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ABSTRACT: In a series of recent papers, a special kind of AdSs/CFT; duality was observed:
the boundary correlators of elementary fields that appear in the Lagrangian of a 2d confor-
mal theory in rigid AdSs background are the same as the correlators of the corresponding
primary operators in the chiral half of that 2d CFT in flat space restricted to the real line.
The examples considered were: (i) the Liouville theory where the operator dual to the Li-
ouville scalar in AdS, is the stress tensor; (ii) the abelian Toda theory where the operators
dual to the Toda scalars are the WW-algebra generators; (iii) the non-abelian Toda theory
where the Liouville field is dual to the stress tensor while the extra gauged WZW theory
scalars are dual to non-abelian parafermionic operators. By direct Witten diagram com-
putations in AdSs one can check that the structure of the boundary correlators is indeed
consistent with the Virasoro (or higher) symmetry. Here we consider a supersymmetric
generalization: the A/ = 1 superconformal Liouville theory in AdS,;. We start with the
super Liouville theory coupled to 2d supergravity and show that a consistent restriction
to rigid AdSy background requires a non-zero value of the supergravity auxiliary field and
thus a modification of the Liouville potential from its familiar flat-space form. We show
that the Liouville scalar and its fermionic partner are dual to the chiral half of the stress
tensor and the supercurrent of the super Liouville theory on the plane. We perform tests
supporting the duality by explicitly computing AdSs Witten diagrams with bosonic and
fermionic loops.
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1 Introduction and summary

Recent investigations of correlators of operators on 1/2 BPS Wilson loop at strong coupling
using AdSs x S° superstring action (see [1, 2] and refs. there) motivate the study of
boundary correlators in conformal quantum field theories in AdSs space. While for a
general QFT in AdSs one expects the boundary correlators to be covariant under the
isometry of AdSy or the 1d conformal group SO(2,1), in the case of a conformal (Weyl-
covariant) theory one may expect this symmetry to be enhanced to the infinite-dimensional
Virasoro symmetry (or reparametrizations of 1d boundary) putting strong constraints on
the structure of the boundary correlators.

This was studied recently on the examples of the Liouville and Toda theories [3-6].
One remarkable feature is that while the S-matrix of elementary fields of 2d CFT in flat
space is not well defined, its counterpart in AdSy (i.e. the set of boundary correlators)
is. In general, a scalar with m? = A(A — 1) in AdSy with metric ds? = Z%(dt2 + dz?)
,s0 = z2 ®(t) + - - - should be dual to a 1d conformal
field VA with dimension A. In the case of the Liouville scalar in AdSs expanded near

having boundary asymptotics o(t, z)‘

the constant vacuum (cf. [7-9]) one finds m? = 2 and thus A = 2 which is the same
as the dimension of the stress tensor T' = V5 in the 2d CFT in flat space. Then the
expected Virasoro symmetry of the boundary scalar correlators implies that they should
be proportional to the correlators of the holomorphic stress tensor of the original Liouville
theory on the complex w-plane formally restricted to the real line (boundary of half-plane).*
This correspondence (dubbed “AdSs/ CFT;/ ? duality”) extends also to the case of higher
spin W-symmetry generators in Toda theories. In general, in the case of a theory with

several fields

N
(®1(t1) - Pn(tn)) = lim z; % (1 (tr,z) - N (tN,ZN)) pas,
b=
N
= HKAi<VA1(w1)"'VAN(wN)> wists (1'1)
i=1 o

The proportionality coefficients xka, are functions of the central charge ¢ (or couplings) of
the underlying CFT and are a non-trivial part of this correspondence (see [4-6] for details).

The aim of the present paper is to extend the analysis of the bosonic Liouville theory
in [4] to the case of N/ = 1 super Liouville theory containing 2d fermions. One motivation
is to learn how to systematically compute fermionic loops in AdSs in a way consistent
with all relevant symmetries which should be important also in the AdSs x S° superstring
context [1, 2]. Below we shall summarize our main results.

'In that sense the boundary AdS, correlators provide another realization of the same Virasoro symmetry
(with the same central charge) as the flat-space stress tensor correlators.



1.1 Bosonic Liouville theory

Let us first recall the main duality relations in the bosonic Liouville theory. The quantum
Weyl-covariant Liouville action in a general curved 2d space is [10, 11]

1 1
S= 4 [ #o Va0 + 7+ QR Q=3+b, (1)

with the central charge being
c=1+6Q%. (1.3)

Let us specify the background to be the Euclidean AdSy space with coordinates = = (t, z)
and the Poincaré metric ds? = Z%(dt2 + dz?) (with curvature R = —2). In this case a non-
trivial constant vacuum value of the the scalar field is (¢) = ¢¢ = i log b%. Expanding
near it, ¢ = ¢o + ¢, one finds that the fluctuation ¢ has classical mass given by m? = 2.
Assuming Dirichlet boundary conditions for (, we have

C(t, z)‘z_>0 =Z220(t) + O(2%) . (1.4)

Identifying the corresponding A = 2 boundary conformal field with the real-line restriction
of the 2d holomorphic stress tensor T'(w) on the complex w-plane one can then verify that
the key AdSs/ CFT;/ ® relation (1.1) is satisfied at the quantum level (i.e. for any coupling b)

N N
(o) - on(tn)) =& (] T(w:) o (1.5)
i=1 i=1 v
The all-order expression for K = k(b) was determined in [4]
4b(1 4 b 2
pe a9 (145 ST (1.6)

¢ (B+20)(2+302) 3 9

The structure of the correlators of T'(w) is completely determined by the Virasoro algebra
and then the same expressions should be found for the boundary correlators; this can be
checked directly using small b (or large ¢) perturbation theory. For example, the well-known
expression for the 4-point function of the stress-tensor (w;; = w; — wy)

2
<T(w1)..-T(’w4)>—4< 41 T T 41 T+ ! 4)

1
Wig W3y Wiz Woy Wiy Wog

1 1
+C<2222+2222+2222>’(1'7)
Wig Wiz W3y W1y Wiz Wy Wiy Wiz Wip Wiy W3y W3
corresponds to the decomposition of (®(ty)---P(t4)) into the disconnected and con-
nected parts

(@(t1) -+ ®(ta)) = (B(t1) -+ B(ta))dise + (P(t1) -+ P(ta))comn, (1.8)

<4><t1>---d><t4>>disc=<0¢¢>2( S S )

7 2 7 .2 2 2
tiotyy tigty, 1,133

1 1 1
<¢(t1) e ¢(t4)>conn = C<1><Dd>d> < + + ) (19)
thhtistitly  thatdti, 13y thitd i tl;)/)’



where

c 8 (1+b%)? 4 2 13
C e 27: :7—71)2 _—
SN T B )2+ 4 3 9 a7
256 b (1 + b%)* 2

5652 (1 + b%) 82,0 80,

34 202)3(2+3b2)% 27 27

b4, (1.10)

Coovo = K¢ = ( (1.11)
These relations were checked explicitly in [4] at the one-loop level. Similar relations are
found for the 2-, 3-point and higher point boundary correlators.

1.2 N =1 super Liouville theory

The action of A/ = 1 supersymmetric Liouville theory on a curved background can be
found by constructing a locally supersymmetric generalization of (1.2), i.e. by coupling
the Liouville matter multiplet to ' = 1 2d supergravity [12, 13]. The condition of Weyl
invariance on a general curved background fixes the value of the analog of @ in (1.2) and
thus the central charge to be

1 b 3
=+ == +6Q%. 1.12
Q=7+5, ¢=5+6Q (1.12)
Restricting to the AdSy background in a way preserving global AdS supersymmetry requires
setting gravitino to zero and fixing the supergravity auxiliary field A to a non-zero constant
value in terms of the AdSy curvature (A = 2 = —R). This leads to the following action in

AdSs background (see section 3)

S = % / d*z\/g (a*wm + U DU+ 1262 — 2Q¢ — p(bQ — 1)e"® — MbZeWW) , (1.13)

where ¥ = ( ¢7Z> is the 2-component Majorana fermion. Here the —2Q)¢ term is the
—1

same as QR¢ in (1.2) restricted to AdSy while the (possibly unfamiliar) extra p(bQ—1)eb®
potential term originates from the non-zero value of the supergravity auxiliary field and
is thus necessary for the global AdS supersymmetry of the action (1.13). The final ac-
tion (1.13) is a special case of the general (rigidly) supersymmetric Wess-Zumino actions
on AdSy derived in [14, 15]. The special choice of the superpotential is dictated by the
supergravity construction and assures superconformal invariance.

As in the bosonic case (1.2), there is again a constant minimum of the potential
(¢) = ¢o, (¥) =0, and expanding near it gives a massive bosonic fluctuation with mg =2
and a massive fermion with m, = 1. The asymptotic behaviour of the bosonic fluctuation
field ¢ is again as in (1.4), while for the (upper component of) the fermion field we have

b(t,2)|,_, =22 V(1) + 0 . (1.14)

The associated conformal fields (with Ay = 2 and Ay = %) appearing in (1.1) are to be
identified with the stress tensor T'(w) and its partner the supercurrent G(w) realizing the
N =1 superconformal algebra with the central charge ¢ in (1.12).



The boundary correlators of ¢ and i are defined as

N M N M
(Lo TTve)) = tim Tz 1127 (€t 2) v () 2)) sus, (1.15)
i=1 j=1 =1 j=1

zz-,z;.—>0i
The goal of this paper is to show that these correlators are expressed in terms of the
correlators of the generators T',G of the N' =1 super-Virasoro algebra as in (1.1)

N

N M M
(T o) JTvE)) = ()™ ()™ ([T (wi) T] G(w)))
i=1 j=1 j=1

(1.16)

. . / ! :
=1 w,%tz,wj%tj

As we will find below, the expression for s¢(b) has the same form in terms of @ and ¢
in (1.12) as in (1.6) while x(b) is proportional to it as a consequence of supersymmetry

n<:—4%, w:;’@ﬁcz—:’)ﬁg. (1.17)
Below we shall demonstrate the validity of (1.16), (1.17) for various correlators at the tree
and one-loop level.

The content of the rest of this paper is as follows. In section 2 we briefly review the
superconformal Liouville theory in flat 2d space and the underlying A" = 1 superconformal
algebra.

In section 3 we discuss how to formulate the super Liouville theory on AdSs space,
preserving both conformal invariance and global supersymmetry. We start in section 3.1
with a locally supersymmetric theory of a scalar multiplet coupled to the N = 1 2d
supergravity including both general superpotential and curvature coupling. We show how
to restrict this theory to a rigid AdSy background getting a particular supersymmetric
Wess-Zumino theory. In section 3.2 we find the special conformal superpotential that
solves the condition of (super) Weyl invariance in a general 2d supergravity background.

In section 4 we present the main features of the AdSy/ CFT;/ ? correspondence for the
super Liouville theory. In section 4.1 we show how the global AdSs supersymmetry is holo-
graphically projected to the osp(1]2) superconformal symmetry on the boundary of AdSs.
In section 4.2 we determine the exact expressions for the two proportionality coefficients
k¢(b) and ky(b) appearing in the key relation (1.16). Finally, in section 4.3 we summa-
rize the precise predictions that follow from (1.16) for the 2-, 3- and 4-point boundary
correlation functions of the super Liouville fields.

In section 5 we set up perturbation theory in AdSs and discuss in particular the explicit
form of the fermionic propagator. Then in section 6 we compute the 2-point functions for
the bosonic and fermionic fields in the one-loop approximation. This computation provides
a non-trivial check of the duality predictions (4.40), (4.41).

Section 7 is devoted to a similar calculation for the 3-point scalar correlation function.
Again, we confirm the predictions (4.42), (4.43) at the one-loop level. In section 8 we
consider the non-vanishing 4-point boundary correlators. Starting from 4-point level the
(super)conformal invariance alone does not a priori fix the structure of the correlators so
their direct computation provides a check of the Virasoro symmetry. We check agreement



with the duality (1.16) explicitly at the tree level, i.e. the leading order in the weak-coupling
expansion.

There are several technical appendices. We recall our conventions in appendix A. In
appendix B we summarize information about different forms of the fermionic propagator
in AdS4y1 and specifically in AdSy. In appendix C we present a lengthy calculation of the
mixed 4-point function of two scalars and two fermions discussed in section 8.

2 Superconformal Liouville theory in flat space

Let us first briefly review the super Liouville theory in flat 2d space [11, 12, 16]. Its action
is given by?

1 ~ _
S=, / P (96050 + TP + p20e™ — 2o ). 21)
T
This is a special case of the 2d Wess-Zumino theory for N' = 1 scalar multiplet (¢, ¥, F')
1 B _
S= / A’z [a%bam + PV — F? + 2FW'(¢) — W”(eb)wf}, (2.2)

with the exponential superpotential W

W (¢) = %e’ﬂf’ . (2.3)

The action (2.2) is thus invariant under the standard global ' = 1 supersymmetry trans-
formation

dp=EU, U =@dpE+FE, SF =EQV, (2.4)

where £ is a constant Majorana spinor. Eliminating F' in (2.2) gives (2.1).
The holomorphic components of the conserved conformal stress tensor and the super-
current admit the following free-field representation?

T = —(06)° + Q%6 — Jb0v, G=ivVE(wos-Qov) .  (25)

Q@ and c are related to the coupling b as in (1.12). The singular part of the OPE of T" and
G corresponds to the AV = 1 superconformal algebra

T(w')T(w) ~ g (w _1 mE + (j/T_@Z}))Q + Z/TEQIL))’ (2.6)
G Gw) ~ 26 1 27 (w) (2.8)

3 (w—w)d w—w

20ur conventions are discussed in appendix A. Note that compared, e.g., to [11] we rescale ¢ and Q by
a factor of v/2 for convenience.

3The free fields may be related to the fields in (2.1) by a Backlund transformation, cf. [17]. The
improvement Q-terms may be either postulated to satisfy the superconformal algebra or derived from
coupling the scalar multiplet to the supergravity background.



Note that (2.7) can be rewritten as

Gl Ty~ B Cw) | 10G(w)

2 (w —w)? 2w —w

(2.9)

The exponential NS primary field and its superpartner in super Liouville theory are (« is
a constant parameter)4

Vo = €299, Ay = —iV 20022 4) (2.10)
and their OPEs with T" and G are

_ haVa(w) | OVa(w) ho + 3)Aa(w)  OAL(w)

, T(w)Ao(w) ~ (

T(w')Va(w) wW—w)? W —w @ w)? e (211)
G(w")Va(w) ~ ﬁfx(_wu)) , G(w' ) Ay (w) ~ (j/hi‘g)Z + i{/f,{u;) , (2.12)

where the chiral dimension is hy = a(Q — ).

3 N =1 super Liouville theory in AdS,; background

While putting bosonic Liouville theory in AdS, background is straightforward by just
specifying the metric, to do the same for the super Liouville theory in a way consistent
with global N/ = 1 supersymmetry in AdS space is more non-trivial.

One is to start with the general locally supersymmetric coupling of the WZ model for
the scalar multiplet (2.2) to the N' = 1 2d supergravity multiplet (ef, x,, A) [19-21], set
the gravitino x, to zero and the metric to be the AdS; one, and finally determine the value
of the supergravity auxiliary field A from the integrability condition for existence of Killing
spinors (i.e. from the vanishing of the gravitino supersymmetry variation).?

The resulting action for a WZ theory in AdSs was found in [14, 15, 25, 26] (and used
also in [27, 28]). However, these papers did not include the possibility of the curvature
coupling (or “dilaton term” in string context) which is crucial for the conformal invariance
of the Liouville theory. The manifestly supersymmetric form of the R¢ coupling in (1.2) on
a general supergravity background was given in [13] (see also [29, 30]) but the restriction
of the resulting theory to the AdSy background was not explicitly constructed in the past.

Below we will close this gap, explaining the derivation of the action (1.13) of the N’ =1
super Liouville action in AdSs. We shall start with the manifestly locally supersymmetric
form of the 2d scalar multiplet theory with generic superpotential W (“tachyon”) and cur-
vature coupling function U (“dilaton”) on a general supergravity background and consider
its supersymmetric reduction to AdSe background. We shall also determine the conditions
on the functions W and U required for the (super) Weyl covariance of such model on a
general background implying its superconformal invariance and then consider the resulting
super Liouville theory in AdSs.

“Here we consider a complex plane with independent holomorphic and antiholomorphic sectors. For a
discussion of the super Liouville theory on a plane with boundary see [18].

5A similar approach is used in higher dimensions when putting a supersymmetric field theory on a
specific curved background in way preserving some global supersymmetres (see [22—-24] and refs. there).

SHowever, some related discussion appeared in [17].



3.1 Scalar multiplet theory in 2d supergravity background and restriction to
AdS,

The general action for the scalar superfield
O = ¢+ il + 0y +i00F (3.1)

coupled to 2d N = 1 supergravity may be written as [21, 25, 29]
S= —4i ?ZE [maqma@ oW (@) + RU((I))] , (3.2)
™

where d?Z = d?zdfdf and E = sdet Eﬁ. Eﬁ is the supervielbein (containing the super-
gravity multiplet (e, x,, A4)) and R is the supercurvature’

R:A+i¢90<R+;A2)+...7 Eze(l—é@@A—k...), (3.3)

where R is the scalar curvature of the metric and dots stand for the terms depending on
the gravitino. The bosonic part of (3.2) thus contains the terms (cf. (1.2), (2.2)) S =
= [dx] = F2+ 2FW'(¢) + RU(¢) + ... ].

To restrict this theory to AdSs preserving rigid supersymmetry we first set the gravitino
to zero x, = 0. Then under the supersymmetry variation de,* = 0A = 0 while the
condition of the vanishing of the local supersymmetry variation of gravitino becomes

1
OxXp =2 (DM - 471“4) E=0. (3.4)
Specifying the metric to be the AdSy one (with unit radius)

,  dZ? + dt?
==

ds : R=-2, (3.5)

to preserve the global SO(2,1) symmetry we also choose the background value of the
auxiliary field A to be constant. Then the integrability condition of (3.4) gives

1
R+§A2:O, A=2a, a==+1, (3.6)

and (3.4) becomes equivalent to the AdSy Killing spinor equation

D, = %a’yué' : (3.7)

To find the form of the action (3.2) on this AdSy background we observe that
(ct. (3.3), (3.6))

/d&d@E [2W(<I>) + RU(@)] = ie [2F W (¢) — 2aW(¢) — 2U(d) + 2aF U'(¢)] . (3.8)

"R = Ry_ in the notation of [29]. We assume [ d0df 60 = 1.



Then the bosonic potential part of (3.2) may be written as

V(¢ F)=—F242FW' —2a W (o), (3.9)
W=W(¢)+alU(o) . (3.10)

where —F? comes from the kinetic part of the action (3.2).

Including also the fermionic terms we finally get the following supersymmetric action
on AdS,

S = 4i / d*z\/g (a%am + PV — F2 4+ 2FW' — 2aW — W”w). (3.11)
78

where [ d*z,/g = [ %4 (cf. (3.5)). This action is invariant under the following supersym-
metry transformations

dp=EU, U =@dpE+FE, SF =E PV, (3.12)

where £ is the solution to the Killing spinor equation (3.7). Note that if we set formally
the background value a of the auxiliary field A to zero and take the metric flat then (3.11)
reduces to the flat-space WZ action (2.2).

Solving for the auxiliary field (F = W) we get from (3.11)

1 _ ~ o N

S=_ / d*z\/g (awam + UPY + W2 — 2aW — W"w). (3.13)
T

The action (3.13) has the same form as the general supersymmetric WZ action in AdSs

found in [14, 15]. The fact that the curvature coupling function U(¢) in (3.2) appears

in (3.12), (3.13) only through the generalized superpotential function W is a check of

consistency of this coupling with the AdSs supersymmetry.

3.2 Super Weyl invariance conditions

The action (3.11) has rigid AdSs supersymmetry but does not correspond to a superconfor-
mal theory for a generic W (¢). To determine the required conditions on W and U we need
to go back to the action (3.2) defined on a general supergravity background and impose
the condition of decoupling of the superconformal factor at the quantum level.

Let us first recall the analogous argument in the bosonic case starting with the single
scalar action .
= / P /500036 + RU(9) +T(9)] | (3.14)

with generic coupling functions U and T. Interpreting them as the “dilaton” and the

S =

“tachyon” in 1d target space we may readily write down the corresponding expressions for
the Weyl anomaly coefficients (see, e.g., [31-33]; here o/ = 1)

_ 1 _ 1
BU — —§U” + U’Q, 5T — 9T _ §T// + U/T/ ) (3'15)

Here the non-derivative term originates from the classical scaling dimension of the corre-
sponding coupling, the second-derivative term is the quantum anomalous dimension (one-
loop Weyl anomaly assuming reparametrization covariant regularization of the propagator)



and the first-derivative terms originate (upon use of the equations of motion) from the clas-
sically non-invariant dilaton coupling. The solution of fY = const = é(c — 1) required to
decouple the conformal factor is the linear dilaton U = Q¢ and then the solution of 37 = 0
is the exponential Liouville potential in (1.2) with —2 — 2b% + 2Qb = 0, i.e. (cf. (1.2))

1
T = u?e®? Q=7+b. (3.16)

A similar argument applies in the supersymmetric case of the action (3.2).® The equation
for U is the same as in (3.15) fixing it again to be U = Q¢. The equation for the “super-
tachyon” or the superpotential W differs from the one for 7" in (3.15) only in first classical
dimension term: W term in (3.2) has half dimension of the bosonic tachyon coupling, i.e.

- 1

YV = —w — 5W" +U'W' . (3.17)
The condition of the vanishing of 3" gives again the exponential function W = pe®® with
b now constrained by —1 — %62 + Qb = 0. Hence, we finish with

thus determining the structure of the super Liouville theory on a general curved background
(cf. (1.12)).

3.3 Action for super Liouville theory in AdS»

Let us now combine the discussion of the previous two sections and write down the explicit
form of the action of the N' = 1 supersymmetric Liouville theory in AdSs .
Using (3.18) the generalized superpotential in (3.10) takes the form

N

W(p)=pe”?+aQo. (3.19)

Then solving for the auxiliary field F in (3.11) gives the following expression for the super
Liouville theory on AdSs

S ;T/d%\/g [8’\¢8,\¢+\111D\IJ—2Q¢+2a,u(bQ—l)eb¢+u2b262b¢—ub2eb¢@\ﬁ . (3.20)

We used that a?> = 1 in (3.6) and dropped a constant Q2 term. For a = —1 this is the
action quoted in (1.13).

The condition for the extremum of the scalar potential in (3.13) V = W’ — 2aW is
(W” —a)W’' = 0. Since F = W', the constant vacuum ¢ = ¢ preserving supersymmetry
(cf. (3.12)) is the solution of W’ = 0, i.e.

pbe’® +aQ=0. (3.21)

80ne may repeat the bosonic derivation using covariantly regularized superpropagator, cf. [34].

9One may wonder why one needed separate conditions on W and U if the action (3.11) depends only on
their sum W in (3.10). The answer is analogous to that in the flat space case: having fixed a background
one is still to specify the stress tensor and its superpartner and their definition depends implicitly on the
right choice of U = Q¢ (cf. (2.5)).

~10 -



Expanding near this vacuum ¢ = ¢g + ¢ we get

5= 417r/ /g [0+ TDY—2QC-2Q(Q—b")e + Q%M +ab QN W] . (3.22)

Thus a = +1 determines the sign of the fermion mass term, the two options being equivalent
and related by a chiral transformation; in what follows we shall choose

a=-1. (3.23)

So far we did not use the explicit value of @ in (3.16) required for conformal invariance.
Expanding (3.22) to quadratic order in the fields we find

Sﬂﬁzir/ﬂ%w@[@g&%+2(1+;ﬁ><1+i§>§?+@wW—(1+;H)@m}
(3.24)

Thus the classical (b — 0) values of the bosonic and fermionic masses are mg = 2 and
My = 1.

4 Super Liouville theory: AdSQ/CFT;/2 set up

Starting with the AdSy action (3.22), (3.23) let us now discuss the AdS/CFT duality.
According to the standard AdSy/CFT; rule, the scalar and fermion masses are related
to the dimensions of the dual conformal operators as, respectively, m? = A(A — 1) and
m = A — 1. Thus for mg =2 and my =1 in (3.24) we get
3

5
with the corresponding asymptotic expansions near the AdSe boundary given by (recall

that in (3.22) we have ¥ = (_15¢>)

C(t,z) =22 d(t) + O(2%), (4.2)
bt z) = 282U (t) + 22U(t) + O(Z7/2), d(t,z) = 22/20(t) + 22V () + +0(272) . (4.3)

Ac=2, Ay = (4.1)

To preserve supersymmetry we will later need to impose the boundary condition on ¥ at
z=20:

T (4.4)

As we will see, this boundary condition is also compatible with the standard bulk-to-
boundary propagators of the fermion (5.13).

The conformal dimensions (4.1) are the same as the dimensions of the generators T'
and G of the N/ = 1 super-Virasoro algebra. As in the Liouville theory [2], we thus expect
the AdSy/ CFT;/ ? correspondence (in the sense of the matching of the correlation functions
in (1.16))*°

d(t) = reT(Y), V(t) — ky G(1), (4.5)

where the b-dependent coefficients ¢ and sy are to be determined below.

011 view of (4.5) the boundary correlators involving 1 are determined by those with 1.
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4.1 From bulk supersymmetry to osp(1/2) superconformal symmetry at the
boundary

To establish the duality, it is necessary to show that the symmetries of two sides are
the same. Let us first show that the boundary global superconformal symmetry follows
indeed from the supersymmetry of the bulk super Liouville theory. This is an example
of the familiar relation between the supersymmetry of a theory in AdS;i1; and global
superconformal symmetry of the CFT,. In the special case of the locally conformal (e.g.
Liouville) theory in AdSs this global symmetry is expected to be further enhanced to the
super-Virasoro symmetry.

The supersymmetry parameter £ in (3.12) is the solution of the AdSs Killing spinor
equation (3.7) which for a = —1 is given by (see appendix A for spinor conventions):

€ A 1 14+it4+z —1—t+iz
E(t,z) = —Z(t,)A, A= "), z=-—2 . (46
(t2) (—ie) (t.2)A, (—m)’ 2z (i—t—iz l—z't—i—z) (4.6)

Here A is a constant Majorana spinor and Z satisfies ZZ = 1 with Z = CZ7C.'' Then
the supersymmetry transformation that leaves invariant the super Liouville action (3.22)
expanded near the supersymmetric vacuum (3.21) follows from (3.21), (3.12)

6¢ =€, §U = JCE + FE, F=Q(e* ~1), (4.7)

where F' = W is the “on-shell” value of the auxiliary field in (3.11) (that vanishes in the
vacuum ¢ = 0). Note that in the classical limit (b — 1, @ — b~!) one has F = (+O(b?, (?).

Using the asymptotic expansion (4.2), (4.3) in the r.h.s. of (4.7) we learn that near
the boundary the supersymmetry transformations (4.7) reduce to

5(t,2) = —izE(V + V) + L2 [AE(V — ) —iE(V + V)] + O (4.8)
St 2) = S22 €0 4 Li0(60) + 0T,
50 (t,z) = —323/2 £ + %iz5/28t(£d>) +0(Z"?),

E) = A= AF+itA+X) =e+tn. (4.9)

Comparing this with the variation of (4.2), (4.3) implies that we should set W+ W = 0, i.e.

assume the boundary condition (4.5). Then we also find that 6V = —§W, ¥ = s¥ and
oV = %68tlll. As a result, we arrive at the following consistency conditions required for
preservation of the supersymmetry near the boundary'?

W(t) = —(b), B(t) = U(b), W(t) = g@t\lf(t) (4.10)

The resulting supersymmetry transformation rules for the boundary fields are

5(t) = BEW(E) + %f@t\ll(t) , SU(t) = SEo(t) (4.11)

" This guarantees that £ = AA = const, i.e. 9,(EE) = 0, which follows from (3.7).
2Note that the fermion equation of motion ¥ = W (¢)¥ following from (3.13) reduces to the last
relation in (4.10) near the boundary (in the classical limit b — 0).
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Since here & = € + tn is not constant (cf. (4.9)) we thus get two independent global
supersymmetry transformations with constant parameters

5.0(t) = ée@t\ll(t), SU(t) = %ed)(t), (4.12)
5,() = nW(t) + ént@t\ll(t), 5, (t) = gntCD(t) . (4.13)

The transformation in (4.12) is the same as the standard Q-supersymmetry in flat 2d
space (relating also T' and G in (2.5), cf. (4.5)) restricted to the real line, i.e. with w — t.
The transformation in (4.13) is the conformal S-supersymmetry for fields with conformal
dimensions as in (4.1). The commutators of the two n-transformations are

(O s 6 |® = 12 (4t + 20, ) @, (03 O JW = mim2 (3t + £20,) W, (4.14)

where the right-hand sides are recognized to be the special conformal K-transformations:
{S,S} = K.'* The generator K acting on a field ¢ with dimension A, gives

Ko = (2A,t +t20) ¢, (4.15)

so here Ap = 2, Ay = 3 (cf. (4.1)). Computing the commutators of Q- and S-
supersymmetries

[0, 0P = en(2 + t O;) P, (6, 0]V = en@ - tat)w, (4.16)

one checks also that {S,Q} = D where D is the generator of dilations
Dy = (A, +1t0)p . (4.17)

Finally, the commutator of two Q-supersymmetries gives [Je,, I, |® = €1€20:P, [Je,, 0, |V =
61628t\|1 ie.

{Q,Q} =H, H=0. (4.18)

Thus the generators (Q, S, H, D, K) form the 0sp(1|2) super Lie algebra (see, e.g., [35, 36]),
i.e. the super-extension of the conformal algebra so(2,1) in one dimension.

This is the finite-dimensional sub-algebra of the infinite dimensional super-Virasoro
algebra (the same as generated by T" and G in (2.5)). It is natural to expect that given
a super Weyl invariant theory in the bulk the boundary global superconformal symmetry
should get extended to the full super-Virasoro symmetry. To demonstrate this directly
beyond the classical level will require a choice of a symmetry-preserving regularization.

3Here we use the standard notation

[677276711] = [77257 7715] = 771772{57 S}, [67]766} = [7757 GQ] = 677{37 Q}7 [5627661] = [EQdelQ] - 6162{Q7Q}~
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4.2 Determination of the proportionality coefficients x¢(b) and ry(b)

Since the supersymmetry relating the boundary fields ¢ and W is the same as the one
relating the operators 1" and GG one may expect that the ratio of the coefficients x¢ and ry,
in (4.5) should be universal, i.e. should not depend on b. To fix these coefficients we may
follow the arguments in [4, 6].

Let us start with a heuristic semiclassical argument generalizing the one for the Liou-
ville theory in [4]. Assuming b — 0 (i.e. @ — b~1) the AdSy super Liouville action (3.22)
may be related to the flat space action (2.1) by the special Weyl transformation

G — eQUgW, é—¢d—blo, U — e 290 , o=1logz (4.19)

Then using (4.2), (4.3) the boundary asymptotics of the corresponding fields on the flat
half-plane is found to be

<Z>(t,z)‘z_)0 =220(t) —b logz+ ..., 1,/1(t,z)‘z_>0 = 23/26_%10gz\|/(t) +...=z2U(t)+....
(4.20)

Evaluating T and G in (2.5) on these fields and taking the boundary limit we get

T(t,z)|, ,, = —Q—bcb(t) +..., G(t,2)], ,, = _Tq](t) +... . (4.21)
Comparing this with (4.5), we conclude that in the semiclassical limit
2 1
ke =—2b+O0(b%), Ky = ——=b+ O(b°), 4.22
(= —2h+OW) o= —sb+ O (422)

in agreement with the leading asymptotics of the general expressions quoted in (1.17).
Let us now give another argument based on the OPE in the boundary CFT which
leads to the exact expressions for k¢ and sy in (1.17). Let us first determine k¢ starting
with the OPE of T with the primary field V, in (2.10) following the discussion in [4] for
the Liouville theory. Expanding the expression for T'V, in (2.11) to the leading order in

small « gives

Q 9w

T(w') p(w) ~ S wE ww (4.23)

Setting w’ = t', w = t + iz and using the asymptotic form of ¢ near the boundary (now we
use @ in place of its classical value b~! in (4.20))

o(t, z)‘z_>0 =220(t) — Qlogz+ -, (4.24)
one finds (note that & = 9, = (9 — iz))
, iQ iQ iP(t) 9 Q d(t) 20.P(t)
T()o= ) ~ 220t —1) 20 —tp ¥ —t} Tz [_ T Rl s
(4.25)

Including the conjugate part to account for the real-line boundary (i.e. adding the expres-
sion with z — —z), gives the OPE for the boundary fields

2Q 20(t) O ®(t)
t—-t)* (t'—-1)?2 (' —-1)?2

(4.26)
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Comparing this with the boundary limit of the OPE for T(w') and T'(w) in (2.6) we
conclude that the two relations have the same form provided we identify ®(t) ~ xc7T'(t) as
in (4.5) with ¢ given by

4Q 4b(2+0%) 2

T T T3+ (@A+ ) 3

1
b+§b3+~--, (4.27)

where we used the expressions (1.12) for @) and ¢ in the super Liouville theory.
To determine &, let us start with the OPE of G and V,, in (2.12) and again expand in
«, getting14
i P(w)
V2w —w

Setting w’ = t',w =t + iz, and using the asymptotic near-boundary form of ¢ (4.24) and
P (cf. (4.3), (4.19))

G(w') p(w) ~

(4.28)

D(t,2)|, o= e 2B [ PW() + 2PU(t) + -] = 20() + V() 4o, (4.29)

we arrive at

iW(t) W(t) V()
~ N + Vot — 1) - Z\/i(t’ e (4.30)

Adding the z — —z conjugate expression to the r.h.s. gives the boundary OPE

G(t)od(t)

V2U() Z,\/N(t)

G() o(t) ~ (t' —t)2 t—t

(4.31)

On the other hand, we may compare this with the boundary limit of the the OPE of G and
T in (2.9); assuming the identification ®(t) ~ k¢ T'(t), W(t) ~ ry G(t) we get from (2.9)

ke[ 3 W(t) 19:W(t)

Gt)o(t) ~ = |— 4.32
The expressions in (4.31) and (4.32) match provided we identify
ke 22 S
— = — V=_0V. 4.33
Ky 3 3" (4.33)
Hence we get, in agreement with (1.17), (4.22),
3 Q
Ky = —= ke = —3V2 2, 4.34
Vo - (4.34)

The relation for W in (4.33) is the same as the one in (4.10) found from the condition of
preservation of the supersymmetry near the boundary; this supports the consistency of the
above argument.

1This OPE can be found also using the free field realization of the stress tensor T and supercurrent G
in (2.5).
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4.3 Duality predictions for the boundary correlation functions

The AdSs/ CFT;/ ? correspondence implies the relations (1.16) between the AdS; boundary
correlators of the elementary super Liouville fields (,i) and the flat-space CFT correlators
of the super-Virasoro generators T' and G restricted to the real line. While the matching
of the coordinate dependence on the two sides of the correspondence should follow from
the super-Virasoro symmetry, direct computation of the boundary correlators in small b
(or large ¢) perturbation theory allows one to check the expressions (4.27) and (4.34) for
the coefficients k¢ and k.

The correlation functions of the chiral 7" and G operators on a plane are completely
fixed by the super-Virasoro symmetry or the OPE relations (2.6)—(2.8). Explicitly, one
finds (see, e.g., [37])

(T'(w1)T'(w2)) = g wl‘fz (G(w1)G(wa)) = 230101%2 (4.35)
()T T (05) = €y (D)) Clus) = iy, (436)

(T T T o) = o [ (S ot +1) +2eh =] s
(Gl TGl D) = e [+ § P2 =
(G(w1) G (ws) Gws) G (wa)) = @ 452 <X13 g (1_1X)5> + 20)((11—X)] (4.39)

where x is the conformally invariant cross ratio. As in (1.7)-(1.9) the order ¢? parts of
the 4-point functions correspond to disconnected contributions, while the order ¢ parts
correspond to the connected contributions to the boundary correlators.

Then using the duality relation (1.16), we get the following predictions for 2-point
boundary correlation functions:

Coo Cyvy
(@(t)®(t2)) = 7 (V)W (t)) = —5—, (4.40)
12 12
1, 424?24 1,
Coo = oric= gq o pmmtw) 3 30
2, 3 1,
C\uw:§lﬂ¢C=§C¢¢:2—§b 4+ (4.41)

The non-vanishing 3-point boundary correlators should be given by

Cood Covw
(P(t1)®(t2)®(t3)) = 55 5> (Pt)V()V(t3)) = 55— (4.42)
tio tiz tos tip tiz ta3
2b(2 + b2)3 1 1
C¢¢¢=H§’C=— 3262 1 &) :——6b+—6b3—|—---, (4.43)

9(1 + b2)2(4 + b2)? 9 9
9
C¢\uw:/€<l€icz§C¢¢¢:—2b+2b3+”' . (4.44)
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As the disconnected part of the 4-point correlators is determined by the 2-point functions,
the non-trivial prediction follows only from the connected (order ¢) part of (4.37)—(4.22):

Coovs 2(1 — x + x?) tiotae
P(t1)P(t2)P(t3)P(t4))conn = , = , 4.45
(00)0(82)D(t) 1) e = (28 2T (=2 (4.45)

Cyove 3 — 4x + 4x?

V() (ta) W (t3) D (ts))conn = , 4.4
(W(t1)P(t2) W(t3)®(ta)) 2,0, 232(1— )2 (4.46)
(W ()W (t2) VW (t3) V(1) )eonn = Cvwww 1 (4.47)
conn t%3t%4 X(l _ X) )
12862 (2 + b%)* 32 56
4 2 4
_ A — S22t (44
Coovo =ReC= o PP 270 a7l T (4.48)
9 4 7
_ 2.2 _ 2 4
C\ucp\ucp = Rcﬁw Cc = §C¢¢q>¢. = g b — g b + - y (4.49)
81 21
oA _ap2 4.
Cyyyy = 2 Ky € = 3 Copop = 3b 1 b* + , (4.50)

where, as in (4.44), we used the supersymmetry implied relation (4.34).

On the AdSs side the relation between the correlators with only bosons and correlators
where some of the bosons are replaced by fermions should also follow from the supersym-
metry (4.12). In more detail, the kinematical structure (i.e. t-dependence) of the 2- and 3-
point correlators in (4.40), (4.42) is fixed by the global conformal symmetry while for the
4-point correlators in (4.45)—(4.47) it is fixed by the expected Virasoro symmetry. Then
the relations between their coefficients, i.e.

3 9 9
Cyy = 2 Coo, Covy = 3 Coov,  Cuove = §C¢¢¢¢ :
9 81
Cuyyy = ZC\M\L@ =3 Covoo , (4.51)

follow from the Ward identities corresponding to the boundary supersymmetry (4.12).
For example, considering the supersymmetry variation (4.12) of the vanishing correlator
(®(t1)P(t2)P(t3)W(ts)) = 0, one obtains

g<¢(t1)¢(t2)¢(t3)¢(t4)> + % Oty (W (t1)D(t2) P (t3)V(ta)) + Oy (P(11) W (t2) (t3) W (ta))

+ 8t3<¢>(t1)¢(t2)\u(t3)lll(t4)> =0. (4.52)

As a result, using (4.45), (4.46) we find that Cyeye = %Cq)q;cpq;. One can similarly show
that Cyyyw = %C\uq)\yq; by starting with (5<¢\U\UW> =0.

Our aim below will be to check explicitly such symmetry-implied relations and also the
expression for k¢(b) in (4.27) (which does not follow just from symmetries). In particular,
checking the supersymmetry-implied relations beyond tree level (where the derivation of
the boundary supersymmetry in section 4.1 directly applies) will rest on a choice of a
regularization prescription consistent with the underlying symmetry.
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5 Perturbation theory in AdS,

The goal in the rest of the paper is to check the predictions summarized in the previous
section starting from the AdSs super Liouville action (3.22) and using small b perturbation
theory. Expanding (3.22) in powers of b using the value of @ in (3.18) and separating out
the free part from interacting vertices (containing powers of b) we get

1 _ _
S= o /d%\/g {a“ga“c +2C2 4+ VPV — TP

2 3 4
+ (36" + 5 b4)< (8b+7b3+gb5)§) + (1667 + 156" + 5 bﬁ)C +-
2 3
—2[b2+(2b+63)<+(2b2+b4);+(2b3+b5)g‘ +]\IJ\I/} (5.1)

We will treat the b-dependent quadratic ~ b?(? and ~ b> UW¥ terms as interaction terms
leading to self-energy insertions into diagrams.

To develop perturbation theory in powers of b we will need to know the explicit form of
the free propagators for the massive fields ¢ and W. Various representations for the scalar
and fermion propagator in AdS4.1 are reviewed in appendix B. Here we will specify them
to the present AdSs case of the scalar ¢ with mass mg = 2 and a Majorana fermion ¥ with
mass m., = 1.

We will use the following sets of coordinates in Euclidean AdSs

1 .
=1z, = (xg,21) = (2,1) ; w:t+iz:—iz+1; z=re? . (5.2)
z —

Here the complex variable w parametrizes the upper half of complex plane (with the AdSs
metric in (3.5)), while complex z is a coordinate on a unit disc. From (5.2), the coordinate
6 of the boundary of the disk (r = |z| = 1) and the coordinate t of the boundary (z = 0)
of the upper half plane are related by

0
t(d) = — cot 2 (5.3)
The AdSs measure is then given by
d’x d*w d*z
de=—" =d*w=—=d’2=— | Pw=dtd A’z =rdrdd . (5.4
T i Y qn2? : (1 —1z[2)2° v i o (54)

The free propagator of the scalar ¢ with m? = 2 (with Dirichlet boundary conditions,
i.e. A; =2) is given by'®

/ 1 /1
(6@ o = gloa) = ' —2nGlea) =3 (1 hogn+2),  (53)
where ) ) ,
2= _(z=Z)+(t-t)
K w42’ v= 2z7 ' (5.6)

15The propagator G corresponds to canonical normalization of the action % [ d*z V9 (0,60"¢ — 2¢%).
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The bulk-to-boundary propagator is then (g(z,z') = g(t,z;t',2') = g(w,w"))
/

2
A N — 1 -2 PV A z
ga(t,JJ)—ga(t,t,Z)—l%Z g(t,z,t,z) 3|:Z/2+(tt/)2:| : (57)

For the fermion with mass m, = 1 (and thus Ay = 32) one finds (see, e.g., [38] and
appendix B)

5(33,33‘,) - x—)—:[: = 2775(337 :B,)
111, / /
= TS5 Lo T r.,r I, x*)F —I'%x — F ] 58
2(u+2)2\/§[($ oIz + T Taa")Fi(u) -T2 —a')aFao(u)|,  (5.8)
where I'* =T, = (I'y, [';) are the flat-space 2d Dirac matrices (see appendix A) and
ut? u (u+ 2)2 U
Fi=— 2 2) log ——— Fo= 240l . (5.9
1 7 [ + (u+ )Ogu—i—Q}’ 2 24 +u 08 (5.9)

Here the propagator S(z,x’) corresponds to the canonically normalized kinetic term for a
Majorana fermion: 3 [ d*z /g U () —m)W¥. It satisfies

Dy —1)S(x,2') = S(J;,x')(—%x/ —1) = =%z —a"). (5.10)

The component form of (5.8) is

S(m,):@(w)@(x,»oz(zw(w)w(x/»o (W(a)(a))o >E<z‘gw<x,w'> gw:c,x'))
1
3

9y (T, 2") —iggy(z, 2')

L 1 [—i(w—w)F (w—a")F
sz’( (w —w')Fy i(’w—w’)F1> : (5.11)

These component propagators are also independently computed in appendix B.2. Taking

one leg to the boundary and adding a z—3/2

(@' = (t,2), W =t +iZ)

factor we get the bulk-to-boundary propagators

y —(t: / t: /
S, (t;2') = limz~%/%S(z, ") = (l‘%w(.’ ) Goyy(t:2) )

(
1 ( — P) % )
_ (t—w’)(t—w’)? (t—w’)?(t—w’) (5 12)
13/2 1 i ’ ’
2257 \ ey :
Especially, they satisfy

Joupp(62) = =0, 5, (527), Joup(t:2') = =g, 55t 2") . (5.13)

This is consistent with the supersymmetric boundary condition ¥ = —W in (4.4), (4.10)
(cf. (4.3)) implying that in boundary correlators we can freely replace ¥ with —, i.e. it is
enough to consider boundary correlators of v only.
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The bulk-to-boundary fermion propagators may be expressed in terms of the bosonic
propagator in (5.7) as follows

S,(x;t) = lin% 77328 (z,2') = 3U (') P g, ), (5.14)
z'—
S, (t;2') = 113(1)2*3/25(;,;, o) = =3P, U(x';t) g, (t;2), (5.15)
A i z i\t — 1 z
U(a;t)—ﬁzf + (t—t)I*|, Pi—2(1j:1“). (5.16)

One can then prove the following useful relation:

lim z;%%2;%%S (21, 2) S(z,22) =S, (t1:2) S, (x5 t2) = —9t1a TV P_ g, (t1: ) g, (ta; 7) -

z1,z20—0
(5.17)
In (5.5), (5.8) and below we will denote the scalar propagator by a line and the fermion
propagator by a line with an arrow. The dashed line will stand for the boundary of AdSs
(for convenience represented as a circle, i.e. a boundary in Poincare disc representation).
For example, the relation (5.17) implies the following graphical equality of the fermion and
scalar Witten diagrams (with one point in the bulk)

,/ \\ 9 ,/ \\
l\\})\\l = ——tq2 l\\)\l . (5.18)
ty ~'to 2 Ty ~'to

Here we assumed the projection (I'*P_ — %) to the upper ¥ component of ¥ assuming

that the boundary field W (cf. (4.3)) is inserted at ti, to.

There is another useful representation for the free fermion propagator in terms of the
bosonic one following from the Ward identity for AdSs supersymmetry [15, 39]. Consider
the WZ model (3.11) (with a = —1) with the superpotential W (¢) = 1¢? which describes
the AdSy supersymmetric system of the free scalar field ¢ with mass m? = 2 and the free
fermion W with m = 1. The supersymmetric Ward identity similar to the one in (4.52)
implies (here we use w,w’ to denote the coordinates)

0= 3(W(w) $(u)) = (W(w) T(w)) Z()A + (B + Do(w) W) Zw)A,  (5.19)

where we used the supersymmetry transformation (3.12) with the parameter £ in (4.6) and
F=W = ¢. Since this equation holds for an arbitrary constant Majorana spinor A, it
should be also true as a matrix equation. Multiplying by Z~!(w') and using the explicit
form of Z in (4.6) we arrive at

S(w,w) = (W) T(w)) = = | (@ + D (@(w) ()| R(w, '), (5.20)

N o1 it—t)+z+7Z —-(t—-t)+i(z—2)
Rw,w') = Z(w) Z 1(w)_2@<_(t_t,)_i(z_z,) _i(t_t,)+z+z,). (5.21)

Thus we get the following representation for the fermion bulk-to-bulk propagator in terms

of the bosonic one in (5.5)

S(w,w') = —|(d, + 1) g(w,w')}R(w,w') = R(w,w") (P — 1) g(w,w’)] (5.22)

—90 —



Let us now comment on the issue of UV regularization. In the bosonic 2d Liouville
theory the exponential potential is special being the eigen-function of the anomalous di-
mension operator (the second derivative term in (3.15)) and also the interaction term in
the classical equation. As a result (using, e.g., the background field method) the UV di-
vergences can be absorbed into a field redefinition, i.e. there is no need for the coupling b
renormalization. This is equivalent to replacing the exponential interaction term in (1.2)
by its normal ordered expression e2*? —: 2% : i.e. to assuming that the subtracted value
of the propagator at the coinciding points g(x,x) is zero (or equal to a scheme-dependent
constant). The condition g(x,z) = 0 is natural in the present AdSy context where it can
be achieved by using the covariant regularization u — u + ¢ or n — n+ ¢ in (5.5), (5.6)
and assuming minimal subtraction of the resulting logarithmic divergence.'®

The discussion of UV divergences in the supersymmetric Liouville theory in flat
space [17, 40] implies that the picture should be essentially the same. Assuming a covari-
ant regularization and then minimal subtraction of the log divergence g(z,z") and S(x, z')
appear as components of a superpropagator that is vanishing (or constant) at = = 2’ A7
We shall thus assume that all the divergences come only from the tadpole diagrams and

thus can be eliminated by assuming that
g(z,x) =S(z,z) =0 . (5.23)

Indeed, in all instances that are considered in the following sections, we shall confirm by
explicit calculations that the vanishing tadpole condition (5.23) is enough to make finite
all radiative corrections.

6 Two-point functions

We shall start with the computation of the one-loop corrections to the two-point boundary
correlators of the elementary scalar ¢ and fermion 1 with the aim of checking the order b?
terms in the duality prediction in (4.40), (4.41). Note that the tree-level terms in (4.41)
are correctly normalized as follows from (5.7) and (5.8), (5.11) or (5.14):

(@00 ()0 = () 2@, | = @) 0|, > g (6D
(W)W () = () 2E@UEN| |, | = @) Suw@a)| | > 2
(6.2)

6.1 Scalar propagator correction

The one-loop correction to the scalar 2-point function in (4.40) is given by the boundary
limit of the sum of the contributions of the three bulk diagrams. For the calculation of

16 A detailed comparison with other approaches to regularization of the Liouville theory in AdSs can be
found in [4].

7This is equivalent to normal ordering of the exponential interaction in the linear in W terms in (3.11),
before integrating out the auxiliary field F'.
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the Witten diagrams below it will be often useful to use the AdSs disk parametrization,
cf. (5.2) and (5.4), and the Fourier representation of g(z,z") derived in [41].

(C(21)¢(22)) = g(z1, 22) + D121, 22) + O(b*)
Dy (Zl, 22) = SC(Zl, 2’2) + Dins(zl, 22) + Df(Zl, 22). (63)

Scalar loop. The first contribution in (6.3) is that of the boson bubble diagram
(see (A.15) in [4])

1
Diclz1,22) = @7 =5 (=80)° / a2 g(21,) g, ") g, 22)

:32b2D(Z’1,22),
2 log? 4 1 1 1)1
n° log 772_ n+9  nlogn +log(1 — 1) 1 (n+1)logn
64(p—1)2 96 (n—1) 48(n—1) 48 48(n —1)
~ (n+DLiz(n) 39+721+n
96(n — 1) 576 1—1

D(z1,29) =

. (6.4)

Insertion diagram. The second contribution is due to the insertion of the 3 b2 %—2, vertex
in (5.1) (see (A.16) in [4])

Dins(21, 22) = ® = —3b? /d22,g(21,2,)9(2/,22) = —3b B(z1, 2),
= nlogn 1 (n+1logn| (n+1Lix(1—n) 1
B =——"—+log(l — - — — ——. (6.5
Fermionic loop. The third contribution is that of the fermion loop diagram'®
1
Dg(z1, 220) = = (2b)2§(—1) /dzdez’ Tr[S(z,2")S(2, 2)] g(21,2) (7', 22).
(6.6)

To compute this integral it is convenient to first go back to the half-plane coordinates and
use (5.22). Then

Tr[S(w, w’)S(w', w)] = —Tr [(é? + 1g(w, w)R(w, w ) R(w', w) (@ — 1)g(w, w’)],
=~ (@ + Dg(w,w)(@ — Vg(w,w)| = =2 (9”909 — 9°), (6.7)

where all derivatives are over w. As a result,

1

Jp Dilen ) = [ 2 % g0, 2) (0, 10,0021 ~ o, ) 90" 22)

= —D(z1,22) + /d2z 9(z1,2)Bag(z, z2), (6.8)

8For a detailed discussion of Feynman rules for Majorana fermion see for instance [42, 43].

- 29 —



where the function Byy reads (see appendix D of [6])

3 147 1L+7?

Boo(z1,22) = —5 + g5y g - o log” . (6.9)

16(n —1)2
This function was found in [6] by integrating by parts and assuming V2g — 2g, i.e. removing
the o-function consistently with the renormalization condition in (5.23). Using the method
in appendix A of [4], a straightforward calculation then gives the (finite) expression for the
disk integral

— 2)nlog?n nlogn (n+1)logn 1
PN g1 — Lt losn_ 1
/ z g(21,2) Baa(z, 22) 640y — 1) + 48(n — 1) +log(1 —n) 96(n—1) 48

~(n+DLi(1—n) 11
96(n — 1) 192°

(6.10)

Total one-loop correction. Combining the contributions (6.4), (6.5) and (6.6), we get
for (6.3)

_ {Wz(n +1)  n(3n+1)log’n  3(n+1)log(l—n)logn  3(n+1)Lis(n) }
8(n—1) 8(n—1)? A(n—1) An—1) ‘

Taking the boundary limit, we find the 1-loop correction to the boundary two-point corre-

lator ) )
o o2
<¢(t1)¢(t2)>1 = ngILOZI Zy Dl(.’El, .TQ) 3b 7@1 — t2)4 . (612)

It agrees with the duality prediction in (4.40), (4.41).

6.2 Fermion propagator correction

Let us now check the one-loop b* term in the expression for the fermionic correla-
tor in (4.40). This requires computing the boundary limit of the one-loop corrected
((z1)p(x2)) (or Si2) component of the fermion propagator (cf. (5.11), (6.2)) given by
the sum of the contributions of the scalar exchange with two bWV vertices from (5.1) and
the insertion of the b>¥W vertex in (5.1)'"

(W (w1) T (ws)) = S(wi,wa) + S1(wr,ws) + O(bY),
S1(w1, w2) = Sec(w1, w2) + Sins(w1, w2) - (6.13)

Scalar exchange. The first contribution in (6.13) is given by

sc w17w2 —)—Q—)— wl,wg) , (614)

I(wy,wa) /d2 d?w’ S(wy, w) S(w,w') S(w', ws) g(w,w') . (6.15)

9Here we will use the half-plane parametrization w = t + iz.
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Using the representation (5.22), the integrand in I can be rewritten as

I(wy,we) = —/d2w d?w’ S(wy,w) [(@ + 1)g(w, w")] R(w,w)S(w', wa) g(w, w')

= —/de d?w’ S(wy, w) (1+ if‘z) R(w,w")S(w', ws) [g(w, w"))?

1

- 2/d2w d?w’ S(wy, w) Plg(w, w"))* R(w, w)S(w’, ws) . (6.16)
The second term can be simplified using integration by parts: then the derivative can either
act on S(wy,w) and the measure d?w on the left hand side, or on R(w,w’) on the right on
side.?’ In view of (5.10) we thus find

I(w1,w2):—/d2w d?w’ S(wy, w) (1 + 411PZ> R(w,w")S(w', we) [g(w, w")]?

— ;/dzw d?w’ (S(wl, w) + Z?w) 6@ (w— wl)) [g(w, w")]? R(w,w)S(w', wy)

- ;/de d?w’ S(wy, w) <1 - ;FZ> R(w,w")S(w', ws) [g(w, w')]?
= —% /d2w d?w’ (4S(w1, w) + j(rw) 5@ (w — w1)> [g(w, w")]* R(w,w)S(w', ws)
=70 4 1O (6.17)

where we also used that dR(w,w') = (I + 3I%) R(w,w') = (=1 + 3I'?) R(w,w’). Thus
the integral I(w;,ws) reduces to the sum of two pieces where the first in (6.17) is the one
without d-function

IO (wy, wy) = —2/d2w d?w’ S(wy, w) R(w, w)S(w',ws) [g(w, w)]? . (6.18)
Taking both end points to the boundary, we get
TO(ty, 1) = lim 277225210 (wy, wy)
Z1,ZQ~)0

_ 9 / d2w &2l S, (t1; w) R(w, w')S, (u'; t2) [g(w, w)]2

= 18t P_ /dzw d?w’ g, (t1;w)g, (t2; w")[g(w, w)]?, (6.19)

20 Explicitly, using (C.11), we get:
I un) == [ dwdtul S(un,w) (14 517 Rl w)S(0 ) o, )
— 5 [ dwd ! Stunw) (< Blgtw, ) Rl w)S(w'ws)
~ 5 [ Fwdt’ S, w) (- R, w))S(w', w) g, ) |
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where S, is the bulk-to-boundary propagator in (5.14), (5.15). It is easy to see that the
integral here corresponds to the boundary limit of the scalar bubble diagram contribution
in (6.4). The term in (6.17) that contains the §-function is

I (wy,wy) = 1 /d2w d?w’ 2771-5(2) (w — wy)[g(w, w)]? R(w,w")S(w', ws)

2 g(w)
1
=~ [ & ltwn ) Rl w)S(!,us) (6.20)
Using again (5.22) and computing the integral as in (A.14) in [4] we get
1
10w, wn) =~ [ € lglwn, ) Rlwn, )R, wn) B, ~ Dg(w'sua)

1
— —ER(UH,UQ)(@W -1) /d2w/ [g(wl,w/)]Qg(w/,wg)
1 nlog®n _
= —372R(w1,w2)($2 — 1) |:1 — W N n= n(wl,wQ) . (621)
Sending the legs to the boundary gives finally

) _3/2 — 11
ZW (ty,t9) = zl—}(l)lgao z, 3/222 3/2I(1)(w1,wg) =305 rp_ . (6.22)
’ 12

Insertion diagram. The second contribution in (6.13) is given by

Sins(z1, 22) = ——@—— = b2 J(wy,ws), J (w1, wq) = /dzw S(wi,w) S(w,wa) .
(6.23)

Taking the boundary limit and using the relation (5.17), we get

J(t1,t2) = lim 21_3/222_3/2J(w1,w2) = /de S, (ti;w) S, (w; ta)

21712—)0
= -9t [t P_ /d2w g,(t1;2) g, (to;z) . (6.24)

Total one-loop correction. Summing up the contributions in (6.19), (6.22) and (6.24)
with appropriate coupling factors, we get the full one-loop correction to the boundary
two-fermion correlator. Projecting to the relevant correlator (i(x1)y(z2)) (or 12 matrix
element of the spinor matrix propagator) using (I'*P_)15 = % we find

2

—, (6.25)
4t3,

(W)W (t2))1 = [(25)2(1@ +70) + b2j] = 3687t (t1,t) —

1
Y:/dzw d?w’ g, (t1;w) g(w,w') g, (w'; ta) — 8/d2w d?w’ g, (t1;w) g, (w;ta) .
(6.26)

The expression for the combination of the bosonic integrals in (6.26) can be found from
the boundary limit of eq. (A17) in [4]:

1 1 [3 nhlogme 1+ma 11
Y=— 1 -5 |= — Lig(1 — =—— = 6.27
32 21,2350 2373 [2 2(1=m2)* 1-1ms2 bl =m2) 144 tf,’ (6:27)
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Thus finally we get

36 1) 1 1, 1
> —=—zb =, (6.28)
tio 2ty

V)V () =% — — — =
(W(t)W(t2) < a1 d
which is again in agreement with the one-loop prediction for the fermionic correlator
in (4.40), (4.41).

7 Three-point functions

In this section we shall first discuss the tree level values of the non-vanishing three-point
function of three scalars and three-point function of one scalar and two fermions, then com-
pute the one-loop correction to the three-scalar correlator, verifying the duality predictions
in (4.42), (4.43), (4.44).

7.1 Tree level

At the tree level, the three-point function (®®®) is the same as in the bosonic Liouville
theory, i.e. we have [4]

16
Covo =~ b+ om?), (7.1)

which agrees with (4.43). This follows from the fact that the b(® term in the ac-
tion (3.22), (5.1) is the same as in the Liouville theory. The tree-level correlator (WW®) is
given by the following Witten diagram (see (5.7), (5.13)—(5.15))

o= 2b/d2w58(t1;w)Sa(w;tg)ga(tg;w) : (7.2)
t2

Using (5.17) and picking up the ¢ (i.e. 12) component gives (see (5.18))

[ / dZwsam;w>sa<w;t2>ga<t3;w>] =Y, / &2 g, (11 w)g, (w: t2)g, (s w) . (7.3)

12 2

The integral here is the same as in the scalar three-point function [4] so that we get

9 2 1 1
(W(t1)W(t2)P(t3)) = 2b- <—t12> e = =2, (7.4)
2 9 t3,t75t33 tiotiztss

in agreement with (4.44).

7.2 One-loop correction to three-scalar correlator

According to the duality relation (4.43) the boundary correlator of three ¢ fields should
have the coefficient

C’¢¢¢:Cob+01b3+---, Cop=—— 0126. (7.5)
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The one-loop b® contribution comes from several diagrams. In addition to the bosonic
(scalar) loop diagrams which are the same as in the Liouville theory computed in [4]

and give
_ 64

=5
there are also diagrams with fermion loop and also the insertion diagram with the higher-
order b3¢3 vertex in (5.1).?! There will be four different contributions to this additional

part of C that we will denote with tilde, i.e.

c (7.6)

) @ A@) A A A 16 1

qzcrwﬁ):d>+d“+d>+d@:f§:§%. (7.7)
Here we gave the expected value of Cy following from (7.5), (7.6) that we confirm below
by computing the four contributions to it in turn.

a) Self-energy diagrams. The first type of one-loop diagrams contributing to C, is the
fermionic loop correction to the scalar ¢ field propagator (or self-energy correction)

(7.8)

It amounts to the following correction to the bulk to boundary scalar propagator
in (5.7)

g,(t;2) = (1—112b2—1—-~~>ga(t;z) . (7.9)

It can be found from the value of Cepe in (4.41) (confirmed in (6.12) in the previous
section) after subtraction of the bosonic Liouville theory value: from (1.10) and (4.41) we
get (3— 3202 +---) /(320> +--) =1— % b?+ . Then from (7.9) it follows that

~(a 1 1

where the factor 3 accounts for the fact that each of the three scalar propagators may get
a fermion loop correction.

b) Quasi-self-energy diagrams. There are also fermion loop diagrams with one (WUW¥
and one (W vertices in (5.1), i.e.

(7.11)

z
to --""t3

2Tt comes from the Q-dependent terms in the action (3.22) with subleading term in @ in super Liouvile
theory (3.18) having extra 1/2 factor compared to the bosonic Liouville case.
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The contribution of this diagram contains the integral
H(z,2) = /dzz g(z1,2) Tr[S(z, ') S(, 2)] . (7.12)
Using (6.7) we get

H(z,72) = —2/d2z g(z1,2) 0g(z,2")0ug(2,2") + 2/d22 g(z1,2) [9(z, 2)]?

= —2Byy(z1,7') + 2 B(21,7'), (7.13)

L 771105’77)772 is found from (A.14) of [4] and By (from appendix D of [6])

where B(21,22) = § — ’
. Taking the boundary limit one finds

8
was given already in (6.9)

. _ 1
lim z;2H (21, 22) = §ga(t1; z2) . (7.14)

Z] —0

As a consequence, the upper leg in diagram (7.11) may be effectively replaced by a free
propagator so that (7.11) reduces to the tree-level diagram and we get

- 1
Cfb) = ((—=8b) " bCy) - = - (—1) - (2b) - b - R 373 = gCO7 (7.15)

N | =

where (—1) is the fermion loop sign, 2b, b are the vertex couplings, % is a symmetry factor
(fermions are Majorana), and we added extra factor of 3 because there are three diagrams
like (7.8).

c) Insertion diagram. The cubic (3 vertex in the AdS, Liouville action (1.2) expanded
near the constant vacuum is multiplied by the factor Qb = 1+b? [4]. In the super Liouville

theory, the analogous factor is 1 + %bQ + -+, see (5.1). Hence, the extra contribution is
simply

() (7 1

C)7 = g—l Co——gCo. (7.16)

Remarkably, the total contribution from the above three types of diagrams given by the
sum of (7.10), (7.15) and (7.16) vanishes

ca) A ~(c 1 3 1

d) Fermion loop correction to 3-vertex. Thus the non-zero value of C; in (7.7)
should be solely due to the contribution of the remaining most non-trivial diagram:

(7.18)

3
= /d22’1d22’2d22’3 Tr[S(z1, 22)S(22, 23)S(23, 21)] l_Ig(9 (t(6); zi) -

i=1
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Here we divided by the kinematical prefactor s = t12 t13 t23 in the three-point function
in (4.42); expressed in terms of the angles on the circular (compactified) boundary of AdSs
it is given by

—1(6;)] "

K3(0) = K(61,02,03) = H |t(6;) t(0) = —cotg . (7.19)

1<J
Computing the trace in (7.18) we get (using (5.8), (5.9) and w;; = u(z;, z;))

1 1 1
2 (u12 + 2)2 2 (u13 + 2)2 2 (u93 + 2)2

X {Fz(ulz) [(U12 + w13 — u3)F1(u23)Fa(u13) + (w12 — uiz + U23)F1(U13)F2(U23)} (7.20)

Tr[S(21, 22)S(22, 23)S (23, 21)] =

— Fy(u12) {(un + w13 + ug3z + 4)F1 (u13)F1(u2s) + (w12 — u13 — u23)F2(U13)F2(u23)} } .

To compute the remaining integral in (7.18) we use numerical integration that can be
performed by the Suave routine of the Cuba library [44] as discussed also in [4, 6]. Our
best estimate is

C\ = —0.590 £ 0.002 . (7.21)

At the same time, according (7.7), (7.17) the contribution of this diagram should be

. 16
@ = —57 = —0.59250.. . (7.22)

The Monte Carlo numerical integration (7.21) is compatible with the analytical predic-
tion within the statistical uncertainty and with a deviation below 0.5 % that we consider
satisfactory.

8 Four-point functions

Let us now consider the tree-level four-point correlators (4.45)—(4.47). The tree-level ex-
pression of the 4-scalar correlator is given in (4.45) and it is the same as in the bosonic
Liouville theory [3, 4]. As discussed in section 4.3, the other two non-vanishing four-
point correlators (W(t;)®(t2) WV (t3)P(ts)) and (W(t;)W(t2)W(t3)W(t4)) have their kinemati-
cal structure fixed by the conformal symmetry and their coefficients related as in (4.51) to
Coooe in (P(t1)P(t2)P(t3)P(t4)) by the boundary supersymmetry (4.12). Thus their direct
computation (with some details discussed in appendix C) is simply a check of consistency
of our perturbation theory rules for the fermions.

For example, let consider the tree-level computation of the (connected part of) 4-
fermion correlator (W(t1)W(t2)WV(t3)W(ts)). As follows from the structure of the action (5.1)
here the only cointribution comes from the three scalar exchange diagrams with the s-
channel one being

! ! (8.1)
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Using the relations (5.17), (5.18), the contribution of this diagram reduces to that of the
four-scalar diagram with the scalar exchange:

—9t -9t
(W(t) W (t2) W (ta)W(ta))s = (2)° - Tm : 234
X /d2wd2w’ga(tl,w)ga(tg,w)g(w,w’)ga(tg,w')ga(t4,w')
4 1
= 8ltyotzqb? - 27 - (2)* - ——5 -tz Daony (ty, to, 3, t 2
8lt1ot34b” - 2 (3) am B 2211 (t1, t2, t3,t4)  (8.2)
ti1ot34 =
= 3b2$D2211(X) , (8.3)
13%24
where y = 284 apnd the D and D functions are defined as, e.g., in [2, 3].

t13toq
The contributions of the t and u channels can be obtained by permuting the

legs. Taking into account the fermi statistics, they are (W(t;)W(t2)W(t3)V(ts)): =
—(W(t)W(t3)W(t2)W(ta))s, (W)W (L)W (t3)V(ta))u = —(W(t)V(ta)W(t3)W(t2))s. As
a result, summing the three contributions we get the connected part of the tree-level

correlator
1 1

313, x(1—x)
This is in agreement with the tree-level of the duality prediction in (4.47), (4.50).
We discuss the tree-level computation of the mixed (VW) correlator in appendix C.

<W(t1)w(t2)w(t3)\y(t4)>0,conn = 3b2 (84)

The result is again in agreement with the leading-order value in (4.46), (4.49), i.e.

4.5 1 3—dx+4x?

<W(tl)¢(t2)w(t3)q)(t4)>0,conn = g t;{,gt1214 2X2(1 _ X)Q

(8.5)
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A Majorana fermion action in Euclidean AdS-

Let us list our conventions for the fermionic fields. We start with the flat Euclidean space
with metric ds? = dz®dz® = dt? + dz? = dw dw. We shall use the following representation
for the Clifford algebra of Dirac matrices {I'*, '’} = 2%

pe—pt— (V1) pz—r2— (Y1) (A1)
10 1 0

with the chirality matrix I', and the charge conjugation matrix C (satisfying CT*C~! =
—(I'*)T) defined as

I, =iir? = ((1) _01> , C=r? c=cr=c, (A.2)
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The Dirac spinor and its charge-conjugate then are

o wl c __ * _Z‘,&Q
() e ()

where 1)1, are complex and 1) denotes complex conjugation of 1.

Since (¥¢)¢ = —W, a Majorana fermion may be defined as satisfying ¥¢ = I",U; then
Vg = —it)y (cf., e.g., appendix A in [45]). Hence, the explicit form of a Majorana fermion
U and its Majorana conjugate ¥ are

U= (f&) , U =i07C = (m[) q/)) . (A4)

For any two arbitrary Majorana spinors W1 and Wq, the product U, U, is invariant under
SO(2) rotation and the following identities hold

\I/l\IJQ = \I/Q\I’l, \Iflra\lfg = —\TIQF“\Iq. (A5)

The action for a Majorana W in flat 2d space is

S— / 2 ¥(09, — m)¥ = 2 / d%(w@b GO — z‘mw), (A.6)
where 1 1
w:t—i—zz, 853w:§(8t—zaz), 558*25(81:—1—7,62) . (A?)
Let us now consider the AdSy space with metric
dt? + dz?
2 _
The zweibein is €], = i 53, # = 264,22 so that the spin-connection is wu = %(5“517 5252).
The Dirac operator is then
1 be a 1 a 1 z
D,=0,+ iw“ Qpe, D= YD, =eT* 0, —|— ch =z['*9, — 51“ , (A9)

where Qq, = 1[['*, T’ and the “curved” +, matrices are defined as
Y = ehT?, %vt =zyn =T, ivz =zvy, =I" (A.10)
The action for a Majorana spinor in AdSs is then (cf. (A.6))
S = /d%\f\lf (D —m)T _2/

The spin connection term here dropped out because of the anti-commuting property of the

dtdz

(z YO + 2P0 — zm¢¢) (A.11)

fermions.

22We will use Greek letters to denote a curved index and Latin letters to denote a flat index.
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B Propagators in AdS

B.1 Scalar and fermion propagators in AdS;.

Consider a Euclidean AdS;;; with the metric

d
1 1
ds® = = (dzg + dz2) == <dz§ +y dz§> . (B.1)
0 0 i=1
Here we use subscript “0” to label the radial direction zp and Z' = (21, 22, ..., 24) (with

20 = z and z; = t in AdSs case). The tangent-space I'-matrices satisfy {I'*, T’} = 259
witha =0,1,...,d.
The bulk-to-bulk propagator Ga for a scalar field with mass m defined via

1

(- V2 4 m2)GA(z, Z) = ———6@D(z — 21, (B.2)
9(2)
is given by (see, e.g., [46])
) ) 2\ d 1 2
Ga(z,2') = Gal(u(z, 7)) = Ca " oF | AA — B + 5;2A —d+1; — ) (B.3)
2 _ N n_ (20— 2)* + (2= 2)? 1 r'(A)
m* =AA—-d), u(z2?)= 2207 ; CA722A+17Td/2P(A—%—|—1) :
(B.4)
Its equivalent form is
A A+1 d 1
_ A 2 /274 ¢ 2 —
Gal) = 08Caas (5. 55 A §41e), = @9
The bulk-to-boundary propagator is
: r(a)
P - - o 20 _
KA(Z7x) - CAKA(Z,CU), KA(ZVT) - (Zg n (Z— f)2> y  CA 2d/2T (A _ %) : (B6)

Up to a normalization factor, it is the boundary limit of the bulk-to-bulk propagator

- . —A CA
Kn(z,2) =N zlolgloxo Gal(z,x), N = Bos 2A —d . (B.7)
For a Dirac field (with mass parameter m > 0) with the action [ d?™z,/g V() —m)¥
the propagator satisfying?
F

—m ZZ/: ZZ/ — r—=m :L(dﬂ)z—z'
(D2 = m) S(2,) = S(z,2) (= Do = m) = =80z = ), (B8)

. <
ZHere D f = 2I%0u f — gI‘Of, fID = 200, fT* — gfl"o.
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was presented in various equivalent forms in [38, 47-49], e.g.,

864 = = [P - PG () (P PG ] (BY)
Z ZO
S(z,2) = — (lﬁ + 19+ m) {261/2 (GA_ (z,2"YP_ + Ga, (2, z')P+)261/2} , (B.10)
S0 ) — 1 I (m+ 43) 1 1
(2.2) = o @a 2 T (m+ 1) (u+ 2@z o
x [(zar“ro + roraz;) Fi(u) — (2 — z’)araFg(u)} . (B.11)

Here z =T',2°, Ai:er%l:l:%,and

1 /
Pr=-(1£T9, Gi(z72)= M’ (B.12)
2 du
d+1 2
Fl(u)—2F1 <m+2,m,2m+1,m>,
d+1 2
F =2F — 1;2 1; . B.1
2(u) =2 1<m+ 5 m o L2m ,u+2> (B.13)

The bulk-to-boundary fermionic propagator is given by [38]

YAz, %) =U(2,2)Ka(z,2)P—, (B.14)
_ 1
YA(z, %) = PLKa(2,2)U(z, %), U(z,7) = ﬁf‘“(za ) roco’ (B.15)
where A = A, =m+ % + % Its relation to the bulk-to-bulk propagator is
T AY S N T _ SEAY:
Y(2,7) = Il;goaro S(z,x), Y (2,7) = xl;go xSz, 2), (B.16)

where Ay = A} — % = m—i—% is the dimension of a CF'T; operator dual to the fermion field.

B.2 Component form of fermion propagator in AdS,

To check consistency of the above general expressions when applied to the Majorana fermion
in AdSs case, here we shall explicitly determine the fermion propagator in AdSy by starting
with the component action (A.6) for a Majorana fermion, i.e.

S / P JGU (1D — m) ¥ = 2 / % (2609 + 2000 — imiy)

=2 / dtdz(ndn + 107 — i ). w=2"2,  d=7".  (BIT)
The equations of motion for the 7 fields are
on——"—p=0, aq+ " pn=o, (B.18)
w — W w — W
implying, in particular,
= 1 = m?
00 0 =0. B.19
{ L —i_(w—u’))277 ( )

— 33 —



Let us make the following Ansatz for the propagator, i.e. the free two-point correlator
(w=t+1z),

U ")) = F B.20
(nw0)n(u'0)) = o ). (8.20)

_S\2 N2 o\ (o —
LG @) -

2z7' (w—w)(w' — ')

Then using (B.19) we get the following differential equation for F'(u)
2 d ,

u(u+2)—+ 4 +3u)—+1-—m")|F(u)=0. (B.22)

du? du

The most general solution to (B.22) is (U = 24%)
F(u) = qUm™ M 9P (m+1,m+1;2m+1;U)+ U™ g Fy (1—m, 1—m; 1—2m; U) . (B.23)

To compute the mixed propagator (n7) we may use (B.18) in order to write

w — w

<77(w717’)77(w/7w/)> = m 5<77(w7w)77(w/715/)> . (B'24)

From (B.20) and (B.23), we then obtain

w—w

= — U™, F L;2m+ LU

U™ R (1 — m, —m; 1 — 2m; U)] . (B.25)

The correlators (7777) and (n7) can be obtained by the complex conjugation. The coefficients
c1,¢2 in (B.23) may be determined by inspection of the short distance limit. Assuming
m > 0, we find

2¢ I'(2m +1)
u D(m+1)2

rem+1) 1

— N A /

’ <77(waw)n(waw)>_ Clr(m+1)2w_wl+ W W
(B.26)

m—1

F(u) =

On the other hand, taking u — oo in (B.23) we will get a divergence in F(u) ~ cou
(which also yields a divergence when setting one leg to the boundary); this implies we
should set co = 0. The short-distance behavior of two-point function in AdS, should be
the same as in flat space (in particular, it should be independent of the mass). Comparing
to the flat space two-point function, we find ¢y

1 T(m+1)?2 1 I'(m+1)

T TRTEm D) VA2 (mi 1)

(B.27)
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As a result, we find from (B.20), (B.23)

g¢¢(w,w ) = <¢(w’ 11_))1/1(11),, _l)> = C\/_<w I_D ;)EZU, — w,) (2 _T_QI(L’;Lr)nJrl ) (B'28)
so(w, ) = (Y(w, w)Y(w,w)) = wow Fa(w)
gww( ’ ) <¢( ’ )T/f( ’ )> C\/_(w — w)(w/ — w/) (2 +u)m+1 9
/ N T I\ _(w — ?D/) Fl(“)
gw¢(w7w ) - <¢(wa w)w(w ’ )> - C\/_(w — w)(w, — ’LD/) (2 + u)m+1 )
g@w(w,w') = <11Z_)(w’ 11_))1/1(11),, _/)> = C\/_<'L;(_ww_)(l;,)_ ) (2 _T_lt(;;r)nJrl ’ (B.29)
where . Fm + 1)
C= T D) (B.30)
and

F =oF 1 2 1
1(u) 2 1<m+ ,m, m + ,u+2

2
F = oF; 1 1,2 1,—— .
)7 Z(U) 2 1<m+ )m+ y m+ ’U+2>

(B.31)
It is easy to verify that the propagators in (B.29) agree with the d = 1 limit of the general
expression in (B.11) (up to a factor of 2 due to the Majorana condition assumed in (B.17)).
In the main text (5.11), we consider the action (B.17) with m = 1 and an extra overall
normalization factor ﬁ, implying that the above propagators are to be multiplied by 4.
Let us note that in the massless case m = 0, we need to choose c; = co to ensure
(nm) = 0 as here the two fields decouple in (B.17). The resulting non-zero propagators are
the same as on a flat half-plane (reflecting conformal invariance of the massless case)

<w(w’ U—))w(w/’ 117/)> _ Siﬂ- \/—(w ; 1})’5;/0/ _ ﬁ)/) |
(Y (w, 0)P(w', @")) = 5 Vo - i))wl,ul —v) (B.32)

C Tree-level calculation of (®?W?) boundary correlation function

Here we describe the calculation of the tree level four-point correlator of two scalars and two
fermions in the super Liouville theory in AdSs. This requires to evaluate the contribution of
the fermion exchange diagram. We did not find a direct way to exploit the supersymmetry
relation (5.22) to reduce its calculation to that of a scalar exchange diagram (although in
principle this should be possible). Instead, we will compute it following the same strategy
as used in [38].

C.1 Fermion exchange diagram in AdS;;

Let us first compute the fermion exchange diagram in the general case of AdS;y; by
exploiting inversion transformations as in [38] and express then it in terms of differential
operators acting on the scalar exchange contribution. Our notation in this subsection
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follows appendix B. Stripping out couplings, the contribution of this diagram to the mixed

scalar-fermion boundary correlator is?*
T8 X3
\
/
\
— — — — I
A(Z1, o, T3, T0) = 1 2 w (C.1)
\
o o
Z2 R

dde\/g(z)dde\/g(w) Kp,(z,22) iAl(z,fl)S(z,w)EA3(w,a_ﬁ'3) K, (w,Zy) .

Here A, are dimensions of the corresponding fields and the exchanged field has mass m.
Using the boundary translational invariance, we can set s = 0, i.e.

A(%1, o, T3, Ta) = A(Z13, T3, 0, 743), Tig = T — T3 . (C.2)
Let us now consider the inversion transformation of a bulk and a boundary point
2 z¢

=== T I=——
Z Z ’Z|2 Zg+2,27 T T ‘£|27

(C.3)

under which the AdS measure and the geodesic length are left invariant

/dd+1 V(z) = /df”“ (2),  u(z,w) =u(2,w), (C.4)

while the bulk-to-boundary propagators transform according to

Ka(2, %) = |Z*2 Ka(z, @), Ka(, % = 0) = cawd, (C.5)
S ¥ . o a A-
Y(2,7) = T =55k P-Ka(z, D)U(2, ac)é|, Y(w, ¥ =0) = cA{’waO V2ip_ (C.6)

The fermion bulk-to-bulk propagator in (B.10) changes as

S(z,40) = i(w 4+ - m) [ ~1/2 (GA (z,w)Py + Ga, (2, w)P_>wé/2w} .(C)

|| |w]
Using these inversion transformation rules, we can express the arguments of propgators
n (C.2), (C.2) in terms of the inverted coordinates Z;3

AT, 72,0,74) = —/dd“ZMdd“wW K, (2, B23) 20, (2, 713) S (2, w) (C8)
XX aq(w,0)Ka, (w, Z43)

= Ay = = s < P [ d¥ 1 zy/g(2)dw/g(w)

‘:L.13‘2—2A1 ‘523 ‘ —2Ao |:Z.'43|—2A4

- L3 PN - <3
Kn,(2,2%23)Ka, (2,213) U(2,Z13) 7= 5(z, w)‘ﬁwoAd 12 Ka, (0, Z43)P—

H
F13 d /7 /
— d -‘rl dd+1 -~
CA3 ‘513‘%1‘523‘%2‘543‘%47) / ()

I3
]

S(%,4) i W53 K, (i, Fag) P,

Kp, (2, d03) K, (2,713) U(%,713) o

%4 Here z and w denote generic bulk points in AdSg1.
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where we used that 2 = z, i.e. that the inversion squares to the identity. To simplify
notation, we will use i; = #;3 and make the replacements Z — z,%w — w. Then

- o o o f13 N
A(x17w27$37$4) = CA3 ‘513‘2A1‘523‘2A2‘f43‘2A4 B(y17y27y4) 3 (Cg>

B(ﬂlagb?ﬁ) =P_ /derlZ V g(Z)dd+1’U) V g(w) KAQ(Z7g2)KA1 (Z7g1)

‘ U<z7g1>gs<z,w>$w§3‘”2 Ka, (w,1)P-

=P_ [ d™2\/g(2)d"  w/g(w) Kay(2,52) K, (2.51) Uz, 1)

x (D410 —m) [z *Ga, (2, w) |wf?® Ka,(w,)P-,  (C.10)

where (C.10) we used the inversion relation (C.7) for S(Z,%) as well as the projection
properties P2 = P_, P? =P, PyP_ =P_Py =0.

Next, we may use integration by parts relations like??

dd+1 dd+1
/ (T () = / S (- 0S40 oc),

/ddﬂz\/g(z) fdg = /ddﬂz\/g(z) f(—g+d1“0)g,
A" 2/g(z) g = [ d™2\/g(z) F( - E)g :

(C.11)

Here ), @ do not act on the measure. One can also show that

\/1%71 <KA'(Z, ﬁ)Ka(z,f)U(af))EP— == (A —AT- %

)P Kol
d
-2 <A’ - 2> P_U(z,2)U(z,§)P-Knr+1(z,9)Ka(z, Z)P— .

(C.12)
Using (C.11) and the following projections,
1
—P_U(zH)P-=-P_, PI'=-P_, P_U(zj(-I° _=—(1 -
\/%73 (z, )P P_, P P_, P (z,y)( +m)77 (I+m)P_,
(C.13)
one can write B in (C.10) as
Lol Lol d 1\ _ _ _
B(:Ula y27y4) = (2A2 - d)‘]<y17y27 y3) + (m + Al - AQ - 5 + 2>I(yl79273/3)7 (014)
where

I(1, 52, 51) = | d™2y/g(2)d"  w/g(w) Ka, (2, 52) K, (2,31)

xGa,(z, w)w()ASKA4 (w, ya)P—,

(C.15)
J(glag2,54) = /dd—‘rlz\/@dd—’—lw\/m KA2+1(Za:'j2)KA1 (Zagl)GA+(Zaw)w()A3
XK, (w, 74)P-U(z, 1)U (2, 52)P- . (C.16)

Z5Here f and g are arbitrary matrix functions that decay rapidly enough at infinity, so no surface terms
are needed.
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Since U(z,y) = U(z, %) — = , one can further show that

V70
PUG Uz 3P = | & Zox)z U fi(()f -8, e
We also have
— 2z —1x)?
(;?ZO D) K () = ml_da,gm(z,:z), (ZO> Kan( @) = 2?_ _KA(2,7) . (C18)

These formulae enable one to express J in (C.16) as

1

J(@G1, G2, 51) = ——— (289 — F1595, ) I (T, T2, T1) (C.19)
205 — d

so that we can finally write B as

Lo 1 d\,, . - .
B(41, %2, Y1) = (—ﬁu% + A1+ Ay +m+ S — *)I(yl,yz,yax)

2 2
1 d\.,.. . .
= < — 100, + A1+ Ao +m+ 3~ 2>I(y17y25y4)735 (C.20)

where

I(gla ?727 ?j4) = dd+1z\/@dd+lw V g(w) KA2 (27 gQ)KA1 (27 gl)GA+ (27 w)woAgKAz;(w? g4) .

(C.21)
This expression can be simplified further by using again the inversion transformation. From
the relations (C.5) for the scalar propagators, we can write

- 5 1 jal JaN jaR 5005 04 jaN
I, G2, ) = almlmllyzlmlylem“ WA, anagann, G o, 75 = 0,44) (C.22)
3
WX, aoasaga (U1: Y2, Y3, Ya) (C.23)

= /dd+1z V g(z)derlw \Y g(w) KAl (Zv?jl)KAz (ZagQ)GA+ (Za w)KA3 (wa O)KA4(ZU, ?j4) ’

where (C.24) is the contribution of the exchange diagram involving only scalar fields. Let
us also note that the derivative of Z may be written as

o .. . v O 4
— (Y1, Y2, Ja) = —|y2|27AjI(y1,y2,y4)
1. - ~, 5o 0 ~j Aoa s
- N |?/1|2A1|92‘2A2‘y4|2A4 <‘92|2agj +2A2y%>W31A2A3A47A+(y1’y2’y3’y4) (C-24)
3 2
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Thus finally we obtain for (C.2) (note that y; = 3%1‘3 = 23, and thus ﬁl = Tj3):

i3

= CAs (713201 | g 252 T3] 2B4

A(Zy, 2o, 73, 24)

1 d I
X <—3Z712<?9;72 +A1+A2+m+§ - 2)I(yl,yz,yzx)P_

= F13P- [(%13 - %23) (!%3!259523 + 2A2f23>

1 d Lo -
+A1+Ay+m+ 5 2] WX, asnsaga, (T13, 723, 0, T43)

flS f23

(3?132 R

= t1sP-

) (\%3\2@@ + 2A2f23)

1 d oo o o
+A1 +A2+m+ 5 - 2] W31A2A3A47A+<371,1'2,.7}3,.%'4) . (C25)

As anticipated, this allows us to rewrite the fermion exchange diagram in terms of a suitable
differential operator acting on the purely scalar exchange diagram which is much easier to
compute using known general results (see, e.g., [46]).

C.2 ($2V¥?) correlator in super Liouville theory in AdS,

The correlator (®2W?2) involving two fermions and two scalars receives contributions from
the following four diagrams

tll//”\\ t4 tl//”\\ ty ty, <O ty tl//”\\ ts
to \\ 't ) 9 ~'t3 t ” '3 t <. Nt
As .At Au -Acontact

A non-trivial calculation is required for the first diagram A; only. Indeed, the second
diagram A; can be obtained by crossing, while the other two diagrams A, and Acontact do
not involve a bulk fermion propagator and can be computed by using the relation (5.18).

The contribution of the first diagram A is obtained from A defined in (C.2) by spe-
cializing the general result (C.25) to the particular d = 1 case with A} = Ay = A3 = Ay =
Ay = 2, and taking the (12) component of the spinor matrix to project to the WW channel.
Finally, we have to insert the coupling and normalization factors to match our conventions
for the fermionic propagators used in the main text as compared to appendix B. All steps
are straightforward: the specialisation of (C.25) gives

A(tl,tz,tg,t4) (0.27)
1 1

1 d
— TP | — - — (2A2t23 + t%38t2) FA At = — | Wi o(tr, ta, ta, ta),
ti3 tos 2 2 ’
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where

s d*z d*w
W222272(t17 t27 t37 t4) == 7272 KQ(Za tl)KQ(Z, t2)G2(27 'U})KQ(U), t3)K2 ('LU, t4)

Zy Wy
1 _
=c Z|t3 — t4] "2 Dag11(t1, to, t3, t4)

_ (P =3x+2)log[l — x|+ x (=x" log x| + x — 1) (C.28)
273 (x — 1)2x3tist3,

Here y = 1254 j5 the 1d cross-ratio, ¢ is given in (B.6), and the (standard) AdS integral

ti3tos

is computed as in [46] (D-functions are discussed in [50, 51]). Evaluating (C.27) gives

2X4—5X3+7x—4 log|l — x| —x(2x—5 X210g Y| —x+1
A(t17t2vt3at4):t13FtP—( ) ‘3 | 3 :(a4 1 ) i )
2m3(x — 1)?X7tistyy
(C.29)

6 we get the final expression for the con-

Adding the coupling and normalization factors,?
tributions of the s-channel fermion exchange

or\? 1
s(t o, ta,ta) = (20)2 (27)2 | == ) ——— | A(ty, to, t3, t C.30
-/4 ( 1,t2,1L3, 4) ( ) ( ’/T) (3> (47_‘_)2[ (17 2, L3, 4)i|12 ( )
. 473b? (2)(4 — 53 + 7x—4) log|1—x| — x(2x—5) (X2 log |X|—X—i—1)
) 2m3(x — 1)2x3ti,t3, '

The t-channel contribution in (C.26) is obtained by exchanging the 2,4 legs
Ap(tr, to, t3,ta) = As(tr, ta, t3,t2) (C.31)

The third (u-channel scalar exchange) diagram in (C.26) as well as the last contact diagram
can be computed using (5.17), (5.18):

A, = 2b (~8D) [ / dPwdu' S, (t1,w)S, (w, ts)g(w, w)g, (t2, u')g, (t1, w')
12

9
= 2b (—8b) (— 2t13> /d2w d?w’ g, (t1,w)g, (w,t3)g(w, w')g, (t2,w’)g, (ts, w')

7962ty 2 (o f1 1|t t4| 2 Do101 (1, to, t3, ty)

= T —_ — J—

13 3 (47T)2 4 2 4 2121\t1, 2,13, L4
6452 ti3

=—=D t1,to,t3, t C.32
or 2, 2121(t1, t2, t3, ta) (C.32)

9
Acontact = 2b2 < - 2t13> /d2w 9y (tla U])ga (U}, t3)ga (t2a w)ga (t4a w)

4 4 1 645> ti3
= —90%t13 [ = | —— Daoga(ty, ta, t3,t4) = ——— > Daoga(ty, ta, t3, t4) . (C.33
13 <3> (47T) 2222( 1,%2,L3 4) O t%4 2222( 1,2, L3 4) ( )

*SExplicitly, (2°)” is the rescaling of two scalar bulk-to-boundary propagator g, (t;w’) = %K(t, w') =
2ZXK(t,w'); (2m)® comes from different normalizations of the 3 fermionic propagators, S, (w,t') = 275 (w,t')
and S, (t,w') = =275 (w', t); ﬁ arises from the rescaling of the integration measure; (2b)? is the coupling

factor of the two vertices; the projection to W gives (I"P_)12 = %
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Summing up all the contributions (C.30), (C.31), (C.32), (C.33) to (C.26), we arrive at the
final result

202 1 4x® —4x+3
3 thtd, xX2(x—1)2
which is in full agreement with the prediction from (4.46) and (4.49).

(W(t1)P(t2) W (t3)P(t1))0,conn = As + At + Ay + Acontact = , (C.34)
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