A Numerical Method for the Solution of

Plane Elastic Problems '~
| by

Kenneth Edward Pitman..

AThegis-suBmiitéa férfthéadeéreé"df Docfor

“ of Philosophy in the University of London.

 Institute of Computer Science,

w'uJénﬁéfy'196§5;ﬁ



ABSTRACT

- { method is described forvthe numerical determination.of the strecsses
and displacements in an elastic plate under conditions of generalised
plane stress, The stresses or .the displacements may be prescribed at all

:boundary points; alternatively'the boundary conditions may be mixed,

:A:.The complon potentials oernshhelishvili are approximated byflinear
'1:combinations or elcmentary analytic functions; From each of these
gfunctions contributions to the boundary stresses or displacements can be
_calculated The’ coefficient multipliers are chosen 80 that a suitably
{weighted sum of squares of residual stresses or displacements at some

f’conVenient set of points on the boundary is minimized (The nunber of

5,'p01nts exceeds the number of functions ) The msthod of soluticn implies

: the construction of an orthogonal set of vectors irom the boundary

"‘contributions.

For general regions the approximations are rational functions. For

";simply connected regions, however, the complex pctentials can’ in principle
:'be approximated by polynomials, but an example shows that for non-convex

: domains polynomials are unsatlsfactory and the use of functions with
';singularities outs1de the region can be advantageous.- e presence of

; {discontinuities in the boundary or the boundary values also demands special

consideration.

driginalit&fisiclainedifor‘ektending the'methods ovaavis and
'RabiHOWItZ to realistic problems of generallsed plane stress by means of _
icomplex potentials and showing that quite accurate sclutions can be
..obtained Although Mikhlin ‘uses the method of least squares to detezmine
approximations to. the. complex potentials, hlB discussion is mainly theore-

tical and h1s interest in- numerical results marginal,
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The application of Ianczos' @ - factors in Chapter 3 and the methods
. of removing discontinuities cuggested in Chapter 5 are believed to be

' briginﬁl, as arc alco the additional case of Williams' analysis and the
 technique in Chapter 6 of allowing a‘singularity of unknown magnitude to

remove itself,
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CHAPTER 1

Introduction

§ 1., Solution of boundary value problems by the method of least squares,

In a series of articles, Davis and Rabinowitz (1956, 1957, 1961)
have showvn the possibility of computing numerical solutions of boundary )
value problems by means of least squares approximations, The'tﬁo’earlier
articles vere concerned with the Diriéhlet problem for Laplace's equation
in two dimensions whilst in the third, the work was extended fo.mixed
boundary problems, problems'in‘three dimensioné-and problems-og the bihar-

monic equation in two dimensions, .

To explain the method, consider the Dirichlet problem in which it

is reqpired to determine a function u = u(x,y) which satisfies.
vV3u=0. S (1,1
throughout some region R ‘and which takes assigned,values
u(P) =y(P) : : | (1,2}
at all points P of C , the boundary of R .

The problem is solved by taking as an aﬁprdximation to u. a linear
combination of functions w ,Us,eeeyin selected from a complete -set of
solutions of (1,1)

~ S.n
U= aju ,
’ =1 :

choosing the coefficients a; so that
N el
I= 1.-\-:, vy C 'Y(Pg) - u(Pi) P
is a minimum, B yPsyeeeyPy ,..‘.,Pl'\ll. (N = n) being points of C "and Wy

a set of positive weights, The points P, are suitably distributed



round C ; they might for example be equidistant in one of the co-
ordinates, The weights wy are nsually chosen so that
N

)_, w v(Py) > év(P)ds .
R

for an arbitrary function v ; for example the w; are aften the mean of

the lengths of the adjacent chords Pj-;P; and PyPi+; .

' To determine the coefficients a, , the values uy (Py) (i=1,2,...,N)
are taken to be the components of an N-dimensional vector. fy, there
being n of these vectors. From them a set. of orthonormal vectors @y
,.is construoted by taking linear comblnations. The i h component of ¢y
is the correspondlng linear combination of the uj(P() and may be denoted
v,(r;)l.' The vectors are'orthonormai in the sense that the inner
. prodnet o

IS e T S : |

(g ye) = ‘gw;v, (PIw () =0, fon j# ki
Aand the norm o o
. - .
llogll = Goyrywy)2 = 1.

'If: fﬁ'denotes.the vector:witn-conponents y(P‘) , the problem is
| neducedftoﬁthe'deternination of;ooefficients b, 50 that
=iz - La:f,il"‘ Iz - i‘bmna

is a minimum and by a well known result the coefficients by = are the

Fourler coefficien»s (f,w,) ;'

The approximate solution of the boundary problem is thus obtained in -

:the alternative form .

In the mixed boundary problem where
"%Pu=0in R.

A_and (1.2) is replaced by tne.condition‘



a(P)u(P) + B(P) (P) =vy(P) on C ,

@y, 8 and vy being given functions, the coefficients a; have now to be
chosen to minimize

N T
Ziw DR = a(ROERD - (R0 £ e)P .

-
1]
“A

Essentially, the only modification required is to make the components

of the vector £f; the values

w(Pug (B) + B(B) S (R), 1=1,2,000,N - .
'These_are then orthonormalizedaas before,

For the biharnonic equation : -

U = o . A ": (1.3).
tho boundary conditions considered by Davis and Rabinowitz are always of the
form_7 : v , :

U = ® ,E@® =y® omc, (W
wﬁere‘ Vi and_.-ya areiprescribedifdnotions. In thiS'case;ighey minimize
I=2Z w® [y (P,) - U(Pm3
_ + Zwi(z) [va (B) - & (p,)]a |
taking T to be a linear combination of solutions of (1.3) ﬁetaiis'are_
not given, but it would be natural to assume that the vectors £y are‘now_ '
?made of dimension 2N by taking U}(I&) and -—J(Eﬁ) together, with

w o= wq(‘) or w(? as appropriate.»

§f2.-:Some'problemsain.the‘theorz;of'elasticity

Boundary problems for the 2 dimensional biharmoniec. equation arise '
in- considering either the bending of a thin plate with tranSVerse loading
'.”gg;thelextension of a thin flat plate under conditions of generailsed~

. plane stress;
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In the formef, the dioplaceﬁent w = w(x,y) of the middle surtace
of the plate in the transverse (z) direction satisfies
Vv =-p(x,y) /D, - (1.5)
vhere p(x,y) 1is the intensity of loading per unit area and D is the
flexural rigidity, If the plate is clamped at its rim C ., then

and so if a particular solution wy of (1.5) can be found, the substituion,

=Uv'-\|b'
gives S vUu=0 ,
with U:%.%—E_:%‘ﬁb on C.,

_which is of the form (1.3), (1.4).

In the second problem, the faces of the plate, z=+h s are free

. from stress and any forces applied to the edges are parallel to the faces,

'Mean values of the stresses and displacements are used, dgnoted by
ol 1 ~ : - 1 f ' '
qul"'ah “[th Pq dz."u—ah-j‘:h udz .

In the absence of body force; the eQuations of equilibrﬁﬁ become

axx a"x
[ Fe =0 '
O OF. (1.6)
XY L W _o .
Tty T o 5
on ave:agihg, and the strain-stress relgtions'beébme :
O R
2u == =% =N Gx +yy) ,
_ (1.7)
@.g%';;y'-_n G+ |
e . e SO >
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where | is the modulus of rigidity and T 1s the modified Poisson's

ratio given by 1| = I .
+0

Equations (1,6) are necessary and sufficient for the existence of

a function U(x,y) , known as Airy's stress function, such that

< _Fu RU PU
>°‘=?a'y'roﬁ=s?-i'=-axay- | (1.9)
1.7 1.8 -
‘Elimination of T and v from equations (2<3) and use of (2¢2)
shows that P (X +Jy) =0 - o (1,10)

i.e. that #Uu=0, A _ : (1.11)

Yoi the beudary cenditidne; suppose that the region’ R is simply
connected and that the components ¥n and iﬁ of the stress vector
acting on an element ds of the boundary are known at all p01nts. Then
(see Muskhelishvili (1953) page 113)

B @ w5,

and so integrating_along an arc of the boundary,

-—g-;t:-=;'f yn ds + @ ==Y +0 .
o to ;

. L (1.12)

-oU . ; . .

:ﬁ;--J: xn.ds +}B = X+8 .,

where x and Y are the components of the resultant force acting on the

‘arc and - @ and B are constants. A further integration gives
U j‘ (- de + Xdy) +0xX + By +v , : e (1.13)

. where y is a constant 'Since the function u = ox + By + y 'givesArise

to zero stresses, the constants @, B, N may ‘be ass1gned arbitrarily.

‘Thus values of U and %g; may be determined at all points by numerlcal :

integration if necessary
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If however the components u and v of the displaccment are

given on the boundary it is not possible to determine values for U

- and Sﬂl . In fact the problem can no longer be formulated simply in

an
terms of a single stress function U , integration of the equations
(1.7), (1.8) requiring the introduction of an auxiliary harmonic

function, Dropping the bars for convenience, the equations may be

‘written
» : 3
Zp,-g-%z-%—)?v- + (1 -T\)VzU "
A (1.14)
v . . d°U
2u.-a—y-=-€?- + (1 -‘n)VQU v
'g'x (2pv + + 8 ) +d 3 (2 + & .o, (1.15)
" and are satisfied by taking
B R | U . oY
2|J.u_+5-}—!ﬁ_-a-£ ’
} (1.16)
W .
Rl
Miere. B Gqaner., ()

It uould be possible to apply least equares-techniques'to boundary
'conditions of the form (1, 16) with u and v given functions but the
“need to use biharmonic functions U5 and harmonic functions Y, related

‘by (1 1?) would be inconvenient

A further difficulty arises when the region R is multlply

' connected and has n + 1 boundaries Ci - (1= O,1,...,n) I the

| 5boundary tractions are given, the determination of U and %%n_from-(1.12)

(';andg(1.13) introduces different[constants g, Bf;'yg for eech Cio of
y‘these,‘the three constants' %, Bo{'Yb- (say) on G mayﬂbe assigned arbit-
iiirarily, leav;ng 3n unknown constants in the boundary values and hence in

(the‘stress function U(x,y) ‘To determine them, Michell (1900) observes

" that whereas equations (1.7) imply that %ﬁ- andv‘%g- are single valued

RETS the stnesses are 31ngle Valued, the same is not necessarily true of
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%% .'%% sy u and v, Imposing the 3n conditions

1}

du
££d°5§° =0, [ du=0, [ av=0,1=1,2,...,n,

Cq .G
leads to 3n conditions on U(x,y) from which the constants may be

determined,

[The conditions | d(%%- =0 and [ 4 ( ) = 0 are equivalent.]
Cy Cy

3. Complex Potentials

As an alternative to expressing the stresses and'displaéeménts in
terms qf a'biharmohic function U and»a related harmonic function V¥ ,
- it is possible to express them iﬁ terms of two unrelated complex functions,
This was done by MMskheliéhvili in 1919 and is described in Chepter 5 of

. Muskhelishvili (1953) T .

Suppose initially that the region R is éimply connected, Since
v (¥¥U) =0, it follows that V°U may be taken to be the real part of

 a'fuhction of the complex variable z =x + iy , regular in R :
VU = Re f(2) .
| Néw let | o m(z) ¥ p'4 iq = lj £(z) dz .
'-Tmﬁt  _' \Wu_u-ﬂ 4-3

‘and so equations (2’30 become

u | Pu
2”ax=."a +’+(1°n)ax'
| @y
2u CLAP g - +4(1 - n)

.3_5_

T Muskhelishvili's book is referred to subsequentiy as M,
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Integrating these and then resubstituting in cquation (1,8) given

20U = - -‘;-;—2— + 4(1 -Mp

ol
UV = - .L').:; + lb(’lfﬂ)ﬂ,

where p and q arc arbitrary merely to the extent of torms corrcsponding

to rigid body displacerents,

| It may then be shown by differentiating that
 Gepx-ay
1 is a harmonic function _and so may be taken to be the real part o.f_ another
fuﬁdtioh,bregular in' R, | . |
U-px-ay = Re i(z) .
; .Thus | - U =-§e (z rs.(z) +x(z)} ,
or v. ' ,ﬁ=Em&)+§Eﬁ)+ﬁQ+§&).

The ‘stresses and displacements are then given by the formulae (M, pages
" 112 and 114) - | |

~ )gc + S"y ::210._ Re m'(z) = é[-"p'(Z) +’T’"(-2)J,v
o (1,18)
. 52 .

" 21xy = 2[?:!\"(2) + 4! (z).l '

_:ﬁ(

2u(u+ iv) =3 0(z) = 29(E) - 9(2) , I (1.19)
. where i =3 ~ U and’ ¥(z) = x'(2) .

_ - Formulae 'i‘éi ‘::the-résultant 'forcé and couple acting on an arc of

" the boundary are also given by hxukheli..hvili. : Aithough their use would

appear to be indicated when boundary stresses are 5iven, there 18 in fact

a far moro effective formula, attributed by Muskhelzshvili (Me page 147)

R _ to Koloaovz
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Iet N and T be the normal and tangential components of the
stresses acting on the boundary C , the normal being the outward normal

and the tangent pointing to the left of the normal,

2ic

Then &(z) +3(z) - ¢ [z 3'(z) +¥(z)] =N ~4iT on C, (1,20)

where 5(z) =@'(z) , ¥(z) = §y'(z) and o is the angle between

the normal and the x - axis,

It is observed by Muskhelishvili.that for a given state of stress,
4(z) 1is uniquely defined whilst &(z), o(z), y(z) are defined apart from
terms iC, iCz + vy, v' respectively, C being real; Y and'Ay' complex
constants, | |
Conversely, a state of stress'is not altered if one replaces
o(z) by o(z) + iCz +vy ,
y(z) by v(z) +y' .,

However, substituting these in (1 19) shows that the displacements

will be- altered unless ’
C=0 and uy - y"- 0.
When the origin lies within the- region R occupied by the body
and the stresses are given, Muskhelishv111 chooses the three constants
 so that
:¢(Q) = o.’fxm 0'(0) =0 , y(0) =0 o
When the displacements ere_given, only one conditionfeanjbe”imposed e

and Muskhelishvili takes ©(0) =0 .

S 4, 'Approximatibh‘of cemplex7potentiais'using the method of least
squares, .

Suppose - that the region: R occupied by the plate is simply connected.
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and that the boundary of R is a Jordan curve C, ILet the displacements
u and v be specified at each point of C and let them be continuous
on C, Then the problem reduces to finding functions o(z) and y(2)

which are regular in R and vhich satisfy on C the relation

wolQ) - Ca'@) - T@) = 2ulu + iv) . (1.21)

Moreover it is possible to take ©(0) =0 .,

bA.fundamental theorem proved by Walsh in 1926 and given in Walsh
(1956) statés that if the function £(z). is regular within a region R
bounded by a Jordan curve C ,.and continuous in R (the cloéure of R),
‘then f(z)' can be uniformly approximated in R by a polynomial in z ,
The functions 1, z, 2°, ... thus form a complete set in the space of

- such functions f£(z) .
It follows that (z) and (z) can be approximated by polynomials
n n. ‘ B '
0w (2) = ka o 2, §(z) = k?_:on 2 v o 7 (1.22)

which for convenience will be written in the forms:

R 'q»,,(z)grg:‘ (8semy +doas)2,
| . ot 0t (1.23)
:_'W‘Jn (z) = & (54:4-1 +.iaa.,-+a)z" 9 .

- where the a's are all real,

let £ =T +iV, and z %b F =0 * +iV*,
Thenvj'
n

#0a(2) = ' (2) - e (B)=n RARNCTEN +done) (G +1%)

ipg =

r

(Bar-y = doar) (G * - iV *)

. ‘,?o _(éuﬂ - daar+a) (G "-," %), )
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4n+2

= 42_1 a, . (F“ + iG.’) ’
1

where the Iy and G; are functions of x and y given by

Fapey = =%  Gesy =% , (r=0,1,2y...,n)

Fap42 = G:.r-b;a =% , (r=0,1,2,,0eyn)
Fapey =0 U =U*, Gpoy =0V +V* (r=12,,u.,0)
Fap ==n % + V. *, Gr =2 U, +4*, (r= 1,2,..'.,n).

Denoting boundary values by Ty (Py) etc. as before, the least

squares problem may be posed in the form: Required the coefficients a,

so that :
. Ciatd . _
= 12 wy [2pu(py) - 123 - ay F,.(pt<)]a
=1 = : )
N ' _ 4n+3 ' , _ :
+ Lo [uv(Py) =2 a) G(RIP " (1.24)
t=) . C = S _
ghall be a minimum, (It is noﬁ' nec'essary that 2N = 4n+2) ,  This may

be solved in exactly the same manner as before, taking the vectors fy
to be of dimension 2N with components Fy (Pg) and Gy (Py) ,

i = 1,2,...,“ L]

It may be noted that beceuse the ‘ay are real, the right kand side
of (1 2l) can be written : | |
an+3”
HZp,(u +iv) - :—L‘Ix gy (F * iG, )"z,
| where the inner product of two complex valued boundary i‘unctions f(P)
and g(P) is taken to be | |
(£,g) = lz;l. w T(Py) gl{py) - T S S PR (1.25)

and.

lel2 = 2,0
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The summations in (1,24) could have used two different setc of
weights but since each of u and v 15 a displacement, it is natural
to make them the came in the two.summations. There would seem to be
less justification for doing co when approximating the bounda.x;& valueo

ALY

U and 30 which have quite different physical significances,

The application of the method of lcast squares to the present problem

has been discussed analy:ically by Mikhlin (1949, 1964), Mikhlin writes

8(0) = x 9(C) - ¢ FE) - D)

and denotes by gpy (C) the functions Fx + iG. and the approximation to
g(C) by " 4n+3 |

& (C) = Z au €09 (c‘,)
although his ordering of the terms is dii‘.t‘erent-._ ‘The function which is

minimized is ,
len - &l® = (& - & & & -8y
where the inner product of two ftmctions is defined by :

(£,8) -§f(r) 8(0) ds oin o (1.26)

Because the coefficients & are re_al, 2

4n+2 an+3 RO " 4n+3

lea = dl® = ’:'3 Z A &(Em' &k)) -2 Z 8 Re(&&k)) * (s.g)

" and the normal equations ‘bécome' B
4n+3

'1_,‘ ay Re (ag), a,)) = Re (g, g,)) 3'_=".{,2,.‘.'._,1;n‘+2 o - .(.1,27)

To demonstrate that thls system is soluble, Iikhlin considers the

homogeneous system

4n+2

é’; a Re (g, &n) =0, IR

M2yeengbn o (1,28)
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Multiplying by ay and adding gives Re (g, &) =0 .
But Re (gny @) = Re ll@l|® =llall® and so @ =0.
But g (C) =1 n (C) = C G '(@) = ¥ (0

and it follows from a known theorem'on uniqueness of the solution of the
elasticity problem that
?(z) =0, W(z) =0 in R.

These immediately give ax = O for all k ,

Thus (1.28) has only the trivial solution a¢ = O and it follows

that the non-hdmogeneous'system’(1.27) can alvays beAsolved.
It is furthen ehown.by nlkhlln tnat,bprovided tne glven function
| g(C)’visAsufficiently smooth, | o o
. low = ol =0 vhen n -~
'”end thence thatilwh(z) ﬁ-m(z);'wg(n)“é;q(z)' unlfo;mly'nitnin.vR .
If the finite summation . (1 25) 1s used in place of the 1ntegral inner

" product (1.26) these conclusiona w1ll still follow by making N -

“before n - o prov1ded that

fre=

w 2B 5B - [ 1) 50 ds .

If instead of the boundary dlsplacements being given, the normal
and tangential components N and T of the boundary tractlons are given,
~ the. problem reduces to flnding functions E(z) and - ﬁ(z) which are

regular in R and_satisfy on C the relatlon (1 20).
3(z) + QCE) - e EE §'(z) + f(z)] = N - iT:,
‘ In this case it is possible to- take Im'i(O)

As before, polynomial approximations to. 6(2) and Y(z) are taken,

in the form:



n n
(‘n (Z) = }:J Ak zk “{n (Z) = :: B,g Zk
k=0 ! X '

where A, is real, and for convenience these may be written?

n

I (2) = ap + 7_')1.(31.,-'1’# i) 27,
r= :

Yo (2) = ré (a4;+1 v.+ ie4,+3)z' .
Iet Z =0 + iv;' ,
aiaz" T* + iV *
‘e?iai %z 7 = ox 4 ivr e

Ten & () + 3, (2) = 2% (2.8 "(2) + % '(2)]
= 28y + 23:1' (as.;-x_ G - ap V)

2 (aary o+ doar) (G ** + iV “) B

n. 3 . . .
Z%(&r"l + iasr+a) (G * +1iV %),
r= . L

. 4p+3 L
=L a @ -i6),
‘where AR . |
L R=2h, G =0, ,
Ff".*.l -;-“,'-' U,"'- Q;.'-n': V,. * (r = 0,1,2;.,.....:,11) e
 Fagea = %, sz- U, s

0,1424000s40)

-'F4.7-;"=2U,- n,... ; G.,,,. -1 .‘-;v_', cf-., A(r = 1,2,";.'.;1)

. . F,xr' = - 2V,. +'Vr“‘_;, '. = Up ‘. .'v. (r '1'-2’ .‘.’n)-.l'

The least squares problem then becomes the minimizatlon by choice
: of a, - of the expression _ ' |

- 4n+a‘---'li' ' - : 4’n‘+_a

20

4 » N
iZ Wy [N(Pi)-- :"2_30.‘ ,(Pi)Ja + ‘L‘ Wy [T(P,) - E)o‘ ay G (P))?

(1.29)

' and may b'e“deait with as b?fO?‘é- ;



§ 5. Methods for constructing an orthdgonal set of vectors,

To construct an orthonormal set of vectors My M3y eeey My Lfrom

a given get of linearly independent vectors £, fa, eeey fn, Davis and

Rabinowitz use the well known Gram~Schmidt process in which linear com-

binations equivalent to

o =8, §
P2 =83 f +8s3 f2
=ay § + 332-f5A+ aga I3

03

are taken, namély'

o =wAull , where 4 =1 ,

wa = V2/|[4all 4 where . ya : v:fa.;".(fao'fm) Py

- and generally ‘
Vx/”Vk” where. Y = Z) (fk ’ cp,) Oy .

‘For a given 'vector f. s the linear chbi'hat_:i'ori' .

n
T=21"b o
' o | T RSP
which mimimizes [leFP o s

‘and ‘the components & . Oa, H.‘. ;»f" 8y of '-t'hef reéiduél' vector

» ....t'.n Co.
8=f-T-= : 24 (f m&) ER

can obviously be found by a further application of the formula (1.31).

Normally it is requ:.red to express f in terms of the original

. vectors f,; . Substitutmg from (1.30) glves ',

”ri’f}': Z (1, tpk) Z ag, f,
= 7‘3,3 f.ly

J l

21

' (1.20)

(1,312

(1.32)

(1.33)
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where a; = (£, m) ay . (1.34)

UL

k

Davis and Rabinowitz obtain the coefficients a; and also the
coefficients a;; ‘by augmenting each of the vectors f, by the
n-dimensional vector whose kth component is &yx (Kronecker's delta)
and augmehting the fector f by an n-dimensional zero vector, If the
Gram-Schmidt process is applied to the auguented N +n dimensional
vectbfs, with the proviso that inner products are taken qver‘the original
N components only, the elements §&;x are feplaced by ayx and the zero

elements by - ay .

‘Another device used by Davis and Rabinowitz cossistsrof re-applying
the orthogonalizisg'pfocess to each of the'vectors mk‘ as they are
' computed 1n an attempt to alleviate some of the effects of roundlng errors,
If the vectors m;, ma, ceey wk -1 are substantlally orthonormal but the .
Acomputed k th- vector O although normallzed is slightly non-orthogonal
to the others, it is shown that -
: _ : oy

= Fx ,Z @k 4 0y) o

; 'isAa better approximatiohsto_an’orthohotmal vector than Ty .
_ Alhbst'all of Davis and Raﬁihowitz's csmputations Were carried out
in double pre01sion floatlng p01nt arlthmetlc. Single precision (36 bit)

o'arithmetlc was considered adequate only for small problems involving up

'.to 10 - 12 functlons.-v."

R1ce (1966) has shown that any non-orthogonallty of the earlier
"vectors m, is passed on to the vector Wk in (1.31) and;tends to be

magnlfied by norma11z1ng. v'For suppose that
_(cp;, 03) = ey for ifj ,1sk-1, jSk-,

.and3fhs£f R oo oy ) = 1 ;d
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k=4 '
Let fx =1§ Bs o + 1
where My 01) =0 for i = 1,2ye0e,kel
| k-4
Then - (fk,mj)'—'? Bt e1y + By
143

and so substituting in (1.31),

k=4
e =1 -éi (‘2 B e13) 9y o

Hence if ;1<k} v
k-4
eci = pey ) = - 7 (E} Ba e1y) e /”“Jk” '

and since ¢3= 1, this summation contains the terms
AR e | |
- _‘%\1 By enn /'”“#_k“ b
Rice's experience is that : (nll ‘and hence ||4|| become small for
: _‘ vectors fi whose ' components & are values of mathematical functions,
'. 'fhis quickly cauSes '4% ‘to become ‘a linear combination of the
(3 =1 2,...,k—1) and in particular €K pkey uends to 1. - A modi-

- fication of the Gram-Schmidt process (1.30) is advocated,, given by

‘Vka‘)':- T _-'(fk_, 'G_‘);) ) '
.................0... ) )
. 4,(3)_ ,k(: 1)._, (%(3 n fpg)xfpa

I....‘.'.....Q.................

=t -/ Cen)

wh:.ch ensures at least that Gk.k- L = 0 o

Although elegant the Dav:.s - Rab:mowltz scheme has the dis-

' advantage that the vectors ‘01 ’ cpa ) ooy cpn have actually to be com-
puted and 80 v.nless the storage space is doubled the vectors :

fyy fa, ceey f, must be overwritten. ' Qu:.te apart from the amount of

" computatlon involved thls means that 1t is not possible to find the
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recidual vector f- JZII ay fy ,.
.n» .

but only instead f - kLJ (£, ox) o
=1 i

which although theoretically the same, need not necessarily be so because

of rounding errors.

An alternative proccdure: vhich uses precisely the same amount of
storage and avoids computing n'e\_~: vectors can be based on a method des=-

cribed by Guest (1950) for curve fitting by least squares,

Given linearly independent vectors fl g fa, seey f, as before,

coefficients &, are found so that

% fx. L

Ya = 8y £ +f3 :

Va

sy fi t@2fatf . (139
Vo = 8ay By + 83 fa 4 4e0 + T
_ form an orthogonal (but not usually normal) set of 'veetprs, .
" To do this, consider the equivalent forms &
¥a = 031 x,rl + fé |

Va

‘Ce; % +°aa Va +fa_,._ .: o _ A (1.36)

oo-ooo.ooooooo.ooooo'oocoov ’

Yo = cnf: \h + Cp3 %‘3"' o,o.l" + £y J !

_or B PR %: = 7—'% % +fk E

]

~ The coeffic:ier'xts. ck, are readil:f found For, '
ey .

(\,vk. ‘i’r) = ch, (\h, ‘i&-) + (fkg Yr) 9 e

and if r< k “this gives

ckr (Vr ' rl‘) '*'(fk. Vr) '-‘- Al

‘0 e ] T |
- (&, )/ (e v.) A A

,.
i

or : ‘ Ckp
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However, since it ic not proposcd fo calculate the components of
the vectors s , the inner products (fk, y;) must be found indirectly.

Defining a., = 1, ecquations (1,35) can be written

v =D aa fi o (1.38)
and’ so | :
.r- : : ) '
ke == Lore (fey 50) /Uy ) o (1.39)

Then from (1.36) and (1.38),

key - ,

W = 2 Ck § ) aje fp + fx
’:l .=‘ i
k=1

= 2 ek!‘ fr + x ,
- - k-1 . c . K
where _ By ch. 8r o o (1,40)
: & ' : l=r . -

'Having found the coefficiénts : By y the i'r‘me‘r _p'roduct‘ (e y V)

“may be found in readiness for the next stage. ~From (1,36) ‘it follows -

H:'.that Gy ) = (f&. )

Eakr'-(fk‘,'fr‘_)v - . .(1.l|'1)

For the approximation of an athitrai'y vector £ , let

nv

£ = La £,48, (1)

' wvhere & is the residual vector.  If the equivalent form

n .

s taken, el is'leést when the ‘c, are thé Fourier coefficients,
'thatiswhen (f \J,)-c.- (\.,\11,)_ | e ,
Since (1 M&) is of the same form as (‘1.37) 1t follows that re-

vpeating steps (1 39) and (1 uo) with fh+1 =if wlll_lead_to b

e an+1or = = 8,. o it

In addition, since 25 LY et R
1= c.\‘ A AT A S

&= -

=',§..°‘J""\'u +-,6" i retd e : ' R R
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repeating (1,41) leads to

("Jn#'l' "'"n+l) = (6’ 6) = ”6”a .

Comparison of this value of ||8|]° with thal derived directly from
(1.42) provides a useful numerical check on the orthogonality (or lack of
orthogonality) of the vectors VJ: since the former value has been derived

on the assumption that the vector & is orthogonal to each of the vector

Vs e

 The process described above is related to the solution of the

'corréspénding normal equations by Choleski's method, If the coefficients
a; are to minimize |

f -2 £, 117
le - Z & 5lP,

differentiating w,r.t ac and equating to zero gives

e

J=1

(f, £) &y = (5, £, k=1,20000. (1.44)

Iet F and Y .denote the n x N matiices whose roﬁs are the com=-
vpo'n'énts‘bf the vebto’;‘_s f, and reaj)ectively and let A and C

_ denote the lower triangular matrices

A,1 = 1.' 'Allj ='a“ 'i.>j ’
=0 i<
e, Cu =1, Oy = -cyyi>3,

. The equations (1,35) and (1.36) may then be written
2o . ¥=AF, - F=ov,

p ©"whilst the matrix of coefficients in the normal equations (1.44) is FF ,

Now . - FF.=cyych
- and since ¥¥' 15 a diagonal matrix it follows that ¥¥'C' is an upper

- triangular matrix, = The matrix A =C! ,
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§ 6. Comparison of the arithmetical operations involved

Examination of the two orthogonalizing processes shows that
#n (n + 1) dinner products have to be computed in each case. At the
kth stage, the Gram - Schmidt process uses k - 1 inner products
(fiy 0y) together with (i, Wg) while the alternative process uses
k dinner products (fx, fy) . If these are unweighted, the calculation
~ of each requires N accumulations (multiplication followed by addition)
- giving altogether 3 Nn (n + 1) : ' accumulations.
If the inner products are weighted,'it is only necessary to multiply the
components of fy by the corresponding weights before carrying out the
xR stage. This requires Nn. multiplications and a further Nn multi-
_plications are required in tne,éram - Schmidt process_to evaluate the

" “inner products (dx, V).

Elsewhere, there is a considerable‘uifference between the'number of
operations in the twolprocesscs. Using augmented vectors;ithe calcula-
-~ tion of k.- from (1.31) in the Gram Schmidt process requires (N + n)X
= (k = 1) accumulations and 50, all told L
| 3 (N + n) n (n - 1) accumulations
are'needed. Normalizing the-vectors V& requires the calculation of n
. square roots,' n reciprocals ana (N 4+ n)n multiplications. - In the
B { alternative process the calculation of ck,, ag, and (ug, ¢g) from
(1.39), (1 40) and (1.41) requires : | ) |
k(e =)+ He(k -~1) + k 1? aocumulations
N at.thetkthp‘stage. Thus all told, | e |
- e -n(n +-%) (n ¥ 1) accumulations
" are required, . In.addition,_ n rec:Lprocals and - -}n (n =1 multi-
plications aresneeded auring the calculation:of_the‘coefficients,wck,». ‘
A,

Iastly, in findlng the linear combination ala, £y which approximates
L 951

a given vector f ’ roughly the same number of operations is required in
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each process, assuming that the residuals are also found, In both processes,
n inner products (f, «x) or (£, fk) are required and computing these
needs Nn accumulations and possiﬁly N multiplications, Computing

| the residuals & and the coefficients a, vfrom'(1.34) in the Davis -
Rabinowitz scheme then requires (N + n)n accumulations, Computing the
. coefficients ér, g from (1,39), (1.40)'in the -alternative scheme and
obtaining the residuals directly re@uires |

3n(n + 1) +3n(n + 1) + Nn = (N +n + 1)n accumulations

:together w1th one reciprocal and n multiplications.

Because of the smaller number of accumulations and the advantage of
';preserving the original vectors, the: alternative scheme was used in the
computations described in the remaining chapters.' Single precision

" arithmetic was always found suffieienﬁ,“
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CHAFTER 2

Simply Connected Regions

In this Chapter, the method described in Chapter 1 is'applied to
two problems in which the region occupied by the plate is simply
connected and the boundary otreéses are prescribed, 'lIn eochvoasg,
the boundary stresses are symmetricai about the x- and y-v axes
_and it foiloys that the internnl st:osses and displacements ﬁil; also be
symmetrical about Ox and Oy + . Because of this, sone simplification is

- possible, as is shown in the following section.

§ Te Symmetry considerations

Suppose first that the Stresses and'diaplacements are'symmetrical
'~ about the x- 'axis. Then if u and v are the components of the
displacement at the point (x,y) » the components at the point (x3-=y)

- will be u and -v ,
But o Zu(u + lV) =n. @(z) -z ’(2) - W(E) :  ' @)
and 50 on changlng y into -y ,it must fOIIOW-that
Zu(u - 1v) =% ?(z) -2 ¢'(z) - &(z) o
" On the other hand taklng the conjugate of (2 1)

2utu - iv) = P (p('ﬁ) -z ¢'(z) - ¥(2) . (2.
Comparlng these two glves ' ) , |  .
| B(2) = p(z) Y Mz) -v(z) T )

: and on differentiatlng with respect to 2.,
§<z>=a(z)..,-\r<z>.=w<‘z>'._‘_' O (2.

Obviously these relations shouldlaléo beisafiafied by functions used
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to approximate «(z) and y(z) or %(z) and Y(z) . In particular,

for simply connected regions, the polynomials

n a

0 (2) = k:)[ o 2° v Wa(z) = k?-j e 2 '
, : A

3 (2) =k§) Ay z“ Yo (2) = p2 Bx z* ’

‘of Chapter 1, § 4, -should have all their coefficients real,

If the stresses and displacements are symmetrical about the y- axis,
“the components of the displacement at the point (-x, y) should be -u

and - v e Since -x + iy “Z_, this implies that

2u(cu + 19) = (B) - (B B'(z) = F(-m)
o 2w - = - w gl ~BH(-2) +F () .
Comparing this with (2 2) gives

o(-2z) == o0(2), v(-z) = - y(z) ,

o B(2) = '-{r‘o(-z) R 10 J s B | - (2.5)
. and on differentiating w.r t z o
| S . (2.6)

3(2) Sz, U2
.lsstly,’ifsthe stresses and displacements are symmetrical about both
%~ and y- axes, the' relations‘ (2.3) and_ @.5) may be combined to give
oa) = - )., t(z) =-yt2) . @7
Similarly. . l+) ‘and (2.6) giVe :
é(z) 5(-z) Y(z) Y(-z) s o ‘ (2.8)
~In this case, for a simply connected region, the polynomials mn(z)

: and ¥ (2) should contain only odd powers whilst the polynomials tn(z)

'and Y. (2) should contain even powers only,

The existence of symmetry about one of the co-ordinate axes also

'enables one to use approximately half the number of boundary points that



would otherwise be taken, Suppose for example that the region is
symmetrical about Ox , If N is evenand N = 3N + 1, the boun-
dary points Py, Py eesey PN can be disposed with P, and PN; on:

Ox and the remaining points arranged in pairs so that Py and Py ,
wihere J =2 - i, arc reflections in Ox , Then, if w =w; and the
real functions f and g are such that f£(Py) =‘f(P,) y 8() =g(®y) ,

the inner product

N
(f, g) = Ew: () g(Py)

becomes (£, g) = VZ‘T":;‘ "w £(R) g(Py)

' where Z} indicates that the weights for 1= 1 Ni. are . to be halved

B Thus. only points on half the boundary have to be used,’

' Similarly, when_symmetry exists about . Ox‘ and Oy it is sufficient
to use points on a quarter of'the aboundary only. The innefhpfoduct then
becomes ' | |
R . S -
(£, @ = ‘*Ei% wy £(Py) g(Py)

N+1,

.Pi-—'.'

“where' N, =

-8 2 §gparepp1ate wvth prescribed tractions over two _ppoaite edges L

For ‘the’ first application, an example considered by Timoshenko and
' Goodier (1951) was - taken.' In this, a square plate bounded by the lines

x(='+ 1; y.é‘i l‘ is subjected to the parabolic loading

= T_<1’-*, ), kS =0

“over. the edges x 4 + 1 ) T being a constant while the remaining edges

"-are free from stress. The atresses at 1nternal p01nts are: to be deter-

mmned..



Forty-;two points B, Py, eeey P4z were taken on the quarter
boundary ABQ (Figure 1), P coinciding with Ay Piz with C and
the remainder equally spaced at distanco apart 0+05, The corner point
B occurs twic§ (R—,, s, P2a) and ‘:i;a_ counted as a rﬁerﬁbcr of cach of the

sides AB, BC

A
C y:'l B
X =
0 A ,\:i
Fig,.1

' "“Ioights 'w; were taken equal to unity except at the end points A

i '_ and C and the double point B where the weight were taken equal to

one half For convenlence, the constant T .was made unlty.'

‘ ' vBecauéé'of fhe sfmﬁetry' abdut ‘Ox and Oy the complex potentials '
act é(z) and Y(z) _can be anproximated by polynom:.als containing even

L powers only with real coefficients. , These were.

2 s (z/a)” B

§au (Z)

i . '1’;‘, (z) 2 B‘ (z/a)ak

‘where the factor a ‘_ / 2 yta's- introduced to lgeep Iz/al s 1 over the

i entive region.

2.9
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Changing the notation slightly, let

n
fan(2) = L a5, (2/2)°"
r=0
n
Yan (Z) = Zo g+ (Z/a)ar .
r=
n
Then % 3 '32(2) = (22/8°) rZ‘,l 2r ag, (z/a)*~2 |
and so writing 0? = 7z/a°

(2/2)%F = U, + iV,

% (2/8)3 = Uy * + iVa *

it follows that approximations -‘I\‘f, T to the normél and tangential boun-

dary 'tractions are given by

N = 1% = 320 (2) + 330 () = €'Y [2 8'20 (2) + Y2q (2)]
. . . :“ | ' ., . |
= aj_joaz, Upp = 20° Z\i Te8ar (Uap-2™* + iVap-2*)
- r= . ’ . . :
. n ’ . : B .
= L agrey (Gar® + i) o
_ . : o "3n+1 '
‘Hence B N + i¥ = 2 a, (F, + :i_.G,), .
, , i=o Do
 where Far = 20y = 2rp° Uppoa®, Gop = 2r0% Vppoa®

.Far,._‘. =.-‘.U3f‘ , %r+l- =v8r‘ °

The coefficients ay may then be determined in the usual way from
. the requ:.rement that |
- 1-21 w (NRy) - Ny o+ ‘_z_" Wy (T(p,) - m:,)}8

shall be a minimu, (N =42)

The program was: arranged to print the coeff:.clents Ak and B 1n

(2 9) together with the resmduala at each boundary point' :
RN(Px )
Ry(Ry)

W

N(Pg')- - N(Pg-) ’ v . -
o (2.70)

1t

(py) - ¥R,
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and the root mean aquares of these:

Ry(me) = [T w (R®OP/Swm it -
(2,17
R;I,(rms) =[D w {RT(P,)}”/E w,J% .
1 . 1

As a check against the presence of errors due to rounding in the

orthogonalizing process, the root mean square of all the residuals,

E(rms) = C%’}w; (RNa(Px) + RTB(Pa)} /Z;Wx:]% '

was computed directly and compared with the value E'(rms) 'obtAined

indirectly from the expansion of N + il in terms of orthogoﬁal vectors,

In addition, the stresses were caicuiated at points cqﬁpfising a
square mesh of side' 1/8 using the formulae (1,18):
C Y
X +y'y-2 Eé(z) +§C‘z)]
N’

¥ - %% + 2%y =2 [2 ¢ () +‘i’(z)]

taking 43, (z) , ‘1’3, (z) as approximations to §(z) Y(z)

Results obtained when te:ms uplto.‘(z/h)2° ~and l(z/h)?a[’respecr.
tively aré used in the appréximatiﬁg polynéhials ére'éhdwn in Table 1
(n —'10 and n = 1&) ‘ RN(MaX) and RT(th) are the greatest
absolute values of the residuals. RN(Pg) and RT(P1) fcund at any of

' the 42 boundary points,

A_Table¢1;_:.

n RN(Max)_ . RT(Max) _ '; -'RN(fmé), . " Ryp(rms)
10 16k x s | 5:87 x 100% . | A:l;'-3'6_°xv.1'0'" " | 3l+o x 107%
A | 19k x 107t | 2}69'x‘ 1074 _.;',7-2.0 x 0% | 1-04 x 10°*

In each case, the'numerically:gréatesf :esidhalsla:e:found at or'neér to’

thé corher'pOint B.

The agreement between E(rms) and E! (rms) :wasfsatisfactory:
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For n = 10 E = E' = 3909 x 10°* while for n = 14
L ] ]

E =8+931 x 100% , E' = 8938 x 10°° .

-~

The stresses ;c'{, Yy and'x‘i" calcula:ed in the two cases agreed
. to 3 decimal places except at points on y = 1 where differences of
1 or 2 units in the .hird place occurred in some values of ¥x and on

X = 1 where similar differences voccurred in some values of Xx and ¥y.

‘fhe coefficients A« and B corresponding to n = 14 are given
to 5 decimal places in Table 2, values less than 1078 being omitted,
The largestAof the omitted coefficients is B, = = 2-O§ x 10°% .
Stresses calculated from these coefficients are given in Figux:es 2 a;ld 3
- The éntire calculation took 1éss than 4 seconds on the "Atlas" compute’:j

including 1 second to compile i:hg program which was written in EXCHLF,

Table 2
k A . ‘ B -
o} 0417953 | = 0+50000 :
1 0425000 - - 052288
2 0°19357 IR ‘
© 3 L 020311
b - 000271 il
-5 , . - 0-00824
6 - 0+00513 Ll b
. 7 : ' -.0°09680
8 0°+01020 o _
9. O LT - 0°14551
10 0°:01636 . . o
1M . .. " - 0026658
12 002281 . | = SRR
13 P e ©.0°0057%4
14 0+00511 - ok e



- 1687

A
' 2
IR 401 392 320 250 180 96 23
457 © |451 L34 405 369 32?' 286 251
527 521, 516 sol - |488 471 455 - luu3
607 léoy leoe  leos - leow |65 = lec6  |eo8
N I R e T U T - - L
958|760 |768 1781 lwes |87 |8z - |8s2
Cle1s s s lswe  lsew  [887 o911 Jom
g7 1851 less 1881 looh om0 {os6 - |o7s
8so 1863 1875~ leon lo1  lows  lov1  loge
3
s N
Mg, 2

Stresa distribution Xx (in units 1073 x 1)

N
{ .

36

23h
438
€09 |
720
89
938
984

1000



Stress distributions ¥ and X§ (in units 1073 x T)

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
-8 -8 -8 -7 -5 -2 5 17
o) -16 =31 -4y =56 -62 =58 o)
29 |-28 20 -2z |- | 18 51
0 -2k -47 -68 -83 -90 -84 -58
55  |-su  J-s0 |-h2  |-29 |5 3k 93
0 =27 -52 =75 =91 -98 90 |-62
-82 =80 -7 -62 =40 -5 50 134
0 -26 -50 =71 -85 -91 -83 -56
106 |10t |95 -78 -50 - 66 171
0 -2 f-b2 |59 |-71 |75 [-68 |-
-125 - |-122 |-111 |=91 -57 -3 ) 199

1o -15. - |-30 42 ~50 -52 -47 -31
<137 J-133 |21 |-99 -6 -2 87 . 217
0 -8 -15 22 -26 -27 -2h - |-16
1 137 laazs o102 |6z |2 89 | 200
o o 0 0 0 e 0 0.
Fig. 3

37

23

96
180
259
324
372
hOj :
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The values of the coefficients A and B, and the vanishing of
the coefficients A3, A6y eeey Aay By Biy oeey Bja, apart from the
cffects of rounding errors,are remarkable but'might have been anticipated,

In fact, the complex potentials
i) =L@ =12, ¥ = -3
lead to stresses given by

N’

4 bR () =3G2 - ),

R 2[25(z)+‘f(z)l-%(x3+y’)-1,
e, - -»}(1-y’3) =-a(1-x=) 0,

and if theso stresses are subtracted from those to be determined, a new

stress problem is obtained in which the boundary conditions become

=301 -9), <0 o x=%1,

<
I
o
[ = I
l4
1
I+
-
L ]

-, i’

Cleariy this problem has elght fold symmetry, there being now the
addltional 11nes of symmetry y=4X%X, If ‘the dlsplacement at’ the
point (x,y) has components u and. v, the disp}acement'at the point
’ (y,x) must have components v and u .t ‘Hepoe_if; p(z). and ¢(2)

are: the complex potentlals,so that
_ 2u(u -lf'iv) % (p(z) - zqa (z) - \b(z) i

it must follow on replacing z =X + iy by y +dx = fif thst

Zu(v + 1u) =% y(lz) - iz P (- iz) - v( iz):.t-

Comparlson of these shows that g .

| ?(u) B , v(iz) - i),
“and if these»are.combined with the‘equations.(Z.B):
(@ =o@  , @ = \a(z) )

' which are a consequence of the symmetry about ox , it follows that
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p(iz) = in(z) , y(iz) = -~ 1y(2) ’
and then on differentiating that
3(iz) =3(2) , Y(z) ==~¥(z2) .

The first of these conditions explains the absence of terms in
(z/a)?, (z/a)®, ... from &3,(z) and the second the absence of terms

in (z/a)*, (2/a)®, ... from Yz,(z) .

To check the results obtained previously, the eight-fold symmetric
problem was solved taking 33 points on AB alone, equally spaced.
Weights were taken to be unity except at A and B where they were one

half and the approximating polynomials were

§4q(2)

n . : n
2 A (z/a)*® |, VYap-3(z) = 2 B (z/a)**2 ,
k=0 e . k=0v ) )

Taking n = 10 gave the following values

Ryax) | RyGax) | Ry(me) | Ry(rme)

e25 x 10°° ' 1926 x 107* | 207 x 10°° l 3425 x 107°

N and superimposlng the stresses corresponding to the potentials
vé(z) = (z/'a)a Y(z) - % produced stresses which. agreed everyvhere

'_w1th those in Figures 2 and 3 to 3 decimal places. Fbr the most part

‘r,vthe stresses agreed to b decimal places with occasional differences of

1 or 2 units in the. L+ decimal pléce and a difference of 3 units in 4

& *; of the 243 va.lues.

' "§_3. ﬁectangular plate with.tWO'notches'

_ The second problem taken was that of determinlng the stresses when
' the test piece shown in Figure # is subjected to a uniform tension over f
'che sides x =+ IS , the remainlng portlons of the boundary being free

‘7 from applied stress. : Stresses in this case have been calculated by

relaxation methods in Southwell (1956) and more recently by finite':
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difference methods using an irregular grid in a paper by Griffin and

Varga (1963).
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Fig. A;fl.
There is again four fpld_symmetry and it is sufficient to consider
“the region in th_e: fi_rst'_ q{zadra'nt only.j 55 points were taken, 17 p'oints

bh AB eqﬁally spaced at intervél 0~125', 25 pbints on BC équally spaced at

o interval O 125 and 13 points on CD equally Spaced at 1nterva1 7~}° i.e. at

1 digtance apart 25 sin 32° .~ O 131 . Bach of the angule.r points B and

- ~C occurs twice, Weights equal to the mean of ad;jacent chords were

o ‘used those at the points -A and D and each of the two. points B and

the two pointa C beinS halved ' ',

In the first instance, the complex potentials é(z) and Y¥(z) were

' approxlmated as’ before by the even polynomials
' éan (z)__ Z‘: Au (z/a.)ak ,' Yan (z) = Z\/ Bu (z/a)a“

with a =20, the distance of B from the origin 0. Taking n = 18
g_ave, the results a) :in’ Table 3. - The residuals at most of the boundary
_p’o_intsvare 61“ 'ordeli 1.0' t and the numer:.cally largest ones, '

. RN(mgx). = 3'56.:.:'10"1 R,I,(max) = 362 x ’IO"x (taken ori - thé notch at :

angles 22}° and 55%° rg;pectivelyfmeasured from C) are more than
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1000 times greater than those in the previous problem where fewer terms
were uscd, Moreover, some of the coefficients were very large, e.g.

Bio = 4266 x 10° and not surprisingiy, the calculated stresses were:
abourdly wrong, Along the line x = O , for example, the values of X%
wefe practically constant at 0¢69, Thus although Walsh's theorem is
valid for this domain, the degrees of the polynomials required to approxi-

mate 3(z) and ¥(z) at all usefully will need to be very great,

It is cléar that the two notchea are responsible for the difficulties
“encountered and consequently rather than increase the degrees of the
polynomials, it would seem desirable to add terms better able fb represent
,8(z). and Y¥(z) din the néighbourhood of the notches, The obvious
suggestion is to include eqqal numbefs of terms of the form - A '(z - 21)’“,
A"z +2i)" %,k = 1,2,..;3 . in fhe épproximation;to_ é(i) and similarly

'_for fhe approximétioh to. Y(z) . Sihce fhe;syﬁmefry condition 3(2z) = #(z)
.";(2.4) must also be satisfied by approximations to 'G(z)..‘dné requires

A" = ng . Likewise, for the condition Q(-i) = $(z) (2;8), one requires
Ame k ar . A

Hernce So fulfill these cOnditions,-the.approximationSVadopted were

I

3‘('.--.2)'15 g?o A" :(z/a)a? +k ._ Ak.".[(z i 21 o+ (z. :iéi )] ’ .
Yo = T B @™+ T R LG s G

X z +21
 No scale factor was included in.theiterms=of'the second‘series since the
”; greatest value of Ii/(é'- 21)! '13 unity, on:the notch, - The programming

Aﬁ§s straightforwa;d”agd similar to that to be_deScribéd-in'Chépter 3.

Entries b) to f) 'in Table 3 give the results obtained for.
vérioﬁs valﬁésfog.n ‘and ‘nf'ilusing'a totaladf”19_épproximatiﬁg'functions :
in each case;' _The.introduction of_descending'powers of zii 2i produces

-a marked improvement in the residuals, but as shown by f)°, these terms
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should not be included at the expenso-of terms in the first ceries, The
best results d) were obtained with roughly equal numbers of terms in the

two series,

There is little point in reconding any one set of coefficients
Acy Ac'y Bey Bc' because they varied considerably between the five cases,
Despite this, the calculated streeses at‘some 60 chosen points were re-
- markably consistent, especially in cases 'c)y, d) and e) where most of
" the stresses agreed to 3 decimal'places. " The greatest differences occurred
in the value of xx at the bottom of the notch; the values optained in
_.cases b), c), d), e), f) respectively were. 3-2#0, 3°2h7,‘3e2&8, 3-252,

134259 ,

Values of the stressea obtained in case d) are given to 2 decimal
'_ places in Figures 5 and 6, The values of % are in fair agreement with
" those given by Griffin and Varga except that at the bottom of the notch their

‘value is 3 15 .
However, if the five point Newton-Cotes formula is applied to the

" values of xx along the line x =0 obtained in . d)

y | 0o - . 025 05 0i75. - 140
% I 14606 1653 1:823° 2:229 3248

180-078

then r xx dy = 5

Fi 2Qoo1p;'which ie in good_agreement with IB §§ ay .

" Table 4 gives some results obtained with 15 approximating functions
'..of which the first ? were invariably the powers (z/a)ak k= 0(1)6 but
. the remaining 8 were varied In a) they are combinations of (z + 21)"
= 1(1)8 ; in b) ‘terms log (z * 2i) are taken in place of (z +2i)7°
'in c) terms (z + 21)7° are taken in place of (z a2ty Since the
material does not enclose the points z .'+ 2i , the functions log (z + 21)

_‘are regular in the domain of the- plate ‘and there is nothing to forbid their _



43

inclusion, Conversely, if the material did enclose the points z = +2i ,
the terms (z + 2i)”! would be excluded if the enclosing boundary were
free from stress, But although @) and b) give better results than

a) , the improvement is not really great enough to draw any definite
conclusions, There werc no substantial alterations in the stresses and
in particular b) and c) gave ¥k = 3249 and 3247 respectively at

' the bottom of the notch,
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CHAPTER 3

Multiply Connected and Infinite Regions

In this Chapter, using suitably chosen approximating functions, the
method of Chapfer 1 is_applied to the determination of stresses in plates
having one or more holes, In the first of the fwo7probleme considered,
the boundary displacements are prescribed while in the second, the

1 boundary stressos are prescribed

‘The formé taken by the complex potentials in multiply connected
‘and lnfinite regions have been’ glven by Mnskhelishvili (M, pp 120 = 128)

A brlef account of their derlvatlon is given flrst

§ 1. Finite multiply connected regions
let the region S occupied by the body be bounded by several simple
ciosed'contours Iy L, Ig,_..;, L. , the contour - I, enclosing all the

‘others,

i The componeﬁts-of-stregeléoo displacement must,bevsingle valued
I fhrou‘gho'ut s, . imt the.complex potentiais' o(z) “Sa \'J(z) although
| regular in’ any simply connected part of S , need not be slngle valued,
oFor example, the formulae (1. 18) S S

e XX+ ¥ i Re 3(z) , o S
yy X%+ 2i!§

: shoﬁ-fhat Y(z) is regular in S but allow i(z) to be of the form

R

2&@'@)+YQH

. LN
@(z) 4 2 A, log(z - ZJ) + Q‘(z) 'y

| ,where the constants A, -are: real, the po;nts zl, Zae eee z. are
: arbitrary but 1n51de L, IQ, sees In respectlvely and @‘(z) is regular'_-

1n S
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Allowing that <*(z) and Y(z) may have poles within I, , Io, eeey Ing,

~ integrating gives

. n N
w(z) = Ay log(z - zy) +-J§,l vy log(z = zy) +o0*(z) ,

iige

1 = B oy log(z - 2) + y*(2) ,

where the constants vy, y,' are in general complex and o*(2) , y*(z)

.. are regular in S .

_ 'Howeﬁer, ‘substituting'in':the formula (1.19):

24 (ull+ iv)“=h. <p(z) -2 0'(2) - y(z)

-f:itvis found that the displacements are not single valued unless
Ay =0 and nfyi + vy t=0 s J =,1-,2,.>..,m o
Finally, Muékheiiéhviii shqvls that the constants Yis ¥y' can be

N .'.eicj')resseii in terms of the compcz;ex;ts x, v Y ‘_of_ the resultant of the

. »:"ii‘exterha."l. forces applied' to the contour Ly ., glving

cplz) = —W" Z) (X, + 1Y,) log(z - z,,) +rp‘(z) |
| , ‘ ’ §o > (3.
-TFIT E (X, - iY,) log(z - z,) + y*(z)

2 fij"fﬁﬂz) =

8 ?—‘- -Infinite regicns |
If the contour Io is moved entu'ely to inf:.nity there is some

-.smplification. Let LR be a circle of radius R sufficiently large

o tRg for all the’ contours Iy to lie inside LR . . Then writi_ng

' ’.log(z - z,) = log z + 1og('l ~ 2y/2) and expanding gives

o(z) = - -é-n}%'*_—?"% 1og 2z +cp“(z)
y(2) = f%) log z 4’-1}'"'_‘(2) s
. n. . . ' s | .. S .
vwhere X ..',.JJJI X o Y =‘J5:1 Y, and o**(z) , "‘(z) - are regular

- outside I'R except possibly at - infinity, i e, they possess Laurent
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expansions

0**(z) = 5) e 2, 2= cy' P

- -

converging uniformly in every fihite region outside I‘R .

If the further condition is imposed that the components of stress
are to be bounded everywhere, including infinity, then for n'2 2 ,

Ch =¢C' =0, leaving

X + 1Y " 0 (z)

n(z) = =~ S Y _loglz +Tz + ¢
(3.2)
- y(2) = ’ér(rxnm 1¥) log z +I‘ z +¢°(z)

where I'=B +iC and T' = B' + iC' are constants and
© ‘ ‘ - . o
°(2) = 5 &/, °(2) = T a'/
n=0 .- n=0
(say) are regular outside Lp s iholuding the point at infinity.'.
The constants B, B! and C' have a simple physical signiflcance. '

If N ’ Na are the principal stresses at infim.ty and B the angle made

by the direction of N, with the x- axis,
o * - ' (3.3)
~and - B' + iC! =-- ( -Na) 21& '

‘The constant  C  does not'afffe‘ct the' stresses, It is related to

the rotation of an infinitely remote paxft of the dplane.

§ 3. Approximation of the - complex potentials in mult:.ply connected

and infinite regions

~In addition to the theoi‘exh on polynomial-aijproxthion quoted in~
8§ 4 of Chapter 1, \lalsh (1956) has proved that if the functlon £(z)  is 4
”regular in the reglon S bov.nded by a finite number of Jordan arcs

I; Ia, ceey Ia, and continuous 1n S (the closure of S), then £(z) %



can be uniformly approximated in S by a rational function of z .
Morcover, if points 2z, 2, <.y Zn are chosen, separated respectively
from the interior of 8 by the curves I,, Ig, eeey In, this rational

function can be chosen to have all its poles in these points z; ..

Thus immediately, the functions m*(z) and ¢*(z) may be approxi-
mated by series of the form

n

ton *(2) ='k§, sk 2 +'J§k§i ayx (z - z,?'k 5
W@ = T o 13'7_3 by (2 - 7)™

_ while for the functions .qP(Z)i;i ¢°(z) , the ascending pcwers;are omitted,

" Mikhlin (1949) has shown that when’ the boundary dieplacements or
boundary stresses. are given, the coefficients a,k bJ? may be deter-
."mined by the method of least sqnares and hae establlshed the uniform

convergence of on *(2) and_‘{tn?(z) .to; nf(z) and .ﬁf(z)-vrespectively

when n = o

| 8 k.' Infinite<plate with a clrcular hole, the boundary havingﬂprescribed,

dlsplacements

. Three problems were considered together. -vIn-eech the plate is
.:free from stresses at infinity and the displacements on the circle are

'purely radial, the components vy, v, in polar co-ordinates being

0
,(1)'-ﬂ; ;'elcosé[', Vo= 0
(11) v = elcosela,‘veé o
(iil) Q; = elcoeéla,'dr = OA;Af’

It is reqpired to find the- stresses, in particular those at points on

the boundary of the hole.
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Since there are no stresses at infinity, the constants I, I''
in (3.2) are zero, Also, because the displacements are symmetrical
about Ox and Oy it follows that the external forces which will neced
to be applied to produce them will have zero r_esultant so that X =Y=0,
As a further conaequdnce o.f symmetry, the complex‘potentials sptisfy the

conditions

’cp('é). :(O(Z) y V(-Z)
o(-2z) = =p(z) ,. ¥(-2)

¢(z) ov

"¥(Z) 1
'and ‘50 may be uniformly approximated by polynomiala in- 1/z containing
odd powers only with real coeffic:.ents.
Pan-1 (z) E ak/zak . oy ‘321\-1 (Z) E Bk/zau“l

or with a change of notation,' :

an-1 (z) =tz)1 azr/zar-"l ’ Van-l (z) Z a~8x"-l/zap-.1 *
Writing. ' L , 2% = p?_ e
" and R 7L at S SR L

one has 2u(¥ + i?") E'N- 'Qa‘n-l'(é):' - ﬁ"an-'l',‘,(?’-".) - .‘I';P"l (E)

N | L n'-': 3 n

X rZ%. agp (UZr-l + ivari-l ) + Par?l (21"1) ‘83p (,UZr*l e - iVBr'H )
n . . ' L o S ' '

- '-aar—:i<(Uzr91 = iVar-y)

r=1

X _ .
. .Where Faf-i- = - Uar-'l 9 Gar-x = Va:-x oy

- Far =_,K"U‘3r-;| + (21‘-'-1)"paanr+x;:j.' Gor = Vaioy + (2r=1) p? Vér;n-

" The ‘coéffici_ent':s a; may thus be'dg{:éminéd in the usual way,

~ In the program used, the residual displaceménts a‘.tAbdu_ndéry.points:'

R, (B1) =2p [u(®) - w(®)],

R, () =2u [v(R) - ()],
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and their r.m,c valuecs

N N %
Rﬁ(rma) = (£Z=:l Wy R.ua (Pl)/EJl wy )<,
N N
Ry (rms) = [1§1 Wy %"“P, )/E}l wy }’} '

were printed out, together with the coefficients

A= - (2k=1) o , Be= = (2k-1) Bx ,

in the series &z, (z) = k§x /%, En(z) = k%_;l ‘B /2%
where $an (2) = Cé‘an-i (z) , ?3,‘(z) 2 ey (2) o

Usixig these cbefficients, ‘the stress combinations X+ ¥y,
- §¥ - XX + 215y can be found as before at any chosen points,  From these,
the principal stresses P, Q and the angle @ made by the Idirecf:iox; of

P with Ox may be determined,

For if On, Os ars new axes obfained. by rotating Ox, Oy thrﬁough

an ang_ie. « , (Figure 1)

_ Figﬁrel 1

the new stress components are given by -

et
- nn

Xx cof® + §F sinfa + 2Xy sin cos¥ ,

~—r
88

% sin?e + ¥y cosf - 2%y sind cos¥ ,
) -_-:-"'- Xx siny cos + 7y sine cosy + xy (cosPa - sinda) .
If On, Os are principal d;!.z_'e"cvtions,-thé sh_ear_Stfess 58 =0 « This

e owee g ow

. and if the angle « ié'chosen' "s.o_ that cos 2 _has the ‘same sign as
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AeY]

X% - 3% and oin 2* has the same sign as 2Xy , it is then easily

shown that
P =im =3 + 3T + (5T - 307 + @%)2)2)
- (3.5)
Q=58 = 305 + 59 - ((5F - ¥9° + @),

where the positive square root is to be taken, The maximum shear

stress at the point is (P - Q) .

The boundary was taken to be the unit circle: lzl =1, Because
of symmetry, only one quarter of the boundary'waa used, the:e being 45
"equally spaced points P; at ‘e = 1°(2P)8F  with weights wy =1,
The principal stfesses and thevangle @ were calculated a£ the boundary
points 6 = O?(1°)9 . For eonﬁenience, ¢ was taken to be 1/2p and

the modified Poisson's ratio 1 was made 0¢25 giving » = 20 ,

Initially, 10 terms were taken in each of the serics so that
0(z), y(z) are apprcximated‘by'ferms up to and including ‘1/22° and -
#(z), ¥(z) are approximated by terms up to 1/2%° ., Coefficients

Ay I& obtainedain this way‘are given'in Table 1. for the three cases.

The coefficients in case . (ii) agree apart from inevitable rounding

ix‘ errors w1th those of the analytical solution

, é(z) -—1— . »\y(z) - .1 o 3(’1'-1) .

‘lmz’f. L2

thch willnbe established in § 6 .

The behaviour of the coefficients a‘ in case. (i) clearly 1ndicates
i; that the calculated stresses w111 not be reliable ‘and repeating the’ com- ‘
| putation with ﬂS_terms and_22 terms in each of the series:confirmed this,
The stresses calculated at some representatlve points are given in Table 2

‘and are compared with the values obtained from ‘the analytical solution .

y oA 2.,
é(z) ey [z log == = 2il i

¥(2) =k [ 102l 2 ]

M e BRI e e
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which also will be cstablished in § 6 , The difficulty in this case is

duec to the stresses tending (slowly) to infinity as o - ¢ .,

By contrast, in case (iii), increasing the number of terms to 15

produced changes of one unit only in the third place in 36 of the cal-

culated stresses and increasing to 22 produced changes of one unit in 10

- of the calculated stresses,

Final values are shown in Table 3.

been checked by resrunning the program with boundary points at 6 = & ()90 .

0+000000

Table 1
. Coéfficients Ac _and B¢

~Case (1) - 'k A Be
1 -0+106087 04636652
2 0063613 04318261
3 -0+045392 0+106022
L -~ 0035254 ~0°+190645
‘5 [ =002879 . 0226632
6 .{ 0024305 -0+246317
7 ~0+021006 - 0+258515
8 0018475 -0+266616
9 -0+016469 0+272198
10- 0+001707 -0+276094

" Case(ii) Tk Ac B
' 1 04125000 0+500000

0°+375000

They have

: .Thé’;’emainiﬁg Ag g B¢ - were all vexfy“nveé.rly zero, the‘ numerically largest

o Lbéjr.ﬁng-'B's.:‘-; 1'8 x'10_9 .

L ' Caé_ev (iii)'

& .

A

~0+000027

B

A -0+127324 0-L24413

2 ~0+054567 0+381972
3. 0+010105 -0+090946
ol o) =0°003858 0+0L2441
5 - 0+001908. - | -0°024803
6 -0+001088 0°+016323
7. ~ 0+000681 T =0°011574
8 | =~0-000455 |  0°+008641
9 - 0+000319 | =-0+006700
.10

0+005349 -



Table 2
Case (1) 2uv; = lcosdl , 2u.ve =0,
Computed P
_ True
9 n=10 n=15 n=22 Value
(o 04895 04956 . 0+916 0+932
150 0+904 0+921 0+911 0+917
3P - 0+902 0-848  0-885 0+873
450 0+840 0789 0-818 0-802
6P 0+708 O*741  0°+711 0714
75° 0°+570 0+688 0+614 0+648
8P 0712 0+594 0+700 0667
85° 0+970 04931 0+797 0+796
o 1.082 1+266 1432 ®
Computed Q
) - True
e - n=10 n=15 ‘n=22 - Value
& | =1192 1212 -1201 -1+205
15° =1+173 =1+179 = =1+178 -1+180
plod =1+107 -1+098 -1+105 -1+105

45° =098  -0:978  -0+976 -0+972
60° | -0+784 .  .~0:769  -0°770 -0+761
75° ~0449  -0-384  -0+429 | -O+415
&r =0:278  -0+274 = - -0+208 -0+239
8s° 04116 0038 -0:038 | 0-004
o 0363 0+425 0<482 | ®

Computed @ (degrees)
_ : R 0 T - True
-8 : n=10 - n=15 "~ n=22 - Value

- @@ | =900 =90°0 900 -90 -
15 ] =69¢3° . <69:h 6946 | -69+9
T3P | =49:0. - =B9e5 - <4903 | <4946
’6*327' 12290 . -29:4 = =28.9 -28.8

T80 761 74 -7+0

750 . 173 20+2 - 183 ..18+9
8P | 2960 292 320 308
S8 | 532 49e3 . Lh6eh 483

9 1 000 9-:0. 9000 | %

The numerically greatest residuals -
Ru.(m'ax) = m?leu(P‘)‘I. v R (max) = m‘alev(Pi)I' ;
and the ro§t mean squares Ru(r@é), Rv(rms) Jmay be compared for cases B

(1) ‘and (iii) in Table &,

\n
Ui



Table 3

Case (iii) 2uv, = lcos8l® , 2p.v8 =0,

«(degrees)

) P Q
ol 0+826 -1523 -90+0
z 0-828 -1-508 811
100 0+835 -1el463 =727
15° 0+ 844 =1+391 -6+
20 0855 | - -1+294 -55+5
25° 0-864 C =14177 - =h6+9. .
30° 0+868 | =1e045 -3843. .
35° 0-861 S -0e904 | -29+6:
4P 0-850 _=0+759 2140
45° 0822 =0°616 -12+4
- 50 S 0+780 | -0-4%0 =38
55° 0:723 | . =0°356 ° 48
60 0+651 o246 | 135 ¢
65 10566 =0+153 L2202
7P 0472 ~0+079 3101
75 0374 -0+022 - 4o+5
&P 0+279 o~o19"f | .'5i-1 .
85° “0+199 0045 6547
- 90° " 0+160 0053 - %-0
Zable b

- Case (1)

2uv, =»lcoaé| ;'v'auvé =0 o

‘. |' CRetema) | |

Case (iii)

o .2u.v,..,= lcos8|® , 2uv

R (max)

e“: 0 ‘4 : :‘I; e

| RGms)

n ! R, (max) I Ry (max) R (rms)

10] 273 x 1072 | 16e7.x107° | 143 x%10° | 354 x 1072
a5 |ae2h | . 756 0463 1.82

22 | 0+50 412 028 0485

R (rms)

n | R |

10 | 403 x 1075

15 | 082 T
ks 22 1 017

R. (max) always occurred. in the range - 67°-75° vhile

134 x 10°°
3.28
100 .

"é'ccurred at 8P or 8 .

2:09 %107

C OSUT T
00009 ]

348 % 10°8

0487
023

Re (mex)
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§ 5, Application of lanczos' " o - factors "

It is observed by Ianczos (1957) that if £(x) has the Fourier

expansion
oo}

£f(x) = 2 o e, msxsw,

~= o
there is a serious loss of accuracy if one attempts to approximate the

derivative f'(x) by differentiating the truncated series
Rl

fa(x) = 2 Tex efFF O,
==(r=~1)

The reason is that the difference

Ta(x) = £(x) - fa(x)
='e’" ZI (7--!-\&‘-9“‘x + ¢min% 2 Con-kx g x -
k=0 [ h k=0‘
= el?* o, (x‘) 4™ oL (x) (say)

gives rise to terms + ime*'®* o (x) when differentiated,

To overcome the difficulty,_ ILanczos replaces the process of
differentiation by one of differencing, taking

D, 1o = L&+ /) - £6 = /)
-2 /)

Assuming £(x) possesses the necessary continuous derivatives,
Taylor's theorem gives . e
B, ) =) +é '(%3 £ (x + em/m)
where -=1<8<1,.
On the other hand, .
R =g - B

and the troublesome factor m is avoided. |
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In place of the terms ike'* in fy'(x) , one now has

n/,
D e o otk (x + ™m) e (x - /)
a - 2r/m
=i o eikx
where oy = Bi: :" it . " k = 0441442400 t(m=1)

[For convenience, lanczos' notation has been altered at this point]
’ bt e

Th.is device can obviously 'be extended to series of powers of the

~ form
b a-y :
fa (Z) = Z i Cx zk .o
: k=-(a-1)
L '

For if z =re” and f£(z) is regu;l.ar,

-a-e- £(z) = £1(z) ‘:i.i'eie
so that £1(z) == - f(re % .

: ST 1z o8

Hence it is natural to define : ' .
% e 1 f(rele + n’7m) eie - n7m)
Ptz =g7 S »

irr/m - (2 e-in/m)

= £(ze Lt
anlz/m . ) o.' . (306)

.inparticular,g' * = Biﬁﬁ"_‘“ 21 = g z‘f‘

The form of the quotient (3.6)_ suggests that a more natural
" definition would be

N i iﬂ/m =im/m
Q- £(ze - f(ze /")
@ a (z) in/m N ze-iﬂ/m

in/m) £(2 -irr/m)

_ f(ze
- 2iz sin (rr/m)

‘and it 'inay aga.in be shown that the difference between %",'f('z) ‘and
| .f'(z) is - o(n"/ma) T _
Uith this definition,cg z" = Oy zk T . where now oy = :i’g (:Tcrr mm) .
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With o - factors of this form used in the program for the calculation
of m'an;l(z), y'an=-y (z) and &'34(2), the stresses P,Q and angles «
given in Tables 5, 6 and 7 reospectively werc obtained, Thesc should be
compérea with Table 2, It is clear that this device is useful and givos‘
remarkably good rcsults for O° < 8 = 8P but cannot be expected to deal

with the stress singularity at 6 = 90° .

“‘Table 5

" Case (i), using Ianczos' o - factors

Computed P

i ' EA ‘ True -

6 n=10 n=15 n=22 Value
R | 0923 0+927 0930 0932

.50 . 0+920 0+926 = 0-928 0+930

1P | 0091k 0+920 0+923 0925
o1 | 0+908 0912  0°+915 0917
200 | 04896 0901 0903 | 04905

25 0:880 0-886 0+889 0+891

o o - 0+863 0+869 0+871 - 0+873
35 | 0843 0-847 . 0850 0852
'y 04819 0824 - 0+826 | 0-828.
o4 0792 0 0798 - -0+800 0-802
5P 04765 - 04769 0+772 0774

o558 | T 0e737. 0 0740 . Oe7h2 0744

6P| 0-06 - 0710 0-712 0+714

650 | 0675 | 04681 04683 | 04685
Lo PR 00657 ¢ 04659 . 0 04658 | 0+660
75 | 00687 . 00642 . 0e6L49. 0648

8P | 0775 0e717 04663 | - 0.667

8P | -0815 0796 . 0715 0+696

85° | - '0:860 " 0942 0:924 | 0+796
82 | - 0:875 o024 - 1109 0954

80 | 04878  1.053 1186 14105

8P | 0879 1070 - 1.237 12394

9P ] 04879 . 1.076 14255



Table 6 B

Case (i), using lanczos' o - factors

Computed Q=

0:305 .

0+315

04339 -

. True
9 n=10 - n=15 - n=22 Value
o ~1+197  =1:201 - =14203 -1+205
° ~14194  =14198  =1.200 ~14202
107 ~14186  ~14191  =10192 ~1+194
15° . | =10172 . =14176 =1+179 | -1+180
-lo "=10154 <1158 =1+160 -1+161
25° -1+129 =14132 . =1+34 -14136
3P '=1+095 = ~1+101 =1+103 ~1+105
-3 ~1+059 =106  =1-066 -1+068
4eP =1:017  =1:019 = =1+021 «14023
4 | -00961 <0969 - =0+969 -0+972
50° -0900" =0°906 - =0+910 -0+912
55 ~0+836  -0+839  -0:839 | -0-842
60° ~0¢751 - =0*754  ~0+759 ~0+761 .
65° -0+643  -0+661 = ~0-66L ~0+666
7¢° =0+54l 0545 . ~0-546 ~0+553
-7 <0431 =0+396 - -0-413 | -0+415 .
8P ~0+204 - -0+255 0222 | -0239 -
8% | -0076 - -0°155 . -0¢155 | -0¢153 -
85° 0+123  0-062 0010 0+004 -
87 0+233 0209 - 0184 O+141 -
88 - 0+272 . 0°265 . 0<264 | 0-232 . -
; Sgg | 0296 L0302 . 0319 0+368 - -
90° ®

%)



Table 7

Case (i), using Ianczos' g - factors

Computed @ (degrees)

_ : ’ True
8 n=10 n=15 n=22 Value
(o =90+0 ~00°+0 ~90+0 -S0
° -83+3 =833 -83¢3 -83.3
10° ~7646 ~7646 ~7646 ~764+6
15° -69+9 -69¢9 - | =699 -69+9
20 6302 -632 -63¢1 631
25° =564 =564 ~5644 =564
3P =497 =49+6 | -49+6 =496
35° ~42+9 =42:8 | 2428 4247
LeP =360 | =35¢9" =359 -35+8
L5° ~29+0 '=28+9 - =28+9 -28+8
s 221 =219 218 =217
55° =149 16 ~14+6 =145
60° =73 =71 -7+0 =70
65° . 002 05 S 07 " 049
7c° 7.7 91 9.2 9.3
75° | - 17k 177 18+6 1849
8P 3201 2849 2944 308
822 399 363 34e2 36+8
8° |. 545 ©.51.9 479 483
8P 67+0 6545, 62+5 585
8& o2 7342 C 711 6l o7
8% 8149 . 815 8o | 718
9P - 90+0 90°+0 90~

g0 1

§ 6. Analytical Solutionms -

o Tﬁe radial and transverse components of the displacement, v, , v

S az_'e’givenby'.' -

| A'2;.|._'(A\rxf + L%VG); =‘1e‘fie“:[5ts cp(z.)'l - 2{}_"(.2)_-_- ¥ (2)] ,‘

let vy denote the unit c:l,_f_c;'le.' '_The.n on Ny Z2 =€

ie

% =1/ and vy =0 in _eaqh"slf'. the problems, - Hence

2o =x gl) =0 B (1/e) - Y(1/6) .

o (say)s

9

61

(3.7)

(3.8)
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The functions J(4/C), ¢ ©'(1/C) are regular for I{l < 1, and so
if the point 2z 1lies outside vy , Cauchy's thecorem gives

1 2pveods J w(o)do
enidy o -2z - 2ni y O -2

" [co(_“’) -@)(?)J

- o(z) . } (3.9
Similarly, taking the conjugate of (3.8) gives

2uv fo =0 3(1/0) = (1f0) 0'e) =4(@)  , . (3,0
and si‘x.zeeﬂ VFE)(‘I/C) : is regular for |Cl < 1, it follows that |
A o 2umds _ o 1, . '
o J'Y'zﬁa‘.—zr = V@ g et . . Qe
. In case (ii), 24, = cos*‘e =_}.(c +1/)2 s0 _thsit
- ___ 1 (0’2+1)2_ ) |
Calcﬁleting the 'residue at the simple pole ¢ =0 giVes.

rp(z) 1/(’-“4.2) or Q(Z) =7- 1/(’4’(22) .

(P +1)% do

K .l, = 1 1
“S°» @ g ERENG S cey

| Y- R A _
’l‘he residue at the tr:.ple pole o =0 is - 1/(2z) - 1/(4z2),  giving

‘3(2) "&’E» -.%."-‘71 ?13 ..

o @ ageg KD >

In case (1), '2uv; ‘& Icosel' y 'so,that if v, va "'::denote 'the parts .

of 'y, on which R(s) >0 , "R(o)-_z< o re'spectively; |

Kfq,'(z)=.*-2'%i-.v[" 7}(«} +--)gfz ‘ f%( +—)gg .
P e Y1

"Both paths of integration can be deformed into the segment -of the imaglnary

axis Joining the points +1i givn.ng
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w ow(z)

1]

- j'; (0® +1)do

T=2Z

{
e [' {o+z+za+1
v.q ag=2

) e

[(z3+'l) log 2= z"i - 2iz]

+1

and » ¥(z) '--JT (z logZ -2i] .

Evaluation of the corresponding integral for  {(z) can be avoided
by observing that on equating the values of 2uv; given by (3.8) and

| (3.10) "and rearranging one has
1 (1/0) (o) +0'o) +0 4(0) = 6 B(1/e) +5(1/o)

+ (1/0).'@(1/0),

But the functions cp(z), v(z) are reg;ular outside lz'll =1 and

) pOSSGSS expanslons

o) = T a/e @ - I ws
and consequéntls'.the identity can only be:- satis_fied if
| " ro(cfS/q +lcp"(o.)._. + .a. ."y’('df) -by -.- 0 _._..
This -_implie:-s that e [ | A
L V(Z) b /7 - o (z)/z -% tp(z)/zz L " . (.3.1.2)
_ ‘l;he-conlét.ant 5, ) _an iue'_ :6uﬁd'by'iqtegz'at_iﬁg bof;h s:.Ldesvof (3.10)

round Y giving A

B 5 vat'Zp.v, d%- ' in'.éuvé .de.__ - -‘12-1- .
Equation_.:(B'.'IZY') then'ig_ives- | n
| 3 O+ 3 1og 'zzf—i +20

and ‘i'(z)-—[;;l e R 3 TP T KA

z-1 2 Uu» zz(zzv+'l)v
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§ 7. Infinite plate with two equal unstressed circuldr holes and uniform

tonsion at infinity

For an application of the method to a multiply connected region,
the problem taken was the determination of the stresses in an infinite
plate containing two equal circular holes with stress free boundaries,

there being uniform tension at infinity (Figure 2).

=
~
<— a >l<
e .
= -
e .
e
T,
. Figﬁ?e 2

This problem has been solved. analytically by Ling (1948) who ex-
pressed the Airy stress function as an’infinite series of solutions of the
biharmonic equation in bipoiar'CO-ordinates 't,,q"given by ff_ |

X + 1y = - a coth i (§ ¥ i) .

Ling caléulated_the»boundﬁry hoop stresa..gé " for several values of the
ratio' A= a/b : |

(1) at. 8 =+ 90° when the tensibn ‘T is parallel to the

line of centres;

(ii) at ©

0° and 18P when the tension T is perpendi-
cular to the line of cehfres; |

(i4i) at 0 = and 180 when there is "all round tension",



From (3.2), the complex potentials have the forms
o(z) = % Tz + «° (z) ,
i(z) = -3 720~ ¥©(2) ,

vhere «°(z) and 1°(z) are regular cverywhere outside the two circles

including the point at infinity,

These potentials give rise to zero normal and tengential stresses
~ over the boundary of each hole. Consequently, from the’Kolqsov formula

(1.20) it follows that the potentials
c9°e(.z) = o(z) - -‘-Tz R

¢°(z) = y(z) + %Tze 212

must produce normal and tangential stressces given by'
P -4 = - 37 - 2% . grem®
o being the angle made by the inward normal with Ox .
'Thﬁs, dropping'the'supefseript"o , the broblem is'reduced'to one

of determining potentials‘ m(z) w(z) 'regular everywhere'outside the

Atwo circles and correnponding to the boundary stresses N T which in

the two cases considered by Lmng are given by

I

0
w/2)

N-if =-T cos.d‘(cps d'+ i sin;a)?;- (3

=T sin @ (sin @ = i cos @) ;}2(5

By Walsh's theorem, theﬂfunctione 0(z), ¥(z)  can be'uhiformly :

j_ approximefedvby rational“fdnepiqns:of the_fbrm

L m@ s e B et o D e o /)t
RRACET ! .ek'/_(z‘;go*. T ),

and so the functions ?(z) = m'(z) Y(z) = w‘(é) fean be uniformiy‘apprqxi—

mated by the rational funculons
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2
+
=
+
—

i (2) = ):2 A /(z-n)* 4 k‘T‘ M V/(z42)*
n+} n+}
Yo (2) = !E—. B, /(z-a)* +k'_‘_“,? B '/(z+8)*

hen B =0 or mw/2 , the caces considered by Idng, there is four-fold
symmetry. In these cases (the only caces treated here), the approximate

potentials should be such that
W (2) = 5,(2) , Y%u(z) =Y (2)
(o) = (2 a2 = % (@)
‘The first of thesé req;i;r'es Ag‘, A'k; Be, B% to be real and the second
that A= (DX A, B = (DX KL |

‘Hence with a slight change of notation tlie_ approkimatirié'func tions

have the forms

% (2) = j:l .32;'-1 [1/(2-&)'“”. +'(-1)'+_‘/(z+§)'*i] I,
Yo (2) = Z‘ ase [1/(z-a)"*! +'.(-.-1)"f1/(z+a)".+_‘]

 Writing 1/(z-a)'*! 4 (=11 f(z4a)" ML = T +,iV, s
. aia : r+1 >r+l 4 r"’l —- . . - . o
e [1/(z-a) + (=" /(212" ] = Gt 4 AV 0,
kS 2.-;.(1 . .
L ze

[1/(@ea) 2 4 (<11 /() 2] = Goow 4 4G o0

' the Kolosov formula gives

N -l = 3 (2) + 3, (2)° - eai.é C’E&‘n(z) Y, (21
=2Ttarey G+ T dpemy (041) (G 0%+ 3 %%
rs 3 : r= . : ) i RE &
ew - ~ o 2n=1 ) .
~ so that N+.i’i’=J§)1 a, (F, +1i6) ,
~ where | 'Fa,..., =20 + (r+1)u,"';'.' v Gapey - - (r}1)V, AP ‘
For = =G U G =R

The coefficients a, may be detérminéd_in thg'_usual way,
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Throughout the computations, the radius b of the two circles was
taken to be unity as alco was the tension T , Becauce of symmetry it
is sufficicnt to consider the upper half of the right hand circular
boundary only, 61 points Py were taken corresponding to 6 = 0° (% )18&P .
Weights were unity éxcept at the points 8 = , .6 = 180° where they

were one half,

§ 8, Numerical results for A = 2

For the case A =2, the coefficients Ac, B snd the residuals
RN(P;) . RT(P‘j . (defj.ned'as before) were found using terms up to and
i_ncludin.g (1) .1/(z + a)® (ii)'.'_ 1/(z + ia)‘-°. C(d41) 1/(z + a)l? in each
of the functions 5“. (.z),._‘l',, (z) . These correspond to n ‘;-?, 9 and 11
respectively, - The numericallj greatest residusis and fhe rooﬁ mean
square residuals are given below in Table 7 RN(max) occurred aach
_time at © = 180° and RT(max) occurred at 168° or 171° irrespective

of whether B =0 or B =n/2 .

Table 7 '

(1) B.=0 (longitudinal tension)

. I ‘RN(M) | l , vRT(max) an IRN(rms) I Rﬁ(rms)

n=7? | 765x10°% | 131 x10° | 45:8x 10°° | 65.2 x 10°°
n=9 | 72x10°% | 1141x10° |- be3x10° |  5:6x10°
0+8 x 10°®

03 x10°% | 0+ x 10°°

;- .(‘ii)_ B = rr/2_" (Transverse tension)

| I | _'R&'(ms.i) I ns RT(max) : ! iRl&(rms) I R, (rms)

 n=p

583 x 107% | . 98:3.x 107 | 33.8 x 10°® | 484 x 1075
n=9 6:0x10°.| 9:2x10° .| 35 x 10°® 47 x 107°
0- 5 x 107% 0-7':;;10"? 03 x 1078 0-4_x 10°°

- n=11

The stresses xx, yy and xy were calculated at 89 points in the
- f:Lrst quadrant in the ne:.ghbourhood of the hole, ‘ AThe points lay either
on a grid w:._th spac:mg 0+25b or else on the boux;dary.- of the hole at

9 =0° 4(1_5°)18<')9‘_. Increasing the number of terms in each series from
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7 to 9 produced changes in the third decimal place in 62 of the 267
stresses in the case 3 = 0. and in 42 of the 267 stressces in the case

B =m/2 , The changes were mostly of one unit, Taking 11 terms

produced only 4 further alterations of onc unit in the case B =0 and

8 in the case B =n/2 .

The .coefficients A, B for n=11" are given below in Table 8
and stresses calculated from them are exhibited (to 2 decimal places)

in TFigures 3 and'#;

(1) B =0 (longitudinal tension)

Ak .

L-Tabie 8

(i) B =m/2 (Transverse tension)

K

k ; B, 'k A .
-2 | -0-430410 OLL7734 2 0486630 0+560191
3| -0-043798 -1+708787 3 0017575 1931597
L 0+019340 ~1+558752 - L «0+010251 14570933
5 -0+007262 -0+018929 5| - 0-004494 ~0+013554
6 040021475 04023603 - 6 | -0:001695 ~0+005746
7| -0-000789 -0+013738 7.1 0°000582 0+006449
- 8 0+000239 0006240 - - 8 0000187 | -0+003670
9 -0+000070 | =-0°002474 -9 0+000057. 0+001649
10 0+000020 { = 0°+000897 10.] -0°000017 - |  =0+000650
11|  0:000000 | =0-000304 1 0+000000 | .~ 0+000235
12 0+000000

04000211 0:000000 | ~=0:000181

When n=11 y 8 lack of agreement between the root mean equares'of

the reslduals calculated directly (E) and indlrectly (E') became

evident, the values being.

s’;o; E(rms) 38x'1(J"3 E(rma) 1&8:&10"Es

B =m/2 3 E(rme) 3. 4 x 10°° : E_'_(ms)_-:;B-Qx"lO'e )

As explained in Chapter 1 if f is the vector of boundary values and |
:6 the re51dua1 vector, then because 6 is orthogonal to the vectors

Wy Qa, ..., Un 4 the values n = (8, 6)% and E"’ (f 6)% should be
equal The ATLAS machine has a preclsion of 11-12 decimal dlgits when
performing floatlng point caloulations g0’ that one could expect some of

the calculated innmer products (i, 6 ) o be of order 10"

. .whichiis
directly comparable with (8468) here, '



"B=0.

Uniform Tension at Infinity parallel to Ox .

y
A
|
| :
l » . L] Ll L . . - C‘ . Ll L] .
1-04-"_ 1+05 1+08 1213 1319 1+26 1:32 1337 1340 1+38 1333 1+28 1522 1 16
|
l . L L] L] (. . . . L] L]
o-91+ 092 0;96 1:03 1312 1325 1342 1+63 j+75 1+67 1+l+8 1:32 1320 1310
i . ' 4
' L Ll ‘ . . . Ll . Ll . . .
074 + 0;75 o+78 o+85 0394 1+08 1341 2302 2+28 1:57 1322 1:07 0397
-1
e, |
0-54 ;0354 0355 0357 0357 0372 0372
|
|
0:3k . 0333 0331 0326 0314 0324 0:39
‘ |
l .
0-19 0:18 0:13 005 -+03 --02 0:12
-:’- + + + —-03 -0l +
g ‘
01k _:_ 3 _0;13 _o_;_og __-;og 1o ol - 9_;9_2_
' A
I
lc

- - - V
Stress distribution xx, a/b =2

Figure 3

0 ;_?0 -

0;46

0;27

&/O
i
\O
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B =m/2 . Uniform Tension at Infinity parallel to Oy .

Stress component yy. a/b = 2

A
|
|
1
| _ .

1.33_:_ 1332 1;28 1319 1;04 0;82 0;55 0332 0322 0330 0350 0375 0;96 1217
O ' | | - .

1-39_:_ 1:39 1;36 1;28 1;12 0;84 0347 0;16 0;0k 0313 0341, 0377 1:0h 1:24

| _ :

1-l+1+_:_ 13k '1;44 1339 1323 0;85 0330 =-:01 _ =302 0325 0;78 1315 1332

|

1-46:_ 1:48 1:51 1:52 1340 1332 1340

|

1-1+7:_ 1350 1-58 1371 1379 1372 1347

| .

1-47] 1451 1+64 1 2454 2:52 1+5
7T + -'1-93 2.82 2.8 + -i-3
| .

1-’474___121_ 1-67 205

Fi.gux:e L

04
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Nevertheless, as a check, the calculation for n=11 was repcated
using # Gram-Schmidt procedure in which the vectors obtained were rec-
orthogonalized once, The coefficients A¢, B; obtained differed from
those in Table only in the 9" decimal place. The residuals calculated
from the Fourier expanscion agreed to 3 significant figures with those

calculated directly which in turn égreed with those obtained previously,

§ 9. DNumerical results for A = 15, 1:2

In a further series of calculations, still using 61 boundary points
.
6 =0 ()18 , the peripheral hoop stress 66 was found to 3 decimal

_places at these points when 2\ = é-o,'1-5 and 12 .

As before, wlien. X=2+0, 11 terms in each series proved sufficient, 13

terms producing no changes in the hoop stress,

For N = 1+5 , the numerically greatest residuals and root mean square
. residuals obtained with 9, 11 and 13 terms in each series were as follows:
Table 9

8 =0 (longitudinal tension)

| Ry@ao) | F@ax) | Rms) | RyGme)

n=9 o1 x 1078 178 x 1078 90 x 10°° 105 x 10°°
n=11 . Pe1 x 1078 8.1 x 1075~ 26 x 1078 3.2 x 107
2

‘n=13 *3 x 10°° 2+8 x 10°° © 09 x 10°° 142 x 1078

8 = m/2 (Transverse tension)

R (max) (max) | R (rms) (rms)
| R | mew | R |

n=9 11+5 x 10°° 159 x 10°° 73 x 10°° 9+0 x 10°°
n=11 45 x 10°° 5.2 x 1078 146 x 1078 240 x 10°°
146 x 1075 20 x 107° 07 x 1078 0+8 x 10°°

'‘n=13

Increasing the number of terms in each series from 9 to 11 produced
alterations of 1 unit in the third decimal place in 14 of the 61 values of

80 in the case B =m/2 . Taking 13 terms produced 2 further alterations
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in the values for B =0 and 1 alteration for B =n/2 .

For A = 1+2 , rather more terms were needed for ccmparable accuracy,
The numerically greatest residuals and root mean square residuals obtained

using 11, 14, 17 and 19 terms in each series were as follows:
Table 10

B =0 (longitudinal tension)

| Ry (max) | Rp(mex) | R (rms) I | Rp(rms)
=11 179" x10% | 217 x10° | 8-hx10° | 101 x 10°
n=14 15+0 x 10°° 18+2 x 10°° 82x10° | 9.8x 10°
n=17 3+5 x 10°° 3+1 x 10°° 1+0 x 10°° 10 x 1075
n=19 21 x 1078 2.0 x 10°° 07x10% | 0+8x 108

‘B = n/2 (Transverse tension)

J RN(max) l 'RT(max)_ l RN(rms) ’ R R, (rms)

n=11 | 231 x 10°° 299 x 10°° 994 x 10°° 127  x 107°
n=14 | 302 x 10°° 39+7 x 10°° 145 x 10°° 17+6 x 1075
n=17 22 x 10°S 26 x 10°° 1+2 x 10°8 1+3 x 10°8
n=19 O*4 x 10°° 03 x 10°° 0:2 x 10°° 01 x 10°°

Here, 11 terms in each series were clearly insufficient, Increasing -
the number to 14 produced changes iri.nearly all the values of 5/9 s the
largest change being 9 unit; iﬁ the 'thix.‘d‘c.lecimal place, Increasing the
number of terms from 14 to 'f? produced alterations of 1 unit in the third.
place in 22 of the 61 values ;in the case B = 0 and in 33 of the 61 values

~in the case B =m/2 . Increasing the number of terms from 17 to 19

" produced just one change of value in the case B8 =m/2 .

Values of the hoop stress at 6 = (P (15°)180° for A = 2¢0, 1°5 and
1+2 are given in the following Table, The values at 0 = O°,90° 18P

agree with those of Ling in the cases \ = 2:0 and 1°5 .



Table 11

. ~/
Peripheral Heoop Stress 00

(1) 3 =0 (Iongitudinal tension)

0 | P |' 1° ’ 3P | 4= | 60’ | 75° | o
A=2:0 | =0:908 | ~0651 | 0+049 | 0:994 | 1916 | 2:549 | 2+703
A=1¢5 | «0+896 | ~0+639 | 04059 | 1000 | 14909 | 2+516 | 2623
A=1¢2 | «0+905 | ~0<647 0053 0+995 1.C04 | 2+501 2580

0 '1055_| 1207 |_1y? ,| 1500 |_ﬁ&?.. 1800

\=2:0 | 2332 | 1:559 | 0+648 | -0+095 | -0+498 | -0+609
A=1:5 | 2:177 | 131 | 04364 | ~0+259 | ~0+407 | -0+376
04120 | 0350 .| ~@415 | -0-428

=12 | 2:07% | 1e121

(i1) p‘é'ﬁ/é' (Transverse ‘ension)

o] @ | 1 | 3P |' R e o

T n=2+0 | 3066 | 2:797 | 2063 | 1.062.| 0-065 | -0-649 | -0-881
CA=1e5 | - 3151 2878 2133 14115 | 0098 | -0+639 | -0-884
X=1e2 | 3.298 1 3.020 | 2-261 | 12611 0-162 | -0-624 | -0+924
o 0P | @ | B | P | 6P |
=20 | -0558 | 0+232 | 1256 | 2-200| 2:816 | 3020
CA=1s5 | ~0e547 | 043202 | 1423 | 2+446 | 3073 | 3284
A=1e2 - 0224 24693 | 3+814 . 423

=0+631 1ol

" § 10, Maximum Hoop Stress "
| VWhen the tension is pérpendipular to;thé line of centres, the maximum
: pe#ipheral hoop stress necessarily occurs at 0 = . or 8 =18 . The

earlier recults thus yield the.following'tableﬁfg

S g = %/2 (Transverse tension)

N | 6bmax .| &
2'0.‘i' 3+066 l -0

- 326l 180
hehi23 | 18P
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For tension parallel to the line of centres, Ling assumes that the
greatest hoop stress will occur very close to 0 = 90° so that the value'
of 00 at 90° can be taken as the moximum, Since the present method
appearcd to give quite accurate stresses, it was of interest to find the

true maximum values,

There was no difficulty in locating the angle © for'whioh 80 iso
greatest to the nearest degfee; . Subsequently, 56' was oalcuiated at an
interval of 0+1° over small ranges and the results are giveo'ineTable 12,
In these calculations, the values of 'nAYused for A ; 20, 1-5. 1'2. were
11, 14, 17 respectively; The number of decimal plaoes.given:was limited

to 4 because the residual stresses were known to be of order :ﬂcrs .

Taking the middle. of the angles for which the hoop stress has its

largest valué gives the following table:

B = 0 ' (Iongitudinal tension)

-/

N Gemax | &

20 2715 86+8
1e5.. 2650 853
12 .84-6

2619

_ Since these computations were carrled out Haddon (1967) has considezed
the problem of" an infinite plate with two unequal clrcular holes, using a
| » bllinear transformatlon to map the- domain on to an annnlus._: Among other
:._ results, he finds the maximum hoop stresses and ‘the angles at’ wh1ch they
occur for the case of equal clrcles and B = O HIB fesults agree wi»h

- those above,



a) A =20

Angle |Hoop Stress
® | 69

86-0 2+7138
1 27140
2 27141
L 27144

8645 2-7iﬁ5
6 247146
7 27146
‘8 2+7146
9 2+7146 -

87-0 247146
1 27145
2 27145
3 27144
L 20743

87+5 |

207141

Table 12

b) \.= 15

[ev}
o

g
2

Hoop Stress
~
60

m_
o o RV .
DN OV FWN-S O 0N W

g

(o)
=
.

86:0

246490

26492 .

26494
2+6495

2:6497 -

246498
26499

- 246499
26500 .

246500

2+6500
26499

- 2+€499
2+6498

. 26497

246495

7

c) A= 12

Angle
a0

[loop Stress
~/

03

-
\O
L]

g

£

U FW-20 WVouoaWwm Funa0

2+6183
2+6185
- 26186
2+6187
2+6187

26188
26188
26188
2+6187
- 2+6186

2+6185
2+6184
26183

126181

26179
26177
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CHAPTER 4

Mixed Boundary Conditions

In fho problems considered oreviously, either the tractions or the
'displacements have been given at all points of the boundary. There is
however no essential difficulty in applying the present method if the
boundary conditione-are_mixed, i.e._the stresses are prescribed on some
parts of the boundary and tne dieplacements on the remaining parts;

_ alternatiVely there may be parts of the boundary on which one component
of the traction and one component of the displacement is prescribed,

As an illuetration, the'followlng proolem is considered in this chapter:

8 1. Extension of an infinite plate with a rigid circular inclusion.

A rigid circular disc is. inserted into a circular ‘hole of the same
1rad1us in an infinite elastic-plate.~ The plate ia then extended by applying
a unidirectional teneion, causlng the edge of the disc to lose contact with

, the boundary of the hole over two equal arcs DA BC (Pigure 1)

; _—
T o .. —— ‘T.,
b' '=-- : AI‘ . " .

Figure 1

' The angle o is not known in advance and its determination is an

_essential part of the problem. .



If the included dicc
conditioms are

~
rr =0, ro

Vr =0'V0

If the included disc

conditions become

H
[eo)

rr =0 ,

Ve =O,I‘9
Furthermore, in both

v, 20

v
rr <0

7

ic assumed to be perfectly rough, the boundary

O along DA and BC ,

1]

O along AB and CD ,

is assumed to be perfectly smooth, the boundary

=0 along DA and EC ,

O along AB and CD ,
cases the solution has tovsatisfy the inequalities

along DA and BC7,j}i
- (4.0)

along AB and CD ,

It is these inequalities which provide the additidnai information for

the determination of the angle « ,

The case of the emooth disc was considered by Sherémetyev (1952) who

constructed an integral equation for the boundary radial stress Ir .

No attempt was made to solve the equation, but in a subserent'paper

(Sheremetyev,196b) he gives a lengthy analytical methog'for.the,related

problem in which there are no stresses at infinity and a force is'applied

to the disc, No numerical results are given.

Without loss of generality, the radius of the hole may be taken to

be unity, - The boundary stresses and displacements are then given by

~r -
rr - ird

2u(v, = ive)'=

§(z) +3(z) ~ ¢

e + ¥(2)

2(z) +8(z) -2 8'(z) =22 ¥(2) , . (4a1)

oid by @(2) -".'ch'(z) -'\','(z)]

=w o(2)/z2 - m'(z) —Az.w(z) . RS (442)
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Ao in Chapter 3, the complex potontials have the forms

n(2)

1}

LTz +¢°(2) ,

A

1

§(z) = =3 Tz + P ,

where -°(z) , ¢"(z) are regular for |z|>1 and vanish at infinity,

The potentials ¢(z) =% Tz , ¥(z) = - } Tz give rise to the
boundary values
= Tcod®0 , 0 = ~ Teind comd ,

2uv, = T(cog®0 - 1) , 2uvy = - Taing cosd .

Hence in the case of the rough disc, the potentials «°(z) , V°(2)

must nmake

R 2 r° = - Tcos®d . T
~ - on DA, BC , L e (5.3)
L = r® = i Tsind cosd R =
2uv,® = T(N - cost8) L
' on AB, CD , S .(L,..l,.)_‘

2pvy® = Toind cosd L
;

) -~
o is replaced by re® .

For the smboth diec, - 2uv

Because of symmetry about Ox and Oy N approximations to

7 (2) , ¥ (2) may be taken as

' P2n-1 (z) = Z % Zak 3 v Yan=y (2) Akg Bx /Z?k-‘ '
‘or with the usual change of no_ta_tion,’ -

aZI 1 3._1 ° ) (4.5)

)
ige

. N n Lo
ttan=y (2) =‘.§ 823 /2"t | Yza-y (2) ;

Corresponding approximations to &°(z) , ‘l’° (z) are then -

320 (2) = = E (28 = 1) a0s /2°°

?Bn (Z) = - .Q (25 - 1) aﬂu-l/zzs . -- : ._ (406) ‘

[The superscript © is dropped henceforth, ]
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Writing 1/2' = Uy + 1V, , the approximate boundary displacements

are given by

1 Dan=y (2)/2 = @'an-y (2) = 2 Yan~y (2)

|

21 ('\\r', - i?rlo)

n n .
n L azs (Uas = iVa,) +¢§ (28 = 1) azs (Uas + iVa,)

-El 835~y (Uz.-z + iV:)a-B) ’
8= ’ .

J

ity

ay (Fy - iG)  (say) ,

where - an-l = b .Uaa-a ) ,' Cog=1 .= V2l-3 ' ‘

Fag = (0 + 25 - NVles. 5 Ges = 6t = 28 + 1)Vay
Similarly,: the approximate boundary stresses are given By

'fi-i’g_

o

ta0 (2) + F2a (2) = 2 3'20 (2) = 2 Yo (2)

n n 8 . 3 ’
- 27—-'1(25'?1’)‘%5’[523—2\11' 25(26 = 1) aas (Uas + iVas)
8= i S= e
' n . ! .' ‘
‘ “"Z‘i (28 - 1) agg -y (Uas-a + ivag-a)
8= T . : . )
n R . ‘
=T ay (7' =16 (say),
. where F'a;-i = (25 = NNlay-2 , Gi'a._i = - (2s - NVagmz ,"
F'ag == (25 = 1) (25 + 2)Vas , 3y = (28 = 1).25 Vzg &
let _points By , i =1(1N, be taken on the quaaran't of ﬁhg boundary

0<0sm/2, the numbering to commence - from the end 0=0., If the point

A (8 = @) 1lies between P, and P, the least squares- problem may be

M
formulated as that of minimizing

H+1’

1 =-‘§ . ((RE) - i!(P,_)JQ + CS(Ps) - 3(p)7%)
- |

LD (L2 (B) - 208, (Pnf + Eauv (Be). = - 2%, (@) i
1-l(+1 e '

in the case of the rough disc- and



&o
1 N z X
I =:2-31 wi ([R(Py) - R(P)I® + [8(Py) ~ S(Py) 1%}
N ~ -
+T w ([2uv (By) = 20% (PP + [S(Ry) = B(R)TP)
i=M+1
in the case of the smooth disc, In these oxpressions , R(Py) = R (P) =

T cos’6y , etc, and wy are positive weights,

The coefficients a; may thus be determined in the usual way for any

chosen value of M (i.e, of @),

Intuitively, the angle « can be expected to lie within the'range
60° < @< 90 , Tor in the case of a plate with an unstressed circular
hole (of unit radius) and subject to uni-directional tension at infinity,

the complex potentials are known to be (M, page 201)

p(z) = iTz. + 3T/z ,

4(z) = = 3Tz - 37/z +-%TV&??

and the boundary displacements érevgiven by

1]

2pve = T(1 = M) (1 + 2co08260) ,

2uvy = ~T(1 - 1),281n29 .

Thus v, is positive when O° < 0 < 60° , negative when 60° < 8 < 90 .

' Inserting the rigid disc prevents v, from becoming negative,

- § 2, Numerical results

. | Initially, bothhﬁhe rough disc and fhe smdoth disc were considered,
 Points - P, - were taken correspohding to 6 = 1°(L)8P , giving--N =45 ,

' and. M was made 30, 33, 36, 39, 42 indsuccession, thesé corresponding to
'0'. = 6, 66, 72, 78 , 8 " (or- féther - & between 5% and 61°, 65° and
67 ete.). 15 terms‘ﬁgre ﬁaken in each of the series 'éan;,(z), Yan-1 (2)
i.e. up to and includipg 1/&?9 ; | in the caée.of the rough disc, the
program was'arrangedvto célculate fhe root mean Squarés of the residual radial

and shear stresses over 0s0<L @
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M M
RR(rms) = ?‘ w [R(Py) - X(p )Ja/ia 1) )% R
Rs(rms) = [2 wy [S(py) - s(a)]”/Z Wy }%

. and of the residual radial and transverse displacements over @ < 0 s 90 :

N ~ N 3
(T w [2uv (By) - 20V, (P )13/ 5 w)? ,

R (rms) =
Ve M 141
| N ' ' %
R, (rms) = (¥ w Ezp.v (Py) = 2u.v (P )1? /E wg )}
0 M+1 M+1

The root mean squares of the residual stresses together:

RT(rms) = {v}[RRa + RsaJ}%‘

and of the residual displacements together:
R (rms) = (3[R 2 + R | a']}%,
v - Ve Vg
-were also found,

In the case of the smooth disc, RR(rms) R, (rms) and R (rms)
were ‘again’ calculated but this time with Ry (rms) calculated from the

residual shear stresses over the entire quadrant 0<6 =9
: N ' ‘N 3
Ry(rms) = (L w [S(R) - BROP/Z w)? .

The weights wereltaken equal fc unit&vand fcr convenience, the
tension at infinity cas taken as unity, ':The'modified Poisson's ratio 1
" had the value 0°25 " The results for the rcugh‘dicc are not at all
promiéing.‘ Table 1 does not reveal an angle' o for which the boundary
'-conditions are best satlsfled and the graphs in Figure 2 show that for
each choics of O there are rapges fcr which the inequalities (4.0) are

not satisfied,

In contrast, for the smooth disc there is a clear indication in
Table 2 that the boundary conditions are better satisfied for @ = 66° or
72 than for any other choice and tv_hel gré.phs'in Figure 3 suggest that the-

true value of @ 1lies somevhere between 66° and 72 , The problem of
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the rough disc was therefore set aside and attention concentrated on locating

the angle @ more precisely for the smooth disc,

22.1.9_1
Rough Disc N=U4,n=15,
o FT(rms) R, (rms)
6 361 & 1072 7+75 x 1072
66° 3.25 784
72° 265 806
78 191 917 :
8ye 427 x 1072 8+54 x 1_0‘9
Table 2 | I
Smooth Disc N=»45,n-= 15l. ‘
o RR(rms) Rm- (rms) . Rs(rms)
60° 114 x 1072 - 4405 x 1072 0409 x 10”2
66° 0+25 s 1+70 - 0+08
70 0+48 1452 0+04
78 124 6416 0+3h
8L° 565 x 107° 188 x 1072

9+02 x. 1072

' §3.

The case of alsmooth inclusion-"

The relative smallness of Rg (rms) for each of the angles @ in
Table 2 is noticeable and suggests that the boundary condition re = O
is an easy one to satisfy, In fact it may be shown to :mely a s:.mple

relation bebween the complex potentials. For if _

m(z)-iTz+ Z ‘1’/21‘1
4(z) = -3 Tz +k§}-1 'a,‘/’z"”‘,‘.l ot
then at points of the boundary; fhe'stress'cbmbihationf

%(09 - rr * Zire) = z:§'(254+ 22 Y(z)

L - ag-a
-7 ‘.Z.Zk(ak-'l)ak/ - g (% - B /2

4.7
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= =% MUz ~ iVy) + E’i 2k(2k - 1) o (Uax + 1Vayk)
@k + 1) Bx+y (Uar + iVax),

- B -

k

™8

(4.8)

and so if 0 =0 at all points then necessarily
2T +2,19% =383 =0,

2k(2k = 1) o ~ (2k + 1) Bk¢y =0 , k=22,
Using these in (4,7) gives the relation .

z 3'(z) + 2° Y(z).=l;v& T(z?.; %5)37 Bew (4.9)

which although established onlybfor points on the boundary, holds through-~
out the region 1zl21 by an appeal to the principle_bf analytical continua-
tion, This relation was used-By Sheremetyev (1952) in constructing his

integral equation,

‘Equivalently, but for'bouﬁdary,points'only, (4.8) becomes

3(86 - %)

-3 TU -8, -3 TU

- TU, Qa S j (4.10)

“and combining this with the formula

3(36 + %) = 'I{l('z) + §(z)
=3T-2% (k-1 o Tan
‘- gives I‘\I’f = T(% .+ Uz) "'B; - ZKZ_)X | (2k - 1) O Ugy A.' . (4.11)

The~cq¢ffi§ients Bk can aléo be eliminated from the formula for - the

boundaryidisplacementét '

. Zu,(i? -ive)'# ® ¢(z)/§L; @‘(?).- z @(z)
- =.% (1'£: -1 T +% T2? + nl:% G',‘/“zak_

' + ¥ (21: - _1) a'k”/z"’“ - 2 B /R%R
k=1 R - k=)
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In particular, the radial ccmponent is given by

. - : .
20V, T(1 -T) +3% TU; + xZ} Go + 2k - 1) & Ugy
=1

(o]
~B - k?‘ £x+y Uax

- . - 2k = 1y .,
(% - +% Uy) fﬁl +u§;' (e i-a-k—;-:]-) %y Pak o (ha12) .

Thus for the smooth disc a marked simplification is poesiblo. The
boundary condition ri =0 canbe takcn care of autcmntically and the
problom is reduced to the dotermination of one corrplex potcntial only (or
one set of coefficients). If pointa P, are taken as before and R(=rr)

and 2pv, are approximated by the finite sums ¢

=1 +U) +8 -2 kgl (& =1) % Usx y 0 - (B,13)
" NPT . 2k - 1 i | -
2w, =T(F -1 f% ) -6 + xgj{ G+ Se77) % Uax o (ba1h)

the cocfficients al s %1y Coy eeey Oa can be found by minimizing
z W [R(P,)P + z oy [2uve (PP o
_ ©ois=Me - _
This simplification makes it possible to. double the. number of boundary
points and also the number of terms in the seriea approximating o (z)

and '4(z) while_ using roughly the same amount of comput_ing time as before,

S 4;_ Numerical results .

Two versions of a program incorporating these ideas were run, In
the first %0 boundary points 9 = §° (1°)89§° were ueed the points
carrying equal weights, - In the second, there were 91 points 0= (1°)90’
with the weights for O° and 90° -halved. ‘I'he first program allows ¥
© to take .integer values"v(in degx‘ees) and "th‘e secon@ allows ¥ to take valuea -
midnay between 'integers. InAeach 'case the. radial 'aicplacement and radial _
atress were calculated at each oi‘ the boundary points together with the -

root mean squares:
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R, (rmo) = {z " cn(p,ua/z wi?
N N N 1
R, (rms) = (2w [2uv, (P)I3/25 w)e .,
e 1=M+1 1=M+1
Table 3 (N=90 , n=21)
o RR(rms) | ‘er (rms) .
66° 3458 x 1073 1346 x 1072
67 2:25 10-8
68 1+04 7+63
6P 0+93 451
70° 189 304
71° 2463 5+98
72 290 x 1072 9 87 x 10
Table & (N=91,n =21
o | RR(rms) ; er (r:#s)
663° 296 x 1072 - 1241 x 1073
675°. 157 9415
- 68°. 0+78 L5095 -
694° 1+36 329
P00 233 . 4.10 y
715° 2:75 x 10°° 7498 x 107°
Table 5 (N=90or 91 ,n =35)
o -R.R(rms)_ R (rms)
69 - 041 x 1072 362x10'3
691° 020 252 '
7 0423 1460
70%° 046 - - 127
7 0+75 x 10‘3

180 x 107°

In the first instance, fhe'séries for ¥ and 2uv. were terminated

after 21 terms, leaving 22 unknown coefficients, and Lhe angle o yas

given the values 66° (®)72 ,

66%0 10 )71%0

The r m.s. res:.duals found

- in this way ( with M= O 25 as before) a.re giVen in Tables' 3 and 4,

Subsequently, the series for R and Zp,vr

: were ‘extended to 35 terms
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(36 coofticicents) with the narrowed range 69’::::' & 4 7‘)6 « Results

obtained in this way from the two programs are combined in Table De

Comparison of Table 3 with the ecarlier Table 2 chowa that the resi-
duals for « = 66° and @ = 72 are very 1itt le altered by increasing
the number of terms in in the series “an-1 (z) and Yan-1 (2) from 15 to
21, Increasing the number from 21 to 35 doea produco a reduction in both
Rp(rms)  and er (ma)  for values of G in _the,neighb'ourhocd of 70 .
Tﬁere is 'howovorAno clear pointér tov any ‘particu.lar.valu'e of @  being the
lcorre'ct onej the minimum values of Ry and R, v, occur at different values
_of @, Moreover, it is not possible to dec:lde the value of « from the
a behaviour of rr and 2u.v, near 9 = A Typical graphs for the range

66° s 9<75° are shown in u‘:l.gure 4L (@ = 70§°)

Mbre serious',‘}'an‘ 6scillétién;uperimpo"éd on f.he values o'f'> rr  for
9.> @ was noticeable when n = 21 and more pronounced when' n =35,
It seemed posa:lble that this oscillation could be attributed to using
m'ap=1 (2) as an approximation_t_o r..r_;'(z) y:hep X .3:,,-,'(2)_ _lis found by
‘term by term diffgrentiation.v If this Aw.ex"é _. 50} thé use 6_:" Lancizos'

- Mg - factors " might be beneficial,

§ 5. A;Eplication of Ianczos" " c'- factors

It was shown in Chapter 3 that if the function f(z) is approximated

B} :
'by a series of ‘the form fa (z) = ("", 0 cx 2z then £a ’(z) may not be a
i e .

good approximation to. f "(z) . In pla"'e of kA oné 'should use ckz“ .
where ' SR

ryk = ;in_'(nk/m)/(n_/m) . :

In the present problem, becauae of the relation (4, 9), the boundary

| radial stress can be written

: z‘~'£ . ; 'f + -} (z +1/P) 4 'a,».;' 2_-Re otg). o :'(’4.15'),",'



vhere 2z = 010 R Likewise, using (4,9) gives

a.la.
N

[-1 0'(z) +9(2)] = =3 (1 +1/2*) = 8 /72 - 0'(2) /2

zZ

and co the boundary displacements are given by

2u(v, = ivg) =n o(2)/Z + % T(2® - 1/32. ) =8 +z [ o'(2) dz/2° .
(4,16)

Formulae (4,13) and (4, 14) are approximations derived from (4,15) and
(4,16) by taking an-, (z) in place of o(z) . Since ¢'(2)/Z° is
integrated in (4,16), it was not c'éhside:ed necessarj to apply o - factors

 to (4,1h),  However, (4.13) might with advantage be réplaced by
Kerd +0) +f -20 &% oc Bay (4.17)
where in this case,

= (@k=Vm ,
o = oo G My

Taking boundary points 6 = 4°(1°)89%° . or o (1°)9° and using

35 terms of the geries in (h.'l?), (4.1,4) " gave -the ‘fbllowing-resﬁlts:

Table 6 . : I
UL N 90/91 Jn= 35)
o | Rp(rms) - ] R, (rms)
69° 048 x107% | 3-§o x 1072 .
63‘}o 045 o 2410 :
-7 07 - 149
703° 1412 x 10‘3 1229 x 1078

For- 8 >, the 'radial ‘s'treas'fwaé compieféiy fi'ee from the super-
’ impos.éd. oscillation noted‘. before.‘: Nevertheless, the angle or still -
caanqt be decided with cerﬁaints;, When d = 70 , for examp].e, the
i)ehaviour of v and 2uv; over the range .- 66° < é.< '75°".‘ is vefy similar
to that shown in Figure 1+ It is clear that a new approach to ‘the problem

of determinlng o is requ:Lred and this forms the subject of Chapter 6.
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CHAPIER 5

Discontinuous Boundary Values and Stress Singularities

In this Chapter, the cffects of discontinuities in the boundary

data are discussed, The situations considered are

(1) when there is an abrupt change at some boundary

point in the applied’normal or tangential stress,

(11) wvhen there is an abrupt change in the prescribed

boundary dlsplacements at some point

(1ii)  when there is an abrupt change'in direction_of’

the boundary at some'point.

In each of these cases there may be a complete loss of accuracy in
the. calculated stresses and dlsplacements near the point in question what-

ever numerical method is used,

8 1;;'Discontinuous boundary tractions

As an example, conelder the ‘case of a circular dlBC of radlus unity
subaect to a uniform normal tractlon p over the arcs -a < 9'< @ and
mTex<0< 7 +Q, the rest of the boundary being free from stress. It
will be shown later that the solutlon of this problem is given by the

complex potentials Ger
Y

o (a-z) (asz) : _
#(2) -2% 103 a-z) (@+z -1;2," i o ‘_
‘ : ‘ SR Er e s (56)
Y(z) = 2—[ | e U '
a2 if-zfj'

.J.‘-"

where a = ei“ . Clearly, both"e(z) and Y(z) tend to inflnity on

approaching the four points on the boundary at ‘which there is a dlscontlnulty
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in the applicd tractions, The stresses, however, are everywhere finite,

For example, in the neighbourhood of the point 2z =a ,

3(z) "EEE' log(a—z),

1

‘Y(Z) ~ —21'2\'5: aZa-zj ’

and so

3(z) + 3(z) «,2. arg(a-z),

Bz
Z §'(2) +\y<z)~—2-§,’-; s

‘which have finite limits,

Nevertheless, because the complex potentials cannot be approximated
by polynomials in the nelghbourhood of any- of the points z =+a, +a ,
an application of the method of Chapter 2 will yield stresses which are

‘quite inaccurate in the region of the points of discontinuity.

To obtain accurate values for the’stré&éeé-it'is neéeséary to

' "subtract out the discdnfinuitiés" i e.vfo rédﬁcé the problem to one in which

the boundary tractions are contlnuous and to superpose a solution representing
the effect of the dlscontinultles. Two mephods for doing this will be

described, both based on an elementéfy'solﬁtiég?of the equations fbf gene-

ralised plane stress due to Michéil‘(see M, paéé 377) .

§ 2, Michell's radial stress sjstem
- . The complex potentials.=‘
Fiag™' - of o F 4
) = -5 Tl Y@ =52

~ give rise to the state:of_stresé:i

=
U

1

;‘;“:-—‘—(—‘-}-—_)’. ‘5=O'. .é/=0,. '

T2

R

': which is‘pﬁrely»radial;

If these are applied to any half plane which has the origin as a
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boundary pbint, the boundary will be free from stress except at the origin

where integration round a small semicircle of radius r (Figure 1) chows

theee is a concentrated force given by

J-O!-m/a 3 %0 a0 _ 1 jmmr/a

LI 210,
a-1/2 , o oa-n/2 R

rdo

=F ,

Figure 1

If the origin of coordinates is taken so that the force T acts at a

polnt t on the boundary of a. half plane, the formulae of transformatlon

§ given by Muskhelishvili (M.page 135) show that the complex potentials becone

_E 1 _4F 1

Y@ =5 2w TV E e
_ ?.._'_1_ PR e
TTamten T 2 (t- zS2 -. R )

 § 3. First Method

Suppose that at a poznt t on the: boundary C. of a region R therxe
o are normal and tangential stresses N = N(t) and T = T(t) respectively,

the dlrection of N maklng an angle c with Ox.



e’ ds

S
1]

Taking

l‘\

(M-im e 4o

i(n/2+) jo

and writing dt = dse = i dse” |,

one is led to consider the complex potentials:

A p N#T

§(z) = 2ni T dt, (5.4)
. 1 N-iT -2ic C 1 o NadT
¥(z) -mga—z'e at - x| e
_ 4o Nedl a4 aNaT o ' ‘
= 5= ‘i‘ — 2111 (t-2)° t dat ., K (5.5)

(For simplicity, the region R will be.aesumed‘simply connected and the

curve C will be supposed to be smooth).

If ¢ ieotheloouhdary of a halfvplahe; fhese’potenfials can be
expected to solve the: problem completely. In fact'if C is the real axis,
' formulae (5.4) and (5.5) agree w1th formulae given by Muskhelishvili
(M page 393) when allowance is made for the reVeroed sense of description
of the contour and the reversed direction of T -For an arbitrary curve
C , the potentials lead to boundary stresses N! (t) and T (t) vhich

differ from N(t) and " T(t) in general. These w111 now. be found
»For‘brevity, waite N(t) +iT(¢) = Q(t), sg"tﬁ%: | .
| §(z) = 2ni r Q(t) dt‘,'l‘ ' | e‘iA.;-'fA“ : (5.6)j
let to be a point on some part of C 'upon woico Q(t)l.satisfies |

. the Holder cond:.tion o
m(t,) -Q(ta)l SA lt, tg| (A>O R o<us 1)

for any two points t,, ta o Then if z - t§ from inslde R, it,follows'
" from the Plemel;j formula (M. vage 262) that - ' '
3t = 3 k) + j“‘t) d‘.t |
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and hence that

i Nl o(t) () -
o) + () = Nto) + 5 f G @ -3, @, (5.7)
where the contour integrals are now Cauchy principal values, Iurther,
S nY o u(t)

end so % ¢'(2) +¥(z) = - ijo(t)-(-——y,, at + == [ () 2
c

Q(t)-alt) -2i
2ni J‘ t-z €

- -é-;—j ace) ad2 ) + at.
c

Writing t - 2z = re™? , 80O that d( -z) = = 2ie Eim dp , it is seen that

the first integral varies continuously..with: z' and so applying the Plemelj

- formula to the second integral,

T ei(to) + (k) =z [ QL) AGED)
C -

210, Q(t)-D(t) =21

+1%,';Q‘(;°=.-)..’ s'-lv(tAo)]e- == J‘ - dt
= 17(1)e ™2 mf (*"t°) cae at - %—(%. étl .
Finally, from the Kolosov ,formula, |
N'(t) = 1T"(t) = #(to) +3(to) - 2% Cfo 31(t0) +w<to>1
= NCko) = 47(t0) + ke L j‘ (o dt -%d‘t]_
_v»f‘ezlao L f (t-tO) [N+iT 4 _3;:;2‘ &1 .
(5.8

This result can also be expressed in real form by putting t - t°, = gekp .

m:r idop, to give-

N'(t5) --.iT'(t;,) = N(to) = 4T(to) +;1‘-j‘ (1 + em2E(0%); (Naep +mg-‘-'-_)' :
or N'(ty) = N(to) +§j‘ (Ndp + T‘gi) cos® (o - %) , : (5.9
ey 2 2 o o Dy .
T'(ty) = T(ty) +-T;f_(Ndp + 1) sinlo - o). coslo - %). (5.10)
e _

In deriving these equations, it has been supposed that tg 15 not a
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point at which N(t) + iT(t) is discontinuous for then the Cauchy prin-
cipal values which have been used do not exist, Ilowever, in the real
forms (5.9), (5.10), cos (0 = %) = O when r =0 . If the curve C
has continuous curvature (in additioﬁ to being smooth), cos (v - % )/r

is a.continuous function of t j in particular,

lim cos (o = ao)' R
r-0 r T 200

where. bo visvthe radius of curvatire at the point to. It'follcws that
sectionally
if, for example, N(t) and T(t) areAcontinuous functions of t s then

the integrals in (5.9) and (5.10):
. N"(to) 22 (g + "E) cod® (0 -) ,
| T(tp) = -Te;- Ic (N&p + T%r_) sin (p - @) cos (v - %) Py .

are continuous functions of to'i the discontinuities are}pfésenf only in

N(ty) and T(t) .

The determination of the potentials correspbnding to tractions
N"(t) and T"(t) is thus a "smooth" problem, and since the potentials
dp:respénding to N'(t) and T!(t) ‘are kﬁown, those corfespénding to

' N":-i«i"-.- e and T =T - T" can be found,

As an example, let the boundary vy of a circular dlsc of unit radius
be acted on by’ggx_sectionally continuous distributlon of radial and trans-

verse streases'having Zero resultant'force and zero resultant moment,

" Using (5.8)'Qitp  t=t, % = 1/%0 ) givésA e
' . . e -'N+1T ' '
N .(_to,). - iT'(ty) = N(to) = 17(to) + 5 m (1 -{9) s ‘??_

~--2-,,3-.;f toam-—)N'iT at

- o) - 4100) 45l [ 630§+ 6o [ O S
: | Ty
Now [ =41 dt = (1) j‘(‘m ) ins)e s



ot

= (-1) [ (nx - 4ny) ds ,
Y
and this is zero because the applied stressesc give zero resultant force,
Also, %—f (N + iT) %E = [ (ﬁi +iny) T ds and the imaginary part of
Y Y

this is zero since it represents the resultant moment,

flence N'(to) = 4T'(to) ='N(to) = 1T(ty) + == [ (N + 4 % at ,
, ' A Y
wvhere the last term is a real cnnstant, Equating real and imaginary parts

and dropping the suffix o gives
. ) 1 ] : -
N(t) = NI(t) = 5= [ (N +4D) © at
‘ Y

Thus in this case removing the stresses corresponding to the poténtials
(5.4), (5.5) leaves the elementary problem of finding the stresses when

the circular boundary is subjected to a uniform normal pressure -

P =g (41D Toat .

v

L

ani

' This problem is solved by the potentials
#(z) =~ , ¥(z) =0 ,

‘and so'the'ginn problem is solved by

3(z) =

J‘ E};‘f.(l\l-a-i']?_)-'ﬁ,_dt =
Yoo Y C frae
. ' -1T N+iT.
¥(z) =5 [ T 2n1 RR z).,% dt s
Y : Y- .

- This solution can'also be“bbtainéd by allimiﬁing proCééS from the solutiom
for a circular disc under concentrated forces which 1s given by: :

Muskhellshvili (M, page 332)

For the problem c:.ted at the beginning of this’ chapter, T(t) =0

50 that
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o (z)

= [N (o -3 ) dt,
y

1 1
¥(z) = = = | N(t) ( " ok } dat ,
2l i (t- )t (t_z)at
="""2:‘1%J‘N(t) (o - ) dt .

Y
Taking N(t) = p over the arcs - < argt< ¢« .' medLargt<7m +0a

and N(t) =0 elsewhere gives

(a~z) (a+z)

(a-z) (a+z
_p A A4 1 .

¥(z) = ol * 2z [a-z A=z a+z +'a+z b

' . 3 .
i’(z) =-2-E-i- (1og - 3 log gg} .

which reduce to the results stated earlier,  (a = ela)

§ 4, Second Method

Although the evaluation of the infegrala in t5.9) and (5,10) and the
subsequent calculation of the stresses from the c_oxaplex potentials (5.4)
and (5 5) does not preaent'an insurmountable numerical difficulty, it
:nevertheless seems dealrable to describe an alternative method which does

. not involve the evaluation of integrals.

. In.this‘method, a'tangenﬁlia drawn‘to.the boandary curve at each
A'lpointlwhere fhere is a diseontinuity‘ih the'applied normal traction or the
applied tangenrial traction, . Complexrpotentials.are“then taken for the
problem of a half plaae‘(wirh its boundary along:the tangent) ﬁnder a set of
Boundary tractions whichfpossesatthe:same type of‘discontinuity as the given
E: tractions.' ;The stresses to befﬁaubtraoted oat" are calculated from these

 potentials,

To obtain the appropriate complex potentials, consider a half plane
whose boundary has an outward normal maklng an anglea withe Ox. Iet the
' t.boundary be free from stress except for the. segment AAp f between the

points ‘z = & and z = ag (Figure 2).



Figure 2

In the first instance, let the segment . A A; be subject to & uniforn
normal stress M = N, Then from (5.2) and (5.3), the complex potentials
at any point z are given by | | b

N @ _dt

#(z) = 2l Ja t-z
2ni Elog(aa-z) - log(al -z)J '
‘i’(z)_N %;dt- 'Edt

R R LR

=N [_a.a_ : ._L_]
T 2ni Tagy-z ..a,
As A is moved further away from Ay vboth a -2z and a in-
creasingly approxlma.te to Iy lel(_adn/ 2) '« Dropping 'the' imaginary

3 constant -zg— '10319.‘1 from @(z) K} proceeding to the lim:.t and writing

ag = a shows that the potentlals

3 (2) _2—;‘; (Log(a-s) - iln/2)] ,

TR LR

'(5.11)

b
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give uniform normal stress - N over half the boundary as shown in Figure

3, cace (1),

Similarly, moving /Ay to infinity and writing g, = a , one finds

that the potentials

e

3(z) = ng [-log(a=z) + i(x4m/2)] ,

o (5.12)
Y(Z) - N -__a_- e-EiCY]

2mi T a~z ’
give uniform normal stress N over the other half of the boundary as shown

in Figure 3, case (ii),

1:Case'(i) - p ' | .‘ .Caso (1i)

Figu;e 3

: " As. an example, consider again the problem of a circular disc with
"uniform normal loading P over the arcs - <6<o and |

_h‘- a < G < o+ A the remainder of the boundary being free from stress.
»‘:Addingitogether SOIutions correspohding-to'case (1) for fhe dis=-
'continuifies at 8 =a 9 =1 + . and solutlons corresponding to case

(44) for the- discontlnuitles at 8 =~ , -« gives‘
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$(z) = —E%i- [log(a-z) + i(% -a)
- log(a-z) + i(TZ-'- - o)
+ log(~a-z) + 1(—% =)

- log(~a-z) +_:L(-11 4T=) ]

_ P (a-z) (a+z) o
=2ni 1°6 G2) Garz) +'p(1“l‘ll’— )s (5.13)
“E 2 C 2i(n) ]
v Lr-C A ' . -a"z - e K
it Rl [gai“ -7 1 (5.14)

aB ‘zz ' -éa_zz | i
~ Comparing these potentials with those of the analytical solution
(5.1) it is seen they differ only by the (réal) constant terms
| ‘ﬁ(z) =.~P(1 --T?-) ’
" Y(2) ="€P- sin2a
Thus in this case, "subtracting out" the stresses corresponding to

(5.11) and (5.12) leaves boundary stresses for which the application of

“the’ method of Chapter 2 would be trivn.al

Turning now to the problem of discontinuities in the tangential
stress, let tho segment A;Aa of F:.gure 2 be subaect to a uniform

tangential' stre_ss 06 = T e« In th:Ls case the ~complex potentials becsme

L at_

e = = =
= %r' [log(aa-z) - log(a,\ -z)]

82 dt tat -
Y(Z) Zn\f tz ~ \f:ezt-zsa __

T opio Baar T e ., b .

..210’

0
2 l'-B

[log(a,a-z) - 1og(al -z)]
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It ic not posoible in this case to make (say) lagl = © because of

the presence of an infinite real constant,

However, consider the complex potentials

3(z) = '22.; (¢ - log(a-z)] ,

¥(z) =-e [c - logla-z) + 5= [-e -=1,

where C is a (complex) constant and a has been written in place of g .

"If z is a boundary point of the half plane used before, so that

n
a=-2z2= pei(m-i 2 )'_, then

- T a-z T ~2i¥

' V D oo e et e Smem
z28'(2) +¥(2) = -5 = -5 e
+ g‘:- e ¢ - log(a=2z)]
= e e 1050 1@ 50
Since also

#(2) = 3 [0 - log p - 2 3)]

it follows from the Kolosov formula that the bbundary tractions are given
by | i
fh - a6 = 8(2) +8(2) - e [23'(2) + ¥(2)]
== -criaxml.

Takingb -C = = 2i@ + im , there is a uniform tangential stress

o/

ns = - T acting over half of thé_boﬁndai'y as shown in _Figure 4 case (1),

© Alternatively, teking C - C == 2i% - im , there is a.uniform
| tangential stress N6 = T acting over half of the boundary as shown in

Figure &, case (ii),



Case (i) | S Case (ii)

TFigure 4

S 5, Discontinuous boundary displacements

- It does not seem possible to construct a solution which is the

103

counterpart of Michell's for the problem'of discontinuous boundary dis-

placements. Nevertheless, complex potent1als completely analogous to

(5.4) and (5.5) have been’ giVen by - Sherman and used by him to construct

Fredholm integral equations, (see M. page 420)

let u = u(t) y V = v(t) be the component dlsplacements at any

point t of the curve C and let w(t)

consider the potentials

m(Z) = 31_:1:‘ j‘ W(t) dt ,.‘
: - ; c :

oy . A oow(t)dt
¥(z). %= 2n1,£ tz - * b J; t-z

= 2l ¢ (t-2z)°

tWhen C is the real axis, these potentials may be shown to solve the
problem fur the upper half plane (M P 419 | For an arbitraxy cu:Ve
_C i the potentials lead to displacements ﬁ'(t) ' v'(t) in general_

different from u(t) y V() o Making =z tend to some point ‘to

as before and assumlng w(t). satisfies the Halder'condition, gives -

" gp(to) = %w(to) e m— 2“1 I:E:z ._'

Zn(u+iv).

1 J}-'twu)dt"'

Following Sherman,

(5.15)

(5416)

c
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z-t

2 l‘ (t=2)° wit) dt -

Also, Z'(z) + y(2)

1 J' w(t) dt
oni

1 w
M 2min l‘ t-2z

= 23:1 1'52,) . 2;:1;( [ u® d( 2
c Cc
from which T o' (ty) + ¥(tp) = - % w(to) - 'é";".g:;‘.(.i)' dt

]

Hence 2u [u'(ty) + iv'(ty)] n‘qi(to) - to @' (ty) -_-,"{(to?

v:(ﬁoj +—2-3T—i-£ w(t) d log.%:%"o

1
* 55 | () 4GS
‘.iv(to,).._ + -2:'—1‘1 (u+iv) d log %ﬁ’;

J' (u~iv) d(i:_%) . (5.17)

+

or u'(to‘) + iv'(ty) = ulty)

. As before, real forms are obtained by writing t - to = relm . ‘This gives

u (to) + iv? (to) = u(ty) + iv(to +~T-1-j' (u+iv) dcp +— J' (u- iv)eaim

and-so u'(tg) u(to) +-- f (u(t) (n +cos 2 rp) + v(t) sin 2 tp} de, (5.18)

v'(ty)

V(to) +- f [u(t) sin 2o - V(t) (n -‘cos 2 q:)} dy. (5.19)

| Clearly neither of these integrals is singular if u(t) and v(t)' are

.sectionally continuous each of the mtegrals is a continuous function of to »
- _Thus, as with equations (5.8) and (5.9), the solution of a discontinuous :
problem can be reduced to the solution of .‘one :Ln uhich.tlie 'boundar& dis-

placements are continuous,

As an example, let the Abou.ndary Y of a unit circular hole in an

infinite plate be given any.sej:"of purely radial displacements 'v, (t) , so
S ‘ T . . .

u(t) + iv(t) = ¥ (£) eié = tv (t) ,
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and suppose that v, (t) 1o sectionally continuous,

Since T =/t ', To = 1/to ,  one has
(t=to)/(R=To) = = tto.
and because the region is exterior to v , the contour C becomes the
circle 'y traversed clockwise, _Hehce, from (5.17),
o L Ao tg dt
' ' = - ——
u (to) + v (to) = W (to) to - B j' v"('t)‘,dt + B J{' v (£) =

The second term is a complex constant which represents a rigid body

dmplacement and will be assumed to be zero._ _erting

u'(t(,) + i'v'(to) _[v,.'(to) + ix're'f}'(,ij:o)]v to - .

then gives W (o) +iv (ko) = % to) + gk [w (0) £

and since ..l.. ‘f v,. (t) dt -E:T-;: f:“ v,." d9 ":i.'s'! real, it follows that
'(1'0) = Vr (to) + an,iu j'v (t)
Ve"l('to)'_# 0 .

It ie therefore merely necessary to solve the elementary problem in

- which the boundary of the hole has a un:.form radial dlsplacement

:vr— O aniuj. ,(t)dt_"

" and for this problem the comp'leﬁc_;potentials-' ars
C,O(z)' =0 , ‘#‘(Z) = -.._Eue/'z y . ,
Subtract:mg ‘these from the potentials ‘given ‘oy ._(5..'15'); (5.16) gives
the solution of the origlnal problem in the form SRR

: 2gv, tdt
W(Z)—-ZlTin‘ft-z ) ",.

2uv.db | - 2uve ‘dt 1

V(Z) : 2rr1 J t(tg-z) 2rr:m -f (t-z) t - 2min
o A

2min
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A 2uv, dt a 2uv, tdt
T oni £ t(t-z) 2nb z £ (t-z)~ *

These agree with rmulac (3,9), (3.11).

§ 6, Change in direction of the boundary

then there is a sudden change in the direction of the boundary at seome
point, Williams (1952) has shown that it is possible for the stresses to
‘tend to infinity at that point even if the boundary stresses or displacements

are finite and continuous,

Williams considers a sector of angle O!_ with zero stresses or zero
dlsplacements along the radial edges 9=0 and 6 =0, - Solutions of the
equations of elasticity in polar co-ordinates are then constructed using
: ;he'Airylstress‘function U and the suxiliary ha.rx.nonic’ function ¢ of
.Chapte_r _1.‘ i'he steesses are pfopertienal to 1‘7“-1 and the edge conditions

lead to transcendental equations for A\ .

The - required stresses and dn.splacements are readlly obtained from a
' simple choice of complex potentlals. :

.~ Take  ¢(2) - azt , 1l,r(z) -bz S

: 'wheré a=g +ias , b b{'__+'_ib3 ‘and for the 'preseni: A is real,

‘Then ' 69 + TT = 4Re 3(z) = LRe akr "1 i()‘-‘ )e
= e Lo cos (A0 - aes,in(l—*"lf)_e'J s (5.20)
. N . ~ - - .- 219 -- i . ‘ . . : : o )
~and 06 - rr + 2irf = 2e' L E §'(z) +v(z) 1
. a’u*“ -tacx-q)ei_(’_‘*‘ B et L (5,21)
Te.k:.ng the real part of (5 21) gives 3

86 = rr Ehr)‘ L (x-1) {ay cos()\-'l)e - aas:.n()\~1)6} + bl cos(h+1)9

D bosin(h+1)e]

and so adding or subtrscting (5.20),
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~ =1

= Ar [-(A-3) & coc(A=-1)0 + (A=3) agsin(A-1)0

2]
"
I

- bycos(A+1)0 + basin(A+1)6] ,

08 = er"[(k+1) alcos(k-1)0 ~ (A1) azsin(A=1)0

+ by cos(A+1)0 ~ basin(A+1)6] .

' In addition, the imaginary part of (5.21) gives

B = [(-1) a 5in(A=1)0 + (A=1) agcos(A-1)0

+ qsm(x41)e + bycos(A+1)8] .

For the displacements; the formula

iO

2u(ve #1v) = ¢ B o(z) - 29'(2) - ¥(2)]

gives 2u.(v,. +iv ) =r Dzaei(?‘ 1) _ . xgi(?\-l)e _Bgi()m)e]

‘and so0 2gm;= P [Gt-k) alcos(l-1)e - Gf-x) aasin(x-1)9 - blcos(k+1)e

: T+ b361n(k+1)e]

2uvV,

| o = r [G¢+h) alsia(k-1)6 + Gen) aacos(h-1)0 +. b151n(k+1)e

'; + bacos(h+1)9]

: Although itvhas been assumed that X -1s rea_, these stresses and
displacements w111 satisfy the equatlons of elastic1ty for all values of -
A PR If A is complex,_the stresses and d1Sp1acements are complex but

;their real and imagnnary parts separately satisfy the equations and -so

either may be taken throughout

| Slnce the disolacement combonents must be finite at'the origin, it
| 1s always necessary to have Re(l) > O But then, if 0% Re(x) <A1,
each of the three stress components becomes infinite at the origin. - The
‘possibility of solutions with X\ in this range w111 ‘now be con51dered fon‘
special edge conditions._ The flrst three of these were discussed by

Williams,
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§ 7. "Free-freec'" cdpes

If both radial edges are prescribed to be free (of stress),

-
O and r0O

00 = =0 when 0 =0,
~ ~
00 =0 and 9 =0 when 0 =@

These conditions give

()\+1)al +b1=0, ()\-1)8;3+b3=o'

i
o

(A1) g cos(A=1)a ~ (A+1) agsin(A-1)a + by cos(A+1)e = basin(A+1)

I
o
.

();;-1) a sin(A=1a + (A=1) agcos(h-'l)a' + b, sin(A+1)2 + bycos(A+1)a

For these to be consistent, eliminating b, , by gives.

(A+1) & [cos(A=1) = cos(A+1)2] - éa[()\+1) sin(A=1)2 = (A=1) sin()\-y-'l)of]

ai'[(h-’l)_ sin(A=1)a - (A+1) sin(A+1)2] + (A=1) ag [cos(}\—v’l)a‘ - cos()\+’i)dj

or a (A+1) 5in \'@ 5in @ + ag[) sin @ cos A @ - sin \ @ cos ] =0,

a [\ sin @ cos A @ + sin A @ cos @] - ag(A-1) sin A @ sina =0 .,
éﬁd eliminating ai s 33 .gives
()\a;fl)b'sivn? Ao sin 2.g 423 gin® @ cos® A @ - sin® A\ @ cos? @ =0
or .. | gin® A @ = A2 sin® @ . o '_ (5.22)

This equation has no root A such that ‘0 < Re(\) < 1 unless
a> 18P ., ‘ |

§ 8. "Clainped-clamped" edges

If both radial edges are fixed, then

v, =0 and . Vg ‘=0 vhen ©

1}
o
-

]
R

VA >=O“Aand'.ve O vhen 6

These conditions give

(=) & =D =0, G#)a +by =0,
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Gt=\) aycoc(A=1)¥ = (=A) agsin(A=1)¥ - b cos(A+1)& + bysin(A+1)e =

1
o

(¢+2) g sin(A=1)@ + (t4)) agcos(A=1)% + by sin(A+1)% + bycos(A+1)x

"
o

As before, climinating by, by gives

‘(u_)‘) ay [cos(k-{lju - cos(A+1)@] = az [Ge=)) sin(k'-;1)c2 + Ge\) sin(A+1@]=0
a1[(u.+)\) sinl();-'l')a' + (t=\) sin(A+1)] + (u+h)-aa[cos().-1)ct’ -'cos(7\+1)O!J =0,
or | ay (e=\) .sin Ao sin o - agly sin A @ c:oé o + A sin @ <':_os ral =0,
a (o aiﬂ A@cos @ ~ \ cos-\ @ sin @] + as(«+\) sin A @ sin@ =0 ,
"énd eliminatipg - ayy ._ ag. tlhi.s time "gives
2 sin® A @ ="x2- sin? & . . . o (5.23)

~.:For the range of possiblé values of _.the‘modified Poisson's ratio _
~(0sTs 1/3-). o % >1 and equation (5.23) has no root with 0< Re(M) < 1

unless o > 180 .

§ 9, "Clamped-free'. edges

If the'zfadialf edge 0 = 0 is free and'the'-"edge 8 =a is clémped,

then_‘_
00 =0 and 9 =0 when 6 =0,
v, =0. and V. ='O'. vhen @ =o .

- These ‘convdition'sj" give .

S GRA) &y cos(A=1 = (w-M) as sin(A=1)d = by cos(A+1)¥ + b, sin (A1) = O,

o) & s + Gond) 3y cos () b, sin(AE + by cos (D =0
i Ellmlnatlng bi,;._'_ba in“thi_é sase 'UgiveS‘

B Al'at' .[ _(n-)\) . lc.o-s ()\-'1 )°’+ (M-'l) c:os‘(l)\+1 )0!]’ -"aa_v[,(vu'-'}) _ .siri“(}\-.j )a+ _A.(h:-A-"’l) sin(h+1)a]=o,
' a;l [ Ger) s:n.n()\-'l)a’ - :?._XH) éin(k+'\)d] + aé[(_ﬂﬂ) co's()\-;1)o': _, (}\_‘1') C-OS(X-H)Q’].—_'(.)?

'Of_ 2[(x+1) cos X @ cos @ + (=1 = 2\) sin A sina] -

(continued) .



110

-~ agl(=1) sin A @ cos @ = (+1 - 2\) 6in @ cos \ @]

=0,
a [Gi=1) sin A @ cos @ ~ (541 .+ 2\) sin @ cos A @ ]
+ sg[(u+1) cos A @ cos @ + (=1 + 2\) sin \ @ sin &’]A= 0.
Finally, eliminating g 3 and simplifying gives
v(u.+'l).a cos® N o + .(u.--.‘l)2 sin® N @ - 42 sin® @ = 0
or . ‘1,4 .sinz Ao =i(u'+fl)‘_g -0 sin® @ .. : (5.24)

Taking, T = 03 , Williams finds that this eguation has a root A\

with 0< Re(A) < 1 whenever @ > 6% ,

" For o = 180° , the equation becomes

sin® A m

(;g-b-‘l)a/lm.

-(tc +1/;¢) o .

or S, cos 2\ m
Since x > 1., the right hand side is less than - 1 ; hence
'>2)\_n (2n+1)n + iB

where n’ O, 1 1, 12, ces and cosh B = % (u+1/w.) ~ Thus for all values

'of M, the equation (5.24) has a root A with Re(A) = % .

v'l‘h.is,'zl'e‘so]..‘t explains the le.ck of succe's_s with the inclusion problem
of Chsp-terJ l}when tli.e"included- tiisc is 5‘92511 | For if VA is one of the
four points of the plate at the end of an arc of contact with the disc,
the edge conditions of this spec:.al case are satisfied at least along
, inflnitesimal parts of the tangent- line at. A ' 'I‘hus the stresses near
' 'A tend to infim.ty, Varylng as r-% where T 1s measured from A,
* The radial stress along the arc of contact in partlcular, tends to inf:.nity

atA

To ex'em__ine' the corresponding situation when the included _diso is

" smooth, it is convenient to consider first the more general case:
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§ 10, Onc_edge free, one cdge in contact with a smooth rigid edge

If 0 =« is taken to be the frce edge, one has

ro =0 and Vg =0 when 9

o,
=0 and 6 =0 when 6=c,
The first two ;onditions give
.(A-1) azg +by =0, G¢+L)’a3 + bg.; 0
and hence ‘ 8y = b; =0 | . '1,' | (5.25)
Thg remaining two condj.tions thgn give

muq)ﬁMLﬂd+m€mQHM=o ,

(5.26)
al(k+1) cos(A\=-1)o + b, cos(h+1)a =0 ,
“and on.eliminating the ratio a{:b{ . - |
(A=1) sin(A-1)a cos (M1 = (A+1) cos(A=1)e stn(n)a
i.e. (A1) [sin 2\ @ - sin aoiJ.t:f (A+1) ’[:siﬁ,_zm +sin 2]
or | . anme =[4_X‘sin 2Uf;: : -_ :~ . (5.2

‘When o =180 , this eqpation.ié‘satisfied by
A=0, +1, +2, vee and A= +§,+5, cee o -
The integer values are -of no intefést since they lead to stresses which
are analytic at the origin. ' Fbr the half 1nteger values, the second

of eqpations (5. 26) is satisfled identically since . cos Mt o=0 whlle

‘the first requlres_ |
g (A-1) +bl o | o (5.28)
since sinxl'ﬁlﬁio . o ; | |
fhe fﬁfeevsfresé coﬁpbnenté thén'beéome 
;5 = a A=)z tsia(g;1>e'- sin(+1)6]1

66 = & AT [OW1) cos(A=10 = (A=1) cos(+1)e] ,
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Ir = a )\r)""l [=(A=3) cos(A=1)0 + (A=1) cos(A+1)0] .

To kecp the displacements finite at the origin, A has to be positive,

But wvhen A =% ,
r’i (sin 0/2 + sin 20/2) ,

so that although r8 =0 for 0 =0 and ,e-= m when r £0, it is
nevertheless indeterminate wvhen r =0, Hoﬁever when r - O along any
line © = constant ( #0 or m) , ¥0 -, lhis solution therefore is
inadmissible as a model for the.problem of the smooth inclusion sinee

r0 = O everywhere along the boundary of the hole,

This leaves A\ = 3/2 ,. for which

ro =§ a r%_(sin 8/2 - sin 56/2) ,

00 = 2 % (5 cos 9/2 - cos . 50/2) .
I = ; % (3 cos 0/2 + cos 6/2) .

| .Although none of these becomes infinite, each has inflnite deriVatives

at the origin.~ The corresponding displacements ‘are given by
, 3 :
2uve = a;rg [(n-i) cos.e/é'f 3 cos 50/2] ,
, g b KA AT e

alr§ t(n+%$”ain a?é 3 g sin 59/23“;

fauve:
In particular, when 9 =0 ,
69_:_.331r ey 2p.ve-=0 R : i (5.29)
and when 0 =T,
ST =:O',v2uve‘;_G¢+1)air3.“. , (5.30)
In the case of the smooth 1nc1u51on, ee and A correspond to the
boundary radial stress and radial displacement respectively. , Eqnatlons

-(5.29) and (5.30) show their behaviour in the neighbourhood of a point such '

as A the end of. one of the arcs of contact with r measured from A
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CHAPTER 6

Mixed Boundary Conditions (continued)

In this chapter, the problem of an infinite plate with a smooth
rigid circular inclusion is considered again to illustrate a treatment

of singularities based on the analysis of Chapter 5,

§ 1. Re'sumé
It was shown in Chapter l+ that to make T =0 at a.11 points of

the boundary, the complex potentials have the form

o(z) --Tz + 2 cx'.;/zz“"1 .
'ﬁ(z) = -}Tz‘j+ Bx/za"' |
where 382 = 2 10 +%T )

et (6.2)
(2k+1)3x+x__ = ak(ak-”“k}f- k22, |

'and that the boundary radial stress and rad1a1 displacement are given by
T('}+Ua) + B; - 27‘ (2k—1) °’k Uak

uvy = T(%"ﬂ'h-Ua) - 31 + 7‘ (u = 211:-1 ) o ‘Uak’ N .-

4‘\3:}.1ere Uak _E_.cos 2k9AY.‘
If instead of (6.1) the complex potentials are writfen as -
3(z) = !.T + ? ~Au/za" .
C¥(2) = - ,}T +Z;:B.,/z3“ ',

so thét A = - (2k=1) O’k . B‘ _;- (2k-1) Bu 4. the rélation: ‘petween_fhe

coefficients becomes
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By =20 -3T , | (6.3)
Byy = 2k , k22, (6.4
and ~ rr = T(340;) - B + 2T AU,
~ 2 1
2uVe = T(%"T]"' %UZ) +B - kz)l (21{-1 + 2k+1 ) MUk o

Some simplification occurs if A, is replaced by A - 3T and B

reple.ced by - A + 3T so that
o ©
rr =A + 2k'>_,)le Uk ' . (6.5)

it is then found that

2w = = T(1=N) (142%) - A Ex G * o) A Tax . - (6.6)
The relation (6.3) now. becomes
By = 24, - 31/2
"and can be brought into line with the others by replacing Ba by
By + 3T/2, The complex potentials then become
B =1 - ) 2k E
| I’p(z) ‘ZT A1/2° +k§1 A /7P E
¥(z) = = AT + 3T/22 - 3T/27* + k-E B /2% , |
w.ith:- B ==l y By =2k A for k2.
The terms in P ca.n be recognised as those which solve the extensional

A problem for an infinite plate with an unstressed circular hole. o

. § 2, Removal of .si‘xiéularities'

| Thevesalysis" o'f”Chapter- 5 has shown that in the vz‘xeighbourhood of
'each of the po:mts A,B,C, D of Figure 1 of Chapter l«» the stresses and
displacements vary as. r’} and 15 respectively, where r is the dis-
’tance from the point in question. “I'hus along the arc 0<0sm/2 of
_' the boundary of the hole one has | |
Foo for 6= .oz',

" .rr<O0 for 08>0, (6.8)
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with ;; a(O-d)% for small positive values of 6 - @,

and Vv =0 for 9 20

(6.9)
v. >0 for 06< @,

3
wvith v, c(@=-9)® for small negative values of 6 - @ , The two con-

stants of proportionality are in fact related:

If T~ - a(edﬂ)& when 0 -~ a + ,
_ p N
then 2uve «.%(u+1) a(¥-8)®> when 9 - ~ , (6,10)

but the analysis does not determine the value of a -,

The discontinuity in the‘deriVative of rr Wwer.t, © at the point
0 = o makes the series for v (6.5) very slowly convergent Using a
theoreh of Bromwich (which will be stated later), the coefficienﬁs A{
" can be shown to be O(k-%) ae ko . In consedpence, to represent
rr at all accurately by a finite series will need ah.exoeoeive»ndmber
of terms; the same is also true of Ve odt to a.lesser extent, - Only
-by removing analytically the dominant term or terms of the singularity and
j leav1ng ﬁsmooth" residual functions_to be approximated.oan sufficient

precision:be achieved.

w;th this object the method adopted was to take a function f(e)
poasessing the ‘essential features of the boundary’ rad1a1 stress 1isted at

" (6.8) together with the symmetry properties :

f(—9)‘= £(8) 4 £(n-8) = f(e)

Corresponding #o.the assumed loading
| | o~
=£(0) , 16 =0
on the boundary of the hole and zero stresses at7infinity, there.are
certain boundary displacements given (say) by ' | |
v =gO) , v, =@, (6.

of which . g(8) has to be calculated,
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Then, in the problem of the rigid inclusion, approximations to the

i

boundary values R = rr and S 2uv, - T(1-1) (142U;) may be taken in

| the form

N ' .5\
R = af(U) + ao‘ + 2 kz.lI'a{gUQk ’
'g n
=%w%4°ﬂ?“(&1 2m9%"

respectively, and the coefficients 8, 8, a;, eeey & determined as
before by the method of least equares. If the constant a is correctly
| chosen, it is clear that the remaining terme_represent functions which at

‘least have continuous derivatives, .

The calculation of :g(e) is eertainly possible if £(6) possesses

‘a Fourier seiies
£(8) =1, + 22‘ f, cos 2n8

with easily determined coefficients, TFor them, by (6,6) with T =0 ,

o d -'nf 1 . ,
g(e) = -1 -;Eaf; S+ 50 ) cos 2m8 - (6.12)

Guided by this,na simple-choiqe»for..f(e) possessing the necessary sym-
‘metries and hafing the required,behévieur ig the-heighﬁourhoed of the

poihts ] :id',"i-(ﬁ-a)...was'

£(0)

= - (cos X - cos 29)% for o< 8l sm-a,
=0 elsewhere « ’
The coefficients fn are given by
£ =-% /2 (co,.s ¢ - cos 28)% cos 2ne as (6.14)
o : : : i _

'and;a'recurreﬁce ielatiqn for them may be found'by'copsidering the

- function. .
. : .

= (cos 2% ~ cos 20) " sin 2n8 ',
.for_which i%g-~=~é-(c65'ad - cos 29)% 2 sin 20 sin 2n9 -,
' + (cos 2 = cos 26)a 2n cos 2ne

g-(cos 20 < cos 26)% [cos 2(n-l)e - cos 2(n+1)0]

(continued)
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+ 2n cos ¥ (cos 2¥ -~ cos 29)’} cos 2nd

- n(cos 2 - cos 26)%' [cos 2(n=1)0 + cos 2(n+1)6],

Integrating between the limits @ and /2 gives

(043/2) fa+y = 2n cos 2¥ £, = (0<3/2) faoy . (6.15)
This recurrence relation is stable, For om writing w,=n® f, , so that

when n is large ,
3.
Up4+) = (n+1)alfn+1
g -

=~ n® (143/2n) fu4y ,
3 .

Up-y & 02 (1=3/2n) foo,
it follows that uz+, =~ 2 cos 20 u, + 1,’?-1 =0 . 'I'his difference ‘equation
has the solutions cos 2n @ , sin 2n' @ and so (6.15). has solutions which

3 . e _ .

behave like cos 2n%/n® , sin 2n¥/n® for large values of n, = Since both .
' these solutions tend to zero, ‘the successive 'calciz_latieri of | fn presents no

difficulty,

To begin the process, one' needs the vé.lues of ‘foA “and, f; .which may
be expressed in terms of the complete elliptic integrals E(k) and K(k)

of modulus k = cos o .'_ Details are- given in an Appendix ‘where it is

- shown that
f, = - 202 [E(K) - kK K] ,
= %n'@ [(€-k") E(k) ¥ K K0T,

k' being the complementary modulus, given by k' = 1-12 .

By (6.12), the boundary radial dis'placement is éiven by 2uv, = g(o)

g(e) EVEN z moosame (6.16)

where #g =~ fo , & = (’:1_1 2n+1 ) fa a2,
_ 3 &

) when n-® andso g =0 (n°2)

{Jm

* It was shown above that f = O(n
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when n -+ o , It seemed probable that an cxcessive number of terms of
the series (6,16) would nced to be taken to calculate g(8) with reason-
able accuracy.. Accordingly, some consideration was gliven to the intro-
duction of a sccond au#iliary function, h(0) , which when subtracted from
g(6) would leave a function possessing a more rapidly convergent Fourier

series,

' -Since’ f(0) was chosen to have the essential features of the boundary
‘radial stress given bj (6.8), it vas natural to assume that h(6) should
have the essential features of the boundary radial displacement given by

(6.9). An obvious choice was therefore
h(cos 29 - cos 22)° for 0<@ <o,

~ h(8)
. =0 ‘for.'.-o(<9 TT/Z

~"h being a constant, }The:appropriate value of h can be inferred from

(5.29),1(5.361; for when 9 >+,
£(8) ~ - (2 sin 20)2 (9.0)2

whilst when 8 » @ -,

S 8 e B
h(8) ~h(2 sin 20)? (¥-6)? ,
 Consequently, n(2 sin 22)% = 5%?-(2 sinbaﬂ)% :
cor. 4..»hgf 5 2 ST .

Confirmation that with this multlpller h(8) has the approprlate

form can be obtained by expanding h(e) in the Fourier series
h(e) = %ho + 73 by cos 2n9 P R (6.17)

and comparing the asymptotic forms of hn and g 'whén n- o, ”Thesé'

imay be found from the’ follow1ng ‘theorem of Bromwich (Bromw1ch (1926) p49#).

Let T(v) be a functlon of V ~which has bounded Variatioh when

\)—OQ.

Y20 let Y be a functlon of y such that Vy-=® as
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Then, if - 1< u <1,
W T B stn vy ay = F09) T sin(un/2)

and if o< pu< 1,

oW rY M1 P(4) cos vi dy -~ F(O+) T(p) coslum/2) .

etk o " 1
The coefficient gn = - (2n-1 + 5o ) £
!
T~ 2n _f“
/2
where f = = r_aff (cos 2@ - cos 26)% cos 2nd d8

j”"/? sin 20 T in 200 @
*  (cos 22 ~ cos 20)% - :

El e

and writing 0 =@ + ¥ gives

fo = nm

20 ' |
— J‘n/ “J-% F(‘lr) [s_in 2n cos 2ny + cos 2n¥ sin 2nyldy ,
o . .

where . - F(y) =sin 2(°"""i) L 2sin(ga+u)sin¢' ? '

Hence, by'Bro'mwich's theorem ,

A Jsin2 (éin ano, Jm §os /b + cos 2n¥, /1 sin ﬁ/lf)/(En)%

I~ nr 2
o8
= ‘/é—s—_rj;—q—ag- cos(2n® - m/k)/(2n)? -
and so. - (n+1),/ 2—52—23 ‘cos(2n® - m/4)/(2n)% ., (6.18)

Similarly, for the_ coefficient
& 3
h, - j'a (cos 26 - cos .201)’a cos 2ng do ,

two integratlons by parts yleld

5 -
Q’I"‘

== J‘ (cos 20 < cos 2&’)% 'sin 26 sin 2n@ dB

3 1 &a [ . ,;L
S e — [sin 28(cos 28 = cos 2¥)<] cos 2nd dd
TTV 2n 2n. ‘ro de - =
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and the substitution 0 =« - \';"gives

h 1~ | s . " 2
hy = %—- 32? ey ‘['o H(y) [cos 2n¥ cos 2ny + sin 2n¥ sin 2nyldy

vhere H(Y) = - %\}7 (sin 2(a+y) [2 sin(2x=y) sin \::J%} .

Since, wvhen ¥ =0

&
"2

H(Y) ~ - %\1}' {sin 2¢(2 sin 23')% }

5 :
-2 (sin 20)? f\}v-% "

Bromwich's theorem gives » a‘
bh 3 1 (sin 20)3 -
ov-it .
x (cos 2n¥, /u cos n/k + sin 2no, Jm sin ﬂ/’&)/(an)i
= = 2,3h sin 2¥ ‘/-2-5—19—-2-2[- cos (2n@ - mw/4)/(2n)? ,
o .m '

| Comparing this with (6.18), it is seen that the dominant terms in the

asymptotic expansions of g, and hn‘ ‘agree if -

1+

2,3h sin 2

"';1' 5 sgn = ' _.'as before .

or ‘ h =
Like the coefficients £, ., 'the'coe.f.fiéients h, satisfy a recurrence

relation which. méy be obtained by considering the function

. s .
U = (cos 20 - cos 2¥)® sin 2n8 , .

Differentiating and rearrangiﬁg gives

g'é' =-g- (cos 20 ~ cos 2¢ )®. {-2 sin 20) sin 2ng.
o T _ B 5
~+ (cos 20 ~ cos 29)% 2n cos 2n0
= (5/2) (cos 20 = cos 2%)® [cos 2(n+1)@ = cos 2(n=1)6]

: a : .
m (cos 20 - cos 2¢)® [cos 2(n+1)0 + oos 2(n-1)6]
; . Y -T ‘

- 2n cos 2 (cos 20 - cos 2¥) cos 2nd
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and integrating between the limits 0 and o« gives
(n45/2) hy4, = 2n cos 2%, hy = (n=5/2) ha-y . . (6.19)

Like the recurrence relation for £, . thisc relation is stable ahd allows
the values of I, to be calculated from those of h, and h . In the

dppendix, these are shown to be given by

ho = S2 [200%42) BN - 12 (W2-28) k&N

8

<

hl=

7

2 [2(k™4?) B(k") - KR (148) K(&ND]
where k' =sina® and & = 1-k" | as before.

Using the coefficients fn and h, , the function g(8) is calculated

by forming the differences

dp =g =~y ’j |
' where go = -.2f g, aie @3 - ) 1 (ﬂlz 1) and summing the
) 0 = 2n-1. 2n+1 . Sng b
* series ‘ ;
g(0) =h(@) +34d + T d cos 20 . | . (6.20)

In & trlal with the nominal value =70 and N =0+25 , the coefficients
a4 g,.v, h, and d, - were calculate_d for n = 0(1)60 . 1In this and all

subseQﬁeﬁt calcﬁietions, the-Simple apﬁro'ximations for the 'elliptic_ integrals'
. E(k) and K(k) .gi"Ven by Hastipés (1955) were used; they heVe a maximum

3 error of 1+5 x 10°% .-

The order of magm.tude of the coeff:.cients can be seen from the
2 follow:x.ng list in which the thlrd coefficient of. each 11ne ie the numerlcally

largest of the last few calculated:

n
]
]

g= - 8ouox10'3 R 790x1o‘3; fs7 = 5409 x.10°% ;

- 18 x 107, g - 1434 x 1078

168 x 107, @

n
-

-

1e42 | y n - 135.x 1078

9’1403(10-1 s 7

& F e
1l

- 363 x 1077 ,

"
]

- 1425 y & =.=112 ., do
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For certain values of n , namely 28, 37, 46 and 55, each of the coeffic~
ients f,, ga and h, was noticeably smaller than its neighbours. These

results are in general accord with the asymptotic forms of the coefficients.

§ 3. Numerical results

Two versions of a program‘using'the approximations

n ) : .
R = af(9) ta +27 & cos 2k , -

n
- - _5" e ¢
= ag(0) co kéi (2k- | + 2k+1 ) cos 2ke

to the boundary values - R = £ and s= apv QVT(l-ﬂ)(1+2 cos 26) , respec-
;tively, were run, In the flrst version, 90 boundary points - Pﬁ were taken

= 1(1)90 , with 6y §°(1°)89§°'; each point carrying equal weight, 17

's;.approximating.functions were used, i.e._ n-=_15 ’ and‘vg(e), was calculated

'”:Tuiffgﬁ»(e.ao) using 60 terms'of,the'summation.nf'

Taking ﬂ = O 25 the coefficients a and the boundary radial stress

4 'and displacement were calculated w:Lth the assumption that o = 70° (4,°)?2° .

5 ; 'these values being suggested by the earlier attempts.

The residuals were- very sensitive to changes in @ and whether Jjudged

'-jﬂéby the smallness of the maximum absolute values.

R.R(max) IR(Pz) -?i(a)l , ,
. o<e,soz__ R
.i.'fRS(max) Cmax lS(P;)-- g(Pg)l
' or<e; <11/2 '

T-or the smallness of the root mean squares.

RR(rms) (ztnm -R(Pnlam’} B

B (me) = (T (50, = s(p, )P/m-m }*.
. i=P+1

'where P is the integer for which: e S a < GP 1 “and N the number of

g .boundary points, there .was a clear indlcation that the correct Value of o

'_i:was approximately 71°30". The relevant‘results,are given~1n Table 1.



123

Further calculations with values of & at an interval of 1 minute

showad that the residual displacements were smallest when

the residual stresses were esmallest for o = 71°30' ,

for 71°70!

at the point 6 = 713°

was negative

(2uv, = =~ 28+ x 10°%) ,

a = 71728" but
However, the results

were unacceptable because the radial displacement calculated

Since the

residual stresses always tended to be smaller than the residualvdisplacements;

it was felt that @ should be chosen to make Rs(max)
as possible,
respect;

of residuals taken together,

A further calculation showed «

Results are giveh in Table 2,

Table 1

and Rs(rms) as small

= 71°28%' to be best in this

(90 boundary points, 17 approximating functions)

it also gaie—the least value to the root mean square of both sets

@ ‘Rp(max) . Ry (max) .- Ry (rms) - Rg(rms)
710! 69+6 x 1075 366 x 1078 1629°x 10°8 116 x 1078
75 3542 190 F 867 ¢ 59-8
. 71°30° 0+88 16+0 021 4498
7145 bhs7 . - 187 1241 58+8
720! 935 x 1078 - 392 x 10‘5 - 25+4 x 10°® 123 x 10°°
Table 2
(%0 boundary p01nts, 17 approximating functions)

o RR(max) R (max) RR(rms) . Rg(rms) _
P2y | 5476 x 10°° 2143 x 10% | 1456 x 10°° &7 x 0°
728y 3+25 - 590 . 0+96 207 '

728 2027 - 1-88 . " 0266 079
71029- 160 1 - “ .9.7 L .38 2.96
7°30' | 0.88x 10°° 16:0 x 10°° | 021 % 0 S he9B x 05
able é |
(91 boundary points; 17 approximating functions)" |
o R (max) ~ Ry(max) - ‘jRR(rms) 3 : Rs(rms)

71°27" 6+20 x 10°% 1746 x 10°% | - 1481 x.10°% | '5:69 x 10°°
71°28! 3+97 ' 523 w1150 191
73028%’ 2’87 176 . 0+82 07l
71°29" 1476 730 - v 0+50 . 2426 ,
71°30" 1436 x 10°° ':20-0 % 10°® 0+30 x 10°° . 615 x 10°°,
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Table 4

(91 boundary points, 17 approximating functions, 120 terms in
series for g(8))

o | RR(msx) | Rs(max) | RR(rms) | R (rms)
71° 28" 3.97 x 10°° 4+68 x 107° 1415 x 10°° 1486 x 107°
710283 287 1458 082 0+78
71°29" 1476 788 0+50 233

. Since the value:: of « proeed to be very close to 713° , which
. corresponds to a boundary point, it seemed desirable to check the results
. by running a second_Version of the program using 91 .boundary-points
‘9 =P (1°)9® ., The corresponding resuits are given in Table 3 and confirm
thebvalue @ = 71928%' . Ina further check, some offthese caiculstions
were repeated but with 120 terms of the series ;f di. cos 2n9 ' taken to
calculate g(e) ,.beeause some of the residual_displacements were‘small
- enough to be comps:sele with the‘error intfoeuced by truncaﬁing after 60

“terms, - The results (given in Table k) showed no significant:ehanges.

| For @ = 71°28§!','the.non-ierb.values‘of the‘faQial stress and radial
displacement calchlsted:st the intermediafe points' é.==§°(1°)89§° aéreed'

to at least L deczmal places with those found prev1ously when these points

were data p01nts._ Figure 1 shows the variation of the boundary radial

: 11 stress, hoop stress and radial displacement. The.bounda:y hgop stgess ,3@

"can be calculated quite simply, for wlth
5(2) =§T -gT/zQ + DA/,
B

66 + rr = 4Re §(z)

T(1-2Uz) + bfz Ak Uak
% However, b&.<6;5) ’
= Ao +. ak?x“Akv Ualé

v'and s0 00 = T(1-2U) - 2K + rr . ‘ i : P (6.21) :
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then the auxiliary function £(8) is used,

Table 5

A')zafo +ao o

(Vithout the use of auxiliary functions)
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k RR(max) Rs(max) RR(rms) Rs(rma)

0 136 x 1072 614 x 1072 136 x 107° 523 x 10°°

1 328 326 163 257

2 408 200 140 152

L 286 3342 67+7 282

8 724 44 -9 10+9 333
16 343 198 5+52 11+6
32 657 799 125 375
36 511 x 1072 647 x 107° 093 x 107° 2:76 x 107°

Table 6. o
(Auxiliary functions calculated with « = 71°28}')

k RR(max). : ' Rs(max)_' | RR(rms) Rs(rms)
Aux 0 66+2 x 1078 .0 - 4945 x 10°°

0 1461 x 107° 65+9 1461 x 1078 49«3

1. 5451 654 2474 489

2 7+78 6543 294 488

4 731 65+0 334 48+6
8 28-g 877 7439 5+01
15 2 - 1476 082 07l
16 166 - 1463 049 0+72.

20 1+15 x 1078 13k x 10° ) 028 x 107° ©0+59 x 10°°

~ Table 2.;
(Auxiliary functions calculated ‘with o= 71°32')‘

X | RR(max) | © Rg(max) RR(rms) R (rms)
Aux | O h97x10's 3 215 x 107®
-0 004 x 1078 49«7 - el ou x 10'5 215

1 0415 . - 49«7 - 0+08 21+5

2 | 0°28 497 0+10 215

4 1468 4947 045 215

) 8 . 7:60 ' ‘ 57"4' " 148 19+6

15 | 671 - 459" 1461 142

16 585 45.8 1426 ez
20 9+28 x 10°° 37:8x10° | 2- 22 x 10'5 10+9 x 1075

~ The much greater closeness with Whiéh_the boundary cdnditiohs can

" be satisfied when the‘fugcfipns £(6) and g(e) are used is Quite

apparent from Tables 5 and 6,

R and S by Fourier series alone are shownji. the angle' a

: In Table 5, the results of approximating

is assumed to
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lie between 71° and 72 and the index k refers to the suffix of the
last cocfficient included, In Table 6, the auxiliary functions £(6) and
g(8) are taken first, calculated for o = 71°28%' |, followed by terms of
v'the Fourier series, Even when terms up to cos 720 have been included,
the results in the first case are inferior on all counts to those achieved

with £(9) and g(9) alone,

Prompted by this, it seemed possibleithat the simple approximations
¥ =af(e) 3 = ag(®)
might enable the angle @ to be determined quickly and reasonably accurately

for other values of the modified Poisson s ratio “ e Since f£(8) =

over . O s9<o, one can choose the coefficient a to minimize
N o
I=2, (s(p) - ag(eg)]a N
i=P#+1 I
which requires a =7, 'S(Py) g(69/ 72 [3(93)32 .
. P+1 P+1J

It is then a 51mple matter to find the value of o for which the minimum

5;4,value of I is least,

Using this method the angle @ was located to the nearest tenth of
"a degree for Various values of 1 ' Slnce it is known ‘that P01sson s ratio
o lies between 0 and’ 3 and T =o/(130), 1 .was restricted to the
range 0= 8.2 ,; lt was soon7apnarent that « 'raries surprisingly
little with all and this greatly reduced the amount of searching necessary.

,The follouing results were obtained'

Mmoo 00 o.-'1" o2 025 03 033
o .7o°,_t+8!. 71006" 724" "71°30"A 71°2+2"' ;71"54-'- .

On searching at a smaller interval with ﬂ = 0'25 it was found that

" the. minimum value of I was least when @ = 71°32' ’ which differs slightly'

from the value 71°28%" obtained preViously. The reason for‘the'difference

‘can be seen from Table 7 where for o = 71°32' , it is clear that adding
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trigonometric terms to the approximations produced hardly any alteration in

the rcsiduqlo.

For the accurate determination of « the original method was there-
fore used, again with 91 boundary points and 17 approximating functions,
The values obtained above provided useful starting pointsand the results

obtained are given below in Table 8, = Occasionally, the minima of Rp

.and RS

”'In these cases, the value of « ,which'gave the smaller root mean square

corresponded. to values of « 'differing by about one minute,
of ‘all the residuals was taken,

(91 boundary points, 17 approximating functlons)

o o RR(max) : ,Rs(max) Ry (rms) ‘R (rms)
0.0 | 7Pu6' 10459 x 10'5 .lp57;x 1078 0+24 x 1075 | 178 x 10‘5
0+1. | 71°00%" |.1+98 1997- | o720 - | o600
02 71°18" | 3401 " 1 177 o] 085 - 083
025 | 71028} 2487 176 . 1 0+82 074
~ 03, | 71°40" [ 320 | 186 - ' 092 084!
03 1402 x 10"3

710483 '.;3-31 x 10‘5 12 21 x. 10‘5 095 x 10°®

In a paper recelved after the computations in this Chapter had been
carrled out Noble and Hussain (1967) con81der the problem in which the in-
"cluded disc 1s both smooth and elastic w1th constants u ‘ and:‘n o If

s one. takea the complex potentials 7 ;“"
§(z) 23 Ak zak \y(z) y_\, Bn zak
to represent the state of stress wlthin the disc (denoted by primes) the

: 'boundary condltion re' ko O requlres

21"<{-:A,-‘ " .:for '-'"_;1;. 2.4 5ot
~ and the other"relensntiboundaryltslneshare found to be

- .j}_?'_-, 2EA.;' Uak R R (7}
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2u'v ' = Ge '-'1)/\0' 4 T‘ ( e 1

2k+l + 21{_1 ) A'k UBk . (6023)

The boundary conditions for the problem now become

~ v
rr=rr'=0, for 0203,

It =rr', % =v, ', for @58 sn/2 .
Using (6.5) and (6,6) with (6.2é-) and (6.23), the continuity of »r requires
A" =Fh ¢ &' =N for k21 ;
ene then has T o= Tt = A +-2L§; My Uék. S (6.24)
2u(ve =v, ') = T(1=T) (1+2Ua) - £1_+§(u/u') G =101k

[Bk ) vl A Uoe o, (6.25)

||[\j9

'.Aihere B = = +',] = g | (6.26)
Pe =21 T2km 0 Y T T2kt . .

Equating the right hand sides of (6.,24) and (6.25) to zero when 0s06sa
and @ < § s n/2 , respectively, gives "dual series'" agreeing with those

obtained by Noble and Hussain who usé_Airy stress 'Ifuncti’ons', o

B w+l ‘ u."+1 ' . S
y writing B,, == and yx N S Noble and Hussain show that
toa f:u:st approximatiqn,

rf « sin 0. Jcos 2@ - cos 2 8 for asesm2. . (6.27)

Tﬁe’ épproximate value ‘6f o ‘is obtained from a trahscende‘ntal equation and

e then improved twice by a "perturbation scheme" in wh:x.ch Biave & Bg, va have

thelr true values restored Graphs are drawn for the special case u = w' .

When u/p. = 0 , whatever the Value of »', equation (6 2’5) is iden-
" tical w:.th (6 6) so that a comparlson can be made. From their graphs,

Noble and Hussam 's values are approximately
n 00 02 ' 0°3

« P9 736 PP5I L



Noble and Hussain judge the accuracy of their results by that
achieved in the special cace w =p' , % =n' ., An exact solution for
this cace has been obtaincd by Stippes, Wilson and Krull (1662) who schow .
that o = 7038 (70°23') . Nbbie and Hussain obtain 70+46° (70°28')
and a straightforward adaptation of the previous program gave the following

resulis:

| Table 9 ’
(91 points, 17 apnroximatiné functions)

a | Rp(max) l - Rg(max) - | Rp(rms) l Rg (rms)
7022 | 535 x10° | 12:0 x 1075 " |.  1.29 x 10°% 5416 x 1075
723 | 3-8 , T he51 .~ 0+98 2:76
70°25" 1o49‘x 0% 1 48 x107° . | 0455 ¢ 3498 x 10°°

" where S -nowlrefers to the differenceaof radial displacements. | The root

' mean square of all the residuals wasuieast.for“ a =70°P24" .

It is of interestfto note that if, knowing (6,27), one had taken

£(0) = - sin e;;/bos ¥ - cos 26

 the need to calculate eiliptic integrals would not have occurred,

- § #; Stresses at internal ppints:vl

if the-stress conponents:are reqnired attinternal points'ofjthe plate,
'f_the use of the auxlllary function £(0) (which is'essentiai for;the deter-
mlnatlon of o and the calculation of the boundary stresses and displacements)
:introduces a difflculty because the stresses correspondlng to the boundary -
_loading T f(e) ", fé =0 do not have 51mple closed forms._‘ It is there-

efore necessary to return to the original complex potentials (6. 7)
§(z) --T - %-T/za + Z Ax/zz"

' ‘!(z) = - %T +-§-T/z 3T/2z o+ Z‘, B‘/

. .f‘ from which the required stresses can be found ‘in the comblnations '



%(56 + TF) = 2 Re 3(z)

Re [T - T/2° + 2k23l_1xx/z2“] ;
and 2(00 = 57) + iv0 = z 3'(2) + (£ /rz) ¥(z)
= T/Z . 7‘ 2kAx/

- nga/rﬂ +-}T/r9 T/z@zz? + (zz/xé?)k'z?i B /7%,

= - %Tza/rz + (3748, )/r + (1-3/2r3)T/z
- (1:-1/r3)‘k'_53 2k A /2%,
. o °F
on using mﬂ =2k A, for k=21, Here ' r d.enotes‘ Izl o
. ' ’ : ‘ w : -l ' |
It is clear that summing the series .k'E 2k A, /2% may set a limit
e 1 ! T < . ‘
to the accuracy with which the st'resees_ can be _celeizlated. But for large
valdes of k . P R .
Ak ~ ai‘g ~ a\/g—%igi cos (P_ka - 11/4)/(2k)
'eo‘-the't' 2 A~ a ./2—-‘%1‘5‘1"- cos (2 - n/h)/(Zk)%

Hence, if the series :", 2k Ak/zz" is truncated after n terms, an estimate

-

!‘JIG

of the magn:.tude of the truncaulon error: is

/2 5in & IZ cos (2k0! - n/h) T—Tg- zzk :
_ /2 sinZOI hid .-"1
SAlal - (2n)’3' n¥1 2K
o /a' sin 2a PR R T
= lal, A (2n)% °n+3 o 1/r3 .

When @ = 71°28§- and 1 =0- 25 it 15 found that ‘ax2:35 giving.

j (2 sin 20’/11) 1445, Hence 1f 60 terms are. taken, the truncatlon error
20__

- is certainly negl:.gible for r 2 101 because-. 1-1 B .") ~O7 x '10'5 i In

addltlon, uhen 14 approxlmat:mg functlons are used the other coefficients
range from gy = = 1-41 x 1073 to~ ala 1455 x 10‘5 wlth a“ = 1420 x 1075,

-whlle the coefficlents f range from fo = - '7 23 X 10‘2 to- f57= «1:49 x-10 2
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with fy, = = 3+54 x 107 ., It was therefore reasonable to conclude that

no appreciable error would be incurred by taking

A =af, +a¢ for k<12 and A =afy for k> 12,

Values of the radial stress, hoop stress and shear stress calculated
in this way for r = 1+2 , 1+4 , 146 , 20 and 24, 8 = (10°)°
_ are given in Figures 2, 3 and 4 respectively, - The results were the same

"whether 14 or 17 approximating functions were used,

i § 5. Calculation of the transverse displacement at points of the boundary’

If the components of the dié’placement were required at internal points

‘ of the plate, -there would be no difflculty in calcu]ating them from the

complex potentials

?(z) =Tz +%T/z.- ‘Z) Ak/(ax N
¥(a) = - 3z - %T/z + irT/z3 Z‘ Bk/(Zk 1) ""‘“_.

" and the formula

2u(ve Hvy) = e"-‘? boplz) ~ z9'(2) - ¥(2)] .
" For boundary peints, however, this gives
e‘??kel.. o

(v +v,) = n[ LTy %T ! A“

+ [%Te'ale + AT +B - s}‘I‘eZie -l-kZ)1 = Age?'ik_e] '
5o that e
2uv; = T(1-n) (1_+2 cos '29)-+'B1 -z A [2’;{_1 + 5= 1 cos 2k6 ,
2wy = - T(‘l-’ﬂ) 2 sin 2 +Z) A [aki - 5= 1 sin ke, ' (6.28)

and it 15 clear that the second serles, like the first (whlch has been

cons::.dered prev:Lously), converges too slowly to be of use, Hence if the
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Radial Stress rr (x 10 27T)

Negative values denoted by bars,

(M =0-25)
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V -
Hoop Stress 08 (x 10 27T)

Negative values denoted by bars.

(TI = 0'25)

e | i

’ 103
g
¢ 122,
) 70
17 1l ’
‘ 127
67 l
! 6l "

ALK

o

66 I 10 9
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V -
Shear Stress r® (x 10 2T)

Negative values denoted by bars.

M = 0+25)
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transverse displaccment is required at boundary points it is necessary to
calculate the auxiliary function g (8) which is defined by (6.11) and

which is the counterpart of g(8) .

The Fourier expansion of g (8) follows immediately from (6,28).

TFor if, with the previous notation,

@
n 1
g(o) als fo - nZi £y (2n T+ 5o ) cos 2n6»,

_then ' . & () =n§1 fn (an 1 2n+1 ) sin 2n6 . 4 : (5890

It was not considered worthwhile to go'to'the troubie of’constructing a
function h, (6) , analogons to h(8) , which would speed the convergence
of.(6;29).. Instead,lit was decided to dispemse with h(8) as well, If

the preVioﬁe values of the boundery radial.diSplacement,(and the boundary
reciel.etress) could be reproduced when g(8) is_calculated-from‘the Fourier
series alone, one would be reasonebly confident that the boundary transverse

displacements derived from g (6) would also be correct,

Preliminary calculations with q = 6-25 showed that 150 terms of the
Fburler series gave g(8) almost as accurately as when the auxiliary h(8)

6th decimal

and 61 terms were used, The error did not exceed 1 wnit in the
place except for a few values of @ close to a(=71038% ) where it reaches

a maximum of 5 units.'

ering 91 boundary pointé 8 = OP(1°)9OP' and.i7 approximating

t . functions, the boundary radial displacements and rad1a1 stresses at the
:,data points and the intermediate points 9 = 29(1°)89%° agreed to 4

'decimal places with those obtained when the auxiliary function h(e) was

used,

The values of 2cv9 obtained are shown alongside the previously

.calculatedbvaluee of 2uv, in Figure 5.
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Appendix to Chapter 6

Evaluation of the coefficients f,, fi, h, and h,, -

The coefficient fy is given by

2 n/2
=4 J'a

fo

n

(cos 2% ~ cos 26)% de

2/2

i

(31n B = s:&.na )‘-’ &
where $ =m/2 - and ¢ = 11/2 -0 .
The substitution

4 - SimB cosy dy
2 = : [
y1-8in®g siny

- sinp =8in 3 sin ¥ ,

gives . . fo = - '2'1.,@ J-a'r/Z _kf_(_:_z_s_a_\y_ G2

where k = cind and b = i/_ 1-}_:555.1_12\‘4' $ hvenvee._ 3 :

2/2 /2 1-1Psin?y-(1-K%) . .
ol 5 W

o = -

- (2/2/m) [E(K) = k" K()] .

" The coefficient. f is given by - |
f, == g J'/ (cos- 20 - cos 29)%-c,os' 20:7d0- .-
™ Jdy ) . SRR B
22 s st e,
and the substitution (6,30) in this case gives

f ' _ /2 /2 k%oszxii(’l-a?sin%) | d ‘.
1 -.-—11'_- . e . A " s, ‘y L B

o e
= &2 Ej‘ 2kzcosad; b ay -J‘.;/ 51‘?%531 d@] o

138

(6.20)

The second mtegral has been evaluated already, for the first,.": gl

integration by parts gives
n/2
o

nf2

= [, siny (A+kacosz\;/A) d\;
- Jo

j‘ cos®y A d\': Eszn\'; cosxy A] : J‘ sinu d(COS“l A) __'
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/2
=2 [ s’y dy - (1K) [ cin’y dy/b .
. Jo ‘o
n/2 - n/2
2| 4 Ady =~k j"/ siny dy/b
o - (o]

1}

/2
Hence. 3] / cos®y A dy
o]

213 j"/a A dy + k' _]‘"/ a ay - k" j"/z ay/b

o (o]

(142) j‘ - we [ au/h .
o

/2
and 3¢ [ cos’y b ay
(o]

Thus = f) = 27‘/2- [-% (142) E(k)‘-v- %k'ax(k) - B(k) + k"™K(k)]

=22 [0ek®) 500 + 12K

 For the coefficient
| ' ' oy @ 2
¢« ho =--J“ (cos 268 - cos 2¥) 49
m ‘Yo
8/2h & a2
= -——-I (s:l.n o - sin®0)?® do ,

" the substitution (6.30) is réplé.q'ed by:the substitution
sin® cosyp dp , | (6.31) -

. 5ind = ein® sin o .. @ = e
, o /1T v

Since sin @ =cos B = k', this giveé

O aen /2 kteodty
| mo =R (VR coem 4y
: S g e A g
' 'v(herév' _ : A' = /1 -k'zsi'_?—n ? .

‘Hence, : by = 8‘Qh C‘f cosam ar drp - (1-k'2) ‘f K coslo do/A]

1 [ﬁ+k_'2') _z-(k'_) ¥ ;x:.‘.(k"_n- 1&1:@.(1;-) - ®REDT
=%‘3_"@h_-t2(k,_3 - lél‘it(k;r).?'; if:f(:k‘f,'z.. - 21;2_) Kk .
Iastly, for the coeffic:.ent

.5"
h1=—‘]' (cos 29 - cos 201)2 cos 29 de -

a preliminary. integration bj .parfs leads to""
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N
h, = ’h j 2(coa 20 - cos 24)% sin20 do
= %{-—2—1}- 3(sin*e - sin? 0)% 5in?0 cos?9 do

(o)

and the substitution (6,31) gives

_ 8./2h /2

3k sincp cosfm A! dp .
5 :

hy

Again, by integration by parts,

n/2 | S w2 m/2
j' 3sin®s cosp A'dp = [sin’p coso Al - ﬂ/v
° ' - o

inep d(cosp A')

2. | »
=.J‘ﬂ/ sin*p (A'+k'cosp/A') dp -
o . ’

‘n/2 e
= [ sinfp [(1-cos”p)B' + cos®o(1-83) /b dp
" o , . .
50 that

2
SJ' cp cos?p A'dro = J‘ﬂ/ sin ® A dp +J‘ in®p cos’q dp/A"' .
o}

- After some further reduction, one finds that .

' /2
5k 2 I/ sinch cos®p A'dp = K2 j‘/ A' dp - (1 kva) j‘ cosch AY dp
a’ o : ) To .

o . o e, . 4 J.n/Z vcosacp,.d:p/A' N
: . T, . (o]

- from which, by using éa.r':liér results,

15Kk * j‘"/z- sin’e cosacp'A"fdsp;;k'q‘ ﬁ:(k') - (14k"@) E.i(-’ﬁk-"‘-ﬁ B - K K(X")]

B | O w3ER) - KKD]

= A2'(k"'-.-.k'3+‘.l)'E(k') - 1?(2-14'3‘»)' K(k') .

%?Th- [2(k™ 4@) B(k') - 1& (142) x(w)i.

Hence, =~  h =
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