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Abstract

We study the relationship between topological phases of matter, both topological insulators
(TIs) and topologically ordered magnets, and the geometry of the lattices on which they are

constructed.

In the case of TIs, we consider the Chern number, which is central to our understanding
of non-interacting topological phases of matter. Such phases are generally highly robust to
disorder, whereas the Chern number depends on translational symmetry to be well-defined. We
consider several real-space formulations of the Chern number, showing how they are constructed,
discussing their relative limitations and providing a novel physical interpretation for the real-space

Chern number as a localised measurement of the Hall conductivity.

Next, we study many-body topological order, focussing on Kitaev’s honeycomb quantum spin
liquid. We show that Kitaev’s Hamiltonian can be constructed and exactly solved on almost
any tri-coordinated lattice. Two complications arise in the non-crystalline case, namely the
problems of assigning bond labels and finding the ground state flux sector. We present solutions
to both these problems and calculate the phase diagram on a general lattice. We show that
a robust gapped quantum spin liquid ground state emerges with spontaneously broken time

reversal symmetry, and discuss the stability of the system against bond-strength disorder.

Finally, we consider an extension of the Honeycomb model that includes the Heisenberg couplings
present in candidate Kitaev materials. Here we consider the effect of geometric frustration,
constructing the Kitaev-Heisenberg model on a non-bipartite lattice. In doing so, we frustrate
antiferromagnetic order and find two valence bond solid phases that have no analogue on the
honeycomb model. Triplon excitations are investigated in these phases, where we find that the
interplay of an external magnetic field with the Kitaev couplings leads to a bosonic analogue of

the quantum Hall effect, with a rich phase diagram of topological triplon bands.
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Chapter 1

Introduction

In 1928, just two years after Erwin Schrodinger published his famous wave equation, Felix Bloch
proposed a new method for calculating the electronic properties of solids [1]. By this point,
the idea that electrons in atoms arranged themselves into a hierarchy of discrete orbitals was
well-established. Bloch proposed that, rather than starting with a free electron and considering
how its motion might be affected by the material’s potential, the properties might be better
understood by starting with a set of electronic states |¢,(R;)), each corresponding to the n'®
orbital on the atom at position R;. Here, a wavefunction could be constructed by taking a
linear combination of these orbitals. Next, the Hamiltonian operator, given by

2
A=Y v (1.1)

2m
would be rewritten in terms of these states. By exploiting the translational symmetry in
crystalline materials and considering only the lowest energy s orbital, Bloch was able to solve the
periodic Schrodinger equation and the technique — known as the LCAO (linear combination of
atomic orbitals), or tight-binding method — paved the way for the development of band theory.

In practice, this was a spectacularly complex procedure to perform rigorously. To re-express the
Hamiltonian in terms of orbitals, one had to evaluate an enormous number of integrals of the
form (¢,(R;)|H|pm(R;)) — one for each pair of orbitals separated by each lattice translation.
Thus, finding the exact form of the Hamiltonian was in most cases an impossible task. Rather,
the utility of this method became apparent when one accepted this impossibility and just guessed
the form of H [2, 3].! With just a few assumptions one could simplify the Hamiltonian to
the point that it only depended on a small number of parameters. For example, one would
expect the coupling between two orbitals to vanish unless they were sufficiently close as to
overlap. Furthermore, by studying the symmetries in a crystalline material, one finds many
couplings that must be equivalent. Thus, the game became one of adjusting this small number
of parameters until the tight-binding model matches the properties found in experiment.

This tight-binding picture is a radically different world for an electron to live in, in comparison
to the original form of Schrédinger’s Hamiltonian (Eqn. 1.1). In Schrodinger’s story, the electron
exists as a wave in a fundamentally smooth world, where the potential defines a landscape
through which the electron roams. However, in Bloch’s story the collective properties of the
electrons emerge from the overlap between a discrete lattice of orbitals. Here the landscape

n [2], Slater and Koster provide a detailed account of the many complications involved with performing a
rigorous LCAO calculation.



2 Chapter 1. Introduction

Figure 1.1: (a) An electron whose dynamics follows Eqn. 1.1, exploring a smooth potential.
(b) An electron in tight binding hopping between a set of discrete sites on a lattice. Illustration
by Krishnan Ganesh.

is more akin to an archipelago, with electrons that hop from island to island as in Fig. 1.1.
Constructing a model in this formalism is a completely different procedure to that of Schrodinger,
since we must start by asking: What is the geometry of the lattice? Only then can we decide
the values of the couplings between lattice sites and build a Hamiltonian. Here, the geometry of
the lattice has a fundamental role in deciding what kind of Hamiltonians we can build.

Of course, the tight binding method is just one of a huge variety of approximations that have
been used to understand how electrons behave in materials. However, it is not the only context
where the lattice geometry turns out to be absolutely central in determining what kinds of
Hamiltonians can exist, and thus what kind of collective phases may emerge. In a crystalline
material, the lattice structure determines the shape of the Brillouin zone, as well as the position
of high symmetry points. Thus, the band structure that emerges is strongly constrained by the
shape of the lattice [4, 5]. In many magnetic materials, the role of lattice geometry arguably
becomes even more important. Here the electron-electron repulsion is sufficiently strong that
electrons become immobilised on each site. An effective description of the material treats each
electron as completely fixed to a point on the lattice, and electrons interact only by realigning
their spin and internal degrees of freedom in response to the state of a neighbour [6, 7].

In condensed matter, the process of learning a new model can often feel similar to learning a
board game: One starts by looking at the board, studying its symmetries and defects, and then
progresses to learning the rules and finally playing the game. A natural question to ask is: How
does the game depend on the shape of the board? The equivalent question for a physicist is: How
does the microscopic structure of a material determine the types of collective phases that can
emerge? For a given Hamiltonian, on a given lattice, we can ask how the phase changes when we
alter the character of the lattice, for example adding in holes or defects, altering its connectivity,
changing its symmetries or even completely disordering the lattice and destroying all spatial
symmetries. In modelling a real system, we may also consider the effect of a disordered potential,
applying an energy penalty to occupying certain regions over others. Over the last hundred
years, this question has yielded an enormous variety of answers. In some contexts, one finds
that nothing really changes. Many properties in condensed matter are remarkably insensitive to
the microscopic details — that is, they are shared by an enormous variety of systems living on an
enormous variety of lattices. Two famous examples of this phenomenon are that of universality,
which we give a brief introduction to in §1.1 and band topology, which we describe in §1.1.1.
On the other hand there are cases — notably that of frustrated magnetism — where the details of
the lattice geometry are paramount in determining the properties of the system, which we shall
discuss in §1.2.
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1.1 Universality

The search for universal properties, i.e. those that are insensitive to the microscopic details of
matter, is an old one. At the atomic level the world is spectacularly complex, with an enormous
number of constituent particles interacting with one another in ways that are chaotic and
poorly understood. Yet, by the time we reach the macroscopic scale, most of these complexities
have been averaged away, and familiar physics emerges. One of the remarkable aspects of this
averaging is that different microscopic systems converge to the same macroscopic behaviour.
For example, despite enormous variation in chemical composition, all liquids have similar bulk
properties, and follow almost identical equations of motion, more is the same.

One of the great successes in understanding this universality was developed in the mid 20th
century, starting with the work of Ginzburg and Landau [8], and then further developed by
a generation of physicists, most notably Ken Wilson [9] who introduced the concept of the
renormalisation group (RG). Let us briefly sketch the central idea using the Ising model as an
example,? although a thorough discussion is beyond the scope of this thesis, and can be found
in Refs. [11, 12].

We start with a set of classical spins {s; = +1} arranged on a lattice, interacting according to a
general Hamiltonian, for example the Ising Hamiltonian,

H = —BZsj — JZSjSk, (1.2)
J (7k)

where (jk) indicates the sum is over nearest-neighbour pairs of spins. The parameters J and B
define the strength of the nearest neighbour coupling and the applied magnetic field respectively.
Rather than working with individual spins, which can only take two values +1, Ginzburg and
Landau suggested constructing a smoothly varying local order parameter m(x) by dividing up
these spins into blocks and averaging over each block as seen in Fig. 1.2a. In this language,
the partition function, originally a sum over all states of the system, would be rewritten as a
path integral over all possible configurations of m(x), weighted by the number of states that
corresponded to each configuration of m(x)

Z=) e PEE) /Dm Z e PEG), (1.3)
{si} {si}Im(x)
The sum on the right-hand side is arbitrarily difficult, however — as with tight binding a few

decades earlier — the key insight was that we didn’t have to evaluate it at all. Rather, we could
just wrap the quantity up as some unknown free energy

Z e BE(si) = o=BF(m) (1.4)
{si}m(x)

and make a guess as to the form of the free energy by including only coefficients that are
consistent with the symmetries of the system. For example, in an Ising model with no external
field the system has spin-flip symmetry so must remain invariant under m — —m. Thus, odd

20f course, an exact solution to the classical Ising model was famously proposed by Onsager [10]. Here, we
use the model as a simple model with which to illustrate the much deeper notion of universality.
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Figure 1.2: (a) In the first step of coarse graining, an averaged magnetisation parameter m(x)
is constructed by choosing and averaging over set of spins s;, each set is indicated with a red
box. (b) A real space rescaling can be performed by averaging over successively larger chunks
of spins, leading to a set of successively more coarse-grained order parameters m;(x). (c) A
heuristic diagram of a parameter space for F'(m), where arrows indicate the flow under RG. In
each region, the theory flows to one corresponding fixed point, indicated with a circle, which
defines the long-range properties of the model.

powers of m are forbidden,

~—

F(m) = /ddx [V(Vm)? + aom? + aym* + ... . (1.5

In doing this, we have parametrised every possible effective theory for our model with a (possibly
infinite) set of prefactors, {7, a,,}. The next insight came by considering how an effective theory
might change under a rescaling transformation. There are several ways that this transformation
may be formulated, for example one might consider a real-space method, where m(x) is redefined
by choosing some larger block size and averaging m(x) over this area, effectively zooming out
and setting a limit to how finely-resolved the fluctuations in the model can be, shown in
Fig. 1.2b. Equivalently, one can consider integrating out the high momentum modes that
correspond to the unwanted small-scale fluctuations, imposing a momentum cut-off in the
partition function. Parametrising this scaling with 7, we find that the coefficients of the free
energy pick up a 7-dependence and the rescaling process generates a flow in parameter space
{v,an} = {v(7), (1)}, known as renormalisation flow.

Under this transformation, the points where the free energy functional is static correspond to
fixed points where the effective theory becomes scale-invariant, since any dependence on scale
implies that the model will change under 7. For each set of symmetries, and dimensionality of
the system, the flow generated under RG will look different and have a different set of fixed
points. Remarkably, in many cases there turns out to be only a finite number of these fixed
points, an illustration is shown in Fig. 1.2c. Fixed points can be characterised by their stability
under small perturbations. A stable fixed point, where perturbations decay under RG flow,
represents a phase of matter (shown with the coloured circles in Fig. 1.2¢). Such stable points act
as a basin of attraction where, under RG flow, many microscopically different systems that start
from different points in parameter space flow to the same fixed point and thus have the same
long-range properties. An unstable fixed point is one where small perturbations flow away from
the point. Such points lie at the boundaries between the basins of different stable fixed points
and represent phase transitions (shown with the white circles in Fig. 1.2c). Thus, the whole of
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Figure 1.3: (a) The measured resistivity in a GaAs heterostructure at 0.1 K. Figure reproduced
from [13]. (b) The geometry proposed by Halperin [14]. Here a 2D electron gas is confined to
the ring, pierced by a transverse magnetic field parametrised by B. A flux given by ® is threaded
through the centre of the ring, which adiabatically increased from ® = 0 — ®q. (c¢) Depiction

of a set of wavefunctions that form part of the lowest Landau level. The m'" wavefunction is
localised to a ring with radius r,,.

parameter space can be divided into a set of regions, where starting at any point in that region
will always flow to the same fixed point, and have the same long-range effective description.
Now let us consider making a microscopic change to the model. If this change does not alter the
symmetries of the system, then it will only have the effect of perturbing the starting point in
our RG flow. If this perturbation doesn’t move us out of one region and into another, we have
the guarantee that the long-range properties of the system are unaffected. On the other hand,
if the perturbation does change the symmetry of the model we have no such guarantee, since it
could introduce new terms to the free energy that could push us away from one fixed point to a
completely different place in phase space. This universality is a fundamentally many-body effect,
arising from the self-averaging that occurs in a sufficiently large system or interacting parts.

1.1.1 The Integer Quantum Hall Effect

In the early 1980s a very different single-particle form of universal physics was emerging at the
National Laboratory for Intense Magnetic Fields in Grenoble. Here, Klaus von Klitzing was
studying the transverse Hall conductivity in silicon-based MOSFETSs (metal-oxide-semiconductor
field-effect transistor) prepared by Gerhard Dorda and Michael Pepper. These transistors allowed
von Klitzing to prepare a nearly ideal 2D electron gas at extremely low temperatures and under
high magnetic fields. Here, rather than finding the linear relationship between transverse
resistivity and applied field predicted by classical Drude theory [15], von Klitzing found that
the transverse resistivity contained a set of plateaux at precisely quantised values given by

2
Lh, v e, (1.6)

Pzy =
Yooe2y

as shown in Fig. 1.3a [16, 17]. This quantisation was extremely precise, accurate to one part in
10% and has since been adopted as the standard for defining the unit of resistance () [13]. The
precision is particularly surprising given that the samples von Klitzing was using contained fairly
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substantial disorder. In fact, as we shall see in the following discussion, the presence of some
disorder was necessary for producing the sharp jumps in conductivity seen by von Klitzing.

One of the first steps towards understanding the precise quantisation of the Hall conductivity
was proposed by Laughlin [18], and developed by Halperin [14] who considered a quantum Hall
system constructed on a ring geometry as shown in Fig. 1.3b. The Hall conductivity could
be tested by adiabatically threading some quantity of flux ® through the centre of the ring.
Including the perpendicular magnetic field and working in symmetric gauge, we may write the
magnetic vector potential in the following form,

A= (%Br — 3) 6. (1.7)

27r
After solving the Schrodinger equation for this potential, one finds the electrons organised into
Landau levels (LLs) with energy determined by the cyclotron frequency, F = hw.(v + 1/2), with
We = n“;—i. The lowest LL consists of a degenerate set of ring-like wavefunctions,
YLLLm ~ emlpme T /4l (1.8)
shown in Fig. 1.3c, where I3 = \/h/eB. The radial profile of the m'" state is peaked at r,,,
which is determined by the flux enclosed, according to

Brr? = m®, + @, (1.9)

where ®, = 27h/e is a single flux quantum. Here the minimum and maximum values of m
are determined by the inner and outer radii of the ring. By adiabatically threading a single
flux quantum through the ring (by slowly tuning ® from 0 — ®;), we have the effect of
transforming each r,, — r,,11. Fach state in the Landau level moves outwards, taking the place
of its neighbour, a process known as spectral flow. Once the process is complete, the spectrum
must be identical to before — since a whole flux quantum can always be removed with a gauge
transformation — however now there is a missing electron on the inner radius, and an extra
electron that has been pushed to the outer radius. Thus, the ring behaves like a conveyor belt
under flux insertion, transferring a single electron from the inside to the outside, as shown in
Fig. 1.4c. To calculate the resistivity associated with this process, let us suppose the adiabatic
process happened over some timescale T', and calculate the EMF,

0P Dy
E=———=—— 1.10
and the current induced by the transfer of one electron,
e
I=—= 1.11
T? ( )
giving an overall transverse resistivity of
E CI)O 21h
oy = — = — = ——. 1.12
Py =7 e e2 ( )

This calculation was performed for a single Landau level; however, the story is straightforwardly
transferable to the case when several Landau levels sit below the Fermi energy, since each level
independently transports an electron from the inside to the outside edge. Thus, for ¥ Landau
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Figure 1.4: (a) Density of states for a set of five Landau levels in a clean system. Here all states
in each LL are degenerate and delocalised around the ring. (b) In a disordered system, the
Landau levels are broadened, and many states become localised. However, each LL still contains
a central set of delocalised states. (c) Energy of a set of two Landau levels as a function of
radius, showing the effect of a confining potential which raises the energy of Landau levels close
to the boundaries. The effect of flux insertion for a clean material on a ring geometry. Here,
each Landau level consists of a large number of delocalised states, denoted by the lilac circles.
Under flux insertion, each of these states is transported over to the next state, such that by the
end of the process each band has a hole on the inner edge, and an excited state on the outer edge.
(d) In the disordered case the most of the states in each Landau level have become localised,
however a minority of these states remain delocalised. These delocalised states transport an
electron across the ring for the same reason as in the clean material.

levels below the Fermi energy, we find an overall conductivity given by Eqn. 1.6.

Let us now consider adding a disordered potential V' (r) to the system. To preserve the Hall
effect, one must assume that this disorder is not strong enough to mix different Landau levels,
|V| < hw,.. Adding such a term will break the degeneracy within each Landau level, leading to
a smearing out of the density of states into broad peaks. In addition, while the clean Landau
levels are composed of delocalised states, in the disordered bands most of the states will become
localised. However, in the centre of each band, there will remain a minority of delocalised states,
as shown in Fig. 1.4b.3

The localised states are no longer able to change under flux insertion, since the effect of the
threaded flux on a state that does not wrap the whole ring can always be removed with a gauge
transformation. The remaining delocalised states will still be able to see the flux insertion, and
so will still undergo spectral flow. As before, each delocalised state is adiabatically transformed
onto the next delocalised state away from the centre of the ring, as shown in Fig. 1.4d. Thus,
provided that some states remain delocalised, the net effect is still to transport a single electron
from the inside to the outside of the ring. In fact, it was shown by Prange [22] that when a single
state is localised, the nearby delocalised states will ‘speed up’ to compensate for the missing

3In fact, as long as the disorder is not strong enough to mix LLs, there must always remain a few delocalised
states. Over the years, many arguments were provided to explain this phenomenon, often each concerning a
different manifestation of disorder. The first was given by Halperin in [14], as well as early arguments in the case
of short-ranged disorder [19, 20], and a very famous percolation picture in the case of slow-varying disorder [21].



8 Chapter 1. Introduction

current from the localised state. Thus, we see that as disorder is increased, the quantised Hall
conductance remains, transported by a shrinking minority of delocalised states in each Landau
level.

It is precisely the fact that a small minority of states are responsible for the Hall conductivity
that stabilises the plateaux shown in Fig. 1.3a. Here, the tuning of the applied field B has the
effect of shifting the energy and degeneracy of the Landau levels — effectively sweeping the Fermi
level across the LL spectrum. The conductivity is determined only by the number of filled LLs,
however only the extended states in the centre of each LL are able to transport charge. Thus,
the conductivity is only allowed to change at the point where the Fermi energy sweeps through
these states. The presence of disorder ensures that only a minority of states are delocalised, such
that the transitions between plateaux become sharp and the plateaux themselves are precisely
quantised.

1.1.2 The TKNN Invariant and the Chern Number

The Laughlin /Halperin picture was one of the first — and simplest — explanations for the quantised
Hall conductivity and its remarkable insensitivity to disorder. However, in the following years a
much deeper mathematical picture was uncovered, starting with the work of Thouless and his
collaborators who provided a different argument for a quantised bulk conductivity [23]. Let us
provide a brief description of their result.

For a periodic non-interacting electron gas, the eigenstates of the system may be expressed in
terms of the Bloch states, [1/,) = eX* Ju), where |u,) is a periodic eigenstate with energy
E,, of the Bloch Hamiltonian H (k) = e~®¢*He* In this context, the transverse conductivity
can be expressed using a linear response formalism developed by Kubo [24], given by

ko (u k|J |u k> <u k|J |u k>
vy = 10 e e LY L+ hee 1.1
o Z ngc /BZ 4m? (En - Em)2 e ( 3)
meunocc

Here, eigenstates below the Fermi level are labelled by n and those above it by m. The operators
J, represent the current operator in the x and y directions, and the integral is over the whole
Brillouin zone. By re-expressing the current operators in terms of the group velocity,

e 0H (k)
=T 1.14
h 0k, ( )

the conductivity could be rewritten in the form,
ie? / d?k (Ui | O H [tmic) (tmic| Oy H |tnic)
Opy = — — + h.c. (1.15)
! h n;;C Bz 4T (Bn — En)?
meunoce

Here we use the shorthand 0, = %. Next, using the orthogonality of the eigenstates, they
rewrote the inner products using the following identity,

(Unk |00 H |timi) = (En — Ep) (Oatnk|Umk) (1.16)
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Figure 1.5: The space of all Hamiltonians can be divided into a set of Chern classes defined
by the bands’ Chern numbers (only one band’s Chern number is shown in this illustration).
Adiabatically transforming from one Hamiltonian H; to another H, in a different Chern class,
one necessarily crosses a point where the Hamiltonian becomes gapless.

and simplified the expression to the form

ie?
O-‘Ty = 471_25 Z /B;Z d2k <azunk’8yunk> - <ayunk’aacunk> . (117)

neocc

As we shall see in the next paragraph, this integral was necessarily quantised to —2miv for some
integer v, leading to an overall conductivity

62V

—_— 1.18
21h ( )

— 1 _
O-ffy_pzy -

Independently, Michael Berry was considering the adiabatic theorem, [25] and showed that when
a quantum system was transformed adiabatically around a closed loop in parameter space the
final state would pick up some extra phase, now called Berry’s phase, which could be interpreted
as a surface integral. A detailed explanation of the Berry’s phases is given in Chapter 2, we
shall provide only a brief discussion here. Although it was not immediately obvious to Berry
or Thouless,* Avron, Seiler and Simon showed that these ideas were profoundly linked, both
deriving from the same concepts in differential geometry [27, 28]. Berry’s phase was really the
geometric angle accumulated by parallel transport around a closed path — the holonomy — which
could be re-expressed as an integral of the curvature over the surface enclosed by the path.
Similarly, the integral in the TKNN invariant was actually a quantised integer — the first Chern
number,

1
Q=—— d*k (O] Oytinie) — (Oytnsc|Optinic) (1.19)

21 s

which was a topological invariant of the mapping from the Brillouin zone to the Hilbert space,
found by integrating Berry’s curvature over the entire Brillouin zone [29).

Using these methods, it was now possible to associate a quantised Chern number to each energy
level in the band structure of a material. As per the original motivation, the Chern number

4Reportedly Berry contacted David Thouless to ask if he thought these phases had anything to do with his
TKNN invariant and Thouless responded that it was doubtful there was any connection [26].
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determined the contribution of each band to the Hall conductivity. However, one could also
view these invariants as a remarkably universal framework for classifying Hamiltonians, since
their quantised nature meant that a band’s Chern number could not change under any smooth
deformation of the system that did not close the band gap (at which point the band, and thus
@), would become ill-defined). Thus, two Hamiltonians with different Chern numbers sit in
two different Chern classes, where it is not possible to deform one into the other without a
gap closing. Of course, these invariants strictly only applied to systems with a notion of band
structure, i.e. for non-interacting systems with translational symmetry. Several proposals exist
for extending these invariants to interacting or disordered materials, such as the construction of
a real-space Chern number [30-33] which we shall discuss in Chapter 3. The simplest extension
of the Chern classification can be defined by noting that the topological class of a Hamiltonian
can only change with a closing of the band gap. Thus, as long as a general quantum system
has a gapped ground state, and can (without closing this gap) be adiabatically connected to a
Hamiltonian with well-defined Chern number, then the two systems are considered to have the
same Chern numbers [34]. Thus, we see that, in analogy with the case of RG and universality
discussed in the previous section, the Chern classification describes a set of physical properties
that are deeply ambivalent to the microscopics of a model. Any changes to the system that do
not close the band gap will have no effect on the Chern class or the Hall conductivity.

1.2 Magnetism, Frustration and Fractionalisation

Let us now turn our attention to the opposite case to that discussed in §1.1, to systems whose
properties are highly sensitive to the microscopic arrangement of atoms in the material. One of
the simplest examples can be found in the study of magnetism, by considering the Heisenberg
model of interacting spins. We shall work with a toy model on an arbitrary lattice, consisting of
a set of sites at positions x; and a set of edges ej, that connect nearest-neighbour vertices at
x; and xj. At each vertex we place a single spin-S degree of freedom, which interact with one
another according to the Hamiltonian,

H=-JY 88, (1.20)
()

where the sum is only taken over nearest-neighbour pairs of spins and J determines the strength
and sign of the bonds’ coupling. In contrast to §1.1, these are quantum spins, so the 5§ are
operators defined by the spin algebra. Here we will discard the effect of thermal fluctuations
and consider the ground state properties only. In the ferromagnetic (FM) regime (J > 0)
this Hamiltonian favours the alignment of neighbouring spins and the ground-state can be
straightforwardly constructed for any lattice by simply choosing a direction, say z and aligning
all spins in that direction. Each bond contributes a value —JS? to the ground state energy —
the lowest contribution possible — so we consider all bonds fully satisfied. This phase is stable
on any lattice, with any values of J > 0. Thus, the ferromagnetic case falls into the class of
models described in the previous section — an emergent phase that is largely insensitive to the
details of the system.

Now let us consider the antiferromagnetic (AFM) case (J < 0). Here neighbouring spins want
to anti-align. On a bipartite lattice — where all sites can be divided into two sublattices, A and
B, and a spin on an A-site is only adjacent to B-sites and vice-versa — a similar ground state
can be constructed. Choosing a direction, we can set all spins on the A sublattice to point along
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Figure 1.6: The ground state of the spin—% antiferromagnetic Heisenberg model on three example
lattices. (a) The honeycomb lattice is bipartite, so the ground state is Néel ordered. (b) On
the triangular lattice the ground state is a three site 120° magnetically ordered phase. Here the
spins are arranged such that the sum of the spins around each triangle always vanishes. (c) On
the star lattice, the system forms a valence bond solid, with spin singlets on the inter-triangle
bonds, indicated by the red ellipses.

this direction and all spins on the B sublattice to point in the opposite direction. In the classical
case (S > 1), the quantum spin operators are well-approximated by a classical p-dimensional
vector of fixed length S, where p (usually < 3) defines the number of spin components. Here,
this antiferromagnetic ordering gives us the ground state, and all bonds are maximally satisfied,
contributing —|.J|S? to the ground-state energy. In the quantum case (S ~ 1), this classical
Néel state is typically a good approximation to the true AFM ground state, which is dressed
with additional fluctuations. However, on any lattice with odd-length cycles — e.g. a lattice
containing triangles, pentagons etc. — this picture is dramatically altered. Now it is no longer
possible to construct a Néel-ordered state since the system lacks sublattice symmetry. Rather,
the ground state of the system will depend strongly on the geometry of the lattice [35]. For
example, after years of debate the consensus is that the triangular lattice forms a 120° ordered
state [36-38|, shown in Fig. 1.6b. On the star lattice, the ground state resists magnetic ordering
altogether, forming a valence bond solid [39-44], shown in Fig. 1.6¢, where spins are strongly
anti-correlated on the inter-triangle bonds, close to a singlet state, |s) = (|11) — |41))/v/2, and
much more weakly correlated on the intra-triangle bonds.

As a rule of thumb, the magnetic properties of an antiferromagnetic material are most strongly
influenced by two broad features of the lattice. The first is coordination number. In small-S
systems, lattices with low coordination numbers favour strong quantum fluctuations, reducing the
likelihood of forming a classically-ordered ground state [35]. The second property is frustration,
which describes the extent to which the system is unable to simultaneously satisfy all bonds
in the Hamiltonian, leading to a ground state energy that is higher than that in an equivalent
unfrustrated system. In the example above, the triangle lattice is highly frustrated and has
a high coordination number, so forms a classical frustrated order, whereas the star lattice is
frustrated and has a low coordination number, leading to a non-classical ground state.

1.2.1 Classical Frustration

To better understand the role of frustration, let us consider the classical case, neglecting quantum
fluctuations altogether. Our discussion will largely draw from the references [45-47]. In the large
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Figure 1.7: (a) Three clusters of n € {2...4} spins, showing a ground state configuration of
spins. In the n = 2 and 3 case, there is a single unique configuration (up to global reflection and
rotations), whereas for n = 4 there are two independent degrees of freedom, marked with ¢,,
leading to an extremely degenerate ground state. (b) A section of kagome lattice, formed by
vertex-sharing triangles. (b) A section of pyrochlore lattice, formed by vertex-sharing tetrahedra.
Figure reproduced from Theory of Quantum Matter Unit, OIST

spin limit (S > 1) as before, we approximate the spins as a classical p-dimensional vector. Let
us set J = —1 and consider a cluster of n spins, with all-to-all interactions. The Hamiltonian of
the cluster is given by

1
Hey = 5Zsj-sk. (1.21)
jk
Constructing the total spin operator S =) ;8j, this Hamiltonian can be rewritten as

Hey = = (|S]? = nS?)) (1.22)

N —

where the constant terms come from the fact that s; - s; = S?. Thus, we see that the ground
state corresponds to any arrangement with total spin S = 0, and has energy

E,. = —nS?/2. (1.23)

This is in contrast with the unfrustrated energy that the system would have if all bonds were
satisfied, given by

E.¢ = —%n(n —1)5%/2, (1.24)

where n!/2 is the number of bonds in a cluster of n fully connected spins. The difference between
the true ground state energy FE,s and the unfrustrated ground state energy E,: can give a
rough measure of the degree of frustration in the lattice [48].

Not only does frustration cause the ground state energy to be higher than one might expect
based on the coupling strength, but it can also lead to systems with extensive ground state
degeneracy®. To see how this arises, let us count the number of ways to arrange the spins into
an S = 0 state. For n = 2 or 3, ignoring overall rotations and reflections, there is one unique

®Note that not all frustrated systems have degenerate ground states, for example the 120° order found on the
triangular lattice does not have extensive degeneracy.
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Figure 1.8: (a) On the Kagome lattice, the spin arrangement shown can undergo a simultaneous
rotation of the purple and green spins without leaving the ground state. (b) Modifying the
lattice, for example by adding the highlighted central spin, triples the size of the regions that
must be rotated together, removing two degrees of freedom.

way. However, for n = 4 we have two continuous degrees of freedom, shown in Fig. 1.7a.

Now, let us consider a lattice composed of N, corner-sharing clusters, for example the kagome
lattice with n = 3 shown in Fig. 1.7b, or the pyrochlore lattice with n = 4, shown in Fig. 1.7c.
The Hamiltonian can again be decomposed into a sum of the total spin for each interacting
cluster, this time ignoring the constant terms,

Nc
H= Z |S,.| — constant. (1.25)

Again, the ground state is found by setting the total spin through each cluster to zero. The
ground state degeneracy can be estimated by noting that of each spin contributes d — 1 degrees
of freedom, each cluster contributes p constraints. Thus, one naively expects the ground state
to have

N,
D=1
2

(n(p—1) — pd) (1.26)
remaining degrees of freedom, where the factor of a half comes from the fact that each spin
forms part of two clusters. According to this, the Kagome lattice (n = 3) has no remaining
degrees of freedom, but the pyrochlore lattice has an extensive ground state degeneracy, with
each tetrahedron contributing one parameter that can be freely adjusted while remaining in
the ground state. In fact, this guess is usually an underestimate, since it does not take into
account the fact that the constraints of adjacent plaquettes are not completely independent.
For example, the kagome lattice ground state can, in certain ground states, be rotated locally
around certain hexagons as shown in Fig. 1.8a, leading to a D = N,/9 remaining unconstrained
degrees of freedom [49, 50]. In general, the number of such remaining degrees of freedom is
highly specific to the geometry of the lattice. For example, adding in an extra site to the kagome
as shown in Fig. 1.8b has the effect of combining three regions, which must now be rotated
together, effectively removing two degrees of freedom, despite the fact that the frustration as
measured by comparing F, . and E\ ¢ has not changed.
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Figure 1.9: (a) The honeycomb lattice on which the Kitaev model is constructed. Bond labelling
is indicated by colour, and the unit cell is shown by the dashed grey rhombus. (b) An example
Cartesian state, where the adjacent spins on every highlighted bond are fully aligned in the
direction corresponding to that bond’s label, forming a dimerisation of the full lattice. (c) A
parametrisation of the general classical Kitaev ground state, formed by setting the a-component
of neighbouring spins on each side of an a-bond to be equal to one another.

1.2.2 The Classical Kitaev Honeycomb Model

Thus far, we have only discussed so-called geometrical frustration, where the inability of the
system to satisfy all couplings is driven by the geometry of the lattice — usually the presence of
odd cycles. However, frustration can also be introduced through the engineering of competing
interactions on lattices that would otherwise not be considered frustrated, a type of frustration
we shall refer to as exchange frustration. Here we shall present one such model, the Kitaev
honeycomb model [30]. As the name suggests, the model is constructed on a honeycomb lattice,
with a spin placed at each vertex. In the original formulation, Kitaev proposed (and solved)
the quantum spin—% model. In Chapter 4 we shall discuss in detail the method that he used
for solving this model, as well as generalising it to arbitrary lattices. Thus, here let us start
by considering the large-S, classical Kitaev model. This has been extensively studied [51-54].
Here we focus on the first part of the classical story, finding the ground state and discussing its
degeneracy.

To construct the Hamiltonian, we must assign a label a € {z,y,z} to each bond on the
honeycomb, such that every vertex connects to one bond of each type, shown in Fig. 1.9. The
Hamiltonian is given by,

H=-J* Z sjsp —JY Z sisy — J* Z 5357 (1.27)
(Jk) (Jk) (Jk)

where (jk),, indicates a bond of type a. Let us work at the so-called isotropic point, found by
setting all J* = +1, ensuring that each coupling is ferromagnetic.

We wish to find the lowest energy under the condition of fixed-length spins s; - s; = S*Vj. Thus,

SWe could equivalently use .JJ = —1, since this Hamiltonian can be transformed back to the J = +1 case by
reversing the orientation of every spin on the B sublattice.
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let us enforce this total spin condition by adding a Lagrange multiplier to the Hamiltonian,
(607 1
H)\:—<% SjSk—§;>\j(Sj‘Sj—52) (128)
j

Taking a derivative with respect to the components of the two spins around an a-bond, s and
sy, we arrive at the following conditions

85 = Sy 1.30)
Thus, we may use the relation
sisi = Ai(s5)" = Ae(sp), (1.31)

to re-express the Hamiltonian in two equivalent forms

H=-5Y )\=-5Y )\, (1.32)

jeA jeB

where we have used the condition s -s = S2, and each sum is on only the A or B sites, as
shown in Fig. 1.9a. Now all that remains is to find the values of A;. For a given site, at least
one of the three spin components at that site must be nonzero. Thus, for this pair we may
substitute Eqns. 1.29 and 1.30 into one another to obtain the relation, AjA\; = 1. Since the
lattice is bipartite, extrapolating this relation implies that A\; = A4 must be constant across all
A sites, with the same relation holding for B sites. Furthermore, from Eqn. 1.32 we see that
Aa = Ag. The lowest energy is found by setting all A = +1,

1
Eg.s. - _232Ns; (133)

with N, being the number of sites in the system. Thus, the ground states may now be constructed,
since we must simply choose a configuration that saturates the lower bound for the energy, as
well as the conditions s} = si for each pair of sites that share an a-bond. The simplest ground
states, which we refer to as the Cartesian states, are found by leaving only one of the three
components of s; nonzero on each site. To be a valid ground state, every site must be paired up
with a neighbour, forming a dimerisation where the two spins around a dimer on an a-bond are
completely aligned in the a direction. An example is shown in Fig. 1.9b. Thus, the degeneracy
of the Cartesian states can be found by counting the number of dimerisations, which scales with
1.3817s/2 [55, 56]. However, since each dimer has two directions it can align in, the degeneracy
is

Neart, = 2.762N/2. (1.34)

The Cartesian states are not disconnected from one another, since it is possible to transform
any Cartesian state into any other smoothly without leaving the ground state, since any state
that satisfies s§ = s on every bond is also in the ground state. Thus, a general ground state
may be constructed by choosing one parameter for each bond, we shall use a on xz-bonds, b
on y-bonds and ¢ on z-bonds, and assigning the components of s according to the three bond
variables on each site, as shown in Fig. 1.9¢c. Provided that the bond parameters on any site



16 Chapter 1. Introduction

satisfy a? 4+ b% 4 ¢ = S?, a state of this form automatically saturates the lower bound for the
energy. The ground state degeneracy can then be approximated by noticing that this ansatz
has one degree of freedom for every bond, and one constraint — the total spin S — for every
site. Since each site connects to 3 bonds, this leaves D = N,/2 continuous remaining degrees of
freedom, in comparison to the discrete set of Cartesian states. Although, it should be mentioned
that, once the effect of fluctuations is taken into account, the Cartesian states are selected as
the true ground states rather than the full manifold of classical ground states [53].

1.2.3 A Quantum Spin Liquid

So far we have defined a notion of magnetic frustration, and shown how it can arise both as
a consequence of lattice geometry or, as in the Kitaev case, due to the presence of competing
interactions. In a classical system, often the consequence of frustration is the creation of an
extensive number of degenerate ground states. This allows classically frustrated systems to avoid
magnetic long-range ordering at low temperatures, since even a small amount of thermal energy
is sufficient for the system to freely explore these degenerate states. Indeed, one of the most
robust signatures of frustration is that — in contrast to unfrustrated ferro- and antiferromagnets,
which undergo a spin-ordering (or freezing) transition at a temperature determined by the
microscopic coupling strength [4] — frustrated magnets tend to remain paramagnetic (or liquid)
down to far lower temperatures than their coupling strength would suggest [47, 57]. In some
systems, notably in the case of spin ice [58-60], the system does not undergo an ordering
transition at any temperature. Such materials are collectively known as classical spin liquids, in
reference to the unusually low temperatures to which these paramagnetic (liquid) phases persist.

However, thermodynamics is not the only mechanism by which fluctuations arise in nature.
When the spin in a frustrated magnet is small (that is, close to S = %), quantum fluctuations
can play a significant role, allowing the spins to resist ordering even at zero temperature.
Furthermore, the consequences of quantum fluctuations can be drastically different from the
classical case, since a quantum system is able to form coherent superpositions of these degenerate
classical states. Thus, it is possible for the ground-state degeneracy of a classical spin liquid to
be broken in the equivalent quantum system, which finds a lower-energy quantum spin liquid
(QSL) ground state. Since a QSL state arises due to the frustration of classical order, the
system is often forced to use entanglement as a resource to lower the ground state energy,
resulting in a state with long-ranged quantum correlations. These states of matter provide a
rich context for finding exotic phenomena with no classical analogue. Although no formally
accepted definition exists, the consensus is that to qualify as a QSL, a phase of matter must
exhibit some combination of two related emergent properties: fractionalised excitations and an
emergent gauge field [61, 62].

In a fractionalised system, the quasiparticles carry a fraction of the quantum numbers of the
constituent particles in the material. The most famous example of this phenomenon is the
fractional quantum Hall effect [63], where the quasiparticles carry a fraction of the charge (and
a fraction of the exchange statistics) of the electron. However, the last 30 years of research has
revealed an astonishing number of ways that fractionalised particles can appear. For example, in
classical spin ice, the natural dipolar spin-flip excitations split into pairs of magnetic monopoles,
and as we shall see in the following discussion (and in detail in Chapter 4) excitations take the
form of Majorana fermions in the Kitaev model. Of course, even in a fractionalised material,
one must respect the conservation laws implied by the original, unfractionalised constituents.
That is, quantities such as the total charge, or the total magnetic moment of the system are not
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allowed to take fractionalised values. In a quantum Hall system where quasiparticles have §

charge, we must ensure that the system always contains a multiple of ¢ such particles. Similarly,
monopoles in spin ice must always be created and destroyed in pairs, else the system as a
whole will have nonzero magnetic charge, which is forbidden in electromagnetism. This global
constraint means that an effective description of the system must include an emergent gauge
field, whose role is to enforce this symmetry, encoding the constraint locally in the configuration
of the field.

Let us end this section by describing the exact solution to the spin—%, quantum Kitaev model
and showing how it satisfies these two requirements. Note that this will largely be a qualitative
discussion, and many important details will be missed — most notably the role of the ground-state
projector. In Chapter 4 a lengthy discussion is provided, whereas here we keep only the minimum
detail needed to give an intuitive picture of fractionalised excitations in the Kitaev model. For
a system of spin—% particles, we are no longer free to treat each spin as a classical vector, and
instead must express the Hamiltonian (Eqn. 1.27) in terms of the Pauli matrices that define the
spin algebra,

1 1
Sy — 50’1, Sy — §O'y, S, — 50’2. (135)

Discarding a global factor of %, the Kitaev Hamiltonian takes the following form,

H=- J ooy (1.36)
(TF) o

To diagonalise this Hamiltonian, Kitaev transformed to an artificially enlarged Hilbert space
by replacing each spin-half degree of freedom with two fermionic states, which could then be
expressed in terms of four Majorana fermionic operators, labelled as ¢, b*, Y and b* according
to the transformation o — ic;0F. These operators are self-adjoint, and obey the following
relations,

' =c, (1.37)
{Cj,Ck} = Ojk- (138)

After performing this transformation, Kitaev showed that the b-type Majoranas were essentially
static. The two b® operators on each a-bond could be paired up as a conserved operator
g = 1b5by. Because each site connects to only one bond of each type, each iy, operator also
shows up only once, and so commute with each other as well as with the Hamiltonian. This
means that they can be treated as a conserved quantity, and replaced in H with their eigenvalues,
Ujr — ujr = £1, resulting in a Majorana Hamiltonian parametrised by these bond values,

H, = Jujic;cy. (1.39)
(k)

We started with a system of interacting spins, however this Hamiltonian constitutes a very
different description of the model. Here, the spins have been transformed into two different
coupled degrees of freedom: a fractionalised quasiparticle, given by the N, remaining c-type
Majorana fermions, and a classical Z, gauge field given by the u;; values. Let us discuss each
in turn.

To see why the c; operators represent a fractional quasiparticle, we note that the first step in
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the solution involves representing each spin with a pair of fermionic operators f, which obey
the standard fermionic anticommutation relations,

{fi [} =0, (1.40)
{15 11} = O (1.41)

Now, let us consider ‘splitting’ a complex fermionic operator into a real and imaginary part,
represented by two Majorana operators,

fi= %(Cj +ic}). (1.42)

Plugging this substitution into the fermion anticommutation relations, we see that these operators
must be Majorana fermions, obeying Eqns. 1.37 and 1.38. This transformation is essentially a
basis change, where a system of N; fermions can be represented by 2Ny Majorana fermions.
These can only be constructed in pairs, such that the combination of two Majoranas maps
back to the original fermionic operator’s two-dimensional Hilbert space. Thus, each Majorana
describes half the degree of freedom of a single fermion.

Of course, the existence of a Majorana representation does not imply the system has fractionalised
excitations — any fermionic system can be trivially re-expressed in a Majorana basis. Furthermore,
any excitation must have a representation in terms of the original fermionic operators, so must
be expressible with an even number of Majorana operators. The fractionalised nature of the
system is revealed when we ask whether two Majorana operators that describe an excitation
can be separated from one another. In most systems the answer is no, these fractionalised
modes are subject to a confining potential. Such a potential ensures that it costs an infinite
amount of energy to infinitely separate the quasiparticles. However, in a fractionalised system
the potential is not confining, and we only pay a finite energy cost for infinitely separating these
two quasiparticles.

To understand how the Majorana fermions may become deconfined, let us turn our attention to
the Z, gauge field defined by {u . = ib$b}}. We take advantage of the fact that uj = +1 to
rewrite the factor 7u;, as an exponential, re-expressing the Hamiltonian in the form,

H, = Z Jae%r“j’“cjck. (1.43)
(TF) o

Thus, the uj;, values couple to this fermionic hopping Hamiltonian exactly as a Peierls phase
would [64], and so we can interpret these as if they were a magnetic vector potential. However,
unlike a true magnetic field, where the phase can take any value — a U(1) field, here the phase
can only take two values, +7, making it a Zy field. In analogy with electromagnetism, we may
define a gauge transformation, corresponding to changing the sign of w;; on the three bonds
that connect to a given site, as well as a gauge-invariant quantity analogous to the magnetic flux
thorough a plaquette. In the Zs field, a flux-like quantity can be defined by taking a product of
the phase factors going clockwise around a given plaquette,

bp = H e Uk = H iU (1.44)
jkep jkep

These fluxes can also only take two values, ¢, = +1. Finding the energies and eigenstates of this
Hamiltonian now has two parts: First we choose the flux, setting all values of ¢,, which defines



1.2. Magnetism, Frustration and Fractionalisation 19

Figure 1.10: (a) A diagram of the Honeycomb model described in Eqn. 1.39. Here a single
Majorana fermion lives at each site, indicated with the white circles, and each bond has a
corresponding u;;. Since the constituent b-operators anticommute, these bond variables satisfy
ujp = —ug;. Thus, we may represent them with an arrow, where the direction of the arrow
indicates the order of subscripts for which wu;; is positive. Bond labelling follows the same
colouring convention as in Fig. 1.9. (b) An illustration of creating and transporting a pair of
gauge fluxes. Starting with a background configuration where all plaquettes have flux +1, a
single pair of fluxes (indicated with the purple plaquettes) is created by flipping the sign of
the red bond. One of the plaquettes is then transported by flipping successive bonds. (c¢) Two
fluxes are created, with a string of flipped bonds connecting them. Each flux has a Majorana
mode localised to it, indicated by the green region.

a quadratic Majorana Hamiltonian. Then, this Hamiltonian is solved, giving the spectrum of
the remaining fermionic degrees of freedom.

As is the case with a magnetic field, the flux through any complex path can always be written
as a sum over the fluxes through every plaquette encircled by this path. However, there are two
important exceptions to this for a system in periodic boundaries. Here it is possible to construct
two different non-contractible loops, which wrap around the torus in the x and y directions.
These enclose no area, so the flux through these loops cannot be written as a sum over hexagons.
Additionally, the energetic cost of threading a flux through a loop decays exponentially in
the loop length, so for a sufficiently large system these two non-contractible fluxes index a
22-fold degeneracy for all states in the system. If we construct a Kitaev model on a general
closed manifold, the system must have 2¢g non-contractible loops, where g is the genus of the
manifold. Following the same argument, once sees that the ground state (all states, in fact)
has a 2%9-fold degeneracy. Systems where the ground state degeneracy is determined by the
topology of the manifold are said to have topological order [65, 66]. In fact, one can show that
in a gapped system such a ground state degeneracy is a necessary prerequisite for the emergence
of fractionalised excitations [67].

Thus, we see that excitations in this model can take two forms: flux excitations, which correspond
to changing the value of ¢, through a given plaquette, and fermion excitations, which correspond
to keeping the fluxes static and exciting a Majorana mode. Creating the latter excitation is
straightforward, we simply choose an excited state of the Hamiltonian H,, with {u;;} set to
some arrangement of bond operators corresponding to the ground-state flux sector. Creating a
flux excitation, however, is slightly more complex. This is because the fluxes are not a degree
of freedom we have direct access to — they are derived from the gauge field u;;, which places
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constraints on which flux sectors can be created. Specifically, plaquette fluxes cannot be flipped
in isolation. This can be seen by considering the effect of flipping the sign of one bond operator,
which always changes the value of the flux through both adjacent plaquettes. The two flipped
plaquettes can be moved arbitrarily far apart by a successive flipping of bond operators, as
shown in Fig. 1.10b. These two fluxes are connected by a string of bonds that have been flipped
with respect to the original configuration of w;;, however this string is not measurable, since
it can be arbitrarily moved around at no energy cost by a gauge transformation, shown in
Fig. 1.10c. Thus, this string must be tensionless, distant fluxes will not pay an energy cost for
separating further.

The final piece of this story comes from the realisation by Kitaev that one could engineer
this system to have a gapped topological ground state — done by perturbing the model with
a weak magnetic field. In this case, the fermionic spectrum of H, had two clearly-separated
non-interacting bands, for which one could calculate the Chern number. When this Chern
number was odd, Kitaev showed that the fermionic excitations and the flux excitations would
become tightly bound to one another.” Here, flipping a plaquette’s flux with respect to the
ground state would also have the effect of localising a single Majorana mode around that flux,
as shown in Fig. 1.10c. Since fluxes would only be created in pairs, each excitation contains two
Majorana fermions, corresponding to a single fermionic degree of freedom. However, provided
that these fluxes were sufficiently well-separated that their respective Majorana modes could not
interact with one another, the individual Majorana modes would have zero energy. Thus, the
energy cost of creating the pair only depended on the cost of creating two fluxes, and once they
were well-separated, they could be moved around freely — that is, the fermionic excitation split
into two completely deconfined Majorana fermions. Thus, we see that the Kitaev honeycomb
model has the sufficient qualities to be considered a quantum spin liquid, where the model could
be transformed exactly into a set of fractionalised particles, interacting under a Z, gauge field
that enforced the constraints of even Majorana occupation, while still allowing them to exist as
independent particles.

1.3 Thesis Outline

Thus far, we have introduced examples of two very different phenomena in condensed matter
physics. In Section 1.1, we described the notion of universality, an inherently many-body property,
that arises from the statistical averaging over enormous numbers of interacting particles. We
also presented an introduction to the quantum Hall effect — a manifestly non-interacting, single
particle phenomenon. Both of these theories provided an answer to the question: How is it
possible for many systems, with wildly different microscopic configurations, to realise the same
types of collective properties? Focussing on the quantum Hall effect, since it is most relevant to
this thesis, the solution relied on the construction of a topological invariant, the Chern number,
which could be calculated in any system with a notion of band structure. This provided us with
a broad classification system, whereby vastly different Hamiltonians on a wide range of atomic
lattices could be identified as sharing a ‘universal’ set of properties determined by this invariant.
The power of this approach was that it proved deeply indifferent to the microscopics of a system.
Provided that a notion of band structure could be defined — a relatively weak condition — the
Chern number allows us to make statements about the materials properties, such as its Hall

"The proof of this statement may be found in Appendix C of Kitaev’s original paper [30]
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conductivity and the presence of edge modes, without having to account for the details of a
specific model.

On the other hand, in Section 1.2 we told a very different story — that of frustration in magnetic
materials. Here we found that superficially similar materials, i.e. those consisting of spins
on a lattice, interacting according to a rather limited variety of couplings (Ferromagnetic,
Antiferromagnetic, Ising, etc.), could give rise to an enormous variety of collective phases
depending on the geometry of the material and the finer details of the spins’ couplings. Often
when frustration is present no single state can independently satisfy the requirement of every
coupling, and the emergent phases are able to explore (and in the quantum case, entangle) a
multitude of degenerate ground states. The character of these degenerate states, and the phases
that emerge, are highly specific to the details of the system — there is no universal consequence
of frustration. In a classical, zero temperature context, the emergent phases can be extremely
fragile, where the presence of even weak perturbations, including disorder, can serve to lift the
delicate ground-state degeneracy and either allow a system to select a single preferred state,
or result in glassy physics — where system has many near-degenerate low-energy states which
are well-separated in configuration space, and the order that forms depends unpredictably on
quenched disorder [68, 69]. In the quantum context, the situation is less precarious, since in
general a gapped QSL state is robust against weak disorder, and many gapless QSL systems can
also be shown to be robust [62]. However, it remains the case that the formation of such materials
generally depends on an intricate combination of lattice geometry and specific couplings. As
we saw, depending on the lattice, the antiferromagnetic Heisenberg model can go from ordered
(honeycomb/square) to VBS (star) to a potential QSL (kagome).

In this thesis, our line of inquiry will lie at the intersection of these two effects, where we
investigate the veracity of both the assumptions presented above — that is that Chern physics is
inherently indifferent to microscopics, and that frustrated magnetism and the formation of spin
liquids is inherently sensitive to it. In particular, we shall focus on the structural properties of
a material, where our approach will frequently be to start with a known system, defined on a
particular lattice, and then ask which properties are altered and which survive when we allow
the lattice to change. The structure of this thesis is as follows:

Chapter 2 is largely introductory material, where we present a detailed explanation of the
Chern number, describing how it may be calculated given the band structure of an arbitrary
non-interacting Hamiltonian with translational symmetry. We consider both the case of a
discrete and a continuous Brillouin zone. We finish this chapter by introducing a simple model
for a Chern insulator, the Qi-Wu-Zhang model, and provide a straightforward generalisation to
amorphous systems.

In Chapter 3, we focus on understanding how robust the Chern number is against the breaking of
translational symmetry. As we discussed in Section. 1.1.1, the underlying physical phenomena —
the quantum Hall effect and topological insulators in general — are interesting specifically because
they are robust against disorder. However, the Chern number is formulated as an integral over
the Brillouin zone. Thus, in any physical system that lacks band structure, either through the
presence of disorder or interactions, this quantity becomes ill-defined. Thus, there is a tension in
our mathematical framework, where the tools we use to describe disorder-resistant phenomena
are themselves fatally undermined by disorder. We introduce one of the methods that has been
employed to circumvent this problem: the real-space Chern number. Several such proposals
exist, of which we discuss three, namely the Chern marker [33], the Bott index [32] and Kitaev’s
local marker [30], showing the ways that they may be considered equivalent to one another.
Each of these markers was originally constructed with no clear connection to experiment or a
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simple physical interpretation of the quantity. We propose a physical observable — a localised
reformulation of a Hall measurement, showing that the measured conductivity corresponds to a
local Chern marker when evaluated in the bulk of a Chern insulator. Thus, our conclusion is
that there exists a formulation or Chern number, with a well-defined physical interpretation,
that shares the disorder-indifferent nature of the underlying physics.

In Chapter 4 we turn our attention back to frustrated magnetism, focussing on the Kitaev
honeycomb model [30]. We study the spin—%, quantum version of this system, providing a review
of Kitaev’s exact solution via a transformation to a Majorana fermion representation. Here we
consider whether the Kitaev QSL is as fragile as one would expect, given the general discussion
of frustrated magnetism presented above. To do this, we consider the possibility of constructing
and solving a Kitaev Hamiltonian on a general disordered lattice, the only constraint being that
it must remain tri-coordinated to allow for z, y and z-bond labels to be assigned consistently.
Remarkably, we find that an exact solution can be constructed on almost any tri-coordinated
lattice. Furthermore, we verify that the presence of odd cycles on a general lattice leads to the
formation of a ground state that spontaneously breaks time-reversal symmetry, transforming the
originally gapless QSL phase into a gapped chiral amorphous QSL. In the construction of the
exact solution, the strongly-interacting Kitaev model decomposes into a non-interacting system
of Majorana fermions. As we shall see, the chiral gapped QSL phase depends explicitly on the
Chern number of the Majorana Hamiltonian. Thus, we find that the robustness of this phase
can be understood as a consequence of the robustness of the topological invariants presented in
Chapter 3. In contrast to the general wisdom that ‘frustrated magnets are inherently fragile
phases of matter’, the Kitaev QSL can be constructed and solved on a wide variety of lattices,
and even with the addition of strong bond-dependent disorder.

Finally, in Chapter 5, we consider the effect of adding geometric frustration to the Kitaev model.
As discussed above, the frustration in this model stems from competition between the three
bond types and, as we see in Chapter 4, the pure Kitaev model is indifferent to the details of
the lattice geometry. However, real candidate Kitaev materials — such as the iridates NayIrO3
and a-LipIrO3 [70-72], and a-RuCls [73, 74] — do not realise a pure-Kitaev Hamiltonian. These
materials are characterised by dominant Kitaev interactions, however they also contain other
subdominant perturbations, such as Heisenberg couplings, which prevent the materials from
realising Kitaev’'s QSL ground state. Previous studies of the Kitaev model that account for these
extra terms have unearthed a rich phase diagram depending on the relative strength and sign of
the perturbations. These generally contain QSL phases as well as a variety of ordered phases,
for example Neél and various stripe-ordered phases. As we have discussed, antiferromagnetic
systems are often highly susceptible to geometric frustration. Thus, we ask whether constructing
a ‘more realistic’ Kitaev-Heisenberg (KH) model on a geometrically frustrated lattice can lead
to the emergence of new magnetic order not seen on the conventional honeycomb model. The
answer to this question is yes. We construct the KH model on the star lattice — the simplest
example of a tri-coordinated lattice with odd cycles. Here, we find that, in the regions of the
phase diagram where the Honeycomb model contains antiferromagnetic order, the star-lattice
model forms two different valence bond (VBS) solid ground states. Thus, we find ourselves
in the peculiar situation where of all the phases that emerge in our model, classically-ordered
phases turn out to be the most susceptible to microscopic changes in the lattice, whereas the
quantum spin liquid phases are among the most robust! Considering the effect of an applied
magnetic field, we show that the VBS states hosts a rich phase diagram of topological triplon
excitations and determine the Chern numbers of the bands.



1.4. Publications 23

1.4 Publications

The work in this thesis is based on the following publications:

e P. d’'Ornellas, R. Barnett, and D. K. K. Lee, “Quantized bulk conductivity as a local
Chern marker”, Phys. Rev. B 106, 155124 (2022)
Covered in Chapter 3.

e G. Cassella, P. d’'Ornellas, T. Hodson, W. M. H. Natori, and J. Knolle, “An exact chiral
amorphous spin liquid”, Nature Communications 14, 6663 (2023)
Covered in Chapter 4.

e P. d’'Ornellas and J. Knolle, “Kitaev-heisenberg model on the star lattice: from chiral
majorana fermions to chiral triplons”, Phys. Rev. B 109, 094421 (2024)
Covered in Chapter 5.

Also published during this PhD:

e P. d’Ornellas, “Forces between kinks in ¢® theory”, Journal of Physics Communications 4,
055014 (2020)


https://doi.org/10.1103/PhysRevB.106.155124
https://doi.org/10.1038/s41467-023-42105-9
https://doi.org/10.1103/PhysRevB.109.094421
https://doi.org/10.1088/2399-6528/ab90c2
https://doi.org/10.1088/2399-6528/ab90c2

Chapter 2

Chern Number and Topological
Insulators

To understand the role that topology plays in non-interacting insulators, we must first introduce
several related concepts, the Berry phase, Berry curvature and Chern number. This chapter
will only focus on the original formulation of these concepts, in a language first proposed by
Berry, Simon and many others [25, 27, 28], however a number of excellent reviews also cover the
topic, which has become a standard tool in condensed matter physics [79-82]. These concepts
are initially presented as a property intrinsically tied to band structure, which can only be
expressed for a translationally symmetric, non-interacting material. However, our intention is
to extend these notions to also include disordered systems. Thus, in §2.2 we shall provide a
useful toy model for a two-level Chern insulator, the Qi-Wu-Zhang model [83], along with a
straightforward extension of this model to arbitrary lattices.

Throughout this chapter and the next we will focus on non-interacting electrons on a lattice,
thus let us begin by defining our Hilbert space in a first-quantised framework. We will work with
the most general definition of a non-interacting tight-binding Hamiltonian in two dimensions.
The Hilbert space H is constructed from a set of N sites with 7 internal degrees of freedom,
labelling site j at a position r;. For example, these sites could correspond to atoms, and the
states at each site could represent individual orbitals around an atom. We will not assume that
our sites are arranged in a regular lattice — we wish to also model amorphous structures — thus,
a state in this system can be written as

¥) = ch,a rj) @), (2.1)

where ¢; , are a set of complex coefficients and a € {1...n} labels the internal degree of freedom.
A general Hamiltonian in this context takes the form

H= Y Hap

j7k7a713

r;) (rel @ a) (5] (2.2)

If the system has translational symmetry {r;} will lie on a regular lattice with periodic boundaries
and the Hamiltonian is invariant under translations.Here, we can diagonalise the Hamiltonian

24
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in a basis of k-states,
1 ,
k) =— e T p ) 2.3
R 23)

For a finite system the k-states are quantised to k, = 2wn/L,, where L, is the length of the
system in direction € {z,y}, whereas in the case of an infinite system k can take any value in
the interval [0, 27].

2.1 Abelian Berry Phase and the Chern Number

In this section we present a careful discussion of Berry’s phase, Berry curvature and the Chern
number [25, 27|, showing how these quantities may be calculated form the band structure of
a general non-interacting insulator. There are two cases to discuss: for a finite system the
Brillouin zone constitutes a discrete lattice of states. Thus, in §2.1.1, we show that Berry phase
can be understood as the relative phase between adjacent states, and that Berry flux is defined
on the plaquettes of the lattice. In §2.1.2 we consider the case of an infinite system. There
the Brillouin zone is a continuous manifold and the band structure defines a mapping from
this manifold to the Hilbert space of periodic states. In this case, Berry’s phase is a geometric
property of this smooth mapping. In both cases, we derive the form of the Chern number and
justify its quantisation. Finally, in §2.1.3 we provide an example — that of a two level system
— where the Berry flux can be understood straightforwardly in terms of the flux emitted by a
monopole, allowing us to present a simple visual argument for the quantisation of the Chern
number. Our discussion will largely follow [82, 84].

2.1.1 A Discrete Brillouin Zone

In quantum mechanics a state is defined as an equivalence class of vectors, where two states
that differ only by a complex phase are considered physically equivalent,

[) ~ e7 ). (2.4)

Thus, we have a redundancy built into our description of physics. This means that one can
define a gauge transformation — multiplying a state with a complex phase, a U(1) gauge — that
is guaranteed not to affect the state in any measurable way. Any derived quantity must be
invariant under gauge transformations to qualify as a physical observable.

Now, let us consider an arbitrary set of states in the same Hilbert space, {|1;)}. Analogous to
the ‘global’ gauge transformation presented above, we may define a ‘local’ gauge transformation
here, where we apply a different phase to each individual state,

1) = €7 i) . (2.5)

Again, the physical meaning of each state is unaffected, so all observable quantities must be
invariant under this transformation. Thus, one might wonder whether any phase-like quantity
calculated from these states can have a physical meaning. For example, the relative phase
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between state j and k, 7,5 can be defined as

o=t (Wylvw)
| {Wi14n) |

Clearly this quantity is invariant under a global gauge transformation, however it is not invariant
under a local transformation, changing according to

(2.6)

e~k _y il e —ak) (2.7)

and so cannot be a physical observable. In order to construct a gauge-invariant object, let’s
pick a set of n (> 3) states |¢;) and arrange them in a loop.

—Wl 2 |¢1 —iYN,1
N
)
sy

We can now define a new quantity, the Berry phase, as

1B _ (P1|1a) (Pa|ts) ... (Y |9r)

= T{6l) (o) — (Ul 2
Another way of writing this would be
vp = —argTr [1&1@ @N] , (2.9)
where the trace is over the whole system, and zﬁ is shorthand for the density operator
vi = [¥i) (¥l - (2.10)

This quantity is clearly gauge-invariant, since any phase applied to a state [¢,,,) will show up
twice, once from (¢, |[tm+1) and once from (1, 1|¢;,). The phase will have opposite sign in
each of these expressions, so they cancel out. Furthermore, we can see that the Berry phase
around a loop is simply the sum of all the relative phases around that loop modulo 27.

N
VB = Z%,nﬂ mod 27 (2.11)

n=1

2.1.1.1 Berry Flux

Now suppose that we have a large number of states arranged in a 2D grid. These states [1)y) are
labelled with a pair of indices k, and k,. In general, this parameter k will refer to the crystal
momentum, however the construction is equally valid for any other parameter that defines a 2D
grid of quantum states, shown in Fig. 2.1.
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Figure 2.1: A grid of states parametrised by the discrete variables k, given by [y, ,). For
each plaquette, the Berry phase is calculated by taking the inner products of the states going
counterclockwise around the loop.

We introduce a new quantity called the Berry flux, defined as the Berry phase around a plaquette
on the grid,

Fy = —argTr [@/A)kx,kyQ@kw+1,ky@/3kx+1,ky+1@@kx,ky+1 : (2.12)

Fx is just the sum (mod 27) of the relative phases along each edge of the plaquette starting
at point k. Thus, the Berry phase around some arbitrary loop can be written as a sum of the
Berry flux for all plaquettes encircled by the loop. In this sum, the phase along any internal
edge appears with opposite sign in the values of Fy for the two adjacent plaquettes, leaving only
the phase along the boundary,

exp{—iZF}:eXp{—i > ”y] (2.13)

inside boundary

region
This resembles Stokes’ law, however there is a subtlety worth mentioning. All we have required
is that the complex exponential of each sum is the same. This does not mean that the sum of
the Berry flux inside a region is equal to the sum of relative phases around the boundary, since
they are allowed to differ by an arbitrary multiple of 27.

2.1.1.2 Chern Number

Now let’s assume that our grid of k points has periodic boundaries — as is the case for states on
the Brillouin zone — with 1 <k, < N, and 1 <k, < N,,. The lattice is a discretisation of the
torus — a closed manifold. Thus, let us ask what the total flux through the whole manifold is.
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Following the argument of Eqn. 2.13, the total Berry flux must satisfy

Ny Ny
I I ¢ =1, (2.14)

ko=1ky=1

because every edge in this sum is an internal edge, and thus they cancel out. As before, this
does not mean that the sum of all Berry fluxes in the system vanishes, rather the sum must be
a multiple of 2. Thus let us define this multiple as the Chern number, Q,

1
S F . 2.15
Q 27r§ K ( )

kz,ky

@ is necessarily restricted to integer values, since a non-integer value would contradict equation
2.14.

2.1.2 Topology of a General Hamiltonian

Now let us consider the case of a smooth parameter space. We start by defining some arbitrary
Hamiltonian H(R), which depends on some smooth parameter R € R. For every value of
R, the Hamiltonian has eigenstates |¢,(R)) with corresponding energies €,,. As before, these
eigenstates are only well-defined up to a global phase. Thus, let consider a single state |¢)(R))
and define a local gauge transformation, applying an R-dependent phase a(R) to all the states
over this band.

[W(R)) = e P [)(R)). (2.16)

Before we continue, let us define a smooth gauge as a choice of gauge that ensures that the
R-derivative of a state, Vg [#/(R)) is always well-defined — that is, «(R) does not change
discontinuously. In general, it is not always possible to pick a gauge that is globally smooth over
all of R, however it is always possible to pick a locally smooth gauge around the neighbourhood
of a given point in R.

In analogy to the relative phase in the previous section, let us quantify phase between a state at
R and a state that is infinitesimally displaced from it, at R + dR,

T LRI 247
Taking the limit of small dR we can express |[()(R 4 dR)) to first order in dR as
(R +dR)) = |[¢(R)) + dR - Ve [{(R)) . (2.18)
Which means that
(W(R)[P(R+dR)) =1+ (¥(R)|Vr|¢(R)) - dR. (2.19)
Now, noticing that (¢»(R)|Vr|¥(R)) is pure imaginary, we can show that
Ay = A -dR, (2.20)

AR) =i (¥(R)[Vr[¢(R)). (2.21)
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Figure 2.2: An example of a non-smooth gauge transformation designed to change the value of
the Berry phase around the path C — marked with a dashed line — by an addition of 27. Only a
small region of R-space is shown, with the local phase applied shown by the colourmap.

The quantity multiplying dR is the Berry connection A(R). Like the relative phase in the
previous section, it is not a gauge-invariant quantity. Under a gauge transformation it changes
according to

A(R) = A(R) — Vga(R) (2.22)

Now let us suppose that we slowly transform our Hamiltonian around some closed path C in
R-space and keep track of the phase picked up by a given state.! In analogy with Eqn. 2.11, the
Berry connection allows us to calculate the total phase accumulated over this route, according
to

wQ:ﬁAdR (2.23)

The exponential of the phase e ¥ around the loop is gauge invariant, one can see this
intuitively by realising that it is identical to the Berry phase from the discrete case, but in the
limit where the discrete steps become arbitrarily close together. However, the Berry phase v(C)
itself is not strictly gauge invariant, since one can introduce a gauge transformation that creates
a branch cut around the path C. After traversing the whole path, the state at the end of the
loop would have picked up a total phase 27, meaning that under a gauge transformation we can
change the Berry phase according to

¥(C) = ~v(C) + 2mn for n € Z. (2.24)

An example of such a gauge transformation is shown in Fig. 2.2

n [25], Berry originally proposed this transformation as an adiabatic process, where we modify the
Hamiltonian extremely slowly, and many sources (e.g. [79]) propose the Berry phase in that framework. In that
case, one has to do a little extra work to keep track of the energy-dependent phase that a state picks up ~ e~
alongside the topological phase determined by A. Here we shall neglect this, only considering the instantaneous
eigenstates at different values of R. For a thorough explanation, see [80].
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2.1.2.1 Berry Curvature

Let us now define a quantity equivalent to the Berry flux from the previous discussion. Starting
with Eqn. 2.23, we use Stokes’ theorem to transform it into a surface integral over a surface S
bounded by the curve C. We will consider the case for a two and three-dimensional parameter
space R, but of course this argument generalises to arbitrary dimensions.

In 2D: ~(C) = /S PR (9,A,(R) — 9, A,(R)). (2.25)
In 3D: v(C) = /st -(Vr x A(R)), (2.26)
where we use the shorthand 9, = %. Thus, we may define the Berry curvatures,
QR) =0,4,(k) — 0,4, (R) (2.27)
Q(R) =Vr x A(R). (2.28)

Two Useful Ways to Re-express the Berry Curvature — Now let us focus only on the 2D
case and reformulate this expression in two different ways.

1. The first way finds the curvature in terms of the rate of change of the Hamiltonian
only. Writing this quantity out explicitly in terms of the states |)(R)), we arrive at

Q(R) = i (3,0(R)|9,0(R)) + h.c. (2.29)

We can insert a resolution of the identity 1 =) |1,)(¢,| to obtain

QR) =i Y (Duthlthn) (¥nldy) + hoc. (2.30)
YnFY
Using the identity,
|0 H
(Gl = PO o 2, (2.31)

n

we can re-express the Berry curvature in the form

QR) =i 3 WOl (Wil0, 1Y)

(€ =€)

+ hec. (2.32)
PnFY

2. Note that the definition provided for the Berry curvature (Eqn. 2.29) is only well-
defined across R when the state remains fully gapped. That is, no other states ever
have the same energy as |[¢)(R)). When another state’s energy crosses that of |¢), the
individual states become ill-defined and so it becomes challenging to write down a
natural derivative for the states. With this in mind, let us consider re-expressing the
Berry curvature in terms of the single state projector 1) = |) (W),

i (0,|0,0) + h.c. = iTr [@Lax@f) ayzﬁ] + h.c. (2.33)
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For a single state, this is identical to the regular Berry curvature, however the utility
of this expression becomes evident when we construct it for a projector onto a set of
states P = ). 1.nq |¥i) (], Since OP is still well-defined when the states in P are
degenerate, we can write an expression for the combined Berry curvature of a set of
states that can handle degeneracy (provided no states outside P become degenerate
with P).

Qp = iTr [P9,P,P] + h.c. (2.34)

This calculation has one important caveat. It is only possible to apply Stokes’ theorem when
A is smooth over the region R. This means that we need to have already picked a smooth
gauge in the region we are integrating over to have a guarantee that Eqns. 2.25 and 2.26 hold.
If we transform to a non-smooth gauge then it is possible that the Berry phase will change
by a multiple of 27, however the Berry curvature is truly gauge invariant. This can be seen
from Eqn. 2.32, where the Berry curvature is defined without the differentiation of states, so is
invariant under even a non-smooth gauge transformation. Thus in general we only have the
guarantee that

e €)= pls PRAR), (2.35)

2.1.2.2 Chern Number

As in §2.1.1.2, we make the assertion that the manifold parametrised R is closed, generally one
is working on the torus. The Chern number can then be defined as the integral of the Berry
curvature across the whole manifold,

Q= i/d?R Q. (2.36)
2m
As in the discrete case, the Chern number is restricted to only take integer values. The argument
follows the same lines as previously, where we can use our modified form of Stokes’ theorem
(Egn. 2.35). Since the manifold is close, it has no boundary, so the flux integral equivalent to
the Berry phase around a loop enclosing no area, implying that

e/ HRUR) — 1 — QeZ (2.37)

2.1.3 An Example — The Two-Level System

Let us illustrate these concepts with the example of a two-state system. Our first step is to
parametrise the possible Hamiltonians in such a system using a vector d. We will then solve this
Hamiltonian for the positive and negative energy eigenstates. This allows us to look at how the
eigenstates change as we smoothly deform the Hamiltonian, exploring the parameter space. By
examining how the eigenstates of H depend on d, we can calculate the Berry curvature of the
positive and negative energy states. We then connect this with our understanding of the Bloch
states in a periodic quantum system. We discuss how the bulk Hamiltonian of a periodic system
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corresponds to the embedding of a closed surface in d-space and describe how to calculate the
Chern number of the bands in such a system.

The Hilbert space of a two-level system is given by rays in C?. Any Hamiltonian acting on this
space must be a 2 x 2 Hermitian matrix, which we parametrise in terms of a Pauli vector d,

H=d-6=dyo, (2.38)

where the ¢! are the Pauli matrices. This gives us a complete basis for 2 x 2 traceless Hermitian
matrices. Of course, we could include a multiple of the identity to span the full space of
Hermitian matrices, however this would have no effect on the topology, and shall be omitted.

The set of traceless Hamiltonians is thus a manifold in itself, { H} = R3, since d € R3. Here we
shall restrict to gapped Hamiltonians, so d = 0 is forbidden, leaving {H} = R3\0. The first
thing we will do is to express the vector d in spherical polar coordinates,

B cos(f) e “?sinf
H =d| (ei‘z’ sinf — cos(@)) (2.39)

This matrix has H? = |d|*1, so its eigenvalues are +|d|, with eigenvectors

e~1/2 cos(6 —e~ /2 gin (0
[+a) = ( ei®/2 3111((9//22))) e = ( ei?/2 008(0(/2/)2)) : (2.40)

We have thus arrived at a set of states, |£q) that depend on the parameter d, meaning we can
apply the techniques of the last section. From Eqns. 2.21 and 2.26 we know that the Berry
connection and Berry curvature of the |£) states are given by

Ai(d) =1 (+4|Val|£a) (2.41)
Q*(d) = Vg A AE(d). (2.42)

Using this equation it is possible to directly calculate the Berry curvature, arriving at the
following expression:

QF =+—5 (2.43)

where nq is a unit vector pointing parallel to d.

This Berry curvature is equivalent to a monopole field radiating out from the origin in d-space,
in analogy with electrostatics. Thus, the Berry phase of the |+4) state around some path in
d-space is given by

7H(O) = j[AJ“(d) - dd. (2.44)
c
Re-expressing this in terms of the Berry curvature gives us
H(O) = / Q*(d) - ds, (2.45)
R

where the integral is over a region R that has the curve C as its boundary. Since the Berry
curvature is just a monopole field with charge %, this integral ends up evaluating half the solid
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angle subtended by the curve C.

2.1.3.1 Chern Number

Now we can connect this with our understanding of Bloch states. For a two-dimensional
translationally symmetric system, the Hamiltonian can be diagonalised according to

H=> k) k|l Hk). (2.46)

If the unit cell contains two sites, then H (k) is a 2 x 2 matrix that depends on k. We can write
it in terms of a d vector that depends on k.

H(k) = d(k) - 0. (2.47)

Here, k lives on the surface of a torus, since k, and k, are periodic. Furthermore, d (and by
extension H) live in the space R*\0. Thus, d(k) is a map of the form

d:S'x St = RN0. (2.48)

The map is an embedding of a two-dimensional surface (the torus) into three-dimensional flat
space (R?). The only constraint placed on this map is that it must remain smooth, however the
embedded torus can take any shape.

To calculate the Berry phase around a loop in k-space, all we have to do is look at the
corresponding loop in d-space. Then we integrate the Berry connection over some surface that
has this loop as its boundary. Since the Berry curvature has the form of a monopole flux, we
can simplify further — one must simply find the solid angle subtended by the curve around the
origin and divide it by two.

ky -

What about the Chern number? This is found by the integrating the Berry curvature across
the whole surface of the torus in d-space. If the embedding of the torus does not contain the
origin, then the value of this integral is necessarily zero. Now suppose the torus is embedded
such that it contains the origin, then we will have a surface that catches all the Berry flux on
its inside and the solid angle subtended is 47. Thus, the Chern number is +1. Similarly, for an
embedding that wraps the torus twice around the origin, the subtended flux will correspond
to twice the charge of the monopole, leading to a Chern number of +2. Thus, we see that the
Chern number in this context must be quantised, and can often be read directly from the form
of d(k) by asking how many times this embedding of the torus wraps the origin.
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2.1.4 Final Notes

We close this section with an explanation of the consequences of Chern number in topological
insulators.

2.1.4.1 Smoothly Deforming the Hamiltonian

Consider a pair of quantum systems in the same Hilbert space, described by Hamiltonians H,
and H, which are both gapped at the Fermi level. We might ask: Is it possible to smoothly
deform H, into Hy without crossing a point where the gap at the Fermi level closes?

The answer is that it is only possible if the sum of the Chern numbers of the occupied bands
of H 1 and f[z are the same. This is because the total Chern number of the occupied bands is
restricted to only take integer values — it cannot smoothly change as we deform the Hamiltonian.
For the total Chern number to change, we must somewhere cross a point where it is impossible
to define a Chern number at all, allowing it to jump discontinuously when we leave that point.
This is precisely what happens when the gap at the Fermi level closes. At this point, the
occupied bands can no longer be defined as a smooth object in momentum space, since there
must be a discontinuity at the band touching point.

We can illustrate this with the example in §2.1.3. Smoothly deforming the Hamiltonian amounts
to changing the shape of the torus embedded in d-space. If any point on the surface of the
torus touches the origin, a pair of zero-energy states must appear — the gap has closed, and the
system is conductive. If the band has a Chern number of 41, this means that the torus contains
the origin. In order to smoothly deform this into a system with zero Chern number, we would
need to move the torus such that the origin was now outside. At some point in this deformation
the torus surface will have to pass through the origin, creating a conducting Hamiltonian at
that point.

Thus, we can classify all Hamiltonians according to the Chern number of their bands. It is always
impossible to smoothly deform a Hamiltonian into one with a different Chern number while
remaining insulating. Similarly, it is always possible to smoothly deform two Hamiltonians into
one another without closing a gap, provided that their bands have identical Chern numbers? [27].

2.1.4.2 The Bulk-Boundary Correspondence

The argument presented above allows us to make a rough justification for why conducting edge
states must appear wherever we have a material with nonzero Chern number. Suppose we
have a large system where the Hamiltonian is allowed to vary slowly over space, defined by
H (r). In one region this Hamiltonian locally has non-zero Chern number, ]:[topologmal, but in a
different distant region it locally has zero Chern number, Htr1v1al We expect that between these
regions the Hamiltonian must be gradually transforming between Htopologlcal and Htmlal As we
have seen, it is impossible for our Hamiltonian to make this transformation without passing
through a conducting region somewhere along the way — edge states must appear! Exploiting

2A simple justification for this comes from band flattening. Any Hamiltonian can be smoothly band flattened,
where all the states in each band are set to the same energy. Furthermore, for a given set of Chern numbers, all
band flattened Hamiltonians (with the same dimensionality) are equivalent. Thus, any two Hamiltonians with
identical Chern numbers can be transformed into one another by using the common band flattened Hamiltonian
as an intermediate step.
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d 050 -0.75
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x 106100

Figure 2.3: The embedding of the Brillouin zone in d-space for the QWZ model. This is shown
in four progressive cutaways to ensure the internal structure can be seen. In all four images k,
spans the interval [0, 27), however in (a) k, spans [0, %), in (b) k, spans [0,7), in (c) k, spans
0,27), and in (d) k, spans [0, 27).

this intuition, one might view the vacuum as having zero Chern number. Thus, we would expect
that if a material with non-zero Chern number transforms over space into the vacuum — that
is, it has a boundary — then conductive states must appear at the boundary. This property of
Chern insulators is called the bulk-boundary correspondence [85-87].

2.1.4.3 Chern Number and Globally Smooth Gauges

Carefully considering the gauge used in Eqn. 2.40, one might notice that there is a discontinuity
at ¢ = m where ¢ suddenly jumps as you cross over to ¢ = —m. This is no oversight, it is
completely impossible to define a globally smooth set of states |i)(d)) for any band that has
nonzero Chern number. This is because if |¢)(d)) were continuous everywhere, then the Berry
connection would also have to be continuous everywhere. Thus, we could invoke Stokes’ theorem
in Eqn. 2.36, showing that the Chern number must vanish since the integral is over the whole
(closed) manifold. A nonzero Chern number thus relies on there being points where Stokes’
theorem cannot be used. In this sense, the Chern number can be regarded as a measure of the
amount of discontinuity that must be present regardless of the gauge you choose for the space.

2.2 The Qi-Wu-Zhang Model

Let us introduce the Qi-Wu-Zhang (QWZ) model as a paradigmatic example of a two-dimensional
topological insulator with nearest-neighbour interactions [83]. We work on a square lattice of
unit cells indexed by a two-dimensional lattice vector m, where each cell contains two sites.
The QWZ model is defined by three terms, a hopping between unit cells in the z-direction, a
hopping in the y-direction, and a staggered on-site potential whose strength is determined by a
parameter u.
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ﬁ:Z\m+1x>(m|®@+h.c.

0, + 10y

5 + h.c.

+) [m+1,) (m[®

+Y |m) (m| @ u o, (2.49)

where 1, and 1, represent the unit displacement in their respective directions,

() - (9) 250

Using Bloch’s theorem, we can find the bulk Hamiltonian,

sin k,,
Hk) = sin k, - o. (2.51)
u + cos ky + cos k

Here, k, and k, determine our position in the Brillouin zone. As explained in §2.1.3, this
represents the embedding of a torus in d-space, shown in Fig. 2.3.

The u-parameter has the effect of translating the torus by a fixed amount in the z-direction.
From this we can see that the QWZ model only has non-zero Chern number for values of u
between —2 and 2. Translating the torus by any more will move the origin completely outside.
Thus, the Chern number is

-1 : =2<u<0,
Q=<1 : 0<u<2, (2.52)
0 : otherwise,
not including the points at u = —2, 0 and 2, at which the Chern number is undefined because

the band gap closes, and the material becomes conducting. Some example band structures for
varying values of u are shown in Fig. 2.4.

2.2.1 Strip Geometry and Edge Modes

According to the bulk-boundary correspondence, whenever the Chern number C is nonzero,
the QWZ model must have gapless edge modes appearing. To provide an example, here we
construct the model on strip geometry and provide an analytical expression for the edge modes.

We shall require that the system is periodic and uniform in the y-direction, but is allowed to be
non-uniform and have open boundaries in the x-direction. To allow u to vary in the z-direction,
we add a subscript to indicate position-dependence, © — u,,, . We can apply Bloch’s theorem in
the y-direction only, and the eigenstates take the following form,

¥) = |ky) © oy, ), (2.53)

where |k,) is a plane wave in the y direction and |vy,) is a 2 x L, element vector. The v-states
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Figure 2.4: Four examples of the band structure of the QWZ model are shown, for varying u
values between 0 and 2.5. At u = 0 and 2, the bands touch and Chern number is undefined. At
u=1,C=+1,and at u=2.5,C =0.

are solutions of the semi-bulk Hamiltonian

0, + 10,

H(ky) = |m, +1) (m,| ® ——— the
+ Z |my) (my| @ [(Um, + cosk,y) o, +sink, o). (2.54)

We have effectively reduced our system from a lattice of sites in x and y, to a set of chain
models in z, that are each labelled by a value of k,. The band structure for this system in both
periodic boundaries and strip geometry is shown in Fig. 2.5. Note that edge states are only
present for certain values of k,, which can be seen in figure 2.5, where the edge states peel away
from the bulk in a region around &, = 7.

The strip Hamiltonian can be solved by proposing modes that decay exponentially away from
the boundary. Thus, a left-edge state has the form

Ly
WD) = V1= gt m (%) (2.55)
where
& = —u—cosk,. (2.56)
This state has energy
E, = —sink,. (2.57)

Similarly, the right edge state is determined by

Ly
) = Vi@ rim e () (2.58)
m=1

& = —u—cosk (2.59)
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Periodic Boundaries Open Boundaries

Figure 2.5: An example band structure for a QWZ model with u = 1.3 and L, = 30. States
are coloured according to their inverse participation ratio, indicating their relative degree of
localisation. (Left) The example for periodic boundary conditions, showing two well-separated
bands. (Right) The case for open boundary conditions. Two edge states are shown leaving the
bulk and crossing the gap, with the descending state being a left edge state, and the ascending
state being a right edge state.

E, =sink. (2.60)
These edge states are only valid solutions for k, in the region
—1 <u+cosk, <1 (2.61)

These limits can be seen in Fig. 2.5, where the edge states peel away from the bands to cross
the energy gap. These expressions are only strictly valid in the limit of a large system. Since
we have made the assumption the edge states can be calculated by taking into consideration
only one edge and ignoring the effect of the other. The edge states decay exponentially through
the system, so we are relying on the assumption that the edge state has effectively decayed to
nothing before reaching the other side. When this condition is relaxed the edge states are able
to couple to one another. This has two effects, the first being that at the crossing of edge states,
our energy eigenstates become positive and negative superposition states of both edge states.
The other is that the left state coupling to the right state shifts their energy levels producing an
avoided crossing such that no states cross £ = 0.

2.2.2 The Amorphous QWZ Model

We now look at extending the QWZ model beyond a grid to arbitrary amorphous lattices. This
is done by defining a smooth continuation of the QWZ model to allow for edges that can point
in an arbitrary direction. Given an arbitrary lattice, we first require that every vertex hosts two
states, and the on-site energy term containing uo, is identical as in Eqn. 2.49. To construct an
amorphous equivalent of the hopping terms, let us first look at the hopping in the QWZ model
more carefully. We have two hopping matrices, one that hops a state in the z-direction, h,, and
one that hops in the y-direction, h,,.

o.+io, 1 (1 i
hz_T_§<i 1) (2.62)



2.2. The Qi-Wu-Zhang Model 39

Figure 2.6: The Bloch sphere, showing the positions of the eigenstates of the three Pauli matrices.
The action of the hopping matrices is shown in red, where the h, and h, operators act as
creation operators on the y and x bases respectively. The action of our arbitrary angle hopping
operator is shown in blue, acting as a creation operator between a pair of orthogonal states that
lie on the x-y plane.

_o.tio, 1,1 1
hy_T_§(_1 1). (2.63)

These operators can be viewed as creation operators on different bases, h, acts on the basis of
oy, and h, acts on the basis of o,. Viewed in the Bloch sphere, these operators hop the state
across the sphere in the x or y direction.

In our amorphous lattice, hopping operators can act across an edge connecting two sites that
points in an arbitrary direction. Thus, rather than trying to assign edges with h, or h, operators,
let us define an arbitrary-angle hopping matrix hg, that hops in a direction 6 over the z-y plane
of the Bloch sphere,

ho = |+o) (—ol (2.64)
it
_ % (;0 ‘ ) | (2.65)

Thus, the Hamiltonian we use for the amorphous system is given by

H=>|r;) (r;| ®hg,, + hoc.

7 (2.66)
+ Z Ir;) (ri| ® wio”,

where 0; ; is the angle between the edge connecting r; and r; and the z axis.
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As before, the parameter u controls whether the system is in a topological or trivial state. The
exact dependence of the system on u depends strongly on the lattice geometry, however there is
generally a region around which the system has nonzero topological character. In the absence
of a momentum-space description, the system’s topological character can be seen indirectly
by comparing the spectrum in open and periodic boundary conditions. Generally one expects
the presence of a gap in periodic boundaries that becomes populated with edge modes in open
boundaries. Two examples are shown in Fig. 2.7.
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Figure 2.7: Plots showing the spectra of the amorphous QWZ model for two different example
lattices. States are coloured according to their inverse participation ratio. (a) A trivalent lattice
generated from a Voronoi decomposition of a set of random points, followed by five iterations
of LLoyd’s algorithm (detailed in Appendix A) to regularise bond lengths. (b) The spectrum
of the QWZ model on the voronised lattice as a function of u. Several gaps are present at
different values of u and E. (c) The spectrum of the same model as (b), but in open boundary
conditions. Here we can see that all gaps for u € [—1.5,1] are now filled with edge modes,
indicating that the system is in a topological phase. (d) An example of a lattice forming a
Delaunay triangulation, constructed as the dual of the lattice in (a). (e) The spectrum of the
QWZ model on the Delaunay lattice as a function of u showing one single large gapped region.
(f) The spectrum of the same model as (e), but in open boundary conditions. Here we can
see that the gaps is now filled with edge modes, again indicating that here the system is in a
topological phase. The colouring of each plot is determined by the IPR of the states, given by

IPR =32, | (=) |*.



Chapter 3

Local Chern Markers

The concepts outlined in Chapter 2 — Berry phase, curvature and Chern number — were first
proposed in the 1980s to explain the newly discovered quantum Hall effect [16, 18], where
they provided the mathematical underpinning for the TKNN invariant that defines the Hall
conductance [23, 25]. In the decades since, the Chern number has been one of the central tools for
classifying condensed matter systems beyond the Landau symmetry-breaking framework [86-89].
They have found use in describing ocean waves [90] coupled mechanical systems [91-93], as well
as providing the foundations for the modern theory of polarisation [80, 94, 95].

One of the defining characteristics of quantum Hall physics is the robustness of the edge states
and Hall conductance to impurities in the sample, where — as discussed in the introduction —
a certain amount of disorder is even required to stabilise the quantised conductivity [21, 96].
Despite this, our definition of the Chern number cannot be calculated in a disordered material.
In order to calculate the Berry curvature — and thus the Chern number — we must work in
momentum space. If a material lacks translational symmetry, it is not possible to apply Bloch’s
theorem, crystal momentum is not a good quantum number, and we simply have no concept of
momentum space. Disorder-resistant methods exist [97, 98], however they compute a global
Chern number, and cannot capture the local properties of materials with compound structure.
This tension, that our tools for describing disorder-resistant physics are themselves undermined
by disorder, suggests that our mathematical framework is incomplete.

One potential solution to this problem is the development of real space methods for calculating
the Chern number. These attempt to translate the Chern number into a mathematical language
that is resolved in real space, ensuring it is well-defined when the system has no translational
symmetry. There are a litany of proposals, such as the Bott Index [99-102], the Chern marker [33,
103], Kitaev’s Chern marker [30, 93, 104], the localizer index [32] and most recently structural
spillage [105]. In all of these cases, the aim is to re-express the definition of Chern number in
terms of a set of real-space local operators, and thus does not rely on the notion of momentum
space to make sense. Such a quantity should be equivalent to the Chern number when calculated
in a translationally symmetric context; however would still be well-defined in cases where these
conditions have been relaxed, and the notion of k-space is gone. These quantities afford the
researcher tools with which to comment on the topological characteristics of materials that had
previously been out of reach, such as amorphous crystals [106], quasi-periodic lattices [107],
systems out of equilibrium [100, 108-110] and even strongly interacting systems [31].

In this chapter we present three such markers, and discuss the use and merits of each, as well as
showing how they are related to one another. We start in §3.1 with an explanation of the Bott

42
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index. This is the most intuitive of the markers, since it can be understood as a restatement
of the Chern number as defined in Eqn. 2.15, using real-space operators to effect momentum
translations. Following this, we show how the Bott index in a large system can be approximated
by the Chern marker. We show several examples of these markers calculated for an amorphous
QWZ model and discuss the limitations in interpreting their local value as a truly topological
quantity.

In §3.2 we introduce Kitaev’s proposal for a local Chern number, which predates both the Bott
and Chern markers. We show how the marker evaluates the Chern number in a translationally
symmetric, infinite system and show how the Chern marker can be understood as an averaged
Kitaev marker. Finally, in §3.3 we present a physical interpretation of Kitaev’s marker, showing
how the marker may be constructed as a physical observable. Using a Kubo-like formalism [24],
we show that the marker can be interpreted as a localised version of the Hall conductivity.

3.1 The Bott and Chern Markers

Let us start with the Bott index, initially proposed by Hastings and Loring [101, 111]. This
marker is most naturally suited to systems in periodic boundary conditions. This section is as
follows: We derive the exact form of the Bott index, showing that it is exactly equal to Chern
number in a periodic, translationally symmetric system. In §3.1.1 we show how the Chern
marker [33] (also given by Kitaev in Eqn. 3.64) can be understood as the Bott index in the
large-system limit.

We will work with a lattice model, where unit cells are indexed by a vector of the form (m,, m,).
The lattice has size (L,, L,), and we have set periodic boundary conditions. Sites are indexed
by

jma) = jm) @ |a), (3.1)

where m is a vector labelling the unit cell and « selects a site within the unit cell. We shall use
a Hamiltonian that has translational symmetry, so we may apply Bloch’s theorem to obtain the
form of the energy eigenstates,

H=> k) (k& H(k) (3.2)

|¢k,n> = ‘k> ® ’uk,n> ) (3'3)

where |uy ) are the eigenstates of H (k) and the momentum states are defined as in Eqn. 2.3.
We assume that the system has a total of n bands, so n € {1,...,n}. Henceforth, we will assume
that only the n'" band is occupied, so we can construct a projector onto the occupied subspace,
P, and its complement, ().

P =" [txn) (Vunl (3.4)
Q=Y |tm) (Vrml- (3.5)

k, m#n
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We also introduce a pair of operators e?+* and e*+¥, with
0p = —, 0y = —. (3.6)

In order to understand the effect of these operators, we consider their effect on the plane wave
states

1

\/m Z eizizxeim-k ‘m> (37)
1

—= 20 Im) (3.8)
x vy

=lk+46,), (3.9)

eiézx |k> —

with a similar expression for e*+¥. Here the symbols d, and 0, represents a vector translation

in k-space,
O (0
= ()5, (%), a0

Thus, these operators effect a translation in k space by the minimum step in the reciprocal
lattice. Now let’s look at the effect of these operators on the projector P,

e Pem 0 = N " e k) (K| e @ |uge) (el (3.11)
k

= [k +8,) (k+ 80| @ [ten) (el (3.12)
k

= Z |k> <k| ® |uk—5z,n> <uk—51,n| ; (313)
k

where the last line follows from a redefinition of k. For the sake of clarity later on, we will
re-express the density operator |uk,) (ux | in the following form

‘uk,n> <uk,n| = Uk,n, (314)

so we get

%" Pem =3 " |k) (K| ® s, - (3.15)
k

Now we have enough tools to introduce the definition of the Bott index!
N tyt
B(r) = —2—<3Trr log [UVU'VT+ Q] . (3.16)
T

Here N denotes the total number of unit cells in the system, Tr, is a local trace over the unit
cell at position r, and the log is the matrix logarithm. The operators U and V are given by

U = Pe*P, (3.17)
V = PP, (3.18)
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To make sense of this expression, let us focus on the UVUTVT part only, writing this out
explicitly gives us

UVUTVT = Pel® Peidvy pe=ia® pe=idvy p (3.19)

We now add in identities of the form e*+%e~"% and regroup the equation, taking advantage of
the fact that x and y commute,

UVUWT = P [ei" pemit=r] [¢i0ei«t pe=iuye=i0ut] [oiduy pe=iuy] p, (3.20)
Using Eqn. 3.15 we can now rewrite this in terms of Bloch states to get

UVUTVT = " [K) (K| @ thnUic—s, 6,6, k5, 0 Ulcn- (3.21)
k

Since the first and last u density operator in this expression are identical, we can rewrite this in
terms of a trace to get

Uvutyt = Z|k (k| @ |uien) (tien| - Tr [ ntii—s, nlli—5,—8, nUk—5,n) - (3.22)
k

If we compare this to the definition of Berry flux (Eqn. 2.12), we see that we have exactly
constructed an inner product of a loop of adjacent states on the Brillouin zone, and this reduces
to

uvutvt = Z k) (k| ® |ukn) (Uien| - rice”Fhda=sy (3.23)
where 7y is just some real number that we don’t care about, arising from adjacent u states not

having a perfect overlap. Since we are aiming to get a sum of Fy over the whole Brillouin zone,
let us take the logarithm of this matrix

log [UVUTVT+ Q] = k) (k| ® |uien) (uien| (log(ric) — iFu—s,—s,) ; (3.24)
k

where we have added the projector onto the unoccupied subspace to ensure it does not diverge.
Finally, let us select some arbitrary unit cell in our system at position r and take a local trace,

Tr, log [UVUTVT + Q] = Z | (rfk) [* (e |tsen) (log(ri) — iFics,-3,) - (3.25)
K

We can show that | (r|k) |* = & and (uk,|uk,) = 1. All that is left to do is take the imaginary
part,

ST, log [UVUTVT + Q] = Z —Fi 5,8, (3.26)

Now, redefining k and adding back in the factor of —% gives us

N
— 59T, log [UVUiVi+ Q. = — Z Fy. (3.27)
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By comparing with Eqn. 2.15, we can see that we have arrived at an expression for the Chern
number!

N
Q= —2—%Trr log [UVUVT 4+ Q] . (3.28)
T

Thus, we have shown that in the case of a translationally symmetric system with periodic
boundaries, the Bott index evaluated at any point in our material always exactly calculates the
Chern number.

3.1.1 The Chern Marker

Most sources cite [33] for the invention of the Chern marker, however as we shall see in §3.2,
the Chern marker is a relatively trivial restatement of Kitaev’s marker. Here we will derive
the Chern marker by showing that it can be obtained from the Bott index in the limit of large
system size.

Our starting point is the expression for Bott index, Eqn. 3.16, which we rewrite using the
following shorthand

P, = =¥ peidat, (3.29)
P, = 'Y Pev, (3.30)
sz — eiézx+iéyypefi6zx7'i§yy. (331)

Thus, the Bott index can be written as
N

B(r) = —Q—ImTrr log [PP,P,,P,P + Q)] . (3.32)
™

Now let us expand the translated projectors in ¢,

P, = P +i6,[x, P] (3.33)
P, = P +i6,[y, P (3.34)
Py, = P +i,[z, P] + i8]y, P]. (3.35)

Thus, the term in the trace can be expanded up to second order as
PP,P,,P,P+ Q =1 — 25,6,P[z, P][y, P|P + ... + O(&*), (3.36)

where we have used the identity P[P, O]P = 0 for any O, and ‘...” represents two Hermitian
terms of order 2 and 55, which vanish when the imaginary part of the trace is taken. Now let
us use the identity log(1 + x) ~ x to express the expanded Bott index as

B(r) = —%Tm (P[z, P]ly, P]P) — h.c. + O(&%). (3.37)

Now, writing explicitly the form of d, and expanding out the commutators one arrives at
B(r) — C(r) = —2miTr [PxP, PyP], (3.38)

which is precisely the expression for the Chern marker [33].
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A Quick Note on Periodic Boundaries — As we shall see in the following examples, the
Chern marker is ill-suited to periodic boundaries. This is because the position operators x
and y have discontinuities at the system boundaries. However, Eqn. 3.37 hints at the correct
way to modify the Chern marker to be well-behaved in PBC. This can be done by noticing
that the commutators [z, P] and [y, P] effectively calculate a displacement. Expressing P in
the position basis, P =3, Pjy, |z;) (7| these commutators may be written as,

Z i — o) |25) (| (3.39)

with a similar expression for [y, P]. If z; and x) are on opposite sides of the ‘stitch’ in
the boundary conditions, where z is discontinuous then this displacement will be incorrect.
Thus, we may fix this by ensuring that the displacements are always calculated using the
shortest distances in period boundary conditions.

[LZ' PPB — Z kAQJ]k‘ |xj <xk’ (340)

where A, ;i is the shortest displacement from point j to point & in PBC. Of course this will
only work when P is short-ranged compared to the system size, since this argument only
makes sense when we are finding the displacement between two points that are relatively
close to one another, ensuring that the shortest path from ¢ to j is obvious. In general, this
is true in any region where the system is locally gapped, which we discuss further in §3.2
[112].

Thus, a version of the Chern marker that is well-behaved in PBC is given by

CPB(I') = —27TTI'r (P[iU,P]PB[y,p]pBP) — h.c. (341)

3.1.2 Some Examples

Let us finish this section by illustrating a few examples of Bott and Chern markers for an
amorphous QWZ model, shown in Fig. 3.1. In each case we calculate the marker for the same
Hamiltonian — corresponding to the model with internal parameter v = —0.5 — around the
centre of the topological gap seen in Fig. 2.7b. Both the Bott index and the Chern markers have
average bulk values of +1, verifying that this model does indeed have a nonzero topological
invariant.

In all the examples shown, the Bott index, Chern marker and periodic Chern marker have
an average bulk value that corresponds to the Chern number, although there are substantial
deviations around this average, which we discuss in the next subsection. Additionally, both
markers display unexpected behaviour around the boundaries of the system. In the case of the
Bott index, the local value around the edges of the material must be ignored, where the presence
of edge modes leads to sharp positive and negative peaks. Considering the Chern marker, edge
effects appear in both periodic and open boundaries, where in both cases the global sum of the
Chern marker, being the trace of a commutator in a finite system, must vanish. In periodic
boundaries the origin of this discontinuity of obvious, the x and y operators are not periodic,
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Figure 3.1: Bott index and Chern markers calculated for an example amorphous QWZ model
with u = —0.5. (a) The Bott index calculated in periodic boundary conditions (PBC). (b) The
Bott index calculated in open boundary conditions (OBC). Here we see sharp drops on some
edges and a large spike localised on two edges, and in the bulk an identical profile as in subplot
(a). (c) The Chern marker calculated according to Eqn. 3.38 in PBC. The bulk variation in the
marker is barely visible due to the large discontinuities at the boundaries of the material, where
the = and y operators are discontinuous. (d) The modified periodic Chern marker calculated
according to Eqn. 3.41 in PBC. Here the boundary discontinuities vanish, and the marker is
almost identical to the Bott index in subplot (a). (e) The Chern marker calculated according
to Eqn. 3.38 in OBC. Here the marker must sum to zero, which leads to the presence of sharp
drops at the boundaries, counteracting the positive bulk value.
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Figure 3.2: The effect of a lattice-only distortion on the Chern marker of a translationally
uniform QWZ model in PBC with v = 0.5 — a system with Chern number Q = +1. (a) A lattice
distortion is applied to the system, where individual sites are translated according to a Gaussian
function of their position. (b) The Chern number is calculated using an identical Hamiltonian
and projector to the undistorted, with spatial positions shifted by the lattice distortion. Where
the inter-site distances have been stretched, the Chern marker is larger than the exactly known
Chern number, appearing to indicate a region of Chern number Q = +2. Equally, where the
lattice is compressed the Chern marker is reduced, appearing to show Q = 0.

and have large discontinuities at the boundaries, so the marker could not be expected to be
smooth at these points. Although we note that, using the ‘periodic Chern marker’ described in
Eqn. 3.41, these discontinuities can be removed, providing a marker that is almost identical to
the Bott index, but with the added advantage of being much less computationally expensive,
since the Chern marker avoids the need for a matrix logarithm. Finally, we see that in open
boundaries the Chern marker has sharp drops at the boundaries of the system which ensure
that the sum over the whole system vanishes.

3.1.2.1 Are These Markers Purely Topological?

Careful inspection of the examples shown in Fig. 3.1 will reveal a peculiar structure to the
deviations of the Bott and Chern markers around their bulk average (the Chern number, +1).
In some regions the marker appears to indicate a Chern number of +2 and in other regions
it seems to show Q = 0. Thus, one might conclude that the material has a deeply complex
topological structure, where pockets of different Chern numbers appear scattered throughout.
This would be a mistake however, which can be seen by considering the geometry of the
amorphous lattice. Areas where the marker is larger tend to correspond to regions where the
plaquettes are larger and the sites are spaced further apart. Equally, dips in the value correspond
to regions where the vertices are closer together. Thus, uneven spacing between vertices has
the effect of overestimating the Chern number when vertices are further apart (so Az appears
larger between sites) and underestimating it when vertices are closer together (so Ax appears
smaller between sites).

In order to illustrate this, let us consider a translationally symmetric QWZ model constructed
on a square lattice with uniform u = 0.5. Here we expect that the Bott index or periodic Chern
marker will be precisely 41 throughout the system. Let us consider distorting the lattice as
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Figure 3.3: Diagram showing the partition of the plane into three regions labelled with A, B and
C. An example of h;j; is depicted with red dots, where arrows indicate the positive direction.

shown in Fig. 3.2a while keeping the Hamiltonian (and thus the projector P) invariant. Since
the properties of the state itself have not changed under such a transformation, one expects
the topological properties of the system to remain invariant. However, calculating the local
Chern marker, as shown in Fig. 3.2b, we find the value substantially inflated at points where
the lattice has expanded, and vice versa at points of contraction. Thus, we see that these local
markers do not solely capture the topological properties of the occupied band, but also depend
on the details of the lattice embedding on the plane. Of course, averaging over a sufficiently
large area one can always recover a close to quantised value. However, if we accept that such
markers can only be interpreted by considering an average over a large region of the bulk then
how can they be considered local? In the next section we shall present an alternative, where the
Chern number is calculated around a single point in the bulk of the material, and the locality of
the marker can be explicitly seen from the spatial distribution of the marker value around that
point.

3.2 Kitaev’s Local Marker

The majority of accounts of local markers tend to focus on the development of the Bott index
and the Chern marker. However, the first construction of a real-space Chern number can (along
with the rest of modern physics) be found in the appendices of a seminal work by Kitaev [30].
Thus, we shall start our discussion with an explanation of Kitaev’s local marker, the discussion
will largely follow the source material, however we provide some additional detail at various
points.

As always, our starting point is a Hamiltonian defined on an arbitrary lattice with sites at
positions r;, however in this case we shall work with an infinite system. Here, let us define the
projector onto a band P =), . |¢)(¢|, along with a shorthand for off-diagonal correlations
given by

Pjx = (r;|Plrg) . (3.42)

In general, if this is onto a gapped set of states, then the projector will satisfy the following
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condition [112],
| Pjk| < clrj — x|, (3.43)

for any « greater than the dimensionality of the system. Following Kitaev, let us define a
2-current,

hjkl = 127TZ<ijPklP[] - lePlkPk]) (344)

We divide our system into three regions in real space, A, B and C, and define the real-space
Chern number,

Quit(P) =D > hjw, (3.45)

jeA keB leC

which we can re-express in terms of a set of projectors onto the three regions A = 3., [r;)(r;],
with a similar definition for B and C,

Oxi(P) = 12niTr(PAPBPC — PCPBPA). (3.46)

This quantity remains invariant when we relabel any finite area from one region to another.
Additionally, due to the localised nature of P, the only nonzero contributions to it come from
around the point where the three regions A, B and C' meet.

The Invariance of Qi to changes in A, B and C' — In order to see why this is the case, let
us consider picking up some finite chunk of the region B, which we label with o and moving
it over into region A. Thus, let us make the redefinition

A=A+a (3.47)
B =B-a« (3.48)

Thus, the matrix term in the Kitaev Chern number becomes
PAPBPC — h.c. = PA'PB'PC + PAPaPC — PaPB'PC — h.c. (3.49)
Now let us use the identity B’ =1 — o — A — C' to re-express this in the form

PAPBPC — h.c. =PA'PB'PC + PAPaPC + PaPAPC

3.50
— PaPC + PaPaPC + PaPCPC — h.c. ( )
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Here we have used the identity P? = P to obtain this line. All the extra terms on the RHS
vanish when the trace is taken. Note that generally one cannot use the cyclic property of
the trace here, since our operators are infinite matrices, so there is no guarantee that the
rearranged infinite sum converges to the same value. However, since « represents a finite
region, the sum vanishes far from «, and so we are free to cycle any trace containing a.
Thus, we are left with

Tr(PAPBPC — h.c.) = Tt(PA'PB'PC — h.c.). (3.51)

In fact, the extra finite region o need not be a projector, since the above proof holds
regardless of the properties of o provided that it has finite support. Thus, we can go even
further and see that the value of Qkj; is invariant under the addition of any finite matrix to
one of out three regions, provided we subtract it from another region as well.

Let us re-express Qi to a form that will be useful in the following discussion. Since the
expression is invariant under cycling of the order of our three regions, we may write it as

Qxkit = 4miTr(PAPBPC + PBPCPA + PCPAPB (3.52)
— PAPCPB — PCPBPA — PBPAPC), (3.53)

note that we are not allowed to cycle the terms in the trace here. Inserting the identity
C=1-A-B, (3.54)
we arrive at the following expression,
Qxit(P) = 4miTr[PAP, PBP] (3.55)

This is a trace of a commutator, which will always vanish if one of the operators in the
commutator has finite support. This supports our assertion that Qx;; is invariant under addition
of any finite matrix to A — A + «, since Tr[PaP, PBP] vanishes. Of course, we must also
transform either B —+ B — a or C' — C' — « for the identity 3.54 to hold.

This invariance to the form of A, B and C affords us with an astounding amount of freedom
in how we choose to define this Chern number. Not only can we select any three regions with
any shape (provided the overall topology of the three regions far from the triple contact point
remains the same), but we can even blur the boundaries between the projectors or allow them
to overlap and nothing will change.

3.2.1 Relation to the Chern Number

So far we have constructed a quantity, Qk;; and shown that there is a remarkable amount of
freedom in how we can modify it without changing its value. In order to connect this to band
topology, we will need to show that when evaluated in a translationally symmetric context, Q¢
corresponds exactly to the Chern number. Let us start by re-expressing Qk;; again in a new
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Figure 3.4: The decomposition of the two-step functions proposed in Eqn. 3.58 into a set of four
projectors on the quarters of the plane. The z-step function is composed of regions b and ¢, and
the y-step function is composed of regions a and b.

form. We define a set of step function projectors 9,9, that satisfy

9, |r) = lr)  for r, >0, (3.56)
“TT 0 for r, < 0. '

Let us now consider the operator
2miTr[PY, P, PV, P]. (3.57)

By decomposing the step function into projectors onto the four quarters of the plane, we arrive
at

2mi Ty [PV, P, PV, P| = 2riTr ([PaP, PbP) + [PbP, PbP)

+ [PaP, PcP] + [PbP, PcP)), (3.38)

where the labelling of the regions a-d is shown in Fig. 3.4. Clearly the second term on the RHS
vanishes. The third term also vanishes, which can be seen by its invariance under a mirror
symmetry across the line y + x = 0 (a mirror reflection will always flip the sign of h;x). Finally,
we see that the first and last terms are both equal to Qk;/2, thus

Qxi = 2miTx[Pd, P, Pi, P). (3.59)

In order to make contact with momentum space, we shall work in an infinite translationally
invariant system. Clearly, in this context the position of the step functions will have no effect
on the value of Qx;;. Thus, let us define a set of translated step functions

lr) for r, > R,,
Up |ry = 3.60
e 1) {O for r, < R,. ( )

Obviously, the value of Qi (R) = 2miTr[PUg, P, PUg, P] is the same as Qkj. Thus, let us
choose some (arbitrarily large) square region of area L? the plane and take the average of
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Qxit(R) over this region,

1 L2
Oxit = ﬁ/ dR, dR, Qkit(R) (3.61)
—L)2
271
= FTr[PxP, PyP] (3.62)
21

In the limit of large L, we expect that the contribution to the trace is uniform in space, and
so can replace the global trace with a local trace around some arbitrary point in the system r,
%Tr — tr,. Thus, we arrive at

Qxis = 2mitr, [Plz, P, [y, P]]. (3.64)
Now let us construct the exact form of the projector onto a band for a translationally symmetric
Hamiltonian. From Bloch’s theorem, we know the projector will have the following form

1

P= s [ EKIRH @00 (3.65)

This means that we can use the identity [z, P] — —i0,%(k), where 0, represents a derivative
with respect to k., to show that

Qur = 5+ [ dPketne (1) (k| © (k) 2.(0),8,09) (3.66)

Now, using the fact that (r |k)(k|r) = 1, this reduces to a trace over the unit cell degree of
freedom only,

Qi = 5+ [ KT (0[0,(K).0,0(K)) (3:67)

Comparing to Eqn. 2.33, we see that this quantity exactly evaluates an integral of the Berry
curvature over the Brillouin zone. Thus, we have shown that — at least in the context of an
infinite, translationally symmetric system — Qk;; evaluates the Chern number.

A Useful Identity for Operators in Momentum Space — Let us start by considering an
arbitrary operator in a translationally symmetric system with the following form,

A:/B 9 by (k] ® A(E), (3.68)

2T

where A(k) acts on the degrees of freedom inside the unit cell. Here we use a 1D Brillouin
zone, but this can be straightforwardly extended to higher dimensions. Let us consider the
following expression,

2, A] = % /BZ dk [z, [B) (k] ® A(K). (3.69)
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Figure 3.5: Two examples depicting how Qg vanishes in finite systems. (Left) A topological
system in open boundary conditions with necessarily have gapless edge modes present (depicted
here with a blue border), which contribute a term to Qk;; that exactly cancels out the topological
value around the triple contact point. (Right) An example partition of the torus (shown with
opposite edges identified) into three regions. In this case, four triple contact points are present.
Around each two have the regions arranged clockwise around them and two counter-clockwise,
so overall Qx; vanishes.

Using the identity z |k) = i0y |k), we can rewrite this in the form

LmAk:%iézﬂn&(mxm)®AMﬁ (3.70)
:%; de k) (k| ® (—iBeA(K)), (3.71)

where we used the fact that an integral of total derivative of the RHS vanishes, as the
integral is over the whole Brillouin zone. Thus, we can make the general substitution

[z, A] — —i0u A(k) (3.72)

3.2.2 Kitaev’s Marker in a Finite System

So far, we have defined Kitaev’s Chern number for a system with infinite boundary conditions.
This version of the Chern number is useful in analytical arguments — for example, a similar
quantity was used to prove the quantisation of Hall conductivity in the presence of disorder [98].
However, to be of broad practical use, Qg; must still work in a finite system with open or
periodic boundary conditions. Our current definition is unsuitable, which can be seen from
Eqn. 3.55. Since the trace of a commutator vanishes in a finite system, this quantity is only
nonzero in infinite boundary conditions.

Before we modify Ok, let us first consider the details of how it misbehaves in finite systems. The
stability of Qi depends on two assumptions — that the projector P is exponentially localised,
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Figure 3.6: Three restricted regions for which Qk;; can be calculated. Now there is only one
point where the three regions meet. Provided that P remains short ranged in the circular region
and the distance from the triple contact point to the boundary of the circle is larger than the
correlation length of P, this will calculate a quantised Chern number.

and that the three regions A, B, C all touch at a single point only. In a finite system, at least
one of these two assumptions will always fail. In the case of the localisation of the projector, as
long as the band remains gapped, we can expect that this condition will hold. However, in a
system with nonzero Chern number and open boundaries, the bulk boundary correspondence
forces the existence of gapless edge modes. This means that the topological bulk is surrounded
by a gapless region where the projector no longer has short-ranged correlations, allowing for
a contribution to Eqn. 3.46 that cancels out the central contribution from the triple contact
point. In periodic boundaries we have no edge modes, however it is impossible to partition the
torus into three regions with only a single point where the three meet. Instead, triple contact
points are always created in pairs. Furthermore, of these pairs, one contact point always has
the regions ordered clockwise and the other counter-clockwise around the point. This means
that the contributions to Qk;; from the two points will always cancel out perfectly. An example
of each of these effects is shown in Fig. 3.5.

In order to remedy this, let us restrict the three regions over which the Chern number is
calculated, such that the boundaries and other triple contact points are avoided, as shown in
Fig. 3.6. In this case, there is only a single point where A, B and C meet. Let us define a
projector onto the circular region as O. In this case, the finite version of Qg;; is defined the
same as Eqn. 3.46, however with the following redefinition of the projectors

A— A=0A. (3.73)
The restricted Chern number can be written as
0%, = 12miTr(PAPBPC — PCPBPA). (3.74)

Using the identity

(@)
lQI)
.
=

(3.75)
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we can re-express this similarly to Eqn. 3.55,
QY. = 4miTro[PAP, PBP), (3.76)

where the trace is taken only over the region O. Finally, assuming that the boundary of O is
sufficiently far from the triple contact point (or any region where P is long-ranged), we can
expect that there is no contribution near the boundary of O, we can drop the tilde on A and B
to get,

QL. = 4miTro[PAP, PBP]. (3.77)

The value of the marker is not dependent to the exact shape of O, provided its boundary avoids
any other triple contact points, or gap closings.

3.2.3 Numerical Examples

Let us now provide a slide show of numerical examples of Kitaev’s Chern number calculated in
the amorphous QW7 model, verifying the arguments presented above. In each case, we calculate
the step-function form of the Chern number given in Eqn. 3.59. Rather than immediately
summing over a bulk region, we shall consider the real-space contribution to the trace by finding
the local trace of the marker, Tr,(...) = Tr (r|...|r). Thus, we evaluate the local contribution
given by

Qxit(r) = 4miTr, [PV, P, PV, P). (3.78)

By plotting Qi (r) over the system, it is easy to see where the central contribution to Qg
ends, and thus deduce what area to trace over to find a quantised Chern number.

In each case, we also calculate the trace of the marker over a circular region, O, around the
central peak, varying the radius of the circular region. We expect that as the region is increased,
the trace should quickly converge to a near-quantised number. Once the circle becomes large
enough to approach the edges of the system, the sum approaches zero as the trace becomes a
trace over the whole system.

We show three sets of examples. In Fig. 3.7 we compare the marker value in periodic boundary
conditions and open boundary conditions, giving a direct example of the picture presented in
§3.2.2, where we discuss the two ways that finite size effects can cause the full trace to vanish.
In Fig. 3.8 we plot the marker while tuning the QWZ model from a topological phase to a trivial
phase. This is done by tuning the on-site splitting parameter u (see Eqn. 2.66) over the phase
transition at w = —1.5. Finally, in Fig. 3.9, we add disorder by locally varying the value of u
with a perturbation drawn from a normal distribution. By increasing the standard deviation,
we see how the marker changes as disorder gradually destroys the topological phase.
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Figure 3.7: Qkj; for the same amorphous QWZ model in periodic and open boundary conditions.
In both cases u is tuned to —0.5, close to the centre of the topological region shown in Fig. 2.4.
(a) In periodic boundaries, there are four points where both step functions meet. One in the
centre and three on the boundary. At each of these points, the marker has a contribution
determined by the Chern number, however at two of these points the step functions are such
that the ordering of the regions is counter-clockwise, so the contribution is negative. Thus, the
total trace vanishes. (b) In open boundaries the bulk Chern insulator is surrounded by a ring
of gapless edge modes. Thus, on the boundary the projector is long-ranged and contributes a
non-vanishing term to Qg that exactly cancels out the bulk term. (c) A plot showing the
trace of Qkj over a circular region O around the central peak, showing the sum against circle
radius. The maximum values reached in the PBS and OBC cases both quantised to one part
in 10%, this extremely precise quantisation can be improved by increasing system size, further
separating the bulk and edge effects. Once the circle becomes large enough to include boundary
effects, both markers vanish.
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Figure 3.8: Qk;; for an amorphous QWZ system in OBC for a range of u values across a
transition from a topological to a trivial phase. (a-f) Local distribution of gkit for a set of
u values that range from v = —1.1 to u = —1.6, where the phase boundary is at u = —1.5.
Nearing the phase boundary, the edge modes permeate deeper into the bulk — and so the edge
contributions get closer to the central peak in Qg;. At the exact phase transition the entire
system is conducting, and the bulk and edge parts of Qk;; are not separable. Past the boundary,
the marker vanishes. (g) Trace of Qx;, over a circular region O around the central peak. Before
the phase transition, the line tends towards +1 until it starts to include the edge effects, after
the phase transition it tends to 0.
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Figure 3.9: Qx;; for an amorphous QWZ system in OBC with increasing on-site disorder, added
by locally varying the value of v — sampling from a Gaussian distribution centred on u = —0.5.
(a-f) Local distribution of gkit for a set of u values sampled with a standard deviation ranging
from 0 = 0 to 0 = 1.75 in steps of 0.35. Once o is sufficiently large, the disorder is strong
enough to create topologically trivial regions in the material that destroy the quantisation of
Qkit, and the material is topologically trivial. (g) Trace of Qk;; over a circular region O around
the central peak. At sufficiently weak disorder, the marker remains close to quantised. However
past a threshold around o ~ 1, the marker no longer approaches a quantised value.

3.3 A Physical Interpretation

So far, we have presented three real-space formulations of the Chern number — the Bott index,
Chern marker and Kitaev’'s Chern number. Each of these quantities at least approximately
solve the problem of defining a Chern number without relying on momentum space. However,
these markers still all suffer from one substantial drawback. That is, they were defined as a
purely mathematical exercise, by restating the Chern number in a real-space mathematical
language. Thus, it is not clear at all whether they correspond to a real, observable physical
quantity. In other words, on handing these markers to an experimentalist we could expect a
variety of responses along the lines of:

e ‘What the hell am I supposed to do with this’
e ‘Christ, I hate talking to theorists’
e Presses button under desk, ‘Security, get this person out of here’

e ‘This is completely pointless, we already know how to do this using the Streda formula’ [113,
114]

Although several attempts have been made [93, 103, 115], there is currently no straightforward
consensus for how one might construct a physical observable that corresponds to a local marker
of the Chern number. In this section, we present a derivation for a local marker that starts
from physical grounds, defined as a localised version of the Kubo Hall conductivity [24]. Local
current is measured around the position R of a crosshair placed in the bulk of the material,
motivating the name ‘crosshair marker’. The derived quantity is precisely the finite-system
Kitaev Chern number given in Eqn. 3.59.
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Figure 3.10: (a) The electric potential used to generate our electric field. (b) The electric field,
with only the nonzero y-component is shown.

This section is structured as follows: We start by deriving the necessary prerequisites to
understand the marker. These are threefold, in §3.3.1 we describe the formalism for modelling
the effect of electric fields on our system, in §3.3.2 we define a set of pseudo-local current
operators on a lattice, and in §3.3.3 we describe Kato’s formalism for adiabatic quantum
evolution [116, 117]. In §3.3.4 we use these concepts to re-derive Eqn. 3.77 as a physical quantity.

As usual, let us work with a general non-interacting Hamiltonian on a two-dimensional tight-
binding lattice. The system consists of set of N sites, with positions r; arranged on either a
regular or amorphous lattice. Each site has an internal degree of freedom hosting 7 states. Thus,
the Hamiltonian can be written in the form

H = Z r:) (r;| ® H, j, (3.79)

4]

where H; ; = H ]Tl acts on the internal degrees of freedom. We will focus only on systems with
open boundary conditions.

3.3.1 Electric Fields

Since we plan to calculate the response of the system under an applied electric field, let us start
by precisely defining the potential we wish to apply to our system, and describing the effect on
the Hamiltonian.

We wish to model the effect of raising the potential of one half of the system with respect to
the other, resulting in an electric field across the boundary separating the two regions. Without
loss of generality, let us consider raising the potential of the region below a dividing line at
position y = R, with respect to the region above the line. In the continuum, this corresponds
to an electric potential of the form V(r) = —V;0(y — R,), where 6 is a Heaviside step function.
The electric field acts over the line at y = R,,, as shown in figure 3.10,

E(r) = Vod(y — R, e,. (3.80)

where e, is a unit vector in the y direction. We transform to a gauge with zero scalar potential,
representing the electric field with a magnetic vector potential,

A(r,t) = =Votd(y — Ry)e,. (3.81)

Making the assumption that Vj is small, we shall use Peierls substitution to describe the effect
of a slow-varying magnetic vector potential on our lattice system [64]. The translation operators
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MR

Figure 3.11: (a) A section of amorphous lattice is shown. All hopping terms in the Hamiltonian
that cross the line y = R, acquire a Peierls phase given by Eqn. 3.83, these are depicted in red.
Unaffected hopping terms are shown in grey. Note that the phase is ill-defined when a site r;
lies on the line, however this can be remedied by infinitesimally shifting R,. (b) A depiction of
the ‘local’ current operator Jg, (r) that calculates the total hopping to or from the site at r that
crosses the boundary at R,. Background lattice is shown in grey.

are modified by a Peierls phase |r;) (r;| — |r;) (r;| €“Fi7) | given by

alrs,T;) = / A(r) - dr. (3.82)

J

Note that we work in natural units, setting the electronic charge ¢ = A = 1. Given the form of
the magnetic vector potential, we can see that translation operators only pick up a phase if they
cross the line y = R,. This is illustrated in Fig. 3.11a. The Peierls phase can be expressed as

a(ry,r;) = AQ) [0y — Ry) — 0(y; — Ry)], (3.83)
with A(t) = Vpt. Thus, the Hamiltonian is modified according to
H(A) — eiA(t)ﬁRy I_Ie—iA(t)ﬁRy7 (384)
In the limit of small A, this can be expanded to first order,
H(A)=H —iA(t) [H,Vg,] - (3.85)

As we shall see in the next section, the change in the Hamiltonian is expressed in terms of a
current operator for flow across the line y = R,,.

Note that for a static A(t) in open boundaries, the A-dependence can be completely removed
by a gauge transformation, so there will be no physical effect on our system. This is reflected
by the fact that E depends on 0;A, so static A corresponds to zero electric field.

3.3.2 Current Operators

We construct an operator representing the flow of particles across a line bisecting the system.
Again, without loss of generality, we will look at the flow of particles in the z-direction, across the
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vertical boundary at * = R,. The number operator for particles to the right of this line is given
by ¥g,. The time-evolution for the number of particles in this region is 0;(Vg,) = i([H, Vg, ]).
Thus, we can identify the operator representing flow of particles across the boundary as

Jr, = ilH,9r,)]. (3.86)

This allows us to re-express Eqn. 3.85 in the familiar form H(A) = H — AJg,, where A is
defined in equations 3.83.

The operator Jg, evaluates the overall flow across the whole system, however in the following
discussion we wish to separate the bulk and edge contributions. Thus let us decompose this
operator into a sum of terms local to some point at r, according to

1
IR, (t) = 5 (0 TR, + JR.0r) (3.87)

with 6, = |r) (r|. The two terms evaluate the contributions to Jg, from hopping into site r,
and from hopping out of site r respectively, a diagram is shown in Fig. 3.11b. The factor of
1/2 is included to ensure that ) Jg,(r) = Jg,, since every pair of sites is counted twice. This
decomposition is not unique — there are many ways one could express Jg, as a sum over local
terms. However, the final result will be insensitive to particular method since we shall sum over
all the bulk contributions, which will be well-separated from edge contributions.

3.3.3 Kato Dynamics

We will work in the adiabatic limit, with a Hamiltonian that changes over a long timescale T',
where the local density of states in the bulk has an energy gap A. We define the projector
onto the occupied states at t = 0 as Py = > .. [%i(0)) (¢:(0)|, where |¢;(0)) is an eigenstate
of H at t = 0. In general, time-evolution will result in a final state P(¢) that is related to
the initial state by the Schrodinger equation. However. if the evolution is sufficiently slow
(for T > A1), we expect that Py will adiabatically evolve to the instantaneous projector,
Pr(t) = Y pana [0i(t)) (¥4(t)|, where [1(t)) are eigenstates of H at time ¢ [118]. To ensure that
our time-evolution is exactly adiabatic, we use a formalism based on that introduced in [116],
although a modern description can be found in [117-119]. We sketch out the basics here.
However for a detailed discussion, see Appendix B.1.

Rather than using H to generate time evolution, we define an adiabatic Hamiltonian, K, which
satisfies the instantaneous Von-Neumann equation

0, P (t) = —i[K, Py, (3.88)

where the change in P; follows the instantaneous eigenstates of H. Using the identity PPP = 0
(where dot denotes a time-derivative), we can verify that the equation is satisfied by K of the
form

K(t) =i[P;, Py). (3.89)

The full time evolution of the projector follows the instantaneous eigenstates in the limit of
large T' > A. Thus, in the following discussion, where we are working in the adiabatic regime,
we may use Eqn. 3.88 to describe the change in P, and drop the subscript on P;, since all our
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time evolution is adiabatic. Having defined the adiabatic Hamiltonian, let us examine the exact
form of K for our applied electric field, as well as deriving an adiabatic equivalent of the current
operator in Eqn. 3.87.

3.3.3.1 Adiabatic EM Fields

The time-dependence of our Hamiltonian is given by Eqn. 3.84. We work in open boundaries,
so the operator ¢*A)?ry behaves as a straightforward unitary rotation on the eigenstates. Note
that in periodic boundaries, this operator would enforce twisted boundary conditions, shifting
both the eigenstates and eigenenergies of H. Thus, the time-dependence of the projector is

P(t) = 00y pe=iAWir, (3.90)

and the time-derivative is P = i A [19 Ry P]. This can be inserted into definition 3.89 to arrive
at the form of the adiabatic Hamiltonian,

K = A(PYg,Q+ QVg,P), (3.91)

where () = 1 — P is the complement of the projector.

3.3.3.2 Adiabatic Current

The adiabatic current operator is derived following an analogous argument to that in §3.3.2.
We find the change in particle number for the region = > R,, given by ¥z, . In this case,
however, we use the adiabatic Von-Neumann equation 3.88 to express the expectation value,
0 (Vg,) = i([K,Vg,]). Thus, we can identify an adiabatic current operator

Jp =ilK,Ug,]. (3.92)
As before, we can localise this operator to extract only the current hopping to and from a
position r according to

Ji () = %{51., Ji }. (3.93)

In Appendix B.2 we discuss carefully how the non-adiabatic expression for current relates to
the adiabatic form as we approach the adiabatic limit.

3.3.4 Marker Derivation

Before we give the formal derivation, let us describe the physical intuition behind our topological
marker, which can be understood as a localised version of the Hall conductivity. The standard
Hall conductivity is measured by applying a uniform electric field to a 2D material and measuring
the current induced perpendicular to the field. This current is quantised and corresponds to
the Chern number of the Hamiltonian [18]. A disadvantage of this calculation is that it is
necessarily global, with the electric field uniform over the system and the current measured
across the whole sample. In a material with disorder or compound structure, the calculation
gives no spatially-resolved information about its topological properties.
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Figure 3.12: A schematic for local Hall measurement. The bottom half of the system has its
potential raised with respect to the top half, generating an electric field acting over the horizontal
line. Current is measured between the left and right halves, across the vertical line. The flow
of charge is represented in blue, showing the curved path due to the presence of a magnetic
field. The red shading shows the region around the crosshair where a nonzero contribution to
the marker is measured.

Our objective is to find an analogous quantity that can be spatially resolved, giving information
about which parts of a complex material are responsible for topological behaviour. It is not
obvious how one should localise the Hall conductivity: neither the electric field, nor the current
operator can be easily localised to a point. Maxwell’s laws prohibit one from creating an electric
field at a single point only. Equally, on the lattice, it is difficult to write down a consistent
expression for current at a point.

Despite that fact that neither electric field nor current can individually be made local to a point,
it is possible to localise the overall Hall conductance. This is because both field and current
can be localised to a line. By partitioning the system, and raising the electric potential of one
part, we induce an electric field acting across the dividing line. Similarly, given a partition, by
measuring the transfer of electrons from one part to the other, we are able to determine the
current across the dividing line.

The route to a local Hall current is to partition the system along two perpendicular dividing
lines, as shown in Fig. 3.12. An electric field is induced between the top and bottom parts of
the system by uniformly raising the voltage of the lower part. This will induce a vertical current
acting across the dividing line. When the material has nonzero Chern number, a Hall current
will also be induced from left to right. If the system is insulating (i.e. gapped) we expect that all
current should be localised to the region around the horizontal line. Measurement of the current
is then taken over the vertical line, catching only induced current in the horizontal direction -
effectively only the Hall current. We expect all nonzero contributions to come from the region
around the point where the lines cross - motivating the name ‘crosshair marker’.

As we shall see in the following examples, this argument fails when the system becomes
conducting and the gap closes. In a conducting system, current is no longer locally constrained -
an electron can easily tunnel across the entire system. Thus we expect that the marker will be
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nonzero even very far from the crosshair. Consequently, as well as the central peak, we expect
to see an additional term wherever conducting edge states are present, at any distance from the
crosshair.

We measure the local contribution to current across the line x = R, in the adiabatic regime.
The current will be expressed in the form of a conductivity J = o F, where ¢ is to be determined.
Our starting point is the expectation value of the current operator defined in §3.3.3.2 for the
case of a filled band of states,

(Jp (r)) = %Tr [P{6:. J{ 1], (3.94)

where P projects onto a fully occupied band of states. By cycling terms in the trace and using
the identity 1 = P + @), we can split this expression into two terms

(Jp (r)) = Tr, (PJ} P)

1 3.95
+ 5T (PJA.Q+QJyn P), (3.95)

where Tr, := Tr(é, ...) denotes a local trace over the internal degrees of freedom at site r. We
treat these two terms separately. The first term is a local marker of Chern number whereas
the second term vanishes. Considering only the second term, let us insert the exact form of
Jh = —[[P, P],9g,] and use the Jacobi identity,

Try (PJR.Q) + he. =T (P[[P.05,] P| Q)

4T, (P [wa, P, P} Q) + hee. (3:96)

Using the identities P[P,95,] = [P,95,]Q and PP = PQ, we see that the first term here
vanishes. We are left with the second term which can be written as

Tr, (PJR.Q) + he. = —Tr, (P[ﬂRZ, P]Q> the (3.97)
Using (Q = 1 — P, we may re-express this in the form,

Tty (PJg,Q) + hec. = —Tr, (Pwa, P]) +he. (3.98)

Now, let us insert the exact form for P for a system undergoing adiabatic application of the
step-function electric field defined in §3.3.3.1: P = iA[Jg,, P]. We get a final expression

Tr, (PJg,Q) + h.c.

AT (P Um0, P)]) + hec. (3.99)
Writing out the terms in the trace explicitly, we get
iTry (P [9g,, [Ir,, P]) = iTry(PYR,Ir, P)
— iTr.(PYg, POgr,) (3.100)
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The step functions commute with one another, and with ¢,.. This means that every constituent
term in Eqn. 3.99 is anti-Hermitian due to the factor of ¢. Thus the whole expression vanishes
when the Hermitian conjugate is added,

Try (PJR,Q) + h.c. = 0. (3.101)

Now, let us return to Eqn. 3.95. We have shown that the second term vanishes, so we are left
with

(Jp.(r)) = Tty (PJg, P) (3.102)
iTr, (P[K,95,]P). (3.103)

We use expression 3.91 to insert the exact form of K
(JR,(r)) = iATr, (PYR,QVr,P) + h.c. (3.104)

Using the fact that A = —FE, we see that this expectation value has taken the form of a
conductance, (J) = cFE. We also use Q = 1 — P to get the conductance in the form

o(r; R) = 28T, (P, P, P) . (3.105)

Finally we insert a factor of 27 to get the final expression for the marker
C(r;R) = 47Ty, (PR, POR, P) . (3.106)

This quantity is analogous to the Chern marker presented in appendix C of [30], although where
Kitaev used a global trace, here we have a local trace. Kitaev’s marker was shown to exactly
equal the Chern number in an infinite system. For finite system size, however, his marker
vanishes due to edge-state contributions. By replacing the global trace with a local trace, we
are here able to separate the bulk contribution from the edge contribution, allowing for the
marker to be calculated in a finite system. We can extract the quantised Chern number by only
summing over the bulk contributions — found at r close to R — and ignoring the edge-state terms
at r far from R. We note two important caveats. Firstly the marker is only strictly well-defined
as the sum of the bulk contributions around R, rather than as a function of r. This is because
there is a degree of arbitrariness to how the current was made local to a point in definition 3.87,
since the purpose is to separate the bulk and edge contributions before summing only the bulk
terms. Physically, the summed marker corresponds to the total current measured in the bulk
over the line at x = R,. The second caveat is that the adiabatic current defined in Eqn. 3.93
only captures the current generated by the change in P over time. However, it is also possible
for a system to have persistent currents, i.e. flow between occupied states that does not change
the projector itself. Since this type of circulating current cannot change the number density at
any site, it does not contribute to the net flow of electrons into a given region. Despite this, it
can still contribute terms to the current defined in Eqn. 3.87. Thus we must also require that
the system has no persistent currents at any point in the adiabatic time evolution. This effect is
explained in detail in Appendix B.2.

Finally it is worth mentioning that — following the argument presented for Eqn. 3.64 — the
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crosshair marker can be used to calculate the Chern marker, €, given in [33] according to
C(r) = / d’R C(r;R), (3.107)

where the integral is over the whole system.



Chapter 4

The Amorphous Kitaev Model

After the development of the real-space Chern markers detailed in the previous chapter, it was
suddenly possible to precisely characterise the topological properties of a band in a wide variety
of disordered — and thus previously somewhat inaccessible — contexts. This led to a number of
works analysing bulk invariants and protected edge modes in amorphous insulators [93, 120-124].
However, investigation into amorphous topological physics has been predominantly focused on
non-interacting electrons with a few exceptions, for example, to account for the observation of
superconductivity in amorphous materials [125-129] or very recently to understand the effect of
strong electron repulsion in TTIs [130]. Thus, it is worth asking if there are more exotic physical
systems where one might be able to similarly characterise the topological properties of a quantum
system without crystalline structure. One particularly rich context for finding topological physics
is in quantum magnetism, where the properties of amorphous systems have been investigated
since the 1960s [131-136]. Generally research has focussed on classical Heisenberg and Ising
models, which are able to realise ferromagnetic and disordered antiferromagnetic, as well as spin
glass behaviour [68, 69, 137].

However, little work has been done to understand whether it is possible to realise a quantum
spin liquid (QSL) phase in an amorphous material. There is good intuitive reason why one
might avoid this topic. Amorphous magnets often have glassy physics and the problem of finding
even the classical ground state is famously difficult. Such systems have an exponentially large
number of local minima, and finding the correct one is usually an NP-hard problem [138] with
new numerical techniques still being developed today [139-141]. Thus, one might reasonably
expect that the inclusion of quantum fluctuations would do little to ease the intractability of
this problem. If one is searching for QSL phases, looking at amorphous systems would seem to
be an even more ill-considered idea. Structural disorder is generally expected to undermine the
delicate classical degeneracy necessary for spin liquids to form, instead selecting some arbitrary
complex classical state as the ground state and destroying the prospect of forming a long-range
entangled ground state.

In the case of a geometrically frustrated candidate QSL, such as the kagome antiferromagnet,
the classical frustration is a consequence of lattice structure. Thus, there is little reason to
expect that the same model constructed on an arbitrary lattice would inherit any interesting
properties of the original frustrated-lattice model. In order to find an amorphous QSL, we
turn our attention to exchange frustration. Given an arbitrary lattice, we can ask whether it is
possible to construct a set of frustrated couplings such that the system has a QSL ground state.
One of the paradigmatic examples of an exchange-frustrated QSL is the Kitaev honeycomb
model [30]. Here, adjacent spins are coupled with three bond-anisotropic Ising interactions

68
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in the z, y and z directions, which each try to align the spin on the three incommensurate
axes. Thus, it is clear that the system has extensive frustration even before considering the
geometry of the lattice, making it a promising candidate for realising an amorphous QSL.
As we shall review in the following section, Kitaev showed that the model could be exactly
solved by transforming to a system of Majorana fermions. In the following years, several
instances of Kitaev candidate materials were synthesized [142-145] following the suggestion
that heavy-ion Mott insulators formed by edge-sharing octahedra may realise dominant Kitaev
interactions [146]. Recently, it has been shown that the Kitaev material LisIrO3 can be created
with an amorphous structure [147]. In fact, with sufficiently fast cooling, any crystalline material
can be made amorphous [148, 149], opening the possibility for exploring a wide variety of
non-crystalline Kitaev materials, although it must be noted that in such materials the strength
of the Kitaev-type interaction and suppression of competing couplings generally depends on the
geometric details of the lattice around each ion. Thus, distortions in lattice structure will allow
perturbing interactions to be introduced into the Hamiltonian that threaten the stability of the
Kitaev QSL phase [144, 150, 151].

By now it is well known that the Kitaev model on any three-coordinated (z = 3) lattice retains
many of the properties that allowed for an exact solution to be constructed in the Honeycomb
case. The system retains the conserved plaquette operators and local symmetries that facilitate
a mapping onto an effective free Majorana fermion problem in a background of static Z,
fluxes [152-157]. However, this neither means that any z = 3 lattice Kitaev model can be
straightforwardly constructed, nor that the QSL properties are obvious. Several obstacles remain.
First, the labelling of bonds necessary to create a soluble Hamiltonian can be an NP-complete
problem. Second, once the Majorana system has been constructed, determining the ground
state out of the exponentially large number of Z, flux sectors is generically hard, since Lieb’s
theorem [158] — which defines the ground state flux configuration for the translationally invariant
honeycomb — is not applicable for most lattices. Previous studies have relied on translation and
reflection symmetries to reduce the number of sectors that must be checked [156, 159, 160],
which cannot be done in an amorphous system. Third, once the ground state flux sector is
found, it needs to be determined whether lattice disorder induces a gapless phase [161-163] or
whether the fermionic spectrum is gapped, possibly with non-trivial topology [156].

In this chapter we introduce the amorphous Kitaev model and establish it as an example of a
topologically ordered amorphous QSL. We start in §4.1 with a review of the Kitaev model on the
Honeycomb lattice. We present in detail the transformation from spins to Majoranas, the role of
the Zs gauge field, the role of time reversal symmetry, the ground-state phase diagram and finally
the properties of the Majorana excitations. In §4.2 we turn our attention to the amorphous
case. Concentrating on random lattices generated via Voronoi tessellation [93, 121] with z = 3,
we show how to colour the bonds consistently. We find that the presence of plaquettes with an
odd-number of sites lead to a chiral QSL with spontaneously broken time-reversal symmetry
(TRS) [156, 164-169] and establish via extensive numerics that the ground state Z, flux sector
follows a remarkably simple counting rule consistent with Lieb’s theorem. We map out the
phase diagram of the model and show that the chiral phase around the symmetric point is
gapped and characterized by a quantized local Chern number with protected chiral Majorana
edge modes. Finally, we discuss the effect of additional bond disorder, showing that the QSL
phase is remarkably resistant to local bond-length dependent disorder.
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Figure 4.1: (a) A section of honeycomb lattice with the bond labels shown according to colour.
Sites are labelled according to sublattice. Our choice for the unit cell is marked by the dashed
grey rthombus. (b) A single W), operator, where the full-colour lines indicate the bond operators
that take part in W),. After multiplying out the Pauli operators, the remaining terms are shown,
corresponding to spin operators that connect outwards from the plaquette. States are numbered
to correspond to the ordering in Eqn. 4.3.

4.1 Kitaev’s Honeycomb Model

Let us begin by providing a review of the model as it was originally proposed by Kitaev
in [30]. We shall present the spin Hamiltonian, as well as the Majorana transformation used to
diagonalise it. Following this, we shall discuss the ground-state phase diagram and properties of
excitations. In §4.2, we will describe the extension of this model to arbitrary and amorphous
lattice geometry. Thus, here we will focus primarily on the aspects of the Honeycomb model
that are relevant for the amorphous case.

The Kitaev honeycomb model is defined for a set of spin-half degrees of freedom on the vertices
of a honeycomb lattice, as shown in Fig. 4.1a. Note that this lattice is bipartite, so the sites
can be organised into two sublattices A and B, where bonds are always between two sites in
different sublattices. The bonds in this lattice are labelled with an index o € {z,y, z}, such
that each site connects to one bond of each type. On each bond, neighbouring spins interact
with a bond-directional Ising-type coupling. The Hamiltonian is given by

H=-J" Z ooy —JY Z ojop — J* Z o50%, (4.1)

z-bonds y-bonds z-bonds

where the parameters J* determine the strength of the z, y and 2 bonds, and ¥ represents
a Pauli operator acting on the spin at site j. The exact solution of this model — as with all
integrable systems — depends on the presence of an extensive set of conserved quantities, given
by the product of the bond operators around a given hexagonal plaquette, p,

W, =[] o5or, (4.2)
<

jk)ep
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where the order of the o; operators is arranged such that they run clockwise around the hexagonal
plaquette. Using that standard Pauli multiplication rules, we can show that the product can be
simplified into a product of the six Pauli operators that connect outwards from each site on the
hexagon. For example, the plaquette shown in Fig. 4.1b has W), given by

W, = ojos0ioios0f. (4.3)
All W, operators commute with each other and H. Furthermore, we have sz = 1, which means
that W), have eigenvalues 1. The Hilbert space has dimension 2V, where N is the number of
spins. Since we have N/2 plaquettes in the system, these conserved quantities allow us to split
the Hilbert space into 2"/2 sectors according to the eigenvalues of {WW,}.

4.1.1 Spins to Fermions to Majoranas

Although the Kitaev model can be solved with a Jordan-Wigner transformation [170-173], here
we will follow the original construction in terms of Majorana fermions. The first step is an old
trick, often referred to as the parton construction [66, 174, 175]. We introduce a pair of fermion
operators for each site, fTJr and fj, which create a spin up and spin down state respectively. Spin
operators are straightforwardly modified to

% — fliofjl,fy. (4.4)
In performing this transformation we have artificially enlarged our Hilbert space, since each
site can now host four states. Two of these states are the original spin up and down states,
constituting the physical part of the enlarged Hilbert space, Hpynys. The other two correspond
to no spin at all, or both a spin up and spin down on a single site. These states contribute an
unphysical auxiliary Hilbert space Haux.

£Hoy =11
thys
) fHoy =1
1) L) = 114)
Haux
0) = |@)

We construct a parity operator that determines whether a state is in the physical or auxiliary
Hilbert space using a product over fermionic number operators on a single site, n;, = f;u fiv,

Dj = —(1 = 2n;)(1 — 2ny,). (4.5)
This operator has the property that D; |¢)) = +(—)|¢) for states in the physical (auxiliary)

Hilbert space. Next let us decompose each fermion into a pair of Majorana fermions according
to the following substitution,

fr = %(by +ib®), (4.7)
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where the Majorana operators have standard Majorana commutation relations,
' =c, {¢j,cu} = 20,1, (4.8)

with the same relations for b-type Majoranas. In this new formalism, a fermionic parity operator
becomes

ich* =2f}f, — 1, (4.9)
with the corresponding identity for f; using ¥ and 0®. Thus, the parity operator D becomes

D = bbb (4.10)

In the Majorana representation, the spin operators take the following form,

o = %(cbx — b, (4.11)
oY = %(cby + b7bY), (4.12)
0" = %(cbz — Bb°). (4.13)

This expression can be simplified by requiring that we act only on states in the physical subspace
— which satisfy D [¢) = |¢). First we note that the spin operators preserve the physical subspace
since D commutes with any product of two Majoranas on the same site, e.g. [cb”, D] = 0. Any
state in the physical Hilbert space satisfies cb*b¥b" [1p) = |), which can rearranged into the
following identity,

b ) = U ) (4.14)

with an equivalent identity for any other pairing of the Majoranas. Thus, we see that when
acted only on the physical subspace the spin operators may be written as

=icb”, 0¥ =ich?, o =ich®. (4.15)

We are now in a position to transform the Hamiltonian into the Majorana basis. Applying the
identities derived above and reordering the Majorana operators, we arrive at the following,

H=- Z J.ofor — Z (iby b5 ) (icjer). (4.16)
ik

Note that the Majoranas forming @3, = ibj;b appear only once in this Hamiltonian. This means
that all @ operators satisfy [@y, Um,] = 0 and [4j, H] = 0. Furthermore, they satisfy ﬁ?k =1,
ensuring that their eigenvalues are +1. Thus, these represent an extensive set of conserved
quantities, where we may partition the Majorana Hilbert space according to the eigenvalues
of these operators, uj; = £1. For a given choice of bond variables, Eqn. 4.16 reduces to a
quadratic Majorana Hamiltonian

1
= Z ZAjijCk, (417)
J.k
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Figure 4.2: A depiction of the three steps in transforming the spin Hamiltonian into a quadratic
Majorana Hamiltonian. (a) A single z-bond with two spins located at the endpoints, labelled
with j and k. (b) After the transformation to the Majorana basis each spin becomes a set of
four Majorana fermions. On each site, the b*, b¥ and b* Majorana takes part only in the z,
y and z bond respectively. The c-Majorana takes part in all three couplings. (c) Once the
eigenvalues of the wu;; operators have been assigned, we are left with a quadratic Hamiltonian
on the ¢; degrees of freedom only, with hopping determined by the u;; values, where the arrow
indicates the direction in which u;, = +1.

where
Ajk = 2Jank. (418)

Note that the bond variables satisfy w;; = —ug;. Thus, the matrix A is real and antisymmetric.
We may graphically represent the bond variables by replacing every edge in the lattice with an
arrow, where the arrow depicts the direction in which u;;, is positive.

Once a set of {u;;} have been chosen, the Hamiltonian H, can be solved to find the ground
state |1,). In general one might expect each distinct set of {u;x} to correspond to a unique
system and thus a unique ground state, however as we shall see in the next section, the u terms
may be understood as a Zs gauge field, where the only physical degrees of freedom are the Z,
fluxes through each plaquette.

4.1.2 Gauge Transformations and Fluxes

Let us consider the effect of the parity operators D; on our system. Before a set of u;, values
are chosen, the Hamiltonian in Eqn. 4.16 satisfies [D;, H] = 0 for Vj. However, once u;j, are no
longer operators, D; has the effect of flipping the sign of u on the three bonds that connect to
site 7, since

DjUjijCij = —U;rC;Cy. (419)

Thus, the effect applying a set of D; on some subset of sites (j € S) is to transform to a new set
of bond operators {u} — {u'}, where every bond that touches one flipped site has uy, = —uyy.
We can represent this pictorially by drawing a loop the sites on which D; are applied and
flipping the value of v on every bond that intersects the loop. This is shown by the pink loops
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O

®)

(@)

o @) @)

@) (0] O
@)

Figure 4.3: A depiction of a gauge transformation. We start with the configuration of {w;;}
shown on the left. Now we apply a gauge transformation to the system by applying D; operators
to all sites in some subset S, here coloured red. All bonds that connect to one red site have the
sign of u flipped. Bonds between two red sites are flipped twice, and so remain invariant. The
flipped bonds are highlighted. This is pictorially represented by the pink loops that encircle all
the red sites. Any bond that crosses a pink loop has w; flipped.

in Fig. 4.3. The transformation effected by D; has no effect on the spectrum of H,, thus we
may interpret D, as a gauge transformation, transporting us to a different set of {u;} that
represents the same physical system.

Proof that D; leaves the spectrum invariant — This can be seen by examining how the A
matrix is changed in Eqn. 4.16. A single D; operator’s effect on A can be represented as

A — RAR, (4.20)

where R is a diagonal matrix given by

Lfori £ i
Ru={ FHIrt 7 (4.21)
—1 for i = .

Clearly, R is a unitary matrix, so the spectrum of A is unaffected. Thus, the spectrum of
H, is the same as the spectrum of H,

Since H, is not invariant under the action of D;, the ground state |¢,) does not live in the
physical Hilbert space. To construct a physical state we must apply a projector onto Hppnys,
given by

1+ D;
P:H T (4.22)
J

From the form of P, we see that the physical state |¢pnys) = P [t0,) is found by taking an equal
superposition of every possible gauge-equivalent arrangement of {w;}.

The above argument does not imply that all sets of uj; are equivalent. To see why, let us
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construct a gauge-invariant quantity — the Z, flux through each plaquette p,

¢ =[] —iwm (4.23)

(4,k)EP

where the product is taken over the wuj;, values going clockwise around each plaquette. The
gauge invariance of this can be seen clearly from Fig. 4.3. An individual D, operator flips three
adjacent bonds, so will always flip the values of two bonds on a given plaquette, leading to
an overall factor of (—1)? — the flux therefore remains invariant. For a more general gauge
transformation including multiple sites, we flip the bonds that intersect a closed loop, (shown in
pink in Fig. 4.4). These closed loops must both enter and exit a given plaquette, so again will
contribute a factor of (—1)? to any flux.

In fact, the plaquette flux defined here is identical to the conserved quantity defined in Eqn. 4.2
which can be seen by applying the substitution in Eqn. 4.15 to the definition of W,. Thus, gauge
inequivalent sectors of the Hilbert space may be labelled by the values of ¢, = £1 through each
plaquette. In order to change the flux through a given plaquette, we perform a line of flips
that terminates at the plaquette, as shown in Fig. 4.4a. Such a change to the bond operators
can never be achieved with a gauge transformation. Thus, in periodic boundary conditions, it
is only possible to flip ¢, in pairs, however in an open or infinite system we may flip a single
flux with a line that starts at that plaquette and extends to the boundary of the system, or to
infinity. In this case, the other Majorana zero mode is created at the boundary, or at infinity
for an unbounded system.

Finally, we note that in periodic boundaries every flux sector is fourfold degenerate. This is
because one may flip a line of u;;, that wraps the system in either the x or y-direction, producing
a new flux sector that has identical values of ¢,, but is not gauge equivalent to the starting
state. To measure this, we may construct a pair of global fluxes ®, and ®,, by taking a product
of bond operators around a loop L, or L, that wraps the system in the x or y direction

o= [] i (4.24)
(J,k)ELa

as shown in Fig. 4.4b.

4.1.3 Time Reversal Symmetry

Here, we add a brief comment about the effect of time reversal symmetry (TRS) in our system.
In the original spin-formulation, time reversal is performed by applying the following anti-unitary
operator to each spin,

T = K(—io?), (4.25)
where I denotes complex conjugation. This operator satisfies

TofT ! = —of. (4.26)

Thus, the Hamiltonian (Eqn. 4.1) is manifestly TRS invariant, since every term contains two
spin operators. In the Majorana basis, time reversal is defined as

T=K, (4.27)



76 Chapter 4. The Amorphous Kitaev Model

2,

Figure 4.4: (a) An example of a bond operator flip that corresponds to the creation of six fluxes.
We start with a constant background (shown by the grey edges) where every plaquette has flux
+1. On this background we flip three sets of bonds (in black). Each of these sets forms a line,
where the flux of the coloured plaquettes at each end has been flipped to —1. (b) An example
of flipping bonds along two non-contractible loops in periodic boundary conditions. Each of
these flips transports the system to a gauge inequivalent set of bond operators, resulting in a
four-fold degeneracy for each flux sector.

and does not change any of the Majorana operators,
TCjTil = Cj, Tbjjﬁil = bj. (428)

This means that the Majorana Hamiltonian is not obviously TRS invariant, since the time
reversal operator has the property

Tiujkcjckf_l = —iUjkCiCy, (4.29)

so has the effect of flipping all bond operators in the system, wj, — —u;;. On a bipartite
system such as the Honeycomb this has no measurable effect, since we can flip all bonds back
by applying a gauge transformation D; to every spin on the A sublattice. The time reversed
Hamiltonian is gauge equivalent to the original Hamiltonian. In general, provided the Majorana
Hamiltonian has no coupling between two sites on the same sublattice, it is guaranteed to
respect TRS. The only way to break TRS is thus to introduce a next-nearest neighbour coupling
that acts between pairs of sites on the same sublattice. This is just a restatement of the fact
that chiral symmetry (or sublattice symmetry) satisfies C = P7T . Since the system already has
particle-hole symmetry (iA is pure imaginary), chiral symmetry necessarily implies time-reversal
syminetry.

4.1.4 Solving the Hamiltonian

Once a flux sector has been chosen, we are left with a Majorana Hamiltonian, H,,, as defined in
Eqn. 4.17. The full methodology for diagonalising such a Hamiltonian is detailed in Appendix
D.1 — we present only the broad strokes here. We diagonalise the Hamiltonian by rotating to a
new Majorana basis consisting of pairs of operators ¢.

5]' - Ojkck, (430)
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where O is a real orthogonal matrix. Since the ¢A;; matrix is pure imaginary, energies come
in pairs, meaning that we can pair up the diagonalising Majoranas as ¢}, ¢}, In this basis the
Hamiltonian takes the form

H=> &idd. (4.31)
J

Each of these paired sets of Majorana operators may now be transformed back to a new fermionic
basis according to the identity ic¢] = 2 fz-T fi — 1. Thus, the Hamiltonian becomes

H=> e Qfffi-1). (4.32)

The ground state energy can now be read directly from the Hamiltonian, since it corresponds to
leaving every fermionic state unoccupied.

Bgs.=—) & (4.33)
J

For each eigen-energy, there exists a fermionic excitation, created by applying the corresponding
f; to the ground state, with energy cost 2¢;.

In practice, it is often unnecessary to find the real orthogonal matrix O, and corresponding
Majorana modes. If one is solely concerned with the fermionic spectrum — that is, the values
of €; — one can simply diagonalise the Hermitian matrix ¢A. This matrix has particle hole
symmetry, so the eigenvalues come in pairs f¢; where ¢; correspond exactly to the energies of
the fermionic modes given above.

In a system with n,, plaquettes, we have 2" possible flux sectors (2"7~! in periodic boundaries),
and in general it is a non-trivial task to determine which flux sector corresponds to the lowest
ground state energy. However, on the honeycomb lattice the ground state was shown by Lieb
to be found by setting ¢, = +1 for all plaquettes [158]. Thus, the ground state can always be
found by bipartitioning the sites into an A and B sublattice, and setting the bond operators
such that uj; always points from each A site towards its three neighbouring B sites (this was
the ‘background’ flux sector depicted in Fig. 4.4). In the following, we shall refer to this flux
configuration as the canonical fluz sector.

Thus, we see that our interacting spin system has been divided into two separate degrees
of freedom: a ‘classical’ Zy flux degree of freedom corresponding to the bond operators and
plaquette fluxes, and a fermionic degree determined by the Majorana spectrum in a given flux
sector. In what follows we will distinguish between these two aspects as the ‘flux’ and ‘fermionic’
properties of the system. For example, the flux gap is defined as the difference in energy between
the ground state in the canonical sector and the ground state energy in any other flux sector.
The fermionic gap, however, is determined by the lowest fermionic energy ¢; in the canonical
flux sector.

4.1.5 The Ground-State Phase Diagram

We finish this review with a brief discussion of the ground-state phase diagram, which we shall
explore by varying the three J* parameters. Changing the sign of each individual J“ has no
effect on the system, since a change in sign can always be countered by flipping the value of all
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Figure 4.5: The Honeycomb model phase diagram, shown as a function of the three J* parameters.
Three limiting cases are depicted. (a) Close to the corners of the triangle, one set of bonds
is much stronger than the other two. Thus, the system effectively dimerises on the strong
bonds, with the remaining two couplings acting on the dimerised sites as a weak perturbation.
(b) In the centre of one of the sides of the triangle, two sets of bonds are much stronger than
the third. In this case, the system decomposes into a set of disconnected chain models, which
individually have gapless dispersion. The remaining coupling serves to weakly couple adjacent
chains. (c) At the centre of the triangle all bonds are equally strong, and the system is in some
sense maximally frustrated. Around this point we have a gapless phase. If a magnetic field
is used to open a gap, the system forms a quantum spin liquid phase, which supports anyon
excitation with non-Abelian braiding statistics.

u values on the corresponding bonds. A completely general two-dimensional phase diagram can
be constructed by considering only values of J* on the triangle defined by > J* =1, J* > 0.

In the canonical flux sector, the Hamiltonian (Eqn. 4.17) has translational symmetry. Thus, the
fermionic spectrum can be calculated by transforming to momentum space, obtaining a Bloch
Hamiltonian of the form

iA(q) =d(q) - o, (4.34)
defined by the Pauli vector,

J¥sin g, + JYsin gy
d(q) = — | J¥cosq, + JYcosq, + J? (4.35)
0

The phase diagram of this Hamiltonian has two distinct sectors determined by whether the
Pauli vector defined above sweeps over the origin or not, shown in Fig. 4.5. Around each corner
of the triangle, in the regime where one of the J parameters is larger than the sum of the other
two, iA(q) defines a gapped system, which we label as the A, phase. When the J-parameters
satisfy J® < JP + J7 for all permutations of indices, the dispersion has two Dirac cones, and
the system is in a gapless phase, which we label the B phase.
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2)

Figure 4.6: The effect of a magnetic field on the band structure of the Majorana Hamiltonian in
the B phase, with J = (1,1,1). (a) Band structure of the gapless B phase, where the two dirac
cones can be seen. (b) Band structure of the model with a magnetic field added with £ = 0.2,
leading to the formation of a band gap.

4.1.5.1 The Gapped A Phases

The three gapped phases are best understood by considering the model very close to the corners
of the triangle. Here, one of the couplings is orders of magnitude stronger than the other two.
For example, in Fig. 4.5a, we depict the limit J* > JY, J*. Let us consider without loss of
generality this limit. Here, the Hamiltonian may be treated using perturbation theory, where
the = and y-bonds are treated as a perturbation of a ground state calculated only from the
z-part of the Hamiltonian.

Since the 0*0* couplings dominate, we expect the two spins on each bond to arrange into a |11)
or |[)) configuration, thus effectively combining, forming a single spin on each z-bond. Each
of these effective spins is then coupled to four neighbours with ¢*¢® and Y0¥ interactions —
forming a square lattice. Here we will omit a full discussion of the perturbation theory, however
it was shown that this model can be exactly mapped onto the toric code Hamiltonian at lowest
order in perturbation theory [30, 176-179]. Thus, this phase inherits the properties of the toric
code, including the presence of Abelian anyonic excitation.

4.1.5.2 From the Gapless to the gapped B Phase

Around the centre of the phase diagram all J* are comparably strong, so the system can be
considered maximally frustrated, and thus the best candidate for a strongly entangled ground
state. In this phase the fermionic Hamiltonian is gapless, and so excitations have long-ranged
spatial extent, so cannot be sufficiently separated to have well-defined exchange statistics. Thus,
let us introduce a small perturbation capable of gapping out the Dirac cones in the dispersion
relation of Eqn. 4.34.

Any perturbation that respects time reversal symmetry is unsuitable for this task. This is because,
as we discussed in §4.1.3, a time-reversal symmetric perturbation can only introduce couplings
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between an A site and a B site. For a Bloch Hamiltonian of the form iA(q) = f,(q)o” + f,(q)o?,
such a perturbation will only serve to modify the form of f, and f,, shifting the position of the
Dirac cones in phase space. However, the Pauli vector will remain confined to the z-y plane, so
a small perturbation will not be sufficient to prevent it from crossing the origin as it sweeps
out the full Brillouin zone. Rather, we must introduce a perturbation that breaks TRS, and
couples pairs of A or B sites. This introduces a o*-type term to the Bloch Hamiltonian. One
example of such a perturbation corresponds to applying a weak magnetic field to our system.
A straightforward magnetic field term of the form V = h,o® destroys the integrability of the
system, however using perturbation theory one can construct an effective magnetic field term
that respects it. The lowest term in perturbation theory that breaks TRS is found at third
order [30], given by a term of the form

Vet = —K0ojojof, (4.36)
with kK = hzl}ghz , acting over adjacent triples of sites. We shall omit the details of this calculation
since it shall not be relevant to the amorphous case. Rather we just state the result, which is

that the perturbation has the effect of introducing a complex next-nearest neighbour coupling
to the Majorana Hamiltonian, such that the Pauli vector is modified to

J¥sing, + JYsing,
d(q) = — J* cosq, + JY cosq, + J* (4.37)
4K[sin ¢, — sin g, + sin(g: — gy)]-

As can be seen in Fig. 4.6, this perturbation is enough to gap the two Dirac cones.

4.1.6 The Chern Number

We finish the review of the Honeycomb model by discussing the topological properties of the
model in the A and B phases. This has two parts. First we will consider the Chern number of
the Majorana Hamiltonian in each case, before discussing the effect of the Chern number on the
fractionalised excitations of the model in the B phase.

In this model, the Chern number is calculated as a property of the fermionic Hamiltonian,
defined by the matrix iA. Of course, we could explicitly calculate the Chern number using the
machinery presented in §2.1. However, we can instead infer the Chern number directly from the
form of the d(q) vector that defines the Bloch Hamiltonian, given by Eqn. 4.35. This is because
— as discussed in §2.1.3 — in a two-level system we can find the Chern number by just counting
the number of times the surface swept out by d encloses the origin. In the A phases, this surface
is confined to the z-y plane. Furthermore, since the system is gapped, d does not ever cross
the origin. This means that the surface cannot enclose the origin and thus the A phase has
Q = 0. In the B phase, d(q) is also confined to the x-y plane, and crosses the origin at two
points in phase space, which we label with q, and —q,, since they are related by reflection over
the origin. Once the magnetic perturbation is added, we find that d is shifted away from the
origin in the z-direction at these two points. Furthermore, the z-position, given in Eqn. 4.37 is
an odd function of q. This ensures that one of the Dirac cones is gapped with d avoiding the
origin with positive d,, whereas the other Dirac cone is gapped with d avoiding the origin with
negative d,. Thus, the surface swept out by d encloses the origin once, and the Chern number
in this phase is given by Q@ = +1, where the sign is determined by the sign of .

When the Chern number is odd, i.e. when it is 1, the presence of a flipped plaquette binds a



4.1. Kitaev’s Honeycomb Model 81

Q=+1
+v

x
>
EENERNNRERNRRRSRRERNRRNRRENED
.
<
—v

Y A
Q=+1

Y A

0 5 10 15 20 25

Distance between fluxes

Figure 4.7: (a) A single flux (shown in purple) is created in an infinite honeycomb model by
flipping a line of bond operators starting at the flux and extending horizontally to infinity.
(b) The system in subplot (a) can be rewritten as a pair of Chern insulators which are then
coupled together using the remaining horizontal line of bonds. Each of the two systems
contributes an edge mode travelling with velocity +v at the boundary, shown in red. (c) A pair
of fluxes is flipped with respect to the ground state in a Kitaev model at the isotropic point with
r = 0.0025. The local number density of the Majorana bound state is shown by the colourmap.
(d) Plot showing the energies of the states in the Kitaev model with the same parameters as in
(c). Each set of points corresponds to the system with a pair of flipped fluxes at some given
separation shown in units of the spacing between a pair of plaquette centres, showing how the
energy of the Majorana modes decays exponentially with the distance between fluxes.

Majorana zero mode around that plaquette. A rigorous proof of this statement is provided by
Kitaev in Appendix C of [30], which we shall not restate. Rather, let us provide an intuitive
argument for why this must be the case. The first step is to turn our Majorana Hamiltonian into
an equivalent fermionic system. This is done by overlaying two copies of the system, labelled
with ¢ and ¢} respectively, without coupling them to one another. Thus, the Hamiltonian
(Eqn. 4.17) becomes

1
H= 1 Z Aji(cje), + ciey). (4.38)
ik
By constructing a fermion operator as a; = %(c; +icj), we can then rewrite this as

H=> iAjala. (4.39)
ik

Thus, the system has become a straightforward fermionic hopping hamiltonian. Note that
because the hopping matrix ¢A4;; is pure imaginary, the Hamiltonian anti-commutes with the
complex conjugation operator, so has particle-hole symmetry. Since the hopping Hamiltonian is
changed only by a factor of four, the Chern number we calculated for the Majorana case is the
same for the doubled fermion system — this Hamiltonian is just a standard Chern insulator!

Now, let us consider the spectrum of the system with a single flipped plaquette in the centre, as
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shown in Fig. 4.7a, which has been created by flipping a horizontal line of spins that starts at
the plaquette and extends to infinity. To see how a bound state arises, let us consider creating
this system by sandwiching together two Chern insulators. We divide the system such that
the line of flipped bond operators lies along the seam between the two halves, meaning that
each Chern insulator is individually clean and uniform. Thus, the flipped plaquette is found
in between the two halved systems. Now, in order to couple the two systems together, let us
introduce hoppings between the two systems such that the coupling parameter changes sign as
it crosses the flipped plaquette, as shown in Fig. 4.7b.

Before the coupling is introduced, each Chern insulator must have a single edge mode propagating
along the boundary. Furthermore, as we showed in §2.2.1, we can expect that this edge mode
will have linear dispersion as it crosses the Fermi energy. Thus, in the long-wavelength limit, we
may approximate the Hamiltonian for the edge mode as H ~ —iv0d,,, where v is a parameter
that determines the group velocity of the edge mode. On the upper Chern insulator, the velocity
will be positive, and on the lower insulator the velocity will be negative. Thus, the effective
Hamiltonian describing the two uncoupled edge modes is given by

H = —ivo®0,. (4.40)

Now let us introduce the coupling between the two half-systems. Since we must respect the
overall particle-hole symmetry of the system, the only allowed coupling must be proportional
to 0¥ — the Hamiltonian must remain pure imaginary and antisymmetric. Thus, the overall
Hamiltonian is equivalent to the Jackiw-Rebbi model [180],

H = —ivo*0, + p(zx)o?, (4.41)

where p(z) is a parameter that changes sign exactly at the point where the flux is placed, let
us assume that p is +1 on the left and —1 on the right. The existence of a zero mode can be
determined by finding a solution to H |¢)) = 0, which is straightforwardly given by a state of
the form |)) = N'e¥v |—), where the sign in the exponential changes depending on whether x is
to the left or right of the flux. Thus, we have an exponentially localised zero mode appearing.
In general, such a mode will always appear anywhere that the sign of u changes.

As we have seen, the fermionic Chern insulator binds a single fermionic zero mode, exponentially
localised around the plaquette with a flux threaded through. All that remains is to remember
that the fermionic system was really composed of two uncoupled Majorana systems. This means
that the fermionic operator representing the zero mode can now be split back into two Majorana
modes, ap = 3(c{+icfj). Bach of these Majoranas must reside on one of the two overlaid systems,
so we see that in the original Kitaev model, a Z, flux excitation will always bind a Majorana
zero mode, provided that the system has an odd Chern number. In Fig. 4.7c, we show an
example of two fluxes, with the local density of the Majorana mode around each flux, and in
Fig. 4.7d we show how the energy of the flux-bound Majoranas decreases exponentially as the
distance between fluxes is increased.

4.2 The Amorphous Kitaev Model

Let us now consider the extension of the Kitaev honeycomb model to arbitrary lattice geometry.
Remarkably, many of the techniques discussed in §4.1 carry over straightforwardly to the
amorphous case — including the conserved plaquette operators and their associated local
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Figure 4.8: (a) An example of a Voronoi lattice with a valid three edge colouring. (b) The Pe-
terson snark, the first example of a non-edge-colourable cubic graph. (c) In periodic boundaries,
the Peterson snark can be rearranged into a planar graph. (d) Three examples of the coloured
lattice from subfigure (a), each with one of the three sets of edges removed, revealing the loop
structure of each pair of edge labels.
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symmetries (the W,/¢, quantities) [152, 153], as well as the general process for mapping onto
an effective free Majorana system. Two complications arise that we shall discuss in detail. First,
the labelling of bonds necessary to create a soluble Hamiltonian is an NP-complete problem.
Second, finding the ground state flux sector out of the exponentially large number of Z, flux
sectors is generically hard since Lieb’s theorem no longer applies [158].

In this section we will present the full procedure for constructing and solving the Kitaev model
on an amorphous lattice, and demonstrate that the model forms a robust quantum spin liquid
phase over a wide variety of lattice geometries. We show how the Hamiltonian may be defined
on any lattice with coordination number z < 3! including how assign a o® labelling to the bond
operators to ensure that it remains integrable. We consider the structure of the Z, gauge field,
finding that the presence of plaquettes with an odd-number of sites lead to a chiral QSL with
spontaneously broken time-reversal symmetry (TRS) [156, 164-169]. Next, we provide a careful
analysis of how the fermionic ground state energy depends on the Z, flux sector, showing how
the energy may be understood in terms of an expansion over closed loops in the system, where
the lowest order terms hint at a solution of the general Lieb’s theorem. We provide numerical
evidence that the ground state flux sector follows a remarkably simple counting rule consistent
with Lieb’s theorem [158]. Finally, we map out the phase diagram of the model and see that
the chiral phase is generally gapped and characterized by a quantized Chern number as well as
protected chiral Majorana edge modes.

4.2.1 Setting up the Model — Bond Colouring

Let us begin, as we did in §4.1, by defining the Hamiltonian. We work with a system of spin % on
the vertices of an arbitrary lattice where each bond has been labelled with an index « € {x,y, z}
— henceforth we will refer this these labels as a bond colouring. The Hamiltonian is written

L Although exceptions exist, some lattices exist that cannot be coloured, see Fig. 4.8b and Fig. 4.8c.
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identically as in the honeycomb case,

H=—- Z J ooy (4.42)
(k) a

As before, plaquettef operators can be defined by taking the product of bond operators around
a given plaquette p. In order for all plaquette operators to commute with one another and
the Hamiltonian, the colouring must be chosen such that no vertex connects to more than
one bond of each type. Thus, we restrict our investigation to lattices in which every vertex
has coordination number z < 3. Here we generate such lattices using Voronoi tessellation, as
described in §A, an example of a coloured Voronoi lattice is shown in Fig. 4.8a.

The problem of finding such a colouring on a three-coordinated lattice was first studied in the
late 19th century by Scottish physicist Peter Tait in an unsuccessful attempt at solving the
famous four-colour theorem. Tait proved that the problem of finding a 3-edge colouring was
equivalent to finding a four-colouring of the faces [181], detailed in Appendix C. The four-colour
theorem was proved 100 years later [182], so we have the guarantee that in open boundaries every
planar cubic graph is 3-edge colourable. On the torus, both Tait’s proof and the four-colour
theorem fail, a face colouring can take up to seven colours [183]. In the graph theory literature,
a cubic graph that cannot be 3-edge coloured is called a snark, the most famous of which being
the Peterson snark. As a consequence of the four-colour theorem, all snarks must be non-planar,
however the Peterson snark can be made planar on the torus, shown in Fig. 4.8. Thankfully, in
practice we shall find that snarks on the torus are extraordinarily rare — when working on this
project we never encountered an un-colourable Voronoi lattice.

Of course, it is not sufficient to simply state that a colouring exists — a process is necessary for
colouring an arbitrary lattice. The 3-edge colouring problem is one of the canonical examples of
an NP-complete problem [184], so no polynomial-time algorithm can be used to find a valid
colouring. In order to solve this, we map the colouring problem onto a boolean-satisfiability
problem, which is then solved using the open-source solver MiniSAT [185].

Although one might expect such an NP-complete problem to be computationally demanding
to solve, we found that this process generally required little computing power. This is due to
the fact that, on the lattices considered, there are many valid colourings to choose from. To
illustrate this, note that given a colouring it is always possible to generate a new colouring. This
can be done, as shown in Fig. 4.8d, by considering two colours only. If bonds with the third
colour are removed, we see that the lattice separates into a series of loops of even length, which
are alternatingly coloured. For each individual loop, we may swap the two colours leaving the
rest invariant. Doing this will generate a new colouring as well as changing the loop structure
for the other two pairings. Thus, this process can be repeated for different pairs of colours and
loops, each time generating completely inequivalent colourings. In fact, by considering a set of
randomly generated lattices, some rough numerics indicate that the number of valid colourings
grows with the exponential of system size according to Neolourings ~ 3°1*"ites | compared to the
total number of colourings which scales as 327sites,

4.2.2 Fluxes on an Amorphous Lattice

Once the lattice has been constructed and colouring has been found, the amorphous Hamiltonian
can be diagonalised using the same procedure as that for the honeycomb model, described in
§4.1.1. We transform each spin into four Majorana degrees of freedom, resulting in a Hamiltonian
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Figure 4.9: An example of the procedure for flipping a set of fluxes. (a) The initial system,
with the flux through each plaquette labelled, and w;j, values indicated with bond arrows. (b) A
set of plaquettes (highlighted in pink) are chosen to be flipped. The plaquette spanning tree is
constructed (shown in blue and green). Blue parts of the tree have an even number of plaquettes
to flip on both sides, so their corresponding edge is not flipped. Green parts of the tree have an
odd number of plaquettes to flip on both sides, so their corresponding edge is flipped. (c) The
lattice after the flip has been performed, with the flipped edges highlighted in red.

analogous to that in Eqn. 4.16. Again, we find a set of neqe bond operators, labelled as u;,
which commute with one another and H so can be treated as a [ gauge field uj;, = £1. Gauge
transformations are also identical to those in the honeycomb case, where the D; operator’s effect
is to flip the value of u;;, for all bonds connected to site j. When represented in the Majorana
Hilbert space, the flux operators W, =[] op 05 0) again become a set of conserved gauge fluxes
Op = Hap —iuj, with one flux per plaquette in the system.

The spin Hamiltonian is real, so it has time reversal symmetry. However, unlike the honeycomb
case, the gauge flux through any plaquette with an odd number of sites is imaginary. A gauge
sector is specified by a set of ¢, = £1 for every even plaquette and a set of ¢, = +i for every
odd plaquette, see the example in Fig. 4.9a. Thus, we find that the presence of odd plaquettes
leads to a spontaneous breaking of time reversal symmetry, since the effect of time reversal will
be to flip the sign of every bond operator on the lattice. Any odd-plaquette flux ¢, will thus
also have its sign flipped. On the honeycomb, the flipping of every bond operator in the system
could be done via a gauge transformation applied to all the sites on one of the two sublattices.
On a lattice with odd cycles we no longer have A and B sublattices, so this is no longer possible
— a time reversed system is not gauge equivalent to the original. Thus, any state with a fixed flux
sector spontaneously breaks time reversal symmetry, which in the context of crystalline Kitaev
models was first described by Yao and Kivelson? [156]. All flux sectors come in degenerate pairs,
where time reversal is equivalent to inverting the flux through every odd plaquette.

On our model, we have seen that only the gauge fluxes though each plaquette have physical
significance, however the degrees of freedom we actually have access to are the bond operators.
Thus, let us detail an efficient process for choosing the bond operators such that a particular flux
sector can be reproduced. The space of bond operator configurations is massively degenerate —
that is, many different configurations are gauge equivalent. However, we can deal with this by
restricting to only changing u;;, on a subset of bonds. In particular, we construct a spanning
tree on the dual lattice, which passes through every plaquette in the system, but contains no

2Actually, Kitaev alluded to it in the original paper on the honeycomb model but said little about the result.
Perhaps he did not think this was interesting enough to devote much time to studying, or perhaps he wanted to
leave a few exercises for the interested reader.
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loops, as shown in Fig. 4.9b. The tree contains n, — 1 edges, shown in red, whose configuration
space has a 1 : 1 mapping onto the 2™ ~! distinct flux sectors. Starting with some arbitrary flux
sector, every other flux sector can be created in precisely one way if we only flip edges on the
tree (provided all other bond variables not on the tree remain fixed).

To construct the correct set of bond operators, we start with some arbitrary flux sector generated
at random. We then count which plaquettes have the incorrect flux compared to the configuration
we are targeting. We then construct our dual spanning tree and consider only the bonds that
lie on this tree. To decide whether a bond should be flipped, we remove the bond from our
spanning tree, cutting the tree into two. Now we count the number of incorrect plaquettes on
one of the two trees. If the number is odd then the bond must be flipped, if the number is even
then the bond is left as it is. An example of this process is depicted in Fig. 4.9.

4.2.3 The Ground State Flux Sector

We now have all the tools necessary for constructing the amorphous Kitaev model. We can
choose a flux sector, solve the system, and determine all the fermionic properties. However, we
are missing one final piece of the puzzle: the flux sector of the ground state. On the honeycomb,
Lieb’s theorem [158] applies, and the ground state is found by setting ¢, = +1 for every hexagon.
Here we are not so lucky since an extension of Lieb’s theorem to more general lattices has
not been proved. In this section we will provide numerical evidence to support the conjecture
that, for an arbitrary lattice, the ground state may be found by setting the flux through each
plaquette to

(b%.s. — _(:l:z')nsides7 (443)

where ngqes 1S the number of edges that form the plaquette and the 4+ represents a global sign
choice which gives us the two TRS-degenerate ground state flux sectors. We collect this evidence
by generating a large number of lattices and exhaustively checking every possible flux sector to
find the configuration with the lowest energy.

The argument has one complication: for a graph with n, plaquettes, there are 2"»~! flux sectors
which must be searched over. Thus, one is necessarily restricted to looking at small system sizes
— we were able to check all flux sectors for systems with n, < 16 in a reasonable amount of time.
At such small system size we find that finite size effects are substantial and extra care must be
taken to account for such effects.

The argument has three parts. First we present a formulation of the ground state energy in
terms of quantities defined on cycles on the lattice. Next, we shall use this formulation to discuss
the effect of finite system size, and propose a method for dealing with these finite size effects.
Finally, we shall present the numerical results — that all lattices we checked had a ground state
consistent with our conjecture, and argue that the result may be straightforwardly extrapolated
to larger system sizes.

4.2.3.1 Cycles and the Ground State Energy

As discussed previously, the ground state energy can be found by taking the sum of the negative
eigenvalues of the antisymmetric Hermitian matrix ¢A, defined in Eqn. 4.18. This Hamiltonian



4.2. The Amorphous Kitaev Model 87

has particle-hole symmetry, since it is pure imaginary, so has HK = —H, forcing all the
eigenvalues to pair up with opposite signs,

N/2

iA = Z (& |[¥i) (il — & |¢:> <?/)z*|) ) (4.44)

where ¢; are always positive and N is the dimensionality of the Majorana Hilbert space. To find
the ground state energy, let us square this matrix and then take the square root - forcing all the
eigenstates to be positive,

N/2

V(i) = Ze (i) (il + 197 (i) - (4.45)

Thus, the trace of this quantity is exactly double the magnitude of the ground state energy
(which is negative),

Try/(iA)? =2) & =2|E,.|. (4.46)

We want to re-express this square root as a power series in ¢A. Our starting point is the binomial
expansion for the square root

% (1
R S 6
(1+a)2 = ; L (4.47)
The symbol (-),, represents a falling factorial,
(@)p =a(a—1)(a—2)..(a —n+1). (4.48)

To apply this to our problem, we wish to replace (i4)? = 1+ x, however there is a complication.
The series only converges for || < 1, so we must first rescale (iA)? such that none of its
eigenvalues are > 2, let us therefore introduce a rescaling factor s,

- ()[4 "
A)2 = 1 4.49
VAR = 53 e [E ] (4.49)
Rearranging slightly to make the sign structure more explicit, we have the following power series
expression for the energy of the ground state,

(). 2
lan Tr [s — (i4) } , (4.50)

2|Egs| = \/gnv - \/gz
n=1

where n, is the number of vertices on the lattice.

The Spectral Radius of iA — Let us briefly comment on the value of s, which is defined
by the largest eigenvalue of (iA)?. Thankfully, there has already been some work put into
understanding the properties of matrices like 1A by the graph theorists [186, 187]. At the
isotropic point J* = 1, (1A) is a skew-adjacency matriz (although they don’t include the
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factor of i), the energy we are after is called the skew-energy. Their emphasis is rather
different, spectral graph theorists use quantities like this as a signature to differentiate
between different graphs. In [187] they prove that the spectral radius of the skew adjacency
graph is always less than the spectral radius of the regular adjacency matrix,

p(iA) < p(|iA]), (4.51)

where | - | denotes an element-wise modulus. This is incredibly handy because it is well
known that the spectral radius of the adjacency matrix is always equal or less than the
largest vertex coordination number A,

p(|iA]) < A, (4.52)

with equality if the lattice is A-regular (i.e. all vertices have coordination number A). Our
lattices are guaranteed to always have coordination number 3 (or lower if we have open
boundaries for example). Thus, we have a guarantee that the spectral radius of A has

p(id) < 3. (4.53)

This means that provided s > 4.5, our series is guaranteed to converge. As we move away
from the isotropic point in J%, provided we still satisfy J¢ < 1, the above inequality still
holds.

Now let us show that the trace of the k" power of a matrix is determined solely by the products
of matrix elements around loops in the lattice. Consider a diagonal element of M¥,

(M¥)j5= > (Mja)(Mag)-..(Mye) (Mey). (4.54)

CZ,B,...,X,UJ

The summand in this expression can be visualised as taking a k-edge walk that starts at p;, then
traverses over all the intermediate points (pq, pg...) before coming back to finish at p;. Thus,
the matrix element above calculates the sum of all walks that start and end at point p;. The
whole trace can thus be seen as a sum over all closed k-walks on our lattice.

Now let’s consider traces of iA at the isotropic point (J* = 1). In this case, up to an overall
factor, we have iA;; = iuj;. This means that a trace of (14)* sums the flux ¢,, through every
walk wy, of length k,

Tr [((A)Y] =) du, (4.55)

Note that this flux differs from our previous definition in that it is calculated for an arbitrary
walk around the lattice, rather than specifically for individual plaquettes. Let us state two
properties of these fluxes:

1. The flux around a walk that encircles zero area is always +1. For a path to encircle no
area, it needs to leave and return to point p; along the same path. This means that every
constituent u;; in the flux product must appear twice in the overall expression,

O = (iug2)(itgg)...(1Un—1 1) (1 n1)...(Tugz) (Tug1). (4.56)
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Figure 4.10: The flux through a large and complex walk, ¢,, can be decomposed as the product
of the flux through its constituent plaquettes, neglecting the parts of the walk that enclose no
area.

From the antisymmetry of u;; we can immediately see that each pair of u values gives an
overall +1 factor, so the overall flux is +1.

2. The flux of a closed walk is the product of the flux through the plaquettes it encircles.

6w =11 (4.57)

peEw

This can be proved by noticing that a combined path has all the same constituent edges
as the plaquettes minus some shared edges. Since the shared edges show up with opposite
direction in each plaquette, the iu;; factors cancel out when their fluxes are multiplied.

As a consequence of these two properties, we see that the flux through any complex closed
walk around the lattice can be decomposed into the product of its constituent plaquettes, as
shown in Fig. 4.10. Thus, every term in Eqn. 4.50 is a trace of a power ¢A, which then can be
decomposed into products of fluxes through individual plaquettes,

Bgsl > iy, + > Cindp,bpy + - (4.58)

Determining the exact values of ¢; in this expansion is, of course, complex and dependent on
the specific geometry of the individual lattice.

In periodic boundaries, not every walk can be expressed as a product over plaquette operators,
since any walk that wraps the torus encircles no plaquettes. Torus wrapping walks have a
minimum length that scales with system size L, so first show up in the series at order L. Thus,
we expect these to vanish for arbitrarily large systems, and consider their influence to be a finite
size effect, which we discuss in the next section.

A Clue for the Ground State Flux Sector — Let us consider the sign structure of the sum in
Eqn. 4.50. Since the sum is in powers of —(iA4)?, we see that, ignoring the magnitude of
each term, the sum looks like

|Egs| ~ ag + |ay|(iA)? — |ag|(iA)* + |az|(14)° — |as|(1A)® — ... (4.59)
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For a given plaquette p with n, sides, we expect it to contribute at lowest order in Eqn. 4.50
in a term of the form

ns

(=1)% (GA)™ ~ terms + (—1) % ¢, (4.60)

The lowest ground state energy is found by extremising this sum. Thus, if we set the flux
through every plaquette of length 4m to —1 and the flux through every plaquette of length
4m+ 2 to +1, we can be sure that their lowest order contribution to the sum will be positive.
Thus, we expect that this should give us the best chance of maximising |Ey s |.

The flux through odd plaquettes does not show up in this expression. However, if we consider
the ways that odd plaquettes can combine to form even plaquettes, we may extend this
argument to include them as well. For two odd plaquettes with ng and ng sides which share
an edge, the combined even plaquette will have ng + ng — 2 sides, and the flux through the
combined plaquette will be ¢1¢,. Thus, if we set the flux through all plaquettes with 4m + 1
sides to +¢ and the flux through all 4m + 3 sided plaquettes to —1, we have a guarantee that
they will always combine with a neighbour to form an even plaquette whose flux agrees with
the rule stated above. Note that this also works if we swap the +¢ and —¢ in this argument.
Thus, we might be tempted to suggest that the ground state flux sector corresponds to
setting all plaquettes to

™ = — (i) e, (4.61)

Unfortunately, the above argument only works at the lowest order at which each plaquette
appears. If you include higher order terms, the counting is not so straightforward, since
individual plaquettes can reappear at arbitrarily high order in arbitrarily long walks that
show up with both positive and negative coefficients. Quod not erat demonstrandum.

4.2.3.2 Finite Size Effects

In our numerical investigation, the objective was to test as many example lattices as possible.
We aim for the largest lattice size that could be efficiently solved, requiring a balance between
lattice size and cases tested. Each added plaquette doubles the number of flux sectors that must
be checked. 25,000 lattices containing 16 plaquettes were used. However, in his study of the
honeycomb model, Kitaev demonstrated that finite size effects persist up to much larger lattice
sizes than we were able to access.

In order to circumvent this problem, we treat the 16-plaquette amorphous lattice as a unit cell
in an arbitrarily large periodic system. The bonds that originally connected across the periodic
boundaries now connect adjacent unit cells. This infinite periodic Hamiltonian can then be
solved using Bloch’s theorem, since the larger system is diagonalised by a plane wave ansatz.
For a given crystal momentum q € [0,27)?, we are left with a Bloch Hamiltonian, which is
identical to the original Hamiltonian aside from an extra phase on edges that cross the periodic
boundaries in the x and y directions,

iAjn(a) = 5T e, (4.62)

where ¢, = g, for a bond that crosses the z-periodic boundary in the positive direction, with
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Figure 4.11: A lattice in twisted boundaries, with a phase g, obtained on crossing the boundary
in the a-direction. Several loops are shown. The red loops pick up no phase since they either
do not cross the boundaries or cross it once in each direction. The light blue path crosses the
x-boundary once, so picks up a phase e“=. The dark blue path crosses the z-boundary twice, so
picks up a phase €%,

the analogous definition for y-crossing bonds. We also have ¢; = —qi;. Finally, ¢; = 0 if
the edge does not cross any boundaries at all — in essence we are imposing twisted boundary
conditions on our system. The total energy of the tiled system can be calculated by averaging
over the energy for every value of q.

Let us recontextualise the effect of such a twist-averaging procedure to the loop-sum picture
presented in the previous section. Let us consider a walk w on our lattice. If the walk does not
wrap the torus in either the x or y directions, then ¢, is invariant to q. Even if the walk does
cross the boundaries, a non-wrapping walk will cross once forward (picking up €) and then
again backward (picking up e~%), leaving the overall flux invariant.

However, consider a general walk that wraps the system n, times in the z-direction and n,
times in the y-direction. When a twist q is applied, the flux through this walk will pick up an
extra phase

P = e ET I, (4.63)

Thus, each successive set of q included in our averaging procedure has the effect of cancelling out
the contribution to |E, | from walks with larger values of n,. To illustrate this, consider first
averaging over q = (0,0) and q = (7,0). Any walk with odd n, will appear with opposite sign
in the two respective sums for each twist, cancelling out. Adding in q = (5,0) and q = (37“, 0),
then cancels out all walks with n, = 2,6,10... Thus, we see that averaging over sufficiently
many phase twists has the effect of cancelling out all torus-wrapping walks, while leaving all
non-wrapping walks invariant.

4.2.3.3 Numerics

We now detail the numerical evidence collected to support our claim for the flux configuration
of the ground state. We generated a large number (~ 25,000) of lattices and exhaustively
checked every possible flux sector to find the configuration with the lowest energy. This was
done both at the isotropic point (J* = 1), and in the toric code phase (J™¥ = 0.25, J% = 1).
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Figure 4.12: (a) The energy of every flux sector explored for a system of 16 plaquettes, the
order is arbitrary. The two ground state flux sectors can be identified as the points with the
lowest energy. (b) The fermion gap for each of the flux sectors explored. Note that the largest
fermion gap coincides with the ground state flux sector. This occurred in ~ 85% of cases tested.
(c) Average energy of the systems tested over a range of system sizes from n, = 9 to n, = 1600.
The region between the upper and lower quartiles is shown in red, and the full range of energies
obtained is shown in orange. (d) Average fermion gap as a function of system size. Again, the
region between the upper and lower quartiles is shown in red, and the full range is shown in
orange. As can be seen, no gapless systems were found for n, > 20.

Since a lattice with n,, plaquettes has 2"~ distinct flux sectors to search over, one is necessarily
restricted to looking at small system sizes — we were able to check all flux sectors for systems
with n, < 16 in a reasonable amount of time. Practically, this is done by iterating over all
possible configurations of {u;} a plaquette-spanning tree, as described in §4.2.2. At such small
system size, the substantial finite size effects are thus accounted for by averaging over 50 x 50
sets of twisted boundary conditions.

For each lattice, 2! = 32,768 flux sectors are generated. In each case we find the energy
(averaged over all twist values) and the size of the fermion gap, which is defined as the lowest
energy excitation for any value of q. We then check if the lowest energy flux sector aligns with
our ansatz (¢§* = —(&i)"i4) and whether this flux sector is gapped. At the isotropic point
(J*=1), all 25,000 examples conformed to our guess for the ground state flux sector. A tiny
minority (~ 10) of the systems were found to be gapless. As we shall see shortly, the proportion
of gapless systems vanishes as we increase the size of the amorphous lattice. An example of the
energies and gaps for one of the systems tested is shown in Fig. 4.12a. For the anisotropic phase
(we used J™Y = (.25, J* = 1) the overwhelming majority of cases adhered to our ansatz, however
a small minority (~ 0.5%) did not. In these cases, however, the energy difference between our
ansatz and the ground state was at most of order 107¢. Further investigation would need to be
undertaken to determine whether these anomalous systems are a finite size effect due to the
small amorphous system sizes used or a genuine feature of the toric code phase on such lattices.
Especially since the flux gap (i.e. the second-lowest ground state energy of any flux sector) of
the honeycomb toric code phase scales with J*2.J¥%/.J*3 so is expected to be very small in this
regime.

We turn our attention to checking that the ground state flux sector is gapped. Here, there is no
longer any need to exhaustively search over flux space for the ground state, so it is possible to
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Figure 4.13: Ground-state phase diagram calculated for an example amorphous lattice with 800
sites. The phase diagram is coloured with the logarithm of the gap size, showing clearly the
lines where the gap closes, separating a gapped B phase from the three A, toric code phases.
Three example lattices (for a much smaller lattice) are shown in order to illustrate the state of
the system at three points in the phase space. (a) Around the corners the system is dimerised,
with the remaining couplings acting as a weak perturbation on the dimerised system. (b) In
the centre of a side of the triangle, the system is decoupled into a set of chain models. (c) At
the centre of the phase diagram there is a gapped chiral quantum spin liquid phase.

go to much larger system size. We generate 40 sets of systems with plaquette numbers ranging
from 9 to 1600. For each system size, 1000 distinct lattices are generated and the energy and
gap size are calculated without phase twisting, since the effect is negligible for such large system
sizes. As can be seen in Fig. 4.12c-d, for very small system size a small minority of gapless
systems appear, however beyond around 20 plaquettes all systems had a stable fermion gap in
the ground state. Finally, we note that the energy and gap difference between the phase twisted
and non-phase twisted results vanished exponentially in the system size, supporting the claim
that the results can be straightforwardly extrapolated to large systems.

4.2.4 The Ground-State Phase Diagram

The ground-state phase diagram can now be determined by varying the strength of each bond
type, J, while remaining in the ground state flux sector. In Fig. 4.13, we show the phase
diagram for an example system on a lattice with 800 sites. The diagram contains two distinct
phases: close to the corners of the triangle the gapped A, phases appear. The phase has a
fermionic gap and supports Abelian excitations. Around the isotropic point J* = JY = J*, the
B phase is also gapped, in contrast to the honeycomb case. This is because the presence of odd
plaquettes leads to a spontaneous breaking of time reversal symmetry. Note that the phase
diagram for this specific 800-site lattice is general - for a sufficiently large amorphous system,
the phase diagram depends weakly on the detailed geometry of an individual lattice — many
different lattices give an almost identical phase diagram.

As the values of J¢ are varied, the fermionic gap closes at the boundary between the two
phases. On the amorphous lattice these boundaries exhibit an inward curvature relative to
the Honeycomb case. This curvature is similar to that seen on the honeycomb Kitaev models
with flux [188] or bond [189] disorder. At the centre of the sides of the triangle, the system has
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Figure 4.14: An example system in the B phase, on a lattice with ~ 8000 vertices. (a) The
local Kitaev marker Qk;; for a crosshair placed in the centre of the material. The sum of the
central positive contribution is quantised to @ = +1 by one part in 107°. (b) A plot of the
logarithm of number density for a gap crossing edge mode with energy € = 0.003. The log of
the density decays linearly from the edge to the bulk, indicated that the that is exponentially
localised to the boundary. (c¢) The density of states of the Majorana Hamiltonian, coloured
according to the average IPR of states at a given energy.

completely decoupled into a set of chains, as shown in Fig. 4.13b. Provided the chains are long
enough — i.e. the system is sufficiently large — they are guaranteed to have a gapless spectrum,
ensuring that the three A, phases are separated by gap crossings.

A fundamental tool for understanding the distinction between the two phases is the Chern
number. The original definition relies on momentum space, and so cannot be used here, where
the system lacks any translational symmetry. However, we may use the real-space Chern number
discussed in Chapter 3. Using this local Chern marker, we determine that the A, phases have
Chern numbers Q = 0, whereas the two TRS-degenerate ground state flux sectors in the B phase
have Chern number Q = +1 respectively. In open boundaries, this leads to the appearance of
gap-crossing protected edge modes, in accordance with the bulk-boundary correspondence [85],
an example is shown in 4.14. The edge modes are exponentially localised to the boundary
of the system, and can be qualitatively distinguished from bulk states by their large inverse
participation ratio. Of course, the closing of the fermionic gap on the boundary between the
two phases is necessary in order to transition between two ground states with different Chern
numbers.

4.2.5 Accounting for Bond Disorder

The effect of bond disorder in the Kitaev honeycomb lattice model is well studied [161, 189-192].
When bond disorder is introduced the fermionic gap closes as a function of disorder strength,
leading generically to a thermal metal phase [161, 189]. The changes to the fermionic spectrum
of the flux-free sector are much more dramatic than those observed in our amorphous model. A
priori one might expect that a similar gap closing should be introduced by the lattice disorder
present in the amorphous model. As we have shown, this is not the case. We believe the essential
difference between these kinds of disorder is the disruption of the local motif: in the amorphous
model, the global translational symmetry of the system is disrupted, but the coupling strengths
remain locally homogeneous on each site.
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Figure 4.15: (a) Close up of a section of amorphous lattice generated using a single Voronoi
partition on a set of uniformly sampled seed points. (b) A section of amorphous lattice generated
using the regularised method detailed in Appendix 4.2.5, by creating a Voronoi partition using
seed points sampled from a blue noise distribution. This is then followed by four iterations of
Lloyd’s algorithm to further regularise the bond lengths. (c) A histogram of bond lengths for
the example graphs in sub figures a and b. Note that the distribution is much more tightly
peaked around the mean bond length in the regularised lattice, with no extremely short bonds
present. (d) The Majorana spectrum for a single example of an amorphous lattice for five
different values of o € [0, 8]. (e) Finite-size scaling analysis of the fermion gap in the flux-free
sector. Solid lines indicate the gap averaged over 50 random lattice samples for each system
size, and the shaded regions indicate the full range of the sampled gaps.
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We study the effect of bond disorder on the amorphous lattice by introducing a bond-length
dependent factor to the hopping terms in the Hamiltonian, such that J;;, = J]Qk / 75, where rj is
the bond length from site j to site k, which has been normalised such that (rf;) = 1 to prevent
this term from substantially rescaling the energies of the system. The parameter o controls
the strength of the disorder, where setting o = 0 reproduces the original Hamiltonian. As «
is varied, we calculate the fermionic spectrum, observing how the band gap is affected by this
disorder.

Clearly, this Hamiltonian will produce unphysical results on any lattice where some bonds
are extremely short-ranged, leading to extremely strong hopping terms. Thus, in order to get
physical results, one must first regularise the bond lengths of the lattice. This is done in two
steps. First, the initial points are sampled from a blue noise distribution, rather than a uniform
distribution, using Mitchell’s best-candidate algorithm [193, 194]. This produces seed points
that are regularly spaced, yet still amorphous. The second step is to regularise the lattice using
Lloyd’s algorithm [195] — where vertices are repeatedly moved to the centre of mass of the
plaquettes adjacent and the Voronoi diagram is regenerated. In practice, we used four iterations
of this method. An example of such a lattice is shown in Fig. 4.15b.

The fermionic spectrum is calculated for a range of a between 0 and 8, at a variety of lattice
sizes parametrised by the length L, where the number of vertices N scales with N ~ L2, As
disorder is increased, the gap shrinks however no truly gapless systems are generated for systems
sizes larger than L ~ 10, providing evidence of the Kitaev phase’s stability in the presence
of even relatively strong bond disorder. We note that these calculations were carried out in
periodic boundary conditions, hence the absence of in-gap edge states.



Chapter 5

The Kitaev-Heisenberg Model on the
Star Lattice

As we saw in the previous chapter, the Kitaev model has turned out to be remarkably insensitive
to changes in lattice geometry. Besides the TRS breaking effected by the presence of odd-sided
plaquettes, we have shown that one can expect to find largely the same physics from a Kitaev
model constructed on almost any trivalent lattice. If one were in the business of looking for
new phases of matter, this result might be something of a disappointment! Such stability leaves
very little space for qualitatively new physics to be found simply by changing the board that
the game is played on. Thankfully, nature is rarely so straightforward. The Kitaev model
was originally proposed as a purely theoretical exercise [30] — with little expectation that any
extant material could realise the bond-dependent spin couplings necessary for such a phase.
However, following the initial proposal, it was suggested that one could engineer such couplings
in certain transition metal compounds with strong spin-orbit coupling [144, 146, 196]. In the
subsequent years, several material candidates were synthesised, such as the iridates NasIrO3 and
a-LisIrO3 [70-72], and later a-RuCls [73, 74]. In such ‘Kitaev materials’, the Hamiltonian was
shown to realise a dominant Kitaev-type bond-directional coupling, as well as other symmetry-
allowed perturbations such as Heisenberg and T" couplings [197]. These perturbing interactions
generally destroy the QSL phase, instead giving rise to a rich phase diagram with various
long-range ordered magnetic phases [198-200].

Remarkably, topological excitations persist even in these magnetically ordered phases. In the
presence of a large magnetic field, the bulk magnon bands in these ordered phases can have
nonzero topological invariants. Thus, they realise a magnonic equivalent of the quantum Hall
effect, with surface states appearing with uni-directional propagation — a so-called topological
magnon insulator [201-205]. Hence, excitations of the (extended) Kitaev honeycomb model can
be tuned from the chiral Majorana excitations (described in §4.1.6) to stable chiral magnons as
a function of increasing magnetic field. This is not only interesting theoretically but of direct
experimental relevance — both chiral magnetic excitations and chiral Majorana excitations give
rise to a thermal Hall response [202, 206]. The latter has been measured in the Kitaev magnet
a-RuCly [207, 208], but whether its origin is related to QSL or TMI behaviour is still under
debate [209, 210].

Unlike the QSL phase, the magnetically ordered phases that form in real Kitaev materials —
phases such as Néel, zigzag and stripy order — are extremely sensitive to changes in the lattice
geometry. For example, antiferromagnetic order depends on sublattice symmetry. By breaking
this symmetry, one would expect to geometrically frustrate the formation of such phases, leaving
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space for more exotic ground states to form. In this chapter we will consider the star lattice,
as a particularly simple example of a lattice that breaks sublattice symmetry. This lattice,
shown in Fig. 5.1a, can be formed from the Honeycomb by decorating each vertex with a
triangle. The Kitaev model on this lattice constituted the first rigorous example of a chiral
QSL with spontaneously broken TRS, due to the presence of odd plaquettes [156] — exactly
the mechanism detailed in §4.2.2. Despite much research on the stability of the Kitaev QSL
on the honeycomb lattice [142-144] the effect of perturbing interactions on the chiral Kitaev
QSL has not been investigated on the star lattice. This is even more surprising given that
the pure antiferromagnetic Heisenberg model on the star lattice is one of the rare established
examples hosting a singlet VBS ground state phase with triplon excitations [39-44]. Additional
motivation comes from the recent synthesis of the first S = 1/2 materials realisation of the star
lattice [211, 212] (previous star lattice realisations contained S = 5/2 spin clusters [213]).

In this chapter we will investigate the rich ground-state phase diagram and distinct types of
chiral excitations of the Kitaev-Heisenberg model on the star lattice. Here, the presence of odd
plaquettes (and thus the frustration of Néel order) leads to the formation of a valence bond solid
(VBS). In its most common form, a VBS is created by neighbouring pairs of spins anti-aligning
into singlets, forming a dimer covering of the entire lattice — however, we also find a more exotic
‘triplet VBS’, where neighbouring bonds couple into bond anisotropic triplet states. On a singlet
VBS background, excitations involve breaking a singlet and creating a spin-1 triplet — a so-called
triplon mode that can be represented as a bosonic particle [214]. Since such excitations are
electrically neutral, and interact weakly with one another, triplon systems have been suggested
as a context where one could realise a bosonic bulk boundary correspondence with edge modes
that do not suffer strongly from dissipation. This has been proposed both in 1D topological
chain systems [215], and 2D bosonic analogues of the quantum Hall effect [216-220]. In general,
such effects have relied on the presence of Dzyaloshinskii-Moriya (DM) interactions to generate
complex hoppings in the triplon Hamiltonian, allowing for non-zero Chern and winding numbers
to appear. Here, we will show that the Kitaev interaction provides an alternative route for a
triplon Hall state forming in the absence of DM interactions and unearth an extremely rich
phase diagram with a wide range of Chern numbers. Thus, we establish that — in analogy to
the honeycomb Kitaev model, which can be tuned with a magnetic field from hosting chiral
Majorana to chiral magnon excitations — the Kitaev-Heisenberg model on the star lattice tunes
from chiral Majoranas to chiral triplons.

The structure of this chapter is as follows. First we introduce the model, describing the
parameters used to tune the system and discussing previous studies that have looked at both
the star and the honeycomb lattices. Following this, our investigation is composed of three parts.
In §5.1 we start by numerically characterising the ground-state phase diagram using infinite
density matrix renormalisation group (iDMRG) methods. In particular, we find two phases
in the star lattice that do not have an analogue on the Honeycomb lattice, where geometric
frustration leads to the formation of a VBS ground state. We will also present a four-unit-cell
spin rotation that reveals a hidden isometry of the ground-state phase diagram. We show that
the four non-spin liquid phases may be categorised into two sets, which are equivalent under this
transformation. In §5.2 we construct a parton Majorana mean field description that corroborates
the ground-state phase diagram, and allows us to determine the topological properties of the
bands and the presence of chiral Majorana excitations in the extended KSL regime. Finally,
in §5.3 we construct a bosonic mean field theory describing the triplon excitations of the VBS
phase. The topological properties of the triplon phases are derived and we confirm the existence
of topologically protected triplon edge modes.
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Figure 5.1: (a) A fragment of the star lattice is shown. Bond labelling is indicated by the
colouring, and the six-site unit cell is depicted with a grey dashed rhombus. (b) The dependence
of the J and K values on the parameter ¢ is shown. The two pure Heisenberg and two pure
Kitaev points are labelled. The background colouring corresponds to the phase boundaries
obtained using DMRG in §5.1.

Let us start by defining the model, which we shall construct on the star lattice shown in Fig. 5.1a.
As in the previous chapter, each site hosts a single spin-1/2, and bonds are coloured with a
label o € {z,y, 2} such that no vertex touches two bonds of the same colour. We choose
the Hamiltonian to interpolate between two well-studied limits: the spin isotropic Heisenberg
and the anisotropic Kitaev limit. In the Heisenberg limit, adjacent spins are coupled with an
isotropic o; - o) coupling. In the Kitaev limit each bond of type « is coupled by a ooy, thus
only in the direction that matches the colouring.

H=— Z (KO‘?O’? + JZU?JS). (5.1)

(Tk) o aFta

Here (jk),, indicates a bond of type o that connects adjacent sites j and k. The parameter K
determines the strength of the “on-colouring” coupling, where the coupling direction matches «,
and J determines the strength of the two remaining “off-colouring” couplings. In analogy with
previous studies [198, 200], let us introduce a single parameter ¢ € [0, 27] that smoothly maps
onto the possibilities for K and J according to

K =2sinp + cos g, (5.2)
J = cos p, '

shown in Fig. 5.1b.

5.1 The Ground-State Phase Diagram

Let us briefly recap the phase diagram of the standard Kitaev model on the honeycomb
lattice [198, 200], which will be useful for elucidating the novel features of the star lattice. The
full phase diagram, shown in Fig. 5.2 in ¢ contains two Kitaev spin liquid phases, equivalent
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Figure 5.2: The full Kitaev-Heisenberg phase diagram, shown for both the honeycomb model
and the star lattice model. Honeycomb phase boundaries are reproduced from [200].

to the phase discussed in the previous chapter, and four distinct magnetically ordered phases.
These come in two pairs, where the two phases in each pair can be mapped exactly onto one
another by rotating the coordinate system of certain spins in the lattice according to a four unit
cell pattern [196, 221, 222]. Around ¢ = 0 (K, J > 0) the system orders into a ferromagnetic
(FM) phase, with completely aligned spins. Around ¢ = 0.6 (K > 0,.J < 0) the system forms
a stripy ordered phase, which can be mapped onto the ferromagnetic phase by the four unit
cell spin rotation. Around ¢ = 7 (K, J < 0) the system forms an antiferromagnetic (AFM)
Néel ordered phase, which is again isomorphic to a zigzag phase that appears around ¢ = 1.67
(K <0,J > 0). The mapping implies that the dynamics in each pair of isomorphic phases is
identical.

Next, let us turn our attention to the star lattice. We numerically determine the ground state
across the full range of ¢ using the density matrix renormalisation group (DMRG) method.
DMRG is a variational optimisation algorithm used to find the ground state of many-body
Hamiltonians. Although it is predominantly used for characterising 1D physics, recent work has
shown that it can provide an effective description of several 2D frustrated systems [200, 223].
Here, we construct the Hamiltonian on a system with infinite cylindrical geometry, using a 2 x 2
unit cell fragment of the star lattice, with 12 sites wrapping the system in the finite direction
and 24 sites in total. The ground state is represented with a matrix product state ansatz with
bond dimension y = 1600, and is calculated using the TeNPy library [224] for 1000 values of ¢
across the full range [0, 27]. Each time, we start with a magnetically aligned initial state and
converge to the correct ground state. Two initial states were used, a ferromagnetically aligned
state and an anti-aligned state corresponding to the stripy AFM ground state. In each case we
determine the expectation value of the magnetisation in the z-direction,

m: = (o7) (5.3)
as well as the expectation value of the x, y and z-spin-spin correlations for each bond,
i = (05 or) - (5.4)

The results are shown in Fig. 5.3. The phases that comprise the ground state can be identified
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Figure 5.3: The iDMRG results for the star lattice KH model as a function of the parameter
¢, defined in Eqn. 5.2. Phase boundaries are indicated with background colour. (a) Ground
state energy per site as a function of ¢. The four non-KSL phases are shown with a diagram of
the corresponding phase. KSL phases appear at ¢ = 0.57, 1.57. (b) Expectation value of the
z-component of magnetisation for each site on the lattice m, = (0%). (c) Spin-spin correlations
for each bond in the on-colouring direction, (o§of). (d) Spin-spin correlations for each bond in
the two remaining off-colouring directions, (o$oy). In (c) and (d), correlations for in-triangle
bonds are coloured in blue, whereas inter-triangle bonds are shown in orange.

by considering these observables. We find that the phase diagram contains six distinct phases,
shown in Fig. 5.2.

In the regime where K > 0 (¢ ~ [—0.27,0.87]) — which we will refer to as the broadly FM
regime — we find two magnetically ordered phases. Around ¢ ~ 0, we encounter the standard
FM phase with m? ~ 1, indicating that all spins are aligned. Of course, this phase includes the
FM Heisenberg point at ¢ = 0. Around ¢ = 0.6 we find a stripy phase with an equal proportion
of spin up and spin down sites. This phase may be understood in direct analogy with the stripy
ordered phase found in the honeycomb model, where each triangle in the star lattice can be
treated as an effective spin-half site, since they form either a |Teg) = |[T11) or a |[leg) = [T4))
state. These effective spin-half triangles then order identically to the stripe order found on the
honeycomb. Remarkably, we also find that the FM and stripy ground states can be mapped
onto one under an extended four unit cell rotation described in §5.1.1. In both of these phases,
the values of s% can then be inferred directly from the m® magnetisations, indicating that the
system is in a magnetically ordered phase.

In the regime where K < 0 (¢ ~ [0.87,1.87]) — referred to as the broadly AFM regime — the
system forms two distinct VBS phases. Here, the system has zero net magnetisation on all axes,
so all m® vanish. In both the VBS phases, the spin correlations (s§,) on inter-triangle bonds are
much stronger than those on in-triangle bonds, suggesting that the VBS is dimerising on the
inter-triangle bonds. Around ¢ ~ 7 we have a singlet VBS. Here, both the on and off-colouring
correlations are negative on inter-triangle bonds, indicating that the spins are anti-aligned in all
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three axes, forming a spin singlet,

1
5) = — — . 5.5
5) = 5 (1th — 111) )
At the point ¢ ~ 7 the system is exactly an antiferromagnetic Heisenberg model, where previous
studies support our conclusions [39, 41, 43]. This VBS phase has no analogue on the honeycomb
lattice, which forms a Néel ordered ground state. This is due to geometric frustration, where
the presence of odd cycles on the star lattice disallows the formation of the Néel AFM phase.

Around ¢ ~ 1.77, the system forms an exotic spin triplet VBS. Here, the spins on each bond
anti-align in the on-colouring direction and align in the two off-colouring directions. This
corresponds to the formation one of three triplet states depending on the bond type. Bonds of
type z, y or z form a |t,), |t,) or |t,) state respectively, defined as

|te) =

Ity) = 7 (It + 1), (5.7)

‘tZ> = ﬁ

We will show in §5.1.1 that the singlet and triplet VBS phases are also isomorphic under a
generalized four unit cell spin rotation.

(|TT) ) (5.6)

-

(I + 1) - (5-8)

Around ¢ ~ 0.57 and ¢ ~ 1.57 the system forms two extended chiral spin liquid phases. We
note that the AFM Kitaev phase is stable over a much smaller region of phase space than the
FM QSL. This can be explained by noticing that the two competing phases (both the VBS
phases) have lower energy than their ferromagnetic counterparts, whereas the energy scale of
both Kitaev phases are identical. Thus, as we tune across the phase diagram, the VBS phases
very quickly become energetically favourable over the QSL. As in the honeycomb case, all phase
transitions corresponded to cusps in the ground state energy, indicating that the transitions are
first order. However, it remains an open and numerically challenging question whether they
remain first order in the thermodynamic limit.

Finally, we confirm that the pure Kitaev points (¢ = 0.57 or 1.57) exactly recover the chiral
QSL studied Yao and Kivelson [156]. Here, the model is exactly solvable and can be decoupled
into non-interacting Majorana fermions in the presence of a static Zy gauge field [30]. However,
as soon as we tune away from these points (and some Heisenberg interactions are present) the
Zo gauge field is no longer conserved, and the system ceases to be exactly solvable.

5.1.1 Isometries of the Phase Diagram

One of the remarkable aspects of the Heisenberg-Kitaev model on the honeycomb lattice is a
hidden symmetry between different phases of the model [198]. In fact, such a transformation
can be performed on a variety of lattices [222]. In this section we discuss a transformation that
holds on the star lattice, which will help us to understand the phase diagram and clarify the
connection between the distinct types of VBS phases.

Let us introduce a spin transformation by dividing the spins in the system into four sets, each
labelled with 0, x, y or z, arranged in a four-unit-cell pattern as shown in Fig. 5.4a. Spins



5.1. The Ground-State Phase Diagram 103

b FM
) Stripy CSL
AFM _omm

Singlet
VBS

AFM Triplet
* VBS
CSL

Figure 5.4: (a) Plot of the four unit cell transformation that encodes the isometry of the KH
phase diagram. Each 0-marked site is untouched, however the sites labelled with x, y or z each
experience a m-rotation around the labelled axis in spin space. Bond-types are indicated by
colour. Enlarged unit cell is depicted with the dashed rhombus. (b) The KH phase diagram as
parametrised by ¢ defined in Eqn. 5.2. Dashed lines indicate points that are isomorphic under
the spin rotation.

marked with 0 will be left untouched, however on the other spins we apply a m-rotation in spin
space, where the axis of rotation is determined by the site labels. Under such a rotation, the
sign of the two spin operators that do not line up with the rotational axis will be flipped, for
example if the site j is labelled with z we have

X X

0j = 0
y y

of — —o; (5.9)
z __z

05 — =03,

with a similar relation for y and z-labelled sites.

Under this transformation, we note that every x-bond is always bordered by either a 0 — z pair
of sites or a y — z pair. Thus, every z-type bond operator in H transforms according to

0;0) = 050y

oio) — —aio} (5.10)

oio) — —aia}.
Similarly, y-bonds are bordered by 0 — y or x — z, and z-bonds are bordered by 0 — z or = — .
These both transform analogously under the spin rotation, where the on-colouring direction
remains unchanged and the off-colouring directions have their sign flipped. Thus, our spin
rotation is equivalent to transforming the parameters of the Hamiltonian according to

K—K, J——J (5.11)
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In terms of the single parameter ¢, this is equivalent to transforming to a new ¢ that satisfies
tang = —tanp — 1 (5.12)

with the correspondence indicated with dashed lines in Fig. 5.4b.

Thus, we see that there is a correspondence between the ferromagnetic Hamiltonian and the
stripy ordered Hamiltonian, as well as a correspondence between the singlet VBS and the stripy
VBS Hamiltonians. We can similarly verify that the transformation gives the correct relation
between the phases: First, The FM case is easy — starting with FM alignment in the z-direction,
we can see that any site labelled with = or y has its spin flipped, which leads precisely to the
stripy magnetically ordered phase. Second, we look at the more subtle VBS correspondence. A
spin singlet on an z-labelled bond will be adjacent to either a 0 — x pair of sites, in which case
the resulting state will be transformed as

[s) ~ 1) = 1) = 1) = 1) ~ [te) (5.13)

or the bond will border two sites of type y — z, in which case the transformation is

[s) ~ 1) = 1) = i [W) — i [T1) ~ [tz) (5.14)

In both cases we see that (up to a phase) the singlet is mapped onto a triplet |t,) state. Similar
arguments apply for y and z-bonds. Thus, from the mapping we observe that the resulting
stripy VBS consists of a condensate of triplet states, where each z-bond has a |t,) triplet, each
y-bond has a |t,) triplet and so on. This is perfectly consistent with our DMRG results.

5.2 A Majorana Parton Mean Field Study

Let us now study the entire phase diagram using a Majorana MFT [221, 225]. The uses of this
method are twofold: first we shall corroborate the ground-state phase diagram determined in
§5.1 — providing evidence that the results are robust for large system sizes. Secondly, the MFT
will allow us to obtain the excitation spectrum of the chiral QSLs away from the soluble points,
obtaining the Majorana band structure and Chern numbers as well as the ground state phases.
Thus, we shall see that across the extended KSL phases, nonzero Chern numbers of the bulk
bands give rise to chiral edge modes whose dispersions are weakly renormalized by the presence
of Heisenberg interactions.

We construct the parton description by using the Majorana fermion decomposition originally
proposed by Kitaev [30], and presented in Chapter 4. Each spin is represented with four Majorana
operators (cb” b b%), such that o — ic;bf. Under this transformation, the Hamiltonian takes
the form

H=— Z [K(ib?‘cj)ibgck + JZ(ib?cj)ibgck] : (5.15)

(Gk)a aFta

In order to apply a mean field treatment, the Majorana operators must be paired up into
fermionic bilinears, which can then be replaced with their ground state expectation value —
resulting in a quadratic Majorana Hamiltonian. Of course, there are several ways that the
operators can be paired up, each giving a different MFT channel. We shall consider two
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Figure 5.5: The Majorana MFT results for the star lattice KH model as a function of the
parameter ¢, defined in Eqn. 5.2. Phase boundaries are indicated with background colour.
(a) Ground state energy per site as a function of ¢. The four non-KSL phases are shown with a
diagram of the corresponding phase. KSL phases appear at ¢ = 0.57, 1.57. (b) Expectation
values of the z-component of magnetisation for each site on the lattice m. = (0%), found using
the magnetically ordered mean field channel. Line colour indicates the site position with respect
to arrangement of spins in the stripy phase. (c) Spin-spin correlations for each bond in the
on-colouring direction, s, = (¢0%'o}), where we sum over the correlations calculated with both
mean field channels. (d) Spin-spin correlations for each bond in the two remaining off-colouring
directions, (0§oy), calculated as in part c. In (c) and (d), correlations for in-triangle bonds are
coloured in blue, whereas inter-triangle bonds are shown in orange.

physically-motivated channels for decoupling the Hamiltonian, a spin liquid channel and a
magnetically ordered channel.

The Spin Liquid Channel — In the Kitaev limit (¢ = 0.57 or 1.57) J vanishes completely,
leaving only the ‘on-colouring’” K-part of the Hamiltonian. Here, the Hamiltonian is identical to
that presented and solved in Chapter 4. Thus, the set of fermionic operators 4%, = ib7by are
guaranteed to be completely static, commuting with one another and the Hamiltonian. Once
we stray from the exact Kitaev limit, off-colouring bond operators are introduced that break
the exactly commuting structure of the 4, operators, meaning that no exact solution exists.
However, at least in the limit of J < K we expect that the spin liquid phase will persist, and
propose a mean field decoupling that can capture this state [221, 225]. We start by rearranging
the Hamiltonian to the form

H= Z l (ib5 by )icjer + JZ (105by zcjck}, (5.16)
aFa

and introducing the following two sets of mean field parameters.

(icjcn) = Xjn (5.17)
(2B = ul. (5.18)
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Using the standard approximation UV =~ (U)V +U(V) — (U)(V'), we transform the Hamiltonian
to the form

HSL = Z [ (KU?{k + JU?k) iCjCk
(7)o
+ Xk (KibS b + JibSh7)] (5.19)

— Z (Kufy, + Ju?‘k)xjk.
(3k) o,

Note that here and in the following discussion, we will assume summation over the two off-
colouring spin operators labelled by a.

The Magnetically Ordered Channel — In the ferromagnetic case (¢ = 0), we expect the ground
state to magnetically align, with some non-zero expectation value for (o) = (ic;0%). Clearly
this is not captured by the above mean field theory, so we introduce a second channel using the
parameters

(ibc;) = mj. (5.20)

J

Under this parametrisation, the Hamiltonian is decomposed into the following form,

Hy = — Z[K (zm]“ wer + ib?‘cjm‘,j)
(k)
+ J (im$ ey 4 ib§e;my) | (5.21)

+ Z [ijo-‘mg + Jm?mﬂ :
(k)

Overall, our final mean field Hamiltonian is given by the sum of these two decouplings as
Hyp = Hgr + Hyy.

The resulting quadratic Hamiltonian is parametrised by the three sets of mean fields, and can
be written in terms of the Majorana vector ¥ = (¢, b*, b, b*)T. Here ¢ = (cy, ¢;...cx), with an
equivalent description for b*. Thus, the overall Hamiltonian may be expressed as

Hur(x, u,m) = WHiA(x, u,m) ¥, (5.22)

where A is a real skew-symmetric matrix determined by the mean fields. The ground state
expectation value of the mean fields can be determined by diagonalising the matrix iA, finding
the matrix projector onto the negative eigenstates P, and then using the identity

(inhj i) = —2i Py, (5.23)

where ﬁj is the corresponding Majorana operator at position j in the Majorana vector W.

Thus, a self-consistent MFT can be determined for a given Hamiltonian by starting with an
ansatz for the three mean fields. The quadratic Hamiltonian Hy;g(x, u, m) is then created, and
the ground state is calculated. Next, updated values for the mean fields are calculated according
to Eqns. 5.17, 5.18 and 5.20. Given a new set of mean fields, one can define a new Hamiltonian,
and the process can be repeated. This is iterated until a self-consistent set of mean fields is
found, where their values no longer change under such an update. This was performed for 100 ¢
values across the range [0, 27|, each time starting from a set of initial ansétze and selecting the
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Figure 5.6: The Majorana fermion band structure calculated for the chiral QSL phase within
a parton MFT for a strip-geometry, with periodic boundaries in the x-direction and open
boundaries in the y direction. We have tuned the model to the antiferromagnetic Kitaev regime
(cv = 1.457) in the vicinity of the soluble point. Energies are plotted as a function of momentum
in the y-direction, for a sample with L, = L, = 200. The Chern number v of the three bands is
labelled. States are coloured according to their inverse participation ratio, where red indicates a
localised edge mode and grey a delocalised bulk mode.

final converged state with the lowest energy. In each case, we tested two magnetically ordered
ground state ansitze — ferromagnetic and stripy — and two spin liquid ansétze — ferromagnetic
and antiferromagnetic Kitaev states. However, in general we note that results often depended
on the choice of initial guess — starting with an unphysical initial state, one often converges
to an unphysical final state — some physical intuition must be used to ensure the right initial
states are chosen.

Results are shown in Fig. 5.5, where we plot the ground state energy, the on-site z-magnetisation,
m7, and the spin-spin correlations, which are summed over both mean field channels,

S5y = (0F o)) = mimy — Xjpujy (5.24)

Note that in practice the system always converged to a ground state where one of the two
decoupling channels vanishes.

Six phases are found, with the phase boundaries shown in Fig. 5.5. Four of these phases — the
ferromagnetic and stripe order, as well as the two chiral spin liquid phases — have analogues in
the honeycomb KH model. For ¢ € [0.837,1.267] a singlet valence bond solid appears. Here,
the mean fields on all triangle bonds vanish completely and on inter-triangle bonds we have
(ofop) = —xjrufy = —1 for all a, with m = 0, indicating that the spins are fully anti-aligned
into a singlet. For ¢ € [1.637,1.83], a similar VBS appears with non-zero fields only on the
inter-triangle bonds. However, in this case we have (ofo}) = —1 for o matching the bond
colouring, and (o§of) = +1 for the two off-colouring directions, &. This is consistent with a
triplet valence bond solid, where on each bond a triplet state forms whose direction depends on
the bond colouring.

Now we turn our attention to the topological nature of the Kitaev phases around ¢ = 7/2
and 37 /2. Here, the m-fields vanish, as well as the off-colouring u-fields. This means that the
mean field Hamiltonian is block-diagonal, with the ¢; Majoranas and three sets of b Majoranas
completely decoupled from one another. Thus, we have four decoupled sets of three energy
levels. The ground state Chern number is encoded in the c-type Majorana spectrum.
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Figure 5.7: (a) Diagram of the lattice with positions of spin singlets highlighted in grey. Spins
are labelled as o/, depending on which triangle they form a part of in the unit cell. (b) The
derived Kagome lattice once all the singlets are collapsed to a single site. Here, both edges and
sites have a Kitaev labelling o € z, vy, z, denoted by colour.

In both Kitaev phases, the system has two degenerate ground states related by a sign flip of all
u fields. This is a generic feature of the Kitaev model on any lattice with odd cycles [156]. The
Chern number of the ground state can be calculated from the projector P onto the negative
energy eigenstates of the matrix ¢A. Here, the two degenerate states have Chern numbers +1.
In open boundaries, this means that chiral edge modes form at the boundaries. An example is
shown in Fig. 5.6.

5.3 Triplon Excitations in the VBS

Having found an exact mapping between the VBS phases we now focus on the singlet VBS
around ¢ = 7. Our objective is to find an effective description of this phase and analyse its
excitation spectrum. The numerics indicate that spin singlets form on the inter-triangle bonds,
thus we shall start by pairing the spins on these bonds and transform to the bond operator
representation introduced by Sachdev and Bhatt [214, 226]. Spins on a given bond are labelled
with o, and o, and treated as a single site, collapsing the star lattice into a Kagome lattice, as
shown in Fig. 5.7. We can then rewrite the Hamiltonian in a two-spin basis for each dimerised
bond, given by Eqns. 5.5-5.8.

In order to apply mean field theory, let us re-express these states in terms of bosonic creation
operators. Starting with a vacuum |0) which contains no particles whatsoever, we define four
bosonic creation operators that create singlet and triplet states, s [0) = |s), ¢, |0} = |t,), which
satisfy the relevant commutation relations, [s,s'] = 1, [ta,tL] = Sag, [5,t}] = 0. In this basis,
the spin operators take the following form

o = —i(s'ta — tls) —icaptht,, (5.25)
of = i(s'ta — ths) —icap,tht,. (5.26)
Of course, in doing so we have artificially enlarged our Hilbert space. For a state to be legitimate,

all sites must be populated by a single boson — any state with empty or multiply occupied sites
will be in the ‘unphysical’ part of the extended Hilbert space. Thus, we introduce a chemical
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potential term to H that enforces single occupancy per site on average,

HN = — ZM <S;[~Sj + t:;jtaj — 1) . (527)

jJED

Additionally, we shall model the effect of an applied magnetic field on our triplon bands. For
an arbitrary field h = (hy, hy, h.), the magnetic term in H is Hy, = — 3, ha(057, + 0f3), which,
when expressed in terms of our triplon operators, becomes

Hy = ha2icapytht,. (5.28)

J

Since we expect the system to form a singlet VBS, let us introduce a real singlet condensate
density order parameter 5 = (s;). The three dimers in the unit cell (shown in Fig. 5.7a) are
equivalent by Cj5 rotation, so we may describe all singlets with the same 5. Finally, the total
Hamiltonian can be rewritten as

H = Hy+ Hy + Hy, (5.29)
with
Hy = N [5*(K +2J — pi) + ], (5.30)
Hy =Y (K —2J — p)t} jta; — (K + p)th;ta; + haZicassthit,
- 2 (1 (5.31)
- D s (taktaj — tajtak + h-C-) ;
jk€D,x
Hy=— Z ik (tzjtbktiktcj - thtzkthtck + hf-) ; (5.32)
jk€D,x

where the parameter J5 represents either K or J, depending on whether oz matches the bond
colouring or not. In Hy, the indices b and ¢ describe the two directions that do not match «.
Note that we have discarded terms with three ¢,'.

Finally, the quartic terms can be decoupled by introducing the following standard mean-fields

% = (thatha) (5.33)
S = (tiatka) (5.34)

Thus, we are left with a quadratic Hamiltonian Hy/p(u, S, P ;”k) for the triplons and the four

parameters are determined self-consistently. A valid ground state is given by choosing p and 5
such that the Hamiltonian satisfies the saddle point equations

<ang> _ <8I;A§4F> _o (5.35)

where the expectation value is calculated in the ground state. Furthermore, P and ) must
satisfy the self-consistency relations (Eqns. 5.33 and 5.34). Self-consistent values for u, s, P and

!The Kagome lattice admits a reflection that swaps L and R triangles, which reverses the sign of the triple
t terms. Since the original spin system is invariant to this transformation we expect that these terms should
vanish.
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Figure 5.8: (a-c) Triplon excitation band structure, with the degeneracy of each energy indicated
by line colour — a legend is provided at the top of panel a. (a) Band structure for the pure
Heisenberg case (¢ = m) with no applied field. The triple degenerate energy levels correspond
to states t, with o = x,y, z. (b) The band structure for a system with some Kitaev anisotropy
(« =1.25n = K ~ —2.1,J ~ —0.71) and zero magnetic field. Here the triple degenerate
bands are split into one double degenerate band and one non-degenerate band, however all bands
remain gapless. (c¢) The band structure in the above case (¢ = 1.257), with an applied magnetic
field (h = 0.15). Here we see that all bands are non-degenerate and gapped. (d)A plot showing
the rich phase diagram of possible Chern numbers for the nine triplon bands as a function of the
two parameters: Kitaev anisotropy («) and applied magnetic field (h). Regions where the bands
are gapless are indicated in black and regions where the numerical process failed to converge to
a stable solution are shown in grey. Fach area with a distinct colouring represents a different set
of the Chern numbers of the nine bands. For example the region labelled A has Chern numbers
(—1,3,-5,6,—6,6,—5,3,—1), the B region has (—1,3,—5,6,—6,3,—2,3,—1), and the C region
has (—1,3,1,0,—6,3,—2,3,—1). (e) Band structure for a strip system with periodic boundaries
in the y-direction and open boundaries in the z-direction. We have set ¢ = 1.257, h = 0.15 -
thus are in region B. Bands are plotted as a function of k, for a strip containing 130 unit cells
in the z-direction. States are coloured by their inverse participation ratio, IPR = > |¢(z)[%,
where red indicates a localised edge mode, and grey indicates a delocalised bulk mode. Inset
shows an enlarged section of the band structure, where a pair of edge modes can be seen
connecting two otherwise gapped bands.



5.3. 'Triplon Excitations in the VBS 111

() are determined by using a root finding algorithm (scipy.optimize.root) to converge to a
set of mean fields that satisfy these conditions. At each step of the iteration, the Hamiltonian is
solved using the bosonic Bogoliubov-de-Gennes method [227], and the mean fields are determined
from the bosonic ground state. Details for the method are given in Appendix D.2.

We now investigate the triplon excitation spectrum obtained from the self-consistently determined
Hamiltonian. Since the unit cell contains 3 sites, each hosting three triplon states, the excitation
spectrum will contain 9 energy levels. Provided these are gapped, the Chern number of each
band can be calculated. A detailed description of the Bogoliubov-de-Gennes method and how
the topological invariants are obtained is provided in Appendix D.

Triplon spectra were determined using two parameters to tune the Hamiltonian. The Kitaev
anisotropy (i.e. the relative strength of K/J) was controlled by sweeping over a range of
¢ € [0.97, 1.47], approximately the range over which the system forms a stable VBS. Additionally,
we applied a magnetic field in the (1,1, 1) direction, sweeping over a range of field strengths
he = h € ]0,0.35]. The results for these calculations are shown in Fig. 5.8.

In the pure Heisenberg limit, we have three exactly degenerate triplon bands, each corresponding
to a t,, t, or t,-type excitation, with a Dirac-like band touching at the I' point. In order to
allow for topological excitations to form, two ingredients are needed: gaps need to be opened
between the bands, and TRS must be broken to allow for non-zero Chern number. Applying a
magnetic field to the Heisenberg system is not sufficient for topological bands, as a field simply
splits the three degenerate triplons with an energy shift, producing a |11) state aligned with the
field with slightly lower energy, a |||) state with slightly higher energy, and a |1]) + |{1) band
that is unaffected. Similarly, introducing only a Kitaev anisotropy ¢ # m is also insufficient as
the bosonic Hamiltonian retains TRS. Spectra for these cases are shown in Fig. 5.8a and b.

However, in the presence of both a magnetic field and the Kitaev anisotropy, the system generally
has nine distinct gapped triplon bands, shown in Fig. 5.8c. Most interestingly, the bands have a
rich phase diagram of possible Chern numbers depending on these two parameters. A full phase
diagram is shown in Fig. 5.8d. With open boundaries, the bands then have chiral triplon edge
modes by the bulk-edge correspondence, an example is shown in Fig. 5.8e.



Chapter 6

Conclusion and Outlook

Let us finish by summarising the three projects discussed in this thesis, and commenting on
future prospects, presenting in each case a few open questions that could provide a fruitful
avenue for further research.

6.1 Local Markers

In Chapter 3, we considered the role of band topology in insulators where the presence of
disorder makes the notion of band structure ill-defined. In particular, we asked whether it was
possible to construct a topological invariant analogous to the Chern number, that could be
robustly formulated without a notion of k-space. We provided a review of three approaches to
this problem, each proposing a different way to build a local ‘marker’ of Chern number [30, 32,
33|, and discussed the ways that these quantities are related to one another. In each of these
proposals, the local Chern number was constructed without a clear understanding of whether
these may be measured as a real, physical observable. This approach has two drawbacks. Firstly,
the markers are of little use to an experimentalist, since there is no obvious physical observable
to which they correspond. Secondly, although the markers are useful theoretical tools, they
do not provide a satisfying intuitive answer to the question of what it meant for a material to
have a physical notion of local topology. In §3.3 we proposed a solution to this problem by
constructing a physical observable — a localised Hall conductivity — that corresponds exactly to
Kitaev’s local Chern marker [30] when evaluated in the adiabatic limit. We provided a careful
discussion of the exact operators that must be measured to give a quantised topological result,
in particular showing that an extremely weak notion of local conductivity is required, where we
must be able to differentiate between conductivity that is localised around a point deep within
the bulk of the system and the conductivity that is transported along the edge modes, with no
current in the in-between area. Nevertheless, many open questions remain.

Firstly, the arguments used to derive this local observable are essentially a prescription for
measuring the quantity in the lab: a step-function potential is used to excite current across the
system in the vertical direction. The cross-conductance is then determined by measuring the
horizontal transport of electrons across a line dividing the system. Thus, an obvious next step
will be to look at experimentally verifying the proposed method. In particular, note that the
observable we present benefits from many of the remarkably invariant properties of Kitaev’s
marker, which we discussed in §3.2. The step function potential can be smoothed into a localised

112
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slope, and the two lines — one for an electric field and one for a measurement — need not be
exactly perpendicular.

From a theory perspective, this proposal also suggests a number of avenues for further study. One
particularly interesting example comes when considering how these markers may be extended to
strongly interacting matter, especially since the Chern number was shown by Niu, Thouless and
Wu to have a straightforward many-body construction as an integral over twisted boundary
conditions [97]. In general, local markers have been constructed in a purely non-interacting
context, as a property of the projector onto a band of single-particle states. However, in any
interacting system, the ground state corresponds to a single highly complex state, and it is
usually impossible to separate this into single-particle states. Thus, one cannot use the existing
constructions of these local markers, although some progress has been made using Green’s
functions [31]. Although the marker itself does not work in a many-body context, the intuitive
picture we have presented — that of currents and fields — is still applicable. An interesting
avenue of further study is to test whether it is possible to exploit this physical picture in order
to construct a local Chern marker that is robust in a many-body framework. In particular, the
Kitaev honeycomb model (and Kitaev materials in general) presents an interesting challenge,
since the signature of the non-Abelian phase in the Kitaev model is a quantised thermal Hall
effect. It remains an open question whether a similar reasoning can be used to define a localised
measure of thermal conductivity [228] that was robust even away from the exactly solvable
Kitaev point.

Finally, this thesis has focussed exclusively on two-dimensional phases with no special symmetries
— those characterised by the Chern number. However, this is a small window into a much larger
classification, that of symmetry-protected topological (SPT) phases [229]. Depending on
dimensionality and symmetry, a broader range of topological phases can be constructed with
qualitatively different invariants, for example winding numbers in the Su-Schrieffer-Heeger model
[230], Zs-type invariants found on the Kitaev Chain [231], or the Bernevig-Hughes-Zhang model
[232]. In general, local markers have been constructed for many of these phases [107, 233-235],
however few have been constructed using Kitaev’s original formalism, and even fewer with a
robust physical interpretation. Thus, a valuable extension would be to look at extending the
arguments presented here to across the full classification of SPT phases.

6.2 The Amorphous Kitaev Model

In Chapter 4 we turned our attention to the Kitaev honeycomb model [30]. We started by
providing a review of the model, and explaining the Majorana fermion construction used to find
an exact solution, showing how the Hamiltonian may be re-expressed in terms of a Z, gauge
field, and discussed the role of time reversal symmetry. We presented the full ground-state
phase diagram containing the three ‘toric code’ A, phases, as well as the gapless B phase and
discussed how the addition of a magnetic field can serve to open a gap, allowing the phase to host
non-Abelian anyonic excitations. In §4.2 we presented a general method for constructing and
solving the Kitaev Hamiltonian, using the Majorana method, on an arbitrary three-coordinated
lattice. This included the method for assigning a valid edge-colouring, as well as showing how
the Zy fluxes can be calculated on an arbitrary lattice and providing numerical evidence for the
conjecture that the ground state flux sector could be found in any lattice according to a simple
counting rule. We presented the full ground-state phase diagram and showed that an analogous
phase to Kitaev’s original non-Abelian B phase exists. We calculated the Chern number using



114 Chapter 6. Conclusion and Outlook

the local markers discussed in the previous chapter, and demonstrated the presence of edge
modes in this phase. Finally, we discussed the role of disordering the coupling strengths, showing
that the gapped phases were robust against such disorder. Finally, we concluded that the
Kitaev spin liquid ground state is robust on a general lattice, providing the first example of an
amorphous quantum spin liquid.

Of course, the most obvious next step is to look for a physical material that might be able to
realise a Hamiltonian with dominant Kitaev-type interactions on an amorphous lattice. There
are a number of promising candidates, for example it has recently been shown that the Kitaev
material LioIrO3 can be created with amorphous structure [147]. In fact, by using the standard
method of repeated liquifying and fast cooling any crystalline material can be made amorphous
[132, 136, 148, 149], opening the possibility for exploring a wide variety of non-crystalline Kitaev
materials. We expect that an experimental signature of a chiral amorphous QSL would be a
half-quantized thermal Hall effect similar to the magnetic field induced behaviour of honeycomb
Kitaev materials [207, 208, 236, 237].

Every result presented in §4.2 depends on our ansatz for the ground-state flux sector, which is an
extension of the theorem proved by Lieb in 1994 [158]. However, this theorem remains unproven,
and we were only able to collect compelling numerical evidence to support the conjecture. In
§4.2.3.1 we provided some analytical progress, suggesting that — at least at the lowest order that
each plaquette appears in the energy — Lieb’s ansatz seems correct. Thus, a very interesting
next step would be to find a route towards proving this theorem.

In our analysis, we largely focussed on the non-Abelian B phase, however there is good reason
to suspect that new physics could be found also by considering the ‘toric code’ phases found by
setting only one bond type to be much stronger than the other two. This would effectively form
a dimerisation of the lattice, with the dimers weakly interacting through the remaining two
bond types. Kitaev showed in the original work that these weak interactions could be treated
using perturbation theory, arriving at an effective Hamiltonian where the couplings formed loop
operators around each (square — since two bonds in each hexagon formed a dimer) plaquette.
This provided a mapping onto the toric code model [176]. The Kitaev model has been studied
extensively in this limit, on the honeycomb as well as star lattice [177-179], however no work
has been done to understand the amorphous case. This is particularly exciting since the order
in perturbation that a loop operator appears depends on the number of sides in the constituent
plaquette, meaning that the amorphous lattice has the potential to realise a much richer and
more complex effective system than the honeycomb case.

Finally, we also note that the classical Kitaev model warrants investigation in an amorphous
context. Firstly, the degenerate manifold of classical states presented in §1.2.2 can be straight-
forwardly extended to the amorphous model. In the honeycomb case, even the S > 1 model
has been shown to form a quantum spin liquid state — remarkably also equivalent to the toric
code [51, 53]. The construction of this QSL phase relied extensively on the symmetries of the
lattice: the system preferentially orders in a small subset of the Cartesian states due to the
effect of fluctuations, forming a honeycomb super-lattice of frozen spin dimers. Each of these
pseudospins then act as an effective spin—% interacting according to a toric code Hamiltonian.
Due to the strong dependence of this argument on the symmetries of the honeycomb lattice,
it would be worth investigating whether Cartesian states are still selected by fluctuations on
an amorphous lattice, and whether these models are also able to realise an effective toric code
phase.
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6.3 'Triplons and the Kitaev-Heisenberg Model

In Chapter 5, we considered an extension of the Kitaev honeycomb model to include the more
‘physical” influence of Heisenberg couplings. This was motivated by research that had shown
that a number of candidate materials exist, such as the iridates NayIrO3 and a-LisIrO3 [70-
72], as well as a-RuCls [73, 74] which have been conjectured to realise a dominant Kitaev
interaction, as well as other subdominant terms such as Heisenberg coupling, motivating an
effective description in terms of the Kitaev-Heisenberg (KH) model. On the honeycomb, this
model was shown to have a ground-state phase diagram containing the expected QSL phases,
as well as a variety of classically magnetically ordered phases such as ferro-, antiferromagnetic
and stripy ordering [198-200].

In light of the previous chapter, where we showed that the QSL phase was remarkably insensitive
to changes in the lattice geometry, we considered how the phase diagram as a whole would
depend on lattice geometry. To probe this question, we focussed on the breaking of sublattice
symmetry, constructing the KH model on the star lattice — one of the simplest examples of a
lattice with odd cycles. Three methods were used to explore the model. First, we used state-
of-the-art DMRG [224] to numerically determine the ground state across the entire parameter
range of the KH model. Next, we tested the robustness of the phase diagram using a Majorana
mean field calculation, verifying that — at least in a mean field context — the phases were robust
in the thermodynamic limit. Additionally, we constructed a local transformation, showing
that the ground state phase diagram had a hidden symmetry, where different phases could be
exactly mapped onto one another by a local spin rotation. We found some familiar phases, the
ferromagnetic and QSL phases could be constructed similarly as in honeycomb case. However,
the investigation also revealed a pair of valence bond solid (VBS) phases — a singlet phase and a
triplet phase — which had no honeycomb analogue. These phases formed due to the geometric
frustration of Néel order. Next, we characterised the singlet VBS phase by constructing a bosonic
mean field theory following Sachdev and Bhatt’s bond operator formalism [214]. This allowed us
to characterise the triplon excitations that form in such a VBS. Finally, by considering the effect
of an applied [1, 1, 1] magnetic field, we showed that the triplon bands realised a rich variety of
topological bands and confirmed the existence of topologically protected triplon edge modes.

The work opens a number of possible avenues of further study. Firstly, we emphasise that the star
lattice was chosen because it provided the simplest example of a tri-coordinated lattice breaking
bipartite symmetry, and because several studies existed for the star-lattice Heisenberg model,
allowing us to benchmark our results [39-44]. However, the ultimate goal is to understand the
properties of the Kitaev-Heisenberg phase diagram on general amorphous lattices. In particular,
one motivation for this study was the possibility that, by geometrically frustrating many of the
competing phases, it might be possible to tune the lattice geometry such that the QSL phase
was stable over a larger region of phase space. This is especially relevant since many candidate
Kitaev materials are expected to sit reasonably close to the transition to a QSL phase, but none
have been shown conclusively to realise it yet. This question remains open. Certainly in the case
of the star lattice the answer is negative (see Fig. 5.2), however this does not necessarily apply
to all lattices that break sublattice symmetry. Thus, it will be worth repeating this study on a
larger range of lattices, and investigating the resulting phase boundaries to see if the robustness
of the QSL phase can be improved just through lattice geometry.

There is also a rich variety of further modifications that one could make to the Hamiltonian to
further assess the robustness of these phases and their chiral excitations. This is particularly
timely in light of recent experimental work which demonstrated the successful synthesis of a
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spin 1/2 star lattice structure with antiferromagnetic couplings [211]. The material is expected
to have intra-triangle couplings much stronger than the inter-triangle couplings. Thus, it
would be worth considering how the phase diagram is affected when the relative strength of
these two symmetry-inequivalent couplings is adjusted. In addition, it would be interesting to
derive microscopic Hamiltonians based on the microscopic orbital configuration and ab-initio
calculations, e.g. considering the effect of including symmetric off-diagonal exchanges [197, 225],
as well as Dzyaloshinskii-Moriya interactions [238, 239].

The new triplet VBS phase we discover around ¢ = 1.77 in Fig. 5.2 shows intriguing topological
triplet and singlet excitations but many open questions remain. For example, in the absence
of an external magnetic field, the dynamics are expected to be identical to the singlet VBS
phase due to the four-unit-cell rotation discussed in §5.1.1. However, an applied magnetic field
breaks this symmetry, and the possibility remains that this phase could have qualitatively very
different properties than the singlet VBS. In addition, it will be important to understand the
stability of these topological triplons as well as their experimental signatures.
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Appendix A

Voronoi Lattices

In this appendix we detail the methods used to create the random two-dimensional tri-coordinated
lattices used in Chapters 2 and 3 to create the amorphous analogue of the QWZ model, and in
Chapter 4 to construct the amorphous Kitaev model. This is done using the Voronoi partition
[1], which well-known in the physics community as the method used to produce a Wigner-Seitz
unit cell [2]. The method allows one — given a set of n points — to partition the plane into a set
of n regions. Each of these regions contains the area of the plane that is closer to a given point
than any other, with the boundary between two regions always being perpendicular to the line
connecting their two respective points.

In practice, fast routines exist for constructing a Voronoi partition, we used a built-in function
from the python package scipy, namely scipy.spatial.Voronoi, which uses the quickhull
algorithm [3]. The only complication comes from working in periodic boundary conditions,
since the algorithm is designed for open boundaries. This is straightforwardly solved by tiling
the system before computing the Voronoi partition. Then, once a Voronoi diagram has been
constructed, we restrict back to the unit square, identifying the unit-separated vertices that
should equivalent under periodic boundaries. An example is shown in Fig. A.1.

A Voronoi lattice can now be extracted from the Voronoi partition by assigning an edge to the
boundary between every pair of cells, and a vertex to the points at which three cells meet. This
lattice will always be tri-coordinated, provided that none of the original seed points lie at the
corners of a regular m-sided polygon, since this would lead to the formation of an m-coordinated
vertex at the centre of that polygon in the Voronoi lattice.

A.1 Lloyd’s Algorithm

Typically, lattices generated via Voronoi partition do not resemble real amorphous materials.
This is because, when a set of seed points are arranged roughly equidistant from a central point,
the Voronoi partition will place a cluster of vertices extremely close to one another at that
point. An example is seen in the green-shaded area in Fig. A.2a. In general, physical materials
usually have some condition that prevents vertices (or atoms) from becoming extremely close
to one another. Thus, in order to generate more physically applicable random lattices, we use
Lloyds algorithm to approximately evenly space the vertices in a lattice. The algorithm is
straightforward, consisting of three steps which are repeated:
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Figure A.1: An example Voronoi partition calculated for a set of 20 points on the unit square in
periodic boundaries. (a) The initial set of 20 points, sampled uniformly on the square. (b) In
order to construct a partition consisted with periodic boundary conditions, the initial set of
points is tiled, creating eight copies around the central region. Now a Voronoi diagram is
calculated for this extended system, corresponding to the dashed lines. (c) We restrict back
to the unit square, identifying vertices that should be equivalent, resulting in a final, periodic,
Voronoi partition. A Voronoi lattice is now identified by the edges and blue vertices, each of
which sits at the point of intersection of three Voronoi cells.

1. Given a Voronoi partition, a new set of seed points are generated for each cell, defined as
the centre of mass of each cell.

2. The original seed points are then moved to these new centre-of-mass points.

3. Now the Voronoi lattice is recalculated using the new points, producing a new Voronoi
diagram that is slightly more regular than the original.

An example of one step in this process is shown in Fig. A.2.

With each successive application of this algorithm, the lattice will become increasingly regular.
In Fig. A.3 we show the result of applying 5, 50 and 150 iterations of this process to the Voronoi
partition generated in Fig. A.1.
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Figure A.2: One step of Lloyd’s algorithm is shown. (a) The initial Voronoi lattice is shown,
with initial seed points shown in red. The green highlighted area shows a series of points that
would be unphysical in a physics model, since they are extremely close to one another. (b) New
seed points are calculated for each cell, positioned at the centre of mass of the cell. The seed
points are then moved to these new positions. (c) The Voronoi lattice is recalculated, producing
a new, more evenly spaced lattice.

n = 50

Figure A.3: Four Voronoi lattices are shown, each corresponding to performing n-steps of Lloyd’s
algorithm to the Voronoi lattice generated in Fig. A.1. After around 150 steps, successive
iterations of the algorithm produce no changes.



Appendix B

Time-Evolution and Current Under
Kato Dynamics

B.1 Adiabatic Time-Evolution Operator

In this section we will justify the form of the adiabatic Hamiltonian,
K(t) =1[0.P;(t), P(t)], (B.1)

as the generator of the correct adiabatic time-evolution for a given initial projector, F,. We
introduce a parameter 7' that defines the period over which the system evolves, ¢ € [0,T].
Changing variables to s = tT~!, we arrive at the scaled Schrodinger equation

i0sUr(s) = TH(s)Ur(s), (B.2)

where we can use T to parametrise how slowly the system changes. We will also define the
scaled adiabatic Hamiltonian

K (s) = i[9, Pi(s), Pr(s)]. (B.3)

Since 9, = T0,, so this quantity is related to K by K = TK.

Our aim will be to show that in the limit of large T, the time-evolved state P(s) = Up(s) PoUb(s),
can be approximated by the instantaneous projector, Pr(s) = > ... [%i(s)) (¥i(s)], where
|1i(s)) are eigenstates of H(s). We wish to define an adiabatic time-evolution operator Uy (s)
such that

Pi(s) = Ua(s)PoUl (). (B.4)

We propose an ansatz for U, that satisfies the following conditions,

i0,Ua(s) = [TH(s) + K(s)] Ua(s). B.6)
To verify that U4 produces the right dynamics, let us consider the quantity
G(s) = Ua(s) P(s)Unx(s). (B.7)
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In the interest of keeping equations legible, we will drop explicit s-dependence from our operators.
From hereon in it is safe to assume that, unless stated otherwise, all operators are being evaluated
at time s. We take the s-derivative of G,

0,G = 0, |(ULP)(PU)] (B.8)

Using the identity
Os(PiUA) = 0,PUy — iPy (TH(s) + K(s)) Ua, (B.9)

we can show that
0,G = U}y (iT[H, Pi] + {Pr,0sP;} +i[K, Py]) Ua. (B.10)

The first term in this expression vanishes, since P and H commute by definition. Next we can
use the identities 0;P; = {Pr, 0sPr} and P;0sP;Pr = 0 to show that the second and third terms
respectively equal 0, P; and —0, Py, cancelling out. Thus we have shown that 9,G = 0 for all s.
Since G(0) = Py, we see that

G(s) =Py, Vs, (B.11)

confirming that our definition satisfies Eqn. B.4.

Now all that remains is to show that, as T — oo, the actual dynamics, Ur, asymptotically
approach the adiabatic dynamics described by Us. We will omit the proof of this result, which
is simply a proof of the adiabatic theorem, however a complete justification can be found
in [1]. We quote the result, which compares the projector generated by non-adiabatic dynamics,
P(s) = UpP,U}. compared to that generated by the adiabatic time evolution P;(s) = UsPyU].
The result states that

|P(s) = Pi(s)] = O(T™) (B.12)

Thus we can see that in the limit of large T', Ur generates the correct time evolution.

B.2 Adiabatic Current Operators

In this section we will expand our justification for the form of the adiabatic current presented in
§3.3.3.2. The argument splits into two parts. First we introduce an operator that describes the
direct flow of particles between a pair of individual sites r; and r; in the system, f;, ... Then
we will show how, in the adiabatic limit, the flow between a pair of sites is determined by the
adiabatic Hamiltonian K, introduced in §3.3.3. Bulk current can always be written as the sum
over the flow between individual sites, thus all the properties of f;, »; naturally extend to the
currents defined in §3.3.2.

B.2.1 Two-Point Flow Operator

The flow between individual sites can be extracted from the continuity equation for electron
density. We start by looking at the change in occupation number at a single site, §, = |r) (r|,
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for a projector onto a set of occupied states P,
075 <5r> =Tr (@P(Sr) . (B13)

We use the Von-Neumann equation to express 0; P in terms of the Hamiltonian, cycling the
terms in the trace to arrive at

8, (6,) = Tr (Pi[H,5,]) . (B.14)

Inserting a complete set of position eigenstates 1 = i Or;, we may re-express this in the form
of a continuity equation,

0, (6:) = > _Tr [P(idy, Ho, — i6:HS,,)| - (B.15)

This describes the change of number density at site r as a sum of the flow from every other site
r; in the system. Thus we can interpret the operator

friw, =1 (6c, Hoy, — 6p, Hoy,) | (B.16)

as quantifying the flow of electrons from the site at r; to r;. Note that it is antisymmetric in
I, <> rj.

In the next section we will work in the adiabatic limit, thus let us find the current per unit of
scaled time s. Using the substitution t = sT', we define the scaled flow operator

Jeow, =0T (6x, HOr, — 6, Héy,) | (B.17)

which satisfies the scaled continuity equation 9 (d) = >_; Tr(P Jrix,)-

Both current operators described in §3.3.2 can be written as a sum of individual flows. The
operator in def. 3.86, representing the total current between the two halves of the system, is the
sum of all two-point currents where r; — r; crosses * = R,

JRI = Z fri,rja (B18)
;>R
xj<Rz

whereas def. 3.87 may be written as the sum of all two-point currents that cross x = R, and
either start or finish at r,

Jr,(®) = > fex (B.19)

x; >R,

where we have assumed that r has z < R,.

B.2.2 Adiabatic Current

Here we show that the scaled flow operator may be replaced with the adiabatic equivalent up to
small corrections in 7T~

- - 1
_ rA
friyrj - r;,r; + O (T) ) (B20)
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with f4 defined according to
it e, = 100, KOy, — 10, K0y, (B.21)

and K = i[0,P;, P;] in analogy to the definition in §3.3.3. Note that the flow in Eqn. B.16 is
always valid regardless of what state it is acted on. Since K is defined for a choice of P;, the
adiabatic flow is only correct when evaluated with an occupied band consisting of the states in

Pr.

Our argument has two parts. We shall first decompose the Hamiltonian into a term that
commutes with P and a term that does not. Only the non-commuting term contributes to
measurable change in the system. Finally, we show that this term has a straightforward
expression in the near-adiabatic limit, and defines the adiabatic flow.

As shown in Appendix B.1, the time-evolution of our system is determined by the scaled
Von-Neumann equation,

8,P = —iT[H, P, (B.22)

where we treat T' as a tunable parameter. Clearly, any component in H that commutes with P
will vanish in this expression. Thus, let us split H into a commuting and non-commuting part,

H=(PHP+QHQ)+ (PHQ+ QHP), (B.23)

where we define () = 1 — P as the projector onto unoccupied states. We will label the two terms
in brackets H| and H respectively. H| commutes with P, vanishing in the Von-Neumann
equation and thus does not effect any change in P whatsoever. Furthermore, any Hamiltonian
that differs from H only by a term that commutes with P (e.g. H' = H + PM P + QMQ for
some arbitrary operator M) will still produce the exact same dynamics for P.

Using these two components of H, we can split the flow operator into two components according
to

fri’rj = (Z'Tfser”(;ri + h.c.)

B.24
+ (16, H 6r, + h.c.), ( )

and label these two terms as fr”i,rj and fé,rj respectively. Let us examine the contribution of

each term to the continuity equation B.15,
— £ll L
0,(6:) =3 Tr [P ( flo o+ )} . (B.25)
J
Writing out the fIl term explicitly, we see that it vanishes

Some[PrL | = ST (TP, Hib) + e
J J

= Tr ((TPHPS,) + h.c.
— 0.

(B.26)

Thus, the only term that contributes to the continuity equation is f}r] We can interpret ﬂ'i,rj
as a circulating current, representing the flow between occupied states in P. As it vanishes in
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the continuity equation, it is not possible for this term to change the number density at any site
in the system.

Now, let us examine férj in the near-adiabatic limit. As we have seen in appendix B.1, the
projector is equal to the instantaneous projector P; up to order T-!. Thus, treating T as a
tunable parameter, let us expand the dynamics around the limit 7" — oo,

1 1
P =P+ T(SP +0 (ﬁ) : (B.27)

where 0P is the first-order perturbation away from the exact adiabatic result. Inserting this
into eqn B.22, we get

0.P, + %asap — _iT(H, P,] — i[H, 5P + ... (B.28)

The terms omitted are at least of order 7-!. The first term on the right vanishes, since P; and
H commute by definition. Thus, collecting the next lowest order in T', we get

0P = —i[H,{P). (B.29)
Time evolution of P is determined by K, thus we arrive at the identity

[H,6P) = [K, P,]. (B.30)

Let us consider H, in this limit. It is straightforward to show that

H, =PHQ+QHP

B.31
= [[H, P},P}. ( )
H commutes with P;, so we can set
[H,P]=[H 15P}+(9 ! (B.32)
) - 9 T T2 9 .
and use identity B.30 to get this in the form.
1. - 1

Hy=Z[[K. PP+ 0= ). (B.33)

where we have also expanded the second P according to Eqn. B.27. Finally we use the identities
0P = —i[K, P;] and K = i[0,Py, P;] to show that

1 - 1
H =-K+0(=]. B.34
=k 0(3) (B34
Thus, in the near-adiabatic regime, we have shown that the flow operator separates into two
terms

fl‘i,l‘j = f1|‘|i,rj _'_ _It,rj (B35)

The first represents a circulating current that does not effect a change in P whatsoever. In
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any sum of current into or out of a region, we expect any f! terms to vanish, since the total
flow from this term into any individual site vanishes according to Eqn. B.26. Additionally, it is
worth noting that the term,

fL ., = iT6e Hyby, + hec. (B.36)

is linearly dependent on 7', since H!l has nonzero components of order 7°. Thus it diverges
as T — oo. Any constant current scaled over an infinitely large time period will diverge. In
what follows, we shall omit these terms, meaning that our current operator will not account for
persistent or frozen in current in the bulk at any point in the adiabatic evolution.

The second term, given by
;J;rj = i0y, K0y, — 167, K0, (B.37)

represents the current generated over the course of the adiabatic evolution by the change in the
electronic arrangements of states in the band, P. Thus, we see that in the adiabatic limit, in
the absence of persistent current, the flow in the system can be approximated by the adiabatic
flow operator,

Jriw; = 100, K6y, — 163, K6y, + O <%) . (B.38)

Finally, we may rescale from s back to ¢, making the substitutions f = f7 and K = KT to
arrive at

forw, = i6e, Ky, — i60, IS, + O <%2) | (B.39)

Since the current operators used in §3.3.2 and §3.3.4 can be expressed as a sum over individual
flows, this property naturally extends to the current, and we see that

Jr, = Jp + O (%) (B.40)
Jr,(r) = Jh (1) + O (—) , (B.41)

where in each case, the adiabatic version is found by substituting H — K in the definition.
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Appendix C

Tait Colourings and the Four-Colour
Theorem

In this appendix we will discuss a very old theorem first proposed by Scottish physicist Peter Tait,
who in the late 1800s was working towards a proof of the four-colour theorem. In his attempt
to simplify the problem, Tait found a correspondence between the problem of four-colouring
the faces of a graph and three-colouring the edges [1, 2]. Tait used this result to construct
an incorrect proof of the four-colour theorem, which stood unchallenged for 11 years until a
counterexample was provided by Julius Petersen [3, 4]. Here we will provide a simple proof of
Tait’s original correspondence, which states that:

Every bridge-free cubic planar graph can be face-coloured with four colours if and
only if it can be edge-coloured with 3 colours.

Let us start by making a few definitions. We will be working only with fully connected cubic
graphs, consisting of a set of vertices v;, edges e; and faces f; — where every vertex connects to
three edges. Furthermore, a bridge is an edge where, if it were removed the graph would be
divided into two connected components. For example in the following graph, the red edge is a
bridge, so the graph is considered illegal.

Let us construct a labelling system for our faces and edges. Rather than using an integer from
0-4, we will label them using a binary representation of these integers,

[€IF; = {(0,0), (0,1), (1,0), (1,1}, (C.1)

where IF3 is a 2d vector space over the finite field of order 2. Note we always denote a label
with frattur. On this space, let us define a ‘subtraction’ operator as the bitwise XOR of two
labels. Note that this operator is associative, commutative, and has an identity element which
we label 0 = (0,0). We refer to this as a ‘subtraction’ because it satisfies the following property

Ll = (0,0) = [} = [2, (C2)
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Figure C.1: An example of a 3-edge colouring on a graph with coordination number z < 3,
along with the corresponding 4-face colouring, related according to Eqn. C.5.

although it does fail to satisfy some other properties one might expect of subtraction such as
having [1 D [2 = [2 D [1.

We shall define a 4-face colouring by assigning one of these four labels § to each of the faces in
the graph, with the condition that no two adjacent faces share the same label.

f:fi—f €lIF3 (C.3)

Similarly, we define a 3-edge colouring by assigning an edge label ¢ from the three nonzero labels
such that no vertex touches two edges with the same label.

¢:e; — ¢ €1F5/0 (C.4)

Now let us suppose that we have two labelled faces, f; and f,, which are separated by an edge e.
We assert that a valid edge colouring can be found by taking the difference of the two adjacent
face colours

¢ = fl D fg. (C5)

Thus, we may visualise the face colours as behaving something like a ‘height’ or ‘position’

coordinate, and the edge colours as acting more like a ‘difference’ coordinate. Now let us prove
that the relation above provides a direct mapping from any valid 4-face colouring to a 3-edge
colouring and vice versa, see Fig. C.1.

C.1 4-Face Colouring to a 3-Edge Colouring

Suppose we start with a valid 4-face colouring. Let us show that the relation in Eqn. C.5 always
allows us to transform this into a valid edge colouring. Firstly, note that, provided that no
adjacent faces have the same colour, we are guaranteed to have only three colours in our edge
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colouring. This is because an edge will only have colour 0 if the two faces it borders have the
same colour, however this is prohibited for the face colouring to be valid.

Now we must show that it is not possible for any vertex to touch two edges of the same colour.
Let us consider a single vertex between three faces. Each face has a distinct colour §; and each
edge that meets this vertex has a colouring ¢; as shown below:

\

(4] f2

Now let us consider the quantity
m=c; ey D e (C.6)
Using Eqn. C.5 we may rewrite this in terms of the face colours as

m=(fi®f)® (f2®f3) ® (fs & f1) =0, (C.7)

since every term appears twice in this sum. No edge can have ¢; = 0, so the only way for ¢; to
satisfy Eqn. C.6 is to have one ¢; of each nonzero type. Thus, we see that e; represents a valid
edge colouring around the vertex. In general this means that a valid face colouring will always
generate a valid face colouring.

C.2 3-Edge Colouring to a 4-Face Colouring

Suppose we start with a valid 3-edge colouring and are instructed to transform it into a valid
4-face colouring. To do this, let us pick an arbitrary face of the graph — labelled f, — and assign
it an arbitrary colour, say (0,0). Now, given an arbitrary face, f;, we may determine its colour
f; by traversing from fy to f;, and taking the sum of the edge colours ¢; for every edge that
crosses on the path p,

Fj = fo €D e (C.8)

kep

The colour of §; is uniquely defined provided that this process is invariant to the choice of path
taken. If we consider two paths p and p', from fj to f;, shown in Fig. C.2 we require that

fi=f = hef=0 (C.9)
Inserting Eqn. C.8 into this expression, we arrive at the condition

0= (@ ek> ® (EB ek> (C.10)

kep kep’
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Figure C.2: Two distinct paths from fy to f;. The combination of both paths forms a closed
loop, where the value of f; is uniquely determined provided that € e around this loop vanishes.

Since the composition of the two paths is a closed loop, this amounts to the condition that the
integral of ¢; around any closed loop in the system must vanish.

In order to show this condition holds, let us first notice that — as we saw in the previous section —
the sum of ¢; around any single vertex must vanish if we have a valid 3-edge colouring. Similarly,
a path that encloses two vertices is also guaranteed to vanish, since it can be decomposed as a
sum of the paths that encircle each vertex individually. Thus, we see that a general closed loop
that encircles some set of vertices can always be decomposed into a sum of loops around each
individual vertex, which then all vanish individually.

This argument completes the proof, any path from fy, to f; will give an identical value for
f;. Furthermore, the 4-colouring obtained is guaranteed to always satisfy the condition of no
adjacent faces having the same colour, since any two adjacent faces f; and f, separated by e
must satisfy

f1®e=fo#f for e £0. (C.11)

What about periodic boundaries? — The eagle-eyed reader might have noticed an omission in
the argument presented. We showed that all closed loops that encircle a set of vertices are
guaranteed to have @ e = 0. However not all closed loops have a defined inside and outside.
If we construct such a system on a manifold with genus g, then in general there will be 2g
topologically distinct non-contractible loops. Since these have no inside and outside, the
argument above fails, and it is possible for such non-contractible loops to have e # 0. In
such a case, a valid 3-edge colouring does not imply a 4-face colouring.

Thus, on a manifold that is not simply connected, a 4-face colouring implies a 3-edge
colouring however a 3-edge colouring does not imply a 4-face colouring!
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Appendix D

Diagonalising Quadratic Hamiltonians

In this appendix we shall present the details of the methods used to diagonalise the quadratic
Hamiltonians encountered in Chapters 4 and 5. In each of these cases, the problem amounts to
expressing some Hamiltonian in the form

H~ UMY, (D.1)

where WU is some arbitrary column vector consisting of either Majorana fermionic of bosonic
creation operators. Let us start with the Majorana fermion case, followed by the bosonic case.

D.1 The Majorana Case

Here we shall provide a detailed explanation of the methods used to solve the Majorana mean field
Hamiltonian in momentum space, as well as the methods for calculating mean field expectation
values and Chern number. Finally, we shall discuss the detailed results obtained from this
method.

We start by defining a maximally generic Majorana free fermion system:

H = ZiAjijck' (DQ)

jk

Here, A is a real skew-symmetric matrix, ensuring that the overall operator is Hermitian.
The matrix 7A is pure imaginary, so has particle hole symmetry, so we have a guarantee that
the eigenstates come in conjugate pairs, with opposite energy. Thus, we may diagonalise 1A
according to

&1 0

iA =R g2 0 R, (D.3)
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with R being a row matrix of eigenstates of i A,

P 1/}1 P
R=| — %2 — |. (D.4)
— g —

Of course, none of these eigenstates ¢; represent a valid Majorana mode, which must take the
form b; = Qi with @ a real orthogonal matrix. Thus, let us perform a further rotation on
each subspace containing conjugate pair of eigenstates to find a pair of real Majorana modes ¢
and ¢’ corresponding to the real and imaginary parts of v,

(f) - % (—1¢ 1) (5) (D.5)

Thus, we may define a real orthogonal transformation
— ¢ —
Q= — ¢ — |, (D.6)

that skew-diagonalises the matrix iA according to

0 i€1
—iél 0
A =Q" 0 e Q, (D.7)
—iEQ 0
with @ calculated according to
1 1
—i 1

11 R (D.8)

The Hamiltonian can now be written in terms of a new basis of Majorana fermions b,, = Q(2n—1)xCk
and b, = Q2n)kCk as

H= Zw]bb' ie;bb, (D.9)



146 Appendix D. Diagonalising Quadratic Hamiltonians

which can be re-expressed in terms of fermions using the identity ib;b; = 2 f} fi—1
H222(2fjfj - 1). (D.10)
J

Thus, we see that the ground state |¥) contains no f-type fermions, and has energy

Byo=-2) ¢ (D.11)
J

D.1.1 Correlation Values

Now let us derive the expression for the ground state expectation value of a two-Majorana
operator (¥|ic;c;|W). We start by transforming to the ‘diagonalising’ Majorana basis, according
to ¢; = QT.bx to get

(icjcr) = (V]ibabs|¥) Qu; Qs (D.12)

We know that the ground state contains no fermions as defined in Eqn. D.10, thus we can derive
the following four relations for the diagonalising b-Majorana modes:

(ibjb;) = <zb;b;> =1, (D.13)
(ibﬂ)}) =—1, (D.14)
<z'b;-bj> = +1, (D.15)
(ibjbr) =0 Vj #k (D.16)
From this we can calculate the matrix element
1 —1
+1 1
(U]ibabs|¥) = Myp = =1 : (D.17)
+1 4
ap
Therefore, Eqn. D.12 becomes
D Wibabsl¥) QF,Qp = [QTMQ] . (D.18)
ap
Finally, using Eqn. D.8, we see that this expression becomes
[ /(20 0 |
0 0
(Ulicjer| W) = | R 2t 0 R| . (D.19)
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Therefore, we arrive at the final expression
(Wlicjcp| V) = —2i Py, (D.20)

where P}, is the projector onto the negative energy eigenstates of iA.

D.2 Triplons and the Bosonic Case

In this section we shall provide a detailed explanation of the methods used for solving the
triplon Hamiltonian presented in §5.3 using bosonic triplon MEFT. This section has three parts:
First we discuss the momentum space construction of the Hamiltonian, next we shall explain
the methods used to solve this Hamiltonian for the bosonic eigenstates. Finally, we derive the
form of the Chern number for a bosonic system.

D.2.1 Construction of the Hamiltonian

Let us start by restating the Hamiltonian given in Eqn. 5.29, given by

H=Hy+ Hy + Hy, (D.21)
where
Hy= N [$*(K +2J — p) +p] (D.22)
Hy = Z(K —2J — ,u)tljtaj — (K + M)tlzjtaj
JjED
+ haZicasn it (D.23)
- Z 55" (tlktaj — tajlak + h.c.) .
jk€D, o

The four-boson Hamiltonian is decoupled using the mean fields,

Pji = (thatha) (D.24)
?k = <tjatkoz> ) (D25)
taking the following form
Hy=— Z JJO;C (ijktijtck: + tzr,jtbk jc]: + h.c.
jk€ED,a
- tlﬁlk@?k - g‘ztcjtck + h.C.> (D.26)
£ T (PhPi - Q@+ he).
jkeD,a

Note that here, the indices b and ¢ denote the two subscripts that are not equal to « for each
term in the sum. Since we are working in a translationally invariant system, we transform
to momentum space. We replace every position index j, with a pair r, 7, where r labels the
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unit cell position and j now labels the site within the unit cell. Momentum-space annihilation
operators are defined as

1 )
tiva = —F— e U o D.27
Jr, \/N g 79, ( )

Under this, terms in the Hamiltonian containing triplet operators are transformed according to

Z t;r-i-A,atlﬂ‘,Oé = Z Zth;rq atkq,om <D28)
r

q

1 )
Z terrA,atkr,a = 5 Z <elth]'*q,atkq7a
r q

(D.29)
+ e—ithk_q,atjw).
Thus, we get a full Hamiltonian containing the following seven sets of terms:
Constant shift: 35> (K +2J —p)+3p (D.30)
On-colouring on-site potential: (K — 2J — ) Z tiqaliae (D.31)
Off-colouring on-site potential: (—K — p Ztm g (D.32)
Magnetic Field: 2ih,, Z 5043715].(1”875]1177 (D.33)
a,J
Hopping: — Z J% 5 Z ia Atjq olkqae + h.c.
(g k)0 q
+ Z T35 € _qatrqa + €A qatjqa + hec.
a.j,k
(D.34)
Adding in the mean fields (i.e. the quartic interactions) we get a few additional terms:
Constant shift: Z Z 5 (PhPG — QUQ5h + huc.) (D.35)
bonds «
Hopping: Z Jj‘”‘kezq A ( tjq thage + f’j.c,:t;r.q’btk%b) + h.c.
bk 7, A —iq-A
+ Z 5 K@ik (€M qetiqe T €T M g tiqe) + hec. (D.36)

+ Z 2 ik 52 ZqAAtj*q,b kap T efiq.Atqu,b tjq,b) + h.c.
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D.2.2 Bosonic Bogoliubov-de Gennes Method

In order to solve this Hamiltonian, we shall use the bosonic Bogoliubov-de Gennes (BDG)
method, detailed in [1]. This method is well-understood, however for the sake of completeness,
and to introduce the notation used to derive the Chern number in §D.2.3, we discuss the method
here. Let us work with a generic set of momentum-space bosonic annihilation operators, by;,
satisfying the bosonic commutation relations [by;, bLk] = 0(q — p)d;x, where the Hamiltonian is
given by

Hqy = hjk(q)bgjbqk

1
5 (k@b g+ Al(@b-asba)

(D.37)

where h is a hermitian matrix. We assume that h satisfies the relation h*(q) = h(—q), with
the same for A. Using the bosonic commutation relations, we may rewrite the first term in the
following form,

1
hjk(CI)bL_jbqk =3 <hjk(Q)bijqk + hjrk(Q)bquLk> b3
1 (D.38)
— =Trh.
2
Thus, the Hamiltonian can be written in a generic BAG form as
R 1
Hy = §\IJqM(q)‘I/q — §Trh, (D.39)
where we have introduced the bosonic vector of creation/annihilation operators
Wy = (bgo, bats s b 0y b s )" (D.40)

and defined the BAG matrix

M(q) = ( Ahﬁa) %ég;) . (D.A1)

To diagonalise this, let us consider the time-dependence of ¥, given by

Wy =1i[Hq, Yql - (D.42)
Applying the bosonic commutation relations, we arrive at the following expression,

O Vqy = 1nMy¥y, (D.43)

where the ‘metric’ 7 is defined as

. (1 —1> (D.44)
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We now define a rotated set of bosonic operators aq, with @4 = (g, --., ol )T, according

_q07 .
to

by =0 - 0g+ V- aT_q, (D.45)
bT_qj = Vj * Qg + ﬁj . aT_q, (D46)
u v
= U, = RqQq, for Ry = (V U) . (D.47)

Here Rq is a rotation matrix that must be determined. In order to preserve bosonic commutation
relations for a, we require that R, satisfies

RnR' =, (D.48)
R'nR = 1. (D.49)

After applying this transformation to our equation of motion D.43, we arrive at
i0,®q = R 'M(q) R®4. (D.50)

Thus, eigenstates of the Hamiltonian are found by choosing a transformation R that diagonalises
the operator nM (q), which we write in the form

R 'nMqR =nD (D.51)

where D should have only positive eigenvalues, ensuring that the bosonic modes all have
positive energy. In practice, this can be done by diagonalising the matrix nM and adjusting the
normalisation of the eigenstates such that they satisfy Eqns. D.48 and D.49.

Now, let us rewrite the original Hamiltonian as

1 1
Hy = (o oq) RIMgR ((3‘* ) — 5 Trh. (D.52)
—q

By rearranging Eqn. D.49 to get the identity Rf = nR~1n, and inserting it into the above, we
can show that RTMyR = D and the Hamiltonian takes the form

1 1
Hy = 3 Z (wjagjaqj + w}a,qjaT_qj> — §Trh, (D.53)
J
where we have labelled the positive eigenvalues of nM as w; and the negative eigenvalues of
nM determine w; (which are positive — negative energies would indicate an instability, where

the system can infinitely populate the negative energy states). We rearrange the second set of
bosonic operators to get

1
H, =5 Z (wjagjoij + w;-oziqjoz_qj)

J
1 1 ,
—§Trh+§g w

Of course, in order to implement the full mean field theory, one needs not only the bosonic
spectrum but also the ground state expectation values for the mean fields, (O|b2jbq/k|0> and

(D.54)
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(0]bq;bgrk|0). These can be extracted from the rotation matrix Ry by transforming the expecta-
tion value to our diagonalising basis {a}:

(0]bl;bax]0) = (0(w] - @l + v - a_q)

; (D.55)
Xy - og+vi-al ) [0).
Since the ground state contains no bosons, the only term here that does not vanish is
(0[B];bqi10) = (01(v} - a—q) (v - @) 0) (D.56)
= (0VjVim0) (D.57)
Equally, we can repeat the process for the other correlation function of interest,
(Ob_aqzbarl0) = (VT)s,. (D.59)

D.2.3 Bosonic Chern Number

In order to define a bosonic version of the Chern number, let us start by restating the results of
the previous section. We have a BAG matrix given by M(q) — assumed to be positive definite
(defined in Eqn. D.41), with a set of eigenstates |¢;(q)) which satisfy

nM(q) [¥5(a)) = As(a) [5(a)) - (D.60)

For a physical solution, we make the assumption that all eigenstates are real, i.e. there is no
dynamical instability. Then we can show that if |¢;(q)) is a right eigenstate of nM (q), from
the hermiticity of M, we must have a corresponding left eigenvector defined as

((a)l = (Wy(a)ln, (D.61)

with the same eigenvalue. Now, let’s assume that the eigenstates of nM are all either positive
or negative, then we can calculate the quantity

(i InM ;) = N; (Ws10;) (D.62)
= (| M|4hy) = A; (]9 - (D.63)

The left-hand side here is always positive due to the positive definiteness of M. This implies
that positive eigenstates of nM have positive norm, and the negative eigenstates of nM have
negative norm. Thus, we see that (in agreement with condition D.49) the states can be split
into two sets and normalised, which we will label with ¢; and ¢; with the following norms

(67 [nle") = +1 (D.64)
(97 Inlo;) = —1. (D.65)

In this context, let us look now at finding relative phases between adjacent eigenstates in k-space.
We can define the phase between two states as

v = arg [£ (¢ (K)|nl¢; (q))] - (D.66)
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In analogy with the standard discussion around Berry phase, this quantity is not gauge invariant
for a local gauge |¢;(q)) — '@ |¢;(q)). Thus, let us define a gauge-invariant quantity — the
Berry phase around a plaquette in k-space,

=arg [(¢; ()|} (a + d.))

(o7 (q+6 )nlé; (a+ 8. +6,))
(67 (a+ 6, + 8,)|n|é; (q + 6,))
(67 (a+8,)nle; (@)] ,

where 0, and J, represent a translation in momentum space by 27/L in either the x or y
direction, L being the system size. Here the factor of (£1)* from state normalisation clearly
vanishes. Let us simplify this expression by defining the symplectic projector onto a single
eigenstate,

(D.67)

o (q) = |6 (q)) (¢ (a)| 7, (D.68)

which is identical to a standard density matrix aside from the extra factor of n. Using this
expression we can rewrite the Berry phase in the following form:

T5(a) = arg Tr |9 (@)dF (a + 6.)

- . (D.69)
OF(a+ 8. +6,)65(a+8,)]
Finally, the Chern number is calculated using the usual expression
1 . .
= =Yg Tr [ dF(@)d(a+0.)
a (D.70)

OF(a+0,+6,)6F(a+3,)] .
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