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' ABSTRACT 

A method i s described f o r the numerical determination-of the s t r e s s e s 

and displacements i n an e l a s t i c p l a t e under conditions of general ised 

plane s t r e s s . The s t r e s s e s or the displacements may be prescr ibed a t a l l 

boundary p o i n t s ; a l t e r n a t i v e l y the boundary conditions may be mixed. 

The complex p o t e n t i a l s of Muskhelishvili a re approximated by l i n e a r 

combinations of elementary a n a l y t i c func t ions . From each o f these 

funct ions c o n t r i b u t i o n s to the boundary s t r e s s e s or displacements can be 

c a l c u l a t e d . The c o e f f i c i e n t m u l t i p l i e r s a re chosen so t h a t a s u i t a b l y 

weighted sum o f squares o f r e s i d u a l s t r e s s e s or displacements a t some 

convenient s e t of p o i n t s on the boundary i s minimized. (The number o f 

p o i n t s exceeds the number of f u n c t i o n s . ) The method of so lut ion implies 

the c o n s t r u c t i o n of an orthogonal s e t of v e c t o r s from the boundary 

c o n t r i b u t i o n s . 

For general regions the approximations a r e r a t i o n a l f u n c t i o n s . For 

simply connected regions , however, the complex p o t e n t i a l s can in p r i n c i p l e 

be approximated by polynomials, but an example shows t h a t f o r non-convex 

domains polynomials a r e u n s a t i s f a c t o r y and the use of funct ions with 

s i n g u l a r i t i e s outside the region c a n be advantageous. The presence of 

d i s c o n t i n u i t i e s i n the boundary or the boundary values a l s o demands spec i a l 

c o n s i d e r a t i o n . 

O r i g i n a l i t y i s claimed f o r extending the methods o f Davis and 

Eabinowitz to r e a l i s t i c problems o f general ised plane s t r e s s by means of 

complex p o t e n t i a l s and showing t h a t quite a c c u r a t e so lut ions can be 

obtained. Although Mikhlin uses t h e method of l e a s t squares t o determine 

approximations to the complex p o t e n t i a l s , h i s discussion i s mainly t h e o r e -

t i c a l and h i s i n t e r e s t i n numerical r e s u l t s marginal. 
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The a p p l i c a t i o n of Lanczos' a - f a c t o r s in Chapter 3 and the methods 

of removing d i s c o n t i n u i t i e s suggested i n Chapter 5 are believed t o be 

o r i g i n a l , as are a l s o the a d d i t i o n a l case of Williams' a n a l y s i s and the 

technique i n Chapter 6 of allowing a s i n g u l a r i t y of unknown magnitude to 

remove i t s e l f . 
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CHAPTER 1 

Int roduct ion 

§ 1 . Solution of boundary value problems by the method o f l e a s t squares . 

In a s e r i e s o f a r t i c l e s , Davis and Rabinowitz (1956 , 1957, 1961) 

have shown the p o s s i b i l i t y of computing numerical so lut ions of boundary 

value problems by means o f l e a s t squares approximations. The two e a r l i e r 

a r t i c l e s were concerned with the D i r i c h l e t problem f o r L a p l a c e ' s equation 

in two dimensions whils t in the t h i r d , the work was extended to mixed 

boundary problems, problems i n three dimensions and problems on the b i h a r -

monic equation i n two dimensions. , 

To explain the method, consider the D i r i c h l e t problem in which i t 

i s required to determine a funct ion u = u ( x , y ) which s a t i s f i e s 

V 3 u = 0 ( 1 , 1 ) 

throughout some region R and which takes assigned values 

u(P) = y ( P ) ( 1 . 2 ) 

a t a l l points P of C , the boundary of jR . 

The problem i s solved by taking a s an approximation t o u. a l i n e a r 

combination of funct ions ^ «iv9»v»«Ua s e l e c t e d from a complete s e t of 

solut ions of ( 1 . 1 ) 

/v n 
u = Tj a. u. , 
' J=1 

choosing the c o e f f i c i e n t s aj so t h a t 

N 
I = D Wi [•y(P I ) - u ( P t ) P 

1 = 1 . t 

i s a minimum, PL , P 3 , . . . , P i ,••• (N £ n) being points of C and w4 

a s e t of p o s i t i v e weights . The p o i n t s Pi a r e s u i t a b l y d i s t r i b u t e d 
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round C ; they might f o r example be equidistant in one of the c o -

o r d i n a t e s . The weights wi a r e u s u a l l y chosen so that 

N 
E W4 v ( P i ) =- Sv(P)ds , 
1=1 .c 

f o r an a r b i t r a r y function v ; for example the Wj are o f t e n the mean of 

the lengths of the adjacent chords P i - i Pi and PiPi+i . 

To determine the c o e f f i c i e n t s aj , the values Uj ( P ^ ( i = 1 , 2 , . . . ,N) 

a r e taken to be the components o f an N-dimensional v e c t o r . f j , there 

being n of these v e c t o r s . From them a s e t of orthonormal v e c t o r s cpj 

th 

i s constructed by taking l i n e a r combinations. The i component of cpj 

i s the corresponding l i n e a r combination of the Uj (Pi ) and may be denoted 

Vj (Pi ) . The v e c t o r s cpj a r e orthonormal i n the sense t h a t the inner 

product 
, N 

(cpj ,cpk ) 3 E Wi V« (Pi )vk (p! ) -as 0 , f o r j / k , ' 1=1 • • 

and the norm 

• • v-i ' 
v lh II = (cpj )3 = 1 . 

I f : f denotes the v e c t o r with components y(Vi) , the problem i s 

reduced to - the determination of c o e f f i c i e n t s bj so t h a t 

' ' ln||f . lajfjip = i|f - I ' b ^ r 
J 1 J "* 1 

i s a minimum and by a well known r e s u l t the c o e f f i c i e n t s bj a r e the 
Fourier c o e f f i c i e n t s (ftcpj ) . 

The approximate s o l u t i o n of the boundary problem i s thus obtained i n 

the a l t e r n a t i v e form 

' -'' u =; E bj Vj .. \ 
; ••. 4=1 .. . 

In the mixed boundary problem where 

V® u = 0 in R 

and ( 1 . 2 ) i s replaced by the c o n d i t i o n 
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c*(P)u(P) + 3 (P) (P) = v (P) on C , 

cv, 0 and y being given funct ions , the c o e f f i c i e n t s aj have now to be 

chosen to minimize 

N ~ 
I = E w i CYCPi ) - o'CPi^CPA - 0(Pi) to)]3 . 

1=1 on 

E s s e n t i a l l y , the only modif icat ion required i s to make the components 

of the v e c t o r fj the values 

^(PtOuj to) + 0 t o ) to), i = 1 , 2 , . . . , N -

These a r e then orthonormalized a s b e f o r e . 

For the biharmonic equation • 

= 0 , ( 1 . 3 ) 

the boundary condi t ions considered by Davis and Rabinowitz a r e always of the 

form., ' 

U(P) = YI (P) , <P) = Ya ( ? ) on C , (1.A) 

where yi and ya a r e p r e s c r i b e d f u n c t i o n s . In t h i s c a s e , they minimize 

i = E wi(l) [Yl to) - u(Pi)]3 

+ J j w ^ [y 2 (Pi > - | | ( P i ) 3 3 . . 

taking U to be a l i n e a r combination o f s o l u t i o n s of ( 1 . 3 ) . D e t a i l s a r e 

not given, but i t would be n a t u r a l t o assume t h a t the v e c t o r s f j a r e now 

made of dimension 2N. by taking Dj to) and «—J (Pj) t o g e t h e r , with 

v;t = wi*1* or w / 3 ^ a s a p p r o p r i a t e . 

§ 2 . Some problems i n the theory o f e l a s t i c i t y 

/ Boundary problems f o r the 2 dimensional biharmonic equation a r i s e 

in considering e i t h e r the bending o f a th in p l a t e with t r a n s v e r s e loading 

or the extension of a t h i n f l a t p l a t e under conditions of general ised 

plane s t r e s s . 
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In the former, the displacement w = w(x ,y) of the middle s u r f a c e 

of the p l a t e in the t ransverse (z) d i r e c t i o n s a t i s f i e s 

V*w = - p ( x , y ) / D , ( 1 . 5 ) 

where p ( x , y ) i s the i n t e n s i t y o f loading per unit a r e a and D i s the 

f l e x u r a l r i g i d i t y . I f the p l a t e i s clamped a t i t s rim C , then 

w = 0 , = 0 on C , 

and so i f a p a r t i c u l a r s o l u t i o n vb o f ( 1 . 5 ) can be found, the s u b s t i t u i o n . 

w = U - vfo 

gives V^U = 0 , 

with U = vfc, ^ on C - , BU _ Bw, 
Bn Bn 

which i s of the form ( 1 . 3 ) , ( 1 . 4 ) . 

In the second problem, the f a c e s of the p l a t e , z = + h , a r e f r e e 

from s t r e s s and any f o r c e s applied to the edges a r e p a r a l l e l to the f a c e s . 

Mean values of the s t r e s s e s and displacements a r e used, denoted by 

^ = ar f_„ A d z • " = ar Jt„ u d z • : 

In the absence of body f o r c e , the equations of equilibrum become 

+ $el = o 
dx By • 

# + # = 0 , 
Bx By ' 

on averaging, and the s t r a i n - s t r e s s r e l a t i o n s become 

2u ^ = xx. - T\ (xx + yy) , 

2m- = yy - 1) 65c + yy) ; , 

(1.6) 

(1 .7) 

,Bu , Bvx • ; + ^ = x y • (1.8) 
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where |X i o the modulus of r i g i d i t y and 7) i s the modified P o i s s o n ' s 
cr 

r a t i o given by 7] = . 
1 + cr 

Equations ( 1 . 6 ) a re necessary and s u f f i c i e n t for the e x i s t e n c e o f 

a funct ion U(x ,y) , known a s Airy.'s s t r e s s funct ion, such that 

1.7 /.fr • 

Elimination of u and v from equations (2<5) and use of (2*2) 

shows tha t V3 (xx + yy) = 0 (1 .10 ) 

i . e . t h a t V4U = 0 . ( 1 . 1 1 ) 

For the boundary condi t ions , suppose t h a t the region R i s simply 

connected and t h a t the components xn and yn of the s t r e s s v e c t o r 

a c t i n g on an element ds of the boundary a r e known a t a l l p o i n t s . Then 

(see Muskhelishvili (1953) page 1 1 3 ) , 

^ d ,dUv d Us 

and so i n t e g r a t i n g along an a r c of the boundary, 

1 = - L y n i i s + ' j = - Y + a , 

BU <* ^ 
- I xn ds + 3 = X + 

9y o 

(1.12) 

where . X and Y are the components of the r e s u l t a n t f o r c e a c t i n g on the 

arc and a and 3 a r e c o n s t a n t s . A f u r t h e r i n t e g r a t i o n gives 

U = f ( - Ydx + Xdy) + a x + 3y + y , (1 .13) 

where y i s a c o n s t a n t . " Since the funct ion u = a x + 3y + y gives r i s e 

to zero s t r e s s e s , the cons tants <*,. 3,, y may be assigned a r b i t r a r i l y . 

Thus values of U and may be determined a t a l l points by numerical on; 
i n t e g r a t i o n i f n e c e s s a r y . 
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I f however the components u and v of the displacement a re 

given on the boundary i t i s not poss ible to determine values for U 

and ~ . In f a c t the problem can no longer be formulated simply in 

terms o f a s ingle s t r e s s function u , i n t e g r a t i o n o f the equations 

( 1 . 7 ) , ( 1 . 8 ) requir ing the in t roduct ion of an a u x i l i a r y harmonic 

f u n c t i o n . Dropping the b a r s f o r convenience, the equations may be 

w r i t t e n 

(1.1W 

and a r e s a t i s f i e d by taking 

0 , BU BY 

2 v +"22 -
^ By "" By 1 

(1.16) 

^ B ^ " ^ V ( 1 . 1 7 ) 

I t would be poss ible to apply l e a s t squares techniques to boundary 

condit ions of the form ( 1 . 1 6 ) with u and v given funct ions but the 

need to use biharmonic functions Uj and harmonic funct ions Yj r e l a t e d 

by ( 1 . 1 7 ) would be inconvenient . 

A fur ther d i f f i c u l t y a r i s e s when the region R i s mult iply 

connected and has n + 1 boundaries Cj ( i = 0 , 1 , . . . , n ) . I f the 
bU"' 

boundary t r a c t i o n s a r e given, the determination of U and ' from ( 1 . 1 2 ) 

and ( 1 . 1 3 ) introduces d i f f e r e n t c o n s t a n t s f , yi f o r each C t . Of 

these , the three c o n s t a n t s , 0o • Yo (say) on Co may be assigned a r b i t -

r a r i l y , leaving 3n unknown constants in the boundary values and hence in 

the s t r e s s function U(x ,y) . To determine them, Michel! (1900) observes 

tha t v/hereas equations ( 1 . 7 ) imply t h a t and a r e s i n g l e valued 

i f the s t r e s s e s a r e s ingle valued, the same i s not n e c e s s a r i l y true of 
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l y • "Ix • U a n c * V - Imposing the 3n conditions 

J d(|£) = 0 , f du = 0 , J dv = 0 , i = 1 , 2 , . . . ,n , 

Cj ct Ci 

leads to 3n conditions on U(x,y) from which the constants may be 

determined. 

[The conditions J = 0 011 (1 ,f = 0 a r e 

Ci X bi y 

3 . Complex P o t e n t i a l s 

As an a l t e r n a t i v e to expressing the s t r e s s e s and displacements in 

terms o f a biharmonic function U and a r e l a t e d harmonic function Y , 

i t i s possible to express them in terms of two unrelated complex funct ions . 

This was done by Muskhelishvili in 1919 and i s described i n Chapter 5 of 

Muskhelishvili (1953) * . 

Suppose i n i t i a l l y that the region R i s simply connected. Since 

V3 (V3!!) = 0 , i t follows that V2!! may be taken to be the r e a l p a r t of 

a function of the complex var iable z = x + iy , regular i n R ; 

V3U = Re f ( z ) . 

Now l e t rp(z) = p + i q = i J* f ( z ) dz . 

Then. V3U = 4 1 2 - = 4 ^ , 
. dx By • 

• . i.7 • 
and so equations ( 2 ^ ) become 

A . . . ' • W ^ T * . . : : : 

t Muskhelishvili 's book i s r e f e r r e d to subsequently a s M. 
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I n t e g r a t i n g these and then r e s u b o t i t u t i n g in equation ( 1 . 8 ) g ives 

2uu a - + 4 ( 1 - Tl)p 

2 n v » - | + 4 (1 - H)q , 

where p and q a r e a r b i t r a r y merely to tho e x t e n t of tonne corresponding 

to r i g i d body displacements . 

I t may then be shown by d i f f e r e n t i a t i n g t h a t 

U - px - qy 

i s a harmonic funct ion and so may be taken t o be the r e a l p a r t o f another 

function, r e g u l a r i n R , 

U - px - qy = Re x(z) . 

Thus 

or 

U = Re (a rp(z) + x(s)) , 

2U a z T?(Z) + Z rn(z) + x(z) + xCz) 

The s t r e s s e s and displacements a r e then given by the formulae (M. pages 

112 and 114) 

3oc + yy = 4 Re 'p'(z) »• 2Gpf.(z) + <b'Cz)l , 

yy - xx + 2ixy = 2Czrp"(z) + $ 1 (z)j , 

2u(u + iv) » n rp(z) - z ^(z) - l(z) , 

where. >.'= 3 - 41] and • f(z) » x'Cz) • 

(1.18) 

( 1 . 1 9 ) 

Formulae f o r the r e s u l t a n t f o r c e and couple a c t i n g on an a r c of 

tho boundary a r e a l s o given by ! !usk! ie l i shvi l i . Although t h e i r use would 

appear to be indica ted when boundary s t r e s s e s a r e given, there i s in f a c t 

a f a r more e f f e c t i v e formula, a t t r i b u t e d by Kuskhelishvil i (M. page 147) 

to Kolooov: . . 
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Lot N and T be the normal and tangentia l components of the 

s t r e s s e s ac t ing on the boundary C , the normal being the outward normal 

and the tangent pointing to the l e f t of the normal. 

PTCY 
Then $ ( z ) + S(z ) - e [ z $ ' ( z ) + Y ( z ) ] = N - iT on C , ( 1 . 2 0 ) 

where $(z)- = < p ' ( z ) , Y(z) = ty'(z) and 01 i s the angle between 

the normal and the x - a x i s . 

I t i s observed by Muskhelishvili . that for a given s t a t e of s t r e s s , 

ijf(z) i s uniquely defined whilst § ( z ) , r p ( z ) , ^ (z ) are defined apart from 

terms iC, iCz + y , y 1 r e s p e c t i v e l y , C being r e a l , y and y ' complex 

c o n s t a n t s . 

Conversely, a s t a t e of s t r e s s i s not a l t e r e d i f one r e p l a c e s 

c p ( z ) by c p ( z ) + iCz + y , 

by ty(z) + y ' • 

However, substituting these in (1.19) shows that the displacements 

will be altered unless 

C = 0 and Ky - y 1 = 0 • 

When the o r i g i n l i e s within the region R occupied by the body 

and the s t r e s s e s are given, Muskhelishvili chooses the three constants 

so that • 

cp(0) = 0 , Im cp'(O) = 0 , i)(0) = 0 . g : 

When the displacements sire given, only one condition can be imposed 

and Muskhelishvili takes ep(0) = 0 . 

§ 4 . Approximation of complex p o t e n t i a l s using the method of l e a s t 

squares. 

Suppose that the region R occupied by the p l a t e i s simply connected. 
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and that the boundary of R i s a Jordan curve C. Let the displacements 

u and v be s p e c i f i e d a t each point of C and l e t them be continuous 

on C . Then the problem reduces to finding functions cn(z) and 

which are regular in R and which s a t i s f y on C the r e l a t i o n 

n cp(£) - C To'CO - *<C). = 2^(u + i v ) . ( 1 . 2 1 ) 

Moreover i t i s poss ible to take cp(0) = 0 . 

A fundamental theorem proved by Walsh in 1926 and given in Walsh 

(1956) s t a t e s tha t i f the function f ( z ) . i s r e g u l a r within a region R 

bounded by a Jordan curve C f and continuous in R (the c losure o f R ) , 

then f ( z ) can be uniformly approximated i n R by a polynomial i n z . 

The functions 1, z , z ? , . . . thus form a complete s e t i n the space of 

such functions f ( z ) . 

I t follows t h a t cp(z) and ty(z) can be approximated by polynomials 

n . tt . 

fPn (z) = E £ , V(z) = E 3k z* , (1.22) •k=i k=o 

which for convenience w i l l be w r i t t e n i n the forms: 
n 

cpn (z) = E (a4p -i + ia4r )zf , r = i 
n 

^in(z) = E (â r + i + iS4r+2 )zf , r=o 

where the a ' s a re a l l r e a l . 

Let zf 3 It + iVr and z zf s U, • + iVr * . 

Then ; 

n cpa (z) - zrV'Tz) - ( z ) = h E ( a * , - ! + iaj, r ) (14 + iVr ) 
r = l. 

- E ( a i r - ! - iS4r ) (Ur V - iV̂  *) r = l 
. n ..... .•'.."'•'•' 

- S (a i r+ i - i a i r + a ) (14 - i V r ) , 

( 1 . 2 3 ) 

r =0 
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4 n + 3 

" ĵ i aj + ^ * 

where the Fj and Gj are functions of x and y given by 

F4r + 1 = " U* » Glr + 1 = Vr , (r = 0,1,2,..,,n) 

F 4 p+a = Vr , G i r + 3 ss , (r = 0,1,2,...,n) 

' F4p-! = ti Ur - U r * i <kr-l = H Vr + Vr % (r = 1,2,...,n) 

F4r =-K vr + Vr • , Gir = K Ur + t; • , (r ss 1,2,...,n) 

Denoting boundary values by Fj (Pt) etc. as before, the least 

squares problem may be posed in the form: Required the coefficients aj 

so that 
N 4 n + 3 

1 = Ewt [2yu(Pt) - E a, F. CPt)]3 
1=1 J=i J 

N 4 n+a 
+ L wt [2pv(Pi) - £ aj Gj (Pt )]3 (1.24) 
1=1 l =i 

shall be a minimum. (It is now necessary that 2N £ JjiV+2) . This may 

be solved in exactly the same manner as before, taking the vectors fi 

to be of dimension 2N with components Fj (Pt) and Gj (Pi) , 

It may he noted that because the are real, the right hand side 

of (1.24) can be written 

||2|i (u + iv) - E aj (Fj. + iGj )|j3V 

where the inner product of two complex valued boundary functions f(P) 

and g(P) is taken to be 

N ' _ v 

(f,g) '= £ WI f(Pi) ^(Pi) (1.25) 
• •': ..; • i=i ' - . 

and, ." •':•" 

••• !!f'!3 = (f,f) . V A ' . 
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Tho summations i n ( 1 . 2 4 ) could have used two d i f f e r e n t s e t s o f 

weights but s ince each o f u and v i s a displacement, i t i s n a t u r a l 

to mako them tho Game i n the two summations. There would seem to bo 

l e s s j u s t i f i c a t i o n f o r doing so when approximating the boundary values 

U and which have quite d i f f e r e n t physical s i g n i f i c a n c e s . 

The a p p l i c a t i o n o f tho method o f l e a s t squares to the present problem 

has been discussed a n a l y t i c a l l y by Mikhlin (1949, 1 9 6 4 ) . Mikhlin w r i t e s 

g(C> " H cp(0 - C ?<£> - X C ) 

and denotes by QQC) ( O the funct ions F* + iGk and the approximation to 

g(0 by 4 t t + a 

ga (Q) = T, a* gft) (0 

although h i s ordering of the terms i s d i f f e r e n t . The function which i s 

minimized i s 

II & - d l 3 = (& - S» 6a - g) » 

where the inner product o f two funct ions i s defined by 

( f , g ) = f f ( C ) i C c T d s . ( 1 . 2 6 ) 
c 

Because the c o e f f i c i e n t s a* a r e r e a l , 

Wbx - g||2 = aj a* (gtj), ajt)) - 2 JC- ajj Re(g,gtk)) + ( g , g ) 

and the normal equations become 

I ) a* Re (got) ^ g(j)) = Re (g , g^) ) , j = 1 , 2 , . # . , 4 n - » 2 . ( 1 . 2 7 ) 

To demonstrate tha t t h i s system i s soluble , Kikhlin considers the 

homogeneous system 

•E a* Re (gijt) , gj,)) = 0 , j = 1 , 2 , . . . , 4 n + 2 . ( 1 . 2 8 ) • •t=i 
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Multiplying by a^ and adding gives Re (gn , g a ) = 0 . 

But R© g j = Re ll&ll'3 = Hall2 and so & = 0 . 

But gn(C) =H rP a(C) - C"pn'(C) -*»(£) 

and i t follows from a known theorem on uniqueness o f the so lut ion of the 

e l a s t i c i t y problem that 

cpa (z ) s o , iyn (z ) s o in R . 

These immediately give a* = 0 f o r a l l k . 

Thus ( 1 . 2 8 ) has only the t r i v i a l so lut ion a* = 0 and i t follows 

t h a t the non-homogeneous system ( 1 . 2 7 ) can always be solved. 

I t . i s fur ther shown by Mikhlin t h a t , provided the given funct ion 

g ( £ ) i s s u f f i c i e n t l y smooth, 

||q)n - rp|| -* 0 when n » • • 

and thence t h a t cpn (z ) ep(z), ( z ) u n i f o r m l y within R . 

I f the f i n i t e summation ( 1 . 2 5 ) i s used in p l a c e of the i n t e g r a l inner 

product ( 1 . 2 6 ) , these conclusions w i l l s t i l l follow by making N 

before n - » ® , provided t h a t 

11 wt f ( P i ) g ( P i ) - P f (C) g(C) as . 

I f , ins tead of the boundary displacements, being given, the normal 

and t a n g e n t i a l components N and T of the boundary t r a c t i o n s a r e given, 

the problem reduces to f inding funct ions $ ( z ) and J ( z ) which a r c 

regular i n R and s a t i s f y on C the r e l a t i o n ( 1 . 2 0 ) : 

5 ( z ) + l ( z ) - e 2 l 0 r Cz $ ' ( z ) + Y ( z ) ] = N - iT . 

In t h i s c a s e i t i s possible to take Im $ ( 0 ) = 0 . 

As before , polynomial approximations t o § (z) and Y (z) a r e taken, 

in the form: 
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n 

* n ( z ) = E Afe z* , Y n ( z ) = E P.£ zk , k=0 k =0 
where A0 Is r e a l , and for convenience these may be wri t ten! 

n 
$n (z) = ao + E (air-i + ia4 r ) zf , 

r = 1 
n 

Yn (z) = E (S4r+ j + ia ir + s ) ^ • r=0 
Let zf s ty + iv r , 

e zf 2 IV • + iVP * , 

e 2 i ° z zf s IV ** + iVr ** 

Then $B (z ) + (z) - e ^ 1 [ z & »(z) + Yn « (z ) ] 

n 
= 2ao + 2 E (aip-! t̂  - a4P VP ) r=i 

n 
- E (a4r-i + iS4r ) M + iVr ••) 
, r=i , 

n 
- E (a4p + i + ia4r + a) * + iVr *) , 
r=o 

• 4n+3• 
s X aj (Fj - iGj) , 

where 

•',- ; F0 = 2Ub Q) = 0 , 

F4P+! = . - 14. * , Gir + l = Vr • , ( r = 0 , 1 , 2 , . . . , n ) 

F4r + s = Vr * , Gir + 2 = % * , ( r = 0 , 1 , 2 , . . . , n ) 

. Eir-x =.2Ur - Up , = V r *» , ( r = 1 , 2 , . . . n ) 

F 4 r = - 2Vr + V r ** , Gtp = Up*» , ( r = 1 , 2 , . . . n ) . 

The l e a s t squares problem then becomes the minimization by choice 

of 
a j of the expression 

I ,= E wt [N(Pt) -, EV aj Fj (Pi )]3 + E wt [T(Pi ) - E aj Gj (P4 )]2 / i=l l=oa," , • 1=1 j=o 
• ' E. "• ' / ' \ •''''(1.29) 

and may be deal t v/ith as b e f o r e . 
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§ 5 . Methods for const ruc t ing an orthogonal s e t of v e c t o r s . 

To construct an orthonormal s e t of v e c t o r s r^ , rpa, ..., rpn from 

a given s e t of l i n e a r l y independent v e c t o r s fx , f a , . . . , fn , Davis and 

Rabinowitz use the well known Gram-Schmidt process in which l i n e a r com-

binations equivalent to . 

rPi = 1 f l 

(pa = a 3 l fx + a a a f2 

(03 = S3i fI + SGS fa + 833 ( 1 . 3 0 ) 

a r e taken, namely 

• «PI, - VLTI/IUi II , where ^ = ^ , 

(Pa = W i l t s !| i where ts = fa - (fa» (pi ) (pi • 

and generally 

(PK = Wl l tk l l , where ^ = fic ( fk , cpj) cpj . (1.31) 

For a given v e c t o r f , the l i n e a r combination . 

f = E bit (Pk 

which minimizes |jf-H|3 A / ' " 

i s . ' - " ' A ? = E ( f , <1*) ™ , ' ' ( 1 . 5 2 ) 

and the components . , 6 3 , . . . , 6 ^ of the residual vec tor 

; '• 6 = f - f = f - E. ( f , cpk) cpk (1.33) 

can obviously be found by a fur ther appl ica t ion of the formula ( 1 . 3 1 ) . 

Normally i t i s required to express 1 in terms of the o r i g i n a l 

v e c t o r s fj . Subst i tut ing from ( 1 . 3 0 ) gives 

7 = ̂ E (f, rpvt) . E 3k j fj 

= E aj fj , i=i 
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n 

where a. = E (f, ) Sv, . (1.34) J k=j ' J 

Davis and Rabinowitz obtain the coefficients aj and also the 

coefficients aij by augmenting each of the vectors fj by the 
th 

n-diraensional vector whose k component is 6Jt{ (Kronecker's delta) 

and augmenting the vector f by an n-dimensional zero vector. If the 

Gram-Schmidt process is applied to the augmented N + n dimensional 

vectors, with the proviso that inner products are taken over the original 

N components only, the elements are replaced by ajk and the zero 

elements by - aj . 

Another device used by Davis and Rabinowitz consists of re-applying 

the orthogonalizing process to. each of the vectors cp̂  as they are 

computed, in an attempt to alleviate some of the effects of rounding errors, 

If the vectors cpi , cps, ..., cpk-r are substantially orthonormal but the 
th 

computed k vector . <£>k although normalized is slightly non-orthogonal 

to the others, it is shown that 

Tic = fit - E . (cpk , cpj ) epj 

is a better approximation to an orthonormal vector than cpk . 

Almost all of Davis and Rabinowitz's computations were carried out 

in double precision floating point arithmetic. Single precision (36 bit) 

arithmetic was considered adequate; only for small problems involving up 

to 10 - 12 functions. 

Rice (1966) has shown that any non-orthogonality of the earlier 

vectors cpj is passed on to the vector tyfc in (1.31) and tends to be 

magnified by normalizing. For suppose that 

. Ccpi, cpj) = etj for i/j , i <; k-1 , j <; k-1 , 

and that (epi , cpt.) = 1 . 
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k-1 

Let fk = 2 Pi <pi + 7] 

where (T|, cpi) = 0 for i = 1,2,...,k-1 . 

k-1 
Then (fk , mj) = pt S I J + Pj , 

and so substituting in (1.31)t 

= 1] - E ( E pi ei j ) cpj . J =1 j 

Hence if '-Kk' , 
k-i 

Ski = '(<(*» fPl) = - S ( 2 Pi Gij ) Sjl /ll̂ kll , 
4=1 i/j 

and since tfi= 1 , this summation contains the terms 

• k-1 '••'' 
- 2 Pi / Ufcll . 

Rice 's experience is that ||T||| and hence ||ifkl| become small for 

vectors fk whose components are values of mathematical functions. 

This quickly causes tyk to become a linear combination of the 

cpj (j = 1,2,...,k-1) and in particular ek,k-i tends to 1. A modi-

fication of the Gram-Schmidt process (1.30) is advocated,, given by 

^ka)= fk - (fk, ) <Pi 

yk 0) = ^(4-1) - cpj) cpj 

Which ensures at least that gk.k-i = 0 • 

v Although elegant, the Davis - Rabinowitz scheme has the dis-

advantage that the vectors cpj , c p a c p n have actually to be com-

puted and so unless the storage space is doubled, the vectors 

fj , f 3, ..., fn must be overwritten. Quite apart from the amount of 

computation involved, this means that it is not possible to find the 
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residual vector 

but only instead 

f — £ a» f, , 
J=I 

f - li (f, cpn) epic , 
k = i 

which although theoretically the same, need not necessarily be so because 

of rounding errors. 

An alternative procedure which uses precisely the same amount of 

storage and avoids computing new vectors can be based on a method des-

cribed by Guest (1950) for curve fitting by least squares. 

Given linearly independent vectors f l f f a, „.., fn as before, 

coefficients a*j are found so that 

fa = a2l fi + fa 

fa = 03i 4 + aa2 f3 + f3 (1.35) 

• • • • • • • 

Jin = Bfl! ±\ + an3 f 2 + ... + 4 

form an orthogonal (but not usually normal) set of vectors. 

To do this, consider the equivalent forms 

. ' • 'fa = 4 

fa = csi fa + fa 

= C31 fy + c33 fa + f3 

fa = CNL fa + CNA fa + ... + 4 

k-i 
^ = £ cjt, + fJC . 

The coefficients c^j are readily found. For, 
k-l 

(ik» tr) = £ °kj Ir) + (fk, 4) , 
• ••J' 

and if r < k , this gives 

0 = ckr (fa , °;P ) + ( 4 , fa) , 

or ckr = - ( 4 , V ) / (fa , fa) 

or 

(1.36) 

(1.37) 
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However, since it is not proposed to calculate the components of 

the vectors <«r , the inner products (fic, ) must be found indirectly. 

Defining a ^ = 1 , equations (1.35) can be written 
r 

= E a,, f, , (1.38) 8 —1 
and so 

r -
ckr = - L o , , (fk, f 9) / C.-r, . (1.39) 

8=1 

Then from (1.36) and (1.38), 
k-! , ; j 

fa = E ckJ E aj, fB + fk , 
J = 1 . , 8=1, • 

= E aitr fr + fk , • r = l 

where aur = S ckg a ^ . (1.40) 
- a=r . 

Having found the coefficients , the inner product (fa , fa) 

may be found in readiness for the next stage. From (1.36) it follows 

that vie) = Cfk , 

. = E a*r (fk, fr) . <1.41) 
.•; r = l 

For the approximation of; an arbitrary vector f , let 

f = E aj fj. +.6 , (1.42) 

where 6 is the residual vector. If the equivalent form 

f = E Cj + 5 (1.43) 

is taken, . j|6||2 is least when the are the Fourier coefficients, 

that is when (f, fa ),= fa (fa , fa) 

or fa = (f, fa) / (fa, fa) • (1.44). 

.. Since (1.44) is of the same form as (1.37) it follows that re-

peating steps (1.39) and (1.40) with fn+i = f will lead to 

In addition, since e A 
6 - c J +.f , 



26 

repeating (1.41) leads to 

<Wi , W = (6, 6) = ||5||3 . 

Comparison of this value of ||6||a with that derived directly from 

(1.42) provides a useful numerical check on the orthogonality (or lack of 

orthogonality) of the vectors tyj since the former value has been derived 

on the assumption that the vector 6 is orthogonal to each of the vector 

The process described above is related to the solution of the 

corresponding normal equations by Choleski's method. If the coefficients 

aj are to minimize 

ilf - t aj fjii3 , 

differentiating w.r.t ajc and equating to zero gives 
n. 

• S (fk, fj) aj = (fk , f), k = 1,2f...tn . (1.44) 

Let F and Y denote the n x N matrices whose rows are the com-

ponents of the vectors fj and ^ respectively and let A and C 

denote the lower triangular matrices 

A n = 1 • A u = a u i > j , 

•.'•• • = •" 0 1 < 3 1 ' V 
C u = 1 , Ctj = - Cij i > j , • •• 

: i< j 

The equations (1.35) and (1.36) may then be written 

Y = AF , F = CY , . 

whilst the matrix of coefficients in the normal equations (1.44) is FFT . 

Now:.' . FFT = CYYTCT 

and since YYT is a diagonal matrix it follows that YYTCT is an upper 

triangular matrix. The matrix A = CTl . 
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§ 6. Comparison of the arithmetical operations involved 

Examination of the two orthogonalizing processes shows that 

•Jn (n + 1) inner products have to be computed in each case. At the 
th 

k stage, the Gram - Schmidt process uses k - 1 inner products 

(fk , cpj ) together with (fa , fa) while the alternative process uses 

k inner products (fk , fj) . If these are unweighted, the calculation 

of each requires N accumulations (multiplication followed by addition) 

giving altogether -J Nn (n + 1) accumulations. 

If the inner products are weighted, it is only necessary to multiply the 

components of fk by the corresponding weights before carrying out the 

k stage. This requires Nn multiplications and a further Nn multi-

plications are required in the Gram - Schmidt process to evaluate the 

inner products , fa). 

Elsewhere, there is a considerable difference between the number of 

operations in the two processes. Using augmented vectors, the calcula-

tion of fa from (1.31) in the Gram - Schmidt process requires (N + n)x 

(k - 1) accumulations and so all told 

•J (N + n) n (n - 1) accumulations 

are needed. Normalizing the vectors fa requires the calculation of n 

square roots, n reciprocals and (N + n)n multiplications. In the 

alternative process the calculation of ckr , far and ( fa, \|k) from 

(1.39), (1.40) and (1.41) requires 

Jk(k - 1) + -Jk(k - 1) + k = k? accumulations 

at the k stage. Thus air told, 

in(n + -J) (n + 1) accumulations 

are required. In addition, n reciprocals and Jn (n - 1 ) multi-

plications are needed during the calculation of the coefficients ckr . 

lastly, in finding the linear combination £ a, fj which approximates 

a given vector f , roughly the same number of operations is required in 
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each process, assuming that the residuals are also found. In both processes, 

n inner products (f, cp*) or (f, f*) are required and computing these 

needs Nn accumulations and possibly N multiplications. Computing 

the residuals 6i and the coefficients aj from (1.34) in the Davis -

Rabinowitz scheme then requires (N + n)n accumulations. Computing the 

coefficients cr , from (1.39)f (1.40) in the alternative scheme and 

obtaining the residuals directly requires 

•|n(n + 1) + -Jn(n + 1) + Nn = (N + n + 1)n accumulations 

together with one reciprocal and n multiplications. 

Because of the smaller number of accumulations and the advantage of 

preserving the original vectors, the alternative scheme was used in the 

computations described in the remaining chapters. Single precision 

arithmetic was always found sufficient. 
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CHAPTER 2 

Simply Connected Regions 

In this Chapter, the method described in Chapter 1 is applied to 

two problems in which the region occupied by the plate is simply 

connected and the boundary stresses are prescribed. In each case, 

the boundary stresses are symmetrical about the x- and y- axes 

and it follows that the internal stresses and displacements will also be 

symmetrical about Ox and Oy . Because of this, some simplification is 

possible, as is shown in the following section. 

§ 1. Symmetry considerations 

Suppose first that the stresses and displacements are symmetrical 

about the x- axis. Then if u and v are the components of the 

displacement at the point (x,y), the components at the point (XJ :~y) 

will be u and -v . 

But 2p,(u + iv) = h cf> (z) - z cp' Cz) - hCz) (2.1) 

and so on changing y into «y it must follow that 

( 2 . 3 ) 

(2.2) 

l.(z) = §(z) , Y(z) = Y(z) ( 2 . 4 ) 

Obviously these relations should also be satisfied by functions used 



to approximate y(z) and or $(z) and Y(z) . In particular, 

for simply connected regions, the polynomials 

n n 
rpn(z) = E a* z k, ^n(z) = E £* Ẑ  , 

k = i k=o 
n n 

Jn(z) = E Ak Y n(z) = E gk zk , k=o k=o 

of Chapter 1, § 4, should have all their coefficients real. 

If the stresses and displacements are symmetrical about the y- axis, 

the components of the displacement at the point (-x, y) should be -u 

and v . Since -x + iy = -z. , this implies that 

2(i(-u + iv) = k <p(-z) - (-z) fp'(-z) - l}(-z) $ 

or 2»i(u - iv) = - M, cp(-z) - z Tp 'C-z) + f (-z) . 

Comparing this with (2.2) gives 

Tp(-z). a > cp(z) , t(-z) = - i$r(z) , 

or cB(z) = - rp(-z) , 'Ji(z) = - ^f(-z) j (2.5) 

and on differentiating w.r.t. z 

$(z) = *(-z) , ?(z) = Y(-z) . (2.6) 

Lastly, if the stresses and displacements are symmetrical about both 

x- and y- axes, the relations (2.3) and (2.5) may be combined to give 

cp(z) = - cp(-z). , I|(z) = - ^(-z) . (2.7) 

Similarly, (2.4) and (2.6) give 

3(z) = 3(-z) , Y(z) = ?(-z) . (2.8) 

In this case, for a simply connected region, the polynomials cpn (z) 

and (z) should contain only odd powers whilst the polynomials $n (z) . 

and Y n ( z ) should contain even powers only. 

The existence of symmetry about one of the co-ordinate axes also 

enables one to use approximately half the number of boundary points that 
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would otherwise be taken. Suppose for example that the region is 

symmetrical about Ox . If N is even and Nt = -JN + 1 , . the boun-

dary points Pi, P 3, ..., P^ can be disposed with Pi and P ^ on': 

Ox and the remaining points arranged in pairs so that Pi and Pj t 

where j = 214 - i, are reflections in Ox . Then, if wi = Wj and the 

real functions f and g are such that f(Pt) =f(Pj) , g(P|) = g(Pj) , 

the inner product 

N 
(f, g) - Z Wi fCPi) g(Pi) 

Ni . . • 
becomes (f, g) = 2 T; " wi f (Pi ) g(Pt ) 1=1 
where u indicates that the weights for i = 1, Ni are to be halved. , 

Thus, only points on half the boundary have to be used. 

Similarly, when symmetry exists about Ox and Oy it is sufficient 

to use points on a quarter of the -boundary only. The inner product then 

becomes 
Ni • • 

(f, g) = 4 S " wi f(Pi) g(Pi) 

where . Nx = iN + 1 . 

§ 2. Square plate with prescribed tractions over two opposite edges . 

For the first:application, an example considered by Timoshenko and 

Goodier (1951) was taken. In this, a square plate bounded by the lines 

x = + 1, y = £ 1. is subjected to the parabolic loading 

jac = T(1 - y 2) , xy = 0 

over the edges V x. = + 1 , T being a constant, while the remaining edges 

are free from stress. The stresses at internal points are to be deter-

mined. 



Forty-two points E^, P 3, P 4 3 were taken on the quarter 

boundary ABC (Figure 1), P! coinciding with A , P 4 3 with C and 

the remainder equally spaced at distanco apart 0 0 5 . The corner point 

B occurs twice (P3j f P 3 3 ) and is counted as a member of each of the 

sides AB, BC . 

Weights wi v;ere taken equal to unity except at the end points A 

C y = '1 B 

x 

0 

F i g . , 1 

Because of the symmet * * ly , the complex potentials 

§ (z) and Y(z) can be approximated by polynomials containing even 

powers only with real coefficients. These were. 

fe.Cs) = S Ac (z/a)sk , k=o 

where the factor a = / 2 was introduced to keep Iz/al £ 1 over the 

entire region; 



33 

Changing the notation slightly, let 

n 
§3n(z) = E a2r (z/a)3r , 

r = 0 

Y 3 n U ) = E (z/a)3f . r=o 
n 

Then z H a n ( z ) = (zz/a3) B 2r agr (z/a)3r"2 , 
r = i 

and so writing p3 - zz/a3 , 

(z/a)3r = + iV2r , 

e 3 1* (z/a)3r = Car* + iV3r * , 

it follows that approximations N, T to the normal and tangential boun-

dary tractions are given by 

N _ iT = $ 3 n(z) + I 3 N (z) - e310' [ Z 5 ' 3 B ( Z ) + 73N (z)3 

n a 

= 2 E a3r U2r - 2p3 s r.a2r (lfeP-2* + iV2r-2 •) 
r=o , r= l 

a • 
- E asr + i (Ifer * + i V 3 r ) . 

r=0 

3n+l ' 
Hence N + iT = E a, (F. + iG,) , ... j=O 3 3 • ; 

where F2p = 2U2r - 2rp3 U 3 r- 3*, Gfer = 2rp3 V 3 p - 3 * , 

F3r + ! = - , + l = V3p * . 
The coefficients aj may then be determined in the usual way from 

the requirement that 
N V ;. V . 7,/;: ' N • . / • ' 

I = E Wj (NX-Pt > - N(Pt ) } 3 + E Wi (KP! ) T(Pi) }3 

i=i 1=1 

shall be a minimum. (N = 42) 

The program was arranged to print the coefficients A* and Ejc in 

(2.9) together with the residuals at each boundary point: 

I^CPt) s N(Pi) - ?f(Pi) , 

^ ( P i ) = T(Pt ) - ^(Pi ) , 
(2.10) 
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and the root mean squares of these: 

y r m s ) = [ £ wt ( R r J ( P 1 ) ) 3 / £ w l ^ f 1 

P^(rms) = [ £ vq { y P i J J V S w i ^ . 
(2.11) 

As a check against the presence of errors due to rounding in the 

orthogonalizing process, the root mean square of all the residuals, 

E(rms) = [ p W l (R/CPi) + Bfca(Pi)} / 2 £ wt , 

was computed directly and compared with the value E'(rms) obtained 

indirectly from the expansion of ?f + in terms of orthogonal vectors. 

In addition, the stresses were calculated at points comprising a 

square mesh of side 1/8 using the formulae (1.18): 

xx + yy = 2 Cs(z) + J(z)] , 

yy - xx + 2ixy = 2 [z $ 1 (z) + Y(z)3 , 

taking $an (z) , Yan (z) as approximations to $ (z), Y (z) . 

Results obtained when terms up to (z/a)30 and (z/a)38 respecr 

tively are used in the approximating polynomials are shown in Table 1 

(n = 10 and n = 14) R^(Max) and R^(Max) are the greatest 

absolute values of the residuals R^(P|) and Rt(PI ) found at any of 

the 42 boundary points. 

Table 1 •"' -v:;/-1 • 

n BN(Max) RfpCMax) Rjj(rms) : RTp(rms) 

10 1-64 x 1CT3 5*87;,x: 1CT4 4*36 x 10"4 3*40 x 1CT4 

14 1*94 x 1CT4 / 2-69 x 1CT4 7*20 x 1CT5 i«04 x icr4 

In each case, the numerically greatest residuals are found at or near to 

the corner point B . 

The agreement between E(rms) and E1(rms) was satisfactory: 
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For n = 10 , E = E 1 = 3*909 x 1CT4 , while for n = 14 f 

E = 8-931 x 1CT5 , e» = 8-938 x 1CTG . 

Tho stresses xx, yy and xy calculated in the two cases agreed 

to 3 decimal places except at points on y = 1 where differences of 

1 or 2 units in the hird place occurred in some values of xx and on 

x = 1 where similar differences occurred in some values of xx and yy. 

The coefficients A* and B* corresponding to n = 14 are given 

to 5 decimal places in Table 2, values less than 1(TG being omitted. 

The largest of the omitted coefficients is Bi0 = - 2-09 x 1CT6 . 

Stresses calculated from these coefficients are given in Figures 2 and 3-

The entire calculation took less than 4 seconds on the "Atlas" computer 

including 1 second to compile the program which was written in EXCHLF. 

Table 2 

k Ak Bk , r 

0 0-17953 - 0-50000 
1 0*23000 - 0-52288 
2 0-19357 
3 0-20311 
4 - 0-00271 
5 ; 0-00824 
6 - 0-00513 
7 - 0-09680 
8 0-01020 
9 - 0-14551 

10 0-01636 . 
11 - 0-26658 
12 o-02281 
13 0-00574 
14 0-00511 
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I 
411 401 372 324 259 1 8 0 96 23 0 

457 451 434 405 369 327 286 251 234 

527 524 516 504 488 471 455 443 438 

607 607 606 605 604 605 606 608 6 0 9 

687 689 693 700 710 721 734 745 750 

758 760 768 781 798 8 1 7 8 3 6 852 859 

813 8 1 6 826 842 864 8 8 7 911 930 938 

847 851 863 8 8 1 904 930 956 976 9 8 4 

•859 863 875 

ON 
CO 918 945 971 992 1000^ •>-

I 
i •'.. ' . . ; c ;..:, . •:••• - : ' - > 

• • Fig. 2 . 

Stress distribution xx (in units 1CTa x T) 
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I 
0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 

-8 -8 - 8 -7 -5 -2 5 17 23 
0 -16 -51 -AA -56 -62 -58 -AO 0 

-29 -28 -27 -23 -16 -A 1 8 51 96 
0 -2A -A7 -68 -83 -90 -8A -58 0 

-55 -5A -50 -A2 -29 -5 3A 93 1 8 0 

0 -27 -52 -75 -91 -98 -90 -62 0 

-82 -80 -7A -62 -AO -5 50 13A 259 
0 -26 -50 -71 -85 -91 -83 -56 0 

-106 -10A -95 -78 -50 -A 66 171 32A 
0 -22 -A2 -59 -71 ! 

-68 -AA 0 

-125 -122 -111 -91 -57 -3 79 199 372 
0 -15 -30 -A2 -50 -52 -A7 -31 0 

-137 -133 -121 -99 - 6 1 -2 87 217 A01 
0 -8 -15 -22 -26 -27 -2A -16 0 

-1A1 -157 -125 -102 -63 * -2 89 222 A11 
0 0 0 0 0 0 0 o 0 

I •• • • ' ' '-EE'" ;V y ; " • 

Fig. 3 

Stress distributions yy and 3cy (in units 10"3 x T) 

t 

yy 
w xy 



The values of the coefficients Ax and Eh and the vanishing of 

the coefficients A 3, Aef A i 3, B3, B*, . B ^ , apart from the 

effects of rounding errors,are remarkable but might have been anticipated. 

In fact, the complex potentials 

*<z) = i ( f ) 2 , Y(z) = - % 4 a s 

lead to stresses given by 

xx + yy = 4 Re <$(z) = -jCx2 - y 2) , 

yy - xx + 2ixy = 2[z $ 1 (z) + f (z)3 = -JCx3 •'+ f ) - 1 , 

i.e. ^ =-^(1 - y 2), y^ = - - x 2), Sy = 0 , 

and if these stresses are subtracted from those to be determined, a new 

stress problem is obtained in which the boundary conditions become 

xx = - y 2), iy = 0 on x = 1 , 

yy = - x 2), xy = 0 on y = ^ 1 . 

Clearly this problem has eight fold symmetry, there being now the 

additional lines of symmetry y = .>' x . If the displacement at the 

point (x,y) has components u and v , the displacement at the point 

(y,x) must have components v and u . Hence if <p(z)- and i'(z) 

are the complex potentials,so that 

2\i(u + iv) = n cp(z) - z ̂ '("z) «• ̂ (z) , 

it must follow on replacing z = x + iy by y + ix = iz that 

2y,(V + iu) = K (P(iz) - iz P ' (- iz) - - iz) . 

Comparison of these shows that 

«p(iz) = l^(z) , = - i+'Cz) » 

and if these are combined with the equations (2.3)5 

ro(z) = co (z) , ^(z) = $(z) , 

ivhich are a consequence of the symmetry about Ox , it follows that 
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rp(iz) = i/p (z) , ^(iz) = - (z) , 

and then on differentiating that 

<3(iz) = ?(z) , Y(iz) = - Y(z) . 

The first of these conditions explains the absence of terms in 

(z/a)3, (z/a)G, ... from § 2 n(z) and the second the absence of terms 

in (z/a)4, (z/a)3, ... from Y3n (z) . 

To check the results obtained previously, the eight-fold symmetric 

problem was solved taking 33 points on AB alone, equally spaced. 

Weights were taken to be unity except at A and B where they were one 

half and the approximating polynomials were 

n a 
?4n<z) = 2 A (z/a)4k , Y.4n-3 (z) = 2 Bk (z/a)4k~3 . k=0 k=0 

Taking n = 10 gave the following values 

R^(Max) Rj(Max) R^(rms) I^,(rms) 

4-25 x 1CT5 1-26 x 1CT4 2-07 x 1CT5 3-25 x 1CT8 

and superimposing the stresses corresponding to the potentials 

§(z) = i(z/a)3 , Y(z) = - -J produced stresses which agreed everywhere 
4 ... '/• 

with those in Figures 2 and 3 to 3 decimal places. For the most part, 

the stresses agreed to 4 decimal places with occasional differences of 
th 

1 or 2 units in the 4 decimal place and a difference of 3 units in 4 

of the 243 values. 

§ 3» Rectangular plate with two notches 

The second problem taken was that of determining the stresses when 

the test piece shown in Figure 4 is subjected to a uniform tension over 

the sides x = jf 4 , the remaining portions of the boundary being free , 

from applied stress. Stresses in this case have been calculated by 

relaxation methods in Southwell (1956) and more recently by finite 
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difference methods using an irregular grid in a paper by Griffin and 

Varga (19&3). 

distance apart 25 sin 3 2 0 ~ 0*131 
4 — • 

: Fig. 4 A 

There is again four fold symmetry and it is sufficient to consider 

the region in the first quadrant only. 55 points were taken, 17 points 

on AB equally spaced at interval 0*125, 25 points on BC equally spaced at 

interval 0*125 and 13 points on CD equally spaced at interval 7j° i.e. at 

Each of the angular points B and 

C occurs twice. Weights equal to the mean of adjacent chords were 

used, those at the points A and D and each of the two points B and 

the two points C being halved. 

. In the first instance, the complex potentials $ (z) and ¥(z) were 

approximated as before, by the even polynomials 

$ 3 a ( z ) > h 4 (z/a)3k , Y 3 n(z) = b Tfe (z/a)3k , k=0 . • k=o 

with a = 20 , the distance of B from the origin 0 . Taking n = 18 

gave the results a) in Table 3. The residuals at most of the boundary 

points are of order 10"1 and the numerically largest ones, 

R^Cmax) = 3*56 x 10~l , I^(max) = 3*62 x 1CT1 (taken on the notch at 

angles 22j° and 55j° respectively measured from C) are more than 
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1000 times greater than those in the previous problem where fewer terms 

were used. Moreover, some of the coefficients were very large, e.g. 

Bj0 = 4*266 x 103 and not surprisingly, the calculated stresses were 

absurdly wrong. Along the line x = 0 , for example, the values of xx 

were practically constant at 0*69. Thus although Walsh's theorem is 

valid for this domain, the degrees of the polynomials required to approxi-

mate §(z) and Y(z) at all usefully will need to be very great. 

It is clear that the two notches are responsible for the difficulties 

encountered and consequently rather than increase the degrees of the 

polynomials, it would seem desirable to add terms better able to represent 

$(z) and Y(z) in the neighbourhood of the notches. The obvious 

suggestion is to include equal numbers of terms of the form A* '(z - 2i)"k, 

Ajc"(z + 2i)~k , k = 1,2,...^ . in the approximation to $(z) and similarly 

for the approximation to Y(z) ... Since the symmetry condition i(z) = 'i(z) 

(2.4) must also be satisfied by approximations to $(z) , one requires 

An" =s Ak 1 . Likewise, for the condition $(-z) = $(z) (2.8), one requires 

V = (-!)k Ak • . 

Hence to fulfill these conditions, the approximations adopted were 

? ( z ) H £ Ak (z/a)2k * £ Ak ' C ( - ^ R ) K •'+ V T S T ' k=o k-i Z - 21 z + 21 

. i 

Y(z) £ Bk (z/a)2k + £ 4 ' I < — i — )k V V r r p T ) k 1 • 
k=o k = i Z - 2 1 Z + 2 1 

(2.12) 

No scale factor was included in the terms of the second series since the 

greatest value of li/(z - 21)I is unity, on the notch. The programming 

was straightforward and similar to that to be described in Chapter 3. 

Entries b) to f) in Table 3 give the results obtained for 

various values of n and n' , using a total of 19 approximating functions 

in each case. The introduction of descending powers of z 2i produces 

a marked improvement in the residuals, but as shown by f) , these terms 
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best results d) were obtained with roughly equal numbers of terms in the 

two series. 

There is little point in recording any one set of coefficients 

An, A* f, Bit, Bit 1 because they varied considerably between the five cases. 

Despite this, the calculated stresses at some 60 chosen points were re-

markably consistent, especially in cases c), d) and e) where most of 

the stresses agreed to 3 decimal places. The greatest differences occurred 
w 

in the value of xx at the bottom of the notch; the values obtained in 

cases b), c), d), e), f) respectively were 3-2A0, 3-2A7, 3-2A8, 3*252, 

3*259 . 

Values of the stresses obtained in case d) are given to 2 decimal 

places in Figures 5 and 6. The values of xx are in fair agreement with 

those given by Griffin and Varga except that at the bottom of the notch their 

value is 3*15 • 

However, if the five point Newton-Cotes formula is applied to the 

values of xx along the line x = O obtained in . d): 

y • 0 0*25 0 * 5 0 - 7 5 1 *0 

- \mj ' 
XX 1 *6o6 1*653 1*823 2*229 3-2A8 

«D w 180*078 aB w/ 
then J Q xx dy = .,.-.= 2*001 , which is in good agreement with J^ xx dy 

Table A gives some results obtained with 15 approximating functions 

of which the first 7 were invariably the powers (z/a)3k , k = 0(1)6 , but 

the remaining 8 were varied. In a) they are combinations of (z > 2i)-k , 

k = 1(1)8 ; in b) terms log (z + 2 i ) are taken in place of (z ̂  2i)"a ; 

in c) terms (z A 2i)"9 are taken in place of (z _+ 2i)~l . Since the 

material does not enclose the points z = > 2i , the functions log (z + 2i) 

are regular in the domain of the plate and there is nothing to forbid their 
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inclusion. Conversely, if the material did enclose the points z = jf 2i , 

the terms (z 2i)~l v/ould be excluded if the enclosing boundary were 

free from stress. But although d) and b) give bettor results than 

a) , the improvement is not really great enough to draw any definite 

conclusions. There were no substantial alterations in tho stresses and 

in particular b) and c) gave xx = 3*249 and 3*24? respectively at 

the bottom of the notch. 
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Stress Distribution xx 

(in units of T). 

0*00 0*13 0*51 0*92 

p.0*02 [O*38 ! 0• 62_ !O*91_ 

/ J0O6 10*64 L°l7Z 10*93. 

1*83 /[o*94. !o*93 !O*92_ !0*9.2 ]o*97 
2\87 \ / I 
\ I i i i - i 

— r t T J l ' 9 5 _ JJj_52 J i_*33 M*o6 Mjpo 

2*23_ J2*10_ ! 1/86_ ! 1_*65__ V50 ! 1_*3p 1*17 1'2/L 

V82_ Jl'22_ Jl'54_ _ J_1 v38_ IV24 I V06_ 
• I | \ a | f i 1_*65_ V65_ ! V63_ 1*59_ ,1_*55 1*43 ! V29 ! 1_*o8_ 

1*61 11*60 |l*6o nj.58 J 1*55 I1*44 11*30 11*09 

Figure 5 



Stress Distributions yy and xy 
(in units of T) 

JX. 
xy 

0-00 0*00 0*00 0*00 

10*19 
'10*74 
I 

0*00 

ZPI.01 0*1^ 

10-61 
"l 1 *o6~ 

- 0 * 0 1 
" 0*28" 

0*00 

- 0 * 0 1 

0*00 

- 0 * 0 1 
0*13 

- 0 * 0 4 

0*05 

-0*03 

0*00 

0*21 

-omd8 
0*24 

-0*12 
' 0*23" 

0*19 

-0*l6 
" 0*13" 

-0̂ 17 
0*07 

-0*17 
" 0.00" 

0*09 

zPiPi 
0*10 

-o*o8 
" o*ir 

zPl.1! 
0*10 

- 0 * 1 2 
" 0*07~ 

0*04 

-0*14 
" o*oo" 

Figure 6. 
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CHAPTER 3 

Multiply Connected and Infinite Regions 

In this Chapter, using suitably chosen approximating functions, the 

method of Chapter 1 is applied to tho determination of stresses in plates 

having one or more holos. In the first of the two problems considered, 

the boundary displacements are prescribed while in the second, tho 

boundary stresses are prescribed. 

The forms taken by the complex potentials in multiply connected 

and infinite regions have been given by Muskhelishvili (M. pp 120 - 128). 

A brief account of their derivation i3 given first. 

§ 1. Finite multiply connected regions 

Let the region S occupied by the body be bounded by several simple 

closed contours IQ , , la, •«., La , the contour IQ enclosing all the 

others. 

The components of stress and displacement must be single valued 

throughout S , but the complex potentials q)(z) and although 

regular in any simply connected part of s , need not be single valued. 

For example, the formulae (1.18): 

xx + yy = 4 Re H z ) , 

yy - Joe + 2i5& = 2Cz §»(z) + Y(z)]; , 

show that Y(z) is regular in S but allow $(z) to be of the form 

<5(z) = E Aj. log(z - Zj) + §*(z); , 

where theconstants Aj are real, the points ẑ  , ZQ, ZQ are 

arbitrary but inside , , ..., L, respectively and $*(z) is regular 

in S . ... / . :. 
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Allowing that *(z) and Y(z) may havo polea within i ---i , 

integrating gives 
a a 

fp(z) = Z £ Aj log(z - Z, ) + £ V, log(z - z . ) + rp«(z) , J=1 J . j=l J 3 

a 
>'/(z) = £ YJ ' l os(z - Zj) + , J=i 

where the constants Yj » Yj ' are in general complex and cp*(z) , 

are regular in S . 

However f substituting in the formula (1.19)'» 

2\x (u + iv) = h cp(z) - z cp'(z) - , 

it is found that the displacements are not single valued unless 

Aj = 0 and K Yj + Yj r = 0 , j = 1,2,...,m . 

Finally, Muskhelishvili shows that the constants YJ t Yj® can be 

expressed in terms of the components Xj , Yj of the resultant of the 

external forces applied to the contour Lj , giving 

<p(z) = - 2tt(h+I) J £ + iYj) log(z - Zj ) + cp*(z) 

= 2TT7H+i7 j?! (X) - loe(z " zj ) + 
( 3 . D 

§ 2 . Infinite regions 

If the contour IQ is moved entirely to infinity there is some 

simplification. Let Lg be a circle of radius R sufficiently large 

for all the contours 4 to lie inside Lg . Then writing 

logCz - Zj ) = log z + log(l - zj/z) and expanding gives 

Q. , ' a . 
where X = £ Xj , Y = £ Yj , and c.a**(z) , are regular 

outside Lg except possibly at infinity, i.e. they possess Iaurent 
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expansions 

00 0 3 

fO** (z) = E Cn Z? , tM(z)=S c, 1 Zn 
_cn _ co 

converging uniformly in every finite region outside . 

If the further condition is imposed that the components of stress 

are to be bounded everywhere, including infinity, then for n £ 2 , 

cn = cn * = 0 , leaving 

<o(z) = - 2n6i+l) los Z + Fz + ^ 

(3 .2) 
•*(a).a i f e r 2 " 1 0 ® z + r»z + f (z), 

< 

where T = B + iC and T' = B 1 + iCr are constants and 

rp°(z) a S an/z^ , -s-"S n=o n=o 

(say) are regular outside L^ , including the point at infinity. 

The constants B, B 1 and C 1 have a simple physical significance. 

If Ni , Na are the principal stresses at infinity and 0 the angle made 

by the direction of Nr with the x- axis, 

B = I + Ife) , 
; (3,3) 

and B' + iC1 = - 1 (N, - N 2)e" 2 i p 

2 ..: 
The constant C . does not affect the stresses. It is related to 

the rotation of an infinitely remote part of the plane. 

§ 3 . Approximation of the complex potentials in multiply connected 

and infinite regions 

In addition to the theorem on polynomial approximation quoted in 

§ 4 of Chapter 1, Walsh (1956) has proved that if the function f(z) is 

regular in the region S bounded by a finite number of Jordan arcs 

I| , IQ, ..., La , and continuous in *S (the closure of S), then f (z) 
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can be uniformly approximated in S by a rational function of z . 

Moreover, if points Zi , Zq , ..., Zr, are chosen, separated respectively 

from the interior of S by the curves , IQ, ..., this rational 

function can be chosen to have all its poles in these points zs . 

Thus immediately, the functions cp*(z) and may be approxi-

mated by series of the form 

n B n 
(Pn *(z) = E aok + E E ajk (z - Z3)'K , 

k=o 3 =1 

^ • ( z ) = E bok zk + E E bjic (z - Z j r k , k=o J=lk=i J J 

while for the functions cp° (z) , (z) , the ascending powers are omitted. 

Mikhlin (1949) has shown that when the boundary displacements or 

boundary stresses are given, the coefficients ajk , bjk may be deter-

mined by the method of least squares and has established the uniform 

convergence of cpa*(z) and , ̂ a*(z) to cp*(z) and i{f*(z) respectively 

when n oo . 

§ 4. Infinite plate with a circular hole, the boundary having prescribed 

Three problems were considered together. In each, the plate is 

free from stresses at infinity and the displacements on the circle are 

purely radial, the components vr , v in polar co-ordinates being 

(i) V = elcosQI , V 0 

(ii) vr = elcooOI'V V9= 0 

(iii) vr = elcosQI3, ve= 0 . 

It is required to find the stresses, in particular those at points on 

the boundary of the hole. 
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Since there are no stresses at infinity, the constants T, f 

in (3.2) are zero. Also, because the displacements are symmetrical 

about Ox and Oy it follows that the external forces which will need 

to bo applied to produce them will have zero resultant so that X = Y = 0 

As a further consequence of symmetry, the complex potentials satisfy the 

conditions 

cpCz) = c?(z) , i|r(z) = , 

cp(-z) = -rp(z) X - z ) = ~\|r(z) , 

and so may be liniformly approximated by polynomials in 1/z containing 

odd powers only with real coefficients: 

<p3n-l (2) = ? • W-l(z) = Tt foc/z^1 , 

I ksl 
or with a change of notation, 

u • n 
fp3n—1 (z) = T a3r/z31""1 , Wn-a (z) = S asr -i /z31""1 t 

r= 1 . ' . " r -I . . 

Writing zz = p2 . '.•: 

and l/z?r~l = ffsr-i + iVai--! . 
one has 2p,(TT + iv) ' H fp2n_l (z) - apa,^ ' (z) - Cz) 

= h s a2r (lfer-i + iVar-! ) + p3 £ (2r-l) a3r (U2r + l. - iV3r + l ) 
r = l : . r=i 

- T aar-i (U3r-x - iVar-j) 
_ 1 n 

= Tt a j (Fj + iGj) , 

3=1 . • ' ' ' . ..:•;; v 

where Fa,-! = - Usr-i 1 Qsr-i = v3r-i 1 • 

FSr = * Usr-i + (2r-l) p3 U 3 r + l , Gfer = w V2P-i + (2r-l) p3 Var-n 

The coefficients aj may thus be determined in the usual way. 

In the program used, the residual displacements at boundary points: 

\ (Pi) = 2p, [u(P,) - tr(Pi)] , 
R̂  (Pi) = Cv(Pi) -V(Pi)] , 



52 

and their r.m.o valuc>3 
N N i 

^(rmo) = ( S Wl R3(PI)/E wt P , 
N N j, 

Pv. (rms) = (g Wi Ra(Pi)/S v4 }* , 

were printed out, together with the coefficients 

Ajc = - (2k-1) <*„ , Bic = - (2k-D , 

n n 
in the series fen (z) = S Ak/z8* , f2n (z) = Z Blt/z3l< . k=i k=i 
where fen (z) :(z) , Y a n (z) s (z) . 

Using these coefficients, the stress combinations xx + yy , 

yy - xx + 2ixy can be found as before at any chosen points. From these, 

the principal stresses P, Q and the angle a made by the direction of 

P with Ox may be determined. 

For if On, Os ars new axes obtained by rotating Ox, Oy through 

an angle a , (Figure 1) 

Figure 1 

the new stress components are given by 

nn = xx cos^» + yf sin3<* + 2xy sinf* cosff , 

ss = xx e±f¥a + yy cos8** ~ 2xy sirPi cos? , 

ns = - xx sinP? cosor + yy sinff cost? + xy (coS2ot - sin3a) . 

If On, Os are principal directions, the shear stress ns = 0 . This 

gives tan = (3.4) 

and if the angle of is chosen so, that cos 2? has the same sign as 



xx - yy and sin has the same sign as 2xy , it is then easily 

shown that 

where the positive square root is to be taken. The maximum shear 

stress at the point is £(P - Q) . 

The boundary was taken to be the unit circle Izl = 1 . Because 

of symmetry, only one quarter of the boundary was used, there being 45 

equally spaced points Pi at 9 = 1° (2? )8sP with weights Wj = 1 . 

The principal stresses and the angle <* were calculated at the boundary 

points 9 = 0P(1°)9CP . For convenience, e was taken to be 1/'2p, and 

the modified Poisson's ratio 7) was made 0*25 giving k = 2*0 . 

Initially, 10 terms were taken in each of the series so that 

cp(z), are approximated by terms up to and including 1/z1 9 and 

$(z), Y(z) are approximated by terms up to 1/z?0 . Coefficients 

W Bu obtained in this way are given in Table 1 for the three cases. 

The coefficients in case (ii) agree apart from inevitable rounding 

errors with those of the analytical solution < 

which will be established in § 6 . 

The behaviour of the coefficients B^ in case (i) clearly indicates 

(5.5) 

t 

] _ L 
™ ^(zrM) 
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which also will be established in § 6 , The difficulty in this case is 

due to the stresses tending (slowly) to infinity as 9 — S(P . 

By contrast, in case (iii), increasing the number of terms to 15 

produced changes of one unit only in tho third place in 36 of the cal-

culated stresses and increasing to 22 produced changes of one unit in 10 

of the calculated stresses. Final values are shown in Table 3. They have 

been checked by re«running the program with boundary points at 9 = cp (cp)9(p , 

Table 1 

Case (i) 

Case (ii) 

Coefficients Ait and B* 

k a Bk 

1 -0«106087 0-636652 
2 0 - 0 6 3 6 1 3 0-318261 
3 -0-045392 0-106022 
4 0-035254 -0-190645 
5 -0-028790 0-22 6 6 3 2 
6 . 0-024305 -0-246317 
7 -0-021006 o - 2 5 8 5 1 5 
8 0-018475 - 0 - 26 6 6 1 6 

9 - o - o 1 6 4 6 9 0-272198 
10 0-001707 -0-276094 

k a Bsc 

1 -0-125000. 0-500000 
2 0-000000 0-375000 

The remaining Ajj , Bjt were all very nearly zero, the numerically largest 

being B9 = - 1 -8 x 1CT9 . 

Case (iii) k a Bk 

1 -0-127324 0-424413 
2 - 0 - 0 5 4 5 6 7 0-381972 
3 0-010105 -0-090946 
4 . - 0 - 0 0 3 8 5 8 0-042441 
5 0 - 0 0 1 9 0 8 -0-024803 
6 - 0 - 0 0 1 0 8 8 0 - 0 1 6 3 2 3 
7 0 - 0 0 0 6 8 1 -0-011574 
8 -0-000455 0-008641 
9 0-000319 -0-006700 
ib -0-000027 0-005349 
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Table 2 

Case ( I ) 2(ivr = ICOGOI , 2|ivfi = 0 . 

Computed P 
True 

e n=10 n=15 n=22 Value 
CP 0*895 0*956 0*916 0*932 

•if 0*904 0*921 0*911 0*917 
3CP 0*902 0*848 0*885 0*873 
bf 0*840 0*789 0*8i8 0*802 
6CP 0*708 0*741 0*711 0*714 
If 0*570 0*688 0*614 0*648 
8cP 0*712 0*594 0*700 0*667 
8f 0*970 0*931 0*797 0*796 
9 CP 1*082 1 *266 1*432 00 

Computed Q 
True 

0 ' n=10 n=15 n=22 Value 
CP -1*192 "1*212 -1*201 -1*205 

. 15P -1*173 -1*179 -1*178 • -1*180 
3CP -1*107 -1*098 -1*105 -1*105 
4 f -0*984 -0*978 -0*976 -0*972 
6cP -0*784 -0*769 -0*770 -0*761 
If -0*449 -0*384 -0*429 -0*415 
8cP -0*278 -0*274 -0*208 -0*239 
8f 0*116 0*038 -0*038 0*004 
9CP 0*363 0*425 0*482 CO 

9 

Computed a 

n=10 n=l5 

(degrees) 

n=22 
True 
Value 

CP -90*0 -90*0 -90*0 -90 
If -69-3 -69*4 -69*6 -69-9 
3CP -49*0 -49 *5 -49'3 -49*6 
4 ^ -29'0 . -29-4 -28*9 -28*8 
GcP 8*0 -7*1 -7-4 -7*0 
If 17-3 20*2 1 8 * 3 18*9 
8cP 29*6 29-2 32*0 30*8 
8f 53*2 49-3 46*4 48*3 
9 CP 90*0 90*0 90*0 90 

The numerically greatest residuals 

. R (max) = maxIR (Pi ) I ' R (max) = maxIR (Pi ) I , 

U .• . J U .. V . . . J V 

and the root mean squares R (rme), Rv(rms) may be compared for cases 

(i) and (iii) in Table 4. 



Table 3 

Case (iii) 2|ivr = IcosSI3 , 2p,v = 0 . 

9 P Q a(degrees) 

CP 0*626 -1*523 -90*0 
9 0*828 -1*508 -81*4 
1CP 0*835 -1*463 -72*7 
19 0*844 -1*391 -64*1 

2 cp 0*855 -1*294 -55-5 
2.9 0*864 -1*177 -46*9. 
30° 0*868 . -1*045 - 3 8 * 3 

0*864 -0*904 -29*6 

kcp 0*850 -0*759 -21 *0, 
45° 0*822 -0*616 -12*4 
5CP 0*780 -0*480 -3'8 

0*723 4*8 

6cP 0*631 -0*246 1 3 . 5 
0*566 -0*153 22*2 

7CP 0*472 -0*079 31*1 
73° 0*374 -0*022 40*5 

8cP 0*279 0*019 51 *1 
83° 0*199 0*045 65*7 
90P 0*160 0*053 90*0 

Table 4 

Case (i) 2p,vr = lcos9l f 2p.vQ = 0 

n IV (max) IV (max) IV (rins) IV (rms) 

10 2*73 x 1CT3 16*7 x 1CT3 1*43 * 1(T3 3*54 x 1CT3 

15 1*24 7-56 0*63 1*82 
22 0*50 4*12 0-28 0*85 

Case (iii) 2p,vr = lcos9|3 , 2p,v = 0 

n IV (max) IV (max) IV (rms) IV (rms) 

10 4*03 x 1CT5 13*4 x 1CT5 '2*09 x 10'3 3*48 x 10"5 

15 0*82 3*28 0*43 0*87 
22 0*17 1*00 . 0*09 0*23 

IV (max) always occurred .in the range 6 9 - 75°. while IV (max) 

occurred at 8 9 or ; . 
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§ 5. Application of Lanczos' " a - factors " 

It is observed by Ianczos (1957) that if f(x) has the Fourier 

expansion 
CO 

f(x) = £ Ck e l k X , - TT ̂  X £ TT , 
k — 00 

thero is a serious loss of accuracy if one attempts to approximate the 

derivative f'(x) by differentiating the truncated series 

Q-l 
f a(x) H £ C]£ e1!cX . k=-(m—i) 

The reason is that the difference 

Ui (x) - a f (x) - f, (x) 
CO CO .lux Np _ «lkx , -1 n x ^ 4k x = e 2_j cB+ir e + e Zj c-a-ic e . k=o k=o 

= e l n x pa (x) + e"** p.a (x) (say) 

gives rise to terms imerln:t p+Q (x) v;hen differentiated. 

To overcome the difficulty, Lanczos replaces the process of 

differentiation by one of differencing, taking 

© . f(x) - f ( x + TT/m) - f ( x - V m ) . 

Assuming f(x) possesses the necessary continuous derivatives, 

Taylor's theorem gives . 

f(x) = f'(x) + 1 (g)3 f'" (x + Bir/m) , 

where - 1 < 9 < 1 . 

On the other hand, 

fe V(x) = - e-^^p.Jx) 
1 

and the troublesome factor m is avoided. 
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In place of the tormo ikelkx in fB '(x) , one now has . 

A , ollc ( x + n / r a ) - elk <x ~ ^ ^ - 0 = : 

= I CTJS e 

where crk = , k = 0,+1 t>+2t. #<+(m-l) . 

[For convenience, Lanczos1 notation has been altered at this point] 

This device can obviously be extended to series of powers of the 

form 
a-i 

fB (z) = S .' ck zk .. k=-(a—1) 
For if z = re 1 0 and f(z) is regular, 

|g- f(z) = f'(z) ireie 

so that f'(z) = = jL..-.|g. f(rei0) . 

Hence it is natural to define 
c\ i w i9 + TT/ms 19 - Tr/mv 

^ 2̂ /m 1 

f(2elTT/m) - flze-1"/*": 
2riiz/m (3*6) 

In particular, 2* = ^ = ^ ^ • 

The form of the quotient (3 . 6 ) suggests that a more natural 

definition would be 

Q\ f(ZelTT/m) - f(2e-iTr/a) 
. * » « - l T T / m - l r , / m 

ze ' -;. . zo ' 
f(zein/m) - flze"1"7") 

~ 2iz sin(TR/m) 

and it may again be shown that the difference between ̂ ~ Bf(z) and 

f'(z) is O(T^AP) . 

With this definition,^ B zk = zk~l where now crk = si^ 
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With a - factors of this form used in the program for the calculation 

of 'p'an-i (z), ty'an-i(z) and 3' 3 a(z) f the stresses P,Q and angle3 a 

givon in Tables 5, 6 and 7 respectively v/ero obtained. These should be 

compared with Table 2. It is clear that this device is useful and givos 

remarkably good results for (f £ 9 ^ 8oP but cannot be expected to deal 

with the stress singularity at 9 = 9CP . 

Table 5 
Case (i), using Lanczos' a - factors 

9 n=10 

Computed P 

n=15 n=22 
True 
Value 

CP 0*923 0*927 0*930 0-932 
• 9 0-920 0*926 0*928 0-930 
1CP 0*914 0*920 0*923 0-925 

0*908 0*912 0*915 0*917 

2CP 0*896 0*901 0*903 0*905 
29 0*880 0*886 0*889 0*891 
3CP 0*863 0*869 0*871 0-873 
39 0*843 0*847 0*850 0*852 

kcp 0*819 0*824 0>826 0*828 
k9 0*792 0*798 0-800 0-802 
5CP 0*765 0*769 0-772 0*774 
39 0*737 0*740 . 0*742 0*744 

6cp : 0*706 0*710 . 0-712 0*714 
69 0*675 0*681 0*683 0-685 
7CP 0*657 0*659 0*658 0-660 
79 0*687 0*642 0*649 0*648 

. 8cP 0*775 0*717 0*663 0*667 
82° • 0*815 0*796 0*715 0*696 
85P 0*860 0*942 0*924 0*796 
87° 0*875 1*024 1*109 0*954 
88P 0*878 1 *053 -1-186 1*105 
89P 0*879 1*070 1*237 1*394 

; 9CP : 0*879 1*076 1*255 00 



Table 6 . 

Case (i). using Lanczos' a - factors 

Computed Q True 
0 n=10 n=15 n=22 Value 
cp -1*197 -1*201 -1*203 -1*205 
5° -1*194 -1*198 -1*200 -1 *202 
1CP -1*186 -1*191 -1*192 -1*194 

-1*172 -1*176 -1*179 -1*180 

2cp -1*154 -1*158 -1*160 -1*161 
25° -1*129 -1*132 -1*34 -1*136 
3CP -1*095 -1*101 -1*103 -1*105 
39 -1*059 -1*064 -1*066 -1*068 

4cP -1*017 -1*019 -1*021 -1*023 
45? -0*961 -0*969 -0*969 -0*972 
50? -0*900 -0*906 -0*910 -0*912 
59 -0*836 -0*839 -0*839 -0*842 

6cp -0*751 -0*754 -0*759 -0*761 
69 -0*643 -0*661 -0*664 -0*666 
7cp -0*544 -0*545 . -0*546 -0*553 
79 -0*431 -0*396 -0*413 -0*415 

8cP -0*204 -0*255 -0*222 -0*239 
82° -0*076 -0*155 -0*155 -0*153 
85? 0*123 0*062 0*010 0*004 

0*233 0*209 0*184 0*141 
8S3 0*272 0*265 0*264 0*232 
89P 0*296 0*302 0*319 0*368 
9 ^ 0*305 V 0*315 0*339 00 
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Table 7 

Case (i). using Lanczos* a - factors 

Computed a (degrees) 
True 

9 n=10 n=l5 n=22 Value 
CP -90*0 , -90*0 -90*0 -90 

-83-3 -83 '3 .83-3 -83-3 
1CP -76*6 -76-6 -76*6 -76*6 
15° -69-9 -69*9 -69-9 -69-9 
2CP -63'2 -63-2 -63*1 -63*1 

-36*4 -56-4 -56*4 -56*4 
3CP -49-7 -49-6 -49-6 -49-6 
33P 

• 

-42*9 
• 

-42*8 -42*8 -42*7 
4cP -36*0 -35-9 -35-9 -35-8 
45° -29 *o -28*9 -28*9 -28*8 
5CP -22*1 -21*9 -21*8 -21*7 

-14*9 -14*6 -14*6 • -14*5 
6cP -7-3 -7*1 - 7 .0 -7*0 
6? 0-2 0*5 0*7 0*9 
7CP 7.7 9*1 9-2 9-3 
75° 17-4 17.7 18*6 18*9 
8oP 32*1 28*9 29*4 30*8 
82? 39.9 36-3 34*2 36*8 
85P 54*5 51-9 47-9 48*3 67*0 65-5 62*5 . 58*5 
88? 74*2 73-2 71-1 64*7 
85P 81*9 . 81*5 80*4 71-8 
9CP 90*0 90*0 90*0 90 

§ 6 . Analytical Solutions 

The radial and transverse components of the displacement, vr , v Q 

are given by 

2jjy(vr + ivQ). = e~ i 9 Dt cP(z) - z^'Cz) - *(z)] (3.7) 

' 4 Q 
Let . y denote the unit circle. Then on y, z = e = o (say), 

z = 1/cr and v Q = 0 in each of the problems. Hence 
2̂LVrCT = H cp(a) - a {pf(l/cr) - ̂ (1/a) . (3.8) 
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T h e f u n c t i o n s l f ( f i / O t C ^ ' ( l / C ) a r G r e g u l a r f o r | £ | < 1 , a n d G O 

i f t h e p o i n t z l i e s o u t s i d e y , C a u c h y ' o t h e o r e m g i v o a 

1 p 2(iv r a da _ 1 p cp(a)dcr 

2 n i J y CT - z 71
 2 n i J y a ~ z 

= h [a>(<») - c p ( z ) ] 

= - H C p ( z ) . (3.9) 

S i m i l a r l y , t a k i n g t h e c o n j u g a t e of ( 3 . 8 ) g i v e s 

2 ( i v r / c r = u T p O / c x ) - (1/cr) co'(cr) - ho) , ( 3 . 1 0 ) 

and since cp(l/C) is regular for |£l < 1. , it follows that 

I n c a s e ( i i ) , 2(iv P = c o s a 0 = i (a + 1 / f r ) 3 s o t h a t 
• • • '4. . 

f \ 1 P i (ĉ +l)3 , H<P(Z) = - — J * da . 

Y . . '' 

C a l c u l a t i n g t h e r e s i d u e a t t h e s i m p l e p o l e cr = 0 g i v e s 

r D ( z ) = V ( b K z ) o r § ( z ) = - l / ( 4 ' t z a ) . 

AI , / v 1 i/ \ 1 P i ( a 3 + 1 ) 8 d o . ' 
A l s o , ;r( Z) + - c p ' ( z ) 1 . 1 . 

T h e r e s i d u e a t t h e t r i p l e p o l e cr = 0 i s - l / ( 2 z ) - 1 / C 4 Z 3 ) , ; . g i v i n g 

,}(z) = . ^.i . i i d J., t 
••• . 2 Z 4 K Zf' * ' 

or V(z) + | ^ . 

I n c a s e ( i ) , 2y.v P = | c o s 9 l , s o t h a t i f yx , y 3 d e n o t e t h e p a r t s 

o f y o n w h i c h R ( a ) > 0 , R(cr) < 0 r e s p e c t i v e l y , 

/ V P 1 / . 1 \ ordgr 1 p i / . -1..; v crdcr 

. Y l Y s ••• 

B o t h p a t h s o f i n t e g r a t i o n c a n b e d e f o r m e d i n t o t h e s e g m e n t o f t h e i m a g i n a r y 

a x i s j o i n i n g t h e p o i n t s jh i g i v i n g 
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/ \
 1 r1 + K CO(Z) = - - J J J - T ~ 

(a2 +1) dg 

3 - Si I-t + z + ~ } drT 

= ^ r C(z3+1) log | 4 _ 2iz3 2ni z-x 

and n I> (z) = 4 loS "§4 - 2i3 . 
TTX Z-X 

Evaluation of the corresponding integral for can be avoided 

by observing that on equating the values of 2nvr given by (3.8) and 

(3.10) and rearranging one has 

h ( 1 / o ) cp(g) +cDf(g) + g Her) 3 n a cp(l/a) +rp(l/g) 

+ (1/cr) Hl/g). 

But the functions cp(z5, H z ) are regular outside Izl = 1 and 

possess expansions 

00 00 
co(z) = E an/zn , H z ) = E ba/zn , 

n=l n=l 

and consequently the identity can only be satisfied if 

k cp(g)/g + cp'(g) + a fie) - b4 = 0 . 

This implies that 

Hz) = fa/z - cp (z)/z — h c p ( z ) / ( 3 . 1 2 ) 

The constant b4 can be found by integrating both sides of (3.10) 

round y giving 

1 p E da 1 f»2n • 2 
. ^ = - Si I g = > S Jo 2 ^ d 9 = - - ' 

Equation (3.12) then gives 

1. vtA 1 A i z+i 2i-V 

and t(Z) lo Gf4 - f — 1 — . 
M. ZT Z-I , ZS TO. 23(2?+-!) 
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§ 7. Infinite plato with two equal unstressed circular holes and uniform 

tension at infinity 

For an application of the method to a multiply connected region, 

the problem taken was the determination of the stresses in an infinite 

plate containing two equal circular holes with stress free boundaries, 

there being uniform tension at infinity (Figure 2). 

Figure 2 

This problem has been solved analytically by Ling (1948) who ex-

pressed the Airy stress function as an infinite series of solutions of the 

biharmonic equation in bipolar co-ordinates "6, ̂  given by 

x + iy = - a coth Ji (£ + iT|) . 

Ling calculated the boundary hoop stress 98 for several values of the 

ratio \ = a/b : 

(i) at • 8 = + 9CP when the tension T is parallel to the 

line of centres; 

(ii) at 9 = CP and 18cP when the tension T is perpendi-

cular to the line of centres; 

(iii) at 9 = CP and l8cP when there is "all round tension". 
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From (3.2), tho complex potentials have the forms 

cp(z) = i Tz + -o° ( z) , 

4(z) = - i Tze~ 2 i P + *°(z) , 

where cp°(z) and y° (z) are regular everywhere outside tho two circles 

including the point at infinity. 

These potentials give rise to zero normal and tangential stresses 

over the boundary of each hole. Consequently, from the Kolosov formula 

(1.20) it follows that the potentials 

cp°(z) = rp(z) - iTz , 
4 

f (z) = *(z) + jTze*"213, 

must produce normal and tangential stresses given by 

if - IT? = - -JT - e2iQf • jTe" 2 1 0 , • ; 

ex being the angle made by the inward normal with Ox . 

Thus, dropping the superscript o , the problem is reduced to one 

of determining potentials cp(z), >|»(z) regular everywhere outside the 

two circles and corresponding to the boundary stresses N, T which in 

the two cases considered by Ling are given by 

N - iT = - T cos a (cos a + i sin a) , (0 = 0) 

= - T sin of (sin oi - i cos of) . (0 = TT/2) 

By Walsh1 s theorem, the func t ions cp (z), ty (z) can be uniformly 

approximated by rational functions of the form 

• ..." :: / n " •••• n •...: . 
rr^Cz) = G'o + E o^ /Cz^a)1? + E <V/(z4a) k , k = l k = l . 

• n • - ;> n ' • ' • ' " 
" V (z) = 00 + E 0k /(z-a)k + s 0k f/(z+a)k , : •• k=:1 • ' k=l 

and so the functions 3 (z) = <p1 (z), Y(z) = ty' (z) can be uniformly approxi 

mated by the rational functions 
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n+i 
\ (a) = A, /(z-a)k

 + ^ «/(z+a)k f 
k = 2 k-3 

(z) = "l) B< /(z-a)k + B, » / ( z W . 
k=2 k = 3 

When 0 = 0 or TT/2 , tho cases considered by Ling, there ia four-fold 

symmetry. In these cases (the only cases treated here), the approximate 

potentials should be such that 

*n(z) = M z ) , Y n(z) = Ya (z) 

?a(-z) = ?n (z) , Yn (-z) = Y n ( z ) . 

The first of these requires A* , A'* , B* , B \ to be real and the second 

that Ac 1 = (-1)k Ak , B,, ' = (-l)k E^ . 

Hence with a slight change of notation the approximating functions 

have the forms 

M z ) = T "acr-i El/(z-a)r + l + (-l)r+1 /(z+a)r + l ] 
r = l ' ' 

Yn (z) = T a2P [l/(z-a)r + l + (-1)r"kl/(z+a)r + l 3 
r = l -

Writing l/(z-a)r + l + (-1)r + l/(z+a)r + l - B^ + iVP , 

e2i0? [l/(z-a)r+1 + (-l)r + l/(z+a)r + l ] - IV * + iVr % 

ze2iCi [l/(z-a)r + 3 + (-I)**1 /(z+a)r + 2 ] a IV ** + i V r / , ' 

the Kolosov formula gives A 

N - s $ n(z) + § n(z) - e 2 i ° Liz $ ^ ( z ) + Yn(z)3 

= 2 Z/ asr-i Br + D "88,-1'- (r+1) (Ur ** + iVr **) 
.: r= 1 \ r - l . . 

•' • ' " : • V ; • • - n - / ' •• 
- D a3r (Br * + iVr *) 

' . 2n-l 
so that N + iT = Tj ^ + iGj) , ' 

where F 2 r ^ = 21^ + (r+l)B/»* , O ^ - i = - (r+l)Vr ** , 

• *w = -v** Gar = vr * . a/, 

The coefficients aj ®ay be determined in the usual way. 
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Throughout the computations, the radius b of the two circles was 

taken to be unity aG also was the tension T . Because of symmetry it 

is sufficient to consider the upper half of the right hand circular 

boundary only. 61 points we re taken corresponding to 9 = 0P(;f)18(P 

Weights were unity except at the points 9 = CP , 9 = l8cP where they 

were one half. 

§ 8. Numerical results for X = 2 

For the case X = 2 , the coefficients Ak, 4 and the residuals 

Rjj(Pi) , Rrp(Pi) (defined as before) were found using terms up to and 

including (i) 1/(z + a)8 (ii) 1/(Z + a) 1 0 (iii) 1/(Z + a) 1 3 in each 

of the functions $ a(z), Yn (z) . These correspond to n = 7, 9 and 11 

respectively. The numerically greatest residuals and the root mean 

square residuals are given below in Table 7. Rjj(max) occurred aach 

time at 9 = l8cP and I^,(max) occurred.at 168P or 171° irrespective 

of whether 0 = 0 or 0 = TT/2 . 

Table 7 • • 

(i) 0. = 0 (Longitudinal tension) 

R^(max) R^(max) R^(rms) R^rms) 

n=7 76*5 x 1CT5 131 x 10* 5 45*8 x 1CTB 65*2 x 1CT5 

n=9 7-2 x 1CT5 11*1 x 1CT5 4*3 x 1CT5 5*6 x 1CT5 

n=11 0*6 x 1CTS 0*8 x 1CT5 0*3 x 1CT5 0*4 x 1CTB 

(ii) 3 = TT/2 (Transverse tension) 

^•(max) RT(max) Rjj(rms) R^rms) 

n=7 5 8 - 3 x 1CT5 98*3 x 1CT5 3 3 * 8 x 1CT5 48-4 x 1CT5 

n=9 6*0 x 1CTB 9 * 2 x 1CT5 3*5 x 1CTB 4 * 7 x 10" s 

n=11 0 - 5 x 1CT5 0 * 7 x 10" 5 0 * 3 x 1CT5 0 * 4 x 1CT5 

The stresses xx, yy and xy were calculated at 8 9 points in the 

first quadrant in the neighbourhood of the hole. The points lay either 

on a grid with spacing 0*25b or else on the boundary of the hole at 

9 = CP (15^)18CP ... , Increasing the number of terms in each series from 
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7 to 9 produced changes in the third decimal place in 62 of the 267 

stresses in the case 0 = 0 and in 42 of the 267 stresses in the case 

0 = TT/2 . The changes were mostly of one unit. Taking 11 terms 

produced only 4 further alterations of one unit in the case 0 = 0 and 

8 in the case 0 = TT/2 . 

The coefficients A* , B* for n=11 are given below in Table 8 

and stresses calculated from them are exhibited (to 2 decimal places) 

in Figures 3 and 4. 

Table 8 

(i) 0 = 0 (Longitudinal tension) (ii) 0 = TT/2 (Transverse tension) 

k A* , b, k Ak V 
2 -0*430410 0*447734 2 0*486638 0 * 5 6 0 1 9 1 
3 -0*043798 -1*708787 3 0*017575 1 - 9 3 1 5 9 7 
4 0*019340 -1-558752 4 -0*010251 1-570933 
5 -0*007262 - o * o 1 8 9 2 9 5 0*004494 -0*013554 
6 0*002475 0*023603 6 -0*001695 -0*005746 
7 -0*000789 -0*013738 , 7 0*000582 0*006449 
8 0*000239 0*006240 8 -0*000187 -0-003670 
9 -0*000070 -0*002474 • 9 0*000057 0*001649 
10 0*000020 0*000897 , 10 -0*000017 -0*000650 
11 0*000000 -0*000304 1 1 0*000000 ; 0 * 0 0 0 2 3 5 
12 0*000000 0*000211 12 0*000000 -0*000181 

When n=11 , a lack of agreement between the root mean squares of 

the residuals calculated directly (E) and indirectly (E') became 

evident, the values being: 

0 = 0 ; E(rms) = 3-8 x 1CT6 , E«(rms) = 4*8 x 1CTS , . 

0 = TT/2 ; E(rms) = 3*4 x 1CT6 , E ' (RMS) = 5-0 X 1(T0 . 

As explained in Chapter 1, if f is the vector of boundary values and 

6 the residual vector, then because 6 is orthogonal to the vectors 

h i h * i , the values E ^ (6,6)^ and E 1 5 (f,6)^ should be 

equal. The ATLAS machine has a precision of 11-12 decimal digits when 

performing floating point calculations so that one could expect some of 

the calculated inner products (^ , 6) to be of order 1CT12 v/hich Vis 

directly comparable with (6,6) here. 



= 0 . Uniform Tension at Infinity parallel to Ox . 

Stress distribution xx. a/b = 2 

y 



0 = TT/2 . Uniform Tension at Infinity parallel to Oy . 

Stress component y y . a/b = 2 



Nevertheless, as a chock, the calculation for n=11 v/as repeated 

using a Gram-Schmidt procedure in which the vectors obtained were rc-

orthogonalized once. The coefficients Ac , B* obtained differed from 
th 

those in Table only in tho 9 decimal place. The residuals calculated 

from the Fourier expansion agreed to 3 significant figures with those 

calculated directly which in turn agreed with those obtained previously. 

§ 9. Numerical results for X = 1*5, 1*2 

In a further series of calculations, still using 61 boundary points 

0 = CP (3P-)1 So? , the peripheral hoop stress 00 waG found to 3 decimal 

places at these points when X = 2*0, 1*5 and 1*2 . 

As before, when- X=2jt0i 11 terms in each series proved sufficient, 13 

terms producing no changes in the hoop stress. 

For X = 1*5 , the numerically greatest residuals and root mean square 

residuals obtained with 9» 11 and 13 terms in each series v/ere as follows: 

Table 9 

g = 0 (Longitudinal tension) 

Rjj(max) (max) R^(rms) Rrp(rms) 

n=9 14*1 x 1CT5 17-S x 1CT5 9 * 0 x 1CT5 10*5 x 1CT5 

n=11 7*1 x 1cr 5 8«1 x 1CT5 2 - 6 x 1 0 " s 3 * 2 x 1CT5 

n=13 2 * 3 x 1CT5 2 * 8 x 1CT5 0'9 x 1CT5 1*2 x 1CT5 

3 A TT/2 (Transverse tension) 

^ ( m a x ) I^(max) R^(rms) Hp(rms) 

n=9 11*5 x 10T5 15*9 x 10" 3 7*3 x 1CT5 9 * 0 x 1CT5 

n=11 4 - 5 x 1CT5 5 - 2 x 1CT5 1 - 6 x 1CT5 2 * 0 x 1CT5 

n=13 1*6 x 1CT5 2 * 0 x 1CT5 0 - 7 x 1 c r 5 0 * 8 x 10~5 

Increasing the number of terms in each series from 9 to 11 produced 

alterations of 1 unit in the third decimal place in 14 of the 61 values of 

00 in the case 3 = TT/2 . Taking 13 terms produced 2 further alterations 
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in the values for 3 = 0 and 1 alteration for 3 = rr/2 . 

For X = 1 *2 , rather more terms were needed for comparable accuracy. 

The numerically greatest residuals and root mean square residuals obtained 

using 11, 14, 17 and 19 terms in each series wore as follows: 

Table 10 

3 = 0 (Longitudinal tension) 

R^(max) R^/max) R^(rms) R^,(rms) 

n=11 179 x 1 cr5 217 x 1CT5 80-4 X 1CT5 101 x 10"5 
n=l4 15*0 x 1CT5 i8»2 x icrs 8*2 x 1 cr5 9*8 x 1CT5 
n=17 3-5 x 1CTS 3'1 x 1CT5 1 * 0 x 1 cr5 i«o x icrs 
n=l9 2*1 x 1CT5 2*0 x 1CT5 o«7 x icrs o*8 x 1 cr5 

3 = tt/2 (Transverse tension) 

^ ( m a x ) ^p(max). R^(rms) R^rms) 

n=11 231 x 10~5 299 x 1CT5 99-4 x 1CT5 127 x 1 cr3 
n=l4 30*2 x 1 cr5 39•7 x 1CTS 14#5 x 1CT5 17*6 x 1CT5 
n=17 2*2 x 1CT5 2*6 x 1CT5 1 *2 x 1CT5 1*3 x 1CT5 
n=19 o*4 x 1 cr5 0*3 x 1CT5 0-2 x 1CT5 0*1 x 1CT5 

Here, 11 terms in each series were clearly insufficient. Increasing 

the number to 14 produced changes in nearly all the values of 90 , the 

largest change being 9 units in the third decimal place. Increasing the 

number of terms from 14 to 17 produced alterations of 1 unit in the third 

place in 22 of the 61 values in the case 3 = 0 and in 33 of the 61 values 

in the case 3 = tt/2 . Increasing the number of terms from 17 to 19 

produced just one change of value in the case 0 = tt/2 . 

Values of the hoop stress at 8 = CP(1^)18CP for X = 2*0, 1 «5 and 

1-2 are given in the following Table. The values at 9 = OP/9CP,l8cP 

agree with those of Ling in the cases X = 2*0 and 1*5 • 
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Tabic* 11 
V/ Per iphera l Hoop S t r e s s 00 

(i) B = 0 (longitudinal tension) 

e CP 15° 3CP 459 6cP 19 90P 
X=2-0 
X=1 -5 
X=1 -2 

-0-9 08 
-0-896 
-0-905 

-0-651 
-0-639 
-0-647 

0-049 
0-059 
0-053 

0-994 
1-000 
0-993 

1-916 
1-909 
1-904 

2-549 
2-516 
2-501 

2-703 
2-623 
2-580 

0 105? 12CP 1355 15C? 16? 18CP 
X=2-0 
X=1 -5 
X=1 -2 

2-332 
2-177 
2-074 

1-559 
1 -314 
1-121 

0-648 
0-364 
0-120 

-0-095 
-0-259 
-0-390 

-0-498 
-0-407 
-©•415 

-0-609 
-0-376 
-0-428 

(ii) « TT/2 (Transverse tension) 

0 . CP 19 3CP 45? 6cP 75? 9CP 
X=2-0 
X=1 -5 
X=1 -2 

3-066 
3*151 
3*298 

2-797 
2-878 
3*020 

2-063 
2-133 
2-261 

1-062 
1-115 
1 -261 

0-065 
0-098 
0-162 

-0-649 
-0-639 
-0-624 

-0-881 
-0-884 
-0-924 

0 : 10^ 12CP 139 150? 1652 180P 
X=2-0 
X=1 -5 
X=1 -2 

-0-558 
-0-547 
-0-631 

0-232 
0-302 
0-224 

1-256 
1-423 
1-441 

2-200 
2-446 
2-693 

2'8l6 
3*073 
3*814 

3*020 
3*254 

; 4*423 

§ 10. Maximum Hoop Stress 

V/hen the tension is perpendicular to.the line of centres, the maximum 
peripheral hoop stress necessarily occurs at Q = CP or 0 = 18CP . The 
earlier results thus yield the following table j 

B = TT/2 (Transverse tension) 

••• X ; 00max •8° 
2-0 3*066 : 0 
1-5 3*264 18CP 
1-2 4-423 I8CP.: 
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For tension parallel to the line of centres, Ling assumes that the 

greatest hoop stress will occur very close to 0 = SCP so that the value 

of 00 at 9Cr can be taken as the maximum. Since the present method 

appeared to give quite accurate stresses, it v/as of interest to find the 

true maximum values. 

There was no difficulty in locating the angle 0 for which 00 is 

greatest to the nearest degree. Subsequently, 09 was calculated at an 

interval of 0*1° over small ranges and the results are given in Table 12. 

In these calculations, the values of n used for X = 2*0, 1*5, 1*2 were 

11, 14, 17 respectively. The number of decimal places givenwas limited 

to 4 because the residual stresses were known to be of order 1CTG . 

Taking the middle.: of the angles for which the hoop stress has its 

largest value gives the following table: 

3 a 0 (Longitudinal tension) 

X OOmax 0° 

2*0 2*715 86*8 
1*5 2*650 85*3 
1*2 2*619 84*6 

Since these computations were carried out, Haddon (1967) has considered 

the problem of an infinite plate with two unequal circular Holes, using a 

bilinear transformation to map the domain on to an annulus. Among other 

results, he finds the maximum hoop stresses and the angles at which they 

occur for the case of equal circles and 0 = 0 . His results agree with 

;those above. 
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Table 12 
a) X = 2-0 b) X = 1-5 c) X = 1*2 

Anglo Hoop Streoo Angle Hoop Streco Angle Hoop Streao 
8° 90 0° : 90 0° w 00 

86-0 2*7138 84*5 2*6490 84*0 2*6l83 
1 2*7140 6 2*6492 1 2-6185 
2 2*7141 7 2*6494 2 2*6186 
3 2*7143 8 2*6495 3 2*6187 
4 2*7144 .9 2*6497 4 2*6187 

86*3 2*7145 85-0 2*6498 84*5 2*6l88 
6 2*7146 • 1 2*6499 6 2*6188 
7 2*7146 2 " 2*6499 7 2*6188 
8 2*7146 . • 3 2*6300 8 2*6187 
9 2*7146 : 4 2-6500 9 2*6186 

87*0 2*7146 ; v 85*5 2*6500 85*0 2*6185 
1 2*7145 6 2*6499 1 2*6184 
2 2*7145 -.:/ ' " 7 2*6499 2 • 2*6183 
3 2*7144 8 2*6498 . 3 2*6181 
4 2*7143 9 2*6497 4 2*6179 

87-5 2*7141 86*0 2*6495 85*5 2*6177 
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CHAPTER 4 

Mixed Boundary Conditions 

In the problems considered previously, either the tractions or the 

displacements have been given at all points of the boundary. There is 

however no essential difficulty in applying the present method if the 

boundary conditions are mixed, i;e. the stresses are prescribed on some 

parts of the boundary and the displacements on the remaining parts; 

alternatively there may be parts of the boundary on which one component 

of the traction and one component of the displacement is prescribed. 

As an illustration, the following problem is considered in this chapter: 

§ 1* Extension of an infinite plate with a rigid circular inclusion. 

A rigid circular disc is inserted into a circular hole of the same 

radius in an infinite elastic plate. The plate is then extended by applying 

a unidirectional tension, causing the edge of the disc to lose contact with, 

the boundary of the hole over two equal arcs DA, BC. (Figure 1) 

if ' \ > 
T II '/ ot \\ • T 

Figure 1 

The angle a. is not known in advance and its determination is an 

essential part of the problem. 
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If the included disc io assumed to be perfectly rough, the boundary 

conditions are 

rr = 0 , r9 = 0 along DA and BG , 

vr = 0 , v Q = 0 along AB and CD . 

If the included disc is assumed to be perfectly smooth, the boundary 

conditions become 

w W 
rr = 0 , r9 = 0 along DA and BG , 

w 

vr = 0 , r9 = 0 along AB and CD . 

Furthermore, in both cases the solution has to satisfy the inequalities 

vr 2: 0 along DA and BC (4.0) 
rr <£ 0 along AB and CD 

It is these inequalities which provide the additional information for 

the determination of the angle a . 

The case of the smooth disc was considered by Sheremetyev (1952) who 

constructed an integral equation for the boundary radial stress rr . 

No attempt was made to solve the equation, but in a subsequent paper 

(Sheremetyev, 1960) he gives a lengthy analytical method for the related 

problem in which there are no stresses at infinity and a force is applied 

to the disc. No numerical results are given. 

Without loss of generality, the radius of the hole may be taken to 

be unity. The boundary stresses and displacements are then g;iven by 

N-' W pi A ' 
r r - irQ = • $.(z) •+•$ (z) - e [ z § ' ( z ) + Y(z)3 

= $ ( z ) + §(z) - z $ ' ( z ) - z8 Y(z) , (4.1) 

i9 
2p,(vP - ivQ) = e Eh cp(z) - z cp'(z) - f (z)3 

= h fp(z) /z - rp'(z) - z ty(z) . (4.2) 
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As in Chapter 3, the complex potontiala havo the forma 

-o(z) = 1 Tz + <p° (z) , 

faz) = - i Tz + f> (z) , 

whore -o° (z) , (z) are regular for I si >1 and vanish at infinity. 

The potentials cp(z) = i Tz if(z) = - -J Tz give rise to the 

boundary values 

rr = T c o ^ O , rO = - TsinO co«9 , 

2p,vr = T(cos3e - tj) , 2p,vQ = - TsinQ cosG . 

Hence in the case of the rough disc, the potentials rp° (z) , 9 (z) 

must make 

If s r ^ = - Tcosa9 ^ 

is r9° = TsinO cosO 

2\LVR
0 = T(7| - cos3 9) 

2fiVQ° = TainO cos9 

> on DA, BC , (4.3) 

on AB, CD . (4.4) 

For the smooth diEC, replaced by rG° . 

Because of symmetry about Ox and Q y , approximations to 

(z) , -f5 (z) may be taken as 

cp*a-i(z) = h , ^a-i (z) = £ , 

or with the usual change of notation, 

£p3n-i (z> = £ asi/z3*-1 , fe,.! (z> a £ ^ . ' - i . (4.5) 

a=l 3=1 

Corresponding approximations to §°(z) , 1° (z) are then 
' n • 

§2n(z) = - £ (2s - 1) aafl/z?% 
0 = 1 n - . 

(z) = - £ (2s - 1) aaa-i /z 3 3 . (4.6) 

[The superscript 0 is dropped henceforth.] 
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Writing 1/z5 ~ U8 + iV„ , tho approximate boundary displacements 

sire given by 

2}l(vr - iv^) 3 71 wan-i Cz)/z - cp'an-l (z) ~ Z faa-i (z) 
n n 

= H E aas (U33 - iV38 ) + E (2s - 1) ass ' (U3s + iV3s ) • =rl 8 = 1 . n -E aso-i (Uas-3 + iV 3 o- 3) , 8=1 n 
= E aj (F, - iGj) (say) , 

where F38-t = - U3s-a , ' Ga«-i. , = Va«-a « 

Fa. = (h + 2s - 1)U38 , G23 = Ot - 2s + 1)Va8 . 

Similarly, the approximate boundary stresses are given by 

ft - ift 3 fen (z) + fenCz) - Z 5 '3n (z) - z3 Ysn (z) 
n n 

= - 2 E(2s-1)a2g U3S - S 2s(2s - 1) aas (U3S + iV3„ ) 
8 = 1 3 = 1 . • '•' n 

+ E (2s - 1) a2«-i (Ifes-a + iVa8-3) 
8 = 1 

n • 

= E (Fj • - iGj •) (say) , 

where F'38-I = (2s - L)U3s-a , GB8-I = - (2s - *0V3A-A , 
F'sa = - (2s - 1) (2s + 2)Ua8 , (£, = (2s - 1).2S V3s 

Let points Pi f i = 1(1)N , be taken on the quadrant of the boundary 

0 ^ 9 £ TT/2 , the numbering to commence from the end 8 = 0 • If the point 

A (8 = <?) lies between P^ and Pĵ  + ^ , the least squares problem may be 

formulated as that of.minimizing , 

••• M. • „ V ' 
I = E W! ([R(Pi) -ft(Pt)33 +[S(Pi) - s ^ n 2 } 

• ,, 1=1 ,:/ . v,-
N , • • ' . : 

+ E Wj ([2p,vr (Pt) - 2^vr (Pi )32 + [2p,vA(Pi). - 2iAVft(Pl)32} ±=M+1 • 9 _ : 
in the case of the rough disc and 



So 

M 
I = E w i ( C R ( P i ) - R ( P i ) 3 2 + C S ( P i ) - 3 < P i ) ' J a } i=i 

N 
+ £ v/i ( C 2 u v r ( p t ) - 2p.v P (Pi ) ] a + [ S ( P i ) - 2 ( P | ) ] 3 ) 

i = M + 1 

i n t h e c a s e o f t h e s m o o t h d i s c . I n t h e s e e x p r e s s i o n s , R ( P i ) = I P (Pi ) = 

T c o s a 9 i , e t c . a n d w i a r e p o s i t i v e w e i g h t s . 

T h e c o e f f i c i e n t s a j m a y t h u s b e d e t e r m i n e d i n t h e u s u a l w a y f o r a n y 

c h o s e n v a l u e o f M ( i . e . o f 

I n t u i t i v e l y , t h e a n g l e at c a n b e e x p e c t e d t o l i e w i t h i n t h e r a n g e 

6 C P < of < 9 c P . F o r i n t h e c a s e o f a p l a t e w i t h a n u n s t r e s s e d c i r c u l a r 

h o l e ( o f u n i t r a d i u s ) a n d s u b j e c t t o u n i - d i r e c t i o n a l t e n s i o n a t i n f i n i t y , 

t h e c o m p l e x p o t e n t i a l s a r e k n o w n t o b e ( M . p a g e 2 0 1 ) 

rp(z) = i T z + j T / z , 

(i(z) = - - j T z - - j T / z + i T / z % 

a n d t h e b o u n d a r y d i s p l a c e m e n t s a r e g i v e n b y 

2p,v P = T ( 1 - T ) j ( 1 + 2 c o s 2 9 ) , 

2\i,va = - T ( 1 - 1]) . 2 s i n 2 9 

0 
T h u s v P i s p o s i t i v e w h e n CP £ 0 < 6 c P , n e g a t i v e w h e n 6cP < 9 ^ 9 C P m 

I n s e r t i n g t h e r i g i d d i s c p r e v e n t s v r f r o m b e c o m i n g n e g a t i v e . 

§ 2 . N u m e r i c a l r e s u l t s 

I n i t i a l l y , b o t h t h e r o u g h d i s c a n d t h e s m o o t h d i s c w e r e c o n s i d e r e d . 

P o i n t s P i w e r e t a k e n c o r r e s p o n d i n g t o 0 = 1 ° ( 2 ° ) 8 s P , g i v i n g N = 4 5 , 

a n d M w a s m a d e J O , 3 3 « 3 9 , 4 2 i n < s u c c e s s i o n , t h e s e c o r r e s p o n d i n g t o 

a = 6 C P , 6 6 ? , ? 2 P , 7 S P , . 8 4 ° ( o r r a t h e r « b e t w e e n 5 9 ? a n d 6 1 ° , 6f a n d 

6 ? ° e t c . ) . 1 5 t e r m s w e r e t a k e n i n e a c h o f t h e s e r i e s c p a n - i ( z ) , H n - i ( z ) 

i * e . u p t o a n d i n c l u d i n g 1 / z . I n t h e c a s e o f t h e r o u g h d i s c , t h e 

p r o g r a m w a s a r r a n g e d t o c a l c u l a t e t h e r o o t m e a n s q u a r e s o f t h e r e s i d u a l r a d i a l 

a n d s h e a r s t r e s s e s o v e r o s 0 < & : 
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M M j 

R R ( r m o ) = { S w , [ R ( P i ) - S ( P | ) J 3 / £ v/t F , 1=1 1=1 
M ^ M 4 

R j r m s ) = ( E w 4 C S ( P 4 ) - SCPOF/E w 4 F , 1=1 1=1 
a n d o f t h o r e s i d u a l r a d i a l a n d t r a n s v e r s e d i s p l a c e m e n t s o v e r a < G £ $CP 

N N -

R ( r m s ) = ( E wj [ 2 ^ ( P t ) - 2p,vr ( P j P / E w 4 F , 
r M + 1 M + 1 

N N -

R . ( r m s ) = ( E Wi C 2 | i v f l ( P i ) - 2p,v f i(Pi ) ] 3 / E w 4 F . 

0 M + 1 0 y M + 1 

T h e r o o t m e a n s q u a r e s o f t h e r e s i d u a l s t r e s s e s t o g e t h e r : 

Vrms) = (iCRf + 

a n d o f t h e r e s i d u a l d i s p l a c e m e n t s t o g e t h e r : 

R ( r m s ) = ( i C S 3 + R v v vr va 
w e r e a l s o f o u n d . 

I n t h e c a s e o f t h e s m o o t h d i s c , R ^ r m s ) , R v ( r m s ) a n d R g ( r m s ) 

w e r e a g a i n c a l c u l a t e d , b u t t h i s t i m e w i t h R < , ( r m s ) c a l c u l a t e d f r o m t h e 

r e s i d u a l s h e a r s t r e s s e s o v e r t h e e n t i r e q u a d r a n t 0 . £ . 9 ' £ 9 C P : 

N N i 

H q ( r m s ) = ( E W i [ S ( P i ) - 2(<Pi ) ] 3 / E w t F . 
* i=i 1=1 

T h e w e i g h t s Wi w e r e t a k e n e q u a l t o u n i t y a n d f o r c o n v e n i e n c e , t h e 

t e n s i o n a t i n f i n i t y w a s t a k e n a s u n i t y . : T h e m o d i f i e d P o i s s o n ' s r a t i o T] 

h a d t h e v a l u e 0 * 2 5 . / T h e r e s u l t s f o r t h e r o u g h d i s c a r e n o t a t a l l 

p r o m i s i n g . T a b l e 1 d o e s n o t r e v e a l a h a n g l e f o r w h i c h t h e b o u n d a r y 

c o n d i t i o n s a r e b e s t s a t i s f i e d a n d t h e g r a p h s i n F i g u r e 2 ® h o w t h a t f o r 

e a c h c h o i c e o f a t h e r e a r e r a n g e s f o r w h i c h t h e i n e q u a l i t i e s ( 4 . 0 ) a r e 

n o t s a t i s f i e d . 

I n c o n t r a s t , f o r t h e s m o o t h d i s c t h e r e i s a c l e a r i n d i c a t i o n i n 

T a b l e 2 t h a t t h e b o u n d a r y c o n d i t i o n s a r e b e t t e r s a t i s f i e d f o r ot = 6 6 ° o r 

7 2 ° t h a n f o r a n y o t h e r c h o i c e a n d t h e g r a p h s i n F i g u r e 3 s u g g e s t t h a t t h e 

t r u e v a l u e o f a l i e s s o m e w h e r e b e t w e e n 6 6 ? a n d 7 2 ? . T h e p r o b l e m o f 



'82 

t h o r o u g h d i s c w a s t h e r e f o r e s e t a s i d e a n d a t t e n t i o n c o n c e n t r a t e d o n l o c a t i n g 

t h e a n g l e or m o r e p r e c i s e l y f o r t h e s m o o t h d i s c . 

T a b l e 1 

R o u g h D i s c N = 4 5 , n = 1 5 • 

a R^(rms) Rv(rms) 

6cP 3*61 K 1 C T 3 7 - 7 5 x 10" 3 

66° 3 - 2 5 7 - 8 4 
72° 2*65 8 - 0 6 
78° 1-9-1 9 - 1 7 
84° 4 - 2 7 x ,10" 3 8 - 5 4 x 1 C T 3 

T a b l e 2 

S m o o t h D i s c N = 4 5 , n = 1 5 • 

a RR(rms) R (rms) VR Rg(rms) 

6CP 1 - 1 4 x 10~3 • 4 - 0 5 x 10" 2 0 - 0 9 x 1CT3 

66? 0 - 2 5 1 - 7 0 0 - 0 8 
72P . 0 - 4 8 1 -52 0 - 0 4 
7£P 1 - 2 4 6 - 1 6 
84° 5 - 6 5 x 1CT3 9-02 x icr3 1 - 8 8 x 1CT3 

§ 3 . T h e c a s e o f a s m o o t h i n c l u s i o n 

T h e r e l a t i v e s m a l l n e s s o f R g ( r m s ) f o r e a c h o f t h e a n g l e s & i n 

T a b l e 2 i s n o t i c e a b l e a n d s u g g e s t s t h a t t h e b o u n d a r y c o n d i t i o n r 9 = 0 

i s a n e a s y o n e t o s a t i s f y . I n f a c t i t m a y b e s h o w n t o i m p l y a s i m p l e 

r e l a t i o n b e t w e e n t h e c o m p l e x p o t e n t i a l s . F o r i f 

< p ( z ) = i T z + £ , 4 k=i . ••,••. . , 
• H z ) = - £ T z + E 0 k / z a ! l ~ l , 

' k = 1 ,v , 

t h e n a t p o i n t s o f t h e b o u n d a r y , t h e s t r e s s c o m b i n a t i o n 

£ ( 0 9 - r r + 2 i r 9 ) 's z § V ( z ) + z 2 Y ( z ) 

= - i T^ + s 2 K 2 k - 1 ) " J ( 2 k ~ 1 ) 

, ( 4 . 7 ) 
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Figure 3 
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CO 
= - 4 T(Ua - i V g ) + ' s 2 k ( 2 k - 1 ) cvk ( U a k + iVak ) k=i 

- Pi E ( 2 k + 1 ) 0k+i ( U 3 U + i V a k ) , 
k = i 

( 4 . 8 ) 

a n d s o i f r O = 0 a t a l l p o i n t s t h e n n e c e s s a r i l y 

4 T + 2 . 1 ^ - 3 P a = 0 , 

2 k ( 2 k - 1 ) <?k - ( 2 k + 1 ) 0 k + i = 0 , k £ 2 . 

U s i n g t h e s e i n ( 4 . 7 ) g i v e s t h e r e l a t i o n 

z $ ' ( z ) V z 3 Y ( z ) = - £ T ( z 3 + 1 , ) - 0 t , ( 4 . 9 ) 

w h i c h a l t h o u g h e s t a b l i s h e d o n l y f o r p o i n t s o n t h e b o u n d a r y , h o l d s t h r o u g h -

o u t t h e r e g i o n l z l ^ 1 b y a n a p p e a l t o t h e p r i n c i p l e o f a n a l y t i c a l c o n t i n u a -

t i o n . T h i s r e l a t i o n w a s u s e d b y S h e r e m e t y e v ( 1 9 5 2 ) i n c o n s t r u c t i n g h i s 

i n t e g r a l e q u a t i o n . 

E q u i v a l e n t l y , b u t f o r b o u n d a r y p o i n t s o n l y , ( 4 . 8 ) b e c o m e s 

4(09 - rr) = - 4 TUa - p4 - 4 TUa 

= - T U a - 0 ( 4 . 1 0 ) 

a n d c o m b i n i n g t h i s w i t h t h e f o r m u l a 

4 ( 9 0 + r r ) = f ( z ) + H z ) 

CO 
= 4 T - 2 E ( 2 k - 1 ) U a k 

CO 
g i v e B ; r r = T ( 4 + U a ) + 0 4 - 2 E ( 2 k » 1 ) U a k . ( 4 . 1 1 ) 

. . . " k =1 

T h e c o e f f i c i e n t s 0 k c a n a l s o b e e l i m i n a t e d f r o m t h e f o r m u l a f o r t h e 

b o u n d a r y d i s p l a c e m e n t s : 

2p. ( v P - i v 0 ) = h c p ( z ) / z - c p H z ) - z | ( z ) 

= i (h - 1) T + 4 Tz3 + H B **/z2k 
4 . k = i , 

+ S ( 2 k - 1 ) Q ' k / z 3 l c - E 0 k / z P k " 2 . 
V_L 
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I n p a r t i c u l a r , t h o r a d i a l c o m p o n e n t i s g i v e n b y 

CO 

2jiv P = T ( 1 - T]) + -J T U h + E G i + 2 k - 1 ) < V U a * k = l 
CO 

- 01 - £ Pk+1 U3k 
. k = l 

co 
= - 7) + i ' U a ) - + J ) ( n 4- § j ~ - » f ) . U 2 l £ . ( 4 . 1 2 ) 

T h u s f o r t h e s m o o t h d i s c a m a r k e d s i m p l i f i c a t i o n i s p o s s i b l e . T h o 

b o u n d a r y c o n d i t i o n r 9 = O c a n b e t a k e n c a r e o f a u t o m a t i c a l l y a n d t h e 

p r o b l e m i s r e d u c e d t o t h e d e t e r m i n a t i o n o f o n e c o m p l e x p o t e n t i a l o n l y ( o r 

o n e s e t o f c o e f f i c i e n t s ) . I f p o i n t s P t a r e t a k e n a s b e f o r e a n d R ( = r r ) 

a n d 2p,v r a r e a p p r o x i m a t e d b y t h e f i n i t e s u m s : 

a 
S = T ( f + U 3 ) + Bi " 2 S ( 2 k r D ^ , ( 4 . 1 3 ) 

: • ;. k=l. 

2jjivP = T ( l - 7 ] + i U 2 ) - 0 ! 4- £ Gt 4- 'or* U 3 k , ( 4 . 1 4 ) 

3 . cm + I : , 
t h e c o e f f i c i e n t s , t c a n b e f o u n d b y m i n i m i z i n g 

' M '" ̂  " N v ^ '••"': 
1 = 2 W 4 C r ( P j ) 3 3 4-. s W i C2,j.vr ( P t ) 3 3 . 

• 1 = 1 ; •• i = M + 1 • 

T h i s s i m p l i f i c a t i o n m a k e s i t p o s s i b l e t o d o u b l e t h e n u m b e r o f b o u n d a r y 

p o i n t s a n d a l s o t h e n u m b e r o f t e r m s i n t h e s e r i e s a p p r o x i m a t i n g <\o(z) 

a n d t ( z ) w h i l e u s i n g r o u g h l y t h e s a m e a m o u n t o f c o m p u t i n g t i m e a s b e f o r e . 

§ 4 . N u m e r i c a l r e s u l t s 

T w o v e r s i o n s o f a p r o g r a m i n c o r p o r a t i n g t h e s e i d e a s w e r e r u n . I n 

t h e f i r s t , 9 0 b o u n d a r y p o i n t s 9 = ( 1 ° ) 8 9 > P w e r e u s e d , t h e p o i n t s 

c a r r y i n g e q u a l w e i g h t s . I n t h e s e c o n d , t h e r e w e r e 9 1 p o i n t s 0 = <P (9 )%P 

w i t h t h e w e i g h t s f o r (P a n d 9 C P h a l v e d . T h e f i r s t p r o g r a m a l l o w s 

t o t a k e i n t e g e r v a l u e s ( i n d e g r e e s ) a n d t h e s e c o n d a l l o w s ; c r t o t a k e v a l u e s 

m i d w a y b e t w e e n i n t e g e r s . I n e a c h c a s e t h e r a d i a l d i s p l a c e m e n t a n d r a d i a l 

s t r e s s w e r e c a l c u l a t e d a t e a c h o f t h e b o u n d a r y p o i n t s t o g e t h e r w i t h t h e 

r o o t m e a n s q u a r e s : 
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yrmo) = (S Wi [R(Pi)]3/E wt V , 

N N i 

R (rms) = (S v/i [2p,vr (Pt )]3/£ wt }* . 
r i = M + 1 i = M + 1 

T a b l e 3 ( N = 9 0 , n = 2 1 ) 

0? R ^ r m s ) R ( r m s ) . 
v r 

6 6 ° 3 * 5 8 x 1 C T 3 13*6 x icr3 

2*25 1 0 - 8 

68? 1 - 0 4 7 * 6 3 

69? 0 - 9 3 4 - 5 1 

7 0 ? 1 - 8 9 3 * 0 4 

7 1 ° 2 - 6 3 5 - 9 8 

7 2 ° 2*90 x 1CT3 
9 * 8 7 x 1 C T 3 

T a b l e 4 ( N = 9 1 , n = 2 1 ) 

a R R ( r m s ) 

i ' 

R ( r m s ) 
V vr • 

6 6 | ° 

6&° 
6 9 § ° 

7 o | ° 

7 l | ? : 

2 - 9 6 x 1 C T 3 

1 * 5 7 

0*78 
1 - 3 6 

2 - 3 3 

2 - 7 5 x 1 C T 3 

1 2 - 1 x 1 0 ? 3 

9 * 1 5 

• - 5 - 9 5 

3 * 2 9 

4 * 1 0 

7 * 9 8 x icr3 

T a b l e 5 ( N = 9 0 o r 9 1 , n = 3 5 ) 

Of R R ( r m s ) R t r ( r m s ) 
V r 

6 9 ? 

6 9 j ° 

7 0 ? 

70J? 
71° 

0 - 4 1 x 1 0 " 3 

0*20 
0*23 
0 - 4 6 

0 - 7 5 x 1 C T 3 

3 * 6 2 x 1 C T 3 

2 - 5 2 

1 « 6 o 

1 - 2 7 

1 - 8 0 x 1 C T 3 

I n t h e f i r s t i n s t a n c e , t h e s e r i e s f o r R a n d 2|jJvr w e r e t e r m i n a t e d 

a f t e r 2 1 t e r m s , l e a v i n g 2 2 u n k n o w n c o e f f i c i e n t s , a n d t h e a n g l e <* w a s 

g i v e n t h e v a l u e s 6 6 P ( 1 ° ) 7 2 ° , 6 6 J ° ( 1 ° ) 7 4 ° • T h e r . m . s . r e s i d u a l s f o u n d 

i n t h i s w a y ( w i t h T\ = 0 - 2 5 a s b e f o r e ) a r e g i v e n i n T a b l e s 3 a n d 4 . , 

S u b s e q u e n t l y , t h e s e r i e s f o r ' 5 a n d 2\wr w e r e e x t e n d e d t o 3 3 t e r m s 
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( 3 6 c o e f f i c i e n t s ) w i t h t h e n a r r o w e d r a n g e 6 f a s 7 1 ° 9 R e s u l t s 

o b t a i n e d i n t h i s w a y f r o m t h e two' p r o g r a m s a r e c o m b i n e d i n T a b l e 5 . 

C o m p a r i s o n o f T a b l e 3 w i t h t h e e a r l i e r . T a b l e 2 s h o w s t h a t t h e r e s i -

d u a l s f o r a = 6 ( P a n d ot ~ 7 2 P a r e v e r y l i t t l e a l t e r e d b y i n c r e a s i n g 

t h e n u m b e r o f t e r m s i n i n t h e s e r i e s - r ^ n - i ( z ) a n d W - i ( 2 ) f r o m 1 5 t o 

2 1 . I n c r e a s i n g t h e n u m b e r f r o m 2 1 t o 3 5 d o e s p r o d u c e a r e d u c t i o n i n b o t h 

R T 5 ( r m s ) a n d R ( r m s ) f o r v a l u e s o f & i n t h e n e i g h b o u r h o o d o f 7 C P • 

A Vjf 
T h e r e i s h o w e v e r n o c l e a r p o i n t e r t o a n y p a r t i c u l a r v a l u e o f b e i n g t h e 

c o r r e c t o n e ; t h e m i n i m u m v a l u e s o f R ^ a n d R y o c c u r a t d i f f e r e n t v a l u e s 

o f Qf . M o r e o v e r , i t i s n o t p o s s i b l e t o d e c i d e t h e v a l u e o f a f r o m t h e 

b e h a v i o u r o f r r a n d 2p,v r n e a r 9 = csf # T y p i c a l g r a p h s f o r t h e r a n g e 

6& 5 0 ^ 7 5 ? a r e s h o r n i n F i g u r e 4 ( a = 7 0 j ° ) . 

M o r e s e r i o u s , a n o s c i l l a t i o n s u p e r i m p o s e d o n t h e v a l u e s o f r r f o r 

9 > a w a s n o t i c e a b l e w h e n n = 2 1 a n d m o r e p r o n o u n c e d w h e n n = 3 5 . 

I t s e e m e d p o s s i b l e t h a t t h i s o s c i l l a t i o n c o u l d b e a t t r i b u t e d t o u s i n g 

V s n - i ( 2 ) a s a n a p p r o x i m a t i o n t o ® 1 ( z ) w h e n cn ' a n - j ( z ) i s f o u n d b y 

t e r m b y t e r m d i f f e r e n t i a t i o n . I f t h i s w e r e s o , t h e u s e o f I a n c z o s ' 

tf a - f a c t o r s " m i g h t b e b e n e f i c i a l . 

§ 5 . A p p l i c a t i o n o f l a n c z o s 1 " cr - f a c t o r s " 

I t v / a s s h o w n i n C h a p t e r 3 t h a t i f t h e f u n c t i o n f ( z ) i s a p p r o x i m a t e d a-i - •. 
b y a s e r i e s o f t h e f o r m f a ( z ) cjt , t h e n f n * ( z ) m a y n o t b e a 

•,-:' ""( a - l ) 

g o o d a p p r o x i m a t i o n t o f ' ( z ) . I n p l a c e o f o n e r s h o u l d u s e O k - z ^ " 1 , 

• w h e r e - ' • • 

I n t h e p r e s e n t p r o b l e m , b e c a u s e o f t h e r e l a t i o n ( 4 . 9 ) , t h e b o u n d a r y 

r a d i a l s t r e s s c a n b e w r i t t e n 

r r = -J T + -J , T ( z 3 + 1 / 2 ? ) + ^ - 2 R e c p ' ( z ) , ( 4 . 1 5 ) 



10 
v / h e r e z • o . L i k e w i s e , u s i n g ( 4 . 9 ) g i v e s 

[ 1 cp'(z) + *<z)] S - J T ( 1 •+ 1/z 4 ) - Pi/2? - a>»(z)/z3 
az z 

a n d s o t h e b o u n d a r y d i s p l a c e m e n t s a r e g i v e n b y 

2P,(vP - i v Q ) = K © ( z ) A + i T ( z 3 - 1/3Z2) - 0! + z J CP'(z) d z / z 3 . 

(4.16) 

F o r m u l a e ( 4 . 1 3 ) a n d ( 4 . 1 4 ) a r e a p p r o x i m a t i o n s d e r i v e d f r o m ( 4 . 1 5 ) a n d 

( 4 . 1 6 ) b y t a k i n g fpan-i ( z ) i n p l a c e o f c p(z) . S i n c e c p ' ( z ) / z P i s 

i n t e g r a t e d i n ( 4 . 1 6 ) , i t w a s n o t c o n s i d e r e d n e c e s s a r y t o a p p l y <r - f a c t o r s 

t o ( 4 . 1 4 ) . H o w e v e r , ( 4 . 1 3 ) m i g h t w i t h a d v a n t a g e b e r e p l a c e d b y 

• •' n • 

i = T ( £ + U 3 ) + 0 ! - 2 B CTk t f e k , ( 4 . 1 7 ) 

w h e r e i n t h i s c a s e , 

4 ( 2 k - 1 )TT / TT ak = sin <2n+1) A Z Z W * 

T a k i n g b o u n d a r y p o i n t s 0 = ( 1 ° ) 8 9 J ° o r CP ( 1 ° ) 9 C P a n d u s i n g 

3 5 t e r m s o f t h e s e r i e s i n ( 4 . 1 7 ) » ( 4 . 1 4 ) g a v e t h e f o l l o w i n g r e s u l t s : 

; T a b l e 6 

( N = 9 0 / 9 1 , n = 3 5 ) 

a R R ( r m s ) R ( r m s ) VF 

• 6 9 ° 0 * 4 8 x 1 C T 3 3 * 4 0 x 1 C T 3 

0 * 4 5 2 * 1 0 

7cr 0 * 7 4 1 * 4 9 

70i° 1 - 1 2 x 1 C T 3 2 * 2 9 x 1 C P 3 

F o r 0 > ot , t h e r a d i a l s t r e s s w a s c o m p l e t e l y f r e e f r o m t h e s u p e r -

i m p o s e d o s c i l l a t i o n n o t e d b e f o r e . N e v e r t h e l e s s , t h e a n g l e s t i l l 

c a n n o t b e d e c i d e d w i t h c e r t a i n t y . W h e n = 7 0 ^ , f o r e x a m p l e , t h e 

b e h a v i o u r o f r r a n d 2p,v r o v e r t h e r a n g e - 6 6 P < 0 < 7 ? i s v e r y s i m i l a r 

t o t h a t s h o w n i n F i g u r e 4 . I t i s c l e a r t h a t a n e w a p p r o a c h t o t h e p r o b l e m 

o f d e t e r m i n i n g Qe i s r e q u i r e d a n d t h i s f o r m s t h e s u b j e c t o f C h a p t e r 6 . 
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C H A P T E R 5 

D i s c o n t i n u o u s B o u n d a r y V a l u e s a n d S t r e s s S i n g u l a r i t i e s 

I n t h i s C h a p t e r , t h e e f f e c t s o f d i s c o n t i n u i t i e s i n t h e b o u n d a r y -

d a t a a r e d i s c u s s e d . T h e s i t u a t i o n s c o n s i d e r e d a r e 

( i ) w h e n t h e r e i s a n a b r u p t c h a n g e a t s o m e b o u n d a r y 

p o i n t i n t h e a p p l i e d n o r m a l o r t a n g e n t i a l s t r e s s , 

( i i ) w h e n t h e r e i s a n a b r u p t c h a n g e i n t h e p r e s c r i b e d 

b o u n d a r y d i s p l a c e m e n t s a t s o m e p o i n t , 

( i i i ) w h e n t h e r e i s a n a b r u p t c h a n g e i n d i r e c t i o n o f 

t h e b o u n d a r y a t s o m e p o i n t . 

I n e a c h o f t h e s e c a s e s t h e r e m a y b e a c o m p l e t e l o s s o f a c c u r a c y i n 

t h e c a l c u l a t e d s t r e s s e s a n d d i s p l a c e m e n t s n e a r t h e p o i n t i n q u e s t i o n w h a t -

e v e r n u m e r i c a l m e t h o d i s u s e d . 

§ 1 . D i s c o n t i n u o u s b o u n d a r y t r a c t i o n s 

A s a n e x a m p l e , c o n s i d e r t h e c a s e o f a c i r c u l a r d i s c o f r a d i u s u n i t y -

s u b j e c t t o a u n i f o r m n o r m a l t r a c t i o n p o v e r t h e a r c s - <? < 0 < <? a n d 

tt - a < o < tt + a 9 t h e r e s t o f t h e b o u n d a r y b e i n g f r e e f r o m s t r e s s . I t 

w i l l b e s h o w n l a t e r t h a t t h e s o l u t i o n o f t h i s p r o b l e m i s g i v e n b y t h e 

c o m p l e x p o t e n t i a l s 

•• : . • ^ 

*(z) = loe fcSStS 

Y ( z ) = 2 - r [ — - — 2 — ] V 
1 1 1 a 3 - z 2 a 2 - z 2 

(5.1) 

w h e r e a 3 e . C l e a r l y , b o t h <5 ( z ) a n d Y ( z ) t e n d t o i n f i n i t y o n 

a p p r o a c h i n g t h e f o u r p o i n t s o n t h e b o u n d a r y a t w h i c h t h e r e i s a d i s c o n t i n u i t y 
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i n t h e a p p l i e d t r a c t i o n s . T h e s t r e s s e s , h o w e v e r , a r e e v e r y w h e r e f i n i t e . 

F o r e x a m p l e , i n t h e n e i g h b o u r h o o d o f t h e p o i n t z = a , 

z) ~ ~r—r ' 
2 m a ( a - z ) 

a n d s o 

<J(z) + H z ) ~ £ a r g ( a - z ) , 

z i « ( z ) + Y ( z ) — . 
2 n i a - z 

w h i c h . h a v e f i n i t e l i m i t s . 

N e v e r t h e l e s s , b e c a u s e t h e c o m p l e x p o t e n t i a l s c a n n o t b e a p p r o x i m a t e d 

b y p o l y n o m i a l s i n t h e n e i g h b o u r h o o d o f a n y o f t h e p o i n t s z = + a , + a , 

a n a p p l i c a t i o n o f t h e m e t h o d o f C h a p t e r 2 w i l l y i e l d s t r e s s e s w h i c h a r e 

q u i t e i n a c c u r a t e i n t h e r e g i o n o f t h e p o i n t s o f d i s c o n t i n u i t y . 

T o o b t a i n a c c u r a t e v a l u e s f o r t h e s t r e s s e s i t i s n e c e s s a r y t o 

" s u b t r a c t o u t t h e d i s c o n t i n u i t i e s " i . e . t o r e d u c e t h e p r o b l e m t o o n e i n w h i c h 

t h e b o u n d a r y t r a c t i o n s a r e c o n t i n u o u s a n d t o s u p e r p o s e a s o l u t i o n r e p r e s e n t i n g 

t h e e f f e c t o f t h e d i s c o n t i n u i t i e s . T w o m e t h o d s f o r d o i n g t h i s w i l l b e 

d e s c r i b e d , b o t h b a s e d o n a n e l e m e n t a r y s o l u t i o n o f t h e e q u a t i o n s f o r g e n e -

r a l i s e d p l a n e s t r e s s d u e t o M i c h e l l ( s e e M . p a g e 3 7 7 ) . 

§ 2 . M i c h e l l ' s r a d i a l s t r e s s s y s t e m 

T h e c o m p l e x p o t e n t i a l s 

g i v e r i s e t o t h e s t a t e o f s t r e s s : 

r r = - - L ( i + £ ) r-J = 0 , 8 0 = 0 TT Z Z * • 

w h i c h i s p u r e l y r a d i a l . 

I f t h e s e a r e a p p l i e d t o a n y h a l f p l a n e w h i c h h a s t h e o r i g i n a s a 



'93 

b o u n d a r y p o i n t , t h e b o u n d a r y w i l l b e f r e e f r o m s t r e s s e x c e p t a t t h e o r i g i n 

w h e r e i n t e g r a t i o n r o u n d a s m a l l s e m i c i r c l e o f r a d i u s r ( F i g u r e 1 ) s h o w s 

Iheee i s a c o n c e n t r a t e d f o r c e g i v e n b y 

- f W 2 - ei0#rdQ • l fw2 (F + F e2i0)rde 
CV-TT/2 n Qf-TT/2 r r 

= F . 

F i g u r e 1 

I f t h e o r i g i n o f c o o r d i n a t e s i s t a k e n s o t h a t t h e f o r c e F a c t s a t a 

p o i n t t o n t h e b o u n d a r y o f a h a l f p l a n e , t h e f o r m u l a e o f t r a n s f o r m a t i o n 

g i v e n b y M u s k h e l i s h v i l i ( M . p a g e 1 3 5 ) s h o w t h a t t h e c o m p l e x p o t e n t i a l s b e c o m e 

• V F 1 F 1 
; Y(z) = af = c af jzzf 

• • ' " ^ 1 F t • '' • , 

E ~ 2 T T t - z ~ 2 n T t ^ z P . ( 5 . 3 ) 

§ 3 . F i r s t M e t h o d 

S u p p o s e t h a t a t a p o i n t t o n t h e b o u n d a r y C o f a r e g i o n R t h e r e 

a r e n o r m a l a n d t a n g e n t i a l s t r e s s e s N = N ( t ) a n d T = T ( t ) r e s p e c t i v e l y , 

t h e d i r e c t i o n o f N m a k i n g a n a n g l e a w i t h O x . 



'•ta 
T a k i n g F = ( N + i T ) e d s , 

F = ( N - i T ) e " i a d o , 

... .. , KTT/2-KV) . ,' 
a n d w r i t i n g d t = d o e = 1 d s e , 

o n e i s l e d t o c o n s i d e r t h o c o m p l e x p o t e n t i a l s 

K t \ 1 ' r N + i T 
$(z) aSriL J — dt • c 

\ 1 r N - i T - 2 i Q f 1 p 1 + i T , Y(z) = " 2̂ i J — e " 2ni J TtZzP dt 
c 

1 p N - i T • 1 p N + j T -

= 5JT j ~ d t - S T J Tt̂ zT3 t dt • 
c c 

( F o r s i m p l i c i t y , t h e r e g i o n R w i l l b e a s s u m e d s i m p l y c o n n e c t e d a n d 

c u r v e C w i l l b e s u p p o s e d t o b e s m o o t h ) . 

I f G i s t h e b o u n d a r y o f a h a l f p l a n e , t h e s e p o t e n t i a l s c a n b e 

e x p e c t e d t o s o l v e t h e p r o b l e m c o m p l e t e l y . I n f a c t i f C i s t h e r e a l a x i s , 

f o r m u l a e ( 3 - 4 ) a n d ( 5 . 5 ) a g r e e w i t h f o r m u l a e g i v e n b y M u s k h e l i s h v i l i 

( M . p a g e 3 9 3 ) w h e n a l l o w a n c e i s m a d e f o r t h e r e v e r s e d s e n s e o f d e s c r i p t i o n 

o f t h e c o n t o u r a n d t h e r e v e r s e d d i r e c t i o n o f T . F o r a n a r b i t r a r y c u r v e 

G , t h e p o t e n t i a l s l e a d t o b o u n d a r y s t r e s s e s N ' ( t ) a n d T ' ( t ) w h i c h 

d i f f e r f r o m N ( t ) a n d T ( t ) i n g e n e r a l . T h e s e w i l l n o w b e f o u n d . 

F o r b r e v i t y , w e i t e N ( t ) + i T ( t ) = fl(t), s o t h a t 

c 

L e t t o b e a p o i n t o n s o m e p a r t o f C u p o n w h i c h Q ( t ) s a t i s f i e s 

t h e H o l d e r c o n d i t i o n 

| Q ( t ! ) - a ( t s ) l £ A l ti - t 3 J ^ ( A > 0 , 

f o r a n y t w o p o i n t s ^ , t 2 . T h e n i f z to f r o m i n s i d e . R , i t f o l l o w s 

f r o m t h e P l e m e l j f o r m u l a (1*1. p a g e 2 6 2 ) t h a t 

. sou : at 
c . ^ 

( 5 . 4 ) 

( 5 . 5 ) 

t h e 
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a n d h o n c o t h a t 

(to) + 5 do ) = H(to') > J f J" ( 2 M dt - m . dt} , (5.7) 
c ~ v • 

w h o r o t h o c o n t o u r i n t e g r a l s a r e n o w C a u c h y p r i n c i p a l v a l u e s . F u r t h e r , 

f r o m ( 5 . 6 ) . V ( Z ) = ^ J d t , 

c 
a n d s o Z 4 • ( . ) + Hz) = - ^ J Q ( t ) f ^ d t + ^ J 5 ( t > - g 

1 r-n/4-1 j / t - z , 1 1. n ( t ) - n ( t ) ~ 2 i a 

= a n J " ( t ) d ( t T T > . + J t _ . > d t . 
2 n i J t - z 2 n i J t - z c c 

W r i t i n g t - z = r e 1 " 0 , s o t h a t d ( ~ £ ) = - P i e " 2 ^ dcp , i t i s s e e n t h a t 
•c-z 

t h e f i r s t i n t e g r a l v a r i e s c o n t i n u o u s l y . ; w i t h - z' a n d s o a p p l y i n g t h e P l e m e l j 

f o r m u l a t o t h e s e c o n d i n t e g r a l , 

1*'(to) +Y(to) = ^ r j Q(t) d ( £ | ) 
0 

+ j - [ 6 ( t o ) - " i ( t o ) j e " 2 1 " ° + X J a ' 2 1 " d t 
c . 

= .TCt.Je-^ , J - ^ -
c 

F i n a l l y , f r o m t h e K o l o s o v f o r m u l a , 

N'(to) - i T ' ( t o ) = ' j ( t o ) ,+ l ( t o ) - e 2 i C * ° [ t o § * ( t o ) + Y ( t o ) ] 

c 

• c 

( 5 . 8 ) 

_ e v _ ^ _ 

- r + i d :p , t o g i v e 

N ' ( t o ) - i T ' ( t o ) = N ( t o ) - i T ( t o ) [ 1 + e " 2 1 ^ ^ ] (Ndrp + T ^ ) 

T h i s r e s u l t c a n a l s o b e e x p r e s s e d i n r e a l f o r m b y p u t t i n g t - to - r e 

d t d r 

c 

o r N'(to) = N(to) + | J . ( N d p + c o s 3 (cp - a 0 ) f ( 5 . 9 ) 

c 

T'Cto) = T(to) + f .(Nip- + s i n Q o - c 0 ) c o s ( c o - < * 0 ) . ( 5 . 1 0 ) 

c 

I n d e r i v i n g t h e s e e q u a t i o n s , i t h a s b e e n s u p p o s e d t h a t t & l s n o t a 
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p o i n t a t w h i c h N ( t ) + i T ( t ) i s d i s c o n t i n u o u s f o r t h e n t h e C a u c h y p r i n -

c i p a l v a l u e s w h i c h h a v e b e e n u s e d d o n o t e x i s t . H o w e v e r , i n t h e r e a l 

f o r m s ( 5 . 9 ) , ( 5 . 1 0 ) , c o s (cr> - Q o ) -* 0 w h e n r 0 . I f t h e c u r v e C 

h a s c o n t i n u o u s c u r v a t u r e ( i n a d d i t i o n t o b e i n g s m o o t h ) , c o s (T - a o ) / r 

i s a . c o n t i n u o u s f u n c t i o n o f t ; i n p a r t i c u l a r , 

l i m c o s (x> - Qfa ) 1 

r 0 r 2 p 0 ' 

w h e r e p 0 i s t h e r a d i u s o f c u r v a t u r e a t t h e p o i n t t o . I t f o l l o w s t h a t 

s e c t i o n a l l y 

i f , f o r e x a m p l e , N ( t ) a n d T ( t ) a r e 4 c o n t i n u o u s f u n c t i o n s o f t , t h e n 

t h e i n t e g r a l s i n ( 5 . 9 ) a n d ( 5 . 1 0 ) J 

N » ( t o ) - i J c (Ndrp + c o s 3 (cp - Cf0 ) , 

T " ( t o ) = i J c ( N d p + s i n (rp - a ) c o s (co - o f 0 j , r 

a r e c o n t i n u o u s f u n c t i o n s o f t o ; t h e d i s c o n t i n u i t i e s a r e p r e s e n t o n l y i n 

N ( t o ) a n d T ( t o ) . 

T h e d e t e r m i n a t i o n o f t h e p o t e n t i a l s c o r r e s p o n d i n g t o t r a c t i o n s 

N " ( t ) a n d T " ( t ) i s t h u s a " s m o o t h " p r o b l e m , a n d s i n c e t h e p o t e n t i a l s 

c o r r e s p o n d i n g t o N ' ( t ) a n d T ? ( t ) a r e k n o w n , t h o s e c o r r e s p o n d i n g t o 

N = N ' - N " a n d T = T » - T " c a n b e f o u n d . 

A s a n e x a m p l e , l e t t h e b o u n d a r y y o f a c i r c u l a r d i s c o f u n i t r a d i u s 

b e a c t e d o n b y a n y s e c t i o n a l l y c o n t i n u o u s d i s t r i b u t i o n o f r a d i a l a n d t r a n s -

v e r s e s t r e s s e s h a v i n g z e r o r e s u l t a n t f o r c e a n d z e r o r e s u l t a n t m o m e n t . 

U s i n g ( 5 . 8 ) w i t h 1 = 1 / t , to = 1 / t o , g i v e s 

N ' ( t o ) - i T ' ( t o ) = N ( t b ) - i T ( t o ) ( 1 - d t 

- i k / 

. = N ( t o ) - i T ( t o ) + J ( N + i T ) ~ + t o J ( N - I T ) d t . 

Y ' . y '"."•'• 

N o w J ( N - I T ) d t = ( - i ) J ~ i n s j e - ^ d s 

• Y ' . y • 
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= ( - i ) f ( n x - i n y ) do , 
Y 

a n d t h i a i s z e r o b e c a u s e t h e a p p l i e d s t r e s s e s g i v e z e r o r e s u l t a n t f o r c e . 

A l s o , 4- J ( N + i T ) 4 = ,f ( n x + b i y ) t d s a n d t h e i m a g i n a r y p a r t o f 

V Y 
t h i s i s z e r o s i n c e i t r e p r e s e n t s t h e r e s u l t a n t m o m e n t . 

I l e n c o N ' ( t o ) - i T ' ( t o ) = N ( t o ) - l T ( t o ) + J ( N + i T ) t d t , 

Y 

w h e r e t h e l a s t t e r m i s a r e a l c o n s t a n t . E q u a t i n g r e a l a n d i m a g i n a r y p a r t 6 

a n d d r o p p i n g t h e s u f f i x o g i v e s 

N ( t ) = N ? ( t ) - J ( N + i T ) t d t , 

Y 

T ( t ) = T ' ( t ) . 

T h u s i n t h i s c a s e r e m o v i n g t h e s t r e s s e s c o r r e s p o n d i n g t o t h e p o t e n t i a J l B 

( 5 . 4 ) , ( 5 . 5 ) l e a v e s t h e e l e m e n t a r y p r o b l e m o f f i n d i n g t h e s t r e s s e s w h e n 

t h e c i r c u l a r b o u n d a r y i s s u b j e c t e d t o a u n i f o r m n o r m a l p r e s s u r e 

P . = $ ( N + i T ) t d t . 

Y V . .. • 

T h i s p r o b l e m i s s o l v e d b y t h e p o t e n t i a l s 

- • H z ) = - JP. , H z ) = O , 

a n d s o t h e g i v e n p r o b l e m i s s o l v e d b y 

Hz) - - L r ml at - r MSLrt- dt 
' '"• Y /'v.. '. y 

T h i s s o l u t i o n c a n a l s o b e o b t a i n e d b y a l i m i t i n g p r o c e s s f r o m t h e s o l u t i o n 

f o r a c i r c u l a r d i s c u n d e r c o n c e n t r a t e d f o r c e s w h i c h i s g i v e n b y 

M u s k h e l i s h v i l i ( M . p a g e 3 5 2 ) . 

F o r t h e p r o b l e m c i t e d a t t h e b e g i n n i n g o f t h i s c h a p t e r , T ( t ) = 0 

s o t h a t -
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, ; ( z ) a J j J H ( t ) - i l ) d t , 

Y 

, ( a ) = . jl- j N ( t ) i - ^ + } a t , 

i l l " ' " tab? -Is3 dt • 
J_ 1 
2 n i 

Y 

T a l c i n g N ( t ) = p o v e r t h e a r c s - o> < a r g t < of , RR - of < a r g t < IT + 

a n d N ( t ) = 0 e l s e w h e r e g i v e s 

v ( z ) —EL- I r J L . J L. + J L } ' • 
N ' 2rri * z v a - z a - z a + z a + z ' 

ior. 
w h i c h r e d u c e t o t h e r e s u l t s s t a t e d e a r l i e r . ( a = e ) 

§ 4 . S e c o n d M e t h o d 

A l t h o u g h t h e e v a l u a t i o n o f t h e i n t e g r a l s i n ( 5 . 9 ) a n d ( 5 . 1 0 ) a n d t h e 

s u b s e q u e n t c a l c u l a t i o n o f t h e s t r e s s e s f r o m t h e c o m p l e x p o t e n t i a l s ( 5 . 4 ) 

a n d ( 5 . 5 ) d o e s n o t p r e s e n t a n i n s u r m o u n t a b l e n u m e r i c a l d i f f i c u l t y , i t 

n e v e r t h e l e s s s e e m s d e s i r a b l e t o d e s c r i b e a n a l t e r n a t i v e m e t h o d w h i c h d o e s 

n o t i n v o l v e t h e e v a l u a t i o n o f i n t e g r a l s . 

I n t h i s m e t h o d , a t a n g e n t i s d r a w n t o t h e b o u n d a r y c u r v e a t e a c h 

p o i n t w h e r e t h e r e i s a d i s c o n t i n u i t y i n t h e a p p l i e d n o r m a l t r a c t i o n o r t h e 

a p p l i e d t a n g e n t i a l t r a c t i o n . C o m p l e x p o t e n t i a l s a r e t h e n t a k e n f o r t h e 

p r o b l e m o f a h a l f p l a n e ( w i t h i t s b o u n d a r y a l o n g t h e t a n g e n t ) u n d e r a s e t o f 

b o u n d a r y t r a c t i o n s w h i c h p o s s e s s t h e s a m e t y p e o f d i s c o n t i n u i t y a s t h e g i v e n 

t r a c t i o n s . T h e s t r e s s e s t o b e " s u b t r a c t e d o u t " a r e c a l c u l a t e d f r o m t h e s e 

p o t e n t i a l s . 

T o o b t a i n t h e a p p r o p r i a t e c o m p l e x p o t e n t i a l s , c o n s i d e r a h a l f p l a n e 

w h o s e b o u n d a r y h a s a n o u t w a r d n o r m a l m a k i n g a n a n g l e & : w i t h : O x . L e t t h e 

b o u n d a r y b e f r e e f r o m s t r e s s e x c e p t f o r t h e s e g m e n t AIA2 /:•> b e t w e e n t h e 

p o i n t s z = ai a n d z = a s ( F i g u r e 2 ) . 
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N o r m a l 

F i g u r e 2 

I n t h e f i r s t i n s t a n c e , l e t t h e s e g m e n t . A 4 A a b e s u b j e c t t o a u n i f o r m 

n o r m a l s t r e s s M = N , T h e n f r o m ( 5 . 2 ) a n d ( 5 . 3 ) r t h e c o m p l e x p o t e n t i a l s 

a t a n y p o i n t z a r e g i v e n b y 

(z) = 

Hz) = 

N p Q a d t ; 

2 n i J a i t - z 

[ l o g ( a 2 - z ) - l o g U i - z ) 3 , 

N p f e , d t t d t 

2 n i J fa t - z ~ T t ^ z P 

Bi-Z J. # [-is-
2 n i a 3 - z 

A s Al i s m o v e d f u r t h e r a w a y f r o m A 2 , b o t h Si - z a n d ai i n -

c r e a s i n g l y a p p r o x i m a t e t o l a j . D r o p p i n g t h e i m a g i n a r y 

c o n s t a n t l o g l a i I f r o m § ( z ) , p r o c e e d i n g t o t h e l i m i t a n d w r i t i n g 

a s = a s h o w s t h a t t h e p o t e n t i a l s 

Hz) = N 

2rri 
C l o g ( a - z ) - i(a-TT / 2)3 

Mtf \ N r "k -2i<?-, 

Hz) [ — + e. ] , 

(5.11) 
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g i v e u n i f o r m n o r m a l s t r e s s N o v e r h a l f t h e b o u n d a r y a a s h o w n i n F i g u r e 

3 , c a s e ( i ) . 

S i m i l a r l y , m o v i n g I\q t o i n f i n i t y a n d w r i t i n g ai = a , o n e f i n d s 

t h a t t h e p o t e n t i a l s 

' H z ) = t-t- ! > l o g ( a - z ) '+i'(<*-m/2)] , 

2TTI a ~ z ' 

( 5 . 1 2 ) 

g i v e u n i f o r m n o r m a l s t r e s s N o v e r t h e o t h e r h a l f o f t h e b o u n d a r y a s s h o w n , 

i n F i g u r e 3 , c a s e ( i i ) . 

C a s e ( i ) C a s e ( i i ) 

F i g u r e 3 

A s a n e x a m p l e , c o n s i d e r a g a i n t h e p r o b l e m o f a c i r c u l a r d i s c w i t h 

u n i f o r m n o r m a l l o a d i n g p o v e r t h e a r c s - or < 0 < a a n d 

TT - ot < 9 < rr + & , t h e r e m a i n d e r o f t h e b o u n d a r y b e i n g f r e e f r o m s t r e s s . 

A d d i n g t o g e t h e r s o l u t i o n s c o r r e s p o n d i n g t o c a s e ( i ) f o r t h e d i s -

c o n t i n u i t i e s a t 9 = 01 , Q = TT + A a n d s o l u t i o n s c o r r e s p o n d i n g t o c a s e 

( i i ) f o r t h e d i s c o n t i n u i t i e s a t 0 = - A , TT - & g i v e s , 
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$(z) = Clog(a-z) + -

- log(a-z) + i(| - d) 

+ log (-a-z) + -TT-̂ ) 

- log(-a-z) +.1(2. +n-»)3 
p — ( a - z ) ( a + z ) , ,„ x / c 

= l 0 S ( a - z ) ( a + z ) + 3 ' ( 5 " 1 5 ) 

a n d ? < 8 ) - A - O - + e - 2 i « . a _ e 2 i a 
2 n ± a - z a - z 

- a - 2 i ( n + ^ ) a - 2 i ( r r ^ ) n 

T ^ T + e T-a^zT " ® 3 

p r 1 1 -1 p r 2i<* - 2 i < * 1 
= t r L - — J - f r [ e - e 3 . ( 5 . 1 4 ) 

n i a 2 - z a a 2 - z 2 1 1 1 

C o m p a r i n g t h e s e p o t e n t i a l s w i t h t h o s e o f t h e a n a l y t i c a l s o l u t i o n 

( 5 . 1 ) i t i s s e e n t h e y d i f f e r o n l y b y t h e ( r e a l ) c o n s t a n t t e r m s 

Hz) = -P(i v TT . • 

: H z ) = s i n 2 a . TT 

. T h u s i n t h i s c a s e , " s u b t r a c t i n g o u t " t h e s t r e s s e s c o r r e s p o n d i n g t o 

( 5 . 1 1 ) a n d ( 5 . 1 2 ) l e a v e s b o u n d a r y s t r e s s e s f o r w h i c h t h e a p p l i c a t i o n o f 

t h e m e t h o d o f C h a p t e r 2 w o u l d b e t r i v i a l . 

T u r n i n g n o w t o t h e p r o b l e m o f d i s c o n t i n u i t i e s i n t h e t a n g e n t i a l 

s t r e s s , l e t t h e s e g m e n t AiAq o f F i g u r e 2 b e s u b j e c t t o ; a u n i f o r m . 

t a n g e n t i a l s t r e s s n s = T . I n t h i s c a s e t h e c o m p l e x p o t e n t i a l s b e c o m e 

2nr JQJ t — Z 

= Ifr Clog (as -z) - log (ai -z) 3 , 

mt(„\ T p a d t T t d t n z ; = - a7 Jai ^ - 2^ Jai Tt^P 

T - 2 i a . p a 2 d t T a g t 

17 Jai HJ-Z 2TT t-z 

= ̂  Clog (as-z) - log (a!-z) 3 
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I t i c n o t p o s s i b l e i n t h i s c a s e t o m a k e ( s a y ) l a a l — 0 5 b e c a u s e o f 

t h e p r e s e n c e o f a n i n f i n i t e r e a l c o n s t a n t . 

H o w e v e r , c o n s i d e r t h e c o m p l e x p o t e n t i a l s 

•3(z) = ~ r [ G - l o g ( a - z ) ] , 

Y ( z ) = e " " 2 1 0 ' [ C - l o g ( a - z ) + [ - e " 2 t o - - 2 - ] , 

TT &TT a - Z 

w h e r e C i s a ( c o m p l e x ) c o n s t a n t a n d a h a s b e e n w r i t t e n i n p l a c e o f aŷ  

I f z i s a b o u n d a r y p o i n t o f t h e h a l f p l a n e u s e d b e f o r e , s o t h a t 
i(a+H. ) 

a - z = p e — 2 , t h e n 

- , « / \ - T a - z T ~ 2 i a 
z 0 1 ( z ) + Y ( z ) s - - - - — . - — e dTT a — Z dn 

+ I e - 2 i 0 f [ c - l o g ( a - z ) ] 
TT 

= 1 e " 2 1 * [ c - l o g p - i ( * + £ ) 3 . 

S i n c e a l s o 

$ ( z ) = — [ C - l o g p - i ( o f + £ ) 3 , 

i t f o l l o w s f r o m t h e K o l o s o v f o r m u l a t h a t t h e b o u n d a r y t r a c t i o n s a r e g i v e n 

by 
n n - i n s = $ ( z ) +!Tz) - e 2 i Q ? Cz § ' ( z ) + Y ( z ) 3 

. = — C c - C .+. i ( 2 or. + T T ) 3 . 

T a k i n g C - C = - 2 i » + irr , t h e r e i s a u n i f o r m t a n g e n t i a l s t r e s s 

n s = - T a c t i n g o v e r h a l f o f t h e b o u n d a r y a s s h o w n i n F i g u r e 4 c a s e ( i ) . 

A l t e r n a t i v e l y , t a k i n g C - C. = - 2 i a - i n , t h e r e i s a u n i f o r m 

t a n g e n t i a l s t r e s s n s = T a c t i n g o v e r h a l f o f t h e b o u n d a r y a s s h o w n i n 

F i g u r e 4 , c a s e ( i i ) . 
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0 

C a s e ( i ) 

F i g u r e 4 

C a s e ( i i ) 

§ 5 . D i s c o n t i n u o u s b o u n d a r y d i s p l a c e m e n t s 

I t d o e s n o t s e e m p o s s i b l e t o c o n s t r u c t a s o l u t i o n w h i c h i s t h e 

c o u n t e r p a r t o f M i c h e l l ' s f o r t h e p r o b l e m o f d i s c o n t i n u o u s b o u n d a r y d i s -

p l a c e m e n t s . N e v e r t h e l e s s , c o m p l e x p o t e n t i a l s c o m p l e t e l y a n a l o g o u s t o 

( 5 . 4 ) a n d ( 5 . 5 ) h a v e b e e n g i v e n b y S h e r m a n a n d u s e d b y h i m t o c o n s t r u c t 

F r e d h o l m i n t e g r a l e q u a t i o n s . ( s e e M . p a g e 4 2 0 ) 

L e t u = u ( t ) , v = v ( t ) b e t h e c o m p o n e n t d i s p l a c e m e n t s a t a n y 

p o i n t t o f t h e c u r v e C a n d l e t w ( t ) 2 u ( u + i v ) . F o l l o v / i n g S h e r m a n , 

c o n s i d e r t h e p o t e n t i a l s 

c p ( z ) = 
1 p w ( t ) 

2 n L t J t - z 
d t , ( 5 . 1 5 ) 

w ( t ) d t . / v 1 p w ( t ) d t 1 p 

C C . ' 

1 p tw(t)dt 
~ 2n±>i J (t-z)3 i ( 5 . 1 6 ) 

W h e n C i s t h e r e a l a x i s , t h e s e p o t e n t i a l s m a y b e s h o w n t o s o l v e t h e 

p r o b l e m f o r t h e u p p e r h a l f p l a n e ( M . p 4 1 9 ) . F o r a n a r b i t r a r y c u r v e 

C , t h e p o t e n t i a l s l e a d t o d i s p l a c e m e n t s G ' ( t ) , v ' ( t ) i n g e n e r a l 

d i f f e r e n t f r o m u ( t ) , v ( t ) . M a k i n g z t e n d t o s o m e p o i n t t o o f C 

a s b e f o r e a n d a s s u m i n g w ( t ) s a t i s f i e s t h e H o l d e r c o n d i t i o n , g i v e s 

=iw(to) ^ j\gg dt . 
c 
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AlSO, Z „.(,) + )(Z) = ̂ J ^ M p W(t) dt - g k J f M " 
c c 

+ — r vCt) crt 
2 n i ; t t - z 1 

c 

1 p - w ( t ) d t . 1 p / . v 
c c 

f r o m w h i c h "to c p ! ( t o ) + 1 > ( t o ) = - £ w ( t 0 ) - J d t 
c 

C 

H e n c e [ u ' ( t d ) + i v ' ( t o ) ] = n > ( t o ) - to t p T b T - J , ( t o ) 

C . 

+ J" »(t) ̂  • 
c 

or u'(to) + iv'(to) = u(to) + iv(to) + J j J (u+iv) d log 
c 

+ i k J" ( u - i v ) • . ( 5 - 1 7 ) 

c . . . . . 

A s b e f o r e , r e a l f o r m s a r e o b t a i n e d b y w r i t i n g t - to = r e k ° . T h i s g i v e s 

u'(to) + iv1 (to) = u(to) + iv(to) J (u+iv) dq> + £ . J (u-iv)e2irp drp 
••••'.. c c 

a n d s o u 1 (to) = u ( t o ) + i J ( u ( t ) ( n + c o s 2 cp) + v ( t ) s i n 2 c p } d c p , ( 5 . 1 8 ) 

v 1 ( t 0 ) = v ( t o ) + ~ J ( u ( t ) s i n 2 C P - v ( t ) (n - c o s 2 c p ) ) d p . ( 5 . 1 9 ) 

C l e a r l y n e i t h e r o f t h e s e i n t e g r a l s i s s i n g u l a r ; i f u ( t ) a n d v ( t ) a r e 

s e c t i o n a l l y c o n t i n u o u s e a c h o f t h e . i n t e g r a l s i s a c o n t i n u o u s f u n c t i o n o f to 

T h u s , a s w i t h e q u a t i o n s ( 5 . 8 ) a n d ( 5 . 9 ) , t h e s o l u t i o n o f a d i s c o n t i n u o u s 

p r o b l e m c a n b e r e d u c e d t o t h e s o l u t i o n o f o n e i n w h i c h t h e b o u n d a r y d i s -

p l a c e m e n t s a r e c o n t i n u o u s . 

A s a n e x a m p l e , l e t t h e b o u n d a r y y o f a u n i t c i r c u l a r h o l e i n a n 

i n f i n i t e p l a t e b e g i v e n a n y s e t o f p u r e l y r a d i a l d i s p l a c e m e n t s v r ( t ) , s o 

t h a t 

u ( t ) + i v ( t ) = % ( t ) e 1 9 = t v ' » 
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a r i d s u p p o s e t h a t v r ( t ) i s s e c t i o n a l l y c o n t i n u o u s . 

S i n c e 1 = i / t , t 0 = 1 / t o o n e h a s 

(t-toVCt-To) = - tto. , 

a n d b e c a u s e t h e r e g i o n i s e x t e r i o r t o y , t h e c o n t o u r C b e c o m e s t h e 

c i r c l e y t r a v e r s e d c l o c k w i s e . H e n c e , f r o m ( 5 . 1 7 ) , 

u ' ( to) + iv' ( t o) = v r (tb) to. - p G T J v r (t), dt + Jg . J v r (t) d t 

2rri J •"r,-Vv/j ' 2nijt J. " r v t 
Y Y 

T h e s e c o n d t e r m i s a c o m p l e x c o n s t a n t w h i c h r e p r e s e n t s a r i g i d b o d y 

d i s p l a c e m e n t a n d w i l l b e a s s u m e d t o b e z e r o . W r i t i n g 

u ' ( to) + iv '(to) = H•••(to)'.',+• iveV(to>3 t b 

t h e n g i v e s vP«(to) + i v Q ' (to) = v r (to) + J v r (t) — % 

1 (» / N d t 1 p2rr 
a n d s i n c e g j j j J v r v w — = ^nJT J v P d 9 i s r e a l , i t f o l l o w s t h a t 

- Y 7 • • ° •, -
v p ' ( t o ) = v P ( t o ) + - j L f v r . ( t ) , 

. . . ; v e ' ( to) = 0 . 

I t i s t h e r e f o r e m e r e l y n e c e s s a r y t o s o l v e t h e e l e m e n t a r y p r o b l e m i n 

w h i c h t h e b o u n d a r y o f t h e h o l e h a s a u n i f o r m r a d i a l d i s p l a c e m e n t 

•1 r dt 
^ = e = a d n J v ' ( t ) r • 

Y 

a n d f o r t h i s p r o b l e m t h e c o m p l e x p o t e n t i a l s a r e 

. c p ( z ) = 0 , T|r(z) = - 2 ( x e / z ' . ' 

S u b t r a c t i n g t h e s e f r o m t h e p o t e n t i a l s g i v e n b y ( 5 . 1 5 ) , ( 5 . 1 6 ) g i v e s 

t h e s o l u t i o n o f t h e o r i g i n a l p r o b l e m i n t h e f o r m 

1 p 2(i)VR dt 1 p 2(.IVR dt 1 p 2uvP dt 
v ( z ) = 2rf i J t f t ^ T + S d J t J T t ^ T T J T t - z F 

,; v ± ' a r 2 ^ d t • ' 
2nijt z J t - -
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1 n 2|J,Vr d t 1 r 2 u v r t d b 

~ 2 n i 3 t ( t - z ) + 2 n i H z J ( t - z ) " • 

T h o s e a g r e e w i t h f o r m u l a e ( 3 . 9 ) , ( 3 . 1 1 ) . 

§ 6 . C h a n g e i n d i r e c t i o n o f t h e b o u n d a r y 

W h e n t h e r e i s a s u d d e n c h a n g e i n t h e d i r e c t i o n o f t h e b o u n d a r y a t s o m e 

p o i n t , W i l l i a m s ( 1 9 5 2 ) h a s s h o w n t h a t i t i s p o s s i b l e f o r t h e s t r e s s e s t o 

t e n d t o i n f i n i t y a t t h a t p o i n t e v e n i f t h e b o u n d a r y s t r e s s e s o r d i s p l a c e m e n t s 

a r e f i n i t e a n d c o n t i n u o u s . 

W i l l i a m s c o n s i d e r s a s e c t o r o f a n g l e a w i t h z e r o s t r e s s e s o r z e r o 

d i s p l a c e m e n t s a l o n g t h e r a d i a l e d g e s 9 = 0 a n d 0 = a . S o l u t i o n s o f t h e 

e q u a t i o n s o f e l a s t i c i t y i n p o l a r c o - o r d i n a t e s a r e t h e n c o n s t r u c t e d u s i n g 

t h e A i r y s t r e s s f u n c t i o n U a n d t h e a u x i l i a r y h a r m o n i c f u n c t i o n ty o f 

C h a p t e r 1 . T h e s t r e s s e s a r e p r o p o r t i o n a l t o r ^ 1 a n d t h e e d g e c o n d i t i o n s 

l e a d t o t r a n s c e n d e n t a l e q u a t i o n s f o r X . 

T h e r e q u i r e d s t r e s s e s a n d d i s p l a c e m e n t s a r e r e a d i l y o b t a i n e d f r o m a 

s i m p l e c h o i c e o f c o m p l e x p o t e n t i a l s : 

T a k e cp ( z ) = a z V , ^ ( z ) = b z * , 

w h e r e a = + i a a , b = fa + i f a a n d f o r t h e p r e s e n t , X i s r e a l 

T h e n 0 0 + r r = 4 R e < £ ( z ) = 4 R e a X r e 
X - i i(X-i ) 0 

(5.20) 

(5.21) 

T a k i n g t h e r e a l p a r t o f ( 5 . 2 1 ) g i v e s 

a n d s o a d d i n g o r s u b t r a c t i n g ( 5 . 2 0 ) 
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r r = X r X ~ l C - ( \ - 3 ) ^ c o o C X - ^ O + ( X - 3 ) a 3 s i n U - 1 ) G 

- b l c o o ( X + l ) 0 + b 3 3 i n ( X + l ) e ] , 

0 0 = X r ^ " 1 C ( X + 1 ) a l c o s ( X - l ) 0 - ( X + 1 ) a 3 s i n ( X - l ) e 

+ b 1 c o 3 ( X + l ) 0 - b 3 s i n ( X + l ) 0 3 

I n a d d i t i o n , t h e i m a g i n a r y p a r t o f ( 5 . 2 1 ) g i v e s 

r G = X r X ~ l [ ( X - 1 ) a ^ s i n C X - l ) © + ( X - 1 ) a s C o s ( X - l ) e 

+ b 1 s i n ( X + l ) 0 + b 3 c o s ( X + l ) 0 ] . 

F o r t h e d i s p l a c e m e n t s , t h e f o r m u l a 

' ' ' 

2 | j . ( v r + i v Q ) = e [ k r n ( z ) - z c p ' ( z ) - *lr(z)3 

0 / . x x r i(x-i )e _ -i(x-i)e k - K x n je-, 
g i v e s 2|i(v P + i v Q ) = r D t a e - a X e - b e J 

a n d s o 2p,vr = r X [ ( h -X ) a i C o s ( X - 1 > 0 - (n-X) a 2 s i n ( X - l ) 0 - b 1 c o s ( X + l ) 0 

+ b 3 s i n ( X + l ) 0 ] , 

2 i xV q = r X [ ( h + X ) a l s i n ( X - l ) 9 + G t + X ) a 3 c o s ( X - l ) 0 +. b 1 s i n ( X + l ) e 

+ b 3 c o s ( X + l ) 0 ] . 

A l t h o u g h i t h a s b e e n a s s u m e d t h a t X i s r e a l , t h e s e s t r e s s e s a n d 

d i s p l a c e m e n t s w i l l s a t i s f y t h e e q u a t i o n s o f e l a s t i c i t y f o r a l l v a l u e s o f 

X . I f X i s c o m p l e x , t h e s t r e s s e s a n d d i s p l a c e m e n t s a r e c o m p l e x b u t 

t h e i r r e a l a n d i m a g i n a r y p a r t s s e p a r a t e l y s a t i s f y t h e e q u a t i o n s a n d s o 

e i t h e r m a y b e t a k e n t h r o u g h o u t . 

S i n c e t h e d i s p l a c e m e n t c o m p o n e n t s m u s t b e f i n i t e a t t h e o r i g i n , i t 

i s a l w a y s n e c e s s a r y t o h a v e R e ( X ) ^ 0 . B u t t h e n , i f 0 < R e ( X ) < .1 , 

e a c h o f t h e t h r e e s t r e s s c o m p o n e n t s b e c o m e s i n f i n i t e a t t h e o r i g i n . T h e 

p o s s i b i l i t y o f s o l u t i o n s w i t h X i n t h i s r a n g e w i l l n o w b e c o n s i d e r e d f o r 

s p e c i a l e d g e c o n d i t i o n s . T h e f i r s t t h r e e o f t h e s e w e r e d i s c u s s e d b y 

W i l l i a m s . • 
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§ 7 . " F r e e - f r e e 1 1 e d g e s 

I f b o t h r a d i a l e d g e s a r e p r e s c r i b e d t o b e f r e e ( o f s t r e s s ) , 

0 9 = 0 a n d r 0 = 0 w h e n 9 = 0 , 

9 9 = 0 a n d r O = 0 w h e n 9 = <? # 

T h e s e c o n d i t i o n s g i v e 

(X+1) ai + fa = 0 , (X-1) aa + b 3 = 0 , 

( X + 1 ) c o s ( X - 1 ) G - ( X + 1 ) a 3 s i n ( X - 1 ) G + facos(X+l)G - b 3 s i n ( X + l ) G = 0 , 

( X - 1 ) a l e i n ( X - 1 ) t ? + ( X - 1 ) a a C o s ( X - l ) o ? . + fa s i n ( X + 1 + b 2 c o s ( X + 1 ) G = 0 . 

F o r t h e s e t o b e c o n s i s t e n t , e l i m i n a t i n g fa, b 3 g i v e s 

(X+1) a 4 [COS(X-1)G - cos(X+1 ) G ] - as[(X+l) sin(X-l)<* - (X-1)' sin(X+l)G3 = 0 

a ! C ( X - 1 ) s i n ( X - 1 ) G - ( X + 1 ) s i n ( X + l ) < ? 3 + ( X - 1 ) a 3 [ c o s ( X - l ) G - COS(X+1)GJ = 0 

o r a ! ( X + 1 ) s i n X:<? s i n a + a 3 [ X s i n G c o s X G - s i n X G c o s a ] = 0 , 

ai [ X s i n a c o s X G + s i n X G c o s a ] - a s ( X - 1 ) s i n X G s i n G = 0 , 

a n d e l i m i n a t i n g a 4 , a a g i v e s 

( X 3 - 1 ) s i n 3 X . G s i n 2 G + \ 3 s i n 2 a c o s 2 X a - s i n 2 X G c o s 2 a = 0 

o r s i n 2 X G = \ 3 s i n 2 G . ( 5 . 2 2 ) 

T h i s e q u a t i o n h a s n o r o o t X s u c h t h a t 0 < R e ( X ) < 1 u n l e s s 

G > 1 8 C P # -

§ 8 . " C l a m p e d - c l a m p e d " e d g e s 

I f b o t h r a d i a l e d g e s a r e f i x e d , t h e n 

v r = 0 a n d v Q = 0 w h e n 0 = 0 , 

v r = 0 a n d v Q = 0 w h e n 9 = g . 

T h e s e c o n d i t i o n s g i v e 

(H-X) ax - fa = 0 , (>t+X) as + b2 = 0 , 
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( K - X ) A ^ O O U - L ) ^ - O T - X ) A 3 S I N ( X - L ) A - TY C O S ( \ + 1 ) < * + b a s i n ( X + L ) a = 0 , 

( K + X ) a i s i n ( X - l ) Q F + G t + X ) a 3 C o s ( X - l ) a + FYSINCX+'Oa + b 2 c o s ( X + 1 ) a = 0 . 

A G b e f o r e , e l i m i n a t i n g ty , b a g i v e s 

G i - X ) C c o s ( X - i ) c - C O G ( X + 1 ) g Q - a 2 C G t - X ) sin(X-.l)of + ( H + X ) s i n ( X + 1 ) 0 = 0 , 

A! [ G t + X ) G i n ( X - l ) a ' + ( K - X ) s i n ( X + l ) » ] + ( K + X ) AA [ C O S ( X - 1 ) < * - c o s ( X + 1 ) A J = 0 , 

o r ai ( u - X ) s i n X a s i n or'.- a s G t s i n X'of c o s ^ + X s i n or c o s X < 0 = 0 , 

ai (K s i n X a c o s - \ c o s X s i n < 0 + & 3 G t + X ) G i n X a s i n a = 0 , 

a n d e l i m i n a t i n g a ! , a 2 t h i s t i m e g i v e s 

n a s i n 3 X a = X 2 s i n 3 a . ( 5 . 2 3 ) 

F o r t h e r a n g e o f p o s s i b l e v a l u e s o f t h e m o d i f i e d P o i s s o n ' s r a t i o 

( 0 <: 7| s 1 / 3 ) , H > 1 a n d e q u a t i o n ( 5 . 2 3 ) h a s n o r o o t w i t h 0 < E e ( X ) < 1 

u n l e s s > 1 8 C P . 

§ 9 . " C l a m p e d - f r e e " e d g e s 

I f t h e r a d i a l e d g e 9 = 0 i s f r e e a n d t h e e d g e 9 = cv i s c l a m p e d , 

..then \ 

9 9 = 0 a n d r 9 = 0 w h e n 8 = 0 , 

v r = 0 a n d v f t = 0 w h e n 0 = « . .. 

T h e s e c o n d i t i o n s g i v e 

( X + 1 ) ai + by = 0 , ( X - 1 ) a 2 + b 2 = 0 , 

( K - X ) 

a r c o s ( X - 1 - ( h - X ) a g s i n ( X - L ) a ' ~ bj c o s ( X + 1 ) t f + b a s i n ( X + 1 ) ^ = 0 , 

( K + X ) ax s i n ( X - L ) A ' + ( K + X ) a 2 c d s ( X - L ) A + fy s i n ( X + L ) » + B S C O S ( X + 1 ) » = 0 . 

E l i m i n a t i n g ^ , b 2 i n t h i s c a s e g i v e s 

a L C G t - X ) c o s ( X - j K + ( X + 1 ) c o s ( X + 1 )'<*]. - a 2 [ ( K - X ) s i n ( X - ' l ) A + ( X - 1 ) s i n ( X + 1 ) A ] = 0 

a i C G i + X ) sin(X-1)C«F - ( X + 1 ) s i n ( X + L ) < 0 + a 2 [ ( n + X ) c o s ( X - 1 )A - ( X - 1 ) c o s ( X + 1 ) a ] = 0 

AT [ (K + 1 ) c o s X A' c o s A' + G t - 1 - 2 X ) s i n \ A s i n ^ j - • • ' 
• .. ( c o n t i n u e d ) . 
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- a 3 [ ( k - 1 ) s i n X ot c o s ot - ( H + ' i - 2 X ) s i n ot c o s X of j = 0 , 

ai C G t - 1 ) s i n X « c o s a - ( ; t + 1 + 2 X ) s i n ot c o s X or ] 

+ a ; 3 [ ( u + l ) c o s X ot c o s ot + + 2 X ) s i n X ot s i n Qf] = 0 . 

F i n a l l y , e l i m i n a t i n g , a 3 a n d s i m p l i f y i n g g i v e s 

G i + 1 ) 3 c o s 3 X of + G i - 1 ) 3 s i n 2 X or' - 4 X 2 s i n 3 a = 0 

o r H s i n 2 X a = i ( K + l ) a - X 3 s i n 3 or . ( 5 . 2 4 ) 

4 

T a k i n g 7) = 0 * 3 , W i l l i a m s f i n d s t h a t t h i s e q u a t i o n h a s a r o o t X 

w i t h 0 < R e ( X ) < 1 w h e n e v e r ot > 69 . 

F o r of = 1 8 C P , t h e e q u a t i o n b e c o m e s 

s i n 3 X TT = (H+1) 3/4H 

o r c o s 2 X TT = -(N + 1 / K ) . 

S i n c e n > 1 , t h e r i g h t h a n d s i d e i s l e s s t h a n - 1 ; h e n c e . 

2X TT = (2n+i)n + 10 

w h e r e n = O j + 1 , 2 , . . . a n d c o s h 0 = J ( H + 1 / H ) .'.:•• T h u s f o r a l l v a l u e s 

o f Tj , t h e e q u a t i o n ( 5 . 2 4 ) h a s a r q o t X w i t h R e ( X ) = - J f 

T h i s r e s u l t e x p l a i n s t h e l a c k o f s u c c e s s w i t h t h e i n c l u s i o n p r o b l e m 

o f C h a p t e r 4 w h e n t h e i n c l u d e d d i s c i s r o u g h . F o r i f A i s o n e o f t h e 

f o u r p o i n t s o f t h e p l a t e a t t h e e n d o f a n a r c o f c o n t a c t w i t h t h e d i s c , 

t h e e d g e c o n d i t i o n s o f t h i s s p e c i a l c a s e a r e s a t i s f i e d a t l e a s t a l o n g 

i n f i n i t e s i m a l p a r t s o f t h e t a n g e n t l i n e a t A . T h u s t h e s t r e s s e s n e a r 

A t e n d t o i n f i n i t y , v a r y i n g a s r 2 w h e r e r i s m e a s u r e d f r o m A . 

T h e r a d i a l s t r e s s a l o n g t h e a r c o f c o n t a c t , i n p a r t i c u l a r , t e n d s t o i n f i n i t y 

a t A . • : • 

T o e x a m i n e t h e c o r r e s p o n d i n g s i t u a t i o n w h e n t h e i n c l u d e d d i s c i s 

s m o o t h , i t i s c o n v e n i e n t t o c o n s i d e r f i r s t t h e m o r e g e n e r a l c a s e : 
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§ 1 0 . O n e e d g e f r e e , o n e e d g e i n c o n t a c t w i t h a s m o o t h r i g i d e d g e 

I f 0 = ^ i s t a k e n t o b e t h e f r e e e d g e , o n e h a s 

r G = 0 a n d v Q = 0 w h e n 0 = 0 , 

r 0 = 0 a n d 6 0 = 0 w h e n 9 = a . 

T h e f i r s t t w o c o n d i t i o n s g i v e 

(X-1) aa + ba = 0 , Gi+X) aa + b2 = 0 

a n d h e n c e a a = b a = 0 . ( 5 . 2 5 ) 

T h e r e m a i n i n g t w o c o n d i t i o n s t h e n g i v e 

a x ( X - 1 ) s i n ( X - l ) ^ + bj sin(X+l)c^ = 0 , 

(5.26) 

ai ( X + 1 ) c o s ( \ - l ) < * + fa C O S ( X + 1 ) « = 0 , 

a n d o n e l i m i n a t i n g t h e r a t i o a x :b t , 

( X - 1 ) s i n ( X - 1 ) a c o s ( X + 1 ) « = ( X + 1 ) c o s ( X - 1 s i n ( X + l ) < * 

i . e . ( X - 1 ) [ s i n 2 X a - s i n 29] = ( X + 1 ) [ s i n . 2\<x + s i n 29] 

o r s i n 2 X a = - X s i n 29 0 ( 5 . 2 ? ) 

W h e n a = 1 8 C P , t h i s e q u a t i o n i s s a t i s f i e d b y 

\ = 0 , + 1 , + 2 , . . . a n d X = + £ , + | , . . . . 

T h e i n t e g e r v a l u e s a r e o f n o i n t e r e s t s i n c e t h e y l e a d t o s t r e s s e s w h i c h 

a r e a n a l y t i c a t t h e o r i g i n . F o r t h e h a l f i n t e g e r v a l u e s , t h e s e c o n d 

o f e q u a t i o n s (5.26) i s s a t i s f i e d i d e n t i c a l l y s i n c e c o s XTT = 0 w h i l e 

t h e f i r s t r e q u i r e s 

a ! ( X - 1 ) + fa = 0 ( 5 . 2 8 ) 

s i n c e s i n X TT / 0 . 

T h e t h r e e s t r e s s c o m p o n e n t s t h e n b e c o m e 

r 0 = X ( X - l ) r X ~ 1 [ s i n ( X - 1 ) 9 - sin(X+l)0] , 

' ee = ei X r X ~ 1 [(X + 1 ) c o s ( X — 1 ) 0 - ( X - 1 ) c o s ( X + l ) 9 ] , 
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r r = a f XR*"'1 [ - ( X - 3 ) c o s ( X - 1 ) 9 + ( X - L ) C O S ( X + 1 ) 9 ] . 

T o k e e p t h o d i s p l a c e m e n t s f i n i t e a t t h e o r i g i n , X h a s t o b e p o s i t i v e . 

B u t v / h e n X = 4 » 

r 9 = i a x ( s i n 0 / 2 + s i n 3 9 / 2 ) , 

4 
s o t h a t a l t h o u g h r 9 = 0 f o r 9 = 0 a n d 9 = TT w h e n r / 0 , i t i s 

n e v e r t h e l e s s i n d e t e r m i n a t e v / h e n r = 0 .. H o v / e v e r w h e n r 0 a l o n g a n y 

l i n e 8 = c o n s t a n t ( / 0 o r TT) , r 9 0 0 . T h i s s o l u t i o n t h e r e f o r e i s 

i n a d m i s s i b l e a s a m o d e l f o r t h e p r o b l e m o f t h e s m o o t h i n c l u s i o n s i n e e 
* 

r 0 = 0 e v e r y w h e r e a l o n g t h e b o u n d a r y o f t h e h o l e . 

T h i s l e a v e s X = 3 / 2 , f o r W h i c h 

r e = 2 a x ( s i n 9 / 2 - s i n 3 9 / 2 ) , 
' '4 

w • ± . ; 
09 = 2 (5 COS 9/2 - cos 59/2) , 4 
r r = - a 4 r ^ ( 3 c o s 0 / 2 + c o s 0 / 2 ) . 

• 4 

A l t h o u g h n o n e o f t h e s e b e c o m e s i n f i n i t e , e a c h h a s i n f i n i t e d e r i v a t i v e s 

a t t h e o r i g i n . T h e c o r r e s p o n d i n g d i s p l a c e m e n t s a r e g i v e n b y 

2\i.vr = a / r 2 [ ( H - 4 ) COS 9 / 2 - -J c o s 5 9 / 2 ] , 

•••" 3 . • '': 

2p.vQ = a i r ! [ (H +J ) s i n 9 / 2 + 4 s i n 5 9 / 2 ] . 

I n p a r t i c u l a r , . w h e n 9 = 0 , 

' . 9 9 = 3 a 4 r ^ , 2 ^ = 0 , ( 5 . 2 9 ) 

a n d w h e n 9 = TT , 

9 ® = 0 ' ^ Q = 6 i + l ) a x x * . ( 5 . 3 0 ) 

I n t h e c a s e o f t h e s m o o t h i n c l u s i o n , 9 9 a n d v Q c o r r e s p o n d t o t h e 

b o u n d a r y r a d i a l s t r e s s a n d r a d i a l d i s p l a c e m e n t r e s p e c t i v e l y . E q u a t i o n s 

( 5 . 2 9 ) a n d ( 5 . 3 0 ) s h o w t h e i r b e h a v i o u r i n t h e n e i g h b o u r h o o d o f a p o i n t s u c h 

a s A ; , t h e e n d o f o n e o f t h e a r c s o f c o n t a c t , w i t h r m e a s u r e d f r o m A . 
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C H A P T E R 6 

M i x e d B o u n d a r y C o n d i t i o n s ( c o n t i n u e d ) 

I n t h i s c h a p t e r , t h e p r o b l e m o f a n i n f i n i t e p l a t e w i t h a s m o o t h 

r i g i d c i r c u l a r i n c l u s i o n i s c o n s i d e r e d a g a i n t o i l l u s t r a t e a t r e a t m e n t 

o f s i n g u l a r i t i e s b a s e d o n t h e a n a l y s i s o f C h a p t e r 5 . 

§ 1 . R e s u m e 

I t w a s s h o w n i n C h a p t e r k t h a t t o m a k e r O = 0 

t h e b o u n d a r y , t h e c o m p l e x p o t e n t i a l s h a v e t h e f o r m 

cp (z) = iTz + £ ffk/z3*-*, ' 

4 k = i , 

•)(z) = - J T Z + J e . / z 5 " - 1 , 

w h e r e 3 0 s = 2 . 1 + V A 

( 2 k + l ) 0 k + i = 2 k ( 2 k - l ) o r k . , k i 2 , 

a n d t h a t t h e b o u n d a r y r a d i a l s t r e s s a n d r a d i a l d i s p l a c e m e n t a r e g i v e n b y 

00 
r r = T Q + U a ) + 0 ! - 2 2 ( 2 k - 1 ) ^ I3sk ,, / 

v •• '•'..'. .en,/ • - A • 
2p,v r = T C j ^ T I + i U s ) ~ + } 

w h e r e U 3 k - c o s 2 k 8 .. 

I f i n s t e a d o f ( 6 . 1 ) t h e c o m p l e x p o t e n t i a l s a r e w r i t t e n a s 

§ ( z ) = i T + 5 , 

•/.•"'•.. oo ."'. • •• .•••'. ' 
Y ( z ) = - -JT + E 3 k / 2 f 3 R , 

s o t h a t A k = - ( 2 k - l ) , Bk = - ( 2 k - l ) 0 k ,. t h e r e l a t i o n b e t w e e n t h e 

c o e f f i c i e n t s b e c o m e s 

a t a l l p o i n t s o f 

(6.1) 

(6.2) 
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Ba = 2Ai - -JT f (6.3) 

B : + 1 = 2 1 U W , k £ 2 , (6.4) 
CO 

a n d r r « T ( J + U 3 ) - Bj + 2 E A k U k , 
k = l 

CO 

2p,Vr = T ( J - T l + i U 3 ) + Bi - J C ( ^ + ^ T } h U s k • 

S o m e s i m p l i f i c a t i o n o c c u r s i f A x i s r e p l a c e d b y Ai - -J-T a n d B l 

r e p l a c e d b y - A o + J T S O t h a t 

00 
r r = A o + 2E Ak U 2 k ; (6.5) k=l 

i t i s t h e n f o u n d t h a t 

00 
2(1V P = T ( 1 - T | ) ( 1 + 2 1 ^ 3 ) - A o - ^ E + } ^ • ( 6 ' 6 ) 

T h e r e l a t i o n ( 6 . 3 ) n o w , b e c o m e s 

Eh = 2Ar - 3T/2 
a n d c a n b e b r o u g h t i n t o l i n e w i t h t h e o t h e r s b y r e p l a c i n g E h b y 

B a + 3 ^ / 2 . T h e c o m p l e x p o t e n t i a l s t h e n b e c o m e 

(6.7) 
$'(Z) = It - It/Z3

 + E Ak/z3k , 
4 • • k=l 

" ," CO Y(z) = - -JT + jT/z? - 3T/2Z4 + E Bk/z3k ., 
k = l ' 

w i t h Bi = - A Q , B n + x = 2 k A k f o r k > 1 . 

T h e t e r m s i n T c a n b e r e c o g n i s e d a s t h o s e w h i c h s o l v e t h e e x t e n s i o n a l 

p r o b l e m f o r a n i n f i n i t e p l a t e w i t h a n u n s t r e s s e d c i r c u l a r h o l e i 

§ 2 . R e m o v a l o f s i n g u l a r i t i e s 

T h e a n a l y s i s o f C h a p t e r 5 h a s s h o w n t h a t i n t h e n e i g h b o u r h o o d o f 

e a c h o f t h e p o i n t s A j Bi C , D o f F i g u r e 1 o f C h a p t e r 4 , t h e s t r e s s e s a n d 

d i s p l a c e m e n t s v a r y a s r ^ a n d r e s p e c t i v e l y , w h e r e r i s t h e d i s -

t a n c e f r o m t h e p o i n t i n q u e s t i o n . T h u s a l o n g t h e a r c 0 ^ 9 s TT/2 o f 

t h e b o u n d a r y o f t h e h o l e o n e h a s 

r r = 0 f o r 9 £ a , 

r r < 0 f o r 9 > a , f 
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/ J. 
w i t h r r a c ( G - t f ) 2 f o r s m a l l p o s i t i v e v a l u e s o f 9 - a , 

a n d v r = 0 f o r 9 £ ot 
\ (6.9) 

v r > 0 f o r 9 < Q? , 

3 

w i t h v r cc(of-.Q)a f o r s m a l l n e g a t i v e v a l u e s o f 9 - T h e t w o c o n -

s t a n t s o f p r o p o r t i o n a l i t y a r e i n f a c t r e l a t e d : 

^ 4 
I f r r ~ - a C e - a ) 3 w h e n Q - - a + f 

3 
t h e n 2p,v r ~ i ( u + l ) a ( t f - 9 ) 2 w h e n 9 Qf - , ( 6 . 1 0 ) 

3 

b u t t h e a n a l y s i s d o e s n o t d e t e r m i n e t h e v a l u e o f a . 

T h e d i s c o n t i n u i t y i n t h e d e r i v a t i v e o f r r w . r . t . 9 a t t h e p o i n t 

9 = a makes the series for rr (6.5) very slowly convergent. Using a 
t h e o r e m o f B r o m w i c h ( w h i c h w i l l b e s t a t e d l a t e r ) , t h e c o e f f i c i e n t s A * 

jl 
c a n b e s h o w n t o b e O i k 2 ) a s k » . I n c o n s e q u e n c e , t o r e p r e s e n t 

'. 

r r a t a l l a c c u r a t e l y b y a f i n i t e s e r i e s w i l l n e e d a n e x c e s s i v e n u m b e r 

o f t e r m s ; t h e s a m e i s a l s o t r u e o f v P b u t t o a l e s s e r e x t e n t . O n l y 

b y r e m o v i n g a n a l y t i c a l l y t h e d o m i n a n t t e r m o r t e r m s o f t h e s i n g u l a r i t y a n d 

l e a v i n g " s m o o t h " r e s i d u a l f u n c t i o n s t o b e a p p r o x i m a t e d c a n s u f f i c i e n t 

p r e c i s i o n b e a c h i e v e d . 

W i t h t h i s o b j e c t , t h e m e t h o d a d o p t e d . w a s t o t a k e a f u n c t i o n f ( 9 ) 

p o s s e s s i n g t h e e s s e n t i a l f e a t u r e s o f t h e b o u n d a r y r a d i a l s t r e s s l i s t e d a t 

( 6 . 8 ) t o g e t h e r w i t h t h e s y m m e t r y : p r o p e r t i e s 

f ( - 9 ) = f ( 0 ) , f ( T T — 9 ) = f ( 9 ) . 

C o r r e s p o n d i n g .to t h e a s s u m e d l o a d i n g 

r r = f ( 9 ) , re = 0 

o n t h e b o u n d a r y o f t h e h o l e a n d z e r o s t r e s s e s a t i n f i n i t y , t h e r e a r e 

c e r t a i n b o u n d a r y d i s p l a c e m e n t s g i v e n ( s a y ) b y 

2p.v r = g ( 9 ) , 2 p , v Q = g ! ( 9 ) , ( 6 . 1 1 ) 

o f w h i c h g ( 9 ) h a s t o b e c a l c u l a t e d . 
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T h e n , i n t h o p r o b l e m o f t h e r i g i d i n c l u s i o n , a p p r o x i m a t i o n s t o t h e 

b o u n d a r y v a l u e s R 2 r r a n d S s 2p-v r - T ( 1 - T ] ) ( 1 + 2 U 3 ) m a y b e t a k e n i n 

t h e f o r m 

^ A 
R = a f ( 0 ) + ao' + 2 a > < U 3 k , 

k = l 

n 1 
2 = a g ( 9 ) - G o - J E a* ( — ^ + U 3ic , 

r e s p e c t i v e l y , a n d t h e c o e f f i c i e n t s a , a o , ai , . . . , a n d e t e r m i n e d a s 

b e f o r e b y t h e m e t h o d o f l e a s t s q u a r e s . I f t h e c o n s t a n t a i s c o r r e c t l y 

c h o s e n , i t i s c l e a r t h a t t h e r e m a i n i n g t e r m s r e p r e s e n t f u n c t i o n s w h i c h a t 

l e a s t h a v e c o n t i n u o u s d e r i v a t i v e s . 

T h e c a l c u l a t i o n o f g ( 9 ) i s c e r t a i n l y p o s s i b l e i f f ( 0 ) p o s s e s s e s 

a F o u r i e r s e r i e s 

bo 
f ( e ) = f 0 + 2 E f n c o s 2 n 9 ' n=l " 

w i t h e a s i l y d e t e r m i n e d c o e f f i c i e n t s . F o r t h e n , b y ( 6 . 6 ) w i t h T = 0 , 

go* = -fo - s f» fe + ikr } 006 2n9 • (6.12) 

G u i d e d b y t h i s , a s i m p l e c h o i c e f o r f ( 0 ) p o s s e s s i n g t h e n e c e s s a r y s y m -

m e t r i e s a n d h a v i n g t h e r e q u i r e d b e h a v i o u r i n t h e n e i g h b o u r h o o d o f t h e 

p o i n t s 0 (TT-AO w a s 

± \ 
f ( 0 ) = - ( c o s 2p! - c o s 2 0 ) 2 f o r ot <: I @ I £ TT - A , 

= 0 e l s e w h e r e . 

T h e c o e f f i c i e n t s f a . a r e g i v e n b y 

2 /JT/2 , . 4 . 
f n = - ~ ( c o s 2fx - c o s 2 9 ) 2 c o s 2 n 9 d 9 TT ^ 

(6.13) 

(6.14) 

a n d a r e c u r r e n c e r e l a t i o n f o r t h e m m a y b e f o u n d b y c o n s i d e r i n g t h e 

f u n c t i o n . 

U = ( c o s - c o s 2 9 ) s i n 2 n 9 , 

-z ; ji 
f o r w h i c h = 4 ( c o s - c o s 2 9 ) ^ 2 s i n 2 9 s i n 2 n 9 

dU 
d G 2 ; ' .3= 

+ ( c o s 2 ? - c o s 2 9 ) 3 2 n c o s 2 n 0 

= ( c o s - c o s 2 9 ) ^ [ c o s 2 ( n - 1 ) 9 - c o s 2 ( n + 1 ) Q ] + 

( c o n t i n u e d ) 
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+ 2 n COG 2G ( c o s 2 9 - c o s 29)"^ COG 2 n 8 

-i 
- n ( c o o 2 ? - c o s 2 9 ) ^ [ c o s 2 ( n - l ) 9 + c o s 2 ( n + 1 ) 9 ] , 

I n t e g r a t i n g b e t w e e n t h e l i m i t s G a n d TT/2 g i v e s 

( n + 3 / 2 ) f a + i = 2 n c o s f a - ( n - 3 / 2 ) fn-i . ( 6 . 1 5 ) 

- 3 
T h i s r e c u r r e n c e r e l a t i o n i s s t a b l e . F o r o n w r i t i n g U n = n 3 f n , s o t h a t 

w h e n n i s l a r g e , 
• 3 ' " . 

u a + l = ( n + 1 ) 2 f a + 1 

* n 3 ( l + 3 / 2 n ) f n + 1 , 

Utt-1 « n 3 ( 1 - 3 / 2 n ) f B T l " , 

i t f o l l o w s t h a t U a + 1 - 2 c o s 2 a u a . + i ^ . j = o . T h i s d i f f e r e n c e e q u a t i o n 

h a s t h e s o l u t i o n s c o s 2 n G , s i n 2 n G a n d s o ( 6 . 1 5 ) h a s s o l u t i o n s w h i c h a 3 
b e h a v e l i k e c o s 2 « V n 3 , s i n 2nG/na

 f o r l a r g e v a l u e s o f n . S i n c e b o t h 

t h e s e s o l u t i o n s t e n d t o z e r o , t h e s u c c e s s i v e c a l c u l a t i o n o f f n p r e s e n t s n o 

d i f f i c u l t y . 

T o b e g i n t h e p r o c e s s , o n e n e e d s t h e v a l u e s o f f 0 a n d . fx w h i c h m a y 

b e e x p r e s s e d i n t e r m s o f t h e c o m p l e t e e l l i p t i c i n t e g r a l s E ( k ) a n d K ( k ) 

o f m o d u l u s k = c o s a . D e t a i l s a r e ; g i v e n i n a n A p p e n d i x w h e r e i t i s 

s h o w n t h a t 

f 0 = . - 2 / 2 [ E ( k ) - k ' 3 K ( k ) 3 , 

fi = [ O ^ - k ' 3 ) E ( k ) + k ' a K ( k ) j , 

k ' b e i n g ; t h e c o m p l e m e n t a r y m o d u l u s , g i v e n b y k , a = 1 - k ? . 

B y ( 6 . 1 2 ) , t h e b o u n d a r y r a d i a l d i s p l a c e m e n t i s g i v e n b y 2 u v r = g ( 9 ) 

a n d 

g ( 9 ) = + E g x c o s 2 n 9 . ( 6 . 1 6 ) ;•• 0=1 
• yt 

w h e r e 4 a > = - f q , • = ~ + 2 n + T * f » ' ( n * > 

3 s 

I t w a s s h o w n a b o v e t h a t f ° = 0 ( n " 3 ) « h e n n - » a n d s o © > = 0 ( n * a ) 
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w h e n n -» «> . I t s e e m e d p r o b a b l e t h a t a n e x c e s s i v e n u m b e r o f t e r m s o f 

t h o s e r i e s ( 6 . 1 6 ) w o u l d n e e d .to b o t a k e n t o c a l c u l a t e g ( 0 ) w i t h r e a s o n -

a b l e a c c u r a c y . A c c o r d i n g l y , s o m e c o n s i d e r a t i o n - w a s g i v e n t o t h e i n t r o -

d u c t i o n o f a s e c o n d a u x i l i a r y f u n c t i o n , h ( 0 ) , w h i c h w h e n s u b t r a c t e d f r o m 

g ( 9 ) w o u l d l e a v e a f u n c t i o n p o s s e s s i n g a m o r e r a p i d l y c o n v e r g e n t F o u r i e r 

s e r i e s . 

S i n c e f ( G ) w a s c h o s e n t o h a v e t h e e s s e n t i a l f e a t u r e s o f t h e b o u n d a r y -

r a d i a l s t r e s s g i v e n b y ( 6 . 8 ) , i t w a s n a t u r a l t o a s s u m e t h a t h ( 9 ) s h o u l d 

h a v e t h e e s s e n t i a l f e a t u r e s o f t h e b o u n d a r y r a d i a l d i s p l a c e m e n t g i v e n b y 

( 6 . 9 ) . A n o b v i o u s c h o i c e w a s t h e r e f o r e 

. 3 

h ( 9 ) = h ( c o s 2 9 - c o s 29)a f o r 0 £ 6 ^ a , 

= 0 f o r <X < 9 £ TT/2 , 

h b e i n g a c o n s t a n t . T h e a p p r o p r i a t e v a l u e o f h c a n b e i n f e r r e d f r o m 

( 5 . 2 9 ) , ( 5 . 3 0 ) ; f o r w h e n 9 ->..<* .+ , 

f ( 8 ) / v - ( 2 s i n ^ ( 9 ^ 

w h i l s t w h e n 9 - , 

h(9) ~ h(2 sin 2?)3 (a-6)3 . 

C o n s e q u e n t l y , h ( 2 s i n 29)3 = — I (2 s i n 29)^ 

nr% h H+l ' 1. . 
o r . n ~ 3 2 s i n 29 * v ' ; 

C o n f i r m a t i o n t h a t w i t h t h i s m u l t i p l i e r h ( 9 ) h a s t h e a p p r o p r i a t e 

f o r m c a n b e o b t a i n e d b y e x p a n d i n g h ( 9 ) i n t h e F o u r i e r s e r i e s 

^ h ( 0 ) = -Jho + £ h a c o s 2 n 9 , ( 6 . 1 7 ) 

• ' n=l • • 
a n d c o m p a r i n g t h e a s y m p t o t i c f o r m s o f h a a n d w h e n n « . T h e s e 

m a y b e f o u n d f r o m t h e f o l l o w i n g t h e o r e m o f B r o m w i c h ( B r o m w i c h ( 1 9 2 6 ) 

L e t F(ty) b e a f u n c t i o n o f ty w h i c h h a s b o u n d e d v a r i a t i o n w h e n 

ty' s' 0 ; l e t 7 b e a f u n c t i o n o f \> s u c h t h a t v y 0 3 a s v 0 0 • 
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T h e n , i f - 1 < w. < 1 , 

^ jY ^u-1 Q i n F ( o + ) sin(p.Tr/2) o 
a n d i f 0 < \i < 1 , 

f7 FCijf) c o s v y d f - * F ( 0 + ) r(TX) COS(|ITT/2) . o 
K 1 

T h e c o e f f i c i e n t © i = - ^ 2 n v f + 2 n + T ^ f a 

^ - J i + 1 f 
2 n I n 

pTT/2 
w h e r e 

TT i. 

ot 
? r>TT/2 v4 

f n = - ~ j ( c o s 2 P - c o s 2 9 ) 2 c o s 2 n G d 9 . 

I n t e g r a t i o n b y p a r t s g i v e s 

1 r ^ 2 s i n 2 9 . 0 a 
f n = — | * s i n 2 n 9 d 9 

1 1 1 1 « ( c o s - c o s 2 9 ) 2 

a n d w r i t i n g G = ot + \)r g i v e s 

1 jr/2-a d. 

f n = j F ( f ) [ s i n 2 n » c o s 2nty + c o s 2 n a s i n , 

w h e r e F ( - J ) = s i n 2 « > + y ) [ 2 s l n ( | ^ W $ . 

H e n c e , b y B r o m w i c h ' s t h e o r e m , 
fn ~ ^ ( s i n 2 n a . /TT c o s TT/4 + c o s 2 n Q f . /rr s i n T r / 4 ) / ( 2 n ) ^ 

= / 2 S d n * * c o s ( 2 n ^ - T T / 4 ) / ( 2 n ) 2 

I ; / • . ' • 5 : 
a n d s o & ~ - ( h + 1 ) / 2 c o s ( 2 n « - r r / 4 ) / ( 2 n ) 2 . ( 6 . 1 8 ) 

S i m i l a r l y , f o r t h e c o e f f i c i e n t 

h a = — | ( c o s 2 9 - c o s c o s 2 n 9 d 9 , ' • " o 
t w o i n t e g r a t i o n s b y p a r t s y i e l d 

h n = — I * ( c o s 2 9 - c o s s i n 2 8 s i n 2 n 9 d 9 TT 2n Q 

= — 4 - f * I t [ s i n 2 9 ( c o s 2 9 - c o s c o s 2 n 9 d 9 
TT 2 n 2 n «Jq d 9 
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a n d t h e s u b s t i t u t i o n Q = of - ^ g i v e s 

^ = TT 2N IN I 11 ̂  '-COS 2X101 C 0 G + S I N ^ S I N , 

w h e r e IlO)) s - ( G i n 2 ( 2 + ^ ) [ 2 sin(22-i)) s i n . 

S i n c e , v / h e n 0 . 

j i i 
H(\|i) ~ - ( s i n 2 2 ( 2 s i n 2 2 ) / ty3} 

3 

= - 2 " ^ ( s i n 2 Q f ) 3 , 

B r o m w i c h ' s t h e o r e m g i v e s 

3 . h. , & 2- 1. fan 3»)5 x 
TT 2 n 2 n 

x ( c o s 2 n » . /TT c o s TT/4 + s i n 2nQf. /TT s i n TT/4)/(2n)^ 

, , s . 
= - 2 . 3 b s i n 2 * / 2 s i n ^ c o s ( 2 n 2 - n A ) / ( 2 n ) ? . . 

TT 

C o m p a r i n g t h i s w i t h ( 6 . 1 8 ) , i t i s s e e n t h a t t h e d o m i n a n t t e r m s i n t h e 

a s y m p t o t i c e x p a n s i o n s o f & a n d h a a g r e e i f 

n + 1 = 2 . 3 h s i n 2 2 

h = « f _ 1 _ , as before . 
3 2 s i n • 

L i k e t h e c o e f f i c i e n t s f n , t h e c o e f f i c i e n t s h a s a t i s f y a r e c u r r e n c e 

r e l a t i o n w h i c h m a y b e o b t a i n e d b y . c o n s i d e r i n g t h e f u n c t i o n 

U = ( c o s 2 9 - c o s s i n 2 n 9 . 

D i f f e r e n t i a t i n g a n d r e a r r a n g i n g g i v e s 

3 •••'••• , 
= ( c o s 2 9 - c o s 2ot ) a ( - 2 s i n 2 9 ) s i n 2 n 9 do 2 

+ ( c o s 2 9 - c o s 2 2 ) a 2 n c o s 2 n 9 

3 

= ( 5 / 2 ) ( c o s 2 9 - c o s 2 2 ) 3 [ c o s 2 ( n + 1 ) 0 - c o s 2 ( n - l ) 9 ] 

3 

+ n ( c o s 2 9 - c o s 2 2 > 2 [ c o s 2 ( n + 1 ) 9 + o o s 2 ( n - 1 ) 9 ] 

' 3 ' 
- 2 n c o s 2 2 ( c o s 2 9 - c o s 2 2 ) c o s 2 n 9 
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a n d i n t e g r a t i n g b o t w e e n t h e l i m i t s 0 a n d a g i v e s 

( n + 5 / 2 ) h n + l = 2 n c o s 3 * . h a - ( n - 5 / 2 ) h „ - | . ( 6 . 1 9 ) 

L i k e t h e r e c u r r e n c e r e l a t i o n f o r f n , t h i s r e l a t i o n i s s t a b l e a n d a l l o w s 

t h e v a l u e s o f h a t o b e c a l c u l a t e d f r o m t h o s e o f h o a n d hj . I n t h e 

A p p e n d i x , t h e s e a r e s h o w n t o b o g i v e n b y 

ho = C2(k'a-k?) E(k') k?(k'3-2k?) K(k03'f 

hi' C2(k^+k?) E(kO - k?(l+h?) K(k')3 ' , 

w h e r e k ' = s i n a a n d h ? = 1 - k | 2 , a s b e f o r e . 

U s i n g t h e c o e f f i c i e n t s £ n a n d h a , t h e f u n c t i o n g ( 9 ) i s c a l c u l a t e d 

b y f o r m i n g t h e d i f f e r e n c e s 

da = & - ha , 

where go = - 2f0 , = - (̂ jpf + 2n+T ̂  i%tt ' ^ and summing the 
series ...,''• '•, 

g ( 9 ) = h ( 9 ) + £ d o + E d a c o s 2 n 9 . ( 6 . 2 0 ) 

I n a t r i a l w i t h t h e n o m i n a l v a l u e = 7CP a n d T| = 0 * 2 5 , t h e c o e f f i c i e n t s 

f n , g a , h a a n d c ^ w e r e c a l c u l a t e d f o r n = 0 ( 1 ) 6 0 . I n t h i s a n d a l l 

s u b s e q u e n t c a l c u l a t i o n s , t h e s i m p l e a p p r o x i m a t i o n s f o r t h e e l l i p t i c i n t e g r a l s 

E ( k ) a n d K ( k ) g i v e n b y H a s t i n g s ( 1 9 5 5 ) w e r e u s e d ; t h e y h a v e a maximum 

e r r o r o f 1 - 5 x l C T 0 . 

T h e o r d e r o f m a g n i t u d e o f t h e c o e f f i c i e n t s c a n b e s e e n f r o m t h e 

f o l l o w i n g l i s t i n w h i c h t h e t h i r d c o e f f i c i e n t o f e a c h l i n e i s t h e n u m e r i c a l l y 

l a r g e s t o f t h e l a s t f e w c a l c u l a t e d : 

f 0 = - 8 - 4 0 x 1 C T 2 , f x = 7 - 9 0 x 1 C T 3 , f 5 7 = 5 - 0 9 x 1 C T 4 , ; 

gb = 1-68 X 1 C T 1 , a 1-84 X 1 C T 1
 f g57 = - 1-34 X 1 C T 5 ; 

h o = 1 * 4 2 , h ! > 9 - 4 0 x 1 C T 1 , 1 ^ 7 = - 1 - 3 5 x 1 C T 5 ; 

d o = - 1 - 2 5 , dx = - 1 - 1 2 , 6q9 = - 3 * 6 3 x 1 C T 7 . 
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F o r c e r t a i n v a l u e s o f n , n a m e l y 2 8 , 3 7 , 4 6 a n d 5 5 , e a c h o f t h e c o e f f i c -

i e n t s f n , go a n d fa w a s n o t i c e a b l y s m a l l e r t h a n i t s n e i g h b o u r s . T h e s e 

r e s u l t s a r e i n g e n e r a l a c c o r d w i t h t h e a s y m p t o t i c f o r m s o f t h e c o e f f i c i e n t s . 

§ 3 . N u m e r i c a l r e s u l t s 

T w o v e r s i o n s o f a p r o g r a m u s i n g t h e a p p r o x i m a t i o n s 

n 
ft = a f ( 9 ) + a o + 2 7 ) a * c o s 2 k 0 , ' k=i 

n 
S = ag(0) - ao - S * + 25c+T ) 003 2110 

t o t h e b o u n d a r y v a l u e s R 3 r r a n d S 3 2p,v r - T ( 1 - T ] ) ( 1 + 2 c o s 2 8 ) , r e s p e c -

t i v e l y , w e r e r u n . I n t h e f i r s t v e r s i o n , 9 0 b o u n d a r y p o i n t s P 4 w e r e t a k e n , 

i = 1 ( 1 ) 9 0 , w i t h 9j = 4 ° ( 1 ° ) 8 9 j ° ", e a c h p o i n t c a r r y i n g e q u a l w e i g h t . 1 7 

a p p r o x i m a t i n g f u n c t i o n s w e r e u s e d , i . e . n = 1 5 , a n d g ( 9 ) w a s c a l c u l a t e d 

f r o m ( 6 . 2 0 ) u s i n g 6 0 t e r m s o f t h e s u m m a t i o n . 

T a k i n g T| = 0 * 2 5 , t h e c o e f f i c i e n t s a a n d t h e b o u n d a r y r a d i a l s t r e s s 

a n d d i s p l a c e m e n t w e r e c a l c u l a t e d w i t h t h e a s s u m p t i o n t h a t g = 7 C ? ( i 0 ) 7 2 ? , 

t h e s e v a l u e s b e i n g s u g g e s t e d b y t h e e a r l i e r a t t e m p t s . 

T h e r e s i d u a l s w e r e v e r y s e n s i t i v e t o c h a n g e s i n G a n d w h e t h e r j u d g e d 

b y t h e s m a l l n e s s o f t h e m a x i m u m a b s o l u t e v a l u e s : 

H p ( m a x ) 3 m a x " I R ( P i ) - ft ( P i ) I , 

, 0 < 9i ^ G 

R q ( m a x ) 3 m a x | S ( P t ) - ft(Pj) I , 

G < 9 t '< t t / 2 

o r t h e s m a l l n e s s o f t h e r o o t m e a n s q u a r e s : 

R R ( r m s ) 3 ( E [ R ( P i ). - ft(Pi) ] a / P ) ^ , 

/ V • ' N • . Y.v. , •• ;••• 

R q ( r m s )
 3 { E I S ( P t ) - S ( P t ) ]V ( N - P)P , 

w h e r e P i s t h e i n t e g e r f o r w h i c h 0 p ^ ff < a n d N t h e n u m b e r o f 

b o u n d a r y p o i n t s , t h e r e w a s a c l e a r i n d i c a t i o n t h a t t h e c o r r e c t v a l u e o f G 

w a s a p p r o x i m a t e l y 7 1 ° 3 0 1 . T h e r e l e v a n t r e s u l t s a r e g i v e n i n T a b l e 1 . 
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F u r t h e r c a l c u l a t i o n s v / i t h v a l u e s o f ot a t a n i n t e r v a l o f 1 m i n u t e 

s h o w e d t h a t t h e r e s i d u a l d i s p l a c e m e n t s w e r e s m a l l e s t w h e n or = 7 1 ° 2 8 ' b u b 

t h e r e s i d u a l s t r e s s e s w e r e s m a l l e s t f o r ot = 7 1 ° 3 0 ' . H o w e v e r , t h e r e s u l t s 

f o r 71°30' w e r e u n a c c e p t a b l e b e c a u s e t h e r a d i a l d i s p l a c e m e n t c a l c u l a t e d 

a t t h e p o i n t 9 = 7 l } ° w a s n e g a t i v e (2p,vr = - 2 8 * 4 x 1 C T 5 ) . S i n c e t h e 

r e s i d u a l s t r e s s e s a l w a y s t e n d e d t o b e s m a l l e r t h a n t h e r e s i d u a l d i s p l a c e m e n t s , 

i t w a s f e l t t h a t ot s h o u l d b e c h o s e n t o m a k e R g ( m a x ) a n d R g ( r m s ) a s s m a l l 

a s p o s s i b l e . A f u r t h e r c a l c u l a t i o n s h o w e d ot = 7 1 ° 2 8 J ' t o b e b e s t i n t h i s 

r e s p e c t ; i t a l s o g a v e t h e l e a s t v a l u e t o t h e r o o t m e a n s q u a r e o f b o t h s e t s 

o f r e s i d u a l s t a k e n t o g e t h e r . R e s u l t s a r e g i v e n i n T a b l e 2 . 

T a b l e 1 

( 9 0 b o u n d a r y p o i n t s , 1 7 a p p r o x i m a t i n g f u n c t i o n s ) 

a RgCmax) Rg(max) RgCrms) Rg(rms) 
790' 69*6 x 1CT5 3 6 6 x 1CT5 16*9 x 1CT5 116 x 1CT5 
7915' 35-2 190 8-67 59.8 
71° 30' 0-88 16*0 0*21 4*98 
71° 45' 44*7 1 8 7 12*1 58-8 
72°0' 93-5 x 1CTS 392 x 1CT5 25*4x1 cr5 1 2 3 x 1 c r G 

. T a b l e 2 ' 

( 9 0 b o u n d a r y p o i n t s , 1 7 a p p r o x i m a t i n g f u n c t i o n s ) 

Of R p C m a x ) R g ( m a x ) R R ( r m s ) R g ( r m s ) 

79 27' 5 - 7 6 x 1 ( T 5 2 1 * 3 x 1 C T 5 1 * 5 6 x 1 C T 5 6 * 7 8 x 1 C T 5 

7928' 3 * 2 5 . 5 * 9 0 0 * 9 6 2*07 
79 28}' 2 * 2 7 1 - 8 8 0*66 0*79 
7929' 1 * 6 o 9 - 7 0*38 2*96 
7930' 0 * 8 8 x i o ~ 5 1 6 - 0 X 1 C T 5 0*21 x 1 C T 5 4 * 9 8 x 1 C T 5 

: T a b l e 3 

( 9 1 b o u n d a r y p o i n t s | 1 7 a p p r o x i m a t i n g f u n c t i o n s ) 

Of R p C m a x ) R g ( m a x ) R ^ C r m s ) : R g ( r m s ) 

7 1 ° 2 7 V 6*20 x 1CTS 1 7 * 6 x 1 C T S : 1 « 8 1 x 1 C T S . 5 * 6 9 x 1 < T 5 

7 1 ° 2 8 V 3 - 9 7 5 ' 2 3 1 " 1 5 1 * 9 1 

7 1 ° 2 8 J ' 2 * 8 7 1 - 7 6 0 * 8 2 0* 7 4 

7 9 2 9 1 1 . 7 6 7 - 3 0 0*30 2 * 2 6 

7 1 ° 3 0 ' 1 - 3 6 x 1 C T S 20*0 x ACT 0*30 x icr5 6 * 1 5 x 1 0 " 5 
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T a b l e 4 

( 9 1 b o u n d a r y p o i n t s , 1 7 a p p r o x i m a t i n g f u n c t i o n s , 1 2 0 t e r m s i n 

s e r i e s f o r g ( 9 ) ) 

Of R R ( m a x ) R g ( m a x ) R R ( r m o ) R _ ( r m s ) 
b 

7 1 ° 2 8 ' 

7 1 ° 28J 
7 1 ° 2 9 1 

3 - 9 7 x 1 C T [ 

2 * 8 7 

1 - 7 6 

4 - 6 8 x 1 C T 5 

1*58 
7 -88 

1 * 1 5 x i c r £ 

0-82 
0 - 5 0 

1 * 8 6 x 1 C T 5 

0-78 
2 - 3 3 

S i n c e t h e v a l u e . , o f Qf p r o v e d t o b e v e r y c l o s e t o 7 1 ? p , w h i c h 

c o r r e s p o n d s t o a b o u n d a r y p o i n t , i t s e e m e d d e s i r a b l e t o c h e c k t h e r e s u l t s 

b y r u n n i n g a s e c o n d v e r s i o n o f t h e p r o g r a m u s i n g 9 1 b o u n d a r y p o i n t s 

9 = C P ( 1 ° ) 9 Q P T h e c o r r e s p o n d i n g r e s u l t s a r e g i v e n i n T a b l e 3 a n d c o n f i r m 

t h e v a l u e & = 7 1 0 2 8 J t . I n a f u r t h e r c h e c k , s o m e o f t h e s e c a l c u l a t i o n s 

w e r e r e p e a t e d b u t w i t h 1 2 0 t e r m s o f t h e s e r i e s £ d^. c o s 2 n 9 t a k e n t o 

c a l c u l a t e g ( 9 ) , b e c a u s e s o m e o f t h e r e s i d u a l d i s p l a c e m e n t s w e r e s m a l l 

e n o u g h t o b e c o m p a r a b l e w i t h t h e e r r o r i n t r o d u c e d b y t r u n c a t i n g a f t e r 6 0 

t e r m s . T h e r e s u l t s ( g i v e n i n T a b l e 4 ) s h o w e d n o s i g n i f i c a n t c h a n g e s . 

F o r Qf = 7 1 ° 2 8 J 1 , t h e n o n - z e r o v a l u e s o f t h e r a d i a l s t r e s s a n d r a d i a l 

d i s p l a c e m e n t c a l c u l a t e d a t t h e i n t e r m e d i a t e p o i n t s 9 = J ° ( 1 ° ) 8 9 j ° a g r e e d 

t o a t l e a s t 4 d e c i m a l p l a c e s w i t h t h o s e f o u n d p r e v i o u s l y w h e n t h e s e p o i n t s 

w e r e d a t a p o i n t s . F i g u r e 1 s h o w s t h e v a r i a t i o n o f t h e b o u n d a r y r a d i a l 

s t r e s s , h o o p s t r e s s a n d r a d i a l d i s p l a c e m e n t . T h e b o u n d a r y h o o p s t r e s s 

c a n b e c a l c u l a t e d q u i t e s i m p l y ; f o r w i t h 

Hz) = IT - 4t/z2 + £ Ak/Z3* , 
4 • n—1 . 

9 9 + r r = 4 R e H z ) 

. = T ( 1 - 2 U 2 ) + 4 £ A k U a k 
k = i .. 

H o w e v e r , b y ( 6 . 5 ) , 

r r = AQ + 2 £ A k U 3 k 
k = i 

a n d s o 9 9 = T ( 1 - 2 U 2 ) - 2 A Q + r r . (6.21) 





W h e n t h e a u x i l i a r y f u n c t i o n f ( 9 ) i s u s e d , A o = a f 0 + SQ • 

T a b l e 5 

( W i t h o u t t h e u s e o f a u x i l i a r y f u n c t i o n s ) 

k R̂ (max) Rg(max) R̂ (rms) Rg(rmo) 
0 136 x 1 cr3 614 x 10"3 136 x 1CT3 323 x 10"3 
1 328 326 163 257 2 408 200 140 132 
4 286 33-2 67-7 28-2 
8 72*4 44-9 10*9 33-3 

16 34-3 19*8 3*32 11-6 
32 6-57 7*99 T-25 3*73 
36 5*11 x icr3 6'47 x 1CT3 0-93 x 1CT3 2*76 x 1CT 

T a b l e 6 

( A u x i l i a r y f u n c t i o n s c a l c u l a t e d w i t h a = 71°28J') 

k R R ( m a x ) R g ( m a x ) R R ( r m s ) R g ( r m s ) 

A u x 0 66-2 x 1CT5 "•. .••.. 0 ' 49'5 x 1CT5 0 1 *6l x 10"s 63*9 1*61 x 10"s 49-3 1 5*31 65*4 2*74 48*9 2 7-78 63-3 2-94 48-8 
4 7-31 65*0 3*34 48-6 
8 28-3 8-77 7*39 5*01 
13 2-87 1 »76 0-82 0*74 16 1*66 1-63 0-49 0*72 
20 1*13 x 1 cr5 1-34 x 1CTS 0-28 x 1CT5 0*59 x 1CT5 

T a b l e 7 

( A u x i l i a r y f u n c t i o n s c a l c u l a t e d w i t h a = 7 1 ° 3 2 1 ) 

k R p C m a x ) R g ( m a x ) R g ( r m s ) R g ( r m s ) 

A u x 0 49 *7 x 1CT5 0 21»5 x 1CT5 0 0-04 x 1CT5 49*7 0*04 x icr5 21'5 1 0-15 49*7 0«08 21 «5 2 0-28 . 49*7 0*10 21 «5 
4 1-68 49*7 0*45 21*5 8 7*60 57*4 1-48 19*6 
15 : 6.71 45*9 1*61 14*2 
16 5*85 45*8 1*26 14*3 20 9*28 x 1CT5 37*8 x 10"5 2«22 x 1CT5 10*9 x 1CT5 

T h e m u c h g r e a t e r c l o s e n e s s w i t h w h i c h t h e b o u n d a r y c o n d i t i o n s c a n 

b e s a t i s f i e d w h e n t h e f u n c t i o n s f ( 9 ) a n d g ( 9 ) a r e u s e d i s q u i t e 

a p p a r e n t f r o m T a b l e s 5 a n d 6 / I n T a b l e 5 , t h e r e s u l t s o f a p p r o x i m a t i n g 

R a n d S b y F o u r i e r s e r i e s a l o n e a r e s h o w n 5 1 1 t h e a n g l e ••<* ' i s a s s u m e d t o 
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l i e b e t v / o c n 7 1 ° a n d 7 2 ? a n d t h e i n d e x k r e f e r s t o t h o s u f f i x o f t h e 

l a s t c o e f f i c i e n t i n c l u d e d . I n T a b l e 6 , t h e a u x i l i a r y f u n c t i o n s f ( 9 ) a n d 

g ( 9 ) a r e t a k e n f i r s t , c a l c u l a t e d f o r 2 = 7 l ° 2 8 J ' , f o l l o w e d b y t e r m s o f 

t h e F o u r i e r s e r i e s . E v e n w h e n t e r m s u p t o c o s 7 2 9 h a v e b e e n i n c l u d e d , 

t h e r e s u l t s i n t h e f i r s t c a s e a r e i n f e r i o r o n a l l c o u n t s t o t h o s e a c h i e v e d 

w i t h f ( 0 ) a n d g ( 9 ) a l o n e . 

P r o m p t e d b y t h i s , i t s e e m e d p o s s i b l e t h a t t h e s i m p l e a p p r o x i m a t i o n s 

$ = a f ( 9 ) , S = a g ( 9 ) , 

m i g h t e n a b l e t h e a n g l e 2 t o b e d e t e r m i n e d q u i c k l y a n d r e a s o n a b l y a c c u r a t e l y 

f o r o t h e r v a l u e s o f t h e m o d i f i e d P o i s s o n ' s r a t i o T] . S i n c e f ( 9 ) = 0 

o v e r 0 £ 9 < 2 , o n e c a n c h o o s e t h e c o e f f i c i e n t a t o m i n i m i z e 

N ' 

I [s(Pt) - ag(0i)33 , 
i = P + 1 

N N ' 
w h i c h r e q u i r e s a = E S ( P i ) g ( 9 i ) / E [ g ( 9 i ) ] a . 

P + 1 P + 1 

I t i s t h e n a s i m p l e m a t t e r t o f i n d t h e v a l u e o f 2 f o r w h i c h t h e m i n i m u m 

. v a l u e o f I i s l e a s t . 

U s i n g t h i s m e t h o d , t h e a n g l e 2 w a s l o c a t e d t o t h e n e a r e s t t e n t h o f 

a d e g r e e f o r v a r i o u s v a l u e s o f T| . S i n c e i t i s k n o w n t h a t P o i s s o n ' s r a t i o 

o l i e s b e t w e e n 0 a n d -J a n d 7] = 0 / ( 1 + 7 ) , 1] w a s r e s t r i c t e d t o t h e 

r a n g e 0 £ 11 -s i . I t w a s s o o n a p p a r e n t t h a t 2 v a r i e s s u r p r i s i n g l y 

l i t t l e w i t h T| a n d t h i s g r e a t l y r e d u c e d t h e a m o u n t o f s e a r c h i n g n e c e s s a r y . 

T h e f o l l o w i n g r e s u l t s w e r e o b t a i n e d ; 

V 0*0 O f 0*2 0*25 0*3 0*33 

2 70° 4 8 ' 71° 06 ' 71° 2 4 ' 71° 30' 71° 4 2 ' 7 1 ° 5 4 ' . 

O n s e a r c h i n g a t a s m a l l e r i n t e r v a l w i t h 7] = 0*25 i t w a s f o u n d t h a t 

t h e m i n i m u m v a l u e o f I w a s l e a s t w h e n 2 = 7 1 ° 3 2 ' , w h i c h d i f f e r s s l i g h t l y 

f r o m t h e v a l u e 7 1 ° 2 8 J ' o b t a i n e d p r e v i o u s l y . T h e r e a s o n f o r t h e d i f f e r e n c e 

c a n b e s e e n f r o m T a b l e 7 w h e r e f o r 2 = 7 1 ° 3 2 ' , i t i s c l e a r t h a t a d d i n g 
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t r i g o n o m e t r i c t e r m s t o t h e a p p r o x i m a t i o n s p r o d u c e d h a r d l y a n y a l t e r a t i o n i n 

t h e r e s i d u a l s . 

F o r t h e a c c u r a t e d e t e r m i n a t i o n o f a t h e o r i g i n a l m e t h o d w a s t h e r e -

f o r e u s e d , a g a i n v / i t h 9 1 b o u n d a r y p o i n t s a n d 1 7 a p p r o x i m a t i n g f u n c t i o n s . 

T h e v a l u e s o b t a i n e d a b o v e p r o v i d e d u s e f u l s t a r t i n g p o i n t s a n d t h e r e s u l t s 

o b t a i n e d a r e g i v e n b e l o w i n T a b l e 8 . O c c a s i o n a l l y , t h e m i n i m a o f R _ 

a n d R g c o r r e s p o n d e d t o v a l u e s o f a d i f f e r i n g b y a b o u t o n e m i n u t e . 

I n t h e s e c a s e s , t h e v a l u e o f <? w h i c h g a v e t h e s m a l l e r r o o t m e a n s q u a r e 

o f a l l t h e r e s i d u a l s w a s t a k e n . 

T a b l e 8 • 

( 9 1 b o u n d a r y p o i n t s , 1 7 a p p r o x i m a t i n g f u n c t i o n s ) 

a ,-v R R ( m a x ) R g ( m a x ) R R ( r m s ) R g ( r m s ) 

0 * 0 7 C ? 4 6 ' 0 - 5 9 x 1 C T 5 4 * 5 7 x 1 c r 5 0 * 2 4 x 1 C T 5 1 * 7 8 x 1 C T 5 

0 * 1 ; 7 1 ° 0 O } ' 1 * 9 8 1 * 9 7 : 0 * 7 0 0 * 6 0 

0 * 2 7 1 ° 1 8 ' . 3 * 0 1 1 * 7 7 0 * 8 5 0 * 8 3 

0 * 2 5 7 1 ° 2 8 J ' 2 * 8 7 1 * 7 6 0 * 8 2 0 * 7 4 

0 * 3 , 7 1 ° 4 0 ' 3 - 2 0 1 * 8 6 ; 0 * 9 2 0 * 8 4 / 

0 * 3 3 7 l 0 4 8 4 t 3 ' 3 1 x 1 C T 5 2 * 2 1 x 1 C T 5 
0 * 9 5 x 1 0 " s 1 * 0 2 x 1 C T S 

I n a p a p e r r e c e i v e d a f t e r t h e c o m p u t a t i o n s i n t h i s C h a p t e r h a d b e e n 

c a r r i e d o u t , N o b l e a n d H u s s a i n ( 1 9 6 7 ) c o n s i d e r t h e p r o b l e m i n w h i c h t h e i n -

c l u d e d d i s c i s b o t h s m o o t h a n d e l a s t i c w i t h c o n s t a n t s |i' a n d n ' . I f 

o n e t a k e s t h e c o m p l e x p o t e n t i a l s 

.'•••'.•. • ' eo..\ - h ; '•••.. •'. -' co '.'••" " 
* < z ) = E A * ' 2 ? k , H z ) = E L t • X3* 

t o r e p r e s e n t t h e s t a t e o f s t r e s s w i t h i n t h e d i s c ( d e n o t e d b y p r i m e s ) , t h e 

b o u n d a r y c o n d i t i o n r 8 ' = 0 r e q u i r e s 

' = 2 k A n 1 f o r k M , 7 

a n d t h e o t h e r r e l e v a n t b o u n d a r y v a l u e s a r e f o u n d t o b e 

rr1 = 2 E.Ak ' U2k , (6.22) 
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00 

2u.'vr • = (:i ' - 1 ) A o f + J S ( ^ J - + ) A \ U 2ic . (6.23) 

T h e b o u n d a r y c o n d i t i o n s f o r t h e p r o b l e m n o w b e c o m e 

r r = r r ' = 0 , f o r 0 £ 9 s a , 

r r = r r 1 , v r = v r
 1

 f f o r or ^ 9 s n / 2 . 

U s i n g ( 6 . 5 ) a n d ( 6 . 6 ) v / i t h ( 6 . 2 2 ) a n d ( 6 . 2 3 ) , "the c o n t i n u i t y o f r r r e q u i r e s 

Aq ' = £ A D ,• V ' = A * f o r k £ 1 ; 

00 

a n e t h e n h a s r r = r r l = A 0 + 2 E Ak U 3 k , ( 6 . 2 4 ) k=l . 
2 y , ( v r - v r » ) = T ( 1 -T|) ( 1 + 2 U 3 ) - [ l ^ p / p , ' ) ( h * - l ) 3 A o 

CO 

- £ [0k + (li/p.') 7k 3 Ak u2k , (6.25) k=i 

W h e r e ft, = + , V t = + — T ' ( 6 ' 2 6 ) 

E q u a t i n g t h e r i g h t h a n d s i d e s o f ( 6 . 2 4 ) a n d ( 6 . 2 5 ) t o z e r o w h e n 0 & B z a 

a n d ci £ E ^ TT/2 , r e s p e c t i v e l y , g i v e s " d u a l s e r i e s " a g r e e i n g w i t h t h o s e 

o b t a i n e d b y N o b l e a n d H u s s a i n w h o u s e A i r y s t r e s s f u n c t i o n s . 

h +1 ii ' +1 
B y w r i t i n g 0 k — 2 5 c " ^ ^ Y k — ~ 2 1 c " 1 N o b l e a n d H u s s a i n s h o w t h a t 

t o a f i r s t a p p r o x i m a t i o n , 

r r OC s i n 9 / c o s 2 o t . - c o s 2 9 f o r A z % <, TT/2 . ( 6 . 2 7 ) 

T h e a p p r o x i m a t e v a l u e o f & i s o b t a i n e d f r o m a t r a n s c e n d e n t a l e q u a t i o n a n d 

t h e n i m p r o v e d t w i c e b y a " p e r t u r b a t i o n s c h e m e " i n w h i c h 0i' ; & 0 2 , Y s h a v e 

t h e i r t r u e v a l u e s r e s t o r e d . G r a p h s a r e d r a w n f o r t h e s p e c i a l c a s e n = >if . 

W h e n \i,/\i,* = 0 , w h a t e v e r t h e v a l u e o f n 1 , e q u a t i o n ( 6 . 2 5 ) i s i d e n -

t i c a l w i t h ( 6 . 6 ) s o t h a t a c o m p a r i s o n c a n b e m a d e . F r o m t h e i r g r a p h s , 

N o b l e a n d H u s s a i n ' s v a l u e s a r e a p p r o x i m a t e l y : 

T| 0-0 0*2 0-3 

a 7 1 ° 9 ' 7 1 ° 3 6 * 7 1 ° 5 1 ' . 
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N o b l e a n d H u 3 s a i n j u d g e t h e a c c u r a c y o f t h e i r r e s u l t s b y t h a t 

a c h i e v e d i n t h e s p e c i a l c a s e jj, = p T f n = n ' • A n e x a c t s o l u t i o n f o r 

t h i s c a G e h a s b e e n o b t a i n e d b y S t i p p e s , W i l s o n a n d K r u l l ( 1 9 6 2 ) w h o s h o w , 

t h a t u = 70'3& (7923') . N o b l e a n d H u s s a i n o b t a i n 7 0 - 4 6 ° (7928') 

a n d a s t r a i g h t f o r w a r d a d a p t a t i o n o f t h e p r e v i o u s p r o g r a m g a v e t h e f o l l o v / i n g 

r e s u l t s : 

T a b l e 9 

( 9 1 p o i n t s , 1 7 a p p r o x i m a t i n g f u n c t i o n s ) 

a R p ( m a x ) R g ( m a x ) R R ( r m s ) R g ( r m s ) 

7922' 
7923' 
79 2k: 
7923• 

5 * 3 5 x 1 C T 5 

3-87 
2*66 
1*k9 x 1 C T 5 . 

1 2 - 0 x 1 C T S 

4 - 5 1 

5 * 7 4 

1 4 - 8 x 1 0 " 5 

1 ' 2 9 x 1 C T 5 

0 - 9 8 

0*72 
0*33 

5 - 1 6 x 1 0 ~ 5 

2*76 
1 - 9 6 

3 - 9 8 x 1 C T 5 

w h e r e S n o w r e f e r s t o t h e d i f f e r e n c e o f r a d i a l d i s p l a c e m e n t s . T h e r o o t 

m e a n s q u a r e o f a l l t h e r e s i d u a l s w a s l e a s t f o r ot = 792k \ • 

I t i s o f i n t e r e s t t o n o t e t h a t i f , k n o w i n g ( 6 . 2 7 ) y o n e h a d t a k e n 

f ( 9 ) = - s i n 0 y c o s 2 * - c o s 2 0 , 

t h e n e e d t o c a l c u l a t e e l l i p t i c i n t e g r a l s w o u l d n o t h a v e o c c u r r e d . 

§ 4 . S t r e s s e s a t i n t e r n a l p o i n t s 

I f t h e s t r e s s c o m p o n e n t s a r e r e q u i r e d a t i n t e r n a l p b i n t s o f t h e p l a t e , 

t h e u s e o f t h e a u x i l i a r y f u n c t i o n f ( 0 ) ( w h i c h i s e s s e n t i a l f o r t h e d e t e r -

m i n a t i o n o f oi a n d t h e c a l c u l a t i o n o f t h e b o u n d a r y s t r e s s e s a n d d i s p l a c e m e n t s ) 

i n t r o d u c e s a d i f f i c u l t y b e c a u s e t h e s t r e s s e s c o r r e s p o n d i n g t o t h e b o u n d a r y -

l o a d i n g r r = f ( 9 ) , r § = O d o n o t h a v e s i m p l e c l o s e d f o r m s . I t i s t h e r e -

f o r e n e c e s s a r y t o r e t u r n t o t h e o r i g i n a l c o m p l e x p o t e n t i a l s ( 6 . 7 ) : 

S' §(z) = I T - -J-T/Z3 + E Ak'/ZF3:̂ -.'. 
v ' + . : ' .. lc'=r J. ••'•', •••••...""-•..•-•* 

Y ( z ) =. - -JT + }T/z2 - 3 T / 2 z 4 + £ B k / z 3 l c
: , 

f r o m w h i c h t h e r e q u i r e d s t r e s s e s c a n b e f o u n d i n t h e c o m b i n a t i o n s 
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• J ( G O + r r ) = 2 R o ' H z ) 

CO 

= R o C J r - T / z 2 + 2 S A c / z 2 k ] ; 1 
a n d £ ( 0 9 - r r ) + i r G = z $ » ( z ) + ( z 2 / r 2 ) H z ) 

00 
= T / z 3 -•• s 2 k A k / z 3 k 

k = l . • . 

CO 

- £ T Z 3 / I * + - S T / r ^ z 3 +• ( z 2 / ^ 3 ) T - B j e / z P k
 f 3 k=i 

= - j T z ^ / r 2 ' + ( £ T + B I ) / r 3 + ( l - 3 / 2 r 2 ) T / z 8 

- ( 1 - 1 / f 8 ) £ 2 k A / z ? k
 t 

k = l . 

o n u s i n g I ^ + i = 2 k A * f o r k 2 : 1 . „ ' H e r e r d e n o t e s I z | . 

I t i s c l e a r t h a t s u m m i n g t h e s e r i e s 7 ) 2 k A k / z 8 k m a y s e t a l i m i t 

t o t h e a c c u r a c y w i t h w h i c h t h e s t r e s s e s c a n b e c a l c u l a t e d . B u t f o r l a r g e 

v a l i i e s o f k , 

A k ^ a fH ^ a S * n * * c o s ( 2 k d - n A ) / ( 2 k ) 3 , 

s o t h a t 2 k Ac ~ a / 2 s ^ n ^ c o s - ir/h)/(2k)^ . 
CO . . * 7 . ; • : • ' . • 

H e n c e , i f t h e s e r i e s Vi 2 k A k / z ? k i s t r u n c a t e d a f t e r n t e r m s , a n e s t i m a t e 
' . . " • ' • ' k = i • . . • 7 - v.... • . 

o f t h e m a g n i t u d e o f t h e t r u n c a t i o n e r r o r i s 

| a | y r ^ Z f £ cos ( 2 f c , . ^ 

^ . , / 2 s i n ffl _ 1 . ^ 1 

» , 7 2 s i n 20! 1 „ 1 1 
= l a k / — TT Un;2 ^n+3 W/t? 

W h e n a = ? 1 ° 2 8 J a n d 1| = 0 * 2 5 i t i s f o u n d t h a t a ~ 2 * 3 5 g i v i n g . . 

a J ( 2 s i n 2&/n) ~ 1 * 4 5 • H e n c e i f 6 0 t e r m s a r e t a k e n , t h e t r u n c a t i o n e r r o r 

i s c e r t a i n l y n e g l i g i b l e f o r r > 1 * 1 b e c a u s e 1 * 1 ~ 1 / 0 7 x 1 C T 5 i I n 

a d d i t i o n , w h e n 1 4 a p p r o x i m a t i n g f u n c t i o n s a r e u s e d , t h e o t h e r c o e f f i c i e n t s 

r a n g e f r o m a o = - 1 * 4 1 x 1 C T 3 t o a l 2 = 1 « 5 5 x 1 C T 6 w i t h a u = 1 * 2 0 x 1 0 ~ 5 

w h i l e t h e c o e f f i c i e n t s f r a n g e f r o m f 0 = - 7 * 2 3 x 1 C T 2 t o f 5 7 = - 1 t 4 9 x:..1Cr 
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w i t h f i a = - 3 * 5 4 x 1 C T 3 . I t w a s t h e r e f o r e r e a s o n a b l e t o c o n c l u d e t h a t 

n o a p p r e c i a b l e e r r o r w o u l d b o i n c u r r e d b y t a k i n g 

Ac = a f k + a k f o r k <; 1 2 a n d A c = a f * f o r k > 1 2 . 

V a l u e s o f t h e r a d i a l s t r e s s , h o o p s t r e s s a n d s h e a r s t r e s s c a l c u l a t e d 

i n t h i s w a y f o r r = 1 * 2 , 1 * 4 , 1 « 6 , 2 - 0 a n d 2 - 4 , 9 = C P ( 1 C P ) 9 C P 

a r e g i v e n i n F i g u r e s 2 , 3 a n d 4 r e s p e c t i v e l y . T h e r e s u l t s w e r e t h e s a m e 

w h e t h e r 1 4 o r 1 7 a p p r o x i m a t i n g f u n c t i o n s w e r e u s e d . 

§ 5 . C a l c u l a t i o n o f t h e t r a n s v e r s e d i s p l a c e m e n t a t p o i n t s o f t h e b o u n d a r y 

I f t h e c o m p o n e n t s o f t h e d i s p l a c e m e n t w e r e r e q u i r e d a t i n t e r n a l p o i n t s 

o f t h e p l a t e , t h e r e w o u l d b e n o d i f f i c u l t y i n c a l c u l a t i n g t h e m f r o m t h e 

c o m p l e x p o t e n t i a l s 

00 
< p ( z ) = i T z + ^ T / z • - £ A k / ( 2 J t - 1 ) z 2 k " 1 

4 V_1 t 

oo 
t(z) iTz - iT/z + iT/z? - £ ^ c / ( 2 k - 1 ) z 3 k 

k=l 
, 3 k - l 

a n d t h e f o r m u l a 

0 

F o r b o u n d a r y p o i n t s , h o w e v e r , t h i s g i v e s 

s o 

3 c o s 2 k 9 

(6.28) 

a n d i t i s c l e a r t h a t t h e s e c o n d s e r i e s , l i k e t h e f i r s t ( w h i c h h a s b e e n 

c o n s i d e r e d p r e v i o u s l y ) , c o n v e r g e s t o o s l o w l y t o b e o f u s e . H e n c e i f t h e 
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R a d i a l S t r e s s r r ( x 1 0 " 2 T ) 

N e g a t i v e v a l u e s d e n o t e d b y b a r s . 

Gl = 0-25) 

15" 

IS; 

3+ h-s-

20 

si 

I07 

25V 

is/ 

•22, 

.31 

a?, ,3V 

jg> 

.2-6' 

./I 

m 

k-24-

/ 

Al 

j* 
132 

r = 1 - 0 1 * 2 1 - 4 1 - 6 

15*3 

0 

jo J /S" 32. 
2*0 

67 
2-4 

Figure 2 
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H o o p S t r e s s 9 9 ( x 1 0 " 2 T ) 

N e g a t i v e v a l u e s d e n o t e d b y b a r s . 

(T) = 0 - 2 5 ) 

Figure 2 

/ 
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n 

18 

S h e a r S t r e s s r 9 ( x 1 0 ~ 3 T ) 

N e g a t i v e v a l u e s d e n o t e d b y b a r s . 

CH = 0*25) 

4% 

5 7 . 

I M-j 58 

0 

42, 52 j 
Co. 

v3S 

,4/ 
. 4 0 

>2/ 
12,1 

= >1«0 1 *2 1*4 1*6 2*0 2*4 

Figure 2 
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t r a n s v e r s e d i s p l a c e m e n t i s r e q u i r e d a t b o u n d a r y p o i n t s i t i s n e c e s s a r y t o 

c a l c u l a t e t h e a u x i l i a r y f u n c t i o n g ( 9 ) w h i c h i s d e f i n e d b y ( 6 . 1 1 ) a n d 

w h i c h i s t h e c o u n t e r p a r t o f g ( 9 ) . 

T h e F o u r i e r e x p a n s i o n o f ( 0 ) f o l l o w s i m m e d i a t e l y f r o m ( 6 . 2 8 ) . 

F o r i f , w i t h t h e p r e v i o u s n o t a t i o n , 

g < 6 ) = - f 0 - J , u fe + i b r > 0 0 3 2 n 9 • 

CO 

t h e n a ( e ) = J E ) f n ( ^ p - ) s i n 2 n 9 . ( 6 . 2 9 ) 

I t w a s riot c o n s i d e r e d w o r t h w h i l e t o g o t o t h e t r o u b l e o f c o n s t r u c t i n g a 

f u n c t i o n h x ( 0 ) , a n a l o g o u s t o h ( 0 ) , w h i c h w o u l d s p e e d t h e c o n v e r g e n c e 

o f ( 6 . 2 9 ) . I n s t e a d , i t w a s d e c i d e d t o d i s p e n s e w i t h h ( 8 ) a s w e l l . I f 

t h e p r e v i o u s v a l u e s o f t h e b o u n d a r y r a d i a l d i s p l a c e m e n t ( a n d t h e b o u n d a r y 

r a d i a l s t r e s s ) c o u l d b e r e p r o d u c e d w h e n g ( 9 ) i s . c a l c u l a t e d f r o m t h e F o u r i e r 

s e r i e s a l o n e , o n e w o u l d b e r e a s o n a b l y c o n f i d e n t t h a t t h e b o u n d a r y t r a n s v e r s e 

d i s p l a c e m e n t s d e r i v e d f r o m g x ( 9 ) w o u l d a l s o b e c o r r e c t . 

P r e l i m i n a r y c a l c u l a t i o n s w i t h T| = 0 * 2 5 s h o w e d t h a t 1 5 0 t e r m s o f t h e 

F o u r i e r s e r i e s g a v e g ( 9 ) a l m o s t a s a c c u r a t e l y a s w h e n t h e a u x i l i a r y h ( 9 ) 

t h 

a n d 6 1 t e r m s w e r e u s e d . T h e e r r o r d i d n o t e x c e e d 1 u n i t i n t h e 6 d e c i m a l 

p l a c e e x c e p t f o r a f e w v a l u e s o f 9 c l o s e t o a f ( = 7 l ° 2 8 J O w h e r e i t r e a c h e s 

a m a x i m u m o f 5 u n i t s . 

U s i n g 9 1 b o u n d a r y p o i n t s 8 - (P (P)9CP a n d 1 7 a p p r o x i m a t i n g 

f u n c t i o n s , t h e b o u n d a r y r a d i a l d i s p l a c e m e n t s a n d r a d i a l s t r e s s e s a t t h e 

d a t a p o i n t s a n d t h e i n t e r m e d i a t e p o i n t s 9 = ( 1 ° ) 8 9 J ° a g r e e d t o 4 

d e c i m a l p l a c e s w i t h t h o s e o b t a i n e d w h e n t h e a u x i l i a r y f u n c t i o n h ( 0 ) w a s 

. u s e d . A .'••••• 

T h e v a l u e s o f 2 u v g o b t a i n e d a r e s h o w n a l o n g s i d e t h e p r e v i o u s l y 

c a l c u l a t e d v a l u e s o f 2|o,vr i n F i g u r e 5 . 



R a d i a l a n d T r a n s v e r s e D i s p l a c e m e n t s 

a t B o u n d a r y P o i n t s 

60 7 0 80 

Figure 5 
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§ 6 . A p p e n d i x t o C h a p t e r 6 

E v a l u a t i o n o f t h e c o e f f i c i e n t s f 0 , f t t hp a n d h. 

T h e c o e f f i c i e n t f 0 i s g i v e n b y 

fo = - - r " / 2 ( c o s 2 * - c o s 2 0 ) ^ d 9 

rP ( s i n 3 0 - s i n 3 c p ) 2 d p , TT J o 
w h e r e 0 = TT/2 - oi a n d cp = n / 2 - 0 . 

T h e s u b s t i t u t i o n 

s i n cp = s i n 0 s i n * , d , = s i n P c o a V d V " : , ( 6 . 3 0 ) 

/ 1 - s i n * 0 sin2f 

r. 2/2 pn/2 kPcosrH 
g i v e s f o = - — J 7 ~ ^ d * , . . 

w h e r e k = e i n 0 a n d A = ^ / 1 - k 2 s i n * \ ) ; h e n c e 

fo = I^sin^-d-k3) ^ ; 

= - ( 2 / 2 /TT ) [ E ( k ) - k ' 3 K ( k ) ] . 

T h e c o e f f i c i e n t JQ i s g i v e n b y . 

f = _ 2 f/2 _ c 6 s 2 0 ) 4 c o s 2 9 d 0 v 

• " <*..' • a-':-;.' ,v 

= J ( s i n 3 ^ - s i n 3 < p ) ? c o s 2rp d p , 

a n d t h e s u b s t i t u t i o n ( 6 . 3 0 ) i n t h i s c a s e g i v e s 

2V2 J>tt/2 k3cos3i(l->2̂ sin2̂ ) ^ 

T h e s e c o n d i n t e g r a l h a s b e e n e v a l u a t e d a l r e a d y ; f o r t h e f i r s t , . ; 

i n t e g r a t i o n b y p a r t s g i v e s 

J 1 " ^ c o s ? | A di!i = [sinty costy A ] ™ ^ - J ™ ^ s i n / d ( c o s f A ) _ 

TT/2 0 • '• . 
_ j s i n ty ( A + k r c o s / / A ) d f ; ; , 
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TT/2 TT/2 

a 2 f sin2 iji A d\Ji - (1-k2) J sin3* dfa/A . 
' o c o 

PTT/2 F,N/2 ^ TT/2 
H e n c e . 3 f cos2-) A dy = 2 J Ad-} sin3̂  dty/A 

O o o 

a n d 3 ^ J ^ c o s 2 ^ A dfa = 2 k 3 f ^ A dty + k ' 2 f ^ 2 A dty - k ' 3 J ^ 2 d;-/A 

o o o o 

= ( 1 + k 3 ) f / 2 A d * - k < 2 d V A . O o 
T h u s f 4 = [ | ( 1 + k 3 ) E ( k ) - | l c ' 2 K ( k ) - E ( k ) + k ' 2 K ( k ) ] 

TT 3 3 

= [ ( k 2 - ^ 3 ) E ( k ) + k ' 2 K ( k ) ] . 
3TT 

F o r t h e c o e f f i c i e n t 

4 h 

3 g a 
h o = — f ( c o s 2 9 - c o s 2 ? ) d 9 TT Y O 

3 

. ( S i n 2 « - s i n 3 e ) 3 d 9 , o 
t h e s u b s t i t u t i o n ( 6 . 3 0 ) i s r e p l a c e d b y ; t h e s u b s t i t u t i o n 

s i n e = s i n * s i n rp ,. d 9 = S i p P f ° o a f ) d o . ( 6 . 3 1 ) 

yi-sin°G sin̂ cp 
S i n c e s i n « = c o s 0 = k ' , t h i s g i v e s 

. 8 v 2 h pTr/2 k 1 4 c o s 4 c p , 

..... ^ = ~ J 0 , A ' ^ ' . 

w h e r e A 1 = ^ l - k ' ^ s i n ^ c p . : 

H e n c e ; h o = k , a c o s 3 c o A ' d p - ( 1 - k ' 2 ) k ' 2 c o s 2 ^ d » / A ' ] 

= { i [ ( 1 + k ' 2 ) E ( k ' ) - k 2 :K ( k 1 ) ] - k t e ( k ' ) - k2K(k')] 

[2(k'a - r- ka;(:k'2 r- 2k2) K(k') ] . 
3TT 

l a s t l y , f o r t h e c o e f f i c i e n t 

% a 

fa = J ( c o s 2 9 - c o s 2G)2
 c o s 2 9 d 9 , o 

a p r e l i m i n a r y , i n t e g r a t i o n b y p a r t s l e a d s t o 
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h. = — F | ( C O D 2 0 - C O D s i n 3 2 0 d 9 TT J Q 2 

- r 3 ( r j i n p ' o - o i n a 0 ) ^ s i n 3 0 c o ^ O d O 
17 o 

a n d t h e s u b s t i t u t i o n ( 6 . 3 1 ) g i v e s 

hl = jTi/2 3k,4 sin3rp cos2n A1 d-p . 
77 o 

A g a i n , b y i n t e g r a t i o n b y p a r t s , 

J ^ 3 s i n 3 c p c o s P c p A'd-p = [ s i n 3 c p c o s ® A 1 ] ' ^ - ^ ^ s i n 3 r p d ( c o s p A 1 ) 

TT/2 
= f s i n 4 c p (A , + k ' 3 c o s 3 c p / A ' ) drp " 

o 

rr/2 
= J s i n 3 q > [ ( 1 - C O S 3 C P ) A 1 + c o s 3 c p ( l - A , a ) / A ' ] & p 

o 

s o t h a t 

^ sinacp c o s P r p A * drp = J ̂  sin3cp A ' dtp + J ^ sin3cp c o s P c p drp/A1 . 
o o o 

A f t e r s o m e f u r t h e r r e d u c t i o n , o n e f i n d s t h a t 

5 k , a J 1 7 ^ 2 s i n 3 c p c o s a c p A ' d c p = k ' 2 f / 2 A ' d p - : ( l + k , a ) f ^ 2 c o s 3 c p A ' drp 

o ' - o o 

J TT/2 2 / 
c o s ep d p / A ' , 

o 
f r o m w h i c h , b y u s i n g e a r l i e r r e s u l t s , 

1 5 k * 4 J ^ 2 s i n 3 c p c o s 3 ^ A-' dtp = 3 k ' 4 E ( k ' ) - 0 + k ' 3 ) C B + k ^ ) A k s K ( l c ' ) ] 

° . ' ' • " ' " ,, 

+ 3 C E ( k ' ) - ^ K ( k ' ) ] 

= 2 ( k » 4 - k , 3 + l ) E ( k ' ) - k ? ( 2 - k , a ) K ( k ' ) . 

H e n c e , ^ L ^ ( k ' 4 ^ ) B ( k ' ) - k ? ( 1 + h 3 ) K ( k ' ) l . 
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