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Abstract

Dynamic analyses of nonlinear systems have become an important topic in the field of
turbomachinery. In industrial turbomachinery, the friction damping is regarded as the major
damping source compared to the aerodynamic damping and material damping. Contact
with friction is a type of common non-conservative and non-smooth nonlinearities. The
existence of various friction joints in industrial turbomachinery makes the dynamic analysis
complicated. The definition of the damped Nonlinear Normal Modes (dNNMs) and various
numerical approaches facilitate the infrastructure of nonlinear modal analysis for structures
with friction dampers. However, the relations between dNNMs and resonant solutions in
forced responses cannot be directly addressed. In this context, the purpose of the present
thesis is (i) to evaluate the performance of the existing numerical approaches for computing
the dNNMs of systems with non-conservative nonlinearities; (ii) to develop a new method to
directly relate the dNNMs to the resonant solutions in forced response for such system; and
(iii) to study the geometric influence of the friction ring dampers on their dynamic responses
and damping performances.

The first contribution of the present thesis is to provide a comprehensive comparison
of the existing numerical approaches, including Complex Nonlinear Mode (CNM) and
Extended Periodic Motion Concept (EPMC). EPMC with artificial hysteretic damping is
firstly attempted and compared with the original EPMC and CNM. The advantages and
limitations of each method are critically discussed.

The second contribution is the development of the Extended Energy Balance Method
(E-EBM), which is a numerical method used to efficiently predict the resonances using the
dNNMs of a non-conservative nonlinear system. This E-EBM can be simply applied to both
CNM and EPMC approaches.

The third contribution is the investigation the damping performance of friction ring
dampers for blisk structures, especially the geometric effects of the ring dampers. The
geometric design of the ring dampers is achieved by using kriging meta-modelling to predict
the dNNMs. Useful advice is proposed for the future design of friction ring dampers.
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Chapter 1

Introduction

In the first chapter, basic knowledge about gas turbine engines is provided. Then, the
fundamental basis of the vibration problems within the turbomachinery are introduced,
including: differences between bladed disks and blisks; high cycle fatigue issue; various
sources of vibration; different vibration reduction mechanisms. Furthermore, two emerging
research directions in the field of the vibration of turbomachinery (mistuning analyses and
nonlinear dynamic analyses) are summarised. Then, the research motivations and objectives
of the present thesis are discussed in detail. The present thesis aims to develop an efficient
numerical tool to investigate the nonlinear dynamic responses of structures with friction
joints. Finally, the organisation of the present thesis is outlined.

1.1 Jet Engine

Jet engines are propulsive devices that can provide thrust by discharging a high-speed stream
of air. Jet engines can be considered a well-known application of the Newton’s third law,
stating that “for every reaction, there is an equal and opposite reaction”. Jet engines provide
propulsive thrust by propelling air backwards with a certain speed. The atmospheric air is
forced to accelerate backwards by engines, and there is a force with an equal magnitude and
opposite direction applied on the body that generates the accelerating force on the atmospheric
air. The total thrust T generated by a jet engine can be calculated using Eqn.(1.1), and as
demonstrated in Fig.1.1. The velocity, pressure, cross section area and mass flow rate are
defined as V , p, A and ṁ, the subscript ∗0 represents the intake air stream and subscript ∗e

for the exhausted jet. According to Eqn.(1.1), a jet engine can provide large thrust by either
propelling a large amount of air at a low speed or a small amount of air at a high speed.
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Fig. 1.1 An example of the jet engine [48]

T = ṁeVe − ṁ0V0 + peAe − p0A0 (1.1)

1.1.1 Gas turbine engine

Based on different propulsive mechanisms, jet engines can be classified into several cate-
gories: gas turbine engines, ram jets, rockets and so on. Gas turbine engines are used in
most civil and military aircrafts. The core components for a gas turbine engine consist of
compressors, combustion chambers and turbines. For different aircraft, gas turbine engines
can be further classified into: turbojet, turbofan, turboprop and turboshaft engines, as shown
in Fig.1.2. These important components within a gas turbine engine are described below:

• Air inlet: All gas turbine engines have an air inlet to take the free stream air into
engines. Air inlets usually have a divergent shape to decelerate the intake air flow. For
a supersonic aircraft, the air inlet is a crucial component to ensure that the intake air
has been decelerated to subsonic speed before it reaches the compressors.

• Ducted fan: Ducted fans are only used on turbofan engines, and are located after the air
inlets and before the compressors. The intake air is slightly compressed by a rotating
fan. The air past the fan is divided into two separated air flows. A small amount of air
flow goes through the engine core, and it is exhausted through a nozzle at a high speed
with high temperature, also known as the hot flow. A larger volume of air is directly
ejected into the atmosphere through the bypass at a low speed with low temperature
(cold flow). The mass ratio between the cold flow and the hot flow of the jet air is
defined as the bypass ratio.

• Propeller: A turboprop engine usually has a propeller to provide most of its thrust.
The propeller is also used in a helicopter to provide lift and is driven by a shaft within
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1.1 Jet Engine

Fig. 1.2 Typical gas turbines (from Wikipedia): (a) A turbojet engine; (b) A turboprop engine;
(c) A turbofan engine; (d) A turboshaft engine

turboshaft engines. A propeller usually consists of a hub and several individual blades.
These blades have similar cross sections as aerofoils with a certain twist angle. The
rotation of the blade generates a lift in the upstream direction and provide a propulsive
force for turboprop engines.

• Compressor: Compressors are used to compress the air stream and transfer the me-
chanical energy into the thermal energy of the air stream. Compressors in gas turbine
engines can be classified into two types: centrifugal compressors and axial compres-
sors. The axial compressors are commonly used in the gas turbine engines and usually
consist of several stages of bladed disks or blisks. Most gas turbine engines have two
stages of compressors: a low pressure compressor and a high pressure compressor.
Turbofan engines designed by Rolls-Royce plc. typically have an extra middle pressure
compressor. The compressors are usually driven by the different shafts with a different
speed, i.e. the low pressure shaft is connected to the low pressure compressor.

• Combustion chamber: In combustion chambers, the aviation fuel is injected and burnt
to release the chemical energy into the thermal energy of the compressed gas. The
maximum temperature of the compressed air is within the range of 1100 K to 1900 K.
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• Turbine: The main function of a turbine is providing the mechanical energy to the
rotating components through different shafts, like the compressors, ducted fan in
turbofan engines and the propellers in turboprop engines. There are usually several
stages of turbines, each turbine stage consists of a rotor and stator. The rotors use a
blisk or bladed disk type structure, whereas the stators are fixed to the casings. The
cross sections of a rotor and stator are designed to expand the gas stream and reduce
the pressure. The high temperature, high speed gas drives the rotor to provide the
power through different shafts. For example, the high pressure compressor is driven by
a shaft connected with the first few stages of the turbine.

• Nozzle: The exhaust gas is usually ejected through a nozzle in a specific direction. The
nozzle is usually designed in a convergent shape.

Turbojet engine

In turbojet engines, the thrust is generated by discharging of the high speed, high temperature
exhaust gas into the atmosphere through a nozzle. The inlet air is directly compressed by
compressors. Turbojet engines have a low efficiency at low cruise speeds. Therefore, turbojet
engines are mainly used in supersonic aircrafts.

Turboprop engine

Thrust in turboprop engines mainly comes from the propeller which is driven by the turbines.
Turboprop engines have a higher efficiency at a low cruise speed and a low cruise altitude.
Military transport and maritime patrol aircraft, and aircraft used in general aviation usually
use turboprop engines.

Turbofan engine

Turbofan engines have a ducted fan in front of the compressor. Most modern civil and
military aircraft use turbofan engines due to their higher efficiency. In turbofan engines, a
larger bypass ratio leads to a higher propulsive efficiency. However, a turbofan engine with
a larger bypass ratio usually has large fan diameter, resulting in a lower ground clearance
of the aircraft engine. Consequently, a long landing gear are required for the engine with
a larger bypass ratio. However, for military aircraft, a long landing gear increases the total
weight of the aircraft leading to a poor maneuverability. Therefore, turbofan engines with a
low bypass ratio are usually preferred for military aircrafts. Whereas, for commercial flights,
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1.2 Vibration in Turbomachinery

Fig. 1.3 Bladed disk (left); Blisk (right) [86]

the fuel efficiency is one of the most important design considerations. Thus, engines used in
commercial flights usually have a high bypass ratio.

Turboshaft engine

Turboshaft engines usually have two major parts: the gas generator and the power section. A
gas generator consists of a compressor, a combustion chamber and one or more stages of
turbines. The power section consists of a power turbine and a power shaft. Depending on
the actual design, gearboxes can be used. A high speed, high temperature jet is generated by
the gas generator and to drive the power turbine to provide the mechanical power through a
power shaft. Turboshaft engines are mainly used in helicopters.

1.2 Vibration in Turbomachinery

1.2.1 Bladed disk and blisk

Turbomachinery is considered as one of the most important structural components within
modern gas turbine engines. The bladed disk is the fundamental, critical and vulnerable
structure in industrial turbomachinery. In traditional manufacturing, the bladed disks are
assembled structures by a disk and several individual blades. Compared to the classic bladed
disks, the integrally bladed disk (or blisk) is designed as a single piece of structure, as shown
in Fig.1.3. Usually, blisks have a lighter structure than the classic bladed disks. The use
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of blisks can improve the aerodynamic efficiency. Therefore, industries have given their
priorities to blisks rather than bladed disks.

For an ideal multi-stage blisk system, there are two basic assumptions for most research
in the literature. The first assumption is a rotationally spatial consistency (cyclic symmetry
assumption). The cyclic symmetry assumption governs a tuned blisk system, which has
several identical blades and disk sectors. When the cyclic symmetry is broken, the blisk
is defined as a mistuned blisk. The second assumption is an axially spatial consistency
(identical blisk for each stage). Based on these assumptions, a complicated multi-stage blisk
or bladed disk system can be simply decomposed by analysing a single sector within one
stage.

1.2.2 High cycle fatigue

In real aircraft engine, turbomachinery is usually working under high temperatures and at
a high rotational speed. It undergoes a complicated operational environment with thermal
loads, static fluid pressures and rotation-induced centrifugal loads. Various types of vibration
sources might cause a large vibration amplitude leading to the High Cycle Fatigue (HCF).
Consequently, HCF is regarded as the major reason for failures in gas turbine engines.

HCF is a type of fatigue with a small stress under a large number of loading cycles. The
total stress comes from the combination of a mean stress and an alternating stress. The mean
stress refers to the residual stress, whereas the alternating stress comes from the thermal or
dynamic stress at a certain frequency. In the case of the blisk failure, the mean stress is caused
by the assembled loading and thermal stress, whereas the vibration of blisk contributes to
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1.2 Vibration in Turbomachinery

the alternating stress. Alternating stresses are lower than the yield strength of the material.
Goodman relation is a useful tool to govern the relation between the mean stress and the
alternating stress, and to predict the fatigue endurance. An example Goodman diagram is
shown in Fig.1.4 to demonstrate the fatigue endurance range.

1.2.3 Vibration mechanism

There are basically three types of vibration mechanisms for a blisk: forced responses,
aeroelastic flutter and mechanical induced vibrations [161]. The first two are of the aeroelastic
nature, whereas the third one relates to its mechanical nature.

Synchronous forced vibration

In turbomachinery, the forced response occurs when the circumferentially inhomogeneous air
flow passes through a rotating blisk. The inhomogeneities of the air flow are mainly caused
by non-uniform inflow conditions and blade row interactions [83], for example, from the
upstream obstacles such as the casing ovality, struts or other structures. As for blade row
interactions, the air flow from the stator vanes can be considered as a perfect example. From
the stationary perspective, the inhomogeneous air flow shows invariance in time. Whereas,
by considering the rotating blisk, the air flow is in the form of a travelling wave at the
blisk’s rotational speed. This type of excitation is named as “engine order excitation" (or
synchronous excitation). The excitation frequency equals a multiple of an integer and the
rotational speed. The resonances are usually identified using the Campbell diagram, which
will be described in detail in Section 2.1. An example Campbell diagram is shown as Fig.1.5
and resonances are highlighted.

Aeroelastic flutter

Aeroelastic flutter is a phenomenon caused by a unstable aeroelastic interaction between
a blisk and their surrounding air flow. In the case of flutter, the energy is injected into a
blisk from the surrounding air flow leading to the vibration of blisks under a self-excited
mechanism. Aeroelastic flutter is an important risk for blisks, resulting in the HCF issue. The
frequency of flutter is usually close to the natural frequency of the excited mode, because the
mass ratio between the surrounding air and the blisk is very small.
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Fig. 1.5 Example Campbell diagram [83]: Grey oblique lines: synchronous excitation; Black
curves: change of natural frequency against rotational speed; Red marker: Resonances
excited by synchronous excitation; Green markers: flutter; Blue markers: non-synchronous
vibration

Mechanical induced vibration

Mechanical induced vibration refers to the vibration excited by a mechanical interaction
between the structural components within gas turbine engines. The rotational motion and
the planar motion of a rotor shaft can excite the vibration of a blisk. Besides that, friction
induced vibration can be also considered as an example of mechanical induced vibration.
This phenomenon usually happens, when the oscillations of the tangential friction force are
caused by the oscillations of the normal force. The friction force acts as a structural coupling
force to make two modes of an undamped system closer to each other, until these two modes
merge and become a pair of an unstable mode and a stable mode [63]. In turbomachinery,
the friction induced vibration can be caused by the interaction between the tip of blade and
casing. When a radial mode of a blade is excited leading a contact behaviour with the casing,
resulting in an excitation of another flexural mode. In addition, the ingestion of foreign or
domestic objects is seen as an accidental event of the mechanical induced vibration, such as
birds (foreign) or debris from the damaged structures (domestic).
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1.2 Vibration in Turbomachinery

1.2.4 Vibration reduction mechanism

Vibration of blisks is expected to be avoided and mitigated to reduce the risk of HCF. There
are many different strategies to achieve that. One of the most important way is to avoid the
excitation of resonances, aeroelastic instabilities and mechanical interactions. This can be
done in the design stage by adjusting design parameters to change the natural frequencies.
However, most industrial blisks have a high modal density and a wide range of operating
speed makes it almost impossible to avoid all critical resonances. Therefore, it is vital to
reduce the resonant amplitude within a tolerable level. The total damping for blisks mainly
comes from three sources: the aerodynamic damping, the material damping and the friction
damping. Material damping in metals or alloys may comes from the internal friction in a
microscope view, i.e. point defect damping, dislocation damping, grain-boundary damping
and interface damping [196]. Thanks to the existence of material damping, the elastic strain
energy can be dissipated when the structure is under mechanical vibration. Aerodynamic
damping can be both positive (dissipative) and negative. In the case of aeroelastic flutter, the
aerodynamic damping can be negative and the energy is transferred from the surrounding
air flow into the blisk. During operation, the material damping and aerodynamic damping
do not contribute significantly. Thus, a proper design of friction joints is considered as the
major means to reduce the vibration amplitude of industrial blisks [83].

1.2.5 Overview of vibration of blisk

The dynamic analyses of bladed disks or blisks have a great practical importance to avoid
the structural failures. From 1960 to 1980, many pioneering researchers paid their attention
to the study of the vibration of blisks. Plenty of research have been done in that period by
Whitehead [186], Wagner [183], Dye and Henry [36], Ewins [37–40] and Srinivasan [160].
From these pioneering works, the dynamic nature of such complicated mechanical systems
has been disclosed. After 1980s, the mistuning effects and nonlinear effects are considered
as two emerging research directions for the dynamic analyses of blisks.

Mistuning effect

For a perfectly tuned bladed disk or blisk, the full annulus can be considered as a cyclic
symmetric structure. Each sector of a blisk is identical. In reality, it is very difficult to ensure
the cyclic symmetry of blisks because of many uncertain factors, such as manufacturing
tolerances, material imperfections, operational wearing and damages. These can break the
cyclic symmetry of blisks leading to a variation of their natural frequencies and mode shapes
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from their designed one [21]. This effect is named as the mistuning effect. In the worst
scenario, the mistuning effect can lead to mode localization phenomena, the modal energy is
transferred and confined to a certain set of blades [193]. The vibration amplitude of this set
of blades can be slightly greater than the expectation. Consequently, the mistuning effect can
reduce the durability of blades resulting in a lower HCF endurance.

Nonlinear effect

The dynamic responses of blisks with various nonlinear characteristics have become an
important research field that is able to improve the design of future turbomachinery. Three
of the most important nonlinearities of blisks are from: material nonlinearities, geometric
nonlinearities and friction joints. For fan blades, composite materials have become a popular
choice in industries. One source of material nonlinearities relates to the viscoelastic behaviour
in polymeric matrices or the plasticity in metal matrices [4]. Geometric nonlinearities are
another non-negligible nonlinearity under the presence of a large deformation. This usually
happens to the blade rather than the disk, since the latter one is too stiff and large deformation
is almost impossible. Contact with friction for friction joints exhibits a strong non-smooth
nonlinearity. These nonlinear characteristics caused by friction behaviour have a significant
effect on the global dynamic behaviour of blisks, such as a shift of the resonant frequency.
Therefore, the nonlinear dynamic analysis for blisks is seen as a very crucial modelling
strategy to capture the accurate dynamic response of blisks with various nonlinearities.

1.3 Nonlinear Vibration

In a nonlinear system, the dynamic responses are very complicated and there are many
phenomena, i.e. stiffening and softening effects [60, 120], modal interactions [135], internal
resonances [111] and bifurcations [42, 144]. Therefore, using a linear dynamic analysis
cannot capture the main features of such a nonlinear system. In turbomachinery industry,
experimental testing can provide convincing results. However, it is time consuming and
expensive to set up an experimental test rig in every step of the design process. The validated
numerical tools can be considered as an efficient way to obtain credible results with a lower
cost.

There are two numerical modelling strategies to investigate the dynamic response of a
nonlinear system, which are forced response analyses [120, 126, 195, 198], and nonlinear
modal analyses [77, 79, 92, 111, 117, 135, 154]. In forced response analyses, the structure is
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excited by a harmonic force with a range of excitation frequency. Through that, the resonances
can be identified and frequency response of such nonlinear system can be obtained. The
structure can be tested by different values of the excitation forcing level to show the evolution
of resonances with respect to the excitation forcing level. Apart from forced response
analysis, nonlinear modal analysis has become a useful tool to investigate the resonances
using nonlinear modes and other model properties. Nonlinear modes can be seen as a
collection of resonant solutions in forced responses. The mode shape, the resonant frequency
and the modal damping ratio of a nonlinear mode change with energy level of the system
according to its energy-dependence. In nonlinear modal analysis, the evolution of the mode
shape, the resonant frequency and the modal damping ratio with respect to the energy can be
directly computed. Using nonlinear modal analysis can significantly improve the modelling
efficiency and reduce the computation costs than using the forced response analysis.

1.4 Thesis Objectives and Outlines

The overall objective of this thesis is to develop a numerical methodology to analyse the
nonlinear dynamic response of structures with friction damping. This numerical methodology
is based on the nonlinear modal analysis. An academic blisk with a friction ring damper is
considered as the application of this numerical methodology.

In nonlinear modal analysis, the nonlinear modes, the resonant frequency and the modal
damping ratio can be efficiently calculated for a nonlinear structure. The resonant responses
can be directly represented by nonlinear modes and the computation of full forced responses
is not necessarily required. Using nonlinear modes can significantly improve the modelling
efficiency and reduce the computational cost. Therefore, the first objective of the present
thesis is to compare the existing numerical methods used for nonlinear modal analysis of
structures with non-conservative nonlinearities.

However, it is difficult to directly relate each solution in nonlinear modes to resonant
solutions in forced responses. The use of nonlinear modal analysis is highly limited by this
disadvantage in engineering applications. The second objective of the present thesis is to
develop a numerical method that can provide a direct relation between nonlinear modes and
resonant solutions in the forced response. This numerical method is named as extended
energy balance method.

Friction ring dampers are one of the emerging damping techniques for blisks. In the
literature, most research about friction ring dampers are considered as proof-of-concept
works. Therefore, the third objective of this thesis is using the developed numerical methods
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to investigate the dynamic response, damping performance and geometric effects of friction
ring dampers.

The present thesis is organized as following:

Chapter 2 introduces the fundamental dynamics of blisks. Besides that, the state of
knowledge about various friction damping, different friction models and existing numerical
methods used for nonlinear vibration are also provided. Furthermore, the model reduction
methods in the literature are reviewed. Finally, the past works related to nonlinear modes are
described.

Chapter 3 provides the detailed numerical formulations for existing numerical ap-
proaches to compute nonlinear modes for structures with friction joints. In addition, the
formulations of extended energy balance method are derived for different existing approaches.
After that, three illustrative testcases are tested using the described numerical methods to
identify the benefits and limitations of each approach.

Chapter 4 shows the validation of the numerical methods used in the present thesis. The
experimental setup and the model used for validation are described. The results from the
numerical methods are compared with the existed experimental results from the literature.
Then, a parametric study is provided to investigate the influence of contact angle and platform
vertical position for underplatfrorm damper. Furthermore, Monte Carlo simulation is applied
to investigate the effect caused by the uncertain parameters involved within the contact
interface.

Chapter 5 demonstrates the nonlinear dynamic response of blisks with friction ring
dampers using nonlinear modal analysis. An illustrative lumped parameter model is used
to provide a qualitative understanding of dynamics of the blisk with ring damper. Then, a
full-scale finite element model is used to represent the blisk with ring damper. A linear modal
analysis, rotor dynamic analysis and nonlinear static analysis are applied in the first place.
Then, the nonlinear modes and other modal properties are computed and used to study the
damping performance and the dynamic responses of the blisk with friction ring damper.

Chapter 6 illustrates the geometric effects of the friction ring damper using the nonlinear
modal analysis by exploring three design parameters. To reduce the computational costs,
Kriging meta-models are used to explore the whole design space. The sensitivity of each
design parameters is investigated using Sobol indices. The importance of designing damper
geometry and some design guidelines are provided.
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Chapter 2

State of Knowledge

2.1 Fundamental Dynamics of Blisk

2.1.1 Periodicity of mode

Bladed disks or blisks fall into a class of structure with a rotational periodicity or cyclic
symmetry. This type of structure usually consists of a finite number of identical repeated
substructures or sectors as shown in Fig.2.1, where Sns represents the nth

s sector of a cyclic
symmetric structure. Cyclic symmetric structures exhibit the same set of vibration modes.
Based on this fact, the full annulus of such cyclic symmetric structures can be represented
by one repeated sector with cyclic symmetric boundaries. In static or dynamic analyses, the
modelling efficiency can be significantly improved by only using one sector.

For a perfect cyclic symmetric structure, the sector angle is defined as 2π/Ns, where
Ns is the total number of the repeated sectors. Thomas [174] provides a comprehensive
explanation for the dynamics of structures exhibiting cyclic symmetry. In a modal analysis
of cyclic structures, most vibration modes appear in a pair of modes with a same natural
frequency and orthogonal mode shapes. All possible modes can be considered as the same
mode shape among identical sectors with a phase shift φp between adjacent sectors, φp

is defined in Eqn.(2.1), where p is the periodicity of the mode and also known as Nodal
Diameter (ND). ND is defined as the number of diameters with zero displacements in a cyclic
symmetric structure. The displacements between adjacent blades are defined in Eqn.(2.2),
ur,ns

and u l,ns
are the Degrees of Freedoms (DoFs) in the right and left frontier of ns sector

and u i represents the internal DoFs. Generally, the DoFs associating to the right frontier at
ns sector ur,ns

is considered to be identical to the DoFs of the left frontier at the ns +1 sector
u l,ns+1. The force applied to the adjacent left and right sector can be expressed as Eqn.(2.3).
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Fig. 2.1 Structure with cyclic symmetry and one repeated sector

Eqn.(2.3).

φp =
2π p
Ns

(2.1)

u l,ns+1 = ur,ns
= u l,ns

eiφp (2.2)

F l,ns+1 = F r,ns
= F l,ns

eiφp (2.3)

The general Equation of Motion (EoM) of a sector can be repartitioned into a form among
the left DoFs, the internal DoFs and the right DoFs, as shown in Eqn.(2.4). Then, applying
Eqn.(2.1-2.3) into Eqn.(2.4), the right DoFs can be expressed by the left DoFs.M ii M il M ir

M li M ll M lr
Mri Mrl Mrr


ü i

ü l

ür

+

K ii K il K ir
K li K ll K lr
Kri Krl Krr


u i

u l

ur

=

0
0
0

 (2.4)

Mcyc, p =

[
M ii M il + e−iφpM ir

M li + eiφpMri M ll +Mrr +Mrl + eiφpM lr + e−iφpMrl

]
(2.5)

Kcyc, p =

[
K ii K il + e−iφpK ir

K li + eiφpKri K ll +Krr +Krl + eiφpK lr + e−iφpKrl

]
(2.6)
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Mcyc, p

[
ü i

ü l

]
+Kcyc, p

[
u i

u l

]
=

[
0
0

]
(2.7)

Then, the eigenfrequencies and the mode shapes can be computed using an isolated sector
with a known periodicity of mode p using Eqn.(2.8). If φp equals zero, in this case, each
sector has the same mode shape and vibrate in phase with its neighbouring sector, where
ur,ns

= u l,ns
= ur,ns+1 and ns is the number of sectors ns = 1,2,3, · · · ,Ns. This mode is a

standing wave mode with only single eigenfrequency and mode shape and is also known as
the mode with ND 0. Whereas if φp equals to π , each sector has the same mode shape as its
neighbours but it vibrates in anti-phase, leading to ur,ns

=−u l ,ns
=−ur,ns+1. These modes

are known as the mode with ND Ns/2 and only if the total number of sectors Ns is even.

(Kcyc, p −ω
2Mcyc, p)

[
u i

ur

]
=

[
0
0

]
(2.8)

2.1.2 Engine order excitation

In an industrial turbomachinery, the Engine Order (EO) excitation is a common source of
excitation for rotating structures. EO excitation force is based on the fact that the rotors are
rotating in a steady flow with a non-uniformity around the full annulus. The non-uniformity
of the flow is generally caused by the non-uniformity of the intake, like the presence of
vanes and the rotating bladed disks. Therefore, the gas stream exerts a non-uniform pressure
and flow intensity around the full annulus of the blisk. This type of excitation force has
a frequency, which relates the engine order eo and its rotational speed. eo is an integer to
represent the non-uniformity of the spatial variation around the full annulus. The spatial
variation of flow can be decomposed by applying a Fourier transformation into spatial
harmonics. The excitation with a specific harmonic can only excite the mode with the same
periodicity [83].

Campbell diagram is an efficient way to show the characteristics of EO excitations in
forced responses. In Fig.2.2, an example Campbell diagram is given: black oblique lines
represent excited EO excitations; grey oblique lines for unexcited EO excitations; red curves
for the change of natural frequencies against the rotational speed; the resonances caused
by EO excitation force are shown by blue markers. The excitation frequency Ωe equals the
product of eo and the rotational speed Ω, Ωe = eo×Ω. The natural frequencies can change
with the rotational speed due to the stiffening effect, while a rotating structure experience a
centrifugal force. From the Campbell diagram, they are plenty of crossing points between
the black oblique lines and the red curves. But only a few of them represents the resonances
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Fig. 2.2 An example of Campbell diagram: black lines: excited engine order excitation
force; grey lines: unexcited engine order excitation force; red curves: natural frequency; blue
markers: resonance caused by engine order excitation force.

excited by EO excitations. The resonance occurs when excitation frequency with a specific
harmonic coincides with natural frequency with same ND. The relation between ND and EO
excitation will be derived and discussed later in this section.

2.1.3 Relation between engine order and nodal diameter

The mode with a specific ND p can be only excited by the EO excitation with a certain order
eo. A typical zig-zag diagram is usually used to represent the relation between eo and p.
If the EO excitation force is considered in the form of harmonics with an order of nh. Nh

is the maximum order of harmonics used. Ω is the engine rotational speed. Ns is the total
number of sectors. Then, the general excitation force for a reference sector can be written as
Eqn.(2.9). For nth

s sector, the excitation force can be represented as Eqn.(2.10).

Fre f (t) =
Nh

∑
nh=1

f c,nh cos(nh · eo×Ωt)− f s,nh sin(nh · eo×Ωt) (2.9)
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Fns(t) =
Nh

∑
nh=1

f c,nh cos[nh · eo(Ωt − 2π(ns −1)
Ns

)]−

f s,nh sin[nh · eo(Ωt − 2π(ns −1)
Ns

)]

(2.10)

The Fourier transformation is applied to Eqn.(2.10), and we can arrive at Eqn.(2.11). After a
simplification of right-hand-side of Eqn.(2.11), Eqn.(2.12-2.13) are obtained. j represents
the imaginary part.

F̃nh,A
p − jF̃nh,B

p =
2
Ns

Ns

∑
ns=1

f c,nh cos[nh · eo(Ωt − 2π(ns −1)
Ns

)]−

f s,nh sin[nh · eo(Ωt − 2π(ns −1)
Ns

)]e− j2π·p·(ns−1)/Ns

(2.11)

F̃nh,A
p =

f c,nh

Ns
[e− j·nh·p·Ωt

Ns

∑
ns=1

e j2π(nh·eo−p)(ns−1)/Ns + e j nh pΩt
Ns

∑
ns=1

e− j2π(nh·eo+p)(ns−1)/Ns]

(2.12)

F̃nh,B
p =

f s,nh

Ns
[e− j·nh·p·Ωt

Ns

∑
ns=1

e j2π(nh·eo−p)(ns−1)/Ns − e j·nh·p·Ωt
Ns

∑
ns=1

e− j2π(nh·eo+p)(ns−1)/Ns]

(2.13)
In the case of nh · eo+ p = z ·Ns, where z is a positive integer:

F̃nh,A
p − iF̃nh,B

p = ( f c,nh + i f s,nh)e j·nh·eo·Ωt (2.14)

Whereas in the case of nh · eo− p = z ·Ns:

F̃nh,A
p − iF̃nh,B

p = ( f c,nh − i f s,nh)e− j·nh·eo·Ωt (2.15)

In other cases, the coefficients F̃nh,A
p and F̃nh,B

p are zero. From the derivation of equations,
EO excitation with an order eo and a harmonic nh can only excite the mode with ND p, that
satisfies the following relations:

nh · eo± p = z ·Ns (2.16)

The maximum ND can be achieved is Ns/2 if Ns is an even number or (Ns −1)/2 if Ns is an
odd number. A zig-zag diagram is used to demonstrate the relation between EO and ND,
as shown in Fig.2.3. Figure 2.3(a) shows the relation of ND and EO in the case of the total
number of sectors is even, whereas the other case (odd) is provided in Fig.2.3(b). Several
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Fig. 2.3 Examples of zig-zag diagram

examples are provided in Tab. 2.1 and highlighted in Fig.2.3. There are four examples
provided in the table, two of them for a cyclic symmetric structure with an even Ns; the others
for an odd Ns. By looking at the Example 1, if the EO is 17 with the first order of harmonic,
the mode with ND 13 is excited as shown by the red diamond in Fig.2.3(a). Whereas the
mode with ND 9 is excited if the third order harmonic is considered (yellow diamond in
Fig.2.3(a)). When considering the Example 3 and Example 4, the total number of sectors is
29, therefore the maximum ND is (Ns −1)/2 = 14. The EO 15 with the first harmonic will
excite the mode with ND 14 and the third harmonic for ND 2, as shown in Fig.2.3(b).

Table 2.1 Examples of the relation between engine order and nodal diameter

Example 1 Example 2 Example 3 Example 4
Number of sectors Ns 30 30 29 29
Engine order eo 17 17 15 15
Harmonic order nh 1 3 1 4
Nodal diameter p 13 9 14 2
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2.2 Friction Damping in Turbomachinery

2.2.1 Various friction damping for assembled bladed disks

Most friction damping mechanisms come from the contact interfaces within the mechanical
joints, that are either inherent to the bladed disks or additionally introduced. Various
types of friction damping mechanisms have been studied in the literature and are shown
in Fig.2.4: root joints [6, 127, 151, 198], tip shrouds [55, 157, 171] and UnderPlatform
Dampers (UPDs) [7, 43, 45, 114, 115, 120, 118, 147]. Root joints and tip shrouds can be
considered as the damping mechanism inherent to assembly of the bladed disks, whereas
UPDs are regarded as the most popular way to add additional damping. Effectiveness of such
friction damping techniques have been demonstrated using both numerical simulations and
experimental testing [169, 83, 147].

Fig. 2.4 Various types of friction damping [83]: (a) Root joints; (b) Tip shrouds; (c) Under-
platform dampers

An appropriate design of mechanical joints can lead to a considerable dissipation of the
vibration energy and a significant reduction in the resonant amplitude. Thus, the reliability
of bladed disk structures can be significantly improved and the costs related to the fatigue
issues can be effectively reduced. Furthermore, the bladed disks with a higher reliability
can enhance the potential blade design and extend the range of tolerable working condition
leading to a significant improvement on the efficiency of industrial turbomachinery. An
example of friction dampers used for fan blades in a commercial aircraft engine CFM56-5A
is provided in Fig.2.5 [99].
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Fig. 2.5 Dampers used for fan blades in an aircraft engine CFM56-5A [99]

2.2.2 Friction ring dampers for blisks

The use of blisks instead of the traditional bladed disks is very popular in turbomachinery
industries nowadays. The classic assembled bladed disks consist of a disk with several
individual blades and assembled using root joints. The contact interfaces within the root
joints can provide friction damping to dissipate the vibration energy. Whereas in blisks, the
disk and blades are manufactured in a single piece component leading to a reduction of mass
and a better aerodynamic performance. But the absence of contact interfaces in root joints
gives a low internal damping. Therefore, an alternative damping source is introduced for
blisks to add an external friction interface for extra damping. An emerging technique is the
use of friction ring dampers. This friction ring damper is located in the groove of the blisk
and is held against the disk by centrifugal forces. The friction ring has a small open gap
which is used to apply the preload.

Ring dampers in labyrinth air seals

Friction ring damper was first used in labyrinth air seals by Niemotka and Ziegert [113] in
1995. In their work, the damping performance of an open ring was investigated and optimized
for labyrinth air seals, as shown in Fig.2.6(a). The ring damper can have either a circular
cross section or a rectangular cross section. To model the damping performance, only elastic

40



2.2 Friction Damping in Turbomachinery

deformation was considered and the energy dissipation per vibration cycle was calculated
to represent the damping ability. Then, based on this modelling strategy, the ring damper
was optimized for five design parameters including: the damper diameter D, the interface
radius RF , the axial location along the seal L, the friction coefficient µ and the damper aspect
ratio h/W (if a rectangular cross section is considered). From the optimization, both the
optimum circular and rectangular dampers were found at the minimum interface radius RF

and the maximum friction coefficient µ . For a ring damper with a circular cross section, the
optimal design has the largest diameter and is located at the far end of the seal. Whereas for
a rectangular damper, the optimum damper was found to have a height of 6.75 mm and width
7.5 mm. The energy dissipation with respect to the modal amplitude were calculated and
shown in their work. In Niemotka and Ziegert’s work [113], the effectiveness of friction ring
dampers was first studied and some useful design guidelines were also provided. In addition,
the importance of normal load applied on the damper was identified as well.

Fig. 2.6 Ring dampers in labyrinth air seals by Niemotka and Ziegert [113]: (a) An overview
of ring damper in labyrinth air seal; (b) Design parameters in the optimization process

Ring dampers in gears

In aviation gears, friction ring dampers are also known as an efficient damping technique [197,
184]. An example of a Finite Element (FE) model for a gear with friction ring damper is
provided in Fig.2.7(a) [184]; the mode shape of a gear with ring damper is also provided in
Fig.2.7(b) [197].
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Zucca et al [197] demonstrated a method to design the friction ring damper for industrial
gears using the classic forced response analysis. A full-scale FE model was used to represent a
sector of gear and ring damper, the friction forces within the contact interface were simulated
using classic 3D contact elements. The numerical methods used for nonlinear vibration
analyses were used to obtain the nonlinear forced response. From [197], they found out the
optimal damper mass and friction coefficient. The increase in the damper mass and friction
coefficient can lead to a situation that the ring damper is fully stuck to the gear and no energy
is dissipated. Furthermore, by varying the torque applied to the gear and damper, one can
achieve a robust design of ring damper, in that case, the damping ability is insensitive to the
torque level.

Fig. 2.7 Ring dampers in gears: (a) Finite element model of the ring damper in a gear by
Wang et al [184]; (b) Mode shape of the targeting mode for the gear and ring damper by
Zucca et al [197]

Wang et al [184] described another method to evaluate the damping performance using
the linear mode shape without the computation of nonlinear dynamic responses. An open ring
damper and full annulus of the gear were studied in their work. Then, an equation that governs
the bending strain of the damper, and the strain caused by friction was used to identify the
sliding and sticking regions within the full annulus of the gear and damper. Then, the energy
dissipation was calculated by integrating the friction force and the relative displacement based
on the sticking/sliding regions. Using such a method, the curves representing the relation
between the energy dissipation and the vibration amplitude can be obtained. The influences
of many design factors were investigated and discussed, including the gear rotational speed,
the working temperature, the damper density and the friction coefficient.
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Fig. 2.8 Ring dampers for blisks from Laboratoire de Tribologie et Dynamique des Systemes
at École Centrale de Lyon: (a) Lumped parameter model [94]; (b) FE model [90, 91, 93];
(c-d) Experimental test rig [90]

Ring dampers in blisks: Research from École Centrale de Lyon

At École Centrale de Lyon, several researchers have been attempted to investigate the friction
ring dampers for blisks in different ways. The first qualitative study of friction ring dampers
for blisks was attempted by Laxalde et al. [94]. In their work, the blisk with friction ring
damper was modelled using a lumped parameter model (see Fig.2.8(a)), with three DoFs for
a sector of blisk and another one for a sector of ring. A nonlinear forced response analysis
was applied on such an illustrative model to compare the damping ability for different modes
(a blade dominated mode and a disk dominated mode). The effects of the damper mass and
the normal load were also investigated. Furthermore, a mistuning effect caused by the open
ring damper was also demonstrated. In summary, the friction ring damper has been proven to
be an efficient damping technique only for disk dominated modes. The existence of open gap
in ring damper cannot significantly affect the damping performance.
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Fig. 2.9 Main results from the experimental testrig for a rotating blisk with a friction ring
damper [90]

The nonlinear dynamic analysis of a full-scale blisk with a friction ring damper was
attempted, as shown in Fig.2.8(b) [90, 91, 93]. The FE model used for the blisk consists of
36 sectors. The ring damper was assumed to have a constant circular cross section around the
circumferential direction. The open gap within the friction ring damper was ignored. Then,
the full annulus of the blisk and ring damper was modelled by a sector with cyclic symmetric
boundaries conditions. A nonlinear modal analysis was achieved by Laxalde et al. [91].
Using nonlinear modal analyses, the evolution of modal damping ratio against the vibration
amplitude can be directly computed by solving the nonlinear autonomous dynamic equation.
The nonlinear modal analysis was firstly attempted for a full-scale structure with friction
damper in [91]. Then, the nonlinear forced response analysis was completed by Laxalde et

al. [93]. In this work, they found that most energy dissipated usually happened when the
motion of the contact interfaces features an alternating stick and sliding contact condition.

The first experimental testrig for a blisk and a friction ring damper was achieved by
Laxalde et al. [90]. The overview of experimental setup is shown in Fig.2.8(c). The test
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structure is a high pressure compressor blisk with 36 blades and driven by an electric motor
with a rotational speed upto 5000 rpm. The excitation was achieved by using 24 piezoelectric
plates divided into 8 groups to obtain a better control of the mode excited (Fig.2.8(d)).
The vibration amplitude of the rotating blisk was measured by 12 semiconductor strain
gauges: 8 of them were attached to the suction side of the blades and the other 4 are on
the disk. Using such experimental setup, the forced response of the rotating blisk was
measured for different rotational speeds. The evolution of the resonant frequency and modal
damping ratio with respect to the vibration strain (frequency-strain curves and damping-strain
curves) was extracted from the experimental measured forced responses using a nonlinear
modal identification technique. The nonlinear modal analysis was also applied to obtain the
frequency-strain curves and damping-strain curves. The main results are provided in Fig.2.9.
From the comparison between the experimental and numerical results, they pointed out that
the addition efforts were expected to improve the numerical simulation.

Ring dampers in blisks: Research from University of Michigan

The dynamic analyses for blisks with friction ring dampers have been investigated by several
researchers in University of Michigan [9, 100, 101, 172, 173]. Baek and Epureanu [9]
described a Reduced Order Modelling (ROM) method for blisks with friction ring dampers.
The FE model studied in this work is shown in Fig.2.10(a). In their work, the contact forces
within the contact interface were modelled by assuming an elastic body and calculated by
means of quasi-static analysis. An equivalent structural damping was used to model the
dissipative effect of the contact interfaces, whereas the equivalent stiffness was used to model
the elastic behaviour in stick contact conditions. After that, instead of the direct applying the
friction law in the dynamic equation, this equivalent structural damping and stiffness were
used to build the reduced order model, based on one sector with cyclic symmetric boundaries
conditions. The results from the reduced model were compared with the full model. This
reduced model can provide accurate steady-state response with a significant reduction in
computational time.

Tang and Epureanu [172] described a ROM method named as the method of coherent
ring damper, or CoRiD. A full annulus of the blisk with friction ring damper was studied
in this work as shown in Fig.2.10(a). In this method, they pointed out that the all possible
dynamic responses are considered as an intermediate state between the full stick case and full
sliding case. This statement is based on the fact that the ring damper is small enough that the
ring damper can only have limited effects on the dynamic responses of the blisk. Using this
method can significantly reduce the number of DoFs within the contact interface. Then, the
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Fig. 2.10 Ring dampers for blisks from University of Michigan : (a) FE model [9, 101, 172];
(b) FE model [173]; (c) FE model [100]

influences of the random blade mistuning patterns were investigated using classic nonlinear
forced response analyses. From their work, they found that the tuned blisk system shows
the lowest amplitude reduction ratio 37.9% by comparing with 100 mistuning patterns. The
maximum amplitude reduction ratio of 100 mistuning patterns is 40.0%. In conclusion, an
optimal damper designed for a tuned blisk shown a significant damping ability for a blisk
with small mistuning patterns. A geometric design of the cross section for friction ring
dampers was also done by Tang and Epureanu [173]. Using the CoRiD method made the
geometric design possible. In the first part of [173], they found that variation of a V-shaped
damper (Fig.2.10(b)) cannot improve the damping performance. Then, several different
cross sections of the ring damper were designed, i.e. a cone-shaped damper, double-cone
shaped damper so on. From [173], the effect of the cross section of the ring damper was
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firstly attempted and the importance of the designing the cross section of the ring damper
was highlighted.

Lupini and Epureanu [100, 101] proposed an idea that treating the friction ring damper
as a tuned vibration damper. To achieve that, it is necessary to tune the damper ensuring
that one of its natural frequencies matches the blisk’s natural frequency of the target mode.
Then, the vibration energy of the blisk can be transferred to the ring damper, and the relative
displacements between the blisk and ring damper are enlarged to achieve a better damping
performance. In [100], a friction ring damper with oscillator beams were designed, as shown
in Fig.2.10(c). The presence of the oscillator beam made the tuning of the damper much
easier by simply changing the head mass. In addition, the blisk can be kept as its original
condition and avoided the wearing effect caused by the rubbing motion of the ring damper.

Ring dampers with piezoelectric material

Friction ring dampers coupled with piezoelectric materials are an emerging research direction
in the turbomachinery field. Liu et al. [96] compared the dynamic responses of a blisk with
a ring damper and a piezoelectric synchronized switch damper using a lumped parameter
model. Compared with the friction ring damper, this piezoelectric synchronized switch
damper shown a smaller variation in its resonant frequencies. The damping ratio is less
sensitive to the excitation forcing level. Furthermore, Wu et al. [190] designed a dry friction
and piezoelectric hybrid ring damper for a blisk using a lumped parameter model and a
full-scale structure through a nonlinear modal analysis. However, the use of piezoelectric
materials in the aircraft engine compressors or turbines is still an open question. It is difficult
to ensure the durability and strength of the piezoelectric materials under extreme working
conditions.

2.2.3 Geometric optimization of friction dampers

Several researchers have been involved in working on the dynamic analysis of blisks with
various friction dampers through numerical simulations and experimental tests [90, 118, 120].
The use of friction damper has been proven to be an efficient way to reduce the vibration
amplitude of blisk structures. The accuracy of numerical simulations is also proved in the
literature [118, 120]. Therefore, academia was started to work on the optimization of friction
dampers using validated numerical methods.

Most of optimization studies of friction dampers are on the basis of a parametric sim-
ulation method of nonlinear forced responses through a finite number of evaluations of
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the design parameters. Design of UPDs have been attempted by several researchers [43–
45, 114, 115, 195]. In [195], Yuan et al. carried out a geometric optimization of UPDs
using a surrogate model. For friction ring dampers, only a few researchers tried to study
the geometric effects of friction ring dampers. As mentioned in Section 2.2.2, Tang and
Epureanu [173] investigated the effectiveness of a ring damper with different cross sections
through a parametric study. The geometric effects of friction ring dampers are still of interest
and need to be further studied.

2.3 Constitutive Models for Friction

Current friction models can be simply classified into two main groups: dry friction models
(also known as velocity-based friction models) and dynamic friction models [17, 46]. Dry
friction models explicitly provide the insight of the relation between the velocity and friction
force. Whereas, the dynamic friction models are used in dynamic analyses, where the friction
forces are calculated based on loading histories.

2.3.1 Dry friction models

There are four different dry friction models: Coulomb friction, stiction, viscous friction and
Stribeck friction. The demonstration of each friction models is provided in Fig.2.11.

Coulomb friction

Guillaume Amontons [5] defined the laws of friction in the 17th century, stating that friction
force is independent of the apparent area of the contact interfaces and it is proportional to the
normal force applied on the contact interfaces. After that, Charles-Augustin de Coulomb [27]
stated that friction force is independent of the sliding velocity in the 18th century. The first
friction model is defined as Amontons-Coulomb friction or Coulomb friction model [129].
In the Coulomb friction model, the friction force F is defined as product of the normal load
N0 and the friction coefficient µ in the opposite direction of the sliding relative velocity V ,
as shown in Eqn.(2.17) and Fig.2.11(a). If the applied force is smaller than the Coulomb
friction, the friction force equals the force applied Fapp. In this situation, the velocity is zero.

F =

{
µN0 · sign(V ) if V ̸= 0

Fapp if V = 0 and Fapp < µN0
(2.17)
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Fig. 2.11 Static friction models: (a) Coulomb friction; (b) Stiction; (c) Viscous friction; (d)
Stribeck friction

Stiction

Morin [109] found out that the friction force at zero velocity is greater than the Coulomb
friction. The stiction friction model includes the Morin’s findings and considers the differ-
ences between the static friction coefficient µs and the dynamic friction coefficient µk, as
shown in Eqn.(2.18) and Fig.2.11(b).

F =

{
µkN0 · sign(V ) if V ̸= 0

Fapp if V = 0 and Fapp < µsN0
(2.18)

Viscous friction

Reynolds defined the viscous friction which is associated with the lubrication by combining
the viscous effect and the Coulomb friction. As shown in Eqn.(2.19) and Fig.2.11(c), kv is
the viscous coefficient.

F =

{
µN0 · sign(v)+ kvV if v ̸= 0

Fapp if V = 0 and Fapp < µN0
(2.19)

Stribeck friction

In 1902, Stribeck [162] found a fact that the friction force decreases with the relative velocity
from the static friction to the Coulomb friction through an experimental work. This effect is
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named as Stribeck effect. Stribeck friction is considered as a dry friction model that includes
the Coulomb friction, the viscous effect, and the Stribeck effect. As shown in Eqn.(2.20) and
Fig.2.11(d), Vc is the critical velocity.

F = (µkN0 +(µs −µk)N0e−(V/Vc)
j
)sign(V )+ kvV (2.20)

2.3.2 Dynamic friction models

Dynamic friction models are the contact elements used in dynamic simulations. Contact
elements defined the friction behaviour between two nodes. The use of these contact elements
makes the accurate prediction of energy dissipation within the contact interface possible. A
contact element can be applied by means of node-to-node or between a portion of contact
interface represented by a single master node. The latter one is also known as patch-to-patch
contact element. All existing dynamic friction models can be generally classified into two
main groups: macroslip models and microslip models. The mircoslip effect is defined that
parts of contact interface are fully sliding whereas other parts are stuck.

2.3.3 Macroslip models

Macroslip models are the contact elements that do not take the microslip effects into account.
In this section, only node-to-node contact elements are explained and discussed. For node-to-
node contact elements, the contact interface is discretised into a finite number of contact pairs
(one of them from body A and the other one from body B). The frictional behaviour in the
tangential contact plane shows a strong non-smoothness based on the Coulomb law. The pure
non-smooth Coulomb friction in the tangential plane coupled by unilateral normal behaviour
can be solved using dynamic Lagrangian mixed frequency–time method [110, 142, 141].
Most of macroslip models use the Jenkins element [71] to simulate the frictional behaviour
instead of directly using Coulomb law. The Jenkins element is also known as a friction
slider element. In Jenkins elements, the Coulomb friction is connected to an elastic spring
(known as tangential contact stiffness) to represent the relation between the friction force
and the relative displacement. Although, Jenkins elements cannot capture the microslip
effect, it can still represent this phenomenon. If a contact interface is discretised into enough
contact node pairs, an independent Jenkins element is assigned to each contact pair. Thus,
the microslip effect can be simply replicated, since portions of discretised contact interface
can slide whereas other parts can be stuck. Three main node-to-node contact elements (based
on Jenkins elements) are available in the literature.
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Fig. 2.12 Three contact elements: (a) One dimensional contact element (A Jenkins element
in the tangential direction with a constant normal load); (b) Two dimensional contact element
(A Jenkins element in the tangential direction with a unilateral spring); (c) Three dimensional
contact element (Two Jenkins elements in the tangential plane with a unilateral spring)

1. One dimensional contact element This contact element consists of one Jenkins element
in one tangential direction with a constant normal load [53], see Fig.2.12(a).

2. Two dimensional contact element This contact element consists of one Jenkins element
in one tangential direction with a varied normal load [191], see Fig.2.12(b). The
displacement in the normal direction is modelled by a unilateral spring with an initial
normal load or gap.

3. Three dimensional contact element This contact element consists of two Jenkins
elements in the tangential plane with a varied normal load [192], see Fig.2.12(c). The
displacement in the normal direction is modelled by a unilateral spring with an initial
normal load or gap.

The contact element 1 ignores the variation of normal load. This contact element cannot
model partial separation during a vibration cycle. Whereas, contact elements 2 and 3 take the
normal reaction into consideration. For all contact elements mentioned above, a pre-defined
normal load (or an initial gap for contact element 2 and 3) is required to compute the periodic
friction forces. This pre-defined normal load or gap usually comes from nonlinear static
analyses or quasi-static analyses, which are regarded as a prerequisite work of dynamic
analyses.

The three contact elements mentioned above and their numerical formulations will be
described in the following section. Some results are provided as an example to demonstrate
the main features of the contact element. It should be noticed that these contact elements are
used to compute a periodic friction force using a periodic relative displacement.
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Fig. 2.13 Examples of friction forces and hysteresis loops for the one dimensional contact
element: (a)x(t); (b) Fx(t); (c) Hysteresis loops

One dimensional contact element

This one dimensional contact element consists of a Jenkins element in the tangential direction
with a constant normal load as shown in Fig.2.12(a). N0 is the constant normal load; kt is the
tangential contact stiffness; µ is the friction coefficient. x(t) is the periodic tangential relative
displacement between the contact pairs; w(t) is the relative displacement of the contact point.
The tangential friction force Fx(t) can be computed using Eqn.(A.1-A.3) in Appendix A.1.

When the tangential friction force Fx(t) is lower than the critical value µN0, the contact
node is completely sticking as shown by the red curves in Fig.2.13. Then, there is no energy
dissipated by the friction force. Whereas, if the tangential friction force exceeds the critical
value, the sticking-sliding contact condition happens (blue, orange and green curves in
Fig.2.13). The hysteresis loops are given in Fig.2.13(b). The area under hysteresis loop
represents the energy dissipated by the friction force.

Two dimensional contact element

This two dimensional contact element consists of a Jenkins element in the tangential direction
with a unilateral spring in the normal direction as shown in Fig.2.12(b). N0 is the constant
normal load; ∆ is the initial gap; kt and kn are the tangential and normal contact stiffness. x(t)

and y(t) are the periodic relative displacements between the contact pairs in the tangential
and normal direction; w(t) is the relative displacement of contact point. This contact element
can model the variation of the normal contact force and the partial separation. If the normal
displacement y(t) is zero, then this contact element coincides with the contact element in
Fig.2.12(a). If a normal load is applied and contact pairs are initially in-contact, then the
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Fig. 2.14 Examples of friction forces and hysteresis loops for the two dimensional contact
element: (a) x(t); (b) Hysteresis loops; (c, d, e, f) Fx(t) and ±µFy(t) (Black)

initial normal force N = N0. Whereas, if the contact pairs are separated with an initial gap
∆ in a static equilibrium position, a negative initial normal load is obtained as N = −kn∆.
The tangential friction force Fx(t) and the normal contact force Fy(t) can be calculated using
Eqn.(A.4-A.7) in Appendix A.1.

Figure 2.14 shows several examples of contact forces and hysteresis loops. A sticking
contact condition is shown by the red curves in Fig.2.14. As the vibration amplitude increases,
the hysteresis loop changes its shape. In the case of sticking-sliding contact condition, the
vibration energy is dissipated and the area enclosed by the hysteresis loop is the amount of
energy loss (blue and orange curves in Fig.2.14). Further increase in vibration amplitude
causes partial-separation and a segment of the tangential contact force equals zero (see green
curves in Fig.2.14) leading to a triangular hysteresis loop.

Three dimensional contact element

This three dimensional contact element consists of two Jenkins elements in the tangential
plane with a unilateral spring in the normal direction as shown in Fig.2.12(c). N0 is the
constant normal load; ∆ is the initial gap; kt,1, kt,2 and kn are the tangential and normal
contact stiffness. x(t), y(t) and z(t) are the periodic relative displacements between contact
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Fig. 2.15 Examples of friction forces for the three dimensional contact element: (a, b)
Fx/(µFz)−Fy/(µFz)

pairs in the tangential and normal direction; w1(t) and w2(t) are the relative displacement of
contact point in the tangential plane. This contact element characterises the friction force in
a two dimensional contact plane (x̂− ŷ plane). To model the contact stiffness in the contact
plane, two tangential springs are assumed along kt,1, kt,2 two orthogonal directions. If a
normal load is applied and the contact pairs are in-contact, then the initial normal force
N = N0. Whereas, if the contact pairs are separated with an initial gap ∆, a negative initial
normal load is obtained as N =−kn∆. Contact force in the three directions can be calculated
using Eqn.(A.8-A.14) in Appendix A.1. Fx(t) represents the tangential friction force in the x̂

direction; Fy(t) represents the tangential friction force in the ŷ direction; Fz(t) represents the
normal contact force in the ẑ direction.

Figure 2.15 shows two examples of different trajectories of the tangential friction forces.
The black dashed circle represents the fully sliding case, which cannot be modelled by
contact elements shown in Fig.2.12(a) and Fig.2.12(b). In Example B, the red and blue
curves represent the fully sticking contact condition. As the vibration amplitude increases,
the sticking-sliding contact condition occurs and parts of the trajectory overlap with the black
circle.
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2.3.4 Microslip models

Microslip model can describe the microslip regime of the hysteresis loop measured from
experiments. A fine discretisation of the contact interface is not necessary for microslip
models, since a few patch-to-patch contact elements are used to model friction force. Most
parameters in microslip models do not have an explicit physical meaning, and are obtained
by tuning the model to experimental results. There are many microslip models existed
in the literature, such as Iwan [69, 153], Bouc-Wen [15, 185], Dahl [30], LuGre [19],
Preisach [2, 130] and Valanis model [182].

Pesaresi et al.[118] developed a novel modelling strategy of contact behaviours within
the contact interface for an UPD. This novel modelling strategy is achieved by discretising
the contact interface into a dense grid of microslip contact elements, which can reproduce
the macroscale contact properties and micromechanical properties. Using such a novel
microslip contact model, the numerical simulation can provide a more accurate nonlinear
forced response comparing with experimental results. The similar results also can be found
in the work of Marquina et al. [104].

2.3.5 Identification of contact parameters

Most contact elements can replicate frictional behaviour with proper contact parameters.
Therefore, the identification of contact parameters has a great practical importance to improve
the accuracy of numerical simulations. Various experimental test rigs have been designed
to measure the contact parameters [41, 64, 74, 89, 119]. To make the contact element more
predictive and convincing, the input parameters are usually tuned against the experimental
results [120, 152, 170]. However, a significant amount of uncertainties existed in the exper-
imental process, i.e. wear effects, manufacturing tolerance, mounting and mistuning. In
addition, contact parameters also depend on the material of structure, the temperature, the
humidity and the contact area. Measuring the contact parameters is obviously outside the
scope of this thesis. The contact parameters from literature [82, 120] are used in this thesis
to provide a qualitative dynamic analysis for structures with friction joints.

2.3.6 Uncertainties involved in contact parameters

Contact parameters for any contact model cannot be considered as a deterministic prob-
lem. In a real engineering problem, various uncertainties are involved within the contact
interface, such as wear effects, manufacturing tolerances, mounting, mistuning and material
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imperfections. Therefore, modelling of the contact behaviour is a complicated task and to
be more accurate, the uncertainties associated to the contact parameters are also necessary.
Uncertainty quantification of dynamic response for a structure with frictional contact is
an interesting research direction. Several researchers have investigated the uncertainties
involved in dynamic analysis for bladed disk. Petrov [123–125] and Krack el al. [80, 84]
carried out a sensitivity analysis of dynamic responses for structures with friction damping to
those contact parameters. A recent published work by Bhatnagar el al. [14] investigated the
effects of contact parameters for the UPD using a polynomial chaos expansion and a sobol
analysis. From their work, they found that the variation of contact parameters can influence
the nonlinear forced responses and the affected situations for different contact parameters are
different as well.

2.4 Numerical Methods for Nonlinear Dynamics

The existence of the contact with friction in a structure makes the system nonlinear. Nonlinear
dynamic equations have to be solved. For certain nonlinearities, the exact solutions can be
obtained analytically or semi-analytically by using a perturbation method [83]. In the case
of a structure with friction joints, the non-smooth contact interaction makes the application
of such analytical approaches impossible for a multi-degree-of-freedom model. Moreover,
these methods have limited applicability. Therefore, researchers always give their priorities
to numerical methods for the computation of dynamic response of structures with friction
joints. The general EoM used for a nonlinear system is:

M Q̈(t)+C Q̇(t)+KQ(t)+Fnl(Q, Q̇) = Fex(t) (2.21)

where M, C and K are the mass, damping and stiffness matrices of a system. Q(t) is the
displacement of system; Fnl(Q, Q̇) and Fex(t) are the nonlinear force and the excitation force
respectively.

2.4.1 Time domain methods

Time integration methods

The most popular techniques to study nonlinear dynamic systems are the numerical integra-
tion methods. In these methods, the time evolutions of the coordinates are computed using
its differential equations and an initial condition. The responses are calculated step by step
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through a discrete time history. Most time integration methods can be generally classified
into an explicit and implicit scheme [35]. There are various explicit schemes. Runge-Kutta
is a classical explicit scheme, which has been well developed and integrated in ODE45
function in MATLAB. Examples of other explicit methods are: Trujillo’s method [178],
stiffly stable method [35], Predictor-Corrector method [35], Generalised-α method [24] and
matrix exponentiation [65, 20]. In explicit schemes, the current response of the system is
calculated based on the previous steps. These explicit schemes have less computational costs
per time step and a less storage used, because the matrices are not required to be stored step
by step. However, not all explicit methods are conditionally stable and they require small
time steps to guarantee a numerical stability [35]. In implicit schemes, the current response
is calculated based on both the current step and the previous step. Most implicit schemes are
unconditionally stable for linear systems but a larger storage and larger computational efforts
are expected. There are several implicit methods developed, Newmark scheme [112, 20],
Wilson-θ [35] and Houbolt method [35]. This class of time integration methods can generally
provide accurate solutions, but they can introduce numerical errors if the time step is too
large.

Shooting method

An arbitrary value is usually given at as an initial solution in time integration methods, and
it requires long time to reach a steady state solution. In dynamic analyses, the solutions of
structures are usually in a periodic form. To improve the efficiency of numerical methods,
the fundamental idea of the class of time integration methods has been reformulated by
enforcing a periodic boundary condition. Therefore, the initial value problem is transferred
into a boundary value problem. Shooting method is a numerical method to find the initial
solutions that satisfy the periodic boundary condition [117]. Within the period, the solutions
are still calculated by the idea of time integration. In addition, monodromy matrices are the
by-products of the shooting method, which can be used for stability analyses based on the
Floquet theory.

Orthogonal collocation method

Orthogonal collocation method is a numerical method to solve boundary value problems of
nonlinear ordinary differential equations. The periodic solution is decomposed into mesh
intervals, and represented by orthogonal polynomials on each intervals. Methods based on
orthogonal collocation have been successfully applied in several softwares: e.g., AUTO [34],
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colsys [8], CONTENT [87], Matcont [33] and coco [31]. Orthogonal collocation methods
have been seldom attempted for full-scale structure, since the discretisation may need a
considerable memory space. Furthermore, orthogonal collocation methods can be efficient
with an iterative solver (for example generalized minimal residual method) as it is easy to
build an efficient pre-conditioner. This class of methods have been widely used in the field of
electronics.

2.4.2 Spectral methods

Spectral methods are a group of methods where the solutions are approximated by a series of
periodic base functions and corresponding coefficients. The methods belong to the family
of Galerkin methods. These periodic base functions guarantee the periodicity boundary
conditions which are considered as the fundamental needs of such problems. There are
various spectral methods, such as Fourier Galerkin method [85], Wavelet Galerkin method [1].

Harmonic balance method

Harmonic Balance Method (HBM) is considered as one of the most popular spectral methods
in the literature for analysing the periodic solutions of a nonlinear dynamic system. The HBM
method is a type of spectral method using harmonic base functions and it is also known as
Fourier–Galerkin procedure. The HBM is an application of Galerkin methods with a Fourier
basis. The periodic signals are estimated by their Fourier coefficients. The first attempt using
harmonic functions to solve nonlinear problems was done by Krylov and Bogoliubov in
1943 [85]. Only the first order harmonic was used in their work to linearise the nonlinear
problem and solve it. Then, Urabe [179] demonstrated the procedure using several harmonics
to simulate the nonlinear periodic system. In 1990, Cheung [23] used the incremental HBM
to work on a cubic nonlinearity and proposed that it provided an enhanced performance for
highly nonlinear problems. Cameron [18] introduced the Alternating Frequency/Time (AFT)
method in 1989, which exhibited a more accurate approximation of nonlinear forces. In
his work, he indicated that the problem can be solved in an iterative scheme, by alternating
between frequency and time domain. Different calculations are performed in different
domains within the AFT scheme. Guskov et al. [56] described a multi-HBM that includes the
multi-dimensional fast Fourier transformation in the AFT procedure. Salles [140] proposed
a technique to update the number of harmonics depending on the contact condition in his
thesis. Grolet and Thouverez [54] developed an adaptive-HBM using a stepwise regression
procedure to achieve the selection of harmonics. These variations of HBM can improve

58



2.4 Numerical Methods for Nonlinear Dynamics

usability, performance, or robustness. Because the direct computation of friction contact
forces in the frequency domain is very complicated and inefficient, the multi-HBM with
AFT is considered as the most popular numerical method in the modelling of structures with
friction joints in the literature.

In HBM, the time domain dynamic variables Q(t) are approximated by the Fourier series
truncated to the Nh order of harmonics. Q̃ is the collection of Fourier coefficients for the
nth

h order of harmonics. nh is the order of harmonics, ω is the frequency. j represents the
imaginary parts. HBM methods are expected to be solved iteratively using a Newton-Raphson
method or Quasi-Newton method.

Q(t) =
Nh

∑
nh=0

Q̃pe jnhωt ; Q̃nh = Q̃c
nh − jQ̃s

nh (2.22)

In a nonlinear system, quasi-periodic solutions are also possible due to the nonlinear
effect. The quasi-periodic solution represents the motion with two base frequencies. The
quasi-periodic expansion is only valid when the two frequencies are incommensurable,
otherwise one of the base frequencies can be seen as a harmonic of the other. Both the
shooting method [95] and HBM [150] can be extended to compute such solutions. In a recent
published paper, Fontanela et al. [42] developed a fully numerical approach to compute
quasi-periodic solutions bifurcating from a nonlinear periodic state in structures exhibiting
cyclic symmetry using HBM.

Time spectral methods

Time Spectral Method (TSM), sometimes called as High dimensional harmonic balance
method, is also referred as the pseudo-spectral method. TSMs are widely used in the research
of computation fluid dynamics [50, 156] and have proven to be highly efficient. TSM
was developed by Hall et al. [58] and investigated by Liu et al. [97, 98] and LaBryer [88].
In classic HBM, the solutions are solved in the frequency domain to obtain the Fourier
coefficients of displacement. Whereas in TSM, the unknowns are the values of displacements
with an equal time step over one vibration period. Thus, the use of TSM can be easily
formulated based on an existing time marching solver. TSM has also been tested in the field
of nonlinear dynamics [81, 143].
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2.4.3 Continuation method

Continuation technique is a numerical method that can be used to track the evolution of a
systematic behaviour against one or several of the systematic parameters [3]. There are two
major benefits from using continuation techniques. Firstly, the continuation technique is able
to distinguish the solutions which are very close to each other. Secondly, they can be used
to find the different solutions for a single parameter. In the nonlinear case, more than one
solution can coexist for one parameter. A proper continuation method includes two parts: a
prediction step and a correction step, as shown in Fig.2.16. The solutions are plotted a y−λ

space, where y is the collection of the system solutions and λ is the systematic parameter of
interest.

In the prediction step, a new solution is predicted using the solutions from previous points.
After that, this predicted solution is updated to an accurate solution using a Newton-Raphson
method during the correction step. There are various prediction methods and correction
methods in the literature. For prediction methods, the following techniques exist: the natural
prediction using previous point, the secant method, the tangent method and high-order
interpolation based on Lagrange polynomials [149]. The secant method is a simple, cheap
and quite accurate method, but it has difficulty in capturing curves with a small radius. Within
the tangent method, the tangent vector of y to λ is expected to be calculated for each step.
In addition, the sign of the tangent vector is also required. Compared to the secant method,
the tangent method requires more computational efforts but provides better convergence at
points with a small radius of curvature. There are three common correction methods which
are widely used in the literature: arc-length method [29], pseudo arc-length method [136]
and Moore-Penrose/pseudo-inverse method [3, 149].

The classical HBM integrated with AFT and a continuation technique is considered as the
most suitable numerical method to compute the dynamic response for structures with friction
joints and it will be used in this thesis. For nonlinear forced response analyses, the dynamic
responses are calculated for a range of excitation frequency. Therefore, the excitation
frequency is chosen as the continuation parameter. For the computation of nonlinear modes,
the modal amplitude is the continuation parameter.

Asymptotic numerical method

The classical HBM method and a continuation method is a widely used technique to follow
the dynamic periodic solutions of nonlinear systems with respect to a specific chasing
parameter. Cochelin and Vergez [26] proposed a purely frequency-based technique coupled
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Fig. 2.16 One predictor-corrector step of the continuation method

with a high order nonlinear solver. This continuation method is called asymptotic numerical
method and relied on a high-order Taylor expansion of the solution. In order to optimise
the computation of the Taylor’s terms, a quadratic recast is required beforehand [25]. In
detail, the EoM is reformulated into a set of equations with only quadratic terms. Then, the
periodic solutions are expanded into a power series based on high-order derivatives of this set
of nonlinear functions. This method has the advantage of providing a robust and an efficient
continuation of the solutions. However, the quadratic recast can be difficult for non-smooth
systems and can lead to inaccurate results for low harmonic order (aliasing issue). Woiwode
et al. [189] compared the performance between the classic HBM-AFT-continuation method
and HBM-asymptotic numerical method. More work is needed to get a clear comparison
between the two approaches.

2.5 Model Reduction

2.5.1 Component mode synthesis

Reduced Order Modelling (ROM) has great practical importance for improving the efficiency
and reducing the computational cost [194]. ROM has been investigated from the 1960s, since
finite element methods appeared [121]. Guyan [57] defined a static condensation method
in 1965. Meanwhile, the concept of Component Mode Synthesis (CMS) has been proposed
by Hurty [66]. CMS based ROMs can be considered as a group of methods which are used
to reduce the model for assembled structures with interfaces [10, 17, 121], e.g. contact
interfaces, cyclic symmetric interfaces. In CMS based ROM approaches, each component
within the assembly is considered as a substructure. Therefore, the model reduction can be
achieved by using linear normal modes and static modes, which are associated to the nodes
retained within the interface of each substructures. The reduction basis is built by these linear
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normal modes and static modes. Using such a reduction basis, Galerkin projection can be
performed and most DoFs can be eliminated. After the reduction, only the DoFs associated
to the nodes within the interface are retained. There are many CMS approaches developed
in the literature. These CMS approaches use the vibration modes of the substructures
based on different boundary conditions applied to the interfaces. Depending on that, CMS
approaches can be classified into three main groups: fixed interface methods [28, 67]; free
interface methods [49, 62, 138]; hybrid interface methods [103]. The Craig-Bampton method
[28] is known as one of the most popular fixed interface CMS approaches, because of its
efficiency and ease to implement. For these CMS approaches, the number of retained DoFs
is determined by the number of nodes within the interface. For structures with high mesh
density within the interface, the computational costs can be unaffordable [12]. This limits
the efficiency of these classic CMS approaches. Therefore, to further improve the modelling
efficiency, the concept of interface modes has been proposed by Bourquin [16] to reduce the
static modes. Instead of using full size of the static modes, a subset of eigenvectors of the
system projected by the interface static modes is used.

Several interface reduction techniques have been proposed in the literature, such as the
work from Becker and Gaul [12]. In [187], Witteveen proposed another interface reduction
approach namely, joints interface mode method, which shows better convergence rate over the
common interface reduction method [12]. Witteveen [188] also proposed another approach
called trial vector derivative method to improve the convergence rate. This trial vector
derivative method is essentially based on the modal derivatives [68], which is obtained by
the first-order Taylor expansion to the linear CMS subspace.

2.5.2 Cyclic symmetric reduction

For cyclic symmetric structures, thanks to the periodicity of the modes, the size of systems can
be reduced. Several numerical methods have been proposed in the literature. Thomas [174]
proposed a method to reduce the mass and stiffness matrices of the full annulus to a sin-
gle sector corresponding to a phase angle. Similar results can be obtained from Mead’s
approach [106, 107]. Mead’s approach is achieved by applying cyclic boundaries onto a
generic isolated sector and projecting the DoFs corresponding to the left cyclic symmetric
boundaries onto the DoFs related to the right cyclic symmetric boundaries with a phase
angle. Furthermore, Petrov [122] described a numerical method which integrates the cyclic
symmetric reduction into the multi-harmonic formulations of EoMs using a generic sector
model. In Petrov’s work, cyclic symmetric reduction is achieved by reducing the complex
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dynamic stiffness matrix instead of the mass and stiffness matrices. Researchers give their
priorities to this method because it makes the implementation of the dynamic analysis for
cyclic symmetric structures using multi-harmonic formulations less complicated. However,
further reduction on cyclic boundaries cannot be simply applied using the method described
by Petrov [122].

2.5.3 Cyclic interface reduction

For structures with a cyclic symmetry, a repeated sector with cyclic symmetric boundary
conditions is usually studied instead of using the whole annulus. In this case, the nodes
within cyclic interfaces (cyclic symmetric boundaries) highly determines the size of the
reduced system and the modelling efficiency. Tran [176] described the interface reduction
methods which applied to structures with a cyclic symmetry. Using such a method, all
interface DoFs are eliminated from a CMS reduced system. However, keeping a part of
interface DoFs is sometimes important and desirable. For example, in a structure with some
of its contact nodes lying on the cyclic interface, retaining these contact nodes in the reduced
system is essential. To overcome that, Tran [177] proposed another method using Partial
Interface Mode (PIM). This method can reduce a significant number of interface DoFs and
retaining some interface DoFs with important information, like the classic CMS approach.
This approach can be considered as applying a second level CMS approach on a Guyan’s
reduced system.

2.5.4 Model reduction for tuned blisks with friction dampers

For an ideal blisk with a friction damper, the full-scale model can be reduced using a three-
step model reduction to achieve an acceptable computational efficiency. This three-step model
reduction includes a classic CMS approach, a cyclic reduction and an interface reduction;
and has been widely used in the literature and industrial solvers [9]. The detailed numerical
derivations of this three-step model reduction are provided in Section 5.2.3.

2.6 Nonlinear Normal Mode

Normal modes usually consist of important modal information for a dynamic system, includ-
ing its natural frequencies, modal damping and mode shapes. In a linear system, the linear
normal modes can be simply obtained through an eigen value problem, which are considered
as the solution of the free vibration system. In a nonlinear system, the existence of various
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nonlinearities makes the concept of linear normal modes invalid. In detail, unlike the linear
normal modes, the nonlinear modes are not orthogonal to each other and cannot be used for
the modal superposition. In addition, some important dynamic phenomena such as modal
interaction and modal bifurcation cannot be explained by a linear modal theory. Therefore,
the theory of nonlinear modes is crucial in the field of nonlinear dynamics.

The foundation of the theory of nonlinear modes can be traced back to the centre theorem
from Lyapunov and Poincaré [75, 102]. In the centre theorem, for a finite dimensional
Hamiltonian system, different families of periodic motions can be found around several
stable equilibrium points. This can be considered as the a nonlinear extension of normal
modes underlying a nonlinear system [135].

2.6.1 Rosenberg’s definition

Based on that, the first definition of nonlinear modes given by Rosenberg [137] defined the
Nonlinear Normal Modes (NNMs) as a vibration unison, where all points in a structure reach
their equilibrium positions and their extreme positions simultaneously. All DoFs within the
system move at same frequency. There is a constant relation between all coordinates, like
in a linear system. Rosenberg’s work has been further developed by Rand [132–134] and
Szemplinska [167]. Readers are invited to refer to [108, 180] for a comprehensive review
of these pioneering works. The restriction of Rosenberg’s definition has been pointed out
in [117]. The definition proposed by Rosenberg cannot explain the modal interactions, when
there are at least two interacting modes.

2.6.2 Shaw and Pierre’s definition

However, most works mentioned above considered undamped NNMs with a periodic so-
lution, i.e. a conservative nonlinear system. When a non-conservative nonlinear system is
considered, the NNMs are no longer periodic and defined as damped Nonlinear Normal
Modes (dNNMs) [148]. Shaw and Pierre [154, 155] proposed an excellent definition of
the dNNMs in non-conservative nonlinear systems using the concept of invariant manifold.
They defined that the normal modes of a nonlinear autonomous system take place in a two
dimensional invariant manifold in a phase space. This manifold must pass through a stable
equilibrium point of the system and, it is tangent to the plane of linear normal mode [154].
Shaw and Pierre provided a more general definition of NNMs, since their definition can
be applied in both conservative and non-conservative systems. Furthermore, Haller and
Ponsioen mathematically proved the existence and uniqueness of dNNMs using the theory of
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Fig. 2.17 An example of a linear mode and a nonlinear mode in a two-dimensional phase
space: Red plane: linear normal mode; Blue hypersurface: nonlinear mode

Spectral SubManifold (SSM) [59]. The use of SSM in the model reduction is also provided
in an open source numerical tool, namely SSMtool [128].

An example of invariant manifold is given in Fig.2.17 using a one DoF system with a
cubic spring. The linear normal modes are interpreted as an invariant plane in the phase space
as shown by the red plane in Fig.2.17, the dNNMs are considered as an invariant manifold, a
two-dimensional hypersurface (see blue surface in Fig.2.17). This hypersurface is built using
a collection of periodic orbits.

2.6.3 Computation of nonlinear modes

Several analytical and semi-analytical methods have been proposed to derive the NNMs based
on the perturbation techniques [47, 111] (e.g. normal form [72, 175], multiple scales [111]
and spectral sub-manifold [59]). An analytical analysis of the NNMs unmask the dynamics
of nonlinear autonomous systems including NNMs’ energy dependence, interactions and
bifurcations. Some analytical methods also can be used to compute the dNNMs in a nonlinear
damped system with a smooth non-conservative nonlinearity, i.e. Van Der Pol oscillator.
However, most analytical methods are restricted to small degree polynomial nonlinearities.
For systems with friction joints, because of the non-smoothness of the friction forces, it is
difficult to apply these analytical methods, especially for full-scale structures. Therefore,
numerical methods for computation of dNNMs are essential.

Laxalde and Thouverez [91] described a numerical method to compute the dNNMs using
the extension of Complex Nonlinear Modes (CNM) by solving complex eigenproblems. In
their work, the damped solutions are represented by harmonic solutions with an exponential
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decay. Thanks to the CNM method, the dNNMs of full-scale structures with friction joints
can be efficiently computed. To obtain a periodic based dNNMs, Krack [79] developed a
numerical method, namely Extended Periodic Motion Concept (EPMC) where an artificial
viscous damping is introduced into the system to compensate for the energy dissipated by the
nonlinear forces. These two numerical modelling strategies can be considered as the most
popular computational approaches for structures with friction joints.

2.7 Relating Nonlinear Mode to Forced Response

In an engineering perspective, forced responses are always regarded as a crucial design
consideration. HCF is usually considered as one of the most frequent reasons for structural
failures. To predict the endurance of structural components, an accurate prediction of the
resonant stress for forced responses is essential. The use of nonlinear modes in engineering
design process can be achieved by relating the nonlinear modes to the nonlinear forced
responses. At resonance, the dynamic response has a similar form (solution) as the underlying
nonlinear mode at a specific energy level. In fact, the backbone curves are sometimes seen as
the collection of resonant solutions for a varying value of the excitation force. In addition,
the nonlinear forced responses can be reconstructed using nonlinear modes as well.

2.7.1 Energy balance method

An analytical method named Energy Balance Method (EBM) has been introduced by Hill er

al. [60] to predict where the resonant solution of a forced response crosses the underlying
nonlinear mode. Before this EBM, similar energy transfer analysis has been described
in [47, 76, 181]. Grenat used similar energy analysis to calculate the non-conservative NNMs
based on the NNMs [52]. The EBM is originally developed for systems with conservative
nonlinearities using the theory of NNMs and successfully applied to a two DoFs nonlinear
oscillator [60]. EBM is also able to capture the isolas in forced responses and isolated
branches of nonlinear modes [61]. The method relies on the fact that, for any steady-state
response, the net energy transferred into a system over one period of vibration must be
zero [60]. Moreover, the work of Cenedese and Haller [22] used a Melnikov function
analysis that defines the mathematical conditions under which the EBM is valid.
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2.7.2 Nonlinear modal synthesis

In a linear system, the general forced responses can be simply formulated as a synthesis
of all possible solutions from an eigenproblem. Thanks to the superposition principle and
orthogonality conditions, using modal synthesis is a very efficient method to reconstruct the
forced responses. Unlike in a linear system, these conditions are not valid in a nonlinear
system. Therefore, extra assumptions are required to adopt the modal synthesis in such a
nonlinear system.

A single nonlinear resonant mode theory [168] was proposed to apply modal synthesis
to a nonlinear system. The existence of nonlinear modal interactions is not considered in
this situation. This theory based on the fact that the energy is basically concentrated on a
single nonlinear mode and the system response is dominated by this single nonlinear mode.
Then, the generic forced responses can be synthesised using the single nonlinear mode and
linearised counterpart of other modes. This method have been successfully attempted in
following work [82].

2.8 Concluding Remarks

In this chapter, the main aspects related to the nonlinear modal analysis for structures with
friction joints were reviewed. Friction damping has been proven to be a very efficient
damping technique in industrial turbomachinery. The use of friction ring dampers in an
industrial blisk has become a popular solution to improve the damping ability. Most works
related to friction ring dampers were evaluated. Few researchers attempted to design or
optimise the geometry of the ring dampers. To obtain an optimal and robust design of friction
ring dampers, geometric study is necessary to investigate the factors that can influence the
damping performance.

In the initial design stage, the experimental testing is expensive and time consuming.
Thus, the development of numerical methods to model the nonlinear dynamic responses of
structures with friction joints is very important. With the help of existing contact models,
well-established numerical methods and validated model reduction techniques, the numerical
simulations of such structures are achievable. The application of nonlinear modal analysis
in such structures is also possible thanks to the development of nonlinear modal theory.
However, the limitations of these numerical methods used for the computation of nonlinear
modes are still an open question. Furthermore, the relating the nonlinear modes to the forced
responses is always the most of interest topic for the engineering industry.
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In the next chapter, the existing numerical approaches used for nonlinear modal analysis
will be formulated in detail, including complex nonlinear mode and extended periodic motion
concept. In addition, different damping assumptions will be tested in the latter case. Then,
the proposed extended-energy balance method will be explained and derived, which is used
to provide a direct relation between nonlinear modes and resonances for structures with non-
conservative nonlinearities. The combination of nonlinear modes and an extended-energy
balance method will be the numerical approach used in the present thesis. Three illustrative
testcases will be demonstrated in the next chapter as well.
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Chapter 3

Numerical Methods for Nonlinear Modal
Analysis

In the previous chapter, the general theories of nonlinear modal analyses have been reviewed.
The main objective of this chapter is to elaborate two main numerical approaches for the
computation of damped nonlinear normal modes (dNNM) in the frequency domain, and
to introduce a novel method for forced response interpretation from dNNMs. These two
numerical approaches are Complex Nonlinear Mode (CNM) and Extend Periodic Motion
Concept (EPMC) respectively. The mathematical formulations of the framework of Har-
monic Balance Method (HBM) including Alternating Frequency/Time (AFT) method and
continuation techniques are described at the first place. Then, a detailed description of
these two numerical approaches are explained followed by the introduction of the novel
method, namely Extended Energy Balance Method (E-EBM). To illustrate the differences
of presented numerical approaches, three illustrative examples, including a one Degree of
Freedom (DoF) system with frictional contact, a one DoF system with a quadratic nonlinear
damping and a Duffing oscillator, are given in this chapter. The advantages and limitations
of these numerical methods are then discussed through these three examples. Parts of this
chapter has already been published in Sun et al. [163].

3.1 Harmonic Balance Method

3.1.1 Fourier-Galerkin procedure

The classic HBM integrated with the AFT method is applied to solve the nonlinear dynamic
equation in frequency domain. The general Equation of Motion (EoM) for a nonlinear
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dynamic problem is given in Eqn.(3.1), where M is the mass matrix; C is the damping matrix;
K is the stiffness matrix. Q(t) is the periodic solutions of this nonlinear dynamic equation,
the underline of the symbol is used to represent the vector and the variable t does not appear
explicitly in the following equations in this chapter. F nl(Q , Q̇) is the periodic nonlinear force
and F ex(t) is the periodic external excitation force.

M Q̈(t)+C Q̇(t)+KQ(t)+F nl(Q , Q̇) = F ex(t) (3.1)

In the framework of HBM, the solutions Q, the nonlinear force F nl and the excitation
force F ex are in a periodic form with an excitation frequency Ωe. In this case, the vibration
frequency ω equals the excitation frequency Ωe. The periodic solutions and forces are
decomposed by Fourier series truncated up to the Nh order of harmonics, as shown in
Eqn.(3.2). nh is the order of harmonics up to Nh and j represents the imaginary parts.

Q(t) = ∑
Nh
nh=0 Q̃nhe jnhωt Q̃nh = Q̃c

nh − jQ̃s
nh

F nl(t) = ∑
Nh
nh=0 F̃ nl,nhe jnhωt F̃ nl,nh = F̃c

nl,nh − jF̃s
nl,nh

F ex(t) = ∑
Nh
nh=0 F̃ ex,nhe jnhωt F̃ ex,nh = F̃c

ex,nh − jF̃s
ex,nh

(3.2)

Substituting Eqn.(3.2) into Eqn.(3.1) and balancing the harmonic terms with a Galerkin
projection. Then, this nonlinear dynamic equation is transformed into the frequency domain,
where Q̃ is a collection of Fourier coefficients: Q̃ = [Q̃nh=0, Q̃nh=1, · · · , Q̃nh=Nh

]T. F̃ nl and
F̃ ex have the similar form with Q̃. Q̃nh has the dimension of NDoF , where NDoF is the number
of DoFs within the whole system. Then, Q̃ has the dimension of [NDoF(Nh +1)×1].

Z(ω) Q̃+ F̃ nl(Q̃) = F̃ ex (3.3)

Z=


Z0 0 · · · 0
0 Z1 · · · 0
...

... . . . ...
0 0 · · · ZNh

 (3.4)

Znh = K−n2
hω

2M+ j2nhωC (3.5)
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Fig. 3.1 Demonstration of alternating frequency/time method

3.1.2 Alternating frequency/time method

The classic HBM is used to solve the dynamic equations in the frequency domain referring
to Eqn.(3.3-3.5). The nonlinear forces in the frequency domain are represented by F̃ nl(Q̃). It
is complicated and expensive to directly obtain the nonlinear force in the frequency domain,
especially for friction forces. Therefore, instead of a direct computation of the nonlinear
forces in the frequency domain, the classic AFT method [18] is used to calculate F̃ nl(Q̃). In
AFT method, F̃ nl(Q̃) is calculated in an iterative scheme, alternating between the frequency
and time domain, as demonstrated in Fig.3.1. Different calculations are performed in different
domains within the AFT scheme. AFT method can be only applied based on the fact that the
solutions Q(t) and the nonlinear force F nl(t) are periodic.

In general, the Inverse Discrete Fourier Transformation (IDFT) is achieved by a linear
operator Ξ(ω). First, one period of oscillation is discretised by a number of Nt time samples
(t1, t2, · · · , tN). As such, the periodic solutions or forces in the time domain can be represented
in the form as Eqn.(3.6). Q1(t1) has the dimension of NDoF , where NDoF is the number of
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DoFs within the whole system. There, Q̂ has the dimension of [NDoF Nt ×1].

Q̂ = [Q1(t1),Q2(t2), · · · ,QN(tN)]
T

F̂ nl = [F nl,1(t1),F nl,2(t2), · · · ,F nl,N(tN)]
T

F̂ ex = [F ex,1(t1),F ex,2(t2), · · · ,F ex,N(tN)]
T

(3.6)

Then, in IDFT, the periodic oscillations in the time domain can be obtained using
Eqn.(3.7). The linear operator of IDFT Ξ(ω) has the shape of [NDoF Nt ×NDoF(Nh + 1)].
The computation of Ξ(ω) is given in Eqn.(3.8), where

⊗
represents the Kronecker product.

In Discrete Fourier Transformation (DFT) process, the Q̃ can be computed by using Ξ
H(ω),

where the superscript ∗H stands for the Hermitian transpose process.

Q̂ = Ξ(ω)∗ Q̃; F̂ nl = Ξ(ω)∗ F̃ nl; F̂ ex = Ξ(ω)∗ F̃ ex (3.7)

Ξ(ω) =

INDoF

⊗


1
1
...
1

 INDoF

⊗


e jωt1

e jωt2

...
e jωtN

 INDoF

⊗


e j2ωt1

e j2ωt2

...
e j2ωtN

 · · · INDoF

⊗


e jNhωt1

e jNhωt2

...
e jNhωtN




(3.8)

3.2 Continuation Method

To obtain an evolution nonlinear dynamic response against a certain chasing parameter, the
classic continuation method is applied [3]. It is a useful numerical method to track the
evolution of systemic behaviour with respect to a specific parameter, especially in the field
of nonlinear dynamics. For example, in the computation of nonlinear forced responses, the
solutions are expected to be computed for a range of excitation frequency. Therefore, in
this case, the excitation frequency is considered as the chasing parameter and the evolution
of dynamic response against excitation frequency can be accurately calculated using the
continuation method.

In a classic continuation process, each step consists of two parts: a predictor and a
corrector. In the predictor, the initial solutions are predicted based on a certain algorithm.
Then, these predicted solutions are iteratively converged to the actual solutions following a
correction constrains using the classic Newton-Raphson solver.
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Fig. 3.2 Demonstration of predictors in a continuation step: (a) Secant predictor; (b) Tangent
Predictor

3.2.1 Prediction

In each iteration, the solutions Y are predicted in the first place using a certain principle.
There are many types of predictors in the literature, i.e. the secant method, the tangent
method and the Lagrange polynomial [3]. In Fig.3.2, the demonstration of a secant predictor
and a tangent predictor is provided.

Secant method is a simple and cheap method, but it is difficult to capture the curve with a
small radius. The solutions in the next iteration Y i+1 is predicted in the secant direction. If
the converged solutions and parameter at the current step is defined as Y i and λ i, the step size
is defined as δ s, then the predicted solutions Y pre and λ pre can be defined using Eqn.(3.9).

λ pre = λ i +δ s

Y pre = Y i +δ s · (Y i −Y i−1)/(λ i −λ i−1)
(3.9)

The use of tangent predictor is another popular method. The tangent vector is required to
be computed in advance. Then, the solutions in the next iteration are predicted following
the tangent direction. Compared to the secant method, the tangent method requires more
computational efforts and can provide better convergence at curve with a small radius. The
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Fig. 3.3 Demonstration of correctors in a continuation step: (a) Arc-length corrector; (b)
Pseudo arc-length corrector

equations are shown in Eqn.(3.10), where δY is the tangent vector.

λpre = λi +δ s

Y pre = Y i +δ s ·δY
(3.10)

Determination of the step size δ s is also important to achieve a better prediction. Usually,
there is self-updated process for an automatically change in the step size. The step size
is decided based on the speed of convergence in the previous step (number of Newton’s
iterations to converge). For example, in the region with less nonlinear phenomena, only a
small number of steps are required to converge a solution in the Newton-Raphson solver.
Therefore, the step size δ s is automatically enlarged. This is achieved by setting up a
criterion, i.e. if only one Newton iteration is required in the previous step, then the step size
δ s increases 10%. Whereas, in the region with a turning point, the step size δ s is expected to
be small enough to capture the real solution.

3.2.2 Correction

In the correction process, the predicted solution is considered as an initial solution and the
actual solution in the next step is converged through a Newton-Raphson process. The general
idea of a correction method is that an extra constraint is augmented to HBM equations. In
the literature, there are many different correctors, i.e. the arc-length corrector [29] and the
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3.3 Damped Nonlinear Normal Mode

pseudo arc-length corrector [136]. Figure 3.3 provides a detailed description of these two
correctors.

In an arc-length correction process, a constant radius constraint is applied. The equation
used to govern this constraint is provided as Eqn.(3.11). Where in a pseudo arc-length
method, an orthogonal constraint is applied as shown in Eqn.(3.12).√

(Y pre −Y i)
2 +(λpre −λi)2 =

√
(Y i+1 −Y i)

2 +(λi+1 −λi)2 (3.11)

(Y pre −Y i)/(λpre −λi) · (Y pre −Y i+1)/(λpre −λi+1) =−1 (3.12)

3.3 Damped Nonlinear Normal Mode

In this section, two different numerical approaches used to compute the dNNMs will be
described, which are CNM approach, EPMC approach. The general EoM for the computation
of dNNMs is given in Eqn.(3.13). The dNNMs are usually considered as the solutions of an
autonomous system with non-conservative nonlinearities, where the linear damping (either
viscous and structural) and the external excitation force are not taken into account.

M Q̈+KQ+Fnl(Q, Q̇) = 0 (3.13)

3.3.1 Complex nonlinear mode

In a system with a non-conservative nonlinear force, solutions are not periodic anymore.
Therefore, the idea of CNM [92] is that, instead of using an undamped periodic solution for
conservative systems, a damped solution is assumed for Eqn.(3.13) and approximated using
Fourier series with an exponential decay as shown in Eqn.(3.14):

Q(t) =
Nh

∑
nh=0

Q̃nhenh( jωd−β )t ; Q̃nh = Q̃c
nh − jQ̃s

nh (3.14)

Where nh is the order of harmonics up to Nh and j represents imaginary part. ωd is the
damped resonant frequency and β is the decay factor, where ωd = ω0

√
1−ζ 2 and β = ζ ω0.

ω0 is the resonant frequency and ζ is the modal damping ratio. In CNM approach, the
damping ratio of the damped solution is assumed to be identical for each order of harmonics.
Substitute the solution in Eqn.(3.14) into Eqn.(3.13), and the EoM can be rewritten as
Eqn.(3.15):
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( jnhωd −nhβ )2M Q̃nh +K Q̃nh + F̃ nl,nh(Q̃nh) = 0 (3.15)

Zcnm Q̃+ F̃ nl(Q̃) = 0 (3.16)

Zcnm
nh = K−n2

hω
2
d M+n2

hβ
2M− j2βωdn2

hM (3.17)

Zcnm
nh = K−n2

hω
2
0 M+2n2

hζ
2
ω

2
0 M− j2ζ n2

hω
2
0

√
1−ζ 2M (3.18)

Where F̃ nl,nh is the nonlinear force in the frequency domain calculated using AFT
method. Then, EoM in the frequency domain is given in Eqn.(3.15), where Zcnm is the
complex dynamic stiffness for CNM approach with a similar form as Eqn.(3.4). Zcnm

nh is
given as Eqn.(3.18).

3.3.2 Extended periodic motion concept

In the EPMC approach, a periodic concept of the dNNMs is described by introducing an
artificial damping to balance the energy exchanged and make the solutions periodic [79]. In
EPMC, a linear artificial damping is used to represent the nonlinear damping effect caused
by the non-conservative nonlinear force. Thanks to this artificial damping, the energy loss or
gained is compensated leading to a periodic solution. For example, in a system with friction
damping, the energy dissipated because of the rubbing motion between the contact interfaces
leads to a negative artificial damping. Then, the energy dissipated by the frictional contact is
made up by this negative artificial damping resulting in a periodic solution of dNNMs.

Two different types of artificial damping are considered in this thesis: one is the viscous
damping originally proposed by Krack in [79] and the other one is hysteretic damping which
is firstly attempted in the present thesis. Thanks to the artificial damping term, a periodic
solution can be assumed for Eqn.(3.13) and solved by the classic HBM and AFT method.

Q(t) =
Nh

∑
nh=0

Q̃nhe j·nhω0t ; Q̃nh = Q̃c
nh − jQ̃s

nh (3.19)

Viscous damping vs hysteretic damping

In practice, the damping mechanisms within mechanical structures are complicated. There
are two types of common damping mechanisms in both physical and mathematical concepts:
viscous damping and hysteretic (structural damping). Viscous damping mechanism usually
denotes the fact that, in microscopic view, the energy dissipation caused by the resistive force
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while molecules of fluid are rubbing together. This resistive force opposes the velocity of
molecules within the fluid. Mathematically, viscous damping refers to a velocity proportional
force in the form of C Q̇, where C is a general damping matrix. Whereas the hysteretic
damping can be considered as the friction force between the molecular layers within solids.
Thus, the hysteretic damping force is proportional to the displacement from its equilibrium
position. The hysteretic damping effect is mathematically achieved by using an imaginary
stiffness, which guarantees a 90-degree phase shift relative to its original stiffness component.
The hysteretic damping force is usually represented as: jζ KQ, where K is the stiffness
matrix and ζ is the damping ratio. Compared to the viscous damping, the hysteretic damping
is independent of the vibration frequency. Both types of damping can be used in EPMC
approach as an artificial damping term to balance the energy exchanged caused by the non-
conservative nonlinear force. From the author’s knowledge, it still is an open question in
the literature which damping mechanism is preferred in EPMC approach. Therefore, the
formulations for both types of artificial damping are described when they are used in the
computation of dNNMs and E-EBM in this work. For the sake of clarity, EPMC method
with a viscous artificial damping proposed by Krack [79] is called as EPMC-V and the one
with a hysteretic damping is named as EPMC-H.

Artificial viscous damping (EPMC-V)

A negative artificial viscous damping is introduced into Eqn.(3.13) and the EoM becomes
Eqn.(3.20). ζ is the modal damping ratio. By substituting Eqn.(3.19) into Eqn.(3.20) for
each order of harmonics and applying Fourier-Galerkin procedure, the EoM in the frequency
domain is obtained. Zev is the complex dynamic stiffness matrix for the EPMC approach with
a viscous damping and the diagonal matrices of Zev are given in Eqn.(3.23). The superscript
ev represents the EPMC-V.

M Q̈−2ζ ω0M Q̇+KQ+F nl(Q) = 0 (3.20)

( jnhω0)
2M Q̃nh − j2nhζ ω

2
0 M Q̃nh +K Q̃nh + F̃ nl,nh(Q̃nh) = 0 (3.21)

Zev Q̃+ F̃ nl(Q̃) = 0 (3.22)

Zev
nh = K−n2

hω
2
0 M− j2nhζ ω

2
0 M (3.23)
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Artificial hysteretic damping (EPMC-H)

A negative artificial hysteretic damping is introduced into Eqn.(3.13) and a new EoM is
shown in Eqn.(3.24). The hysteretic damping is related to its linear stiffness. After a similar
derivation, the EoM in the frequency domain is shown in Eqn.(3.26-3.27). The superscript eh

represents the EPMC-H.

M Q̈+KQ− j2ζ KQ+F nl(Q) = 0 (3.24)

( jnhω0)
2M Q̃nh +(K− j2ζ K) Q̃nh + F̃ nl,nh(Q̃nh) = 0 (3.25)

Zeh Q̃+ F̃ nl(Q̃) = 0 (3.26)

Zeh
nh = K−n2

hω
2
0 M− j2ζ K (3.27)

3.3.3 Energy dependency and normalisation

Unlike the linear normal modes, the nonlinear modes and other modal properties are highly
energy-dependent. The nonlinear mode shape Q and the resonant frequency ω0 vary with the
level of energy within the system. To capture this energy-dependence, a new parameter, the
modal amplitude α , is introduced into the system to quantify the modal energy. Then, the
modal displacement can be expressed as: Q = α ·Qmn, where Qmn is the mass normalised
modal displacement. This modal amplitude α is the chasing parameter used in the continua-
tion method (see Section 3.2) to track the evolution of the dNNMs with respect to the modal
energy. Then, the general EoM for the computation of dNNMs in the frequency domain is
rewritten as Eqn.(3.28), where Z is the general dynamic stiffness matrix (see Eqn.(3.17) for
CNM, Eqn.(3.23) for EPMC-V and Eqn.(3.27) for EPMC-H). The mass normalised modal
displacement is achieved by applying Eqn.(3.29) as a constraint, where I is the identity matrix.
In addition, the absolute phase of the dNNMs is arbitrary. Therefore, a phase normalisation is
required and shown in Eqn.(3.30). Other types of phase normalisation can be found in [51].

α ·Z Q̃mn + F̃ nl(α · Q̃mn) = 0 (3.28)

Q̃T
mn · (INh

⊗M) · Q̃mn = I (3.29)

imag(Q̃1
mn,n=1) = 0 (3.30)
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3.3.4 Summary for two numerical approaches

Two existing numerical approaches used to compute the dNNMs for systems with non-
conservative nonlinearities are formulated in this section, which are CNM and EPMC.
Because of the presence of non-conservative nonlinearities, the actual solutions of such
systems are not periodic. These two numerical approaches used different strategies to handle
the aperiodicity. In CNM, the damped solutions are assumed in a harmonic form with an
exponential decay. Whereas, in EPMC, an artificial damping term is introduced to balance
the energy exchange caused by the non-conservative nonlinearities.

Then, HBM with AFT method is applied in both approaches. However, to adopt AFT
method in CNM approach, a very important assumption is made in advance. In the classic
AFT process, the exponential decay terms cannot be addressed in the DFT process. Thus, the
non-conservative terms cannot be included, while calculating the displacement in the time
domain from its Fourier coefficients. Therefore, to adopt the classic AFT method into the
CNM approach, the terms that represent the exponential decay are simply eliminated leading
to a periodic solution as described in [91]. In [70], a phase correction of the nonlinear force is
added to capture the decay term in the CNM approach. Unfortunately, this phase correction
can only be applied to single DoF system analytically. In this work, the damped solutions
from CNM approaches are assumed to be periodic in AFT procedure, and the decay terms
are simply removed.

3.4 Extended Energy Balance Method

The resonant amplitude has a great significance in the determination of high cycle fatigue.
The E-EBM is a tool to predict the resonant solution in a forced system with non-conservative
nonlinearities using its dNNM. The applications of E-EBM on different numerical methods,
including the CNM approach and EPMC approach, are explained in this section.

3.4.1 Assumptions

The prediction of resonances is based on the assumption that the solutions of an autonomous
system that bear resemblance with the solutions in the nonlinear forced responses. In detail,
the E-EBM assumes that the resonant solution of nonlinear forced responses and that of
the dNNMs are similar for a small enough level of damping and forcing. Therefore, these
solutions can be assumed to be identical, and have been named as “resonant shared solutions”,
as shown in Fig.3.4.
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Fig. 3.4 Demonstration of resonant shared solution between damped nonlinear normal mode
and nonlinear forced response

In a complicated dynamic system with a high modal density, many shared solutions may
coexist in the amplitude-frequency plot. But only the solutions of the dNNMs that show a
high similarity with the solutions in the forced responses are defined as “resonant shared
solutions” [60]. This similarity indicates that two solutions (one from the dNNMs, the
other from the forced responses) have a similar shape with a similar amplitude at the similar
frequency.

It is important to emphasize that the mode shape of a dNNM has already included
the effects from other modes, because it is calculated from the full stiffness and mass
matrices [135]. This concept is different than that in a linear system, since all linear normal
modes are orthogonal to each other. For example, in the case of internal resonance, more
than one modes can respond at the same frequency. Thus, the dNNMs have a shape which
can be seen as a combination of these two modes [163]. Whereas in the forced response, it is
difficult to ensure that the solutions of each DoF respond a same shape of the corresponding
DoF in dNNMs, which is highly depends on the shape of the excitation forces. Furthermore,
for a system with a high order polynomial nonlinearity or with a nonlinear energy sink, the
DoFs within such a system may not respond at the same frequency [181]. Therefore, the
assumption of the “resonant shared solution” is only valid in a weakly nonlinear system with
the absence of the internal resonance [22].

3.4.2 Numerical formulations

The general EoM in a forced system with non-conservative nonlinear forces is given in
Eqn.(3.31). C is the known damping matrix. F ex is the external excitation force, F̄ ex is
the unit vector of excitation force and γ is the excitation forcing level. Ωe is the excitation
frequency; ϕ is the absolute phase of the excitation force. In this work, the external excitation
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force is considered as a simple harmonic excitation and the solutions of system are represented
by multi-harmonics. It is easy to extend to the system with a multi-harmonics excitation.
After applying the HBM, the EoM can be transferred into the frequency domain as given in
Eqn.(3.33)

M Q̈ f +C Q̇ f +KQ f +F nl(Q f , Q̇ f ) = F ex(γ ,Ωe ,ϕ , t) (3.31)

Q f (t) =
Nh

∑
n=0

Q̃ f ,ne jnhΩet ; F e = γF̄ ee j(Ωet+ϕ) (3.32)

( jnhΩe)
2M Q̃ f ,nh + jnhΩe C Q̃ f ,nh +K Q̃ f ,nh + F̃ nl,nh(Q̃ f ,nh) =

{
γe jϕ F̄ ex if nh = 1

0 if nh ̸= 1
(3.33)

Z f Q̃ f + F̃ nl(Q̃ f ) = [0,γe jϕ F̄ ex, · · · ,0]T (3.34)

Z f
nh = K−n2

hΩ
2
eM+ jnhΩe C (3.35)

As shown in Eqn.3.36, when the excitation frequency Ωe equals the resonant frequency
ω0, the resonant shared solution between the forced response and the dNNM can be found and
represented by ψ . Figure 3.4 shows an example of a resonant shared solution. Each solution
points along the dNNM can be considered as a resonant shared solution of a nonlinear forced
response with a certain excitation forcing level.

ψ = Q ≈ Q f and ψ̃ = α · Q̃m ≈ Q̃ f when ω = Ωe = ω0 (3.36)

For each level of the modal amplitude α , the resonant shared solution ψ , the resonant
frequency ω0 and the modal damping ratio ζ are calculated using either CNM approach
and EPMC approach. The excitation forcing level γ and the phase of excitation force ϕ can
be determined using E-EBM if the damping matrix C and the unit vector of the excitation
force F̄ ex are given. Recalling the Eqn.(3.28, 3.34) and assuming that the solution of the
nonlinear forced response equals the resonant shared solution ψ , the subtraction of Eqn.(3.28)
to Eqn.(3.34) must hold in its weak form. Then, the energy exchanged caused by the damping
terms Ed and the forcing term E f (γ,ϕ) are calculated by integrating the damping force and
excitation force times the velocity over one vibrational period 2π/ω . The calculation of
E f (γ,ϕ) is given in Eqn.(3.37, 3.39) and it is the same for both CNM and EPMC. Equations
used for calculation of Ed are described Eqn.(3.38-3.39), where C∗

ψ̃
nh

e jnωt represents the
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Fig. 3.5 The energy transferred by the damping terms (Ed) for a fixed modal amplitude α

and the energy transferred by forcing terms (E f (γ,ϕ)) for different excitation levels γ with
respect to the forcing phase ϕ

net non-conservative force, which is different between the CNM and EPMC approaches.

E f
nh(γ,ϕ) =

∫ 2π

nhω

0
γe jϕ F̄ exe jωt · jnhωψ̃

nh
e jnhωt

δ t (3.37)

Ed
nh =

∫ 2π

nhω

0
C∗

ψ̃
nh

e jnhωt · jnhωψ̃
nh

e jnhωt
δ t (3.38)

E f (γ,ϕ) = E f
nh=1(γ,ϕ)

Ed = ∑
Nh
nh=0 Ed

nh

(3.39)

Ccnm =−2n2
ζ

2
ω

2
0 M+ jnω0 C+ j2ζ n2

ω
2
0

√
1−ζ 2M (3.40)

Cev = jnω0 C+ j2nζ ω
2
0 M (3.41)

Ceh = jnω0 C+ j2ζ K (3.42)

The dNNM, the resonant frequency ω0 and the modal damping ratio ζ are calculated
for a range value of modal amplitude α using the continuation method. For each particular
value of α , the dNNM can be seen as the resonant shared solution with a nonlinear forced
response with a certain excitation forcing level. The energy exchanged by the damping terms
Ed and excitation forcing term E f are computed for each value of α using Eqn.(3.37-3.42).
Ed is constant for a given resonant shared solution, whereas E f depends on the value of the
forcing level γ and the forcing phase ϕ (see Eqn.3.38). A typical scenario is provided in
Fig.3.5 showing the variation of Ed and E f for a certain value of α . To determine ϕ and
γ is to find the single intersection between the curve of E f (γ,ϕ) and the constant value of
Ed that will occur at the maximum (if Ed > 0) or the minimum (if Ed < 0) of E f (γ,ϕ). A
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classic force amplitude curve can be built, if this operation is applied to each value of modal
amplitude α . In a system with non-conservative nonlinear forces, the modal damping ratio
ζ can be either positive (like systems with nonlinear damping) or negative (systems with
self-excited solutions). Based on the value of Ed and ζ , there are four situations in total.

(i) ζ > 0: When the modal damping ratio is positive, the non-conservative nonlinear force
in the system provides external damping and the total energy of the autonomous system
is dissipated. In this case, the total energy injected by the external excitation force is
required to balance the summation of the energy dissipated by viscous damping and
external damping generated by the nonlinear force.

(ii) ζ < 0 and Ed > 0: The modal damping ratio is negative meaning that the nonlinear
force is injecting energy into the system. Although, the energy dissipated by damping
terms is higher than the energy injected by nonlinear force leading to a positive Ed . In
this case, the external excitation force has to provide energy to the system to balance
the difference between the viscous damping and the negative modal damping generated
by the nonlinear force.

(iii) ζ < 0 and Ed = 0: The modal damping ratio is negative and it perfectly balances the
energy dissipated by the viscous damping term, so Ed equals to zero. In this case,
self-excited solutions can be found and no external force is required to observe a
periodic solution, which coincides with the limit cycle oscillation.

(iv) ζ < 0 and Ed < 0: The modal damping ratio is negative and it overcomes the energy
dissipated by the viscous damping term, so Ed is negative. In this case, for periodic
solution to exist, the external force has to take energy out of the system.

3.5 Numerical Examples

In this section, three illustrative cases are tested using CNM, EPMC-V and EPMC-H methods,
including a one DoF system with frictional contact, a one DoF system with quadratic
nonlinear damping and a one DoF system with a cubic spring (Duffing oscillator). In each
testcase, the dNNMs are computed using all three methods described in Section 3.3. The
E-EBM is also applied to show the relevance between the dNNMs and the resonant solutions
in forced responses. From three illustrative cases, the advantages and limitations of each
methods are discussed in detail.
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γej(Ωt+ϕ)k = 1

c = 0.02

m = 1

kt = 3

Fig. 3.6 One DoF system with frictional contact

3.5.1 One DoF system with frictional contact

The first considered system consists of a single point mass oscillator with a Jenkins element
as shown in Fig.3.6. This one DoF model has also been tested in [70]. The dynamic
equation of the forced system is given in Eqn.(3.44), where f nl represents the friction forces
calculated from the Jenkins element. This Jenkins element is considered as a simplistic
model to represent the friction forces with a value of maximum static friction fmax = 1. The
formulations of this Jenkins element are provided in Appendix A.1. There are two contact
conditions in this Jenkins element model, which are sticking and sliding. The EoM used for
the computation of the dNNM is shown in Eqn.(3.43). The classic force amplitude curve
(γ-qmax plot) obtained from E-EBM is shown together with dNNM (ω0-qmax, ζ -qmax plots)
calculated using HBM with the first five harmonics Nh = 5. A simple harmonic excitation
force is applied to the same system with an excitation forcing level γ . The results calculated
from the three different methods (CNM, EPMC-V and EPMC-H) are shown in Fig.3.7. The
evolutions of ω0, ζ and γ are plotted with respect to the vibration amplitude qmax.

mq̈+ k q+ f nl(q) = 0 (3.43)

The analytical ω0 at the sticking condition is 2. As shown in Fig.3.7(a) (ω0-qmax plot),
the evolution of ω0 calculated from EPMC approaches exhibits a great agreement (between
EPMC-V and EPMC-H). Whereas ω0 calculated from CNM shows a slight discrepancy
between that from EPMC. Results from all three methods show a similar trend: a constant ω0

is obtained at low amplitude, and an increase in the vibration amplitude leads to a softening
effect. The change of ω0 is a typical phenomenon in a system with frictional contact. As for
modal damping ratio ζ , the one calculated from EPMC-H deviates from other two methods.
To achieve a better understanding, the normalised energy dissipation caused by the friction
force is also shown in Fig.3.7(b) by the red curve. It is worth pointing out that the energy
dissipation curves are exactly same among the three methods. The energy dissipation is
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Fig. 3.7 Numerical results from the damped nonlinear normal mode within a range of modal
amplitude for the one DoF system with frictional contact: (a) ω0-qmax plot; (b) ζ -qmax plot
and normalised energy dissipation against qmax; plot(c) γ-qmax plot using the extended energy
balance method

simply calculated by integrating the product of tangential friction force and velocity within
one vibrational period 2π/ω0. Comparing the ζ -qmax plots, the result from EPMC-H shows
better agreement with the energy dissipation curve. As the hysteretic damping is independent
on resonant frequency ω0, whereas viscous damping relates to ω0. Due to existence of the
softening effect caused by the frictional contact, a decrease in resonant frequency leads to a
smaller viscous damping ratio and an unchanged hysteretic damping ratio. As described in
Section 3.3, different assumptions are used in three different methods resulting in a deviation
of modal damping ratio ζ . The friction force is computed based on the classic Jenkins
element, which is independent on resonant frequency. Therefore, the EPMC-H can provide
more accurate representation of the energy dissipation than the EPMC-V method.

Figure 3.7(c) demonstrates the evolutions of γ against the amplitude qmax obtained using
E-EBM, which is equivalent to classic force amplitude plot and widely used in structural
dynamics. As shown in Fig.3.7(c), the predicted excitation forcing level γ from the three
methods are very similar. The invariant manifold of this mode is represented by a hypersurface
(q̈-q-q̇), as shown in Fig.3.8. The undamped solutions from CNM are used to construct the
manifold. From the figure, the envelopes are almost indistinguishable between the three
methods. The solutions of dNNM with vibration amplitude qmax of 1 (Case A in Fig.3.7 and
Fig.3.8) are shown in Fig.3.9. The blue and purple solid curves represent the damped and
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Fig. 3.8 Invariant manifolds for the one DoF system with frictional contact: (a, b, c) q(t)-q̇(t)
plot; (d, e, f) Invariant Manifolds

undamped solutions calculated from CNM approach; the yellow dotted curve and green solid
curve show the periodic solutions obtained from EPMC-H and EPMC-V. The results from
EPMC-H and EPMC-V are very similar. By looking at damped and undamped solutions from
the CNM approach, it should be noticed that there is a non-negligible discrepancy in resonant
frequency in Fig.3.9(b). In Fig.3.9(c), the solutions are plotted in a three dimensional space.
Solutions from CNM and EPMC do not lie on a same hypersurface. Therefore, the manifold
obtained from CNM approaches shows slight differences to the EPMC approach.

To verify the modal properties obtained from dNNM coupled with E-EBM, several
nonlinear force responses of this one DoF system with frictional contact are computed.
The EoM used in the computation of forced responses is given as Eqn(3.44). Nonlinear
forced responses calculated using five different values of γ (0.2, 0.6, 1, 1.2 and 1.3) are
shown in Fig.3.10. For a given value of γ , the resonant frequency ω0 and vibrational
amplitude qmax can be predicted using the dNNMs. By looking at Fig.3.10(b) and Fig.3.10(c),
the dNNMs computed using EPMC approaches provide very accurate predictions for the
resonant frequency ω0 and vibrational amplitude qmax. Whereas in Fig.3.10(a), the resonances
predicted using CNM approach slightly deviate from the actual resonances obtained from
nonlinear forced response. A zoom-in of the resonant shared solutions is provided in Fig.3.10.

mq̈+ c q̇+ k q+ f nl(q) = γe j(Ωet+ϕ) (3.44)
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Fig. 3.9 Solutions of the damped nonlinear normal modes with vibration amplitude qmax of 1
for the one DoF system with frictional contact (Case A in Fig.3.7 and Fig.3.7): (a) q(t)-q̇(t)
envelopes; (b) q(t)-t plot; (c) q̈(t)-q(t)-q̇(t) plot
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Fig. 3.10 Using nonlinear forced response to validate ω0-qmax plot and γ-qmax plot for the
one DoF system with frictional contact: (a) Complex Nonlinear Mode; (b) Extended Periodic
Motion Concept with Artificial Viscous Damping; (c) Extended Periodic Motion Concept
with Artificial Hysteretic Damping; Left: γ-qmax plot (Black curve); Right: ω0-qmax (Black
curve) and five nonlinear forced response in different colours
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The resonances predicted using CNM coupled with E-EBM show a lower accuracy than
EPMC approaches when ζ is greater than 15%. In AFT procedure, the damped solution
in CNM is assumed to be periodic. The accuracy of CNM approach is lower in the case
of larger damping. Whereas, in EPMC approach, the introduction of an artificial damping
makes solutions periodic leading to a better performance in the AFT procedure. For this one
DoF system with frictional contact, EPMC-H method provides a better representation of the
energy dissipation.

3.5.2 One DoF system with quadratic nonlinear damping

A one DoF system with quadratic nonlinear damping is investigated as the second test case
in this chapter. This system has been studied in [79]. The EoM for this nonlinear system is
shown in Eqn.(3.45). The evolutions of ω0, ζ and γ against vibrational amplitude qmax are
given in Fig.3.11. The dNNMs are computed using the first 15 harmonics.

q̈+0.1q2 q̇+q = 0 (3.45)

The reference results are calculated based on the theory of Spectral SubManifold (SSM)
using an open source software, SSMtool [128]. SSM is considered as a smooth invariant
manifold and is tangent to the linear modal subspace at the origin. An exact mathematical
nonlinear reduced model is provided by the SSMtool. This reduced model is obtained through
the reduction of full dynamics of studied system to the exactly invariant SSM surfaces, tangent
to those subspaces [128]. The reference backbone curve and modal damping ratio curve
obtained from SSMtool are provided in Fig.3.11.

The manifolds of this dNNM from the three methods and SSMtool are given in Fig.3.12.
The left column shows the results from CNM; the middle left one represents EPMC-V; the
middle right one for EPMC-H; the reference results from SSMtool are shown in right column.
The q− q̇(in first row), q̈− q̇(in second row) and q̈−q(in third row) envelopes are provided.
The manifolds are shown in the bottom row. Similar features can be seen from the manifolds.
The manifold obtained from CNM shows a significant discrepancy from EPMC approaches.
Further, the manifolds from the three methods are also different from the reference one from
SSMtool. In addition, the solutions calculated using classic time integration are also provided
as grey dotted curves in the figure as exact solutions for such a system. The solutions from
time integration matches the manifold from SSMtool. To achieve a further demonstration,
solutions with vibrational amplitude of 4 and 6 are shown in Fig.3.13. These two cases are
highlighted in Fig.3.11 and Fig.3.12(a-d).
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Fig. 3.11 Numerical results from the damped nonlinear normal mode within a range of
modal amplitude for the one DoF system with quadratic nonlinear damping: (a) ω0-qmax
plot; (b) ζ -qmax plot; (c) γ-qmax plot using the extended energy balance method

In Fig.3.13, the blue and purple solid curves represent damped and undamped solutions
calculated from CNM approach; the yellow dotted curves and green solid curves show
the periodic solutions obtained from EPMC-H and EPMC-V; solutions from SSMtool are
represented by grey curves. The solutions for Case A are shown in the top row and the
bottom row represents the solutions for Case B. By comparing q(t)-ωt plot, the solutions
computed from all numerical methods exhibit a similarity with the reference one. However,
the inaccurate prediction of the resonant frequency leads to a significant discrepancy in
q(t)-q̇(t) envelope.

q̈+0.1q2 q̇+0.01 q̇+q = γe j(Ωet+ϕ) (3.46)

To verify the ω0-qmax curve and γ-qmax curve obtained from the dNNMs coupled with
E-EBM, several nonlinear force responses of this one DoF with nonlinear damping are
computed. The EoM used in the computation of the forced response is given as Eqn.(3.46).
Nonlinear forced responses calculated using three different values of γ (0.5, 1 and 1.5) are
shown in Fig.3.14. The backbone curve calculated from SSMtool is also given in the figure.
As described before, from CNM approach, a hardening effect is obtained whereas other
results (from EPMC-V, EPMC-H and SSMtool) show a softening effect. It is worth noticing
that the backbone curve computed from SSMtool does not match the resonances from forced
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Fig. 3.12 Invariant manifolds for the one DoF system with quadratic nonlinear damping:
(a, e, i, m) Results from CNM; (b, f, j, n) Results from EPMC-V; (c, g, k, o) Results from
EPMC-H; (d, h, l, p) Results from SSMtool; (a-d) q(t)-q̇(t) envelopes; (e-h) q̈− q̇ envelopes;
(i-l) q̈−q envelopes; (m-p) invariant manifolds
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Fig. 3.13 Solutions of the damped nonlinear normal modes for the one DoF system with
quadratic nonlinear damping (Case A and B in Fig.3.11 and Fig.3.12): (a, b, c) Case A; (d, e,
f) Case B; (a, d) q(t)-q̇(t) envelopes; (b, e) q(t)-ωt plot; (c, f) q̈(t)-q(t)-q̇(t) plot
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Fig. 3.14 Using nonlinear forced response to validate ω0-qmax plot and γ-qmax plot for
the one DoF system with quadratic nonlinear damping: (a) Complex Nonlinear Mode; (b)
Extended Periodic Motion Concept with Artificial Viscous Damping; (c) Extended Periodic
Motion Concept with Artificial Hysteretic Damping; Left: γ-qmax plot (Black curve); Right:
ω0-qmax (Black curve) and three nonlinear forced response in different colours

response in the case of large damping. It is because the backbone curve can be seen as a
collection of resonances under the conditions of small forcing and damping [22].

The one DoF system with quadratic nonlinear damping (q2q̇) is tested using the three
numerical and results are compared with SSMtool and time integration. A hardening effect is
obtained from CNM, whereas the mathematical backbone (from SSMtool) shows a softening
trend. This is caused by periodic assumption in AFT procedure of CNM method as explained
in Section 3.5.1. The manifolds computed from three numerical methods show an obvious
difference with one from SSMtool.

3.5.3 Duffing oscillator

The third system consists of a single point mass oscillator with a cubic spring, also known
as the Duffing oscillator. This system is considered as an example of the system with
a conservative nonlinearity. The EoM used for the computation of dNNMs is shown in
Eqn.(3.47). The classic force amplitude curve (γ-qmax plot) obtained from the E-EBM is
shown together with the dNNMs (ω0-qmax, ζ -qmax plots) calculated using HBM with the
first 5 harmonics. A simple harmonic excitation force is applied to the same system with an
excitation forcing level γ . The EoM of the forced system is given in Eqn.(3.48).

q̈+q+0.2q3 = 0 (3.47)
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Fig. 3.15 Numerical results from the damped nonlinear normal mode within a range of
modal amplitude for the Duffing oscillator: (a) ω0-qmax plot; (b) ζ -qmax plot; (c) γ-qmax plot
using the extended energy balance method

Figure 3.15 shows the evolution of resonant the frequency ω0, the modal damping ratio
ζ and the excitation forcing level γ with respect to the vibration amplitude using the three
methods described above. From the figures, the results from all three methods show an
excellent agreement. It is because this Duffing oscillator is a conservative system. Therefore,
the different damping assumptions used in different numerical methods cannot affect the
accuracy of the results. As shown in Fig.3.15(b), the modal damping ratio ζ is always zero.
For resonant frequency, a typical hardening trend can be seen. Since these three methods
provide the same results, only the results from EPMC-V are shown in the following figures.
The invariant manifold of this mode is represented by a hypersurface (q̈-q-q̇), as shown in
Fig.3.16(c). Figure 3.16(a) shows a two-dimensional envelope (q-q̇ plot) of the selected
mode. The solutions of the dNNM with vibration amplitude qmax of 2 (Case A in Fig.3.15)
are shown in Fig.3.16(b, d).

q̈+0.01 q̇+q+0.2q3 = γe j(Ωet+ϕ) (3.48)

To verify the modal properties obtained from the dNNM coupled with E-EBM, several
nonlinear force responses of this Duffing oscillator are computed. The EoM used in the
computation of the forced response is given as Eqn.(3.48). Nonlinear forced responses
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Fig. 3.16 Invariant manifolds for the Duffing oscillator: (a) q(t)-q̇(t) plot; (b) q(t)-t plot
when qmax = 2 (Case A in Fig.3.15); (c) Invariant Manifold; (d) q̈(t)-q(t)-q̇(t) plot when
qmax = 2(Case A in Fig.3.15)
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Fig. 3.17 Using nonlinear forced response to validate ω0-qmax plot and γ-qmax plot for the
Duffing oscillator: (a) γ = 0.1; (b) γ = 0.2; (c) γ = 0.3; Left: γ-qmax plot (Black curve);
Right: ω0-qmax (Black curve) and three nonlinear forced response in different colours
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calculated using three different values of γ (0.1, 0.2 and 0.3) are shown in Fig.3.10. For a
given value of γ , the resonant frequency ω0 and vibrational amplitude qmax can be predicted
using the dNNM. From figures, the predicted resonant amplitude and resonant frequency
show a great agreement with the one calculated from nonlinear forced response. This
shows that the methods can also provide accurate prediction for systems with conservative
nonlinearities.

3.5.4 Summary

Two different numerical approaches for the computation of the dNNM are described in this
chapter, which are CNM, EPMC approaches (two different damping assumptions: viscous
damping and hysteretic damping). Generally, all approaches can be used for the computation
of dNNMs of systems with non-conservative nonlinearities. The E-EBM can be used for both
approaches and can provide accurate predictions for resonances. The benefits and limitations
of each method are critically discussed.

For systems with non-conservative nonlinearities, the solutions in CNM are assumed to
be sinusoidal with an exponential decay. In AFT procedure, the solutions are assumed to be
periodic solutions. The aperiodicity of the solution and the periodic assumption make the
solutions of dNNMs from CNM less accurate. For systems with large damping, the accuracy
of the CNM can be even worse. In conservative nonlinear systems, the solutions are periodic
and the inaccuracy of the CNM approach will not exist anymore.

An artificial hysteretic damping is introduced to balance the energy exchanged in EPMC-
H. Unlike the viscous damping, the hysteretic damping is independent to the resonant
frequency. Therefore, for displacement dependent nonlinearities, the evolution of modal
damping ratio obtained from the EPMC-H follows the same trend of energy dissipation curve
with respect to the vibration displacement.

In second test case, the accuracy of these numerical methods drops significantly. In EPMC
approach, an assumed linear damping term is enforced to balance the nonlinear damping
effect. Using a linear damping ratio (either viscous or hysteretic) is difficult to represent
and quantify the damping effect of a higher order nonlinear damping. It is not rigorous to
conclude that EPMC cannot work under the presence of higher order nonlinear damping.
But the use of these numerical methods in such systems should be carefully considered.

A classic Duffing oscillator is studied as an example of a system with a conservative
nonlinearity. In a conservative nonlinear autonomous system, the solutions are undamped
and in the form of a periodic orbit. The damping assumptions in three numerical methods do
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not show any impact on the results. In summary, the use of these numerical methods is also
possible in a system with a conservative nonlinearity.

3.6 Concluding Remarks

In this chapter, two different existing numerical methods and one novel method used to
compute dNNMs for systems with nonlinear damping have been described and compared.
These three methods are tested by three simplistic test cases: a one DoF system with frictional
contact, a one DoF system with quadratic nonlinear damping and a Duffing oscillator.

By comparing the dNNMs from three different methods, several useful suggestions can
be concluded. Firstly, for a system with a large modal damping, CNM cannot provide
accurate prediction because of the periodic assumption used in the AFT process. Secondly,
for EPMC, the assumption of the linear artificial damping (viscous or hysteretic damping) to
represent the nonlinear damping is also very important. If there is no significant variation of
the resonant frequency, both damping assumptions can give similar results. For systems with
displacement dependent nonlinear force, the hysteretic damping assumption can provide a
better representation of the energy dissipation. For systems with a higher order nonlinear
damping (i.e. q2q̇), the dNNMs computed from these numerical methods show a significant
difference with the reference solutions. Therefore, the use of these numerical methods is not
suggested for systems with a high order nonlinear damping. Finally, all three methods are
also applicable for systems with conservative nonlinearities.

The numerical formulations of E-EBM coupled with the three methods have been derived
in detail. This method can be simply adopted with these numerical methods to construct the
force amplitude plot as a by-product of the computation of the damped nonlinear normal
mode. The EPMC approach coupled with E-EBM is considered as a numerical tool and
used in the rest of thesis to study the nonlinear dynamic response of structures with friction
dampers. In the next chapter, these numerical methods will be validated by comparing with
existing experimental results.
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Chapter 4

Numerical Validation and Parametric
Study of Frictional Dampers

In this chapter, the numerical methods described in the previous chapter are validated
using the reference results from Berthillier et al. in 1998 [13]. Then, a parametric study
of UnderPlatform Damper (UPD) is achieved using the validated numerical methods. A
simplified beam model is used to represent the blade for the preliminary design stage. This
parametric study will provide some useful guidance to design a novel experimental test rig
in the near future. The frictional damper is numerically analysed based on two parameters,
the contact angle and vertical position of the platform. Using nonlinear modal analysis, the
modal damping ratio, the resonant amplitude and the resonant frequency are directly and
efficiently computed for a range of design parameters. Monte Carlo Simulations (MCS)
together with Latin Hypercube Sampling (LHS) is then used to assess the robustness of
the frictional damper, whose contact parameters involve uncertainties due to manufacturing
tolerances and wear effects. The influence of those two parameters is obtained and the best
performance of the frictional damper can be achieved when the contact angle is around
25◦-30◦. The vertical position of the platform is highly mode-dependent and other design
considerations need to be accounted for. The results have been proved that the uncertainties
of the contact surfaces do not have significant effects on the performance of the frictional
damper. The second part of this chapter has already been published in Sun et al . [165].
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Fig. 4.1 Experimental setups [13]: (a) Overview of the beam and dampers; (b) Friction
dampers

4.1 Validation of Numerical Methods

4.1.1 Experimental setup for validation

A beam with a rigid platform is used for the validation of the numerical methods. This beam
model has the same dimension of the experimental test rig in [13]. As shown in Fig.4.1 and
Fig.4.2, the beam is a 1.33 m long vertical steel tube with a rectangular cross section of a
0.08 m by 0.04 m and 0.002 m thickness. There is a rigid platform located at 0.318 m from
the clamped end of the beam. A stiff friction damper is applied to both sides of the platform
for the sake of symmetry. A horizontal excitation force is applied by an electrodynamic
shaker at 1.28 m from the root of beam. An accelerometer is horizontally placed on the beam
at the shaker position.

4.1.2 Mechanical model for validation

The beam is modelled by a two-dimensional Euler-Bernoulli beam model with 665 elements.
According work of Berthillier et al. [13], the lumped parameters are added to the beam model
to represent the platform and shaker. A mass of 2 kg and inertia of 8.5×10−4 kgm2 is used
to model the platform, whereas a moving mass of 0.133 kg is used to model the shaker. The
material properties used for the beam model are: density 7800 kg/m3; Poisson ratio 0.3;
Young’s modulus 2.0×1011 Pa. The natural frequency of the first bending mode (without
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Fig. 4.2 Reference mechanical model: Two dimensional views of beam and dampers

the damper) is 25.4 Hz or 160 rad/s. When the damper is fully stuck, the resonant frequency
is 35.2 Hz or 221 rad/s. The natural frequencies are almost identical with the ones obtained
experimentally [13]. The response u1 is taken from the Z-displacement of the node where
the shaker is placed. The normal load applied to the friction damper is 372.8 N. To match
the experimental forced response at low excitation force ( fex = 0.938 N), the linear damping
ratio is assumed to be 2.2%.

A classic Jenkins element is used to model the friction force, which has been described
in Section 2.3.3. In the experimental work from Berthillier et al. [13], the friction coefficient
and the contact stiffness have not been properly measured. The friction coefficient and
contact stiffness depend on many factors, i.e. the material, the temperature and the normal
load [41]. Therefore, the determination of the contact parameters in the numerical simulation
is a complicated task. In this work, the contact parameters are determined by tuning the
numerical results with the experimental results. The contact stiffness can be simply tuned by
matching the resonant frequency at the fully stuck case. The friction coefficient is obtained
by matching the forced response at the fully sliding case. After this process, a tangential
contact stiffness 1.4×107 N/m and a friction coefficient 0.66 are used in the Jenkins element
to simulate the frictional contact.
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Fig. 4.3 Experimental results and numerical results: (a) Comparison of forced responses
from experiments (dashed curves) and numerical simulations (solid); (b) Forced responses
(from numerical simulation) and damped nonlinear normal mode (grey curve); (c) Forced
responses (from experiments) and damped nonlinear normal mode (grey curve)

4.1.3 Numerical results and experimental results

The experimental results from [13] are considered as the reference results to validate the
numerical methods described in Chapter 3. The forced responses with different excitation
forcing levels fex are shown in Fig.4.3(a): the dashed curves represents the experimental
results and the solid curves come from the numerical simulations. At low excitation forcing
level fex = 0.938 N (red curves), the friction damper is almost fully stuck and there is no
energy dissipated. An increase in excitation forcing level leads to a lower resonant frequency
and lower u1/ fex value because of the energy dissipation caused by the frictional contact.
The results from numerical simulations can capture the main features of nonlinear dynamic
behaviour of such a beam model with a friction damper by comparing with the reference
results.

To validate the results obtained from the nonlinear modal analysis, in Fig.4.3(b), the
frequency amplitude plot (grey curve) obtained from the damped Nonlinear Normal Mode
(dNNM) using Extended Periodic Motion Concept (EPMC) are shown in together with
several numerical forced responses. From the figure, the frequency amplitude plot can
accurately predict the resonance in the numerical forced response. In Fig.4.3(c), the reference
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results are shown together with the frequency amplitude plot. At high excitation forcing level
(i.e. fex = 34.375 N and fex = 38.436 N), the reference resonant frequency is slightly lower
than the one computed from dNNM. However, the friction coefficient used in numerical
simulations is tuned by matching numerical results to reference results, instead of measured
by experiments. This can be a possible reason for a small difference in resonant frequency
for larger excitation forcing levels. Wear effects of the contact interface and the normal load
has significant effect on both the friction coefficient and the contact stiffness [41]. These
effects are not considered in numerical simulations and result in a small discrepancy between
the numerical results and the reference results.

4.1.4 Summary

In summary, we can safely conclude that the numerical simulations can capture the main
features of nonlinear dynamic behaviour of such a structure with an acceptable accuracy.
The determination of the contact parameters has significant importance on the accuracy of
the numerical simulations. The reference experimental results were measured in 1998 [13].
The quality of experimental results might be improved with the use of modern laboratory
techniques. Therefore, the objective of rest of this chapter is to demonstrate a preliminary
design of a test rig and investigate the two important factors that can influence the performance
of the friction damper.

4.2 Parametric Study of Frictional Dampers

4.2.1 Model description

The objective of the rest of this chapter is to investigate the influence of the position of the
damper and the contact angle of the UPD in terms of its capacity to dissipate energy. The
mechanical model and contact model used in this work is described in the first place.

Mechanical model

The model is based on a simple two-dimensional model represented as Fig.4.4(a). The blade
is modelled with a beam of length Lb, on which one platform is fixed at the height H, where
H/Lb ∈ (0,1]. The latter is modelled with a beam of length Lp. This modelling choice has
been widely used in the numerical and experimental analysis in the literature [120]. Firstly,
several simplifications were made about the model shown in Fig.4.4(a) and listed below.
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Fig. 4.4 Mechanical model: (a) Two dimensional view X-Y Plane; (b) Two dimension finite
element model

1. Blade and platform: The properties of the blade and platform are assumed to be
constant along the axis of rotation. Therefore, the blade structure is considered as a two-
dimensional Finite Element (FE) model. In addition, turbine blades in turbomachinery
are rigid enough to avoid the kinematic nonlinearities. Therefore, a linear Euler-
Bernoulli beam element with a bar element is used to model the flexural and axial
vibration of the blade-platform. To understand the influence of the contact angle, only
one side of the damper is modelled (usually UPDs are placed underside of the adjacent
blades) .

2. Cyclic symmetry: Cyclic symmetry boundary condition is usually required for the
actual design of UPDs. However, to investigate the impact of these factors (vertical
position of the damper and contact angle), the cyclic symmetric framework is not
considered so that each blade is isolated.

3. Damper: A cylindrical damper is considered, because it is inexpensive to test for
different contact angles in the future experimental work as shown in Fig4.4(b). The
damper is assumed as a rigid body and completely fixed to the ground, so the contact
force is introduced between the tip of the platform and ground. Therefore, the influence
of the contact angle can be obtained independently.

4. Frictional contact: Only one contact node is taken into account, which is used to
model the line contact for the cylindrical damper. The normal force applied to the
contact surface is used to simulate the centrifugal force for real bladed disks.

A simplified model is shown in Fig.4.4(b). The platform can be located between the
bottom and the tip of the blade to test the different vertical positions of the UPD. The contact
interface between the damper and the blade is modelled with a contact point at the tip of
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the platform. The angle θ between the damper and the platform is taken in the range of
[0,π/2]. If θ = 0, then the local contact force is purely friction, whereas if θ = π/2 there is
only impact between the contact points. A constant vertically downwards normal force N is
applied at contact node to represent the reaction force from the centrifugal effect due to the
rotation of the bladed disk. This force is always positive and N0 is set to be 50 N.

For two-dimensional FE beam model, each node has three Degrees of Freedom (DoFs)
which are the translational DoFs in X-Y plane and a rotational one. The beams have the
following dimensions: a length of 200 mm, a width of 40 mm and a thickness of 3 mm, which
is the same beam used in [82]. The mass and stiffness matrices of each element can be
obtained as in [131]. A fixed interface component mode synthesis method, namely the Craig
Bampton method [28, 66], is used to reduce the computational cost.

Contact model

In the present study, a two-dimensional cylindrical damper with a point contact is modelled.
A simplistic contact model is used to calculate the nonlinear dynamic response in a fast
time scale [191] and is represented in Fig.4.5. This contact model consists of a Jenkins
element and a unilateral spring. In the normal direction, a unilateral-elastic behaviour with a
stiffness kn and a preload N0 is considered. Whereas, in the tangential direction, the elastic
dry Coulomb friction with the coefficient µ and a stiffness kt is considered. w(t) is the
internal variable representing the sliding position during a vibration cycle. The value of
the friction coefficient µ is chosen as 0.5. The dynamic friction coefficient is assumed to
be identical to the static one. The values of contact stiffness is selected as the same value
in [82]. The numerical formulations used to calculate the frictional force are described in
Section 2.3.3.

Fig. 4.5 Two dimensional contact model
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Fig. 4.6 Linear mode shape for beam model: (a) 1st Bending mode ω0 = 391.8 rad/s; (b)
2nd Bending mode ω0 = 2333.1 rad/s

4.2.2 Numerical results

This section is devoted to the discussion of the results. Firstly, a specific configuration of
the system is presented to characterize the performance of the damper and to illustrate the
results obtained based on the methodology presented previously. Then the performance of
the frictional damper is analysed for all the possible configurations of the system.

Nonlinear modal analysis

In this part, a specific configuration of the system is considered where the position of the
platform is characterized by H/Lb = 0.3 and the contact angle θ is set to 25◦. At the first
place, the first two linear modes are determined, as shown in Fig.4.6. They correspond to the
first two bending modes at 391.8 rad/s and 2333.1 rad/s. The 1st bending mode is chosen
to illustrate the damping performance. The methodology presented in the previous section is
applied and for a range of modal amplitude α . The dNNMs Q(t) and the modal properties,
including the resonant frequency ω0 and the modal damping ratio ζ , are computed. The
modal properties are illustrated with respect to kinetic energy. Since the total kinetic energy
varies during the oscillation, the mean kinetic energy per period Ekin is calculated based
on Parseval’s theorem [82]. Results are shown Fig.4.7, where the evolution of the resonant
frequency ω0 and the modal damping ration ζ are given versus the kinetic energy Ekin. The
resonant frequency ω0 is constant and equal to 394.2 rad/s when the kinetic energy Ekin is
inferior to 8, and then it decreases and stabilizes at 392.6 rad/s when the higher level of
kinetic energy is achieved. The natural frequency of the 1st bending mode is also shown as
the green dotted line in Fig.4.7(a). This variation of the resonant frequency with respect to
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(a) (b)

Fig. 4.7 Modal characteristics against kinetic energy (H/Lb = 0.3 and θ = 25◦): (a) Resonant
frequency; (b) Modal damping ratio

the kinetic energy is typical to a structure with frictional contact. Looking at the evolution of
modal damping ratio ζ (see Fig.4.7(b)), important variations are also observable. Principally,
when kinetic energy Ekin is lower than 8, the modal damping ratio is zero. Then it increases
to reach a maximum value of ζp equal to 0.1% when the kinetic energy Ekin reaches around
20. Finally, it decreases and tends to 0.025%.

When the kinetic energy Ekin is smaller than 8, the contact mode is sticking and the whole
system is purely linear, so the resonant frequency ω0 of the system remains constant and
there is no energy loss due to the friction. The contact points start to slide when kinetic
energy Ekin is 8. The resonant frequency decreases due to the softening effect caused by
the friction (sliding). The total change of the resonant frequency is named as ∆ω0, which
indicates the shift in resonant frequency compared to the baseline configuration (no damper).

The performance of the damper can be directly assessed through Fig.4.7(b). The maxi-
mum modal damping ratio ζp can be directly obtained in the figure. However, when modal
damping ratio at its maximum value ζp, a small change in kinetic energy results in a dramatic
decrease of the modal damping ratio. Whereas, the analysis demonstrates the presence of
steady region when the kinematic energy is larger (i.e. Ekin > 600). Indeed, the damping is
not very sensitive to a variation of the kinetic energy and reaches a non-zero asymptotic value
when kinetic energy Ekin is further increased. This asymptotic value of the modal damping
ratio is named as ζs, which is approximated from the simulation. To further demonstrate the
energy dissipated, four normalised hysteresis loops for different levels of kinetic energy are
given Fig.4.8. The corresponding levels of amplitude are represented Fig.4.7(b) with the blue
points. Thus, Fig.4.8(a) shows the normalised hysteresis loop before the maximum modal
damping ratio ζp is achieved (example A). The normalised hysteresis loop at ζp (example
B) is given in Fig.4.8(b). The other two hysteresis loops (example C and D) in Fig.4.8
correspond to higher values of the kinetic energy where the damping reach its asymptotic
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Fig. 4.8 Normalised hysteresis loops for example point in Fig4.7(b): (a) Example A; (b)
Example B: maximum modal damping ratio ζp; (c) Example C; (d) Example D: asymptotic
value of modal damping ratio ζs

value. Before the maximum damping is reached, the hysteresis loop is a quadrilateral, so
the damper and the platform are always in contact and friction occurs. Whereas after the
maximum damping ratio, the loss of contact occurs.

Design space exploration

In the previous part, a specific case was presented to illustrate the nonlinear dynamic be-
haviour of the blade with cylindrical frictional damper. In addition, parameters of interest
for damper design are also defined. In the present part, the performance of the damper is
determined for all possible positions H/Lb of the platform and all possible contact angles θ .
Hence, the three performance indicators, namely ζp, ζs and ∆ω0 (see Fig.4.7), are determined
for the 1st and the 2nd bending modes of the system. The linear mode shape of the baseline
configuration (no damper) for first two bending modes are displayed Fig.4.6.

The results are shown Fig.4.9. The figures in the left column correspond to the results
associated to the 1st bending mode, and the right column to the 2nd bending mode. For each
mode, the maximum modal damping ratio ζp, the asymptotic value of modal damping ratio
ζs and the shift of resonant frequency ∆ω0 are given. The first obvious observation is that the
three parameters are highly related to both design parameters, namely the vertical position of
the platform and the contact angle.
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Fig. 4.9 Three design objectives (ζp, ζs and ∆ω0): (a, b , c) 1st Bending mode; (d, e, f) 2nd

Bending mode

By looking at the evolution of the modal damping ratios (see Fig.4.9(a,b,d,e)), it appears
that the maximum is always achieved when the platform is close to the top of the blade. This
can be explained by the fact that if the platform is located at the bottom of the blade, where
the relative displacement between contact nodes is small, it will be more difficult to initiate
sliding and so less energy is dissipated by the contact leading to lower modal damping ratio.
This is confirmed by the evolution of the modal damping ratios for the 2nd bending mode.
Larger displacement can be achieved at an intermediary position of the platform, and so an
increase of the damping ratios is also observable when the platform is located around the
middle of the blade.

The contact angle θ has also a crucial impact on the damping performance. It appears
that the damping ratios and the frequency shift have higher values when the angle is smaller.
To illustrate the influence of the contact angle, the hysteresis loop for different contact angles
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Fig. 4.10 Hysteresis loop for different contact angles θ : (a) θ = 0◦, 10◦ and 30◦; (b) θ =
50◦, 70◦ and 90◦

and when H/Lb = 0.3 is plotted in Fig.4.10. The area enclosed by a closed hysteresis loop
represents the total energy dissipated due to friction. For values of θ inferior to 30◦, the
peak-to-peak value of Ft decreases but the displacement variations increase, which leads to an
increase of the enclosed area (see Fig.4.10(a)). When θ is superior to 50◦ (see Fig.4.10(b)),
then loss of contact occurs and the enclosed area decreases. For further increase of θ ,
the energy dissipated by friction decreases. In the case of θ = 90◦, the contact mode is
separating-sticking and there is no energy loss due to sliding, so the three objectives tend
to zero. From Fig.4.9(b), the maximum case of the ζs for the 1st bending mode is achieved
while the contact angle θ is around 25◦-30◦. From Fig.4.9(d,e), the best performance of the
damper is also obtained when the contact angle is within 25◦-30◦ for the 2nd bending mode.

The shift of the resonant frequency for both modes are shown in Fig.4.9(c) and Fig.4.9(f).
The evolution of the resonant frequency shift is similar to the evolution of the modal damping
ratios, which leads to similar analysis. The contour plots in Fig.4.9(c) and Fig.4.9(f) show the
percentage of variation of frequency (∆ω0/ω0). The maximum shift of resonant frequency
for the 1st and the 2nd bending modes are 12% and 0.3% respectively. It is obvious that
the frequency shift for the 2nd bending mode is smaller than for the 1st mode in term of
both actual shift of resonant frequency and percentage. The shift of resonant frequency is
caused by softening effects due to the sliding contact condition. For different modes and
different H/Lb, the natural frequency sensitivities with regards to contact stiffness (∂ω0/∂k,
k = kn = kt) are different. Therefore, a sensitivity analysis is used to investigate the effect of
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the contact stiffness on the natural frequency. Natural frequency sensitivities are calculated.
The sensitivity for the first three natural frequencies for different platform positions are
shown in Fig.4.11. It is easy to see that the natural frequency of the 1st bending mode is
more sensitive to the contact stiffness. In addition, the sensitivities are also increased with
the value of H/Lb. The shift of resonant frequency is an important factor for the design of
the damper. Indeed, the damper is designed to get a certain resonance frequency shift, but a
significant change in frequency can cause interaction with other modes.

Fig. 4.11 Natural frequency sensitivity

Damping performance is very sensitive to the mode shape and the displacement at the
contact node. The best configuration for the damper depends on the considered mode. By
considering the 1st bending mode, the best configuration would be a vertical position of
H/Lb = 1, whereas for the second mode H/Lb = 0.3 is the optimal position. Besides the
damping performance, other design considerations also need to be accounted for, e.g. placing
the damper at mid-span would have detrimental effect on aerodynamic performance. For
this reason, designers give their priority to placing the UPD at the lower position, which is
regarded as the most efficient damping technique to reduce the vibrational stress of bladed
disks structure [120].

4.2.3 Uncertainty quantification

The previous section was devoted to the analysis of the damping performance for different
configurations of the system. This study has been performed in a deterministic case where
all the parameters are supposed to be known and constant. However, some parameters
within the contact surfaces might be uncertain and have a non-negligible impact on the
damper performance. So the objective of this section is to investigate the impact from those
uncertainties on the performance of the damper.
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Table 4.1 Uncertain Parameters

Mean Standard deviation
Friction coefficient µ 0.5 0.05

Contact stiffness k 2 N/mm 0.1 N/mm

Fig. 4.12 Uncertainty quantification: (a) Number of occurrence for contact stiffness; (b)
Number of occurrence for friction coefficient; (c) Samples from LHS; (d) Example of
convergence study

Thus, the two parameters that define the contact are considered as uncertain and MCS
are performed. This choice is motivated by the fact that the roughness of contact surfaces
cannot be assumed as a constant due to manufacturing tolerances and wear effects caused
during operation. The two contact parameters considered are the friction coefficient µ

and the contact stiffness k (k = kn = kt). A normal distribution law is assumed for both
uncertain parameters [124, 80]. The nominal value and the standard deviation of the uncertain
parameters are given in Tab. 4.1.

The methodology adopted here to propagate the uncertainty is the classic MCS method.
To ensure a quicker convergence, the samplings are generated based on LHS [105] with an
open source library OpenTURNS [11]. A set of 100 samples is selected after a convergence
study as shown in Fig.4.12(d). The distributions and the repartition of the input points are
given Fig.4.12.
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(a) (b)

Fig. 4.13 MCS: Stochastic modal characteristics against kinetic energy (H/Lb = 0.3, θ =
25◦): (a) Resonance frequency; (b) Modal damping ratio

For a sake of consistency and according to previous results, only the 1st bending mode
is considered for this study. A first case where H/Lb = 0.3 and θ = 25◦ is considered as
an illustration. For all the couples (µ,k) generated based on a LHS by OpenTURNS, the
evolution of the stochastic resonant frequency and the modal damping ratio with the kinetic
energy Ekin are given Fig.4.13. The mean of each parameter as well as the 5th and 95th

percentile are given. For the resonant frequency, a wider band is obtained before the sliding
occurs. In this case, the friction force only depends on the contact stiffness. When the kinetic
energy Ekin is greater than 8, the resonant frequency starts to decrease and the band becomes
thinner. The friction force is dominated by the friction coefficient instead of the contact
stiffness. So the contact stiffness has a higher influence on the resonant frequency at low
levels of kinetic energy, whereas the influence of the friction coefficient is important at higher
levels of kinetic energy.

Considering the evolution of the modal damping ratio, the two contact parameters have an
impact as soon as sliding occurs and change the threshold at which sliding appears (between
3 and 25). They also have an impact on the maximum of the modal damping ratio (0.11%
versus 0.07%) and on the kinetic energy Ekin at which it appears (30 versus 80). However,
the influence on modal damping ratio is small once loss of contact appears. So performance
of the damper is affected by the uncertainties associated to the contact parameters.

To study the impact of these uncertain parameters, the procedure is performed for all
the positions of the damper and all the contact angles. The mean and the standard deviation
of the modal damping ratios ζp, ζs and the shift of resonant frequency ∆ω0 are determined.
Results are given in Fig.4.14. By comparison with the deterministic results (see Fig.4.9),
the evolution of the mean of the different parameters does not give a significant difference.
Indeed, the configuration which gives the optimal damping and the variations of the three
performance indicators are very similar. For area where no sliding occurs in the dynamics
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Fig. 4.14 MCS: Three design objectives (ζp, ζs and ∆ω0): (a, b, c) Mean; (d, e, f) Standard
deviation
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of the system (i.e. ζp = 0), this is justified by the fact that those uncertain parameters have
no significant influence on ζ (see Fig.4.13(b)). So in the area where ζp = 0, no variation
is expected and so the variance remains close to zero. In the areas, where ζp and ζs are
non-zero, larger variances are observed. As seen in Fig.4.13(b), the value of the maximum
modal damping ratio ζp is highly influenced by the uncertain parameters, which is confirmed
by the high variances. Similarly, the modal damping ratio ζs is influenced by the variation of
the uncertain parameters, but less variation is observed than for ζp (see the wider band for ζp

than ζs on Fig.4.13(b)), which is in concordance with the lower level of variance observed
for ζs compared to those of ζp (0.2% versus 0.04%). As for the shift of resonant frequency,
the maximum standard deviation for ∆ω0 is around 2 rad/s as shown in Fig.4.14(f). By
considering the standard deviation of the three design objectives (ζp, ζs and ∆ω0), it has been
proved that the uncertainties involved in the contact surfaces do not have significant effects
on the performance of the frictional damper.

4.3 Concluding Remarks

In the first part of this chapter, the numerical methods for nonlinear modal analysis described
in the previous chapter has been validated based on the reference results from an experimental
work. Then, a preliminary parametric design of the friction damper for aero-engine turbine
blades has been effectively explored using the nonlinear modal analysis. A two-dimensional
beam model was used to represent the blade and platform as a case study. Two design
parameters, namely the contact interface angle and the vertical position of the platform on
the blade, have been considered for the parametric study of the friction damper design. With
such a definition of design parameters, the model is able to simulate the dynamic behaviour
of different configurations for underplatform dampers.

The performance of the frictional damper has been assessed based on three objectives:
the maximum modal damping ratio, asymptotic limit of the modal damping ratio and the
shift of the resonant frequency. The results showed an optimal configuration of the frictional
damper can be achieved when contact angle is around 25◦-30◦. The vertical position of the
platform is highly mode-dependent and other design considerations need to be addressed. In
the nonlinear modal analysis, it is important to notice that there is a non-zero asymptotic limit
of the modal damping ratio, which indicates that the frictional damper is able to dissipate
energy at higher levels of kinetic energy. Frictional dampers are usually designed to mitigate
resonance with higher modes and the first several modes are commonly avoided. Since
this work is considered as preliminary study for future experimental work. Only the first
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two bending modes are considered. An effective design of underplatform dampers can
significantly reduce the maximum dynamic stress, which contributes to a higher fatigue
safety factor and ensure the guaranteed high cycle fatigue life.

As the contact parameters on the frictional interface involve many uncertainties due to
the manufacturing tolerances and the wear effects on their contact surfaces, they would
significantly change the dynamics of the friction damper. To evaluate the robustness of
the friction damper subjected to these uncertainties, Monte Carlo simulations together with
Latin hypercube sampling is used to quantify the effects of these uncertainties on the modal
characteristics of the friction damper. By considering the mean value and standard deviation
from the uncertainty quantification process, the uncertainties involved contact surfaces do
not have significant influence on the performance of the friction damper.

In the next chapter, these numerical methods will be applied to an engineering structure,
a blisk with a friction ring damper.
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Chapter 5

Application of Nonlinear Modal Analysis
to Blisks with Ring Dampers

In the previous chapter, the numerical methods for nonlinear modal analyses have been
validated against a set of experimental results. In this chapter, the nonlinear modal analysis
is applied to study the nonlinear dynamics of the compressor blisks with friction ring
dampers. Two different models are used to represent a blisk with a ring damper, which
are an illustrative lumped parameter model and a 3D full-scale Finite Element (FE) model.
The lumped parameter model is used to provide a qualitative study of such a system for
giving some fundamental understandings of the dynamic response of blisks with friction
ring dampers. The three-dimensional full-scale model aims to provide a realistic dynamic
analysis for blisks with friction ring dampers. To obtain a high fidelity analysis, several steps
of the pre-processing are completed before the nonlinear modal analysis, including a classic
linear modal analysis, a rotor dynamic analysis and a nonlinear static analysis. The damping
performance of the ring damper is evaluated and critically discussed. The first part of this
chapter has already been published in Sun et al [166], and the second part of this chapter has
already been published in Sun et al. [164].

5.1 Lumped parameter model

The lumped model used in the present thesis to model the blisk with a friction ring damper
is referred to the existing research by Laxalde et al [94], as shown in Fig. 5.1. There are a
total eight Degree of Freedoms (DoFs) per sector, which are used to represent the blisk as
given in Eqn.(5.1): two DOFs represent the motion of the blade (qb1 and qb2), three DoFs
for the disk (internal one qdi, right one qdr and left one qdl) and the other three for the ring

115



Application of Nonlinear Modal Analysis to Blisks with Ring Dampers

Fig. 5.1 Demonstration of lumped parameter model

damper (internal one qri, right one q rr and left one qrl). There are overall 24 sectors within
this cyclic symmetric structure, Ns = 24. The blisk and ring are assumed to be identical for
each sectors and the cyclic symmetry boundary condition described in Section 2.1 is applied.
The model parameters are listed in Tab. 5.1. The formulation used to assemble the stiffness
and mass matrices for a sector is provided in Eqn.(5.2-5.3). Mead’s approach [106, 107]
is used to apply the cyclic boundary condition, as mentioned in Section 2.5. The detailed
formulations for Mead’s approach will be provided in Section 5.2.3 together with the model
reduction for the full-scale FE model. After applying Mead’s approach, the DoFs associated
with the right boundaries (qdr and qrr) are eliminated.

Table 5.1 Lumped Model Parameter

Symbols Values Units
mb1 0.2 kg
mb2 0.3 kg
md 0.4 kg
mr 0.01 kg
kb1 2×106 N/m
kb2 106 N/m
kd 5×107 N/m
kG 6×105 N/m
kr 2×107 N/m
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5.1 Lumped parameter model

Q = [qb1 ,qb2 ,qdi ,qdr ,qdl ,qri ,q rr ,qrl]
T (5.1)

K =



kb1 −kb1 0 0 0 0 0 0
−kb1 kb1 + kb2 −kb2 0 0 0 0 0

0 −kb2 kb2 + kG +2kd −kd −kd 0 0 0
0 0 −kd kd + kG 0 0 0 0
0 0 −kd 0 kd + kG 0 0 0
0 0 0 0 0 2kr −kr −kr

0 0 0 0 0 −kr kr 0
0 0 0 0 0 −kr 0 kr


(5.2)

M =



mb1 0 0 0 0 0 0 0
0 mb2 0 0 0 0 0 0
0 0 md 0 0 0 0 0
0 0 0 md 0 0 0 0
0 0 0 0 md 0 0 0
0 0 0 0 0 mr 0 0
0 0 0 0 0 0 mr 0
0 0 0 0 0 0 0 mr


(5.3)

The frictional contact between the blisk and ring damper is modelled by a one dimensional
contact model as given in Section 2.3.3. The normal load applied between contact nodes is
linearly proportional to the mass of ring damper mr. The contact stiffness is assumed to be
5×107 N/m and the friction coefficient is assumed to be 0.5.

5.1.1 Natural frequency against nodal diameter

The natural frequencies of the lumped parameter model (without the ring damper) are plotted
against the Nodal Diameter (ND) in Fig.5.2. There are four families of modes, two of them
marked by circles and diamonds represent blade dominated modes. The natural frequencies
of these two families are almost constant for all possible NDs. The families marked by
squares and triangles are disk dominated modes. For these modes, the modal stiffness
increases dramatically with a growing ND. Therefore, a higher natural frequency can be seen
for large NDs. The disk dominated modes have a strong blade-disk coupling effect leading to
a large slope of the curves as shown in Fig.5.2. The blade-disk coupling effect is important,
because it gives an access for the communication of the vibration energy between blades
and disks. There is a crossing between 2nd and 3rd family of mode near ND 3. In order to
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Fig. 5.2 Natural frequency against nodal diameter for lumped parameter model

Fig. 5.3 Mode shape of 2nd modal family (marked by squares in Fig.5.2)

evaluate the damping performance, the mode shape of 2nd modal family is shown in Fig.5.3.
By looking at the mode shape, the DoFs associated with the disk show a significant modal
displacement. Ring dampers are designed to reduce the vibration amplitude for the mode
with a large disk displacement. Therefore, the modes from 2nd modal family are selected for
the following study.

5.1.2 Effect of nodal diameter on damping performance

The influence of the ND on the damping performance of friction ring dampers has been
demonstrated at the first place. To evaluate damping performance, the damped Nonlinear
Normal Modes (dNNMs) for the 2nd modal family are computed using the EPMC approach.
The evolution of the modal damping ratio ζ is computed for a range of vibrational amplitude,
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Fig. 5.4 Modal damping ratio ζ against the vibration amplitude qb1,max for 2nd mode family
with ND 1, 2, 3, 4

which is taken from the tip of the blade qb1,max. Different NDs are tested for the selected
modal family (1ND, 2ND, 3ND and 4ND). The results are given in Fig.5.4. The evolution of
the modal damping ratio ζ against the vibration amplitude qb1,max follows a similar trend
among these different NDs. When the structure vibrates at low amplitude, the friction ring is
stuck to the blisk and the energy dissipation caused by friction is zero. An increase in the
vibrational amplitude leads to a sliding contact condition and the total energy of system is
reduced due to frictional contact. In this situation, a positive modal damping ratio can be
obtained.

From Fig.5.4, the sliding contact condition occurs at the lowest vibration amplitude for
the mode with ND 4, whereas the mode with ND 2 shows the greatest modal damping ratio
(around 3%). Generally, a larger ND leads to a greater blade-disk coupling and a greater
modal displacement on the disk. Therefore, the ring can slide at a lower vibrational amplitude
for large NDs. However, as shown in Fig.5.2, the mode with ND 3 of the 2nd modal family is
very close to the 3rd modal family which belongs to blade-dominated modes. Therefore, a
lower blade-disk coupling can be seen for the mode with ND 3.

5.1.3 Effect of damper mass on damping performance

Then, the influences of the damper mass mr on the damping performance are investigated.
The mode from the 2nd mode family with ND 2 is studied. The evolution of ζ against
qb1,max is given in Fig.5.5. For an increasing vibrational amplitude, an earlier sliding contact
condition can be seen for the ring with a smaller mass. As shown in Fig.5.5, the ring with
mr = 0.005 slides at the lowest amplitude at 1e−5, whereas the ring with mr = 0.02 slides at
5e−5. The maximum modal damping ratio decreases with an increasing ring damper mass.
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Fig. 5.5 Modal damping ratio ζ against vibration amplitude qb1,max for 2nd mode family
with ND 2 with different values of damper mass (0.005 kg, 0.01 kg, 0.015 kg, 0.02 kg)

For the same geometry of the ring damper and same rotational speed, the ring damper
with a lower mass leads to a lower centrifugal force resulting in a small contact normal load.
In addition, the mass of ring damper directly affects the inertia of the damper. For a lower
contact normal load, the lighter damper is much easier to slide. And, for a given vibrational
amplitude qb1,max, different values of the ring damper mass contribute to a significantly
different modal damping ratio.

5.1.4 Summary

In summary, a lumped parameter model with Jenkins elements is used to simulate the
nonlinear dynamic behaviour of the blisk with friction ring damper. This system is analysed
through its dNNMs and modal damping ratio. The numerical results provided a qualitative
analysis for the blisk with a friction ring damper and its damping performance. The effects
of the nodal diameter and the mass of ring damper are studied using this preliminary model.
The efficiency of the friction ring damper has been approved by the initial results from
this illustrative lumped parameter model. Conclusively, if the friction ring is well designed
for a blisk, it can provide considerable damping to mitigate the vibration amplitude of the
disk-dominated modes.

The use of the lumped parameter model can be only considered in the preliminary design
phase and provide a qualitative analysis. In the present lumped model, only eight DoFs are
used to represent one sector of the blisk with ring damper. The ring damper is assumed
to be always in contact with the disk. However, this assumption will not be valid in a real
blisk structure. Therefore, to provide a convincing analysis, a full-scale FE model is used
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Fig. 5.6 A three-dimensional blisk with ring damper: (a) A full annulus; (b) A sector

to represent the blisk with friction ring damper. The detailed work will be provided and
discussed in the next section.

5.2 Full-scale Blisk with Friction Ring Damper

5.2.1 Finite element model

A full-scale FE model is used to represent the blisk with ring damper and considered as an
academic testcase. The full annulus and a sector of the FE model are shown in Fig.5.6. There
are 30 sectors in total. A sector of the blisk and ring damper (see Fig.5.6(b)) with cyclic
symmetric boundary conditions is used to model the full annulus. Linear brick elements
are used and the model is made by homogenous titanium material. There is one contact
interface between the underneath of the blisk and upper surface of the ring damper. This FE
model contains 1544 linear brick elements, where 1184 for the blisk sector and 360 for the
ring sector. There are 143 contact nodes within the contact interface. To perform a dynamic
analysis, the following assumptions are made:

1. Cyclic Symmetry: The blisk is assumed as a perfectly tuned structure which exhibits a
cyclic symmetry. A split ring damper is usually considered for the actual design and
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leads to a mistuning effect. The ring damper has been proved to be efficient for the
mistuned case [94], therefore, this mistuning effect is ignored and the ring damper
is assumed to be continuous and cyclic symmetric. The cross section of the ring is
uniform along the circumferential axis.

2. Kinematic Nonlinearity: The blisk is assumed to be rigid enough to avoid any kinematic
nonlinearities when it vibrates with a large amplitude. Hence, kinematic nonlinearities
are ignored in the present study.

Blisk
FE Model

Linear
Modal
Analysis

Rotor
Dynamics
Analysis

Nodal Diameter
Diagram

Campbell
Diagram

Resonance
Cases

Blisk
FE Model

Ring Damper
FE Model

Nonlinear Static Analysis 
 with Contact Friction

Contact Pressure N0
Contact Gap Δ

Fig. 5.7 Flow chart for pre-processing

5.2.2 Methodology for pre-processing

In this section, the methodology used for the pre-processing is explained in detail. The flow
chart of the pre-processing is shown in Fig.5.7. The objective of the pre-processing is to
identify the resonance cases for the nonlinear vibration analysis. A commercial FE solver
ABAQUS is used for the pre-processing. In the first place, a linear modal analysis is used for
the FE blisk model (see Fig.5.6) to obtain the ND diagram. Furthermore, a classic Campbell
diagram is obtained through a rotor dynamics analysis to take the centrifugal stiffening
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Fig. 5.8 Normalised natural frequency against nodal diameter: the 1st In-plane bending, the
1st torsion, the 2nd In-plane bending and the 1st Disk mode

effect into consideration. Then, several resonance cases are identified through the Campbell
diagram. After that, the blisk with friction ring damper is analysed with contact elements
under the resonance case, and the contact pressure/gap distributions within contact interface
are obtained in a nonlinear static analysis.

Nodal diameter diagram

The ND diagram is shown in Fig.5.8, which indicates the first four families of modes for
this FE blisk model. The natural frequencies of the 1st disk mode (1D), the 1st in-plane
bending mode (1B), the 1st torsion mode (1T) and the 2nd in-plane bending mode (2B) are
provided in Fig.5.8 and the mode shapes are shown in Fig.5.9. From the Fig.5.8, the modal
families dominated by blade motion do not significantly change with ND, e.g. 1B, 2B and
1T. Whereas, for those disk dominated modes (1D), the natural frequencies show a great
difference among different NDs, especially at low NDs. However, for higher NDs, the natural
frequencies can be considered as a constant for disk dominated modes (within same modal
family). The friction ring damper aims to reduce the vibration amplitude for those disk
dominated modes [94]. Therefore, the mode 1D with ND 3 is selected and used for following
study. The normalised natural frequency of this selected mode is 2.192.

Campbell diagram

The main source of the excitation of the blisks comes from the aerodynamic loading leading
to a synchronous vibration, which relates to the Engine Order (EO). This is known as the EO
excitation. This aerodynamic unsteadiness of EO excitation can be linked with the rotor stator
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(a) 1st Disk Mode (b) 1st In-plane Bending Mode

(c)  1st Torsion Mode (d) 2nd In-plane Bending Mode 

Fig. 5.9 Mode shapes of the first four modes with nodal diameter 3: (a) The 1st disk
dominated mode; (b) The 1st in-plane bending Mode; (c) The 1st torsion mode; (d) The 2nd

in-plane bending mode

interaction. In the case of fan blades, the intake distortion can be considered as the unsteady
aerodynamic loading. To identify resonances caused by EO excitation, the Campbell diagram
of this blisk model is shown in Fig.5.10. The change of natural frequencies of modal family
1D with respect to the engine rotational speed is demonstrated by the red curves. The EO
excitation are represented by the grey (unexcited) and the black curves (excited). All possible
resonance cases are highlighted by the blue markers. When the engine rotational speed is
2081 rpm and the 27th EO excitation is applied, the selected mode with resonant frequency
2.195 is excited. This resonance case is marked by a blue star in Fig.5.10 and will be used
for the following analyses. Finally, a nonlinear static analysis is applied to obtain the contact
pressure/gap distributions within the contact interface, which define the initial contact status
and will be used in the contact model described later.

Nonlinear static analysis

Through the Campbell diagram, the resonances caused by the EO excitations are identified
and one resonance case is retained for the present study. Then, the blisk and ring damper
with frictional contact under resonance case are investigated by a nonlinear static analysis.
A surface-to-surface contact model is used and the contact conditions within the contact
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Fig. 5.10 Campbell diagram: Natural frequencies against the engine rotational speed (red
curves); Engine order excitation (grey curves); Excited engine order excitation (black curves);
Resonances (blue circle); Selected resonance (blue star)

interface are computed for a nonlinear static equilibrium status. A contact pressure distribu-
tion and a contact gap distribution are used to represent the contact conditions as shown in
Fig.5.11. These static contact conditions are considered as the preloading for the nonlinear
vibration analysis.

(a) Contact Pressure Distribution (b) Contact Gap Distribution

Fig. 5.11 Contact status from the nonlinear static analysis: (a) Contact pressure distribution;
(b) Contact gap distribution

5.2.3 Nonlinear vibration solver

The FE model of the blisk and ring damper as well as the methodology for pre-processing
have been presented in the previous sections. The nonlinear vibration solver is introduced in
this section. The flow chart of the nonlinear vibration solver is shown in Fig.5.12. Firstly,
model reduction methods applied are introduced. Then, the contact model used in vibration
analysis is described.
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Fig. 5.12 Flow chart for nonlinear vibration solver

Three-step model reduction

For the three-dimensional FE model, the Reduced Order Modelling (ROM) is important to
reduce the size of the system and achieve a better computational efficiency. Generally, blisks
are assumed to be perfectly tuned structures. Therefore, the full annulus of the blisk and the
ring damper can be modelled using a sector with cyclic symmetric boundary conditions. The
mass and stiffness matrices of the blisk sector and the sector of ring damper are calculated
using the commercial FE solver ABAQUS. Then, the mass and stiffness matrices of a generic
sector are reduced in three steps. At the first place, the internal DoFs are eliminated using the
well-known Craig-Bampton method (CB)[28]. Then, Mead’s approach is applied to project
the DoFs corresponding to the left cyclic symmetric boundaries onto the DoFs related to the
right cyclic symmetric boundaries [106]. In the last step, the retained DoFs related to cyclic
symmetric boundaries are further reduced using Partial Interface Mode (PIM) method [177].
A similar reduction process is applied on both the sector of blisk and ring respectively.

usector = [uT
i ,u

T
c , uT

rc, uT
r , uT

lc, uT
l ]

T (5.4)

The partition for DoFs of a generic isolated sector is given in Fig.5.13 and Eqn.(5.4), usector

is a collection of all DoFs of this generic isolated sector, including DoFs related to the contact
interface uc, DoFs corresponding to the left cyclic boundary ul , DoFs associated to the right
cyclic boundary ur, DoFs related to the cyclic boundaries and contact interface u lc and urc,
the remaining belongs to the internal DoFs ui.
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Fig. 5.13 Demonstration of the partition for DoFs of a generic isolated sector

1. Craig-Bampton reduction

The first step of the model reduction consists of a standard CB method retaining the boundary
DoFs as master coordinates and eliminating the internal DoFs. The master DoFs um1 includes
uc, ul , ur, u lc and urc, whereas the internal DoFs are treated as the slave DoFs us1. Then, a
coherent partition can be applied for Msector, Ksector and usector, as shown in Eqn.(5.5-5.6).

um1 = [uT
c , uT

rc, uT
r , uT

lc, uT
l ]

T

us1 = ui
(5.5)

Ksector =

[
Ks1,s1 Ks1,m1

Km1,s1 Km1,m1

]
; Msector =

[
Ms1,s1 Ms1,m1

Mm1,s1 Ms1,s1

]
(5.6)

The reduction basis of CB method consists of the normal modes Φs1 obtained by restrain-
ing all master DoFs, and the constraint modes Ψc which is defined as static deformation when
unit displacement is applied to constraint coordinate (master DoFs). Only a certain number
of the normal modes Nm1 are kept. The CB reduction basis RCB, the reduced stiffness matrix
KCB and the reduced mass matrix MCB are calculated as follows:

(Ks1,s1 −ω
2Ms1,s1)Φs1,s1 = 0

s1,s1 (5.7)
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Φs1 =

[
Φs1,Nm1

0
m1,Nm1

]
(5.8)

Ψs1,m1 =−K−1
s1,s1Ks1,m1; Ψc =

[
Ψs1,m1

Im1,m1

]
(5.9)

RCB =
[
Φs1 Ψc

]
(5.10)

KCB = RT
CB Ksector RCB; MCB = RT

CB Msector RCB
(5.11)

Then, the reduced coordinates uCB consists of Nm1 modal coordinates ξ
Nm1

and the
master DoFs um1.

[ξ T
Nm1

, uT
c , uT

rc, uT
r , uT

lc, uT
l ]

T = uCB = RT
CB usector (5.12)

2.Cyclic symmetric reduction

After the classic CB reduction, the number of the internal DoFs has been reduced significantly
to Nm1. Then, Mead’s approach is used to further reduce the DoFs related to the left cyclic
boundary by projecting these DoFs onto the right cyclic boundary with a certain phase angle
φp = 2π p/Ns, p is the order of harmonics indicating the periodicity of the mode, Ns is the
total number of sectors. The CB reduced stiffness KCB and mass matrices MCB, as well as
the coordinates uCB, are partitioned using Eqn.(5.13-5.14). The master DoFs um2 contains
all the CB reduced DoFs excluding the DoFs related to cyclic symmetric boundary (urr and
u ll).

uCB = [uT
m2, uT

R, uT
L]

T; um2 = [ξ T
Nm1

, uT
c ]

T

urr = [uT
rc, uT

r ]
T; u ll = [uT

lc, uT
l ]

T
(5.13)

KCB =


Km2,m2 Km2,rr Km2,ll

Krr,m2 Krr,rr Krr,ll

K ll,m2 K ll,rr K ll,ll

 ; MCB =


Mm2,m2 Mm2,rr Mm2,ll

Mrr,m2 Mrr,rr Mrr,ll

M ll,m2 M ll,rr M ll,ll

 (5.14)

By representing the left frontier using the right frontier, as shown in Eqn.(5.15). The
transformation matrix Rcyc, p is obtained. Then, the cyclic reduced stiffness and mass matrices
corresponding to the pth order of periodicity can be obtained. ∗H represents the Hermitian
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transpose of the matrix. The reduced coordinates ucyc, p equals [uT
m2, uT

R]
T.

uCB =

um2

urr

u ll

=

I 0
0 I
0 Ieiφp

[
um2

urr

]
= Rcyc,p

[
um2

urr

]
(5.15)

Kcyc, p = RH
cyc,p KCB Rcyc, p; Mcyc, p = RH

cyc,p MCB Rcyc, p (5.16)

[ξ T
Nm1

, uT
c , uT

rc, uT
r ]

T = [uT
m2, uT

rr]
T = ucyc, p = RH

cyc,p uCB (5.17)

3. Partial interface mode reduction

In the third reduction step, the PIM reduction method proposed by Tran [177] is applied to
further reduce the retained coordinates related to right cyclic boundaries. In PIM method,
instead of using the interface modes, a second level CB approach is applied on a Guyan
reduced system, which is obtained from a static condensation of whole structure onto the
interface (including the contact interface and the cyclic interface). The reduced stiffness
Kcyc, p and mass matrices Mcyc, p, as well as the reduced coordinates ucyc, p after the cyclic
symmetric reduction are used. The first step of the PIM reduction is a classic Guyan reduction,
the reduced system is partitioned into two parts: the master DoFs um3 and the slave DoFs
us3, as given in Eqn.(5.18-5.19).

ucyc, p = [uT
m3, uT

s3]
T; um3 = ξ

T
Nm1

; us3 = [uT
c , uT

rc, uT
r ]

T (5.18)

Kcyc, p =

[
Km3,m3 Km3,s3

Ks3,m3 Ks3,s3

]
; Mcyc, p =

[
Mm3,m3 Mm3,s3

Ms3,m3 Ms3,s3

]
(5.19)

Then, a static condensation is applied and a Guyan’s reduced system is obtained as
follows:

RG,p =

[
−K−1

m3,m3Km3,s3

Is3,s3

]
(5.20)

KG,p = RT
G,p Kp RG,p; MG,p = RT

G,p Mp RG,p (5.21)

uG,p = [uT
c , uT

rc, uT
r ]

T (5.22)

A second level CB approach is applied onto this Guyan’s reduced system. The DoFs
related to the contact interface are kept as the master DoFs um4 = [uT

c , uT
rc]

T and ur is treated
as the slave DoFs us4. Then, this Guyan’s reduced system is further reduced by a CB method
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following the similar process described above. Nm2 number of the normal modes are retained.

KG,p =

[
Ks4,s4 Ks4,m4

Km4,s4 Km4,m4

]
; MG,p =

[
Ms4,s4 Ms4,m4

Mm4,s4 Mm4,m4

]
(5.23)

(Ks4,s4 −ω
2Ms4,s4)Φs4,s4 = 0

s4,s4 (5.24)

RPIM,p =

[
Φs4,Nm2

−K−1
m4,m4Km4,s4

0
m4,Nm2

Im4,m4

]
(5.25)

The final reduced basis after this three-step reduction is represented by Eqn.(5.26). The
final reduced system is given in Eqn.(5.26-5.28), where ξ

Nm2
are the modal coordinates

kept in the PIM method. Using a multi-harmonic formulation of the dynamic equation, this
three-step reduction has to be repeated for each order of the periodicity of the mode p.

Rp = RCB Rcyc,p RG,p RPIM,p (5.26)

KR,p = RH
p Ksector Rp

MR,p = RH
p Msector Rp

(5.27)

[ξ T
Nm1

, ξ
T
Nm2

, uT
c , uT

rc]
T = uR,p = RT

p usector (5.28)

4. Efficiency and accuracy three-step model reduction

A convergence study for the number of the modes (Nm1 = Nm2) retained in the model
reduction process is given in Fig.5.14. After the convergence study, 15 normal modes are
selected, which gives the maximum error 0.08% for the first four modes.

After the application of this three-step model reduction strategy, the size of system can
be significantly reduced. There are 5085 DoFs for a blisk sector and 1716 DoFs for a ring
sector. After this model reduction strategy, the reduced system contain 420 DoFs for both
blisk and ring respectively, as shown in Tab.5.2.

Contact model

A three-dimensional node to node contact element, which is made of two Jenkins elements
in the tangential plane and a unilateral spring in the normal direction, is used to simulate the
friction force within the contact interface as shown in Fig.2.12(c). The detailed descriptions
and the numerical formulations are given in Section 2.3.3. There are 143 contact pairs in total
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5.2 Full-scale Blisk with Friction Ring Damper

Fig. 5.14 Convergence study for the number of modes used in the model reduction porcess

within the contact interface. There are three basic contact conditions, including separation,
sticking and sliding.

In the actual design process, the contact parameters, including the contact stiffness and
the friction coefficient, are expected to be measured from the experiments. The measurement
of the contact parameters is clearly out of the scope of the present thesis. Therefore, the
friction coefficient is used as a value of 0.6 from [120]. The contact stiffness depends on
several important factors, such as the material roughness, the normal load and so on [41]. It is
difficult to find a proper reference value from the literature. Therefore, a value of 6×106N/m

is estimated based on the experimental measurement [120].
In the equation of motion (EoM), the physical displacements (qx,qy,qz) are in a global

cartesian coordinate system. Whereas, in the computation of contact forces using the
present contact element, the displacement in a global cartesian coordinate system needs
to be transformed into a local normal-tangent coordinate system (qn,q t1,q t2). After the
computation of the contact forces in the local normal-tangent coordinate system, the contact
forces and their Jacobian matrices are transformed back to the global cartesian coordinate
system.

131



Application of Nonlinear Modal Analysis to Blisks with Ring Dampers

Table 5.2 Number of DoFs for each model reduction step

Step Model Total Internal Modal Contact Right Left Right Left
Only Only Only Contact Contact

u total u i ξ uc ur ul urc u lc

Blisk 5085 3966 0 351 345 345 39 39
First Blisk 1134 0 15 351 345 345 39 39
Second Blisk 750 0 15 351 345 0 39 0
Third Blisk 420 0 30 351 0 0 39 0

Ring 1716 1053 0 351 117 117 39 39
First Ring 678 0 15 351 117 117 39 39
Second Ring 522 0 15 351 117 0 39 0
Third Ring 420 0 30 351 0 0 39 0

5.2.4 Nonlinear modal analysis

Damped nonlinear normal mode

The EoM for the nonlinear modal analysis is given as Eqn.(5.29), where MR and KR are the
reduced mass and stiffness matrices obtained from the three-step model reduction method
described in Section 5.2.3. F nl is the contact force in the global cartesian coordinate system
calculated using the contact element described in Section 2.3.3. Q is the collection of
displacements, including the modal displacements (e.g. ξ

1
), the physical displacement of

response DoF (qrsps) and the contact nodes (e.g. qnl1,x, qnl1,y and qnl1,z).

MR Q̈+KR Q+F nl(Q) = 0 (5.29)

Q = [ξ
1
,ξ

2
,ξ

3
, · · · ,qrsps,qnl1,x,qnl1,y,qnl1,z, · · · ]

T (5.30)

The numerical results from the nonlinear modal analysis are shown in Fig.5.15. The
modal properties, the resonant frequency ω0, the modal damping ratio ζ and the excitation
forcing level γ , are plotted against the vibrational amplitude of response DoF qrsps,max. It has
been verified that the results for all three methods show a very high similarity, so that only the
results from EPMC-H method is shown in the following. The normalised natural frequency
of the studied mode for the blisk is 2.195. At low amplitude, the contact nodes within the
contact interface are either separated or sticking depending on the initial contact condition
from the nonlinear static analysis (see Fig.5.11). The resonant frequency is around 2.201 at a
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Fig. 5.15 Numerical results from the damped nonlinear normal mode within a range of
modal amplitude for the blisk with ring damper: (a) ω0-qrsps,max plot; (b) ζ -qrsps,max plot; (c)
γ-qrsps,max plot using the extended energy balance method

low amplitude. When the structure is vibrating with a large amplitude, some contact nodes
start to slide and energy is dissipated by those sliding nodes leading to a decreasing resonant
frequency. When the amplitude exceeds 0.1 mm, those separated nodes are in-contact and
lead to a higher stiffness of the structure resulting in an increase in resonant frequency.

In Fig.5.15(b), a zero modal damping can be observed at low amplitude, when the contact
nodes are either separated or sticking. When sliding contact condition occurs at some contact
nodes, the modal damping ratio becomes positive. The maximum modal damping ratio
achieved is around 0.192%. To explain the evolution of modal damping ratio, four cases
with different values of amplitude are selected as shown in Fig.5.15(b), where Case C has
the maximum damping 0.192%. The normalised energy dissipated distributions for these
four cases are shown in Fig.5.16. From the figures, it is obvious to notice that the energy
dissipated in Case B is less than Case A and Case C. In the design point of view, if the ring
damper can be designed around Case B (within the “valley” between Case A and Case C),
the efficiency and robustness of the damper can be guaranteed.

Numerical validation for computed force amplitude plot

The γ-qdisk,max computed from the dNNM coupled with E-EBM has shown in Fig.5.15(c).
To validate that, the nonlinear forced response of the system is applied with several values
of γ (10, 20, 40, 60 and 70, see Fig.5.17). The excitation force is applied on same DoF
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(a) Case A: ζ=  0.191%

(c) Case C: ζ=  0.192%

(b) Case B: ζ=  0.160%

(d) Case D: ζ=  0.105%

Fig. 5.16 Normalised energy dissipated distribution for the four cases (A, B, C, D) in Fig.5.15
obtained from EPMC-H

where the vibrational response is taken. The nonlinear forced responses are calculated using
Eqn.(5.31, 5.32). To further demonstrate the accuracy in the prediction of the resonance, the
energy dissipated distributions within the contact interface are shown in Fig.5.18. The upper
row shows the distributions under resonance from the forced responses with γ value (10, 40
and 70), whereas distributions calculated from the EPMC-H are given in the lower row. The
total energy dissipated is also given in the figure: which are 0.53 J, 8.77 J and 29.79 J for
the forced responses; 0.53 J, 8.77 J and 29.78 J using the dNNM. By comparing the energy
dissipated distributions (Fig.5.18) and the resonant amplitudes (Fig.5.17), the results show
an excellent agreement between the predicted resonances using the E-EBM coupled with the
dNNM and resonant solutions in the nonlinear forced response.

MR Q̈+C
R

Q̇+KR Q+F nl(Q) = F ex (5.31)

F ex = [0,0,0, · · · ,γe j(Ωet+ϕ),0,0,0, · · · ]T (5.32)

In the case with large γ values (60 and 70), the accuracy of predictions is lower than cases
with γ = 10. This discrepancy is mainly due to the numerical method. The classic HBM
is applied to solve the nonlinear equation of motion for both nonlinear modal analysis and
nonlinear forced response. In HBM, periodic solutions in the time domain are decomposed
into Fourier series truncated to a certain order of harmonics. Only zeroth and first harmonics
are used in the numerical computation. A simple sinusoidal external excitation force is
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Fig. 5.17 Using nonlinear forced responses with different γ values (10, 20, 40, 60 and 70)
to validate the predicted excitation forcing for the blisk with ring damper: Left: γ-qmax plot
(Black curve); Right: ω0-qmax (Black curve) and five nonlinear forced response in different
colours

applied to the blisk. In E-EBM, a balance of energy transferred between the damping terms
and forcing term ensures an accurate prediction of resonance. When the damping terms are
mathematically equal to the forcing term, the E-EBM is expected to predict the resonance
with zero error. However, in this work, when some of contact nodes show partial separation,
a non-zero zeroth harmonic can be obtained. In the case with a non-zero zeroth harmonic
coefficient, the contact nodes experience a constant shift in their displacements. The existence
of the non-zero zeroth harmonic coefficient indicates that the nodes are vibrating around a
non-zero equilibrium position. The energy dissipated is calculated based on the oscillating
displacement within one vibration period instead of the actual displacement (including the
constant shift). Thus, the energy stored by this constant shift in their displacements cannot
be captured in the computation of the energy dissipated. Therefore, the prediction of the
resonance is not completely accurate leading to a discrepancy in the resonant amplitude as
shown in Fig.5.17.

Computational efficiency

The elapsed time used for the computation of the dNNMs by the three methods are given in
Tab.5.3. Comparing all three methods, the differences in elapsed time can be ignored. The
extra computational time for E-EBM is less than 3 s, which can be ignored compared to time
used for the computation of the dNNMs. In forced response analysis, the computation of the

135



Application of Nonlinear Modal Analysis to Blisks with Ring Dampers

(a) Total Energy Dissipated: 0.53 [J] (b) Total Energy Dissipated: 8.77 [J] (c) Total Energy Dissipated: 29.79 [J]

(d) Total Energy Dissipated: 0.53 [J] (e) Total Energy Dissipated: 8.77 [J] (f) Total Energy Dissipated: 29.78 [J]

Fig. 5.18 Comparison of the energy dissipated distributions under resonance: (a, b) γ = 10;
(b, c) γ = 40; (e, f) γ = 70; (a, c, e) From the nonlinear forced response; (b, d, f) From the
damped nonlinear normal mode (EPMC-H) with the extended energy balance method

forced response has to be repeated for different values of excitation forcing level γ resulting in
a heavy computational burden. Using the same configuration in the continuation method, the
time used for nonlinear forced response is given in the Tab.5.4. The minimum computational
time is 5458 s for case of γ = 10. The computational time increases with the value of γ . In
summary, the E-EBM coupled with dNNM has shown an excellent accuracy with a much
lower computational cost to investigate the resonance, especially for large structures.

Table 5.3 Comparison of computational time among three methods

Method CNM EPMC-V EPMC-H
Elapsed Time 5578 s 5469 s 5443 s

Table 5.4 Comparison of computational time for nonlinear forced responses

γ 10 20 40 60 70
Elapsed Time 5458 s 5844 s 6285 s 6958 s 7809 s

5.2.5 Summary

A three-dimensional FE model is used in this section to represent the blisk with ring damper.
The extended energy balance method coupled with the damped nonlinear normal mode
is described to predict the resonance for this full-scale structure. The nonlinear modal
properties and the classic force amplitude curves are computed using these methods. Several

136



5.3 Concluding Remarks

forced responses are calculated to validate the results from the nonlinear modal analysis.
From the numerical results, these methods can efficiently predict the resonance of structures
with friction dampers without the computation of nonlinear forced responses. To obtain
information for systems under resonance, comparing to forced response analyses, using
the damped nonlinear normal mode coupled with the extended energy balance method can
significantly reduce the computational cost. This extended energy balance method coupled
with the damped nonlinear normal mode can be used for an engineering design problem with
a lower computational cost and an accurate prediction in the future.

5.3 Concluding Remarks

In this Chapter, the numerical methods described in the present thesis are applied to an
engineering application, a blisk with friction ring damper. In the first part, a lumped parameter
model is used to unmask the dynamic response and damping ability of the friction ring damper.
Then, the influences of the nodal diameter and damper mass are investigated using such
a lumped parameter model. In the second part of this chapter, a full-scale finite element
model is used to obtain a more realistic analyses of the blisk with friction ring damper. From
the investigation of this full-scale structure, the friction ring damper has been proven to be
efficient for disk dominated modes. Furthermore, the influences of the initial contact status
on the damping ability have been identified. In the next chapter, a geometric exploration of
the ring damper will be provided using this full-scale FE model.

137



138



Chapter 6

Geometric Study of a Frictional Ring
Damper in a Blisk

In this chapter, the influence of the damper geometry on the nonlinear dynamic responses
of a full-scale blisk with frictional ring damper is studied. This full-scale model has been
investigated in the previous chapter. The damped Nonlinear Normal Mode (dNNM) coupled
with the Extended Energy Balance Method (E-EBM) is considered as the numerical method
to study nonlinear dynamic response for such a structure. Three design parameters are
considered to modify the geometry of the ring damper. To reduce the computational costs,
Kriging meta-models are used to explore the whole design space. The sensitivity of each
design parameter is investigated using Sobol indices. The importance of designing damper
geometry and some design guidelines are provided. The ring damper geometry is first
parameterized using three design parameters. Because of the high computational time
associated with the computation of the dynamic responses (it takes about 3 hours for one
simulation), a parametric study cannot be considered. To cope with this issue a strategy based
on meta-modelling, and more precisely on Kriging, is employed. In this section, first, the
damper geometry parameterisation is introduced. Second, a brief summary on Kriging and
its use are presented. Finally, the impacts of the damper geometry on the blisk are assessed.

6.1 Damper Geometry Parametrisation

The blisks are considered as the structures with a cylindrical shape. Therefore, it is better
to parameterize the ring damper in a cylindrical coordinate system (r̂-t̂-Z) instead of the
global Cartesian coordinate system (X-Y -Z). r̂-axis is the radial direction, whereas t̂-axis
represents the circumferential direction. To change the damper geometry, a parametrisation
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Fig. 6.1 A three dimensional blisk with ring damper: (a) A full annulus; (b) A sector

in the cylindrical r̂ − t̂ plane is considered. The dimension in the radial direction of the
ring damper can vary (in r̂-axis), but the coordinates in the rotational axis (in Z-axis) and
circumferential direction (in t̂-axis) are unchanged (see Fig.6.1 and Fig.6.2 for axis names).
The geometric modification of the ring damper comes from several considerations:

• Modifying the initial contact status: From the results in the Section 5.2, one can
notice that the initial contact status (either normal load or initial gap) has a significant
influence on the damping ability. Thus, the aim of the geometric design of the ring
damper is to improve the damping performance through a modification of the initial
contact status.

• Modifying the geometry in the circumferential direction: From Fig.5.18, the contact
nodes in the middle under the blade show a higher energy dissipation than the other
nodes. To improve the dissipative ability of the other contact nodes (the contact nodes
are not in the middle under the blade), changing the shape of the ring damper in the
circumferential direction (r̂ axis) is considered instead of in the Z-axis.

• Modifying the upper surface: From the results in Section 4.2, different contact angles
can lead to a distinctive damping performance. The modification of the upper surface
of the ring damper is considered, because it can lead to different local contact angles.
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̂r
̂tκ1

κ3 κ2κ2
Fig. 6.2 Demonstration of damper geometry parametrisation

• Modifying the lower surface: In the study of the lumped parameter model in Section
5.1, different mass of the ring damper can result in a different normal load leading
to a different damping ability. To change the mass of the ring damper, the geometric
modification of the lower surface of the ring damper is included.

• Adding bumps or concaves: A continuous and smooth upper surface of the ring damper
is desired based on the consideration of easy fabrication. Therefore, only one bump or
a concave shape is considered for the upper surface. Whereas for the lower surface,
the idea is to have a wavelet shape of the ring damper. A wavelet shape of the ring
damper has a great potential to further improve the damping ability by treating the
additional mass (bump) as a tune vibration damper [100, 101]. In this work, only three
bumps/concaves are included to illustrate the potential of this idea.

The damper geometry is parametrized with three different parameters, κ1, κ2 and κ3. The
first one describes the upper surface, when the two others describe the lower surface. The
damper is supposed to be symmetric in its centre about the Y -axis. The demonstration of the
three design parameters are provided in Fig.6.2. Each parameter corresponds to the height
of a bump (or a concave for a negative height) in different locations of the damper. For the
upper surface, only one bump is considered, whereas three different bumps can be considered
for the lower surface: one in the middle and one on each side, these outer two are similar
to ensure the symmetry of the damper. Each parameter varies between −1 and 1, and the
default geometry corresponds to the set [0,0,0] which is represented by Fig.6.3(a). Different
damper geometries when varying these three parameters are illustrated by Fig.6.3. To go into
more details:

• κ1 controls the upper surface (i.e. contact interface) of the ring damper using a spline
function. A bump in the centre can be obtained when κ1 > 0 (see Case A Fig.6.3(b)),
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whereas a negative κ1 leads to a “concave” surface (Case B Fig.6.3(c)). When κ1

varies, the mass of the damper as well as the local coordinates at the contact interface
are impacted. It is worth emphasizing that the contact interface underneath the blisk
changes with the ring damper geometry to ensure that the contact points are always
overlapped.

• κ2 controls the two outer bumps of the lower surface, similarly to κ1 it controls
the geometry with a spline function and positive values lead to two concaves, when
negative values lead to two bumps (one on each side). See Case C and D in Fig.6.3(d,
e) for graphical illustrations. Deforming the lower surface can change the flexibility of
the ring and the mass distribution along the circular-wise direction but has no impact
on the local coordinate within contact interface.

• κ3 controls the middle bump of the lower surface, it controls the geometry with a spline
function and positive values lead to a concave, when negative values lead to a bump.
See Case E and F in Fig.6.3(f, g) for graphical illustrations. Effects on the structure
are similar to those for κ2.

Table 6.1 Parameters that describe the damper geometry

Parameter Normalized values Physical values δy
κ1 [−1,0,1] [−1.5,0,2.5]
κ2 [−1,0,1] [−2,0,1.5]
κ3 [−1,0,1] [−1.5,0,1]

When one of the parameters κi with i ∈ {1,2,3} is modified, the location of the geomet-
rical points of the mesh are modified as well. Each parameter is normalized to an interval
[−1,1]. The physical values δ r for each normalized parameters are given in Tab.6.1. The
physical values δ r represent the change of radial coordinate (r̂-axis), leading to a bump
or a concave. The geometry of the upper surface and the lower surface is defined using a
quadratic spline function by fixing the radial coordinate of the central node with its given
physical value δ r. To keep a consistent mesh quality, the number of nodes and elements of
the ring damper are unchanged when the ring damper is deformed. During this process, the
physical coordinates of each node for the ring damper are automatically updated according
to the defined upper and lower surface.
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Fig. 6.3 Different geometries of a sector of ring damper: (a) Default shape; (b-g) Other six
geometries when varying one the parameter; Left: r̂− t̂ view of geometries; Middle: Contact
pressure distribution; Right: Contact gap distribution
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For each geometry, before computing the system dynamic response, the contact pressure
distribution as well as the gaps must be determined to initialize the different contact properties.
This is done through a nonlinear static analysis where centrifugal effects are considered
using the commercial FE solver ABAQUS. In order to illustrate the impact of the damper
geometry on such contact properties, the contact pressure and gap for each geometry are
given in Fig.6.3.

For the default shape, the nodes in the centre have a greater normal load, whereas nodes
near boundaries show a larger gap (see Fig.6.3(a)). When κ1 is positive, an increasing number
of inner nodes are in contact and less outer nodes are separated (see Case A in Fig.6.3(b)).
Whereas when κ1 is negative, it leads to more separated nodes with larger gaps (see Case B
in Fig.6.3(c)). The values of the contact pressure stay nevertheless similar. When κ2 equals 1,
the contact pressure is concentrated in the middle under the blade with higher values (up to
2e3 kPa, see Case C in Fig.6.3(d)). It also brings the largest gap near boundaries among all
seven geometries. A more dispersive pressure distribution can be seen when κ2 is −1. The
highest contact pressure is observed when κ3 is −1 and, the contact pressure located under
the blade, it also brings large gaps for the outer nodes. From these different cases, one can
see that by changing of three parameters, a large variety of contact pressure/gap distributions
can be reached.

6.2 Nonlinear Modal Analysis

To get a quick overview on the impact of the damper geometry on the system dynamic,
the dNNMs and the force amplitude plots are computed for the seven geometries using the
nonlinear modal analysis and the E-EBM. The evolution of the resonant frequency ω0, the
modal damping ratio ζ and the predicted excitation forcing level γ are shown with respect to
the vibration amplitude in Fig.6.4. The vibration amplitude is taken from the displacement in
the Z direction from the response node (see Fig.6.1). The results for the default geometry are
represented by the black curves. When the blisk vibrates at a low amplitude, the contact nodes
are either sticking or separated resulting in a constant resonant frequency and a zero modal
damping ratio. The predicted excitation forcing level increases linearly with the vibration
amplitude. By continuing to increase the vibration amplitude, more and more contact nodes
experience sliding. A softening effect is observed and so the resonant frequency decreases.
The total energy of the blisk is dissipated due to the rubbing motion of those sliding nodes.
Therefore, a positive modal damping ratio is obtained. The predicted excitation forcing level
is no longer linearly proportional to the vibration amplitude. For the default geometry, the
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Fig. 6.4 Damped nonlinear normal mode and force amplitude plot for all seven geometries
(Fig.6.3): (a) Normalised resonant frequency-amplitude plot; (b) Modal damping ratio-
amplitude plot; (c) Force-amplitude plot using extended energy balance method

resonant frequency at zero amplitude is 2.195, which can be seen as a linear sticking natural
frequency. This linear sticking natural frequency is obtained by considering the contact
pairs in either sticking or separation condition based on the pre-loading (normal load or
gap), i.e. sticking contact pairs (with normal load) connected by the linear springs in three
dimensions. This can be explained by the fact that the nonlinear dynamic response lies on the
linear sticking response before the sliding condition occurs. The maximum modal damping
ratio 0.15% occurs when the excitation forcing level is 52.5 N with a vibration amplitude of
0.164 mm and a resonant frequency of 2.187.

Comparing the results for the different geometries, it appears that the resonant frequency,
the modal damping ratio and the predicted excitation forcing level are very sensitive to κ1.
Since, the largest variation in the dynamic response is observed by comparing Case A and
Case B with default case. As described above, a positive κ1 leads to a more dispersive
contact pressure distribution and less separated contact nodes. In nonlinear modal analysis,
a lower resonant frequency and a better damping performance are observed. Indeed, the
resonant frequency equals 2.185 at a low level of amplitude and the damping ratio reaches
0.28%. Moreover, for the same level of excitation, the vibration amplitude are always lower
for Case A. Less variation is observed for κ2 and κ3, especially on the resonant frequency
and the amplitude of vibration. However, a large variation can be observed on the modal
damping ratio. Conclusively, changing κ1 can improve the damping performance greatly
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Geometric Study of a Frictional Ring Damper in a Blisk

with a significant shift of the resonant frequency, and it allows for a large variation of the
dynamic response. Whereas, different κ2 and κ3 can ensure a better damping performance
with a negligible shift in the resonant frequency.

6.3 Kriging Meta-Modelling

Considering the high computational cost associated to the computation of the nonlinear
dynamic response, the use of a surrogate model is considered here. From a set of inputs
and outputs of the nonlinear analysis, a surrogate model is built and then used to predict the
dNNM. This approach has the main advantage to be non-intrusive. Kriging is used here as
it is the best linear unbiased estimator and proved to be efficient for the prediction of the
stability of nonlinear systems when a large variation of design parameters is observed [32].
From the knowledge of the author, it has never been used yet for the prediction of the dNNMs.

In the present study, the input parameters are the three design parameters, namely κ1,
κ2 and κ3. For each modal amplitude α , four Kriging meta-models are built: one for the
vibration amplitude, one for the resonant frequency, one for the modal damping ratio and
one for the excitation forcing level. In the following, x = [κ1,κ2,κ3] will denote the vector
of inputs, and y will denote one of the considered output. A set

{
(x(i)),y(i)

}
of N points are

used to train the surrogate models. In the present study, the Kriging meta-models are build
based on the ordinary Kriging using pyKriging which is an open source Python Kriging
toolkit [116]. In the ordinary Kriging algorithm, the expectation and covariance within the
design space are assumed to be unknown. The function y(x) is approximated by a linear
Kriging meta-model ŷ as [73, 139]:

y(x)≈ ŷ(x) = µ +Z (x) (6.1)

where µ is the unknown process average and Z is a stationary Gaussian process of zero
mean of variance σ2 which is to be determined. Its covariance function is given by C(x,x′) =
σ2R(x,x′) where R(x,x′) is the correlation function, given by the user. It is often chosen as
a kernel function parametrized by a hyperparameter θ to be found. The Kriging prediction at
a point x0 is given by:

ŷ(x0) = µ + rT
0 R−1(y−1µ) (6.2)

where R is the correlation matrix whose coefficients are R i j = C(x(i),x( j)), r0 as the

vector of C(x0,x(i)) and 1 a vector of ones. Three parameters have to be determined, namely
the process average µ , the process variance σ2 and the hyperparameter θ . It is done by
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solving a likelihood optimisation problem. For more details about the theoretical background,
the readers are invited to refer to [73, 78, 116, 139].

6.4 Construction and Validation of the Meta-models

100 points are generated for the construction of the Kriging meta-models. It means that 100
dNNM analyses have been realized for 100 different geometries. Then, the modal amplitude
is discretized and for each value, four different Kriging surrogate models are created: for
the vibration amplitude, for the resonant frequency, for the modal damping ratio and for
the excitation force level. The number 100 has been chosen based on a convergence study,
not shown here for the sake of consistency. This sample set includes 27 points located on
the boundary of three-dimensional design space and 77 points generated using the Latin
hypercube sampling through the pyKriging [116].

An additional set of 20 geometries has been used to validate of results predicted from
Kriging meta-models. This comparison is done in Fig.6.5(a-d), where the predicted values
are plotted versus the reference values from the numerical simulations (i.e. the points are
expected to be on the line with gradient of 1). It is worth noticing that for each point, Kriging
meta-models are constructed for each modal amplitude values, so it leads to a much larger
number of points than 20. For the vibration amplitude and the excitation forcing level,
the predictions are very accurate as shown in Fig.6.5(a, d), where all the predictions are
very close to the reference values (i.e. points are on the line with gradient of 1). However,
for the modal damping ratio, the accuracy of the Kriging model is slightly lower at a low
modal damping ratio (see Fig.6.5(c)). By looking at Fig.6.5(b), the Kriging meta-models
show less accurate predictions at a larger resonant frequency. For a deeper insight into the
error, the predicted dNNMs and the reference dNNMs from the nonlinear modal analysis
are compared in Fig.6.5(e-g). Three geometries with design parameters [−0.85,0.65,0.39],
[−0.03,−0.41,0.59] and [0.25,0.45,0.89] are selected from the validation set as examples
to show the accuracy of the prediction. The predicted results are shown by the orange dashed
curves whereas the reference results are represented by the black solid curves. It can be
seen, the predictions are very close to the reference results, which gives confidence in the
Kriging meta-models and their validation. In conclusion, these surrogate models can provide
an accurate prediction of dNNMs with given design parameters.
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(g) Validation case 3 [ 0.25,  0.45,  0.89]
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(f) Validation case 2 [-0.03, -0.41,  0.59]
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(e) Validation case 1 [-0.85,  0.65,  0.39]

0 50 100 150
Excitation Forcing Level [N]

0.0

0.1

0.2

0.3

0.4

0.5

Am
pl
itu

de
 [m

m
]

Fig. 6.5 Meta-models validation: (a-d) Comparison between the predicted values using Krig-
ing against the values calculated from the nonlinear modal analysis from 20 validation cases:
(a) physical vibration amplitude, (b) normalised resonant frequency, (c) modal damping ratio,
(d) predicted excitation forcing level; (e-g) Comparison of the predicted results and actual
results from the nonlinear modal analysis using three validation case as examples: (e) Vali-
dation case 1 [−0.85,0.65,0.39], (f) Validation case 2 [−0.03,−0.41,0.59], (g) Validation
case 3 [0.25,0.45,0.89]
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6.5 Design Space Exploration and Discussion

In this section, the surrogate models are exploited and analysed to assess the effect of each
design parameter. This analysis is divided into two steps: first the influence of each parameter
is studied when the two others are fixed to 0. Second, the whole design space is explored.

6.5.1 Influences of each design parameter

In this part, only one parameter can vary between −1 and 1 when the two others are fixed
to 0. It allows to investigate the effects of each design parameter independently. Results
are given in Fig.6.6 for κ1 (upper surface modification), in Fig.6.7 for κ2 and in Fig.6.8 for
κ3. In each case, the evolution of the normalized resonant frequency-amplitude curve, of
the modal damping ratio-amplitude curve and of the excitation forcing level curves versus
the vibration amplitude and the considered parameter are displayed in a three-dimensional
plot (left column of the figures). For a better readability, two other views are also given: a
side view that gives the envelopes of the dNNM properties versus the vibration amplitude
(middle column in the figures) and the dNNM calculated from the default geometries [0,0,0]
is highlighted by black dashed curves, and a top view (right column).

• Impact of κ1: From Fig.6.6, one can see that large variations of the dNNM properties
are observed when κ1 varies. Indeed, the normalized resonant frequency varies between
2.17 and 2.20 depending on the amplitude. The resonant frequency tends to decrease
with an increasing value of κ1. As a modification of the upper surface leads to a
variation of the number of points in contact, a strong variation for the resonance
frequency is expected as it modifies the stiffness of the global system. The modal
amplitude ratio is also largely impacted by the variation of κ1, and especially when
κ1 is positive. Indeed, the modal damping ratio tends to have similar evolution for
negative κ1 with one peak at an amplitude of 0.05 mm and a greater second one at
0.15 mm. But when κ1 is positive, a large increase of the modal damping ratio for
amplitudes between 0.05 mm and 0.25 mm is observed (see Fig.6.6(d)). The maximum
modal damping ratio achieved is around 0.29% when κ1 equals 1, with an amplitude
of 0.13 mm. By looking at the contact pressure distribution (See Case A in Fig.6.3(b)),
a more dispersive pressure distribution is obtained when κ1 = 1 and more nodes are
in-contact. The excitation forcing level follows the same trend as the modal damping
ratio when the κ1 is varying. Because, the total energy injected into the system by
excitation is expected to balance the total energy dissipated by the damping terms,
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Fig. 6.6 Effect of κ1 (−1 ≤ κ1 ≤ 1) on the damped nonlinear normal mode [κ1,0,0]: (a-c)
Normalised resonant frequency; (d-f) Modal damping ratio; (g-i) Excitation forcing level;
Black dashed curve: default geometry [0,0,0]
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Fig. 6.7 Effect of κ2 (−1 ≤ κ2 ≤ 1) on the damped nonlinear normal mode [0,κ2,0]: (a-c)
Normalised resonant frequency; (d-f) Modal damping ratio; (g-i) Excitation forcing level;
Black dashed curve: default geometry [0,0,0]
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Fig. 6.8 Effect of κ3 (−1 ≤ κ3 ≤ 1) on the damped nonlinear normal mode [0,0,κ3]: (a-c)
Normalised resonant frequency; (d-f) Modal damping ratio; (g-i) Excitation forcing level;
Black dashed curve: default geometry [0,0,0]
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including both the friction damping and viscous damping. Higher modal damping ratio
leads to more dissipated energy due to the friction force. Therefore, an excitation with
a large forcing level is required to balance the energy dissipated due to the friction
damping and viscous damping.

• Impact of κ2: From Fig.6.7, the resonant frequency at low amplitude (linearized
sticking frequency) decreases with an increasing value of κ2. However, the resonant
frequency at large amplitude is almost constant. The two outer bumps on the lower
surface do not have a significant effect on the resonant frequency. For the damping
performance (see Fig.6.7(d-f)), the maximum modal damping ratio 0.19% is achieved
when κ2 =−1, at a vibration amplitude of 0.03 mm. By looking at the contact pressure
distribution (See Case D in Fig.6.3(e)), a more dispersive pressure distribution is
obtained when κ2 =−1 and more nodes are in-contact with a relatively smaller contact
pressure. The excitation forcing level follows a similar trend with the modal damping
ratio.

• Impact of κ3: By looking at Fig.6.8, the variation of κ3 does not have a remarkable
impact on the modal properties. However, it is worth emphasizing that a lower peak
can be noticed when κ3 = 0.3 for both the resonant frequency (at lower amplitude)
and the modal damping ratio (see Fig.6.8(c, f)). In more details, the modal damping
ratio-amplitude curve shows two peaks around an amplitude of 0.03 mm (the first peak)
and 0.15 mm (the second peak). An increasing value of κ3 leads to a higher first peak
and a lower second peak. The maximum modal damping ratio 0.19% is obtained when
κ3 =−1, with an amplitude of 0.17 mm.

In summary, all nonlinear modal properties are very sensitive to the design parameter
κ1. For κ2 and κ3, the impact on the resonant frequency and the excitation forcing level are
negligible. In other words, damping performance can be significantly improved by varying
κ1, resulting in a remarkable change in the resonant frequency. Whereas, by varying κ2 and
κ3, the damping ability can be improved in a certain amount with a negligible variation of the
resonant frequency. Furthermore, a dispersive contact pressure distribution and an increasing
number of the contact nodes can lead to a larger modal damping ratio.

6.5.2 All design space exploration

Finally, the surrogate models are used to explore the whole design space. It is done by
evaluating the different meta-models on a grid of 50×50×50 points. The dNNMs for all
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Fig. 6.9 Design space exploration of the damped nonlinear normal mode: (a) Normalised
resonant frequency; (b) Modal damping ratio; (c) Excitation forcing level; Black dashed
curve: default geometry [0,0,0]; Red dashed curve: geometry with the maximum modal
damping ratio [1,−1,−1]

possible geometries are given in Fig.6.9 where the envelopes of variation are given. The
black dashed line represents the dNNM of the default geometry [0,0,0].

Compared to the previous cases (Fig.6.6- Fig.6.8), larger variations of all nonlinear
modal properties are obtained as shown in Fig.6.9. Within the whole design space, the
resonant frequency falls in a range of 2.168-2.203 and in a percentage of −1.3% to 0.3%
of the natural frequency. For the modal damping ratio, the maximum is always reached
at vibration amplitudes that are smaller than 0.2 mm. The highest modal damping ratio is
around 0.35% and this geometry is defined as the optimum geometry in the following. The
dNNM that corresponds to the optimum geometry is represented by the red dash line. The
design parameters for this optimum geometry are [1,−1,−1]. The latter is represented in
Fig.6.10 with the associated contact pressure and gap distribution. The optimum geometry
shows an upper bump and three lower bumps. By comparing the contact pressure distribution
between the optimum geometry (Fig.6.10(c)) and the default geometry (Fig.6.3(a)), more
nodes are in-contact with a higher contact pressure. Apart from the effect of the contact
pressure, the optimum geometry is less flexible in the Y direction leading to less separation
within the contact interface.

Compared to the default initial geometry, the normalized resonant frequency of the
optimized one is reduced from 2.195 to 2.182 (0.6% of reduction). For a given excitation
forcing level, the optimum geometry shows always the lowest resonant amplitude compared
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Fig. 6.10 The optimal geometry [1,−1,−1]:(a) Geometry (A sector); (b) Geometry (Full
annulus); (c) Contact pressure distribution; (d) Contact gap distribution

to the whole design space, but also has the lowest resonant frequency when the amplitude is
superior to 0.05 mm. Moreover, this geometry always has the highest modal damping ratio
when the amplitude is superior to 0.07 mm. The properties of this optimum geometry are
compared to those of the default geometry in Tab.6.2, values are given when the maximum
of the modal amplitude is reached. For the default geometry, the maximum damping ratio
equals 0.15% and is reached when the resonant amplitude is 0.16 mm. Whereas for the
optimum geometry, the maximum damping ratio is 0.35%, which improved more than 100%
compared to the default geometry.

Table 6.2 Comparison of maximum modal damping using surrogate models

Default Optimum
Amplitude [mm] 0.164 0.137

Resonant Frequency 2.187 2.171
Modal Damping Ratio 0.15% 0.35%

Excitation Forcing Level [N] 52.5 77.8

155



Geometric Study of a Frictional Ring Damper in a Blisk

6.6 Variance Based Sensitivity Analysis

A sensitivity analysis is achieved using a variance based approach using Sobol indices. The
sensitivity of the three design parameters have been investigated in both global design space
and local design space (around the optimal geometry). The fundamental knowledge of
Sobol indices is given at the beginning of this section. Then, the global sensitivity and local
sensitivity are discussed.

6.6.1 Sobol indices

Sobol indices can be considered as a type of the variance based sensitivity analysis [159, 158].
This method is a form of global sensitivity analysis and can be used for nonlinear responses.
The sensitivity indices are obtained by the decomposition of the output variance into fractions
due to a single input parameter or an interaction effect of more than one input parameters.

In the present study, the input parameters are the three design parameters, namely κ1, κ2

and κ3. All three design parameters are assumed to be uniformly distributed within the design
space. The output parameters are the values of the resonant frequency, the modal damping
ratio and the excitation forcing level at specific vibration amplitude level. In the following,
κ = [κ1,κ2,κ3] represents the vector of inputs, and y denotes one of the considered outputs.
The output can be seen as a function of inputs y = f ([κ1,κ2,κ3]). Sobol indices are used
to investigate the direct influence of the different input parameters κi, i ∈ [1,2,3], as well as
their coupling effects on the output variance. Therefore, the output variance V(y) can be
decomposed in:

Var(y) =
3

∑
i=1

Vari +
3

∑
i< j

Vari, j +Var1,2,3 (6.3)

where Var denotes the variance [145, 146], and where the other terms are defined as:

Vari = Var(E(y|κi))

Vari, j = Var(E(y|κi,κ j))−Vari −Var j

Var1,2,3 = Var(E(y|κ1,κ2,κ3))−∑
3
i=1 Vari −∑

3
i< j Vari, j

(6.4)
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where E represents the expectation. Then, the first three orders Sobol indices are defined as:

Si = Vari/Var(y)

Si, j = Vari, j/Var(y)

S1,2,3 = Var1,2,3/Var(y)

(6.5)

The total order of Sobol indices STi can be calculated as below where Var(E(y|−κi)) is the
total contribution to the variance of y due to non-κi.

STi = 1−Var(E(y|−κi))/Var(y) (6.6)

The Sobol index is considered as a very useful tool to describe the sensitivity of a function
to its input parameters and their coupling effects. If the Sobol index Si of an input variable κi

is high (i.e. close to 1), then the input variable κi has a strong effect on the output y. If the
Sobol index Si of an input variable κi is low (i.e. close to 0), the influence of κi on output
y is limited. For the first order indices, the direct effect of the input parameter is described.
Whereas for higher order indices, the coupling effect of a set of parameters are indicated.
The total order index measures the contribution of a single input parameter to the output
variance considering all the possible interactions with the other parameters.

6.6.2 Sensitivity analysis

In the present sensitivity study, there are three output parameters, which are the resonant
frequency, the modal damping ratio and the excitation forcing level. Four sets of Sobol
indices are computed at different levels of vibration amplitude, 0.05 mm, 0.1 mm, 0.2 mm

and 0.4 mm (refer to Fig.6.9). The Sobol indices are calculated using an open source library,
OpenTURNS [11].

Sensitivity analysis in global design space

The Sobol indices are computed within the whole design space and given in Fig.6.11(a, c, e,
g), where circles represent the first order Sobol indices and squares represent the total order
indices. The orange markers show the Sobol indices of the resonant frequency. Generally,
the first order index of κ1 for the resonant frequency almost reaches 1. Therefore, κ1 has the
most important influence on the resonant frequency regardless the level of amplitude. The
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interaction of κ1 with the other input parameters can be ignored, since the total indices are
very close to the first order index. This is in agreement with the observations in Fig.6.6-6.8.

The blue markers describe the Sobol indices for the modal damping ratio and green
for the excitation forcing level. As discussed in Section 6.5, the variation of the excitation
forcing level always shows a similar trend to the modal damping ratio. By looking at the
indices for the modal damping ratio (blue), it is easy to notice that the contributions for each
input parameter are distinguishable for different levels of the vibrational amplitude. At low
amplitude (see Fig.6.11(a)), the total order indices for three inputs are 0.46, 0.39 and 0.33
and the first order indices are 0.41, 0.27 and 0.21 respectively. The three input parameters
have a similar influence on the modal damping ratio and the excitation forcing level, and
interactions between the parameters is small, since the first order and the total order Sobol
indices are close for each parameter.

Therefore, from the global sensitivity analysis, one can come up with a few points. First,
the direct effect of κ1 is the most important factor for the variance three targeting outputs. The
interaction of κ1 with the two other inputs is almost negligible. κ2 and κ3 have a very limited
effect on the resonant frequency regardless the vibrational amplitude. For low amplitude, the
influence of the three input parameters on the modal damping ratio and excitation forcing
level are almost similar. For higher amplitude, the direct contribution of κ2 and κ3 decreases
and interaction effect vanished.

Sensitivity analysis around local optimum geometry

The optimum geometry is identified as shown in Fig.6.10 in Section 6.5. To investigate
the sensitivity around the optimal geometry, the Sobol indices are calculated in a similar
way. The three input parameters for the optimum design are [κ1,κ2,κ3] = [1,−1,−1].
Therefore, the range for each input parameter is chosen as: κ1 ∈ [0.9,1]), κ2 ∈ [−1,−0.9])
and κ3 ∈ [−1,−0.9]. The local Sobol indices are shown in Fig.6.11(b, d, f, h). The local
Sobol indices do not show a significant difference compared to the global ones.

As a conclusion, the upper surface of the damper has a high influence on the damper
characteristics, whereas the lower surface geometry has a very limited impact. But if the
damper is aimed to be used at low amplitude level, the modal damping ratio can be tuned with
κ2 and κ3. The coupling effect between κ2 and κ3 cannot be ignored in this case. Moreover,
it appears that the three parameters do not have significant coupling effect at large amplitude,
which means that they can be treated independently in a design process.
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Fig. 6.11 Sobol indices for different levels of the vibrational amplitude within the whole
design space (κ1,2,3 ∈ [−1,1]):(a, b) 0.05 mm; (c, d) 0.1 mm; (e, f) 0.2 mm; (g, h) 0.4 mm;
(a, c, e, g) Global Sobol indices; (b, d, f, h) Local Sobol indice
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6.7 Concluding Remarks

In this chapter, the geometry of the ring damper is modified using three design parameters.
With these parameters, the lower and upper surfaces of the ring damper can be modified. It
implies the modification in the contact pressure distribution, but also in the stiffness and mass
of the damper. The effect of these parameters on the blisk dynamics is studied based on a
parametric study using surrogate models. These Kriging meta-models are used to explore the
design space and assess the impact of the different geometrical modifications of the damper
on the blisk dynamic. Sobol indices are used to describe the sensitivity of the three design
parameters to resonant frequency, modal damping ratio and excitation forcing level.

Different geometries of ring damper can lead to a change of its mass, its flexibility, of the
local coordinates within the contact interface, of the contact pressure and gap distribution,
resulting in a change in the resonant frequency and the modal damping ratio. The largest
impact on the nonlinear modal properties is obtained from the modification of the upper
surface. In contrast, the impact of the lower surface on the resonant frequency can be
neglected and the effect on the modal damping ratio is limited. As for contact pressure
distribution, a dispersive one can lead to more sliding nodes and so more energy dissipation
and better damping performance. This work demonstrates the importance of designing
damper geometry for a better performance and shape or topological optimisation should be
considered. Furthermore, thanks to Kriging meta-models, the exploration of whole design
space is achievable with acceptable computational costs. The validated Kriging meta-models
can be considered as efficient tools to predict nonlinear responses of complicated system.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions of the Research Work

The research motivation of the present thesis originated from the demands of higher modelling
efficiency for an industrial structure with non-conservative nonlinearities, such as an industrial
bladed disk or blisk with friction dampers. The construction of classic forced response of
such a complicated structure results in heavy computational costs. Repeated computations
are required to obtain an evolution of resonant response with respect to excitation forcing
level, leading to an even heavier computational burden. To improve the modelling efficiency,
a numerical methodology based on nonlinear modes is described, validated and applied.
Using such a modelling methodology, the computational cost can be significantly reduced.

7.1.1 Conclusions on nonlinear modal analysis

Nonlinear modal analysis is a numerical tool to investigate the dynamic response of a
nonlinear system by only considering its resonant solutions. The nonlinear modes can be
seen as a collection of the resonant solutions in a series of the forced responses. From the
nonlinear modal analysis, the evolution of the nonlinear modes and other modal properties
with respect to the vibration amplitude can be easily obtained with a lower computational
cost. Furthermore, some complicated phenomena in the regime of nonlinear dynamics can be
intuitively understood, such as modal interactions, bifurcations, stiffening/hardenings effects
and so on. Nonlinear modal analysis has become a popular modelling methodology in the
research field.

To solve an engineering problem, the forced response of a complicated structure is usually
the prime interest. The relation between the nonlinear mode and the resonant solution in
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forced response is complicated, and it is difficult to derive in a straightforward way. In the
literature, the whole forced response can be reconstructed using a nonlinear modal synthesis
based on single nonlinear resonant mode theory. The energy balance method is a numerical
tool to predict the resonant solution in the forced response using nonlinear modes. This
method provides a direct link between the nonlinear modes and resonant solutions. Nonlinear
modal analysis coupled with the energy balance method can be seen as an efficient method to
study the nonlinear dynamic response of a complicated structure with various nonlinearities
in the future.

7.1.2 Conclusions on existing numerical approaches

Numerical approaches for the computation of the damped Nonlinear Normal Modes (dNNMs)
were recently developed in last two decades. Specifically, there are two existing proven
numerical approaches: Complex Nonlinear Mode (CNM) and Extended Periodic Motion
Concept (EPMC). An increasing number of researchers have started to use these numerical
approaches to investigate the nonlinear dynamic response for structures with non-conservative
nonlinearities. However, uncertainties definitely exist and more research work is expected to
serve the overall purpose of the development of a reliable numerical approach.

For structures with non-conservative nonlinearities, the dNNMs are damped and non-
periodic. In CNM, the actual damped solutions are represented in a harmonic expression
with an exponential decay. CNM can capture the damped feature of the dNNMs and
initial assumptions are not required. Whereas, if the classic harmonic balance method with
alternating frequency/time transformation is used to solve the nonlinear dynamic equations,
damped solutions cannot be directly applied. In detail, the discrete Fourier transformation and
the inverse discrete Fourier transformation are used to obtain the nonlinear force iteratively.
In this process, the exponential terms that represent damping features are ignored. Thus, it
raises inaccuracy if the dNNM shows large damping.

In contrast, the EPMC approach, a periodic concept is assumed beforehand: an artificial
linear damping is applied to balance the energy dissipation caused by non-conservative
nonlinearities leading to periodic dNNMs. In original EPMC approach, an artificial viscous
damping is added into the dynamic equation and makes the dNNM periodic. For the
sake of clarity, this method is called as EPMC-V. However, there is no firm statement
explaining the choice of the viscous damping. Therefore, in the present thesis, EPMC with
artificial hysteretic damping (EPMC-H) is firstly developed and compared with original
EPMC (EPMC-V). Hysteretic damping and viscous damping are two different types of
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linear damping models in the context of physics and mathematics. Hysteretic damping is
independent of the resonant frequency. From the present thesis, EPMC-H can provide better
representation of energy dissipation of nonlinearities that only depends on displacement, i.e.
systems with frictional contact.

7.1.3 Conclusions on the extended energy balance method

The Extended Energy Balance Method (E-EBM) is a numerical method that can predict
the resonance for a given excitation force without the computation of the nonlinear forced
response. E-EBM is based on the assumption that, under small enough damping, the solution
of dNNM and resonant solutions share great similarities. The energy exchanged by the
summation of non-conservative nonlinearities and the given damping equals to the energy
injected by excitation force. Therefore, the classic force amplitude plot can be constructed
during the computation of the dNNM. E-EBM can be simply adopted for both CNM and
EPMC. In addition, the main features of the isolated branches for a forced response can be
directly detected and tracked using the method. However, the accuracy of the method is
limited by the contribution of the other modes in the forced response, especially in the case
of internal resonance. The accuracy of the method is also affected by the numerical method
used to solve the nonlinear dynamic problem. The E-EBM coupled with dNNMs can be
used for engineering design problems to dramatically reduce the computational cost while
ensuring an accurate prediction of the resonance.

7.1.4 Conclusions on friction ring dampers

The friction ring damper is considered as one of the emerging solutions for improving of
the damping level in a blisk structure. It usually consists of a ring with an open gap located
within the groove of blisk. The ring damper is held in contact with the blisk by centrifugal
force. This damping device is analysed in the present thesis using a lumped model and a
full-scale FE model. Furthermore, the geometric effects of the ring damper are explored. The
damping ability of the friction ring damper is evaluated and critically discussed.

Effect of blade disk coupling

The mechanism of the friction damping is based on the relative rubbing motion between two
bodies. In the case of the friction ring damper, it is efficient only if the relative displacements
within the contact interface are significant. In an actual working environment of the blisk, the
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engine order excitation is one of the most common excitations and is mainly applied on the
blade. The ring dampers are not directly in-contact with the blade. Therefore, the damping
performance of ring dampers is governed by the blade disk coupling effect, which controls
the energy transfer between the blades and the disk. For those modes with a large blade disk
coupling effect, a ring damper can be considered as a very efficient device to mitigate the
vibration amplitude.

Effect of initial contact status

The initial contact status is obtained from a static analysis, which takes the frictional contact
into consideration. Within the whole contact interface, the contact pairs can be either in-
contact (with a contact pressure) or separated (with an initial gap). For nodes with a lower
contact pressure, the sliding contact condition occurs at low amplitude. As for nodes with a
higher contact pressure, it is very difficult to initiate sliding contact conditions (very large
relative displacement is required). For nodes with a small initial gap, these nodes pair can
become partial separation and partial sliding with a large enough displacement. The existence
of separation can lead a significant reduction in the damping performance. Therefore, the
initial gap should be avoided as much as possible.

Effect of ring damper geometry

The choice of the material for the ring damper is very limited because of its extreme working
environment. Geometric design of the ring dampers seems to be one of the potential ways
to improve the damping performance. Changing the geometry of ring damper can result in
a change of its mass, its flexibility, the local coordinates within the contact interface, the
contact pressure and gap distributions. The resonant frequency and the modal damping ratio
can also be changed as a consequence.

The last chapter of the present thesis provides an illustrative example of a geometric
design of a ring damper based on only three design parameters. From this study, the geometric
modification of the upper surface of the ring damper leads to a significant impact on the
resonant frequency and the damping performance. In contrast, the influence of the lower
surface of the ring damper is limited. The maximum damping ratio achieved is almost
doubled. Therefore, designing damper geometry has been proven to be a very efficient way
to obtain a better damping performance.
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7.2 Scientific Contribution

• The first important contribution of the present thesis on the field of nonlinear dynamics
is the description of EPMC-H method and demonstration of the limitations of existing
numerical method. EPMC-H is able provide better prediction of the energy dissipation
for structures with friction damping than the original EPMC-V.

• Development of E-EBM is the most important scientific contribution of the present
thesis. E-EBM is a numerical tool that can accurately predict the resonance using
the dNNM. It provides a direct link between the dNNM and the resonant solutions in
forced responses. E-EBM can be simply adopted in all existing numerical approaches
(CNM and EPMC). The use of E-EBM in a full-scale FE structure with friction damper
is possible.

• The present thesis also contributes to dynamic analysis of the friction ring damper. A
geometric study of a friction ring damper is achieved. Some design guidelines of ring
dampers are highlighted.

7.3 Future Work

Here is a list of topics that author finds interesting and would like to suggest pursuing further:

• In Chapter 4, a parametric study of nonlinear modal properties for the test rig are
completed. A test rig with an adjustable platform will be designed, manufactured and
tested in the near future. This novel test rig will be used to validate the results from the
numerical simulations.

• The dynamic response of a bladed disk or blisk with a friction damper has been widely
studied in the literature. In reality, other types of nonlinearities might also exist in
turbomachinery. For example, an assembled fan has both frictional contact (at the
root joints) and geometric nonlinearity under large deformation. The coupling effects
between the frictional contact and large deformation would be a very interesting topic.

• Friction ring dampers are one of the potential damping devices for blisks. The applica-
tion of a piezoelectric patch can be seen as another possible damping device. Using
piezoelectric material to achieve an active or passive control of normal contact force
within the contact interface might improve the damping performance of ring damper.
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• In the present thesis, the friction ring damper is assumed as a cyclic symmetric structure.
Whereas in reality, there is a small open gap within the ring damper and this small
open gap breaks the cyclic symmetry leading to mistuning effects. Taking mistuning
effects into the consideration while designing the ring dampers would be very useful
in the design of the friction ring damper.

• The geometric effect of ring damper has already been explored in the present thesis. A
shape or topological optimisation can be considered as the future work to achieve an
optimal design of the friction ring damper.

7.4 Publications

7.4.1 Journal publications

• Sun, Y., Yuan, J., Pesaresi, L., Denimal, E. and Salles, L., (2020), "Parametric study
and uncertainty quantification of the nonlinear modal properties of frictional dampers",
Journal of Vibration and Acoustics, 142(5):051102.

• Sun, Y., Vizzaccaro, A., Yuan, J., and Salles, L., (2020), "An extended energy balance
method for resonance prediction in forced response of systems with non-conservative
nonlinearities using damped nonlinear normal mode", Nonlinear Dynamics.

• Sun, Y., Yuan, J., Denimal, E., and Salles, L., (2021) "Nonlinear modal analysis of
frictional ring damper for compressor blisk", Journal of Engineering for Gas Turbines
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Appendix A

Numerical Formulations for Contact
Models

The numerical formulations used to computation of friction force are provided for all three
contact models. The computation of friction force is completed in time domain in an iterative
way because of history dependency of friction law. The demonstration of the contact elements
are provided in Fig.A.1.

A.1 One Dimensional Contact Element

This one dimensional contact element is shown in Fig.A.1(a). For a current time step i,
relative displacement x(ti) and displacement of contact point w(ti), the friction force Fx(ti) is
calculated using equations below. The tangential friction forces is predicted in the first place
using Eqn.(A.1), then corrected using Eqn.(A.2).

fpre = kt(x(ti)−w(ti−1)) (A.1)

Fx(ti) =

{
fpre if fpre < µN0 Sticking

µN0 · fpre/
∣∣ fpre

∣∣ if fpre ≥ µN0 Sliding
(A.2)

w(ti) =

{
w(ti−1) if fpre < µN0 Sticking

x(ti)−Fx(ti)/kt if fpre ≥ µN0 Sliding
(A.3)
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Fig. A.1 Three contact elements: (a) One dimensional contact element (A Jenkins element
in tangential direction with a constant normal load); (b) Two dimensional contact element
(A Jenkins element in tangential direction with a unilateral spring); (c) Three dimensional
contact element (Two Jenkins elements in tangential plane with a unilateral spring)

A.2 Two Dimensional Contact Element

This two dimensional contact element is shown in Fig.A.1(b). For a current time step i,
relative displacement x(ti), y(ti) and displacement of contact point w(ti) the friction force can
be predicted in Eqn.(A.4), then corrected using Eqn.(A.6). A positive N0 is used if two nodes
are in-contact, or a negative N0 =−kn∆ when two nodes are separated with an initial gap ∆.

fpre = kt(x(ti)−w(ti−1)); (A.4)

Fy(ti) =

{
0 if N0 + kny(ti)< 0 Separation

N0 + kny(ti) if N0 + kny(ti)≥ 0 In-contact
(A.5)

Fx(ti) =


0 if Fy(ti) = 0 Separation
f if Fy(ti)> 0 and fpre < µFy(ti) Sticking

µFy(ti) · fpre/ | f | if Fy(ti)> 0 and fpre ≥ µFy(ti) Sliding

(A.6)

In the case of sticking contact condition, the displacement of contact point w(ti) equals to
the value on previous time step w(ti−1). Whereas, when separation occurs, the displacement
of contact point w(ti) is null. If sliding contact condition happens, w(ti) can be calculated
using Eqn.(A.7).

w(ti) =


x(ti) if Fy(ti) = 0 Separation

w(ti−1) if fpre < µFy(ti) Sticking
x(ti)−Fx(ti)/kt1 if fpre ≥ µFy(ti) Sliding

(A.7)
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A.3 Three Dimensional Contact Element

A.3 Three Dimensional Contact Element

This three dimensional contact element is shown in Fig.A.1(c). For a current time step i

the normal contact force Fz(ti) is calculated at the first to define the contact status whether
is separation or in-contact. If two contact nodes are fully separated and a null tangential
friction force can be obtained. A positive N0 is used if two nodes are in-contact, or a negative
N0 =−kn∆ when two nodes are separated with an initial gap ∆.

Fz(ti) =

{
0 if N0 + knz(ti)< 0 Separation

N0 + knz(ti) if N0 + knz(ti)≥ 0 In-contact
(A.8)

In the case of in-contact, the tangential friction forces in the contact plane are predicted
in the first place using Eqn.(A.9) to obtain the components of the predicted friction force in
two orthogonal directions ( fpre ,x and fpre ,y). Then, the modulus

∣∣ fpre
∣∣ and direction D(ti) of

the predicted friction force are calculated using Eqn.(A.10). When
∣∣ fpre

∣∣ exceeds the sliding
limit µFz(ti), friction forces are oriented along circumference radius

∣∣ fpre
∣∣.

fpre ,x = k t1(x(ti)−w1(ti−1)); fpre ,y = k t2(y(ti)−w2(ti−1)) (A.9)

∣∣ fpre
∣∣=√

f 2
pre ,x + f 2

pre ,y

D(ti) =
√

(x(ti)−w1(ti−1))2 +(y(ti)−w2(ti−1))2
(A.10)

Then, the friction force in tangential contact plane can be corrected using Eqn.(A.11-A.12),
and the displacements of contact point (w1(ti) and w2(ti)) can be computed using Eqn.(A.13-
A.14).

Fx(ti)=


0 if Fz(ti) = 0 Separation

fpre ,x if Fz(ti)> 0 and
∣∣ fpre

∣∣< µFz(ti) Sticking
µFz(ti) · (x(ti)−w1(ti))/D(ti) if Fz(ti)> 0 and

∣∣ fpre
∣∣≥ µFz(ti) Sliding

(A.11)

Fy(ti)=


0 if Fz(ti) = 0 Separation

fpre ,y if Fz(ti)> 0 and
∣∣ fpre

∣∣< µFz(ti) Sticking
µFz(ti) · (y(ti)−w2(ti))/D(ti) if Fz(ti)> 0 and

∣∣ fpre
∣∣≥ µFz(ti) Sliding

(A.12)

w1(ti) =


x(ti) if Fz(ti) = 0 Separation

w1(ti−1) if Fz(ti)> 0 and
∣∣ fpre

∣∣< µFz(ti) Sticking
x(ti)−Fx(ti)/kt1 if Fz(ti)> 0 and

∣∣ fpre
∣∣≥ µFz(ti) Sliding

(A.13)
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w2(ti) =


y(ti) if Fz(ti) = 0 Separation

w2(ti−1) if Fz(ti)> 0 and
∣∣ fpre

∣∣< µFz(ti) Sticking
y(ti)−Fy(ti)/kt2 if Fz(ti)> 0 and

∣∣ fpre
∣∣≥ µFz(ti) Sliding

(A.14)
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