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Abstract

In the field of multiple-input multiple-output (MIMO) sensing, traditional studies assume the

probing signals are narrowband. With modern 5G/6G and sensing systems operating on multi-

bands, models and methods tailored for multi-band active sensing are necessary. This thesis

develops the model and method tailored for MIMO sensing with multi-band transmitted sig-

nals. The multi-band array can jointly sense gridless direction-of-arrivals (DoAs) and spectral

responses of targets. In this thesis, we use the greatest common divisor (GCD) of multi-band

for joint signal processing. The spectral responses can be different at different frequencies. We

show that the gridless DoA and spectral response can be estimated jointly in numerical simu-

lations. Due to the multi-band, the number of targets can be more than the antennas even for

uniform linear arrays (ULA), which has exceeded the traditional limit of maximum resolvable

targets. Subsequently, this thesis discusses the DoAs and ranges sensing in frequency diver-

sity arrays (FDA). We formulate the problem as low rank matrix recovery problem, and solve

it. We show that DoAs and ranges can be jointly sensed with a limited number of snapshots

and low computational complexity. Finally, this thesis further discuss nonconvex nonsmooth

optimisation problems. We analyse the algorithms: proximal gradient method, PDOM and

ADMM.
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Chapter 1

Introduction

1.1 Overview

With the development of 5G and 6G communication [2], the problem of target sensing has been

a great research interest. The applications include wireless communication [3], autonomous

driving [4], and medical imaging. To sense the targets accurately, the following parameters are

important: Direction-of-Arrival (DoA), spectral response and range.

The DoA sensing is the process that retrieving the direction information of receiving signals from

the output of antenna arrays [5]. Since the early 1900s, there has been a great progress in this

field. Some classical methods include multiple signal classification (MUSIC) [6] and estimation

of signal parameters via rotational invariant techniques (ESPRIT) [7]. Apart from the DoA

of targets, the range information can be another important parameters for targets sensing.

There has been many classic probing signals to sense the range, such as frequency-modulated

continuous wave (FMCW) and Orthogonal frequency-division multiplexing (OFDM). If we

want to distinguish the types of targets, the spectral response of targets is also required. The

spectral response sensing has been applied in the field of geoscience and remote sensing [8] [9].

In this thesis, we focus on the target sensing by using 1-D antenna arrays. 1-D antenna arrays

is convenient to manufacture. Compared with 2-D and 3-D antenna arrays, 1-D antenna arrays

only need to process parameters sensing in one direction. It means that 1-D antenna arrays

1



2 Chapter 1. Introduction

have lower computational burden. The programming language we use is Julia [10] , which is

an open source programming language. The editor is chosen as Visual Studio Code. We will

review the MIMO array and bandwidth in the following subsections.

1.1.1 MIMO array sensing

Multiple-input multiple-output (MIMO) array is an array that has multiple transmitters and

receivers. MIMO array has played a key role in the field of wireless communication. The first

generation of MIMO array is only one antenna, which serves as transmitter and receiver. It is

called as single-input single-output (SISO). Compared with SISO, the benefit of MIMO is its

better spatial resolution. The number of resolvable targets can be improved as well [11] . The

transmitted vector-signals have more diversity to sense targets. The FMCW and OFDM are

two signals, which has been widely applied in industries. In this thesis, we focus on the the

array with collocated antennas, which means the transmitters and receivers are in the same

array. We will show discuss both SIMO(single-input multiple-output) and MIMO array.

Passive and active sensing: In MIMO array, there are two types of sensing technique: passive

and active sensing. Passive sensing technique is that antennas can only receive the signals from

targets. In contrast, active sensing technique is that antennas can illuminate targets to sense

them. Active sensing has been widely applied in the remote sensing, such as multispectral and

hyperspectral imaging. For example, National Aeronautics and Space Administration (NASA)

use active sensing in satellite, which is shown in Fig.1.1. In this thesis, we focus on the active

sensing.

1.1.2 Gridless processing

The sparse methods for MIMO sensing can be classified into three types: on-grid, off-grid and

gridless [5]. The on-grid sparse method assume parameters to be estimated should be on a set

of fixed grid points. It means the parameters are on discrete domain. Off-grid can allow the

parameters not to be on the grid, but the grid is still required. For gridless processing, there is

no grid for parameters. The parameters are totally on continuous domain.



1.1. Overview 3

Figure 1.1: NASA Applied Remote Sensing Training Program [1].

1.1.3 Bandwidth

The bandwidth W is defined as the frequency range from lowest frequency fL to highest fre-

quency fH [12]. Traditionally, there is no unified criteria of narrowband and wideband. For

ultra-wideband, FCC (Federal Communications Commission) [13] defines it is ultra-wideband

when the bandwidth is greater than 0.2 of the central frequency (fH − fL)/2 or 500 MHz.

Wideband signals can carry more diversity of information than narrowband signals. In this

thesis, we will use wideband signals in the chapter 3, and narrowband in the chapter 4.

1.1.4 Frequency diversity array

Although MIMO array received many research interest, the range-dependent targets cannot

be sense accurately. It is because the DoA and range cannot be unambiguously sensed from

the beamforming peaks [14]. To solve this issue, one of practical methods is using frequency

diversity array (FDA) in MIMO [15]. FDA is an array that use a small frequency increment

∆f from antenna-to-antenna when transmitting signals.

It is noted that there is one difference between Frequency Diversity Array (FDA) and OFDM-

MIMO systems. Each antenna of FDA transmits signals with a single frequency. In contrast,

each antenna of OFDM-MIMO transmits signals with all frequencies. The phase difference
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between adjacent antennas is:

∆ϕ =
2πfd sin θ

c
− 2πr∆f

c
+

2π∆fd sin θ

c
, (1.1)

where f is the carrier frequency at the antenna with low frequency. d is the spacing between

adjacent antennas. c is the propagation speed of transmitted signals in the medium. θ and r

are the DoA and range of one of targets. In (1.1), the first term 2πfd sin θ
c

is the phase difference

in traditional MIMO array. Its derivation is shown in section 2.1. This term depends on the

DoA. The second term −2πr∆f
c

shows that the phase difference also depends on the range and

frequency increment. The first two terms are also distinct with each other. The third term

2π∆fd sin θ
c

is always assumed to be negligible as ∆f ≪ f . This assumption imply our signal

is narrowband. [15] shows that both the DoA and range is more sensitive to detect in beam

pattern, compared with traditional MIMO arrays.

1.1.5 Sparse signal recovery problem

Signal recovery problem is one of important problems in signal processing. Given adequate

measurements, signals are not hard to be recovered. In many real applications, such as medial

imaging and radar imaging, only a limited number of measurements can be collected. In this

thesis, we model such problem as sparse signal recovery problem. Usually, the sparse signals

can be modelled as the superposition of sinusoids [16]. The observed signal x ∈ CM at the

index t is

x[t] =
S∑

s=1

cse
−j2πfst, t = 0, · · · ,M − 1 (1.2)

where cs is the amplitude of s-th sinusoids. To recover the S sinusoids from x, the frequency

fs ∈ [0, 1) is the key parameter to be estimated. This is because fs is highly nonlinear with

the sinusoids. Now the sparse signal recovery problem is converted to the frequency estimation

problem. If S < M , there has been many successful methods to recover the frequency fs from

x , such as Prony’s method and MUSIC [17]. In chapter 3, we model our DoA sensing problem

as sparse signal recovery problem. In chapter 4, we model our DoA and range sensing problem
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as sparse signal recovery problem as well, which is the joint frequency estimation.

1.2 Research objectives

As the thesis title ”Gridless processing for multi-band MIMO sensing” mentions, the thesis

aims to discuss the MIMO sensing with mult-band transmitted signals. Although there is a

great progress in the field of MIMO sensing, there are still some problems. The problems and

our corresponding research objectives are the following.

• Multi-band: Although there are many studies discussing the sensing with multi-band

signals [18], some studies focus on specific signals, such as FMCW. Previous work always

used the linear approximation or beamforming to cope with multi-band. However, these

methods require a lot of snapshots. The multi-band can provide more information diver-

sity compared with single-band [19]. Without any transmitted signals assumption, how

can we use every band efficiently? In this thesis, we aim to use all frequency bands effi-

ciently to sense targets. The diversity information provided by multi-band is also used to

improve estimation ability. As a result, the angle, range and spectral response of targets

can be estimated.

• MIMO array sensing: The main studies about spectral response sensing is in the field

of geoscience and remote sensing. There are few studies about spectral response sensing

in MIMO arrays. The other problem is that how multi-band signals can improve the

performance of MIMO array sensing. We aim to use multi-band signals to sense spectral

response and other parameters in MIMO.

• Fast sensing: We aim to use a limited number of data to sense targets with high

accuracy. In this thesis, we call it as fast sensing. Traditional MIMO sensing requires

sufficient measurements. For example, the Fourier-based spectral analysis need sufficient

measurements to do Fourier transform. Inspired from compressive sensing, we can highly

reduce the number of measurements by using sparsity-based methods.
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1.3 Contributions and outline

The contributions of this thesis can be summarised as follows:

• Multi-band signals processing: In the chapter 3, we use Greatest Common Divisor

(GCD) to process the multiple bands in MIMO arrays. The GCD can fit all bands into

one steering vector. This method can convert the problem to the more virtual antennas

with single frequency. Due to the diversity provided by multi-band, the more parameters

can be sensed compared with single-band signals.

• Multiple parameters sensing: In the chapter 3, our multi-band array can estimate

both DoAs and the target spectral response. In the chapter 4, we can sense DoAs and

ranges with lower computational complexity in FDA.

• Fast sensing: In the chapter 3 and 4, we can use a limited number of snapshots to

sense targets in both multi-band arrays and FDA. Inspired by the concept of compressive

sensing, we construct low rank Hankel matrix to include the unknown parameters. We

formulate the sensing problem as the low rank matrix recovery problem. As the problem

is nonconvex and nonsmooth, we apply proximal gradient method to solve it.

The outline of this thesis is the following:

• Chapter 2: Background: In this chapter, we review related concepts and techniques for

MIMO sensing, including DoA, structured matrix and nonconvex and nonsmooth optimi-

sation. For structured matrix, we focus on Hankel matrix. For nonconvex and nonsmooth

optimisation, we review the ADMM method. Followed by majorization minimization and

line search mathod. Based on these two methods, we review proximal gradient method

and PDOM.

• Chapter 3: Multi-band Active Array: In this chapter, we use MIMO arrays to sense

both DoAs and spectral response. We firstly model the multi-band array with active

sensing. We also model the spectral response for targets. Then we use GCD of all bands

to fit all bands in one steering vector. We reformulate the system model, and formulate

the problem as low rank matrix recovery problem. We use both proximal gradient method
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to solve our problem, and compare the results. The benefits of our multi-band active array

is the following. (a) The number of targets can be more than the antennas in ULA. (b)

The array can sense DoA and spectral response of targets. (c) Only limited number of

snapshots is required.

• Chapter 4: Frequency Diversity Array: In this chapter, we use frequency diversity

array (FDA) to sense DoAs and range. Similarly to the chapter 3, we formulate the

problem as low rank matrix recovery problem. The benefits of our FDA can sense DoAs

and range with lower computational complexity and limited snapshots.

• Chapter 5: Nonconvex Algorithms Analysis: In this chapter, we further discuss the

nonconvex and nonsmooth optimisation. We discuss proximal gradient method, PDOM

and ADMM. We compare proximal gradient method with PDOM. For ADMM, We use

a blind deconvolution to show it can also be applied in nonconvex problems.

• Chapter 6: Conclusion: In this chapter, we summarise this thesis achievements, ap-

plications, and point out the corresponding future work.

1.4 Notations

We list the following notations that will be used in this thesis. We denotes uppercase letter

as matrix, and lowercase letter as vectors. R denotes real number set. A(·) denotes linear

operator. For norms, ∥ · ∥2 denotes Euclidean norm and ∥ · ∥F denotes Frobenius norm. ∥ · ∥0

denotes pseudo-norm for vectors. ∥·∥r,2,0 denotes Euclidean norm for each row in a matrix, and

pseudo-norm for the vectors with results of each row. 1 denotes the matrix whose all elements

are 1. AT is the transpose of matrix A. AH is the conjugate transpose of A. Ā is the real

part of A. Ã is the imaginary part of A.

1.5 Publications

Until September 15, 2024, the following papers have been published or accepted:

• N. Mao and W. Dai, ”A Multi-Band Active Array for Direction-of-Arrival Estimation”,
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2023 IEEE 9th International Workshop on Computational Advances in Multi-Sensor

Adaptive Processing (CAMSAP), Herradura, Costa Rica, 2023, pp. 341-345, doi: 10.1109/CAM-

SAP58249.2023.10403467.

• N. Mao and W. Dai, ” Multi-band Active Arrays for Gridless DoA and Spectral Response

Sensing,” 2024 IEEE 25th International Workshop on Signal Processing Advances in

Wireless Communications (SPAWC 2024), Lucca, Italy, 2024. (Accepted)



Chapter 2

Background

2.1 Direction-of-Arrival estimation

The far-field direction-of-arrival (DoA) estimation by arrays has been a great research interest

for decades. It has been widely applied in a range of domains, such as wireless communication [3]

and autonomous driving [4]. To solve the DoA, the most classical method is multiple signal

classification (MUSIC) [6]. The other classical method is estimation of signal parameters via

rotational invariant techniques (ESPRIT) [7].

2.1.1 Steering vector and 1-D array geometry

We start from uniform linear array (ULA), which means the all antennas are equally spaced in

1-D linear array. Before we derive the signal model of received signal, it is necessary to show

the steering vector a(θ). Steering vector is an vector that can represent the DoA of a target in

an antenna array. θ ∈ [−90◦, 90◦) represents the angle of the the target. Considering an ULA

with M antennas. The spacing between adjacent antennas is d.

We assume that the targets are far-field, so the DoA θ are all the same for each antenna in

the ULA. This setup is shown in Fig. 2.1. In Fig.2.1, we set the first antenna as our reference

antenna. At the time index l, the signal from the targets is x(l). The noise-free received signal

9
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Figure 2.1: The setup of DoA problem of one target in ULA. As the targets is far-field, the
DoA for each antenna is the same.

at the first antenna is:

y1(l) = x(l). (2.1)

It is noted that there should be an additional reference phase shift caused by the propagation

delay from the target to the first antenna. As this delay is negligible, we do not take this phase

shift into account. For the m-th antenna, there is a time delay from the first antenna. Now the

noise-free received signal is:

ym(l) = e−j(m−1)2πf d
v
sin θx(l), (2.2)

where v is the signal speed in the medium. f is the carrier frequency of the signal. To avoid

the spatial aliasing, it is noted that the spacing d is chosen as the half wavelength of the signal

λ/2 = v/2f . Then, if we collect all exponential part in one vector. The steering vector aM(f, θ)
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is:

aM(f, θ) =

[
1, e−j2πf d

v
sin θ, · · · , e−j(M−1)2πf d

v
sin θ

]T
. (2.3)

It is noted that steering vector has the general Vandermonde structure. Due to its structure,

Vandermonde structure is important in the area of signal processing. The structure is defined

as:



1 x1 x2
1 · · · xn−1

1

1 x2 x2
2 · · · xn−1

2

...
...

...
...

...

1 xs x2
s · · · xn−1

s


. (2.4)

In the chapter 3 and 4, we will use Vandermonde decomposition of Hankel matrix. Vander-

monde decomposition is important in frequency and DoA estimation [5]. After Vandermonde

decomposition, the Hankel matrix can be decomposed as Vandermonde matrix, diagonal matrix

and the conjugate transpose of that Vandermonde matrix.

2.1.2 Signal model in ULA

Considering S far-field targets from directions θs, where s = 1, . . . , S. The number of antennas

in ULA is M . Then the signal model [5] is:

y(l) =
S∑

s=1

aM(f, θs)xs(l) + e(l)

= A(f)x(l) + e(l), l = 1, . . . , L. (2.5)

There are L snapshots. At l-th snapshot, y(l) ∈ CM is the received signals. a(θs) ∈ CM

is the steering vector of θs. xs(l) is the signal from the s-th target. e(l) ∈ CM is the mea-

surement noise. The steering matrix A(f) = [aM(f, θ1), · · · ,aM(f, θS)]. The signal vector

x(l) = [x1(l), · · · , xS(l)]
T . If we collect all snapshots in one matrix, we can write (2.5) in
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matrix form:

Y = A(f)X +E, (2.6)

where the matrix of received signal Y = [y(1), · · · ,y(L)]. The signal matrixX = [x(1), · · · ,x(L)]T .

The noise matrix E = [e(1), · · · , e(L)]T .

2.1.3 Identifiability and resolution in ULA

The identifiability is the maximum number of resolvable targets in an array, which has been

discussed since 1980s. The ULA case was discussed in [20]. For M -antenna ULA in (2.6) , the

array can resolve up to:

S <
M + rank(X)

2
. (2.7)

The detailed proof for (2.7) can be referred in [20]. For the single snapshot case (L = 1),

rank(X) = 1. (2.7) shows that the M -antenna ULA can measure up to M+1
2
−1 targets. When

the number of snapshots is greater than M , rank(X) = M . The M -antenna ULA can measure

up to M − 1 targets. For the resolution, the Rayleigh angle resolution limit for the M -antenna

ULA is 2/M radians [21]. The detailed proof can be referred in [22].

2.1.4 Sparse linear array

Due to lower cost and complexity compared with ULA, sparse linear arrays (SLA) have received

much attention, such as nested array [23] and co-prime array [24]. The SLA can be also seen

as a part of antennas from ULA. In an SLA, the inter-element spacing can be integer multiple

of the fundamental element spacing d. That is, the locations of the antennas are given by the

set

Md := {m1d,m2d, · · · ,mPd} , (2.8)
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Figure 2.2: An example of SLA from 6-antenna ULA. Black points are the physical antennas.
White points are holes, which means no antenna in that position.

whereM = {m1,m2, · · · ,mP}, 0 = m1 < m2 < · · · < mP are all integers, and P denotes the

number of physical antennas in SLA. An example of SLA from 6-antenna ULA is shown in Fig.

2.2.

In an SLA, there may be the ambiguity issue when estimating DoAs. Typically we expect that

there is a unique solution when estimating DoAs. The ambiguity issue arises when there are

multiple sets of solutions [25]. In this thesis, we use a sparse matrix to represent the received

signals before we estimate DoAs. All zeros are for the signals in the non-active antenna location.

2.1.5 MUSIC

MUSIC (Multiple Signal Classification) is a classical algorithm that is used to solve frequency

estimation problem, such as DoA problem [6]. Based on our DoA signal model (2.6), the

MUSIC algorithm is summarised as:

In the chapter 3 and 4, we will use MUSIC to estimate DoA and range. Although the input

matrix is a Hankel matrix rather than covariance matrix, the MUSIC algorithm is still the same

from the step 2 in algorithm 1.
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Algorithm 1: MUSIC algorithm

Input: Received signal Y ∈ CM×L, the number of targets S, the steering vector
a(θ) = [1, e−j2πf d

v
sin θ, · · · , e−j(M−1)2πf d

v
sin θ].

1. Compute the covariance matrix R of Y : R = 1
L
Y Y H . ;

2. SVD R = [Us,Un]

[
Σs 0
0 Σn

]
[Vs,Vn]

H , where Us,Vs ∈ CM×S and Σs ∈ CS×S ;

3. Compute ϕ(sin θ) = ∥a(θ)∥2/∥UH
n a(θ)∥2, where sin θ ∈ [−1, 1]. ;

4. Collect sin θ set by finding the S largest value from ϕ(sin θ). ;
5. Compute the DoA set from sin θ set by using the function: arcsin(·). ;
Output: the DoA set;

2.2 Structured matrix and decomposition

2.2.1 Hankel matrix

A Hankel matrix is a symmetric matrix of which all the entries in any given skew diagonal are the

same. In the chapter 3 and 4, we use Hankel matrix for matrix decomposition and system model

reformulation. The general form of Hankel matrix H ∈ Cp×q can be generated from a vector

v = [v1, v2, · · · , vp+q−1] ∈ Cp+q−1 by using the Hankel linear operator Hp,q : Cp+q−1 → Cp×q.

v 7→ Hp,q(v) =



v1 v2 · · · vq

v2 v3 · · · vq+1

...
...

. . .
...

vp vp+1 · · · vp+q−1


. (2.9)

The value of p and q should be known when using Hp,q. Note that the above Hankel matrix

has a rank-S if S < min (MT ,MR). Otherwise the rank is min (MT ,MR). The weakness of

non-square Hankel matrix is its rank is limited by min (MT ,MR), such as MT = 1. To solve

the limitation of the rank, typically, we let the Hankel matrix close to square matrix [26]. Now

we use Hankel linear operator Hh1,h2 : Cp+q−1 → Ch1×h2 to construct the square ( or close to
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square ) Hankel matrix as:

v 7→ Hh1,h2(v) =



v1 v2 · · · vh2

v2 v3 · · · vh2+1

...
...

. . .
...

vh1 vh1+1 · · · vp+q−1


. (2.10)

where h1 ≈ h2 ≈ (p + q − 1)/2. In details, h1 = h2 = (p + q)/2 when p + q is even number.

h1 = (p+ q + 1)/2 and h2 = (p+ q − 1)/2 when p+ q is odd number. Specifically, the output

of Hp,q and Hh1,h2 are the same when p = q. Square Hankel matrix have been adopted for

spectral estimation as they admit Vandermonde decomposition [5].

2.2.2 SVD

SVD (Singular Value Decomposition) is a factorisation of a matrix into rotation, rescaling and

followed by another rotation. Given a matrix A ∈ Cm×n, its SVD is:

A = UΣV H . (2.11)

The U ∈ Cm×m and V ∈ Cn×n are unitary matrix, whose columns are orthonormal. The

Σ ∈ Cm∈n is a diagonal matrix with non-negative diagonal entries. Σi,i = σi is i-th the singular

value of the matrix A. It is noted that SVD is not unique. If we sort σi in descending order in

Σ. The SVD can be written as:

A =
r∑

i=1

σiu:,iv
H
:,i

= UrΣrV
H
r , (2.12)

where r ≤ min{m,n} is the rank of A. This SVD is called compact SVD. Ur ∈ Cm×r and

V ∈ Cn×r are the first r columns of U and V respectively. Σr ∈ Cr×r is a square diagonal

matrix.
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2.3 Nonconvex and Nonsmooth Optimisation

In this section, we will review the optimisation methods for nonconvex and nonsmooth objective

function. In this thesis, we review ADMM, followed by the optimisation methods in the scope

of majorization minimization, including proximal gradient method and PDOM.

2.3.1 ADMM

The Alternating Direction Method of Multipliers (ADMM) is the algorithm which usually solves

the problems in the form:

min
x,z

f(x) + g(z)

s.t. Ax+Bz = c. (2.13)

The Lagrangian for this problem is:

L(x, z, y) = f(x) + g(z) + yT (Ax+Bz − c), (2.14)

where y is the Lagrange multiplier. The augmented Lagrangian is:

Lρ(x, z, y) = f(x) + g(z) + yT (Ax+Bz − c) +
ρ

2
||Ax+Bz − c||22, (2.15)

where ρ > 0 is the penalty parameter. The role of the augmented term is enhancing stability

and allowing fixed learning rate. More details about ADMM could be referred in paper [27].

ADMM can solve convex problem with convergence successfully. Sometimes it is convergent

on nonconvex problem in practice. However, there still needs more research on convergence

analysis for nonconvex problem.

Paper [28] discusses one of nonconvex problem: nonnegative matrix factorization. The paper

proves the convergence of ADMM in three perspectives: the size of consecutive difference of

dual variables, the augmented Lagrangian, and combine these two to show global convergence

for objective function, dual variable and residual.
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We extend the problem to nonconvex and nonsmooth optimisation. the paper [29] shows the

ADMM can converge with weaker conditions for this optimisation with convergence in the form:

min
x0,x1,...,xp,y

f(x0, x1, ..., xp, y)

s.t. A0x0 +A1x1 + ...+Apxp +By = b. (2.16)

To solve this problem by using ADMM, the paper [29] define a new variable x = [x0,x1, ...,xp]
T

and then update variable block x<i and x>i by using ADMM. The induction technique is used

for convergence analysis.

2.3.2 Majorization Minimization

To reduce the computational cost for nonconvex problems, the majorization minimization (MM)

is proposed in 1970s. Now it has been successfully applied to a number of nonconvex and

nonsmooth problems, such as sparse regression, matrix factorization and covariance estimation.

MM is an algorithm which aims to find minima in an optimisation problem [30] . We want to

minimise the problem f(x) with no constraint. To minimise this problem, there are two stages

in MM:

Majorization: we construct the surrogate function ϕ(·|xi) at the point xi, (i ∈ N):

ϕ(·|xi) ≥ f(x) + ci. (2.17)

This surrogate function is to approximate the objective function f(x), where ci = g(xi|xi) −

f(xi). To construct the surrogate function, the following methods can be used: Taylor ex-

pansion with the first order or second order, convexity inequality, and other special inequality.

Minimization: we minimise the surrogate function ϕ, and find the next point xi+1:

xi+1 = argmin
x

ϕ(x|xi). (2.18)

After majorization, ϕ(·) function is easy to minimise. As a result, the sequence of f(xi) for all
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i is decreasing, which can guarantee the convergence of MM:

f(xi+1) ≤ f(xi) (2.19)

The advantage of MM is that its can guarantee strict convergence of the objective function.

However, MM for optimisation problem with constraints is not well understood. The paper [31]

explores the optimisation problem with orthonormality constraint, but its algorithm cannot

be applied to the nonconvex and nonsmooth optimisation directly. Another disadvantage is

constructing surrogate function is hard in practice, because the local minima rather than global

minima may be found in the second stage. MM could also get stuck on stationary points, which

is not any minima.

2.3.3 Line Search Method

For unconstrained minimisation problems, the line search method is an iterative algorithm

which generates the series of point xi from the initial point x0 [32] . To calculate the global

minima, we expect the function value f(xi) at each iteration:

f(xi+1) < f(xi) (2.20)

To find the xi+1 at each iteration, we choose the search direction pi and the step length αi. The

formula is given by:

xi+1 = xi + λipi (2.21)

For choosing step length λi, one of popular methods is the Wolfe conditions. The Wolfe condi-

tions are the combination of the following two conditions [33]:

Armijo condition: Ensuring the step length is not too large.

f(xi + λipi) ≤ f(xi) + c1λi∇f(xi)
Tpi (2.22)
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Curvature condition: Ensuring the step length is not close to 0.

∇f(xi + λipi)
Tpi ≥ c2∇f(xi)

Tpi (2.23)

where 0 < c1 < c2 < 1 . For choosing search direction, it is usually chosen by the formula:

pi = −Q−1
i ∇f(xi) (2.24)

where Qi is symmetric and nonsingular matrix at i-th step. Q−1
i is chosen as Hessian approxi-

mation. The more details of constructing Hessian approximation can be referred in [33]. Line

search method has been used to find step size and search direction in a range of algorithms. In

this thesis, we will use proximal gradient method in the section 2.3.4 and PDOM in the section

2.3.5 as two case studies.

2.3.4 Proximal Gradient Method

In the field of nonconvex optimisation, we consider the problem in the following form:

min
x

f(x) + g(x), (2.25)

where f(x) is differentiable and g(x) is non-differentiable. The whole objective function f(x)+

g(x) is nonconvex and nonsmooth function. It is noted that the splitting is not unique, so the

form of f(x) and g(x) can be different. Before we introduce proximal gradient method [34], we

define the proximal operator prox(·) as:

proxλ,g(v) := argmin
u

g(u) +
1

2λ
∥u− v∥2. (2.26)

Then, at the (i+ 1)-th step, the proximal gradient method is defined as:

xi+1 := proxλi,g(x
i − λi∇f(xi)), (2.27)
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where λi is the step size at i-the step. Based on the idea of majorisation-minimisation, the

value of λi is chosen by the line search. For i-th step, the algorithm of a typical line search is

summarised as:

Algorithm 2: Proximal Gradient Method at i-th step

Define: The surrogate function: f̂λ(u, v) = f(u) +∇f(u)T (v − u) + 1
2λ
∥v − u∥2F

Input: xi, λi−1, β ∈ (0, 1)
while true ; /* Update step size λ */

do
z = proxλi−1,g(x

i − λi−1∇f(xi)) ;

if f(z) ≤ f̂λi−1(z, xi) then
λi = λi−1, xi+1 = z ;
Break the loop;

end
λi = βλi−1;

end
Output: λi, xi+1;

In algorithm 2, it is noted that the typical value of parameter β is chosen as 0.5. For the

stopping criteria, we define it as:

∥∂g(xi+1) +∇f(xi+1)∥2 ≤ ϵ+ ϵmax{∥∇f(xi+1)∥2,
1

λi−1
∥xi+1∥2,

1

λi−1
∥xi∥2}, (2.28)

i ≤ imax, (2.29)

where ∂g(xi+1) is the subgradient of non-differentiable function g(x). The ϵ and imax is a

constant with small positive value and the maximum number of iterations.

Subgradient calculation: From (2.27), we can calculate the subgradient of g(x): ∂g(xi+1).

The point xi+1 is located at local or global optimal point, then:

0 ∈ ∂g(xi+1) +
1

2λi
∇xi+1(∥xi+1 − xi + λi∇f(xi)∥2). (2.30)

Then the ∂g(xi+1) can be derived as:

∂g(xi+1) ∈ −1
λi

(xi+1 − xi + λi∇f(xi)). (2.31)
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Convergence rate: The convergence rate of proximal gradient method is O(1/i) at i-th

iteration. More details can be referred in [34]. As the proximal gradient method can guarantee

the convergence, we will use this algorithm to solve sensing problem in chapter 3 and 4.

2.3.5 PDOM

Based on the proximal gradient method, [35] develops a second-order proximal algorithm,

named the Proximal Dogleg Opportunistic Majorisation (PDOM) algorithm. Different from

proximal gradient method, the surrogate function is designed along the dogleg path, which

include both gradient direction and Newton direction. Due to the Newton direction, PDOM

achieve faster convergence compared with proximal gradient method.

The algorithm of PDOM is summarised as:

Algorithm 3: PDOM Algorithm

Define: p(α) :=

{
−τg, α ∈ (0, 1]

−τg + (α− 1)(−Q−1g + τg), α ∈ (1, 2]

where g := ∇xf ;

The surrogate function f̂λ(u, v) = f(u) + gT
α (v − u) + 1

2λ
∥v − u∥2F ;

where gα = gTp2(α)/∥p(α)∥2
Input: x0,Q−1, i = 0, fixed step size τ = 1/λmax, where λmax is the largest eigenvalue of
Q. λ = 0.98, α ∈ [0, 2], ϵ = 10−6, maximum number of iteration imax = 500.
while Stopping criteria (2.33) or (2.34) is not satisfied do

i = i+ 1 ;
ταi = −∥p(α)∥2/(gTp(α)) ;
xi+1 = proxλταi ,g

(xi + pλ(α
i));

; /* Update step size τα */

Find the largest value αi ∈ {1 + (1/2)k|k ∈ N} such that f(xi+1) ≤ f̂αi(xi+1, xi). ;
xi+1
v = proxτ,g(x

i − τ∇xf(x
i));

if f(xi+1) > f(xi+1
v ) then

xi+1 = xi+1
v ;

end

end
Output: xi+1

In algorithm 3, the positive semi-definite Hessian matrix Q is calculated as:

Q =
∂2

∂x2
f (2.32)
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Similar as proximal gradient method, the stopping criterion of PDOM is:

∥∂g(xi+1) +∇f(xi+1)∥2 ≤ ϵ+ ϵmax{∥∇f(xi+1)∥2,
1

λταi

∥xi+1∥2,
1

λταi

∥xi∥2}, (2.33)

i ≤ imax (2.34)

where ∂g(xi+1) is the subgradient of non-differentiable function g(x). The ϵ and imax is a

constant with small positive value and the maximum number of iterations.



Chapter 3

Multi-band Active Array

3.1 Introduction

In this chapter, we use multi-band active array to sense both Direction-of-Arrival (DoA) and

spectral response. In the section 2.1, the classical methods: MUSIC [6] has been reviewed.

However, the classical methods assume that the transmitted signals are narrowband. However,

to recover more information from received signals, narrowband signals cannot achieve it due to

their limited information diversity.

To increase the information diversity of received signals, our array transmit the multi-band

signals. Then there is a question: compared with narrowband, how can we efficiently use the

multi-band to sense targets? In this chapter, we call the this problem as joint processing.

From previous studies, the point of joint processing is decomposing the received multi-band

signals into multiple narrowband signals, and then apply narrowband DoA method. The com-

mon methods are based on the received signal’s covariance matrix decomposition. One of the

simplest method is incoherent signal subspace method (ISSM) [36]. It uses eigenvalue decom-

position. However, the estimation is not satisfying at some frequency bins. To overcome it,

the joint processing is proposed, as it can process each frequency bin simultaneously. For both

narrowband and wideband signals, the joint processing is important [37–42].

Related Studies: For joint processing, inspired by ESPRIT, the test of orthogonality of

23
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projected subspaces (TOPS) [43] and the study [44] processes the signal subspaces for each

divided blocks of received signals. However, the computational burden suffers. If only one

matrix needs to be processed, the popular method is finding the focusing frequency. The

coherent signal subspace method (CSSM) [21] finds the focusing frequency by aligning each

frequency bin. Inspired by it, the study [45] chooses the lower bound of multi-band signals as the

focusing frequency. Without covariance matrix processing, the compressed sensing theory [46]

is a new approach for the joint processing. The recent study [47] starts to use greatest common

divisor (GCD) to fit all frequencies, but the frequency bins are assumed to be a multiple of the

focusing frequency. The joint processing is still challenging.

For the number of resolvable targets in ULA, traditional study [20] show that M -element ULA

can estimate up to M − 1 targets uniquely. The study [48] discuss another case: 2(M − 1)

targets can be sensed by M -element ULA, when the received signals is quasi-stationary. Apart

from ULA, sparse linear array (SLA) has been investigated recently. The study [23] [24] showed

that the SLA can sense more targets than the number of physical antennas. Extended from it,

the study [49] investigates the sparse linear array (SLA) with multi-band signals. To process

their multi-band, they approximate all of frequency bands to the single band by using Jacobi-

Anger approximation. The multi-band SLA can estimate more targets than the number of its

virtual antennas. The recent paper [19] and our work [50] propose that multi-band array can

resolve more targets than antennas in ULA.

In this chapter, we focus on active multi-band sensing for both uniform linear array (ULA)

and sparse linear array (SLA). We use our new joint processing technique: choose GCD of

all frequency bands as our reference frequency [51]. The benefits of this method is that the

frequency bins are not limited to be equal. There is no restriction on frequency band division.

In the future practice, the frequency division signal, such as OFDM, can be applied to cover

the whole frequency band simultaneously. Inspired by the compressed sensing theory [46], we

formulate this joint sensing problem as low rank matrix recovery problem. Rather than using

nuclear norm minimisation (NNM), we use nonconvex problem formulation: rank projection

minimisation. To guarantee its convergence, the proximal gradient method [34] is chosen to

solve it. Based on the solution of the low rank matrix, the single-snapshot MUSIC algorithm [17]
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Figure 3.1: Active sensing

is applied to estimate the DoAs.

Apart from the sensed DoAs, we can also sense spectral responses of targets. As active sensing

[52] means both transmitted and received signals are given to do sensing, the target spectral

response can be sensed by comparing the difference between transmitted signals and received

signals ( Fig.3.1). Inspired by the geoscience and remote sensing [8] [9], we sketch both DoAs

and spectral responses of targets in one plot.

Our Contributions: Our contributions are summarised as the following:

1. New spectral response model: The channel gain is always assumed to be constant in

previous studies. However, these methods does not take the spectral response into account.

To make our model of channel gain closer to the real environment, the study [53] has added

propagation delay to its channel model in the large-scale antenna array. Inspired by this model,

we make our channel gain to be dependent with frequency.

2. Joint sensing for DoAs and spectral responses: With our GCD-based joint processing,

our multi-band array can estimate both DoAs and the target spectral response. Both of the

two information is showed in one plot. This new capability can help in various applications,
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such as, using spectral response information for contrast enhancement, object classification. It

is noted that the multi-band can also provide the range resolution. This chapter foucs on DoAs

and spectral response sensing only. The range sensing can be our future work.

3. Our own criteria of wideband to guarantee the resolution: Traditional criteria

of wideband is the ratio of the bandwidth and central frequency. Based on the definition of

resolution, we consider the effect of width of the array. When the width of the array increases,

the threshold of wideband decreases. This new criteria means that the resolution can be

guaranteed by both the width of the array and bandwidth.

4. Sensing more targets than the number of physical antennas: To sense more targets

than the number of physical antennas, previous studies focused on improving the diversity of

received signals, such as quasi-stationary signals [48]. Inspired by the idea of diversity, we take

the advantage of multi-band to improve the signal diversity. In multi-band case, due to our

GCD-based joint processing, the size of the low rank Hankel matrix is greater than the number

of physical antennas in ULA. This Hankel matrix provides more degree of freedom to let our

array to sense more targets than the number of physical antennas in ULA. Extended it to SLA,

the more targets can be sensed than the number of virtual antennas.

3.2 System Model and Assumptions

This section presents system models for multi-band angular sensing for both uniform linear

arrays (ULA) and sparse linear arrays (SLA).

3.2.1 The Standard Model

We start with the standard model for ULA and narrow-band signals. Consider any form of the

MIMO system with MT transmit antennas and MR receive antennas. Suppose that the carrier

frequency of the narrow-band signal is f . To avoid spatial aliasing at the carrier frequency,

the inter-element spacing d is the half wavelength λ/2 = v/2f where v is the signal speed in

the medium [19]. Denote the transmitted signal symbols across the MT antenna elements by
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c ∈ CMT . Then the received measurement vector y ∈ CMR can be written as [54]

y = [aMR
(f, θ1), · · · ,aMR

(f, θS)]diag([γ1, · · · , γS])[aT
MT

(f, θ1), · · · ,aT
MT

(f, θS)]
Tc+ e,

=
S∑

s=1

γsaMR
(f, θs)aMT

(f, θs)
Tc+ e, (3.1)

where S ∈ Z+ is the number of the targets, γs ∈ C denotes the s-th target’s coefficient including

the effects of target reflection and signal propagation, θs ∈ [−90◦, 90◦) represents the angle of

the s-th target, the steering vector aM(f, θs) is defined as

aM(f, θs) :=

[
1, e−j2πf d

v
sin θs , · · · , e−j(M−1)2πf d

v
sin θs

]T
, (3.2)

and e ∈ CMR is additive white Gaussian noise.

3.2.2 Model for Multi-band ULA

Assume that the probing signal used in the system is composed of multiple narrow-band signals.

Let F = {f1, f2, · · · , fN} be the set of carrier frequencies of the multi-band signals. Let

y(f) ∈ CM be the received measurement vector at the frequency f . Then one has

y(f) =
S∑

s=1

γs(f)aMR
(f, θs)aMT

(f, θs)
Tc(f) + e(f), (3.3)

where f ∈ F . The notation γs(f) and c(f) emphasize that both the target’s coefficients and

the transmitted symbols vary across different narrow-bands. To avoid spatial aliasing, it is

noted that the inter-element spacing d = λmax/2 = v/2f1 [19].

3.2.3 Model for Sparse Linear Arrays

Based on the subsection 2.1.4, the signal model for SLAs are similar to that in (3.3) except the

steering vector in (3.2) is replaced with

aM(f, θs) :=
[
e−j2πf

m1d
v

sin θs , e−j2πf
m2d
v

sin θs , · · · , e−j2πf
mpd

v
sin θs

]T
,
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To make the connection with the steering vector in (3.2), we use the idea of virtual antennas.

The virtual antennas set Mv = {1, 2, · · · ,mp − 1,mp}, where M ⊆ Mv. Now the steering

vector of SLA can be reformulated as:

aM(f, θs) :=

[
1, e−j2πf d

v
sin θs , · · · , e−j(mp−1)2πf d

v
sin θs

]T
, (3.4)

Now the the number of virtual antennas is mp. For the elements not inM but inMv, we treat

these elements in sleep mode, which means their corresponding antennas transmit no signal,

and cannot receive signals.

3.2.4 Multiple Snapshots

Most works in DoA estimation assume multiple snapshots, such as the studies [20] for ULA

and [23] for SLA. Let L be the number of snapshots. We assume that both the locations and

the spectral responses of targets remain constant during the snapshots. The system model is

then

yl(f) =
S∑

s=1

γs(f)aMR
(f, θs)aMT

(f, θs)
Tcl(f) + el(f),

f ∈ F , l = 1, 2, · · · , L. (3.5)

where the subscript l denotes the l-th snapshot. To include all snapshots in one equation, we

formulate it as:

Y (f) =
S∑

s=1

γs(f)aMR
(f, θs)aMT

(f, θs)
TC(f) +E(f). (3.6)

where Y (f) =

[
y1(f),y2(f), · · · ,yL(f)

]
and C(f) =

[
c1(f), c2(f), · · · , cL(f)

]
.
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3.3 Some Useful Concepts and Assumptions

3.3.1 Spectral Response Model for Targets

In traditional studies, the channel gain γs is always assumed to be constants. These methods

does not take the spectral response into account. In our method, we aims to make our model

closer to the real environment: the channel gain γs(fk) is dependent with frequency fk. To

analyse channel gain for s-th target at n-th frequency, we aims to construct the channel gain

matrix Γ ∈ CS×N as:

Γ =



γ1(f1) γ1(f2) · · · γ1(fN)

γ2(f1) γ2(f2) · · · γ2(fN)

...
...

. . .
...

γS(f1) γS(f2) · · · γS(fN)


. (3.7)

In real environment, spectral response γs(fn) is not all various in the frequency set F , so we

denote K as the number of variety of γs(fn) in the frequency set. To show this property clearly,

we denote G ∈ CS×K as spectral response in spatial domain. G includes all S targets’ spectral

response information. We convert channel gain matrix in spatial domain G ∈ CS×K to its

frequency domain Γ. We construct our own channel gain matrix by multiplying the N - point

DFT matrix F .

To reduce the number of unknown variables, we choose to formulate the matrix Γ as a low rank

matrix. To explicitly formulate rank(Γ) = K, the DFT matrix FK ∈ CK×N is the first K rows

of N -point DFT matrix, which is:

Γ = GFK . (3.8)

To guarantee the low rank structure, the K should satisfy 1 < K ≪ min(S,N). In traditional

study, the channel gain γs is always assumed to be constants, which means rank(Γ) = 1. As a

result, there are K × S unknown variables in the channel gain matrix Γ. We can estimate Γ

by only estimating G.
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3.3.2 Hankel Matrix

We have reviewed the concept of Hankel matrix in the section 2.2.1. Square Hankel matrix have

been used for spectral estimation as they admit Vandermonde decomposition. Furthermore,

low-rank Hankel matrix recovery formulation is used for frequency estimation [17]. A Hankel

matrix is a matrix of which all the entries in any given skew diagonal are the same. The general

form of Hankel matrix H ∈ Cp×q can be generated from a vector v ∈ Cp+q−1 by using the first

Hankel linear operator Hp,q : Cp+q−1 → Cp×q

v 7→ Hp,q(v) =



v1 v2 · · · vq

v2 v3 · · · vq+1

...
...

. . .
...

vp vp+1 · · · vp+q−1


. (3.9)

The value of p and q should be known when using Hp,q. The Hankel matrix admits the

Vandermonde decomposition [26]. It is straightforward to verify that:

HMR,MT

(
S∑

s=1

γsaMT+MR−1(f, θs)

)
=

S∑
s=1

γsaMR
(f, θs)aMT

(f, θs)
T . (3.10)

When MR ≈ MT , it is noted that the rank of HMR,MT

(∑S
s=1 γsaMT+MR−1(f, θs)

)
is no more

than S. We can estimate up to the S DoAs when we apply Vandermonde decomposition

and MUSIC algorithm to the Hankel matrix in (3.10). Based on this benefit, Hankel matrix

naturally rises in our system model (3.2). We reformulate our noiseless system model (3.6) as:

Y (fn) =
S∑

s=1

γs(fn)aMR
(fn, θs)aMT

(fn, θs)
TC(fn)

= HMR,MT

(
S∑

s=1

γs(fn)aMR+MT−1 (fn, θs)

)
C(fn). (3.11)

More generally ( MR may not be equal to MT ), it is noted that the above Hankel matrix

has a rank-S if S < min (MT ,MR). Otherwise the rank is min (MT ,MR). The weakness of

non-square Hankel matrix is its rank is limited by min (MT ,MR), such as MT = 1.
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To solve the limitation of the rank, typically, we let the Hankel matrix close to square ma-

trix [26]. Square Hankel matrix have been adopted for frequency estimation as they admit Van-

dermonde decomposition [5]. Now we use the second Hankel linear operator Hh1,h2 : Cp+q−1 →

Ch1×h2 to construct the square ( or close to square ) Hankel matrix as:

v 7→ Hh1,h2(v) =



v1 v2 · · · vh2

v2 v3 · · · vh2+1

...
...

. . .
...

vh1 vh1+1 · · · vp+q−1


. (3.12)

where h1 ≈ h2 ≈ (p + q − 1)/2. In details, h1 = h2 = (p + q)/2 when p + q is even number.

h1 = (p+ q + 1)/2 and h2 = (p+ q − 1)/2 when p+ q is odd number. Specifically, the output

of Hp,q and Hh1,h2 are the same when p = q. In (3.10),

rank(Hh1,h2(
S∑

s=1

γsaMT+MR−1)) = S, if S <
MT +MR

2
. (3.13)

In the next section, Hp,q(v) will be used for system model reformulation. Hh1,h2(v) will be used

for matrix decomposition.

3.3.3 Greatest Common Divisor (GCD) of Rational Numbers

In practice, although the value of frequency can be any real positive number, we can approxi-

mate any irrational number as its closest rational number. It is possible to map any real positive

number to its closest rational number [51]. Based on this fact, we can assume that the values

of all frequencies in F are rational numbers. To process all frequencies in F simultaneously, we

use their GCD to represent them. We define the GCD of rational numbers as the following:

GCD definition: The greatest common divisor (GCD) of a set of positive rational numbers

f1, f2, · · · , fN ∈ R+ is the largest positive rational number fg ∈ R+ such that fn/fg ∈ Z+ for

all n ∈ [N ].

To calculate fg, we firstly do approximation for all frequencies to its closest rational number.



32 Chapter 3. Multi-band Active Array

The proof is based on elementary algebra, which can be referred in [55]. More details about

calculating GCD for a set of rational numbers is the following [51] :

GCD calculation: Let f1, · · · , fN ∈ Q+ be positive rational numbers. Write fn = pn/qn,

n ∈ [N ], where pn and qn are co-prime. Denote the least common multiplier (lcm) of integers

q1, · · · , qN as qπ:

qπ := lcm(q1, · · · , qN). (3.14)

Then the GCD of f1, · · · , fN is given by

fg = gcd(f1, · · · , fN)

= gcd(f1qπ, · · · , fNqπ), (3.15)

where the function gcd(·) in the second line computes the GCD of integers. The GCD of

multiple integers can be calculated by using the Euclidean algorithm pair by pair.

3.3.4 Assumptions

Before we discuss our proposed method, some assumptions in this chapter are summarised as

follows:

A1) The noise el(f) in (3.5) is in Gaussian distribution N (0, σ2), where σ2 is the noise power

in f -th frequency and l-th snapshot.

A2) For each frequency fn, the channel response matrix
∑S

s=1 γs(f)aMR
(f, θs)aMT

(f, θs)
T in

(3.6) are independent with one another.

A3) The S targets are distinct to one another. The value of S is known before our sensing

progress. Although this thesis does not aim to discuss the method that knowing the number

of targets a prior, there are some practical methods in [21] [36].

A4) The value of K in (3.8) is known before our sensing progress.
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3.4 DoAs and Spectral Responses Sensing

3.4.1 Linear Operator Notations

Apart from the linear operator H(·) in (3.9), we list the following linear operator notations that

will be used in this section: The linear operator An(·) denotes as the sub-vector of aMg obtained

by keeping the elements indexed by the set In,M . The linear operator Bn(·) is taking the n-th

column of the input matrix. The linear operator Wn(·) puts input matrix at H ∈ Ch1×Nh2

from column index (n − 1)h2 to nh2. All other elements are zero. We will compound the

linear operators as: The linear operator L1
n(·) = WnHh1,h2Bn(·). The linear operator L2

n(·) =

HMR,MT
AnBn(·).

3.4.2 One Vector Fits All

It has been widely recognized that estimating angles using data across different frequencies is a

challenging task. This is mainly due to the highly nonlinear mapping between steering vectors

at different frequencies, caused by the fact that the angle information sin θ is present in the

exponents of the vector entries. To overcome this difficulty, we propose constructing a single

steering vector that includes the steering vectors of all frequencies in F . This representation

enables our later approach for joint estimation using data from multiple frequencies.

In particular, assume that all frequencies f ∈ F are positive rational numbers.1 Define

fg = gcd(f1, · · · , fN) (Definition 1), fmin = min(f1, · · · , fN), and fmax = max(f1, · · · , fN).

To shorten the notation, we use Ml = MT + MR − 1. We fit all frequencies by using the

template steering vector :

aMg(fg, θs) :=

[
1, e−j2πfg

d
v
sin θs , · · · , e−j(Mg−1)2πfg

d
v
sin θs

]T
, (3.16)

where

Mg = (Ml − 1)
fmax

fg
+ 1 ∈ Z+. (3.17)

1This is a rational assumption in practice.
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It is clear by definition of GCD that aMl
(f, θs), ∀f ∈ F , is a sub-vector of aMg(fg, θs). We

denote it as the linear operator An. It can be expressed as:

aMl
(fn, θs) = aMg ,In,Ml

(fg, θs)

= An(aMg(fg, θs)), (3.18)

where the index set In,Ml
is

In,Ml
=

fn
fg
{0, 1, · · · ,Ml − 1}+ 1. (3.19)

3.4.3 System Model Reformulation

In this subsection, we aims to show that the system model (3.6) can be reformulated by using

two low-rank structured matrix: H(·) with rank-S in (3.13) and Γ with rank-k in (3.8). This

subsection is prepared for our low rank matrix recovery problem in the next subsection.

Before we express our new system model in matrix form, we use the template steering vector

(3.16) with fg to reformulate our noiseless system model (3.11).

Y (fn) = HMR,MT

(
S∑

s=1

γs(fn)aMl
(fn, θs)

)
C(fn)

= HMR,MT

(
S∑

s=1

γs(fn)aMg ,In,Ml
(fg, θs)

)
C(fn)

= HMR,MT
An (x(fn))C(fn), n = 1, ..., N. (3.20)

In (3.20), x(fn) :=
∑S

s=1 γs(fn)aMg (fg, θs). To collect all x(fn) in one matrix, we denote X

include all frequencies in F . It also means x(fn) = X:,n = Bn(X). The X defined as:

X := [x(f1), x(f2), · · · , x(fN)]

= AMgΓ, (3.21)

where AMg := [aMg(f, θ1), · · · ,aMg(f, θS)] ∈ CMg×S. From (3.8), we introduce the new variable
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XG in (3.21) as the following:

X = AMgGFk

= XGFk (3.22)

where XG := AMgG ∈ CMg×k. Given Fk, both the value of DoA and spectral response are

included in XG now. The second dimension of XG is k, which means the rank of Γ is also

included in XG. Finally, we can express (3.20) by using XG as:

Y (fn) = HMR,MT
AnBn(X)C(fn)

= HMR,MT
AnBn(AΓ)C(fn)

= L2
n(XGFk)C(fn). (3.23)

3.4.4 Low Rank Square Hankel Matrix Formulation

As shown in the section 3.3.2, we typically use square (or close to square) Hankel matrix to do

Vandermonde decomposition. As L2
n(XGFk) is not square matrix when MT ̸= MR, we use the

square Hankel linear operator Hh1,h2 in (3.12) to formulate the square Hankel matrix. It is

Hn := Hh1,h2

(
S∑

s=1

γs(fn)aMg (fg, θs)

)

= Hh1,h2 (x(fn)) ∈ Ch1×h2 , (3.24)

where h1 = h2 = (Mg + 1)/2 if Mg is odd number. h1 = (Mg + 2)/2 and h2 = Mg/2 if Mg is

even number. The Hn is rank-S Hankel matrix. If the value of Mg is sufficiently large, it will

lead to h1 ≈ h2 > S. This means target number S can be larger than the received antenna

number MR. To express Hn with our variable XG, from (3.22), Hn is written as:

Hn = Hh1,h2Bn(XGFk),∀n. (3.25)



36 Chapter 3. Multi-band Active Array

In (3.24), γs(fn) is the only coefficient makes differences for each Hankel matrix Hn. It means

that each Hn share the same signal subspace when do singular value decomposition (SVD).

Based on this fact, we put all of Hn in one row. We define it as H ∈ Ch1×h2N :

H := [H1,H2, · · · ,HN ]

=
N∑

n=1

Wn(Hn)

=
N∑

n=1

WnHh1,h2Bn(XGFk)

=
N∑

n=1

L1
n(XGFk). (3.26)

Now the collection of Hankel matrix H is still rank-S. From the section 2.2.1 and 3.3.2, we

can still apply MUSIC algorithm to the Hankel matrix Hn to estimate DoAs. To efficiently

use Hn,∀n, we can apply MUSIC algorithm to H to estimate DoAs.

3.4.5 Optimisation Formulation and Solving

In this subsection, the optimisation formulation with variable XG will be derived. To recover

the low rank matrix, we propose the rank projection minimisation (RPM). Due to the weakness

of nuclear norm minimisation [17], we choose the indicator function δ(·) as:

δ (rank(H) ≤ S) :=


0, if rank(H) ≤ S

+∞, otherwise

From (3.23) and (3.26), Given Y (fn), C(fn), Fk, ∀n, we formulate the low rank matrix recovery

problem as:

min
XG,H

δ (rank(H) ≤ S) (3.27)

s.t. H =
N∑

n=1

L1
n(XGFk)

Y (fn) = L2
n(XGFk)C(fn), n = 1, ..., N
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where the first constraint is to enforce the Hankel matrix collection structure. The second

constraint is to ensure the data consistency. To solve (3.27) as unconstrained problem, the

following relaxation with positive parameter α > 0 is applied:

min
XG,H

δ (rank(H) ≤ S) +
1

2α
∥H −

N∑
n=1

L1
n(XGFk)∥2F

+
N∑

n=1

1

2
∥Y (fn)− L2

n(XGFk)C(fn)∥2F . (3.28)

The value of α should be small to enforce the Hankel matrix collection structure. As (3.28) is

nonconvex and nondifferentiable optimisation with variable pair (XG,H) . We choose standard

proximal gradient method [34] to solve it. The standard proximal gradient method is to solve

an optimization problem of the form: min f(x) + g(x), where f(x) is differentiable function

and g(x) is nondifferentiable function. In order to apply the proximal gradient method to solve

(3.28), our g and f are:

g(H) = δ (rank(H) ≤ S) , (3.29)

f(XG,H) =
1

2α
∥H −

N∑
n=1

L1
n(XGFk)∥2F

+
N∑

n=1

1

2
∥Y (fn)− L2

n(XGFk)C(fn)∥2F . (3.30)

3.4.6 Target Sensing

Based on the solution of X̂G and Ĥ in the optimisation problem (3.28), we can estimate the

DoAs θ and spectral response Γ as the following:

(1) DoAs θ:

From the estimated variable Ĥ , we use multiple signal classification (MUSIC) to find S largest

local maxima in the imaging function. We denote the estimated DoA set as θ̂. Although the

input matrix for MUSIC algorithm is the collection of Hankel matrix rather than a covariance

matrix, the MUSIC algorithm is still the same from the step 2 in algorithm 1.
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(2) Spectral response Γ:

From the estimated angle set θ̂, the AMg can be recovered in (3.21). Then we calculate the Γ̂:

Γ̂ = (AH
MgAMg)

−1AH
MgX

= (AH
MgAMg)

−1AH
MgX̂GFk. (3.31)

From both DoAs θ and spectral response Γ, we can sketch the HSI of targets. We use the

standard in the reflective and transmissive cases of the CIE 1931 color space. More details can

be found in appendix B.

3.5 Discussion

3.5.1 What Defines a Wideband for an Array

Traditionally, both Federal Communications Commission and [56] define the criteria of wide-

band depends on the ratio between the bandwidth ∆f and the centre frequency fc, where

∆f := fmax − fmin be the bandwidth and fc := (fmax + fmin)/2 be the centre frequency.

The paper [53] introduces the spatial-wideband effect in massive MIMO. The spatial-wideband

effect is caused by the non-negligible propagation delay across a large-scale array. Inspired by

this effect, we find that only small bandwidth can cause non-negligible phase delay in large size

of array, so the wideband threshold can be lower than the traditional threshold. As a result,

we need to consider the width of array when we define wideband. It is shown in definition 2:

Definition 2: we call a linear array with width W := d(M − 1) and signal bandwidth ∆f a

wideband array if

∆f ≥ v

W
, (3.32)

This definition is based on the observation that when (3.32) holds, the variation in direction

estimation caused by the different frequencies will exceed the resolution limit of the array

operating with a narrow-band signal.
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Justification: To motivate the definition, we start from a narrow-band M -element ULA op-

erating at the frequency f . It is typically assumed the spacing d = λ/2 = v/2f and hence

fd/v = 1/2. As the angle resolution limit is 2/M (radians) in M -element ULA [57], we con-

sider two different directions θ1 and θ2, such that:

∆θ = θ1 − θ2 = 2/M(radians) (3.33)

As the value of ∆θ is relatively small, then ∆sin = sin θ1− sin θ2 ≈ 2/M . Under this condition,

we prove this threshold as:

aM(f, θ1)
HaM(f, θ2) =

M∑
m=1

e−jπ(m−1)∆sin

=
M∑

m=1

e−j2π(m−1)/M = 0.

According to the phase term 2π(m − 1)/M above, we can quantify the threshold of ∆f for a

wideband array to have a confusion now. The relationship is:

aM(f, θ2) = aM(f +∆f, θ1). (3.34)

For the right hand side of (3.34), denote that the m-th element in the steering vector aM(f +

∆f, θ1) is:

aM,m(f +∆f, θ1) = e−j(m−1)2π(f+∆f) d
v
sin θ1

= e−j(m−1)2πf d
v
sin θ1−j(m−1)2π∆f d

v
sin θ1

= aM,m(f, θ1)e
−j(m−1)2π∆f d

v
sin θ1
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Similarly, the left hand side of (3.34) can be expressed as:

aM(f, θ2) = aM(f, θ1 +
2

M
)

= aM,m(f, θ1)e
−j(m−1)2πf d

v
sin( 2

M
)

This leads to the following, especially when the number of M is large:

|∆f | =
|f sin 2

M
|

| sin θ1|

≥ |f sin
2

M
|

=
v

Md
≈ v

W
.

3.5.2 Why can we sense more targets than the number of physical

antennas in ULA?

Traditionally, the M -element ULA can sense up to M − 1 targets in single frequency band.

In previous work, the sparse linear array [24] [23] or quasi-stationary signal [48] can let more

targets can be sensed by the number of physical antennas. In the multiple frequency bands, it

is still possible to sense more targets than the number of physical antennas in ULA.

We start from single-input multiple-output (SIMO) array. For the single-band in (3.1), the

size of virtual array is M [11]. We firstly assume the spectral response is independent with

frequencies, which means k = 1 in (3.8). For SIMO case, we set the only first antenna is both

transmitter and receiver. Now we reformulate (3.1) as:

YM =
S∑

s=1

γsaM(f, θs)c

= A(f)S (3.35)

where A(f) := [aM(f, θ1), · · · ,aM(f, θS)] ∈ CM×S and S = ([γ1, · · · , γS]Tc). As matrix A is a

Vandermonde matrix with M independent rows, there are M independent equations in (3.35).
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There are S DoAs and S spectral response to be sensed, the theoretical maximum resolvable

targets Smax is:

Smax ≤
M

2
.

Now we extend this analysis to multi-band SIMO array. We also extend the spectral response

is dependent with frequencies. From (3.3), we reformulate it for all frequencies as:



YM(f1)

YM(f2)

· · ·

YM(fN)


=



A(f1) 0 · · · 0

0 A(f2) · · · 0

...
...

. . .
...

0 0 · · · A(fN)





S(f1)

S(f2)

...

S(fN)


(3.36)

where S(fn) = ([γ1(fn), · · · , γS(fn)]Tc(fn)). In (3.36), there are MN independent equations.

Now there are still S DoAs but kS spectral response in (3.8) to be sensed, the theoretical

maximum resolvable targets Smax is:

Smax ≤
MN

k + 1
. (3.37)

However, this upper bound (3.37) is theoretical. In practice, for the any frequency set F , as

not all Mg rows and columns can be recovered in the response array Hn in (3.20). For example,

the frequency set F = {1, 3}GHz and M = 2. According to (3.16), the Hankel matrix is:

H =
S∑

s=1



1 ωs ∗ ω3
s

ωs ∗ ω3
s ∗

∗ ω3
s ∗ ∗

ω3
s ∗ ∗ ∗


, (3.38)

where ωs = e−j2πf d
v
sin θs and the symbol ∗ denotes the missing elements. Now this is the low-

rank matrix completion problem. The matrix H can be uniquely recovered if S = 1. However,

it cannot be uniquely recovered if S = 4, which leads to the ambiguity. For more general
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Figure 3.2: An example of virtual array for (MT ,MR) = (1, 6). White points are holes, which
means no antenna in that position. The antenna spacing d = λmax/2. (a) Single frequency case
Fs = 1 GHz. (b) Multiple frequency case Fm = {1, 2}GHz.

frequency set F , the number of missing anti-diagonal can be more. It causes such matrix

completion problem more challenging. More detailed discussion can be referred in [18] and [17].

As a result, the (3.37) provide the possibility that more targets can be sensed by the less number

of physical antennas.

We can also demonstrate it in one example in Fig. 3.2. Assume there are Mr = 6 receiver

antennas and Mt = 1 transmitter antenna. In single frequency case Fs = 1 GHz , there are

6 antennas, which is shown in Fig. 3.2 (a). It can sense up to Mr − 1 = 5 targets. However,

in multiple frequency case Fm = {1, 2}GHz. According to (3.19), we can find the virtual

antennas location is I1,6 = {1, 2, 3, 4, 5, 6} for the first frequency, and I2,6 = {1, 3, 5, 7, 9, 11}

for the second frequency. (b.1) and (b.2) shows the virtual antennas distribution for the first

frequency and second frequency respectively. As shown in 3.2 (b), the union of I1,6 and I2,6 is

{1, 2, 3, 4, 5, 6, 7, 9, 11}. As there are 11 virtual antennas, it can sense up to 11−1 = 10 targets.
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3.6 Numerical Tests

In this section, we use numerical experiments to validate the benefits of our multi-band active

array. Both ULA and SLA cases are tested. As a popular array in SLA, we test the performance

of two-level nested array. To show our sensing ability, we use the SIMO array ( MT = 1,MR = 6

) in section 3.6.2 and 3.6.3. For the channel, the speed of the signal propagation v = 3×108 m/s

for electromagnetic signals. To avoid spatial aliasing, the inter-element spacing d = (v/2fmin)

[47]. The noise is modeled as Gaussian processes. The transmitted signal C is randomly

generated. The number of targets S and the number of different frequencies K in (3.8) are

known before our signal processing. The following frequency set F will be used:

• F1 = {1, 2, 3, 4} GHz, L and S band

• F2 = {1, 2, 3} GHz

We define the Mean Square Error (MSE) as: MSEθ = E{ 1
S

∑S
s=1(θs − θ̂s)

2}, MSEΓ =

E{ 1
SN

∑SN
i=1(γi − γ̄i)

2}.

3.6.1 Comparison with NNM

In this test, we compare our formulation RPM with its convex relaxation formulation: nuclear

norm minimisation (NNM). We only test the DoAs sensing in ULA with MT = MR = 5

antennas in both single and multiple frequency bands. The parameter α = 1.0. The convex

relaxation of our formulation (3.28) g(H) = δ (rank(H) ≤ S) is the nuclear norm ∥H∥∗. The

smooth part f is the same. The study [17] shows the NNM can fail to recover the Hankel matrix

if targets are not well separated, even if the measurements are noiseless. In contrast, from our

simulations, we observe that the indicator function of rank projection is better at estimating

closely targets with higher resolution. To show this weakness of NNM and benefit of RPM, we

test the 2 and 4 closed targets DoA sensing.

We replace the indicator function by nuclear norm function: ∥H∥∗ as our benchmark in (3.28).

According to the traditional beamforming resolution limit [57], the noiseless resolution limit of

M -element array is about 2/(M − 1) = 0.5 (radians) ≈ 28.6 (degrees). One example is two
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Figure 3.3: Resolution comparison in terms of formulation, with one snapshot, MT = MR = 5,
K = 1, SNR = 50 dB: (a) (b) F = {1}kHz, the DoA θ = {0◦, 15◦}. (c) (d) F = {1, 3}kHz, the
DoA θ = {0◦, 8◦, 27◦, 46◦}.
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targets estimation. In Fig. 3.3 (a) and (b), we set the angle set θ = {0◦, 15◦}, it is clearly to

find our nonconvex formulation RPM can estimate two closely targets accurately, whose angle

difference can be less than the resolution limit 28.6◦.

To gain more insight, we also test the rank of numerically resulted matrix Ĥ . In NNM,

rank(Ĥ) = 1 < 2 , which means the poor Hankel matrix recovery. It leads poor DoA estima-

tion. For RPM, the successful matrix recovery is due to rank(Ĥ) = 2.

The other example is four closely targets DoA estimation. In Fig. 3.3 (c) and (d), we still set the

every angle difference is less than the resolution limit 28.6◦. The angle set θ = {0◦, 8◦, 27◦, 46◦}.

Similarly, the RPM can estimate four targets accurately but NNM fails, as rank(Ĥ) = 2 < 4

in NNM. These two individual examples can verify the claim in [17] that the NNM fails to

recover the Hankel matrix with closely targets. In contrast, RPM can estimate them well. The

comparison with other benchmarks can be referred in the chapter 5.

3.6.2 Type of Target Localisation and Identification

This test aims to show our multi-band active array can localise and identify types of targets.

With a limited number of snapshots, the array can still sense the DoAs and spectral response

accurately. To show the result, the frequencies, DoAs and the norm value of spectral response of

each targets are visualised in only one 3D plot. Due to the unique spectral response of targets,

the shape of line curve will be different if the corresponding type of targets are different. We

choose the frequency set as F1. The matrix G ∈ CS×k in (3.8) is randomly generated. Each

element is between 0 and 1. In (3.28), we set the parameter α = 0.5.

We firstly show the case about the spectral response is independent with frequencies. Now

K = 1 in (3.8). The groundtruth and its tested plot are shown in the Fig. 3.4.(a.1) and (a.2).

The 3 targets are spatially and spectral scanned by our array. It can be found that 3 targets

are shown in the same shape for each frequency bands. Only the height of each curve are

different due to the distance difference. Both angle and spectral response of the 3 targets are

estimated accurately. For the 3 targets with two types, now the K = 2. The spectral response

is dependent with frequencies. After our sensing progress, the plot is sketched in Fig. 3.4.(b.1)
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Figure 3.4: Target localisation plot for (MT ,MR, S) = (1, 6, 3) with only L = 10 snapshots
and frequency set F1. DoA set θ = {−60◦, 10◦, 45◦}. SNR= 10 dB. (a) k = 1. MSEθ =
0.04,MSEΓ = 2.57× 10−4. (b) k = 2. MSEθ = 0.39,MSEΓ = 5.97× 10−3.

and (b.2).

Compared with other methods, we show the benefits of our proposed method in terms of the

sensing accuracy of both DoAs and spectral response in Table 3.1. The same setup is used.

3.6.3 More Targets Sensed by the Less Number of Antennas

This test aims to show that SIMO system can sense more targets than the number of antennas,

and by using a limited number of snapshots. For ULA, Fig. 3.5 shows a case that 7 targets

can be sensed accurately by 6-element ULA. In (3.28), we set the parameter α1 = 0.5.

We extend the ULA case to SLA case. The SLA can sense more targets than the number of

not only physical antennas M , but also virtual antennas mp in (3.4). We start from the 2 level

nested array [23]. The in our ULA with 6 antennas and 2 antennas in each level. The antenna
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Table 3.1: MSE of both DoAs and spectral response, (MT ,MR, S) = (1, 6, 3), SNR =
10dB,L = 10, S = 3, Frequency set is F1. DoA set θ = {−60◦, 10◦, 45◦}.

K = 1 K = 1 K = 2 K = 2
MSEθ MSEγ MSEθ MSEγ

RPM 0.04 2.57e-4 0.39 5.97e-3
NNM 0.05 0.01 6.36 0.07
CSSM [21] 887.72 NA 899.74 NA
TOPS [43] 1391.33 NA 444.87 NA

position setM is:

M = {1, 2, 3, 6}. (3.39)

In this case, the 4-th and 5-th antennas are in sleep mode in our ULA with mp = 6 virtual

antennas. In (3.28), we set the parameter α1 = 2. As shown in the figure 3.6, the 6 targets can

be estimated accurately with only 4 physical antennas. Compared with the usage of hundreds

or thousands of snapshots in [23], the benefit is we can only use L = 40 snapshots to sense still

more targets than the less number of physical antennas. Now the number of target is the same

as the number of virtual antennas S = mp.

3.6.4 Wideband Versus Narrowband in terms of the number of an-

tennas in ULA

This test aims to show our own criteria of wideband in (3.32) by simulations. We use MIMO

array with (MT ,MR) = (6, 6) to improve its RMSE performance. We sense the two closely

target, whose DoA set θ1 = {0◦, 5◦} and θ2 = {0◦, 20◦}. We choose the frequency set F3 =

{1.0, 1.5} GHz. In traditional criteria, F3 can be seen as narrowband. However, from our

wideband criteria:

∆f = 0.5 GHz ≥ v

W
=

2f1
M − 1

=
2

M − 1
GHz. (3.40)

(3.40) means that F3 is wideband when M ≥ 4. To validate this wideband criteria, we use

different number of antennas M = MT = MR to test the MSE performance of two closely



48 Chapter 3. Multi-band Active Array

Figure 3.5: MUSIC spectrum for more targets (S = 7) sensed by the less number of an-
tennas (MT ,MR) = (1, 6) in ULA with only 30 snapshots. (Blue: F1, (MSEθ,MSEΓ) =
(1.73, 7.21 × 10−3). Orange: F2, (MSEθ,MSEΓ) = (146.44, 1.91)). DoA set θ =
{−49◦,−28◦,−12◦, 2◦, 15◦, 32◦, 55◦}. The spectral response is independent with frequencies
(k = 1). SNR = 10 dB.

Figure 3.6: MUSIC spectrum for more targets (S = 6) sensed by the less number of antennas
(MT ,MR) = (1, 6) in SLA with only 40 snapshots. (Blue: F1, (MSEθ,MSEΓ) = (3.21, 0.02).
Orange: F2, (MSEθ,MSEΓ) = (32.58, 0.02)). DoA set θ = {−49◦,−12◦, 2◦, 15◦, 32◦, 55◦}.
The spectral response is independent with frequencies (k = 1). SNR = 10 dB.
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Figure 3.7: The probability of success cases (RMSEθ < 1) in terms of the number of antennas
in ULA with MT = MR = 6. L = 10. F3 = {1.0, 1.5}GHz. K = 1. SNR = 30 dB. From
(3.40). From our wideband criteria (3.32), F3 is wideband when M ≥ 4. The wideband case
can detect two closely targets with higher probability.

targets. We define RMSEθ < 1 as the successful trail. The total number of trails is 50. The

result is shown in Fig.3.7. Fig.3.7 shows that the F3 is wideband when the number of antennas

M ≥ 4.

3.7 Summary

In this chapter, our multi-band active array can jointly sense the gridless DoA and spectral

response of targets. We make spectral response of targets can be different at different frequency

bands. We use GCD to fit all frequency bands in one vector. We use only one variable XG

to include both DoAs and spectral responses. We formulate a low rank matrix H including

multiple low rank Hankel matrix. This joint sensing problem is formulated as RPM, which is

nonconvex optimisation. The degree of freedom have been increased in multi-band. As a result,

with a small number of snapshots, both DoAs and spectral response can be jointly sensed, which

can localise and identify different targets.

Starting from the resolution of DoA, we also propose our own criteria of wideband: the band-
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width depends on the signal speed and the array width. Due to the diversity provided by

multi-band, the more virtual antennas are created. It means more targets than the number of

physical antennas in ULA and virtual antennas in SLA can be sensed. Our simulations have

validated it in even SIMO cases. The number of targets can be even more than the antennas

in ULA, and virtual antennas in SLA. It is also noted that our multi-band can also do range

sensing. This chapter only focus on DoAs and spectral response sensing only. The range sensing

can be our future work for multi-band active array.



Chapter 4

Frequency Diversity Array

4.1 Introduction

This chapter discusses the direction-of-arrival (DoA) and range sensing in Frequency Diverse

Array (FDA). FDA is an array that use a small frequency increment from antenna-to-antenna

when transmitting signals. Unlike the traditional phased array, FDA applies the frequency in-

crement among the antennas of arrays [15]. Traditionally, most papers calculate the covariance

matrix of the received signals, and decompose it by using 2D-MUSIC [58] [59]. The problem

is called joint frequency estimation problem. Similar to the 1D-MUSIC, 2D-MUSIC finds the

location of peaks of the frequency estimation function with two variables. The computational

complexity of the searching peaks is O(N2). Then we raise a question: can we have a lower

computational complexity to sense DoAs and ranges?

In this chapter, we consider FDA in M -element ULA. The transmit antennas and receive

antennas are co-located. we propose a new method without using covariance matrix and 2D-

MUSIC. we use DoAs and range variables decoupling method. Then we formulate the first

Hankel matrix including only DoAs. The second Hankel matrix including DoAs and ranges.

Then we formulate the problem as the low rank Hankel matrix recovery problem. As we apply

the MUSIC in DoA domain and range domain independently. The computational complexity

of the searching peaks is reduced to O(M +N).

51
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Figure 4.1: Co-located transmitters and receivers with M -element in FDA, and their corre-
sponding transmitted carrier frequencies.

4.2 System Model

This section shows the system models for frequency diversity array (FDA) for ULA. We start

from the M -element ULA, including MT transmit antennas and MR receive antennas. In this

thesis, we assume the target’s velocity is 0. The carrier frequency at m-th antenna fm is:

fm = f1 + (m− 1)∆f, where m = 1, 2, . . . ,MT (4.1)

where the ∆f is the frequency increment between each two adjacent antennas and f1 is the

carrier frequency at the first antenna. We assume that ∆f ≪ f1 (narrowband). Fig. 4.1 shows

the structure. The transmitted signal Cm(t) at the m-th antenna is expressed as:

Cm(t) = ϕm(t)e
−j2πfmt, 0 ≤ t ≤ T, (4.2)

where E and T is the total transmitted energy and radar pulse duration. ϕm(t) is the normalised-

energy baseband waveform. The waveform is assumed to be approximately orthogonal [60], such

as:

∫
T

ϕm1(t)ϕ
∗
m2

(t− τ)dt ≈ 0, m1 ̸= m2, ∀τ. (4.3)
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where τ is the time delay. To express the received signals Y after matched filtering, we define

the transmit steering vector as [14]:

aMT
(θ)⊙ bMT

(r), (4.4)

where the transmit range steering vector bMT
(r) = [1, e−j4π∆fr/v, · · · , e−j4(MT−1)π∆fr/v]T . r

is the range of arrival. aMT
(θ) = [1, ej2πf1

d
v
sin θ, · · · , ej(MT−1)2πf1

d
v
sin θ] is the transmit angle

steering vector. The receive steering vector aMR
(θ) is:

aMR
(θ) = [1, ej2πf1

d
v
sin θ, · · · , ej(MR−1)2πf1

d
v
sin θ]T . (4.5)

Consider S targets with the DoA set θ = {θ1, · · · , θS} and range set r = {r1, · · · , rS}. For the

l-th snapshot, after matched filter, the received signals Yl ∈ CMT×MR is:

Yl =
S∑

s=1

γs(l)(aMT
(θ)⊙ bMT

(r))aMR
(θs)

T +El, (4.6)

where γs(l) is the spectral response for s-th target at l-th snapshot. El ∈ CMT×MR is the

noise at the l-th snapshot. We assume the noise is the additive white Gaussian noise. After

vectorisation, the received signals at l-th snapshot: yl = vec(Yl) ∈ CMRMT is:

yl = vec(Yl)

=
S∑

s=1

γs(l)aMR
(θs)⊗ (aMT

(θ)⊙ bMT
(r)) + vec(El). (4.7)

For multiple snapshots case, we include L snapshots of the received signals Y = [y1, · · · ,yL] ∈

CMRMT×L. To simplify our model, we assume γs(l) is independent with various snapshots l.

The model is:

Y =
S∑

s=1

γsaMR
(θs)⊗ (aMT

(θ)⊙ bMT
(r))1T

L +E, (4.8)
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where 1L ∈ RL is the column vector whose all elements are 1. The noiseE = [vec(E1), · · · , vec(EL)] ∈

CMRMT×L.

4.3 Low Rank Matrix Formulation

4.3.1 DoA and Range Variables Decoupling

As shown in (4.7), the DoA set θ and range set r are coupled in the transmit steering vector

aMT
(θ) ⊙ bMT

(r), which will lead to ambiguous estimation. To overcome it, this subsection

shows angle and range variables decoupling [61]. From (4.7), we reformulate yl as:

Y =
S∑

s=1

γsaMR
(θs)⊗ (aMT

(θ)⊙ bMT
(r))1T

L +E

=
S∑

s=1

γs(1MR
⊗ bMT

(rs))⊙ (aMR
(θs)⊗ aMT

(θs))1
T
L +E

=
S∑

s=1

γsdiag{(1MR
⊗ bMT

(rs))(aMR
(θs)⊗ aMT

(θs))
T}1T

L +E

=
S∑

s=1

γsdiag{1MR
⊗ [bMT

(r)(aMR
(θs)⊗ aMT

(θs))
T ]}1T

L +E, (4.9)

where diag{·} extract the diagonal of input matrix as the column vector. 1MR
∈ RMR is the

column vector whose all elements are 1. In (4.9), the angle θs has been separated in the vector

aMR
(θs)⊗aMT ,T (θs). However, there are many redundant elements in it. We need to reformulate

(4.9) by using the steering vector aMT+MR−1(θ) = [1, e−j2πf1
d
v
sin θ, · · · , e−j(MT+MR−2)2πf1

d
v
sin θ]T .

According to [61], Y can be expressed as:

Y =
S∑

s=1

γsP (aMT+MR−1(θs)⊗ bMT
(rs))1

T
L +E

= P (AMT+MR−1(θ) ⋆BMT
(r))γ1T

L +E. (4.10)

P = [P1; · · · ;PMR
] ∈ RMTMR×(MT+MR−1) is the selection matrix. For eachm, Pm ∈ RMT×(MT+MR−1)

is the matrix with one at index (i, 1+(m−1)MT+(MT+1)(i−1)), ∀i. All other elements are zero.

AMT+MR−1(θ) = [aMT+MR−1(θ1), · · · ,aMT+MR−1(θS)] and BMT
(r) = [bMT

(r1), · · · , bMT
(rS)].
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γ = [γ1, · · · , γS]T . We denote ⋆ as Khatri-Rao product (or column-wise Kronecker product).

4.3.2 Hankel Matrix Formulation

In (4.10), the DoA set θ and range set r are decoupled by using Khatri-Rao product. Based

on this result, now we can use one variable to represent θ without r. To do that, we firstly

define the new variable x as:

x = (AMT+MR−1(θ) ⋆BMT
(r))γ

=
S∑

s=1

γs(aMT+MR−1(θs)⊗ bMT
(rs)) (4.11)

Now the Y can be reformulated as:

Y = Px1T
L +E. (4.12)

As the first element of aMT+MR−1(θs) and bMT
(rs) are 1, we can extract them from x by using

linear operator A1(·) as:

A1(x) =
S∑

s=1

γsaMT+MR−1(θs). (4.13)

The linear operatorA1(·) sampling the input vector with the index set I1 = {1,MT+1, · · · ,mMT+

1, · · · , (MT +MR − 2)MT + 1}. Now there is linear combinations with single variable in (4.13)

and (4.43). We use the linear operator H(·) to construct the Hankel matrix as the following:

Hθ =
S∑

s=1

H(γsaMT+MR−1(θs))

= HA1(x), (4.14)

H =
S∑

s=1

H(γs(aMT+MR−1(θs)⊗ bMT
(rs)))

= H(x). (4.15)
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Now Hθ is rank-S Hankel matrix. H is the rank-(SMT ) Hankel matrix, and it has a unique

Vandermonde decomposition [62]. The number of rank can be shown as:

H =
S∑

s=1

H(γs(aMT+MR−1(θs)⊗ bMT
(rs)))

=
S∑

s=1

MT∑
m=1

H(γs(aMT+MR−1(θs)⊗ Cm(bMT
(rs)))). (4.16)

The linear operator Cn(·) remain the n-th element of the input vector, but forces all other

elements to zero. For example, consider MT = MR = 2, one has:

x =
S∑

s=1

γs(a3(θs)⊗ b2(rs)) (4.17)

=
S∑

s=1

γs([1, e
j2πf1

d
v
sin θs , ej2×2πf1

d
v
sin θs ]T ⊗ [1, e−j4π∆frs/v]T ) (4.18)

=
S∑

s=1

γs([1, e
j2πf1

d
v
sin θs , ej2×2πf1

d
v
sin θs ]T ⊗ [1, 0]T

+ [1, ej2πf1
d
v
sin θs , ej2×2πf1

d
v
sin θs ]T ⊗ [0, e−j4π∆frs/v]T ) (4.19)

=
S∑

s=1

γs(x1,s + x2,s), (4.20)

where x1,s = [1, ej2πf1
d
v
sin θs , ej2×2πf1

d
v
sin θs ]T ⊗ [1, 0]T = [1, 0, ej2πf1

d
v
sin θs , 0, ej4πf1

d
v
sin θs ]T . x2,s =

[1, ej2πf1
d
v
sin θs , ej2×2πf1

d
v
sin θs ]T ⊗ [0, e−j4π∆frs/v]T = [0, e−j4π∆frs/v, 0, ej2πf1

d
v
sin θs−j4π∆frs/v

, 0, ej4πf1
d
v
sin θs−j4π∆frs/v]T . Both

∑S
s=1H(x1,s) and

∑S
s=1H(x2,s) are rank-S. As these two

Hankel matrix are totally distinct with each other, the rank of H(x) is 2S.

Based on (4.12), (4.14) and (4.15), we formulate the low rank matrix recovery problem. Given

Y and P , the optimisation problem is:

min
Hθ ,H,x

δ(rank(Hθ) ≤ S) + δ(rank(H) ≤ SMT ) (4.21)

s.t. Hθ = HA1(x),

H = H(x),

Y = Px1T
L.
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4.3.3 Problem Solving

To solve (4.21), we apply the following relaxation with positive parameters (α1, α2) as:

min
Hθ ,H,x

δ(rank(Hθ) ≤ S) + δ(rank(H) ≤ SMT ) (4.22)

+
1

2α1

∥Hθ −HA1(x)∥2F

+
1

2α2

∥H −H(x)∥2F +
1

2
∥Y − Px1T

L∥2F .

We choose proximal gradient method to solve (4.22). The PDOM algorithm for this formulation

can be referred in the Appendices C. To use proximal gradient method, we should separate the

objective function into g + f . g is non-differentiable function and f is differentiable function.

We separate the (4.22) as:

g(Hθ,H) = δ(rank(Hθ) ≤ S) + δ(rank(H) ≤ SMT ) (4.23)

f(Hθ,H ,x) =
1

2α1

∥Hθ −HA1(x)∥2F +
1

2α2

∥H −H(x)∥2F +
1

2
∥Y − Px1T

L∥2F . (4.24)

Then we derive the first-order derivative as the following:

First-order derivative: The closed form for the partial derivative ∇xf(H
i
θ,H

i,xi) is:

∇xf(H
i
θ,H

i,xi) =
1

α1

A∗
1H∗(H i

θ −HA1(x
i)) +

1

α2

H∗(H i −H(xi))

+ P T (Y − Pxi1T
L)1L. (4.25)

The closed form for the partial derivative ∇Hf(H i
θ,H

i,xi) is:

∇Hf(H i
θ,H

i,xi) =
1

α2

(H i −H(xi)). (4.26)

The closed form for the partial derivative ∇Hθ
f(H i

θ,H
i,xi) is:

∇Hθ
f(H i

θ,H
i,xi) =

1

α1

(H i
θ −HA1(x

i)). (4.27)



58 Chapter 4. Frequency Diversity Array

The proximal gradient method for (4.22) is summarised as the following:

Algorithm 4: Proximal Gradient Method for (4.22)

Define: f̂λ(u, v) = f(u) +∇f(u)T (v − u) + 1
2λ
∥v − u∥2F

Initialise: (Hθ
1,H1,x1)

Data: β = 0.5
while (4.40), (4.41) and (4.42)are not satisfied or i < 2000 do

λ← 1;
while true ; /* Update step size λ */

do
Hθ

i+1 = proxλ,g(Hθ
i − λ∇Hθ

f(Hθ
i,Hi,xi));

Hi+1 = proxλ,g(H
i − λ∇Hf(Hθ

i,Hi,xi));

xi+1 = xi − λ∇xf(Hθ
i,Hi,xi);

Update f̂λ((Hθ
i,Hi,xi), (Hθ

i+1,Hi+1,xi+1)) ;

if f(Hθ
i,Hi,xi) ≤ f̂λ((Hθ

i,Hi,xi), (Hθ
i+1,Hi+1,xi+1)) then

Output: λ, (Hθ
i+1,Hi+1,xi+1) ;

Break the inner loop;

end
Update λ← βλ;

end

end

Output: (Ĥθ, Ĥ, x̂)← (Hθ
i+1,Hi+1,xi+1);

Closed form solution: We show the closed form solution for (Hθ
i+1,Hi+1,xi+1). For Hθ,

the closed form solution is:

H i+1
θ = proxλ,g(H

i
θ − λ∇Hθ

f(H i
θ,H

i,xi))

= argmin
Hθ

δ (rank(Hθ) ≤ S) +
1

2λ
∥Hθ −H i

θ + λ∇Hθ
f(H i

θ,H
i,xi)∥2F . (4.28)

To solve (4.28), we consider SVD: H i
θ − λ∇Hθ

f(H i
θ,H

i,xi) = U θdiag(σθ)V θ,H . The closed-

form solution for (4.28) is:

H i+1
θ = U θ

:,1:Sdiag(σ
θ
1:S)V

θ,H
:,1:S . (4.29)

Similar to Hθ, the closed form solution for H i+1 is:

H i+1 = U r
:,1:SMT

diag(σr
1:SMT

)V r,H
:,1:SMT

, (4.30)
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where H i − λ∇Hf(H i
θ,H

i,xi) = U rdiag(σr)V r,H . For xi+1, only the differentiable function

f is dependent with x. As a result:

xi+1 = argmin
x

1

2λ
∥x− xi + λ∇xf(H

i
θ,H

i,xi)∥2F

= xi − λ∇xf(H
i
θ,H

i,xi). (4.31)

Subgradient calculation: Proximal gradient method terminate when the subgradient of

objective function (4.22) in terms of every variables are sufficiently small. As g(Hθ,H) is

nonsmooth function in terms of both Hθ and H , we show their subgradient ∂g(Hθ,H) at

(i+ 1)-th iteration as:

−1
λ

(H i+1
θ −H i

θ + λ∇Hθ
f(H i

θ,H
i,xi)) ∈ ∂Hθ

g(H i+1
θ ,H) (4.32)

−1
λ

(H i+1
r −H i + λ∇Hf(H i

θ,H
i,xi)) ∈ ∂Hg(Hθ,H

i+1). (4.33)

Proof. From (4.28), we denote the objective function ϕ1(Hθ) as:

ϕ1(Hθ) := δ (rank(Hθ) ≤ S) +
1

2λ
∥Hθ −H i

θ + λ∇Hθ
f(H i

θ,H
i,xi)∥2F . (4.34)

We set its subgradient at the global optima H i+1
θ as 0. One has:

0 ∈ ∂ϕ(H i+1
θ ). (4.35)

Then we can derive:

∇Hθ

1

2λ
∥H i+1

θ −H i
θ + λ∇Hθ

f(H i
θ,H

i,xi)∥2F ∈ ∂Hθ
g(H i+1

θ ,H) (4.36)

−1
λ

(H i+1
θ −H i

θ + λ∇Hθ
f(H i

θ,H
i,xi)) ∈ ∂Hθ

g(H i+1
θ ,H). (4.37)

For the variable H , the objective function ϕ2(H) is:

ϕ2(H) := δ (rank(H) ≤ SMT ) +
1

2λ
∥H −H i + λ∇Hf(H i

θ,H
i,xi)∥2F . (4.38)
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We set its subgradient at the global optima H i+1 as 0. Similarly, we can derive:

−1
λ

(H i+1 −H i + λ∇Hf(H i
θ,H

i,xi)) ∈ ∂Hg(Hθ,H
i+1). (4.39)

Stopping Criteria: Then we conclude our stopping criterion as:

∂g(H i+1
θ ) +∇f(H i+1

θ ) < 10−6, (4.40)

∂g(H i+1) +∇f(H i+1) < 10−6, (4.41)

∇f(xi+1) < 10−6. (4.42)

4.3.4 MUSIC and identifiability

Extract DoAs and ranges by using MUSIC algorithm: After getting the estimated

variables (Ĥθ, Ĥ , x̂), we apply MUSIC algorithm in Ĥθ to get the angle θ. We define the

linear operator A2(·) as sampling the input vector with the index set I2 = {1, 2, · · · ,MT}.

From (4.11), the A2(x) is

A2(x) =
S∑

s=1

γsbMT
(rs). (4.43)

We extract the ranges from the estimated variable x̂. We construct the Hankel matrix Ĥr as:

Ĥr = HA2(x̂), (4.44)

Now the Hankel matrix Ĥr ∈ C
MT+1

2
×MT+1

2 is still rank-S. As there is only one variable: range

in the Hankel matrix Ĥr, we can apply the MUSIC algorithm to estimate the range r̂.

Identifiability: In our formulation (4.22), Hθ ∈ C
MT+MR

2
×MT+MR

2 . The Hankel matrix Hθ can

be uniquely recovered if the rank S < MT+MR

2
. It means that The maximum resolvable DoAs

is (MT+MR

2
−1). For the range, the Hankel matrix Ĥr ∈ C

MT+1

2
×MT+1

2 in (4.44) can be uniquely
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recovered if the rank S < MT+1
2

. It means that The maximum resolvable DoAs is (MT+1
2
− 1).

4.4 Numerical Tests

In this section, with a small number of snapshots, we show our FDA can sense DoAs and

ranges. We consider an co-located ULA with MT = MR = 10 transmitters and receivers. The

inter-element spacing d = λ1/2 [47] , where λ1 is the wavelength of the carrier frequency f1.

The transmitted signals are electromagnetic signal with the speed v = 3× 108 m/s. Both the

transmitted signals C and the additive noise E are synthetically generated by Gaussian random

processes. The signal-to-noise ratio (SNR) is defined as 10 log10
∥C∥2F
∥E∥2F

in dB. We calculate the

Root Mean Square Error (RMSE) as
√

1
S
∥θ − θ̂∥2F for DoAs, and

√
1
S
∥r − r̂∥2F for spectral

response. In (4.22), the parameter α1 = α2 = 0.1. From our identifiability analysis, the

maximum number of resolvable DoAs is 9. The maximum number of resolvable ranges is 5.

4.4.1 Joint Sensing Performance

We firstly test the two targets sensing case with a limited number of snapshots L = 10. The

two targets are located at [−40◦, 0.2 km] and [20◦, 1.5 km]. SNR = 30 dB. Fig. 4.2 shows the

normalised MUSIC spectrum of the the two targets sensing for both DoAs and ranges. Now

the two targets are sensed accurately with low RMSE.

Then we sense one more targets. Now the number of targets is approaching to the maximum

number of resolvable ranges. The three targets are located at [−40◦, 0.4 km], [5◦, 1.1 km] and

[20◦, 1.8 km]. SNR = 30 dB. Fig. 4.3 shows the three targets are sensed accurately.

4.4.2 RMSE versus SNR

In this subsection, we show how the RMSE performance in terms of SNR with a limited number

of snapshots. We still test the two targets sensing case with snapshots L = 10 and L = 5 . The

two targets are located at [−40◦, 0.2 km] and [20◦, 1.5 km]. SNR = 30 dB. The result is shown

in Fig. 4.4.
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Figure 4.2: MUSIC spectrum for the targets sensed by 10-antenna FDA with only L = 10
snapshots ( MT = MR = 10 ). The carrier frequency f1 = 1 GHz. The frequency increment
∆f = 75 MHz. The groundtruth DoAs θ = {−40◦, 20◦} and range r = {0.2, 1.5}km. SNR =
30 dB. (RMSEθ, RMSEr) = (0.99, 5.59× 10−2).
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Figure 4.3: MUSIC spectrum for the targets sensed by 10-antenna FDA with only L = 10
snapshots ( MT = MR = 10 ). The carrier frequency f1 = 1 GHz. The frequency increment
∆f = 75 MHz. The groundtruth DoAs θ = {−40◦, 5◦, 20◦} and range r = {0.4, 1.1, 1.8}km.
SNR = 30 dB. (RMSEθ, RMSEr) = (1.84, 5.59× 10−2).
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Figure 4.4: RMSE versus SNR in a limited snapshots L = 10 and L = 5. The carrier frequency
f1 = 1 GHz. The frequency increment ∆f = 75 MHz. The groundtruth DoAs θ = {−40◦, 20◦}
and range r = {0.2, 1.5}km.

4.5 Summary

In this chapter, we uses the angle and range variables decoupling from [61]. Without 2D-MUSIC

from covariance matrix, we formulate two Hankel matrix from the signal to be estimated: one

only contains DoAs and the other contains DoAs and ranges. Now we formulate the low rank

Hankel matrix recovery problem, and solved it by using proximal gradient method. With a

limited number of snapshots, we can sense the DoA and range of targets. Compared with

2D-MUSIC, our method has a lower computational complexity. This chapter only consider the

narrow bandwidth scenario. The FDA with wider bandwidth scenario is an interesting topic

for the future work.



Chapter 5

Nonconvex Algorithms Analysis

5.1 Introduction

In the last two chapters, we have used proximal gradient method and PDOM to solve our

optimisation problems. These two algorithms can be classified as nonconvex algorithms. This

chapter aims to show more details about these two algorithms. Furthermore, we compare the

proximal gradient method and PDOM in terms of convergence rate. Then we evaluate the

RMSE performance of our formulation. We use the optimisation problem proposed in the

chapter 3. The first part of this chapter can be seen as algorithms discussion for the last two

chapters.

In the second part of this chapter, we would like to discuss another nonconvex algorithm:

Alternating Direction Method of Multipliers (ADMM). In this part, we use ADMM to solve

short-and-sparse blind deconvolution problem. We show that ADMM can be applied to non-

convex algorithms, and can achieve good results.

65
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5.2 Proximal gradient method and PDOM

5.2.1 Introduction

In chapter 3 and 4, we use proximal gradient method to solve the formulations. Proximal

gradient method can guarantee the convergence with the rate is O(1/k) at k-th iteration. Apart

from accelerated proximal gradient method [34], is there another nonconvex algorithm with

faster convergence rate? PDOM has a faster convergence rate O(1/k2) at k-th iteration [35]. In

this section, we show both performances of proximal gradient method and PDOM. We show the

RMSE performance of proximal gradient method, and compare the convergence rate of proximal

gradient method and PDOM. Followed by the chapter 3, we compare proximal gradient method

with PDOM in the optimisation problem (3.28) in the chapter 3. The problem is:

min
XG,H

δ (rank(H) ≤ S) +
1

2α
∥H −

N∑
n=1

L1
n(XGFk)∥2F

+
N∑

n=1

1

2
∥Y (fn)− L2

n(XGFk)C(fn)∥2F . (5.1)

The linear operator L1
n(·) =WnHBn(·). The linear operator Wn(·) puts Hn at H . H(·) is the

Hankel matrix operator, which is defined in (3.12). Bn(·) is taking the n-th column of input

matrix. The linear operator L2
n(·) = HMR,MT

AnBn(·). An(·) is defined in (3.18) and (3.19). We

calculate the Cramér–Rao Bound for this problem, and compare proximal gradient method.

5.2.2 Proximal Gradient Method details

Algorithm 5 summarises the steps of the standard proximal gradient method to (3.28).

The partial gradient of the smooth function f can be referred in Appendices A. Then we show

the closed form solution for (X i+1
G ,H i+1). For X i+1

G , only the differentiable function f is

dependent with XG. As a result:

XG
i+1 = argmin

XG

∥XG −XG
i + λ∇XG

f(XG
i,Hi)∥2F

= XG
i − λ∇XG

f(XG
i,Hi) (5.2)
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Algorithm 5: Proximal Gradient Method for (3.28)

Define: f̂λ(u, v) = f(u) +∇f(u)T (v − u) + 1
2λ
∥v − u∥2F

Initialise: (XG
1,H1)

Data: β = 0.5
while (5.9) and (5.10) are not satisfied or i < 2000 do

λ← 1;
while true ; /* Update step size λ */

do
XG

i+1 = XG
i − λ∇XG

f(XG
i,Hi);

Hi+1 = proxλ,g(H
i − λ∇Hf(XG

i,Hi));

Update f̂λ((XG
i,Hi), (XG

i+1,Hi+1)) ;

if f(XG
i+1,Hi+1) ≤ f̂λ((XG

i,Hi), (XG
i+1,Hi+1)) then

end

Output: λ, (XG
i+1,Hi+1) ;

Break the inner loop;
Update λ← βλ;

end

end

Output: (X̂G, Ĥ)← (XG
i+1,Hi+1);

For H i+1, the nondifferentiable function g is dependent with H . As a result:

Hi+1 = argmin
H

δ (rank(H) ≤ S)

+ ∥H−Hi + λ∇Hf(XG
i,Hi)∥2F

= proxλ,g(H
i − λ∇Hf(XG

i,Hi)) (5.3)

where the proximal operator prox(·) is:

proxλ,g(v) = argmin
u

g(u) +
1

2λ
∥u− v∥2

To solve (5.3), we consider SVD: Hi − λ∇Hf(XG
i,Hi) = Udiag(σ)V T . The closed-form

solution for (5.3) is:

H i+1 = U:,1:Sdiag(σ1:S)V
T
:,1:S (5.4)

Proximal gradient method terminate when the subgradient of objective function (3.28) is suffi-
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ciently small. As g(H) is nonsmooth function, we also show its subgradient ∂g(H) at i+ 1-th

iteration as:

∂g(H) =
−1
λi

(H i −H i)− 1

α
(H −

N∑
n=1

L1
n(XGFk)). (5.5)

Proof. From (5.3),

H i+1 = argmin
H

g(H) +∇H f̂λ(H ,H i) (5.6)

Then we can derive:

∂g(H) +∇H f̂λ(H ,H i) = 0 (5.7)

∂g(H) +
1

λi
(H −H i) +∇f(H i) = 0 (5.8)

Then we conclude our stopping criterion as:

∂g(H i+1) +∇f(H i+1) < 10−6, (5.9)

∇f(X i+1
G ) < 10−6. (5.10)

5.2.3 PDOM details

To calculate the positive semi-definite Hessian matrix Q in (eq.11, [35]), The derivation of Q

can be referred in Appendices B. This part only discuss SIMO case (MT = 1) and spectral

response is independent with frequency (K = 1). Based on the Hessian matrix Q and [35],

then we summarise the steps of PDOM to (3.28).
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Algorithm 6: PDOM for (3.28)

Define: p(α) :=

{
−τg, α ∈ (0, 1]

−τg + (α− 1)(−Q−1g + τg), α ∈ (1, 2]

where g := [vec(∇XG
f)T , vec(∇Hf)T ]T . ;

The surrogate function f̂λ(u, v) = f(u) + gT
α (v − u) + 1

2λ
∥v − u∥2F ;

where gα = gTp2(α)/∥p(α)∥2
Input: (XG

1,H1),Q−1

Data: fixed step size τ = 1/λmax, where λmax is the largest eigenvalue of Q.
λ = 0.98, α ∈ [0, 2]

while (5.11) and (5.12) are not satisfied or i < 2000 do
; /* PDOM */

vec(XG)
i+1 = vec(XG)

i + pλ(α
i);

ταi = −∥p(α)∥2/(gTp(α)) ;
vec(H)i+1 = vec(proxλταi ,g

(Hi + pλ(α
i)));

; /* Update step size τα */

Find the largest value αi ∈ {1 + (1/2)k|k ∈ N} such that
f(XG

i+1,Hi+1) ≤ f̂αi((XG
i+1,Hi+1), (XG

i,Hi)). ;
; /* Proximal gradient method */

XG
i+1
v = XG

i − τ∇XG
f(XG

i,Hi);

Hi+1
v = proxτ,g(H

i − τ∇Hf(XG
i,Hi));

; /* Comparison and selection */

if f(XG
i+1,Hi+1) > f(XG

i+1
v ,Hi+1

v ) then
XG

i+1 = XG
i+1
v ;

Hi+1 = Hi+1
v ;

end

end

Output: (X̂G, Ĥ)← (XG
i+1,Hi+1);
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Similar as PG, the stopping criterion of PDOM is:

∥∂g(H i+1) +∇f(H i+1)∥ < 10−6
√

h1h2N

+ 10−6max{∥∇f(H i+1)∥, 1

γταk

∥H i+1)∥, 1

γταk

∥H i)∥} (5.11)

∥∇f(X i+1
G )∥ < 10−6

√
MgK + 10−6max{ 1

γταk

∥X i+1
G )∥,

1

γταk

∥X i
G)∥}. (5.12)

The subgradient ∂g(H i+1) is:

∂g(H i+1) =
−1
λταi

(H i+1 −H i − Pλ(α
i)). (5.13)

5.2.4 Cramér–Rao Bound Derivation

This section aims to derive the CRB on unbiased estimator of θ and γ. CRB provides lower

bound for variance of any estimator and lower bound for mean square error for unbiased estima-

tor. CRB is useful to evaluate the estimator performance [63] [64], which means the estimator

is the best if an unbiased estimate attains CRB. The unknown parameter vector u = [θ, γ̄, γ̃]T,

where θ = {θ1, . . . , θS}, γ̄ = {γ̄1, . . . , γ̄S} and γ̃ = {γ̃1, . . . , γ̃S}, where γ̄ = R(γ) and γ̃ = I(γ).

The Fisher Information Matrix (FIM) is defined as:

F(u)i,j = E{∂ lnL(y, c|u)
∂ui

∂ lnL(y, c|u)
∂uj

}, (5.14)

where L(·) is likelihood function. To simplify our analysis, we only consider SIMO case only

(MT = 1). Based on our assumptions from A1) to A4), we use fisher information to calculate

the CRB. We start from the single-band case with f at l-th snapshot in (3.1). We rewrite it as:

yl = Aγcl + el, (5.15)

where A = [aMR
(f, θ1), · · · ,aMR

(f, θS)] and γ = [γ1, · · · , γS]T . For el, we assume E{ele
H
l } =

Σ = σ2IMR
and E{ele

T
l } = 0. σ2 is the noise power at the frequency fn and l-th snapshot. As
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the noise of every snapshot el ∼ CN (0,Σ), the likelihood function of the data is given by:

L(y1, c1, · · · ,yL, cL|u) =
e−

∑L
l=1 e

H
l Σ−1el

πMRLdet(Σ)L
, (5.16)

where det(·) denotes the determinant of a matrix. Then the log-likelihood function is:

lnL(y1, c1, · · · ,yL, cL|u) = const−MRL lnσ

− 1

σ2

L∑
l=1

eH
l el. (5.17)

Based on the signal model (5.15),we take a derivative with respect to θs:

∂

∂θs
lnL =

2

σ2

L∑
l=1

R(cHl dH
s el), (5.18)

where we use ωm = −j(m− 1)2πf d
v
to express ds as:

ds =
∂aMR

(f, θs)

∂θs
γs

=

[
0, ω2 cos θse

ω2 sin θs , · · · , ωMR
cos θse

ωMR
sin θs

]T
γs. (5.19)

We define D = [d1, · · · ,dS]. Similarly we have

∂

∂γ̄s
lnL =

2

σ2

L∑
l=1

R(cHl aMR
(f, θs)

Hel), (5.20)

∂

∂γ̃s
lnL =

2

σ2

L∑
l=1

I(cHl aMR
(f, θs)

Hel). (5.21)

Inspired by [58], we define∆l = DclIS = [d1cl, · · · ,dScl]. Vl = AclIS = [aMR
(f, θ1)cl, · · · ,aMR

(f, θS)cl].

Then we introduce the properties [64]. For two complex numbers x and y, we have:

R(x)R(yT ) = 1

2
[R(xyT ) +R(xyH)] (5.22)

I(x)I(yT ) = −1
2
[R(xyT )−R(xyH)] (5.23)

R(x)I(yT ) = 1

2
[I(xyT )− I(xyH)]. (5.24)
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Based on our assumption on el, E{ele
H
l } = σ2I and E{ele

T
l } = 0. We define ps =

∑L
l=1 c

H
l cl

is the total transmitted signal power at the frequency fn for all L snapshots. Then we can

derivative the following block in FIM:

E{∂ lnL
∂θi

∂ lnL

∂θj
} = 4

σ4

L∑
l=1

1

2
E{R(cHl dH

i ele
H
l djcl)}

=
2

σ2

L∑
l=1

R({∆H
l ∆l})i,j

=
2

σ2
R((

L∑
l=1

cHl clIs)D
HD)i,j

=
2ps
σ2
R(DHD)i,j. (5.25)

Similarly,

E{∂ lnL
∂γ̄i

∂ lnL

∂γ̄j
} = 4

σ4

L∑
l=1

1

2
E{R(cHl aMR

(f, θi)
Hele

H
l aMR

(f, θj)cl)}

=
2

σ2

L∑
l=1

R({V H
l Vl})i,j

=
2ps
σ2
R(AHA)i,j. (5.26)

E{∂ lnL
∂γ̃i

∂ lnL

∂γ̃j
} = 4

σ4

L∑
l=1

1

2
E{R(cHl aMR

(f, θi)
Hele

H
l aMR

(f, θj)cl)}

=
2

σ2

L∑
l=1

R({V H
l Vl})i,j

=
2ps
σ2
R(AHA)i,j. (5.27)

E{∂ lnL
∂γ̄i

∂ lnL

∂γ̃j
} = −4

σ4

L∑
l=1

1

2
E{I(cHl aMR

(f, θi)
Hele

H
l aMR

(f, θj)cl)}

=
−2
σ2

L∑
l=1

I({V H
l Vl})i,j

=
−2ps
σ2
I(AHA)i,j. (5.28)
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E{∂ lnL
∂γ̄i

∂ lnL

∂θj
} = 4

σ4

L∑
l=1

1

2
E{R(cHl aMR

(f, θi)
Hele

H
l djcl)}

=
2

σ2

L∑
l=1

R({V H
l ∆l})i,j

=
2ps
σ2
R(AHD)i,j. (5.29)

E{∂ lnL
∂γ̃i

∂ lnL

∂θj
} = −4

σ4

L∑
l=1

1

2
E{I(cHl aMR

(f, θi)
Hele

H
l djcl)}

=
−2
σ2

L∑
l=1

I({V H
l ∆l})i,j

=
−2ps
σ2
I(AHD)i,j. (5.30)

Now the FIM for the frequency fn is derived as:

Fn(u) =


Jθθn JθΓ̄n JθΓ̃n

JΓ̄θn JΓ̄Γ̄n JΓ̄Γ̃n

JΓ̃θn JΓ̃Γ̄n JΓ̃Γ̃n

 ∈ C3S×3S.

= p


R{DHD} R{DHA} −I{DHA}

R{AHD} R{AHA} −I{AHA}

−I{AHD} −I{AHA} R{AHA}

 (5.31)

where p = 2ps/σ
2. As SNR is defined as 10 log10 ps/Lσ

2, so p = 2L× 10(SNR/10). Based on

the result on single-band CRB analysis, we can now extend it to multi-band CRB analysis. To

simplify our derivation, we only show the case about K = 1, which means the spectral response

is independent with frequencies. As (5.15) is independent in each frequency fn [65], FIM for

multiple frequency is:

F (u) =
N∑

n=1

Fn(u). (5.32)
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Finally the CRB for (θs, γs) is:

CRB(θs) = [F−1]s,s (5.33)

CRB(γs) = [F−1]S+s,S+s + [F−1]2S+s,2S+s. (5.34)

5.2.5 Numerical tests

Convergence rate comparison:

This test aims to compare proximal gradient method with PDOM. we have found that the

RMSE performance of the two algorithms are the same. To gain more insights about the two

algorithms, we test their convergence rates. The setup is still SIMO system. (MT ,MR) =

(1, 20), L = 5, N = 1, K = 1,θ = {−20◦, 45◦, 60◦}. SNR = 30 dB.

We test the value of objective function in (3.28) in terms of the number of iterations. As

shown in Fig.5.1, we can find the convergence rate of PDOM is much faster than proximal

gradient method when the penalty parameter α = 1.0 in (3.28). PDOM can also converge

to the global optima for all of α. All of their RMSE are 2.95 × 10−3. In contrast, proximal

gradient method can converge to the local optima when the value of α is smaller. The RMSE

is (2.95× 10−3, 0.97, 1.04) when α is (1.0, 0.5, 0.01).

To gain more insights, we also observe the value of two functions f1 and f2 in the objective

function. They are defined as:

f1 :=
1

2α
∥H −

N∑
n=1

L1
n(XGFk)∥2F (5.35)

f2 :=
N∑

n=1

1

2
∥Y (fn)− L2

n(XGFk)C(fn)∥2F . (5.36)

To eliminate the affect of scaling from the penalty parameter α, we observe the scaled smooth

function αf1. As shown in Fig.5.2, αf1 converge to over 1 when α = 0.01 in proximal gradient

method. It means proximal gradient method converge to the local optima when α = 0.01. In

contrast, PDOM can converge to lower than 10−3 for every α. Fig.5.3 also shows this fact. We
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Figure 5.1: The value of objective function versus the number of iterations for various penalty
parameter α in (3.28). (MT ,MR) = (1, 20), L = 5, N = 1, K = 1,θ = {−20◦, 45◦, 60◦}. SNR =
30 dB.

Figure 5.2: The value of scaled f1 (5.35): αf1 versus the number of iterations for various penalty
parameter α. (MT ,MR) = (1, 20), L = 5, N = 1, K = 1,θ = {−20◦, 45◦, 60◦}. SNR = 30 dB.

can find that it is hard for proximal gradient method to converge to the global optima when

the value of α is too small. PDOM can overcome this weakness.

RMSE performance comparison:

In the last test, we find that PDOM and proximal gradient method can converge to the same

point after the sufficient number of iterations. Due to this fact, we choose proximal gradient

method as our algorithm in this test. We aims to evaluate our formulation by comparing it with

benchmarks and CRB. The benchmark is NNM formulation [17], CSSM [21] and TOPS [43].

The ULA has 6 elements with (MT ,MR) = (1, 6). In (3.28), we set the parameter α = 1.0. The

number of Monte Carlo trails is 50.
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Figure 5.3: The value of f2 (5.36) versus the number of iterations for various penalty parameter
α . (MT ,MR) = (1, 20), L = 5, N = 1, K = 1,θ = {−20◦, 45◦, 60◦}. SNR = 30 dB.

As shown in Fig. 5.4, our proposed nonconvex algorithm RPM performs better than benchmark

algorithms. The advantage of our proposed nonconvex algorithm is from our nonconvex formu-

lation. The covariance-based method - CSSM performs unwell, because the limited number of

snapshot provide inadequate information for covariance matrix construction. Compared with

convex relaxation - NNM, our proposed method RPM have the most advantage at high-SNR

case. This is because the global optima is easier to be found in this nonconvex problem. When

in low-SNR case, our proposed algorithm performs unstable, as the local optima is easier to

be found. For the multi-frequency case ( F = {1, 2}GHz ), the result is shown in Fig. 5.5.

However, there are still gaps between the RMSE of our formulation and CRB. Narrowing this

gap is necessary for the future work.

5.3 ADMM in nonconvex optimisation

5.3.1 Introduction

Apart from proximal gradient method and PDOM, ADMM is another popular algorithm. Tradi-

tionally, most papers use ADMM to solve convex optimisation problems [27] [28]. In this section,

we analyse ADMM for solving nonconvex optimisation problems with linear constraints. [29]

discusses the convergence in ADMM in nonconvex and nonsmooth optimisation problems. Fol-

lowed by this work, we apply ADMM to solve nonconvex optimisation problem. The problem



5.3. ADMM in nonconvex optimisation 77

Figure 5.4: RMSE (in degrees) of estimating algorithms versus SNR for the single frequency.
F = 1GHz, (MT ,MR, S) = (1, 10, 3), K = 1, L = 3. DoA set θ = {−30◦, 5◦, 45◦}.

Figure 5.5: RMSE (in degrees) of estimating algorithms versus SNR for the two frequencies.
F = {1, 2}GHz, (MT ,MR, S) = (1, 5, 2), K = 1, L = 10. DoA set θ = {−20◦, 25◦}.
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we choose is Short-and-Sparse Blind Deconvolution.

Blind deconvolution is one of bilinear inverse problems. It aims to separate two unknown

signals: h and x, from the circular convolution of them. The circular convolution is defined

as [66]:

y[n] = x[n] ∗ h[n] =
N−1∑
m=0

x[m]h[n−m]. (5.37)

Most studies formulate the blind deconvolution problem by using convex relaxation [67]. To

formulate blind deconvolution, the paper [67] and [68] shows convex relaxation for the formula-

tion, such as nuclear norm minimisation. The paper [69] formulate blind deconvolution in the

form of bilinear Lasso problem, and then solve it by using Alternating Descent Method (ADM).

However, it is closer to the problem itself if we formulate it as nonconvex and nonsmooth opti-

misation, so the nonconvex and nonsmooth optimisation needs to be researched. We formulate

the blind deconvolution problem as the nonconvex and nonsmooth optimisation with linear

constraint. The problem is in the form:

min
x

f(x) (5.38)

s.t. Ax = b

where the objective function f(x) is nonconvex and nonsmooth [70]. Then we apply the ADMM

to solve it.

5.3.2 Short-and-sparse blind deconvolution formulation

Compared with blind deconvolution, the short-and-sparse blind deconvolution problem is under

the following extra conditions: x,y ∈ RN is long and sparse signal. h ∈ RM , (M ≪ N) is short

and normalised kernel [69]. One of formulations for blind deconvolution is low rank recovery
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problem. For this formulation, we define matrix X and its relationship with observed signal y:

X := xhT , (5.39)

y = A(X), (5.40)

where matrix X is rank one matrix and A(·) is linear operator corresponding to circular convo-

lution. More details can be referred in the section 3 of [66]. To promote the sparsity of sparse

signal x, the blind deconvolution can be formulated as:

min
X
||X||r,2,0 (5.41)

s.t. y = A(X),X ∈ R1

where ∥ · ∥r,2,0 calculates the row sparsity for the input matrix. It counts the sparsity of ↕2

norm for each row. It also means counts the number of non-all-zero rows. To solve the problem

(5.41) by projecting the matrix X to rank one matrix, it can be reformulated as:

min
X1,X2,X3

||X1||r,2,0 + δ(rank(X2) ≤ 1) +
λ

2
||y −A(X3)||22 (5.42)

s.t. X1 = X3,X2 = X3

where δ(·) is the indicator function, which means the rank of matrix X2 is at most one.

5.3.3 Problem solving

To solve the problem (5.42) by using ADMMmethod, the corresponding augmented Lagrangian

is:

Lρ(X1,X2,X3,Λ1,Λ2) = ||X1||r,2,0 +
ρ

2
||X3 −X1 +Λ1||2F −

ρ

2
||Λ1||2F (5.43)

+δ(rank(X2) ≤ 1) +
ρ

2
||X3 −X2 +Λ2||2F −

ρ

2
||Λ2||2F +

λ

2
||y −A(X3)||22.
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where ρ > 0, then the ADMM iterations are given by:

Xk+1
1 = argmin

X1

||X1||r,2,0 +
ρ

2
||Xk

3 −X1 +Λk
1||2F (5.44)

Xk+1
2 = argmin

X2

δ(rank(X2) ≤ 1) +
ρ

2
||Xk

3 −X2 +Λk
2||2F (5.45)

Xk+1
3 = argmin

X3

λ

2
||y −A(X3)||22 +

ρ

2
||X3 −Xk+1

1 +Λk
1||2F +

ρ

2
||X3 −Xk+1

2 +Λk
2||2F (5.46)

Λk+1
1 = Λk

1 +Xk+1
3 −Xk+1

1 (5.47)

Λk+1
2 = Λk

2 +Xk+1
3 −Xk+1

2 (5.48)

The closed form solution for X1,X2,X3 are the following:

Xk+1
1,(:,i) = sign(||Ck

:,i||2F −
2

ρ
)Ck

:,i (5.49)

Xk+1
2 = σ1u1v

T
1 (5.50)

Xk+1
3 =

λ

2ρ
S−CL[

ρ

λ
SCL(C

k
1 +Ck

2 ) +C3)(In −
1

n+ 2ρ
λ

1n×n)] (5.51)

where Ck = Xk
3 + Λk

1 , Xk
3 + Λk

2 =
∑n

i=1 σiuiv
T
i . Ck

1 = Xk+1
1 − Λk

1,C
k
2 = Xk+1

2 − Λk
2,C3 =

y11×n. The sign(·) function is defined as:

sign(x) =


1, if x ≥ 0

0, if x < 0

. (5.52)

The linear operator SCL(·) is defined as:

SCL(X) = [X:,1, S1(X:,2), ..., Si−1(X:,i), ...]. (5.53)

The linear operator Si(·) is to move the input vector circularly downward by i positions.

5.3.4 Numerical Test: image deblurring

This section demonstrates the numerical test results of short-and-sparse deconvolution. We

compare ADMM and ADM [69]. For real applications for short-and-sparse deconvolution,
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ADM ADMM (ρ = 90, λ = 1)
PSNR for digit ’0’ (dB) 14.7688 25.6404
PSNR for digit ’3’ (dB) 17.9029 29.5361
PSNR for digit ’5’ (dB) 16.3345 32.4049
PSNR for digit ’9’ (dB) 17.3260 26.1316

Average running time (second) 16.534 0.818

Table 5.1: PSNR and average running time for image deblurring

I made tests regarding to image deblurring. The data set we chose is MNIST database [71].

MNIST (Modified National Institute of Standards and Technology) database is a large database

that contains handwritten digits. To choose ground truth images, 4 images are randomly chosen

from test set images of this database. To make blurry images, the kernel h0 ∈ R9 is used to

convolute with vectorised form of the ground truth images. The kernel generation is the same

as synthetic data tests. The penalty parameter ρ = 90. λ = 1. The performance of image

deblurring is measured by average running time and Peak Signal-to-Noise Ratio (PSNR), which

is defined as:

PSNR = max[10 log10
N

||sτ (Î)− I0||2F
: τ ∈ [0,

√
N − 1]], (5.54)

where N is 28 × 28. I0 is ground truth images. Î is the output of algorithms. The maximum

PSNR is selected from 50 trails. The results are shown in the table 5.1. The result show that

ADMM has higher PSNR than ADM, and the avarage running time is much less than ADM.

5.4 Summary

In this chapter, we have analysed proximal gradient method, PDOM and ADMM in nonconvex

and nonsmooth optimisation problem. PDOM has a faster convergence rate O(1/k2) at k-th

iteration. We choose the formulation from the chapter 3 to show these two algorithms. Both of

them can convergence to the same point after the sufficient number of iterations, but PDOM

reach the point faster. Compared with benchmarks, our nonconvex and nonsmooth optimisation

formulation has a lower RMSE performance. However, there are still gaps between the RMSE

of our formulation and CRB. Narrowing this gap is still in the progress.
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For ADMM, we use ADMM to solve the blind deconvolution problem. Compared with ADM,

we show that ADMM have a better deblurring ability with less time. Apart from proximal

gradient method and PDOM, the potential of ADMM can be a future research direction in the

field of nonconvex and nonsmooth optimisation problem.



Chapter 6

Conclusion

6.1 Summary of Thesis Achievements

As the title suggests, this thesis discusses the gridless processing for multi-band MIMO sensing.

We firstly discuss the multi-band active array in the chapter 3. This multi-band array can sense

the DoAs and spectral responses of targets. As a special case of multi-band active array, we

discuss the FDA in the chapter 4. This multi-band array can sense the DoAs and ranges

of targets. We finally analyse nonconvex algorithms: proximal gradient method, PDOM and

ADMM in the chapter 5. The detailed achievements of each chapter are summarised in the

following.

In the chapter 3, we propose a new multi-band active array to sense DoAs and spectral re-

sponses. We make spectral response of targets can be different at different frequency bands.

The degree of freedom can be increased in multi-band. To take advantage of multiple fre-

quency bands efficiently, we have developed the GCD-based joint processing to construct the

corresponding frequency grid. We use GCD to fit all frequency bands in one vector. The RPM

is formulated to numerically recover the Hankel matrix for high resolution. With a limited

number of snapshots, our simulations shows the GCD-based joint processing can estimate more

accurately than covariance-based method. Both DoAs and spectral response can be sensed

with high accuracy. The number of targets can be even more than the antennas in ULA.

83
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In the chapter 4, we use range-angle decoupling model in FDA, and formulate the problem

as the low rank Hankel matrix recovery problem. To recover DoAs and ranges, traditional

methods calculate the covariance matrix of received signals, and search the location of peaks

in 2D (DoA and range) domain by using 2D-MUSIC. The computational complexity is O(N2).

Our method apply 1D-MUSIC to DoA and range domain independently, so our computational

complexity can be reduced to O(M + N). With a limited number of snapshots, we can sense

both DoAs and ranges with high accuracy.

In the chapter 5, we discuss the algorithms for nonconvex and nonsmooth optimisation prob-

lems: proximal gradient method, PDOM and ADMM. In the last two chapters, we use proximal

gradient method to solve the formulation. Proximal gradient method has the convergence rate

O(1/k). PDOM have a faster convergence rate than proximal gradient method O(1/k2). We

apply PDOM to solve our formulation in the chapter 3. Compared with proximal gradient

method, we find PDOM can converge to the same point with less number of iterations, which

verify the existence of fast convergence. For ADMM, ADMM is always used to solve convex

optimisation problems with linear constraints. Followed by [29], we use ADMM to solve the

image deblurring problem. It means that ADMM can solve the nonconvex problem.

6.2 Applications

The thesis achievements can be used in the field of MIMO sensing, such as autonomous driving

and medical imaging. For both our proposed multi-band active array and FDA, only the limited

number of snapshots are required. This benefit can be used for the real MIMO systems that

cannot sample sufficient snapshots, or need to sense the targets in a short time.

The chapter 3 should be seen as an introduction of the array which can sense both DoAs and

spectral responses. In this chapter, we propose our spectral response model, which is closer to

the real environment. In real applications, the sensed targets can be sketched with different

colors. Apart from the target localisation, the colors can help people to identify different

targets. Considering the effect of width of array, our new criteria of wideband can be applied

to other multi-band arrays. In the chapter 5, we have shown that both PDOM and ADMM
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can be applied to the nonconvex and nonsmooth optimisation problem. More nonconvex and

nonsmooth formulation can consider using PDOM and ADMM.

6.3 Future Work

For our multi-band active array, the design of frequency set is attractive, including the distribu-

tion of each frequency bands. As it is an important factor of the maximum resolvable targets in

our array. Apart from that, in reality, both number of targets S and rank of spectral response

model K cannot be known before our sensing progress. The more general system model is to

be proposed. For our estimation method, there are still gaps between our proposed formulation

and CRB. Narrowing the gaps is necessary in the future. Apart from that, the multi-band

active array for the near-field scenario is an interesting topic for the future work.

For FDA, the wideband FDA is an interesting topic for the future work. In the chapter 4,

we only discuss the narrowband case. As we discussed in the chapter 3, the wider bandwidth

can increase the number of antennas in the virtual array. It means the maximum of resolvable

targets can be improved in wideband case. It is possible that the number of targets can be more

than antennas in ULA. Although we achieve the fast sensing in FDA, the estimation accuracy

is to be improved.
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Appendices

A. Gradient calculation for MDA formulation in (3.28)

To use the proximal gradient method and PDOM [35], we need the gradient computation for

differentiable function f in (3.28). We show the gradient (∇XG
f,∇Hf) calculation as:

∇XG
f = − 1

α

N∑
n=1

L1,∗
n (H −

N∑
n=1

L1
n(XGFk))F

H
k ,

− L2,∗
n ((Y (fn)− L2

n(XGFk)C(fn))C(fn)
H)FH

k (6.1)

∇Hf =
1

α
(H −

N∑
n=1

L1
n(XGFk)). (6.2)

The linear operator L1,∗
n (·) = B∗

nH∗
h1,h2
W∗

n(·) and L2,∗
n (·) = B∗

nA∗
nH∗

MR,MT
(·) are the adjoint of

the linear operator L1
n(·) and L2

n(·) respectively. The B∗
n(·),H∗(·), W∗

n(·) and A∗
n(·) are the

adjoint of its corresponding linear operator Bn(·),H(·), Wn(·) and An(·).

B. Hessian matrix for MDA formulation in (3.28)

We firstly define the Hessian matrix Q in (3.28) as:

Q =

 ∂2

∂X2
G
f ∂2

∂XG∂H
f

∂2

∂H∂XG
f ∂2

∂H2f

 . (6.3)
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However, as the two variables ( XG,H ) are matrix, we should vectorise them to make Q

well-defined. Now it is:

Q =

 ∂2

∂vec(XG)2
f ∂2

∂vec(XG)∂vec(H)
f

∂2

∂vec(H)∂vec(XG)
f ∂2

∂vec(H)2
f

 (6.4)

∈ R(h1h2N+Mg)×(h1h2N+Mg).

To derive Q, we need to rewrite (6.1) in matrix form. It is

∇XG
f =

1

α
DXGFKF

H
K +

N∑
n=1

LnXGDn. (6.5)

We rewrite (6.2) in matrix form as:

∇Hf =
1

α
(H −

N∑
n1=1

N∑
n2=1

L2,n2XGFKR2,n1,n2). (6.6)

In (6.5),D is a diagonal matrix as diag(w), wherew = [1, 2, · · · , q, · · · , q, q−1, · · · , 2, 1] ∈ RMg .

q ≈ (Mg + 1)/2. There is only one q if Mg is odd number, and two if Mg is even number. For

each n, Dn = FKRnF
T
K . Rn ∈ RN×N is all zero matrix, excepting Rn(n, n) = 1. Ln = diag (

In,Ml
) ∈ RMR×MR in (3.19).

In (6.6), L2,n = [0, I,0] ∈ Rh1×Mg . The identity matrix I ∈ Rh1×h1 is from the column index

n+ 1 of L2,n. R2,n1,n2 ∈ RN×h2N is all zero matrix, excepting R2,n1,n2(n1, (n1− 1)h2 + n2) = 1.

According to the property of vectorisation: vec(AXB) = (BT ⊗A)vec(X), the closed-form

solution of the second order derivative of f are the following:

∂2

∂vec(H)2
f =

1

α
Ih1h2N , (6.7)

∂2

∂vec(XG)2
f =

N

α
⊗D +

N∑
n=1

Dn ⊗Ln, (6.8)

∂2

∂vec(XG)∂vec(H)
f = − 1

α

N∑
n1=1

N∑
n2=1

(FKR2,n1,n2)
T (6.9)

⊗L2,n2 .
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C. PDOM details for FDA formulation in (4.22)

To calculate the positive semi-definite Hessian matrix Q in (eq.11, [35]), we derive Q including

second-order derivative for each vectorised variables: [vec(Hθ), vec(H),x]T . We assume MT =

MR = M . The Hessian matrix Q in (4.22) is:

Q =


∂2

∂vec(Hθ)2
f ∂2

∂vec(Hθ)∂vec(H)
f ∂2

∂vec(Hθ)∂x
f

∂2

∂vec(H)∂vec(Hθ)
f ∂2

∂vec(H)2
f ∂2

∂vec(H)∂x
f

∂2

∂x∂vec(Hθ)
f ∂2

∂x∂vec(H)
f ∂2

∂x2f

 (6.10)

∈ R(h1+h2+h3)×(h1+h2+h3),

where h1 = M2, h3 = (2M − 1)M , h2 = (h3+1
2

)2. From the first-order derivative (4.25), (4.26)

and (4.27), we derive the elements in Q in the following:

∂2

∂vec(Hθ)2
f =

1

α1

Ih1 , (6.11)

∂2

∂vec(H)2
f =

1

α2

Ih2 , (6.12)

∂2

∂vec(H)∂vec(Hθ)
f = 0h2×h1 (6.13)

To derive the rest of elements, we need to rewrite the linear operators in first-order derivative

as the matrix form. The result are:

∂2

∂x2
f =

1

α1

A∗
1H∗HA1(·) +

1

α2

H∗H(·)− P TP

=
1

α1

D1 +
1

α2

D2 − P TP . (6.14)

The diagonal matrix D2 = diag(p1), where p = [1, · · · , q − 1, q, · · · , q, q − 1, · · · , 1] [26]. The

length of p1 is the same as the x. If the length is odd number, there are only 1 q in p1. Otherwise

there are two q. The diagonal matrix D2 = diag(p2)D1, where p2 = [1, 0, · · · , 1, 0, · · · , 0]. The

index for the nonzero set is I1 = {1,MT +1, · · · ,mMT +1, · · · , (MT +MR−2)MT +1} defined
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in A1(·). The other two elements in Q is:

∂2

∂vec(H)∂x
f =

1

α2

vec H(·)

=
1

α2

A1, (6.15)

∂2

∂vec(Hθ)∂x
f =

1

α1

vec HA1(·)

=
1

α1

A2. (6.16)

The matrix A1 ∈ Rh3×h2 is given by:

A1 =



A1,1

A1,2

...

A1,N


, (6.17)

where A1,n ∈ RN×(2N−1). The identify matrix IN is located from the n-th column. All other

elements are zero. The matrix A2 ∈ Rh3×h1 = A1B. The matrix B represent the linear

operator A1(·). It is all zero matrix, excluding I1(n)-th column and n-th row are 1. ∀n.

PDOM algorithm summary
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Algorithm 7: PDOM for (4.22)

Define: dogleg path: p(α) :=

{
−τg, α ∈ (0, 1]

−τg + (α− 1)(−Q−1g + τg), α ∈ (1, 2]

where g := [vec(∇Hθ
f)T , vec(∇Hf)T ,∇xf

T ]T . ;

The surrogate function f̂λ(u, v) = f(u) + gT
α (v − u) + 1

2λ
∥v − u∥2F ;

where gα = gTp2(α)/∥p(α)∥2
Input: (Hθ

1,H1,x1),Q−1, i = 0
Data: fixed step size τ = 1/λmax, where λmax is the largest eigenvalue of Q.

λ = 0.98, α ∈ [0, 2]
while (4.40), (4.41) and (4.42) are not satisfied or i < 2000 do

i = i+ 1 ; /* Update step size ταi */

Find the largest value αi ∈ {1 + (1/2)k|k ∈ N} such that
f(Hθ

i+1,Hi+1,xi+1) ≤ f̂αi((Hθ
i+1,Hi+1,xi+1), (Hθ

i,Hi,xi)). ;
ταi = −∥p(α)∥2/(gTp(α)) ;
; /* PDOM */

xi+1 = xi + pλ(α
i);

vec(H)i+1 = vec(proxλταi ,g
(Hi + pλ(α

i)));

vec(Hθ)
i+1 = vec(proxλταi ,g

(Hθ
i + pλ(α

i)));

; /* Proximal gradient method */

xv
i+1 = xi − λ∇xf(Hθ

i,Hi,xi);

Hv
i+1 = proxλ,g(H

i − λ∇Hf(Hθ
i,Hi,xi));

Hθ,v
i+1 = proxλ,g(Hθ

i − λ∇Hθ
f(Hθ

i,Hi,xi));

; /* Compare and select */

if f(Hθ
i+1,Hi+1,xi+1) > f(Hθ,v

i+1,Hv
i+1,xv

i+1) then
xi+1 = xv

i+1 ;

Hi+1 = Hv
i+1 ;

Hθ
i+1 = Hθ,v

i+1 ;

end

end

Output: (x̂, Ĥ, Ĥθ)← (xi+1,Hi+1,Hθ
i+1);
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