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ABSTRACT

The transmission of vibration through structures
depends on impedance matching between elements within
each structuré. The control of transmission can be
achieved by means of inserting suitable paths or"isélators‘

to produce an impedance mismatch.

General aspects of isolation are considéred and
formulations to describe the effectiveness of system modi-

fications are given. Transmissibiiity ratios are used to

indicate path characteristics in a standardised source-

recelver situation for comparison purposes.

A new type of transmissibility apparatus is described
which enables practical isolators to be tested over a large
frequency range. Tests have been éarriéd out on rubber tubes
and rods, helical springs and a car shock absorber. The
apparatus was also used to verify the existence‘of a damped
vibration-cancelling dual path system, shown to be possibkle

theoretically.

Practical vibration isolators tend to be highly com—

plex structures, and an example has been dealt with in

detail - namely, a front suspension assembly from a small

car. Despite the very considerable complexity necessary to
account for all the effects observed, it remains possible

to give simple design criteria for the most favourable trans-
mission properties within the limitations imposed by the

overall design.



The technique of matﬁematically modelling complex
structures as a set of resonators has been used to produce
a simplified method of mobility testing which has been
verified by experiments. The generation of mobility
functions from modal data enables predictions to be made

of bush effectiveness values for suspension models.

Parameter optimisation of suspension models show
how target performance can be approached within the res-
trictions of the model structure and the permissible para-

-meter ranges.



ACKNOWLEDGEMENTS

The Author gratefully acknowledges the
support and encouragement of his supervisor,

Dr. P. Grootenhuis.

The assistance of Dr. D.J. Ewins is much
appreciated, as are the helpful discussions

with cdlleagues.

Mr. R. Gunn gave invaluable help in the

laboratory.

This work was partially financed by the
Motor Industry Research Association, to whom the

Author is indebted.



Introduction

CONTENTS

General Aspects of Vibration Isolation

2.1

2.2

Systems and Divisions

Subsysfems

' 2.2.1 Sources
2.2.2 Paths
2.2.3 Receivers

Classical Models

General Formulations

Qualitative Description

Role of Damping

Summary

Analytical and Experimental Methods

3.1 Analysis and Solution of Lumped Parameter Models 50

3.2

3.1.1
3.1.2
3.1.3
3.1.4
3.1.5
3.1.6

Notation

Derivation of Equations

‘Direct Solution of Equations

State Vector Formulation and Solution
Derivation of Mobility Matrices

Alternative Methods

Immittance and Transmission Matrices

3.2.1
3.2.2
3.2.3

3.2.4

Definitions
Inter-relationship Chart
Experimental Chart

Impedance, Mobility or Transmission?

Page
10

13
13
15
16
26

27

27

031

38
43
48

49 -

53
55
56
57
60
62
63
63
67
68

75



3.3 Modal Equivalent Systems 77
3.3.1 Derivation of Model 78

3.3,2 Physical Interpretation and Consequences 83

3.3.3 Synthesis from Experimental Data 91
3.3.4 Modified Experimental Chart 95
3.3.5 Experimental Verification 99
'3.4‘ Extension to Random Vibration 120
3.4.1 Frequency Response 120
3.4.2 Statistical Energy Methods 121
3.5 Optimisation Tthniques 124
3.6 Summary of Computer Programmes 125

Special Aspects of Vibration Isolation -~ Path Control 427

4,1 Theoretical Behaviour of Paths 127
4.1.1 Single Stage Compliance 128
4.1.2 Two-end Multi-Stage Isolators 129
4,1.3 Wave Effects 131
4.1.4 Multi-Path and Cancellation 133

4.2 Tést Methods 143
4.2.i Theoretical Aspects 143
4.2.2 'Practicél Test'Methods 148
4.2.3 Parameter Derivation : 151

4.3 Experimental Apparatus 159
4.3.1 Specification 159
4.3.2 Construction 160
4,3.3 Drive and Measurement 165
4,3.4 Proving A 171

4.3.5 Modifications and Extensions 176



4.4 Experimental Results - ‘ 177

4.4.1 Rubber Rods‘ 178
4.4,2 Rubber Tubes 185
4.4.3 Rubber Shear Mount 189
4.4.4 Helical Spring , 189
4.4.5 >Shock Absorber 200

The Transmission of Vibration Through Automobile 204

Suspension Systems

214

5.1 Conceptual Model 205
5.2 Basic Considerations 207
5.2.1 Vehicle Body Mobility 208
5.2.1.1 Excitation away from Centre of
Gravity 208
5.2.1.2 Decoupling of Massive Elements
5.2.1.3 Plate and Shell Results 214
5.2.1.6 Experimental Data on Car Body 219
Mobility
5.2.2 Tyre and Wheel Mobility 224

5.2.3 Suspension - Low Frequency and Static

Constraints

228

Transmission Properties of Individual Suspension

Components 232
5.3.1 Principal Vertical Paths - 232
5.3.1.1 Main Spring 232
5.3.1.2 Damper Unit : 236
5.3.1.3 Wishbones and Links 238
5.3.1.4 Comparison 241

5.3.2 Lateral

and Longitudinal Paths 241



5.4 Transmission Properties of Suspension Models

5.5

5.4.1 Without Links
5.4.2 With Links

5.4.2.1 1Inclined Link with Spring

248

248
252

252

5.4.2.2 Twin Wishbone Model without Damper

5.4.2.3 Twin Wishbone Model with Damper-

5.4.2.4 Twin Wishbone Model with Damper
and Spring Surges

5.4.3 With Resonant Receiver
5.4.3.1 With Engine Resonance
5.4.3.2 With Engine and Body Resonances

Discussion and Conclusions

Experimental Transmission Properties of a Suspension

System

6.1 Individual Components

6.2

6.1.1 Damper Unit

6.1.1.1 Experimental Apparatus

254

256

259
259

261

263

268

269
269
271

6.1.1.2 Response for Different Force Levels

254

275

6.1.1.3 Theoretical-Experimental Comparison 581

6;1.1.4 Effect of Parameter Changes
6.1.2 Wishbones
6.1.2.1 Vertical Transmission
6.1.2.2 Lateral Transmission
6.1.2.3 Longitudinal Transmission
Suspension Assemblies
6.2.1 Apparatus
6.2.2 Wishbones Alone

6.2.3 Complete Assembly

281
283
284
286
290
292
293
295
299



6.3 Discussion of Results

Conclusions

Appendix 1 Dynamic Absorbers

. Appendix 2 Vibration Isolation Bibliography

Appendix 3 Aerostatic Bearing

Appendix 4 Transducer Calibration
Appendix 5 Mass Cancellation Circuit
Appendix 6 Example of Model Derivafion

Appendix 7 List of Equations
Appendix 8 Conversion of Units

Appendix 9 Alternative Cancellation Model

305
306

322
342
344
347
352 _

356

369

395

396



CHAPTER _ONE

INTRODUCTION

Noise and vibration contribute a significant part
of the pollution of the environment and are principally

the outcome of an industrial, urban society.

The motives for controlling noise and vibration
range from purely englneering aspects, such as reduction
of failure, fatigue, performance degradation or malfunction,
unreliabiiity, wear; to human aspects: physiological -
death, pain, noise induced hearing loss, temporary threshold
shift, muscle wasting, sicknessj and psychological -
discomfort, fatigue, reduction of performance, intrusion
of privacy. Speclal motives might include compliance with

legislation, secrecy and competition.

Control, at source, of vibration and noise is in
many céses impracticable with present technology, and con-
trol of;xopagaﬁon is required. For the study of ;oad
excited vehicle vibrations, considered in later sections
5f this work, the transmission paths need to be adapted to
lead to satisfactory isolation, since road roughness will

always be present.

The motive for this study is to investigéte the
neans by which the transmission of structure-borne vibration,
including vibration in the acoustic range of frequencies
(hence structure borne sound), may be modified. 1In essence,

the ideal transmission path for vibration isolation is most

10
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frequently a low-pass filter with a very sharp cut-off.

The low-pass requirement is necessary for load and stiff—
ness characteristics of the system, jand constitutes an
external constraint on the system. Multiple-paths and
flexibilities‘of the source and receiver tend to reduce the
iscolation effectiveness. To exXpress the value of making
system changes, some new ratios are employed - receiver,
sourcé and receiver-transfer effectiveness which are out-
lined in Cha;ter 2 and Chapter 5. Performance of practical
isolation mounts is determined experimentally using an
original design of apparatus based on transmissibility.
Cancellation of vibration through a dual, damped path is
shown to be possible theoretically, and has been experi-
mentally observed using rubber tubes, though unfortunately

the useful bandwidth tends to be small. -

In real isolation systems there may be very con-
siderable complexity in the transmission paths. The use
of computers enables quite complex systems to be studied,
but excessive complication in modelling tends to lose in
accuracy and meaning. For instance, a complete des-
cription of a point mobility of a structure requires
twenty-one complex parameters for each frequency. Usually,
these cannot be derived analytically and experimental
determination has shown that large errors can be expected.
Statistical energy methods lead to a simplification in
approach, but are not at present sufficiently well for-

mulated to lead to direct design criteria for the type of

problem considered here.
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S
A vehicle suspension from a small car has been

analysed theoretically and tested experimentally, treating
the suspension as part of a éeneral isolation system,
mainly in the range 10 - 150 Hz, bearing in mind the low-
frequency restrictions. Principal vibration paths_—
vertical, longitudinal, lateral - have been chosen to

1eéd to approximate models., Much information can be
obtained from the study of component parts, and design

suggestions to improve isolation are given.

Modelling a vehicle body from experimental data
shows that it is possible to represent the bare body shell
as a multimodal structure. It is shown that as a result
of such modelling, mobility testing and data handling can
be simplified. Experimental data on body and tyre mobili-
‘ties is rather incomplete at preseht and is restricted to
single coordinates only. Accordingly, further work is
required to lead to a complete description of road noise

in vehicles.



* CHAPTER TWO

GENERAL ASPECTS OF VIBRATION TSOLATION

A substantial body éf theory is availablé concerning
vibration isolation (see Appendix 2 for the bibliography).
The purpose in this chapter is to summarise and interpret
this theory and to present some generally . applicable for-

mulations and conclusions. 'The topic under consideration

is the passive isolation of structure-borne vibration in the

field where linear theory holds; examples of where this is

not strictly valid being presented also.

2.1 , SYSTEMS AND DIVISIONS

The vibration isolation problem is assumed to be
present when; within a given system, vibrations are\transT
mitted between parts of the syste@; and, for reasons indi-
cated in the Introduction, the vibraﬁions at the recelving
parts of the system are required to be minimal within a
given frequency range. ;The strugtural integrity, static
and low frequency constraints on the system ensure that
structural paths are available for the transmission of vib-
ration. The usyal thermodynamic concept of a system is
usefully restricted when dealing with vibrations alone.
Thus, vibrational energy dissipated into heat 1s considered
lost from the vibration system, and need only be considered
when heating effects are significant. Energy will then

imply .mechanical (vibrational) energy alone.

13



For. the purpose of analysis, the vibration sys@em
may be divided into subsystems which are: structures
assoclated with energy inputs, or sources, paths and rec-
eivers. The general system will be composed of any number

of such subsystems.

The simplest of all the general systems leads to
useful concepts and characterises the basic problems
involved. This class consists of one source, one path,

and one receiver. This 1s shown schematically in Figure

2.1.3.

E, energy input vibration system
boundary
™ 3 !
source | E—E5 path  |E1—ExEs| receiver
| structure structure structure | |
| |
! Ye-E- E-
E2 E3 EZ-E] 52 E3

energy losses (heat, sound)
Figure 2.1.1

The system is assumed to exist in the steady state -
time av?rage quantities are implied. A primary source of
vibrational energy gives a power inflow to the system Ei'
Energy is lost from the system at the rates E2 from the
source structure, E3 from the path and E4 from the receiver.
Kinetic energy levels Lgy LP, Lp exist in the source, path

and receiver. These kinetic energy levels may be normalised

by dividing through by the subsystem masses, leading to
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ES
'mean specific' energy levels with units of mean square

velocity,'v2 - the mean implying a spatial average. Often,
it will be more convenient to relate vibrational energy to
the root mean square velocity, V, or simplify further still

to a reference velocity V*, since for a linear system V

willl be directly related to V*, |

The theory of vibration isolation is concerned with
determining the properties of the subsystems, so that given
an energy source and certain constraints on the entire
system, LR
range. Note that this does not necessarily imply that the

is reduced to a minimum within a given frequency

power flow into the receiver E4 is also a minimum.

Before leading on to general formulations of how this
is achieved, the system will be discussed in more detaill and

examples given.

2.% SUBSYSTEMS

The division of the system into sources, paths and
Leceivers is not unique. The intention of the analysis will
readily identify the receiver structure, but the division
between the source structure and path structure is often
arbitrary and may be determined by analytical convenience
alone. General features of Fhese subsystems are shown

- below.
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2.2.1 Sources

It is necessary to distinguish between the primary
source of vibration and that part of the system that is
associated with it - the source structure. Vibration iso-
lation measures may be concerned with the properties of the
source stfucture, but not with the primary source which is

assumed invariable.

For the simplest class of systems, the source struc-
ture will have just one (frequency dependent) property -

the source mobility M, (or its reciprocal, impedance). The

S

source structure may be shown as:

Figure 2.2.1

The source mobility is defined as the free velocity

of the source, V divided by the blocked force F_,, i.e:

sf? b?

Ms = v"f 202- i
b '
For this one-terminal system is it valid to define

the source impedance as the reciprocal of the mobility:

Z, = Ky _ 1 2.2.2
Vos Ms

This general linear (ideal) source may be represented
as a pure velocity source or a pure force source applied to

a subsystem giving the reguired mobility. This is indicated



3.
below where<:>denotes a pure force source (i.e. force pro-

duced regardless of the velocity), énd<:> denotes a pure

velocity source (i.e. velocity produced regardless of force).

G s
g@ Vo ——o

Figure 2.2.2

The source structure may or may not be readily iden-

tified as one of the equivalent systems shown.

The road input vibrations to a vehicle may be con-
sidered as an almost pure velocity source. The source struc-
ture may be taken as the tyre and wheel assembly. The un-—
balanced force in a machine may be taken as an almost pure
force source, with the entire machine treated as the source
structure. The acoustic excitation of a panel is an example

of where no such primary ideal source is accessible.

Where the primary source is accessible, it is not
necessary to measure st and Fsb to determine the source
mobility, but only to 'look into' the output terminal of the
source, with the primary source removed - as familiar from

electrical circuit theory.

17



The source structure is then treated as a two-

terminal t'black box!':

primary source  F Fé output terminal
' o—— ——0
Vi Va

Figure 2.2.3

for which the following relationship holds (see g 3.2.1).
{Fl}= [“u dtz}{l:l] 2.2.3
Vi o K2z Vz _
If the primary source is a velocity source, then
v' = &gy FJ. 4-0‘22 Vz
so that the blocked force is V,l/cx21 and the free velocity
if Vi/a22. The source impedance is then:

Zs - “zz 2‘2'.h'

st

%21

This is identical to measuring the source impedance
on the output terminal, Z,, = F2/V2 when the velocity source
is removed (i.e. vy o= 0). The interrelationship is given in

8 3.2.2.

If the primary source is a velocity source, then
F‘ = 0(" Fz + “|1V2

so that the free velocity is F,l/oc12 and the blocked force is

Fl/a11° The source mobility is then:

M, = & A 2.2.8

e

&2

18
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This is identical to measuring the source mobility

on the output terminal, M., = V2/F when the force source

22 2

is removed (i.e. F1 = 0).

Using the expression 2.2.2 the relationships are

seen to lead to interchangeable results.

Ideal primary force and velocity sources are never
encountered exactly in practice. Nevertheless, it seems
appropriate to give examples of approximate forms of these

which are used later in this work, and to show the inherent

limitations.

The rotating unbalanced shaft provides an almost
ideal force source, the force increasing with the square
of the shaft speed, provided the ensuing accelerations are
'small'. The model is shown below in Figure 2.2.4. By

symmetry vibrations are restricted to one dimension only.

e
m
g
: ' »
1M/ R
Ta applied to both shafts
M, I Fi

zrgure

4 | 2:2.4

K/ 2 E=|c k/2

Za 77
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X
Two similar contra-rotating shafts of inertia I, mass

M, with equal amounts of out-of-balance m rotate at speed 8.

2
Torque Tn is applied to both shafts equally. The shafts

are mounted on mass M1 by frictionless bearings. The mass
is supported on springs and its motion damped by a viscous

dashpot. Ignoring gravitational effects,‘the equations of

motion are:
/.. - .
Mc; -2mrsnf06 —2mrm0(9‘4aj,4éq.=o 2.2.6

I'é ~2mrsin8 g Eéhaassséé#;§v= Ta 2.2.7

where
M'= M +2M, +2m

I'=2(1 +m~)

it

If TA = O or constant these equations are coupled
and non-linear. The only linear case is when 8 is constant,

say w, when equation 2.2.6 reduces to the simple form:

M'ﬁ': + Cq', + éﬁ_ z 2mrewt o wl 2.2.3

This indicates harmonic forgcing increasing with the square
of the frequency. The effect on the torque , .dug to the
poupling,|;s ffequently ignored. If no damping is present,

i.e. ¢ = 0, equation 2.2.7 leads to:

7, = hm*rte® | sin 2wk 2.2.9
b—crM’

This shows that a fluctuating torque TA must be
supplied to keep the shaft speed constant,, fluctuating at
.~ twice the shaft speed. This torque requirement increases

as the fourth power of speed at low speeds, and at the square



X
of speed at high speeds. At the resonant frequency of the

system, W = n/k/M', infinite torque fluctuations would be
required to maintain the shaft speed constant. This is

sketched below in Figure 2.2.5.

o e e o - wem e e e - e

e - - - - - -

A JZ Coy €

FPigure 2.2.5

The minimum in the ITA] v w curve is found by

differentiating equation 2.2.9 and occurs at JE‘“%'

When viscous damping is present, the expression for
TA becomeé:
'1; = 4mirie® )stwl' 2.2.10
k-ctMsite
The damping then limits the required torque fluc-

tuations at resonance.

The shaft inertia, I, is usually sufficient to smooth
out the torque fluctuations, but, because of the torque
réquirements near resonance, and at high shaft speeds,. the
full response curve is not alWays realised in the‘pragtiqal

situation. Where the drive torque is limited, jump phenomena

21




are experienced (i.e. the Sommerfeld effect). Kononenko

(149 ) describes the non-ideal case in more detail.

A simple model was constructed for confirmation of
the effects predicted, of which the behaviour in the
unstable region proved of interest. An electric motor
with an out of balance rotor was mounted on a cantilever

spring, with the rotor axis in the vertical plane.

J]q

transducer

WY

Figure 2.2.6

The response of the motor on the spring in the
g-direction is sketched in Figure 2.2.7, showing the

accessible regions (i.e. the stable regions).

| |
( l
| I
| I
\'\\ l
(AN l
, { ‘. 1
c” ] 4 l°v| | , o
i \\\ Ty~ Figure
! \ ! 2.2.7
| \\ | \\
| {
: .~ | R
@ X W w

increasing speed decreasing speed
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Starting the motor in the unstable region just
above resonance leads to unstable beating between the
motor speed, é, and the vibratory displacement, g. This
beating persists until one of the modes proves dominant.
In one of the cases tested,‘the motor control was such
that 72 beats occured before the vibratory mode finally |
stabilised the system and regulated the motor speed. The

vibratory displacement for this case is shown in Figure

2. 2.8.

This special form of non-linearity, due to the
source being non;ideal, should be distinguished from the

non-linear case where the passive elements are non-linear.

It has been shown that centrifugal forcing may be
non-ideal when the ensuing accelerations become large, and
this may limit the wvalidity of the linear theory in some
cases. It will now be shown that velocity soﬁrces are

subject to much the same limitations.

The road may be thought of as an almost ideal velo-
city source to the vehicle travelling over it. This does
not extend to tracked vehicle;‘where there is appreciable
elasticity in the track. A highly idealised vehicle is
shown in Figure 2.2.9, moving at constant speed along the
road, and free to translate vertically. There is no fric-

~tion between the vehicle and the road, and no loss of contact.

1e. Sleel wheel on skeel rail
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{2
i
L M .y
_{_ gravitational effects
k LFle ignored
i |
%&‘“
A ~

Figure 2.2.9

The road surface is taken as sinusoidal, with wave-
length A, and amplitude A. The vehicle speed is constant,

y, so that the velocity input to the system is él’ where
7, =[2M4) A sin (2TY = Aw s wt 2.2/
2 (’Xj) (—Ay'é)

A horizontal force is required to maintain ? constant.

This turns out to be:

A =}£{ WM (k+ivc)A ] sin (20F) 2.2.12
» R tiwe -wtM
Similarly to the previous example, a fluctﬁating
forqé at twice the vertical forcing frequency must be supplied
to keep the vehicle speed constant. The amount of this force
is sketched below in Figure 2.2.10. Note that damping leads

- to increased force requirements at high speeds.
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undamped damped

e e — w—— — - e - e ——
fe = - - o—

e '

<.

Y

Figure 2.2.10

2.2.2 Paths

Paths provide a dual function in the vibration
system. In the first place they provide the low-frequency
and static constraints, and load carrying apacity, and
in the second place transmit unwanted vibrations at other
frequencies. An isolator refers to that part of the system
which provides suitable filtering characteristics. The
allocation of part of the system as a path is frequently

arbitrary for the purpose of analysis.

In the one-path system being described, the proper-
ties of the path may be characterised by treating it as a
'black-box' and using immittance or transmission parameters.
Generally three parameters will be required to specify its

behaviour (for each frequgncy). The special case of the

~'massless' path reduces the number of parameters to one.

The situation where isolation mounts have been pre-

selected as paths for the analysis is discussed more fully

26
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later in the chapter and in Chapter Four.

2.2.3 Receivers

The receivers consist of those parts of the system
whose vibration is of interest. In this studyAthey are
taken as passivé linear systems. 1In practical cases they
may sometimes be taken as secondary sources, if the struc-

ture radiates sound, for example.

For a one path system, one parameter is required to
characterise its behaviour, its mobility MR (or the reci-

procal, ZR).

2.3 CLASSICAL MODELS

The 'classical' vibration isolation models lead to
some useful conclusions but are limited in scope. Because
they are so simple, they are widely used, sometimes inap;
propriately. The models are envisaged as rigid structures
mounted on springs, on a rigid immoveable ground in one
case, and to a moving base in the other (see Figure 2.3.1).

Straight line motion only is permitted.

I%

2

Y44

777 . = ' ] 3 XA

Pigure

) (b} 2.3.1
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The transmission of vibrations ' is definéd by force
and motion transmissibility'ratios; Case (a) is seen to be
anomalous, since no energy can be transmitted to the base,
and no motion results, so that the force to 'ground'.can be
of no signifiéance. In practice, however, if the receiver
impedance is very high the use of this type of model can

lead to useful results.

Case (a) has been called active isolation, and case
(b) passive isolationj(%%ough this terminology serves to
confuse the situation. Both cases are considered here as
passive isolation situations, with the term active isolation
reserved for the case where an additional energy input is

used to effect isolation, as in servo-controlled systems.
The implicit assumptions for these models are:

1. In case (a), F, is an ideal force source, M -= e

2. 1In case (b), X, is an ideal velocity source, M = O.

With these assumptions it is possible to define the
transmissibilities in a similar fashion to that for effec-
tiveness, defined in the next section. Thus, the force

transmissibility T_ is defined by:

f

T = force to ground =

Applied force

w7 la?

= Force to ground with isolator

Force to ground with massless rigid link in

place of an isolator



and the motion transmissibility T -is defined by

Tm = Motion of receiver =

Aol

Motion of base

= Motion of receiver with isolator

Motion of receiver with massless rigid

link in place of isolator

These ratios are in fact identical, leading to the

main forms shown in Figure 2.3.2.

For the massless isolator, with complex stiffness
k(1 + iq), end mounted mass m, the transmissibility is

given by

T= |V * N

- a0+ it 70

where a is the stiffness ratioikb/kw
k - is the stiffness at the resonant frequency
Kw is the stiffness at frequency w
7u> is Fhe loss factor at frequency w
£ is the frequency ratio uya%

«, is the undamped natural frequency ko/m

Principal cases include:
1. a =1, m = 0: undamped spring giving infinite res-
onant peak and a final high frequency attenuation of

12 dB/octave.

2. a =1, 7 = constant: damped spring with constant loss

factor (approximated by natural rubber), giving a height

29
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2.3.

2

10

100

30



31

of resonant peak J(i/n 2 + 1) ~ 1/M when 7 is small.
The final high frequency attenuation is again 12dB/octave

but at a level (1 +-72) above the 7 =0 line.

3. a =1, ‘Q o¢ w spring with viscous damping, giving height
of peak similar to case 2 (small damping) but a final

. attenuation slope of 6dB/octave,

4, a o 1/w, n = constant: spring stiffening with fre-
quency, but with constant loss factor (approximated by
some high-damping rubbers), again reduces the final

attenuation slope to 6dB/octave.

5. a o 1/w, N X w final Slope now reduced to OdB octave.

Numerous other cases exist, referred to in Appendix 2

and in other sections in this work.

2.4 GENERAL FORMULATTIONS

For the more general case where the source and receiver
mobilities are arbitrary, some general formulations are avail-
able for the one-path syétem Multi-path systems an be treated
to a certain extent by decoupling, or by a more complete anal-

ysis of the situation in hand.

This section shows expressions for the effectiveness
of system changes in reducing the receiver velocity in the

one-path system.



The definition of the path (or isolator) effective-

ness Ep, in reducing the receiver velocity is:

E = Receiver velocity when source and receiver joined"by
b massless, rigid link

Receiver velocity when source and receiver joined by
isolator
Many cases of importance can be derived by treating

the path as three systems, and producing certain cases which

are nevertheless fairly general in application.

= F F F F

O e D e
o 1 2 3 R

[ ] L J L. }
source path receiver

Using transfer matrices, the equation for the system

may be formed:

Fg 5" 5:2 L7} 2 ﬂll ﬁlz yll )’3 %

it

Vo Sz, S22 Kz1  Haz Bu  faz Ju  Ja2z2 V=

The transfer matrices are discussed more fully in the
next chapter. The formulae given are presented in terms of
impedance, Z, and mobility, M which must be specified by the
boundary conditions and also related to the sign convention
used. General relationships are given in the next chapter,

but those used here are indicated below.
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Sign Conventlons

Transfer Matrix Impedance or Mobility'Matrix
2 1 2
o B o— ——o
e —— —_— ——
Fs Fa Fa Fa

— Va

For the transfer matrices, there are forward and rear-
ward forms, one the inverse of the other. Note that the

determinant of the matrix is unity.

FI oy o2 || R ' { F, A2z ot a { R l
Vi o“n K|V AR ECS Jh v,
Forward form Rearward form

The definitions of impedance and mobilities are shown
below. Note that by comparison with immittance matrices
(see next chapter), some of these are 'pseudo' rather than

'true' values.

Zo“=_'__‘.r =E_| = &n Zdzz"'{'g.=f3‘ = 2z
Mo(l V. V2=° [T Mo(z Vz VI=° 0‘2‘

Zaf = '___l_ = f: = o_(l?: Z“fz' = ____l__ = Ef = 2(_;3
“f. VilFa"0 oy Mxﬁ. VzIFzo oty

b b b

Zea= Bl = L z\/{z"‘z (Za ‘"Zaf)}

VilVaso &
(shnce _L_z = Kzz O Ky, — 3Ky, & (etyexgy =305 ) = | )
0(2.1 o(ﬁl O‘zz °<‘z|

1oV . L (_'_. _ ___'_)
(M,,.‘;) Mo \MSE M



The source mobility has been defined previously, and
the receiver mobility is giVen by MR = VR/FR, which does

not have a superscript as it is a one coordinate system.

For a rigid mass,

Zmr‘zlf:z’j:“lz M,‘:MJ’:O

2

and for a massless spring, or isolator,
ZIT.Z,L:ZZ‘:J_ , M;Fn.M,_f.-_-oa
12*7)

The table 2.4.1 shown effectiveness for a variety of
systems, with their mobility diagrams. Massless isolators
are denoted AAA,, rigid masses by shaded boxes, and general
systems by unshaded boxes. The first suffix is dropped from
the impedance and mobility terms as no ambiguity exists. The

formulae are given with both impedance and mobility to sim-

plify appreciation of their significance.

The path or isolator effectiveness depends on the pro-
perties of the source and receiver, but only shows the effect
of path modifications; The receiver response could be made
smaller by alterations to the source and receiver, even though

the path might become less effective.

Two other effectiveness ratios might be defined, bring-

ing out the effects of receiver and source control.

Thus, the receiver effectiveness can be defined as

AE = receiver velocity with initial receiver mobility

receiver velocity with new receiver mobility

)
MR (MR(Z) + MSP ) = 2'52) + 259

Mg) Mr{') + Mse Z& v Zse
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(MOBILITY

EFFECTTVENESS (IMPEDANCE

SYSTEM EFFECTIVENESS FORM ) FORM)
. Reference -~ direct
connection 0] Q)
i 2 3 r EP =1 Ep= !
S - - > R
2. Massless isolator
§ S L R E‘(,Z).: |+ M Eg)_—_ ] + =<ZsZg
3. Mass bypass L
'P
j L 72 M, (Ms + Mg) P Ze+ Za
—tl -
3a. General bypass _
R ____’ (3~)~ M (36)
‘j—s | E, =t + MsMe EC v =
—e M Ma (Mt M) Z %
4. Massless isolator and mass
bypass w @)
: I EV- € +%(M5*Mz> E® = E® + Zm s +25)
.__.m Mm \ Ms+ Mg Zr \ g+ Zp
4a. Massless isolator and
general bypass (40 ) 4 )
Hs M = 7 Ma (M s M) E4-E s Zo(Z0z)
8 Mg \M; + Mg Zx N Zy+ Ze
Table 2.41a
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(MOBILITY , (IMPEDANCE
SYSTEM EFFECTIVENESS FORM ) EFFECTIVENESS FORM)
5. Mass bypass and massless
isolator
MWVYy— R ‘—| E:S)z E(z) + Ms (MI - Mn) E‘:‘) = E(z’ + L (ZI +2R)
, M \ Mg + Ma Zy \ Zs+Za
S -
5a General bypass and mass-
S less isolator
S
IOV N B BT o M (Mreme) | EEL e 2 (2 o)
] B8 Mg ‘Mg + Mg Zr VZs + Ze
~J

6. General isolator

Hs

b
E(:,)=( M2 )[,,, Ms + Mo (. . _»_4_,)] EV. Zerzt v (2/7)(Re +ZE)

v |

P
M, + Mg My M M zr (za/zs +1)
7. Two stage isolator with E® has Mp=Mgp +Mpz | amd r= Mo
1, mass bypass Mz
S X, - _ E(a.) . (Mzs + Ms)(Mzz + Me) E(V) - E(“) s+ Zm(Zs +Z)( Ze+Zz2)
77 ‘ v P
it ® My (M3 M) o Zen (7 +79)
opt. r= Vo [ 14(Me-Ms)/m]
8. Two stage isolator with M, b(zg +Zs) +ZsZr
general load ) * {Zezp, 27 @0 42 sZal
M;s+Mgp (3) + Z2 [z 5 (Zs 4221 ) (%R +212)
I, xz E = "'Z,Zx. (zg fle) ]

S W L vy R

e

E(’)= [I L (Ms4ms) | (Mg +Mrs H(Mz.-'-Ms))] 14

Mk mr mF

ztazrzza‘i (254 ZR)

Table 2.4.1b

9¢
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Where A is used to indicate the change from an arbitrary

receiver mobility, and Zo, = 14Wsp is the source-path imped-

p
ance, obtained by treating the source and path together as

a source.

When ZSp << Zp, when good isolation is already

achieved, doubling the receiver impedance will halve the

receiver velocity, but if Zsp:x ZR’ little effect can be

obtained from modifying the receiver impedance.

Similarly, the source effectiveness can be defined by

AES = receiver velocity with initial source mobility

receiver velocity with new source mobility

)
= Ms‘n (Méz 4 MPR) = Z;:) + ZﬂR
— s [ s =
MsP\ MP 4 Mpe Z v zZea

where Zpr = 'l/Mp is the path-receiver impedance, obtained

r

by treating the path and receiver together as the receiver.

The total effectiveness is given by the improvement
obtained by altering the source, path, and receiver. Note,
however, that this is not the product of the three separate
éffectiveness ratios, since an improvement in one effective-

dess ratio alters the effectivenegss of the other ratios.

For example, for a massless isolator employed, with

initial source impedance Zs(i) (2)

(1) (2)
R R 7

, final Zs and initial receiver

impedance Z , final 2 the overall effectiveness is:

1 ')
E, = 228 (1727 + 1/ 2:) + Z

z:’ + Zs(l)

This can be seen to reduce to E if Z_ = Z (1) = Z
p R R R

5 (1) (2)
and ZS = ZS = ZS



2.5 QUALITATIVE DESCRIPTION — FREQUENCY RESPONSE

The general formulations given in the previous section
do not show the whole picture, since they indicate the effect-
iveness of system changes only at a given frequency. The
overall performance of any measure taken must therefore be
obtained by calculat?ng the effectiveness over a complete fre-

quency range.

A description of a simple vibration isolation system
is given here, with a graphical approach to the solution which

can lead to accurate results for an undamped system.

The system considered 1s a rigid mass, acted upon by

a pure force primary source, mounted with a massless spring

|
g

L

The effectiveness of the spring is required, which,

on a flexible panel.

LLLLLL L L

AR ANNY

from the previous section is known to be:
Ep= | + Mz
M$+Nh
The source and receiver mobilities are shown in
‘Figure 2.5.1, where the black lines indicate masslike mob-
ilities and the red lines indicate spring-like mobilities.

The combined mobility, Mpo = M. + Mg is shown dotted. This

RS
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is obtained by addition on the Bode diagram, using the

addition Table 2.5.71 below to give guide points.

To derive the effectiveﬁess, it is then necessary to

evaluate:

EP = | + MI
Mgs

This can again be readily derived on the Bode dia-
gram but with an extended addition table used to give the

effectiveness. This is given in Table 2.5.2.

The mobility M is shown as a full line in the lower

RS
half of Figure 2.5.1, and together with the mobilit? of the
isolator. The curve of effectiveness is shown dotted, with

the dark shaded areas indicating a reduction of the panel
velocity due to the spring, and the red shaded areas showing
where the spring amplifies the response. Over the whole fre-
quency range it is seen that the spring, on average, is effect-
ive in reducing the panel velocity. From‘the Table 2.5.2 it

is apparent that certain points on the curve can quickly be

established'to indicate the trend of the curve.

The frequencies A, B, C and D illustrate the type of
behaviour the spring introduces, and the corresponding equiv-

alent systems are shown below:

S _ 2y

] receiver

T T T T source
T
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TABLE 2.5.1

ADDITION OF MOBILITIES

A dB B dB c dB
@ ) (0]

n >> 30 &~ O ~ O
30 .28 .27

20 .92 .83

10 3.30 2.38

6 6.02 3.52

3 10.72 4,66

2 13.72 5.08

1 19.42 5.54

.5 24,94 5.77

o] ® 6.02
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TABLE 2.5.2

EFFECTIVENESS DERIVATION

[
1 E - 3
+ MI'WI> Mrs
(o T v,
<~6 7T
o E3 A
0 )
/
/
/
/
/ N
~‘ / MI’S
4
E Mrs,—Ml f/ 2
Mrs 0
v
LA MI
s 1
-
\\
~6 \\~‘_;l_E2
0o+ —= E
Effectivendss for each |[case shown gbove
db
E1 dB E2 dB E3 dB E4 dB
© o (0] © (0]
>> 30 ~ N ~ O & N & O
30 30.27 .27 29.72 -.28
20 20.83 .83 19.08 -.916
6 9.53 2.38 -.04 - 6,02
3 7.65 3.52 -~ 7.68 - 10.72
2 7.08 4.66 - 11.73 - 13.72
1 6.53 5.08 - 19.04 - 19,42
.5 6-27 5.54 - 24-58 bl 24.94
O 6.02 6.02 - 00 — 00
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A. The receiver appears springlike, and the total
stiffness is such that resonanceoccurs. This would not occur

without the isolator spring so the effectiveness is zero.

B. The recelver is still springlike, but the system
is past the resonant frequency. If the path was replaced
by a rigid link, the system would be resonant. Thus the
effectiveness i1s infinite. The effect of the path in A and

B is then basically one of shifting the resonant frequencies.

C. At the receiver's resonant frequency, its impedance
becomes zero. The isolator cannot be effective -~ the mounted
mass and receiver move together with the same amplitude as

the mass would alone in free space.

D. The receiver is masslike, introducing a further

resonance into the system.

2.6 ROLE OF DAMPING

The previous section brought out the frequency depen-
éence of isolator effectiveness, but without damping. ‘In
this section another graphical description iS~givén to outline
the role of damping in simple cases. For more complex systems

a more elaborate approach is required.

The system described is again that where a massless
isolator is used between the source and receiver. Thus we

have:

E= 1+ M
Mg+Ms
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Using the substitution Z = MI/(MR + MS), and defining
the region where the 'isolator' acts as an amplifier, we

have a circle on the Z-plane given by:

| > lel = 11+2]

The circle has radius unity, centre (-~ 1, 0). Defining
regions for other values of /E/ shows that the surface of
/E/'on the Z-plane i1s an inverted cone. The isolator is
most effective furthest away from the centre of the cone,

and gives infinite amplification at (- 1, 0).

amplification
zone

Z-plane

4 \s \é~—conlours of |EI

Nt B

Three cases can be distinguished:

1. Source and receiver undamped, isolator damped
or undamped.

2. Source and receiver damped, isolator undamped.
3. Source, receiver, and isolator damped.
In the first case, lines of constant damping for
the isolator can be drawn on the Z-plane, and E is constrained

to lie along these lines, which are restricted to quadrants

2 and 4.



Z-plane

M+ Mg

= o

7= oo i increasing
314 M &

The symbol AAA, 1s used to denote springlike mobili-

ties, and P71 masslike mobilities. When 7 =0, E lies on

the real axis, and thus infinite amplification is possible.
The only isolator which cannot give any amplification is a
pure dashpot * s Oor when 7 = oo, Amplification is only poss-—

ible when MR + M, is masslike, and increasing damping of

S

the isolator reduces the cut of the amplification circle.

Damping will generally reduce the effectiveness when
/E/>1, due to the decrease in the mobility of the isolator.
If an isolator of fixed stiffness at a fixed frequency has
Qamping added, then it can be shown that the trajectory of
of the isolator's mobility on the complex plane is a semi-
circle, centre (O, Mi/z), radius M%/Z, where MI is the un-

I

damped isolator mobility, which is purely imaginary.

F Ll

I =
M 72

M:

7=1 :
% increasing

M. = :
M= 2 ()
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The reduction in effectiveness due to damping of the
isolator can then be readily obtained by constructing the
semicircle on the Z-plane. The figure below shows that for
a given isolatof mobility, with no damping, /E/ = 7 for
MR + MS masslike, and 9 for MR + MS springlike. Increasing
the damping to a loss factor 7 = 1 reduces E to 5 and 6%.
reépectively. Note that when /E/ = i, there is no change
with loss factor. The analogy of this with the transmissi-

bility case is the fixed-point at‘J? times the resonant

frequency. ' Ax

m

increasing

In the second case, when the source and receiver are
damped, but the isolator is undamped, then E is restricted

to quadrants 1 and 2 as shown below.

L6
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3 antiresonances

Mes ¢

Mrs Mrsg

Here it can be seen that damping can be beneficial

when M has a masslike component and amplification can

RS
occur. The role of damping in this case is more complex.
When Mpg is resonant, then, with well spaced modes, Mpg
is dashpot-like. Increasing the damping increases the

effectiveness of the isolator. When M is anti-resonant,

RS

MRS is again dashpot-like, but increase in the damping of
the modes increases the mobility and thus reduces the effect-

iveness of the isolator.

For the resonant frequencies both the source and
receiver must be damped for an increase in effectiveness.
The role of damping in this case is one of smoothing out the

response of the system.

In the last case, when the isolator is damped as well
as the receiver, E is restricted to quadrants 1, 2 and 4.

This is shown below with the limiting cases.



48

Mis $
MI *
A

2.7 SUMMARY

Elementary aspects of vibration isolation have been
discussed by treating a one-path system in detail and giving
formulae for the effectiveness of system changes in reducing
the receiver velocity. Additional interpretation has been
given to the meaning of path effectiveness for the simple
case of a massless isolator, but the more complex cases of
isolators with appreciable mass have not been discussed.

Multipath systems are amenable to similar analysis
gut the simple generalisations such as given here are not
available, and interpretation is more difficult. .Aspects

of multipath systems are discussed in later chapters.
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CHAPTER THREE

ANALYTICAL AND EXPERIMENTAL- METHODS

This chapter deals with the analytical methods used
in the study of the dynamic models which are described in
the other chapters of this work. The analytical methods
are shown in relation to experimental methods that are used
to determine or verify the dynamic models. This chapter is

divided into six main sections which are summarised below.

The first section outlines the way in which the real
system is described by a set of equations, and goes on to
enounce the methods for solving the equations. The solution
is then extended to the production of the mobility matrix

for the system.

Mobility matrices, and related types of system matrices
are described in the second section. The relationships bet-
ween the types of matrices are shown, and the experimental
methods required to determine such matrices are outlined,
together with some practical details. The question is raised

as to which type of matrix is preferable.

A modal equivalent system, based on a series solution
for the dynamic model, enables a simplification in the system
description to be made, and further enables a simplified
experimental procedure to be carried out. This is described
in the third section, together with experimental verification
provided for some of the predictions arising from

such a model.



The fourth section surveys cértain aspects of random
vibration and the applicatién of stétistical energy methods
to the topics in hand. Following that, the basic techniques
used in optimizing the models are described, and the chapter.
closes with a.list of the more important computer programmes

written for the methods dealt with.

Analysis and Solution of Lumped Parameter Models

In this section the basic mathematical methods used
in establishing and solving the equations of motion for
lumped parameter models are outlined. The validity of the
solutions obtained depend on the following points being true

or sufficiently accurate for the purpose of study.

1. The Fundamental Assumptions

Certain fundamental assumptions must be made and
generally, the simpler the model, the‘greater the number of
assumptions required; For the models described in later
chapters, the following points are assumed:

8) The systems may be described in terms of lumped parameters,
that is rigid masses and massless springs, viscous dgashpots
and hysteretic dampers. This enables the equations of

motion to be written in ordinary differential form.

b) The parameters in the system can be gpecified exactly.
In practice each parameter in the system is not, in general,
known precisely, and within a set of similar systems each
parameter may vary within the set by certain amounts in a

random manner. Statistical methods are required to indicate
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system performance variations when each parameter may

vary at random (126).

¢) The lumped parameters in the system are linear. Further-
more, the geometry of the system is such as te lead to
linear equations for sufficiently small oscillations.
Systems which are inherently non-linear, even for vanish—

ingly small oscillations, are avoided.

Quasi-linear systems may be included with the linear
systems as the solution by means of the method described in
3.1.3; page 56 can still follow on the same pattern. Thus
springs (such as representing rubber bushes) may be allowed
to have a variation of stiffness and loss-factor with frequency,
but not with amplitude. For a rubber spring this is admittedly
a rather gross_assumption; for a complete description, however,
other factors such as temperature and strain history must be

included.

Linearity is assumed in order to make the mathematics more
tractable. In the acoustic range of frequencies of interest,
the assumption is probably fair. In the'low—frequency, large

deflection region, the assunption will not be so good.

2. The Equations

The equations of motion may be derived for a specific
case once the assumptions have been made. These equations
then form the mathematical model. Certain checks are necessary
tdiensure that the equations do represent the intended system,

especially when the equations are of considerable complexity.
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These checks are mainly specific, but some general methods

are used.

3. The Numerical Solution

In the.arithmetic operations required in solving the
equations of motion, roﬁnding errors cause an overall loss
of precision in the solution. Prediction of these errors
is difficult, owing to the number of operations performed
and to variations in errors with different inpﬁt parameters.

Certain sets of equations may be very 1ill-conditioned.

In the computer programme, the solutions derived may
be checked for accuracy by means of back calculation. The
solutions so derived are then accurate to at least six sig-

nificant figures, which is more than sufficient.

It can be seen that when the above points have been
satisfied, the solution is correct for the model. To ensure
that the moael corresponds to the physical reality considered,
experimental work is necessary which provides a test of the

basic assumptions.

The techniques for the solution of the system equations
are now introduéed. Some system equations may be capable of
reduction to classical normal modes. It can be shown that a
necessary and sufficient condition that a damped system poss-—
esses classical normallmodes is that the damping matrix may
be diagonalised by the same transformation which uncouples

the undamped system (127). This is an extension of the con-

dition Rayleigh({166) put'forward, that the damping matrix
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mﬁst be a linear combination of the stifféeSs and inertia
matrices. Many systems do not, howeyer, domply with these
conditions. With these, 1f a modal solution is required,

it is necessary to convert the n 2nd order differential
equations inté 2n 1st order differential équations in state
vector form (135,136, 163) as described in § 3.i.4, page

57. This form is common in electrical and control theory

(151).

In many instances the modal type of solution is not
required, and a more direct solution to the forced response
of the system may be obtained by inversion of the system
matrices. This approach 1is descfibed in § 3.1.3, page 56 ,

and is used in obtaining frequency responses and mobilities.

The way in which the system hobility matrices are
obtained is described in éé.i.S, page 60 . Mobility matrices
were chosen for convenience, since they have certain advan-
tages, both from the point of view of the analysis of the
models, and of the experimental work, over the inverse (impe-
dance) matrices. This is dealt with in § 3.2.4, page 75

in more detail..

3.1.1 Notation

The notation used in § 3.1.2 and §3.1.3 is given

below:

A, D, E, G nxn coefficient matrices of inertia, viscous
damping, stiffness, and hysteretic damping
respectively.

F nx1l force vector

i, j indices where subscripted, also 1 = I— 1



n

o

< o H Q

dissipation function

Lagrangion (T-V)

number of degrees of freedom of system
generalised force

generaiised coordinate

kinetic energy function

time

potential energy function

angular frequency

Observe that certain changes in the notation are

made in the succeeding section, § 3.1.4, which are given

below, in order of appearance.

M, C, K

=

- o N ~ o

1o

nxn coefficient matrices of inertia, viscous

damping, and stiffness, respectively
nx1l force vector
nki displacement vector

exciting frequency (angular)

time |

2n x 2n coefficient matrix for 1st order equivalent

system
2n x 1 force vector

2n x 1 vector which is the state vector of the system
and contains the n displacements and the n velocities
necessary to describe the state of the system at any
time t.

unit matrix
characteristic root (or eigenvalue)

right hand eigenvectors(columns)
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v left hand eigenvectors (rows)

X = X(w) 2n x 1 steady state response vector in state
- vector coordinates at frequency w

Z = Z(w) 2n x 1 steady state response vector in the

coordinates of the diagonal syétem at frequency w.

Some further extensions in the rotation are used
when dealing with the mobility matrix derivation, §3.1.5,

which are:

F m x 1 force vector, elements fi

Y m x 1 velocity vector, elements v, or él
Y m X m mobility matrix, Qlements yij

k + ih complex stiffness

3.1.2. Derivation of Equations

The system equations are normally derived using

Lagrange's equations:

a 84)__91_ £ 2

. N e = a" i=1,... 311
WYY 4

cL K
29 9};
When the indicated differentials have been performed
on the functions L and K, and a steady state response assumed
for an excitation at frequency w, the equations are put in
matrix form. To include hysteretic damping (this somewhat
contentious form of damping is of great value - Bishop (123)
gives an introduction) in the matrix formulation, the com-
pliant elements are assumed to have complex stiffness. The
stiffness matrix is then complex, but may be conveniently

separated into the inphase stiffness matrix and the out-of-

phase hysteretic damping matrix. The resulting matrix
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equation is then of the form:

[(E -e*A) + L (G +coD)]{9] = F £t 312

3.1.3 Direct Solution of Equations

The direct solution to equation 3.1.2 at any given
frequency w is obtained by straightforward inversion:

- {al=[(e-e*A) +i(G+eD)] T et 313

The inversion of the complex matrix may be carried
out in real arithmetic by means of the following formula:
{q,g = [(G— +wD)_'(E - w‘A){(E— AN G +wD) T (E - wrA) * (G +cD)}

S f(e - wrA) (G s DY (8 —wtA) +(G D)) JFeEOT

: 3.LL
This formula requires only two matrix inversions to

be performed, despite its lengthy appearance. It is necessary,

but not sufficient, that |[(G + «P)| £ O.

An alternative formulation would require that the
matrix (E - u?A) is non-singular, which would lead to the
solution failing whenever @ corresponded to an undamped

ﬁatural frequency.

Despite the fact that the calculation must be repeated
from the beginning for each frequency of interest, it is com-
parable in speed, for moderate numbers of evaluations, to the

method described in the next section.

Hysteretic damping is readily included in this solution,
which is a useful model for the damping in rubber and in

continuous structures.



The solution is only applicéble for forced steady
state reéponse, and does not give the natural frequencies
or modal damping factors directly. For these additional
results, the solution described in the next section is

fecllowed.

3.1.4 State Vector Formulation and Solution

The state vector approach is followed when the
natural frequencies and modal damping factors are required
in the solution. Hysferetic damping is not included. Thé
steady state response is found subsequent to the eigenvalue
calculation, and will give a faster computation than the
previocus method for large numbers of evaluations. The
origiﬁs of the method have been discussed earlier. The
author is indebted tc W. N. Caldwell for the format of the
solution given below.

are
The system equations/ put in the following form:

. feot
M«; + Cq 4}(7:45*!“" 21.5
The state vector is defined as the partitioned

vector, :
x:{.f.’-} :{.?’.} : ‘ 3 1.6
X, 3
which enables equation 3.1.5 to be expressed in partitioned
form, .’:".} = ...‘.D..L.:.[...- {.’f'.] +{..o..} eiw} 9
: X, MK -MrCf L x, M'E 3.1
or, more compactly,

%= Ax 4 Fe'@l 3.8
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In the first part of the solution is the eilgenvalue solution
for the matrix A. Wilkinson (184) provides an authoritative

account of various eigenvalue methods.

In the absence of an excitation input, equation 3.1.8
becomes: x=Ax 3.1.9

and for non-trivial solutions,
‘A...-PII:O ‘ 3.1.1o
The solution to equation 3.1.9 is then a linear com-

\

bination of terms of the form

k .
x = ue’ 3

—

where the column vectors u satisfy the homogeneous matrix

equation
(A_Pil)_lf_"i =0 i-l)...’Z'n 3.].‘2

and are called the right hand eigenvectors of A.

In general, A will not be symmetrical, and if the
coefficients of A are restricted to the field of real numbers,
then the eigenvalues will occur as either all real numbers
or real numbers and complex conjugate pairs. Complex con-

jugate eigenvalues will lead to complex conjugate eigenvectors.

Left hand row vectors can also be defined for eqguation
3.1.9, denoted by v.; thus:
m(A-m1)=° i=1,...gn 3.113
Since equations 3.1.12 and 3.1.13 are both homogeneous,
the magnitudes of u, and v, are undetermined. The v; are

scaled so that

vi.uy; =1 3114
. g e 1)
\l’;. B-J = O (liJ) 3 s

so that the left hand row vectors are bi-orthogonal to the

right hand column vectors.
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If U is a matrix where columns consist of the vectors
Ei’ and V is a matrix whose.rows consist of the vectors Vs
then a more compact expression for equations 3.1.714 and
3.1.15 is:
VU =1 ’ 3116
The steady state response is then developed, using
the substitution
x= Uz 3017
which is inserted into equation 3.1.8, giving:

Uz = AUz + Fe<'! 3118

which can be re-arranged, using equation 3.1.16, as

z=VAUz + VF o{@F 3.1.19

Assuming a steady state solution for z as
zs Z 3120
and using/from the eigenvalue calculation
P= VAU 3.1.21
where P is a 2n x 2n diagonal matrix whose diagonal elements

are the system eigenvalues, we get:

» } -
% = Pz « VES? 3.1.22
from which it follows that
‘ Z < (wI-P) VF 3.1.23

which yields the final result:
X =U(iwl -P)' VE » 3.1.24

Certain features are apparent when evaluating the

frequency response to a given force vector F. These are:
1. Matrices U, V, P are evaluated once only.
2. Matrix (iwI- P ) is inverted for each frequency,

but it is diagonal so that the inversion only

requires the elements to be inverted.
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3. VF is a column matrix, evaluated once only.
Elements represent the components of F exciting

each mode of the system

4, The scalar {h“iwl -PJ}-Q@F represents the res-
ponse of the ith mode at exciting frequency w, in

modal response coordinates.

5. Pre-multiplication of the modal response vector
by U returns the coordinates to the state vector

coordinates.

This method provides more information about the
system than the direct inversion method, but is unable to
take hysteretic damping into account. The eigenvalues provide
the damped resonant frequencies and damping factors, and the
eigenvectors provide the mode shapes. The forced response is

obtained by the summation of the individual modal responses.

3.1.5 Derivation of the Mobility Matrix

Given a system with n degrees of freedom and m external
coordinates which may be used for coupling to other systems,

there 1is a mobility matrix defined by:

v, g Y2 ot Yim .

v; . :
* = 5.“ . 3- I . 2 5
' ]
Um : Jmm )('m
This may be expresséd more compactly by:
V=YF 3.1.26

where Y is a complex function of frequency in general.



Experimentally, the matrix Y may be determined column
by column by applying a force at eaéh of the external co-
ordinates in turn, and measuring the resultant velocities
at all the coordinates for each force position. For a
linear system,lY is symmetric, and so theré is an experi-

mental accuracy check in comparing yij with in‘

Analytically, the derivation may proceed on the same
pattern, but solution difficulties occur if the system is

free in space. Using the method of solution in S 3.1.3, for

example, the matrix (G + «D) will be singular and the method

will fail.

To overcome this difficulty, without having to alter
the basic tecﬁnique of solution, thevsystem is groundéd by a
damper on the coordinate béing forced, allowing the matrix
(G + wD) and derived matrices to bé non-singular. Damper-

cancellation is later used to allow for this addition.

—

th
S———
% _
' b =%
7 °
o— : —o

The value of h is chosen to be compati ble with the
system as a whole, so that the equations do not remain ill-
conditioned. The analysis proceéds to find a; and the other
coordinate displacements for the system and damper under the

action of the force f.. The true force on the system is
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calculated by subtracting the force on the damper from the

applied force, and 1s denoted fir.

Then, }(‘_T= Ffi —ihg; ' 31.27

The true force is then used in calculating the columns

of the mobility matrix:

Yi= % = %) 3.1.28

Again, checks may be made to see that the derived
matrix is symmetrical, and that at very low frequencies a

system free in space is masslike.

3.1.6 Alternative Methods

The preceeding sections have indicated the analysis
actually used for the dynamic models considered, but alter-

native methods are, of course, available.

The techniques of control theory may be readily
applied, for example,Blackman (125) gives a description of

the pole-zero approach, whilst Feinberg (134) and Thompson

(177) use the techniques for two-stage isolators in one case,
and vehicle suspension in the other. Certain advantages are

forthcoming, such as clarification of causality in a complex

system, but it does not appear to be as easy, compared with

the methods previously discussed, to fit the system analysis

into a standard computer routine.
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The block-approach for modelling complex systems is
used, in any case, in a slightly different form with immit-
tance and transmission matrices, which are described in the

next section.

3.2 TIMMITTANCE AND TRANSMISSION MATRICES

Immittance (i.e. impedance and admittance) matrices
have been well established for calculating the system res-
ponse from the properties of subsystems. Transmission (or
transfer) matfices represent an alternative form of system

description.

A plethora of terms has been evolved to describe such
matrices, often leading to confusion. This section defines
terms, shows interrelationships and goes on to experimental
methods which logically follow from the use of such matrices,

together with notes on techniques.

3.2.1 Definitions and Terminology

The list below serves to define the matrices and the
terms describing them. The preferred terms are shown under-

lined, with alternatives shown.

The'system is assumed to have m coupling coordinates.
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Immittance Matrices

Direct Forms (by analogy with equations of motion derived

normally)

[A){x]={F]

The external coordinates are given by the vector x

and the external forces by the vector {F} .

LA] is the: dynamic (al) stiffness

apparent stiffness

)

)

)

) matrix
impedance ;
)

‘dynamic modulus

Using velocity, rather than displacement, we have,

say [B]{xlz{f:g

[B] is the: impedance )
)
apparent weight) matrix

)
immobility )
and extending to using acceleration,

[c]l({%} ={F}

DC] is the: apparent mass )
. )
apparent weight) matrix

)

effective mass )

Inverse Forms

The matrices here are simply the inverse of those

described above

-1 .
fa] is the: receptance

dynamic flexibility

matrix
mechanical admittance

Nl N’ S N St N s

compliance
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-1
[B] is the mobility . )
. © ) matrix
mechanical admittance)
-1
[c] is the inertance matrix

Transmission (Transfer) Matrices

The direct and inverse forms are more usually

considered as forward and rearward, thus:

A A
Forward ) . Rearward

The elements of the matrices are sometimes known as
four-pole parameters. Velocity or acceleration can be used
in place of displacement, and the partitioning of the vectors

may often follow certain rules with advantage.

The matrix element names follow from the matrix name,

but are usually specified in more detail.

For immittance matrices, the boundary conditions are
implicit. Diagonal terms are prefixed by: point, drive-
pbint or direct; whilst the off-diagonal terms are prefixed

by: cross or transfer.

A scheme, used here to reduce ambiguity, is outlined
here, taking as an example a beam with coordinates shown.
Mobility is used, but any other form would serve. It

: numbering
requires that the coordinat?{is predetermined.
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xz ‘  {
x, , X3
Symbol | -Ezgg Useful form
Yq1 (translational) point mobility 1-1 point mobility
Y45 cross (point) mobility 1-2 cross mobility
Yq3 transfer mobility 1-3 transfer mokility
Yoo | (rotational) point mobility 2-2 point mobility

With transmission matrices, there may be ambiguity in
terms unless the boundary conditions for the system are speci-
fied. This leads to terms such as: blocked mobility (169) or
pseudo-mobility (159), free-impedance (1689) or pseudo-impedance

(159).

Generally, immittance matrices are square, symmetric
and dimensionally consistent. (apart from rotational and trans-—
lational units), but they may be singular. Transmission mat-
rices may be neither square nor symmetric, and aré not dimen-
sionally consistent. Those that are square have a determinant
of + 1 (according to sign convention, usually + 1), Whitehead
(183 ) has pointed out that square matrices may be arranged so

that symmetry is possible on the cross-diagonal.



3.2.2 Interrelationships

The interrelationships between the different types

of system matrix are generally straightforward provided

the transmission matrix is square: with tall or wide trans-

mission matrices there will be limitations (168).

The

chart 3.2.1 shows these relationships for reference (after

Rubin (168 ,169) ).

admitlance forward rearward impedance
Y transmission T| transmission T pA
M{HT Gﬁ {ﬁ:ﬁ 515)| (R B[fF {ﬁst R {wl
LVZEGEFZ v[c Dlv2 lvzc D Ju(l B IR o]y
H G (c'7'e (@7 G'H | m-eEle) -Hlea
<l E HGIT'E-G HGTT! | FEGTHGT EGT | |-(H'GQ) Q
s 7 Q=(E-G'HG)
587 @ A 5 7 -gT At -t
51 BIA c b T-GT AT| |-c1 &'
— /I— -
-8l B o' -8 B <o ¢t
(8T -pB! T AT 7 c e -act
I i A ..
(s-RART sTRE | SR SRV'@R| |@R!T QRIs-RT S R
(S'RET B | |-RTT (AR | | RT RS RT @
E<(Q-RTSTR)T LY
immittance transmission
V
Fy v Fy V. V-
note sign conventions T, ol 2%
F2V2 “f "V ‘~—"+F
Chart 3.2.1
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3.2.3 Experimental Chart and Technigues

The chart 3.2.2 shows the tests required to estéblish
immittance and transmission matrices experimentally, for a
simple tWo coordinate gystem and a branched system. For the
branched system it is seen that the elements for the trans-
mission matrices cannot be derived in one step, which makes
these matrices less uéeful. With some appreciation of how
the real system will behave under the indicated test, it is
possible to choose to measure the most suitable matrix,
from the numerical conditioning aspect, at the outset, other

factors permitting.

In practical terms, however, it is rarely possible
to measure the impedance mkrix, especially when there are
several significant coordinates at one point. The mobility
matrix is subject to experimental difficulties also, but
these may be more readily resolved. The following no£es use
the symbolism in chart 3.2.2 and compare it with the prac-

tical situation to exemplify the methods used.

The case conéidered has been recently repérﬁed by
Kerl in and Snowdon (hereafter K and $)(147) . The system
was a cantilever beam, aﬁd the object of the work was to
determine precisely the beam tip 'impedance'. The tip of
the beam has six external coordinateé, shown in Figure 3.2.1,

with the symbolic representation.
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Figure 3.2.1

K and S measured the reciprocal of the 1-1 point
mobility - that is the free (pseudo) impedance rather than
the trﬁe impedance which requires the coordinates two to
six to be blocked. (In this case the unqualified use of
the term impedance may be justified by arguing that a
clamped—frée beam is implied, and that any restriction in
the dg direction cannot be permitted, as such a restriction
implies a clampeausliding beam. The beam is effectively
reduced to a one coordinate system and the impedance becomes
‘true'). In order to measure the 1-1 point mobility, force
must be applied in the q4q direction without constraining the
other coordinates - by no means always easy. In this example,
dqs q4, dg are clearly uncoupled from 945 95 and dgs and d,
is only negligibly coupled to dq and dge This means that any
restraint on dos d3y 9y 9g will not affect the test. The
problem simplifies to reducing the restraint on dg as far as

possible - i.e.
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bending moments on the beam tip should be eliminated.

Decoupling rods are now commonly employed between
the driver and the 'impedance' head. The practical arrange-
ment is shown in Figure 3.2.2 for this example, together

with the symbolic representation.

AV

{m peclance

heaol

leads 7

decoup‘iﬂg
k rod

®

N s
]
.
]
3

To
DRIVER g be = = - - - -

eougling” ™

9295 { —

r

7

Figure 3.2.2

The effect of the mass in front of the force gauge
ip'the impedance head may be readily cancelled in the test
by some simple electronic circuitry. What cannot be simply
cancelled, however, is the unwanted system attached to the
coordinate dg - the inertia of the head, the decoupling rod
stiffness, the driver mass and even the connecting leads.

The decoupling rod stiffness, k, is usually the only factor
amenable to change, and should thus be as small as possible
to reduce the load on the dg coordinate. AThe Wilcoxon 'wrap-

round' driver features the same basic idea in one unit.
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Lateral resonant vibrations of the decoupling rod can
also cause additional disturbance on the dg coordinate, but
this can be avoided by employing different rods for different
frequencies. Damping the rods-as an alternative is not
usually satisfactory, and will render the measured system
damping inaccurate, especially if the system damping is small.
Smith (174) , measuring all six coordinates at a point on
the system has cancelled the effects of the drive-block he
employed, but only by means of calculation after the test,

and with certain loss of precision.

Even the signal leads may present sufficient restraint
on the system to be noticeable. K and S used an ususual lead
restraint and even resorted to very fine wire coiled connec-

tions.

The rotational sensitivity of the accelerometer is a
source of inaccuracy. The most noticeable effect of this is
when the system is lightly damped and the system is anti-
resonant - i.e. the head does not move appreciably in the 44
direction, but there is appreciable rotation in the g direc-
tion. This type of inaccuracy leads to a shift in the observed
anti-resonant frequencies, which may be serious if-the system

is to be modelled as a set of modes, S 3.3, page 77 .

If a stiff coupling rod is employed befween the imped—
ance head and the driver, and the mass of the driver is high
.or attached to the ground, then theAcoordinate dg may be strongly
restrained. The measurement now becomes more nearly one of

impedance (Figure 3.2.3).
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Figure 3.2.3

Frequently, when impedance or mobility tests are
reported, little information is given as to the practical
arrangement used (and thus the constraints on the other co-
ordinates are unspecified), and the test might lie between
the two cases shown here. Consequently, such results are

at best suspect and at worst useless.

Using a probe on the impedance head eliminates the
effect of rotational sensitivity of the accelerometer and the
rotational constraint on the system, but other problems occur

with this method. This is discussed later in § 3.3.4, page
95 .

A probe is also used on a recently marketed portable
mobility meter (manufactured by Engineering Design,, Ipswich)

based on an idea by B. G. Toms of AW.R.E. and J. Salter of
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R.A.R.D.E. 1In this instrument, the force applied to the
éystem under test is maintained constant by regulating the
current in the electrodynamic vibrator, and thevresulting
motion is measured with a separate accelerometer - either a
" ring type surrounding the probe or a normal accelerometer
placed close to the probe tip. The probe should be light
buf.stiff, and have a rounded end so as not to restrain
rotations of the system. Contact is ensured by preloading
the probe. Inevitably, there will be certain constraints in
the two directions at right-angles to the probe, but these

are small.

There are theoretical limitations in this system, how-
ever, The first concerns the rotational sensitivity of the
accelerometer used, which can lead to shifts in the observed
anti-resonances as has been mentioned earlier. The second
limitation is the possibility of the probe resonating on the
test system, thus amplifying the applied force which is
assumed constant. The production instruments have a freqﬁency
range limited to 1 kHz, and with the probes supplied the res-
onance is well outside this frequency range. The design of
this instrument is such that many measuring difficulties (due
to constraints) are avoided, and ensures that to a large

extent the results obtained with it are valid.

If the test system is free in space, difficulties often
~occur when attempting to support the system with a minimum of
constraint. Nodal points for the principal modes are usually

employed as support positions, with soft suspension. Mason



and Leventhall (152) have made a comparative study‘of support
methods in the more critical case of measurihgféhe damping

of a free-free beam by the logarithmic decrement method, when
any energy flow into the supports would have a serious effect

on the measured damping of the beam.

It may be concluded that the measurement of mobility
is by no means always straightforward - a certaln amount of
art is still required. At high frequencies and with very
stiff structures many other problems, not dealt with here,
are found. Ewins (133) has recently summarised some of
these; Schloss (171) has reported on many development problems

and their solutions.

3.2.4 Inmpedance, Mobility or Transmission?

The absence of a mobility matrix for a hypothetical
massless two-terminal spring clearly suggests that a mobility
test on a real spring would lead to a very ill-conditioned
matrix, at least at low frequencies: the test would show the
ﬁassiveness rather than the springyness. An impedance test
on a two-terminal mass might be considered also. 4Transmission
matrices are similarly liable to ill-conditioning - an example
could be the transfer matrix of a soft spring in series with
a large mass at high frequency. Uhrig (179) demonstrates
-the numerical difficulties of transfer matrix calculations
when many sub-systems are joined, as in the analysis of large
structures, and surveys reduction methods leading on to the

displacement method (180). Pestel and Leckie (162) describe
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a modification to the transfer method to avoid the numerical

difficulties.

When analysing real systems, a generally flexible
approach is necessary in the use of immittance and trans-
mission matrices, and some insight to choose the most suitable
for the calculation in hand. It will be shown, however, in
the next section that a modal equivalent system will only
simply yield a mobility matrix - an impedance matrix would
need to be subsequently derived. There is a tendency to think
of the mobility matrix as 'natural' and the impedance matrix
as 'derived'. O'Hara (159) has previously discussed this |

from an experimental point of view which is outlined below.

Consider a structure undergoing an immittance test,

using four of the coupling coordinates out of those available.

For a mobility test, a force is applied to each co-
ordinate in turn, and the resulting velocities measured.
Using the symmetry property of the matrix, ten measurements
are required (at each frequency). If a fifth coordinate is
then required, the force is applied to this coordinate and
five more velocity measurements taken. If coordinates are
found to be redundant, the appropriate measurements may be

simply discarded.

For anrimpedance test, a velocity is applied to each
coordinate in turn, the coordinates not being excited being
blocked, and the resulting forces measured. As for the mob-

ility test, ten measurements are required for a four-coordinate
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system. If a fifth coordinate is then required, then the
additional coordinate requires blocking during the test.
The test must then be repeated from the start - fifteen
measurements would be needed now. Similarly, measurements
cannot be diséarded as in the mobility test if fewer co-
ordinates are found to be necessary; the test‘needs to-be

repeated from the start.

The mobility matrix is inherently more flexible than
the impedance matrix, because of the boundary condition
requirements, and may thus be considered the 'natural form

of immittance matrix,

3.3 MODAL EQUIVALENT SYSTEMS

The immittance and transmission matrix elements are
frequency responses. For mechanical systems these responses
tend to be very complicated in general, requiring the matrix
elements to be known for a large number of fréquencies to

describe the system over even a limited frequency range.

For certain classes of structures, it is well known
that they may be represented by an infinite set of uncoupled
equations, each implying a single degree of freedom oscillator.
Other structures cannot be so represented, due, for example,

~to damper coupling terms in the equations. Sometimes this
coupling may be neglected, but it may be allowed for by re-
ducing the system equations to a finite set and employing the

state vector approach.
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For the former type of structure it is useful to have
a technique to synthesise a modal system from experimentally
obtained results in one step. The modal equivalent system
must have the same immittance matrix as the structure tested,’
and will be characterised by the oscillator's (i.e. struc-,
tures modes) natural frequencies and damping factors, and
thércoupling to the oscillators from the external coordinates.
Fewer data are then required to specify the structure, and
simplifications may be made in tﬁe measurement procedure.
The synthesised system should also be readily compared with
the physical structure, so that although complete information
about the system is lacking, sufficient is present to suggest

any physical effects apparent from the analysis. ,

In this section, the modal system is described and
analysis shown.‘ Experimental verification of the simplified

measurement technique possible with this approach is provided.

3.3.1 Derivation of Model

For a 1inearb»homogeneous,‘isotropic structure\with
uniform structural (i.e. hysteretic), damping, an infinite set
of uncoupled equations may be written for the forced harmonic
response (several references,; (153) for exgmple):

. -
m;§, + ki(1+17,) 5 = JZ ag e 3.3.1

Estyeery ©°

where §. is the modal response coordinate
L

my is the modal mass

k. 1s the modal stiffness,

loss factarn.
i i

!



aij is a constant detérmining the amount of force
Fj is -applied to mode i
Fj is the externally applied force at point j

(distributed forces could also be included)

The constant aij’ where normalised by the modal mass,
has been called the excitation constant by Skudrzyk (173,
page 220), also identifiable from the mode shape (173, page
303). Bishop and Johnson (124 ) obtain a partial derivative
for a finite system, and characteristic functions for beams
and continuous systems. 1In the present treatment aij will
be thought of as a factor determining the amount of the
externally applied force that acts on each mode and is thus

denoted coupling factor. The coupling factor is a gemoetrical

factor describing the system.

The response, say X,, of the structure at point k on

k’
the structure due to the applied forces is the summation of
the response of all the modes. Strongly coupled modes make
large contributions to the response, weakly coupled modes

make small contributions. Modes with zero coupling will make

no contribution (see for example (124), page 155 et seq.).

The response has been previously expressed in the

following terms:

2" ! (156) V=F i ¢ ]
M. =jol i =70 L= M) (or-05) 5T
it =J mo]u,n("»"”) veo 1Y (173)
o h)
. : _$r (0 B0 (124)
wgy= (9730)  (yrae), . wgs 2 o)

=
Q, (G-’la"" wt) a‘(w;‘- t)
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The derivation will be repeated, possibly by a
different path, to bring out a more convenient notation
deriving from the outset a mobility matrix. A band-limited
model will be used: that is, m represents rigid body modes
and/or low fréquency modes, kr represents the high frequency
modes, and the resonant modes fill the required frequency
range (see g 3.3,5, page 99 , for the effects of this approx-
imation). Dotted lines indicate the power flow from the

external coordinates (x) to the modes in Figure 3.3.1 below.

ANN\N
A frequency ——~

Figure 3.3.1

Assuming that Xj represents the external coupling
coordinates and that only one force, Fjeth, is applied to
the system via one of the coupling coordinates, equations
3.3.1 may be written:

7’70§°= er FJ et’w}
w5t b(14in) 3, = ot - 332



The power flow into the system through the coordinate
xj is distributed instantaneously and conservatively to all

the modes. As a consequence,

.. . 7 . .

xJ- = a8 +‘; a;; gi + Q,jgf 3.3.3
The point mobility of the system is:

b = %/%5  (Fe=o, k#))

. m . .
=[Q0J'§°"' l"Zl c\lJ E'_ + ersr]/ FJ 3.3. 4

Substituting w; =\/ki/wu , the mode natural frequencies in
equation 3.3.2 and inserting the result in equation 3.3.4,

we get:

a.z x a-" *
y, = ,-w[ I + 2 | 335
A ~etm, o mi.(“i." ~wt riwd ) k,.(l#l?,)

The free velocity of any other coordinate, Xy due to the
- force Fj is, by similar reasoning:
. mn . .
a’:k =&, § +Zaih§i + Qp §, 3.3.6

i=s

and so the transfer mobility is:

"

ykj = {(w Q°j q°k + E q"‘j &k + a’f!‘ Qeh 33‘7
~tm, - wi(oa‘ ot i”i’“"h) ke (1 +i7,)

It follows that the complete mobility matrix for the
system consists of terms of form 3.3.5 on the diagonal, and
form 3.3.7 on the off-diagonal. Note that if an impedance
.matrix Were required directly, a whole set of equations of
constraint would be necessary, since with Fj applied, all

the other coordinates x, would require to be blocked. This

k

would lead to more elaboration and the need to specify the
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number of coordinates, and the number of modes, at the out-

set.

Inspection of equations 3.3.5 and 3.3.7 shows that,
for lightly damped systems, point mobilities show alterhating
resonances and anti-resonances, whilst the transfer mobilitiles

s

. ey . . . 2
need not exhibit anti-resonances. This is because aij /mi

must be positive, wh;lst aij aik/mi may be negative.

The kinetic energy level of the system due to an
input force Fj may be derived by treating each mode in turn.
The energy in each mode is:

. 2
]
N =2 milga' 33.8

- which, using equation 3.3.2, can be expressed as:

T, = q; F;* 3.3.9

wra

!
-2- 2 2 2

m(wE-d* + (wF )]

The total system energy is then given by the sum of the
modal energies,

T = L Fot Z ay” 3.3.10
2 :
o """i[_(‘"iz - 1.)2- + (@2 70) ]

The low frequency/rigid body modes and the high frequency

residual stiffness may also be included in equation 3.3.10.
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3.3.2 Physical Interpretation and Consequences of the Model -

Some space has been devoted to developing the series
form solution for the mobility ﬁatrix elements. Although
the end equations are very similar to forms previoﬁsly derived,
néw analogues are apparent and certain consequences arise

which have not previously been discussed.

The coupling factors aij are geometrical descriptions

of the system. They relate the position of the coordinate

Xj to the nodal pattern for the mode i. The sign of a parti-
cular factor, aijt will change as the forcing position ]
moves across a node for the mode 1, but is arbitrary in sign
until compared with other coupling factors. This coupling
factor gives a measure of how well the mode is excited. When
j is at a node, aij = 0, and so the mode appears infinitely

massive. At an antinode, a is a maximum, and the mode a

ij]
appears lighter - approaching the true modal mass.

The modal mass me will be seen to be arbitrary in size,
as far as the mobility matrix is concerned. The effective

modal mass, mi/a. alone will be available from external

) 1jaik’
tests on the system. The true modal mass, ms , is then the
measured effective modal mass when the mode i has all the
external force applied directly to it, i.e. when aij = 1.
This might be estimated from external measurements, knowing

that aij $ 1. Normally the magnitude of m, may be ignored,

and the effective modal mass used.

If a mobility test has determined Y41 and Yqo for a
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. 2
two-coordinate system, say, and mi/éi1 and mi/aiiaiZ have

been determined for each mode i (the method is shown

2
2

for each mode, and so Yooe Thus, using this model, only two

later), then the factor a; , may be isolated, hence mi/ai

measurements are required for a 2 x 2 mobility matrix, com-
pared with three with conventional testing. Large savings
in measurements are possible with more coordinates (for
example six instead of fifteen measurements for a 6 x 6
matrix), provided that none of the coupling factors is zero,
.or sufficiently close to zero to cause computational diffi-
culties. More important, some otherwise difficult point
measurements, such as rotational point mobilities, can be
deduced without the need of a rotational driver. Note that
for the two-~coordinate system discussed, two point measure-
ments would not be sufficient, as an ambiguity in sign would
occur. In general, just one column of the mobility matrix
needs to be measured, with the above provisions. The points
just discussed are summed up in Figure 3.3.2, indicating'just

one mode.
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octual signs or Iril:ra‘r:'

. Figure 3.3.2



Two further points will be made about the model,

before the analogues and derivation are shown: Mode 'can-

cellation' and multi-point excitation of the system.

As a consequence of superposition applying to linear

systems, a mode excited by a force on one coordinate may be

cancelled by a suitable force applied at another coordinate

Figure 3.3.3.
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Figure 3.3.3

The requirement is that the net force on the mode is

zero, that is,

a“F' + a,z F2 =

(o) hence F,

33.1

For two modes to be cancelled, forces will have to

be applied to three coordinates, Figure 3.3.4.
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Figure 3.3.4




Now, two simultaneous equations need to be satisfied:

@, F + @, Ff + a3fF =0
3.3.12
qiu,; F o+ ai-u_,z F;Z * Qa3 Fa =0

These equations are underdetermined, but the force ratio is

required only. Let F2 = r2F1 and F3 = r3F1’ then
a;,, + Mq; + rya, =O
it 2 2 3 T3
} 3.3.13
Qi * F2 852 * T3 Rip,3=0°
which leads to the required force ratios:
l'—q‘;' Qs ‘ Qiz Qi l
~Qipa Ais,3 and o= | Bz Adng 3.3.1.
T = ———— == 2T 7
l Qiz . }au a3
ai"al Qa3 qi“:‘- aiﬂ,s

Extending this process, to cancel n modes, n+l forcing

positions would be required. With this notation used in

equation 3.3.13, the equivalent equations become, in matrix
form:
Cia Q.;.s e “im—l rf'l Qy,
. 3.3.15
' R £ =
¢ ‘
a NI § £y aim,'
- lam,2 timnanJ ®

or, more briefly

[A]{-} = {a,} 3.3.16

with the force ratios then given by:

{3 =[A] {al
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-Thus n modes of a system may be cancelled by n+1

forces applied at n+1 forcing coordinates (therforces being

87

at the same frequency and in-phase or out of phase as required),

provided that the ratio of the force magnitude satisfies the
n equations 3.3.17, and singularities do not occur. This
applies regardless of frequency and may thus extend to broad-

band excitation, provided the forces are correlated.

When particular modes of a structure prove troublesome,

and it is not feasible to alter their frequencies, damping,
or coupling factors to remove their effects, it would be use-
ful to arrange for this cancellation to occur. The case has
been considered where a common source (hence giving correla-
tion to random signals) excites the structure £hrough a set
of springs, designed to give the force ratio required, see

Figure 3.3.5.

f source

57§ § %

AN

s 3 2T 3 T S

Figure 3.3.5

NN

The analysis (not included here) shows that, because
of the effects of the other modes, céncellation cannot be
achieved by this means except at one frequency only. Supp-
ression to a certain extent is possible over a limited fre-
quency range, however. The softer the springs, the greater

is this range.
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The cancellation of modes leads to-a simple picture
of why multi-point excitation (for example GRAMPA (143),
and MAMA (137,167 }) can excite relaﬁively pure modes of a
structure. If five excitation points are used,, with force
levels determined by trial, then four modes of the structure
may be cancelled. With care, and luck, these may be equally
spaced about the mode under investigation. The more distant
modes of the structure are then the only, weak, source of

modal impurity. This is shown schematically in Figure 3.3.6.

s kb bk k
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£ G N S NS S

NN N $ } ' NN\
distamt cancelled modes } cancelled modes
mode mode
under

invest i.aa.l'ion

Figure 3.3.6

A physical interpretation has been given to the mean-
ing of coupling factors, and they have been indicated by
dashed lines in the previous diagrams. Mechanical, hydraulic
and electrical analogues are suggested below to amplify the
interpretations. The systems shown satisfy equations 3.2.2,
provided that the connecting elements are assumed perfect -
frictionless, weightless and so on. They are shown for two

coordinates only.



1. Mechanical Analogue

Perfect levers distribute the force, and determine
the motion of the drive point as the scaled summation of the

modal displacements (equation 3.3.3).

i“;;% %——r;u

) )

Figure 3.3.7

2. Hydraulic and Mechanical

In this case, the force is distributed hydraulically.

ANAN AN

Figure 3.3.8
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Bﬂ, Electricalg

This might be compared with the canonical series
resonant circuit (for example, see Skudrzyk (173), page 222).

The power is distributed by transformers.

TR
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Foeo

3
o E
é RN ——] [——"VVW— j

3

- Figure 3.3.9

Subsequent to this derivation it has been noted that
Konno and Nakumura (148) have developed a similar model for

bars.

For completeness,. a conceptual diagram is given,, due
to Karnopp and'Rosenberg (146) in bond-graph form,shown below

with one coupling coordinate only
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where I indicates inertance.

C compliance

SF power source
TF transfer function
0] junction is a flow junction or common effort
Junction
1 junction is an effort junction or common flow
' junction

Biot (122), Neubert (156) and Vatz (182) use a model
of different conception - a chain of masses and springs in
series which is a force-node approach as compared with a
velocity-node approach. This appears to make the problem
of deriwving valﬁes for the system harder and makes it more
difficult to modify the model. Physical meaning is less
obvious as modal velocities are represented by diffe:ences

between velocities (182).

3.3.3  Synthesis of Model from EXQerimental Data

It has been known for some £ime that is is not
necessary, to measure the compleﬁe mobility curve, if the
system is known to behave as a set of resonators. Biot in
1940 (122) showed that for a propellér it was only necessary
to know its total inertia, and the resonant and antiresonant
frequencies on the hub to fully determine the mobility curve.
The case might be taken more generally, that for point mo-
bility measurements, provided the struéture complies with

certain conditions, it is not necessary to use 'impedance'
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heads, and less elaborate equipment may suffice.

‘Biot's equation for the dynamic modulUs-K (for a one-

coordinate system) of the model of shafts and discs was:

K = Iooz- Yol "o Yor ... (wr-wi@t-a) .
of Lol wf (et ) (W - wl)
where I is the total inert ia of the system
w is the exciting frequency
*w. anti-resonant frequency i

w. resonant frequency i

This enables the point mobility of the system to be

deduced, but no more. It applies to free systems only.

Neubert (156) and Vatz (182) developed methods for
deriving the constants in the mobility matrix. A simplified

method is shown here.

The following methods can be used to evaluate the
system parameters from mobility tests using single point

excitation.

For an undamped system, the mobility series may be
written (shown truncated for brevity - the additional terms

are readily included)

@ik Qij 3.3.1¢
m; (Qit - Dz)

y_ =
kJ i=1

The resonant frequencies, w,, are first determined in
the test. Then n mobility measurements are made at frequen-
cies other than the resonant frequencies, which enable the

following matrix equation to be set up:



\
o} L2,

(y, el B USRI [ amas /m

Taj oiiar  oim ey £

Ihy2 ) ‘ : 3.3.14

4 = i 4
o} ' £

yk- = 2 kX a'nh LY /m‘l‘l

n wil-Qy ©f ~fn L /

or,imore briefly

{4] =L.0]{x
where L2 i represents the test frequency., The wvector {xj
is then the column of reciprocals of the effective modal

masses. This is simply derived by matrix inversion:

-l
{x] =[0]{y] 3:3.20
Thus the effective modal mass,\mi/aikaij may be
derived. Note that for direct mobilities these must be
positive. Also it is possible to have up to (n-1) =zeros
in the mobility vector - this slightly extends Biot's result

in that now just one mobility measurement is required as
{

well as the resonant and anti-resonant frequencies.

From all the mobility tests on a system it is then

possible to obtain a complete coupling matrix for each mode:

1 I
/o"'»lt /“h Qia

m | - 3.3.21

Yag2
In order to improve on the accuracy of the model, if
random errors occur in the mobility levels (but not the.fre—
quencies), equation 3.3.19 may be written:

{y} = [@]{=] +{e} | 332z

where {e}vrepresents the random errors in {y} .
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Then, by linear regression, the least sguares
s Y g 7, d

estimate of {x} is given by:
{x} = @ )" {y 3.3.22

and the more mobility values measured, the more accurate
therensuing model is likely to be. The method might be
improved by an investigation into the types of error likely
to occur, as the estimate obtained in this way tends to be
biased. Even with overdetermining the solution in this way,
considerably fewer input data are required to define the

system than if modelling were not employed.

When the system is appreciably damped,]the Kennedy-
Pancu diagram is usually employed to determine the resocnant
frequencies, ;mode damping and effective mass. See Figure

3.3.11 below.

P pe
"1
x -
teceptance
r=]
2h ’l./
L
w, @y
In |,

Figure 3.3.11

From the half-power points, the mode loss factor is

determined:
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and from the radius of the 'best fit' circle, the damping

value is obtained leading to the effective mode stiffness:

re 1 W ha=d k=h/y
2h 2r

this, together with the resonant frequency then gives the

effective modal mass— m = k/ug.

The derived values of i and m are subject to certain
errors. The loss factor 7 depends on the small difference
between two large quantities,.especially when the damping is
light. The derived mass depends both on 7 and on the radius
of the 'best fit' circle and is thus subject to increased
error. The method, with care, can give good accuracy for'7%

but is not very reliable for the effective modal mass.

For a lightly damped system,ncombining the techniques
for the undamped case and the damped case can lead to satis-
factory results. The Kennedy- Pancu method, with care,
ensures that the mode damping can be well establiéhed, whilst
the solutiﬁn for the undamped case determines the effective

modal masses.

3.3.4 Modified Experimental Chart and Techniques

The modal equivalent system has been seen to yield
only a mobility matrix directly. The modified experimental
procedure, shown in Chart 3.3.1, shows the derivation of a

mobility matrix only.

For an undamped (or lightly damped) system with two

coupled coordinates(for example, a beam) the following scheme



2<Coordinate system

undamped or high Q

Apply F] ,measure y”

at ©
y21 a

, fes. freqs.o.vr & anti-res.fregs. W,

damped

include 1/2 power points for each res. freq.

or Kennedy - Pancu plot

Multi - Coordinate system

all coupled

NENEPY SE—
Y. —
io.___.._
. W—

as above =+

treat as separate systems

Chart 3.3.1
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has been found to provide satisfactory measurements -

Figure 3.3.12.
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Figure 3.3.12

A probe with a small hemisphérical end transmits

the applied force without int;oducing restraining bending
moments, and is preloaded to maintain contact. At anti-
resonant frequencies, the rotational sensitivity of the
accelerometer in the impedance head is no longer significant,
but the accuracy of the observed anti-resonant freQuencies
depends on the probe stiffness, Which should be sufficiently
great that X%/ »~ X,. For the cross mobility, an accelero-
meter, giving XZ and hence € is mounted distance L away from
the probe, L being large enough to provide sufficient signal
buf small enough for the bending effects in the beam in that
region to be negligible. Only'x2 is required to give the
rotation in this case,}since the rotation need only be measured
at the anti-resonant frequencies (i.e. with*1 = 0). When
there is appreciable damping, so that at the anti-resonant

frequencies X, is not neglibible compared with *2, the rota-

1

tion must be derived from the scaled difference of the two
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signals. The circuit, shown in Figure 3.3.13, might be

used in this case.

F' - “h ~x‘|

(covrrected force)

6 = [%, - AK'%,]

Figure 3.3.13

With the portable mobility meter (manufactured by
Engineering Design, Ipswich), the use of a summing ampli-
fier and two accelerometers can lead to the same measure-

ments - Figure 3.3.14.

e o %X
dviver |+
J
Rr.._i . ﬁr_ e accelerometers inverbed
2 3 wilh respect to each other

Figure 3.3.14

In this case, accelerometer number 2 needs to be
cut-out when determining the point anti-resonant frequencies
and the resonant frequencies, and 1s switched in subsequently

to give the rotation.
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The method can be extended to measure two rotations;\
as shown in Figure 3.3.15, as for measuring the two-rotational

point mobilities of a plate.

Figure 3.3.15

3.3.5 Experimental Verification

It was shown earlier that it is possible to predict
point mobilities and other mobilities from just one column
of the mobility matrix when the system has been modelled.
This does not appear to have been attempted in practice,,
however. Smith (174), when measuring the total structural
(point) matrix used a procedure basically in accordance with
the methods shown in S 3.2.3,, page 68 ; this required exten-

sive instrumentation.

A simple experiment was devised to predict the rota-
tional point mobility at the end of a free-free beam, using
linear excitation only. A cloged form solution for the beam
is available, enabling an exact-theoretical comparison. The
. tip mobilities of the beam are denoted by Y15 Y109 Yoo

defined in Figure 3.3.16.
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Figure 3.3.16

Figure 3.3.17 shows the experimental arrangement.
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Figure 3.3.17

The beam used was made of mild steel, 57.06 in. long,

1.5 in. wide and 0.25 in. thick, weighing 5.99 1b wt. It
was suspended vertically from the measurement end with

very fine wire supports (as several modes were to be inves-—
tigated, the nodal point approach would have been tedious;
in any case this method was found to provide a very satis-
factory solution and little stiffening occured) these wires
‘being slightly inclined from the vertical so as to preload
the impedance head probe. An accelerometer was placed 2 in.
from the drive end to measure the rotation of the beam; the
beam being assumed to be virtually straight in this region

for the modes tested.



The resonant and 1-1 anti-resonant frequencies were

measured, and the 1-2 point mobility at the 1-1 anti-

resonant frequencies.

The low frequency behaviour was

derived by calculating the rigid body behaviour from the

beam constants,

experimentally.

although this could have been measured

The measured frequencies are shown in Table 3.3.1

compared with the theoretical frequencies assuming a

6

Bernoulli-Euler beam, with Young's modulus 30 x 10 1bf/in2.

1-1 anti-resonant frequencies

Resonant frequencies (Hz) (= resonant frequencies (Hz)
of free-pinned beam)
Experi- Theore d%ff— Experi- Theore di%f—
mental -tical erence mental ~-tical erence

16.25 16.05 +1.21 11.01 11.06 - 431
43,096 44,26 -2.63 35.41 35.83 -1.17

85.464 86.76 -1.51 73.83 74.77 -1.258
141.50 143.8 -1.6 126.40 127.88 | -1.16
192.68 195.2 -1.29

Table 3.3.1

Four resonant and five anti-resonant fredquencies

were measured which is sufficient for a five mode plus resi-

dual stiffness model to be calculated - that is_ one rigid

" body mode representing both translational and rotational

modes, four resonant modes and a residual stiffness term.
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It is seen that generally good agreement with the
theoretical values was found. Good mass cancellation of
the impedance head could be made, as individual adjustment

for each test frequency could be made.

The measured and theoretical 1-2 point mobilities

are shown in Table 3.3.2, at the 1-1 anti-resonant frequen—

cles.
Experimental Theoretical
1-1 anti 1-2 point 1-1 anti 1-2 point
resonant mobilities resonant mobilities %
frequen- rad/s/1bf frequen- rad/s/1bf differ—
cies (Hz) cies (Hz) ence
11.01 + «2575 11.06 + 236 + 9.1
35.41 + 2275 35.83 + 250 ~ 9.0
73.83 + 252 74.77 + 250 + 0.8
192.68 + 209 195.2 + 251 -16.8

Table 3.3.2

The calculated low frequency (rigid body) behaviour
of the beam is: at 1 rad/s,\i—i point mobility equals 258
in/s/1bf and the 1-2 point mobility equals - 6.78 rad/s/1bf.
Together with the experimental measurements these provide
the necessary information to define the compiete point mo-

bility matrix for the beam tip.

Figures 3.3.18 ~ 29 show the results of this beam
test, and provide material for a discussion of the errors
involved (and errors in other similar tests). The first

set of figures, i.e. Figures 3.3.18 - 23, shows the model

102



103

with a residual stiffness termm.

In Figure 3.3.18, the closed-term solution is shown
compared with the experimentally derived 1-1 point mobility
curve. The model is valid up to the fifth anti-resonance.
Note that damping has been ignored - the height of the peaks
and depth of the notches is determined by the step length
used in plotting. The two curves show generally good corres-
pondence. In Figure 3.3.19, the 1-2 point mobility curves
are éhown - the correspondence detween the curves 1is not
guite so good. The 2-2 point mobility curves are shown in
Figure 3.3;20, demonstrating quite clearly that it is poss~
ible to predict this mobility from other results, though the

errors tend to be cumulative.

Figures 3.3.21 - 23 show similar curves, but instead
of experimental measurements, the closed form values for
'the beam are substituted into the modal model (subject to
truncation errors). These show that systematic errors tend
to predominate over the random errors. Tﬁe random (experi-
mental) errors are shown in Table 3.3.3, the errors being
‘related to the coupling factors with the modal masses arbi-

trarily set to unity.



104

40
0

o~ iq1/s/uiglal gp

M
o
o

—40

|

w”
S

E — exp.

CF —closed form

solution

> |

00A dX3 + AYO3HL

253

Hz—r

80

25.3

Figure 3.3.18



105

@ - ‘
o © o o
S S jq)/s/ppiQlaigp o > ¢ S
A\ "
e
I &,
e
e — v
91}
l/ S
(@]
N i
(T
O~
.El
- CP
o|u
_—1l
2 o >N

L
/

+ exp.pts.

/00A dX3 + AJO3IHL

HZ — 253

80

253

Eigure 3.3.19



THEQRY =+ EXP YO/0/

€8¢

07 €€ 9Imbig

08

40

-o——zH

€S¢

-

o dB re.1.0rad/s/bfin
Q
w

0¢
07

901












. ~Errors in effective
Coupling factors (mi = " modal mass
1 -~ direction 2 - direction 1 -1 1 -2 2 - 2
% %
Mode Theory EXp. Change Theory EXp. Change % heavy (+) or light (-)
o) 16.0725 16.0656 -~ 043 . 426581 .422336 - 1.0 + .086 + 1.043 + 2.0
1 16.0341 16.5355 +3.13 1.29123 1.43842 +11.4 -6.26 -14,43 -22.8
2 15.8160 15.5306 -1.8 2.06982 1.92144 -7.2 +3.6 + 9.0 +14.4
3 14,9554 14.8419 - .76 2.59311 2.64007 +1.81 +1.52 - 1.05 - 3.62
4 12.7180 12.4582 ~-2.04 2.46545 2.92636 +18.6 +4.04 ~-16.56 -37.2
res.
stiffness 0.030652 0.03089 . 775 0.0105716 0.0097869 -7.35 +1.55 + 6.58 +14.7
Table 3.3.3

Ot



The systematic.error is due to the mobility of the
residual stiffness term., The fifth mode is close to the
fourth mode (about 50% higher frequency) which means that
the mobility of the residual terms about the third and
fourth modes is greater than that given by the spring term
alone. For this systematic error to be neglibible, the |
fréquency of the highest‘mode measured should be about 5 x
the highest frequency of interest. Alternatively, the resi-
dual stiffness term may be eliminated, and the modal series

terminated by a mode. The highest mode considered is then

not a true mode, but represents the true mode plus the effects

of the higher modes. Again, the series will not give an
exact representation, but the systematic error should be

reduced.

To allow for this, and to represent the first five
modes of the beam, the fifth resocnant frequency is required.
This was not measured experimentally, and so, for the results
shown here, the value used together with the experimeﬂtal
values - 210.95Hz -~ represents the same order of error (1.6%)
from the exact value (214.4 Hz) as the frequencies measured

experimentally.

Figures 3.3.24 - 26 show the closed form solution com-
pared with the experimentally derived curves recalculated as
indicated above, and Figures 3.3.27 - 29 show the closed
“ form solution compared with the curve calculated from the

theoretical input data (subject to truncation errors).
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The representation of tﬁe 1-1 point and 1-2 point
mobilities is seen to be markedly improved, but the 2-2
point mobllity appears to have slightly increased error.
Table 3.3;4 compares the errors in coupling factors and

the ensuing errors in the effective modal masses.

These errors might be considered with those in Tables
3.3.1 and 2. The size of the errors for the 1-1 point mo-
bility is about 3 x the error in the frequency measurements.
For the 1-2 point mobility, the errors are about the same
size as the experimental errors, whilst the 2-2 point mo-
bility predictions are subject to up to twice the errors of
the 1-2 point mobility measurements. The frequency measure-
ments are subject to less error than the mobility measurements -
this is probably true in most cases. It should be noted that
the accuracy of the model depends on all the measurements -
one wrong measurement will affect the calculated coupling

factors for all the modes.

The model shows generally very good agreement with the
closed @e:m solution (which is itself liable to error if the
physical constants are not exa;t), and the prediction of the
rotational point mobility has been established. The series
solution is short (six terms) but compares well with a twenty

term model used by Neubert (156).



Errors in effective

Coupling factbdrs (m, = 1) nodal mass
- direction 2 -~ direction 1 -1 1~ 2 2 - 2
’ % % -
Mode Theory Exp. Change Theory Exp. Change % heavy (+) or light (=)
0 16.0613 16.0656 - .0268 . 419198 .422333 + <675 + 0536 - 0.648 ~ 1.35
1 16.0680 16.5847 + 3.21 1.31002 1.46536 + 11.9 6.42 - 15.11 23.8
2 16.1529 15.8652 - 1.78 2.26284 2.09071 - 7.62 3.56 + 9.4 15.24
3 16.3428 16.2338 - .668 3.28881 - 3.25792 - 0.94 1.34 + 1.61 1.88
4 17.1347 16.7977 - 1.98 4.66765 4.56496 - 2.2 3.96 + 4.18 . 4.4
5 19.1017 18.5943 - 2.65 6.66324 5.89126 - 11.58 5.30 + 14.23 23.16
Table 3.3.4

6Lt



3.4 RANDOM VIBRATION

The following brief notes refer to the role of random
vibration theory in the present context of vibration trans-
mission and isolation. It is not intended to form a complete

review of the supject.

3.4.1 Frequency Response

When the system is deterministically described, but
the excitation is random in nature, then certain basic
results are readily obtained, given for example by Crandall
(128). Given a linear system, with a complex frequency res—
ponse H(w), and an excifation f(t) leading to a response

x(t), an important result is:
S,() = | H ()" 5 ()

where Sx(w) is the spectral density of the response

and Sf(w) is the spectral density of the excitation

From the point of view of isolation theory, an input
is presupposed, and the form of Sf(w) is, ideally, known.

The theory becomes concerned with the nature of H(w) to give

a satisfactory response. As such, the study of the frequency

response H(w) may be continued, without the application of

further statistical theory to lead to a satisfactory vibration

isolation solution.
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3.4.2 Statistical Energy Methods

. For highly complex structures, a deterministic des-
cription is likely to fail, or become impractical to use.
This state occurs when the modal density of the structure
is so great that the average spacing between the structure's
modes is less than the modes' bandwidths, for exémple.
Staéistical energy méthods refer to those methods applied
when the system, as well as the vibration, is statistically
described. Wilson, in 1909, showed that analogies exist
between statistical properties of a system and the elemen-
tary thermodynamics of a gas, though no engineering results
were obtained. In the last decade, a substantial body of
theory has been evolved, mainly by workers at Bolt, Beranek
and Newman, Inc., (96—118 ). The advantage of the method
is that complei vibration problems (mainly cases like jet
noise excitation) can be treated by much simpler energy

balances.

Some of the basic points are outlined here, presented
recently in a summarising paper by Ungar (118 ), and refer to
the cases of the two coupled modes, and two sets of coupled

modes.
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Figure 3.4.1

121



122

Figure 3.4.1 showé the model for £w§ éoupled modes,
The theory leads to the conclusion that:fﬁthe steady-state
time average power flow from one mode to another is pro-
portional to their time average kinetic energies of the

two modes provided that:

1. The coupling is linear, conservative and light, and

purely springlike and/or'gyroscopic; and

2. the forces acting on the two modes are uncorrelated
and have relatively flat spectra (as compared with
the system admittance spectra) within the frequency
band endompassed by the resonances of the coupled

systems".

Between two sets of coupled modes, the theory leads
to the conclusion that: "the steady-state time average
power flow from one set of modes to another is proportional
(or approximately proportional) to the difference between
the set énd time-average modal kinetic energies of the two

sets provided that:

1. The mode-to-mode coupling satisfies the conditions
above, and

2. either a) the mode-to-mode coupling is (at least

approximately) the same for all mode pairs
or b) all the modes in a set have (at least
approximately), equal time average kinetic
energies".
This applies to statistically independent forcing on

the two sets of scillators - Fahy (100) deals with the case
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where the modal forces are not independent. The energy
‘approach leads to mean square results - this has beenb
extended by Lyon (108) and Stearn (116) to estimate the
likely variations about the mean, and the prediction of

response concentrations in the structures.

Generally, the present usefullness of the theory
is limited by the amount of information on coupling coef-
ficients and damping (118) - non-linear coupling and more
than two sets of modes can be included in the theory.
Sound-structure coupling has been estimated in some cases,
but structure-structure coupling has proved much more diffi-

cult.

In the range of problems considered in this work,
the structures considered are sometimes complex. Neverthe-
less, the application of statistical energy methods would
lead to only very approximate solutions. Very few of the
conditions outlined above'are satisfied even approximately.
The number of modes in a car body, for instance, is quite
large in the frequency range of interest - but satisfactory

modelling has been achieved from experimental data.

The body of theory called 'statistical energy methods'
has been surveyed, but it has not been found suitable for
the problems of concern here, although the gqualitative des-

criptions can be of value.



3.5 OPTIMISATION TECHNIQUE

The method used in optimising a given dynamic model
was to establish an objective function for the model in
mathematical form, and minimising the error of the model's
response from the objective by variation of the model's
pé;ameters. An example of the use of such a technique is
-given in the section on vibration cancelling paths, § 4.1.4,

page 133.

If the response of a trial model is given by ¢ = @
(x), and the objective response is $*(x), where x is a
vector of independent parameters, then the objective is
reached when f(x) =;E:(¢* - ¢)2 is a minimum or zero. If
the number of parameters is sufficient, and they are allowed
a free range of values, the objective can be reached. Nor-
mally, however, there will be constraints on the range of
values of the parameters, and equations describing these
constraints must be included. In this case, only a minimum
of f£(x) will be found. A minimisation routine, due to Powell
(164) was used for searching for the minimum. This does not
require derivatives of the function, and is claimed to be
efficient. An inbuilt function checks, once a minimum has
been found, whether other minima exist by introducing large
parameter variations and starting a new search. The minimum
found depends ultimately on the equations of constraint -

these are given for the particular cases discussed.
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3.6 . SUMMARY OF COMPUTER PROGRAMMES

A variety of computer programmes was developedvto
deal with the computational work associated with the methods
described in this chapter. , Only the principal routines are
outlined here - these have undergone a development period
and are méde as general as possible. Many otherrminor rou-

tines were written for a variety of other calculations.

Programme O014C

This programme solves the matrix‘equations for a
system by the matrix inversion method outlined in § 3.1.3,,
page 56 . , It features adjustable and self-adjusting input -
output routine§ and eight basic options for normal usage, .
including an accuracy checking option. Associated subrou-
tines provide for setting up the system matrices from the
system parameters, and for producing mobility matrices.

Standard routine used was a matrix inversion routine.
| ' .

Programme 016

This is similar in performance to the above routine,
but uses the state-vector approach, § 3.1.4, page 57 , pro-
ducing eigehvalues and eigenvectors. Standard routine used -
eigenvalues and eigenvectors of a real matrix, pppduqed by

W. N. Caldwell from SHARE programmes.

Both of the above programmes have been used in con-

junction with subroutine VAO4A (minimisation of a function

of several variables),}to form optimising versions.
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Programme MODAL

This programme proguces the parameters for a modal
equivalent system, as described in § 3.3.3, page 91 , from-
experimental input data, and subsequently. produces mobility
values (or complete matri#) over the required frequency |

range to complete the data and provide an output check.
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CHAPTER FOUR

SPECIAL ASPECTS OF VIBRATION TRANSMISSION

The emphasis throughout thé present work is on path
control. The effectiveness of any vibration path in ampli-
fy;ng or reducing vibration depends on the characteristics
of the source and receiver as well as the properties of the
path itself. If these characteristics are known or assumed,
then the path performances can be calculated as was shown
in Chapter 2. This chapter deals with the properties of the
paths from theoretical and practical viewpoints. It discuséés
how path properties may be measured and describes experimental
apparatus built for this purpose, and includes experimental

results.

4.1 THEORETICAL BEHAVIOUR OF PATHS

The general formulations for path effectiveness have
been given earlier. This section briefly summarises some
typical paths and extends path behaviour to the more cdmplex
case of two-paths. Transmissibility is used as a simple

guide to the path properties for comparison.



4,1.1 Single Stage Compliance

When a massless compliant element is effective as
an isolator, the effectiveness depends on its mobility.
The essential requirement is then the maximum mobility of '
element, which is decreased by damping. If the source and
reqeiver are undamped, then damping of the compliant ele-
ment is necessary to limit the amplification in the fre-
guency range where the compliant element is ineffective,

as was shown in Chapter 2.

The general requirement for a suitable stage compli-
ance, taking into account the practical behaviour of real
systems, is that the stiffness does not increase with fre-
'quency and the loss-factor does not increase indefinitely

with frequency.

Considering rubber-like materials for the compliant
elements Snowdon (26, has shown that natural and butyi
rubbers most closely satisfy the requirements. Most high
damping rubbers usually exhibit a substantial increase in

stiffness with frequency. Snowdon (92 ) has also analysed

a parallel mounting, where natural rubber and a high damping
rubber are employed, to give good creep resistance, moderate

loss factor and a compromise in the frequency dependent pro-

perties.

A useful reference slope on the transmissibility curves

is given by the undamped spring with constant stiffness -

12 dB/octave at high frequency. A loss factor of unity
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independent of frequency increases the transmissibility

by 3 dB, but the slope of the line remains at 12 dB/octave.

4.1.2 Two- and Multi-Stage Mounts

In the transmissibility form, the two-stage (or

compound) mount appears as shown below:

™

z.

m,

2 “2
77 77
This has been dealt with fairly extensively in the

literature, and optimum design parameters are known. The
final slope on the transmissibility curve is 24 dB/octave
for the undamped case - double that of the simple mounting
- but two resonances occur. The optimum condition for a
given amount of secondary mass, Moy is for the ratio of the

two resonant frequencies, “b/“ﬁ’ to be as small as possible.

Snowdon (26), for example, shows that the optimum

stiffness ratio is

%,

=9=,+
&, /o

where B is the mass ratio m2/m1. The ratio of the resonant

frequencies is then given by:

& ={<'+,m + JTAY }’2
@, {(1+p) =/ (140)



When B is small, then a ratio © =1 gives nearly
“optimum conditions, but B should be madelasjlarge as poss-—

ible to make the ratio “b/“ﬁ small.

From Chapter 2 it can be seen that an alternative
derivation of the optimum mobility (or stiffness) ratio is

given by:

! Mg, — M
r -f ) + R S
e =3 (1 + Mas )

ar/iere s o= le ) ter = Mg,

Which shows that if IMII >> IMR - MSI , when good
isolation is achieved, rOpt ~ %, hence & ~ 1. Thus this
approach leads to almost the same condition as in the for-

mer case, but is more general in application.

The multi-stage mount can then be envisaged as a
further compounding of the simple mount, leading to n reson-
ances for an n-stage mount, with a final attenuation of
12 n dB/octave. The increase in spréad of the additional
resonances would tend to make such a mount unlikely to be

useful, however.
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4,1.3 Wave Effects

The continuum model éf a real compliant element forms
in effect a multi-stage mount where n -=«o. The effect of
distributed mass in the element leads to resonances (or wave
effects) which can only be controlled by damping directly on
(or in) the compliant element. Wave effects have been con-~
sidéred by several workers (30,36,141, 142, 181 ), and
are discussed more fully later in the chapter. The effect
of £he resonances 1is to increase the transmissibility, until
high order resonances occur which are damped out along the

element. Three main regions may be distinguished:

1. Wavelength of the vibration transmitted through the com-
pliant element is much greater than the length of the
element: the compliant element functions as a massless

spring.

2. Wavelength the same order as the element length — region

of low-order resonances and increased transmissibility.

3. Wavelength much less than the length of the compliant
element - high order resonances - the vibration now
attenuated as it passes through the compliant element,
deperdng on the damping of the material. Leads to a

very steep final transmissibility slope.

Practical mounts should avoid region 2, and region 3
generally implies very long compliant elements or very high
frequencies. Design in general should be for region 1.. In
the case of rubber springs this implies that thé transmission

path should be very short.

3*
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Figure 4.1.1.shows diagramatically the significance

of wave effects on transmissibility;

4.1.4 Multi—Path Mounts and Cancellation

Where more than one path exists between the source
and receiver, possibilities exist for cancellation of vib-
rational forces at the recelver end. The process might also
be considered as the destructive interference of waves
travelling aloﬁg-the paths. Sykes (75) has referred to a
two-path system exhibiting this effect, implying the model

shown below: } lﬁ
m

—l.— §,ek
um

_’{z_ ?ak

Ve d *& 7

The cancellation condition occurs at one frequency

Y2

only, when the forces due to ak and yk are equal and opposite:
ie. &::dk;z+]éx,=0 B 4.0.1

The cancellation frequency w 1s given by

o2 = (0(,/3+I)’ﬁ)'+)ax) A2 412
/l

where 5% = S R/m 4.1.3

The system can be seen to degenerate to a tuned

dynamic absorber attached to the source (a = 0) or to the



base (B = 0) and consequently does not reveal the benefits

of cancellation when the system is damped.

Snowdon (892 ) has considered an alternative aspect -
splitting the source into two parts and applying to differ-
ent parts of one path, such as a cantilever beam. The
diggram below shows two forces F1 and F2 acting on the beam
in the correct proportion and position such that the second

mode of the beam (shown dotted) in cancelled.
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By this means, cancellation of one mode of the beam
is achieved, but not a complete zero of transmissibility
unless the beam is undamped, though a minimum occurs between
the third and fourth modes. The beam modes are analogous
to the wave effects discuseed previously, and this technique
takes advantage of their properties; The practical appli-
cation of these forces remains a problem, however, as was

seen in Chapter 3.

Cancellation, complete or partial, has been observed
in the models of the suspension system (Chapter 5), with
rubber tubes (g 4.4.2), and apparently in tyres (160). 1In

general, it might be stated that any multiple path system

might have a zero (or zeros) of transmissibility, regardless
of the amount of damping in the paths, provided certain

conditions are fulfilled.
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The section following describes a lumped parameter
model which produces a zero of transmissibility, and dis-

cusses the capabilities and limitations involved.

Three masses and two paths are required to produce
cancellation conditions when the springs are damped.
Initially the system will be considered in the undamped

state, shown below: JF
]

” 1
ahé S L
e >,
B ﬂkg» geh_[‘u

V4 l . 4

The requirement is that

4. 1.
F, = /3k2Q + ekx, =0 4

and the cancellation frequencies, w o, are obtained from
' b

the roots of the frequency equation:
4B 07 P {«ﬂ[-?(pS) +/o(8+e)] + 356/4} A2 w0t
¥ {dﬁ[(x+5)(8+e) - 8] + y8e (o<+/6)} S*=o 4.1.5

This is of the form ax2 + bx + ¢ = O which has

. two real roots provided b2 - 4ac > O.

This system may degenerate to one having two dynamic
absorbers, attached to the source and receiver (§ = 0),

giving:

ol
~N3 s



or in any of several other ways.

For fhé complete model both cancellation frequencies
will not be realised, however, as the higher frequency
'Lurns out to be anti-resonant (so that the transmissibility
becomes indeterminate). This higher frequency might be

designated a blocking frequency.

Parameters may be derived by the following simplifi-
cation. The mounted mass is assumed stationary, and the
resonant frequencies of the two paths are made equal - the

second mode for path 'b'. *

lal * 'b

Vo4l 4
The requirement is then that

o« kx, +ykx,

F, 1
phx, +ekx = F =0

n

Then, if « is the resonant frequency, énd.the follow-
ing simplifications are made in the parameters:
X =g y=58=¢€ =
the blocking frequency w, is given by

w? = 2% Mz = 35 &2 4.1.6
M r ‘
X = S 4.,‘7
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Before extending the model to the damped case, a
numerical example is given to show the type of transmissi-
bility curve of such an undamped transmission path. This

is shown from a range of such models analysed.

The system parameters are:
X= 3 = 3/3
)’=‘-S=€='|

M= /g
_'7:./0:: l/z

so that equation 4.1.5 becomes

Go* - Joh Bt + 300 S* =0

o =zt s
)

18
i.e. CJ,JZ = 2.358 and 2.449 rad /s with 82 = ! rad /s

The parameters were chosen to satisfy equation 4.1.7,

so the blocking frequency, from equation 4.1.6 is

w, = /38 & =/ = 2449 raud/s
ﬁ

Thus the vibration cancellation frequency occurs at
a frequency of 2.358 rad/s. The complete transmissibility

curve is shown in Figure 4.1.2.

Ly

This cancellation condition should be distinguished
from the troughs usually experienced in transfer mobility
curves for systems, mounts using nodal lines at the forcing
point and dynamic absorbers. In these cases, the trough
depth is determined by the lack of damping. The model shown

above can be heavily damped whilst still exhibiting the
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cancellation condition.

If hystefetic damping is included for each of the
springs (i.e. k=+k (1 + in)) fhe equations of motion
become more complex and it is difficult to derive suitable
parameters by inspection. Furthermore, the parameters do
not form real variables as they are restricted to a certain
rénée of positive values. Consequently, in order to derive
the parameters, the cancellation condition was set up as a
minimisation problem. With certain simplifications (and so
leading to a restricted class of models) the number of para-—
meters required to be free to vary is two. An example of

this approach is now shown.

The mountedvmass and the two-mass path are taken as
fixed, and all the springs are made to have a loss-factor of
0.5. The mass and spring stiffnesses in the one-mass path
are free to vary, but the spring stiffnesses are equai. That

is, ¢ and ¢ = B are the free parameters. The function to be

minimised is the transmissibility at the required cancellation

frequency, i.e. |T|‘uﬁ- The fixed path provides a constraint

on the lowest resonant frequency of the system.

Figure 4.1.3 shows an example of a transmissibility
curve produced from the minimisation programme. The can-
celiation frequency is achieved at about three times the
fundamental frequency and a generally efficient overall
transmissibility curve is obtained. The high frequency

attentuation is somewhat better than 24 dB/octave of the

two-stage mount, showing that partial cancellation is achieved
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in this range also. The low-frequency response also com-
pares well with the single-stage mounting. The cancellation

region is, however, very narrow.

Figure 4.1.4 shows the range of permissible. values
for ¢ and g, and the range of possible cancellation fre-
quencies, for this model. Cancellation depends quite cri-
tically on the precision of the parameter values, though the
figure makes it clear that if maximum mass is used, the sen-

sitivity to stiffness wvariations is a minimum.

Such‘a model can then be thought of as a notch-filter,
and in theory a series of such units can lead to a succession
of cancellation frequencies - though such a series would
lower the fundamental resonance and thus make all the can-

cellation frequencies relatively higher.

The limitation of the model is that the final atten-
uation obtained depends mainly on the strongest path - in
this case the one-mass path. A better final attenuation
slope could be obtained at high frequencies if this path

were to be removed, giving a slope of 36 dB/octave.
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4.2 TEST METHODS

In this section some'exﬁeriméntal methods are out-
lined for the determination of the dynamic properties of
rubberlike maferials and isolation mounts. A large number
of methods have been established to measure the dynamic pro-
perties from less than 0.1 Hz to more than 120 k Hz, and
over a large frequency range. Prior to a description of the
apparatus used, the theoretical basis behind the methods 1is

outlined.

Results from a number of experiments have been pre

sented by Snowdon (92 ) using the method of reduced variables.

4.,2.1 Theoretical Aspects

The dynamic modulus and loss factor are the deéired
properties for the rubberlike materials, whilst for prac-
tical isolation mounts the stiffness rather than the dynamic
modulus is required. It is evident that an impedance or
transfer type.test is needed, rather than a mobility test,
to show up these properties. Wave propagation is another

form,

In most test methods, the specimen or isolation mount
is treated as a two-terminal 'black box' although certain
prior assumptions are made about its properties. Four main

sections summarise the type of test performed on this system.



(1)

(ii)

(iii)

a. Mass fixed to terminal 1, terminal 2 blocked

The system is shown symbolically below

F, 5
7 X, E

The test methods are:

Free decay. Initial displacement X4 given and then
X4 observed as a function of time. The system is
assumed purely springlike ( or has 1/3 of its mass
added to m). The loss-factor of the system needs to
be fairly small (< 0.2) to enable an accurate deter-
mination. Measures the properties at discrete fre-

quency intervals only.

Resonant vibration. The dynamic stiffness FA/x1 is
measured over the resonant frequency range. This
permits the properties to be measured at constant X4

to show strain effects.

Transmissibility. Measuring F2/FA enables properties
to be obtained at the resonant frequency and at high
frequencies continuously below the wave-effect fre-

gquencies of the specimen. This method is equivalent

to that shown below in c.

General limitations: The rigid end condition is

"difficult to achieve satisfactorily when the specimen is

very stiff and/or very high frequencies are involved.

large static loads are required, or m is very large, the

added mass may no longer be sufficiently rigid.

14
b. Impedance test

The system is shown éymbolically below:

When
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If the mass of the specimen -is negligible (below wave

effects), then F) ~ F,. The choice of measuring direct

or transfer impedance is then available.

(i) Direct Impedance, Fi/ii. This will give the pro-

(ii)

(1ii)

(iv)

perties continuously as a function of frequency.
However, in practice, a certain amount of mass inevi-
tably lies between the force gauge and specimen.
Whilst mass cancellation may be employed, at high
frequency the impedance of the mass can become greater
than that of the specimen, and the correcﬁion becomes

ill-conditioned.

Transfer Impedance, Fz/ii. This can provide a more
reliable force guide as no mass cancellation is required,

provided the test frequency is small enough.

Tests (i) and (ii) together give complete information
for a symmetrical specimen (for a non-symmetrical
specimen tests (i) and (ii) should be repeated with
the specimen reversed) - the previous assumptions can

serve to simplify the prdﬁedure.

From the resonances of the specimen, the loss factor

and stiffness of the specimen can be obtained at dis-

v

‘crete frequencies.

c.- Mass placed on terminal 2
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This gives the usual form of transmissibility test.

(i) Low frequency resonance: ratiolxz/x1 gives stiffness

and loss factor at resonant frequency.

(ii) High frequency, but no wave effects: the mass moves
much less than X0 and approximates to fixed end.
Acceleration §2 leads to the force F2. Use of ii and

iz leads to the transfer impedance.

(iii) With wave effects: when %o is small test becomes one
as in b.(iv); when X, is appreciable, modelling the
response can also lead to material properties at dis-

crete frequencies.

- The use of mass as an approximation to a fixed end
has certain advantages over a frame designed to provide
such a fixed end, because resonances can be avoided more

easily.

| d. Insert to a system

——O0—1 INSERT ©

Change in the system due to the insertion of the

v

specimen leads to specimen properties.

2. More completely, when coupling can exist within a
path, the specimen should be treated as a multi-terminal

box. The previously described tests can be extended to deal
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with the more complexjsyétem, though in practice this is

likely to be difficult. -

‘

With knowledge of the material properties and the
form of the specimen, it is probably better to calculate
the complete system matrix, with simplifications to reduce

the coupling considered.

Thus, for a straight elastic bar, the complete
transfer matrix can be produced from four low-order sub-

matrices as shown below (162). where

A, Bare 2 x 2
matrices

C, Dare 4 x 4
matrices

o O O »
© O w O
o 0O o O
o o o O
NSNS AN
0t ta 1 \n
S A
N e N N N

PN NN TN TN N
w0 ’
w =

s S N SN St N

, 0O is a null
i * < i+l matrix

and S, 1s the vector (u, N), S, 1is (p, T)

Sy is (v, v, M, —Vy) and S, is (-w, ¥, My, VZ)

4
with the coordinates, forces, moments and deflections defined

in the diagram below:

e —
cenbeal ™ —
axs

3. Wave propagation methods measure the speed and decay of waves
through the specimen, which is made sufficiently long so tﬁat
standing waves are not encountered. From these measurements
the dynamic modulus and loss factor can be derived directly.
In practice however, the detector for the waves can act as a

reflector, and standing waves occur.
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The test then becomes one like in b. (iv).

4,2.2 Practical Test Methods

Most practical test methods for the determination
of the dynamic properties of rubber-like materials fall
into one or other of the categories outlined in the previous
section. Surveys of such methods have been given by Nolle
(158), Gehman (138), Payne and Scott {161), Kainradl and
Handler (145), Praefcke (165), and, for the particular case

of high static loads, Newland {157),.

A summarising table is given below to give the
characteristics of examples of the principal methods, follow-

ing the order of the previous section.

Apparatus was required to measure the material pro-
perties of rubber up to a frequency of 1kHz. Furthermore,
the effects of resonances were to be observed, and the
apparatus was to be adaptable to a variety of specimen sizes
and also accommodate complete isolation mounts. Motion in
only one direction was required. This eliminates from the
test methods available all except the impedance tests and
the transmissibility tests: Lack of suitable impedance
equipment (at the time of design) lead to a decision to use
a t;énsmissibility test as the most practical solution.

Apparatus already available in the laboratory was limited

to that developed by Praefcke {(165) which was unsuitable

from the frequency range available. Transmissibility



Type and Name Frequency Range Static Constraints Advantages Limitations Reference
‘ (Hz)
1.a(i) Rocking elongation 5% to precise indicatim loss
beam 0.1 - - 25 limit set by of temperature be-| factor less Nolle (158)
oscillatorl specimen haviour at nearly than 0.2
constant frequency
1.a.(ii) Vib- study of low fre- |loss factor
rating 10 - 500 none quency stiffening |< 0.2 for Nolle (158)
reed accurate :
results
Compression 20 - 40 deadweight of Static load
applied mass easy control of and frequency Grootenhuis
strain interdependent (140)
1.b. (i) Shear : arbitrary com- easy control of material stiff
. 10 - 300 . . .
strain pression load strain ness; mass can- |Grootenhuis
cellation at (140)
high frequencies
1.b.(iii) up to 10,000 1lbf Testing of com- Frame stiffness
Impedance 20 - 5k static compression plete isolation Phase accuracy Schloss (172)
mounts
1.b.(iv) set by specimen, precise indi- ,
Strip lower frequency 1 - 2% cation of tem- loss factor Nolle (158)
resonance by half-wavelen- elongation perature effect < 0.2
gth, higher fre- on modulus
quency by atten-
Bar uation Morris, James
transmission " " 2% compression convenient " " and Guyton (55)

Summary of Experimental Methods

671



Type and Name Frequency Range Static Constraints Advantages Limitations Reference
(Hz) .
lec. (1) . . .
MR 5 - 50 Deadweight of testing of prac-| High frequency
Transmissibility mounted mass tical isolation response Pgﬁiggke
mounts limited
50 - 10k " wave effects Harrison,
shown and high small speci- Sykes and
frequency res- mens Martin (142),
ponse Snowdon(26 )
1.d
Magnetostriction | 12k - 120k 10% or more no loss factor Sample controlled
s possible restriction, so that resulting
small sample, Q-factor of syseem [Nolle (158)
wide tempera- >10. Frequency
ture range deviation small.
2. No complete
test known
3. automatic oper- Not suitable for
strip 1k - 40k 2% ation contin- very stiff mater-
transmission ' elongation uous frequency ials. Possible

coverage

flexural wave Inter-

ference. Material

attenuation must be

less than 404B/cm
and more than
0.25dB/cm.

Nolle
(158)

Summary of Experimental Methods (Contd.)

0st
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apparatus was designed, similar in scope to that used by
Harrison, Sykes and Martin (142) and Snowdon (25) but
adapted to the particular requirements outlined above.

This apparatus is described later after the parameter deri-

vation for this type of test is shown in the next section.

4,2.3 Parameter Derivation

The formulae and techniques for deriving the important
parameters from transmissibility tests are shown here., For
an existing mount, these parameters are stiffness and loss
factor as a function of frequency, and the effects of dis-
tributed mass. For material properties, such as Young's
modulus and shear deulus, the geometry of the specimen must
be taken into account. The expressions given imply linearity
- non-linear effects may be deduced to a certain extend by
repeating tests at different amplitudes, static loads and so

forth.
The section is divided into three main parts, with
subdivisions:

1. Massless spring a. frequency independent properties

b. frequency dependent properties

2. Appreciable mass in spring a. low frequency effects

b. wave effects by Love and

long-rod theories.

3. Geometrical factors for material properties.



1.a The system is shown in Figure 4.2.1 below. The
spring is presumed to have a frequency independent loss

factor 7.

™
m
§ R(1+i7) x, cos ot
C AJ—i—

Figure 4.2.1

The transmissibility, T, for this case is given by

the complex expression:

T= X2 o _1 *+é7 where Q= w/eo,
X .
! l—'n'z'."’? :o.,,:dk/'m

in modulus form this is:

7] = {_'_"_:?z__}"‘

(1-n%)* + 9*
If TR denotes the real part of T, and TI the imaginary part,
then the equation for a circle can be derived, -on the com-

plex plane:

This circle has a radius r given Dby:

=1 3
2"/(‘+ _7__1)
and the position of the centre is given by (é > T3

1
27

This circle is similar to the Kennedy-Pancu diagram,
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but there are certain noticeable differences. The diagram
is shown below in Figure 4.2.2 with the important quantities
marked on. Note that there are four exact means by ﬁﬁich

7 may be determined, and tWo approximate formulaev;'£hough

only one determination of .2 = 1 and thus stiffness.

— e (T)
o
=T (T) Q=1
Figure 4.2.2
Exact formulae for nm Approximate formulae
Y= /1 at =1 vy = /¥ oG ~7*
7 = tan (46— <T) at =1 7= Dp-ag o)~ 3

7 = Zan (180 - <T) os 0 -»oo
n = 5 (a5t -ag) “

The frequencies <, and o, correspond to the levels of

B

transmissibility 3dB down from the peak transmissibility,

and a Bode diagram can be used to give these.



1.b When the parameters in the system show appreciable

frequency dependence, the transmissibility is given by

T= 1| * [70

/—aQ? +iy,
where Ny is the loss-factor as a function of frequency and
a‘is the stiffness ratio, ko/ka’where ko is the stiffness
at & = 1 and kw is the stiffness at frequency . To deter-
mine these functions, the high frequency attenuation slope
and phase angle curves are used. The asymptotic condition

is observed from the Bode diagrams of transmissibility.

Then, as 2 -+
~ ol 0
T ~ a-}’.z(l...t?c)
The loss factor is determined by the phase angle, i.e.
m= tan (/180 —<T)
whilst the combined stiffness ratio, ka/ko is given by
3’:(""“7:.:) = %(/*1'70)=__Q1T
(-4

In this way, the top mass behaves as a load cell and the
bottom acéeleration is used to give the spring displacement.
In effect, the test becomes one of a dynamic modulus test -
the motion impoéed on terminalvl of the spring, the force
measured on terminal 2 (blocked). The direct stiffness is
the same as the transfer stiffness as the mass of the spring

is neglected.

2.a Where there is appreciable mass in the spring, this
must be allowed for in the low-fregquency calculations.
Assuming that the spring deflects uniformly at the funda-

mental resonance, one third of the spring mass must be added
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to the mounted mass for the calculation of stiffness from
the frequence of the resonance. The high frequency beha-
viour shows an increase in the level of the transmissibility

curve, and also wave effects.

2.b Resonances in the spring exhibit the phenomena usually
referred to as wave effects, or surges in the case of cpil
springs. Fér homogeneous, uniform cross-section rods the
Love theory and the long-rod theory (92 ’ can be used to

predict the effects.

The expression for the modulus of the transmissibility
from the Love theory is:
T= t/ {[c-p_c,hq, ~y (e-sp.chg - q,.c-p.shq,)]z
‘ +[ sp. shpl’ +y (p.cp. shg — q,,sp.chc‘,)]zl‘/z
where c¢p, sp, c¢hp, shp imply the cos, sin, cosh, sinh of p,

etc. The terms are given by:

p=[(#ep)/2]" Q= nL[(ee-0/2)%/ D
q=[(#-p)/21" De= (147%)"
g=[pt+ X*] 72 R= D/(ava) (round roat)
/«=[P2-d=—ra‘(?‘+a‘>]/§ n=fe
.x = ZPQ /S C = -

2n/§‘
¥ =1 -2r¥(P-Q7) + RY(PP+G")]

P

The input data required to specify the transmissibility

nL[(Dg+1)/21"/ D¢

are :
Y = mass ratio = mounted mass / spring mass

density of spring

™
i
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L = 1length of spriné

E = Young's Modulus of spring
= loss factor of spring
= Diameter of spring

f = frequency in Hz

The Love theory allows for the lateral éxpanéion of
the rod, but is not exact. The long-rod theory is a sim-
plification, excluding the lateral expansion. Putting D = O,

the terms simplify to:
>o=P}
% =Q

the form of the transmissibility equation being exactly the

same as for the Love theory.

To derive the system parameters, referring now to
cylindrical rubber specimens in compression, the following

procedure can be followed.

1. Obtain the transmissibility curve, including wave

effects.

2. From the low-frequency resonance, obtain,Eo using the
shape factor (see below) and the loss factor N+ The
loss factor Ny €30 be obtained at the higher resonant

frequencies by the bandwidth method.

-«

3. Use Love theory to predict transmissibility curve from
obtained values. From position of resonant peaks, find
the change in stiffness (if any) of the material and fit

approximate laws to nu>and Euf
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4., Recalculate transmissibility curve with frequency
dependent parameters and compare with the experimental

curvee.

Note that in this case, the properties can only be
determined at certain frequencies, as compared with
the massless specimen where the stiffness and loss-—
factor can be determined continuously as a function of

freqguency.

3. In order to determine the material properties of a
specimen from the measured stiffness values, the geometry

must be considered.

For rubber-like materials (for which the bulk modulus
is much greater than the shear modulus), E = 3G where G is-

\

the shear modulus, and it implies a Poisson's ratio of 0.5.

The stiffness of the spring is then related to the

apparent Young's Modulus Ea or shear modulus Ga by the relation

ks E.A = 3G, A A is c/s area

The apparent moduli are related to the actual moduli

by an expression using the shape factor S:

E, = E(1+20x8%) =3G (1+2«S8*)
The shape factor S is defined as one loaded area
divided by the free area of the rod. For a cylindrical

specimen, S 5 D/(4L) using the previous notation. The
’ 3 p '

constant « depends on the material, and the hardness. The



values shown here, obtained. from Lindley (150) show some

values for natural rubber, compared with hardness and Young's:

Modulus.
Table 4.2
Young's
Hardness Moduius
IRHD + 2 1b£/in? «
30 130 0.93
35 168 0.89
40 213 ) 0.85
45 256 0.80 )
50 310 0.73
55 460 0.64
60 630 0.57
65 830 0.54

For the harder grades of natural rubber (with lamp—-
black as filler), Lindley (150) points out that the relation-

ship E = 3G no longer holds, but becomes more nearly E = 4G.

For a specimen in shear, the shear modulus is more

readily obtained from G = Lk/A.
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4.3 EXPERIMENTAL, APPARATUS

Apparatus was constructed to measure the transmission
properties of rubber specimens and isolation mounts, the
principle of operation being the same as that used in
apparatus developed by Harrison, Sykes and Martin (142) and
Snowdon (26 ). Differing in many practical details from
thb;e previously developed, this apparatus enabled fairly
large specimené and parts to be tested (for example a car
shock absorber). This section gives details of the design,

instrumentation and proving of the aparatus.

4.3.1 Specifications

The test below shows the wdrking SpeCifications of
the apparatus as constructed. The frequency and transmissi-
bility ranges depend upon both mechanical and electronic
limitations, and are thus capable of extension. Larger top

weights are also possible, and the use of preload.

1. Measure transmissibility in the frequency range
S5Hz - 1kHz.

2. Minimum measureable transmissibility: - 80dB

3. Maximum applied vibratory force: 25 lbf.

4. Maximum motion of top weight: #in. amplitude.

5. Minimum/maximum top weight: 6.8/13.7 1lb. wt.

6. Maximum specimen height: 20 in.

7. Maximum specimen support diameter: 4 in.
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8. Top weight constrained to linear motion without

friction.

4.3.2 Construction

The overall view and principal dimensions of the
apparatus are shown in Figure 4.3.1. The vibration gene-
rator 1 drives the bottom mounting part 2 . TheAtop mass 3
is supported in an air-bearing on a sliding mounting plate
4, This mounting plate can be moved on three supporting
pillars 5 to accommodate the specimen, the pillars being
located at the top by a circular plate. The whole appara-
tus stands on a very firm base 6. The deadweight on fhe
vibrator is relieved by elastic¢ cords (not shown) attached

to the bottom mounting.

The top weight and air-bearing are shown in more

detail in Figure 4.3.2. The top weight 1 consists of a
conical part and a cylindrical shaft. Holes are drilled

in the conical part to allow the fixing of an adaptor plate
(and ring) 2, and to give space to mount ah accelerometer
internally 3, with a lead hole4 . The top of the shaft has
fapped holes 5 to allow additional weights to be attached.
The shaft slides freely in the air-bearing which consists
of an inner sleeve 6 mounted in an outer case 7 which is
fixed to the mbunting plate; Twd réws of jets at quarter
stations provide the required air-flow in the bearing -
design details are given in Appendix 3. The radial clear-

ance of the bearing is very small (< .00l in.) which constrains
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the top weight horizontally without introducing any appre-

ciable frictional constraints vertically.

The bottom mounting, shown in Figure 4.3.3 is similar
in design to the top weight, but is made from duralumin to
keep the weight down, whereas the top wéight was made of
mild steel. An adaptor plate and ring 1 can be attached.

The accelerometer 2 and lead hole 3 are as in the top weight.
A large stud 4 connects the mounting to the adaptor piece 5
for attachment to the vibrator. The split construction is
to enable all nine mounting holes on the vibrator table to
be used. Three studs 6 enable elastic cords to be attached |

to relieve the vibrator of the static load imposed.

Clean, dry air is requifed for the air bearing at a
pressure of 80 psig and low pressure cooling air is necessary
for the vibrator if prolonged running at high output is
envisaged. Figure 4.3.4 shows the essential features of the
air supply, including a safety cut-out switchy which cuts
off thevvibrater supply shoﬁld the'air—bearing pressure fall
below a‘preset valﬁe. This last feature was later modified

to an electrical cut-out switch.
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}compressor

filters

regulators

(izéearing dryness check l.p.cooling air

L] 1
|

cut-out

Figure 4.3.4

4.3.3 Drive and Measurement Circuits

The choice of vibration generator was determined
in the design of the apparatus - an electrodynamic gener-
ator (Derritron VP4) was cﬁosen to éatisfy the bandwidth
and fdrce_requirements. The drive and measuring circuits,
however, were developed as a result of operating experience
and due to an influx of new transducers and electronic

devices. The development of these circuits is outlined

below, with notes on operating experience and limitations.

Circuit 1

GEC

Type'E ™ UM2A 2545. 1gGRAA CRO

250 D-650
WLF -B

Figure 4.3.5

VP4
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The first circuit was essentially an interim circuit
used whilst new eqﬁipment was being ordered. The equipment

is listed below:

Oscillator ' - = Muirhead type D-650-B

1

Power Amplifier Derritron type 250 WLF

Accelerometers - GEC type E
Charge Amplifier - Environmental Equipment type QM2A
Preamplifier - Southern Instruments 'Minirack' DC type
Tuneable Voltmeter - General Radio analyser type 1564—AMR514
Oscilloscope - Telequipment type D41 with type A

. amplifiers

This circuit required duplication to give phase read-
ings. Severe noise was apparent at low power oqutput, and
mains 'hum' was intrusive. It was found desirable to bond

the specimens firmly to the adaptor plates.

Circuit 2

A Goodmans control amplifier E501 was tried, to control
the input acceleration on the specimen, but severe hum was

introduced, and it was not used further.

The accelerometeré and cables used were considered
notoriously misleading. Large amounts of cable induced noise
(i.e. triboelectricity) and cable attachment sensitivity (on
the seismic mass of the accélerOmeters) made a change in
accelerometers essential, though for this circuit there were

.no others avallable.
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An extra charge amplifier, phase-meter and valve-
voltmeter enabléd the required circuit duplication to be
carried out, but with no filtering. The signal required
to be clean for the phase-meter, which limited the fangeA

of transmissibility that could be measured.

Figure 4.3.6 shows this circuit, and the additional

equipment is listed below.

- - - 630A 613D

Figure 4.3.6

Phase-meter -~ Dawes type 630A

Valve-voltmeter -~ Dawes type 613D
Circuit 3 ,

New accelerometers, cables and chargé amplifiers
became available. With thevcircuit otherwise as shown in
Figure 4.3.6 the new equipment was:

Accelerometers - Environmental Equipment tyﬁe AQ40

with subminiature coaxial leads

,Chérge Amplifiers - Environmental Equipment type

CVAZ2

The new leads did not have the same motion sensiti-
vity as those previously used, although some high frequency
noise could be produced. The lead attachment was found

satisfactory. These transducers and leads were finalised
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as acceptable primary measurement devices.

Mains hum now appeared as a problem at high frequency,
due to the relative transmission of the 50Hz hum and the
signal. This produced gross distortion of the output signal
even though the input signal appeared clean. In order to
observe real signal distortion, due to the specimen, it was
decided to build a hum correcter which would ihject, with
suitable magnitude and phase, a mains frequency signal into

the power amplifier to cancel that being generated.

The circuit, shown in Figure 4.3.7, cured the problem
of hum in a satisfactory manner. The power amplifier was
sufficiently well corrected for harmonics of the mains fre-

quency to be insignificant.

L o 47’5’3——4Lfv~ —3a
i g 6.3V
240V AC £ " 69 a
o_—:;927 o ’ b
I | g 6.3V
N o o5 ° b
b
af 100 100 aib
"NN——\/\/
_/\},\, J\}\/ ®
100 6.8k o
A%
-
—A\/\ 1K 2.2k
100
’ ‘H

Figure 4.3.7
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Circuit 4

The previous circuité did not permit filtering or
the signal for phase measurements. The circuit shown
below in Figure 4.3.8 permitted both phase measurements
and filtering (and thus extending the range of measurements)

but was slow and tedious 1n operation.

MR N/
CVA2 514
ey - CRO
N -
set
filter
CF1
Derri- D-880 GR
VP4 tron -A r, 1564 A
hum 630-A
Figure 4.3.8
Power Amplifier - Derritron Solid State 100 Watt
Oscillator — Muirhead D-880-A or or Levell

TG-66A

Cathode Follower - Langham Thompson type CF1

An alternative safety cut-out circuit was employed
to detect air-bearing failure (i.e. contact of shaft in
bearing), using magnetic flip-flop relays and indicator

lamps. This is shown below in Figure 4.3.9.
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Figure 4.3.9

Circult 5

An alternative circuit was available, using a
resolved component indicator. This circuit, and a similar
circuit using a digital transfer function analyser provided
a more convenient circuit for phase measurements with fil-
tering. The digital transfer function analyser was only |
available at a late stage, and did not cover the full fre-
quentyvrange. After this work was finished, a high frequency
extension unit became available which would permit the whole
frequency range to be used. The circuit 1s shown in Figufe
4.3.10, includiﬁg the hum corrector. This is not essential
for the measurement, but enables the real signal distortion
to be observed prior to filtering. For greatest accuracy of
phase measurement in the high frequency/region, where the
méterial loss factor is deriyed directly from the phase
angle between the top and bottom accelerometer signals, it
is desirable for the digital equipment to see a signal at

some multiple of 45° relative to the source signal. A pas-

sive R-C network was constructed to act on the output of the

170



transfer function analyser to produce this phase shift as
reéuired. For low damping materials, when both top and
bottom signals have very similar phase, a considerable
increase in accuracy can be obtained than if the phase-

shift network were not employed.

MR A
CVA 2 514
Eaintas IO it CRO
T .
Fi1 \___
VP4 100WT ~d |
hum VP250.2 + TG66A
or JM 1600A
Figure 4.3.710
Resolved component indicator - Solatron VP2502
Digital transfer function
analyser - Solatron JM1600A
(Extension unit, not used, - Solatron JM1639)

4.3.4 Proving
Certain points inherent in the design of the appara-
tus require that testing of the apparatus itself is an

essential step. These points are:

1. That the top-weight and bottom mounting remain rigid in

the specified fregquency range.
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2. The air-bearing introduces no appreciable damping of

the top mass, nor induces lateral resonances.

3. No appreciable flanking paths exist for the vibration

to the top weight.

Taking these points in order, it was found that a
frequency of at least 6 kHz was required before any noticeable
deviation from the rigid body behaviour was observed for the

top weight and bottom mounting.

For the second point, it was found that for a helical
steel spring, a Q—factor of nearly 500 could be measured, |
near the limit of the instrumentation. This indicates that
for most practical mounts and rubber specimens, the damping
of the top mass was entirely negligible. A rocking mode (or
rather two modes at nearly equal frequencies) existed for the
top mass alone in the beafing at about 16 Hz (dependent upon
air pressure), with a Q-factor of 42. The normal accelero-
meter mounting position is insensitive to this mode, and with
éymmetrical specimens there will be no coupling. The exis-
tence of this mode did not cause any difficulty. Due to the
lack of rotational constraint of the top mass, a helical
spring could cause coupling to the rotational mode of the
top mass. Should this occur, the cﬁre could simply be the
addition of extra weight'on the top weight to change tﬁe

moment of inertia.

The point requiring greatest attention was that of
flanking paths to the top weight. That is, vibration trans-

mitted via the columns, bearing mounting plate, and air-
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bearing to the top weight which could lead to incorrect
transmissibility readings. Whilst by virtue of the design
the flanking paths are weak, when measuring transmissibilities
as small as -80 dB only the smallest possible amount of
flanking vibration is permissible. Really firm mounting of
the apparatus on a solid concrete base ensured that the
frame motion was negligible in the specified ffequency range.
It was not sufficient to rest the apparatus on the concrete
(as high spots caused a low contact stiffness leading to a
resonance at about 100 Hz), nor even to use a thin rubber
sheet to ensure a larger contact area. The final solution
employed, and found to be satisfactory, was to bond a 1 in.
thick, 24" diameter ground steel plate to the concrete floor,
and to attach the apparatus to the plate with a very thin
layer of grease. This spreads the contact area to the full
diameter of the base plate whilst not stressing the apparatus,
and also allows the use of the base plaﬁe for other experi-—
ments. The comparison of the top weight acceleration in the
vertical and horizontal directions to a given amount of force
input to the base, with the top weight suspended from above,
between the apparatus mounted with the rubber sheet and
bonded to the steel plate is shown in Figures 4.3.11 and

4.3.12. The scale is that of dBre 10—3

g/A, the current in
the vibrator being used as a measure of the force. Consider-
able improvement is shown in the final mounting (shown @)
over the mounting on the rubber sheet (shown X), and as such
shows that, unless exceptional attenuation is observed in

1

the specimen, flanking paths are not significant.
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4.3.5 Modifications and Extensions

To increaéekthe usefulness of the apparatus, the
method shown in Figure 4.3.13 may be used to preload the
specimens to the desired compression or stress. A pair of
specimens would be required in ring form in the particular

arrangement shown

~—top mass

stressing screw
// g

NZL

§ I'@—N/ §
AUNNNRNAANNNN

— specimens
/

j«—driving plate

schematic only

Figure 4.3.13

When testing a car shock-absorber, preloading was
applied, similar to that employed in the vehicle installation.

The arrangement is shown in Figure 4.3.714.
W"

0P mass

sfressing nut

bushes

/
|

—— shock absorber

/

’Figure 4.3.14
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In the low-frequency range it is desirable to obtain
the specimen displacement directly to observe strain depen-
dent effects. The required quantity is 524— x4 where X,
and x, are the phasors for the top and bottom displacements
or the displacement. In the high-frequency region, X, = 0,
and the top weight functions as a load cell, so that the
specimen is the input displacement, and no modification is
required. For the low-frequency end, it would be possible
to use a displacement gauge to measure X, = X4 but the
existing circuits could be modified as shown below in

Figure 4.3.15 to provide the modification more simply.

I
.+;>—+-———- integrate
S [

W Gmn  Sm S cwm S SR . J

rrF-=-—"—=

(see Appendix 5)

Figure 4.3.15

4.4 EXPERIMENTAL RESULTS

. :
Results from some of the experiments performed using

the apparatus described in the previous section are shown

177

Y—_mass cancellation circuit

Some of the earlier results, obtained with inferior measure-

- ment circuitry are omitted. The final circuit, using the

digital transfer function analyser, was available too late

to repeat all of the results obtained.
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here. They serve to indicate that the apparatus is a
reliable piece of equipment with fairly versatile performance.
Besides tests on special rubber components, the apparatus

was used for measuring the transmissibility through a car
shock absorber, and the properties of rubber bushes used in

a vehicle suspension system.

4.4.1 Rubber Rods

The performance of rubber rods was studied with the
transmissibility apparatus to compare the wave effects found
with the theoretical predictions, and to deduce the dynamic

properties of the rubber.

PB50

The first result shown here is on a high damping
rubber called PBSC. The specification is shown below. Two
different types of transmissibility curve are shown hére for
the low frequency region. The first, Figure 4.4.71 shows the
modulus of transmissibility against frequency, whilst the
second, Figure 4.4.2, shows the polar form of plot. The
marked inclination of the circle shows the extent of the
damping, the phase angle at the undamped natural frequency
being 76°. On the enlarged scale the high frequency response
is shown, indicating that a heavily damped resonance occurs
in the region of 280-340 Hz. The scatter on the results is
generally small, though the results were obtained with early

circuits.
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PB50 Manufactured by James Walker and Co. Ltd.
Specification: Medium nitrite rubber (butadiene
acrylo nitrile) of 60% rubber content (comprising

30% nitrile and 70% butadiene), balance: carbon
black, plasticisers and accelerators, etc., hardness

50° + 5 BS.

Test Conditions:

Ambient temperature 22.4°%

Specimen size 5.975 in. x 2.790 in. diam.
Specimen weight 1.5 1b. wt.
Young's Modulus at 35.2 Hz - 904 1bf/in’

Loss factor at 35.2 Hz:

by phase lag n 0.249 (at resonance)

0.252 (exact formula)

by bandwidth ¢

The two measures of damping give falr agreement.

AFG

The second results shown use the Bode diagram to
indicate the transmissibility curve. The rubber in this
case is a natural rubber with some carbon black. Figure
4.4.3 shows the experimental points obtained with a
theoretical curve using the derived material properties.
The theoretical curve used the Love.theory which is subject
to certain errors in the end boundary conditions. Never-
theless, excellent agreement is seen between the experimental
and theoretical values up to the fourth wave effect. Using
the experimental values obtained for the rubber properties,

the transmissibility curve was calculated for a different
i

mounted mass. The experimental results again show good agreement
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with theory, except for a very slight shift in the low
frequency resocnance. The wave'effects occur at a low
frequency due to the length of the specimen used. The
details of the rubber and the test results are shown.

below.

AFG Manufactured by James Walker and Co. Ltd.
Specification: High quality natural rubber 90 -
95%, balance carbon blocks, etc. Hardness 450.i

5° Bs.

Test Conditions

Ambient Temperaﬁure 22.8%%

Specimen size 6.075 in. x 2.806 in. diameter
Specimen weight 1.395 1b. wt.

Young's Modulus 392 lbf/in2 at 22.38 Hz

Loss factor n = 0.0279 at 22.38 Hz

Using Love theory to show stiffness variation leads to

the predictions
400 1bf/in® at 22.38 Hz

e
Il

436 1bf/in° at 167 Hz

i

442 lbf/in2 at 305 Hz

‘i

Plotting these on a log-log plot gives an almost straight
line. An empirical stiffness versus frequency law was

fitted

1o(2+5435 + .04183 logf) 2

E = lbf/in

where f is the frequency in Hz, in the range 20 - 300 Hz.

From the measured ioss—factor at the wave effects

il

n .0765 at 172.5 Hz

.1086 at 315 Hz

I
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an almost straight line could be obtained on a log-log
plot giving the following empirical loss factor versus
frequency law.

The theoretical curve shown in Figures 4.4.3 and 4 use

these laws for the material properties of the rubber.

Test Conditions (2)

For the second curve, Figure 4,4.4, a larger mounted

mass was used and the ambient temperature was 21.7%%.

4,4.2 Rubber Tubes

Employ}ng rubber tubes instead of rpds enables
additional resonances to be excited, in the form of bending
standing waves as well as the longitudinal standing waves.
In figures 4.4.5 and 6 the transmissibility is shown using
a tube of AFG of approximately the same area as the rods
previously tested. An interesting condition reached is
that cancellation through the paths is achieved - a very.
deep trough (-59.4 dB) being obtained at 197 Hz, independent
of the mounted mass and very deep compared with the heights
of the resonant peaks. Good repeatability is shown between
the two curves of transmissibility using different mounted
mass. The existence of the‘dual path through the tube leads
to a markedly inferior high frequency transmissibility curve,
and the bending resonances are seen to be’primarily respon;

sible for this effect.
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AFG Manufactured by James Walker and Co. Ltd.
'Specification: High quality natural rubber 90 - 95%,

balance carbon blacks, etc. Hardness

© , 5° BS.

45

Specimen size: 5.942 x 3.995 in. 0.D., 2.975 in. I.D.

Specimen weight 1.17 1b. wt.

Test 1 - Ambient temperature 22°C (Figure 4.4.5)

Young's Modulus at 19.6 Hz 363 lbf/in2

Loss factor at 19.6 Hz = .045 from peak
amplitude
= .048 from bandwidth
Test 2 - Ambient temperature 23.5°C (Figure 4.4.6)

i

Young's Modulus at 15 Hz 364 1bf/in2

Loss factor at 15 Hz .041 from peak

amplitude

=+ .046 from bandwidth

X

The results for the Young's Modulus of AFG give fair
agreement with those obtained for the rod. From the law
obtained in the previous section, the Young's Modulus is
397 1bf/in® at 19.6 Hz and 392 1bf/in at 15 Hz. The loss
factor, however, is about twice that obtained for the rod.
The most likely explanation for this is that considerable
air-damping was produced as restricted air flow is possible
at the tube ends. The contained air is also likely to be
of considerable effect on the production of the resonances

at higher frequencies.

188
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4.4.3 Rubber Shear Mount

Shear mounts are commonly used for Vibfation iso-
lation. Figures 4.4.7 and 8 show the transmissibility of
a typical sma;l mount. Low damping rubber is employed,
and the transmissibility cur&e follows the ideal case
until 300 Hz, when the transmissibility increases from the

ideal line leading to a resonance at 760 Hz.

Shear mount. Metalastik double-U type 31/149C
Ambient temperature at test 21.8°¢
~ Stiffness of mount at 21.4 Hz = 354 1bf/in

Approximate = shear modulus 133 lbf/in2 !

Young's modulus 398 lbf/in2 ‘
Loss factor at 21.4 Hz = .056 from peak

. 058 from bandwidth

The static stiffness of the mount appeafs from the
literature to be 250 1bf/in, but the rubber composition is

not known precisely.:

4.4.4 Helical Spring

Helical metal springs are commonly used as isolation

mounts, but their high frequency performance is known to be
poor because of spring surges. These surges can also con-
tribute to secondary noise ¢generation when the coils clash -
noticeable in compression springs with flattened ends; High
damping rubber in the form of a pad at the end of the coils
is commonly advocated to reduce the surges, but can have

little effect on the lower spring modes.
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A helical spring was tested in ﬁhe transmissibility
apparatus.for two reasons - in the first place to determine
the damping in the air bearing as part of the proving, and
secondly to show the effects of various practical means of

suppressing the spring surges.

Figure 4.4.9 shows the transmissibility through an
undamped compression helical spring. The Q-factor for the
first resonance is 490, showing that for the other mounts
tested the damping from the air bearing is negligible.
After the first spring surge, the real spring behaviour 1is
seen to diverge from the simple resonant behaviouf pre-
dicted theoretically due to'real excitation of torsional
and bending modes, but generally follows the expected
envelope of behaviour up to the fourth mode. The behaviour

after this became'extremely complicated.
Spring detalls are shown below:

Helical compression spring - material spring steel

® 1pf/in?

shear modulus 11.5 xilo
density .285 1b wt/in3
number of active coils 8%
wire diameter .28‘in.
mean coll diameter 2.7 in.

calculated spring stiffness 52.1 1bf/in.

experimental spring stiffness 51.6 1lbf/in.
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' Blocked natural frequencies Peak transmissibility frequencies
(theoretical) (experimental)
63.6 ' 65.4
127.2 ' 127.1
190.8 ' 185.5
254.4 ' 244.0

Figure 4.4.10 shows the effect of the first damping
treatment - two strips of velbex p.v.c. (% in. wide, 1/16 in.
thick) were bonded to the Spfing on opposite sides. Velbex
has a high loss factor, in the region of 0.5 in the frequency
range here., Considerable damping is introduced (the loss
factor at the fundamental resonance is 0.115), but the surges
still increase the level of the transmissibility curve,
although heaviiy damped. The strips increase the stiffness
of the spring by 42% to 73.4 1lbf/in, which, if a loss factor
of 0.5 is assumed, lead to a predicted overall loss factor

of 0.147, reasonably close to that measured.

Figure 4.4.11 shows the effect ofufour damping strips
similar to those used previously. If the résonant frequencies
are matched it is seen that the high frequency performance is
considerably improved. The experimentally determiﬁed loss
factor at the fundamental resonancé is 0.206, and the.overall
spring stiffness is raised to 100 1lbf/in. The estimated loss

factor from the properties of velbex is 0.216.

Frictional damping is often advocated. Figure 4.4.12
shows the effect of 1/16 in. sheet of velbex wrapped all round

the spring, but not bonded, being wired in position. The low
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-fréquency resonant behaviour is styongly non-linear and
the peak is ill-defined (a maximum magnification of 7.4 dB
is reached). After the firs? spring surge, the isolation
is seen to be superior to that achieved with the bonded

strips, if the resonant behaviour is matched.

Bondiﬁg the sheet to the spring gives the traﬁsmis-
sibility curve shown in Figure 4.4.13. The transmissibility
at resonance is actually increased to 8.6 dB, giving an over-
all loss factor of 0.475. The overall stiffness of the spring '
is raised to 550 1bf/in, an increase of 970% over the original
spring, which leads to an expected loss factor of about 0.46.
Again, fair agreement is achieved. The overall performance
is strongly determined by the wvelbex, and the high frequency

behaviour is not quite so good as in the unbonded state.
The following conclusions may be drawn:

1. The damping introduced by the air-bearing in the apparatus

is negligible when testing rubber mounts.

2. Helical spring behaviour generally follows the expected

form but additional bending resonances are likely to occur.

3. Practical damping tfeatments can be very effective in
reducing the height of resonant peaks, and thus also
suppress secordary noise generation, but to be effective
the damping must be faifly heavy. As a consequence, when
using high damping elastomers the significant change in

stiffness must be allowed for.
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4. The general level of the transmissibility curve, even

for the wall-damped spring, is considerably highér than
the ideal 12dB/octave line. The spring surge frequency
should be.made as high as practicable to keep the surge

effects to a minimum.

4,4,5 Shock Absorber

The transmissibility apparatus enabled a car shock
absorber to be tested, though in the locked state due to
stiction, as the forces involved were small. The case whefe
larger forces were used is discussed in Chapter 6. This

test enabled the stiffness of the end bushes to be determined

as the absorber performed as a two-stage mount.

Figure 4.4.14 shows the transmissibility througﬁ the
shock absorber. Two resonant peaks are in evidence. After
the second peak the attenuation approaches the ideal 24dB/
octave line, but levels bff near 1 kHz. The high frequency
peak is clearlf%gévantageous,-and increases the transmissi-
bility by up to 7db than if the bottom (very stiff) bush
were removed, which would lead to the 12dB/octave line being
followed. From the resonant frequencies and knowledge of
the weight of the absorber, the bush stiffnesses were cal-
cﬁlated. The top bush stiffness was 3,250 1bf/in, with
n~ .07 at 63 Hz, and the bottom bush stiffness 28,500 1bf/in,
with n =~ .15 at 500 Hz. The top bush was preloaded, as shown

earlier and as in the wvehicle installation.
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One hélf of the bush was tested separately without
preload, the transmissibility curve obtained beiné shown
in Figure 4.4715. The bush stiffness is 618 1lbf/in at
29 Hz with a loss factor of 0.059, the properties showing
very little change with frequency. The preloading of the
bﬁéhes previously employed considerably increased their
loaded area of the rubber and shortened their length, and
led to an increase in the bush stiffness over the unstressed
condition by a factor of about 2.6. 1In the vehicle instal-
lation it is evidently possible‘to make large changes in

the bush stiffness.
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CHAPTER 5

THE TRANSMISSION OF VIBRATION THROUGH

AUTOMOBILE SUSPENSION SYSTEMS

The ultimate concern of this work is the relation—v
ship between road fluctuations and the interior sound
pressure level of an automobile. The engine and assoclated
components are most frequently the prime sources of hoise,
and have received much attention, but road-induced interior
noise can still be of significanf proportions. Modern liéht—
weight construction has tended to accentuate the noise levels
produced, and no altogether satisfactory means has been found
to reduce the noise in the type of vehicle considered - the
cheap, mass produced small car where economy is paramount.
The aspects of the problém considered here are concerned
with the role of the suspension as an isolator of structure-
borne vibration, and acoustic paths are not considered. The
objective is to model the suspension from drawing board data
to a reasonable degree of accuracy, and to compare the pré-_
dicted response with experimental trials on a typical small
car suspension. Considerable complexity is found to be
required to model the suspension for a frequency range up

" to several hundred cycles per second.
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5.1 CONCEPTUAL MODEL

The diagram below shows a conceptual model of the

problem considered

tyres suspension body ——— SPL

e = = ] - = -

P road
input

=components analysed

For a given vehicle, the sound pressure level depends
on the state of the body (windows open or closed, number of
passengers), the roéd speed and the road surface. These
may be fegarded as external parameters over which there is

little control.

The components over which direct control can be
influenced are the tyres, suspension and body. The perfor-
mance of the suspension as an isolator depends on the
behaviour of the tyres and body and for these experimentai
data is used. The complexity of the problem can be envisaged

from a more complete representation of the system (Figure 5.1.1).

Multiple coupling occﬁrs between the road input
(assumed a veiocity—like source) to the tyre modes, thence
to the wvarious suspension components, the body modes and
thus to the interior sound pressure level which can be
influenced by cavity resonances. Beﬁween each mechanical
connection there are six coupling coordinates, which might

mean 120 coupling coordinates to the body alone from the
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suspension. Drastic simplifications are required to reduce
the amount of coupling considered, whilst still retaining

sufficient information to describe the system adequately.

5.2 BASTIC CONSIDERATIONS

The performance of the suspension as an isolator of
structure-borne vibration 1s demonstrated by treating the
tyre and wheel as the source énd the body .as the receiver.
The effectiveness of the suspension (defined in Chapter 2)

is limited for the following reasons:

1. The suspension provides a multiplicity of paths for
vibration, and some are very stiff for handling and

tyre wear reasons.

2. The tyre and wheel provide a falrly high mobility

- source, exacerbated by tyre resonances.

3. The body mobility is much greater than its mass alone
would suggest due to its flexibility and position of

excitatione.

The car body is usually treated first in attempts
to reduce the noise, by means of stiffness and damping
alterations. There is 'a definite limit to the amount of

noise reduction possible by these means (121).

This section continues to outline in more detaill
the points raised above before the suspension is considered

in depth.
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5.2.1 Vehicle Body Mobility

Three basic reasons exist for the high mobility of

the vehicle body:

1. The excitation from the suspension 1s removed from the

centre of mass.

2. Significant massive elements - engine, gearbox, - and
other elements (driver, passengers) require low fre-
quency support but do not contribute significantly to
the vehicle impedance at high frequency as they become

decoupled.
3. The body is flexible and displays numerous resonances.
These points are discussed in the following sub-

sections.

5.2.1.1 Excitation away from Centre-of-Gravity

The free-impedance of a rigid body will be less than
that given by the total mass of the body if the line of
excitation does not pass through the centre of gravity. Thus,\
in a car, the excitation from the suspension is near the ‘
corners, a position of low impedance even if the body remains
rigid. The suspension (path) and receiver effectiveness
ratios will thus be less than if the suspension were to be
centrally situated. However, the position of the signifi-
cant part of the receiver (i.e. the ;entral portion) means

that the transfer impedance-might be large.



The idea of receiver.effectiveness has been disuussed
in Chapter 2. This may be extended to cover the transfer
case for the receiver giving the interesting result that
increasing the receiver impedance may have no effect on the
transferred vibration, or even increase it, whilst at the
same time the path and receiver effectivensss ratios are

improved.

The one-path system is shown thus:

CE i R =2
o Y, V5

The source and path are lumped together, giving a

source-path impedance Zsp' ‘The point impedance of the

. . . /. .
recelver 1is ZR which, when changed to Z r 9ives the receiver

effectiveness (with alternative mobility form):

E - Zg' +Zsp — ﬂz)( MR' - Msp)
R

Zo + Zsp MR/\ Mg + Msp

Thus, as shown earlier, increasing Z, is effective

R

in reducing the receiver velocity V, at the drive-point.

1
The receiver-transfer effectiveness is defined by the ratio
Vo with initial receiver properties to v, with modified
receiver properties, where V2 is the free velocity of any

part of the receiver. Denoting the transfer impedance of

the receiver by Z

o = F1/V2, the receiver-transfer effective-

ness is:

E = Z-rlze< Ze +Zsp) - My [ Md 4-/"’5?)
BT 2.2\ Ze +Zsp M\ Mo + Msp

209



If the transfer impeaance is assumed unchanged, then
the effect of increasing the point impedance only is given

by:

E, ____Zn(Zé +Zsp)__ Ma +Msp  Zg Eer
T e \Zp +Zsp

Mpa +M5\o zg

To show up the significance of this equation, the
curve  plotted in Figure 5.2.1 shows the regions (shaded)
where |Epn| > 1 - i.e. the velocity is reduced - with the
significant boundaries indicated.. It is assumed that the

system is undamped and that
ZR = X ZSP
ﬁ ZR = 0</6‘ Zsp

(e, = (_¢§J;L

oKX+ !

N
»
~
it

For example, if o 1s assumed large positive, an
increase in the receiver impedance, B > 1, reduces the

effectiveness. The qualitative reason can be given that

increasing B, i.e. the receiver impedance, whilst decreasing

Vi results in the source applying more force to the receiver.

Hence, with Z_ fixed, the transferred velocity V, must be

T 2

increased.

Increasing Zep

In practice however, Z, and Z, will be interelated. A simple

R T
example is given below to show how a reduction in Zps

excitation away from the centre of gravity, can lead to

either no change or an improvement.

is seen to effect a direct improvement.

due to
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The free-impedance of a uniform, rigid beam, of

total mass M, with géometry as shown below, is given by:

Zz_ . Cr e+t ) z=E
toM (1) £ 30-R)(I-p+2R) v
L. [
, YF l
I ]
@~

ALY,

The direct point impedances are obtained putting

A = 0, and the transfer impedance with XA # O .

In the initial configuration of the system, the
beam is driven from a velocity source through a spring at
the midpoint. The midpoint velocity is of interest (& V,).

'V.’V,.

M
B
N <s = °

(m=t, X=o0)
Z$P= k/l.w
The system is

then changed to driving at the end of
the Dbeam:

v fv,,

Zscw
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so that
Ze = oM |z, ( pm=o, X=0)
4 4
Z! = iwM (p=0,>= -%)
* - - . z
R —~ w* M
+
|og|E|
wreo E X1 A 8
(J":._h_
m

w*= Lk
m

The shifts on the a - B plane at frequenciés A, B,
C, D, and F are shown on Figure 5.2.1. 1In this simple beam
example, the transfer impedance for end excitation can be.
made infinite - i.e. vV, = O regardless of force if \ =;-2/3

— the point at which V, is measured then rotates only with

2

zero translation.

Snowdon (92 ) has shown for the flexible free-free
beam that ‘ZT/iuﬂﬁ\can be made larger than unity for most
of a frequency range covering five resonances, for P = 3.348,
A = 2.5 with an internal loss factor of unity. Damping, on

average, increases ZT and is thus beneficial.
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The approach shown above is somewhat simplified as
-mofe than one coordinate iS'neéesséry to specify the rec-
eiver response, In the case of the beam, if the rotation
had been considered, then the system change is disadvan—’

tageous as rotation now occurs together with the wvertical

response.

5.2.1.2 Decoupling of Massive Elements

Massive elements within the car stru§ture, such as
the engine, are often spring mounted. Thus whilst for low-
frequency and static conditions their mass must be con-
sidered, Fnd the suspension made stiff enough, at high fre-
quencies they no longer Fontribute significantly to the
body impedance. The simble model below demonstrates the
point. If M2 = @1 then the loss of impedance at high fre-

quencies tends to 6dB.

(48)
M, W= (_'ﬂ,_'ﬂz_) k
MIMZ
§ k
lv) Ll 75
M,
w‘.—.!g_
F,V 20'03]_3_“\' M,
(0]
z: E_ M:M.+Mz
v

5.2.1.3 Plate and Shell Results

Plate and shell results can give useful clues for
the reasons for the high mobility of the flexible body struc-
ture and lead to indications of the important parameters

for controlling mobility.
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Consider first the simply-supported isotropic rec-

tangular plate, with the bending wavelength A, much greater

than the plate thickness i;//1 x2

L2

The plate has a Young's Modulus E, density p,

Poisson's ratio v. Constants for the plate are given by:

Cl = E 3 K = hz
/)(1-\7‘) 12

(a) Modal density n(w) = number of modes/unit
frequency L L,
ATc, %

for sufficient modes considered. Note that n(w) a area,
independeﬂt of frequency. It is reasonable to assume for
high order modes that the boundary conditions become irre-

levant and thus the formula can be applied more generally.

(b) Point mobility of plate - with structural loss

factor n 4 » .
M (i) = Z Z [ i sin®k, x¢ sintle, x,¢ }
fﬂﬁAlz —

oﬂ':; = “’z(' = ‘7)

where k represents the wave number and X4s and Xy Specify

the position of the drive point.

The expectation of M(iw), that is the average of
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M(iw) over frequency and position, is, for small mn:

E[M(w)] = —
%ohctx

(c) For an infinite plate, letting L,, L, o,

1? 72
the point mobility is:

Moo(‘-w) = : !
8frh Ctkqn:Ta

which is the same, for small damping as E [ M(iw)],

For a steel plate, for example

Z, =L 2 9%2x h* ky/s
Moo

where h is measured in mm . Thus for a plate 0.04 in.(1.016mm)
thick,

00
o Mg = 9.9 x 107 s/hs
(d) For a finite plate, M(ig) fluctuates rapidly
with freqﬁency at low frequency, but at high frequency
tends to M (igw). This condition is sensibly reached when:
wn > Aw, '—‘-‘1/‘“(0)) |
that is, when the mode bandwidth exceeds the average mode -

spacing.

(e) The infinite plate(M,)mobility becomes much
larger than the mobility of the plate if it remained rigid

- say MO




where A = L1 L2

g
]

plate flexural rigidity = E_L?/f_;z(l—-v")]
Thus, for high order modes, A >> sz

(£f) The mean power flow into an undamped infinite

plate is given by:

TT = Foz/(té/oh ¢, )

(g) 1In the case of rotational mobilities for a
plate - i.e. the rotational velocity to an applied moment -
the result obtained depends on the form of application of

the moment. Thus, for a moment applied as a dipole of

forces with mutual distance d: (164)
M. = & [_\_ ;i()—t-nkcl)] "k << 1
rot LD L% 7

whilst for the moment applied over a disc of radius a

Mo = _A_::_[J_ "'.!"_.tha] ka <<
rot 4D & w .

where k = @w/C

wave number for bending waves

c propagation velocity for bending waves.

Thus for a ord -— 0 the mobility becomes infinite.
These difficulties exist even if more accurate bending wave

equations are used.
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(h) Certain distinct changes from the above results

are apparent in the mobility of a cylindrical shell. With

certain basic assumptions, i.e. the shell is neither very

thick or wvery short, the following results can be obtained

(173):

1.

In the.membrane range, i.e. @< W where W is the
radial resonant frequency, the characteristic point
mobility increases proportionally to the square root.
of the frequency, attaining the plate mobility at W .
It then increases by a factor about 0.15 1n (8OR/h)
where R is the shell radius over a small frequency

rénge and then stays constant at twice the plate

mobility.
membrane range plate range
; M X/
.
i > log (w)

The modal density increases in the membrane range,
reaches a peak at @ = W and then settles down to a
steady value twice as great as that of a plate of the

same area and thickness.

l°3 (1'\ (w))

>-— lotj ()
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Plate and shell results must be applied with a
‘certain amount of caution to a reai.car structure, but
they partially explain the reasons for the high body mo-
bility. Damping has only a small effect on Mm, but will
increase the £ransfer impedance. Its primary importance
is the suppression of resonant peaks in the low frequency
range. Increase of the plate flexural figidity of the
car body components decreases Mco and n(wj, but the increased
modal separation leads to larger excursions of mobility from
the mean at low frequencies and thus renders individual res-
onances more significant. The central portion of a car body
can be crudely represented as a cylindrical shell, and this
form of construc_tion has the effect of generally increasing
the modal density and mobility from that of a flat plate-

like structure.

5.2.1.4 Experimental Data on Car Body Mobility

There is a certain amount of published data on car
body mobilities. Data presented by Dunn (130), Dunn and

Aspinall (131 ), and Rodgers (167) will be discussed here.

Table 5.2.1 shows the number of modes excited in
i

10Hz frequency bands for a vehicle 'C' with different

excitation positions (131).



Frequency (Hz)

- 110 -

- 130

120

- 20 - 30 40 50 60 70 - 80 - 90 - 100 -

10

5.0

4.55

4.12

3.89

3.78 | 4.78

4.89

2.89.

.89

Total

45

42

43

47

40

39

37

50

47

Excitation
position

12

- 13

15

Average

Table 5.2.1




Ideally, for such a structure there is no ambiguity
about thé modes and each column should contain the same
numbers. Certain modes are weakly excited and there 1is some
doubt as to whether small peaks are spurious or do represent
true modes. Also, the exact boundary conditions are not
known for the test. Two mobility plots Were eliminated from

the table as atypical and misleading.

Using the average number of modes in each frequency
band as an estimate of the modal density, a plot of modal

density can be formed (Figure 5.2.2).

Reference (131) contains one mobility plot with a
frequency scale up to 1.5 kHz. Figure 5.2.3 shows the
estimate of modal density in 100 Hz bands, together with
the modal density for wvehicle bodies tested by Dunn (130)

and Rodgers (167) in the 0-100 Hz frequency range.

The accqraéy of the higher frequency modal density
must be téken as slightly suspect, as limited information
is available. The modal density of the body is thus seen to
rise to a broad-peak in the 50 - 100 Hz band and then decreases
to an almost steady value after 400 Hz. In this respect the
behaviour crudely approximates to the variations of modal
density of a cylindrical shell. The larger vehicle 'C' is
seen to have a greater modal density than the other vehicles

tested.

To give some idea of the amplitude variation of the

mobility curves, the number of resonant peaks greater than
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- 10 dB re 10-3 s/kg in each frequency band, averaged out
as in the results above, for vehicle 'C',are plotted in

Figure 5.3.4.

The regions of highest modal density do not coincide
with the regions of highest peak mobility. This may be due
to the fact that the low freguency modes are very strongly

excited compared with the higher frequency modes.

These results apply to the bare body shell. Adding
the doors, windows, bonnet and bootlid significantly increases
the damping of the structure (130 ), reducing the fluctuations
in mobility to generally 20 dB. Average mobility levels tend
to be in the region of - 20 dB re 10—3 s/kg. Structural modi-
fications (167), such as fitting windows, have marked effects
on the position of the low frequency modes, but do not appear
to change the average mobility very much. Differences between
similar production models, and prototypes are evident in
detail, but not in average level. Considerable differences
in - mobility can be found at different excitation positions on
a body, and often the stiff-looking drive point does in fact
display low mobility. The bare structure appears quite linear,
testing at different force levels showing only small changes

with generally higher damping for higher force levels (167).

punn (130) showed that the enclosing of the vehicle by
the addition of doors and windows generally increased the
interior sound pressure level for a given input force on the
body, most noticeable at frequencies pelow 60 Hz where the

air is springlike. The floor was found to be the primary
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noise generator in this region, with the roof as the higher
frequencies. Becher (121 ) used a pipe model to explain the
acoustic resonances within the car body. Saunders (170)
when measuring internal sound pressure levels of a car in
service found that low~frequency air fluctuations tended to
overload the measuring equipment. Such infra-sound may have

an-effect on the passengers and cause discomfort.

Using the experimental data for point mobilities of
a car body, and the modelling technique shown in Chapter 3,
a modal equivalent system can be derived. Figﬁre 5.2.5
shows the result of such modelling, together with the inputm
experimental points. Q-factors for the modes were presented
with the experimental data. The agreement is considered
very good, bearing in mind the complexity of the mobility
function. It would seem doubtful, however, that the modelling
could adequately represent the built-up structure. For com-
parison purposes, the mobility of a rigid 200 kg mass is
shown. The car body is seen to have significantly higher

mobility from frequencies of 26 Hz upwards.

5.2.2 Tyre and Wheel Mobility

The source mobility of the tyre and wheel is obtained
by fiking the tyre tread at the contact point and measuring
the mobility at the wheel. A first simple model for a tyre
and wheel is shown below, together with a sketch of the

source mobility, for vertical vibrations.
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F 1 Vv
wheel .m
tyre k h log IM_]
MS= V/F

The behaviour of this model is wvery straightforward.
In}particular, it is seen that at high frequencies (in the
range of interest) the mobility is controlled principally
by the wheel mass. Thus variations of the tyre stiffness
(k + 1h) with frequency have only a small effect on M.

A similar type of model could be used.for the lateral

behaviour of the tyre as well as the vertical.

Dunn and Mills (132) have experimentally measured
Mg for a stationary tyre. The appreciable distributed mass
in the tyre means that tyre resonances occur at fairly low
frequencies. The figure below shows a sketch of the tyre
mobility found for a radial ply tyre, and probably character-

ises the type of behaviour for this type of tyre in general.

log freq
logIM_I —_

A Q factor in the region of eight is found for the
lowest resonant peaks. The effect of the tyre behaviour is

to reduce the mobility. of the source from the mass line in



the region 30 - 92 Hz, by as much as 26 dB. Above this
frequency the mobility is much greater than the mass line,
reaching peaks of 16 dB and 12 dB above the mass line at
freqﬁencies of 106 Hz and 123 Hz. Over the whole frequency
range from 30 - 130 Hz the source mobility is thus simiiar

to the mass line on average, but the effect of the resonances
is.to introduce significant fluctuations in Ms and thus make
the tyre resonances obtrusive in the overall vehicle response
. at high frequencies. The effect of the tyre rolling has not

been given.

The fluctuations in tyre mobility are controlled by
the tyre modal mass and damping. Damping is generally un-
desirable in the tyre because of heat generation, and so the
main parameters for controlling the high frequency response

are the tyre modal masses and the coupling factors.

It would appear likely that the lateral and longi-
tudinal responses of the tyres would show a generally similar

trend, as the same tyre modes would be excited.

The real tyre and wheel behaviour is thus seen to be
inferior to the case of the simple model, and in the higher
frequency range tends to reduce the effectiveness of the

suspension.




5.2.3 Suspension - Low Freguency and Static Constraints

In this section some of the effects of compliance
introduced by the use of rubber bushes on the inboard pivots
of a twin-wishbone front suspension are discussed for low-
frequency and static conditions. Ohly the stiff suspension
paths are considered, with the object of finding the softest
buéhes for a given amount of overall stiffness required for
handing and ride requirements. Rubber bushes are commonlyv
!employed on the inboard pivots to stop noise generation, but
do provide compliance that can lead to éome vibration iso-
lation at high frequencies, though this is by no means

automatic.

The annular rubber bush is able to provide stiffness
in all directions which can be tailored to meet the require-
ments by means of changing its shape. The formulae for
the simple bush are shown below, after Davey and Payne (129).
There are four separate bush stiffnesses, and two pairs of
similar bﬁsh stiffnesses. However, since there are only
threé parameters independently variable, it will not be
possible to sa£isfy each stiffness requirement exactly.
Practical bushes differ somewhat from this simple case, |

and for these sufficient independent parameters will be

available. L >

[z

|
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The suspension considered is highly simplified, and
comprises two wishbones and a stub axle only. Ball joints
are considered on the outboard pivots, and rubber bushes
for the inboard pivots. The forces acting on the stub
axle are considered, with the vertical force neglected as
fhis will be primarily carried by the main spring. The

torsional (6x) stiffness of the bushes then contributing a

certain (unnecessary) stiffness.

Considering the force in the z-direction first, the

suspension can be represented as shown below, where kZ1

represents the combined radial stiffness of the upper wish-

bone bushes, and k_, the lower bushes.

k

X1

W

|

by,
W
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A simple form of optimum for this case is that only

a pure translation results from FZ, thus

b:«.'I a

Ry, b | | o

. 2 :
The displacement of each wishbone due to a force in ‘

the x-direction is given by: r C’“1"_ c"1
o | 3
. 2

! { k
x=F [ + - k = d
e ( Rue, r"kz.) =z *
x,= F (l' « L fiofa
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=
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c/d for the upper wishbone

¢/d for the lower wishbone

w0
il

The torsional (ez) stiffness of the bushes is neg-
lected in the above equations, and small displacements are

assumed.

There is no minimum flexibility in the x-direction,
but a reasonable optimum is when the bush stiffnesses in
both the x- and z- directions make equal contributions, as

shown below.

flexi/n'lig

in X-direckion




This 'optimum' is then given by

I'ZQ,:I .szﬁzzl ’

2

where 8, = 4 , 0= kg,

A Ex:
Thus, for any gilven geometrical factor r for the

wishbone, the required stiffness ratio can be found.

For the force F_ applied at the stub axle, the

requirement, for a pure translation to result 1s that:

Lo, L
a _ (k""" ’ "thl) = hxz !
6 (-‘- . L b
b S

Thus, as a result, the factors determining the shape

of the wishbone suspension, for equal stiffness contributions

by all bushes, and translational responses only to the
are

applied forces,ﬁgiven by:
‘ . a - §
FF

and this represents some form of optimum. It is of some
interest to note that for the suspension investigated,
from a small saloon car, the ratio a/b = 1.5 and s/r = 1.43

which is close to the optimum as defined above.
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5.3 TRANSMISSION PROPERTIES OF INDIVIDUAL SUSPENSION

COMPONENTS

This section describes the transmission properties
of individual suspension components from a small car twin-
wishbone front suspension unit, and uses transmissibility
plots to provide a quick comparison and enable initial
deéign criteria to be formed. It must be emphasised, how-
ever, that the comb}ned response of the assembled suspension
will be considerably more complex than the combinétion of
transmissibility plots would suggest, due to the interaction
of components with each other. Also, transmissibility plots
only demonstrate the effectiveness of the suspension for a
special case - that is for a masslike receiver (heré), for
a source of zero mobility - and they give an optimistic

picture to the effectiveness in the real system.

The many possible vibration paths are reduced to just
three uncoupled paths for this description - vertical, lateral

andhlongitudinal.

5.3.1 Principal Vertical Paths

The main vertical forces are transmitted via the main

spring and dampef unit, and less importantly, the wishbones.

5.3.1.1 Helical Coil Spring

| The ideal massless spring gives a transmissibility

curve as shown in Figure 5.3.1, where small material damping



is considered. The slope of the curve at high frequencies

tends to 40 dB/decade, providing a useful reference slope.

The real spring exhibits highly resonant behaviour,
a continuum model being shown on the same figure. Besildes
the effect of the resonant peaks, the slope of the trough
1ine is reduced to 20 dB/decade which means that the high-

frequency effectiveness 1s markedly reduced.

Also shown on the same plot is a lumped-mass approx—
imation to the continuum model which successfully predicts
the first two resonant frequencies, but afterwards deviates

noticeably.

To minimise the effects of spring reéonances it is
necessary to damp the coils and also shift the resonances
to as high a frequency as possible. The effect of coil
damping has been demonstrated experimentally, and the use
of high damping strips found to be successful. This was
described in Chapter 4. In the combined spring-damper unit,
such coil damping can be effective without obstruc_ting the
airflow over the damper. Damping at the end of the coils

can have little effect.

To increase the resonant frequencies of the coils

£33

for a given overall stiffness, a large D/d ratio is required,3

where D 1s the coil diameter and d is the wire diameter.

The helical coil stiffness 1s given by:

k:Gd"

.ng”
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where G 1s the shear modulus of the material, and n is

the number of active coils. The lowest natural frequency

for spring resonances, for the case where both ends of the

coil are clamped (approximately the case in the vehicle

suspension) is given by:

f; = £Z§ Qﬁ (Hz)
7TD'mV 32y

~where y is the material density, g the acceleration of

gravity, and inch units are employed.

The requirement is then that

S o 24 [Gg' . 8Dm o D
k. gDV 32y  Gd a4

is a maximum. Thus, for a given material, D/d3 should be
large, but this implies high stressing, as the peak stress <
for a given force is (uncorrected case):
= &2
F 7zda
Conservative spring design is thus disadvantageous
from the point‘of &iew of vibration isolation, which requires

the highest possible stressing.

Modifying the coilspacing at the end of the spring
in order to make the surges become non-linear, will limit

the height of the resonant peaks, but the resulting closing

"up of the coils will itself provide a source of noise.

In summary, from the point of view of vibration

isolation, high stressing is required coupled with coll



damping.

5.3.1.2 Damper Unit

The damper unit is basically disadvantageous as
damping here decreases the mobility of the suspension,
and this particular unit provides the most significant
veftical path in the intermediate frequency range. It
would be preferable to damp the source and receiver, for
example by dynamic absorbers as shown in Appendix 1, thodgh

this is not popular in practice.

For the pure viscous damper (of constant mobility)
the slope of the transmissibility curve tends to 20 dB/
decade. The mobility can be increased by a spring in
series (relaxation tyre damping or the Maxwell body) which
improves the transmissibility slope to 40 dB/decade when
the spring becomes more mobile than the damper (Figure

5.3.2).

The real damper may use two springs (in the form of
rubber bushes at the ends of the unit) and also possesses
mass. These introduce a resonant peak into the transmissi-
bility curve which is predohinantly controlled by the spring
damping. After the resonant peak there is good attenuation.
If one spring only is employed, this resonant peak is
removed which leads to a gain in effectiveness in oné region
offset by an increase in transmission at higher frequencies.
Tﬁe high frequency behaviour becomes independent of the damp-

ing coefficient and is controlled by the spring stiffness.

236
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This will be much greater than the main coil stiffness,
and so this path will tend to be a much better trans-

mitter.

The best compromise in the design of the damper
unit is then to employ just one end bush (as the lower
frequency behaviour will be more important than the high
frequency) which should be as compliant as possible whilst
still enabling sufficient damping to be provided for the
damper to fulfill its main duty. A low—freqﬁency model to
derive such an optimum is given in Appendix 1 for comparison

with the use of dynamic absorbers.

5.3.1.3 Wishbones and Links

The effectiveness of a uniform rigid beam with freely

pivoted end joints can be readily derived.

Z,

R

m
{ )
-

N b

Using the formula for the impedance of the rigid

beam, and for the general isolator effectiveness, we have:

Ep= 2 + 6=g =+ n BB for e %)
o +p g(mﬁa) 37 .

where o = Zs/iwng B = ZR/iwn1‘and m 1s the mass of the
' ’

beam. The transmissibility, where m is the mass of the

receiver, 1s given by:

T=[§E' +2]
m

~1
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The transmissibility is then small provided m << m’
‘which will normally be the case. Viscous damping at the
pivots will increase the low frequency transmissibility
(Figure 5.3.3) and is thus disadvantageous. An inboard
bush with radial and torsional stiffness will also generally
increase transmissibility. The torsional stiffness increases
thée low frequency transmissibility, whilst at high frequency
the link will resonate due to the radial stiffness. The
" curve shown also includes a lateral weakly excited resonance,
which occurs when the link is inclined from the horizontal.
After these high frequency resonances, the radial stiffness
of the bush increases the isolation of the link, but the
advantage of this is offset by the resonances. The trans-
mission in the freely pivoted case can be made zero, as was
shown before, if the inboard pivot is two-thirds along the
length of the beam, provided it remains rigid. This is
simple dynamic balancing. For the non-uniform case of the
practical wishbone the proportion will, of course, be
different. The flexible beam will increase the transmissi-
bility above that of the rigid case, as is also shown on the
figure, and high damping should be employed to damp the res-

onancese.

General design criteria are: links should be light,
 very stiff and well damped, with a free inboard pivot ideally.
If a flexible bush is used (to eliminate noise generation
from clearance), the radial stiffness in the vertical direc-
tion should be extremely high or very low (the latter intro-

ducing a resonance in the working range), whilst the torsional
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stiffness should be low unless designed to share the load

of the main spring. The outboard pivot should also be as
free as possible. Correct balancing of the wishbones and
links will reduce their transmission, with zero transmission

theoretically‘possible.

5.3.1.4 Comparison

The relative significance of the different paths de-
pends on the parameters chosen for the separate components.
The Figure 5.3.4 shows a comparative set of curves for
féirly representatiﬁe components, and gives the
regions of significance. For the static to the lowest
resonant frequency, the spring provides the principal path.
In the intermediate frequency range, the damper unit is
predominant. At the high frequency end of the curve all

three paths become of comparable importance.

5.3.2 Lateral and Longitudinal Paths

The source of excitation is the lateral and longi-
tunidal directions is not so straightforward as‘in the
vertical direction. In Chapter 2, a simple model showed
that coupling exists between the vertical and longitudinal
directions, and this is basically non-linear - the linear
form being a special case, giving longitudinal excitation

at twice the vertical frequency. At higher frequencies,
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the coupling exists as a result of tyre properties and
rotation, as has been shown by Tiekling (1785. Experi-
mentally, tyre properties appear to have;é more significant
effect in the longitudinal direction than in the vertical

(119 ). Greater flexibility than usual has been shown to

be effective in reducing the transmission of vibration, but way
leadw to handling difficulties (120). For both the longi-
tudinal and lateral paths there is little scope for achiev-

ing really effective isolation in the suspension, siaee—iies

For the lateral direction, the path can be represented
by a massless spring for the inboard rubber bushes, with the
wishbones, wheel and tyre lumped for the source and the
body as the receiver. Treating the system as having single
coordinate coupling, as shown in Figure 5.3.5, and assuming
that in the frequency range considered (20 - 60 Hz) the source
mobility can be represented by a-massline, the busﬁ effect-
iveness can be found. This gives an order-of-magnitude
approximation to the effectiveness of the bushes for the
real case, subject to the errors incurred in neglecting the
tyre modes and cross-coupling of the body coordinates, for
which there is no information. For the bodybmobility, the
connecting coordinates are treated as one, using the point
mobility previously shown modelled in Figure 5.2.5, repres-
entative of a small saloon car. The modelling simplifies
the input data, and fills in the deficiencies of the
experimental data - in this case, no phase angle information

was presented experimentally, only Q-factors for the principal
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modes. The model can generate the complete mobility func-

tion at any required frequency in the range of validity.

Figure 5.3.6 shows the effectiveness for two values
of bush stiffness - the higher (3.4 MN/m or 19,400 1bf/in.)
being fairly representative of the level of stiffness used
in practice showing for the most part in this frequency
range amplification of the vibration (the bush stiffness
~in fact exceeding the dynamic stiffness of the body for
many regions along the frequency scale), with the second
curve showing the effectiveness for a stiffness value ten
times lower. The latter 1s seen to be generally effective,
but this advantage is offset by the significant amplification

region at low frequencies.

The lateral bush stiffness also partially determines
the longitudinal stiffness of the suspension as shown ear-
lier, where a relationship between the longitudinal to lateral
stiffness was obtained. A longitudinal force on the outboard
end of the suspension leads to a couple as well as a force
being applied to the body. No infprmation is available for
the cross-coupling between the suspension attachment points,
so that the effect of the couple cannot be predicfed with
any accuracy. The transmissibility (to a rigid mass) in the
longitudinal direction is shown in Figure 5.3.7, showing how
this transmission path forms basically a two-stage mounting,

introducing an undesirable resonance at high frequencies.

The lateral and longitudinal paths for the conventional

suspension do not appear to be effective isolatprs, nor can
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great gains be expected from changes in the parameters.
The low-frequency stiffness characteristics are in direct
conflict with the isolation effectivéness at higher fre-
quencies. Thé most flexible bushés possible for satis-
factory handling should be employed, but 1t should be
appfeciated that many amplification regions can be encoun-
tered. High damping is desireable in the bushes for the

control of the low frequency amplification regions, but

“generally high damping rubbers show an increase in dynamic

stiffness with frequency and so are less effective than
natural rubber at high frequencies. The combined materials
isolator, usihg a.combination of natural and high damping
rubber, as suggested by Snowdon (92 ) would appear to offer

a reasonable compromise.

5.4 TRANSMISSION PROPERTIES OF SUSPENSION MODELS

The models described below build up to the complete
suspension model in stages, and show the effects of com-

ponents interacting.

5.£4.,1 Without Links

The first model consists of a massless main spring:
with the damper unit, and the transmissibility for this
case is shown 1n Figure 5.4.1. If this is compared with

the damper model shown in Figure 5.3.2 it is seen that the
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main spring controls the low-frequency behaviour only, with .the
damper heavily suppressing the resonant peak. At high frequen-
cies the transmissibility is primarily controlled by the damper
unit, with the bush providing the main attenuation. Introducing
the lumped parameter model for the main spring shows the effect
of spring surges (valid for the lower modes). The almost
undamped spring leads to sharp peaks in the transmissibility
curve (Figufe 5.4.2). Control of the spring damping will reduce
these peaks, as shown earlier; though the overall effect on
energy transmission will be small, compared with the damper
unit. It is of interest to note that partial cancellation occurs
between the first and second spring surge, and again between the
third and fourth modes. This is due to the phase differences of
the fofce transmitted by the damper unit compared with the force'i
transmitted by the spring. This (first) cancellation regidn is
fairly broad-band (66 - 115 Hz) with at least 4 dB reduction
compared with the damper unit alone. Thus for this section of
the curve, the increased transmissibility of the spring due to
surgés is favourable. It should be possible to utilise the can-
cellation region to compensate for regions of high source or
receiver mobility, e.g. tyre resonances, to give a slight

- improvement, by means of changing the weight of the spring.
‘Between the second and third spring surge, the phase relation

changes, and reinforcement occurs.

This model, shown in detail in Appendix 7, does in
-fact provide a fairly accurate model for the vertical transmission
of vibration over a limited frequency range, since the trans-

mission through the links is small at medium frequencies. It
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further has the advantage over the later models in extreme

" simplicity.

5.4.2 With Links

As shown earlier, the links or wishbones on the
suspension unit can have comparable transmission properties
to the damper unit and spring at high frequencies. The
models shown now build up to a complete suspension model
to include the effects of the wishbones and stub-axle. In-
plane vibrations are assumed only - that is, vertical vib-
ration can céuse lateral and in-plane rotations, but coupling
to the longitudinal and out-of-plane rotations is not con-
sidered. Further, it should be noted that the bush stiff-
nesses used are made deliberaﬁely lower than would be usual
in practice, to demonstrate the effects of resonances. Also
the links are assumed rigid. The model equations are given

in Appendix 7.

5.4.2.1 Inclined Link with Spring

Figure 5.4.3.shows the transmissibility of one inclined = -
link with a massless main spring. The main spring almost
entirely regulates the low-frequency behaviour, but at high
frequencies the transmissibility curwe levels off towards the
link transmissibility curve(c.f. Figure 5.3.3).

The low bush stiffness leads to a weak lateral resonance

followed by a stronger vertical resonance. For a very stiff

bush, in the vertical radial direction, the curve would remain
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level in this region, thus giving a more favourable response.

5.4.2.2 Twin Wishbone Model without Damper

To allow fof the in-plane motions of the stub axle
and both wishbones, a considerable increase in complexity
is required. The suspension is characterised by coordinates
relating the position of the drive and connecting points,
and the position of the centre of gravity of each element.
Viscous damping is assumed for the outboard pivots, and no
clearance is allowed. The stages in developing the equations
for this model are shown in Appendix 6. The damper unit is
not included, and the main spring is assumed massless.
Figure 5.4.4 shows the transmissibility for this model.
More resonances can occur than previously, but due to the
triple path partial cancellations of the transmitted force
are in evidence. Again, as in the previous model, if very
stiff bushes (in the radial direction) were used, the trans-
missibility curve would become level at high frequencies and
the resonances would be at a much higher frequency. Due to
the fact that two links are now used, this level will be

higher than for the one link case.

5.4.2.3 Twin Wishbone Model with Damper

This model extends the previous model by the Insertion
of the damper unit. In this and the following model certain
compromises had to be made in the completeness of the model

to limit the number of degrees of freedom required. These
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are noted in Appendix 7. The result is that for the low-
frequency response constraints are-apparent which do not
occur in practice. It is useful to consider this as a
band-limited model, so that the model such as shown in
Figure 5.4.1 is valid (with the appropriate assumptions)
for low frequencies and the present model (Figure 5.4.5)
for the higher frequencies. The damper unit is seen to
introduce an additional resonance into the system. The
increase in transmissibility due to the damper is mainly

apparent in the intermediate frequency range.

5.4.2.4 Twin Wishbone with Da@per and SprinQﬁSurges

This model represents the final development of the.
suspension models, and is of considerable complexity. It
requires 12 degrees of freedom and 58 independent para-
meters to describe the system. Figure 5.4.6 shows the
transmissibility curve for this model showing the many
resonances which can be excited which are not controlled
significantly by the damper unit. Again, as in the previous
examples, bush stiffnesses are made deliberatelyrlow to show
possible effects. The transmissibility curve with para—
meters found in the suspension unit'teéted is shown in

Chapter 6.

Although partially obscured, the cancellation con-
dition from the spring and damper unit combination is still

in evidence. The existence of the various troughs in the
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response can be used to advantage in designing the sus-
pension to match up with regions of high mobility of the
tyres and body, though it should be emphasised that very

substantial improvements are unlikely.

5.4.3 With Resonant Reciever

The transmissibility curves shown in the previous
- sections, whilst giving indications of the important trans-
mission paths and the means of improvement, give an over-
optimistic picture to the effectiveness of the suspension
when the effects of high source and receiver mobility are

considered.

An exact representation of all the effects of this
is as yet unsolved, due to a very substantial degree of

complexity required.

The models shown in the following sections show, on
a very simple level, the sort of effect when the receiver

(car body) mobility is greater than the ideal mass line.

5.4.3.1 With Engine Resonance

Using the twin-wishbone model without the damper
unit, and allowing for one (Qertical) resonance of the
engine, leads to the model shown in Figure 5.4.7. At low
frequencies, the engine resonance leads to the dynamic

absorber effect, giving a deep trough in the transmissibility
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curve. At higher frequencies, the engine mass becomes
decoupled from the body leading to a loss of impedance
(as shown earlier), and consequently the transmissibllity

curve shows an overall upward shift.

5.4.3.2 With Engine and Body Resonances

With the same suspension model, and allowing for
two body modes of the receiver, the transmissibility curve
shown in Figure 5.4.8 is obtained. The body resonances
cause a further loss of receiver impedance, and so the

transmissibility curve shows a further upward trend.

The suspension is seen to be far less effective

for this case, and the response extremely irregular.

From this simple example it is clear that the
body mobility, compared with that for a mass, strongly

| reduces the suspension effectiveness. Despite the com-

plexity of the response, the body mobility is made ideally

simple - in the frequency range considered perhaps 100

body resonances might occur in practice, 1eading_to fur-

ther increases in transmissibility.
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5.5 DISCUSSION AND CONCLUSIONS

The transmissibility plots"shown earlier, whilst
leading to useful results, do not describe every detail
of the suspension model. Complete response curves (185)
have been preéented earlier and aid the interpretation of
the responses, but tend to result in a surfeit of infor-
mation. When joining systems together, mobility matrices
can be used, formed as shown in Chapter 3. Figures 5.5.1
“and 2 show the matrix elements in modulus versus frequency
form, for a 2 x 2 mobility matrix for the vertical
behaviour of the twin wishbone model both without and
with the damper unit. It is difficult to produce transfer
or impedance matrices directly because of the boundary
condition requirements. The restraints implicit in the
model have been avoided here by treating the damper unit
as upright, so that the low-frequency asymptote to the mass-
line is formed. The curves show the considerable complexity
of the suspension in isolation (i.e. without the body res-
ponse) but as only two coupling coordinates are used, thé

description is not complete.

To a first approximation the vertical transmission
path depends on the damper unit up to about the second
. spring surge. In turn, the damper unit transmission in the
higher frequency range (> 30 Hz) depends mainly on the
damper bush stiffness - one bush only is seen to be
prefera&ﬂéisgzgﬁf)for the unit tested in Chapter 6. Thus,

the simple design criterion for minimising vertical trans-

mission is that the damper unit bush is as flexible as
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possible whilst maintaining the effectiveness of the |
-damper in its prime function. In Appendix 1, a suspension
model is shown optimised for damping of the Wheel—hop and
body bounce modes, and for this model it is foﬁnd that the
‘damper bush stiffness required is about thirty'times greater
-than the stiffness of the main spring. This requirement
severely limits the effectiveness of the suspension as an
isolator. An alternative to the damper unit, using dynamic
- absorbers, reduces the vertical transmission by up to 26 dB
and is thus a significant improvement - but at the expense
of less efficient damping of the iow frequency modes and

increased complexityl{Appendix 1) .

The lateral and longitudinal paths can similarly be
seen to depend almost entirely on the inboard bush stiffness.
To be effective as isolators they must be as flexible aé
possible in the horizontai plane (in the vertical direction
they are required to be stiff). Very stiff bushes are seen
to be almost totally ineffective as isolators, and can in
fact act as amplifiers for much of the frequency range,
though the amplification will be small. Very flexible
bushes, on the other hand, will be generally effective as
isolators at high frequencies but can cause considerable
amplification at low frequencies with consequent handling
difficulties. Design should thus be for the most flexible
bushes compatible Qith handling - this will depend on tyre
~ properties, and at present it would seem that practical

testing is still necessary.
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Suspension models have'been-discusséd analytically
and design inertia given - it is seen that bush stiffnesses
provide the principal means of affecting the transmission
properties of the suspension. Radical changes in the
suspension properties cannot be expected, only fairly small
improvements, unless radical changes are made in the sus-

pension design - such as the use of dynamic absorbers,
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" CHAPTER SIX

EXPERIMENTAL TRANSMISSION PROPERTIESV

OF A SUSPENSION SYSTEM

Experimental work was conducted at various stages
to c&nfirm that the idealised models used for the sus-
pension conform reasonably well to the real components and
the complete suspension system. The experimental results
as such apply, of course, only to the particular suspension
tested, but show that the theoretical models predict the
real system behaviour with fair accuracy, and so the models
can be used to predict the performance of other suspension

systems with the requisite parameter changes.

The precise methods of testing to deduce the immittance
or transmission matrices, as-.shown in Chapter 3, are not
always feasible to use when testing real components. Com-
promise in the test procedures havé to be made according to
the apparatus available. For the experimental work described
here, a model for the system is previously assumed, and para-
meter derivation and confirmation of the predicted behaviour
is required. The tests study the behaviour of the system
within a known system, and it is not always possible to

deduce the system matrix directly, but only from the model.
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6.1 INDIVIDUAL COMPONENTS

The practical behaviour of the component parts of the
suspension was studied first - notably the damper unit and
the wishbones. The behaviour of the vehicle coil spring
was not studied, but a smaller coil spring was tested,
shown.in Chapter 4, and the effect of damping demonstratéd.
The behaviour was seén to conform to that of a simple con-
tinuum model for the first four spring surges; at higher
frequencies the behaviour became extremely complex. The
behaviour of the damper unit in the locked state was also

shown in Chapter 4. .

6.1.1 Damper Unit

The damper unit or shock absorber tested was of the
telescopic type with rubber end bushes, shown in Figure

6.1.1.

The model used for this unit is shown on the same
figure. Hysteretically damped springs represent the end
bushes, an equivalent viscous damping coefficient represents
the damping action, and the masses répresent the mechanical

parts and the working fluid.

A compression test on the unit performed by applying
a steady load and measuring the resulting velocity shows
that the damper unit is highly non-linear - see Figure 6.1.2.

The mass distribution, due to the working fluid is also not

constant, and so severe approximations are made in the model.
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These do not, in fact, tend to be serious in the high

frequency range as the end bushes become much more mobile
than the damper itself, and thus principally determine the
transmission properties. Temperature'effects mean that in
any'case the aamping available will vary with service con-

ditions.

The unit had a total weight of 2.83 1lb, and the
weight distribution was estimated by measuring the position
of the centre of gravity with the unit fully extended and
fully compressed - giving the weight of the top part as
0.517 1b, and the bottom part 2.313 1lb. The bush stiffnesses

had been previously estimated as shown in Chapter 4.

6.1.1.1 Experimental Apparatus

To enable the damper unit to function correctly,
sufficient vibratory force must be applied across it to
break the stiction present. A rigid termination is not
feasible for the frequencies tested (up to 1 kHz), and éo'
a large end mass was employed. Vibrator current was used
as a measure of applied force, since suiltable force gauges

were not available.

The overall arrangemenf is shown in Figure 6.1.3.
It should be borne in mind that the damper unit must be in

an upright position to prevent aeration.

The end mass was a solid steel block of weight 298 1b,

suspended by a soft spring with coil damping, giving a free
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natural frequency of 0.71 Hz. The effect of the spring on
the motion of the end mass was ¢onsidered negligible at

the test frequencies, and so was not included in-the model.

The vibrator table and suspension, and the weight
of the bottom adaptor had to be included in the model, and

for these a separate test was required.

To determine the table mass, My suspension stiffness
ki’ and damping, hi’ Cq for the vibrator, the displaced
frequency method was used. This involved measuring the
vibrator characteristics with the table first unloaded, and
then with a known additional mass m, . The vibrator current
was measured by observing the voltage drop across a low-

value, high-wattage resistor in series with the vibrator

coil.

. 2
For small damping, we have W = k,l/mT and
2
w = k,l/(mT + mA) where wy and w, are the resonant

frequencies for the table unloaded and loaded respectively.
2 2 2 2
Thus, mp = M, w, /(aﬁ - ) and kg = Mg oy .

The damping was found to be small, but increased
slightly with frequency, and was modelled as hysteretic
plus a viscous component. The force calibration was
obtained from the asymptotic low-frequency deflection.

The receptance of the vibrator table, and with the.addit—
ional mass (in fact the bottom adaptor for the damper unit)

is shown in Figure 6.1.4, and indicates that this method

273
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of force measurement is adequate, though small deviations
of up to 1 dB could be expected due to spurious resonances

in the vibrator.

The vibrator characteristics were found to be:

My, = 2.51 1b wt h1 = 90 1bf/in
mA = 2.307 1lb wt c1 = 0.437 1bf/in/S
k1 = 362 1bf/in P = 4.35 1bf/mVv

Accelerometers were mounted on the large end mass,
-..on the damper unit ends, .and the vibrator table, corres-
ponding to coordinates qq - 44 on Figure 6.1.3. This
enabled the complete response to be monitored, and also
enables the transmissibility ratio (q,/q,) for the parti-

‘cular case to be derived.

6.1.1.2 Response for Different Force Levels

The damper unit was tested at different force
L]
levels, to show up the effects of damping changes. The
results for these tests are shown in Figures 6.1.5 - 7,

with the theoretical response of the model with parameters

derived from the tests.

The top-bush stiffness k3 is found by using the
frequency 'A' at which the top mass m, is anti-resonant
on the damper unit. This bush is slightly non-linear as
this frequency dependé upon amplitude (and preload), giving

frequencies between 11.3 Hz and 11.9 Hz. Taking the mean
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value of 11.6 Hz then leads to a bush stiffness of 4,100

lbf/in.

The bottom bush stiffness is deduced from the
second resonance, when the damper is effectively 1ocked
and resonant between two clamped ends. This resonance
océﬁré at about 450 Hz - though this is masked at higher
force levels. This leads to a combined stiffness k2 + k3 =

59,100 1bf/in, and thus k, = 55,000 1lbf/in. Loss factors

2
for the bushes (by the bandwidth method) are M3 = 0.13
and '72 = 0.22. The bush stiffnesses and loss factors are

assumed constant with frequency.

At low frequencies, the variations in damping are
apparent, low force levels leading to increased transmissi-
bility as frictional effects become more significant. The
equivalent viscous damping coefficient used was 18 1bf/in/sS
which fits the 70 1bf excitation level quite well. At high
frequencies, the damper unit tends to 'lock-up', so that
after about 30 Hz the transmission of the unit depends very
little on the damper characteristics, but is principally
determined by the bush stiffnesses and the mass of the unit.
This locking of the damper unit occurs in the theoretical
model also - due to the relative mobilities of the bushes

and damper and not due to stiction.

Figure 6.1.8 shows the transmissibility using pink
and white noise excitation. The signal was analysed using

a 1/10 th octave filter and thus some detail is lost. The
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results show that the frequency response curves give a
good representation of the system in the more realistic

environment of random vibration.

6.1.1.3 Theoretical - Expérimental Comparison

Figures 6.1.5 - 8 showed the theoretical response
of the model with experimentally obtained parametérs, for
comparison with the experimental results. The top bush
is seen to provide the main compliant element in the middle
frequency range, until at high frequencies (> 450 Hz) the
bottom bush increases the mobility, after first causing a

resonance.

"Clearly the model gives an adequate description of

the damper unit, especially in the higher frequency range.

6.1.1.4 Effect of Parameter Changes

The effect of modifications to the damper unit can
then be predicted. Figure 6.1.9 shows, for comparison with
the present unit, the effect of equalising the bush stiff-
nesses (with the same overall stiffnéss) which gives, to a
first approximation, the 'optimum' for a two stage mount as
was shown in Chapter Four. Also shown is the effect of
removing the bottom bush, with all the compliance in the
top bush. Egqualising the bush stiffnesses is seen to lead

to increased transmissibility in the region of 60 - 280 Hz,

Ay
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of up to 10 dB due to resonénce, and a decrease in trans-
missibility of around 10 dB at higher frequencies. This
modification is thus disadvantageous as far as low fre-
quency isolation is concerned. The removal of the bottom
bush removes the resonant peak and so increases the iso-
lation in the range 220 - 560 Hz, thereafter giving more

transmission than the unit tested.

It is clear that for the best low-frequency response
only one compliant element should be used to avoid the
resonance, and for isolation purposes this should be as

compliant as possible. 1In Appendix 1 it is shown how the

required bush stiffness can be obtained to retain the damper's

effectiveness. This compliant element will always tend to
be much stiffer than the main suspension spring and will

therefore be a much better transmitter.

6.1.2 Wishbones

The lower wishbone was tested by making impedance
and transmissibility measurements with a steel block as
the end constraint. This block, designed to test the com—

plete suspension, is described in detail in g 6.2.
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6.1.2.1 Vertical Transmission

The physical and schematic test arrangements are

shown in Figure 6.71.710.

»The terminal mass was éoftly suspended from the
ceiling, with a pivot point, consisting of stiff rubber
pads,-distant from the excitation point. The block was
then effectively free to move vertically. The inboard
pivots of the wishbone were rubber bushes, with the out-
board pivot a plain bearing. Two basic difficulties needed
to be overcome - that of not introducing bending moments
with the vertical excitation, and not constraining the
wishbone laterally. For the frequency fange tested (10 -
150 Hz), the bearing already part of the suspension was
employed and found to be satisfactory. Keeping the ampli-
tude small on the input ensured that lateral motion of the

wishbone end was kept to a negligible amount.

The transmissibility (iz/ii) and apparent mass (Fi/il)
of the wishbone were measured, shown in Figure 6.71.11.
Apart from a slight resonance at 55 Hz, due to the end
beams on the terminal block, the behaviour conformed well
with that predicted. The wishbone construction was such
that it could be adequately‘described as a uniform beam,
‘ of weight 2.915 1b. The weight of the terminal block was
160 1b effectively at the excitation point. For the freely

pivoted case, the transmissibility is given Dby:

T = / ém'/m + 2771 - _s0.4aB
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.as has been shown previously. After the torsional stiff-
ness controlled region, the experimental curve remains
level at -51 dB giving good agreement with theory. The
radial stiffness of the inboard bushes is so high that no
resonance is éaused, and it plays no part in the wvertical
transmission of vibration. The torsional stiffnéss of the
bushe€s was more readily determined by free-decay methods,
since the torsionally controlled resonance occurs below the
available test frequencies (and so, in fact, the torsional

stiffness is somewhat irrelevant).

This test gave the torsional stiffness as 60.5 1lbf iﬁ/
rad with a loss factor of 0.08. Some slippage can occur
between the bush and the mounting, so that this value will
be variable in practice - it represents a value about four

times smaller than might be expected from the bush dimensions.

6.1.2.2 Lateral Transmission

As shown in Chapter 5, the iateral transmission path
is seen to depend primarily on the inboard bush stiffnesses
of the wishbones, and knowing the bush stiffnesses it is
possible to make an estimate of the effectiveness of the
bushes as isolators. The arrangement of the lateral trans-
ﬁission test to give the bush stiffnesses is shown in

Figure 6.1.12.

The terminal block was suspended from the ceiling
and is free to rotate as well as translate, so that the

effective mass of the end block in this case is less than
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the total mass of the block,

In the practical arrangement the wishbone is inherently
unstable to an applied lateral point force, and a rigid
connection was found to be necessary between the impedance
head and the wishbone to suppress coupling to the vertical
response of the wishbone due to any small misalignment; The
rigid connection in this case does not affect the validity of

the test -~ see Chapter 3 on experimental techniques.

The apparent mass (F/%i) and transmissibility (ﬁz/ﬁi)
curves for this test are shown in Figure 6.1.13. From the
low-frequency asymptote of the apparent mass curve the total
effective mass of the system (m + nﬁ‘:: 103 1b wt) can be
estimated. The wishbone mass m is already known by weighing,
but could be obtained from the high frequency asymptote. From
the anti-resonant frequency Wy = 48.3 Hz, the combined bush
stiffness can be obtained i.e. k = m1 ahzcz 24,000 1bf/in.

The amplification at resonance is seen to be 40 dB (subject
to errors of + 2 dB due to limitations in the digital measuring

equipment - a poor signal-to-noise ratio was encountered about

this frequency), which leads to the bush loss factor of 0.01.

A slight spurious resonance is seen at 90 Hz, due to
the beams of the terminal mass. This frequency is seen to
be different from the previous case, due to the difference
in boundary conditions. Apart from this effect, the real
behaviour of the wishbone is seen to comply well with the
simple model proposed for it. From the transmissibility

curve, the bush stiffness is seen to remain effectively
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constant over this frequency range.

6.1.2.3 Longitudinal Transmission

The apparatus was not well adapted to measure the
longitudinal transmission through the wishbones, and con-
sequently the test was performed to study the general -
form of tranmmission only - it is difficult to draw defi-
nitive conclusions. The arrangement used is shown in
Figure 6.1.14, and the transmissibility for this case shown
in Figure 6.1J5 compared with the theoretical response
using the longitudinal wishbone model shown in Chapter 5.
The general form of agreement is seen to be good, indicating

that the proposed model is valid.

The receiving mass tends to rotate about a vertical
axis 'A' and a horizontal axis 'B' - and as a conseqguence
the terminal impedance is low. Furthermore, due to this
rotation, at very low frequencies the tfansmissibility is
less than unity - in fact tends to -8 dB. The terminal
effective mass was deduced from the low frequency apparent
mass asymptote (Fifﬁi), referred to the receiver end, and
was estimated at 61.5 1b. With the measured bush stiffness
from the lateral test, and this terminal effective mass, it
was not possible to predict the resonant frequency precisely
with reasonable estimates of longitudinal and torsional stiff-
ness values of the wishbone bushes. The lateral radial stiff-
ness of the bushes has been increased some 54% for the theoré—

tical model to predict the resonant peak successfully, and
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8 dB subtracted'from the transmissibility to account for

the rotation effects. A spurious resonance is noted around

138 Hz.

6.2 SUSPENSION ASSEMBLIES

Suspension assemblies leading up to the complete sus-

pension system formed the final stages in testing.

For the complete suspension, there are certain prac-

tical difficulties for standard impedance tests:

1. there are five output-points (the wishbone ends and the
Spring—dampér unit) as well as one input point, and the
correct orientation must be_preserved between the compon-
ents,
and

2. appreciable static load must be applied through the damper-

spring unit to give this orientation.

The electromagnetic exciter used to supply the vibra-

tory signal was unable to accept the static load.

A transmissibility type test was arranged, with a
rigid end mass as the receiver to lead to results to give a

reasonable comparison with the plots shown in Chapter Five.
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"B.2.1 Apparatus

The mean static load required across the suspension
to simulate average laden conditions is about 550 1bf. It
was decided to use a smaller amount of mass than would pro-
duce this load, and to adjust the static load by means of
springs. The form of the apparatus is shown in Figure 6;2.1.
Thé suspension unit is mounted onto a 4 in. thick steel?
plate, with mounting points to give the correct suspension
orientation. Box-section beams 4 in. square lead out rear-
wards from the mounting plate to a pivot point (in fact very
stiff rubber pads), so that for small motions the mounting
plate is free to translate approximately vertically. The
static load from the suspension is borne by a pneumatic spring
(in place of the tyre - the wheel and tyre would obstruct the
driving), using an adaptor from the spring to the stub—axie.
By adjusting the air pressure in the pneumatic spring, and
the tension of thelloading springs, the whole apparatus can
be correctly aligned with the requisite static load on the

suspension.

Ideally, the form of the model for this arrangement

.is as in the models described in Appendix 7, except with a
smaller end mass attached to ground with a spring. In prac-
ticé, despite the massive construction of the end mass, it

does not remain entirely rigid in the frequency range tested,
(10 - 150 Hz), due principally to resonances of the box-beams -
and these resonances are to some extent variable according to

the boundary conditions at the beam ends. Thus, the receiver
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does not give the simple spring mass system as is ideally the
case. Furthermore, it was not possible to measure the impe-
dance of the receiver in the 'in-service' condition, because
of the static load requirements. The impedance of the
receiver will, in any case, vary across the mounting points.
As a consequence, it was necessary in the first instance to
assume that the simple receiver behaviour was followed, and
then to investigate unexpected resonances by measuring the
receiver amplitude at various positions on the mounting plate
and beams. It was found by this means that resonances in the
box;beams did occur. In the case of the wishbones-~only test;
one of these resonances was included in the modelling. For
the complete suspension unit, more resonances were encountered,
but could not be included in the model as the model complexity
was near the limiting case for accurate computer solutions.

In this case, it was necessary to explain the occurence of
spurious peaks in the response, after searching over the

receiver with an accelerometer.

6.2.2 Wishbones Alone

The step from the single wishbone model to two wish-
bones and stub-axle assembly was seen to result in a consider-
able increase in complexity, principally in the inertia matrix

allowing for the rotations of the elements.

The lower wishbone tested previously was seen to have
only small outboard pivot friction. The pivot for the upper

wishbone, a ball joint, was found to have very considerable



friction and was thus expected to give very non-linear

behaviour.

The experimental arrangement for testing the wish-
bones alone is shown in Figure 6.2.2. A soft spring is
used to relieve the static load on the suspension. The
experimental transmissibility (%2/§1) for this case is shown
in Figure 6.2.3, for both high and low applied force (Fylo
In the low-frequency range very appreciable differences in
transmissibility are seen, more than 20 dB at 10 Hz between
the two force limits, and this effect is attributed directly
to the friction on the upper pivot. ‘In the theoretical model,
the-energy loss at the pivotslhad previously been obtained
by assuming equivalent viscous damping, but the slope of the
curve in the low-frequency region cannot be explained by this

mechanism.

The energy loss per cycle for pure Coulomb damping is

given by:

where R is the frictional force and Xs is the amplitude of

vibration.

The hysteretic damper provides a model for frequency-

~independent energy-loss per cycle, i.e.

where h is the hysteretic damping value.

296
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Thus, for constant amplitude it is possible to replace}
for equal energy loss, Coulomb damping by hysteretic. This
procedure is followed here, although it is not’strictly valid,
to provide a mean line between the high and low force levels.
Note that no statement is made about the actual mechanism of
energy loss at the pivots, merely a model of appfoximately
the'right form has been employed to simulate the loss. Rec-—
eiver resonances at 60 Hz (strong) and 100 Hz (weak) were
found, the former being modelled in the response. With these
adjustments the theoretical response is calculated (see
Appendix 7 for data), giving reasonable correlation with the
experimental results. In the higher frequency range, the non-
linear effects are less in evidence than at low-frequencies
(where the model can only cope most approximately), with high

and low forces giving closely similar results.

The low-frequency behaviour, depending so much on
pivot friction, will be very variable in service. The effect
on the complete suspension properties will, however, be small
as the wishbones form a weak path. The large variations in
frictional behaviour with force are thus unlikely to have
more than a small effect on the transmiésibility when the

spring-damper unit provides the main path.
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6.2.3 Complete Assembly

The complete suspenéion’assembly was tested, arranged
as shown in Figure 6.2.1, and shown without the vibrator in
Plate 1. 1In this case thére is appreciable load on the
pivots, and the friction here is likely to be changed -~ though |
it is not possible to separate out the effects of this. The
trénsmissibility for this test is shown in Figure 6.2.4. The
damper unit is seen to remain in the locked state, as only
small vibratory forces could be applied, and.the primary trans-
mission path is through the damper top bush. The loading and
constraints on the damper unit give a higher bush stiffness
than previously enéountered. Spring surges at 70 Hz and 138 Hz
demarcate the partial cancellation region referred to in
Chapter 5, but spurious resonances, due to the box-beam reé—
onances tend to obscure this zone. By slight adjustments to
the boundary conditions (i.e. by moving the end rubber pads)
it was seen that the spurious resonances could be ‘changed when
the test was repeated, whilst the suspension resonances
remained closely repeatable. The theoretical curve fitted
to the results is thought to give a reasonable representation
of the real behaviour, but one point remains not completely
explained - that is, the apparent increase in the damper top-
bush stiffness which, in the model, although increased from
that value previously measured, still underestimates the low-
lfrequency resonant peak, and would thus appear té need to be
stiffer still. This would lead to too high a frequency 'A!

on the input inertance plot (Figure 6.2.5) and so a compromise






301

/ 20
- 0 dB-
theory
24-20
) . . : .’.. ° ;-'-.-0-4
'DNOQ.". . _ l.O _
¢ exp/
-60 —~
i 1 ]
10 20 40 60 80 100 120 Hz—= 140 15
Figure 6.2 .4




302

40 —
A
. ® _ o] !\o ! 20—
. A bl
0 -
' Inertance (.X' /F) :
dB re 10 16 | -20-
exp. points
theoretical curve
-40
] i |
10 20 40 60 80 100 120 Hz — 140 150

Figure 6.2.5




303

value was found necessarye.

The lumped parameter model for the main spring was
found to underestimate the spring surge frequencies (this
is a fundamental limitation of such modelling) and so for
the results shown here, the spring mass in the model has
been artificially reduced from the true value to match up
the first spring surge with that observed.. The model still
underestimates the second surge frequency, accounting for

the small shift seen in Figure 6.2.4.

Bearing these points in mind, it is concluded that
the theoretical model gives a reasonable representation of
the true behaviour. Figure 6.2.6 shows the predicted trans-
missibility of this model with a receiver of mass 550 1D
over a more extended frequency range. The low frequency
behaviour is seen to be strongly constrained due to limi-
tations in the model previously discussed (and which can
be avoided), but the higher frequency behaviour is valid,
showing the partial cancellation region between the first
.two spring surges, and rather complex resonant behaviour at

higher frequencies.
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6.3 DISCUSSION OF RESULTS

Generally good correlation between the theoretical
ﬁodels‘ and the real systems' behaviour has been observed,
éhbwing that the modelling of what constitutes a highly com-
plex transmission path is a feasible proposition, and that
reaéonable reliance may be placed on the mathematical models
of the suspension. The strongly non-linear properties of
the suspension, due to friction, mean that the low-frequency
behaviour can be rather indeterminate, but in the acoustic
range of frequencies these effects diminish in importance.
The frequency range of the modelling is limited by the degree
of complexity permitted - thus here the links have been
assumed rigid - for higher frequencies link flexure must
be allowed for and this requires a very substantial increase

in complexity that is probably unwarranted.
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CHAPTER 7

CONCLUSIONS

The effectiveneés of system changes in reducing
the receiver velocity for a given source of excitation
has been expressed in equation form in Chapter 2 with an
extension noted in Chapter 5. Given the necessary impe-
dance or moblillity wvalues for the subsystems it 1s then
comparatively easy to compute the effectiveness of system
changes. Transmission paths with appreciable mass lead
to quite complex equations, and since it is not always
possible to change one mobility parameter independently
of the others in real systems it may be difficult to pre-

dict the effects of real system changes.

Plurality of transmission paths tends in general
to increase transmission, but cancellation conditions can
also be achlieved. Excessive complication can ensue if
every path is consldered, and so the approach of consildering
paths individually is considered, with the objective of
optimising each path separately - though by this simplifi-

catlon certain interactions are neglected.

Transmissibility gives a useful indication to trans-
mission path performance, especilally for comparlson purposes.
The principal value of this factor lies in the rapld inter-
pretation of path changes in a standardised source-recelver

situation. The relationship between transmissibility and
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effectiveness depends on the source and receiver,.and
‘generélly transmissibility ﬁlots tend to give over-
optimistic indications as to the effectiveness of an
isolator. With this in mind, a new form of transmissibility

apparatus was designed and proved.

Real vibration isolators, such as the vehicle sus-
pension system considered, tend to be of such great com-
plexity that the simplified approach noted above
‘needs to be followed. Design criteria for improving per-
formance may be realised using quite simple models.
Theoretical predictions in this case have been found to
be valid, though experimental work is useful in re-
establishing assumptions about the model considered - such

as was the case for pivot friction in the suspension.

The linear theory of isolation pre-supposed an
ideal-source of vibration, which is, of course, a convenient
fiction. Path modifications can lead to the source behaviour
being noticeably non-ideal (as shown in Chapter 2) which can
result in the path and receiver strongly modifying the source
Characteristics. As with transmissibility plots, caution

must be exercised in interpreting values of effectiveness.

Theoretical and experimental studies on a car sus-

pension system have lead to the following conclusions:

1. Because of the relative mobility of the damper unit and
its end bushes, at frequencies of excitation above about

30 Hz the damper unit is effectively locked and wvibration
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“transmission is determined principally by the bush

mobility. Friction can lock the damper unit at lower

frequencies when the applied force is low.

The damper forms the most significant vertical trans-
mission path for most of the frequency range 10 - 200 Hz
.
apart from peaks due to spring surges. One compliant
element (or bush) in series with the damper is seen to
be preferable to two so that a high frequency resonance

is avoided.

The desirable bush stiffness for the damper unit to give
satisfactory control of body-bounce and wheel-hop modes
is obtained from a five parameter optimisation study of

a simplified model.

Eliminating the damper unit and using dynamic absorbers
has been shown theoretically to lead to significant
improvements in the vertical transmission properties of
the suspension, at the expense of greater complexity

and some reduction of damping effectiveness.

Spring surges lead to high peaks of transmissibility, and
also give rise to partial cancellation of vibration in

the spring and damper unit combination. The spring surges
can be réadily damped by attachment of longitudinal damp-

ing strips on the coils.

Vertical transmission through the wish-bones is generally
small, and depends primarily on the wishbone mass.

Radially compliant end bushes can lead to high frequency
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resonances. At high frequencies, wishbone resonances
can increase transmission, and damping (such as with

damping layers) is required.

Lateral and longitudinal transmission through the sus-
pension is seen to depend primarily on the wishbone
geometry and inboard bush stiffness. Effectiveness
calculations show how a very stiff bush is of little
benefit, and can act as a weak amplifier, whilst a
more compliant bush is generally more effective but

can give rise to large low-frequency amplifications.

The theoretical models have been verified by experiments
on a small car suspension and the adequacy of the models

demonstrated.

Further work on the suspension system can be envisaged

when more data are available on tyre behaviour and the body

mobility. In particular, work is desirable on mobility test-

ing of vehicle bodies especially on the effect of widely

spaced correlated excitation such as occurs in longitudinal

vibration of the wishbones, and the coupling between different

body coordinates.
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APPENDIX T

DYNAMIC ABSORBERS

There are two distinct ideas behind the term
'dynamic absorber'. The function of the device depends

on the type of system excitation. Thus we have:

1. For broad band excitation the models discussed by
Den Hartog and Haringx for example, more precisely

termed 'auxiliary mass dampers' or ‘'damped absorbers!'
and '

2. For narrow band excitation the models discussed, for
example, by Robertson, more precisely termed 'auxi-
liary mass neutralizers' or the 'undamped dynamic

absorber'.

In the first case, broad band excitation can also
be taken to mean harmonic or narrow band excitation that
can vary over a wide frequency range with time. The func-
tion of the absorber is to introduce damping into the
system. In vibration isolation work it enables rigid body
modeé of the source and receiver to be damped enabling
undamped (and thus more effective) massless compliant paths
toAbe used, as was shown to be desirable in Chapter 2. When
compliant paths are used with appreciable distributed mass,
damping in the path is required in general to suppress res-

onant peaks.

Thus, in the classical case, we have a mass on a

spring system - the spring being undamped for good transmissi-—

bility performance at high freguencies. As excitation occurs,
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or can occur, at all frequencies, the resonant peak must

be suppressed by introducing damping.

damper w, =k /m,

I ™My
F sim ot
o .

. ~ k;/"'"z,
, main system
T """z/'""u = /0

x, éh, - }Lz 1/(14/9)

777 J 77 D= w/w,

Using the auxiliary mass damper, two resonant peaks
are formed, with the optimum response dependent on the type

of excitation. Examples are sketched in Figure A.1.1.

Optimisation makes use of fixed 'cross-over' fre-
guencies and bilinear equations. For case (A) the procedure
is to find the frequency ratio 'a' to provide the cross-over
frequencies at the same height on the receptance axis, and.
then select 'c' so that the slope of the receptance curve is
approximately zero at the cross-over frequencies. The heights
of the resonant peaks are then (approximately) equal with
their minimum values. For a given amount of auxiliary mass,
this is more effective than the Lanchester damper (that is,

kX, = 0). The performance near optimum is shown sketched in

2
Figure A.1.2 with shaded regions showing where the response
must lie for values of damping between zero and infinity,

for the auxiliary mass damper (a.m.d.) and the Lanchester

damper (L.d.).

For case 'a', the optimum values for a given mass

ratio B are:

E ,_/u(l-—-/u) and €~ (1=-pm) 15 =p)
k’ ‘Vmskl
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For case 'B', the optimum will, of course, depend
on the form of excitation. Also, other criteria such as
velocity rather than displacement may be used, and diff-

erent forms of damping.

In the second type of absorber, where narrow band
excitation 1s predominant, the requirement is to react the
vibratory forces as completely as possible, and the height
of the resonant peaks is of little concern, as shown in

Figure A.1.3.

The concept of suppression bands is used, denoted
by S(1,112) which is the set of 2 ° for which lAil < 1,
where A1 is the non-dimensionalamptitude of the main mass.

For the system shown, without damping,

A‘= k,x, = az —..()-1

F

a¥ - (1+a*+ a"/’)—n" +a?

and the bounds for this region can be found for the plane

(a2,.ﬂ.2) from o
+1
A\ = {-—l
o0
obtaining respectively:
O\: = ..Q.z
o =2/ (1+p)

al = -@i(ar-2) /(A8 +pat-2)

al= t(at-1)/ (2 +pAnt 1)

Sample curves for the above functions are plotted

in Figure A.1.4 on the (az,ilz) plane for />= 0.1 and/o 3 1.0.
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The amplitude-frequency plots can be readily vis-
ualised from the set of (a2,112) curves. The conclusion
readily drawn from the above plots 1s that both éz and Vi
should be made as large as possible to give the largest
suppression band. However, the suppression point i.e.

A1 =:0 is determined solely by a2 and will be decided by

the centre frequency of the excitation.

Light damping might be employed to cope with any
weak broad-band excitation present, but will tend to reduce
the suppression band. Non-linear springs can serve to

improve the suppression bandwidth.

A mixed type of absorber, combining the features of
both absorbers can be useful (in theory at least) when
substantial broad band excitation coexists with narrow
band peaks. The damped and undamped absorber thus give
an overall damped response, with the narrow band excitation
suppressed by the undamped absorber. This is sketched

below.

|, )
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A logical extension to the simple model is the case

where n absorbers are attached.
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i:l 2
m;
-~ - - M i /m
g o T9 wida 1 £i = i/ Mo

m, C\); = Qi W,
g = A/ l!o /m‘,
ko

b
"
£
N
¢

7/ P

The non-dimensional amplitude of the response,

A , is then given by
(¢S . - -1

ul 3
A, (: kox, }={ (1-07) - Paa;-ﬂz - LZ 2¢,p;0 }
F /i (a*-01)+ 2¢;0 Y (a2-nt) +i2¢, 2

{=71. =

where the undamped absorbers are obtained by putting c, = O.
The effect of many dampers on the system i1s thus similar

to attaching a flexible structure with many resonances.

If damping is ignored, then:

A, . LT cas-a

-—

i’ (‘/"i o ﬁ C "Qz))

: j=t
=) :j,#:i
which forms a model for general multimodal structure, prin-

sl
O‘Jf)Twr(“f~Jf) +
L=

cipally specified by the anti~resonances (ai2 =512) but
otherwise leading to similar results to the model used in
Chapter 3. The application of more than a very few absor-

bers is likely to be limited.

The application of the damped dynamic absorbers to
a vehicle suspension is attractive in theory as considerable
gains in low-frequency isolation can be achieved. It has
not, however, been popular in practi;e. An example of the
application of absorbers to a highly simplified suspension

system is shown below and the results compared with an



optimised conventional system.

The vehicle is represented by a rigid mass, with
a massless main spring énd tyre, and rigid wheel, as shown
in Figure A.i;S. Tyre damping is neglected. The model
is essentially a representation of low frequency behaviour

only.

An approximate optimum for uniform broad-band ex-
citation can be derived very simply by using approximate

single-degree-of-freedom systems for the body-bounce and

wheel-hop modes. Absorber weights of 100 1lb. for the body-

bounce mode and 15 1lb. for the wheel-hop mode are used.

Using the optimum parameters as described earlier, we have:

)
a) for the body-bounce mode
o= s0.8

absorber k 20.5 1bf/in

absorber ¢ =, 1.37 1bf/in/s

b) for the wheel-hop mode

b o=, 0.727

absorber k 188.2 1bf/in

absorber c

li

1.732 1bf/in/s.

For comparison purposes, an optimised version of a
conventional suspension system is shown, subject to similar
simplifications also in Figure A.1.5. The damping used is
of the relaxation type, and again tyre damping 1s ignored.

The parameters shown are obtained by minimizing the error
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between the model's performance and the target performance.
The target performance is that both the wheel-hop and
body-bounce modes have the same damping ratio of 0.585
such that the‘model returns to equilibrium very rapidly
after an input disturbance. Also, the body-bounce fre-
gquency is to be 10 rad/s (1.59 Hz) and other modes are to
be'over—damped and thus non-oscillatory. The one damper
unit is then required to perform equally efficiently for

both modes of vibration.

The target lines for the model on the complex plane
(¢, w) for the complex frequencies (Y = + jw of the
model are shown in Figure A.1.6, together with the complex
frequencies for the initial parameters. The parameters
available for change (but subject to constraints) are the
tyre, main spring, and damper bush stiffnesses, the wheel
mass and the damper viscous damping coefficient. The tar-
get is reached exactly with such a free-range, though with
fewef parameters only a minimum would be found. Figure
A.1.7 gives an interpretation of the response of modes

characterised by points on the complex plane.

In Figd}e A.1.8 the response of the body aﬁd wﬁeel
to the suspension with absorbers is shown to a road input.
The heights of the peaks indicate that the approximate
approach was éuite adequate and reasonable damping was

achieved on the modes of vibration - the wheel being better

controlled due to a more favourable mass ratio. Figure A.1.9
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the extremely heavy damping available giving excellent

‘control of the body and wheel.

FPigure A.1.10 shows the transmissibility from the
wheel to the body for both models, as an indication of
suspension effectiveness. The system with absorbers
shows an appreciable gain in effectiveness over the con-
ventional system due to the more mobile path, even at
low frequencies, at the expenée of slightly less efficient

damping. The gain, of course, extends to higher frequencies.

The conventional model might have as an alternative
target the softest possible damper bush to improve the
transmissibility characteristics, but a reduction in avail-
able damping must be considered. For reasonable damping,
the top bush cannot be made sufficiently soft for the sus-

pension to compete with the absorber system in effectiveness.

Optimum damping, in practice, is usually obtained
by changing the damper setting only, and due to the non- -
linear cﬁaracteristics will vary according to the excitation.
However, it is clear from the above model, that several
" different parameters need to be changed to l=ad to a true
optimum and a long iterative procedure is necessary to

achieve this.

The use of dynamic absorbers is unlikely to be wide-
spread in practice despite their theoretical advantages,
but it should be noted that the same absorber mass can be
used in different directions to increase the efficiency

for a given overall weight.
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Brief Review of Literature

For the purpose of this bfief review, the term
'dynamic absorber' will be applied in a wide sense to
include most devices which can be attached to a system
or structure to limit its vibration, either conservatively
or non-conservatively. 'Built in' methods, such as damping
‘introduced by sandwich construction with viscoelastic

materials are not considered.

The origin of the dynamic absorber isvusually
attributed to Frahm, though Watts (84) in 1883 fitted anti-
roll tanks to a Frigate and thereby reduced its rolling by
20 - 30%, and the method used approximated to that of the
dynamic absorber. It is of interest to note that whilst
such tanks are now obsolete (they were used on the German
luxury ships Brehen and Europa (11)), modern references
appear on the use of water as a means of effecting roll
damping - for instance Bosch (45, 1966) and more recently
in ref. 41, 1971. Early theory and practice of anti-roll
tanks were given by Frahm (56, 1911) and Horn (50, 1911).
Frahm in 1911 took out U.S. Patent Number 989,958 entitled
"device for damping vibrations of bodies" and thus became

the usually acknowledged inventer of the dynamic absorber.

in 1928 a very complete describtion of the dynamic
absorber was given by Ormondroyd and Den Hartog (74), cover-
ing the cases of 'absolute' and 'relative' viscous damping,
the use of dual absorbers to relieve stresses and for two

working frequencies, torsional applications and the equations
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for éolid (i.e. hysteretic) damping. Den Hartog later con-
solidated the optimisation procedure (50, 1st ed. 1934), and
Brock (47, 1946) supplemented the formulae for optimum tuning,
and included ?he Lanchester damper. A practical appliéation
of the 'Frahm absorber' was given the following year by

Crede (48). Later work on the absorber includes analyses

with hysteretic damping by Snowdon (88, 1959; 92, 1968).

Robertson (80, 1952) pointed out that numerous patents
to increase the usefullness of the 'Frahm absorber' by means
of non-linear elements had been taken out since 1914 but had
not been properly exploited, and showed that the non-linear
absorber is less sensitive to frequency drift and tuning than
the linear case. Using the concept of suppression bands as a
criterion for synthesis he established the advantages of non-
linearities. Pipes (75, 1953) extended the analysis to another
form of non-linearity, but by a 'sigﬁificantly different

procedure'.

Centrifugal force excitation, requiring modified per-
formance criteria, has been considered by Sauer (85, 1949)
and Radziszewski (77, 1966). Other optimisation procedures
have been given, of which two of the more recent ére Murotsu
(72, 1967) and Falcon (52, 1967). The transient response of

the absorber has been considered by Snowdon (87, 1959).

Cases where the absorber has been attached to a beam
(thus representing a fairly complex structure) have been
given by Young (95, 1948), Snowdon (91, 1966), and Jones
(61, 1967). The case of dual or multiple absorbers has been

considered by Snowdon (89, 90; 1964-5) and Grover (57, 1968).
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The acceleration or‘impact damper was first invented
in 1944 by Lieber (67, 1945). It presents interestiﬁg analy-
tical problems which have been extensively discussed, for
instance by Warburton (93, 1957), Sadek (83, 1965-6), Masri

(68 - 71; 1966-70), and Egle (51, 1967).

The application of servo-controlled or active dampers
is a logical step from the use of passive devicés. Rockwell
and Lawther (65, 81, 82; 1964-5), Knyazev (63, 1966), Abu-
Akeel (42, 1967), Ro (79, 1968), and Boyle (46, 1968) each
deal with aspects of active damping. Earlier results (82)
showed extensive operational bandwidth, and the introduction
of damping equivalent to a loss factor of 0.2 was achieved.
Whilst attractive in theory, one may wonder at the philosophy
of providing power and‘fairly elaborate equipment to counter-
act the vibration in a system unless exceptional results can

be obtained.

The use of rotary devices greatly enlarges the scope
of absorbers. The simplest of these are the rotary forms of
the Frahm or Lanchester dampers. A slight modification for
torsional oscillations is the pendulum absorber, discussed
by Crossley (49, 1953) and Newland (73, 1964) alléwing for
large angles of swing. Other torsional vibration absorbers
include the gyrostatic (Arnold (43, 1947)) and the governor
type (Pringle (76, 1953)). There is also a self-adaptive

balancing device for shafts (Hooper (59, 1967)).
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Pendulum type absorbers on rotating shafts may
also be employed to deal with axial vibrations, as shown

by Reed (78, 1949) and Laufer (64, 1960).

Gyroscopié absorbers may be employed to deal with
linear vibrations and may be synchronised to the main
excltation frequency as their anti-resonant frequengy is
a function of the rotor speed. Flannelly (53 - 55; 1963 -

65) and Jones (62, 1967) have analysed these.
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APPENDIX 2

VIBRATION ISOLATION BIBLIOGRAPHY

Papers referring specifically to vibration isolation
are given in the first section of the list of references
(1 - 40). General background may be found in Macduff and
Currerf(iS), Timoshenko (39) and Ruzicka (19). The 'classical'
models in differing forms are shown by Gurtin (9), McDowell
(14), Ruzicka (20, 21), Sekiguchi (22), and with wave effects
Snowdon (30). The performance of practical forms of isolators
is given by Exner (5) and Haringx (10) considering steel and
rubber springs, and rubberlike materials by Snowdon (26, 27,
29, 31) and Sykes (35). The two-stage mount for shock has

also been considered by Snowdon.(32).

Equations for the effectiveness of isolatOors given in
Chapter 2 have been given by Harris anderede (11) - equation
E(G) in impedance form, and equations E(Z) - E(7) in mobility
form by Ungar (40). The other equations were derived from
first principles. The general single path system hés also
been dealt with by Skudrzyk (23), Snowdon (25, 28) and Sykes

(36), and with extensions to multiple paths, Soliman (33).

Pneumatic isolators have been considered by Soliman

" (34), and with servo-control, by Tajer-Ardabili (37).

Multi-degree of freedom systems for general rigid
body motions have been considered by Efstathiades (4),

Grootenhuis (7), Gupta (8),: Henry (12) and Smollen (24).
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Vibration isolation in vehicles has been considered
by Barson (2), dealing with tyres, with suspension by (1),
Fiala (6), Moulton (16), Porter (17)3 Rossini (18) and
Thompson (38). Active isolation has been considered by

Bender (3), and engine suspension by Horovitz (13).

The above list is not,. of course, inclusive, but
briefly covers the field. Other references to vibration

isolation are given in the complete list.




APPENDIX 3

AEROSTATIC BEARING

The use of aerostatic bearings in vibration systems

is somewhat unusual, and problems have been encountered

(154). As such, the use of
transmissibility apparatus

not be guaranteed a succes

The requirement for
stiffness, with reasonable

tually no restraint in the

an aerostatic bearing in the
described in Chapter 4 could

at the design stage.

the bearing was a high lateral
load bearing capacity, with vir-

vertical direction.

Design criteria from Grassam and Powell (139) were

used to meet these requirements. Due to manufacturing

difficulties, the minimum jet size availlable was 1/64 in,

and so fewer jets than desirable had to be used, with a

certain loss in performance.

The design details are:

bearing length 2.0

bearing diameter 1.

in.

5 in.

radial clearance 0.001 in. (design), 0.0007 in.

(actual)

jets, 2 rows of 4 at quarter stations, each 1/64 in.

diameter

air pressure 70 - 80 psig

As shown 1n Chapter

4, the behaviour of the airbear-

ing was in almost every respect satisfactory, and air

344



conSumption was minimal. Complete absence of dirt and

oil in the bearing, and the supply of clean, dry air

were essential for the correct performance of this

bearing.

The lateral stiffness of the bearing compares
well with the theoretical predictions at the design

pressure - see Figure A.3.1.
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APPENDIX 4

TRANSDUCER CALIBRATION

To ensure reasonable confidence in the accuracy of
measurements using accelerometers a form of absolute cali-
bration is desirable - using quoted accelerometer sensi-
tivity values and amplifier gain values can lead to an

accumulation of errors.

A small calibration block was designed to supply a
readily measurable motion input to the accelerometer, enab-
ling an overall calibration to be performed using the same
measuriné circuit for the calibration as the experimental
work. The overall calibration obtained is then scale reading

(volts)/g.

The calibration block consists of a 1 in x 1 in square,
1.5 in. long piece of stainless steel with highly polished
sides. On two of these sides, very fine lines were scribed
at spacings of 2, 4, 10 and 20 x 10™2 in and 1ey.,42, «5 and

1 mm, to an accuracy of 107 in.

Set amplitudes of the block are obtained by vibrating
the block vertically and observing with a microscope when the

lines merged.

Twelve adaptor bolts could be screwed into the block,
tapped with the various screw threads necessary to test any
accelerometer in the laboratory. Another adpator was made

to enable the block to be attached to the vibrator.



The complete assembly with accelerometer and vibrator

is shown in Figure A.4.1.

The range of operation is limited by the lowest fre-
quency observable by the eye without image loss, the line
spacing, and the thrust of the vibrator, and is shown in

Figure A.4.2.

Several readings are taken for the calibration, the
frequency and amplitude giving acceleration, the independent
variable, y, with scale reading, x (volts),as the dependent
variable., A line x = ay is fitted by a least squares fit,

i.e.
a = in‘di.
21301

This is chosen as the errors tend to be small and
random. Whilst it is not really meaningful to discuss stan-
dard deviations without gross assumptions, an estimate of
the errors can be made - these were usually found to be

within 3% with occasional errors up to 10%.

The califration errors-provide some idea as to the
expected errors in measurement using the accelerometers.
Some systematic errors are eliminated by the observer using
the same meter for calibration and measurement (except, of
course, with digital equipment), but systematic efrors may
occur in reading the calibrating block. These errors are
likely to be the same for all accelerometers being tested,

and thus there may be a (small) systematic error for the
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experimental results. These can be kept small by using

the larger displacements.

The accelerometers and amplifiers are assumed to
be linear throughout their working range. With those
used this was found to be the case within the limits of

error of the calibration.

The calibration block could also be used to calibrate
force gauges, by using the block as a loading device as well
as indicating the displacement. Additional mass can readily

be attached.

Impedance héads can also be calibrated in this way.
For these, however, a relative calibration between force
and acceleration is usually sufficient. For this relative
calibration is only necessary to drive a known mass if the
mass cancellation circuit is used, or two different masses
to obtain the calibration and the effective mass at the end

of the impedance head.
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APPENDIX 5

MASS CANCELLATION CIRCUIT

Cancellation of the mass between the force gauge
of an impedanée head and the structure being tested is
-necessary for éccurate measurements, Fspecially when tne
structure's impedance is low. As is shown in Figure A.5.1,
only F can be measured by the force gauge, whilst the true

force F,, acting on the structure must be deduced, using

T
the relation:

F = P - mX

where m is the mass in front of the force gauge (assumed
rigid), and the common acceleration X is measured by the
accelerometer, A rigid connection to the structure in the

forcing direction is assumed.

Circuits to perform the required function were not
available (at the time of testing), and so the circuit shown
in Pigure A.5.2 was constructed, using integrated circuit

operational amplifiers.

4

The circuit specification is:

Power supply 240 V AC

Input impedance (both inputs) 10 k&

Output impedance 2200

Maximum inpuﬁ voltage + IV on ﬁ, + 10V on F
Maximum output voltage + 10V

Output short-circuit protection - complete

Bandwidth DC - 1kHz
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The circuit was tested by feeding both inputs with
a common signal from an oscillator, and setting the poten-
tiometers to give a minimum output on the force channel.
The minimum was found to be at least -80dB relative to the
input over the operating range and thus the circuit was

seen to perform with high accuracy.

Using an impedance head as the signal supply, the
effects of the mass in front of the force gauge were reduced
over most of the frequency range by more than 30 dB. A
typical trial using a Wilcoxon impedance head is shown in
Figure A.5.3. Small phase and gain shifts introduced by
the transducers ahd amplifiers account for the fact that
the amount of mass cancellation achieved in practice is
less than would be expected from the behaviour of the mass
cancellation circuit alone. Because of the frequency dep-
endence of such shifts it is possible when taking measure-
ments at spot frequencies to achieve better than 30dB can-

cellation by adjustment of the gain potentiometers.

The circuit can also provide the relative displace-
ment between the top and bottom blocks in the transmissi-

bility apparatus.
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APPENDIX 6

EXAMPLE OF MODEL DERIVATION

The derivation of the equations of motion for the
twin wishbone model without the damper unit are shown here
to characterise the approach taken and the type of assump-

tions made in the modelling.

‘The skeleton form of the suspension model is shown
in Figure A.6.1. The following initial assumptions are
made:

1. Component parts are rigid, springs massless.

2. In-plane, small vibrations considered only.

3. No clearances.

4. Outboard pivots viscously damped, inboard
pivots rubber bushes.

5. End mass constrained to move in x-direction only.

Right-hand Cartesian coordinates are used, X corres-

ponding to the vertical direction.

The generalised coordinates are chosen as being
suitable for measurement and forcing, and are:

qq - X-direction motion of stub-axle (point a)

PR , Y-direction motion of stub-axle (point a)

qy - ©,-direction rotation of stub axle (point a)
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dq - x-direction motion of inner end of upper
wishbone (point g)

dg - x-direction motion of inner end of lower
wishbone (point k)

dg - x-direction motion of end mass.

Auxiliary coordinateé are used to givevthe motions
of other pointé on the modelj and are denoted by the vector
form of the point name:

e.g. ‘é = éx i o+ éy J = &1.1 + &2 J
is the velocity of point a, where éX and éy ére the com-
ponents of velocity, and i and j are unit vectors in the

x and y directions respectively.

Position vectors (r) specify the geometry of the
1
model. They refer the position of any point on a rigid
link to the position of the input point (characterised by

the lowest letter) of that link.

means the position of point k referred to point h (see

Figure A.6.1).

The points d, £, j specify the positions of the centre

of mass of the stub-axle and wishbones.

Other system parameters are:
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kX1 - spring stiffness, spring number 1, direction x

(this may be complex, to include hysteretic

damping)
% - viscous damping coefficient, number b
m, - mass,. number 2
I3 - moment of inerfia of rigid body number 3 about

centre of mass in XY plane (i.e. about z axis)

Each spring is represented by three uncoupled stiff-
nesses - vertical (kX), horizontal (ky) and torsional (ke);

The spring k, is seen in place of the tyre, and is included

1
for numerical reasons - it need not affect transmissibility
calculations (qG/ql), or the mobility matrices where spring-

damper cancellation is used.

The equations are set up using Lagrange's formulation,
requiring expressions for the energy and dissipation of the

system. Thus, we have:

kinetic énergy, T

= % { mil.é} ° 4 I, ‘é{‘ > 4 m, liJ ° . I lézl :

. <1 2
+ Mgy ll.lz + I3 123‘ 2 +omy, Lls }

potential energy, V

2 2 2 2
~ 1 -
= 3 {kxl a .~ o+ kyi a,” o+ kg1 017 + ko (g 1)
2 2 ‘2 2
+ kY2 9 + kgs 0, + ke (1x - 1) + KY3 ly
2 2 2 2
toKgy 037 4 Ky Gk - 107 4 ko, kT4 kg, 8y }
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woiswimve ... .dissipation function, - D
: L 42 : w42
= 4 -
= 3 { <y (6, - 6,07 + cc(e1 62) }

Forces applied externally to the generalised

coordinates correspond to the generalised forces, Q.

The expressions above require to be modified into
éxpressions containing the generalised coordinates (g) only.

Considering the kinematic relations first, we have:

1. for the stub axle:

a4 = a + &) NIy

2. for the upper wishbone:

é = é = é + éi N ESR
é = é + éz N r = é + éq./\ Iy + éz A Eq
- a +é1/\£b+§2/\£f
3. for the lower wishbone:
h = ¢ = a + 8, A
E. = é. + éq AN L. o+ ﬁg N Iy
:’L=...E£+.é_1'/\r +.é_.3/\£j
1 =2+ 8, Az + b Az

Consider the terms needed for T:

.é = é_ + é N



. 2 .+ 2 . 2 2. 2 .. .
hence d = gq +dy, + rydy = 2q,lq3ryd + 29
where r 2 = I 2 + 2
d xd yd
2 _ 2
and _Q__,l = q3

For the rotation of 62, we have

&, Nz, =g - a3 - & Nxg
hence © S (4, - q, - r da)
2 = T 1 4 yb 93
yg
so that £ = a + éirbEb + 2 (q; - a4 - rybq3)
(where . ru = - ry i+r, j)
then f. = &, -6, £ - —— (g, = 4, - Lon Q)
X X 1 “yb Tyg 1 4 yb *3
. . erf . .
= - Ap - Typ 93 - 7o (9 - a9y - Iy d3)
Y9 -
using the substitutions
ied
A, - = , A, = 1-a,
Y9
leads to:
< 2 .« 2 2, 2+ 2 2+ 2 2+ -
£,0 = Boaq o+ T Ayray + Agray - 2Xhs dq9,
+ 2RgRoagdy = 2T R Rodady
whilst for fy, we have
- 3 rxf' . -
fy = a, t é1 Loy + 5 (q1 - dy - Iyp q3)

Yd
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using the substitutions

r ; Tvb Txf
Ay = Ixf A, = (Fxp - L2—5)
r
vg Y9
leads to
=2 22 .2 2 « 2 3.2 .
fy = A3 q1 + q2 + A4 q + A3 q4 + 2A3q1q2
e DAA GG - 282 GG+ 2A. 4uG
3%a 944493 3 999 4 92493

= 2R3 A5q, = 2A3A, a9,

Thus, for the third term in T, we have

[+
f
H
4
Hy

' 2 2 - 2 2 2 2 > 2
= {A2 + A3 & a4, *+ dy o+ {ryb A2 + A4 z A5

2 2 2
4-{.1\.,l + A3 g q4

+

. . 2 e 0 2 [
2A3 q4dy + 2(A3A4 - T A2 )q1q3 + 2(A1A2 - 53 )q,lq4

vyb

* 2R, Ay - 2R3 dyq,

- 2(rYb AjA, + AgA,) a0, (3)
Using the substitution

: 1

A = 2

5 r

Y9 ' _

we get, for the fourth term in T,
212 . 2 2 s 2 . 2 s e
|8l = Ay &” 4 Typ A5 A3 * A5y - 2Ag A 9,

- 2ryb Ag 493 + Zryb Ag dyq, (4)
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By similar analysis, using the substitutions:

r. . ro. r..
= Xl _ o XJ X ., X1

A6 = T 3 A7 = (1 T ) ,l A8 —/.t I ,i

vk \ vk - vk

A = (r fye Tx3 )
9 T (Txe -
vk
we‘get:
2 2 2, 2 . 2 2 2 2,0 2
Ll! = (A" + Ag Ja,m +d, o+ (ryc A"+ Ag )d,
2 2, =« 2
+ (A6 + A8 ) q5
+ P2A <';1'<31 + 2(A A, - r Az)éq + 2(AA. - A%)
g 9192 89 ye 7 193 67" "8
+ 2A9 d593 - 2A8 d,d5
- 2(ryc Ah, ~+ A8A9)q3?5 . . (5)
2 2 . 2 . 2 _ . 2 . 0
and |8, ° = Mg 47 ¢ ryc Ryg G357 +Ag 95T - 2R 9995
= 2ryc Byo 9993 * 2y Bio 9395 (6)
1
where AiO = —5
r
vk

and for the lastterm |1] 2 . dg (7)
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Summing the terms 1 - 7, the expression for kinetic

energy in terms of the generalised coordinates is :

2

_ 2 2 2 . 2
21‘-{nﬁ_+ (2% + A3%Imy + ATy + (Ay% 4 AgTImy A1013} a4

+ (h + M, + moy)q 2
1 2 3772

-+ {(mird2 + Il) + (ryé A22 + A42)m2 + ryé AT, +
(ryi A72 + A92)m3
* ryi Aiot3 Zé32
+ {(Ai2 + A32)m2 + ASI2] é42
+ {A62 + A82)m3 + A10i3 2é52 + m, é62
+ 2(A3m2 + A8m3)Q1§2 + 2{—rydm1 + (A3A4 - ryb A22)m2

2 -
- Ty ATy + (Aghg — v A, Tdmy - r AyoT3 ] 2435

- 2 * .
2 {(A1A2 - 2,%m, - ASIZl a,4,

+

2 I
2 { (aghy ~ 2gTmy - AyoToL Gy

+

-2 {fgdm1 A M, 4 A9”‘32 Apdy = 2R3Mm,ya,0, = 2AgMad dg

- 2‘{(rybA1A2 + Agh Iy -~ rybAslzz A39,
-2 {(ryc Aghy + Aghgmy 1+ I A1013} 9395

From this expression for T, it is then possible to write
down the inertia matrix elements by inspection - these are

shown in Appendix 7.
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Considering now the potential energy, we require

additional expressions for:

gy ’ 1. s ly - and ky
now g = a + AL + S5 A Eg
rxg ,
e gy = 4, + d3 Iy + 7 (q,l - 4, - dj ryb)
. Y9
Tx Top Tx
where B - = , B = r - 2 Xg
1 r ' 2 xb r
Yg Y9
2 2 2 2 2 2 2 2
then gy = By qy + dy + B, q3‘ + B1 a,
+ 2 B’l B2 q,.L a5
> B, B > B,° > B
* 1 709993 - 2B 4 9y * 2 95 93
- 2B a4y qy
- 2By Byazq o (8)
and 1 = a + &6, AN r. + 83 N I
so 1,99 = By ay - Ty Byd3t B3 95+ 9
tvi
where B3 = 7 . B4 = 1 - B3
vk
2 2 2 2 2 2 2 2 2

so that (iX - q6) = B4 »qi + ryc B4 q3 + B3 qs + q6

(9)

I
N
w
w
Q
Ui
Q
o
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and ly = B5 9. * q2 + B6 93 - B5 dg
ros r ros
where B5 = T B6 = I - —lf?—fi
vk xc yk
. 2 2 2 2 2 2 2 2
so that 1y = B5 9 *+ 95 ++B6 dy  * B5 ds
2

+ 2Bg q4d, + 2BgBg q4q5 - 2BgT q4dg
+ 2Bg d,a3 - 2Bg a,95
- 2BgBg d395 (10)

whilst for ky, we have

ky = By dp +dy + Bgdz - By dg
Txk Lve Txx
where B, = == B, = r_ - —==—3X£
7 r 8 XC r
vk vk
2 2 2 2 2 2
S0 thaﬁ ky = B7 9+t 9, o+ B8 d5 + B7 dg
2B 2B.B. q. 2B, °
* 7 999y + €BgPg 9993 = B 9495

7°g 9395 (11)
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The expression for the potential energy can now be
formed, and is:
2V = {kxi + B12k 5 * AS g2 + B42k 3 *+ B52k 3+ A10k63 + B72k 4
y , x Y y
) v Aygkggl ay°
+ {kyi + ky2 + ky3:+ ky4} a5
+ {kgq * Bzzkyz * rbeAskgz * ryézB42kx3 ¥ B62ky3 |
+ ryc2A10k93 + Bgzky4 * ryc2A10k94} a5°
* {kyp Bizky2 « Aggod ay”
v (B Ky + Bszky3 * RioKesy * Ky B72ky4 v Bygkgy) A5
* {Ryp + Ky + Kgd A
+ 2{B1ky2 + BSky3 + B7ky4} 4495
+ 2{ByBokyn — TypPskgn - rycB42kx3 * BsBgkys = Iy Pi0¥e3
* BoBgkyy - Ty PioReal 9193
¥ 2{“Bizkyz - Bgkgol 99y
+ 2{ByBgkys = Bszky3 - %10%%3 '*B72ky4 ~ Ago¥ga} 9495
+ 2{-Pgky3) 449
+ 2{B2ky2 + B6ky3 + B8ky4} q49,
+ 2{-Bykypl dpay
+ 2{-Bgkyy ~ Bykyy} dpdg
+ 2{-ByBok o + rpAgkgo} d3qy
b 2{-r, ByByk, g = BgBgk g + r  Ajgkes = BiBgk 4
* Iy cP1oReal 9395
+ 2{r, Bikyal a49,
+ 2{-k_5} a,49,
+ 2{-kyq = Bakyal 959
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From this, the stiffness matrix elements can be
written down as shown in Appendix 7. If hysteretic damping
is included, the damping matrix is formed in the same way.
If all springé are assumed to have the same loss factor,
then the hysteretic matrix is proportional to the stiffness

matrix.

For the dissipation function, using the substitutions

c . c = 1 +£ﬂ c _ 1 c. = 1 +_ri§
1 Tyg ? 2 ryg ’ 3 Lok ! 4 "ryk
we get )
-D = {C'l2 Sy (232 CC} 5112 + {C22 Cp * C42 ccz 6132
+ C12 p q42 + C32 <. 652

2 CuC, ey daqy + 2 CiC, c 39

-+

Thus leading to the viscous damping matrix.
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APPENDIX 7

EQUATIONS OF MOTION

For computing the response of the lumped parameter
models, the equations are required in matrix form. The

matrices are:

A - TInertia matrix

4
{

Stiffness matrix
G -~ Hysteretic matrix
D

— Viscous matrix

with the required forcing function provided by the vector

F.

This section shows the matrix elements for the
models described. For straightforward models without
links, the matrix elements can be written down by ins-
pection. Thus only an example is shown below - that for
the suspension model including spring surges, g 5.4.1
and Figure 5.4.2. A lumped parameter approximation is
used for the spring, valid up to the second spring surge.
The schematic model is shown in Figure A.7.1, where the

springs are permitted to have hysteretic damping.

The matrices for this model are:

A = diaglﬁa, Myy Matllgy My, Mg, Mg, Mg, Mg, Mgmg /



iqg
body m
9
— - -
By = S
%
spring Mg
model 051 o K, l I |_damper
q Sk e model
Sl A
- 75,
- , l '
k
< k3 o, _
m, wheel
tyre |
k q
m § 2 1
| 1 ] _,_
§ (road)
K
7/ 7
m5 =(total spring mass)/6 ; kl. =(overall spring stiffness)x5
=mg /6 :kSXS

data for Figure 5.4.2 -(transmissibility qg;’q2 , independent
of k, ,k,,m & m, )

177221 2
mg = 500 th.wt . 198 bf/in
ms = 5.51b.wt kS:MOO Ibf/in
m, = 0.5b.wt k3' =55000 (bf/in
mg = 3 Ib.wt c =181bf/in/s

i all springs = 0.01

Figure A.71
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G is of the same form as E substituting h for

h = nk where n is the loss factor for the

Finally,
0] 0]
0] 0]
o C
6 -C
0] 0]
0] 0]
0] 0]
0] 0]
o) o)

o O O O o 0O

O O o o © o o o o

© ©o o o ©o o o o o

o 0O o o o o o o o

© o o o o o o o o

© o o o O o o o o

For the more complex cases involving links,

where the geometry must be considered, the matrix
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elements are shown listed, with a schematic diagram of
the model. The following pages use part of the computer
set routine used in establishing the system matrices to
give the equations of métion of each model. The input

parameters are read in previously.

A note on reading the computer print-out:

Suffices are not available as such, and appear as

full letters or numbers, e.g. Al is Ay

RXC 1is rxc

matrix elements are subscripted

e.g. A(I,J) 1is Aij

and matrix elements not referred to are set to zero.

Also: E(1,1) = KX1 means assign to store

E(1,1) value in store KX1 (not 'equals'- can have
A=A+A)

* means multiply

** means raise to power

€.g. - C * AL ** 2 is - CcA 2 (not—(CA4)2)

4

(Precedence rule **; *,/; +,-)

CALL SCAMUL (E, G, M, XXX) means scalar multiply
the matrix E by XXX and assign to G, with the matrix

order specified by M.

Implicit integer variables, eg. KX1, M2, I4 etc.

have all been declared rezl.
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Furthermore, the models all include a spring
(or springs) to ground, and sometimes extra mass. The
inclusions are for computing purposes, and the effects
can be cancelled (see Chapter 3), and can be arranged
so as not to affect the transmissibility plots. The .
spring and mass are also used for rough approximations

to the tyre and wheel behaviour.
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THE MODEL SHOWN [N FIGURE Se3e3+ PARAeSe3e¢1+3 FOR A RIGIDs
ANGLED LINK WITH A VISCOUSLY DAMPED INBOARD PIVOT.

CODEceeRLP

Al=RYB/RYC

A2=1e=~A1l

A3=RXB/RYC«RXC/RYC

A4=1e/RYC

SETTING THE INERTIA MATRIX
A(1e1)=MIR(A2HX24ATER2 Y+ 1 RA4RH#2
A(2¢2)=MI¥(ALXX24ABXX2)+ 11 XALXR2+M2
AC142)=M1H(ALXRAZ-AB*#2)~11%A4X¥2
Al(2+1)=A(142)

STIFFNESS MATRIX

E(1les1)=KX]1

HYSTERETIC MATRIX

G(1le1)=HX1

VISCOUS MATRIX

D(1+1)=CRA4#%2

D(2+s2)=CRA4%%2

D(1+2)=~CRAQ® XD
D(2+1)=D(1+2)
END
My
X

Transmissibility = qz/q] , independent of kX1

b is centre of mass.

374

" THIS PART OF THE SET ROUTINE ESTABLISHES THE INPUT MATRICES FOR
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THIS PART OF THE SET ROUTINE ESTABLISHES THE INPUT MATRICES FOR
THE MODEL SHOWN [N FIGURE S5e3¢3¢ PARA. Se3.1s3 FOR A FLEXIBLE
LINK (USING AN ASSUMED CUBIC POLYNOMIAL DEFLECTION CURVE)

WITH SPRUNG INBOARD PIVOT.

CODE s s oFWB

RO=M1/EL

CC=yYM*11/EL

B8B=CC/EL

AA=BB/EL

DD=RO*EL/420.

EE=DD*EL

FF=EE*EL

SETTING THE INERTIA MATRIX

Al141)=156+%DD

A(242)=4 ¢ *FF

A(3¢3)=156¢%DD

A(4e4) =44 %FF

Al(S«5)=M2

Al e2)=22e%EE

A(l1e3)=54%DD

A(le4)=—134%EE

A(2+s1)=A(1+2)

A(3+¢1)=A(13)

A4+ 13=A(144)

A(243)=13.%EE

2:§04): Je¥FF Jg1 q5
¢ 2)=A(2+¢3) .

A(4e2)=A(244) ,~~‘q2

A(3e4)==22 ¢ *EE

A(843)=A(3¢4) i ”

STIFFNESS MATRIX &3 :;k ke

E{1+s1)=12¢e*AA+KX]
E(2e¢2)=4+%CC+KO1
E(3+3)=12«*%AA+KX2
E(444) =4 ¢ #CC+KO2 777
E(5+5)=KX2

E(142)=6,%BB
E(1+3)=—12e¢%AA

E(144)=6+%BB
E(2411)=E(1e2) length I—EL

E(341)=E(14¢3) Young's modulus-YM

E(401)=E(1+4) , 2nd moment of area—11
E(2¢3)==6+%88 maSS_M‘I
E(2+14)=2e%CC

E(3¢2)=E(2+3)

E(442)=E(24+4)

E(314)=—6.%B8 _
E(3+5)=~KX2 Transmissibility ::q5/q],independent of kx1
E(493)=E(344) :

E(543)=E(3¢5)

HYSTERETIC MATRIX

AXX=401

CALL SCAMUL (EsGeMoXXX)

THIS PRODUCES THE HYSTERETIC MATRIX PROPORTIONAL TO THE
STIFFNESS MATRIXs HERE «01Xe

END
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TH1S PART OF THE SET ROUTINE ESTABLISHES THE INPUT MATRICES FOR
THE MODEL SHOWN IN FIGURE Se3e7t PARAe Se3e¢2¢ FOR THE
TRANSMISSION OF VIBRATION IN THE>LONGITUDINAL DIRECTION

THROUGH THE WISHBONEs WITH A RIGID WISHBONE AND SPRUNG

INBOARD PIVOTS

CODE e ¢ « SSH1IP

RD=RXD¥¥24+RYD# %2
SETTING THE INERTIA MATRIX FOR SSHIP
Alls1)=M1
A(2:¢2)=M1¥RD+11
A(3¢3)=M2
A(1+2)=M1¥RXD
A(2e¢1)=M1¥RXD
SETTING THE STIFFNESS MATRIX
E(lel1)=KY14+KYZ2+KY3
E(2¢2) KO 14KX2RRYCHEDLKY2¥RXCH ¥ 24+ KO2+KXIXRYBH¥ ¥ 24K YIHRXBH¥#2+K 03
E(3¢3)=KY2+KY3
E(142)=RXCH¥KYZ4+RXB*¥KY3
E(1¢3)=-KY2=KY3
E(24¢1)=E(142) e
E(3¢1)=E(1e3)
E(243)=~RXCHKY2~RXBH#KY3
E(3¢2)=E(2:¢3)
SETTING THE HYSTERETIC MATRIX
XX=e01
CALL SCAMUL(Ee«eGeMeXX)
THIS PRODUCES THE HYSTERETIC MATRIX PROPORTIONAL TO THE
STIFFNESS MATRIXe: HERE 01X
END

My
k
&2 kx2 kx3 ke
c b

k d k

2 3
) o I Yy

M4

P
0
N

Transmissibility = a3 /q1 , independent of Kﬂ
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THIS PART OF THE SET ROUTINE ESTABLISHES THE INPUT MATRICES FOR
THE MODEL SHOWN IN FIGURE Se¢4e39 PARAe Sede2el+ ANDs WITH K3
SET TO ZERO+ IN FIGURE 50343 PARAes So03ele3e THE MODEL IS

FOR ONE RIGID ANGLED WISHSONEs WITH SPRUNG INBOARD BUSHse AND
MASSLESS MAIN SPRING.

CODE ¢ ¢ « AWMZ2V

SETTING THE INERTIA MATRIX
A(l1s1)=M1

A(2+2)=M1
A(3e3)=MI ¥ (RXCHA2ILRYCH¥%X2)+11
A(40.4)=M2

A(l1+3)=-MI1XRYC

A(3¢1)=A(143)

A(2¢3)=M] ¥RXC

A(3¢2)=A(2¢3)

SETTING THE STIFFNESS MATRIX
EC]le41)=KX1+KX2+KX3
E(2:2)=KY14+KY2+KY3
E(343)=K014+KO024KO3+KX2*¥RYD*¥24+KYZ2ERXDX¥2+KXJXRYBARZ2FKYIHRXgX*®2
E(4¢4)=KX24+KX3
E(1+3)==KX2¥RYD~KX3*RYB
E(]144)=-KX2-KX3

E(3¢1)=E(14¢3)

E(4e1)=E(144)

E(2¢3) =KY2¥RXD+KY3I*¥RXB
E(3¢2)=E(2:3)
E(3+4)=RYDEKX2+RYB#KX3
E(443)=E(3¢4)

SETTING THE HYSTERETIC MATRIX
XXX=e01

CALL SCAMUL (EsGeMeXXX)

THIS PRODUCES THE HYSTERETIC MATRIX PROPORTIONAL TO THE
STIFFNESS MATRIXe HERE «01Xe

END
kx3 ke
b
e ky3 9
- --" & ©
-
; d
/ k
q1 ; C y2 |“2
1 33 b my 1
q
a 2
ket
kx1

Transmissibility = qA /q1
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THIS PART OF THE SET ROUTINE ESTABLISHES THE INPUT MATRICES FOR
THE MODEL SHOWN IN FIGURE Se4e3¢ PARAs Se4ele2¢ THE MODEL
CONSISTS OF TWO WISHBONESs STUB~AXLEs AND HAS A MASSLESS MAIN
SPRINGe THE INBOARD PIVOTS ARE SPRUNGe AND THE OUTBOARD PIVOTS
ARE ASSUMED 70O BE VISCOUSLY DAMPED.

CODE « ¢ ¢SS2DU

RD=RXD*¥2+RYD#¥2
SETTING THE INERTIA MATRIX FOR S52DU
Al =RYF/RYG
A2=1+-A1
A3=RXF/RYG
A4=RXB-RYBXRXF /RYG
AS=1 e /RYGEX2
A6=RYJ/RYK
A7=1e=-A6
AB8=RXJ/RYK
A9=RXC-RYC¥RXJI/RYK
A10=1e/RYK¥%2 :
Al{101)=MI+(AXK¥24+ABHR2)HM2LASH 2+ (ATHX2+ABRRZ) ¥M3+A10%13
A(2¢2)=M14+M2+M3
A(3¢3)=M1 #¥RD +1 14+ (RYB¥A2)¥%X2+A4 ¥%2) XM2+ (RYB¥#2) ¥ASK [ 2
+ ({RYCRATIRX2+AQHX2) ¥MB+(RYCHAZ2) ¥A10¥]13
Al44+4)=(AIRAZ2H+ABHE2) XMR2+ASKI2
AlS«S)=(ALH*%2+AB%#2) XM3+A10¥%13
A(6es6)=M4
A(142)=A3*M2+A8%M3
A(]1+3)=-RYDX*M1 +( AZXAL-RYBRAZ* %2 ) ¥M2~RYB¥AS* ]2
+(AB¥AG-RYCEATH%2)¥M3~RYC*¥AL10¥13
Al144)=(A1¥A2-A3#%2) *M2-AS*12
Al1+SIZ(AGKAT-ABXX2)#M3-A10%]13
A(2¢1)=A{1+2)
A(341)=A(13)
Ald4e1)=A(104)
A(Se1)=A(1e5)
A(2+3)1=RXD¥M1+AGEM2+AG*M3
A(244)=—-A3%M2
A(2+5)=-A8¥M3
A(342)=A(2+3)
Al4+s2)=A(244)
A(S¢2)=A(2+5)
A(344)=~(RYBHFA1#A2+AZXAL ) ¥M2+RYBXAS*] 2
A(3¢5)=~(RYC*AGCHA7+ABXAD ) ¥MI3+RYCH¥AL10% I3
Al4+43)=A(3¢4)
A(5:¢3)1=A(3+5) *
SETTING THE STIFFNESS MATRIX ' ;
B1 =RXG/RYG
BZ2=RXB~-RYB#¥RXG/RYG
B3=RYI/RYK
B4a=1+-83
B5=RX1/RYK
B6=RXC-RYC¥RX1/RYK
B7=RXK/RYK
B8=RXC~RYCH*RXK/RYK
E(101)=KX14KY2XB 1 ¥¥24KO02¥AS5+KXIXBAX¥#2+KYI#BESAX2+A | ORKO3+KY4XBTRA2

1+A10%¥KO4

E(2:2)=KY14+KY2+KY3+KY4
CONTINUED OVER PAGEeessestscee
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E(3e3)=KO14+KY2%R2¥X24KO2XASHRYBX* ¥ 24KX 3R (BLHARYC) XX24KYIXBE6EXX2+
IKO3*¥AL1O0XRYC*¥X24+KYQAXBB¥X24+KO4 X AL OXRYCEX2
E(4¢4)=KX24KY2%B1 ¥%X24+A5%K02
E(S+S)=KX3*¥BIX%24KYIABS**¥2+A1 0¥KOI+KX44KY 4XBTRX2+A10%KO04
E(6+6)=KX2+KX3+KX4

E(1+42)=B1%¥KY2+B5¥KY34+B7*KY4 ’ Y
E(1o3)~81*Bz*Kv2~Rvs*A5*Koz-va*Kx3*a4**2+85*56*KY3-RYc*A1o*K03
14+B7%B8*KY4~RYC*A10¥K04

E(]1e4)==-KY2%B1%%2-A5%K02
E(145)=B3%¥B4*KX3-KY3¥RS*¥#2«A]10¥KO3I~-KY4XBT7*¥*#2~A10%K04
E(1+46)==B4%KX3

E(20:1)=E(142)

E(34¢1)=E(1+3)

E(4s1)=E(144)

E(S+1)=E(1+5)

E(6+1)=E(1¢6)

E(2:¢3)=B2¥KYZ2+B6XKY34+B88%KY4

E(2:4)=-B1AKY2

E(2:¢5)=~B5XKY3I-B7EKY4

E(3¢2)=E(2¢3)

E(4¢2)=E(2¢4)

E(S5:¢2)=E(2:5)

E{(3¢4)=-B1X*B2¥KY2+RYBXAS*K0O2
E(3¢5)==RYC*¥B3*¥BYXxKXI~-AS*¥R6HKYI+RYCHA10¥KOZ~B7TH¥R8X*KY4+RYC¥*¥A10%*K0Og
E{3¢6)=RYCX¥B4*KX3

E(4.3)=E(3¢4)

E(S¢3)1=E(3:¢5)

E(643)=E(34+6) » .
E(4+6)==KX2 -
El(546)=~KX4-B3#KX3

E(6+4)=E(446)

E(6¢S)=E(S546)

SETTING THE HYSTERETIC MATRIX

XX=401

CALL SCAMUL (E+sGeM e XX)

THIS PRODUCES THE HYSTERETIC MATRIX PROPORTIONAL TO THE
STIFFNESS MATRIXe HERE ¢01Xe

SETTING THE VISCOUS MATRIX

Cl=1e/RYG

C2=1++RYB/RYG

C3=14/RYK

Ca=1+4+RYC/RYK

D(1¢1)=CB¥CI¥*¥2+CCRCIHX2

D(3:¢3)=CBRC2RA2FCCRCHHF X2

D(4+4)=CB*¥C|%¥#2

D(S+S)=CCXC3*¥%2

D(143)==CI1¥#C2¥CB-C3XC4H*CC

D(1+44)=-CBRC1%%2

D(1+S)==CCARCIRNX2

D(341)=D(1e3)

D(441)=D(1+4)

D(Se1)=D(1:5)

D(3¢4)=C1 ¥C2*%CH

D(3+45)=C3#C4*CC

D(4e3)1=D(344)

D(Se3)=D(3¢5)

END
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SPECIFIC MATRIX SETTING BEGINS HERE

THIS PART OF THE SET ROUTINE ESTABLISHES THE INPUT MATRICES FOR
THE MODEL SHOWN IN FIGURE Se4:59 PARAs Se4e2e3e THE MODEL

IS SIMILAR TO THE PREVIOUS MODEL BUT INCLUDES THE DAMPER UNIT.
CODE s ¢+ 552DD

P=COS({ALPHA)

Q=SIN(ALPHA)

RD=RXD*¥24+RYD* %2

SETTING THE INERTIA MATRIX FOR SS20D

Al =RYF/RYG

AZ=]e~Al

A3=RXF/RYG

A4=RXB~-RYB*¥RXF /RYG

AS=1e/RYGEX2

A6=RYJ/RYK

A7=1e~-A6

AB=RXJ/RYK

AG=RXC-RYC*¥RXJ/RYK

A10=1e/RYK¥%X2

Al1e1)=MI+(AZHX24AB ¥R ) EM2LASH I 2+ (ATHX24+ABRA2) ¥M3+A10%13

Al(Z2:2)=M14M2+M3

A(3e¢3)=M1¥RD +11+((RYB*AQ) X ¥2+A4##2 ) #*M2+ (RYBXX2 ) ¥AS¥ 12
+((RYCHAT)##24+A9X%2) ¥M3+ (RYCHX2)I*A10¥]3

AlQ+s4)=(A1RX2H+ABHR2Y)XM2+ASH]I2

A(SeS5)=(AEXAR2+ABXX2 ) ¥M3+A10¥]13

A(6e6)=M6
A(7+7)=M7
A(Be8B)=M4

All+¢2)=A3¥M2+A8B%*M3
Al1e3)=-RYD¥M1+(A3*A4-RYBX¥AZ¥%2) *M2~RYB¥AS* 2
+(AB*¥AQ-RYCHATH#2) ¥ M3-RYC*¥A10¥%]3
AC1e4)=(A1XA2-ABR#2)¥M2~-ASX]2
A(1+¢5)=(AC¥AT~AB%R2 ) ¥M3~A10%13
A(261)=A(1e2)
A(3s1)=A(1:+3)
A(4s1)=A(144)
A(Se1)=A(145)
A(2+3)=RXD¥M1 +A4¥MZ2+AGXM3
A(2+4)=-A3%M2
A(2+5)=—-A8%M3
Al(342)=A(2+43)
A(442)=A(2e4)
A(S5¢2)=A(245)
A(3:4)2=~(RYBX¥AIXA2+AZIXALG I XM2+RYBXASHI 2
A(348)=—(RYC*¥AGHAT7+AB*¥AD ) ¥M3+RYC¥A10%13
A(443)=A(3¢4)
A(S5¢3)=A(3¢5)
SETTING THE STIFFNESS MATRIX
B1=RXG/RYG
B2=RXB~RYB*RXG/RYG
B3=RY1/RYK
B4a=1-B3
B5=RXI/RYK
B6=RXC~-RYC*¥RX ] /RYK
B7=RXK/RYK |
B8=RXC~RYCX¥RXK/RYK
CONTINUED OVER PAGEeessoccccee
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E(1¢1)=2KX14+KY2XB1 ¥ ¥ 24+KO2KAS+KYLGRBTAR24A 1 OX¥KO4+KXSXBARX24KYSHBEH X2
E(2+42)=2KY14KY24KY4+KYS
E(3+3)=KO1+KY2%#BR ¥ % 24 AS¥KODHRYBEX24KY 4%BB*¥ %2+ A1 O¥KO4¥RYCH* 2+KYS*B6
1 ¥ A2HKXSHE (RYCHB4 ) #%2

E(44¢4)=KX24+KY2%¥B] ¥%#24+A5%K02
E(S5+S5)=KX44KY4XB7%%24+A 1 0¥KO4+KXSHBIX#24+KYSkBERX2
E(6¢H6)=KXSRPRA24KYSHQH X 2HKXI#PHR AR 24LKYIHQR*2
E(T7+7)=KX6¥P¥¥%2 '
E(848)=KX2+KX4+KX34+KX6
E(1+2)=B1¥KY24+B7#KY44+BSH#KYS
E(1+3)=81#82%KY2~RYB*ASX¥KO2+87¥B8*KY4~RYC*¥A10%¥K04+B5*¥B6*#KYS
1-RYCHKXS*Bg ##2

E(1+4)=-KY2*B1¥¥2~-A5%K02
E(1¢5)=~KY4*¥BT*#2-A10%#K044B3%*BAXKXS5-KYS*B5x*2
E(1¢6)=-B4#P#KXS5-B5#Q*KYS

E{2:1)=E(1+2)

E(341)=E(143)

E(4s1)=E(144)

E(Sel1)=E(145)

E(6+1)1=E(146) ,
E(2¢3)=82#KY24+88#¥KY4+BO6XKYS

E(2¢4)=-B1¥KY2

E(2¢5)==-B7*¥KY4-B3s¥KYS

E(2¢6)=—-Q¥KY5

E(3¢2)=E(2+3)

El4¢2)=E(2+4)

E(S42)=E(2:5)

E(6e2)=E(2+6)

E(344)=-B1#B2¥KY2+RYBXASHKO2
E(3¢5)=~B7¥B8%*¥KY44+RYC¥A1 0¥K04-RYCXB3I¥B4HKXG-BS*BOXKYS
E(3¢6)=RYCH#BA4*XPAKX5~B6#QAKYS

E(443)=E(344)

E(5:¢3)=E(3+¢5)

E(6+¢3)=E(346)

E(4¢8)==-KX2

E(8+4)=E{(448)

E(5:6)=-B3*KXS5+B5%Q¥KYS

E(5+¢8)z==KX4

E(6+45)=E(S546)

E(B8¢5)=E(548)

E(648)=—-P*KX3

E(8e¢6)=E(6¢8)

E(7+8)=-PX¥KX6

E(8e¢7)=E(7¢8)

SETTING THE HYSTERETIC MATRIX

XX=e401

CALL SCAMUL(E«GeMeXX)

THIS PRODUCES THE HYSTERETIC MATRIX PROPORTIONAL TO THE
STIFFNESS MATRIXe HERE «01Xe

SETTING THE VISCOUS MATRIX

Clz=1e/RYG

C2=1e+RYB/RYG

C3=14/RYK

Ca=1e+4RYC/RYK

D(14))=CBRC1#*##24+CCHRCIXX2
D(3+3)=CRXC2¥X2+CCHCHEX2

D{4sy4a)=CBXCI1¥%2

D(5¢5)=CCRCI**%2

CONTINUED OVER PAGEeqsesos s



D(646)=CET
D(7e¢7)=CH7
D(1¢3)=~C1¥C2¥CB=-C3%¥C4%#CC
D(1+4)=—CBHC1%%2
D(1¢S)=~CCRCIAX2
D(3e¢1)=D(13)
D(441)=D(1+4)
D(Ss1)=D(1+5)
D(3¢4)=C1%C2%CB
D(3+¢5)=C3%C4%CC
D(4+43)=D(344)
D(5¢3)=D(3:5)
D(6+7)=~C67

D(7,6)=D(6,7)
END
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THIS PART OF THE SET ROUTINE ESTABLISHZS THE INRPUT MATRICES FOR
THE MODEL SHOWN IN FIGURE Sedetos PARA: DeldeZledds THE MODEL

IS SIMILAR TO THE PREVIOUS MODEL BUT INCLUDES SPRING SURGES.
CODE e e ¢« 552DD5

P=COS(ALPHA)
Q=S IN(ALPHA) )
RD=RXD**2+RYD*%*2
SETTING THE INERTIA MATRIX FOR SS2DDS
Al =RYF/RYG
AZ2=1e—A1l
AB=RXF/RYG
AU4=RXB-RYB*RXF/RYG
AS=1e /RYGH¥%2
A6=RYJI/RYK
A7=1e—A6
AB=RXJI/RYK
AG=RXC—-RYCHRXJI/RYK
Al1C=1e /RYKHR¥*2
A1 o1 )=MI+{A2R¥2+ABHH2 ) M2 LASH I2+(ATHR¥2+ABHF2)EMI+A10% 13
A(2+2)=M]1+M24+M3
A{3+3)=M1%RD FI1+{RYBHAR ) ¥ A2 HAL#U2 Y M2+ (RYBRAZ ) XASH] 2
+{(RYCHAT)I*X¥24ATXH2 ) ¥MB+(RYCH**2)#A10*13
Al4e4)=(A1XH¥2+ABHX2)EM2+ADXI2
A(Se5)= (AGHU2+ABX#2 )y *¥MB3+A10%]13
AlHe6)=MEAMTO
ACT7e7)=M7
A(8B+8)=Ma+M10
Al 9y 9)y=M10
A(104103y=M10
A{l11+411)=M10
Al12+12)=M10
All142)=A3RM2+AB*M3
Al(143)=—RYD¥MI+ (A3IXA4—RYBIAZH¥2)¥M2-RYRBH#ASH]2
+{AB¥AG—RYCHATH*2)¥M3=-RYC*AL10%13
AC144)=(A1IXAZ—ABRX2 ) ¥M2~AL*]2
All148)=(AGKAT—AB8%¥2 Yy *M3~A10%13
Al2+41)1=A(1+2)
A(3+1)=A(14+3)
Al4.1)=A0144)
A(Se1)=A(1+5)
A(2+3)=RXD*M1+A4XM2+AT*M3
Al(2+4)=—A3%M2
A{2¢5)=—A8*M3
A(342)=A(Z2+32)
Ald4e2)1=A(244)
A(Ss2)=A(2+5)
A(3e4)==(RYBXAIHA2H+AZHAL ) ¥M2HRYBHAS*]I 2
Al345) =~ (RYCHAEUATHABXAS ) ¥VMB+RYCHALO* I3
Al443)Y=A(344)
A{Se3)1=A(345)
SETTING THE STIFFNESS MATRIX
B1=RXG/RYG
B2 zRXBR~RYB¥RXG/RYG
B3=RYI/RYK
B4=14~83
CONTINUED OVER PAGE eseser v ee
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B5=2RXI/RYK
BE6E=RXC-RYC*RXI/RYK

B7=2RXK/RYK

BB=RXC—RYC*¥RXK /RYK
E(1-1)—KX1+KY2M91%*?+K02"A%+KY4“B7w*2+A1O%K04+<X5*84N*E+VY5wBb*‘2
E(242)2KY 14+KYZ4+KY4+KYS

E(343)=KO1+KY2¥Bo## 24+ A5#KO2¥RYBH*#2+KY 4 #BE# #2441 OFKO4XRYCH*2+KY5#86
1HX2HKXS* (RYCHBG ) #%2

E(444)=KX2+KY2%B1 #%¥24+A5%K02

E(5e5) =kKX44KY4%B7H## 2401 0¥KO4+KXEXBI RN PLRKY SHRBEER2
E(H16)=KXBHPH#2 K YBSHQH A2 AKX BFPHH2LKYIHQ*# 24K 10
E(7¢7)=KXA6XP%%

E(848)=KX2+KX4+KX6+K10/P¥%2

E( 93 9)=24%K10

E(IOQIO):;_).*J(].O

E(11411)=24%K10

E(12+12)=24%K10

E(1+2)=B1¥KY2+8T7¥KY4+B5*¥KYS
E(1+3)=B1*B2¥KY2~RYB*AS*KO2+3 7*BB*K Y4~ RYCyAleKO4+BS (BEFKYS
1 ~RYCHKXEXB4¥*¥2

El]1e4)=-KY2%¥B1¥3#2-A5%K02
E(1+5)=—KY4*¥B7%%¥2~A10¥KO44+R3HBL¥KXS-KYSHBRSH*2 .
E(146)=—RB4%¥PIKX5-035%Q¥KY5

E(24s1)=E(1¢2)

E(3+:1)=E(1+3)

E(4e13=E(1s4)

E(Se11=E(1+5)

E(6e1)=E(146)

E(2+3)=B2%KY2+R8xKY4+BOX¥KYS

E(244)=-B1%#KY2

E(Re5)=-BT7#KY4-B5xKYS

E(2+46)=—Q¥KYS

E(3+2)=E(2+3)

E(4+2)=E(24+4)

E(5.2)=E(2+5)

E(642)=E(2:6)

E(344)=~B1%B2¥KY2+RYBH#ASHKO2
F(345)=—B7¥88%*¥KY4+RYC#A10*KO4-RYCHBI¥BYHKXE-BEHBOXKYS
E(3+46)=RYCYBYHPUAKXS-BEHKQFKYS

E(4e3)=E(3+4)

E(543)=E(3+5)

E(6+43)=E(346)

E(4.8)=-KX2

E(Bs4)=E(44+8)

E(546)=—B3KX5+85%#¥Q¥KY5

E(5.8)=~KX4

E(6sS)1=E(5+6)

E(8:15)=E(5+8)

E(648)=—P¥KX3

E(8y6)=E(6+48)

E(7+8)=~P¥*KX6

E(8:s7)1=E(7+8)

E{6+9)=-K10

E(B,12)==K10/P

E(9,10)==-K10

F(10¢11)=-K10

E(11+12)=~K10

E(946)=E(64+49)

CONTINUED OVER PAGE e aeseoses
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E(12+8)=E(8512)
E(10+9)=E(9+10)
E(11410)=E(10s11)
E(12+11)1=E(11+12)
CHANGE FOR EXPERIMENTAL RESULTS O\LY—PUTQ SPRING FROM END MASS TO GROUND

C E(8+8)1=E(8s8)+303
C SETTING THE HYSTERETIC MATRIX
KXX=eCO1
. CALL SCAMUL (E+GaMeXX)
C SETTING THE VISCOUS MATRIX
C1=1e/RYG

C2=1++RYB/RYG
C3=1+/R¥YK
Ca4=1e+RYC/RYK
D(1s1)=CBRCIXA2+CCHRCIXH2
D(3+3)=CBH*C2#*2+CCHCLX*2
D(4+4)=CR*C1¥¥#2
D(5¢5)=CC#C3H¥*k2
D(1+3)=—C1¥C2*CB~C3¥C4%*CC
D(1+4)==-CBRC1*}H2
D(1+45)=~CCHC3¥%2
D{3+1)=D(1+3)
D(4s11=D(1e4)
D(5s1)=D(1s5)
D(3+4)=C13#C2%CHB
D(3+5)=C3#Ca*CC
D(4s3)=D(3+4)
D(543)=D(345)

CHANGE TO HYSTERETIC— THIS 15 A CHANGE FOR THE OUTBOARD PIVOT FRICTION
CALL ADD(DsGsGsM)
CALL SCAMUL(DsDaMaCe)

C THIS ADDS THE VISCOUS MATRIX TO THE HYSTERETIC MATRIX AND

C : LEAVES THE VISCOUS MATRIX EMPTY

C67 STAYS IN VISCOUS MATRIX FOR DAMPER UNIT
D(6«6Y=CET
D(747)=C6H7
D(6Es7)=-C67
D(T7+46)=0(607)
END



L annd

Y .

88 €



389

The data for the models shown in Chapters Five

and Six are given below in fable form.

The units used in the table are as follows:

m - 1b wt

T - 1b wt in?

kx,y - 1bf/in (in phase stiffness)

ke - 1bf in/rad (in phase stiffness)
hx,y - 1bf/in (out-of-phase stiffness)
hg - 1bf in/rad (out-of-phase stiffness)
c - 1bf/in/s

Ty - in (system geometry)

o - © (angle)

From the experimental results, a better model for
outboard pivot friction was found to be hysteretic damping.
Data marked ¥ have thus been modified to this form, as

shown in the matrix element listing for SS2 DDS.

For the models with receiver resonances (i.e.
Figures 5.4.7, 5.4.8, 6.2.3), resonators are attached as

shown below:

* *

| . —
_Lr‘mﬁ}m' mé K" ’é’{;

) S

For the model shown in Figure 6.2.4, representing
’ L]
the experimental apparatus, a spring value k, (= 303 1bf/in)
is attached to ground from the end mass, to represent the

combined stiffness of the loading springs.



DATA FOR MODELS SHOWN IN CHAPTERS 5 AND 6

. " L "
Flggre m1 11 m2 12 m3 I3 m4 m6 m7 miO m1 m2 m3

5.3.7 2. 24 | 400

5.4.3 > 24 | 500

5.4.4 | 10.5 | 32 > 12 2.9 24 587

5.4.5 43 129 > 12 2.9 24 587 | 2.3 0.5

5.4.6 43 129 > 12 2.9 24 587 | 2.3 0.5 | 5.5/6

5.4.7 43 129 > 12 2.9 24 300 287

5.4.8 43 129 > 12 2.9 24 100 2871 100 100

5.5.1 10 100 > 12 2.9 o4 | 0.1

5.5.2 10 100 2 12 2.9 04 0.1 | 2.3 0.5

6.2.3 5 15 o | 23.2 | 2.915 50 160 23.2

6.2.4 5 15 o | 23.2 | 2.915 50 160 | 2.3 0.5 | 4.46/6

6.2.6 5 15 o | 23.2 | 2.915 50 500 | 2.3 0.5 | 4.46/6

Contd. over page
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Flgure | kg | M | Ky1 | Pyr | Fer | Per | Fx2 | Px2 | Fy2 Pyo kg2 | Peo | *x3
5.3.7 20 | 0.2 | 10 0.1 | 1000 | 10 | 2000 20 4000 | 40 | 1000
5.4.3 | 400 a| a0 | 0.4 | 40 0.4 | 4000 | 40 | 4000 40 400 a | 200
5.4.4 | 700 71 70 | 0.7 | 10 0.1 | 1000 | 10 | 1000 10 500 5 | 137
5.4.5 | 700 7| 70 | 0.7 | 10 0.1 | 1000 | 10 | 1000 10 500 5 | 198
5.4.6 | 700 71 70 | 0.7 | 10 0.1 | 1000 | 10 | 1000 10 500 5
5.4.7 | 700 7| 70 | 0.7 | 10 0.1 | 2000 | 20 | 2000 20 1000 | 10 | 137
5.4.8 | 700 71 70 |0.7 10 0.1 | 2000 [ 20 | 2000 20 1000 | 10 | 137
5.5.1 4000 | 40 | 4000 40 2000 | 20 | 137
5.5.2 1000 | 10 | 1000 10 1000 | 10 | 198
6.2.3 ] 150 | 1.5| 10 | 0.1 | 10 0.1 | 24000 | 240 {24000 | 240 60 | 0.6
6.2.4 | 500 | 0.5 | 70 -|0.07 | 10 0.01{24000 | 24 |24000 24 60 | 0.6
6.2.6 | 500 | 0.5 70 [0.07 | 10 0.01|24000 | 24 |24000 24 60 | 0.06

Contd. over page
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Figure

04

No x3 y3 v3 83: e3 x4 x4 v4 va 84 x5 x5
5.3.7 10 | 2000 | 20 | 4000 40

5.4.3 p) 20| 0.2 20 0.2

5.4.4 | 1.37 62 | 0.62 | 10 0.1 1000 10 1000 10 500 5

5.4.5 | 1.98 10 | 0.1 0 0 1000 10 1000 10 500 5 1000 10
5.4.6 1000 10 1000 10 500 5 2000 20
5.4.7 | 1.37 62 1 0.62 ] 10 0.1 2000 20 2000 20 | 1000 10

5.4.8 | 1.37 62 | 0.62 | 10 0.1 2000 20 2000 20 | 1000 10

5.5.1 | 1.37 621 0.62 | 10 0.1 4000 40 4000 40 | 2000 20

5.5.2 | 1.98 0 0 0 0 1000 10 1000 10 200 5 2000 20
6.2.3 24000 | 240 | 24000 | 240 60 | 0.6

6.2.4 24000 | 24 24000 24 60 0.06 { 55000 55
6.2.6 24000 | 24 24000 D4 60 0.06 | 55000 55

Contd. over page

B¢



Flggre kg | Pys | ¥xs | Pxe k.6 | Pye Ko hg ik, * n* PO BV P
5.3.7
5.4.3
5.4.4
5.4.5 1000 | 10 1000 | 10 |41000 | 10
5.4.6 2000 | 20 |2000 | 20 |2000 | 20 |[198 x 5 | 1.98 x 5
5.4.7 7000 70
5.4.8 7000 70 | 25000 250 | 100000
5.5.1
5.5.2 0 o |2000 | 20 |2000 | 20
6.2.3 74.2 | 0.742
6.2.4 0 o |8000 8 0 0 [198 x 5 [0.198 x 5 | 303 | 0.303
6.2.6 0 0 |8000 8 0 0 1198 x 5 [0.198 x 5
Contd. over page
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s *

Flggre h3 Cb Cc 67 Fxb ryb Txc ryc xd ryd Fxf ryf ng
5.3.7 10 -8 10 8 6 0
5.4.3 0.3 2 1 6 2 12
5.4.4 0.1 0.1 5.4 4.0 -3.65 3.6 0 0.75 -0.2 2.0 -0.72
5.4.5 0.1 0.1 20 5.4 4.0 -3.65 3.6 0 0.75 -0.2 2.0 -0.72
5.4.6 - 0.1 0.1 10 5.4 4.0 -3.65 3.6 0 0.75 -0.2 2.0 -0.72
5.4.7 0.1 0.1 5.4 4.0 -3.65 3.6 0 0.75 -0.2 2.0 -0.72
5.4.8 1000 0.1 0.1 5.4 4.0 -3.65 3.6 0 0.75 -0.2 2.0 -0.72
5.5.1 1.0 1.0 5.4 4.0 —3.65 3.6 O 0075 "'002 2.0 -0-72
5.5.2 0.1 0.1 10 5.4 4.0 -3.65 3.6 0 0.75 -0.2 2.0 ~0.72
6.2.3 25200 % 63 F 5.4 4.0 -3.65 3.6 0 0.75 -0.2 2.0 -0.72
6.2.4 25200 =* 63 ¥ ) 5.4 4.0 -3.65 3.6 0 0.75 -0.2 2.0 -0.72
6.2.6 25200 # 63 %& 18 5.4 4.0 -3.65 3.6 0 0;75 -0.2 2.0 -0.72

Contd. over page
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Figg?e ryg rxi ryi er ryj rxk ryk o
5.3.7
5.4.3
5.4.4 7.8 0.2 1.7 0.6 4.6 1.4 10.3
5.4.5 7.8 0.2 1.7 0.6 4.6 1.4 10.3 34
5.4.6 7.8 0.2 1.7 0.6 4.6 1.4 10.3 34
5.4.7 7.8 0.2 1.7 0.6 4.6 1.4 10.3
5.4.8 7.8 0.2 1.7 0.6 4.6 1.4 10.3
5.5.1 7.8 0.2 1.7 0.6 4.6 1.4 10.3
5.5.2 7.8 0.2 1.7 0.6 4.6 1.4 10.3 0
6.2.3 7.8 0.2 1.7 0.6 4.6 1.4 10.3
6.2.4 7.8 0.2 1.7 0.6 4.6 1.4 10.3 34
6.2.6 7.8 0.2 1.7 0.6 4.6 1.4 | 10.3 34

V76€
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APPENDIX 8

CONVERSION OF UNITS

Conversion factors for the impedance parameters

from British to I.S.0. units . are given below

British I.5.0.
1 1bf = 4.448 22 N

Thus, for stiffness (or dynamic stiffness):
1 1bf/in = 175.126 909 549 N/m or kg/s2
and flexibility (or receptance):
1 in/1bf = 5.710 144 732 x 107> m/N or s2/kg
For impedance:
1 1bf/in/s = 175.1 Ns/m or kg/s
and mobility:
1 in/s/1bf = 5.71 x 1073 m/Ns (i.e. m/s/N) or s/kg
For (apparent) mass: .
1 lbf/in/s2 = 175.1 st/m or kg
and inertance

1 in/s%/1bf = 5.71 x 107> m/Ns® or 1/kg

The preferred I.S.0. forms are shown underlined.
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APPENDIX 9

ALTERNATIVE CANCELLATION MODEL

An interesting cancellation model has recently
been reported in the literature* which was not con-
gidered in Chapter 4. The idea behind the function
of the model is to give broad-band cancellation by
means of a lever or 'phase-transformer' as shown in
Figure A.9.1(a). The fixed point for the fulcrum of
the lever is repléced in practice by a mass so that the
leverage forces are reacted internally - this is shown

in Figure A.9.1(b).

The model analysed here is used to give the trans-
missibility of this arrangement, and is shown in Figure
A.9.1(c). Using the reciprocity theorem, the motion

seen to be
transmissibility q4/q1 isL}dentical to the force trans-

missibility Fg/FA (shown dotted) when g, = O (i.e. fixed

base).

The system matrices, for the coordinates shown,

are:

* TFontanet, P. (1971); Study of Engine Hum in an
Automobile; Joint Symposium on Vibration and
Noise in Motor Vehicles (I.Mech.E. 6-7th July),

preprint C110/71.
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Figure A.8.1



A7 = [my 0 0 o
0 3m.+T./12)  F(m.-I./1°) 0
a\mytds imy=dy
0 Hm.-T./1%)  Hm.,+T./1%) o
4r T2 4 o t+o
0 0 0 m
: 4
B |
LET = |k tkyvk, X, 0 ~k,
—k2 k2 O O
—k4 0 ~k3 k3+k4
L -

In establishing the system parameters, Figure

A.9.1(a) was used as the ideal model. We require:

and  k, = ky ky/(k, + k)

to give complete cancellation, But m2=n2/5 is a reasonable
mass ratio.
On this basis, the parameters for the first

calculation are:

500 1b wt k 200 1bf/in.

4 4 i
100 1b wt k . 400 1bf/in.

1l
I

3
N

Il
N

Il

. 2
5 f 4 1b wt in k3

10

, 400 1bf/in.

1l

in. n all springs = .1

The auxiliary mass being less than ideal, but
more realistic. The transmissibility for this model

is shown as curve 1 on Figure A.9.2. The auxiliary

398



mass causes a second low-frequency resonance and also a
high frequency resonance (rotational resonance of phase
transformer), with a final attenuatibn slope determined
by the strongest path - i.e. 12 dB/octave. A fairly
broad band low transmissibility region is formed, but not
true cancellation. Tuning the response by means of

changing k, leads to curves 2 (k, = 360 1lbf/in, i.e. -10%)

3
where two troughs are formed, and 3 (k, § 300 1bf/in),
i.e. = 25%) where the troughs are spread further apart
on the frequency scale. Curve 3 is seen to provide the
best initial attenuation slope. The highest mode of the

system is seen to be disadvantageous and is controlled

by IZ'

Reducing I, to 0.04 1b.wt.in? (an unrealistically
low value), shifts the highest mode to a very high frequency.
This model, with ky 360 1bf/in is shown as curve 1 on
Figure A.9.3. This is compared with an optimised two-
stage mount (see Chapter 4) using the same amount of
auxiliary mass and for roughly the same fundamental fre-
guency (curve 2). Even for this rather ideal case of the
cancellation model, the performance is generally inferior
to the two-stage mount. Similar low-frequency resonances
are excited, and even in the cancellation region, the two
stage mount transmits less. The céncellation model shows

one small region only where the transmissibility is less

than the two-stage mount.
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A full parameter search has not been made,
but on the basis of the results shown here it would
seem that generally the model is inferior to the two-

stage mount.
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