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Abstract

This thesis explores the application of derivative-free optimization (DFO) and other data-driven
approaches to complex, integrated decision-making in enterprise-wide optimization (EWO).
Chapter 1 sets the historical backdrop for optimization and Machine Learning (ML) tools in EWO
and exposes their limitations through a value chain coordination example under different game-
theoretical settings. Chapter 2 reviews dominant mathematical decision-making frameworks for
the operation of chemical process systems. Mathematical optimization is introduced, along with
various ways it can be enhanced by ML.

Chapter 3 presents and assesses different types of DFO solvers on process systems engineering
(PSE) applications, setting the scene for subsequent work. A convex quadratic trust-region op-
timizer CUATRO is introduced, specifically designed to address the limitations of existing DFO
solvers in PSE, focusing on safe exploration under noisy evaluations and black-box constraints.
Chapter 4 demonstrates how DFO can coordinate complicating variables linking subproblems in
EWO, while preserving agent autonomy and privacy. Considered case studies include collaborative
model training, facility location, and resource sharing problems. Data-driven coordination outper-
forms distributed optimization in nonconvex problems with few linking variables.

Chapter 5 shifts focus to hierarchical planning-scheduling-control. A data-driven approach is pre-
sented that combines DFO with optimality surrogates to enable the solution of previously in-
tractable tri-level formulations. The proposed method balances tractability and accuracy, offering
a viable alternative to heuristic sequential approaches.

Chapter 6 revisits CUATRO and its application to high-dimensional DFO problems. We learn
linear subspaces to optimize over, reducing computational cost in the trust region updates. This
approach matches the performance of state-of-the-art model-based solvers in over a hundred di-
mensions, with significant computational speed-up.

This thesis identifies specific scenarios in EWO, where DFO is effectively integrated with mathe-
matical programming, by treating subproblem expressions as black-boxes, and coordinating their
optimal outputs with DFO. To conclude, the contributions are discussed alongside promising di-

rections for future research.
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This thesis investigates how data-driven methods - especially black-box optimization - can be
used to integrate manufacturing and supply chain operations under organizational considerations.
This chapter starts off with a brief history of the Process Systems Engineering (PSE) field that
sets the backdrop for this thesis. This introduction is followed by the description of a planning
case study under different enterprise constraints. Finally, the structure of the remaining thesis is
presented: in each chapter, we investigate how a different business scenario informs the development

of distinct data-driven methodologies.

1.1 Setting the scene: A short history of PSE

1.1.1 Process systems as complex networks

The process industries are made up of a complex web of interconnected material, energy, and

information flows [416]. Simon [349] characterize systems to be complex when they consist of
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“numerous parts that interact in nonsimple ways”. This definition is later extended to include non-
linearities and asymmetries [27] . Simply put, the emerging system behaviour is difficult to predict
from the isolated behaviour of the constituent parts. Unsurprisingly, manufacturing and supply
chain systems are often approached from the angle of complex adaptive networks, i.e. dynamic
networks where many agents act simultaneously and continuously react to the actions of other
agents [117, 54]. While there is no consensus on the definition of an agent, agents are essentially
considered to be: situated within an environment, autonomous in their actions, perceptive of their
environment (able to sense), communicating with other agents or people, reactive to changes in
the environment, and capable of influencing the actions of others [173]. Optionally, agents can
be adaptive, pro-active, and rational. They can learn from their past interactions with their en-
vironment, coordinate, negotiate, collaborate, compete to reach a set goal, and plan their actions
to maximize their objective. In the framework of Multi-Agent System (MAS), these networks
are modelled using a "bottom-up’ approach. By leveraging object-oriented programming and dis-
tributed artificial intelligence, the emergent system behaviour is observed corresponding to a given
MAS architecture (e.g. interaction protocols) or set of agent policies. Under this framework, we
could consider agents to be placed within the chemical industry anywhere from software to humans

- from PI controllers to strategic planners.

1.1.2 Process systems engineering before Industry 4.0

Sargent [327] lay the ground for a paradigm shift in the “development of systematic techniques
for process modelling, design, operations and control”. They advocate for a more “sophisticated
analysis of larger complexes” and interdisplinary collaboration with control engineering, operational
research, numerical analysis, and computer science. Developments in PSE have been closely linked
to developments in computing [326]. The increase in computing power and the developments
in numerical methods allowed for the creation of powerful models whose optimization leads to
better decisions than their heuristic- or expert-informed counterparts. Paired with the inclusion of
operations problems such as scheduling and planning into the chemical engineering domain, this
has led to an interest in mathematical optimization techniques within the PSE and the related
field of Computer Aided Chemical Engineering. Consequently, the chemical engineering community
developed many state-of-the-art optimization solvers, which now also find wide-spread use outside

of PSE [154, 394, 368).

Chemical companies rely on mathematical optimization for their process operations to remain
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competitive in an environment of increasingly stringent safety, environmental, and economic re-
quirements. This gives rise to the field of Enterprise-Wide Optimization (EWO) [152, 153, 150].
EWO aims to optimize all decision-making across supply chains. This encompasses the integration
and coordination of decision-making across the various functions in a company (sourcing, manufac-
turing, distribution), across geographically distributed organizations (plants, markets), and across
decision-making levels (strategic planning to tactical scheduling and operational control). How-
ever, the centralized coordination and optimization of interconnected manufacturing and supply
chain systems becomes intractable since rigorous accounting of uncertainty and decision-making
timescales leads to an explosion in the decision space. Enterprise-wide optimization will be dis-

cussed in more detail in Section 1.2.

1.1.3 The digital revolution and Machine Learning (ML)

Digitalization and the related concepts of smart manufacturing, Industry 4.0 and cyber-physical
systems [176] have become increasingly relevant to the chemical and process industries and have
been declared key strategies for the next industrial revolution [299]. The emergence of these
phenomena is enabled by various digital solutions: smart measuring devices, process analytical
technology and sensor technologies that give rise to comprehensive and abundant process data.
This data is intended to be shared with all subsystems using internet and intranet connectivity
such as the cloud and the Industrial Internet of Things (IIoT) [53]. This is where algorithms
must rise to the challenge, and advances in optimization, Artificial Intelligence (AI) and Machine

Learning (ML) become key for automated control and decision-making [44].

At the heart of process and supply chain operations lies optimization. The traditional opti-
mization pipeline in chemical engineering requires an existing model. This model is built using an
iterative process of leveraging a priori physical, chemical, or biological knowledge to propose plausi-
ble parameterized models. The adequacy of the model depends on the statistical significance of the
estimated parameters and can be improved upon using model-based design of experiments, which
includes model discrimination when presented with multiple plausible models [18]. This model can
then be exploited within traditional mathematical programming optimization frameworks. How-
ever, the construction of these models is often restricted by a lack of mechanistic knowledge about
the system at hand, or by a prohibitively expensive model-building process. 'Data-driven’ or ML

models present a useful way to circumvent these restrictions.

Early on, computers in chemical engineering were primarily used as tools for performing quanti-
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tative calculations, essentially serving as advanced calculators. Stephanopoulos [360], introducing
the expert systems era of Al in chemical engineering, stated in the early 1990s that using qualita-
tive or semi-qualitative knowledge-based expert systems outperformed purely quantitative models
of human decision-making. These expert systems focus on how to represent knowledge from dif-
ferent domains to be used as starting assumptions in imitating human decision-making through a
combination of conjectures (logical statements such as IF..THEN) and quantitative models [359].
In parallel, a different branch of AI in the form of ML investigated algorithms that learn explicitly
from data. Breakthroughs in deep learning and Reinforcement Learning (RL) such as the software
of AlphaGo mastering the game of Go [346] have renewed interest in ML within the chemical en-
gineering community. In fact, the computational power and volumes of data were not available for
the successful adoption of ML algorithms when they were first investigated for chemical engineering
applications [392]. However, the phenomenon of digitalization, and the emergence of abundant,

comprehensive data (‘big data’) cast doubt upon this commonly accepted belief.

Lee et al. [230] were among the first to review ML applications in PSE. ML is generally cate-
gorized into supervised learning, unsupervised learning, and RL. Supervised learning uses labelled
input-output data with the aim to train a model to predict the output given the input features.
This framework essentially boils down to ‘modelling’, and has been investigated in many disci-
plines, from establishing empirical correlations to predict thermodynamic properties or coefficients
in transport phenomena [232], to system identification [331] in the control literature, to surrogate-,
meta- or black-box modelling [398, 38, 183] in chemical engineering. Unsupervised learning aims to
‘find structure in unlabelled data’, to learn about their underlying distribution. Chemical engineer-
ing has historically addressed the same problem by using dimensionality reduction techniques e.g.
in process analytics and chemoinformatics [243]. Kramer [218] proposed autoencoder-like struc-
tures, combining both paradigms by first ’compressing’ the input data into a lower-dimensional
space before predicting an output of interest. This reduced order modeling also plays a key role in
fault identification [230]. Finally, in RL, an agent interacts repeatedly with a dynamic environment
to learn an optimal policy to maximize a desired reward signal [344]. In essence, the task of RL
boils down to an optimal control problem. For example, the Q-Learning algorithm in RL shares
similarities with Approximate Dynamic Programming (ADP). All of these methods can be loosely

categorized to be 'data-driven’ as opposed to their mechanistic counterparts.

Since the initial efforts to apply ML to chemical engineering, the field has seen significant
progress. Advances in Generative Artificial Intelligence (GenAI) [30, 106], such as transformers

and their use in Large Language Models (LLMs) [58], have shifted public perception and bolstered
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the narrative that Al will eventually revolutionize many sectors of society. Meanwhile, 'traditional’
ML techniques, such as graph and recurrent neural networks for property prediction and dynamic
systems modeling, have become commonplace in the PSE literature [165]. Entire sessions are now
devoted to Machine Learning at conferences like the American Institute of Chemical Engineers
Annual Meeting and the European Symposium on Computer Aided Process Engineering (ESCAPE)
[248].

Despite the widespread acclaim for AI’s transformative potential, it is important to also ap-
preciate its drawbacks. A purely data-driven approach to decision-making often overlooks valu-
able mechanistic and engineering knowledge, which can undermine trustworthiness, especially in
safety-critical applications [344, 230]. Moreover, ML techniquess typically require large volumes
of high-quality data. This can be difficult for chemical engineering applications, where passive
data collection from operational processes is often expensive or uninformative [371]. The question
remains if current ML techniques have the maturity - or can be improved - to complement or even

replace current decision-making tools in manufacturing and supply chain systems.

We reopen the question of how far we are from achieving the holy grail of EWO, i.e. the model-
based integration of all decision-making within a chemical company. There are many aspects that
render the integrated problem numerically intractable. In this thesis, rather than leverage data-
driven techniques purely to speed up optimization solvers, we explore how these methods can help

with some of the organizational and game-theoretical constraints decision-makers face.

1.2 Motivation

Special challenges arise in EWO when the organizational setting and decision-making architecture
are considered. We start with a simple multi-site, multi-product value chain as depicted in Figure
1.1. In site S1, raw material RM undergoes a series of intermediate processing steps to 12. 12 is
then transported to sites S2 and S3, where further processing happens to products P1-P6. The
products are then sold to meet corresponding demand in markets M2 and M3. Optimal inventory
planning could in principle be determined by solving a linear programming formulation. Next,
we discuss the more interesting challenges of coordinating decisions when the decision-makers are

subject to operational constraints such as privacy or game-theoretical considerations [250].
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Figure 1.1: Motivating multi-site, multi-product value chain. S1-S3 denote three sites, where raw
material RM is converted to intermediates 11, 12, 121, 122, and products P1-P6, before being sold
to markets M2-M3.

Value chain coordination

Even within the same company, different plants and sites might be operated by separate business
entities. Decision architectures are often shaped by information-sharing constraints imposed by
the organizational and legal rules that dictate communication between these entities [255]. Con-
sequently, decision-making is often relegated to local, competing ‘agents’ instead of a centralized

coordinator.

Each agent’s decisions influence the behaviour of all others. While all players have autonomy
over some decisions that only affect their operations, they need to agree on shared variables that
concern multiple agents. As an example, when decision-makers agree on the material flow quantity
and quality, it is up to each agent to decide how they make it happen (which production happens
on what machine under what conditions). While it is common to use advanced tools for the ‘local’
decisions within the same entity, the shared variables are usually agreed upon following heuristic

negotiation protocols [316].

However, not all agents have equal negotiating power due to information assymetry. Some
players might for example exert their power of the first move to clear inventories before the end
of the financial quarter and maximize their team’s financial performance instead of the company’s

total environmental or economic objectives.

Figure 1.2a illustrates the problem of value chain coordination, where we need to agree on the
‘shared’ variables (material transport) while respecting the decision-making autonomy and privacy

of the participating plants. It is crucial for solution methods to respect these organizational ‘rules of
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the game’ to get the buy-in from participating agents in moving away from greedy ‘Nash equilibria’

towards Pareto-optimal solutions.

Scheduling

Control

(a) Value chain coordination (b) Hierarchical planning-scheduling-control

Figure 1.2: Examples of supply chain decision-making under organizational constraints

Hierarchical decision-making

While value chain coordination could be considered integration between geographically distributed
agents, we can also consider the integration of all decision layers within a specific site. According
to the ISA-95 [358], production systems are split into different hierarchical levels. Figure 1.2b
considers the hierarchical planning-scheduling-control problem within site S3, highlighting the

intricate interactions among various decision types beyond planning.

Traditionally, the decisions of higher levels feed into the lower levels. While upper levels usually
face simpler formulations under considerable uncertainty, lower levels typically face more compli-
cated, detailed formulations under short time horizons. This sequential approach uses one-way
information flow [87]. For example, at the highest level, supply chain management determines
the demand orders to be fulfilled by a company’s assets (monthly to yearly). For each asset, a
daily or weekly production plan needs to be found that satisfies demand. Scheduling then de-
termines the resource allocation or production sequence necessary to fulfil the plan on an hourly
basis. Depending on the complexity of the control systems and their degrees of freedom, real-time
optimization can be used to find control setpoints that maximize an economic objective, i.e. to
operate batches at maximal efficiency or minimal cost. Finally, actuators take operating setpoints
from real-time optimization or default recipes, and reject disturbances at a (milli)second scale for

quality assurance and safety.

However, since in the sequential approach upper levels do not explicitly account for lower-level
problem considerations, set-points fed to the lower levels might not even be feasible, let alone

optimal. Given the complexity of a fully integrated approach, it is common for decision-makers to
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potentially sacrifice solution accuracy for tractability, and use heuristics in the modelling of agent

interactions.

In this thesis, we focus only on the planning, scheduling, and control levels. Although the
sequential method is commonly used in practice, a game-theoretical approach would capture the
closed-loop behavior of the integrated planning-scheduling-control problem most accurately as
a multi-level optimization problem [87]. Ounly accounting for lower-level constraints would solely
guarantee lower-level feasibility, but not optimality in the ulterior planning objective. For instance,
even though there might be a feasible scheduling operation that meets planning setpoints and
minimizes planning cost, the scheduling level might decide on a different assignment that meets
planning requirements and minimizes overall makespan instead. At the same time, the batch
scheduling assignments feed into the control layer, whose optimal operation affects the scheduling

and planning costs, leading to a tri-level formulation of a ‘nested leader-follower’ game.

1.3 Contributions and structure

The current chapter presents some PSE background and a recurring case study that motivates our
contributions. In the remainder of this chapter, we discuss the structure of this thesis and highlight

the contributions of each chapter.

Chapter 2 starts off with a discussion of alternative decision-making frameworks for solving
planning, scheduling, and control problems from adjacent fields. We follow up with an explana-
tion of why mathematical programming has crystallized as the predominant framework for solving
optimization problems in chemical companies. We continue by giving more background on math-
ematical programming theory and solvers. We discuss general ML paradigms before moving onto
trends in the broader field of ML for optimization. Finally, we give a short perspective on the
potentials and pitfalls of applying GenAl advances in operational decision-making that are not
considered in the rest of the thesis. We also link the discussed paradigms to the contributions
of this thesis. The purpose is to provide the reader with a holistic overview and novel insights
from neighbouring fields. Detailed literature reviews are confined to the relevant section in each

subsequent chapter.

Chapters 3 to 6 present the core contributions of this thesis spanning work conducted between

October 2020 and March 2024. Each chapter is adapted from accepted publications with the
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approval of the supervisory team and other co-authors. We give a short description of each work

here.

Chapter 3 - A convex quadratic trust-region optimizer for safety-critical derivative-

free optimization

Many systems in chemical engineering could be regarded as black-boxes. In optimizing said prob-
lems, it might be favourable to use gradient-free optimization instead of relying on the potentially
labourious intermediate model-building step. However, a lot of chemical engineering applications
pose the additional complexity of unknown safety-critical constraints and noisy evaluations. We
developed CUATRO (Convex qUAdratic Trust-Region Optimizer) with these considerations in
mind. We benchmark CUATRO against first-order methods based on finite difference approxima-
tion and state-of-the-art Derivative-Free Optimization (DFO) solvers on representative chemical
engineering case studies: self-optimizing reactors, model-based design of experiments, controller

design, and flowsheet optimization.

This research item is published in [385]: D. van de Berg, T. Savage, P. Petsagkourakis,
D. Zhang, N. Shah, and E. A. del Rio-Chanona, “Data-driven optimization for process systems

engineering applications,” Chemical Engineering Science, vol. 248, p. 117-135, 2022

Chapter 4 - Data-driven coordination of subproblems under organizational consider-

ations

Inspired by our recurring value chain coordination case study from Section 1.2, we investigate
if we can use black-box optimization to coordinate subproblems in EWO under organizational
considerations. We use DFO solvers to iteratively find the coordinated variables in collaborative
model training, facility location, and multi-objective blending, that - when fixed - optimize a shared
objective while preserving the autonomy and privacy of the agents that make up the subproblems.
We demonstrate how, with the right exploitation-exploration trade-off, DFO solvers consistently
recover the same optimum as the centralized formulation, and benchmark our methodology against

the ADMM distributed optimization method .

Early results are published in conference proceedings [384], and the full research item in [387]:
D. van de Berg, P. Petsagkourakis, N. Shah, and E. A. del Rio-Chanona, “Data-driven coordina-

tion of subproblems in enterprise-wide optimization under organizational considerations,” AIChE
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Journal, vol. 69, no. 4, el7977, 2023

Chapter 5 - Data-driven hierarchical planning-scheduling-control

Drawing from our hierarchical planning-scheduling-control example in Section 1.2, we argue how
data-driven techniques become essential to tractably solving integrated problems under game-
theoretical considerations. We demonstrate a step-by-step workflow to using optimality surrogates
or DFO in finding a tractable solution to a tri-level formulation of our recurring case study. We dis-
cuss the tractability and accuracy trade-offs of both methods, along with scaling and safeguarding
considerations. We suggest how we can combine both approaches to find solutions to previously

intractable multi-level formulations that outperform the heuristic sequential solution approach.

Early results are published in conference proceedings [386], and the full research item in [389]:
D. van de Berg, N. Shah, and E. A. del Rio-Chanona, “Hierarchical planning-scheduling-control
— optimality surrogates and derivative-free optimization,” Computers and Chemical Engineering,

vol. 188, 108726, 2024

Side note: We could also consider some sort of optimality surrogate approach in the value chain
coordination case study (1.2): the surrogates would predict optimal coordinated material flows as a
function of planning-level agent observations instead of lower-level optimal responses as a function

of higher-level setpoints.

The following co-authored research item explores the use of Multi-Agent Reinforcement Learn-
ing in distributed inventory control problems under different game-theoretical considerations, but
is not included in later chapters [269]: M. Mousa, D. van de Berg, N. Kotecha, E. A. del Rio
Chanona, and M. Mowbray, “An analysis of multi-agent reinforcement learning for decentralized

inventory control systems,” Computers and Chemical Engineering, vol. 188, 108783, 2024

Chapter 6 - Improving high-dimensional derivative-free optimization to enable coor-

dination of hierarchically and geographically distributed systems

In this chapter, we come full circle and revisit the use of CUATRO in high-dimensional black-box
optimization applications from the previous two chapters. We discuss improvements that have been
made to CUATRO as a solver since its first publication. We specifically highlight an extension

CUATRO__PLS that uses Partial Least Squares (PLS) at each iteration to limit computational
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complexity by finding latent linear embeddings within the trust region over which to construct the
convex quadratic surrogates. We demonstrate that - at low effective dimensionality - this approach
generally matches the convergence of state-of-the-art high-dimensional Bayesian optimization and

model-based DFO solvers at significant computational speed-up.

This work is an extension of the following conference proceedings [388]: D. van de Berg,
N. Shah, and A. del Rio-Chanona, “High-dimensional derivative-free optimization via trust region
surrogates in linear subspaces,” in 34th European Symposium on Computer Aided Process Engi-
neering / 15th International Symposium on Process Systems Engineering, ser. Computer Aided

Chemical Engineering, vol. 53, 2024, p. 3193-3198

In the last chapter, we finally conclude with directions for future work.

1.4 Notation

We strive to maintain consistent notation throughout this thesis and carefully define new quantities
as they are introduced. Scalar quantities are denoted using standard lowercase letters, vectors with
lowercase boldface letters, and matrices with uppercase standard letters — for example, r, q, and P
respectively in the definition of multi-dimensional quadratic surrogates (m(x) = xTPx+ q"x + 7).
Lowercase boldface vectors, such as the decision variables x € R™X, represent column vectors
unless specified otherwise. Blackboard boldface uppercase letters are special sets, such as the
sets of all real numbers R or natural numbers N. Non-matrix uppercase quantities are denoted
with calligraphic letters, including sets (Z), decision-making processes (D(-), SC(+)), simulations
(BB(-)), models (MN(+)), or other transformations (£(-)). This approach helps distinguish, for
example, the feasible set X' from the input or feature matrix X containing np samples x, or the
vector of black-box evaluations y from its np scalar constituent elements ;. Similarly, the function
s (-) represents the posterior mean prediction of the function f(-) in Gaussian process regression,
while the vector p represents the dual variables in constructing the Lagrangian of an optimization

formulation.

We follow specific indexing conventions: subscripts a are used to index agents and subproblems,
1 for variable dimensions, j for dataset samples, k as a superscript for iterations and as a subscript
for discrete time instances, and [ for constraints. In iterating over indices, we use ¢ = 1..n as
shorthand for i = 1,2,...,n. We use apostrophes when we have to simultaneously index two similar

2
types of sets 9 ,f )y The superscript * denotes optimal quantities, and the subscript p indicates
Ox;0x,/
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private agent-level variables. The dimensionality or number of instances of B is represented as ng.

While some notation may be overloaded across chapters or sections, we re-define variables within
each context to ensure clarity. For instance, x denotes decision variables in our methodology but
may also represent state variables in the case studies to align with conventions in control literature.
Similarly, we use z € Z to denote shared or complicating variables in decomposition or coordination

contexts, or lower-dimensional latent embeddings in subspace optimization methodologies.

Additional standard notation includes ||x||, for the L, norm of x, proj(x) for the projection of
x onto set X, and Dy for the domain of function f(-). 1 refers to the identity vector. f: R™ — R
indicates that function f(-) maps from R™ into R. The superscript T denotes the transpose, and
X the cross product. While this list is not exhaustive, new notation is introduced and defined as

needed.

We provide a list of acronyms that appear across thesis chapters, unless they are used to an
extent where their hyperlinking hinders legibility (DFO). We omit section-specific acronyms, most

algorithm names, and case study abbreviations from this list.
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Decision-making in the process industries spans fields as diverse as Supply Chain Management
(Supply Chain Management (SCM)), Operations Research (OR), and control. First, we discuss
various decision-making paradigms from adjacent fields with the help of concrete examples. Then,
we reason why mathematical programming has emerged as the dominant framework in light of the
idiosyncrasies of the industry. We continue with a brief overview of mathematical optimization
theory and how mathematical programming solvers work. Finally, we finish off the chapter by
introducing various Machine Learning (ML) paradigms and the field of ML for optimization, with

some perspectives on future trends.
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2.1 Decision-making paradigms

The act of decision-making can be reduced to a mapping of observable context information s to

actionable decision variables x:

X = D(S), (21)

where D(-) may be referred to as a ‘decision rule’ or ‘policy’. Decision-makers may introduce
additional parameters 6 into the policy Dy via model parameters for example. In Supply Chain
Management (SCM), decision rules D could involve the solution of mathematical programs, or
simply represent a re-ordering policy Dy for some amount of material x if the inventory levels s
fall below a certain safe inventory threshold 6. Let us examine different explicit and implicit forms

that D(-) can take based on examples from classical literature in SCM, OR, and control.

2.1.1 The Beer distribution game: an example from supply chain man-

agement

The Beer distribution game [201, 254] is an educational simulation-based exercise that provides
insights into the dynamics of supply chain management in the face of imperfect information about
customer demand, inventory levels, and lead times. The game, as depicted in Figure 2.1, typically
involves four players representing different stages of a supply chain: retailer, wholesaler, distributor,
and factory. Each player makes ordering decisions based on customer demand and inventory levels
with the goal to fulfill customer orders at minimal inventory costs. The Beer Game simulates
the bullwhip effect [372], where small changes in customer demand at the retail level can lead
to amplified fluctuations in inventory levels and ordering decisions as they propagate upstream
through the supply chain. The degree of information sharing and coordination determines which
policies can be used. Decision rules D could take the form of re-ordering policies, mathematical

programming, game-theoretical reasoning, and simulations.

< B Orders B Retail € Customer

"""""""" istril Cmmmmmmmmmmmms i etailler TemTmmeme

Manufacturer Distributor Wholesaler demand
eo00 , ®e®e | Shiring (XX . 0060

—>
Production o000 @ 00 @ 00 @ [ X X J

Figure 2.1: Beer distribution game schematic
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Reordering policies are parameterized decision rules Dy(-), where a fixed amount of material is
ordered at regular intervals (periodic or continuous review policies) or when inventory falls below
a threshold (base-stock policies). Parameters 6 such as amount of material, interval length, or
safe inventory can be determined using simulation optimization tools like genetic algorithms [361],
or more recently even Q-Learning (RL) [286]. More broadly speaking, simulation-based meth-
ods [413] like Monte-Carlo and discrete-event simulation predict the behavior of the supply chain
under different stochastic realizations of inventory policies, demand scenarios, and lead time. Con-
sequently, they allow decision-makers to evaluate the performance of inventory strategies, identify

bottlenecks, and assess the impact of uncertainties on supply chain operations.

Game-theoretical approaches analyze strategic interactions between supply chain partici-
pants to optimize decision-making strategies and achieve equilibrium outcomes under cooperative

and non-cooperative scenarios [347].

Mathematical programming can be used to efficiently solve the inventory control problem and
eliminate the bullwhip effect if information is centrally available. If there is perfect coordination
among supply chain stages in the Beer distribution game, it essentially converges to a centralized
inventory planning problem [189], which can be solved using linear programming. Alternatively,
the decisions of each player in the game could be modelled as an inventory control problem under

uncertainty, and solved, for example, using stochastic programming [114].

2.1.2 The Knapsack problem: an example from operations research

We consider the Knapsack Problem (KP) as a canonical Combinatorial Optimization (CO) problem
from the OR literature [252]. Given a set of n, items, where each item ¢ has value v; and weight
w;, the goal is to pick a subset of items that maximize the total value under the condition that the

total weight remains below capacity c:

Na
max E T;U;
x€{0,1}N Py

- (2:2)
s.t. lew, <ec.
i=1

Decision rules D(-) would accept v, w, and ¢ as context s and return the binary decision vari-

ables x. Asset allocation and ad placement could be formulated as KPs [205]. Exhaustive search
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quickly becomes intractable given the combinatorial explosion in the decision variables. Algo-
rithmic frameworks for CO (i.e. decision rules D(-)) can be broadly categorized into exact and
heuristic methods. With the exception of constraint programming, exact methods like Dynamic
Programming (DP) rely on divide-and-conquer techniques to ensure proven optimality, given suf-
ficient time. They systematically explore the solution space by breaking down complex problems

into simpler subproblems.

Dynamic programming exemplifies this approach by decomposing the problem, solving each
subproblem only once, and storing the solutions in a table (memoization) [253]. When applied
to the KP, each cell in the table represents the maximum value that can be achieved with a
given capacity of the knapsack and a subset of items. By considering each item and each possible
knapsack capacity, the DP algorithm fills in the table iteratively, considering whether to include

each item in the knapsack based on its weight and value.

Mathematical programming techniques typically rely on branch-and-bound routines to sys-
tematically explore the solution space by dividing it into smaller subspaces (branches) that are
easier to solve via Linear Programming (LP) relaxations. Alternatively, branch-and-cut methods
bound the search by using ‘cuts’ (cutting planes) to eliminate suboptimal solutions. In the KP, the
assignment variables would constitute the branching variables, and the objective would be used to
prune suboptimal branches [252, 251]. The efficiency of mathematical programming approaches
largely depends on the branching strategy, tightness of bounding technique used, and how quickly

a good, feasible solution is found.

Constraint programming focuses on defining variables, domains, and constraints, and relies on
constraint propagation and search techniques to find feasible solutions [95]. The propagation step
is applied to remove the variable assignments from the domain that violate a certain constraint,
and is repeated for each domain change and constraint. The efficiency of constraint programming

largely depends on the quality of the constraint propagators.

The above techniques are especially powerful when used in a hybrid fashion. For instance,
constraint programming techniques often perform much of the heavy lifting in commercial integer
linear programming solvers as part of the ‘pre-solve’ routine [3]. The goal of the pre-solve is to

identify implied or redundant constraints, fix variables, or otherwise reduce the variable domain.
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While the aforementioned techniques present flexible frameworks with the promise of optimal-
ity guarantees, they display exponential time complexity in the worst case. Consequently, exact
methods become intractable for large problem sizes (>> 1,000 items and large capacities). Heuris-
tics and metaheuristics become promising alternatives when good solutions need to be found in

reasonable time without necessarily focusing on optimality guarantee.

Heuristics rely on domain-specific knowledge or intuition to guide the search process towards
promising regions of the solution space. A greedy approximation algorithm for the KP for example
involves sorting all items by their density (value/weight ratio), and constructing the solution by
sequentially picking the most promising items until running out of space [66]. Approximation
algorithms can still allow provable guarantees on the distance of the returned solution to the
optimum [390]. The greedy heuristic solution for the KP for example is identical to the LP

relaxation without the last fractional item.

Metaheuristics are higher-level problem-solving frameworks that can rely on heuristics as build-
ing blocks. Genetic algorithms, simulated annealing, or tabu search for example [320] provide a

systematic way to escape local optima and explore diverse regions of the solution space.

Local search is an approximate solution approach that iteratively constructs a neighbourhood
via permutations of the current solution [238]. This neighbourhood is often constructed by using
problem-specific heuristics (k-opt in the traveling salesman problem for example [193]). A candidate
selection routine (potentially based on metaheuristics) is then used to choose the next solution

among the neighbourhood candidates.

Hybrid approaches can again be particularly powerful in solving real-world CO problems. For
instance, in large neighbourhood search [6], a subset of the total domain of variables is picked
at each iteration. Mathematical programming, or local search, can then be used to optimize this
‘large neighbourhood’. While randomly picking the neighbourhood is theoretically sound, domain

expertise and heuristics can be used to improve this choice.

2.1.3 The linear-quadratic-Gaussian control problem

The Linear-Quadratic-Gaussian (LQG) problem is a canonical optimal control formulation that

considers the minimization of a quadratic cost function in the state x(¢) and control u(t) variables.
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These variables are subject to linear, time-varying dynamics with Gaussian additive v(t¢) and

measurement w(t) noise [239]:

T
min. E[xT(T)Fx(T) + /0 xT(1)Qx(t) + uT(t)Ru(t)dt]

st x(t) = A@)x(t) + B(t)u(t) + v(t), (2.3)

Decision rules D can again involve the solution of mathematical programming models, or exploit
the mathematical structure of the problem to derive explicit control laws. In this case, matrices
A(t), B(t),C(t), F, @, and R would correspond to the context information s, and the control vari-
ables u(t) are the decision variables returned by the decision rule D(-) at any time ¢. We use x(t)
for the state variables to align with control literature notation standards. We could distinguish
again between exact and approximate schemes, as well as explicit control laws and implicit deci-
sion rules. We begin with Model Predictive Control (MPC), often considered the gold standard

for nonlinear industrial process control.

Model predictive control is a receding-horizon control strategy. At each time step, MPC
solves a finite-horizon optimal control problem to determine the optimal control inputs over a
prediction horizon. The first control input from the optimal trajectory is applied to the system,
and the process is repeated in the next time step [209]. Generally, numerical methods for optimal

control problems fall into the category of direct or indirect methods [311].

Direct methods approximate the control (and sometimes also the state) trajectories over time
intervals, transforming the optimal control problem into a finite-dimensional optimization prob-
lem. This formulation is then readily handled by Nonlinear Programming (NLP) solvers such as
Sequential Quadratic Programming (SQP) [43] or IPOPT [394]. Indirect methods formulate the
optimal control problem as a two-point boundary value problem by deriving necessary conditions
for optimality from Pontryagin’s Minimum Principle [200] or the Euler-Lagrange equations. These
methods typically involve solving a system of differential equations, known as the Hamiltonian

system, rather than nonlinear programming.

Dynamic programming can again be used by applying Bellman’s equation on a discretization

of the LQG problem, representing the principle of optimality on the optimal ‘cost-to-go’ J(xx)
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function at time step k. The objective in (2.3) could be rewritten recursively as:

’I'LTfl
J(xm) = kinin ) Li(Xny) + Z L(xp,u) = min. L(Xp, W) + J(Xmt1)-
ug, k=m..npr— P Um

The problem would typically be solved backward in time, starting from the final condition.
DP can become computationally intractable for problems with a large number of state variables
or a long time horizon. In the case of the linear-quadratic regulator problem (LQG but assuming
perfect state information), we can derive a quadratic optimal cost [341]: J(xm) = 2xT, PpXpm,
where P,, can be obtained via Riccati recursion. This leaves us with a discrete-time feedback law

with linear gain matrix K,,: w,, = —KXm.

Explicit control laws can also be derived for continuous-time dynamics by combining linear-
quadratic state estimators (Kalman filters) [199] and linear-quadratic regulators. This enables an
efficient computation of the optimal linear state-feedback gain matrix K(t) in u(t) = —K(t)x(t)
by solving two associated associated Riccati differential equations [19], while remaining robust to

noise and disturbances.

Approximate dynamic programming attempts to break the curse of dimensionality of DP
by approximating the state-value function J (), which can then be trained via expert or policy
iteration [292]. RL techniques like Q-Learning would present an alternative framework for value
function approximation [56]. Other methods like policy-based RL would train a model with the
aim of returning optimal controls as a function of the states by using gradient-based methods to
optimize rewards directly [160]. ADP is not necessarily advisable for the LQG problem given the

existence of exact control laws.

2.1.4 Prevalence of mathematical programming in PSE

Mathematical programming stands out as the most popular decision-making paradigm in the PSE
literature [153], with contributions ranging from specialized solvers [394, 368], to Mixed-Integer
Programming (MIP) frameworks like generalized disjunctive programming [155], and specific model
formulations such as the state-task-network [339]. Planning, scheduling, and control have unique

requirements that call for mathematical programming.
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Supply chains are often vertically and horizontally integrated. In the absence of information
sharing constraints, strategic planning is simply reduced to inventory control. Supply chain dy-
namics can be accurately modelled using LP or Integer Programming (IP) formulations, and large
instances solved efficiently by commercial solvers [130, 157]. As a result, the primary challenges in
supply chain management are not due to complex system descriptions or optimization formulations

but rather stem from uncertainties in parameters and forecasts.

Scheduling problems typically involve continuous- or discrete-time state-task- or resource-task-
network formulations [75]. Mathematical programming effectively handles both continuous and
discrete decisions, whereas constraint programming and local search primarily address pure CO
problems. MIP solvers manage a wide range of constraints in large-scale real-world problems with

mathematical rigor.

Industrial process control [310] differs from other optimal control literature due to the slow
dynamics of chemical processes, which hinder the use of linearization techniques. The complexity

here lies in solving detailed, nonlinear control problems in short time horizons.

Problem-solving in OR and computer science follows similar workflows [403, 290, 97]:
problems are formulated to closely match canonical mathematical problems, and algorithms are
selected based on complexity and problem properties. For instance, the maximum-flow problem
can determine if plants with production constraints can meet vendor demands via routes with given
capacities [7]. The integral flow theorem ensures linear programming finds the optimal solution, i.e.
when demand and capacities are integral, the optimal flows are as well. Alternatively, any number
of algorithms can be used: based on the relative number of edges and nodes, one would either prefer
the Edmonds-Karp [122] or Dinic’s [115] algorithm, scaling with O(V E?) or O(V2E) respectively.
The choice of data structure matters too: Dinic’s algorithm with dynamic trees reduces complexity

to O(VElogV) [351].

Real-world chemical engineering problems often do not fit neatly into standard problem classes,
particularly when integrating planning, scheduling, and control. Advances in mathematical pro-
gramming frameworks and solvers offer flexibility and efficiency. However, model heterogeneity
and increasing complexity at smaller time horizons limit the scale of problems that yield provably

optimal solutions.
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2.2 Mathematical programming

In this section, we present background information on optimization theory and solvers. We set
the scene for methodologies in later chapters, where we employ decomposition and distributed
optimization algorithms, and are confronted with high-dimensional optimization problems. Before
starting with the exposition, the reader is reminded of the concept of convexity. A set C is said to
be convex if for any two points x and x’ belonging to C, any point on the line segment connecting
them also belongs to C:

vx,x' € C,Vt € [0,1] : tx+ (1 — t)x' € C.

A function f : R"* — R is said to be convex if for any two points x and x’ in its domain Dy, the
line segment connecting (x, f(x)) and (x/, f(x’)) on the graph of the function lies above the graph
itself:

Vx,x' € Dp,VE € [0,1] : f(tx+ (1 —t)x") <tf(x)+ (1 —t)f(x').

2.2.1 Duality

We start off with introducing duality, which is instrumental to understanding decomposition and
distributed optimization methods. While many of the subsequent concepts can be generalized, we
first restrict our discussion to a generic convex optimization problem for the purpose of illustration:

Juin . f(x)

s.t. g(x) <0, I=1.n, (2.4)

ho(x) =0, 1 =1.np,

where x € R™ is a vector of continuous variables, each inequality constraint g;(x) is convex, and
each equality constraint hy(x) is affine. The feasible domain X is defined as follows: X = {x €
R" | g(x) <0, h(x)=0} where g(-) and h(-) denote all n, and nj, inequalities and equalities
respectively. A solution x* is said to be optimal if Vx € X : f(x*) < f(x). For a strongly convex
problem, there is only one such optimum. The basic idea in Lagrange duality is to relax the original

problem (2.4) by constructing the Lagrangian (2.5):

L(x, 1, A) = f(x) + pTg(x) + ATh(x). (2.5)
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Lagrangian relaxation involves removing the constraints and adding them to the objective with
the help of Lagrange multipliers A € R™ and p € R’? [289]. These dual variables are used
throughout dual decomposition and distributed optimization techniques. Lagrange duality theory
links the original minimization problem (2.4), termed the primal problem, with a dual maximization

problem [289]. The Lagrange dual function is defined as:

q(p, A) = inf - L(x, 1, A). (2.6)

q(p, A) is concave because it is affine in g and A. Since the infimum in (2.6) is taken over all
x, feasible and infeasible, the following property holds between the primal and dual objectives:
f(x) > q(p,A), Vx € X. Inother words, the solution to the maximization of (2.6) provides a valid
lower bound to the optimal solution f* = f(x*) of the original problem in (2.5). The difference
between the optimal primal objective and the optimal dual objective is called the duality gap,
which is always nonnegative f* —¢* > 0 (weak duality). When the problem is convex, under some
mild technical conditions (Slater’s conditions), the duality gap reduces to zero at the optimum, i.e.
strong duality holds. In these instances, the primal problem (2.4) can be equivalently solved by
solving:

q = max. q(p, A) st. >0, 1=1.n,. (2.7)

s

As a side note, since this problem is convex, the optimal x*, \*, and p* could also be computed by

solving the system of Karush-Kuhn Tucker (KKT) conditions, satisfying primal and dual optimal-

ity:
Ve LX*, N, 0%) =0 Gradient of £ with respect to x*,

hy(x*) =0, 1I'=1.n, Primal feasibility or V,\l*,ﬁ(-),
a(x*) <0, l=1.n, Primal feasibility or V. L(-), (2.8)
w >0, l=1.n, Dual feasibility,

g (x*) =0, l=1.n, Complementarity slackness.

Subgradient method

The generic convex optimization problem (2.4) can be rewritten as:
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where X denotes the convex feasible set. Depending on whether f is differentiable, one can use
either the gradient or subgradient with respect to x, both denoted s(x) for this purpose, to approach

the optimum x*, by iteratively updating x using:

x*H = proj . (x* — os(xY)), (2.10)

where proj(-) denotes the projection onto X. (2.10) essentially corresponds to a (sub)gradient
descent step projected onto the feasible domain. In theory, as k approaches infinity, x* converges

towards the optimum x* under certain restrictions on (sub)gradients and step size choices .

The (sub)gradient method becomes a useful tool in the framework of dual ascent. For this, the
primal and dual problems are iteratively optimized while keeping the dual and primal variables fixed
respectively. The primal update can be solved efficiently as part of a convex programming routine,

and the subgradient method is used to update the dual variables p with s(x*™1) = "¢ s;(x*+1):

1) x*" =argmin.L(x, u*)

xEX
- (2.11)

2) pM = proj, (1 + ) si(x").
l

Gauss-Seidel and Jacobi updates
We then consider the same optimization formulation, but where x is split into multiple vectors:
min.  f(X1,...,Xq,...,Xn,) St Xo €X,, a=1l.ng, (2.12)
X

where x = [x1,...,Xq4,...,Xp,]. Rather than update all of x at once, we can iteratively optimize
one set of variables x, while keeping the other vectors constant at their previous iterate or their

most recent update:

k41 . k k k k :
xi = argn;n JE X 1 Xay Xy Xy ) Jacobi method,
XaEXa
(2.13)
xFH = arg rr;{in ST X X, xE 7xfla) Gauss-Seidel method.
XaEXa

These iterations converge to the optimum for convex problems. Practically, it might be more

efficient to only take smaller but faster gradient descent steps in the general direction of the exact




24 CHAPTER 2. BACKGROUND

updates from (2.13) at each iteration k.

2.2.2 Decomposition

Decomposition techniques break up a centralized formulation into subproblems, and approach
the centralized solution by iterating over the subproblem instances [51]. At each iteration, the
subproblems can be solved sequentially, or in parallel. In high dimensions, the sequential solution
of the subproblems still leads to computational savings if the problem complexity scales worse than
linearly with the number of problem dimensions. Outside of numerical considerations, privacy
concerns might also favour the use of decomposition: Decentralized solution methods can often be
interpreted as protocols that allow a network of subsystems to coordinate their actions to achieve

optimality, with methods differing in the amount of information sharing between subsystems.

Problems for which decomposition works in one step are called (block) separable, or trivially

parallelizable. The solution to this convex problem:
Nq
min. Zfa(xa) st. Xq€X,, a=1l.ng, (2.14)
X
a=1
can be recovered by solving the following problems either in parallel or in sequence:

Va=1.n,: x,=argmin. fo(xq) St X, € X, (2.15)

Xa

However, problems are rarely trivially separable. More interesting cases arise when otherwise
separable subproblems are coupled by few shared, or ‘complicating’, variables or constraints as
illustrated in the variable-constraint matrices in Figure 2.2. These call for slightly different solution
approaches, but decomposition always involves the splitting of the original large problem into
subproblems that are solved after distribution. The subproblem solutions are then coordinated by

a higher-level problem through communication protocols [289].

min. Zfa(xa,z) min. Zf(xa)
a=1 o=t (2.16)
st 84(%X4,2) <0, a=1l.n, s.t. Zga (%4) <0
a=1

Complicating variables are usually associated with primal decomposition; and complicating

constraints are usually associated with dual decomposition. The former is based on decomposing
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Variables Variables

Constraints

| Constraints

(a) Complicating variables (b) Complicating constraints

Figure 2.2: Constraint-Variable matrix for subproblem interactions

the original primal problem; the latter is based on decomposing the Lagrangian dual problem. Us-
ing the economic analogy of resource allocation, primal methods allocate resources directly through
the shared variables, while dual methods allocate resources via pricing [289]. Many different vari-
ations of these distributed algorithms can be obtained based on a combination of decomposition
(primal, dual, hybrid, hierarchical) and update schemes (gradient/subgradient, Gauss—Seidel, and

Jacobi) [289].

Primal decomposition

A primal decomposition is appropriate when the problem has shared variables (z in Equation
2.16). After fixing these, the original primal problem becomes trivially separable, and can be
decomposed into a higher-level problem and lower-level subproblems. The subproblems are easily
solved in parallel or sequentially using any suitable optimization solver of choice. Before addressing

the primary problem, we define f}(z) = min. f,(X4,2). The original problem from (2.16) becomes:

Xq EXq

min. » ~ fx(z). (2.17)

Then, the sub- and primary problems are solved iteratively in a ‘dual-descent type’ algorithm.

This could involve the following steps:

1) Va=1l.n,: x};“ = argmin.ﬁ(x’f, ey Xy ,xﬁa,yk),
Xq €EXg
2)  Get subgradients s* from 1) for all subproblems, (2.18)
Na
3)  Solve (2.17) via subgradient method : z**! = proj ; (zF — a* Z Sa(xFT1Y).
a=1

However, as is often the case with subgradient methods, convergence is generally slow. On top of
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this, apart from specific convex cases, it is non-trivial to get cheap evaluations of the subgradients
from the solution of the subproblems. For instance, when the original convex problem only has
affine inequalities (A%, < z), which upon solution of the primal have optimal Lagrange multipliers
(s (z), then the overall subgradient becomes: s(z) = Y % s.(z) = Y o2 pi(z). While x, can be

interpreted as local or private variables, z are considered shared or global variables.

Dual decomposition

Dual decomposition is appropriate when the problem has complicating constraints (3 ¢, (x4) <0

in Equation 2.16). After applying Lagrangian relaxation, the original problem can be decomposed

into a higher-level (primary) and separable lower-level subproblems. The subproblems are again

easily solved using any optimization solver of choice. Before addressing the primary problem, the
Ng

Lagrangian is constructed: £(x, ) =Y n®, fo(Xa)+ 4T > 0 8a(Xs). This allows for the formation

of the Lagrangian dual as :

Na

q(u) = xlél)f(ﬁ(x, N) = Z infk (fa(xa) + pTga(Xa)).

a1 Xa €Xq

The following subproblems are then solved iteratively in a ’dual-ascent type’ algorithm:

1) Va=1.n,: xF'=argmin.Ly(x,p ") =argmin.f,(x,) + 1" ga(xa),
Xq €EXg Xq €EXg
2) Get subgradients s*™! = g, (xX*1) from 1) for all subproblems , (2.19)

3) Subgradient method: p**! = argmax. Z qa(p) = proj, (u" + a” Z shtly,

w=0 a=1 a=1

In the case where the problem contains equalities h(-) rather than inequalities g(-), A is used instead
of ;w where ) is not restricted to the positive domain. The drawbacks of the dual decomposition are
similar to those of the primal one, in that they converge slowly and are only applicable to convex

problems.

x, are considered local or private variables, while A\ can be interpreted as global prices. Al-
though coupling variables are more readily handled by primal decomposition, they can be easily
transformed into shared constraints. First, local copies are added as additional decision variables
for each subproblem, then constraints are added requiring the local copies to be equal. These con-
straints are then relaxed by penalizing any deviation between these variables in the Lagrangian.

This is called ‘Lagrangean decomposition’, or ‘variable splitting’ [156].
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While all these concepts are introduced for a convex case study, these concepts and techniques
can still be useful for nonconvex problems. However, they lose any guarantee of convergence or
global optimality [365]. In the above exposition, we mostly focus on theory and often reference the
fact that we can efficiently solve convex programming formulations. In what follows, we explain

the workings of mathematical programming solvers.

2.2.3 Mathematical programming solvers

Continous optimization

In (2.10), we introduced the (sub)gradient method as a descent step combined with a potential
projection onto the feasible domain. Gradient descent presents the simplest instance of gradient-
based optimization. At each iteration, (automatic) differentiation is used to extract first- or second-
order gradient information with respect to the primal and/or dual variables from the differentiable
model expressions. Update steps are then taken in a search direction d*, obtained from this
gradient information, with a step size o. This is repeated for a fixed number of iterations or until

convergence criteria to a (local) optimizer are met.

P = xP _ oFdF (2.20)

k

Solvers mostly differ in the way that search directions and the update step sizes o are computed,

and how feasible regions are treated [283]. Newton’s method for example conditions the first-

k is usually computed by

order gradient update based on second-order derivative information. «
backtracking, meaning that o is reduced from an initial guess until the resulting update step
leads to a reduction in the objective of a certain quality. Gradient-based update steps feature

in subroutines across a wide range of optimization problems, from (non)linear programming to

mixed-integer and global optimization.

Nonlinear programming typically relies on state-of-the-art interior point solvers such as se-
quential quadratic programming (SQP), IPOPT [394], APOPT [169], and CONOPT [17]. Given a
feasible starting point, IPOPT performs Newton-like update steps, and penalizes inequalities in the
objective using self-concordant barrier methods. Additionally, if the problem is of a special form,
namely conic or semidefinite, the barrier function can be tailored to the specific problem type,

leading to a range of specialized solvers such as MOSEK [15]. These solvers can then be leveraged
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within the framework of convex or more general optimization modeling languages like CVXPY
[111] or Pyomo [164] respectively. Other techniques to address convex problems [50] include the
bundle [175], ellipsoid [42], and cutting-plane methods [206].

Linear Programming (LP) inequality constraints present feasible regions that are defined by
convex polytopes. If a problem has an optimum in the feasible region, it must have this value
on at least one of the extreme points (vertices) of the polytope [274]. Consequently, for lower- to
moderate-dimensional LP formulations, the simplex algorithm can be used to find the optimum
by moving along polytope edges from a starting vertex. However, in large problems, commercial
LP solvers usually rely on a combination of the simplex method and gradient-based interior-point
solvers to cut through the feasible region and avoid the combinatorial enumeration of polytope

vertices.

Nonconvex programming usually comes at the expense of either speed or global optimality.
A locally but not necessarily globally optimal solution to a nonconvex problem can be found by
repeatedly solving local convex approximations of the original problem at the current iterate - this
is called sequential convex programming. The most popular of these methods is SQP [43], where
a problem of the form (2.4) is solved by finding the descent direction d that, at each iteration k,
minimizes the second-order Taylor approximation of the objective given first-order approximations
of the constraints:
drgﬂi{{%; F&) + VM Td 4 dTV2f(x)d

s.t. g(x*) + Vg (x")Td <0, [=1.n, (2.21)

hlf(Xk) +Vhl/(xk)Td= 0, I'=1,...,np

SQP could be viewed as an extension of Newton’s method capable of handling constraints.
Whereas Newton’s method uses the Hessian of the objective function, SQP uses approximations
of the Hessian of the Lagrangian. A multi-start approach is often employed in an effort to escape
local minima. Variations on the SQP method include using linear objectives in sequential linear
programming. Linear or quadratic approximation updates can also be employed within trust region

frameworks [283], which can be an effective technique in high-dimensional problems.
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Trust regions

In the case of sequential linear or quadratic programming, line search and trust region methods use
the objective and constraint approximations in different ways to find the update step. Line search
methods, such as backtracking, solve (2.21) to find a search direction d*, and then focus their
efforts on finding a suitable step length o in this direction that leads to adequate improvement
in the objective and/or constraint satisfaction. Trust-region methods on the other hand define a
region around the current iterate within which the approximations are assumed to be accurate.
Then, the update step is chosen to be the minimizer of (2.21) after a convex trust region constraint
is included. The trust region center and radius are updated based on the actual and expected

improvements at each step.

The choice between both methods is mostly determined by the behaviour of the function to
be optimized. Trust region methods are preferred over line search methods in numerical optimiza-
tion when dealing with non-smooth problems, imperfect gradient information, and constrained

optimization problems.

Divide-and-conquer

MIP is nonconvex in the complicating discrete variables z € N™= [237]. A brute force method
would enumerate all possible combinations of complicating variables and pick the best solution
from the resulting continuous problems. As an alternative, MIP solvers iterate between higher- and
lower-level problems. Integrality conditions are relaxed in the main problems with their solution
giving a lower bound (LB). The complicating variables are then fixed and fed to the subproblem
that determines feasibility of the proposed set of complicating variables, and has the potential to
update the upper bound (UB), the best-to-date solution. The program terminates if the relaxed
solution is feasible (LB = U B), when the lower and upper bounds are within an acceptable distance

€ of each other (UB — LB < ¢), or if a time or evaluation budget is reached.

The most popular MIP method is branch-and-bound [223], where at each node, some discrete
(complicating) variables are fixed while the remainder are relaxed. The parent node represents a
completely continuous problem. Heuristics determine which variables to fix, and which nodes to
explore next, but the termination criteria are rigorous and allow for the pruning of leaves whose

relaxation is shown to be inferior to a feasible solution.

Alternatively, Benders decomposition is based on a sequence of projections, cuts, and relax-
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ations [145, 146]. In the primary problem, the original complicating constraints involving any
continuous variables are relaxed. This problem is then optimized with respect to the complicating
discrete variables. The complicating variables are then fixed in the subproblems, whose solution in
turn determines optimality or feasibility cuts to be added to the primary problem. Cuts are linear
inequalities, grounded in duality theory, that restrict the decision space of the primary problem

without compromising any feasible, optimal solutions. This process is repeated until termination.

Global optimization operates in a similar primary and subproblem framework. It is combi-
natorial in nature, like its MIP counterpart. The most popular global optimization algorithm is
called spatial branch-and-bound [236]. Rather than relaxing discrete variables to be continuous,
nonconvex terms are relaxed using their convex envelope. Branching happens on the continuous
and/or discrete variables leading to space partitioning over which the convex envelopes are con-
structed. Over each region in the space partitioning, one can solve the original formulation to
get a potential upper bound and the relaxation to get a lower bound. The solution of Mixed-
Integer Nonlinear Programming (MINLP) is significantly more complex than its Mixed-Integer
Linear Programming (MILP) counterpart, since a convex MIP must be solved for each relaxation.

State-of-the-art global MINLP solvers include BONMIN [45] and BARON [368].

Solving ‘huge’ optimization problems

Many optimization formulations present mathematical structure that lends itself well to decompo-
sition techniques and distributed optimization as introduced in Section 2.2.2. Here, we highlight
some solution techniques that can help in huge-scale settings, where full-dimensional vector oper-

ations are computationally expensive, and mathematical structure cannot be exploited.

Sketching techniques! reduce dimensionality by projecting the original space randomly onto a
lower-dimensional subspace [406, 246, 242]. They are theoretically underpinned by the Johnson-
Lindenstrauss lemma [195], which states that points can be embedded into a lower-dimensional
space such that distances between the points are approximately preserved. Sketching has been

successfully used to improve the efficiency of nonlinear least squares solvers [73].

These techniques are not restricted to model-based optimization and can be extended to DFO

LStochastic gradient descent - the simplest form of first-order optimization crucial for training in deep learning
- effectively performs sketching on data instances rather than on the optimization variables. It accelerates the
optimization process by considering only a subset of data instances (mini-batches) at each iteration, rather than the
entire dataset.



2.2. MATHEMATICAL PROGRAMMING 31

[70], and Bayesian Optimization (BO) [231]. Instead of random linear embeddings, one can also
use active learning [144] or manifold learning [267] to find more informative non-linear embeddings

for dimensionality reduction.

Block-coordinate-descent could be considered a sketching technique [277]. It extends coor-
dinate search methods by updating a subset of the variables at each iteration, typically along
coordinate directions. Block-coordinate-descent methods have been extended to nonlinear least-

squares problems, leading to so-called subspace Gauss-Newton methods [64].

(Multi-)Parametric programming

In (multi-)parametric programming [291], we consider the objective and/or constraints to be pa-
rameterized by 6:

J*(0) = mxin f(x,0) st. g(x,0)<0. (2.22)

Here J*(0) denotes the optimal objective value as a function of §. For each fixed 6, the feasible
region for x is X (0) = {x | g(x,0) < 0}. Consequently, both the feasible set and the optimal
solution typically vary as the parameters change. Parametric programming seeks to explicitly
characterize the optimal solution as a function of the parameters. In other words, the aim is
to turn the implicit decision rule D(6) from (2.1) relying on mathematical programming into an

explicit form.

Parametric optimization methods fall into several categories. For mpLPs and convex mpQPs,
explicit analytical solutions can be derived by enumerating active constraint sets, yielding a
piecewise-affine mapping x*(6) [291]. For nonlinear problems, local linearization or quadratic ap-
proximation techniques transform the problem into an mpLP or mpQP, while parametric sensitivity
analysis provides a local solution trajectory. Numerical algorithms—such as active-set enumera-
tion, geometric partitioning, and hybrid methods—are commonly used to explore high-dimensional
parameter spaces. While powerful for the solution of robust [23] and real-time optimization [151]
formulations, parametric programming suffers from combinatorial complexity, high sensitivity and

degeneracy in the parameter space.

In mpLPs and mpQPs, the dependence on @ is usually piecewise-affine. In more general non-
linear parametric programming (mpNLPs), the optimal solution map may be non-polyhedral and
non-smooth, often exhibiting multiple local optima. Approximation methods such as local lin-

earizations or partial offline computations are commonly used to obtain a tractable, albeit approx-
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imate, solution. When discrete decision variables are involved (e.g., mpMILP or mpMINLP), the
solution can change discontinuously at certain parameter thresholds. The combinatorial explosion
in the number of candidate regions makes explicit enumeration impractical for all but the small-
est problems, often requiring tailored heuristic or decomposition-based algorithms. In mp-MPC,
the states (and sometimes disturbances) are treated as parameters in an optimization problem —
usually an mpQP — to compute an explicit control law. This approach is also known as '"MPC-on-
a~chip’ [302], where the online controller simply evaluates a pre-computed piecewise-affine function,

ensuring rapid and predictable response times.

Bi-level and multi-level optimization

Bi-level optimization involves two optimization problems in a hierarchical (leader-follower) struc-
ture, where the solution of the higher level is subject to an optimal soluton of one or multiple

lower-level optimization problems [92, 350]. The bi-level problem can be formalized as:

r{(liyn F(x,y) (2.23)
st G(x,y) <0, (2.24)
y € argmin{f(x.2) | g(x.2) < 0}, (225)

where x and y denote the upper-level (leader) and lower-level (follower) variables; F(x,y) the
leader’s and f(x,y) the follower’s objectives; G(-) and g(-) constraints at the upper and lower
levels, respectively. (2.25) enforces the follower’s decision y to be an optimal solution of the lower-
level problem for the given x. A major modelling challenge arises when the follower’s optimal
solution is not unique. In such cases, one must specify how the follower breaks ties among multiple
optima, which leads to two alternative bi-level problem definitions. The optimistic (or cooperative)
formulation assumes the follower chooses the optimal response that is most favorable for the leader.
Mathematically, letting S(x) denote the set of optimal solutions of the lower-level problem for a

given x, the optimistic bi-level problem can be expressed as:

min  F(x,y), 2.26
ein (x,¥) (2.26)

meaning the leader optimizes F'(x,y) under the assumption that the follower selects y € S(x)

that minimizes F' (among the follower’s optima). In contrast, the pessimistic (or adversarial)
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formulation assumes the follower might behave in a way that is worst for the leader, formalized as:

i F(x,y). 2.27
e g e y) (221)

The optimistic case is more common in the literature as it assumes some cooperation or coordi-
nation, whereas the pessimistic case is more conservative but might require additional constraints,
making it computationally more cumbersome. Bi-level problems are inherently hard to solve. Even
the simplest case — a bi-level problem where both levels are linear programs — is NP-hard to solve
to global optimality. Even if each level alone is convex, the feasible set defined by the follower’s
optimal reaction S(z) can be disconnected. In general, solution methods either reformulate the

problem as a single-level optimization, or apply decomposition, relaxation, or heuristic techniques.

Single-level reformulation is applicable when the lower-level problem is convex and satisfies
regularity conditions. The follower’s optimality is enforced by embedding the lower-level KKT
equations as constraints into the upper-level problem. This results in a highly nonconvex single-
level mathematical programming formulation with equilibrium constraints (MPEC), which can
in principle be solved with standard nonlinear or mixed-integer solvers, but usually remains in-

tractable.

Single-level reformulation could be considered parametric programming, where the decision
variable y is obtained from an explicit mapping S (x), parameterized by the complicating upper-level
variables x . Avraamidou and Pistikopoulos [21] describe the parametric programming approach

to the solution of more general multi-level, mixed-integer optimization problems.

Decomposition techniques rely on the coordination between iterative solutions of the upper-
and lower-level problems. For instance, similar to Benders decomposition, when the upper and
lower levels are linear, but are coupled via integer decisions, the master problem handles the
integer decisions, and the solution of the corresponding subproblems at fixed x is used to generate
cuts (constraints) for the master problem, excluding leader decisions that lead to suboptimal or

infeasible follower responses.

When the bilevel problem is non-convex (for example, the follower’s problem or the leader’s
objective is non-convex), the difficulty escalates. The leader’s effective objective F'(z,y(x)) can be
highly multi-modal. Global optimization techniques may be required, such as global branch-and-

bound or partitioning methods that systematically search the space.
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(Meta)heuristic and Evolutionary Approaches sacrifice theoretical guarantees to find satis-
factory solutions when exact methods are impractical. These methods are particularly popular for
nonconvex formulations. A popular strategy is to use a heuristic optimization routine to propose
candidate leader decision, and solve the corresponding lower-level problems using mathematical
programming. This ensures feasibility (lower-level optimality) of evaluated solutions, but can still

remain intractable to find good solutions given the expense of solving lower-level formulations.

Absence of second-order information

Optimization solvers typically rely on automatic differentiation and second-order gradient informa-
tion. There are however many instances where this information is not available because gradient
evaluations would be too expensive or because access is hindered by privacy or proprietary con-

straints.

First-order optimization has been instrumental to the developments in the field of deep learn-
ing. Training neural networks relies on ‘backpropagation’, essentially a composite chain rule to
extract gradient information from a training loss function with respect to the model parameters.
State-of-the-art techniques rely on using past evaluations and gradients for adaptive moment esti-

mation (Adam) [212], or Hessian estimation in quasi-Newton methods (BFGS) [240].

Zeroth-order optimization methods purely rely on function evaluations [228]. Similar problem
statements are known across different fields under various names: Black-Box Optimization (BBO),
DFO, or simulation optimization. DFO solvers operate similarly to local search: candidate solu-
tions (neighbourhoods) are iteratively proposed, evaluated, and updated in an attempt to approach
the optimum. Methods differ mostly in how the candidates are suggested. DFO constitutes a key
pillar of what we consider data-driven optimization in this thesis, and will be introduced at length

in Chapter 3.

DFO solvers could purely consider input-output evaluations like the aforementioned coordinate
descent, or the grid- and mesh-based methods DIRECT [197] and NOMAD [229]. Similarly,
stochastic methods, like random or evolutionary search, and simulated annealing could fall under
this remit. Alternatively, model-based DFO methods rely on the intermediate construction and

optimization of surrogates for their update steps, from linear-quadratic trust region methods to

BO.
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After this whirlwind tour of optimization theory and solvers - the scope of which is admittedly
biased towards the needs of this thesis - we present a high level overview of various ML paradigms

and how they can be used in conjunction with mathematical programming.

2.3 Machine Learning (ML)

First, we present the major paradigms in ML. Then, we investigate various ways that ML can
be used to aid optimization, and give some perspectives on the impact of the new wave of GenAl
advances. For an in-depth review of the application of Machine Learning to PSE and adjacent

fields, the interested reviewer is referred to [103, 335, 271, 344, 106].

2.3.1 Paradigms

Supervised learning involves training a model on labeled data with the goal to learn a mapping
from input features to output labels. Common model families include decision trees, random

forests, support vector machines, neural networks, and GP [166, 273].

Unsupervised learning has the objective of training an algorithm to uncover patterns or struc-
tures in the data without access to ‘ground truth’ labels. Unsupervised learning is useful for clus-
tering, dimensionality reduction, and density estimation. Common algorithms include k-means

clustering, t-sne, hierarchical clustering, principal component analysis, and autoencoders [167].

Reinforcement learning trains agents directly from reward signals obtained by interaction with
a (potentially simulated) environment. The agent learns to take actions that maximize cumulative
rewards over time through trial and error. Reinforcement learning algorithms could be generally
classified into value function (Q-Learning), policy optimization (Vanilla Policy Gradient), or actor-
critic methods. State-of-the-art algorithms like PPO, A2C, and SAC usually involve a mix of policy

optimization and Q-Learning [364, 2].

Active learning is a framework in which the learning algorithm can interactively query an oracle
(user, expert, teacher) to label selected new data points [336]. The process of Active Learning (AL)
is also referred to as optimal experiment design [79]. The goal is to learn as much information

about an underlying function or distribution in as few samples as possible. Roughly speaking, AL
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reduces to BO [312, 143] when the goal is to find information about the function optimum rather
than the whole distribution [110]. Consequently, BO and RL could be viewed as special cases of
AL.

2.3.2 Recent wave of ML advances

Generative models are a class of models that learn the underlying probability distribution
of the data and can generate new samples from said distribution. Examples of generative models
include variational autoencoders (VAEs), generative adversarial networks (GANSs), and autoregres-

sive models like the transformer architecture [30, 203].

Foundation models are large-scale, pre-trained language models that serve as the basis for a
wide range of downstream tasks [287]. These models, such as Generative Pre-trained Transformer
(GPT) [58], are trained on massive text corpora and can be fine-tuned for specific tasks with
relatively little additional training data. Language models learn the statistical structure of natural

language text.

Foundation models often represent core components of multi-modal models, which are designed
to process and integrate information from multiple modalities or types of data, such as text, images,
audio, and video. Some would argue that multi-modal models are crucial towards advancing
Artificial General Intelligence (AGI) [268, 59], the holy grail of AI research, where a machine can
understand, learn, and apply knowledge across a wide variety of tasks at a level comparable to or

even surpassing human intelligence.

2.3.3 ML for optimization

In this section, we describe some of the subfields of ML for optimization. For an in-depth review,
the interested reader is referred to [31], and to [68, 331] for reviews focused on CO and system

identification respectively.

A key observation that enables ML for optimization is that much of operational decision-
making involves the regular solution of subsequent optimization instances with similar problem

structures, formulations, and data realizations. We essentially consider the optimization problems
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to be parameterized by context information s:
min . X, S
min - f(xs)

s.t. g(x,8) <0, l=1,...,ng4 (2.28)

hl/(X7S):O7 l/:].,...,nh.

For example, in planning, the context s might involve prices, demand forecasts, and initial inventory
levels. Note that (2.28) could in principle be cast in the form of a decision rule as introduced at
the very beginning of the chapter in (2.1): x* = D(s). We now describe various ways that we can

improve solution tractability or accuracy with ML.

ML for model reduction

A straightforward way of using ML for optimization entails using easier-to-handle surrogates
to replace high-fidelity, fine-grained expressions to reduce model complexity and solution time
[40, 38, 355]. For instance, in planning formulations, one could replace tiered, nonlinear pricing
equations (hy(x,s) = 0) to obtain cost x, C x as a function of demand s; C s with a simpler
surrogate M: x. = M(sy) that reduces online optimization time. Surrogates abstract detailed,
lower-level constraints into a simple input-output mapping that is easier to handle by the opti-
mization solver: M(s) < 0. This particular example might only require linear regression, and more
involved models might even worsen tractability after integration into the optimization formulation.
However, surrogates become especially important when integrating lower-level decision-making con-
siderations into higher levels [376] as discussed in the hierarchical decision-making example from

Section 1.2.

Optimization over manifolds

In Section 2.2.3, we briefly touch on subspace optimization [242] as an alternative way of reducing
model complexity. Instead of learning surrogates to replace difficult-to-handle model expressions in
the original space, we can learn an encoder-decoder structure x =~ R(z) = R(£(x)), that allows us
to perform optimization in the lower-dimensional, active embedding space Z [267, 144]. Optimizing
in this subspace holds the promise of breaking the curse of dimensionality by limiting the scaling

to the number of active dimensions n,.

In principle, any dimensionality reduction technique can be used as long as it prevents exces-
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sive information loss when reconstructing the solution from the subspace to the original space.
While non-linear projections can discover more informative embeddings, they often create highly
nonconvex manifolds that are difficult to optimize over with gradient-based solvers. The presence
of bounds and constraints in the original problem might also severely restrict the choice of suitable

subspace techniques.

End-to-end or ‘amortized’ learning of optimization models

Related to the use of surrogates for model reduction are ‘optimality’ surrogates. We can use
surrogates to map optimal quantities rather than feasible spaces from context information s, which
would essentially correspond to building a surrogate over the decision rule directly: x* = M(s) =~
D(s). This concept is related to amortized learning [13], optimal explicit control laws [29] and ADP
[308]. In optimal control, we could for example learn to predict optimal cost or optimal control
variables directly as a function of production requirements, instead of extracting these quantities

from the expensive solution of MPC problems.

Imitation Learning and Reinforcement Learning

There are two major ML frameworks that can be used to train policies to map optimal quantities
as a function of optimization context or observed states s [31]: RL and Imitation Learning (IL). In
the latter, we have a high-fidelity optimization solver, and want to improve online solution time at
the potential expense of accuracy. We can first query the ‘expert’ to return the optimal quantities
corresponding to a set of optimization instances sampled from distributions over data realizations
and problem topologies. Then, we can train a surrogate to mimic the expert as closely as possible.
However, we generally cannot outperform the expert via IL. In RL, we train a policy to maximize
cumulative rewards by interacting with the system directly. While there are some success stories
for applying RL to physical systems, such as the industrial cooling of datacenters [244], deploying

RL on safety-critical systems is still limited by trustworthiness [140, 120].

Black-box optimization

The previous fields revolve around conventional mathematical programming by using surrogates
to replace model formulations, or to predict quantities of interest directly. The field of black-

box optimization in contrast abstracts system performance into an input-output mapping. The
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inputs correspond to the the degrees of freedom x4 C x, such that all other quantities in x can be
derived from the equality constraints h(-). BBO is a zeroth-order optimization method (Section
2.2.3) with the aim to identify the optimal inputs x4 that optimize the function objective without

explicit access to gradient information.

BBO either relies on the intermediate construction and optimization of surrogates, or purely
on function evaluations for update steps [228]. While BBO, closely related to DFO, is not usually
thought of as ML, using uncertainty-aware Gaussian Processes for BBO gives rise to BO [144, 312]
- a sub-field of AL [336] crucial for Automated Machine Learning (AutoML) [373]. BBO has
successfully been applied to optimize chemical engineering systems [47], and can even be used in
conjunction with mathematical programming in the solution of multi-level optimization problems

[37).

Learning to optimize: from the dual perspective

In Section 2.3.3, we touch on how we can use RL to optimize policies. Crucial to RL is the
concept of Markov Decision Process (MDP), which describes sequential decision-making (control)
problems as a sequence of state-action-reward tuples. Instead, we can also view optimization
solvers as MDPs [309]. In MIP solvers for example, problem and solver information could represent
states, upper and/or lower bounds on the function evaluations could represent rewards, and the
set of potential nodes to branch could represent actions. These methods could be characterized
as dual [68], as they still preserve guarantees for proving optimality. The intersection of ML and
MIP has given rise to numerous research avenue: learning to decompose, cut, branch, or relax
[375, 367, 109, 25, 168]. Learning to decompose, for instance, involves discrete action spaces that
represent various decomposition strategy choices. Similarly, our action spaces can determine which

cuts to implement, the search routine to follow, or whether to relax specific expressions.

Learning to optimize: from the primal perspective

Cappart et al. [68] would characterize the direct inference of optimal decision variables or objectives
using optimality surrogates or amortized learning as primal. Primal methods are preferred when a
good solution should be obtained quickly without requiring optimality guarantees. For instance, we
could try to predict initial guesses to CO instances from problem information s. Similarly, neural

CO can iteratively construct the solution to Knapsack and Traveling Salesman problems from
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scratch using policies trained via IL or RL [28, 142]. Even unsupervised or contrastive learning

techniques can be developed for specific problem classes at hand [374, 119, 119].

Meta-learning [180], often referred to as ‘learning to learn’; becomes key to learning solution
approaches that improve generalization across problem classes and sizes. This usually involves
learning from previous experiences, and leveraging context or ‘metadata’ about the problem in-

stance.

Learning optimization algorithms

Chen et al. [82, 83] extensively review the field of learning to optimize. They distinguish between
model-free and model-based methods. Model-free approaches learn parameterized update rules
xk*+1 = Uy (x*, s) with the updates not bound to analytic expressions. They leverage different orders
of gradient and other problem information. Model-based methods on the other hand integrate deep
learning architectures into the analytic expressions of conventional optimization algorithms. This
includes ‘meta-learning’ of hyperparameters such as the step size in BFGS [123] and decay rates
in Adam [397]. Recent trends involve algorithm unrolling and plug-and-play approaches. For
instance, Aharon et al. [5] replace one of the proximal operators in the distributed optimization

algorithm ADMM with a denoiser.

Similar techniques exist for local search and BBO. [202] review the use of ML for local search,
where learned operations range from operator selection, to parameter control, variable and/or
value selection for candidate generation, or mutation operators. We can even perform meta-
black-box-optimization by learning operators that mimic optimization strategies such as genetic

or evolutionary algorithms [225, 224].

What is not included

The above discussion is by no means exhaustive. When faced for example with a context-aware
planning problem in the form of (2.28), once the context s is known, the resulting LP can be solved
relatively efficiently. However, when determining the context s presents to be challenging, ML is
often key in forecasting s in the first place [69, 419]. When no nominal estimates of s are available,
ML has also enabled the solution of optimization problems under uncertainty [281] with techniques
such as distributionally robust optimization. Community detection is another interesting avenue,

which combines ML and network theory to find structure in mathematical optimization problems
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and suggest optimal decompositions [261, 107] for distributed optimization. Fault or anomaly
detection plays a crucial role in process monitoring [88], and last but not least, interest in ML for

drug or molecular discovery transcends the PSE community [104, 258].

Perspectives on future trends

In the above discussion, while the scope is centered around the needs of this thesis, the goal is
to provide an overview of key trends in ML for optimization. In what follows, I diverge to offer
a personal perspective on promising avenues not covered in this thesis. Please note that some of

these statements may become outdated as ML continues to advance.

Computational irreducibility is a concept introduced by Stephen Wolfram [404], which states
that certain systems cannot be predicted without performing every step of their evolution. In
other words, there are problems for which no computational shortcut exists. Many scientific and
decision-making problems involve identifying ‘pockets of computational reducibility’ to manage the
complexity and tractability of solving certain systems. AI has emerged as a powerful paradigm
for uncovering new pockets of tractability. For instance, AlphaFold [1] has revolutionized protein
folding predictions, turning what was once a computationally intractable problem into a more

manageable one.

Machine Learning for combinatorial optimization has been largely confined to specific
families of problem classes. To date, there have been limited successes in applying ML to ‘industrial’
problems beyond controlled academic problem sets. If a ML tool could improve the tractability of
solving entire classes of combinatorial problems, it would have profound implications across diverse
fields, from operations research to bioinformatics. The presence of computational irreducibility in
complex systems implies that there must be infinite pockets of reducibility. In other words, there
are always properties that can be inferred with limited computational expense. The question

remains if these are accessible to the current or emerging family of models [405].

Currently, pure learning-based approaches struggle to consistently outperform traditional OR
tools across problem instances since the latter are purpose-built to exploit problem information and
mathematical structure for efficiency. However, OR workflows are limited by the need to translate
natural inputs into an abstract form that can be manipulated by the algorithm. For example,

while it might be convenient to model delivery routing as a Travelling Salesman Problem (TSP),
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simplifying the complexities of the real-world into edge distances between nodes misses out on the
details of traffic. Neural algorithmic reasoning [391, 147] promises to hybridize these approaches by
first learning to imitate (steps of) OR algorithms and then jointly learning (linear) transformations

from natural to algorithmic inputs and algorithmic to natural outputs.

Generative models such as generative flow networks have shown great potential in molecular
and drug discovery [188]. These models have also successfully been used as heuristic combinatorial
optimization solvers for multi-modal or multi-objective applications [418, 210]. Their broader

applicability for black-box optimization should be further investigated.

Transformers have demonstrated strong results in abstracting the learning and training pro-
cess, predicting test labels directly from training data and test features. This approach has outper-
formed the best AutoML frameworks on mid-sized tabular data [177]. Ongoing research explores
their potential for AL in BBO [272]. Transformers have also enabled the huge-scale training and
deployment of LLMs. Lange et al. [226] find preliminary success in using LLMs as evolution

strategies for ‘in-context’ learning of small synthetic BBO tasks.

Large language models have shown to be powerful tools for streamlining scientific and coding
workflows. A competitive effort is underway to develop scientific assistants that can help with or
even automate tasks ranging from hypothesis generation to literature review, code generation, data
analysis, and scientific writing [420, 216]. However, key challenges in trustworthiness — such as
hallucinations — must be addressed before safe adoption in organizational decision-making [41]. In
chemical companies, operational decision-making is often constrained by business considerations,
which leads to a heavy reliance on humans-in-the-loop. In causal decision-making for example,
LLMs are used more reliably for workflow orchestration, augmented information retrieval, and
hypothesis generation, rather than pure inference [417, 191, 192, 421]. Alternatively, LLMs can
be integrated into decision-making pipelines to complement human workflows [329, 162]. Finally,
research into Al ethics and value alignment is crucial to ensure that Al tools are safe and compatible
with human values, especially if they become increasingly powerful to the point of achieving AGI

[138).
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2.3.4 How Machine Learning and optimization are used in this thesis

DFO serves as the unifying thread for the methodologies in Chapters 3 to 6, and has a rich tradition
in OR and ML. Known also as BBO [228], DFO is applied here to coordinate the integration of
previously separated optimization models. BBO has a strong presence in ML such as in AutoML.
Optimizing systems without explicit access to models or gradient expressions itself is a special case
of AL. In Chapters 3 and 6, Bayesian optimization presents the state-of-the-art in sample-efficient

solvers that we benchmark against.

While BO is firmly grounded in statistical learning, most solvers used in Chapters 3 to 5 are
more rooted in the optimization and operations research communities than in ML. Our algorithmic
contributions to DFO in the form of CUATRO in Chapters 3 and 6 especially rely heavily on convex

quadratic programming frameworks and solvers.

We wrap up the chapter by linking our contributions to the decision-making paradigms from

PSE, OR, ML, and control that were introduced throughout.

Machine Learning

In Chapter 6, PLS, used as dimensionality reduction technique in our high-dimensional DFO
solver, has a long history in chemoinformatics [243], and is considered part of the core canon of

ML. Subspace optimization is also common in high-dimensional BO.

In Chapter 4, the problem we address has attracted interest from both the optimization and
ML communities. Decomposition techniques and distributed optimization [289] optimize decisions
between subproblems without needing explicit access to subproblem model expressions or data. In

ML, collaborative model training under privacy is studied in Federated Learning [319, 198].

In Chapter 5, we address the hierarchical planning-scheduling-control problem from Section 1.2
using optimality surrogates. This concept appears across many fields. In the control literature,
similar surrogates take the form of optimal explicit control laws [29] and ADP [308]. In our case,
we use ‘IL to learn expert solutions demonstrated by mathematical programming solvers. By using
cheaper surrogates, we amortize the online cost of optimization by solving and learning from similar

problems offline.

Policies in RL can also serve as optimality surrogates, but are trained directly using rewards.

In value chain coordination as described in Section 1.2 and Chapter 4, we could also train surro-
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gates under organizational considerations to return optimal complicating material flows between
coordinating sites. While not included in this thesis, we compare shared and agent-specific policies
trained in different multi-agent reinforcement learning settings against distributed optimization for

stochastic decentralized inventory control [269].

Mathematical programming

In the development of CUATRO throughout Chapter 3, we formalize surrogate update steps based
on well-established trust-region frameworks from the numerical optimization and DFO literature.
Roughly speaking, we could consider CUATRO to be a data-driven approximation to a trust
region-based sequential quadratically constrained quadratic programming framework. In Chapter
6, we combine sketching and hashing techniques, useful in solving huge-dimensional mathematical

programming problems, with CUATRO to solve high-dimensional DFO problems.

In Chapter 3, even though real-time optimization, model-based design of experiments, and
self-optimizing reactors can be solved using mathematical programming, we reformulate them as

black-box input-output evaluations.

In Chapter 4, we benchmark a data-driven framework for the coordination of decentralized
subproblems against the flagship distributed optimization method ADMM. In both paradigms,
we can formalize the coordination problem using a bi-level formulation, and solve the upper-
level coordination step without having to rely on mathematical programming. However, we still
employ nonlinear or mixed-integer programming to solve the subproblems in the collaborative

model training, facility location, and multi-objective blending case studies.

In Chapter 5, we tackle a hierarchical planning-scheduling-control problem by considering a
combination of optimality surrogates and DFO to solve a multi-level formulation. The optimality
surrogate approach embeds lower-level information as a surrogate into the upper-level planning
formulation, resulting in a single mixed-integer linear programming formulation. Additionally,
mixed-integer linear, and nonlinear programming is still used for the solution of the scheduling
and control problems in simulating the objective obtained in the tri-level planning formulation in

the DFO approach, and in sampling training data for the optimality surrogates.

Overall, the contributions of this thesis illustrate how classical optimization and state-of-the-art
Machine Learning techniques can be unified to address a diverse array of coordination problems

under organizational considerations.
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In this chapter, we benchmark both model-based and direct state-of-the-art derivative-free
optimization (DFO) algorithms against finite difference-based methods. This comparison is con-
ducted on one mathematical optimization problem and five chemical engineering applications:
model-based design of experiments, flowsheet optimization, real-time optimization, self-optimizing
reactions, and controller tuning. Additionally, we introduce CUATRO, a convex quadratic trust
region optimizer with explicit constraint-handling capabilities, whose development is tailored to
expensive, high-dimensional, safety-critical, and noisy process systems engineering ‘black-boxes’.
This chapter, along with the associated Appendix A, is adapted from work published in [385].
Figures in this chapter are reused with permission under the author’s rights in accordance with

Elsevier’s policies.

3.1 Introduction

At the heart of process and supply chain operation lies optimization. The traditional decision-
making approach in chemical and process engineering leverages algebraic expressions whose deriva-
tive information is used for gradient-based optimization (Section 2.2.3). When trying to leverage
collected process data for decision-making, this data usually serves to develop models to be used
within this framework. However, in other cases, the organically collected data already represents

expensive black-box evaluations of the quantities of interest.

In fact, in many chemical engineering optimization problems, the objective and constraint
functions are only available as the output of black-box evaluation functions or simulation oracle
queries. These function calls tend to be prohibitively expensive in terms of cost or time, meaning
that the number of function evaluations is severely limited. Examples of such instances include
problems ranging from stochastic simulation and multi-level optimization involving rigorous (par-
tial) differential algebraic equations, to the design of physical experiments and even the process
of model creation itself. Conventional optimization frameworks requiring explicit gradient infor-

mation or analytic function expressions for automatic differentiation cannot be used when the
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solution requires queries to physical experiments or proprietary software. The lack of derivative
information then calls for derivative-free, also called zeroth-order or ‘data-driven’ optimization
techniques (Section 2.2.3), or the finite difference approximation of derivatives [259]. In the case
where optimization speed is limited by the number of function evaluations, approximating first-
and second-order derivative information through finite differences scales poorly with the number

of dimensions, and can lead to poor accuracy.

3.1.1 Categorization of derivative-free optimization solvers

At present, derivative-free optimization (DFQO) techniques can be categorized into 1) direct and
model-based, 2) local and global exploration, 3) deterministic, randomized, and hybrid methods
[228]. On the one hand, direct-search methods, such as Nelder-Mead (simplex) [275], directional
direct search, generalized pattern or mesh adaptive search algorithms, directly compare function
values. On the other hand, model-based methods rely on the construction and optimization of
objective function surrogate models for candidate updates. Model-based methods essentially cor-
respond to surrogate optimization techniques [38, 34, 211, 370, 334]. Derivative-free optimization
does not rule out the use of conventional derivative-based solvers for the optimization of surrogate

models, and only refers to the lack of gradient information of the original expressions.

Before we dive into our classification of DFO solvers into methods exhibiting local or global
exploitation-exploration patterns, we want to define what local convergence, global convergence,
and global convergence to local minima means. Quasi-Newton methods like BFGS are locally
convergent to a local minimum under smoothness conditions if the initial guess is sufficiently
close. Some pattern search algorithms are globally convergent to local minima, i.e. they can
reach a local minimum from any starting point. Other methods display global convergence, i.e.

convergence to a global optimum.

However, we consider DFO methods to be ‘local’ or ‘global’” when they tend to exploit only
their vicinity or the whole solution space instead. We maintain this classification to be consistent
with our labels of the proposed CUATRO approach when displaying exploitative or explorative
behaviour. We are explicit when referring to convergence guarantees. For instance, we would
consider particle swarm optimization to be ‘global’, as the method uses heuristics with the aim
to find a global optimum, but lacks theoretical guarantees. Bayesian optimization using radial
basis function [99] or Kriging (Gaussian process) surrogates [65, 149] display both global search

patterns and asymptotic global convergence. Partition-based methods like DIRECT [196, 137] also
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show asymptotic convergence to the global optimum for deterministic problem formulations under
assumptions on the Lipschitz continuity of the objective. In model-based DFO, local methods
may construct and optimize surrogates within trust regions rather than the entire search space.
The conditions under which the additional function evaluations of global search space exploration

methods are worth the potential increase in solution quality often remain problem-specific.

A final distinction is drawn between deterministic and randomized methods, depending on if
there is an inherent stochastic element to the method, for example in polling for the search direc-
tions. These distinctions are often purely constructed for the purpose of mathematical analysis, as

hybrid methods are often powerful in practice.

While DFO considers the optimization of black boxes with deterministic outputs, Simulation
optimization (SO) deals with the optimization of stochastic simulation outputs. Amaran et al. [12]
review SO techniques for problems with continuous and discrete variables. While many algorithms
for problems with continuous solution spaces have analogs in DFO, the authors argue that theo-
retical convergence scales linearly with the inverse of the number of samples. Thus, most practical
noisy applications of DFO algorithms terminate after a fixed function evaluation budget rather

than convergence to rigorous theoretical criteria.

3.1.2 Previous work in the chemical engineering community

DFO, also known as zeroth-order or data-driven optimization, has a long history in chemical
engineering. Model-based methods have attracted a lot of attention in process engineering, given
the discipline’s expertise in surrogate modelling and more general model reduction [40, 47, 402, 355]
as discussed in Section 2.3.3. Local trust-region methods and global Kriging interpolation models
have been found to be particularly promising in process design and optimization [121, 48, 171,
39]. Other applications range from multi-scale and multi-level optimization to chemical synthesis,

product design and design of dynamic experiments [422, 170, 89, 285, 363].

There is an existing literature gap between the optimization and process systems engineer-
ing fields. While the mathematical programming literature usually benchmarks algorithms and
software implementations on a range of abstract mathematical test problems [317], the chemi-
cal engineering literature often studies a narrow range of DFO methods for specific complex case
studies. Previous work thoroughly investigates uncertainty in simulation-based optimization in
the form of uncertain model parameters, and uncertainty in the surrogate model types and fitted

surrogate model parameters [183]. However, there does not seem to be a systematic study that
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includes stochasticity and constraint satisfaction considerations of the leading DFO algorithms on

expensive chemical engineering applications.

3.1.3 Our contribution

In this chapter, we propose CUATRO as a convex quadratic trust region DFO solver, and bench-
mark in-house, and established DFO implementations of the model-based, direct search and finite
difference philosophies. We include methods well grounded in theory, alongside more heuristic
methods. The case studies are chosen to present the behaviour of typical chemical/process engi-
neering problems while remaining tractable for detailed analysis, and include a constrained test

function and five chemical engineering applications.

In the rest of this chapter, we introduce the benchmarked algorithms in Section 3.2: Nelder-
Mead (direct, local), Nesterov random Search (random, direct, local), Py-BOBYQA (model-based,
local), SQSnobfit (model-based, branching strategy), DIRECT-L (direct, local and global) and
Bayesian optimization (model-based, global) as well as the alternative methods based on finite
difference approximations, namely approximate Newton, Adam and BFGS. In Section 3.3, we
introduce CUATRO and discuss key distinctions to other trust region model-based DFO solvers.
In Section 3.4, the synthetic and process engineering case studies are introduced: model-based
design of experiments, self-optimization of reaction synthesis, flowsheet optimization, real-time
optimization, and controller tuning (PI and explicit control law). In Section 3.5, the algorithms
are compared on said case studies based on the assumption that the black boxes that are queried
are expensive. This means that the optimum should be found in the lowest number of function

evaluations.

We focus our discussion on constraint satisfaction, on convergence patterns, and on how different
algorithms can handle increasing levels of stochasticity in the objective and constraint evaluations.
We also describe practical algorithm considerations, ranging from their sensitivity to hyperparame-
ters, to their scaling with problem dimension and their off-the-shelf applicability to unseen problem
instances. When dealing with expensive and computationally limiting function evaluations, the
efficiency of DFO algorithms is not determined by the complexity and evaluation time of the black-
box functions but by other problem characteristics. The aim is to provide practitioners with the
necessary insight to select an algorithm based on the dimensionality of the problem, conditioning

of the solution space, and the presence of stochasticity.
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3.2 Methodology

3.2.1 Problem statement

Consider the constrained, box-bound optimization problem of the following form:

Juin . f(x,w)
s.t. g(x,w) <0, [=1.ng, (3.1)
x € [xF,xY]

)

where ng denotes the number of inequality constraints and n, denotes the dimensionality of x.
w € R™ represents uncertainty. We assume no prior knowledge about w. It should be noted that,
while the treatment of equality constraints can be non-trivial, we do not explicitly account for
the handling of equality constraints in this work. Some options include relaxation into a set of
inequality constraints, or implicit handling by reducing the dimensions of the input variables, and
solving for the missing degrees of freedom as part of the black-box formulation. For mixed-integer

surrogate optimization, the reader is directed to [12, 35, 49, 381].

3.2.2 Steepest descent via finite difference approximations

In this section, we present algorithms that directly approximate first- and/or second-order deriva-
tives via finite differences. If gradient information is not readily available, it seems intuitive to
simply approximate the derivatives and use them within the framework of gradient-based solvers.
Finite difference derivative approximations estimate the first- and second order derivatives at a
point x € R™ using functions evaluations of surrounding, perturbed points. Thus, the forward
difference approximation of the partial derivative of f with respect to the i*” dimension of x using

step size h is defined as follows:

of(x)  flowy,c,xi+hyoyxn,) = f(@1, .00 T4y, ) (3.2)

Similarly, the second derivative of f with respect to z; and z; can be approximated using:

0?f(x) _ fx+hithy) = fx+hi) = fx+hi) +2f(x) + f(x = hi — hir) — f(x — i) — f(x = hi)
0x;0x 2h;hy )
(3.3)
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where h; denotes the step length in the i** dimension. The interested reader is referred to A.1.1
for more details on finite difference approximation schemes. Three gradient-based optimization
algorithms are considered here: Newton’s method, BFGS, and Adam. All of these methods con-
stitute steepest descent-type algorithms of the form (2.20) with distinctions in how first- and/or
second-order derivative information is obtained. A generalisation of all steepest descent methods is
presented in Algorithm 1. Given the absence of known functions for the constraints (only samples

are available), these are handled via backtracking [283].

Newton’s method

Newton’s is a second-order method that requires the approximation of the gradient and the Hessian
at each iteration. The second-order information helps in capturing the curvature of the problem
when computing the search direction. This should lead to convergence in fewer iterations. The
interested reader is referred to A.1.2 for an in-depth discussion of how the derivative information

is obtained.

BFGS

BFGS, named after Broyden, Fletcher, Goldfarb, and Shanno, is the most popular quasi-Newton
algorithm [283]. It seeks the same search direction as Newton’s method, but avoids the repeated
computation and inversion of the Hessian. After an initial finite-difference approximation of the
Hessian, subsequent iterations of the inverse of the Hessian are obtained based on current (finite-
difference) gradient information. BFGS is known to be efficient even in the case of non-differentiable
and mildly noisy functions [46]. The interested reader is referred to A.1.3 for an in-depth discussion

of how the derivative information is obtained.

Adam

Adam is an efficient stochastic optimization algorithm requiring only first-order gradient informa-
tion. The name is derived from adaptive moment estimation [212]. As the name suggests, Adam
uses bias-corrected estimates of the first- and second-order momentum, making the algorithm ef-
ficient for non-stationary objectives, and probably the most popular choice in deep learning. The
interested reader is referred to A.1.4 for an in-depth discussion of how first-and second-order mo-

mentum is obtained from gradient information, and how momentum is used to compute the search
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step.

Steepest descent

All three previous methods are steepest descent-type algorithms. Steepest descent methods involve
the computation of a decreasing search direction s € R™» at each iteration based on first-order gra-
dient information, potentially corrected by momentum and second-order information. An update
step size is then taken in the direction of s, the magnitude of which is determined by a step size
parameter a € R. « can be fixed, but in our case is determined by backtracking. Finite difference
approximations are expected to break down in the presence of stochasticity. Especially second-order
derivative approximations are sample-inefficient and thus inappropriate for expensive evaluations
A.1.1. The momentum correction of Adam and its dependence only on first-order derivatives should

improve Adam’s performance in the presence of stochasticity and high-dimensional formulations.

Algorithm 1: General steepest descent

Input: Black-box objective f and constraints g;, [ = 1..n,, Initial guess x°, Step size
parameter «, Maximum number of function evaluations Ny maq
1 Initialisation: Function evaluation counter ny := 1, Iteration counter &k := 0
2 while (Ny 40 > ny) do

3 Compute search direction s as discusssed in A.1 ;

4 xF*1 < x*¥ 4+ as (Use backtracking to find «)

5 Record all ng function evaluations ; ny <—ng+ns; bk k+1;
6 end

3.2.3 Py-BOBYQA

Py-BOBYQA is a Python implementation of Powell’'s BOBYQA [307]. At each iteration k, it
constructs a quadratic regression-interpolation model for the objective, and determines the best

search step s € R™ by minimizing said model within a trust-region framework:
k ko kT 1 k
m (s)=r"+q" s+ isTP S, (3.4)

where 7% € R, ¢* € R, and P* € R"*"=, This can be interpreted as using regression or interpo-
lation for the construction of the 2"¢ order Taylor approximation, similar to (A.4). Determining
those coefficients however takes at least %2("””) function evaluations (X*,y*), which can be-
come restrictive at higher dimensions. To this end, the user can choose any number of evaluations

np between n, + 1 and W for smooth and noisy problems respectively and instead solve
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the following problem to determine the parameters:

min . ||P¥ - P14
L, P
(3.5)

s.t. m*(x; —xF) = y;, Vj=1l.np where (x;,y;) C (X*,y"),

where x” is the best sample found at iteration k, (x;,y;) denote the j* of np input and output
samples in (X*,y*), and || - || represents the Frobenius or Ly norm. Py-BOBYQA also offers the
heuristic option of multiple restarts to try and escape local optima. The method is expected to
be sample-efficient and deal well with stochasticity. For an in-depth technical description of the
algorithm and trust-region framework see Cartis et al. [71]. Since Py-BOBYQA does not explicitly

handle constraints, these are handled using the penalty method (Equation 3.11).

3.2.4 Nesterov random Search

Nesterov random search is a derivative-free optimization algorithm analysed extensively in Nes-
terov and Spokoiny [278], where it gained attention for being possibly the first algorithm with an
associated worst-case complexity in the case where f may be both non-smooth and non-convex.
The method approximates the derivative via an approximation of the expectation of the smoothed
gradient. This approach enables analysis of the algorithm in the case of stochastic, non-convex
functions, as the Gaussian smoothing technique used to generate the gradient approximation main-

tains many key properties of the function.

First, Gaussian smoothing of a function f is hypothesized. This smoothing is parameterized

by a smoothing parameter n:

det(C)
2m)"e Jgne

f(x+mns)exp <—;STCS> ds, (3.6)

where n € R;s € R" and C' € R"*"= ig a valid covariance matrix. To derive a descent step of

the algorithm, this smoothed function is differentiated to generate the following [228]:

vfn ;\/7/]1;” x + ’l’]S f(x)) exp (—;STCS> (;'SdS7 (37)

which is subsequently approximated as

Vin(x) = (f(x+ns) — f(x))Cs, (3.8)
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where s is generated from a Gaussian distribution of the form N(0, C~!). Nesterov random search
is presented in Algorithm 2. It is expected to deal well with stochasticity, but theoretical results
suggest that finite difference methods are more efficient than smoothing methods in providing good

gradient approximations [32].

Algorithm 2: Nesterov random search

Input: Black-box objective f and constraints g;,! = 1..n4, Initial guess x", Step size
smoothing parameter 7, covariance matrix C', Maximum number of function
evaluations N max

1 Initialisation: Initial data sets X" := [x°] and Y° := [{(f(x°), q:(x?)),l = L..ny}],
Function evaluation counter ny := 1, Iteration counter k := 0

2 while (Ny .00 > ny) do
o | x e angmin(x;) 4 S7 ma (0, 10x))
X;

4 Generate s* € N(0,C71) ;
5 | d(xF,s") « (f(x* +s*) — f(x")Cs"
6 xFl o xk — aC~1d(xF, s%);
7 Update datasets with ns new evaluations X, _:

XHHL [Xk7an]va+1 — [ka {(f(an)’gl(an))vl =1.. ng}] 5
8 ngnyg+ng; k—k+1;
9 end

10 * ~ is a tunable penalty parameter.

3.2.5 SQSnobfit

SQSnobfit is a Python implementation of the Matlab package SNOBFIT (Stable Noisy Optimiza-
tion by Branch and Fit) by Huyer and Neumaier [184]. The method is intended for the solution
of noisy, bound-constrained optimization problems with continuous variables. It combines local
and global search by using a branching strategy with local fitting of a linear or quadratic surro-
gate model to function evaluations. The authors claim that the algorithm is safeguarded against
common issues arising within derivative-free optimization methods such as expensive and noisy
function evaluations, the evaluation of functions not just at exact but also nearby points, and
the presence of hidden and soft constraints. Especially, the method’s flexibility to let the user
change the bound-constraints in-between function evaluations, and to choose between local and
global sampling methods for the next evaluations, lends itself well to expensive simulations and

experimental design.
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3.2.6 DIRECT-L randomized

We use the randomized DIRECT-L implementation of the NLopt nonlinear optimization package
library [194]. This implementation is based on the DIviding RECTangles algorithm for global
optimization, originally written in FORTRAN [196]. DIRECT is a Lipschitzian, deterministic
search algorithm, based on systematic partitioning of the search space into smaller hyperrectangles.
Gablonsky and Kelley [137] then made the algorithm biased towards local search for problems that
only have a few local minima. The current implementation uses a randomized version of the
locally-biased DIRECT, which randomly decides on the dimension to partition along next when
function evaluations are close. The method is not originally intended to be used with stochastic

objective functions.

3.2.7 Simplex method

Not to be confused with Dantzig’s simplex method used in linear programming [274], this simplex
method, also known as the Nelder-Mead method was first presented in its most basic form by
Spendley et al. [357]. As is the case with many early derivative-free optimization algorithms, the
simplex method is model-free, relying solely on function evaluations. This original implementa-
tion was further refined by Nelder and Mead [276] into the algorithm used in this study. Nelder
and Mead’s method first specifies a simplex defined by n, + 1 linearly independent vertices over
the search-space R™=. By transforming the vertices of this simplex through a series of reflec-
tions, contractions, and expansions, the simplex moves through the solution space towards areas of
decreasing objective value. The method is not originally intended to be used with stochastic objec-
tive functions. Yet, its simple geometric interpretation and extensive implementation in scientific
and engineering computing software has ensured its sustained popularity [228]. The algorithm

implemented here is as follows:
N

AN SN N

Figure 3.1: The four basic simplex operations: reflect, shrink, contract and expand.
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Algorithm 3: Simplex method (Nelder-Mead)

Input: Black-box objective f and constraints g;,! = 1..n,, Initial guess x°, Maximum
number of function evaluations Ny e
1 Initialisation: Initial simplex S% := [x°] and Sy := [{(f(x°), q:(x?)),! = 1..ny}],
Function evaluation counter ny := 1, Iteration counter %k := 0
Generate n, feasible points X,, randomly around x°:
S% < [S% X ], S 1S9 {(F (X, ). 91X, )sl = Loy}

N

3 while (Ny 40 > ny) do
4 Xworst <~ arg maxf(xj) for X; € S.])C( )
X;
5 Xsecond-worst < argmaxf(x;) for x; € (S% \ Xworst) ;
X;

6 Reflect Xyorst across the plane (S¥ \ Xyorst) 0 g€t Xrefiocted ;

7 if f(xreﬂected) < f(xsecond—worst) & f(xreﬂected) > f(Xbest) & Xreflected feasz'ble then
8 ‘ Xworst €~ Xreflected

9 else if f(xr‘eﬂected) < f(xbest) & Xreflected feasz’ble then

10 Expand Xyefiected further across the plane (S¥ \ xyorst) generating Xexpanded ;
11 if f(xe:rpanded) < f(xreﬂected) & Xreflected feasz'ble then

12 Xworst € Xexpanded

13 else

14 ‘ Xworst €~ Xreflected

15 else

16 ‘ Contract Xyorst towards the plane of the remaining vertices.
17 end

3.2.8 Bayesian Optimization (BO)

For our in-house implementation of BO, we use Gaussian process surrogates with zero mean and
squared-exponential covariance function. The reader unfamiliar with Gaussian processes (GP) is
referred to A.2. GP offer the advantage of modelling both the mean and variance at unseen points
with minimal additional cost. After the surrogates are constructed, they are employed within
the acquisition function optimization to balance exploration and exploitation in selecting the next
sample to query [340]. We use expected improvement (EI) as our acquisition function, motivated
by favorable empirical results reported by [353, 340]. Although we only use the GP posterior
mean in explicitly modelling constraint evaluations, the variance term can be incorporated for safe
exploration [108]. Alternative acquisition functions include lower confidence bounds, probability
of improvement [222], knowledge gradient [135], and entropy search [172], each offering unique
strategies for navigating the trade-off between exploration and exploitation and improving sample

efficiency.

The GP posterior mean and variance function for a sampled function and the corresponding

expected improvement (EI) acquisition function are visualized in Figure 3.2. The EI function is
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(a) Posterior mean and variance in the GP (b) Expected improvement acquisition
regression (A.7) function (3.9) of GP surrogate.

Figure 3.2: Tlustration of GP regression and expected improvement acquisition function of a
sampled function.

expressed as follows:

Aglio, o0, fu](%) = — [fi, — po(x)] @ (f“("’) ~on(x) & (f“(")) L (39

O’o(X)

where ¢(-) and ®(-) denote the standard normal probability density and cumulative distribution
functions; uo(+) and og(-) denote the GP posterior mean and variance functions of the objective;
and fi, := min(y1,...,Yn,) is the best observed value. This expression corresponds to E[max(f, —
to(+),0)], where the improvement function is only positive at points where the predicted mean
value is lower than fi,. In our implementation, we minimize (3.9) at each iteration under the
condition that the suggested sample point be feasible in expectation according to all constraint
surrogates:

1){1&1!13 AEI[MoyUme](X) (3.10)

st w(x) <0, =1.ng,

where p; denotes the GP posterior mean approximation for constraint g;(-). If the problem is

unconstrained, then only the objective is considered.
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Algorithm 4: Bayesian optimization

Input: Black-box objective f and constraints g;,! = 1..n4, initial data sets
(X0, Y0 :={(f(X?),q(X")),l = 1..n,}); initial guess x°; evaluation budget
Nyt max
Initialisation: Train GP}, I = 0..n, with data sets (X°,Y?), iteration counter k < 0,
function evaluation counter ns
1 while (Ny 42 > ny) do
2 Xnew < Solution of Problem (3.10) with QP;C, 1=0...n4;
3 Update datasets X*+1 < [X* %00 ], YL [YP {(f (Xnew), 9t (Knew)), L = 1. .0y };
4 k—k+1;npns+1;
5 Train GP} , 1 =0...n, with data sets (X*, YF);

6 end

BO is generally regarded as the go-to method for stochastic, expensive black-box evaluations.
Popular research directions explore multifidelity [296] approaches and deep Gaussian processes

[101], but their success is case-dependent and will not be discussed further.

3.2.9 Constraint handling

All previously discussed methods aside from BO handle constraints using the penalty method of

the L, norm, usually Lo, which transforms problem (3.1) into:

i P
min () 1Y max 0, (x,))
= (3.11)
s.t. x € [xF, xY].

The penalty parameters v are tuned to each case study to optimize performance.

In the next section, we propose our in-house solver CUATRO, which handles constraints ex-
plicitly like BO, with the exception that CUATRO models them directly using convex quadratic

surrogates within a trust region framework, rather than using GP posterior mean functions.

3.3 CUATRO

CUATRO, short for Convex qUAdratic Trust-Region Optimizer, is an in-house implementation of a

convex quadratic trust region framework for the solution of constrained problems using semidefinite
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programming [4, 111]. CUATRO takes inspiration from convex programming [50], derivative-free

optimization with trust regions [94], and efficient global optimization [197].

The initial idea behind CUATRO was to explore whether there were any performance benefits
to using convex quadratic surrogates within trust-region frameworks in finding the global optimum
of the surrogates. However, early iterations in the convex programming framework CVXPY [111]
mostly revealed other benefits. CVXPY allows for explicit handling of convex constraint surro-
gates with semi-definite programming solvers and explicit treatment of discrete variables in specific
mixed-integer convex programming formulations. Additionally, there is increased flexibility over
the trust region frameworks we want to embed the optimization-based update steps into. As an ex-
ample, CUATRO can be configured by to display more ‘global’ exploration behaviour by following
heuristic trust region update schemes, or to display more ‘local’, exploitative behaviour by follow-
ing update schemes that conserve convergence guarantees to local minima. This configurability
enables the exploration of interesting combinations of rigorous convex programming frameworks
with heuristic routines explored in subsequent work in Chapter 6. Other popular trust region-
based DFO implementations are built on [393] and mostly focused on finding the most numerically
efficient way to train and optimize surrogates. The interested reader is referred to Neufang et al.
[279] for an in-depth comparison and benchmarking with an extended focus on state-of-the-art

trust region-based solvers.

3.3.1 Surrogate fitting

The aim is to construct the same approximation of the quadratic Taylor expansion as in Equation
(3.4) for the objective function, but also the constraints. To this end, the following convex regression

problem is solved at each iteration k to extract the parameters ¥, q* and P*:

np
. ke V12
i ; lly; —m" (%))l

1 . 3.12

S.t. mk(xj) =rk 4 qkaj + §x}kaj, Vj = 1..np where x; C X" (3.12)

PF -0,

where x; denotes the jt of np sample inputs X* in the trust region 7 (x*,*) of center x* and
radius §%. The last constraint defines P* to be positive semi-definite, which makes the above
problem as well as the resulting problem to be optimized in (3.14) convex. The user defines how

many function evaluations are required within a given trust region. We find that a default minimum
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number of six samples works well across all case studies. These samples are uniformly randomly
selected from the intersection of the trust region 7(-) and the user-defined bounds B = [xX, xY].
In Section 6.1.1 we discuss how we can improve this sampling step by maximizing the distance to
the nearest samples and incorporating constraint information. The surrogate regression does not

necessarily require ("“'H)zw trust region samples.

The alert reader might have already noticed that (3.14) is mathematically underdetermined. In
fact, the surrogate construction formulation (3.5) in Py-BOBYQA has unique properties: Instead
of sampling up to O(n?2) to fully determine P*, only a minimum of O(n,) candidates are required
within the trust region to at least fully determine ¢* and 7*. The remaining degrees of freedom are
handled by regularizing P* to be as close to P*~! as possible. This leads to adaptive, smoother

updates in P*.

While this improves sample efficiency in the trust region framework of Py-BOBYQA, these
recursive updates might actually deteriorate performance in CUATRO, where the global config-
uration may encourage bigger update steps over larger trust regions, where we want P* to be
different from its previous iteration. We found additional empirical benefits to using a purely
regression-based approach in that CUATRO becomes more robust towards noise by avoiding inter-
polation and relying too much on previous updates. We find that the solution to underdetermined
formulations of (3.12) can lead to useful updates before committing to spend up to O(n,) or O(n2)
samples upfront. However, we could consider other forms of regularization in (3.12) to find simpler
surrogates when our problem is underdetermined. We could employ L; or Lo regularization of
the coefficients, weighted such that we first find the linear, then the diagonal quadratic, then the

remaining quadratic coefficients.

3.3.2 Explicit constraint handling

CUATRO handles the constraints explicitly instead of augmenting the objective with penalty terms.
The user has the option to choose between constraint handling using regression or discrimination.
When using the regression method, a convex quadratic model is constructed for each of the n,
constraints, like in (3.12), by replacing y; by ¢;(x;). In the discrimination case, each data sample
x; is part of Xy if all constraints are met, and part of Xy otherwise. Then, convex quadratic

discrimination is performed to obtain a single constraint surrogate [50]:
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k ok k
u,v,ry,dy aP1

N Ny
min . Zuj + Z v
j=1 §'=1
ko kT L 1ok .
s.t. ri +4q7 x; + ixjpl x; < —(1—-w;), Vj=1Ll.ny where (x;,u;) C (Xy,u),
ko kT L 1 ok g
ri+4q7 x5+ §XJ'P1 x; < (1 —wj), Vj =1l.ny where (x;,,vj) C (Xv,V),
PF>0, uv>0,
(3.13)

where u; and vy are the I** and I'*" dimension of the dummy variables u € R™ and v € R™V

respectively.

3.3.3 Surrogate minimization

Finally, the fitted models are minimized within the user-defined bounds, fitted constraints, and
trust region radius in a convex optimization problem to find a new candidate point:
min .ok + qka + leka
xeBAT (zk,o%) 0 0 27 0

1
s.t. 4 qfTx+ =xTPFx <0, l=1.nyorl=1,
1A 7% H 9 (3.14)

B={xeR"™ |x€[x5,xul},

T(x*,6%) = {x € R"™ | []x — x*||% < 67},

We emphasize that since (3.12) and (3.13) are semidefinite programs, the resulting problem (3.14)
is also convex. Therefore, (2+n4) convex problems are solved for the local and three for the global
variation at each iteration. The iterative framework and the conditions for updating the trust region
center and radius are presented in Algorithms 5 and 6, for the local and global implementations

respectively. The updating scheme for the local implementation is based on Conn et al. [94].

In this chapter, we only describe CUATRO as it was initially implemented in [385]. In Chapter
6, we discuss various heuristic improvements that have been made over the course of this PhD
journey to the default solver, and introduce CUATRO_ PLS as an extension tailored to high-
dimensional applications. The next section describes the case studies in more detail and discusses

their mathematical properties.
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Algorithm 5: CUATRO local

Input: Black-box objective f and constraints g;,! = 1..n4, Initial guess x°, Initial radius
0%, Breds Bine, N1, N2, Minimum number of samples for fitting N min, Maximum
number of function evaluations Ny e
1 Initialisation: Initial data sets X° := [x°] and Y° := [{(f(x°), q:(x?)),l = 1..n,}],
Sampling region T;(x", %), Trust region 7 (x°,8°), with T C Ts,
Bound-constrained region B, Function evaluation counter ny := 1,
Iteration counter k := 0
while (Nf,maa: > nf) do

2
3 Sample points uniformly from BN 7T;(x*,§%) until the region contains N i, samples ;
4 Compute (P}, qf,rF) from (3.12) for [ = 0..n, using all evaluations in B N T5(x*, 6%);
5 Find X,,ep by minimizing (3.14) within BN T (x*,§%) using (PF,qf,rF) for I = 0..n, ;
6 Update datasets with ns new evaluations X, _:
XFF e [XF X, LY V(K)o 0K ))ol = 1o} 5
7 ngnyg+ng; k—k+1;
8 if (g1 (Xnew) <0 forl =1..ny) V (f(Xnew) > f(x*71)) then
9 ‘ Reject update step x* < x*=1, and decrease radius: 6% < B,.q0" "
10 else
11 if % > 19 and candidate step is at the trust-region boundary then
12 ‘ Accept update step x* <— Xpew, and increase radius: 6F < Bin0% 1
e _Actual decrease
13 else if Precdtilged ficezerae:;e S m then
14 ‘ Reject update step x* < x*~1, and decrease radius: 6% < B,cq0" !
15 else
16 ‘ Accept update step x* < X,cu, and keep radius 6% « §F~1
17 end

Algorithm 6: CUATRO global

Input: Black-box objective f and constraints g;,{ = 1...ng, Initial guess x°, Initial radius
0%, Bred, Minimum number of samples for fitting IV, s,min, Maximum number of
function evaluations N¢ mqa

1 Initialisation: Initial data sets X" := [x°] and Y° := [{(f(x°),q:(x?)),l =1...n,}],
Sampling region T;(x%, %), Trust region 7 (x°,8°), with T C T,
Bound-constrained region B, Function evaluation counter ny := 1,
Tteration counter k :=0

2 Sample Ny i points using Latin-Hypercube sampling within B ;

3 while (Ny 4, > ny) do

4 Compute (P¥,qf,rk) from (3.12) using all evaluations within BN T (x*, §%);

5 Compute (Pf,q¥,r¥) from (3.13) using all evaluations within B N T (x*, 6%) ;

6 Find X,,¢y by minimizing (3.14) within BN 7 (x*, %) using (PF,qf,r}) for 1 =0,1;
7 Update datasets with ns new evaluations X, _:

Xk+1 A [Xk7X715]7Yk+1 — [ka {(.f(an)’gl(an))?l =1.. ng}] )

8 ng<—ng+ng; k< k+1;

9 if (91 (Xnew) <0 forl=1,...,n9) A (f(Xnew) < f(x*71)) then

10 ‘ Accept update step xF < Xpew ;
11 else

12 ‘ Reject update step x¥ « x*~1 ;
13 Reduce radius: 6* < Breqd® ' ;
14 Sample points uniformly from BN T;(x*,§%) until the region contains Nj i, samples ;

15 end
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3.4 Case Studies

Under the assumption of expensive, computationally limiting function evaluations, the efficiency of
DFO algorithms does not depend on the algorithm’s solution time (if the per-iteration overhead is
lower than the evaluation time) but on the problem characteristics and solution space. In the next
section, we justify our selection of case studies based on the problem characteristics that impact

algorithm choice.

3.4.1 Problem considerations and selection of case studies

The case studies are defined by the following considerations as they relate to (3.1): a) problem
dimensionality, the number of decision variables n, that represent the degrees of freedom; b)
number of constraints n, and their type (hard or soft); ¢) stochasticity, the magnitude and dimen-
sionality of w; d) solution space topology, the ‘geometry’ of the function including convexity and
ill-conditioning. Ill-conditioned functions are defined as having a high condition number, meaning

that they can display large variations in the output for small perturbations in the input.

The benchmarking problems are chosen to present various combinations of these mathematical
properties, as summarized in Table 3.1.The case studies present the behaviour of typical process

engineering problems while remaining tractable and amenable to analysis.

Table 3.1: Case studies and their mathematical properties

Case study Dimensionality | Number of con- | Stochasticity Topology
(ng) straints (ng)

Constrained 2 2 Deterministic Non-convex

Rosenbruck Stochastic

Real-Time Op- || 2 2 Deterministic Convex

timization Stochastic

Model-based 4 0 Deterministic Unknown

Design of Ex-

periments

Self-optimizing 2 1 Deterministic Convex

reactions Stochastic

PID tuning 4 0 Deterministic Ill-conditioned
Stochastic

Quadratic con- || 10 0 Stochastic Tll-conditioned

trol law

Flowsheet opti- || 4 4 Deterministic Nonconvex

mization
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The topology of the problem is often unknown, both a priori and a posteriori. In our case
studies, ill-conditioning can arise from non-converging simulation outputs, unstable controls, and
artificial constraint handling through barrier methods with high penalty coefficients. Next, we

present the case studies in more detail.

3.4.2 Constrained Rosenbrock

The Rosenbrock function is a nonconvex test function with a flat, long, narrow ‘valley’. A linear,
and a cubic constraint are imposed on the unconstrained function. For the stochastic case, normally
distributed noise of mean 0 and standard deviation 0.05 and 0.02 is added to the objective and
constraint functions respectively:

min. (1 —21)% 4+ 100(zy — 23)?

1,25

st. (zp—1)2 -2, +1<0,

(3.15)
1 +a0—1.8 <0,
—1.5 S T1,T2 S 1.5.
This problem is solved using a starting point of xo = [—1.5,0.5]T with a function evaluation

budget of 100. This two-dimensional solution space serves as a canvass to illustrate convergence
patterns of all algorithms in Figure (3.5). This synthetic study is also used to determine default

hyperparameters for the methods.

3.4.3 Real-time optimization

The advantages of real-time optimization (RTO) in industrial processes are thoroughly studied
[105, 67]. However, currently, most implementations rely on heuristics and trial and error to reach
optimality [67]. Real-time optimization is plagued by the difficulty to exactly model complex
phenomena. In this context, we refer to the ‘plant’ as the ‘true’ system, and to ‘plant-model
mismatch’ as the error of our model with respect to the plant. Unfortunately, the most widely
used method in industry (model-adaptation) does not converge to the systems’s optimal operating
conditions [78]. This has motivated research into alternative RTO solution strategies [78, 377],

including the use of derivative-free and BO methods [129, 80, 108].

The optimization of a given plant subject to operational or safety constraints under a stochastic
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environment can be formulated as:

min Gg (u) := E (g0 (u,y"(w))) (3.16)

st. G} (u) :=E(g; (u,y?(w))) <0, I=1...ng

where u € R™ and yP € R"v are vectors of the plant input (design) and output (measured)
variables, respectively. While in the methodology section we use x instead of u to denote our degrees
of freedom, the notation in the case studies is selected to be consistent with control literature
standards. Additionally, g; : R™* x R™ — R, [ = 1...,ng4, denote the cost and inequality constraint
functions; and U C R™ the control domain, e.g. lower and upper bounds on the input variables,
u" < u < uY. The superscript (-)P is used to indicate plant-related quantities. The challenge in
RTO is that the exact mapping yP(-) is unknown, and that the measurement yP(u) is subject to

process disturbances.

Williams-Otto benchmark problem
We choose the classical Williams-Otto benchmark as our system of interest. A continuous stirred-
tank reactor (CSTR) is fed with two streams of pure components A and B, with respective mass
flowrates Fa and Fg. The reactor operates at steady state at temperature T;. The chemical
reactions between these reagents produce two main products P and E, through a series of chemical

reactions that also give rise to an intermediate C and a byproduct G:

A+B— C
B+C—P+E

C+P—G

The complete set of mass balance equations and kinetic rate equations for the reaction system can

be found in Mendoza et al. [257].

For the stochastic case, normally distributed noise with mean 0 and standard deviation 0.05 and
0.0005 are added to the objective and constraints respectively. RTO is performed from an initial
guess uy = [6.9,83]T within the bounds of [[4.,7.], [70.,100.]]. The first dimension of u indicates the
equimolar flowrates F4 and Fz, whereas the second dimension indicates the reactor temperature

T.. The convexity of the two-dimensional solution space is visualized in Figure 3.3a.
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3.4.4 Model-based design of experiments

Model-based design of experiments (MBDoE) has been widely used to improve parameter precision
in nonlinear dynamic systems. The aim of MBDoE is to find the design of experiment conditions
[133] that are most informative to the parameter fitting. Solving an optimal MBDoE problem
can for instance involve the maximization of a measure of the expected Fisher information (or the
minimization of a measure of the expected variance of model parameters).

min. ¢ (Vp (u,0,t))

u

st x(t) = f(x(t), 6,u(t)), §(t) = g(x(1)),
x(t) e X, u(t) eU, Vtel0,t,

x(0) € Xy, 0 € O,

-1
tNep

Vo(w, 6.t = | VO] + Y QT0zyQ0)|

t=ty

(3.17)
yr Oy .. O
90, 06 00,
Q=™ T P,
OYym  OYm ... OYm
20, 00 90,
dy Jg 0Ox
do  ox 96’

d dx of ox oOf

s~ ox o0 o0
In Equation (3.17), x € R™= is the vector of differential states, y € R™ is the vector of predictions
for measured variables y(¢)), u(-) € R™ is the vector of manipulated variables and 6§ € R™ is
the vector of model parameters. We diverge again from methodology notation in that u and (-)
represent our black-box inputs and outputs, whereas x(¢) and y(¢) denote our differential states
and measured variable predictions. Yy is the variance—covariance matrix of the experimental noise,
@ is the local first-order sensitivity of the measured responses. The matrix Vjp is the approximated
covariance matrix defined as the inverted expected Fisher information matrix (FIM). Additionally,

¥(+) is a metric of the covariance function, i.e. trace(-), det(-), etc.

Nucleophilic aromatic substitution reaction
We adapt our system of interest from Hone et al. [179], and consider a nucleophilic aromatic

substitution (SNAr) of 2,4-difluoronitrobenzene {1} with pyrrolidine {2} in ethanol (EtOH) to
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give a mixture of the desired ortho-substituted product {3}, with para- {4} and bis- {5} as side
products. The three major products of this case study are relevant to the pharmaceuticals and
fine chemicals industry [57]. The inlet flowrates of the reagents 2,4-difluoronitrobenzene {1} with
pyrrolidine {2} (Fy and Fy), solvent ethanol (F3) and the temperature T are the decision (or
design) variables: u = [T, Fy, Fy, F3]T are bounded according to Table 3.2 and are subsequently
normalized between 0 and 1.

Table 3.2: MBDoE case study: definition of design space.

Design Variable Min Max
Fi(mL/min) 03 3.0
F5(mL/min) 03 3.0
F5(mL/min) 03 3.0

T(°C) 60.0 120.

The molar balance of the reactor can be written as:

dcq des
—— = —T1 =T, —— = —T1—T2—T3 Ty,
dr 1 2 dr 1 2 3 4
(3.18)
ng + dC4 dC5 +
—— =T T — =T —T — =T T
dr 1 3 dr 2 4 dr 3 4

with 7 (min) being the residence time, and ¢; (mol/L) the molar concentrations for compounds

2.7mL
{1} to {5}. The total residence time is given as Tyotat = —z—— The reaction rates follow a

Zi:l E;
power law. The values for the kinetic parameters of the true model are taken from Hone et al.
[179]. The objective of this case study is to minimize the maximum eigenvalue of the covariance

matrix. MBDoE is performed from a starting point of the normalized design variables uy =

[0.1,0.1,0.1,0.1]T within bounds [[0, 1], [0, 1], [0, 1], [0, 1]].

3.4.5 Self-optimizing reactions

Self-optimizing continuous flow platforms leverage automation, robotics, analytics, machine learn-
ing, and optimization to advance chemical synthesis and reaction optimization [343, 90, 332, 128].
Chemists often use model-driven approaches to reaction optimization, where models are used to
map the effect of reaction parameters on the objectives. The parameters are then subsequently
optimized using gradient expressions with respect to the reaction parameters. While the purpose
of MBDoE (Section 3.4.4) is to design experiments that lead to the highest information gain in the
process of model-building, self-optimizing reaction platforms skip the model-building step. The

process parameters to objective input-output data are essentially obtained through iterative ex-
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pensive black-box evaluations. Derivative-free and data-driven optimization is used to explore and
exploit the search space and find the parameters that minimize a single or scalarization of multiple

synthesis objectives (yield, selectivity, economics, safety, etc.).

Nucleophilic aromatic substitution reaction
We consider a similar Nucleophilic Aromatic Substitution (SnAr) reaction to the model-based
design of experiments case study (Section 3.4.4). The mass and energy balances of the flow reactor

are given by (3.19) followed by a detailed description of the parameters in Section A.4.

d2ci dci
0= de2 — de — E/ Vir iTqt
2T T ¢ (3.19)
= k—— — cppF— + UA(T, — T),
0 Ko — oPF o + UA( )

where ¢; and T are the concentration of the i'" reagent and the temperature of the reactor,
respectively. T, and F constitute the two manipulated decision variables and correspond to coolant
temperature and inlet flow rate. The reaction rates r; follow a power law with parameters given in
Hone et al. [179]. The objective of this case study is to maximize the concentration of the Mono-
product (c3) at the end of the reactor while maintaining the concentration of the Bis-product
(c5) throughout the reactor below a threshold. The constraints are aggregated to accelerate the

computation [305].

The manipulated variables T,,(°C') and F(L/min) are bound within [40, 150] and [0.5, 10], re-
spectively, and consequently normalized between [[0, 1], [0, 1]] using a starting point of [0.00, 0.85]T.
For the stochastic case, normally distributed noise with mean 0 and standard deviation 0.001 and
0.01 is added to the objective and constraints respectively. The convexity of the two-dimensional

solution space is visualized in Figure (3.3b).

3.4.6 Controller synthesis

PI controller tuning

PI controllers are feedback control laws widely used in the control of industrial process systems.
For a given process variable x;(t) and its setpoint x; ,.z(t), PI control defines its error as: e;(t) =

xi(t) — xirer(t), to get the control variable u;(t) as:

u;(t) = Kpsei(t) + K1 /Ot e;(1)dr, (3.20)
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Figure 3.3: Two-dimensional search space convergence plot for the best methods (3.3b) from the
starting point towards the optimum for the a) real-time optimization case study, and the b) self-
optimizing reactions case study.

where Kp and K are the proportional and integral controller gains respectively. Tuning of these
parameters is crucial to ensuring stability of the state variables. This is usually achieved manually
by a series of experiments, like subjecting the system to step changes, and heuristics, such as the
Ziegler-Nichols, Cohen-Coon or Astrém-Hégglund [426, 91, 427] methods. A more efficient way to
tune the controller gains is to construct a process model and choose the gains based on the process
parameters. More recently, computer-aided or computer-automated control system design have
been used to aid or automate the process of controller tuning [233]. For instance, derivative-free

methods, such as evolutionary search, have been used for this purpose [423, 215].

The performance of various DFO algorithms is first compared on the following two-state, two-

control linear system:

d

% =2x1 + T2 + 2u; —ug

; t (3.21)
x

ditQ =x1 + 229 — 2u1 + 2us.

The integral squared error is discretized into the sum of np steps, and then used as the objective

function of the black-box optimization problem:

nrtr
. 2 2
e ey 21+ ea(t)?)
s.t. (3.21), xi(to) = w2(to) = 15,

3.22
(320), i=1,2, t=tg,...,tny, (3.22)

e1(t) =x1(t) — x1 e, €2(t) = x2(t) — Taref,

0<Kp1,Kr1,Kp2,Krs <8,
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where the four controller gains Kp,; and K;; denote the decision variables, and where x(¢) and

u(t) denote the state and control variables as per control literature conventions.

Synthesis of quadratic feedback regulator control laws

As opposed to the PI control case study, we examine a control problem without integral terms in
the feedback law, or a fixed one-to-one mapping of state-to-control variables. The system under

consideration is adopted from Kazantzis and Kravaris [204].

The nonlinear state feedback regulator synthesis method is applied to a continuous stirred
tank reactor (CSTR), where the exothermic irreversible reaction between sodium thiosulfate and
hydrogen peroxide is taking place in non-isothermal operation. This reaction exhibits steady-state
multiplicity. Specifically, the system has three steady states. The upper and lower steady states
are stable, while the middle one is unstable. Additionally, the linearized system around the steady

states is controllable.

The control objective is to regulate the reactor at the middle, unstable steady-state by ma-
nipulating the dilution rate as a function of a bicubic polynomial in the outlet concentration and
temperature error terms. Kazantzis and Kravaris (2000) [204] derive the polynomial coefficients,
i.e. the controller gains, using a third-order Taylor series truncation. They show that this control
law manages to overcome adverse conditions, where the system is perturbed to a temperature of
368.5 K and a concentration of component A of 0.116 mols—!, and brought back to the unstable
steady-state of 308.5 K and 0.666 mols~! rather than spontaneously driven to the closer equilib-
rium around 380.0 K. It is not possible to bring the system back to the equilibrium when including

only terms up to the second order in the control law.

However, their derivation relies on the existence of a process model. Subsequently, the equiv-
alent reactor is considered, where on top of the dilution rate, the inlet temperature can also be
controlled on top of the dilution rate as an explicit control law with quadratic, bilinear, and linear

terms in the outlet temperature and concentration error variables. The optimization problem takes
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the following form:

Kérii%.T ; Z((el(tk))Z + ((62(tk-) )2)
i:'1:~..,5’1 k=0

44 = (& +u1)(Cain — Ca) — 2k(T)C3,

st = (§ +w)(Ton +up = T) + 2500 R(T)CF — FA(T — 1),
k(T) = koe™ 7T, Ca(to) = 0.116™2 | T(ty) = 368.5K, (3.23)

el(t) = CA(t) — CA,ss 3 ez(t) = T(t) — Tin,ss t= to, e ;tnT;
ul(t) = KC71€1(t) + chg@g(t) + KC73€1(t)62(t) + KC74€1(t)2 + [(07562(1*,)27
UQ(t) = KT,lel(t) + KT’QQQ(t) + KT’3€1(t)62(t) + KT,461(t)2 + KT’562(15)2,

Ko € [KE KE), Kr e [KE KY.

Since the dynamics are only accessible through a simulation, this corresponds to a DFO problem
with the ten controller coefficients as the decision variables (five dimensions in Ko and Kr), and

the discretized normalized squared error intregral in the two state variables as the output.

The initial guess for the first five quadratic coeflicients (K¢ ) is taken from the original derivation
in Kazantzis and Kravaris [204]. The initial guess for K is taken as the null-vector of the same
size. Ko has a lower bound corresponding to half, and an upper bound corresponding to double
its initial guess. The bounds for K7 are constructed within a factor of ten around the initial guess
for K¢. Stochasticity is introduced in this case study by adding normally distributed noise with
mean 0 and standard devation 0.001 and 1 to the molar fraction and temperature at each time

step.

3.4.7 Flowsheet optimization

Flowsheet optimization problems often need to be approached as black-box optimization instances,
since gradient expressions may be inaccessible due to proprietary restrictions or simply intractable
to compute. In order to compare different DFO solvers in this context, we present an optimization
problem relating to the CryoMan cascade liquefied natural gas refrigeration cycle [330, 10]. The
objective of the problem is to minimize the specific shaft-work for compression whilst maintaining
important process constraints such as minimum approach temperatures, vapour fractions on entry
to compressors, and compression ratios. Due to the presence of multiple recycle loops, the process

behaviour is extremely nonlinear, with many solutions violating process constraints.
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by

Figure 3.4: The CryoMan cascade refrigeration cycle as implemented in Aspen HYSYS [10].

The four design variables ¢ are chosen to be the heavy mixed refrigerant (HMR) flowrate,
HMR 2" stage compression ratio, light mixed refrigerant (LMR) flowrate, and LMR 2°¢ stage

compression ratio. The mathematical description of the optimization is as follows:

min <Z Wi(¢)> /miNG (3.24)

¢
s.t. ATE (@) > 2°C , ATE, () € MSHEAT,,. (3.25)
> wi(d)=1,zi(p)€[0,1], i=1,...,m, (3.26)
1=1
Peat(¢p) < 3.5, (3.27)
VE™(¢p) = 1.00, (3.28)
¢ < <Y (3.29)

The objective function consists of the specific shaft work, defined as the sum of the individual
process compressor shaft works W;(¢), divided by the mass flow rate of LNG myng. The four
decision variables are represented by ¢ with the set of inputs having corresponding upper and lower
bounds ¢ and ¢V (3.29). Constraints include: the minimum approach temperatures for each of the

MSHEs AT}

m

in (@) respectively where MSHEAT,

min

is the set of all approach temperatures within
the process ensuring feasible heat transfer between refrigerant and natural gas streams (3.25),
maximum compression ratios Ppt(¢) to discourage mechanical damage to compressors (3.27),
valid molar compositions represented by x;(¢) (3.26), and no wetness within compressors to reduce
mechanical damage to turbine blades, which is enforced by constraining vapour fractions at the
inlet of compressors VE™(¢) to one (3.28). The flowsheet is implemented in Aspen HYSYS 8.8
and linked to Python using the COM interface. Deterministic flowsheet optimization is performed
from a starting point of ¢o = [0.5,0.5,0.36,0.2]7 within bounds [[0, 1], [0, 1], [0, 1], [0, 1]], found

during an initial random feasibility search.
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In the following sections, empirical algorithm convergence and implementation considerations
are discussed (Section 3.5.1). Then, the convergence of all methods is compared on the deterministic
and noisy test function and chemical engineering-specific case studies before their sensitivity to
increasing levels of noise is investigated (Sections 3.5.2 and 3.5.3). This is followed by a discussion

on safe exploration and robust sample average approximation in Section 3.5.4.

3.5 Results and Discussion

3.5.1 Algorithms

Sampling and Convergence

Figure 3.5 illustrates how each algorithm samples function evaluations and shows the convergence of
the best function evaluations toward the optimum in the two-dimensional case of the constrained
Rosenbrock function, discussed in more detail in Section 3.5.2. The figure illustrates how the
finite difference algorithms, Nesterov, simplex, Py-BOBYQA and CUATRO local can be regarded
as local methods, or ’exploitative’, with a tendency to follow the gradient. Other methods like
SQSnobfit, and CUATRO global involve more ’exploration’, which in some cases leads to better
optima in fewer function evaluations. Figure 3.5g illustrates the exploration-exploitation trade-off
for Bayesian Optimization. Figure 3.5f shows a peculiar pattern for DIRECT, which starts off in the
middle, with its exploitation following clear geometric patterns. The interested reader is referred
to A.3 for an in-depth description of algorithm two-dimensional convergence patterns. Section
3.5.2 discusses the convergence of these algorithms in terms of number of function evaluations on
specific case studies, and relates the methods’ performance to the mathematical properties of the

case studies.

Practical and numerical considerations

Before choosing an algorithm for a given application, one should keep in mind certain practical
considerations which may hinder algorithm performance. These considerations are based on ob-
served results rather than common knowledge. First, one should identify the hyperparameters that

each algorithm has, and how sensitive performance is with respect to these.

o Newton and BFGS: General choices include the type of finite difference approximation (e.g.
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Figure 3.5: Two-dimensional solution space convergence on the deterministic constrained Rosen-
brock function from starting point [—0.5, 1.5]7
for all algorithms.
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central, forward), its derivative step sizes , the choice between fixed, adaptive, scheduled step
size and/or backtracking. Standard finite difference approximations work quite well, but the
algorithm is sensitive towards the decision to use backtracking or fixed step sizes, as well
as the latter’s magnitude. In this work, backtracking is used and the hyperparameters are
tested and optimized for the smaller test functions, and slightly fine-tuned for each of the

more complex case studies.

Adam: Hyperparameters include the first- and second-order parameters ;1 and [s, the
step size parameter §, and the backtracking routine. The default hyperparameters stated in
the original technical report [212], used for machine learning applications such as training
logistic regression and neural networks, are not transferable to DFO when used with the
backtracking routine. Instead, we choose hyperparameters that involve less momentum,

making the method behave more like gradient descent.
Simplex: Works well with standard settings from the literature [276].

Nesterov: Is the method that is the most sensitive to its hyperparameters (1 and «). These
need to be fine-tuned to the specific application for the method to be successful. The method
could also become more robust with the averaging of multiple randomly sampled gradients

[32).

DIRECT: Its main advantage is that it is an off-the-shelf algorithm. This usually comes at

the cost of flexibility, but the implementation we use works very well with default parameters.

Bayesian Optimization: Is probably the best choice when the computational budget is
low (say < 30). The computational complexity scales rapidly with the number of function
samples, so the assumption that function evaluations are the primary bottleneck may not
hold if a large amount of data is considered per iteration, as this could render the algorithm
intractable. The method is by far the slowest in terms of CPU time. On the positive side, it is
arguably the best method for function evaluations that take hours or days (e.g. experiments
or expensive simulations). We use an in-house implementation whose hyperparameters have
been pre-tuned on similar case studies, which might skew the results in the algorithm’s favor

https://github.com/UCL/Bayesian_opt_Pyro.

SQSnobfit: This is another off-the-shelf method with good performance using standard
settings and minimal tuning. Additionally, the method is very flexible in allowing different
modes of exploration, enabling more ways to leverage known information about the problem

structure.
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« PyBOBYQA: Works well off-the-shelf for deterministic problems with the flexibility to opt
into bounds scaling, multiple restarts and a routine for handling noisy evaluations. The
bounds scaling and multiple restarts options have been found to be especially useful, while

the noise option does not dramatically improve performance.

¢ CUATRO: CUATRO’s default hyperparameters work well off-the-shelf. These hyperpa-
rameters can also be tweaked to influence the degree of exploration. There are two versions
of the algorithm following either a local or global search philosophy that decision-makers can
choose based on problem characteristics and available budget. The solver is implemented in
CVXPY [111]. While we use an early version of CUATRO in this work, the latest release
can be found in https://github.com/OptiMal-PSE-Lab/cuatro including the various ex-

tensions discussed in Chapter 6.

In the presence of constraints, algorithms that use the penalty method are very sensitive to
the magnitude of the penalty parameter. For each case study, an initial parameter between 100
and 1,000 is picked depending on the magnitude of the objective and constraint evaluations. The
parameters are increased until there are no constraint violations in the best solutions or until these
are deemed acceptable (hard versus soft constraints). Choosing too high of a parameter can lead

to ill-conditioning of the problem and numerical issues during surrogate fitting.

While it is assumed that computational time is limited by the number of function evaluations,
as a rule of thumb, direct methods are significantly faster than model-based methods because
they do not incur the cost of surrogate construction and optimization at each iteration. For
instance, DIRECT takes milliseconds, CUATRO seconds, and Bayesian Optimization ten minutes
to optimize the cheap Rosenbrock toy problem using an evaluation budget of 100. The rest of the
methods’ run times lie somewhere between that of DIRECT and CUATRO.

The code for the algorithm implementations and their comparisons on the case studies can be

found in https://github.com/0OptiMalL-PSE-Lab/Expensive-Black-Box-0Optim-ChemEng.

Algorithm selection based on problem characteristics

While the previous section discusses each algorithm sensitivity to hyperparameter choices, this

section discusses algorithm convergence based on problem characteristics.

As a rule of thumb, problem complexity increases significantly with the problem dimensionality.

Purely bound-constrained problems are also easier to solve than their black-box constrained coun-



3.5. RESULTS AND DISCUSSION 7

terparts. The difficulty of the problem also increases with the hardness of constraints. Additionally,
complexity typically increases with the number of constraints, although a single complex constraint
could potentially define the same feasible space as multiple simpler ones. The presence of stochas-
ticity also considerably increases problem complexity, especially at higher amplitude. Lastly, the
more ‘well-behaved’ the solution space is (with linear and convex being the most well-behaved),

the easier the problem.

On top of the general observations, the following algorithm peculiarities are found. If any

method is not explicitly mentioned , no clear dependence is observed for said characteristic.

e Problem dimensionality: Newton and BFGS scale particularly poorly due to their approxi-
mation of the Hessian (quadratic scaling). Adam scales better with problem dimensionality
(linearly) than Newton and BFGS, but still performs worse compared with other methods
because it requires over n, evaluations at each iteration. Other methods only involve an
expensive intitialization followed by fewer subsequent evaluations per iteration (CUATRO
and simplex). Since our problem formulation assumes a tight evaluation budget, algorithms
like BO, DIRECT and SQSnobfit that require fewer initial function evaluations seem to be

less affected by the problem dimensionality.

o Constraints: As a rule of thumb, methods that only sample along the input dimensions (finite
difference methods) rather than randomly tend to get trapped at constraints more often
since they only capture information in a pre-defined set of directions. Simplex especially
displays awkward behaviour near constraint boundaries. Bayesian Optimization deals best
with constraints due to its explicit mapping thereof and its exploration routine. Accordingly,
the performance of CUATRO along constraints improves with bigger trust region radii. The

performance of other methods is very sensitive to the penalty parameter tuning.

e Stochasticity: Newton and BFGS break down in the presence of noise. Adam can leverage
momentum to break through mild levels of stochasticity if fixed step sizes are used. Simplex
and DIRECT seem to be little affected by stochasticity, while Nesterov’s performance even
sometimes improves with stochasticity. The model-based methods tend to perform well
with stochasticity when they use regression instead of interpolation models. Consequently,
SQSnobfit, CUATRO, and BO display less performance degradation than Py-BOBYQA in

stochastic applications.

e Solution space topology: ‘Global’ model-based methods, such as BO and CUATRO global

(or local with big trust region) display excellent performance in well-behaved problems, as
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the solution space can be accurately captured by the surrogates. The performance of direct
methods (DIRECT and simplex) depends on the specific solution space geometry. However,
they tend to be more robust to ill-conditioning than model-based methods that rely on
surrogate construction and minimization. The finite difference methods’ performance, on a
certain topology, is sensitive to the choice between backtracking and fixed step sizes, where
backtracking (and less momentum for Adam) is usually preferred for ill-conditioned functions.
If it is known that the problem is ill-conditioned, it is up to the decision-maker to decide if
exploitative, local methods should be used to find a local optimum quickly, or if exploration

should be leveraged in the hopes of escaping local minima.

The next section discusses algorithm convergence on specific case studies. Many subsequent

observations might overlap with this section.

3.5.2 Performance of DFO algorithms on the case studies

Figures 3.6 to 3.14 show the best function evaluation versus evaluation budget convergence on
the deterministic and stochastic versions of each case study, for each algorithm, using 50 to 100
function evaluations. In a nutshell, the following convergence performance is typically observed for

the algorithms:

General algorithm performances: Nesterov makes consistent, but very slow progress.
While some finite difference methods converge in the deterministic case for low-dimensional case
studies, all of them break down with stochasticity. Adam is usually less affected by stochasticity,
but tends to make slower progress in the deterministic case than its Newton and BFGS counter-
part. The median simplex run usually converges to the optimum or to its vicinity, but runs tend to
display much more variance in their performance, as they often get stuck at constraints. DIRECT
often makes very fast initial progress due to its extensive search space exploration. However, the
degree to which DIRECT is capable of fine-tuning its optimum is topology-dependent, on how

close the initial partition-based sampling is to the actual optimum.

Similarly, BO and SQSnobfit also make significant progress early on due to their extensive
exploration. BO is however better at navigating the exploration-exploitation trade-off in fine-tuning
optima than SQSnobfit. SQSnobfit, due to its branching strategy, is less focused on exploitation
resulting in a higher variation in its final performance. Py-BOBYQA usually displays excellent

convergence for deterministic problems, but loses these properties on stochastic problems. This
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could be due to the method employing interpolation models which are more sensitive to noise, rather
than regression models. Both CUATRO implementations tend to converge to the optimum for
low-dimensional problems, while the local implementation performs better on higher-dimensional
problems. Whether CUATRO local or global converges faster and more consistently depends on

the problem topology, and on the initial trust region radius.

First, the algorithms are benchmarked on the constrained Rosenbrock test function, which
was also used for hyperparameter tuning and to discuss convergence patterns (Section 3.5.1).

Subsequently, the methods are benchmarked on specific chemical engineering case studies.

Rosenbrock: The problem is nonconvex. Its deterministic case shows the strengths of New-
ton and Adam when backtracking is used, while the stochastic case illustrates their degradation
in performance with noise. The performance of Adam is slow, which is regularly observed for ill-
conditioned problems. Simplex sometimes gets stuck at constraints increasing its min-max range.
DIRECT and BO are quick because of their extensive initial exploration in the low-dimensional
space. The performance of SQSnobfit is as expected: It converges to a near-optimum albeit
with significant min-max range. Py-BOBYQA is excellent in the deterministic case, but becomes
the worst model-based method in the presence of noise. CUATRO implementations have good
convergence, with the global version being slightly faster. This suggests that in nonconvex lower-
dimensional space, exploration leads to the optimum in fewer evaluations than with purely ex-

ploitative methods.

Real-Time Optimization: The discussion for the algorithm performances on this two-
dimensional convex problem closely follows that for the Rosenbrock function. The main differences
are as follows: Adam converges to the optimum in the deterministic case. CUATRO local con-
verges faster than CUATRO global. CUATRO local and BO converge in around 15 evaluations,
which is due to the problem being convex, making the problem easier to be approximated by the
surrogates. DIRECT is also very quick to converge, finding a near-optimum in around 20 evalua-
tions for the stochastic case. However it only finds a final median optimum of -60.6 compared with
-76.0 for BO, which illustrates the dependence of DIRECT on the solution space topology. Figure
3.3a shows the two-dimensional convergence of the best methods on the case study. It illustrates
the difficulty of even the best-performing methods to make progress along constraint boundaries,
especially when these are almost parallel to the contour lines. As a result, BO is the only method

whose median run converges to the optimum at the intersection of two constraints.

Self-optimizing reactors: This case study displays the same characteristics as the real-time
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Figure 3.6: Convergence plots showing 10 best function evaluation versus number of function
evaluation runs for all methods on the constrained Rosenbrock test function without and with
stochasticity.
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Figure 3.7: Convergence plots showing 10 best function evaluation versus number of function evalu-
ation runs for all methods on the real-time optimization case study without and with stochasticity.
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optimization case study, with similar results. DIRECT and BO are fast in finding the optimum
in around 5 evaluations. In this well-behaved case study, the extensive initial search of CUATRO
global (although more expensive initially) finds the optimum faster than the local implementation.
Since self-optimizing reactions is the most expensive case study we investigate, and since we had
initial numerical difficulties getting Nesterov, Adam and BFGS to work on the case study, we
decided to omit them from the analysis. It is expected that their discussion would closely follow
that of the real-time optimization case study. Figure 3.3b) shows the two-dimensional convergence
of the best methods towards the optimum. BO is the only method that consistently cuts through
the stochasticity and gets closest to the optimum near the constraints. The figure illustrates
SQSnobfit’s propensity towards exploration and that CUATRO global’s first best evaluation update
is already quite close to the optimum. It is also observed that DIRECT’s first function update is
set to the middle of the decision space, which is due to the method discarding initial points and

just starting in the middle of the decision space.
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Figure 3.8: Convergence plots showing 10 best function evaluation versus number of function
evaluations runs for all methods on the self-optimizing reactions case study without and with
stochasticity

Model-based Design of Experiments: This case study differs from others in multiple ways:
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First, this is the first case study to have more than two decision variables, making the analysis a
posteriori of the optimization difficult due to a lack of visualisation. Additionally, the best optimum
identified is active at the lower input bound in two out of four dimensions, whereas in previous case
studies the optimum is active at one or two black-box constraints. DIRECT, as a partition-based
method is slow with a big min-max range, converging to a median sub-optimum of 0.578 compared
with the optimum at 0.231. Additionally, the problem is ill-conditioned, which can lead to problems
with model-based methods. CUATRO local with small trust region radius performs better than
its global implementation, potentially for similar reasons. This could also explain why BO fails
to find the optimum consistently. While its median run finds the best optimum of all methods
at 0.253, three out of ten runs get stuck early between evaluations of 15.5 and 16. Py-BOBYQA
converges quickly to the optimum given the deterministic nature of the problem. Nesterov is left
out of the analysis because no adequate hyperparameters could be found. Adam is the only finite
difference method that makes significant progress given the poor Hessian approximation scaling
of Newton and BFGS. Simplex does not reliably converge to the optimum and displays a lot of

variance because some of its runs get trapped at bound-constraints.
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Figure 3.9: Convergence plots showing 10 best function evaluation versus number of function
evaluations runs for all methods on the deterministic model-based design of experiments case
study

PI controller tuning: Providing more background on the mathematical properties of the case
study enhances our understanding of the results. The decision space is not only four-dimensional,
but the objective function is also particularly ill-behaved. Figures (3.10a) and (3.10b) show the
state and control trajectories resulting from the initial PI controller tuning and the median final
optimal DIRECT, and CUATRO tunings respectively. While the initial controller tuning leads
to a divergent response, the optima manage to bring back the system to the steady-state. The
explosion in objective values between converging and diverging tunings causes ill-conditioning in

the problem. While Figures (3.10a) and (3.10b) illustrate the difference between the initial and
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final controller tuning responses, Figures (3.10c) and (3.10d) showcase the evolution of state and
control trajectories corresponding to all evaluated CUATRO local PI controller tunings from the
oscillating, diverging response to the near-optimal converging response. Experiments are performed

on the same dynamic system using different initial states between the top and bottom figures in

(3.10).
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Figure 3.10: State (3.10a) and control (3.10b) trajectories corresponding to the initial and the
median optimal DIRECT, CUATRO global and CUATRO local PI controller gains for the de-
terministic PI controller tuning case study. Evolution of the state (3.10c) and control (3.10d)
trajectories corresponding to all sampled median CUATRO local PI controller tunings from the
initial towards the best.

Additionally, stochasticity is introduced in a different way in this case study. Whereas in
previous case studies we add randomly sampled noise to the objective and constraint functions,
here, we add randomly sampled noise to the state variables to imitate measurement fluctuations
due to process disturbances. This makes the numerical integration sensitive to high levels of
stochasticity, and the whole problem ill-conditioned.

The performance of many algorithms is as expected: Nesterov makes slow, consistent progress.
Adam makes surprising progress compared with Newton and BFGS in the deterministic case,
but all methods lose efficiency in the stochastic case. The median runs of simplex and DIRECT
approach a near-optimum in as little as 20 evaluations. While DIRECT is slightly worse than

simplex at fine-tuning the optimum, simplex displays worse variance due to the method getting
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stuck at some input-bounds. SQSnobfit finds good optima but the algorithm returns an error in
about 10% of the deterministic and 30% of the stochastic cases, making the method unreliable.
This can again be explained by numerical issues causing ill-conditioning. The discussion for Py-
BOBYQA follows that of the other case studies. BO displays a min-max range as high as 1,099,
due to the occasional run getting trapped. The median run is outshone by all other model-based
methods apart from Py-BOBYQA. The discussion boils down to ill-conditioning again. Hence,
as with other highly ill-behaved functions, global surrogate construction should be discouraged.
The discussion surrounding CUATRO follows that of previous case studies in terms of trust region

radii, ill-conditioning, and the exploration-exploitation trade-off.
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Figure 3.11: Convergence plots showing 10 best function evaluation versus number of function
evaluation runs for all methods on the PI controller tuning case study without and with stochas-
ticity. The asterisk in the label for Snobfit denotes that not all of its 10 runs were successful.

Quadratic control law synthesis: This case study involves ten decision variables. As a
result, the finite difference approximation methods make little progress. The direct methods
(DIRECT and simplex) converge reliably to a near-optimum in 20 evaluations. The discussion
surrounding the model-based methods mirrors that of the previous PI tuning case study: BO ’s

median run is outshone by all other methods. SQSnobfit seems to find good solutions, but returns
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an error in over half of the cases. Py-BOBYQA performs poorly in the presence of stochasticity.
One might expect CUATRO local to outperform CUATRO global, like it did in the stochastic PI
controller tuning case in Figures 3.11. One might expect consistent, smaller steps to be more im-
portant than extensive exploration for ill-behaved functions. However, both CUATRO variations

exhibit similar performance after 20 evaluations.

This could be explained by significant differences in the scaling and bounds of the decision
variables. Additionally, the two control problems exhibit distinct control dynamics and ‘run-
away’ behaviors. Figure 3.12 shows the state and control trajectories resulting from the initial
and the median best DIRECT, CUATRO global and simplex tunings. The initial coefficients
fail to overcome the attraction of the dynamical system towards one of the stable optima. The
near-optimal tunings manage to drive the system back to the meta-stable reference points, with
the differences between the methods being mostly attributable to the stochasticity in the state
variables rather than the quality of the optima. Similarly to the PI tuning solution space, this
case study also displays ill-conditioning. Even though none of the control laws lead to diverging
solutions, small differences in tunings can lead to the system converging to different optima, which

can increase the objective function by orders of magnitude.
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Figure 3.12: State and control trajectories corresponding to the initial and best DIRECT, CUA-
TRO global, and CUATRO local controller gains for the deterministic quadratic feedback regulator
case study.

Flowsheet Optimization: The finite difference approximation methods perform as expected
on the case study given its four-dimensional, deterministic nature. While both DIRECT and
simplex find competitive median optima, some realizations of DIRECT stall, increasing its min-
max range considerably. Py-BOBYQA and SQSnobfit behave as expected. CUATRO global
performs poorly and displays a lot of variance with a range of 1.82 and a final median realization
at 157.43, far from the optimum. CUATRO local fine-tunes the optimum consistently giving a
median optimum of 156.74. However, some realizations become trapped at a constraint leading

to a high min-max range of 1.42. BO, like in previous case studies with more than two decision
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Figure 3.13: Convergence plots showing 10 best function evaluation versus number of function
evaluations runs for all methods on the stochastic quadratic control law synthesis case study. The
asterisk in the label for Snobfit denotes that not all of its 10 runs were successful.

variables, displays significant variance, ranging from the optimum to the starting point, with the
median final realization being close to that of CUATRO global. The difficulties for the MBDoE
case study reside in its ill-conditioned objective changing over an order of magnitude, whereas
the difficulties for flowsheeting arise from its 12 constraints. These either need to be modelled

separately or can lead to ill-conditioning when using penalty methods.
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Figure 3.14: Convergence plots showing the 10 best function evaluation versus number of function
evaluation runs for all methods on the deterministic flowsheeting case study

3.5.3 Performance of DFO algorithms at increasing levels of stochastic-

ity

We are interested in observing the resilience against increasing levels of stochasticity of the best-
performing methods as identified in the previous section. To this effect, we perform 20 runs of 50

to 100 evaluations at increasing levels of noise for the best algorithms of each stochastic case study.
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Stochasticity levels are defined by changing the standard deviation of the normally distributed
noise, added to the case studies as discussed in Section 3.4. Boxplots show the difference between
each sample optimum and the best found optimum at the given noise level among all considered

methods (estimated optimality gap) in Figure 3.15.

Constrained Rosenbrock with stochasticity: The best methods identified in the previous
section include: Py-BOBYQA, DIRECT, BO, SQSnobfit, and CUATRO global. Py-BOBYQA,
though really good in finding the optimum in the deterministic case, becomes less reliable with
stochasticity. SQSnobfit keeps a consistent min-max range around 0.75 despite only finding a near-
optimal solution between 0.5 and 0.75 for all levels of stochasticity. DIRECT shows consistent,
good performance at finding near-optimal solutions (optimality gap below 0.5 and similar min-max
range) for all levels of uncertainty. BO displays a similar performance as DIRECT in terms of the
quality of the optimum found, but has a higher min-max range closer to 1 for most stochasticity
levels. CUATRO global stands out as the method finding the best optimum at each stochastic

level with the highest consistency (highest min-max range of 0.13).

RTO in the presence of process disturbances: The best methods identified in the previous
section include: SQSnobfit, CUATRO local, CUATRO global, and BO. SQSnobfit presents a
median optimality gap between 5 and 7 for all noise levels while its min-max range remains mostly
unaffected. This highlights the method’s difficulty in fine-tuning optima. CUATRO methods
display similar performance again, consistently finding good median optima with an optimality
gap around 2. The global version displays higher min-max ranges up to 10, compared with a range
of up to 5 for its local counterpart. Both methods are slightly affected by higher stochasticity
levels. BO consistently finds the best optimum among all methods, while displaying a slightly

higher min-max range than CUATRO local for all but one level.

Self-optimizing reactions in the presence of process disturbances: The best methods
identified in the previous section include: SQSnobfit, DIRECT, CUATRO global, and BO. SQS-
nobfit is the method that finds the worst optimality gaps of all methods with the highest min-max
ranges. BO finds the best median optima for all noise levels, with min-max ranges up to 0.01. This
does not mean that it always finds the best sample given the variance in DIRECT and SQSnobfit
at the two highest noise levels. DIRECT’s median performance closely follows BO and displays
slightly less variance than BO at most levels. CUATRO global displays median optima and ranges
between that of SQSnobfit and DIRECT.

PI controller tuning in the presence of process disturbances: The best methods iden-
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Figure 3.15: Stochasticity convergence plots for the best methods per noisy case study: For each
of the six stochasticity levels, the difference is shown between the best optimum found in a) 100, b)
50, c¢) 50, d) 100, or €) 100 function evaluations for each of the 20 runs and the best optimum found
among all methods for said stochasticity level. The stochasticity levels refer to the noise standard
deviations of the normally distributed noise added to each stochastic case study as discussed in
Section 3.4
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tified in the previous section include: DIRECT, CUATRO global, and CUATRO local. DIRECT
stands out as the method to always find the best optimum at all stochasticity levels, and displays
little variance in the optimum found. CUATRO global’s median optimality gap closely follows
that of DIRECT. CUATRO global also displays a worst-case optimality gap of 1,402, compared
with DIRECT’s worst range of 256 at the highest noise level. CUATRO local becomes less reliable
with increasing levels of stochasticity with some realizations resulting in optimality gaps of 5,419
at the highest noise level. This suggests that extensive initial exploration (e.g. the global method)
allows the method to make progress when high levels of stochasticity obscure a clear correlation
for the surrogate to capture in the local trust region. On close inspection of the optima found, it
is seen that three out of the four decision variables are at their upper bound. This suggests that
DIRECT is not only useful for problem formulations where the optimum is close to the middle of

the bound-constrained region. It also efficiently exploits more remote regions of the decision space.

Quadratic control law synthesis in the presence of process disturbances: The best
methods identified in the previous section include: DIRECT, CUATRO global, and simplex. CU-
ATRO global performs worse than the two other methods and displays more variance in the best
optimum found with median optimality gaps up to 1.25 and min-max ranges up to 2.1. DIRECT
is more consistent (min-max range up to 0.75) and displays similar median optima to the simplex
method despite rarely finding the best optimum. Simplex displays similar median final realizations
to DIRECT, but due to its higher variance (ranges up to 1.5) it has a higher chance of finding
better optima. It is surprising to see that the two direct methods DIRECT and simplex deal better
with this problem than the model-based ones. At this stage it is unclear if it is due to the higher

dimensionality and/or the conditioning of the problem.

3.5.4 Constraint Satisfaction

In our last analysis, we investigate the constraint satisfaction versus convergence trade-off for all
algorithms on the constrained, deterministic case studies, as well as the effect of sample average

approximation on constraint satisfaction on the stochastic Rosenbrock test function.

The full treatment of constraint satisfaction and safe exploration under uncertainty in DFO
algorithms is out of scope, and would require a full research contribution. There are specialized
techniques and subroutines that can be added to make exploration inherently safer or to guarantee

constraint satisfaction with high probability via chance constraints for example [362, 174, 55, 298].
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Safe exploration

In Table 3.3, we report each algorithm’s average percentage of infeasible samples per run on
the deterministic constrained case studies alongside their average best function evaluation. The
emphasis of this analysis is on model-based methods, and their ability to accurately synthesize

constraints without having to violate them, but we also discuss direct methods for completeness.

Self-optimizing reactor: We see that all methods apart from Newton achieve a similar
objective function (between 0.814 and 0.823). Among the direct DFO methods, DIRECT displays
the worst constraint satisfaction (68.8%), mostly because it gets closer to the optimum, which is
active at the constraint, in fewer evaluations than simplex (5 versus 30) as seen in Figure 3.8.
This simple correlation does not hold for all model-based methods. Py-BOBYQA displays the
best constraint satisfaction (90.0%) despite its fast convergence. This might be indicative of a
well-tuned penalty parameter. BO also displays good constraint satisfaction (85.9%) despite the
quality of the solution and the speed of convergence. This could be explained by the method’s
exploration strategy and its explicit handling of constraints. Despite explicitly handling constraints
using quadratic surrogates, neither CUATRO local nor CUATRO global have superior constraint

satisfaction properties (70.1% and 76.3%).

Flowsheeting: The same general trend is seen, namely methods converging faster, or with
higher accuracy, sample proportionally more constraint-violating points. On top of this, ex-
ploratory methods such as CUATRO global and SQSnobfit have worse constraint satisfaction
(39.4% and 34.0%) than similarly performing methods focused more on exploitation (CUATRO

local at 63.2%).

Real-time optimization: Among the competitive methods, BO (64.0%) outperforms CUA-
TRO in terms of constraint satisfaction (52.6% and 50.9% for global and local). This is again due
to BO’s exploration-exploitation routine, and its use of constraint surrogates in determining sub-
sequent samples. Penalty methods fair particularly poorly on this problem. The poor constraint
satisfaction properties of Py-BOBYQA, simplex and Adam (21.6%, 29.6% and 39.2% compared
with the next-best of over 50%) are likely caused by a penalty coefficient that is too small. Essen-
tially, objective improvements outweigh constraint violations at the boundary. Solution updates
become infeasible early in the run and approach the optimum via the infeasible space. Increasing
the penalty parameter, while improving constraint satisfaction, can lead to ill-conditioning and nu-
merical challenges in model-based methods. Adaptive penalty strategies may alleviate this issue,

but it can be more effective to avoid these problems altogether by using explicit constraint-handling
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techniques.

Table 3.3: Average convergence-safe exploration trade-off on deterministic, constrained case studies

Constraint satisfaction || Best optimum
Algorithm Real-time opti- | Self-optimizing re- | Flowsheeting
mization actions

Adam 39.2% || -69.369 NA 100% || 157.14
Bayes. Opt. 64.0% || -75.436 85.9% || 0.81398 81.3% || 157.75
BFGS NA NA 81.0% || 159.34
CUATRO_g 52.6% | -75.744 70.1% || 0.81422 39.4% || 157.44
CUATRO_1 50.9 % || -75.820 76.3% || 0.81410 63.2% || 156.93
DIRECT 55.1% || -70.055 68.8% || 0.81426 63.2% || 157.96
Newton 72.2% || -74.908 100 % || 1.19359 100% || 159.91
Nesterov 100 % || 39.627 NA NA
Py-BOBYQA | 21.6 % || -75.650 | 90.0% || 0.81430 60.0% || 157.47
Simplex 20.6 % || -68.004 | 74.6% || 0.82360 87.9% || 156.91
SQSnobfit 53.5 % || -71.874 76.5% || 0.81430 34.0% || 156.97

Robustness through Sample Average Approximation

We investigate Sample Average Approximation (SAA) as a simple subroutine to mitigate constraint
violations in stochastic problems. In theory, one could recover the ‘true’ objective and constraint
evaluations in noisy problems by sampling new points infinitely many times [178]. In practice,
decision-makers could perform multiple evaluations at the same point and use the average or a
specific quantile thereof, depending on their risk tolerance. However, this comes at the price of

additional expensive function evaluations, which are assumed to be the bottleneck.

In Figure 3.16, we investigate, for the best-performing methods on the constrained Rosenbrock
case study, whether halving the evaluation budget and employing the sample average approxima-
tion (SAA) —the mean — of two sampled objectives per evaluation, is more effective than the
default strategy of only sampling new evaluations once. Additionally, we employ a robust approach
to constraint handling by only considering the 'most-violating’ constraint evaluation among the
two samples. This method aims to handle constraints conservatively rather than merely satisfy

them in expectation.

Figure 3.16a is identical to 3.15a, but instead of showing the difference between the best eval-
uation of each run and the overall best found across all methods at a given stochasticity level,
it only displays the function value of the best optimum identified after 100 evaluations for each
method. Figure 3.16b shows how many final best function evaluations of the 20 runs for each noise
level and algorithm are constraint violating in expectation. This explains why seemingly better

optima are found with increasing stochasticity: A sample that is infeasible in expectation might
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be accepted, returning optima that are in principle impossible to achieve in the expected feasible
space. Escaping the infeasible space is also challenging, because any move back to the feasible

space probably results in a degradation of observed solution quality.

Figure 3.16¢ shows a similar plot to Figure 3.16a. The main takeaway is that, at a fixed
number of total evaluations, using SAA for more accurate information about the objective does
not generally improve algorithm convergence given the effective halving of the evaluation budget.
However, the robust constraint handling in our SAA approach does improve constraint satisfaction
as evident in comparing Figures 3.16d and 3.16b. The occasional infeasible Py-BOBYQA and BO
optima could be explained by weak penalty coefficients and algorithm-specific constraint tolerances
respectively, or simply two successive optimistic constraint evaluations. As to CUATRO global,
the occasional best evaluation is infeasible only at high stochasticity (around 3.33 % constraint

satisfaction compared with the previous 17.5 %) but to a lesser extent: maximum constraint

violation is decreased from 0.008 to 0.0038.

‘ B Py-BOBYQA
=4 . B Snobfit
2 g 0.03 I DIRECT
E = BN CUATRO g
g 31 S . . I Bayes. Opt.
g ’ ; 0.02 . ° @ Py-BOBYQA
B = Snobfit
= £ . .
52 ‘ % N ] . DIRECT
2 IS N 50_014 . o ® CUATRO g
3
m é‘ ¢ %_ ; i ; ] t ° ® Bayes. Opt.
4= [} _i :0
1 -‘i + - "' ?ET 0.00{® o8 & of o e oo @ LB
0.000 0017 0033 0050 0067 0.083 0.000 0.017 0.033 0.050 0.067 0.083
Noise standard deviation Noise standard deviation
(a) Convergence, 100 SAA1 evaluations (b) Constraints, 100 SAA1 evaluations
. . . . . 0.008 1 ° e | HE Py-BOBYQA
= 5 [ Snobfit
2 g B DIRECT
s " . g 0.006 B CUATRO g
g ¢ ¢ < I Bayes. Opt.
£ ¢ . ; 0,004 °| @ Py-BOBYQA
-2 3 ' k- Snobfit
S 1 1 1
g ‘. * ! : "é DIRECT
25 8 0.002 1 ® CUATRO_ g
Q [ ¢ ¢ .
@ ¢ ¢ . J ‘B . ® Bayes. Opt.
11— i i 0.000 e Jo oo eccee eccee esces escee
0.000 0017 0033 0050 0067 0.083 0.0000.0170.033 0.0500.067 0.083

Noise standard deviation

Noise standard deviation

(c) Convergence, 50 SAA2 evaluations (d) Constraints, 50 SAA2 evaluations

Figure 3.16: Constrained Rosenbrock convergence and proportion of constraint violation plots
for PyBOBYQA, SQSnobfit, DIRECT, CUATROg and Bayesian opt. without and with sample
average approximation at the same total evaluation budget.
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3.6 Conclusion

Eight model-based and direct DFO algorithms are compared alongside three finite difference
approximation implementations of popular gradient-based optimization algorithms on one con-
strained test function and five chemical engineering DFO problems. The convergence of the best
function evaluation found with respect to the number of function evaluations is benchmarked
for deterministic and potentially stochastic variations of the case studies. This is followed by a
discussion of the best methods’ ability to withstand increasing levels of stochasticity. Their con-
vergence is also illustrated in the two-dimensional solution space whenever possible. As expected,
the performance of the algorithms is widely dependent on problem-specific considerations such as
conditioning of the black-box function, the presence of constraints, and problem dimensionality.

While no method performs best in all scenarios, we can still give general recommendations.

Finite difference approximation methods are generally not recommended if the function
evaluations are noisy, or if the number of decision variables is high. Among the finite difference
methods, Adam has the most potential to deal with ill-behaved and noisy functions but is very

sensitive to hyperparameter tuning.

Nesterov displays the worst performance out of all investigated methods. This is unsurprising
as it is regarded as an all-purpose method, which cannot be expected to perform well for all
subclasses of problems. Nesterov might shine for applications that are even noisier and less well-

behaved than the considered applications.

Bayesian optimization and CUATRO global or local with big initial trust regions, should
be consistent, resilient against stochasticity, and able to fine-tune optima if a function is believed
to be smooth and well-behaved. BO seems to generally make astonishing progress in few function
evaluations. However, Bayesian optimization has the worst run time of all algorithms. As a rule
of thumb, Bayesian optimization should be used with a low function evaluation budget (around
30), and only if the function evaluations are more expensive than the per-iteration computational
algorithm overhead. Expensive evaluations should take at least ten seconds. It might be the case
that even for very expensive functions, Bayesian optimization becomes intractable. In Chapter 6
we discuss specialized high-dimensional BO implementations, relying for example on Thompson

sampling [127] or sparse Gaussian processes.

SQSnobfit is recommended if extensive exploration is desired, or if no prior knowledge is

available about a noisy function. However, SQSnobfit is not great at fine-tuning.
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CUATRQO'’s global variation, with its initial extensive exploration can be beneficial in smooth
and well-behaved solution spaces. On the flip side, CUATRO global can stall in ill-conditioned
problems or when the trust region is too big. If exploration is less of a concern and the aim is to
make slow but steady progress, we recommend CUATRO local with a smaller trust region. This
setup works particularly well in combination with quadratic discrimination constraint handling

when dealing with simulation queries that might fail and cause ill-conditioning.

DIRECT would be our recommended ‘all-purpose’ solver if no prior knowledge is available.
The partitioning strategy encourages consistent progress despite extensive exploration, while the
biasing towards promising solutions ensures exploitation. Its only apparent drawback is its system-
atic solution space exploration, which can get in the way of fine-tuning when quick convergence to
good optima is preferred. Since DIRECT and Bayesian optimization shine in making significant
progress in early function evaluations, there is potential in combining them with a method focused

on greedy optimization.

Finally, although most of the previous algorithms rely on the penalty method to address con-
straints, there is significant value in further developing explicit constraint-handling methods like
CUATRO or Bayesian Optimization. These methods circumvent the challenge of penalty parame-
ter tuning and facilitate safer exploration, particularly when minimizing the number and severity of
constraint-violating queries is crucial. In the presence of noisy constraints, sample average approx-
imation can be used in conjunction with conservative constraint handling to promote constraint

satisfaction at the potential expense of solution quality.

3.6.1 Looking Back

With the benefit of hindsight, there are always areas for improvement. Many strong DFO solvers
were left out of the analysis: the new SciPy [393] implementations of constrained trust region meth-
ods COBYLA and COBYQA, mesh-adaptive direct search NOMAD [229], and covariance matrix
adaptation evolutionary search CMA-ES [161]. Recent research also suggests new, competitive
finite difference schemes for noisy DFO applications [163, 342]. A critical reading might also reveal
that only a few of the considered case studies could be truly considered ‘expensive’. Although
CUATRO generally performed well across various case studies, it was difficult to pinpoint a unique
selling point that would justify further development into a fully-fledged software package. In sub-
sequent benchmarking, we then realized that the sample efficiency of more established Bayesian

optimization implementations is difficult to beat - apart from high-dimensional problems and high-
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data regimes where they become intractable. My initial assumption that model-based methods
would generally outperform direct methods was also not confirmed: Methods like DIRECT-L have
negligible algorithm overhead and often ‘just work’, without the major hyperparameter tuning that

can make or break the performance of some model-based DFO solvers.

However, considering that I was the sole developer at the time and that CUATRO was not the
primary focus of the paper, its performance was impressive. The benchmarking process provided
valuable insights into the challenges of black-box optimization and helped me develop intuition
on when to use which DFO solver. Most importantly, it highlighted the shortcomings of common
implementations. This led me to explore the applicability of the convex trust region optimizer
to mixed-integer decision spaces, batch black-box optimization, high-dimensional domains, and
various other exploitation-exploration heuristics. In Chapter 6, we discuss the successful avenues
explored and an extension to high-dimensional decision spaces, which now marks CUATRO’s most

convincing selling point .

Most importantly, this process led me to consider other potential applications of DFO in the
PSE literature. As I pursued my interest in decision-making architectures and how mathematical
optimization structures can give rise to different decomposition schemes, I began to solidify ideas
on how DFO could be used in place of decomposition algorithms and distributed optimization in

integrated EWO problems.
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In this chapter, we address the challenge of coordinating decisions among agents in enterprise-
wide optimization (EWO), where organizational constraints limit the solution of the resulting cen-
tralized formulation rather than numerical issues. Inspired by the business needs of the value chain
coordination case study from Section 1.2, we propose a ’data-driven’ coordination framework. This
framework can achieve the same optimum as the equivalent centralized formulation while allowing
coordinating agents to maintain autonomy, privacy, and flexibility over their problem formula-
tion and data. Our approach updates the coordinated, or shared, variables using derivative-free
optimization (DFQO), relying solely on coordinated variables input to agent-level optimal subprob-
lem objective output data. We compare the performance of our framework, using different DFO
solvers including CUATRO, against conventional distributed optimization in three case studies:
collaborative learning, facility location, and multi-objective blending. This chapter, along with
the associated Appendix B, is adapted from work published in [387]. Figures in this chapter are
reused from the original publication under the terms of the Creative Commons Attribution 4.0

International License.

4.1 Introduction

In Section 1.1.2, we introduce Enterprise-wide Optimization (EWO) as crucial for companies to
remain competitive in an environment of increasingly stringent safety, environmental, and eco-
nomic requirements [150]. EWO involves the integration of units across 1) all hierarchical levels
of decision-making (from design, planning, scheduling, to control), and 2) all geographically dis-
tributed (plants, warehouses, etc.) or functional (sourcing, manufacturing, distribution) units.
Conventionally, these separate entities are solved sequentially via one-way information flow [87].
For instance, higher-level planning might determine the setpoints of lower-level scheduling without
explicitly accounting for lower-level constraints; or geographically separated plants might adjust
their operations without explicitly considering the needs of downstream bottleneck plants in the
value chain. While these heuristics do not guarantee optimality of the integrated problem, they
are sometimes necessary for coordinated decision-making to remain practical and tractable. For
example, integrated model-based optimization traditionally requires the solution of a larger-scale
centralized optimization model, which quickly becomes computationally intractable in the num-
ber of decision variables and constraints [87]. A centralized formulation could also in practice be

obviated by organizational complexity (antitrust, privacy, and more).
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4.1.1 Decomposition and distributed optimization

One way to alleviate the computational burden of model-based integration is to relax constraints, or
replace detailed formulations with surrogate models that are easier to handle by numerical solvers
[38, 211, 40]. Usually, this would come at the expense of a degradation in solution quality. However,
since EWO aims to coordinate previously decoupled decision-making, the resulting optimization
formulations present mathematical structures that can be exploited (Figure 2.2). The resulting
problems comprise only few complicating variables and constraints that lend themselves well to
decomposition and distributed optimization schemes [289]. Decomposition techniques consist of the
iterative solution of a relaxed upper- and reduced-order lower-level problem which can theoretically
achieve the same solution quality as the original formulation, while saving computational time
(Section 2.2.2). Bilevel [186, 116] and Benders decomposition [301, 383, 325] are among the most
prominent techniques for addressing complicating variables, and typically decompose problems
over time, and over stochastic realizations of uncertainty respectively. Lagrangean decomposition
is particularly useful for tackling complicating constraints, as well as complicating variables by
reformulation. Hence, it is also useful for decomposing problems by time, space, or products

[187, 284, 369, 356).

Distributed optimization builds on the concepts of dual decomposition techniques (such as La-
grangean decomposition). It has many applications in problems that are separated by complicating
constraints, such as the integration of geographically dispersed warehouses or plants along a supply
chain [345]. Alternating Direction Method of Multipliers (ADMM) has received special attention as
a powerful tool enabling considerable computational savings using minimal information exchange,
especially in convex optimization [52]. ADMM repeatedly iterates between the solution of private,
localized, lower-level subproblems, and an upper-level problem whose aim is to coordinate the
solutions of the private subproblems. The possibility for solving the subproblems in parallel gives
rise to significant potential computational savings, similar to what is achieved with decomposi-
tion schemes. Nevertheless, ADMM presents clear disadvantages. Despite often being applied in
practice, ADMM loses its convergence guarantees on nonconvex problems [318]. Additionally, the
method practically only leads to computational savings on continuous problems compared with
the centralized solution under certain conditions, namely when the problem is decomposed into

numerous, convez subproblems [52].

Similarly to how the convergence of first-order gradient descent solvers can be improved using

acceleration or momentum, there are several ways to speed up the convergence of ADMM using
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similar schemes [60]. Houska et al. [181] propose ALADIN, an algorithm to address ADMM’s
shortcomings: it speeds up - and includes theoretical conditions for - global convergence to local
minimizers on nonconvex problems. ALADIN iterates between the parallel optimization of sub-
problems and sequential quadratic programming (SQP, Equation 2.21) steps for the coordination

around the local subproblem solutions.

4.1.2 Organizational considerations and limitations

While distributed optimization appears beneficial from a computational perspective, much of the
literature discussing model-based integration in EWO with relevant solution techniques fails to
consider communication and business considerations that could hinder their practical applicability
[132, 382, 411]. Yet, due to a significant increase in computational power over the past few decades,
software and organizational rather than numerical considerations might become the bottleneck in
the integration of computational decision-making [32]. We already consider some business scenar-
ios that might complicate mathematical optimization in value chain coordination in Section 1.2.
Specifically, distributed optimization is often approached from a ‘top-down coordination perspec-
tive’: Starting from a centralized model, a decomposition is applied that is expected to lead to
computational savings. This presupposes that previously decoupled decision-makers 1) are willing
to share their model expressions and data; 2) accept the risk of foregoing a certain degree of auton-
omy, flexibility, and Nash equilibria for the pursuit of the ‘social optimum’ of the centralized model;
and 3) even have access to known, differentiable expressions as part of their optimization model.
Current decision-making architectures were often established within a legal and organizational
framework when operations were (and often still are) guided by heuristics rather than numerical
optimization. Consequently, the considered problem is often rendered into a multi-agent coordi-
nation problem where each agent might represent a separate legal entity with its own autonomy,

agenda, technical constraints, and organizational considerations [173, 117].

The organizational context matters when choosing the best coordination scheme. When all
agents are willing to collaborate and share differentiable model expressions, powerful distributed
optimization techniques can be leveraged for optimal numerical efficiency [124]. When coordinating
agents only have access to black-box simulation tools for decision-making, ‘data-driven’ or ‘black-
box’ optimization tools need to be adapted for the coordination. There are many reviews on
data-driven or derivative-free optimization algorithms [228, 12]. In Chapter 3, we benchmark

state-of-the-art methods on typical process systems engineering applications. DFO techniques
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have also been introduced to solve multilevel formulations in PSE and EWO [422, 36, 35].

4.1.3 Our contribution

In this chapter, we investigate whether derivative-free optimization (DFO) can be used as a viable
alternative to distributed optimization solvers for finding the complicating variables in the following
coordination problems: each agent is willing to collaborate (i.e. sacrifice suboptimality in their
own objective for a ‘greater good’) and has their own decision-making model, which does not have
to be white-box. In the context of EWQO, interesting scenarios may arise when plants within the
same value chain need to coordinate material streams, while each agent optimizes its own objective
using third-party, proprietary software (Section 1.2). In this case, gradient information cannot be
exploited by methods like ALADIN, which require exact first-order gradient information of the
subproblem expressions for the SQP coordination step. These scenarios then call for data-driven

optimization approaches, or other distributed optimization techniques like ADMM.

While the performance of different distributed optimization algorithms have been compared
with each other and with a centralized solution [366], we investigate under which conditions data-
driven optimization outperforms typical distributed optimization solvers such as ADMM. Early
results of our contribution were already published in van de Berg et al. [384], where we argue that
(potentially imperfect) gradient information becomes increasingly valuable in higher-dimensional
decision spaces. Since ADMM’s upper-level coordination step involves subgradient information, we
only expect DFO to be competitive under specific conditions, i.e. when the number of complicating
variables is few relative to the number of private decision variables. Our aim is not necessarily to
outperform centralized solution methods. In the methods we compare, computational efficiency is

sacrificed for agent privacy, autonomy, and flexibility.

This chapter is organized as follows: In Section 4.2, we introduce our data-driven methodol-
ogy, compare it with conventional ADMM, and justify our choice of DFO algorithms (CUATRO,
Py-BOBYQA, DIRECT-L, and GPyOpt) for the proposed methodology. Section 4.3 presents a
motivating mathematical test function and three case studies. Unlike Chapters 3, 5, and 6, we
group the problem description, results, and discussion by case study, as each sensitivity analysis
focuses on distinct case-specific characteristics, including the number of complicating variables,
number of coordinating agents, and topology and size of the subproblem solution space. This is
also the reason why we summarize general observations about algorithm convergence after the

detailed discussion. Readers who prefer to begin with the summary are encouraged to read Section
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4.4 before 4.3.

4.2 Methodology

4.2.1 Problem statement

We are interested in optimizing the equivalent of the following centralized, integrated coordination

problem:

mi)r(l Z fa(%ap,2)
x€ a=1 (41)

st.  8alXep,2) <0, a=1...n4,
where x refers to the entire decision variable vector within feasibility set X C R™=. Throughout
this chapter, x contains the ‘local’ or private decision variables x,, € A,, C R"# of all n,
agents, and the ‘global’, shared, or ‘complicating’ variables z within the (box-bound) feasibility
set Z C R™: x = [X1p,...,Xn, p, 2. The optimization is also subject to n, sets of local agent

constraints g, : R™#e X R™* — R"9a.

This generic problem formulation also implicitly allows for the inclusion of equality constraints
in Formulation (4.1) through a reduction in the degrees of freedom of the decision variables, or
through an equivalent reformulation into two inequalities. Additionally, Equation (4.1) also allows
for the incorporation of ‘global’, or shared, constraints and objectives. We would call any constraint
set ggi00a1 ‘shared’ if it only depends on the shared variables z. Similarly, shared objective terms

might either manifest as a separate term fglobal(z> in a single agent objective, or be incorporated

into the objectives of any n;, < n, agents as f”’%‘:(z)
4.2.2 Problem reformulation
Problem (4.1) can be reformulated into:
Ng
min min Z fa(Xap,2)
2EZ  Xa,p,a=l..ng et (42)
s.t. 8a(Xap,2) <0, a=1.n,.

After fixing z, the problem becomes block-separable, which makes the problem amenable to

decomposition and distributed optimization. This becomes evident when rewriting (4.2) as its
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equivalent constrained (bi-level) optimization problem in (4.3). The coordination step involves an
update in the shared variables z. At each iteration, the subproblems are solved in private to find
the optimal objective Fy,(z) and set of private variables x;, , € R"=a corresponding to a set of shared
variables z. Agents can maintain autonomy and flexibility by deciding on their own objective and
constraint functions, which they do not need to share with other agents. The only information
that agents share with a third-party coordinator is the optimal local copy of the shared variables
z: € R"= (4.2.3) or the optimal subproblem objective F}(z) (4.2.4) corresponding to a suggested
set of shared variables z. For simplicity’s sake, we assume that the subproblems are solved to
global optimality. This is a necessary condition to find the globally optimal proposed set of shared
variables z* in the upper level. In practice however, few industrial problems are provably solved
to global optimality and we could still find a ‘good’ z in both frameworks if this condition is not
met. The bottleneck in achieving global optimality in our considered case studies is usually the
coordination step rather than violation of this assumption. The global optimality convergence
considerations in ADMM and the suggested framework are addressed in further detail in Sections
4.2.3 and 4.2.4. On top of this, we do not assume that the lower-level problems have to be solved
by exploiting known expressions. In fact, the subproblem optimization could involve black-box

queries such as proprietary simulations.

Wy e
st. F(z)= ZFa(z), where Va = 1..n, :
a=1 (4.3)
F.(z) = xafggw fa(Xap,2)

st 8a(Xap:2) <0

4.2.3 ADMM by consensus

Readers without prior knowledge about Lagrangean, Augmented Lagrangean, or other dual deco-
moposition techniques are advised to read the relevant Section 2.2.2 in the background chapter first.
The conventional method that our proposed approach is benchmarked against is the Alternating
Direction Method of Multipliers (ADMM) in its consensus form, which is presented in Algorithm 7
and in more detail in Appendix Formulation (B.4). After initialization (step 1), ADMM iterates

over steps 2-7 until the evaluation budget is exhausted: This involves the solution of subproblems

k+1
a

in private and parallel (steps 3-5) to get the local copy of shared variables z***, and an update
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in the shared variables z**! and scaled dual variables X**! based on zf*! (step 6).

In step 4, each agent optimizes their copy of shared/complicating variables z, that minimizes
their private objective function, while penalizing any deviation from the suggested value of the

complicating variables z* corrected by the scaled dual variables X*:

. p
x’;;l7z’;+1 — Fa(zk) = argmin.f,(Xqp,2Za) + §\|za L ?(2”% st 8a(XapsZa) <0,
Xa,piZa
(4.4)
where || - ||2 refers to the Frobenius or L, norm, and X* to the scaled dual variables of agent

a at iteration k. £||z, — 2" + XF||3 is known as the proximal or penalty term and is useful for

stabilizing convergence in the shared variables z. It also makes the formulation robust against

k

)

local constraints: when there is no feasible set of x,, that satisfies all constraints for a given z
the solution converges to the nearest feasible z,, incurring a penalization in the objective. After all
subproblems are solved, the set of suggested complicating variables is then updated to z*1 in the

coordination (step 6) by averaging the set of optimal complicating variables resulting from the

k+1

k+1_ While the update in the shared variables z**1 aims to ensure asymptotic

agent subproblems z
primal feasibility, the update in the dual variables X**1 aims to ensure asymptotic dual feasibility.

Each agent’s dual variables are updated to X¥*! based on the difference between z°*! and the local

k+1

copy of shared variables z,

, and could be interpreted as an integral error term often encountered

in control.

Algorithm 7: Alternating Direction Method of Multipliers (ADMM) by consensus

Input: Agent objectives f, and constraints g, ;, | = 1..n4,,a = 1..n,, Initial shared

variable guess z°, Penalty parameter p, Maximum number of function evaluations

Nf,ma:v

=

Initialisation: Initial dual variables X = [0, ..., 0] for all n, agents

2 for k =0..Nj e — 1 do

3 for agent a = 1..n, in parallel do

4 xp L gl < F,(2%), by solving lower-level problem (4.4)
5 end

6 1 n%zzll ZEH1 XL xR 4 ghtl gkl

7 end

Common drawbacks of ADMM include the potential for solutions to require many iterations
to converge to high accuracy, and the fact that, in theory, it is only proven to converge to the

global optimum when the subproblems are convex [60, 148, 408]. This begs the question if the
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coordination step in z could be improved for convergence speed or solution quality when limited

by the number of subproblem calls.

Centralized model

Na

min. fi(Xa 0, Z.
Z,Xa,p,a=1.N, Z a( ap a)

a=1

s.t. 8a(Xap Za) <0

Data-driven

ADMM coordination

~
Coordinator

21 <- average z,**! (4.4) Z*1 <. DFO update (4.5)

*) ZAk+1N g l/\T ()25 () yak+1 2 ) yg*'
A B A B

A e X+ (25— 29

T —
[ Coordinator

(") Z¥* < Fu(2) = (+0) Y&t < Fo(2) =
i 5 : P
arg min. f,(Xap, Z,) +§ [|1za — 2k + K[| min. fo(Xaps Za) + lza = zX |2
Xa,p Za apr Za
st ga(Xap 2a) <0 st ga(Xap Za) <0

Figure 4.1: We can solve an equivalent centralized formulation either by ADMM or data-driven
coordination ({}). In either case, a coordinator (OJ) iteratively sends an updated proposed set of
shared variables z* (]) to all coordinating agents . The coordinating agents (A) then optimize their
private objective according to (*) or (**) for ADMM and data-driven coordination respectively.
In ADMM, the subproblems return the optimal local copies of the proposed shared variables zF+1,
whereas in our approach they return the optimal subproblem objective evaluations y**! (1). In
both frameworks, the penalty parameter p determines the extent to which the deviation between
the suggested z* and optimal set of private variables z¥*! is penalized. ADMM’s proximal term
also includes scaled dual variables X¥, which serve as ‘integral error terms’ between z and z,. In
the coordination step, ADMM updates the proposed set of shared variables z**! by averaging
its local copies z*1, while our data-driven framework uses derivative-free optimization (DFO) to
determine z"*1 based on shared variable z**! to the sum of optimal subproblem evaluation y*+!
data. In this case, we only show 2 coordinating agents, but this scheme can be generalized to any

number of coordinating agents.

4.2.4 Data-driven coordination

Problem (4.3) views the coordination formulation as a bilevel optimization instance. The successful
application of derivative-free optimization (DFO) to multilevel problems [422, 36, 35] suggests that
exploring DFO as an alternative to ADMM’s subgradient update step is a worthwhile pursuit. The
difference between the data-driven coordination framework and ADMM is illustrated in Figure 4.1
and the data-driven coordination framework is illustrated in more detail in Algorithm 8: After

initialization (step 1), our framework iterates over steps 2-11 until the evaluation budget is
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exhausted: In step 3, the upper level aims to find the set of complicating variables that minimize
the objective function, constrained on the optimal solution in parallel of the agent-level subproblems

in the private variables (steps 4-9).

Step 3 uses a DFO algorithm to update the shared variables z with the aim to minimize the
‘black-box’ upper-level objective F(z) in (4.3):

min F(z), (4.5)

7z€Z

where the decision variables z are subject to box-bound constraints Z. Any box-constrained
derivative-free, black-box, data-driven, or ‘zeroth-order’ optimization algorithm can be used for
the solution of the upper level [228, 12, 385]. Since the black-box evaluations are the result of
optimizations, these evaluations are considered expensive. The number of evaluations n,..; that
are sampled at each iteration in step 3 depends on the exploitation-exploration trade-off as well

as the sampling strategy of the DFO method used.

F(z) is obtained in steps 4-9 in a similar manner to (4.3). F,(z) is treated as the result of
private black-box simulations and F'(z) is equivalent to the sum of all optimal subproblem solutions,
similar to (4.4). The only difference in the subproblem formulation lies in the omission of the dual

variables from the proximal term:

Xa,pyZa

F(z) = ZFa(Z) where F,(z) = min. fo(Xq,p,2q) + gHza — 2|3 st gu(XapsZa) <O (4.6)
a=1

The scaled dual is omitted as it only enhances convergence within the rigorous stability scheme
of ADMM [282], and can even degrade convergence performance. The reason why we need the
proximal term and use local copies zq in fo(Xa,p,2q) and 8q(Xa,p, Zo) still holds: gq(Xq,p, z¥) might

not be feasible for the current iteration, which would lead to a failure of the subproblem.

Notes on convergence guarantees: The attentive reader might recognize that the omission
of the dual term throws away any guarantees of convergence to the centralized optimum. In 4.3.2,
we discuss the dilemma that ensues when increasing p: we lower the degree of acceptable deviations
between z, and z and consequently, potential constraint violations in the final solution, but we
also lower the speed of convergence. In this work, we handle this trade-off by increasing the
penalty term until at least one DFO solver finds a solution with small enough dual residual to be
generally deemed acceptable to practitioners. The final solutions (coordinating variables and sum

of subproblem objectives) are typically found to be close to those of the centralized solution.
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When theoretical convergence guarantees to the centralized optimum are important, we could
consider alternative approaches such as using L; rather than Lo proximal terms. In parallel,
Krishnamoorthy and Paulson [221] considered an alternative way of using DFO for coordination
problems. While we use DFO to solve for the coordinating variables in the upper level, they
perform Bayesian optimization of standard acquisition terms in the subproblems, augmented with
coordinating terms as derived from ADMM. In follow-up work, they generalize this approach to

coordinating terms derived from other decomposition techniques and perform regret analysis [220].

For problems with connected feasible spaces in the coordinating variables, we can stick with a
slight modification of our framework. We can first try to find a set of coordinating variables z that
have feasible subproblem solutions when z is fixed, which can be fed as initial guess to constraint-
handling DFO solvers that also handle binary subproblem feasibility information to explore the

solution space. This is discussed in more detail in formulation (4.9).

Algorithm 8: Data-driven coordination framework

Input: Agent objectives f, and constraints g, ;,! = 1..n4,,a = 1..n,, Box-bound
constraints Z, Initial shared variable guess z°, Penalty parameter p, Maximum
number of function evaluations Ny maa

1 Initialisation: Function evaluation counter ny := 1, zpest = 2°, Ypest = F'(z°) where F(*)

is obtained from (4.6), initial data set Z := [2°],y := [ypest]

2 while (N¢ 4, > ny) do

3 Obtain nyeq.¢ samples Z,,c.¢+ from DFO update step at zpes; using (4.5) ;
4 for z; =21...2pcet € Zn,,,,, do

5 for agent a = 1..N in parallel do

6 Obtain F,(z;) from (4.6)

7 end

8 Update datasets: Z < [Z,z;],y < |y, y;], where y; = > "I F,(z;)

9 end
10 Update best iterate: ny <= ny + Npexts  Yvest, Zvest < jlzllli.l}ﬁij ;
11 end

When the subproblems are solved to global optimality, the whole optimization problem can
be solved (heuristically or rigorously) to global optimality depending on the function evaluation
budget and the convergence certificate of the DFO solver. Among the proposed DFO solvers,
only DIRECT-L has this asymptotic global convergence property when no assumptions on the

subproblem convexity are made. Since convergence is limited by the number of expensive sub-
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problem calls, we do not include overly exploratory methods, such as particle swarm methods. In
the next section, we explore any analogies to ‘data-driven” ADMM and ALADIN when quadratic
surrogates (CUATRO) are used for the DFO step. Additionally, we introduce the other DFO
algorithms used, whose choice is informed by the benchmarking in Chapter 3: Py-BOBYQA as
the trust region model-based method, DIRECT-L as the direct method, and GPyOpt for Bayesian
Optimization. Figure 4.2 shows our selection of data-driven as well as distributed optimization

algorithms, and their mutual relations.

Centralized
formulation

solved via

Data-driven
coordination
(Algorithm 8)

Distributed
optimization
(Algorithm 7)

S

Direct DFO Model-based DFO
~—

DIRECT-L
(4.6)
CUATRO
Py-BOBYQA \ ) GPyOpt
(4.6) (4.8)
ADMM_CUATRO ALADIN_CUATRO
4.7) (4.8)

‘ Constrained

Constrained
(4.9)

‘ ‘ Unconstrained ‘ (4.9) ‘ ‘ Unconstrained ‘

Figure 4.2: Classification of considered algorithms with associated problem formulations in paren-
theses: We can decide to solve our equivalent centralised formulation either via distributed opti-
mization, namely ADMM, or via our proposed data-driven coordination framework. Within our
framework, we can choose any derivative-free optimization (DFO) algorithm. We choose DIRECT-
L as a direct DFO algorithm. Among model-based DFO algorithms, we consider Py-BOBYQA and
CUATRO as quadratic trust region frameworks and GPyOpt as Bayesian optimization. We also
distinguish between ADMM__ CUATRO and ALADIN__CUATRO in the way quadratic surrogates
are formulated. Each CUATRO version also has the choice of explicit constraint satisfaction

Data-driven distributed optimization

The classification of DFO solvers is discussed at length in Section 3.1.1. We group DFO algo-
rithms into direct and model-based methods. Direct methods optimize an expression by directly

handling function evaluations, while model-based methods rely on the intermediate construction
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and optimization of surrogates [228]. While Formulation (4.6) is applicable to both direct and
model-based DFO solvers, model-based DFO methods can address Problem (4.5) by introducing
surrogates a (z) in two different ways: One option would be to fit a single surrogate over the sum

of the subproblem evaluations for a given proposed set of shared variables z.

min F(z) where F(z)xiFa(z) (4.7)

Alternatively, we could allow for separate surrogates to be fitted for each subproblem before

the sum of surrogates is optimized in the upper level.

z2€EZ

min iﬁa(z) where F,(z) ~ F,(z) (4.8)

For example, we could use convex quadratic surrogates to approximate F(-) as F'(z) = 27 Pz +
q'z+7r, P3x=0eR™X" qeR" reR. In this case, the approach used in Eq. (4.7) is similar
to Li et al. [235], and could be loosely referred to as ‘Data-driven ADMM’. The approach in (4.8)
could then be viewed as ‘Data-driven ALADIN’, with a crucial difference: ALADIN’s quadratic
surrogate coefficients are given by the gradient and Hessian (obtained via automatic differentiation)
of a second-order Taylor expansion around the local subproblem solutions; in our data-driven
counterpart, the quadratic surrogates are obtained via regressing the sum of subproblem evaluations
F,(-) on the shared variables z. Whenever possible, we should leverage automatic differentiation
to obtain gradient information with respect to the shared variables as this is expected to yield
better convergence, especially in higher dimensions. However, we omit the original ALADIN in
the benchmarking. Its use of gradient expressions would ultimately address a different problem
statement. We remain agnostic to the subproblem expressions, and focus solely on mappings from

the suggested shared variables to their optimal local copies or the optimal subproblem objectives.

CUATRO

We modify the quadratic surrogate trust-region optimizer CUATRO, as presented in Section 3.3,
to be used within the ‘data-driven ADMM’ (ADMM __CUATRO) and ‘data-driven ALADIN’ (AL-
ADIN_CUATRO) framework. We choose CUATRO as our quadratic surrogate-based DFO algo-
rithm because we expect its safe exploration and flexibility in constraint handling to become useful

in dealing with infeasible subproblem evaluations.
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When CUATRO is used with explicit constraint handling, the local copies of the shared variables
7, in the objective evaluation and constraints from (4.6) are replaced by the exact shared variables
Z:

F,(z) = min.f,(Xqp,2) s.t. 84(Xap,2z) <0, (4.9)

Xa,p

where F,(z) becomes a tuple consisting of the objective and binary feasibility evaluation: Fj, :
R™ — R x {0,1}. 1 indicates that the evaluation for z is feasible. This approach makes the
subproblem less robust to constraints, but by returning solver status as feasibility information
in addition to objective evaluations, we can use quadratic discrimination in CUATRO (Equation
3.13) to classify the binary feasibility outcomes from the success or failure of the subproblem,
thereby concentrating the search within the expected feasible space. Quadratic discrimination -
closely related to linear discrimination but using quadratic features - finds the ‘hyperellipsoid’ in
the input space that best separates samples belonging to different classes [50]. ADMM__CUATRO
and ALADIN__CUATRO are used with explicit constraint handling if a feasible starting point can
be found.

In summary, ADMM__CUATRO and ALADIN_CUATRO leverage Formulations (4.7) and
(4.8) in their surrogate construction respectively. In both cases, the subproblems are formulated
using (4.6), unless a feasible initial guess is found that enables the use of (4.9). While we benchmark
data-driven ADMM and ALADIN against conventional ADMM for the coordination of upper-level,
shared variables, we also include the data-driven methodology with other DFO algorithms. Our
chosen DFO solvers (Py-BOBYQA, GPyOpt, and DIRECT-L) are presented in the next section,
and used in the general data-driven coordination framework (4.6) without explicit constraint han-
dling. The choice between (4.7) and (4.8) is not relevant for DIRECT-L, and Py-BOBYQA and

GPyOpt are only used in the single-surrogate framework (4.7).

Py-BOBYQA

We include a competing quadratic trust-region DFO solver. In Section 3.5.2, we show that Py-
BOBYQA shines in higher-dimensional, deterministic case studies. It iteratively constructs a
linear-quadratic regression-interpolation model of the objective, and determines the next step by
minimizing said model within a trust-region framework. We use Py-BOBYQA in its default con-
figuration, but enable the multiple restarts heuristic to avoid getting stuck in local minima. More

details on Py-BOBYQA can be found in Section 3.2.3 and in Cartis et al. [72].
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GPyOpt

To contrast the ‘local’; exploitative Py-BOBYQA, we also include a Bayesian optimization (BO)
implementation. BO constructs ‘global’ Gaussian process surrogates over the entire solution space,
and leverages these in the optimization of the acquisition function to navigate exploitation and
exploration. BO is generally regarded as the go-to framework for expensive black-box optimization
within chemical engineering given its sample efficiency [343, 128, 285, 80, 294, 247], but suffers from
poor scaling with the number of dimensions and evaluation samples. Informed by Cartis et al. [72],
we opt for the GPyOpt implementation, as we prioritize convergence within the low-accuracy
regime given our tight budget. GPyOpt [20] is a Python open-source library of BO and builds
on GPy, a Python framework for Gaussian process modelling. We use GPyOpt with its default
hyperparameters. The interested reader is referred to Section 3.2.8 and Garnett [143] for more

information on Gaussian processes and Bayesian optimization.

DIRECT-L

Finally, we also include a ‘direct’ (model-free) DFO method. Informed by our observations in
the previous chapter, we choose DIRECT-L for its consistency in convergence, its interesting
exploitation-exploration trade-off, and its asymptotic global convergence properties. We refer the

reader to Section 3.2.6 for more details on DIRECT-L and the chosen implementation [194].

4.2.5 Algorithms and software implementation

We use Pyomo [164, 63] as Python-based optimization software to solve the subproblems in (4.4),
(4.6, and (4.9). As our numerical solvers, we either opt for Ipopt [394] for continuous, or Gurobi
[157] for mixed-integer formulations. Information from these problem instances is then extracted
to be used in the upper-level distributed optimization or DFO. We use readily available Python
packages for GPyOpt, Py-BOBYQA, and DIRECT-L, and in-house Python implementations of
ADMM and CUATRO. The generalized framework for our proposed methodology, along with its
comparison to ADMM, is found in Figure 4.1. Figure 4.2 classifies all methods and pairs them with
the formulation they are used with. The code for the algorithms and benchmarking is available

under https://github.com/0OptiMal-PSE-Lab/Data-driven-coordination.
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4.2.6 Game-theoretical and other considerations

Coordination problems are interdisciplinary in nature, and are rooted in a rich body of literature
within the field of game theory [136, 245]. While we are less interested in the game-theoretical
underpinnings of these problems, we need to state some assumptions that justify our proposed
method and investigated case studies. First, ADMM and our proposed ‘data-driven coordination’
techniques involve an upper-level, centralized ‘coordination’ step. This presumes the existence of a
coordinator agent or software that is acting in good faith, which should be a reasonable assumption
in EWO. We are also assuming that all agents are honest-but-curious, i.e. that no agent is trying
to trick the coordinator or launch any adversarial ‘attacks’, which is the scope of a different subfield

of literature [16] .

Finally, we want to acknowledge that coordination within business settings is subject to many
other kinds of considerations: While we investigate algorithms that share as little information
as possible, the coordinator-agent and indirectly agent-agent exchange requires an involved legal
framework and software infrastrucutre [198]. While ADMM and our proposed data-driven coordi-
nation algorithms in principle allow for privacy preservation, supporting such claims would require
a thorough investigation into differential privacy and cryptography schemes. The interested reader

is referred to Rodriguez-Barroso et al. [319] and Yao [412] for a related discussion.

In the next section, we group problem description and discussion of convergence results by case

study, as each has distinct characteristics suitable for sensitivity analysis.

4.3 Case studies

Data-driven coordination is expected to shine in applications that are low-dimensional and non-
convex. For this reason, we start with a motivating example before presenting three EWO-specific
applications. We use the motivating example in Section 4.3.2 to provide an ideal use case for
data-driven coordination and illustrate how decomposition might work in practice for distributed
optimization and data-driven coordination. We then benchmark all solvers on this motivating ex-
ample, investigating the effect of starting points and the penalty parameter p on convergence, and
comparing the algorithm solution times and overhead of all methods. In the collaborative model
training in Section 4.3.3, we analyze the effect of increasing the number of agents and shared

variables on convergence. In the facility location problem in Section 4.3.4, we consider different
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organizational scenarios and increase subproblem size. Finally, in the multi-agent coordination in
Section 4.3.5, we analyze the effect of (non)convexity and solution topology. In Section 4.4, we

then summarize the case-study specific results.

4.3.1 Convergence plots

For each application, we first present the case study along with any relevant background, followed
by the numerical experiments and their results. For each case study configuration, we provide plots
showing the best function evaluation versus number of function evaluations, as well as convergence
to the centralized solution optimum versus number of function evaluations, of all algorithms. We
use number of function evaluations interchangeably with the number of iterations, as the coordi-
nator usually queries one evaluation F(-) per iteration. We benchmark based on the evaluation
budget rather than solution time, since evaluations F'(-) involve the expensive solution of opti-
mization problems, making the algorithm overhead negligible. Consequently, this implies that the
relative convergence of algorithms does not depend on the size or solution time of the subproblems,
when the evaluation budget and solution space topology of the black-box input z to output F(-)
are fixed. We discuss a scenario in Section 4.3.4, where an increase in subproblem size at fixed

shared variables is not expected to impact the solution space.

Since the underlying subproblems are deterministic, we only need to include a single realization
of the deterministic methods ADMM and Py-BOBYQA. While CUATRO involves some stochas-
ticity in its sampling, we only include a single realization of its two versions (ADMM__CUATRO
and ALADIN_CUATRO) at the default seed. For DIRECT-L and GPyOpt however, we include
5 realizations each on all case studies. We plot their median evaluation with their min-max range
shaded. While the best function evaluation plots better illustrate low-accuracy convergence (espe-
cially relevant for a tight function evaluation budget), convergence plots are sometimes needed to

compare high-accuracy convergence.

4.3.2 Motivating example

We first consider the following synthetic toy problem:
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min. (z; —7)% + (z123 — 3)% + (23 + 2)? + (223 — 2)?

Z1,22,T3

s.t. T Z O, T —+ T3 = 57 (410)

—10 < T1,x2,T3 < 10.

Problem (4.10 becomes trivially separable into 2 subproblems when fixing x3. This means that
this problem can be reformulated into a one-dimensional DFO problem: We replace x3 with z, and
introduce local copies z4 and zg. Then, we penalize the deviation between z and the local copies

using a proximal term in the objective:

1) Falz)= min. (z;—7)2+ (2124 — 3)% + L(2a — 2)?

T1,24 2

st. 120, z1+z24=5, —-10<x1,24 <10,
(4.11)

92) Fp(z) = min.(zs +2) + (zazp — 2)2 + g(zB ~ )2

x2,2B

s.t. — 10 < x9,2zp < 10.

Py-BOBYQA, DIRECT-L, and GPyOpt aim to find z that optimizes Fa(z) + Fg(z). ADMM
uses the same subproblems with the addition of A4 and Ap in the proximal term following (4.4).
For a trivial problem like this, we can easily find a starting point (z = 4.5), for which there exist
feasible values x1 and x5 that satisfy all of the constraints in the subproblems. For this reason, we
use ADMM_CUATRO and ALADIN CUATRO in their constrained form: we omit z4 and zp as
decision variables, omit the proximal term in the subproblem objectives, replace z4 and zp with z
in the objective and constraints, and return the solver status as a binary feasibility evaluation on
top of the objective as described in (4.9):

1) Fa(z) = mxl? (z1 —7)% + (w12 — 3)?

st. 120, z1+2z=5 —-10<2x,2 <10,
(4.12)

2) Fp(z) = min.(zy +2)? + (122 — 2)?
T2
s.t. — 10 < 29,2 < 10.
Figure 4.3 plots the upper-level objective evaluation F'(-) of the bilevel formulation (4.3) as a

function of the shared variable z. The resulting curve shows an inflection point at z = 3.75, which

can hinder the convergence of ADMM.
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Figure 4.3: ‘Black-box’ objective F'(z) of the motivating example as a function of the shared
variable z.

Base case

The nonconvexity of the motivating example calls for data-driven coordination. The problem
uses a penalty parameter p of 1,000, is one-dimensional with a starting point at z = 4.5, and an
inflection point around z = 3.75 that might hinder convergence of purely exploitative methods.
Figure 4.4c shows the solution space convergence of CUATRO and ADMM. While ADMM fails to
pass the inflection point, the two CUATRO versions converge to a near-optimal solution. The best
function evaluation plot (Figure 4.4a) shows that the DFO variants converge to a low-accuracy
solution in the following order from first to last: DIRECT-L, GPyOpt (Bayesian optimization),
Py-BOBYQA, ALADIN_ CUATRO and ADMM_ CUATRO. In this one-dimensional case study,
initial exploration in DIRECT-L and GPyOpt encourages escaping the saddle point as quickly as
possible. Figure 4.4b then shows that both CUATRO versions achieve a convergence of around
10~® and 107 '° for the ADMM and ALADIN variations, respectively, while the other DFO variants
only achieve a median convergence up to 1072 or 10~°. This is due to the small trust region radius

of the two CUATRO versions in later iterations favouring fine-tuning.

Effect of the starting point

In general, the relative performance of distributed optimization and data-driven coordination de-
pends on the initial guess. We first repeat the default analysis on the same motivating example
using the same penalty parameter (p = 1,000), but starting from an initial guess of z = —5.0
instead. When comparing Figures 4.4a and 4.5a, we see that the low-accuracy convergences of the

DFO variants are very similar between the two starting points. When starting from z = —5.0, the
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Figure 4.4: Convergence plots for the motivating example starting at z = 4.5 with p = 1,000. For
DIRECT-L and GPyOpt, the median best evaluation with shaded min-max range is given over 5
runs
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more exploitative solvers ADMM__CUATRO, ALADIN__CUATRO and Py-BOBYQA converge in
around ten fewer evaluations. ADMM however displays better performance and manages to con-
verge to a low-accuracy solution in 50 evaluations, since it does not get stuck at an inflection
point. While there might be a specific penalty parameter tuning that would result in ADMM
outperforming most DFO methods, the DFO methods can be said to more efficiently explore the

solution space when the number of shared variables is this small.
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Figure 4.5: Motivating example: Best function evaluation versus number of function evaluations
convergence plots under different configurations. For DIRECT-L and GPyOpt, the median best
evaluation with shaded min-max range is given over 5 runs

Effect of the penalty parameter

A major drawback of ADMM is its sensitivity to the penalty parameter p. In theory, convergence
is guaranteed on convex problems for all values of the penalty parameter. In practice however, if
the penalty parameter p is too high, the local copies of the shared variables z, are restricted in
how much they can move away from the suggested z at each iteration leading to slow convergence.
If the penalty parameter p is too low, the local copies are allowed to move too much, resulting
in oscillating, and in nonconvex problems, even diverging behaviour. These phenomena can be

observed in Figures 4.5b and 4.5¢ for p = 100,000, and p = 10 respectively compared with the
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base penalty parameter of p = 1,000. Ideally, we would want to schedule p, such that a small value
is used initially to escape the saddle point, but then gradually increase it to stabilize convergence
in later iterations for higher accuracy. Since our computational resources are limited, we do not
perform extensive hyperparameter tuning to find the perfect p for each subsequent case study.

Instead, we start from a small p and increase it until an acceptable solution is found.

The relative performance of the DFO methods generally displays less sensitivity to p. When
comparing Figures 4.4a and 4.5b, we see that the convergence of DFO algorithms is only slightly
slowed down on the motivating example. However, the trade-off can manifest in different ways:
High penalty parameters can lead to ill-conditioned solution spaces when some suggested shared
variables are excessively penalized, resulting in different orders of magnitudes in F(-). Low penalty
parameters present another problem: when deviations between the local copies z, and their pro-
posed set z are encouraged (for example, when z is not feasible), these deviations might be penalized
less than the corresponding gain in objective value achieved at z, instead of z. This could lead to
cases where the sum of subproblem solutions ’outperforms’ the optimal evaluation of the centralized
formulation, manifesting as sudden increases in the convergence plots, such as with DIRECT-L in
Figure 4.4b after around 20 evaluations. In practice, the deviation between the local copies and pro-
posed set of shared variables should be kept within accepted numerical tolerances for industrially

relevant applications.

A note on computational time

The overhead of ADMM and DFO solvers in coordinating the solution of the subproblems becomes
negligible as the size of the subproblems increases. Even on very cheap problems, the algorithm
overhead of most methods is insignificant compared with the total subproblem solution time: In the
motivating example, we have two subproblems that require on average 0.3583 seconds (in sequence)
to be solved at each iteration or simply ’evaluation’. Since we are using an evaluation budget of 50 in
the motivating example, the average total subproblem solution time is around 17.92 seconds. The
total algorithm solution and overhead times of all methods are given in seconds on the motivating
problem as follows: DIRECT-L (17.95/0.03), ADMM (18.37/0.45), Py-BOBYQA (18.76/0.84),
ADMM__ CUATRO (20.95/3.04), ALADIN_CUATRO (24.95/7.04), GPyOpt (50.04/32.13).

DIRECT-L and ADMM have the best solution times since they do not require surrogate opti-
mization in their coordination step. Bayesian optimization solvers are also known to present sig-

nificant overhead when the dimensionality and evaluation budget are high (Section 3.5.1). Thus,
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the overhead of some methods, especially GPyOpt, might become the bottleneck in smaller case
studies. However, it is safe to say that the algorithm overhead becomes negligible in most practical

subproblems where total subproblem solution times exceed tens of seconds.

4.3.3 Collaborative model training

Federated Learning

Our first case study is motivated by Federated Learning (FL) [410]. FL is a subfield within
Machine Learning (ML), where multiple clients collaborate under the supervision of a centralized
coordinator to train a model under privacy considerations. For example, the aim could be to train
a text prediction ML model on decentralized edge devices’ data while preserving user privacy. For
deep neural networks, this usually involves an iteration over the following steps as described in
the FedAVG and FedSGD [256] algorithms: The model is first broadcast to a selection of training
agents. The agents then perform a model parameter update step using their data only based on a
stochastic gradient descent step obtained by backpropagation. These model parameter updates are
then averaged among all participating agents, potentially preceded by an encryption or differential
privacy step, before dissemination of the new shared model. The interested reader is referred to

Kairouz et al. [198] for an overview of typical FL challenges.

Cross-silo ‘learning’

We are more interested in a ‘cross-silo’ [198] rather than a ‘cross-device’ setting, where the number
of participating agents is fewer and the primary bottleneck resides in the model update compu-
tation rather than in the communication. Additionally, first-order methods such as stochastic
gradient descent may not always be applicable if models cannot be (cheaply) differentiated for
gradient information, as is the case when they are for example represented by a large system of
differential equations. To address these issues, we investigate a generalized coordination scheme for
collaborative model training using distributed optimization or data-driven coordination. Similar
to ADMM, the conventional FL scheme also involves an averaging step of the model parameters as
‘shared variables’. But as opposed to FedAVG [256], the subproblem local variable updates usually
cannot be obtained under closed form. Instead, we fall back on the more general optimization

formulation used in (4.4).
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Case study

Our case study is based on [400, 409] and addresses collaborative linear regression with a nonconvex
truncated loss term augmented by a L; norm regularization term. The centralized problem is

trivially separable into unconstrained subproblems:

M, Ty )2
Fu) = min. g og(14 O TEE ) a4 e el (433
a ]:1

za  2M

The truncated loss term makes the regression more robust against outliers, while the regularization
term encourages sparsity in the regression coefficients. In the linear regression, x, ; € R"* denotes
the j*" sample’s predictors of the a** agent, and are normally distributed. z denotes the regression
coefficients. o, ; € R denotes the j* observed data sample of the a'" agent, and is synthesized
according to 04 ; = 2*7x, ; + v,; where v, ; represents random Gaussian noise with a standard
deviation spanning a tenth of the number of dimensions. z* denotes the ground truth model
coefficients, sampled uniformly from [—1,1]"#, where n, denotes the dimensionality of the problem,
namely the number of model coefficients. We use 3,000 data samples in total, such that each of
the n, agents has M, = 3,000/n, data samples. ¢ and &,, which control the level of truncation

and regularization are set to 3 and 0.01 respectively.

Experiments

The objectives in (4.13) are again tailored towards the implementation of ADMM following (4.4).
CUATRO is used in its standard, non-constrained form because the problem itself is not con-
strained. Starting from an initial solution of z = [0,...,0]T € R™=, we investigate the following
configurations of the case studies: We first explore how the comparison of the different algorithms
changes with increasing dimensionality (n, = 2,10,50) at a fixed number of agents (n, = 2).
The second set of experiments explores how an increase in the number of agents (n, = 2,4,8)
affects convergence when the dimensionality of the prediction coefficients is fixed (n, = 6). All

configurations use a penalty parameter p of 10.

Effect of the number of shared variables

Much of the algorithm convergence discussion in this section follows that of the motivating ex-

ample because both problems present a nonconvex objective in the shared variables. The DFO
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variants perform particularly well on the two-dimensional case study (Figure 4.6a), taking up to
20 evaluations to converge compared with the 100 of ADMM. The convergence plot (Figure 4.6b)
shows that Py-BOBYQA and both CUATRO variants converge to a high degree of accuracy in 20
evaluations, which takes DIRECT-L around 40 evaluations to reach. ADMM and GPyOpt only
reach a (median) convergence of 1075 and 10~7 respectively compared with 1071° of the other
three methods. Like in the motivating example, GPyOpt displays significant variance in its final

convergence.

Figure 4.6¢ shows that when the dimensionality is increased to ten, the CUATRO variants
lose their competitiveness with ADMM. Figure 4.6d illustrates how DIRECT-L displays a similar
median convergence speed to ADMM. Py-BOBYQA and GPyOpt make substantial progress in
the first 20 evaluations. The best final convergence realization of GPyOpt matches that of ADMM

(10~7), while Py-BOBYQA is the best at fine-tuning solution accuracy (10719).

In the 50-dimensional case, we would expect ADMM to significantly outperform all DFO vari-
ants given its competitive advantage as a subgradient method, which becomes increasingly im-
portant in higher dimensions. However, in Figure 4.6e, we see that after around 100 evaluations,
Py-BOBYQA is the only variant to find the optimum. This makes sense given that the starting
point of the case study z = [0,...,0]T is already quite close to the optimal solution. This gives ex-
ploitative methods (ADMM and Py-BOBYQA) the upper hand. Finally, ADMM, despite making

consistent progress, is slower at fine-tuning the optimum than Py-BOBYQA.

Effect of the number of agents

Starting with a dimensionality of six and two coordinating agents, we observe a similar convergence
pattern in Figures 4.7a and 4.7b to the ten-dimensional case in Figures 4.6¢ and 4.6d. ADMM,
Py-BOBYQA, ALADIN_CUATRO and GPyOpt display a similar relative performance, while
ADMM__CUATRO makes consistent progress and matches the convergence found for BO and

Py-BOBYQA in 35 and 55 evaluations respectively.

Overall, we observe that with an increasing number of coordinating agents, the optimality gap
increases between the final total function evaluation and the centralized optimum. There will
always be small numerical differences between z, and z, which are penalized in the proximal terms
2||zq — 2|[3. With an increasing number of agents, the relative importance of these proximal terms
is strengthened, which becomes even more apparent when the optimal objective evaluation is close

to the starting point as is the case for these problems.
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Figure 4.6: Truncated regression case study: Best function evaluation versus evaluation budget
and convergence versus evaluation budget plots at a fixed number of agents (n, = 2), and an
increasing number of shared variables (n, = 2,10, 50). For DIRECT-L and GPyOpt, the median
best evaluation with shaded min-max range is given over 5 runs
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The relative performance however of the DFO algorithms with respect to each other and ADMM
does not seem to change with an increasing number of coordinating agents. ALADIN_CUA-
TRO makes poor progress, DIRECT-L tracks the convergence of ADMM, while Py-BOBYQA and
ADMM__CUATRO quickly find the best function evaluations. GPyOpt again makes quick initial
progress but displays a lot of variance in the best evaluation found. It is interesting to see that for
this particular case, the convergence speeds of Py-BOBYQA, ADMM__ CUATRO, and GPyOpt do

not tend to deprecate with an increasing number of agents.

4.3.4 Facility location

Value chains

A key part of EWO is the design and operation of supply chains [338]. In an idealized setting,
all stakeholders within a given value chain are willing to collaborate and share model information
with a centralized coordinator. In practice however, antitrust and game-theoretical considerations
might prevent stakeholders from fully collaborating. There is ample literature about ‘Stackelberg
Leader-Follower games’ [414], where some supply chain agents ‘take the first step’ in deciding
on the optimal location of their plants subject to other players reacting optimally with respect
to their private objective. Yet, there is much value to be captured in moving away from these
‘Nash equilibria’, and approaching a coordinated optimum along the ‘Pareto front’. To this end, a
coordinator can optimize a (fairness-guided) game-theoretical operator that scalarizes and trades

off the conflicting criteria of competing stakeholders [81, 87, 415, 9, 219].

This is especially relevant for the design of emerging supply chains with distinct characteristics,
such as biomass [322, 139] or (bio)pharmaceutical value chains [337, 328]. These ‘social optima’
are often obtained as the result of centralized optimization formulations, which can be decomposed

for numerical tractability, or in our case to fit organizational considerations.

Case study

We consider a continuous facility location problem in two-dimensional continuous space, which
belongs to the general class of Capacitated Multi-facility Weber Problems [8]. The objective is to
find the location, production, and connecting flows of all facilities that minimize a total cost. These
‘shared’ variables are few relative to the number of private variables and parameters, the latter

including local cost parameters, technical upper and lower bounds, binary variables, and distances
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Figure 4.7: Truncated regression case study: Best function evaluation versus evaluation budget
and convergence versus evaluation budget plots at an increasing number of agents (n, = 2,4,8),
and a fixed number of shared variables (n, = 6). For DIRECT-L and GPyOpt, the median best
evaluation with shaded min-max range is given over 5 runs
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to/from facilities to name but a few. We use the same formulation as Lara et al. [227] with some
key differences. In particular, we assume the presence of two suppliers and markets each. We fix
the number of facilities to be built to either one or two, which still gives rise to a Generalized
Disjunctive Problem (GDP). We also define the distances between agents and facilities using the
L1 norm, rather than the Ly norm for computational efficiency. The GDP is finally reformulated
into an MINLP using big-M constraints, implemented in Pyomo [164, 63], and solved using Gurobi

[157]. The detailed formulation can be found in B.2.

Decomposition

In our first experiment, we compare two different decompositions, motivated by separate business
scenarios. In the first scenario, we consider the two node types (suppliers and markets) to represent
separate agents, companies, and legal entities. This means that the two nodes of the same type
are allowed to share model expressions with each other, but not with others. For each problem,
we need to find the following shared variables: the two-dimensional location of the facilities (2n,
variables) and their production (n, variables). We set the number of processing facilities to one
or two (n, = 1,2), resulting in three or six shared variables (n, = 3,6). Detailed formulations can

be found in B.2

In our second scenario, we consider all four nodes (suppliers and customers) to constitute their
own separate legal entity with privacy considerations. This means that we need to decompose
the problem into four. Unfortunately, the presence of complicating constraints, i.e. on the total
amount transported to and from a facility, prevents each agent from independently deciding on
the material flow between their node and the facilities. Consequently, the transport variables f
and fp, . become part of the set of shared variables, where s,p, c denote the supplier, processing,
and market node indices respectively. This would in principle add another 4n, shared variables.
However, some complicating equality constraints only rely on the shared transport variables, and
can be used to reduce the degrees of freedom in the shared variables from 7n, to 5n,. Detailed

formulations can again be found in B.2.

In our second experiment, we investigate the effect of increasing subproblem size on the relative
algorithm convergence at a constant number of shared variables. In our first scenario, we fix the
number of processing facilities to two, leaving us with six shared variables in the presence of two
coordinating agents. Then, we increase the number of suppliers and customer nodes from two to

five each (ns = n. = 2,3,4,). This increases the number of private variables and constraints in
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the subproblems and the CPU time required to solve them. Yet, we expect this to have no major

effect on the solution topology given the similar nature of the subproblems.

Two agents: nodes of the same type can share model expressions

Figure 4.8a shows that for the two-agent three-dimensional case, the exploitative methods ADMM
and Py-BOBYQA display a similar convergence speed and are the only methods to converge quickly
to the optimum. The two CUATRO versions converge to the same similar suboptimal point.
The median DIRECT-L run manages to find the same optimum as ADMM and Py-BOBYQA
after around 90 evaluations. GPyOpt only makes little progress. Figure 4.8b then shows that
in the six-dimensional case, Py-BOBYQA and ADMM again outperform both CUATRO variants
and Bayesian Optimization. As expected, the subgradient information of ADMM leads to faster
convergence compared with Py-BOBYQA when the dimensionality is increased. Interestingly,
DIRECT-L outperforms both exploitative methods, suggesting that the optimum is close to the
center of one of the initial partitions used by DIRECT-L, which depends mostly on the user-given
box bounds on the shared variables. The convergence versus number of function evaluation plots

are omitted since they do not provide any additional information, as ADMM, Py-BOBYQA, and

DIRECT-L converge to about the same accuracy.
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Figure 4.8: Facility location convergence plots when increasing the number of processing facilities
(np, = 1,2) and shared variable dimensionality (n, = 3,6) between two agents (n, = 2). For
DIRECT-L and GPyOpt, the median best evaluation with shaded min-max range is given over 5
runs

Four agents: no model expressions are shared

Figure 4.9 shows a markedly different relative algorithm performance in the four-agent case com-

pared with the two-agent case in Figure 4.8. In Figure 4.9a, only Py-BOBY QA manages to navigate
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the solution space more effectively than ADMM and is the only method that converges to the op-
timum. GPyOpt finds a similar optimum to ADMM, while the other DFO variants display worse
performance than ADMM. Figure 4.9b shows a peculiar convergence pattern in the ten-dimensional
case for all methods aside from ALADIN__CUATROQO, which makes no progress whatsoever. Py-
BOBYQA displays similar convergence patterns to ADMM, and both find a slightly better optimum
than ADMM__ CUATRO. GPyOpt’s final evaluations compete with ADMM. DIRECT-L is the only
method to converge to the optimum in its median evaluation but displays significant variability in
its convergence. Like in the higher-dimensional two-agent case in Figure 4.8b, the solution space
topology and input-bounds give rise to partitions whose center is close to the optimum. Conver-
gence versus number of function evaluation plots are omitted again as they provide no additional

information.

The differences between Figures 4.9 and 4.8 are partly due to the inclusion of additional shared
variables in the form of facility-to-agent transport links, which must be coordinated between all
supplier and customer nodes. The presence of complicating equality constraints introduces a
trade-off between shared variable dimensionality and solution space complexity. In the multi-
agent coordination case study, complicating constraints are handled by maintaining the number of
shared variables and penalizing infeasibilities in the shared constraints through the proximal term.
In this case study, complicating constraints are addressed by reducing the degrees of freedom in
the shared variables using material balances on the facility nodes. The choice of how best to
handle complicating constraints is case-specific. However, reducing the degrees of freedom with

constraints typically favours convergence for data-driven methods.
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Figure 4.9: Facility location convergence plots when increasing the number of processing facilities
(np = 1,2) and shared variable dimensionality (n, = 5,10) between four agents (n, = 4). For
DIRECT-L and GPyOpt, the median best evaluation with shaded min-max range is given over 5
runs.
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Effect of the subproblem size

In previous experiments, the performance of most DFO solvers deteriorates relative to ADMM
as the number of shared variables increases. In Figure 4.10, we examine the effect of increasing
subproblem size while keeping the number of shared variables constant, by increasing the number
of supplier and customer nodes (ns; = n. = 2, 3,4, 5) rather than the number of processing facilities
(np, = 2). The performances of ADMM, Py-BOBYQA, and GPyOpt remain largely consistent,
while the performance of DIRECT-L decreases slightly in one run. The relative performances of
ADMM__CUATRO and ALADIN_CUATRO compared with ADMM deteriorate only in the runs
with three and four supplier and customer nodes. This could be explained by the introduction of
additional private variables and constraints in the subproblems, which may lead to a restriction
in the feasible shared variable space, a stricter penalization of certain proposed shared variables,
and more ill-conditioning. However, the general solution topology should not change significantly

since the subproblems remain mixed-integer quadratic programs with similar structure.

Our analyses suggest that DFO algorithms scale better relative to ADMM when subproblem
size increases than when the number of shared variables increases. These results also strengthen
our argument that the relative performance of ADMM and DFO solvers does not depend on
subproblem size when controlling for evaluation budget, number of shared variables, and solution
topology. Thus, our conclusions on the relative performance of ADMM and DFO solvers on
smaller case studies extend to larger subproblems, as long as the number of shared variables and

the solution space topologies can be maintained.

4.3.5 Multi-objective coordination

Case study

This case study is inspired by a scenario, where two supply chain stakeholders want to coordi-
nate a plant’s feed composition that minimizes conflicting economic and environmental objectives.
We consider an animal feedstock optimization problem described in earlier conference proceed-
ings [384], which differs from our motivating scenario only in the interpretation of the quality
and environmental impact coefficients. The two agents are secretive about the intricacies of their
proprietary optimization and simulation software used in pursuing their private objectives, making
ADMM or data-driven coordination necessary for effective collaboration. The centralized problem

becomes trivially decomposable after fixing the feedstock composition variables z. Agent A op-
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Figure 4.10: Facility location convergence plots with two agents (n, = 2) and two processin
a

facilities (n, = 2 and n, = 6) when increasing the number of supplier and customer nodes per

subproblem from two to five (ny = n. = 2,3,4,5). For DIRECT-L and GPyOpt, the median best
evaluation with shaded min-max range is given over 5 runs
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timizes an economic blending problem, while Agent B optimizes the output of an environmental

impact simulation:

. P 2
Fat) = saCRAE yE (0,1} zZhet Sllza -zl (414a)
s.t. 17z, =1, ¢~ < 24T Qqual < q’, (4.14b)
0<z4<y, 1Ty<nju, (4.14c)
n.
Fp(z) = zglein%;z Z(eizﬁi + Z 2BiZB,i" + g(ZB,i - 2)%). (4.14d)
i iEL;

1 € R"= refers to the identity vector. Essentially, the economic blending problem Fj4(-) mini-
mizes the feedstock cost given component costs ¢, quality matrix Qquaqi, as well as upper and lower
bounds (qY, q* ) on the feedstock mix quality. The dummy composition variables z4 of agent A
are also subject to the corresponding binary variables y, which are active if the associated feed-
stock is non-zero. The number of active composition variables is constrained by n;,:. Agent A’s
formulation is a mixed-integer convex quadratic problem. Agent B’s objective term is composed
of a sum of linear, bilinear, and quadratic terms. Each feedstock ¢ has its environmental impact

coefficient e;, its power coefficient a; € {1,2}, and its sparse set of bilinear interactions £;.

Black-box simulations in the subproblems

If the proximal term in the environmental subproblem is strongly penalized with a high p, its
optimal solution tends towards zp = z. In other words, since this environmental subproblem
does not involve any local constraints, Fp(z) could theoretically be the result of a black-box
simulation instead of an optimization problem. Our data-driven framework could readily handle
problems where the lower level is obtained via simulation, since progress only relies on objective
evaluations. ADMM however requires optimization approaches to update the local copies of the
shared variables. In approaching the collaborative optimum with z, ADMM relies on the pull
that both subproblems exert on z4 and zg to move the solution closer to their ‘selfish’ economic
and environmental objectives F4(-) and Fpg(-) respectively. Otherwise, we would end up only
optimizing F4(-). For this reason, we do not benchmark the case study when Fg(-) is given by

simulation.
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Experiments

We perform the mixed-integer, nonconvex coordination problem given by (4.14) on an increasing
number of shared feedstock variables (n, = 10,25). Additionally, we perform the same experiment
on a nonlinear but convex version of the previous problem. This is obtained by relaxing all mixed-
integer constraints in (4.14c¢), and by omitting the bilinear terms in the environmental problem

(4.144).

Figure 4.11 gives the best function evaluation and convergence to optimum plots for the 10-
and 25-dimensional multi-agent coordination problems in their convex and nonconvex variants. All
configurations use a penalty parameter p of 5,000. Figures 4.11a and 4.11c show that all methods
manage to find at least a low-accuracy optimum in the convex ten-dimensional variant. However,
ADMM converges considerably faster than the fastest DFO variant (20 and 200 evaluations for
ADMM and Py-BOBYQA to achieve the same accuracy respectively). It makes sense that both
ADMM and Py-BOBYQA outperform more explorative methods for the considered configuration
given their purely exploitative behaviour. This case also highlights the respective strengths of
ADMM and Py-BOBYQA. ADMM is in general very fast to converge to the neighbourhood of a
local optimizer. However, ADMM struggles to fine-tune the optimum. When the evaluation budget
allows for it, Py-BOBYQA takes more evaluations to find this neighbourhood, but is more efficient
at fine-tuning the solution quality. Figure 4.11c shows that ADMM’s final convergence is orders
of magnitude worse than that of Py-BOBYQA (10% and 10° respectively). The discussion of the
25-dimensional convex configuration follows that of the 10-dimensional convex one. The relative
performance of the algorithms is very similar, with the exception that ADMM’s final convergence
still displays a considerable optimality gap (Figure 4.11b). Py-BOBYQA is the only method to

converge to a high-accuracy solution given its exploitative nature and its ability for fine-tuning.

The ten-dimensional nonconvex configuration presents conditions that favour data-driven ap-
proaches. The relative performance of the algorithms in Figure 4.11e is similar to that of its convex
counterpart in Figure 4.11a with two notable exceptions: ADMM and Py-BOBYQA - both purely
exploitative methods - converge to a local minimizer in 100 evaluations. ADMM makes faster
initial progress, but Py-BOBYQA finds a slightly better solution. ADMM__CUATRO and the
median run of DIRECT-L, due to their extensive initial exploration, manage to escape the local
minimizer and converge to a low-accuracy neighbourhood of the global optimum. The discussion
of the higher-dimensional nonconvex case again follows that of its convex counterpart. ADMM

and Py-BOBYQA are the only methods again to converge to at least a near-optimal solution.
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Py-BOBYQA finds a better solution quality, but takes significantly longer than ADMM. This
highlights the importance of (sub)gradient information in higher-dimensional solution spaces and
underscores that, when constrained by evaluation budget, prioritizing a good solution is often more

practical than striving for the best one.

4.4 General observations and discussion

In this section, we present general observed trends that summarize the case-specific observations
of Figures 4.4 to 4.11. A high-level comparison between the performance of the data-driven coor-

dination framework and ADMM is summarized in Table 4.1.

Table 4.1: Performance comparison between ADMM and data-driven coordination based on math-
ematical problem and desired solution characteristics

Consideration ADMM Data-driven coordination
Number of shared || Scales better with dimensions Shines in lower dimensions

variables z
Convergence speed Quick initial progress but de- | Can use exploitative DFO solver to

pendent on penalty parameter p better fine-tune optimum
Convergence guar- | Guaranteed for convex sub- | Depends on DFO solver e.g.
antee problems. DIRECT-L guarantees asymptotic
global convergence
Solution space || Can get stuck at nonconvexities Can use explorative DFO solver
topology in z to escape local minima
Organizational and | Requires numerical optimization | More flexibility in the subprob-
software for the subproblem solution lem solution (black-box simula-

tions, heuristic evaluations, ...)

ADMM: manages to converge to at least a local minimizer if given enough function evaluations.
If the proposed starting point is far from the optimum, initial progress with ADMM is generally
fast. However, ADMM is found to be ill-suited for fine-tuning near-optimal solutions, which is in

line with literature [52, 60].

Data-driven coordination: The performance of all data-driven coordination alternatives im-
proves with respect to ADMM the more ill-behaved and low-dimensional the solution space in the
shared variables is. For the EWO case studies, we examine both lower- and higher-dimensional con-
figurations. In the lower-dimensional case, there is consistently at least one DFO variant that out-
performs ADMM. Understanding the way these algorithms approach the exploration-exploitation

trade-off is key to this observation. The coordination step in ADMM is purely exploitative. It
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Figure 4.11: Multi-objective coordination case study: best function evaluation versus evaluation
budget and convergence versus evaluation budget plots for the convex and nonconvex variations
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cheaply extracts subgradient information from the subproblems to approach the coordinated opti-
mum as quickly as possible. The relative performance of DFO algorithms against ADMM and of
explorative versus exploitative methods is determined by the mathematical properties of the case

study.

DFO variants: Highly explorative frameworks like Bayesian optimization perform well in lower-
dimensional applications, where thorough exploration is more likely to be rewarded by faster
convergence to the optimum. Other DFO exploration routines can also be useful in escaping
local optima. DIRECT-L, as a global optimization algorithm, usually makes slow but consistent
progress as its function evaluations are used to thoroughly explore all partitions of the solution
space - unless the optimum happens to be in the center of one of the initial partitions. CUATRO,
with its decreasing trust region framework, encourages initial exploration and later exploitation.
ADMM__ CUATRO usually displays superior performance over ALADIN__CUATRO. However, the
choice between these two variants is in practice more motivated by organizational considerations:
whether agents are comfortable with sharing detailed subproblem objective or only approximate

surrogate information.

Py-BOBYQA: The previously discussed DFO algorithms tend to outperform ADMM only in
lower-dimensional applications. Py-BOBYQA is the only DFO algorithm that has the potential
to be competitive with ADMM in higher-dimensional applications given its highly exploitative
nature. This is why Py-BOBYQA tends to converge to the same local optima as ADMM. While
ADMM displays faster convergence to low-accuracy regimes of the solution, Py-BOBYQA can find

higher-accuracy solutions at the expense of more function evaluations.

Significance of the penalty parameter p: The value of the penalty parameter p should in
principle not influence the quality of the solutions found. In fact, the penalty term should approach
zero at the optimum, since the local copies of the shared variables z; should approach the optimal
suggested shared variables z. In practice however, the choice of the penalty parameter p influences
the accuracy and speed of convergence. The weaker p is, the more deviation is allowed between z;
and z, and the less this deviation is penalized in the objective. If the gain in solution quality by
evaluating expressions at z; instead of z exceeds this penalty at the theoretical optimum, this can
lead to potential infeasibility in the returned solution. This also explains how better evaluations

F(-) can be found than would theoretically be possible from the centralized solution. However,
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increasing p can slow down convergence for ADMM and the DFO methods, by tying z, closer to

z at each iteration or introducing ill-conditioning for model-based DFO methods respectively.

As a result, the conclusions on the relative convergence of the considered methods are influenced
by p. There is ample literature on how p influences the convergence of ADMM [148]. There are
multiple heuristics that can speed up ADMM, such as iteratively increasing p to allow for more
exploration and faster convergence initially while encouraging fine-tuning and feasibility in later
iterations [408]. However, we keep p constant across our algorithm benchmarking, since our analysis
is based on comparing function evaluations. In ADMM, each iteration makes consistent progress
towards a local minimizer. For the DFO methods however, we have no guarantee that the points
we are sampling in later iterations present better function evaluations. By changing p between
iterations, the same sample would, if resampled in a later iteration, potentially return a worse
evaluation due to a higher p. Hence, from the perspective of DFO solvers, changing p between

iterations would hinder convergence by introducing ‘noise’ or ‘stochasticity’.

4.5 Conclusion

Our proposed ‘data-driven’ framework is able to find a solution close to the equivalent central-
ized formulation for optimization-based coordination problems in all our considered case studies.
Our approach differs from ADMM in that it uses derivative-free optimization (DFO) to find the
shared variables that minimize the sum of lower-level optimal subproblem objectives. We include
CUATRO, Py-BOBYQA, DIRECT-L, and GPyOpt as DFO solvers, and benchmark them against
ADMM as a distributed optimization solver on a motivating example and three case studies with
expensive subproblems. We examine the effect that dimensionality and solution topology in the
shared variables have on the relative algorithm performance. We also discuss organizational con-
siderations and how they inform the choice of coordinating algorithm: autonomy and flexibility,
privacy, software, black-box subproblems, and organizational structure. We show that our approach
outperforms ADMM when the number of shared variables between agents is few, and when the
shared variable to coordinated objective evaluations call for exploration rather than exploitation.
As opposed to distributed optimization, our method does not need the capacity for numerical opti-
mization at the agent-level, since the subproblems can also be evaluated as the result of black-box
objective simulations. We argue that our approach is especially relevant when the decomposition

is limited by organizational rather than numerical considerations.
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While the relative performance of DFO algorithms is in line with current literature, there are
several avenues for future work: the deployment of the suggested data-driven workflow would
require a thorough investigation into privacy (differential privacy, cryptography) and into how
much agent-level information can be inferred from optimal subproblem evaluations and variables.
ADMM loses its convergence guarantees when the subproblems are ill-behaved. Consequently, we
could test our intuition that the data-driven approach might have a competitive advantage when
a) the subproblem evaluations are not solved to global optimality, b) objective evaluations are
obtained by querying human decision-makers as opposed to optimization or simulation software,
or ¢) evaluations are noisy, inconsistent, or non-stationary. Our framework could potentially even
enable coordination between business units, where some decision-makers still use expert-guided

heuristics rather than numerical optimization.

4.5.1 Looking back

The promise of machine learning, specifically supervised learning, lies in its ability to abstract
complicated physical or mathematical phenomena into input-output mappings. The challenge then
becomes finding the model family, architecture, and parameters that can best explain the data.
The proposed framework of data-driven coordination follows a similar rationale: coordination in
EWO can be subject to various organizational considerations that complicate the use of off-the-
shelf tools for non-expert decision-makers. Thus, the idea of simplifying decision-making into
input-output mappings, where complicating considerations are contained within the black-box,

has creative merit.

However, throughout the course of this project, I realized I was overlooking the fundamental
reasons why mathematical and operations research techniques are used in the first place: given
a set of assumptions, these tools are designed to exploit mathematical structure for numerical
efficiency. For example, while ADMM performance can be sensitive to the choice of the penalty
parameter, it generally makes rapid progress toward the vicinity of a local minimizer. This makes
ADMM hard to surpass in terms of sample efficiency. ADMM owes its superior scaling properties
with respect to the number of shared variables to its exploitation of problem information in the

form of subgradients in the coordination step.

Additionally, ADMM is only outperformed when assumptions are violated, when it gets stuck
in local optima of nonconvex problems. While the proposal of data-driven coordination has merit,

and exploitative DFO solvers do outperform ADMM in fine-tuning solutions, it is challenging to
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find these kinds of problems with a manageable number of complicating variables at an industrially
relevant scale. Finally, for a fair comparison, it would be more appropriate to also compare our
framework to nonconvex implementations of ADMM, which might offer a more nuanced perspective

on the relative strengths and weaknesses of each approach.

After this proof of concept, I approached my next challenge differently: given an intractable
multi-level formulation, I wanted to identify the most suitable data-driven technique that would
render the problem tractable. Instead of devising an interesting solution and then searching for
use cases with industrial collaborators, I started from the problem itself and determined the best

method to address it.
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In this chapter, we tackle the challenge of coordinating decisions between hierarchical agents
involved in integrating planning, scheduling, and control. Accounting for lower-level feasibility
or optimality in the integrated formulation results in generally intractable large-scale, potentially
multi-level problems. We present a step-by-step workflow for using data-driven techniques, such
as optimality surrogates and derivative-free optimization, to derive a tractable solution for a tri-
level formulation of a multi-site, multi-product case study. Finally, we synthesize our findings
into a methodology that combines the strengths of derivative-free optimization and optimality
surrogates. Our method remains agnostic to level-specific formulations when linking variables are
identified, and retains the heuristic sequential solution as a fallback option. This chapter, along
with the associated Appendix C, is adapted from work published in [389]. Figures in this chapter

are reused with permission under the author’s rights in accordance with Elsevier’s policies.

5.1 Introduction

In Section 1.1.2, we introduce Enterprise-wide Optimization (EWO) as crucial for companies to re-
main competitive in an environment of increasingly stringent safety, environmental, and economic
requirements [150]. EWO has the ultimate goal to coordinate all decision-making within a com-
pany [152, 153]. Significant value can be captured by integrating units across all hierarchical levels
of decision-making (from design, planning, scheduling, to control). We adopt the terminology of
Chu and You [87] and distinguish between the sequential, monolithic, and hierarchical integration
of optimization models as shown in Figure 5.1. Conventionally, decision-making happens sequen-
tially: upper-level decisions are taken while disregarding lower-level considerations, and then fed
as setpoints to the lower levels. However, as we already discuss in Section 1.2, there is no guarantee
that these setpoints are feasible in lower-level problems. Sequential decisions historically arise out

of necessity due to tractability and organizational constraints.

In the monolithic approach, lower-level feasibility considerations are included into upper-level
optimization problems. This comes at the expense of a significant drop in computational tractabil-
ity, due to heterogeneity in model formulations and vastly different time horizons between levels.
Lower-level quantities can appear in the upper-level objective, but this does not guarantee lower-
level optimality. While the monolithic approach could for example return planning setpoints that
minimize total planning including changeover costs for a specific feasible scheduling assignment of

said production, the scheduling layer might decide on another assignment that optimizes a different
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objective such as makespan.

In the hierarchical approach, upper-level decision-makers consider not only lower-level feasi-
bility, but also optimality, accounting for how lower-level decisions affect upper-level objectives.
This formulation arises when closed-loop behavior of the system is considered or a game-theoretic
approach is followed, and can be avoided if the integrated model is used in an MPC architecture
[264, 159]. This results in multi-level formulations, which are numerically intractable and math-
ematically difficult [214]. There are two ways that we can alleviate the computational burden of
integrated optimization problems: we either simplify the expensive, detailed formulations, or we

keep the formulation and use more sophisticated solution techniques.

5.1.1 Relaxation or aggregation techniuqges

The first set of techniques [14] aim to relax the constraints, granularity, or detail of the integrated
optimization models. This includes the replacement of some model parts - for example the lower
level - by surrogate models [379, 376, 85] that are easier-to-handle by numerical solvers. This
concept is inherently linked to the model reduction techniques discussed in Section 2.3.3. Intro-
ducing surrogates into the original formulation inevitably incurs the risk of losing solution quality.
Therefore, decision-makers inherently trade-off surrogate accuracy with optimization tractability

when they choose the type and size of surrogate.

5.1.2 Decomposition techniques

The second approach exploits the mathematical structure of integrated decision-making problems
via decomposition algorithms [288, 266]. Hierarchical problems could be viewed as coordination
problems between one or multiple leader(s) and follower(s): each player has decision freedom over
their respective problem but needs to coordinate on a sparse set of complicating variables. Tradi-
tional sequential decision architectures often lead to the coordinated variables to be few relative to
the upper- or lower-level specific variables. As a result, Lagrangean, and Benders decomposition

[207, 190] lend themselves well to tractably solving hierarchically integrated problems.
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5.1.3 The impact of data-driven techniques

The interest and successes in Machine Learning (ML) over the last decade have successfully dif-
fused through the chemical engineering literature [335, 270]. These advances have also inspired
new developments in hierarchical planning, scheduling, and control. While surrogates - also known
as meta-, scale-bridging, or reduced-order models [396, 118, 379] - have been established tools
in the process systems engineering literature (Section 2.3.3), ML has shifted attention to other
approximation models [38]: artificial neural networks, (linear model) decision trees, Gaussian Pro-
cesses, and support vector machines. We use ‘feasibility surrogates’ and ‘optimality surrogates’ as
umbrella terms for any approximation model with the aim of mapping lower-level feasibility, or
lower-level optimal response variables (objective or decision variables) of upper-level complicating
variables or ‘setpoints’. As discussed at length in Section 2.3.4, this approach has analogues and
similarities across many disciplines, from multi-parametric model predictive control and explicit
optimal policies [22], to amortized learning [13] in ML, and value functions [321] in Reinforcement

Learning (RL).

The developments in ML have also heavily influenced the use of surrogates in derivative-free
optimization (DFO) [228]. DFO deals with the optimization of systems without having explicit or
cheap access to gradient information. Although there are subtle differences, here, we use the term
DFO synonymously with black-box, simulation-based, zeroth-order, or gradient-free optimization
[12]. In Chapters 3 and 4, we discuss the application of DFO to traditional chemical engineering
problems, and to enterprise-wide optimization (EWO) coordination problems that traditionally
are targeted via decomposition algorithms, respectively. Similarly, DFO has been applied to the
solution of multi-level problems in process systems engineering (PSE) [422] and even to the hier-
archical integration of process operations [37]. For more background information on DFO solvers,

interested readers are referred to Section 3.1.1.

5.1.4 Our contribution

In Section 5.1.5, we review the broad body of literature related to data-driven solution methods
for integrated planning-scheduling-control problems. In earlier conference proceedings, we already
attempt a tri-level solution of the integrated Planning-Scheduling-Control (iPSC) problem by using
DFO to optimize planning simulations, where lower-level information is accounted for via calls to

the integrated scheduling layer with embedded control surrogates. In the remainder of this chapter,
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Figure 5.1: Hierarchical decision-making architectures: In the sequential approach, higher-level
solutions feed into lower levels as setpoints. Each level solves their own optimization problem to
meet these setpoints without explicit considerations of the lower levels. The monolithic approach
resembles the sequential approach, but feasibility in lower levels is satisfied via explicit incorpora-
tion of their constraints. The hierarchical approach could be viewed as a multi-level leader-follower
game. A single ‘tri-level’ optimization problem is solved, where the planning is subject to the op-
timal solution of the scheduling level, and the scheduling is constrained on the optimal solution of
the control level.

we strive to answer the questions that are left unanswered. We provide three methodologies that
outperform the sequential approach on a small-but-realistic iPSC formulation of the value chain

motivating hierarchical integration in Section 1.2:

e We provide a tutorial-like exposition of the DFO and surrogate approaches and how we can

evaluate solution qualities based on increasingly complex single- to tri-level evaluations.

o We investigate if we can integrate the scheduling-control layers as surrogates into the planning
and if this surrogate should be trained on scheduling-only, approximate scheduling-control,

or exact scheduling-control data.

e We investigate if we can use DFO to find the tri-level solution without relying on model

approximations.

e We explore practical techniques for balancing solution accuracy and computational time

through combining the two methods.

After reviewing iPSC solution methods in Section 5.1.5, we illustrate our multi-site, multi-
product, hierarchical planning-scheduling-control case study in Section 5.2. In Section 5.3, we
present in tutorial fashion three combinations of the DFO and optimality surrogate approaches
that can be leveraged towards a tractable tri-level planning-scheduling-control solution of our
problem. We also highlight practical considerations that are crucial to making these approaches

scalable. In Section 5.4, we present our results on the tractability-accuracy trade-off between the




144 CHAPTER 5. HIERARCHICAL PLANNING-SCHEDULING-CONTROL

different methods on multiple solution quality and solution time metrics. We emphasize the role
that understanding the interplay of ML and optimization pipelines has on navigating the inherent

accuracy-tractability trade-off before concluding in Section 5.5.

5.1.5 Related works

There is ample review literature about solution strategies and applications in the general domain
of integrated planning-scheduling-control (iPSC). Some works narrow in on the integration of
scheduling and control (iSC) [102], others focus on uncertainty [112], their application to sequen-
tial batch processes [86], or the difference between top-down and bottom-up approaches [26, 74].
Andres-Martinez and Ricardez-Sandoval [14] present the most recent review at the time of writ-
ing and classify works according to their application to integrated planning and scheduling (iPS),
integrated scheduling and control (iSC), or iPSC. While most reviews are structured following the
scope of integration, we are more interested in coming up with a typology of solution approaches.
We discuss different solution methods and highlight their relationship to the general paradigms of
surrogate modelling, decomposition, and derivative-free optimization (DFO). While we initially
zone in on monolithic or simultaneous formulations, we argue that the same typology of solution

approaches can be applied to hierarchical, multi-level formulations.

Surrogates

We use the term ‘surrogate models’ to encompass all approximation models that reduce model
complexity for the sake of tractability (Section 2.3.3). Surrogates could be loosely regarded as
relaxation or aggregation techniques and as such inevitably incur the risk of losing solution quality
by forfeiting model accuracy. Tsay and Baldea [376] argue that data presents a natural bridge
between different hierarchical layers and consequently advocate for the use of data-driven ‘time-
scale bridging models’ to integrate operations and control. Scale-bridging models are compatible
with the ‘aggregate method’ [85], where surrogates are used to map the linking functions between

subproblems arising from the decomposition of different hierachical layers.

Surrogates differ by the amount of detail they capture from lower levels. Consequently, Tsay
and Baldea [376] distinguish between static and dynamic models. Static surrogates for instance
do not explicitly account for transient data or dynamics. They could for example be used to learn
only scheduling-relevant quantities from the control problem in iSC [118]. They can also be used

to map the feasible space of lower levels [407], which is related to the concept of feasibility analysis



5.1. INTRODUCTION 145

[24]. Convex region surrogates are especially popular as they use historical operating data to
map feasible sets as mixed-integer linear programming (MILP) constraints, avoiding mixed-integer
nonlinear formulations. Nonlinear regression techniques could also be used as static models in
mapping continuous outputs rather than binary feasibility: Gaussian Processes, support vector
machines, piece-wise affine regression, or artificial neural networks would be well-suited to map the

(optimal) cost of a lower level.

Dynamic surrogates explicitly account for time as an additional input. They are necessary when
the dynamics of the lower level become relevant. Data-driven dynamic surrogates are overwhelm-
ingly influenced by the system identification literature [208, 378, 380]. Santander et al. [324, 323]
argue that deep learning follows similar workflows to linear state identification methods, captures
nonlinearities, and reduces computational expense when integrating advanced process control with
production planning or scheduling respectively. The difference between learning dynamic surro-
gates or only response variables relevant to the upper level divides the community: The system
identification literature champions the learning of dynamic models from data which can subse-
quently be deployed within optimization-based feedback control such as model predictive control
(MPC) [55]; The RL literature advocates for the approximation of optimal policies or feedback
laws directly from data. Rawlings and Maravelias [314] argue that Q-Learning is not competitive
with standard system identification on a simple, linear system in the presence of small amounts of
Gaussian noise. However, they find promise in the use of neural networks to learn the response of

an MPC controller on a linear dynamic model with quadratic stage cost.

Decomposition

Planning, scheduling, and control problems are often tackled by different business units within the
same company, since they cover widely different timespans and types of decisions. As a result,
the interactions between hierarchical decision-making layers, also called linking or complicating
variables, naturally end up being sparse. Examples include planning targets and batch processing
times in iPS or iSC problems respectively. When moving away from sequential to monolithic or
even hierarchical integrated problem formulations, this gives rise to mathematical optimization
structures that can be exploited by decomposition techniques [288]. While these techniques de-
scribe a wide range of approaches, they typically consist of solving problems by breaking them up
into smaller subproblems, which are solved in parallel or sequentially. This often involves many

iterations over the subproblems coordinated by the solution of a ‘master problem’.
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Lagrangean decomposition can be used to break up the iPSC problem into separate, more man-
ageable iPS and control problems [266]. The coupling variables can even be learned via systematic
network approaches. Mitrai and Daoutidis [261] use community detection to find the mathemati-
cal structure in an iSC problem and the linking variables that can be exploited using generalized
Benders decomposition. As expected, they recover the scheduling problem in the first level and
dynamic optimization subproblems in the second level. Similarly, Mitrai and Daoutidis [262] use
nested stochastic blockmodelling to uncover different types of complicating variables and struc-
tures that arise at the different hierarchical levels. In later work, Mitrai and Daoutidis [263] use
Multi-cut generalized Benders decomposition for iPSC by learning the problem structure and find

that the planning-scheduling and control constraints are coupled only via the transition times.

Decomposition can also be combined with surrogates. Kelley et al. [207] use Hammerstein-
Wiener models to integrate control dynamics into scheduling and solve the resulting formulation

using Lagrangean decomposition.

Derivative-free optimization

Derivative-free optimization (DFO) is used to optimize systems without explicit gradient expres-
sions [228], bypassing the need for explicit model formulations. DFO leverages input-output eval-
uations, or ‘data’, directly to find the optimum of the problem at hand through direct or model-
based methods. Direct methods comprise of a wide range of techniques from random search, to grid
search, and more sophisticated algorithms like NOMAD [229], or even evolutionary methods [352].
Developments in model-based DFO are closely related to surrogate techniques, as they rely on the
intermediate construction and optimization of approximation models to find the optimum. Popu-
lar methods range from exploitative trust region methods [306, 307] to more explorative Bayesian
optimization using Gaussian processes [134] or gradient-boosted trees [370]. For a thorough clas-

sification of different DFO techniques, the reader is referred to Section 3.1.1.

DFO can exploit the same mathematical problem structure as decomposition approaches in
iPSC. DFO approaches are especially prevalent in iPS, when the number of complicating variables
(i.e. the planning targets) is few. Early attempts mostly use genetic algorithms [425, 241] or
surrogates/metamodels [396] under the name of simulation-based optimization [395]. Hybrid DFO
and decomposition approaches also exist. Ji and Gu [190] use a combination of generalized Benders

decomposition and genetic algorithms in the simultaneous solution of iSC.
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DFO and single-level reformulation for multi-level problems

Accounting for game-theoretical considerations in the optimization of integrated supply chains and
process systems often involves multi-level formulations [250]. While sometimes simultaneous formu-
lations for iPSC can be solved without resorting to decomposition, surrogates, or other techniques
meant to alleviate computational expense [158], the nested decision-making architectures of bi-level
formulations require specialized approaches. Colson et al. [93] discuss general bi-level optimization
solution approaches. If no suitable decomposition technique is available, solving multi-level prob-
lems typically requires their reformulation into a form compatible with conventional single-level
optimization. These techniques can be categorized into two main approaches: DFO and single-level

reformulation.

DFO extends to hierarchical and bi-level formulations by using data-driven optimization to find
optimal planning or scheduling setpoints subject to the optimal response of the scheduling [37] or
control level [113] respectively. On the other hand, single-level reformulation involves transforming
the lower-level optimization problem into its Karush-Kuhn-Tucker (KKT) conditions. These can
then be embedded into the upper level as big-M constraints, or by using branching techniques on
the complementarity conditions [213]. KKT reformulation has been used to embed linear MPC
into scheduling [348], and operations into supply chains design [414]. KKT reformulation is already
computationally expensive even for linear cases and generally loses any theoretical guarantees in

nonconvex iPSC.

Surrogates for multi-level problems

Rather than embed lower levels into the upper level using KKT reformulations, we can ‘learn’ the
optimal lower-level or follower response as a function of the leader’s variables [265]. This could be
considered an extension of the surrogate approach: rather than learn lower-level feasibility from
historical operating data, we can learn lower-level optimality from the optimal solution of scheduling
or control problems. We call ‘feasibility surrogates’ and ‘optimality surrogates’ the use of time-scale
bridging models applied to simultaneous and hierarchical approaches respectively (Section 2.3.3).
The line between monolithic and hierarchical formulations can be blurry in feasibility analysis [24]
and often boils down to practical details - if feasible operating data is available or needs to be

obtained via solving feasibility problems.

The application of ‘optimality surrogates’ in the integration of design, operations, and con-




148 CHAPTER 5. HIERARCHICAL PLANNING-SCHEDULING-CONTROL

trol appears in different domains under various names, from ‘response functions’ [84], to multi-
parametric programming [21, 61, 303]. More recently, successes in Reinforcement Learning and
Machine Learning have introduced new terminology and different perspectives. Sachio et al. [321]
use Reinforcement Learning to learn an optimal policy on MPC simulations before embedding into
the design problem. Software advances such as OMLT [381, 77, 76] are streamlining the integration
of optimization and ML pipelines by automating reformulations of neural networks and decision
trees and their subsequent embedding into Pyomo as constraint blocks that can be handled by
MILP solvers. This could catalyze new advances in the safe deployment of learnt optimality sur-
rogates to mitigate model approximation risks, like adversarial approaches or safe Reinforcement

Learning [333, 62].

5.2 Case study

In this section, building on the motivating example from Section 1.2, we present the planning,
scheduling, and control layers from our multi-site, multi-product problem as shown in Figure 5.2.
We then discuss how the decisions between the levels are interlinked with the help of Figure
5.3. We refer to Section C.1 for detailed optimization formulations of the high-level planning,
scheduling, and control formulations presented in (5.1), (5.2), and (5.3). The implementations

of the planning, scheduling, and control formulations can also be found in the Github repository

under https://github.com/OptiMaL-PSE-Lab/DD-Hierarchical.

Figure 5.2: Outline of the hierarchical A) planning, B) scheduling, C) and control levels in the
multi-site, multi-product case study. A) shows the planning state network denoting the materials
(o) as well as processing (—), transport (—), and sales (—) across the three sites (). Scheduling
and control are only relevant to the third site. B) shows the state network of the scheduling
problem that includes an additional intermediate material. The production of I3 and P1-P4 needs
to be scheduled in batches on two machines in seven event time points. C) Each batch production
is then subject to an optimal control problem.
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5.2.1 Planning

The highest level of decision-making in our case study is planning. While planning model for-
mulations can vary, production planning usually involves the solution of a (mixed-integer) linear
program (LP or MILP) to determine the optimal production targets that optimize an economic
objective over a specific planning horizon. Our planning problem (5.1) involves the solution of
an LP over a planning horizon of 12 months. The state network of the planning is illustrated in
Figure 5.2A, and is essentially identical to the motivating value chain from Figure 1.1. We consider
three sites: In the first site, raw material RM (assumed unlimited) undergoes two intermediate
processing stages (I1 and I2). 12 is then transported to the second and third sites, where it is
referred to as 121 and 122 respectively. Both intermediates undergo further processing into one of
two or one of four products (P5-P6 and P1-P4) respectively, which are then sold to meet external
customer demand. The goal of the planning is to determine the production of each material given
processing yields (black arrows), the material transport given lead times (blue arrows), and the
sales given customer demand (green arrows) that maximize sales and minimize transportation,
storage, and production cost. The LP is subject to inventory material balances on each material,
site-wide resource utilization limits, and upper and lower bounds on inventory for each material.

The full formulation can be found in (C.1).

min. Transport + Storage + Production - Sales

s.t. Initial conditions
Inventory mass balances with production and transportation
Resource limits
Sales limits

Safe storage constraints

5.2.2 Scheduling

The optimal planning targets for each of the 12 planning timesteps are then fed to the scheduling
layer. At each planning timestep, a scheduling problem determines the resource allocation required
to reach the planning targets in minimal time, i.e. for each of the 7 scheduling timesteps (events),
for each of the two machines, which production (job) happens and for how long. Our scheduling

formulation is based on Maravelias and Grossmann [249], and relies on the state-task network ap-
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proach with a common continuous-time representation for all units. The formulation also accounts
for variable batch sizes, variable processing times and sequence-dependent changeover times. In
our integrated framework, the scheduling layer involves the solution of a MILP (5.2) at each plan-
ning step with discrete variables in the assignment constraints (if a batch production happens in a
specific machine at a given time) and changeover constraints (if we switch from one production to
another at a given event time point and machine) on top of the planning-level mass balances. The
batch constraints, production recipes, production duration, and changeover duration are machine-
and sequence-specific. There is also a more accurate estimate of the inventory and resource limits
available compared with the planning layer. The scheduling layer is only considered for site three
given the simplicity of the state network in the other sites. Explicitly accounting for scheduling in
the other sites is compatible with our proposed methodologies at a potential increase in solution
time, especially since the scheduling problems are only loosely connected via few planning vari-
ables. The state-task network corresponding to site 2 is depicted in Figure 5.2B, where on top
of the state network from Figure 5.2A, we also consider a perishable, bottleneck intermediate 13
between 122 and products P1 and P2. 13 is produced on-demand for each planning timestep with
any unused production after the planning period going to waste. The full formulations can be

found in (C.2) to (C.6).

min. Makespan
s.t. Inventory mass balances with production
Batch constraints
Duration constraints
Assignment constraints
Changeover constraints
Resource limits

Meet monthly planning production targets

5.2.3 Control

The control formulations are based on Mishra et al. [260]. Each batch control takes the batch
targets for each job-machine allocation as determined in the scheduling layer, and determines
the optimal cooling flowrate that achieves said batch target while minimizing a combination of

processing time and energy cost. This involves the solution of an optimal control problem (5.3)
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subject to quality conditions and nonlinear differential expressions of the kinetics and energy

transfer. The full formulation can be found in (C.7).

min. Processing time & energy cost

s.t. Mass balances given by differential equations
Kinetics dependent on state and control variables (5.3)
Energy cost dependent on control variables

Final time quality conditions

5.2.4 Integration

iPSC problems are either solved sequentially by ignoring all lower-level considerations, monolith-
ically by only accounting for lower-level feasibility, or hierarchically by explicitly accounting for
lower-level optimality as depicted in Figure 5.1. While the sequential and monolithic approaches
are often employed for tractability or practical reasons, the hierarchical approach most accurately
reflects organizational decision-making. Figure 5.3 shows the information flow between the lay-
ers. These connecting, coordinated, or complicating variables link the three decision-making units
that can otherwise be solved autonomously by each level. At the highest level, the 12 optimal
monthly planning variables feed as setpoints into separate scheduling problems. For each planning
timestep, all batch assignment targets as determined in the scheduling layer then feed separately
as setpoints into the control level. In the scheduling layer, we need to decide on and consequently
explicitly consider all 5 possible productions for each of the 14 (7 events by 2 machines) optimal
control problems. Each optimal processing time from the control problems feeds back into the
scheduling, correcting the makespan corresponding to a given assignment sequence; and the op-
timal changeover and cooling costs from the scheduling and control problems feed back into the

planning, correcting the economic objective.

A hierarchical solution is not just intractable but mathematically difficult given the nested
layers of decision-making. FEach tri-level optimization requires the solution of up to 840 control
problems: the top layer (planning) is subject to the optimal solution of 12 scheduling optimization
problems that themselves are constrained on the optimal solution of up to 70 optimal control
problems each. Even the monolithic formulation remains intractable given the embedding of 12
sets of mixed-integer nonlinear scheduling constraints containing the dynamics of 70 sets of batch

production dynamics.
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Figure 5.3: Linking variables between the planning, scheduling, and control levels. Each planning
problem feeds the planning targets for its 12 timesteps to separate scheduling problems to be solved
in parallel. Each of the 12 scheduling problems, in deciding which of the 5 productions to schedule
on the 2 machines at the 7 events, obtains the optimal batch processing time and cost as a function
of the batch size targets for each of the 70 possible batch assignments. The optimal scheduling
and control finally feed back into the planning.

Data-driven techniques have become essential to the solution of iPSC formulations. In the
next section, we show how we can exploit data-driven techniques to solve hierarchical (multi-level)
formulations. While it is unrealistic to expect to find the optimal solution to tri-level optimization
formulations (even the simplest linear-linear bilevel optimization problems are NP-hard [214]), our
aim is to find a tractable solution to the tri-level hierarchical formulation that outperforms the
conventional sequential solution. In this work, we prioritize finding an approximate solution to
an accurate model over finding the optimal solution to an approximate model. We acknowledge
however that there are many reasons to use the sequential or monolithic approach, i.e. when the
lower-level objectives are aligned with upper-level objectives, or when any potential gain in the

tri-level formulation does not justify the increase in computational effort.

5.3 Methodology

To streamline the exposition of how we can use surrogates and derivative-free optimization (DFO)
to solve our iPSC problem, we first show how we can use both techniques in solving general bi-level

problems.
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5.3.1 Using data to solve a canonical bi-level problem

Problem (5.4) presents a general bi-level formulation where the leader determines the set of vari-
ables that appear only in their level x,,;,, and the connecting variables x,,_,; that appear as setpoints
in the lower level. Given the linking variables x,,_,;, the follower optimizes their objective fiou(-)
by manipulating the variables that are specific to the lower level x;,,, and the connecting variables
that also appear in the upper level x;_,,. Therefore, the leader optimizes their objective fy,(-)
while explicitly accounting for the optimal response x;_,,, of the follower to x,_,;. We consider
only continuous instances of the complicating, also called linking or coordinated, variables x,_,;

and x;_,,, even though no such restrictions need to be placed.

min' fup (Xupa Xy—1s X;‘*}u) (548')

XupsXu—1l,

» *
Xiow Xl—u

s.t. hyp (Xup, Xusi, X)) =0 (5.4b)
guP(Xupv Xu—ls sz—m) S 0 (5'4C)
Xl*owa X7—>u € argmin. fiou (Xlow, X]us Xu—»l) (5-4(1)

Xlow  Xl—u

s.t. hlow(xlowaxl—ﬂuxu—)l) =0

glow (Xlowv Xl —u, xuﬁl) S 0

We now present two different ways that data-driven techniques can be exploited towards a

solution of bi-level problems.

Optimality surrogates

We first present optimality surrogates as a solution approach to multi-level problems. Crucial to
solving bi-level optimization problems is their reformulation into a single level, such that the prob-
lem can be exploited using standard optimization solvers. In the optimality surrogate approach, we
first sample various combinations of the complicating variables x,,_,; and solve the corresponding
lower-level optimization problem to extract the optimal response xj,,,. Then, we can use any su-
pervised learning technique to construct a model - we use neural networks - to map xj, , to X, ;.
The explicit expression x;, = NN (x,_;) can then be embedded as a constraint into the upper
level, replacing the lower-level optimization problem, and collapsing the bi-level into a single-level

formulation (5.5) that can be readily implemented in standard optimization software.
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N mgn. fup(xup7 Xu%hxikau)
up Xu—1l,
X s
S.t. hup(xup7xu—>l? X7—>u) = 0 (55)

*
gup(xupu Xu—sls Xlﬁ)u) S 0

Xy = NN (xu—1) (neural network).

In principle, it is possible to construct surrogates that present exact ‘explicit control laws’ for
certain kinds of parameterized optimization problems [315]. However, parametric programming
explodes in complexity with the size of the lower levels [304]. Consequently, we train approximate
optimality surrogates, forfeiting theoretical guarantees that the lower-level is solved to optimality.
Therefore, care should be taken in choosing the type and architecture of the surrogate when trading

off solution accuracy and tractability.

We suggest using neural networks with piecewise linear activation functions (ReLU) as opti-
mality surrogates since their expressions can be reformulated into mixed-integer linear constraints
[182], avoiding the introduction of nonlinear terms into upper-level objectives. Other techniques
like decision trees could be used to the same end. There is ongoing debate whether it is favourable
to use mixed-integer linear formulations with discrete solvers or to use global solvers on the full-

space formulations of the surrogates [333].

The optimality surrogate approach mirrors the way ‘feasibility’ surrogates would be used. How-
ever, in monolithic formulations (binary) data on the feasible operating region would be used to

map and embed constraints as NN (x,—;) < 0.

Derivative-free optimization

In our second approach, we leverage recent advances in derivative-free optimization (DFO). The
idea of using derivative-free optimization (DFO) for bi-level formulations is to fix as many upper-
level variables as necessary such that the upper level becomes fully determined. First, we observe
that when x,_,; is fixed, we can obtain x} , , by solving the lower-level optimization problem. On
top of this, we can split the upper-level variables x,;, into a set of decision variables xpro and
Xeim, such that x4, can be obtained by solving the system of equality constraints h,,,(-) = 0 with
xpro and x,_,; fixed. This means that we can use DFO to find x,_,; and xppro that minimize
the black-box objective consisting of the upper-level objective f,,(-) augmented by a penalization

of any violation of g,,(-) < 0. The extent of penalization can be tuned via the penalty parameter
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p. We essentially solve the general bi-level formulation (5.4) as a single-level DFO problem (5.6),
where each evaluation consists in the expensive solution of the lower-level optimization problem

LOW(-) equivalent to (5.4d):

min. BB(Xpro,Xu—1) (Black-box)

XDFO Xu—1

where Xy & LOW(xy1) (lower problem)

*
Xgim hup(xsima XDFO ) Xu—l» Xl—)u) =0

(5.6)
Xup = [Xsima XDFO]

penalty = p|| max(0, gup (Xup, Xu—1, X))

BB(XDF07 xu—)l) = fup(xupv Xu—ls szﬂu) + penalty.

The left arrows <— denote that we obtain x4, and x;,  from the solution of the set of equality
constraints hy,,(-) = 0 and of the lower-level optimization instance LOW(-) within the black-box
simulation respectively. In principle, we can use any kind of DFO solver for the single-level DFO
problem (5.6). However, our DFO problem is considered expensive and high-dimensional, which
limits the practical applicability of many over-explorative methods like evolutionary search, and
Bayesian optimization. We suggest using exploitative trust-region methods and leveraging as much

problem knowledge as possible in finding a good initial guess.

Differences between the two methods

Model-based DFO and the surrogate approach could be easily confused as they both rely on
surrogates. The surrogate approach constructs relevant input-output models of the lower level
before embedding these surrogates into the upper level, where a single optimization formulation
is solved using algebraic modelling languages such as Pyomo [164] or GAMS [98]. In model-based
DFO, surrogates are only used in the ‘outer level’ to determine the next DFO candidate to sample,
and could be replaced by direct DFO routines. In the ‘inner level’, the simulation calls the original
lower-level optimization problem (formulated in Pyomo) as a black-box to return relevant quantities

to the upper level.

More importantly, both approaches present vastly different model accuracy versus solution
tractability trade-offs. While the surrogate approach inevitably runs the risk of losing solution
quality through model inaccuracies, DFO scales poorly with the expense of lower-level problems

and the number of DFO dimensions. This motivates a careful investigation into the intricacies of
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our case study and how these can be used to integrate the planning-scheduling and the scheduling-

control layer.

5.3.2 Hierarchical planning-scheduling-control as tri-level formulation

Problem (5.7) formalizes the hierarchical iPSC formulation described in Section 5.2.4. The upper
level consists of an LP formulation to determine the planning-specific and complicating planning
target variables (x, and Xp,,q) that minimize the planning-level economic objective f,(-) augmented
by the optimal scheduling and control costs ¢} and c¢. ¢ is obtained by constraining the upper level
on solving 12 MILP scheduling problems. Their aim is to find the scheduling-specific and batch
target variables (x5 and Xpgsen) that minimize the makespan required to fulfil x,,o4. The optimal
batch processing times ¢} however rely on optimal control operation. Each of the 12 scheduling
problems are subject to 70 nonlinear optimal control problems, where the control-specific variables
X, and processing times ¢¢ are determined that minimize a mixture of energy cost and processing

time f.(-) while meeting the batch target setpoints (Xpaten):

. * *
min.  fp(Xp, Xprod) + €5 + o

XpsXprods

X: aC: 7xzv

ettt x;

s.t. h, (xp, Xproq) = 0

gp(xpaxprod) <0

X, X, ,C, .
S e argmin.  f(Xs, Xpatehs U Xprod)
e e Xs:XbatchCs)
Xeeriob s Cotrt (57)
*
s.t. h, (xs,xbatch,cs,tf,xpmd) =0

8s (Xsa Xbatch, t?y Xp’rod) <0

* * * .
Togpts Coprptp € argmin.  fo(Xe,ty, Xpatch)
XesCetrlytf

s.t. hc(xcv tfv Cetrly Xbatch) =0

gc(Xw tf7 Xbatch) S 0.

Xp, Xs, X constitute the level-specific variables, and Xprod, Xpatch the complicating variables feed-

* ok

ing as setpoints into lower levels, and c}, ¢,

t’J’Z define the optimal responses of interest to upper
levels. All other variables are level-specific versions of these quantities, introduced for the purpose

of maintaining consistency and organization across different levels of the model. Before we de-
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scribe how we can apply the techniques introduced on the general bi-level formulation (5.3.1), we
first determine four metrics by which we can assess the quality of a planning-level solution with

increasing levels of complexity and accuracy.

5.3.3 Metrics

To compare the solution quality of the proposed solution approaches, we define four different
solution metrics. Figure 5.4 illustrates the differences between the four solution quality evaluation
metrics accounting for different levels of lower-level information integration into the upper-level
planning objective (5.8). In each case, we start by extracting planning-level variables xpro and
Xprod from the DFO solution (Section 5.3.5) or from the surrogate-embedded optimization instance
(Section 5.3.6). This information is sufficient in simulating the planning level and by extension

hierarchical solutions by feeding down optimal setpoints sequentially.

The upper or planning-only evaluation (5.8a) only simulates the planning-level objective f,(-)
and any upper-level inequality constraint penalizations g,;,;. The other metrics differ in how
much detail is captured in the optimization as part of each evaluation: The bi evaluation (5.8b)
calls all scheduling optimization problems in parallel to augment the planning-only objective by cZ;
approz tri (5.8¢) calls integrated scheduling-control optimization formulations instead to obtain the
optimal scheduling and approximate optimal control costs ¢ + é.; tri (5.8d) solves all scheduling
problems first whose optimal solutions feed into the optimal control to obtain the ‘real’ tri-level
objective using c;+c:. These evaluation metrics present increasingly accurate hierarchical decision-
making modelling with the upper (5.8a) and tri (5.8d) evaluations emulating the sequential and

hierarchical decision-making frameworks respectively as depicted in Figure 5.1.

Upper/Planning-only: Ip(4) + Guiol (5.8a)
Bi: fo() + Guiol + ¢ (5.8b)
Approx tri: To(*) + Guiol + 5 + ¢ (5.8¢)
Tri: fo() + Guiot + €5 + €2 (5.8d)

These metrics become crucial in all three methodologies as described in Figure 5.5: the DFO,

surrogate, and combined approach. In principle, any solution quality metrics (5.8a)-(5.8d) can be
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Figure 5.4: Increasing levels of solution accuracy evaluation. (8a)-(8d) refer to evaluation metrics
(5.8b)-(5.8d). The upper or planning-only evaluation computes the planning objective and con-
straints in a simulation. The bi evaluation also solves 12 scheduling problems in parallel in each
evaluation to account for the scheduling cost in the objective. The approximate tri evaluation
additionally embeds control surrogates into the scheduling to account for approximate control cost
in the objective. The tri evaluation solves scheduling and control levels in sequence to emulate
hierarchical decision-making and adds the ‘real’ hierarchical scheduling and control costs to the
planning objective.

used as the DFO objective; Similarly, we can train surrogates to map the outputs of scheduling-only
(5.10), approximate scheduling-control (5.11), or accurate scheduling-control (5.12) optimization
problems, called as part of the bi, approx tri, and tri evaluation metrics (5.8b)-(5.8d). A clear
distinction between the increasing levels of solution accuracy becomes important in presenting the
results. In the next section, we illustrate how we use DFO to find the planning-level variables that

optimize any one of the solution metrics from (5.8).

5.3.4 Partitioning into DFO variables and lower-level scheduling-control

problems

In order to use DFO for the integration of all three layers, we first reformulate the tri-level problem
(5.7) into the canonical DFO formulation (5.6) for bi-level problems. We split the planning-
specific variables x,, of the tri-level optimization problem (5.7) into its constituent storage Xsiore,
transport X¢ransp, and sales Xgq1¢5 variables. We observe that given Xprod, Xtransp, and Xsgies, we
can exploit the inventory mass balances hy(-) to obtain Xsore. We now have all the variables
required to compute the quantities of interest that appear in the upper level: f,(-), the penalty

term gyior via gp(+), and any (approximate) optimal costs ¢ and ¢} from simulating lower-level
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Figure 5.5: The three proposed methodologies: References to formulations as (X) refer to (5.X).
The first methodology uses DFO to optimize any of the solution metrics in (5.8a)-(5.8d) directly by
considering the planning simulation and scheduling-control optimization as a black-box. The sec-
ond methodology uses hyperparameter optimization to find a surrogate architecture that, trained
on one of the solution metrics in (5.8b)-(5.8d), leads to the best solution accuracy-time trade-off
after embedding into the planning. The third methodology combines both workflows in using DFO
to optimize the solutions obtained from the surrogate approach.

optimization problems via SC(-). Problem (5.9) shows the formulations involved in using DFO
to find Xsaies, Xtransps Xprod that optimize the integrated planning-scheduling-control problem as a

black-box objective BB(-):

min. BB(Xsal637 Xtransps Xprod)
Xsales Xtransp:Xprod

where Xstore S hp(xstorea Xsalesy Xtransps Xprod) =0

BB() — fp(xstore’ Xsaless xtranspa Xprod) + Guiol + C: + C: (59)

Guiol < &p(Xstore, Xsales Xtransp> Xprod) < 0
s, SC(Xprod)-

Comparing (5.9) with the canonical DFO formulation (5.6), we see that Xpro = [Xtransp: Xsales),
Xeim = Xstore; Xu—sl = Xprod, and LOW(-) = SC(-). In practice, this means that the DFO solver
determines only the complicating planning targets, as well as a subset of the planning-specific
variables (the transport and sales variables). This information is sufficient in determining all other

relevant quantities in computing the black-box planning-scheduling-control objective. Different
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formulations of the (integrated) scheduling-control optimization problem SC(-) lead to different

*

solution accuracy metrics (5.8) via x;_y, = 0, ¢k, ¢ + ¢, or ¢t + ¢,. Upper/Planning-only does

not use SC(-). In the bi metric evaluations, SC(-) solves the 12 scheduling optimization problems

taking the form of (5.10) to extract ¢} without lower-level restrictions on ¢:

SC (Xprod) = min . fs (XS7 Xbatch tf, Xprod)

XsyXbatchCs

s.t. hs (Xsa Xpatchy Cs; tfa Xprod) =0 (510)

gs (X57 Xbatchs tf7 Xp'r‘od) <0.

In the approx tri evaluations, SC(-) takes the form of (5.11) and approximates the optimal
control response in (5.10) for each scheduling problem by embedding the predicted optimal control
responses as constraints into the scheduling via: é:trl,f’} = CTRL(Xpater)- In each scheduling
problem, we enumerate all 7 events by 2 machines by 5 product combinations of optimal control
surrogates. The surrogates are trained as follows: we query the optimal costs and processing times
corresponding to ten uniformly distributed samples between zero and the upper batch target limit
for each equipment-production combination. We then train separate artificial neural networks with
two hidden layers of five nodes each on the equipment-product datasets. No hyperparameter tuning
is necessary at this point since this simple default architecture gives a good fit on the well-behaved

optimal control response and remains tractable after embedding into the scheduling as discussed

in Section C.2.1.

SC (Xprod) = Xa Xr{ntn} . fs (Xs, Xbatch, ij‘a xprod)
Cotri st}
s.t. hs(XSaXbatchaCSatA}aXprod) =0 (511)

gs (x57 Xbatch s t}) Xprod) <0

é:trlv f;” = CTRE(Xbatch)

In the tri evaluations, two sequential optimization layers are solved within SC(-): first, all 12
scheduling problems (5.10) are solved in parallel. Then, the optimal batch responses x;,., for
each scheduling problem as determined in (5.10) feed into the 7 events by 2 machines combinations
of optimal control problems as shown in (5.12). The control problem outputs are then returned as
the ‘true’ optimal control costs and processing times to the scheduling and planning levels. In our
case, the tri evaluations happen to be cheaper than the approx tri evaluations, as will be discussed

in Section 5.4.2. However, this is rarely known a priori and is not expected to be the case when the
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size of the control problems increases. As a result, we use the tri evaluation only to check ‘ground

truth’ solution quality in the first two methodologies and for minimal fine-tuning in the third.

min . fe(Xes bt Xparen) (5.12)

XcsCetrisly
< * =
s.t. hc(xcatfacctTlvxbatch) =0

gC(XC7 th XZatch) é 0

Key to the tractable integration using DFO is parallelization in the scheduling layer. In our
case, we see that the scheduling-level capacity for P1, P2, P3, and P4 production (Figure 5.2A) at
any given time step is coupled to the planning level and other scheduling problems only via the
inventory levels of 122. In the planning level, we are only interested in the changeover costs of the
scheduling layer. Therefore, rather than solve the scheduling problems sequentially in time, we
fix 122 inventory in the scheduling problems and solve all twelve scheduling problems in parallel
leading to significant computational savings. In doing so, we rely on the planning-level safe storage
constraints to ensure that we have enough 122 inventory for the production of any given planning
target. Parallelization at the control level is in principle also possible, but in our case limited by

the availability of compute nodes.

5.3.5 Methodology 1: Derivative-free optimization

The first methodology involves using DFO to find X4, Xtransp, and Xsqies that optimize the solu-
tion metrics in (5.8). However, all solution metrics apart from planning-only (5.8a) are considered
expensive as they call at least one additional level of optimization problem in each evaluation.
Consequently, the DFO budget is severely limited to a couple of hundred evaluations given the
high dimensionality of 178 DFO variables. This prevents even the most exploitative solvers from
making meaningful progress. To mitigate this issue, we hot-start the DFO search by using the

Pyomo [394] solution of the planning-only optimization problem (5.13) as an initial guess:

min.  fp(Xp, Xprod)
Xp Xprod

s.t. hy (X, Xprod) = 0 (5.13)

gp(xpa xprod) <0.
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Then, we sequentially optimize the bi (5.8b) and approx tri metrics (5.8¢) using 500 evaluations
each, where the solution of the former feeds into the latter as an initial guess. We assume a priori
that the tri metric (5.8d) is intractable, and only use it to check solution quality. In principle,
instead of this cascading approach, we could optimize the solution metric of interest from the start

in the same solution time, which we discuss in Sections 5.4.1 and 5.4.4.

Any DFO solver (Bayesian optimization, evolutionary search, direct methods) can be used for
this task. Informed by the benchmarking of data-driven coordination solvers in Chapter 4, we
choose the exploitative trust region optimizer Py-BOBYQA [71]. In fact, we encounter a similar
scenario, where the DFO evaluation budget only allows for a fine-tuning of the solution around the
initial guess rather than an extensive exploration of the solution space. In Chapter 6, we revisit this
issue by proposing a subspace optimization technique that can be used in conjunction with hot-
starting to improve the scalability of the DFO methodology. Alternative high-dimensional DFO
techniques also depend on optimizing over lower-dimensional embeddings, or otherwise exploiting

structure in the original search space [70, 144, 231, 388].

5.3.6 Methodology 2: Optimality surrogates

In Section 5.3.4 we describe how we can use optimality surrogates to map the optimal control
response as a function of the batch targets ¢,.,, f} = CTRL(Xpater). Similarly, for each planning
step, we can construct optimality surrogates that return the optimal scheduling and control costs
at said step as a function of the four production planning targets ¢, ¢} = [SCH — CTRL](Xprod)-
The neural network [SCH — CTRL](-) is trained to map the output of the (integrated) scheduling-
control optimization problem SC(-), which can take the form of the scheduling-control optimization

instances (5.10)-(5.12). Consequently, we can approximate the solution to the tri-level problem

(5.7) by solving the single-level formulation (5.14):

xprgil;l;m fp (xpv xprod) + é: + éz
s.t. hp<xpvxprod) = 0 (5.14)

gp(xpa Xprod) <0

& e, = [SCH — CTRL) (Xproa), t=1,...,12.

Before training, we sample 1,000 combinations of the planning targets Xp,.q4, Where the upper

bound is obtained from the planning-level resource limit for each product. Each sample involves
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the solution of SC(-) as formulated in the scheduling-only (5.10) or approximate scheduling-control
(5.11) formulations associated with the bi (5.8b) and approx tri (5.8¢c) metrics respectively. In the
results section, we also repeat this workflow with surrogates trained on the accurate scheduling-
control optimization problems (5.12) associated with metric (5.8d) to investigate the effect of inac-
curate control information. We add fixed penalty terms to the planning objective if the scheduling

(or control) problems become infeasible.

Deciding on the architecture of the integrated scheduling-control surrogate is more difficult
than mapping the optimal control surrogate. The bigger the neural network, the more capable it is
(in principle) of accurately capturing the optimal response function, but the more computationally
expensive the planning formulation becomes after embedding of the surrogate. To navigate this
accuracy-tractability trade-off, we use multi-objective Bayesian optimization for 12 samples to find
the number of nodes in the first and second hidden layer ni,no that best trade off accuracy and
tractability. Each Bayesian optimization sample includes: the training of a network with hidden
layers ni, ns; its embedding into the planning layer; optimization of the planning after embedding;
and a solution quality check on all metrics of (5.8). The optimization times are returned with the
approx tri (5.8¢) or tri (5.8d) solution metrics and fed to the Bayesian optimization to suggest the

next iteration of hyperparameters.

5.3.7 Methodology 3: Combining both approaches

The third methodology consists of combining the first two approaches to bring out the best of
both worlds: We train a collection of the most promising network architectures identified in the
offline hyperparameter tuning from Methodology 2. We then optimize separate planning problems
in parallel, each with a different set of embedded surrogates, and evaluate their solution quality
using the tri evaluation (5.8d) as the most accurate metric we can afford. Finally, we use DFO
(in parallel) on the best solutions from the surrogates following Methodology 1 to fine-tune them

towards the tri-level optimum using the tri metric (5.8d) in the remaining online evaluation budget.

5.3.8 Software and practical considerations

We use Py-BOBYQA [71] as our DFO solver of choice for the DFO approach (Methodology 1),
and the OpenBOX implementation [234] for the multi-objective Bayesian optimization using Gaus-

sian processes in the optimality surrogate hyperparameter tuning (Methodology 2). The rest of
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the conventional optimization formulations are implemented in Pyomo [164]. While the control
instances of Equation (5.12) are solved using Ipopt [394], the optimality surrogate formulation
(5.14) and the integrated scheduling-control optimization instances SC(-) in (5.10) and (5.11) are
solved using Gurobi [157]. We use PyTorch [293] to train the neural networks and embed them as
constraints into Pyomo blocks using OMLT [77]. We run the main DFO and surrogate scripts on
the Imperial College Research Computing HPC service. Most scripts run on a maximum walltime
of 8 hours, and we increase the number of compute nodes and memory as needed, usually within
the range of 64-128 and 10-50gb respectively. Notable exceptions include the DFO approach on
the approx evaluation using 18 hours of walltime, 256 nodes, and 25 gb memory, or the surrogate

hyperparameter tuning on the tri evaluation using 8 hours of walltime, 128 nodes, and 100 gb.

In the next section, we present the solution time and accuracy results of Methodologies 1 and
2. In both approaches we are assuming that we have access to tri evaluations, but that they are
expensive, meaning that we can only use them for checking the ‘ground truth’ solution quality. In
Methodology 3, we then present the solution time and accuracy results and discuss the advantages
of combining both approaches together with relevant practical considerations. Throughout this, we
place special emphasis in our discussion on distinguishing between the different solution accuracy

metrics, between on- and offline solution times, and the implications of model inaccuracies.

5.4 Results and Discussion

Table 5.1 gives an overview of what methods we benchmark on which criteria for each figure.
We perform standard solution accuracy and solution time comparisons for each methodology, and
include additional analysis in the surrogate results section: a study on performance variability
of all surrogates queried in the hyperparameter tuning (Figure 5.8), and a comparison of on-
and offline optimization times in the surrogate approach (Table 5.2). Furthermore, we link to
supplementary analysis in the appendix where appropriate: an explanation of why optimality
surrogates are particularly powerful for optimal control problems (Section C.2.1); an exploratory
data analysis of sampled optimal scheduling costs for optimality surrogate training (Section C.2.2);
a sensitivity analysis on surrogate performance metrics as a function of surrogate size (Section
C.2.3); a qualitative discussion on the relative scaling of the DFO and surrogate approaches with
the relative size of problems and linking variables (Section C.2.4); and a permutation study on the

problem parameters (Section C.2.5).
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Table 5.1: Summary of experiments performed

Section Figure Approach ~ What is evaluated What is compared
5.4.1 Figure 5.6a DFO All 4 evaluation metrics (5.8)  Initialization, bi DFO, approx tri DFO
5.4.1 Figure 5.6b DFO Online solution time Effect of parallelization on 3 configurations

5.4.2 Figure 5.7a Surrogate  All 4 evaluation metrics (5.8) 3 best bi and approx tri surrogates
5.4.2 Figure 5.8 Surrogate  All 4 evaluation metrics (5.8)  All 12 bi, approx tri, and tri surrogates

5.4.2 Figure 5.7b  Surrogate  Online optimization time 3 best bi and approx tri surrogates

5.4.2 Table 5.2 Surrogate  On- and offline solution times Bi, approx tri, and tri surrogates

5.4.4 Figure 5.9a  Combined Tri evaluation metric (5.8d) DFO tri on best solutions

5.4.4 Figure 5.9b  Combined Online solution time DFO tri on best solutions

5.4.1 Methodology 1: Integration into planning via DFO 5

Optimizing the scheduling-only problem or scheduling problem with embedded surrogates as pre-
sented in the previous section constitutes the bottleneck in the bi and approx tri evaluations.
Figure 5.6 illustrates the solution accuracy obtained and time required to perform DFO on the bi

and then on the approx tri metrics for 500 evaluations each.

Solution accuracy

Figure 5.6a shows the different solution metrics obtained in the DFO. We start with the bi DFO
(DFO on the bi metric) using the solution obtained from the optimization of the planning-only
problem in Pyomo. This planning-only solution is infeasible for all evaluation metrics accounting

for lower-level information.

The planning-only solution then feeds into the bi DFO where the bi metric is improved from
around 6 to -3 in 500 evaluations. Then, the bi DFO solution feeds into another round of 500
approx tri DFO evaluations, improving the approx metric from the bi DFO solution from about
-2 to -3. This goes to show that DFO reliably improves the solution according to the evaluation
metric used in the objective. Yet, there is no guarantee that an increase in cheaper bi/approx
evaluations comes with an improvement in more accurate evaluations that are not used as the
objective function of the DFO. This explains why the tri evaluation shows no improvement - all
3 tri evaluations remain infeasible in some scheduling and/or control problems. As a side note,
performing the same experiment using an uninformed initial guess of zero prevents Py-BOBYQA

from making any update whatsoever on the bi and approx tri evaluations, which stay around 5.

Realistically, given the expense of the scheduling-level optimization problems and the high

dimensionality in the planning-level variables, we only have enough budget to fine-tune the solution
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obtained in the initial guess. This is confirmed in the planning profiles associated with the DFO
runs in the Appendix C.3. However, this fine-tuning can be crucial in rendering the planning-
only solution feasible with respect to more accurate metrics, resulting in large increases in solution
quality. While we use fixed costs to penalize infeasibilities in the scheduling and control level, DFO
might make more consistent progress if soft penalty violations are used between the suggested and
nearest feasible set of planning and batch targets, like in the augmented Lagrangian penalty term

of (4.6) in the data-driven coordination framework.

Solution time

Figure 5.6b illustrates the solution times for generating the planning-only initial guess and per-
forming 500 DFO evaluations using the bi and approx tri metrics across three configurations of
the case study. In low, a single average scheduling problem is solved for all planning steps, consid-
ering the optimal control of only one product; in distr, separate scheduling problems are solved in
parallel for each planning step for one product; all encompasses the full case study, as described
in Section 5.2, considering all five products in parallel at each planning step. Comparing the ‘low’
and ‘distr’ configurations allows us to examine the impact of parallelization, while comparing the
‘distr’ and ‘all’ configurations allows us to analyze the effect of increasing the number of control

problems per scheduling instance.

We see that the planning-only Pyomo instance returns a solution in milliseconds. When going
from the ‘low’ to the ‘distr’ configuration, the bi and approx DFO times only increase the solution
time from around 20 to 80 and from around 60 to 200 seconds. This highlights the benefits
of parallelization: rather than seeing an increase in computational time proportional to the 12
planning steps, we only see it increase by a factor of around 4. While in theory parallelization
could keep the solution time constant, in practice, each evaluation call is limited by the time it
takes for the slowest scheduling instance to be solved. Increasing the number of optimal control
problems when moving from ‘distr’ to ‘all’ only increases the approx DFO time. Increasing the
number of control problems by 5 increases the solution time by a factor of 10. This is to be
expected given the discrete nature of the variables introduced in the surrogates. In Table C.1, we
claim that the optimization instances in a single bi or approx tri evaluation take 10 and 250 seconds
respectively. However, Figure 5.6b shows that 500 evaluations take around 100 and 1,000 seconds
respectively. While this may seem contradictory, this means that most of the DFO samples are

quickly determined to be infeasible.
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Cascading approach

The question arises if rather than use a cascading approach of feeding the DFO solutions of less
accurate metrics as initial guesses into the DFO of more accurate metrics, we can obtain better
solutions by using the available budget to have more samples to optimize the expensive metric of
interest directly. The answer to this is case-dependent and is influenced by the extent to which
the metrics corresponding to the different levels of integration are correlated. In our case, the
cascading approach is justified since the DFO on the bi metric is cheaper by an order of magnitude
and still makes significant progress on the approx evaluation. However, if the ultimate goal is to
optimize the tri evaluation, then neither the optimization of the bi nor the approx tri metric make

significant progress. We continue this discussion in Section 5.4.4.
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Figure 5.6: Solution accuracy and time for three methods: solution initialization using planning-
only metric (blue), DFO on the bi metric (orange), and DFO on the approx tri metric (green). The
solution accuracy bar plots denote the evaluation (y-axis) that the three methods (blue, orange,
and green) achieve on the four solution quality metrics (x-axis) corresponding to (5.8a)-(5.8d). For
example, using DFO with the bi solution metric as objective function (orange) outperforms DFO
approx (green) on the bi solution metric (second bin). However, DFO approx (green) outperforms
DFO bi (orange) on the approx solution metric (third bin). All three considered approaches are
infeasible in the tri solution metric (fourth bin), and consequently heavily penalized, leading to a
bad evaluation.

5.4.2 Methodology 2: Integration into planning via surrogates

In Methodology 2, rather than perform DFO on the bi or approx tri evaluations, we train optimality
surrogates as a function of the planning targets to map the scheduling and control costs from the
scheduling-only (5.10) and approximate scheduling-control problems (5.11). Since these instances
constitute a major part of the bi and approx tri evaluations, we refer to the surrogates trained on

them as bi or approx tri surrogates respectively. In Figure 5.7, for the bi and approx tri surrogates,




168 CHAPTER 5. HIERARCHICAL PLANNING-SCHEDULING-CONTROL

we present three architectures each that return a Pareto-optimal solution between solution time and

best approx tri performance after optimization of the planning level with the embedded surrogate.

Solution accuracy

Figure 5.7a shows that the solutions obtained from the approx tri surrogates are more consistent
and achieve better solution quality than those obtained from the bi surrogates. This suggests
that using more informative metrics to build the surrogate translates into better solution accuracy.
The bi surrogates, only trained on scheduling-only problems used in the bi evaluations, might
miss valuable information that relates surrogate architecture, training accuracy, and optimization
solution quality, leading to poorer, less consistent performance. As opposed to the DFO where
using the bi evaluation metric as the objective significantly improves the bi evaluation, the bi

surrogates even fail to consistently find a good bi evaluation.

However, it is surprising to see that the solution check on the tri metric evaluations correspond-
ing to the approx tri surrogates are significantly better than the ones obtained in the DFO. This
suggests a different explanation for why the surrogate approach performs surprisingly well. Rather
than the surrogate approach performing well despite the inevitable small model inaccuracies, the
surrogate approach might perform well because of them. In the DFO solutions, we are starting off
from the planning-only solution that is optimal in the planning-level formulation only and active
in some constraints that quickly become infeasible when more accurate lower-level information
becomes available. Small inaccuracies in the surrogates might give a suboptimal solution that is
further away from the constraints and as a result more ‘robust’ to information from the lower level.
This hypothesis is supported by the planning solution profiles of the surrogate approaches being
significantly different to the profiles observed for the centralized and DFO solutions as seen in C.3.
It is in principle possible that model inaccuracies might be biased towards giving solutions in the

infeasible space, but these models should be filtered out by the hyperparameter tuning process.

Consistency in solution accuracy

The major risk of the surrogate approach lies in selecting an architecture or training a specific model
that leads to poor performance. To determine the effect of the model architecture on performance,
Figure 5.8 displays the solution accuracy associated with all 12 model architectures queried in the
hyperparameter tuning. Additionally, we investigate how much of the variability in bi and approx

tri surrogate model performance is due to them not being trained on accurate control information,
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Figure 5.7: Solution accuracy and time of the best optimality surrogate solutions: the first three
surrogate architectures are trained on the scheduling-only (bi: blue, orange, green), and the other
three (approx: red, purple, brown) on the approximate scheduling-control subproblems. The two
numbers in the label refer to the number of nodes in the two hidden layers. For example, all
6 surrogate approaches lead to a comparable solution quality at -4 in the planning-only solution
metric (first bin). All three surrogates trained on the approx solution quality metric (red, purple,
brown) achieve a similar performance around -2 on the approx solution quality metric (third bin),
whereas the surrogate with 42 and 20 nodes (orange) is the only surrogate out of the three trained
on the bi solution metric that achieves a good evaluation on the approx solution metric around -2
rather than 7. The surrogate with 45 and 2 nodes respectively (red) achieves the best performance
on the tri solution quality (fourth bin).

by following the same workflow to train tri surrogates on accurate scheduling-control instances as

used in the tri metric (5.8d).

Overall, the best of the 12 samples display similar performance among the three surrogate types
on all solution metrics. In general, we see that the bi and tri surrogates display a similar median
and variation in solution accuracy, with the bi surrogates being slightly more consistent in the
tri metric evaluation. While the approx tri surrogates display a better median evaluation in the
bi and tri metric evaluation, they also display more variability in solution performance. This is
surprising to see given Figure 5.7a, where the best approx tri surrogate Pareto solutions seem to
be more consistent than their bi surrogate counterparts. This can be explained however by ‘bad’
approx surrogates faring even worse because of compounding inaccuracies due to imperfect control

surrogates.

The question still remains as to the tri surrogates’ inability to clearly outperform the other
surrogates. One possible explanation could be that accounting for the optimal control makes the
solution space too ill-behaved to be accurately captured by the networks. Overall, the surrogates
display too similar performance to argue that one type outperforms the other. This analysis calls
for a sensitivity analysis of the surrogate performance as a function of surrogate size. In C.2.3,

we discuss correlations between model size, test accuracy, integrated optimization time, integrated
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optimization result, and tri metric evaluation. In short, we conclude that the best predictor of tri
metric performance is test accuracy, which does not monotonically improve with surrogate size,

prompting the need for careful hyperparameter selection.
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Figure 5.8: Box-and-whisker plot of solution accuracy variability for all queried surrogates in the
hyperparameter tuning: Surrogates trained on scheduling-only (bi: blue), approximate scheduling-
control (approx: orange), and accurate scheduling-control (tri: green) information are compared on
upper, bi, approx tri, and tri solution metrics from left to right. The box represents the quartiles,
while the whiskers demonstrate variability outside the box plots. Outliers are shown as isolated
data points outside of the whiskers.

Sections C.2.1 and C.2.2 give interesting insights into the differences between the optimality
surrogate approach for embedding control information into the scheduling layer, and for embedding
scheduling-control information into the planning level. Mapping optimal scheduling cost appears
to be a more difficult problem due to the following reasons. First, the optimal control surrogate is
lower-dimensional in that it maps optimal processing times and control cost as a function of batch
targets, while optimal scheduling surrogates take in four planning target variables. Additionally,
while there are linear relationships in both optimality surrogates, the nonlinearities in the control
problem only display a slight concave curvature at higher batch targets, whereas infeasibilities in
the scheduling problems lead to a more ill-behaved mapping over multiple orders of magnitude. As
discussed in Section 2.2.3, it is well-established in the literature that piecewise affine functions can
present ezact solutions for simpler, linear mp-MPC [314]. The mixed-integer nature of scheduling

problems however can present additional modelling challenges that require careful handling.

Solution time

Figure 5.7b shows the online optimization time required to solve the embedded problem as shown
in Formulation (5.14). The online optimization times of the bi and approx tri surrogates range
widely from 100 milliseconds to 2 hours based on the size of the networks rather than the type of
surrogate. For example, the bi surrogate with hidden layers of sizes 10 and 1 leads to a solution

time comparable to that of the approx tri surrogate with sizes 5 and 2. The biggest surrogate (78
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and 40 nodes) times out after 2 hours of solution time and displays the worst of the Pareto solutions
in terms of accuracy. For the bi surrogates, the best solution is attributed to the medium-sized
surrogate of 42 and 20 nodes as a trade-off between accuracy and tractability. However, for the
approx tri surrogates, the best solution is found using the smallest network. This could suggest
that the approx metric response surface is smoother given the composite approximations, and

consequently more easily captured by smaller surrogates.

While Figure 5.7b shows the online optimization time as a function of surrogate size, Table 5.2
shows that the difference in solution time between the different types of surrogates is shifted offline
to the sampling, training, and hyperparameter tuning steps. The training times are essentially
negligible with each surrogate being trained in a maximum of 90 seconds. The hyperparameter
tuning time can be adjusted based on the available budget. In our case, for each surrogate type,
we limit the online optimization time per integrated problem to 2 hours and the hyperparameter
tuning time involving 12 surrogates to 8 hours. Essentially, the bottleneck in moving from bi to
approx tri surrogates is in the sampling step. We sample 1,000 bi, approx tri, and tri evaluation
samples, which takes between 8 and 24 hours. These evaluation times are considerably less than

what would be expected from Table C.1 given that half of the samples are infeasible.

It is surprising to see that the tri sampling time is shorter than the approx tri sampling time.
It turns out that solving the planning problems, the scheduling problems, and then the 168 (2
machines by 7 events by 12 planning steps) optimal control problems in sequence is five times
faster on average than solving the scheduling problems, each embedded with 70 optimal control
surrogates (7 events by 2 machines by 5 productions). In other words, it is not trivial to see that
embedding all possible optimal control combinations into the scheduling displays worse scaling
than evaluating the ‘ground truth’ tri metric by solving the levels hierarchically. In C.2.4, we
qualitatively discuss how we expect the DFO and surrogate approaches to scale with respect to
the dimensionality of complicating variables and problem sizes. In hindsight, for the case study
at hand, we conclude that since the tri evaluation is faster than the approx tri evaluation, the
performance of using approx tri evaluations in the DFO or in their corresponding approximate

scheduling-control problem (5.11) for surrogate training is not worth the compute.

5.4.3 Comparing the DFO and surrogate approaches

In the above two sections, we highlight the accuracy-tractability trade-offs associated with both

approaches. DFO does not introduce additional inaccuracies if the lower levels are solved to global
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Table 5.2: Online optimization, and offline hyperparameter tuning, training, and sampling times
associated with the construction of surrogates in the integration of scheduling-only, approximate
scheduling-control, and accurate scheduling-control lower-level information

Time
Related . Hyperparameter .. Sampling
evaluation Online tuning Training (N=1,000)
Scheduling-only Bi 0.1min-2hrs 8 hrs up to 12x90 sec 8 hours
Appr.oxunate App?OX 0.1min-2hrs 8 hrs up to 12x90 sec | 24 hours
scheduling-control tri
Scheduling-control Tri 0.1min-2hrs 8 hrs up to 12x90 sec 8 hours

optimality. As a result, DFO guarantees a solution at least as good as the initial guess on the
evaluation metric used as its objective. The main drawback of DFO is its poor scaling in the
number of planning-level variables and in the computational expense of the lower-level problems.
Realistically, given these budget restrictions, we can only expect to fine-tune the solutions around

the initial guess.

Generally, the surrogate approach scales better at the potential expense of solution quality. A
major advantage of the surrogate approach is that tractability and accuracy can be easily adapted
to the problem at hand by using Bayesian optimization (which ironically counts as DFO too).
Empirically, we see that even the optima obtained with smaller, more tractable, and potentially
less accurate models can display tri-level metric solutions that outperform any of the solutions
obtained via DFO. However, by using surrogates, we forfeit any guarantee in the solution quality
obtained. While surrogate techniques promise online computational savings, we have to invest our
efforts offline into the model selection and validation process. In the next section, we synthesize

these findings into a proposed method that leverages the advantages of both methods.

5.4.4 Methodology 3: Bringing out the best in both approaches

Figure 5.9 shows the solution quality-computational expense trade-off incurred by running DFO
using the tri evaluation metric on the planning-only initialization, best DFO, and best surrogate

solutions.

Solution accuracy

Figure 5.9a shows that running 500-1,000 DFO evaluations using the tri metric on prior DFO and
surrogate solutions significantly improves their tri evaluation. The best tri evaluations are found

by performing DFO on the bi and tri surrogate solutions for a standard budget of 500 samples,



5.4. RESULTS AND DISCUSSION 173

improving the tri metric from about -1 and -2 to around -2.5 respectively. We use the same budget
on the approx tri DFO solution, improving the solution from about 9.5 to 8.5. However, by running
DFO on the planning-only and bi DFO solutions using 1,000 and 800 evaluations respectively, we
find a solution that is just as good in less time than is required to perform the approx tri DFO in
the first place. Performing tri DFO on the bi DFO solution even improves the solution to 7.5. This
links back to the previous discussion in Section 5.4.1 of whether it is favourable to perform DFO
on increasing levels of metric complexity in a cascading manner or if we should use the available
budget to only optimize the targeted metric from the start. In our case, we find that we should
use the cascading approach but avoid the more expensive approx tri evaluation in favour of the tri

evaluation.

Solution time

Figure 5.9b compares the computational time required to fine-tune the solutions using tri DFO
with the time it takes to obtain the initial guesses in the first place. 500 tri DFO evaluations on
the approx tri DFO and surrogate solutions take about 240 minutes. To put this into context, the
initial 500 approx tri DFO evaluations take about 1,000 minutes, and the optimality surrogates up
to 120 minutes in the first place. Performing 1,000 and 800 tri DFO evaluations takes about 430
and 390 minutes to achieve a final tri evaluation of 8.5 and 7.5 starting from the planning-only and
bi DFO solutions respectively. In both cases, the tri DFO constitutes the computational bottleneck

compared with the 0.2 and 70 minutes needed to obtain the initial guesses in the first place.

While using the bi DFO solution as initial guess outperforms using other DFO initial guesses
for a given time budget, better solutions can be obtained in less time when hot-starting the tri
DFO with the surrogate approach. In our case, the 500 tri DFO evaluations take about 2-3 times
longer than the pure surrogate approach. The relative solution time between the tri evaluations
and surrogate-embedded optimization changes significantly with the number of infeasible samples
in the DFO and the size of the surrogates. However, this ratio can be manipulated by the DFO

budget and the maximum online integrated optimization runtime.

Sensitivity analysis

The relative performance of the DFO and surrogate approaches only holds for the current problem
instance. Although we would ideally want to perform a comprehensive sensitivity analysis on

problem topology and parameters, this endeavour is intractable. We qualitatively discuss how
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we expect the DFO and surrogate approaches to behave with changes in relative problem and
linking variable sizes in Section C.2.4. In Figure C.7, we perform the same tri DFO analysis as
in 5.9a in three perturbed instances, whose parameters (demand, forecatsts, changeover times, ...)
are changed by up to 1%. While this might seem like a small perturbation, it is hard enough to
find a feasible solution to the default parameters. For all perturbed instances, the tri surrogates
always outperform the DFO solutions and usually match the bi surrogates on the tri metric before
fine-tuning. However, the best solution in all three instances is found by performing tri DFO on

the bi surrogate solution.

Practical recommendations

Optimality surrogates elegantly trade-off tractability and accuracy. However, their variability in
solution performance is concerning. In order to mitigate these drawbacks, we suggest finding
safety in numbers and choosing multiple surrogates - either the same model architectures trained
on slightly different datasets, or different architectures potentially even trained on different kinds
of evaluations. We can then embed the different surrogates into separate planning instances and

optimize the resulting formulations in parallel in the online optimization step.

All solutions are then checked using the most accurate evaluation metric available. Finally, we
perform DFO on this evaluation metric in the hopes of finding a better solution in the remaining
time budget. At this stage, the solution quality is guaranteed to be as good as the best surrogate
solution for a chosen evaluation metric. Alternatively, we can still fall back on the much cheaper

planning-only solution, which represents the traditional ‘sequential’ solution approach.

The combined approach fully exploits the available on- and offline optimization budget. By
leveraging parallelization, we can mitigate the risks of model inaccuracy during online optimization,
while still benefiting from the surrogate approach, which shifts much of the computational effort
offline. The amount of effort dedicated to the offline sampling, training, hyperparameter tuning,
and model validation step can be adjusted on a case-by-case basis to an acceptable tolerance. The
remainder of the available online solution time can then be fully used to fine-tune the surrogate

solutions via DFO.
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Figure 5.9: Increase in solution quality and time when using DFO with the tri metric (orange)
on the best solution (blue) of other methods. The solution approaches, included as initial guess,
from left to right, are: planning-only initialization, DFO on the bi and approx tri metrics, and the
best surrogates trained on the bi and approx tri metrics. For example, fine-tuning the solution
obtained from the planning-only solution (first bin) increases the tri solution metric from about
9.5 to about 9.0. Fine-tuning the solution obtained from the surrogate trained on the bi solution
metric improves the evaluation obtained on the tri solution metric (fourth bin) from about -0.5 to
below -2.

Additional considerations for the DFO approach

In this work, we argue that the true potential of the DFO framework emerges when the case study
exhibits at least one of the following properties: 1) The solution space contains exploitable structure
at the DFO solver level, or 2) High-quality initial guesses can be obtained at low computational

cost.

The first property is particularly relevant when the objective function is insensitive to certain
planning-level variables or when strong correlations exist between these variables. For example, in
our case, production of either A or B can be increased, but increasing both simultaneously leads
to subproblem infeasibility due to resource constraints. Recognizing such patterns allows the DFO

solver to focus on a reduced, more structured search space.

The second property is harder to anticipate in practice. Intuitively, initializing DFO with a
good starting point—such as solving a single-level formulation first—can be beneficial, but only
if incorporating lower-level considerations does not significantly alter the solution space. If the
lower-level problem primarily adjusts objective costs, rather than introducing complex constraints
that disconnect the previous solution from the new optimum, then warm-starting is likely to be

effective.

While fine-tuning via DFO can be computationally expensive in realistic scenarios, we argue

that multi-level solution quality checks should be considered best practice. As problem scale
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increases, the dimensionality of complicating variables can grow rapidly, often exceeding thousands.
However, a one-off hierarchical validation using multi-level metrics — such as the tri-metric -
could still be enabled via efficient evaluation through parallelization as a much more reasonable
and practical approach. Additionally, a multi-level solution metric could serve as an arbiter to
compare solutions obtained from different hierarchical methods, such as planning-only models or

alternative optimality surrogates.

In hindsight, an alternative formulation could have been explored: instead of modeling the
entire upper-level problem as a simulation within DFO, we could solve only for x,,—,; in the DFO,
then extract xj,, by solving all lower-level problems LOW, and finally solve f,, as an additional
level. The trade-off here is evident: we can significantly cut down on the number of DFO variables
at the expense of solving an additional optimization problem. Given that planning problems
are typically much smaller than scheduling problems in hierarchical decision-making, this trade-
off could be worthwhile. However, the dimensionality of the complicating variables would still
grow linearly with time and the number of products, raising concerns about the scalability of this

modified DFO approach for industrial-scale applications.

5.5 Conclusion

In this chapter, we present how derivative-free optimization (DFO) and optimality surrogates can
be used to optimize general bi-level formulations. We show how these techniques can increase the
solution quality of a multi-level, multi-site hierarchical planning-scheduling-control problem with
respect to the conventional sequential solution approach. When tackling a task as ambitious as
solving large-scale tri-level formulations, it is crucial to select tools that achieve this in minimal
time. At the same time, we need to mitigate the risk of the solution becoming unusable due to
model inaccuracies. We synthesize our findings into a methodology that leverages the advantages of
both techniques: We use derivative-free optimization (Bayesian optimization) in the offline model
selection process to efficiently trade-off solution accuracy and tractability. We then mitigate the
risk of model inaccuracies in the surrogates by employing the surrogate approach in parallel on
multiple planning instances embedded with different trained models. After verifying the solution
quality on the most accurate affordable solution metric, we can finally use DFO to fine-tune the

best solution(s) in the remaining online optimization budget on the metric of interest.

While we can make general observations about the trade-offs involved in both methods, these
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are limited to the case study at hand. While the DFO approach is agnostic to the integrated
scheduling-control formulation, its efficacy depends on the relative size of the three layers. Similarly,
the surrogate approach is agnostic to the lower-level problems as long as the bottom-up responses
can be mapped as a function of the top-down complicating variables. Future work could investigate
and stress-test different planning network configurations, different types of scheduling formulations,
and different surrogate formulations in the control. The surrogate technique, in particular, opens
up numerous avenues of research, all centered around ensuring robust model performance when

selecting and training model architectures.

Even though the relative performance of both approaches depends on the case study at hand,
we believe that the cornerstone of DFO, emulating the hierarchical multi-level objective via black-
box evaluations, deserves increased attention and consideration. When information about lower
levels is available, practitioners should endeavour to check solution quality on more accurate hier-
archical metrics, even if they opt for single-level or surrogate-embedded formulations for the sake

of tractability.

Ultimately, we demonstrate the maturity of data-driven techniques and their ease of integra-
tion into conventional optimization frameworks. This prompts us to reconsider their potential in

tackling more accurate hierarchical formulations, even in larger-scale industrial case studies.

5.5.1 Looking back

The data-driven hierarchical integration was the most fun out of the four chapters. Starting from
a challenging problem formulation, we explored which data-driven techniques would best balance
solution accuracy and tractability. This required integrating machine learning, optimization, and
data science pipelines. While the focus of this work is primarily on data-driven approaches, future
improvements could include investigating the modified DFO approach as presented in Section 5.4.4,
and comparing against mathematical decomposition techniques for bi- and multi-level problems

[125, 297], similar to how we benchmark against distributed optimization in Chapter 4.

At this stage, I had thoroughly benchmarked DFO solvers across typical chemical engineer-
ing applications and investigated their potential in coordinating geographically or hierarchically
distributed agents. In the context of data-driven coordination and hierarchical integration, we
discovered that CUATRO was not the most suitable DFO solver for budget-constrained, high-

dimensional problems. Instead, DIRECT-L and Py-BOBYQA generally demonstrate superior
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performance in the higher-dimensional data-driven coordination case studies, and in the current

chapter, we only consider Py-BOBYQA.

This led me to realize that, when attempting to use DFO for coordinating integrated EWO
problems, there is often a way to cheaply obtain a good starting point that is already close to
an optimum, for example through sequential decomposition. Consequently, this compelled us
to investigate whether we can improve the exploitation capabilities of the CUATRO solver from

Chapter 3 to outperform Py-BOBYQA in high-dimensional case studies.
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In this chapter, we first discuss some of the improvements made to CUATRO since its intro-
duction in Chapter 3. Then, we revisit the value chain coordination and hierarchical decision-
making settings as introduced in Section 1.2 that inspired the methodologies in Chapters 4 and
5. We finally come full circle by proposing CUATRO_PLS as an extension to CUATRO fo-
cused on high-dimensional derivative-free optimization (DFO) problems, where intrinsic struc-
ture is suspected in the solution space. Section 6.2 builds on the conference proceedings pub-
lished in [388]. Permission to reuse Figures 6.5, 6.6, and 6.7 is granted by Elsevier via the

Copyright Clearance Center. The newest version of the CUATRO solver is available on Github:
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(https://github.com/OptiMaL-PSE-Lab/cuatro).

6.1 Sampling heuristics for improving trust-region DFO

While the performance of CUATRO in Chapter 3 was promising, its performance was competitive
with other solvers only in specific niche areas of chemical engineering. Here, we discuss sampling

heuristics to improve exploration and constraint satisfaction.

6.1.1 Exploration

Heuristics

Before improving global exploration, we first focus on improving sampling within trust regions.
Instead of random sampling, we implement maximum closest distance sampling (MCD__sampling),

which could be formulated as such:

max min X — X; 6.1
xEBAT (a,6%) i=1.np I illy (6.1)

The max-min formulation (6.1) looks for the candidate x that is furtherst away from the closest
sample x; in the dataset X according to the L, norm, making it a highly nonconvex optimization
problem. We initially tried reformulating (6.1) with the Manhattan (L;) distance into an integer
linear programming formulation similar to Thebelt et al. [370], but the optimality guarantee to get
the global optimum to said formulation was not worth the increase in computational overhead. We
found that the following heuristic works well in practice: we uniformly sample points throughout

the trust region, and query the point that is furthest away from the closest evaluated data sample.

Inspired by Thebelt et al. [370], rather than navigate exploitation and exploration by alternating
between the exploitative surrogate update step and an explorative sampling step, we also considered
adding mixed-integer linear formulation (6.1) to the surrogate minimization objective (3.14). This
would, loosely speaking, correspond to an acquisition function with a distance-based uncertainty
measure. However, we did not see any performance improvements despite considerable degradation
in speed. We would argue that the reasons for this are two-fold: sacrificing computational time for
more informed surrogates might only be justified when surrogates are constructed over the whole

solution space rather than small trust regions. Additionally, one of the reasons popular acquisition
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functions in BO are so successful is because they can be derived rigorously from first principles and
appropriate choices of utility functions using Bayesian statistical learning and information theory

[143]. Merely adding an ‘exploration term’ to the objective muddles this theoretical foundation.

At this stage, we can focus on further exploitation or exploration. In sampling region, we
follow a separate sampling region strategy. Mathematical details and rules on how to update the
sampling region can be found in the work that we adopted our strategy from [121]. Having a
separate sampling region contained within the trust region should in principle allow for larger

steps near optima.

Alternatively, we can opt for more global exploration heuristics. In TIS (trajectories in se-
quence), we reset the center and radius of the trust region after a minimum size is reached or after
a certain number of unsuccessful steps, which is similar to the restart heuristic that Py-BOBYQA
uses. In TIP (trajectories in parallel), we simultaneously set up separate trust regions from mul-
tiple starting points. At each iteration, we update each trajectory, unless a trajectory is cancelled

due to overlap with a more promising trajectory.

Results

Figure 6.1 compares the convergence of the different CUATRO variations in the two-dimensional
solution space of the Himmelblau function. We use the Himmelblau function as a relatively well-
behaved toy problem with four optima of the same quality. Figure 6.2 explores their average
exploitation-exploration trade-off over five runs and includes the SciPy [393] implementations of
COBYLA [306] and Nelder-Mead [276] as exploitative, and latin hypercube sampling (LHS) as
explorative references. We quantify the extent of exploration as the average distance of each
sample to its five nearest neighbors. Other methods like grid coverage could be used if we were

purely interested in ‘global exploration’

We can see that both MCD_ sampling and sampling region heuristics visibly increase explo-
ration in the solution space. This is confirmed by a doubling of their average nearest neighbor
distance from 0.2 to 0.4, whereas said metrics are around 0.15 and 0.5 for the exploitative and
explorative references respectively. Introducing a separate sampling region improves convergence
close to the optimum as expected, and manifests as an improvement in the optimum found by
almost an order of magnitude. Qualitatively, both trajectories look similar, with the separate

sampling region run seemingly being more tightly centered around the optimum.
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In Figure 6.1d, the TIS trajectory first converges to the optimum on the upper right before
converging to the one on the lower right after a restart. In the TIP run in Figure 6.1e, three out
of the five initial trust region instances converge to separate optima with the other two getting
annulled due to overlap. The TIS and TIP variations display the most exploration, with a higher

exploration metric than LHS.

(a) default (b) MCD__sampling (c) sampling_ region

(d) TIS (¢) TIP

Figure 6.1: Two-dimensional solution space convergence plots of CUATRO variations on the Him-
melblau function. Black crosses denote starting points. Early samples are blue, later samples red.
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Figure 6.2: Exploration (y-axis: Average distance to nearest neighbours) versus exploitation (x-
axis: Optimum) on the Himmelblau function: The higher the distance to the nearest neighbors,
the more explorative. Blue samples represent CUATRO variations, and orange samples represent
reference solvers
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6.1.2 Constraint satisfaction

Heuristic

One of the selling points of CUATRO is its explicit constraint handling capacity, i.e. the fitting
and optimization of constraint evaluation surrogates for safe exploration. While this helps with
constraint satisfaction in the update step, the random sampling step is still agnostic to constraints.
We propose the feasible_sampling routine, which builds on (6.1) but constrains the solution on

the ng constraint surrogates §; being feasible at the most recent iteration k:

max min  ||x — x|,
x€BNT (zk 6F) t=1..np (6 2)

s.t. Fx) <0, I=1.n,

We solve this using the same heuristic as in MCD sampling, but first filter out the points whose

constraint surrogate evaluations are infeasible.

Results

In Figure 6.3, we again plot the two-dimensional convergence of the default or local CUATRO
variation, MCD__sampling, and feasible sampling. In Figure 6.4, we benchmark the average per-
formance of the three CUATRO variations over five runs on the constrained, deterministic real-time
optimization case study from Chapter 3. We also include the best-performing algorithm from Ta-
ble 3.3 for each variation of exploitation/exploration and model-based/direct DFO: Py-BOBYQA
[96], an in-house implementation of constrained Bayesian optimization (BO), Nelder-Mead [276],

and DIRECT-L [137].

In going from the default local CUATRO to the MCD variation, we see an increase in solution
quality accompanied by a drop in constraint satisfaction of ten percentage points. While all
three CUATRO variations are competitive with BO and Py-BOBYQA, the improved sampling
strategy of MCD makes it the best-performing algorithm with an optimum at -75.8. However, it
also demonstrates poor constraint satisfaction at 30%, only slightly better than the exploitative
penalty methods Nelder-Mead and Py-BOBYQA. The feasible_ sampling routine on the other hand
improves constraint satisfaction by almost 20 percentage points while retaining a good optimum

close to that of the default variation.




CHAPTER 6. SCALING TO HIGHER DIMENSIONS VIA TRUST REGION
184 OPTIMIZATION IN INFORMATIVE LINEAR EMBEDDINGS

Figure 6.3c illustrates how despite its many initial constraint violations, feasible sampling
approaches the optimum more cautiously. Using initial trust region sampling instead of LHS and

decreasing the initial radius would also improve the constraint satisfaction of all variations.

(a) default/local (b) MCD__sampling (c) feasible sampling

Figure 6.3: Two-dimensional solution space convergence plots of CUATRO variations on the con-
strained, deterministic real-time optimization case study from Section 3.4.3
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Figure 6.4: Average constraint violation versus average best optimum found for each algorithm
on the deterministic real-time optimization case study from Section 3.4.3. Blue samples represent
CUATRO variations, and orange samples reference solvers

We refactor the above findings into an updated version of CUATRO local called ‘CUATRO__base’,
where we use maximum closest distance as the default sampling method within trust regions. The
algorithm is described in detail in 9, and is compatible with any of the previously described explo-

ration strategies.

6.2 Extension to high dimensions

Maintaining the benefits of derivative-free optimization (DFO) in higher-dimensional decision
spaces presents challenges for existing optimization methods. We introduce CUATRO_PLS -
an extension of the CUATRO quadratic trust region optimizer that leverages intrinsic structure

across high-dimensional black-box variables.
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6.2.1 Introduction

In Chapter 3, we review the use of DFO as an effective tool for optimizing chemical engineer-
ing systems without explicit gradient expressions. We discuss how DFO solvers usually scale
poorly in the number of decision variables and their evaluation budget. Existing methods for high-
dimensional black-box optimization (BBO) usually rely on exploiting structure in the solution
space and optimizing over more informative subspaces. This can take the form of automatic rele-
vance determination [33], exploiting axis-aligned sparsity in the decision variables [126], exploiting
additive structure via decomposition schemes [141], deep kernel learning [401], neural embeddings

[354], or linear embeddings [399].

Despite their simplicity, sketching techniques (Section 2.2.3) and linear embeddings have shown
great potential in the high-dimensional BBO literature. This often involves random (Gaussian)
projections to find embeddings over which to construct and optimize surrogates. These surrogates
can take the form of Gaussian processes in Bayesian optimization (BO) [231] or linear-quadratic
trust region models [70]. While end-to-end learning of linear [144] or nonlinear embeddings [267]

with Gaussian processes is possible, limited evaluations can compromise performance.

In the remainder of this chapter, we introduce CUATRO_ PLS, which integrates end-to-end
learning concepts into the scalable Convex qUAdratic Trust Region Optimizer (CUATRO), first
proposed in Section 3.3. At each iteration, Partial Least Squares regression (PLS) [300] identi-
fies the linear embedding from which to best predict the output of all evaluations within a trust
region. Surrogate fitting and minimization are then performed within this subspace and the mini-
mization candidate is evaluated after reconstruction to the original space. This approach maintains
the tractability of working with convex quadratic surrogates in low dimensions, while enhancing
the quality of the subspaces as compared with Gaussian projections by incorporating response

information.

We benchmark CUATRO__PLS against a random baseline and six State-Of-The-Art (SOTA)
DFO solvers. We first use a synthetic toy problem with up to 1,000 dimensions and a known linear
latent space to show that CUATRO__PLS shows consistent convergence to a high-accuracy solution
and is multiple orders of magnitude faster than other model-based methods. We then assess all

algorithms on four high-dimensional chemical engineering problems exhibiting intrinsic structure.

In Section 6.2.2, we discuss latent embeddings in DFO and introduce our algorithm CUA-

TRO__PLS, before describing our case studies in Section 6.2.3. In Section 6.2.4, we then show that
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CUATRO__PLS ranks among the top three algorithms on all problems and outperforms competi-

tors in high-dimensional scenarios favoring exploitation over exploration.

6.2.2 Methodology

Derivative-free optimization and latent structure

We start again by considering a generic DFO problem formulation of the following form:

min f(x),

where x € B C R" denotes the variables within box bounds B used to optimize the expensive
black-box objective f(-). For simplicity, we assume that any constraints are handled implicitly
via the penalty method. Subspace optimization relies on the premise that there exists a pair of
encoder-decoder transformations £ : R?» — R™ and R : R®* — R"= that allow a projection from
an ambient solution x to a lower-dimensional embedding z and a reconstruction back. The use of
z in this chapter to refer to subspace variables should not be confused with its use in Chapter 4 to

denote complicating, or shared variables. This allows us to query the black-box objective:

gr.leig f(x) = mzin f(R(z)) s.t. R(z) € B.

By constructing and optimizing surrogate models m(-) in the lower-dimensional space, we can
thus ‘break’ the curse of dimensionality when n, < n,. In finding adequate encoder-decoder
transformations, we need to balance their accuracy in reconstructing original inputs from latent
embeddings (X = R(Z) = R(£(X))) with the accuracy of surrogates m(-) in predicting outputs
from the latent space ( y &~ m(Z)). A lot of high-dimensional DFO and BO techniques differ only
in the projection and reconstruction techniques used, the choice of surrogates in the latent space,

and how these are updated.

Cartis and Roberts [70] combine sketching techniques with linear-quadratic trust-region DFO
solvers. While random embeddings preserve theoretical guarantees useful for convergence proofs,
we believe that we can integrate response information to improve the sample efficiency of high-

dimensional trust region methods.
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Partial Least Squares (PLS)

PLS regression is a dimensionality reduction and regression technique that projects the input

features X € R™P*"= into lower-dimensional embeddings Z € R"P*"=gsuch that the latter explain

as much variance as possible in X, and maximize the covariance between the latent variables Z

and the response Y € R"»*!, Formally, this corresponds to the following optimization problem:
max Cov(Z,Y)

7,M,P,Q,E,F (6.3)

s.t. X=ZPT+E, Y=ZQT+F Z=XM,

where P € R™ X" and @ € R"=*! are the loading matrices for X and Y, respectively, M €
R™=*"= the projection, also called weight, matrix that defines how X is projected onto the latent
space, and E € R"P*"= and F' € R"P*"= the residual matrices assumed to be independent
and identically distributed random normal variables. The Scikit-Learn [295] implementation uses
the Nonlinear Iterative Partial Least Squares (NIPALS) algorithm under the hood to solve this
formulation. Instead of performing a full singular value decomposition (SVD) on X and Y, NIPALS

extracts one latent component at a time, using the following steps:

1. Selecting an initial estimate for the latent scores.

2. Iteratively refining the latent variables by alternating between updating Z, M, and P.

3. Deflating X and Y by subtracting the contribution of the extracted latent component before

proceeding to the next component.

4. Repeating until a specified number of components is reached or until convergence is achieved.

CUATRO_PLS

CUATRO_PLS is an extension of CUATRO that performs dimensionality reduction to find a
lower-dimensional subspace over which to perform surrogate updates. Algorithm 10 describes the
full CUATRO__PLS logic built on top of CUATRO__base. While the framework in principle allows
for black-box constraints, their handling requires special consideration. Additionally, while CUA-
TRO__PLS can in principle be integrated into any more global exploration heuristic, we currently

only consider the ‘base’ strategy.
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Algorithm 9: CUATRO_ base

Input: Black-box objective f and constraints g;,! = 1..n,, Initial guess x°, Initial radius
0%, Bred, Bines M5 N2, Minimum number of samples for fitting N min, Maximum
number of function evaluations Ny jnqz, sampling strategy
S € [MCD, feasible_sampling], exploration strategy
E € [base, sampling_ region, TIS, TIP], Optional: minimum restart radius 44

1 Initialisation: Initial data sets X9 := [x°] and Y° := [{(f(x°), q:(x?)),l = L..ny}],
sampling region radius 60 = 6° or §2 < ¢° for S =sampling_region,
Sampling region T(x%,69), Trust region 7 (x%,°), Bound-constrained
region B, (Optional: initialize above quantities for ¢ = 1..T" trust regions);
Function evaluation counter ns := 1, Iteration counter £ := 0

2 while (Ny 40 > ny) do

3 MCD sampling using (6.1) or (6.2) based on S until region contains Nj ., samples;

4 Compute (PF,qf,rF) from (3.12) for [ = 0..n, using all evaluations in BN T(x*, §%);

5

6

Find X,e,p by minimizing (3.14) within BN 7 (x*, 6%) using (PF,qf,rF) for 1 = 0..n, ;
Update datasets with ns new evaluations X, _:

XML (X9, X LY = YR A{(F(Xn)s 90(XnL)) D= 1eng )] 5
ng<ng+ng; k< k+1;
if £ =base then

9 ‘ Update x*, 6% = 6* based on CUATRO local trust region scheme (5 steps 8-16) ;
10 else if ' =sampling region then
11 | Update x*, 6%, and 6% following [121] ;
12 else if £ =TIS then
13 Update x*, 6% = 6* based on CUATRO local trust region scheme (5 steps 8-16) ;
14 If 6% < 6w @ Teset xF, 6% ;
15 else if £ =TIP then
16 For current trust region ¢: Update xF,JF based on algorithm 5 steps 8-16 ;
17 Fathom 7y if for any ¢ € [1.7]\ {t}: T; N Ty A minyecy, > mingey,,, ;
18 Pick next trust region (¢ < t') among remaining available t';
19 end

Algorithm 10: CUATRO_PLS

Input: Black-box objective f and constraints g;,! = 1..n4, Initial guess x°, Initial radius
0%, Breds Bine, N1, N2, Minimum number of samples for fitting Ny min, Maximum
number of function evaluations Ny ., dimensionality of latent embedding nprs

1 Initialisation: Initial data sets X° := [x°] and Y° := [{(f(x°), 0:(x°)),l = 1..n4}],
sampling region radius 67 = §°, Sampling region 75 (x%, §%), Trust region
T (x°,6%), Bound-constrained region B, Function evaluation counter
ny := 1, Iteration counter k := 0

2 while (Ny 40 > ny) do
3 | MCD sampling using (6.1) until 75(x*, %) contains Ny i, samples (X%, YF);
4 Perform PLS using SciPy implementation. Get M, R = MT(MMT)~! and Z = X*M;
5 Compute (PF,qk,rk) from (6.4) using (Z, YF);
6 Find z,,, by minimizing (6.5) using (P}, q&,75) ;
7 Reconstruct Xyew = Znew R and update datasets with n, new evaluations X, :
XEHL e X5, X, ] Y e (VR {(F(X ) 00X ), = Tong)]
8 ngng+ng; k—k+1;
9 Update x*, 6% = 6% based on CUATRO local trust region scheme (5 steps 8-16) ;

10 end
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Surrogate fitting in the latent space At each iteration, PLS identifies the linear projection
matrix M € R™ X" and reconstruction matrix R = MT(MMT)~! that best predict the outputs y
of all np samples in Y within the original trust region 7 (-) after projection to their linear embedding

Z such that Z ~ XM and X ~ ZR. The surrogates are then fitted using the embedded scores Z:

Pz0,q,r

min Y (m(z;) — ;)
=1 (6.4)

s.t. m(z;) = ZJT.sz +q'z;+r, Vj=1l.np wherez; C Z,

Note that (6.4) is convex like its counterpart in CUATRO.

Surrogate minimization in the latent space To conserve convexity in the subspace surrogate
minimization, the exact reconstructed trust region constraint in the original space (of the form
(Rz —x*)T(Rz —x"*) < 6?) is replaced with a heuristic trust region in latent space centered around
z" = Mx"*, where an effective radius is defined as the distance from z* to the furthest projected

sample as 62 = max,,cz (z; —2")7(z; — 2%):

Jnin m(z)

s.t. Rz € B, (6.5)
(z —2")T(z — 2F) < 5
where the constraints denote the box bounds and trust region respectively. The minimization can-

didate of (6.5) is then evaluated and the trust region is updated after reconstruction to the original

space following the original CUATRO local or CUATRO_ base update schemes, see algorithm 10.

Handling of constraints In principle, this framework also allows explicit handling of black-box
constraints by fitting surrogates on the constraint evaluations in the subspace and adding them to
(6.5) as: m.(-) < 0. However, traditional PLS does not explicitly account for constraint evaluations
in the linear subspace selection. Instead, we could use PLS2, which extends PLS to multi-target
evaluations, where the constraint evaluations represent the additional outputs. This approach
would have to carefully balance fitting the subspace selection on the objective versus constraint

function topologies, by potential pre-processing of the input-output samples.
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Dimensionality reduction considerations This methodology introduces the latent dimen-
sionality n, as an important hyperparameter. At fixed n,, PLS would give the optimal embedding
if we were to use linear instead of quadratic surrogates. We find that PLS works well in practice
even in combination with quadratic surrogates. The intuition behind this is that the black-box

function displays increasingly linear behaviour as the trust region shrinks.

More generally speaking, the idea of combining dimensionality reduction techniques with DFO
is not unique to CUATRO and could be applied to any trust-region or even more generic framework
and has even been considered in the PSE community [211]. Our update scheme differs from most
previous works, which usually either only perform initial subspace selection using PLS, or use

random embeddings adaptively.

A fundamental challenge with this approach is that we lose the theoretical convergence prop-
erties of the Johnson-Lindenstrauss lemma without random embeddings. More broadly, this high-
lights another shortcoming of this approach: by using PLS to identify our linear subspace, we
adopt a purely exploitative strategy for subspace selection, making it highly dependent on the
quality of the trust region samples. In other words, if our trust region samples fail to capture
the necessary latent information, the embedding quality might suffer. Ideally, we would balance
exploitation and exploration over the trust region or the whole solution space. Possible strategies
might involve the incorporation of uncertainty-aware terms in the ‘acquisition function’ objectives
akin to Bayesian optimization, or an alternating or e-greedy approach, where a small probability of
random embeddings is maintained to preserve some of the theoretical guarantees of the randomized

approach.

Benchmarked solvers

We benchmark CUATRO against a wide range of SOTA DFO solvers and search techniques.

Py-BOBQYQA [96] is a trust-region optimizer constructing linear-quadratic surrogates using
interpolation and regression techniques. The algorithm exhibits strong exploitative properties by

making quick progress at the expense of exploration across Chapters 4 and 5.

DIRECT-L [137] is a search space partitioning direct DFO solver that elegantly trades off
exploitation and exploration. The method is more robust to ill-conditioning in the objective as it

does not rely on surrogates.

Latin hypercube sampling (LHS) is a space-filling design method. Any proposed high-
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dimensional DFO should at least outperform random search in the form of LHS.

CMA-ES [161], short for covariance matrix adaptation evolution strategy, is a common bench-
marking solver in the high-dimensional BBO literature. CMA-ES shines in highly nonlinear,

stochastic applications with a high evaluation budget.

HEBO [100], short for Heteroscedastic and Evolutionary Bayesian Optimization solver, is the

winning submission to the NeurIPS 2020 Black-Box Optimisation challenge.

TuRBO [127] is a high-dimensional Bayesian optimization solver that leverages Thompson

sampling within trust regions for scalability.

ALEBO [231] revisits some design considerations of previous high-dimensional Bayesian opti-

mization solvers relying on random embeddings like Rembo [399].

While it would be interesting to benchmark against other trust-region or more general DFO
solvers in combination with PLS, we limit the scope of the benchmarking to CUATRO_PLS
as it would take a considerable amount of low-level coding in other open-source frameworks to

implement.

6.2.3 Case studies

We first define a synthetic high-dimensional Rosenbrock function with a known linear embedding
dimensionality n. to control the original nj, and effective n. dimensionalities in studying the effect
of the embedding dimensionality hyperparameter nprs. nj essentially takes the place of n,, but
we insist on keeping separate notation, specifically to highlight the contrast to n. and nprs. Then,
we benchmark all algorithms on four high-dimensional problems spanning controller tuning and
EWO. While we believe these to exhibit intrinsic structure, the dimensionality of the true latent

embedding is unknown, and does not have to be linear.

High-dimensional Rosenbrock with low effective dimensionality

We start with a generalized Rosenbrock (RB) formulation of effective dimensionality n.:
ne—1

RB(z;n.) = Z [100(2;41 — 22)% 4 (1 — 2)?].

i=1

We can create a high-dimensional RB function of ambient dimensionality nj with a true effective
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linear embedding of dimensionality n. by adding n; —n. ‘fake’ dimensions to the effective vector
z and mixing up the informative and uninformative inputs using an orthogonal Gaussian matrix

G € R" " Conversely, we define our ‘fake’ high-dimensional Rosenbrock function as follows:

RBjfake(x;n0,ne) = RB(z;ne), 2= [Z1,...,%,.], x=Gx.

PID Controller Tuning

This case study presents the classical dynamic control of a Continuous Stirred Tank Reactor
(CSTR) equipped with a cooling jacket. In this system, the inlet flow rate Fj,(t) and the cooling
jacket temperature T,(t) are the manipulated variables, and the reactor temperature T'(¢) is the
controlled variable. The CSTR facilitates the following reactions where A is the reactant, B is the

intermediate, and C' is the product: A - B — C.

The objective is to maintain the control variables at their set point using a Proportional-
Integral-Derivative (PID) controller. The PID controller C(-) adjusts the manipulated variables
u(t) = [Fin(t), Tc(t)]T based on the deviation e(t) = x(t) — x,,, of the five state variables x(t) (re-
actor temperature, volume, and mass of reactant, intermediate, and product) from their setpoints
Xsp. As opposed to PI controllers as introduced in Section 3.4.6, PID controllers also account for

instantaneous changes in the error €' (¢):

i € {Fin,Tc}: wi(t) =C(e(t);Kpi,Kri,Kpi, K;)

5 ¢ (6.6)
=Ki+ Y [Kpiveii(t) + Kri / eiir(t)dT + Kpie; (1)),
=1 T=tg
where €/(t) = 62—(:). The optimization problem then consists of finding the n; = 32 controller

gains that optimize the weighted sum of the reactor temperature squared error in the state variables
with a term penalizing magnitude and changes in the controls. The mathematical description of

the system can be found in Appendix D.1.1.

Neural network control policy tuning

The neural network control policy tuning problem investigates the same reactor control setup as
in the previous PID controller tuning case study with some key distinctions: The inlet flowrate

is fixed so that the jacket cooling temperature T,(t) becomes the only manipulated variable wu(t).
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In addition to the reactor temperature T'(t), we also control the concentration of reactant c4(t).
Instead of implementing PID control, we define a parameterized explicit control law Cy(+) to return

the manipulated variable T¢(t) as a function of T'(t) and c4(¢):

T.(t) = Colca(t), T(2)). (6.7)

We then want to find the nj, = 61 neural network weights and biases 6 that result in the optimal
control of T'(t) and ca(t) in pursuing a similar objective to the previous case study. We suspect

the parameters of the neural network to exhibit low effective dimensionality.

Value chain coordination

This case study applies the data-driven coordination methodology from Chapter 4 on the plan-
ning formulation from Appendix C.1.1 under the privacy- and agency-preserving considerations as
described in the value chain coordination motivating example (Section 1.2). By inspection of the
mathematical formulation, we discover that the problem becomes separable into three site-specific
subproblems after fixing the material transport variables connecting site S1 with sites S2 and S3.
We introduce local copies of the material transport variables into each subproblem, and penalize
deviations from the suggested coordinated variables in each subproblem objective, as described in

the data-driven coordination methodology (Section 4.2.4).

The goal then becomes finding the 72 material transport variables that optimize the sum of
the sites’ planning profits, which can be obtained as the result of privacy-preserving subproblem
solutions. Following Chapter 4, we also include the distributed optimization algorithm ADMM
as described in Section 4.2.3. We believe that effective embeddings are caused by temporal and

spatial correlations between material flows.

Hierarchical planning-scheduling

The hierarchical planning-scheduling case study corresponds to the bi evaluation from Chapter 5
as described in Section 5.3.3. We solve for a set of n;, = 172 material production, transport, and
sales variables that optimize a bi-level planning-scheduling objective. If only a single level was
considered, the optimization formulation would be equivalent to the planning model considered in
the value chain coordination. However, in data-driven coordination, we fix only the complicating

variables necessary to extract all other quantities from the subproblem optimization solutions; in
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the hierarchical planning-scheduling, we fix all the variables required to turn the planning problem

into a pure simulation. Intrinsic subspaces are again believed to arise from temporal correlations.

6.2.4 Results and discussion

Synthetic low-dimensional case study

On the 100-dimensional Rosenbrock instance in Figure 6.5a, CMA-ES, ALEBO, and TuRBO dis-
play the best convergence. CUATRO__PLS seems to be competitive with other SOTA solvers, with
a median and worst-case final convergence comparable to that of CMA-ES. As expected, CUA-
TRO__PLS has a runtime at least an order of magnitude lower than that of other model-based DFO
solvers while displaying comparable performance. HEBO and ALEBO are not investigated further
given their exploding runtime on high-dimensional, high-budget problems. When the dimension-
ality and budget are then increased to 1,000 in Figure 6.5b, we see that CUATRO__PLS, despite
displaying a slightly worse median run than TuRBO, displays the best final run of all samples and
seems to be the most consistent. Additionally, while TuRBO’s runtime increases by an order of

magnitude when doubling the budget, CUATRO_ PLS’s runtime only doubles.

Sensitivity analysis on the embedding dimensionality nprg

Figure 6.6 investigates the effect that the embedding dimensionality nprs has on CUATRO_ PLS
performance when other hyperparameters are fixed to their default. We keep the RB original
dimensionality at 1,000, and the true effective dimensionality at 10. We see no major difference in
performance when perfectly or overestimating the true latent dimensionality at six or higher. To
the contrary, the best performance is found when underestimating the effective dimensionality at
two and six. This suggests that CUATRO_ PLS stands as a powerful high-dimensional DFO solver,
even if no knowledge about the intrinsic dimensionality is suspected. It might even be encouraged
to use CUATRO_ PLS in fewer effective dimensions. In other words, there is merit to the idea
of performing surrogate optimization in the most informative linear combination of dimensions,

rather than capturing all information.
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Figure 6.5: Regret versus evaluation budget convergence plot for the synthetic high-dimensional
Rosenbrock case study at constant effective dimensionality n. = 2, and ambient dimensionality
np = 100 (top) and 1,000 (bottom) for model-based (left) and direct search (center) DFO methods.
The corresponding solution times are displayed on the right. Reprinted from van de Berg et al.
[388] with permission from Elsevier.

Chemical engineering applications

Throughout all case studies in Figure 6.7, the CUATRO_PLS runs (on the left) generally dis-
play consistency across different hyperparameters and embedding dimensionalities. This supports
our hypothesis that CUATRO__PLS performs well even when underestimating the effective di-
mensionality in the absence of problem-specific knowledge about embedding structure. In the PID
controller tuning in Figure 6.7a, TuRBO outshines all other methods, but CUATRO__PLS remains
competitive with Py-BOBYQA and CMA-ES. In the policy training in Figure 6.7b, CUATRO_ PLS
outperforms most methods and is only beat in consistency and in the median run by CMA-ES and
TuRBO respectively. In the value chain coordination in Figure 6.7c, most CUATRO_ PLS runs
outperform the best DFO solvers and even the distributed optimization benchmark ADMM. In
the hierarchical integration case study in Figure 6.7d, CUATRO_ PLS and Py-BOBYQA are the
only methods that make any progress. While CUATRO__PLS makes significant initial progress,
Py-BOBYQA manages to better fine-tune the solution. Overall, the above findings are not sur-
prising: CUATRO_ PLS, as a high-dimensional quadratic trust region optimizer, excels in finding

good nearby optima quickly. However, CUATRO_ PLS remains a competitive optimizer even in
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Figure 6.6: Regret versus evaluation budget convergence plot on the 1000-dimensional Rosenbrock
with an effective dimensionality of ten (n. = 10), when CUATRO_PLS is used with different
embedding dimensionalities (nprs = 2,6, 10,20,40 in the labels) and other hyperparameters are
fixed to their default. Reprinted from van de Berg et al. [388] with permission from Elsevier.

the policy tuning, where more explorative methods like CMA-ES are encouraged.

6.3 Conclusion

We improve the exploration and constraint satisfaction capabilities of the CUATRO solver as
introduced in Chapter 3 by implementing heuristic sampling strategies: maximum closest distance
sampling, separating the sampling region from the trust region, trajectory restarts, trajectories in

parallel, and leveraging constraint surrogates for feasible sampling.

We then introduce CUATRO __PLS as a scalable high-dimensional extension to the DFO solver.
We use learned linear structures in the decision variables to display competitive performance with
SOTA alternatives at significantly lower runtime compared with other model-based methods. We
benchmark our solver on four high-dimensional chemical engineering DFO problems where intrinsic
dimensionality is suspected, and highlight its strengths in fine-tuning solutions and finding good
optima quickly. CUATRO_PLS, by performing surrogate optimization in the most informative

linear embedding dimensions, can even be used if no intrinsic dimensionality is known or suspected.

6.3.1 Looking back and ahead

This chapter naturally concludes the thesis by building on the solver we introduced in Chapter 3
and enhancing its performance on EWO case studies from Chapters 4 and 5. In these chapters,
we established that DFO solvers are in principle viable alternatives to distributed optimization
and optimality surrogates if their sample efficiency and scaling can be improved. To address

these issues, the sampling heuristics and subspace optimization techniques introduced here make
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CUATRO competitive with the best DFO solvers for these problems. Furthermore, the results
indicate that CUATRO__PLS is a powerful solver beyond these case studies, excelling in high-

dimensional spaces with a thousands variables when exploitation is prioritized over exploration.

Current work seeks to improve the exploitation-exploration trade-off of CUATRO_PLS by
incorporating subspace optimization into a ‘trajectories in parallel’ framework similar to that of
TuRBO, where trajectories are chosen based on a multi-armed bandit strategy. Additionally, it
should be investigated if ‘quadratic PLS’ [185], as an ‘exact’ end-to-end dimensionality reduction

technique, could improve current performance.

Beyond safe exploration and high-dimensional continuous domains, many problems in chemical
engineering involve discrete decisions [424] or allow for asynchronous or parallel batch evaluations
[131]. Extending CUATRO to these contexts could present another opportunity for tailoring

CUATRO to the peculiarities of chemical engineering applications.



Conclusions

This thesis investigates how data-driven methods - black-box optimization to be precise - can be
used to integrate manufacturing and supply chain operations under organizational considerations.
We first highlight the key contributions and observations of each chapter. Then, we provide a
condensed retrospective of the key contributions in Section 6.3.2, before discussing some potential

future directions in Section 6.3.3.

In Chapter 1, we trace the evolution of major developments in the Process Systems Engineering
(PSE) literature, from early systems thinking to Industry 4.0 and the latest advances in artifi-
cial intelligence (AI). We introduce the concept of Enterprise-Wide Optimization (EWO) with
the overarching goal of integrating all decision-making within chemical companies. A recurring
value chain case study illustrates two business scenarios where traditional EWO tools fall short:
distributed planning, where organizational constraints limit information sharing and restrict the
choice of efficient numerical solvers; and hierarchical planning-scheduling-control, where accurately
modeling information flow between hierarchical agents leads to a tri-level formulation that remains

intractable, even for our small motivating example.

In Chapter 2, we examine why mathematical programming has emerged as the dominant
decision-making framework in EWO. We explore canonical problem formulations from the supply
chain management, operations research (OR), and control literature, and present various decision-
making frameworks, including reordering policies, simulation optimization, local search, constraint
programming, explicit control laws, reinforcement learning, and model predictive control. We
highlight the advantages of mathematical programming in terms of modeling flexibility, theoretical
convergence guarantees, and specialized solvers, for the integration of planning, scheduling, and
control .

Next, we introduce essential mathematical optimization theory, emphasizing decomposition algo-
rithms and their relation to mathematical structure. We also provide high-level explanations of
how optimization solvers function. We follow up by exploring various Machine Learning (ML)
paradigms and their application to optimization. These include ML optimality or feasibility sur-
rogates, subspace optimization over learned manifolds, and derivative-free optimization (DFO) of

black-box systems. Although not the focus of this thesis, we also touch on other paradigms in



200 CONCLUSIONS

the broader field of ‘Learning to Optimize’, and offer personal perspectives on the potential and
limitations of recent generative AI (GenAl) advances.

We argue that pure ML approaches struggle to consistently outperform traditional tools across
different problem instances, particularly in combinatorial optimization (CO), where established
methods exploit problem structure for efficiency. However, identifying ‘pockets of computational
reducibility’ within mathematical optimization workflows that ML tools can exploit presents sig-
nificant opportunities for improving tractability. Lastly, we argue that the current potential of the
latest GenAl advancements lies in their integration into decision-making pipelines to complement,
rather than replace, human workflows. This is especially true given the unique challenges of orga-
nizational decision-making in chemical companies. Ensuring value alignment is crucial to making

AT tools safe and compatible with human and business values as their capabilities expand.

In Chapter 3, we conduct a comprehensive benchmarking study comparing state-of-the-art

derivative-free optimization (DFO) algorithms with finite difference-based methods across various
chemical engineering applications, including flowsheet optimization, real-time optimization, and
controller tuning. Central to this chapter is CUATRO, a convex quadratic trust region optimizer
designed for expensive, noisy process systems engineering (PSE) problems. CUATRO’s explicit
constraint-handling capabilities make it particularly suitable for safety-critical applications. We
also explore sample average approximation with conservative constraint handling for safer explo-
ration in noisy environments.
Our benchmarking reveals that DFO performance varies significantly with problem characteristics,
such as dimensionality, black-box function conditioning, and the presence of constraints. No single
algorithm excels across all scenarios, emphasizing the importance of selecting methods tailored to
specific problem demands. Finite difference-based approaches generally break down in noisy or
high-dimensional settings. Model-based methods like BO, CUATRO, and Py-BOBYQA excel in
smoother spaces, though each has unique strengths: BO is especially sample-efficient in low-data,
low-dimensional regimes, and has built-in routines for navigating exploitation and exploration;
Py-BOBYQA displays fast convergence to local optima, but is sensitive to noise; CUATRO can
be configured to display predominantly exploitative (local) or explorative (global) behaviour. Di-
rect search methods like DIRECT-L offer a robust alternative when no prior problem knowledge
is available, balancing locally biased exploitation and partition-based exploration of the solution
space at minimal computational overhead. While model-based methods were initially believed to
display better sample efficiency, direct methods prove more resilient to ill-conditioning.

We equip practitioners with practical insights into Python-based DFO implementations to inform
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their choice of solver based on problem and desired solution characteristics. The lessons learned
here, particularly in handling failing subproblem optimizations and selecting solvers under tight
evaluation budgets, directly inform our experiments using DFO to coordinate ‘black-box’ optimal

subproblem solutions in EWO applications.

In Chapter 4, we introduce a data-driven coordination framework for EWO subproblems, ad-
dressing organizational constraints that make centralized formulations impractical. We use DFO
to optimize the shared linking variables that minimize the sum of optimal subproblem objectives,
allowing agents to maintain autonomy, privacy, and flexibility in moving away from greedy Nash
equilibria towards Pareto-optimal solutions. We benchmark our approach against ADMM across
three case studies: collaborative learning, facility location, and multi-objective blending. Each
case study includes a sensitivity analysis focused on case-specific considerations, like the number
of agents, number of complicating variables, subproblem size, and subproblem convexity.

Our results show that DFO methods, particularly CUATRO, Py-BOBYQA, and DIRECT-L,
can outperform ADMM in two different scenarios: in using explorative DFO solvers for low-
dimensional, multi-modal solution spaces where ADMM struggles to overcome local optima; or in
fine-tuning good initial solutions with exploitative solvers to improve solution accuracy. We also
argue that the relative performance of DFO and ADMM solvers is less dependent on subproblem
size, provided other factors like solution space topology and dimensionality are controlled.

Our framework does not rely on the numerical optimization of known subproblem model expres-
sions, and is consequently particularly useful when subproblems are subject to information sharing
constraints, or not solved to global optimality. While identifying industrially relevant cases with a
manageable number of complicating variables can be challenging, our framework demonstrates a
creative integration of data-driven and traditional optimization pipelines to address real business

needs.

In Chapter 5, we tackle the integration of planning, scheduling, and control within a hierarchical
framework, which often leads to computationally intractable multi-level formulations. We propose
a novel approach that combines DFO with optimality surrogates to create a tractable solution that
outperforms traditional sequential methods in a multi-site, multi-product value chain.

We present a step-by-step workflow comparing DFO and surrogate approaches, highlighting differ-
ences in how they leverage integrated scheduling-control data. We explore their trade-offs between
solution accuracy and time, the impact of parallelization in DFO, and the sensitivity of optimality
surrogate performance to model architectures. We also propose a hybrid approach that combines

the advantages of the DFO and surrogate techniques in terms of accuracy and tractability respec-
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tively, leveraging both on- and offline solution time to its fullest. Our method is flexible, retains
the status quo heuristic sequential solution as a fallback, and is agnostic to specific scheduling and
control formulations once linking variables are identified.

We innovate by combining DFO with data-driven techniques to address tractability concerns in
accurately modelling hierarchical information flows. We demonstrate the maturity and potential

of these methods and prompt their re-evaluation on complex, large-scale industrial problems.

In Chapter 6, we enhance the CUATRO solver from Chapter 3 for high-dimensional DFO
applications, specifically the data-driven coordination and hierarchical integration problems from
Chapters 4 and 5. CUATRO_ PLS leverages Partial Least Squares (PLS) regression to include
response information in identifying more informative linear subspaces over which to optimize, re-
ducing computational complexity during trust region surrogate updates.

Our benchmarking shows that CUATRO__PLS excels in high-dimensional controller tuning and
EWO problems, especially in budget-constrained scenarios, where fast convergence to any optimum
is prioritized over extensive solution space exploration. Sensitivity analysis reveals robustness to
embedding dimensionality when no exact knowledge is available about the true embedding. Some-
times, underestimation of embedding dimensionality is even favourable, and could be interpreted
as a search in the most informative linear combination of dimensions.

Ultimately, this chapter brings full circle the methodologies introduced in earlier chapters, and es-
tablishes CUATRO as a competitive solver alongside state-of-the-art DFO, BO, and direct search

methods in high-dimensional spaces.

6.3.2 Retrospective

Throughout my PhD journey, I have developed expansive expertise that bridges traditional opti-
mization, PSE, and modern ML techniques. My focus however, has been on the role that DFO
can play in the application of ML to the optimization of interconnected process systems within the

broader context of organizational decision-making frameworks.

My first work consisted of a comprehensive benchmarking of Python-based DFO solvers on PSE
applications, with an emphasis on constraint satisfaction and safe exploration. This benchmarking
lay the foundation for my subsequent works. In my next project, I explored whether DFO could
replace traditional mathematical decomposition techniques in EWO, particularly in scenarios that
involve coordinating subproblems with minimal information sharing. While the initial proof-of-

concept showed promise, it became clear that pure data- or learning-based methods struggled to
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outperform established mathematical techniques, which are designed to exploit problem structure

and subgradient information for numerical efficiency.

The workflow in the data-driven coordination project consisted of proposing a novel method-
ology, vaguely informed by value chain considerations, and trying to find additional use cases for
it. Equipped with our new findings, we tried a different approach: We started from an intractable
tri-level planning-scheduling-control formulation, integrated optimization, ML, and data science
pipelines, and tailored our solution to the problem at hand. Although DFO had already been ap-
plied to bi-level planning-scheduling problems, we extended this approach by incorporating control
as another level. Our contribution consisted of exploring how we can combine the DFO and surro-
gate approaches to render the problem tractable, and find the best solution on the most accurate

solution metrics in the available on- and offline time budget.

Finally, our last contribution would neatly wrap up the PhD journey. We enhanced the per-
formance of the CUATRO solver on the data-driven coordination and hierarchical integration
case studies. Initially showing moderate to good performance across a wide range of problems,
CUATRO evolved to compete with the best methods in high-dimensional scenarios. Informed
by problem-specific insights, we strategically combined relatively simple techniques — such as
quadratic trust region methods and partial least squares regression - and demonstrated that they
result in competitive performance in less time compared with more involved methods from the BO

and other ML literature.

6.3.3 Future work

Finally, we briefly summarize potential future research directions that we describe in more detail

in the corresponding concluding and ‘looking back’ sections of each chapter.

Direct extensions to this thesis

In Chapter 3, we do not include several powerful DFO solvers and BO implementations, such
as HEBO, ALEBO, NOMAD, and CMA-ES. In principle, the benchmarking should be regularly
updated to include the best methods to-date. Additionally, we could incorporate more case stud-
ies, particularly those involving mixed decision variables or batch evaluations common in chemical
engineering. Safe exploration under uncertainty is another promising area that warrants deeper

investigation and could even be the focus of a dedicated thesis. Building on the success of CUA-
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TRO__PLS, future work could explore the use of quadratic PLS to identify exact optimal linear
embeddings, or integrate exploitative subspace optimization techniques with a multi-armed bandit
strategy to manage trust regions in parallel. These advances could position CUATRO_PLS as a

leading DFO solver for high-dimensional applications.

In Chapter 4, a more comprehensive benchmarking effort could include nonconvex distributed
optimization algorithms to provide a fairer comparison with DFO methods, some of which are
designed to escape local minima. DFO algorithms can struggle to match the numerical efficiency
of ADMM, which relies on subgradient information in their coordination step. A detailed com-
parison of the privacy aspects of data-driven coordination with those of distributed optimization
frameworks may highlight areas where data-driven approaches offer superior safeguards. Addi-
tionally, further research is needed to (dis)confirm our intuition that data-driven coordination can
be applied in scenarios where agents use heuristic decision-making, or where optimality is not

guaranteed in the subproblems.

In the hierarchical integration case study discussed in Chapter 6, it would be interesting to
also include hierarchical decomposition techniques in our benchmarking. We could stress-test the
relative scaling of the data-driven techniques on different planning, scheduling, and control formu-
lations of increasing size. Ensuring accurate surrogate models is another critical area. Additionally,
expanding beyond three levels — such as adding a design level above planning, splitting the control
into real-time optimization and setpoint tracking, or combining the data-driven coordination and
hierarchical integration settings — could represent the next step in pursuing the ultimate goal of

EWO in our motivating case study.

Perspectives on DFO for PSE

DFO is emerging as a powerful tool in PSE and EWO. DFO provides a pragmatic approach when
insufficient physical, domain, or model knowledge is available, by abstracting away the complexities
of mathematical formulations or organizational considerations. This simplicity makes it attractive
to practitioners who may not have the expertise to implement gradient-based optimization. For
instance, it may be easier to wrap a simulation model into an input-output black box than to derive
analytical gradients. However, the user-friendliness of DFO often comes at the cost of theoretical

guarantees and numerical efficiency.

Similar trade-offs pervade throughout PSE: in the face of intractability, do we care more about

finding the best possible optimization solution at the expense of model accuracy, or do we care



CONCLUSIONS 205

more about finding a good solution to an accurate model? When faced with parametric uncer-
tainty in a non-linear mathematical programming formulation, do we relax the model formulations
and employ robust optimization techniques, or do we keep the model formulations and relax the
way we consider uncertainty? Ultimately, this choice boils down to what is useful to the prac-
titioner. Many coordination problems in EWO remain intractable. While developing tailored
solution approaches is essential, finding good, feasible solutions with ‘easy-to-use’ tools can pro-
vide substantial value while we wait for experts to develop specialized tools for the problem at

hand or for the organizational landscape to change.

Since our data-driven EWO papers were first published, the validity of using DFO for EWO
applications has been bolstered by parallel and follow-up work. Nikkhah et al. [280] solve bi-level
planning-scheduling problems with mixed-integer nonlinear scheduling formulations via a hybrid
DOMINO-NOMAD DFO framework. Additionally, Krishnamoorthy and Paulson [221] consider
an alternative way of using DFO for coordination problems by applying Bayesian optimization
of standard acquisition terms in the subproblems, which are augmented with coordinating terms
as derived from ADMM. In follow-up work, they generalize this approach to coordinating terms
derived from other decomposition techniques and perform regret analysis [220]. T would expect the

application of DFO to multi-level, or distributed coordination problems to become more common.

For DFO to gain widespread adoption in PSE, I believe future research efforts should focus
on two fronts. First, we can improve general-purpose solvers to demonstrate strong empirical
performance out-of-the-box on traditional chemical engineering applications. While we aim to ad-
dress some of these considerations with CUATRO_ PLS in terms of high dimensionality and safe
exploration, other works focus on mixed-integer decision spaces and batch evaluations [131, 370].
These improvements can be achieved through a combination of adopting effective techniques from
rapidly evolving fields like machine learning and reviving well-known methods from the numer-
ical optimization and operations research literature, as suggested in the future work section for

CUATRO_PLS.

Secondly, we should consider which theoretical convergence proofs would be most useful in
advancing DFO for PSE. A significant portion of PSE research on DFO has focused, for example,
on establishing convergence guarantees to global optima, mirroring past successes in deterministic
global optimization. However, I would argue that when guarantees on global optimality are desired,
efforts would be better spent on the model-building process. Instead, a key challenge of DFO lies
in safety-critical applications. Small steps toward establishing theoretical bounds on constraint

violations in the presence of noisy, black-box constraint evaluations, for example, could go a long
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way in increasing trust in and adoption of DFO methods.

Just as advances in Bayesian statistical learning have enabled sample-efficient black-box opti-
mization, exploring additional ML-optimization synergies could further enhance DFQ’s practical

applicability.

Perspectives on ML for optimization

Reflecting on the broader landscape, DFO represents just one approach within the realm of ML for
optimization. The successful deployment of graph neural networks or the latest recent GenAI mod-
els to real-world CO problems could yield substantial online computational savings. Generative
flow networks [418, 188] could be applied to navigate conflicting black-box objectives of coordinat-
ing value chain agents. Neural algorithmic reasoning [147] could offer new insights into combining
mathematical optimization with deep learning in interconnected EWO problems. Finally, there
are many other creative opportunities for combining Al tools with mathematical optimization,
for example by using LLMs to troubleshoot optimization model infeasibilities [162]. Similarly, we
could investigate if we can use LLMs to facilitate coordination between cross-silo value chain agents
via workflow orchestration. Given the peculiarities of the chemical industries, we highlight the im-
portance of integrating advanced Al tools thoughtfully and responsibly into existing frameworks

to complement human decision-makers rather than replace them.
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Chapter 3

A.1 Finite difference approximation algorithms

A.1.1 Finite Difference Approximation

In the absence of gradient information, a natural idea would be to use finite difference approxi-
mation methods to approximate first- or second-order derivatives as necessary to be used within

conventional first- or second-order optimization frameworks.

The forward difference approximation of the partial derivative of f with respect to the i**

dimension of x is defined as follows:

8f(x) _ f(mla ey T ha 7‘rn:),) — f(xla ooy Ly ?mnm) (A 1)

This follows from the definition of the partial derivative of a function f with respect to x; in
the case where h approaches 0. In the numerical implementation, the smaller the h, the more
accurate the approximation, unless h is so small that it leads to numerical difficulties with floating
point operations. Notice that using this forward difference method, each gradient approximation

requires n, + 1 operations.



258 APPENDIX A. SUPPLEMENTARY INFORMATION FOR CHAPTER 3

When additionally more precision is required, or second-order derivative information needs to

be approximated, one can use the central difference method:

of(x)  flor,o,xi+hyoyxn,) = f(T1, .0, —h, o ,) (A2)

The solution order accuracy also improves to O(h?) compared to the O(h) of the forward difference
method, while requiring only twice the number of function evaluations. These function evaluations

can then be reused in the approximation of the second derivative of f with respect to z; and x;:

DPf(x)  fx4hi+hy)— f(x+h)— f(x+hi)+2f(x)+ f(x—hi—hy) — f(x = hi) — f(x — hy)

31’i3xi/ o 2hzh2,
(A.3)

where h; denotes the n-dimensional vectors consisting of zeroes apart from the i*” dimension, which
consists of the step size h. In this case, on top of the 2n, + 1 evaluations required in (A.2), only an
additional n2 —n, terms are required, making the joint approximation of the gradient and Hessian

O(n2).

x

A.1.2 Newton’s method via finite differences

Newton’s method is a second-order method that requires the use of second-order derivative in-
formation. The second order information helps in capturing the curvature of the problem when
computing the search direction. This should lead to convergence in fewer iterations than first-order
methods. Newton steps can be interpreted in various ways [50], as the minimizer of the second-
order Taylor approximation, the steepest descent step using a Hessian norm or as the solution of
the linearized optimality condition. In fact, after constructing the second order Taylor expansion

of f around a current iterate x*, we get:

P+ 8) % F=) 4 TH)Ts 4 55T f (), (A4)

where s € R is the search direction x — x*. The minimizer of (A.4) then yields the search
direction at iteration k:

st = V2 f(x") IV (xR) (A.5)

In practice, backtracking line search is used to find the step size that gives a satisfying improve-

ment in the search direction rather than using a fixed step size a € R. The only difference to the
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traditional Newton method is that both gradient and Hessian information are approximated, and

that the backtracking also makes sure that no constraints are violated after taking the step.

Algorithm 11: Approximate Newton

Input: Black-box objective f and constraints g;,! = 1..n4, Initial guess x", Step size a,
Maximum number of function evaluations N mqx

1 Initialisation: TFunction evaluation counter ny := 1, Iteration counter k := 0
2 while (Ny 40 > ny) do
3 Compute gradient V f(x;) and Hessian H(x*) from (A.2) and (A.3) ;

s —H'Vf(xF);

xFH  xF 4 as; (%)

Record all ng function evaluations ; ny <—ng+ns ; k< k+1;
end
(*) means that backtracking can be used to find « instead

® N o wtoh

A.1.3 BFGS via finite differences

BFGS, named after its discoverers Broyden, Fletcher, Goldfarb, and Shanno, is the most popular
quasi-Newton algorithm [283]. It seeks the same search direction as in (A.5), but avoids the
repeated computation and inversion of the Hessian. Instead, it updates the inverse of the Hessian
at iteration k + 1:

BFL = (I — pFshvRT) BR(T — pFvPsk™) + pFskshT (A.6)

where BF ~ HF ' € Rmexne pk — s € R, sF =xM —xF and vk = VI(x") — VExF!) e R,
o being the step length and s* the search direction at iteration k. Again, in practice, backtracking
is used to find o* and the constraint handling is identical to that in the previous method. In the
finite difference version of BFGS, the gradients are approximated at each step, and the Hessian

only in the first step.

Algorithm 12: Approximate BFGS

Input: Black-box objective f and constraints g;,! = 1..n,, Initial guess x°, Step size «,
Maximum number of function evaluations N¢ ;qs

1 Initialisation: Function evaluation counter ny := 1, Iteration counter k£ := 0
2 Compute gradient Vf <+ Vf(x*) and Hessian H < H(x*) from (A.2) and (A.3) ;
3 Search space: s < —H 1Vf;

4 while (Nj 00 > ny) do

5 Update old inverse Hessian B,q < H ! and old gradient Vf,;4 < Vf;

6 xFH x4 as; (%)

7 Record all ng function evaluations ; ny <—ng+ns ; bk« k+1;

8 Compute gradient Vf + Vf(x*) from (A.1) ;

9 v VE— Vi ; p+ ﬁ ; Compute B from (A.6) ; s + —BVf;
10 end
11 (*) backtracking can be used to find « instead
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A.1.4 Adam via finite differences

Adam is an efficient stochastic optimization algorithm requiring only first-order gradient infor-
mation. The algorithm name Adam is derived from adaptive moment estimation. As the name
suggests, Adam uses bias-corrected estimates of the first- and second-order momentum, making
the algorithm efficient for non-stationary objectives. It also naturally performs a type of step size
annealing. This implementation, apart from approximating first-order gradient information, devi-
ates from the original implementation [212] in that it also includes a backtracking step to prevent

the updates from becoming infeasible.

Algorithm 13: Adam

Input: Black-box objective f and constraints g;,l = 1..n4, Initial guess x", Step size a,
B1, B2, 6, Maximum number of function evaluations Ny maqx

1 Initialisation: Function evaluation counter ny := 1, Iteration counter k& := 0

2 Compute gradient Vf + Vf(x*) from (A.1) ;s + —Vf; m «+ Vf; v« (V)

3 while (N¢ 40 > ny) do

4 | xF e xFras; (%)

5 Record all ng function evaluations ; ny <~ ny+n, ; k< k+1;

6 Compute gradient Vf «+ Vf(x*) from (A.1) ;

7 First momentum: m = Sym + (1 — ;) Vf; Corrected term: m = 17“%{ ;

8 Second momentum: v = v + (1 — 52)(Vf)? ; Corrected term: v = ljﬁj ;

2

10 end

11 (*) means that backtracking can be used to find « instead

A.2 Gaussian Processes

Gaussian process regression is a method of interpolation popularized by the machine learning
community [313]. It aims to describe an unknown function f : R™* — R using noisy observations,
y = f(x) + v, where v ~ N(0,02) is Gaussian distributed measurement stochasticity with zero
mean and (possibly unknown) variance o2. GPs themselves consider a distribution over functions

and may be regarded as a generalization of multivariate Gaussian distributions:

where the mean function m(-) can be interpreted as the deterministic part of the function; and the

covariance function k(-,-) accounts for correlations between the function values at different points.
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One popular choice for the covariance function is the squared-exponential (SE) kernel [313]:
/ 2 1 / /
k(x,x") =0’ exp <—2(x —x)TA(x—x ))

where 02 is the covariance magnitude; and A := diag()\; - -+ Ay, ) is a scaling matrix. Underlying
this kernel choice is the assumption that the inferred function f is both smooth and stationary. If
need be, other kernels can be selected, such as the Matérn class of covariance functions [313]. We

furthermore choose a zero mean function:
m(x) :=0

This choice is motivated by the fact that the training data is normalized, and therefore, without

further information we assume the mean function has the value of the mean of the data.

Maximum likelihood estimation is commonly applied to infer a GP’s hyperparameters ¥ :=

[0 00 A1 ... A, |T, where 0, may be excluded in case the measurement noise variance is known.

x

Consider np (noisy) function observations, denoted by y := [y1 - - - yn,)]T € R"P, with correspond-
ing inputs gathered in the matrix X := [x; - -+ x,,] € R"*"P_ The log-likelihood of the observed

data, ignoring constant terms, is given by:
1 N
L(¥) := -5 (| K(X)]) - 5T KX) ()
with K i (X) := k(x;,%y) + 026, for all (4,i") € {1..np}?; and Kronecker’s delta function §; ;.

The predicted distribution of f(x) at an arbitrary input point x, given the input-output data

(X,y) and the maximum-likelihood estimates of ¥, follows a Gaussian distribution:

Fx) [ X,y ~ N(pg(x),03(x)) (A7)
where the posterior mean function py and the posterior variance function O’J% are computed as:

7 () =r(x, %) K(X) 'y

a]%(x) =02 —r(x, X) K(X) 'r(x, X)T

with r(x, X) := [k(x,x1) -+ k(x,Xnp)]-
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In practice, the mean f1 corresponds to the GP’s prediction at x, while the variance O'J% provides
a measure of the uncertainty associated to this prediction (Figure 3.2a). Notice that multi-output
formulation of the GP could be used instead to compute the non-diagonal terms of the covari-
ance [11]. Common choices for the kernel k;(-,-) include the squared-exponential (SE) covariance
function and Matérn class of covariance functions, with special cases the Matérn 3/2 and Matérn
5/2 [313] with the hyperparamters and the noise level being estimated using maximum likelihood

estimation.

A.3 Algorithm convergence

When comparing the finite difference approximation methods, one can draw a clear distinction
between the way Newton and BFGS (Figures 3.5a and 3.5b) converge and the way Adam (Figure
3.5¢) converges. While ther former are 2" order methods taking into account the local curvature,
Adam resembles steepest descent by following down the local gradient. The Rosenbrock case
study suggests that in lower-dimensional problems, the additional function evaluations are worth
the second-order information to get to the optimum more quickly. Using Adam is expected to have
superior behaviour in higher-dimensional problems where slower, but more consistent progress
is achieved after less function evaluations at a time. This is explained through the complexity
of derivative approximations. The approximation of gradients scales linearly as opposed to the
quadratic scaling of Hessian approximations.

As a rule of thumb, the closer the sampling of next evaluations occurs to the current point, the more
the convergence resembles that of gradient descent. This is the case for direct methods such as
Nesterov (Figure 3.5d), where search directions are closely sampled, as well as for simplex (Figure
3.5e), suggesting that the polytopes for this function are rather narrow given the mathematical
conditioner of the function.

Some model-based methods also display this behaviour of closely sampling around a consistent
trajectory of what looks like gradient descent. This is for instance the case for CUATRO local
and Py-BOBYQA (Figures 3.5k and 3.51 ). Other, more global, model-based methods have more
erratic convergence, which happens to be faster for the Rosenbrock function. CUATRO global
(Figure 3.5j) for example uses extensive initial latin hypercube sampling and subsequent surrogate
construction over trust regions covering most of the search space given its high initial radius.
While SQSnobfit displays significant systematic search space exploration (Figure 3.5h), Bayesian

Optimization (Figure 3.5h) manages to more efficiently trade off exploitation and exploration due
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to its expected improvement function .

DIRECT-1 (Figure 3.5f), as the only partition-based method, ignores the given initial starting
point and starts off right in the middle of the search space. Oftentimes, this helps in speeding up
convergence relative to other methods. The patterns displayed for the DIRECT method showcases
a balance between global exploration and biased exploitation around promising solutions. This
partition-based exploration following clear geometric patterns makes the method more consistent

than more randomized methods.

A.4 Self-Optimizing reactor parameters of system

The parameters for the equation 3.19 are shown in Table A.1:

Table A.1: Self-optimizing case study: parameters of 3.19.

Parameters Value

D 0.25
Cp 100
p 1000
K 0.59

UA 5 10°
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Chapter 4

B.1 Distributed optimization

Distributed optimization builds on the concepts of dual decomposition techniques (such as La-
grangean decomposition). For the sake of simplicity, we start from an equality-constrained, general
convex optimization problem:

min. f(x) st. Ax=Db (B.1)

xRz

B.1.1 Method of Multipliers

The method of multipliers is essentially a more robust version of dual decomposition. It addresses
the same family of problems, and goes through the same steps, but with the exception that the
augmented Lagrangean is used rather than the Lagrangean: £(x\) = f(x) +AT(Ax—b)+ §|[Ax —

b||3. Then, the following two steps are iterated over until convergence:

XM = argmin.L(x, \F)
x (B.2)
ML — AR p(AxF — 1)

The method of multipliers converges under more relaxed conditions than dual ascent. Yet, the
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quadratic term removes separability of the x-update and the chance for decomposition, which is

where ADMM comes in.

B.1.2 ADMM

In consensus optimization, the goal is to optimize a global objective consisting of n, sub-objectives
using global variables x : m)i{n. Sore . fa(x). Then, local copies of x are created x, and the global
variable z is introduced instead of x: min. Yo fa(x) st xg —2 =0, a = l.n, For these
kinds of problems, the augmented Lagrangean takes the following form: £(x,\) = >""% (fa(xa) +
Al(xq—2)+5||x,—2|[3). Rather than optimize over x and z jointly like in the method of multipliers,

ADMM involves one Gauss-Seidel sweep:

X(kl"'_l = argmin.fa(xa) +)\Z(Xa _Z)+ g”xa _ZH%
R 1
"l = argmin.L(x*,z,\F) = N Z(X];H +=Ah) (B.3)
2 4
a=1
Aot o= A plgtt -2

This expression is equivalent to the following where the dual variables A are replaced by the scaled

dual variables X:

. p
P = argmin. f,(Xa, 24) + §||Za — 2"+ X3
Xa
. (B.4)
Xl — Xk g xbH R where 28 = N ZX];—H
a=1

In short, ADMM brings together primal and dual decomposition while augmenting the La-
grangean with an additional quadratic penalty term: Like in dual decomposition, local copies of
the shared variables are introduced and optimized privately in the subproblems. This step is then
followed by an ‘averaging’ update on the shared variables. Finally, the Lagrange multipliers are
updated leveraging subgradient information that can be extracted from the solution of the sub-
problems. Any remaining shared constraints can still be penalized in Lagrangean or quadratic
penalty (proximity operator) terms. The introduction of local variables and the addition of prox-
imity terms to the shared variables also make the problem robust to any local constraints: If the
problem is infeasible for any set of shared variables, it will be in their local copy with a penalization
in the objective. The convergence of ADMM is well-established on convex problems. As a rule of

thumb, when nonconvexities are introduced, ADMM loses its convergence properties [50] but can
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still often be applied in practice.

B.1.3 ALADIN

Houska et al. [181] and Kouzoupis et al. [217] introduced the Augmented Lagrangean based Alter-

nating Direction Inexact Newton Method (ALADIN) to the following canonized form:

min. > "¢ fo(Xa) 8.6 >0t Agx, = b.

Their algorithm addresses convergence issues with ADMM on nonconvex problems. It exploits

lower-level model information to leverage gradient information and hence improve the convergence

rates:
x’;+1 = argmin.f,(x,) + )\’;’TAaxa + gHAa(Xa - Za)H%
Xa
Ng 1 Na
Ax = argmin. Z(iAxgHana +gIAX,) st Y A(xET + Ax,) =D (B.5)
X a=1 a=1
2" = x4 Ax, and extract \*T! as Lagrange multiplier of previous constraint

where g, = Vf,(x,) and H, ~ V2f,(x,). As such, ALADIN alternates between a decentralised
local nonconvex optimization step, followed by a centralised SQP relaxation step around the local
decentralised solutions. ALADIN recovers SQP, ADMM, and dual decomposition as special cases
when p — oo (no infeasibility tolerated), 0 < p < oo and p = 0 respectively. The Hessian
H,, usually the most computationally expensive step in SQP, does not have to be accurate and
can be computed using cheaper approximations. However, the method requires white-box model

expressions for the computation of g,, which might not always be possible.

B.2 Facility Location case study

The following facility location problem is inspired by Lara et al. [227] with some key differences.
In particular, we assume the presence of two suppliers and markets each. We fix the number of
facilities to be built to either one or two, which still gives rise to a Generalized Disjunctive Problem
(GDP). We also define the distances between agents and facilities using the 1-norm, rather than the
2-norm. The GDP is finally reformulated into an MINLP using big-M constraints, implemented

in Pyomo, and solved using Gurobi.
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min . ch +ZZCZ’I€ +chk’j (BG&)
k % k kK J

s.t. Costi, = ff +vfi fr, VkeK (B.6b)
0 < fir < meg, ngkgx,ﬁj, 0<yp<yp, Vkek (B.6¢)
Zik Ki
Cik=c8i [in+ ftix+vtig fix Dig|V |Cip=0| VieLkek (B.6d)
0< fix < fP DE <Dy <Dy fik=0
2, A%
de‘ = ftkd' + vty ; fhj Dk)j \ CkJ =0 kekK\VjeJd (B-6e)
0< frj < f;y Di; <Dy; <D, Jrj =0
D= |xi—xk\+|yi—yk|, VieT kek (B.Gf)
Dypj=lz;—xpl+y; —yul, keKVied (B.6g)
Z f@k < a;, Vi € I7 Z f@k CU, = fk: Vk e K (BGh)
k i
fe=Y fei VEEK, Y fuj=d; VjieJ (B.61)
J k
Zik, Zi,; € {True,False} VieZIVjeJ,Vkek (B.6j)

The objective is to find the location xj,yg, production f, and connecting flows of all facilities
(f; k., i ;) that minimize a total cost (B.6a). All of the above model quantities are variables, apart
from the following parameters: the set of suppliers ¢ € Z with fixed locations (z;,y;), availability
a;, and cost of material supply cs;; the set of customers j € J with fixed locations (z;,y;), and
demands d;. The shared cost parameters include: fixed and variable costs f f; and vf, of potential
facilities k € K. These facilities have maximum capacity mcy, and conversion to product flows cvy.
Other cost parameters include transportation costs between suppliers and facilities as well as facil-
ities and customers, including fixed ft, ;, ft; ; and cost vi; k., viy ;. Other variables in the problem
are the distances between supplier and facility as well as between facility and customer (D; j, Dy, ;).
We use the following boolean variables Z; ,, and Z, ; to denote if material is supplied from supplier
1 to facility k, and from facility k to customer j. These disjunctions can be reformulated using
binary variables. Disjunctions (B.6d) and (B.6e), giving the cost of transportation from supplier
to facility and from facility to customer respectively, can be reformulated using binary variables.

The cost formulations also include bilinear terms. Each facility cost is given by (B.6b). Equations
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(B.6f) and (B.6g) define the distances between suppliers, facilities, and customers using the 1-norm.

Equations (B.6h) and (B.6i) constrain the supply to and from the facilities respectively.

B.2.1 Decomposition

We are considering two different decompositions, motivated by two separate business scenarios. In
the first scenario, the 2 types of nodes, suppliers and markets, each consisting of one or two nodes,
are part of the same legal entity and are able to share model information. For each problem, we
need to find the following shared variables: The location of the facilities (z; and zo to denote x
and yg), and their production (z3 to denote f). As such, the problem contains either three or
six shared variables - depending on whether we want to build one or two facilities - and can be

decomposed into two subproblems:
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. C
1) Fi(z) = min . Z§+chi,k+g||z1—z||2
k ik
(B.7a)
s.t. Costy = ffe +vfy zé’m vk e K
(B.7b)

0< Z?I)’k <mcg, 0< zik <2y, 0< zé’k <vyp, Vkek
(B.7¢)
Zix; i k
Cik=csi fix+ ftix+vtig fir Dir|V |Cip=0| Vi€eL,keK
0< fix < fl, D <Diy < DYy Jik =0
(B.7d)
Dij = vi—2{ 4l +lyi—2,l, VieLkek
(B.7e)
Zfi’k <a;, VieTl, Zfi’k CU = Z?{,k Vk e K
k i
(B.7f)
Zi € {True, False} Vie I, VkeK
(B.7g)

(B.7h)
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. C
2) Fy(z) = min . Z%—FZZC;{;J—&—gHzH—ZHQ
k kg
(B.8a)
s.t. Costy = ffe +vf) 255, VkeK
(B.8b)

ngéfkgmcK, ngffkgxg, ngéfkgyg, Vke K

(B.8c)
Z.j L.
Ok,j = ftkd + vty ka' DkJ V C’k,j =0 kekK\VjeJd
0< fr; Sf;?m D;ﬁjSDk,j SD;QJJ fe; =0
(B.8d)

Dyj=l|z; — 2%+ y; — z%), VieT, kek

(B.8e)
23, = ka,j vk e K, ka,j =d; VjeJ
J k
(B.8f)

Zy ; € {True,False} Vje J,VkekK

(B.8g)

In our second scenario, we consider all of the four nodes (supplier and customer) to be their
own separate legal entity with privacy considerations. As such, we need to decompose the problem
into four. Unfortunately, Equations (B.6h) and (B.6i) prevent each agent from indepently deciding
on the amount that is transported between their node and the facilities. As such, the transport
variables f; . and fi ; become part of the set of shared variables as z, and z5 on top of z;,2, and
z3 of the previous decomposition. Each supplier agent i or customer agent j is now decomposed as

one of the following two:
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. Ck P i 2
Fi(z) = min . ;TJF;C““JFZHZ —z||* (B.9a)
s.t. COStk - ffk + Ufk Z;,kﬂ Vk e K (ng)

0< zgyk <meg, 0<zi,<a2y 0< zéyk <wyp, VYkeK (B.9c)

Ci,k: =cS; zfl,i,k + fti’k + vt Z‘il%k Dy \ Ci,k: =0 V,ke K (B.Qd)

0< Zf;,z’,k < fi[,]k7 DiL,k <Dy < ng 2i,i,k =0
D,y = |z — zik| + |y — Zé,k|, Vk e K (B.9e)

Z zfu’k < ay, Zz}llk cv = zék Yk e K (B.9f)
k i

Z; i € {True, False} Vke K (B.9g)

(B.9h)

Fi(z) = min. Z%—i—ZCk + Ll — g2 (B.10a)
J p - 2 p 3] 4

s.t. Costy, = ffe+vfy 25, YkeK (B.10b)

nggkgmcK7 ng{’kgxg, nggkgy};, Vke K (B.10c)

L, A%
Chj = ftug +vtig 2.5 Dry V|Cryj=0| kek (B.10d)
j U L U -
0< 254, < fijp Diy<Drg <D |#55;=0

Dyj=lzj— 2|+ ly; — 2,), Vkek (B.10e)
Ap= 7, Vkek, Y Z,.=d; (B.10f)
J k

Zy; € {True, False} Vje J,VkeK (B.10g)

In the above formulations, we see that Equations (B.9f) and (B.8f) do not involve shared
variables. As such, the equality constraints can be used to reduce the degree of freedom in the
number of DFO decision variables, while the inequality constraints can reduce the search space for
the coordinator on the remaining variables. For this specific problem, there are then | K| elements

in z1, z5 and z3, |I| — 1 elements in z4 and |J| — 1 elements in z5.
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Chapter 5

C.1 Optimization formulations

C.1.1 Planning formulation

Formulation (C.1) minimizes the planning objective (C.1a) subject to constraints (C.1b) to (C.1j) .
The first term includes the material production and storage costs over all sites I € L = {S1,.52, .53},
materials s € S = {I1,12,121,122, P1, P2, P3, P4, P5, P6}, and timesteps t € T = {1,...,12};
The second term consists of the transport costs of 12 to sites S2 as 121 and to S3 as 123; The
third term presents the income from selling the productfs p € I, = {P1,...,P6}. Variable P;;;
is the production of material i in location 1 at time t produced at a cost C'P;; Variable S;;;
denotes the inventory of material i in location 1 at time t stored at a cost C'S; with initial inventory
S0; 15 Variable T'P, 4. is the transport of material 12 to sites S2 or S3 at the transport control step
tce Te={1,...,5} at a cost CTy; Variable SA,; is the sales of product p at time t at the price

of SP,.
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min . > (CPiPyyy+CSiSivy) + > CT\TPyc— Y SP,SA,; (C.la)
i€l teT,leL 1€{S52,53},tceTc pelp,t

s.t. Sigt=Sipt—1+ Py —Consiy — TRout it + TRinige, t€I,l€L,teT)\{0}

(C.1b)
Sip0=250;1+ P 10— Cons; 0 —TRouti0, t€I,1€L (C.1c)
C’onsi7l,t =1.1 Z Qi',lPi’7l,t7 1€ I,l elL,teT (Cld)
i€ ous (1)
TRoutirs = Licrai=s1 Y, TP tery, i€LIELLET (C.le)
I'e{52,53}

TRiniit = Lane(21,s1),22,52)),t—7:50 1T Pito tet—17,,), t€L,lEL, €T

(C.11)

Py < MygXy;, iel,leliteT (C.1g)

U Y. QuiPpii <Ay, r€RIELtET (C.1h)
pelL(l)

SApt < Dpy, pel,teT (C.1i)

Sipp> S, ift >4, else S;; >025xS,, ielleLteT (C.1j5)

Constraints (C.1b) and (C.1c) define the inventory mass balances, where variable Cons;;, is
the consumption of material i at site 1 and timestep t and is related in (C.1d) to the production of
subsequent materials I, (¢) via the conversion factor @ ;. Variables T Rout,i i, T Rin,i1, define
the removal and addition of material i at site 1 and timestep t via transport as defined in (C.1le)
and (C.1f): TRoyz,i1,+ is only relevant to 12 at site 1 and sums up the transport of material 12 to
sites 2 and 3 at time t, whereas T'R;, ;,1,+ is only relevant to 121 and 122 at sites 2 and 3 if material
12 was transported from site 1 LT, (leadtime) steps away. to_Tc(-) maps the 12 planning-level
timesteps ¢ to the 5 transport timesteps tc. Parameter X;; denotes if a material i is produced at
site 1 and sets the production of non-relevant materials for a given site to zero in (C.1g) with the
help of a big-M constant Mp;;. A in (C.1h) denotes the upper limit on the resource utilization
Ui, associated with all production at a certain site 1 for a given resource r at a given time. (C.1i)
upper bounds the sales of all products by their demand D, ;. C.1j constrains the inventories of
materials S; ;. to be above their safe storage S at all timesteps, with slight relaxations in the first

timesteps.
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C.1.2 Scheduling formulation

The optimal planning targets P, g2 for each product p € {P1, P2, P3, P4} of site S2 in the 12
planning timesteps are fed to a separate scheduling formulation as P;. All scheduling formula-
tions optimize the makespan M S while penalizing the number of changeovers Y; s, required to
achieve the planning targets as determined in the planning problem. We adapt Maravelias and
Grossmann [249] and rely on the state-task network approach with a common continuous-time rep-
resentation for all units. The formulation also accounts for variable batch sizes, variable processing
times and sequence-dependent changeover times. The formulations for the assignment constraints
(C.3), duration, finish time, and time-matching constraints (C.4), batch size constraints (C.5), and

tightening constraints (C.6) are presented in great detail in Maravelias and Grossmann [249).

Objective:

MS+p Z Yiirn (C.2a)
i€l i’ el,nEN

Variable M S denotes the makespan, and parameter p penalizes the sum of changeovers Y; ;s
from task ¢ € I = {I23M1,P1M1, P2M1, P3M1, PAM1,123M2, P1M2, P2M2, P3M2, PAM2}

to task I" € I at scheduling event n = {1,..., Njgst}. Niast is 7 unless otherwise specified.

Assignment constraints:

s.t. > Wsin<1, Y Wf,<1, reRneN (C.3a)
iEIR(’I') iGIR(T‘)
> (Wi —Wfim) <1, 7€RneN (C.3b)
i€lr(r),n’€N,n'<n
> (Wsin—Wf,,)=0, icl (C.3¢)
nenN
> Wspn>Wf,,, r€Ri€l,neNn<Nygs,i€Ig(r) (C.3d)
i/ €IR(r)
Wfi,O = 0, WSi,Nla,sf, = 07 1el (036)

Variables W's; ,, and W f; ,, denote if the processing of a task i, belonging to the set of tasks Ir(r)
that can be scheduled on a certain machine r € R = {M1, M2}, starts or ends at a scheduling

event n.
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Duration, finish time, and time-matching constraints:

TCCH;p =Y kiiYiins1r, i€1n€N\{Naw} (C.4a)
iel
TCCH; .., =0, Tw,., =MS (C.4b)
D, =aWsin+biBsin, t€l,neN (C.4e)
Tfin > Tsin+ Dip+TCCH;p — Myg(1 —Wsi), i€l,neN (C.4d)
Tfin—Tfin-1 < MyigWsin, i€l,neN\{0} (C.4e)
Tfin—Tfin-1<Djn+TCCH;,, iclneN\{0} (C.4f)
Tsip=T, i1€l,neN (C.4g)
Tfin1 < Tut Myg(l—W,,), i€lneN\{0} (C.4n)
Tfin—12>Tn— Myg(1=WFf,,), i€l,neN\{0} (C.4i)
Tht1>Tn, n€N\{Nigst} (C.4j)
To=0 (C.4k)

Variable TCCH, ,, denotes the changeover duration for a task i at the end of the scheduling event
n and depends on the sum of fixed changeover times k;; from one task i to another i'. The
changeover durations TCCH;, and corresponding constraints were not initially accounted for in
Maravelias and Grossmann [249]. Variable D; , is the duration of the processing of task i that
starts at event n. «; denotes the fixed set-up duration for a task i that starts at event n. [3; denotes
the variable duration per batch amount. There are three continuous variables that correspond to
the batch size of task i at time point n: Bs;, when it starts, Bp;, when it is being processed,
and Bf; , when it finishes. T's; , and T'f; ,, are the start and finish time of the processing of task

i that starts at n. 7;, denote the time of scheduling event n. Mp;, is a big-M constant.
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Batch size constraints:

Bmin,Ws; , < Bs;n < BmariWs;pn, i€l,neN (C.5a)

BminW§f; , < Bfin < Bmax,Wf,,, i€l,neN (C.5b)

Bmin,( Z Wi n — Z Wfin) < Bpin (C.5¢)

n'e€Nn’<n n'€N,;n/<n

Bp; n < Bmax;( Z Wsin — Z Wfin) (C.5d)
n'€N,n’<n n’€N,n’<n

BSipn—1+ Bpin—1=Bpin+Bfin, i€l,neN\{0} (C.5e)

Beons; s =& sBsin, s€8,n€N,i€l(s) (C.51)

Bprod; s n =&sBfin, s€S5,n€N,i€Iqu(s) (C.5g)

Beons; s n < Bmaxi&; sWsin, $€S,n€N,i€l(s) (C.5h)

Bprod; s.n < Bmax& W, s€S,n€N,i€lou(s) (C.51)

Sen =Ssn-1+ Z Bprod; s n, — Z Bceons; spn, s€SneN (C.5))
i€1s,0ut(s) 1€15,in(s)

SsNigsr = Psy,  s€8 (C.5k)

Ss0 =505 — Z Bceonsiso, s€S (C.5])

$,4€1in(s)
Costccg = Z Y i ki (C.5m)

i€l,i’€l,nEN

Bmin; and Bmaz; , denote the minimum and maximum batch sizes for a given task i. Bcons; s p
and Bprod, s , are the amount of consumption and production of material s € S = {123, P1, P2, P3, P4}
in task i at event n and depend on the mass balance coefficient &; 5. S, and S0, are the available
and initial inventory of material s. The planning targets Ps for each material s are set by the
planning problem (apart from 123, which is set to 0). Costcon denotes the optimal changeover

cost used to correct the planning-level scheduling cost estimate.

Tightening constraints:

> (Din+TCCH;,)<MS, reR (C.6a)
neEN,i€IR(r)

> (Di +TCCH; ) <MS —T,, reRmneN (C.6b)

n’€Nielr(r),n'>n

> (W fip + BiBfiw + TCCH; ) <T,, r€RnEN (C.6¢)

n’€Ni€lr(r),n'<n

Yi,i’,n > szm + WSil,n -1, reRneN,i€e IR(’I"),i/ S IR(’I”),Hz',i/ > 0,1 < Nigst (Cﬁd)
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C.1.3 Control formulation

All productions m € {I3, P1, P2, P3, P4} are modelled according to the chemical reaction A —
B — C. A separate optimal control formulation (C.7) is formulated for each batch to optimize a
mix of optimal processing time ¢; and final energy consumption E(1) (C.7a). Constraints (C.7b) to
(C.7d) give the differential equations that determine the concentration profiles ca(t), cp(t), cc(t)
as a function of time. The rate of reaction of A to B is first-order in the state variable concen-
tration of A as well as the cooling flowrate control variable u(t) with production-specific reaction
constant ki ,,. Similarly, the rate of reaction of B to C' is first-order in the concentration of B but
proportional to u(t)*® instead with reaction constant ks ,,. (C.7f) determines minimal terminal
concentrations of B and C that are proportional to the batch target Bprod,, set by the optimal
scheduling decisions and normalized by parameters Vg and V. (C.7g) denote the three initial
concentrations, and (C.7h) denote path constraints on the ranges of ca(t),cp(t), co(t). (C.7e)
determines the differential expression with respect to time for the energy consumption E(t) to be
proportional with respect to the cooling flowrate u(t) and to V2. Finally, (C.7i) limits the range

of the independent time variable ¢, the control u(t), and the processing time ¢y.

min. 2y + 0.55(1) (C.7a)
s.t. acgt(t) — ik u(t)ea(t) (C.7h)
acgt(t) — b (krmu(t)ea(t) — kamu(t)°Sep (D)) (C.70)
808#;” = Fomu(t)Sep(1)) (C.7d)
8?—?) = t;V2ul(t) (C.Te)
cp(1) Bp;zd’", (1) > B%de (C.7f)
cal0) =17, ep(0) =0, cc(0) =0 (C.7e)
ealt), cn(t), co(t) € [0, 100] (C.7h)

tel0,1], wu()e1,9], tel0,500] (C.7i)
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C.2 Supplementary results

C.2.1 Integrating scheduling and control

Figure C.1 gives an example of the predicted and actual optimal processing time and energy
cost samples of the optimal control training set for one of the products. The mapping for both
predictions is well-behaved, almost linear with a slight concave curvature. This mapping could
be approximated reasonably well with linear or piecewise-affine linear regression techniques. This
goes to show that even though the dynamics of the optimal control problem might be nonlinear,
the relationship between the connecting variables in the integration of scheduling and control can
be captured reasonably well with simple surrogates. In our case, a small neural network with 5

neurons for the two hidden layers each is sufficient.

X Test samples
601 _ Pprediction /
Training samples /
40 4

- _—
a / /
1500 1 X Test samples /
—— Prediction
1000 4 Training samples /X/

/
/

/

Time [h]

Utility [uU]

[
=3
oS

T T T T T T v
0.0 0.5 1.0 1.5 2.0 2.5 3.0
Production [kg]

Figure C.1: Predicted and actual optimal batch processing time and energy requirements corre-
sponding to 10 uniformly sampled training and test batch targets.

Table C.1 summarizes the on- and off-line optimization times involved in the solution of the
scheduling-only problem (5.10) and the scheduling problem with embedded optimal control sur-
rogates (5.11). Solving these problems constitutes a key part in obtaining the bi and approx tri
evaluations (5.8b) and (5.8¢) respectively. The online optimization time increases from 10 sec-
onds to over 4 minutes. Even though the surrogates are small, the approx evaluation requires the
enumeration of each one of the 5 products by 7 events by 2 machines optimal batch production
surrogates. Each of the 70 surrogates introduces discrete variables that lead to an explosion in
solution time. While the online optimization time increases significantly after integration of the
surrogates, the off-line control problem sampling and training of the neural network remain negligi-

ble. Training the neural network for 1,000 epochs takes at most a minute. Given the well-behaved
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nature of the mapping, we only require 10 control samples for each machine-product assignment,

adding another one-off 5 minutes that are negligible in the overall workflow.

Table C.1: Online optimization, control surrogate sampling and surrogate training times involved
in the solution of the scheduling-only and scheduling with embedded control surrogates problems

Time
Optimization | Control sampling (N=10x5) | Training
Scheduling only 10 sec / /
Scheduling-control surrogate 250 sec 5 min 1 min

C.2.2 Optimality surrogate training samples

Figure C.2 displays the optimal scheduling cost mapping as a function of the complicating planning
target variables for the scheduling-only, integrated scheduling-control, and hierarchical scheduling-
control optimality surrogates. The figure showcases that the infeasibilities in the lower levels lead
to an ill-behaved, nonlinear mapping between optimal responses and planning targets. Additional
challenges arise for the scheduling-only and hierarchical samples, where outliers can have scheduling
costs an order of magnitude higher, forcing the surrogates to accurately capture outliers rather

than trends in the region we are more interested in.

Figures C.3 to C.5 show the pairwise plots for all variables involved in the optimality surrogate
training, filtered for feasible samples. The L-shaped correlations between planning target variables
are indicative of the log-sampling approach used for training. While the optimal cost seems to be
mostly driven by linear relationships with respect to PA and PB, the mapping is still nonlinear

with subtle dependencies on TEE and TGE.

C.2.3 Surrogate sensitivity analysis on bi-level integrated planning-scheduling

problem

We instantiate surrogates where we fix the size of the second hidden layer and gradually increase
the number of nodes from 5 to 90. We train each model, and optimize the corresponding integrated
bi-level planning-scheduling problem with embedded surrogates. We then record the corresponding
test accuracy, integrated optimization time, integrated optimization result, and tri metric evalua-

tion of said result.

While we do not see any neat linear relationships between the above metrics and the surrogate

size, we still gain interesting insights. The best optimization results translate into the best tri
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(b) Integrated scheduling-control surrogates

1e8
30 -° . . .

25

2.0

cost
o

0.5

ome oo ose onmtec o 0 o
0.0 eoe® Siare> S elendesiaiss anie ertesioren s o>

0 50000 100000 150000 O 50000 100000 150000 O 200000 400000 0 200000 400000
PA PB TEE TGE

ereo s100 o 00 ss0e 1o
Smemu®e @8e @ 0

(c) Hierarchical scheduling-control surrogates

Figure C.2: Optimal scheduling cost versus planning target samples for optimality surrogate train-
ing.
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Figure C.3: Pair-wise plots for the feasible samples used for the training of the scheduling-only
optimality surrogates.
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for the feasible samples used for the training of the integrated
scheduling-control optimality surrogates.
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Figure C.5: Pair-wise plots for the feasible samples used for the training of the hierarchical
scheduling-control optimality surrogates.
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Figure C.6: Pairwise key performance indicators as we increase the size of the surrogates in solving
an integrated planning-scheduling problem

metric evaluations. However, the almost uniform distribution of optimization results gives rise to
a sharp bimodal distribution in feasible and infeasible tri metric evaluations. Improving the test
accuracy in the training leads to a clear improvement in both. While the best surrogate accuracy
and results are found with the bigger surrogates, increasing surrogate size does not lead to a
monotonic improvement in these metrics, partly due to the aforementioned bimodal distribution.
As expected, this suggests that there is a certain minimum acceptable accuracy a surrogate needs to
have to lead to good tri metric evaluations. Although surrogate size does not guarantee accuracy,

good performance can only be achieved for architectures of a minimum size.

Ideally, we would also quantify the sensitivity of the surrogate performance with respect to
different training configurations or slightly updated/modified data, which calls for additional work

on model validation or robust/adversarial selection approaches.
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C.2.4 Qualitative discussion on scaling with relative variable size

It goes without saying that an increase in the size of any level severely degrades the tractability
of the integrated method. An increase in the number of complicating variables relative to the
scheduling and control formulation size could enable more temporal, spatial, and equipment-wise
parallelization in the integrated metric evaluations (useful for bi/approx/tri DFO, and surrogate
training samples). However, we quickly run into combinatorial bottlenecks in the number of re-
quired compute nodes, especially given their extensive shared memory usage. In the surrogate
approach, the tractability of the integrated problem is mostly dependent on the size and number
of embedded surrogates. As we increase the dimensionality of complicating variables, we either
need to embed more or bigger surrogates into upper levels, running the risk of rendering the on-line
integrated problem intractable. In the DFO approach, we run the risk of the budget becoming
too small to make meaningful progress on the solution space as we increase the expense of metric
evaluations (scheduling and control problem size), or increase the number of decision variables
(planning-only and planning-scheduling variables). Consequently, while the surrogate approach
generally is more tractable than the DFO approach if we can find simple, accurate surrogates, it
would be too simplistic to say that the surrogate approach always scales better than the DFO

approach. Their relative performance as we increase problem-size remains problem-specific.

C.2.5 Benchmarking on perturbed problem instances
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(a) Perturbed instance 1 (b) Perturbed instance 2 (c) Perturbed instance 3

Figure C.7: Comparing the best solutions from the three methodologies on perturbed instances

C.3 Planning profiles for best solutions
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Figure C.8: Solution dashboard and planning profile of the planning-only problem
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Surrogate optimisation time: 1.752 min
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Supplementary information for

Chapter 6

D.1 Formulations

D.1.1 PID controller tuning

min .

s.t.

/1[(T(t) = Tip(1))? + aFyn (1) + bTL(t) + cF}, (1) + dT;(t)°] dt
0

WA _ B ()0, (1)~ ra V)
W8 _ (rat) ~ OV ()
Imett) — v
ovi) .,
a0
T = T - 1) + SE 2
AHpc UA
C, rp(t) W(Tc(t) —1T())
ra(t) = ko, ap exp (-%) Cal(t)

E
TB(t) = kO,BC exp (—}fj?) CB(t)

mi(t) = C;()V(t), i€ {A,B,C}Y, telo1]
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o T.(t): Temperature of cooling jacket (K)

o F;,(t): Inlet flow rate (m3/s)

o T/(t): Change in temperature of cooling jacket (K/s)

e F! (t): Change in inlet flow rate (m3/s?)

o m;(t) (for i € {A, B,C}): Molar mass of species i (mol)

e Ci(t) (for i € {A, B,C}): Concentration of species i (mol/m?)

o T(t): Temperature in CSTR (K)

o Ty: Feed temperature (K)

o Cy,: Feed concentration of A (mol/m?*)

o V: Reactor volume (m?)

e p: Density of mixture (kg/m?)

o Cp: Heat capacity of mixture (J/kg - K)

o UA: Overall heat transfer coefficient (W/K)

o AH; (for j € {AB, BC}): Heat of j reaction (J/mol)

o E; (for j € {AB, BC}): Activation energy for j reaction (J/mol)
o ko, (for j € {AB, BC}): Pre-exponential factor for j reaction (1/s)

o a,b,c,d: weighting factors for objective terms (/)
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