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ABSTRACT

A Markovian network of two queues, with finite size batch Poisson
arrivals and departures, is solved approximately, but to arbitrary
accuracy, for its equilibrium state probabilities. Below a pair of
thresholds on the queue lengths, a modification of the Spectral
Expansion Method is used to construct a semi-product-form at all
lengths of one queue in a finite lattice strip defined by the thresh-
old of the other queue. No additional special arrival streams are
required, for example at empty queues, from which it is already
known that a product-form can be constructed. Hence the first
exact closed form solution for the equilibrium probabilities in an
unmodified Markovian queueing network with batches is obtained,
the only constraint being finiteness of the batches. The method
is illustrated numerically, first in a tandem network and then in a
two-node network with feedback. Simulation results confirm the
precision of the method, lying almost on top of the those of the
model in plots. Partial batch forwarding and discarding are thereby
compared quantitatively.
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1 INTRODUCTION

Queueing networks with batch movements are appropriate for
modelling the kind of burstiness that has been observed in internet
traffic for some years, more recently in cloud networks, which has a
degrading effect on network performance. Such models may also be
used to provide quantitative analysis of algorithms and schedules
that reduce energy consumption by switching off devices when they
are not in use and switched on again when they are next required.
This switching inherently increases burstiness, not only in power
consumption but also in the performance delivered - typically,
but not solely, measured by device utilisation, throughput and the
response time experienced by users of the devices. Stochastic per-
formance analysis of queues and networks of queues with batches
is therefore an important means by which to optimize such systems
to find the right balance between energy-saving and performance
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according to particular management goals, user requirements and
government regulations.

In the next section, the finite batch-queue and batch networks
are defined and the basic results on geometric batch-queues and
product-form batch networks are summarized, noting the special
extra arrival streams to empty queues that are necessary to ensure
these special properties [1, 2, 6]. We then obtain, in Section 3, a
solution for a single batch-queue without the extra arrival stream
and show that the same geometric component dominates the so-
lution at high queue lengths. In Section 4, we conjecture that in a
network of two batch queues, the product-form obtained by adding
special arrivals to empty queues would similarly dominate when
both queue lengths are large enough. An approximation to the
equilibrium state-probabilities in a two-node network then follows,
using a modification of the Spectral Expansion Method of [7] on
two finite lattice strips defined by a threshold on each queue, above
which the model is close to product-form. Suitable numerical values
for the thresholds are obtained iteratively. Numerics that show an
almost perfect match with simulation are provided in Section 5. A
quantitative comparison of two variants of the batch transmission
protocol between the queues is also given, where partial batches are
either forwarded or discarded. Section 6 concludes and considers
future potential of the approach.

2 SINGLE BATCH QUEUE
2.1 Definitions and basic results

Our model of batch movements in a single server queue is defined,
in line with [5], as follows:

e The state space S of the queue is the set of non-negative
integers;

e Batch arrivals, in this paper of bounded sizek, 1 < k < nq,
are represented by transitions with constant instantaneous
rateag :i > i+k (i >0),ie. from statesitoi+k;

e Normal batch departures, here also of bounded size k, 1 <
k < ng, are represented by transitions with constant instan-
taneousratedy : i+ k — i (i >0);

o Special batch departures of size k, leading to an empty queue,
are represented by transitions with constant instantaneous
rate doy. = Z?Zk+1 de: k — 0;

o The ordering of individual tasks in the queue is first come
first served (FCES).

We call this a batch-queue. Each batch movement has a correspond-
ing rate generating function, defined by A(z) = X7 | apz¥ and
D(z) = Z;"zl dkzk. Thus, A(1) is the total batch arrival rate and
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A,(l) = % z=1
larly for D(z) at all positive queue lengths, in view of the definition
of the rates of the special departures.

This queue models the effects of buffering: tasks are first grouped
together into batches prior to input to the queue; then the server
independently groups tasks into new batches which are processed
and then output. Such queues are used in an “assembly-transfer
network” in Chapter 8 of [1], which is appropriate for models of
certain manufacturing systems. The interpretation is that batches of
size less than or equal to the queue length are “full batches” and the
others are “partial batches” (with a size equal to the queue length n
which is less than the intended batch size k), which are discarded
in the assembly line; these depart at rates dpg. (1 < k < ng—1).

An additional special arrival stream, in state 0 only, was intro-
duced in [5] with rates chosen to make the equilibrium probability
distribution of the length of the queue geometric, whereby product-
forms are facilitated in networks by application of the Reversed
Compound Agent Theorem (RCAT) [4]. The maximum batch size
in the special arrival stream turns out to be n, — 1; hence no special
arrivals are needed in the standard M/M/1 queue, which already
has a geometric distribution at equilibrium. The rate generating
function of the special arrivals is determined entirely by A(z) as

is the total task arrival rate in all states; and simi-

Ap(z) = %L)Z_MZ). It can be shown that a geometric, equilib-
rium probability distribution exists, with parameter p, if and only
if

A(p™") + D(p) = A1) + D(1) 1
provided that A’(1) < D’(1) - a stability condition asserting that
the total task arrival rate must be less than the total task departure
rate at large queue lengths. In this case, it can be shown that there
is only one solution to Equation (1).

In this paper networks of two batch-queues are considered, op-
erating in two modes with respect to partial batches. In the first,
discarding mode, partial batches exit the network whether or not
they are destined for the other queue. In the second, non-discarding
or forwarding mode, partial batches are transmitted to their desti-
nation queue. In both cases, the source queue is then left empty.

3 TAIL PROBABILITIES IN THE RAW BATCH
QUEUE

We call the batch queue with no special arrivals and the special
departures defined above a raw batch queue. At equilibrium, when
this exists, let the equilibrium probability that the queue has length
Jj be denoted by ;. The raw batch queue then has balance equations,
forj > 1:

J ng
(A(1) + D(1))7j = Z a;mj—; + Z dimjyi (2
i=1 i=1
where we assume a; = 0if i > ng and d; = 0if i > ny. Multiply-
ing both sides by z/ and summing from j = 1 to co yields, after
changing the order of summation in the first term on the right and

simplification:
[A(1) + D(1) = A(z) = D(z"H)](T(2) - m0) =

ng i

moA(z) — Z

j—i
dinjz
i=1 j=1

where the probability generating function I1(z) = .72, 7;z'. This
may be written as:

[A(1) +D(1) = A(z) = D(z")]T(2) =
ng i
[AQ) + D(DImo - > > dimZ ™ (3)
i=1j=0

For II(z) to be analytic in the unit z-disk, we require the right hand
side to be zero whenever the expression A(1) +D(1) — A(z) —D(z™!)
is zero. We know from Equation (1) that it is zero at z = 1/p and
we can also see that z = 1 is another root. Moreover, we have the
following.

PRroposITION 3.1. For a stable batch queue with rate parameters
defined as above, the expression A(1) + D(1) — A(x™!) — D(x) has
roots located in the complex plane as follows:

o n, — 1 roots lying strictly inside the disk centred at the origin
with radius p;

e ng — 1 roots lying strictly outside the unit disk centred at the
origin;

o The two roots x = p, 1.

PRrOOF. Since x = 0 is not a root, the expression in question has
the same roots as the polynomial

x"e(A(1) +D(1) - Ax") - D(x)) = (A(1) + D(1))x"e -
dndx"“+"d - = dlx”“+1 - alxn“_1 —...—ap,

It is shown in [5] that there is only the one real root p in the
interval (0,1). Moreover, the gradient of the expression A(1) +
D(1) — A(x~!) — D(x) is negative at x = 1 in a stable queue, in
which A’(1) < D’(1). Therefore the gradient is positive at x = p.
Hence the coefficient of x™«, namely A(1) + D(1), is greater than the
absolute sum of all the other coefficients at x = p* and at x = 17.
There are therefore no roots in the annulus p < |x| < 1 and the
proposition now follows by Rouché’s Theorem. O

We can now return to Equation (3) to find the dominant term
in a series expansion solution for the generating function I1(z), so
establishing the tail behaviour of the equilibrium probabilities.

PRroPOSITION 3.2. A stable batch queue with rate parameters de-
fined as above has geometric equilibrium queue length tail-probabilities
with parameter p.

PRrOOF. Let the roots of the equation A(1) + D(1) — A(x~1) —
D(x) = 0 be enumerated in ascending order of absolute value
X1,X25 e+ o> Xng—15 P> L, Xng425 -+ > Xng+ng» according to Proposition
3.1. We assume here that the roots are distinct; the analysis is
routinely modified if this is not the case.

Now, the multiplier [A(1)+D(1)—A(z) —D(z~!)] on the left hand
side of Equation (3) is zero at points z = xl._1 fori =ng+ng,...,ng+
2 inside the unit z-disk, at z = 1, at z = p_1 and at z = xl._1 for
i =ng—1,...,1. Because the generating function II(z) must be
analytic inside the unit z-disk, and also finite at z = 1, the right hand
side of Equation (3) must vanish when z = 1, x’_li"'nd’ e ,x;i”,
giving ng equations in the ny + 1 unknowns my, ..., m,, on the
right hand side, so that they may each be expressed as a constant
multiple of the single unknown variable 7y (say).



We may write the expression A(1) + D(1) — A(z) — D(z™!) as
dn,z7 ™ ]_[:.l:“;'"d(l — xiz), where x,, = p and x,,41 = 1, the
reciprocal of which can be expanded in partial fractions as

ngtn n
an a d ) a a;
d 1_[ (1 B Xiz) Z 1—x;z
nd j=npg+1 i=1 :

for some constants ;. By analyticity of II(z), the product term
cancels when multiplied with the right hand side of Equation (3)
and we obtain a solution of the form:

II(z) = Cmo Z piZj Z Oli(xi/P)j
j=0 i=1

so that 7; = Ci'[()pj Z:l:‘ll ai(xi/p)) for j =0, l,... L Butx; < xp <
...<xp, = pandsoasj— oo, ; = Cmyatn,p’. Finally, normal-
ization provides the final equation that determines 9 and we have
the required geometric tail 7 oc p/ as j — oco. O

4 TWO-NODE NETWORK OF BATCH QUEUES

Consider a network of two non-discard queues, where partial batches
are transmitted between the nodes rather than departing the net-
work and there are no special arrivals; this model is considered in
the asymptotic case in [3]. In this model, the global balance equa-
tions are, for any pair (j, k), j > 0,k > 0 (the symbols V and A are
abbreviations for the maximum and minimum functions):

Nai Nay ndi naz
ik (Z aij + Z as; + (l - 5_,'0) Zdli +(1- 5k0) Z dz,’) =
i=1 i=1 i=1

i=1

JAna1 kAng,
Tj—i k41i + T k-id2it
i=1 i=1
k/\ndl ng;

p12 Tjvik-id1i + (1 _PIZ)Z”j+i,kd1i+
i=1 i=1
JAng; ndy

po1 D Tiikeidai+ (1= par) ) ) peyidait
i=1 i=1

kn(na;-1) ng;
jop1z Z T ki Z die+
i=1 £=i+1
ng;—1 ndi
Sjo(1 - p12) Z Tik Z die+
i=1 £=it1
JN(ngz—1) na;
Srop21 Z Tj—ii Z dyet
i=1 £=i+1
ngz—1 nds
Sko(L=pa1) Y mji Y do
i=1 {=i+1

©

In the case of two discard queues, the equations simplify a little in
that the last four lines on the right hand side combine as

ngi1—1 ndi Naz— D)

1
Jj Z Tik Z dyr + ko Z Tji Z dae-

i=1 {=i+1 i=1 l=i+1

Now, there can be no special external arrivals coming into (or
going out of) a state (j, k) with j > nq1Vngy, k > ng2Vng, since the
maximum batch sizes in the two special arrival streams at node 1 are
ng1—1and ngs—1; ng2 —1and ngq —1 at node 2. Similarly, no partial
batches can be generated in states (j, k) with j > ngy,k > ng,.
Hence the balance equations are the same, parameterized by j, k, at
all states in the set {(j, k) | j = ng1 Vnga Vng, k = ngaVng Vngs}
in both the discard and non-discard models, whether or not there
are special batch arrivals.

In line with Section 3, we make the following conjecture:

CONJECTURE 4.1. When equilibrium exists, the global balance
equations of the three models (discard queue with special arrivals,
discard queue without special arrivals and non-discard queue) admit
a solution that converges to the known (unnormalized) product-form
solution of the first of these models at all states (j, k) withj > J and
k > K for large enough ] > ng1 V ngy V ng, K > nga Vngy Vngs.

The rationale is that asymptotically the equilibrium tail distribu-
tion will be a product of geometric functions, in line with Proposi-
tion 3.1. In Section 4.3 we define a stopping condition for finding
suitable values for J, K, but ultimately the numerical result is vali-
dated by the fact that it approximates a normalized solution of the
balance equations of the underlying Markov process, which must
be unique.

Therefore 7, ~ n]’Kp{_]pg_K for j > J,k > K in all of the
three models, where p1, p are given by the solution to the equations

A1(p7") + p21D2(p2pyt) + D1(p1) = A1(1) + pa1Dz2(pz) + D1(1)

Ax(py") + p12Di(p1py ") + Da(p2) = Ax(1) + p12Di(p1) + Da(1)
)

according to [5].

The probabilities 7 for 0 < j < J,k > K (green region in
Figure 2) and j > J,0 < k < K (blue region in Figure 2) are
determined by generalizing the Spectral Expansion Method of [7],
and the remaining probablities 7 for 0 < j < J,0 < k < K are
found by direct solution of the global balance equations (4).

4.1 Recap on the Spectral Expansion Method

Consider a 2-dimensional Markov process, finite in one dimension,
infinite in the other, as depicted in Figure 1. Such a model has typi-
cally been used to model queues with Markov modulated Poisson
arrivals and exponential service times; see for example [7]. The
phase of the modulating process, assumed to vary over a finite
set, {j € Z | 0 < j < J} say, defines the finite dimension and the
queue length the infinite dimension. It is assumed that there exists
a threshold, K say, above which the equilibrium balance equations
take the same form in terms of j and k at each level k > K of
the infinite dimension; i.e. the probability fluxes going out of and
coming into state (j, k) have the same expressions in j and k for all
k>Ko0<j<].

Defining the vector dy = (o, 71k, - - -, k) for k > K, these
balance equation can be rewritten in matrix-vector form

I,

Z Br—iQi =0

i=—I
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Figure 1: Semi-infinite lattice strip of states and state tran-
sition probabilities used in the Spectral Expansion Method.
In the red shaded area below the threshold, any transitions
are allowed. Above the threshold the balance equations are
the same at all levels k.

for certain J X J matrices Q; and positive integers I, I. The matrix
Qi defines the transition rates between each pair of j-states that
yield a change of i in k, i.e. k — k + i, for —[; < i < I,. Of course,
the method relies on the magnitude of such changes in k being
bounded, as in queues for example [7].

These balance equations have as a solution ¥y = xK &, where x
is any solution of the equation

L

det Z x70;|=0 6)

i=—1

and €y is the corresponding (generalized) eigenvector such that
€x Z?: L x~iQ; = 0. It can be shown that the general solution of
the balance equations above the threshold is then, for k > K,

Y
ij = Z cl-xll-cé’,-

i=1

where {x; | 1 < i < y} are all of the roots of Equation (6) with
absolute value less than 1 and positive real part, €; is the respective
(generalized) left-eigenvector of x; and c; is a constant (1 < i <y).
The value of y is such that the number of resulting equations for the
equilibrium probabilities up to the threshold K, i.e. (J + 1)(K + 1),
is the same as the number of unknowns, i.e. (J + 1)K + y, so that
y = J + 1; see [7] for details.

4.2 Modified Spectral Expansion Method in the
k- and j-strips.

Consider the strip {(j,k) | 0 < j < J,k > K + ngy}, called the

k-strip and shaded green in Figure 2. In the discard model, the rhs

of the global balance equation for state (j, k) simplifies to:

JAna1 a2
ﬂj_i,kali + Z nj’k_ia2i+
im1 i=1
nd; ng;
P12 Z Tipi k-id1i + (1 — p12) Z Tjyikdiit
im1

i=1

JAng; ndy
P21 Z Tj—i k+idei + (1= p21) Z T k+id2i+
i=1 i=1
ngi-1 ndi
Jjo Z Tik Z dye
i=1 (=i+1

with the obvious modification to get the non-discard model with
partial batch forwarding. In the third and fourth terms of this ex-
pression, the first subscript j + i of 7 is not restricted to the range
[0, J]. However, by the above reasoning we can replace any term
Tmn by pini]n],n when m > J and n > K. Consequently, since
k > K + ng,, the right hand side becomes

JANa1 Nay

Tj—i,kA1i + Z ﬁj’k_ia21~+
i=1 i=1

nay AJ—=j ndy i
i+j—
P12 Z Tjvi k—-id1i + Z wyk-ipy | dii |+
i=1 i=J—j+1
nay AJ—=Jj ndi tin]
i+j—
(1-p12) Z Tjvi kd1i + Z myepy ) dii |+
i=1 i=]j+1
JAng, nd;
P21 Z ﬂj—i,k+id2i+(1_P21)Z”j,k+id2i+
i=1 i=1
ng;—1 ndi
djo Z Tik Z dig  (7)
=1 S

Following the Spectral Expansion Method for this strip, we con-
struct matrices, D(V (i), P() and U (i), of transition rates in the
first dimension (corresponding to the first subscript j in 7;;) that
produce increments of —i, 0 and +i in the second dimension k, for
finite i > 0 (because of the assumption of finite batch sizes), re-
spectively. By inspection of each term of the right hand side of the
balance equations (7), for 0 < h,j < J, we find

D(l)(i)hj = pa1d2,i0h, j_ili<i<jnng, + (1= p21)d2,i0p jli <i<ng,s

ng;

1
P;(,j) =ayj-hlicj-h<ng *9j,0li<ch<ng-1 Z dig+
£=h+1
nai o]
i+j—
1 _PIZ)(dl,hjllshandlA]j +0p,) Z py”’ dli);
i=]—j+1

U (i) = a2i8p, T1<i<ng, + pr2x
(dl,i5h,i+jllsi5nd1/\]—j + Pi“]dl,iah,]I]—sziSndl)-

Iis the indicator function, equal to 1 if its subscript is true and 0 if
not, and J is the Kronecker-delta. The corresponding expressions



for the non-discard variant are:
D(l)(i)hj = p21da,i0p j_ili<i<jnng, + (1 — p21)dz,i6p jli<i<ng,s

1
P,(U.) = ayj-hli<j-h<ng, + (1 - p12)X

nd
-
(dl,hjllshJSndlAJj+5h,J > e an
i=]—j+1

ndi
+ 85,0l <h<ng -1 Z du’);
f=h+1

U(l)(i)hj = a2i0p, jli<i<ng, + p12X

i+j-]
(dl,i5h,i+j11<i<nd1/\]—j +p 7 dy i T ji<i<ng,

nd;
+08j,00p, il1<i<ng 1 Z d1£>~
l=i+1
We can now use the Spectral Expansion Method described in
section 4.1 to solve for the equilibrium probabilities in the k-strip.

(1
Let v](c) = (moks iy - -
abilities at level k > K and A() be the diagonal matrix of total
transition rates out of states (j, k) for j =0,1,...,J atany k > K,

viz. A1(1) + Az(1) + D2(1) + (1 = 8j,0)D1(1). Then we have:

. 7J) be the vector of equilibrium prob-

PROPOSITION 4.2. The solution for the equilibrium probabilities
(when they exist) in the k-strip is, asymptotically,

J+1
17](:) = Z cgl)f?gl)xlk (8)
i=1

where {x; | 1 < i < J+ 1} are the roots x, with absolute value less
than 1 and positive real part, of the equation det 0W(x) = 0, in
which the matrix

Na, \/nqy1 ng,
QW) = (D -aWy+ 3 uW@x+ 3 W)
i=1 i=1

1)

€, is the (generalized) left-eigenvector corresponding to x;; and

1 (1) (1)
€L ey sty cJ+1 are constants, as yet unknown.

Proor. The balance equations on the k-strip can be recast as:

naZVnay1 nq,

(1 (1 ; (1 .

v](C )(P(l) - A(l)) + Z vl(cgiU(l)(z) + Zvl(ciiD(l)(z) =0
i=1

for k > K and the Spectral Expansion Method then yields the

required result. It is known that the number of roots inside the unit
disk with positive real part is J + 1. O

i=1 i

We use this solution above the threshold k = K, which value is
chosen empirically.
Similarly, above the threshold j = J in the j-strip, the asymptotic
solution we use is
K+1 )
27](_z) _ Z (DD, )
i=1

()

where 5] = (mj,0,...,mjk) and {y; | 1 < i < K + 1} are the

roots of the equation det 0® (y) = 0 with absolute value less than

k-axis

(0,0) J Jj-axis

Figure 2: Pair of semi-infinite lattice strips of state transi-
tions used in the modified Spectral Expansion Method for
the network of two batch-queues. In the red shaded area,
any transitions are allowed; in the green shaded area, the
balance equations are the same at all levels k; in the blue
shaded area, the balance equations are the same at all levels
J; in the white area, the balance equations are the same for
all states (j, k).

1 and positive real part. The terms superscripted by a parenthesized
(2) are defined symmetrically with the corresponding terms in the
k-strip, parenthesized (1), by interchanging 1 with 2 and j with k,
keeping i the same.

4.3 Remaining equilibrium probabilities
Referring to Figure 2, the equilibrium probabilities in the green
and blue strips are derived by spectral expansion according to the
previous section. These expressions include J + K + 2 unknown
values, cgl), R cﬁzl, cgz), R cgll. In the pink region {(j, k) | 0 <
Jj < J,0 <k < K}, we use the balance equation (4) directly - any
transitions are allowed, so that we can choose the version of the
global balance equations that gives a network with or without dis-
cards'. Here there are a further JK variables since the probabilities
{mjx 10 <j < J}and {zy; | 0 < k < K} are given by the constant
vectors ¢V and ¢®) in the spectral expansion. There are therefore
JK+J+K+2=(J+1)(K+1)+1unknownsand (J + 1)(K + 1)
equations. These yield all the unknowns as a multiple of 7 ¢ (say),
the value of which comes from normalization.

PROPOSITION 4.3. Let the solution of the above (J + 1)(K + 1)

oD = 5 @ _

equations be rj | = j, k70,05 70,0 and c; ;70,0

'We may include special arrivals to give a product-form in the discard-case, if required
as a check.



Then
J+1 K+
70,0 -( S EDxK (1 x) + Z &P eyl 11 - i)+
i=1 i=1
-1K- -1
J Klﬁ ;UK(L‘I))
Se (1=p1)(1 = p2)
where Egi) denotes the sum of the components of the vector eﬁgi).

Proor. The normalization equation may be written

-1K-1 J o K o
T INICTES 19 IETES 3) yom
Jj=0 k=0 J=0 k=K k=0j=J
o0 (o]
2. 2, kK
j=J+1 k=K+1

by partitioning the state space according to Figure 2. The result now
follows by substituting the values obtained by solving the above
(J+1)(K+1) equations in terms of g, and using Conjecture 4.1. O

In addition, the point (J, K) lies in both the green and blue re-
gions and so can be expressed in terms of either ¢ or &2, leading
to a single consistency condition. However, at large J, K we ex-
pect the equations to be consistent because of our conjecture that
asymptotically the model has the correct geometric tail. We use
the difference between these evaluations of 7;k in either region
as a measure of the accuracy of the solution as J and K increase.
In our numerical computations we increased J,K until the dif-
ference was less than 1 percent or the maximum was less than
10_2p{p§/((1 — p1)(1— p2)) this quantity being one percent of the
total probability remaining in the geometric tail.

The above equations compute all probabilities 7; ;. in terms of
mo,0 (say), which is given by the normalizing equation. We state
this as follows.

ALGORITHM 1. Assuming Conjecture 4.1, given an accuracy crite-
rion on 7y i, the equilibrium probabilities (when they exist) of the
raw batch networks defined above can be obtained as follows:

(1) Set J =ng1 VngaVng,K=ngVng Vng.

(2) For0 <j < J,k > K, define

J+1
g0 =Y Dk

i=1

A1)

where €, 7, x; are computed numerically by Proposition 4.2
for1<i<J+1
(3) For0 <k <K,j > ], define

o _ NN 0.
27]. = Zci € y{
i=1

similarly.
(4) Solve the set of equations formed by (J + 1)(K + 1) instances of
equation (4) with0 < j < J, 0 < k < K and r; | substituted

by 17 eV @)k fork > K and by 5K (@)

forj > ], to obtain values for 7ij . = ;i /m0,0, O

1

( )/71'0 o and c(z)
tzon 4.3.

(5) Set 7o, to the value of mo,o obtained by Proposition 4.3.
Then

@ . . .
= ¢;” /mo,0, as in the notation of Proposi-

ﬁ'()()f[k ifo<j<],0<k<K
00X/ dN @)k ifo<j<) k2K
I = .
K noozK“ (2><8‘Z))ky{ fo<k<K, j>]
7o, 07[]’[(‘01 =] k K otherwise

If the two values computed for mj k are not sufficiently close according
to the accuracy criterion, increase J and K and repeat from step 2.

5 NUMERICS

5.1 Tandem network

We applied the method of Section 4 for the cases of both partial
batch forwarding and discarding. Referring to Section 2, in the
former case, the whole queue is transmitted from node 1 to node
2 when a service completion corresponding to a batch of greater
size occurs. In the latter case, the partial batches leave the network.
The parameters of the tandem model (with p13 = 1, py; = 0) are as
follows.

Node 1: Arrival rates 2.5 and 0.6 for batch sizes 1 and 2, respectively,
and service rates 1.0 and 2.0, similarly;

Node 2: Arrival rate 2.1 and service rate 7.0 for batch size 1 only
(node 2 is M/M/1).

Thus, with partial batch forwarding, when the queue length at
node 1 is 1, partial batches of size 1 are transmitted to node 2 at
rate 2.0, so that the total single task transmission rate between the
nodes becomes 3.0. With discards, the partial batches are lost. These
parameters give geometric ratios of 0.824 and 0.842 at nodes 1 and 2
respectively in the product-form model (with special arrivals, here
only at node 1).

5.1.1 Comparison with simulation. We first compared the prob-
ability mass functions computed by the model at each queue for
the two scenarios (batch-discarding and batch-forwarding) against
the output of two regenerative simulations with over a quarter of a
million regenerative cycles, with regeneration state {0, 0}. Since the
curves produced are pretty much coincident, we did not include the
confidence bands, which are tight but easily include the model’s
points. The comparisons can be seen in Figure 3 below.

We see the exceptionally close match between our model and
the simulation in all cases, ensured by our choice of J and K.

5.1.2  Comparison of discarding with forwarding. The impact of
discarding and forwarding on the two queues is shown in Figure 4.

We note that there is virtually no difference between discarding
and forwarding on the first queue. This is unsurprising since there
is no feedback in this tandem network so that it matters not to node
1 whether its output goes to node 2 or leaves the network.

At the second queue, however, the normally well-behaved M/M/1
queue becomes disrupted at low queue lengths because of the ar-
rivals of partial size-2 batches. With discarding, these are missing
altogether when the first queue has fewer than 2 tasks, whereas
with forwarding they arrive as single tasks. Hence the load is a
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Figure 3: Probability mass functions at the two queues in
the tandem network with partial batch discarding and for-
warding: comparison with simulation.

little less with discarding, giving the higher probabilities observed
at queue lengths up to 5 at node 2.

5.2 General two-node network
To illustrate the use of the model in more general networks, we
chose a pair of fully interconnected batch queues with the following
parameters.
Node 1: Arrival rates 1.0, 0.6 and 0.3 for batch sizes 1, 2 and 3, respec-
tively, and service rates 1.0, 2.0 and 0.8, similarly;
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Figure 4: Probability mass functions computed by the model
at the two queues in the tandem network: comparison of par-
tial batch discarding and forwarding.

Node 2: Arrival rate 2.0 and 0.2 for batch sizes 1 and 2, respectively,
and service rates 2.0, 3.0 and 1.0 for respective batch sizes 1,
2 and 3.

When special arrivals are added, the server utilizations become
p1 = 0.900 and pp = 0.592, respectively. We again applied the
method of Section 4 for the cases of both partial batch forwarding
and discarding.

5.2.1 Comparison with simulation. Proceeding as described for
the tandem network above, we obtained the graph shown in Figure 5
comparing the model’s predictions against regenerative simulation.
Again, agreement is almost perfect for our choice of J and K and
confidence bands are not shown.

5.2.2  Comparison of discarding with forwarding. The impact of
discarding and forwarding on the two queues in this more general
case is shown in Figure 6.

Here, because of the feedback from node 2 to node 1, the dif-
ference between discarding and forwarding is significant in both
queues. This is particularly noticeable in the first queue since the
influx of partial batches from the second node is relatively high, giv-
ing a much lower zero-queue probability of about 0.08 compared to
0.2 with discarding. The same applies to queue lengths up to about
9. The jump at queue length 2 is also more pronounced because of
the partial batch forwarding from node 2 to node 1. Complementary
to this, at the second queue there is little difference, due to its much
lower utilization as well as the high utilization at the first queue
which leads to fewer discards, the queue length there tending to be
longer than the maximum departure batch size.
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Figure 5: Probability mass functions at the two queues in
the general network with partial batch discarding and for-
warding: comparison with simulation.

6 CONCLUSION

The main contribution of this paper is the first (to the author’s
knowledge) solution for the equilibrium state probabilities in an
unmodified network of queues with batch processing. The method
combines existing techniques from product-form solutions and
spectral analysis to give a near-exact result in the sense that the
error can be reduced arbitrarily at increasing computational cost.
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Figure 6: Probability mass functions computed by the model
at the two queues in the general network: comparison of par-
tial batch discarding and forwarding.

Numerical results confirm the accuracy, which has also been seen
in several other networks not displayed.
Of course, the approach has its limitations:

(1) Networks are restricted to two nodes with finite batch sizes;

(2) At high utilizations, large values for the thresholds J and K
may be needed, leading to a high-order polynomial equation
in the spectral analysis. Methods have been developed to
reduce the order by transforming the determinantal equation
into a simpler problem in linear algebra with a much more
efficient solution [7]. This was not the main point of the
present work, but in a software tool such a transformation
might be necessary.

(3) Theroots of this same equation may not be distinct, requiring
careful management of the eigenvectors corresponding to
multiple eigenvalues.

(4) As J and K become large, the smallest eigenvalues become
smaller, approaching zero. This exacerbates the previous
problem.

As noted in the introduction, batch-networks are well suited to
modelling bursty traffic that occurs in networks of various types,
for example router networks and file transfers in storage systems.
Moreover, in energy-efficient systems, workload has to be scheduled
to introduce bursts into the workload, with longer idle periods
enabling devices to be switched off more often [8]. These systems
are well modelled by batch movements in a network. Product-form
approximations have long been known for queueing networks that
are modified to include additional arrivals at empty queues, as in
[1] for example. Unfortunately, this makes them somewhat limited
for analysing energy conservation strategies since at the very time
a device is switched off it gets extra arrivals which would require it



to be switched on again! The present work may help to alleviate
this problem.
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