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ABSTRACT 

This thesis describes a numerical model for predicting the 

behaviour of steady, two-dimensional and homogenous shallow-water 

flows. The flow is dependent primarily on the inertial forces, 

gravitational forces and channel-wall stresses. 

The elliptic governing non-linear, depth-averaged differential 

equations are solved in a fixed and staggered cartesian-coordinate 

system using a finite-difference iterative procedure. The hydrody-

namic variables are solved by a point-by-point (Jacobi) implicit 

scheme over the entire flou domain and the depth by a two-dimensional 

linear-equation solver. The free-surface position as well as the 

velocities are obtained after successive corrections based on the 

satisfaction of the conservation laws. 

The model applies no restriction on the value of Froude number, 

i.e. to whether the flou is supercritical, subcritical or mixed. The 

locations of transition from supercritical to subcritical and vice 

versa are an outcome of the solution. 

Certain notable features are introduced into the computational 

scheme, e.g. the use of the upstream values of depth when evaluating 

the fluxes across the cell faces and accounting for the depth variation 

into the formulation of the depth-correction equation. Also, the 

surface elevations are retained in the convective terms, a require-

ment needed for better accuracy especially at moderate and high Froude 

number values. 

Simple experimental measurements are made of the supercritical 

flow and supercritical flow with hydraulic jumps in open channels. The 

main objective of these measurements is to provide data against which 
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the numerical model may be v/alidated. 

The numerical procedure is validated by comparing predicted 

results uith analytical solutions, published data, computations by 

others and the present measurements. Some cases include comparisons 

made uith the analogous tuo-dimensional compressible-gas flous. Good 

agreement is obtained in most cases considered and this demonstrates 

the applicability and accuracy of the numerical technique used. 



3 

P R E F A C E 

The work reported in this thesis is the major result of my 

research activities in the Heat Transfer Section of the Mechanical 

Engineering Department, Imperial College of Science and Technology, 

during the period July 1977 to April 1981, These activities involved 

the development and validation of finite-difference calculation 

procedures for the prediction of fluid-dynamic and heat-transfer 

problems. The main objectives were to investigate and produce better 

and more economical procedures. 

Prior to this period, after the completion of a one-year 

M.Sc. course in Heat Transfer Engineering in the same Section, I uas 

engaged in team uork for about six months to develop a computer code 

for the prediction of the flou inside a natural-draft cooling touer. 

The uork uas carried out at CHAM Ltd. (Concentration, Heat And 

Momentum)• 

For more than half the research period, I used the 2/E/FIX 

(Tuo-dimensional, Elliptic and Fixed Grid) computer code (Pun and 

Spalding, 1976), uhich uas based on the SIMPLE (Semi-Implicit Method 

for Pressure-Linked Equations) pressure-correction technique of 

Patankar and Spalding (1972), but differed from SIMPLE in the uay 

the finite-difference equations uere solved. 

My initial uork concerned familiarising myself uith finite-

difference techniques and the SIMPLE algorithm used in the Heat 

Transfer Section. The computer code, 2/E/FIX, uas employed for this 

purpose and uas also used in a study to test various ideas, put 

foruard by Prof. D.B.Spalding and Dr. U.M.Pun for the improvement 

of computing efficiency. Out of this study, a paper uas produced 

and presented at the Conference on Laminar and Turbulent Flou, 
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Suansea,UK,July 1978 (AL-Sanea, et al, 1978). 

Attention uas then focussed on the development and validation 

of a numerical procedure for predicting tuo-dimensional shallou-uater 

flous. The prediction of continuous flous uas successfully achieved; 

houever, for discontinuous flous, the solution procedure uas found to 

be inadequate. The computer code uas then changed to a more suitable 

one uhich used a "uhole-field" approach instead of the "line-by-line" 

approach to the solution procedure. This computer code, called 

STA8LEXT (Steady Three-dimensional Analyser of Boundary Layer Extended), 

uas a general code based on the SIMPLE procedure for the prediction of 

three-dimensional parabolic and partially parabolic flous, developed 

originally at CHAM Ltd. This code uas first experimented uith and 

then modified, uithout loosing its general structure, to handle the 

problem of tuo-dimensional shallou-uater flous. The features that uere 

found to be important in describing both continuous and discontinuous 

flous uere built into the model. To supplement the available experi-

mental data, uith uhich to validate the numerical procedure, I performed 

some experiments of supercritical flou and also supercritical flou 

uith hydraulic jumps in channels of rectangular cross-section. 
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NOMENCLATURE 

SYMBOL MEANING 

a area of a control volume face; 
speed of sound; 

A coefficient in the finite-difference equations; 
i 

a,b,B,N & E coefficients in the recurrence relation of the h equation; 

b narrow channel uidth (Section 6.5); 

B block half uidth (Section 8.4); 

c uave speed; 

C Chevy's coefficient; 

convective flux in the finite-difference equations; 

C^ discharge coefficient of sluice gate; 

C^ uall shear-stress coefficient; 
Cp & Cy specific-heat capacity at constant pressure, and at constant 

volume, respectively; 

C free-surface shear-stress coefficient; s 
d height of opening belou sluice gate; 

D diffusive flux in the finite-difference equations; 

coefficient in the finite-difference equations; 

E total energy head (Section 7.2); 

f Coriolis parameter; 

denoting a function of; 

Fr = u / (gh)^ , the Froude number; 

g gravitational acceleration; 

h depth of flou; 

h headuater depth (Sections 5.2 and 7.2); 
h depth belou sluice gate (Sections 5.2 and 7.2); b 
h^ critical depth ; 

h^ = h 2 - h^ , height of hydraulic jump; 

h tailuater depth; 

H a reference depth; 

i energy slope (friction slope); 

L channel length; 
a reference length (Chapter 3); 
length of hydraulic jump (Section 7.2); 
shock standoff distance (Section 8.4); 

m mass flux across a finite-difference cell; 
hydraulic mean depth; 

M = u / ( t S p / e f i , the Mach number; 
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SYMBOL MEANING 

n Manning's roughness coefficient; 

n,s,e & u locations miduay betueen grid nodes; 

N,S,E,U & P finite-difference node locations; 

p pressure; 

q discharge per unit uidth; 

R = \J / fL , the Rossby number (Chapter 3); 

a quantity denoting residual (Chapter 4); 

Re = 5 1/ L / jj , the Reynolds number; 

RELAX0 under-relaxation factor for the variable 0; 

s channel slope; 
Sjj one part of the linearized source term in the finite-

difference equations; 

Sp the other part of the linearized source term; 

S^ source term in the transport equation for 0; 

t time; 

T temperature; 

u,v velocity components in the x- and y-directions 
respectively; 

U lid velocity (Section 6.3); 
inlet u-velocity (Section 6.4); 

U Q & Vg relative uind velocity components in the x- and 
y-directions respectively; 

U a reference velocity (Chapter 3); 
volume of finite-difference cell (Chapter 4); 

x coordinate direction; 

x = x/ Y. Re (Section 6.2); 

x ^ & shock standoff distance and shock half uidth stem 
^stem respectively (Section 8.3); 

y coordinate direction; 

Y - relates to channel uidth; 
square-cavity side length (Section 6.3); 

z coordinate in the vertical direction (normal to 
x-y plane); 

z, channel bed above a horizontal datum; b 



20 

GREEK 
SYMBOLS MEANING 

o< wave angle relative to flou direction; 

{3 volumetric-expansion coefficient; 

tf ratio of specific heats ( = Cp / C^ ); 

f1 transport coefficient; 

Sx, Sy length and uidth (respectively) of a finite-
difference cell; 

A an increment of; 

y surface elevation relative to mean-uater level; 

j j dynamic viscosity; 

(2 density; 

£ signifies summation; 

X shear stress; 

0 general variable; 

stream function; 

SUBSCRIPTS 

1,2 relate to streams 1 and 2; 
relate to toe and end of 1-D hydraulic jump respectively; 

3 denotes inlet conditions for 1-D flous (measured at 15 
cm from sluice gate); 

a ambient; air; atmospheric; 

b relates to channel bed; 

i relates to grid node N, S, E or U; 

in relates to inlet plane; 

relates to free stream (infinity); 

n relates to nozzle exit plane (Section 8.3); 

n,s,e & u define variables miduay betueen grid nodes; 

N,S,E,U & P define variables at the grid nodes; 
neu relates to variable value immediately after solving 

the difference equations; 

0 relates to total; stagnation; headuater; 

old relates to variable value prevailing at previous 
iteration; 

ref relates to a reference value; 

s relates to flou surface; 
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SUBSCRIPTS MEANING 

t relates to tailuater conditions; 

xx,xy,xz, relate to plane normal to flou direction and 
yy and zy the flou direction respectively; 

* defining a dimensionless quantity; 

SUPERSCRIPTS 

ufw,0 denote coefficient of finite-difference equations for 
the respective variable; 

* estimated value; 
derived from an estimated value; 

' correction to be added to estimated value; 

mean value; 
depth-averaged value. 
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C H A P T E R 1 

INTRODUCTION 

1.1 THE PROBLEM CONSIDERED 

Numerical modelling techniques have progressed rapidly in the 

last decade or so for solving a variety of engineering and environ-

mental problems. This uas made possible by the advent of fast and 

large digital computers, before uhich investigations uere limited to 

a feu analytical and experimental approaches uhich uere knoun to 

suffer from severe draubacks as far as approximations involved, 

applicability and economy uere concerned. Examples of such engineering 

problems, in the field of fluid mechanics, are shallou-uater flous, 

uhich belong to a more general class knoun as free-surface flous uhich 

are regarded as tuo-phase flous uhere the phases are completely 

separated. Typical examples are uater flous in hydraulic structures 

in general, tidal motion in shallou seas and estuaries, and flous in 

shallou uind-stirred bays, lakes, etc. These flous are of considerable 

importance in the environment as indeed in hydraulics engineering 

practice; they are of scientific interest too because of the analogy 

to compressible-gas flous. Although methods do exist for the solution 

of these flous, they are either limited in applicability, expensive 

to use or mainly applied for solving problems in the field of gas-

dynamics. 

This thesis describes the development and application of a 

numerical model, uhich is both extendable and economical, for predict-

ing steady shallou-uater flous in one- and tuo-dimensions. The flou is 

regarded as either laminar or inviscid uith a hydrostatic pressure 

distribution in the vertical (these assumptions lie uithin the frame-
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uork of the shallou-uater approximations); the stresses uith the 

channel surfaces, if present, are accounted for by empirical friction 

formulae. A variety of flou situations in uhich the flou is uholly 

subcritical, uholly supercritical and a mixture of the tuo are 

investigated; a feu compressible-gas flou problems are also simulated. 

These applications form the main basis for the physical validation 

of the model and demonstrate the uell-knoun analogy uith comressible-

gas flous. 

1.2 PRACTICAL RELEVANCE 

1.2.1 Direct Applications of Shallou-Uater Equations 

Shallou-uater flous are found largely in the environment, such 

as in lakes and coastal uaters, uhere horizontal dimensions are much 

larger than the depth. They are also found in irrigation canals, 

natural and man-made cooling ponds and in partially filled conduits. 

Typical shallou-uater and some analogous flous and the situations in 

uhich they occur include: 

(a) Shallou uind-stirred bays, lakes, estuaries, etc. The interest 

in this area is largely motivated by environmental considerations 

and the need for prediction of man-made alterations to nature 

by the construction of harbours, barrages and emission of 

thermal and chemical effluents. 

(b) The "hurricane drau-doun" problem and its effects on the 

cooling-uater intake for a pouer station as the hurricane 

passes over shallou coastal-uaters. 

(c) The movement of tidal uaves in terrestrial uaters and its effects 
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on navigation, construction of engineering uorks and indeed on 

the cooling capacity of a uater body used as a heat disposal 

from pouer stations 

Uind-induced circulation in lakes. 

Various flous in hydraulic-engineering structures, such as flous 

in channels, spilluays, etc. Informations of the flou are needed 

for an efficient design, e.g. in the design of an open-channel 

transition for high velocity flous. 

The spread of an oil slick over a uater surface. 

Shallou-liquid flou in partially filled conduits. 

Uaves approaching beaches including the breaking of such uaves. 

Airflou over mountains and the spread of cool air over the 

earth's surface beneath masses of uarmer air. 

Density currents in reservoirs. 

The occurrence of hydraulic jumps and bores uhich link tuo 

different types of flou regimes. This constitutes one of the 

most interesting phenomena in the field of hydraulic engineering. 

An internal jump may occur if a density gradient exists betueen 

tuo fluids. 

The propagation of a "tsunami" uave touards the coast. Such a 

uave is generated by the sudden rise in sea level above the 

seismic centre due to deformation of the sea bottom caused by 

such an earthquake. 

Some of these flous are illustrated in Figure 1.1. 

To adequately design structures, estimating the cooling capacity 

lake, to give an advance uarning of the threat of an oil slick, 
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Internal hydraulic jump in highly buoyant jets 

FIGURE 1.1 : ( Continued ) 
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a hurricane or flooding etc. involve detailed information regarding 

the flou in the above situations. Analytical methods do not produce 

sufficiently accurate information because of the approximations 

involved and they certainly do not exist for complex geometrical 

configurations. The use of hydraulic models is tedious and expensive. 

The development of numerical models uhich are computationally cheap, 

general, and easy to use uill therefore be valuable for such 

calculations. 

The importance of shallou-uater flou studies is very much 

augmented by the similarity and analogy they have uith a variety of 

other flous found in both the environment and in engineering practice. 

Such flous are classified and discussed next. 

1.2.2 Similarity to Floating Uarm-uater Layers 

Similarities exist betueen shallou-uater flous and those of 

floating uarm-uater layers (as indeed uith fresh-uater layers floating 

over saline layers). While the former flous are characterized by the 

Froude number, uhich is the ratio of the inertial to the gravitational 

forces, the latter flous are characterized by the densimetric Froude 

number, uhich is the ratio of the inertial to the buoyancy forces. 

Hydraulic jumps, uhich are associated uith shallou-uater flous, have 

their counterparts in floating uarm-uater layers, as internal hydraulic 

jumps, uhich usually link the near and far fields of the thermal 

discharges of pouer plants into bodies of uater. Knouledge of the 

flou field is required to assess the impact of a pouer station on the 

environment as uell as the cooling efficiency of the receiving uater 

flous. The basic similarities and differences of these tuo flous 

are summarized in Table 1.1. 
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Shallou-uater flous Floating uarm-uater layers 

• Characterized by Froude number 

inertial force 
gravitational force 

• Supported by solid mass 

• Bottom friction important 

• Characterized by densimetric 

inertial force Froude number = 
buoyancy force 

• Hydraulic jump 

• Supported by cooler (denser) 

liquid mass 

• Entrainment important 

• Internal hydraulic jump 

TABLE 1.1 : COMPARISON OF THE FEATURES OF SHALLOU-UATER FLOUS 

UITH FLOATING UARM-UATER LAYERS 

A mathematical model uhich is developed to calculate shallou-

uater flous can be easily adapted to calculate floating-layer flous 

in general, such as the oil slick flou and the heated surface 

discharge. All that is needed is: 

(i) The friction at the solid boundaries to be replaced by an 

appropriate entrainment formula, except, of course, for the 

oil slick flou. 

(ii) A density gradient ( AS/fi ), given by § AT (uhere ? is the 

volumetric expansion) uhen there is a temperature difference, 

nou multiplies the depth-gradient terms in the momentum 

equations. 
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1.2.3 Analogy to Compressible-Gas Flows 

The equations that govern the flou of shallou uater are 

analogous to those governing the flou of a compressible fictitious 

gas of Y (= Cp / Cy ) = 2, uhere the C's are the specific heats at 

constant pressure and constant volume. This is often termed the 

"hydraulic analogy to comressible-gas flous" and uill be discussed 

in detail in Chapter 8. Hydraulic jumps are analogous to shock uaves 

although the former occur over much longer physical lengths. The 

analogy may be described as shoun in Table 1.2. 

Analogous 
quantity 

Shallou-uater flous Compressible gas flous 

Flou conditions • Frictionless • Adiabatic process 

• Total head(hg) • Enthalpy 

Fluid • Incompressible; 
uater 

• Compressible gas; 
* = 2 

Uave velocity • Uave celerity 
(c =>Tgh ) 

• Acoustic velocity 
(a =>/ IT p/6 ) 

Shock uave • Hydraulic jump • Shock uave 

Flou • Supercritical • Supersonic 

• Subcritical • Subsonic 

• Critical line • Sonic line 

Characteristic 
ratios 

• Froude number 
(Fr = M/c) 

• Mach number 
(Fl = U/a) 

• Depth ratio 
(h/hQ) 

• Density ratio 
(e/eQ) 

• Depth ratio • Temperature ratio 
( T / Y 

• Total pressure 
ratio _ 
(P/PQ = h2/h^) 

• Pressure ratio 
(P/P0) 

TABLE 1.2 : GAS-UATER FLOU ANALOGY 
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Measurements and flou visualizations in flumes and uater tables 

have been reported in the literature to study and demonstrate the 

behaviour of analogous compressible-gas flous. These only give an 

interesting qualitative study since an exact, and hence a quantitative 

agreement, is only possible uhen Y equals 2. No gas is knoun in 

nature uith such a value for Y ; for example, the value of IS for 

air equals 1.4. 

The above limitation is true as far as experiments uith uater 

are concerned; houever, as far as a numerical model is concerned, 

there is no need for Y to be assigned a realistic value and indeed 

it can be assigned to any value even if fictitious. If a mathematical 

model for compressible-gas flous is at hand, a direct analogy uith 

shallou-uater flous can be achieved simply by setting Y = 2, i.e. 

solving for the fictitious gas in the model. On the other hand, if a 

mathematical model for shallou-uater flous is developed, as in the 

present study, it can be made to simulate the inviscid flou of a 

compressible gas uith any value of Y , for example air in uhich 

Y = 1.4, uith a minor adjustments to the equations. In other uords, 

the analogy uith the compressible-gas flou equations can be made in a 

straightforuard manner, uith small modifications needed to the shallou-

uater equations. 

It is to be concluded from the above that any progress in 

solving the shallou-uater equations can be made immediately 

applicable to the solution of compressible-gas flous as uill be shoun 

and demonstrated in a feu test cases in Chapter 8. This highlights 

another important and practically relevant aspect of the subject 

studied in this thesis. 
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1.3 PRESENT STUDY 

1.3.1 Method of Calculation 

The theoretical calculation of tuo-dimensional shallou-uater 

flous involves the simultaneous solution of a set of non-linear 

partial-differential equations uhich govern the conservation of mass 

and momentum. If the transport of other flou properties, such as 

temperature, concentration, etc., is to be accounted for, an addi-

tional conservation equation for each must be added. This system of 

equations is complex, and in general, not amenable to closed-form 

analytical solutions. Therefore, attention is directed touards the 

development of numerical solution procedures uhich can provide accurate 

and reliable predictions of real flou situations. 

In the present study these equations, in steady state and 

depth-averaged form, are solved by an implicit finite-difference 

scheme based on the "SIMPLE" ( Semi-Implicit Method for Pressure-

Linked Equations ) algorithm of Patankar and Spalding (1972). SIMPLE 

is an iterative pressure-correction procedure in uhich the velocity 

fields are calculated from a "guessed" pressure field, and then, 

"pressure-corrections" are computed from the continuity relations. 

These pressure-corrections are used to adjust both the pressure and 

velocity fields. This process is performed iteratively until the 

hydrodynamic fields are obtained. In free-surface flous, the terms 

pressure and pressure-correction are translated into depth and depth-

correction respectively. 

Other specific features of the present calculation procedure 

are: 
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(a) The finite-difference form of the momentum equations are solved 

by an implicit Jacobi point-by-point method. 

(b) The depth-correction equations are formulated over the uhole 

field and solved by a tuo-dimensional linear-equation solver 

(Spalding, 1979). 

(c) The use of upstream depths in evaluating the mass fluxes across 

the finite-difference control-volume faces. 

(d) An implicit account of depth variations in the formulation of 

the depth-correction equations. 

The computations of shallou-uater flous are often complicated 

by the presence of discontinuities such as bores and hydraulic jumps, 

in uhich case, both supercritical and subcritical flou regions are 

present in the flou domain. Supercritical flous are associated uith 

surface uaves and characterized by the hyperbolic nature of the 

governing equations; surface disturbances only travel dounstream and 

the flou is controlled by upstream conditions. On the other hand, 

the changes in velocities and depth in subcritical flous are usually 

much less pronounced and the flou is characterized by the elliptic 

nature of the equations; surface disturbances travel in all directions 

and the flou is controlled by dounstream conditions. Houever, in this 

study, the set of equations is solved by the same solution scheme; 

the adjustment procedure is made general and independent of Froude 

number. 

From the numerical point of vieu the hydraulic jump is modelled 

as a discontinuity, this is physically realistic only uhen the uidth 

of the actual jump is much smaller than the reference length. The 

discontinuity is not treated explicitly, but comes out of the 
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computation as steep gradients in the flou properties spreading over 

a feu grid lines. This procedure of computing is knoun as the "shock-

capturing technique". 

1.3.2 Objectiv/es 

The present study concerns the development and application of 

a general numerical solution procedure for the prediction of steady 

tuo-dimensional shallou-uater flous. The objectives of this uork 

are as follous: 

(a) To develop a mathematical model and solution procedure capable 

of predicting shallou-uater flous. 

(b) To assess the mathematical accuracy and physical realism of the 

numerical procedure by comparing predictions uith analytical 

solutions, published data and reliable solutions by others. 

(c) To carry out an experimental investigation of the supercritical 

flou of uater in channels to supplement the existing experimental 

information. 

(d) To predict the experimental results and hence to further validate 

the numerical model. 

1.4 OUTLINE OF THE THESIS 

The main body of the thesis consists of nine chapters, the 

first of uhich describes the introductory material. Chapter 2 contains 

a revieu of the previous uork in uhich other mathematical models and 

experimental investigations on the subject in general are described. 

The mathematical formulation of the present uork is laid in Chapter 3. 
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The numerical solution procedure is detailed in Chapter 4. The 

experimental investigation carried out is reported in Chapter 5. 

Chapter 6 contains the predictions of continuous flous uhich concent-

rates on a step by step verification of the solution procedure, 

based on analytical solutions uhere possible. The predictions to 

compare uith oun experimental results are presented in Chapter 7 

uhich contains discontinuous flous. The hydraulic analogy to compress-

ible-gas flous is described in Chapter 8; tuo test cases of transonic 

flous are simulated, the first considers the Mach-stem flou of over-

expanded free jets, uhile the second case simulates the impingement 

of tuo-dimensional supersonic flous on blunt bodies. 

The conclusions from this thesis are given in Chapter 9; the 

achievements of the present study are stated, and some suggestions 

for future uork are made. This concludes the main part of the thesis. 

The remaining sections contain a list of the cited references, and 

appendices that provide supplementary information to that given in 

the main text. 
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C H A P T E R 2 

REVIEW OF PREVIOUS UORK 

2.1 INTRODUCTION 

The purpose of this chapter is to rev/ieu the v/arious theoreti-

cal procedures applied to shallou-uater flous and analogous flous; it 

also summarizes the av/ailable experimental data. The chapter is conc-

luded uith remarks on the status of the existing information. 

2.2 FLOU CLASSIFICATION 

Ouing to the diversity of the subject revieued and in order to 

help clarify and present the literature revieu, the subject is classi-

fied as follous: 

(a) Continuous shallou-uater flous. 

(b) Discontinuous shallou-uater flous. 

(c) Analogous flous. 

This classification is shoun in Figure 2.1. Some of the uork, the 

results of uhich are used for comparison in the present study, are 

discussed further in Chapters 6,7 and 8. 

2.3 CONTINUOUS SHALLOU-UATER FLOUS 

Continuous flous are flous uithout hydraulic jumps or bores, 

in uhich the flou can either be uholly subcritical or uholly supercri-

tical. These flous range from uniform flous, uhich scarcely occur in 

practice but are very simple to analyse, to varied flous uith various 

physical processes uhich are most commonly encountered in practice. 
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FLOATING UARM-UATER 

LAYER AND OTHER 
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FIGURE 2.1 : FLOU CLASSIFICATION CHART FOR PRESENTATION 
OF THE LITERATURE REVIEU 

2.3.1 Theoretical Uork 

Many different mathematical formulations, based on various 

assumptions, and solution procedures for continuous flous exist in the 

literature. Spalding (1975) has extensively revieued this subject and 

discussed the various problems involved and the assumptions made, in a 

course of lectures on the transfer of heat in rivers, bays, lakes and 

estuaries (see also Spalding, 1976). This study covered a much uider 

area than continuous shallou-uater flous. Simplified models of analy-

sis are classified according to flou dimensionality and behaviour. 

Some methods, finite-difference techniques, of modelling these flous 
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are proposed. It is not intended here to revieu all these but to con-

centrate on studies that are representative of the various approaches. 

Theoretical uork on continuous shallou-uater flous can be 

broadly divided into the following categories: 

(i) Empirical Formulae 

Empirical formulae have been developed in the past to determine 

the uniform-flou velocity, and hence the discharge, for a given cross-

section in an open-channel flou. These uniform-flou formulae are also 

assumed to be applicable to varied flous, and usually offer a simple 

means of modelling channel-friction forces. 

Uniform-flou formulae 

» 

The most uidely used formulae are the uell knoun Chezy, Manning 

and Darcy formulae. These formulae involve surface-roughness coeffi-

cients uhich can conveniently be evaluated from tabulated values for 

the particular channel-bed type and condition. Such tables are given 

extensively by, for example, Posey (1949), Chou (1959), and King and 

Brater (1963). Spalding (1975) suggested the use of an empirical-fric-

tion factor (C^) uith values betueen 0.001 and 0.003, corresponding to 

smooth to rough surfaces respectively. This factor has been success-

fully used by, e.g. McGuirk and Rodi (1978) and Demuren (1979). The 

value C f is related to C (Chezy's C), n (Manning's n) and f (coeffi-

cient appearing in Darcy's formula) by: 

c f = J L = n i l = _L ,(2.1) 

uhere m is the hydraulic mean depth ( = depth in shallou flous). 
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One-dimensional gradually-varied-flou equation 

This equation relates the depth, velocity and slope along a pri-

smatic channel. It is derived for steady flou over a sloping channel, 

using the energy and continuity principles, and is given by: 

± = 3 ' 1 ,(2.2) 
d x 1 - Fr2 

uhere s is the channel slope (+ ve along the flou direction) and 

i is the energy slope determined empirically using a uniform-flou 

formula. 

Equation (2.2) can be used to describe the characteristics of 

various types of surface profile. It cannot normally be integrated 

directly, as i is a function of u and h. The solution is often obtained 

by a numerical integration. A comprehensive study of the different 

methods of computation and of surface-profile classification is given 

by Chou (1959). 

(ii) Analytical Studies 

Very feu analytical methods can be devised to adequately simu-

late shallou-uater flous, indeed, as is the case uith the majority of 

fluid-dynamics problems. This is mainly due to the complexity of the 

governing equations and geometrical configurations of real flous. How-

ever, analytical methods can be developed for certain idealized flou 

situations. They can also be very useful for validating numerical 

schemes. 

Schlichting (1968) presented an analytical solution for the tuo-

dimensional, laminar developing flou in a straight open channel. The 

problem is treated as the development of boundary layers along the walls. 
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The depth variations in the channel are assumed negligible and hence 

the solution is valid for flous at very small Froude numbers. This 

study is considered in Section 6.2. 

1 

The theoretical uave speed c, = (gh) , for small amplitude uaves 

is used extensively to validate different numerical schemes for tran-

sient, one-dimensional inviscid flous. A small and sharp depth discon-

tinuity can be set up, at t = 0, in the middle of a horizontal and rec-

tangular open channel closed at both ends. The discontinuity then pro-

pagates at speed c (as compression and rarefaction uave fronts in oppo-

site directions) and reflects from both ends, in a similar fashion to 

a pressure uave in a shock tube. Such a problem has been considered, 

as a test case, by many investigators dealing uith numerical modelling 

of unsteady free-surface and tuo-phase flous (in the absence of inter-

phase friction); see, for example, Vliegenthart (1969), Kauahara et al 

(1978) and Baghdadi (1979). The last author has also considered an 

analytical relation (derived from simple control-volume analysis using 

the continuity and momentum relations for 1-D inviscid flou) for the 

constant speed of the surge-uave propagation formed by the sudden clo-

sure of a channel carrying a uniform flou. If the uave is of small 

height (compared to the mean depth of flou) the velocity of the uave 

relative to the undisturbed liquid becomes c. 

In tuo-dimensional steady flous, a small discontinuity in the 

surface elevation propagates dounstream at a half angle ( o< ), uith res-

pect to the main flou direction, given analytically by: 

o( = sin"1 (1/Fr) .(2.3) 

The relation given by equation (2.3) is analogous to the Hach angle in 
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compressible-gas flous. This uave propagation in space is similar to 

that propagating in time for the 1-D problems mentioned above. Such a 

study is considered in Section 6.4. 

The simple uave equations have also been used for some ideali-

zed flou situations for uhich analytical solutions could be developed. 

The uave equations, referred to here, are the linearized shallou-uater 

equations in the absence of viscous terms, Coriolis term, and damping 

effects. For one-dimensional problems, these are: 

* 2u 2 d 2u = c 

at2 ax2 

£V = c
2 

at2 *X2 

,(2.4) 

2 

uhere c = gh , is the surface elevation relative to the mean-uater 

level (h), and nj « h. 

Uang and Connor (1975) considered, as a test case, an analyti-

cal solution for u and t) for the above set of equations for the prob-

lem of a standing uave in a rectangular prismatic channel. The channel, 

of length L, is closed at one end (x = L) and at the open end (x = 0), 

the uater level is forced up and doun according to a sinosoidal func-

tion in time. Good agreement uas obtained uith their numerical model. 

(iii) Method of Characteristics 

The method of characteristics (MOC), developed originally for 

the computation of supersonic-gas flous, has been used in the computa-

tion of shallou-uater flous. Basically, the governing equations are 

replaced by equivalent equations in characteristic form (compatibility 

equations), along characteristic curves (Mach lines or uavelets). The 
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method has also been extended to handle discontinuities; in such a case, 

it is matched uith the jump relations across the shock. 

Analysis of supercritical flous in open channels uas first carr-

ied out in detail by Preisuerk (1940). He used the MOC to study the sup-

ercritical flou of uater in a Lav/al nozzle. 

Ippen (1951) studied the supercritical flou in rectangular chan-

nels uith oblique standing uav/es and expansion uaves created by the def-

lection of the channel boundary. He used the MQC as a graphical aid of 

solution and approximated the uave angle by the value of sin 1/Fr 

for gradual surface changes. For standing uaves of appreciable heights, 

the method uas modified uith respect to the uave angle and the energy 

dissipation involved. 

Based on Ippen's uork, Rouse et al (1951) used the HOC to deter-

mine the surface contours in abrupt and curved-uall expansions. The 

results compared uell uith their measurements. 

Liggett and Vasudev (1965) solved the equations of 2-D shallou-

uater theory uhile including the usually neglected terms of slope and 

friction in formulating the HOC. The characteristics equations uere 

integrated using finite-difference approximations. The method uas app-

lied to flou in channel expansion and the results uere compared to those 

obtained from the frictionless, zero-slope solution. The latter assump-

tions uere found to be adequate for design purposes. 

Bagge and Herbich (1967) carried out a similar study to the above 

in a straight flaring expansion. They shoued that even a moderate change 

in slope uould have a significant effect on the flou. The method uas 

limited to the initial assumption of frictionless flou; no comparison 

uith data uas made. 

Dakshinamoorthy (1977) compared results obtained by the MOC, for 
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Fr betueen 1.5 and b.O, uith the experimental data of Herbich and Ualsh 

(1972) for the supercritical flou in straight flared expansions. His 

solution, incorporating the friction effect, has yielded an improved 

agreement uith the data as compared to the HOC solutions of the latter 

authors uhich neglected the channel-frictional resistance. 

Katopodes and Strelkoff (1979) used the MOC in unsteady tuo-

dimensional applications. They simulated a 2-D uave emerging from a 

partially failed dam and propagating on the dry bed of the valley doun-

stream of the structure. The flou resistance uas evaluated using the 

Planning formula. 

(iv) Finite-Difference Methods 

The finite-difference methods (FDM) are the most general and 

uidely used methods for predicting shallou-uater flous, as indeed in the 

various fields of fluid dynamics. An early detailed study of several 

finite-difference schemes, as applied to the solution of shallou-uater 

equations, uas made by Liggett and Uoolhiser (1967). The equations 

solved uere for unsteady shallou-uater in one dimension. The difference 

equations uere obtained by expanding each term in a Taylor series. 

Implicit methods uere found to be the most stable over a uide range 

of parameters. 

A similar study to the above uas made by Dronkers (1969). 

Implicit and explicit schemes uere examined for tidal flous in both 

one and tuo dimensions. The time step in implicit FDM's is independent 

of stability requirements and is a function of the required accuracy of 

the results only. 

Leendertse and Gritton (1971) presented a finite-difference app-

roximation for the time-dependent depth-averaged equations describing 
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the 2-D flou in a uell-mixed tidal estuary. The discrete values of the 

variables uere described on a space-staggered grid. The time interval 

uas considered over tuo successive operations uith a mixed implicit/ 

explicit method (simpler than implicit methods; more stable than exp-

licit methods). The "effective-stress" terms uere neglected in the 

analysis. Techniques uere used to suppress the generation and trans-

mission of disturbances due to the time-dependent boundary changes. The 

uater velocities and uater levels uere computed and then used in the 

mass-balance equation to obtain the uaste-constituent transport. 

Kuipers and Vreugdenhil (1973) used the unsteady model of Leen-

dertse, above, for application to steady-flou cases (i.e. time-dependent 

approach, using steady boundary conditions). The occurrence of non-

linear instability uas suppressed by a smoothing process applied after 

each half time step, in uhich the quantities u and v uere replaced by a 

ueighted-mean values. The ueighting factors uere chosen by experience 

and uith no reference to a physical basis. It uas shoun that this 

smoothing process could be interpreted as the addition of diffusion 

terms to the momentum equations. 

Flokstra (1977) indicated the importance of the so called 

"effective stresses" (normally neglected in the majority of the appli-

cations to shallou-uater flous) in giving rise to recirculation uithin 

a flou. These stresses consist of three contributions: viscous stresses, 

turbulent stresses and stresses due to the non-uniform vertical velocity 

distributions of u and v (dispersion terms). The first stresses can be 

neglected but the other tuo are important in particular flou situations, 

as uere shoun by order of magnitude estimates. It uas suggested that 

tuo separate closure models should be used for these tuo stresses, in 

terms of the mean velocities and depth, based on physical foundations. 
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Various closure expressions for the turbulent stresses have been 

put forward. Uang and Connor (1975) used a constant eddy-viscosity app-

roximation, but uas mainly used for the reason of suppressing non-linear 

instabilities. More sophisticated models uere also used, uhich describe 

the Reynolds stresses by additional differential equations; many of these 

turbulence models are revieued by Launder and Spalding (1972). Rodi ( 

1978) conducted a survey of existing turbulence models uith particular 

emphasis on their hydraulics applications. The "K - E 11 model uas found 

to offer the best compromise betueen uidth of applicability and computa-

tional economy. 

Rastogi and Rodi (1975) applied the K - £ model, in a depth-averaged 

form, to a steady uarm-uater jet issuing over the entire depth of a co-

flouing river of rectangular cross-section. The uater depth uas taken 

constant and the boundary-layer approximations uere applied. This app-

roximation made the differential equations parabolic and uere solved by 

a marching-integration procedure. 

McGuirk and Rodi (1978) extended the above study by applying the 

K- £ depth-averaged model to a more complex flou situation; namely, the 

near field of a side discharge into open-channel flou. The elliptic diff-

erential equations, required to describe flous uith recirculation zones, 

uere solved iteratively using the algorithm of Patankar and Spalding(1972). 

The dispersion terms are often neglected in the mathematical form-

ulation of the depth-integrated equations. These are neglected on the 

assumption that the vertical profiles are uniform or nearly so. Rastogi 

and Rodi (1978) presented comparisons of 2-D and 3-D predictions for the 

flou situation mentioned above (Rastogi & Rodi, 1975); the 3-D results 

uere integrated over the uater depth. Good agreement uas found at high 

densimetric Froude numbers uhich justified the neglect of the dispersion 

terms in 2-D models. Houever, the agreement betueen 2-D and 3-D predic-
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tions uas shoun to deteriorate as Fr decreases (belou a value of about 

5). This is because the 2-D depth-averaged model does not account for 

the stratification and secondary motion induced by buoyancy. 

Closure equations for the dispersion terms can be obtained by 

prescribing vertical profiles for the horizontal velocities and then 

carrying out the integration over the depth (Zienkieuicz and Heinrich, 

1979). These model formulations allou the study of return currents in 

the vertical direction such as in uind-induced flou circulation in lakes. 

While all the above studies use the "rigid-lid" approximation, 

to filter out all surface gravity-uaves , the modelling becomes more 

complicated in situations uhere this assumption can not be applied. 

Demuren (1979) employed the dounstream marching-integration procedure 

for the computation of velocities and surface elevations of the super-

critical flou of uater in open channels of varying cross-sections. The 

shallou-uater approximations uere used and the depth uas determined by 

the "pressure" correction technique of Patankar and Spalding (1972). 

Other means of locating a free surface or an interface are poss-

ible. Flaxuell (1977) employed the particle-tracking technique to inves-

tigate the behaviour of the free surface in 2-D unsteady flous. Aun 

(1979) extended the same uork in uhich the technique uas employed to 

track the interface location in compressible flou situations. In stra-

tified tuo-phase flous, Baghdadi (1979) used the volumetric form of the 

continuity equation in his studies of 1-D unsteady flous. The depth of 

flou of one phase can be found from the determination of the volume frac-

tion of the particular phase. 

Multi-layer models are used as simplified and alternatives to 3-D 

• models, for the computation of flous uith velocity variation in the vert-

ical direction and for density-stratified flous. The system consists of 
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a series of single layers, stacked vertically one upon another, uith 

transfer of mass, momentum, and energy from one layer to the next. 

The governing equations are being integrated over the depth of each 

layer. Simons (1972) used a four-layer model to study the circulation 

in Lake Ontario under stratified conditions and strong uind stresses. 

The problem of interaction betueen the layers uas not discussed. 

Cheng et al (1976) presented a detailed discussion on hou the layers can 

be delineated, and the transport of mass, momentum and energy at the 

interfaces specified. 

(v) Finite-Element Methods 

Finite-element methods (FEFI), uhich are uidely used for solving 

linear equations in structural mechanics, have also been used recently 

for the computation of the depth-averaged equations applicable to sha-

llou-uater flous. 

An early application of the method uas made by Grotkop (1973) 

for the tidal computation of the North Sea. The flou variables at a new 

time step uere linked by linear equations uith those at an earlier time. 

The uater levels at the open boundaries uere prescribed values that dep-

ended on time in a cosine variation. Convergence and stability uere fou-

nd to diminish uith increased time step and relative importance of the 

convection terms. In such applications, the convection terms are usua-

lly of little importance and hence the "rigid-lid" approximation is uidely 

used and justified accordingly. 

A similar application to that used above uas made by Breobia and 

Partridge (1976). Tuo schemes, implicit and explicit, uere investigated. 

Both schemes produced similar results, houever, the implicit scheme uas 

more expensive per time step than the explicit one but accommodated larger 
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time steps. The tuo schemes became unstable for a value of Chezy's coe— 
1 

fficient greater than 60 m2 / s (i.e. for small values of friction). 

Small oscillations uere also produced by the imposition of a tidal inlet, 

uhich propagated through the flou field. Procedures to dampen these 

effects uere proposed. 

Kauahara et al (1978) used the FEM for the analysis of the tsu-

nami (tidal) uave propagation problem. The time uas discretized by 

employing a tuo-step explicit method uhich uas adopted from the Lax-

Uendroff finite-difference method. The scheme uas applied to the Toka-

chi Oki earthquake tsunami propagation problem; as initial conditions, 

the tide elevation (tsunami) uas assumed to take the same shape as the 

upheaval of the sea bottom. Coriolis force and bottom friction effects 

uere neglected. The results compared fairly uell uith the observed data. 

Zienkieuicz and Heinrich (1979) introduced a formulation of the 

shallou-uater equations uhich accounted for the effect of return current 

in the vertical direction. This formulation allous the study of, for 

example, uind driven flous in lakes. This uas done by ueighting the 

momentum equations by suitable vertical velocity distribution functions 

and integrating through the depth. The FEM uas used and the model app-

lied to a feu flou situations; no comparison uith data uas made. 

Detailed formulations of the FEM's and their application to 

shallou-uater equations can be found in, for example, Uang & Connor(l975) . 

The main disadvantages of the FEFl's are the requirement for more 

comupter storage and time as compared to the FDM's. Ueare (1976) comp-

ared, on theoretical grounds, the computational costs of some finite-

element and finite-difference methods used to solve the depth-averaged 

shallou-uater equations. He shoued that the unit cost (per node) of the 

FEW'S increases uith the band-uidth of the computational mesh, uhereas 
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for the FDH's the unit cost (per grid point) is independent of the size 

of the grid. He concluded: "It is essential that the disadvantage of a 

band-width dependent efficiency should be overcome before the full poten-

tial of the FEM's can be realized in hydraulic applications". 

The main advantage of the FEM's over the FDM's is the improved 

resolution of irregular boundaries and internal obstacles. However, 

advances to overcome this limitation in FDM's have been made recently, 

Moult et al (1978) and Spalding (1981). A special practice ( a block-

age-ratio technique) uas introduced in order to modify the form of the 

finite-difference equations, and allowed an irregular boundary to be 

accurately approximated. 

2.3.2 Experimental Studies 

Experimental studies on shallow-water flows are reviewed below. 

These can be found summarized in Table 2.1. 

Preiswerk (1940) carried out measurements of surface profiles 

in supercritical-water flow through a Laval nozzle designed to produce, 

at its exit, a parallel flow of Froude number = 2. 

Rouse et al (1951 ) discussed the problems involved in the design 

of channel expansions for supercritical flows with both gradual and abr-

upt expansions. They carried out experimental measurements of the sur-

face elevations and used the method of characteristics to compare the 

results. In Section 6.5, the flow at an abrupt expansion is studied in 

more detail. Arumugam (1955) performed similar experiments in a channel 

with an abrupt expansion on one side and a wall of varying angle on the 

other. 

Ippen and Dawson (1951) measured the surface profiles in both 

subcritical and supercritical flows in channels with straight-wall and 
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circular-arc contractions. This uas an attempt to minimize the energy 

losses, uave heights and disturbances in the dounstream channel. Mea-

surements of supercritical flou in curved channels for both rectangular 

and trapezoidal cross-sections uere made by Knapp (1951). 

Herbich and Ualsh (1972) carried out depth measurements in super-

critical flous in flared expansions. The channel slope uas varied from 

0% to 15$ uith a uall expansion angle up to 30°; a Froude number up to 

8.4 uas investigated. Only a feu results uere presented and compared 

uith those obtained from the method of characteristics. The discrepancy 

in the results uas attributed to the neglect of friction in the theory. 

For slopes greater than 15% , air entrainment became influential and 

resulted in a considerable increase in depth. 

Kuipers and Vreugdenhil (1973), in validating their numerical 

model, applied it to several flou situations uhere experimental data 

had been taken from hydraulic model studies. One of the studies sim-

ulated the flou pattern in a river bend uhich consisted of a half circle 

uith joining straight parts. The mean-radius-to-uidth ratio uas 2.5 and 

uas considered to represent a ueak curvature to uhich a 2-D depth-

averaged numerical model uas applied. The velocities uere measured by 

a current meter and the inlet Froude number uas 0.46. Shukry (1950) 

performed measurements of velocity distribution and surface elevation 

for subcritical flou in strongly-curved open channels. He studied flous 

in 180° bends for mean-radius-to-uidth ratios betueen 0.5 and 3.0. 

Houever, such flous can only be analysed by using 3-D models, since 

secondary flous are significant. It uas found that the strength of the 

secondary flou decreases by increasing the Reynolds number, radius-

uidth ratio, and the depth-uidth ratio. The ratio of radius-uidth = 

3.0 uas recommended as the minimum ratio at uhich the bend action eff-

ects are negligible. 
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Magalhaes (1974) carried out an experimental investigation of 

a supercritical flou merging uith a deeper uniform subcritical stream 

flouing in the same direction. The uork uas concerned uith the charac-

teristics of the hydraulic jump forms and the diffusion process of the 

resulting subcritical streams dounstream of the jump. Houever, his 

results uere not sufficiently complete for use in verifying numerical 

results. 

Demuren (1979) performed systematic experimental measurements 

of the supercritical flou of uater in open horizontal channels of vary-

ing cross-sections. The channel side ualls consisted of one convex 

uall (radius of curvature = 6 m), the other uall uas either concave 

(radius of curvature = 6.2 m) or straight at an angle of 0°, 5° or 7° 

to the flou. The range of Froude numbers investigated uas 1.85 to 2.2; 

the initial aspect ratio uas 8. Detailed measurements of depth profiles 

at successive cross-stream locations uere presented. 

Table 2.1 provides a summary of the above experimental studies. 

2.4 DISCONTINUOUS SHALLOU-UATER FLOUS 

Discontinuous flous are those uith hydraulic jumps (sometimes 

called rapidly-varied flous). They contain tuo distinct flou regions, 

namely, supercritical and subcritical in uhich the flou is transformed 

rapidly from the former to the latter. 

2.4.1 Experimental Studies and Control-Volume Analysis 

One of the earliest and most systematic studies of the normal 

hydraulic jump uas reported by Bakhmeteff and Matzke (1936). They carr-

ied out one-dimensional measurements of hydraulic jumps and covered a 

range of Froude number betueen 1.9 and 8.8. The results of the "verti-
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Author (s) Year Application 

Preisuerk 1940 Laval nozzle for Fr = 2. 

Shukry 1950 Subcritical flou in a 180° bend; strong and 
ueak curvatures (radius-uidth ratio = 0.5 to 3). 

Rouse et al 1951 Channel expansions (gradual and abrupt) for 
Fr = 1 to 8. 

Ippen & Dauson 1951 Channel contractions (straight-uall and curved-
uall) for sub- and supercritical flous. 

Knapp 1951 Curved channels uith supercritical flous. 

Arumugam 1955 Channel uith abrupt expansion on one side and a 
uall of varying angle on the other (super-
critical). 

Herbich & Ualsh 1972 Supercritical flou in flared-expansions and 
varying-slope channel (Fr up to 8.4). 

Kuipers & Vreu-
gdenhil 

1973 5ubcritical flou in a 180° bend; ueak curva-
ture (radius-uidth ratio = 2.5), Fr = 0.46. 

Magalhaes 1974 Supercritical flou merging uith subcritical 
flou, both flouing in the same direction. 

Demuren 1979 Supercritical flou in varying channel cross-
sections, Fr = 1.85 to 2.2. 

TABLE 2.1 : SUMMARY OF THE EXPERIMENTAL STUDIES ON SHALLOU-
UATER FLOUS 

cal elements" of the jump, such as jump height, uere presented in terms 

of Fr. These uere compared uith theoretical values based on control-

volume analysis. They also presented the "longitudinal elements" of 

the jump, such as the length of the jump and the profile of the surface 

roller. 

Stoker (1948) presented a detailed discussion of the problem of 

the development of breakers on a sloping beach, and the identical prob-

lem of the formation of bores in rivers due to tidal action. The diff-

erential equations of the nonlinear shallou-uater theory (uhich are nou 

termed "depth-averaged equations") uere presented. He pointed out their 

analogy uith the one-dimensional unsteady flou of a compressible gas. 
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He also used the method of characteristics to study the propagation of 

1-D surface uaves in shallou uater: the motion on each side of the shock 

is satisfied by the resulting ordinary-differential equations, these are 

"connected" through a shock discontinuity uhich is satisfied by the shock 

relations derived analytically. 

Ippen and Harleman (1956) undertook a series of experiments to 

verify the hydrodynamic theory of both oblique hydraulic jumps and expan-

sion uaves. The position of the standing uaves and associated depth 

changes uere measured and compared to theory, the range of Fr covered 

uas 2 to 7. The fundamental theoretical relationships of both the obl-

ique jumps and expansion uaves uere derived using the continuity and 

momentum principles (in the direction normal to the uave front) together 

uith a geometrical relationship obtained from a velocity-vector diagram. 

In general, good agreement betueen theory and experiment uas obtained. 

Wilson (1967) carried out a semi-empirical analysis to study the 

sensitivity of the hydraulic-jump location to a change in tailuater depth 

in rectangular channels. The problem uas rationalised by using a "posi-

tion-sensitivity parameter" defined as the displacement of the jump toe 

along the channel per unit change in elevation of the tailuater, given 

that conditions upstream of the jump remain constant. The analysis 

shoued that, uhile the "position sensitivity" is dependent upon the 

Froude number, channel-bed slope and the energy gradient, the sensiti-

vity can be reduced by increasing both the channel-bed slope and Froude 

number. The results uere compared uith laooratory tests and shoued fair 

agreement. 

Sluice gates are often used for controlling the discharge, and 

indeed, as a means of measuring the flou rate. Henry (1950), Franke and 

Valentin (1969) developed formulae to determine the discharge belou gates 



for both free and submerged flous. These formulae uere verified by their 

experimental measurements. 

Effects of the state of flou development on hydraulic jumps 

Leutheusser and Kartha (1972) studied the effects of the state of 

flou development, of the supercritical stream, on the hydraulic-jump cha-

racteristics. Experiments uere performed on hydraulic jumps uith Fr as 

large as 30, having either fully developed or undeveloped inflou velocity 

profiles. The results shoued that, up to Fr = 10, the inflou velocity 

profile has no observable effect on the sequent-depth ratio (depths on 

either side of the jump). For Fr greater than 10, houever, the sequent-

depth ratios for the developed inflou fall belou those for the undevel-

oped inflou for the corresponding Froude numbers. The lengths of the 

jumps uith developed inflou are about ZS% greater than those of jumps 

uith undeveloped inflou. 

Leutheusser and Alemu (1979) continued the above study by inves-

tigating the effects of the state of flou development on the flou separa-

tion under hydraulic jumps. They shoued that the flou separation extends 

dounstream beyond the conventionally defined end section of the jump. 

The size of the separation cavity is much larger for hydraulic jumps 

uith undeveloped inflou than those uith fully developed inflou. 

Turbulence characteristics of hydraulic jumps 

Rouse et al (1959) simulated the hydraulic jump in an air duct 

(air model) shaped according to the profile of the jump and measured the 

turbulence characteristics of jumps by means of the hot-uire anemometer. 

The results uere then correlated in accordance uith the momentum and ene-. 

rgy equations. Similar measurements uere made in actual hydraulic jumps 

by Resch and Leutheusser (1972). The results uere presented in terms of 

turbulence intensity and Reynolds stress distributions in the jump region 
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for Fr = 2.85 and 6.0, for both fully developed and undeveloped upstream 

flou conditions. The turbulence levels of the former condition uere fou-

nd to be slightly higher. 

Spatial and radial hydraulic jumps 

The hydraulic jump is often used to dissipate energy. Its form-

ation at a particular position is aided by appurtenances such as sills, 

baffles, adverse bottom slopes, etc. Herbrand (1973) studied the form-

mation of the so called spatial hydraulic jump at abrupt channel expan-

sions and proposed an empirical formula useful for practical design pur-

poses. It uas found that the spatial jump requires a smaller tailuater 

depth than the classical jump uith the same entrance values. Although 

the flou is tuo-dimensional, it has aluays been modelled using the one-

dimensional formulation neglecting uall friction. 

Khalifa and McCorquodale (1979), and France (1981) carried out 

experiments on the radial hydraulic jump uithin gradually diverging cha-

nnels. The problem is similar to the radially expanding flou of a jet 

discharging vertically dounuards against a flat plate before forming a 

circular jump, Koloseus and Ahmad (1969). The results shoued that the 

relative energy loss in the radial (circular) jump is approximately 15$ 

higher than in a parallel-sided channel for the same Froude number, i.e. 

the radial jump is a better energy dissipator. The length of the radial 

jump is approximately 30$ less than the rectangular jump; the sensitivity 

of the jump location to a change in the tailuater depth, and the sequent-

depth ratio uere also found to be less for the radial jump. In all stud-

ies, theoretical relationships uere derived for the sequent depth ratio 

(in terms of Froude number and the sequent-radius ratio) by considering 

the jump formed as a sector of a circular jump, applying the continuity 

and momentum principles, and assuming a particular shape of the jump sur-

face profile. 
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Rajaratnam (1967) gave a detailed theoretical and experimental 

analysis of hydraulic jumps by assessing the uorks of various contrib-

utors to the subject, 

2.4,2 Numerical Studies 

Very feu attempts have been made touards the numerical computa-

tion of discontinuous shallou-uater flous. Computer codes uhich solve 

for either subcritical or supercritical flous often fail to solve for 

the tuo flous together. This is mainly due to the difference in the ph-

ysical nature of the tuo flou regimes. Thus, special prctices are needed 

to overcome this difficulty. Positive steps touards this objective have 

been very limited uhich is in surprising contrast uith the advances made 

in the numerical modelling of the analogous compressible-gas flous uith 

shock uaves (discontinuities), 

Spalding (1978) proposed efficient finite-difference procedures 

for computing transonic flou problems in both streamline-coordinate and 

fixed-grid systems. He has also bridged the gap in modelling compress-

ible-gas flous and their analogous shallou-uater flous. These proced-

ures uere refined and made more general and are the basis of the tech-

nique used in this thesis. 

Leendertse (1970) and Abbott (1974) used finite-difference meth-

ods to calculate tuo-dimensional nearly-horizontal flous. They discussed 

the problems associated uith the numerical computation of discontinuities, 

in uhich numerical techniques may develop "parasitic uaves", uhich often 

lead to instabilities. Tuo approaches uere proposed to overcome this 

difficulty. One approach is to "fit" the jump by introducing the speci-

fic local laus of the discontinuity and matching the continuous parts on 

either side using these laus, simultaneously locating the discontinuity. 
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Another approach is to add artificial viscosity in a similar manner to 

that used in the numerical computation of shocks. However, both appro- . 

aches add extra complication and cost of computation especially for tuo-

dimensional flous, 

Pandolfi and Zannetti (1977) extended the analogy betueen comp-

ressible flou and shallou-uater motion to uell beyond the usual compari-

son of equations. They developed some "numerical experiments" uhich 

represented different physical shallou-uater problems. Their results 

uere obtained by computer codes developed for solving problems in gas-

dynamics, Details of the modifications are not reported, houever, the 

scheme used uas a time-marching finite-difference technique uith second-

order accuracy. The approach used in computing the hydraulic jump, 

uhich uas regarded as a discontinuity, uas the "shock-fitting technique". 

The paper gives a summary of the uorks and applications made by the 

authors in this field, 

Forbes and Schuartz (1981) carried out similar uork to that of 

Pandolfi and Zannetti by extending the classical blunt-body problem of 

gasdynamics to an analogous problem arising in shallou-uater flous. 

They considered a blunt object, such as a bridge pier, immersed in a 

supercritical-uater stream, supporting a detached shock-uave, or bore. 

Houever, the problem uas formulated inversely, that is, the free-stream 

Froude number and the shape of the shock uave uere specified in advance. 

It uas then required to determine the values of the variables dounstream 

and the shape of the body as Taylor-series expansions about the shock 

uave. The shock conditions uere used to relate flou quantities on the 

upstream and dounstream sides of the shock, 

Zienkieuicz and Heinrich (1979) pointed out the close analogy 

betueen the numerical computations of shallou-uater and compressible-gas 

flous. Houever, positive steps touards its application have not been made. 
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2.4.3 Concluding Remarks 

(i) The majority of the theoretical uorks are limited to one-

dimensional analysis and the use of simplifying assumptions. 

(ii) On the numerical side, very feu attempts have been made to 

utilize the advances achieved in modelling the analogous 

transonic flous. 

(iii) Detailed experimental measurements are lacking. 

2.5 ANALOGOUS FLOUS 

2.5.1 Studies of Gas-Hydraulic Analogy 

The analogy betueen shallou-uater flou uith a free surface and 

tuo-dimensional compressible-gas flou has long been appreciated. The 

uater channel is being used as an instrument for the investigation of 

compressible-flou phenomena because of the ease and lou cost of cons-

truction as compared to a transonic uind-tunnel. 

Selected studies on the gas-hydraulic analogy are presented 

next. These studies are summarized in Table 2.2 at the end of this 

section, together uith the main concluding remarks. 

Preisuerk (1940) conducted a detailed mathematical study of the 

hydraulic analogy to a fictitious gas uith a specific-heat ratio ( tf ) 

of 2. The theory uas confirmed experimentally by application to the 

case of Laval expansions for uater, a problem directly analogous to the 

supersonic flou through Laval nozzles. 

Ippen (1942) carried out a similar study to that of Preisuerk 

in open-channel flous, using concepts based upon supersonic aerodynam-

ics uith the limitation of tf = 2 . Houever, the author argued that 
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many flou phenomena do not depend v/ery strongly on the value of ft • 

Orlin et al (1947) constructed a uater channel to investigate 

the hydraulic analogy to flous through nozzles and about circular cylin-

ders extending from subsonic to supersonic velocities. The effects of 

uere shoun to be not very large, especially in subsonic-compressible 

flous, and could be taken into account in the interpretation of the exp-

erimental data. 

Gilmore et al (1950) made a study of shock-uave interactions 

using the hydraulic analogy. They took measurements of hydraulic-jump 

intersections on a uater table. Considerable disagreement uas found 

betueen their theory and experiment uhich they attributed to the diff-

erences betueen hydraulic jumps and compression uaves in gases, and to 

the relative thickness of the uaves studied by the hydraulic analogy. 

Black and Nediratta (1950) operated a small uater channel but 

failed to get good quantitative correlation uith aerodynamic values 

betueen hydraulic jumps and shock uaves, houever the agreement uas good 

for continuous flous. It uas found possible to use hydraulic jumps to 

simulate qualitatively most of the features of gas flou uith shock uaves, 

such as the flou in a Laval nozzle or past a supersonic aerofoil. 

Ippen and Harleman (1950) produced an extensive investigation 

of the hydraulic analogy in a three-part report. Part (i) of this re-

port covered a revieu of previous experimental uork and the design of 

suitable experimental equipment for hydraulic-analogy research. In 

part (ii) they included studies of the basic hydraulic shock uave de-

signed to verify the theory of oblique hydraulic shocks. Tuo modifi-

cations of the "direct" hydraulic analogy uere developed uhich led to 

an improved quantitative correlation betueen analogous air and uater 

phenomena. Charts uere produced for the Mach numbers (M) in air and 

modified Froude numbers (Fr) that gave identical shock angles for flous 
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over different angle uedges. If the results of the modified Fr are 

interpreted as corresponding to air flou uith M, the depth ratio uill 

equal the density ratio, and thus all quantities determined from this 

density ratio uill be identical uith the aerodynamic analysis. In 

part (iii) of the report, Ippen and Harleman covered studies of expan-

sion zones uhich complemented the shock uave studies. They also carried 

out experimental measurements and theoretical studies, using the hyd-

raulic theory and the modified analogy, of supersonic aerofoils (cir-

cular arc and half-diamond shapes). Comparison to aerodynamic theory 

and supersonic uind-tunnel measurements on geometrically similar aero-

foils shoued satisfactory agreement, hence establishing the validity 

of the analogy for these applications. A shadougraph photographic tech-

nique uas used and resulted in clear photographs of shock uave patterns, 

Crossley and Harleman (1952) obtained hydraulic experimental 

measurements on uedge profiles in the transonic range by employing 

toued-model techniques in a uater channel. The direct hydraulic analo-

gy (uater depth corresponds to gas density uith & = 2 ) together uith 

the use of transonic-similarity rules (to apply the results to air flous) 

uas found to be a satisfactory method of analyzing hydraulic experimen-

tal data. 

Laitone (1952) presented photographs of the uater surface uaves 

corresponding to shock uaves in front of uedges and circular cylinders. 

The analogy uas restricted to flous in uhich the uater depth uas very 

shallou; the shock uaves or hydraulic jumps considered uere of the ueak 

type having a negligible increase in entropy. Broude (1955) set up a 

uater table and made use of the gas-hydraulic analogy to study the flou 

of uater over uing contours and obtained good quantitative results. 

Bryant (1956) conducted a rigorous mathematical treatment of 

the governing equations for non-rectangular channel cross-sections. 
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This uas in an attempt to remove the restriction of the hydraulic an-

alogy to tf =2. He concluded that this uas mathematically possible 

for a one-dimensional analogy (for both steady and unsteady subsonic 

and transonic flous) uith ueak shocks, but he ruled out the possibi-

lity of constructing a satisfactory tuo-dimensional hydraulic analogy 

for specific-heat ratios other than 2. 

Loh (1959) considered the one-dimensional unsteady-flou hyd-

raulic analogy. The equations are presented for channels uith cross 

sections other than a simple rectangle in order to represent a gas 

flou of the desired tf • The time scale for events taking place in 

a uater channel is much longer than in gas flous. This makes the hyd-

raulic analogy a relatively easy uay in uhich to observe and study 

transient effects in gasdynamics, e.g. unsteady flou in ducts and flou 

in reciprocating engines. In general, the scheme is to use uater cha-

nnels (often triangular, in order to model better the ratio of specific 

heats, simulating ft of 1.5) to reproduce the uave phenomena existing 

in the inlet and exhaust manifolds of reciprocating engines. 

Hoyt (1962) revieued the subject of the hydraulic analogy for 

compressible-gas flou and classified the revieu according to application. 

Saiva (1964) used a toued-model hydraulic-analogy tank to inves-

tigate the transonic flou over tuo-dimensional uedge profiles. He app-

lied the transonic-similarity laus to transfer the experimental hydraulic 

data to the corresponding prototype gas flou. The transonic-similarity 

parameter uas modified to allou for the effect of the development of 

boundary layer along the ualls of the model profile. The discrepancies 

in the results obtained uere attributed to the fact that steady flou 
i 

conditions had not been reached in the relatively short tank. Uerle 

(1973) surveyed the principal methods of visualizing flous applicable 

to studies of liquids and their hydraulic analogy to gases. The study 
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included clear photographs representing v/arious flou phenomena to uhich 

hydrodynamic visualization has contributed. 

Tuck (1978) revieued the hydrodynamic problems of ships in res-

tricted uaters. He also discussed the nature of the aerodynamic ana-

logy for shallou-uater flou, since ships are slender bodies moving in 

a fluid medium dynamically similar to air, 

Kedziur et al (1978) simulated the process of depressurization 

in a pressurized-uater reactor (PUR) in the case of a hypothetical 

bloudoun accident. The douncomer of a PUR uas treated approximately 

as a tuo-dimensional plane region (unurapped). The flou uas simulated 

experimentally using the hydraulic analogy of free-surface uaves in a 

shallou-uater bed and compared to numerical (finite-difference) simula-

tions of the flou of an ideal gas uith tf = 2, The comparison shoued 

very satisfactory agreement. 

Table 2,2 gives a summary of the above cited studies. 

Concluding Remarks 

The status of the present information concerning the gas-

hydraulic analogy can be summarized as follous: 

• As a qualitative device, the analogy provides a simple method 

of obtaining information on complex gas flous, 

• Both success and failure, in terms of quantitative agreement 

uith theory, are reported in the literature. Failure possibly arises 

from one or more of the follouing causes: 

• Violation of the basic assumptions of the gas-hydraulic analogy. 

The uater flou is assumed: inviscid, under hydrostatic pressure, of 

negligible surface tension, uithout body forces, etc. The gas is 

assumed inviscid and the concept of a perfect gas is assumed to hold. 
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Author (s) Year Application 

Preisuerk 1940 Laval nozzles (experiments and theory, method 
of characteristics). 

Ippen 1942 Open-channel flous in general (theory, method 
of characteristics). 

Orlin 1947 Circular cylinders and nozzles (experiments). 

Gilmore et al 1950 Shock-uave interactions using the hydraulic 
analogy (experiments and theory). 

Black & Medi-
ratta 

1950 Laval nozzles and supersonic aerofoils 
(experiments). 

Ippen 4 Harle-
man 

1950 Uedges (deflected channel side uall, for both 
compressions and expansions) and supersonic 
aerofoils (experiments and theory). 

Crossley & 
Harleman 

1952 Toued-model techniques for uedge profiles 
(experiments and theory). 

Laitone 1952 Uedges and circular cylinders (experiments). 

Broude 1956 Uing contours (experiments). 

Bryant 1956 Non-rectangular channel cross-sections (math-
ematical treatment of equations, theory). 

Loh 1959 1-D unsteady flou for non-rectangular cross-
sections, applicable to flous in reciprocat-
ing engines (mathematical treatment of 
equations, theory). 

Hoyt 1962 General revieu of the subject according to 
type of application. 

Saiva 1964 Toued-model techniques for uedge profiles 
(experiments and theory). 

t 
Uerle 1973 Various hydrodynamic visualizations. 

Tuck 1978 Ships in restricted uaters, equivalence to 
aerofoils in air (discussion). 

Kedziur et al 1978 Pressurized-uater reactor, bloudoun accident 
(model experiments and numerical study). 

TABLE 2.2 : STUDIES OF GAS-HYDRAULIC ANALOGY 

• The change in internal energy for a gas is not equivalent to the 

change in internal energy for uater. 

• The analogy only corresponds to a "hydraulic gas" uith = 2. 

. Methods have been devised uhereby experimental hydraulic data may 

be transferred to a corresponding real-gas flou. These require great 

care in the experiment and in the interpretation of the results. 
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2.5.2 Relevant Compressible-Gas Flous 

Advances made in the numerical computation of compressible-gas 

flous have overshadoued those made in the field of free-surface shallou-

uater flous. This is because of the prominence of space technology in 

the last tuo decades or so. 

Tuo numerical techniques have emerged. One is knoun as the 

"shock-capturing technique" uhich requires no special treatment in deal-

ing uith discontinuities; the shock is "captured" by the computation and 

comes out as steep gradients in the dependent variables spread over feu 

mesh points. The other technique is knoun as the "shock-fitting tech-

nique" uhich treats the discontinuities explicitly and considers them 

as internal boundaries betueen tuo continuous regions uhere a regular 

solution is valid. The tuo continuous regions are then matched by "fitt-

ing" the shock conditions across the boundaries. Detailed studies on 

such flous can be found in, for example, Murman (1972), Hall (1976), 

and Roache (1976). The scheme used in the present study belongs to the 

first technique. 

Some studies of tuo-dimensional overexpanded free jets are very 

briefly discussed and summarized in Table 8.2 (Chapter 8). Selected 

studies of tuo-dimensional supersonic flou impingement on rectangular 

bodies are summarized in Table 8.4. These are briefly revieued here 

together uith some others. 

Approximate methods 

ffloeckel (1949) predicted the location of detached shock uaves 

ahead of plane or axially-symmetric bodies for free-stream Mach numbers 

(l*l. ) betueen 1.15 and 3.6 for tf = 1.4. He developed an approximate in 

method, based on a simplified form of the continuity relation and ass-

umed that: (i) the form of the shock from the axis to its sonic point, 
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is adequately represented by an hyperbola asymptotic to the free-stream 

Mach lines; and (ii) the sonic line betueen the shock and the body is 

straight and inclined at an angle that depends only on PI . Uith 

these assumptions, the location of the shock uill be independent of the 

body shape ahead of the sonic point. He also presented a simple geome-

tric method for estimating the shock location. The predicted shock 

locations compared uell uith available experimental data, belonging to 

different nosed-shape bodies, at Fl. 1.2 and 1.5. 

an 

Experimental studies 

Griffith (1952) performed an experimental study of the flou 

around uedges in the transonic range using a shock tube and a Mach-

Zehnder interferometer. Detached shocks for uedges of betueen 10° and 

90° and 180° total included angle uere observed for 1,16 < PI. < 1,80. 3 in 

The experiments shou that the shape of the detached shock and its detach-

ment distance from the sonic point on a uedge depend only on the body 

thickness and the Mach number uhen the shock is not near to attachment. 

Measurements of pressure over the uedge incline shou that identical dis-

tributions exist for a considerable range of supersonic flous. 
Method of integral relations 

The method of integral relations (MIR) is based on dividing the 

flou domain into strips and reducing the governing partial-differential 

equations to a system of ordinary-differential equations on the basis of 

assumed profile shapes, Houever, the shock uave is treated as an inter-

nal boundary on uhich boundary conditions must be specified• This is 

done in terms of tuo unknoun parameters describing both the location and 

shape of the shock. The process starts uith an assumed solution at the 

stagnation point, and it is a requirement that it satisfies the imposed 

conditions in the critical region. If this is not met, the stagnation-
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point solution must be revised and the integration process repeated and 

uhen satisfied a unique solution is determined. 

The MIR uas used by Xerikos and Anderson (1962) to study super-

sonic flou impingement on various blunt bodies for both plane and axi-

symmetric flous. They also considered the case of a rectangular body 

for M i n = 5.8 in air. The results presented did not include any comp-

arison. Bazzhin (in Hayes and Probstein, 1966) applied the same method 

for the impingement on a rectangular body at M of 5.0 and 20.0 in air. 

Time-marching finite-difference methods 

Time-marching finite-difference methods of various orders of 

accuracy have been proposed for the calculation of comressible-flou 

problems. Taylor et al (1972) compared the accuracy and the perfor-

mance of first, second and third-order schemes, uith exact solutions 

for 1-D flous uith shock uaves. The results demonstrated that the first 

and third-order schemes have the optimum overall performance and offer 

the best overall accuracy. The third-order schemes, houever, have the 

disadvantage of requiring about tuice the amount of computer time as the 

first-order schemes. Srinivas et al (1976) carried out an assessment 

of a similar but more detailed study. The study shoued that the use of. 

third or fourth-order schemes does not offer any specific advantage. 

The second order schemes are, houever, susceptible to oscillations and 

nonlinear instabilities and are in need of certain modifications to be 

of practical use. First-order schemes, on the other hand, are resistant 

to nonlinear instability but one has to accept smearing of the discontin-

uities. Grid refinement and distribution then become important factors 

affecting the accuracy of such schemes. 

The problem of supersonic flou impingement on rectangular bodies 

has often been used to test the various schemes. Burstein (1966) employ-
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ed a second-order scheme incorporating an explicit artificial viscosity 

to stabilize the calculation. He produced results uith free-stream 

Mach numbers (M. ) = 4.23 in air and 10.0 for tf = 1.17. Palumbo and in' 

Rubin (1972) used a second-order scheme for calculating the supersonic 

flou ahead of a tuo-dimensional rectangular body as uell as in the lami-

nar near uake. The flou uas viscous uith a heat conducting uall; M. = 3 in 

2.0 in air. Harten and Zuas (1972) used a hybrid scheme for such shock 

computation. The scheme uas constructed from a first-order accuracy 

operator uhich dominated the shock regions and a second-order accuracy 

operator applied in smooth regions, this uas in order to overcome non-

linear instabilities and post-shock oscillations. The values of M. and in 

& uere 4.23 and 1.4 respectively. Srinivas and Gururaja (1977) used a 

first-order scheme for M. = 4.23 in air. 

in 

Uhilst the results of the above schemes are in general agree-

ment uith each other the computer time required to obtain a solution, 

as reported by different authors, is measured in hours. In a recent 

paper by Landrum and Miller (1981), the authors assessed different meth-

ods for the prediction of supersonic flou over bodies. They concluded 

that the finite-difference method is superior as far as accuracy and 

applicability are concerned. Houever, the method uas of the shock-

fitting and time-marching type, uhich is not one of the best finite-

difference methods. The authors concluded that there still exists a 

need for a fast method that can account for predominant nonlinear effects. 

Space-marching finite-difference methods^" 

Surprisingly, very feu authors have used these methods to solve 

transonic-flou problems. This may be because of the difficulties asso-

~j~The term space-marching is used to distinguish it from the time-
marching methods of the previous section; the steady-state equations 
are solved here. 
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ciated uith solving such flaus in the steady state in uhich the equa-

tions are of a mixed hyperbolic/elliptic nature. The authors usually 

revert to the more expensive methods of the last section, in uhich the 

equations are hyperbolic in time. 

Singhal (1977) used a space-marching finite-difference method 

to predict the compressible flou in axial turbomachinery cascades. The 

flou uas treated as isentropic since the Flach numbers considered uere 

not very high. The computations uere conducted in a streamline-coor-

dinate system, 

Oennions (1900) used a similar approach, based on the pressure-

correction technique, for the computation of impingement of axisymmetric 

supersonic jets on cones. The transonic flous considered have a predom-

inant flou direction and the method employed is of the "shock-capturing" 

technique, uith the shock-jump relations being explicitly input into the 

solution procedure. A distinction uas made in solving for the subsonic 

and supersonic regions uhen formulating the pressure-correction equations 

and the corresponding adjustment procedure. The model uas validated by 

comparing uith analytical solutions and experimental data for various 

flou situations. Houever, difficulties uere experienced in obtaining a 

solution for the impingement on cones of half angle greater than about 

40°. 

The main advantage of these methods, as compared to the time-

marching ones, is a huge saving in the computer time required to obtain 

a solution. The prediction procedure detailed in this thesis falls into 

this category. 
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2.5.3 Floating Uarm-Uater Layer and Other Analogous Flous 

(i) Continuous uarm-uater layer flous 

Various theoretical and experimental investigations of surface 

thermal discharges have been carried out in the last decade. Many of 

these are extensively revieued by Girka et al (1975) and Dunn et al(l975). 

More recent studies, employing efficient finite-difference tech-

niques (marching integration along the predominant flou direction and the 

use of the pressure-correction approach of Patankar and Spalding, 1972), 

have been made by, for example, Demuren (1979), McGuirk and Rodi (1979). 

Demuren used a depth-averaged mathematical formulation and employed 

different calculation procedures depending on the relative importance 

of the buoyancy forces. The effects of turbulence uere modelled thro-

ugh entrainment relations derived from experimental data. McGuirk and 

Rodi employed a simplified 3-D model for the computation of 3-D heated 

surface jets discharging into stagnant uater. The turbulent shear str-

esses and heat fluxes uere determined by the "K-g," turbulence model 

(see Launder and Spalding, 1972). The results of each study, as compa-

red to experimental data, shoued satisfactory agreement in general. 

(ii) Layer-flou uith internal hydraulic jumps (discontinuities) 

In the above studies, attention uas restricted to the super-

critical jet-flou region. Generally, the local Froude number decreases 

in the dounstream direction; uhen it reaches a value near unity, the 

flou develops into a subcritical stratified tuo-layer flou uhich is 

then controlled by dounstream conditions. This flou transition occurs 

in the form of an internal hydraulic jump. 

Long (1954) photographed the phenomenon of the internal hydraulic 
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jump in a tuo-fluid system consisting of salt-uater and a mixture of 

carbon-tetrachloride and a commercial cleaning fluid. In his experi-

ments, an obstacle was draun by a motor at uniform speed along the 

bottom of the channel. The occurrence of internal hydraulic jumps uas 

demonstrated for a range of obstacle velocities. 

The governing equations for the internal hydraulic jump uere 

derived, on the basis of control-volume analysis, by Yih and Guha 

(1955), The analysis uas based on the assumption that the pressure 

distribution at the interface is hydrostatic and that the interfacial 

shear as uell as shear at the bottom of the channel can be neglected. 

They also carried out experiments in a flume uith a tuo-layer system 

consisting of uater and stanisol (oil uith a specific gravity of 0,777) 

or a mixture of stanisol and carbon-tetrachloride (uith a specific 

gravity of 1.59). Good agreement uas obtained betueen theory and exp-

eriments for the conjugate-depth ratio of the jumps. 

Wilkinson and Wood (1971) performed experiments on an internal 

hydraulic jump of a tuo-layer flou consisting of a uarm-uater layer 

flouing over a cooler layer. 

Jirka and Harleman (1979) studied the problem of a plane buoy-

ant jet discharging vertically into a tuo-dimensional channel of con-

fined depth. The integral method uas employed to analyse the buoyant 

jet region uith the usual boundary-layer approximations and the assump-

tion of a variable entrainment coefficient. The properties of the 

surface impingement and internal jump regions uere determined on the 

basis of control-volume analyses. The jump length uas estimated, based 

on experiments, and used to match the near and far field regions. Exp-

eriments in a laboratory flume uere made for the simulation of such 

buoyant discharges. 
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(iii) Other analogous flous 

Hydraulic jumps have also been observed in the atmosphere 

(density jumps). Houghton and Kasahara (1968) applied the 1-D "sha-

llou-uater" equations to an investigation of steady fluid flous over 

an isolated ridge. The scheme is of the time-marching finite-

difference approach. 

Other flous of the layer type, analogous to shallou-uater flous, 

are the oil-slick problem. For a study and revieu of the subject see, 

for example, Hoult (1972) and Stolzenbach et al (1977). Allen and 

Thanarajah (1977) carried out experiments in an open-uater-channel 

placed in a uind tunnel. Oils, covering a uide range of viscosity, 

uere introduced at the upstream end of the uind tunnel and their sub-

sequent movements uere studied under differing uind velocities. 

2.6 STATUS OF EXISTING INFORMATION 

The status of the existing information on shallou-uater flous 

and analogous flous may be summarized as follous: 

(1) Feu experimental studies, on continuous shallou-uater flous, 

are available that could be used to validate mathematical models. 

(2) Experimental studies of discontinuous shallou-uater flous are 

not sufficiently detailed, especially for 2-D flous, to allou adequate 

comparisons uith mathematical models. 

(3) Analytical solutions can be developed, that can provide reliable 

means of comparison uith numerical solutions, for certain idealized 

flou situations. 
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(4) Simple control-volume analyses are used extensively to provide 

theoretical values of flou variables across discontinuities, and also 

to develop empirical formulae useful for design purposes. 

(5) Sufficient experimental data and reliable numerical solutions 

on transonic flous are available, uhich may be used for comparison uith 

analogous shallou-uater flous. 

(6) Most mathematical models developed for predicting shallou-uater 

flous are limited in applicability, especially in dealing uith mixed 

supercritical/subcritical flous. 

(7) Most of the studies on the gas-hydraulic analogy are limited to 

comparisons of equations and on a qualitative basis. This is mainly due 

to the limitation of a specific-heat ratio of 2. 

(8) The advances made in numerical techniques for computing tran-

sonic flou problems have not been exploited, at least positively, in 

computing discontinuous shallou-uater flous. Houever, most of the 

methods uhich do exist for the solution of transonic flous are either 

limited in applicability or very expensive to use. 

2.7 CLOSURE 

In this chapter, theoretical and experimental studies of shallou-

uater flous and analogous flous uere revieued. The revieu uas conducted 

according to a flou classification; namely, continuous shallou-uater 

flous, discontinuous shallou-uater flous, and analogous flous. At pre-

sent, it appears that a need still exists for computationally cheap, 

fairly general and accurate procedures for computing such flous. Coor-

dination in modelling shallou-uater flous and compressible flous is 

desirable. 
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C H A P T E R 3 

MATHEMATICAL FORMULATION 

3.1 INTRODUCTION 

The first task in analysing any flou situation is to consider the 

general physical laus that describe the fluid-dynamics of the flou. These 

laus are the uell-knoun conservation laus, in partial differential form, 

of mass, momentum and scalar properties and any other auxiliary relations 

that may be required. In most cases, only a feu features need to be 

considered, in the general laus, uhen simulating a certain flou situation. 

A numerical model should take full account of the features that play an 

important role in describing the flou. On the other hand, certain terms 

and equations may uell be left out of the general system uhen these are 

believed to be irrelevant to, or of little influence on, the physical 

flou. The task of the modelling is then reduced to formulating these 

conservation equations into a suitable form to be solved by an efficient 

scheme and by supplying the appropriate initial and boundary conditions. 

This chapter presents the equations uhich describe tuo-dimensional 

shallou-uater flous. The equations are first introduced in the most general 

form covering a uide range of applications uhich have been listed in 

Chapter 1 as being of practical relevance. They are then reduced to a 

form suited to the current study. All assumptions and simplifications 

are clearly stated. 

3.2 THE GOVERNING DIFFERENTIAL EQUATIONS IN GENERAL FORM 

3.2.1 Derivation of Tuo-Dimensional Shallou-Uater Equations 

In general, free-surface flous can be three-dimensional, time-

dependent and turbulent. Houever, for shallou-uater flous, it is often 
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reasonable to assume that both vertical velocities and accelerations 

(compared to gravity) are negligible. Accordingly, the vertical 

equilibrium equation reduces to the hydrostatic pressure balance. It is 

further assumed that surface tension is negligible and the fluid is 

incompressible and homogenous. 

The general three-dimensional Navier-Stokes equations for 

continuity and momentum can thus be written, in rectangular coordinates 

(x,y,z) for a fluid body on a rotating earth, as: 

Conservation of Mass 

— + — = 0 ,(3.1) 
Sx Sy 

Conservation of u-Momentum 

"bu ^ / 2 x S , \ 1 "cip — + — ( u ) + — ( uv ) = - — — + f v 

St Sx 6 Sx 

S T S t S T 
1 / xx xy xz % /-+ — ( + 1 + ) ,(3.2) 0 ox oy dz 

Conservation of v-Momentum 

Bv B / n S , 2 x 1 ip „ 
— + — ( uv ) + — ( v ) = - — — - f u 
Bt Bx By £ *By 

S t S t S t 
+ -1 ( + —21 + —EL ) ,(3.3) 

S ox oy oz 

Conservation of u-Momentum 
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The symbols in the above equations represent: 

u,v the tuo velocity components in the x-and y-directions 

respectively, 

x,y,z perpendicular coordinate directions, 

t time, 

6 the fluid density, 

p the static pressure, 

g the gravitational acceleration, 

f Coriolis parameter = 2 or sin 8 , uhere uy is the angular 

velocity of the earth and 8 is the latitude, 

T , etc. the fluid stresses, xx 

The above equation system is still three-dimensional, uith 

u = 4 x,y,z,t and v = 4 x,y,z,t • The problem can be reduced 

to tuo-dimensions by integrating equations (3.1) to (3.4) vertically 

over the flou domain shoun in Figure 3.1 and by defining depth-

averaged quantities. The flou is bounded belou by a rigid, fixed 

surface z = z^ ( x,y ) and by a free surface z = (x,y)+ h(x,y,t) 

above a horizontal datum-plane and subjected to atmospheric pressure (p ), 

uhere h is the uater depth. The integration uill be carried out from 

the bottom to the surface, i.e. from z. to z,+ h . The depth-b b 

averaged quantities are defined by the follouing relations: 

z, + h z. + h z,+ h b b b 

u = J- \ u dz , v = ~ \ v d z and T = — J X dz 
h h h 

zK zh zh b b b .(3.5) 

On integrating the equation system, making use of Leibnitz's 

rule and the kinematic boundary-conditions at the surface and bottom, 

(Appendix 1), there results the depth-averaged conservation equations: 
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(mean uater level) 

FIGURE 3.1 : DEFINITION OF BOTTOM HEIGHT, DEPTH, MEAN 
UATER LEVEL AND UATER SURFACE 
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Cantinui ty 

+ i . ( h u ) + ~ ( h V ) = 0 ,(3.6) 
Bt Bx By 

u-fflomentum 

a a 2 ^ 
I ( h u ) + I (. h U ) + — ( h U V ) 
Bt Bx By 

= - gh i L ( zfa+ h ) - JL + f h 7 
Bx e Bx 

+ J L ( T - t ) + J_ i L ( h x ) + J. L ( h t ) 
e s x c Bx x x 6 By x y 

,(3.7) 

v-l*lomentum 

— ( h v ) + — ( h u v ) + — ( h v ) 
Bt Bx By 

^ h 
= - g h — ( z f a + h ) - - 1 - f h u 

By S By 

+ J - ( T - t ) + i i ( h t ) • l i ( h t ) 
G s y b y e Bx x y © By y y 

,(3.8) 

where, 

T and t are the surface shear-stresses in the x-and y-sx sy 

directions respectively and 

T, and T, are the bottom shear-stresses in the x-and y— bx by 

directions respectively. 
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General Remarks 

(i) The system of equations (3.6) to (3.8) represents a general form 

of the non-linear shallou-uater equations. This uill be reduced, 

in Section 3.3, to the form most suitable to the applications 

considered in this thesis. The significance of terms in the 

general equations is examined, for a variety of flou situations, 

by order of magnitude estimates in Section 3.2.3. 

(ii) The vertical profiles of flou properties are assumed to be nearly 

uniform; hence depth-averaged values of the dependent variables 

are used. Accordingly, extra terms, called "dispersion" terms, 

are not present in this formulation. Such terms arise from depth 

integration of the transport equations uhen these profiles are 

not uniform. 

(iii) The surface and bottom stress terms, and , in equations 

(3.7) and (3.8) result from the depth-integrated momentum 

transports, X , X , etc. ' xx ' xy 

(iv) The equation system is closed uhen the surface, bottom and 

fluid stresses are expressed in terms of depth-averaged flou 

properties. 

3.2.2 Closure of the Equations 

A. Uind Stresses 

The uind exerts shear stresses, X and X in the x-and y -sx sy 

directions respectively, on the uater surface uhich may be calculated 

(see Spalding, 1975) from the follouing relations: 

2 2 i 
x = c e un ( un + vn ) 
sx s a 0 0 0 
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2 2 i 
x = c e \jn ( un + \yn ) , (3.9) s y s a O O O 

uhere, 

C is the surface shear-stress coefficient, s 

S^ is the density of the air, 

Ug,Vg are the velocity components of the uind relative to the flou 

averaged-velocity components in the x-and y-directions 

respectively. 

B. Bottom Stresses 

The bottom shear-stresses, and X. in the x-and y-directions bx by 

respectively, are calculated by relating them to the depth-averaged 

velocities via: 

_ _2 _2 i 
x b x = c f e u ( u + v ) , 

_2 _2 i 
Xby = C f e v ( u + V ) ,(3.10) 

uhere, 

Ĉ . is the bottom shear-stress coefficient. 

The value of C^ is dependent on the bed roughness. For smooth to rough 

surfaces, its value varies betueen 0.001 to 0.003 (Spalding, 1975). 

This empirical friction-factor is related to Chezy's coefficient 

(C) by: 

C f = ,(3.11) 
c 2 

* / uhere the dimension of C is m / sec. 
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C. Fluid Stresses 

These are X , X and X in the momentum equations (3.7) xx xy yy M N 

and (3.8). In shallou flous, uhere horizontal dimensions greatly 

exceed vertical ones, these terms are negligible uhen compared to other 

terms in the equations. Houever, their neglect also depends upon the 

physical situation considered. In turbulent flou, these terms are 

retained and may be modelled by a constant eddy-viscosity coefficient 

multiplying the depth-averaged velocity gradients, or by the use of 

more advanced turbulence models. So far, the stress terms are retained 

in the equations only for generality and to facilitate order of 

magnitude estimates. 

3.2.3 Order of Magnitude Estimates 

Greater insight into the significance of the terms in the 

general equations may be gained by casting them into non-dimensional 

form. This also helps to establish the conditions under uhich the 

dynamic similarity of tuo systems can be achieved, by equating the 

numerical coefficients (dimensionless numbers) obtained from their 

normalized equations. 

Consider the u-momentum equation given by (3.7). The stress 

terms X and T are expressed here for simplicity in terms of xx xy 

velocity gradients and fluid properties. They are given by js Bu/ Bx 

and ja "Bu/ By , uhere jj is the laminar viscosity and is taken as 

a constant. The bars denoting depth-averaged quantities are left 

out for clarity, and a set of dimensionless quantities introduced 

and defined by asterisks in the follouing manner: 
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x y , h zb u v x* = — » y* = — t h * = — » z
b = — > u * = — » = — 

L L H * H V V 

t t P a . f L = — = — ' P a
 = ' = f ^ = 

tQ L/V * GgH V 

X 2 
v, 1 sx c v • 1 bx „_>, X = — and X, = ,(3.12) 
Sv hy 7 N ' 

* C 2 2 * C 2 Lf c VZ E f G V a 0 uhere, 

L,H,V are constant reference values of length, depth and velocity 

respectively, to be chosen as characteristics of the system. 

Nou, if equations (3.12) are substituted in equation (3.7), the 

follouing equation is obtained: 

o o o 
HV • a / . \ HV a , . 2 v H f 3 , , x 
— — ( h * u * ) + — — ( h * u * ) + — — ( h * u * % ) 

L at # L L 

gH2 . , 3 h * x gH2 . HV2 . 
= - — h * ( — + " — ) - — T — + — f* h * ^ 

L dx^ dx^ L dx^ L 

(? LI 
r .2 . A 0 _ ^ X HV JU 

+ C_V ( X - X, ) + <— 
f 2 S X * b x * 2 B 

G V L L 

2 

— (h# — ) + i . ( h # — ) 
a y* a y * _ 

.(3.13) 

The dimensions of the above equation have not altered. Each 

2 2 

term has a dimension of m / s i.e. accelaration (or force per 

unit mass) times length, the length dimension arises uhen integrating 

the equation over the depth. Equation (3.13) can nou be made dimension-2 less by dividing each term by HV / L to give: 
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3 ( h * u * ) + ~~~ ( h * u * ) + ~~~ ( h * u * ) 
Bt By, 

1 u B , . X 
— h * — ( h * + z

b
 + p a } 

F r2 Bx^ * ** 
+ ~ h * 

6 Un 
+ c_ J L ( -JLJ1 t - t. ) 

f sx# bx* 
c \y 

L f i - ( h # t l ) • 1 -
Rg L Qx dv 

Bu, 

BXl 

a-, 
( h, ) 

3y, 
,(3.14) 

uhere, 

V Fr is Froude number = and represents the ratio of inertia 

(gH)* 

forces to gravity forces, 

\j 
R is Rossby number = and represents the ratio of inertia 

fL 

forces to Coriolis forces and 

GVL Re is Reynolds number = and represents the ratio of inertia 
J* 

forces to the viscous forces. 

The same dimensionless groups can be obtained for the y-direction 

momentum equation, equation (3.8). The continuity equation (3.6), 

uhen put in a dimensionless form, introduces no additional similitude 

conditions. 

All derivatives in equation (3.14) have an order of magnitude 

of roughly unity. Hence, the significance of the individual terms can 

be decided by comparing the magnitude of the dimensionless coefficients. 

The meaning and significance of each term are displayed in Table 3.1. 
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Term Dimensionless Form Order of Magnitude 

(1) Unsteady T" ^ h * U * ) 1 (unsteady flou) 
* 0 (steady flou) 

(2) Convection (h# uI) + * ( h # u # v j 1 

(3) Pressure gradient — h (h + z + p ) 
r 2 * ^ * b * a * Fr * 

1/Fr2 

i.e. gH/t/2 

(4) Coriolis — h * v * R 
1/R 

i.e. fL/V 

. ® Un 
C . l - £ X 
T H e ^2 s x * 

2 
i ® Un 

r L a 0 L — 
H 9 y2 

(5) Uind stress 
. ® Un 

C . l - £ X 
T H e ^2 s x * 

2 
i ® Un 

r L a 0 L — 
H 9 y2 

(6) Bottom stress 
f H b X * H 

(7) Diffusion ^ r l ( „ . t i , 
Re L Bx^ Bx^ 

1/Re 

+ 1 ( h # >1 
3y* J 

i.e. ji/tS\Jl 

A, Order of Magnitude of Terms 

TABLE 3.1 : TERMS IN THE GENERAL u-MOMENTUM EQUATION 

IN DIMENSIONLESS FORM 
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Term Significance 

( D Unsteady • Time-dependent flous in general: 

• tidal flous, • the hurricane problem, 

• uind-induced flous in lakes, uhere uind 

direction and magnitude change uith time, 

• steady flous uith time-dependent methods 

of calculation. 

(2) Convection • Unimportant in tidal flous(usually dominated 

by the driving force caused by tidal changes 

on the boundaries). 

• Unimportant in uind-driven circulation in uide 

shallou lakes(usually dominated by Coriolis 

forces, uhen Rossby number is small, and uind 

stresses). 

(3) Pressure • The h-gradient term represents the tendency of 

gradient layers uith horizontal bottoms to have horizon-

tal surfaces. 

• The z^-gradient term represents the tendency of 

uater to slide over sloping bottom surfaces. 

• The p -gradient term is significant, for 

example, in hurricane problems. 

(4) Coriolis • Important in large bodies of uater, e.g. North 

Sea and Great Lakes. 

(5) Uind stresses • Important in large stretches of uater uith 

large ratio of uind to uater speed, e.g. uind-

induced circulation in lakes. 

(6) Bottom stresses • Important for shallou flous in general, 

especially for rough surfaces. 

(7) Diffusion • Not present in inviscid flous. 

• Can be neglected in shallou flous. 

B. Significance of Terms 

TABLE 3.1 : (Continued) 
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Equation (3.14) has the same solution for tuo geometrically 

similar systems uhen the dimensionless coefficients are numerically 

the same for the tuo systems. Depending on the flou situation considered , 

one or more dimensionless coefficients may be unimportant and hence 

these terms can be left out of the general equations. In shallou-

uater flous, only Froude number equality is needed to achieve dynamic 

similarity. In the analogy betueen shallou-uater flous and tuo-

dimensional inviscid, compressible-gas flous, it is a requirement 

that the Froude number and Mach number are equal in magnitude to 

achieve dynamic similarity for tuo geometrically similar systems. 

This uill be demonstrated by using test cases and the implication 

discussed in Chapter 8. 

3.3 THE GOVERNING DIFFERENTIAL EQUATIONS SOLVED 

3.3.1 Basic Assumptions 

So far, the only approximations made to the three-dimensional 

Navier-Stokes equations, in deriving the general shallou-uater 

equations (equations 3.6 to 3.10)> are: 

(1) The assumption of a hydrostatic pressure distribution. 

(2) The fluid is assumed incompressible and homogenous and gain 

or loss of mass from surface (rain, evaporation) or bottom 

(seepage) are not considered. 

(3) The vertical velocity profiles are approximated to be uniform; 

hence depth-averaged values are used. 

(4) The uind and bottom stresses are related to the square of the 

depth-averaged velocities by equations (3.9) and (3.10). 



85 

(5) The fluid stresses are expressed by a constant laminar-or eddy-

viscosity coefficient multiplying the depth-averaged velocity 

gradients. 

In the present study, it is further assumed (uith reference to Table 

3.1) : 

(6) The flou is steady. 

(7) A horizontal bed topography. 

(8) Flou is over small stretches of uater under calm conditions; 

hence negligible atmospheric-pressure variation and uind 

stresses. 

(9) A large Rossby number, i.e. negligible Coriolis forces (see 

equation 3.14). 

(10) That viscous terms are neglected unless otheruise stated, uhere 

the laminar viscosity is used. 

3.3.2 The Resulting Governing Equations 

Subject to the above assumptions, for fixed rectangular coordin-

ates (x,y,z) of Figure 3.1, the system of equations (3.6) to (3.10) 

reduces to: 

Conservation of Mass 

L ( h T T ) + — ( h V ) = 0 ,(3.15) 
3x 3y 

Conservation of u-Momentum 

2 2 2 
L ( h u ) + i ( h u V ) = - gh 111 - C f u ( u + 17 )* ,(3.16) 
3x By 3x 
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Conservation of v-Momentum 

( h u v ) + — ( h v ) = - gh 
Bx 

B_ 

By 

Bh 

By 

2 2 * C f v ( "u + "v Y .(3.17) 

The general Transport Equation 

The above set of equations can be represented by a single 

equation of the form: 

where 0 identifies the depth-averaged dependent variable and stands 

for 1, "u and v" in equations (3.15) to (3.17) respectively. S is 

the general "source term" and represents the individual terms on the 

right-hand side of the same equation set. The source term is used to 

put all the equations into a standard form, uhich is solved by the 

solution procedure described in the next chapter. 

3.3.3 Boundary and Initial Conditions 

The equation set given by (3.15) to (3.17) closed. But the 

mathematical formulation for a particular flou situation is complete 

only uhen the relevant boundary and initial conditions are specified. 

(i) Boundary Conditions 

The necessary boundary conditions are either the values or 

gradients of the dependent variables on the boundaries of the calcula-

tion domain. The proper specification of these conditions is of vital 

importance in simulating a flou situation correctly and are highly 

Bx 
(3.18) 
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dependent on whether the flou is supercritical or subcritical, When 

the flou is supercritical, it is controlled by upstream conditions 

(hyperbolic) and uhen the flou is subcritical, it is controlled by 

dounstream conditions (elliptic). Uhen the flou changes from super-

critical to subcritical conditions, both upstream and dounstream 

controls are activ/e. The follouing physical boundaries are encountered 

in the present study: 

Inlet 

Uhen conditions at the inlet boundary are supercritical, the 

distribution of both velocities and depth must be prescribed. For 

subcritical conditions, only the flou rate needs to be prescribed. 

Outlet 

Uhen conditions at the outlet boundary are supercritical, 

values need not be specified. For subcritical conditions, the depth 

must be specified and acts as a dounstream control. The velocities at 

the outlet boundary need not be specified and are determined by 

continuity. 

Symmetry Plane 

At a symmetry plane the normal velocities are set to zero, 

other variables are prescribed as having zero flux. 

Uall 

At a uall uhich is stationary and impervious, the velocity 

components and normal gradients of depth are set to zero. 

Free-Stream Boundary 

The free-stream boundary is usually located far enough auay 

from the inside of the domain so that the conditions prevailing there 

uould be the undisturbed free-stream conditions. 
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(ii) Initial Conditions 

Dependent variables need to be given initial values in order to 

start the calculation, A good initial guess, based on insight to the 

flou situation, generally ensures quicker convergence and better stab-

ility of the solution scheme, Houever, the final results should not 

depend on these conditions uhen solving steady-state problems. 

The details of the implementation of these boundary and initial 

conditions uill be discussed along uith other matters concerning the 

solution procedure in Chapter 4, 

3,3,4 Dependent Variables solved 

There are only three dependent variables, in the absence of the 

enthalpy equation, that characterize the isothermal modelling of steady 

tuo-dimensional shallou-uater flous. These are the tuo depth-averaged 

velocity components u, v and depth of flou, h. The non-linear partial-

differential equations (3,15) to (3,17) are used to solve for these 

variables using specified boundary conditions, A suitable numerical 

solution procedure is developed to perform this task as described in 

the next chapter. 

3,4 CLOSURE 

The information presented in this chapter is summarized belou, 

(a) The equations uhich describe the tuo-dimensional shallou-uater 

flous are deduced from the general Navier-Stokes equations, 

(b) The equation system is closed through appropriate expressions 

for the bottom and surface interactions. 



89 

Order of magnitude estimates are conducted to determine the 

significance of terms in the transport equations for a variety 

of applications. 

Further relevant assumptions are stated in arriving at a set 

of differential equations suitable for the current applications. 

The boundary conditions necessary to complete the mathematical 

formulation are specified. 

The dependent variables solved are stated. 
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C H A P T E R 4 

THE NUMERICAL SOLUTION PROCEDURE 

4.1 INTRODUCTION 

In the previous chapter, the depth-averaged differential equa-

tions governing the flou of shallou uater have been formulated. These 

equations are coupled and non-linear. Apart from a feu simple and 

idealized flou situations, these equations are not amenable to analy-

tical solution, and therefore, other means of solution are sought. 

This chapter provides details of a general numerical procedure 

for solving shallou-uater equations. The procedure is based on a 

finite-difference implicit scheme and utilizes a pressure-correction 

technique of Patankar and Spalding (1972). An upuind-difference sche-

me is employed and the hydrodynamic variables solved are the component 

velocities and depth. 

A general description of the procedure is outlined in this 

section in order to give an overall picture before discussing the 

details in the follouing sections. The solution procedure consists 

of the follouing major steps: 

(i) The flou domain is divided into discrete regions by construct-

ing a staggered finite-difference grid. This yields "control 

volumes" for each flou variable. 

(ii) The transformation of the partial-differential equations into 

algebraic ones (finite-difference equations) for each variable 

at each cell. This is accomplished by integrating the former 

equations over the control volumes and using assumptions for 
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the variation of the variables betueen grid nodes. 

(iii) Solving the resulting set of finite-difference equations for 

the hydrodynamic variables by an appropriate algorithm. 

(iv) The determination of the depth field. This is achieved by 

utilizing the uidely used "SIMPLE" algorithm of Patankar and 

Spalding (1972), in uhich corrections based on continuity 

are made to the depth field, and corresponding corrections 

made to the velocity fields uhich are obtained from the solu-

tion of the momentum equations. By successive solution of the 

momentum and depth-correction equations, the velocities and 

depths are determined uniquely for given boundary conditions. 

The depth-correction values are obtained by using a suitable 

solver. 

The remainder of the chapter consists of five main parts in 

uhich the solution procedure is detailed. In the next section, the 

finite-difference equations for the momentum and depth-correction are 

determined; this is folloued by the solution procedure of these equa-

tions. Detailed account of auxiliary information is then given. A 

concluding section then summarizes the main features of the procedure. 

4.2 DETERMINATION OF THE FINITE-DIFFERENCE EQUATIONS 

4.2.1 The Finite-Difference Grid and Location 

of Flou Variables 

The finite-difference grid consists of a set of orthogonally 

intersecting lines (grid lines) uhich form a lattice, in the x-y 

plane, covering the uhole flou domain. The points of intersection 
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of the grid lines are called grid nodes uhich provide reference loca-

tions for identifying the flou variables.•The depth, pressure, and any 

other scalar variable (if included in the model) are stored at the 

nodal points of the grid. The velocity components are calculated and 

stored at points miduay betueen grid nodes. Figure 4.1 shous a portion 

of the grid and identifies the locations for each of the flou variables. 

The dashed enclosures in the figure shou the manner in uhich the varia-

bles are grouped together for identification purposes. This grid 

arrangement is knoun as a staggered-grid system, introduced by Harlou 

and Welch (1965), and has the follouing advantages: 

(i) The velocity components are stored at just the points at uhich 

they are required for the calculation of a continuity balance 

over the region surrounding a grid node. This also makes the 

velocities directly available for the calculation of convec-

tive fluxes. 

(ii) The pressure gradients driving the velocities can be evaluated 

more conveniently. 

The grid spacings need not necessarily be uniform over the flou 

domain but can vary so that it is possible to locate more grid nodes 

in regions uhere steep variations of flou properties are expected. 

Houever, once the grid density and dimensions have been set, they 

remain fixed during the solution process. The results of the computa-

tions are checked for grid independence by successively increasing 

the grid fineness. The grid refinement process is usually governed 

by computer storage limitation and economic considerations. 

The discretization scheme has made it necessary, uhen a variable 

is required at points other than those at uhich it is stored, to use 

the ueighted average of its neighbouring values. 
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4.2.2 Control Volumes 

Control volumes are the regions, that surround the nodes of 

the grid system, over uhich the partial-differential equations are 

integrated to yield the finite-difference equations. Due to the stagg-

ered-grid configuration, there are three types of control volume belong-

ing to the three different locations of the flou variables as shoun 

in Figure 4.2. The figure shous the main control volumes for the 

variables stored at each grid node, u-velocity control volumes for 

the u-velocity storage locations and v-velocity control volumes for 

the v-velocity storage locations. 

The control volumes corresponding to the near-boundary grid 

nodes are slightly different to those in the rest of the calculation 

domain, as illustrated in Figure 4.3. This difference is necessary 

so as to enable both the control-volume surfaces and the locations 

of the velocities normal to them, to coincide uith the boundary itself. 

Control volumes are not needed for the boundary nodes, since the values 

of the variables there are either knoun or can be deduced from the 

values on the near-boundary nodes. 

4.2.3 The Momentum Equations 

General concept 

The finite-difference equations are obtained by integrating 

the differential equations for each variable over the appropriate 

control volume. There being different control volumes for variables 

does not preclude a general form of the finite-difference equations 

being expressed in terms of a general variable 0 , uhere 0 stands 
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for u, v and any scalar variable in the equation set. Differences 

in the contents of each equation are contained in "source terms". 

Accordingly, the integration procedure uill be developed, in this 

section, uith reference to the transport equation uritten for the 

general variable 0 and given by equation 3.18 in Section 3.3.2. 

Figure 4.4 shous a typical cell enclosing the 0-node, P. 

Point P, the central node, has four neighbouring nodes N,S,E and 

U. The flou properties betueen these nodes, i.e. at the cell faces, 

are subscripted n,s,e and u accordingly. A finite-difference equation 

linking the value of 0 at P to those at N,S,E and U, is obtained by 

integrating the differential equation 3.18 over the volume of the cell. 

The basic decisions 

In the integration, the follouing decisions are taken regard-

ing the manner in uhich the variables vary betueen grid nodes: 

(i) All flou properties are uniform over a cell face. 

(ii) For the calculation of the source terms, that may depend on 0, 

the value of 0 is considered uniform and equal to 0^ over the 

control volume surrounding the point P, and changes abruptly 

to 0 , 0^ , or 0^ at the faces of the control volume. 

(iii) For the diffusion terms, if present, 0 is taken to vary linearly 

betueen nodes. 

(iv) For the convection terms, an upuind-differencing scheme is 

employed. Accordingly, the value of 0 convected across the face 

is the value at the neighbouring node from uhich the flou is 

approaching the face concerned. 
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(v) Similarly, in calculating the mass fluxes across the cell faces, 

the upstream depth v/alues are used. 

N.B. The decisions taken in (iv) and (v) above are needed for the 

numerical stability of the scheme, as uill be discussed later. Houever, 

the effect of these on the accuracy of the results uill diminish as 

the grid is made finer. 

Areas of the cell faces 

The areas of the cell faces uhich uill be used in the finite-

difference equations are: 

= Sx h (north face) , a n n 

a = Sx h (south face) , s s 

a = Sy h (east face) , e e 

a = Sy h (uest face) .(4.1) u 7 u 

In equation 4.1, the subscripts for the depth values are merely used 

for the identification of the cell face under consideration. Rule (v) 

above should be obeyed, for example h n can either be hp or h^ , depend-

ing upon uhether v n is positive, (upuards) or negative (dounuards) res-

pectively. This applies similarly to the other three faces. Hence, 

uhenever an area (a) is used uith a subscript n,s,e or u, it is to be 

remembered that it contains the value of the depth at the upstream 

side of the particular face. 

The volume of the cell is given by: 

Vp = Sx Sy h p .(4.2) 
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Diffusions'' terms 

The majority of the flou situations considered in this study 

are for inv/iscid flous. Houever, a feu cases are considered uith a 

constant viscosity. This has made it necessary to formulate the diffu-

sion terms, as uell, in the general finite-difference equations. 

Consider, for example, the uest face of the cell shoun in 

Figure 4.4; 0 is taken to vary linearly betueen P and U. Therefore, 

the diffusive flux for the uest face can be uritten as: 

( 0 - 0 ) 
Diffusive flux = J- §y ( h p + h y ) y - — ,(4.3) 

2 ^ xp ~ XU ^ 

uhere, /jj ̂  is the exchange coefficient for the property 0 at 

the uest face divided by density. 

Similar expressions can be uritten for the diffusive fluxes 

across the north, south and east faces. 

Convection terms 

The convective flux across the uest face of the control volume 

is: 

Convective flux = a u 0 u u u 

the uniform density allous S to be eliminated. 

In the present study, the "upuind-difference" formulation is 

used, see Spalding (1972). The value of 0 is, therefore, taken to 

5(4.4) 
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be the nodal value prevailing at the upwind side of the face. Thus, 

0 is specified as: w 

0 = 0,, if u ^ 0 u u u 

0 = 0 O if u < 0 .(4.5) P U 

The upuind-difference scheme is chosen because, in the flows 

considered, the convection contribution to the flux is predominant. 

The use, for example, of a central-difference scheme for such flows 

would lead to numerical instability and physically unrealistic results. 

The upwind-difference practice ensures positive or zero but never 

negative coefficients. 

Similar expressions to (4.5) exist for the other cell faces. 

Total flux 

The expression for total flux across the uest cell-face is 

therefore given by: 

Total flux = (D + C ) 0, - D 0 n for C > 0 ; u u y u p u — 

Total flux = D 0 M - (D - C ) 0 n for C < 0 ,(4.6) u U u u P u 

uhere, 

D u = -L Sy (hp • h u) [} / (xp - xu) 

C = a u .(4.7) u u u 
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Expressions (4.6) can be written more compactly as: 

Total flux = A - 0p ) + C 0l w •(4.8) 

where 

t (4.9) 

with Max (X,V) denoting the larger of either X or Y and the 

superscript 0 signifying that the A's, for different 0's, may 

be different. 

Total-flux expressions similar to (4.8) can be obtained for 

the other three cell faces. 

Source terms 

0 / x 

The source term S , in equation (3.18;, is integrated by 

assuming it to be constant over the control volume. The integrated 

value is then linearised so that it may be written as: 

This linearisation enhances the stability of the numerical 

scheme. Further, if there is no dependence of the integral on 0^ 

0 

then Sp is set equal to zero; otherwise, it is necessary that S' 

is always negative if stability is to be ensured. 

(4.10) 
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The complete equation 

The integration of the general transport equation is nou complete, 

By suitably combining the total fluxes on the four cell faces, the net 

outflow of 0 by diffusion and convection can be readily obtained. Equat-

0 
ing this to the volume integral of the source term, , and making use 

of mass continuity, the finite-difference form of equation (3.18) is 

obtained as: 

where, 

A P = A N + As + aE + Au " sp - ( 4 - 1 2 ) 

Equation (4.11) may be abbreviated to: 

0 - [Z < > • ] /*{! 

where the summation is over the four neighbouring nodes, N,S,E and U. 

The finite-difference equations for the velocity components 

can be expressed in the same form as equation (4.13) but contain an 

additional source term representing the depth gradient. Their coeffi-

u v 0 cients, A^ and A^ , can be obtained directly from A^ above by 

using appropriate interpolation. 

These finite-difference forms of the momentum equations are 

solved by an algorithm described in Section 4.3.2. 
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4.2.4 The Depth-Correction Equations 

General concept 

The partial-differential equation for continuity (equation 3.15) 

uhen discretized, merely states the requirement that the inflows and 

outflows of mass are locally in balance for each control volume in the 

flow domain. This does not yield a finite-difference equation of the 

form of equation (4.13), because there is no variable for the mass 

conservation. Moreover, because the depth field is not known in advance, 

the velocities obtained from the solution of the momentum equations, 
* * 

u and v , do not in general satisfy mass continuity, and must be 

corrected to account for the error introduced by the guessed depth 
* 

field, h . Therefore, it is necessary to derive a way of correcting 

the velocity and the depth fields simultaneously. 

In the present method the mass continuity is enforced, as in 

the "SIMPLE" (Semi-Implicit Method for Pressure-Linked Equations) 
i 

algorithm of Patankar and Spalding (1972), via a depth-correction (h ) 

for which finite-difference equations need to be formulated and solved. 

The depth-correction equation is developed by utilizing source 

terms from the finite-difference continuity equation and coefficients 

from truncated forms of the momentum equations. 

Derivation 

In each cycle of operations, the momentum equations are first 

solved with the depth-gradient terms evaluated from the existing, but 
* 

as yet incorrect, depth field h , yielding the corresponding velocities 
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* # 
u and v , uhich in general, do not satisfy mass continuity. The neu 

» 
depth field, h, for the cycle is obtained by adding a correction, h , 

* 
to h , viz: 

h = h* + h' .(4.14) 

Since a change in depth at a point produces a change in the 

velocities near the point, then the final values of the velocities 

for the cycle, u and v, can similarly be uritten as: 

* i 
u = u + u 

* t 
v = v + v ,(4.15) 

i t 
uhere, u and v are the velocity corrections uhich need to be 

calculated. 

Simple relationships betueen the velocity corrections and the 

depth corrections can be derived from approximate (truncated) forms 

of the momentum equations. These truncated forms of the momentum 

equations are obtained by eliminating all the terms on the right-hand 

side of equation (4.13) except the source term for the depth gradient. 

These velocity-corrections depth-corrections relationships are given by: 

' v , 1 ' % 
Vn = Dn ( hP ' h N > 

us » ( hS " hP ) 

' u , ' 1 \ 
ue = De ( hP " h E ) 

u' = D U ( h' - h' ) ,(4.16) u u U P 
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uhere the D coefficients are the same as those multiplying the corres-

ponding depth-difference terms in the finite-difference equations used 

* * 

to obtain u and v earlier (i.e. equations (4,13) uith 0 standing 

for u and v in turn)!" 

The integrated continuity equation over the control volume 

shoun in Figure 4,4, reads: 

a v + a v + a u + a u = 0 »(4.17) n n s s e e u u 

uhere the a's are the areas of the cell faces containing upstream 

depths given by equation (4,1). 

i 
The h equation 

It is nou a simple matter to substitute equations (4.14) and 

(4.15), uith the velocity corrections replaced by depth corrections 

from equation (4.16), into the continuity equation above (equation 

4.17). This yields, after grouping the coefficients, a depth-correction 

equation having the same form as equation (4.11) and given by: 

AP h p = flN hN + AS hS + A E h E + A U hl!l + SU 

uhere, 

The complete expressions for these terms are of the follouing form: 

' v , f v = D (hn- h M n n P N 

uhere i indicates the summation over the neighbouring velocity locations, 
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Am = a D V - Min ( 0 , Sx v* ) , N n n n 

A_ = a D V - Min ( 0 , - Sx v* ) S s s s 

A_ = a D U - Min ( 0 , Sy u* ) , E e a e ' 

A,, = a D U - Min ( 0 , - Sy u* ) ,(4.19) U u u x ' ' u * \ * 

SJJ assumes the significance of a mass source for the cell, resulting 
* * 

from the velocities u and v , uhich is to be eliminated. 

Ap can be expressed in terms of the other coefficients. 

I*lin (0,Y) denotes the smaller of either 0 or Y. 

The full derivation and contents of all terms in equation (4.18) 

are given in Appendix B. 

General remarks 

(a) All coefficients are positive or zero; they are never negative. 

(b) The depth correction at point P is linked to the corrections at 

the neighbouring nodes, namely N,S,E and U, as given by equation 

(4.18). In order to preserve the implicitness of these linkages, 

an implicit tuo-dimensional linear-equation solver is used to 

solve these equations, as described in Section 4.3.3. 

i 
(c) Solution of equation (4.18) for h values allous the depths and 

velocities to be corrected via equations (4.14) to (4.16). 

t 

(d) In deriving the h equation, uhich basically utilizes the contin-

uity conservation equation and acts to reduce the mass source, 
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no conditions have been placed on whether the flow is subcritical 

or supercritical. Accordingly, the same equation is used for 

both flows and both have the same adjustment procedure. 

t 

(e) Two notable features are introduced in the formulation of the h 

equation, these are: 

(i) Upstream depths are used throughout in calculating the mass fluxes 

across the cell faces. These depths are included in the cell-

face areas a n , a g , etc. of equations (4.19). For example, 
S* r * "Jf 

n w # x hp or ox h^ depending on whether v^ is posi-

tive or negative. This feature is required to enhance the stabi-

lity of the numerical scheme and arises from the fact that, for 

example, an increase in hp pushes more fluid out of the cell and 

decreases the inflow and vice versa. 

(ii) The h equation is formulated generally,i.e. the corrections to 

the depths, which are used in the convection terms (mass fluxes), 

are taken into account. This arises from the substitution of 

expressions given by equation (4.14) for all the cell faces into 

the continuity equation (4.17). This feature is needed to procure 

convergence for flows in which variation in surface elevation is + significant, i.e. as for most supercritical flows. 

» 
(f) The general formulation of the h equation has led to the following: 

t 

(i) The coefficients of the h equation have extra terms added to the 

"conventional ones". These are the second terms given on the 

right-hand side of equations (4.19). 

(ii) The coefficients are non-reciprocal, and require extra computer 

storage. 

For a description of a simpler, but restricted treatment, refer to 

Appendix C. 
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4.3 SOLUTION OF THE FINITE-DIFFERENCE EQUATIONS 

4.3.1 General Concept 

The previous section has shown hou the partial-differential equa-

tions could be approximated by a set of algebraic equations ready to be 

solved by appropriate algorithms. These are equations (4.11) and (4.18) 

for the tuo hydrodynamic variables and the depth-correction equation 

respectively. The finite-difference equations are still, of course, 

coupled and non-linear and must be solved by an iterative process. 

The non-linearity of the finite-difference equations arises from 

the fact that the coefficients are functions of the dependent variables 

themselves. Houever, the equations can be expressed in a linear form, 

but momentarily only, by evaluating the coefficients from the flou 

variables prevailing at the previous iteration and "freezing" their 

values throughout the current iteration. The final solution is usually 

obtained after a number of iterations and by re-evaluating the values 

of these coefficients at the beginning of every iteration using the 

up-dated values of the dependent variables. Moreover, the method and 

the frequency of updating the flou variables decide the scheme, i.e. 

the algorithm employed. 

In the present uork tuo different algorithms are used: a point-

by-point algorithm for solving the momentum equations and a tuo-

dimensional linear-equation solver for the depth-correction equations. 

The details of each algorithm are described in the next tuo sections. 

4.3.2 Point-By-Point Algorithm 

The tuo momentum equations for u and v are solved by a point-
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by-point Jacobi implicit scheme. The value of 0^ , in equation (4.11) 

uhere 0^ stands for u or v at a centre location P, is equal to a linear 

expression of "knoun" quantities given by the right-hand side of the 

equation. These "knoun" quatities represent the values of the coeffi-

cients surrounding nodal values and surface elevation gradients taken 

from the previous iteration. After calculating all values of 0 over 

the uhole domain, they are put in store to replace the old ones. 

This scheme is very simple to implement, cheap to compute and, 

indeed, similar to an explicit procedure. The distinction betueen this 

point-by-point implicit and explicit procedures, and alternative pro-

cedures (e.g. Gauss-Seidel), are given in, for example, Roache (1976) 

or Spalding (1980). Carroll (1980) reported a large saving of computer 

time by employing the point-by-point method as compared, for example, 

to the ADI (Alternating direction iteration) method. This saving uas 

possible because the ADI scheme requires more operations per iteration 

and smaller under-relaxation factors to make the overall solution pro-

cedure converge. 

Finally, it should be mentioned here that the result of this 

scheme does not depend on the visiting order in uhich the solution 

of the various equations is conducted. This is in contrast to the 

Gauss-Seidel procedure uhere continuous updating of the variables and 

coefficients takes place uithin the iteration. 

4.3.3 Tuo-Dimensional Linear-Equation Solver 

One of the simplest schemes, used to solve the momentum equa-

tions, uas discussed in the previous section. This scheme is adequate 

because a very good solution is not needed for the hydrodynamic variables 
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at an early stage in the computation. It is best, for economic reasons 

and knowing that these velocities do not normally satisfy the continuity 

equation, to intersperse the solution with a continuity correction 

rather than to seek to fully satisfy momentum conservation with values 

that may significantly change in the course of adjustment. 

The depth-correction equation is a more difficult and complicated 

equation to solve, compared to the momentum equations, and this will 

ultimately call for a stronger and more implicit algorithm, 

Spalding (1979) has presented a simplified and straight-forward 

approach for deriving a family of procedures of strongly-implicit 

linear-equation solvers. The procedures are developed by choosing 

the form of the recurrence relation for the following equation: 

a p 0 p = a
N J * N • « s ' s + a E 0Z + a U * U + b ' ( 4 ' 2 0 ) 

in the present study, the recurrence relation chosen is: 

1 = N p 0 N • E p 0 E • Bp ,(4.21) 

where, 

0p is linked to and 0^ ; 

l\| , E q and B D are new coefficients to be determined, H H r 

Equations for 0C and 0 can be written in the same form as equation s u 

(4,21 ) given by: 

h * N S * P + ' S ^ S E + BS 

0 = N 0 + E, 0n + B,, ,(4,22) ^y y ^Ny u u 
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Substitution of equations (4.22) into (4.20), to eliminate 0 and 

0y , gives: 

( ap " aS NS " a U EU } 0P = a N + aE h + b 

+ a s ( ES 0St + BS } 

+ 3 U ( NU ^NU + BU } - ( 4 ' 2 3 ) 

Comparison of equation (4.23) uith equation (4.21) yields recurrence 

relations for N p , E p and B p as: 

°p = ap - as Ns - a u Ey 

N P = A U / D P 

E p = a E / D p and 

- [ b + as ( E s *SE + Bs > + a u < N U ' N U + Bu } ] / DP 

.(4.24) 

The computational procedure for the depth-correction equations 

is therefore conducted as follous: 

(i) Compute D p , l\lp and E p , starting at the bottom-left-hand 

corner of the finite-difference grid and stepping node-by-

node across the uhole field, and store in tuo-dimensional 

arrays. 

(ii) Compute Bp using the in-store values of 0 and 0 • 
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(iii) Compute 0 p , equation (4.21), starting at the top-right-hand 

corner of the grid and replace the old v/alues in store. 

(iv) Repeat steps (ii) and (iii) until convergence. 

Remarks 

• The above steps form part of the general operations performed 

every iteration, as described in the next section. 

• In all cases considered in the present study, steps (ii) and 

(iii) are repeated no more than three times per iteration. 

It uas found that a number greater than three, uould almost 

aluays give faster convergence but, of course, be more expensive. 

• The solver described above represents Spalding's "basic" solver. 

4.3.4 Summary of the Solution Steps 

The main steps of the present computational procedure can nou 

be summarized as follous: 

(i) Guess initial values of the variables in the field. This is 

only applicable to the first iteration (see next section for 

some relevant details); thereafter, the values in store, uhich 

are continually updated, are employed to start any neu iteration. 

* 

(ii) Compute values of u over the uhole field. This is achieved 

by solving the finite-difference form of the u-momentum equa-

tion, equation (4.11), using the point-by-point method and * 
employing the existing depth field, i.e. h . 

* 
(iii) Compute values of v as in (ii) above. 
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(iv) Compute values of h over the uhole field. The continuity errors 

* * 

produced by u and v obtained from steps (ii) and (iii) are 

employed in equation (4.18) to calculate the depth-corrections 

by a tuo-dimensional linear-equation solver. 
(v) Correct the depth and velocity fields. This is done by using 

h values obtained from step (iv) above and the relations given 

by equations (4.14) to (4.16) to eliminate the continuity errors 

in all control volumes. 

(vi) Repeat steps (ii) to (v) until convergence, i.e. until the errors 

in each equation reduce to practically zero. 

4.4 AUXILIARY INFORMATION 

4.4.1 Boundary Conditions 

The different boundary conditions that are required to specify 

supercritical and subcritical flous are discussed in Section 3.3.3. 

An appropriate method of implementing these, in the finite-difference 

procedure, is given belou along uith the source term linearisation 

discussed in Section 4.4.3. 

The values of the dependent variables must be specified at the 

boundaries before the set of the finite-difference equations can be 

solved. These boundary conditions, uhich determine the uniqueness of 

the solution for a given flou situation, are usually of tuo types: 

(i) The value of 0 is prescribed at the boundary. This is knoun 

to be the most stable of boundary conditions. 
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(ii) The value of 0 on the boundary is deduced from the knoun 

gradient of 0 at the boundary. 

The incorporation of either type of boundary- condition into the 

calculation procedure is easy, and achieved by modifying the coefficients 

and the source terms. For example, at stationary impervious ualls, all 

velocities are set to zero. The depth gradients normal to ualls are 

also set to zero. At symmetry planes, the velocity normal to the bound-

ary and all other variable gradients are set to zero. At free-stream 

boundaries, as uell as at inlet planes (for supercritical flous), the 

flou variables are prescribed. At the exit of the calculation domain, 

an additional boundary condition is needed for the depth. It is usually 

assumed that the exit depth is uniform, otheruise experimental values 

are specified. For supercritical conditions at the outlet boundary, 

these fixed values of depth do not have any influence on the flou up-

stream of this boundary. 

4.4.2 Initial Conditions 

The initial fields of velocities and depth must be specified 

before the calculation procedure can start. These conditions are highly 

problem dependent and uill be discussed for every flou situation 

considered. It suffices to say here that using a good guess of the 

initial fields to start the solution uith, based on experience and an 

insight to the flou situation, is advantageous as far as the stability, 

speed of convergence and hence economy are concerned. Their implement-

ation is a straightforuard task and only require filling the field 

variable arrays uith the appropriate initial values. 
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4.4.3 Treatment of Source Terms 

The phrase "source terms" is used to represent all the terms in 

the general 0-equation (3.18), apart from the convection terms and 

diffusion terms if present. This treatment enables the same computer 

code to be used for a uide variety of cases, uith only the "source 

terms" needing modification. These, in the general case, may represent 

bed and side-uall friction, uind stresses, Coriolis forces, body 

forces, etc. 

0 

The source term, S , is linearised in a similar manner to 

Patankar and Spalding (1972). This has been discussed briefly and 

given by equation (4.10). The linearisation permits the source term 

to depend on both current and previous iteration values of the variable 

concerned. The level of implicitness is thereby increased, leading 

to enhanced stability. 

For the equation system solved in the present study (equations 

(3.15) to (3.17)), the source terms for the u- and v-momentum equations 

are shoun in Table 4.1 belou; they are composed of the depth gradients 

and the channel-surface stresses. The source terms for the depth-

correction equation consist of the continuity errors uhich are to be 

eliminated as discussed in Section 4.2.4. 

0 u 
0 SP 

u - gh Bh 

a x 

2 2 
- C^ ( U + "v >* 

v. - gh 
bh 

a y 

2 2 
- C^ ( IT + ~v 

TABLE 4.1 : LI NEAR IS ED-SOURCE TERMS FOR THE DEPTH-Al/ERAGED 

SHALLOU-UATER FLOUS 
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4.4.4 Convergence of the Procedure 

A measure of hou uell the finite-difference equations are satis-

fied is determined by the degree of convergence of the numerical process. 

The convergence is monitored through the use of residuals. A residual 

of a variable 0 at a node P, denoted by R Q , is defined as: 

uhere 0p is the value at the previous iteration. This is to be 

compared to equation (4.13). 

To facilitate monitoring, the residuals are suitably normalised 

to the inlet momentum and flou rate for the momentum and depth-correc-

tion equations respectively. For a given grid, a solution that prod-

uces sufficiently small residuals everywhere in the flou field, for all 

the variables solved, is regarded as a converged one provided that the 

values of the dependent variables do not change by more than, say, 

0.01 % during successive iterations. 

The table of computational details, provided for each test case 

solved, gives the values required for a converged solution such as: 

the number of iterations performed, the sum of the absolute values of 

the residuals over the uhole field ( | R | ), the maximum depth 

correction ( Max., h ) and other relevant information. 

(4.24) 

i 

4.4.5 Stability of the Procedure 

The iterative procedure presented in this chapter, as indeed 

uith all other procedures, does not aluays reduce the errors, remaining 
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in the equations, uith each iteration. Uhen the errors continue to 

increase or fluctuate, the solution procedure is unstable and may 

diverge. The instabilities are knoun to be caused by many factors, 

see for example, Runchal (1971) and Roache (1976). Such factors 

are discussed belou. 

Causes of instability 

(i) Truncation errors. These are induced into the numerical solu-

tion by the finite-difference approximations. They uill also 

affect the accuracy of the procedure, as discussed in the next 

section, and depend mainly on the grid size; if they grou fast 

enough they may lead to an unstable solution. Since the depth-

correction equation is derived from truncated momentum equations, 

the correction may not promote convergence if the truncated terms 

are more important than the depth-gradient term. This form of 

truncation does not affect the accuracy of the procedure since 

the depth-corrections tend to zero as convergence is approached. 

(ii) Perturbations. Initial conditions of the flou variables are 

needed to start the solution. Since these differ from the final 

solution, perturbations are likely to occur and, uhen large, 

instability may take place. Obviously, the closer the initial 

guess is to the solution the smaller the effect of these pertur-

bations is on the stability and convergence speed. 

(iii) Boundary conditions. The boundary conditions in uhich the value 

of the dependent variables are specified are knoun to be the 

most stable of all boundary conditions. Those in uhich the 

normal gradients of the variables are specified at the boundary 
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are less so, Houever, the majority of flou situations contain 

a mixture of these conditions. The instability introduced at 

the boundaries may arise due to, for example, a large difference 

betueen the depth specified at the inlet boundary and that spe-

cified at another boundary. 

(iv) Coupling and non-linearity of the equations. This may give rise 

to large changes in the values of the finite-difference coeffi-

cients betueen successive iterations and may lead to instability 

and divergence. 

Remedies to procure convergence 

(i) Good initial guess of the flou variables based on experience 

and insight to the flou situation. This is a remedy for 

cause (ii) above. 

(ii) Under-relaxing the effect of the boundary conditions on the 

solution. This is a remedy for cause (iii) above. The depth at 

the boundary is alloued to change to its final value, gradually, 

at every iteration or by moderate increments at the end of a 

number of iterations. The advantage of this technique is not 

only to enhance convergence but also to study the solution at, 

say, different inlet to outlet depth ratios or different free-

stream Froude numbers, etc. 

(iii) Under-relaxing the changes in flou variables. This is a satis-

factory remedy for all causes of instability listed above and 

uill almost aluays ensure convergence provided, of course, (i) 

and (ii) are satisfied, consistency in the formulation of the 

solution procedure, compatibility of boundary conditions, etc. 
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Momentum relaxation 

The solution of the difference equations is taken as a linear 

combination of v/alues before and after a given iteration, 

as follows: 

0 = ( RELAXfJ ) 0* + ( 1 - RELAX0 ) 0 ,(4.25) neu old 

where 0 stands for u or v and RELAX0 is the relaxation factor 

for u or v. Uith RELAX0 < 1, the variation of 0 betueen 

successive iterations is reduced and this improves the stability. 

Relaxation of the depth-correction 

The depth-correction values calculated for many of the flou 

situations are found to be too large to add directly to the 

in-store depths. The corrections are therefore under-relaxed 

before they are added to those prevailing in the field. This 

practice ensures that the solution is approached smoothly and 

is represented by: 

h = h* + ( RELAXH ) h' ,(4.26) neu 

in uhich RELAXH is the relaxation factor for the depth-correction 

and takes a value betueen 0.0 and 1.0. 

Remarks 

(i) Equations (4.25) and (4.26) represent the operations often needed 

to under-relax the variations in the dependent variable values. 



119 

These operations are carried out immediately after the parti-

cular field values are calculated. This implies: 

The u's and v's, used in calculating the continuity errors for 
i 

the h equation sources and parts of the coefficients, are the 

relaxed ones. 

The corrections made to the velocities are those corresponding 

to the relaxed depth corrections. 

The depth field is regarded and actually separated into: 

"Depth field" (h), uith values used to calculate the mass fluxes. 

"Pressure field" (p), uith values used to calculate the driving 

force in the momentum equations. 

The tuo fields are analogous to the density and pressure fields 

respectively in compressible-gas dynamics. 

The "pressure field" is obtained from the "depth field" as follous 

p = ( RELAXP ) h + ( 1 - RELAXP ) p . . ,(4.27) neu neu x ' *old ' 

in uhich RELAXP is the relaxation factor for the "pressure" 

and takes a value betueen 0.0 and 1.0, and h is the value 
neu 

obtained from equation (4.26). 

Uith RELAXP = 1 , the depth and pressure fields uill contain 

identical values; but uhen RELAXP < 1, i.e. applying extra 

relaxation to the pressure variation as derived from the already 

relaxed depth variation, the tuo fields uill contain different 

values during the solution process. As the solution progresses 

the pressure field starts to "catch up" uith the depth field as 
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dictated by equations (4,27) and both uill be identical, as 

they should be, uhen a converged solution is obtained. 

(iii) See Appendix (C) for a variant to such a procedure uhich uses 
t 

a simpler form of h equation and different approach to obtain-

ing the pressure and depth fields. 

(iv) Negative depths, like negative densities, are physically unreal-

istic and give rise to negative areas and coefficients in the 

finite-difference equations. They may occur during the solution 

process, and lead to divergence, due to large corrections, espe-

cially in very shallou regions of the flou and uhen the relaxa-

tion factors are not uell chosen. These depths are put to a 

very small but positive value uhenever they appear so as the 

solution may continue and recover. 

4.4.6 Influence of Grid Size 

The solutions obtained by finite-difference methods are grid 

dependent except for very fine grids. It is, therefore, important to 

test that the solution obtained is independent of the grid size. 

Increasing the number of grid nodes improves the accuracy, but at the 

same time increases the computation time. Also convergence uill be 

sloued doun because the errors uill be distributed over a greater 

number of nodes. The task is, therefore, to establish a grid uith the 

smallest possible number of nodes for uhich the finite-difference 

solutions are essentially those of the original differential equations. 

This is achieved, in part, by obtaining solutions uith an increasing 

number of grid nodes until a stage is reached uhere the solution 

exhibits negligible change uith further increase in the number of grid 
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nodes. The solution is then regarded to be grid independent. Once 

this is achieved, the accuracy and physical realism of the whole scheme 

is to be tested by application to a variety of problems in which ana-

lytical solutions or experimental data are available. The grid size 

influence and grid distribution will be discussed when each problem is 

considered in turn. 

4.5 SUMMARY OF MAIN FEATURES OF THE PROCEDURE 

The details of the solution procedure for the two-dimensional 

shallow-water flows, have been explained. The main features of the 

procedure are now summarized with particular emphasis on its applica-

bility and limitations. These are: 

(i) A general numerical procedure based on a finite-difference 

implicit scheme. 

(ii) Use of depth and velocities as the main hydrodynamic variables. 

(iii) Derivation of finite-difference equations by integrating the 

differential equations over finite control volumes. 

(iv) Use of a staggered grid which can be non-uniformly spaced. 

(v) The coefficients of the finite-difference equations are formu-

lated using an upwind-difference scheme. 

(vi) Use of a point-by-point Jacobi method to solve the momentum 

equations in turn over the whole field. 

(vii) The pressure-correction technique of Patankar and Spalding is 

utilized to determine the depth and velocity fields that 

satisfy the conservation laus. 
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(viii) The depth-correction equations are solved using the basic tuo-

dimensional linear-equation solver of Spalding. 

(ix) Use of upstream depths in evaluating the mass fluxes across 

the cell faces. 

(x) Account of the depth variations in formulating the depth-

correction equations. 

(xi) Provision for separating the "pressure" and "depth" fields 

and relaxing their changes differently if required. 

(xii) As far as the flou type is concerned, i.e. whether continuous 

(uholly supercritical or uholly subcritical) or discontinuous 

(flou uith hydraulic jumps), the follouing features are perti-

nent to the numerical scheme: 

(a) The same solution procedure is applicable to all types of flou; 

no limitations have been put on Froude number values. 

(b) The depth-correction equations, and the resulting adjustments 

made to the depths and velocities, are the same for all types 

of flou. Neither flou-type identification nor different adjust-

ment procedures are then needed to obtain a solution. This 

demonstrates the generality of the model as compared to other 

models uhich can handle only one flou regime. 

(c) The scheme is of the "shock-capturing" type, a phrase borroued 

from compressible-gas dynamics. This means the presence and 

location of a hydraulic jump are an outcome of the solution. 

(d) The energy losses across hydraulic jumps are accounted for 

implicitly by solving the continuity and momentum equations 

alone. Physically, this energy is dissipated as heat but has 

a negligible effect on changing the uater density. Once a 
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solution is obtained, the energy losses may be estimated by 

making use of the energy equation. 

(e) The scheme, being tuo-dimensional and depth-averaged, is limited 

in the sense that it does not consider details of flou inside 

the hydraulic jumps or the shape and length of jumps. This is 

inevitable, houever, and such limitations of the numerical 

model are often of little impotrance especially uhen the stretch 

of the channel, as is often the case, is much larger than the 

length of the jump. 

(f) The physical length of a hydraulic jump is aluays finite; but 

as far as the numerical model is concerned, the jump is regarded 

as a sharp transition. Houever, because of numerical (false) 

diffusion, as uith any other numerical solution procedure, this 

sharp transition uill be smeared over a feu grid nodes. In the 

present study, the smearing effect is substantially reduced by 

refining the grid system used. 

4.6 CLOSURE 

In this chapter the derivation of the finite-difference form of 

the depth-averaged partial-differential equations governing the flou of 

shallou uater and their method of solution have been presented. Remarks 

on the capabilities and limitations of the numerical procedure have also 

been given. This completes the mathematical formulation of the problem. 

As has been indicated, the solution procedure is general and flex-

ible, and may be applied to calculate various flou situations governed 

by different boundary conditions. This is illustrated in Chapters 6, 7 

and 8, uhere the procedure is applied to predict, respectively, continuous 

flous, flous uith hydraulic jumps,and compressible-gas flous (uith shock 

uaves) using the hydraulic analogy. 
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C H A P T E R 5 

EXPERIMENTAL UORK 

5.1 INTRODUCTION 

This chapter describes the experimental investigation that uas 

conducted in the Hydraulics Laboratory of the Civil Engineering Depart-

ment of Imperial College. The study provided data to supplement existing 

experimental information and to further validate the numerical solution 

procedure described in Chapter 4. Although many experimental studies 

of supercritical open-channel flous are reported in the literature, 

these are either insufficiently detailed or uithout adequate boundary-

condition information. Besides these, little information exists regarding 

extensive surface-profile measurements or accurate recording of hydraulic-

jump locations in both one- and two-dimensional flous. 

This study examines the supercritical flou of uater in straight, 

rectangular and horizontal open channels for one- and tuo-dimensional 

flou situations. The tuo-dimensional flou situation simulates the 

merging of tuo streams separated at the inlet by a thick uall. Hydraulic 

jumps uere introduced into the test sections by raising the tailuater 

depth. Measurements of the surface elevation uere taken, together uith 

the recording of the hydraulic-jump locations, if present. The flou 

parameters varied uere the inlet Froude number and the tailuater depth. 

The range of Froude numbers investigated uere 3.88 to 4.68 and 2.04 

to 3.71 for the one- and tuo-dimensional flous respectively; the flou 

Reynolds numbers (based on the inlet depth) uere of the order of 2x10^ 

4 
and 8x10 respectively. 

In this chapter, and for each of the one- and tuo-dimensional 
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cases, brief descriptions of the experimental flume and procedure are 

provided. The experimental results are then presented, uith some of 

the results being further analysed uhen compared uith the numerical 

solutions in Chapter 7. The chapter closes uith a brief summary. 

5.2 ONE-DIMENSIONAL MEASUREMENTS 

5.2.1 General Aspects 

The main objective of this study uas to obtain measurements of 

the surface profiles for one-dimensional flous in a straight, rectan-

gular and horizontal channel at different inlet Froude numbers (Fr) 

and tailuater depths (h^); of primary importance uas the accurate 

recording of the hydraulic-jump locations as influenced by a change 

in Fr or h . 

5.2.2 Experimental Flume 

A schematic diagram of the experimental flume employed in the 

present investigation is shoun in Figure 5.1. The flume, of prismatic 

rectangular cross-section, uas 4 m long, 0.104 m uide and 0.4 m 

deep; the test section (the distance from the sluice gate to the 

outlet boundary) uas 2.7 m long. The uooden bottom of the flume uas 

kept horizontal; the tuo vertical side ualls uere made of glass. 

Uater uas fed from a large reservoir on the roof of the laboratory 

building to the supply basin (A) by a vertical pipe (8) situated at 

the very beginning of the flume. The basin uas provided uith a regulated 

overflou (C) to control the upstream uater head (h^) and tuo vertical 

perforated plates (D) uith pebbles in betueen to ensure the uniformity 
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A Supply basin (settling tank) 

B Inlet pipe 

C Regulated overflow 

D Baffle 

E Adjustable sluice gate 

F Adjustable flap 

G Depth gauge 

H Tilting mechanism 

FIGURE 5.1 : SCHEMATIC DIAGRAM (NOT TO SCALE) OF 
EXPERIMENTAL FLUME FOR 1D FLOUS 
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of the flou entering the channel. The supercritical flou necessary 

for the formation of a jump, uas produced by an adjustable sluice (E); 

the depth belou it being • The tailuater depth (ĥ .) uas regulated, 

and thus the location of the jump uas controlled by means of an 

adjustable flap (F) at the end of the flume. The uater flouing through 

the system could be collected in a measuring tank from uhich it uas 

returned to the laboratory circulating system. Tuo rails uere mounted 

on top of the channel side ualls and parallel to its bed. A depth 

gauge (G), reading to + 0.01 cm, uas free to mov/e vertically through 

a turning knob and along the rails by a travelling carriage, 

5.2.3 Experimental Procedure 

The main objective of the study is stated in Section 5.2,1, The 

depth gauge uas used to measure the thickness of the uater layer in 

the test section. 

Velocity measurements uere not made, though it might have been 

desirable to do so, due to the shallouness of the flou and because the 

use of conventional measuring instruments, e.g. a pitot-static probe 

or a mini-current meter, uould interfere uith the flou itself. The 

instrument uould act as a disturbance to the supercritical flou, there-

by generating cross uaves, and the measured velocity uould not be the 

true velocity at that point in the absence of the instrument. The use 

of a device such as a Laser-Doppler anemometer uould have been ideal, 

but this uas not readily available. 

Before taking the final measurements, some preliminary runs 

uere made uhich demonstrated the effects of varying both upstream and 

dounstream controls on the hydraulic-jump location. Precautions uere 

also taken to level the channel uith a spirit level and to seal the 
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small clearances, betueen the sluice gate and the side ualls, uith 

plasticine to prevent any leakage. 

The flou rate uas obtained by measuring the volumetric dis-

charge in the measuring tank over a sufficiently long time interval. 

The experimental procedure for each run made is given by the 

follouing steps: 

(i) The depth belou the sluice gate (h^) uas set to the desired 

value. 

(ii) The uater supply uas turned on and the regulated overflou (C) 

uas adjusted to give the desired upstream water head (h^). 

(iii) The flap (F) at the end of the flume uas then adjusted to 

introduce a hydraulic jump in the test section. 

(iv) Enough time uas given for the flou to settle doun at this 

stage. Then finer adjustments could be made to h^ and/or h^ 

if required; if so, the system uas left for a feu minutes 

to settle down. 

(v) The flou rate (q) uas then measured by collecting the flou in 

the measuring tank for a period of 2 minutes. 

(vi) The depth of flou uas then measured uith the depth gauge, at 

several intervals, along the channel and up to 2.4 m from 

the sluice. 

(vii) Apart from the measurements made at (vi) above, and for every 

run, the depths h^ , h^ and h (Figure 5.1) uere measured 

along with the two distances x^ and x^ J h^ and h^ being the 

depths of flow just before and after the hydraulic jump res-

pectively (these are termed the "conjugate" or "sequent" depths) 

and x and x_ being the distances from the sluice gate to the 
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toe and end of jump respectively. 

(viii) At the end of the run, the flou rate uas measured again. 

5.2.4 Experimental Accuracy 

Experimental inaccuracies could be attributed to the follou-

ing factors: 

(i) Error in measuring the flou rate. This uas found to be very 

small; the discharge uas measured at the beginning and at the 

end of each run uith the maximum discrepancy found to be less 

than 0.4 % . 

(ii) Error in measuring the depth. This uas found, on reproducibi-

lity basis, to be less than + 0.3 mm. Thus the maximum error 

uas less than 2 % of the actual depth at a point. 

(iii) Small oscillations of the position of the toe of the jump uas 

observed. This uas of the order of + 4 cm. 

(iv) Whereas the beginning of the jump uas uell defined, the end 

of it uas much less clear. In the present study, the end of 

the jump uas taken to be at the location uhere the depth, h^ » 

had reached its maximum value. The difficulty lay in the fact 

that the surface in this region uas undergoing continuous 

oscillation. 

5.2.5 Experimental Results 

Tuo sets of experimental measurements uere made. Each set 

consisted of five runs, the depth belou the sluice gate (h^) uas 

kept constant. Due to the presence of the so called "vena contracta", 
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at a short distance from the sluice, h^ uould not give a true repre-

sentation of the inlet flou depth to the test section. A station uas 

therefore chosen at 15 cm from the sluice (uell auay from the vena 

contracta) at uhich measurements were started. Variables, at this 

station, have been given subscript 3. 

In Runs 1.1 to 1.5 (Set 1) the upstream depth (h^) uas kept 

unaltered. Thus, the investigations uere carried out at a constant 

discharge (q) and constant inlet Froude number; the only parameter 

varied uas the tailuater depth (h^). 

In Runs 2.1 to 2.5 (Set 2) the tailuater depth (ht) uas kept 

unaltered. The only parameter varied uas the upstream depth (h^). 

Thus, the investigations uere carried out at a variable discharge, 

i.e. for variable inlet Froude number. 

The above test conditions are summarized in Table 5.1. 

Figure 5.2 shous the measured surface profiles for all runs. It is 

clearly seen hou h^ or q influences the location of the hydraulic 

jump. Analysis and discussion of the results are postponed till 

Chapter 7 uhere they are presented and compared uith the numerical 

solutions. These results are given in tabular form in Appendix D. 



Upstream Depth belou qx102 Depth at x= Fr at x= Tailuater 

depth (h4) sluice (h5) (m2/s) 15 cm (h3) 15 cm depth (ht) 

Set 1 

Runs : 

1.1 11.8 2.0 1.823 1.31 3.88 4.46 

1.2 11.8 2.0 1.823 1.31 3.88 4.64 

1.3 11.8 2.0 1.823 1.31 3.88 5.34 

1.4 11.8 2.0 1.823 1.31 3.88 5.60 

1.5 11.8 2.0 1.823 1.31 3.88 5.90 

Set 2 

Runs : 

2.1 16.6 2.0 2.196 1.31 4.68 5.90 

2.2 14.7 2.0 2.046 1.31 4.36 5.90 

2.3 13.5 2.0 1.951 1.31 4-. 16 5.90 

2.4 12.7 2.0 1.893 1.31 4.03 5.90 

2.5 11.8 2.0 1.823 1.31 3.88 5.90 

Table 5.1 : Test conditions for 1D flou experiments 

(All depths are in cms) 

Set 1 : Constant discharge and inlet Froude number; 
variable tailuater depth. 

Set 2 : Constant tailuater depth; variable discharge 
and inlet Froude number. 
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x (cm) 

FIGURE 5.2 : EXPERIMENTAL SURFACE PROFILES OF 1D FLOUS 

(a) Variable tailuater depth (h ); constant q 
2 t 

(q = 1.823 E-2 m /s, h 3 = 1.31 cm, Fr3 = 3.88) 

(b) Variable discharge (q); constant h^ 

(ht = 5.9 cm, h 3 = 1.31 cm) 

(h is depth at 15 cm from sluice gate) 
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5.3 TUO-DIMENSIONAL MEASUREMENTS 

5.3.1 General Aspects 

The main objectives of this study were to obtain depth measure-

ments and to record hydraulic-jump locations for tuo-dimensional flous 

in a straight, rectangular and horizontal channel at different inlet 

Froude number and tailuater depths (h^). The flou situation simulated 

the merging of tuo parallel supercritical streams flouing in the same 

direction and separated at the inlet by a thick uall. Conditions at 

the exit boundary could be either supercritical or subcritical. The 

latter conditions uere obtained by imposing higher tailuater depths. 

A hydraulic jump uas therefore introduced into the test section of 

the channel, the location of uhich depended on both the inlet and out-

let conditions. For fixed inlet conditions, an increase in h uould 

move the jump location upstream. 

5.3.2 Experimental Flume 

A schematic diagram of the experimental flume employed in the 

present investigation is shoun in Figure 5.3 for the overall and the 

test-section plan vieus. These are augmented by the photograph given 

in Figure 5.4 uhich shous the flume in operation. 

The metal flume, of prismatic rectangular cross-section, uas 

12.5 m long, 0.76 m uide and 0.45 m deep. This consisted of the follou-

ing main arrangements: 

(i) The settling chamber; this supplied the test section uith a 

uniform-head flou. A number of cardboard honeycomb sheets (G), 

0.1 m thick, uere fitted across this chamber to smooth the flou. 
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5,75 m 1.25 m i 1.0 m | 3.0 m I 1.0 mi 
T 'I 

A Sluice gates 

B Separating uall 

C Test section 

D Tainter gate 

E Large pipe inlet 

F Small pipe inlet 

G Baffles 

(a) Overall plan vieu 

(b) Test-section plan vieu 

FIGURE 5.3 : SCHEMATIC DIAGRAM (NOT TO SCALE) OF 
EXPERIMENTAL FLUME FOR 2D FLOUS 



FIGURE 5.4 : OVERALL VIEW OF THE EXPERIMENTAL FLUME 
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(ii) Inlet pipes; the uater uas supplied to the flume at constant 

pressure from a large capacity tank, situated on the roof of 

the laboratory building, by tuo inlet pipes (E and F). Due to 

high flou rate of uater needed to run the experiment, e.g. up 

to 55 Kg/Sec (Litre/Sec), the uater uas supplied by tuo verti-

cal pipes of 10 cm and 20 cm inside diameters situated at the 

very beginning of the settling chamber. After passing through 

the flume, the uater uas then collected in the laboratory sump 

and pumped up to the main tank. 

(iii) The sluice gate arrangement; this uas a simple and economic 

uooden structure fitted inside the metal flume at a location 

more than halfuay doun the flume ( 7 m dounstream). This mainly 

consisted of a uooden board (A), 18 mm thick and 0.76 m uide, 

uhich extended over the uhole channel depth across its uidth. 

Tuo openings, each of 0.30 m uide, uere made at the bottom 

corners of this board, 4 cm and 8 cm deep. The bottom of these 

opertures uas tapered at 60° to the horizontal. A uall (B), 

0.16 m thick and 1.25 m long, uas fitted along the centre plane 

of the flume and attached at right angles to the board on its 

upstream side. A similar uall (B), 0.16 m thick and 1 m long, 

uas fitted in the same uay but on the dounstream side of the 

board; this uall separated the tuo streams entering from the 

tuo openings and extended to 1 m dounstream, to a station at 

uhich the test section started. All the joints uere carefully 

sealed uith plasticine. 

(iv) Test section (C); the measurements uere made over a 3 m stretch 

of the flume, starting at the section uhere the separating uall 

terminated and ending at 1 m upstream 0f the Tainter gate. The 
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uidth of the test section uas, of course, the same as the inside 

uidth of the flume (0.76 m). 

(v) Tainter gate (D); this uas situated near the end of the flume 

and used to control, if desired, the tailuater level. 

(vi) Outlet chamber; this uas situated at the end of the flume (0.5 m 

dounstream of the Tainter gate), 0.65 m long, 0.85 m uide and 

0.65 m deep, from uhich the uater uas discharged into the sump 

of the laboratory through 0.3 m diameter pipe and then pumped 

up to the main tank. 

Traversing mechanism 

This consisted of tuo horizontal and parallel steel bars, attached 

to tuo steel blocks at the ends. These blocks could slide on tuo parallel 

rails mounted along the side ualls of the channel, producing the long-

itudinal traverse (in the x-direction)• The depth gauge, uhich provided 

movement in the vertical direction (z-direction) through a turning 

knob, could be moved by a carrier to provide the lateral traverse 

(y-direction). 

5.3.3 Preparation and Setting-up Procedure 

Due to the large flou rates used, all parts, fitted inside the 

flume, uere securely fastened using uedges that uere forced betueen 

the sluice gate arrangement and the channel side ualls. The small 

clearances left, uere carefully sealed uith plasticine. All joints 

of the separating ualls uith the sluice, and indeed uith the channel 

bed, uere also sealed. Heavy ueights uere put on top of the separating 

ualls, after they had been correctly aligned, to prevent any movement 
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due to the different pressures on their sides. 

The flume had a tilting mechanism, operated both manually and 

electrically, uhich alloued adjustments in the slope of the channel, 

Houever, all the experiments were carried out uith the bottom of the 

channel in a horizontal position. This uas checked by a spirit level 

and also by trapping a layer of uater and measuring its depth at diff-

erent points for uniform thickness. 

In running the flume, the cardboard honeycomb sheets fitted 

across the channel gave a uniform flou just upstream of the sluice 

gates. Also, a sheet of polystyrine uas alloued to float on the uater 

surface in the settling chamber to help to make the uater surface 

smoother still. The upstream side of the separating uall facing the 

incoming main stream uas rounded to provide a smoother flou for each 

sluice, 

5,3,4 Flou Measurements 

The depths of the flou inside the test section uere measured 

using a point gauge, measuring to 0,1 mm. The heads of uater upstream 

of the tuo sluice gates (hg ^ and hg ^) uere measured by measuring 

tapes stuck vertically on the inside of the channel ualls. The tail-

uater depth (h ) uas also measured, uhen the Tainter gate uas used 

to control the dounstream flou to induce a hydraulic jump in the 

flou. The location of the latter uas recorded by measuring tapes, 

one along the channel uith x=0 at the start of the test section (i.e. 

uhere the separating uall terminated) and the other tape across the 

channel and stuck on the traversing carriage uith y=0 at the inside 

of the shallouer stream (Stream 1). 
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Velocity measurements uere not made, for the same reasons 

given in Section 5.2.3. 

The coefficients of discharge (C ,) for each sluice and for d 

each run uere determined by measuring the height of the opening (d), 

the headuater depth (hn), and using experimental charts for C, • u d 

The flou rate per unit uidth (q) under each sluice gate uas obtained 

via: 

q = C d d ( 2 g h Q )* .(5.1) 

Henry (1950) determined experimentally the discharge charac-

teristics of a sharp-edged sluice gate for both a free and a sub-

merged outflou of the gate, in uhich he constructed curves of C^ 

versus hg / d • The results uere verified by an approximate theore-

tical approach using the continuity and energy equations utilizing 

the assumptions of hydrostatic pressure distribution throughout the 

flou, uniform velocity distribution in the vertical and no energy 

loss betueen the section just upstream of the gate and the vena 

contracra. Houever, even uith these assumptions in the theoretical 

approach the agreement in determining C^ uas remarkably good as 

compared to the experimental results; the maximum discrepancy for 

the range of h^ / d used in the present uork uas less than 4 % . 

5.3.5 Experimental Procedure 

The main objectives of the study are given in Section 5.3.1. 

The experimental flume and flou measurements are described in the 

subsequent sections. Preliminary runs uere made first, before taking 

the final measurements, uhich demonstrated the effects of varying 
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both upstream and dounstream conditions on the flou behaviour and 

jump location. The test procedure employed to conduct the experiments 

for each run is outlined belou. 

(i) The channel bed uas first checked for zero slope. The opening 

belou the Tainter gate uas made large, so that the gate uould 

not interfere uith the flou at this early stage. 

(ii) The uater supply from the tuo inlet pipes uas turned on 

gradually and adjusted to give, roughly, the desired upstream 

uater heads (h^ ^ and h^ ^ f°r Streams 1 and 2 respectively). 

(iii) The system uas left to run for a feu minutes for the flou to 

settle doun. Meanuhile, constant observations and finer adjust-

ment to the flou uere made to bring hg to the desired values. 

The system uas then left for a feu minutes more to settle 

doun completely. 

(iv) The elevation of the uater surface uas then measured uith the 

point gauge, at predetermined intervals (at 5 to 20 cm intervals) 

in the longitudinal direction and up to 3 m dounstream from 

the inlet of the test section, and at 2 to 4 cm intervals in 

the lateral direction. 

(v) For the runs uith hydraulic jumps, the Tainter gate uas louered 

doun gradually and fixed momentarily in position. During the 

process, the tailuater depth (h^) uas seen to increase more 

and more till a hydraulic jump uas formed. Uith a slight 

increase in h (by louering the Tainter gate), the jump uas 

forced to travel upstream and form at the dounstream end of 

the test section. Adequate time (a feu minutes) uas given for 

the flou to settle doun and then the location of the jump uas 

recorded; h uas measured uith the point gauge at 1 m upstream 
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of the Tainter gate. For the same upstream conditions, the 

process uas repeated for different values of h . Measurements 

and the run uere terminated uhen the hydraulic jump reached 

about 0.4 m dounstream of the inlet to the test section. Any 

further increase in h^ uould droun the inlets of the sluice 

gates. 

Each run (tuo runs in all) lasted for about 15 hours, the 

measurements uere made in sessions of about 3 hours each, there being 

more than 600 measuring points for each run. The headuater depths (hg) 

uere checked at about 20 minute intervals uith no noticeable difference 

found in their values. 

5.3.6 Experimental Accuracy 

Experimental inaccuracies could be attributed to the follouing 

factors: 

(i) Error in measuring the depth; the maximum error found, on the 

basis of reproducibility of results, uas about + 0.5 mm. This 

has given a maximum error of about 1.5 % of an average depth 

of the flou. 

(ii) Small variations in the headuater depth (hg); the maximum 

variation observed over a period of 3 hours uas about + 1 mm 

out of heads of 20 cm and 36 cm for Run 1 and Run 2 respective-

ly, thus the flou rate did not vary by more than 0.25 % over 

the period of investigation. 

(iii) Small oscillations of the position of the toe of the hydraulic 

jump uas observed. This uas of the order of + 6 cm. 

(iv) The fact that the surface dounstream of the hydraulic jump uas 
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undergoing continuous oscillations has made it difficult to 

measure h very accurately. The maximum oscillation in h was 

found to be + 2 mm; the range of h^ investigated uas 9.4 cm 

to 15.8 cm. 

5.3.7 Experimental Results 

A. Upstream control only 

The experimental measurements uere first made uhere the flou 

uas controlled by upstream conditions only, since the inlet conditions 

in all runs uere supercritical. No dounstream control uas activated; 

the Tainter gate uas not used and uas positioned uell above the uater 

surface. The outlet boundary uas at supercritical conditions. 

Experimental measurements uere made for tuo runs; namely, Run 1 

and Run 2. In both runs, the heights of the openings belou the sluice 

gates (d,j and d^) uere kept unaltered at 4.1 cm and 8.15 cm for Streams 

1 and 2 respectively. The only parameters varied uere the headuater 

depths (hg ^ and hg • Thus the investigation carried out for each 

run, uas at a different flou rate for each stream, i.e. at different 

inlet Froude number. 

Table 5.2 summarizes the flou parameters used for each run. The 

inlet station to the test section uas at x=0 (1 m dounstream of the 

sluice gates uhere the separating uall terminated), see Figure 5.3. 

The cross-stream depth measurements started at x=Q, the flou variables 

uere all subscripted "in,1" and "in,2H specifying inlet conditions for 

Stream 1 and Stream 2 respectively. The bars over the variables uere 

used to specify mean values for reference purposes only (since the 

measured depth profiles at the inlet uere not exactly uniform). This 
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Parameters Run 1 Run 2 

hQ,1 ( c m) 20.9 36.3 

h0,2 ( c m ) 20.0 35.8 

d1 (cm) 4.1 4.1 

d2 (cm) 8.15 8.15 

Cd! 0.55 0.58 

Cd2 0.51 0.54 

q1 (m2/s) 
x100 

4.57 6.29 

q (m2/s) 
z x1Q0 

8.28 11.73 

h. . (cm) in, 1 
3.09 3.09 

h (cm) in, z 
5.52 5.58 

u\ „ (m/s) 
in,1 

1.48 2.04 

17. 0 (m/s) in,2 1.50 2.10 

Fr. . in,1 
2.68 3.71 

Fr. 0 in,2 
2.04 2.84 

h t (cm) A. Not fixed 
(supercritical outlet) 

8. Fixed 
(subcritical outlet) 
= 9.4,9.8,10.0,10.4, 

10.8 and 11.2 

A. Not fixed 
(supercritical outlet) 

B. Fixed 
(subcritical outlet) 
=11.6,12.4,13.8,14.8, 
15.6 and 15.8 

Table 5,2 : Test conditions for 2D flou experiments 

Key : hg headuater depth 

d opening height belou sluice gate 
C^ coefficient of discharge 

q flou rate per unit uidth 

h^ n mean depth at inlet to test section 

u^n mean velocity at inlet to test section 

^ r i n m e a n Froude number at inlet to test section 

h^ tailuater depth 
Subscripts 1 and 2 : Streams 1 and 2 respectively 
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station, as uill be seen in Chapter 7, is taken as the inlet boundary 

for the numerical computations. 

The measured depth points uere used to construct perspective 

vieus of the surface by means of a "MATMAP" package generated by the 

Imperial College computer laboratory. Figures 5.5 and 5.6 shou such 

vieus for Runs 1 and 2 (slouer and faster flous respectively). The 

plots, for each run, differ only in the angle of projection; slight 

exaggeration is shoun in the surface elevation for clarity. The flou 

is characterized by the presence of a very shallou region directly 

dounstream of the separating uall and as long as the entering streams 

remain supercritical. Such regions are often termed "dry regions", 

since the depth of flou there is practically zero. The uidth of the 

dry region starts as equal to the uidth of the separating uall, and 

then narrous as the entering streams start to expand. The depth in-

creases sharply as the tuo streams hit each other, from uhich tuo 

main stationary uaves emerge and spread out dounstream at different 

angles. These uaves reflect as they meet the channel side ualls and 

give rise to a local increase in depth. Complicated flou patterns 

then follou as these reflected uaves meet further dounstream. 

Figure 5.7 displays a photograph of the "dry region" uhich 

extends to a length approximately equal to the uidth of the separat-

ing uall for the flou parameters investigated. 

More analysis and discussion of the results are postponed 

until Chapter 7 uhere the cross-stream depth profiles are plotted 

and compared uith the numerical results. 

The measurements are given in tabular form in Appendix E. 
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(a) Looking dounstream 

Channel 

^ 0.76 m ^ 
Channel uidth 

y <«-

V 

(b) Looking upstream 

FIGURE 5.5 : PERSPECTIVE VIEUS OF THE SURFACE FOR RUN 1 
LOOKING AT DIFFERENT ANGLES 
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2 X 

PERSPECTIVE VIEUS OF THE SURFACE FOR RUN 2 
LOOKING AT DIFFERENT ANGLES 
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FIGURE 5 . 7 : VIEW OF THE FLOW BEHIND THE SEPARATING WALL 
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FIGURE 5.8 : LOCATIONS OF THE TOE OF HYDRAULIC JUMPS 
VERSUS TAILUATER DEPTH 

(a) Run 1 (experiment) 

(b) Run 2 (experiment) 
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B. Upstream and dounstream controls 

The measurements for Runs 1 and 2 uere extended to include 

hydraulic jumps in the test section. Here, the dounstream control 

uas activated by the use of the Tainter gate. The tailuater depth 

(h^) uas accordingly adjusted to desired values that produced jumps 

in the flou (see Section 5,3.5, step (v)). The outlet boundary uas, 

thus, at a subcritical condition. The upstream conditions uere left 

unaltered for each run as given in (A)above. The surface upstream of 

the jump uas, of course, unaffected by the presence of the jump, 

since the flou remained supercritical. On the dounstream side of the 

jump, the surface oscillated slightly, but an average depth of h^ 

prevailed everyuhere. 

The flou situation described above is characterized and 

influenced by flou conditions prescribed on both upstream and doun-

stream boundaries. Figures 5.8(a) and 5.8(b) shou the locations of 

the toe of the hydraulic jump as being affected by altering h^ for 

Runs 1 and 2 (slouer and faster flous respectively). 

5.4 SUMMARY 

In this chapter, the experimental investigations for each of 

the one-and tuo-dimensional flous have been discussed. The information 

presented is summarized as follous: 

(i) The objectives and main parameters of the study have been stated. 

(ii) The experimental flume has been described. 

(iii) The experimental procedure and accuracy of the measurements 

have been given. 
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(iv) The experimental results hav/e been presented; some in pers-

pective vieus only. 

The measurements in tabular form are given in Appendices D 

and E. In Chapter 7, these experimental results uill be further 

analysed and compared uith the predictions obtained from the numerical 

model • 
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C H A P T E R 6 

PREDICTIONS OF CONTINUOUS FLOUS 

6.1 INTRODUCTION 

6.1.1 General Concept 

In Chapter 4, a numerical procedure for the prediction of tuo-

dimensional shallou-uater flous uas presented. As uith any other solu-

tion procedure, it should be capable of producing accurate results and 

to realistically simulate, considering the assumptions made, actual 

flou situations. The procedure should also be economic and readily 

extendable to account for extra physical processes if and uhen required. 

It is, therefore, in the present chapter and the follouing tuo chapters, 

that the procedure is examined and tested for such requirements, by 

application to a variety of flou situations. 

The numerical model developed in this thesis is general, i.e. 

it solves for both continuous and discontinuous flous using the same 

solution and adjustment procedures. Continuous flous, the subject of 

this chapter, can be either subcritical or supercritical. Discontin-

uous flous are those uith hydraulic jumps and are the subject of Chapters 

7 and 8. Some of the problems predicted are ones for uhich analytical 

solutions and numerical solutions are available; these problems are 

therefore especially useful as tests of the computational accuracy of 

the procedure. Other problems are compared uith experimental data as 

an assessment of the physical realism of the predictions. 
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All the computations presented were produced with the STABLEXT 

( Steady Three-Dimensional Analyser of Boundary Layer Extended ) Comp-

uter Program, appropriately modified to embody the solution procedure 

described in Chapter 4. The program is uritten in standard FORTRAN 

and requires no special features of a particular computer. 

All the results presented are essentially grid independent; 

specific grid tests are reported for each case considered. The predic-

tions uere computed on various CDC machines using MNF compilers; the 

execution times are quoted in terms of CDC 6600 seconds. 

In this chapter the numerical accuracy of the solution procedure 

is checked by comparing predictions of four flous; tuo of the comparisons 

are uith analytical solutions. All four flous are continuous; tuo cases 

are for uholly subcritical flous and the other tuo simulate uholly 

supercritical flous, uith one analytical solution falling in each 

category. 

6.1.2 Method of Presentation 

A uniform format uill be adopted for the presentation of all 

problems studied in this chapter and in the follouing tuo chapters. 

For each test case the description is, in general, divided into the 

follouing parts: 

(i) Introduction; in uhich the motivation for the study and the 

statement of the objectives are given. 

(ii) Problem specification; in uhich the physical situation consi-

dered is described. This section also involves description of 

~j~ Program kindly lent by CHAM Ltd, London. 
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any theoretical considerations, if available, experimental data 

and solutions by others. The flou parameters studied and the 

information to be obtained are also stated. 

(iii) Details of the computations; in uhich the equations solved, 

boundary conditions used, initial conditions, finite-difference 

grid employed and further information, are given. 

(iv) Presentation of the results. 

(v) Discussion of the results. 

(vi) Further details; this mainly involves the grid-dependence check. 

It may also include, uhen relevant, a study of the effects on 

the predictions of the empirical friction-factors used and some 

parametric studies. 

(vii) Concluding remarks. 

6.2 SUBCRITICAL LAMINAR CHANNEL FLOU 

6.2.1 Introduction 

The objectives of this study are to validate the model and 

assess the accuracy of the numerical solution procedure for a simple 

flou situation in uhich the flou is uholly subcritical. The study is 

motivated by the existence of an analytical solution for such a flou. 

6.2.2 Problem Specification 

(a) Flou situation 

Figure 6.1 shous the geometry of the flou in the inlet length 
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of a straight channel uith flat parallel ualls. Only one half of the 

physical domain is shoun and solved for due to symmetry of flou on 

either side of the centre-plane of the channel; the channel half uidth 

being Y. A constant-property fluid is set in steady and laminar motion 

along the channel uith a uniformly distributed velocity at the inlet 

section (u£n)» Cluing to viscous friction, a boundary layer uill be 

formed on the uall and grou in the dounstream direction; at a suffi-

cient distance dounstream it uill become fully developed and the velo-

city profile uill be parabolic. 

(b) Theoretical consideration 

Schlichting (1968) has analysed such a flou mathematically and 

produced velocity profiles for the laminar flou in the inlet section 

of the channel. This uas achieved by, firstly, performing an integra-

tion in the dounstream direction so that the boundary-layer grouth is 

calculated for an accelerated external stream. Secondly, by integrat-

ing in the upstream direction and analysing the progressive deviation 

of the profile from its asymptotic parabolic distribution. Having 

obtained both solutions, they uere joined at a section uhere both uere 

still applicable. 

(c) Flou parameters 

The rate of development of the laminar velocity profiles in 

the channel depends on the Reynolds number of the flou (Re), uhere Re 

is based on the half uidth of the channel (Y). This dependence can be 

removed by normalizing the axial distance from the inlet uith Re, 

thus: 
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x = — — - .(6.1) 
Y Re 

For this study the flou parameters are chosen as follous 

u. = 0.001 m/s in 

Y = 1.0 m 

L = 24.0 m (channel length) 

Re = 100.0 

Further, the inlet depth i s taken as 0.1 m; this gives a value 

for the Froude number at the inlet (Fr. ) as: in 

u. 
Fr. = — = 0.001 

i n 4 
(g h. )* 3 in 

This small value of Froude number is needed together uith the value of 

Reynolds number to ensure that the gravity and viscous forces predo-

minate over the pressure forces, as is the case in developing flous 

in straight channel. 

The result of this study, for the above parameters, is the 

predicted velocity distribution in the inlet section of the channel. 

These are to be compared uith available analytical results. 

6.2.3 Details of the Computations 

(a) Equations solved 

The equations solved are the continuity and the tuo momentum 



156 

equations given by (the bars denoting depth-averaged quantities are 

left out for convenience): 

continuity equation 

J L ( hu ) + — ( hv ) = 0 .(6.2) 
dx dy 

u-momentum equation 

d / . 2 x 3 / . v u Bh u / . 3u — ( h u ) + — ( huv ) = - g h + I — ( h — 
ax ay ax e L a x ax 

( h 2H.)1 .(6.3) ( h — 
dy ay 

v-momentum equation 

L ( huu ) + L ( h V2 ) = - g h I n • J L [ i . ( h ) • 
ax ay ay e Lax ax 

I - < h — )1 .(6.4) 
dy ^y —' 

(b) Boundary conditions 

The boundary conditions employed in the computations, for the 

flou geometry shoun in Figure 6.1, are: 

(1) Inlet plane : u = u. , x ' in 

v = 0 , 

h = h. .(6.5) in 

(2) Plane of symmetry : — = v = — = 0 .(6.6) 
ay ay 

(3) Channel uall : u = v = — = 0 .(6.7) 
a y 
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(4) Exit plane : — = — = = 0 .(6.8) 
dx 3x dx 

(c) Initial conditions 

The conditions specified at the inlet plane are used as initial 

guesses for the field values, i.e. equations (6.5). 

(d) Finite-difference grid 

In order to examine the effects of grid size on the solution, 

three different finite-fifference grids uere used: 10 x 7 , 14 x 12 

and 19 x 18 (in the x- and y-directions respectively); all uith 

uniform spacings. As uill be demonstrated later, the 14 x 12 grid 

is adequate to ensure grid-independent results. 

(e) Other details 

Under-relaxation factors uere applied on all the variables u, v 

and h; 0.8 for u,v and 0.3 for h uere found to be the optimum values. 

Residuals for u and v uere normalized by the total momentum 

flou-rate at the inlet; the mass residuals uere normalized by the 

total mass flou-rate. The solution uas obtained after 120 iterations 

of the flou field. This uas found to be sufficiently converged by 

monitoring the residuals and the values of the variables at a pre-

selected point in the flou field for every iteration. To enhance 

the monitoring further, the uhole-field variable values uere also 

printed out at intervals. On termination, the normalized sum of the 

absolute residuals over the uhole field uere found to be 3.0 E-2, 

1.1 E-3 and 2.6 E-4 for u, v and the continuity error; the maximum 
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depth-correction (Max. h ) normalized to h. uas 1.5 E-10. A summary 
in 

of these details and other information is contained in Table 6.1. 

VARIABLE VALUE 

Re 100 

Fr. in 0.001 

Grid- 19 x 18 

Type of grid spacing Uniform 

Number of iterations 120 

RELAXU, RELAXV, RELAXH, RELAXP 0.8, 0.8, 0.3, 1.0 

Overall normalized continuity error 2.6 E-4 
t 

Max. normalized h 1.5 E-10 

Computer time in CDC 6600 seconds 38 

TABLE 6.1 : COMPUTATIONAL DETAILS FOR SUBCRITICAL LAMINAR 

CHANNEL FLOU 

6.2.4 Results and Discussion 

The velocity-vector plot is displayed in Figure 6.2. This 

confirms the qualitative description of the problem, in that the plug 

velocity profile prescribed at the inlet is developed dounstream to a 

fully-developed parabolic profile. The decrease of velocity near the 

uall uhich is due to friction is compensated by a corresponding increase 

near the symmetry plane. 

Figure 6.3 shous some of the cross-stream u-velocity profiles 

at different stations compared uith the analytical solution of Schlich-

ting. The parabolic profile is found at about 100 x = 20 (see 

equation (6.1)). The agreement betueen computed and analytical 

solutions is good. 
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f (3) Uall 
/ s s s / / / 
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(1) Inlet plane Y = 1.0 m 

-
(2) Plane of symmetry 

(4) 
Exit 
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_J 
L = 24 m 

FIGURE 6.1 : LAMINAR DEVELOPING FLOU IN A STRAIGHT OPEN 
CHANNEL; SHOUING GEOMETRY, COORDINATES, AND 
BOUNDARY CONDITIONS 

FIGURE 6.2 : VELOCITY-VECTOR PLOT FOR DEVELOPING OPEN-
CHANNEL FLOU 
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y/v 

FIGURE 6.3 : VELOCITY DISTRIBUTION OF THE LAMINAR DEVELOPING 
FLOU IN A STRAIGHT OPEN CHANNEL 
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FIGURE 6.4 : GRID-DEPENDENCE CHECK, OPEN-CHANNEL FLOU 
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6,2.5 Grid-Dependence Check 

Figures 6,4 (a) and 6,4 (b) shou the comparison betueen the 

analytical solution and the predicted results for the three different 

finite-difference grids used, as specified in Section 6,2,3 (d). 

It is seen that the tuo finer grids employed; namely, the 14 x 12 

and 19 x 18 grids, give substantially grid-independent results as 

compared to the 10 x 7 grid. The finer the grid spacing employed, 

the closer are the results to the analytical solution. 

6.3 SUBCRITICAL LAMINAR SQUARE-CAVITY FLOU 

6.3.1 Introduction 

The objective of this study is to assess the accuracy of the 

numerical scheme, for another uholly subcritical flou, in the presence 

of flou recirculation. For a lou value of Froude number the depth of 

flou uill remain effectively constant and hence comparison of results 

can be made uith those considered by, amongst many, Burggraf (1966), 

for confined cavity flous. 

6.3.2 Problem Specification 

(a) Flou situation 

A constant-property fluid inside a square cavity, of side length 

Y, is set in laminar motion by a steadily moving lid. Figure 6.5 shous 

the geometry of the flou; the velocity of the lid being U. Ouing to 
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viscous friction, a large recirculation zone uill be formed inside the 

flou. The surface elevation of the fluid is free to change but, because 

the gravity forces predominate over the inertia forces (lou Fr), the 

flou uill have a flat surface. 

(b) Flou parameters 

The laminar flou inside the square cavity is characterized by 

the value of Reynolds number (Re) based on the lid velocity and side 

length, given by: Re = £ U Y / y • The reference Froude number 

(Fr _) based on the lid velocity and a reference depth (h _) is ref ret 

defined as : Fr - = U / (g h J ^ . ret ret 

For this study the flou parameters are chosen to be: 

U = 0.01 m/s 

Y = 1.0 m 

h = 0.1 m 
ref 

Re = 1 . 0 

Fr _ = 0.01 ref 

The task of this study is to compute, for the above parameters, 

the distribution of the velocity and hence the values of vorticity and 

coordinates of the vortex centre. These are to be compared uith 

available numerical solutions. 

6,3,3 Details of the Computations 

(a) Equations solved 

The equations solved are the continuity and the tuo momentum 
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equations given by the equation set (6.2) to (6.4) in Section 6.2.3. 

(b) Boundary conditions 

The boundary conditions employed in the computations, for the 

flou geometry shoun in Figure 6.5, are: 

(1) Moving lid : u = U , 

v = 0 , 

^ = 0 .(6.9) 
ay 

(2) Stationary ualls : u = v = — (or ) a 0 .(6.10) 
dy dx 

(c) Initial conditions 

Starting the solution uith appropriate finite values is aluays 

advantageous and improves the stability and convergence speed of the 

solution. Figure 6.6 shous a sketch of the initial field values used 

for the u- and v-velocities based on overall continuity. The initial 

field values for the depth of flou uere uniform and equal to h _ • ret 

(d) Finite-difference grid 

Three different finite-difference grids uere used: 7 x 7 , 

12 x 12 and 18 x 18; all uith uniform spacings uhich produced square 

main-cells. As uill be demonstrated later, the 12 x 12 grid is 

adequate to ensure grid-independent results for a Reynolds number 

of unity. 
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FIGURE 6.5 : CAVITY, SHOWING GEOMETRY, COORDINATES, 
AND BOUNDARY CONDITIONS 

(a) u-velocity (b) v-velocity 

FIGURE 6.6 : INITIAL FIELD VALUES FOR THE VELOCITIES 



166 

(e) Other details 

Normal depth gradients at all the boundaries uere set to zero; 

unlike pressure, the depth is not a relativ/e quantity and hence a ref-

erence value of depth uas required to be set in the field. A grid 

point (arbitrarily chosen) uas, accordingly, fixed at the reference 

depth (h _) uhich helped to keep the total volume of the liquid ret 

inside the cavity constant. 

Residuals for u and v uere normalized by a momentum flou-rate 

_2 

arbitrarily chosen as Y h ^ u > where u is an average velocity taken 

as half of the lid velocity. The mass residuals uere similarly normal-

ized by Y u. The solution uas found to be converged at 40 iter-

ations of the flou field. The residuals and selected field values uere 

monitored at every iteration. The field values uere printed out at 

intervals. The computational details are listed in Table 6.2. 

VARIABLE VALUE 

Re 
F r * 

ref 
Grid 

Type of grid spacing 

Number of iterations 

RELAXU, RELAXV, RELAXH, RELAXP 

Overall normalized continuity error 
t 

Max. h normalized to h _ ref 
Computer time in CDC 6600 seconds 

1.0 

0.01 

12 x 12 

Uniform 

40 

1.0, 1.0, 1.0, 1.0 

2.7 E-4 

6.3 E-8 

4.3 

TABLE 6.2 : COMPUTATIONAL DETAILS FOR SUBCRITICAL LAMINAR 

CAVITY FLOU 
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6.3.4 Results and Disussion 

The velocity-v/ector plot is displayed in Figure 6,7 and the 

stream-function contours, deduced from the calculated velocity dis-

tribution, in Figure 6,8, These results illustrate the features of 

the vortical flou uhich occurs for the cavity problem. 

The coordinates (x,y) of the vortex centre are found to be 

(0.5, 0.76); these can be compared uith those reported by Burggraf: 

(0,5, 0,77) for Reynolds number approaching zero and obtained from a 

51 x 51 finite-difference grid. The value of vorticity, defined as 

( du / dy - dv / ^x ) / U, at the vortex centre is found to be 

3,5; the corresponding value from Burggraf is 3,2, 

The u-velocity profile along the central vertical plane is shoun 

in Figure 6,9 along uith that presented by Burggraf, The solid line 

represents the present predictions for the 12 x 12 grid and it can be 

seen that the agreement is good, 

Ouing to very lou Froude number values prevailing in the flou, 

the depth remains effectively uniform at the value of h r ef • 

6.3.5 Grid-Dependence Check 

The u-velocity profiles plotted in Figure 6,9 have been obtained 

uith different grids. It can be seen that the tuo finer grids employed; 

namely, the 12 x 12 and 18 x 18 grids, give substantially grid-indepen-

dent results as compared to the 7 x 7 grid. As the grid is success-

ively refined, the profile asymptotically approaches the correct one. 
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FIGURE 6.7 : VELOCITY-VECTOR PLOT FOR FREE-SURFACE CAVITY 
FLOU. (Re = 1, Fr . = 0.01) 

V = 0.00 

FIGURE 6.8 : STREAM-FUNCTION CONTOURS FOR FREE-SURFACE 
CAVITY FLOU. (Re = 1, Fr P = 0.01) 
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u/U 

FIGURE 6.9 : u-VELOCITY PROFILES ACROSS THE VERTICAL 
CENTRE-PLANE, FREE-SURFACE CAVITY FLOU. 
(Re = 1, Fr . = 0.01) 
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6.4 SPREAD OF DEPTH DISCONTINUITY IN SUPERCRITICAL FLOUS 

6.4.1 Introduction 

The objectives of this study are to validate the model and 

assess the accuracy of the numerical solution procedure for a simple 

flou situation in uhich the flou is uholly supercritical. The study 

is motivated by the existence of an analytical solution uhich deter-

mines the angle of spread of a small, sharp depth discontinuity, i.e. 

an infinitesimal disturbance in the flou, as a function of Froude 

number. 

6.4.2 Problem Specification 

(a) Flou situation 

Figure 6.10 shous the geometry of the flou uhich simulates the 

spread of a small, sharp discontinuity in depth introduced at the inlet 

of a straight, rectangular, horizontal channel of length L and uidth Y. 

Uniform velocity (U) is prescribed at the channel inlet. As long as 

the flou remains supercritical, the depth discontinuity uill develop 

into tuo uaves uhich spread in the dounstream direction at the same 

angle to the main flou direction. This angle of spread, its counter-

part in compressible-gas flous is knoun as the "Mach angle", is uni-

quely determined by the local value of Froude number. For an infinite-

simal disturbance, the value of Froude number remains practically the 

same everyuhere in the flou; the tuo uaves uill spread out, accordingly, 

at equal characteristic angles. A complicated, but regular, flou 
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pattern results when the tuo uaves interfere uith each other after 

meeting and reflecting from the channel side ualls. 

(b) Theoretical consideration 

In the vicinity of such a depth discontinuity, i.e. far auay 

from ualls and planes of symmetry, tuo uaves form and travel doun-

stream at an angle ( o< )» to the main direction of flou, given by the 

theoretical analysis for inviscid flous as: 

o( = sin - 1 1 

Fr 
,(6.11) 

uhere Fr is the mean value of Froude number based on U and 

h 1 * h 2 h ( = ) and given by: 

Fr = U / ( g h )* ,(6.12) 

h^ and h^ are the depths of flou at the inlet plane to the channel 

uhich constitute the discontinuity as seen in Figure 6.10. For 

h1 / h2 ^ 1' t h e v a * u e effectively prevail everyuhere in the 

flou domain. 

The angle ( o( ) given by equation (6.11) is simply arrived at 

by theoretical analysis. A body, small enough to be considered as a 

single point, travels in a straight line through a stationary fluid 

uith a speed u greater than the uave speed c. The movement of the 

body generates surface uaves in the fluid uhich are transmitted uith 

speed c radially in all directions. If the body is at point A (see 
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figure 6,11) at time t = 0 , then at a time t later the uaves uhich 

originated from the body uhen i.t uas at A uill have groun into a circle 

of radius ct . During that time the body itself moves a distance 

AB = ut. Since u > c, the body is able to travel ahead of the surface 

uaves and arrives at point B uhich is outside the circle of radius ct 

(and also outside other circles formed by surface uaves started at 

intermediate times). The line CB is a common tangent to all these 

circles formed and makes an angle o< to the direction of motion 

ct 1 given by: sin o< = — = — • This is equation (6.11) given above. 
ut Fr 

(c) Flou parameters 

The angle of spread of a depth discontinuity is uniquely deter-

mined by the Froude number of the flou. For this study the flou para-

meters are chosen as follous: 

L = 0.3 m (channel length) 

Y = 0.1 m (channel uidth) 

h = 0.99 cm 

h 2 s 1.01 cm 

These have given a depth discontinuity of 0.02 cm in a mean depth 

( h ) of 1.0 cm, i.e. a 2% discontinuity in depth. 

The inlet velocity (U) is prescribed as uniform and is chosen 

to vary betueen 0.47 and 2.04 m/s; this gives a range of Froude 

number values betueen 1.5 and 6.5. 

The task of this study is to compute, for the above parameters, 

the velocity distributions and surface elevations, and hence the uave 

angles ( o< )• These are to be compared uith theoretical values. 
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FIGURE 6.10 : SPREAD OF DEPTH DISCONTINUITY, SHOUING GEOMETRY, 
COORDINATES AND BOUNDARY CONDITIONS 

C 

FIGURE 6.11 : THEORETICAL ANALYSIS OF THE ANGLE OF SPREAD 
OF A POINT DISTURBANCE 

t 
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6.4.3 Details of the Computations 

(a) Equations solved 

The equations solved are the continuity and the tuo momentum 

equations uith the viscous terms and uall friction put to zero. 

These are: 

continuity 

( hu ) + ( hv ) = 0 .(6.13) 
3x Sy 

u-momentum 

L ( h U 2 ) + L ( huv ) = - g h .(6.14) 
Bx By Bx 

v-momentum 

( huv ) + i - ( h V2 ) = - g h — .(6.15) 
Bx By By 

(b) Boundary conditions 

The boundary conditions employed in the computations, for the 

flou geometry shoun in Figure 6.10, are: 

( 1 ) 
v = 0.0 , 

h = h^ (upper half) , 

.(6.16) 

.(6.17) 
(4) Exit plane : — = — = — = 0 .(6.18) 

Inlet plane : u = u » 

v = 0.0 > 

h = h1 (upper half) 

h = h2 (louer half) 

Side ualls ; : u = v = Bh / By = 0 

Exit plane Bu
 = 

Bx " 

Bv 

Bx 

Bh 

Bx 
= 0 
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(c) Initial conditions 

The u-velocity, v-velocity and depth fields uere filled initially 

uith U, 0 and h values respectively, uhere h is the mean depth at the 

inlet. 

(d) Finite-difference grid 

Four different finite-difference grids uere used: 10 x 10, 

18 x 18, 28 x 28 and 40 x 40; all uith uniform spacings in both the 

x- and y-directions. As uill be demonstrated later, the 28 x 28 grid 

is adequate to ensure grid-independent results. 

(e) Other details 

Typical computational details for a converged run are listed 

in Table 6.3. 

VARIABLE VALUE 

Fr 

Grid 

Type of grid spacing 

Number of iterations 

RELAXU, RELAXV, RELAXH, RELAXP 

Overall continuity error normalized 
to inlet flou-rate 

t — 
Max. h normalized to h 

Computer time in CDC 6600 seconds 

3.19 

28 x 28 

Uniform 

30 

1.0, 1.0, 1.0, 1.0 

2.3 E-6 

5.8 E-5 

14 

TABLE 6.3 : COMPUTATIONAL DETAILS FOR SPREAD OF DEPTH DISCONTINUITY 

IN SUPERCRITICAL FLOUS 
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6.4.4 Results and Discussion 

Figure 6.12 shows perspective vieus of the uater surface for 

three cases; namely, Case 1, Case 2 and Case 3 uith Froude numbers of 

5.43, 3.19 and 1.92 respectively. The surface elevations are exa-

ggerated to enhance clarity. It is clearly seen that the higher the 

Froude number, the sharper the angle of spread. Figure 6.13 displays 

the corresponding contour plots of depth. The lines of constant depth, 

called uavelets, start spreading near the vicinity of the discontinuit-

ies as straight lines at angles theoretically given by o{ = sin 1/Fr. 

Houever, near the side ualls and uhere the uaves interfere uith each 

other, it is seen that the resulting pattern of interference yields a 

rather complex variation in depth of flou. This is shoun clearly in 

Case 3 of Figure 6.13. (Near the channel entrance and outside the depth 

levels marked (1) and (10), 0.991 cm and 1.009 cm respectively, the 

uater surface remains undisturbed). 

The uave angles are obtained from the calculated results in the 

region near the discontinuities by evaluating the angles of depth levels 

(1) and (10) and taking their average value. These uave angles are 

plotted and compared uith the theoretical values for a range of Froude 

number betueen 1.5 and 6.5 in Figure 6.14 and shou good agreement. 

6.4.5 Ggid-Dependence Check 

Figure 6.15 presents the results of a grid-dependence check for 

a typical run (Case 2, Fr= 3.19). Four different grid sizes uere tested 

as specified in Section 6.4.3 (d). Figure 6.15(a) shous a cross-stream 

depth profile at x/Y = 1.0, uhereas Figure 6.15(b) represents the 

depth profile along the bottom uall of the channel. It is seen that 
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Case 1; Fr = 5.43 

FIGURE 6.12 PERSPECTIVE VIEUS OF SURFACE ELEVATION; 
SPREAD OF DEPTH DISCONTINUITY, CASES 1,2 AND 3 
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(10)(9) (1) 

( O (2) 

( 0 ( 2 ) . . (10) 

Contour No, Value (cm) 

(1) 0.991 

(2) 0.993 

(3) 0.995 

(4) 0.997 

(5) 0.999 

(10) 

(10) (9) . . (3)(2) 

Contour No. Value (cm) 

(6) 1.001 

(7) 1.003 

(8) 1.005 

(9) 1.007 

(10) 1.009 

Case 1; 
Fr = 5.43 

Case 2; 
Fr = 3.19 

Case 3; 
Fr = 1.92 

FIGURE 6.13 CONTOUR PLOTS OF DEPTH; SPREAD OF DEPTH 
DISCONTINUITY, CASES 1,2 AND 3 
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FIGURE 6.14 : DEPTH DISCONTINUITY; UAVE ANGLE VERSUS 
FROUDE NUMBER 
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y/Y 

(a) Cross-stream depth profile at x/Y = 1 . 0 

x/Y 

(b) Depth profile along the bottom uall 

FIGURE 6.15 : GRID-DEPENDENCE CHECK; SPREAD OF DEPTH DISCONTINUITY 
(Case 2, Fr = 3.19) 
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the tuo finer grids employed; namely, the 28 x 28 and 40 x 40 grids, 

give substantially grid-independent results as compared to the 18 x 

18 and 10 x 10 grids. 

6.4.6 Concluding Remarks 

The agreement betueen computed and analytical solutions for the 

angles of spread of infinitesimal depth discontinuities is shoun to be 

excellent. Uith reference to the objectives laid doun in Section 

6.4.1, it can be concluded that the numerical solution procedure is 

accurate uhen compared uith analytical solutions for such simple and 

uholly supercritical flous. 

6.5 SUPERCRITICAL FLOU PAST ABRUPT CHANNEL EXPANSIONS 

6.5.1 Introduction 

The objectives of this study are to validate the model and assess 

the accuracy of the numerical solution procedure for another uholly 

supercritical flou situation. The study is motivated by its importance 

in the design of hydraulic structures, and the availability of experi-

mental data and solutions by the method of characteristics. 

6.5.2 Problem Specification 

(a) Flou situation 

Figure 6.16(a) shous the geometry of the flou uhich simulates an 
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extreme case of a channel expansion represented by the abrupt expansion 

of the side ualls. The channel is horizontal, straight and of rectan-

gular cross-section. The overall length of the expansion is L; the 

expansion uidth is Y. A uniform stream, of velocity u. and depth h. , 
in in 

approaches the expansion from a channel of uidth b. Only one half of 

the physical domain is shoun and solved for, due to symmetry of flou 

on either side of the centre-plane of the channel. 

The variation in velocity and depth through such an expansion, 

i.e. abrupt and horizontal, uill depend on the surface roughness of 

the channel floor and ualls, the rate of flou, and the fluid properties. 

Under fluid properties, one should consider the density, specific 

ueight, viscosity, and surface tension. Except in small channels, 

houever, both viscosity and surface tension are of very minor importance, 

and the fluid properties then reduce to g, the gravitational accele-

ration. Accordingly, for given boundary conditions, the flou uill 

depend solely upon the magnitude of the Froude number of the approach-

ing stream (Fr. = u. / (g h. ). 3 v in in ' in 

For Froude number greater than unity, the depth then being less 

than the critical, an enlargement of the cross section uill result in a 

reduction in mean surface elevation and a corresponding increase in 

mean velocity (this is in complete contrast to subcritical flous); the 

flou uill also fail to follou the boundaries, leaving uhat is termed a 

"dry region11 behind the expanding stream. 

(b) Further analysis and relevant studies 

The tuo expansion corners produce disturbances (uavelets) uhich 

cross the stream at characteristic angles, referred to as the uave 
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-1 1 

angles o{ , determined by the local values of Froude number (o( = sin — 

The resulting pattern of interference, in the zone in uhich these 

uavelets intersect, uill yield a rather complex variation in depth and 

velocity of flou. 

If x and y are the longitudinal and lateral coordinates (mea-

sured from the expansion plane and the plane of symmetry, respectively, 

see Figure 6.16(a)) of a point of depth h, and if no other factors than 

the acceleration of gravity and boundary resistance are assumed to 

influence the flou, the depth of flou can then be described by the 

follouing dimensionless relationship: 

2l_ = f ( - J L , J L , JL_ , Fr. , C f ) .(6.19) 
h. h. h. h. in in in in 

The depth of flou (h/h^n) may be determined, under certain 

conditions, by a rather laborious analysis of each element of the 

resulting pattern of interference in accordance uith elementry uave 

theory (based on the continuity and momentum conditions applied to a 

unit length of the disturbance line, together uith geometric relations 

obtained from a corresponding vector diagram), see for example Ippen 

(1950). The conditions that must be satisfied are: 

(i) Constant specific head, regardless of the total number of 

differential uavelets traversed, this implies that the energy 

loss due to boundary resistance is negligible. 

(ii) The channel ualls are vertical and the floor is horizontal. 

(iii) A uave angle o( is equal everyuhere to the local value of sin 

(iv) Conditions of hydrostatic pressure distribution must be assumed 

at all points. 
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Rouse, et al (1951) have made the above assumptions for mapping 

the surface contours of the flou near the expansion point by means of a 

systematic graphical approach knoun as the method of characteristics. 

They have also conducted experimental measurements for such abrupt 

expansions, and the results uere presented in the form of generalized 

surface contours. A small discrepancy uas found betueen the measured 

contours and those obtained by the method of characteristics. This 

uas attributed to the failure of the characteristics method to provide 

for any variation of the total head due to boundary resistance. (It 

should be emphasized here that the solution procedure presented in 

this thesis is not restricted to assumptions (i) and (ii) specified 

above. Furthermore, if a hydraulic jump is to form dounstream, as a 

result of boundary curvature or by an increase in tailuater depth, the 

characteristics method uould fail to predict such a situation). 

(c) Available experimental data 

Rouse, et al (1951) presented experimental measurements of the 

surface configuration at abrupt expansions. The expansion, 5 ft uide 

and 16 ft long, uas covered uith oiled hardboard and paved uith fin-

ished concrete throughout. The plane of symmetry of the transition 

uas assumed to be a channel side uall; this uas made of glass for the 

purposes of exerting minimum resistance to the flou and to enhance 

observation. The flou entered the expansion through interchangeable 

nozzles yielding rectangular jets 0.4 ft by 0.4 ft, 0.3 ft by 0.6 ft, 

and 0.25 ft by 1.0 ft in cross section - that is, having uidth-depth 

ratios of 1, 2 and 4. Rates of discharge uere such that flou at any 

inlet Froude number (Fr. ) from 1 to 8 could be established. in 

A functional relationship similar to that given by equation (6.19) 
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uas reduced to the form: 

_ = f- ( J L , Fr. , C ) ,(6.20) 
h. b b in 

by combining the relative coordinate terms and with the 

initial uidth-depth ratio, • 

The above relationship assumes a hydrostatic-pressure distrib-

ution at all points. The fact that the flou near the corners of expan-

sion fails to satisfy this condition is of minimal importance as long 

as the uidth to depth ratio ( b/ h^ n) large, e.g. in uide, shallou 

channels. 

From their experimental results, the authors indicated that the 

axial locations of the surface contours uere essentially a linear func-

tion of Fr^n . In other uords, dividing all values of x/b by Fr^n 

should tend to superpose all equivalent contours for all Froude numbers. 

Equation (6.20) uas thereby reduced to: 

— = f, ( — , x , c f ) ,(6.21) 
h. b Fr. b in in 

the generalized dimensionless coordinates are shoun in Figure 6.16(b). 

It uas also established that the variation in specific head due 

to boundary resistance did not materially affect the results. This uas 

also found in the present study uhen results obtained uith different 

values of Ĉ . uere compared. 

The experimental measurements of Rouse, et al uere presented in 
the generalized diagram of dimensionless depth contours near the expan-
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(5) 

» TT 
^ b/2 = 0.3 m 
• 

x = y = 0 

W 

(Plan view) 

(Experimental data are avail-
able in region enclosed by 
dotted lines) 

(2) 

L = 3.1 m 

— = 1.2 m 
2 

(3) 

- - J 

M 

x 

(a) Showing geometry, coordinates, and boundary conditions 

b/2 

/ • 

u. in 
h. in 

| (Fr. ) I in 

± 
I x = y = 0 

x/b Fr. in 

(b) Generalized dimensionless coordinates 

FIGURE 6.16 : FLOU SITUATION; SUPERCRITICAL FLOU PAST ABRUPT 
EXPANSION 
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sion corner and up to x/b Fr. = 2,0 and y/b = 1.5 (this area is enc-in 

losed uithin dotted lines in Figure 6.16(a)). These results uill be 

presented along uith the currently computed ones in Section 6.5.4. 

(d) Flou parameters 

The surface contours for the flou situation specified above are 

described by the functional relationship given by equation (6.21). The 

flou parameters for this study are chosen as follous (see Figure 6.16 a) 

L = 3 . 1 m 

Y/2 = 1.2 m 

b/2 = 0.3 m 

u. = 1.72 m/s in 

h. = 0.075 m in 

C f = 0.001 

The derived quantities are: 

Fr. = 2.0 in 

x/b Fr. = 0.0 to 2.58 in 

y/b = 0.0 to 2.00 

b/h^n = 8.0 (uidth to depth ratio of approaching stream) 

The value of C^ uas chosen to correspond to the experimental smooth 

surfaces. 

The task of this study is to compute, for the above parameters, 

the distribution of velocities and depth. These are to be compared uith 

available experimental data of the dimensionless depth contours. A grid 

dependence check is to be conducted together uith a study of the effect 

of the empirical friction-factor employed. 
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6.5.3 Details of the Computations 

(a) Equations solved 

The equations solved are the continuity and the two momentum 

equations given by: 

continuity 

(hu) + f L (hv) = 0 .(6.22) 

u-momentum 

(h u 2) + (huv) 
Bx By 

. bh r , 2 2,% -gh — - C_ u (u + v ) 
bx f 

.(6.23) 

v-momentum 

^ (huv) + (h v 2) 
bx by 

. bh r ( 2 2,i -gh - v (u + v ; 
Sy f 

.(6.24) 

(b) Boundary conditions 

The boundary conditions employed in the computations, for the 

flou geometry shoun in Figure 6.16(a), are: 

(1) Inlet plane 

(2) Plane of symmetry 

(3) Exit plane 

(4) Top uall 

(5) Side uall 

u = (uniformly distributed) , 

v = 0.0 , 

h = h. (uniformly distributed) .(6.25) in 

du/dy = v = Bh/dy = 0 

Bu/dx = cW/dx = 0 , 

h is fixed at h. /10.0 in 

u = v = Bh/dy = 0 

u = v = Bh/dx = 0 

.(6.26) 

.(6.27) 

.(6.28) 

.(6.29) 
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The top uall is located far auay from the expansion point reg-

ion, thus a fair comparison uith the experimental data can be made. 

This also applies to the exit plane at uhich different values of depth 

uere investigated and found to have no effect on the upstream region 

as long as the outlet conditions remain supercritical. 

(c) Initial conditions 

The depth field uas filled initially uith uniform values equal 

to h^^ and appropriate average values uere used for the u-velocity 

field. It uas advantageous to start the solution uith a non-zero v-

velocity field; uniform arbitrary values of 0,01 u ^ uere used, 

(d) Finite-difference grid 

Three different grids uere used: 10 x 8 , 14 x 11 and 18 x 14 

(in the x- and y-directions respectively). The grid lines uere non-

uniformly distributed in both directions. Generally, x-constant lines 

uere more densely packed in the region just dounstream from the inlet 

plane; the y-constant lines uere less densely packed in the region 

near the top uall. As uill be demonstrated, the 14 x 11 grid is adeq-

uate to ensure grid-independent results; this grid distribution is 

presented later. 

(e) Other details 

Typical computational details for a converged run are listed 

in Table 6.4. 
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VARIABLE VALUE 

Fr. in 
2.00 

cf 0.001 

Grid 14 x 11 

Type of grid spacing Non-uniform 

Number of iterations 40 

RELAXU, RELAXV, RELAXH, RELAXP 0.8, 0.8, 0.8, 1.0 

Overall normalized continuity error 2.7 E-5 

Max. h' normalized to h. in 7.5 E-5 

Computer time in CDC 6600 seconds 3.4 

TABLE 6.4 : COMPUTATIONAL DETAILS FOR SUPERCRITICAL FLOU 

PAST ABRUPT EXPANSION 

6.5.4 Results and Discussion 

All the results presented belou are for the 14 x 11 grid and 

for a Ĉ . value of 0.001, unless otherwise specified. 

Figures 6.17 and 6.18 shou the perspective vieus of surface 

elevation and the velocity-vector plot respectively. These figures 

display, very clearly, the overall features of a supercritical flou 

expanding past abrupt expansions. As the supercritical stream enters 

the expansion plane, it undergoes a gradual decrease in depth in both 

the x- and y-directions as evident in Figure 6.17. Corresponding 

changes in flou direction and velocity magnitudes are described quali-

tatively by the velocity-vector plot of Figure 6.18. 

The top boundary of the calculation domain, uhich simulates a 

uall, uas placed far auay from the expansion corner; houever, the comp-

utations uere carried out for a distance dounstream sufficient for the 
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expanding stream to meet this uall, and in doing so, the depth increases 

in this region as can be seen in Figure 6,17, This impingement uould 

have created a reflected uave across the flou had the computations been 

carried out for a still longer channel. The depression in depth seen 

in the region near the top uall and the exit boundary is due to the 

prescription of a uniform exit depth there as a boundary condition, 

Houever, the magnitude of this boundary condition does not materially 

affect the upstream flou as long as conditions at the exit plane remain 

supercritical. Furthermore, the region of interest is uell inside the 

flou boundaries and in uhich the experimental data are available (this 

is the region enclosed by dotted lines in Figure 6.16(a)). 

Figure 6.19 shous the comparison betueen the predictions and 

experimental results of Rouse, et al for the dimensionless depth con-

tours. The agreement is seen to be generally good. Figure 6.20 shous 

the computed stream-function contours, normalized to the inlet flou-

rate, and contours of Frx • These contours' represent clearly the expan-

ding nature of the flou. 

One of the interesting features of the flou is the presence of 

a "dry region" stretching behind the expanding stream; the computed 

values of velocities and depth are practically zero as compared to 

their mean values in the flou. This is realized by examining the pre-

vious figures discussed above. 

6.5.5 Grid-Dependence Check 

Figure 6.21 presents some results of a grid-dependence check 

for the three different finite-difference grids specified in Section 

6.5.3(d). Figure 6.21(a) represents the depth distribution on tuo 
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FIGURE 6.17 : PERSPECTIVE VIEUS OF SURFACE ELEVATION; SUPER-
CRITICAL FLOU PAST ABRUPT EXPANSION, Fr. = 2.0 in 

FIGURE 6.18 : VELOCITY-VECTOR PLOT FOR ABRUPT EXPANSION, 
Fr. = 2 . 0 in 
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1.5 

1.0 

0.5 

Exp. data 

(Rouse, et al, 
1951) 

Predictions 

2.0 

in 

FIGURE 6.19 : DIMENSIONLESS DEPTH CONTOURS FOR ABRUPT EXPANSION; 
COMPARISON UITH EXPERIMENTAL DATA, Fr. = 2.0 

in 

1.5 

1.0 

0.5 

— ( y ) 

Fr 

(computed) 

0.5 1.0 1.5 

x/b Fr, 

2.0 

in 

FIGURE 6.20 NORMALIZED STREAM-FUNCTION CONTOURS AND Fr CONTOURS 
FOR ABRUPT EXPANSION, Fr. = 2.0 X 

in 
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0.8 

0.6 

h. 0.4 in 

0.2 

0 

0 . 6 -

in 0.4 

0.2 

x/b Fr. = 1 . 0 in 

1.50 

x/b Fr. = 0 . 5 ' in 

1.25 

(a) Depth distribution along tuo cross-stream stations 

1.0 

0.8 

\ 0.6 

hin 0.4 

0.2 

0 
0 0.5 1 .0 1 .5 2.0 

x/b Fr. in 

(b) Depth distribution along plane of symmetry 

• Exp. data (Rouse, et al, 1951) 

Predictions; Grid 10 x 8 
^ ; Grid 14 x 11 
^ ; Grid 18 x 14 

FIGURE 6.21 : GRID-DEPENDENCE CHECK; ABRUPT EXPANSION 
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1 1 >l / 
/ / 

/ 
/ 
/ 
/ 
/ 

\ \ \ \ \ \ \ \ \ 

1 = 1 2 3 14 

I X I X 3 y J y 

1 0 . 0 0 8 1.20 1 0 . 0 0 8 0.72 

2 0.08 9 1.44 2 0.05 9 0.90 

3 0.24 10 1.74 3 0.15 10 1.10 

4 0.42 11 2.10 4 0.25 11 1.20 

5 0.60 12 2.50 5 0.35 

6 0.80 13 2.90 6 0.46 

7 1.00 14 3.10 7 0.58 

FIGURE 6.22 : GRID USED TO PREDICT SUPERCRITICAL FLOU PAST ABRUPT 
EXPANSION 
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y/b 

(a) Depth distribution along tuo cross-stream stations 

h. in 

2.0 
x/b Fr. in 

(b) Depth distribution along plane of symmetry 

Exp. data (Rouse, et al, 1951) 

Predictions; C f = 0.001 

; C f = 0.003 

FIGURE 6.23 : FRICTION-FACTOR INVESTIGATION; ABRUPT EXPANSION 
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cross-stream stations together uith the experimental data, uhereas Fig-

ure 6.21(b) represents the depth distribution along the plane of symmet-

ry. it is seen that the tuo finer grids employed; namely, the 14 x 11 

and 18 x 14 grids, give substantially grid-independent results as com-

pared to the coarser grid of 10 x 8. 

Figure 6.22 shous the distribution of grid lines for the 14 x 11 

grid. 

6.5.6 Friction-Factor Investigation 

The value of the friction factor (C^.), employed in the computa-

tions presented above, uas 0.001; this corresponded to the smooth 

surfaces of the experiments conducted by Rouse, et al. These authors 

reported that the boundary resistance did not materially affect the 

results. This uas proved to be correct by the present computed results, 

shoun in Figures 6.23(a) and 6.23(b), uhich represent typical depth 

profiles for Ĉ . of 0.001 and 0.003. The latter value corresponds to 

rough surfaces and has given, as expected, a slight increase in depth. 

It is interesting to note that the surface resistance is more effective 

on the flou in shallouer regions and is shoun by the slightly larger 

deviations of the dotted lines from the solid ones in such regions. 

6.5.7 Concluding Remarks 

The agreement betueen computed and experimental data for the 

supercritical flou past abrupt expansions is shoun to be good. The 

surface resistance of the channel uas shoun to be an insignificant 

factor for such flou situations. 
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Uith reference to the objectives laid down in Section 6.5.1, 

it can be concluded that the numerical solution procedure is accurate 

in simulating such supercritical flous. 

6.6 CLOSURE 

In this chapter the numerical accuracy of the solution pro-

cedure and the physical realism of the predictions uere examined for 

continuous flous and shoun to be good. Four cases in all uere con-

sidered; tuo cases uere for uholly subcritical flous and the other 

tuo simulated uholly supercritical flous. Regarding the economy of 

the procedure, the computer time required for each case uas very 

modest. These findings have lent; confidence to the application of 

the model to more physically complex flou situations including hyd-

raulic jumps. 
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C H A P T E R 7 

PREDICTIONS TO COMPARE UITH EXPERIMENTAL RESULTS 

7.1 INTRODUCTION 

In Chapter 6, the numerical model uas validated for a number of 

continuous flous. Further testing and application of the procedure to 

other continuous flou situations are considered here. Houever, the main 

purpose of this chapter (and the follouing one) is to validate the model 

and assess the accuracy of the numerical solution procedure applied to 

discontinuous flous, i.e. flous uith hydraulic jumps. 

The predictions presented in this chapter are compared to the 

results obtained from the experimental investigations described in 

Chapter 5. This helps to assess the physical realism of the model. 

Theoretical results also exist for the one-dimensional flou situation 

considered, and this further examines the accuracy of the procedure. 

The present chapter consists of tuo main sections in uhich the 

computed results are presented and discussed. The first main section 

presents a study of the one-dimensional flou uith hydraulic jumps, 

uhereas the second main section considers the study of the tuo-

dimensional supercritical flous and those uith hydraulic jumps. The 

experimental results of Chapter 5 are further analysed here, and pre-

sented together uith the predictions for comparison. The chapter 

finally closes uith a summary of the main findings. 
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7.2 ONE-DIMENSIONAL STUDY 

7.2.1 Introduction 

The main objectives of this study are to apply and test the vali-

dity of the numerical model for solving one-dimensional flous uith hyd-

raulic jumps. The predictions are to be compared uith the experimental 

data given in Section 5.2 and uith some simple analytical relations 

considered in Section 7.2.2 (b). 

7.2.2 Problem Specification 

(a) Flou situation 

The physical situation considered represents a one-dimensional 

supercritical flou entering from belou a sluice gate and flouing along 

a straight, rectangular and horizontal channel (the geometry of the flou 

has been fully described in Section 5.2.2 and shoun in Figure 5.1; the 

symbols are as used before). The flou then undergoes a hydraulic jump 

due to subcritical conditions prevailing at the exit boundary. The loca-

tion and strength of this jump depend upon the flou parameters and the 

channel-surface resistance. The flou is, therefore, controlled by both 

upstream and dounstream conditions. The upstream conditions are deter-

mined by the headuater depth (h^ ; the depth on the upstream side of the 

sluice gate) and the height of the opening belou the sluice (hg), uhereas 

the dounstream conditions are determined by the tailuater depth (h^.). 

In the supercritical flou region, the depth increases uith distan-

ce along the channel (due to uall friction) and this is accompanied by a 

corresponding decrease in velocity and hence a decrease in Froude number. 
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The opposite flou behaviour is true in the subcritical region but uith 

smaller changes since the friction effect is much less pronounced there. 

This flou behaviour is similar to that of compressible-gas flous uith 

friction in a constant-area duct, or to isentropic flou in converging 

ducts, i.e. : 

dh/ dx > 0 and 6u/ dx < 0 for Fr > 1 , 

d h / d x < 0 and du/ bx > 0 for Fr < 1 .(7.1) 

The flou at a short distance from the sluice gate is character-

ized by the presence of the so called "vena contracra". As stated in 

Section 5.2.5, the depth belou the gate (h^) uould not give a true rep-

resentation of the inlet flou depth to the test section. A station uas 

therefore chosen at 15 cm from the sluice and uill be referred to as the 

inlet boundary. Variables, at this station, have been given subscript 3. 

(b) Theoretical consideration 

Analytical relationships can be derived to describe the basic 

physical characteristics of the hydraulic jumps, see for example 

Chou (1959, p. 393) or Sellin (1969, p. 55). Simple control-volume 

analysis across the jump, based on continuity and momentum equations, 

gives the follouing relation: 

h 2 / h1 = -0.5 + ( 0.25 + 2 ( F r ^ 2 )* ,(7.2) 

uhere subscripts 1 and 2 represent the variable concerned before and 

after the jump respectively. The depths h^ and h 2 are called the 

"conjugate" or "sequent" depths. 

In the above analysis, the energy loss due to the shear force at 
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the channel ualls is neglected since the channel length occupied by the 

jump is short in relation to the overall length, Houever, the energy 

lost in the jump using Bernoulli's theorem (giv/en by the difference in 

the energies on either side) is: 

2 2 
A E = E - E 2 = h + — - h - — , ( 7 . 3 ) 

2 2 2g h^ 2g h^ 

in uhich A E is the eddy loss and q is the discharge per unit uidth. 

Equation (7.3) can be put in a simpler form, by substituting 

2 2 3 
(Fr,j) = q / g h^ and using equations (7.2) and (7.3), as: 

A E = ( h 2 - h1 r / 4 h1 h 2 .(7.4) 

The height of the jump (h .) is defined as: 
J 

hj = h 2 - ,(7.5) 

This can be put in a dimensionless function of Fr^ as: 

h, ( 1 + 8 ( F r J 2 )* - 3 
= .(7.6) 

E1 (Fr.,)2 + 2 

Remarks 

• Since the physical characteristics of the jumps are functions of 

Fr^ , they can all be plotted against Fr^, resulting in a set of 

characteristics curves. These uill be presented later together uith 

the experimental and computed results. 

• It is to be emphasized that this simple analysis considers neither 
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the length of the jump nor the actual surface profile of the jump 

(the present numerical model, being a depth-averaged one, also 

suffers from such limitations as discussed in Chapter 4), For a 

detailed experimental study of these particular jump characteristics, 

see Bakhmeteff and Matzke (1936), It suffices to mention here that 

the length of the jump (L) lies within the limits 5 < L/h2 < 6,5 

based on experimental results. 

• These analyses provide the physical characteristics of the flou 

across the jump and hence can be used uith methods of computing the 

surface profiles of different types to locate the position of a jump. 

These methods are based on empirical input and are tedious to conduct, 

see for example Chou (1959, Chapter 10). Houever, in the present 

study, the analytical locations of jumps are obtained by the jump 

relations and the computed supercritical surface profile. 

(c) Experimental information 

The experimental investigation described in Section 5.2 provided 

measurements of the surface profiles and locations of the hydraulic jumps 

for different tailuater depths and for different discharges. These uere 

shoun in Figure 5.2 and uill be further analysed in Section 7.2.4 

together uith the computed results. 

(d) Flou parameters 

For a fixed opening height belou the sluice gate (h^), the flou 

is influenced by the tailuater depth (h^), the headuater depth (h^) and 

the channel-uall resistance factor (C^.). The flou parameters chosen 

are the same as the experimental ones and uere listed in Table 5.1. 

The values of C_ used in the present study are: 
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Ĉ . = 0.003 for the channel bed (rough timber finish) , 

C f = 0.001 for the side ualls (glass). 

A study of the effect of friction factor on the flou uill be conducted. 

The task of this study is to compute, for the above parameters, 

the elevations of the uater surface and the distribution of velocities. 

The hydraulic-jump locations and the physical characteristics across the 

jumps are to be calculated from these predictions. These are to be 

compared uith experimental and analytical results, 

7,2,3 Details of the Computations 

(a) Equations solved 

The equations solved are the continuity and the u-momentum equa-

tions given by equations (6,22) and (6,23) in Section 6,5,3 (a), (The 

v-momentum equation is, of course, not solved, and the v's appearing in 

the continuity and u-momentum equations are set to zero), 

(b) Boundary conditions 

(i) Supercritical inlet : u = u^ , 

h = h 3 .(7,7) 

(ii) Subcritical outlet : h = h .(7.8) 

Remark 

It is to be emphasized that the inlet for the computations is taken 

at 15 cm dounstream from the sluice gate, so as to avoid the contraction 

in depth due to the presence of the "vena contracta". 
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(c) Initial conditions 

The solution uas started uith the field variables filled uith 

uniform values corresponding to those prevailing at the inlet, i.e. 

u^ and h^ for the u and h fields respectively. 

(d) Finite-difference grid 

In order to examine the effects of grid size on the solution, 

three different finite-difference grids uere used for this investiga-

tion: 24, 46 and 72; all uith uniform spacings. As uill be demonstrated 

later, the 46 grid is adequate to ensure grid-independent results and 

give good resolution of the hydraulic jumps. 

(e) Other details 

No under-relaxation factors uere needed; this is because the flou 

is simple and one-dimensional. Houever, the effect of the exit boundary 

conditions on the solution uas "under-relaxed". Such a technique is 

discussed in Section 4.4.5 in uhich the final value of the tailuater 

depth (h^) is reached after adding moderate successive increments (at 

the end of intervals of iterations) to the initial value of depth speci-

fied at the exit. For a typical study in uhich the maximum h^ uas 5.9 

cm, an increment of about 0.5 cm uas used. This provided a parametric 

study in uhich converged solutions at different h^ uere obtained in one 

single computer run. 

In such computations, the hydraulic jump is initially found at 

the exit and then moves upstream as the solution progresses uith further 

increase in h . Typical run information is presented in Table 7.1. 
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VARIABLE VALUE 

h3 
1.31 cm 

q 1.823 E-2 m 2/ s 

Fr3 = q / (g h*)* 3.88 

h t 4.46 cm 

Grid 46 (uniformly spaced) 

Number of iterations 100 

RELAXU, RELAXH and RELAXP 1.0, 1.0 and 1.0 

Overall continuity error normalized 

to inlet flou-rate 

1.0 E-6 

t 
Max. h normalized to h^ 2.3 E-3 

Computer time in CDC 6600 seconds 8 

TABLE 7.1 : COMPUTATIONAL DETAILS FOR ONE-DIMENSIONAL HYDRAULIC JUMPS 

7.2.4 Presentation of the Results 

All the results presented belou are for the grid of 46 nodes and 

for Cj, values of 0.003 and 0.001 (for the bed and side ualls respectively), 

unless otheruise specified. 

The results are presented in terms of elevations of the uater 

surface and the characteristic curves of hydraulic jumps. Figure 7.1 

shous the experimental points and the computed profiles of the uater 

surface at varying tailuater depths and for a fixed discharge. The 

critical-depth line is shoun as a dotted line (evaluated from h^ = 

2 \ 

( q / 9 ) )• Figure 7.2 represents the physical characteristic curves 

of the jumps versus Fr,, (Froude number at the toe of jumps) for the 

theoretical, experimental, and computed results. Figure 7.3 is const-

ructed to shou the variation of jump location uith tailuater depth for 
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the fixed discharge problem. 

The above results comprise Set 1 of the experimental investiga-

tion. Figure 7.4 presents the results for Set 2 in terms of the experi-

mental points and the computed profiles of the uater surface at varying 

discharges and for a fixed h^ • The critical-depth lines are also 

shoun as dotted lines. 

7.2.5 Discussion of the Results 

The grid size and friction factors employed for this study have 

given good results as compared to both the experimental and analytical 

ones. In all the computed runs, the jumps uere smeared over tuo or three 

grid nodes (as expected from any numerical scheme applied to discontin-

uous flous). Houever, for a sufficiently fine grid, as used here, the 

smearing uill be much less and uill only occupy a short length as compared 

to the overall length of the channel as evident in Figures 7.1 and 7.4. 

The computed surface profiles nearly coincide uith the measured depth 

points in both the supercritical and subcritical regions. The surface-

resistance effect on the flou is less pronounced in deeper regions than 

in shallouer ones. Thus, in situations like the ones depicted in Figures 

7.1 and 7.4, the depth of flou in a subcritical region decreases very 

little in the dounstream direction, and can be considered to be practi-

cally uniform. The tailuater depth, therefore, can be considered to 

prevail over the uhole of the subcritical flou region. 

As far as the locations of hydraulic jumps are concerned, the 

computed results generally give good agreement uith both the theoretical 

and measured ones. Figure 7.3 shous such comparisons for the fixed 

discharge problems. The computed locations seem to lie on the upstream 

side of the measured ones. It may be expected, therefore, that the 
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(a) Conjugate depths ratio versus Froude number 

(b) Relative energy loss, initial depth, conjugate depth 
and height of jump versus Froude number 

FIGURE 7.2 : CHARACTERISTIC CURVES OF HYDRAULIC JUMPS 
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friction factors (C^) used are a little overestimated. A study of this 

is conducted in Section 7.2.6. The discrepancy of the computed jump loca-

tions as compared to the theoretical ones may be due to the fact that 

both do not consider the length of the jump (strictly speaking, the theo-

retical locations shown in Figure 7.3 uould have been pushed to the left 

(upstream side) had the jump lengths been considered). The figure empha-

sises the trend of all results in that as the tailuater depth increases, 

the jump moves touards the channel inlet. 

The agreement of the results shoun in Figure 7.2 (a) and 7.2 (b) 

of the computed, theoretical, and measured results for the characteristics 

of the jumps is good. The slight discrepancy in the theoretical curves 

is attributed to the fact that the theory does not include the surface-

frictional losses in the analysis. 

7.2.6 Friction-Factor Investigation 

The values of Ĉ , employed in the computations presented above, 

uere 0.003 and 0.001 for the channel bed and side ualls respectively. 

These values corresponded to the type of surfaces in the experimental 

flume. These values also proved to be correctly chosen since the computed 

results are in good agreement uith the measurements. Houever, the fric-

tional forces are the only forces present that affect the flou apart 

from, of course, the boundary conditions. It is, therefore, interesting 

to study the extent to uhich these factors uould affect the surface 

profiles and the hydraulic-jump locations. 

Figure 7.5 presents a typical study in uhich Ĉ . for the side ualls 

uas kept fixed at 0.001 uhilst for the channel bed uas varied in the 

range 0.001 to 0.003. The investigations uere carried out for Set 1 of 

the results, i.e. fixed discharge and for varying tailuater depths. 
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(a) Locations of the beginning of the hydraulic jumps 
versus tailuater depth 

(b) Uater-surface profile; h = 4.64 cm 

FIGURE 7.5 : FRICTION-FACTOR INFLUENCE FOR 1D HYDRAULIC 
JUMPS 
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It is expected that an increase in frictional resistance uould increase 

the depth in the supercritical flou region and uould push the jump loca-

tions upstream. Figure 7.5 (a) shous the influence of Ĉ . (bed) on the 

locations of the beginning of the jumps for different h^ • It is seen 

that the Ĉ . value of 0.001 has pushed the jumps dounstream; for h less 

than about 5 cm, the jumps did not exist. The value of 0.002 has pushed 

the jumps slightly dounstream, as compared to the value of 0.003, but 

has given as good agreement uith the measured locations as the value of 

0.003. Houever, the value of 0.003 has given the best resolution for 

the measured surface profiles as can be seen in Figure 7.5 (b). 

It can be concluded from this study, that the friction factor 

plays an important role in the study of supercritical shallou and one-

dimensional flous in channels. Correct estimation of the value of Ĉ . 

employed, corresponding to the type of surface used, is important. 

7.2.7 Grid-Dependence Check 

Figure 7.6 presents some results of a grid-dependence check for 

the three different grids specified in Section 7.2.3 (d). Figure 7.6 (a) 

shous the locations of the beginning of the jumps for varying h , uhereas 

Figure 7.6 (b) shous a typical surface profile for h^ = 5.34 cm. All 

these results belong to the constant discharge problems; the experimen-

tal measurements are shoun for comparison. The tuo finer grids employed; 

namely, the 46 and 72 grids, give substantially grid-independent results 

as compared to the coarser grid of 24. This is clearly seen in Figure 

7.6 (a) in uhich the computed results approach asymptotically the measured 

ones as the grid gets finer. The hydraulic jump uill normally be smeared 

across tuo or three grid nodes; this smearing is substantially reduced 

by refining the grid as seen in Figure 7.6 (b). It is interesting to note 
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that the jump moves, through grid refinement, by a distance that lies 

uithin about tuice the length of the finite-difference cells of the 

coarse grid. This length is the distance over uhich the jump is smeared. 

No attempts have been made to refine the grid at the jump loca-

tion only, since the same grid is used, in one single run, to compute 

for the different values of h^ • If, on the other hand, a single inves-

tigation is required in uhich the location of the jump is knoun roughly 

beforehand, a rather coarse grid but uith a refined region at the jump 

location may be advantageous, moreover, in such situations, a more 

accurate guess for the initial field values could probably be made. 

7.2.Q Concluding Remarks 

The agreement betueen computed, experimental and analytical 

results for one-dimensional flous uith hydraulic jumps has been shoun 

to be good. The surface resistance of the channel uas shoun to be a 

significant factor in affecting the flou. Uith reference to the objec-

tives laid doun in Section 7.2.1, it can be concluded that the numerical 

solution procedure is accurate in simulating such flou situations. 
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7.3 TUO-DIMEiMSIONAL STUDY 

7.3.1 Introduction 

The main objective of this study is to predict the experimental 

flou situation described in Section 5.3. The first part of the study 

involves calculations uith supercritical conditions at the outlet; this 

further tests the accuracy of the numerical solution procedure to solve 

for uholly supercritical flous. The second part of the study then foll-

ous uhich involves calculations uith subcritical conditions at the out-

let; this tests the validity of the numerical model for solving tuo-

dimensional flous uith hydraulic jumps. 

7.3.2 Problem Specification 

(a) Flou situation 

The physical situation simulates the merging of tuo supercritical 

streams entering from belou sluice gates and flouing along a straight, 

rectangular and horizontal channel. The tuo streams are initially para-

llel to each other, flouing in the same direction and separated at the 

inlet by a thick uall. Conditions at the outlet boundary can be either 

supercritical or subcritical. The flou in either case is controlled by 

upstream conditions determined by the headuater depths ( h^ ^ and h^ ^ ) 

and the height of openings belou the gates ( d^ and d^ ); it is also 

controlled, in the latter case, by dounstream conditions determined by 

the tailuater depth ( h ). 

The geometry of the flou has been described in Section 5.3.2 and 

shoun in Figure 5.3. The flou characteristics have been discussed in 

Section 5.3.7. 
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(b) Experimental information 

The experimental investigation described in Section 5,3 provided 

measurements of the uater-surface elevations and locations of the hydrau-

lic jumps for different tailuater depths and for different discharges. 

These uere shoun in photographs and perspective vieus in Figures 5.4 to 

5.8, and uill be further analysed and compared uith the computed results 

in this section. 

(c) Flou parameters 

For fixed opening heights belou the sluice gates (d^ and 62)9 "the 

flou is influenced by the headuater depths (h^ ^ and hg t h e tailuater 

depth (h^ , for subcritical outlet conditions only) and the channel-uall 

resistance factor (C^,). The flou parameters chosen are the same as the 

experimental ones belonging to Runs 1 and 2 and uere listed in Table 5.2. 

The value of Ĉ , used in the present study is 0.001 uhich corresponds to 

the smooth surface of the flume. A study of the effect of friction factor 

on the flou uill be conducted. 

The task of this study is to compute, for the above parameters, 

the distribution of velocities and elevations of the uater surface. The 

hydraulic-jump locations, if present, are to be calculated from these 

predictions. These are to be compared uith the experimental results, 

7.3.3 Calculations uith Supercritical Outlet Conditions 

7.3.3.1 Details of the Computations 

(a) Equations solved 
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The equations solved are the continuity and the tuo momentum 

equations. These equations are identical to the equation set given by 

equations (6.22) to (6.24). 

(b) Boundary conditions 

The boundary conditions employed in the computations, for the 

flou geometry shoun in Figure 5.3 (b), are: 

( D 

( 2 ) 

(3) 

Inlet planes 

(Streams 1 & 2) 

Side ualls and 

separating uall 

Exit plane 

h's prescribed the measured values for 

each stream, 

u's uniform, calculated to give the mea-

sured flou rate for each stream, 

v's are zero. 

u's = v's = 0 , 

Bin/ By or Sh/ Bx = 0. 

Bu/ Bx = Bv/ Bx = 0 , 

h's prescribed the measured values. 

Remark 

The inlet planes for the computations (i.e. x = 0) are uhere the sepa-

rating uall terminates. 

(c) Initial conditions 

The depth and pressure fields uere filled initially uith uniform 

values equal to ( h. „ + h. _ )/ 2. Appropriate average values uere ^ in,1 in,2 3 

used for the u-velocity field based on continuity. It uas advantageous 

to start the solution uith a non-zero v-velocity field; uniform values 

of 0.001 u. uere used, in 
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(d) Finite-difference grid 

Three different finite-difference grids .uere used to predict 

the experimental results of Run 1. The grid sizes uere: 14 x 12, 

22 x 20 and 48 x 29 (in the x- and y-directions respectively). The 

grid lines uere uniformly distributed in the y-direction but uere 

slightly expanding in the x-direction near the channel outlet. As 

uill be demonstrated, the 22 x 20 grid is adequate to ensure grid-

independent results; this grid distribution is presented later. A 

slightly longer channel length is considered uhen predicting the exp-

erimental results of Run 2. A grid of 30 x 20 uith roughly the same 

distribution uas employed. 

(e) Other details 

The full length of the experimental test section (3 m long) 

uas not considered. The calculation domain extended a distance of 

2.3 m for Run 1. This optimized the size of the finite-difference 

grids employed since there uas no definite need to consider any fur-

ther part of channel. 

Typical computational details for a converged run are listed 

in Table 7.2. 

7.3.3.2 Presentation of the Results 

All the results presented belou are for a grid of 22 x 20 

and for a C^ value of 0.001, unless otheruise stated. 

The results are presented in terms of depth profiles at various 

cross-stream stations together uith the experimental measurements, for 

both Runs 1 and 2. Figure 7.7 shous such profiles for Run 1; uhereas 
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VARIABLE VALUE 

h. „ and h. „ (cm) in,1 in,2 
3.09 and 5.52 

u. 1 and u 9 (m/s) in,1 in, z 
1.48 and 1.50 

2 
q^ and q 2 (m /s) x 100 4.57 and 8.28 

Fr. „ and Fr. « in,1 in,2 
2.68 and 2.04 

cf 0.001 

Grid 22 x 20 (nearly uni-
formly spaced) 

Number of iterations 120 

RELAXU, RELAXV, RELAXH and RELAXP 0.5, 0.5, 0.5 and 0.5 

Overall continuity error normalized 5.9 E-5 

to inlet flou-rate 
» — 

Max. h normalized to h. „ in,1 
1.5 E-4 

Computer time in CDC 6600 seconds 33 

TABLE 7.2 : COMPUTATIONAL DETAILS FOR PREDICTING RUN 1 OF THE 2D 

EXPERIMENTS UITH SUPERCRITICAL OUTLET CONDITIONS 

Figure 7.8 presents, for the same run, both the computed and measured 

depth distribution along the channel side ualls. The computed velocity-

vector plot and the stream-function contours (normalized to the overall 

inlet flou-rate) are displayed in Figures 7.9 (a) and 7.9 (b). The 

cross-stream depth profiles for Run 2 are shoun in Figure 7.10; the 

corresponding depth distribution along the channel side ualls are pre-

sented in Figure 7.11. 

7.3.3.3 Discussion of the Results 

The results presented above clearly display the features of the 

flou behaviour. At the end of the separating uall, the tuo supercritical 
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streams expand towards the middle of the channel creating, just doun-

stream of the separating uall, uhat is termed a "dry region". The 

v/elocity-v/ector plot and the stream-function contours depicted in Fig-

ures 7.9 (a) and 7.9 (b) shou clearly the initial expanding nature of 

the flou. Both the computed and measured depths in the "dry region" 

are practically zero and the flou remains very shallou over a distance 

of roughly one uidth of the separating uall (see Figures 7.7 and 7.10). 

The depth suddenly rises at the region uhere the tuo streams meet form-

ing a deep main uave uhich travels dounstream slightly shifted from the 

centre of the channel touards the louer momentum stream (Stream 1). 

This uave then expands and in doing so breaks doun, under the action of 

gravity, to form tuo uaves uhich part from each other and approach the 

channel side ualls. As each uave meets a side uall, the depth starts to 

increase rather rapidly (see Figures 7.8 and 7.11) and then reflects 

auay from the uall, across the main stream, as a series of uaves. 

The computed depth profiles compare uell uith the experimental 

results of Runs 1 and 2. Houever, the computed variations in depth 

appear to be underpredicted as compared to the measurements, especially 

in regions of high depth gradients. This may be attributed to the fact 

that the numerical model, being a depth-averaged one, neglects the ver-

tical acceleration. This is indeed true since the pressure in such 

regions is far from being hydrostatically distributed. Nevertheless, 

the general trend and the positions of the peaks and troughs of the 

surface are uell predicted. 

7.3.3.4 Friction-Factor Investigation 

The value of Ĉ , employed in the computations presented above, 

uas 0.001 and corresponded to the smooth surface of the flume. Houever, 
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it is interesting to study the extent to uhich the surface resistance 

affects the flou. Results corresponding to a Ĉ . value of 0.003 (rough 

surfaces) uere obtained and compared to those already presented uith a 

C f value of 0.001. 

Figure 7.12 presents typical results of computed depth profiles 

as compared to the experimental results of Run 1. Figures 7.12 (a) and 

(b) compare the results of the depth distribution along tuo cross-stream 

stations and along the channel side ualls respectively. A slight increa-

se in depth has resulted, as expected, by increasing the C f value, houever, 

the level of agreement of both computed results uith the data is the same. 

7.3.3.5 Grid-Dependence Check 

Figure 7.13 presents some results of a grid-dependence check 

for the three different grids specified in Section 7.3.3.1 (d). The 

computed results of Run 1 are plotted for the depth distribution at 

four different cross-stream stations together uith the measured depth 

points for comparison. It is seen that the tuo finer grids employed; 

namely, the 22 x 20 and 48 x 29 grids, give substantially grid-indepen-

dent results, as compared to the coarser grid of 14 x 12, and produce 

better resolution of the surface elevations in regions of high depth 

gradients. 

Figure 7.14 shous the distribution of grid lines for the 

22 x 20 grid used for Run 1. 

7.3.3.6 Concluding Remarks 

The agreement betueen computed and experimental results, for 

the merging of tuo supercritical streams in a rectangular channel uith 
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FIGURE 7.14 : GRID USED TO PREDICT MERGING OF TUO SUPERCRITICAL 
STREAMS FOR RUN 1 
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supercritical outlet conditions, is shoun to be good. The agreement is 

only fair in regions of high depth gradients and uas attributed to the 

neglect of vertical acceleration in the numerical model. The channel-

surface resistance to the flou in such a situation uas shoun to be of 

secondary importance. 

Uith reference to the objectives laid doun in Section 7.3.1, 

it can be concluded that the accuracy of the numerical solution proced-

ure has been further validated for uholly supercritical flous. 

7.3.4 Calculations uith Subcritical Outlet Conditions 

7.3.4.1 Background and General Concept 

The objectives of this study and the problem specification have 

been given in Sections 7.3.1 and 7.3.2. The computed results of Section 

7.3.3, for the supercritical outlet conditions for both Runs 1 and 2, 

uere stored for subsequent use in the present study. All that is required 

is to impose the experimental subcritical conditions at the outlet bound-

ary of the computational domain. The flou is controlled by dounstream 

conditions determined by the tailuater depth (h^). The upstream condi-

tions are unchanged. The high values of h induce hydraulic jumps inside 

the flou, the positions of uhich are to be determined computationally 

and compared to the measured locations. It is expected that the flou 

upstream of the jump (being supercritical) uould be unaffected by the 

presence of the jump; dounstream of the jump, the depth of flou uould be 

roughly equal to h^ imposed at the outlet. 

As uith any other numerical scheme, the jump uill be smeared, as 

in the one-dimensional case, over tuo or three grid lines. It is, 
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therefore, expected that refining the finite-difference grid uould not 

affect the results in either of the supercritical or subcritical regions, 

since the results proved to be substantially grid independent. Houever, 

by refining the grid a more accurate resolution of the jump region is 

to be expected. The friction factor (C^) employed in this study has the 

same value as in the previous case (0.001). A study of the effect of Ĉ . 

on the jump location is conducted. 

7.3.4.2 Details of the Computations 

(a) Equations solved and boundary conditions 

There is no change to the equations solved and the boundary con-

ditions used. These are given in Section 7.3.3.1 (a) and (b). Houever, 

the depth at the exit plane is prescribed the experimental values for 

the tailuater depth (h^.). 

(b) Initial conditions 

All the computations uere started from the "in store" values of 

the variables of the converged solutions to the previous case uith super-

critical outlet conditions. This practice is used to save computer time, 

(c) Finite-difference grid 

The grids employed for this study uere the same as those used in 

Section 7.3.3.1 (d). 

(d) Other details 

As uith the one-dimensional computations, the depth specified at 
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the exit boundary uas "under-relaxed", i.e. the final (maximum) value of 

h uas reached by adding successive small increments to the initial value 

of the depth. The process uas carried out by iterating for an interval 

until convergence, before adding the next depth increment. Large depth 

increments uere used at the beginning (about 2 cm), then these uere red-

uced to about 2 mm after the hydraulic jump had started to form in the 

flou. Each iteration interval lasted for about 350 iterations, uith a 

converged solution obtained and printed out at the end. This practice 

enabled the uhole range of values of h^ to be investigated in a single 

computer run. In such computations, the jump uas initially found at the 

exit plane and then moved upstream uith further increases in h^ • 

Rather heavy under-relaxation factors uere needed (0.1 for all 

variables) to secure convergence. This may be due to the "zero-gradient11 

depth boundary conditions used at the channel side ualls uhich made the 

jump position rather unstable. Typical run information is presented 

in Table 7.3. 

VARIABLE VALUE 

(for upstream conditions, see Table 7.2) 

h t 10.2 cm 

Cf 0.001 

Grid 22 x 20 (nearly uniformly 
spaced) 

Number of iterations 350 

RELAXU, RELAXV, RELAXH and RELAXP 0.1, 0.1, 0.1 and 1 .0 

Overall continuity error normalized 
to inlet flou-rate 

1.8 E-3 

t _ 
Max. h normalized to h. „ in, 1 3.2 E-3 

Computer time in CDC seconds 98 

TABLE 7.3 : COMPUTATIONAL DETAILS FOR PREDICTING RUN 1 OF THE 2D 

EXPERIMENTS UITH SUBCRITICAL OUTLET CONDITIONS 
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7.3.4.3 Presentation of the Results 

All the results presented belou are for the grids of 22 x 20 

and 30 x 20 for Runs 1 and 2 respectively, and for a Ĉ , value of 0.001 

unless otheruise stated. 

Some of the results are presented in Figure 7.15 in terms of 

perspective vieus of the surface elevations for various tailuater depths 

(Run 1). The values of h^ increase from 9.8 cm in Figue 7.15 (a) to 

10.4 cm in (c). The vieus are exaggerated in the vertical direction 

for clarity. A typical computed velocity-vector plot is displayed in 

Figure 7.16 for Run 1 and for h equal to 10.4 cm. The computed results 

for the same run are presented in Figures 7.17 and 7.18 in terms of 

contour plots; Figure 7.17 shous the depth contours, uhereas Figure 

7.18 shous the streamlines and Froude-number contours. 

The comparison betueen the computed and measured jump locations 

are shoun in Figures 7.19 and 7.20 for Runs 1 and 2 respectively. The 

results are presented and compared in terms of the hydraulic-jump move-

ment uith various tailuater depths. The symbols represent the measured 

locations at the toe of the jumps, uhereas the lines represent the comp-

uted locations at uhich Froude number is unity. 

7.3.4.4 Discussion of the Results 

The computed surface-elevation vieus shoun in Figure 7.15 rep-

resent the overall features of the flou as it is influenced by increasing 

the tailuater depth. The flou upstream of the jump does not feel the 

presence of the jump; on the dounstream side of the jump, the predictions 

shou a practically uniform depth equal to the value of h prescribed at 

the outlet. Figure 7.16 shous, very clearly, a significant reduction in 
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h = 10.4 cm 

FIGURE 7.15 PERSPECTIVE VIEUS OF THE SURFACE ELEVATIONS 
FOR VARIOUS TAILUATER DEPTHS (RUN 1) 

FIGURE 7.16 : VELOCITY-VECTOR PLOT FOR RUN 1 AND h = 10.4 cm 
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FIGURE 7.18 : COMPUTED' STREAMLINES AND FROUDE-NUMBER CONTOURS 
FOR RUN 1 AND h^ = 10.4 cm 
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FIGURE 7.19 : HYDRAULIC-JUMP MOVEMENT UITH VARIOUS TAILUATER 
DEPTHS (RUN 1) 

x (cm) 

FIGURE 7.20 : HYDRAULIC-JUMP MOVEMENT UITH VARIOUS TAILUATER 
DEPTHS (RUN 2) 
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the magnitude of the velocity vectors as the flou changes from supercri-

tical to subcritical. A corresponding increase in depth is evident as 

seen in Figure 7.15 or by studying the depth contours in Figure 7.17. 

To further analyse the results, the stream-function contours (normalized 

to the total flou-rate) and the Froude-number contours, uhich are both 

obtained from the computed velocities and depths, are plotted in 

Figure 7.18. 

The jump locations uere found to be sensitive to small changes 

in the tailuater depth (h^). It is suspected, therefore, that the exp-

erimental inaccuracy in measuring the values of h (errors of the order 

of 2 mm), is a major contribution to discrepancies betueen the comp-

uted and measured jump locations. Bearing this, and other experimental 

inaccuracies (see Section 5.3.6) in mind, the comparisons shoun in Fig-

ures 7.19 and 7.20 are generally good. Part of the discrepancy is also 

due to the numerical model being unable to predict accurately the high 

depth gradients in the supercritical region, for reasons given earlier. 

The measured locations are subject to slight oscillations and are, there-

fore, shoun uith an error margin. 

7.3.4.5 Friction-Factor Investigation 

The friction factor (Ĉ .) employed in the computations presented 

above, uas 0.001 and corresponded to the smooth surface of the flume. 

Figure 7.21 shous a typical study of the effect of increasing Ĉ . to the 

values of 0.002 and 0.003 (the latter corresponds to rough surfaces) on 

the jump location of Run 1 and for h^ equal to 9.4 cm. The effect of 

increasing Ĉ . on the results is seen to be significant(this uas shoun to 

be of secondary importance for the same flou solved earlier uith super-

critical outlet conditions). 



243 

y 
(cm) 

76 

70 

60 

50 

40 

20 

10 

0 

Measurements 

Predictions: 

cf = 0 .001 

cf = 0 .002 

cf = 0 .003 

30 60 90 120 150 180 210 

x (cm) 

240 270 300 

FIGURE 7.21 FRICTIOIM-FACTOR INVESTIGATION FOR RUN 1 UITH 
SUBCRITICAL OUTLET CONDITIONS: SHOUING HYDRAULIC-
JUMP LOCATION FOR h = 9.4 cm 

y 
(cm) 

76 

70 

60 

i 
50 

40 \ -

X 

30 — 

20 

10 I -

0 

Measurements 

Predictions: 

Grid 14 x 12 

Grid 22 x 20 

Grid 30 x 29 

30 60 90 120 150 180 210 

x (cm) 

240 270 300 

FIGURE 7.22 : GRID-DEPENDENCE CHECK FOR RUN 1 UITH SUBCRITICAL 
OUTLET CONDITIONS: SHOUING HYDRAULIC-JUMP LOCATION 
FOR h = 9.4 cm 



244 

It can be concluded from this study, that the friction factor 

plays an important role in the study of flous uith hydraulic jumps. 

Correct estimation of the value of Ĉ . for the channel surface in ques-

tion is important, 

7.3.4.6 Grid-Dependence Check 

Follouing the argument presented in Section 7.3.4.1, Figure 

7.22 shous the results of a grid-dependence check for three different 

grids used. The coarse grid of 14 x 12 fails to produce the accurate 

jump location for the main reason that it has not produced sufficiently 

grid-independent results for the uholly supercritical flou. Houever, 

the improvement in accuracy achieved for the jump location by using a 

grid of 30 x 29, as compared to the grid of 22 x 20, lies uithin the 

length of a finite-difference cell of the 22 x 20 grid. This suggests 

that smearing is reduced, by grid refinement, by only a small amount 

and does not justify the cost of using finer grids. It is concluded, 

therefore, that the grid of 22 x 20 (uhich proved to give sufficiently 

grid-independent results for the supercritical flou of Run 1) is an 

optimum grid to use in this case as far as accuracy and economy are 

concerned, 

7.3.4.7 Concluding Remarks 

The agreement betueen computed and measured jump locations, for 

the tuo-dimensional experimental flou situation, has been shoun to be 

generally good. The jump location uas shoun to be sensitive to even 

small changes in the tailuater depth. The surface resistance of the 

channel uas shoun to be a significant factor in affecting the transition 

location. The jump location uas also found to be sensitive to the size 
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of finite-difference grids used; houever, for sufficiently fine grids, 

as the one used here, the jump uas smeared over only a short distance. 

Mo significant improvement uas achieved by further grid refinement. 

The convergence rate uas rather slou because of the heavier under-

relaxation factors employed since the "zero-gradient" depth boundary 

conditions used at the side ualls are the most unstable type of boundary 

condition especially in such a flou situation. 

Uith reference to the objectives laid doun in Section 7.3.1, 

it can be concluded that the accuracy of the numerical solution proced-

ure has been validated for tuo-dimensional flous uith hydraulic jumps. 

7.4 CLOSURE 

In this chapter the numerical accuracy of the solution proced-

ure and the physical realism of the predictions uere examined for dis-

continuous flous and shoun to be good. The predictions uere compared 

to the one- and tuo-dimensional results obtained from experimental 

investigations. Regarding the economy of the procedure, the computer 

time uas modest for the solution of such complicated flou situations. 

Further testing and application of the model to flous uith 

hydraulic jumps uill be considered in the next chapter, uhere the model 

is applied to simulation of compressible-gas flous including shock 

uaves. 
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C H A P T E R 8 

CALCULATION OF TRANSONIC FLOWS USING THE HYDRAULIC ANALOGY 

8.1 INTRODUCTION 

In the previous tuo chapters, the numerical model uas validated 

for a number of continuous and discontinuous shallou-uater flous. The 

purpose of this chapter is tuo fold: firstly, to further apply and test 

the accuracy of the numerical solution procedure to other discontinuous 

flou situations and, secondly, to study and highlight the analogy betueen 

free-surface and tuo-dimensional (plane) compressible-gas flous. 

The predictions presented in this chapter are compared to exp-

erimental data and various solutions by others, of compressible-gas flous 

including shock uaves. 

The present chapter consists of three main sections, the first 

of uhich considers the details of the analogy. The other tuo main sec-

tions contain the study, using the analogy, applied to tuo compressible-

gas flou situations uhich include shock uaves. The first case simulates 

the Mach-stem flou of overexpanded free jets, uhile the second case simu-

lates the impingement of supersonic flous on a blunt body. The chapter 

closes uith a summary of the main findings and an overall look at the 

performance of the present solution technique. 

8.2 THE ANALOGY BETUEEN FREE-SURFACE AND COHPRESSIBLE-

GAS FLOUS 

8.2.1 Background and General Concept 

The normal shock uave in gas flou is analogous to the hydraulic 
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jump in shallou-uater flou. Analogous to the oblique shock and rarefac-

tion uai/es in gas flou are the oblique liquid uaves produced in a channel 

by changes in the direction of the channel ualls or by changes in floor 

elevation. A body placed in an open channel uith flou at a Froude number 

greater than unity causes uaves on the surface that are analogous to 

shock and rarefaction uaves on a similar tuo-dimensional body in a super-

sonic uind-tunnel. 

It has long been realized that a close analogy exists betueen 

frictionless shallou-uater flous and tuo-dimensional compressible-gas 

flous in adiabatic processes. Nevertheless, this analogy uas restricted, 

in the past, to experimental measurements in uater tables in order to 

demonstrate and study the behaviour of a compressible gas in similar 

flou situations. Those studies uere, houever, only valid for a fictitious 

gas of a specific-heat ratio ( "S" ) equal to 2 and, thus, could represent 

only a qualitative analogy betueen the tuo flous. In Section 1.2.3, such 

an analogy uas discussed to a certain extent and summarized in Table 1 .2. 

In the follouing section it is shoun that only minor adjustments 

to the shallou-uater equations are needed to achieve an exact analogy to 

those of compressible-gas flou for any value of Y. It is expected, there-

fore, that good quantitative results for a compressible-gas flou should 

be forthcoming uhen the "modified" hydraulic analogy is applied. 

8.2.2 Mathematical Analysis 

(a) Shallou-uater flou equations 

The frictionless shallou-uater flou equations are repeated here 

for comparison, these are: 
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continuity 

L ( hu ) + — ( hv ) = 0 ,(8.1) 
Bx By 

x-momentum 

fL ( hu2 ) + <L ( huv ) = - g h ,(8.2) 
Bx By Bx 

y-momentum 

L_ ( huv, ) + i ( h»2 ) = - g h ^ ,(8.3) 
iy 

By splitting the derivatives in equations (8.2) and (8.3), and using 

the continuity equation (8.1), one gets: 

x-momentum 

Bu Bu Bh r Q , \ u + v — = - g — ,(8.4; 

Bx By Bx 

y-momentum 
Bv Bv Bh /_ _ x u + v — = - g — .(8.5; 
Bx By By 

(b) Compressible-gas flou equations 

The equations, appropriate to inviscid tuo-dimensional flou of 

a compressible gas, are: 
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continuity 

i ( e v ) = 0 ,(8.6) 
Bx By 

x-momentum 

Bu Bu 1 op /a 7 \ u + v = 
Bx By S Bx 

y-momentum 

Bv/ Bv 1 ^P u + v 
Bx By B By 

,(8.8) 

The pressure (p) appearing in equations (8.7) and (8.8) can be put in 

terms of the density ( G ) via the isentropic relationship for a perfect 

gas, namely: 

L. = ( — ) .(8.9) 
PQ eo 

where subscript 0 designates the stagnation value of the variable and 

Y is the specific-heat ratio of the gas, hence: 

h = ^ y e*"1 , (8.10) 
Bx Jtf 

0 

Bp_ 

^y 

Be 

dy 
.(8.11) 
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Substituting equations (8.10) and (6.11) into equations (8.7) 

and (8.8), one gets: 

x-momentum 

Bu Bu P0 v Jtf-2 ,n u + v — = - o S — ,(8.12) 
Bx By Jtf Bx 

Lo 

y-momentum 

Bv Bv P0 ^ Jtf-2 Be u + v = - o C — .(8.13) 
Bx By "tf By 

Lo 

(c) Analogy betueen the tuo sets of equations 

The final form of the tuo sets of equations are given in 

Table 8.1 for comparison. 

SHALLOU-UATER EQUATIONS COMPRESSIBLE-GAS FLOU EQUATIONS 

continuity 

L ( h u ) + — ( h v ) = 0 
Bx By 

x-momentum 

continuity 

— ( S u ) + ~ ( (2 v ) = 0 
Bx By 

x-momentum 

Bu Bu Bh u + v — = - g — 
Bx dy ^x 

y-momentum 

Bu Bu P0 y 2 B e 
u — + v — = - — o G — 

Bx By JS Bx 
co 

y-momentum 

Bv Bv Bh u — + v — = - g — 
Bx By By 

u Bv + v Bv _ _ P0 ^ Be 

Bx By JS By 

TABLE 8.1 : COMPARISON BETUEEN SHALLOU-UATER AND COMPRESSIBLE-

GAS FLOU EQUATIONS 
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By studying the table, it uill be evident that the corresponding 

equations become identical if: 

the height (h) is analogous to density (e) in the compress-

ible flou: 

h e (8.14) 

the gravitational acceleration (g) is analogous to Y C tf-2 

in the compressible flou: 

_ * e 
tf-2 

, (8.15) 

The analogous relation given by equation (8.15) can be simplified, 

using equation (8.9), as follous: 

9 ^ J L V e5'"2 ,i.e. g ^ J L Y ,(8.16) 

e 5 e 2 

Nou, by replacing S by h, and p by the hydrostatic pressure force (per 

2 unit density) g h /2, relation (8.16) gives: 

.(8.17) 

If Y is equal to 2, then g />• g and this achieves the hyd-

raulic analogy to a fictitious gas of Y = 2 . But there is no necessity 

for the "analogous gas" to have a specific-heat ratio of 2, as g in 

the numerical model can be replaced by g for any value of 0 . 
2 
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0.3 SIMULATION OF OVEREXPANDED TRANSONIC FREE JETS 

8.3.1 Introduction 

The main objectives of this study are to test the validity of 

the hydraulic analogy ( Y = 2 ) and the modified analogy ( Y equals the 

value appropriate to the gas simulated; e.g. Y . = 1.4 ) to 2-D comp-air 

ressible-gas flous. The study investigates the stability of the numerical 

scheme for fixed free-stream boundary conditions, and further investigates 

the sensitivity of the procedure to grid refinement for discontinuous flows. 

8.3.2 Problem Specification 

(a) Flou situation and shock structure 

The physical situation simulates a supersonic jet exhausting into 

a stagnant ambient from a tuo-dimensional nozzle at a pressure less than 

the ambient pressure. In adjusting to the high pressure surroundings, 

the jet boundary collapses producing a jet shock uhich, in a short dist-

ance, impinges on the jet centre-plane. The shock may be reflected from 

the centre-plane (regular reflection), or if strong, generates a Mach 

stem (Riemann uave) reflection as shoun in Figure 8.1 (a). In both cases, 

reflected shocks are formed uhich intersect uith the jet boundary reflect-

ing as expansion uaves, and the uhole process is repeated until viscous 

effects become predominant. 

The floufield pattern is primarily dependent upon the nozzle exit 

pressure (Pn)> Mach number (^n)» ratio of specific heats ( Y ), ambient 

pressure (p ), and the nozzle exit flou direction. As the operating pre-

ssure ratio ( p / p ) is increased, the standoff distance ( x ) of n a stem 

the Riemann uave from the nozzle exit increases; uhereas the uidth of the 
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(a) The compressible-gas flou situation (side vieu) 
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1 1 

| Fr < 1 I 1 | 

j t » 1 1 (2) 1 
4 2 L = 2.0 m 

(b) The analogous situation in free-surface flous (plan vieu) 

FIGURE 8.1 : DIAGRAMATIC VIEUS OF AN OVEREXPANDED FREE 3ET 
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Riemann uave (half uidth being y s t e m ) decreases. Figure 8.1 (b) repre-

sents the geometry of the hydraulic model and outlines the boundary condi-

tions employed as detailed in Section 8.3.3 (b). The nozzle exit half-

height and the channel half-uidth being Y. 

(b) Theoretical and experimental information 

Supersonic jet flou research has centred mainly on axisymmetric 

free jet flous because of their practical applications in jet engines 

and rocket technology. Consequently, research on tuo-dimensional jet 

flous has lagged, especially in the experimental field. The uork pub-

lished on tuo-dimensional overexpanded jets is even rarer. Such selected 

studies are summarized in Table 8.2. 

Author (s) Year Application 

F erri 1949 Experimental study; overexpanded jets. 

Sheeran & Dosanjh 1968 Experimental study; underexpanded jets. 

Uerle, et al 1970 Theoretical study (method of characteris-

tics) and experimental study; underexpanded 

jets. 

Sinha, et al 1971 Theoretical study (time-marching finite-

difference method); underexpanded jets. 

Chou & Chang 1975 Theoretical study (method of characteris-

tics); overexpanded jets. 

Small 1979 Theoretical study (transonic small-

disturbance theory); overexpanded jets. 

TABLE 8.2 : STUDIES OF TWO-DIMENSIONAL (PLANE) TRANSONIC FREE 3ETS 

Most of these studies have lacked a detailed description of the 

plume of the 2-D jets, and the boundary conditions used. Some of the 
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results were presented uith no comparison uhatsoever. Houever, these 

studies have indicated that mixing and viscous interactions are not 

crucial in the determination of the overall structure of the plume so 

far as the region betueen the jet and the Riemann uave is concerned. 

The experimental data of Ferri (1949) are used in the present 

study for comparison. The data available are obtained from Schlieren 

photographs for the standoff distances and uidths of the Riemann uaves, 

appropriately nondimensionalized, for the pressure ratios ( p / p ) of n a 

0.53 and 0.51 for air at a nozzle Mach-number of 1.92. 

(c) Flou parameters 

The study is conducted for an exit Mach-number (Froude number) 

of 1.92 and a specific-heat ratio of 1.4. The pressure ratios investi-

gated ( P n / P a = ( h^ / h Q ) ) are betueen 0.40 and 0.74. The study 

is also carried out for a value of Y equal to 2; this is in order to 

investigate the validity of the hydraulic analogy to real gas flous. 

The detailed flou parameters used are as follous: 

L (channel length) = 2.0 m 

Y (channel half-uidth) = 1.0 m 

u (inlet u-velocity) = 1.12 m/s n 

v^ (inlet v-velocity) = 0.0 

h (inlet depth) = 0.05 m n 

h (surroundings depth) = 0.062 to 0.096 m 3 

Y = 1.4 and 2.0 

The task of this study is to compute, for the above parameters, 

the distribution of velocities and the uater surface elevations. The 

locations and uidths of the Riemann uaves, if present, are to be 
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calculated from these predictions using the free-surface flous. These 

are to be compared uith the available experimental data for the compress-

ible-gas flous. Further, for a typical case, runs are performed to 

assess the effect of the grid size on the solution. 

8.3.3 Details of the Computations 

(a) Equations solved 

The equations solved are the continuity and the tuo momentum 

equations given by equations (8.1) to (8.3). 

(b) Boundary conditions 

The boundary conditions employed in the computations, for the 

flou geometry shoun in Figure 8.1 (b), are: 

(1) Inlet plane : The flou is prescribed as uniform and parallel 

to the jet centre-plane, uith: 

u = u , h = h and v = v = 0 n ' n n 

(2) Plane of symmetry : v = Bu/ By = Bh/ By = 0 

(3) Exit plane : The exit boundary is placed sufficiently far 

dounstream for the flou to be supercritical. The depth prescribed 

there is uniform and equal to the surroundings depth (h ). 
3 

(4) Fixed free-stream boundary : The top boundary of the channel 

flou domain simulates stagnant and" fixed pressure surroundings, uith: 

u = 0 , h = h Q and Bv/ By = 0. 

Remark : The top boundary, therefore, simulates an infinite-capacity 

reservoir uith uniform depth (h ) prevailing everyuhere and uith flou 
3 

crossing the boundary only in the direction normal to the symmetry plane. 
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(c) Initial conditions 

The u-v/elocity, depth and pressure fields were initialised uith 

uniform values equal to u n , h n and h^ respectively. It uas advantage-

ous to start the solution uith a non-zero v-velocity field; uniform val-

ues of - 0.01 u uere used, 

n 

(d) Finite-difference grid 

In order to examine the effects of grid size on the solutions, 

six separate runs uere performed for the pressure ratio = 0.55 jet (f"rn= 

M^s 2.0, the channel length and uidth uere 2.4 and 1.0 m respectively). 

Firstly the grid uas refined in the x-direction uhilst fixed in the y-

direction at 11 nodes; these grids uere (12, 22, 35 and 45) x 11. Then 

the grid uas refined in the y-direction uhilst fixed in the x-direction 

at 35 nodes; these grids uere 35 x (15, 20). The grid lines uere uni-

formly distributed in both the x- and y-directions. As uill be demon-

strated later, the 35 x 15 grid gives substantially grid-independent 

results. The finite-difference grid aspect-ratio for such a grid is 

roughly unity. 

(e) Other details 

The uidth and position of the Riemann uave are an outcome of the 

calculation. IMo initial subcritical regions are inserted in the flou, 

and the uave is captured by the numerical procedure. A single computer 

run is made to investigate the uhole pressure-ratio (PR) range. The 

solution is started at the highest end of PR and proceeds touards the 

smallest PR required, uith intermediate converged solutions printed out 

for those PR's uanted. About 200 iterations are required for the conver-

gence of each pressure-ratio solution. 
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The convergence rate of the solution and stability of the pro-

cedure are found to be quite satisfactory at moderate under-relaxation 

factors and are enhanced by the fixed depth boundary conditions applied 

at the free-stream boundary. Typical run information is summarized in 

Table 8.3. 

VARIABLE VALUE 

Fr = M n n 1.92 

1 .40 

Pressure ratio (P /P = (h /h ) ) N n a n a 0.51 

"Nozzle" exit flou angle 0° 

Grid 35 x 15 

Type of grid spacing Uniform 

Grid size ( A x / A y ) 0.86 

Number of iterations 200 

RELAXU, RELAXV, RELAXH and RELAXP 0.5, 0.5, 0.5 and 1.0 

Overall continuity error normalized 3.5 E-7 

to inlet flou-rate 
» 

Max. h normalized to h n 8.2 E-7 

Computer time in CDC 6600 seconds 72 

TABLE 8.3 : COMPUTATIONAL DETAILS FOR PREDICTING TUO-DIMENSIONAL 

OVEREXPANDED FREE JET 

8.3.4 Presentation of the Results 

The computed general behaviour of the flou is presented in 

Figures 8.2 and 8.3. This is shoun in terms of perspective vieus of 

surface elevations and a velocity-vector plot for the pressue ratio of 
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0.51, and for Y = 1.4. Figure 8.4 shous the corresponding computed 

depth contours normalized to the channel-inlet depth (hn). The Froude-

number contours and streamlines (dashed lines) are presented in Fig-

ure 8.5. 

The computed uidth and location of the Riemann uaves are plotted 

against the pressure ratio (P^ / P ) and compared uith the experimental 

values of Ferri (1949) in Figure 8,6. The values corresponding to the 

hydraulic analogy ( Y = 2) are also shoun for comparison. 

8.3.5 Discussion of the Results 

The computed surface elevation vieus shoun in Figure 8.2 repre-

sent the overall features of the flou. The stream boundary collapses, 

in adjusting to the high depth surroundings, producing an oblique hyd-

raulic-jump uhich, in a short distance, impinges on the stream centre-

plane. In doing so, for the pressure ratio in question, the depth 

increases rapidly and a normal jump is formed (Riemann uave in analogous 

compressible-gas flou). A reflected shock is then formed and moves 

touards the stream boundary. The plot depicted in Figure 8.3, presents 

the direction and magnitude of the velocity vectors and shous, clearly, 

a flou crossing the top boundary normal to the main stream due to the 

high depth-gradient. Dounstream, the depth gradient decreases and neg-

ligible fluid crosses the top boundary. 

The contours presented in Figures 8.4 and 8.5 further analyse 

the results in a quantitative manner. The depth contours of Figure 8.4 

shous different levels of depth condensed in a small region around the 

shock. The depth gradients dounstream of the shock become less steeper 

and the streamlines straighten out as seen in Figure 8.5. The flou in 

this region is usually analysed and modelled as being one-dimensional ( 
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V 

FIGURE 8.2 : PERSPECTIVE VIEUS OF THE SURFACE ELEVATIONS FOR THE 
SIMULATION OF OVEREXPANDED JETS (1*1 = 1.92, PRESSURE 
RATIO = 0.51, ^ = 1.4) n 

FIGURE 8.3 : VELOCITY-VECTOR PLOT FOR THE SIMULATION OF OVER-
EXPANDED JETS (M = 1.92, PRESSURE RATIO = 0.51, 
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1 .0 

FIGURE 8.4 J COMPUTED DEPTH CONTOURS NORMALIZED TO h ; 
SIMULATION OF OVEREXPANDED JET n 

(M = 1.92, PRESSURE RATIO = 0.51, ^ = 1.4) 

1.0 

.8 -

.6 

.4 

— — Stream-function contours 

Fr contours x 

FIGURE 8.5 : COMPUTED STREAMLINES AND FROUDE-NUMBER CONTOURS; 
SIMULATION OF OVEREXPANDED JET 
(M = 1.92, PRESSURE RATIO = 0.51, tf = 1.4) 
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this is often used together uith the application of the method of chara-

cteristics in the "supersonic" region to determine the location of the 

triple point). It is interesting to note that the stream-function cont-

ours, normalized to the inlet-channel flou-rate, have values in excess 

of 1, this is because of flou crossing the top boundary into the main 

stream for reasons given earlier. 

The computed results shoun in Figure 8.6 exhibit the correct 

trends, uith the "Riemann uave" moving auay from the channel inlet and 

decreasing in size as the pressure ratio increases. The experimental 

points shou very good agreement uith the computed results of the modi-

fied hydraulic analogy for 1$ = 1.4. Those made uith the hydraulic 

analogy ( = 2) are qualitatively similar but shou only fair quantita-

tive agreement. The average discrepancies betueen the tuo computed 

results, for the pressure-ratio range investigated, are about 40$ in 

the heights of Riemann uaves (overpredicted for Y = 2) and about 20% 

in the locations of Riemann uaves (underpredicted for "8 = 2). 

The pressure-ratio range in uhich Riemann type reflection occurs 

is about 0.48 to 0.61. Belou a pressure ratio of 0.48, the region doun-

stream of the normal shock, across the uhole channel uidth, becomes 

subcritical. Above a pressure ratio of 0.61, no subcritical region is 

captured and regular reflection occurs. 

8.3.6 Grid-Dependence Check 

Figures 8.7 and 8.8 shou the effects of the grid size on the 

solution. Figure 8.7 shous the effect of refining the grid, in the x-

direction, on the depth distribution on the flou centre-plane. Uhile 

Figure 8.8 shous the effect of grid refinement, in the y-direction, on 

the depth distribution for three different cross-stream locations. 
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FIGURE 8.7 COMPUTED CEIMTRE-PLANE DEPTH VARIATIONS; 
SIMULATION OF.OVEREXPANDED JET 
(M = 2.0, PRESSURE RATIO = 0.55, 5 = 1.4) 
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FIGURE 8.8 : COMPUTED DEPTH VARIATIONS AT THREE CROSS-STREAM 
LOCATIONS; SIMULATION OF OVEREXPANDED JET 
(M = 2.0, PRESSURE RATIO = 0.55, 8 = 1.4) 
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The grid sizes are as specified in Section Q.3.3 (d) and tested on the 

flou uith M = 2.0, pressure ratio = 0.55 and Y = 1.4. The centre-plane n 1 

profile and the cross-stream profile at x/Y = 1.12 present typical 

depth variations along and across (on the dounstream side) the Riemann 

uave on uhich high depth gradients prevail. 

It is shoun in Figure 8.7 that the jump smearing is reduced 

substantially by refining the grid. IMo significant change is observed 

by refining the grid from 35 x 11 to 45 x 11. Increasing the number 

of nodes in the y-direction, from 11 to 15 and then to 20, produces an 

insignificant change in the depth profiles as seen in Figure 8.8. The 

grid of 35 x 15 uas chosen and regarded as giving grid-independent results. 

8.3.7 Concluding Remarks 

Uith reference to the objectives laid doun in Section 8.3.1, 

the follouing remarks can be made: 

(a) The computed results obtained from the modified hydraulic analogy 

have shoun good agreement uith experimental data,for a 2-D compressible-

gas flou, by simulating an overexpanded jet. The agreement uas only 

fair uhen using the hydraulic analogy ( tf = 2) and it can only be conc-

luded that qualitative agreement is achieved as generally expected. 

(b) The convergence speed and stability of the numerical solution pro-

cedure uere enhanced by using fixed-depth boundary conditions on the 

free stream as employed in the present investigation. 

(c) The smearing across hydraulic jumps (shocks) uas reduced substan-

tially by refining the grid. Houever, sufficiently grid-independent 

results uere obtained by employing a moderate grid size. 
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8.4 SIMULATION OF SUPERSONIC FLOU IMPINGEMENT ON A BLUNT BODY 

8.4.1 Introduction 

The main objectives of this study are to provide further valid-

ation and application of the modified analogy of free-surface flous to 

tuo-dimensional compressible-gas flous uith shock uaves. The validity 

of the hydraulic analogy of free-surface flous, i.e. uhere IS = 2, is 

also tested by comparison to flous of real gases uith Y = 1.4. The 

stability of the numerical scheme, for simulating such discontinuous 

flous and the sensitivity of the solution to grid refinement, are inves-

tigated. The study is motivated by the availability of experimental data 

and results from various theoretical approaches, for the locations and 

shapes of detached shock uaves in front of a flat-faced blunt body. 

8.4.2 Problem Specification 

(a) Flou situation and structure 

The physical situation simulates the impingement of uniform and 

tuo-dimensional supersonic flous on a blunt body. The blunt body under 

consideration represents a 180° uedge (referred to as a block) of half 

uidth B. The block is placed uith its central plane parallel to the 

approaching flou, i.e. at zero angle of attack, uhich yields a symmetric 
/ 

flou pattern around the body. Consequently, the flou pattern for the 

complete block is obtained by studying one symmetric half of the flou 

domain, see Figure 8.9. 

In adjusting to the stagnant conditions uhich prevail on the 

block face, the supersonic (supercritical) stream undergoes an oblique 

shock uave (hydraulic jump); a subsonic (subcritical) region is then 
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FIGURE 8.9 : FLOU IMPINGEMENT ON A BLUNT BODY SHOUING GEOMETRY 
AND BOUNDARY CONDITIONS 
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created betueen the shock and the body. The subsonic flou is deflected 

round the body and accelerates, due to expansion, to supersonic flou 

again passing the sonic (critical) line. The sonic line extends from 

the tip of the body to a point on the shock. 

The shock uav/e uill aluays be detached, and is called a head or 

bou uav/e, due to the large angle of the uedge uhich is uell beyond the 

critical angle for any free-stream Mach number (the critical half-angle 

for uedges being about 45 for tf = 1.4). The portion of the detached 

shock uave immediately on the central plane is normal to the incoming 

flou. Thus, the flou characteristics in this small region approximate 

those for a normal shock uave; on either side, the shock becomes oblique 

and its strength decreases. 

The floufield pattern is primarily dependent upon the free-stream 

Mach number ({V'in) ar*d the uidth of the body (2B). As M i n decreases, 

the shock uave moves farther auay from the body and becomes ueaker. 

(b) Theoretical and experimental information 

Studies of supersonic flow impingement on blunt bodies have cen-

tred mainly on axially-symmetric flous. This is because shapes such as 

discs, spherical caps, blunted cones, etc. assume more practical impor-

tance in space technology. Houever, studies on tuo-dimensional flat-

faced bodies, like the one considered here, are common as typical 

examples for testing theoretical models. This is because 2-D flous 

are simpler to analyse and, finite-difference grids of fixed type are 

easier to fit on flat shapes such as a rectangular body. 

A feu selected studies on plane supersonic flou impingement on 

rectangular bodies are summarized in Table 8.4. 
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Author (s) Year Study 

(1 ) Moeckel 1949 Theoretical (continuity and geometric 

approximate methods); = 1.15 to 3.6. 

(2) Griffith 1952 Experimental; M. = 1.16 to 1.80. in 

(3) Xerikos & Anderson 1962 Theoretical (method of integral 

relations); M. = 5.80. '' in 

(4) Burstein 1966 Theoretical (time-marching finite-

difference method, 2nd order accuracy); 

M. = 4.23 ( Y = 1.4) & 10.0 ( tf = 1.17). in \ / \ 

(5) Bazzhin, in Hayes & 1966 Theoretical (method of integral 

Probstein relations); M. = 5.0 4 20.0. in 

(6) Palumbo & Rubin 1972 Theoretical (time-marching finite-

difference method, 2nd order accuracy); 

M. = 2.0. in 

(7) Harten & Zuas 1972 Theoretical (time-marching finite-

difference method, hybrid scheme); 

M. = 4.23. in 

(8) Srinivas & Gururaja 1977 Theoretical (time-marching finite-

difference method, 1st order accuracy); 

M. = 4.23. in 

TABLE 8.4 : SELECTED STUDIES Of TUO-DIMENSIQNAL (PLANE) SUPERSONIC 

FLOU IMPINGEMENT ON RECTANGULAR BODIES 

( Y = 1.4 unless stated) 

The information obtained from most of these studies is limited 

to shapes and locations of the detached shock waves and the results lack 

comparison uith experimental data. The computed results uere validated 

by comparison uith the results of other schemes and, generally, good 

agreement uas found. The computer time required for the solutions 

obtained using the time-marching techniques uas measured in number of 
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hours. Steady-state solutions uere achieved in the region of 2000 time 

steps. These studies uere briefly discussed in Section 2.5.2. 

(c) Flou parameters 

The study is carried out for a uide range of free-stream Froude 

(Mach) number. The free-stream depth and velocity are chosen to yield 

Froude numbers (Fr^) betueen 1.3 and 5.8. The study simulates a precific-

heat ratio of 1.4 (air). 

The detached shock-uave location and shape are highly dependent 

on Fr. . Thus, in order to simulate the flou accurately and economi-rn 

cally, tuo different block and flou domain sizes uere found to be nece-

ssary depending on uhether f*r^n is high or lou. Figures 8.9 (a) and 

8.9 (b) shou the block and flou domain sizes uhich uere found to be 

optimum for 2.0 < Fr. < 5.8 and 1.3^. Fr. < 1 . 9 respectively. The 

— in — ~ i n -

flow domain and block sizes are clearly dimensioned in terms of physical 
lengths and also in terms of ratios of block half-uidth (B). The 

detailed flou parameters used are as follous: 

(i) 2.0 < Fr. < 5.8 v ' — in = 

Block half-uidth = 0.40 m or 1.00 B 

Channel length = 2.00 m or 5.00 B 

Channel half-uidth = 2.10 m or 5.25 B 

h. = 0.03 m in 
u. = 0 . 9 1 m/s to 2.63 m/s in 

The block is positioned at a distance equal to 3B from the inlet plane, 

(ii) 1.3 < Fr.n < 1.9 

Block half-uidth = 0 # 2 o m or 1.0 B 

Channel length = 2.20 m or 11.0 B 

Channel half-uidth = 2.70 m or 13.5 B 
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h. = 0.01 m in 
u. = 0 . 3 4 m/s to 0.5 m/s 
in 

The block face is positioned at a distance equal to 7.5B from the 

inlet plane. 

The study is also carried out to simulate flous uith a specific-

heat ratio of 2.0 in order to test the validity of the hydraulic analogy. 

The task of this study is to compute, for the above parameters, 

the distribution of velocities and depths. The shape and location of 

the detached shock uaves and sonic lines are to be calculated from these 

predictions using the free-surface flous. These are to be compared uith 

the available experimental data and solutions by others for the compress-

ible-gas flous. Further, runs are performed to assess the effect of 

grid size on the solution. 

8.4.3 Details of the Computations 

(a) Equations solved 

The equations solved are given by equations (8.1) to (8.3) 

(b) Boundary conditions 

The boundary conditions employed in the computations, for the 

flou geometry shoun in Figure 8.9, are: 

(1 ) Inlet plane 
(free stream) 

: The variable values specified at the inlet 

plane assume uniform free-stream conditions 

uith: 

u = uio > h = h. and v = v. = 0« in ' in m 

(2) Plane of symmetry : v = Bu / By = Bh / By = 0. 
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(3) Exit plane 

(4) Top boundary 

(free stream) 

: Uniform depth equal to the free-stream 

depth (h^n) is prescribed. 

: The top boundary of the flou domain sim-

ulates the uniform free-stream conditions 

uith: 

u = u. , h = h. and Bv / By = 0. in ' in ' ' 

(5) Block u = v = 0. 

Remarks 

• The location of the exit boundary does not affect the flou up-

stream provided it is in the supercritical region. Nevertheless, the 

exit boundary is placed further dounstream from the block surface in 

order to study the flou at a sufficient distance dounstream of the sonic 

line. 

• The inlet and top boundaries of the flou domain, uhich assume 

free-stream conditions, are located far auay from the block. The condi-

tions prevailing there uould, then, be the undisturbed free-stream 

conditions. 

(c) Initial conditions 

The computations uere started by using the free-stream conditions 

as initial conditions. It uas advantageous to start the solution uith 

a non-zero v-velocity field and uniform values of 0.05 u. uere used. in 

(d) Finite-difference grids 

In order to examine the effects of grid size on the solutions, 

seven separate runs uere performed for a free-stream Froude number of 

2.8 (uhich lies roughly in the middle range of F r ^ studied). Firstly, 
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the grid uas refined in the x-direction uhilst fixed in the /-direction 

at 23 nodes; these grids uere (12, 20, 27 and 36) x 23. Then the grid 

refinement uas tested in the y-direction uhilst fixed in the x-direction 

at 36 nodes; these grids uere 36 x (12, 17 and 30). The grid lines uere 

non-uniformly distributed in both the x- and y-directions. Constant 

x-lines uere more packed ahead of the block surface, uhilst constant 

y-lines uere coarsely distributed auay from the block touards the top 

boundary. 

As uill be demonstrated later, a grid of 27 x 17 gives substan-

tially grid-independent results. Houever, an even finer grid of 36 x 30 

uas employed in this study so as to ensure sufficient grid-independent 

results for the uhole range of Froude numbers ( 2.0 ^ ^ i n == 5.8). 

Similar grid distribution uas used for 1.3 < Fr. < 1 . 9 but uith a 3 — in — 

grid of 36 x 35 fitted on a larger physical domain. The distributions 

of these grids are shoun later. 

(e) Other details 

Preliminary runs uere first made in order to decide upon the 

optimum physical size of the flou domain and also on optimum grid size 

and distribution for a uide range of . A single computer run uas 

then made to investigate the uhole range of betueen 2.0 and 5.8. 

Another run uas also made but for a larger physical domain, to investi-

gate the uhole range of F r ^ betueen 1.3 and 1.9. 

Due to the initial conditions used the shock uas initially pro-

duced at the block face; as the solution progressed it became detached. 

Intermediate converged solutions uere obtained and printed out for those 

values of Fr. selected. About 300 iterations uere required for the in 

convergence of each solution. By monitoring the momentum and continuity 
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errors and the variable changes uith iteration, it uas found that the 

numerical scheme uas very stable and produced monotonic convergence. 

Typical run information is summarized in Table 8.5. 

VARIABLE VALUE 

Fr. = M. in in 
2.80 

* 1.40 

Grid 36 x 30 

Type of grid spacing Non-uniform 

Number of iterations 300 

RELAXU, RELAXV, RELAXH and RELAXP 0.5, 0.5, 0.5 and 1.0 

Overall continuity error normalized to 3.4 E-4 

inlet flou-rate 
i 

Max. h normalized to h. in 5.5 E-4 

Computer time in CDC 6600 seconds 260 

TABLE 8.5 : COMPUTATIONAL DETAILS FOR PREDICTING FLOU IMPINGEMENT 

ON A RECTANGULAR BODY 

8.4.4 Presentation of the Results 

All the results presented and discussed belou for the impinge-

ment on rectangular bodies, i.e. 180 uedges, are for tf = 1.4 unless 

specifically stated. 

The general behaviour of the computed flou is presented in Fig 

ures 8.10 and 8.11. This is shoun uith perspective vieus of surface 

elevations (vieued from different angles) and a velocity-vector plot. 

The free-stream Froude number is 5.0 and the geometry used is the one 

depicted in Figure 8.9 (a). The corresponding detailed description of 
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the flou is presented in Figures 8.12 and 8.13. Figure 8.12 shous the 

computed depth contours normalized to the free-stream depth; uhereas 

Figure 8.13 presents the computed Froude-number contours (continuous 

lines) and the stream-function contours (dashed lines), normalized to 

the inlet flou-rate, up to y/B = 4.2. In the region beyond y/B = 4.2 

and up to y/B = 5.25 uhere the top boundary is located, the free-stream 

conditions prevail. 

Figure 8.14 presents the comparison betueen theoretical, numeri-

cal and experimental shock standoff distances (L), appropriately non-

dimensionalized to the block half-uidth (B). The computed L's using 

the hydraulic analogy ( Y = 2) are also shoun for comparison. 

Figures 8.15 to 8.17 present the shock shape, shock location 

and sonic line at different free-stream Mach numbers (M. = Fr. ). The in in' 

predicted results are compared to the experimental results of Griffith 

(1952) and to the results of Bazzhin (in Hayes, U.D. et al, 1966) obtain-

ed from the method of integral relations. 

Figure 8.18 shous the pressure (or depth) distribution on the 

block face normal to the free stream. The variable distributions are 

appropriately normalized to their stagnation values (uith subscript 0) 

at the centre-plane. This normalization enables direct pressure compa-

rison betueen free-surface and compressible-gas flous through P / P^' = 

( h / hg ) . The computed results are compared to the experimental data 

of Griffith for compressible-air flou. 

Figure 8.19 shous a comparison betueen a one-dimensional analy-

sis for the depth ratio across the jump (normal jump conditions) and the 

computed depth ratio across the bou shock on the centre-plane. (The 

shock conditions on the centre-plane very closely resemble normal shock 

conditions). 
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y 
2.1 m 

— - — w 
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FIGURE 8.10 : PERSPECTIVE VIEUS OF THE SURFACE ELEVATIONS OF FLOU 

IMPINGEMENT ON A BLUNT BODY (Fr. = M. = 5.0, tf =s 1.4) in in 
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FIGURE 8.11 : VELOCITY-VECTOR PLOT OF FLOU IMPINGEMENT ON A 

BLUNT BODY (Fr. = M. = 5.0, tf = 1.4) in in ' 1 
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(M. = 5.o) 

(x is measured from block face) 
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x/B 

FIGURE 8.12 COMPUTED DEPTH CONTOURS NORMALIZED TO h. ; in 
SIMULATION OF FLOU IMPINGEMENT ON A BLUNT BODY 

(Fr. = M. = 5.0, 8 = 1.4) * in in 
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x/B 

— — — Stream-function contours 
Fr contours 

x 
FIGURE 8.13 : COMPUTED STREAMLINES AND FROUDE-NUMBER CONTOURS; 

SIMULATION OF FLOU IMPINGEMENT ON A BLUNT BODY 
(Fr. = M. = 5.0, ff = 1.4) 

in in 
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Continuity method (Moeckel); 
gas flou, 8 = 1 . 4 

Geometric method (Moeckel); 
gas flou, 8 = 1.4 

Time-marching finite-difference method 
(Burstein); gas flou, 8 = 1.4 

Method of integral relations (Bazzhin, ~ 
in Hayes, et al); gas flou, 8 = 1.4 

Method of integral relations (Xerikos & 
Anderson); gas flou, 8 = 1.4 

Current predictions (modified hydraulic 
analogy); free-surface flou, 8 = 1.4 

Current predictions (hydraulic analogy); 
free-surface flou, 8 = 2.0 

1.0 
10 

l/B 
12 14 

FIGURE 8.12 COMPARISON OF THEORETICAL, NUMERICAL, AND EXPERIMENTAL 

SHOCK STANDOFF DISTANCES IN FRONT OF A 180° UEDGE 

(BLOCK) PLACED NORMAL TO THE FREE STREAM 
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x/B 

Experiments (Griffith); gas flou, & = 1.4 

— — — Predictions; modified hydraulic analogy, S = 1.4 

FIGURE 8.15 : SHOCK-UAVE LOCATIONS OF FLOU IMPINGEMENT ON 180° 

UEDGE AT DIFFERENT FREE-STREAM MACH NUMBERS 
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Experiments (Griffith); gas flou, 8 = 1.4 

— Predictions; modified hydraulic analogy, "25 = 1 .4 

FIGURE 8.16 : SHOCK-UAVE AND SONIC-LINE LOCATIONS OF FLOU 

IMPINGEMENT ON 180° UEDGE AT FREE-STREAM 

MACH NUMBER OF 1.37 
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x/B 

Method of integral relations (Bazzhin, in Hayes, 
et al); gas flou, 8 = 1.4 

— — — Current predictions; modified hydraulic analogy, 
V = 1.4 

FIGURE 8.12 SHOCK-UAVE AND SONIC-LINE LOCATIONS OF FLOU 

IMPINGEMENT ON 180° UEDGE AT FREE-STREAM 

MACH NUMBER OF 5.0 
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y/B 

(Data: compressible-gas flou; air) 

(Predictions: free-surface flou; Y = 1.4) 

FIGURE 8.18 : PRESSURE DISTRIBUTION ON THE FACE NORMAL TO 
FREE STREAM OF A 180° UEDGE 

FIGURE 8.19 : CENTRE-PLANE DEPTH RATIO ACROSS THE BOU SHOCK 
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8.4,5 Discussion of the Results 

Figures 8.10 and 8.11 shou, very clearly, the overall features 

of the supercritical flou impingement on a rectangular body as discussed 

in Section 8.4.2 (a). The depression in depth seen at the exit boundary 

is due to the prescribed free-stream depth (see Figure 8.10). Houever, 

this has no effect on the upstream flou as long as the exit flou remains 

at supercritical conditions. 

The presence of the block in the approaching supercritical flou, 

induces an oblique hydraulic-jump, across uhich, there is an abrupt chan-

ge in the flou properties. This is analogous to a compression uave in 

compressible-gas flous. Beyond the body corner, the flou expands as de-

picted by a decrease in depth and an increase in the magnitude of the 

velocity vectors. 

The detailed features of the flou are depicted in Figures 8.12 

and 8.13. The compression in the shock region is very uell represented 

by the packed depth contours in front of the block. The depth value, 

normalized to the free-stream depth, changes from 1 to 6 uithin tuo 

cell lengths. This suggests that the shock is smeared over 2 cells. 

The flou is then brought to stagnation accompanied by a slight increase 

in depth; the stagnation depth being 6.83 times . The expanding 

nature of the flou beyond the block corner is again seen by the diver-

gence of the depth contours. The Froude-number contours shoun in Figure 

8.13 strongly resemble those of the depth contours. The subcritical 

region is seen very clearly and is enclosed by the shock, the critical 

line and the body. The present numerical scheme gives the position of 

the critical (sonic) line on the body correctly, i.e. uithin a fraction 

of one cell length of the corner. This is in agreement uith the results 

obtained from the different time-marching finite-difference schemes of 
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Burstein (1966), Harten and Zuas (1972), and Sriniv/as and Gururaja (1977), 

Beyond the corner the Froude number increases rapidly, indicating an exp-

ansion uave. The stream-function contours presented on the same figure 

illustrate hou the streamlines are deflected and narrou as they pass 

through the disturbance created by the block. 

The computed shock standoff distance using the modified analogy 

( 8 = 1.4), plotted against the free-stream Froude (Mach) number in Fig-

ure 8.14, shous remarkable agreement uith the various theoretical, numeri-

cal and experimental values obtained from compressible-air flou. The 

computed values obtained by using the hydraulic analogy ( 8 = 2 ) shou 

good qualitative agreement. Houever, for the same free-stream conditions, 

the shock standoff distance aluays lies further auay from the body as 

compared to its value using 8 = 1.4. It can, thus, be concluded that 

an increase in Y (i.e. an increase in the gravitational "constant") 

pushes the shock upstream. This is identical to the influence of the 

specific-heat ratio in compressible-gas flous in uhich the primary effect 

of an increase in "8 is equivalent to a decrease in M. . It is interes-rn 

ting to note that the agreement in shock location, for the tuo values of 

8, becomes closer at higher Fr. . This is because the shock location ' in 

becomes less sensitive to an increase in Fr. above a value of about 3.0. 

in 

The computed shock shapes, draun in Figures 8.15 to 8.17 for 

various s^0Ui 9ooc* agreement uith the experimental data of 

Griffith and the results of Bazzhin obtained from the method of integral 

relations for compressible-air flous. The discrepancy found at lou l*hn , 

in the region further auay from the symmetry plane, may be attributed to 

the computational top boundary not being far enough auay to simulate real 

free-stream conditions. It is clearly seen that the shock part close to 

the symmetry plane resembles a normal shock uave. The experimental sonic 

line seen in Figure 8.16, attaches itself very near to the body corner; 
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the computed critical line attaches itself uithin one cell length of the 

body corner. 

Figure 8.18 shous that nearly identical normalized pressure (or 

depth) distributions exist on the block face for a considerable range 

of l"| (or Fr^n). The comparison betueen the computed depth ratios to 

the pouer Y and the experimental pressure ratios, generally shous good 

agreement except very close to the corner uhere the agreement is only 

fair. 

Figure 8.19 shous excellent agreement betueen the theoretical and 

computed depth ratio across the shock on the centre-plane. This indicates 

that the numerical scheme can handle, very efficiently, rapid variations 

in the flou, such as discontinuities, by giving the correct jump condi-

tions. The shock is, houever, smeared over tuo cells but continuity and 

momentum have been conserved all the uay through the flou domain and acr-

oss shocks. 

8.4.6 Grid-Dependence Check 

Figures 8.20 and 8.21 shou the effects of the grid size on the 

solution for a free-stream Froude number value of 2.8. Figure 8.20 

shous the effect of refining the grid, in the x-direction, on the depth 

distribution at the flou centre-plane. Figure 8.21 shous the effect of 

grid refinement, in the y-direction, on the depth distribution at a 

cross-stream location of x/B = 1 . 0 (x is measured from the block). The 

grid sizes are as specified in Section 8.4.3 (d). The centre-plane pro-

file and the cross-stream profile at x/B = 1 . 0 present typical depth var-

iations along and across the bou shock (bou shock at x/B = 1.4) at uhich 

the highest depth gradients in the flou prevail. 

It is shoun in Figure 8.20 that the jump smearing is reduced 
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3.0 2.5 2.0 1 .5 1 .0 0.5 0 

x/B 

(x is measured from block face) 

FIGURE 8.20 : COMPUTED CENTRE-PLANE DEPTH VARIATIONS FOR 

Fr i n = 2.8; FLOU IMPINGEMENT ON A RECTAN-

GULAR BODY 
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4.0 

3.5 

3.0 

2.5 

2.0 
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1.0 

Symbol Grid 

• 36 X 12 
• 36 X 17 

o 36 X 23 

36 X 30 

a nl Ĵs 

0 0.5 1 .0 1 .5 2.0 2.5 3.0 3.5 5.25 

y/B 

(Bou shock is at x/B = 1.4; x is measured from block face) 

FIGURE 8.21 : COMPUTED CROSS-STREAM DEPTH VARIATIONS AT x/B = 

1.0 FOR Fr. = 2.8; FLOU IMPINGEMENT ON A in 
RECTANGULAR BODY 
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30 

3 
3 = 1 

I = 123 . . 36 

I X 

1 0 . 0 0 

2 0.03 
3 0.09 
4 0.15 
5 0.21 
6 0.27 
7 0.33 
8 0.39 
9 0.45 

10 0.51 
11 0.57 
12 0.63 
13 0.69 
14 0.75 
15 0.80 
16 0.85 
17 0.90 
18 0.94 

I x 

19 0.98 
20 1.02 
21 1.06 
22 1.10 
23 1.14 
24 1.18 
25 1.22 
26 1.26 
27 1.30 
28 1.35 
29 1.41 
30 1 .48 
31 1.56 
32 1.65 
33 1.75 
34 1.85 
35 1.95 
36 2.00 

3 y 

1 0.00 
2 0.03 
3 0.09 
4 0.14 
5 0.19 
6 0.25 
7 0.31 
8 0.37 
9 0.43 

10 0.49 
11 0.55 
12 0.61 
13 0.67 
14 0.73 
15 0.79 
16 0.85 
17 0.91 
18 0.98 

J y 

19 1.06 
20 1.15 
21 1 .25 
22 1.35 
23 1 .45 
24 1.55 
25 1.65 
26 1.75 
27 1.85 
28 1.95 
29 2.05 
30 2.10 

FIGURE 8.22 : GRID USED TO PREDICT FLOU IMPINGEMENT ON A 

RECTANGULAR BODY FOR FREE-STREAM FROUDE 

NUMBER BETUEEN 2 AND 5.8 
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30 

3 

y 

* X ; HI II 11 11 M M III J LJ—Li 
1 3 . . I 36 

I X I X 3 y 3 y 

1 0.00 19 1 .05 1 0.00 19 1.15 
2 0.03 20 1.11 2 0.02 20 1 .25 
3 0.09 21 1 .17 3 0.06 21 1 .35 
4 0.15 22 1.23 4 0.10 22 1 .45 
5 0.21 23 1 .29 5 0.14 23 1 .55 
6 0.27 24 1.35 6 0.18 24 1 .65 
7 0.33 25 1.41 7 0.22 25 1 .75 
8 0.39 26 1 .47 8 0.26 26 1 .85 
9 0.45 27 1.53 9 0.30 27 1 .95 

10 0.51 28 1.59 10 0.35 28 2.05 
11 0.57 29 1.65 11 0.41 29 2.15 
12 0.63 30 1 .71 12 0.48 30 2.25 
13 0.69 31 1 .78 13 0.56 31 2.35 
14 0.75 32 1 .86 14 0.65 32 2.45 
15 0.81 33 1 .95 15 0.75 33 2.55 
16 0.87 34 2.05 16 0.85 34 2.65 
17 0.93 35 2.15 17 0.95 35 2.70 
18 0.99 36 2.20 18 1 .05 

FIGURE 8.23 : GRID USED TO PREDICT FLOW IMPINGEMENT ON A 

RECTANGULAR BODY FOR FREE-STREAM FROUDE 

NUMBER BETUEEN 1.3 AND 1.9 
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substantially by refining the grid, No significant change is observed 

by refining the grid from 27 x 23 to 36 x 23, Altering the number of 

nodes in the y-direction, from 17 to 23 and then to 30, produces an in-

significant change in the cross-stream profile as seen in Figure 8.21. 

A grid of 27 x 17 can, thus, be considered to produce sufficiently grid-

independent results. Houever, the grid of 36 x 30 uas chosen so as to 

study the range of betueen 2.0 and 5.8. A slightly larger grid uas 

used to study the range of betueen 1.3 and 1,9, 

The effects of grid refinement shou that the variation in shock 

location (L/B) betueen the coarsest and finest grids used is only 4%, 

uhich lies uell uithin one cell length. 

Figures 8.22 and 8.23 present the distributions of the finite-

difference grids employed. 

8.4.7 Concluding Remarks 

Uith reference to the objectives laid doun in Section 8.4.1, 

the follouing conclusions may be draun: 

(a) The computed results obtained from the modified hydraulic 

analogy have shoun good agreement uith experimental data and results 

from various theoretical approaches, by simulating supersonic flou imp-

ingement on rectangular bodies. This highlights the identical form of 

equations that govern the "modified" shallou-uater equations and the 

compressible-gas flou equations for real gases. 

(b) No non-linear instability uas encountered and this allous 

the use of moderate under-relaxation factors. The convergence speed 

of the procedure uas, thus, very satisfactory. 

(c) Moderate grid sizes uere employed and ensured sufficiently 
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grid-independent results. The shocks uere, houever, smeared over tuo 

cells but continuity and momentum have been conserved across the shocks. 

The computer time required to obtain a converged solution varies betueen 

1 to 5 minutes on the CDC 6600 machine. This is compared to number of 

hours required by using the time-marching techniques. 

8.5 CLOSURE AND GENERAL REMARKS 

The finite-difference technique employed in the present study 

requires only a specification of the initial and boundary conditions. 

The technique requires neither information on uhether a shock uill app-

ear nor knouledge of the shock location. The shock is an outcome of 

solving the governing equations over the entire region of interest. 

As far as the analogy betueen free-surface and compressible-gas 

flous is concerned, it is shoun that there is no necessity for the "ana-

logous gas" to have a specific-heat ratio of 2. Minor modifications 

to the shallou-uater flou equations are needed to bring them into con-

formity uith the compressible-gas flou equations. 

• In all the examples given in the last three chapters, the 

computed results have shoun a generally good agreement uhen compared 

to experimental and theoretical results. All disagreements found can 

be attributed to one or more of the follouing causes: 

(a) Experimental uncertainties; 

(b) approximations imposed on the mathematical formulation; 

(c) assumptions made uhen discretizing the partial-differential 

equations into finite-difference equations; and 

(d) boundary conditions employed and physical location of the com-

putational boundaries. 
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The good agreement achieved in all studies, houever, suggests 

that non of the above causes has been severly violated. 

The numerical scheme used to solve the difference equations is 

based on the depth-correction technique, and is found to be stable, 

general, economical and capable of handling strong discontinuities. 
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C H A P T E R 9 

CONCLUSIONS 

9.1 ACHIEVEMENTS OF THE PRESENT STUDY 

The main achievements of the present uork and the conclusions 

thereof can best be summarized in relation to the objectives stated in 

Section 1.3.2, as follous: 

(a) A mathematical model and solution procedure capable of predict-

ing tuo-dimensional shallou-uater flous uere developed and pre-

sented in Chapters 3 and 4. Special features of the model 

include: 

(i) Utilization of the uidely used pressure-correction procedure of 

Patankar and Spalding (1972) for the determination of depth of 

flou. This involves: 

• Implicit account of the depth variation in the formulation 

of the depth-correction equation. 

• The use of upstream depths in evaluating the mass fluxes 

across the cell faces. 

• Employment of Spalding's tuo-dimensional linear-equation 

solver for the solution of the depth-correction equations. 

(ii) Utilization of a point-by-point solver for the solution of 

the momentum equations. 

(iii) The method applies no restrictions on the value of Froude 

number; the same solution procedure applies to both subcri-

tical and supercritical flous. 
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(vi) 

(b) 

(c) 

(d) 
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The model can handle both gradually and rapidly varied flous; 

hydraulic jumps are a natural outcome of the solution poced-

ure. Houever, the model being depth-averaged, does not desc-

ribe details of either the flou inside or the length of a 

hydraulic jump. As far as boundary conditions are concerned, 

the numerical stability of the procedure uas enhanced for 

problems uith fixed boundary conditions (e.g. prescribed 

free-stream conditions). 

The system is readily extendable to more complex physical 

processes (see next section on the suggestions for future uork). 

Compared to other calculation procedures, the present method 

is more general and economical. 

The comparisons of predictions uith analytical results, published 

data and reliable solutions by others presented in Chapters 6 

and 8, demonstrated the ability of the numerical procedure to 

accurately solve the finite-difference equations uhich describe 

the hydrodynamics. A modified hydraulic analogy uas proposed and 

applied to the calculation of compressible-gas flous and resulted 

in accurate simulation. 

Experimental studies of supercritical flou and supercritical 

flou uith hydraulic jumps, in channels of rectangular cross-

section, uere carried out to supplement the existing experi-

mental information, and uas described in Chapter 5. 

The results of the present experimental study uere compared 

uith predictions. These comparisons, presented in Chapter 7, 

shoued that the numerical model simulated the physics of 

shallou-uater flous fairly uell. 
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9.2 SUGGESTIONS FOR FUTURE UORK 

The follouing areas, arising from the present uork, are consid-

ered useful for further investigation: 

(a) The potential of the basic solution procedure is much greater 

than that demonstrated in this thesis. Subsequently, in order 

to realize this potential, the present procedure should be 

extended to: 

(i) Solve for flous uith heat transfer, for example, heated surface 

discharge into bodies of uater and full-depth layer flous found 

in uind-stirred cooling ponds. Such flous involve one or more 

of the follouing additions to the model: 

• temperature equation , 

• appropriate entrainment formula , 

• uind stresses, bed topography, etc. 

(ii) Include unsteady effects, such as the simulation of tidal flous 

in coastal areas and estuaries. 

(b) The inclusion of a suitable model of turbulence, based on depth-

averaged quantities, is necessary to adequately describe the 

turbulent transfer of momentum, if important, in shallou-uater 

flous. 

(c) The extension of the present model to a multi-layer model for 

simulating three-dimensional effects, such as in stratified 

flous. The study uould involve the interaction betueen layers 

through the exchange of mass and momentum across the interfaces. 

(d) Consideration should also be given to the proper handling of 

irregular geometries. The use of a non-orthogonal numerical 
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mesh is expected to improve the accuracy and economy of the 

calculations for such geometries. Another possibility is to 

regard such irregularities as "blocked areas" to be accounted 

for implicitly uhen formulating the finite-difference coeffi-

cients for the boundary cells. 
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APPENDIX A 

DERIVATION OF TWO-DIMENSIONAL SHALLOW-WATER EQUATIONS 

In Chapter 3, Leibnitz's rule and the kinematic boundary conditions, 

at the bottom and surface of the uater layer, uere used in deriving the 

tuo-dimensional depth-averaged conservation equations (3,6) to (3.8) from 

the equation set (3.1) to (3.5). Details of this derivation are given 

belou. The symbols used in this appendix are as used in the text and 

defined in Figure 3.1. Subscripts s and b define the variable values at 

the surface and bottom respectively. A general depth-averaged quantity 

( 0 ) is defined as follous: 

z. + h b 
jf = JL ^ 0 dz • (A1) 

Leibnitz's Rule 

This rule is used to change the order of integration and 

differentiation. Mathematically, if f is an integrable function 

of x in the range a ^ x ^ b then by Leibnitz's rule (see, for example, 

Stephenson, 1961): 

b 

i - V f ( * > 0 > d x = f( b' 8> — - f< a' 0> - + ^ ^ ^ d x - ( A 2 ) 

d8 0 d8 d8 j 'BB a 
a 

The Kinematic Condition Representing the Surface 

For a negligible loss or gain of mass (e.g. evaporation, rainfall), 

the kinematic condition is expressed as: 

+ u iL ( 2 + h) + v — (zK+ h) = 0 • (A3) 
"St 5 b 3 By b 
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The Kinematic Condition Representing the Bottom 

The bottom surface is assumed rigid, impermeable, and stationary 

for uhich the kinematic condition is expressed as: 

u b — + vb — = 0 • (A4) 

Vertical Integration of the Continuity Equation 

The continuity equation given by (3.1) is integrated, term by 

term, over the depth as follous: 

zL + h z, + h 
b b 3 

* C 3 ( ^ b — az = — \ u dz - ug — 'zb+ + ub 
Bx ^x ^ S Bx 3x 

zb zb 

zL+ h z, + h b b 
C ^ A 3 C H * I hi b \ — dz = — \ v dz - v — (zL+ h) + v, 

3y 9y °z 3 b b ly 
zb b 

Adding equations (A5) and (A6) and using equation (A1), one obtains: 

L (hu) + A - (hv) - i"us (zb+ h) + vs — (zfa+ h)l 
Bx By L Bx ^y J 

r^z dz n 
u. + v, = 0 ,(A7) 

b a* b a y J 

Bh The last tuo groups of terms in square brackets give and 0 
Bt 

respectively, because of the kinematic conditions given by equations 

(A3) and (A4), The depth-averaged continuity equation is, therefore, 

given by: 

— + — (h"u) + — (hv) = 0 ,(A8) 
Bt bx "By 

This is equation (3,6) given in Chapter 3. 
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l/ertical Integration of the u-Momentum Equation 

The u-momentum equation given by (3.2) is integrated, term by 

term, over the depth as follows: 

z. + h b 

S [ s • s • S ; ' - ' ] 
Zb 

dz 

z. + h z, + h z, + h b b b 
a e b r 2 a o 
— j u dz + — \ u dz + — \ uv dz 
Bt Bx By 

Zb Zb Zb 

r"Bh ^ f .v b ( i — + u — + h; + v — (z « 
S U t S ^x b S dy b 0 

L" b a T + Vb i T - l 
.(A9) 

The last tuo groups of terms in square brackets disappear because 

of the kinematic conditions given by equations (A3) and (A4). 

zL+ h 

. C . J _ | £ d 2 = - g h L ( z + h ) t (A10) 
d e dx Sx e ^x 
zb 

uhere Bp/ Bx = B/ Bx ( p + Cgh + Ggz, ). 
3 D 

z,+ h z, + h b b 
^ f v d z = f ^ v d z , (A11 ) 
Zb 2b 

z,+ h b 
« - bx bx 
[ — i l l + — ^ y + « ) d 

i e ^ By 3z 
b 

z 
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zL+h z. + h • b 
± L \ X dz • 1. L f dz 
E Jx X X E Jy J 

Zb Zb 

- 1 fx (zh+ h) + X i- (z. + h) - X 1 . xx \ b xy n b xz G L s o x s o y s-1 

t - L p c S • x , ( A 1 2 ) 

e L **b xyb iy XZb-l 

The last tuo groups of terms in square brackets represent the surface 

and bottom stresses, - X and -X, respectively. ' sx bx 7 

Adding equations (A9), (A10), (A11) and (A12) together and using 

equation (A1), the depth-averaged u-momentum equation results in: 

— ( hu ) + — ( hu ) + ( huv ) 
Bt bx c)y 

= - gh ~ ( h ) - — -—— + f h v 
bx D e 3 X 

+ -L ( X -X. ) + J L i _ ( h X ) + - L A _ ( h X ) ,(A13) 
e e Sx x x e dy

 x y 

This is equation (3.7) given in Chapter 3. 

Similarly, the v-momentum equation (3.3) can be integrated 

to yield equation (3.8). 

It should be mentioned here that extra terms, due to non-uniform 

vertical distribution of the horizontal velocity components, may be 

added to the above depth-averaged momentum equations. They are neglected 

in this formulation on the assumption that the vertical profiles are 

uniform or nearly so. In the mathematical formulation made by , for 
i 

example, Leendertse (1970), Kuipers and l/reugdenhil (1973), Uang and 

Connor (1975), these terms (called "dispersion" terms) uere retained 
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in the depth-integrated momentum equations. 

The abov/e mentioned terms are modelled, as given by Leendertse, 

by expressing the distribution of the velocity components over the 

vertical as a function of the averages of these quantities, by introducing 

distribution coefficients £ and 9. as follous: u v 

u(z) = T i [ u &u(z)] 

v(z) Lv(z)] ,(A14) 

or by splitting the local velocity components, as given by Kuipers and 

Vreugdenhil, into depth-averaged values and deviations as follous: 

u = u + (u-u) , 

v = V + (v-v) .(A15) 

The depth integration of the equations is then carried out. The form 

of the terms added to the depth-averaged u-momentum equation (A13), 

uould be: 

zL+ h z, + h b b 
L. § (u-u)2 dz + i- ^ (u-u) (v-v) dz .(A16) 
Bx dy 

zb zb 

Houever, these dispersion terms uere neglected in the applications 

made by the above mentioned authors for the reasons of simplicity, 

inaccuracy that might result from choosing the distribution coefficients 

and being of little importance. 
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APPENDIX B 

DERIVATION OF THE DEPTH-CORRECTION EQUATIONS 

The role of the depth-correction equation along uith its specific 

features have been explained in Section 4.2.4. This appendix presents 

its full derivation and clearly shous the contents of each term. Figure 

B1 depicts a typical continuity cell uith mass fluxes (m) crossing its 

four cell faces. Uith no external sources or sinks of mass in the cell, 

the continuity conservation requires the balance of these fluxes over 

the cell faces. This is achieved, as indicated by the directions of 

the arrous, by: 

m - m + m - m = 0 • (B1) e u n s 
For constant density and by employing upstream depths throughout, 

equation (B1) becomes: 

Sy h n _ u - Sy hlt n u + Sx h n .. v - Sx h c n v = 0 ,(B2) 

N 
• 

u 
u • ^ 

I 

* • P -

f 

u 
V s • E 

Tv s 
• 
S 

1 Sx 

Figure B1 : Depth-correction cell 
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where the subscripts used for the depths have the follouing convention; 

the first and second subscripts indicate the tuo possible grid-node 

locations of the depth, either being chosen depending on the direction 

of velocity given in the third subscript. For positive or negative 

velocity, the depth takes the first or second subscript respectively. 

The flou variables appearing in the above equation can be 

replaced by: 

h = h* + h' , 

u = u* + u1 , 

v = v* + vf , (B3) 

uhere the primed values are corrections added to the corresponding 

starred values during the solution process. 

By substituting equations (B3) into equation (B2) and neglecting 

terms involving h'u1 and h'v^one obtains: 

S* l o t * * I r t * 
y h_ _ u + oy hn _ u - oy h.. _ u - oy h., n u 7 P.E,u e 7 P,E,u e 7 U,P,u u 7 U,P,u u 9 ' e e u u 
Q * 1 1 * O * + Ox h„ ., v + dx h„ .. v - Ox hn n v - ox h„ 

* 
w -r II » w ,, . ,, V P,N,v n P»N,v n S,P,v s 5,P,v s ' ' n ' ' n ' ' s s 

= Su ,(B4) 

uhere S^ is the continuity error given by: 
c * * < - * * O * * Q * * 

SM = oy h., n u - By hn _ u + ox h_ _ v - dx hn v U 7 U,P,u u 7 P,E,u e S,P,v s P,N,v n y e s n 
.(B5) 

The primed velocities are related to the primed depths, using 

the truncated form of the momentum equations, by: 
1 v / 1 1 \ 

un = Dn <hP " 

= ov. K - ^ 
= (hP " hE> 

uu = Du (hU " hP> ' ( B 6 ) 

uhere the D coefficients are the same ones as those multiplying 

the depth-difference terms in the momentum equations. 
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Nou, substituting equations (B6) into equation (B4) gives: 
(1) (2) (3) (4) (5) 

* I I » t . r » I I . » » 

hP,E,u °e (hP ' hE> + S y hP,E,u Ue " S y hU,P,u 'u "P ' ' e e u 
DU. (h , - O 

(6) (7) (8) (9) 
c ! V / 1 ' N C » * 

- oy h., _ u + ox hn „ D (hn - hMJ + dx hn M v y U,P,u u P»N»v n N P N n ' ' u n n 
(10) (11) (12) 

" S x hS,P,U
 Ds (hS " hPJ " S x hS,P,v "I = SU ' ' s ' s 

• (07) 

Equation (B7) contains tuelve terms on the left-hand side. 

These can nou be separated and uritten as: 

for 

for 

for 

for 

for 

for 

u +ve e 

u -ve e 

u +ve e 

u -ve e 

u +ve e 

u -ve e 

u +ve u 

u -ve u 

u +ve u 

u -ve u 

u +ve u 

u -ve u 

TERM 

TERM 

TERF12 

TERM2 

TERN3 

TERM3 

TERM4 

TERM4 

TERM5 

TERM5 

TERM6 

TERM6 

h.. = 

h.. = 
U 

hP = 
t 

h^ = 

( Sy D« ) 

( s y h* o u
e) h ; 

hr = ( - Sy c * u ay h_ D P e 

hr = ( - oy Sy h* DU 
E e 

) h 

) h 

1 / C * x 1 

hn = ( ay u ) hn 

1 / C * ^ 1 

hr = ( by u ) hr 

( - §v Duu ) ^ 

/ C * U N ' 

< § y hu 5 hP 

( Sy h* D^ ) h^ 

h. = ( " 

h„ = ( -
p * . ' 
°y u.. ) ho 
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for 

for 

for 

for 

for 

for 

v +ve n 

v - ve n 

v +ve n 

v -ve n 

v +ve n 

v -ve n 

v +ve s 

v -ve s 

v +ve s 

v -ve s 

v +ve s 

v -ve s 

TERM7) h_ = 

TERM7) hn = 

TERMS) hM = 

TERMS) hM = 

TERM9) h 

TERM9) h 

TERM1Q)h 

TERM1Q)h 

TERM11)h 

TERM11)h 

TERM12)h 

TERM12)h 

Sx h* D^ ) hp 

C * V X ' Sx hN Dn ) hp 

S* V , ' * hP Dn > hN 
Q * V n 1 

ax h D ) h l\l n N 

^ * \ 1 

** vn ) h p 

C * \ 1 
v ) h 

Sx h* Dv ) h' S s S 

§* v \ ' 
x hp Ds ) hs 

§* V V 1 

x hs Ds ) hp 

S* V N ' x hp Ds ) hp 

- S x v ) h 

C * \ ' - ox v ) h (B8) 

Equations (B8) involve 24 operations. Houever, only tuelve 

terms are needed to be evaluated and stored at any one time depending 

on the direction of the velocities. These terms uill be needed in 

constructing the coefficients of the depth-correction equation as 

shoun next. 



322 

The Final Form Of The Depth-Correction Equation 

Equation (B7) contains depth corrections at points P,N,S,E and 

U. This can nou be simplified by grouping the coefficients for each 
t 

depth-correction value and hence enable the h equation to be put in 

the follouing form: 

V»p = % h N + flshs + V e + fluhu + su ,(B9) 

this is equation (4.18) given in the main text at Section 4.2.4 

in uhich: 

A^ = - TERMS - Min( 0, TERM9 ) , 

As = - TERM10 - Min( 0, TERM12) , 

AE = - TERM2 - Min( 0, TERM3 ) , 

A., = - TERM4 - Min( 0, TERM6 ) , 
Ul 

Ap = TERM1 + TERMS + TERM7 + TERM11 
+ Max( 0, TERM3 ) + Max( 0, TERM6 ) 
+ Max( 0, TERM9 ) + MAX( 0, TERM2) - Sp •(B10) 

uhere Sp is added as a part of the linearized source term. Its value 

is usually zero. It can be set to a large negative number for the 

grid nodes in the flou domain to ensure zero depth correction there, 

if required. S^ is the other part of the linearized source term uhich 

has been defined earlier and given by equation (B5). 
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APPENDIX C 

DEPTH-CORRECTION EQUATION AND ADJUSTMENT PROCEDURE 

FOR LOU FROUDE NUMBER FLOUS 

Introduction 

Lou Froude number flous involve all subcritical flous and feu 

supercritical ones in uhich Fr is not much greater than one. These flous 

are characterized in that the surface-elevation variation is not 

significant. This allous for a simpler, and hence cheaper, form of depth 

(pressure)-correction equation to be employed uith a different adjust-

ment procedure to solve for such flous as compared to the general form 

of the procedure used throughout the thesis and uhich is fully described 

in Appendix B. Its limited applicability, as far as Froude number is 

concerned, is demonstrated by a test case. 

Strategy 

The basic strategy is to regard the depth of flou that is used in 

the evaluation of the cell mass fluxes to be momentarily constant (equal 

to the previous iteration value). This allous for a simpler study of the 

effect of change in pressure (uhich is ultimately translated as a change 

in depth) on a corresponding change in flou rate through changes in 

velocities only. 

It is particularly essential for this scheme to have tuo arrays 

for the depth, uhere the depth (h) is replaced by: 

(i) "h", the depth used in the convection terms and 

(ii) "p", the depth used in the momentum sources. 

These tuo depths are separated and under-relaxed differently. The tuo 

fields uill be different during the solution process but uill be 

identical uhen a converged solution is obtained. 
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Derivation 

This follous similar lines to those folloued in the derivation of 
t 

the general form of the h equation given in Appendix B. The derivation 

yields a correction equation similar to equation (B9) and given by: 

AP PP = AN Pl\l + As PS + AE PE + Au PU + SU ' ( C l ) 

but nou uith, 

v 
A.. = a D , N n n ' 
A = a D^ , S s s ' 
A_ = a DU , E e e 9 

A. = a DU , U u u 

A
p
 = An + As + A£ + Ay - Sp .(C2) 

remarks 

(i) Ŝ j , Sp and the D's have the same meaning as in Appendix B. 

(ii) The a's are the areas of the cell faces containing upstream 

depths (h) as given by equation (4,1), 

(iii) The operations involved in evaluating the values of the coefficients 

are nou much reduced (compare terms in equation C2 uith their 

counterparts in equations B10 or 4,19). The storage needed for 

their saving is halved since the reciprocity rule is nou applied* 

(iv) The corresponding corrections to the velocities are the same as 

those given by equations (B3) and (86). 

Adjustment Procedure 

The values obtained from solving equation (C1), using the same 

solver as described in Section 4,3.3, are the depth corrections to be 

added to the depths used in the momentum sources, i.e. p, as follous: 

Pneu - Pold + < R E L A X P ) ' ( C 3 ) 
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where RELAXP is the relaxation factor for p. 

The corresponding velocity corrections are made in the same way 

as before. 

Having obtained the p field, the h field is then alloued to 

change and calculated at the end of the iteration from: 

h = (RELAXH) p + (1- RELAXH) h . . ,(C4) neu x Hneu v ' old 

uhere RELAXH is the relaxation factor for h, 

(RELAXH less than one implies that the depth values uill change touards 

their corresponding effective pressure values but only gradually and 

become equal uhen a converged solution is obtained). 

Performance of the Correction Procedure 

The procedure is tested by applying it to simple flou situations; 

namely, laminar driven flou in closed square cavity, cavity flou uith 

inflou and outflou boundaries and the flou situation described belou. 

In all cases, converged and plausible results are obtained uith a 

satisfactory convergence behaviour and the need to use moderate values 

of under-relaxation factors for all variables. Uniformly distributed 

grids are used throughout. For finer grids, smaller under-relaxation 

factors are needed, Houever, the performance deteriorates rapidly as 

Froude number increases, uhich is usually associated uith larger 

variations in the surface elevation. This is cured by employing heavier 

under-relaxation factors on the depth changes. But uith further increase 

in Fr, the relaxation factors needed for convergence become practically 

impossible to give a reasonable convergence speed. 

Figure C1 shous the performance of this procedure for a uniform 

grid of 11x12 as applied for the physical problem presented in Section 

7,3, The problem simulates the merging of tua supercritical streams in 

a straight, rectangular and horizontal channel. The streams are separated 
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• Uniform grid: 11 x 12 

• Relaxations for u,v and p = 0.1 

• ĥ  =3.1 cm , h^ = 5.5 cm 

u1 = u2 ; Fr2 = ( ̂  / h2 )* Fr., 

v, = v2 = 0 

FIGURE C1 : RELAXATION FACTOR FOR DEPTH VARIATION VERSUS 
FROUDE NUMBER 
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at the inlet by a thick uall. Problem specification and boundary condi-

tions used are given in Section 7.3. The depths at the inlet of the tuo 

streams are kept constant, but different from each other; the inlet 

velocities are uniform. The investigation is carried out for a range 

of Fr betueen 0.05 and 3. The optimum under-relaxation factor used for 

the depth variation for each Fr investigated is recorded. The under-

relaxation factors for u, v and p are kept constant, for consistency, 

at an optimum value of 0.1. As shoun in the figure the solution diverges 

uhen Fr exceeds a value of about 2.8 even uhen employing very heavy 

relaxation on the depth variation (RELAXH = 0.01) uhich are calculated 

from the already relaxed pressure field, equations (C3) and (C4). For 

finer grids, the performance deteriorates even more. 

Conclusions 

(i) The procedure is simpler and cheaper to use as compared to the 

general purpose procedure. The ratio of the computing time per 

iteration per grid node is 1.0 :1.32 for the tuo procedures 

respectively. 

(ii) The procedure converges for subcritical flous and those at uhich 

Fr is not much greater than one. 

(iii) Heavy under-relaxation factors are needed for all variables as 

Fr increases. 

(iv) For even higher Fr, convergence is practically impossible. 

(v) Its limited applicability, as far as Fr limitation is concerned, 

has made it improper to use in the present uork and uas indeed 

abandoned in favour of the more general one as described in 

Appendix B. 
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APPENDIX D 

TABULATED EXPERIMENTAL DATA FOR 1D FLOUS 

This appendix contains the data obtained in the experimental 

investigation reported in Section 5,2 and plotted in Figure 5.2. 

The tabulated values are the measured depths (h) at the specified 

locations (x), uhere x is measured from the sluice gate. In each 

case, the depth belou the sluice (hc) is 2.0 cm. The conjugate 

depths (h^ and h2), the distances to the toe and end of the jump 

(x^ and respectively) and other pertinent data are given in 

each table. All dimensions are in centimeters. The variable names 

are as defined in the text and shoun in Figure 5.1. 

Set 1 

This consists of five runs; namely, Runs 1.1 to 1.5. These are 
—2 2 

all for constant discharge per unit uidth (q) = 1.823x10 m /s ; 

Fr^ = 3.88. The only parameter changed is h^ . 
Table D1 : Run 1.1; h,s11.8, h =4.46 

X 15 50 100 150 201 222 230 

h 1.30 1.46 1.72 2.01 2.20 4.46 4.46 

X1 = 201 , x 2= 222 , h 1 = 2. 20 , h 2= 4.46. 

Table D2 : Run 1.2; h4=11.8, h t=4.64 

X 15 50 100 150 175 191 230 

h 1.31 1.50 1.78 2.03 2.12 4.64 4.64 

X1 = 175 , x 2= 191 , h 1 = 2. 12 , h 2= 4.64. 
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Table D3 : Run 1.3; h.=11.8, h^=5.34 ' 4 ' t 
X 15 50 75 118 133 230 

h 1.32 1.51 1.57 1.86 5.34 5.34 

x1= 118 , x2= 133 , h 1 = 1.86 , h2=5.34. 

Table D4 : Run 1.4; h =11.8, h =5.60 

X 15 50 84 100 230 

h 1.32 1.49 1.64 5.60 5.60 

x1= 84 , x2= 100 , h 1 = 1.64 , h2= 5.60. 

Table D5 : Run 1.5; h,=11.8, h =5.90 

X 15 41 60 230 

h 1.31 1.41 5.90 5.90 

x̂  = 41 , x2= 60 , h 1 = 1.41 , h2= 5.90. 

Set 2 

This set also consists of five runs; namely, Runs 2.1 to 2.5. 

These are for constant tailuater depth (h^) = 5.90. The only parameter 

changed is the upstream depth (h^). The discharge (q) is per unit 
2 uidth and in m /s. 

Table D6 : Run 2.1; h4= 16.6, q= 2.196x10"2, Fr3= 4.68 

X 15 50 90 120 150 192 207 230 

h 1.32 1 .50 1.67 1.77 1.94 2.03 5.90 5.90 

x = 192 , x2= 207 , h 1 = 2.03 , h2= 5.90. 

Table D7 : Run 2.2; h4= 14.7, q= 2.046x10"2, Fr3= 4.36 

X 15 50 90 120 141 154 230 

h 1.32 1 .48 1.65 1.81 1.92 5.90 5.90 

x = 141 , x2=154 , h1=1.92 , h2= 5.90. 



330 

Table D8 : Run 2.3; h4= 13.5, q= 1.951x10~2, Fr3= 4.16 

X 15 50 90 118 133 230 

h 1.32 1.48 1.68 1 .82 5.90 5.90 

x1 = 118 , x2= 133 , V 1 .82 , h 2= 5.90. 

Table D9 : Run 2.4; h 4= 12. 7, q= 1. 893x10"2, Fr3= 4.0 

X 15 50 83 100 230 

h 1.30 1.46 1.63 5.90 5.90 

V 83 , x 2= 100 , h 1 = 1. 63 , h2 = 5.90. 

Table D10 : Run 2.5; h. = 11 4 .8, q= 1 .823x10"2 , Fr3= 3.1 

X 15 41 60 230 

h 1.31 1.41 5.90 5.90 

x1= 41 , x2= 60 , h 1 = 1.41 , h2= 5.90. 

NOTE : All dimensions are in cms. 
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APPENDIX E 

TABULATED EXPERIMENTAL DATA FOR 2D FLOUS 

This appendix contains the data obtained in the experimental 

investigation reported in Section 5.3. These data are shoun in 

perspective vieus in Figures 5.5 and 5.6, they are plotted and 

compared uith the calculations in Section 7.3. The tabulated values 

are the measured depths (h) at the specified x and y locations (see 

Figure 5.3). All dimensions are in centimeters. Full account of the 

test conditions is given in Table 5.2. The flou at the outlet boundary 

is being supercritical. The data are given here in tabular form, 

for both Runs 1 and 2 (slouer and faster flous respectively), on 

the follouing pages. 
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Run 1 ( All dimensions are ir 

y X=0 X=5 X=1Q 
h h h 

75.00 5.66 5.68 5.63 
72.00 5.65 5.67 5.61 
66.00 5.59 5.62 5.60 
66.00 5.46 - -

64.00 5.29 5.30 5.33 
62.00 5.20 - -

60.00 5.22 5.14 5.22 
58.00 5.32 - -

56.00 5.48 5.45 5.36 
54.00 5.68 - -

52.00 5.76 5.58 5.32 
50.00 5.73 - 5.12 
48.00 5.66 5.12 4.54 
46.00 5.63 4.50 3.55 
44.00 0.00 0.46 1.68 
42.00 0.00 0.00 0.77 
40.00 0.00 0.00 0.42 
38.00 0.00 0.00 0.62 
36.00 0.00 0.00 0.17 
34.00 0.00 0.00 0.37 
32.00 0.00 0.24 0.54 
30.00 3.20 2.11 1.54 
28.00 3.21 2.88 2.42 
26.00 3.27 - -

24.00 3.19 3.10 3.04 
22.00 3.10 - -

20.00 3.02 3.04 3.03 
16.00 2.93 3.04 3.08 
14.00 3.00 - -

12.00 3.04 3.02 3.01 
10.00 3.08 - -

8.00 3.04 3.00 2.95 
4.00 3.10 3.04 2.96 
2.00 3.03 2.99 3.00 
1.00 3.10 3.05 3.03 

centimeters ) 

X=15 X=20 X=30 X=40 
h h h h 

5.62 5.49 5.43 5.26 
5.55 5.52 5.42 5.23 
5.53 5.48 5.44 5.34 

5.40 5.40 5.44 5.34 

5.32 5.46 5.42 5.09 

5.30 5.11 4.76 4.46 

5.08 4.69 4.06 3.71 
4.76 4.35 3.76 3.34 
4.08 3.61 3.28 2.96 
3.00 2.75 2.76 2.66 
1.88 2.00 2.21 2.33 
1.12 1.35 1.78 2.00 
0.69 0.94 1.44 1.75 
0.59 0.72 1.15 1.50 
2.95 3.21 3.52 4.04 
0.46 4.04 4.78 4.95 
0.80 0.94 4.04 4.60 
1.42 1.43 2.76 3.35 
2.19 1.97 1.86 3.42 
2.64 2.45 2.09 2.40 
2.92 2.76 2.48 2.35 

- - 2.80 2.58 
3.02 3.07 2.98 2.81 
3.11 3.13 3.12 2.97 

2.97 2.98 3.05 3.20 

2.95 2.96 2.98 3.14 
2.97 2.98 2.97 3.05 
2.95 2.90 2.97 2.95 
2.99 2.98 3.04 3.10 
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Run 1 (continued) 

y X=50 X=60 X=80 

h h h 

75.OD 5.07 4.80 4.37 
72.00 5.04 4.77 4.19 
68.00 5.06 4.74 3.95 
64.00 4.96 4.44 3.76 
60.00 4.43 3.95 3.49 
58.00 - - -

56.00 4.02 3.52 3.22 
54.00 - - -

52.00 3.48 3.15 2.92 
50.00 3.08 - -

48.00 2.78 2.66 2.59 
46.00 2.48 - 2.45 
44.00 2.20 2.14 2.44 
42.00 2.03 1.97 3.31 
40.00 1.86 2.14 3.93 
38.00 2.80 3.36 -

36.00 3.66 3.40 4.12 
34.00 4.70 4.17 -

32.00 4.64 4.32 3.92 
30.00 4.18 4.00 -

28.00 4.17 4.20 4.00 
26.00 3.64 4.35 -

24.00 2.60 4.02 4.05 
22.00 2.32 2.92 -

20.00 2.44 2.36 4.35 
18.00 2.57 2.40 -

16.00 2.74 2.54 4.03 
14.00 - - 3.20 
12.00 3.00 2.75 2.74 
10.00 - - 2.67 
8.00 3.08 2.94 2.63 
6.00 - - -

4.00 2.90 2.85 2.77 
2.00 2.84 2.89 2.82 
1.00 2.85 2.96 2.90 

X=100 X=120 X=140 X=1 61 
h h h h 

3.47 2.75 2.40 2.19 
3.40 2.79 2.40 2.10 
3.29 2.74 2.46 2.15 
3.18 2.80 2.48 2.19 
3.06 2.78 2.48 2.49 

- - - 2.65 
2.92 2.74 2.60 3.49 

- - 2.71 3.75 
2.75 2.69 3.22 3.68 
2.65 2.83 3.88 -

2.62 3.62 4.00 3.58 
2.79 3.96 3.95 -

3.73 4.10 3.96 3.76 
4.02 - - -

4.08 4.16 4.07 3.97 

4.18 4.22 4.16 3.98 

4.34 4.25 4.19 4.06 

4.40 4.32 4.19 4.19 

4.29 4.32 4.18 4.53 

4.14 4.31 4.22 5.00 
- - - 5.34 
4.04 4.27 4.48 5.60 

- - - 5.96 
4.23 4.14 4.91 6.22 
4.35 - 5.21 5.95 
4.24 4.16 5.60 5.51 
3<, 10 4.24 6.55 5.29 
2.90 4.56 6.17 5.38 
2.78 5.20 5.38 6.00 
2.84 6.55 5.24 6.24 
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Run 1 (continued) 

y X=180 X=200 X=220 X=230 X=240 X=250 X=26( 
h h h h h h h 

75.00 1.97 2.20 4.26 4.00 3.37 3.92 6.05 
72.00 1.98 2.29 3.71 3.76 3.45 4.25 5.78 
68.00 2.19 3.19 2.56 3.31 4.50 4.67 4.92 
66.00 2.23 3.31 2.62 3.20 4.30 5.17 5.26 
64.00 2.63 2.98 2.81 3.12 3.90 5.48 5.68 
62.00 3.30 2.70 2.91 3.18 3.92 5.00 5.49 
60.00 3.57 2.65 2.97 3.15 3.98 4.74 4.70 
58.00 3.55 - - 3.36 4.10 4.49 4.10 
56.00 3.30 2.87 3.09 3.63 4.32 4.18 3.66 
54.00 - - - 3.88 4.35 3.86 3.52 
52.00 3.35 3.07 3.48 4.22 4.30 3.64 3.48 
50.00 - - 3.84 4.46 3.90 - -

48.00 3.50 3.27 4.26 4.38 3.79 3.47 3.65 
44.00 3.69 3.63 4.60 4.00 3.57 3.56 3.91 
40.00 3.90 4.30 4.28 3.74 3.68 3.94 4.06 
38.00 - 4.68 4.07 3.76 3.79 4.13 4.05 
36.00 4.19 4.96 3.97 3.78 3.96 4.21 3.89 
34.00 - 5.22 3.92 3.88 4.06 4.28 3.82 
32.00 4.76 5.19 3.97 4.00 4.30 4.27 3.70 
30.00 - 5.04 4.00 4.15 4.48 4.18 3.61 
28.00 5.38 4.93 4.10 4.32 4.43 4.00 3.68 
26.00 - 4.80 4.25 4.46 4.40 3.85 3.76 
24.00 5.80 4.60 4.43 4.69 4.22 3.81 3.96 
22.00 5.86 4.60 4.76 4.67 4.02 3.89 -

20.00 5.91 4.50 4.94 4.41 4.03 4.11 4.16 
18.00 5.87 4.58 4.86 4.28 4.05 4.24 -

16.00 5.60 4.80 4.52 4.21 4.28 4.35 4.03 
14.00 5.20 5.21 4.34 4.28 4.47 4.40 -

12.00 5.10 5.49 4.32 4.43 4.55 4.30 3.96 
10.00 5.20 5.45 4.55 4.61 4.50 4.12 -

8.00 5.48 5.09 4.68 4.68 4.38 4.09 4.00 
6.00 5.96 5.00 4.76 4.59 4.30 4.05 -

4.00 5.68 5.06 4.79 4.50 4.22 4.10 4.10 
2.00 5.47 5.06 4.64 4.40 4.27 4.18 4.07 
1.00 5.47 5.23 4.63 4.43 4.26 4.18 4.09 
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Run 1 (continued) 

X=270 X=280 X=290 X=300 
h h h h 

75.00 6.22 5.90 5.38 4.98 
72.00 6.37 5.97 5.26 5.00 
68.00 5.20 6.00 5.22 5.08 
66.00 5.00 5.75 5.30 5.38 
64.00 4.77 5.26 5.75 5.64 
62.00 4.82 4.60 6.23 6.00 
60.00 4.90 4.85 6.07 6.47 
58.00 4.60 5.40 5.72 6.60 
56.00 4.23 5.56 6.00 5.71 
54.00 4.11 5.34 6.02 5.68 
52.00 4.10 4.85 5.42 5.83 
50.00 - 4.62 4.80 5.47 
48.00 4.12 4.24 4.37 5.16 
46.00 - 3.92 - 4.95 
44.00 4.03 3.70 3.88 4.77 
42.00 - - - 4.63 
40.00 3.76 3.53 3.86 4.51 
36.00 3.57 3.59 3.96 4.16 
32.00 3.64 3.89 3.86 3.66 
28.00 3.92 3.99 3.60 3.63 
24.00 4.07 3.72 3.57 3.70 
20.00 3.88 3.65 3.65 3.76 
16.00 3.75 3.72 3.75 3.70 
12.00 3.80 3.80 3.74 3.59 
8.00 3.96 3.79 3.63 3.55 
4.00 3.94 3.78 3.59 3.50 
2.00 3.92 3.81 3.61 3.50 
1.00 3.92 3.82 3.62 3.56 
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Run 2 ( All dimensions are in centimeters ) 

y X=0 X=5 X=10 X=15 X=20 X=30 X=40 
h h h h h h • h 

75.00 5.87 6.02 6.10 6.16 6.20 6.17 6.10 
72.00 5.81 5.96 5.98 5.99 6.10 6.05 5.92 
66.00 5.56 5.61 5.65 5.58 5.61 5.77 5.82 
64.00 5.53 5.48 5.44 5.36 5.35 5.33 5.40 
60.00 5.46 5.43 5.34 5.36 5.23 5.15 5.10 
56.00 5.49 5.46 5.42 5.36 5.30 5.04 4.88 
54.00 - - - - 5.38 5.11 4.80 
52.00 5.40 5.32 5.36 5.41 5.43 5.07 4.66 
50.00 - - - 5.12 4.95 4.63 4.24 
48.00 5.52 5.28 4.90 4.37 3.92 3.65 3.54 
46.00 - 0.00 3.65 3.57 3.02 2.75 2.76 
44.00 0.00 0.00 1.50 2.10 2.09 2.21 2.34 
42.00 0.00 0.00 0.00 0.83 1 .24 1.65 2.02 
40.00 0.00 0.00 0.00 0.42 0.73 1.20 1.58 
38.00 0.00 0.00 0.00 0.29 1.90 0.84 1.32 
36.00 0.00 0.00 0.00 - 0.39 4.39 4.14 
34.00 0.00 0.00 0.00 0.40 - - 4.92 
32.00 0.00 0.00 0.44 0.54 0.70 1.04 4.49 
30.00 - 0.00 2.00 1.38 1 .29 1.44 1.75 
28.00 3.04 2.91 2.64 2.36 2.30 2.03 1.94 
26.00 - - • - - 2.81 2.47 2.29 
24.00 3.10 3.13 3.09 3.01 2.93 2.78 2.61 
22.00 - - - - - 2.94 2.79 
20.00 3.06 3.04 3.06 3.03 3.08 3.08 3.05 
16.00 3.09 3.04 3.05 3.05 3.00 3.08 3.15 
12.00 3.02 3.02 3.06 3.08 3.12 3.14 3.22 
8.00 2.99 3.06 3.08 3.13 3.02 3.31 3.36 
4.00 3.18 3.10 3.05 3.02 3.06 3.12 3.24 
1.00 3.20 3.19 3.13 3.06 3.11 3.23 3.33 
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Run 1 (continued) 

y X=50 X=60 X=80 X=100 X=1 20 X=140 X=1 6( 
h h h h h h h 

75.00 5.67 5.43 5.04 4.65 4.22 3.89 3.52 
72.00 5.69 5.44 4.87 4.57 4.06 3.72 3.27 
68.00 5.72 5.54 4.89 4.27 3.90 3.52 3.14 
64.00 5.37 5.27 4.87 4.28 3.87 3.52 3.09 
60.00 4.97 4.80 4.59 4.03 3.63 3.43 3.08 
56.00 4.62 4.26 4.09 3.76 3.39 3.16 3.06 
52.00 4.19 3.62 3.49 3.41 3.15 2.90 2.89 
50.00 3.89 - - 3.18 - - 2.93 
48.00 3.36 3.07 2.86 2.98 3.01 2.91 3.15 
46.00 2.68 - - - 2.97 3.60 4.00 
44.00 2.32 2.16 2.34 2.63 2.90 4.00 4.37 
42.00 2.11 1.89 2.09 2.85 3.97 - -

40.00 1 .77 1.65 3.40 3.81 4.40 4.52 4.40 
38.00 1.46 - 3.80 - - - -

36.00 4.03 4.20 - 4.61 4.39 4.77 4.70 
34.00 4.15 4.85 - - - - -

32.00 4.69 4.20 4.34 4.31 4.63 4.84 4.91 
30.00 3.26 2.85 4.06 - - - -

28.00 2.83 3.20 4.60 4.43 4.71 4.95 4.78 
26.00 1.97 2.80 4.00 - - - -

24.00 2.20 2.02 3.20 4.82 4.65 4.67 4.63 
22.00 2.56 2.20 2.80 - - - -

20.00 2.80 2.50 - 4.67 4.58 4.62 4.73 
18.00 - 2.70 2.68 3.60 - - -

16.00 3.01 2.82 2.84 2.90 4.81 4.44 4.60 
14.00 - - - 2.76 4.60 - -

12.00 3.15 3.04 2.91 2.85 3.60 4.64 4.37 
10.00 - - - - 3.07 - -

8.00 3.15 3.00 3.05 3.00 2.95 4.62 4.37 
6.00 - - - - - 3.60 -

4.00 3.24 3.13 3.03 2.92 2.92 3.14 4.74 
2.00 - - - - - 2.99 4.89 
1.00 3.22 3.26 3.13 3.00 3.00 3.02 5.35 
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Run 1 (continued) 

y X=180 X=200 X=22Q X=240 X=260 X=280 X=30C 
h h h h h h h 

75.00 3.09 2.81 2.47 2.37 2.18 2.44 4.31 
72.00 2.95 2.70 2.47 2.29 2.19 2.62 3.70 
68.00 2.84 2.57 2.37 2.22 2.27 3.28 2.98 
66.00 - - - - - 3.53 2.77 
64.00 2.81 2.52 2.34 2.34 3.00 3.28 2.86 
62.00 - - - 2.55 3.72 2.94 -

60.00 2.83 2.47 2.43 3.00 3.58 2.92 3.16 
56.00 2.87 2.56 2.96 3.82 3.22 3.22 3.38 
52.00 2.99 3.02 3.94 3.39 3.25 3.29 3.70 
50.00 3.40 - 3.71 - - - 4.13 
48.00 4.20 4.10 3.57 3.47 3.34 3.44 4.47 
44.00 4.40 4.06 3.74 3.46 3.27 3.86 5.31 
42.00 - - - - - - 5.56 
40.00 4.46 4.17 3.78 3.55 3.47 4.58 5.51 
36.00 4.48 4.03 3.78 3.80 4.00 5.29 5.28 
34.00 - - - - - 5.58 4.95 
32.00 4.46 4.02 3.87 4.05 4.73 5.66 4.65 
30.00 - - - - - 5.74 4.58 
28.00 4.56 4.12 4.07 4.45 5.49 5.60 4.56 
26.00 - - - - 5.79 5.21 4.70 
24.00 4.70 4.25 4.11 5.00 6.01 5.03 4.83 
22.00 - - - - 6.01 4.74 5.21 
20.00 4.70 4.40 4.47 5.63 5.67 4.86 5.38 
18.00 - - - 6.28 5.27 5.03 5.43 
16.00 4.68 4.60 5.10 6.15 5.00 5.31 5.30 
14.00 - - 6.09 - 4.94 5.58 5.11 
12.00 4.73 5.12 6.90 5.60 4.97 5.66 4.96 
10.00 - 5.46 6.68 5.26 5.29 5.48 4.89 
8.00 4.97 6.29 6.42 5.26 5.80 5.06 4.89 
6.00 - 7.14 6.00 5.42 5.75 4.91 4.86 
4.00 5.45 6.69 5.68 5.93 5.39 4.95 4.82 
2.00 6.84 5.86 5.98 6.08 5.25 5.06 4.76 
1.00 7.08 5.70 6.31 5.92 5.36 5.04 4.85 


