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Abstract
We construct bivariate orthogonal polynomials (OPs) on
algebraic curves of the form 𝑦𝑚 = 𝜙(𝑥) inℝ2 where𝑚 =
1, 2 and 𝜙 is a polynomial of arbitrary degree 𝑑, in terms
of univariate semiclassical OPs.We compute connection
coefficients that relate the bivariate OPs to a polynomial
basis that is itself orthogonal and whose span contains
the OPs as a subspace. The connection matrix is shown
to be banded and the connection coefficients and Jacobi
matrices for OPs of degree 0, … ,𝑁 are computed via the
Lanczos algorithm in (𝑁𝑑4) operations.
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1 INTRODUCTION

In previous works, we studied orthogonal polynomials (OPs) on planar curves and on quadratic
surfaces of revolution. The OPs were constructed explicitly on the wedge and (on and inside) the
boundary of the unit square,1 planar quadratic curves,2 cubic curves,3 as well as on and inside
quadratic surfaces of revolution.4 These OPs were used in applications, such as the statistics
of determinantal point processes, the computation of Stieltjes transforms, multivariate function
approximation and orthogonal series,5–10 the approximation of singular or nearly singular func-
tions of one variable (including those that arise as solutions to differential equations), the explicit
solution to wave equations,11 spectral methods for partial differential equations on trapeziums,
disk slices and spherical caps,12,13 and a spectral method for fractional integral equations.14
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In this paper, we generalize both the types of curves on which OPs are constructed as well as
their method of construction, in particular, to OPs defined on curves of the form 𝑦𝑚 = 𝜙(𝑥) in
ℝ2 where𝑚 = 1, 2 and 𝜙 is a polynomial of arbitrary degree 𝑑. Unlike the previously mentioned
studies, our constructions ofOPs are computational, not explicit. However, on quadratic and cubic
curves, our computational method reproduces the OP bases given in Refs. [2, 3] and in Section 4,
we give explicit bases for a few new special cases. Our approach is first to explicitly construct
a polynomial basis whose span contains the bivariate OPs as a subspace, and then we cast the
computation of the OPs as a numerical linear algebra problem, namely, simultaneously block-
tridiagonalize two symmetric, commuting matrices, which we solve with the Lanczos algorithm.
This is a very general approach that allows us to construct OPs (i) on certain algebraic curves (the
topic of this paper) and also (ii) inside those curves (two-dimensional domains), (iii) their surfaces
of revolution (three-dimensional regions), and (iv) associated star domains (2D and 3D regions).
The construction of OPs on (ii)–(iv) will be considered elsewhere. Sparse spectral methods for
PDEs are an application of the OPs we construct that is of special interest and will be pursued in
future research.
It appears that the earliest studies of real bivariate OPs on algebraic curves were those of Dun-

ham Jackson, published between 1937–1948.15–21 He considered the dimension of the space of OPs
of a specified degree on algebraic and transcendental curves in two and three dimensions,15,16
the Christoffel–Darboux formula for OPs on algebraic curves,15,17 and the boundedness of OPs
on certain algebraic curves18–21 due to its relevance to the convergence of orthogonal series on
algebraic curves.
Suetin22, Ch. 7] also considers the dimension of the space of real bivariate OPs of a fixed degree

on algebraic curves in the plane. However, OPs are constructed only for the case of a line and a
circle in the plane. In Spicer’s thesis[23, Ch. 4], OPs are constructed on certain cubic curves in the
plane, namely, elliptic curves, using determinantal identities, and in Refs. [[24,25], these OPs are
shown to have applications in discrete integrable systems.
The papers that overlap most with our previously mentioned work are those of Koehler,26

in which OPs are constructed on the boundary of the square, on bisecting lines and concentric
circles, and those of Jackson in which OPs are constructed on certain quadratic curves18 and par-
ticular cases of cubic curves20 in the plane. In Refs. [19, 21], Jackson also considers OPs on some
curves that will be considered in the present paper, namely, 𝑦 = 𝜙(𝑥) with deg 𝜙 = 4, 𝑦 = 𝑥𝑚,
𝑦2 = 𝑥3, and 𝑦2 = 𝑥5, as well as more general cases (e.g., 𝑦3 = 𝑥4) that we shall briefly discuss in
the concluding section of this paper. However, his interest was in the boundedness of the polyno-
mials that can be used to construct the OP basis, not in the explicit or computational construction
of the OPs1.

2 UNIVARIATE OPS

Throughout, we shall denote a univariate, orthonormal, degree-𝑛 OP that is orthogonal with
respect to the inner product

⟨𝑓, 𝑔⟩𝑤 = ∫ 𝑓(𝑥)𝑔(𝑥)𝑤(𝑥)d𝑥, (2.1)

1 Considering the fact that Jackson’s work was published before the widespread availability of electronic computers, it is
not surprising that he was not concerned with the computation of OP bases.
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FASONDINI et al. 371

where𝑤 is a nonnegative weight function, by 𝑝𝑛(𝑤; 𝑥), or 𝑝𝑛(𝑤). We shall also make use of quasi-
matrices,27,28 which can be thought of asmatrices that have functions in their columns as opposed
to vectors. For example, the quasi-matrix

𝐏(𝜙𝑤) = (𝑝0(𝜙𝑤) 𝑝1(𝜙𝑤) 𝑝2(𝜙𝑤) ⋯), (2.2)

where 𝜙 = 𝜙(𝑥) is polynomial that is strictly positive on the support of the weight 𝑤, and is a
matrix with a countable infinity of columns consisting of OPs with respect to the weight 𝜙𝑤,
ordered by degrees.
Although none of our results require that the weight 𝑤 be classical, for simplicity, we shall

assume that 𝑤 is either a Jacobi, Laguerre, or Hermite weight29, Ch. 18] with support supp(𝑤) =
(−1, 1), (0,∞) and (−∞,∞), respectively. If all the roots of the polynomial 𝜙 (with 𝜙(𝑥) > 0 for
𝑥 ∈ supp(𝑤)) are at the endpoints of supp(𝑤), then 𝜙𝑤 is also a classical weight; otherwise, at
least one of the roots of 𝜙 are off supp(𝑤) and 𝜙𝑤 is a semiclassical weight[30 and we refer to the
𝑝𝑛(𝜙𝑤) as (orthonormal) semiclassical OPs.
The fundamental building blocks of our constructions of bivariate OPs will be Jacobi matrices

and a “raising matrix” of univariate OPs, which we shall now define. Recall that if a family of
OPs, for example, 𝑝𝑛(𝜙𝑤), 𝑛 ≥ 0, is orthonormal with respect to an inner product ⟨⋅, ⋅⟩𝜙𝑤, then
they satisfy a three-term recurrence of the form

𝑥𝑝𝑛(𝜙𝑤) = 𝛽𝑛−1𝑝𝑛−1(𝜙𝑤) + 𝛼𝑛𝑝𝑛(𝜙𝑤) + 𝛽𝑛𝑝𝑛+1(𝜙𝑤), 𝑛 ≥ 0, (2.3)

where 𝛽−1 = 0 = 𝑝−1(𝜙𝑤) and the recurrence coefficients are

𝛼𝑛 = 𝛼𝑛(𝜙𝑤) = ⟨𝑥𝑝𝑛(𝜙𝑤), 𝑝𝑛(𝜙𝑤)⟩𝜙𝑤, 𝛽𝑛 = 𝛽𝑛(𝜙𝑤) = ⟨𝑥𝑝𝑛(𝜙𝑤), 𝑝𝑛+1(𝜙𝑤)⟩𝜙𝑤. (2.4)

Since 𝑤 is a classical weight and 𝜙(𝑥) > 0 for 𝑥 ∈ supp(𝑤), 𝛼𝑛(𝜙𝑤), 𝛽𝑛(𝜙𝑤) ∈ ℝ for 𝑛 ≥ 0. In
quasi-matrix notation, (2.3) becomes

𝑥𝐏(𝜙𝑤) = 𝐏(𝜙𝑤)𝐽(𝜙𝑤), (2.5)

where 𝐽(𝜙𝑤) is an infinite, symmetric, tridiagonal matrix known as the Jacobi matrix of the OPs,

𝐽(𝜙𝑤) =

⎛⎜⎜⎜⎜⎜⎝

𝛼0(𝜙𝑤) 𝛽0(𝜙𝑤)

𝛽0(𝜙𝑤) 𝛼1(𝜙𝑤) 𝛽1(𝜙𝑤)

𝛽1(𝜙𝑤) 𝛼2(𝜙𝑤) ⋱

⋱ ⋱

⎞⎟⎟⎟⎟⎟⎠
. (2.6)

We say that a (finite or infinite) matrix𝐴 is banded and has bandwidths (𝜆, 𝜇), 𝜆, 𝜇 ≥ 0 if𝐴𝑖,𝑗 =
0 for 𝑖 − 𝑗 > 𝜆 and 𝑗 − 𝑖 > 𝜇 and the same applies for block-matrices (in which case 𝐴𝑖,𝑗 refers to
block (𝑖, 𝑗) of 𝐴). Hence, 𝐽(𝜙𝑤) has bandwidths (1, 1).

Proposition 2.1. If deg 𝜙 = 𝑑, then the OPs {𝑝𝑛(𝑤)} and {𝑝𝑛(𝜙𝑤)} are related via a banded raising
matrix 𝑅 with bandwidths (0, 𝑑) according to

𝐏(𝑤) = 𝐏(𝜙𝑤)𝑅, (2.7)
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372 FASONDINI et al.

where 𝐏(𝜙𝑤) is given in (2.2) and 𝐏(𝑤) is defined analogously and

𝑅 =

⎛⎜⎜⎜⎜⎜⎝

𝑟0,0 ⋯ ⋯ 𝑟0,𝑑

𝑟1,1 ⋯ ⋯ 𝑟1,𝑑+1

𝑟2,2 ⋯ ⋯ 𝑟2,𝑑+2

⋱ ⋱ ⋱ ⋱

⎞⎟⎟⎟⎟⎟⎠
, (2.8)

where
𝑟𝑘,𝑛 = ⟨𝑝𝑛(𝑤), 𝑝𝑘(𝜙𝑤)⟩𝜙𝑤 = ⟨𝑝𝑛(𝑤), 𝜙𝑝𝑘(𝜙𝑤)⟩𝑤. (2.9)

Proof. Since any polynomial of degree 𝑛 is a linear combination of the 𝑝𝑘(𝜙𝑤)with 0 ≤ 𝑘 ≤ 𝑛, we
have 𝑝𝑛(𝑤) =

∑𝑛
𝑘=0
𝑟𝑘,𝑛𝑝𝑘(𝜙𝑤), where the expression (2.9) and the fact that 𝑟𝑘,𝑛 = 0 for 0 ≤ 𝑘 <

𝑛 − 𝑑 follow since the 𝑝𝑘(𝜙𝑤) and 𝑝𝑛(𝑤) are (orthonormal) OPs. □

In quasi-matrix notation, we write

𝑅 = ⟨𝐏(𝜙𝑤), 𝐏(𝑤)⟩𝜙𝑤 = ∫ 𝐏⊤(𝜙𝑤)𝐏(𝑤)𝜙𝑤 d𝑥, (2.10)

where 𝐏⊤(𝜙𝑤)𝐏(𝑤) is interpreted as an outer product of two (infinite) row vectors whose entries
are functions and integration is performed entry-wise. Therefore, ⟨𝐏(𝜙𝑤), 𝐏(𝑤)⟩𝜙𝑤 is an infinite
matrix whose entries are defined as follows: Let 𝒆𝑘 be the standard basis vector

𝒆𝑘 =
⎛⎜⎜⎝0 ⋯ 0⏟⏟⏟
𝑘 zeros

1 0 0 ⋯
⎞⎟⎟⎠
⊤

, (2.11)

then the (𝑘, 𝑛) entry of ⟨𝐏(𝜙𝑤), 𝐏(𝑤)⟩𝜙𝑤 for 𝑘, 𝑛 ≥ 0 is (cf. (2.9))
(⟨𝐏(𝜙𝑤), 𝐏(𝑤)⟩𝜙𝑤)𝑘,𝑛 = ∫ 𝐏(𝜙𝑤)𝒆𝑘𝐏(𝑤)𝒆𝑛𝜙𝑤 𝑑𝑥 = ⟨𝑝𝑛(𝑤), 𝑝𝑘(𝜙𝑤)⟩𝜙𝑤 = 𝑟𝑘,𝑛. (2.12)

Similarly, we can express the Jacobi matrix as 𝐽(𝜙𝑤) = ⟨𝐏(𝜙𝑤), 𝑥𝐏(𝜙𝑤)⟩𝜙𝑤 and since the OPs
{𝑝𝑛(𝑤)} and {𝑝𝑛(𝜙𝑤)} are orthonormal, ⟨𝐏(𝜙𝑤), 𝐏(𝜙𝑤)⟩𝜙𝑤 = 𝐼 = ⟨𝐏(𝑤), 𝐏(𝑤)⟩𝑤, where 𝐼 is an
infinite identity matrix.
The coefficients 𝑟𝑘,𝑛 of the raising matrix 𝑅 can also be viewed as the connection coefficients

relating the classical OP basis {𝑝𝑛(𝑤)} to the semiclassical OP basis {𝑝𝑛(𝜙𝑤)}. Algorithms for com-
puting connection coefficients between (mainly univariate) classical OP families with different
weights are discussed in Ref. [31]. The more general problem of relating the OP families {𝑝𝑛(𝑟𝑤)}
and {𝑝𝑛(𝑤)}, where 𝑟 = 𝑟(𝑥) is a rational function, and determining the recurrence coefficients
of the former OP family is discussed in 32, Section 2.4] and associated algorithms are considered
in [33, Ch. 5] and more recently in Ref. [[34]. For our purposes (i.e., the case 𝑟(𝑥) = 𝜙(𝑥)), we
note that one method for computing 𝑅 and 𝐽(𝜙𝑤) is via the Cholesky factor 𝐿 of the symmetric,
positive-definite matrix

Φ = ⟨𝐏(𝑤), 𝐏(𝑤)⟩𝜙𝑤 = ∫ 𝐏(𝑤)⊤𝐏(𝑤)𝜙𝑤 d𝑥 = 𝐿𝐿⊤
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FASONDINI et al. 373

because from (2.7), we have that

𝐼 = ⟨𝐏(𝜙𝑤), 𝐏(𝜙𝑤)⟩𝜙𝑤 = ∫ 𝐏(𝜙𝑤)⊤𝐏(𝜙𝑤)𝜙𝑤 d𝑥 = 𝑅−⊤Φ𝑅−1 = 𝑅−⊤𝐿𝐿⊤𝑅−1

from which we conclude that

𝑅 = 𝐿⊤, 𝐽(𝜙𝑤) = 𝑅⊤𝐽(𝑤)𝑅, (2.13)

where the second identity follows from (2.5) and (2.7). Another method for computing 𝑅 and
𝐽(𝜙𝑤) given 𝐽(𝑤) is to use Christoffel’s theorem32, Sect. 2.4], For simplicity, we let 𝑤 be a classi-
cal weight function; however, using the algorithms in Ref. [[34], we can compute the Jacobi and
raising matrices that we require for any weight 𝑤 that can be expressed as (or well approximated
by) the product of a classical weight and a polynomial or rational function.
The topic of this paper is also the computation of connection coefficients (and, as a by-product,

recurrence coefficients will also be computed); however, we shall relate bivariate OPs (restricted
to curves) to a polynomial basis that is orthogonal with respect to the sameweight as the bivariate
OPs. As we shall see, not only is our connection problem complicated by the fact that it is bivariate
but also because, in general, the degree of a bivariate polynomial onℝ2 is different from its degree
when restricted to an algebraic curve in ℝ2.

3 BIVARIATE OPS ON 𝒀 = 𝝓 AND 𝒀𝟐 = 𝝓

Curves defined by 𝑝(𝑥, 𝑦) = 0, where 𝑝 is an irreducible bivariate quadratic or cubic polyno-
mial, can be simplified to the form 𝑦2 = 𝜙(𝑥), with deg 𝜙 ≤ 2 for quadratics and deg 𝜙 = 3 for
cubics, see Refs. 2 and [3], respectively. Through affine transformations, nondegenerate quadrat-
ics can be reduced to either a parabola (𝜙 = 𝑥), a circle (𝜙 = 1 − 𝑥2), or a hyperbola (𝜙 = 𝑥2 − 1).
A cubic curve in the standard form 𝑦2 = 𝜙(𝑥), deg 𝜙 = 3 is an elliptic curve if it has no cusps,
isolated points, or self-intersections; the OPs we constructed in Ref. 3 are valid on both elliptic
and nonelliptic curves. In this paper, we consider bivariate OPs on the following more general
curves:

𝛾𝑚,𝑑 = 𝛾𝑚,𝑑(𝜙) =

⎧⎪⎨⎪⎩(𝑥, 𝑦) ∈ ℝ
2 ∶

⎧⎪⎨⎪⎩
𝑦 = 𝜙(𝑥) if𝑚 = 1

𝑦2 = 𝜙(𝑥) > 0 if𝑚 = 2
, 𝑥 ∈ supp(𝑤), deg 𝜙 = 𝑑 > 0

⎫⎪⎬⎪⎭,
(3.1)

where supp(𝑤) denotes the support of a nonnegative weight function 𝑤(𝑥); either supp(𝑤) =
(𝑎, 𝑏), (𝑎,∞) or (−∞,∞), where −∞ < 𝑎 < 𝑏 < ∞ and 𝜙 may vanish at 𝑎 or 𝑏. The restriction
𝜙 > 0 does not apply for 𝑚 = 1 but for 𝑚 = 2, the positivity of 𝜙 is necessary for the curve to be
defined in ℝ2.
For the special case 𝑚 = 1, 𝑑 = 0 and a classical weight 𝑤, the classical OPs are OPs on the

curves 𝛾1,0. The case𝑚 = 2 and 𝑑 = 0 (a pair of parallel lines in ℝ2) is treated in Ref. [2]. OPs on
curves of the form 𝑦𝑚 = 𝜙 with 𝑚 > 2, which we leave for future work, will be discussed briefly
in Section 6.
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374 FASONDINI et al.

We consider OPs in (𝑥, 𝑦) that are restricted to the curve 𝛾𝑚,𝑑 and that are orthogonal with
respect to the following inner product:

⟨𝑓, 𝑔⟩𝛾𝑚,𝑑,𝑤 = ∫
𝛾𝑚,𝑑

𝑓(𝑥, 𝑦)𝑔(𝑥, 𝑦)𝜔(𝑥, 𝑦)d𝜎(𝑥, 𝑦),

where d𝜎 is the arc length measure on 𝛾𝑚,𝑑. We incorporate the arc length into the nonnegative
weight function by setting 𝜔(𝑥, 𝑦) = 𝑤(𝑥)∕

√
1 + (𝑦′(𝑥))2 so that the inner product simplifies to

⟨𝑓, 𝑔⟩𝛾𝑚,𝑑,𝑤 =
⎧⎪⎪⎨⎪⎪⎩

∫ 𝑓(𝑥, 𝜙(𝑥))𝑔(𝑥, 𝜙(𝑥))𝑤(𝑥)d𝑥, 𝑚 = 1,

∫ [𝑓(𝑥,
√
𝜙(𝑥))𝑔(𝑥,

√
𝜙(𝑥))

+𝑓(𝑥, −
√
𝜙(𝑥))𝑔(𝑥, −

√
𝜙(𝑥))]𝑤(𝑥)d𝑥, 𝑚 = 2,

(3.2)

where the integrals are over supp(𝑤). The bilinear form ⟨⋅, ⋅⟩𝛾𝑚,𝑑,𝑤 defines an inner product on the
space of polynomials of two variables restricted to the curve 𝛾𝑚,𝑑,

Π(𝛾𝑚,𝑑) ∶= ℝ[𝑥, 𝑦]∕⟨𝑦𝑚 − 𝜙(𝑥)⟩,
which denotes the space of bivariate polynomials modulo the ideal generated by 𝑦𝑚 − 𝜙(𝑥) = 0.
As mentioned in the Introduction, the dimension of the space of bivariate OPs of a specified

degree on algebraic curves in the plane was established by Jackson in Ref. 15 and also by Suetin
in [22, Ch. 7]. We now state and prove the same result for a narrower class of curves (namely,
𝛾𝑚,𝑑 with 𝑚 = 1, 2) and thereby introduce the monomial bases on the curves, which we shall
repeatedly make use of in the rest of the paper.

Proposition 3.1. Let 𝑛(𝛾𝑚,𝑑, 𝑤) (or 𝑛) be the space of bivariate OPs of degree 𝑛 with respect to the
inner product (3.2) defined onΠ(𝛾𝑚,𝑑), then

dim𝑛(𝛾𝑚,𝑑, 𝑤) = min{𝑛 + 1,max{𝑑,𝑚}}. (3.3)

Proof. We consider the set of monomials of degree 𝑛 on the curve 𝛾𝑚,𝑑, which we denote by
𝑛(𝛾𝑚,𝑑). Since 𝑛(𝛾𝑚,𝑑) is a basis for the space 𝑛(𝛾𝑚,𝑑, 𝑤), we have that dim𝑛(𝛾𝑚,𝑑, 𝑤) =|𝑛(𝛾𝑚,𝑑)|. Three cases arise: (i) 𝑛 ≤ max{𝑑,𝑚} − 1, (ii) 𝑚 > 𝑑, 𝑛 ≥ 𝑚, and (iii) 𝑚 ≤ 𝑑, 𝑛 ≥ 𝑑.
Since we only consider𝑚 = 1, 2 and 𝑑 > 0, case (ii) only arises if𝑚 = 2 and 𝑑 = 1.
For case(i), we have that

𝑛(𝛾𝑚,𝑑) = {
𝑥𝑛−𝑘𝑦𝑘

}𝑛
𝑘=0
, 𝑛 ≤ max{𝑑,𝑚} − 1, (3.4)

because themonomials 𝑥𝑘𝑦𝑛−𝑘 are linearly independent for 0 ≤ 𝑘 ≤ 𝑛 and thus |𝑛(𝛾𝑚,𝑑)| = 𝑛 +
1.
For case (ii),

𝑛(𝛾𝑚,𝑑) = {
𝑥𝑛−𝑘𝑦𝑘

}𝑚−1
𝑘=0
, 𝑚 > 𝑑, 𝑛 ≥ 𝑚, (3.5)
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FASONDINI et al. 375

because we can set 𝑦𝑚 = 𝜙(𝑥) and express the monomials 𝑥𝑛−𝑘𝑦𝑘 with 𝑘 ≥ 𝑚 in terms of the
monomials in 𝑘(𝛾𝑚,𝑑), with 0 ≤ 𝑘 ≤ 𝑛; hence, only the monomials 𝑥𝑛−𝑘𝑦𝑘 with 0 ≤ 𝑘 ≤ 𝑚 − 1
are linearly independent and thus |𝑛(𝛾𝑚,𝑑)| = 𝑚.
For the final case (iii),

𝑛(𝛾𝑚,𝑑) = {
𝑥𝑑−1𝑦𝑛+1−𝑑, 𝑥𝑑−2𝑦𝑛+2−𝑑, … , 𝑦𝑛

}
, 𝑑 ≥ 𝑚, 𝑛 ≥ 𝑑, (3.6)

because we can use the fact that 𝑦𝑚 = 𝑐𝑑𝑥𝑑 +⋯+ 𝑐1𝑥 + 𝑐0, with 𝑐𝑑 ≠ 0 to set 𝑥𝑑 = 𝜓(𝑥, 𝑦),
where deg𝜓 < 𝑑, and express 𝑦𝑛−𝑘𝑥𝑘 with 𝑘 ≥ 𝑑 in terms of lower degree monomials; therefore,|𝑛(𝛾𝑚,𝑑)| = 𝑑. □

Proposition 3.2. A bivariate polynomial 𝑝(𝑥, 𝑦) ∈ Π(𝛾𝑚,𝑑) can be represented in terms of
polynomials of one variable as follows:

𝑝(𝑥, 𝑦) =

{
𝑞(𝑥) if𝑚 = 1,
𝑟(𝑥) + 𝑦𝑠(𝑥) if𝑚 = 2,

(3.7)

where 𝑞(𝑥), 𝑟(𝑥), 𝑠(𝑥) are polynomials in 𝑥.

Proof. Any 𝑝(𝑥, 𝑦) ∈ Π(𝛾𝑚,𝑑) can be expressed as a linear combination of the elements of the
monomial bases in (3.4)–(3.6). The result follows immediately upon setting 𝑦 = 𝜙(𝑥) (if𝑚 = 1) or
𝑦2 = 𝜙(𝑥) (if𝑚 = 2) in the monomial expansion of 𝑝(𝑥, 𝑦). □

In view of this result, we introduce the “𝑃-polynomials” or “𝑃-basis”

𝑃
(𝑚,𝑑)

𝑛,𝑘
(𝑥, 𝑦) =

⎧⎪⎨⎪⎩
𝑝𝑛(𝑤; 𝑥) for𝑚 = 1, 𝑘 = 0, 𝑛 ≥ 0
𝑝𝑛(𝑤; 𝑥)∕

√
2 for𝑚 = 2, 𝑘 = 0, 𝑛 ≥ 0

𝑦𝑝𝑛−1(𝜙𝑤; 𝑥)∕
√
2 for𝑚 = 2, 𝑘 = 1, 𝑛 ≥ 1

, (3.8)

which clearly form a basis for Π(𝛾𝑚,𝑑) and, moreover:

Proposition 3.3. The 𝑃-polynomials are orthonormal with respect to ⟨⋅, ⋅⟩𝛾𝑚,𝑑,𝑤:⟨
𝑃
(𝑚,𝑑)

𝑛,𝑘
, 𝑃
(𝑚,𝑑)

𝓁,𝑖

⟩
𝛾𝑚,𝑑,𝑤

= 𝛿𝑛,𝓁𝛿𝑘,𝑖, 𝑚 = 1, 2.

Proof. Since the 𝑝𝑛(𝑤) are orthonormal with respect to the univariate inner product ⟨⋅, ⋅⟩𝑤, we
have, for𝑚 = 1, ⟨

𝑃
(1,𝑑)
𝑛,0
, 𝑃
(1,𝑑)

𝓁,0

⟩
𝛾1,𝑑,𝑤

= ⟨𝑝𝑛(𝑤), 𝑝𝓁(𝑤)⟩𝑤 = 𝛿𝑛,𝓁.
For 𝑚 = 2, three orthogonality relations need to be demonstrated. First, orthogonality between
𝑃-polynomials with 𝑘 = 0 in (3.8):⟨

𝑃
(2,𝑑)
𝑛,0
, 𝑃
(2,𝑑)

𝓁,0

⟩
𝛾2,𝑑,𝑤

= ⟨𝑝𝑛(𝑤), 𝑝𝓁(𝑤)⟩𝑤 = 𝛿𝑛,𝓁.
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376 FASONDINI et al.

Next, between polynomials with 𝑘 = 1,⟨
𝑃
(2,𝑑)
𝑛,1
, 𝑃
(2,𝑑)

𝓁,1

⟩
𝛾2,𝑑,𝑤

= ⟨𝜙𝑝𝑛−1(𝜙𝑤), 𝑝𝓁−1(𝜙𝑤)⟩𝑤 = ⟨𝑝𝑛−1(𝜙𝑤), 𝑝𝓁−1(𝜙𝑤)⟩𝜙𝑤 = 𝛿𝑛,𝓁.
The final orthogonality relation is due to the reflection symmetry of the curve for𝑚 = 2:⟨

𝑃
(2,𝑑)
𝑛,1
, 𝑃
(2,𝑑)

𝓁,0

⟩
𝛾2,𝑑,𝑤

= ∫ [𝑦𝑝𝑛−1(𝜙𝑤)𝑝𝓁(𝑤) − 𝑦𝑝𝑛−1(𝜙𝑤)𝑝𝓁(𝑤)]𝑤d𝑥 = 0.

□

3.1 Connection coefficients

We denote the degree-𝑛, orthonormal OPs on 𝛾𝑚,𝑑 by 𝑌
(𝑚,𝑑)

𝑛,𝑘
(𝑥, 𝑦), where 𝑘 = 1,… , dim𝑛, with

dim𝑛 defined in (3.3). Hence, the OPs satisfy⟨
𝑌
(𝑚,𝑑)

𝑛,𝑘
, 𝑌
(𝑚,𝑑)

𝓁,𝑖

⟩
𝛾𝑚,𝑑,𝑤

= 𝛿𝑛,𝓁𝛿𝑘,𝑖, 𝑚 = 1, 2,

for 𝑛, 𝓁 ≥ 0, 1 ≤ 𝑘 ≤ dim𝑘, 1 ≤ 𝑖 ≤ dim𝑖 and 𝑌(𝑚,𝑑)𝑛,𝑘
has degree 𝑛 on 𝛾𝑚,𝑑.

It follows from Proposition 3.2 that the OPs can be expressed as linear combinations of the
𝑃-polynomials. That is, there exist connection coefficients 𝐶(𝑚,𝑑)

𝑗,𝓁
, where 𝓁 = 𝓁(𝑛, 𝑘) ∈ ℕ0 will be

defined in Section 5.5, such that

𝑌
(1,𝑑)

𝑛,𝑘
(𝑥, 𝑦) =

∑
𝑗≥1
𝐶
(1,𝑑)

𝑗,𝓁
𝑃
(1,𝑑)
𝑗,0
, (3.9)

𝑌
(2,𝑑)

𝑛,𝑘
(𝑥, 𝑦) =

∑
𝑗≥1
𝐶
(2,𝑑)

2𝑗−1,𝓁
𝑃
(2,𝑑)
𝑗,0
+
∑
𝑗≥1
𝐶
(2,𝑑)

2𝑗,𝓁
𝑃
(2,𝑑)
𝑗,1
, (3.10)

for 𝑛 ≥ 1, 𝑘 = 1,… , dim𝑛 and with 𝑌(𝑚,𝑑)
0,1

= 𝐶
(𝑚,𝑑)
0,0

𝑃
(𝑚,𝑑)
0,0

for 𝑚 = 1, 2. The upper and lower
bounds of the summation indices in (3.9)–(3.10) will be considered in Section 5.6.

3.2 Minimal and maximal degrees of polynomials on 𝜸𝒎,𝒅

If 𝑝 is a polynomial in ℝ[𝑥, 𝑦], then we define the degree of the restriction of 𝑝 to 𝛾𝑚,𝑑 as the
lowest degree polynomial 𝑞 among all 𝑞 satisfying 𝑝 = 𝑞 modulo ⟨𝑦𝑚 − 𝜙(𝑥)⟩. By construction,
the monomial bases in (3.4)–(3.6) are minimal degree representations of polynomials in Π(𝛾𝑚,𝑑).
Therefore, the degree of 𝑝(𝑥, 𝑦) on the curve 𝛾𝑚,𝑑 is the degree of its expansion in the monomial
basis given in (3.4)–(3.6).
If 𝑑 > 𝑚 and 𝑝(𝑥, 𝑦) ∈ Π(𝛾𝑚,𝑛), then a maximal degree representation of 𝑝 is obtained by

setting 𝑦 = 𝜙 (if 𝑚 = 1) or 𝑦2 = 𝜙 (if 𝑚 = 2), in which case 𝑝 takes the form given in (3.7).
For example, if 𝑚 = 1 < 𝑑, then 𝑦𝑛 = 𝜙𝑛 is a polynomial of degree 𝑛 in Π(𝛾𝑚,𝑛) whose maxi-
mal degree on 𝛾1,𝑑 is 𝑛𝑑. Observe from (3.8) that the total degree of a 𝑃-polynomial 𝑃(𝑚,𝑑)

𝑛,𝑘
is 𝑛,
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FASONDINI et al. 377

which is also its maximal degree because it is in the form (3.7). Therefore, the maximal degree
of 𝑝(𝑥, 𝑦) ∈ Π(𝛾𝑚,𝑛) is the total degree of its expansion in the 𝑃-basis. We denote the maximal
degree of𝑝(𝑥, 𝑦) on 𝛾𝑚,𝑑 by deg 𝑝 and itsminimal degree by deg𝛾𝑚,𝑑 (𝑝). For example, if𝑚 = 1 < 𝑑,

then deg 𝑦𝑛 = 𝑛𝑑 and deg𝛾1,𝑑 (𝑦
𝑛) = 𝑛 and for 𝑛 > 𝑑, deg 𝑃(𝑚,𝑑)

𝑛,𝑘
= 𝑛 > deg𝛾𝑚,𝑑

(𝑃
(𝑚,𝑑)

𝑛,𝑘
), while, by

definition, deg𝛾𝑚,𝑑 (𝑌
(𝑚,𝑑)

𝑛,𝑘
) = 𝑛.

4 CURVESWITH EXPLICIT OP BASES

Before recursively constructing OPs on the general curves (3.1), we consider cases for which the
OP basis can be given explicitly in terms of the 𝑃-polynomials.

Proposition 4.1. The following are orthonormal OP bases on curves 𝛾𝑚,𝑑 defined in (3.1): if𝑚 = 1
and deg 𝜙 = 1, then

𝑌
(1,1)
𝑛,1
(𝑥, 𝑦) = 𝑃

(1,1)
𝑛,0
(𝑥), 𝑛 ≥ 0; (4.1)

if𝑚 = 1 and deg 𝜙 = 2, then

𝑌
(1,2)
0,1
(𝑥, 𝑦) = 𝑃

(1,2)
0,0
(𝑥),

(
𝑌
(1,2)
𝑛,1
(𝑥, 𝑦)

𝑌
(1,2)
𝑛,2
(𝑥, 𝑦)

)
=

(
𝑃
(1,2)
2𝑛−1,0

(𝑥)

𝑃
(1,2)
2𝑛,0
(𝑥)

)
. (4.2)

If𝑚 = 2 and deg 𝜙 = 1 or deg 𝜙 = 2, then

𝑌
(2,𝑑)
0,1
(𝑥, 𝑦) = 𝑃

(2,𝑑)
0,0
(𝑥),

(
𝑌
(2,𝑑)
𝑛,1
(𝑥, 𝑦)

𝑌
(2,𝑑)
𝑛,2
(𝑥, 𝑦)

)
=

(
𝑃
(2,𝑑)
𝑛,0
(𝑥)

𝑃
(2,𝑑)
𝑛,1
(𝑥, 𝑦)

)
, 𝑑 = 1, 2. (4.3)

If𝑚 = 2 and deg 𝜙 = 3, then 𝑌(2,3)
0,1
= 𝑃

(2,3)
0,0

, 𝑌(2,3)
1,1
= 𝑃

(2,3)
1,0

, 𝑌(2,3)
1,2
= 𝑃

(2,3)
1,1

and

⎛⎜⎜⎜⎝
𝑌
(2,3)
2𝑛,1

𝑌
(2,3)
2𝑛,2

𝑌
(2.3)
2𝑛,3

⎞⎟⎟⎟⎠ =
⎛⎜⎜⎜⎝
𝑃
(2,3)
3𝑛−1,0

𝑃
(2,3)
3𝑛−1,1

𝑃
(2,3)
3𝑛,0

⎞⎟⎟⎟⎠,
⎛⎜⎜⎜⎝
𝑌
(2,3)
2𝑛+1,1

𝑌
(2,3)
2𝑛+1,2

𝑌
(2,3)
2𝑛+1,3

⎞⎟⎟⎟⎠ =
⎛⎜⎜⎜⎝
𝑃
(2,3)
3𝑛,1

𝑃
(2,3)
3𝑛+1,0

𝑃
(2,3)
3𝑛+1,1

⎞⎟⎟⎟⎠, 𝑛 ≥ 1. (4.4)

If𝑚 = 2, deg 𝜙 = 4, 𝜙 is even, supp(𝑤) = (−𝑎, 𝑎), 𝑎 > 0 and the weight 𝑤 is even, so that 𝑃(2,4)
𝑛,0

has
the same parity as 𝑛, then 𝑌(2,4)

𝑛,𝑖
= 𝑃

(2,4)
𝑛,𝑖−1

for (𝑛, 𝑖) = (0, 1), (1,1), (1,2), (2,1), (2,2), 𝑌(2,4)
2,3
= 𝑃

(2,4)
4,0

and
for 𝑛 ≥ 1

⎛⎜⎜⎜⎜⎜⎝

𝑌
(2,4)
2𝑛+1,1

𝑌
(2,4)
2𝑛+1,2

𝑌
(2,4)
2𝑛+1,3

𝑌
(2,4)
2𝑛+1,4

⎞⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎝

𝑃
(2,4)
4𝑛−1,0

𝑃
(2,4)
4𝑛−1,1

𝑃
(2,4)
4𝑛+1,0

𝑃
(2,4)
4𝑛+1,1

⎞⎟⎟⎟⎟⎟⎠
,

⎛⎜⎜⎜⎜⎜⎝

𝑌
(2,4)
2𝑛+2,1

𝑌
(2,4)
2𝑛+2,2

𝑌
(2,4)
2𝑛+2,3

𝑌
(2,4)
2𝑛+2,4

⎞⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎝

𝑃
(2,4)
4𝑛,1

𝑃
(2,4)
4𝑛+2,0

𝑃
(2,4)
4𝑛+2,1

𝑃
(2,4)
4𝑛+4,0

⎞⎟⎟⎟⎟⎟⎠
. (4.5)
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378 FASONDINI et al.

Proof. The sets of 𝑌(𝑚,𝑑)
𝑛,𝑘

given above are orthonormal (see Proposition 3.3) and the dimensions of

𝑛 are as in Proposition 3.1. What remains to be shown is that the 𝑌(𝑚,𝑑)
𝑛,𝑘

have degree 𝑛 on 𝛾𝑚,𝑑.
We only prove the latter case (4.5) because the proofs for the remaining cases are similar.
Since 𝜙 is assumed to be even and of degree 4, 𝑦2 = 𝑐4𝑥4 + 𝑐2𝑥2 + 𝑐0, with 𝑐4 ≠ 0. To show that

𝑌
(2,4)
2𝑛+1,1

= 𝑃
(2,4)
4𝑛−1,0

has degree 2𝑛 + 1 on 𝛾2,4, it suffices to consider the highest degree monomial of
𝑃
(2,4)
4𝑛−1,0

, namely, 𝑥4𝑛−1 and note that

𝑥4𝑛−1 = 𝑥3
(
𝑥4
)𝑛−1

= 𝑥3
(
𝑦2 − 𝑐2𝑥

2 − 𝑐0
𝑐4

)𝑛−1
,

which is an expression of degree 2𝑛 + 1whose degree cannot be further reduced on the curve 𝛾2,4.
We conclude that deg𝛾2,4 (𝑃

(2,4)
4𝑛−1,0

) = 2𝑛 + 1. Similarly, considering 𝑌(2,4)
2𝑛+1,2

= 𝑃
(2,4)
4𝑛−1,1

, the high-
est degree monomial is 𝑦𝑥4𝑛−2 = 𝑦𝑥2(𝑥4)𝑛−1 = 𝑦𝑥2[(𝑦2 − 𝑐2𝑥2 − 𝑐0)∕𝑐4]𝑛−1 and it follows that
deg𝛾2,4

(𝑃
(2,4)
4𝑛−1,1

) = 2𝑛 + 1. The remaining cases can be similarly confirmed. □

The OP bases on quadratic curves (4.3) and cubic curves (4.4) are the cases studied in,
respectively, Refs. 2, 3, 18, 20.

5 OPS ON 𝒀 = 𝝓, 𝐝𝐞𝐠 𝝓 ≥ 𝟑 AND 𝒀𝟐 = 𝝓, 𝐝𝐞𝐠 𝝓 ≥ 𝟒

We now consider the construction of OPs on 𝑦 = 𝜙 and 𝑦2 = 𝜙 in cases for which we are unable
to give an explicit OP basis, which are the curves 𝑦 = 𝜙, deg 𝜙 ≥ 3 and 𝑦2 = 𝜙, deg 𝜙 ≥ 4.
By the same reasoning used in the proof of Proposition 4.1, we deduce that

𝑌
(1,𝑑)

𝑛,𝑘
= 𝑃

(1,𝑑)

𝑛,𝑘−1
, (𝑛, 𝑘) = (0, 1), (1, 1), (5.1)

for 𝑑 ≥ 3 and
𝑌
(2,𝑑)

𝑛,𝑘
= 𝑃

(2,𝑑)

𝑛,𝑘−1
, (𝑛, 𝑘) = (0, 1), (1, 1), (1, 2), (2, 1), (2, 2), (5.2)

for 𝑑 ≥ 4. To generate higher degree OPs, we shall apply the Gram–Schmidt process and show
that it is equivalent to the Lanczos algorithm applied to two symmetric, commuting matrices.
We introduce the following infinite quasi-matrices for the 𝑃-bases:

𝐏(1,𝑑) = 𝐏(1,𝑑)(𝑥) =
(
𝑃
(1,𝑑)
0,0
(𝑥) 𝑃

(1,𝑑)
1,0
(𝑥) 𝑃

(1,𝑑)
2,0
(𝑥) ⋯

)
, (5.3)

𝐏(2,𝑑) = 𝐏(2,𝑑)(𝑥, 𝑦) =
(
ℙ
(2,𝑑)
0
(𝑥) ℙ

(1,𝑑)
1
(𝑥, 𝑦) ℙ

(1,𝑑)
2
(𝑥, 𝑦) ⋯

)
, (5.4)

where the ℙ(2,𝑑)𝑛 denote the block-quasi-matrices

ℙ
(2,𝑑)
0
(𝑥) =

(
𝑃
(2,𝑑)
0,0
(𝑥)

)
, ℙ

(2,𝑑)
𝑛 (𝑥, 𝑦) =

(
𝑃
(2,𝑑)
𝑛,0
(𝑥) 𝑃

(2,𝑑)
𝑛,1
(𝑥, 𝑦)

)
, 𝑛 ≥ 1. (5.5)
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FASONDINI et al. 379

Similarly, for the OPs,

𝐘(𝑚,𝑑) = 𝐘(𝑚,𝑑)(𝑥, 𝑦) =
(
𝕐
(𝑚,𝑑)
0

𝕐
(𝑚,𝑑)
1

𝕐
(𝑚,𝑑)
2

⋯
)
, (5.6)

with

𝕐
(𝑚,𝑑)
𝑛 (𝑥, 𝑦) =

(
𝑌
(𝑚,𝑑)
𝑛,1

(𝑥, 𝑦) ⋯ 𝑌
(𝑚,𝑑)

𝑛,dim𝑛 (𝑥, 𝑦)
)
, 𝑛 ≥ 0, (5.7)

where, since𝑚 < 𝑑 = deg 𝜙 for the cases we consider in this section,

dim𝑛 = min{𝑛 + 1, 𝑑},
see Proposition 3.1.
We can express (3.9)–(3.10) as

𝐘(𝑚,𝑑) = 𝐏(𝑚,𝑑)𝐶(𝑚,𝑑), (5.8)

where 𝐶(𝑚,𝑑) is referred to as the connection matrix and its entries 𝐶(𝑚,𝑑)
𝑖,𝑗

, 𝑖, 𝑗 ≥ 0, are the connec-
tion coefficients. For all the values of (𝑚, 𝑑) considered in Proposition 4.1, 𝐶(𝑚,𝑑) = 𝐼, except for
the final case (4.5), where there exists a permutation matrix  such that 𝐶(2,4) = 𝐼. Figures 1
and 2 depict examples of connection matrices for 𝑚 = 1, deg 𝜙 ≥ 3, and 𝑚 = 2, deg 𝜙 ≥ 4, the
construction of which we shall describe in the rest of this section.

Proposition 5.1. The connection matrix 𝐶(𝑚,𝑑) for𝑚 = 1, 2 is orthogonal.

Proof. Since the𝐘(𝑚,𝑑) are orthonormalOPs and the𝐏(𝑚,𝑑) are orthonormal for𝑚 = 1, 2, it follows
that ⟨𝐘(𝑚,𝑑), 𝐘(𝑚,𝑑)⟩𝛾𝑚,𝑑,𝑤 = 𝐼 and ⟨𝐏(𝑚,𝑑), 𝐏(𝑚,𝑑)⟩𝛾𝑚,𝑑,𝑤 = 𝐼, where ⟨⋅, ⋅⟩𝛾𝑚,𝑑,𝑤 for quasi-matrices is
defined as in (2.10)–(2.12), mutatis mutandis. Thus, the connection matrix is orthogonal because

𝐼 = ⟨𝐘(𝑚,𝑑), 𝐘(𝑚,𝑑)⟩𝛾𝑚,𝑑,𝑤 = (
𝐶(𝑚,𝑑)

)⊤⟨𝐏(𝑚,𝑑), 𝐏(𝑚,𝑑)⟩𝛾𝑚,𝑑,𝑤𝐶(𝑚,𝑑)
=
(
𝐶(𝑚,𝑑)

)⊤
𝐶(𝑚,𝑑), 𝑚 = 1, 2. □

5.1 Multiplication matrices for the 𝑷-bases

To construct the connection matrices, we shall need matrices  (𝑚,𝑑) and  (𝑚,𝑑) representing
multiplication of 𝐏(𝑚,𝑑) by 𝑥 and 𝑦:

𝑥𝐏(𝑚,𝑑) = 𝐏(𝑚,𝑑) (𝑚,𝑑), 𝑦𝐏(𝑚,𝑑) = 𝐏(𝑚,𝑑) (𝑚,𝑑). (5.9)

Proposition 5.2. The multiplication matrices of the 𝐏(1,𝑑) basis are

 (1,𝑑) = 𝐽(𝑤),  (1,𝑑) = 𝜙(𝐽(𝑤)), (5.10)
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380 FASONDINI et al.

F IGURE 1 Plots of log
10
of the entries of the connection matrices 𝐶(1,𝑑) for OPs on 𝑦 = 𝜙(𝑥). The curves are

defined by 𝜙(𝑥) = 𝑥3 − 𝑥2 + 𝑥 + 1 (top left), 𝜙(𝑥) = 𝑥4 + 𝑥3 − 𝑥2 + 𝑥 + 1 (top right), 𝜙(𝑥) = (𝑥6 + 𝑥5 − 𝑥4 + 𝑥3 −
𝑥2 + 𝑥 + 1)∕10 (bottom left), and 𝜙(𝑥) = 𝑥6 − 𝑥4 − 𝑥2 + 1 (bottom right). The uniform weight 𝑤(𝑥) = 1 on
[−1, 1] was used in all cases.

where 𝐽(𝑤) is the Jacobimatrix of the orthonormal OPs {𝑝𝑛(𝑤)}, which is defined as in (2.3)–(2.6) but
with 𝜙𝑤 replaced by𝑤. Furthermore, (1,𝑑) and (1,𝑑) commute, (1,𝑑) is symmetric and tridiagonal
and  (1,𝑑) is symmetric with bandwidths (𝑑, 𝑑).
For𝑚 = 2, (2,𝑑) and (2,𝑑) commute, (2,𝑑) is symmetric, block-tridiagonalwith diagonal blocks:

 (2,𝑑) =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

 (2,𝑑)
0,0

( (2,𝑑)
1,0

)⊤
 (2,𝑑)
1,0

 (2,𝑑)
1,1

( (2,𝑑)
2,1

)⊤
 (2,𝑑)
2,1

 (2,𝑑)
2,2

( (2,𝑑)
3,2

)⊤
⋱ ⋱ ⋱

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,
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FASONDINI et al. 381

F IGURE 2 Plots of log
10
of the entries of the connection matrices 𝐶(2,𝑑) for OPs on 𝑦2 = 𝜙(𝑥). The curves in

these examples are 𝜙 = (2 + 𝑥)(1 − 𝑥2)(5∕4 − 𝑥) (top left), 𝜙 = 𝜙7 ∶= (1.15 + 𝑥)(1.05 + 𝑥)(1 − 𝑥2)(1.1 − 𝑥)
(1.2 − 𝑥)(1.3 − 𝑥) (top right), 𝜙 = (1.25 + 𝑥)𝜙7 (bottom left), and 𝜙 = (1 − 𝑥2)(1.052 − 𝑥2)(1.12 − 𝑥2)(1.152 − 𝑥2)
(bottom right). The uniform weight 𝑤 = 1 on [−1, 1] was used in all cases.

where  (2,𝑑)
0,0

= (𝛼0(𝑤)) ∈ ℝ
1×1,  (2,𝑑)

1,0
= ( 𝛽0(𝑤) 0 )

⊤ ∈ ℝ2×1, and for 𝑛 ≥ 1

 (2,𝑑)𝑛,𝑛 =

(
𝛼𝑛(𝑤) 0

0 𝛼𝑛−1(𝜙𝑤)

)
,  (2,𝑑)

𝑛+1,𝑛
=

(
𝛽𝑛(𝑤) 0

0 𝛽𝑛−1(𝜙𝑤)

)
.

The matrix  (2,𝑑) is symmetric with block bandwidths (𝑑 − 1, 𝑑 − 1):

 (2,𝑑) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
( (2,𝑑)
1,0

)⊤
 (2,𝑑)
1,0

 (2,𝑑)
1,1

( (2,𝑑)
2,1

)⊤
⋯

( (2,𝑑)
𝑑,1

)⊤
 (2,𝑑)
2,1

 (2,𝑑)
2,2

⋯ ⋯
( (2,𝑑)
𝑑+1,2

)⊤
⋮ ⋱ ⋱ ⋱ ⋱ ⋱

 (2,𝑑)
𝑑,1

⋯ ⋯  (2,𝑑)
𝑑,𝑑

( (2,𝑑)
𝑑+1,𝑑

)⊤
⋯

( (2,𝑑)
2𝑑−1,𝑑

)⊤
⋱ ⋱ ⋱ ⋱ ⋱ ⋱ ⋱

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (5.11)
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382 FASONDINI et al.

where  (2,𝑑)
1,0

= ( 0 𝑟0,0 )
⊤,

 (2,𝑑)𝑛,𝑛 =

(
0 𝑟𝑛−1,𝑛

𝑟𝑛−1,𝑛 0

)
,  (2,𝑑)

𝑛+1,𝑛
=

(
0 𝑟𝑛−1,𝑛+1

𝑟𝑛,𝑛 0

)
, 𝑛 ≥ 1,

 (2,𝑑)
𝑛+𝑘,𝑛

=

(
0 𝑟𝑛−1,𝑛+𝑘

0 0

)
, 2 ≤ 𝑘 ≤ 𝑑 − 1, 𝑛 ≥ 1,

and the 𝑟𝑖,𝑗 are defined in (2.9).

Proof. Since 𝑥𝑘𝐏(𝑤) = 𝐏(𝑤)(𝐽(𝑤))𝑘, 𝑘 ≥ 0 and (𝐽(𝑤))𝑘 is symmetric with bandwidths (𝑘, 𝑘), it fol-
lows that 𝑦𝐏(𝑤) = 𝜙(𝑥)𝐏(𝑤) = 𝐏(𝑤)𝜙(𝐽(𝑤)), where 𝜙(𝐽(𝑤)) is symmetric with bandwidths (𝑑, 𝑑)
because 𝜙 is a polynomial of degree 𝑑. The result (5.10) then follows since 𝐏(1,𝑑) = 𝐏(𝑤).
The commutativity of (𝑚,𝑑) and (𝑚,𝑑) for𝑚 = 1, 2 follows immediately from their definitions

in (5.9) and the commutativity of multiplication by 𝑥 and 𝑦, 𝑥𝑦𝐏(𝑚,𝑑) = 𝑦𝑥𝐏(𝑚,𝑑).
The entries of  (2,𝑑) follow straightforwardly from (3.8) and the three-term recurrences of the

OP families {𝑝𝑛(𝑤)} and {𝑝𝑛(𝜙𝑤)}.
To construct  (2,𝑑), we first note from (3.8) and (2.7)–(2.8) that

𝑦𝑃
(2,𝑑)
𝑛,0

= 𝑟𝑛−𝑑,𝑛𝑃
(2,𝑑)

𝑛−𝑑+1,1
+⋯+ 𝑟𝑛,𝑛𝑃

(2,𝑑)
𝑛+1,1

, (5.12)

for 𝑛 ≥ 0, where 𝑟𝑖,𝑗 = 0 if 𝑖 < 0. Since 𝑦𝑃(2,𝑑)𝑛+1,1
= 𝑦2𝑝𝑛(𝜙𝑤)∕

√
2 = 𝜙𝑝𝑛(𝜙𝑤)∕

√
2, we can express

𝑦𝑃
(2,𝑑)
𝑛+1,1

in the 𝐏(2,𝑑) basis using the entries of the lowering matrix 𝐿 defined by

𝜙(𝑥)𝐏(𝜙𝑤) = 𝐏(𝑤)𝐿,

where (cf. (2.10))

𝐿 = ⟨𝐏(𝑤), 𝜙𝐏(𝜙𝑤)⟩𝑤 = ∫ 𝐏⊤(𝑤)𝐏(𝜙𝑤)𝜙𝑤d𝑥 = 𝑅⊤,

and therefore,

𝑦𝑃
(2,𝑑)
𝑛+1,1

= 𝑟𝑛,𝑛𝑃
(2,𝑑)
𝑛,0
+⋯ + 𝑟𝑛,𝑛+𝑑𝑃

(2,𝑑)

𝑛+𝑑,0
. (5.13)

The entries and structure of  (2,𝑑) then follow from (5.12) and (5.13). □

5.2 The Gram–Schmidt process viewed as a block Lanczos algorithm

Since the 𝑌(𝑚,𝑑)
𝑛,𝑘

are orthonormal OPs, the 𝕐(𝑚,𝑑)𝑛 satisfy three-term recurrences of the form 35

𝑥𝕐
(𝑚,𝑑)
𝑛 = 𝕐

(𝑚,𝑑)
𝑛−1

(
𝐵
(𝑚,𝑑)
𝑛−1,𝑥

)⊤
+ 𝕐

(𝑚,𝑑)
𝑛 𝐴

(𝑚,𝑑)
𝑛,𝑥 + 𝕐

(𝑚,𝑑)
𝑛+1
𝐵
(𝑚,𝑑)
𝑛,𝑥 , (5.14)
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FASONDINI et al. 383

and

𝑦𝕐
(𝑚,𝑑)
𝑛 = 𝕐

(𝑚,𝑑)
𝑛−1

(
𝐵
(𝑚,𝑑)
𝑛−1,𝑦

)⊤
+ 𝕐

(𝑚,𝑑)
𝑛 𝐴

(𝑚,𝑑)
𝑛,𝑦 + 𝕐

(𝑚,𝑑)
𝑛+1
𝐵
(𝑚,𝑑)
𝑛,𝑦 , (5.15)

for 𝑛 ≥ 0 with 𝕐−1 ∶= 0, where
𝐴
(𝑚,𝑑)
𝑛,𝑥 =

⟨
𝕐
(𝑚,𝑑)
𝑛 , 𝑥𝕐

(𝑚,𝑑)
𝑛

⟩
𝛾𝑚,𝑑,𝑤

, 𝐵
(𝑚,𝑑)
𝑛,𝑥 =

⟨
𝕐
(𝑚,𝑑)
𝑛+1
, 𝑥𝕐

(𝑚,𝑑)
𝑛

⟩
𝛾𝑚,𝑑,𝑤

, (5.16)

and 𝐴(𝑚,𝑑)𝑛,𝑦 , 𝐵(𝑚,𝑑)𝑛,𝑦 are defined similarly. Hence, 𝐴(𝑚,𝑑)𝑛,𝑥 , 𝐴
(𝑚,𝑑)
𝑛,𝑦 ∈ ℝdim𝑛×dim𝑛 , 𝐵(𝑚,𝑑)𝑛,𝑥 , 𝐵

(𝑚,𝑑)
𝑛,𝑦 ∈

ℝdim𝑛+1×dim𝑛 , and 𝐴(𝑚,𝑑)𝑛,𝑥 and 𝐴(𝑚,𝑑)𝑛,𝑦 are symmetric. In quasi-matrix notation, the recurrences
(5.14) and (5.15) can be expressed as

𝑥𝐘(𝑚,𝑑) = 𝐘(𝑚,𝑑)𝐽
(𝑚,𝑑)
𝑥 , 𝑦𝐘(𝑚,𝑑) = 𝐘(𝑚,𝑑)𝐽

(𝑚,𝑑)
𝑦 ,

where 𝐽(𝑚,𝑑)𝑥 and 𝐽(𝑚,𝑑)𝑦 are the symmetric, commuting, block-tridiagonal Jacobi matrices of the
OPs 𝐘(𝑚,𝑑).
To express the recurrences (5.14) and (5.15) in the 𝐏(𝑚,𝑑) bases, we write the connection matrix

in block form

𝐶(𝑚,𝑑) =
(
ℂ
(𝑚,𝑑)
0

ℂ
(𝑚,𝑑)
1

ℂ
(𝑚,𝑑)
2

⋯
)
, (5.17)

where ℂ(𝑚,𝑑)𝑛 ∈ ℝ∞×dim𝑛 , then

𝕐
(𝑚,𝑑)
𝑛 = 𝐏(𝑚,𝑑)ℂ

(𝑚,𝑑)
𝑛 . (5.18)

Proposition 5.3. The Jacobimatrices of the OPs𝐘(𝑚,𝑑) and themultiplicationmatrices of the𝐏(𝑚,𝑑)
bases are related as follows:

𝐽
(𝑚,𝑑)
𝑥 =

(
𝐶(𝑚,𝑑)

)⊤ (𝑚,𝑑)𝐶(𝑚,𝑑), 𝐽
(𝑚,𝑑)
𝑦 =

(
𝐶(𝑚,𝑑)

)⊤ (𝑚,𝑑)𝐶(𝑚,𝑑), 𝑚 = 1, 2. (5.19)

Furthermore, the ℂ(𝑚,𝑑)𝑛 satisfy the recurrence relations

 (𝑚,𝑑)ℂ(𝑚,𝑑)𝑛 = ℂ
(𝑚,𝑑)
𝑛−1

(
𝐵
(𝑚,𝑑)
𝑛−1,𝑥

)⊤
+ ℂ

(𝑚,𝑑)
𝑛 𝐴

(𝑚,𝑑)
𝑛,𝑥 + ℂ

(𝑚,𝑑)
𝑛+1
𝐵
(𝑚,𝑑)
𝑛,𝑥 , (5.20)

and

 (𝑚,𝑑)ℂ(𝑚,𝑑)𝑛 = ℂ
(𝑚,𝑑)
𝑛−1

(
𝐵
(𝑚,𝑑)
𝑛−1,𝑦

)⊤
+ ℂ

(𝑚,𝑑)
𝑛 𝐴

(𝑚,𝑑)
𝑛,𝑦 + ℂ

(𝑚,𝑑)
𝑛+1
𝐵
(𝑚,𝑑)
𝑛,𝑦 . (5.21)

Proof. Since 𝑥𝐘(𝑚,𝑑) = 𝑥𝐏(𝑚,𝑑)𝐶(𝑚,𝑑) = 𝐏(𝑚,𝑑) (𝑚,𝑑)𝐶(𝑚,𝑑), we have that
𝐽
(𝑚,𝑑)
𝑥 = ⟨𝐘(𝑚,𝑑), 𝑥𝐘(𝑚,𝑑)⟩𝛾𝑚,𝑑,𝑤 =(
𝐶(𝑚,𝑑)

)⊤⟨𝐏(𝑚,𝑑), 𝐏(𝑚,𝑑)⟩𝛾𝑚,𝑑,𝑤 (𝑚,𝑑)𝐶(𝑚,𝑑) = (
𝐶(𝑚,𝑑)

)⊤ (𝑚,𝑑)𝐶(𝑚,𝑑),
for𝑚 = 1, 2.
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384 FASONDINI et al.

Using (5.18) and setting 𝑥𝕐(𝑚,𝑑)𝑛 = 𝐏(𝑚,𝑑) (𝑚,𝑑)ℂ(𝑚,𝑑)𝑛 in (5.14), we arrive at (5.20) and (5.21) can
be derived similarly. □

The standard Stieltjes method for computing OPs and their recurrence coefficients uses a dis-
cretized quadrature rule to compute the required inner products, see Ref. 32, 36. Hence, the
(discretized) OPs need to be evaluated at a discrete set of points. By contrast, we compute OPs
in “coefficient space” (as opposed to “function-value space,” as is done in the standard approach)
via (5.20) and (5.21) to generate subsequent blocks of the connection matrices. Computation of
the inner products (5.16) is accomplished via

𝐵
(𝑚,𝑑)
𝑛−1,𝑥

=
(
ℂ
(𝑚,𝑑)
𝑛

)⊤ (𝑚,𝑑)ℂ(𝑚,𝑑)
𝑛−1
, 𝐴

(𝑚,𝑑)
𝑛,𝑥 =

(
ℂ
(𝑚,𝑑)
𝑛

)⊤ (𝑚,𝑑)ℂ(𝑚,𝑑)𝑛 , (5.22)

which follows from (5.16) and (5.18). The inner products required for 𝐵(𝑚,𝑑)
𝑛−1,𝑦

and 𝐴(𝑚,𝑑)𝑛,𝑦 are com-
puted similarly. Hence, once we have the multiplication matrices  (𝑚,𝑑) and  (𝑚,𝑑) (which are
built from the Jacobi matrices 𝐽(𝑤), 𝐽(𝜙𝑤) and the raising matrix 𝑅), we compute inner products
via only finite matrix multiplications, with no need for quadrature of the evaluation of OPs.
Since 𝐽(𝑚,𝑑)𝑥 and 𝐽(𝑚,𝑑)𝑦 are symmetric, block-tridiagonal matrices, we note from (5.19) that

the connection matrices simultaneously block-tridiagonalize the symmetric, commuting matri-
ces  (𝑚,𝑑) and  (𝑚,𝑑) via orthogonal similarity transformations. Hence, our approach, which
is essentially the Gram–Schmidt process applied in coefficient space to OPs in the 𝐏(𝑚,𝑑) bases
via the connection coefficients, can be viewed as the Lanczos procedure37 applied to  (𝑚,𝑑)
and  (𝑚,𝑑).

5.3 Construction of the initial columns of the connection matrices

Let 𝒆𝑘 be defined as in (2.11) and let 𝐂
(𝑚,𝑑)
𝑗

denote column 𝑗 of the connection matrix 𝐶(𝑚,𝑑), with
𝑗 ≥ 0.
Proposition 5.4. The first few columns of the connection matrices are given by

ℂ
(1,𝑑)
0
= 𝐂

(1,𝑑)
0
= 𝒆0, ℂ

(1,𝑑)
1
=
(
𝒆1 𝐂

(1,𝑑)
2

)
, (5.23)

and for𝑚 = 2,

ℂ
(2,𝑑)
0
= 𝒆0, ℂ

(2,𝑑)
1
=
(
𝒆1 𝒆2

)
, ℂ

(2,𝑑)
2
=
(
𝒆3 𝒆4 𝐂

(2,𝑑)
5

)
, (5.24)

where

𝐂
(1,𝑑)
2
=
1

𝑏
0,𝑦
2,1

( (1,𝑑)
2,0
𝒆2 +⋯+  (1,𝑑)

𝑑,0
𝒆𝑑

)
,

(
𝑏
0,𝑦
2,1

)2
=
( (1,𝑑)
2,0

)2
+⋯+

( (1,𝑑)
𝑑,0

)2
, (5.25)

𝐂
(2,𝑑)
5 =

1

𝑏
1,𝑦
3,2

(
𝑟0,3𝒆5 +⋯+ 𝑟0,𝑑𝒆2𝑑−1

)
,

(
𝑏
1,𝑦
3,2

)2
= 𝑟2

0,3
+⋯ + 𝑟2

0,𝑑
, (5.26)
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FASONDINI et al. 385

and  (1,𝑑)
𝑖,𝑗

, 𝑖, 𝑗 ≥ 0, denotes the (𝑖, 𝑗) entry of  (1,𝑑) (defined in (5.10)). Furthermore, the first few
block entries of the Jacobi matrices 𝐽(𝑚,𝑑)𝑥 and 𝐽(𝑚,𝑑)𝑦 are given by (see (5.14)–(5.15))

𝐴
(1,𝑑)
0,𝑥

=
(
 (1,𝑑)
0,0

)
, 𝐵

(1,𝑑)
0,𝑥

=
(
 (1,𝑑)
1,0

0
)⊤
, (5.27)

𝐴
(1,𝑑)
0,𝑦

=
(
 (1,𝑑)
0,0

)
, 𝐵

(1,𝑑)
0,𝑦

=
(
 (1,𝑑)
1,0

𝑏
0,𝑦
2,1

)⊤
, (5.28)

and for𝑚 = 2,

𝐴
(2,𝑑)
0,𝑥

=  (2,𝑑)
0,0
, 𝐵

(2,𝑑)
0,𝑥

=  (2,𝑑)
1,0
, 𝐴

(2,𝑑)
1,𝑥

=  (2,𝑑)
1,1
, 𝐵

(2,𝑑)
1,𝑥

=

(
 (2,𝑑)
2,1

0

0

)⊤
, (5.29)

and

𝐴
(2,𝑑)
0,𝑦

=
(
0
)
, 𝐵

(2,𝑑)
0,𝑦

=  (2,𝑑)
1,0
, 𝐴

(2,𝑑)
1,𝑦

=  (2,𝑑)
1,1
, 𝐵

(2,𝑑)
1,𝑦

=

(
 (2,𝑑)
2,1

0

𝑏
1,𝑦
3,2

)⊤
. (5.30)

Proof. The first few columns of 𝐶(𝑚,𝑑) as well as the matrices (5.27)–(5.30) follow from (5.1), (5.2),
and (5.16). We shall obtain 𝐂(1,𝑑)

2
, 𝐂(2,𝑑)5 and the entries 𝑏0,𝑦

2,1
and 𝑏1,𝑦

3,2
by constructing, respectively,

𝑌
(1,𝑑)
1,2

and 𝑌(2,𝑑)
2,3

.
The recurrences (5.15) and (5.28) imply

𝑦𝑌
(1,𝑑)
0,1

=  (1,𝑑)
0,0
𝑌
(1,𝑑)
0,1
+  (1,𝑑)

1,0
𝑌
(1,𝑑)
1,1
+ 𝑏

0,𝑦
2,1
𝑌
(1,𝑑)
1,2
,

on the other hand, using the multiplication matrix  (1,𝑑) in (5.10),
𝑦𝑌
(1,𝑑)
0,1

= 𝜙(𝑥)𝑃
(1,𝑑)
0,1

=  (1,𝑑)
0,0
𝑃
(1,𝑑)
0,0
+⋯ +  (1,𝑑)

𝑑,0
𝑃
(1,𝑑)

𝑑,0

=  (1,𝑑)
0,0
𝑌
(1,𝑑)
0,1
+  (1,𝑑)

1,0
𝑌
(1,𝑑)
1,1
+  (1,𝑑)

2,0
𝑃
(1,𝑑)
2,0
+⋯ +  (1,𝑑)

𝑑,0
𝑃
(1,𝑑)

𝑑,0
,

comparing these two expressions, we have that

𝑌
(1,𝑑)
1,2

=
1

𝑏
0,𝑦
2,1

( (1,𝑑)
2,0
𝑃
(1,𝑑)
2,0
+⋯ +  (1,𝑑)

𝑑,0
𝑃
(1,𝑑)

𝑑,0

)
= 𝐏(1,𝑑)𝐂

(1,𝑑)
2
,

from which (5.25) follows and the expression for 𝑏0,𝑦
2,1

follows from the requirement that‖𝑌(1,𝑑)
1,2

‖2𝛾1,𝑑,𝑤 = ⟨𝑌(1,𝑑)
1,2
, 𝑌
(1,𝑑)
1,2

⟩
𝛾1,𝑑,𝑤

= 1, which implies that

⟨𝑌(1,𝑑)
1,2
, 𝑌
(1,𝑑)
1,2

⟩
𝛾1,𝑑,𝑤

= ⟨𝐏(1,𝑑)𝐂(1,𝑑)
2
, 𝐏(1,𝑑)𝐂

(1,𝑑)
2

⟩
𝛾1,𝑑,𝑤

=
(
𝐂
(1,𝑑)
2

)⊤
𝐂
(1,𝑑)
2
= 1;

𝐂
(1,𝑑)
5 and 𝑏1,𝑦

3,2
can be derived similarly by using (5.30) and (5.13). □
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386 FASONDINI et al.

Note from (5.25)–(5.26) that the entries 𝑏0,𝑦
2,1

and 𝑏1,𝑦
3,2
, whose values are determined by the nor-

malization of the OPs, are unique up to a choice of sign. Throughout, we shall let entries that arise
from normalization be positive.

5.4 Sequences of orthogonalization for the subsequent columns of
the connection matrices

We now consider the sequence of multiplications by 𝑥 and 𝑦 to be used for constructing the OPs.
We first note that different sequences of multiplication can result in different Jacobi matrices
𝐽
(𝑚,𝑑)
𝑥 , 𝐽(𝑚,𝑑)𝑦 and connection matrices 𝐶(𝑚,𝑑). For example, suppose𝑚 = 1, we set 𝑌(1,𝑑)

0,1
= 𝑃

(1,𝑑)
0,0

,
first multiply by 𝑦 and orthogonalize to obtain 𝑌(1,𝑑)

1,1
, and then, multiply by 𝑥 and orthogonalize

to obtain 𝑌(1,𝑑)
1,2

, then, cf. (5.27) and (5.28),

𝐴
(1,𝑑)
0,𝑦

=
(
 (1,𝑑)
0,0

)
, 𝐵

(1,𝑑)
0,𝑦

=
(
𝑏
0,𝑦
1,1
0
)⊤
,

𝐴
(1,𝑑)
0,𝑥

=
(
 (1,𝑑)
0,0

)
, 𝐵

(1,𝑑)
0,𝑥

=
(
𝑏
0,𝑥
1,1
𝑏
0,𝑥
2,1

)⊤
,

and

𝑌
(1,𝑑)
1,1

=
1

𝑏
0,𝑦
1,1

( (1,𝑑)
1,0
𝑃
(1,𝑑)
1,0
+⋯ +  (1,𝑑)

𝑑,0
𝑃
(1,𝑑)

𝑑,0

)
= 𝐏(1,𝑑)𝐂

(1,𝑑)
1
,

where

(
𝑏
0,𝑦
1,1

)2
=
( (1,𝑑)
1,0

)2
+⋯+

( (1,𝑑)
𝑑,0

)2
, 𝑏
0,𝑥
1,1
= ⟨𝑥𝑌(1,𝑑)

0,1
, 𝑌
(1,𝑑)
1,1

⟩
𝛾1,𝑑,𝑤

=
 (1,𝑑)
1,0

 (1,𝑑)
1,0

𝑏
0,𝑦
1,1

,

and there are (generally nonzero) constants 𝐶(1,𝑑)
1,2
, … , 𝐶

(1,𝑑)

𝑑,2
such that

𝑌
(1,𝑑)
1,2

=
1

𝑏
0,𝑥
2,1

(
𝑥𝑌
(1,𝑑)
0,1
−  (1,𝑑)

0,0
𝑌
(1,𝑑)
0,1
− 𝑏

0,𝑥
1,1
𝑌
(1,𝑑)
1,1

)
= 𝐶

(1,𝑑)
1,2
𝑃
(1,𝑑)
1,0
+⋯ + 𝐶

(1,𝑑)

𝑑,2
𝑃
(1,𝑑)

𝑑,0
= 𝐏(1,𝑑)𝐂

(1,𝑑)
2
.

Hence (cf. (5.23) and (5.25)), ℂ(1,𝑑)
0
= 𝒆0 and ℂ

(1,𝑑)
1
= (𝐂

(1,𝑑)
1

𝐂
(1,𝑑)
2
), where

𝐂
(1,𝑑)
1
=
1

𝑏
0,𝑦
1,1

( (1,𝑑)
1,0
𝒆1 +⋯+  (1,𝑑)

𝑑,0
𝒆𝑑

)
, 𝐂

(1,𝑑)
2
= 𝐶

(1,𝑑)
1,2
𝒆1 +⋯+ 𝐶

(1,𝑑)

𝑑,2
𝒆𝑑.

This illustrates that the blockℂ(1,𝑑)
1

in (5.23), obtained by first multiplying by 𝑥 and orthogonaliz-
ing, is sparser (has fewer nonzero elements) than the one obtained by first multiplying by 𝑦. The
same conclusion holds true for the case𝑚 = 2.
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FASONDINI et al. 387

For ease of reference, we restate the monomial basis of degree 𝑛 (given in (3.4) and (3.6)) on the
curves considered in this section:

𝑛(𝛾𝑚,𝑑) = {
𝑥𝑛−𝑘𝑦𝑘

}𝑛
𝑘=0
, 0 ≤ 𝑛 ≤ 𝑑 − 1, 𝑛(𝛾𝑚,𝑑) = {

𝑥𝑑−𝑘𝑦𝑛+𝑘−𝑑
}𝑑
𝑘=1
, 𝑛 ≥ 𝑑. (5.31)

To ensure theOPs span the same space as themonomial basis and in light of the example above, to
construct 𝕐(𝑚,𝑑)

𝑛+1
for 𝑛 ≤ 𝑑 − 2, we first multiply by 𝑥 (and orthogonalize) and then multiply by 𝑦.

That is,𝑌(𝑚,𝑑)
𝑛+1,𝑘

, 𝑘 = 1,… , 𝑛 + 1, are generated by orthogonalizing 𝑥𝑌(𝑚,𝑑)
𝑛,𝑘

and𝑌(𝑚,𝑑)
𝑛+1,𝑛+2

is found by

orthogonalizing 𝑦𝑌(𝑚,𝑑)
𝑛,𝑛+1

. We refer to this sequence as the primary sequence of orthogonalization.
This implies that for 0 ≤ 𝑛 ≤ 𝑑 − 1, the expansions of the OPs in the monomial basis (5.31) take
the form

𝑌
(𝑚,𝑑)

𝑛,𝑘
= 𝛼

(𝑛)

𝑘,𝑘
𝑥𝑛−𝑘+1𝑦𝑘−1 +⋯+ 𝛼

(𝑛)

1,𝑘
𝑥𝑛−1𝑦 + 𝛼

(𝑛)

0,𝑘
𝑥𝑛 + (𝑥𝓁1𝑦𝓁2), 0 ≤ 𝓁1 + 𝓁2 < 𝑛, (5.32)

for 𝑘 = 1,… , 𝑛 + 1, with𝛼(𝑛)
𝑘,𝑘

≠ 0, andwhere(𝑥𝓁1𝑦𝓁2) represents the remainder of themonomial
expansion, which consists of terms of degree less than 𝑛 (hence 𝓁1 + 𝓁2 < 𝑛).
Hence, for the 𝑌(𝑚,𝑑)

𝑛,𝑘
generated via the primary sequence of orthogonalization, it follows from

(5.31) that deg𝛾𝑚,𝑑 (𝑌
(𝑚,𝑑)

𝑛,𝑘
) = 𝑛.

To generate 𝕐(𝑚,𝑑)
𝑑

, we note that 𝑌(𝑚,𝑑)
𝑑,1

cannot be constructed by orthogonalizing 𝑥𝑌(𝑚,𝑑)
𝑑−1,1

because 𝑥𝑌(𝑚,𝑑)
𝑑−1,1

has degree less than 𝑑 on 𝛾𝑚,𝑑. This is because its monomial expansion is

𝑥𝑌
(𝑚,𝑑)

𝑑−1,1
= 𝛼

(𝑑−1)
0,1

𝑥𝑑 + (𝑥𝓁1𝑦𝓁2)with 𝓁1 + 𝓁2 < 𝑑 and since 𝑦 = 𝜙 (if𝑚 = 1) or 𝑦2 = 𝜙 (if𝑚 = 2),
with 𝜙 = 𝑐𝑑𝑥𝑑 +⋯+ 𝑐1𝑥 + 𝑐0, 𝑐𝑑 ≠ 0, deg𝛾𝑚,𝑑 (𝑥𝑑) = deg𝛾𝑚,𝑑 (𝑥𝑌(𝑚,𝑑)𝑑−1,1

) < 𝑑. However, 𝕐(𝑚,𝑑)
𝑑

(or,

more generally, 𝕐(𝑚,𝑑)𝑛 ) can be constructed by orthogonalizing 𝑥𝑌(𝑚,𝑑)
𝑛−1,𝑘

, 𝑘 = 2,… , 𝑑, and then

𝑦𝑌
(𝑚,𝑑)

𝑛−1,𝑑
for 𝑛 ≥ 𝑑 because these polynomials are linearly independent and it follows from (5.31)

that deg𝛾𝑚,𝑑 (𝑦𝑌
(𝑚,𝑑)

𝑛−1,𝑑
) = deg𝛾𝑚,𝑑

(𝑥𝑌
(𝑚,𝑑)

𝑛−1,𝑘
) = 𝑛, 𝑘 = 2,… , 𝑑. Alternatively, and for the same rea-

sons, we can orthogonalize 𝑦𝑌(𝑚,𝑑)
𝑛−1,𝑘

, 𝑘 = 1,… , 𝑑 to construct𝕐(𝑚,𝑑)𝑛 , 𝑛 ≥ 𝑑. It can be verified (using
the commutativity of multiplication by 𝑥 and 𝑦 and applying the Gram–Schmidt procedure to the
monomial basis) that both these sequences yield the same OP basis. Hence, we refer to either of
these sequences as the secondary sequence of orthogonalization. This implies that for 𝑛 ≥ 𝑑, the
monomial expansions of the OPs are

𝑌
(𝑚,𝑑)

𝑛,𝑘
= 𝛼

(𝑛)

𝑘,𝑘
𝑥𝑑−𝑘𝑦𝑛−𝑑+𝑘 +⋯+ 𝛼

(𝑛)

2,𝑘
𝑥𝑑−2𝑦𝑛−𝑑+2 + 𝛼

(𝑛)

1,𝑘
𝑥𝑑−1𝑦𝑛−𝑑+1 + (𝑥𝓁1𝑦𝓁2), (5.33)

for 𝑘 = 1,… , 𝑑, with 𝛼(𝑛)
𝑘,𝑘

≠ 0, and where 𝓁1 + 𝓁2 < 𝑛.
To summarize: the𝑌(𝑚,𝑑)

𝑛,𝑘
generated via the primary and secondary sequences of orthogonaliza-

tion span the same space as the monomial basis (5.31) on the curve 𝛾𝑚,𝑑 and deg𝛾𝑚,𝑑 (𝑌
(𝑚,𝑑)

𝑛,𝑘
) = 𝑛.

Since the 𝑌(𝑚,𝑑)
𝑛,𝑘

thus generated are orthogonal by construction, they are (orthonormal) OPs on

𝛾𝑚,𝑑 with respect to ⟨⋅, ⋅⟩𝛾𝑚,𝑑,𝑤. The𝕐(𝑚,𝑑)𝑛 constructed in thismanner are in𝑛 (the space of bivari-
ate OPs of degree 𝑛 with respect to ⟨⋅, ⋅⟩𝛾𝑚,𝑑,𝑤) but note that if  ∈ ℝ𝑑×𝑑 is an orthogonal matrix,
then 𝕐(𝑚,𝑑)𝑛  (for 𝑛 ≥ 𝑑 − 1) are also in 𝑛 since ⟨𝕐(𝑚,𝑑)𝑛 , 𝕐(𝑚,𝑑)𝑛 ⟩

𝛾𝑚,𝑑,𝑤
= 𝐼 ∈ ℝ𝑑×𝑑.
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388 FASONDINI et al.

We now describe the computation of the connection coefficients and the structure of the
connection matrices (examples of which are shown in Figures 1 and 2) in more detail.

5.5 Recursive formulae for the connection coefficients

Let𝐶(𝑚,𝑑)𝑟,𝑐 , 𝑟, 𝑐 ≥ 0 denote the entries of the connectionmatrix. We introduce themap 𝓁 = 𝓁(𝑛, 𝑘),
from the indices (𝑛, 𝑘) of the OP 𝑌(𝑚,𝑑)

𝑛,𝑘
for𝑚 = 1, 2 to the column index of the quasi-matrix

𝐘(𝑚,𝑑) =
(
𝑌
(𝑚,𝑑)
0,1

𝑌
(𝑚,𝑑)
1,1

𝑌
(𝑚,𝑑)
1,2

⋯
)
.

The OP 𝑌(𝑚,𝑑)
0,1

is in column 0 of 𝐘(𝑚,𝑑), 𝑌(𝑚,𝑑)
1,1

is in column 1 of 𝐘(𝑚,𝑑), and so on. Hence,

𝓁(𝑛, 𝑘) =

𝑛−1∑
𝓁=0

dim𝓁 + 𝑘 − 1 =
⎧⎪⎨⎪⎩
𝑛(𝑛 + 1)

2
+ 𝑘 − 1, 0 ≤ 𝑛 ≤ 𝑑 − 1, 1 ≤ 𝑘 ≤ 𝑛 + 1

𝑑𝑛 −
𝑑(𝑑 − 1)

2
+ 𝑘 − 1, 𝑛 ≥ 𝑑, 1 ≤ 𝑘 ≤ 𝑑

,

(5.34)

where dim𝓁 = min{𝓁 + 1, 𝑑}. Let 𝐂(𝑚,𝑑)𝓁(𝑛,𝑘)
∈ ℝ∞×1 denote column number 𝓁(𝑛, 𝑘) ≥ 0 of the

connection matrix 𝐶(𝑚,𝑑), then since 𝐘(𝑚,𝑑) = 𝐏(𝑚,𝑑)𝐶(𝑚,𝑑), we have that

𝑌
(𝑚,𝑑)

𝑛,𝑘
= 𝐏(𝑚,𝑑)𝐂

(𝑚,𝑑)

𝓁(𝑛,𝑘)
, (5.35)

which expresses (3.9)–(3.10) in quasi-matrix notation. For 𝑚 = 1, it follows from (3.9) and the
orthogonality of the 𝑃(1,𝑑)

𝑘,0
polynomials with respect to ⟨⋅, ⋅⟩𝛾1,𝑑,𝑤 that
𝐶
(1,𝑑)

𝑟,𝓁(𝑛,𝑘)
=
⟨
𝑌
(1,𝑑)

𝑛,𝑘
, 𝑃
(1,𝑑)
𝑟,0

⟩
𝛾1,𝑑,𝑤

, 𝑟 ≥ 0, (5.36)

and similarly, for 𝑚 = 2, (3.10) and the orthogonality of the 𝑃(2,𝑑)
𝑘,0

, 𝑘 ≥ 0 and 𝑃(2,𝑑)
𝑘,1

, 𝑘 ≥ 1
polynomials imply that 𝐶(2,𝑑)

0,0
= ⟨𝑌(2,𝑑)

0,1
, 𝑃
(2,𝑑)
0,0

⟩
𝛾2,𝑑,𝑤

and

𝐶
(2,𝑑)

2𝑟−1,𝓁(𝑛,𝑘)
=
⟨
𝑌
(2,𝑑)

𝑛,𝑘
, 𝑃
(2,𝑑)
𝑟,0

⟩
𝛾2,𝑑,𝑤

, 𝐶
(2,𝑑)

2𝑟,𝓁(𝑛,𝑘)
=
⟨
𝑌
(2,𝑑)

𝑛,𝑘
, 𝑃
(2,𝑑)
𝑟,1

⟩
𝛾2,𝑑,𝑤

, 𝑟 ≥ 1. (5.37)

Let 𝑎𝑛,𝑥
𝑖,𝑗

for 𝑖, 𝑗 ≥ 1 denote an entry of𝐴(1,𝑑)𝑛,𝑥 or𝐴(2,𝑑)𝑛,𝑥 , where it should be clear from the context

whether𝑚 = 1 or𝑚 = 2, and similarly, 𝑏𝑛,𝑥
𝑖,𝑗

denotes an entry of 𝐵(1,𝑑)𝑛,𝑥 or 𝐵(2,𝑑)𝑛,𝑥 . Likewise, 𝑎𝑛,𝑦
𝑖,𝑗

and

𝑏
𝑛,𝑦

𝑖,𝑗
denote entries of, respectively, 𝐴(1,𝑑)𝑛,𝑦 or 𝐴(2,𝑑)𝑛,𝑦 and 𝐵(1,𝑑)𝑛,𝑦 or 𝐵(2,𝑑)𝑛,𝑦 .

Using the known initial columns of the connection matrices given in Proposition 5.4, we can
recursively compute entries in the subsequent columns using the results in Propositions 5.5, A.1,
5.6, and B.1
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FASONDINI et al. 389

Proposition 5.5. For𝑚 = 1, the connection coefficients satisfy the following equations: suppose first
that 0 ≤ 𝑛 ≤ 𝑑 − 2, then for 𝑘 = 1,… , 𝑛 + 1

𝑏
𝑛,𝑥
𝑘,𝑘
𝐶
(1,𝑑)

𝑗,𝓁(𝑛+1,𝑘)
=

𝑗+1∑
𝑟=𝑗−1

 (1,𝑑)
𝑟,𝑗
𝐶
(1,𝑑)

𝑟,𝓁(𝑛,𝑘)
−

𝑛∑
𝑟=𝑘

𝑏
𝑛−1,𝑥
𝑘,𝑟

𝐶
(1,𝑑)

𝑗,𝓁(𝑛−1,𝑟)
(5.38)

−

𝑛+1∑
𝑟=1

𝑎
𝑛,𝑥
𝑟,𝑘
𝐶
(1,𝑑)

𝑗,𝓁(𝑛,𝑟)
−

𝑘−1∑
𝑟=1

𝑏
𝑛,𝑥
𝑟,𝑘
𝐶
(1,𝑑)

𝑗,𝓁(𝑛+1,𝑟)
,

and we obtain the column 𝐂(1,𝑑)
𝓁(𝑛+1,𝑛+2)

from

𝑏
𝑛,𝑦
𝑛+2,𝑛+1

𝐶
(1,𝑑)

𝑗,𝓁(𝑛+1,𝑛+2)
=

𝑗+𝑑∑
𝑟=𝑗−𝑑

 (1,𝑑)
𝑟,𝑗
𝐶
(1,𝑑)

𝑟,𝓁(𝑛,𝑛+1)
− 𝑏

𝑛−1,𝑦
𝑛+1,𝑛

𝐶
(1,𝑑)

𝑗,𝓁(𝑛−1,𝑛)
(5.39)

−

𝑛+1∑
𝑟=1

𝑎
𝑛,𝑦
𝑟,𝑛+1

𝐶
(1,𝑑)

𝑗,𝓁(𝑛,𝑟)
−

𝑛+1∑
𝑟=1

𝑏
𝑛,𝑦
𝑟,𝑛+1

𝐶
(1,𝑑)

𝑗,𝓁(𝑛+1,𝑟)
;

the entries of 𝐂(1,𝑑)
𝓁(𝑑,𝑘)

for 𝑘 = 1,… , 𝑑 follow from

𝑏
𝑑−1,𝑦

𝑘,𝑘
𝐶
(1,𝑑)

𝑗,𝓁(𝑑,𝑘)
=

𝑗+𝑑∑
𝑟=𝑗−𝑑

 (1,𝑑)
𝑟,𝑗
𝐶
(1,𝑑)

𝑟,𝓁(𝑑−1,𝑘)
−

𝑑−1∑
𝑟=max{𝑘−1,1}

𝑏
𝑑−2,𝑦

𝑘,𝑟
𝐶
(1,𝑑)

𝑗,𝓁(𝑑−2,𝑟)
(5.40)

−

𝑑∑
𝑟=1

𝑎
𝑑−1,𝑦

𝑟,𝑘
𝐶
(1,𝑑)

𝑗,𝓁(𝑑−1,𝑟)
−

𝑘−1∑
𝑟=1

𝑏
𝑑−1,𝑦

𝑟,𝑘
𝐶
(1,𝑑)

𝑗,𝓁(𝑑,𝑟)

and for 𝑛 ≥ 𝑑, we compute 𝐂(1,𝑑)
𝓁(𝑛+1,𝑘)

for 𝑘 = 1,… , 𝑑 using

𝑏
𝑛,𝑦

𝑘,𝑘
𝐶
(1,𝑑)

𝑗,𝓁(𝑛+1,𝑘)
=

𝑗+𝑑∑
𝑟=𝑗−𝑑

 (1,𝑑)
𝑟,𝑗
𝐶
(1,𝑑)

𝑟,𝓁(𝑛,𝑘)
−

𝑑∑
𝑟=𝑘

𝑏
𝑛−1,𝑦

𝑘,𝑟
𝐶
(1,𝑑)

𝑗,𝓁(𝑛−1,𝑟)
(5.41)

−

𝑑∑
𝑟=1

𝑎
𝑛,𝑦

𝑟,𝑘
𝐶
(1,𝑑)

𝑗,𝓁(𝑛,𝑟)
−

𝑘−1∑
𝑟=1

𝑏
𝑛,𝑦

𝑟,𝑘
𝐶
(1,𝑑)

𝑗,𝓁(𝑛+1,𝑟)
. (5.42)

The coefficients 𝑏𝑛,𝑥
𝑘,𝑘
, 𝑏𝑛,𝑦
𝑛+2,𝑛+1

, 𝑏𝑑−1,𝑦
𝑘,𝑘

, and 𝑏𝑛,𝑦
𝑘,𝑘

on the left-hand sides of, respectively, (5.38)–(5.41)
are determined by the requirement that the OPs have unit norm, for example, in (5.38), we require
(𝐂
(1,𝑑)

𝓁(𝑛+1,𝑘)
)⊤𝐂

(1,𝑑)

𝓁(𝑛+1,𝑘)
= 1 = ⟨𝑌(1,𝑑)

𝑛+1,𝑘
, 𝑌
(1,𝑑)

𝑛+1,𝑘
⟩
𝛾1,𝑑,𝑤

.

Proof. It follows from the definition (5.16) that𝐴(1,𝑑)𝑛,𝑥 and𝐴(1,𝑑)𝑛,𝑦 are dense symmetric matrices, for
example,

𝐴
(1,𝑑)
𝑛,𝑥 =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

𝑎
𝑛,𝑥
1,1

𝑎
𝑛,𝑥
2,1

𝑎
𝑛,𝑥
3,1
⋯ 𝑎

𝑛,𝑥
dim𝑛,1

𝑎
𝑛,𝑥
2,1

𝑎
𝑛,𝑥
2,2

𝑎
𝑛,𝑥
3,2
⋯ 𝑎

𝑛,𝑥
dim𝑛,2

𝑎
𝑛,𝑥
3,1

𝑎
𝑛,𝑥
3,2

𝑎
𝑛,𝑥
3,3
⋯ 𝑎

𝑛,𝑥
dim𝑛,3

⋮ ⋱ ⋱ ⋱ ⋮

𝑎
𝑛,𝑥
dim𝑛,1 𝑎

𝑛,𝑥
dim𝑛,2 ⋯ ⋯ 𝑎

𝑛,𝑥
dim𝑛,dim𝑛

⎞⎟⎟⎟⎟⎟⎟⎟⎠
∈ ℝdim𝑛×dim𝑛 , (5.43)

 14679590, 2023, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/sapm

.12582 by Im
perial C

ollege L
ondon, W

iley O
nline L

ibrary on [02/08/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



390 FASONDINI et al.

where dim𝑛 = dim𝑛(𝛾1,𝑑, 𝑤) = 𝑛 + 1 for 0 ≤ 𝑛 ≤ 𝑑 − 1 and dim𝑛 = 𝑑 for 𝑛 ≥ 𝑑. The three-
term recurrences (5.14)–(5.15) and the monomial expansion (5.32) imply that for 0 ≤ 𝑛 ≤ 𝑑 − 2:

𝑥𝑌
(1,𝑑)

𝑛,𝑘
∈ span

{
𝕐
(1,𝑑)
𝑛−1
, 𝕐
(1,𝑑)
𝑛 , 𝑌

(1,𝑑)
𝑛+1,1

, … , 𝑌
(1,𝑑)

𝑛+1,𝑘

}
, 1 ≤ 𝑘 ≤ 𝑛 + 1,

and

𝑦𝑌
(1,𝑑)

𝑛,𝑘
∈ span

{
𝕐
(1,𝑑)
𝑛−1
, 𝕐
(1,𝑑)
𝑛 , 𝑌

(1,𝑑)
𝑛+1,1

, … , 𝑌
(1,𝑑)

𝑛+1,𝑘+1

}
, 1 ≤ 𝑘 ≤ 𝑛 + 1.

Therefore, the matrices 𝐵(1,𝑑)𝑛,𝑥 and 𝐵(1,𝑑)𝑛,𝑦 have the following structures for 0 ≤ 𝑛 ≤ 𝑑 − 2:

𝐵
(1,𝑑)
𝑛,𝑥 =

⎛⎜⎜⎜⎜⎜⎜⎝

𝑏
𝑛,𝑥
1,1
𝑏
𝑛,𝑥
1,2
⋯ 𝑏

𝑛,𝑥
1,𝑛+1

0 𝑏
𝑛,𝑥
2,2
⋯ 𝑏

𝑛,𝑥
2,𝑛+1

⋮ ⋱ ⋱ ⋮

0 ⋯ 0 𝑏
𝑛,𝑥
𝑛+1,𝑛+1

0 ⋯ 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
∈ ℝ𝑛+2×𝑛+1, (5.44)

and

𝐵
(1,𝑑)
𝑛,𝑦 =

⎛⎜⎜⎜⎜⎜⎜⎝

𝑏
𝑛,𝑦
1,1
𝑏
𝑛,𝑦
1,2
⋯ 𝑏

𝑛,𝑦
1,𝑛+1

𝑏
𝑛,𝑦
2,1
𝑏
𝑛,𝑦
2,2
⋯ 𝑏

𝑛,𝑦
2,𝑛+1

0 𝑏
𝑛,𝑦
3,2
⋯ 𝑏

𝑛,𝑦
3,𝑛+1

⋮ ⋱ ⋱ ⋮

0 ⋯ 0 𝑏
𝑛,𝑦
𝑛+2,𝑛+1

⎞⎟⎟⎟⎟⎟⎟⎠
∈ ℝ𝑛+2×𝑛+1. (5.45)

The monomial expansions (5.33) imply that for 𝑛 ≥ 𝑑 − 1,

𝑥𝑌
(1,𝑑)

𝑛,𝑘
∈ span

{
𝕐
(1,𝑑)
𝑛−1
, 𝕐
(1,𝑑)
𝑛 , 𝑌

(1,𝑑)
𝑛+1,1

, … , 𝑌
(1,𝑑)

𝑛+1,𝑘−1

}
, 1 ≤ 𝑘 ≤ 𝑑,

and

𝑦𝑌
(1,𝑑)

𝑛,𝑘
∈ span

{
𝕐
(1,𝑑)
𝑛−1
, 𝕐
(1,𝑑)
𝑛 , 𝑌

(1,𝑑)
𝑛+1,1

, … , 𝑌
(1,𝑑)

𝑛+1,𝑘

}
, 1 ≤ 𝑘 ≤ 𝑑.

Hence, for 𝑛 ≥ 𝑑 − 1,

𝐵
(1,𝑑)
𝑛,𝑥 =

⎛⎜⎜⎜⎜⎜⎜⎝

0 𝑏
𝑛,𝑥
1,2
𝑏
𝑛,𝑥
1,3
⋯ 𝑏

𝑛,𝑥
1,𝑑

0 0 𝑏
𝑛,𝑥
2,3
⋯ 𝑏

𝑛,𝑥
2,𝑑

⋮ ⋱ ⋱ ⋱ ⋮

0 ⋯ 0 0 𝑏
𝑛,𝑥
𝑑−1,𝑑

0 ⋯ ⋯ 0 0

⎞⎟⎟⎟⎟⎟⎟⎠
∈ ℝ𝑑×𝑑 (5.46)
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FASONDINI et al. 391

and

𝐵
(1,𝑑)
𝑛,𝑦 =

⎛⎜⎜⎜⎜⎜⎝

𝑏
𝑛,𝑦
1,1
𝑏
𝑛,𝑦
1,2
⋯ 𝑏

𝑛,𝑦

1,𝑑

0 𝑏
𝑛,𝑦
2,2
⋯ 𝑏

𝑛,𝑦

2,𝑑

⋮ ⋱ ⋱ ⋮

0 ⋯ 0 𝑏
𝑛,𝑦

𝑑,𝑑

⎞⎟⎟⎟⎟⎟⎠
∈ ℝ𝑑×𝑑. (5.47)

The three-term recurrences (5.14) and (5.15) satisfied by the OPs and the structures of the
matrices given above imply that for 0 ≤ 𝑛 ≤ 𝑑 − 2 and 𝑘 = 1,… , 𝑛 + 1

𝑥𝑌
(1,𝑑)

𝑛,𝑘
=

𝑛∑
𝑟=𝑘

𝑏
𝑛−1,𝑥
𝑘,𝑟

𝑌
(1,𝑑)
𝑛−1,𝑟

+

𝑛+1∑
𝑟=1

𝑎
𝑛,𝑥
𝑟,𝑘
𝑌
(1,𝑑)
𝑛,𝑟 +

𝑘∑
𝑟=1

𝑏
𝑛,𝑥
𝑟,𝑘
𝑌
(1,𝑑)
𝑛+1,𝑟

(5.48)

𝑦𝑌
(1,𝑑)

𝑛,𝑘
=

𝑛∑
𝑟=max{𝑘−1,1}

𝑏
𝑛−1,𝑦

𝑘,𝑟
𝑌
(1,𝑑)
𝑛−1,𝑟

+

𝑛+1∑
𝑟=1

𝑎
𝑛,𝑦

𝑟,𝑘
𝑌
(1,𝑑)
𝑛,𝑟 +

𝑘+1∑
𝑟=1

𝑏
𝑛,𝑦

𝑟,𝑘
𝑌
(1,𝑑)
𝑛+1,𝑟

. (5.49)

The recurrences satisfied by the OPs for the cases 𝑛 = 𝑑 − 1, 𝑘 = 1,… , 𝑑 and 𝑛 ≥ 𝑑, 𝑘 = 1,… , 𝑑
can be found similarly using (5.43)–(5.47).
Let  (1,𝑑)𝑟,𝑐 and  (1,𝑑)𝑟,𝑐 , 𝑟, 𝑐 ≥ 0 denote the entries of  (1,𝑑) and  (1,𝑑), respectively, which are

defined in (5.10). Since  (1,𝑑) is tridiagonal and  (1,𝑑) has bandwidths (𝑑, 𝑑), we have for 𝑗 ≥ 1
that

𝑥𝑃
(1,𝑑)
𝑗,0

=

𝑗+1∑
𝑟=𝑗−1

 (1,𝑑)
𝑟,𝑗
𝑃
(1,𝑑)
𝑟,0
, 𝑦𝑃

(1,𝑑)
𝑗,0

=

𝑗+𝑑∑
𝑟=𝑗−𝑑

 (1,𝑑)
𝑟,𝑗
𝑃
(1,𝑑)
𝑟,0
. (5.50)

It now follows from (5.36), (5.48), and (5.50) that for 0 ≤ 𝑛 ≤ 𝑑 − 2 and 𝑘 = 1,… , 𝑛 + 1

⟨
𝑥𝑌
(1,𝑑)

𝑛,𝑘
, 𝑃
(1,𝑑)
𝑗,0

⟩
𝛾1,𝑑,𝑤

=

𝑛∑
𝑟=𝑘

𝑏
𝑛−1,𝑥
𝑘,𝑟

𝐶
(1,𝑑)

𝑗,𝓁(𝑛−1,𝑟)
+

𝑛+1∑
𝑟=1

𝑎
𝑛,𝑥
𝑟,𝑘
𝐶
(1,𝑑)

𝑗,𝓁(𝑛,𝑟)
+

𝑘∑
𝑟=1

𝑏
𝑛,𝑥
𝑟,𝑘
𝐶
(1,𝑑)

𝑗,𝓁(𝑛+1,𝑟)

=
⟨
𝑌
(1,𝑑)

𝑛,𝑘
, 𝑥𝑃

(1,𝑑)
𝑗,0

⟩
𝛾1,𝑑,𝑤

=

𝑗+1∑
𝑟=𝑗−1

 (1,𝑑)
𝑟,𝑗
𝐶
(1,𝑑)

𝑟,𝓁(𝑛,𝑘)
,

from which we obtain (5.38).
The recurrence (5.39) can similarly be derived using (5.36), (5.49), and (5.50). The remaining

equations (5.40)–(5.41) follow from the recurrences satisfied by the OPs for the cases 𝑛 = 𝑑 − 1,
𝑘 = 1,… , 𝑑 and 𝑛 ≥ 𝑑, 𝑘 = 1,… , 𝑑. □

The formulae from which the connection coefficients can be computed for𝑚 = 2 are given in
Appendix A.
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392 FASONDINI et al.

5.6 Structure of the connection matrices

We now aim to deduce the entries of the connection matrices that are zero, which will specify the
ranges over which the row indices should vary in the formulae for the connection coefficients for
𝑚 = 1 (given in (5.38)–(5.41)) and for𝑚 = 2 (given in Appendix A).

Proposition 5.6. For𝑚 = 1, if 0 ≤ 𝑛 ≤ 𝑑 − 2, then 𝐶(1,𝑑)
𝑗,𝓁(𝑛+1,𝑘)

= 0 for

𝑗 < 𝑛 + 1 and 1 ≤ 𝑘 ≤ 𝑛 + 2 (5.51)

𝑗 > 𝑛𝑑 and 1 ≤ 𝑘 ≤ 𝑛 (5.52)

𝑗 > 𝑛𝑑 + 1 and 𝑘 = 𝑛 + 1 (5.53)

𝑗 > (𝑛 + 1)𝑑 𝑎𝑛𝑑 𝑘 = 𝑛 + 2. (5.54)

If 𝑛 ≥ 𝑑 − 1, then 𝐶(1,𝑑)
𝑗,𝓁(𝑛+1,𝑘)

= 0 for

𝑗 < 𝑑 − 1 + 𝑑(𝑛 + 2 − 𝑑) 𝑎𝑛𝑑 1 ≤ 𝑘 ≤ 𝑑 (5.55)

𝑗 > 𝑛𝑑 𝑎𝑛𝑑 1 ≤ 𝑘 ≤ 𝑑 − 2 (5.56)

𝑗 > 𝑛𝑑 + 1 𝑎𝑛𝑑 𝑘 = 𝑑 − 1 (5.57)

𝑗 > (𝑛 + 1)𝑑 𝑎𝑛𝑑 𝑘 = 𝑑. (5.58)

Proof. Recall that the (maximal) degree of an OP𝑌(1,𝑑)
𝑛,𝑘

on 𝛾1,𝑑 is obtained by setting 𝑦 = 𝜙(𝑥) and

finding the degree of the resulting polynomial, which is also the degree of𝑌(1,𝑑)
𝑛,𝑘

in the 𝑃(1,𝑑)
𝑛,0

basis.

We denote this maximal degree by deg𝑌(1,𝑑)
𝑛,𝑘

, which is in general different from the (minimal)

degree of 𝑌(1,𝑑)
𝑛,𝑘

on 𝛾1,𝑑, namely, 𝑛, which is denoted by deg𝛾1,𝑑 (𝑌
(1,𝑑)

𝑛,𝑘
).

To determine the degrees of the OPs 𝑌(1,𝑑)
𝑛+1,𝑘

in the 𝑃(1,𝑑)
𝑗,0

basis, we let 𝑛 ↦ 𝑛 + 1 in (5.32) and
(5.33) and note that among the degree 𝑛 + 1 monomial terms, the leading term has the largest
maximal degree, which is, for 0 ≤ 𝑛 ≤ 𝑑 − 2,

deg 𝑥𝑛+2−𝑘𝑦𝑘−1 = 𝑛 + 2 − 𝑘 + 𝑑(𝑘 − 1), 𝑘 = 1,… , 𝑛 + 2, (5.59)

and for 𝑛 ≥ 𝑑 − 1,
deg 𝑥𝑑−𝑘𝑦𝑛+1+𝑘−𝑑 = 𝑑 − 𝑘 + 𝑑(𝑛 + 1 + 𝑘 − 𝑑), 𝑘 = 1,… , 𝑑. (5.60)

All the OPs of degree 𝑛 (𝕐(1,𝑑)𝑛 ) appear in the recurrences satisfied by the OPs of degree 𝑛 + 1 (see
(5.14)–(5.15)). Among all monomials of degree 𝑛 on 𝛾1,𝑑, 𝑦𝑛 has the largest maximal degree, with
deg 𝑦𝑛 = 𝑛𝑑. We conclude from this and (5.59) that for 0 ≤ 𝑛 ≤ 𝑑 − 2, deg𝑌(1,𝑑)

𝑛+1,𝑘
= max{𝑛𝑑, 𝑛 +
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FASONDINI et al. 393

2 − 𝑘 + 𝑑(𝑘 − 1)} and from (5.60), it follows that for 𝑛 ≥ 𝑑 − 1, deg𝑌(1,𝑑)
𝑛+1,𝑘

= max{𝑛𝑑, 𝑑 − 𝑘 +

𝑑(𝑛 + 1 + 𝑘 − 𝑑)}. Hence,

deg𝑌
(1,𝑑)

𝑛+1,𝑘
=

⎧⎪⎨⎪⎩
𝑛𝑑 for 0 ≤ 𝑛 ≤ 𝑑 − 2, 1 ≤ 𝑘 ≤ 𝑛 and 𝑛 ≥ 𝑑 − 1, 1 ≤ 𝑘 ≤ 𝑑 − 2
𝑛𝑑 + 1 for 0 ≤ 𝑛 ≤ 𝑑 − 2, 𝑘 = 𝑛 + 1 and 𝑛 ≥ 𝑑 − 1, 𝑘 = 𝑑 − 1
(𝑛 + 1)𝑑 for 0 ≤ 𝑛 ≤ 𝑑 − 2, 𝑘 = 𝑛 + 2 and 𝑛 ≥ 𝑑 − 1, 𝑘 = 𝑑

.

Since these maximal degrees are also the degrees of the 𝑌(1,𝑑)
𝑛+1,𝑘

in the 𝑃(1,𝑑)
𝑗,0

basis, they are the

upper bounds on 𝑗 in the expansions 𝑌(1,𝑑)
𝑛+1,𝑘

=
∑
𝑗≥0 𝐶

(1,𝑑)

𝑗,𝓁(𝑛+1,𝑘)
𝑃
(1,𝑑)
𝑗,0

. Thus, we have shown that

𝐶
(1,𝑑)

𝑗,𝓁(𝑛+1,𝑘)
= 0 for the cases (5.52)–(5.54) and (5.56)–(5.58).

Note from (5.59)–(5.60) that the smallest maximal degree of a monomial of degree 𝑛 + 1 on 𝛾1,𝑑
is attained for 𝑘 = 1, which is 𝑛 + 1 for 0 ≤ 𝑛 ≤ 𝑑 − 2 and 𝑑 − 1 + 𝑑(𝑛 + 2 − 𝑑) for 𝑛 ≥ 𝑑 − 1. This
implies that

deg𝛾1,𝑑
(𝑃
(1,𝑑)
𝑗,0
) < 𝑛 + 1 for

{
𝑗 < 𝑛 + 1 if 0 ≤ 𝑛 ≤ 𝑑 − 2
𝑗 < 𝑑 − 1 + 𝑑(𝑛 + 2 − 𝑑) if 𝑛 ≥ 𝑑 − 1 . (5.61)

Since the 𝑌(1,𝑑)
𝑛+1,𝑘

are OPs of degree 𝑛 + 1 on 𝛾1,𝑑, it follows that

𝐶
(1,𝑑)

𝑗,𝓁(𝑛+1,𝑘)
=
⟨
𝑌
(1,𝑑)

𝑛+1,𝑘
, 𝑃
(1,𝑑)
𝑗,0

⟩
𝛾1,𝑑,𝑤

= 0 if deg𝛾1,𝑑

(
𝑃
(1,𝑑)
𝑗,0

)
< 𝑛 + 1. (5.62)

Hence, combining (5.61) and (5.62), we have shown that 𝐶(1,𝑑)
𝑗,𝓁(𝑛+1,𝑘)

= 0 for the cases (5.51) and
(5.55). □

For𝑚 = 2, the indices for which 𝐶(2,𝑑)
𝑗,𝓁(𝑛+1,𝑘)

= 0 are given in Appendix B.

5.7 Numerical stability and computational complexity

The recursive formulae for the connection coefficients given in Section 5.5 are numerically unsta-
ble. This is to be expected because the formulae arise from the Gram–Schmidt procedure, which
is well known to be unstable37 and the instability of the Lanczos algorithm is also well estab-
lished (see 32, Section 2.2.3] and [38, Supplement D]). We shall consider the computational cost
of our Lanczos (or, equivalently, Gram–Schmidt) algorithm when it is stabilized via reorthogo-
nalization [37, 38 (the Lanczos algorithm can also be stabilized if it is performed via Householder
transformations39 or Givens rotations.40)
Due to the instability of the Lanczos procedure, the OPs are not exactly orthogonal in floating

point arithmetic. After a new OP has been generated via a new column of the connection matrix
(using the formulae in Section 5.5 andAppendixA),we orthogonalize thisOP against lower degree
OPs to ensure orthogonality up to the level of roundoff errors. That is, we replace the OP 𝑌(𝑚,𝑑)

𝑛+1,𝑘
with its reorthogonalized version:

𝑌
(𝑚,𝑑)

𝑛+1,𝑘
← 𝑌

(𝑚,𝑑)

𝑛+1,𝑘
−

∑
0≤𝑠≤𝑛+1
1≤𝑖≤dim𝑠

⟨𝑌(𝑚,𝑑)
𝑛+1,𝑘

, 𝑌
(𝑚,𝑑)
𝑠,𝑖

⟩𝛾𝑚,𝑑,𝑤 𝑌(𝑚,𝑑)𝑠,𝑖
, (5.63)
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394 FASONDINI et al.

which we express in terms of the columns of the connection matrix by setting 𝑌(𝑚,𝑑)
𝑛,𝑘

=

𝐏(𝑚,𝑑)𝐂
(𝑚,𝑑)

𝓁(𝑛,𝑘)
:

𝐂
(𝑚,𝑑)

𝓁(𝑛+1,𝑘)
← 𝐂

(𝑚,𝑑)

𝓁(𝑛+1,𝑘)
−

∑
0≤𝑠≤𝑛+1
1≤𝑖≤dim𝑠

[(
𝐂
(𝑚,𝑑)

𝓁(𝑛+1,𝑘)

)⊤
𝐂
(𝑚,𝑑)

𝓁(𝑠,𝑖)

]
𝐂
(𝑚,𝑑)

𝓁(𝑠,𝑖)
.

We can use the results in Section 5.6 and Appendix B (i.e., the fact that the connection matrices
are banded) to show that we only need to reorthogonalize against a constant number of lower
degree OPs (as opposed to all lower degree OPs). For example, for𝑚 = 1, we have

𝑌
(1,𝑑)

𝑛+1,𝑘
=

𝑗max∑
𝑗=𝑗min

𝐶
(1,𝑑)

𝑗,𝓁(𝑛+1,𝑘)
𝑃
(1,𝑑)
𝑗,0
,

where 𝑗min = 𝑗min(𝑛 + 1, 𝑘) and 𝑗max = 𝑗max(𝑛 + 1, 𝑘) are given in Proposition 5.6. For instance,
for𝑛 ≥ 𝑑 − 1 and 1 ≤ 𝑘 ≤ 𝑑, 𝑗min(𝑛 + 1, 𝑘) = 𝑑 − 1 + 𝑑(𝑛 + 2 − 𝑑) and for 𝑘 = 𝑑, 𝑗max(𝑛 + 1, 𝑑) =
(𝑛 + 1)𝑑. Likewise, for𝑚 = 2, in (A.1), 𝑗 ranges from 𝑗min to 𝑗max , which are given in Appendix B.
Hence, if in (5.63), we have 𝑗min(𝑛 + 1, 𝑘) > 𝑗max(𝑠, 𝑖), then ⟨𝑌(𝑚,𝑑)

𝑛+1,𝑘
, 𝑌
(𝑚,𝑑)
𝑠,𝑖

⟩𝛾𝑚,𝑑,𝑤 is identically
zero, also in floating point arithmetic, and therefore, we only need to reorthogonalize against
OPs 𝑌(𝑚,𝑑)

𝑠,𝑖
with 𝑗min(𝑛 + 1, 𝑘) ≤ 𝑗max(𝑠, 𝑖). For𝑚 = 1, we have to reorthogonalize 𝑌(𝑚,𝑑)𝑛+1,𝑘

against

𝑌
(𝑚,𝑑)
𝑠,𝑖

with 𝑛 − 𝑑 + 3 ≤ 𝑠 ≤ 𝑛 + 1 because
min {𝑠 ∈ ℕ0 ∶ 𝑗min(𝑛 + 1, 𝑘) ≤ 𝑗max(𝑠, 𝑖)}
= min {𝑠 ∈ ℕ0 ∶ 𝑑 − 1 + 𝑑(𝑛 + 2 − 𝑑) ≤ 𝑠𝑑} = 𝑛 − 𝑑 + 3

(5.64)

and for𝑚 = 2, 𝑛 − 𝑑 + 4 ≤ 𝑠 ≤ 𝑛 + 1 since
min {𝑠 ∈ ℕ0 ∶ 𝑗min(𝑛 + 1, 𝑘) ≤ 𝑗max(𝑠, 𝑖)}
= min {𝑠 ∈ ℕ0 ∶ 2𝑑 + 𝑑(𝑛 + 1 − 𝑑) ≤ 𝑠𝑑 − 1} = 𝑛 − 𝑑 + 4.

(5.65)

Proposition 5.7. For𝑚 = 1, 2, the connection coefficients and the entries of the Jacobi matrices for
OPs of degrees 0, … ,𝑁 (i.e., ℂ(𝑚,𝑑)𝑛 , 𝐴(𝑚,𝑑)𝑛,𝑥 , 𝐴(𝑚,𝑑)𝑛,𝑦 for 0 ≤ 𝑛 ≤ 𝑁 and 𝐵(𝑚,𝑑)𝑛,𝑥 , 𝐵(𝑚,𝑑)𝑛,𝑦 for 0 ≤ 𝑛 ≤ 𝑁 −
1) can be computed in (𝑁𝑑4) operations without reorthogonalization and in (𝑁𝑑5) operations
with reorthogonalization.

Proof. Starting with the first few columns of 𝐶(𝑚,𝑑) given in Proposition 5.4, the subsequent
columns of the connection matrix are computed using (for 𝑚 = 1) (5.38)–(5.41), with 𝑗 ranging
between the bounds given in (5.51)–(5.58) and (for 𝑚 = 2) using the formulae in Appendix A,
with the row indices ranging between the bounds given in Appendix B.
To compute the entries of 𝐴(𝑚,𝑑)𝑛,𝑥 , 𝐵(𝑚,𝑑)𝑛,𝑥 , 𝐴(𝑚,𝑑)𝑛,𝑦 , and 𝐵(𝑚,𝑑)𝑛,𝑦 , we use the fact that

⟨𝑥𝑌(𝑚,𝑑)
𝑛1,𝑖1

, 𝑌
(𝑚,𝑑)
𝑛2,𝑖2

⟩
𝛾𝑚,𝑑,𝑤

=
(
𝐂
(𝑚,𝑑)

𝓁(𝑛1,𝑖1)

)⊤ (𝑚,𝑑)𝐂(𝑚,𝑑)
𝓁(𝑛2,𝑖2)

=
(
𝐂
(𝑚,𝑑)

𝓁(𝑛2,𝑖2)

)⊤ (𝑚,𝑑)𝐂(𝑚,𝑑)
𝓁(𝑛1,𝑖1)

, (5.66)

which follows from (5.35), the orthonormality of the 𝑃-polynomials, and the symmetry of  (𝑚,𝑑).
A similar identity holds for inner products of the form ⟨𝑦𝑌(𝑚,𝑑)

𝑛1,𝑖1
, 𝑌
(𝑚,𝑑)
𝑛2,𝑖2

⟩
𝛾𝑚,𝑑,𝑤

.
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FASONDINI et al. 395

The most computationally expensive part of the procedure is the computation of  (𝑚,𝑑)𝐂(𝑚,𝑑)
𝓁(𝑛,𝑘)

.

For𝑚 = 1, since the indices of the nonzero rows of 𝐂(1,𝑑)
𝓁(𝑛,𝑘)

range from 𝑑 − 1 + 𝑑(𝑛 − 𝑑 + 1) to 𝑛𝑑,

see (5.55) and (5.58) with 𝑛 + 1 ↦ 𝑛, the column 𝐂(1,𝑑)
𝓁(𝑛,𝑘)

has (𝑑2) nonzero entries. Since  (1,𝑑))
has bandwidths (𝑑, 𝑑), the computation of (1,𝑑)𝐂(1,𝑑)

𝓁(𝑛,𝑘)
requires(𝑑3) operations, which has to be

computed (𝑁𝑑) times; hence, the computational complexity is (𝑁𝑑4) without reorthogonal-
ization. By the same reasoning, for𝑚 = 2, the computational complexity is also(𝑁𝑑4); however,
the computational cost is reduced by approximately a factor of 4 because  (2,𝑑) and 𝐂(2,𝑑)

𝓁(𝑛,𝑘)
have

roughly half the number of nonzero entries compared to  (1,𝑑) and 𝐂(1,𝑑)
𝓁(𝑛,𝑘)

.
The reorthogonalization step (see (5.64)–(5.65)) costs (𝑑4) operations per OP for 𝑚 = 1, 2,

and hence, the overall computational cost of our Lanczos procedure with reorthogonalization
is (𝑁𝑑5). □

The linear computational complexity (in 𝑁) of the Lanczos method applied to an orthogo-
nal basis compares favorably to the cubic (𝑁3𝑑3) complexity (without reorthogonalization) of
orthogonalizing the bivariate monomial bases2 in (5.31).
We remark that if the results of Propositions 5.5, A.1, 5.6, and B.1 are used to compute the

connection coefficients for the cases in Proposition 4.1, then the same OP bases as in (4.1)–(4.5)
are obtained.

5.8 Numerical experiments

For 𝑚 = 1, if we compare the upper and lower bounds on 𝑗 in Proposition 5.6 to the connection
matrices shown in Figure 1, we find that the bounds for the cases (5.52)–(5.54) and (5.56)–(5.58)
are sharp, whereas the bounds for the cases (5.51) and (5.55) are sharp only for 𝑘 = 1. That is, the
entries of the first three connection matrices in Figure 1 are nonzero for the following rows and
columns: for 0 ≤ 𝑛 ≤ 𝑑 − 2, 𝐶(1,𝑑)

𝑗,𝓁(𝑛+1,𝑘)
≠ 0 for

𝑛 + 1 ≤ 𝑗 ≤ 𝑛𝑑 and 𝑘 = 1

𝑛 + 2 ≤ 𝑗 ≤ 𝑛𝑑 and 2 ≤ 𝑘 ≤ 𝑛
𝑛 + 2 ≤ 𝑗 ≤ 𝑛𝑑 + 1 and 𝑘 = 𝑛 + 1

𝑛 + 2 ≤ 𝑗 ≤ (𝑛 + 1)𝑑 and 𝑘 = 𝑛 + 2

and for 𝑛 ≥ 𝑑 − 1, 𝐶(1,𝑑)
𝑗,𝓁(𝑛+1,𝑘)

≠ 0 for
𝑑 − 1 + 𝑑(𝑛 + 2 − 𝑑) ≤ 𝑗 ≤ 𝑛𝑑 and 𝑘 = 1 (5.67)

2 One orthogonalization method is to compute the Cholesky factor 𝐿 of the Grammatrix, where = ⟨𝐌,𝐌⟩𝛾𝑚,𝑑 ,𝑤 =
𝐿𝐿⊤, and where𝐌 is a quasi-matrix whose columns are themonomial basis functions in (5.31). Then, the OPs are given by
𝐘(𝑚,𝑑) = 𝐌𝐿−⊤. For OPs of degrees 0, … ,𝑁, this has(𝑁3𝑑3) complexity because it requires the Cholesky decomposition
of a 𝜈 × 𝜈 finite section of the dense matrix with 𝜈 = (𝑁𝑑).
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396 FASONDINI et al.

2𝑑 − 2 + 𝑑(𝑛 + 2 − 𝑑) ≤ 𝑗 ≤ 𝑛𝑑 and 2 ≤ 𝑘 ≤ 𝑑 − 2
2𝑑 − 1 + 𝑑(𝑛 + 2 − 𝑑) ≤ 𝑗 ≤ 𝑛𝑑 + 1 and 𝑘 = 𝑑 − 1

2𝑑 − 1 + 𝑑(𝑛 + 2 − 𝑑) ≤ 𝑗 ≤ (𝑛 + 1)𝑑 and 𝑘 = 𝑑. (5.68)

These bounds on the indices of the nonzero entries of 𝐶(1,𝑑) imply that the maximum band-
widths of 𝐶(1,𝑑) are attained at the entries 𝐶(1,𝑑)

𝑑−1+𝑑(𝑛+2−𝑑),𝓁(𝑛+1,1)
(see (5.67)) and 𝐶(1,𝑑)

(𝑛+1)𝑑,𝓁(𝑛+1,𝑑)

(see (5.68)). Therefore, the bandwidths of 𝐶(1,𝑑) are (𝜆, 𝜇) with 𝜆 = 𝜇 = 𝜆1, where

𝜆1 =
(𝑑 − 2)(𝑑 − 1)

2

because

𝜆 = 𝓁(𝑛 + 1, 1) − [𝑑 − 1 + 𝑑(𝑛 + 2 − 𝑑)] =
(𝑑 − 2)(𝑑 − 1)

2
,

where 𝓁 is defined in (5.34), and

𝜇 = (𝑛 + 1)𝑑 − 𝓁(𝑛 + 1, 𝑑) =
(𝑑 − 2)(𝑑 − 1)

2
.

Similar to the case 𝑚 = 1, for 𝑚 = 2, we find that in the connection matrices in Figure 2, the
lower bounds on the row indices 𝑗 with 𝐶(2,𝑑)

𝑗,𝓁(𝑛+1,𝑘)
= 0 given in Appendix B are sharp, while the

upper bounds (B.1), (B.7), and (B.8) are sharp only in the case 𝑘 = 1. The maximum bandwidths
are therefore attained at the connection coefficients corresponding to 𝑃(2,𝑑)

𝑗,0
with 𝑗 = (𝑛 + 1)𝑑∕2

(which is the largest among the maximal degrees in (B.10)–(B.11), which is attained for 𝑘 = 𝑑 and
𝑛 odd) and 𝑃(2,𝑑)

𝑗,1
with 𝑗 = 𝑑 + 𝑑(𝑛 + 1 − 𝑑)∕2 (which is the smallest among the maximal degrees

in (B.10)–(B.11), which is attained for 𝑘 = 1, with mod(𝑛 + 1 − 𝑑, 2) = 0). That is, the maximum
bandwidths are attained at 𝐶(2,𝑑)

(𝑛+1)𝑑−1,𝓁(𝑛+1,𝑑)
and 𝐶(2,𝑑)

2𝑑+𝑑(𝑛+1−𝑑),𝓁(𝑛+1,1)
.

Hence the bandwidths of the connection matrices in Figure 2 are (𝜆, 𝜇) = (𝜆2, 𝜆2), where

𝜆2 =
𝑑(𝑑 − 3)

2
.

This is because the number of rows from the main diagonal to the former entry is

(𝑛 + 1)𝑑 − 1 − 𝓁(𝑛 + 1, 𝑑) =
𝑑(𝑑 − 3)

2
,

and for the latter entry, the number is

𝓁(𝑛 + 1, 1) − [2𝑑 + 𝑑(𝑛 + 1 − 𝑑)] =
𝑑(𝑑 − 3)

2
.

The bottom-right frame of Figures 1 and 2 shows that if𝑤 and𝜙 are even functions, then the con-
nectionmatrix has roughly half the number of nonzero entries compared to the case where either
𝑤 or 𝜙 is not even. This is because themultiplicationmatrices (𝑚,𝑑) and (𝑚,𝑑) have roughly half
the number of nonzero entries for even 𝑤 and 𝜙.
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FASONDINI et al. 397

6 CONCLUSION

For the cases 𝑚 = 1, 2, we have constructed bivariate OPs on the algebraic curves 𝑦𝑚 = 𝜙. For
𝑚 > 2, if we generalize the 𝑃-polynomials

𝑃
(𝑚,𝑑)

𝑛,𝑘
= 𝑦𝑘𝑝𝑛−𝑘(𝜙

2𝑘∕𝑚𝑤; 𝑥), 𝑘 = 0,… ,𝑚 − 1,

and the inner product

⟨𝑓, 𝑔⟩𝛾𝑚,𝑑,𝑤 =
⎧⎪⎪⎨⎪⎪⎩
∫ 𝑓

(
𝑥,

𝑚
√
𝜙(𝑥)

)
𝑔
(
𝑥,

𝑚
√
𝜙(𝑥)

)
𝑤(𝑥)d𝑥, 𝑚 odd,

∫
[
𝑓
(
𝑥,

𝑚
√
𝜙(𝑥)

)
𝑔
(
𝑥,

𝑚
√
𝜙(𝑥)

)
+𝑓

(
𝑥,− 𝑚

√
𝜙(𝑥)

)
𝑔
(
𝑥,− 𝑚

√
𝜙(𝑥)

)]
𝑤(𝑥)d𝑥, 𝑚 even,

then the 𝑃-polynomials are not orthogonal with respect to ⟨⋅, ⋅⟩𝛾𝑚,𝑑,𝑤 for𝑚 > 2. We can neverthe-
less still construct the OPs on 𝑦𝑚 = 𝜙 as linear combinations of the 𝑃-polynomials. However, the
computation of the connection matrix would require the Cholesky factorization of a dense Gram
matrix, which has cubic complexity, see footnote. For 𝑚 = 1, 2, we showed that the connection
matrix is banded but for𝑚 > 2, the connection matrix will in general be upper triangular.
Topics for future research include the development of the theory of interpolation, quadrature,

and orthogonal series on the curves 𝑦𝑚 = 𝜙, as was done for quadratic and cubic curves in Refs.
[2, 3]. As an application, OPs on 𝑦𝑚 = 𝜙(𝑥) could be used to approximate functions with algebraic
singularities of the form 𝑚

√
𝜙(𝑥) at the zeros of𝜙, again aswas done inRefs. 2, 3 for square-root and

cubic singularities. Another application of the OPs on 𝑦𝑚 = 𝜙 is the construction of OPs inside
𝑦𝑚 = 𝜙 and their associated surfaces of revolution for the purpose of spectral methods for partial
differential equations.
In connection with the latter application, we shall report in future work how the OPs 𝑌(𝑚,𝑑)

𝑛,𝑘
constructed here can be used to construct OPs on the two-dimensional regions inside the curves
𝛾𝑚,𝑑(𝜙), which will constitute the curved elements in a spectral elementmethod. At the interfaces
between elements, we require that the polynomials in the basis be graded to ensure that the bases
are compatible across elements. As we showed in this paper, the construction of a graded OP
basis on the curves 𝛾𝑚,𝑑 requires linear combinations of the 𝑃-polynomials, which motivated the
construction of the connection matrices.
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APPENDIX A: RECURRENCE RELATIONS FOR THE CONNECTION COEFFICIENTS
FOR𝒎 = 𝟐
Proposition A.1. For 𝑚 = 2, the connection coefficients satisfy the following equations: suppose
that 0 ≤ 𝑛 ≤ 𝑑 − 2, then for 𝑘 = 1, 3, … , 𝑛 + 1,

𝑏
𝑛,𝑥
𝑘,𝑘
𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛+1,𝑘)
= 𝛽𝑗−1(𝑤)𝐶

(2,𝑑)

2𝑗−3,𝓁(𝑛,𝑘)
+ 𝛼𝑗(𝑤)𝐶

(2,𝑑)

2𝑗−1,𝓁(𝑛,𝑘)
+ 𝛽𝑗(𝑤)𝐶

(2,𝑑)

2𝑗+1,𝓁(𝑛,𝑘)

−

𝑛∑
𝑟=𝑘

mod(𝑟,2)=mod(𝑘,2)

𝑏
𝑛−1,𝑥
𝑘,𝑟

𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛−1,𝑟)
−

𝑛+1∑
𝑟>0

mod(𝑟,2)=mod(𝑘,2)

𝑎
𝑛,𝑥
𝑟,𝑘
𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛,𝑟)

−

𝑘−2∑
𝑟>0

mod(𝑟,2)=mod(𝑘,2)

𝑏
𝑛,𝑥
𝑟,𝑘
𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛+1,𝑟)
;

and for 𝑘 = 2, 4, … , 𝑛 + 1,

𝑏
𝑛,𝑥
𝑘,𝑘
𝐶
(2,𝑑)

2𝑗,𝓁(𝑛+1,𝑘)
= 𝛽𝑗−2(𝜙𝑤)𝐶

(2,𝑑)

2𝑗−2,𝓁(𝑛,𝑘)
+ 𝛼𝑗−1(𝜙𝑤)𝐶

(2,𝑑)

2𝑗,𝓁(𝑛,𝑘)
+ 𝛽𝑗−1(𝜙𝑤)𝐶

(2,𝑑)

2𝑗+2,𝓁(𝑛,𝑘)

−

𝑛∑
𝑟=𝑘

mod(𝑟,2)=mod(𝑘,2)

𝑏
𝑛−1,𝑥
𝑘,𝑟

𝐶
(2,𝑑)

2𝑗,𝓁(𝑛−1,𝑟)
−

𝑛+1∑
𝑟>0

mod(𝑟,2)=mod(𝑘,2)

𝑎
𝑛,𝑥
𝑟,𝑘
𝐶
(2,𝑑)

2𝑗,𝓁(𝑛,𝑟)

 14679590, 2023, 1, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1111/sapm

.12582 by Im
perial C

ollege L
ondon, W

iley O
nline L

ibrary on [02/08/2023]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense

https://doi.org/10.1111/sapm.12582


400 FASONDINI et al.

−

𝑘−2∑
𝑟>0

mod(𝑟,2)=mod(𝑘,2)

𝑏
𝑛,𝑥
𝑟,𝑘
𝐶
(2,𝑑)

2𝑗,𝓁(𝑛+1,𝑟)
.

Suppose that 0 ≤ 𝑛 ≤ 𝑑 − 2 and 𝑘 = 𝑛 + 1, if 𝑛 is odd

𝑏
𝑛,𝑦

𝑘+1,𝑘
𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛+1,𝑘+1)
=

𝑗+1∑
𝑟=𝑗−𝑑+1

𝑟𝑟−1,𝑗𝐶
(2,𝑑)

2𝑟,𝓁(𝑛,𝑘)
−

𝑛∑
𝑟=max{𝑘−1,1}

mod(𝑟,2)=mod(𝑘−1,2)

𝑏
𝑛−1,𝑦

𝑘,𝑟
𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛−1,𝑟)

−

𝑛+1∑
𝑟>0

mod(𝑟,2)=mod(𝑘−1,2)

𝑎
𝑛,𝑦

𝑟,𝑘
𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛,𝑟)
−

𝑘−1∑
𝑟>0

mod(𝑟,2)=mod(𝑘−1,2)

𝑏
𝑛,𝑦

𝑟,𝑘
𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛+1,𝑟)

and if 𝑛 is even

𝑏
𝑛,𝑦

𝑘+1,𝑘
𝐶
(2,𝑑)

2𝑗,𝓁(𝑛+1,𝑘+1)
=

𝑗−1+𝑑∑
𝑟=𝑗−1

𝑟𝑗−1,𝑟𝐶
(2,𝑑)

2𝑟−1,𝓁(𝑛,𝑘)
−

𝑛∑
𝑟=max{𝑘−1,1}

mod(𝑟,2)=mod(𝑘−1,2)

𝑏
𝑛−1,𝑦

𝑘,𝑟
𝐶
(2,𝑑)

2𝑗,𝓁(𝑛−1,𝑟)

−

𝑛+1∑
𝑟>0

mod(𝑟,2)=mod(𝑘−1,2)

𝑎
𝑛,𝑦

𝑟,𝑘
𝐶
(2,𝑑)

2𝑗,𝓁(𝑛,𝑟)
−

𝑘−1∑
𝑟>0

mod(𝑟,2)=mod(𝑘−1,2)

𝑏
𝑛,𝑦

𝑟,𝑘
𝐶
(2,𝑑)

2𝑗,𝓁(𝑛+1,𝑟)
.

Suppose that 𝑛 = 𝑑 − 1, then for 𝑘 = 2, 4, … , 𝑑,

𝑏
𝑛,𝑦

𝑘,𝑘
𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛+1,𝑘)
=

𝑗+1∑
𝑟=𝑗−𝑑+1

𝑟𝑟−1,𝑗𝐶
(2,𝑑)

2𝑟,𝓁(𝑛,𝑘)
−

𝑑−1∑
𝑟=max{𝑘−1,1}

mod(𝑟,2)=mod(𝑘−1,2)

𝑏
𝑛−1,𝑦

𝑘,𝑟
𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛−1,𝑟)

−

𝑑∑
𝑟>0

mod(𝑟,2)=mod(𝑘−1,2)

𝑎
𝑛,𝑦

𝑟,𝑘
𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛,𝑟)
−

𝑘−2∑
𝑟>0

mod(𝑟,2)=mod(𝑘,2)

𝑏
𝑛,𝑦

𝑟,𝑘
𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛+1,𝑟)

and for 𝑘 = 1, 3, … , 𝑑

𝑏
𝑛,𝑦

𝑘,𝑘
𝐶
(2,𝑑)

2𝑗,𝓁(𝑛+1,𝑘)
=

𝑗−1+𝑑∑
𝑟=𝑗−1

𝑟𝑗−1,𝑟𝐶
(2,𝑑)

2𝑟−1,𝓁(𝑛,𝑘)
−

𝑑−1∑
𝑟=max{𝑘−1,1}

mod(𝑟,2)=mod(𝑘−1,2)

𝑏
𝑛−1,𝑦

𝑘,𝑟
𝐶
(2,𝑑)

2𝑗,𝓁(𝑛−1,𝑟)

−

𝑑∑
𝑟>0

mod(𝑟,2)=mod(𝑘−1,2)

𝑎
𝑛,𝑦

𝑟,𝑘
𝐶
(2,𝑑)

2𝑗,𝓁(𝑛,𝑟)
−

𝑘−2∑
𝑟>0

mod(𝑟,2)=mod(𝑘,2)

𝑏
𝑛,𝑦

𝑟,𝑘
𝐶
(2,𝑑)

2𝑗,𝓁(𝑛+1,𝑟)
.

Suppose that 𝑛 ≥ 𝑑. Ifmod(𝑛 + 1 − 𝑑, 2) = 1, then for 𝑘 = 1, 3, … , 𝑑,

𝑏
𝑛,𝑦

𝑘,𝑘
𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛+1,𝑘)
=

𝑗+1∑
𝑟=𝑗−𝑑+1

𝑟𝑟−1,𝑗𝐶
(2,𝑑)

2𝑟,𝓁(𝑛,𝑘)
−

𝑑∑
𝑟=𝑘

mod(𝑟,2)=mod(𝑘,2)

𝑏
𝑛−1,𝑦

𝑘,𝑟
𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛−1,𝑟)
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−

𝑑∑
𝑟>0

mod(𝑟,2)=mod(𝑘−1,2)

𝑎
𝑛,𝑦

𝑟,𝑘
𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛,𝑟)
−

𝑘−2∑
𝑟>0

mod(𝑟,2)=mod(𝑘,2)

𝑏
𝑛,𝑦

𝑟,𝑘
𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛+1,𝑟)

and this equation also holds ifmod(𝑛 + 1 − 𝑑, 2) = 0 and for 𝑘 = 2, 4, … , 𝑑. Ifmod(𝑛 + 1 − 𝑑, 2) =
0, then for 𝑘 = 1, 3, … , 𝑑,

𝑏
𝑛,𝑦

𝑘,𝑘
𝐶
(2,𝑑)

2𝑗,𝓁(𝑛+1,𝑘)
=

𝑗−1+𝑑∑
𝑟=𝑗−1

𝑟𝑗−1,𝑟𝐶
(2,𝑑)

2𝑟−1,𝓁(𝑛,𝑘)
−

𝑑∑
𝑟=𝑘

mod(𝑟,2)=mod(𝑘,2)

𝑏
𝑛−1,𝑦

𝑘,𝑟
𝐶
(2,𝑑)

2𝑗,𝓁(𝑛−1,𝑟)

−

𝑑∑
𝑟>0

mod(𝑟,2)=mod(𝑘−1,2)

𝑎
𝑛,𝑦

𝑟,𝑘
𝐶
(2,𝑑)

2𝑗,𝓁(𝑛,𝑟)
−

𝑘−2∑
𝑟>0

mod(𝑟,2)=mod(𝑘,2)

𝑏
𝑛,𝑦

𝑟,𝑘
𝐶
(2,𝑑)

2𝑗,𝓁(𝑛+1,𝑟)
,

and this equation also holds ifmod(𝑛 + 1 − 𝑑, 2) = 1 and for 𝑘 = 2, 4, … , 𝑑.

Proof. Note from (5.2), (5.24), and (5.26) that for𝑚 = 2, each of theOPs of degrees 0, 1, and 2 can be
expressed as a linear combination of either (i) the 𝑃(2,𝑑)

𝑛,0
polynomials or (ii) the 𝑃(2,𝑑)

𝑛,1
polynomials.

In the former case, it is expressed as a polynomial in 𝑥 and in the latter, as a 𝑦 times a polynomial
in 𝑥. Since OPs of degree 𝑛 + 1 are generated by orthogonalizing either 𝑥𝑌(2,𝑑)

𝑛,𝑘
or 𝑦𝑌(2,𝑑)

𝑛,𝑘
for 𝑛 ≥ 2

and 𝑦2 = 𝜙(𝑥), it follows that every𝑌(2,𝑑)
𝑛,𝑘

can be expanded in terms of either the 𝑃(2,𝑑)
𝑛,0

or the 𝑃(2,𝑑)
𝑛,1

polynomials. In the former case, 𝐶(2,𝑑)
2𝑗,𝓁(𝑛,𝑘)

= 0, 𝑗 ≥ 1 and in the latter, 𝐶(2,𝑑)
2𝑗−1,𝓁(𝑛,𝑘)

= 0, 𝑗 ≥ 1 (see
(3.10) and (5.37)). We also note that in the former case, the monomial expansion of 𝑌(2,𝑑)

𝑛,𝑘
contains

only even powers of 𝑦 and in the latter case, only odd powers of 𝑦.
From the monomial expansions (5.32), for 0 ≤ 𝑛 ≤ 𝑑 − 1, we conclude (since 𝛼(𝑛)

𝑘,𝑘
≠ 0) that if

𝑘 is odd, then 𝑌(2,𝑑)
𝑛,𝑘

has an expansion in the 𝑃(2,𝑑)
𝑛,0

polynomials, and hence, 𝐶(2,𝑑)
2𝑗,𝓁(𝑛,𝑘)

= 0, 𝑗 ≥ 1.
Using similar reasoning and also (5.33), we list all the cases:

1 ≤ 𝑛 ≤ 𝑑 − 1, mod(𝑘, 2) = 1, 𝑌
(2,𝑑)

𝑛,𝑘
(𝑥, 𝑦) =

∑
𝐶
(2,𝑑)

2𝑗−1,𝓁
𝑃
(2,𝑑)
𝑗,0
,

1 ≤ 𝑛 ≤ 𝑑 − 1, mod(𝑘, 2) = 0, 𝑌
(2,𝑑)

𝑛,𝑘
(𝑥, 𝑦) =

∑
𝐶
(2,𝑑)

2𝑗,𝓁
𝑃
(2,𝑑)
𝑗,1
,

𝑛 ≥ 𝑑, mod(𝑛 − 𝑑, 2) = 0,mod(𝑘, 2) = 1, 𝑌
(2,𝑑)

𝑛,𝑘
(𝑥, 𝑦) =

∑
𝐶
(2,𝑑)

2𝑗,𝓁
𝑃
(2,𝑑)
𝑗,1
,

𝑛 ≥ 𝑑, mod(𝑛 − 𝑑, 2) = 0,mod(𝑘, 2) = 0, 𝑌
(2,𝑑)

𝑛,𝑘
(𝑥, 𝑦) =

∑
𝐶
(2,𝑑)

2𝑗−1,𝓁
𝑃
(2,𝑑)
𝑗,0
,

𝑛 ≥ 𝑑, mod(𝑛 − 𝑑, 2) = 1,mod(𝑘, 2) = 1, 𝑌
(2,𝑑)

𝑛,𝑘
(𝑥, 𝑦) =

∑
𝐶
(2,𝑑)

2𝑗−1,𝓁
𝑃
(2,𝑑)
𝑗,0
,

𝑛 ≥ 𝑑, mod(𝑛 − 𝑑, 2) = 1,mod(𝑘, 2) = 0, 𝑌
(2,𝑑)

𝑛,𝑘
(𝑥, 𝑦) =

∑
𝐶
(2,𝑑)

2𝑗,𝓁
𝑃
(2,𝑑)
𝑗,1
,

(A.1)

where 𝑗 ≥ 1,𝓁 = 𝓁(𝑛, 𝑘); in the first two cases, 1 ≤ 𝑘 ≤ 𝑛 + 1 and in the final four cases, 1 ≤ 𝑘 ≤ 𝑑.
Observe that if 𝑌(2,𝑑)

𝑛,𝑘
has an expansion in the 𝑃(2,𝑑)

𝑗,0
or 𝑃(2,𝑑)

𝑗,1
polynomials, then so does 𝑥𝑌(2,𝑑)

𝑛,𝑘

but then 𝑦𝑌(2,𝑑)
𝑛,𝑘

has an expansion in, respectively, the 𝑃(2,𝑑)
𝑗,1

or 𝑃(2,𝑑)
𝑗,0

polynomials. We conclude

from this and the cases listed above that 𝐴(2,𝑑)𝑛,𝑥 ∈ ℝ
dim𝑛×dim𝑛 is a symmetric matrix whose odd
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402 FASONDINI et al.

diagonals are zero since ⟨𝑥𝑌(2,𝑑)
𝑛,𝑘1
, 𝑌
(2,𝑑)

𝑛,𝑘2
⟩
𝛾2,𝑑
= 0 if 𝑘1 and 𝑘2 have opposite parity. This is because,

for example, if 𝑌(2,𝑑)
𝑛,𝑘1

has an expansion in the 𝑃(2,𝑑)
𝑗,1

polynomials, then 𝑌(2,𝑑)
𝑛,𝑘2

has an expansion

in the 𝑃(2,𝑑)
𝑗,0

polynomials, which are mutually orthogonal. Similarly, 𝐴(2,𝑑)𝑛,𝑦 ∈ ℝ
dim𝑛×dim𝑛 is a

symmetric matrix whose even diagonals are zero since ⟨𝑦𝑌(2,𝑑)
𝑛,𝑘1
, 𝑌
(2,𝑑)

𝑛,𝑘2
⟩
𝛾2,𝑑
= 0 if 𝑘1 and 𝑘2 have

the same parity. It also follows that for 0 ≤ 𝑛 ≤ 𝑑 − 1, the structures of 𝐵(2,𝑑)𝑛,𝑥 and 𝐵(2,𝑑)𝑛,𝑦 are the
same as those in, respectively, (5.44) and (5.45) but, additionally, the odd superdiagonals of 𝐵(2,𝑑)𝑛,𝑥

are zero and the even superdiagonals of 𝐵(2,𝑑)𝑛,𝑦 are zero. For 𝑛 ≥ 𝑑, the structures of 𝐵(2,𝑑)𝑛,𝑥 and 𝐵(2,𝑑)𝑛,𝑦

are the same as those in, respectively, (5.46) and (5.47) but the even superdiagonals of 𝐵(2,𝑑)𝑛,𝑥 are
zero and the odd superdiagonals of 𝐵(2,𝑑)𝑛,𝑦 are zero. To summarize, the structures of the matrices
𝐴
(2,𝑑)
𝑛,𝑥 , 𝐴(2,𝑑)𝑛,𝑦 , 𝐵(2,𝑑)𝑛,𝑥 , and 𝐵(2,𝑑)𝑛,𝑦 are the same to those in (5.43)–(5.47), except that for 𝑚 = 2, they

have an additional checkerboard pattern.
The recurrence relations for the connection coefficients can be derived as in the case for𝑚 = 1

in Proposition 5.5, but using instead (5.37),

𝑥𝑃
(2,𝑑)
𝑗,0

= 𝛽𝑗−1(𝑤)𝑃
(2,𝑑)
𝑗−1,0

+ 𝛼𝑗(𝑤)𝑃
(2,𝑑)
𝑗,0
+ 𝛽𝑗(𝑤)𝑃

(2,𝑑)
𝑗+1,0

,

𝑥𝑃
(2,𝑑)
𝑗,1

= 𝛽𝑗−2(𝜙𝑤)𝑃
(2,𝑑)
𝑗−1,1

+ 𝛼𝑗−1(𝜙𝑤)𝑃
(2,𝑑)
𝑗,1
+ 𝛽𝑗−1(𝜙𝑤)𝑃

(2,𝑑)
𝑗+1,1

(see Section 5.1) and (5.12)–(5.13), which we combine with the fact that the OPs with𝑚 = 2 satisfy
the same recurrence relations as the OPs for 𝑚 = 1 (e.g., (5.48)–(5.49)), but with the additional
checkerboard pattern of 𝐴(2,𝑑)𝑛,𝑥 , 𝐴(2,𝑑)𝑛,𝑦 , 𝐵(2,𝑑)𝑛,𝑥 , and 𝐵(2,𝑑)𝑛,𝑦 . □

APPENDIX B: THE CASES FORWHICH 𝑪(𝟐,𝒅)
𝒋,𝓵(𝒏+𝟏,𝒌)

= 𝟎

Proposition B.1. For𝑚 = 2, 𝐶(2,𝑑)
𝑗,𝓁(𝑛+1,𝑘)

= 0 for the following indices: suppose 0 ≤ 𝑛 ≤ 𝑑 − 2, then
𝐶
(2,𝑑)

𝑗,𝓁(𝑛+1,𝑘)
= 0 for

𝑗 < 2𝑛 + 1 and 1 ≤ 𝑘 ≤ 𝑛 + 2; (B.1)

if, additionally, 𝑛 is even, then 𝐶(2,𝑑)
𝑗,𝓁(𝑛+1,𝑘)

= 0 for

mod(𝑗, 2) = 0 or 𝑗 > 𝑛𝑑 − 1 and 𝑘 = 1, 3, … , 𝑛 − 1, (B.2)

mod(𝑗, 2) = 1 or 𝑗 > (𝑛 − 2)𝑑 + 4 and 𝑘 = 2, 4, … , 𝑛 − 2, (B.3)

mod(𝑗, 2) = 1 or 𝑗 > (𝑛 − 2)𝑑 + 6 and 𝑘 = 𝑛, (B.4)

mod(𝑗, 2) = 0 or 𝑗 > 𝑛𝑑 + 1 and 𝑘 = 𝑛 + 1, (B.5)

mod(𝑗, 2) = 1 or 𝑗 > 𝑛𝑑 + 2 and 𝑘 = 𝑛 + 2, (B.6)
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FASONDINI et al. 403

if 𝑛 is odd (with 0 ≤ 𝑛 ≤ 𝑑 − 2), then 𝐶(2,𝑑)
𝑗,𝓁(𝑛+1,𝑘)

= 0 for

mod(𝑗, 2) = 0 or 𝑗 > 1 + (𝑛 − 1)𝑑 and 𝑘 = 1, 3, … , 𝑛 − 2,

mod(𝑗, 2) = 1 or 𝑗 > 2 + (𝑛 − 1)𝑑 and 𝑘 = 2, 4, … , 𝑛 − 1,

mod(𝑗, 2) = 0 or 𝑗 > 3 + (𝑛 − 1)𝑑 and 𝑘 = 𝑛,

mod(𝑗, 2) = 1 or 𝑗 > 4 + (𝑛 − 1)𝑑 and 𝑘 = 𝑛 + 1,

mod(𝑗, 2) = 0 or 𝑗 > (𝑛 + 1)𝑑 − 1 and 𝑘 = 𝑛 + 2.

Suppose now that 𝑛 ≥ 𝑑 − 1. Ifmod(𝑛 + 1 − 𝑑, 2) = 0, then 𝐶(2,𝑑)
𝑗,𝓁(𝑛+1,𝑘)

= 0 for

𝑗 < 2𝑑 + 𝑑(𝑛 + 1 − 𝑑) and 1 ≤ 𝑘 ≤ 𝑑 (B.7)

and ifmod(𝑛 + 1 − 𝑑, 2) = 1, then 𝐶(2,𝑑)
𝑗,𝓁(𝑛+1,𝑘)

= 0 for

𝑗 < 2𝑑 − 3 + 𝑑(𝑛 + 2 − 𝑑) and 1 ≤ 𝑘 ≤ 𝑑. (B.8)

Suppose 𝑑 is even and 𝑛 ≥ 𝑑 − 1. Ifmod(𝑛 + 1 − 𝑑, 2) = 0, then 𝑛 is odd and 𝐶(2,𝑑)
𝑗,𝓁(𝑛+1,𝑘)

= 0 for

mod(𝑗, 2) = 1 or 𝑗 > 2 + (𝑛 − 1)𝑑 and 𝑘 = 1, 3, … , 𝑑 − 3,

mod(𝑗, 2) = 0 or 𝑗 > 1 + (𝑛 − 1)𝑑 and 𝑘 = 2, 4, … , 𝑑 − 4,

mod(𝑗, 2) = 0 or 𝑗 > 3 + (𝑛 − 1)𝑑 and 𝑘 = 𝑑 − 2,

mod(𝑗, 2) = 1 or 𝑗 > 4 + (𝑛 − 1)𝑑 and 𝑘 = 𝑑 − 1,

mod(𝑗, 2) = 0 or 𝑗 > (𝑛 + 1)𝑑 − 1 and 𝑘 = 𝑑,

and ifmod(𝑛 + 1 − 𝑑, 2) = 1, then 𝑛 is even and 𝐶(2,𝑑)
𝑗,𝓁(𝑛+1,𝑘)

= 0 for

mod(𝑗, 2) = 0 or 𝑗 > 𝑛𝑑 − 1 and 𝑘 = 1, 3, … , 𝑑 − 3,

mod(𝑗, 2) = 1 or 𝑗 > (𝑛 − 2)𝑑 + 4 and 𝑘 = 2, 4, … , 𝑑 − 4,

mod(𝑗, 2) = 1 or 𝑗 > (𝑛 − 2)𝑑 + 6 and 𝑘 = 𝑑 − 2,

mod(𝑗, 2) = 0 or 𝑗 > 𝑛𝑑 + 1 and 𝑘 = 𝑑 − 1,

mod(𝑗, 2) = 1 or 𝑗 > 𝑛𝑑 + 2 and 𝑘 = 𝑑.

Suppose 𝑑 is odd and 𝑛 ≥ 𝑑 − 1. Ifmod(𝑛 + 1 − 𝑑, 2) = 0, then 𝑛 is even and 𝐶(2,𝑑)
𝑗,𝓁(𝑛+1,𝑘)

= 0 for

mod(𝑗, 2) = 1 or 𝑗 > (𝑛 − 2)𝑑 + 4 and 𝑘 = 1, 3, … , 𝑑 − 4,

mod(𝑗, 2) = 0 or 𝑗 > 𝑛𝑑 − 1 and 𝑘 = 2, 4, … , 𝑑 − 3,

mod(𝑗, 2) = 1 or 𝑗 > (𝑛 − 2)𝑑 + 6 and 𝑘 = 𝑑 − 2,

mod(𝑗, 2) = 0 or 𝑗 > 𝑛𝑑 + 1 and 𝑘 = 𝑑 − 1,

mod(𝑗, 2) = 1 or 𝑗 > 𝑛𝑑 + 2 and 𝑘 = 𝑑.
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404 FASONDINI et al.

Ifmod(𝑛 + 1 − 𝑑, 2) = 1, then 𝑛 is odd and 𝐶(2,𝑑)
𝑗,𝓁(𝑛+1,𝑘)

= 0 for

mod(𝑗, 2) = 0 or 𝑗 > 1 + (𝑛 − 1)𝑑 and 𝑘 = 1, 3, … , 𝑑 − 4,

mod(𝑗, 2) = 1 or 𝑗 > 2 + (𝑛 − 1)𝑑 and 𝑘 = 2, 4, … , 𝑑 − 3,

mod(𝑗, 2) = 0 or 𝑗 > 3 + (𝑛 − 1)𝑑 and 𝑘 = 𝑑 − 2,

mod(𝑗, 2) = 1 or 𝑗 > 4 + (𝑛 − 1)𝑑 and 𝑘 = 𝑑 − 1,

mod(𝑗, 2) = 0 or 𝑗 > (𝑛 + 1)𝑑 − 1 and 𝑘 = 𝑑,

Proof. It follows from the cases listed in (A.1)whether, for a given column𝐂(2,𝑑)
𝓁(𝑛,𝑘)

, the even-indexed

rows or the odd-indexed rows are zero. For example, for 0 ≤ 𝑛 ≤ 𝑑 − 1, if 𝑘 is odd, then𝐶(2,𝑑)
2𝑗,𝓁(𝑛,𝑘)

=

0 for 𝑗 ≥ 1.
To determine the upper and lower bounds on the summation indices in (A.1), we use the same

arguments as in Proposition 5.6, which we present here with more brevity.
For 0 ≤ 𝑛 ≤ 𝑑 − 2,

deg 𝑥𝑛+2−𝑘𝑦𝑘−1 =

⎧⎪⎪⎨⎪⎪⎩
𝑛 + 2 − 𝑘 + 𝑑

(
𝑘 − 1

2

)
, 𝑘 = 1, 3, … ,

{
𝑛 + 1 𝑛 even
𝑛 + 2 𝑛 odd

𝑛 + 3 − 𝑘 + 𝑑

(
𝑘 − 2

2

)
, 𝑘 = 2, 4, … ,

{
𝑛 + 2 𝑛 even
𝑛 + 1 𝑛 odd

.

(B.9)

For 𝑛 ≥ 𝑑 − 1 withmod(𝑛 + 1 − 𝑑, 2) = 0,

deg 𝑥𝑑−𝑘𝑦𝑛+1+𝑘−𝑑 =

⎧⎪⎪⎨⎪⎪⎩
𝑑 − 𝑘 + 1 + 𝑑

(
𝑛 + 𝑘 − 𝑑

2

)
, 𝑘 = 1, 3, … ,

{
𝑑 𝑛 even
𝑑 − 1 𝑛 odd

𝑑 − 𝑘 + 𝑑

(
𝑛 + 1 + 𝑘 − 𝑑

2

)
, 𝑘 = 2, 4, … ,

{
𝑑 − 1 𝑛 even
𝑑 𝑛 odd,

(B.10)

and if 𝑛 ≥ 𝑑 − 1 andmod(𝑛 + 1 − 𝑑, 2) = 1, then

deg 𝑥𝑑−𝑘𝑦𝑛+1+𝑘−𝑑 =

⎧⎪⎪⎨⎪⎪⎩
𝑑 − 𝑘 + 𝑑

(
𝑛 + 1 + 𝑘 − 𝑑

2

)
, 𝑘 = 1, 3, … ,

{
𝑑 − 1 𝑛 even
𝑑 𝑛 odd

𝑑 − 𝑘 + 1 + 𝑑

(
𝑛 + 𝑘 − 𝑑

2

)
, 𝑘 = 2, 4, … ,

{
𝑑 𝑛 even
𝑑 − 1 𝑛 odd

.

(B.11)

By the same reasoning used in Proposition 5.6, we conclude from (B.9) that if 𝑛 is even, with
0 ≤ 𝑛 ≤ 𝑑 − 2, then

deg𝑌
(2,𝑑)

𝑛+1,𝑘
=

⎧⎪⎪⎨⎪⎪⎩

𝑑𝑛∕2 𝑘 = 1, 3, … , 𝑛 − 1

2 + 𝑑(𝑛 − 2)∕2 𝑘 = 2, 4, … , 𝑛 − 2

3 + 𝑑(𝑛 − 2)∕2 𝑘 = 𝑛

1 + 𝑑𝑛∕2 𝑘 = 𝑛 + 1, 𝑛 + 2

. (B.12)
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FASONDINI et al. 405

For 0 ≤ 𝑛 ≤ 𝑑 − 2, it follows from (B.9) that

deg𝛾2,𝑑
(𝑃
(2,𝑑)
𝑗,0
) < 𝑛 + 1 and deg𝛾2,𝑑

(𝑃
(2,𝑑)
𝑗,1
) < 𝑛 + 1 for 𝑗 < 𝑛 + 1. (B.13)

Combining the first and second cases in (A.1) with (B.12) and (B.13), it follows that if 𝑛 is even,
with 0 ≤ 𝑛 ≤ 𝑑 − 2, then

𝑌
(2,𝑑)

𝑛+1,𝑘
=

𝑑𝑛∕2∑
𝑗=𝑛+1

𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛+1,𝑘)
𝑃
(2,𝑑)
𝑗,0
, 𝑘 = 1, 3, … , 𝑛 − 1, (B.14)

𝑌
(2,𝑑)

𝑛+1,𝑘
=

2+𝑑(𝑛−2)∕2∑
𝑗=𝑛+1

𝐶
(2,𝑑)

2𝑗,𝓁(𝑛+1,𝑘)
𝑃
(2,𝑑)
𝑗,1
, 𝑘 = 2, 4, … , 𝑛 − 2, (B.15)

𝑌
(2,𝑑)

𝑛+1,𝑘
=

3+𝑑(𝑛−2)∕2∑
𝑗=𝑛+1

𝐶
(2,𝑑)

2𝑗,𝓁(𝑛+1,𝑘)
𝑃
(2,𝑑)
𝑗,1
, 𝑘 = 𝑛, (B.16)

𝑌
(2,𝑑)

𝑛+1,𝑘
=

1+𝑑𝑛∕2∑
𝑗=𝑛+1

𝐶
(2,𝑑)

2𝑗−1,𝓁(𝑛+1,𝑘)
𝑃
(2,𝑑)
𝑗,0
, 𝑘 = 𝑛 + 1, (B.17)

𝑌
(2,𝑑)

𝑛+1,𝑘
=

1+𝑑𝑛∕2∑
𝑗=𝑛+1

𝐶
(2,𝑑)

2𝑗,𝓁(𝑛+1,𝑘)
𝑃
(2,𝑑)
𝑗,1
, 𝑘 = 𝑛 + 2. (B.18)

Note that in (B.14), the row indices of 𝐶(2,𝑑)
𝑗,𝓁(𝑛+1,𝑘)

range from 2𝑛 + 1 to 𝑑𝑛 − 1, and hence, the

statements in (B.1) and (B.2) that 𝐶(2,𝑑)
𝑗,𝓁(𝑛+1,𝑘)

= 0 for 𝑗 < 2𝑛 + 1 and 𝑗 > 𝑑𝑛 − 1. Similarly, (B.3)–
(B.6) follow from, respectively, (B.15)–(B.18).
The proof that 𝐶(2,𝑑)

𝑗,𝓁(𝑛+1,𝑘)
= 0 for the remaining cases is similar. □
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