence,

is problem dependent: for the channel case the set a=O.85 , a=O.l5

is best, while for square cavity it is 	 =0.95 , a=O.l . However, it

appears that the values of aO.8 and czO.2 offer good convergence

and are relatively safe. Most of calculations to be presented in the next

chapter were performed with this set.

Figure 8.25 shows the dependence of number of iterations to conver-

gence on	 and	 for prediction of flows in cavities with inclined walls.

It is evident that the number of iterations for 	 <0.8 is lower for the

inclined case (and thus more non-orthogonal grid) than for the square one.

This seems contradictory to earlier claims that grid non-orthogonality

slows down the rate of convergence. The explanation lies in the fact that

flows in inclined cavities are physically different from that in a square

cavity, as will be shown later, so that direct comparisons in this re-

spect are inappropriate.
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Another important fact to note in Fig. 8.25 isthat the width of

the "band" of ci,- values which can be used with given a 	 becomes nar-

rower as the non-orthogonality of grid increases. One consequence is that for

012 =60° the	 values given by Eq. (6.15) are on the edge of the band,

while for 012=45° they are outside it. The optimum values are lower

than for the square cavity, and for larger ct the range of permissible

is not wide.

The reasons for the above effects are: (i) the cross-derivative terms

are treated explicitly in the momentum equations, and thus they do not

feature in corrector stage of SIMPLE algorithm, making the corrections

far more approximate, and (ii) the cross-derivatives in the pressure-cor-

rection equation are omitted in the present method.

The trends observed suggest that for grids with 0	 less than 60°

lower values of ct should be chosen, and 	 should besetsmaller than

the value suggested by relation (6.15).
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Fig. 8.26: Profiles of U 1 and U2 along two centerlines of square cavity with
iToving lid

In Fig. 8.26 the predicted profiles of u 1 and u2 along the two

centerlines of square cavity using the UDS and LUDS are shown and com-

pared with the results of Chia et al (1982). The good agreement between

all three sets of data suggests that grid-independent solutions were

achieved.

For interest's sake in Fig. 8.27 the predicted flow field in cavi-

ties with 012 =90° , 0 12 =63.4° and 012 =116.5° are compared. While in

the square cavity two bottom corner vortices are present, in cavities

with inclined walls only the "sharp corner" vortex persists, while the

other one is suppressed. No other predictions of flow in cavities with

inclined walls seem to have been published.
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8.5 Closure

From the test calculations presented in this chapter the following

conclusions can be drawn:

(1) Both the LUDS and QUDS are substantially less numerically diffusive

than the UDS; however, both higher-order schemes suffer from nume-

rical oscillations under certain conditions and hence can produce

unrealistic solutions. The LUDS is less oscillatory and converges

faster with the solver employed here than the QUDS.

(ii) The new flux blending technique is successful in overcoming un-

boundedness of higher-order schemes, while retaining their high ac-

curacy in unaffected regions. This is, however, only guaranteed for

linear problems and where the source field is prescribed, ie. inde-

pendent of 4)

(iii) Non-orthogonality of grid lines and the consequent presence of cross-

derivative terms in the equations does not, alone, introduce addi-

tional inaccuracies: however, other grid features may do so, as no-

ted below.

(iv) Explicit treatment of cross-derivative terms in momentum and scalar

equations, and omission of such terms in pressure-correction equa-

tion, does not cause stability problems provided that the non-or-

thogonality is not too severe (45°<O'z135°) and proper under-re-

laxation parameters are employed. It may, however, slow down the

rate of convergence.

(v) Sudden changes in grid direction do lower the accuracy of the

present method, due it is believed to the inadequacy of linear in-

terpolation along the grid lines in such cases. The effect is, how-

ever, of limited extent and can be reduced to acceptable levels by

the simple interventions described in previous chapter.

(vi) The optimum relation c=l- a between the under-relaxation factors

for pressure and velocities derived earlier is, in the present me-

thod, valid for orthogonal and moderately non-orthogonal grids.

(vii) The optimum set of a 	 and	 is problem dependent, but in most

cases where the above relation is valid, the set ct1=O.8 , c=O.2

will be safe and give significantly (up to four times) faster con-

vergence than when the "conventional" set (c=O.5 , a=O.8) found

in the literature (eg. Patankar, 1980,1981) is used.
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(viii) In cases of substantial grid non-orthogonality, the optimum set in-

volves a lower value of a than would apply for the orthogonal

case, and a lower value of a than that suggested by the above

relation. These reductions are believed to be necessitated by the

explicit treatment of cross-derivatives.

The above conclusions will be supported by the results of applica-

tions of the method to complex flows which will be presented in the next

chapter.
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CHAPTER 9

APPLICATIONS OF THE METHOD

9.1 Introduction

In this chapter the present method is applied to some complex lami-

nar and turbulent flows, and the results are discussed and compared with

experimental data where available. These discussions focus on the assess-

ment of the present numerical solution method, rather than the detailed

study of the particular flows. Also, in view of the large number of ap-

plications considered here the discussions are deliberately kept short

and concise.

First, in section 2, applications of the method to two-dimensional,

plane or axisymmetric flows are presented. These include: laminar flow

in a circular pipe with sudden contraction, laminar and turbulent cross-

f low in staggered tube banks and turbulent flow around a bluff body con-

fined in a circular pipe.

Next, in section 3, applications to three-dimensional flows are pre-

sented. These include: laminar and turbulent flow in a S-shaped diffuser,

and turbulent flow in a C-shaped diffuser.

In section 4 some results of applications to more complex flows, for

which no experimental data or other numerical results have been found,

are presented.. They demonstrate the range of possible applications of the

present solution method.

Finally, in section 5 some closing remarks are given.

9.2	 Applications to Two-Dimensional Flows

9.2.1 Laminar flow in a circular pipe with sudden contraction

Here the present method is used to predict laminar flow in a circu-

lar pipe with sudden contraction of its cross-sectional area. This type

of flow has been studied, both numerically and experimentally, by many

researchers;. a survey can be found in Durst and Loy (1985).

Although standard numerical techniques which employ rectangular

grids can be used to predict this type of flow, as done by Durst and Loy

(1985), this approach has the disadvantage that the number of computa-

tional cells across the pipe after contraction is significantly lower
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than before it, and the proportion decreases as the contraction ratio in-

creases. Also, since to achieve sufficient resolution a very fine grid

near the wall of the smaller diameter pipe is needed, an excessive fine

grid results in a larger pipe in a region where it is 	 required. The

foregoing deficiencies can be avoided if a boundary fitted grid of the

form shown in Fig. 9.2 (a) is used, as in the present study. This grid,

which was generated using the Practice 2 described in section 3 of Chap-

ter 7, is highly non-orthogonal and non-smooth around the contraction

area. In particular, The "north" boundary of the solution domain (ie. the

pipe wall) has two sharp corners, where x 1 grid lines change their di-

rection through 900 . This problem, therefore, represents a very severe

test of the numerical accuracy and stability of the present solution me-

thod.

Results

The case considered here is the same as that which Durst and Loy

(1985) studied both experimentally and numerically, using the TEACH com-

puter code (Gosman and Ideriach, 1976). The upstream and downstream pipes

have diameters D=19.lmm and d=10.2mm respectively: the contraction ra-

tio D/d is thus nearly 2 . The experimental data will be used here to

assess the accuracy of numerical solutions.

The measurements were performed for four Reynolds numbers (defined

with respect to the mean velocity in, and diameter of, the upstream tube),

ReD .23 , 196, 372 and 968 . The results showed that the influence of con-

traction, for this range of Re D , does not extend upstream more than one

diameter D , and that the flow recovers to almost fully developed state

about 1D downstream from the contraction. Based on this information,

the computational grid was constracted such that it covers approximately

1.3D upstream and 1.25D downstream from the contraction (see Fig. 9.1(a)).

The calculations were performed for the three highest Reynolds num-

bers, using two grids (80x30 CV and 80x54 CV) and two differencing

schemes (the LUDS and UDS). The following boundary conditions were im-

posed:

- fully developed flow at inlet;

- standard wall and symmetry boundary conditions;

- zero-gradient in streamwise direction at the exit boundary.

These conditions were imposed in the usual way, as described in section 6

of Chapter 6
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As an indication of the grid dependence of the numerical solutions

obtained, in Fig. 9.1 (b), (c) the dimensions of the downstream recircu-

lation region, predicted using the two grids and the two differencing

schemes, are presented and compared with the measured values. Based on

this evidence, as well as comparison of velocity profiles at various

cross-sections, it was concluded that the LUDS results on the finest grid

were almost grid independent for the two lower ReD (196 and 372), and

nearly so at ReD=96S

To obtain converged solutions on the finest grid typically 200 ite-

rations were needed, using under-relaxation factors a=O.7 and o=0.2
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Various features of the predictions for ReD=968 are presented in

Fig. 9.2 (b)-(f) . The plot (e) of the isobars shows that a very sharp

pressure drop is caused as the flow accelerates around the contraction.

The pressure then rises again inunediatly downstream, until it recovers:

thereafter the pressure starts falling again as in fully developed pipe

flow. This adverse pressure gradient in the entrance region causes sepa-

ration there, which happens, according to the experimental observations,

for all ReD greater than 300 . Separation also occurs in the corner of

the larger pipe, as can be seen in the plot (f) of the streamlines.

Comparison with experimental data

The comparison of predicted and measured dimensions of the down-

stream recirculation zone were made in Fig. 9.1 (b) and (c) . Both length

Lsd1 and width Lsd2 were overpredicted by the LUDS for both Re D (372

and 968). For highest ReD the length Lsd 1 reduced with grid refinement,

suggesting that some numerical "overshoots" may be generated there.

Figure 9.3 shows comparison between the predicted and measured pro-

files of the streamwise velocity component for ReD=l96 at locations up-

stream (z/D=-1.047, -0.157 and -0.039) and downstream (z/d=0.074, 0.147,

0.294 and 1.961) of the contraction, with z measured along the syrnme-

try axis from the contration plane. The agreement is excellent upstream

of contraction, and reasonably good further downstream. However, at the

station z/d=0.074 imrnediatly after contraction there are differences of

up to 8% which, it is believed, may be due in part to measurement errors

or flow asymmetries. The justification for this assertion is that the pre-

dicted profiles satisfy overall continuity at every cross-section, where-

as the measurements at the forementioned station clearly do not, for the

discrepancies are always in the same direction.

Elsewhere the agreement can be said to be quite satisfactory, espe-

cially in the region upstream of contraction, in which computational grid

is highly non-orthogonal and also non-smooth (see Fig. 9.2 (a)).

One of the characteristics of the velocity profiles immediately af -

ter the contraction is the peak near the wall. The experiments suggest

that this occurs at all Re D>12S, and it was clearly visible in predic-

ted profiles at all three ReD considered. The location and magnitude

of this "overshoot" at ReD=l96 are correctly predicted (see Fig. 9.3).

Figure 9.4 shows a comparison of the predicted and measured radial

velocity profiles at Re,=196 , at five cross-sections. This component

becomes significant as the flow approaches the contraction. The profile
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in the upstream section has a peak at about mid-radius whose magnitude

reaches a maximum just upstream of the plane of the contraction. Down-

stream, in the smaller pipe, the shape changes: the maximum is initially

closer to the wall, and it moves towards the symmetry axis as the flow

advances, reducing in magnitude until it eventually vanishes when the

flow reaches its fully developed state again (see also Fig. 9.2 (d)).

The agreement between predicted and measured values is reasonably good,

except immediatly upstream of the contraction, where predictions were

about 30% larger near the peak of profile. The same sort of discrepancies

were reported by Durst and Loy (1985) in their calculations.

Figure 9.5 shows streamwise velocity comparisions for ReD=372

The agreement is in general very good, with the maximum discrepancies of

about 2% near the contraction. The magnitude of the overshoot immediate-

ly downstream of contraction is somewhat smaller than experimental data

show, but its position is correctly predicted.

In figure 9.6 the development of the streamwise velocity component

along the pipe centerline is shown and compared with the experimental da-

ta for the three Reynolds numbers considered. The agreement is good for

the two lower values of ReD . However, for ReD =968 ( Red =l83l in the

smaller pipe) the predictions are consistently higher everywhere. The

shape of profile is, though, well predicted, including the fact that a

small maximum appears about 7mm downstream from contraction. After fal-

ling slightly, the velocity starts growing again gradually; this was seen

on both predicted and measured data.

The accuracy of numerical solutions for R=196 and 372 , where al-

most grid independent solutions were obtained, can be said to be satis-

factory, in the light of their agreement with the experimental data. Di-

rect comparison with the numerical results of Durst and Loy (1985) was

not possible, since they presented predicted profiles for R	 values

for which no tabulated experimental data was given. However, inspection

of their results suggests that the levels of agreement obtained here are

comparable, if not better than theirs.

These results support the previous evidence that the accuracy of the

present numerical solution method is satisfactory even when highly non-

orthogonal and non-smooth grids are employed.
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9.2.2 Laminar cross-flow in banks of staggered tubes

Introduction

Because of the practical inportance of flows across banks of tubes

(which are extensively used in heat exchangers, boilers etc.), a large

number of both experimental and numerical studies of them have been con-

ducted in the past. An extensive survey of this work is given by Antono-

poulos (1979). Due to the complexities and measurement difficulties, ex-

perimental studies were mostly limited to obtaining some mean flow cha-

racteristics of engineering interest, such as pressure drop and heat trans-

fer coefficients, as done by eg. Aachenbach (1969, 1971), ukauskas (1972)

and Neal and Hitchcock (1967). The geometrical complexities also pose

problems for numerical treatment. Some researchers (Launder and Massey,

1978; Fujii et al, 1984) used composite grids, consisting of polar-cylin-

drical arrangements near the tubes, and Cartesian grids in between, with

some overlapping between the two. This approach, however, is cumbersome,

for it requires a special computer code to be developed for this particu-

lar problem, and involves extensive interpolation in the region of grid

overlap, which introduces additional inaccuracies and/or stability prob-

lems. Antonopoulos (1979) used orthogonal-curvilinear grids, which avoid

these drawbacks, in his numerical method which he applied to in-line tube

banks. This approach, however, also has its limitations, in that poor

grid resolution near stagnation points results from the requirement that

the grid lines in a particular coordinate direction cannot intersect (see,

eg., Fig. 1.3), as discussed earlier in Chapter 1 . This region is very

important, and adequate resolution of it is essential for good accuracy.

Therefore, methods which employ non-orthogonal grids offer clear advan-

tages for this application.

In practice, the flow in tube banks is usually turbulent, and often

involves heat transfer as well. However, the study of laminar flows of

this type is of vital importance for testing numerical solution methods,

for it enables the assessment of numerical accuracy isolated from the

inaccuracies introduced by the turbulence model. Recently a detailed ex-

perimental study of laminar flows across staggered tube banks was repor-

ted by Nowshiravani et al (1983). Their results will be used for the as-

sessment of accuracy of the present method.
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Description of problem

When a tube bank consists of many long parallel tubes, and when the

flow across tubes is steady, the velocity fields after certain entrance

region start repeating and the flow becomes "fully developed" (Antonopou-

los, 1979). In such cases the flow can be considered as two-dimensional

away from side walls, and a unit of symmetry can be identified in which

the flow repeats itself, either symmetrically or anti-symmetrically. An

example is shown in figure 9.7 (a). In the case studied experimentally

by Nowshiravani et al (1983) the tube diameter was D=12.7 mm, the trans-

verse pitch PT=15.9 mm, and three different longitudinal pitches PL

were used: 20 mm, 25 mm and 30 mm. For all three geometries measure-

ments were taken in three different flow regimes: one with recirculation

behind the tubes (at about ReD l4O , where Reynolds number ReD is

based on D and the mean velocity in the minimum gap between the tubes

u. ), one without recirculation (at ReD<lS), and one where recirculation

was incipient (at about Re0 45). The experimental flow was intended to

U)
0
	 stagnation

Fig. 9 • 7: Stagger& tube bank getry
a) definition of solution danain
b) definition of anti-syninetrical boundary conditions

be steady, fully developed and two-dimensional, but these conditions were

not completely achieved: in particular some unsteadiness was observed and

the velocity profiles did not display complete periodicity and two-dimen-

sionality. The latter defect, as will be seen below, as 'detected from

measurements made at corresponding locations on either side of the (sup-



210

posed) symmetry planes.

Boundary conditions

Numerical predictions were performed for a typical symmetry unit,

shown in Fig. 9.7 (a). The boundaries of the solution domain coincide

with the tube walls, symmetry planes, and locations where the flow is

assumed to repeat itself. The imposed boundary conditions were:

- at the wall and symmetry boundaries: the standard conditions des-

cribed in section 6 of Chapter 6;

- at the inlet and outlet boundaries: antisymmetric periodicity.

The antisymmetry of inlet/outlet profiles was enforced in an explicit way.

Boundary nodes at the inlet and outlet boundaries were not, as usually,

placed on the boundary lines, but in centers of the imaginary preceding!

following cells, as is schematically shown in Fig. 9.7 (b). To these were,

after each complete iteration cycle, assigned values found in the corre-

sponding cells within the solution domain, observing the anti-symmetry of

the flow. Thus the values at nodes in the corresponding cells of the first

and the last (the "extra" one) row turn out to be identical (to within

convergence tolerance) when converged solution is obtained.

This explicit adjustment of the boundary values was found to slow

down the rate of convergence by factors of two to three times over fixed

inflow calculations, but was retained because of the ease of implementation. The

only input parameter, for a given geometry, is then the mass flow rate

(ie. the Reynolds number). Accuracy tests were first carried out for a

single case (PL=20 mm) with different grids and differencing schemes. The

same grid density was then employed for the remaining geometries (PL .=25 mm

and 30 mm), which entailed inserting more points to account for the lar-

ger flow domain.

Results

The accuracy tests were performed with grids of 41 x 18 CV and

65x30 CV (which were generated using Practice 1 of Chapter 7), and the

LUDS and UDS. Plots of the calculated wall shear stress (one of the most

sensitive quantities), around one half of a tube are presented in Fig.9.8.

There is very little difference (-0.1%) between the two solutions ob-

tained with the LUDS; the same was true for other flow characteristics,

such as the length and width of the recirculation region. The solutions

with the UDS differ slightly more ( up to 2% locally), and that obtained

on the finer grid is closer to the LUDS solutions in every region of the
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flow. This suggests that the results obtained with the LUDS - finer grid

combination are (almost) grid independent. This is due in no small part

to the relatively good alignment of the grid and streamlines in the grea-

ter part of solution domain, as can be seen in Fig. 9.9.

o.

o

0.3

0.2

0.1

0.0

40.0	 50.0	 80.0	 103.3	 120.0	 40.0	 0.2.3	 10:.:
8

Fig. 9.8: Grid dependence test: wall shear stress around half of a tube with diffe-
rent schemes arid grid densities, for PL20 mm, ReD=l4O

Grids of the 72 x 30 CV and 80 x 30 CV were used for PL=25 nun and

PL=30 mm respectively. The solutions typically needed about 500 ite-

rations to converge, using under-relaxation factors c=0.7 and c=0.2

and consumed about 80 seconds on a CRAY 1 S computer. In spite of the

fact that the grids used here have regions where the angle between grid

lines is lower than 450, and the aspect ratios are over 10, no stabi-

lity or convergence problems were encountered.

Field plots of the velocity vectors, profiles of the Cartesian velo-

city components and contours of isobars and streamlines for the PL=2Omm

case at Re0 l4O are shown in Fig. 9.9 (b)-(f). They show clearly where

separation occurs, the size and shape of recirculation region, the high

pressure at the front stagnation point and the large region of almost

constant pressure within the recirculation bubble.

Comparison with experimental data

Figures 9.10 (a)-(c) show comparisons, for the flow with recircula-

tion ( ReD c140), of the predicted and measured profiles at four cross-

sections of the streamwise velocity component u 1 , for three different

longitudinal pitches. Wherever different, the measured values at loca-
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Fig. 9.9: Details of prelicted flow in staggered tube bank at Re 140.
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canponent
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tions on both sides of symmetry planes are shown. Although there are some

discrepancies between the predictions and measurements (notably in the

first two profiles for PL=25 and 30mm), these are no larger than the

discrepancies between the measured values on either side of the symme-

try plane. Both the width and length of the recirculation region are well

predicted for all three pitches. The minimum and maximum values of stream-

wise velocity component u1 are, in general, well predicted, too. Thus

both qualitative and quantitative agreement can be said to be good.

Figure 9.10 (d) shows similar comparisons for a case with PL=25mm

and ReD 4S : similar levels of agreement are obtained. At this Reynolds

number, according to both experiment and predictions, the flow is just

about to separate. The comparisons for the two other pitches at this

and for the smallest Reynolds number, were also favourable.

9.2.3 Turbulent flow across staggered tube banks

Description of problem

In this section calculations are reported of fully-developed turbu-

lent cross-flow in tube banks. These are the counterpart of the laminar

cases examined in the previous section; however, as noted there, there

is a lack of detailed data for turbulent flows.

Two tube bank geometries were considered: one, designated here as

TB1, with the dimensions (corresponding to the notation used in Fig.9.7(a)):

D=152.4nim,PL=177.8mm,PT=203.2rnm, and the other, designated as TB2,

with: D=38.ltnm,PL=52.65rnmand PT=60.8mm. The TB1 case corresponds to

that studied experimentally by Neal and HitchcQck (1967). They measured,

using hot wire anemometry, the velocity and turbulence intensity distri-

bution at a fixed distance from the tube surface (6=5.8mm) in the air

flow at a Reynolds number ReD of 140000. The TB2 case corresponds

to the geometry of tube bank being currently studied by Halim and Turner

(1985) and Bruunand Khan (1985). Unfortunately, no results of these ex-

periments were available for compax5sons at the time of writing.

Computational results - TB1

The boundary conditions in this case are the same as those discussed

in the previous section, with the difference that the flow is now turbu-

lent and wall functions are employed in the treatment of wall boundaries,

as explained in section 6 of Chapter 6.
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Figure 9.11 (a) shows the grid used for predicting flow in TB1 case

along with the basic tube bank dimensions. Based on the experience from

laminar flow predictions, it was expected that this 80x40 CV grid

would yield almost grid-independent results. For comparison, another

grid of 48x22 CV was set up, and the results obtained on two grids

using the UDS were examined. The differences between the two solutions

were very small (typically less than 1%) as is shown by the wall shear

stress predictions in Fig. 9.12 . They were confined to the vicinity of

the peak (maximum 4% there) and a portion of the rear part of the tube.

The 8Ox4OCV results were therefore taken as acceptably grid-indepen-

dent. Calculations were also performed for laminar flows, for reasons

which will become apparent later.

The rate of convergence of the numerical method was significantly

affected by both the turbulence model inclusion and the explicit treat-
ment of the periodic boundary conditions. Thus, for example, the lami-

nar flow calculations for the TB1 geometry and 80x40 CV grid converged

in 224 iterations (for a,,=O.85 and c=O.15) and used 57.8 seconds on

a CRAY iS computer. The turbulent flow calculations on the same grid,

on the other hand, reached the	 level of nonrlized residual suns (X=1103)

only after 1624 iterations and used 556 seconds on the same compu-

ter (in this case the under-relaxation factors a,=O.75 , a=O.2 and

=0.7 were used). One of the reasons for slower convergence in the

turbulent case is the lower values of the under-relaxation factors (these

were not optimized, but simply conservatively specified to be lower than

in the laminar case). Another reason could be the fact that the explicit

periodic boundary conditions were imposed on two more dependent variables,

namely k and C

Figures9.11 (b)-(d) contain the usual plots of selected features

of the predicted flow field, indicating contours of constant pressure

(normalized with pu) and streamlines. The pressure contours, it should

be noted, exhibit "kinks" close to the grid lines passing through the

two stagnation points; those are due to the sudden change in the direc-

tion of the x1 grid lines here, as explained earlier in Chapter 8.

Although undesirable these "kinks" are not too dramatic, and they could

have been reduced, if not suppressed entirely, by smoothing the discon-

tinuity, as discussed in the previous chapter.

Contours of turbulence intensity, defined here as /iZ/u , are plot-

ted in Fig. 9.11 (e). They show that the highest levels occur near the

front stagnation point, as the oncoming flow impinges onto the tube.
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Another area of high turbulence is in the centre of a tube wake, close

to the minimum gap between the downstream tubes. Also evident are steep

gradients near the tube wall, as seen in both the contour plot and the

profiles shown in Fig. 9.15 (f)

Contours of the dimensionless turbulence length scale 1 , defined

as l=Ck3 "2 /(cD) , are presented in Fig. 9.11 (g), and some profiles

are plotted in Fig. 9.11 (h). They show the expected monotonic increase

with distance from the wall, and reach maximum values near the front stag -

nation point. However, the slope of the 1 profiles is discontinuous at

the node nearest to the wall, as is shown by the magnified inset in

Fig. 9.11(h). This slope was imposed there by fixing 	 through Eq.(6.29),

which is, it will be recalled, strictly valid only for Couette flow (and

other simple flows, eg. in pipes). Evidently this does not match the

slope resulting from the transport equation for C at nodes further away

from the wall, which indicates inadequacy of the above treatment in corn-

plex flows.

From the contour plots presented here it is evident that the non-

smoothness of grid lines has no visible effects on quantities other tthan pressure.

Comparison with experiment

Figure 9.14 shows the distributions of the velocity magnitude v

(which is the quantity measured) and local turbulence intensity (here de-

fined* as1/ i /v)along a radius located 5.8mm from the tube surface.

The plots shown are from three sources: the experimental results of

Neal and Hitchcock (1967), the predictions of Demirdi (1982) and the

present predictions. Although the qualitative trends are well reproduced

by both calculation methods, there are significant disagreements with

the experimental data. The velocity peak at about 8 =90° (where 0 is

the circumferential angle measured from the front stagnation point) is

slightly	 underpredicted by both methods, while elsewhere differences

of up to 15% of the peak value exist. The largest discrepancies exist

in the turbulence intensity results, in particular near the two stagna-

tion points, where calculated values are in excess of 100% . Near the

rear stagnation point the high levels may be a consequence of the under-

prediction of the velocity there. However, near the front stagnation

* On the assumption of isotropy, which may be in error for the near-wall locations con-
sidered, especially near stagnation points.
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point the priLcted and nEasured velocity nBgnitudes are in good agreement, and

so the differences in the turbulence intensity must be due either to

overprediction of k (and also possibly the isotropy assumption made in

deducing the turbulence intensity from this quantity), or measurement er-

rors in this region, or both.

There are also discrepancies between the two predictions, but these

are much smaller and are limited to the areas near the stagnation points:

these are probably due to the coarser (39 x 28 CV) grid employed by De-

mirdid, and the greater sensitivity of his method to grid smoothness.

Of particular interest is the evidence about the existence and ex-

tent of the separation zone. The experimental heat transfer measurements

(not shown) suggest that the separation may have occured at 0 =1500

although there is no direct and incontrovertible evidence of this. The

present predictions show it to occur at about 0=173° (cf Fig. 9.12).

In this connection it is noteworthy that the shape of the predicted shear

stress profile (shown in Fig. 9.12) changes for the turbulent flow case

on the rear part of the tube in a manner not seen in either the laminar

flow predictions (also shown there) nor in the turbulent flow measure-

ments of Aachenbach (1969). If the trend which the predicted T pro-

file has up to 0 =130° is continued as indicated by the dashed line then

it would change sign at about 015O 0 , what is in line with the experi-

mental observations. Also the pressure distribution around the tube is

anomalous here (Fig. 9.13), for the gradient suddenly increases at about

0 =150° ; had the flow separated there, the profile would have followed

the dashed line drawn.

One possible explanation for the unexpected behaviour of T and p

is inadequacy of wall functions, and perhaps the k-c model itself, in

this part of flow. Firstly, strong streamwise gradients exist in all

quantities in this region, so that the Couette flow assumption (upon

which the wall functions are based) is greatly in error. Secondly, the

velocity becomes very small near separation, so that the high Reynolds

number assumption underlying the version of the k-c model used here

may be inapproprate (Jones and Launder, 1972). In support of this, the

calculated y values at near-wall nodes for 0>130° were lower than

the suggested minimum value (-30 ) for the applicability of the wall

functions and high Reynolds number k-c model (Launder and Spalding, 1974).

This is unavoidable when recirculating flows are in question.

Figure 9.12 also shows that for laminar flow at Reb=508 (which is

equivalent to the mean "effective" Reynolds number in turbulent flow)
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a) ccinutational grid

b) velocity vectors

r 2.73	 ri/s

Fig. 9.15; Details of predicted f1c in staggered tube bank at ReD=100000
(TB2 case)



225

c) streamlines

d) turbulence intensity '/T/ u

Fig. 9.15: Continued
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separation occurs at about O116° , and due to the reduced flow area

the maximum shear now occurs at about 02O0 ; the second peak at about

0=85° is not as large as the first one. When this is compared with the

variation in Fig. 9.8 , the influence of the longitudinal pitch becomes

obvious.

Results - TB2

Figure 9.15 (a) shows the grid employed in the TB2 case. Here the

ratios PL/D and PT/D are both somewhat larger than for the TB1 case

(1.38 and 1.6 as compared with 1.17 and 1.33 respectively). Fi-

gures 9.15 (b)-(d) show the predicted velocity vector field, streamlines

and turbulence intensity (viZ/u) contours, for ReD=lOO 000 . As a conse-

quence of the increased spacing a significantly larger recirculation zone

is predicted than in the TB1 case, with the separation occurring at about

0=153° . Although larger, its size and strength may still have been under-

estimated for the reasons explained earlier. However, this will not be

known until the experimental data become available. Otherwise, the re-

suits are similar to those of the previous case, apart from the fact that

now somewhat higher turbulence levels are achieved near the front stagna-

tion point.

9.2.4 Turbulent flow around bluff bod y confined in a pipe

Description of problem

The problem considered here is turbulent flow around a conical bluff

body confined by a long circular pipe, as illustrated in Fig. 9.16 . Tay-

lor (1981) and Taylor and Whitelaw (1984) presented the results of an ex-

perimental study of this flow. Their data is used here to assess the per-

formance of the present method in predicting it.

Computational details

Figure 9.16 shows the geometry of the solution domain and its di-

mensions. The manner of grid generation for this problem was described

earlier in section 3 of Chapter 7. The grid used here (Fig. 9.17 (a))

had 82x34 CV and extended over the cone and central rode holding it,

the assembly being treated as a submerged body. In the absence of detailed

inlet data, particularly of the turbulence dissipation rate c , the prac-

tice adopted here was to locate the inlet boundary sufficiently far up-
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Fig. 9.16: Gecuetry of the solution dcxnain for flow around bluff Ixxly confined in
a pipe

stream of the cone for the assumption of fully-developed flow to be

plausible. The fully-developed conditions were generated in a separate

simulation of the annulus flow. It was expected that any inaccuracy in

the inlet boundary conditions would not significantly influence the wake

region, which is of primary interest here.

The following boundary conditions were thus applied:

- at the inlet: fully-developed annulus flow;

- at the outlet: zero axial gradients;

- at the walls and symmetry axis: standard conditions, as described

in Chapter 6.

Only one grid was employed, due to a lack of time to perform re-

firiement tests. The'rid dependnece" of the results was examined by com-

paring predictions obtained using the LUDS and UDS schemes: the differen-

ces were relatively small (<2%), and confined to the recirculation re-

gion. From this it was concluded that the results obtained with the LUDS

are not appreciably affected by numerical diffusion, which can be attri-

buted to the facts that reasonable alignment between grid lines and stream-

lines was achieved, and the grid was fine in regions of high gradients.

The calculations took 240 iterations to converge, using under-relaxa-

tion factors cx.1=O.7 , cx=O.2 , and consumed 91 seconds on a CRAY iS

computer.
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Results and comparison with experiments

Figures 9.17 (b)-(j) present typical features of this flow, inclu-

ding velocity vectors and profiles and contours of other quantities of

interest. These plots are self-explanatory; noteworthy again is the fact

that the length-scale profiles have irregular shapes near the pipe wall

above the recirculation region indicating deficiencies in the wall func-

tions. Further upstream and downstream the length scale increases linear-

ly with distance from the wall, as expected. The reasons for this anoma-

ly were discussed in the previous section.

In figures 9.18 (a)-(f) the predicted profiles of the axial veloci-

ty component at several cross-sections downstream from cone face are pre-

sented and compared with the experimental results. It is evident from

these that the agreement varies from one cross-section to another, but

it is undoubtly good close to the cone (ie.at z=0.5mm)and poor far

downstream (at z=7Omm). In Fig. 9.18 (g) the centerline variation of

axial velocity component is presented: evidently, the predicted velocity

initially decreases faster, and then increases slower, than the experi-

ment shows. The explanation for these discrepancies will be offered short-

ly.

In Fig. 9.19 (a)-(d) the predicted profiles of radial velocity are

shown and compared with the experimental data. The agreement is good on-

ly in the upper part of cross-section close to the cone (at z=0.5mm);

closer to the symmetry axis the predicted values are here significantly

higher than the measured ones. Further downstream, at z=15, 35 and 70mm

the agreement is even poorer. The predicted radial velocity is always ne-

gative, indicating that the diameter of the recirculation bubble is de-

creasing in this region, and the flow is directed towards the symmetry

axis. The experimental results (above the symmetry axis), on the other

hand, show a somewhat different behaviour. In particular, they exhibit

positive radial velocities in the outer part of pipe radius at z=35 and

70mm, indicating that flow there is directed towards the pipe wall. This

is difficult to appreciate considering that both the predicted and mea-

sured axial velocity components are reducing in this region and increa-

sing near the symmetry axis, suggesting that the radial velocity compo-

nent should be negative in these cross-sections.

The reasons for these discrepancies may lie in part in the fact that

the measured flow was not completely symmetric. This can be concluded

from axial profiles of Fig. 9.18 , where values measured along a diame-

ter on either side of symmetry axis are shown. It is perhaps even more
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obvious from the loci of the separation streamline, shown in Fig. 9.21

for both upper and lower part of the pipe cross-section. The experimental

results show clear asymmetry, as well as indicating that in the upper

half of this plane through, where the radial velocities were measured,

the behaviour of the separation streamline is irregular. The shape in the

lower parts is more regular, which suggests that the radial velocity pro-

files there (which were not measured) would have been different from

those presented earlier, and qualitatively at least in closer accord

with the present calculations. The latter, it should be noted, give a

streamline locus which agrees reasonably wel with the "average" rrasured one.

-

20

___.	 experimentcit dcitcirI ____
(mm)	 present prediction

0
20	 40	 60	 ))80

z (mm)

20

Fig. 9.21: Recirculation bubble behind the cone

In figure 9.20 profiles of turbulent kinetic energy at several

cross-sections are shown and compared with experimental data* . The agree-

ment is relatively good at z=l5mrn, but deteriorates further downstream,

and at z=35 and 70 mm the predicted levels are about 40% lower than the

measured ones. This kind of disagreement has also been observed by

McGuirk et al (1982) in their predictions of similar flow behind a disk

of the same blockage ratio as in the present case with a cone. They also

observed similar discrepancies in the centerline development of axial ve-

locity to those in Fig. 9.18 (g). They claim to have reduced numerical

* Because turbulence levels in three directions were not neasur1 at the sane radial lo-
cations, scv inter1ation was necessary to calculate the k f ran them.



234

diffusion to insignificant levels. Such claims cannot be made here, al-

though it is believed that it was low, for reasons mentioned earlier.

The reasons for the failure to correctly predict the rate of flow reco-

very downstream from recirculation region lie almost entirely in the

inadequacy of the k-c turbulence model, in its standard form, in such

flows (McGuirk et al, 1982; Bradshaw, 1973).

The most important finding of this exercise is that the level of agree-

ment with experimental data in the present case is comparable to that

achieved by McGuik et al (1982) whose calculations were, however, con-

fined to the region downstream from the disk, using the experimental da-

ta to define the inlet conditions. Also noteworthy is the fact that in

the present case the predicted profiles at the trailing edge of a cone,

which would be the inlet boundary for studies like that of McGuirk et al

in which simple polar-cylindrical grids are used, were in good agreement

with the experimental data there.

9.3	 Applications to Three-Dimensional Flows

9.3.1 Laminar flow in a S-shaped diffuser

Definition of problem

This section describes the application of the present method to

laminar flow in a S-shaped diffuser with rectangular cross-section (Fig.

9.22), which has been experimentally studied by Rojas et al (1983). The

curvature of the duct results in cross-flow pressure gradients, and

hence in relatively strong secondary motions. This pressure-induced se-

condary flow is much stronger than that induced by turbulence anisotropy,

as found in straight ducts (Rojas et al, 1983). The magnitude of secon-

dary velocity components in the case studied here can amount up to 40%

of the component in the principal* flow direction.

Figure 9.22 defines the geometry of the diffuser studied by Rojas

et al (1983). It consists of two sections, each comprising a 22.5° bend

with the mean curvature radius of 0.28m. The top and bottom duct walls

* Because this flow has a predaninant direction, the so-called "parabolic" or "partial-

ly parabolic" solution nEthods (eg. those of yanks et al, 1980; Ithie, 1983 and Rhie
et al, 1984) could also be used for its prediction.
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are parallel, at a distance of O.04m. The side walls depart from each

other linearly with downstream distance, starting at the square inlet

section O.04m, and ending at a spacing of O.06m at the exit from

the second bend. Thus the ratio of exit to inlet area is 1.5

One of grids used is shown in Fig. 9.23 . It was extended over an

additional section of straight duct after the exit from the second bend,

and only one (upper) half of the diffuser was considered, due to the

existence of a horizontal symmetry plane. In the latter discussions the

following terminology will be used (see Fig. 9.22):

- inner wall, denoting the side wall corresponding to the larger

radius of the first bend and smaller radius of the second bend;

- outer wall, denoting the opposite side wall;

- top wall, denoting the wall parallel to the symmetry plane.

The velocity component in the direction of tangent to the mean radius

of the bend curvature will be termed "streamwise", the component in ra-

dial direction - "radial", and the component in the direction normal to

the symmetry plane - "spanwise".

The values of the velocity components ua (streamwise) and ur

(radial) at the inlet nodes were obtained by interpolation from experi-

mental data, which is only given at five vertical cross-sections (r*=0.1,

0.3, 0.5, 0.7 and 0.9 , see Fig. 9.22), and 12 locations along each

section (at z*=O, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 0.925 and

0.95). The relative coarsness of this resolution may be one of sources

of inaccuracies in the comparisons to be shown later, for in estimating

the inlet grid values of these quantities, some interpolation errors

were inevitable. An additional uncertainity was introduced by the fact

that no experimental information about the inlet values of us (span-

wise) velocity component was available, although it was said to be small

compared to other two components (Rojas et al, 1983), and was here as-

sumed zero. The other boundaries were treated in the usual way, as des-

cribed in Chapter 6.

Computational results

Although a nearly orthogonal grid could easily have been generated

here, it was intentionally constructed to be non-orthogonal, in order to

fully test the present method. Calculations were performed for flow at a

Reynolds number Re=790: this is defined by the inlet hydraulic diameter

D=O.04m and the mean inlet velocity u=0.0198m/s . Three grids were

used: one with 25x27x11 CV in x 1 , x2 and x3 directions respective-
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ly; one refined in the x 1-direction with 50x27x11 CV , and one fur-

ther refined in the x2 - and x3 -directions, with 50x4Ox20CV . Figure

9.24 shows a comparison of predicted (using the UDS scheme) ua ve-

locity profiles at the exit from the second bend in five horizontal

cross-sections (cross-section c-c , at z*=0, 02, 0.4, 0.6 and 0.8, see

Fig. 9.22), for the three different grids. The differences between the

results obtained on the first and the second grids are very small, sugge-

sting that the gradients in x1 -direction are relatively well resolved,

and that further grid refinement in that direction is not necessary. How-

ever, the profiles obtained on the third grid significantly differ from

the forementioned ones, indicating that the numerical errors are. still

significant and that a grid-independent solution has not been yet reached.

Further refinement of grid in x2 - and x3 -directions is evidently neces-

sary, but was not possible due to limited computer resources.

Figure 9.25 shows the same type of comparison when the LUDS is

used, for two grids: 25x27 xli CV and 50x40x20 CV . Again, there

are substantial differences between the solutions especially for r*>0.5

These results also show a second maximum in the profiles for z*czO.5

which is not present in the UDS solution (although the trend with grid

refinement indicates that it may form), and whose existence can not be

assessed by reference to measurements, also shown, because they are too

widely spaced in the radial direction. The largest differences between

the two solutions occur inthis region, suggesting that the second maxi-

mum may have been numerically generated or exaggerated. The reason for

these suspicions is that the Peclet numbers in the x1 - and x2 -direc-

tion were high (of the order 102. and 101 respectively) in this re-

gion even with the finest grid employed, and at these levels, as shown

earlier in Chapter 4, the LUDS can produce numerical oscillations. This

suspicion is reinforced by the observation that the position of the se-

cond maximum shifts significantly as the grid is refined.

The obvious course of blending the UDS and LUDS, as described in

section 6 of Chapter 4, was tried, but it did not result in significant

changes from the LUDS solution. The reasons for this may be: (i) the

criterion for boundedness, described in Chapter 4, is not adequate for

the momentum equations, since the velocity components are not "transpor-

ted" along streamlines like passive scalars, at least in the presence of

pressure gradients; (ii) the latter gradients, which act as sources in

this case, are unknown, and if incorrect can cause unrealistic extrema

which may not be recognized as such by the blending procedure, which
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concentrates on convective terms only, and (iii) the second maximum may

be "real".

It is clear therefore, that neither the UDS nor LUDS solution is

grid-independent, but with rfinement both are approaching the experi-

mental results, as can be seen from figures 9.24 and 9.25 . After an over-

all evaluation of the comparisons, it was decided to present here the

results obtained using the UDS on the finest grid; for these most close-

ly represent the experimentally observed features of the flow, and are not

suspected of any artificial effects other than numerical diffusion, the

effects of which are easily percieved.

Figures 9.26 (a)-(d) show respectively the grid, velocity vectors

and the isobars (normalized with pu) in the symmetry plane. The velo-

city vectors show that, as the flow enters the second bend, it decele-

rates near the outer wall. Some reverse flow was predicted in this re-

gion near the symmetry plane and top wall corner, as the contours of ua

velocity components in Fig. 9.28 show : however, few measurements are

available in this region to compare with. The only measurement point

which falls within the predicted reverse flow region was at r*=O.9

z*=O.95 (1mm from the top wall, 6mm from the outer wall), where a

zero value of ua was reported (seeFig. 9.35). The bulk of the flow

tends to choose the shortest path through the duct, so the velocity peak

moves towards the inner wall.

The pressure contours in the symmetry plane are similar to those

at the top wall, which are shown in Fig. 9.26 (f); however, the levels

are lower at the wall. Both the maximum and the minimum pressure regions

are on the inner wall: the maximum occurs where the flow impinges onto

the wall, while the minimum occurs soon after the flow enters the second

bend, due to its redirectioning.

Predicted vectors of secondary flow in the cross-section D-D

which is close to the transition between bends (see Fig. 9.22) are shown

in Fig. 9.27 , together with both the predicted and measured contours of

the velocity component normal to this plane. These results show one se-

condary flow vortex, with the velocities near the top wall directed to-

wards the outer wall, and those at the symmetry plane in the opposite

direction. As the flow enters the second bend, the centre of the secon-

dary vortex created in the first bend moves towards the symmetry plane

and the outer wall, while a new vortex, with opposite sense of rotation

forms near the top and inner walls as a result of the change in curva-

ture.
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The secondary flow pattern at the exit from the second bend (cross-

section c-c in Fig. 9.22) is shown in Fig. 9.28 , together with the

predicted and measured contours of the normal velocity. Whereas at sec-

tion D-D the secondary flow was bringing fluid into the region of high

velocity near the inner wall, at this cross-section it moves high momen-

turn fluid in the opposite direction: in both cases, however, the stron-

gest secondary flow is in the direction of increasing radius of bend cur-

vature.

Comparisons with experiments

Qualitative comparisons between the predicted flow and experimen-

tal data have already been shown in figures 9.27 and 9.28 , in the form

of contours of the velocity normal to the cross-sectional planes C-C

and D-D . From these figures it is evident that the computated and mea-

sured results closely resemble each other (the contours constructed from

the experimental data are not smooth due to the coarsness of the data).

Further quantitative comparisons are contained in figures 9.29 to

9.36 . Figure 9.29 shows predicted and measured profiles of the ua ve-

locity component at plane D-D, in five horizontal cross-sections at con-

stant z*=0, 0.2, 0.4, 0.6 and 0.8 , as shown in Fig. 9.22. Relatively

good agreement can be seen, except for the plane closest to the top wall,

where the discrepancies are somewhat larger (up to 8%). Figure 9.30

shows profiles of the radial velocity component (ie. the component in

the r* direction) lying in the same plane, at the same positions as in

the previous case. Here the agreement is rather poor, with computed velo-

cities being about 30% too low. No definitive explanation can be given

for this discrepancy, which may be due to one or more of the following:

(i) inlet condition uncertainities; (ii) insufficiently fine grid;

(iii) errors in the interpolation of the experimental data at the com-

parison plane and (iv) errors in the interpolation of the predicted

u1 and u 2 velocity components while calculating the ur at the compa-

rison plane.

Figures 9.31 and 9.32 present the same information as the previous

two figures respectively, only now in the vertical cross-sections

r*=0.l, 0.3, 0.5, 0.7 and 0.9 (see Fig. 9.22), running from the top wall

(z*=l) to the symmetry plane (z*=0). Again qualitative agreement can be

seen for both velocity components, while quantitatively the radial compo-

nent is significantly underpredicted.

Figure 9.33 shows profiles of the ua velocity component (here nor-
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mal to the cross-section c-c , Fig. 9.22) at the exit of the second

bend in five horizontal cross-sections (z*=0, 0.2, 0.4, 0.6 and 0.8). The

qualitative agreement can be said to be very good; quantitatively, the

predicted profiles do not reach the measured peaks, obviously due at least

in part to numerical diffusion, which smears the profiles to some extent.

This can be concluded by referring back to Fig. 9.24 , which shows the

effects of grid refinement: the predicted peaks move towards the experi-

mental points as the number of grid points is increased and in general

the profiles tend to get closer to the experimental data everywhere.

Figure 9.34 shows profiles of the ur velocity component at the

same locations as in the previous figure. Here the agreement is much bet-

ter than at cross-section D-D ; the predicted profiles follow the experi-

mental points quite well.

Figures 9.35 and 9.36 present the same information as the previous

two figures, only now with profiles in vertical cross-sections, at the

same positions relative to side walls as in figures 9.31 and 9.32

Discrepancies in the us -velocity component (Fig. 9.35) are seen in the

first two profiles (6mm and 18mm from the inner wall) and the last

one (6mm from the outer wall), near the symmetry plane (z*<0.6). clo-

ser to the top wall the agreement is good for all five profiles. The

agreement between predicted and measured Ur velocity component in Fig.

9.36 is better seen than in Fig. 9.34 , due to the fact that there are

more experimental points in the vertical direction: both qualitatively

and quantitatively the agreement can be considered to be very good.

9.3.2 Turbulent flow in a S-shaped diffuser

Description of problem

In this section turbulent flow in the S-shaped diffuser, described

in the previous section, is considered. The experimental results of Ro-

jas et al (1983), obtained for Re=40 000 , are used for comparison. The

same notation is used as in the laminar flow case.

Computational details

The values of the dependent variables at inlet boundary nodes were

obtained by interpolation from experimental data. This again might be a

source of inaccuracies due to the coarsness of experimental data matrix

in the radial direction (see Fig. 9.22). This especially applies to the
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kinetic energy of turbulence k , of which only two components were

measured (strearnwise and radial). The third component was assumed here

to be equal to the half of the sum of the two measured; in some regions

of flow where the turbulence was nearly isotropic this assumption was not

far from reality, but in other regions (eg. near walls) it could result

in errors of up to 25% . Also near the side walls, where the first

measurement points were located 1/10 of the duct width away, the va-

lues of k had to be estimated: they were assumed to be of the same or-

der as those near the top wall, where closer measurements existed. The

energy dissipation rate C also had to be estimated: to this end, the

length scale 1 was asumed to vary linearly from the wall up to 0.2

duct widths, and then stays uniform; c was then calculated as c =k3"2/l.

The inlet spanwise velocity component also was not measured, and in the

absence of a better approximation it was set to zero, as in the laminar

flow case.

Calculations were performed with the UDS on two grids: one with

25x27x 11 CV and one with 50x40x20 CV (see Fig. 9.22). In Fig. 9.46

and 9.47 the predicted profiles of the streamwise and radial velocity

components at the exit from the second bend (cross-section C-C , Fig.

9.22) are shown for the two grids. There is little difference between

them, except in the slope of streamwise velocity component profiles close

to r*=1 . Some of this discrepancy could be attributed to the fact that

the interpolation of the inlet data may have produced differences in the

inlet conditions, especially for the coarser grid. It is believed that

the numerical errors were not significant in the solution on the finest

grid.

It should be noted that the calculations in this case converged ra-

ther slowly, due to the inability of the Stone method to solve the pres-

sure-correction equations to the necessary tolerance (?=0.3 ; see sec-

tion 7 of Chapter 6) within a reasonable number of inner iterations

(the maximum was set at 20). This happened because the aspect ratios

and	 were rather high ( > 10), which affects the conver-

gence of the Stone solver used, as discussed in Chapter 7. For this rea-

son -500 outer iterations were required to reach a satisfactory solu-

tion (with max X< 24d3	in this case), with c=0.75 , cx=0.2 , a=0.7,

and over 6 hours of computational time on an ANDAHL V8 computer. Clearly

a better solver would be advantageous in those circumstances.
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Results and comparisons with experiment

In Fig. 9.37 the characteristics of flow in the symmetry plane are

shown. The differences from, and the similarities with, the correspon -

ding figures for the laminar flow case (cf Fig. 9.26) are obvious: here

the boundary layers are thinner, the high velocity core is wider, the

low velocity region is smaller and the pressure contours are similar.

The turbulence intensity contours and profiles reveal low turbulence in

the velocity core region and high levels near the side walls. On entry

into the second bend the turbulence intensity peak moves away from the

outer bend wall towards the centerline, for reasons which will become

obvious when the detailed velocity profiles are examined.

In Fig. 9.38 the flow characteristics in cross-section D-D are

shown, including contours of the measured streamwise velocity component

and turbulence intensity. Qualitative agreement between the measured and

the predicted results can be observed. In Fig. 9.39 the same information

is given for cross-section c-c . Again qualitative agreement between

measured and predicted contours can be seen, although the streamwise ve-

locity contours exhibit somewhat different trends near the corner r*=1

z*=1 . The secondary flow vectors are similar to those for the laminar

case, only now a stronger motion exists near the forementioned corner.

Figures 9.40 and 9.41 present spanwise profiles of the streamwise

(Ua) and radial (Ur) velocity components in the cross-section D-D at

five radial locations (see Fig. 9.22), normalized with the inlet veloci-

ty (-1 m/s) and compared with the experimental data. In contrast to the

laminar case, here the predicted radial velocities are in good agreement

with the experimental data at all locations. The streamwise velocities

also agree reasonably well, except for the r*=0.1 and r*=0.9 profiles

(which are nearest to the side walls), where close to the top wall (ie.

the duct corner) local disagreements of up to 10% are evident. In Fig.

9.42 and 9.43 radial profiles of the same velocity components in five

horizontal cross-sections are presented. The agreement with experimental

data is good, with typical differences of about 3 - 5% everywhere apart

from the z*=O.8 plane.

Figures 9.44 and 9.45 present spanwise velocity profiles in the

cross-section c-c , compared with the experimental results. Qualitative

agreement is again obtained, but for r*=O.9, and to a lesser extent close

to the top at r*=O.1 , significant discrepancies are evident. Figures

9.46 and 9.47 show radial profiles of the same velocity components in

the same cross-section, at five spanwise locations. The streaniwise velo-
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city is under-predicted for r*>0.8 , and radial more significantly for

r*>0.5 , except at z*=0.8

Figures 9.48 and 9.49 show spanwise, and Fig. 9.50 and 9.51 radial,

profiles of turbulence intensity k/u 	 , compared with the experimental

results* . Although the predicted profiles, in general, have the same

shape and relation between themselves as the experimental ones, they

show significantly higher levels of turbulence, more so in the cross-sec-

tion c-c where the predicted values are about 50% higher than the

measured ones.

Discussion

There are several possible reasons for the discrepancies between

predicted and measured quantities in this case. The main ones are dis-

cussed below.

1) Numerical diffusion may have contributed to observed discrepancies,

although its role is believed to be a minor one, as discussed ear-

lier.

2) Uncertainties in specifying inlet boundary conditions may have

caused the numerical flow to differ from the experimental one.

3) Inadequacies of the k-E turbulence model and the treatment of wall

boundaries in some regions of flow are also believed to be sources

of errors. In particular, the curvature of the streamline, the ro-

tation of the velocity vector near the wall and the non-existence

of equilibrium of production and dissipation of turbulence are all

present to some extent and are in conflict with certain of the as-

sumptions inherent in the modelling. It is also well-known that the

k- C model is not capable of predicting turbulence induced secondary

flow in corners (see Launder and Ying, 1973 ) , 	 where, it will be

recalled, the largest discrepancies exist in the present comparisons

(by contrast, in the laminar case agreement was always good near the

top wall).

4) Asymmetry of the measured flow could also be responsible for some

discrepancies. This can be concluded from the reported spanwise ve-

locity component measurements, which show unexpected non-zero values

* Again, because the spanwise canpnent was not measured, it was assumed to be equal to
the half of the sum of the other two. If, . the other hand, it was equated
to the sum, it would increase the "measured" k by 25%
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in the symmetry plane of up to 47 of the mean streamwise velocity.

Also the measured spanwise component was everywhere directed towards the

symmetry plane, while the predicted secondary velocity vectors shown in

Fig. 9.38 and 9.39 (which appear to be at least qualitatively correct)

suggest that values of both signes should be present.

Nonetheless, the results of the present prediction do account for

most features of the flow considered, and represent - bearing in mind

all the limitations - proof that the present method can be used to rea-

sonably predict complex three-dimensional turbulent flow.

9.3.3 Turbulent flow in a C-shaped diffuser

Descri ption of problem

In this section turbulent flow in a C-shaped diffuser is considered.

The solution domain is shown in Fig. 9.52 along with the basic dimen-

sions. The duct consists of two parallel walls at a spacing of 40mm

(labelled top and bottom wall), and two side walls (labelled inner and

outer wall) which form a 45° bend with a mean radius of curvature of

280 mm . The cross-sectional area of the bend increases linearly from the

square 40mmx 40mm at inlet to 60mmx 40mm at the exit. An additional

length of a straight duct after exit from the bend is also included in

the calculations. The flow is turbulent and Reynolds number is set at

40000 (defined with respect to inlet mean velocity u	 and hydraulic

diameter DH=4O mm) to conform with the experimental study of Rojas et al

(1984). Their results will be compared with the present predictions.

Due to existence of a horizontal symmetry plane between top and

bottom walls (see Fig. 9.52), only half the duct was considered. A com-

putational grid of 24x40x20 CV was constructed using Practice 1 of

Chapter 7 in horizontal sections (see Fig. 9.53 and 9.54 (a)). No grid

dependence tests were performed, due to lack of time and limited compu-

ting resources. Instead, the results of the grid tests in the S-diff u-

ser calculations presented earlier were used as guidance. In the presen-

tation which follows, the velocity component normal to radial cross-sec-

tions is termed "strearnwise t' (ua), the velocity in the radial direction

is called "radial" (Ur) and the velocity component normal to the symme-

try plane is called "spanwise" (us). The boundary conditions applied

were the same as in the turbulent S-diffuser case: in particular the

same inlet values were used, since the experimental conditions there
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were identical for the two diffusers. The comments about slow convergence

made for the S-diffuser calculations also apply here , for the same rea-

sons. A total of 350 iterations was needed to reach a converged solu-
-3

tion (A2lO	 in this case), with c=0.75 , a=O.2 and	 =0.8

This required 42 minutes of computing time on a CRAY iS computer and

800000 words of memory.

Results and comparison with experiment

In Fig. 9.54 some predicted flow characteristics in the symmetry

plane are presented. Contrary to the S-shaped diffuser case, here the

core of uniform velocity disappears before the exit from the bend, and

a pronounced peak forms near the outer wall (at about r*=0.2 , where r*

is the normalized radial distance, measured from the outer wall). The

pressure contours (normalized with Pu) are very similar in the sym-

metry plane and at the top wall. The radial pressure gradient is every-

where directed towards the inner wall, which results in a single secon-

dary flow vortex, as will be seen later. The difference in pressure le-

vel on the two curved walls, as is evident from isobar contours, is about

0.1pu	 , and the recovery at the exit from the bend is about 0.2pu

These observations accord with those of Rojas et al (1984).

As the flow goes through the bend, the peak in turbulence intensi-

ty profiles near inner wall moves towards the centreline, due to the

existence of steep velocity gradients there. The turbulence levels are,

in general, somewhat lower than in the S-shaped diffuser case.

Figure 9.55 shows some flow characteristics in cross-section C-C

(see Fig. 9.52). The secondary flow vectors show one vortex centered at

about r*=0.5 , z=0.7 : here z* is the normalized spanwise coordinate,

measured from the symmetry plane. The maximum secondary velocity is about

15% of the u . The predicted contours of streamwise velocity compo-

nent are similar to those in the S-shaped diffuser, and represent a ty-

pical pattern found in curved-duct flows (Rojas et al, 1984). The meas-

ured contours are also shown, and the agreement is reasonable.

Also shown are the predicted and measured turbulence intensities

(viZ/uj ), in Fig. 9.55 (c). These too have features in common, although

the agreement is not obvious everywhere, due partly to the coarsness of

the data.

Figures 9.56 and 9.57 present comparisons between the predicted

and measured spanwise profiles of the streamwise and radial velocity

components in cross-section C-C , at five locations of constant r*
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Fig. 9 • 54: Turbulent flow characteristics in syninetry plane
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Although showing qualitatively the same trends, the predicted profiles

differ from the measured ones in some regions by up to 10% u	 . The

radial velocities are in relatively good agreement at r*>0.5 (except

for r* ._ 0.7 and z*<0.4 ), but differ significantly near the outer wall,

notably the r*=0.1 and 0.3 profiles. In particular, at r*=0.1 and

z*>0.8 the predicted radial velocities are directed towards the inner

wall (see also Fig. 9.55 (a)), while the measured ones are in the oppo-

site direction.

Radial profiles of the same two velocity components are shown in

Fig. 9.58 and 9.59 , for five constant z* locations. The qualitative

agreement is obvious, except for the radial velocity component at

z*=0.8 and r*<0.5 . However, the gradients of the streamwise velocity

component for r4 >0.5 are underpredicted, as well as the peak in

z*=0.8 profile (for --lO%).

Figures 9.60 and 9.61 show the predicted spanwise and radial pro-

files of turbulence intensity in cross-section c-c , compared with val-

ues calculated from the experimental data* . Again qualitative agreement

can be seen, except for the radial profile at z*=0.8 and r*<0.5

where disagreement was also observed in the radial velocity component

(cf Fig. 9.59). In the symmetry plane (z*=0), as well as in the two

nearest parallel planes (z*=0.2 and z*=0.4) even quantitative agree-

ment could be considered satisfactory, bearing in mind the uncertainity

in presentation of experimental data and all the other limitations. Else-

where, in general, the predicted turbulence levels are higher than the

measured ones, by up tp 50% (eg. on r*=0.3 and r*=0.5 profiles).

The reasons for the observed discrepancies between the predicted

and measured values are believed to be the same as in the previous case,

with perhaps somewhat larger contribution from numerical inaccuracies,

due to coarser grid used here.

* These were determined in the sane way as in the S-diffuser case, ar are subject to

the saite uncertainities.
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9.4	 Demonstration of Possible Applications of the Method

9.4.1 Flow across in-line tube banks

In-line banks of tubes are also often found in engineering practice

(eg. in heat exchangers). In the fully developed regime a unit of symme-

try can be identif led, as shown in Fig. 9.62 (a) , where a 29x13 CV

grid was constructed over it. At inlet and outlet periodic boundary con-

ditions apply, while the boundaries elsewhere are made up of tube walls

and symmetry planes.

Figures 9.62 (b)-(f) show typical features of the predicted flow

at R =50 000 , where the Reynolds number Reb is defined with respect

to mean inlet velocity, and tube diameter. The plot of streamlines (c)

indicates the existence of two vortices, which would probably detach, if

the longitudinal pitch was increased. The isobars (d) show a high pres-

sure region where the flow impinges onto the tube, a rapid decrease over

the front, and a second increase over the rear part of the tube until

separation occurs, and finally a large zone of almost uniform pressure

between the tubes. A region of high turbulence (and presumably high heat

transfer) is also seen in the impingement area, while the maximum length

scales are, as expected, near symmetry plane between the tubes.

9.4.2 Flow around submerged body

In the second demonstration case, flow around a submerged body

resembling a car shape confined between two parallel walls (a "wind tun-

nel") was considered. The geometry and the grid used (48x21 CV) are

shown in Fig 9.63 (a) ; the manner of grid generation for this problem

was described in Chapter 7. Around 60 iterations were required to ob-

tain a converged solution, using under-relaxation factors cz,=O.75

and ak=O.7S

Figures 9.63 (b)-(j) show the predicted features of this complex

flow. These are self-explanatory and need no further comment. Again, the

expected features of the flow, such as the recirculation behind the body,

pressure recovery and high turbulence in the wake are correctly predicted.

Also evident is the irregularity of the length scale profiles near duct

walls in the vicinity of the body and its wake, as noted earlier.
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a) ccxnputational grid

b) predicted velocity vectors
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d) predicted isobars (p/pu)

e) predicted contours of turbulence intensity (/u)

f) predicted contours of length scale (C 1 k3'D) - -
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Fig. 9.62: continued
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a) ccanputational grid

b) velocity vectors

2.555	 M/S

=	 = =
=	 _____ ____
=	 _TTTL_

c) profiles of u1 velocity cartponent
2.620

d) profiles of 122 velocity cnfx)nent
1.214

e) streamlines

Fig. 9.63: Details of prodicted turbulent flow around su1nerged body
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9.4.3 Flow in a complex duct

The example in Fig. 9.64 (a)-(f) shows predictions of turbulent

flow in a complex duct. The grid, consisting of 100 x12 CV , is shown

in Fig. 9.64 (a); two curved boundaries have several sharp corners and

turnings through 90° or 180° . There are regions of high grid non-

orthogonality (up to 30°), high cell aspect ratios and also grid non-

smoothness. Around 100 iterations were needed to obtain a converged

solution, using a=O.7 , c 1,=O.2 and a=0.7 . Figures 9.64 (b)-(f)

show some typical flow characteristics. There are three major recircula-

tion regions, and a very high turbulence levels exist where the flow im-

pinges at right angle onto the duct wall near exit.

The same two-dimensional flow was predicted using the computer pro-

gram for three-dimensional flows, by taking the third dimension to be

two orders of magnitude larger than those in cross-sectional plane. The

number of iterations and the results were the same to within convergence

tolerance.

Three-dimensional flow in a duct whose cross-section is represented

by Fig. 9.64 (a), with two other walls being parallel and at a distance

1.25 L was also performed. Due, to existence of symmetry plane between

the parallel walls, only half the duct was considered. The grid had

100 x 12 x 10 CV , and was the same in each cross-section parallel to sym-

metry plane. The number of iterations needed to obtain converged solution

was about the same as for the two-dimensional case, using the same set

of under-relaxation parameters.

Interesting secondary flow patterns at several cross-sections marked

in Fig. 9.64 (a) are shown in Fig. 9.65 (a)-(f). The three-dimensionality

effects are clearly seen, as well as the edge of recirculation zone in

plots (c) and (f). In the symmetry plane the flow was similar to that

obtained for two-dimensional case, because of relatively large distance

between the parallel walls.

9.5 Closure

In this section results of applications of the present method to

some complex laminar and turbulent flows were presented and compared

with available experimental data. Based on the evidence from these

applications, the following conclusions can be drawn:



Dnal grid

streamlines

280

55.860	 ti/S

\	 \ \
\	 b) velocity vectors

	

\\\\\\\\\\\	
1f

I	 , // / /)

	

"\\\\\\\	 liii\\\\LJ,

-Q.2Q
R fl . Qfl0000000

Fig. 9.64: Predicted features of ts-diiensional turbulent flc in a cnplex duct



281

a -0.15
-	 ,

R:0 .76
B 0.7__________	 e) turbui.ence intensity c 0.66

(V/u)	 E0.57

M.O .036
0.031

f) length scale (Ck 312/L) C0.031
0 0.029
E0.027

0 .025

	

______________	 00.022
?	 t$0.020

c\ 't
'	 .	 j0.0I5

	

Ii	 ICrO.OJI

I
I	 •	 M0.009I
I	 II	 *i0.0066

Fig. 9.64: continued



/	
I / 

/ _ N \ \ I

/ \	 7'/ I
/

-

d) cross-section D-D f) cross-section F-F

- -	 -••-- -•---. -.--,- -.---. - -

- 
/ \ N

- / \ N -

- - / \ S-	 __

- 
-• 1 \ -_ -

- -
	 \ -•, -.. -.-.---------

- - I	 •-_

- -	 '	 ,- -•--•- .-

282
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1) The present method is capable of predicting both two- and three-di-

mensional fluid flow in domains of arbitrary geometry. No major prob-

lems of instability or any other kind were encountered, in spite of

the fact that grids with regions of high non-orthogonality, high as-

pect ratios and non-smooth grid lines were employed.

2) Laminar flow can be predicted with good accuracy on non-orthogonal

grids, provided that the grid is fine enough for adequate resolu-

tion of steep gradients. In all two-dimensional cases considered

here almost grid independent solutions were achieved with a reason-

able number of nodes. Computer limitations prevented similar results

being obtained in the three-dimensional cases studied.

3) Predictions of turbulent flows showed qualitative agreement with ex-

perimental data and reproduced reasonably well the expected flow be-

haviour and mean flow parameters of engineering interest. However,

quantitative comparisons showed some appreciable differences between

the predictions and experimental data. These were partly due to nu-

merical errors, but mostly to inadequacies of the k-c turbulence

model and associated wall functions when complex recirculating flows

are in question.

4) The accuracy of numerical predictions could be further improved by:

(i) using computational grids of higher spatial resolution,

(ii) using higher-order interpolation practices (differencing schemes),

(iii) using multi-layer wall functions (eg. those of Amano, 1984),

and (iv) using higher-order turbulence closure models (eg. Reynolds

stress model of Hanjali and Launder, 1972, or algebraic stress mo-

del of Rodi, 1976).

5) In order to further evaluate the accuracy of methods of the present

kind, and especially in order to improve turbulence modelling, more

detailed, reliable and complete experimental data for complex flows

are needed.
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CHAPTER 10

SUMMARY AND CONCLUSIONS

10.1 Achievements and Findings

In the course of work presented in this thesis a detailed study of

the problem of numerical calculation of fluid flow and associated pheno-

mena in domains of complex geometry has been carried out. As a result a

complete finite volume method for solving this problem was developed,

assessed and applied. Here the most important findings and major contri-

butions of the present study will be summarized.

Differential Equations

Along the lines of the earlier study of Demirdi (1982), various

forms of the differential transport equations in general coordinates were

analysed. The strong conservation form of these equations was found fa-

vourable from the numerical solution point of view, and the reasons for

this were identified, the main one being the absence of curvature terms.

The form of equations in which vectors and tensors are expressed in terms

of their Cartesian components was selected, for its simplicity and suit-

ability for iterative solution methods.

Discretisation

The transport equations in selected form were discretised using the

finite volume approach. This was performed in physical space, in a way

which minimizes the required information about the computational grid,

ensures conservation of space and minimizes the sensivity of the method

to certain grid properties. The result is that the only grid information

needed is the Cartesian coordinates of control volume (cell) vertices,

which are then assumed to be joined by straight lines. Thus the method

is not restricted to particular type of grids: the forementioned infor-

mation can be generated by any suitable method, including hand sketching.

VariQus interpolation practices (differencing schemes) for the eva-

luation of convection terms were examined for accuracy, stability, eco-

nomy and suitablity for three-dimensional calculations on non-orthogonal

grids. All the higher-order schemes studied, which are believed to offer

higher accuracy than the basic upwind scheme, were found to suffer, to

varying extents, from stability and unboundedness problems under certain
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circumstances due to the negative coefficients which they generate in the

discretised equations. To overcome this problem a new method of blending

of the higher-order schemes with less accurate, but unconditionally sta-

ble and bounded lower-order ones was developed. It assures, under some

conditions, that the solution is properly bounded while retaining the ma-

ximum possible contribution from the higher-order scheme.

Attention was also paid to the cross-derivative diffusion terms and

their importance. Two interpolation practices fat their calculation were

evaluated: both can generate negative coefficients and therefore unboun-

ded solutions, but one can be made to be bounded under certain conditions.

In the present method these terms were treated explicitly, ie. as pseudo

sources, calculated from values obtained in the previous iteration, for

reasons of economy and storage reduction.

Solution

Several possible variable arrangements on the computational grid,

suggested and used by various research groups, were evaluated from the

point of view of their suitability for use with general grids and selec-

ted form of transport equations. All the arrangements studied were found

to suffer from possible decoupling problems. The non-staggered arrange-

ment was found the most attractive, as it requires minimum computational

effort for the assembly of coefficients of discretised equations. The

decoupling problems with this arrangement were overcome by means of a

special interpolation practice for the calculation of mass fluxes, in-

spired by works of Rhie (1981) and Rhie and Chow (1982). This formulation

also enables the use of several efficient pressure calculation algorithms,

and four of these were suitably adapted and evaluated for applications

on non-orthogonal grids. The selected algorithm, which is a variant of

the SIMPLE method, was further modified in two important ways: firstly

a useful simplification was made to the pressure-correction equations

which reduced the effort required to solve them, and secondly an analy-

sis was performed of the effects of the under-relaxation parameters for

velocities and pressures on the rate of convergence of the solution pro-

cess which led to an optimum relation between the two. This relation en-

abled the velocity under-relaxation factors to be increased, which re-

sulted in reduction of the number of iterations, needed to obtain con-

verged solution, by up to five times as compared with the use of "con-

ventional" set of under-relaxation parameters found in literature (eg.

in Patankar, 1980, 1981). However, when the grid becomes severely non-
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orthogonal the under-relaxation parameter for the pressures needs be

reduced below the value suggested by the forementioned relation, which

is due to the simplification of the pressure-correction equation.

Testing and applications

The present method was initially assessed by applying it to some

flows for which "exact" solutions were known, with emphasis on exploring

the effects of grid non-orthogonality and non-smoothness. It was found

that the former, alone, does not introduce any additional inaccuracies:

only the rate of convergence is reduced, which is due to the explicit

treatment of cross-derivatives. Non-smoothness of grid lines (the def i-

nition of smoothness is given in Chapter 7), though, does affect accura-

cy, mostly through the errors introduced by linearly interpolating pres-

sures along grid lines. However, the effects are of limited extent, ob-

vious in the pressure field only, and usually can be reduced to accept-

able levels by some simple grid smoothing techniques described in Chap-

ters 7 and 8

The method was also applied to several complex two- and three-dimen-

sional laminar and turbulent flows. These included laminar flow in a cir-

cular pipe with sudden contraction, laminar and turbulent flow across

staggered tube banks, turbulent flow around an axisymmetric bluff body

confined in a circular pipe and laminar and turbulent flow in S-shaped

and C-shaped three-dimensional diffusers. In cases of laminar flows the

agreement between the predictions and the experimental results was found

to be good whenever grid-independent solution was achieved. For turbulent

flows, however, the agreement was somewhat poorer. This is, apart from

numerical errors due to insufficiently fine grids, mostly due to the

limitations of the k-c turbulence model and wall functions employed here.

To highlight the possible applicatiOns of the method, results of cal-

culations were also presented for some complex practical flows for which

no experimental data exist.

10.2 Directions for Future Research

In this section some proposals are made for improving and extending

the present method. They are listed below.

1) The generation of grids for general three-dimensional problems needs

further study with emphasis on surface description, particularly when
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submerged bodies are present within the solution domain, as is of-

ten the case in practical situations (eg. :in the flow through inlet lx)rt/

valve assembly of reciprocating engines). The use of transfinite map-

pings like those employed in the present study, but of a more general

character (Gordon and Hall, 1973) together with appropriate surface

representation seems to be a promising path.

2) Indirect addressing of grid nodes could help in optimizing grid ar-

rangements and saving on memory requirements, especially in cases

where cut-outs or submerged bodies within the solution domain exist.

This would, however, destroy the diagonal structure of the coefficient

matrix, and therefore require a different linear equation solver from

the one used here.

3) Further study of differencing schemes for both convection and diffu-

sion terms is needed, with the aim of increasing accuracy without af-

fecting stability and boundedness. This is especially important for

three-dimensional applications, where improvement of accuracy by grid

refinement is not always possible, due to excessive storage and run

time requirements. Also of importance is the study of higher-order

interpolation practices for calculation of pressure terms, as the

present grid smoothness limitation is believed to arise from inad-

equacy of the linear interpolation practice presently employed. It

should, however, be noted that although the higher-order interpola-

tion practices may improve accuracy, they will also affect structure

of the coefficient matrix in ways which may possibly produce more

negative coefficients and increase the cost of the computations. All

these effects need careful evaluation.

4) Treatment of cross-derivative diffusion terms and contributions from

higher-order interpolations to the coefficients of discretised equa-

tions also require further evaluation. The explicit treatment em-

ployed in the present study causes deterioration in convergence in

cases of high non-orthogonality, which is sometimes unavoidable. Im-

plicit treatment would increase the storage requirements (by up to

two or three times) and require different solvers but may result in

faster convergence (partly, perhaps, through ensuring that the opti-

mum relation between the under-relaxation factors remains applicable).

5) Linear equation solvers need be further studied, with the aim of

(1) achieving faster convergence in case of non-diagonally-dominant

matrices, (ii) avoiding the necessity to employ empirical parame-

ters and (iii) reducing sensivity of the convergence rate to the
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properties of grid and equations being solved (eg. high aspect ratio,

Neuman's boundary conditions etc.). The need also arises from the

other related problems mentioned earlier.

6) Multigrid/multilevel techniques, as used eg. by Phillips and Schmidt

(1984) and Chia et al (1982), which have proven to give substantial

improvements in accuracy and convergence rates on regular (Cartesian)

grids need be evaluated for the non-orthogonal ones. Local grid re-

finement in particular may help in improving accuracy without exces-

sive increase in computational effort and storage requirements.

7) The time-marching technique of calculating steady flows should also

be considered, especially in conjunction with the flux blending tech-

nique developed here, some limitations of which may thus be avoided

(eg. in particular the "irreversibility" of the blending factor de-

crease).

8) Turbulence modelling requires urgent attention. The k-E model and

associated wall function, still most widely used and also employed

here, have proven to be inadequate in their present form in many com-

plex flows. Improvements in this area are necessary in order to fully

exploit the possibility of predicting flows in complex geometries of-

fered by the solution methods of the present kind.

9) The present method can be extended to enable calculations of flows

which possess one or more of the following additional complexities:

unsteadiness, compressibility and moving boundaries. It may also be

extended to include chemical reactions, heat and mass transfer and

multiple phases. Some of these extensions are already in progress.

10) The problem of post-processing and presentation of results of three-

dimensional flows also deserves attention. Particular difficulties

exist in presenting velocity fields, more so if unsteady flows are

considered, where both spatial and temporal presentation is difficult.

New graphics and video technology make several routes possible, as

discussed by Brandstätter et al (1985), among others.
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APPENDIX

MODIFICATION OF THE DISCRETISED

EQUATIONS FOR TWO-DIMENSIONAL AXISYMMETRIC PROBLEMS

Axisymrnetric flows are three-dimensional with respect to Cartesian

velocity components, but only two-dimensional with respect to polar-cy-

lindrical ones, where the derivatives in the circumferential direction

are zero. Therefore, using the latter components greatly simplifies the

problem of obtaining solutions in such cases.

The transport equations in polar-cylindrical coordinates (which can

be found in many textbooks, eg. Hershley, 1973) are in the axisyinmetric

case similar to the two-dimensional Cartesian ones. In case of general,

non-orthogonal grids, the coordinatetransformation is performed only in

(yl ,y2 ) plane (with y l denoting the axial, and y2 the radial coordinate

direction). The appropriate forms of the transport equations can easily

be obtained from the standard polar-cylindrical forms, using the coordi-

nate transformation

y1 = yi(xl , x2 )	 , i = 1,2
	

(A.1)

or as a degenerate case of the general three-dimensional forms as given

by eg. Demirdid (1982). They can then be cast into the same form as ari-

ses for planar two-dimensional case, with u 1 and u2 now denoling the

velocities in the axial and radial directions respectively. The two ver-

sions of the general (scalar) equation then read:

planar:

21
-	 + -B]] +	 [u2 - —j --1 B1 +-B)] = Js4, (A.2)

axisynimetric:

[u a'4
T	 2

+	 B]] + _[U2r ----s r-iBi ^ . B}J = Jsr

(A.3)

The (A.2) form is derived from Eq. (3.11) by setting the derivatives

with respect to the x 3 coordinate equal to zero. The difference between

the above two equations is only in the appearance of the radius from the

symmetry axis (r=y 2 ) in the latter. The integrated and discretised forms



298

are also of similar forms; only the mass fluxes F , coefficients D

and cell volumes 6V need be calculated differently for the axisymmetric

case, thus:

(A.4)= pr(u1 b + u2b)

1	 11	 11
= r(b 1 b 1 + b2n2)

D=D=r(bb +bb)

D	 = r(bb + bb)

(A.5)

and

óV =fJrdxldx2
	

(A.6)

The coefficients b are calculated according to Eqs. (3.24), by taking

account of the fact that the derivatives with respect to x 3 in the cor-

responding	 's are equal to zero for y 3- and y 2 , and to unity for

y 3 . The radii r (equal, as noted earlier, to the y 2 coordinate distan-

ces), are stored at the same locations as the y 2 and for other loca-

tions are interpolated in the same way. The calculation of cell volumes

was described earlier in Chapter 7. Also due to the transformation being

performed in one plane only, the 6V in equations like (3.35) need to

be substituded by 6A , which is the cell area in the (y',y 2 ) plane and

is calculated according to Eq. (7.12). Thus the final expressions for

convection and diffusion fluxes, analogous to (3.31) and (3.35), become,

for eg. the "e" cell face:

C 
Fie 4 e
	 (A.7)

DN + 1DC = [
D:Je(4:1E4P) + [n4s)Je
	

(A.8)e	 e

The momentum equations for the axisymmetric case can also be cast

into the global form of (A.3). The extra stress terms are obvious from

the two-dimensional forms of Eqs. (3.17) and (3.18). The pressure terms

also contain the radius r , and so the S	 term of Eq. (6.4) becomes

in this case:

S = -rp{( pe--pw)b + ( pn — p)b]p	 (A.9)
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An additional term exists in the u2 (radial) momentum equation; it

arises from	 , is non-conservative and is therefore integrated as a

source, ie.:

(	 ôvl- f2t-Jrdx1dx2	
_t2I1_jJu2p

8v

(A.1O)

This term is introduced through the linearized source term S"

Finally, an additional term exists in the expression for the pro-

duction of turbulent kinetic energy C (see eg. Amano, 1984), which is

calculated as:

add	 I	 U 2]
CP = 2[s.t4_2] j (A.11)

This is added to other terms calculated from Eq. (3.39), in which all

terms involving superscript "3" are zero, and 	 5V is replaced by 5A,

as was earlier explained.
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