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Abstract

The dynamic analysis of flexible slender beams, which exhibit significant geometric nonlinear-
ities due to large displacements and rotations, is critical for various industrial applications,
including the aerospace, automotive, and renewable energy sectors. The use of mathematically
rigorous and geometrically exact formulations, such as those based on Lie groups, is essential
in modelling geometric nonlinearities accurately. However, current state-of-the-art dynamic
analysis tools cannot be used on the nonlinear configuration space of Lie groups and require
adaptation. This thesis addresses this challenge by developing both a single shooting and a
multiple shooting method, together with a pseudo-arclength continuation method, which is
compatible with geometrically exact beam formulations based on the Special Euclidean Lie
group SE(3). Due to the correct kinematic representation of displacements and rotations in
the Lie group framework of rigid body motion, and the local frame representation of the beam
equations, the SE(3) model is geometrically exact and inherently shear locking free. The
adapted shooting and continuation methods developed in this thesis enable the SE(3) model
to be used in industrial applications. These methods are used herein to compute nonlinear
normal modes and forced responses of geometrically nonlinear structures, in addition to per-
forming stability analysis and bifurcation detection. The results affirm the suitability of the
SE(3) formulation in modelling large amplitude motions, and confirm the effectiveness of the
shooting and continuation methods in capturing nonlinear dynamic phenomena such as bifurca-
tions and mode interactions with high accuracy, paving the way for its application in industrial
design and analysis. This thesis therefore contributes to filling a critical gap in current indus-
trial modelling capabilities, providing a rigorous and efficient approach for analysing nonlinear
dynamics of flexible structures.

Keywords: Geometric nonlinearity, nonlinear dynamics, SE(3) Lie group, shooting, pseudo-
arclength continuation.
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(•)∨ Inverse map from the Lie algebra g to Rm.

[ω]× Skew-symmetric matrix constructed from ω ∈ R3.

[X,Y ] Lie bracket of elements X and Y in the Lie algebra, defined as XY − Y X.

αm, αf , γ, β Numerical parameters of the generalised-α time integration scheme.

h̄j(0) Relative twist increments with reference to the previous converged continuation step.

q̄A Homogeneous coordinates in R4 of a point on a rigid body relative to frame A.

q̄B Homogeneous coordinates in R4 of a point on a rigid body relative to frame B.

Φe Shape functions for an element.

σ Second Piola-Kirchhoff stress tensor.

Bi Matrix of shape function derivatives.

Ce Von Kármán beam element damping matrix.

Ke Von Kármán beam element stiffness matrix.

M e Von Kármán beam element mass matrix.

P e Vector of applied external forces on the von Kármán beam element.

qe Vector of nodal displacements and rotations for a von Kármán beam element.

Re Von Kármán beam element rotation matrix.

U e Vector of displacement fields for a von Kármán beam element.

χ Twist vector in R3, representing elements of se(2) in vector form.

ϵ Deformation gradient in the current configuration along the beam’s neutral axis.

γ Axial and shear strains along the beam’s neutral axis.

κ Torsion and bending curvatures along the beam’s neutral axis.

λ Lagrange multiplier vector for enforcing constraints.

ωb Angular velocity of the body as viewed in the body frame.

ωs Angular velocity of the body as viewed in the spatial frame.

ωL Left-invariant angular velocity, equal to ωb.
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ξ Twist vector in R6, representing elements of se(3) in vector form.

A Full-rank linear mapping from h to g, relating Lie subgroup and Lie group algebras.

aL Left-invariant vector field associated with the derivative of X , as given by da(X ) = X ˜︁aL.

AP Matrix mapping the prismatic joint parameter to the Lie algebra se(2).

AR Matrix mapping the revolute joint parameter to the Lie algebra se(2).

B Boolean matrix identifying velocity degrees of freedom in continuation phase condition.

Bi Boolean matrix for the phase condition on the i-th partition.

bi Derivative of the state transition map with respect to the period for the i-th partition.

CL Element damping matrix.

CT Tangent damping matrix.

d Relative configuration vector representing the twist between nodes A and B.

D(q) Matrix satisfying ˜︂D(q)w = q−1 ˜︁wq.
D(s, u, v) Matrix relating deformation gradients to the Green-Lagrange strain tensor.

dΩ Rotational component of the relative configuration vector d.

dU Translational component of the relative configuration vector d.

F Vector of the applied forcing amplitude.

fΩ Rotational component of the deformation gradient.

fU Translational component of the deformation gradient.

GL(s, u, v) Green-Lagrange strain tensor at a point (s, u, v) on the beam.

gl(s, u, v) Vector form of the Green-Lagrange strain components.

gext External forces and moments.

gine Inertial forces.

gint Internal forces.

H Homogeneous transformation matrix in SE(3) and SE(2).

h Twist increments in se(3) mapping the reference beam to the deformed configuration.

H⋆
j(0) Converged solution of deformed initial configuration for continuation step j.

HA Material frame at node A of a finite element.

HB Material frame at node B of a finite element.

HG Ground frame transformation matrix in SE(2).

HJ Frame of relative motion of a kinematic joint J connecting frames A and B.
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HM Pendulum tip mass frame in SE(2).

HΦ Constraint matrix ensuring consistency between the frames of the tip mass and the joints.

HAB Homogeneous transformation matrix in SE(3) from frame B to frame A.

HJP Transformation frame of the prismatic joint.

hJP Lie algebra element representing the motion of the prismatic joint in se(2).

hjP Relative extension of the prismatic joint.

HJR Transformation frame of the revolute joint.

hJR Lie algebra element representing the motion of the revolute joint in se(2).

hjR Relative angle of the revolute joint.

I Identity matrix.

is, iu, iv Unit vectors defining the beam’s local reference frame.

Jj Jacobian matrix at continuation step j.

K Stiffness matrix.

KL Element stiffness matrix.

KΩ Torsional and bending stiffness terms, diagonal components of the stiffness matrix K.

KT Tangent stiffness matrix

KU Axial and shear stiffness terms, diagonal components of the stiffness matrix K.

M Mass matrix.

m(s) Resultant moment vector, integrated over the cross section.

ML Element mass matrix.

MT Tangent mass matrix.

N Contribution of translational and rotational deformations to the position field derivative.

n(s) Resultant force vector, integrated over the cross section.

O0(s) Rotation matrix defining the beam’s reference orientation.

P(d) Matrix relating the variation of the relative configuration vector d to the combined
infinitesimal motion vector δhAB.

Q(x,d) Matrix relating the infinitesimal motion field δh(x) to the nodal motion vector δhAB.

R Rotation matrix in the SO(3) group.

r(s) Resultant vector of internal forces and moments, integrating stress over the cross section.

R2×2 Rotation matrix in SE(2), representing planar orientation.

RAB Rotation matrix describing the orientation of frame B relative to frame A.
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s Vector form of the second Piola-Kirchhoff stress tensor.

S(s, u, v) Second Piola-Kirchhoff stress tensor at a point on the beam.

ST Time integration iteration matrix.

T(τ ) Tangent operator, mapping g ↦→ g.

T⋆(x,d) Scaled tangent operator.

TSE(3) Tangent operator on the SE(3) group.

TSO(3) Tangent operator on the SO(3) group.

u Translation vector in R3, part of the Lie algebra se(3).

ub Body translational velocity as viewed in the body frame, relative to the spatial frame.

us Body translational velocity as viewed in the spatial frame, relative to the spatial frame.

uL Left-invariant translational velocity, equal to ub.

V Viscosity tensor representing viscoelastic effects.

v Velocity in se(3).

v∗ Velocities for the full joint configuration.

V⋆ Application of the Adjoint map to the difference of local velocities.

v⋆j(0) Converged solution of initial velocity for continuation step j.

vΩ Rotational velocity vector of the beam’s cross section in the local frame.

vj Velocity vector of the joint parameters in h.

vL Left-invariant velocity vector, defined in the body (local) frame.

vM Body velocity of the pendulum tip mass in SE(2).

vR Right-invariant velocity vector, defined in the global (inertial) frame.

vU Translational velocity vector of the beam’s neutral axis in the local frame.

x Position vector in R3.

xj Initial condition vector and period at continuation step j.

xp(s, u, v) Position vector of point p in the deformed configuration.

x2×1 Translation vector in SE(2), representing planar position.

ω Vector in R3, representing rotational velocity.

ψ Local periodicity condition.

ϕ Global periodicity condition.

Pj Tangent vector at the jth continuation step.
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u Unit vector in R3 representing the axis of rotation, where ω = uθ.

uj Component of the continuation tangent vector corresponding to X.

X(0) Initial condition vector in phase space.

xi Intermediate state at the end of the ith partition interval.

y(u, v) Vector containing the coordinates u and v along the cross-section axes of the beam.

◦ Group composition operator, combining elements of the Lie group.

∆si Length of the partition interval i.

∆ Derivative used for linearisation in Newton-Raphson iterations.

δ Variation operator.

δh Infinitesimal motion vector.

δh∗ Infinitesimal motions for the full joint configuration.

δhΦ Infinitesimal variation vector in R3, computed from HΦ.

δhM Infinitesimal variation vector for the tip mass configuration.

δhAB Infinitesimal motion vector defined from the variation of the nodal frames.

δhJP Infinitesimal variation vector for the prismatic joint.

δhjP Infinitesimal variation vector for the prismatic joint motion variable rj.

δhJR Infinitesimal variation vector for the revolute joint.

δhjR Infinitesimal variation vector for the revolute joint motion variable θj.

δϵ Variation of the deformation gradient vector.

η Shear viscosity of the viscoelastic Kelvin-Voigt solid.

γ, β Quadrature parameters for the Newmark method.

V̂F Diagonal matrix of effective axial and shear viscosity terms.

V̂M Diagonal matrix of effective torsional and bending viscosity terms.

λj Component of the continuation tangent vector corresponding to T .

E Identity element of the Lie group G.

G Lie group, consisting of all possible group elements.

H Lie subgroup of Lie group G.

K Kinetic energy.

Vext External forces.

Vint Internal strain energy.
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X ,Y Elements of the Lie group G.

g Lie algebra associated with Lie group G.

h The Lie algebra associated with the subgroup H.

se(3) Lie algebra of the SE(3) group.

so(3) Lie algebra of the SO(3) group.

AdX (˜︁τ ) Adjoint action of X on ˜︁τ , mapping g → g.

ad˜︁µ(˜︁ν) adjoint map in the Lie algebra, defined using the Lie bracket as ad˜︁µ(˜︁ν) = [˜︁µ, ˜︁ν].

D• Directional derivative in the direction of (•).

µ1, µ2, . . . , µn−1 Non-trivial Floquet multipliers.

µn Trivial Floquet multiplier for periodic solutions, µn = 1.

ν Poisson ratio of the material.

⊙ Bialternate product operator.

Ω Forcing frequency.

Φ Alternative vectorial map used as an approximation to the logarithm map for SE(2).

φ Mapping function representing the state vector evolution over time.

ΦqA Constraint gradient matrix.

ψf Test function for fold bifurcation.

ψH Increment vector of local periodicity condition.

ψv Velocity vector of local periodicity condition.

ψfl Test function for flip bifurcation.

ψNS Test function for Neimark-Sacker bifurcation.

ρ Material density of the beam.

τB Bending relaxation time constant.

τE Extension relaxation time constant.

τS Shear relaxation time constant.

θ Angular position of pendulum tip mass in polar coordinates.

θj Angle of the revolute joint in the pendulum system.

ϵ Assembled deformation gradient matrix of full beam structure.

C Assembled damping matrix of full beam structure.

gext Assembled matrix of integrated external forces of full beam structure.
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H Assembled matrix of material frames of full beam structure.

K Assembled stiffness matrix of full beam structure.

M Assembled mass matrix of beam structure.

P Assembled P(d) matrix of full beam structure.

v Assembled matrix of nodal velocities of full beam structure.

tv Velocity sensitivity with respect to the period T .

tw Spatial sensitivity with respect to the period T .

t Sensitivity of the final states with respect to the period T .

v Rows of the monodromy matrix corresponding to velocity derivatives.

w Rows of the monodromy matrix corresponding to spatial derivatives.

ϕH Increment vector of global periodicity condition.

ϕv Velocity vector of global periodicity condition.

e⃗X , e⃗Y , e⃗Z Unit vectors defining the global coordinate system.

e⃗x, e⃗y, e⃗z Unit vectors defining the local coordinate system of the element.

ˆ︃(•) Hat operator, mapping a vector in Rm to an m×m matrix.

ˆ︁µν Matrix-vector product, equivalent to adµ(ν).

˜︃(•) Linear map (isomorphism) from Rm to the Lie algebra g.

˜︁µ, ˜︁ν Matrices in the Lie algebra g.

˜︁ρ Matrix in the Lie algebra, associated with right-hand group composition.

˜︁σ Matrix in the Lie algebra, associated with left-hand group composition.

˜︁τ Matrix in the Lie algebra, parametrising the Lie group.

˜︁aL Matrix in the Lie algebra representing the left-invariant vector field associated with
derivative with respect to parameter a.

˜︁f Deformation gradient in se(3).

˜︂hJ An element in the Lie algebra g.
˜︂hj An element in the Lie algebra h containing joint parameters.

˜︁v(s) Left-invariant velocity field in se(3) along neutral axis of the beam.

˜︁vbAB Body velocity in se(3) of frame B relative to frame A.

˜︁vsAB Spatial velocity in se(3) of frame B relative to frame A.

˜︁vL Left-invariant velocity vector in se(3), equivalent to the body velocity.
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˜︁w Lie algebra element representing the derivative of q.

ξ Coordinate along the length of the von Kármán finite element, with ξ ∈ [0, l].

ζ Bulk viscosity of the viscoelastic Kelvin-Voigt solid.

ζj Angle between the tangent vectors Pj−1 and Pj.

A Element cross-sectional area.

da(X ), db(X ) Left-invariant derivatives of X with respect to a and b.

DTψ Derivative of the periodicity function with respect to the period.

DXψ Derivative of the periodicity function with respect to the states.

Dexp(˜︁τ ) Derivative of the exponential map at ˜︁τ .

DKV Dissipation function for the viscoelastic Kelvin-Voigt beam model.

E Modulus of elasticity.

G Shear modulus.

h Time step size for the time integration scheme.

hX Conjugation map, defined as hX (Y) = X YX −1.

I Second moment of area.

J Polar moment of inertia.

je Jacobian of the transformation from x to ξ.

k, l Dimensions of g and h respectively.

kθ Angular stiffness constant of planar pendulum problem.

kr Radial stiffness constant of planar pendulum problem.

l Element length.

LX Left translation map defined as LX (Y) = X Y .

M Monodromy matrix.

m Mass per unit length of the beam element.

N Number of system degrees of freedom.

p Phase condition function.

pAB Position vector in R3 of body frame B relative to spatial frame A.

qA Position in R3 of a point q on the rigid body relative to the spatial frame A.

qB Position in R3 of a point q on the rigid body relative to the body frame B.

r Radial distance of pendulum tip mass in polar coordinates.



27 Nomenclature

RX Right translation map defined as RX (Y) = YX .

rj Extension of the prismatic joint in the pendulum system.

rt Radius of gyration about the longitudinal axis of the beam.

s Parametric variable along the beam reference curve.

si Partition points of the multiple shooting unit interval.

SE(2) Special Euclidean group representing rigid body transformations in R2.

SE(3) Special Euclidean group representing rigid body transformations in R3.

SO(3) Special Orthogonal group representing rotations in 3D space.

T Period of periodic solution.

t Time variable.

ui Displacement in the ith direction.

V Total strain energy for the von Kármán beam.

vq̄A
(t) Velocity of point qA in the spatial frame A in homogeneous coordinates.

vq̄B
(t) Velocity of point qB in the body frame B in homogeneous coordinates.

vqA
(t) Velocity of point qA in the spatial frame A.

vqB
(t) Velocity of point qB in the body frame B.

W Strain energy density for the von Kármán beam.

x Coordinate along the length of the finite element, with x ∈ [0, l].

xj Coordinate in the jth direction.

zj Continuation step size.

q Configuration state of the system for time integration, represented by the frame variable.





Chapter 1

Introduction

New designs of mechanical structures are increasingly lighter and more flexible and exhibit
geometric nonlinearities due to the presence of large displacements and rotations. Geometric
nonlinearity has become an increasingly pressing concern in industrial applications in recent
years, as it leads to complex nonlinear vibration phenomena that cannot be accurately predicted
using traditional finite element models and nonlinear dynamics software in current use. Flexible
slender beams are an example of geometrically nonlinear structures which are ubiquitous in
industrial and engineering systems, with applications ranging from dynamics of cables [67],
rotating blades of onshore and offshore wind turbines [125], [172], [249], and flexible medical
soft robots [202], to rotating blades of turbo engines and helicopter rotor blades [80], [136],
[240], wings of flexible aircraft [42], [165], [173], and nanotubes and microcantilevers found in
microelectromechanical systems (MEMS) [51], [108], [135]. Further industrial applications of
beams include nonlinear dynamics of deep-water offshore moored floating platforms [85], contact
and friction modelling [153], fracture of materials and modelling of composite structures under
delamination [175], cable systems in the automotive industry [40], pipes conveying fluids in
the power industry and power plants [174], among many more industrial applications [110].
The large displacements and rotations of these structures result in complex nonlinear vibration
phenomena that can lead to unexpected deformations and stresses, which could result in earlier
fatigue and even premature failure of components if not accounted for properly. Modelling
highly flexible and complex structures, especially those encountered in industry, necessitates
the use of formulations that can accurately and efficiently capture their nonlinear behaviour.

Common nonlinear dynamics phenomena observed in geometrically nonlinear structures in-
clude energy transfer [77], [235], mode bifurcations [182], [189], localisation [233], isolated re-
sponses [118], [140], and modal interactions [115], [170]. These phenomena pose significant
challenges for accurately predicting the dynamic response of structures and complicate the ex-
perimental validation of models, making it a critical issue in the design and analysis of industrial
components. For instance, energy transfer can lead to internal resonance between modes, where
modes which are well-separated in frequency may still interact, resulting in unexpected vibra-
tions. Isolated responses also pose significant challenges from both design and experimentation
perspectives. Failure to correctly characterise and compute isolated responses has important
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consequences, as they could merge with the main response branch of the structure, causing
sudden and dramatic changes in resonance frequency and response amplitude. This could lead
to accelerated fatigue, a reduction in the operational lifespan of components, or even design
failure.

The accurate and effective prediction and modelling of these nonlinear phenomena requires
accurate and broadly applicable methods that are both mathematically rigorous and numeri-
cally efficient. In the context of slender beams in large-amplitude motions, geometrically exact
formulations exist that have been developed and used over decades (see review paper by Meier
et al. [139]). These displacement-based models are based on absolute variables, including po-
sitions and rotations, which are used to formulate the dynamic beam behaviour. The correct
representation of rigid body motion and the mathematically precise handling of rotations and
displacements are often overlooked in these formulations. This leads to numerical models whose
foundational kinematic assumptions and descriptions of rigid body motions are either approx-
imate, due to truncation of nonlinear terms, or geometrically incompatible with the nonlinear
configuration space of rigid body motions. Furthermore, problems such as strain objectivity
and numerical issues such as shear locking are commonplace, as well documented in the liter-
ature [27], [44], [54], [112]. Although alternative geometrically exact formulations have been
developed to address these challenges, they generally fail to incorporate a fully accurate kine-
matic description of rigid body motion in 3D space. Consequently, these models often resort to
ad hoc methods or more complicated numerical representations in order to maintain objectivity
and avoid shear locking (see Chapter 2 for a comprehensive review of the formulations.)

There is therefore a strong motivation for using more accurate beam formulations for the
modelling and analysis of nonlinear dynamics of structures, which are efficient and can be
used in industrially significant applications. Geometrically exact beam models formulated on
the Special Euclidean Lie group SE(3) [208] offer the only formulation that is grounded in
a precise and mathematically rigorous description of rigid body motion in three dimensions.
Unlike classical beam theories which treat positions and rotations as independent variables,
the SE(3) model is based on a deep coupling between the two variables, which aligns with the
mathematical structure of rigid body motion. The model is naturally locking-free and intrinsic
in nature, and maintains strain invariance under rigid body motion [210].

Developing computational analysis methods to be used with geometrically exact models
formulated on the SE(3) framework will enable the use of significantly more accurate and
numerically efficient tools for nonlinear vibration analysis much earlier in the design process,
generating greater insight into the structure’s dynamics, and offering a more accurate modelling
of nonlinear dynamic phenomena.

Motivation
The motivation of this thesis is to develop sophisticated methods for the analysis of nonlinear

dynamics of geometrically exact beams formulated on the SE(3) Lie group. In particular, the
objective is to adapt current state-of-the-art analysis methods to be used with Lie group models,
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such that they preserve the fundamental geometric properties associated with the nonlinear
configuration space of the Lie group. Many numerical methods have been developed in the
literature for the analysis of nonlinear dynamics of mechanical systems that are applicable to
complex and large-scale structures [62], [182], [248]. However, these methods cannot be readily
used on geometrically exact formulations based on the SE(3) Lie group. The SE(3) group is
a nonlinear manifold, meaning that vector space operations such as addition and subtraction,
which presuppose a Euclidean embedding and flat surface geometry, cannot be directly applied.
Therefore, numerical tools which have been developed for the nonlinear dynamic analysis of
structures need to be modified to be used with a Lie group formulation.

In developing and adapting these methods to fulfil the aims of this thesis, we also demon-
strate the suitability of the SE(3) formulation in modelling extremely large displacements and
rotations, and capturing nonlinear dynamic phenomena accurately. It is noted that we do not
aim to validate the SE(3) model, as that objective has been met in previous works in the
field [17], [94]. Our focus is therefore on the adaptation of existing numerical tools in nonlinear
dynamic analysis to facilitate their use with Lie group models. The main novelty of this work
also lies in this objective, as, to the best of our knowledge, Lie group models have not previously
been used for nonlinear dynamics analysis of geometrically nonlinear structures. A secondary
aim of this work is to provide a step-by-step introduction to the theory of Lie groups and the
SE(3) finite element formulation, particularly for structural dynamicists. The theory of Lie
groups is often seen as prohibitively complex, and this work seeks to demystify the subject and
make it more accessible to those in the field.

Lie group theory, specifically the SE(3) group, has found extensive application in the field
of computational multibody system dynamics aimed at kinetic analysis of complex mechanical
systems [146]. Rigid bodies perform what is known as screw motion in three dimensions, and
Lie group theory provides a geometric and analytic foundation for efficient modelling of rigid
body mechanisms. It has been used widely in the context of rigid multibody systems and joint
kinematics [35], [50], [143], [144], offering a geometric description of relative motion between
adjacent bodies. Group theory has also enjoyed extensive application in the field of robotics,
where it is used to model the rigid body motion of robotic arms and joints, enabling precise
control and simulation of complex robotic mechanisms [82], [111], [117], [162], [163]. The theory
has also been used extensively in the context of flexible multibody systems, accounting for the
combined description of flexibility and large-amplitude rigid body motion [64], [186], [242].
Indeed, the SE(3) beam model used in this thesis, is an example of a flexible body undergoing
deformations and large displacements and rotations.

The relevance of the SE(3) model in industrial applications is evident in a wide range of
engineering disciplines, such as those mentioned in the introduction, where accurate represen-
tation of rigid body motion is essential to simulate the complex nonlinear dynamics of slender
beam structures. This underscores the versatility and suitability of the SE(3) formulation
in addressing the complex demands of modern industrial engineering applications, and high-
lights the importance of this thesis’ objective in developing the numerical models necessary for
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nonlinear vibration analysis of structures formulated on the Lie group framework.

Research Questions
To address the challenges and gaps identified, this thesis seeks to answer the following

research questions:

1. How can numerical tools for nonlinear dynamic analysis be adapted to op-
erate within the SE(3) framework, enabling rigorous and efficient analysis of
geometrically nonlinear structures with industrial relevance?

2. To what extent does the SE(3) formulation improve the modelling of nonlinear
dynamic phenomena, such as large displacements, bifurcations, and modal
interactions?

Thesis Outline
• Chapter 2 introduces the concept of nonlinear normal modes and explores their funda-

mental properties. Recent contributions in the literature are reviewed and discussed. This
is followed by a review of the literature on geometrically exact beam formulations, along
with a brief overview of the advantages of the Lie group formulation on SE(3) compared
to classical beam models. Following the preliminary introduction to the SE(3) model,
which is formulated thoroughly in Chapter 3, the nonlinear finite element equations of a
beam with von Kármán strains are developed, which serves as a model for comparison
with the SE(3) formulation in Chapter 4.

• Chapter 3 gives a step-by-step introduction to the theory of Lie groups, incorporating
various examples to facilitate comprehension of the mathematical concepts. Aiming to
offer a suitable introduction for structural dynamicists, the equations of motion of a free
rigid body are developed, effectively integrating Lie group theory into the formulation of
mechanical problems. This chapter concludes with a review of the geometrically nonlinear
beam equations formulated on the SE(3) group, presenting the method in a more gradual
and structured manner to enhance understanding. The main contributions of this chapter
therefore lie in its novel approach to making these advanced concepts more accessible.

• Chapter 4 presents computational results of nonlinear normal modes of a range of 2D
geometrically nonlinear beams. The Special Euclidean formulation in two dimensions,
namely the SE(2) group, is used to model the structures, and is compared with the
von Kármán beam formulated in Chapter 2. The adaptations required to the shooting
and pseudo-arclength continuation methods to enable their use within the Lie group
framework are discussed, which marks a novel contribution of this chapter.

• Chapter 5 introduces the multiple shooting method for computing periodic responses and
offers a comprehensive review of its formulation, giving an example of its application to
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a two degree of freedom nonlinear oscillator. The adaptations required to the multiple
shooting method to enable its use with the SE(3) Lie group model are discussed. The
application of the multiple shooting method to a 3D right-angled beam modelled under
the SE(3) formulation faced some challenges, which are discussed at length, and aim to
be addressed in future studies. Finally, a global periodicity condition on the nonlinear
SE(3) manifold is developed. The adaptations of the multiple shooting method, and the
formulation of the global periodicity condition, underscore the novel contributions of this
chapter.

• Chapter 6 presents results on the forced response of geometrically nonlinear beams formu-
lated on the SE(2) and SE(3) groups using shooting and continuation. A discussion on
the implementation of a geometrically exact damping model within Lie group formulations
is given. Through the use of numerical techniques, such as sine sweeps and continuation,
the forced responses of a range of nonlinear structures are computed, demonstrating phe-
nomena such as bifurcations and branch switching. The application of the Lie group
beam formulation for the computation of forced response curves and bifurcation analysis
of geometrically nonlinear structures constitutes the novel contributions of this chapter.

• Chapter 7 presents initial results on the application of the SE(3) formulation for modelling
high aspect ratio wings and a box wing aircraft structure. This prospective chapter
highlights the potential of the SE(3) model in capturing complex nonlinear dynamic
phenomena prevalent in these structures, and makes a compelling case for the suitability
of the model in aeroelastic applications. The work in this chapter serves as a foundation,
inviting further exploration and development in future research.

Finally, the conclusion chapter summarises the main results and offers perspectives on future
research, providing a framework for studies that build upon the foundations laid by the work
undertaken in this thesis.
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Chapter 2

Fundamentals and Literature Review

Abstract

This chapter provides a comprehensive review of the theoretical foundations relevant to
nonlinear normal modes (NNMs) and their use in recent nonlinear dynamics literature. We
outline the fundamental properties of NNMs and their significance in nonlinear dynamic anal-
ysis, followed by an exploration of key computational techniques, specifically the shooting and
pseudo-arclength continuation methods, in the computation of NNMs. The discussion then
shifts to a review of the literature surrounding geometrically exact beam models, highlighting
various approaches to modelling geometric nonlinearity. We also discuss some benefits of the
beam formulation based on the Special Euclidean group SE(3), which will be formally intro-
duced in the next chapter. Finally, we present the finite element formulation for a beam using
von Kármán strains, setting the stage for subsequent comparisons with more advanced beam
formulations based on the SE(3) group in later chapters.
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2.1 Introduction
The objective of this chapter is first to provide an overview of the theoretical concepts

surrounding the topic of Nonlinear Normal Modes (NNMs), and to review the recent literature
related to this subject. The fundamental properties of NNMs are discussed and some methods
related to their calculation are briefly reviewed. The basic principles of shooting and pseudo-
arclength continuation, which are used in subsequent chapters for the calculation of NNMs
and forced responses, are detailed and discussed. This is followed by a review of literature
surrounding geometrically exact beam formulations, with discussions related to the applicability
and suitability of various beam models. Finally, the equations of motion of a finite element
beam formulation with nonlinear von Kármán strains are developed, which is used as a reference
model in Chapter 4 for comparison against the more accurate beam model based on the Special
Euclidean Lie group, which is discussed in Chapter 3.

2.2 Nonlinear Normal Modes
The concept of normal modes in linear systems is well established and commonly used to

analyse behaviour of dynamical systems. The two main properties of linear modes are their
invariance, in that motion initiated on a specific mode remains on that mode, and modal
superposition, such that free and forced vibrations can be expressed as linear combinations of
individual modal vibrations. The motivation for developing the theory of nonlinear normal
modes, is to provide a similar framework for the vibration analysis of nonlinear systems. As
the counterpart to linear modal analysis, they can offer a rigorous method for interpreting a
wide range of nonlinear dynamic phenomena, and are capable of characterising the behaviour
of nonlinear systems.

There are two main definitions of NNMs in the literature, namely one by Rosenberg [187],
and another by Shaw ane Pierre [198], [199], [200]. Rosenberg describes nonlinear modes as a
straightforward extension of linear modes and defines them as periodic vibrations of a conser-
vative system in unison, where all material points reach their extreme values and pass through
zero simultaneously. This definition cannot account for internal resonances, however, it may be
extended to define NNMs as non-necessarily synchronous periodic solutions of the conservative
system, thereby encompassing internal resonances [116]. In case of non-conservative systems,
the damped dynamics can often be interpreted based on the topological structure and bifur-
cations of the NNMs of the underlying undamped system [115]. This extended definition of
NNMs is the one used in this thesis.

The Shaw and Pierre definition of an NNM is as a two-dimensional invariant manifold in
phase space, which passes through a stable equilibrium point of the system, and is tangent
to a plane which is an eigenspace of the system linearised about that equilibrium point [199].
This manifold is invariant under the flow, which extends the invariance property of LNMs to
nonlinear systems [170]. Geometrically, LNMs are represented by planes in phase space, and
NNMs are two-dimensional surfaces that are tangent to them at the equilibrium point [115].
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Unlike Rosenberg’s definition, Shaw and Pierre’s definition is more general and is applicable to
both conservative and non-conservative systems [182].

2.2.1 Properties of NNMs

NNMs have fundamental properties and characteristics which are unique to nonlinear sys-
tems, and do not have linear counterparts. The normal modes of a nonlinear system are not
orthogonal to each other, and the principle of superposition does not hold, making the decou-
pling of the modes impossible [182]. In addition to this, NNMs also exhibit frequency-energy
dependence, such that their modal curves in the configuration space, and their oscillation fre-
quencies, change with increasing energies [115]. Mode localisation, where vibration energy gets
confined to one particular area of the structure, is also a unique feature of NNMs [234], and
is a result of the frequency-energy dependence of nonlinear systems. Even perfectly symmetric
structures may experience localised vibrations due to the dependence of mode shapes on ampli-
tude [72]. Such mode localisations may be utilised as a design strategy for vibration mitigation
or vibration isolation objectives [13].

Another unique feature of nonlinear systems in that NNMs may interact during a general mo-
tion of the system, leading to internal resonances. This leads to an exchange of energy between
the modes, where vibration in one mode can elicit a response in another mode. Internally
resonance NNMs have no counterpart in linear systems, and are generated through bifurca-
tions [115]. Such interactions could occur for modes with commensurate or near-commensurate
natural frequencies [171], [184], due to the lining of the higher harmonics of lower modes with
those of the higher modes. However, due to the frequency energy dependence of the NNMs,
changes in the oscillation frequencies with the energy level could still result in interactions
between modes with non-commensurate linear frequencies [86].

A third property of NNMs is the presence of mode bifurcations, which can lead to NNMs
that bifurcate from other modes and thus have no linear counterpart [189]. An example of
this is the classic symmetry-breaking bifurcation seen in the 2 degree of freedom oscillator with
cubic nonlinearity, where unsymmetric NNMs emanate from the symmetric NNM branch [170].
As a result of the mode bifurcations, the number of NNMs in a nonlinear system can exceed
the number of the system degrees of freedom, a property which has no analogy in linear sys-
tems [142]. The stability of NNMs is also a unique property, where unlike linear modes which
are neutrally stable, NNMs could exchange stability and become unstable [157]. In the context
of periodic motions, unstable NNMs are periodic solutions which are not sustainable under
small perturbations applied to the initial conditions which generate the NNM motion.

2.2.2 Computation of NNMs

Considering NNMs as periodic solutions of the conservative system, they can be computed
numerically using shooting techniques, in order to find initial conditions which result in a
periodic motion, coupled with continuation methods to find families of such periodic solutions.
Alternative methods such as the multiple scales method or the method of normal forms may
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also be used [66], [142], [150], [228], [239]. The Harmonic Balance Method (HBM) is also a
suitable alternative to the shooting method and can be combined with continuation tools to
compute NNMs [62].

In this work, following the papers by Kerschen and Peeters et al. [115], [170], we use shooting
and continuation to compute NNMs and forced responses of conservative and non-conservative
systems, which is detailed in the following section. Numerical continuation methods have be-
come quite advanced and sophisticated and have been applied to large-scale dissipative dynam-
ical systems for the computation of equilibrium points, periodic orbits, and bifurcations [231].
For instance, Arquier et al. [8] combined a shooting method with the asymptotic numerical
continuation method to identify the NNMs as closed periodic orbits of undamped unforced
systems. The application of continuation methods in evaluating NNMs was shown for a full
scale aircraft by Kerschen et al. [114], where the interaction of the modes with distinct lin-
ear frequencies was shown to generate additional nonlinear modes with no linear counterpart.
Renson et al. [183] investigated the dynamics of a satellite structure with a strongly nonlinear
component using continuation methods, and showed a wide variety of nonlinear phenomena
such as jumps, energy transfers from local to global structural modes, and interactions between
modes with incommensurable linear frequencies. Kuether and Allen [119] used the shooting
method in conjunction with a continuation approach using a subset of the underlying linear
modes of a geometrically nonlinear finite element model to compute the NNMs, which in turn
greatly reduced the computational time. Sombroek et al. [207] further addressed the issue of
computational time in calculating NNMs using the pseudo-arc length continuation method, by
calculating NNMs from a reduced order model of a system constructed from linear modes and
modal derivatives.

NNMs can also be identified experimentally using the method of force appropriation, where
a multiharmonic force is applied such that each of its harmonics is in phase quadrature with the
corresponding response harmonic. This approach causes the external input forces to counterbal-
ance the internal damping forces exactly, aligning the system with the conservative underlying
NNM motion [181]. Peeters et al. [169] also demonstrated that if the forced response across the
structure is a monophase periodic motion in quadrature with the excitation, an NNM vibrates
in isolation, and can therefore be identified. In case of internal resonances at low amplitudes,
some phase quadrature may be observed in the response, especially if symmetry-breaking bi-
furcations occur, resulting in non-monophase modes [57], [87], [197]. Although the input force
has to be multi-harmonic to correctly identify NNMs [181], [238], it has been shown that a
single-point mono-harmonic forcing may also excite a single NNM motion, which is referred
to as imperfect force appropriation [169]. This method, coupled with a pseudo-arclength con-
tinuation technique, has been shown to be able to compute NNMs up to moderate response
amplitudes [120], although the computation of NNMs to higher energy levels and to regions of
internal resonance would typically require additional harmonics in the forcing function.
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2.2.3 Recent works on NNMs

More recent works on NNMs has seen the application of NNMs in reduced-order modelling of
nonlinear systems [141]. Touzé et al. [229] reviewed recent developments on nonlinear methods
for model reduction in structures with geometric nonlinearity based on the invariant mani-
fold of the NNMs. Haller and Ponsioen [93] propose a unified framework for nonlinear modal
analysis in dissipative systems, introducing Spectral Submanifolds (SSM) as an invariant man-
ifold asymptotic to an NNM, and as the smoothest continuation of spectral subspaces in the
linearised system, on which the reduced system dynamics may be approximated. Jain and
Haller [104] developed methods for computing invariant manifolds and their reduced dynam-
ics in very high-dimensional nonlinear systems, including finite element models of mechanical
structures ranging from a simple beam to an aircraft wing with many degrees of freedom. Szalai
et al. [221] developed a methodology to analytically compute both the shape of SSMs and their
corresponding backbone curves from a data-assimilating model fitted to experimental vibration
signals. Vizzaccaro et al. [237] developed ROMs of geometrically nonlinear structures based on
the normal form theory, with a third-order approximation of the invariant manifolds (NNMs)
of structures, which are able to approximate the reduced dynamics of nonlinear systems con-
taining all possible third- and higher-order internal resonances. Lie and Wagg [131] developed a
direct normal form decomposition to reduce the order of systems with both quadratic and cubic
nonlinearities, and with 1:1 internal resonances. The use of normal forms has also been coupled
with phase-locked-loop experimental continuation methods to identify the backbone curves of
systems with distributed nonlinearities [60]. This follows from the concept of nonlinear phase
resonance, which in [238] is used to predict nonlinear modes and oscillation frequencies at phase
resonance, generalised to superharmonic and subharmonic resonances. A recent study on phase
resonance testing and phase-locked-loop experimental continuation was conducted by Debeurre
et al. [57], who experimentally identified backbone curves of a flexible vertical cantilever beam
with base excitation, showing good agreement with numerical results based on the harmonic
balance method.

2.2.4 Computation of NNMs with Shooting and Pseudo-arclength
Continuation

As described in Section 2.2.2, in this thesis we compute families of periodic solutions along
an NNM branch using shooting and pseudo-arclength continuation. In this work, we adopt
the algorithm originally proposed by Keller [49], with some modifications to the correction
procedure as introduced by Peeters et al. [170]. Let

φ(X(0), T ), φ : R2N × R → R2N , (2.1)

denote the result of the time integration of the equation of motion, over a time interval of length
T , starting from the initial condition vector X(0). A periodic solution is one that satisfies the
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periodicity condition given by

ψ(X(0), T ) = φ(X(0), T ) −X(0) = 0. (2.2)

This periodic solution is found using a shooting method, which is an iterative scheme for
finding the roots of a smooth boundary value problem (BVP) using a sequence of initial value
problems [113]. Finding the roots of the BVP reduces to finding the set of initial values, for
which the boundary conditions are satisfied under time integration of the dynamic equations
of the system.

The periodicity condition does not have a unique solution. Indeed, since the system is
autonomous, any point on the periodic orbit can be used as an initial condition. An additional
equation termed the phase condition, must be added to restrict the number of solutions to
the shooting problem. Various choices for the phase condition exist, such as Poincaré [63] or
integral phase conditions [194]. In this work, the initial velocities across all degrees of freedom
of the system are set to zero as in [170]. The resulting phase condition equation is therefore
given by

p(X(0)) = BX(0) = 0, (2.3)

where B is a N × 2N sparse Boolean matrix with ones corresponding to the velocities.

Starting from a converged periodic solution
(︂
X⋆

j (0), T ⋆j
)︂
, a prediction for the next point

on the NNM branch is made along the tangent vector at the current solution, Pj =
[︂
uTj λj

]︂T
,

which is found from solving the overdetermined linear system
⎡⎢⎢⎢⎣

∂ψ
∂X⋆

j (0)
∂ψ
∂T ⋆

j

B 0
P T
j−1

⎤⎥⎥⎥⎦
⎡⎣uj
λj

⎤⎦ =
⎡⎣0

1

⎤⎦ , (2.4)

where the subscript j indicates the continuation index. Pj−1 is the tangent at the previous
continuation step; for the first continuation point where no previous tangent vector is available,
this is replaced by [02N 1]. It is noted that B is the derivative of the phase condition Eq. (2.3)
with respect to X(0). The tangent vector found from solving Eq. (2.4) is then normalised to
unit length. The prediction can therefore be written as⎡⎣X0

j+1(0)
T 0
j+1

⎤⎦ =
⎡⎣X⋆

j (0)
T ⋆j

⎤⎦+ zj

⎡⎣uj
λj

⎤⎦ , (2.5)

where the superscript 0 indicates that this is the first prediction point, and zj is the continuation
step size. The prediction point is generally not a periodic solution of the system. Corrections
are therefore required to the prediction, which are found iteratively using a Newton-Raphson
scheme. The corrections are forced to remain orthogonal to the tangent vector, thereby ensuring
the adherence of the solution to turns in the NNM branch [170]. The corrections are found by
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solving the following linear system
⎡⎢⎢⎢⎣

∂ψ
∂Xk

j+1(0)
∂ψ

∂Tk
j+1

B 0
uTj λj

⎤⎥⎥⎥⎦
⎡⎣∆Xk

j+1(0)
∆T kj+1

⎤⎦ = −

⎡⎢⎢⎢⎣
ψ(Xk

j+1(0), T kj+1)
p(Xk

j+1(0))
0

⎤⎥⎥⎥⎦ . (2.6)

where the superscript is now k and indicates the correction iteration index. The periodic
solution is updated iteratively after the corrections are found by

Xk+1
j+1 (0) = Xk

j+1(0) + ∆Xk
j+1(0),

T k+1
j+1 = T kj+1 + ∆T kj+1.

(2.7)

This continues until desired convergence is met and a new periodic solution is found along the
continuation branch as

(︂
X⋆

j+1(0), T ⋆j+1

)︂
.

As seen in the Newton-Raphson scheme, derivatives of the periodicity equation are required
with respect to the initial conditions at each iteration step. This can be evaluated using the
Monodromy matrix

M = ∂φ(X(0), T )
∂X(0) , (2.8)

which gives the variation in the solution of the system after time T with respect to the initial
conditions [182]. This quantity is computed simultaneously with the time integration of the
equation of motion of the mechanical system using sensitivity analysis [39].

As mentioned above, a converged starting solution needs to exist to begin the continuation
process. In the calculation of NNMs of mechanical systems, this usually comes from the solution
to the shooting problem, starting with an initial guess corresponding to a particular linear
normal mode of the system [182]. The modal amplitude is scaled to ensure a linear-like response
at very low energy. The corrections to this starting point are made to be orthogonal to the
linear mode to ensure that the iterative process does not converge to the trivial zero solution.

It is noted that in Eq. (2.4), following the methodology proposed by Keller [49], the tangent
is found by making it parallel to the normalised tangent from the previous continuation step.
The last row of Eq. (2.4) can be written using the vector dot product and by taking ζj to be
the angle between tangent vectors Pj−1 and Pj as

∥Pj−1∥∥Pj∥ cos(ζj) = 1. (2.9)

Noting that ∥Pj−1∥ = 1 as it has already been normalised, Eq. (2.9) implies that the angle
between consecutive tangent vectors cannot exceed π

2 since the cosine must remain positive.
This removes the necessity for computing the continuation step sign for following the NNM
branch.

Adaptations are required to the shooting and pseudo-arclength methods described in this
section to make them suitable for use with Lie group formulations. These adaptations are
described in greater detail in Chapter 4, while the Lie group formulation of the beam equations
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is detailed in Chapter 3.

2.3 Geometrically Exact Beam Formulations
Beam theory is dedicated to the modelling of large slender structures whose dimension in

the length direction is much larger than the dimension in the transverse direction. As a simpli-
fication of 3D continuum mechanics, 1D beam theories typically allow to describe the motion
and deformation of slender bodies in 3D space on the basis of proper kinematic, kinetic and
constitutive resultant quantities [138]. The kinematics of beam models generally reduces to
the displacement of the beam centreline, while maintaining the basic kinematic assumption of
small strains and rigid cross sections. The term geometrically exact beam was initially coined
by Simo [203], and refers to models where no simplifications are made to the geometric nonlin-
earities arising from large displacements and rotations, such that the model behaviour remains
exact regardless of the magnitude of rotations. The pioneering work by Simo was based on ear-
lier fundamental work by Reissner on 2D [179] and 3D [178] shear-deformable beams. Building
on the work of Reissner, Simo [203] and Simo and Vu-Quoc [204], [205] laid the foundations of
static and dynamic beam theory. Further significant contributions were made under the um-
brella of geometrically exact formulations by Cardona and Geradin [44], Ibrahimbegović [102],
and Betsch and Steinmann [27]. These contributions mainly differed by the type of rotation
interpolation (e.g. interpolation of incremental, iterative or total rotational vectors), the choice
of nodal rotation parametrisation (via rotation vectors, quaternions etc.), the type of iterative
rotation updates (multiplicative or additive), or the time integration scheme applied to the ro-
tational degrees of freedom (e.g. based on additive or multiplicative rotation increments) [139].
Many of these early contributions were plagued by the non-commutative nature of rotation
matrices in their finite element implementations, leading to issues such as shear locking and
non-objectivity of strains from the various parametrisations of rotations. The rotational config-
uration space is a Lie group, namely the Special Orthogonal group SO(3)1, with elements that
are non-additive and non-commutative, making their handling in 3D non-trivial. A significant
breakthrough came with the later works of Crisfield and Jeleni [54], [107], who demonstrated
that none of the rotation field discretisations in the beam formulations at the time preserved
both properties of objectivity and path-independence. They further introduced a new orthog-
onal interpolation scheme that directly operates on the rotation manifold, rather than on its
rotation vector parametrisations, and maintains objectivity and path-independence. This for-
mulation marked the beginning of the development of various alternative rotation interpolation
strategies for geometrically exact beams that preserve these properties. A significant contribu-
tion of Crisfield and Jeleni’s work is that the rotation interpolation scheme they proposed is
able to exactly represent the state of constant curvature as a geodesic on the rotation mani-
fold. However, the main drawback of their method, and that of further contributions by other
researchers that followed, is that that they are formulated on the R3 × SO(3) group, which
assumes that the translations and rotations are uncoupled [23], [78], [122], [244]. This formu-

1Lie groups and in particular the SO(3) group are introduced and discussed comprehensively in Chapter 3.
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lation consists of two individual interpolations, one as a linear interpolation on the Euclidean
vector space, and the other as a spherical interpolation on the SO(3) group. This results in
the direct product manifold of R3 × SO(3). As it will be discussed in Chapter 3, this kinematic
description of the beam motion is inaccurate, as the rigid body motion of the bream cross
sections is best and most accurately described using the Special Euclidean group SE(3). The
issues arising from this inaccurate kinematics, such as shear locking, are inherent in these beam
models and cannot be resolved, including in the formulations by Crisfield and Jeleni. Notwith-
standing, in what follows in this section, some of the more recent geometrically exact beam
models on R3 × SO(3) are discussed and reviewed. The reader is also referred to the excellent
review paper by Meier [139] for a detailed review of various geometrically exact beam models
and their formulations.

A particular parametrisation of the rotation matrices is given by quaternions, which offers a
singularity-free parametrisation with 4 parameters. Stuelpnagel [219] showed that it is topolog-
ically impossible to have a global 3D parametrisation without singular points for the rotation
group and that quaternions offer the lowest dimensional parametrisation which is singularity-
free. Among geometrically exact beam formulations with quaternion interpolation, we highlight
the work of Gosh and Roy [84], who explored an isoparametric interpolation of total quaternion
to achieve geometrically consistent, strain-objective, and path-independent finite element so-
lutions for geometrically exact beams, while interpolating quaternions along a geodesic on the
rotation manifold. Zupan et al. [253], [254] developed the Reissner-Simo beam formulations us-
ing the quaternion representation of rotations, formulating the governing equations consistently
with quaternion algebra, and demonstrated the suitability of this formulation on a range of ex-
amples. The problem of shear locking persists in these formulations, which the authors have
addressed using reduced integration. More recently, Cottanceau et al. [53] presented a finite
element formulation of the geometrically exact beam model using rotational quaternions, lead-
ing to a polynomial formulation of the discrete equilibrium equations that they exploit through
the use of the asymptotic numerical method. In general, although the quaternion-based for-
mulations do not suffer from the singularity issues of other parametrisations of rotations, they
still fail to account for the more appropriate description of the beam kinematics afforded by
the SE(3) model, and are prone to numerical issues such as shear locking.

Another class of geometrically exact beam formulations is the intrinsic beam theory devel-
oped by Hodges [96], [97]. In this formulation, the two vector states of linear and angular
inertial velocities, and force and moment sectional resultants, are taken as the independent
degrees of freedom, where both states are expressed in the local coordinate frame of the beam.
The equations of motion are therefore written in terms of the velocities and the internal forces
and moments. The intrinsic nature of the formulation means that displacements and rotations
do not appear in the equations of motion, which therefore avoids the need for parametrisation
of rotations. However, in case of configuration-dependent external forces, displacements and
rotations will explicitly appear in the equations of motion [158]. An additional challenge of the
intrinsic beam model is the application of boundary conditions, as displacement constraints
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cannot be explicitly imposed [215]. Palacios [158] applied the intrinsic beam model to compute
the NNMs of a cantilever beam and an anisotropic composite beam, describing the NNMs in
the space of the intrinsic modal coordinates obtained by projecting the intrinsic beam equations
using the linear modes of the model. The NNMs were defined as invariant manifolds that are
tangent to the linear modes for infinitesimal amplitudes, and internal resonances were assumed
to not take place. In other works, Artola, Wynn and Palacios [12] developed a nonlinear model
predictive control strategy for flexible structures, where they used the aforementioned modal-
based finite-dimensional approximation to intrinsic beam equations to model the geometrically
nonlinear structures under consideration. They also extended this approach by incorporating
a generalised Kelvin-Voigt damping model within the intrinsic framework, enabling the sim-
ulation of dissipative effects in the dynamics of very flexible structures. Regarding the study
of highly flexible and high-aspect-ratio wings, Palacios et al. [161] applied the intrinsic beam
model to simulate the flight dynamics of aircraft, where the model effectively captured the non-
linear couplings between structural deformations and vehicle dynamics. Patil and Hodges [167]
and Cook et al. [52] also used the intrinsic beam model on high aspect ratio wings in aeroelastic
applications.

Here, we also briefly discuss strain-based beam formulations, which represent another ap-
proach to avoiding the parametrisation of rotations. The underlying motivation is that by
taking strains as the primary interpolated degrees of freedom, as opposed to rotations and
displacements, the need to parametrise rotations is circumvented. Since strains, as derivatives,
belong to a linear vector space, additive interpolation can be used without loss of objectiv-
ity. The resulting formulation is also locking-free [47]. However, the main drawback of the
method is the difficulty of the integration of rotations from the given interpolated rotational
strains, as they often cannot be performed analytically. Due to the complicated form of the
kinematic equations, a numerical integration method is used to obtain the total rotations from
the given rotational strains. Zupan and Saje [252] develop this numerical integration based on
the Runge Kutta method, and apply it on the nonlinear rotation manifold, which they term
as the non-additive update. In other works, Otsuka et al. [156] develop a multibody dynamic
analysis framework based on the strain-based beam formulation, and Su and Cesnik [220] apply
the strain-based beam formulation in aeroelastic analysis of very flexible aircraft. The strain-
based beam model, though more accurate than the previously discussed formulations [252], is
still founded on an inaccurate kinematic description of the beam, which can only be correctly
described under the SE(3) formulation.

Alternative formulations to the geometrically exact beam formulation also exist. Two no-
table examples which are briefly mentioned are the Absolute Nodal Coordinate Formulation
(ANCF) and the corotational beam formulation. In ANCF [81], [155], [195], [196], the coordi-
nates of the element are defined in an inertial frame and as such no coordinate transformation is
required. Furthermore, since the formulation uses absolute nodal coordinates, no infinitesimal
or finite rotations are used as nodal coordinates, and instead global slopes that are obtained as
derivatives of the absolute displacements are used. The formulation leads to an exact modelling
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of the rigid body motions, and inertia forces are simple due to a constant mass matrix. Despite
these benefits, the ANCF model incorporates complex expressions of internal forces, and as
shown by Bauchau et al. [18] and Romero [185], it suffers from accuracy issues and locking
phenomena. In the corotational formulation [24], [26], [124], [224], the large nonlinear deforma-
tion of the beam is split into a mean rigid body motion followed by smaller local deformations
which are expressed in the local frame, termed the corotational frame. Under large rotations
and displacements, where the deformations remain small, linear strain and Cauchy stress are
defined with respect to the corotated configuration so that geometrically linear elements can be
used directly in the local formulation [134]. The internal forces are evaluated in the corotational
frame and then projected onto the inertial frame.

As mentioned earlier, the beam formulation used in this work is based on the Special Eu-
clidean group SE(3), which is formally introduced in Chapter 3. A brief overview of the benefits
of this formulation, especially in light of the other formulations discussed in this section, is now
presented. Beam formulations based on the SE(3) group circumvent issues associated with
parametrisation of rotations by coupling the rotations and positions under a single group ele-
ment and adopting a local frame approach [208]. The invariance of the strains under rigid body
motion comes naturally from this formulation, as the local frame formulation allows the relative
description of the nodal motions and velocities. Additionally, the local frame derivatives are
at most quadratically nonlinear, which reduces the overall complexity of the numerical model.
The global parametrisation of frames is avoided by the time integration method, which yields
an efficient integration scheme that is guaranteed to be singularity-free [209]. Moreover, shear
locking is avoided thanks to a nonlinear interpolation formula based on the exponential map
that couples the rotation and position fields and governs the nonlinear configuration space.
The geometrically exact formulation leads to the recovery of the exact displacements with no
approximations in the curvature of the solution for pure bending [208]. The main benefits of
the SE(3) formulation are therefore numerical, leading to solutions which are more accurate
with higher convergence rates, as demonstrated in Chapter 4. Aside from the numerical advan-
tages, on a modelling level the SE(3) formulation benefits from a correct and mathematically
consistent kinematic description of rigid body motion, while fundamentally being subject to
the assumptions of beam theory, much like other geometrically exact beam formulations which
maintain objectivity. A discussion on the underlying PDEs of the SE(3) beam prior to finite
element discretisation, and the main differences compared to differential equations from other
beam formulations, is given in Chapter 3.

The SE(3) Lie group, owing to its consistent description of 3D rigid body motion, can also
be leveraged in other beam formulations. For instance, Ma et al. [134] used the SE(3) group to
formulate the rigid body motion of their corotational beam formulation. A further example of
other more recent beam models that leverage and build on the SE(3) formulation include the
total Lagrangian formulations with Petrov-Galerkin projection by Harsch et al. [94]. They show
that, unlike the SE(3) model, their beam formulation does not require involved expressions of
the SE(3) tangent operator and its derivative in the formulation. They further demonstrate
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that the Petrov-Galerkin projection results in equations of motion that can be solved using
standard numerical schemes without the need for specialised Lie group solvers.

2.4 3D Finite Element Beam Model with von Kármán
Strains

In this section, we present the finite element equation of motion for a geometrically nonlinear
beam using von Kármán strains. Formulations based on von Kármán strains have been widely
adopted in the nonlinear dynamics community as a model for geometrically nonlinear structures,
including beams, plates, and shells. Despite its popularity due to its simplicity, the von Kármán
model offers only a limited and approximate description of the nonlinearities, being applicable
primarily to beam deformations with small to moderate displacements and rotations. Due to
its extensive use in the literature, we have chosen the von Kármán model for comparison with
the Special Euclidean beam formulation, as provided in Chapter 4.

Notable examples in the literature on the use of the von Kármán formulation include the
work by Thomas et al. [226], Apiwattanalunggarn et al. [6] and Jiang et al. [109] for modelling
of nonlinear vibrations and NNMs of rotating cantilever beams. Bilbao et al. [30], Amabili [5],
and Thomas and Bilbao [225] used the von Kármán formulation to model thin plates and shells
vibrating at large amplitudes. Neukirch et al. [151] used the von Kármán model for modelling
post-buckling vibrations of elastic beams. Raze et al. [176] used a von Kármán beam in tracking
amplitude extrema of nonlinear frequency responses using the harmonic balance method. Many
model reduction methods in the literature also consider the von Kármán formulation as the
full-order basis for model reduction. Jain et al. [105] applied slow-fast decomposition and SSM
reduction, to a von Kármán beam with geometric nonlinearities and viscoelastic damping. Li
et al. [128] recently applied SSM to extract forced response curves in normal form coordinates
for the reduced system, on beams with internal resonances. Jain et al. [106] described the use
of a quadratic manifold based on modal derivatives for the model order reduction of plates with
von Kármán kinematics. Most recently, Jain and Haller [104] developed methods for computing
invariant manifolds and their reduced dynamics in very high-dimensional nonlinear systems,
including a von Kármán beam. Other works on model order reduction of nonlinear beams based
on the von Kármán model include that of Wu and Tiso [246], Givois et al. [86], and Vizzaccaro
et al. [236]. Further contributions on model order reduction methods for geometrically nonlinear
structures, including those modelled with the von Kármán formulation, are discussed in the
recent review paper by Touzé et al. [229]. As previously mentioned, despite the extensive use
of the von Kármán formulation, the model is predicated on approximate kinematics, which
makes it unsuited for studying complex and highly nonlinear systems with large displacements.
Therefore, reduced order models which are based on this formulation will suffer from the same
inaccuracies of the full order model, and will not be able to adequately describe complex
nonlinear dynamic phenomena of highly-flexible physical structures.
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2.4.1 von Kármán Strains

Strain is a measure of a body’s deformation under load. Linear strains are characterised
by small deformations such that the body behaves linearly under loading; the sum of two
infinitesimal deformation solutions is also a solution under their combined load. However,
for larger deformations nonlinear terms will have to be included in the strain formulation.
Green’s strain expression is a second-order symmetric tensor with quadratic displacements.
It is derived from computing the deformations at every point of the body with respect to a
reference undeformed configuration, thus taking a Lagrangian point of view [79]. Physically, it
is equal to the difference in the square of the lengths between two points on the body due to
deformation. The strain tensor is given by the following formula, where Einstein’s subscript
notation is used, implying sums on repeated indices

εij = 1
2

(︄
∂ui
∂xj

+ ∂uj
∂xi

+ ∂um
∂xi

∂um
∂xj

)︄
(2.10)

The Cauchy or true stress tensor σ of a body is the force in the deformed configuration that
is measured per unit area of the deformed configuration. In other words, it is the current force
per unit of deformed area [177]. The conjugate strain of the Cauchy stress tensor, that is, the
strain increment whose product with the Cauchy stress tensor gives the strain energy per unit
volume, is not widely used in large displacement structural analysis, since the shape of the body
after deformation is not known a priori. Instead, the second Piola-Kirchhoff stress tensor σ and
its associated conjugate strain tensor, which is the Green strain tensor introduced previously,
are used. The second Piola-Kirchhoff stress tensor uses the transformed current force (pulled
back to the reference configuration) per unit undeformed area. Note how this definition is in
line with that of Green’s strain tensor, where strains were also calculated with respect to the
original undeformed configuration. The strain energy increment per unit volume is then given
by [79]

dW = σij dεij (2.11)

where the subscripts denote the components of the tensors. The strain energy density is thus
defined by

W (εij) =
∫︂ εij

0
σij dεij (2.12)

The total strain energy is then computed as the volume integral of the strain energy density

V =
∫︂
V0
W (εij) dV (2.13)

The strain energy, along with total kinetic energy, is used in Hamilton’s principle to derive the
equation of motion of a mechanical system. Using the equations above, the application of the
variational operator on the strain energy can be written as follows.

δV =
∫︂
V0

∂W

∂εij
δεij dV =

∫︂
V0
σij δεij dV (2.14)
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The expression for von Kármán strains arises from simplifying the Green strain measure by
assuming that displacements and rotations are moderate, but the strains remain small. Strains
derived using these assumptions are valid for slender bodies where (moderate) displacements
do not cause large strains. Due to small strains, the linear constitutive law of stress and strain
can be used. Starting from Green’s strain equation in Eq. (2.10), the axial strain for a 3D beam
can be written as

ε11 = ∂u1

∂x1
+ 1

2

⎡⎣(︄∂u1

∂x1

)︄2

+
(︄
∂u2

∂x1

)︄2

+
(︄
∂u3

∂x1

)︄2
⎤⎦ (2.15)

Assuming small axial component (∂u1/∂x1)2 ≈ 0, and retaining the quadratic terms, the von
Kármán strain can be written as

ε11 = ∂u1

∂x1
+ 1

2

⎡⎣(︄∂u2

∂x1

)︄2

+
(︄
∂u3

∂x1

)︄2
⎤⎦ (2.16)

The quadratic terms in the above equations are the only source of nonlinearity in the von Kár-
mán model. These so-called axial-bending or membrane-bending coupling terms [56] enable the
von Kármán model to effectively model situations where bending displacements induce axial
loads in the structure, such as beams with clamped boundary conditions. In these configu-
rations, the rotations of the cross sections remain small to moderate; however, the boundary
conditions result in axial strains under bending, which are adequately captured with the von
Kármán model, allowing it to provide a reasonably accurate representation of the structural
response under these specific conditions. In contrast, geometric nonlinearities arising from ex-
tremely large displacements and rotations of the cross section cannot be modelled accurately
with the von Kármán model, as the truncation of the Green strain tensor omits higher-order
terms that become significant under such conditions.

2.4.2 Finite Element Discretisation

The Finite Element (FE) discretisation of the von Kármán beam is now presented. The
method is based on the FE formulation and developments by Géradin and Rixen [79]. More
comprehensive reviews of the FE theory can be found in classical textbooks devoted to the
subject (see Zienkiewicz & Taylor [250], Crisfield [33], Wriggers [244]).

The solution domain is first divided into a number of elements. Within each element, a
finite number of interpolation functions are chosen as piecewise continuous polynomials, such
that the generalised coordinates are equivalent to the local displacement values at the nodes of
each element. Therefore, the solution in each element is approximated using the interpolation
functions and based on their values at the nodes of the element. Boundary conditions are met
as adjacent elements share mutual nodes. The displacements are expanded as a sum series of
the products of the interpolation functions and the nodal displacements.

The interpolation functions, also known as the shape functions, need to satisfy the boundary
conditions and be differentiable up to the order of the full continuous equations of motion when
written in integral, or weak form. They are often written in terms of isoparametric coordinates,
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Figure 2.1: 3D beam element in global coordinate system

which are non-dimensionalised coordinates with respect to the length of each element. Hermite
polynomials, which have the added benefit of being orthogonal, are often chosen for this purpose.
For a beam under bending, the weak form of the equations includes second-order derivatives
of the displacements. Therefore, to maintain differentiability, third-order Hermite polynomials
are chosen as the shape functions such that the displacement boundary conditions at the nodes
are satisfied. These functions are written for each element as

ΦT
e (ξ) =

⎡⎢⎢⎢⎢⎢⎢⎣
1 − 3ξ2 + 2ξ3

lξ(1 − ξ)2

ξ2(3 − 2ξ)
lξ2(ξ − 1)

⎤⎥⎥⎥⎥⎥⎥⎦ (2.17)

where l is the element length, and ξ ∈ [0, 1] is the isoparametric coordinate along the element,
evaluated as

ξ = x− x0

l
(2.18)

In the FE formulation that follows, the weak form of the equations are written for each element
and the approximate displacements are substituted in the energy equations. The element
mass and stiffness matrices are obtained from the kinetic and strain energy equations. The
matrices from each element are then assembled into global matrices, which express the dynamic
equilibrium of the entire system. This dynamic equation of motion is solved using the Newmark
time integration method, and the nodal displacements are then obtained. Using the shape
functions and the nodal displacement, the continuous displacement along each element can be
computed.

Displacemets and Strain

Each node of the discretised beam has six degrees of freedom (3 axial and 3 rotational),
which gives a total of 12 degrees of freedom for each element. A schematic of the beam element
in the global coordinate system is shown in Figure 2.1 where the degrees of freedom of the beam
can be seen. Euler beam assumptions of no shear stress and no planar deformation are imposed.
The in-plane and out-plane rotation angles are equal to the derivative of the deflections in each
direction. Finally, the beam is allowed to twist about its longitudinal axis under torque load,
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but it is assumed that no warping takes place and that the rotary inertia of the beam is zero.
With these assumptions, the displacement field can be written as

u1 = u(x) + zθy − yθz

u2 = v(x)
u3 = w(x)
u4 = θx(x)

(2.19)

where θy = −dw/dx and θz = du/dx indicate how the rotations are linearised and equal to the
displacement derivatives. Substituting the displacement field into 2.16, the von Kármán axial
strain can be written as

ε11 = ∂u1

∂x
+ 1

2

(︄
∂u2

∂x

)︄2

+ 1
2

(︄
∂u3

∂x

)︄2

+ ∂u4

∂x

= du
dx − z

d2w

dx2 − y
d2v

dx2 + 1
2

(︄
dv
dx

)︄2

+ 1
2

(︄
dw
dx

)︄2

+ dθx
dx

(2.20)

which can be written in matrix form as

ε11 =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

u1,1 + 1
2u

2
2,1 + 1

2u
2
3,1

u2,11

u3,11

u4,1

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
(2.21)

where ui,1 = dui/ dx and ui,11 = d2(ui)/ dx2. It is seen that the beam curvature is linearly
related to the second derivative of the displacements, namely u2,11 = κv and u3,11 = κw. Note
that the coefficients −y and −z have been temporarily factored out of the strain equation and
will be multiplied back in when evaluating the strain energy.

Finite Element Model

The FE model is formulated by choosing appropriate shape functions for approximating the
displacements. The bending displacements are approximated using the Hermite polynomials
introduced in Eq. (2.17), while the axial and twist displacements are approximated using a linear
first order variation function. The displacement approximation equation for each element is
written as

U e = Φqe (2.22)
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where each term expanded is written as

U e = [u1, u2, u3, u4]T

qe = [u1, v1, w1, θ1
x, θ

1
y, θ

1
z , u

2, v2, w2, θ2
x, θ

2
y, θ

2
z ]T

Φ =

⎡⎢⎢⎢⎢⎢⎢⎣
φ1 0 0 0 0 0 φ2 0 0 0 0 0
0 φ3 0 0 0 φ4 0 φ5 0 0 0 φ6

0 0 φ7 0 −φ8 0 0 0 φ9 0 −φ10 0
0 0 0 φ11 0 0 0 0 0 φ12 0 0

⎤⎥⎥⎥⎥⎥⎥⎦
(2.23)

where the shape functions, written in isoparametric terms, are

φ1, φ11 = 1 − ξ φ2, φ12 = ξ

φ3, φ7 = 1 − 3ξ2 + 2ξ3 φ5, φ9 = ξ2(3 − 2ξ)
φ4, φ8 = lξ(1 − ξ)2 φ6, φ10 = lξ2(ξ − 1)

and the superscripts 1 and 2 indicate the beginning and end nodes of each element, as shown in
Figure 2.1. Substituting the displacement approximations into the strain equation in Eq. (2.21),
and omitting the subscript (·)11 for clarity, we have

ε = B0q
e + 1

2B1q
e + 1

2B2q
e (2.24)

where the matrices B0, B1, and B2 are defined as

B0 =

⎡⎢⎢⎢⎢⎢⎣
φ1,1 0 0 0 0 0 φ2,1 0 0 0 0 0

0 φ3,11 0 0 0 φ4,11 0 φ5,11 0 0 0 φ6,11

0 0 φ7,11 0 −φ8,11 0 0 0 φ9,11 0 −φ10,11 0
0 0 0 φ11,1 0 0 0 0 0 φ12,1 0 0

⎤⎥⎥⎥⎥⎥⎦ (2.25)

B1 = A1(u)G1 =

⎡⎢⎢⎢⎢⎢⎣
u2,1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣
0 φ3,1 0 0 0 φ4,1 0 φ5,1 0 0 0 φ6,1

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎦ (2.26)

B2 = A2(u)G2 =

⎡⎢⎢⎢⎢⎢⎣
u3,1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣
0 0 φ7,1 0 −φ8,1 0 0 0 φ9,1 0 −φ10,1 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎦ (2.27)

Finally, the increment of strain is evaluated as

dε = [B0 +B1 +B2] dqe (2.28)
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Element Equation of Motion

As discussed previously, the material constitutive law can be taken as linear and equivalent
to Hooke’s law of elasticity. As such, the stress can be evaluated by multiplying the modulus of
elasticity and the shear modulus by the strain terms. The equation of motion for each element
can then be evaluated using Hamilton’s principle. It is noted that, as the shape functions are
written in isoparametric form, the chain rule is required when evaluating the equation of motion
to transform the derivates and functions from x to ξ. This is done using the Jacobian, which
using Eq. (2.18) can be written as

je = dx
dξ = l

dnφi
dxn = j−n

e

dnφi
dξn &

∫︂ l

0
dx =

∫︂ 1

0
je · dξ

(2.29)

The integral equations are then evaluated from 0 to 1, and are computed numerically using
Gauss-Legendre quadrature. The variation of strain energy is thus given by

δV =
∫︂
V
σ dε dV =

∫︂ 1

0

∫︂
A
σ dε dAje · dξ =

∫︂ 1

0
Dε dε je · dξ (2.30)

where

D =

⎡⎢⎢⎢⎢⎢⎢⎣
EA 0 0 0
0 EIzz 0 0
0 0 EIyy 0
0 0 0 GJ

⎤⎥⎥⎥⎥⎥⎥⎦
is the rigidity matrix, and is found from the integration of the elasticity modulus with respect
to area A, where the coefficients −y and −z factored out of Eq. (2.21) are re-introduced and
integrated to give the second moment of area with respect to the z and y axes respectively.

The kinetic energy of the element can be written as

T = 1
2

∫︂ l

0
m(u̇2 + v̇2 + ẇ2) +mr2

t θ̇
2
x dx (2.31)

where rt is the radius of gyration about the longitudinal beam axis. The displacement approx-
imations in Eq. (2.23) can be substituted into the kinetic energy equation and the terms can
be gathered and written in matrix form. The variation of the kinetic energy can then be eval-
uated, which along with the variation of strain energy in Eq. (2.30) can be used in Hamilton’s
principle. After an integration by parts the full elemental equation of motion can be written as

M eq̈e +Ceq̇e +Ke(qe)qe = P e(t) (2.32)
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where

M e =
∫︂ 1

0
ΦT

(1:3,:)mΦ(1:3,:) je · dξ +
∫︂ 1

0
ΦT

(4,:)mr
2Φ(4,:) je · dξ

Ce = αM e + βKe

Ke(qe)qe =
∫︂ 1

0
σ dε je · dξ = [Ke

0 +Ke
1 +Ke

2 ] qe

P e(t) =
∫︂ 1

0
ΦTF (x, t) je · dξ

where M e is the element mass matrix, Ce is the element damping matrix, which is taken to be
proportional to the mass and stiffness matrices, Ke is the element stiffness matrix, and P e is
the applied external force. The element stiffness matrix is comprised of a linear part Ke

0 which
is fixed, and nonlinear parts Ke

1 and Ke
2 which are displacement-dependent and change with

the degree of deformation. The terms of the stiffness matrix are written as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Ke
0 =

∫︂ 1

0
BT

0 DB0 je · dξ

Ke
1 =

∫︂ 1

0

[︃1
2B

T
0 DB1 + 1

2B
T
0 DB2 +BT

1 DB0 +BT
2 DB0

]︃
je · dξ

Ke
2 = 1

2

∫︂ 1

0

[︂
BT

1 DB1 +BT
1 DB2 +BT

2 DB1 +BT
2 DB2

]︂
je · dξ

(2.33)

It is noted that the mass matrix remains constant as the beam deforms. Therefore, changes in
inertia due to the change in the beam shape are not accounted for, and the nonlinearity related
to inertia effects are ignored.

Coordinate Transformation

The element matrices need to be expressed in terms of the global coordinate system before
they can be assembled to derive the full system matrices. As the beam orientation in 3D space
can be arbitrary, these matrices therefore need to be transformed from their local coordinate
system to the global coordinate system. The coordinate axes in the element’s local frame are
defined by [e⃗x, e⃗y, e⃗z] while the global reference frame is defined as [e⃗X , e⃗Y , e⃗Z ]. The local axes
are defined a priori, where e⃗x lies along the length of the element, and forms an orthogonal set
with e⃗y and e⃗z, as seen in Figure 2.1. The rotation operator Re describes the transformation
between the frames, and is constructed from the dot product of the base vectors [79]

⎡⎢⎢⎢⎣
xi

yi

zi

⎤⎥⎥⎥⎦ = Re

⎡⎢⎢⎢⎣
Xi

Yi

Zi

⎤⎥⎥⎥⎦

Re =

⎡⎢⎢⎢⎣
e⃗X · e⃗x e⃗Y · e⃗x e⃗Z · e⃗x
e⃗X · e⃗y e⃗Y · e⃗y e⃗Z · e⃗y
e⃗X · e⃗z e⃗Y · e⃗z e⃗Z · e⃗z

⎤⎥⎥⎥⎦
(2.34)
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The transformation between the frames can be expressed for the element’s 12 structural degrees
of freedom using the following transformation matrix

T e =

⎡⎢⎢⎢⎢⎢⎢⎣
Re 0 0 0
0 Re 0 0
0 0 Re 0
0 0 0 Re

⎤⎥⎥⎥⎥⎥⎥⎦ (2.35)

and the stiffness and mass matrices can therefore be expressed in the global coordinate system
as

Ke
G = T eTKeT e M e

G = T eTM eT e (2.36)

2.4.3 Numerical Time Integration: Newmark Method

The finite element method enables the nonlinear equation of motion of the system to be
written in terms of a residual vector in the following standard discretised form

r(q) = Mq̈ + fnl(q, q̇) − p(q, t) = 0 (2.37)

where fnl is the function which includes the system nonlinearities. This equation can be solved
using time integration techniques to reveal the dynamic response of the system under external
excitations. A highly popular method in the field of structural dynamics for this purpose is the
Newmark method [79]. The Newmark equations are evaluated by a Taylor series expansion of
the system velocity and displacements from a known solution to a solution at the next time step,
ignoring terms higher than the system acceleration. Assuming linear variation of acceleration
across each time step, and using numerical quadrature to evaluate the integrals, the Newmark
equations can be written as the following implicit second order system

q̇n+1 = q̇n + (1 − γ)hq̈n + γhq̈n+1

qn+1 = qn + hq̇n + h2
(︃1

2 − β
)︃
q̈n + h2βq̈n+1

(2.38)

where h is the time step and γ and β are the quadrature parameters. The Newmark equation
is substituted into Eq. (2.37) and the residual is expressed in terms of qn+1. The Newton-
Raphson procedure is then implemented to iteratively solve the residual equation. The residual
is expanded using Taylor series where only the linear term is retained

r(qk+1
n+1) = r(qkn+1) + ST (qkn+1)(qk+1

n+1 − qkn+1) (2.39)
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where ST is the system Jacobian matrix, and is written as

ST (q) =
(︄
∂r

∂q

)︄

= ∂fnl
∂q

+ ∂fnl
∂q̇

∂q̇

∂q
+M ∂q̈

∂q
− ∂p

∂q

= KT +CT
γ

βh
+M 1

βh2

(2.40)

where the Newmark relationships are exploited to evaluate the time derivatives of the displace-
ments q. In the final expression of the Jacobian, KT and CT denote the tangent stiffness and
damping matrices, respectively. The derivative of the force term is also omitted as it is unsym-
metrical and does not affect the solution convergence. The Jacobian is inverted and Eq. (2.39)
is used to evaluate the displacement corrections ∆q, which are used to find corrections to the
velocity and acceleration. The Newton-Raphson iteration is continued until the residual falls
below a desired error tolerance, and the final corrections to the velocity and acceleration are
found, after which the Newmark time step is advanced, and a new Newton-Raphson iteration
is started at the new time step. This process is continued until the time history of the system
displacement, velocity, and acceleration is obtained.

Tangent Matrix

As pointed out in Section 2.4.3, the tangent stiffness and damping matrices are required
to solve the dynamic equation of motion using Newmark’s time integration scheme. Rewrit-
ing Eq. (2.32) in the same format as Eq. (2.37), the nonlinear forces can be written as

fnl = Ceq̇e +Ke(qe)qe (2.41)

From the jacobian in Eq. (2.40), the element tangent stiffness and damping matrices can there-
fore be written as

KT = ∂fnl
∂q

= ∂(Ke(qe)qe)
∂qe

CT = ∂fnl
∂q̇

= ∂(Ceq̇e)
∂q̇e

(2.42)

The evaluation of the tangent damping matrix is straightforward since the damping is pro-
portional to the mass and linear stiffness matrices and is therefore assumed to be fixed. We
therefore have

CT = Ce (2.43)
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The evaluation of the tangent stiffness matrix is done by differentiating the integral expression
of stiffness with respect to the displacement vector, as follows

KT =
∫︂
V

∂
(︂
[B0 +B1 +B2]T σ

)︂
∂qe

dV

=
∫︂
V

∂ [B0 +B1 +B2]T

∂qe
σ dV +

∫︂
V

[B0 +B1 +B2]T
∂σ

∂qe
dV

(2.44)

where we have used
δV =

∫︂
V
σ dε dV = Ke(qe)qe (2.45)

Each term of the equation above is evaluated separately as
∫︂
V

[B0 +B1 +B2]T
∂σ

∂qe
dV =

∫︂
V

[B0 +B1 +B2]T D [B0 +B1 +B2] dV (2.46)

∫︂
V

∂ [B0 +B1 +B2]T

∂qe
σ dV =

∫︂
V

(︄
∂BT

1
∂A1

· ∂A1

∂u2,1
σ · ∂u2,1

∂qe
+ ∂BT

2
∂A2

· ∂A2

∂u3,1
σ · ∂u3,1

∂qe

)︄
dV

=
∫︂
V

⎛⎜⎜⎜⎜⎜⎜⎝G
T
1

⎡⎢⎢⎢⎢⎢⎢⎣
1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦σG1 +GT
2

⎡⎢⎢⎢⎢⎢⎢⎣
1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦σG2

⎞⎟⎟⎟⎟⎟⎟⎠ dV
(2.47)

where the stress term can be written as
⎡⎢⎢⎢⎢⎢⎢⎣
1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦σ =

⎡⎢⎢⎢⎢⎢⎢⎣
1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎣
EA 0 0 0
0 EIzz 0 0
0 0 EIyy 0
0 0 0 GJ

⎤⎥⎥⎥⎥⎥⎥⎦ ε

=

⎡⎢⎢⎢⎢⎢⎢⎣
EA 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

u1,1 + 1
2u

2
2,1 + 1

2u
2
3,1

u2,11

u3,11

u4,1

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎣
EA(u1,1 + 1

2u
2
2,1 + 1

2u
2
3,1) 0 0 0

0 0 0 0
0 0 0 0
0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎦ (2.48)

The derivative of the displacement terms in Eq. (2.48) above are evaluated at the midpoint of
each element for increased accuracy [177], and are found at every time step using the derivative
of the shape function approximations to the displacements.

After evaluating the elemental stiffness, mass, and tangent matrices for each element, they
are each transformed to the global coordinate system and are finally assembled to give the full
system matrices in the equation of motion, which is then solved using Newmark’s method to
obtain the dynamic response of the beam to external excitations.
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2.5 Conclusion
In this chapter, the fundamental theory of nonlinear normal modes and their properties

was presented and discussed. A comprehensive review of the existing literature on NNMs was
conducted, emphasising their significance in the analysis of nonlinear dynamics. The shoot-
ing and pseudo-arclength continuation methods for the computation of NNMs were presented,
with a detailed discussion of their theoretical underpinnings. Additionally, the literature on
geometrically exact beam formulations was reviewed, and various methods of modelling geo-
metric nonlinearity were discussed. Finally, the three-dimensional finite element formulation
of a beam incorporating von Kármán strains and solved using the Newmark time integration
method was developed and presented.

As discussed in this chapter, the von Kármán model does not offer an accurate kinematic
description of geometrically nonlinear beams and is not suitable for modelling structures with
large displacements and rotations. Despite this, it is still a commonly used formulation in the
modelling of beams and plates, and furthermore in constructing reduced order models of such
structures. The more accurate nonlinear beam model based on the Special Euclidean group
SE(3) is formally introduced in Chapter 3, and a comparison between the SE(3) formulation
and the von Kármán formulation is presented in Chapter 4.





Chapter 3

Lie Groups

Abstract

This chapter presents a pedagogical introduction to the theory of Lie groups, specifically
tailored for engineers and structural dynamicists. The objective is to present the theory in a
clear and accessible manner, aiming to minimise the level of abstraction typically encountered
in the literature. In doing so, we address the challenges often faced when encountering this
topic for the first time, using examples aiming to overcome the initial barrier to entry into the
theory of Lie groups.

Specifically, a two degree-of-freedom system is used to illustrate the formulation of the
equation of motion of typical mechanical engineering systems using Lie group theory. This
approach is intended to demystify the theory, providing a novel and accessible introduction that
deliberately differs from traditional expositions of the subject. The structured presentation of
the theory, combined with illustrative examples, and the detailed analysis of the two degree-of-
freedom system, represents an original contribution of this chapter.

We then introduce the geometrically exact equations of motion for a three-dimensional beam
model formulated on Lie groups. We highlight the advantages of this method over other geo-
metrically exact formulations of beams introduced in Chapter 2.
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3.1 Introduction to Lie Groups
The main theory of Lie groups is introduced in this section, and some of their principle

mathematical properties are discussed. We will consider several key examples of Lie groups,
including the group of rotations in three-dimensional space, namely the SO(3) group, and the
group of rigid body transformations in two-dimensional and three-dimensional space, namely
the SE(2) and the SE(3) groups, respectively. We begin with a general introduction to Lie
groups and will use the above groups as examples to illustrate the theory and offer a more
practical overview of the topics.

3.1.1 Definition

A group G is a set with a composition operation ◦, and an identity element E , with the
following four basic properties [206]:

• Closure: ∀X1,X2 ∈ G, X1 ◦ X2 ∈ G

• Associativity: ∀X1,X2,X3 ∈ G, X1 ◦ (X2 ◦ X3) = (X1 ◦ X2) ◦ X3

• Identity: ∀X ∈ G, X ◦ E = E ◦ X = X

• Inverse: ∀X ∈ G, X ◦ X −1 = X −1 ◦ X = E

For groups whose members are matrices, namely, matrix groups, the composition operation
is equivalent to the matrix product. It is noted that groups are generally not abelian1, giving rise
to the notion of left and right multiplication, since X1X2 and X2X1 are generally different. Lie
groups, in addition to enjoying the properties above, are also differentiable manifolds, meaning
that the composition and the inverse operations are smooth, and therefore a tangent space
exists at every group element X ∈ G, and is denoted by TX G.

An example of a Lie group is the set of all three-dimensional rotation matrices. Rotation
matrices fit the aforementioned axioms of a Lie group, and together with the operation of
rotation concatenation (matrix multiplication), comprise the Special Orthogonal group of R3,
denoted as SO(3) [75]. The orthogonality of the group means that the transpose of a rotation
matrix equals its inverse, while the term "special" means that the determinant of a rotation
matrix equals one. The space of SO(3) is defined as SO(3) = {R ∈ R3×3 | RTR = I3, det(R) =
1} and constitutes a three-dimensional manifold in the Euclidean space E3 [75]. Additional
concepts related to Lie groups will be introduced in the following sections, and examples will
be drawn from the SO(3) and SE(3) groups, the latter being the group of rigid body motions,
which will be formally defined in Section 3.3.

3.1.2 Group Action

Lie groups are capable of transforming elements of other sets, such as points and vectors,
by means of their actions. Considering a matrix group G and a vector space V , the group acts

1An Abelian group is a commutative group, such that applying the group composition to two group elements
does not depend on the order in which they are written. Examples include the group of integers under addition.
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on this space by matrix multiplication [193]

a(G, V ) : G × V ↦→ V ; V ↦→ GV (3.1)

This implies that vector spaces can be transformed under the action of the group. An intuitive
example would be the action of the SO(3) group on vectors in R3, which transforms the vector
by applying a rotation to it in 3D space. A group can also act on itself, by left or right
multiplication of two group elements, giving another member of the group. Considering again
the SO(3) group, the multiplication of two rotation matrices results in a rotation matrix which
belongs to the group.

3.1.3 Lie Algebra

An abstract notion of a Lie algebra can be defined as a finite-dimensional vector space g,
together with a map [·, ·] from g × g into g, with the following properties [92]:

• [·, ·] is bilinear: ∀X,Y, Z ∈ g ∧ a, b ∈ R, [aX + bY, Z] = a[X,Z] + b[Y, Z]

• [·, ·] is skew-symmetric: ∀X,Y ∈ g, [X,Y ] = −[Y,X]

• The Jacobi identity holds: ∀X,Y, Z ∈ g, [[X,Y ], Z] + [[Y, Z], X] + [[Z,X], Y ] = 0

This map is termed the Lie bracket, and for algebras associated with matrix Lie groups, it is
given by:

[X,Y ] = XY − Y X (3.2)

Geometrically, the Lie algebra is defined as the tangent space at the identity element E of the
group (g = TEG), and is a vector space whose elements can be identified1 with vectors in Rm,
where m is the number of degrees of freedom of G [206]. This is illustrated in Figure 3.1.
g can be interpreted as a linearisation of G near E , and the Lie bracket is a measure of the
non-commutativity of the group operation [74]. A unique tangent space exists at each point on
the group manifold, but they all have the same structure [206], such that vectors on different
tangent spaces have the same dimension. The geometric significance of the tangent space at
identity (the Lie algebra) is that we can move from this space to the tangent space at any
other group element using the group composition [74] (see 3.1.4). Moreover, elements of the
Lie algebra can be converted to the nonlinear group manifold by means of the exponential
map [206], as discussed in the following sections.

As the Lie algebra is defined as a tangent space at the identity, the structure of the algebra
for any group can be determined by differentiating the group constraint at the identity ele-
ment [206]. Such algebra elements represent velocities, though other derivatives may also be
taken for other physical quantities. For the SO(3) group, the group constraint reads RTR = I3.
Taking the time derivative of this constraint gives

RT Ṙ + ṘTR = 0 (3.3)
1We say the algebra is isomorphic to Rm.
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Figure 3.1: Illustration of a Lie group and its Lie algebra. da(X ) ∈ TX G. Note that, us-
ing Eq. (3.33), we can write da(X ) = X ˜︁a, where ˜︁a ∈ g. The geometric insight is that derivative
vectors in other tangent spaces can be represented using vectors in the Lie algebra.

which can be rearranged as
RT Ṙ = −(RT Ṙ)T (3.4)

which reveals that RT Ṙ is a skew-symmetric matrix. We can express this skew-symmetric
matrix as [ω]× indicating rotational velocities, which takes the following form

[ω]× =

⎡⎢⎢⎢⎣
0 −ωz ωy

ωz 0 −ωx
−ωy ωx 0

⎤⎥⎥⎥⎦ . (3.5)

Therefore, Eq. (3.4) can now be written as

RT Ṙ = [ω]× (3.6)

It is now evident that, at the identity element of SO(3) where R = I3, we will have

Ṙ = [ω]× (3.7)

Therefore, the tangent space at the identity, which is the Lie algebra, will be equivalent to the
space of all 3-dimensional skew-symmetric matrices. Two important observations can be made
at this point. First, the dimension of the tangent space matches the dimension of the group
manifold, which in the case of SO(3), is equal to 3. Secondly, as the Lie algebra is a vector
space, it is isomorphic to Rm, where m denotes the dimension of the manifold. For SO(3),
[ω]× is isomorphic to R3, which means that ω can be written as a 3 × 1 vector that can be
linearly mapped into a skew-symmetric matrix, representing an element of the algebra so(3).
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We generally consider this linear invertible map, or isomorphism, as a map from Rm to g, and
we denote it using ˜︃(•) as: ˜︃(•) : Rm ↦→ g, x ↦→ ˜︁x (3.8)

for x ∈ Rm [208], [209]. In the case of SO(3) we therefore have ˜︁ω = [ω]× for ω ∈ R3. We can
also construct an inverse map, denoted using (•)∨, as a map from g to Rm, as follows

(•)∨ : g ↦→ Rm, ˜︁x∨ ↦→ x (3.9)

3.1.4 Left and Right Invariant Vector Fields

As seen in Eq. (3.3), the time derivative of the group constraint reveals the structure of
the algebra and leads to the expression of the Lie algebra velocities. For multiplicative matrix
groups, such as SO(3), the group constraint takes both forms:

X −1X = E (3.10a)
X X −1 = E (3.10b)

We have already used Eq. (3.10a) with the SO(3) group to obtain Eq. (3.6). The concept of
left and right invariant vector fields emerges from the time derivation of each of the constraint
terms in Eq. (3.10), which will lead to velocities that are left-multiplied or right-multiplied by
the group element.

Time differentiating each of the constraint terms in Eq. (3.10) gives [75]:

X −1Ẋ = ˜︁vL (3.11a)
Ẋ X −1 = ˜︁vR (3.11b)

where velocities are indicated with v and the left and right invariance is denoted using the
subscripts. Each equation can in turn be re-arranged to give the equation for the time derivative
of the group element using both vector fields as:

Ẋ = X ˜︁vL (3.12a)
Ẋ = ˜︁vRX (3.12b)

It is shown in subsequent sections that vL corresponds to the velocities in the body frame,
that is, the coordinate frame attached to the moving rigid body, and vR corresponds to the
velocities in the global frame, which is the inertial coordinate frame fixed in space. The left-
invariant, local representation of the derivatives of the group gives rise to quantities that do
not depend on the position or orientation of the body with respect to the fixed reference
frame [209]. This invariance with respect to the fixed frame offers numerous computational
benefits in deriving equations of motion of rigid bodies under the Lie group formulations, as
discussed later. Many robotics authors also follow the same convention of using the left-invariant
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derivatives to represent local quantities [206], motivated by the convention of transformation of
local frames to global frames by left multiplication with a rotation matrix. The application of
the left and right invariant vector fields in the SO(3) group is further elaborated in Section 3.2.1.

Eq. (3.12) offers another geometric insight. It is clear that Ẋ is a derivative of the group
and therefore belongs to the tangent space at X , (i.e., Ẋ ∈ TX G). Furthermore, ˜︁v1 belongs
to the algebra, which is the tangent space at the identity element. Eq. (3.12) therefore shows
that we can move from the tangent space at identity E to the tangent space at any other group
element X by means of (left or right) multiplication with the group element.

3.1.5 Exponential and Logarithm Maps

The exponential map comes naturally from solving the differential equation in Eq. (3.12a).
The analytic solution to this equation that passes through the identity element (i.e. initial
conditions X (0) = E) is given by

X (t) = exp(˜︁vLt) (3.13)

for all time values t ∈ R. It is obvious per the definition that X (t) is a Lie group element, which
implies that exp(˜︁vLt) must also be in the group. Noting that ˜︁vLt belongs to the algebra g, we
can generalise the definition of the exponential by defining the increment [206] τ = vLt ∈ Rm

such that we have ˜︁τ ∈ g, and thus we can define the exponential map as

exp : g ↦→ G ; ˜︁τ ↦→ X = exp(˜︁τ ) (3.14)

The exponential therefore gives a mapping from the Lie algebra to the group. It allows the
parametrisation of the Lie group elements using vector in the Lie algebra. The exponential is
a surjective mapping for matrix Lie groups, and it is bijective near the identity. That is, there
is a neighbourhood of 0 in the Lie algebra that maps bijectively to a neighbourhood of the
identity in the group [193]. Therefore, an inverse mapping exists in the neighbourhood of the
identity in the group, which maps back to the algebra. This map is commonly referred to as
the logarithm map [206], and can be defined as

log : G ↦→ g ; X ↦→ ˜︁τ = log(X ) (3.15)

The exponential map provides a means for defining the Lie algebra in a more methodical
way as follows:

Definition: For a matrix Lie group G, the Lie algebra of G, denoted g, is the set of all matrices˜︁τ such that exp(t˜︁τ ) is in G for all real numbers t [92].

It should be noted that from the above definition it naturally follows that if exp(˜︁τ ) ∈ G,
then we must have ˜︁τ ∈ g.

Closed-form expressions of the exponential and logarithm maps can be derived for Lie groups
of interest using the power series formulas for exp and log below, and using simplified expressions

1General velocity term, ignoring the left and right subscripts.
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of successive powers of ˜︁τ and X . These expressions are given in subsequent sections.

exp(˜︁τ ) =
∑︂
p≥0

˜︁τ p
p! (3.16)

log(X ) =
∑︂
p≥1

(E − X )p
p

(3.17)

The exponential map has some key properties, which can be proved using the series expansion
formulas. One property worth mentioning is the following [206]

exp(X ˜︁τX −1) = X exp(˜︁τ )X −1 ∀X ∈ G and ˜︁τ ∈ g (3.18)

It is generally possible to write any X ∈ G as the composition of another group element Y ∈ G
with the exponential of an increment of the algebra g. Owing to the non-commutativity of the
group, this can be done in two ways, by applying the group composition on the left or right
hand side of the exponential as the following two forms

X = Y ◦ exp(˜︁σ) (3.19a)
X = exp(˜︁ρ) ◦ Y (3.19b)

where both σ and ρ are vectors in the Lie algebra, and σ ̸= ρ. The geometric interpretation
of the above equations is illustrated in Figure 3.2. Two possible paths may be taken from the
group identity E to X . Either by composition of Y with an increment vector σ in the local
tangent space at Y as in Eq. (3.19a), or by composition of an increment vector ρ at the tangent
space at identity with Y as in Eq. (3.19b). As the structure of the tangent space is identical
at each point on the group, the exponential can map both σ and ρ to the group, though they
represent tangent vectors at two different points on the group. As σ is expressed locally at Y ,
we say it represents a local increment vector, while ρ is thus a global increment vector as it
is expressed at the identity (origin). It is noted that this is consistent with the left and right
invariant velocities introduced in section 3.1.4, which respectively represent a local and global
description of velocities. The vectors σ and ρ are related by the Adjoint transformation, as
explained in the following section.

3.1.6 Adjoint Representation

Given a Lie group G, for every X ∈ G we can define a left translation as the map LX : G ↦→ G
such that LX (Y) = X Y for all Y ∈ G, and a right translation as the map RX : G ↦→ G such
that RX (Y) = YX for all Y ∈ G [74]. We can then define a conjugation as the following map
from G to G

hX (Y) : G ↦→ G ; hX (Y) = RX −1LX (Y) = X YX −1 (3.20)

The conjugation operation reflects the departure of the group G from commutativity, as it can
be shown that for an abelian group that commutes, one has hX (Y) = Y for all X ,Y ∈ G [217].
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Figure 3.2: Composition with the exponential map on a Lie group.

An equivalent notation can be written in the algebra, by writing Y as the exponential of
some ˜︁τ ∈ g, as follows

hX (Y) = X exp(˜︁τ )X −1 (3.21)

Using the property of the exponential map in Eq. (3.18), this can be written as

hX (Y) = exp(X ˜︁τX −1) (3.22)

which leads to the definition of the Adjoint action as:

AdX (˜︁τ ) : g ↦→ g ; AdX (˜︁τ ) = X ˜︁τX −1 (3.23)

The Adjoint is therefore a map from the Lie algebra onto the Lie algebra. It can also be given
in vector form, as

AdX (τ ) : Rm ↦→ Rm ; AdX (τ ) =
(︂
X ˜︁τX −1

)︂∨
(3.24)

Using the definition above, it can be shown that the tangent vectors σ and ρ in Eq. (3.19a)
and Eq. (3.19b), depicted also in Figure 3.2, may be linearly related through the Adjoint as

ρ = AdY(σ) (3.25)

This provides a geometric interpretation of the action of the Adjoint, in that it transforms
vectors from the tangent space at a group element to the tangent space at identity. A similar
relationship can be written between the left and right invariant vector fields in Eq. (3.11), where
the Adjoint maps the two velocity terms as

vR = AdX (vL) (3.26)

The Adjoint can therefore be used to linearly map vectors expressed in the local frame at a
group element, to those expressed in the global frame at the identity. Indeed, the left and right
invariant velocities in Eq. (3.26) are representations in the local and global frames, respectively,
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as discussed in Sections 3.2.1 and 3.3.1. The inverse transformation is also possible under the
Adjoint, where tangent vectors in the algebra can be mapped onto the tangent space at a
specific group element. In this sense, the Adjoint reveals how the group elements act upon
the algebraic structure of g (the tangent space at the identity, equipped with the Lie bracket).
It is important to note that the mapping afforded by the Adjoint does not move vectors to a
different vector space, as they are all embedded within the framework of the Lie algebra.

Example

An example involving the SO(3) group is now given. We consider an element ˜︁ω ∈ so(3)
representing the instantaneous rotational velocity about the x axis as

˜︁ω =

⎡⎢⎢⎢⎣
0 0 0
0 0 −ω
0 ω 0

⎤⎥⎥⎥⎦ ∈ so(3) (3.27)

We now consider a specific rotation in SO(3) of 90 degrees about the z axis, given by g

g =

⎡⎢⎢⎢⎣
0 −1 0
1 0 0
0 0 1

⎤⎥⎥⎥⎦ ∈ SO(3) (3.28)

The Adjoint action Adg( ˜︁ω) then gives

Adg( ˜︁ω) = g ˜︁ωgT =

⎡⎢⎢⎢⎣
0 0 ω

0 0 0
−ω 0 0

⎤⎥⎥⎥⎦ ∈ so(3) (3.29)

which represents a rotation about the y axis. The intuitive explanation is that the Adjoint
maps the initial rotation about the x axis, to a new rotation, which is still in the algebra, but
results from the action of g on the rigid body. Therefore, it provides a mapping of the rotation
under the action of the group element g. Indeed, the Adjoint action to map different algebraic
entities offers a useful tool to transform velocities between two frames, such as body and inertial
frames [148], [206]. This will be expanded in more detail in Section 3.2.1.

It can be shown that the Adjoint map is the derivative of the conjugation map at identity [74].
Similarly, we can differentiate the Adjoint map at the identity element, which in turn results in
the Lie bracket [74], which is the commutator of two Lie algebra elements. This map is called
the adjoint map (note lowercase), is denoted by ad and defined as

ad˜︁µ(˜︁ν) : g ↦→ g ; ad˜︁µ(˜︁ν) = [˜︁µ, ˜︁ν] = ˜︁µ˜︁ν − ˜︁ν ˜︁µ (3.30)

for ˜︁µ, ˜︁ν ∈ g. The ad map therefore captures the internal structure of the Lie algebra through
the Lie bracket, which is a measure of the non-commutativity of the algebra. The physical
interpretation of the adjoint is that it provides a measure of the commutativity of group elements
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in the vector space of the algebra. Note that the adjoint can also be written in vector form, as

adµ(ν) : Rm ↦→ Rm ; adµ(ν) = ([˜︁µ, ˜︁ν])∨ (3.31)

This vector form mapping allows us to interpret adµ(ν) as the transformation of ν by a cer-
tain matrix ˆ︁µ. Once the Lie bracket is computed and vectorised, the corresponding matrix ˆ︁µ
can be determined, which, when premultiplied by the vector ν, yields the same result. There-
fore, the hat operator ˆ︃(•) serves as a linear operator that maps a vector in Rm to an m × m

matrix. Eq. (3.31) can therefore be restated as

adµ(ν) = ([˜︁µ, ˜︁ν])∨ = ˆ︁µν (3.32)

3.1.7 Commutativity of Cross Derivatives

The cross derivative of a group element are commutative due to the symmetry of second-order
derivatives, which leads to a compatibility equation between derivatives on the group [209]. For
a group element X parametrised by two variables a, b ∈ R, the left-invariant derivatives with
respect to a and b are

da(X ) = X ˜︁a
db(X ) = X ˜︁b (3.33)

and the commutativity of the cross derivatives is expressed as

da(db(X )) = db(da(X )) (3.34)

Using the left-invariant derivatives in Eq. (3.33) and applying the chain rule gives

da(X ˜︁b) = db(X ˜︁a)
da(X )˜︁b + Xda(˜︁b) = db(X )˜︁a + Xdb(˜︁a)

X (˜︁a˜︁b + da(˜︁b)) = X (˜︁b˜︁a + db(˜︁a))

(3.35)

Using the definition of the adjoint in Eq. (3.30), the last line above can be written as

db(˜︁a) − da(˜︁b) = ˜︁a˜︁b − ˜︁b˜︁a = [˜︁a, ˜︁b] = ad˜︁a(˜︁b) (3.36)

or equivalently in vector form as

db(a) − da(b) = ada(b) (3.37)

which is the compatibility equation which relates the derivatives of two Lie algebra elements
through the adjoint. It is worth noting the derivatives of group elements, which are termed the
Jacobians, can be related using the Ad map [206]. The relationship in Eq. (3.37) can therefore
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be seen as the derivative of this Jacobian compatibility equation, given that ad is the derivative
of Ad at the identity, as discussed. Eq. (3.37) shows that derivatives do not commute on the
Algebra elements, though they do commute on the group elements, as expressed in Eq. (3.34).

3.1.8 Derivative of the Exponential and Tangent Operator

The derivative of the exponential plays a key role in the description of the composition of
the group in the context of elements belonging to the algebra. In terms of matrix Lie groups,
it confirms that all information about the product operation on the group is encoded in the Lie
algebra [92]. That is to say, for every two group elements exp(˜︁µ) and exp(˜︁ν), their combined
action, given by the product exp(˜︁µ) exp(˜︁ν), has an analytic expression in terms of commutators
in the algebra1. The derivative of the exponential map on any ˜︁τ ∈ g is given by [74], [92]

Dexp(˜︁τ ) = exp(˜︁τ )
(︄

E − exp(−ad˜︁τ )
ad˜︁τ

)︄
(3.38)

The derivative of the exponential also plays a role in the evaluation of what is known as
the Tangent operator [209]. Consider an element X of the group G. This can generally be
represented as a function of some ˜︁τ ∈ g as follows:

X = exp(˜︁τ ) (3.39)

This can be differentiated with respect to any parameter a ∈ R to give

da(X ) = Dexp(˜︁τ ) · da(˜︁τ ) (3.40)

where Dexp(˜︁x) · ˜︁y is the directional derivative of the exponential map in the direction of ˜︁y. We
also know from Eq. (3.12a) that da(X ) can be written in terms of a left-invariant vector field
as

da(X ) = X ˜︁aL (3.41)

Equating Eq. (3.40) and Eq. (3.41) together, and using Eq. (3.39), we arrive at the following
linear relationship

˜︁aL = exp(˜︁τ )−1Dexp(˜︁τ ) · da(˜︁τ )

⇒ ˜︁aL = ˜︂T(τ )da(τ )
(3.42)

where T(τ ) is commonly known as the tangent operator [103], [208]. This is a map from the
Lie algebra to itself g ↦→ g, which transforms a derivative of an algebra element to another
algebra element. It effectively gives the geometric relation between parametrisations of the
group element with respect to different elements in the algebra, here aL and τ . Eq. (3.42) may
also be written in vector form, using the isomorphisms of algebra elements with vectors in Rm,

1Interested readers can refer to [92] for a description of the Baker-Campbell-Hausdorff formula.
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as
aL = T(τ ) da(τ ) (3.43)

The tangent map therefore gives a relationship between the left-invariant element aL and the
element τ defined by the exponential map. Substituting Eq. (3.42) into Eq. (3.41) we have

da(X ) = X ˜︂(T(τ )da(τ )) (3.44)

Therefore, the tangent operator can be used directly to differentiate group elements with respect
to any parameter. A crucial observation can be made in Eq. (3.44): the derivative of a nonlinear
group element can be expressed by the derivative of the corresponding linear algebra element,
through transformation by the tangent map. A series expansion can be written for the tangent
operator and closed-form expressions can be derived for Lie groups of interest [227].

The tangent operator is an invertible map and can therefore be inverted to give an equivalent
expression for the derivative of the log map, as the log and the exp maps are inverses of one
another. Expressing Eq. (3.39) in terms of ˜︁τ , we have

˜︁τ = log(X ) (3.45)

which can be differentiated, leading to an equivalent expression to Eq. (3.43), such that

da(τ ) = T−1(τ )aL (3.46)

This can directly be used in differentiating expressions involving logarithm maps, such as those
related to the shooting function, as will be seen in Section 4.2. Note that aL in Eq. (3.46) is
the left-invariant vector field of the derivative of the term inside the log bracket (that is, X ),
as given in Eq. (3.41).

3.2 Rotation Group SO(3)
The SO(3) group has already been introduced in the previous sections. As discussed, it

is the group of all 3D rotations in Euclidean space, represented by 3 × 3 orthogonal matrices
R ∈ SO(3) with unit determinant. For a given rigid body that is free to rotate about a fixed
frame, every configuration of the body can be represented by a unique R ∈ SO(3).

The inverse of a rotation matrix is given by its transpose. The group’s Lie algebra so(3) is
the set of skew-symmetric 3 × 3 matrices [ω]×, which can be mapped from vectors in R3 to
so(3) using the ˜︃(•) operator. Therefore on SO(3) we have

˜︁ω = [ω]× (3.47)

The cross product between two vectors in R3 may also be written using the ˜︃(•) operator as

a × b = ˜︁ab ∀a,b ∈ R3 (3.48)
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Normalising ω and expressing it as ω = uθ, where θ is the magnitude of ω (θ = ∥ω∥), and
u is a unit vector, the exponential map from so(3) to SO(3) is given by Rodrigues’s formula1

expSO(3)(ω) = I3×3 +
(︄

sin(θ)
θ

)︄
[ω]× +

(︄
1 − cos(θ)

θ2

)︄
[ω]2× (3.49)

Geometrically, given a unit vector u ∈ R3 and a scalar θ ∈ R, the exponential map expSO(3)(uθ)
generates a rotation around the axis u by the angle θ. It can be shown that every rotation
matrix can be represented as the exponential of some skew-symmetric matrix [148].

The inverse of the exponential, namely, the logarithm map, is given by

logSO(3)(R) = θ̄

2 sin(θ̄)
(︂
R − RT

)︂
where θ̄ = arccos

(︄
tr(R) − 1

2

)︄
(3.50)

The Adjoint map can be evaluated using Eq. (3.23) as follows

AdR( ˜︁ω) = R ˜︁ωRT = ˜︃Rω (3.51)

where the right hand side can be verified by carrying out the matrix multiplication R ˜︁ωRT .
The above can be written in vector form and acting on vectors ω ∈ R3 as

AdR(ω) = Rω (3.52)

It is therefore seen that, on the SO(3) group, the Adjoint action is the same as the group
action. The hat operator ˆ︃(•) in Eq. (3.32) is equivalent to the tilde operator ˜︃(•) on SO(3)
in Eq. (3.47). In the case of SO(3), we therefore have ˆ︁ω = [ω]× for ω ∈ R3.

Finally, the tangent and inverse tangent operators are given by [208]

TSO(3)(ω) = I3×3 −
(︄

1 − cos θ
θ2

)︄
[ω]× +

(︄
θ − sin θ

θ3

)︄
[ω]2× (3.53)

T−1
SO(3)(ω) = I3×3 + 1

2[ω]× +
(︄

1
θ2 − sin θ

2θ(1 − cos θ)

)︄
[ω]2× (3.54)

3.2.1 Rigid Body Velocities on SO(3)

Considering a rigid body which is only free to rotate, we define coordinate frame A as the
fixed spatial (inertial) frame, and coordinate frame B as the body frame attached to and moving
with the rigid body. The position of a point q on the rigid body relative to frame A at any
given time is denoted qA ∈ R3, and can be written using the group action of the rotation matrix
R(t) ∈ SO(3), which describes the orientation of the body relative to the fixed frame, as [148]

qA(t) = R(t)qB (3.55)
1Note we write the vector form of ω as the argument to the exponential, as [ω]× appears on the right hand

side.
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where qB ∈ R3 is the position of the same point relative to the body frame. Generally speaking,
rotation matrices serve as transformations which take coordinates of a point relative to one
frame and map them to another1. The velocity of point qA in the spatial frame can be written
as

vqA
(t) = d

dt
(qA(t)) = Ṙ(t)qB (3.56)

Using the right-invariant velocity representation in Eq. (3.12b), and introducing ˜︁ωs as the
spatial angular velocity2, we have Ṙ(t) = ˜︁ωs(t)R(t). Substituting this into Eq. (3.56) above,
and using Eq. (3.55), we have

vqA
(t) = ˜︁ωs(t)qA(t) = ωs(t) × qA(t) (3.57)

where we have used Eq. (3.48) to also write the expression using the vector cross product. This
gives the velocity relative to the spatial frame - of a point whose coordinates are also in the
spatial frame - in terms of the angular velocity of the rigid body ˜︁ωs. We therefore term this
angular velocity as the spatial angular velocity. This therefore leads to the definition of the
instantaneous spatial angular velocity of a rigid body, as the right invariant velocity vector,
which can be computed from Eq. (3.11) as

˜︁ωs = ṘR−1 (3.58)

We will now derive a similar expression for the velocity relative to the body frame. Using the
Adjoint relationship between the left and right invariant velocity fields in Eq. (3.26), we can
write the following relationship with the left-invariant angular velocity, which we will denote
as ˜︁ωb ˜︁ωs = AdR( ˜︁ωb) = R ˜︁ωbR−1 (3.59)

We also have the following relationship between the spatial and body velocities, using the group
action of the rotation matrix similar to Eq. (3.55)

vqA
(t) = R(t)vqB

(t) (3.60)

Substituting Eq. (3.59) for ˜︁ωs in Eq. (3.57), and using the relationship between the spatial and
body velocities in Eq. (3.60), we can write the velocity of point q in the body frame as

vqB
(t) = ˜︁ωb(t)qB(t) = ωb(t) × qB (3.61)

where the instantaneous body angular velocity can be computed from Eq. (3.11) as

˜︁ωb = R−1Ṙ (3.62)

1In fact, the "classical" frame transformation which maps local vectors zl to global zg is given by zg = Rzl.
2It will shortly be apparent why we have termed this spatial angular velocity.
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As stated in Section 3.1.4, it is seen that the left-invariant angular velocity, ˜︁ωb, represents the
rigid body velocity in the body frame, and is therefore independent of the orientation with
respect to the fixed reference frame. This property of the left-invariant representation of the
velocity is also present in case of the rigid body motion group SE(3), as will be seen the
the following section. It is noted that both velocities are elements of the same Lie algebra,
which underscores the unified mathematical framework provided by Lie theory for dealing with
different aspects of continuous motions. The distinction between body and spatial velocities
is therefore not a matter of different algebraic entities, but rather different coordinate frames
through which the same underlying algebraic structure can be viewed.

3.3 Rigid Body Motion Group SE(3)
A general rigid body motion comprises rotation and translation, and is defined as one that

preserves the distance between points. A geometric description of such motion can be developed
using the Special Euclidean Lie group SE(3) in three-dimensional space. The advantage of such
a framework is that it offers a global description of the motion without encountering singularities
and gives a geometric description of rigid motion, which leads to a more compact and simplified
analysis.

To formally introduce the SE(3) group, we begin by considering a rigid body motion con-
sisting of rotation and translation. This motion can be characterised using rigid body trans-
formations to describe the position and orientation of a body coordinate frame in relation to
an inertial frame. We denote the inertial frame as A, and the body frame as B, as depicted
in Figure 3.3. Let pAB ∈ R3 represent the position vector of frame B relative to frame A,
and let qA ∈ R3 and qB ∈ R3 denote the coordinates of a point q relative to frames A and
B, respectively. The relationship between qA and qB can then be expressed through an affine
coordinate transformation as follows [148]:

qA = pAB + RAB qB (3.63)

where RAB ∈ SO(3) expresses the orientation of frame B relative to A. A more concise ex-

Figure 3.3: Rigid body motion frame.
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pression of this relationship can be written using the homogeneous representation of vectors in
R4, to encapsulate both rotation and translation as a single linear transformation matrix, as
follows: ⎡⎣qA

1

⎤⎦ =
⎡⎣RAB pAB

0 1

⎤⎦⎡⎣qB
1

⎤⎦ (3.64)

where the 4 × 4 matrix

HAB =
⎡⎣RAB pAB

0 1

⎤⎦ (3.65)

is a member of the Special Euclidean group SE(3), which represents the combination of ro-
tations and translations in three-dimensional space. We formally define this matrix group as
the group of all transformations of vectors in R3 that can be expressed as a composition of
a translation and an orthogonal linear transformation (rotation) [92]. The elements of SE(3)
take the form

H =
⎡⎣ R x
01×3 1

⎤⎦ ∈ SE(3) (3.66)

where R ∈ SO(3) and x ∈ R3, and with the matrix product as the group composition operation.
The inverse of H is given by

H−1 =
⎡⎣RT −RTx
01×3 1

⎤⎦ ∈ SE(3) (3.67)

and the composition of two group elements gives

HaHb =
⎡⎣RaRb xa + Raxb

01×3 1

⎤⎦ ∈ SE(3) (3.68)

A distinction is drawn between the geometric description of the group action of SO(3) and
SE(3) matrices. As explained in Section 3.2.1, the SO(3) group serves as a transformation of
points from one coordinate frame to another. For the SE(3) group, however, the geometric
interpretation of the group action is that it maps points from their initial coordinates to their
final coordinates after the rigid body motion is applied and does so with respect to a single
coordinate frame.

The Lie algebra element can be defined as

se(3) = {(u, ˜︁ω) | u ∈ R3, ˜︁ω = [ω]× ∈ so(3)} (3.69)

which is written in homogeneous coordinates as

˜︁ξ =
⎡⎣[ω]× u

01×3 0

⎤⎦ ∈ se(3) (3.70)
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An element of se(3) is isomorphic to R6 as

ξ =
⎡⎣u
ω

⎤⎦ ∈ R6 (3.71)

which are termed the twist coordinates [148]. Similarly to Eq. (3.49), we write ω = uθ, where
u is a unit vector, and θ = ∥ω∥. The exponential map from se(3) to SE(3) is then given by

expSE(3)(ξ) =
⎡⎣expSO(3)(ω) V(ω)u

01×3 1

⎤⎦ (3.72)

with
V(ω) = I3×3 +

(︄
1 − cos θ

θ2

)︄
[ω]× +

(︄
θ − sin θ

θ3

)︄
[ω]2× (3.73)

It is noted that
V(ω) = TT

SO(3)(ω) (3.74)

It can be shown that every rigid body motion can be realised by a rotation about an axis
combined with a translation parallel to that axis, and that every rigid body motion can be
represented as the exponential of some twist, which gives the relative motion of a rigid body
with respect to a single reference frame [148].

The logarithm map for the SE(3) group is given by

logSE(3)(H) =
⎡⎣ ˜︁ω V−1(ω)x
01×3 0

⎤⎦ (3.75)

where ˜︁ω = logSO(3)(R).

The Adjoint map can be evaluated using Eq. (3.23) as follows

AdH(˜︁ξ) = H˜︁ξHT =
⎡⎣[Rω]× [x]×Rω + Ru

0 0

⎤⎦ =
˜︂⎡⎣[x]×Rω + Ru
Rω

⎤⎦ (3.76)

which can be written in vector form, as acting on vectors ξ = [u ω]T ∈ R6 as

AdH(ξ) =
⎡⎣[x]×Rω + Ru

Rω

⎤⎦ =
⎡⎣R [x]×R

0 R

⎤⎦ ξ (3.77)

The hat operator ˆ︃(•) in Eq. (3.32) is given by

ˆ︁ξ =
⎡⎣˜︁ω ˜︁u

0 ˜︁ω
⎤⎦ (3.78)
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The tangent operator is given by [208]

TSE(3)(ξ) =
⎡⎣TSO(3)(ω) Tuω+(u,ω)

03×3 TSO(3)(ω)

⎤⎦ (3.79)

where

Tuω+(u,ω) = −β
2
˜︁u + 1 − α

θ2 ⌈u,ω⌉ + ωTu
θ2

(︄
(β − α) ˜︁ω +

(︄
β

2 − 3(1 − α)
θ2

)︄ ˜︁ω2
)︄

(3.80)

with θ = ∥ω∥, ⌈u,ω⌉ = ˜︁u ˜︁ω + ˜︁ω˜︁u, and

α = α(ω) = sin θ
θ

β = β(ω) = 21 − cos θ
θ2

(3.81)

The inverse tangent operator is finally given by

T−1
SE(3)(ξ) =

⎡⎣T−1
SO(3)(ω) Tuω−(u,ω)
03×3 T−1

SO(3)(ω)

⎤⎦ (3.82)

where
Tuω−(u,ω) = 1

2
˜︁u + β − α

βθ2 ⌈u,ω⌉ + 1 + α− 2β
βθ4 (ωTu) ˜︁ω2 (3.83)

Here we note that, instead of the axis-angle representation in ω = uθ which has been
used in Sections 3.2 and 3.3, the Euler-Rodrigues motion parametrisation may be adopted,
which will greatly simplify the expressions for the exponential, logarithm, and tangent maps on
SO(3) and SE(3), by removing all trigonometric terms from these equations. This will provide
considerable computational advantages, both in terms of speed and ease of implementation,
particularly in cases involving small angles. The details of this parametrisation are given in
Appendix A.

3.3.1 Rigid Body Velocities on SE(3)

Starting from the description of the coordinates of a point on a rigid body in Eq. (3.64)
and Eq. (3.65), these can be given over time as

q̄A(t) = HAB(t)q̄B (3.84)

where here we have used q̄ to indicate the 4 × 1 coordinate points in homogeneous form.
Differentiating this to get velocities, we have

vq̄A
(t) = ḢAB(t)q̄B = ḢAB(t)H−1

AB(t)q̄A(t) (3.85)
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It is seen that, similar to the description of the SO(3) velocities in Eq. (3.57), the term
ḢAB(t)H−1

AB(t) has arisen, which indicates the right-invariant velocity vector in SE(3). By
analogy to the rotational velocity, we term this the spatial velocity in se(3), which can be
computed as [148]

˜︁vsAB = ḢABH−1
AB =

⎡⎣ṘAB ṗAB

0 0

⎤⎦⎡⎣RT
AB −RT

ABpAB

0 1

⎤⎦
=
⎡⎣ṘABRT

AB −ṘABRT
ABpAB + ṗAB

0 0

⎤⎦ (3.86)

It is seen that ˜︁vsAB matches the homogeneous coordinates of an element in se(3) given in Eq. (3.70),
which can also be written in vector form as

vsAB = (˜︁vsAB)∨ =
⎡⎣−ṘABRT

ABpAB + ṗAB

(ṘABRT
AB)∨

⎤⎦ =
⎡⎣us

ωs

⎤⎦ (3.87)

The angular component of vsAB, that is, ωs, is the body angular velocity as viewed in the spatial
frame. On the other hand, the linear component, us, is interpreted as the velocity of a (possibly
fictitious) point of the rigid body which is instantaneously located at the origin of the fixed
reference frame in the current configuration [209]. A more intuitive description of the velocities
can be obtained by considering the left-invariant velocity field in Eq. (3.11). Analogous to the
rotational velocities, we define ˜︁vbAB ∈ se(3) as the body velocity, which we calculate as

˜︁vbAB = H−1
ABḢAB =

⎡⎣RT
AB −RT

ABpAB

0 1

⎤⎦⎡⎣ṘAB ṗAB

0 0

⎤⎦
=
⎡⎣RT

ABṘAB RT ṗAB

0 0

⎤⎦ (3.88)

Written in vector form, this yields

vbAB = (˜︁vbAB)∨ =
⎡⎣ RT

AB ṗAB

(RT
ABṘAB)∨

⎤⎦ =
⎡⎣ub

ωb

⎤⎦ (3.89)

and Eq. (3.85) now becomes
vq̄B

(t) = ˜︁vbAB(t)q̄B (3.90)

The body velocity can be interpreted intuitively: ub is the velocity of the body as viewed in the
body frame, and relative to the spatial frame, and ωb is the body angular velocity as viewed
in the body frame. It is interesting to note that the expression for ωb in Eq. (3.89) is identical
to the body angular velocity for a motion under SO(3) in Eq. (3.62). The rigid body velocity
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can also be derived from the left-invariant derivative of the frame HAB in Eq. (3.65), as

ḢAB =
⎡⎣ṘAB ṗAB

0 0

⎤⎦ = HAB ˜︁vL =
⎡⎣RAB pAB

0 1

⎤⎦ ⎡⎣˜︁ωL uL
0 0

⎤⎦ (3.91)

which when multiplied, gives

ṘAB = RAB ˜︁ωL
ṗAB = RABuL

(3.92)

which is identical to Eq. (3.89), to give ωL = ωb and uL = ub, and by extension, vL = vbAB.
It is therefore confirmed that the left-invariant description of the frame velocities leads to the
rigid body velocities as expressed in the local body frame. Similar to the velocities on SO(3),
the velocities here are also connected through the action of the Adjoint, which maps the body
velocity in the local frame to the spatial velocity in the global frame.

It can be shown that the left-invariant derivative of any H ∈ SE(3) is invariant under
Euclidean transformations [208], [209]. That is to say, they do not depend on the position or
orientation of the body with respect to the fixed inertial frame. This representation of the
velocities, and other derivatives on the Lie group in a more general sense, therefore possesses
analytical and computational advantages, and is thus the description adopted in this thesis. The
left-invariant derivatives are also used in the derivation of the beam equations, as presented in
Section 3.5. It should be noted that the expressions for body velocities presented in Eq. (3.89)
are applicable to derivatives with respect to quantities other than time, with the notation
suitably substituted and the expressions kept formally identical.

3.4 Equation of Motion of a Free Rigid Body
The equation of motion of a free rigid body is developed in this section, in order to show-

case the application of Lie group theory in dynamic modelling of rigid bodies, and to provide
an introduction to the beam equations formulated in subsequent sections. The methodology
follows that of works done in the field of multibody dynamics [21], [36], [37], [209], [211].
Similar methodologies also exist in robotics literature, and can be consulted by the interested
reader [133], [146], [148], [193], [247].

3.4.1 Problem Definition

The dynamic system in consideration comprises of an elastic pendulum with and axial and
radial spring, and with no forcing or damping, as depicted in Figure 3.4. The equation of
motion of the tip mass can be written in polar coordinates using the system Lagrangian. This
is given as

mr̈ −mrθ̇2 + kr(r − r0) = 0
mr2θ̈ + 2mrṙθ̇ + Jθ̈ + kθ(θ − θ0) = 0

(3.93)
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Figure 3.4: Unforced undamped elastic pendulum.

We will now derive the equation of motion of the system using Lie group theory. As the
problem is two-dimensional and describes the rigid body motion of the tip mass, we need to
formulate the equation of motion under the SE(2) framework. This is the group of 2D rigid
body motions, as introduced in Section 3.4.2, and is analogous to the SE(3) group introduced
in Section 3.3.

In formulating the equations of motion under SE(2), we incorporate kinematic equations
written under the Lie group setting, and use Hamilton’s variational principle to derive the
equation of motion. The rotational and translational movement of the tip mass is described
using kinematic joints, which are geometrically specified using the notion of Lie subgroups, and
are formulated as kinematic constraints with associated Lagrange multipliers in the equation
of motion. The use of kinematic constraints is required to match the degrees of freedom
of the system, when formulated using SE(2) frames, with the physical degrees of freedom.
This is detailed in Section 3.4.2. Finally, we note that any references made to the the SE(3)
relationships developed earlier in this chapter, and concerning the fundamental properties of
that group, are also applicable to the SE(2) group, bearing in mind that the expressions should
be appropriately reduced to two dimensions, while remaining otherwise equivalent.

3.4.2 SE(2) Lie group framework

The Lie group equations for the pendulum are developed using the 2-dimensional Special
Euclidean SE(2) group formulation. Analogous to SE(3), this is the group of planar rigid body
transformations. We denote an element of this group a frame, which is expressed in matrix
form as

H =
⎡⎣R2×2 x2×1

01×2 1

⎤⎦
3×3

∈ SE(2) (3.94)

with a Lie algebra element given as

χ =
⎡⎣ρ
θ

⎤⎦ ∈ R3; ˜︁χ =
⎡⎣[θ]× ρ

0 0

⎤⎦ ∈ se(2) (3.95)
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The hat operator in Eq. (3.32) is given by

adχ(•) = ˆ︁χ(•) =
⎡⎣[θ]× [−1]×ρ

0 0

⎤⎦ (•) (3.96)

Closed form expressions for the exponential, logarithm, and adjoint maps exist, and can be
found in [206].

The Lie group formulation, in the context of multibody systems, aims to solve for the
full configuration matrix of the system, which is comprised of the frames corresponding to N
bodies and n joints. In this planar problem, the frame associated with the tip mass has 3
unknowns (the Lie algebra dimension is 3), and two joints are defined, each with 1 unknown.
The joints describe the revolution and the translation motion of the tip. The total number of
unknowns is therefore 5. Since the problem degrees of freedom equals 2, we therefore should
have 3 constraints to be able to solve for the 2 degrees of freedom of the system. We begin by
expressing the kinetic energy of the tip mass, and then describe the joints in the context of Lie
subgroups.

3.4.3 Kinetic Energy

The kinetic energy of the system can be written using the velocity of the tip mass. We
choose the left-invariant description of the velocity on SE(2), which is expressed in the local
coordinate frame attached to the mass. The advantage of this representation is that, due to
the invariance of the velocity with respect to the position and orientation of the tip mass, the
mass matrix used in the kinetic energy becomes constant, and it too will not depend on the
position and orientation of the mass. The kinetic energy can be written as

K = 1
2vTMv (3.97)

where v ≡ vb is the left-invariant body velocity developed in Eq. (3.89), and M is a constant
3 × 3 mass matrix in the form

M =
⎡⎣mI2×2 0

0 J

⎤⎦ (3.98)

where m is the mass of the tip, and J is its rotation inertia.

The variation of the kinetic energy is used in Hamilton’s principle to derive the dynamic
equation of motion of the body. This is written as

δ
(︃∫︂ tf

ti
K dt

)︃
(3.99)

In order to develop the variation of the kinetic energy, we first write the time derivative and
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variation of an element H ∈ SE(2) using Eq. (3.12) as

Ḣ = H˜︁v
δ(H) = H˜︂δh (3.100)

where δh represents an infinitesimal motion in R3 that is mapped to the Lie algebra as ˜︂δh. The
compatibility relationship between derivatives in Eq. (3.37) can be used to relate v and δh in
vector form as

δ(v) − ̇(δh) = adv(δh) = ˆ︁vδh (3.101)

where Eq. (3.32) has been used to write the above using the hat operator. Using the expression
for kinetic energy and the left-invariant velocity in Eq. (3.97), and considering the variation of
the velocity using Eq. (3.101), we can write Eq. (3.99) as

δ
(︃∫︂ tf

ti
K dt

)︃
=
∫︂ tf

ti

(︃
̇(δh)T + δhT ˆ︁vT)︃Mv dt (3.102)

Expanding the above equation and integrating by parts yields

δ
(︃∫︂ tf

ti
K dt

)︃
=
[︂
δhTMv

]︂tf
ti

−
∫︂ tf

ti
δhT (Mv̇ − ˆ︁vTMv) dt (3.103)

Since the variations are fixed at the initial and final times, the first term on the right hand side
vanishes. We can therefore obtain the variation of the kinetic energy as

δK = −δhTgine (3.104)

where the inertial forces are given by

gine = Mv̇ − ˆ︁vTMv (3.105)

In order to compute the inertial forces of the tip mass, the body velocity has to be calculated.
This can be done using the 2D equivalent of the expressions in Eq. (3.89). We denote the body
frame at the tip mass by HM as

HM =
⎡⎣R x

0 1

⎤⎦ (3.106)

with the unknowns

x =
⎡⎣x
y

⎤⎦ , R =
⎡⎣cos θ − sin θ

sin θ cos θ

⎤⎦ (3.107)

and we calculate the components of the body velocity at the tip mass vM using Eq. (3.89) as

ub = RT ẋ =
⎡⎣ cos θ sin θ
− sin θ cos θ

⎤⎦⎡⎣ẋ
ẏ

⎤⎦ =
⎡⎣ cos θẋ+ sin θẏ
− sin θẋ+ cos θẏ

⎤⎦ (3.108)
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and

ωb = (RT Ṙ)∨ =
⎛⎝⎡⎣ cos θ sin θ

− sin θ cos θ

⎤⎦ ⎡⎣−θ̇ sin θ −θ̇ cos θ
θ̇ cos θ −θ̇ sin θ

⎤⎦⎞⎠∨

= θ̇ (3.109)

We therefore have

vM =

⎡⎢⎢⎢⎣
cos θẋ+ sin θẏ

− sin θẋ+ cos θẏ
θ̇

⎤⎥⎥⎥⎦ (3.110)

With the expression for velocity, and using Eq. (3.96), the inertial forces in Eq. (3.105) can be
written as

gine = M
d

dt

⎛⎜⎜⎜⎝
⎡⎢⎢⎢⎣

cos θẋ+ sin θẏ
− sin θẋ+ cos θẏ

θ̇

⎤⎥⎥⎥⎦
⎞⎟⎟⎟⎠−

⎡⎢⎢⎢⎣
0 −θ̇ − sin θẋ+ cos θẏ
θ̇ 0 − cos θẋ− sin θẏ
0 0 0

⎤⎥⎥⎥⎦
T

M

⎡⎢⎢⎢⎣
cos θẋ+ sin θẏ

− sin θẋ+ cos θẏ
θ̇

⎤⎥⎥⎥⎦

=

⎡⎢⎢⎢⎣
m(ẍ cos θ + ÿ sin θ)
m(−ẍ sin θ + ÿ cos θ)

Jθ̈

⎤⎥⎥⎥⎦ (3.111)

3.4.4 Kinematic Joints

In general multibody systems, bodies are interconnected by different types of joints, each
allowing a certain type of relative movement between them. In the context of the elastic
pendulum, we require these joints to provide a description of the extension and rotation of the
pendulum which is consistent with the Lie group framework of the system. In the Lie group
setting, the relative frame transformation between two connected bodies is used to formulate
these kinematic joints. These relative motions can be described mathematically using subspaces
of SE(3), which leads to the theory of Lie subgroups [193], [209]. A Lie subgroup is a subset
H of a Lie group G that is itself a Lie group under the same group operation inherited from G.
While specific mathematical criteria must be satisfied for H to qualify as a subgroup of G, a
more informal definition is that H offers a constrained perspective of G, including a particular
subset of G’s operations. For instance, the SO(3) group is a subgroup of SE(3), signifying
that it represents a specific subset of the general rigid body motions in SE(3), this being only
rotations without translations. For a list of subgroups of SE(3) commonly used in multibody
dynamics see [211].

Considering a Lie group G and its subgroup H, and elements of their respective algebras˜︂hJ ∈ g and ˜︂hj ∈ h, a linear mapping A exists between the algebras such that

A : h ↦→ g ; ˜︂hj ↦→ ˜︃Ahj = ˜︂hJ (3.112)

The matrix A is a k×l full rank matrix, where k and l are the dimensions of g and h respectively.
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Figure 3.5: Relative transformation HJ from kinematic joint connecting two bodies.

The above relationship can also be stated in vector form as

hJ = Ahj (3.113)

In the SE(3) formalism1, the relationship between two body frames HA and HB which are
connected by a kinematic joint J can be expressed as

HB = HAHJ (3.114)

where HJ is a transformation describing the relative motion between the two bodies due to the
joint. This is shown schematically in Figure 3.5. This transformation belongs to a subgroup of
SE(3), and therefore has l ≤ 6 motion variables. Depending on the type of joint, this can be
described using a suitable A matrix which spans the subalgebra of allowed motions [211]. The
variation and time derivative of HJ are given as

δ(HJ) = HJ
˜︂(Aδhj) and ̇(HJ) = HJ

˜︂(Avj) (3.115)

where we have used Eq. (3.113) to substitute for the terms in the bracket2. Note that both
vectors Aδhj and Avj are expressed in the local frame, since they are left-multiplied by HJ in
the above equation3. Returning to the elastic pendulum problem, the motion of the pendulum
can be described by a revolute (hinge) joint AR, which allows rotation about a fixed axis, and
a prismatic joint AP , which allows translation along a fixed axis. The A matrix for each joint
is given by

AR =

⎡⎢⎢⎢⎣
0
0
1

⎤⎥⎥⎥⎦ AP =

⎡⎢⎢⎢⎣
1
0
0

⎤⎥⎥⎥⎦ (3.116)

It is noted that both matrices are 3 × 1, since the dimension of se(2) is 3, and each joint only
allows 1 relative motion. We therefore only have one motion variable for each joint. Eq. (3.113)

1Though our planar example is in SE(2), all of what follows is applicable.
2The velocity term can also be written as Eq. (3.113) as vJ = Avj .
3Recall from Section 3.1.4 the left-invariant velocity field which was expressed in the local body frame.
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can be written as

hJR = ARhjR
hJP = APhjP

(3.117)

where

hjR ≡ θj

hjP ≡ rj
(3.118)

are the relative degrees of freedom (the motion variables) for each joint, which indicate the
angle of the revolute joint, and the extension of the prismatic joint respectively. Given that the
A matrices map these relative motions to R3 vectors in Eq. (3.117), the transformation frames
corresponding to each joint HJR,HJP ∈ SE(2) can be obtained from the group exponential
map as follows:

HJR = expSE(2)( ˜︂ARhjR) = expSE(2)

⎛⎜⎜⎜⎜⎝
˜︃⎡⎢⎢⎢⎣
0
0
θj

⎤⎥⎥⎥⎦
⎞⎟⎟⎟⎟⎠ =

⎡⎢⎢⎢⎣
cos θj − sin θj 0
sin θj cos θj 0

0 0 1

⎤⎥⎥⎥⎦

HJP = expSE(2)( ˜︂APhjP ) = expSE(2)

⎛⎜⎜⎜⎜⎝
˜︃⎡⎢⎢⎢⎣
rj

0
0

⎤⎥⎥⎥⎦
⎞⎟⎟⎟⎟⎠ =

⎡⎢⎢⎢⎣
1 0 rj

0 1 0
0 0 1

⎤⎥⎥⎥⎦
(3.119)

With the above expressions, we can now describe the full state of the system using the following
configuration matrix

H = diag(HM ,HJR,HJP ) (3.120)

Similar to Eq. (3.115), infinitesimal motions and velocities can be written for the full configu-
ration using the variation and the time derivative as

δ(H) = H˜︃δh∗ (3.121)

and
̇(H) = H˜︂v∗ (3.122)

with the following vectors
δh∗ =

[︂
δhM δhJR δhJP

]︂T
(3.123)

and
v∗ =

[︂
vM vJR vJP

]︂T
(3.124)
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Both vectors can be written in terms of their respective subalgebra elements, as1

δh∗ = Aδh v∗ = Av (3.125)

where
A = diag(I,AR,AP ) (3.126)

and
δh =

[︂
δhM δhjR δhjP

]︂T
(3.127)

v =
[︂
vM vjR vjP

]︂T
(3.128)

3.4.5 Constraint Equation

For the planar pendulum under consideration, we consider a body frame located at the
ground, HG, and write Eq. (3.114) using the joint frames, to relate HM and HG as

HM = HGHJRHJP (3.129)

As the ground frame is fixed, HG = I, and the above equation becomes

HM = HJRHJP (3.130)

The tip mass frame can therefore be described solely by the combined action of the joints. Note
that in general multibody problems, the full configuration matrix of the system will consist of
the frames for N bodies and n joints. In this simple example, however, Eq. (3.130) contains
the frames from the full system configuration in Eq. (3.120). It is also noted that, since each
joint transformation is relative and expressed in the local frame, the pendulum’s motion must
be described by initially applying a rotation, followed by a translation. This sequence is crucial
because the body frame at the tip mass will rotate with the application of the rotation, thereby
aligning the local axis for subsequent translation, allowing all possible configurations of the
pendulum in physical space to be accounted for.

Eq. (3.130) can be reformulated to give a constraint equation as

HΦ = H−1
M HJRHJP = I3×3 (3.131)

This constraint can be incorporated in the system’s equation of motion by means of the La-
grange multiplier method in Hamilton’s principle. To facilitate this, Eq. (3.131) must be written
in vector form, which can be done using the logarithm map.

We use an alternative vectorial map, Φ, which is equivalent to the logarithm map near the
identity element up to a second-order error term. This is used as it is computationally less
expensive that the logarithm map, and the associated error can be assumed insignificant [209].

1For the revolute and prismatic joints, δhj{R,P } = δ(hj{R,P }) and vj{R,P } = ̇(hj{R,P }). See Appendix B.
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It is given as the following linear operator

Φ : SE(2) ↦→ R3 | ∀ H =
⎡⎣R x

0 1

⎤⎦ ∈ SE(2) : Φ(H) =

⎡⎢⎣ x
1
2(R − RT )∨

⎤⎥⎦
3×1

(3.132)

such that Eq. (3.131) can be written as

Φ(HΦ) = Φ(I3×3) = 03×3 (3.133)

Computing the constraint equation using the tip mass and joint frames in Eq. (3.119) gives

HΦ =

⎡⎢⎢⎢⎣
cos θ − sin θ 0
sin θ cos θ 0

0 0 1

⎤⎥⎥⎥⎦
−1 ⎡⎢⎢⎢⎣

cos θj − sin θj 0
sin θj cos θj 0

0 0 1

⎤⎥⎥⎥⎦
⎡⎢⎢⎢⎣
1 0 rj

0 1 0
0 0 1

⎤⎥⎥⎥⎦

=

⎡⎢⎢⎢⎣
cos(θj − θ) − sin(θj − θ) rj cos(θj − θ) − x cos θ − y sin θ
sin(θj − θ) cos(θj − θ) rj sin(θj − θ) + x sin θ − y cos θ

0 0 1

⎤⎥⎥⎥⎦
(3.134)

which when vectorised using Φ yields the following constraint vector

Φ(HΦ) =

⎡⎢⎢⎢⎣
rj cos(θj − θ) − x cos θ − y sin θ
rj sin(θj − θ) + x sin θ − y cos θ

sin(θj − θ)

⎤⎥⎥⎥⎦ = 0 (3.135)

3.4.6 Constraint Gradient

The variation of the constraint vector is needed to formulate the equation of motion with
Hamilton’s principle and using a Lagrange multiplier method. The linearity of the vector map
Φ ensures that it commutes with the variation, such that

δ(Φ(HΦ)) = Φ(δ(HΦ)) (3.136)

Expanding the right hand side, we have

Φ(δ(HΦ)) = Φ(HΦ
˜︃δhΦ)

= Φ(˜︃δhΦ)
= δhΦ

(3.137)

where HΦ = I drops from the expression, and the vector map Φ, by definition, reverses the˜︁() to produce a vector. In order to compute δhΦ, the variation of HΦ in Eq. (3.131) can be
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calculated as

δHΦ = δH−1
M HJRHJP + H−1

M δHJRHJP + H−1
M HJRδHJP

= − ˜︃δhMH−1
M HJRHJP + H−1

M HJR
˜︁δhJRHJP + H−1

M HJRHJP
˜︁δhJP

(3.138)

where we have used δH−1
M = − ˜︃δhMH−1

M . The variation of HΦ can also be computed as

δHΦ = HΦ
˜︃δhΦ = H−1

M HJRHJP
˜︃δhΦ (3.139)

By equating Eq. (3.138) and Eq. (3.139), ˜︃δhΦ can be written as

˜︃δhΦ = − ˜︃δhM + AdH−1
JP

(˜︁δhJR) + ˜︁δhJP (3.140)

and in vector form, as
δhΦ = −δhM + AdH−1

JP
(δhJR) + δhJP (3.141)

Using the relationships in Eq. (3.117), this can be written as

δhΦ =
[︂
−I AdH−1

JP
AR AP

]︂ ⎡⎢⎢⎢⎣
δhM
δhjR
δhjP

⎤⎥⎥⎥⎦ (3.142)

The right hand side of Eq. (3.136) has therefore been determined and is noted to be in vector
form. Similarly, considering the left-hand side, which should also be expressed in vector form,
the directional derivatives of the constraints can be written such that

δ(Φ(HΦ)) = DΦ . δ(HΦ) = DΦ .HΦ
˜︃Aδh = DΦ . ˜︃Aδh (3.143)

Defining the constraint gradient Φq from the directional derivative, this can be written in vector
form as

DΦ . ˜︃Aδh = ΦqAδh (3.144)

Finally, equating Eq. (3.142) and Eq. (3.144), the constraint gradient is given as

ΦqA =
[︂
−I AdH−1

JP
AR AP

]︂
(3.145)

This can be evaluated using the expressions for AR and AP in Eq. (3.116), and by computing
the Adjoint of H−1

JP , to give the constrain gradient as

ΦqA =

⎡⎢⎢⎢⎣
−1 0 0 0 1
0 −1 0 rj 0
0 0 −1 1 0

⎤⎥⎥⎥⎦ (3.146)
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3.4.7 Elastic Potential Energy

The potential energy of the joints can be accounted for by considering the stiffnesses related
to the relative coordinates involved in each joint. The variation of the potential energy of each
joint can be written as [211]

δ(Vint) = δhTj gint (3.147)

where the internal forces are found using the stiffness matrix K, and is given by

gint = K(α−α0) (3.148)

where α defines the length parameter. For the planar pendulum, the internal forces for both
joints can be written together as

gint =
⎡⎣kθ 0

0 kr

⎤⎦⎡⎣θj − θ0

rj − r0

⎤⎦ (3.149)

3.4.8 Full Equation of Motion

The full equation of motion for the pendulum formulated on the SE(2) group can now be
derived. Hamilton’s principle can be stated following a Lagrange multiplier method for the
constraints as follows

δ
(︃∫︂ tf

ti
K − Vint − λTΦ(HΦ) dt

)︃
= 0 (3.150)

where λ are the Lagrange multipliers associated with the kinematic constraints. Applying the
variation to the different terms in the integral, and using the equations developed in previous
sections, the equilibrium equations can be developed. Adding the kinematic equation for the
full system configuration in Eq. (3.122), and the constraint equation in Eq. (3.135), the full
equation of motion for the planar pendulum can be written as

Ḣ = H˜︃Av

gine + gint + ATΦT
q λ = 0

Φ(HΦ) = 0

(3.151)

Depending on the system and the type of external forcing, the equations above may become
uncoupled, such that the equilibrium equation can be solved first without having to solve for
the position and orientation of the body, and the kinematic equation can then be used to obtain
the configuration of the system. In the case of the unforced planar pendulum, these equations
are indeed uncoupled and can be simplified further. Using the expressions for the inertial and
internal forces developed in the previous sections, and considering the full system configuration,
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the equilibrium equation may be written as⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

m 0 0 0 0
0 m 0 0 0
0 0 J 0 0
0 0 0 0 0
0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

ẍ cos θ + ÿ sin θ

−ẍ sin θ + ÿ cos θ

θ̈

0
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 kθ 0
0 0 0 0 kr

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

x

y

θ

θj − θ0

rj − r0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 0
0 −1 0
0 0 −1
0 rj 1
1 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
λ = 0

(3.152)
The inertial and internal forces are also uncoupled in the above equation. The Lagrange
multipliers may therefore be written in terms of the inertial forces in the first three lines of the
equation above as

λ =

⎡⎢⎢⎢⎣
m cos θẍ+m sin θÿ
m cos θÿ −m sin θẍ

Jθ̈

⎤⎥⎥⎥⎦ (3.153)

These can now be substituted back into the last two equations of Eq. (3.152), and the internal
forces can be evaluated, which gives

kθ(θj − θ0) + rj(m cos θÿ −m sin θẍ) + Jθ̈ = 0
kr(rj − r0) +m cos θẍ+m sin θÿ = 0

(3.154)

Finally, the constraint equation in Eq. (3.135) can be solved, giving θj = θ, and can therefore
be written as

Φ(HΦ) =

⎡⎢⎢⎢⎣
rj − x cos θ − y sin θ
x sin θ − y cos θ

0

⎤⎥⎥⎥⎦ = 0 (3.155)

which can be simplified further to give

x = rj cos θ
y = rj sin θ

(3.156)

Putting these back into Eq. (3.154), as using rj ≡ r for simplicity, gives the final expression of
the equation of motion as

kθ(θ − θ0) + Jθ̈ +m(r2θ̈ + 2rṙθ̇) = 0
kr(r − r0) +m(r̈ − rθ̇2) = 0

(3.157)

which is identical to the equation of motion in polar coordinates in Eq. (3.93).

3.5 Beam Equations Formulated on the SE(3) Group
In this section, we present and illustrate the equations of motion and finite element dis-

cretisation of shear deformable geometrically exact beams formulated on the SE(3) group, as
developed by Sonneville [208].
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Figure 3.6: Description of beam kinematics.

We begin by considering a straight beam of length L with the value s ∈ [0, L] defined as the
longitudinal coordinate along its reference line, as depicted in Figure 3.6. The position of any
point p on the reference beam at time t = 0 can be written in the inertial coordinate frame
as [208]

x0
p(s, u, v) = x0(s) + O0y(u, v) (3.158)

where x(s) is the position vector along the neutral axis, O0 = [is iu iv] is a constant rota-
tion matrix accounting for the beam’s reference orientation relative to the inertial frame, and
y(u, v) = [0 u v]T contains the coordinates of the point along the cross section axes. We
assume that the cross sections do not deform, and therefore the point coordinates along the
cross section axes remain unchanged. Deformation of the beam will impose a translation and
rotation of the cross sections relative to the fixed inertial frame. The position of the point p in
the deformed configuration at time t, written in the inertial frame, will therefore be written as

xp(s, u, v) = x(s) + R(s)O0y(u, v) (3.159)

where R(s) ∈ SO(3) is the rotation vector accounting for the rotation of the cross section, and
which brings the vector O0y(u, v) from the local frame onto the global inertial frame. Similar
to Eq. (3.64), this equation can be restated in homogenous form using a transformation matrix
H(s) ∈ SE(3) pertaining to a rigid body motion, given by

H(s) =
⎡⎣R(s) x(s)

01×3 1

⎤⎦ (3.160)

such that ⎡⎣xp(s, u, v)
1

⎤⎦ = H(s)
⎡⎣O0y(u, v)

1

⎤⎦ (3.161)
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(a) R3 × SO(3) (b) SE(3)

Figure 3.7: Description of rigid body motion. The R3 ×SO(3) group defines a translation along
the vector u, followed by a rotation about the axis ω. The SE(3) group defines rigid body
motion as motion along a helix, where the vector u defines the direction and length of the helix
trajectory, and ω is the rotation axis. For SE(3), u and ω are the same as the twist parameters
in Eq. (3.71).

We will term H(s) the material frame on the beam neutral axis, and adopt a local frame
approach by attaching a frame to each material point of the beam. The beam deformation
model then essentially reduces to the rigid body motion of its cross sections, which we assume
do not deform themselves.

Remark:
With the SE(3) group formally introduced and discussed in this chapter, a schematic com-

parison can now be made between the SE(3) group, and the R3 × SO(3) group, which, as
discussed in Section 2.3, is the group used by classical geometrically exact beam formulations.
Defining the kinematic description of the beam deformation as the rigid body motion of its cross
sections, this motion can be described in two ways. The R3 × SO(3) group defines rigid body
motion in 3D space as independent translational and rotational motions, while the SE(3) group
defines rigid body motion as the coupled translational and rotational motion which results in
a helical trajectory defined by the twist parameters in se(3). This is illustrated in Figure 3.7.

3.5.1 Derivatives

The deformation of the beam is determined by taking the derivative of the position field.
Differentiating Eq. (3.161) gives

⎡⎣x′
p(s, u, v)

0

⎤⎦ = H′(s)
⎡⎣O0y(u, v)

1

⎤⎦ (3.162)

where x′
p(s, u, v) ≡ ∂xp(s,u,v)

∂s
. From the left-invariant representation of derivatives on SE(3)

described in Section 3.1.4, the derivative of the frame may be written as

dH(s)
ds = H′(s) = H(s)˜︁f(s) (3.163)
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where ˜︁f(s) ∈ se(3) is the deformation gradient, which is written in the local body frame, owing
to the left-invariant representation. The deformation gradient can be written in terms of the
twist parameters in vector form as

f(s) =
⎡⎣fU(s)

fΩ(s)

⎤⎦ (3.164)

We may also write H′(s) by differentiating R(s) and x(s) in Eq. (3.160) directly, as

H′(s) =
⎡⎣R′(s) x′(s)

01×3 0

⎤⎦ (3.165)

By the equivalence of Eq. (3.163) and Eq. (3.165), and writing ˜︁f(s) using the parameters
in Eq. (3.164) and using the definition in Eq. (3.70), we have

⎡⎣R′(s) x′(s)
01×3 0

⎤⎦ = H(s)˜︁f(s) =
⎡⎣R(s) x(s)

01×3 1

⎤⎦⎡⎣˜︁fΩ(s) fU(s)
01×3 0

⎤⎦ (3.166)

which when multiplied gives

x′(s) = R(s)fU(s)
R′(s) = R(s)˜︁fΩ(s)

(3.167)

which can be rearranged, such that the deformation gradients may be written as

fU(s) = RT (s)x′(s)
fΩ(s) = (RT (s)R′(s))∨

(3.168)

where we have used the inverse map in Eq. (3.9) to write the deformations in vector form.

The deformation gradient can now be split into those of the reference f0 and current ϵ con-
figurations, and classical notations of position γ and rotation κ deformations can be introduced
as

f(s) =
⎡⎣fU(s)

fΩ(s)

⎤⎦ = f0(s) + ϵ(s), with

ϵ(s) =
⎡⎣γ(s)
κ(s)

⎤⎦ (3.169)

Using Eq. (3.168), ϵ(s) in Eq. (3.169) can therefore be written as

γ(s) = RT (s)x′(s) − f0
U(s)

κ(s) = (RT (s)R′(s))∨ − f0
Ω(s)

(3.170)

which is equivalent to classical deformation measures of the neutral axis introduced in geo-
metrically exact formulations, where γ represents the strains along the neutral axis and the
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shear strains, and κ represents the torsion and the bending curvatures. These deformation
measures are readily derived from the derivatives on the SE(3) group. As per the local-frame
representation of left-invariant derivatives on SE(3) (see Section 3.3.1), these quantities are
invariant under rigid body transformations, and are expressed in the local frame of the beam.
This therefore leads to a beam formulation which maintains objectivity of the strain measures
under rigid body motion.

Returning to Eq. (3.162), and using the expressions developed in Eq. (3.167) and Eq. (3.165),
the partial derivative with respect to s at any point on the beam can be written as

x′
p(s, u, v) = R(s)(fU(s) + ˜︁fΩ(s)O0y(u, v)) = R(s)N(u, v)f(s) (3.171)

where
N =

[︂
I3×3 − ˜︃O0y(u, v)

]︂
(3.172)

is used to make the expression more compact. Note the ˜︃(•) is moved from fΩ(s) to y(u, v)
using the relationship ˜︁ab = −a˜︁b.

The evaluation of the other partial derivatives of xp(s, u, v) is more straightforward, as

∂xp(s, u, v)
∂u

= R(s)iu
∂xp(s, u, v)

∂v
= R(s)iv (3.173)

It is noted that due to the assumption that the cross-sections remain undeformed, both iu and
iv are defined based on the reference configuration and do not depend on the beam’s state of
deformation.

The terms of the Green Lagrange strain tensor GL(s, u, v) can now be evaluated from

GLij = 1
2

(︄
∂xTp
∂xi

∂xp
∂xj

−
∂x0T

p

∂xi

∂x0
p

∂xj

)︄
, xi, xj = s, u, v (3.174)

which, from the derivatives, results in the following terms

GLss = f0TNTNϵ+ 1
2ϵ

TNTNϵ

GLsu = GLus = 1
2 iTuNTϵ

GLsv = GLvs = 1
2 iTv NTϵ

(3.175)

Under the assumption of small deformations for γ and κ, the second term in GLss vanishes.
We can now introduce the following 3 × 1 vector

gl(s, u, v) =
[︂
GLss 2GLsu 2GLsv

]︂T
= D(s, u, v)ϵ(s) (3.176)
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where

D(s, u, v) =

⎡⎢⎢⎢⎣
f0TNTN

iTuN
iTv N

⎤⎥⎥⎥⎦ (3.177)

is a 3 × 6 constant matrix.

Here we note that, if the derivatives are not expressed locally using the left-invariant vector
fields, the terms in the resulting strain tensor would no longer be invariant under rigid body
transformation, and would contain information about the large amplitude motions of the beam.
As such, the second-order terms can no longer be neglected under the assumption of small
deformations. It is further noted that, other geometrically exact beam formulations built on
the R3 × SO(3) group (as reviewed in Section 2.3) still aim to work with the deformation
measures γ and κ in Eq. (3.170). However, as these expressions cannot be immediately derived
on the R3×SO(3) group, additional manipulations become necessary to enable the deformations
to be written in the local frame. However, these manipulations are not embedded in the Lie
group structure of R3 × SO(3), and can therefore be seen as "fixes" rather than components
supported by the group structure. The most consistent expression of the local strains can
therefore only be obtained under the SE(3) framework using the left-invariant representation
of the derivates.

The conjugate stress to the Green Lagrange strain tensor, that is, the second Piola-Kirchhoff
stress tensor can be formulated, and the strain energy can be written as

Vint = 1
2

∫︂
V

sTgl ds (3.178)

where V is the volume of the beam in the reference configuration, and

s =
[︂
Sss Ssu Ssv

]︂T
(3.179)

are the terms of the second Piola-Kirchhoff stress tensor S(s, u, v). Using the Green Lagrange
strain terms in (3.176), the strain energy can be written as

Vint = 1
2

∫︂ L

0
ϵT r ds = 1

2

∫︂ L

0
(γTn + κTm) (3.180)

where n and m are the resulting force and moment vectors, integrated over the cross sections
as

r(s) =
⎡⎣n(s)
m(s)

⎤⎦ =
∫︂
A

DT s ds (3.181)

The cross section resultants can then be related to the strains through constitutive equations
for a linear elastic material as ⎡⎣n(s)

m(s)

⎤⎦ = K

⎡⎣γ(s)
κ(s)

⎤⎦ (3.182)

where K is the stiffness matrix. For initially undeformed beams whose neutral axis is aligned
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with the reference frame, and whose cross sectional properties remain constant over its length,
K becomes diagonal, and is given by

K =
⎡⎣KU 03×3

03×3 KΩ

⎤⎦ (3.183)

with KU = diag(EA,GAu, GAv) containing the axial and shear stiffness terms, and KΩ =
diag(GJ,EIu, EIv) contains the torsional and bending stiffness terms. In general however, the
stiffness matrix is not diagonal. With the stiffness matrix, the following expression for the
strain energy can be written in quadratic form

Vint = 1
2

∫︂ L

0
ϵT (s)Kϵ(s) ds (3.184)

It is again noted that the exclusion of second-order strain terms is a significant advantage
of representing the derivatives in the local frame using left-invariant vector fields. For other
representations where these terms cannot be neglected, a quadratic form of the strain energy
cannot be written in terms of these deformations.

The velocity field at any point of the beam can be obtained by the time derivative of the
position field in Eq. (3.161) as

⎡⎣ẋp(s, u, v)
0

⎤⎦ = Ḣ(s)
⎡⎣O0y(u, v)

1

⎤⎦ (3.185)

where the time derivative of the material frame Ḣ(s) can be expressed with left-invariant
velocities ˜︁v(s) ∈ se(3) expressed in the local frame as

Ḣ(s) = H(s)˜︁v(s) (3.186)

Following the derivation of the rigid body velocities in Section 3.3.1, v(s) can be written as

v(s) =
⎡⎣vU(s)

vΩ(s)

⎤⎦ =
⎡⎣ RT (s)ẋ(s)
(RT (s)Ṙ(s))∨

⎤⎦ (3.187)

or equivalently

ẋ(s) = R(s)vU(s)
Ṙ(s) = R(s)˜︁vΩ(s)

(3.188)

Substituting the above into Eq. (3.185), the velocities at any point of the beam can thus be
written as

ẋp(s, u, v) = R(s)(vU(s) + ˜︁vΩ(s)O0y(u, v)) (3.189)

The compatibility of the derivatives with respect to space and time also has to be satisfied



Chapter 3. Lie Groups 96

according to Eq. (3.37) which gives
v′ − ϵ̇ = v̂ϵ (3.190)

With the expression for the velocity field, the kinetic energy of the beam can be computed as

K = 1
2

∫︂
V
ρẋTp ẋp dV = 1

2

∫︂ L

0
vT (s)Mv(s) ds (3.191)

where the mass matrix is calculated as

M =
⎡⎣ ρAI3×3 −O0JIOT

0

−O0JTI OT
0 O0JOT

0

⎤⎦ (3.192)

where ρ is the element density and JI and J are the first and second moments of inertia of
the cross sections computed in the local frame. In most simple cases, JI vanishes from the
definition of the reference curve, and M becomes diagonal. Due to the assumption that the
cross sections do not deform, M can be defined from the reference configuration, and does not
depend on the motion or deformation of the beam.

3.5.2 Equations of Motion

To obtain the dynamic equilibrium equations, the variations of the energies are computed
and used in Hamilton’s principle given by

∫︂ τ1

τ0
δ(K) − δ(Vint) + δ(Vext) dτ = 0. (3.193)

The variations of the strain and kinetic energy are given by

δ(Vint) =
∫︂ L

0
δ(ϵ)TKϵ ds

δ(K) =
∫︂ L

0
δ(v)TMv ds

(3.194)

Necessary relationships are drawn between the derivatives according to Eq. (3.37), in order
to relate the variations above to the variations of the configuration variables. This is done in
terms of an infinitesimal motion δh ∈ R6 defined from the variation of the frames H(s) as
δH(s) = H(s)˜︂δh, which gives

δ(ϵ) = δ(f) = (δh)′ + f̂δh

δ(v) = ̇(δh) + v̂δh
(3.195)

Inserting the variations in Eq. (3.195) into Eq. (3.194) and integrating by parts yields

δ(Vint) =
[︂
δhTKϵ

]︂L
0

−
∫︂ L

0
δhT

(︃
(Kϵ)′ − f̂

T
Kϵ

)︃
ds (3.196)
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and ∫︂ τ1

τ0
δ(K) dτ =

[︄∫︂ L

0
δhTMv ds

]︄τ1

τ0

−
∫︂ τ1

τ0

∫︂ L

0
δhT (Mv̇ − v̂TMv) ds dτ (3.197)

From the above, we obtain the internal forces as

gint = (Kϵ)′ − f̂
T
Kϵ (3.198)

and the inertial forces as
gine = Mv̇ − v̂TMv (3.199)

The variation of the external forces may then also be written in general form as

δ(Vext) =
∫︂ L

0
δhTgext ds (3.200)

where gext contains the external forces and moments over the cross sections, and should be
expressed in the local frame to be consistent with the rest of the formulation.

The first term on the right hand side of Eq. (3.196) is a boundary condition term. In
addition, since the variations are fixed in the time integral, the first term on the right hand
side of Eq. (3.197) vanishes. Substituting the variations of the energies inside the Hamilton
equation in Eq. (3.193) gives the weak form of the dynamic equilibrium equations as

[︂
δhTKϵ

]︂L
0

−
∫︂ L

0
δhT (Mv̇ − v̂TMv + (Kϵ)′ − f̂

T
Kϵ+ gext) ds = 0, (3.201)

from which the strong form of the dynamic equation is given by the following second-order
non-linear PDE for the unknowns ϵ and v

Mv̇ − v̂TMv + (Kϵ)′ − f̂
T
Kϵ+ gext = 0. (3.202)

It is noted that this equation is intrinsic, as it was obtained without introducing any frame
parametrisation and is solved for velocities v and deformations ϵ only. The boundary conditions
to be solved become

δhT (L)K(L)ϵ(L) − δhT (0)K(0)ϵ(0) = 0 (3.203)

The compatibility equation in Eq. (3.190) must also be solved with the equations above, in
addition to the kinematic equations in Eq. (3.163) and Eq. (3.186).

The PDEs governing the dynamic motion of the beam in Eq. (3.202) are, in principle, sim-
ilar to PDEs from other beam formulations, such as the Reissner-Simo [204] or Cesnik [220]
equations. A main difference however is that Eq. (3.202) is strictly a flow on the SE(3) group
manifold, and therefore the group structure on which the equations are evolving is different
compared to other beam formulations. These equations therefore cannot be solved in a manner
similar to that of Simo, as the underlying group structure needs to be preserved. Other beam
formulations apply transformations which are not consistent with the group structure of rigid
body motion in 3D space. Therefore, the PDEs in Eq. (3.202) are, strictly speaking, funda-
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mentally different, as they are confined to evolve on the SE(3) manifold. This can also be seen
through the use of the SE(3) adjoint map (the hat operator from Eq. (3.32)) on the velocity
and strain terms in Eq. (3.202).

Finally, it should be noted that if external forces do not depend on the configuration
of the beam, then the equilibrium equations in Eq. (3.202) and the compatibility equation
in Eq. (3.190) would not depend on the position or orientation of the beam. They can therefore
be solved for the velocities v and deformations ϵ, which are themselves expressed in the local
frame, without having any knowledge of the configuration of the beam with respect to the fixed
reference frame. This is a direct benefit of working with left-invariant derivatives on the SE(3)
framework. The configuration of the beam can then be recovered from the kinematic equations
in either Eq. (3.163) or Eq. (3.186). In general however, external forces may depend on the
beam configuration, in which case the equations above become coupled and therefore must be
solved together.

3.5.3 Finite Element Discretisation

A finite element discretisation is introduced in order to solve the equations of motion. The
discretisation along the neutral axis of the beam is achieved by means of an interpolation
formula based on the SE(3) exponential map. Given that the nodal frames are elements of the
nonlinear and noncommutative SE(3) space, the exponential map is essential for enabling the
description of frames along an element based on interpolation of the nodal values. Indeed, in
classical FE approaches, linear interpolation of shape functions at nodal values is adopted to
describe the deformation field along a finite element. However, such linear interpolation is not
valid in the SE(3) formulation due to the nonlinear embedding of the configuration space.

Let HA and HB denote the material frames on two end nodes A and B of a single element
of the FE mesh with length l. We calculate the frame at any point x along the element by the
following interpolation

H(x) = HA expSE(3)

(︃
x

l
d
)︃

(3.204)

where x ∈ [0, l], and d =
[︂
dTU dTΩ

]︂T
is the relative configuration vector given by

d = logSE(3)(H−1
A HB) (3.205)

By the above definition, d is a Lie algebra element ∈ se(3) representing a twist, and thus
belongs to a linear vector space. The exponential map acts as a local parametrisation which
maps the linear space to the nonlinear space of the nodal frames. This interpolation satisfies
the frame invariance requirement, as for any rigid body motion defined by applying the same
group composition to HA and HB, d remains unchanged.

Coupling of Positions and Rotations

The nonlinear finite element interpolation formula in Eq. (3.204) offers an important geomet-
ric interpretation of the positions and rotations. Writing the frames as matrices on SE(3) follow-
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ing Eq. (3.66), and writing the exponential on SE(3) in matrix form using Eq. (3.72), Eq. (3.204)
can be written as⎡⎣R(x) x(x)

01×3 1

⎤⎦ =
⎡⎣RA xA
01×3 1

⎤⎦⎡⎣expSO(3)(xl dΩ) TT
SO(3)(xl dΩ)x

l
dU

01×3 1

⎤⎦ (3.206)

Multiplying the above matrices, we get the following equations for the position and rotation of
a point on the reference curve

x(x) = xA + RATT
SO(3)(

x

l
dΩ)x

l
dU

R(x) = RA expSO(3)(
x

l
dΩ)

(3.207)

These equations show a deep coupling between positions and rotations. The interpolation of
both positions and rotations are nonlinear owing to the tangent and the exponential terms
in the equations. This nonlinear coupling enables a geometrically exact representation of the
beam curvature in pure bending with just a single element [208]. Furthermore, it is shown
in [208] that this representation is inherently locking free, since the strain forces for a single
element in pure bending does not include any spurious shear terms. An interpolation formula
of the displacement field which does not depend on the rotations will not be able to represent
constant curvature with exactly a single element, and would exhibit shear locking. This coupling
is an important feature of the interpolation scheme on SE(3), and is contrary to classical FE
discretisation schemes, which treat rotations and positions as independent variables. It is also
noted that the geometry of the interpolated position field is a helix, which allows to account
consistently for an initially curved beam with a single element [209].

3.5.4 Derivatives

We can now find the derivatives and variations of the discretisation formulation. The dis-
cretised deformation field ϵ(x) and arbitrary infinitesimal motion field δh(x) can be found in
terms of the nodal variables. Taking the derivative of Eq. (3.204) with respect to x yields

dH(x)
dx = H(x)

(︄
TSE(3)(

x

l
d)d
l

)︄˜︁
= H(x)

˜︁d
l

(3.208)

where we have used Eq. (3.44) to differentiate the exponential map, giving the tangent opera-
tor. The second equality may be obtained by considering the series expansion of the tangent
operator [209]. Comparing this expression to the continuous equation in Eq. (3.163), we have

f = d
l

(3.209)

and from Eq. (3.169) we therefore have

ϵ = d − d0

l
(3.210)
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It is therefore seen that the deformations are constant over the element.

Next, we compute the variation of d by restating Eq. (3.205) as

HB = HA expSE(3)(d) (3.211)

Introducing the infinitesimal motions vector δhAB = [δhTA δhTB]T from the variation of the
nodal frames as δHA = HA

˜︃δhA and δHB = HB
˜︃δhB, we take the variation of Eq. (3.211) and

use the product rule and the tangent operator from Eq. (3.44) as

δHB = δHA expSE(3)(d) + HA expSE(3)(d)
(︂
TSE(3)(d)δ(d)

)︂˜︁
(3.212)

writing the variations of the nodal frames using the infinitesimal motions, and making use
of Eq. (3.211) again gives

HB
˜︃δhB = HA

˜︃δhA expSE(3)(d) + HB

(︂
TSE(3)(d)δ(d)

)︂˜︁
(3.213)

premultiplying both sides of the above by H−1
B and noting from Eq. (3.211) that H−1

B HA =
exp−1

SE(3)(d) = expSE(3)(−d), we have

˜︃δhB = expSE(3)(−d)˜︃δhA expSE(3)(d) +
(︂
TSE(3)(d)δ(d)

)︂˜︁
(3.214)

which using the Adjoint definition in Eq. (3.23) may be written as

˜︃δhB = AdexpSE(3)(−d)
˜︃δhA +

(︂
TSE(3)(d)δ(d)

)︂˜︁
(3.215)

The above can now be expressed in vector form as

δhB = AdexpSE(3)(−d)δhA + TSE(3)(d)δ(d) (3.216)

which gives δ(d) as

δ(d) = −T−1
SE(3)(d)AdexpSE(3)(−d)δhA + T−1

SE(3)(d)δhB (3.217)

Using the identity in Eq. (C.2), Eq. (3.217) may be written as

δ(d) = −T−1
SE(3)(−d)δhA + T−1

SE(3)(d)δhB (3.218)

which may be written more compactly using the combined infinitesimal motions vector as

δ(d) = P(d)δhAB (3.219)

where
P(d) =

[︂
−T−1

SE(3)(−d) T−1
SE(3)(d)

]︂
(3.220)
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Secondly, we need to compute the variation of the interpolated field to obtain the infinitesimal
motion field δh(x). Taking the variation of Eq. (3.204) and writing δH(x) = H(x)˜︂δh(x) gives
the following through the application of the product rule

H(x)˜︂δh(x) = δHA expSE(3)(
x

l
d) + HA expSE(3)(

x

l
d)
(︃
x

l
T(x

l
d)δ(d)

)︃˜︁
(3.221)

Following the same steps as before in evaluating δ(d), the above can be similarly simplified using
the Adjoint and can subsequently be written in vector form. Using the identity in Eq. (C.2),
and using Eq. (3.219), δh(x) can be written as

δh = Q(x,d)δhAB (3.222)

where
Q(x,d) =

[︂
I6×6 − T⋆(x,d) T⋆(x,d)

]︂
(3.223)

and
T⋆(x,d) = x

l
TSE(3)(

x

l
d)T−1

SE(3)(d) (3.224)

The final required derivative is the velocity field, whose computation follows the same steps
as the computation of δh, with the exception that derivatives are with respect to time. The
velocity field can be computed as

v = Q(x,d)vAB (3.225)

where vAB = [vTA vTB]T contains the velocities of the the nodal frames as ḢA = HA˜︂vA and
ḢB = HB˜︃vB. It is noted that the discretised velocity also satisfy the compatibility equation
in Eq. (3.190), which may be verified by inserting the discrete expressions for v, f , and ϵ into
the compatibility equation [209].

3.5.5 Discretised Equations of Motion

The variation of the deformations is required for the discretised equations of motion. This
may be obtained by taking the variation of Eq. (3.210), and using Eq. (3.219) to get

δ(ϵ) = δ(d
l

) = 1
l
P(d)δhAB (3.226)

It is noted that δ(ϵ) is constant over the element, owing to the deformations being constant
as discussed previously. This may be substituted into the expression for the variation of strain
energy in Eq. (3.194), to obtain the nodal internal forces gintAB

as

gintAB
=
∫︂ l

0

1
l
P(d)TKϵ dx (3.227)

defined such that δ(Vint) = δhTABgintAB
. The integration over the length of the element is trivial

since all the terms are constant for a beam with constant cross sectional properties. The nodal
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internal strain forces therefore only depend on nodal values HA and HB, through the relative
configuration between them which is represented by d. Using Eq. (3.210), we can therefore
write

gintAB
= 1
l
P(d)TKLd − d0

l
(3.228)

where
KL =

∫︂ l

0
K dx (3.229)

is the stiffness matrix of the element, resulting from the integration over the element length.
The external forces may also be treated similarly, using the discretised expression for δh

in Eq. (3.222). With the definition of the variation of external forces from Eq. (3.200), we write
the nodal external forces gextAB

as

gextAB
=
∫︂ l

0
Q(x,d)Tgext dx (3.230)

defined such that δ(Vext) = δhTABgextAB
. As previously discussed, the external forces must be

expressed in the local frame, such that for global force fields such as gravity, this implies the
dependence of the forcing terms on the configuration of the beam nodes.

Tangent Stiffness Matrix

The evaluation of the tangent stiffness matrix is required for solving the equations itera-
tively. The contribution of the internal forces to the tangent stiffness matrix may be found by
computing the variation of Eq. (3.228), which gives

1
l
δ(P(d)TKLϵ) = 1

l
P(d)TKLδ(ϵ) + 1

l
δ(P(d)T )KLϵ (3.231)

The first term on the right hand side can be expanded using Eq. (3.226). To evaluate the
second term, we must take the variation of P(d)T , using the expression for P(d) in Eq. (3.220).
This may be evaluated as

1
l
δ(P(d)T )KLϵ = 1

l

⎡⎣DKLϵT−T
SE(3)(−d)δ(d)

DKLϵT−T
SE(3)(d)δ(d)

⎤⎦ (3.232)

Where the subscripts indicate the direction of the directional derivative of the tangent operator.
The expressions for the derivatives of the tangent operator on SE(3) may be found in [209].
Then, using Eq. (3.219), we can write the full expression for Eq. (3.231) as

1
l
δ(P(d)TKLϵ) = KT δhAB = (KTm + KTg)δhAB (3.233)

where KTm and KTm are the material and geometric parts of the tangent stiffness matrix
respectively, and are given by

KTm = 1
l2

P(d)TKLP(d)T (3.234)
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KTg = 1
l

⎡⎣DKLϵT−T
SE(3)(−d)P(d)

DKLϵT−T
SE(3)(d)P(d)

⎤⎦ (3.235)

The dependence of the tangent stiffness matrix, KT , on d means that it is invariant under
rigid body motion, and changes only with the relative motion of the nodes under deformation.
In cases where this relative motion is small, the tangent stiffness matrix may be evaluated
only once from the reference configuration, and kept constant for the whole simulation, offering
potential computational savings. The external forces will also contribute to the tangent stiffness
matrix if they depend on the orientation of the beam.

Carrying on with the derivation of the beam equations of motion, the inertia forces may
be found by defining the nodal inertia forces gineAB

such that δ(K) = δhTABgineAB
. Using the

variation of inertial forces from Eq. (3.197) we have

δhTABgineAB
=
∫︂ l

0
δhT (Mv̇ − v̂TMv) dx (3.236)

Using the discretised expressions for δh in Eq. (3.222) and v in Eq. (3.225) gives the nodal
inertia forces as

gineAB
=
∫︂ l

0
QT

(︃
MQv̇AB + MQ̇vAB − ˆ︂QvAB

T
MQvAB

)︃
dx (3.237)

where Q = Q(x,d). The time derivative of Q may be calculated analytically and can be found
in [209].

The discretised mass matrix of an element can be written as

ML(d) =
∫︂ l

0
QTMQ dx (3.238)

which shows that it is only dependent on the relative configuration vector d and is thus in-
variant under rigid body transformations. This dependence also implies that the discretised
mass matrix is not constant as the beam deforms, due to the relative motion of the nodes
under deformation. This is of physical significance, since a deformed beam changes shape, and
therefore inertia, which will be reflected in a changing mass matrix.

The element damping matrix can also be defined as

CL(d,vAB) =
∫︂ l

0
QT

(︃
MQ̇ − ˆ︂QvAB

T
MQ

)︃
dx (3.239)

whose second term is related to gyroscopic effects. With these, the inertia forces may be written
as

gineAB
= ML(d)v̇AB + CL(d,vAB)vAB (3.240)

Tangent Mass and Damping Matrices

The tangent mass and damping matrices are also required for the iterative time integration
of the equations of motion, as described in Section 3.6. The tangent mass matrix, MT is the



Chapter 3. Lie Groups 104

same as ML. The tangent damping matrix may be evaluated as

CT = CL −
∫︂ l

0

ˆ︂

(MQvAB)TQ dx (3.241)

where ˇ(•) is defined as ĥ
T

1 h2 = ȟ
T

2 h1, ∀h1,h2 ∈ R3. An additional contribution from Q̇ would
also be present, but is considered negligible and is omitted. Furthermore, the element mass and
damping matrices also contribute to the tangent stiffness matrix, but this is also considered
negligible compared to the tangent stiffness matrix of the internal forces. It is noted that the
terms in the tangent matrices are consistent with the rest of the formulation, in that they are
also dependent on the nodal frames only through d, and they are therefore invariant under
rigid body motion.

Equations of Motion

Using the developed expressions, we have the discretised equations of motion which take the
following form

ḢA = HA˜︁vA
ḢB = HB ˜︁vB

gineAB
+ gintAB

− gextAB
= 012×1

(3.242)

The compatibility equation in Eq. (3.190) is automatically satisfied, as proven mathematically
in [209], thanks to the nonlinear interpolation of the deformation and velocity fields arising
from Eq. (3.204). It therefore does not need to be solved with the equations of motion. It is
emphasised that all the forces in the discretised equation of motion are naturally expressed in
the local frame, such that the position and orientation of the nodes are involved only through the
relative configuration vector d, such that they are invariant under rigid body motion without
deformation1. This is a direct benefit of the interpolation function based on the exponential
map in Eq. (3.204) which preserves the local frame interpretation of the beam dynamics.

These equations are discretised in time and solved with a Lie group version of the generalised-α
scheme, as briefly introduced in Section 3.6. In applications involving small relative motions in
the elements, the tangent matrices may be calculated from the initial configuration and kept
constant for the whole simulation. Application-specific strategies for improving computational
time may be adopted; for instance, increasing the number of elements will reduce the relative
motion at the nodes, which might mitigate the need to update the tangent matrices at each
iteration step, but should be balanced against the increased computational time resulting from
a greater number of elements.

1By which we technically mean superimposed Euclidean transformation, the explanation of which may be
found in [209].
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Assembly Process

In displacement-based finite element methods, the assembly of the equations of motion is
based on the construction of the mass, stiffness, and damping matrices for the full structure. A
similar approach may be employed here, using the following assembled matrices for m nodes,

M =
m∑︂
i=1

LT
i ML

i (di)Li

C =
m∑︂
i=1

LT
i CL

i (di,vi)Li

K =
m∑︂
i=1

LT
i KL

i Li

(3.243)

where Li are the localisation operators, which are boolean matrices which pick out nodal terms
from the global system degrees of freedom. The combined nodal velocities and strains may also
be written as

v =
[︂
v1,v2, · · · ,vm

]︂
(3.244)

and
ϵ =

[︂
l−1
1 (d1 − d01), l−1

2 (d2 − d02), · · · , l−1
m (dm − d0m)

]︂
(3.245)

where the subscripts indicate the element number. The equilibrium equation can then be
written as

M v̇ + C v + PT K ϵ = gext (3.246)

where
P = diag

(︄
P1(d1)
l1

,
P2(d2)
l2

, · · · , Pm(dm)
lm

)︄
(3.247)

and gext is the assembled external forces, integrated over the length of each element.
In practice, however, the above assembly process is not employed. Instead, the residual vec-

tor of the equations of motion is computed at the element level, and the full system residual is
derived by assembling the element residuals. This approach is beneficial for nonlinear formula-
tions as it leverages the modularity of finite element method and reduces computational burden
from factorising large matrices resulting from the assembly process. Moreover, the dependence
of the inertial forces on the relative configuration vector d, through the terms in matrices P and
Q, and the dependence of the internal forces on the same, makes it more practical to compute
these forces at the element level, ensuring local correctness rather than relying on proper han-
dling during the global assembly process. This further highlights the robustness of computing
the residual on the element level. Finally, the tangent matrices required for the iterative solver
are also first evaluated on the element level, then assembled to evaluate the full Jacobian.

3.6 Time Integration
Classical iterative vector space solvers cannot be used to solve equations of motion formu-

lated on nonlinear Lie groups, since the configuration space of these groups is not a vector



Chapter 3. Lie Groups 106

space. In order to use vector space solvers, rotations may be parametrised by expressing the
motion in terms of a specific choice of coordinates with respect to the inertial frame. These
parametrisations could be in terms of global minimal coordinates, such as Euler angles, or re-
dundant global coordinates, such as quaternions, both of which facilitate the use of vector space
solvers. The former parametrisation suffers from singularities and the introduction of complex
nonlinear functions due to transformation dependencies, while the latter, though singularity
free, suffers from an increased number of parameters and equations. Consequently, employing
vector space solvers ultimately compromises the intrinsic properties of the original equations of
motion. Iterative methods which preserve the Lie group structure of the equations of motion
do not suffer from these drawbacks, and should be preferred as they maintain the mathemati-
cal integrity of the nonlinear configuration space. A review of geometric integrators and their
closed form expressions may be found in [145].

The discretised dynamic equilibrium equations Eq. (3.242) are solved by a Lie group version
of the generalised-α scheme, which preserves the Lie group structure of the problem [7], [37],
[38]. The scheme is second-order accurate, and is general and applicable to both constrained
multibody and flexible body dynamics with large rotations. Denoting the configuration state
of the system by the frame q, velocity v, and acceleration v̇, and the inertial, internal, and
external forces respectively by gine, gint, and gext, the time integration relies on the discretised
equations involving the exponential map as

qn+1 = qn exp(˜︁xn+1)
r ≡ gine(vn+1, v̇n+1) + gint(qn+1) − gext = 0

(3.248)

and the time integration formulae

xn+1 = hvn + (0.5 − β)h2an + βh2an+1

vn+1 = vn + (1 − γ)han + γhan+1,

an+1 = 1
(1 − αm)((1 − αf )v̇n+1 + αf v̇n − αman)

(3.249)

where n is the time step and h refers to the time step size, and r is the residual denoting the
entire force equation. The usual numerical parameters of the generalised-α scheme are αm, αf ,
γ, and β. Then, ˜︁xn+1 is interpreted as an average "frozen" velocity field spanning the interval
from tn and tn+1. The exponential map in Eq. (3.248) provides a local parametrisation about
qn. The use of the exponential is the particular adaptation which makes this scheme applicable
to dynamic systems on Lie groups, as it projects algebraic corrections made on the Lie algebra’s
linear space to the group’s nonlinear configuration space.

A time stepping scheme is used to advance the solution to the equations, whereby Eq. (3.248)
and Eq. (3.249) are solved for all variables in step n+ 1 based on their value at step n. To this
end, a Newton-Raphson algorithm is used, which relies on the linearisation of these equations.
Denoting ∆ as the derivative for the linearisation, applying the linearisation to the exponential
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equation in Eq. (3.248) gives
∆(qn+1) = qn+1 ˜︂∆qn+1 (3.250)

for ˜︂∆qn+1 in the Lie algebra. Using the definition of the tangent operator in Eq. (3.43), ∆qn+1

can be written in vector form as

∆qn+1 = T(xn+1)∆xn+1 (3.251)

The linearisation of the residual in Eq. (3.248) gives

Dr · ∆qn+1 = KT∆qn+1 = KTT(xn+1)∆xn+1

Dr · ∆vn+1 = CT∆vn+1

Dr · ∆v̇n+1 = MT∆v̇n+1

(3.252)

where MT , CT , and KT are the tangent mass, damping, and stiffness matrices respectively, as
introduced in Section 3.5.5. The linearisation can also be applied to the integration formulae
in Eq. (3.249) to give

∆v̇n+1 = 1 − αm
βh2(1 − αf )

∆xn+1

∆vn+1 = γ

βh
∆xn+1

(3.253)

The finite variations of the configuration increments xn+1 are then calculated at each Newton
step by solving (︄

1 − αm
βh2(1 − αf )

MT + γ

βh
CT + KTT(xn+1)

)︄
∆xn+1 = −r (3.254)

The term in the bracket is called the iteration matrix ST . It is noted that the incremental
variable of the Newton solver is ∆xn+1, which is indeed a Lie algebra element and thus be-
longs to a linear vector space. Once ∆xn+1 is calculated, the finite variations of the velocities
and accelerations are computed from Eq. (3.253) and are used to update the velocities and
accelerations at the next time step. This is done in an additive manner since they all belong
to the linear vector space. The system configuration is updated nonlinearly by correcting the
term under the exponential in Eq. (3.248) by ∆xn+1. It is noted that for multibody systems
involving constraints, the derivatives of the constraint equation are also computed and stored
in the iteration matrix, and the increments in the lagrange multipliers are found alongside the
configuration increments [38], [211].

As discussed in Section 3.5.5 the tangent matrices are invariant under rigid body motion,
and depend only on local relative motions between the finite element nodes. Therefore, they
may be computed from the reference configuration in test cases involving small deformations.
Consequently, the iteration matrix in Eq. (3.254) does not need to be updated to achieve
convergence of the iterative solver. Of course, in cases involving external forces which depend
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on the system configuration, or those involving large relative motion between nodes or in
kinematic joints, the iteration matrix needs updating on every time step.

Other Lie group time integration schemes may also be developed from classical integration
methods such as explicit Runge-Kutta, by suitable conversion of these methods using a local-
global transition map on the Lie group to update absolute coordinates [99], [147], [230]. Implicit
Lie group time integration using a Newmark scheme for multibody dynamics of robots has also
been shown to be numerically efficient and robust [34].

3.7 Advantages of the SE(3) Beam Model
The formulation of the beam equations on the SE(3) group provides several numerical and

mathematical advantages. Classical FE beam models formulated on the R3 ×SO(3) group treat
displacements and rotations and their increments as independent variables, and aim to work
with deformation measures which incorporates both these motions [44], [54]. As a result, they
require additional mathematical manipulations and transformations to provide a consistent
kinematic description of the beam model. These transformations do not inherently belong to
R3 ×SO(3), and are introduced by necessity to enforce accurate kinematics. As a result, these
beam models often face challenges with singularities and parametrisation of rotations, and also
exhibit numerical challenges such as shear locking and non-objectivity of strains.

Beams formulated on SE(3) however do not suffer from these challenges, since the coupling
of rotations and translations is an inherent mathematical feature of the SE(3) Lie group.
The formulations therefore provides a consistent and mathematically accurate description of
the beam kinematics, without having to resort to additional "fixes" such as transformations.
As discussed, the deformation measures of the SE(3) beam are expressed in the local material
frame owing to the left-invariant derivative representation, and are thus invariant with respect to
rigid body motions. Objectivity of strains is therefore achieved naturally with this formulation.
Moreover, the equations of motion are naturally intrinsic, as they do not depend on the position
and orientation of the beam. As discussed, the SE(3) formulation leads to beam equations of
motion which are compact and at most quadratic in nonlinearity, with the inherent nonlinearity
of the model being embedded in the structure of the SE(3) configuration space manifold.

The interpolation discussed in the finite element formulation, as outlined in Eq. (3.204), also
offers important advantages. A natural nonlinear coupling between position and rotation arises
from this interpolation, which allows for a perfect representation of the pure bending/torsion
using a single element with constant curvature. In contrast, traditional linear interpolations
commonly used in FE formulations offer linear elements which lack curvature, and therefore
can only approximate a curve through multiple independent straight elements. This uncoupled
finite element formulation leads to shear locking due to the geometric inconsistency of modelling
shear-deformable beams with straight finite elements, a problem which is typically addressed
by numerical fixes such as reduced integration. The SE(3) formulation however is naturally
locking free, owing to the nonlinear and coupled interpolation formula Eq. (3.207). Moreover,
elements capable of capturing curvature provide the opportunity to model large deformations
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with fewer finite elements, thus offering significant computational time savings.
Thanks to the interpolation method, the nodal strain forces depend only on the nodal

values through the relative configuration vector, meaning that they are invariant under rigid
body motions and that they only vary according to the relative motion of the nodes. Hence, no
parametrisation of nodal values needs to be introduced [208]. The internal forces and tangent
stiffness matrix can be integrated exactly over the length of the element, and as discussed, in
cases involving small relative motion between the nodes, the tangent stiffness matrix may be
kept constant, thereby offering savings on computational time. The proposed beam formulation
is particularly suitable for modelling geometric nonlinearity of flexible beams where large-
amplitude motions involving small deformations are observed [213]. Geometrically nonlinear
problems can be solved in a reduced number of iterations and load steps compared to classical
formulations [209].

3.8 Conclusion
In this chapter, we have introduced the theory of Lie groups, aiming to develop the theoretical

content in a gradual and accessible manner. Through the use of mathematical examples, and
by formulating the equation of motion of a two degree of freedom mechanical system using Lie
groups, we have reduced the level of abstraction surrounding the topic that is commonly found
in literature, offering a clearer path to understanding the theory.

Additionally, we have introduced the formulation of a geometrically exact beam modelled on
the group of rigid body motions, namely the SE(3) group, aiming to make the theoretical de-
velopment of the formulation clear and understandable for structural dynamicists. Throughout
stages of the development of the equations of motion, we have highlighted and discussed the ad-
vantages of the SE(3) model over classical geometrically exact beam formulations. The SE(3)
beam introduced in this chapter serves as the main formulation for the analysis of geometrically
nonlinear structures conducted in subsequent chapters of this thesis.





Chapter 4

Nonlinear Dynamics of 2D Beams
Formulated on the SE(2) Group

Abstract

This chapter presents results on the computation of periodic responses of geometrically
nonlinear 2D beams modelled under the SE(2) Lie group formulation. This is done by a
combination of shooting and pseudo-arclength continuation. Special adaptations are made to
the shooting and continuation methods to ensure compatibility with the Lie group framework.
NNMs of various 2D structures including a doubly-clamped beam, a shallow arch, and a can-
tilever beam are computed. Results are compared with a reference displacement-based FE
model with von Kármán strains, as introduced in Chapter 2. Significant difference is observed
in the dynamic response of the two models in test cases involving large degrees of beam dis-
placements and rotation. Differences in the contribution of higher-order modes substantially
affect the frequency-energy dependence and the nonlinear modal interactions observed between
the models. It is shown that the SE(2) model, owing to its exact representation of the beam
kinematics, is better suited at adequately capturing complex nonlinear dynamics compared to
the von Kármán model.

The adaptations made to the shooting and pseudo-arclength continuation methods enable
their use within the Lie group framework. This represents the novel and significant contribu-
tion of this chapter. Results in this chapter have been published in the Journal of Nonlinear
Dynamics [14].
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4.1 Introduction
The shooting and pseudo-arclength continuation methods developed in Chapter 2 are ap-

plicable to dynamical systems formulated under a Euclidean embedding. In order to be used
with Lie group systems, they need to be appropriately modified to preserve the underlying
group structure of the system. These adaptations are developed and discussed in this chapter,
and the modified shooting and continuation methods are applied to a range of 2D structures
modelled under the SE(2) formulation.

The methods developed in this chapter are general, and can be used with any dynamical
system formulated on Lie groups, provided that the appropriate choice of the exponential, loga-
rithm, and tangent maps are made for the specific Lie group under study. Some existing studies
on Lie group shooting methods in the literature can be found in [1], [130]. In these works, the
shooting method is used to solve nonlinear BVPs formulated on the Minkowski space1, for a
range of low-dimensional academic examples. Their method is based on transforming the origi-
nal BVP into a set of algebraic equations by embedding the problem into an augmented system
that respects the Lie group structure. However, this transformation cannot be simply extended
to large multi-dimensional problems such as those encountered in finite element analysis. Fur-
thermore, the root finding of the shooting problem is achieved using the half-interval method,
and not using Newton iterations, as is done in this chapter. The generality of the shooting
and continuation methods developed in this chapter therefore underscores the versatility of
the techniques presented here, making them not only powerful tools for the analysis of finite
element model, but also applicable to a wide range of problems across different fields where Lie
group formulations are relevant.

In what follows in this chapter, the modifications to the shooting and continuation methods
are first presented, followed by their application to find period solutions (NNMs) of 2D struc-
tures formulated on the SE(2) group. The results are compared to those obtained using the
finite element beam formulation with von Kármán strains. The limitations of the von Kármán
model in capturing geometric nonlinearities arising from large displacements and rotations are
highlighted and discussed.

4.2 Shooting Adaptation to Lie Group Formulation
Following from the presentation of the shooting and pseudo-arclength continuation methods

in Chapter 2, we discuss some modifications which are required to enable the use of these
methods on a system whose dynamic equations are formulated on the SE(3) group. We discuss
these adaptations here in the context of the SE(3) group for general 3D beams, while the same
can be applied to 2D beams modelled on SE(2).

The first adaptation concerns the periodicity equation, which should be modified to a form
suitable for computing the periodicity on the nonlinear configuration space of the SE group.

1Minkowski space is a mathematical description of spacetime in special relativity, within which certain Lie
group transformations are defined.
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As discussed in Chapter 2, the periodicity equation is typically formulated as the difference
between the system states at times 0 and T as in Eq. (2.2), with a zero result signifying a
periodic system. For a system formulated on SE(3) however, owing to the nonlinearity of
the group configuration space, the initial and final beam configurations over a shooting period
cannot be simply subtracted. Computing a simple difference between the configurations relies
on the assumption of working under a Euclidean embedding, which is not the case considering
the nonlinear manifold of the group. This would therefore not offer a meaningful comparison
between the body frames of the discretised beam, and would not offer a measure of how close
the system is to periodicity. The periodicity equation in Eq. (2.2) should therefore be modified
to account for the nonlinearity of the group.

The beam configuration at time T , that is H(T ), may be written as the group composition of
the beam configuration at time 0, H(0), with the exponential of an increment vector belonging
to the tangent space at H(0). This may be written in the form given by Eq. (3.19a) as

H(T ) = H(0) expSE(3)(˜︃ψH) (4.1)

As discussed in Chapter 3, the vector ψH represents a local increment vector at H(0), which
leads to a local periodicity condition as explained below. A global view of the periodicity
condition may also be adopted, and is explained in Chapter 5.

From Eq. (4.1), the difference between the beam configurations can therefore be measured
by the relative increment vector between them, which may be computed using the logarithm
map by rearranging Eq. (4.1), resulting in the following modified periodicity equation in vector
form

ψ(X(0), T ) =
⎡⎣ψH

ψv

⎤⎦ =
⎡⎣logSE(3)(H−1(0)H(T ))∨

v(T ) − v(0)

⎤⎦ = 012×1 (4.2)

where H ∈ SE(3) is the frame on a material point along the beam, and v ∈ se(3) is the point’s
local body velocity. This zero function is computed for all FE nodes along the discretised beam.
Note the use of the logarithm map to find the difference between the initial and final frames.
In contrast, the local velocities belong to the linear vector space of the Lie algebra se(3), and
can thus be readily subtracted.

Since the velocities of the system are expressed in the body frame, the periodicity function
in Eq. (4.2) misinterprets cases where the dynamics of the beam configuration is not periodic,
but the body velocities are periodic or constant. To illustrate this point, consider a simple
circular motion with constant angular velocity, as depicted in Figure 4.1. While two points
p(t1) and p(t2) on the circle will have the same local body velocity vb at different times, their
positions and orientations will differ. The periodicity function in Eq. (4.2) will incorrectly assess
the constant velocities as periodic, while the configuration of the system is not periodic between
those points. To overcome this ambiguity, the periodicity function in Eq. (4.2) may be modified
further by using a formulation without directly subtracting velocities. Instead, the logarithm
map in Eq. (4.2) can be differentiated with respect to time, yielding a term which may be
used to assess periodicity for velocities. The advantage of this approach is that it prevents
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Figure 4.1: Motion around a circle, depicting constant body velocity vb as seen in the body
frame.

misinterpreting cases where the velocities might be periodic, but the beam configuration is not.
Using the inverse tangent operator for the derivative of the logarithm in Eq. (3.46), the

derivative of the frame periodicity in Eq. (4.2) with respect to time can be written as1

d
dt(ψH) = d

dt(logSE(3)(H−1(0)H(T ))) = T−1
SE(3)(ψH)ν (4.3)

where ν is the left-invariant vector field of H−1(0)H(T ) such that

d
dt(H

−1(0)H(T )) = H−1(0)H(T )˜︁ν (4.4)

In order to find the expression for ν, we expand the above using the product rule as

d
dt(H

−1(0))H(T ) + H−1(0) d
dt(H(T )) = H−1(0)H(T )˜︁ν (4.5)

Writing the time derivative of each frame using its left-invariant velocity field we have

−˜︁v(0)H−1(0)H(T ) + H−1(0)H(T )˜︁v(T ) = H−1(0)H(T )˜︁ν (4.6)

Which may be written in terms of ˜︁ν as

˜︁ν = −
(︂
H−1(0)H(T )

)︂−1 ˜︁v(0)H−1(0)H(T ) + ˜︁v(T ) (4.7)

Noting from Eq. (4.1) that H−1(0)H(T ) = expSE(3)(˜︃ψH), we have

˜︁ν = − exp−1
SE(3)(˜︃ψH)˜︁v(0) expSE(3)(˜︃ψH) + ˜︁v(T ) (4.8)

Which may be simplified using the Adjoint in Eq. (3.23), to give

˜︁ν = −AdexpSE(3)(−˜︂ψH)
˜︁v(0) + ˜︁v(T ) (4.9)

1Note we have dropped the ∨ notation from Eq. (4.3) for clarity of presentation. The vector form of the
equations is reinstated in Eq. (4.10).
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The above can now be written in vector form, and substituted into Eq. (4.3) to give

d
dt(ψH) = T−1

SE(3)(ψH)
(︃

−AdexpSE(3)(−˜︂ψH)v(0) + v(T )
)︃

(4.10)

The tangent operator is then multiplied into the bracket and simplified using Eq. (C.2) to give

d
dt(ψH) = −T−1

SE(3)(−ψH)v(0) + T−1
SE(3)(ψH)v(T ) (4.11)

This expression may replace ψv in Eq. (4.2) for a modified periodicity function given by

ψ(X(0), T ) =
⎡⎣ψH

ψv

⎤⎦ =
⎡⎣ logSE(3)(H−1(0)H(T ))∨

−T−1
SE(3)(−ψH)v(0) + T−1

SE(3)(ψH)v(T )

⎤⎦ = 012×1 (4.12)

Note that as ψH → 0 during the Newton corrections, Eq. (4.12) tends to Eq. (4.2), as the inverse
tangent maps will both tend to identity. Returning to Figure 4.1, it is seen from Eq. (4.12)
that when the body velocities are constant, the velocity component of the modified periodicity
equation will not be zero when the configurations at times 0 and T are not equal, as the tangent
maps will be non-zero, and T−1

SE(3)(ψH) ̸= T−1
SE(3)(−ψH).

With the modified periodicity condition, the shooting method is fully adapted to be used
under the Lie group framework for the computation of periodicity of the nonlinear system.
The methods developed here are generally applicable to differential equations formulated on
Lie groups, and are not limited to the Special Euclidean group. With the appropriate use of
group-specific expressions for the exponential and logarithm maps, the periodicity equation
may be used in shooting methods for initial value problems on any Lie group of interest.

4.3 Continuation Adaptation to Lie Group Formulation

The general predictor-corrector method of the pseudo-arclength continuation routine, as
detailed in Chapter 2, is applicable to problems formulated on the Lie group framework. The
underlying mechanics of the continuation algorithm do not require fundamental modifications
when applied in this context. The main adaptation is related to the correct choice of the
initial conditions vector, which should be based on increments in the Lie algebra. Additional
adaptations may also be made from an implementation perspective, to better leverage the
mathematical tools provided by the Lie group framework, enhancing the overall efficiency and
robustness of the continuation process.

4.3.1 Prediction Step and Relative Increments

The initial conditions vector X(0), which is formed during the prediction stage of the con-
tinuation process, is typically comprised of the initial state variables of the system. For systems
not formulated on Lie groups, these may be initial displacements and velocities. For Lie group
dynamical systems, the positional state of the system is uniquely specified by the twist vectors
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in the Lie algebra, which can be transformed to group elements through the exponential map,
as described in Section 3.1.5. On the other hand, the velocity variables are already in the
linear vector space of the Lie algebra, and therefore may be used in the initial conditions vector
without modification. Therefore, for the beam model formulated on SE(3), X(0) comprises
the N initial state increments and velocities for the entire discretised beam as

X2N×1(0) =
[︂
hTN×1(0) vTN×1(0)

]︂T
(4.13)

where h(0) represents the twist increments for each FE node, which map the reference beam
configuration H0 to the deformed configuration for the shooting initial conditions H(0) as

H(0) = H0 expSE(3)(h(0)) (4.14)

A further adaptation to the prediction point may be made to take full advantage of the
Lie group framework of the model, by defining relative increments which are generated with
reference to the previous continuation step. After a converged periodic solution is found at
step j, the deformed beam configuration H⋆

j(0) containing the beam initial position and orien-
tation is stored. The initial conditions vector Xj+1(0) for the next continuation step is then
reimplemented relative to H⋆

j(0), such that it will contain the increment with respect to H⋆
j(0),

instead of the increment with respect to the undeformed beam configuration H0. Denoting this
increment by h̄j(0), Hj+1(0) can then be found using the exponential map as

Hj+1(0) = H⋆
j(0) expSE(3)(˜̄︁hj(0)) (4.15)

and the initial conditions vector is therefore modified as

X2N×1(0) =
[︃
h̄TN×1(0) vTN×1(0)

]︃T
(4.16)

The initial reference beam configuration remains unchanged, and the absolute deformed state in
Hj+1(0) is still an absolute deformation with respect to the reference configuration, maintaining
the geometric nonlinearity of the system which arises from large deformations. However, as
the state of a converged continuation solution is used as the basis of the increment vector for
the next prediction point, this relative increment vector will therefore be smaller in magnitude.
As the increment is used in the exponential map to find the new beam state in Eq. (4.15),
the smaller magnitude of this vector results in reduced nonlinearity from the exponential map,
which considerably reduces the number of iterations required in the continuation correction
process.

4.3.2 Correction Step and Orthogonality Condition

The significance of forming the initial conditions vector based on increments in the Lie
algebra is that the correction step of the continuation method may be applied without any
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modifications. As shown in Eq. (4.13), the vector X(0) includes the nodal increments and
velocities, both of which belong to the linear space of the Lie algebra se(3). As such, Newton
corrections can be directly applied to the increments during the continuation process by simple
addition in Euclidean space. Furthermore, the orthogonality condition in Eq. (2.6) remains
valid, and does not require modifications to be used with the Lie group model. This is due to
both the tangent vector and the corrections existing in a linear vector space, thus making it
possible for the orthogonality condition to force corrections to remain orthogonal to the tangent
vector.

Orthogonality between the corrections and the tangent vector is a common approach used in
the pseudo-arclength continuation algorithm to enforce convergence towards the desired solution
path, as detailed in Chapter 2. In contrast, Keller [49] proposes an alternative condition which
ensures the next continuation solution lies on the hyperplane orthogonal to the tangent vector,
and at a distance away from the previous converged solution equal to the continuation step. The
key distinction in Keller’s method is that, instead of enforcing orthogonality on the corrections,
it requires the full solution (prediction plus corrections) to lie on this orthogonal hyperplane.
This can be expressed as follows for dynamical systems not formulated on Lie groups:

uTj (Xk
j+1(0) −Xj(0)) + λj(T kj+1 − Tj) = zj (4.17)

where j is the continuation step, and k indicates the correction iteration. For systems not
formulated on Lie groups, calculating the difference between initial condition vectors results
in a vector which effectively points from the solution at continuation step j to that at step
j + 1. However, for Lie group systems, as the initial condition vectors contain the increments
from the reference configuration1, taking their difference would not yield the difference between
the configurations at consecutive continuation steps, and would therefore not generate the
directional vector between them. Since we require the corrections to the increments to be such
that the solution at step j+ 1 lies on the hyperplane, it is important that the correct difference
between the configurations at consecutive continuation steps are computed. The correct way to
compute the difference vector required in Eq. (4.17) is to determine the relative configuration
vector between the frame at steps j and j+1. This would require an adaptation of Eq. (4.17) to
include the logarithm map to find the relative difference between the frames for every correction
iteration k, as follows

uTj

⎡⎣logSE(3)(H⋆
j(0)−1Hk

j+1(0))∨

vkj+1(0) − v⋆j(0)

⎤⎦+ λj(T kj+1 − Tj) = zj (4.18)

where it is seen that the velocities can be simply subtracted following Eq. (4.17).It is noted that,
if the continuation is performed using relative increments for the prediction points, as described
in Section 4.3.1, then the relative increment vector serves as the correct difference between the
solutions at step j and j + 1, and may be used directly in the orthogonality condition.

1Here we are referring to the case where relative increments are not computed, and increments at each step
are measured from the reference configuration.
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The orthogonality condition can be incorporated into the continuation correction step by
computing its derivative and augmenting the Jacobian in the Newton iterations. With the
adapted formulation in Eq. (4.18), this would require derivatives on the Lie group, which
would lead to a more difficult implementation. This orthogonality condition is therefore not
employed in this thesis, although it could be further investigated as it could result in a more
robust correction algorithm [49].

4.4 Sensitivities

As discussed in Chapter 2, the sensitivity of the periodicity function with respect to the initial
conditions and the period is required in the Newton-Raphson correction step in Eq. (2.6). To
this end, the derivative of the periodicity equation in Eq. (4.12) should be computed. The
gradient of ψH can be written using the inverse tangent operator as

dψH = −T−1
SE(3)(−ψH) dh(0) + T−1

SE(3)(ψH) dh(T ) (4.19)

Using this equation, we can find the sensitivity of ψH with respect to the initial conditions as

∂ψH

∂X(0) = −T−1
SE(3)(−ψH) ∂h(0)

∂X(0) + T−1
SE(3)(ψH)∂h(T )

∂X(0) (4.20)

We now consider the monodromy matrix, that is the derivatives of the system’s final states with
respect to the initial conditions (increments and velocities), as M2N×2N = [wN×2N vN×2N ]T ,
where w and v represent the rows of the monodromy corresponding to the spatial and velocity
derivatives respectively. The partial derivative in the second term in Eq. (4.20) is identical
to the spatial derivatives included in the monodromy1, which may be used to simplify the
sensitivity as

∂ψH

∂X(0)N×2N
= −T−1

SE(3)(−ψH)
[︂
I 0

]︂
N×2N

+ T−1
SE(3)(ψH)w (4.21)

which is computed for each node of the finite element model. It is noted that the first term in
the above equation is nonzero only on the diagonal of the first N columns, and therefore adds
only to the first N columns of the second term. It is further noted that, as ψH → 0 during the
Newton corrections, ∂ψH

∂X(0) → w −
[︂
I 0

]︂
, which is the typical periodicity function sensitivity

for dynamic systems not formulated on Lie groups.
The gradient of ψv can also be evaluated and is written as follows,

dψv = − T−1
SE(3)(−ψH) dv(0) + T−1

SE(3)(ψH) dv(T )

− Dv(0)T−1
SE(3)(−ψH)(− dψH) + Dv(T )T−1

SE(3)(ψH)(dψH)
(4.22)

The derivatives of the inverse tangent operators above are interpreted as directional derivatives
1Recall from Eq. (4.13) that h represents the state increments which are the Lie algebra twist elements for

each beam node. Therefore, the derivative of h(T ) with respect to X(0) is precisely the first N rows of the
monodromy matrix.
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along the velocity vectors indicated by the subscripts of the derivative operator. Sonneville [209]
represents these directional velocity vectors as a second argument to T−1

SE(3) and has developed
closed-form expressions for these derivatives. Equivalent expressions for these based on the
Euler-Rodrigues motion parametrisation are provided in Appendix A. The sensitivities may
now be written as below

∂ψv

∂X(0) = − T−1
SE(3)(−ψH) ∂v(0)

∂X(0) + T−1
SE(3)(ψH)∂v(T )

∂X(0)

− Dv(0)T−1
SE(3)(−ψH)(− ∂ψH

∂X(0)) + Dv(T )T−1
SE(3)(ψH)( ∂ψH

∂X(0))
(4.23)

Similar to Eq. (4.21), the monodromy can be substituted into the equations and the terms can
be simplified to give

∂ψv

∂X(0)N×2N
= − T−1

SE(3)(−ψH)
[︂
0 I

]︂
N×2N

+ T−1
SE(3)(ψH)v

− Dv(0)T−1
SE(3)(−ψH)(− ∂ψH

∂X(0)) + Dv(T )T−1
SE(3)(ψH)( ∂ψH

∂X(0))
(4.24)

It is noted that the first term in the above equation is nonzero only on the diagonal of the second
N columns, and therefore adds only to the second N columns of the remaining terms. The
sensitivities of ψH also appear in the equations, which have already been found in Eq. (4.21)
and can be substituted in.

It is noted that, as periodicity is achieved and ψH → 0, the terms involving derivatives of
the inverse tangent operator generally do not disappear, as they represent how the derivative is
influenced by the direction vector. However, with a phase condition of velocities on all degrees
of freedom equal to zero (see Section 4.5), the direction vectors v(0) and v(T ) will both be zero
for a periodic solution, and thus we have ∂ψv

∂X(0) → v −
[︂
0 I

]︂
. This is a special case, and for

other phase conditions, the derivatives of the tangent operator will generally be non-vanishing.
An alternative periodicity condition based on a global view of the increments between the
frames is formulated in Section 5.7, which leads to expressions of the tangent operator in the
sensitivity equations which do vanish with periodicity.

The sensitivity of the periodicity function with respect to the shooting period T is computed
in a similar way. Taking the sensitivity of the final states of the system with respect to period as
t2N×1 = [twN×1 tvN×1]T we can then follow a similar procedure and use Eq. (4.21) to compute
the spatial derivatives ∂ψH

∂T N×1
, and Eq. (4.24) to compute the velocity derivatives ∂ψv

∂T N×1
.

These are therefore given as
∂ψH

∂T N×1
= T−1

SE(3)(ψH)tw (4.25)

and

∂ψv

∂T N×1
= T−1

SE(3)(ψH)tv − Dv(0)T−1
SE(3)(−ψH)(−∂ψH

∂T
) + Dv(T )T−1

SE(3)(ψH)(∂ψH

∂T
) (4.26)



Chapter 4. Nonlinear Dynamics of 2D Beams Formulated on the SE(2) Group 120

4.4.1 Computation of the Monodromy

The monodromy itself can be calculated using sensitivity analysis through a direct differ-
entiation method wherein the equations of motion are directly differentiated with respect to
the parameters. Two direct differentiation methods can be developed, either by integration of
the differentiated equations of motion, or the differentiation of the time-discretised equations
of motion [212]. In the first approach, the equations of motion and the initial conditions are
differentiated, and the sensitivities are solved by integration using the generalised-α method
with the same numerical parameters as the nominal problem. The compact formulation of the
equations of motion within the Lie group framework is advantageous in this regard. The Lie
bracket operator appears throughout the equations due to the nonlinearity of the Lie group. In
the second approach, rather than differentiating the equations of motion, the time integration
method on these equations is differentiated, leading to a linear differential equation to be solved
alongside the nominal problem. The exponential operator and its derivative appear in these
equations due to the Lie group structure. Crucially, in this second approach, unlike the first,
the iteration matrix in solving the sensitivity equation is the same as the nominal problem,
simplifying implementation in simulation codes. In both approaches, sensitivities may be com-
puted on the fly and simultaneously with the mechanical system. The second approach is used
in this work to compute sensitivities. Starting from the time integration equation introduced
in Eq. (3.248)

qn+1 = qn exp(˜︁xn+1) (4.27)

and denoting •′ as the derivative with respect to a parameter p, the derivative of the above
may be written as

q′
n+1 = q′

n exp(˜︁xn+1) + qn exp′(˜︁xn+1) (4.28)

Writing the derivative of q using the Lie algebra element ˜︁w as

q′ = q ˜︁w (4.29)

Eq. (4.28) can be written as

˜︁wn+1 = exp−1(˜︁xn+1) ˜︁w exp(˜︁xn+1) + exp−1(˜︁xn+1)Dexp(˜︁xn+1) · ˜︁x′
n+1 (4.30)

Using the tangent operator in Eq. (3.43) the following linear relationship can be written in
vector form

wn+1 = D (exp(˜︁xn+1)) wn + T(xn+1)x′
n+1 (4.31)

where D(q) is a matrix satisfying ˜︂D(q)w = q−1 ˜︁wq. The differentiation is also applied to the
residual vector in the equation of motion in Eq. (3.248), leading to the update scheme

MT v̇′
n+1 + CTv′

n+1 + KTwn+1 = −r (4.32)
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to be solved alongside Eq. (4.31). The complete sensitivity analysis algorithm is obtained by
combining the above equations with the differentiated form of the time integration formulas
in Eq. (3.249) as

x′
n+1 = hv′

n + (0.5 − β)h2a′
n + βh2a′

n+1

v′
n+1 = v′

n + (1 − γ)ha′
n + γha′

n+1,

a′
n+1 = 1

(1 − αm)((1 − αf )v̇′
n+1 + αf v̇′

n − αma′
n)

(4.33)

It is seen that the iteration matrix is exactly the same as the nominal problem in Eq. (3.254),
which simplifies implementation of the algorithm.

It is noted that, the discrete adjoint method may also be used for sensitivity analysis,
which is more efficient for problems involving numerous design parameters. Callejo et al. [43]
have developed a Lie group compatible discrete adjoint solver based on the generalised-α time
integration scheme, which does not rely on backward time integration to solve the adjoint
equations.

4.5 Phase Condition
As discussed in Chapter 2, a phase condition is required to ensure a unique periodic solution

is found by the shooting algorithm. As the system trajectory must be periodic, the velocities
must change sign and therefore cross zero. A suitable phase condition would therefore be to set
the velocity to zero for only one degree of freedom with a single constraint equation [76]. In the
context of a Lie group formulation, special care must be taken when enforcing a velocity phase
condition to correctly account for the group’s nonlinearity. A phase condition on velocities is
essentially a non-holonomic constraint, since velocities are expressed in the local frame and
are therefore configuration dependent. A phase condition may only be enforced on the inertial
frame, which serves as a fixed holonomic basis. However, setting only one velocity to zero in
the inertial frame requires special attention, as velocities are expressed locally, and non-zero
local velocities may combine to give zero velocities in the inertial frame. Consequently, the
approach in Eq. (2.3) cannot be used to set only one velocity to zero, as velocities should
be transformed to the inertial frame first, through a configuration-dependent rotation matrix
which itself evolves with the system’s equation of motion. In addition, the gradient of such a
phase constraint should also be calculated as it is needed in the Newton corrections.

To minimise computational complexity, the analysis done in this chapter utilises the phase
condition of setting all initial velocities to zero, as it can be used with the Lie group formula-
tion without extra modifications. No special consideration is required for such a condition as it
will hold true irrespective of the choice of local or inertial frame. The equation for this phase
condition and its derivative are given in Eq. (2.3). Such a phase condition is practical and has
been employed in both shooting [170] and harmonic balance methods [86]. However, this phase
condition is unsuitable for computing asymmetric NNMs or NNMs represented by a closed-
loop configuration space, or when the degrees of freedom do not cross zero synchronously [170].
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Additionally, the resulting Jacobian matrix in the Newton iterations of the continuation cor-
rection step is non-square due to an overdetermined system, and the problem must therefore
be solved in a least-squares sense. Other phase conditions, such as the Poincaré or integral
phase condition, may also be used. However, they also need to be modified for use within the
Lie group formulation.

4.6 Comparison of SE & von Kármán Beams on 2D
Cases

Three 2D test cases were chosen to compare NNMs found using the SE FE model and those
from the von Kármán model. These are a straight clamped-clamped beam, a shallow arch, and
a cantilever beam. In all cases, the beam is discretised with 30 elements, and its geometric and
material properties are given as [207]: E = 210GPa, ρ = 7850 kg/m3, L = 1m, A = 10−4 m2.
The geometry for the straight beam and the arch is illustrated in Figure 4.2. As the cases
are 2D, the beam formulation is made under the SE(2) framework. The NNMs are calculated
using shooting and pseudo-arclength continuation, as discussed previously. Since the periodic
solutions are for a conservative system, the numerical damping for the generalised-α integrator
is not used. The generalised-α defaults thus to the Newmark scheme.

(a) Clamped-clamped beam. (b) Shallow arch.

Figure 4.2: Geometry of 2D test cases. Cantilever beam is identical to the clamped-clamped
beam geometry.

4.6.1 Straight Clamped-Clamped Beam: NNM1

The frequency-energy plot (FEP) for the first NNM of the clamped-clamped beam is shown
in Figure 4.3a, where the effects of nonlinearity can be observed in the increase of frequency with
energy. The figure shows the occurrence of a thin loop, termed an internal resonance tongue,
comprising periodic solutions that indicate a 5:1 interaction between NNM1 and NNM3. The
SE(2) and the von Kármán model agree well on this example, as the beam is not experiencing
large displacements and rotations, and the von Kármán model can therefore adequately predict
the system dynamics. As discussed in Chapter 2, the coupling between the axial and the
bending displacements, also known as membrane-bending coupling, can be modelled under the
von Kármán framework with sufficient accuracy. For the doubly clamped beam, this coupling
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(a) Frequency Energy plot. (b) Max normalised amplitude at x/L = 0.5.

Figure 4.3: First NNM of clamped-clamped beam. Comparison between von Kármán (black)
and SE(2) (orange). Amplitude normalised with respect to beam thickness b = 10−2 m.

constitutes the main source of nonlinearity, as the beam cannot undergo large displacements
and rotations due to the constrained boundaries.

Figure 4.3b shows the maximum absolute in-plane displacement of the beam midpoint nor-
malised with respect to the beam thickness, over the range of frequencies observed in the FEP.
The maximum is taken as the largest displacement during the full period of the shooting solu-
tion. The backbone and tongue are observed, and again good agreement is noted between the
models which continues through to larger amplitude displacements.

4.6.2 Straight Clamped-Clamped Beam: NNM2

The frequency energy plot corresponding to the second NNM is seen in Figure 4.4a. Two
resonance tongues appear on the solution curve, the first starting at approximately 160 Hz and
corresponding to a 3:1 interaction with NNM4, and the second starting at approximately 207
Hz and corresponding to a 5:1 interaction with NNM6. Additional smaller secondary branches
can be seen on the higher tongue, namely at approx. 221 Hz for the von Kármán model and at
approx. 233 Hz for the SE(2) model. These correspond to higher order harmonic interactions
with NNM13 at a 17:1 ratio for both models. The backbones of NNM13 are included in
Figure 4.4a in grey for both models, where the frequency has been divided by the harmonic
ratio of 17. It is seen that the backbones cross the curve near the regions where the secondary
tongues are located. The linear natural frequencies for mode 13 for the von Kármán and the
SE(2) model are 3672 Hz and 3928 Hz respectively. This difference in the frequencies of the
higher modes leads to the separation of the backbone curves, and thus to the difference in the
frequency at which the 17:1 interactions on the FEP occur. In general, the frequency-energy
dependence is also greater for higher modes, resulting in greater difference between the linear
natural frequencies and the trend of the backbone curves. The differences in the higher modes
could therefore have a significant effect on the location and shape of the interaction tongues.
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(a) Frequency Energy plot. (b) Max normalised amplitude at x/L = 0.3.

(c) Time history of point (a). (d) Phase space.

Figure 4.4: Second NNM of clamped-clamped beam. Comparison between von Kármán (black)
and SE(2) (orange). Dotted grey lines indicate NNM13 for both models with frequency di-
vided by 17. Time history of displacement of point (a) depicted, showing normalised vertical
amplitude at x/L = 0.3. A 5:1 interaction between modes 2 and 6 is observed, and a π/2 phase
difference exists between the 5th harmonics of the two solutions. Amplitude normalised with
respect to beam thickness b = 10−2 m.

The difference between the NNMs can also be observed in the amplitude plots in Figure 4.4b,
which shows the maximum absolute in-plane displacement at the x/L = 0.3 point along the
beam, normalised with respect to the beam thickness. The time evolution of the vertical
displacement at the x/L = 0.3 point for the periodic solution (a) indicated in Figure 4.4a can
be seen in Figure 4.4c. The 5:1 frequency ratio can clearly be seen, and a difference is observed
between the solutions from the two models. This is also highlighted in Figure 4.4d which shows
the solutions in phase space. The difference in the solutions is due to a π/2 phase shift in the
5th harmonic of the responses from the two models. It is known that through an interaction
tongue, the phase of the periodic solution changes by π/2 [115], [207]. As the modal interactions
are occurring at different energy levels for the two models, the phase shift in the 5th harmonic
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could be attributable to a difference in the energy level at which the solution passes through
the tongue and the phase changes for the two models. It is noted that a direct comparison
of solutions from points selected on the frequency-energy plot is extremely challenging, as the
graph is a 2D projection of a high-dimensional state space. Selected points are here chosen
based on their qualitative similarity (for instance, turning points on the FEP), bearing in mind
that solutions may not be strictly identical.

4.6.3 Shallow Arch: NNM1

A shallow arch is created by curving the doubly clamped beam such that the midpoint is
displaced vertically by 10mm, thus creating a curvature of radius R = 12.5m. The material
properties of the beam are unchanged. The effects of curvature are manifested as the existence
of both vertical and lateral displacements in the linear mode shapes of the model [207].

The FEP of the first NNM is shown in Figure 4.5a. A softening-hardening behaviour is
observed, which is characteristic of structures with initial curved geometries [207], and an
internal resonance tongue is seen within the softening region. The tongue indicates a 4:1
resonance between NNM1 and NNM3. This is in contrast with the 5:1 resonance seen between
these modes for the first NNM of the straight beam, which is due to the asymmetry of initial
curvature promoting the occurrence of even interaction ratios [207]. The normalised absolute
maximum vertical displacement of the beam midpoint is depicted in Figure 4.5b. Despite
displacement amplitudes larger than twice the beam thickness, the von Kármán model is able
to make a correct prediction of the periodic solutions. Similar to the clamped-clamped beam,
the shallow arch also exhibits axial-bending coupling due to the clamped boundaries, which the
von Kármán formulation can model sufficiently accurately with the quadratic bending terms
in the axial strains (see Eq. (2.20)). The time history of the vertical displacement of the arch
mid-point from the periodic solution at point (a) from Figure 4.5a is presented in Figure 4.5c,
which shows the 4:1 frequency ratio between the harmonics. Similar to the clamped-clamped
beam, a π/2 phase shift exists between the 4th harmonic of the responses, causing a difference
in the time history of the two models.

4.6.4 Shallow Arch: NNM2

The FEP for the second NNM is presented in Figure 4.6a. Increasingly complex dynamics
can be seen, with multiple interactions between various modes of the system. The main tongue
spans a large frequency range between 160 and 180 Hz, and corresponds to a 3:1 interaction
between NNM2 and NNM4. Higher-order interactions are seen as secondary tongues which
branch away from the main curve. The secondary tongue between 168-170 Hz (terminating
at point (a) on the FEP) is captured by both models and indicates the presence of NNM7
at an 8:1 ratio with NNM2, along with static contributions from NNMs 1 and 3. Similar
static contributions from additional modes were also reported by Sombroek et al. [207] for the
arch. Figure 4.6b shows the time history of the periodic solution at point (a) depicting the
normalised vertical displacement at the beam point x/L = 0.36. It is seen that for this point
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(a) Frequency Energy plot. (b) Max normalised amplitude at x/L = 0.5.

(c) Time history of point (a).

Figure 4.5: First NNM of shallow arch. Comparison between von Kármán (black) and SE(2)
(orange). Time history of displacement of point (a) depicted, showing normalised vertical
amplitude at x/L = 0.5.A 4:1 interaction between modes 1 and 3 is observed, and a π/2 phase
difference exists between the 4th harmonics of the two solutions. Amplitude normalised with
respect to beam thickness b = 10−2 m.

the models predict the same periodic solution corresponding to the same point on the FEP. The
von Kármán and SE(2) solutions start to differ at higher frequency ranges above this point.
A smaller secondary tongue which emanates at approx. 172 Hz on the SE(2) curve indicates
higher-order dynamic interaction through the 24th harmonic which is not captured by the von
Kármán model. An additional interaction occurring at approx. 180 Hz on the main tongue
is with NNM9 through the 12th harmonic, and is found only by the von Kármán model. As
seen previously with the doubly clamped beam, the differences in the higher modes between
the models can lead to high-order interactions appearing at different frequencies, which is why
these interactions are not captured by both models at the same locations on the FEP.

The periodic solution at point (b) in Figure 4.6a is presented in Figure 4.6c, which shows the
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(a) Frequency Energy plot. (b) Time history of point (a).

(c) Time history of point (b). (d) Frequency content of point (b).

Figure 4.6: Second NNM of shallow arch, comparison between von Kármán (black) and SE(2)
(orange). Time history of displacement of points (a) and (b) depicted, showing normalised ver-
tical amplitude at x/L = 0.36. NNM7 present at 8:1 ratio with NNM2 at point (a). Amplitude
normalised with respect to beam thickness b = 10−2 m.

time series of the vertical displacement at the x/L = 0.36 point, and its frequency spectrum,
respectively. The 3:1 interaction between NNM2 and NNM4 is observed, where some static
contribution is also present from NNM 1. There is good agreement between the time histories
for both models, which is to be expected as higher-order dynamics are not manifested on the
periodic solution at point (b).

4.6.5 Straight Cantilever Beam: NNM1

As a final test case, the straight beam was made free on one end to create a straight cantilever
beam. The material properties of the beam remain unchanged.

The FEP of the first NNM is shown in Figure 4.7. It is seen that the responses from
the beam models are characteristically different, with the SE(2) model showing hardening
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behaviour in contrast to the softening behaviour of the von Kármán model. The hardening
effect for the SE(2) model is in agreement with the results obtained using an intrinsic beam
model by Palacios [158] and a geometrically exact model by Debeurre et al. [58]. This supports
the conclusion that the softening behaviour observed from the von Kármán model is incorrect.
This softening behaviour is not observed if the von Kármán model is solved with full integration,
as the effect of full integration is seen in an overall stiffening of the structure. This serves as
a strong motivation to not use the von Kármán formulation to model large displacements and
rotations, as full integration can lead to shear locking [177], and reduced integration, as observed
here, can lead to incorrect results.

The SE(2) model is able to trace the backbone of NNM1 to higher energy levels, compared
to the lower levels found by the von Kármán model. The highest energy point on the backbone
is indicated by a green marker on the FEP for both models. The deformed shape of the beam
corresponding to this point is given in Figure 4.8. It is clearly seen that the SE(2) model is able
to capture periodic responses with significantly larger displacements and rotations compared
to the von Kármán model. Despite significant efforts, the continuation algorithm was not able
to trace the von Kármán curve beyond the point already found in Figure 4.7. The geometric
nonlinearity arising from extremely large displacements and rotations of the cantilever at high
energy levels cannot be modelled with the von Kármán formulation due to the linearisation of
the rotations, as discussed in Chapter 2. At higher energies, solutions on the SE(2) backbone
start showing contributions from NNM8, which is the first axial mode of the beam, due to the
large deformations leading to axial motion. The frequency content of the solutions also shows
vibrations at the third harmonic of the fundamental frequency of NNM1. As the contribution
of NNM8 grows along the backbone, higher-order interaction tongues begin to appear. These
correspond to mixed interactions with higher axial modes such as 14, 19, and 22, primarily at
the 15th, 17th, and 19th harmonic. The presence of the axial modes in the response, which
is characterised by large cross sectional rotations and displacements, further motivates the use
of the SE(2) model to ensure the axial deformations and their effect on the periodic solution
is captured correctly. An additional source of nonlinearity is due to the inertia forces which
become nonlinear under large rotations and displacement. As described in Chapter 2, these are
not taken into account in the von Kármán formulation. The SE(2) model however accounts
for the change in inertia following a change in the beam shape due to deformation, as detailed
in Chapter 3.

It was further found that the von Kármán model required a smaller time step by an order of
magnitude in the shooting time integration for tracing the NNM curve compared to the SE(2)
model, resulting in slower convergence of the continuation process. Though not systematically
quantified here, it was observed that the SE(2) model can accurately produce the correct NNM
solutions with fewer FE elements - an observation that is supported by other observations
already made in the literature [208]. This indicates a further usable possibility for reducing the
overall computational time. The cantilever therefore presents a case where there are starker
differences between the NNMs obtained by the SE(2) and von Kármán models. A strong
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Figure 4.7: FEP of first NNM of straight cantilever. Comparison between von Kármán (black)
and SE(2) (orange). Point shown indicates highest energy point captured on the backbone for
each model.

(a) von Kármán. (b) SE(2).

Figure 4.8: Deformed beam shape of first NNM of cantilever beam, at points indicated by green
marker in Figure 4.7.

argument can therefore be made for using the SE(2) model over the von Kármán for modelling
beams with large rotations and deformations such as the cantilever.

4.6.6 Straight Cantilever Beam: NNM2

The FEP of the second NNM is shown in Figure 4.9. Here, the backbones are in agreement,
while various interaction tongues are observed on the SE(2) curve. A prominent tongue appears
at around 51 Hz, which corresponds to a 41:1 interaction with NNM11. Smaller tongues
corresponding to high order harmonics also appear further along the backbone. The deformed
beam shape at the lowest frequency point on the backbone (approx. 44.8 Hz) for both models is
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Figure 4.9: FEP of second NNM of straight cantilever. Comparison between von Kármán
(black) and SE(2) (orange).

shown in Figure 4.10. There is good agreement between the models and the von Kármán beam
shape does not show significant deviation from that of the reference SE(2) model. Owing to
the smaller cross-sectional rotations and displacements of the cantilever in the second bending
mode, compared to the first mode, the von Kármán model is able to capture the dynamics
more effectively in this case. The presence of axial deformation is clearly seen in the beam
shapes owing to contributions from axial modes in the response: mainly NNM 8, along with
NNMs 14, 19, 22, and 24. The normalised vertical and axial displacements of the beam tip
are also depicted in Figure 4.10. The presence of the third harmonic is seen in the vertical
tip displacement, which manifests as double the frequency in the axial displacement. NNM3
begins to contribute to the response by means of excitation through the third harmonic of
NNM2. The deformed beam shape in Figure 4.10 also reveals the presence of the beam’s third
mode shape, more prominently on the SE(2) beam where it is relatively stronger. Though the
vertical tip displacements are in relatively close agreement between the two models, there is
greater difference in the displacement in the axial direction. The importance of using a more
accurate beam model is therefore highlighted once more, as the significant contribution from
higher order axial modes needs to be modelled correctly for the full dynamics to be captured.

4.7 Convergence Analysis
The analysis of the convergence rate of the SE(2) and the von Kármán models is depicted

in Figure 4.11 for the cantilever and the clamped-clamped beams studied in this chapter. For
each case, an SE(2) beam with 1000 finite elements is chosen as the reference beam model.
This choice of the reference model is supported by the verification of the SE beam against
known reference solutions, as provided in the literature [17], [94], and is similar in process to
the convergence study of the SE(2) beam performed by Sonneville et al. [208].

The von Kármán model utilises full integration in case of the cantilever beam, as reduced in-
tegration yields incorrect softening behaviour as observed in Section 4.6.5. The steady response
of the beam under a tip load of 400 N is computed and compared to the reference solution. For
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(a) von Kármán beam shape. (b) SE(2) beam shape.

(c) Vertical direction. (d) Axial direction.

Figure 4.10: Time history corresponding to solution at lowest frequency point on the backbone
in Figure 4.9 (approx. 44.8 Hz). Deformed beam shapes, and normalised amplitude vs time at
beam tip depicted. Comparison between von Kármán (black) and SE(2) (orange). Amplitude
normalised with respect to beam thickness b = 10−2 m.

the clamped-clamped beam, results for both reduced and full integration of the von Kármán
beam are given, where the steady response of the beam is computed under a point load of 10000
N applied at the beam mid point.

It is seen in Figure 4.11 that the SE(2) model offers second-order spatial convergence for
increased number of finite elements for both test cases. In case of the cantilever beam, the
von Kármán model does not give the same convergence rate, and generally fails to reduce the
relative error in the beam response for increased number of elements along the beam. This
is expected, as the von Kármán model is more suited to modelling beams undergoing coupled
axial and bending motion, as discussed in Chapter 2 and in Section 4.6.5. In case of the
clamped-clamped beam, the von Kármán model with full integration performs sufficiently well
in terms of convergence in comparison to the SE(2) model for lower number of elements. As
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(a) Cantilever. (b) Clamped-clamped.

Figure 4.11: Convergence analysis of beam models. Comparison between SE(2) (orange),
von Kármán with full integration (solid black), and von Kármán with reduced integration
(dashed black). Relative error measured against reference model of SE(2) beam with 1000
finite elements, emphasising error in vertical displacement of beam tip in (a), and vertical
displacement of beam mid-point in (b).

the number of elements along the beam is increased, the relative error of the von Kármán model
reaches a plateau as the model fails to converge to lower error values. The trend is similar for
the von Kármán beam with reduced integration, with the exception of single solution point
corresponding to 50 elements along the beam length, which has a relative error of less than
10−4.

The overall behaviour of the von Kármán model with full integration is that the beam is
initially stiff due to shear locking, resulting in smaller displacements, and progressively becomes
less stiff as the number of elements increases, leading to increased displacements and conver-
gence from below towards the final value. In contrast, the von Kármán model with reduced
integration initially exhibits lower stiffness, resulting in larger displacements, and progressively
becomes stiffer as the number of elements, and accuracy of the model, increases. Consequently,
the model converges from above towards the final solution. Somewhere along this general trend,
the reduced integration model’s solution computed with 50 elements fortuitously aligns with
the reference SE(2) solution, which therefore gives a low relative error. This behaviour is de-
picted in Figure 4.12. This is the reason for the low relative error of the reduced integration
von Kármán solution point corresponding to 50 elements, as seen in Figure 4.11. As the er-
ror subsequently grows beyond this point, and reaches a plateau similar to the case with full
integration, is it concluded that this particular point is an outlier.

This further demonstrates an additional drawback of the von Kármán model, stemming from
the uncertainty over whether the model should be employed with full or reduced integration, as
the convergence rate offers inconclusive evidence regarding the objective suitability of a spatial
integration order. It can therefore be concluded that the SE(2) model offers higher convergence
rates and more robust convergence behaviour compared to the von Kármán model.
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Figure 4.12: Convergence of the von Kármán beam with full integration (solid black), and
reduced integration (dashed black), showing steady state vertical displacement of clamped-
clamped beam mid-point. Reference SE(2) solution also shown (red dotted line). The reduced
integration model intersects the reference solution line at 50 elements, resulting in lower relative
error of corresponding point in Figure 4.11.

4.8 Conclusion
This chapter presented a novel method for computing periodic responses of geometrically

nonlinear structures modelled with the SE(2) Lie group formulation. The modelling of geo-
metrically nonlinear structures currently relies on approaches that have approximate kinematic
assumptions, require approximations when implemented, or are difficult to generalise to more
complex (3D) examples. In this chapter, these issues were addressed by using beam models
formulated on SE(2). A doubly clamped straight beam, a shallow arch, and a cantilever beam
were modelled using this formulation. To analyse the nonlinear dynamics of these structures,
their nonlinear normal modes were computed using the shooting and pseudo-arclength contin-
uation methods. The use of the underlying Lie group model required modifications to both
methods to account for the non-Euclidean nature of the configuration space, which is a novel
contribution of this chapter.

Comparison with the results obtained using the popular von Kármán model highlighted
several important observations, as listed below.

• The approximate kinematics of the von Kármán model can lead to erroneous qualitative
predictions (see Section 4.6.5). As anticipated, the geometrically exact nature of the
SE(2) model captures the correct frequency-energy dependence of the NNMs. For large
vibrations of the cantilever beam, the responses along the backbone of the NNM exhibit a
relatively strong higher-harmonic content and the contribution of several high-frequency
linear modes with significant axial components, which is not captured by the von Kármán
model.

• Differences in the kinematic assumptions between the two models lead to differences in
the natural frequencies of the higher modes, and can also affect their overall frequency-



Chapter 4. Nonlinear Dynamics of 2D Beams Formulated on the SE(2) Group 134

energy dependence. As such, mode interactions were seen to differ in location and shape
between the two models. In principle, this could also affect the order of the interactions
observed between the two models.

• In cases with large rotations and displacements, such as the first bending mode of the
cantilever, the von Kármán model is not able to adequately capture the geometric nonlin-
earities, owing to its simplified assumptions and truncation of nonlinear rotation terms.
Nonlinear inertial effects are also not captured with the von Kármán model. Though the
von Kármán model can be effective in modelling cases with axial-bending coupling, such
as the doubly clamped beam configurations, higher order modal interactions and internal
resonances may still not be modelled correctly.

• Finding periodic solutions is computationally less expensive with the SE(2) model, which
generally requires fewer time steps during shooting. The number of finite elements in the
SE(2) model can also be reduced compared to the von Kármán model, while preserving
the accuracy of the results.

Very high-order modal interactions were observed to some extent in all the test cases mod-
elled with the SE(2) formulation. These interactions are captured by shooting and continua-
tion, but might not exist in practice due to their sensitivity to damping. Unfortunately, it is
very difficult to avoid capturing these high-order interactions with the shooting method. Other
methods such as the harmonic balance method could be used in order to filter these internal
resonances.

Differences between the von Kármán and Lie group formulations are expected to be even
more important when considering 3D structures with larger rotations and displacements. Owing
to the correct underlying kinematics of the Lie group model, and thanks to its local frame
formulation, problems such as shear locking and rigid body strain are completely avoided. The
higher efficiency of the Lie group model also results in the need for fewer finite elements, which
has a significant computational advantage in modelling 3D structures. The Lie group model
considered, and the new shooting and continuation methods developed here, are thus expected
to significantly benefit the modelling and analysis of vibrations of complex and highly flexible
structures, such as those being increasingly developed by industry.



Chapter 5

Multiple Shooting on the SE(3) Group
with Application to 3D Beams

Abstract

This chapter presents a multiple shooting method for computing periodic responses of 3D
structures modelled under the SE(3) framework. This is motivated by the advantages of the
multiple shooting method over standard shooting, such as robustness in computing unstable
periodic orbits. A 3D right-angled beam is chosen for this purpose, as it can undergo large
displacements and rotations, which are amplified by the inertia forces of the structure. The mul-
tiple shooting algorithm is used alongside the pseudo-arclength continuation method presented
in earlier chapters. Adaptations of the multiple shooting method to Lie group formulations
are presented, and the challenges of the algorithm are discussed. Comparisons are also made
with the standard (single) shooting method presented earlier, and the suitability of the SE(3)
formulation in modelling geometrically nonlinear beams in 3D with large displacements and
rotations is shown.

A significant contribution of this chapter is the adaptation of the multiple shooting method
to enable its application to beam models formulated within the Lie group framework. We
also address the inherent challenges of the methodology, and provide suggestions to enhance
the robustness of the method, as a further contribution. To the best of our knowledge, the
multiple shooting method has not previously been applied to Lie group beam models, thereby
underscoring the novelty of the work in this chapter. The results of this chapter were presented
at the 11th European Nonlinear Dynamics Conference ENOC 2024 in Delft, Netherlands.

135
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5.1 Introduction
The single shooting method discussed in previous sections has numerous advantages when

used to find solutions to boundary value problems. A notable advantage is its simplicity,
and ease of implementation alongside existing simulation code. Furthermore, as it relies on the
computation of sensitives, it gives rise to the monodromy matrix which may be used in stability
computations. However, it also suffers from some drawbacks which can limit its use in some
applications [132]. The method has a very limited domain of attraction for unstable orbits, and
integration of unstable orbits over a long time interval can lead to cumulative growth of error
terms present during the initial time steps. Finding Unstable Periodic Orbits (UPOs) is also
difficult due to the high sensitivity of these solutions to initial conditions of the system [123].
Furthermore, in cases where solution branches exist in close neighbourhoods of each other,
the single shooting method could lead to branch jumps and the computation of unintended
branches.

The multiple shooting method for boundary value problems, as originally developed by
Keller [113], aims to alleviate these issues. The periodic orbit is discretised into a number
of partitions, and time simulations are carried out on each partition separately. As a result
of this discretisation, the domain of attraction increases and the likelihood of branch jumps
reduces. Crucially, UPOs can be found with greater accuracy, since reducing the length of
time intervals over which the equations are integrated minimises error propagation and reduces
the chance of system divergence. Increasing the number of partitions will further reduce the
length of the time intervals, and can thus be used as a strategy for handling rapidly diverging
systems. Finally, this method is well-suited for parallel implementation, as each partition can be
integrated independently, offering significant computational time savings. This is particularly
advantageous when dealing with multi-degree-of-freedom large FE models, such as those studied
in this thesis, where using a single shooting method would result in prohibitively long runtimes.

The multiple shooting method has garnered significant attention in the literature. Early
pioneering work by Cebeci and Keller [46] laid the foundational principles for this approach
to reduce the sensitivity of the system to the initial condition of the single shooting method,
thereby improving the stability and accuracy of the solutions. Later, Bock and Plitt [31] applied
the multiple shooting method for obtaining the numerical solution of parametrised optimal con-
trol problems. Al-Mdallal et al. [137] present an approach for solving fractional boundary value
problems by combining the collocation method with piecewise polynomials, with the multiple
shooting method, showing the efficiency of the method on a number of numerical examples.
Gonzales and James [88] use multiple shooting to compute stable and unstable invariant mani-
folds attached to periodic orbits of discrete-time dynamic systems, showing that the dynamics
of the manifold may be recovered and fold bifurcations can be followed correctly, while sig-
nifiant savings in computational time may also be achieved by the multiple shooting method.
In control, Artola et al. [10] demonstrated that multiple shooting helps in the convergence of
highly nonlinear problems in the optimal control of very flexible structures, and can be further
accelerated through parallelisation. Schäfer et al. [191] used a variation of the multiple shooting
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method for nonlinear model predictive control showing significant gains in computational time.

5.2 Multiple Shooting Formulation

The formulation of the multiple shooting problem as applied to a general dynamic system
not formulated by Lie groups is given in this section, and the Lie group specific adaptations are
followed subsequently. Different flavours of the linear matrix equation in the Newton update
scheme have been given in the literature, and the interested reader may refer to [32], [126],
[132], [188] to consult those methods. The formulation given in this section follows that of
Lust [132].

Following the notation adopted in Chapter 2, we denote the result of the time integration
of the system’s equations of motion, over an interval of length T and from an initial condition
vector x0 as

φ(x0, T ), φ : RM × R → RM , (5.1)

We now consider s as a partition of the unit interval such that

0 = s0 < s1 < · · · < sm−1 < sm = 1 (5.2)

with
∆si = si − si−1 (5.3)

Note that if the unit interval is split into equal partitions, we have ∆s = 1
m

for all values of
i. Multiple shooting then solves the following nonlinear system of m equations for finding a
periodic orbit ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ0 = φ(x0,∆s1T ) − x1 = 0,
ψ1 = φ(x1,∆s2T ) − x2 = 0,
...
ψm−2 = φ(xm−2,∆sm−1T ) − xm−1 = 0,
ψm−1 = φ(xm−1,∆smT ) − x0 = 0

(5.4)

This is shown schematically in Figure 5.1, which depicts a periodic orbit split into m partitions
over the period. For the orbit to be periodic, the time integration from the starting point of
each partition and over the length of the partition should bring the system to the starting point
of the next partition, within the tolerance specified. For the final partition, the time integration
should bring the system back to the first partition in order to close the orbit.

To find a periodic solution, the sensitivities of the periodicity equations with respect to the
initial conditions are computed and stored in the Jacobian matrix in Eq. (5.5). Following the
pseudo-arclength continuation method, the phase condition and orthogonality condition are
also added, resulting in the following linear system of equations which is solved iteratively in
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Figure 5.1: Schematic illustration of the multiple shooting method.

the Newton scheme to obtain corrections to the initial conditions⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M0 −I b0

M1 −I b1

M2 −I b2
. . . ...

−I Mm−1 bm−1

B0 B1 B2 · · · Bm−1 0
u0 u1 u2 · · · um−1 λ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∆x0

∆x1

∆x2
...

∆xm−1

∆T

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
= −

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ψ0

ψ1

ψ2
...

ψm−1

p(X(0))
0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5.5)

In Eq. (5.5), Mi is the i-th monodromy matrix resulting from the derivative of each ψi function
with respect to xi, and is given by

Mi = ∂φ(xi,∆siT )
∂xi

(5.6)

For a periodic solution, the monodromy of the system computed with respect to x0 over the
full orbit may be recovered by the product of the Mi terms as

M = ∂φ(x0,∆T )
∂x0

= Mm−1Mm−2 . . .M1M0 (5.7)

The −I identity matrices result from the derivative of each ψi function with respect to xi+1.
The bi terms indicate the derivatives with respect to the period, as

bi = ∂φ(xi,∆siT )
∂T

= ∂φ(xi,∆siT )
∂∆siT

× ∆si (5.8)

where it is noted that the system state sensitivities with respect to simulation time on each
partition may be scaled by ∆si to give the sensitivities with respect to the full period T . The
matrices Bi are the boolean matrices corresponding to the velocity phase condition as given
by Eq. (2.3), and p(X(0)) is the phase condition of zero velocity for the degrees of freedom
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indicated by the Bi matrices. We denote X(0) = [x0 x1 . . .xm−1]T as the vector of all initial
conditions across all partitions. Following the phase condition of zero initial velocities on all
degrees of freedom, as introduced and discussed in Chapter 4, we adopt the same condition
here, noting that only the initial velocities on the first partition must be prescribed as zero, as
the remaining partitions will have non-zero velocities. This leads to the Bi terms corresponding
to the partitions other than the first partition to be zero.

B1 = B2 = · · · = Bm−1 = 0 (5.9)

Finally, the last row in the Jacobian matrix in Eq. (5.5) is the orthogonality condition and
corresponds to the tangent vector P =

[︂
uT1 uT2 . . .uTm−1 λ

]︂T
, with ui as the components on

each partition, and λ as the period component of the tangent vector. The tangent vector is
computed similarly to the method explained in Chapter 2 and shown in Eq. (2.4), by finding
the vector orthogonal to the Jacobian by solving the following overdetermined linear system

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M0 −I b0

M1 −I b1

M2 −I b2
. . . ...

−I Mm−1 bm−1

B0 B1 B2 · · · Bm−1 0
PT
j−1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Pj =

⎡⎣0
1

⎤⎦ (5.10)

where Pj−1 is the tangent at the previous continuation step. Similar to Eq. (2.4), for the first
continuation point where no previous tangent vector is available, this is replaced by [0 1], with
0 corresponding to all the ui terms.

5.2.1 Alternative Multiple Shooting Equations

A few variations of the multiple shooting equation exist in the literature, potentially offering
improved performance, though this has not been investigated within the scope of this thesis.
Lee et al. [126] introduce an extra unknown xm to the equations, and solve for periodicity by
ensuring this new term equals to x0. The multiple shooting periodicity equation in Eq. (5.4)
therefore is modified to the following⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ0 = φ(x0,∆s1T ) − x1 = 0,
ψ1 = φ(x1,∆s2T ) − x2 = 0,
...
ψm−2 = φ(xm−2,∆sm−1T ) − xm−1 = 0,
ψm−1 = φ(xm−1,∆smT ) − xm = 0
xm − x0 = 0

(5.11)



Chapter 5. Multiple Shooting on the SE(3) Group with Application to 3D Beams 140

resulting in a modified expression for the linear equation in Eq. (5.5) and Eq. (5.10). Sep-
arating periodic boundary conditions on the last partition from the other equations may be
advantageous when developing codes for bifurcation point computation [132].

Sánchez et al. [188] also propose an alternative variation to the multiple shooting equation
in Eq. (5.5) by swapping the order of the subtraction in the periodicity function in Eq. (5.4),
and writing the closure equation on the final partition, ψm−1, on the first row of the Jacobian
matrix, resulting in the following Jacobian

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

I −Mm−1 −bm−1

−M0 I −b0

−M1 I −b1
. . . ...

−Mm−2 I −bm−2

B0 B1 B2 · · · Bm−1 0
u0 u1 u2 · · · um−1 λ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5.12)

This particular form of the Jacobian has the following format⎡⎣I −DXψ −DTψ

[B u]T [0 λ]T

⎤⎦ (5.13)

where the block comprising the monodromy matrices has a block cyclic structure. This structure
of the Jacobian is advantageous for computing preconditioners based on its leading invariant
subspaces, which can accelerate the convergence of the linear solver. Sánchez et al. [188] present
a method for computing a preconditioner based on the partial periodic Schur decomposition of
the block cyclic monodromy. They demonstrate speedups for the multiple shooting algorithm
with the preconditioner applied. The preconditioner does not need updating on every step, and
can be prepared for updating in the background while the continuation is proceeding, before
being incorporated as the updated preconditioner. However, they also note that the choice of
the block cyclic matrix to compute the preconditioner provides better performance in case of
sequential parameter continuation. For the pseudo-arclength continuation whose full Jacobian
in Eq. (5.13) has a bordered structure, additional spreading of the eigenvalues is not captured
with the preconditioner based on the block cyclic matrix alone. A preconditioner based on the
full bordered Jacobian is required, which could be solved with the Block Elimination Mixed
(BEM) algorithm in a stable way [89].

5.2.2 Initial Periodic Orbit

In order to begin the continuation process, an initial guess is required for the first periodic
solution. This could be taken as the eigenvector corresponding to the NNM of interest, scaled
to ensure small displacements of the system that remain within the linear regime. A single
shooting method may be employed here, with corrections applied to achieve periodicity. Once
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a periodic orbit is found, it can be partitioned to create the sections required for multiple
shooting. The partition locations along the orbit are kept fixed throughout the continuation
process, although they may be changed adaptively if required.

As an additional strategy to increase robustness, the number of partitions may be increased
along sections of the solution branch corresponding to highly unstable periodic orbits. If a
phase condition of setting all initial velocities to zero is imposed, it is important to ensure that
the first partition remains fixed, while other partitions may be added or moved, so that the
phase condition may be applied correctly on the initial velocities.

5.3 Application to a Two Degree of Freedom Oscillator

In order to validate our multiple shooting formulation and methodology, we apply the algo-
rithm to compute NNMs of the two degree of freedom system with cubic stiffness as studied
by Peeters et al. [170]. The system is depicted in Figure 5.2, and its equation of motion is

ẍ1 + (2x1 − x2) + 0.5x3
1 = 0

ẍ2 + (2x2 − x1) = 0
(5.14)

Figure 5.2: Schematic illustration of the 2 DoF system [170].

The system above exhibits two NNMs, representing in-phase and out-of-phase motions. The
symmetric periodic motion, referred to as S11+ in [170], denotes the in-phase motion, and
reveals internal resonance branches at higher energy levels. The resonance tongues emanate
from the S11+ branch and coalesce into the out-of-phase solution branch, demonstrating high-
frequency ratio multiples (2:1, 3:1, 4:1, etc.) between the motions.

The FEP for the in-phase branch was computed using the multiple shooting method de-
scribed, and is shown in Figure 5.3. Three partitions were chosen, and kept fixed through the
continuation process. Zero initial velocity was enforced on both degrees of freedom as the phase
condition, and therefore the symmetric NNMs were targeted and captured1. Excellent agree-
ment is observed between the multiple shooting and single shooting results through a range of
modal interactions, thus validating the formulation of the multiple shooting problem.

The time history of the periodic solution at the point on the S31 tongue on the multiple
shooting branch (indicated by the green marker in Figure 5.3) is shown in Figure 5.4. The
3:1 interaction between the degrees of freedom is clearly seen. The periodicity of the multiple

1These are referred to as "open curve" solutions in the configuration space [170].
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Figure 5.3: First NNM of cubic spring. Comparison between single shooting (solid black)
and multiple shooting (dashed orange). Symmetric internal resonances with 3:1, 5:1, and 7:1
frequency ratios captured and labelled. Green marker indicates chosen solution for time series
plots in Figures 5.4 and 5.5.

Figure 5.4: Time series of multiple shooting periodic solution on the S31 tongue. Partitions
differentiated by colour. Solid line shows x1 and dashed line shows x2 solution. Rightmost
figure shows open curve on configuration space, characteristic of symmetric internal resonance.

shooting equation is achieved, evident by the closure of the partitions and the periodicity of
the full orbit.

Figure 5.5 shows the velocity of x1 against the position of x2 for the same time series as
shown in Figure 5.4. The figure depicts how the orbit segments between the partitions close
and periodicity is achieved as the corrections are applied during the Newton iterations of the
multiple shooting solver. The periodicity error drops for 10−1 to 10−5 over 4 correction steps.
This therefore validates the formulation of the multiple shooting algorithm and verifies its
integration with the pseudo-arclength continuation process, as formulated in this chapter.
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(a) Before corrections (b) After corrections

Figure 5.5: Closure of partitions on periodic orbit from corrections applied during the multiple
shooting iteration. Plot corresponds to same solution as depicted in Figure 5.4. Partitions
differentiated by colour. (a) shows orbit close-up before corrections are applied, and (b) shows
fully closed orbit with periodicity error of 10−5 after the application of corrections.

5.4 Adaptation of the Multiple Shooting Method to Lie
Group Formulations

Before the multiple shooting method can be applied to beams modelled on SE(3), it has to
be adapted to fit the underlying Lie group framework of the structural model. This is similar
to the modifications made to the single shooting algorithm in Chapter 4, and is motivated by
the same principles.

5.4.1 Periodicity Equation

We begin by modifying the periodicity condition in Eq. (5.4) to a form similar to Eq. (4.12).
This is due to the nonlinearity of the configuration space of the Lie group manifold, which
requires the use of the logarithm map on SE(3) to compute the relative difference between beam
configurations. In contrast to the single shooting approach detailed in Chapter 4, here we need
to apply this periodicity condition across all partitions of the multiple shooting method. This
results in a Lie group-specific multiple shooting periodicity condition, where the beam frames
and velocities are compared at the boundaries of each partition to compute the periodicity
error. Following the notation introduced in Eq. (4.12), and the discussions in Section 4.2, the
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multiple shooting periodicity function is written as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ψ0 =
⎡⎣ψH0

ψv0

⎤⎦ =
⎡⎣ logSE(3)(H−1

1 (0)H0(∆s1T ))∨

−T−1
SE(3)(−ψH0)v1(0) + T−1

SE(3)(ψH0)v0(∆s1T )

⎤⎦ ,
ψ1 =

⎡⎣ψH1

ψv1

⎤⎦ =
⎡⎣ logSE(3)(H−1

2 (0)H1(∆s2T ))∨

−T−1
SE(3)(−ψH1)v2(0) + T−1

SE(3)(ψH1)v1(∆s2T )

⎤⎦ ,
...

ψm−2 =
⎡⎣ψHm−2

ψvm−2

⎤⎦ =
⎡⎣ logSE(3)(H−1

m−1(0)Hm−2(∆sm−1T ))∨

−T−1
SE(3)(−ψHm−2)vm−1(0) + T−1

SE(3)(ψHm−2)vm−2(∆sm−1T )

⎤⎦ ,
ψm−1 =

⎡⎣ψHm−1

ψvm−1

⎤⎦ =
⎡⎣ logSE(3)(H−1

0 (0)Hm−1(∆smT ))∨

−T−1
SE(3)(−ψHm−1)v0(0) + T−1

SE(3)(ψHm−1)vm−1(∆smT )

⎤⎦

(5.15)

where Hi(0) ∈ SE(3) and vi(0) ∈ se(3) are, respectively, the initial frames and velocities for
each partition. The final frames and velocities at the end of the time integration along each
partition, are denoted by Hi(∆siT ) and vi(∆siT ) respectively. The 2N × 1 vector of initial
conditions for each partition will now consist of the N initial increments and N initial velocities,
that is xi = [hi(0) vi(0)]T , where the increments give the initial beam configuration through
the application of the exponential map, as given by Eq. (4.14), and N is the number of degrees
of freedom of the model.

The Logarithm map on SE(3) finds the relative difference between the final frames at the end
of each partition and the initial frames at the start of the next partition. The velocity component
of the periodicity equation is then taken as the time derivative of the frame component, and
involves the use of the Tangent operator on SE(3), as discussed in Section 4.2. It is noted here
that this offers a local view of the periodicity condition, as the relative increments belong to
the tangent space local to the initial frames Hi(0). An alternative formulation, offering a global
view of the periodicity, may be adopted. This is discussed in detail in Section 5.7.

The second adaptation discussed in Section 4.2 concerned the initial conditions vector X(0),
which consists of increments relative to the converged frames at the previous continuation
step. The same adaptation is applied to the multiple shooting algorithm. Specifically, the
initial conditions across all partitions are taken relative to the converged beam configuration at
the previous continuation step. This method preserves the partitioning of the periodic orbit,
meaning that the initial conditions for partition i are taken relative to the converged frame for
partition i at the previous continuation step. The implications of this adaptation, including
potential impacts on robustness of the continuation method, are explored further in Section 5.6.

5.4.2 Sensitivities

The sensitivities of the multiple shooting periodicity equation in Eq. (5.15) with respect
to the initial conditions and the period are required in the Jacobian matrix in Eq. (5.5) to
calculate the Newton corrections. These sensitivities can be found in the same way as those
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described in Section 4.4. Considering the periodicity equation for partition i, given by

ψi =
⎡⎣ψHi

ψvi

⎤⎦ =
⎡⎣ logSE(3)(H−1

i+1(0)Hi(∆si+1T ))∨

−T−1
SE(3)(−ψHi

)vi+1(0) + T−1
SE(3)(ψHi

)vi(∆si+1T )

⎤⎦ (5.16)

the gradients of the periodicity equation are given by

dψHi
= −T−1

SE(3)(−ψHi
) dhi+1(0) + T−1

SE(3)(ψHi
) dhi(∆si+1T ) (5.17)

and

dψvi
= − T−1

SE(3)(−ψHi
) dvi+1(0) + T−1

SE(3)(ψHi
) dvi(∆si+1T )

− Dvi+1(0)T−1
SE(3)(−ψHi

)(− dψHi
) + Dvi(∆si+1T )T−1

SE(3)(ψHi
)(dψHi

)
(5.18)

We now consider the monodromy matrix for partition i as Mi = [wi vi]T , where wi and
vi indicate the rows of the monodromy corresponding to the spatial and velocity derivatives
respectively. Similar to the development of Eq. (4.21) and Eq. (4.24), we substitute the mon-
odromy into the gradient equations, and separate the terms for the derivatives of each partition,
to obtain the sensitivities of the periodicity equations with respect to the initial conditions of
partitions i and i+ 1 as

∂ψHi

∂xi(0) = T−1
SE(3)(ψHi

)wi
∂ψHi

∂xi+1(0) = −T−1
SE(3)(−ψHi

)
[︂
I 0

]︂
N×2N

(5.19)

and

∂ψvi

∂xi(0) = T−1
SE(3)(ψHi

)vi − Dvi+1(0)T−1
SE(3)(−ψHi

)(− ∂ψHi

∂xi(0))

+ Dvi(∆si+1T )T−1
SE(3)(ψHi

)( ∂ψHi

∂xi(0))

∂ψvi

∂xi+1(0) = −T−1
SE(3)(−ψHi

)
[︂
0 I

]︂
N×2N

− Dvi+1(0)T−1
SE(3)(−ψHi

)(− ∂ψHi

∂xi+1(0))

+ Dvi(∆si+1T )T−1
SE(3)(ψHi

)( ∂ψHi

∂xi+1(0))

(5.20)

These derivatives are then put back together to give the derivative of the full periodicity equa-
tion in Eq. (5.16) as

∂ψi

∂xi(0) =
⎡⎣ ∂ψHi

∂xi(0)
∂ψvi

∂xi(0)

⎤⎦ ∂ψi

∂xi+1(0) =
⎡⎣ ∂ψHi

∂xi+1(0)
∂ψvi

∂xi+1(0)

⎤⎦ (5.21)

These sensitivities therefore replace the Mi and I terms in the Jacobian matrix in Eq. (5.5),
giving the following Jacobian matrix for the multiple shooting equations formulated on Lie
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groups ⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

∂ψ0
∂x0(0)

∂ψ0
∂x1(0) b0
∂ψ1
∂x1(0)

∂ψ1
∂x2(0) b1
∂ψ2
∂x2(0)

∂ψ2
∂x3(0) b2
. . . ...

∂ψm−1
∂x0(0)

∂ψm−1
∂xm−1(0) bm−1

B0 B1 B2 · · · Bm−1 0
u0 u1 u2 · · · um−1 λ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(5.22)

5.5 Right-Angled Beam: NNM1

A right-angled cantilever beam, modelled using the SE(3) formulation as presented in Chap-
ter 3, was chosen as the test case to compute periodic solutions with the multiple shooting algo-
rithm. The model was created by joining two beams at right angles, each having the following
material and geometric properties: E = 210GPa, ρ = 7850 kg/m3, L = 1m, b = 10−2 m,
h = 10−2 m, and each discretised with 21 finite elements. This model of the right-angled beam
was inspired by the L beam proposed by Simo [205] and studied by Lens and Cardona [127],
with some variations of the geometry and material properties as listed above.

5.5.1 Single shooting

NNM1 of the right-angled beam was first computed using the single shooting method de-
scribed in Chapter 4. The frequency energy plot for this mode is depicted in Figure 5.6a. Initial
softening behaviour which is commonly seen in cantilever type beams is observed, followed by
hardening at higher energy levels. The maximum absolute vertical position of the beam tip
during the periodic motion is shown in Figure 5.6b, where it is seen that the motion exceeds
the length of the beam at higher energy levels. These large degrees of displacement can only
be modelled correctly with the geometrically exact SE(3) beam model.

The initial beam shape for the final solution on the NNM branch, corresponding to the
maximum energy point, is shown in Figure 5.7, with planar views shown in Figure 5.8. The
beam tip velocities for the same solution are shown in Figure 5.9. Recall from Chapter 3
that, due to the SE(3) formulation, these velocities are expressed in the local body frame
which moves with the beam during its motion. The velocity figures reveal higher harmonic
oscillations which are present in the response.

The periodic solutions on the backbone curve can be characterised further by modal and
frequency analysis. Considering the initial deformed beam position corresponding to the max-
imum energy solution point on the FEP, the relative increment vector between the reference
undeformed beam and the deformed beam may be found using the nodal frames and using
logarithm map on SE(3). The increment vector can then be projected onto the linear modes of
the system to evaluate the amplitude of the linear modal coordinates of the periodic response.
The amplitudes from the projection onto the basis of the first five linear eigenmodes of the
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(a) Frequency Energy plot. (b) Maximum absolute amplitude at beam tip.

Figure 5.6: First NNM of right-angled beam computed with single shooting. Full beam discre-
tised with 42 elements.

Figure 5.7: Deformed beam shape for highest energy point solution on the NNM curve in
Figure 5.6.

system are shown in Figure 5.10a. The projection is done for all solutions on the NNM branch,
and the amplitude vectors at each solution are normalised to unity. It is seen that, as the con-
tinuation step increases along the backbone curve, the contribution of mode 1 to the periodic
solution drops slightly, and modes 2 to 4 start to contribute more. As the projection quantifies
the magnitude of each linear mode’s presence in the response, the increase in the amplitudes
of modes 2 and 4 is indicative of some planar motion at higher energy levels. This is also seen
in the deformed beam shapes in Figure 5.8, which shows the largest amplitude motion for the
solution at the end of the NNM curve. It is noted that the basis of the linear modes can be
used to interpret the physics of the NNM responses, as it reveals which linear modes contribute
most significantly to the NNM motion. By tracking the modal amplitudes resulting from the
projection over a range of frequencies on the NNM curve, the emergence or disappearance of in-
ternal resonances may be revealed. Furthermore, the projection can also offer useful qualitative
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Figure 5.8: Planar views of Figure 5.7.

Figure 5.9: Beam tip local velocities for highest energy point solution on the NNM curve in
Figure 5.6.

information, especially when comparing different NNMs; if two NNMs project onto different
linear modes, they will likely involve distinct modal interactions and exhibit different nonlinear
behaviours.

Another quantity which could be used to analyse the modal content of the periodic solution
is the Modal Assurance Criterion (MAC). The MAC is a statistical measure of the geometric
correlation between two sets of vectors [164]. When used to compare the NNM initial conditions
with the linear eigenmodes, it quantifies the similarity between the shapes of the two modes. It
therefore could be used to track the evolution of modal characteristics along the NNM branch,
identifying which modes are excited or contribute significantly as the NNM curve develops into
the higher energy regime. Figure 5.10b shows the MAC matrix using the first 15 linear modes
of the system, and depicts how the shapes of the NNM solutions progress along the solution
branch. It is seen that the deformed shape is dominated by mode 1, with gradual presence
of odd modes at higher energy levels. Though the NNM solution incorporates planar motion
at higher energies, as confirmed by the increased modal amplitudes seen in Figure 5.10a, the
in-plane modes do not have large MAC values as the first mode dominates the response and
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(a) Modal participation factor. (b) Modal Assurance Criterion (MAC).

Figure 5.10: Modal coordinates and MAC plot of first NNM of right-angled beam, computed
over whole range of periodic solutions in Figure 5.6, and showing contributions from the linear
modes of the system.

Figure 5.11: Frequency spectrum of first NNM of right-angled beam, computed over whole
range of periodic solutions in Figure 5.6.

planar displacements arise from the large bending of the beam in the first mode.

The frequency content of the periodic solutions is computed using Fourier transforms of the
full periodic orbit. The absolute vertical position of the beam tip is used and the frequency
content is found using the Fast Fourier Transform (FFT). The frequencies are normalised with
respect to the period of the full orbit in order to find the harmonics. Figure 5.11 shows the
amplitude of the first 10 harmonics in the response. It is seen that the amplitude of the
fundamental harmonic increases at higher energy levels of the NNM curve. In addition, the
response also exhibits minor contributions in the 3rd and 5th harmonic of the fundamental
response, which increase in amplitude with increasing energy levels along the NNM branch.
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5.5.2 Multiple shooting

The frequency energy plot of the first NNM of the right-angled beam computed using the
multiple shooting method with 3 partitions is shown in Figure 5.12. Unfortunately, the multiple
shooting method could not trace the full curve due to convergence issues in the continuation
method. The current challenges of the multiple shooting implementation are discussed in the
following section, to be addressed in future research efforts on this problem.

Figure 5.12: First NNM of right-angled beam computed with single shooting, and multiple
shooting with 3 partitions.

5.6 Challenges and Suggestions
The convergence of the multiple shooting algorithm for the right-angled beam presented

several challenges, which are discussed in this section. We highlight some of our findings, and
offer suggestions which might enhance the method’s robustness. It is hoped that these insights
will prove beneficial to future researchers in their work.

5.6.1 Large Dimensionality

An inherent challenge of the multiple shooting method is that it increases the dimension of
the problem. Each partition has its own vector of initial conditions which needs to be corrected
in the Newton solver to achieve periodicity and closure of the full orbit. This results in a very
large and sparse Jacobian with 8N2p elements, where N indicates the model degrees of freedom
and p is the number of partitions. The resulting linear equation for the corrections, as given
in Eq. (5.5), can become very large, and the condition number of the Jacobian may increase,
leading to difficulties in solving the equation. As discussed, preconditioners could be used on
the Jacobian matrix in an iterative solver, or specific methods for solving large sparse linear
matrix equations could be employed1, but they have not been investigated in this thesis. Here,
we have used a direct solver to solve the overdetermined system in the continuation equation.

1Examples include the Generalised Minimal Residual (GMRES) and the Bi-Conjugate Gradient Stabilised
(BiCGSTAB) method.
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5.6.2 Continuation Step Size

The increased dimensionality of the problem also results in a larger tangent vector composed
of the vectors corresponding to each partition. This larger tangent vector will also have a bigger
magnitude, and as the tangent should be normalised in the pseudo-arclength continuation
method, this would cause the components of the normalised tangent vector to become smaller.
As a result, the prediction for the next continuation step will be placed closer to the current step
than it would be with single shooting. Therefore, to maintain an effective stepping scheme, the
continuation step size has to be increased to compensate for the smaller tangent. This makes
it challenging to maintain consistency with the step size used in a single shooting simulation.
Moreover, increasing the number of partitions can exacerbate the issue, requiring even larger
step sizes to compensate for the smaller tangent. Determining the correct step size can thus
be challenging and may require some trial and error. To address this, one could normalise the
tangent with respect to the infinity norm instead of the 2-norm, or instead scale the tangent
such that the period component of the tangent is always fixed at the value of 1. However, we
did not achieve robust behaviour with these methods, and found that there were still challenges
in selecting the appropriate continuation step for the full NNM curve.

5.6.3 Continuation Orthogonality Condition

A further implementation strategy that was explored for aiding the convergence of the mul-
tiple shooting algorithm was to impose the orthogonality condition only on the first partition.
The working assumption is that the continuity conditions at the partition boundaries, which
ensure closure of the orbit, inherently propagate any corrections made in the first partition
through the rest of the trajectory, and imposing orthogonality on the first partition can there-
fore influence subsequent partitions due to the coupling of the partitions at their boundaries.
By imposing orthogonality only on the first partition, the overall equations will be less con-
strained, and therefore might converge more rapidly. This was tested for the right-angled beam,
and some improvements were made to the continuation robustness. However, these improve-
ments were not universally applicable, and in some instances, the equations converged better
with orthogonality on all partitions. It can therefore be argued that for highly nonlinear and
highly sensitive systems, the interaction between partitions could be more complex, and the
imposed corrections in the first partition may not adequately influence or control the dynamics
in later partitions. Imposing orthogonality across all partitions ensures that the corrections ap-
plied at each partition maintain the overall direction and stability of the entire solution curve,
rather than adjusting each partition independently without regard to the overall path. Impos-
ing orthogonality on all partitions ensures that the solution space is explored comprehensively.
Nevertheless, a hybrid and adaptive strategy could be employed, where the imposition of the
orthogonality condition can be dynamically adjusted based on the observed performance of the
continuation process.



Chapter 5. Multiple Shooting on the SE(3) Group with Application to 3D Beams 152

5.6.4 Relative Increments

Another strategy for improving the convergence could be to modify the initial conditions
vector across all partitions. As discussed in Section 5.4.1, the initial condition vector is con-
structed with increments relative to the converged frames at the previous continuation point,
with the increment in each partition calculated relative to the converged frame of the same
partition. An alternative implementation, which still leverages the Lie group formulation of
the model, would be to compute the relative increments with respect to the converged frame at
only the first partition of the previous continuation step. This would result in partitions further
away from the starting partition having a greater initial increment vector. Given that the ini-
tial velocities for these partitions are also nonzero and potentially large, this would produce an
initial conditions vector with more consistent magnitudes across all partitions. Consequently,
the corrections needed would be of similar sizes, and could therefore lead to a more robust
formulation, though this has not been numerically verified in this work.

5.6.5 Initial Accelerations

A final remark is made about initial accelerations. The multiple shooting periodicity equa-
tion only enforces closure on the positions and velocities across the partitions. The accelerations
are therefore omitted from the periodicity condition. It is important that the time integration
method of the system’s equations of motion is able to calculate the initial accelerations, given
the initial positions and velocities. If the initial accelerations are initiated as zero, though from
a mechanical point of view the equations of motion can be solved, the accelerations are crucially
a numerical state of the time integration scheme, and numerical consistency should be enforced.
The value of the accelerations at the initial conditions will affect the rest of the system tra-
jectory under time iteration. It is therefore crucial that the solver is able to initialise them
correctly before time integration, otherwise the accelerations will not match at the partition
boundaries, which could cause numerical issues in the multiple shooting algorithm.

5.7 A Global Periodicity Condition
The Lie group periodicity equations used for both the single and multiple shooting formula-

tions are based on a local view of the relative increment between the frames. In both Eq. (4.12)
and Eq. (5.16), the increment vector ψH computed by the logarithm map lies in the tangent
space of the frame whose inverse appears in the equations, that is H(0), and is local to that
frame. A global periodicity equation can be formulated which results in increment vectors
which lie on the tangent space at the Lie algebra, that is, the identity of the SE(3) group.
The different views of the tangent spaces on the group were illustrated in Figure 3.2. The
global periodicity condition offers some advantages, as explained in this section, and could offer
further improvements to the multiple shooting algorithm in terms of stability and robustness.

The local periodicity equation was formulated based on Eq. (3.19a). That is, periodicity was
measured as the relative increment on the tangent space at H(0) which takes H(0) to H(T ),
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as follows
H(T ) = H(0) ◦ exp(˜︃ψH) (5.23)

To formulate the global periodicity condition, we instead use Eq. (3.19b), as this relies on
vectors which are expressed at the Lie algebra, as discussed in Section 3.1.5. In this formulation,
periodicity is measured as the increment in the Lie algebra which takes H(0) to H(T ), as follows

H(T ) = exp(˜︃ϕH) ◦ H(0) (5.24)

The spatial component of the global periodicity vector is therefore written as

ϕH = logSE(3)(H(T )H−1(0))∨ (5.25)

where we have changed the notation from ψH to ϕH, reserving the former for the local periodicity
condition. It is noted that this is the single shooting variant of the periodicity, however, the
multiple shooting equations follow in an identical manner. The velocity component of the
periodicity equation can then be obtained by time differentiating Eq. (5.25). This is done
similarly to Eq. (4.11), and follows the derivative of the logarithm map in Eq. (3.46). The time
derivative of Eq. (5.25) is therefore written as

dϕH

dt = T−1
SE(3)(ϕH)u (5.26)

where u is the left-invariant vector field of the derivative of the term inside the log bracket. To
find u, we write

d
(︂
H(T )H−1(0)

)︂
dt = H(T )H−1(0)˜︁u (5.27)

and expand the left hand side using the product rule, as

dH(T )
dt H−1(0) + H(T )dH−1(0)

dt = H(T )H−1(0)˜︁u (5.28)

Each derivative above can be written using its respective left-invariant vector field as

H(T )˜︁v(T )H−1(0) − H(T )˜︁v(0)H−1(0) = H(T )H−1(0)˜︁u (5.29)

where we have used dH−1 = −˜︂δvH−1. Multiplying the inverse of the terms on the right into
the left hand side of the equation gives an expression for u as

˜︁u = H(0) (˜︁v(T ) − ˜︁v(0)) H−1(0) (5.30)

which can be written in vector form and using the Adjoint map as

u = AdH(0)(v(T ) − v(0)) (5.31)
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Substituting this into Eq. (5.26) therefore gives the velocity component of the periodicity equa-
tion as

ϕv = T−1
SE(3)(ϕH)AdH(0)(v(T ) − v(0)) (5.32)

Therefore, the full periodicity equation expressed in the global frame is given by

ϕ(X(0), T ) =
⎡⎣ϕH

ϕv

⎤⎦ =
⎡⎣ logSE(3)(H(T )H−1(0))∨

T−1
SE(3)(ϕH)AdH(0)(v(T ) − v(0))

⎤⎦ = 012×1 (5.33)

and contrasts with the periodicity equation expressed in the local frame in Eq. (4.12).

It is noted that, for a periodic solution, the tangent term in Eq. (5.32) tends to identity.
As a result, ϕv would equal the difference between the velocities in the local frame1, which
are mapped to the global frame through the action of the Adjoint. Recall from 3.1.6 that
the Adjoint linearly maps vectors expressed in the local frame at a group element to a vector
expressed in the global frame at the identity. This is also true for the spatial component of the
periodicity equation, and it can be shown that the Adjoint maps the local ψH to the global ϕH

as
ϕH = AdH(0)ψH (5.34)

An expression for ϕv may also be found by time differentiating Eq. (5.34), which can be shown
to lead to an identical relationship to that given in Eq. (5.32).

5.7.1 Sensitivities of the Global Periodicity Condition

The sensitivities of the global periodicity condition with respect to the shooting initial con-
ditions can be calculated similar to those found for the local periodicity conditions in 4.4.
Starting with ϕH, its gradient can be expressed as

dϕH = T−1
SE(3)(ϕH)AdH(0)(dh(T ) − dh(0)) (5.35)

which, similar to the previous sensitivity formulations, can be written using the monodromy
matrix M2N×2N = [wN×2N vN×2N ]T , giving the sensitivity of ϕH with respect to the initial
conditions vector as

∂ϕH

∂X(0)N×2N
= T−1

SE(3)(ϕH)AdH(0)

(︃
w −

[︂
I 0

]︂
N×2N

)︃
(5.36)

The sensitivity of the velocity component of the periodicity equation can be found by first
taking the derivative of ϕv which can be written as

dϕv = d
(︂
T−1
SE(3)(ϕH)AdH(0)(v(T ) − v(0))

)︂
(5.37)

1Note v(0) and v(T ) are local velocities, as they represent the left-invariant derivatives in Eq. (5.29).
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which can be expanded by applying the derivative into the bracket to give

dϕv = DV⋆T−1
SE(3)(ϕH)(dϕH) + T−1

SE(3)(ϕH) d
(︂
AdH(0)(v(T ) − v(0))

)︂
(5.38)

where V⋆ = AdH(0)(v(T ) − v(0)) indicates the direction vector of the directional derivative of
the tangent operator. Applying the derivative in the second term into the bracket yields the
final form of the gradient as

dϕv = DV⋆T−1
SE(3)(ϕH)(dϕH)

+ T−1
SE(3)(ϕH)AdH(0)

(︃
dv(T ) − dv(0) + ˆ︂dh(0)(v(T ) − v(0))

)︃ (5.39)

where the hat operator ˆ︃(•) is used as an equivalent expression for the adjoint map in vector
form as given by Eq. (3.32). As discussed in Section 3.1.6, the adjoint (ad) is the derivative
of the Adjoint (Ad) at the identity element, and thus it appears when differentiating the Ad-
joint in Eq. (5.38). The steps required in differentiating the Adjoint and the mathematical
development of the derivate are given in Appendix C.4. Using the expression of the gradi-
ent in Eq. (5.39), along with the monodromy, the sensitivity of ϕv with respect to the initial
conditions vector is written as

∂ϕv

∂X(0)N×2N
= DV⋆T−1

SE(3)(ϕH)( ∂ϕH

∂X(0))

+ T−1
SE(3)(ϕH)AdH(0)

(︃
v −

[︂
0 I

]︂
N×2N

− ˆ︂(v(T ) − v(0))
[︂
I 0

]︂
N×2N

)︃ (5.40)

The final term in the bracket above comes from expanding ˆ︂dh(0)(v(T ) − v(0)) using the defi-
nition of ˆ︃(•) on SE(3) in Eq. (3.78), and computing the derivative of the resulting term with
respect to X(0).

5.7.2 Advantages of the Global Periodicity Condition

The global periodicity condition offers a more consistent formulation compared to the local
condition, as it always expressed relative to a fixed frame. More importantly, it also offers a
numerical advantage, as the terms containing the tangent operator in the sensitivity equations,
which are unique to the Lie group framework, vanish for a periodic solution. Recall from
Section 4.4 that these terms do not vanish from the sensitivity equations for the local periodicity
condition. In contrast, considering Eq. (5.36) and Eq. (5.40), it is seen that for a periodic
solution1, we have

∂

∂X(0)

⎡⎣ϕH

ϕv

⎤⎦ = AdH(0) (M − I) (5.41)

1For a periodic solution, we have ϕH = 0, T−1
SE(3)(ϕH) = I, v(T ) − v(0) = 0, V⋆ = 0, and

DV⋆T−1
SE(3)(ϕH) = 0.
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Recall from Chapter 3 that the local frame approach is adopted in the formulation of the finite
element beam equations. As such, the monodromy matrix of the system itself is calculated
based on variables which are defined locally on the underlying SE(3) framework of the model.
The Adjoint in Eq. (5.41) can therefore be interpreted as a mapping which brings (M − I) to
the global frame. The consistency of this periodicity condition and the simplification of the
Lie-group-specific terms in the sensitivities suggest that the global periodicity equation is a
better choice for the single and multiple shooting algorithms adapted on Lie groups.

5.8 Computational Savings and Parallel Implementation
As convergence of the multiple shooting method has not yet been achieved for the beam,

no quantification of computational savings can be made. However, the following discussions
remain valid.

As discussed, the multiple shooting method offers a viable opportunity for leveraging parallel
computation for increased time efficiency. Since the time integrations along each partition are
independent of one another, each integration can be performed on a separate CPU, significantly
reducing overall wall-clock time. This is highlighted by Sánchez [188] who also suggests that
parallelisation is only beneficial if increasing the number of partitions allows for a reduction in
the number of time steps per partition. Finding the optimal balance between the number of
partitions and the number of time steps per partition requires careful consideration.

Other strategies for parallelising the entire continuation process have also been proposed.
For instance, Wang et al. [241] use a variable-step parallel continuation algorithm, where they
propose that once a periodic solution point is found, multiple predictions of the next point
are made by selecting points with varying step sizes along the tangent. The correction step
can then be performed in parallel, where each point is corrected simultaneously to fall back on
the solution curve. This could be coupled with a parallel adaptation of the multiple shooting
method, where each shooting partition is parallelised, to maximise potential computation time
savings. However, this has to be balanced against the computational overhead of implementing
such a system, and a numerical analysis must be conducted to optimise the number of cores
and parallel threads.

5.9 Conclusion
In this chapter, we have developed the multiple shooting equations for computing periodic re-

sponses (NNMs) of nonlinear finite element models. The equations are first derived for systems
not formulated on Lie groups, and are applied to a two degree of freedom oscillator with cubic
nonlinearity. The adaptations required to the multiple shooting method in order to facilitate
its use with models formulated on Lie groups are then developed and presented, and the sen-
sitivities of the multiple shooting equations are derived. The benefits of the multiple shooting
method compared to the standard single shooting method are also explored and discussed.

A right-angled cantilever beam modelled under the SE(3) framework was chosen to compute



157 5.9. Conclusion

its periodic responses using the multiple shooting method. The first NNM of the system was
computed by single shooting, where extremely large displacements and rotations of the beam
cross sections were observed for periodic solutions at large energy levels. However, the multiple
shooting method could not converge to the same solution branch as the single shooting on this
test case. The challenges of the multiple shooting method are discussed, and some solutions
are presented which could resolve the current implementation issues of the multiple shooting
algorithm, which is the focus of ongoing research efforts.

Finally, a global periodicity equation is derived that is applicable to both the single shooting
and multiple shooting methods for computing periodic solutions of nonlinear systems formulated
on Lie groups. The advantages of the global periodicity equation are highlighted and discussed.
A comprehensive numerical comparison between the global periodicity equation and the local
approach would be a valuable contribution and remains an open area for future research.





Chapter 6

Forced Continuation of Periodic
Solutions of Beams on SE(2) and SE(3)

Abstract

This chapter presents a novel study on the forced responses of geometrically nonlinear beams
modelled under the SE(2) and SE(3) formulations, employing shooting and pseudo-arclength
continuation methods not previously applied to such models. We incorporate geometrically
exact damping based on the strain rate to maintain strain objectivity of the Lie group beam
models and ensure invariance under Euclidean transformation. The SE(2) model effectively
captures complex dynamics and large displacements and rotations in a 2D cantilever beam
under resonance conditions, surpassing vibration levels reported in existing literature. Sine
sweeps on a 2D vertical cantilever beam under gravity reveal multi-modal dynamics and complex
subharmonic responses. Finally, the SE(3) model successfully captures large-scale 3D rotations
and displacements of a 3D cantilever beam in 1:1 internal resonance, identifying pitchfork
bifurcations and tracing secondary resonance branches. The novelty of this chapter lies in the
use of the Lie group beam formulations along with the adapted shooting and continuation
methods to compute forced responses of geometrically nonlinear beams.

159
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6.1 Introduction
The numerical continuation algorithm discussed in Chapter 2, along with the single shooting

method in Chapter 4, can be used to compute the forced response of a system to harmonic
excitation at different forcing amplitudes. The forced response curve (FRC) gives the amplitude
of the periodic response as a function of the excitation frequency [128]. To compute the FRC
with numerical continuation, the forcing period is used as a continuation parameter, and initial
conditions are sought that result in a periodic solution of the system. The shooting and pseudo-
arclength continuation method can be used for this purpose, as they allow the periodic solutions
to be followed over varying parameters such as forcing period or amplitude. As an extension
of the methodology used to compute NNMs of FE beams in previous chapters of this thesis, in
this chapter, we also use shooting and pseudo-arclength continuation to determine the forced
response of various geometrically nonlinear systems. Other methods for computing periodic
solutions, such as the harmonic balance method [62] may also be used, and its application in
forced responses and bifurcation tracking in nonlinear systems has been studied extensively in
the literature (see, for instance, [72], [86], [226]). The application of continuation methods in
computing the forced response of geometrically nonlinear beams can be found in [25], [29], [83],
[101], [190].

Unlike the computation of NNMs on conservative systems with no damping, forced periodic
solutions of the system are computed with the addition of physical damping on the model. The
forced response of a nonlinear system is distributed in the neighbourhood of the undamped
NNMs of system [115], [182]. Therefore, the underlying NNM curve (also known as the backbone
curve) represents the skeleton of the dynamics, in that it connects the forced responses at
their resonance point [86], under appropriate excitation. As the forcing amplitude is varied,
the topology of FRCs also changes, and stable and unstable branches appear and disappear.
This is due to the inherent nonlinearity of the system and the invalidity of the superposition
principle between the nonlinear modes [2]. As the FRC of a harmonically excited system sits
in the vicinity of the underlying NNM, the forced response may also be used for computing the
NNMs of the system. This is the principle of the force appropriation method, which is based
on enforcing a quadrature condition such that the phases of the external forces and the phases
of the displacements of the structure are at a difference of 90 degrees. In such a condition,
the external forces exactly counterbalance the internal damping forces and hence the system
responds as the underlying conservative system, giving rise to the NNM of the conservative
system [181], [245]. It is clarified that the force appropriation method is not used in this
chapter, as here we compute forced responses alone and without a quadrature condition.

6.2 Continuation Procedure
The pseudo-arclength continuation method described in Chapter 2 forms the basis of the

numerical algorithm to find the forced response of the system. The primary objective of the
shooting procedure remains the same, in that we solve for an initial condition vector X(0)
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and a period T such that the system’s response is periodic. A key difference, however, is the
presence of additional forcing terms. The external force in the dynamic equations of the beam
formulated on the Special Euclidean group and given by Eq. (3.200) takes the following form

gext = F sin(Ωt) (6.1)

where F is the vector of the applied forcing amplitude, and the external forces are integrated
over the beam length and assembled. The forcing frequency is set to Ω = 2π/T , and the
system’s equations of motion are integrated over the time interval 0 to T . Therefore, the
period of the external force and the simulation time of the system are equal. The periodicity
equation, which is formulated on the Special Euclidean group as given in Eq. (4.12) remains the
same. The continuation parameter is set as the period T , and the continuation of the periodic
solutions is carried out for a constant forcing amplitude. The orthogonality condition remains
the same, with corrections to the initial conditions forced to remain orthogonal to the tangent
vector of the previous continuation step. The phase condition is no longer applicable and is not
required in the continuation algorithm, as the forced periodic orbit is uniquely determined by
the phase of the forcing [216]. With the removal of the phase condition, the linear equations for
the computation of the tangent vector in Eq. (2.4) and the continuation corrections in Eq. (2.6)
become square problems, allowing them to be solved using direct methods without the need
for pseudo-inverse or least squares techniques.

6.2.1 Sensitivity to Period

As discussed in Chapter 2, the sensitivity of the periodicity function with respect to the
initial conditions and the period of the system is required during the Newton iteration. These
sensitivities were derived for the conservative single shooting periodicity equations formulated
on Lie groups in Chapter 3. The sensitivities with respect to the initial condition vector remain
the same for the forced problem. However, due to the dependence of the external harmonic
forcing on the period, the sensitivity of the periodicity function with respect to the period will
have additional terms. The full sensitivity with respect to period may be written as [216]

∂ψ

∂T
= ∂ψ

∂t

⃓⃓⃓⃓
t=T

+ ∂ψ

∂T

⃓⃓⃓⃓
t=T

(6.2)

where ψ ≡ ψ(X(0), t = T, T ) is the periodicity function given in Eq. (4.12). The first term in
the equation above represents the change in the shooting function with respect to time at the end
of the period, and is the same as the unforced time sensitivity computed for the conservative
system in Section 4.4. The second term however appears due to the explicit dependence of
the external force on the period T . This is calculated using sensitivity analysis by a direct
differentiation method, similar to the computation of the monodromy matrix as explained in
Section 4.4.1, by accounting for the explicit derivate of the forcing term with respect to the
period.
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6.3 Geometrically Exact Damping

The existence of damping plays a critical role in balancing the input energy from the external
forcing with the energy dissipated by the system, and is necessary to achieve a periodic response
under forced conditions [95]. In fact, energy balancing has been demonstrated as a useful mech-
anism for predicting forced resonances from NNM solutions [100]. In the context geometrically
exact beam models, it is important that the damping model is also geometrically exact, and
is suitable for modelling large displacements and rotations. The local-frame description of the
beam motion under the SE(3) formulation, as discussed in Chapter 3, ensures invariance under
Euclidean transformations. It is therefore of fundamental importance to preserve this property
through a suitable choice of the damping model.

6.3.1 Damping Based on Strain Rate

Linear viscous damping models, such as Rayleigh damping, function by forming a damping
matrix as a linear combination of the mass and stiffness matrices, which is then used to compute
damping forces which are made proportional to nodal velocities. Such models are not applicable
to geometrically exact formulations as they do not account for the geometric nonlinearity arising
from large deflections and rotations, and fail to accurately model the dissipative effects of the
structure’s complex dynamic behaviour. Furthermore, they cannot adapt to the nonlinear
strain measures of geometrically exact formulations. Consequently, the strain objectivity of the
model would not be maintained with linear damping. Moreover, as the damping force is made
proportional to velocities in such models, energy dissipation will occur in rigid body motion,
which causes erroneous damping in free body motions without deformations, and over-damps
the relative rigid body motions between the nodal frames of the structure during deformation.

For geometrically exact beam formulations, a damping model based on the strain rate would
be more suitable than one based on nodal velocities, as it preserves the strain objectivity of
the formulation and provides a more accurate representation of the energy dissipation in the
material. The Kelvin-Voigt model, which relies on a first-order constitutive relationship between
the stresses and the strain rate, is appropriate for this purpose. This damping model has been
used by Gupta et al. [91] on a 3D geometrically exact beam model, where they employ a
variational asymptotic method to split the problem into a 2-D cross-sectional analysis and a
1-D beam analysis. They demonstrate how the constitutive equations are modified to consider
3D damping behaviour of the beam. Artola et al. [11] extend the application of the Kelvin-
Voigt model to the intrinsic beam model of Hodges [97], where they show that the solutions
to the damped intrinsic beam model remain invariant with rigid body displacement. They
further show that, when modifying the constitutive relationship between forces and strains,
additional nonlinear terms appear in the damping due to cross product couplings between
forces and velocities. A linearisation of the damping provides simpler equations, however, leads
to increased dissipation, especially when rigid body motion is present.
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6.3.2 Kelvin-Voigt Damping

We offer a brief overview of the geometrically exact Kelvin-Voigt damping model, as de-
veloped by Linn et al. [129] for Cosserat rods, and employed by Bauchau and Nemani [20]
for flexible joints and beams. This offers a frame-indifferent viscoelastic constitutive model
which preserves the framework of the SE(3) beam and leads to a damped formulation which is
invariant under superimposed Euclidean transformations. This damping model is based on a
few basic assumptions. First, it is assumed that the strains remain small and that strain rates
vary slowly relative to the internal relaxation processes within the material. Second, it is as-
sumed that the beam is lightly damped, and that oscillation frequencies of the beam’s dynamic
motion have associated wave lengths which are much longer than the dimensions of the cross
section [20]. As explained by Bauchau and Nemani [20], as excitation frequencies increase,
local inertial forces such as warping forces become prominent and can no longer be predicted
by sectional stress resultants. This is an inherent limit of beam theory, even in the absence
of viscoelastic materials, and a truly three-dimensional structural model would be required to
model cross-sectional deformations.

The formulation of the damped beam model requires a change in the sectional constitutive
laws to incorporate the strain rate. The calculation of the strain energy for the undamped beam,
as explained in Chapter 3, uses the Green-Lagrange strain and the second Piola-Kirchhoff stress
tensors, and formulates the stress resultants over the cross sections using the local-frame strains
and stiffness parameters arising from the elasticity tensor. The local-frame expression of the
strains leads to a local expression of the stresses as well, as they are energetically conjugated
with the deformations. In the context of the damped beam, the constitutive model of the Kelvin-
Voigt formulation is different, additionally incorporating the strain rates into the formula. The
stress resultants integrated over the cross sections are given by

n(s) = KUγ(s) + V̂F γ̇(s)
m(s) = KΩκ(s) + V̂M κ̇(s)

(6.3)

where n and m are the resulting force and moment vectors, with components along the
beam reference curve, parametrised by s, and shear components along the cross section axes
(See (3.181)). The strains along the reference curve and the cross-sectional shear strains are
given by γ, while κ represents the torsion and bending curvatures, as given in Eq. (3.169).
KU = diag(EA,GA1, GA2) and KΩ = diag(GJ,EI1, EI2) are the effective stiffness parame-
ters of the cross-sectional dimensions, containing the axial and shear stiffness terms, and the
torsional and bending stiffness terms, respectively, as given by Eq. (3.183). Recall that the
stiffness terms come from integration over the cross section and would only be diagonal in
the case of an initially straight beam whose neutral axis and reference curve are chosen to be
the same. The matrices V̂F and V̂M contain the effective viscosity parameters, representing
the integrated cross-sectional viscous damping behaviour also associated with the axial, shear,
torsional, and bending modes, given by V̂F = diag(γA, γS1, γS2) and V̂M = diag(γT , γB1, γB2).
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These terms multiply into the strain rates in Eq. (6.3), which come from the time derivative of
the Green-Lagrange strain tensor. The total strain energy is then computed with the viscoelas-
tic constitutive relationship above and the local-frame expression of the strains. Bauchau and
Nemani [20] develop a similar formulation to the one described here, writing the sectional con-
stitutive laws based on a generalised Maxwell model and in the form of a convolution integral
with a relaxation function. The discretisation of the finite element beam with the viscoelastic
stresses does not change and is achieved with the interpolation formula based on the SE(3)
exponential map, as discussed in Section 3.5.3.

Considering a homogeneous and isotropic material, the viscosity parameters may be related
to the material and geometric properties of the beam. Taking ζ and η as the bulk and shear
viscosities of a viscoelastic Kelvin-Voigt solid, and introducing the following shear, bending,
and extension relaxation time constants τS, τB, and τE, given by

τS = η

G

τB = ζ

(︄
E

3(1 − 2ν)

)︄−1

τE = 1
3 ((1 − 2ν)τB + 2(1 + ν)τS)

(6.4)

where ν is the Poisson ratio, it is shown that the viscous parameters may be written as [129]

γS1/2

GA
= γT
GJ

= τS

γA
EA

= γB1/2

EI1/2
= τE

(6.5)

The Kelvin-Voigt damping model has been tested and validated on a range of examples
of geometrically exact beams. Linn et al. [129] show results of the damping model with a
cantilever beam. In their numerical setup, they used identical values for all relaxation time
constants and performed calculations on the beam using three distinct values of this constant.
Their results show an expected exponential envelope of the free beam response and further
reveal that the damping effect becomes weaker in the nonlinear range of the beam’s motion
with large displacements and rotations. The logarithmic decrement between successive peaks of
the response shows the damping ratio approaching constant values as the beam response decays
and enters the linear regime. Artola et al. [11] also validate the damping model on a number
of test cases. Bauchau and Nemani [20] use a generalised Maxwell damping model, of which
the Kelvin-Voigt model is a particular case, on a range of cantilever beams. They suggest that
the Maxwell model is better suited than the Kelvin-Voigt model, as the latter leads to energy
dissipations which rise rapidly as the excitation frequency increases. They show the onset of the
rapid increase in the loss modulus of the Kelvin-Voigt model to begin at a nondimensionalised
frequency of 10, defined as the forcing frequency times the relaxation time constant. It is noted
that this attribute of the Kelvin-Voigt model could result in increased damping of the higher
modes, and could therefore damp out the higher modal interactions in the forced response.
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Finally, the Kelvin-Voigt damping model has also been used in flexible multibody dynamics
and soft robotics, such as by Renda et al. in the modelling of underwater soft robots [180].

In this thesis, we use a modified viscous damping model which is proportional to the strain
rate, and is closely aligned with the Kelvin-Voigt model. A damping matrix is created on the
element level, proportional to the constant cross-sectional stiffness matrix by some constant τ .
This damping matrix is multiplied by the element strain rate, and added to the stress, which is
then integrated along the length of the beam. What results is a stiffness-proportional damping
model which is proportional to the strain rates, and therefore maintains strain objectivity and
geometric exactness. This is easier to implement than the full Kelvin-Voigt model, and due
to the similar formulation it shares with the Kelvin-Voigt model, it behaves in a qualitatively
similar manner, with increased damping for higher frequencies. As the Kelvin-Voigt model
has been shown to provide a low frequency approximation of second-order accuracy to the
generalised Maxwell model [129], it is a suitable choice for the forced responses in low frequency
ranges studied in this chapter.

Alternative Derivation from Dissipation Function

Linn et al. [129] consider the development of the viscoelastic beam model from stress resul-
tants to be an alternative to their main proposed method, which relies on a dissipation function
to represent the dissipation of energy due to viscoelastic effects. Writing the Green-Lagrange
strain tensor and the viscosity tensor as ĜL and V respectively, the dissipation function is
given as a quadratic form of the strain rate by

DKV =
∫︂ L

0
ds 1

2
⟨︂
∂tĜL : V : ∂tĜL

⟩︂
A

(6.6)

The integration of the dissipation density function over the cross sections yields the dissipation
function of the beam with damping coefficient matrices given by V̂F and V̂M , and damping
parameters given by Eq. (6.5). They argue that direct computation of the forces and moments
as resultant cross section integrals with the viscous constitutive equations fails to account for
the in-plane strain rates, associated with lateral contractions induced by axial strains through
Poisson’s effects. However, these terms are accounted for through the cross sectional resultant
integrals on the SE(3) beam formulation, as demonstrated by Bauchau and Nemani [20] and
by Bauchau, Lao, and Linn [19]. Furthermore, the dissipation function formulation relies on
ad-hoc corrections made to the damping and stiffness parameters, using shear correction factors
depending on sectional geometry, and therefore limits its applications to complex geometries
and material properties [19].

Figure 6.1 depicts a beam differential element with the semi-discretised nodal displacements
u(s) at a cross section along the beam. As detailed in [20], the components of the strain
tensor, including the out-of-plane and in-plane elements, can be evaluated based on the semi-
discretisation, which enables the displacement field to be written using the axial variable s

along the beam’s neutral axis. This in turn can be used to evaluate the strain rates within
the beam, which are then used in a convolution integral incorporating the relaxation matrix to
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Figure 6.1: Beam differential element, adapted from [20]. C indicates the reference line of the
beam neutral axis, B is the local body frame at point B on the cross section, I is the global
frame at the origin O, f and m are the external forces and moments, and u(s) and P (s) are
the nodal displacement field and the internal forces and moments respectively.

compute the time-dependent viscous stresses.

6.4 Bifurcations and Stability of Periodic Orbits
The stability of the periodic solution is determined by the Floquet multipliers, which are

the eigenvalues of the monodromy matrix. As the monodromy is computed during the contin-
uation procedure, the Floquet multipliers are also obtained as a by-product. Floquet theory
assesses stability in dynamical systems by evaluating how small perturbations to the periodic
solution evolve over time. As the monodromy matrix is defined as the sensitivity of the system’s
final states to the initial conditions, eigenvalues of the monodromy matrix with a magnitude
greater than one cause perturbations to initial conditions to grow over time. Therefore, for
a periodic solution to be stable, all Floquet multipliers must lie inside the unit complex cir-
cle. For periodic solutions, also known as cycles, there will always be a trivial multiplier at
+1 [28] due to periodicity. It is noted that, other definitions of stability, such as the Lyapunov
and Poincaré definitions, do not provide any scheme for determining the stability of dynamic
periodic solutions, and are only applicable to equilibrium solutions [218].

A bifurcation occurs when a periodic solution loses hyperbolicity, that is, it transitions from
being stable to being unstable [28]. At the bifurcation point, there will exist at least one
non-trivial Floquet multiplier of unit modulus. In case of periodic solutions for discrete-time
systems, a stable periodic solution could lose stability in one of three ways. These are referred
to as codimension-1 or one-parameter bifurcations of [28], [121], as they appear through the
variation of a single parameter1.

The three bifurcations types are [194]:

• Fold (limit point, turning point, or saddle node): A single multiplier leaves the unit circle
1In both NNM and forced continuation, we vary a single continuation parameter, namely the period T of

the periodic solution.
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through +1. At this point, a stable and an unstable periodic orbit come together and
annihilate each other, which is reflected as a turning point on the FRC.

• Flip (period doubling): A single multiplier leaves the unit circle through -1. A new
periodic orbit will emerge with a period which is twice that of the original orbit. The
new period-doubled orbit may be stable or unstable. This bifurcation is often the first
step in the route to chaos.

• Neimark-Sacker (torus): A pair of nonreal complex conjugate multipliers leave the unit
circle. The stable periodic orbit becomes unstable and gives rise to a quasi-periodic
trajectory, characterised by oscillations with two frequencies, which lies on a torus. These
frequencies are generally incommensurate, although in special cases they can be rational.
The new orbit on the torus may be stable or unstable. This bifurcation is also called
the Hopf bifurcation of periodic orbits, as it closely resembles the dynamics of a Hopf
bifurcation of equilibrium points.

In order to detect the occurrence of the above bifurcation during continuation of periodic
solutions, bifurcation functions (also known as test functions) can be used. These are scalar
smooth functions that have regular zeros at the bifurcation point. A bifurcation may therefore
be detected between two successive continuation points on the curve, if the value of the test
function has opposite signs at those points. Verily, more accurate analysis could be adopted
to exactly compute the bifurcation point, such as by applying a Newton-like method to locate
the solution of the bifurcation function iteratively.

Let µ1, µ2, . . . , µn−1 be the non-trivial eigenvalues of the monodromy matrix (the Floquet
multipliers) at a given periodic solution along the continuation curve1, the following test func-
tions locate fold, flip, and Neimark-Sacker bifurcations respectively [28], [121]

ψf =
n−1∏︂
i=1

(µi − 1) (6.7a)

ψfl =
n−1∏︂
i=1

(µi + 1) (6.7b)

ψNS =
∏︂
i>j

(µiµj − 1) (6.7c)

To ensure the Neimark-Sacker bifurcation is detected correctly, we must check the test function
is zero due to non-real multipliers only. As the product of the eigenvalues of a matrix equals
its determinant, we may write the above bifurcation function using the determinant of the
monodromy, M , which is more computationally efficient than computing the eigenvalues. The

1Recall the existence of the trivial multiplier µn = 1 for periodic solutions.



Chapter 6. Forced Continuation of Periodic Solutions of Beams on SE(2) and SE(3) 168

test functions become

ψf = det(M − I2N) (6.8a)
ψfl = det(M + I2N) (6.8b)
ψNS = det(M ⊙M − Im) (6.8c)

where m = 1
2N(N − 1), and ⊙ denotes the bialternate product.

6.4.1 Branch Switching and Symmetry Breaking Bifurcation

Upon the detection of a bifurcation point on the main continuation branch of an NNM or
FRC, a computational strategy could be employed to find and trace the emanating bifurcated
branch from the bifurcation point. An initial point on the emanating branch may be found,
which would serve as the starting point for continuation along the entire bifurcating branch.
A simple branching technique is to make a prediction of a point near the bifurcating branch,
and subsequently use Newton corrections to bring the point onto the branch. Beyn et al. [28]
and Seydel [194] discuss various methods for approximating the initial prediction point near
the bifurcating branch. The first method is to find the tangent to the emanating branch at the
bifurcation point, and make a prediction along this tangent. This offers a systematic way for
finding the bifurcating branch. However, it requires the solution a linear equation with second
order derivatives, in addition to requiring the bifurcation point to be calculated accurately. It
is therefore computationally expensive. An alternative approach is to make a prediction along
the vector orthogonal to the tangent of the main branch, which is readily available from the
pseudo-arclength continuation method. Corrections can then be made orthogonal to this new
vector, to arrive at the bifurcating branch. This method, though computationally cheaper,
requires extra care to ensure the solution is not taken back to the original known branch.

This branch switching strategy falls under the general umbrella of perturbation techniques
for computing bifurcation branches. A typical bifurcation associated with branch switching in
symmetric systems is the symmetry-breaking bifurcation. This bifurcation causes a branch shift,
such that the periodic solution loses its original symmetry, and unsymmetric periodic solutions
emerge. An example of this bifurcation occurs for the 2 DoF system studied in Section 5.3.
Though not shown in this thesis, Peeters et al. [170] show the emergence of unsymmetric
tongues with even frequency ratios on the frequency-energy plot of this system. These branches
may be traced by restarting the continuation at the bifurcation point, while applying a small
perturbation to the initial conditions in the direction of the eigenvector associated with the
bifurcating Floquet multiplier, encouraging the continuation procedure to trace the curve off the
original branch and onto the new symmetry-breaking branch. Stoykov and Margenov [218] also
employ a similar method for tracking secondary branches on the FRC of a 3D doubly clamped
beam. After detecting a bifurcation point on the main branch of the FRC, the continuation
is restarted with a new prediction, which consists of the periodic solution where the stability
is lost plus the eigenvector corresponding to the unstable Floquet multiplier. The eigenvector



169 6.5. 2D Cantilever Beam

allows the method to converge to the solution from the secondary branch. They show that
the solutions of the main branch present vibrations of the beam in the plane of the applied
external force, while the solutions from the secondary branch, present vibrations in space. For
a comprehensive study on the computation of periodic solutions for forced mechanical systems
and a detailed discussion on the types of stability changes of periodic solutions, see Guillot et
al. [90].

6.5 2D Cantilever Beam
A two-dimensional cantilever beam was chosen as the first test case for simulation of the

forced response of geometrically nonlinear structures. The cantilever beam was chosen due
to the large degree of displacement and rotation which manifest in the dynamic response of
the model. This test case was initially investigated by Debeurre et al. [58] who computed the
forced response of the beam using a geometrically exact FE model based on the Timoshenko
beam with linear shape functions [71]. The primary objective of choosing this test case is to
validate the methodology developed in this thesis for computing forced responses. Given that
this is a 2D model, the differences between the Timoshenko beam and the SE(2) beam are less
prominent, as the parametrisation of 2D rotations in the Timoshenko formulation is relatively
effective due to its two-dimensional nature. While the SE(2) model offers superior kinematic
accuracy, the Timoshenko model is sufficiently accurate for a 2D problem, and can therefore
serve as an appropriate test case for validating our method.

The forced response for the first two nonlinear modes of the cantilever is computed using a
uniformly distributed load on the full length of the beam. For geometrically nonlinear struc-
tures, where strong couplings between the modes could exist, the external force should excite
all modes of the system to ensure such couplings can be captured. A single-point load will only
excite modes which have a significant displacement at the point of application of the load, while
a uniform load distribution ensures higher modes are also excited and can contribute to the
final beam response. Equally, however, a uniform load will not excite modes with out of phase
motions. An alternative approach to uniform loading is to apply base excitation at the fixed
end of the cantilever, which equally excites higher modes of the system [69], [72]. It is noted
that a single point load could be appropriate for some test cases, such as a doubly clamped
beam, where due to symmetry, an off-centre point load could still result in a response with
contribution from all higher modes [86].

The beam was discretised with 21 elements of equal length for computing the primary forced
response around mode one, and 24 elements for computing the secondary response around mode
two. The material properties of the beam are: Young’s modulus E = 210 GPa, and density
ρ = 7800 kg/m3, and the geometric properties are: length L = 1 m, width b = 0.05 m, and
height h = 0.001 m. The configuration of the undeformed beam is shown in Figure 6.2. The
natural frequencies of the first two linear modes of the system are ω1 = 42 Hz and ω2 = 259 Hz
respectively. The proportional damping model described in Section 6.3, which is proportional
to the stiffness matrix and strain rates, was used, with coefficient values of τ1 = 3.8 × 10−5



Chapter 6. Forced Continuation of Periodic Solutions of Beams on SE(2) and SE(3) 170

Figure 6.2: Configuration diagram of undeformed 2D cantilever beam.

and τ2 = 6.1 × 10−6 for modes 1 and 2 respectively. These values were chosen such that
the free response of the beam, initiated from its deformed mode shape corresponding to each
mode, gives a damping ratio of 0.5 percent as determined by the logarithmic decrements of the
successive maxima in the response. It is noted that Debeurre et al. [58] employ simple mass
proportional damping in their numerical model to avoid damping higher modes of the system,
and formulate the damping force as proportional to nodal velocities. However, as discussed in
section 6.3, this damping model is not geometrically exact, and does not account for nonlinear
strains.

6.5.1 Primary Resonance Frequency Response

The first nonlinear mode of the beam is depicted in Figure 6.3. The FRCs illustrated include
the maximum absolute values of the axial position at the beam tip, xp, the transverse position
at the beam tip, yp, and the rotation of the cross section at the beam tip, θ, over one period
of oscillation. The positions are normalised with respect to beam length, and the frequency is
normalised with respect to the natural frequency of the first mode. A range of increasing forcing
amplitudes were considered, and the frequency response for each amplitude was computed. The
total amplitude of the integrated uniform force along the length of the beam for each excitation
level is provided in the figure caption. The underlying NNM backbone curves, which were
computed using the methodology presented in Chapter 4, are also shown. As a distributed
load does not excite the system exactly on the mode shape, at higher forcing amplitudes the
resonance peak of the FRCs slowly drifts away from the underlying NNM backbone curve.
Hardening behaviour is observed as the resonant peaks of the FRCs shift to the right, and
increase with increasing vibration amplitude.

Two small resonance tongues can be seen on the NNM curves, one at a lower frequency and
the other at a higher frequency level. These indicate modal interactions with higher nonlinear
modes. Additional modal interactions occurring at different frequency levels were also reported
in [58]. Although these interactions were not explored further in this work, the shooting and
continuation methods used are capable of identifying and investigating such areas. However,
an inherent limitation of the shooting method is the lack of an effective mechanism for filtering
higher-order interactions, other than modifying the number of time steps per periodic orbit.
As such, it is difficult to target specific interactions for comparison with other computational
results. This is in contrast with the harmonic balance method, which was employed by Debeurre
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et al. [58], which allows the selection of a specific number of harmonics, thus enabling more
effective filtering of higher order interactions, and as a result more effective targeting of specific
resonance tongues [182].

Figure 6.3: Frequency amplitude plots of cantilever beam in primary resonance, showing beam
tip maximum absolute axial position, transverse position, and cross section angle respectively.
Positions normalised with respect to beam length. NNM backbone curves shown in black, and
FRCs shown in blue. Dashed lines indicate unstable periodic solutions. Total forcing amplitude
over the full length of the beam equals 200, 400, 600, and 2000 N from low to high amplitude.
Beam is discretised with 21 finite elements.

The stability of the forced responses in Figure 6.3 was determined by investigating the
Floquet multipliers associated with each periodic solution. Unstable solutions, characterised
by multipliers outside the unit circle, were identified and are shown with dashed lines in the
figure. A close-up of the highest amplitude FRC in Figure 6.3, along with the locus of the
Floquet multipliers in the complex plane along the curve, is shown in Figure 6.4. It is seen that
a single multiplier leaves the unit circle through +1, which indicates the occurrence of a fold
bifurcation.

It is seen in Figure 6.4a that the change of stability does not occur at the geometric fold
points on the FRC. In order to investigate this, time simulations were carried out from initial
conditions corresponding to the unstable solution points indicated by the labels (i) and (ii) in
Figure 6.4a, which are located on either side of the turning point of the curve. The time history
for these simulations can be seen in Figure 6.5, which shows the normalised beam tip transverse
position over time. It is seen that both points are indeed unstable, as predicted by the Floquet
multipliers. It is further observed that both unstable trajectories eventually converge to the
same lower amplitude point on the FRC, which is indicated by the label (iii) in Figure 6.4a. It
is therefore confirmed that the saddle node bifurcations indeed do not occur on the geometric
turning points on the curve.

The deformed beam shape associated with the resonant peak of the FRC in Figure 6.4a
is shown in Figure 6.6a. Extremely large amplitude motion of the beam over a single period
of the forced response is seen, where the beam has bent backwards with a tip cross section
rotation close to 180 degrees. The SE(2) model is therefore capable of predicting these large
displacements and rotations effectively.

An interesting feature of the frequency response curve associated with the largest forcing
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(a) FRC. (b) Floquet Multipliers.

Figure 6.4: (a) Close up of highest amplitude FRC in Figure 6.3 with forcing amplitude of
2000N, showing beam tip maximum absolute transverse position, normalised with beam length.
(b) Locus of Floquet multipliers along the FRC. Saddle Node (SN) or fold bifurcations identified.
Time history of points labelled (i) and (ii) can be found in Figure 6.5.

(a) Transition to lower branch point (iii). (b) Steady state response.

Figure 6.5: Time simulation of solution points labelled by (i) and (ii) in Figure 6.4a, showing
transverse tip position. Blue curve corresponds to solution point (i), and orange to solution
point (ii). Unstable response indicated by transients. Steady state response converges to
solution indicated by label (iii) in Figure 6.4a for both curves.
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(a) F = 2000 N (b) F = 8000 N

Figure 6.6: Nonlinear deformed shape of the cantilever beam at over a period of forced motion
for (a) resonant peak corresponding to FRC with forcing magnitude of 2000N in Figure 6.3,
and (b) resonant peak corresponding to FRC with forcing magnitude of 8000N in Figure 6.7.

amplitude in Figure 6.3 and Figure 6.4a is the occurrence of a loop around the resonance peak.
Such large amplitude responses were not computed in [58], and could be an indication of the
existence of Isolated Response Curves (IRCs), or isolas. These are defined as solution branches
which form close curves in the parameters space, and are not connected to the main branch
computed in the continuation process. Similar loops on FRCs were observed by Detroux et
al. [62] on a nonlinear satellite structure, and by Kuether et al. [118] on a cantilever beam with
nonlinear spring at the tip. In both these studies, isola branches were shown to exist, which
would eventually merge into the main forced response curve at higher forcing amplitudes.
Wiser and Golubitsky [243] also demonstrated the emergence of isolas in the vicinity of loops
in forced frequency response curves through the interaction of secondary Hopf bifurcations and
homoclinic connections. It is therefore speculated that the occurrence of the loops in the forced
responses of the cantilever may be an indication of the presence of isolas, although, proper
bifurcation tracking and branch switching techniques are required to verify this phenomena.

Figure 6.7 shows additional frequency response curves for the cantilever with larger forcing
amplitudes, depicting the cross sectional rotation of the beam tip on the vertical axis. It is
seen that the largest FRC corresponds to a beam tip rotation of 237 degrees at the peak of
the curve, as depicted in Figure 6.6b. A likely location for the presence of IRC’s is the region
above the FRCs for low forcing amplitudes, suggesting that the loops could be a result of the
merging of the isolas with the main branch. Compared to the forced response curves computed
by Debbuere et al. [58], the results here show an increase by a factor of 2 in the rotation
angle of the beam tip for the largest load case. In comparison to the backbone curves found
in [58], which extend to higher beam displacement levels, the results here show an increase by
a factor of 1.2 in the rotation angle of the beam tip for the largest load case (note that FRC
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and backbone curves from [58] are not depicted here). The looping behaviour of the FRCs at
higher forcing amplitudes is also not recorded in [58].

Figure 6.7: Frequency response curves of first nonlinear mode of cantilever beam for increasing
forcing amplitudes of 200, 400, 600, 2000, 4000, and 8000 N over the full length of the beam.
Vertical axis shows beam tip maximum absolute cross section rotation angle.

The most common method for finding and tracing the isola curves is bifurcation tracking,
which consists of following the location of a bifurcation point in a codimension-2 parameters
space [140]. The location of fold bifurcations could be traced with respect to the forcing
frequency and the forcing amplitude to reveal a fold curve. As isolas generally exhibit two fold
bifurcations due to their closed curve, the fold branch would have multiple solutions on the
isola for a given value of the continuation parameter. The significance of computing IRCs is
highlighted by their associated periodic solutions, which can exhibit much larger displacements
and deformations compared to the main branch. When they merge with the main branch, they
could lead to a dramatic change in resonant frequency, and could therefore significantly alter
the system’s dynamic behaviour. The interested reader may refer to Vadcard et al. [232] for a
method for detecting isolas and discontinuous evolutions of forced responses, Raze et al. [176]
for a method for tracking amplitude extrema of nonlinear forced responses, Detroux et al. [61]
for experimental study of isolas and modal interactions, and Mélot et al. [140] for control and
optimisation of isolas.

6.5.2 Secondary Resonance Frequency Response

The second nonlinear mode of the beam and the FRCs are depicted in Figure 6.8. The
beam shows a softening behaviour for this mode, with the resonant peaks of the FRC occurring
at lower frequencies with increased forcing amplitude. The range of transverse displacements
and cross sectional rotations seen here are larger than those illustrated by Debeurre et al. [58].
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Similar to the first mode, the forced solutions exchange stability through a fold bifurcation,
with the unstable solutions indicated by a dashed line in the figure.

Figure 6.8: Frequency amplitude plots of cantilever beam in secondary resonance, showing beam
tip maximum absolute axial position, transverse position, and cross section angle respectively.
Positions normalised with respect to beam length. NNM backbone curves shown in black, and
FRCs shown in blue. Dashed lines indicate unstable periodic solutions. Total forcing amplitude
over the full length of the beam equals 200, 400, 800, and 2000 N from low to high amplitude.
Beam is discretised with 24 finite elements.

Additional FRCs were computed with increased excitation amplitudes in order to drive
the beam to more extreme displacements and reveal interesting dynamic phenomena. These
correspond to a total forcing amplitude along the beam length of 8000 N and 12000 N, and
are shown in Figure 6.9. It is seen that, similar to Figure 6.3, the peak of the FRCs begins
to form a loop, and the higher amplitude curve shows extremely large displacements of the
beam. The thinning of the higher amplitude forced response curve near a frequency ratio of
0.7 in Figure 6.9a, followed by a separation between the upper and lower segments of the curve
towards lower frequencies, is qualitatively similar1 to the FRC obtained from the merging of an
isola with the resonance peak, as shown by Detroux et al. [61]. It is therefore suspected that a
merging of an isola with a main frequency response branch has taken place. As discussed, isolas
need to be computed with bifurcation tracking, and continuation of periodic solutions in the
basic sense can only produce the main FRC and cannot identify the isola. However, if the isola
has merged with the main forced branch, it becomes possible to identify and trace this curve
using continuation on the main branch. Alternatively, continuation could be restarted from
a solution point on the merged isola, and the beam could be forced using a lower excitation
amplitude. This could lead to the convergence on a detached isola at a lower forcing amplitude
level.

Figure 6.9b shows the bifurcations that occur along the higher amplitude FRC. Moving
along the unstable branch at the top right of Figure 6.9b, an earlier fold bifurcation denoted
by SN1+ has led to a Floquet multiplier outside the unit circle. We then encounter a Neimark-
Sacker bifurcation NS1+ as a pair of complex eigenvalues also leaves the unit circle. This is
followed by the point SN1-, which indicates the return of the unstable real eigenvalue from

1Note that the thinning of the FRC is also a function of the damping level.
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(a) FRC. (b) Bifurcation detail.

Figure 6.9: Frequency amplitude plot of cantilever beam in second resonance, showing beam tip
maximum absolute transverse position normalised with respect to beam length. Total forcing
amplitude over the full length of the beam equals 8000 and 12000 N. (a) depicts full FRC, (b)
depicts detail of the FRC. Saddle Node (SN) and Neimark-Sacker (NS) bifurcations shown,
+ indicates the corresponding eigenvalue leaving the unit circle, and − indicates the same
eigenvalue returning inside the unit circle. Beam shape corresponding to solution indicated by
the square brown marker is depicted in Figure 6.11. Time simulation of solution indicated by
brown and pink square markers depicted in Figure 6.12.

the fold bifurcation to inside of the circle, while the pair of unstable complex eigenvalues
remain outside. Following along the branch, the pair of complex eigenvalues collide at the the
point indicated by the purple marker, NS1X1. The collision occurs on the real axis, and the
eigenvalues both become purely real. This indicates a transition from quasi-periodic dynamics
to real instability, described by the overall change in the system’s behaviour as the eigenvalues
move from a quasi-periodic solution to indicating an exponentially unstable solution. The pair
of eigenvalues remain on the real axis, and drift away from the circle as we move along the
FRC, with one eigenvalue moving away from the circle as a comparatively faster rate than
the other. The faster eigenvalue reaches a magnitude of 2 on the real axis. After a turn in
the branch, the eigenvalues get closer again, and at the point NS1X2, they become complex
once more and leave the real axis, forming a complex conjugate pair and indicating a return
to quasi-periodic dynamics. Further along the curve, at point SN2+, a real eigenvalue leaves
the unit circle through +1, indicating a fold, and returns back to the unit circle at point SN2-
. Eventually, at point NS1-, the unstable complex eigenvalues return to the unit circle, and
the periodic solution regains stability. The Neimark-Sacker bifurcations detected in Figure 6.9
indicate the emergence of quasi-periodic branches that bifurcate out of the main branch, and
which can be traced with suitable branch switching strategies and algorithms for solving the
quasi-periodicity.

To the best of our knowledge, these complex dynamics on the geometrically nonlinear can-
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(a) (b)

(c) (d)

Figure 6.10: Locus of Floquet multipliers along the 12000 N FRC in Figure 6.9. (a) onset of
NS1+ and subsequently SN1- (b) continued up to onset of NS1X1 (c) continued up to after
NS1X2 and before SN2+ (d) continued to SN2+ then SN2- and eventually NS1-.

tilever have not been shown in other literature. This has been enabled by the SE(2) beam
formulation, which allows for a geometrically exact and kinematically accurate model of the
beam deformations and displacements. The locus of the Floquet multipliers associated with
the 12000 N FRC in Figure 6.9 can be seen in Figure 6.10. The figure is divided into subfigures,
which show the evolution of the multipliers at different segments along the frequency response
curve. The subfigures reveal how the pair of complex eigenvalues meet on the real axis, and
the extent to which one of the eigenvalues moves to the right of the circle. They also depict
how the eigenvalues lift from the real axis and become complex again, and how they re-enter
the circle resulting in a recovery of the stability.

The shape of the deformed beam over a single period of forced motion, corresponding to the
solution indicated by the square brown marker in Figure 6.9b, is shown in Figure 6.11a. It is
seen that the periodic solution corresponds to large axial deformation of the beam, and cross
sectional rotation at the tip of 115 degrees. The second mode shape of the cantilever is seen,
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(a) One period of response. (b) Steady state response.

Figure 6.11: Nonlinear deformed shape of the cantilever beam at over a period of forced motion
for solution indicated by square brown marker in Figure 6.9b. (a) shows the solution over a
single period, (b) shows the steady state solution after 80 periods.

however, the strong axial displacements towards the beam root, along with contributions from
mode 1, results in the removal of the fixed node point typically seen in the second mode of a
cantilever. As indicated in Figure 6.9b, this point corresponds to an unstable quasi-periodic
solution with a pair of unstable Floquet multipliers. Figure 6.11b shows the steady state forced
response of the same periodic solution, after 80 periods of motion. It is seen that the beam
shape converges to a low-amplitude response, mostly dominated by the second mode, with no
significant contribution from the axial modes.

The time histories of the solutions corresponding to the points indicated by the brown and
pink square markers in Figure 6.9b are shown in Figure 6.12, which depicts the normalised
transverse position of the beam tip over time. The brown marker solution corresponds to
Neimark-Sacker instability with a complex pair of eigenvalues outside the unit circle. Quasi-
periodic motion is expected for this solution, which is seen in the steady state response in
Figure 6.12a. The normalised beam tip transverse oscillation amplitude of this steady state
response is approximately equal to 0.1, which does not correspond to a solution point on the
FRC depicted in Figure 6.9. It is possible that restarting the continuation algorithm from this
steady state solution might reveal the existence of an isolated response curve at lower forcing
amplitudes. Figure 6.12b shows the steady state response of the solution corresponding to the
pink square marker in Figure 6.9b. As this unstable solution corresponds to a saddle node
bifurcation alone, the steady state response is periodic, and converges to the stable branch
immediately below the solution point at the same frequency level.
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(a) Brown marker. (b) Pink marker.

Figure 6.12: Time simulation of solution points in Figure 6.9b showing steady state oscillations.
(a) corresponds to solution point indicated with square brown marker and (b) corresponds to
solution point indicated with pink brown marker in Figure 6.9b. Normalised transverse position
of beam tip shown.

6.6 3D Cantilever Beam

As a second test case, we compute the frequency response curves of a three-dimensional can-
tilever beam, which undergoes extremely large amplitude in-plane and out-of-plane vibrations.
For a beam with symmetric cross section, the natural frequencies in both XY and XZ planes
would be equal, where X denotes the local axis along the beam. As a result, there exists a
1:1 internal resonance between the first two nonlinear bending modes of the beam. This leads
to different polarisations of the beam, whereby excitation in one plane leads to a response in
both planes. This type of internal resonance has been shown on a clamped-clamped beam by
Stoykov and Margenov [218], and Shen et al. [201], and on a cantilever beam by Debbuere et
al. [59] and Farokhi and Erturk [68]. The extremely large amplitude motions of the cantilever
require a geometrically exact beam model to fully capture the extreme displacements. The
model by Farokhi and Erturk [68] is based on Euler angles describing the centreline rotation,
which is used to formulate the element displacements, while keeping the trigonometric terms
intact. As this model is based on Euler angles, it is not singularity free, however, it offers a
simplified formulation for modelling cantilevers. Debeurre et al. [59] develop the geometrically
exact beam equations, following the work by Cottanceau et al. [53], by using positions and ro-
tations of centreline cross sections on R3 ×SO(3), and computing the strains while maintaining
the Lie group structure of rotations in the formulation. The rotations are further parametrised
using quaternions, for a minimal representations avoiding singularities. The limitations of for-
mulations built on R3 ×SO(3) were discussed in Chapter 4. The SE(3) model is employed here
for the computation of FRCs of the cantilever, which, as discussed previously, offers greater
kinematic accuracy and numerical benefits, and is able to capture the large displacements and
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Figure 6.13: Configuration diagram of undeformed 3D cantilever beam.

rotations of the beam in three dimensions.
The cantilever beam studied by Farokhi and Erturk [68] was chosen in this section, and

forced responses were computed using the single shooting and pseudo-arclength continuation
methods described previously. The beam is modelled under the SE(3) formulation, and is
discretised with 21 finite elements along its length. The material properties of the beam are:
Young’s modulus E = 210 GPa, and density ρ = 7850 kg/m3, and the geometric properties
are: length L = 0.25 m, and cross-sectional radius r = 0.25 × 10−3 m. The configuration of the
undeformed beam is shown in Figure 6.13. The natural frequency of the first bending mode in
both planes is ω1 = ω2 = 5.8 Hz. The proportional damping model described in Section 6.3,
which is proportional to the stiffness matrix and strain rates, is used when computing FRCs.
A damping coefficient of 2.7×10−4 equivalent to a damping of 0.5% on the first bending modes
was chosen.

The FRCs of the cantilever were computed for a range of external excitations. Uniform
forcing was applied over the full length of the beam, and the forced response was computed
using shooting and pseudo-arclength continuation. The responses in the primary resonance
region for three forcing amplitudes of 0.001, 0.005, and 0.01 N over the full length of the beam
are depicted in Figure 6.14. The beam response stays in the XZ plane, with bifurcations taking
place near the resonance peaks of the FRCs. The deformed beam shape in the XZ plane over
one period of oscillation at the peak of the FRC corresponding to a forcing amplitude of 0.005
N is shown in Figure 6.15. This corresponds to the first polarisation of the beam which deforms
in the same plane as the applied force. It is seen that the SE(3) model is able to accurately
capture the large displacements and rotations of the beam as it bends backwards.

Figure 6.16 shows the locations of the bifurcation points near the resonance peak of the 0.005
N forcing amplitude. It is seen that a saddle node bifurcation takes place initially, characterised
by the crossing of a Floquet multiplier through +1 to outside the unit circle. This is followed by
a pitchfork bifurcation at the peak of the curve, again through the crossing of another Floquet
multiplier through +1, which indicates the branching out of a new solution curve. This new
branch corresponds to responses in the XY plane as the second vibration polarisation.

The solution branch which emerges after the pitchfork bifurcation may be computed by
suitable branch switching techniques, as explained in Section 6.4.1. By computing the vector
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Figure 6.14: Frequency response curves of 3D cantilever beam in primary resonance showing
beam tip maximum absolute axial and vertical positions, normalised with respect to beam
length. Dashed lines indicate unstable solutions. Total forcing amplitude over the full length
of the beam equals 0.001, 0.005, and 0.01 N from low to high amplitude. Beam discretised with
21 finite elements.

Figure 6.15: Beam shape of 3D cantilever over one period of oscillation at resonance peak of
FRC with forcing amplitude of 0.005 N. First polarisation in XZ plane depicted.

orthogonal to the tangent vector at the pitchfork solution point, a prediction can be made
along this vector for an initial point on the new branch. This can be then corrected to locate
the branch, which can then be traced fully by pseudo-arclength continuation. Alternatively,
a perturbation can be applied to the initial condition at the resonance peak, directed along
the eigenvector associated with the unstable Floquet multiplier of the pitchfork bifurcation. A
simpler approach, which is employed here, is to restart the continuation from the bifurcation
point, while applying a small load in the Y direction of the beam, to encourage the continuation
method to retrieve the coupled branch. This approach is similar to the one used by Shen et
al. [201]. The choice of the direction for the small perturbing force is informed by the deformed
shape of the beam, as determined by adding the unstable eigenvector to the initial conditions.
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Figure 6.16: Bifurcation detail of FRC of 3D cantilever beam. Forcing amplitude over full
length of beam equals 0.005 N. Vertical axis depicts beam tip maximum absolute normalised
vertical position. Saddle Node (SN) and Pitchfork (PF) bifurcations shown. + indicates the
corresponding eigenvalue leaving the unit circle, and - indicates the same eigenvalue returning
inside the unit circle.

This ensures that the applied load aligns with the expected deformation direction on the coupled
branch.

Taking into account the response curve for a forcing amplitude of 0.005 N, a small force
with an amplitude of 2% of the main force, and in quadrature with the main force, is applied
to the beam in the Y direction, and continuation is restarted from the pitchfork bifurcation at
the resonance peak depicted in Figure 6.16. The complete FRC including the coupled solution
branch is shown in Figure 6.17. It is seen that the coupled solution branch emanates out of
the initial branch at the point of the pitchfork bifurcation, leading to periodic solutions with
components in both the Y and the Z directions. The new branch also exhibits a Neimark-
Sacker bifurcation, which leads to quasi-periodic solutions along a small section of the curve.
The location of the bifurcation points are shown in Figure 6.18, which depicts 2D projections
of the full FRC.

The deformed beam shapes at the solution points indicated with blue markers in Figure 6.18
are depicted in Figure 6.19. The 1:1 internal resonance between the first two bending modes
is clearly seen, and the coupled response of the beam in both in-plane and out-of-plane motion
is observed. The internal resonance results in the beam rotating along an elliptic trajectory
at point I, which develops into a symmetric circular trajectory at the peak of the coupled
solution branch at point III. It is confirmed that the SE(3) model is able to capture the
large displacements and rotations of the beam effectively, and that the shooting and pseudo-
arclength continuation methods are able to trace the forced periodic solutions of the beam over
a range of frequencies. Compared to the results by Farokhi and Erturk on the same beam [68],
the SE(3) formulation has been able to model larger amplitude displacements for comparable
forcing levels, especially on the coupled bifurcated branch, which as seen in Figure 6.18, shows
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Figure 6.17: Frequency response curves of 3D cantilever with forcing amplitude of 0.005N, with
1:1 internal resonance. Blue curve depicts primary response in XZ plane, and orange curve
depicts coupled response in 3D space. Axes show maximum absolute Y and Z position of beam
tip over one period of oscillation, normalised with respect to beam length.

Figure 6.18: Frequency response curves of 3D cantilever with forcing amplitude of 0.005N, with
1:1 internal resonance. 2D projections of FRC in Figure 6.17. Neimark-Sacker (NS) bifurcations
shown. + indicates the corresponding eigenvalue leaving the unit circle, and - indicates the
same eigenvalue returning inside the unit circle. Dynamic response of beam at points I, II, and
III shown in Figure 6.19.
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vibration amplitudes of 0.8 times the beam length in the vertical direction, near twice the
beam’s fundamental frequency.

(a) Point I. (b) Point II.

(c) Point III.

Figure 6.19: Dynamic response of beam over one period of oscillation corresponding to points
I, II, and III in Figure 6.18.

6.7 2D Vertical Cantilever Beam

As the final test case, a two-dimensional axially excited vertical cantilever beam with tip mass
has been selected, which undergoes parametric resonance response under external load. This
test case poses challenges due to the extremely large displacement amplitudes of the beam under
loading, further augmented by the gravitational effect on the tip mass. This particular test case
was studied by Farokhi et al. [70], who presented an experimental and numerical investigation of
the model. Their geometrically exact numerical model is based on the centreline rotation as the
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Figure 6.20: Configuration diagram of undeformed vertical cantilever beam.

main displacement variable of the FE equations. The transverse and longitudinal displacements
are written in terms of the centreline slope, according to Euler-Bernoulli beam theory, while
keeping the nonlinear trigonometric terms in the equations intact. The equations of motion are
derived using variations of the strain and kinetic energies and using Hamilton’s principle. The
discretised equations of motion are obtained using the Galerkin method. The forced response
of the beam is computed by pseudo-arclength continuation using the AUTO-07P code. This
is accompanied by an experimental setup of the beam in a vacuum chamber, with prescribed
base acceleration using a shaker, and high-speed videography to extract tip displacements and
rotations. The frequency response of the cantilever was computed for three different levels of
base excitation acceleration, and good agreement was observed with frequency sweep results
from their experiments.

The material properties of the beam are: Young’s modulus E = 200 GPa, and density
ρ = 7880 kg/m3, and the geometric properties are: length L = 72 mm, width b = 4.95 mm, and
height h = 0.0762 mm. The tip mass ism = 0.122 g. The configuration of the undeformed beam
is shown in Figure 6.20. The natural frequency of the first linear bending mode is computed as
ω1 = 6.4 Hz. The beam is modelled based on the SE(2) formulation and discretised with 21
finite elements of equal length. Base excitation is applied to the beam in the axial direction,
and gravity is taken into account in the equations of motion.

6.7.1 Continuation Challenges

The computation of frequency responses for this test case using shooting and pseudo-
arclength continuation faced some challenges. The beam is modelled with boundary conditions
applied to the base restricting the transverse and rotational degrees of freedom. A constant
load in the upward direction is also applied, to support the beam under its own weight. With
this configuration, the continuation algorithm faced convergence issues, and the starting point
on the FRC could not be computed. Owing to these challenges, the choice was made to inves-
tigate the dynamics of the beam using sine sweeps instead of continuation of forced periodic
solutions. Sine sweep excitations of the main beam were carried out with axial excitation of its
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base with the forcing term given by

FY = f0 sin(Ωt) (6.9)

where f0 is the prescribed forcing amplitude.
In addition to the challenge of continuation convergence, we were also unable to tune the

damping parameter of our model to match exactly with the experimental results by Farokhi
et al. [70] at all three levels of base acceleration. The damping model in their study is a
combination of both Kelvin-Voigt damping proportional to strain rates, and linear viscous
damping proportional to nodal velocities. They tune the parameters of their damping model to
achieve the best match with their experimental results, motivated by matching the resonance
peak at all three base excitation levels with the same damping coefficients. The displacement-
based linear viscous damping model however is inherently not geometrically exact, as discussed
in Section 6.3. For our study, we have used the stiffness-proportional damping based on the
strain rates, thus maintaining objectivity of strains. The application of base excitation in
their numerical model and experiments is based on prescribing a base acceleration level, which
is not compatible with our implementation of prescribing a base forcing amplitude. In their
computation of the beam forced responses, the displacement of the base node against the
reference configuration is dependent on the forcing frequency since the acceleration is kept
constant. This results in different base displacement levels through the range of frequencies
considered in each FRC. The difference in the implementation of the external force between their
numerical model and ours is a further contributing factor to our inability to tune our damping
to match their experimental results. Therefore, a damping coefficient value was chosen such
that the first bending mode of the beam is damped by 1%, and was kept constant for all
sweep excitation levels. It is noted that damping is a nonlinear phenomenon, which has been
experimentally shown to increase with the vibration amplitude during nonlinear oscillations of
beams [4]. Damping in numerical FE models serves as an estimate, often calibrated to align
with specific experimental results, and it is inherently an approximate method to introduce
dissipation into the system. As our damping model is based on the strain rates, which are
nonlinear in the geometrically exact SE(2) formulation, the damping also becomes inherently
nonlinear despite the fixed damping coefficient. We therefore believe that the strain-rate-based
damping model used in the sine sweep simulations in this chapter is an appropriate choice,
allowing for an effective study of the complex dynamics of the beam.

6.7.2 Sine Sweep Results

In this section, results are presented for a number of sine sweep excitations with increasing
amplitudes, which were carried out on the SE(2) beam near twice the beam’s fundamental
natural frequency in order to investigate the nonlinear dynamics. Principal parametric reso-
nance occurs when the excitation frequency is close to twice the first natural frequency, and the
forcing amplitude is larger than a given threshold. With these conditions, the occurrence of two
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(a) Normalised transverse position. (b) Cross section rotation angle.

Figure 6.21: Response of vertical cantilever beam tip to sine sweep excitations. Forcing ampli-
tudes equal 0.02, 0.03, and 0.04 N.

period-doubling bifurcations in the static branch gives rise to a stable and unstable periodic
solution, which coincide at a fold bifurcation near the peak amplitude [70].

A sweep rate of 0.5 Hz/min was chosen for accurate simulations, and a range of three forcing
amplitudes of f0 equal to 0.02, 0.03, and 0.04 Newtons were chosen. The sampling frequency for
the sweeps was set to 3000 Hz for the first two forcing levels, and 5000 Hz for the highest forcing
amplitude. The transverse position of the beam tip, normalised with respect to the beam length,
and the cross sectional rotation angle of the beam tip as a function of the sweep frequency Ω
are depicted in Figure 6.21. The main resonance peak is seen at around 16 Hz, which is
approximately twice the magnitude of the natural frequency of the first bending mode of the
beam. Due to the hardening of the system, the resonance peaks are shifted to the right, resulting
in maximum values at frequencies which are slightly larger than twice the first natural frequency.
Sudden transitions from low to high amplitude, and back again to low amplitudes, commonly
referred to as jumps, are observed. The asymmetric envelope of the sweep response, and the
skewness around the resonance peak, are additional nonlinear phenomena, which can typically
be seen in sine sweep excitation responses of geometrically nonlinear mechanical structures [152],
[183]. A further resonance peak is also observed at approximately 8 Hz, which is close to the
natural frequency of the first bending mode of the beam. The presence of two resonance peaks,
one at the first natural frequency and the other from parametric resonance at twice the first
natural frequency, was not reported by Farokhi [70]. The sweep response for the highest forcing
level shows large amplitude motion at an extended range of frequencies, along with multiple
modulations of the signal’s envelope in the parametric resonance region. These modulations
could indicate the occurrence of Neimark-Sacker bifurcations, and the attraction of the system
dynamics towards a stable torus. Similar modulations were also observed in the sine sweep
response of a cantilever beam by Kuether et al. [118].
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(a) Forcing amplitude 0.02 N. (b) Forcing amplitude 0.04 N.

Figure 6.22: Response to sine sweep excitations projected onto the linear modes of the beam.
Modal amplitudes normalised by maximum amplitude of Mode 2 (first bending mode). Note
that Mode 1 is the axial rigid body mode, and is omitted as a rigid body transformation is
applied to the beam to move the base back to the origin before projecting onto the flexible
modes.

Figure 6.22 shows the modal amplitudes of the sweep response to forcing excitations of 0.02
and 0.04 N, by projecting the sweep response onto the linear modes of the system. Before
projecting onto the modes, a rigid body motion is applied to the deformed beam to fix the
position of the beam base throughout the sweep excitation, and therefore remove the excitation
displacement from the modal amplitudes. It is seen that, for the lower forcing amplitude of 0.02
N, there is a small contribution from the higher modes in the response. However, for the higher
forcing amplitude of 0.04 N, the higher modes continue to contribute to the response throughout
the higher sweep frequencies, in addition to having a greater contribution to the response
close to the second resonance peak at approximately 16 Hz. Furthermore, the aforementioned
modulation in the signal, as seen in Figure 6.21, is also present in the higher modes of the
system, at the parametric resonance peak. The larger contributions from the higher modes
in the 0.04 N sweep response could be a factor in the wider sweep profile corresponding to
this forcing level in Figure 6.21. This large amplitude motion is multi-modal, with energy
being transferred between the fundamental mode and the higher modes. In general, this energy
exchange will not be trivial, as the decay in one mode might lead to a transfer of energy to
another mode. Therefore, the system as a whole experiences a wider frequency response, as
the energy transfer between the modes, and the presence of higher modes, offers a mechanism
for overall energy to remain in the system for a longer time period. This however depends
significantly on the degrees of freedom, as transferring energy from one mode to another can
reduce or increase the motion in some physical DoFs. This was reported for a two degree of
freedom mass spring system with cubic nonlinearity by Kerschen et al. [115], who demonstrated
how the drop down in the peak response of the FRC of one degree of freedom coincides with a
rapid increase in the peak amplitude of the other degree of freedom.

Another interesting feature of the sweep response for the cantilever is that the jump phe-
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Figure 6.23: Response of vertical cantilever beam tip to sine sweep excitation with forcing
amplitude of 0.02 N. Normalised transverse tip position and tip rotation shown. Positive sweep
rate shown in blue, and negative sweep rate shown in yellow.

(a) Transverse acceleration amplitude. (b) Wavelet transform of acceleration signal.

Figure 6.24: Response of vertical cantilever beam tip transverse accelerations to sine sweep
excitations with 0.02 N forcing amplitude. Note accelerations are expressed in the local frame
of the beam tip, owing to the left-invariant formulation of the beam equations in the SE(2)
framework. Global accelerations may also be computed using the derivative of the Adjoint
map on SE(2), however, the qualitative response including the wavelet transformation remains
similar.

nomena at low and high sweep frequencies completely envelope the full response, such that the
jumps define the boundaries of where the response amplitudes are significant. The response to
a sine sweep with decreasing frequency was computed for a forcing amplitude of 0.02 N, and
is shown alongside the sweep up response in Figure 6.23. It is seen that the jumps enclose the
sweep response for both sweep up and sweep down curves. The figures reveal the profile of
the beam FRC, alongside the region of bi-stability in the response. This is consistent with the
sharp resonance peaks demonstrated in the FRCs by Farokhi et al. [70], where the frequency
curve abruptly turns and the system loses stability.

The time series of the transverse accelerations in the local frame of the beam tip in response
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Figure 6.25: Wavelet transform of absolute beam tip transverse position for a sine sweep
excitation amplitude of 0.02 N. Wavelet amplitude shown in decibels.

to the sine sweep excitation of 0.02 N is depicted in Figure 6.24a, along with the wavelet
transform of the acceleration in Figure 6.24b. The wavelet amplitude shows the presence
of significant harmonic components above the excitation frequency, along with subharmonics
below the excitation frequency. The subharmonics are also present in the wavelet transform of
the transverse beam tip position, shown in Figure 6.25, which corresponds to the response to the
same sine sweep forcing amplitude as that in Figure 6.24b. The wavelet amplitude in Figure 6.25
is shown in a logarithmic scale, and depicts the appearance of wideband frequency components
across the sweep frequency, which coincides with the jump locations seen in Figure 6.21a. As
seen in Figure 6.25, two subharmonic responses exist in the region of the first peak between
6 and 8 Hz. Around the second peak in the region between 10 and 19 Hz, there is a single
subharmonic response below the response from the parametric resonance, which itself occurs
at half the sweep frequency. Additional responses at higher harmonics are also observed. The
interaction of fundamental parametric resonance with subharmonic resonances has commonly
been reported in literature, and was shown in a single degree of freedom system by Nayfeh [149].
Butikov also showed the occurrence of subharmonics in the dynamics of a parametrically driven
pendulum [41]. There, it was shown that for certain ranges of the excitation amplitude and
frequency, the pendulum can be trapped in an n-periodic limit cycle, locked in phase with
the force, with a frequency equal to the driving frequency divided by n. In the case of the
cantilever studied here, the presence of the lower harmonic responses in the wavelet transform
in Figure 6.25 indicates the presence of subharmonic motion.

Finally, Figure 6.26 shows the deformed beam shape over one period of oscillation at the
parametric resonance peak of the sweep response curves in Figure 6.21, corresponding to forcing
levels of f0 equal to 0.02 and 0.04 Newtons. Extremely large displacements and rotations of
the beam are observed, which are greater in magnitude compared to the experimental and
numerical results of Farokhi et al. [70]. The beam is bending below its root, and the shape of
the deformed beam shows the presence of higher-order modes, as also depicted in Figure 6.22.
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(a) f0 = 0.02 N (b) f0 = 0.04 N

Figure 6.26: Beam shape of vertical cantilever over one period of oscillation at parametric
resonance peak of sine sweep excitations with forcing levels indicated.

6.8 Conclusion

In this chapter, we have effectively computed the forced responses of geometrically nonlinear
beams modelled on the SE(2) and SE(3) Lie group formulations. Utilising an adapted shooting
and pseudo-arclength continuation method, as detailed in Chapter 4, we have introduced a novel
application of these methods to the Lie group beam formulations in computing forced periodic
solutions. Our model incorporates geometrically exact damping, based on the strain rate and
proportional to the stiffness matrix, which ensures invariance under Euclidean transformations,
and effectively represents dissipative effects of the structure’s dynamic behaviour.

We have demonstrated the capability to predict and model bifurcations and stability of
periodic solutions. The analysis of a 2D cantilever beam under primary and secondary resonance
conditions revealed that the SE(2) model is capable of capturing extremely complex dynamics,
including large displacements and rotations, more effectively and to a greater extent than
previously reported in the literature.

Moreover, we have explored the forced responses of a 3D cantilever beam modelled under
the SE(3) formulation, and exhibiting 1:1 internal resonance between its first two bending
modes. We demonstrate that the SE(3) beam model can capture large-scale rotations and
displacements in three dimensions, surpassing the capabilities reported on similar structures in
existing studies. We have further demonstrated that the application of shooting and pseudo-
arclength continuation methods, which have been adapted to work with models formulated
on Lie groups, is effective in tracing periodic solution curves, assessing stability of solutions,
detecting Neimark-Sacker and pitchfork bifurcations, and following the secondary resonance
branch corresponding to the internal resonance.

Furthermore, we have demonstrated complex multi-modal dynamics and subharmonic re-
sponses on a 2D vertical cantilever under gravity, modelled under the SE(2) formulation, which
has not been previously documented. Some limitations were faced in the continuation of forced
responses corresponding to the parametric excitation for this model, which need to be resolved
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in future studies.
Overall, we have demonstrated, for the first time, that the combination of SE(2) and SE(3)

beam formulations with shooting and pseudo-arclength continuation methods provides a robust
framework for modelling the forced responses of geometrically nonlinear beams, and is capable
of capturing extremely large displacements and rotations of such structures effectively.



Chapter 7

Nonlinear Dynamics of Flexible
Aircraft Structures

Abstract

In this chapter, we explore the application of the SE(3) beam formulation to the nonlin-
ear analysis of a high-aspect-ratio wing and a box wing aircraft structure, highlighting the
effectiveness of the SE(3) model in capturing large displacements and rotations in multibody
flexible structures commonly found in aeroelastic applications. Through forced response com-
putations using the single shooting and pseudo-arclength continuation methods developed in
previous chapters, various nonlinear dynamics phenomena such as modal interactions and bifur-
cations are demonstrated. The chapter’s novel contribution lies in the application of the SE(3)
formulation to such structures, paving the way for future aeroelastic research by integrating
aerodynamic models and flight dynamics solvers, to develop comprehensive aeroelastic analysis
tools.
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7.1 Introduction
High-aspect-ratio wings (HARWs) have seen increased interest in the civil aviation industry

due to their aerodynamic efficiency. Owing to their slender design, they reduce effects from
tip vortices which leads to lower induced drag and larger lift-to-drag ratios compared to lower
aspect ratio wings. An additional driver for the design of these wings is the desire to keep
the structural weight low, which leads to designs that are naturally very flexible and therefore
more susceptible to aeroelastic effects. Due to their increased flexibility, they are more prone
to higher deflections at lower air speeds, which could result in aeroelastic instabilities such as
flutter and Limit Cycle Oscillations (LCO) [3], [166]. Therefore, accurate aeroelastic modelling
of HARW is crucial in identifying phenomena such as aircraft stability characteristics, flutter,
gust response and response to turbulence, in addition to the definition of flight control laws,
and interactions between structural, aerodynamic, and flight dynamics [161].

A series of early pioneering studies on HARW include the works of Patil et al. [168] and Tang
and Dowell [222], [223], which included experimental and theoretical research motivated by the
use of HARW in high-altitude, long-endurance (HALE) aircraft. In the context of modelling
the structural dynamics of HARW, and flexible aircraft in general, various geometrically exact
beam formulations have been used in the literature. An early work by Cesnik et al. [48] used
the strain based beam model for this purpose. Palacios et al. [159], [161] later expanded on that
work by including shear strains as independent degrees of freedom in the strain based model.
They also used the intrinsic beam model for comparison, and coupled it with the Vortex Lattice
Method (VLM) for the aeroelastic analysis of a flexible aircraft. Su and Cesnik [220] applied the
strain based beam formulation for modelling a joined beam and a split beam wing configuration,
using relative displacement constraints for joint kinematics. The intrinsic beam model was later
used by Cook et al. [52] to perform a gust load analysis on a range of flexible aircraft models
with various wing aspect ratios, coupled with a linear unsteady strip theory aerodynamic model.
They demonstrated the importance of correctly capturing the full dynamic behaviour of the
axial and in-plane bending and shear loads on the aircraft wings for the nonlinear structural
model, in addition to the torque loads, which showed significant nonlinear effects even for the
lower aspect ratio wings. This coupling between the in-plane and out-of-plane bending modes
(flapwise and chordwise) and the torsional mode for a HARW has also been documented by
Hodges and Dowell [98]. Further coupling can also occur between structural modes and rigid
body modes, particularly as the elastic modes, due to the flexibility of the wing, have low
frequencies that are close to those of the rigid body modes. This phenomenon is thoroughly
reviewed in the paper by Afonso et al. [3]. Artola et al. [9] further employed the intrinsic beam
model to develop a low-order nonlinear aeroelastic model for the model predictive control of
a HARW aimed at flutter suppression and gust alleviation. In other beam formulations, the
ANCF model was used by Otsuka et al. [154] in the nonlinear aeroelastic analysis of HARW
with a propeller, motivated by the systematic method through which the propeller cylinder
coordinate system is obtained by the nodal gradient vectors. For a review of some further
examples of numerical aeroelastic modelling of high-aspect-ratio wings and aircraft, along with
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a review of the structural and flight dynamics modelling and aerodynamic tools in current use,
see Palacios and Cesnik [160].

In this chapter, we apply the methods developed in the previous chapters to the nonlinear
analysis of a high-aspect-ratio wing and a box wing aircraft structure. Our aim is to demonstrate
the suitability of the SE(3) beam model for the purpose of aeroelastic analysis. This chapter
lays the groundwork for future research, serving as a starting point for both additional nonlinear
dynamic analysis such as bifurcation tracking, and aeroelastic studies with the introduction of
aerodynamic effects.

7.2 High-Aspect-Ratio Wing
A beam model of a HARW was created using the SE(3) formulation and its forced response

was computed for a range of excitation frequencies and amplitudes. The selected wing is one
of three wings designed and manufactured by Navaratna et al. [15] at the University of Bristol.
In their study, three 0.85 m (0.80 m wetted length) half-span cantilever wings with different
flapwise bending stiffnesses were manufactured, chosen to have a static trim tip deflection of
5%, 10%, and 15% of the half-span. The wings are unswept and non-tapered with a chord
length of 8.95 cm, giving them a half-span aspect ratio of 8.94. Of the three wings, we have
chosen the most flexible wing with a static tip deflection 15% for the analysis in this chapter.

The schematic of the wing beam without aerofoils and ribs is shown in Figure 7.1. The
full wing is modelled as a straight finite element beam with variable cross sectional dimensions
along its length according to the design depicted in the schematic. The SE(3) beam model was
created using the nodal coordinates and element properties from the straight beam model used
by the researchers at Bristol in their numerical computations conducted with NASTRAN. The
offset properties incorporated in their model, such as shear centre and neutral axis offset, centre
of gravity offsets of concentrated masses along the beam, and coordinate system offsets, are not
modelled in the SE(3) beam. Additionally, the tapered PBEAM elements in their model are
averaged and added as elements with constant cross-sectional properties in the SE(3) model.
Figure 7.2 shows the static beam deflection under gravity for various tip masses for the beam
model alone (without the wing assembly). The deflection computed in our SE(3) model is
greater than that recorded by Navaratna et al., due to the simplifications made in defining the
beam properties, as described above. Despite this, a dynamic analysis on the model remains
valid and provides valuable insight into the nonlinear dynamics of the structure, which is the
focus of our study here.

The fully assembled wing comprises the beam shown in Figure 7.1 along with the aerofoil
sections, rib attachments, and skin. These are modelled as concentrated masses that are dis-
tributed along the FE beam model, the details of which may be found in [15]. The concentrated
masses are also added to the SE(3) beam, and the forced response of the beam is computed for
the fully assembled model. This is achieved with single shooting and pseudo-arclength continu-
ation, as described and demonstrated in Chapter 6. The stiffness-proportional damping model
based on the strain rate, as described in Chapter 6, is used, and is tuned to give a damping
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Figure 7.1: Schematic of wing design with 15% trim tip deflection [15].

Figure 7.2: Static solution of beam only model under gravity with tip mass values 17.4, 42.7,
and 88.0 grams. Red line indicates video gauge measurements for 88.0 grams tip mass from
experimental results in [15].

value of 1% for the mode under consideration in the forced response. Figure 7.3 shows the
FRC of the beam in primary resonance, which depicts the peak resonance of the beam under
a uniformly distributed load of 1.275 N/m along its length. The hardening response charac-
teristic of a cantilever in mode 1 bending is observed, similar to that found in Section 6.5 for
the 2D cantilever. The system loses stability through a fold bifurcation at the resonance peak,
which is regained further along the response curve. The beam shape corresponding to the peak
resonance response is also shown, where very large tip displacements are observed.

The FRC for mode 2, corresponding to the second flapwise bending mode, is shown in
Figure 7.4 for a range of excitation amplitudes. The softening behaviour of the beam is observed,
which increases for increasing force levels. The locus of the Floquet multipliers corresponding to
the response curve for the highest forcing level is also shown. The system loses stability through
a fold bifurcation, which occurs first as the forcing frequency is increased. Just before the
peak of the response curve, another single eigenvalue leaves the unit circle through +1, which
corresponds to a pitchfork bifurcation. Shortly after, the unstable eigenvalue from the fold
bifurcation returns to the circle, whereas the multiplier associated with the pitchfork bifurcation
remains outside. As seen in Figure 7.4, the magnitude of this eigenvalue grows rapidly as it
moves to the right on the real axis, before it returns to the circle, and the system regains
stability.
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(a) FRC. (b) Beam shape at resonance peak.

Figure 7.3: Frequency response curve of fully assembled wing with forcing amplitude of 1.275
N/m showing maximum absolute beam tip vertical position. Solid and dashed lines indicate
stable and unstable solutions respectively.

The eigenvector associated with this unstable eigenvalue corresponds to deformation of the
beam in the out-of-plane (chordwise) direction. This corresponds to mode 4 of the structure,
which is the first chordwise bending mode. The linear natural frequency of mode 4 for the
SE(3) beam is 47.7 Hz, which is almost an integer multiple of that of mode 2, at 11.9 Hz. The
near commensurate natural frequencies, coupled with the direction of the unstable eigenvector,
strongly indicates a 4:1 internal resonance between modes 2 and 4, and the branching out
of the out-of-plane bending mode from the resonance peak of the in-plane mode depicted in
Figure 7.4. The continuation was restarted from the resonance peak of the 7.65 N/m FRC in
Figure 7.4, with the unstable eigenvector added to the initial condition vector corresponding
to the peak solution. Note that the exponential map on SE(3) is required for this purpose,
to map the unstable eigenvector to an SE(3) element which can be composed with the initial
condition position vector. Unfortunately, the continuation process was not able to identify the
secondary branch, and Newton corrections returned the initial condition vector back to the
main branch. A secondary excitation was applied to the beam in the out-of-plane Y direction
and in quadrature with the primary forcing, to encourage the continuation procedure to identify
the coupled solution branch. The frequency of the chordwise forcing term was set at exactly 4
times that of the primary flapwise force, in line with the 4:1 frequency ratio between the modes
in internal resonance. Unfortunately, the continuation was still unable to identify the secondary
branch. As the wing has a non-symmetric cross section profile, with different in-plane and out-
of-plane stiffness properties, finding the correct secondary excitation required to successfully
excite the system to converge to the coupled branch is challenging. An additional challenge
is from the damping term, which as discussed in Chapter 6, is stiffness-proportional and in
proportion with the strain rate of the beam elements. This would result in higher dissipation
for mode 4 which has a higher frequency than mode 2. Therefore, accurate and robust branch
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(a) FRC.
(b) Floquet multipliers.

Figure 7.4: Frequency response curve of fully assembled wing with forcing amplitude of 1.275,
3.825, and 7.65 N/m showing maximum absolute beam tip vertical position. Locus of Floquet
multipliers for the 7.65 N/m forcing amplitude response also shown. Solid and dashed lines
indicate stable and unstable solutions respectively.

Figure 7.5: Time history of solution corresponding to the peak of 7.65 N/m forcing amplitude
FRC in Figure 7.4, showing normalised beam tip vertical position. Steady state response
converges to point on the lower branch of the FRC.

switching techniques are required, which rely on the computation of the tangent to the new
branch, as described in Chapter 6. It is finally noted that a time simulation of the forced
response starting from the unstable solution at the resonance peak will eventually jump down
and converge to the stable solution at the same frequency on the lower section of the branch.
This is depicted in Figure 7.5, which shows the time history of the solution at the resonance
peak of the highest amplitude FRC in Figure 7.4

The forced responses computed in this section provide a preliminary study of the nonlinear
dynamics of the HARW, demonstrating the efficacy of the SE(3) model in capturing the large
displacements and rotations, and internal resonance between the nonlinear modes. A final re-
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mark is also made about the torsional coupling for limit-cycle oscillations, which, as highlighted
by Navaratna et al. [15], is of interest in the subsequent wind tunnel testing phase of the wings.
The current implementation of the SE(3) beam model geometry yields a significantly higher
natural frequency for the torsional mode compared to that reported in [15]. This is due to the
omission of the shear centre offsets in the geometry definition of the SE(3) model, as previously
discussed. A more accurate representation of the torsional mode, and its possible coupling with
the first flapwise bending mode, could be achieved by including the shear centre offsets in the
SE(3) beam definition, or by creating a structural model with multiple chordwise beams along
the wing’s length to model wing ribs, and is reserved for future studies.

7.3 Box Wing Aircraft Structure

As a second test case, we consider an aircraft structure with a closed box wing configura-
tion. The structure is inspired by the Prandtl plane design of a box wing aircraft, which has
garnered some interest in recent years as a design concept for civil aircraft [73], [251]. Due to
the closed wing structure, these configurations reduce the effect of tip vortices, which in turn
reduces the total induced drag and increases aerodynamic efficiency. Structurally, these wings
are characterised by high aspect ratios and are therefore extremely flexible. In addition, the
joined-wing configuration results in geometric nonlinearity even under small deformations due
to the doubly clamped configuration of the wings. Moreover, the multi-beam structure could
lead to modal interactions between the elements, which require accurate modelling. Finally, the
complex design of the full structure with various joined and split beams requires special atten-
tion to the kinematic relations between the connected elements. As demonstrated in previous
chapters, the SE(3) beam formulation is capable of accurately modelling large displacements
and rotations of geometrically nonlinear structures. Moreover, as discussed in Chapter 3, the
underlying local frame approach of the Lie group model leads to kinematically accurate de-
scriptions of joints based on the Lie subgroups, with kinematic constraints effectively managed
through the Lagrange multiplier method. The box wing structure therefore presents an ideal
test case to showcase the effectiveness of the SE(3) formulation in modelling flexible aircraft
structures.

The design of the box wing structure is taken from the PRP250 Prandtl Plane concept [55]
with some dimensional modifications. The structural model of the box wing aircraft is shown
in Figure 7.6, and the coordinates of the nodes can be found in Appendix D. The dimensional
modifications were made to make the natural frequencies of the structure near-commensurate
and closely distributed, in order to encourage interactions between the modes. The fuselage
length is 1 m and the wingspan is 0.97 m. Isotropic properties were defined for the entire
structure, and the relevant constants are: EA = 5.25 × 106 N, GA = 2 × 106 N throughout the
aircraft. Bending stiffness EI = 10.9 Nm2 for the fuselage and vertical tail, and EI = 2.19 Nm2

for the front and rear wings. Two configurations of the aircraft are studied: one with a fully
clamped nose and the other with a free-floating structure.
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Figure 7.6: Geometry of box wing aircraft showing location of nodes before FE discretisation
and connections between nodes. Nodal coordinates can be found in Appendix D.

7.3.1 Clamped Configuration

We first consider the aircraft with a fully clamped boundary condition on the fuselage nose,
in line with other studies that have also investigated the dynamics of aircraft structures with
a clamped nose configuration [161]. The full structure is discretised with 82 elements. The
first 10 natural frequencies of the aircraft structure are given in Table 7.1. Figure 7.7 shows
the static solution of the aircraft with constant uniform follower forces applied to the front and
rear wings for a range of forcing levels.

Figure 7.7: Static deformation of the box wing structure for follower distributed load on front
and rear wings. Force levels equal 2.4, 9.6, and 21.6 N/m respectively.

Mode 1 2 3 4 5 6 7 8 9 10 11 12
ωi

(Hz) 2.07 2.19 3.43 7.62 13.97 14.96 21.81 24.99 25.22 31.49 35.37 40.32

Table 7.1: Natural frequencies of the first 12 modes of box wing aircraft with clamped nose.

The forced response of the box wing was computed using single shooting and pseudo-
arclength continuation. To speed up calculations for this large system, the continuation equa-
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tion in Eq. (2.6) was solved with a quasi-Newton method. The Jacobian was updated with
Broyden’s method, allowing it to be computed only once at each continuation step, thereby
significantly reducing computational overhead. Using the notation

∆ψj = ψj −ψj−1

∆xj = xj − xj−1
(7.1)

Broyden’s Jacobian update is given by

Jj = Jj−1 + ∆ψj − Jj−1∆xj
∥∆xj∥2 ∆xTj (7.2)

where x = [X(0) T ]T is the initial condition vector and initial period, ψ is the periodicity
in Eq. (4.12), and the subscript j indicates the continuation step. It is noted that Broyden’s
method may be used with a Lie group formulation without any modification, as the initial
condition vector contains twist increments and velocities, which are both elements of the Lie
algebra se(3), and may thus be subtracted in Euclidean space as in Eq. (7.1).

The FRC for mode 4 of the structure was computed for different forcing levels as depicted
in Figure 7.8 and Figure 7.9. Mode 4 of the aircraft is symmetric about the XZ plane, and
corresponds to the first mode of the structure where both the fuselage and front and rear wings
undergo a first bending mode shape. Uniform distributed non-follower forcing was applied to
the front and rear wings, and periodic solutions were computed. The strain-based damping
coefficient was tuned to a damping value of 1% for the mode under consideration. Figure 7.8
shows the maximum absolute Z and X positions of the fuselage tail, over a single periodic
response, and Figure 7.9 depicts the same for the rear right wing tip of the structure.

Figure 7.8: Frequency response curve of box wing for mode 4 showing maximum absolute
vertical Z and longitudinal X position of fuselage tail, relative to undeformed structure. Forcing
amplitudes are 2.4, 9.6, 19.2, 24, and 36 N/m respectively. Solid and dashed lines indicate stable
and unstable solutions respectively.
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Figure 7.9: Frequency response curve of box wing for mode 4 showing maximum absolute
vertical Z and longitudinal X position of rear right wing tip, relative to undeformed structure.
Forcing amplitudes are 2.4, 9.6, 19.2, 24, and 36 N/m respectively. Solid and dashed lines
indicate stable and unstable solutions respectively.

Several interesting nonlinear dynamics phenomena can be observed. It is seen from the FRCs
that the aircraft exhibits softening behaviour, demonstrated by a slight shifting of the resonance
peak to lower frequencies for higher forcing amplitudes. At lower forcing levels, the FRC shows
a single peak at resonance corresponding to mode 4. As the forcing amplitude is increased,
a secondary smaller peak appears at approximately Ω/ω4 = 0.9 equal to 6.68 Hz, which also
shifts to the left as the forcing amplitude is increased, in line with the softening behaviour of
the structure. This peak is only manifested for the intermediary forcing amplitudes, and its
magnitude diminishes at higher forcing levels. It corresponds to an internal resonance with
other modes of the structure. MAC analysis was conducted using the linear eigenvectors of
the system for FRC at a forcing amplitude of 24 N/m. The MAC quantifies the similarity
between the deformation shape of the periodic solutions along the FRC branch and each linear
eigenvector, as shown in Figure 7.10.

The presence of mode 12 in the forced response can be seen in the MAC plot at the frequency
ratio of Ω/ω4 = 0.9, corresponding to the location of the small resonance peak in Figures 7.8
and 7.9. The small FRC peak therefore corresponds to a 6:1 superharmonic internal resonance
with mode 12, as the natural frequency of mode 12 is approximately 6 times the frequency of
the peak at Ω/ω4 = 0.9 equal to 6.68 Hz1. The MAC plot also shows the energy exchange
between modes 4, 5, and 2 in the vicinity of the main resonance peak of the forced response.

Unstable periodic solutions are shown as dotted lines on the FRCs in Figures 7.8 and 7.9.
Focusing on the FRC at a forcing amplitude of 24 N/m in Figure 7.8, the exchange of stability
and bifurcations for this curve are illustrated in Figure 7.11. It is seen that a period-doubling
bifurcation occurs shortly after the 6:1 small resonance peak, indicated by the crossing of

1Note the forced resonance peak of mode 12 will naturally shift from the linear eigenfrequency due to
nonlinearity, and will be in an exact 6:1 ratio with the small resonance peak of mode 4.
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Figure 7.10: MAC plot of FRC at a forcing amplitude of 24 N/m in Figures 7.8 and 7.9,
comparing solution initial conditions vector with linear eigenvectors of the system.

Figure 7.11: Bifurcations of FRC at a forcing amplitude of 24 N/m in Figure 7.8, showing
maximum absolute vertical Z position of fuselage tail, relative to undeformed structure. Period
doubling (PD) and Neimark-Sacker (NS) bifurcations shown, + indicates the corresponding
eigenvalue leaving the unit circle, and - indicates the same eigenvalue returning inside the
unit circle. Plots of aircraft shape at the two resonance peaks indicated by labels (i) and (iii)
shown in Figure 7.12. Steady state times series of solution point labelled (ii) and (iii) shown in
Figure 7.13 and Figure 7.14 respectively.

a Floquet multiplier through -1. The system briefly regains stability before losing it again
through a Neimark-Sacker bifurcation before the main resonance peak. The system remains
unstable throughout the resonance peak, and regains stability after the response starts falling
back down. This behaviour is consistently observed across the FRCs corresponding to the other
forcing amplitudes, with the stable region after the period-doubling bifurcation being wider at
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lower forcing levels. Eventually, this region vanishes completely for the 36 N/m forcing level.
On this curve, the unstable eigenvalue from the period-doubling bifurcation remains outside the
unit circle as the Neimark-Sacker bifurcation occurs. The system therefore remains unstable
after the single eigenvalue from the period doubling bifurcation returns to the circle, until the
pair of eigenvalues from the Neimark-Sacker bifurcation also re-enter the unit circle further
along the solution curve. The deformed aircraft shape through one period of oscillation at the
solution points corresponding to both resonance peaks of the FRC is depicted in Figure 7.12.

(a) Solution at (i). (b) Solution at (iii).

Figure 7.12: Box wing aircraft deformation shape over one period of oscillation of FRC with
amplitude 24 N/m in Figure 7.11. Snapshots distributed for clearer visualisation.

The results of the steady state time series simulations of the solution point labelled (ii) in
Figure 7.11 is shown in Figure 7.13. The steady state Y and Z positions of the rear right wing
tip over time are depicted, where the period doubling oscillations can be seen. An investigation
of the shape of the aircraft over a single period of steady state oscillation shows the presence of
mode 2 in the response, which also agrees with the MAC plot in Figure 7.10. This indicates the
presence of a subharmonic interaction with mode 2 at a 1:3 ratio in the unstable period-doubling
region.

Figure 7.13: Box wing aircraft steady state response of point labelled (ii) in Figure 7.11.
Absolute Y and Z positions of rear right wing tip shown, depicting double period oscillations.
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Figure 7.14: Box wing aircraft steady state response of point labelled (iii) in Figure 7.11. (a)
shows absolute Z position of fuselage tail depicting quasi-periodic response. (b) shows deformed
aircraft shape over the full range of oscillation of the steady state response (portion highlighted
in red in (a)) Snapshots distributed for clearer visualisation.

The steady state response of the aircraft at the unstable solution labelled (iii) in the FRC
in Figure 7.11 can be seen in Figure 7.14, along with the deformed aircraft shape over a full
range of steady state oscillation. The quasi-periodic response associated with the Neimark-
Sacker bifurcation of the unstable solution is seen. It is also observed that the response shows
extremely large displacement of the fuselage, which is almost twice the amplitude of that of the
FRC solution labelled (iii). The shape of the fuselage deformation is characteristically similar
to the second bending mode of a cantilever at low amplitudes, which morphs into an extreme
displacement similar to the first bending mode of a cantilever at high amplitudes. These
translate to mode 5 and mode 2 of the full aircraft structure. The MAC plot in Figure 7.10
also confirms the presence of these modes in the response at point (iii), which is located at
approximately Ω/ω4 = 0.98. The motion of the fuselage is influenced by the inertia of the
wings, causing extremely large steady state displacements which exceed the resonance peak of
the FRC.

7.3.2 Free Configuration

As a second test case the aircraft is considered as a free-floating body with no boundary
conditions on the nodes. The material properties of the aircraft remain the same. To aid
with the convergence of the continuation solver auxiliary support elements were added to the
structure, on which the aircraft is mounted. This was necessitated by the tendency of the
continuation solver’s Newton corrections in generating initial conditions that were excessively
large not only in the rigid body displacements but also in other degrees of freedom. The
support beam elements are placed in the XY plane, perpendicular to the fuselage, with two
elements on either side of the fuselage nose and tail, resulting in a total of four support beams.
These supports are connected to the nose and the tail node, and fully clamped at their free
ends. The cross-sectional properties of the support elements are selected to ensure they offer
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minimal resistance to bending and torsion, with values of EA = 104 N, GA = 3 × 10−2 N,
and EI = 8 × 10−9 Nm2. This ensures the effect of the supports on the natural frequencies of
the deformation modes is minimised, such that the eigenvalues of the supported system are as
close to possible to the fully free body. The natural frequencies of the first 12 modes of the
true free floating aircraft and the supported aircraft are given in Table 7.2. Only 4 rigid body
modes exist for the supported aircraft, as the axial stiffness of the support suppresses the rigid
modes of translation along the Y axis and rotation about the Z axis. As a result, any potential
coupling with these rigid modes will not be captured.

Mode 1 2 3 4 5 6 7 8 9 10 11 12
ωi

(Hz) 1×10−4 1×10−4 1×10−4 2×10−4 2×10−4 3×10−4 7.70 16.64 17.69 22.57 24.41 27.31

ωi
(Hz) 0.07 0.18 0.20 0.36 7.70 10.14 11.18 17.68 23.02 27.30 29.18 31.45

Table 7.2: Natural frequencies of the first 12 modes of box wing aircraft. Top row: free-free
configuration, bottom row: free configuration with support beams on the XY plane.

The frequency response of the free aircraft was computed by prescribing a single harmonic
single node load at the fuselage tip. The periodic solutions for a range of forcing frequencies
were computed using shooting and pseudo-arclength continuation. Frequencies up to 20 Hz are
considered, spanning the first 8 modes of the structure. Strain based damping was added to the
model to give a damping coefficient of 1% for mode 6, which was kept constant throughout the
continuation of the forced response solution. The computed FRCs for a non-follower external
force of 20 N in the Z direction are shown in Figure 7.15, showing the maximum absolute
vertical position of the rear right wing tip, relative to the undeformed structure, over a single
oscillation. The MAC plot is also shown in Figure 7.17, which shows the presence of rigid body
modes 2 and 4 in the response through the range of frequencies. A smaller contribution from
mode 14 is also seen around the first resonant peak. The first peak corresponds to mode 5,
and the second peak corresponds to mode 8 response. It is noted that the influence of the rigid
body modes on the FRC may be reduced by performing a continuation downwards from the
high frequency solutions, which is left for future investigation. The time history of the response
over a single period of the solution for both peaks is shown as the shape of the deformed aircraft
structure in Figure 7.18.

The forced response was also computed for a force applied at the nose and in the X direction,
along the aircraft fuselage. This forcing also results in flapwise bending of the wings in the
vertical direction. The FRC for a non-follower external force of 50 N in the X direction is
shown in Figure 7.16, showing the maximum absolute vertical position of the rear right wing
tip, relative to the undeformed structure, over a single oscillation. The MAC plot is also given
in Figure 7.17, which shows the presence of rigid body mode 3 in the response through the
range of frequencies. It is seen that the resonance peak around 17 Hz is smaller in amplitude
compared to Figure 7.15, while the response is dominated by mode 8 in the vicinity of the peak.
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Figure 7.15: FRC of box wing aircraft in free configuration, depicting maximum absolute
vertical position of the rear right wing tip, relative to the undeformed structure. (b) shows
detail of first peak. Vertical lines correspond to locations of linear modes. Forcing amplitude
of 20 N applied along Z axis at the aircraft nose.

Figure 7.16: FRC of box wing aircraft in free configuration, depicting maximum absolute
vertical position of the rear right wing tip, relative to the undeformed structure. (b) shows
detail of first peak. Vertical lines correspond to locations of linear modes. Forcing amplitude
of 50 N applied along X axis at the aircraft nose.

The time history of the response over a single period of the solution for both peaks is shown
as the shape of the deformed aircraft structure in Figure 7.19.

As a final forcing case, a non-follower forcing was applied to the aircraft nose in the lateral
direction along the Y axis, in order to excite the lateral bending modes, which were not captured
in the previous responses. The support beams are now positioned on the XZ plane to allow for
translation in the Y direction, while their material properties remain the same. The natural
frequencies of the aircraft with the newly placed support beams are given in Table 7.3.

The FRC corresponding to a forcing amplitude of 5 N is shown in Figure 7.20, where the
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Figure 7.17: MAC of FRC comparing solution to linear eigenmodes. (a) Corresponds to Fig-
ure 7.15, and (b) to Figure 7.16 .

(a) First peak at 7 Hz. (b) Second peak at 17.5 Hz.

Figure 7.18: Deformed aircraft shape over a single periodic motion corresponding to the peaks
of the FRC in Figure 7.15.

(a) First peak at 7 Hz. (b) Second peak at 17 Hz.

Figure 7.19: Deformed aircraft shape over a single periodic motion corresponding to the peaks
of the FRC in Figure 7.16.

maximum absolute Z and Y positions of the fuselage tail and the rear right wing tip, relative to
the undeformed structure, over a single oscillation period are illustrated. In order to compute
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the absolute amplitudes for displaying the FRC for the lateral forcing, a rigid body transforma-
tion is first applied to the forced periodic solutions to bring the aircraft nose to the origin, and
orient it with the global coordinate system. As the periodic solutions include rigid body motion
of the aircraft with large rotations, applying the transformation enables the FRC amplitudes
to be computed as deformations with reference to the undeformed configuration. The rigid
body transformation can be applied very easily under the SE(3) framework, by applying the
composition of the inverse of the material frame at the fuselage nose to all the body-attached
material frames of the structure.

Mode 1 2 3 4 5 6 7 8 9 10 11 12
ωi

(Hz) 0.07 0.19 0.20 0.28 5.85 11.18 16.63 22.56 24.39 25.75 29.66 34.98

Table 7.3: Natural frequencies of the first 12 modes of box wing aircraft in free configuration
with support beams on the XZ plane.

The FRCs in Figure 7.20 reveal multiple resonance peaks and show coupling between the
modes of the system. Due to the asymmetry of the box wing structure, the lateral forcing results
in vertical and longitudinal motion, with the wings undergoing flapwise bending deformations.
These can be also be seen in Figure 7.21 which shows the aircraft’s motion over a single period
of oscillation, corresponding to the solutions at the resonance peaks indicated in Figure 7.20.
The presence of multiple loops and bent peaks in the FRC may be attributed to the influence
of the support beams, which could have altered the dynamics of the structure. When large
rigid body motions are present in the response, the support beams, though very flexible, still
exert restoring force on the aircraft to pull it back towards its original position. This could
potentially lead to broader and distorted peaks in the FRC. Other effects, such as the bending
of the peak labelled (ii) in Figure 7.20, are likely nonlinear effects due to energy exchange
between degrees of freedom of the system, to be investigated further.

An area of improvement would be to develop a more robust method for applying corrections
to the starting point of the frequency response curve within the shooting and continuation
routine. Currently, for free structures with no boundary conditions, the Newton iterations result
in corrections to the initial condition vector that produce excessively large values, leading to
significant rigid body motion and large deformations of the structure. This issue arises because
the unrestricted nature of the rigid body motion allows the Newton iterations to converge to
a large initial condition vector, which not only induces significant rigid body motion, but also
leads to large deformations. As a result, the first continuation point often fails to converge.
In this section, this problem was circumvented by introducing support elements to mount the
aircraft, however, this approach is suboptimal, as evidenced by the emergence of large loops
in the FRCs in Figure 7.20. A more effective solution would be to adapt the Newton solver
to apply corrections that do not induce large rigid body motions, which could affect the other
degrees of freedom. This could be achieved by either adding constrain equations to the problem
or by redefining the initial conditions vector in terms of initial strains and velocities, as rigid
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(a) Fuselage tail. (b) Rear right wing tip.

Figure 7.20: FRC of box wing aircraft in free configuration, depicting maximum absolute
vertical and lateral position of fuselage tail and rear right wing tip, relative to the undeformed
structure. Forcing amplitude of 5 N applied along Y axis at the aircraft nose. Vertical lines
correspond to locations of linear modes. Labels indicate solution points corresponding to the
aircraft shapes in Figure 7.21.

body motions do not induce strains. This may be implemented easily on the SE(3) formulation,
as the beam equations of motion are in terms of strains and velocities, as discussed in Chapter 3.
Alternatively, continuation could be performed on forcing amplitude instead of frequency, as
is commonly done in computing S-curves. This would enable a solution curve at a low forcing
frequency to be found for a range of forcing amplitudes, which could serve as initial conditions
for frequency continuation for a range of fixed amplitudes. Developing such a method would be
a significant improvement over the current approach and would offer additional functionality
to the continuation code.

Regardless of altered dynamics of the system due to the support beams, the results for the
box wing structure demonstrate the effectiveness of the SE(3) formulation, combined with the
shooting and pseudo-arclength continuation methods developed, in capturing large amplitude
vibrations of complex structures, and in revealing complex nonlinear dynamics phenomena.
Complementary studies are required to further explore the nonlinear dynamics of these complex
structures, and pave the way for full aeroelastic analysis.
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(a) Solution point (i). (b) Solution point (ii).

(c) Solution point (iii).

Figure 7.21: FRC of box wing aircraft in free configuration, depicting maximum absolute
vertical and lateral position fuselage tail and rear right wing tip, relative to the undeformed
structure. Forcing amplitude of 5 N applied along Y axis at the aircraft nose. Rigid body
transformation applied to the aircraft to move the nose to the origin. Labels indicate solution
points corresponding to the aircraft shape in Figure 7.20.

7.4 Conclusion

In this chapter, we have explored the nonlinear dynamics of a high aspect ratio wing and
a box wing aircraft modelled using the SE(3) beam formulation. We have demonstrated that
the SE(3) formulation is able to effectively model the large displacements and rotations of
very flexible structures which are commonly found in aeroelastic applications. Through the
computation of forced responses using shooting and pseudo-arclength continuation, we have
illustrated several nonlinear dynamics phenomena such as modal interactions and mode bifur-
cations. An additional benefit of the SE(3) formulation in the effective implementation of joints
and kinematic constraints enables the modelling of complex structures such as the box wing
aircraft with multiple joints and split beam configurations. We have also discussed potential
improvements which could be made to the continuation method to increase the robustness of
modelling free-floating structures with rigid body motions.

The primary objective of this chapter was to showcase the suitability of the SE(3) model
for aeroelastic studies of highly flexible structures. To that end, the novel contribution of this
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chapter lies in providing a preliminary study of the nonlinear dynamics of structures with po-
tential aeroelastic applications. Laying the groundwork for future studies, the next steps would
be to incorporate aerodynamic models and flight dynamics solvers to develop a comprehensive
aeroelastic analysis tool. Aerodynamic methods such as unsteady strip theory or the Unsteady
Vortex Lattice Method (UVLM) offer low to mid-fidelity tools for fluid flow, and have seen
wide use in aeroelastic analysis [3], [160]. The SE(3) model could be coupled with these aero-
dynamic solvers, in open source software packages such as SHARPy [45], or with higher fidelity
flow solvers such as SU2 [65], to yield a robust tool for aeroelastic analysis of highly flexible
structures.



Chapter 8

Conclusion

The primary objective of this thesis was to develop the theoretical and computational tools
required to analyse vibrations of geometrically nonlinear structures formulated under the Lie
group framework. Traditional methods in the analysis of nonlinear mechanical systems are
built on linear vector spaces and, as such, cannot account for the nonlinear curved space of Lie
group manifolds. To meet the aims of this thesis, state-of-the-art analysis methods in nonlinear
dynamics were adapted to be compatible with the nonlinear configuration space of the Lie
group models. To this end, in this thesis we have developed a shooting and pseudo-arclength
continuation method for the computation of nonlinear normal modes and forced responses of
geometrically nonlinear beams formulated on the Special Euclidean Lie group SE(3). In order
to make these methods compatible with the underlying Lie group formulation of the beam
model, we have made adaptations to both the shooting and continuation algorithms and have
demonstrated their effectiveness in computing periodic responses on a range of two and three
dimensional geometrically nonlinear structures. We have further extended the simple shooting
algorithm and developed a multiple shooting method suitable for use with Lie group models,
which can be used for the analysis of large-scale dynamic systems.

The motivation for this work, as outlined in the Introduction, stems from the increasing need
to accurately model and predict the complex nonlinear dynamic behaviour of flexible slender
beams and geometrically nonlinear structures in industrial applications. Industries such as
aerospace, automotive, and renewable energy, rely on precise simulation tools and accurate
analysis methods for modelling the nonlinear behaviour of safety critical components. By
developing a shooting and continuation method on Lie groups, we have made a significant and
novel contribution to developing numerical methods, which enable highly accurate models such
as the SE(3) beam formulation, to be used in industrial design and analysis. This fills a critical
gap in the current modelling capabilities available to industries, by creating a computational
method for nonlinear vibration analysis of geometrically exact models formulated on Lie groups.

In Chapter 2, we reviewed the literature on nonlinear normal modes and geometrically exact
beam models. We also developed the finite element equations of a nonlinear beam with von
Kármán strains, which is used in subsequent chapters as a reference model in comparison with
the SE(3) beam. Following that, in Chapter 3 we presented a comprehensive introduction to

213
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the theory of Lie groups, aiming to provide a clear and structured approach to explaining com-
plex mathematical theory. This is followed by an in-depth introduction to the finite element
formulation of the geometrically exact beam model on the SE(3) Lie group. In Chapter 4, we
developed the shooting and pseudo-arclength continuation methods with the necessary adapta-
tions to enable their use on Lie group spaces. We demonstrated the effectiveness of this method
in computing the nonlinear normal modes of a range of two-dimensional structures. The Lie
group beam model was demonstrated to be able to accurately capture large rotations and dis-
placements of a 2D cantilever beam, while the shooting and continuation methods were able to
compute periodic solutions and capture interactions between the nonlinear modes of the struc-
tures. In Chapter 5 we developed a multiple shooting method for computing periodic responses
on a 3D right-angled beam. Similarly to the standard shooting method, the multiple shooting
method was also adapted to be used with the Lie group beam model. This adaptation involved
formulating a suitable periodicity function on the Lie group which preserves the underlying
nonlinear structure of the group. An alternative periodicity condition based on a global view
of the problem was also presented and derived. We discussed the challenges of the multiple
shooting method and motivated the need for future research to address these challenges. In
Chapter 6 we extended the shooting and continuation methods to compute the forced responses
of a range of nonlinear structures. We provided a discussion on the geometrically exact damping
model used in the Lie group beam formulation, which preserves the invariance property of the
beam model. We demonstrated the occurrence of internal resonances on a 3D cantilever beam,
and discussed stability of periodic solutions in the context of bifurcation analysis. We demon-
strated the effectiveness of the SE(3) model in capturing large rotations and displacements
of three-dimensional structures subject to large excitations. Finally, in Chapter 7, we applied
the methods from previous chapters to test cases with aeroelastic relevance, including a high
aspect ratio wing, and a box wing aircraft. We again showcased the suitability of the SE(3)
model in capturing large-amplitude motions of these structures which, due to their high aspect
ratios, are increasingly flexible and thus prone to extreme oscillations. We have therefore met
the main objective of this work in developing methods of nonlinear dynamic analysis that could
be used with Lie group models, and we have laid the necessary foundational work on which
future research efforts could be built.

Addressing the Research Questions
This thesis has aimed to address the following research questions, as outlined in the intro-

duction. The answers are summarised below:

1. How can numerical tools for nonlinear dynamic analysis be adapted to op-
erate within the SE(3) framework, enabling rigorous and efficient analysis of
geometrically nonlinear structures with industrial relevance?

This thesis has demonstrated the adaptation of single and multiple shooting and pseudo-
arclength continuation methods for use within the SE(3) Lie group framework. These
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adaptations ensure compatibility with the nonlinear configuration space of the SE(3)
manifold, and preserve the mathematical and geometric properties of the Lie group model.
Local and global periodicity conditions, which adhere to the nonlinear configuration space
of the Lie group, have been developed, and their sensitivities have been derived. These
developments enable the rigorous analysis of periodic responses in geometrically nonlinear
structures, including beams and aircraft models, formulated under the SE(3) framework.

2. To what extent does the SE(3) formulation improve the modelling of nonlinear
dynamic phenomena, such as large displacements, bifurcations, and modal
interactions?

The formulation has been shown to accurately capture large-amplitude motions, includ-
ing significant displacements and rotations, in both 2D and 3D geometrically nonlinear
structures. Through its application in this thesis, and the adaptation of the numerical
methods for nonlinear dynamic analysis, the SE(3) model enabled the analysis of nonlin-
ear normal modes and forced responses, capturing complex phenomena such as internal
resonances, bifurcations, and modal interactions. Notably, the Lie group formulation
facilitated the computation of beam motions with larger amplitudes and more complex
dynamic phenomena than those previously reported in the literature, demonstrating an
improvement in modelling capabilities.

Future Work
There exist two main directions for future work on the research conducted in this thesis. The

first is the improvements which could be made to the methodologies presented and developed
herein, and the second is related to more far-reaching and ambitious future goals, which could
directly stem from this work.

Among the improvements which could be made we list the following:

• The continuation phase condition in computing nonlinear normal modes of conservative
systems, as discussed in Chapter 4. In this work, we adopted a phase condition of
velocities on all degrees of freedom as being zero. More advanced phase conditions, such
as the integral and Poincaré conditions, need further adaptation to be used with Lie group
models, which would constitute a valuable addition to the current approach.

• The multiple shooting method, as presented and discussed in Chapter 5 is currently
unable to fully trace the full branch of periodic solutions for the right-angled beam. The
challenges of the current implementation were discussed, which warrants further investi-
gation in future work. These included the large dimensionality of the multiple shooting
problem, robust strategies for continuation step size calculation and orthogonality con-
dition, choice of relative increments in the prediction stage of the initial conditions, and
the need for an accurate calculation of initial accelerations.
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• A global periodicity condition was also developed and its advantages over the local
periodicity condition were discussed. The global periodicity condition offers a fixed and
consistent view of the periodicity. Additionally, the terms in the sensitivity of the global
periodicity condition that are a result of the nonlinear configuration space of the Lie
group vanish completely for a periodic solution. A numerical comparison between the
two periodicity conditions and their effect on the computation of periodic solutions has
not yet been undertaken and is left for future studies.

• A numerical study on the benefits of the multiple shooting method in terms of shorter
computational time compared to the single shooting method, in addition to developing
a fully parallel implementation of the multiple shooting algorithm, are also avenues
worth exploring in the future. It is expected that the parallel multiple shooting method
would require efficient management of computational memory, in addition to effective
implementation of message passing on a parallel computing architecture. As a further
benefit of the parallel multiple shooting method, the necessary parallel implementations
could also be used in parallelisation of the continuation method as well, offering further
computational advantages.

• The developed continuation method faces stability issues when used with models of
free floating structures, such as the box wing aircraft presented in Chapter 7, and the
vertical cantilever presented in Chapter 6. Improvements can be made to the continuation
algorithm to encourage convergence on such structures which are characterised by having
rigid body modes. These include adding constraints to the continuation equation to limit
corrections to certain degrees of freedom, or formulating the initial conditions of the beam
model in terms of initial strains and velocities.

In addition to the above, future research efforts could also focus on developing additional
tools and more advanced analysis methods. Amongst these we list the following:

• Developing a Lie group specific Harmonic Balance Method. The harmonic balance
method is a very popular tool in vibration analysis of nonlinear systems, and is well-suited
to computing nonlinear modes of large scale systems exhibiting modal interactions. An
incredibly powerful feature of this method is its ability to filter high frequencies through
the selection of an appropriate number of harmonics. This addresses one of the main
challenges of the shooting method, which, due to its inability to filter higher harmonics,
leads to many interaction tongues being traced along the continuation path. However, the
traditional harmonic balance method is not directly applicable to Lie group models, as
the Fourier expansion on linear vector spaces is not a geometrically consistent operation
on the Lie group framework. Future work could therefore be focused on developing a
Lie group harmonic balance method, which could then be used for the analysis of more
complex structures formulated on Lie groups.



217

• Exploration of geometrically exact shell models. Models of plates and shells have been
developed on the SE(3) framework for the analysis of flexible multibody dynamics [16].
The extension of the methods developed in this thesis to the analysis of shells would open
up a range of possible applications, such as modelling fan blades, composites, and more
accurate wing models. A significant challenge of this approach would be the increased
dimensionality of the problems with a large number of degrees of freedom, which motivates
the developments of reduced order models, as listed below.

• Further work could also be directed towards the efficient tracking of bifurcations, apply-
ing adaptations to make current methods compatible with the nonlinear Lie group space.
In addition, effective branch switching methods could also be added to the current
continuation code to offer greater functionality to the algorithm.

• Model order reduction methods such as modal derivatives, direct normal form, and
spectral submanifolds, as discussed in Chapter 2, can also be adapted to be used with
Lie group models. These are especially relevant for modelling large-scale systems, such as
those with multiple beam configurations and shell elements. Although the computational
efficiency of the SE(3) method, such as the need for fewer finite elements, as discussed
in Chapter 3, means these models take up less computational resources, the sheer scale
of systems with large number of degrees of freedom necessitate the use of reduced or-
der models. It is important that these reduced models preserve the underlying group
structure, and are adapted to the nonlinear configuration space of the Lie group, so that
they do not sacrifice mathematical rigour in the pursuit of better computational perfor-
mance. It is envisaged that the quadratic nonlinearity of the SE(3) beam formulation
can be leveraged to efficiently reduce the dynamics with simple model reduction methods
such as modal derivatives. Further simpler model reduction methods such as the Craig-
Bampton method have been shown to be effective in SE(3) floating frame formulations
and corotational elements [192], [214], which can also be explored further.

• The extension of the SE(3) beam and shell models to the aeroelastic analysis of aircraft
structures, accounting for fluid-structure interactions and flight dynamics. Preliminary
work on this area was conducted in Chapter 7, which needs to be developed further for
full aeroelastic analysis of complex structures. This could also include addressing com-
mon challenges in computational fluid dynamics and fluid-structure interactions, such as
mesh adaptation and refinement, handling of complex and interacting geometries, fric-
tion and contact nonlinearities, structural damping, and coupled thermal fluid-structure
interaction.





Appendix A

Euler-Rodrigues Motion
Parametrisation

The Euler-Rodrigues parametrisation of rotations is a vectorial parametrisation which offers a
minimal set of three parameters to represent finite rotations [22], [23]. These are given by

pθ = 2u sin
(︄
θ

2

)︄
∈ R3 (A.1)

where u is a unit vector about which a rotation of magnitude θ takes place. In this formulation,
pθ is a 3 × 1 vector which we shall term the rotation parameters. We also define the following
parameter from pθ

p0 =
√︄

1 − pTθ pθ
4 = cos

(︄
θ

2

)︄
(A.2)

The rotation parameters can be interpreted as the components of a unit quaternion q as

q =
⎡⎣ p0

1
2pθ

⎤⎦ ∈ R4 (A.3)

and they are closely related to Euler parameters as e0 = p0, and e = 1
2p. Eq. (A.2) can be

seen as a constraint equation which effectively sets the magnitude of the quaternion q to unity.
Constraining the magnitude to unity therefore removes the dependence of the Euler parameters
on e0, enabling the representation of the rotation with the three Euler-Rodrigues parameters1.

The axis-angle representation of ω = uθ in Sections 3.2 and 3.3 may easily be converted to
pθ using the sine of the half-angle and scaling by a factor of 2. As pθ is isomorphic to R3, we
may still define ˜︂pθ ∈ so(3) as in Eq. (3.47).

The parameters pθ may be combined with translational parameters pu to define the full
motion parameters as

P =
⎡⎣pu

pθ

⎤⎦ ∈ R6 (A.4)

1For this reason, this parametrisation is sometimes termed the reduced Euler-Rodrigues parametrisation.
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In this context, pu is the same as the translational twist coordinates in Eq. (3.69), and we can
write ˜︂P ∈ se(3).

With the parametrisations in P , we first derive an expression for the exponential map on
SO(3) using the Euler-Rodrigues parameters pθ. Recall from Eq. (3.49) that for the axis-angle
representation ω = uθ we have

expSO(3)(ω) = I3×3 +
(︄

sin(θ)
θ

)︄ ˜︁ω +
(︄

1 − cos(θ)
θ2

)︄ ˜︁ω2 (A.5)

which using ω = uθ may be written as

expSO(3)(ω) = I3×3 + sin(θ) ˜︁u+ (1 − cos(θ)) ˜︁u2 (A.6)

Using the sine and cosine double angle formulas, namely

sin(θ) = 2 sin
(︄
θ

2

)︄
cos

(︄
θ

2

)︄

1 − cos(θ) = 2 sin2
(︄
θ

2

)︄ (A.7)

the exponential can be written as

expSO(3)(ω) = I3×3 + 2 sin
(︄
θ

2

)︄
cos

(︄
θ

2

)︄ ˜︁u+ 2 sin2
(︄
θ

2

)︄ ˜︁u2 (A.8)

which using the parameters in Eq. (A.1) and Eq. (A.2) can be written as

expSO(3)(pθ) = I3×3 + p0˜︂pθ + 1
2
˜︂pθ˜︂pθ (A.9)

which results in a rotation matrix. It is therefore evident that, with the Euler-Rodrigues
rotation parameters, the expression for the exponential becomes increasingly simple, and all
trigonometric terms are removed. Other equations on SO(3) and SE(3) can also be expressed
in terms of the Euler-Rodrigues parameters, and can be derived in a similar way. Here we list
some of the most important expressions which are used in this thesis.

The logarithm on SO(3) which returns the Euler-Rodrigues rotation parameters from a
rotation matrix R can be written as

logSO(3)(R) = 1√︂
tr(R) + 1

(︂
R − RT

)︂∨
(A.10)

The tangent operator and its inverse for the rotation parametrisation read

TSO(3)(pθ) = 1
p0

I3×3 − 1
2
˜︂pθ + 1

4p0
˜︂pθ˜︂pθ (A.11)

T−1
SO(3)(pθ) = p0I3×3 + 1

2
˜︂pθ (A.12)
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Finally, the directional derivative of the inverse tangent operator in the direction v3×1 ∈ R3 is

DvT−1
SO(3)(pθ) = −1

2
˜︁v − 1

4p0
vpTθ (A.13)

The following expressions can be listed for the motion parametrisation on SE(3) where we
have parameters P from Eq. (A.4). The exponential map is given by

expSE(3)(P) =
⎡⎣expSO(3)(pθ) TT

SO(3)(pθ)pu
01×3 1

⎤⎦ (A.14)

The logarithm map which returns P from an SE(3) frame H is

logSE(3)(H) =
⎡⎣T−T

SO(3)(pθ)x
logSO(3)(R)

⎤⎦ (A.15)

where R and x are the rotation matrix and position vector in H respectively, and pθ =
logSO(3)(R).

The tangent operator and its inverse for the motion parametrisation are given by

TSE(3)(P) =
⎡⎣TSO(3)(pθ) T+(P)

03×3 TSO(3)(pθ)

⎤⎦ (A.16)

T−1
SE(3)(P) =

⎡⎣T−1
SO(3)(pθ) T−(P)
03×3 T−1

SO(3)(pθ)

⎤⎦ (A.17)

where
T+(P) = ρ

4p3
0
(I3×3 + 1

4
˜︂pθ˜︂pθ) − 1

2
˜︂pu + 1

4p0
(˜︂pθ˜︂pu + ˜︂pu˜︂pθ) (A.18)

T−(P) = −ρ
4p0

I3×3 + 1
2
˜︂pu (A.19)

and
ρ = pTθ pu (A.20)

Finally, the directional derivative of the inverse tangent operator in the direction v6×1 =
[vTu vTθ ]T ∈ R6 is given by

DvT−1
SE(3)(P) =

⎡⎣Dvθ
T−1
SO(3)(pθ) DvT−1

− (P)
03×3 Dvθ

T−1
SO(3)(pθ)

⎤⎦ (A.21)

where
DvT−1

− (P) = −1
2
˜︂vu − 1

4p0

(︄
ρ

4p2
0
vθpTθ + vθpTu + vupTθ

)︄
(A.22)





Appendix B

Derivative of Joint Motion Frames

Consider a joint HJ belonging to a subgroup of SE(3)1, written as the exponential of n as

HJ = expSE(3)(n) = expSE(3)(Anj) (B.1)

where nj ∈ Rl represents the relative joint coordinates corresponding to its degrees of freedom,
and A ∈ R6×l is a full-rank matrix whose columns form a basis for the Lie subalgebra associated
with the joint’s motion. Consider now the derivative of HJ

d(HJ) = HJ
˜︁h = HJ

˜︃Ahj (B.2)

written using the left-invariant vector field h. From Eq. (3.43), the derivative of HJ , namely
h, can be related to n through the tangent operator written in vector form, as

h = TSE(3)(n) d(n) (B.3)

Using the relationships n = Anj and h = Ahj, the above can be written as

Ahj = TSE(3)(n)A d(nj) (B.4)

For the abelian prismatic and revolute joints, it can be shown that TSE(3)(n)A reduces to A.
Therefore, the above can be written as

Ahj = A d(nj) (B.5)

which, as A is full rank, can be simplified to give

hj = d(nj) (B.6)

Therefore, it is shown that hj, which is the left-invariant vector field resulting from the derivative
of HJ , is equal to the derivative of the vector of the exponentiated joint coordinates nj.

1Same applies to SE(2).
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Appendix C

Some Lie Group Identities and
Relationships

C.1 Identity

The following identity holds for the tangent operator on any Lie group G with a Lie algebra
g, for any d in g. Its proof may be found in [209].

T−1(−d) − T−1(d) + ˆ︁d = 0 (C.1)

where the hat operator is derived from the adjoint (as given in Eq. (3.32)). The tangent operator
may therefore be viewed as the series expansion of the adjoint map.

C.2 Identity

The following identity holds for any d in g. Its proof may be found in [209].

Adexp(−d) + T(d)
(︂
T−1(d) − T−1(−d)

)︂
= I (C.2)

C.3 Identity

The following identity holds for any X in G and d in g

AdX T−1(d)Ad−1
X = T−1(AdX d) (C.3)

C.4 Derivative of the Adjoint

The derivative of the Adjoint map, as given in Eq. (3.23) can be evaluated as

dAdX (˜︁τ ) = d
(︂
X ˜︁τX −1

)︂
(C.4)
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Expanding the right hand side gives

dAdX (˜︁τ ) =
(︂
dX ˜︁τX −1 + X d˜︁τX −1 + X ˜︁τ dX −1

)︂
(C.5)

Writing the derivatives of X and X −1 using the left-invariant vector field representation yields

dAdX (˜︁τ ) =
(︂
X ˜︁x˜︁τX −1 + X d˜︁τX −1 − X ˜︁τ ˜︁xX −1

)︂
(C.6)

The X and X −1 may now be factorised to give

dAdX (˜︁τ ) = X (˜︁x˜︁τ + d˜︁τ − ˜︁τ ˜︁x) X −1 (C.7)

which may be re-written using the Adjoint. The terms inside the parentheses represent the Lie
bracket between ˜︁x and ˜︁τ , and may be also written using the adjoint map ( Eq. (3.30)), to give

dAdX (˜︁τ ) = AdX (d˜︁τ + ad˜︁x(˜︁τ )) (C.8)

which may also be written in vector form as

dAdX (τ ) = AdX (dτ + adx(τ )) (C.9)

or using the hat operator ˆ︃(•) in Eq. (3.32) as

dAdX (τ ) = AdX (dτ + ˆ︁x(τ )) (C.10)



Appendix D

Box Wing Aircraft Geometry Data

Table D.1: Coordinates and Directional Vectors for Nodes in the Box Wing Model

Label X Y Z
Node Positions

Node 0 0.000000 0.000000 0.000000
Node 1 0.262840 0.000000 0.000000
Node 2 0.927120 0.000000 0.000000
Node 3 1.000000 0.000000 0.000000
Node 4 0.441308 0.212690 0.018608
Node 5 0.441308 -0.212690 0.018608
Node 6 0.668856 0.483871 0.042333
Node 7 0.668856 -0.483871 0.042333
Node 8 0.841201 0.483871 0.181814
Node 9 0.841201 -0.483871 0.181814
Node 10 1.046592 0.000000 0.215650

Unit Vectors Along the Beams
(Subscripts show nodal connections)

U0−1 1.000000 0.000000 0.000000
U1−4 0.641349 0.764330 0.066870
U1−5 0.641349 -0.764330 0.066870
U1−2 1.000000 0.000000 0.000000
U4−6 0.641349 0.764330 0.066870
U5−7 0.641349 -0.764330 0.066870
U6−8 0.777325 0.000000 0.629099
U7−9 0.777325 0.000000 0.629099
U8−10 0.389924 -0.918604 0.064235
U9−10 0.389924 0.918604 0.064235
U2−10 0.484609 0.000000 0.874731
U2−3 1.000000 0.000000 0.000000

Unit Vectors Normal to the Beams
(Subscripts show nodal connections)

W0−1 0.000000 1.000000 0.000000
W1−4 -0.765249 0.643532 -0.016144
W1−5 0.493931 0.478002 0.726324
W1−2 0.000000 1.000000 0.000000
W4−6 -0.765249 0.643532 -0.016144
W5−7 0.493931 0.478002 0.726324
W6−8 -0.100946 0.987042 0.124730
W7−9 -0.266371 0.905935 0.329133
W8−10 0.765467 0.362116 0.531914
W9−10 -0.851101 0.332882 0.405977
W2−10 -0.055651 0.997974 0.030831
W2−3 0.000000 1.000000 0.000000
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