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Derivation of models for the fusing of soot aggregates from carbon black 
reactor data

Daniel O’Sullivana, Russell B. Diemer Jr.b, and Stelios Rigopoulosa 

aDepartment of Mechanical Engineering, Imperial College London, London, UK; bDepartment of Chemical and Biomolecular 
Engineering, University of Delaware, Newark, Delaware, USA 

ABSTRACT 
Soot aggregate fusing models have rarely been employed in sooting flame simulations. 
Previously, such models have been based on sintering models of inorganic nanoparticles 
(silica/titania). The objective of the present article is to derive a soot fusing model from a graph
itic material, namely carbon black. While there are differences between soot and carbon black, 
the significant similarities allow a carefully selected group of carbon black grades to function as 
a soot-proxy for the derivation of a fusing model. Two appropriate subsets of carbon black 
grades are found, with the key difference being the relative amounts of surface oxygen content 
in each subset. The later stage of the furnace black reactor process is characterized by the direct 
competition of aggregation and fusing in an oxygen and fuel starved environment. This serves 
as the basis for an inverse population balance approach, that allows the characteristic fusing 
timescale to be determined for a given set of input reactor conditions. Two fusing models are 
produced each corresponding to the subset of carbon black grades and reactor conditions 
used. A linear relationship between the characteristic fusing timescale and primary particle 
diameter was found in both models. The models are used to simulate several inert reheating 
experiments with four different soot samples. Each fusing model can predict well the experi
mentally observed fusing behavior of soot samples that corresponded closest to the compos
ition of the original carbon black data employed for its derivation.
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1. Introduction

Soot emissions arise due to incomplete combustion 
and play an important role in many atmospheric and 
climate models due to their light absorbing properties 
(Bond and Bergstrom 2006) and relatively long 
atmospheric lifetimes (Wolff 1985; Ogren 1982). 
Carbonaceous aerosols have been identified as the 
“second most important human emission in terms of its 
climate forcing” after carbon dioxide (Bond et al. 
2013), and IPCC (2014) further identifies soot as the 
most important particulate component to global 
warming. Inhaled soot emissions are well documented 
to cause many adverse health effects from respiratory 
damage to increased cancer risk (Niranjan and 
Thakur 2017).

Whereas early approaches assume that soot par
ticles have an overall spherical shape, in reality, soot 
forms fractal aggregates where spherical primary par
ticles assemble into aciniform or chain-like structures. 

When accounted for, the fractal morphology of soot 
aggregates produces a significant increase in lung 
deposition relative to their spherical equivalents and 
alters the deposition patterns within the respiratory 
tract (Broday and Rosenzweig 2011). Fractal aggre
gates have a greater surface area than their spherical 
equivalents, and surface area is a key input into many 
lung deposition estimates from road traffic pollution 
(Vu et al. 2018). Moreover, the large specific surface 
area of soot aggregates leads to increased reactivity, 
and hence toxicity when biological systems are 
exposed to soot (Tang et al. 2024; Li et al. 2023). It is 
also widely recognized that a large degree of uncer
tainty surrounds the optical properties of atmospheric 
soot in global circulation models (Bond et al. 2013; 
IPCC 2014), and aggregate morphology has been 
identified as one of the main sources of this uncer
tainty (Bond and Bergstrom 2006; Adachi, Chung, 
and Buseck 2010; Forestieri et al. 2018; Liu and 
Mishchenko 2018). Recent efforts have proved that 
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morphology matters more than previously thought, 
and studies have focussed on detailing the effect of 
fractal aggregates and an evolving morphology 
throughout the lifetime of atmospheric soot (He 
2019). Whereas soot aggregates undergo a variety of 
atmospheric processes, the near-source particles are 
the primary concern of the present work. An under
standing of near-source soot morphology serves as a 
starting point for subsequent models of atmospheric 
soot.

In laboratory settings, light extinction experimental 
techniques have been used to measure soot volume 
fraction but rely on a priori knowledge of the refract
ive index of the aggregates, which in turn is a func
tion of aggregate morphology and soot composition. 
Soot aggregates have often been considered as spher
ical in the context of models, to invert light extinction 
readings into soot volume fraction results, and the 
discrepancy due to the fractal nature of soot aggre
gates is explained clearly in Kelesidis and Pratsinis 
(2022) alongside a novel method to quantify the vary
ing refractive index of soot aggregates in the context 
of sooting flames.

Soot aggregate morphology is determined by sev
eral simultaneous particulate processes in flames; 
namely aggregation, surface growth and oxidation, 
and fusing. The evolution of the soot properties, such 
as particle size and morphology can be described via 
a population balance equation (PBE), which expresses 
the evolution of the distribution of soot properties as 
a result of the aforementioned kinetic processes, as 
well as by transport in physical space; more informa
tion, particularly in the context of soot, can be found 
in Rigopoulos (2019, 2024).

The present work focusses on fusing, which is a 
process that results in a reduction of the surface area 
of aggregates. The exact mechanism by which this 
occurs may vary in the case of soot. In certain cases, 
if temperatures experienced by aggregates supersede 
the melting temperature of the material in question, 
then liquid-like behavior ensues with what could be 
correctly described as coalescence. When aggregate 
neck formation is analyzed, sintering is often used to 
describe solid-like behavior. In the case of soot aggre
gates, a question is whether soot behaves in a liquid- 
like or a solid-like manner, which may depend on 
whether incipient or mature soot is considered. 
Processes, such as coalescence and sintering can all be 
described as surface area minimization processes, gov
erned by a linear rate law in terms of aggregate sur
face area, and a constant of proportionality expressed 
as the reciprocal of a characteristic time. In the 

present work, the term “fusing” is used as a generic 
term to describe processes, without reference to the 
specific mechanism and material properties of soot, 
inline with the comments of Michelsen et al. (2020). 
The characteristic fusing time is itself a function of 
temperature, primary particle size, and other kinetic 
parameters. Determining an expression for this time
scale for soot is the main focus of this article.

Fusing has received very limited attention so far in 
the context of soot population balance models. By 
contrast, it is a major part of models for inorganic 
nanoparticle synthesis, where often the evolution of 
aggregate properties is determined by a competition 
between aggregation and sintering. Its role in soot for
mation processes is not so clear, due to the presence 
of a wider range of more kinetic processes (nucle
ation, condensation, surface growth, and oxidation). 
At present, there is no established expression for the 
soot fusing timescale. The majority of sooting flame 
predictions do not include finite-rate fusing due to 
limitations in the PBE forms employed. For example, 
it may be assumed that particles are spherical or that 
there is an instantaneous change between spherical 
and fractal aggregates at a certain particle size. To 
include finite-rate fusing, the model must include 
account for the evolution of the surface area of aggre
gates or the number of primary particles explicitly. 
Only two fusing timescale models have been used to 
predict the size and morphology of soot aggregates in 
flames. As discussed below, both of these fusing mod
els originate from work involving materials other than 
soot (titania and silica). An exception is the recent 
work of Matsukawa et al. (2023), where a fusing 
model was obtained from experimental data on ethyl
ene-derived and benzene-derived soot in a pyrolitic 
reactor. However, the fusing model of Matsukawa 
et al. (2023) has not been implemented in a sooting 
flame simulation at the time of writing.

Veshkini, Dworkin, and Thomson (2016) presented 
an expression for the characteristic fusing timescale of 
soot based on an expression previously used to simu
late titania aggregates (Xiong, Kamal Akhtar, and 
Pratsinis 1993). This expression has its origins in the 
experimental work of Kobata, Kusakabe, and Morooka 
(1991), who determined the fourth order scaling with 
primary particle diameter as well as the relevant val
ues for the activation temperature and pre-exponential 
factor while studying titania aggregates. Veshkini, 
Dworkin, and Thomson (2016) used this expression 
and the titania-based values for activation energy and 
pre-exponential factor to simulate the nonsmoking 
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co-flow diffusion flame of Santoro, Semerjian, and 
Dobbins (1983).

Chen et al. (2013) proposed a fusing expression 
based on the works of Shekar et al. (2012) and 
Tsantilis, Pratsinis, and Briesen (2001) on silica nano
particles. This expression includes three parameters 
which were then calibrated against the experimental 
results of Zhao et al. (2005) in the context of soot, 
and used to simulate several premixed laminar flames. 
It also incorporates a cutoff primary particle diameter 
below which small particles are assumed to fuse 
instantaneously.

The main concern with the two aforementioned 
approaches is the suitability of the original fusing 
expressions to soot, even if the activation energy and 
relevant fusing parameters have been calibrated in 
some way. There are a large number for possible 
mechanisms that could be responsible for soot fusing, 
either alone or in combination. In the present article, 
it is thus proposed to employ data originating in a 
carbonaceous material, such as carbon black, to derive 
a soot fusing timescale. Carbon black is formed via 
the pyrolysis or incomplete combustion of a hydrocar
bon feedstock and is said to be aciniform with aggre
gates composed of spherical primary particles. Often 
heavy oils are used, although some specific carbon 
blacks require more specific feeds, such as acetylene. 
Various reactor designs and processes exist, but the 
three main groups are furnace black, thermal black, 
and acetylene black. The overwhelming majority of 
carbon black produced is used as reinforcement filler 
in car tyres, with specialist carbon blacks used in inks, 
dyes, and conductive filler for electrical applications. 
When used in car tyres, carbon black aggregates bind 
to the rubber, and the performance of the particles is 
determined by their size, morphology, and surface 
chemistry (Heinrich, Kl€uppel, and Vilgis 2002; Spahr 
and Rothon 2015). As a consequence, manufacturers 
pay close attention to the primary particle diameter 
and morphology, i.e., the structure of the carbon black 
aggregates produced, alongside the processes which 
determine it. Grades are assigned to denote the size of 
primary particles and a manufacturer-specific “level of 
structure” to indicate the overall morphology of the 
product (Tunnicliffe 2015).

The objective of the present article is to derive a 
fusing model for soot from data of an appropriate car
bon black proxy. While there is a wide variety of car
bon black grades available, it is hypothesized here 
that, with careful consideration of composition and 
aggregate structure, a subset of these grades could be 
used as a proxy for deriving a fusing model for flame 

generated soot. Accordingly, the first step in the deriv
ation of the model is the choice of suitable carbon 
black grades for use as proxies. Once the choice of 
grades has been established, a set of associated reactor 
conditions, such as residence time, temperature, and 
primary particle size of the final product is obtained 
and collated. Subsequently, the new model is derived 
by employing an inverse population balance approach 
(Diemer 2023). This method allows us to first deter
mine the most appropriate general form of the math
ematical expression and subsequently obtain the 
values of the parameters. The model (in fact a set of 
two models) will then be tested by simulating the 
inert reheating experiment of Ono et al. (2017), where 
soot aggregates generated from various fuels experi
ence a reduction in mobility diameter due to fusing 
alone, and compared with the trends in activation 
energy inferred in the recent work of Matsukawa 
et al. (2023).

The article commences with an exposition of the 
general modeling framework for fusing processes and 
a summary of the models that can be found at present 
for soot. This is followed by a discussion contrasting 
the variety of carbon black grades with some repre
sentative examples of soot, culminating in the selec
tion of relevant carbon black reactor data that will be 
employed. The derivation of the new fusing models is 
shown next. The article concludes with the application 
of the model to the simulation of the Ono et al. 
(2017) experiment.

2. Modeling framework for fusing processes 
and previous models

Fusing, sintering, and coalescence share historical 
links that often confuse present-day discussions. The 
coalescence of liquid droplets is driven by the kinetic 
energy of the colliding droplets being dissipated via 
various mechanisms, such as capillary and viscous 
forces in an oscillatory manner. The earliest consider
ation of this oscillatory behavior dates back to the 
inviscid natural frequency found by Rayleigh (1879). 
Lamb (1932) extended this approach to include the 
effects of internal viscous forces which act to damp 
the oscillation, and in the limit of high viscosity 
Chandrasekhar (1961) showed that the characteristic 
timescale for coalescence was proportional to the 
product of the viscosity and droplet size, while being 
inversely proportional to surface tension.

The seminal work of Frenkel (1945) proposed 
describing the sintering of solid particles as the “the 
viscous flow of crystalline bodies.” Frenkel’s approach 
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was to consider defects in the crystal lattice and an 
associated mass diffusion process between two con
tacting spherical particles, mimicking a viscous flow as 
previously seen in liquid systems. An associated “self- 
diffusion” coefficient was derived and the entire pro
cess was driven by the reduction of free energy.

Subsequent works focussed on the kinetics of neck 
formation between the two spheres, and are classically 
known as initial stage sintering or fusing models. 
German and Munir (1976) were able to describe the 
overall surface area from an understanding of neck 
geometry and addressed various sintering mechanisms, 
such as surface diffusion or lattice diffusion. Hiram and 
Nir (1983) determined that the final neck size was 
reached exponentially in time, and thus a linear rate law 
valid beyond the initial stages of neck growth was pro
posed. An equivalent linear rate law describing surface 
area can be deduced by assuming the remaining bulk of 
the particles, remain spherical throughout the sintering 
process. Koch and Friedlander (1990) explained how 
this asymptotic linear rate law describing the evolution 
of surface area can be used as a good approximation for 
sintering or fusing at any stage, assuming an underlying 
viscous flow sintering mechanism. Friedlander and Wu 
(1994) further re-derived this relationship by rigorously 
assuming a general solid state diffusion mechanism and 
solving for the decrease in chemical potential along the 
surface of two contacting spheres.

The general form of a fusing model is given by an 
expression where the difference between the surface 
area of an aggregate, aðvÞ; and that of its spherical 
equivalent, asðvÞ; is proportional to the rate of change 
of aggregate surface area, Friedlander and Wu (1994), 
as shown below:

daðvÞ
dt
¼ −

1
sr

�

aðvÞ − asðvÞ
�

(1) 

where sr is the characteristic fusing timescale and v 
denotes the volume of an aggregate. Equation (1) can 
be recast in terms of number of primary particles, as 
shown below (Rogak 1997):

dnpðvÞ
dt

¼ −
3
sr

�

npðvÞ − n
2
3
pðvÞ

�

(2) 

Depending on the formulation of the overall popu
lation balance used to predict the evolution of the 
soot particle size distribution, either of these expres
sions may be employed.

While Equations (1) and (2) describe the general 
features of a fusing process, the details of the particu
lar mechanism are encapsulated in the fusing time
scale, which must be given by another expression. The 

following equation is a model for a liquid-like coales
cence mechanism (Frenkel 1945):

sr ¼
lðTÞ dp

r
(3) 

where lðTÞ is the viscosity of the fusing particles, dp 
is the particle diameter, and r is the surface tension. 
By contrast, the analogous expression for solid-like 
behavior consistent with a general solid-state diffusion 
process is the following (Friedlander and Wu 1994):

sr ¼
3

64p

kBTvp

DðTÞrvmol
(4) 

where kB is the Boltzmann constant, vp is the volume 
of the fusing particles, vmol is molecular volume, r is 
the surface tension, and DðTÞ is the solid-state 
diffusion coefficient of the dominant mass transport 
mechanism. Importantly, both the viscosity and the 
solid-state diffusion coefficient of fusing particles can 
be viewed as thermally activated processes and thus 
commonly expressed as Arrhenius laws (Wu et al. 
1993). Subsequently, it is expected that an exponential 
scaling relationship between the fusing timescale and 
temperature exists, regardless of the material nature of 
the underlying fusing particles.

As discussed in Section 1, no widely agreed expres
sion for the soot fusing timescale expression exists, 
and expressions originally derived for other materials 
have been employed in simulations of sooting flames, 
though their parameters may be adjusted for soot. 
The following expression was used by Veshkini, 
Dworkin, and Thomson (2016), based on titania:

st ¼ A0 d4
p T exp

Ta

T

� �

(5) 

Notably, this equation expresses a fourth order 
dependency of the timescale on the primary particle 
diameter, with a value for activation temperature, Ta;

found to be 33,100 K (Kobata, Kusakabe, and 
Morooka 1991). Chen et al. (2013) employed a silica- 
based model, given by the following equation:

ss ¼ A0 dp exp
Ta

T
1 −

dc

dp

 !" #

(6) 

This model has been used to model soot aggregates 
with a wide range of activation temperatures (18,000– 
100,000 K). Sun, Rigopoulos, and Liu (2021) explored 
the sensitivity of the two aforementioned fusing mod
els to activation temperature in the context of a lam
inar diffusion flame.

Finally, a recent work by Matsukawa et al. (2023) 
derived a model from a soot reheating experiment. 
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The model is shown below:

sr ¼ A0 d4
p T exp

E
RT

� �

(7) 

The methodology of Seto, Shimada, and Okuyama 
(1995) involving titania nanoparticles was used by 
Matsukawa et al. (2023) to calibrate the activation 
energy, E, and pre-exponential factor, A0 in the 
expression above.

In the present work, a set of two new models for 
the soot fusing timescale will be derived from a range 
of data from carbon black reactors, selected from the 
literature to act as proxy for soot. The derivation will 
be carried out with an inverse population balance 
approach that will allow us to determine the most 
appropriate form of the mathematical expression, in 
addition to the model parameters. The selection of the 
data and the justification as to why they are chosen as 
proxies is detailed in the following section.

3. Carbon black as proxy for soot aggregates

3.1. Procedure for selection of proxy

Since the elemental composition of aggregates is 
intrinsically linked to fusing kinetics, we have com
piled data from a large range of soot samples and car
bon black grades. The composition of carbonaceous 
aggregates in terms of bulk C/H/O content by weight 
was considered. The C/H ratio is a well-documented 
method (Santamaria et al. 2010) of quantifying the 
composition of a soot sample, as the C/H ratio 
increases the sample can be said to be more graph
itic,1 the lower the C/H ratio the less graphitic the 
sample is. Furthermore, the C/O ratio describes the 
surface oxygen content of the primary particles. 
Commonly found as part of aldehyde, ketone, 
hydroxy, phenolic, carboxylic, and carbonyl groups 
(Wang et al. 2013; Setyan, Sauvain, and Rossi 2009), 
the oxygen content is linked to how water dispersible 
the aggregates are. For example, PRINTEX U is a col
our-black used in ink and dyes and readily disperses 
in water due to its high oxygen content. Soot occupies 
a wide range of C/H and C/O (wt%) values, with car
bon black grades occupying narrower ranges in 
composition.

Figure 1 presents 17 soot samples across a wide 
range of fuels, combustor, and engine configurations. 
Several sources did not provide enough information 
to calculate both C/H and C/O (wt%) ratios, in which 
case a line represents a single ratio; vertical lines 

represent C/H ratios with unknown C/O ratio and 
horizontal lines characterize C/O ratios with unknown 
C/H ratio. The compositional ranges are summarized 
for soot and each group of carbon black grades in 
Table 1. A few observations can be readily made from 
this figure. Carbon black grades are generally more 
graphitic than soot, the exception being the labora
tory-made kerosene soot of Daly and Horn (2009) 
which has the highest C/H (wt%) of any soot sample 
considered. However, the three groups of abrasion 
furnace blacks (HAF, SAF, ISAF) and the channel 
black examples appear to be bounded within a C/O 
range consistent with soot. The shaded areas corres
pond to the maximum and minimum values for both 
C/H and C/O. Clearly, acetylene and thermal blacks 
are sufficiently different in both C/H and C/O being 
almost entirely carbon, and thus cannot be viewed as 
suitable proxies for soot. The classes of semi-reinforc
ing, general purpose, and fast extruding furnace black 
partially overlap with the shaded area corresponding 
to soot, but as a group have a lower oxygen content 
than the 3 classes of abrasion furnace blacks. Finally, 
channel black as a group closely resembles soot in 
terms of composition, and perhaps this is no surprise 
as the channel black process is the oldest and simplest 
one. Channel black can be viewed as the least engi
neered version of carbon black, closely resembling the 
natural product soot, whereas acetylene black and 
thermal black were developed much later and have 
been highly engineered to maximize the graphitic 
character of the aggregates, in stark contrast to soot. 
Furnace blacks sit somewhere in between, with abra
sion blacks closely resembling soot in terms of C/O, 
albeit with a higher C/H than would typically be 
found for most soot samples. PRINTEX U was 
included in the analysis as it has been used as a soot 
proxy in some previous studies and the results pre
sented here agree with this point of view (Boger et al. 
2015).

Thus, when considering the primary particle size, 
specific surface area, and bulk composition of a wide 
range of soot and carbon black examples, the three 
abrasion furnace blacks and the channel blacks are 
taken to be the most similar ones to soot. In the fol
lowing, these grades and their associated reactor data 
will be employed to study the soot fusing rate.

3.2. Selection of furnace black reactor data

With abrasion furnace blacks and channel blacks set 
as the soot proxies, reactor data has to be collected 
that describes the reactor temperature, residence time, 1The term “carbonised” can be equivalently used in this sense.
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and primary particle diameter of the final product. 
Such data is not common in the literature, because 
manufacturers rarely publish the conditions that pro
duce any given carbon black product.

Van Niekerk (1994) closely studied the oil furnace 
black process producing a range of abrasion furnace 
blacks via a coupled CFD-soot simulation of an 
entire furnace black reactor. He had access to data 
from the Philips petroleum co. and produced a series 
of residence times and reactor temperatures corre
sponding to various reactor simulations focussing on 
the desired grades of furnace black. Furthermore, 
Donnet, Bansal, and Wang (1993) provided approxi
mate reactor conditions as part of the “Carbon 

Black” textbook. In total, seven sets of reactor condi
tions were found in these sources, making up the 
data set that will be used to derive the model for the 
soot fusing timescale. It should be noted that no 
reactor conditions relating to channel black could be 
found possibly due to the significantly lower market 
share of this product.

The chosen reactor data were grouped into two sets. 
The first set includes all seven data points across the 
three abrasion furnace blacks (SAFþ ISAFþHAF) and 
will be denoted as the furnace black B model. It repre
sents a broad average of all available data that met the 
aforementioned criteria. The second set includes four 
data points comprising the SAF and ISAF grades, 

Figure 1. Soot and carbon black composition diagram. Superscript numbers on each data point correspond to the numbered 
entries in Table 2 where further details can be found regarding the samples, including references.

Table 1. Summary of soot and carbon black properties (Dannenberg 1978; Kim et al. 2009; ASTM Standards 2016).

Group C/H (wt%/wt%) C/O (wt%/wt%) Typical dp (nm)
Typical specific surface area 

(BET N2 m2g−1)

Soot 11.1–840 3.3–128.7 10–50 100–450
HAF (high abrasion furnace black) 192.6–319.3 20.3–139.9 30–39 70–99
SAF (super abrasion furnace black) 286.6–492.5 16.0–75.2 10–19 121–150
ISAF (intermediate super abrasion furnace black) 229.5–278.0 16.5–42.4 20–29 100–120
SRF, GPF, FEF (semi reinforcing, general purpose, 

and fast extrusion furnace black)
192.7–358.5 30.2–268.2 51–79 32–49

Thermal black 198.4–331.0 330.7–993.0 81–99 10–20
Acetylene black 398.0–997.0 498–1243.6 �40 72–1014
Channel black 116.2–159.3 10.6–27.3 10–39 80–115
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whose composition is more similar to soot than HAF 
in terms of the C/O ratio. This will be denoted as the 
furnace black A model. Note how the SAF and ISAF 
shaded areas are fully contained within the soot red 
shaded area in Figure 1) and should behave as a proxy 
for a more oxygenated type of soot rather than a broad 
average. The selection of furnace blacks and corre
sponding reactor data is shown in Table 3.

4. Derivation of soot fusing model with 
inverse population balance

4.1. The furnace black reactor

Before showing the derivation of the fusing model 
from the furnace black reactor data, we first provide 
an overview of this process and explain the key 
assumptions to be made in its analysis (Figure 2).

Table 2. Further details and references regarding the data points in Figure 1.
Carbonaceous sample Manufacturer C/H (wt. %/wt. %) C/O (wt. %/wt. %) Source

1. Methane/Premix – 39.96 50.47 Neoh 1980
2. Methane-Ox. – 58.88 28.55 Neoh 1980
3. Biofuel Aviation/Diff. flame – 54.85 29.43 Chang et al. 2022
4. RP-3/Diff. flame – 86.04 128.71 Chang et al. 2022
5. Gasoline/Diff. flame – 25.65 16.01 Guerrero Pe~na et al. 2018
6. Gasoline-DMF/Diff. flame – 23.57 8.12 Guerrero Pe~na et al. 2018
7. Gasoline-Ethanol/Diff. flame – 20.87 6.41 Guerrero Pe~na et al. 2018
8. Diesel Oldsmobile – 33.78 12.87 Ross et al. 1982
9. Diesel W-51 – 146.69 24.02 Ross et al. 1982
10. Diesel soot-in-oil, Peugot DV – 51.37 5.09 Ferraro et al. 2016
11. Diesel/Diff. flame – 108.00 11.25 Daly and Horn 2009
12. Kerosene/Diff. flame – 840.00 21.00 Daly and Horn 2009
13. Diesel exhaust, Isuzu – 206.08 3.33 Bredin, Larcher, and Mullins 2011
14. Propane-Butane/Aviation com. – – 19.00 Popovicheva et al. 2003
15. Kerosene/Lamp burner – – 11.97 Popovicheva et al. 2003
16. Chimney soot A1 – 13.73 – Medalia, Rivin, and Sanders 1983
17. Chimney soot A2a – 11.09 – Medalia, Rivin, and Sanders 1983
18. Fly Ash F5 – 27.26 – Medalia, Rivin, and Sanders 1983
19. Printex U Degussa AG 151.67 11.09 Nejar, Makkee, and Illangomez 2007
20. Lb – 490.00 122.50 Dannenberg 1978
21. S170 Degussa Italia 116.22 10.58 Ferraro et al. 2016
22. S300 Cabot Corp. 159.33 27.31 Dannenberg 1978
23. Spheron 9 Cabot Corp. 138.55 25.77 Studebaker et al. 1956
24. N110 Cabot Corp. CORAX 492.45 75.18 Ferraro et al. 2016
25. N115 Cabot Corp. CORAX 360.88 16.04 Ferraro et al. 2016
26. N110 Cabot Corp. 369.30 45.08 Risby and Sehnert 1988
27. Philblack E Phillips Chemical Co. 286.62 44.10 Studebaker et al. 1956
28. N234 Cabot Corp. CORAX 276.35 16.48 Ferraro et al. 2016
29. N234 Not given 278.04 42.40 Robertson and Hardman 2021
30. N234 Shandong Lianke 229.48 39.66 Quan et al. 2018
31. N330 Cabot Corp. 244.75 139.86 Dannenberg 1978
32. N339 Cabot Corp. 194.61 26.42 Risby and Sehnert 1988
33. N326 Cabot Corp. CORAX 287.85 20.30 Ferraro et al. 2016
34. N330 Shandong Lianke 210.85 57.73 Quan et al. 2018
35. Philback O Phillips Chemical co. 319.29 139.41 Studebaker et al. 1956
36. Pelletex Phillips Chemical co. 242.00 268.16 Studebaker et al. 1956
37. N539 Columbian Chemicals 246.5 246.5 Darmstadt, Roy, and Kaliaguine 1995
38. N660 Not given 282.89 166.49 Robertson and Hardman 2021
39. N550 Cabot Corp. CORAX 358.48 32.92 Ferraro et al. 2016
40. N539 Cabot Corp. CORAX 260.65 30.23 Ferraro et al. 2016
41. N765 Cabot Corp. 192.70 49.16 Risby and Sehnert 1988
42. N774 Shandong Lianke 232.52 96.69 Quan et al. 2018
43. N880 Cabot Corp. 198.40 330.67 Dannenberg 1978
44. N990 Cabot Corp. 331.00 993.00 Dannenberg 1978
45. Acet. Shawnigan Cabot Corp. 997.00 498.50 Dannenberg 1978
46. Acet. Timcal Timcal Ltd. 397.96 1243.63 Quan et al. 2018

Table 3. Selected furnace black reactor data.
Carbon black grade dp (nm) Reactor temperature (K) Residence time (ms) Source

N110 (SAF) 22 2050 8 Donnet, Bansal, and Wang 1993
N110 (SAF) 18 2126 7 Van Niekerk 1994
N100 series (SAF) 18 2070 8 Van Niekerk 1994
N220 (ISAF) 21 1946 9.5 Van Niekerk 1994
N330 (HAF) 38 1820 31 Donnet, Bansal, and Wang 1993
N330 (HAF) 30 1804 25 Van Niekerk 1994
N300 series (HAF) 30 1820 30 Van Niekerk 1994
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The first stage of the reactor is called the pre-heat. 
Commonly natural gas and air is burnt to heat the 
reactor to a temperature of over 2000 K in preparation 
for the feed to be injected into the flow. It is assumed 
that all the oxygen and natural gas is consumed before 
the feed is injected, as excess oxygen would oxidize 
and consume any carbon black particles made. 
Second, the feed is injected usually as a spray toward 
the narrowing section of the reactor known as the 
choke, where it is instantaneously pyrolized, producing 
a cloud of small spherical carbonaceous nuclei. Due to 
the elevated temperatures through the choke where 
this conversion process takes place, nucleation and 
surface growth rates are extremely fast, rapidly con
suming the feed.

Based on the above, it is assumed that the feed is 
consumed entirely and the cloud of small nuclei par
ticles enters the restructuring zone in an oxygen and 
feed starved environment. Essentially, once the nuclei 
have passed through the choke, it is assumed that sur
face growth and oxidation do not play a role due to 
the lack of the gas-phase species needed for them 
to occur. Shortly after the choke, a quench is applied 
to cool the nuclei to the appropriate temperature for 
the restructuring process to begin.

Insight from Wang et al. (2003) suggests that 
nucleation accounts for 10% of the conversion process 
while surface growth accounts for 90%. Essentially, if 
nuclei are of order 1 nm in diameter, surface growth 
leads to a 10-fold increase in particle volume (Diemer 
2023). The resulting larger spherical nuclei would 
have a diameter of 2.15 nm at the end of the conver
sion process, which is assumed to be terminated at 
the quench plane. The assumption of 10/90 split 
between nucleation and growth could have an effect 
on the initial primary particle size subsequently used. 
However, the initial primary size was found to have 
low sensitivity to the nucleation/growth conversion 
split assumption. For example, a 95% growth—5% 
nucleation split produces a primary particle size of 

2.71 nm. Subsequent fusing model parameters, such as 
activation temperature and primary particle diameter 
scaling were found to also be relatively insensitive to 
the assumed split between growth and nucleation in 
the conversion step. This sensitivity analysis is pro
vided in Appendix A. Since the final primary particle 
size of furnace black range from 20 to 70 nm, it can 
be seen that the conversion and restructuring proc
esses are effectively decoupled. The large nuclei of 
2.15 nm produced by complete conversion, with a 
total number density of Oð1023Þ particles/gmol of car
rier gas, can be considered as initial conditions for the 
subsequent restructuring process (Diemer 2023).

The restructuring zone is governed by the compet
ing processes of collision and fusing. By controlling 
the residence time and temperature of the restructur
ing zone, different morphologies of the final product 
can be achieved. If the collision or aggregation rate is 
faster than the fusing of primary particles within 
aggregates, then open, fractal aggregates with smaller 
primary particles will be produced. If the fusing pro
cess is far faster than the collision process, then more 
compact aggregates will be formed with larger primary 
particles. To avoid further heat input, the restructur
ing zone is insulated and can be viewed as an isother
mal plug flow reactor. Thus, using an approach 
similar to that of Diemer (2023) and the monodis
perse model of Kruis et al. (1993), the restructuring 
process can be simplified such that only knowledge of 
the reactor temperature, final primary particle size, 
and residence time are needed to derive the model for 
the characteristic fusing time, as will be shown in the 
next section.

4.2. Calculation of fusing timescales from reactor 
data

In the following, an inverse population balance 
approach will be adopted to derive an expression for 
the fusing timescale. The procedure is similar to that 
of Diemer (2023), where more details can be found 
(Section 4).

It must first be noted that, when considering the 
reactor data available, only average quantities describ
ing the particulate phase can be found; namely, the 
average primary particle diameter across all aggre
gates. This permits the use of an appropriately simpli
fied population balance approach that utilizes only the 
available information. Such a formulation is the 
monodisperse model of Kruis et al. (1993), which 
accounts for the average effect of fusing on the surface 
area of aggregates and has been employed for the 

Figure 2. Schematic of the furnace black process.
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kinetics of inorganic nanoparticles in cases where 
aggregation and sintering are the only processes pre
sent. This situation describes well the case of the fur
nace black restructuring zone and, therefore, this 
model is appropriate for the extraction of the fusing 
timescale from data in that zone. It is important to 
stress that the fusing timescale expression derived 
from this procedure can subsequently be used with 
any detailed population balance approach that 
includes the fusing of aggregates. For example, a more 
advanced two-PBE approach, such as the one 
employed in Sun, Rigopoulos, and Liu (2021) includes 
the effect of fusing on the underlying primary particle 
distribution itself and processes, such as surface 
growth and oxidation. However, the fusing timescale 
is a kinetic parameter, hence not anchored to any par
ticular population balance formulation; it can thus be 
used in conjunction with the aforementioned two-PBE 
approach to describe, e.g., soot formation in flames 
where more kinetic processes are present.

We now describe the inverse population balance 
approach based on the model of Kruis et al. (1993). 
For the purpose of this analysis, aggregates will be 
described by their volume, V, and surface area, A. 
Furthermore, since we will be using a monodisperse 
model, all aggregates are described by a mean size and 
surface area, Vn and An; respectively. We will employ 
a plug flow reactor model assuming a constant 
axial velocity, uz; and define a time variable, ~t; as 
follows:

~t ¼
z
uz

(8) 

Fusing does not change the volume fraction of 
aggregates (M1) or the total number of aggregates 
(M0). Thus the first moment is a constant, and 
the evolution of the zeroth moment is only a 
function of the Brownian collision between aggregates, 
M0ð~tÞ:

dM0

d~t
¼ −

bðTÞ
2

M2
0 (9) 

dM1

d~t
¼ 0 (10) 

The evolution of the mean volume Vnð~t Þ; is given 
by the ratio on the first moment to zeroth moment:

dVn

d~t
¼

bðTÞ
2

M1 (11) 

In the above, bðTÞ is the collision frequency func
tion. Carbon black aggregates in the restructuring 
zone are considered to be large enough to aggregate 
according to the Brownian collision mechanism and 

bðTÞ is thus given by:

bðTÞ ¼
8kBT
3lg

(12) 

where lg is the viscosity of the gas.
The model of Kruis et al. (1993) also accounts for 

the evolution of the mean surface area of aggregates 
(Anð~t Þ) due to collision and fusing within the mono
disperse framework:

dAn

d~t
¼

An

Vn

dVn

d~t
|fflfflffl{zfflfflffl}
collision

−
1
sr

An − Asð Þ

|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
fusing

(13) 

where As is the spherical equivalent surface area of an 
aggregate.

It is convenient to define some non-dimensional 
ratios and to non-dimensionalize Equation (13), and 
this procedure will highlight how to determine a char
acteristic fusing time for a given set of reactor condi
tions and final primary particle size. We thus define a 
scaled residence time, n; and a normalized surface 
area, ~An; based on the initial zeroth moment and sur
face area (M0ð0Þ and Anð0Þ; respectively) as follows:

n ¼
~t
sb

(14) 

~An ¼
Anð~tÞ
Anð0Þ

(15) 

To define a characteristic collision timescale, the 
right hand-side of Equation (9) can be shown to be 
the product of a quantity with units of reciprocal time 
and number density. When evaluated at the initial 
conditions, this defines the maximum characteristic 
collision rate and hence the corresponding collision 
timescale, to be denoted by tb:

dM0

d~t
¼ −

1
sb

M0 (16) 

sb ¼
2

bðTÞM0ð0Þ
(17) 

Furthermore, Equation (13) can be non-dimension
alized as follows, to describe the evolution of non- 
dimensional surface area ~AðnÞ:

d~An

dn
¼

~An

1þ n
−

sb

sr

~An − ð1þ nÞ
2
3

h i

(18) 

Equation (11) can also be expressed in terms of n 

and an initial aggregate volume Vnð0Þ:

VnðnÞ ¼ Vnð0Þð1þ nÞ (19) 

When the fusing timescale is very long relative to 
the collision timescale, the second term on the right- 
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hand side of Equation (18) becomes negligible, and 
only the collision process affects the evolution of 
aggregate surface area. Equation (18) can be solved to 
find the fusing timescale given the initial conditions 
and reactor data. We now consider a ratio of primary 
particle sizes, where the primary particle size is 
defined as dp ¼ 6Vn=An; between an initial state d0 ¼

6Vnð0Þ=Anð0Þ and an evolved primary particle size 
dpðnÞ:

dpðnÞ

d0
¼

Vnð0Þð1þ nÞ

Vnð0Þ
Anð0Þ
AnðnÞ

(20) 

Finally, using the relations presented in Equations 
(15), (18), and (19)—the following equation can be 
used to predict the relative change in primary particle 
size:

dpðnÞ

d0
¼

1þ n

~AnðnÞ
(21) 

where dp is an average primary particle diameter 
assuming that all primary particles within a single 
aggregate are the same size, and d0 is the initial pri
mary particle diameter.

The procedure for obtaining the fusing timescale is 
as follows. An initial guess for it is first introduced 
into Equation (18), which is solved numerically. Next, 
using Equation (21), the resulting primary particle 
size is calculated and compared to known furnace 
black primary particle sizes. The initial guess for fus
ing timescale is updated and improved iteratively until 
the predicted value of dp converges to the known fur
nace black primary particle diameter. This procedure 
is repeated for all of the selected furnace black grades.

4.3. Determination of scaling law for the fusing 
timescale

The inverse population balance approach will now be 
employed to determine the appropriate form of the 
scaling law for the fusing timescale.

First, the temperature dependence of the timescale 
can be inferred, given that this dependence for solid- 
state diffusion coefficients and viscosity is commonly 
expressed via Arrhenius laws. Thus, an Arrhenius law 
should produce a linear relationship between the 
natural logarithm of the fusing timescale and the 
inverse temperature. Figures 3a and b confirm this 
relationship. Thus the temperature can be assumed to 
be proportional to exp ðTa=TÞ; where Ta is the activa
tion temperature.

Second, it is possible to infer the dependence of the 
fusing timescale on primary particle diameter by con
sidering a range of scaling relationships already pre
sent in initial stage neck growth models. Coblenz 
et al. (1980) reviewed numerous neck growth fusing 
expressions and, after one characteristic fusing time
scale has elapsed, all of them assume the following 
general form (Diemer 2023):

dm
p

sr

¼ Kf ðTÞ (22) 

where K is a constant unique to a specific fusing 
mechanism, f ðTÞ is an increasing function of tem
perature and m takes positive integer values for each 
potential fusing mechanism. As an example, the sur
face diffusion model (Coblenz et al. 1980) in its ori
ginal form is shown below:

xðtÞ
dp

" #5

¼
225
2RT

dDsðTÞXðTÞcsvðTÞ
d4

p

" #

t (23) 

Figure 3. Relationship of ln sr with 1/T for both furnace black models.
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where xðtÞ is the neck size between two spherical par
ticles, dp is the particle diameter, d is a surface thick
ness length-scale, Ds is the diffusivity, csv is the 
surface energy and X is the molar volume. If we 
express the characteristic neck size expressed as a pro
portion of the particle diameter, i.e., xðsrÞ ¼ �dp;

Equation (23) can be rewritten in the form of 
Equation (22):

d4
p

sr

¼
225
2�5

dDsðTÞXðTÞcsvðTÞ
RT|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
f ðTÞ

(24) 

For a plausible scaling relationship to be found, 
f ðTÞ must be an increasing function of T, as this 
respects the underlying theory that hotter particles 
fuse faster. An increasing function with temperature 
can equivalently be viewed as a decreasing function 
with inverse temperature: 1=T: To demonstrate this, 
consider a general form of the fusing timescale 
expression with an unknown primary particle scaling 
parameter m:

sr / dm
p exp

Ta

T

� �

(25) 

Rearranging for the required ratio as shown in 
Equation (22):

dm
p

sr

/ exp
−Ta

T

� �

(26) 

Hence the negative slope with 1/T appears:

log
dm

p

sr

 !

/
−Ta

T
(27) 

Consequently, given sufficient experimental data, a 
scaling relationship with respect to primary particle 
size can be inferred by plotting curves of dm

p =sr for a 
range of values of m (the exponent in Equation (22)) 
against inverse temperature. The curve with a negative 
slope can be considered as a plausible scaling relation
ship. Figure 4, presents this analysis, and m ¼ 1 is 
shown to be the only plausible scaling relationship.

Although the viscous flow mechanism features 
m ¼ 1; it should be stressed that the outcome of this 
analysis does not imply this particular physical mechan
ism, since more than one mechanism can feature the 
same scaling relationship. All that can be concluded 
from Figure 4 is that a linear scaling relationship is the 
only plausible relationship, based on the furnace black 
reactor data previously compiled. The fusing expression 
can now be written as follows:

sr / dp exp
Ta

T

� �

(28) 

The final step is to determine the pre-exponential 
factor. This can be achieved by rearranging Equation 
(28) into the following form:

sr

dp exp Ta
T

� � ¼ A0 (29) 

where A0 is the pre-exponential factor. Using the 
available data points, the values for A0 can be deter
mined from Figures 3a and b. The final expressions 
for the fusing timescale are given below:

Furnace black A model:

sr ¼ ð1:2� 104Þdp exp
5, 199

T

� �

(30) 

Furnace black B model:

sr ¼ ð66:7Þ dp exp
15, 617

T

� �

(31) 

5. Simulation of the inert reheating 
experiment of Ono et al. (2017)

5.1. Description of experiment

In the present section, the new fusing models will be 
applied to the simulation of the experiment of Ono 
et al. (2017). The experimental setup consists of two 
separate reaction tubes with a particulate filter in 
between. The first reaction tube is used to generate 
the soot aggregates at various temperatures, resulting 
in a range of aggregate sizes. Next, a particle neutral
izer and Differential Mobility Analyzer (DMA) 

Figure 4. Proposed primary particle scaling relationships 
regarding the fusing timescale. A negative gradient implies a 
plausible scaling relationship.
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instrument is used to filter the aggregates by mobility 
diameter, with only one chosen diameter being able to 
pass though into the second reaction tube where 
reheating takes place. When the soot aggregates are 
sampled from the first reaction tube, an abundance of 
nitrogen gas is used to create an inert environment, as 
well as to dilute the total number density of aggre
gates, effectively ensuring that no more collisions 
occur.

The second reaction tube applies a known tempera
ture distribution to the aggregates and the resultant 
decrease in mobility diameter is recorded at the outlet. 
Thus, when considering the second reaction tube alone, 
a monodisperse initial condition is created via the use 
of the particle neutralizer and DMA device, and inert 
reheating of a dilute aggregate sample isolates the effect 
fusing. It is fusing alone that causes the reduction in 
mobility diameter and the associated reduction in sur
face area of aggregates. This experiment to the author’s 
knowledge is only soot fusing experiment that isolates 
the fusing behavior alone and serves as an ideal valid
ation case for any soot fusing timescale expression.

Mobility diameters at the inlet and outlet of the 
reheating tube have been measured. However, only 
inlet primary particle diameters have been shown for 
aggregates of 180 nm in mobility diameter, and these 
results will be focus in the present work. Furthermore, 
two fuels are used to generate soot in the first reaction 
tube at different temperatures, namely ethylene- 
derived soot (generated at 1600 and 1800 K) and ben
zene-derived soot (at 1500 and 1700 K).

5.2. Particle size relations for fractal aggregates

The average primary particle diameter of an aggregate 
can be estimated via the volume-to-surface area rela
tion, as shown below:

dp ¼
6v
a

(32) 

where v is the volume of an aggregate, a is the 
surface area of an aggregate and dp is the average pri
mary particle size. For aggregates undergoing fusing 
alone, the volume of the aggregate as a whole remains 
constant. Considering an aggregate at two states, the 
corresponding ratio of primary particle sizes is 
given by:

dp, 2

dp, 1
¼

a1

a2
(33) 

Moreover, the following equation relates the 
mobility diameter to the corresponding primary par
ticle diameter:

dp ¼
pka

6v
ðdmÞ

2Da

� �1=ð2Da−3Þ

(34) 

Where Da and ka are fractal parameters extracted 
from experiment or numerical studies. This expression 
has been shown to be valid for numerous fusing 
mechanisms with an average value of Da being used 
(Eggersdorfer et al. 2012). The fusing throughout the 
second reactor is assumed to occur with a constant 
fractal dimension, with aggregates initially assuming a 
known mass fractal dimension of 1.8 for combustion 
generated soot. Although the exact initial fractal 
dimension was not measured directly by Ono et al. 
(2017), there is significant evidence confirming this 
feature of combustion generated soot (Link et al. 
2011). Finally, the ratio of aggregate surface area at 
two states can be related to the ratio of mobility 
diameters as follows:

dm, 2

dm, 1
¼

a2

a1

� �3−2Da
2Da

(35) 

5.3. Plug-flow reactor model

Equation (1) can be solved analytically and then 
applied piece-wise across the 11 sections of the plug- 
flow reactor model, where each section corresponds to 
an axial temperature measurement presented in the 
recent work of Matsukawa et al. (2023). A nominal 
flow rate at standard conditions was stated by Ono 
et al. (2017) and has been scaled with increasing tem
perature at constant pressure. By accounting for vary
ing volumetric flow rate and the geometry of each 
plug-flow section, a corresponding residence time, Dti;

can be calculated for each section i. Therefore, the fol
lowing equation represents the evolution of normal
ized surface area a ¼ a=a0; across an individual 
section DLi at temperature Ti:

ai ¼ ai−1 exp
−Dti

srðTiÞ

� �

þ a� 1 − exp
Dti

srðTiÞ

� �� �

(36) 

where a� is the normalized spherical equivalent area, 
i.e., a� ¼ as=a0; sr is the fusing timescale evaluated at 
local conditions and ai is the normalized surface area 
at the outlet of each section. Note that, at the inlet, 
a0 ¼ 1. The model described by Equation (36) is 
shown schematically in Figure 5. Eleven sections are 
used due to the availability of axial temperature meas
urements. Equation (36) produces a prediction of out
let normalized surface area, which can then be 
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converted into a mobility diameter prediction via 
Equation (35).

5.4. Results and discussion

All of the experiments were simulated using the new 
models (Equations (30) and (31)), as well as the fusing 
timescales of Veshkini, Dworkin, and Thomson 
(2016) (Equation (5)) and Chen et al. (2013) 
(Equation (6)). The predicted mobility diameters will 
now be compared with the experimentally measured 
ones. Note that the reheating temperature shown is a 
representative maximum reactor temperature whereas 
the full axial temperature distribution for each test 
case is reproduced from Matsukawa et al. (2023).

Figure 6 shows results for the ethylene-derived soot 
generated at 1600 K. The furnace black A model, 
derived from the more oxygenated subset of furnace 
black grades, has the closest agreement with experi
mental results across all reheat temperatures for ethyl
ene-derived soot generated at 1600 K, as shown in 
Figure 6. Furthermore, this model has an average 
error of 3% with a maximum error at 1500 K reheat 
temperature of 8%. This is much better than the aver
age errors of over 25% for the previous titania-based 
and silica-based fusing timescales. The less oxygenated 
furnace black B fusing timescale performs similarly to 

the titania-based and silica-based models, and overall 
these three models do not capture well the fusing 
behavior in this experiment.

The experiment with ethylene-derived soot pro
duced at 1800 K was then simulated, and Figure 7
shows the mobility diameter predictions. Here, it is 
the furnace black B fusing timescale that most faith
fully predicts the decrease in mobility diameter due to 
reheating with an average error of 2%. However, the 
titania-based and silica-based fusing timescales also 
perform well, with average errors of 3 and 6%, 
respectively. It is the more oxygenated furnace black 
A model that significantly overpredicts the extent of 
fusing across all reheating temperatures.

Figures 8 and 9 show the mobility diameter predic
tions for benzene-derived soot generated at 1500 and 
1700 K, respectively. The furnace black B model 

Figure 6. Final reduced mobility diameter dm:1 of aggregates 
due to fusing. Soot sample prepared using ethylene at 1600 K.

Figure 5. Schematic of plug-flow reactor model used to simu
late the inert reheating experiment of Ono et al. (2017).

Figure 7. Final reduced mobility diameter dm:1 of aggregates 
due to fusing. Soot sample prepared using ethylene at 1800 K.

Figure 8. Final reduced mobility diameter dm:1 of aggregates 
due to fusing. Soot sample prepared using benzene at 1500 K.
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performs best across both benzene-derived soot cases, 
with average errors of 4 and 3%, respectively. The tita
nia-based model performs well and successfully cap
tures the fusing behavior of benzene-derived soot, 
with average errors of 5 and 7%, respectively. The fur
nace black A model consistently overpredicts the 
extent of fusing in the benzene-derived soot cases and 
significantly underpredicts the final mobility diameters 
with average errors of 16 and 20%, respectively. 
Finally, the silica-based model performs poorly in 
both benzene-derived soot cases and struggles to pre
dict any fusing behavior at all at the highest reheat 
temperatures.

The average error of each fusing timescale model, 
for each soot sample has been summarized in Table 4. 
The furnace black A model performed best in the 
ethylene prepared at 1600 K case while the furnace 
black B model performed best in the other three test 
cases. Overall, the furnace black models provide a bet
ter prediction than the expressions based on silica and 
titania expressions, if one selects the right furnace 
black model for each case. The right choice of furnace 
black model can be rationalized based on the compos
ition of the samples that were employed for the deriv
ation of each model, as discussed below. By contrast, 
the level of agreement of the models extrapolated 
from titania and silica has no rational basis.

Ono et al. (2017) showed evidence that the ethyl
ene-derived soot samples had a higher quantity of ali
phatic surface groups vs. the benzene-derived soot, 
which was almost entirely composed of aromatic com
pounds. The origin of the two furnace black fusing 
models reflects differences in oxygen content, which is 
found exclusively on the surface of soot primary par
ticles, and the furnace black A model is derived from 
a more oxygenated subset of carbon black grades than 
the furnace black B model. Notably, the furnace black 
A model performed the best when predicting the fus
ing of ethylene-derived soot prepared at the lower 
temperature of 1600 K, whereas furnace black B 
successfully captured the fusing behavior of the ethyl
ene-derived soot prepared at 1800 K and both ben
zene-derived soot samples. A qualitative link can be 
drawn between the surface composition of each soot 
sample and the observed fusing behavior. The reaction 
temperature at which soot particles are generated 
clearly has an important influence on the eventual 
composition and surface groups defining the primary 
particles, and this in turn determines which fusing 
activation temperature is most appropriate between 
the two fusing models derived from furnace black, as 
evidenced in the simulated results shown in the pre
sent section.

Finally, Matsukawa et al. (2023) reexamined the 
experimental results of Ono et al. (2017) and calcu
lated fusing activation temperatures for the various 
soot samples studied. The fusing activation tempera
tures found were broadly consistent with the values 
and trends found in the present work with models 
based on furnace black reactor data. For example, 
Matsukawa et al. (2023) quote an fusing activation 
temperature of 12,072 K for ethylene-derived soot pre
pared at 1600 K and 16,850 K for ethylene-derived 
soot produced at 1800 K. Comparatively, the furnace 
black A model has an activation temperature of 
5199 K, whilst the furnace black B has an activation 
temperature of 15,617 K. Conversely, the titania-based 
and silica-based models exhibit far higher activation 
temperatures of 33,100 and 100,000 K, respectively. 
For a given fuel, increasing the reaction temperature 
produces a higher fusing activation temperature asso
ciated with the resulting soot aggregates. This alludes 

Figure 9. Final reduced mobility diameter dm:1 of aggregates 
due to fusing. Soot sample prepared using benzene at 1700 K.

Table 4. Summary of average error in each fusing model.

Soot sample Furnace black A Furnace black B
Titania-based Veshkini,  

Dworkin, and Thomson (2016)
Silica-based Chen  

et al. (2013)

Ethylene prep. 1600 K 3% 21% 25% 27%
Ethylene prep. 1800 K 24% 2% 3% 6%
Benzene prep. 1500 K 16% 4% 5% 7%
Benzene prep. 1700 K 20% 3% 7% 12%
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to fewer surface groups being formed and a different 
soot composition that in turn fuses slower. This trend 
is found in both the ethylene-derived and benzene- 
derived soot samples, as well as in the two models 
derived from furnace black.

It has been argued that the graphitic nature of soot, 
and particularly the formation of a hard graphitic 
shell in each primary particle, discounts the very pres
ence of fusing due to a surface area minimization 
mechanism (Morgan, Patterson, and Kraft 2008; 
Balthasar and Frenklach 2005). Essentially, it is argued 
that soot is too solid or hard for fusing to occur at all. 
However, the experiments of Ono et al. (2017) and 
Matsukawa et al. (2023) provide evidence of soot 
aggregate fusing is possible, and an explanation of this 
apparent contradiction is possible. Every particulate 
process that is involved with the production 
and evolution of soot aggregates has an associated 
timescale that will in general depend on the local con
ditions: the gas-phase concentrations of relevant pre
cursors, the temperature, and the particle number and 
size distribution. As mentioned earlier, the graphitic 
nature of any given soot aggregate and the surface 
groups present may vary widely. It is, therefore, plaus
ible that, if the fusing activation temperature is suffi
ciently high, the associated fusing timescale may be 
far longer than the other simultaneously occurring 
processes. Namely, surface growth which dominates in 
high acetylene environments and is responsible for its 
own type of aggregate restructuring known as obliter
ation (Park and Rogak 2004) may be dominant com
pared to restructuring due to fusing. Comparing the 
timescales for surface growth and fusing will reveal 
whether each restructuring mechanism is necessary in 
a given case. However, in the absence of surface 
growth, the only available mechanism that accounts 
for the evolving morphology of aggregates is fusing, 
and the present work has identified the restructuring 
zone in the furnace black process as a valid source of 
experimental data to derive a soot fusing timescale 
expression.

6. Conclusions

By careful comparison between a wide variety of soot 
samples and carbon black grades, a selection of abra
sion furnace blacks and channel blacks were deemed 
suitable for use as soot proxies in the context of 
aggregate fusing. Despite the limited availability of 
reactor data, seven sets of reactor conditions were 
found defining the residence time, reactor tempera
ture, and primary particle diameter of N110 (SAF), 

N220 (ISAF), and N330 (HAF) furnace black grades. 
Two models for the characteristic fusing timescale 
were subsequently derived from this data. A linear 
relationship between the fusing timescale and primary 
particle diameter was found as most feasible. An acti
vation temperature of 15,617 K was obtained for the 
fusing model derived from all three furnace black 
grades (less oxygenated), while an activation tempera
ture of 5,199 K was found for the fusing model deter
mined from the more oxygenated subset of just SAF 
and ISAF grades (more oxygenated).

The inert reheating experiment of Ono et al. (2017) 
was simulated and the results compared against 
experiment data for reduced mobility diameter across 
four soot samples: (1) ethylene-derived soot prepared 
at 1600 K, (2) ethylene-derived soot prepared at 
1800 K, (3) benzene-derived soot prepared at 1500 K, 
and (4) benzene-derived soot prepared at 1700 K. Two 
models previously used in the literature of sooting 
flame simulations, based on titania and silica, were 
also employed for comparison. The more oxygenated 
furnace black model performed best across all reheat
ing temperatures involving soot sample 1 with an 
average error of 3%, while the less oxygenated furnace 
black model produced better predictions for soot sam
ple 2 with an average error of 2%. When considering 
soot samples 3 and 4, the less oxygenated furnace 
black model performs best with average errors of 4 
and 3%, respectively. The titania- and silica-based 
models performed well in some cases and not so well 
in others—notably, they both failed to predict the 
right fusing behavior in sample 1.

The differences in the performance of the two 
models can be explained based on the surface com
position of each soot sample and the oxygen content 
of furnace blacks employed for the derivation of the 
fusing models. The fusing of the lower temperature 
ethylene-derived soot sample is best captured by the 
lower activation temperature (5,199 K) furnace black 
model, whilst the fusing of the higher temperature 
ethylene-derived soot sample and both benzene- 
derived soot samples are more closely described by 
the furnace black fusing model with higher activation 
temperature of 15,617 K. A comparison of the activa
tion temperatures in the two furnace-black-derived 
models with those obtained by Matsukawa et al. 
(2023) from the experimental data of the Ono et al. 
(2017) experiment showed also that the trends are 
consistent.

Overall, the furnace-black-derived models success
fully captured the features of the experiment. The pre
sent work demonstrates that certain grades of carbon 
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black can be used as a soot proxy material to derive a 
more realistic fusing timescale than previously used in 
soot models. Future work will employ these fusing 
models for detailed simulations of sooting flames.
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Appendix A  

In this appendix, we show that the assumption of 10/90 
split between nucleation and growth does not have a signifi
cant effect on the initial primary particle size. Nascent soot 
nuclei can be viewed as spheres of 1 nm in diameter. If 
growth is responsible for 90% of the conversion from feed 
to product, this would cause the volume of these nuclei to 
increase by a factor of 10. Therefore:

� Let dnuc ¼ 1 nm and vnuc ¼
p
6 d3

nuc:

� Thus, growth causes a 10-fold increase in vol
ume: v0 ¼ 10 vnuc:

� The scaling in diameter can be recovered 
as d0 ¼

ffiffiffiffiffi
103
p

dnuc:

� More generally for a volume increase factor due to 
growth, A, we have d0 ¼

ffiffiffiffi
A3
p

dnuc:

Table A1 shows the d0 computed for different values of 
nucleation/growth split. It can be seen that the d0 is not 
very sensitive to this factor.

Table A1. Initial primary particle diameters as a function of nucleation/growth split.
Growth (%) Nucleation (%) Volume increase factor, A Diameter increase factor d0 (nm) TaðKÞ m

90 10 10
ffiffiffiffiffi
103
p

¼ 2.15 2.15 15,617 m¼ 1
95 5 20

ffiffiffiffiffi
203
p

¼ 2.71 2.71 15,296 m¼ 1
99 1 100

ffiffiffiffiffiffiffi
1003
p

¼ 4.64 4.64 14,165 m¼ 1
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