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Abstract

Prestressed stayed columns offer an innovative and aiestheattractive solution where
designs demand long and slender elements under compre3s$ieraddition of cross-arms
and pretensioned cables to the columns provide signifiedéetdl and rotational support that
can result in a marked increase of the buckling capacity.clinent work presents a simpli-
fied model, comprising discrete rigid-links and springshvdatmathematically exact formu-
lation including the destabilizing effect of cable slackey which mimics the response of
stayed columns and reveals the governing physical parasrtasd drive the behaviour. A re-
cent finite element study had indicated that these strdatoraponents are likely to exhibit
interactive buckling phenomena, particularly if the cati buckling mode is antisymmetric,
leading to highly unstable responses. However, by its vatyre, that study could not reveal
the bifurcational structure of the equilibrium responsée Tesults from the present model
reveal similar behaviour to that observed in the earlietdiglement study. A sequence of
bifurcations is found that switch the post-buckling resgmfrom one mode to another via a
path of interactive buckling.

Notation

a Length of one cross-arm

A, A, Cross-sectional area of main column and stay respectively

¢, Co Stiffness of rotational springs of main column

E,E,, E;, Young’s modulus of main column, cross-arm and stay resgagti
1,1, Second moment of area of main column and cross-arm resplctiv
k, K Actual and non-dimensional stiffness of longitudinal sgrik’ = ki%/c
[ Length of an individual link in the model

L Length of main column

L, L Length of an individual stay or stay

Ly, Vertical length component of stay

m; Shape scaling factor of an eigenmode



Pp Actual and non-dimensional axial loag= Pl/c

PC,p¢ Actual and non-dimensional critical buckling loads of maedgS = PCi/c
Q;, u; Generalized coordinates of link model

R Ratio of rotational spring stiffnesses;/c

S Shape of an eigenmode

S; Labels of bifurcation points

T Prestressing force in stays

X Non-dimensional quantityy/8 — 4K + K?

V,V Actual and non-dimensional total potential energy:= Ve

£€ Actual and non-dimensional end-displacement in link mpéiek £/1
o) Initial angle of stays to the vertical

A Diagonalization factors

05,0c,0p  Rotation angles in the link model

0. Rotation angle of the cross-arm to the horizontal

Os Cross-section diameter of stay
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1 Introduction

Prestressed stayed columns are increasingly being usedalsiteon to long-span structures
where slender geometry and high strength are key desigablesi. A schematic and an example
of such a column is shown in Figure 1. This type of componemigrises a main column
element, which is usually of tubular cross-section, a sefeross-arms and pre-tensioned cable
stays that provide significant extra compressive strengthowt a commensurate increase in
self-weight (Belenya, 1977; Smitkt al, 1975; Temple, 1977; Hafezt al, 1979; Howson &
Williams, 1980; Wong & Temple, 1982; Chaet al, 2002; De Araujoet al., 2008; Saito &
Wadee, 2008; Saito & Wadee, 2010). These components aeasiogly being used in the
construction sector because of that advantage and bedsysbkave an aesthetic quality that is
architecturally attractive, see Figure 1(b). They have aksen used for shoring applications in
the construction of the “Rock in Rio” stadium (Andraeleal,, 2003), where an inexpensive, long
and strong column was desired over an expensive trestleogimpstructure. They have also
been used to support the roof structure of the Frick Cheyni&atilding in Princeton University,
USA (Seward, 2011).

However, precisely because these components are strliceffecient they have also been
shown to be sensitive to initial imperfections in their gear (Saito & Wadee, 2009a). In
particular, this sensitivity has been demonstrated in arrefinite element study (Saito & Wadee,
2009b), which used different initial imperfection profilelsequivalent magnitudes to determine
the weakest equilibrium response. However, by its veryneatihat study could not reveal the
bifurcational structure of the equilibrium response. Time af the current work is to present the



results from a simplified model that has a mathematicallycef@mulation, comprising rigid
links and springs, which mimics the response and revealgdherning physical parameters that
drive the behaviour. It is found, as in Saito & Wadee (200911 ®sofercet al (2012; 2013),
that interactive buckling, which is triggered at a secogpdafurcation, does not occur until the
antisymmetric mode becomes the critical eigenmode. Thiarsovhen the strut is restrained at
midspan by a translational spring of sufficient stiffness.

A mode interaction loop is found where the behaviour passes the fundamental state
to the initial critical buckling state, which then encoustéhe secondary bifurcation that leads
to a path of interactive buckling followed by a subsequehirbation that returns to the path
of a different eigenmode. The incorporation of stay slagkgrnto the analytical model, by
introducing a geometric constraint, distorts the inteaactoop. Moreover, it is shown that with
stay slackening, for higher lateral stiffnesses, the au&on loop breaks and that the strut would
remain in the interactive mode after the secondary instgpéxactly as found in the previous
finite element study.

The paper begins with a review of the key previous work preskiy Saito & Wadee
(2009b). The analytical model is then presented, followgdhe numerical results that were
determined by solving the developed equilibrium equatiomserically by the powerful con-
tinuation package BT0 (Doedel & Oldeman, 2009). The results are then compared tivéh
original results from the earlier finite element study aneldiscussed. Conclusions, along with
suggestions for further work, are then made.

2 Review of finite element study

The prestressed stayed column has distinctive featurats nmost common form, it has a main
column element of length, a single cross-arm of lengthand cable stays that link the top and
the bottom of the main column to the ends of the cross-armhawrs in Figure 1. The cable
stays, when pre-tensioned, provide the resisting hor&@amponents of force that restrain the
potential buckling displacement at midspan. Since thessaom is rigidly connected to the
column, the local bending stiffness is increased somewhhe key work presented by Saito
& Wadee (2009b) contained a nonlinear finite element studynperfect prestressed columns,
formulated with Timoshenko beam elements for the main calamd truss elements with the
“no compression” option for the stays, which used differémapes of imperfections to trigger
different post-buckling modes for stayed columns with iagygeometries. The cross-arm length
a was varied, as was the diameter of the cable sfaysncreasing either increased the critical
load of the simplest eigenmode (Mode 1) that initially rebtd a half-sine wave along the
length. At a transition value for eitheror ¢,, the first two eigenmodes coincided and for higher
values, the second eigenmode (Mode 2) became critical. tRatehe buckling eigenmodes are
in-plane although given an out-of plane arrangement, thiearloads have been shown to be
directionally invariant in earlier work if circular or resmdgular hollow sections are used for the
main column element (Saito & Wadee, 2009a). Figure 2 showaglgr of the critical loads of
the first two eigenmodes from the previous study showing w/tte transitions occur and Figure
3(b) defines the shapes of Modes 1 and 2.



In the nonlinear analysis of the imperfect stayed colunmms primary observation was that
interactive buckling was only a significant problem when M@&dwvas critical; when Mode 1 was
critical, the worst case imperfection remained affine toNwe 1 eigenmode. In the present
study, the aim is to use a simplified analytical model to detee why this happens.

3 Analytical model development

The features of restraints and identifiable increasesfinasis from the stays and the cross-arms
in the general arrangement lend themselves to a model ceimprigid links and linear elastic
springs for the strut, as shown in Figure 3(a). The advart&ges being that the total potential
energy for the systerir can be written in an exact form that allows numerical sohgiof the
equilibrium equations. These solutions can be obtainedlyoXDoedel & Oldeman, 2009), a
powerful numerical continuation package which can compmdations of bifurcation points and
separate solution branches. A three degree-of-freedonelnmébrmulated comprising 4 rigid
links each of lengtli, rotational springs at pin8 and D of stiffnessc with a further rotational
spring at pinC' of stiffnesscy alongside a translational spring of stiffndss

The stiffnesseg, ¢y and k& correspond to the bending of the main column, the inclusion
of the cross-arm and the mechanical resistance of the pststeed cable stays respectively.
Expressions for the rotational springs may be calculatet thie standard stiffness method of
structural analysis (Coates al., 1987), where the contributions from the main column elemen
and the cross-arm are incorporated. These would comprizessions of the formEl/L
andyFE,1,/a derived from the contributions of the main column and thessrarm respectively,
where E1 and E,1,, are the respective flexural rigidities withandy are evaluated using the
aforementioned stiffness method. For the longitudinahgpof stiffnessk the summation of the
horizontal components of the axial stiffnesses of the staysld give the total stiffness. The
individual contribution of a stay is given by the expressi@gh A,/ L;) sin o, whereE; and A,
are the Young’s modulus and cross-sectional area of theesagctively withh shown in Figure
1(a). It turns out that the stiffnegshas a more significant effect than the rotational springs on
the overall behaviour of the model.

The external axial load i® and the total potential energy is hence given by:

1 1 1
V= 5/@12@3 +5¢ (0% +603) + 5coeé — PE, (1)

wheref is the end-shortening and the angles 6~ andé,, are the rotations of the pins &t C'
andD respectively:

5=l[4—\/1—Q%—\/1—(Q2—Q1)2—\/1—(Q2—Q3)2—\/1—Q§] (2)

Op = arcsin(Q1) + arcsin(Qy — @Q1), (3)
Oc = arcsin(Qz — Q1) — arcsin(Qz — Q3), (4)
0p = arcsin(Q3) — arcsin(Qs2 — Q3). (5)



The total potential energy can be nondimensionalized biglidig through byc:
-~ 1 1 1 .
V= §KQ§+§ (6% +67) +§R9?;—p5 (6)

with normalized quantitiest’ = V/¢, K = ki?/c, R = ¢y/c, p = Pl/cand€ = £/1. It can also
be diagonalized and the resulting linear eigenvalue proljteee Appendix A for details) can be
solved to obtain the following non-dimensional criticahttsp for the case whereé = 1,2,3
andR = 1 (assumed throughout the current wdrk, the case when all the rotational springs are
of identical stiffnesses):

o K3 — KXX —2)+2K(X —8)+16(3— X)

ps =2, (8)
o K3+ K*X+2)—2K(X+8)+16(3+X)
b3 = 2X (X +2) ! ©)

where the non-dimensional quantity = /8 — 4K + K2. The linear eigenmodes have either
reflective or rotational symmetry, as shown in Figure 3(bj are given in Figure 4. The
variation of the critical loads with the non-dimensiondffsess of the translational spring is
shown in Figure 5. Note the similarity between the distiiiof - and 5 in Figure 5 and
the corresponding critical loads in the previous studyt(S&iWadee, 2009b) as shown in Figure
2. This gives confidence in the model and allow the study taged. Of course more degrees
of freedom could be used in the model; however, since it was/shin earlier work (Saito &
Wadee, 2008) that the symmetric and antisymmetric modebe&accurately represented by the
first three modes, the current model has been restrictedde tregrees of freedom. This reduces
the complexity for the numerical solver while modelling #ey features of mode interaction.

3.1 Inclusion of stay slackening

In a prestressed stayed column the stays are in tension Waeoiponent is deployed. Under
axial compression, this prestress is relieved somewhanhbubst cases not totally. However,
if buckling occurs, the resulting lateral displacemenismpto the instability can cause a rapid
reduction of the cable tension on the concave sides of thdihgaeformation due to the change
in the geometric profile. Of course if the stay tension isenadd altogether, its stiffness drops
effectively to zero and the load-carrying capacity of thérercomponent would reduce substan-
tially. It is therefore necessary to include this geomedffect of potential stay slackening within
the current model. With the numbering of the stays being ddfin Figure 6(a), Figure 6(b)
shows the geometry of the link model and how that relatesdstiay lengths for arbitrary values
of the generalized coordinat€k.
Geometrically, the vertical component of the lengths ofttpetwo stays (1 and 4) is:

Ly =1 \/1—(Q2—Q1)2+\/1— %}, (10)
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and the bottom two stays (2 and 3) is:

Ly =1 \/1—(Q2—Q3)2+\/1—Q§] (11)

Incorporating the rotation of the cross-aé which is given by:

0. = [arcsin(@Q — Q3) — arcsin(@Qy — Q1)) /2, (12)

and assuming that any bending in the cross-arm is negligibles the squares of the lengths of
the stays thus:

L% = [(acos. + |Qa|l)? + (Ly1 + asinb,)], (13)
L2, = [(acos O, + |Qa|l)* + (Lys — asinb,)] , (14)
L§3 = [(acosb. —|Q2|1)* + (Ly2 + asind,)] , (15)
= [(acosf, — |Q2|1)* + (Ly1 — asin®,)] . (16)
Cable slackening is defined to occur when:
2 2 2 T -
L% < (a® +4P) [1+ ESAS] , (17)

whereF,, A, anda are defined earlier arifl is the prestressing tensile force in the stays prior to
loading. The expression in equation (17) is given by usintp&yoras’s Theorem for the cable
stays once the link model exhibits buckling displacements.

4 Results and discussion

The potential energy is expressed in the exact form and gpeotive equilibrium equations are

given by the following relation:
oV

9Q;
wherei = 1, 2, 3, which leads to three nonlinear algebraic equations tleasalved numerically
in AuToO.

—0 (18)

4.1 Perfect post-buckling response

For the unrestrained uniform strut case, whBre- 1 and K = 0, there are three distinct critical
loadsp’ and the post-buckling response is weakly stable for the $o\@ymmetric) mode, as
would be expected from knowledge of the elastica. When #estational spring is introduced
into the model, the critical loads for Modes 1 and 3 increaitie W, but the critical load for Mode

2 remains constant owing to the pin@tremaining static. Figure 7 shows a series of solutions
for the equilibrium equations where Mode 1 is critical. Thspbuckling path of the symmetric
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mode becomes less stable and in fact the response becontescalwhenk = 0.3. However,
even when the post-buckling becomes unstable, there is nlinear interaction with higher
modes, which implies that it is only sensitive to imperfens that are affine to the eigenmode
of Mode 1. Note that, similar to the linear eigenvalue solufithe path for Mode 2 remains
invariant and stable.

When K = 2 the critical loads for Modes 1 and 2 coincide, and for largdugs of K’ Mode
2 becomes critical. However, as seen in Figures 8 whére 2.01, the post-buckling path of
the Mode 2 is destabilized at a secondary bifurcation peinvhere the response transfers to
a path where the modes interact, the antisymmetry is brokdregentually passes back to the
subcritical symmetric mode through a further bifurcati@inp S;. This entire process has been
termedmode jumpingn the literature (Hunt & Everall, 1999). Examining Figurea® elliptical
mode interaction loops observed between the modal amplitudeg)efand ), on which the
secondary bifurcations are found. This interaction loofings combinations of the relevant
amplitudes where the symmetry of the linear eigenmodesdkelor at subsequent secondary
instabilities and a pathway is found where one eigenmodédait be transformed into another.

IncreasingK further causes the interaction loop to increase in sizecénéime secondary in-
stabilities become remote from the primary ones and intenraés seen less readily. Once the
amplitudes ofQ); reach nearer unity (its physical limit), the loop begins tstalt significantly
as seen in Figure 9, which shows the solutions for two furéxamples of’ being2.1 and
2.6 respectively. Of course if the loop breaks, as seen in Fig(og once the mode jumps to
the interactive asymmetric mode, the structure would rarnmathat configuration. This finding
resonates with a previous finite element study by Saito & \Wg@809b), where post-buckling
in Mode 2 was found to “prefer” to deform in the asymmetric rmpdhther than the linear eigen-
mode. Recently conducted physical experiments also coratd this finding (Osoferet al,,
2012) where columns designed to trigger Mode 2 showed ictigeapost-buckling behaviour,
whereas those designed to trigger Mode 1 showed deformatibie linear eigenmode.

4.2 Effects of stay slackening

To demonstrate the effects of stay slackening, certaingstigs to be assumed. The length of the
main column element is assumed to bém, hencd = 1 m. The cross-arm lengthis assumed
to be equal td, which would usually cause Mode 2 to be the lowest eigenmole.level of the
prestressing forc& = 10 kN with the cable stay having, = 50 mm? andE, = 210 kN /mm?.

It is also assumed that the contribution to the stiffnessamhestay is equal; hence each stay
going slack reduces the total stiffness of the combinedlrstay stiffnesses, which contribute to
K, by 25%. Pure eigenmodes cause slacking in stay pairs (aedmate 50% reduction ak),
whereas interactive buckling causes slackening in indaidtays (an immediate 25% reduction
of K).

Figure 10 shows the post-buckling paths for Modes 1-3 faedlzases wher& < 2.
Obviously, the case wher& = 0 is unchanged, but the other cases show an immediate loss in
the load-carrying capacity after the initial instabilityowever, as before, no mode interaction is
shown for these cases. Figure 11 shows the post-bucklimg pat the case wherg = 2.01,
which exhibit a far more severe response compared to Figusil8the secondary instabilities
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being triggered at much smaller values(@f. The response, as before first triggers Mode 2 at
pointS;, then an interactive mode at poifif and finally triggering Mode 1 at poirii;. Figure
12 shows results foK = 4.10, with the post-buckling paths showing a similar patternhe t
case forK = 2.01, although the interaction loop is severely distorted. Byn&igure 13 shows
results forK' = 4.82; the post-buckling paths initially display a similar patte¢o the cases for
K = 2.01 and K = 4.10. However, this time the interaction loop is broken and trepomse
remains in the interactive mode. This finding is similar tattshown in Figure 9(b) but at
much smaller combinations of the amplitudes(@f and ();. This implies that the effects of
cable slackening, even though it has been modelled witlaicesimplifying assumptions, is
shown to be significant and forces the response to remaineinntieractive mode. This has
been observed in the nonlinear modelling work on prestdestagyed tubular columns using
the finite element method (Saito & Wadee, 2009b) and frommntceonducted experiments
(Osoferoet al,, 2012), which demonstrates that the current model provégesxcellent tool
for understanding the complex mechanical phenomena peedoy finite element analysis and
physical experiments.

5 Concluding remarks

A simplified theoretical model, comprising rigid links angri;igs formulated using potential
energy principles, has been presented to simulate theigakytobserved interactive buckling
phenomena in prestressed stayed columns. Moreover, ttebdizeng effect of the slackening
of cable stays has been included from a geometric criteHamfound that, in line with observa-
tions in practice, the link model only exhibits interactlweckling if the initial instability triggers
the antisymmetric eigenmode. Moreover, it is found thaalile stay slackening is included then
the secondary instability leading to mode interaction oget significantly smaller values of the
generalized coordinates than if slackening is neglected.

This type of model has the potential for being extended totiAbaly prestressed stayed
columns, which have more than one cross-arm, an example ichvigishown in Figure 1(b).
In those cases, as far as the authors are aware, no relevadimean studies exist and so it is
currently unclear which modes may interact. Given that tin@ent study has been shown to
replicate the behaviour for the single cross-arm case siiggested that a similar result may be
forthcoming for more complex arrangements of this efficiead carrying structural member.
This would then be able to support the formulation of desigidgnce (Wadeet al, 2013), as
has been developed recently for the single cross-arm case.
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A Diagonalization of V/

Assuming that the buckling mode shape to be a linear supiéposf the eigenmodes shown in
Figure 4 and denoting the actual shape&aand the normalized eigenmodesrag, m, andms
for modes 1-3 respectively, where

3
S = Z My Uy, (19)
n=1
whereu,, are variables that indicate the proportion of tlie eigenmode, thus:
Q1 = u1 + ug + us, (20)
Q2 = Auy — Azus, (21)
Q3 = u1 — uy + us. (22)

Substituting these relationships into the nondimensipo#tntial energy functioi’ given in
Equation (6) yields a lengthy expression which is not presgkfor brevity. Once this is ex-
pressed to leading order, the expression being purely mst@f quadratic terms im;u;, the
diagonalization may commence by finding the relationshges\f and \; that eliminate the
quadratic cross terms wheie“ j; these are:

20R—1)+ K — JAR2+1) — 4K + K?

)\1: K—2 ) (23)
20R— 1)+ K+ 4(R?+1) — 4K + K?
N = 202D éEQ ) . (24)

Clearly, there is a singularity wheR = 2. This change of variables fro®; to u;, yields a
diagonalized energy function and the linear eigenvaluélpro yields the following condition

for critical equilibrium, thus:
PV (0*V [0*V
<8u%> <8u§> <8u§> =90, (25)

the solutions of which are given in equations (7)—(9) for¢hee wherd? = 1.
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Figure 1: (a) Prestressed stayed column arrangement. €b)r&ssed stayed tubular column in
the Chiswick Park development in West London, UK.
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a varying. These graphs are taken from the study by Saito & Wé2@09b) where the length of
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Figure 3: (a) Model with rigid links and springs; (b) contous and discrete eigenmodes.
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(a) Mode 1 (b) Mode 2 (c) Mode 3

Figure 4: Linear eigenmodes. The quantities\@fand \; depend on the magnitude of the
translational spring stiffneds Whenk = 0, A\; = —\3 = V2. ASk — 00, Ay = A3 — 0.
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Figure 5: Distribution of critical loads with the non-dinsanal stiffness of the translational
spring K; note thatk = 1. WhenK > 2, Mode 2 has the lowest critical load.
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Figure 6: (a) Number definition of cable stays. (b) Asymneelickling mode used to define
cable stay lengths under loading.
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Figure 7: Post-buckling paths fdt = 0, 0.9 and1.8 where Mode 1 is critical. Note that the
critical load associated with the first encountered eigedeniocreases but that its unstable nature
becomes more severe.
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Figure 8: Post-buckling respongesersus(); (top) and@, versus(), (bottom) for the discrete
strut model whenk'’ = 2.01. PointS; is the critical bifurcation point, whereas poirdsandS;
are secondary bifurcation points on the post-bucklingpattihe antisymmetric and symmetric
modes respectively. The path connecting these two bifiartatontain equilibrium configura-
tions where the geometric symmetry of the strut model is@nol he elliptical mode interaction
loop is shown clearly.
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Figure 9: Mode interaction loops for highé&f values shown irQ,(Q, space. Top:K = 2.1;
bottom: K’ = 2.6. Note the significant distortion due €, and@- reaching their physical limits
for the higherK value.
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Figure 10: Post-buckling paths fatr = 0, 0.9 and 1.8 where Mode 1 is critical for model
including stay slackening. Note the sudden drop in the keerdying capacity beyond the lowest
bifurcation point and the lack of subsequent mode intesacti
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Figure 11: Plots of normalized loadversus(); and@), versus®, for K = 2.01. Note that the
stay slackening causes the secondary instabilities tolagvedy closer to the primary one and
the interaction loop to be slightly distorted from the dilial shape.
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Figure 12: Plots of normalized loadversus)); and(@), versus@, for K = 4.10. Note that the
stay slackening causes the interaction loop to be seveistyrbd.

25



R=1,K=4.82

R=1,K=4.82

0.8

0.6 / 7‘7

04 //

02 [ 7

~ A/ y,
a of =S, /

1st mode: 2nd modes Interaction:

Figure 13: Plots of normalized logdversus(), and ), versus@, for K = 4.82. Note that
the level of the stiffness and the stay slackening causepid raduction in the load-carrying
capacity, the interaction loop to be broken and the strediuremain in the interactive mode.
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