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1 | INTRODUCTION

In previous works, we studied orthogonal polynomials (OPs) on planar curves and on quadratic
surfaces of revolution. The OPs were constructed explicitly on the wedge and (on and inside) the
boundary of the unit square,' planar quadratic curves,” cubic curves,’ as well as on and inside
quadratic surfaces of revolution.* These OPs were used in applications, such as the statistics
of determinantal point processes, the computation of Stieltjes transforms, multivariate function
approximation and orthogonal series,”'” the approximation of singular or nearly singular func-
tions of one variable (including those that arise as solutions to differential equations), the explicit
solution to wave equations,'' spectral methods for partial differential equations on trapeziums,
disk slices and spherical caps,'”'"® and a spectral method for fractional integral equations.'*
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reproduction in any medium, provided the original work is properly cited.
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In this paper, we generalize both the types of curves on which OPs are constructed as well as
their method of construction, in particular, to OPs defined on curves of the form y” = ¢(x) in
R? where m = 1,2 and ¢ is a polynomial of arbitrary degree d. Unlike the previously mentioned
studies, our constructions of OPs are computational, not explicit. However, on quadratic and cubic
curves, our computational method reproduces the OP bases given in Refs. [2, 3] and in Section 4,
we give explicit bases for a few new special cases. Our approach is first to explicitly construct
a polynomial basis whose span contains the bivariate OPs as a subspace, and then we cast the
computation of the OPs as a numerical linear algebra problem, namely, simultaneously block-
tridiagonalize two symmetric, commuting matrices, which we solve with the Lanczos algorithm.
This is a very general approach that allows us to construct OPs (i) on certain algebraic curves (the
topic of this paper) and also (ii) inside those curves (two-dimensional domains), (iii) their surfaces
of revolution (three-dimensional regions), and (iv) associated star domains (2D and 3D regions).
The construction of OPs on (ii)—(iv) will be considered elsewhere. Sparse spectral methods for
PDEs are an application of the OPs we construct that is of special interest and will be pursued in
future research.

It appears that the earliest studies of real bivariate OPs on algebraic curves were those of Dun-
ham Jackson, published between 1937-1948.°-?! He considered the dimension of the space of OPs
of a specified degree on algebraic and transcendental curves in two and three dimensions,'>!
the Christoffel-Darboux formula for OPs on algebraic curves,”!” and the boundedness of OPs
on certain algebraic curves'®?! due to its relevance to the convergence of orthogonal series on
algebraic curves.

Suetin??, Ch. 7] also considers the dimension of the space of real bivariate OPs of a fixed degree
on algebraic curves in the plane. However, OPs are constructed only for the case of a line and a
circle in the plane. In Spicer’s thesis[%%, Ch. 4], OPs are constructed on certain cubic curves in the
plane, namely, elliptic curves, using determinantal identities, and in Refs. [[**#?°], these OPs are
shown to have applications in discrete integrable systems.

The papers that overlap most with our previously mentioned work are those of Koehler,?®
in which OPs are constructed on the boundary of the square, on bisecting lines and concentric
circles, and those of Jackson in which OPs are constructed on certain quadratic curves'® and par-
ticular cases of cubic curves?’ in the plane. In Refs. [19, 21], Jackson also considers OPs on some
curves that will be considered in the present paper, namely, y = ¢(x) with deg¢ = 4, y = x",
y? = x3,and y? = x°, as well as more general cases (e.g., y> = x*) that we shall briefly discuss in
the concluding section of this paper. However, his interest was in the boundedness of the polyno-
mials that can be used to construct the OP basis, not in the explicit or computational construction
of the OPs'.

2 | UNIVARIATE OPS

Throughout, we shall denote a univariate, orthonormal, degree-n OP that is orthogonal with
respect to the inner product

(8w = / F)g(x)w(x)dx, .1

! Considering the fact that Jackson’s work was published before the widespread availability of electronic computers, it is
not surprising that he was not concerned with the computation of OP bases.
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where w is a nonnegative weight function, by p,,(w; x), or p,,(w). We shall also make use of quasi-
matrices,”’-*® which can be thought of as matrices that have functions in their columns as opposed
to vectors. For example, the quasi-matrix

P(¢w) = (po(¢w) p1(¢w) po(¢w) ---), (22)

where ¢ = ¢(x) is polynomial that is strictly positive on the support of the weight w, and is a
matrix with a countable infinity of columns consisting of OPs with respect to the weight ¢w,
ordered by degrees.

Although none of our results require that the weight w be classical, for simplicity, we shall
assume that w is either a Jacobi, Laguerre, or Hermite weight*’, Ch. 18] with support supp(w) =
(—=1,1),(0, 00) and (—o0, 00), respectively. If all the roots of the polynomial ¢ (with ¢(x) > 0 for
x € supp(w)) are at the endpoints of supp(w), then ¢w is also a classical weight; otherwise, at
least one of the roots of ¢ are off supp(w) and ¢w is a semiclassical weight[*° and we refer to the
pn(¢w) as (orthonormal) semiclassical OPs.

The fundamental building blocks of our constructions of bivariate OPs will be Jacobi matrices
and a “raising matrix” of univariate OPs, which we shall now define. Recall that if a family of
OPs, for example, p,(¢w), n > 0, is orthonormal with respect to an inner product (-, -) sw then
they satisfy a three-term recurrence of the form

Xpp(Pw) = Bp_1Pp-1(¢w) + &, pp(¢wW) + B, Py 1 (W), n =0, (2.3)

where f_; = 0 = p_(¢w) and the recurrence coefficients are

a, = ap(pw) = (xp,(pw), pn(¢w))¢wa Bn = Bn(pw) = (xp,(pw), pn+1(¢w)>¢w- (2.4)

Since w is a classical weight and ¢(x) > 0 for x € supp(w), a,(pw), B,,(¢w) € R for n > 0. In
quasi-matrix notation, (2.3) becomes

xP(¢w) = P(pw)J (¢w), (2.5)

where J(¢w) is an infinite, symmetric, tridiagonal matrix known as the Jacobi matrix of the OPs,

ap(pw)  Bo(pw)
Bo(pw) ai(pw) Bi(dw)

J = . 2.6
) Bigw)  agw) - @9

We say that a (finite or infinite) matrix A is banded and has bandwidths (4, u), 4, u > 0if A; ; =
Ofori—j> Aand j—i> uand the same applies for block-matrices (in which case A; ; refers to
block (i, j) of A). Hence, J(¢w) has bandwidths (1, 1).

Proposition 2.1. Ifdeg¢ = d, then the OPs {p,(w)} and {p,,(¢w)} are related via a banded raising
matrix R with bandwidths (0, d) according to

P(w) = P(¢pw)R, 2.7)
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where P(¢pw) is given in (2.2) and P(w) is defined analogously and

r0,0 e e ro,d

r . . r
R = 1,1 1,d+1 , (28)

Fap oo e F2,d+2

where
Tin = {Pn(W), Pr(Pw)) g = (Pr(W), $pr(pw)) - (2.9)

Proof. Since any polynomial of degree n is a linear combination of the p,(¢w) with0 < k < n, we
have p,(w) = ZZ:O ¥ nPr(¢w), where the expression (2.9) and the fact thatr; , = 0for 0 <k <
n — d follow since the p;(¢w) and p,(w) are (orthonormal) OPs. O

In quasi-matrix notation, we write
R = (P(¢w). Pw))gu = | PT@wR@)wax, (2.10)

where PT(¢w)P(w) is interpreted as an outer product of two (infinite) row vectors whose entries
are functions and integration is performed entry-wise. Therefore, (P(¢w), P(w))4,, is an infinite
matrix whose entries are defined as follows: Let e, be the standard basis vector

T

e, =|0--0100-], (2.11)

k zeros

then the (k, n) entry of (P(¢w), P(w))4,, for k,n > 0 is (cf. (2.9))

((P(pw), P(W))g), , = [ P@wleP(w)e,pw dx = (pp(w), pr(pw))gw = Ficn- (212)
k.,n

Similarly, we can express the Jacobi matrix as J(¢w) = (P(¢w), xP(¢w))4,, and since the OPs
{p,(w)} and {p,(¢w)} are orthonormal, (P(¢w), P(pw))s, = I = (P(w), P(w)),,, where I is an
infinite identity matrix.

The coefficients ry ,, of the raising matrix R can also be viewed as the connection coefficients
relating the classical OP basis {p,(w)} to the semiclassical OP basis {p, (¢w)}. Algorithms for com-
puting connection coefficients between (mainly univariate) classical OP families with different
weights are discussed in Ref. [31]. The more general problem of relating the OP families {p, (rw)}
and {p,,(w)}, where r = r(x) is a rational function, and determining the recurrence coefficients
of the former OP family is discussed in 32 Section 2.4] and associated algorithms are considered
in [**, Ch. 5] and more recently in Ref. [[**]. For our purposes (i.e., the case r(x) = ¢(x)), we
note that one method for computing R and J(¢w) is via the Cholesky factor L of the symmetric,
positive-definite matrix

@ = (P(w), P(W))gyy = /P(w)TP(w)qu dx=LL"
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because from (2.7), we have that
I = (P(¢w), P(pw))gpy = / P(¢w) "P(¢pw)pwdx = R T®R™' = R"TLLTR™!

from which we conclude that
R=LT, J(¢w) = RTJ(w)R, (2.13)

where the second identity follows from (2.5) and (2.7). Another method for computing R and
J(¢w) given J(w) is to use Christoffel’s theorem*?, Sect. 2.4], For simplicity, we let w be a classi-
cal weight function; however, using the algorithms in Ref. [[**], we can compute the Jacobi and
raising matrices that we require for any weight w that can be expressed as (or well approximated
by) the product of a classical weight and a polynomial or rational function.

The topic of this paper is also the computation of connection coefficients (and, as a by-product,
recurrence coefficients will also be computed); however, we shall relate bivariate OPs (restricted
to curves) to a polynomial basis that is orthogonal with respect to the same weight as the bivariate
OPs. As we shall see, not only is our connection problem complicated by the fact that it is bivariate
but also because, in general, the degree of a bivariate polynomial on R? is different from its degree
when restricted to an algebraic curve in R

3 | BIVARIATEOPSONY =¢ANDY? = ¢

Curves defined by p(x,y) = 0, where p is an irreducible bivariate quadratic or cubic polyno-
mial, can be simplified to the form y? = ¢(x), with deg ¢ < 2 for quadratics and deg¢ = 3 for
cubics, see Refs. 2 and [3], respectively. Through affine transformations, nondegenerate quadrat-
ics can be reduced to either a parabola (¢ = x), a circle (¢ = 1 — x2), or a hyperbola (¢ = x> — 1).
A cubic curve in the standard form y? = ¢(x), deg¢ = 3 is an elliptic curve if it has no cusps,
isolated points, or self-intersections; the OPs we constructed in Ref. 3 are valid on both elliptic
and nonelliptic curves. In this paper, we consider bivariate OPs on the following more general
curves:

y = ¢(x) ifm=1
Ymd = Ymd(@) =4 (x,y) € R? : ,Xx € supp(w),deg¢p =d >0,
Y =¢(x)>0 ifm=2

3.1

where supp(w) denotes the support of a nonnegative weight function w(x); either supp(w) =
(a,b), (a, ) or (—o0, ), where —o0 < a < b < o and ¢ may vanish at a or b. The restriction
¢ > 0 does not apply for m = 1 but for m = 2, the positivity of ¢ is necessary for the curve to be
defined in R2.

For the special case m =1, d = 0 and a classical weight w, the classical OPs are OPs on the
curves y1 9. The case m = 2 and d = 0 (a pair of parallel lines in R?) is treated in Ref. [2]. OPs on
curves of the form y™ = ¢ with m > 2, which we leave for future work, will be discussed briefly
in Section 6.
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We consider OPs in (x,y) that are restricted to the curve y,, 4 and that are orthogonal with
respect to the following inner product:

U@me=/‘f@Jm&mm&JMde,

Ym.,d

where do is the arc length measure on y,, ;. We incorporate the arc length into the nonnegative
weight function by setting w(x,y) = w(x)/4/1 + (3’(x))? so that the inner product simplifies to

/ F $CNE(x, SO, m=1,

(F28)y g0 = / [ e VEGg(x, VEGD) (3.2)
(e —BENECx — v FENwCodx, m =2,

where the integrals are over supp(w). The bilinear form (-, '>ym o defines an inner product on the
space of polynomials of two variables restricted to the curve y;n,d,

O ma) = Rlx,y]/(y"™ — $(x)),

which denotes the space of bivariate polynomials modulo the ideal generated by y" — ¢(x) = 0.

As mentioned in the Introduction, the dimension of the space of bivariate OPs of a specified
degree on algebraic curves in the plane was established by Jackson in Ref. 15 and also by Suetin
in [??, Ch. 7]. We now state and prove the same result for a narrower class of curves (namely,
Ymd With m = 1,2) and thereby introduce the monomial bases on the curves, which we shall
repeatedly make use of in the rest of the paper.

Proposition 3.1. Let V,, (¥, 4, w) (or V,)) be the space of bivariate OPs of degree n with respect to the
inner product (3.2) defined on I1(y,, 4), then

dim V, (¥4, w) = min{n + 1, max{d, m}}. (3.3)

Proof. We consider the set of monomials of degree n on the curve y,, 4, which we denote by
By (Ym.q)- Since B, (¥, q) is a basis for the space V,(y,, 4, w), we have that dim V,(y,, 4, w) =
|B,,(¥m.q)|- Three cases arise: (i) n < max{d,m} —1, (ii) m > d,n > m, and (iii)) m < d, n > d.
Since we only consider m = 1,2 and d > 0, case (ii) only arises if m = 2and d = 1.

For case(i), we have that

n
Bafma) = {x"yE}"_ | n<maxid,m}—1, (3.4)
because the monomials x*y" ¥ are linearly independent for 0 < k < nand thus |B,(y.0)| = n +
1.

For case (ii),

-1
By(Ymd) = {x"_kyk}kmzo , m>d, n>m, (3.5)

85U80| 7 SUOLULLOD BA 81D B|eoljdde 8Ly Aq pausenof aie SILe YO ‘88N 4O Sa|n1 10} A%eiq1T 8UIIUO A8]IA UO (SUOTIPUOD-PUR-SLLBILI0D A8 |IMA g 1BUI|UO//SANY) SUORIPUOD puUe SWiB | 81 88S *[£202/80/20] U0 Ariqi auljuo A8|im ‘uopuo aBeloD feredw | Aq Z8GzT Wdes/TTTT'OT/I0p/L0d A8 |Im ARIq I BUIIUO//SdIY WOy papeojumoq ‘T ‘€202 ‘0656.9T



FASONDINI ET AL. | 375

because we can set y = ¢(x) and express the monomials x"¥y¥ with k > m in terms of the

monomials in By (y,, 4), with 0 < k < n; hence, only the monomials x"kyk witho <k <m—1
are linearly independent and thus | B,,(y,, 4)| = m.
For the final case (iii),

Bn()’m,d) — {xd—lyn+1—d’xd—2yn+2—d’ ’yn}’ d>m, n>d, (3.6)

because we can use the fact that y™ = c x4 + --- + ¢;x + ¢y, with ¢ # 0 to set x¢ = ¢(x,y),
where deg < d, and express y”_kxk with k > d in terms of lower degree monomials; therefore,
1By (Yim,a)l = d. O

Proposition 3.2. A bivariate polynomial p(x,y) € I(y,,4) can be represented in terms of
polynomials of one variable as follows:

_Ja® fm=1,
p(x,y) = {r(x) fys) ifm=2, (3.7)

where q(x), r(x), s(x) are polynomials in x.

Proof. Any p(x,y) € II(y,, 4) can be expressed as a linear combination of the elements of the
monomial bases in (3.4)-(3.6). The result follows immediately upon setting y = ¢(x) (if m = 1) or
y? = ¢(x) (if m = 2) in the monomial expansion of p(x, y). O

In view of this result, we introduce the “P-polynomials” or “P-basis”

Pr(w; x) form=1,k=0,n>0
PV (x,y) =4 pa(win)/ V2 form=2,k=0,n>0, (3.8)
ypn_l(gbw;x)/\/i form=2,k=1n>1

which clearly form a basis for I1(y,, 4) and, moreover:

Proposition 3.3. The P-polynomials are orthonormal with respect to (-, -), . ,:

d) pm.d
<P§:’;{ ),P% )> =8,,6c;, m=12

Ym,d-W

Proof. Since the p,(w) are orthonormal with respect to the univariate inner product (-, -),,, we
have, form =1,

.d d
<P1(11,0 )’PS,() )> = (pp(w), pr(W))y, =y -

Y1,d,W

For m = 2, three orthogonality relations need to be demonstrated. First, orthogonality between
P-polynomials with k = 0 in (3.8):

2,d) p(2,d)
<Pn,0 ’Pt’,O >

o = (pp(w), pr(W))yy = Sy -
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Next, between polynomials with k = 1,

<P5121d),P(2 d)> 0 = (¢pp—1(pw), pr_1(¢w))y, = {Pn—1(¢w), pf—l(qbw))qbw = 5n,t"

V2,d>

The final orthogonality relation is due to the reflection symmetry of the curve for m = 2:

(2,d) p(2.d)
<Pn1 ’P€O >

- / (D1 ($W)De (W) — YD1 ($0)pe (w)]wdx = 0.

V2,d,W

3.1 | Connection coefficients

We denote the degree-n, orthonormal OPs on y,, 4 by Y(m d)(x, y), where k = 1,...,dim V,,, with
dim V,, defined in (3.3). Hence, the OPs satisfy

<Y§:’Il€,d), Y;r”iud>> =6,,00, m=12,
Ym,d-W

forn, >0,1 <k <dimV;,1<i<dimV; and Y(W’d) has degree non y,, 4.

It follows from Proposition 3.2 that the OPs can be expressed as linear combinations of the
P-polynomials. That is, there exist connection coefficients C;'j; d), where ¢ = ¢(n, k) € Ny will be
defined in Section 5.5, such that

(1 d) (1,d) 5(1,d)
ERIED W sras (3.9)
j>1
(zd> 2d) p2d) 2.d) p(2.d)
(x,y) = ZCZJ P+ ZCWPJ1 , (3.10)
j=1 j=1

for n>1, k=1,...,dimV, and with Y(m D C(m d)P(m 9 for m = 1,2. The upper and lower
bounds of the summation indices in (3. 9) (3 10) w111 be cons1dered in Section 5.6.

3.2 | Minimal and maximal degrees of polynomials on y,, 4

If p is a polynomial in R[x, y], then we define the degree of the restriction of p to y,, 4 as the
lowest degree polynomial q among all q satisfying p = g modulo (y™ — ¢(x)). By construction,
the monomial bases in (3.4)-(3.6) are minimal degree representations of polynomials in I1(y,, 4).
Therefore, the degree of p(x, y) on the curve y,, 4 is the degree of its expansion in the monomial
basis given in (3.4)-(3.6).

If d > m and p(x,y) € II(y,,,), then a maximal degree representation of p is obtained by
setting y = ¢ (if m = 1) or y* = ¢ (if m = 2), in which case p takes the form given in (3.7).
For example, if m =1 < d, then y" = ¢" is a polynomial of degree n in II(y,, ,) whose maxi-
plm.d)

n,k

mal degree on y; 4 is nd. Observe from (3.8) that the total degree of a P-polynomial is n,
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which is also its maximal degree because it is in the form (3.7). Therefore, the maximal degree
of p(x,y) € II(y,,,,) is the total degree of its expansion in the P-basis. We denote the maximal
degree of p(x, y) ony,, 4 by deg p and its minimal degree by degym d( p). Forexample,ifm =1 < d,

then degy” = nd and degy (") =n and for n > d, degPE:’;(’d) =n> degymd(P;”]:d)), while, by
definition, deg, (Y(m Dy = .

4 | CURVES WITH EXPLICIT OP BASES

Before recursively constructing OPs on the general curves (3.1), we consider cases for which the
OP basis can be given explicitly in terms of the P-polynomials.

Proposition 4.1. The following are orthonormal OP bases on curves y,, 4 defined in (3.1): if m = 1
and deg¢ = 1, then

YDy = P00, nxo; (4D
ifm=1anddeg¢ = 2, then
(1 2) (1 2)
(x,y) (x)
(1 2) — (1 2) 2n—1,0 . 4.2
(x,y) = (x), (Y(l D, y)) ( Szz())(x) ) (4.2)

Ifm=2anddeg¢ = 1ordeg¢ = 2, then

y @D pd
) )
Y00y = PRy (), ( <2d>§ §)> < (zd)iz y)> d=12 (43

Ifm =2 and deg¢ = 3, then Y(2 ) = p&d Y(2 39 = p2d Y(2 3 = P(2 3 and

0,0 °’ 1,0 ’
(2,3) (2,3) (2,3) (2,3)
Y2n 1 P3n 1,0 Y2n+1 1 P3n 1
23] _ (2,3) (2,3) _ (2,3)
Y2n 21 P3n 1,1p Y2n+1 2| P3n+1 of " 21 (4'4)
(2.3) (2,3) (2,3) (2,3)
Y2n 3 P3n 0 Y2n+1 3 P3n+1 1

Ifm =2, deg¢ = 4, ¢ is even, supp(w) = (—a, a), a > 0 and the weight w is even, so that P(2  has

the same parity as n, then Yflzl.“) = P(2 4)1 for(n,i) =(0,1), (1D, (1,2), (2,1, (2,2), Y(2 D P(2 4) and
forn>1

ves YO\ (P2
G I T I P R P s
NCAIN I PO B GO I P |
e e I g W ey
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Proof. The sets of Yf:’;{’d) given above are orthonormal (see Proposition 3.3) and the dimensions of

V, are as in Proposition 3.1. What remains to be shown is that the Yflr’;(’d) have degree n on y,, 4.
We only prove the latter case (4.5) because the proofs for the remaining cases are similar.

Since ¢ is assumed to be even and of degree 4, y* = ¢,x* + ¢,x? + ¢y, with ¢, # 0. To show that
yCH  _ pC
2n+1,1 = © 4n—1,0

Pfi,’f)l,o, namely, x**~! and note that

has degree 2n + 1 on y, 4, it suffices to consider the highest degree monomial of

n—1

2 2
_ n—1 Yo —=CXT —Cy
x4n—1 — x3(x4) — x3< ; ,
7

which is an expression of degree 2n + 1 whose degree cannot be further reduced on the curve y, 4.

We conclude that degy“(P‘(é’i)1 o) = 2n + 1. Similarly, considering Ygi’i)l , = P‘(é’f)l 1» the high-

est degree monomial is yx**=2 = yx?(x*)""! = yx?[(y? — c,x* — ¢y)/cs]™ ! and it follows that

degh4 (Pz(ti’i)1,1) = 2n + 1. The remaining cases can be similarly confirmed. O

The OP bases on quadratic curves (4.3) and cubic curves (4.4) are the cases studied in,
respectively, Refs. 2, 3, 18, 20.

5 | OPSONY =¢,deg¢p >3 ANDY? = ¢, deg¢ > 4

We now consider the construction of OPs on y = ¢ and y? = ¢ in cases for which we are unable
to give an explicit OP basis, which are the curves y = ¢, deg¢ > 3 and y*> = ¢, deg¢p > 4.
By the same reasoning used in the proof of Proposition 4.1, we deduce that

(Ld) _ pLd) _
Y}’l,k - Pn,k—l’ (n’ k) - (09 1)5 (1, 1)9 (Sl)
ford > 3 and
YeD =p20 (k) =(0,1),(1,1),(1,2),(2,1),(2,2), (5.2)

for d > 4. To generate higher degree OPs, we shall apply the Gram-Schmidt process and show
that it is equivalent to the Lanczos algorithm applied to two symmetric, commuting matrices.
We introduce the following infinite quasi-matrices for the P-bases:

,d ,d ,d
POD = PADGx) = (P0G PO P ) ), (53)
PED = PEA(x,y) = (PEO00)|P O, n[PE ) ), G4

where the [P’;Z’d) denote the block-quasi-matrices

2.d .d 2,d ,d ,d
PO = (PG0), PRy = (P PEOy) ), 21, (55)
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FASONDINI ET AL. 379

Similarly, for the OPs,

yOnd) — ymd)(x, y) = (Yém,d)|v(lm,d)|v(2m,d)|.“ ) (5.6)
with
.d d d
Vi) = (YO0 - Yl L ep)), nzo, (57)

where, since m < d = deg ¢ for the cases we consider in this section,
dimV,, = min{n + 1,d},

see Proposition 3.1.
We can express (3.9)—(3.10) as

ymd) = pimd)cmd) (5.8

where C(":d ig referred to as the connection matrix and its entries Cl.(';’d), i, j > 0, are the connec-
tion coefficients. For all the values of (m, d) considered in Proposition 4.1, cimd) — 1 except for

the final case (4.5), where there exists a permutation matrix 7 such that C®%P = I. Figures 1
and 2 depict examples of connection matrices for m = 1,deg¢ > 3, and m = 2,deg¢ > 4, the
construction of which we shall describe in the rest of this section.

Proposition 5.1. The connection matrix C?™% for m = 1,2 is orthogonal.

Proof. Since the Y4 are orthonormal OPs and the P4 are orthonormal for m = 1, 2, it follows

that (Y(d, y(m d)) = I and (P4 pm d)) = I, where (-,-),, ., for quasi-matrices is
defined as in (2.10)- (2 12) mutatis mutandis. Thus the connection matrix is orthogonal because

I = (yomd, yomdy - (ctmd) T (plma) plm.d) ), Clmd)

= (ctmd) T ctmd =12, O

5.1 | Multiplication matrices for the P-bases

To construct the connection matrices, we shall need matrices X4 and pmd representing
multiplication of P by x and y:

xPp(md) = pn.d) p(md) ypimd) = pimd) y(md), (5.9)

Proposition 5.2. The multiplication matrices of the P® basis are

x0d = jw), YO = p(w)), (5.10)
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m=1, degp =3 i m=1, degdp =4

-100

-125

L 1 n 1 1 1 1 I _150
0 5 10 15 20 0 5 10 15 20

m =1, deg ¢ =6, ¢ even

-100

-125

-15.0

0 10 20 30 40

FIGURE 1 Plots oflog,, of the entries of the connection matrices Cc9 for OPs on y = ¢(x). The curves are
defined by ¢(x) = x> — x2 + x + 1 (top left), p(x) = x* + x> — x2 + x + 1 (top right), P(x) = (x® + x> — x* + x> —
x% 4+ x +1)/10 (bottom left), and ¢(x) = x® — x* — x2 + 1 (bottom right). The uniform weight w(x) = 1 on

[—1, 1] was used in all cases.

where J(w) is the Jacobi matrix of the orthonormal OPs {p,(w)}, which is defined as in (2.3)-(2.6) but
with ¢w replaced by w. Furthermore, XD gpd YD commute, XD is symmetric and tridiagonal
and Y19 ig symmetric with bandwidths (d, d).

Form = 2, X% and YD commute, X9 is symmetric, block-tridiagonal with diagonal blocks:

T
2,d) 2,d)
X00 (Xl,o )
-
2.d) 2.d) @.d)
x4 — | g X1 (Xz,l )

-
(2,d) 2,d) (2,d)
X2,1 Xz,z (Xa,z )
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degd =4

degp =7

20

40 =75

-100

60

=125

80 . L L L L L -150
0 10 20 30 40 50 60

degp =8 deg ¢ = 8,  even

20

40

S

60

=100

80
-125

-150

100 L )
0 20 40 60 80 0 20 40 60 80

FIGURE 2 Plotsoflog,, of the entries of the connection matrices @9 for OPs on y2 = ¢(x). The curves in
these examples are ¢ = (2 + x)(1 — x2)(5/4 — x) (top left), = ¢, := (1.15 + x)(1.05 + x)(1 — x*)(1.1 — x)

(1.2 — x)(1.3 — x) (top right), ¢ = (1.25 + x)¢, (bottom left), and ¢ = (1 — x2)(1.05? — x2)(1.1% — x?)(1.15*> — x?)
(bottom right). The uniform weight w = 1 on [—1, 1] was used in all cases.

where X(z D = (qp(w)) € R, X(Z ) _ = (Bo(w) 0)T € R, and forn > 1

2D ot (10) 0 e _ [ Bn(w) 0
o 0 agw) ) T 0 Buipw)

The matrix Y% is symmetric with block bandwidths (d — 1,d — 1):

o (st)
( T T
»e 2,d) y(Zd) <y(z d)) <y(2 d)) i
Yo = y<2 d) y<2 T < y(i?)2> . (5.11)
PR y<2d> (yézil)d> (y;didy
+
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where Y& = (0 r,)7,

1,0
(2,d) 0 Fn-1n (2,d) 0 Fpn—1,n+1
nno = s yn+1n: , n>1,
rn—l,n 0 ’ rn,n 0

Or
@d) n—1,n+k
yn+k,n_<0 0 >’ 2<k<d-1, n>1,

and ther; j are defined in (2.9).

Proof. Since x*P(w) = P(w)(J(w))¥, k > 0and (J(w))¥ is symmetric with bandwidths (k, k), it fol-
lows that yP(w) = ¢(x)P(w) = P(w)¢(J(w)), where ¢(J(w)) is symmetric with bandwidths (d, d)
because ¢ is a polynomial of degree d. The result (5.10) then follows since P(09) = P(w).

The commutativity of "> and Y% for m = 1, 2 follows immediately from their definitions
in (5.9) and the commutativity of multiplication by x and y, xyP(® = yxp(md),

The entries of X9 follow straightforwardly from (3.8) and the three-term recurrences of the
OP families {p,(w)} and {p,(pw)}.

To construct Y%, we first note from (3.8) and (2.7)-(2.8) that

pd

2,d
e+ T e (5.12)

2.d) _
yPn’o - rn—d,n n+1,1°

for n > 0, where r; ; = 0if i <0. Since yP(z’d) = yzpn(¢>w)/\/§ = ¢pn(¢w)/\/§, We can express

n+1,1
yP,(fﬁ)l in the P9 basis using the entries of the lowering matrix L defined by

$(x)P(¢w) = P(w)L,
where (cf. (2.10))

L = (P(w), $P(pw)),, = /PT(w)P(qu)gbwdx =RT,

and therefore,

2,d 2d 2.d
yPEz+1?1 = "n,nPEz,o e rn,n+dPEz+d),0' (5.13)
The entries and structure of Y% then follow from (5.12) and (5.13). O

5.2 | The Gram-Schmidt process viewed as a block Lanczos algorithm

Since the Yflr'l’(’d) are orthonormal OPs, the v;’"’d) satisfy three-term recurrences of the form *°
T
XV = YD (B )y p Dy D) (514)
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and

.
yYd) = yimd) <Bf{f’1‘3) + YR DATD 4y g, (5.15)

for n > O with Y_; := 0, where

Amd) _ <Y§lm,d),xyglm,d)> . <Y(m,d) xyglm,d)> ’ (5.16)
Ym,d>-W

n,x n,x n+1
Ym,d-W

and A%’d), Bflrg;d) are defined similarly. Hence, A%gd),A%’d) € RAim VyxdimV, | BS{?};“,B%’” IS
RAM Yy xdim Vy 5554 A%C’d) and A,%’d) are symmetric. In quasi-matrix notation, the recurrences
(5.14) and (5.15) can be expressed as

xY(md) — ymd) J)(Cm,d), yy(md) = y(md ];m,d)’
where J )(Cm’d) and J }(,m’d) are the symmetric, commuting, block-tridiagonal Jacobi matrices of the
OPs Y4,

To express the recurrences (5.14) and (5.15) in the P7% bases, we write the connection matrix
in block form

d) (m,d)| ~(m,d)| ~(m,d)
clmd) _ (Co || |) (5.17)
where C;m’d) € RoXdimVy then

YD = pimd D), (5.18)

Proposition 5.3. The Jacobi matrices of the OPs Y% and the multiplication matrices of the P>
bases are related as follows:

T T
JID = (cmd) " pmdtnd) - pmd - (clnd) | ymdetmd) |y =12, (519)
Furthermore, the Cﬁ{"’d) satisfy the recurrence relations
T
xom0e® = CP(BIL) + ALY + DB, (520
and
-
.d (m.,d) d (m,d) 4(m,d) (m,d) p(m,d)
ymaem® = cmP () + e Al + elnPp?. (5.21)

Proof. Since xY(md) = xpimdcind) = pimd) pmd clnd) e have that
(m,d) _ d d —
T = (YD xy(m )>ym,d,w =
T T
d d d d d) _ d d d
(C(’” )) (pimd) plm )>ym,d,wX(m )omd) — (C(m )) ximd)clmd)

form=1,2.
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384 | FASONDINI ET AL.

Using (5.18) and setting xY(m A = plm.d) p(m, d)C(m D in (5.14), we arrive at (5.20) and (5.21) can
be derived similarly. O

The standard Stieltjes method for computing OPs and their recurrence coefficients uses a dis-
cretized quadrature rule to compute the required inner products, see Ref. 32, 36. Hence, the
(discretized) OPs need to be evaluated at a discrete set of points. By contrast, we compute OPs
in “coefficient space” (as opposed to “function-value space,” as is done in the standard approach)
via (5.20) and (5.21) to generate subsequent blocks of the connection matrices. Computation of
the inner products (5.16) is accomplished via

T T
d d d d d d
B = (€0 xmagmd, A = () amdcd, 52)
which follows from (5.16) and (5.18). The inner products required for B(m d; and A%’d) are com-

puted similarly. Hence, once we have the multiplication matrices X" d) and Y4 (which are
built from the Jacobi matrices J(w), J(¢w) and the raising matrix R), we compute inner products
via only finite matrix multiplications, with no need for quadrature of the evaluation of OPs.

Since J)(Cm’d) and Jim’d) are symmetric, block-tridiagonal matrices, we note from (5.19) that
the connection matrices simultaneously block-tridiagonalize the symmetric, commuting matri-
ces XD and Yy via orthogonal similarity transformations. Hence, our approach, which
is essentially the Gram-Schmidt process applied in coefficient space to OPs in the P bases
via the connection coefficients, can be viewed as the Lanczos procedure’’ applied to x("4)
and Yymd),

5.3 | Construction of the initial columns of the connection matrices

Let e;, be defined as in (2.11) and let CE.m’d) denote column j of the connection matrix C™4), with
Jj=0.

Proposition 5.4. The first few columns of the connection matrices are given by

cld = ¢l =g, D= (61 (- ) (5.23)
and form = 2,
C(z ) = €y, C(127d) = (el e, ), C(22,d) = <e3 e, ng’d) >’ (524)
where
a1 (0, ), 0y (Ld) wd)\>
¢ = —= (9% Vi Veq), (b37) = (% ) (V) 629
2,1

2.d 1 1, 2
C(5 )=bl—’y(”o,3es+“'+”o,dezd—1)’ <b3§> =rost g (5.26)

3,2
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and yl.(}’d’, i, j >0, denotes the (i, j) entry of Y9 (defined in (5.10)). Furthermore, the first few
block entries of the Jacobi matrices J)(Cm’d) andJ J(,m’d) are given by (see (5.14)—(5.15))

A(l d) _ ( X(l d)>, B(l d) _ ( X(l d) 0) ’ (527)
1,d) a.d) (1,d) Ld) 10y )"
Aoy = (yo,é ) By, = (371,(3 b,1 ) , (5.28)
and form = 2,
.
A(z d) X(()zod)’ B(z d) Xizod)’ A(z d) X(z d)’ B(z d) _ ( X(2 d)0> ’ (5.29)
and
0 T
@d) _ (2 d) (2.d) (2 d) (2.d) (2 d) _ [ ~@d)
Ap?=(0), B =w3", ALY =Y7", B (y“ bl’y> . (530

Proof. The first few columns of C"% as well as the matrlces (5. 27) (5.30) follow from (5.1), (5.2),
and (5.16). We shall obtain C(1 9 C(2 9 and the entries b , and b 5 by constructing, respectively,

1.d) 2.d)
Y, and Y5

The recurrences (5.15) and (5.28) imply

OyY(l d)

yY(l .d) y(l d)Y(l d) y(l d)Y(l d) +b o,

on the other hand, using the multiplication matrix Y9 in (5.10),
Y(1 D _ p(x) P(1 d) _ (1 d) P((i(,)d) y(l d) P(l d)

y(l d)Y(l d) y(l d)Y(l d) y(l d)P(l d) . y(l d)P((ilod)’

comparing these two expressions, we have that

1
v _ ( PLOPED 4y pLOpL d)) = pra(td),

21

from which (5.25) follows and the expression for bg’f follows from the requirement that

(1.d) 12 1.d) (1 d) _ o
Y5715, o = (Y757, Y ) ’w_l,wh1ch1mphes that

;
sy = @eactd prachd) = (et el =g
’ d-w 1.d>

C(1 D and b1 * can be derived similarly by using (5.30) and (5.13). O
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Note from (5.25)-(5.26) that the entries bg’f and b;; , whose values are determined by the nor-
malization of the OPs, are unique up to a choice of sign. Throughout, we shall let entries that arise

from normalization be positive.

5.4 | Sequences of orthogonalization for the subsequent columns of
the connection matrices

We now consider the sequence of multiplications by x and y to be used for constructing the OPs.
We first note that different sequences of multiplication can result in different Jacobi matrices

])(Cm’d), J;m’d) and connection matrices C/%. For example, suppose m = 1, we set Y((fl’d) = P(()T(’)d),

first multiply by y and orthogonalize to obtain Yi,ll’d), and then, multiply by x and orthogonalize
to obtain Ygléd), then, cf. (5.27) and (5.28),
(1.d) (1.d) (1.d) o)
AGD = (950), B =(b170)
1,d) (1,d) (1,d) 0,x 1.0,x T
Ay = (Xo,d )’ By = <b1:1 b1 ) ’
and
ad _ 1 /o0d,0.d) A.d) p(1.d) _ pLd) o1
Yii = bo_,y(yLo Prlo - +yd,0 Pio ) = P )Cl ’
1,1
where
(1,d) ~-(1,d)
2 2 2 X y
0.y\ _ (y@d (1,d) 0x _ 1Ld) 1.d) _ 710 Y10
(677) = (3’1,0 ) e (V) b = v )=
- by
1,d) 1,d)
and there are (generally nonzero) constants C;5sC 0o such that
aa 1 1,d) (1,d),(1,d) 0,x+,(1,d)
Y, = W(XYOJ — &g You —binYi; )
2.1
_ ~1d)pd) (Ld) p(1,d) _ p(1,d)(1.d)
= C1,2 Pl,o o +Cd,2 Pd,o =P )Cz :
Hence (cf. (5.23) and (5.25)), Cél’d) = ey and Cgl’d) = (C(ll’d) C(zl’d) ), where
a1 1,d) (1,d) (Ld) _ ~(Ld) (1,d)
Cl = bo—,y(yl’o e+ - +yd,0 ed>, C=Ce+ +Cd’2 e,.
1,1

This illustrates that the block Cgl’d) in (5.23), obtained by first multiplying by x and orthogonaliz-
ing, is sparser (has fewer nonzero elements) than the one obtained by first multiplying by y. The
same conclusion holds true for the case m = 2.

1|uo//:sdny) suonIpUED pue SWwiB | 81 88S *[£202/80/20] Uo Ariqi auljuO A8|im ‘uopuoaBeloD feredw | Aq Z8GZT Wdes/TTTT'OT/I0p/L0d A8 |Im ARiqBUIIUO//SdIY WOy papeojumoq ‘T ‘€202 ‘06569 T

B A3 | 1M A |

85UB917 SUOLILIOD BRI el |dde au Aq peusenob ae sajoie O ‘8sn Jo Sajnl oy Afeiqi1auluQ A8 |1 UO (SUONIpuoo-p



FASONDINI ET AL. | 387

For ease of reference, we restate the monomial basis of degree n (given in (3.4) and (3.6)) on the
curves considered in this section:

n d
By(yma) = {x"y*} _, 0sn<d—1, Bu(yma) = {x4Fymd} . nxd (53]

To ensure the OPs span the same space as the monomial basis and in light of the example above, to
construct Y(m Dorn<d-— 2, we first multiply by x (and orthogonalize) and then multiply by y.

That s, Yflnild l){, k =1,..,n+ 1, are generated by orthogonalizing xYl(qr,';c D and Yflnj_ld 3: 4+, isfound by
orthogonalizing yY%’f)l. We refer to this sequence as the primary sequence of orthogonalization.

This implies that for 0 < n < d — 1, the expansions of the OPs in the monomial basis (5.31) take
the form

Yfln;(,d) _ al((nlzxn—kﬂyk—l T+t oc(") n— 1y +oz(")x +(9(xf1y"02), 0<t,+¢,<n, (532)

fork =1,...,n+ 1, with oc]({”,z # 0,and where O(x¢1y?2) represents the remainder of the monomial
expansion, which consists of terms of degree less than n (hence ¢; + ¢, < n).

Hence, for the Y(m’d)

(5.31) that deg, (Y (m d)) =n.
(m d)

generated via the primary sequence of orthogonalization, it follows from

(m d) (m,d)

-1,1
) has degree less than d on y,, 4. This is because its monomial expansion is

To generate Y , we note that Y, cannot be constructed by orthogonalizing xY

(m
because xY d 1 1

xY"D = g@=Dyd | @(xf1yf2)with ¢, + ¢, < dandsince y = ¢ (if m = 1) or y? = ¢ (if m = 2),

d-1,1 01
with ¢ = cgx? + -+ + ¢;x + ¢, €q # 0, degy (x4) = degy (th(im’ldi) < d. However, Yfim’d) (or,

more generally, Y(m d)) can be constructed by orthogonalizing xY(m1 o k=2,..,d, and then

yY’(Z1 5 for n > d because these polynomials are linearly independent and it follows from (5.31)
that degym’d(yY(m1 3= degy d(folm ldl)() =n, k =2,...,d. Alternatively, and for the same rea-
sons, we can orthogonalize yY( ld ]){, k =1,...,d toconstruct Y( md) 1 > d.Itcan be verified (using
the commutativity of multlphcatlon by x and y and applying the Gram-Schmidt procedure to the
monomial basis) that both these sequences yield the same OP basis. Hence, we refer to either of

these sequences as the secondary sequence of orthogonalization. This implies that for n > d, the
monomial expansions of the OPs are

Y(m d _ i"ﬁxd kyn d+k 4 ... 4 (nlz d— 2yn= d+2+a(") d— 1yn—d+1 +(9(x€1y€2)’ (5.33)

fork=1,..,d, Wlthoc(n);éO and where ¢ + ¢, < n.

(rn)

To summarize: the Y generated via the primary and secondary sequences of orthogonaliza-

tion span the same space as the monomial basis (5.31) on the curve y,, 4 and degy (Y(m d)) =n.

Since the Y}(q”;{ D thus generated are orthogonal by construction, they are (orthonormal) OPs on

Ym,a Withrespectto(-,-), .The yﬁlm,d)

constructed in this manner are in V, (the space of bivari-
ate OPs of degree n with respect to (-, -), ) but note thatif C € R is an orthogonal matrix,

then Y€ (for n > d — 1) are also in V, since (Y™, VE{""DC)}, w=1€ RAxd,
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We now describe the computation of the connection coefficients and the structure of the
connection matrices (examples of which are shown in Figures 1 and 2) in more detail.

5.5 | Recursive formulae for the connection coefficients

Let c£f?’d), r,c > 0 denote the entries of the connection matrix. We introduce the map ¢ = ¢(n, k),
from the indices (n, k) of the OP Yfl";(’d) for m = 1,2 to the column index of the quasi-matrix

A) — ( yimd) y,(md) y(md)
Yo" )_<Y0,1 Yii Y )

The OP Y(()"ll’d) is in column 0 of Y("d) YE"I’d) is in column 1 of Y9 and so on. Hence,
1
n—1 @+k—l, 0<n<d-1, 1<k<n+1
tnk) =) dimV, +k—1= 1 ,
¢=0 dn—%ﬂc—l, n>d, 1<k<d
(5.34)
(m,d)

where dimV, = min{¢ + 1,d}. Let C ek € R>*! denote column number ¢(n,k) >0 of the

connection matrix C4, then since Y4 = pn.d)cmd) e have that

(md) _ p(m,d)(m.d)
Yn,k =pun Ct,(n’k), (5.35)

which expresses (3.9)-(3.10) in quasi-matrix notation. For m = 1, it follows from (3.9) and the
orthogonality of the Pkl(’)d) polynomials with respect to (-, -)y1 o that

ad) 1,d) p(1,d)

Cr,f(n,k) - <Yn,k ’Pr,O >71d W rz0, (5.36)
and similarly, for m =2, (3.10) and the orthogonality of the PI({Z(’)d), k >0 and Pl(cz’ld), k>1
polynomials imply that C(()Zad) = (Y(()zl’d),P(()z(’)d) and

’ ’ O Tyaaw
(2,d) _ 2,d) p(2,d) 2,d) _ 2,d) p(2,d) >
Gt = <Yn,k P >m’w, o = <Yn’k P >m’w, r>1. (537

Let ai";.x fori, j > 1 denote an entry of Afll,;cd) or A% where it should be clear from the context

nx
A n,x (1,d) 24d) y. . n,y
whether m = 1 or m = 2, and similarly, bi’j denotes an entry of B, . * or B, . Likewise, a;; and

ny . . (1,d) .d) (1,d) 2.d)
b; " denote entries of, respectively, A, ;" or A,, 3" and B, ;” or B, ;,”.
Using the known initial columns of the connection matrices given in Proposition 5.4, we can
recursively compute entries in the subsequent columns using the results in Propositions 5.5, A.1,
5.6, and B.1
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Proposition 5.5. For m = 1, the connection coefficients satisfy the following equations: suppose first
that0 <n<d-2thenfork=1,..,n+1

nx ~(Ld) 0000 n-1x (L)
bkk ]f(n+1k) Z X Crf(nk) Zb ]f(n 1) (538)
r=j—1
n+1

k-1
n,x ~(1,d) n,x ~(1,d)
- z; arkcj t(n,r) z‘; brkCJ t(n+1,r)’
r= r=

and we obtain the column CS(:L ns2) from
j+d
ny (1.d) 1.d) ~(1.d) n—1y ~(1d)
b”+2 ”+1CJ tn+1ne2) — Zd y r £(nn+l) bn+1,ncj,f(n_1’n) (5.39)
_j—
n+1 n+1

n,y (1 d) (1 d)
- Zl ar n+1 j,t(n,r) Z br n+1 J,t(n+1, r)’

r=

the entries ofC(1 ) )for k =1,...,d follow from

¢(d.k
j+d d-1
d-1,y ~(1,d) _ 1,d) ~(1,d) _ d-2,y ~(1,d)
Dk CJ £(dk) 2 Ve Cre £(d—1,k) Z b, Cj,f(d_z,r) (5.40)

r=j—d r=max{k—1,1}

d-1,y ~(1,d) d—1,y (1d)
_Z ij(d 1,r) Zb ]f(dr)

and for n > d, we compute C 1 0 fork =1,...,d using

j+d
ny ~(1,d) _ 1,d) ~(1,d) n—1Ly ~(1,d)
bk kC] t(n+1,k) — Zd yr,j Cr,f(n,k) Z b Cj t(n—1,r) (5'41)
r=j—
d
n,y ~(1,d) ny o (Ld)
- Zl rkC] t(n,r) z brk J.t(n+1,r)" (5'42)
r=

The coefficients bZ ;, bZ sz Iy bg k1 Y and bny on the left-hand sides of, respectively, (5.38)—(5.41)

are determined by the requirement that the OPs have unit norm, for example, in (5.38), we require
(C(l’d) )TC(Ld) _1_ (Y(l’d) yd
t(n+1,k) t(n+1,k) — 7 VN n+lk’ T n+lk },Ld’w'

Proof. 1t follows from the definition (5.16) that A;l,;fl) and A,(f,;,d) are dense symmetric matrices, for
example,

n,x n,x n,x n,x

a,; By B1 7 Ygimy,a
n,x n,x n,x n,x
a1 22 935 Tim .2
a.d) _ a™* nx nx n.x dim vV, xdim Y,
Apx = 93 az5 33 Qgimy,s |€RT ", (5.43)
a™ a™* B
d1m Vp,1 “dimy,,2 d1m VY, dim Y,
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where dimV,, = dim V, (1 4,w) =n+1for0 <n <d—-1and dimV, = d for n > d. The three-
term recurrences (5.14)-(5.15) and the monomial expansion (5.32) imply that for0 <n < d — 2:

210 € span (VIO Y00y ckcnn,
and

P @span (V0D V0O V0D VD Y isksnen
Therefore, the matrices B;{f) and B;ly’yd) have the following structures for0 <n < d — 2:

nx 3n,x n,x
b1,1 b1,2 bl,n+1
n,x n,x
4 0 bz,z b2,n+1
1 . .
BUP = ¢ 1 |e R (5.44)
n,x
0 = 0 bn+1,n+1
0 0 0
and
ny 3ny ny
b1,1 b1,2 bl,n+1
ny pny ny
b2,1 b2,2 b2,n+1
(1,d) _ ny ... phy n+2xn+1
By, = 0 b3} by |ER . (5.45)
ny
0 = 0 bn+2,n+1

The monomial expansions (5.33) imply that forn > d — 1,

xYD e span {Y(l’d) Y ytad) |yt } ., 1<k<d,

nk n—1° n+1,1° " ptlk—1
and
1,d 1d 1d 1d 1,d
in,k ) € span {Y;_R,Y; ), Y51+1?1’ s Yﬁlﬂ?k} s 1<k<d.

Hence, forn >d —1,

n,x 3.n,x n,x
0 b1,2 b1,3 bl,d
0 0 by b
BUP=|: ~ i |erdd (5.46)
0 0 0b7
0« - 0 0
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and

ny pny ny
b1,1 b1,2 b

1,d
0 by ... b
By =| | 2?2 erdd (5.47)
ny
0 e 0 bd,d

The three-term recurrences (5.14) and (5.15) satisfied by the OPs and the structures of the
matrices given above imply thatfor0 <n <d—-2andk =1,..,n+1

n n+1 k
.d) _ n—1Lxy,(1d) nxy,(1,d) nx-(1,d)
XYn,k - Z bk,r Yn—l,r + 2 a, x Yo, + Z br,k Yn+1,r (5.48)
r=k r=1 r=1
n n+1 k+1
Ld) _ n—1y,(1,d) ny+,(1,d) Yy, (1,d)
IR SPRE D YR s SR INED YIS Cw ) 3 el (5.49)
r=max{k—1,1} r=1 r=1

The recurrences satisfied by the OPs for the casesn =d -1,k =1,..,dandn>d, k=1,...,d
can be found similarly using (5.43)—(5.47).
Let Xr(}gd) and y,(}c’d), r,c > 0 denote the entries of X(1® and Y9, respectively, which are

defined in (5.10). Since X9 is tridiagonal and Y% has bandwidths (d, d), we have for j > 1
that

j+1 Jjt+d
1d) _ 1,d) p(1,d) 1d) _ 1,d) p(1,d)
xPo0 = Y alOpd Pl = Ny Opld, (5.50)
r=j—1 r=j—d

It now follows from (5.36), (5.48), and (5.50) thatfor0 <n <d—-2andk =1,..,n+1

n n+1 k
1,d) p(1,d) _ n—1,x ~(1,d) n,x ~(1,d) n,x ~(1,d)
<xyn,k ’Pj,O > - Z bk,r Cj,f(n—l,r) + Z ar,k Cj,f(n,r) + Z br,k Cj,t’(n+1,r)
A r=1 r=1
j+1
_ (L,d) (1,d) _ (1,d) ~(1,d)
= <Yn,k XPj0 >}’1d o 2 X7 Critnioy

r=j—1

from which we obtain (5.38).

The recurrence (5.39) can similarly be derived using (5.36), (5.49), and (5.50). The remaining
equations (5.40)-(5.41) follow from the recurrences satisfied by the OPs for the casesn =d — 1,
k=1,..,dandn>d, k=1,..,d. O

The formulae from which the connection coefficients can be computed for m = 2 are given in
Appendix A.
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5.6 | Structure of the connection matrices

We now aim to deduce the entries of the connection matrices that are zero, which will specify the
ranges over which the row indices should vary in the formulae for the connection coefficients for
m = 1 (given in (5.38)-(5.41)) and for m = 2 (given in Appendix A).

Proposition 5.6. Form = 1,if0 <n <d —2, then C(lf‘?)ﬂ o= = 0 for
j<n+1 and 1<k<n+2 (5.51)
j>nd and 1<k<n (5.52)
j>nd+1 and k=n+1 (5.53)
j>m+1)d and k=n+2. (5.54)

Ifn >d -1, then C(lf‘?)ﬂ o= = 0 for

j<d-1+dn+2-4d) and 1<k<d (5.55)
j>nd and 1<k<d-2 (5.56)
j>nd+1 and k=d-1 (5.57)
j>m+1)d and k=d. (5.58)

Proof. Recall that the (maximal) degree of an OP Yill’{d) on y; 4 is obtained by setting y = ¢(x) and

finding the degree of the resulting polynomial, which is also the degree of Yflll’{d) in the Pgllg)d) basis.

We denote this maximal degree by deg Yflll’{d), which is in general different from the (minimal)

degree of Y;ll’{d) on y; 4, namely, n, which is denoted by degy d(Y(l d))

To determine the degrees of the OPs Y(1 d) in the P(1 d) basis, we let n — n + 1 in (5.32) and
(5.33) and note that among the degree n + 1 mon0m1a1 terms the leading term has the largest
maximal degree, which is, for0 <n < d — 2,

deg x"*2kyk=l = p 4 2 —k 4+ d(k — 1), k=1,..,n+2, (5.59)
andforn>d -1,
degxdkyntltk—d —d _k +dn+1+k—-d), k=1,..,d. (5.60)

All the OPs of degree n (Ysll’d)) appear in the recurrences satisfied by the OPs of degree n + 1 (see
(5.14)-(5.15)). Among all monomials of degree n on y, 4, y" has the largest maximal degree, with

degy" = nd. We conclude from this and (5.59) that for 0 < n < d — 2, deg ydd

ik = = max{nd,n +
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1,d)

2 —k+d(k —1)} and from (5.60), it follows that for n > d — 1, deg Y(+1 '

d(n+ 1+ k — d)}. Hence,

= max{nd,d — k +

nd for0<n<d-2,1<k<nandn>d-1,1<k<d-2
YOD —dpd41 foro<n<d-2k=n+landn>d—1k=d—1

degy, /1 'k
(n+1)d for0<n<d-2k=n+2andn>d-1,k=d

(1 d)

Since these maximal degrees are also the degrees of the Y, in the P(1 4 basis, they are the

upper bounds on j in the expansions Y;lj)k = Ej>0 lef‘(izm k)Pﬁlod) Thus we have shown that

Cl 414 = O for the cases (5.52)-(5.54) and (5.56)~(5.58).
Note from (5.59)—(5.60) that the smallest maximal degree of a monomial of degree n + 1 on y; 4
isattained for k = 1, whichisn + 1for0 <n <d —-2andd —1+d(n + 2 —d)forn > d — 1. This

implies that

j<n+1 if0<n<d-2
deg (P(1 d)) <n+1for J ) (5.61)
Y1.d j<d-1+dn+2-d) ifn>d-1
Since the Y( ) . are OPs of degree n + 1 on y g, it follows that
(1,d) 1Ld) p1.d) P (1,d)
C} f(n+1 k) <Y}’l+l kaP >y1 o - 0 lf degyl,d (Pj,() ) <n+ 1 (562)
Hence, combining (5.61) and (5.62), we have shown that C(l';(j)Jrl o= = 0 for the cases (5.51) and
(5.55). O
For m = 2, the indices for which C(z,;(i)Jr1 o= = 0 are given in Appendix B.

5.7 | Numerical stability and computational complexity

The recursive formulae for the connection coefficients given in Section 5.5 are numerically unsta-
ble. This is to be expected because the formulae arise from the Gram-Schmidt procedure, which
is well known to be unstable®” and the instability of the Lanczos algorithm is also well estab-
lished (see 32, Section 2.2.3] and [38, Supplement D]). We shall consider the computational cost
of our Lanczos (or, equivalently, Gram-Schmidt) algorithm when it is stabilized via reorthogo-
nalization [37, 38 (the Lanczos algorithm can also be stabilized if it is performed via Householder
transformations® or Givens rotations.*)

Due to the instability of the Lanczos procedure, the OPs are not exactly orthogonal in floating
point arithmetic. After a new OP has been generated via a new column of the connection matrix
(using the formulae in Section 5.5 and Appendix A), we orthogonalize this OP against lower degree

OPs to ensure orthogonality up to the level of roundoff errors. That is, we replace the OP ymad

n+1,k
with its reorthogonalized version:
(m,d) (m,d) (m,d) (m d) (m,d)
Yn+1 k Yn+1 k Z <Yn+1 k> Y >7m,d’w Ys,i > (5.63)
0<s<n+1
1<i<dim V;
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which we express in terms of the columns of the connection matrix by setting Y;";{’d) =

(m,d) (m.d) .
P Cf(n,k)'
.
(m.d) (m.d) (m.d) (m.d) | ~(m.d)
Cetnrriy < Cotmerio ~ Z [(Cf(n+1,k)) Cf(s,i)]cf(s,i)'
0<s<n+1
1<i<dim V

We can use the results in Section 5.6 and Appendix B (i.e., the fact that the connection matrices
are banded) to show that we only need to reorthogonalize against a constant number of lower
degree OPs (as opposed to all lower degree OPs). For example, for m = 1, we have

jmax
1d) _ (1,d) (1,d)
Yok = Z Cj,t’(n+1,k)Pj,0 ’
J=Jmin

where jpin = jmin(® + 1, k) and ji.x = jmax(? + 1, k) are given in Proposition 5.6. For instance,
forn>d—-1landl1 <k <d,jpn(n+1,k)=d—-1+d(n+2—d)andfork =d, jhx(n+1,d) =
(n + 1)d. Likewise, for m = 2,in (A.1), j ranges from ji, tO jnax, Which are given in Appendix B.
o ; . . d d . .
Hence, if in (5.63), we have jpin(n+ 1,k) > jmax(s, i), then (Y;’il’l)(,YE"i" )>ym, Lw is identically
zero, also in floating point arithmetic, and therefore, we only need to reorthogonalize against

OPs Ygri"’d) With join(1 + 1,k) < jmax(s, i). For m = 1, we have to reorthogonalize Y%

ni1k Against

Ygri"’d) withn —d + 3 < s < n+ 1 because

min {S € N0 : jmin(n +1, k) < jmax(s’ l)}

(5.64)
=min{seNy : d—1+dn+2—-d)<sd}=n—-d+3
andform=2,n—d+4 <s <n+ 1since
min{s € Ny : jpin(n +1,k) < jmax(s9 D}
(5.65)

=min{seNy : 2d+dn+1—-d)<sd—1}=n—-d+4.

Proposition 5.7. For m = 1, 2, the connection coefficients and the entries of the Jacobi matrices for
OPs of degrees 0, ..., N (i.e., C;m’d), A%gd), A,(f;’d) for0 <n <N and B%gd), B%’d) for0<n<N-—
1) can be computed in O(Nd*) operations without reorthogonalization and in O(Nd>) operations

with reorthogonalization.

Proof. Starting with the first few columns of C"4) given in Proposition 5.4, the subsequent
columns of the connection matrix are computed using (for m = 1) (5.38)-(5.41), with j ranging
between the bounds given in (5.51)—(5.58) and (for m = 2) using the formulae in Appendix A,
with the row indices ranging between the bounds given in Appendix B.

To compute the entries of A%gd), B,ﬁf’,‘;d), A%’d), and B%’d), we use the fact that

T T
<xy(m»d) Y(mad)> - (C(m,d) ) X(m,d)c(m,d) — <C(m’d) ) X(m,d)c(msd) (566)

nuiy ? gy fy t(ny,iy) t(nyin) — \ €(ny,i) t(ny,ip)’

which follows from (5.35), the orthonormality of the P-polynomials, and the symmetry of X9,
A similar identity holds for inner products of the form (yY(m’d), Y(m’d))

i 0 Ty 4w
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(m,d)
Cf(n,k)'

range fromd —1+d(n—d + 1) tond,

The most computationally expensive part of the procedure is the computation of Y("-4)
(Ld)
£(n,k)

see (5.55) and (5.58) with n + 1 — n, the column C?(’:)k) has ©(d?) nonzero entries. Since Y1)

has bandwidths (d, d), the computation of y(l»@cg}(’:)k) requires O(d>) operations, which has to be
computed O(Nd) times; hence, the computational complexity is O(Nd*) without reorthogonal-
ization. By the same reasoning, for m = 2, the computational complexity is also O(Nd*); however,

the computational cost is reduced by approximately a factor of 4 because Y% and C(fz(’:)k) have
(1.d)

£(nk)’

The reorthogonalization step (see (5.64)-(5.65)) costs ()(d*) operations per OP for m = 1,2,
and hence, the overall computational cost of our Lanczos procedure with reorthogonalization
is O(Nd>). O

For m = 1, since the indices of the nonzero rows of C

roughly half the number of nonzero entries compared to Y4 and C

The linear computational complexity (in N) of the Lanczos method applied to an orthogo-
nal basis compares favorably to the cubic O(N3d?) complexity (without reorthogonalization) of
orthogonalizing the bivariate monomial bases” in (5.31).

We remark that if the results of Propositions 5.5, A.1, 5.6, and B.1 are used to compute the
connection coefficients for the cases in Proposition 4.1, then the same OP bases as in (4.1)-(4.5)
are obtained.

5.8 | Numerical experiments

For m = 1, if we compare the upper and lower bounds on j in Proposition 5.6 to the connection
matrices shown in Figure 1, we find that the bounds for the cases (5.52)—(5.54) and (5.56)—(5.58)
are sharp, whereas the bounds for the cases (5.51) and (5.55) are sharp only for k = 1. That is, the

entries of the first three connection matrices in Figure 1 are nonzero for the following rows and

. 1,d)
columns: for0<n<d-2, Cj,f(n+1,k) # 0 for

n+1<j<nd and k=1
n+2<j<nd and 2<k<n
n+2<j<nd+1 and k=n+1

n+2<j<(m+1)d and k=n+2

(1,d)
andforn>d -1, Cj,é’(n+1,k) #+ 0 for

d-1+dn+2-d)<j<nd and k=1 (5.67)

2 One orthogonalization method is to compute the Cholesky factor L of the Gram matrix M, where M = (M, M)M =
LLT, and where M is a quasi-matrix whose columns are the monomial basis functions in (5.31). Then, the OPs are given by
Y4 = ML=T. For OPs of degrees 0, ..., N, this has O(N3d?) complexity because it requires the Cholesky decomposition
of a v X v finite section of the dense matrix M with v = O(Nd).
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2d—-2+dn+2—-d)<j<nd and 2<k<d-2
2d—1+dn+2—-d)<j<nd+1 and k=d-1
2d—1+dn+2-d)<j<(n+1d and k=d. (5.68)

These bounds on the indices of the nonzero entries of C(*® imply that the maximum band-

(1,d) 1.d) (1,d)
widths of C are attained at the entries C 4oL+ d(nt2—d). £(n41.0) (see (5.67)) and C(n " Dd.f(ntLd)

(see (5.68)). Therefore, the bandwidths of C® are (1, u) with A = u = A,, where

1= (d—2)2(d—1)
because
A=ftm+1,1)—[d=-1+dn+2—-d)] = W
where ¢ is defined in (5.34), and
=mn+1d—-¢(n+1,d) = w

Similar to the case m = 1, for m = 2, we find that in the connection matrices in Figure 2, the
lower bounds on the row indices j with Cjzf‘gl 1)
upper bounds (B.1), (B.7), and (B.8) are sharp only in the case k = 1. The maximum bandwidths
are therefore attained at the connection coefficients corresponding to Pf(’)d) with j = (n+1)d/2
(which is the largest among the maximal degrees in (B.10)-(B.11), which is attained for k = d and
n odd) and sz D with j=d+dn+1-d)/2 (which is the smallest among the maximal degrees
in (B.10)-(B.11), which is attained for k = 1, with mod(n + 1 — d, 2) = 0). That is, the maximum
bandwidths are attained at C((flfi) do1e(nind) @ and Cgili)d(“l (L)’

Hence the bandwidths of the connection matrices in Figure 2 are (4, ) = (4,, 4,), where

= 0 given in Appendix B are sharp, while the

d(d—3)

12= )

This is because the number of rows from the main diagonal to the former entry is

(n+1)d—1—€(n+1,d)=@,

and for the latter entry, the number is

d(d —3)

t(n+1,1)—[2d+dn+1-d)] = 3

The bottom-right frame of Figures 1 and 2 shows that if w and ¢ are even functions, then the con-
nection matrix has roughly half the number of nonzero entries compared to the case where either
w or ¢ is not even. This is because the multiplication matrices X% and Y% have roughly half
the number of nonzero entries for even w and ¢.
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6 | CONCLUSION

For the cases m = 1,2, we have constructed bivariate OPs on the algebraic curves y" = ¢. For
m > 2, if we generalize the P-polynomials

d _
PO = yrp, (¢ Mwix),  k=0,..,m -1,

and the inner product

/f ¢(x (x, '{'/qb(_x))w(x)dx, m odd,
(F28)y, 0 = / [( ¥/309)s(x, ¥/60)
+f<x,— W)g(x, - W)]w(x)dx, m even,

then the P-polynomials are not orthogonal with respect to (-, ) » for m > 2. We can neverthe-
less still construct the OPs on y"* = ¢ as linear combinations of the P-polynomials. However, the
computation of the connection matrix would require the Cholesky factorization of a dense Gram
matrix, which has cubic complexity, see footnote. For m = 1,2, we showed that the connection
matrix is banded but for m > 2, the connection matrix will in general be upper triangular.

Topics for future research include the development of the theory of interpolation, quadrature,
and orthogonal series on the curves y™ = ¢, as was done for quadratic and cubic curves in Refs.
[2,3]. As an application, OPs on " = ¢(x) could be used to approximate functions with algebraic
singularities of the form 3/¢(x) at the zeros of ¢, again as was done in Refs. 2, 3 for square-root and
cubic singularities. Another application of the OPs on y" = ¢ is the construction of OPs inside

"M = ¢ and their associated surfaces of revolution for the purpose of spectral methods for partial
differential equations.

In connection with the latter application, we shall report in future work how the OPs Y(”]i )
constructed here can be used to construct OPs on the two-dimensional regions inside the curves
Ym.d(¢), which will constitute the curved elements in a spectral element method. At the interfaces
between elements, we require that the polynomials in the basis be graded to ensure that the bases
are compatible across elements. As we showed in this paper, the construction of a graded OP
basis on the curves y,, 4 requires linear combinations of the P-polynomials, which motivated the
construction of the connection matrices.
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APPENDIX A: RECURRENCE RELATIONS FOR THE CONNECTION COEFFICIENTS
FORm =2

Proposition A.1. For m = 2, the connection coefficients satisfy the following equations: suppose
that0 <n<d-2,thenfork =1,3,...,n+1,

blrcll)cc ng’iii,f(nﬂ,k) = fgj—l(w)cgii;,f(n,k) ta; (w)Cg-fii,f(n,m + ,6’j (w)cgfi,f(n,k)
n n+1
- ;{ blrcl;l’xcgfi,f(n—u) - Zs a:,}icc;j’ﬂ,f(n,r>
mod(r,2)=mod(k,2) mod(r,2)=mod(k,2)
k—2
- g;) b:},’lfcgiii,t’(n+l,r);
mod(r,2)=mod(k,2)
and fork = 2,4,...,n+1,
bZ,’lf Cg",i)(nﬂ,k) = ‘81—2(¢w)cg’2,€(n,k) + %—1(¢w)C§§1?<n,k> + ‘Bj—l(‘#w)cg'f;,f(n,k)
n n+l1
- erc bZ;Lngf;zn-Lr) - ZB a:lfcg’,?(n,r)
mod(r,2)=mod(k,2) mod(r,2)=mod(k,2)
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k-2

_ n,x ~(2,d)
Z br,k CZj,f(n+1,r)'
r>0

mod(r,2)=mod(k,2)
Suppose that0 <n<d-2andk =n+1,ifnisodd

Jj+1 n
ny ~(24d) _ z ~2d Z n—1y ~(2,d)
bk+1,kC2j—1,€(n+1,k+1)_ rr‘l’JCZr,t’(n,k) bk,r C2j—1,6’(n—1,r)
r=j—d+1 r=max{k—1,1}
mod(r,2)=mod(k—1,2)

n+1 k—1
_ n.y ~(2.d) _ 2 n,y ~(2,d)
Z @Gt enn b, 3 Coioi etneir
r>0 r>0
mod(r,2)=mod(k—1,2) mod(r,2)=mod(k—1,2)
and if n is even
Jj—1+d n
ny (2,d) _ Z ) (2,d) _ Z n—1y ~(2,d)
bk+1,kC2j,€(n+1,k+1) - rl_l’rCZr—l,é’(n,k) bk,r Czj,f(n—l,r)
r=j—1 r=max{k—1,1}

mod(r,2)=mod(k—1,2)

n+1 k-1
_ ny~2.d)  _ Z 1,y ~(2,d)
Z a1 Cojetnm b3 Cofbnrrry
r>0 r>0
mod(r,2)=mod(k—1,2) mod(r,2)=mod(k—1,2)

Suppose thatn = d — 1, then for k = 2,4, ...,d,

Jj+1 d-1
ny ~(2,d) _ Z ) (2,d) _ Z n—1,y ~(2,d)
bk,kczj—l,f(n+1,k)_ rr_l’JCZr,f(n,k) bk,r C2j—1,€(n—1,r)
r=j—d+1 r=max{k—1,1}
mod(r,2)=mod(k—1,2)
d k-2
B n.y ~(2.d) _ ¥ n.y ~(2.d)
z ar,k Czj—l,t’(n,r) br,k C2j—1,f(n+1,r)
r>0 r>0
mod(r,2)=mod(k—1,2) mod(r,2)=mod(k,2)

and fork =1,3,...,d

j—1+d d-1
n,y ~(2,d) _ Z ' (2,d) _ Z n—1,y ~(2,d)
bk,kCZj,f(n+1,k)_ rJ_l’rCZr—l,f(n,k) bk,r C2j,€(n—1,r)
r=j-1 r=max{k—1,1}

mod(r,2)=mod(k—1,2)

d k-2
_ ny~2d) ¥ ny ~(2.d)
Z ar,k Czj,t’(n,r) br,k Czj,f(n+1,r)'
r>0 r>0
mod(r,2)=mod(k—1,2) mod(r,2)=mod(k,2)

Suppose thatn > d. If mod(n + 1 —d,2) =1, then fork = 1,3, ...,d,

Jj+1 d
ny ~(2,d) _ Z ~2.d) _ Z n—1y ~(2,d)
bk,kczj—l,f(n+1,k) - rr_l’JCZr,f(n,k) bk,r C2j—1,€(n—1,r)
r=j—d+1 r=k
mod(r,2)=mod(k,2)

11u0//:Sdy) SUONIPUOD PUe s L By} 89S *[£202/80/20] uo Akiqiauljuo /B|im ‘uopuo abe|jod feuadw AQ 285ZT Wdes/TTTT OT/I0p/wod 4| mAsiq1jeul|uo//sdny wo. papeojumoq ‘T ‘€202 ‘065697 T

B0 A A

ol

85U8917 SUOLILLIOD B8 el |dde ey Aq peusenob e sajoie WO ‘8sn Jo sajnl Joy AkeiqiauljuQ A8[Im uo (suonip



FASONDINI ET AL. 401
d k-2
_ n.y ~(2.d) _ y ny ~(2.d)
Z @ Gt e b, Coici enin)
r>0 r>0
mod(r,2)=mod(k—1,2) mod(r,2)=mod(k,2)

and this equation also holds ifmod(n + 1 — d,2) = Oand fork = 2,4, ...,d. [fmod(n + 1 — d,2) =
0, then fork = 1,3, ...,d,

j—1+d d
ny ~(2,d) _ ) (2,d) _ n—1y ~(2,d)
bk,kczj,f(n+1,k)_ Z rl_l”'CZr—l,f(n,k) Z bk,r C2j,€(n—l,r)
r=j—1 r=k
mod(r,2)=mod(k,2)
d k—2
_ ny ~2d ny ~(2,d)
Z @ Coetnn Z b, C, i+l
r>0 r>0
mod(r,2)=mod(k—1,2) mod(r,2)=mod(k,2)

and this equation also holds if mod(n + 1 — d,2) = 1 and fork = 2,4, ...,d.

Proof. Note from (5.2), (5.24), and (5.26) that for m = 2, each of the OPs of degrees 0, 1, and 2 can be
expressed as a linear combination of either (i) the Pflzbd) polynomials or (ii) the Pflz’ld) polynomials.
In the former case, it is expressed as a polynomial in x and in the latter, as a y times a polynomial

in x. Since OPs of degree n + 1 are generated by orthogonalizing either xYElzl’{d) or yYff,’{d) forn>2

and y? = ¢(x), it follows that every Yﬁf,’(d) can be expanded in terms of either the Piz’bd) or the ng’ld)

polynomials. In the former case, C;j’;)(n,k) =0, j > 1 and in the latter, Cgfi i

(3.10) and (5.37)). We also note that in the former case, the monomial expansion of Yﬁlzl’(d
only even powers of y and in the latter case, only odd powers of y.
From the monomial expansions (5.32), for 0 < n < d — 1, we conclude (since oc,({",z # 0) that if

(2,d)
2j,t(n,k)

=0,j>1(see

) contains

k is odd, then Yf;{d) has an expansion in the Pf(’)d) polynomials, and hence, C
Using similar reasoning and also (5.33), we list all the cases:

=0,j>1

1<n<d-1, modk,2)=1, Y Py =) Cg-’-di fpﬁ.z(;d),

1<n<d-1, mod(k,2) =0, Yizl’{d)(x, y) = Z C;?";)Pg.zl’d),

nxd,  modn-d2)=0modk,2)=1, Y (xy) =Y i PVPLY,
(A1)
n>d, modn—d,2)=0,modk,2)=0, Y (xy) =Y 5 PEY,

nxd, modn—d,2)=1modk,2)=1, Y (xy) =Y 5 PO,

n>d, mod(n — d,2) = 1,mod(k,2) =0, Yizl’{d)(x,y) = Z Cg";)PS.zl’d),

where j > 1,¢ = ¢(n, k);in the first two cases, 1 < k < n + 1 and in the final four cases, 1 < k < d.

Observe that if Y*? has an expansion in the pd op p29) polynomials, then so does xy@d
n,k J,0 J.1 nk

but then yY;ZJ’{d) has an expansion in, respectively, the P;,Zl’d) or Pf(’)d) polynomials. We conclude

from this and the cases listed above that A,(qz,;cd) € RAmVyxdim Vs jg 3 symmetric matrix whose odd
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2.d) 3 d)>

by ,Y = 0 if k; and k, have opposite parity. This is because,

diagonals are zero since (xY

for example, if Y( ) has an expansion in the P( polynomials, then Y(Z’d) has an expansion

(2 d) € Rdim V,;xdim ¥,

in the P( ) polynomlals which are mutually orthogonal Similarly, A is a

symmetric matrix whose even diagonals are zero since (yYflzkd), Vou d)) = 0 if k; and k, have

the same parity. It also follows that for 0 < n < d — 1, the structures of B( D and B(2 9 are the

same as those in, respectively, (5.44) and (5.45) but, additionally, the odd superdlagonals of fod)

are zero and the even superdiagonals of B(Z’d) are zero. For n > d, the structures of B(Z’d) and B(Z’d)

are the same as those in, respectlvely, (5.46) and (5.47) but the even superdiagonals of B(2 D are

d)

zero and the odd superdiagonals of Bn,y are zero. To summarize, the structures of the matrices

A,(fxd), A;Zyd), Bff ) and B(2 D) are the same to those in (5.43)—(5.47), except that for m = 2, they
have an additional checkerboard pattern.
The recurrence relations for the connection coefficients can be derived as in the case form =1

in Proposition 5.5, but using instead (5.37),

2 d 2.d 2.d 2,d

PO = 8, PP, + o w)P% + B w)p%Y

2,d 2 d Z,d
XPE.,l ) ﬁj 2(¢w)Pj 1,1 + C(J 1(¢LU)P( ) + Bj_1(¢LU)P§.+1’)1

(see Section 5.1) and (5.12)—(5.13), which we combine with the fact that the OPs with m = 2 satisfy
the same recurrence relations as the OPs for m =1 (e.g., (5.48)—(5.49)), but with the additional

checkerboard pattern of Affxd), A;zyd), B;zxd), and B(2 9. [l
APPENDIX B: THE CASES FOR WHICH C* f‘? =0
Proposition B.1. Form = 2, C(Zf‘zzﬁl o= = 0 for the following indices: suppose 0 < n < d — 2, then
(2,d) —
Ci b = 0for
j<2n+1 and 1<k<n+2; (B.1)
if, additionally, n is even, then c2d = 0 for
’ ’ J€ (1,4
mod(j,2)=0 or j>nd—1 and k=1,3,..,n—1, (B.2)
mod(j,2)=1 or j>m—-2)d+4 and k=2,4,.,n-2, (B.3)
mod(j,2)=1 or j>m-2)d+6 and k=n, (B.4)
mod(j,2)=0 or j>nd+1 and k=n+1, (B.5)
mod(j,2)=1 or j>nd+2 and k=n+2, (B.6)
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FASONDINI ET AL. 403
ifnisodd (with0 <n <d—2), then Cf;gi+1,k) = 0 for
mod(j,2) =0 or j>1+(m—-1)d and k=1,3,..,n—2,
mod(j,2) =1 or j>2+(m—-1)d and k=2,4,..,n—-1,
mod(j,2) =0 or j>3+m—-1)d and k=n,
mod(j,2) =1 or j>4+(m—-1)d and k=n+1,
mod(j,2) =0 or j>m+1)d-1 and k=n+2.
Suppose now thatn > d — 1. If mod(n + 1 — d,2) = 0, then Cf;(?m,k) = 0 for
j<2d+dn+1-4d) and 1<k<d (B.7)
andifmod(n +1—d,2) = 1, then Cﬁ.,zgaﬂ,k) = 0 for
j<2d—-3+dn+2-d) and 1<k<d. (B.8)
Supposed isevenand n > d — 1. If mod(n + 1 — d,2) = 0, then n is odd and C;,ZZ;C(IZHLI() = 0 for
mod(j,2) =1 or j>2+4+m-1)d and k=1,3,..,d -3,
mod(j,2) =0 or j>14+(m—-1)d and k=2,4,..,d—4,
mod(j,2) =0 or j>3+m—-1)d and k=d-2,
mod(j,2) =1 or j>4+(mn—-1)d and k=d-1,
mod(j,2) =0 or j>m+1d-1 and k=d,
andifmod(n + 1 —d,2) = 1, then n is even and Cf;é)wl,k) = 0 for
mod(j,2) =0 or j>nd—-1 and k=1,3,..,d -3,
mod(j,2) =1 or j>m—=-2)d+4 and k=2,4,..,d—4,
mod(j,2) =1 or j>m—=2)d+6 and k=d-2,
mod(j,2) =0 or j>nd+1 and k=d-1,
mod(j,2) =1 or j>nd+2 and k=d.
Supposed isoddandn > d — 1. If mod(n + 1 — d,2) = 0, then n is even and c@d = 0 for

mod(j,2) =1
mod(j,2) =0
mod(j,2) =1
mod(j,2) =0
mod(j,2) =1

or

or

or

or

or

j>m—-2)d+4
j>nd—-1

j>m—-2)d+6
j>nd+1

j>nd+2

and
and
and
and

and

Jj,f(n+1,k)
k=1,3,..,d—4,

k=2,4,..,d-3,

k=d-2,
k=d-1,
k=d.
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Ifmod(n +1—d,2) =1, then n is odd and Cf;é)aﬂ,k) = 0 for

mod(j,2) =0 orj>1+(m—-1)d and k=1,3,..,d—4,
mod(j,2) =1 orj>2+(m—-1)d and k=2,4,..,d-3,
mod(j,2) =0 orj>3+(mn-1)d and k=d-2,
mod(j,2) =1 orj>4+(mn—-1)d and k=d-1,

mod(j,2) =0 orj>m+1)d—-1 and k=d,

Proof. Itfollows from the cases listed in (A.1) whether, for a given column C(;(’:)k), the even-indexed
rows or the odd-indexed rows are zero. For example, for0 < n < d — 1, ifk is odd, then Cg.";zn o=

O0forj > 1.

To determine the upper and lower bounds on the summation indices in (A.1), we use the same
arguments as in Proposition 5.6, which we present here with more brevity.

For0<n<d-2,

_ 1
n+2—k+d<%>, k:1,3,...,{"+ neven
deg x+ 2Kkl = n+2 nodd (B.9)
k-2 n+2 neven
n+3—k+d<—>, k=24, .
2 n+1 nodd
Forn >d—1withmod(n+1—-d,2) =0,
_ d
d—k+1+d<L§d>, k=1,3,...,{ even
deg xd-kyn+1+k=d — Z—i n odd (B.10)
d—k+d<—n+1+k_d>, k=24, 4071 neven
2 d n odd,
andifn >d—1and mod(n + 1 —d,2) =1, then
_ d-1
d—k+d<w>, k=1,3,...,{ even
deg xd—kyn+1+k—d — Z n odd (Bll)
d—k+1+d<w>, k=24,.., even.
2 d—1 nodd

By the same reasoning used in Proposition 5.6, we conclude from (B.9) that if n is even, with
0<n<d-2,then

dn/2 k=1,3,..,n—1
yCd _ 24+dn—2)/2 k=2,4,.,n—2
Lk 13 4d(n—-2)/2 k=n '
1+dn/2 k=n+1n+2

deg (B.12)
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For 0 < n < d — 2, it follows from (B.9) that
degy d(P(2 d)) <n+1 and degyld(Pﬁ.zl’d)) <n+1 for j<n+1. (B.13)

Combining the first and second cases in (A.1) with (B.12) and (B.13), it follows that if n is even,
with0 <n <d -2, then

y@d _ (2.d) pd _
I’L+1 k Z CZJ 1 f(n_'.l k) } 0 ° k - 1’ 3’ R (e 1, (B14)
Jj=n+1
2+4d(n-2)/2
Qd) _ (2,d) (2,d) _
Yn+1 k— Z Czj £(n+1, k)Pj 1 k=2,4,.,n-2, (B.15)
Jj=n+1
3+d(n-2)/2
@d _ 2.d) (2,d) _
Yoirge = Z CZ] o il k=n, (B.16)
j=n+1
1+dn/2
@d _ 2.d) 2.d) _
Yok = Z Ctemiriotio k=n+1, (B.17)
Jj=n+1
14+dn/2
@d) _ (2,d) 2,d) _
Yn+1 k Z CZJ t(n+1, k)P] 1’ k=n+2. (B-18)

Note that in (B.14), the row indices of c@d range from 2n + 1 to dn — 1, and hence, the

Jj,t(n+1,k)
statements in (B.1) and (B.2) that C(zt’(znﬂ 0= =0for j <2n+1and j > dn — 1. Similarly, (B.3)-
(B.6) follow from, respectively, (B.15)-(B.18).
The proof that ct f 1k = = 0 for the remaining cases is similar. O

1|uo//:sdny) suonIpUED pue SWwiB | 81 88S *[£202/80/20] Uo Ariqi auljuO A8|im ‘uopuoaBeloD feredw | Aq Z8GZT Wdes/TTTT'OT/I0p/L0d A8 |Im ARiqBUIIUO//SdIY WOy papeojumoq ‘T ‘€202 ‘06569 T

B A3 | 1M A |

85UB917 SUOLILIOD BRI el |dde au Aq peusenob ae sajoie O ‘8sn Jo Sajnl oy Afeiqi1auluQ A8 |1 UO (SUONIpuoo-p



	Orthogonal polynomials on a class of planar algebraic curves
	Abstract
	1 | INTRODUCTION
	2 | UNIVARIATE OPS
	3 | BIVARIATE OPS ON AND 
	3.1 | Connection coefficients
	3.2 | Minimal and maximal degrees of polynomials on 

	4 | CURVES WITH EXPLICIT OP BASES
	5 | OPS ON , AND , 
	5.1 | Multiplication matrices for the -bases
	5.2 | The Gram-Schmidt process viewed as a block Lanczos algorithm
	5.3 | Construction of the initial columns of the connection matrices
	5.4 | Sequences of orthogonalization for the subsequent columns of the connection matrices
	5.5 | Recursive formulae for the connection coefficients
	5.6 | Structure of the connection matrices
	5.7 | Numerical stability and computational complexity
	5.8 | Numerical experiments

	6 | CONCLUSION
	ACKNOWLEDGMENTS
	DATA AVAILABILITY STATEMENT

	ORCID
	REFERENCES
	APPENDIX A: RECURRENCE RELATIONS FOR THE CONNECTION COEFFICIENTS FOR 
	APPENDIX B: THE CASES FOR WHICH 


