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MAXIMALLY ROBUST CONTROLLERS FOR MULTIVARIABLE
SYSTEMS*

S. K. GUNGAH', G. D. HALIKIAS*, AND I. M. JAIMOUKHAS$

Abstract. The set of all optimal controllers which maximize a robust stability radius for
unstructured additive perturbations may be obtained using standard Hankel-norm approximation
methods. These controllers guarantee robust stability for all perturbations which lie inside an open
ball in the uncertainty space (say, of radius r1). Necessary and sufficient conditions are obtained for a
perturbation lying on the boundary of this ball to be destabilizing for all maximally robust controllers.
It is thus shown that a “worst-case direction” exists along which all boundary perturbations are
destabilizing. By imposing a parametric constraint such that the permissible perturbations cannot
have a “projection” of magnitude larger than (1 —§)r1, 0 < § < 1, in the most critical direction, the
uncertainty region guaranteed to be stabilized by a subset of all maximally robust controllers can
be extended beyond the ball of radius r;. The choice of the “best” maximally robust controller—in
the sense that the uncertainty region guaranteed to be stabilized becomes as large as possible—is
associated with the solution of a superoptimal approximation problem. Expressions for the improved
stability radius are obtained and some interesting links with p-analysis are pursued.
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1. Notation. R, R, and C denote the sets of real, nonnegative, and complex
numbers, respectively. C; (C), C_ (C_) denote the open (closed) right half-plane and
the open (closed) left half-plane, respectively. For a complex matrix A, AT denotes
the transpose while A’ denotes the complex-conjugate transpose. o;(A) denotes the
1th largest singular value. The smallest singular value is denoted by g(A) and the
largest singular value is denoted by G(A). The norm of A is defined as ||A]| = 5(A).
For a square A, A\(A) is the spectrum of A and Apax(A) is the largest eigenvalue.

LPX™ denotes the space of all p x m matrix functions with entries uniformly
bounded on the jw-axis. HEX™ and H P*™ denote the subspaces of LEX™ consisting
of all matrix functions whose elements are analytic in Cy and C_, respectively. ||.||ls
denotes the L., norm of matrices in £, or the H, norm of matrices in Hoo, depending
on context. YBHEX™ = {G € HEX™ : ||Gl|oo < 7} is the v ball of HEX™. The prefix
R before a set symbol means that the elements of the set are restricted to be real-
rational. Matrix dimensions of spaces will be occasionally suppressed.

G(s)™ := G'(—5) denotes the para-hermitian conjugate of G(s). G(s)~™ stands
for (G(s)~)~!. The Hankel operator with symbol G € H, is denoted by I'¢ while
0;(T'¢) denotes the ith largest Hankel singular value of G. The Hankel norm of G,
01(Tg), is also written as ||T'¢| and the smallest Hankel singular value as o(I'g).

A real-rational function G(s) is called stable if it has no poles in Cy. If G(s) has
no poles in C_, it is called antistable. Matrix (scalar and vector) transfer functions will
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be represented by uppercase (lowercase) boldface letters and with the dependence on
s mostly suppressed. If G = 72G"™, then G is called v-allpass (or simply allpass
if v = 1) and satisfies GG~ = G~G = ¥2I. A matrix function G € R'H, which
satisfies GG = [ is called inner. A matrix function G(s) € RH, which has full
column rank for all s € Cy is called outer. If U € £X9 and

H,, H> (p+q) x (m-+1)
H= € Lipraxm
[H21 H22} 0

with Hyp € L£BX™, we define the lower linear fractional map F(H,U) = Hi; +
ngU(I - HQQU)ingl, provided that I — H22(OO)U(OO) is invertible. If U €
L7*P we define the upper linear fractional map F,(H,U) = Hay + HyU(I —
H,,U)"'H,, provided that I — H1;(c0)U(00) is invertible. If U is a set, then
Fi(H,U) denotes the set {F(H,U) : U € U} and if G1,G2,G3 € L have appro-
priate dimensions, then Gy + G2U G35 denotes the set {G1 + G2 UG3 : U € U}.

If G € L, we define, for each i, s{°(G) = sup, g 0:(G(jw)). Clearly, s3°(G) =
|G lloo- Suppose that 7 is a set of matrix functions. T € T is called a kth level
superoptimal function if it minimizes the sequence {s3°(T'), s3°(T),...,sp°(T)} with
respect to lexicographic ordering among all T € 7. The minimized sequence is
denoted by {s1(7),...,s,(7)}, and the s;(7)s are called the superoptimal levels
of 7.

2. Introduction. The work presented in this paper is related to the problem of
maximizing the robust stability radius for systems subject to unstructured additive
perturbations [25], [6], [23], [24]. In [6] it was shown that this problem is equivalent
to a Nehari approximation. Moreover, an explicit state-space parametrization was
obtained for all controllers which guarantee a robust stabilization radius r < r;. A
parametrization of all maximally robust controllers (r = r1) is implicit in [6] and may
be obtained from [4], [5]. The theory of optimal interpolation is used in [23] to give a
solution for single input/single output systems.

In the multi-input/single output or single input/multi-output case, the optimal
controller is unique. In the matrix case, however, a continuum of optimal controllers
typically exists. It is therefore natural to ask whether a subset of these controllers
offers improved robust stability properties, in the sense that it guarantees closed-loop
stability for a larger class of uncertainties, compared to those offered by the optimal
solution set considered in total. More specifically, we seek to identify the set of all
controllers which guarantees robust stability for the largest possible region of the
uncertainty space containing the open ball of radius r; as a subset. Clearly, this can
only be achieved by imposing a structure on the set of admissible uncertainties.

Our approach is as follows: From the work in [25], [24], and [6] the maximum
robust stability radius r; is the inverse of the smallest achievable H,, norm among
all interpolating functions 7 = {K(I — GK)~ '}, as K varies over the set of all
internally stabilizing compensators of G. Using an allpass dilation technique, the set
of all optimal interpolating functions 7; = {T € T : ||T||oc = 71 '} € T has the form
T = Ydiag(rl_la, R+ Q) X, where Re RH_, X and Y are square inner matrices,
a is a scalar allpass function, and Q is the set of all r;” ! suboptimal Nehari extensions
of R ie, Q={Q € Hoo : [R+ Qs <77 '}.

Every optimal controller corresponding to an interpolating function in 77 stabi-
lizes all perturbations which lie inside the open ball D,, = {A € Lo : ||Allo <
r1,m(G + A) = n(G)}, where n(-) denotes number of poles in C;. Next, we consider
perturbations A which lie on the boundary of D,,. It is shown that such boundary
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Fic. 1. Closed-loop system.

perturbations are uniformly destabilizing (i.e., they destabilize the closed-loop system
for every optimal controller) if and only if |27 (jw)A(jw)y(jw)| = r1 for some fre-
quency w, and where " and y are the first row and column of X and Y, respectively.
Moreover, all frequencies w are equally critical, in the sense that destabilizing bound-
ary perturbations can be constructed for every w € R. This shows that it is futile
to attempt to extend the uncertainty set guaranteed to be stabilized by a subset of
all optimal controllers in the (frequency-dependent) direction defined by vectors x”
and y. By imposing a parametric constraint (uniform in w) such that the permis-
sible perturbations cannot have a “projection” of magnitude larger than (1 — é)r;
(0 < 6 <1) in this direction, the uncertainty region guaranteed to be stabilized by a
subset of all optimal controllers can be extended beyond D,,. Using a result in [15],
it is shown that for each ¢ € (0, 1] the corresponding constrained robust stability ra-
dius is maximized by the set of controllers which minimize the first two superoptimal
levels of 7. A closed-form expression of the improved stability radius is also obtained
which involves § and the first two superoptimal levels of 7. This work is related to
the results presented in [18] which also uses superoptimization concepts to give an
extension of the allowable perturbation set.

An alternative interpretation of our results leads to interesting connections with
the problem of robust stabilization of systems subject to structured perturbations and
p-synthesis in general [19]. By suitably defining 6, robust stabilization problems for
a number of uncertainty structures can be formulated in our setting, and bounds on
the achievable robust-stability radius can be obtained. An upper bound on pu for the
constant complex case is derived in the last section.

The layout of the paper is as follows: Section 3 outlines a number of known
results in the area of robust stabilization of systems subject to unstructured additive
perturbations. The maximum robust stability radius is obtained by solving a Nehari
approximation problem [6] and leads to a parametrization of all optimal interpolating
functions, using the results of [4], [5]. An alternative parametrization of this set
is obtained in section 4, using an allpass dilation technique [7], [5]. A recursive
application of this method leads to the solution of the superoptimal approximation
problem [26], [22], [16], [13], [14], [12], [20], [21]. In our context, this parametrization
of the set of all optimal interpolating functions is used to characterize all uniformly
destabilizing boundary perturbations. This analysis is carried out in section 4, which
also includes our main result (Theorem 4.8) whose proof is based on a result from
[15] (see Theorems 4.6 and 4.7). In section 5 a new (upper) bound on the structured
singular value u is obtained (for the constant problem). Finally, section 6 contains
the conclusions.

3. Robust stabilization for unstructured additive perturbations. Let
G € RL,. When A = 0, the closed-loop system in Figure 1 is internally stable
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if and only if it is well-posed, i.e., det(I — G(c0)K (00)) # 0 and the four transfer
functions (u1,u2) — (yY1,y2) are in Heo. In this case, we write (G, K) € S and
K € K. Consider the set of additively perturbed systems G + A, A € D,(G,w),
where w is a scalar outer RH o, (weighting) function and

D, (G,w)={A €Ly |[w Al <7n(G) =n(G+A)},

in which 7(-) denotes the number of poles in C,, counted in a MacMillan degree sense.
The system (G, K) is said to be (r,w) robustly stable if (G + A, K) € S for all
A €D, (G,w). (G, K) is said to be maximally robustly stable if (i) (G, K) is (11, w)
robustly stable and (ii) there exists A € 9D, (G,w) = {A € L : |[wA|w =
r1,n(G) =n(G + A)}, such that (G + A, K) ¢ S. The following theorem [25] gives
necessary and sufficient conditions for robust stabilization in the presence of additive
unstructured perturbations.

THEOREM 3.1 (see [25], [6], [24]). Let G € RLs and suppose that (G, K) € S.
Then (G, K) is (r,w) robustly stable if and only if |wK (I — GK) o <771

The following result [6], [1] shows that, without loss of generality, G can be
assumed to be antistable and w can be taken to be equal to one.

THEOREM 3.2 (see [6], [1]). Let w™'G have a decomposition w™ G = G + Ga
with GT, G2 € RHeo, and G1(c0) = 0. Then there exists a K € Lo such that
(G,K) is (r,w) robustly stable if and only if K = w 'K (I + GoK1)~! for some
K such that (G1, K1) is (r,1) robustly stable and det{(I + G2K1)(c0)} # 0.

Remark 3.1. We assume for simplicity that G~ € RH s, G(o0) =0, and w = 1.
We also use the simplified notation

(1) DT(G) = Dr(Gv 1) = {A € Lo : ”AHoo < TaU(G) = W(G + A)}7
(2) DG = ODMG1) = {A € Low: |Allne = 1,1(G) = n(G + A)}.

Let G have left and right coprime factorizations G = NM ' = M 71N , respec-
tively, with N, M, N, M € RHo and let U,V ,U,V € RH satisfy the Bezout
identities VM — UN = I and MV — NU = I. Then the set of all stabilizing
controllers of G is

(3) K={(U+MQ)(V+NQ)':QcHy}

Let 7T = {K(I - GK) ' : K € K}. We refer to 7 as the set of all interpolating
functions. Using the parametrization of I in (3) gives the alternative characterization
of T as

(4) T={({U+MQM : Q€ Hs}

Let G have a minimal balanced realization G(s) = C(sI — A)~'B + D, such that
Re X\;(A) > 0 for all ¢ and with AYX + XA’ = BB’, A'S + YA = C0C, ¥ =
diag(o1,09,...,0,), 01 > 03 > -+ >0, > 0. Let F = B'Y ! and H = ¥~ 1C’
The coprime factors N, M, N, M can now be defined (together with U,V ,U, V)

{%((SS)) ggzg]:{_g}(sI—A—kBF)l[B H}+H H
| N de | = e Jermasmote w1 7]
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with M and M inner [3]. The next result shows that the maximal robust stability
radius is equal to the smallest Hankel singular value of G(—s).

THEOREM 3.3 (see [6], [24]). Let G~ € RHoo, G(00) = 0. Then the mazimum
stability radius r1 for which (G, K) is (r1,1) robustly stable for some K € K is given
by ri = Q(FG(_S))~

Proof. From Theorem 3.1 (G, K) is (r,1) robustly stable if (i) K stabilizes G
internally, and (ii) || K (I — GK)™!{|o < r~!. Hence,

rit=inf {|K(I-GK) '« : K €K},
where KC is the set of all internally stabilizing controllers of G. From (4),
(5) it =inf {|(U+MQ)M|x:Q€Hux}=inf {|M U +Q|x:QEHx}
since M, M are inner. A straightforward state-space calculation shows that
(6) M~U(s) = —B'S7Y(sI — A)7'v710" € RH,

in previously defined notation. From Nehari’s theorem the infimum in (5) is attained
and is given by the Hankel norm of M~U(—s). It is also straightforward to verify
that the realization in (6) is balanced with grammians equal to —X~!. Thus, the
realization in (6) is minimal, and

7"1_2 = ”FMNU(—S)”2 = Amax(27%) = QiQ(FG(—S))

from which it follows that r; = Q(FG(is)), as required. d

Remark 3.2. Let G satisfy the assumptions of Theorem 3.3 and assume that the
MacMillan degree of G is n. Let the Hankel singular values of G(—s) and M~U(—s)
be {O'i(FG(_S))} and {Ji(FM~U(_s))}, respectively, ordered in nonincreasing order
of magnitude. Then Jn(FG(fs)) > 0. Further, a slight adaptation of Theorem 3.3
shows that O’Z'(].—‘G(is)) = 07:—11'+1(FM~U(75)) for eachi=1,2,...,n.

4. Main results. The set of all maximally robust controllers may be character-
ized in terms of the set of all optimal Nehari extensions of M™~U, i.e., the set of all
Q € H which achieve

(7) IM™U + Qo = 11"

This set can be parametrized as a linear fractional map of the set of all r; stable
contractions [4], [5]. This parametrization is outlined next.

Remark 4.1. To avoid a messy indexing system we assume hereafter that the
largest Hankel singular values of R(—s) and R(—s) defined below in Theorems 4.1 and
4.2, respectively, are nonrepeated. These conditions are equivalent to the assumption
that the first two superoptimal levels s1(7") and s3(7) are nonrepeated.

THEOREM 4.1 (see [14], [5], [7]). Let R = M~U € RH P*™ and define 1 =
571(FR(_5)) (see Theorem 3.3). Then there exists an embedding of R of the form

H:|:H11 H12:| _ |:R+Q11 Q12:|
Hy Hy Q Qo

:{RO

(ptm—1)X(m+p—1)
0 0 } +Q, € RLY
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with Q, € RHoo, such that HH™ = H™H =1 *I1 1 and | Haz oo = [|Qasl0e <
ri ' Further, the set of all (optimal) Q € HEX™ such that |R+ Q|le = 1" is given
by

(8) S1 = Fi(Qy, ri BHE D> (m=1)y,

Let Ky denote the set of all maximally robust (rj-robust) controllers of G, and
let 7; = {K(I - GK)™': K € K1} C 7 denote the set of all optimal interpolating
functions. In view of (3) and (4), together with Theorems 3.3 and 4.1, these sets may

be parametrized as K1 = {(U + MQ)(V + NQ)™' : Q € F(Q,, 1 BHED*(m=yy
and

(9) T ={(U+MQ)M : Q € Fi(Q,, 1 BHPD*(m=1yy

respectively. The next theorem gives an alternative parametrization of the set of all
optimal solutions of (7), and therefore of 7; in (9). The result shows that 7; can be
diagonalized by rational allpass transformations and is used extensively in this work.
THEOREM 4.2 (see [10]). Let all variables be as defined in Theorem 4.1. Then,
the following hold:
1. There exists an rl_l—allpass completion of Hos = Qo9 of the form

2 Hy,, Hi, R+Q, Q R 0 =
H = — — %11 12 | .—
|:H21 Hj, } [ Qx Q2 0 0 e
with Q, € RHoo suchthat HH™ = H™ H = 7’1_2]]3+m_2, Re RH;(pfl)X(mfl)
and Q;Zlv Q;11 € RHoo-
2. The set of all @ € HL™ V™V such that |R + Q||se < 77" is given by
S = Fu(Qu,ri BHE™VX 7).

3. There exist inner matrices X and Y and a scalar allpass function a such

that
(10) T, =Y diag(r{ ‘a, Fi(H,r BHP D>~y x|
Further,

E(H—7TIBH£>€—1)X(77L—1)) — {R+Q . Q c r}_(é](p)—l)x(m—l)7 ||R+Q||oo < Tfl}.
(11)
Proof.

1. The construction of the r{ L allpass completion H is an exercise in standard
factorization theory which can be performed using either transfer function or
state-space techniques [3]. The details can be found in [14], [11], [12], [10].

2. The fact that ! is a suboptimal level of R follows from part 1 since Q<
RHoo and ||[R+ Q11/loe < || H||lso = r7*. Part 2 now follows from part 1 and
[5, Theorem 3.2] since Q,,, Ql_zl, Qz_ll, R~ € RHo by construction.

3. Define V., = H,H;, € RHoo and W, = H3 H,, € RHL,. Since ri H
and r1 H are allpass, a manipulation will verify that VIH W, = Hy; and

HyHy =71, 1 — HypHS=HyHyY, — WIW, =1, ..
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Similarly,
HL,Hyp=r, 1 —HpHyp=H3H)y, = VIV, =1, .

Hence there exist v € RHEX!, w™ € RHIX™ such that

(12) VZ[’U VL], WZ[’U) WL}
are square inner. Now consider the product

~ [ ’UNH11'LU U~H11Wl ’UNH12

| 720 W 0 ~ ~ ~

|: 0 I:|H|: 0 I:|= VLHnw VLHHWL VLH12
L H21’UJ H21WJ_ H22

[ v“Hyw Y, Y3

(13) = Yo Hy Hyp

Y31 H21 H22

Since V,W,r1H, and r1 H are allpass, all Y;; terms in (13) are equal to
zero, and v~ Hjw is rl_l—allpass, ie., vWHy 1w = rl_la for some scalar
allpass rational function a. A simple manipulation using (13) verifies that

Fi(H,r BHE VXD — v diag(r; ta, Fy(H, r BHE DX =Dy~
(14)
Since

F(H,rBHE* D) = {R+ Q: Q € Hoo, |[R+ Qo =77}
we may write from (8), (9), and (14)

T, = (U + MF(Q,, ri BHEP~D>m=Dy)pp
=M(M~U + F(Q,,r1 BHE X"~y M
= MF/(H,r BH®~V*(m=1 g
=Y diag(rl_la,]-‘l(fLnBH(()zéfl)x(mq)))X

as required, with Y := MV and X := W~ M square inner.
This proves the theorem. ]

Remark 4.2. The theorem shows that every optimal interpolating function T' € 77
has a partial pseudosingular value decomposition with largest “singular value” ri !
and corresponding left and right “singular vectors” Mwv and w™~ M, respectively. The
two “singular vectors” corresponding to the largest “singular value” are real-rational.

In what follows we develop improved robust stability properties for the set of
controllers which minimize the pair {s1(7), s2(7)} with respect to lexicographic or-
dering. We denote the set of interpolating functions with this property by 73 and the
corresponding set of controllers by ICo. Clearly, 75 C 77 C 7 and Ko C K7 C K. We
refer to 73 (K2) as the superoptimal set of interpolating functions (controllers) with
respect to the first two levels. The following lemma gives a parametrization of the set
7.

LEMMA 4.3. 73 may be parametrized as

(15) T, =Y, diag(sia,s:b, R+ S5) X,
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in which s, and so denote the first two superoptimal levels of T with s; = 1"1_1, Y,
and X1 are square inner matrices, a and b are scalar rational allpass functions,
R e RH P22 4nd Sy = {Q € Hoo : |R+ Qlloo < s2}. Further, the first
column (row) of Y1 (X1) is identical to the first column (row) of Y (X)) defined in
Theorem 4.2.

Proof. From (10), since X and Y are square inner and a is allpass, we have

sy = inf { | F(H,U)|w : U € rBHE V*m=D1,
Using (11) this is equivalent to

so=inf {[|R+Qlloc: Q e HEVX" W} =T 1,
where the second equality follows from Nehari’s theorem. Clearly, 7> may be obtained
by replacing Fi(H,r{ BH?~D>* =Dy by the set

(16) {(R+Q:QeHEV*m=1 " |IR+ Qs = 521,

which reveals the recursive character of the problem. Since R € RH;@ 71)X(m71), a

parametrization of (16) may be obtained from Theorem 4.1 with R replaced by R
and s replaced by sp. That is, Theorem 4.1 guarantees that there exists an sp-allpass
embedding of R of the form

IA{:[}:IM I:TI12:|::|:RJAFQ11 le}:{? 8]+Q“

Hjy Hj Q2 Q2
in which Q,, € RHE=Dxm=1 @ ¢ Rue-Dxe-2 @, ¢ RHm-2xm-1)
and @, € RHI™*0P=2 and such that HH = H H = $2lm s

and |[Hoalloo = [|Qasllee < s2. Moreover, the set of all Q in (16) is generated by
fl(Qa, sngHg’;72)X(m72)). Next, we apply Theorem 4.2 to obtain an sy-allpass em-
bedding of Hay = Qy, of the form

g I:I11 H12:| |:R+Q11 Q12] |:R 0:| >

H = S A = -« A = + a

| H e Qu  Qul Lo o]

with Q,; € RHP=D*m=2 @, € RHPD*P=2 and Q,, € RHIDx(m=2),
AA].SO7 R € RH;O(p_2)X(m_2)’ Q1_217Q2_11 c RHOOZ and HﬂN = HNH = ‘?%Ip+m74'
Further, Theorem 4.2 shows that the set of all Q € Hoo such that ||R 4+ Qo < s2
is given by Sy = Fi(Q,,, s3 \BHE~2*(m=2))  The proof of Theorem 4.2(3) may now

be repeated step by step to show that there exist square inner matrices V1 and W7’
and a scalar rational allpass function b such that

Fi(H, 53 ' BHE % (M"2)) = V' diag(ssb, Fi(H, 55 BHE 2" 2) W,

Hence from (10), 73 = Y, diag(sla,szb,}'l(H,SQIBH(O’;_Q)X(m_z)))Xl, where we
have defined the square inner matrix functions

Y =Y diag(1, V), X, = diag(1,W7)X.

Equation (10) agrees with the parametrization in (15). Note further that the first
column (row) of Y1 (X1) is identical with the first column (row) of Y (X)) and that
for every Q € S, [|[R+ Q|| < s2, as required. a
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In the next part of the section we identify the set of all A € 9D, (G) which
destabilize (G, K) for every K € K. We refer to such A’s as uniformly destabilizing.
LEMMA 4.4. There exists A € 0D, (G) such that (G + A, K) ¢ S for every
K € K. Furthermore, A can be chosen to be a stable real-rational matriz function.
Proof. Pick any w, € R and define

A, = X7 (jwo) diag(ri/a(jw,), 0)Y ™ (jw,) € ™.

Then n(G) = (G + A,), ||Avlle = 71 and so A, € 9D,,(G). Let T € T, be
any optimal interpolating function so that T = Y diag(r; ‘a, ®)X, where ® =
Fi(H,r®) for some ¥ € BHP~V*(m=1 from Theorem 4.2. Then it is simple to
show that det [I — A,T(jw,)] = 0 for any ¥ and so det [I — A,T(jw,)] = 0 for all
T € 7;. Since

det {I — (G + A,) K (jw,)} = det {I — GK (jw,)} det {I — A, T(jw,)} =0,

(G+ Ay, K) ¢ S for every K € Ky by the generalized Nyquist theorem [25].
In the final part of the proof, we construct a stable real-rational A such that
A € 9D, (G) and A(jw,) = A,. Define the unit vectors

Y1 = a(—jwe)v (jwe) M’ (jw,) € CH*P, T, = Ml(jwo)w(jwo) e cmx!

so that x is the first column of X~ (jw,) and y1 /a(—jw,) is the first row of Y™ (jw,).
Next, express each component of 1 and y; as

(z1); = 7%, (y1); = 9:67%,

where §;,Z; € R and ¢;,60; € [0,7). (This fixes the signs of ¢;, #;.) Define the inner
vector functions

~oS—og s 5—01

Yistar 1576
Y(s) = : ;o 2(s) = :
~ S—Q N —Bm
Up sFay Tm §+gm
so that
arg Jwo — @i =0, i=1.2 p, arg Jwo — Bi =g, i=1,2 m
jwo + al (28] 9 yr ) ij + /81/ (2] ) A )

with a;, 8; € Ry for all i. (If ; = 0 or ¢; = 0, we simply replace the ith entry of g or
& by &; or §j;, respectively.) Next, define the RH,, function A = r &g’ € RH™XP
and note that A(jw,) = A, = riz1y¥ by construction. Since A € RHoo, 7(G) =
n(G + A). Finally, note that ||A|l. = 71, which implies that A € 9D, (G). a

Remark 4.3. The proof is an adaptation of a result in [25]. Indeed, it is not
surprising that (real-rational) destabilizing perturbations exist on 9D,, (G). The new
information supplied by Lemma 4.4 is that (real-rational) boundary perturbations
exist which are destabilizing for every maximally robust controller K € K;.

Denote by 7 and y the first row and column of X and Y, respectively, de-
fined in Theorem 4.2. Then, all uniformly destabilizing perturbations constructed in
Lemma 4.4 have the property that |7 Ay(jw)| = 71 for some w € R. Moreover,
such perturbations can be constructed for every w € R. The next result shows that
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condition |27 Ay(jw)| = ry is necessary for a A € 9D, (G) to be destabilizing for
every K € K;.

LEMMA 4.5. Let A € 9D,,(G) be a destabilizing perturbation of G for every
K € K1. Then there exists an w € R, such that

(17) 2" (jw) A(jw)y(jw)| = 1.

Proof. The set T is given by (10). Pick any ¥ € rlBHgfl)X(mfl) so that
| ¥||oo < 1. Since H is r; '-allpass, ® = F;(H, ¥) satisfies || @]/ < r;'. Since A
destabilizes G for every K € K1, it is also destabilizing for

K=(U+MF(Q,®)(V+NFQ,P)" €Ki,

corresponding to the interpolation function T' = Y diag(rfla,i’)X. Since aA is
a stabilizing perturbation of G for every a € [0, 1), there exists w, € R such that
det {I,, — A(jw,)T(jw,)} = 0 or equivalently that

der {1 = AGe)Y o) | W g0 X | =0

which implies that

(18 det {1, — XCun) Al ¥ ) | T 0

Define

[ n YJ_ } = Y(jwo)v and
A_ (?11 %12
Ao Ao

— [ ;1{ ] A(jw,) [ y1 a(jw,) Y1 ].

Then (18) may be written as

—1% X .
(19) det{ Loy —An®(jw) ] —0

*TflAzl Im—1 — Do ®(jw,)
Next, we show that 611 =11. Suppose for contradiction that
(20) 1-— Tflgn 75 0.

Then (19) implies that

~ ~ ~ ~ 1 .

(1 — T;léll) det Im,1 — AQQ‘I’ — T;lAgl (1 — Tfléll) A12¢(jwo)} = 0,
~ ~ ~ -1 _

= det<l,_1— (AQQ =+ T‘l_lAm (1 — ’/’1_1(511> Am) @(jwo)} =0,

= det{l,_1— fu(A,rfl)q)(jwo)} =0.
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Since 1 —ry {511 # 0 by assumption, the upper linear fractional map is well-posed;
moreover, o(A) = ry which implies that & (F, (A, i) <y [5]. Also, since &(®(jw,))
< r;!, we have that &(F,(A,r; ) ®(jw,)) < 1. Hence,

o (1= FuB T (jws)) 21— (Fu(A 7 ®(jw) ) >0,
and thus det{I — F,(A,r7))®(jw,)} # 0, contradicting (20). Hence,

511 =T = | wT(jwo)A(jwo)y(jwo) | ="

since |a(jw,)| = 1. |

Remark 4.4. Lemma 4.5 above shows that every A € 9D, (G) which is desta-
bilizing for all K € K satisfies |z (jw,)A(jwo)y(jw,o)| = r1 for some w, € R.
Define the inner product of two matrices of compatible dimensions A and B as
(A,B) = trace(A’B). Then, (17) says that every A € 9D,,(G) which is desta-
bilizing for all K € K; satisfies [(y(jw,)xT (jw,), A(jw,))| = 71, i.e., that it has
projection of magnitude r; in the “most critical direction” y(jw, )= (jw,) for some
wo € R. Moreover, the proof of Lemma 4.4 shows that all frequencies w € R are
“equally critical,” in the sense that the generalized Nyquist criterion can be violated
at any w € R. This implies that it is futile to attempt to extend the uncertainty set
guaranteed to be stabilized by a subset of Ky in the (frequency-dependent) direction
y(jw)x? (jw), w € R. Suppose now that we impose a “structure” on the perturbation
set of the form

| IBT(jw)A(jw)y(jw) | <r(1=46) forallweR

for some (fixed) 6 € [0,1). Note in view of Lemmas 4.4 and 4.5 that this bound is
assumed to be uniform in w. In other words, we constrain the perturbation set so that
A cannot have a projection of magnitude larger that r1(1 — §) in the most critical
direction for all w € R. Formally, define the set

(21) E(6,1) = {A € Du(G) : ||lz" Ayllos < r1(1 - 6)},

where D, (G) is defined in (1). Then, for each 6 € (0,1] we want to find the set of
controllers Ks C Ky which maximize p = p(6) under the constraint that G + A is
stable for all A € D,,(G) U E(6, ). Suppose that the maximum g is attained and
is given by p*(6). It is clear that p*(8) is a nondecreasing function of § € (0,1].
It is shown below that the sets Ks are identical for every § € (0,1] and equal to
K2. A closed-form expression of p*(8) is also obtained which involves the first two
superoptimal levels of 7.

The problem formulation in the above remark is motivated by a related problem
n [15]: Suppose that A € C"*" is nonsingular. We know that if 6(E) = o(A), then
A — E is singular if and only if (u,v),, E) = u,, Ev, = g(A), where u,, and v,, denote
the singular vectors of A corresponding to o(A4). Also, if 6(E) < g(A), then A — E
is nonsingular. Suppose that 6(E) = o(A) and F is constrained to have a projection
of magnitude (strictly) less than o(A) in the direction u,v},. This means that A — E
cannot become singular, and therefore, 5(F) must increase for A — F to lose rank. To
find how much 6 (FE) can increase before singularity occurs, we formulate the problem

(22) d(¢) = min {||E[| : det(A — E) =0, [(unv),, E)| < ¢}

for ¢ < g(A) := 0,(A). The solution to this problem is provided by the next theorem.
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THEOREM 4.6. Let A be a square nonsingular complexr matriz which has a
singular value decomposition A = UXV', where ¥ = diag(oi,...,0n-1,0,) with
01 > " > Op_9 > Opn_1 > op > 0 and denote by u, and v, the last columns of
U and V, respectively. Then all E which minimize (22) are given by

P, 0 0
E=U| 0 -¢ v |V,
0o v ¢

where Py is arbitrary except for the constraint

(23) ||PSH S \/Unan—l + ¢(O'n - Un—l)

and v is given by

v=+/(¢+0n_1)(on — )i’ 6 €0,2r).

The minimum value of d(¢) in (22) is given by the right-hand side (RHS) of (23).

Proof. See [15]. In the original statement of the theorem [15], all singular values
of A are assumed to be distinct. This assumption can be relaxed to the condition
Op >+ > 0Op_o > Op_1 > 0y > 0 used here. 0

Remark 4.5. Theorem 4.6 says that, provided |(u,v,, E)| < ¢ < op, | E|| can
increase from o, to d(¢) = \/Jnan,l + ¢(0,, — 0p—1) before A — E becomes singu-
lar. In [15] this is exploited to derive robust-stability bounds for a class of additive,
multiplicative, and inverse-multiplicative perturbations. Note that these results are
a posteriori, i.e., they can be applied to assess the robust stability of a design only
after a compensator has been designed. In our case, the results in [15] can be applied
a priori in the sense that they can be used to characterize directly the subset of all
maximally robust controllers which maximize the “radius” p(6) of the uncertainty
set E(p,6) defined in (21). The a priori character of these results in our case is a
consequence of the alternative parametrization of the set of all optimal interpolation
functions given in Theorem 3.2, which shows that there exists a (frequency-dependent)
worst-case direction (defined by the vectors y = Mw and 7 = w™M in (12)) which
is identical for all maximally robust controllers K € K;. The vectors v and w are
associated with the maximal Schmidt pair of the Hankel operator I'p _ (see [16] for
details).

In what follows, we use Theorem 4.6 to characterize the subset of all optimal
controllers Ky which maximize p*(6). We first need a slightly different version of
Theorem 4.6 which also allows us to treat the nonsquare and the singular cases.

THEOREM 4.7. Suppose that T € CP*™ has a singular value decomposition,
T = U diag(%,0)V’, with ¥ = diag(o1,09,...,0¢), 01 > 09 > 03 > -+ > g4 > 0.
Let v and u be the first columns of V and U, respectively, and let ¢ < 01_1 be given.
Define

BiXP — (B ec™? : |E| <d},

(24) P(p) ={E € C™*? : |v'Eu| < ¢},

(25) d(¢) =sup {d : det(I,, — ET) #0 for all E € B}"*" NP(¢)}.
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Then
1. d(¢) is given by

N O]

2. all E € P(¢) such that det(I,, — ET) =0 and ||E| = d(¢) are given by

¢ v O 4 1 1
1) B=V|v 6 0 |U, v‘eﬂ\/<+¢) (72
0 0 P 02 o1

where § € [0,27) and P, is arbitrary except from the constraint || Ps|| < d(¢).
Proof. Introduce the partitions U = [U; U] and V = [V} V5], where U; € CP*?
and V/ € Ct**™. For E € C™*P,

det(I,, — ET) # 0 & det (I, — V'EU diag(X,0)) # 0
which is also equivalent to

I, -V/EU;S 0

det VB L #0 < det(S7! = VJEUy) # 0.
Let 7 = o7 *. The transformation
(28) cmr -t . E— E=V/EU,

maps B7*P onto V/B™*PU, = Bt*t: Clearly, for any E € B™*?, ||E| < ||E| and
hence E € BLxt. Conversely, since all solutions to the equation E= V{ EU; are given
by

B E  FEis U{
(29) E_[VIVQ][EM E22}[U§ ’

where Ey; € C(m—0%t E, e Ctx(”jt), and Eagg € Cm=%(P=1) are arbitrary matrices
of the specified dimensions, every E € B> is the image of the set

E  FEips U; E E12 .
frd ~ ~ N C p
{E [V V| { B By ] [ U, B B ||| <4 EB

under (28). Moreover, since |v} Eu;| < ¢ < |E11| < ¢, (25) is equivalent to
d(¢p) =sup {d : det(X7 = E) #0forall Ee{EeB>t : |Ey| < ¢}},

where Fy; denotes the (1,1) element of E. By introducing suitable permutations,
d(¢) may obtained by applying Theorem 4.6 and is given by the RHS of (26) which
proves part 1. The set of all E with ||E|| = d(¢) such that det(X~! — E) = 0 under
the constraint \E11| <¢ <o 7! is given via a slight adaptation of Theorem 4.6 as

0
(30) E= |V —¢ 0 |,
0 0 P
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in which v is defined in (27) and P, € C*=2*(=2) js arbitrary except from the
constraint || Py|| < d(¢). It then follows from (29) and the properties of (28) that all
E € P(¢,d) such that det(l,,, — ET) = 0 and ||E|| = d(¢) are of the form given in
(29) with E given by (30) subject to the constraint ||E|| < d(¢), Thus all such E’s
are of the form

@ v 0 FEuu
_ vV —¢ 0 Ey /
(31) E=V 0 0 P B U

Ey Ep Eu3 Eyy

subject to the constraint ||E|| < d(¢). Since

(5 2[5 2o

we have that F14 =0, Fyy =0,FE4 =0, Ey5 =0, and

ps E34
Iz &l

Thus (31) agrees with the parametrization of part 2. d

Remark 4.6. Note that d(¢) depends only on the two largest singular values of T,
o1 and o9, and on ¢ (and hence on u and v, the left and right singular vectors corre-
sponding to o1). Note also that d(¢) is a decreasing function of os. Since all optimal
interpolating functions have the same largest singular value s; (for all frequencies),
and furthermore, share the same left and right singular vectors corresponding to si,
Theorem 4.7 suggests a link between the maximization of p*(6) and the minimization
of the second largest singular value of the elements of 7;.

The next theorem, which is our main result, shows that p*(6) is maximized
uniquely by the set of all superoptimal controllers with respect to the first two levels.

THEOREM 4.8. Let Ty C HEX™ be as defined in (10). Let 7 and y be the first
row and column of X and Y, respectively, and define D,.(G) and E(6, 1) as in (1)
and (21), respectively, for some (fized) § € [0,1]. Let p*(8) be the supremum of p
such that there exists a K for which (G+ A, K) € S for every A € D, (G)UE(6, ).

Then the following hold:
1 /6 1-6
,u*(é):\/ (—|— >Z7“1,
S1 S92 S1

1. For each 6,

where s1 and sy are the two superoptimal levels of T with s; = rfl
2. For each 0 < 6 <1 the following two statements are equivalent:

(a) (G+A,K) €S for every A € D, (G) UE(6, u*(9)),

(b) K € Ks.
3. (a) £(0,1°(0)) = Dy, (G),

(b) for each K €Ky, (G+AK) €S for every A € Usepo.1) €(6, 17(6)).
4. Let 0, and o,_1 denote the two smallest Hankel singular values of G(—s)

with 0,1 > o,. Then,

p(6) = \/&Tnan—l + (1 —=b)o;
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Proof. Let K € Ky and define T = K(I — GK)™! € Hy. Fix § € (0,1] and
define

pi(6, K)=sup { p: (G+ A, K)e Sforall A € D, (G)UE(, 1)}

and p3(6) =sup {ui(6, K): K € Kq}. Clearly pj(6, K) < pj(6) < p*(6). We show
that

(32) T1>MI(57K)>\/1<6+1_5>~

51\ S2 S1

Since the largest Hankel singular value of R(—s) is assumed to be simple, we have
from [16] that sy < O'Q(FR(_S)) < Ul(FR(_S)) = s1. Set pp equal to the RHS of
(32) and suppose for contradiction that there exists a A € D, (G) U E(H, p1) such
that (G + A, K) ¢ S. Clearly, if A € D,,(G) it cannot be destabilizing and hence
A € E(6,111)\Dr, (G). Thus r1 < [|Alls < g1 and ||z Aylloe < 71(1 = §). Since K
stabilizes G, it follows from the generalized Nyquist theorem that

(33) det(I — GK(jw)) # 0 for allw € R.

Now, let £ vary continuously in the interval [0, 1] and consider the resulting deforma-
tion of the Nyquist plot of det(I — (G 4+ £A)K (jw)). Since A is destabilizing, there
exist an w, € R and a &, € (0,1] such that

det(I — (G(jwo) + oA (jwo)) K (jw,)) =0
which implies that
det(I — G(jwo) K (jw,)) det(I — £ A(jw,) T (jwo)) = 0
or equivalently that
(34) det(] — €A (juo) T(jiws)) = 0
from (33). Now |27 Ay|s < 71(1 — ) implies that

(35) Eole (o) A )y ()] < b=

since 0 < &, < 1. Since the two largest singular values of T'(jw,) are s; and sa,
respectively, Theorem 4.7 guarantees that det(I — &, ET (jw,)) # 0 for all E such that

1 1 1 1 1 1 6 1-6 1
36 Fl|l < —/— — ) === + _
(36) (P2 &\ s182 ¢ (32 51> & \/31 (52 S9 ) &

provided that

(37) ole” (o) Byl < =

Thus, Theorem 4.7 also guarantees the nonsingularity of I — £, A(jw, )T (jw,) from
(35), (36), and the fact that |A(jw,)|| < [|Allee < p1 < &t This contradicts (34)
and hence shows that

(38) M*(é)ZMI(f?)Zu’{(é,K)z\/l (6+1_5).

81 \ S2 S1
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Next, it is shown that the second and third inequalities in (38) are in fact equalities.
To establish this fact, it suffices to construct a A € RHo (= n(G) = n(G + A))
such that (i) ||Alls is equal to the RHS of (38), (ii) |7 Ayl < 71(1—6), and (iii)
(G + A, K) is unstable for every K € K.

Using Lemma 4.3 the interpolating function T' € 75 corresponding to any K € Ko
can be written in the form

T =Y, diag(si1a,s:b, R+ Q) X1,

in which Y; and X are square inner matrices, a and b are scalar allpass functions,
and |R + Q|ls < s2. In addition, also from Lemma 4.3, the first column (row) of
Y (X) is identical to the first column (row) of Y (X); these are denoted by y and
zT', respectively. Define the allpass matrix function Y = Y diag(a, b, I,_2). Then
T =Y, diag(s, s, R—i—Q)Xl. Factor X7 and Y5 as X7 = Nidiag(dy, ds,...,dn)
and Y5 = diag(dy,dp, . . .,d,) N where the functions N1, No, d; !, Zl;l are in RH oo,
N1, N5 are square inner, and the d;’s, d;’s are scalar allpass functions; these are left
and right coprime factorizations of the columns of X" and the rows of Y5 with inner
denominators. Next pick any w, € R, and write for each i = 1,2, d;(jw,) = exp(j:),
d;(jw,) = exp(j¢;), where — < ¢;, ¢; < w. Define two diagonal inner matrices A; =
diag(au, az) and Ay = diag(a, &) as follows: For each i € {1,2},if 0 < ¢; <7
(0 < ¢ < m), set ai(s) = (s—B;)(s+ B;)~" (a(s) = (s — Bi)(s+ 3)~"), where
arg(jwo — Bi) (jwo + Bi) 71 = ¢ > 0 (arg(jwo — B) (jwo + Bi) ™1 = ¢ > 0). In the case
that —7 < &; < 0, set ai(s) = —(s — G)(s + 00) " (&u(s) = —(s — Bi)(s +6:) ),
where arg(jwo_ﬂil(jwo+ﬁi)_l = 7r+¢i >0 (arg(jwo_ﬁi)(jwo+ﬁi)_l =T+¢; > 0)
Finally, if ¢; =0 (¢, = 0) or ¢; = —7 (¢p; = —7), set a; (&;) to 1 or —1, respectively.

Next, let N1 (IN21) denote the matrix consisting of the first two columns (rows)
of N1 (IN3), and define A € RH as

A:N11A1[ 55 _V; ]A2N21,
where ¢ is defined in (35) and
1 1 6 (1 1-6
o ) (0 -
So S1 S1 \S2 51

where the second equality in (39) follows by using the definition of ¢ in (35). Since
Ny, N;, A1, and A, are inner matrices,

al=|[ 2 2 |- vea

which is equal to the RHS of (38) after some simple algebra.
Since, X1 X7 = I, and X and X; have the same first row (z7), we have

2T’ X7 =[10...0] = = N, diag(dy,ds,...,d,)=[10 ... 0],
and hence

(40) TNy =[dy* 0].
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Similarly, since Y'Yy = I, and matrices Y and Y’y share their first column (y),

1
0 a 0 O 0
Y7y=|.[=1]10 b 0 Yiy= .
: 0 0 I, :
0 ! 0
or, equivalently, that
&;161_1
0 |
(41) Ngy = . = N21y = [ dl Oa ] .
0
Using (40) and (41) we conclude that
T T (z) Vo 1 4-15"1 ~
2" Aylloc = ||[z° N11A1 v, —¢ AyNayy|| =l¢a dy d; a1t = ¢,

using (37) and the fact that a,d;,ds, a1, and &; are all scalar allpass.
Using the identity det(I — AB) = det(I — BA), det(I,, — A(jw,)T (jw,)) can be

written as

¢ v

det {I — X1 (jwo)N11(jwo) A1 (jwo) [ Vo —¢

} Az(jwo)Nzl(jwo)Yz(on)H} :

where we have defined IT = diag(sy, 52, R(jw,) + Q(jw,)). It is now easy to verify
from the construction of A; and A5 above that

) ) ) I . . .
XN ) Antien) = | o 2| An(in) Nan Gon) Vation) = [12 02,
and hence
1—¢s1  —Vosy 0
det(l,, — A(jwo)T(jw,)) =det | —vos1 14+¢sa 0
0 0 S
or

det(I;m — A(jwo)T(jwo)) = (1 — ¢s1)(1 + ¢s2) — V33132 =0,
after some simple algebra using (39). This implies that
det(Inm — (G(jwo) + A(jwo)) K (jwo)) = 0,

and hence A is destabilizing from the generalized Nyquist theorem [25]. This shows
that the third inequality in (38) is indeed an equality as claimed. Since A is destabi-
lizing for every K € K, the second equality in (38) also follows.

To establish that the first inequality in (38) is an equality it suffices to construct
for each K € K1\K2 a A € RHZ*P such that (i) || Al is (strictly) less than the RHS
of (38), (ii) [|[zT Ayllec < r1(1 —§), and (iii) (G + A,K) ¢ S. Take any K € K,

K ¢ Ky and let T = K(I — GK)~!'. From Theorem 4.2, T € 7; has the form
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T =Y diag(s1a, R+ Q) X, where |R + Q||oc < 51. Since T' ¢ To, there exists an
w, € R4 such that

52 <7 (R(jws) + Q(jwo) ) < s1.
Let R(jw,) + Q(jw,) have a singular value decomposition

R(jw,) + Q(jw,) = U diag(E, 0p—t—1,m—t-1)V’,

where ¥ = diag(o1,09,...,0¢) with 09 > 02 > --- > 04 > 0. Then, s3 < 01 < $7.
Denote by u = [ug ug ... up—1]7 and v = [v; vy ... V1] the first column of U
and V, respectively. Define an inner vector ¢ = [tp; ¥, ... ’l/Jp_l]T € 'RHEfo’_l)Xl
as follows: Write u; = p;exp(jf;) for each i = 1,2,...,p, where the p;’s are real and
0<0; <mif6; #0, set ,(s) = pi(s — Bi)(s + B:) ", where 3; > 0 and is such that
arg((jwo — Bi)(jwo + Bi)™1) = 0s; if 0; = 0, set ; = p;. Clearly, ¢ € RHEP- D>,
Y~ =1, and Y (jw,) = u. In a similar way, construct an RHg?_l)Xl inner vector
& which “interpolates” v at s = jw,, i.e., £(jw,) = v.

Define X = diag(1,£~) € RLZ™ and Y, = Y diag(a,¥) € RLEX2. Clearly,

XX, =Y|Y, = I,. Define factorizations of the columns (rows) of X, (Y7 )
of the form X, = Nidiag(d;,ds) and Y, = diag(dy,d2) N2 such that N; and

N 2T are inner and dl,dQ,&l,&Q are scalar allpass. Similar to a previous part of
the proof, define 2 x 2 inner matrices A; = diag(al,ag) and Ay = diag(ag, as)
such that di(jwo)on(jw.) = 1, da(jwo)aa(jw,) = 1, di(jw,)éu(jw,) = 1, and
da(jwo)z(jw,) = 1.

Define A € RHL*P as

A—N1A1[i _V;]AzNQ, V1—\/<011+¢> (Slléb)

The inner character of NhNQT,Al, and A, implies that |Allec = /@2 +1v7 <
V@2 + v2 since s3 < o1. Thus, ||A || is strictly less than the RHS of (38). Moreover,
it can be easily verified that |7 Ay|s = ¢. Finally, using the identity det(I — AB) =
det(I — BA) we can write

(ZS v S1 0 0
dm%—memw=®t%—z[ 1]@ 0 o 0],

where

Zy = diag(1, V') X (jwo) N1 (jwo) A1 (jws),
Zy = AQ(jwo)NZ(jwo>Y(jwo) diag("’(jwo)a U),

and * denotes a matrix not relevant for our present purposes. It can be easily verified
from the above construction that Z¥ = [I3 0g2,,—1] and Zs = [I3 02,_1], and hence

1-— ¢81 —V101 0
det(I, — A(jwo)T(jw,)) =det | —v1s1 14 ¢oy 0 =0,
0 0 I
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FiG. 2. Extended permissible uncertainty set.

which implies that (G + A, K) is unstable from the generalized Nyquist theorem.
Since such destabilizing A’s with ||Alle < p5(8) and ||” Ayllec = r1(1 — §) can be
constructed for any K € IC1\Ca, we conclude that p*(6) = pi(6) and part 1 is proved.
It is also clear that ks is the set of all controllers K such that (G + A, K) € S for
every A € D,, (G) UE(S, u*(6)) and part 2 follows.

To prove part 3, note that setting § = 0 in (21) gives

E0,1) ={A € Lo : [|Alls < 1, |27 Ayllos < 11,0(G) = 1(G + A)}.

Since from Lemma 4.4 there exist uniformly destabilizing perturbations of G in
OD(G), we have that p*(0) < r;. Now,

(42) £(0,r) ={A €L : [|Allsc <71, 2" Ayl <71,7(G) = (G + A)}.

In view of the condition ||All < r1 in (42) and the fact that ||z]ecc = ||[Y]lec = 1,
condition ||z7 Ayl|lo < 71 in the characterization of £(0,7;) in (42) is superfluous
and thus £(0,7) = D, (G). Hence, u*(0) = 71 and the set of all K such that
(G+ A,K) € S for every A € D, (G) UE(0,1*(0)) = Dy, (G) is clearly Ky. Since
Ko C K1, part 3 follows immediately from part 2. Finally, part 4 follows from the
relations s; = Ul(FR(_S)) = o, O'Q(FR(_S)) = 0, ', (see Theorem 3.3 and the
subsequent remark), and the inequality sy < o(T’ R(—s)) (see [16]). 0

Remark 4.7. Figure 2 is an illustration of the set (Jsc(o 1) €(6, #(6)) in the two-
dimensional case. Here, s; = 1 and s; = 0.25. The “worst direction” is assumed to be
the horizontal axis. The (open) disc of radius one represents the set of uncertainties
guaranteed to be stabilized by optimal controllers. The area bounded by the solid
curve represents the set of uncertainties guaranteed to be stabilized by (second-level)
superoptimal controllers. Note the increase in the stability radius in all directions
other than the worst direction.

5. An upper bound on the structured-singular value. So far, our results
have been restricted to the unstructured uncertainty case. Our overall aim has been
to use the degrees of freedom in the set of all optimal (“maximally robust”) controllers
K1 in order to extend as far as possible the region of the uncertainty space guaranteed
to be stabilized by a subset of KC;. The optimal subset of K1 has been identified as
the set of superoptimal controllers with respect to the first two levels, 5.
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A different interpretation of our method allows us to apply our results to struc-
tured uncertainty models as well. The crucial point is that the region of the uncer-
tainty space which is nondestabilizing can be extended beyond D,., only by imposing
a structure on the admissible set of uncertainties; this structure, in our case, is of
the form of a projection (uniform in frequency) in the “worst-case direction” (yz?,.),
along which all uniformly destabilizing perturbations in 9D, (G) have been shown to
lie. Suppose that the uncertainty is known to have a (block) diagonal structure, A,
say. The following general procedure can be used in principle to obtain a lower bound
on ra, the robust stability radius with respect to structure A.

e Maximize the robust stability radius for a class of unstructured perturba-
tions; let the maximum (unstructured) robust stability radius be r; and the
corresponding worst-case direction be (yz7,.).

e Given a specific uncertainty structure A, find the largest 6* € (0, 1] compat-
ible with A, i.e., the maximum §* € (0,1] such that [(yz, A)| < r(1—6%),
uniformly in w for every A € A.

e Then p*(6*) is a guaranteed lower bound of the robust stability radius of the
system with respect to uncertainty structure A.

This general method for calculating bounds for the structured robust-stability radius,
ra (equivalently the structured singular value pa), will be developed in future work.
In this section we present preliminary results for the constant y problem and a simple
example illustrating our method. A more complete development is given in [9].

We use the definitions and notation of [19]. Let T € C™*™ have a singular value
decomposition

(43) T=UXV', ¥ =diag(o1,02,...,0,), UV el UU=VV=I,

and assume that

(44) 01>09>03> >0y, >0.

Define the structured uncertainty set

A = {diag(61Lr,,..., 05l g, A1, ..., Ap) 1 61,..., 65 €C,A; €C™¥™Mi j=1,...,F}

with 2;9:1 T —&—Zle m; =n and let BA = {A € A : ||A|| < 1}. Then the structured
singular value of T is defined as

pa@ ™= min  [Al= min A

det(I—AT)=0 det(=—1-v’/AU)=0

(if there exists no A € A such that det(I] — AT) = 0, we define ua(7T) = 0).
Let u,v € C™*! be the first columns of U and V, respectively. Partition v and v
compatibly with A as follows:

U1 U1
u v ] .
(45) u = S , U= S , u;,v; € CT US+5,VS+5 € cmi
Us+1 Us+1

L US+F | L VS+F |
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fore=1,...,Sand j =1,...,F. Then it is straightforward to verify that
AeBa

s F
(46) ag = max [v'Aul =Y |ojuil + Y osijlllluse;] < 1.
i=1 j=1

Define the set Ay, := {A € C""™ : v/ Au| < ag]|A]|}. Clearly A C A,,. It follows
that

-1 _ . . — —1
pa(T)™ = min 1Az gmin AL = AA(T)T
det(S—1-v’/AU)=0 det(5—1—V/AU)=0

Thus fia(T) is an upper bound on pa (7). The evaluation of fia(T) is related to
the results of [15] (see Theorem 4.7). The next result uses Theorem 4.7 to give an
expression for fia(7) that involves only 01,09, u,v, and the uncertainty set A and
shows that fia (T) is increasing in os.

THEOREM 5.1. Let T € C™*™ have a singular value decomposition as in (43)
and assume that (44) is satisfied. Let u and v and the first columns of U and V,
respectively, be partitioned as in (45) and define o as in (46).

1. Let
(47) d:(0'170’2)0&0/24’\/[(0’170’2)040/2]2+O'10'2.
Then
-1
(48) aa(T) = min [IA]] =d.
det(S—1-V/AU)=0
o Aul<agllAll
2. For all ag € [0,1] we have
(49) na(7T) < ia(T) < o1,
3. If ap =1, then
(50) pa(T) = pa(T) = o1
4. If ag < 1, then
(51) pa(T) < pa(T) < o1

with ua(T) = pa(T) if and only if there exists A € A such that

Qg e’?\/1 — a% 0
(52) VIAU=d7' | e99,/T— a2 —ayp 0
0 0 Ago

for arbitrary 0 and any Agy € CV=2X("=2) satisfying || Ags| < 1.
Proof.
1. We first show that

(53) aa(T)~t <dt.
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Let
Qg 1-— a% 0
A=d 'V /1 — 04(% —ap 0 U'.
0 0 On—2)x(n-2)

Then it is easy to verify that |Al| = d~1, |v'Au| = apd™! < agl|A]|, and
det (N7 —V'AU) = o7 oyt —apd Moy ' — o7 ) —add ™2 =0

after some manipulation, and this proves (53). Thus we can restrict our
search in (48) to the set

{Acc™™ ||A| <d7Y, v Au| < apd ™'}

and so
aa(T)™ = min A
det(Z—1—V/AU)=0
v/ Au|<agd—1
laj<a—t
(54) = \/01_102_1 —apd~Y(oyt —ort) =d 1,

where the first equality in (54) follows from Theorem 4.7 and the second
equality follows from a straightforward calculation using the definition of d
(in fact, d is defined so that d—! is the positive solution of (54)).

. It is straightforward to verify that d < o;. The first inequality follows from

the definitions of fa (T) and pa (7).

. Suppose that ag = 1. Then a simple calculation verifies that d = o; which

proves the second equality in (50). To prove the first equality, define

A = oy diag(611,,, ..., 0514, A1,y .., AR) € A,

where
I .
@:Mec (6 = 0if vlu; =0), i=1,...,5,
U;Us
vy X, : .
A; eCmimi (A; = 0if |ju;]|luy]| =0), j=1,....F

sl

where u;,v; are defined in (45). Then ||A]| = 07! and v'Au = o', This
implies that V/AU = diag(o] ', Agy) for some Agy with ||Ags|| < o7t Tt is
easy to verify that det (37! — V'AU) = 0 and so pa(7T) = o1 and the first
equality in (50) is proved.

. Suppose that oy < 1. Then a simple verification shows that d < o7 and

establishes the second inequality in (51). Part 2 of Theorem 4.7 gives all A
such that [|A|| = d™1, det(X7! —V'AU) = 0, and |v'Au| < apd~! as in (52).
Hence pa(T) = ia(T) if and only if there exists such a A € A.

This completes the proof. ]

Remark 5.1. Note that ga(T) depends only on 01,02, and ag (see (47) and
(48)), and «p in turn depends only on u, v, and the structured uncertainty set A (see
(46)). In the context of the robust stabilization of systems with unstructured additive
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L L
107 10° 10' 10°
Frequency

FiG. 3. 01(T) (dashed), D-iteration upper bound (dash-dot), and upper bound fia (T) (solid).

perturbations, all optimal interpolating functions share the same largest singular value
s1 at all frequencies. They also share the same (frequency-dependent) singular vectors
corresponding to s; (the inner vectors & and y). Thus the only free parameter that
can be used to minimize fia (-) within the set 7; is the second largest singular value.
Noting that Za(-) is a nonincreasing function of oo (see (47)) suggests that within
71, ia(+) is minimized by 75. This will be elaborated in a future work.

Remark 5.2. The bound iia, although in general tighter than oy, is less tight
than the upper bound of the D-iteration [19]. In fact, it is shown in [19] that at the
end of the D-iteration, either

1. 01(T) = 02(T), in which case our results are not applicable (see (44)), or
2. 01(T) > 02(T), in which case pua(T) = o1(T). It can be shown that this
corresponds to ag = 1.
The main purpose in this work is to illustrate the improved robustness properties of
superoptimal controllers, rather than attempting to improve the D-iteration bound.
Ezample 5.1. This example illustrates the upper bound fia(T"), where

—-591 —-1149 6.03 —-0.59 —-1.90 0.19 1.35 T
—-1.85 —5.62 1.63 | —0.31 1.11 0.63 0.12
—7.71 —17.40 7.07 0.97 0.72 =035 —-0.58

} = —0.37 0.49  0.52 0.01 022 0.71 0.97
143  —-0.09 1.36 0.60 070 023 0.36

0.07 0.37 —-0.41 082 052 045 0.05
-0.23 —-0.15 0.66 098 093 017 0.76

Q=
oW

is chosen as random with A stable. The computation is carried out pointwise across
the frequency grid, i.e., for each w, 01(T(jw)) and fa(T(jw)) are computed and
compared with the D-iteration upper bound. The uncertainty structure A is taken
to be diagonal, i.e., S = 0,F = 4,m; =1 for j = 1,...,4. The plots are shown in
Figure 3.

6. Conclusions. By way of conclusion, we summarize our contribution.
e We have analyzed in detail the maximum robust stabilization problem subject
to unstructured additive perturbations. We have shown that a critical direc-
tion exists in the uncertainty space, along which all maximum-norm boundary
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perturbations are destabilizing for every optimal controller.

e We have shown that by imposing a parametric constraint in the most critical

direction, the set of uncertainties guaranteed to be stabilized by a subset of
all optimal controllers can be further extended. We have shown that the
optimal solution to this problem is associated with the set of superoptimal
controllers with respect to the first two levels, and we have obtained a closed-
form expression for the improved robust stability radius which involves the
first two superoptimal levels.

e By adapting out results to the structured uncertainty case, we have obtained

an easily computable upper bound on the structured-singular value (which
is tighter than the largest singular value), without the need to carry out a
D-iteration. We have further shown that the minimization of this bound is
equivalent to the minimization of the second largest singular value, which
again motivates superoptimization.

There are a number of related research directions which we intend to pursue.

e For purposes of clarity, our technique has been restricted to unstructured

additive uncertainty models. There is no conceptual difficulty, however, in
extending our method to other types of unstructured uncertainty (multi-
plicative, inverse-multiplicative, coprime) or to include frequency weightings.
Rather than analyzing each case individually, we intend to address the gen-
eral problem involving linear fractional transformation uncertainty models
[17]. This is likely to involve a general-distance superoptimal approximation
problem, the solution of which is already in place [26], [8], [16], [13], [14], [12].

e Our method relies on Theorem 4.7 which generalizes a result in [15]. Section

5 suggests that generalizing this theorem should be useful in robust stability
analysis of systems subject to structured uncertainty. We have derived some
results in this direction which will be reported in a future publication.

e We intend to investigate the possibility of applying our method as an alterna-

tive to current p-synthesis techniques. The main potential advantage of our
approach is the possibility of avoiding the calculation of the optimal scaling
“D-matrix” in the D — K iteration [2] (currently carried out pointwise over
a discretized frequency grid) by using instead the directionality information
provided by the two Schmidt vectors, which define the worst-case direction
in our setting. The success of such an approach will ultimately rest on how
tightly we can overbound the structured singular value. Although our com-
putational experience so far is promising, this remains an open question.
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