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ABSTRACT

This thesis presents analysis and computations of non-isothermal falling films
flowing down an inclined, heated plane. We consider two types of wall heat-
ing: uniform and non-uniform. We examine the heat transfer of a viscoelastic
liquid film with variable viscosity as it flows over a uniformly heated plane.
The polymeric viscosity is modeled using the Oldroyd-B model, and, as the
solvent viscosity, is temperature-dependent. The determination of the flow
involves the numerical solution of the energy equation and Navier-Stokes. We
continue with problems regarding Newtonian fluids and non-uniform heating.
The flow and heat transport is modeled with a long-wave theory for small
Brinkman numbers, and it leads to reduced systems of ODEs. Analytic so-
lutions of the velocity, temperature, and shape of the surface for the basic
flow and the next order are obtained. We carry out extensive numerical ex-
periments and reveal the contribution of each parameter in the velocity and
temperature profile, as well as in the deformation of the surface, for various
heating conditions. We continue with numerical analysis of non-uniformly
weak heated falling film for zero Brinkman number as well as for arbitrary
values of it.

The linear stability of a non-isothermal falling film with temperature-dependent
viscosity over a uniformly heated, inclined plane is studied. We derive the
system of equations: the non-isothermal analogue of the Orr -Sommerfeld
equation coupled with the energy equation. We solve analytically the above
system for small wavenumber and numerically for arbitrary values. Finally,

we verify the model using isothermal and non-isothermal comparisons.
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Structure of Thesis

We shall briefly present the structure of the thesis. We started with the
introduction of the problem, the motivation for the study, and the gap in
the literature that made us researching it. We overviewed the literature,
starting with isothermal falling films, proceeding to non-isothermal falling
films, and finally to temperature-dependent viscosity flows. Lastly, we pre-
sented the derivation of the Oldroyd-B model that we chose to describe the
viscoelastic behaviour of the fluid. In chapter 4, we began with the dimen-
sion equations and corresponding boundary conditions of an Oldroyd-B vis-
coelastic fluid, with variable viscosity, flows over a uniformly heated incline
plane. We non-dimensionalized equations and conditions and solved numer-
ically the problem. In the next chapter of this dissertation, we turned our
attention to steady-states, non-uniformly heated Newtotonian falling films
with variable viscosity. We presented the equations of energy and momen-
tum that dictate the system with the corresponding boundary conditions
and non-dimensionalized them. We derived the analytical expressions for
the long-wave falling film and evaluated the contribution of each parameter
(Reynolds and Brinkman number, viscosity parameter, and dimensionless

surface tension) to the surface deformation and performed numerical exper-
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iments for various heating conditions. In the final section of this chapter,
we examined weakly heated falling films with zero Brinkman number. We
analyzed in-depth the custom made finite-difference based code, we specifi-
cally designed in Matlab®, for the given problem, and performed numerous
numerical experiments. In what follows in chapter 6, we extended the work
of the previous section and investigated further weakly heated falling films,
where the Brinkman number is O(1). We designed again, a finite-difference
code and numerically solved the energy and Navier-Stokes equations and
performed several numerical experiments revealing the relations between ve-
locity and temperature profiles, surface deformation with the parameters
(Reynolds, Brinkman and Grashof numbers, viscosity parameter and dimen-
sionless surface tension). The research shown in the following chapter 7
focuses on the linear stability of non-isothermal falling films with variable
viscosity. We non-dimensionalized the energy and Navier-Stokes equations
with the corresponding boundary conditions. We derived analytical expres-
sions for the growth rates of disturbances for small wavenumbers by solving
the non-isothermal analogue of the Orr-Sommerfeld and energy equations.
We validated the model by extracting and comparing the results with the
ones of the isothermal problem. We continued with arbitrary wavenumbers
and conducted various numerical experiments, following a global approach.
We determined the eigenvalues and growth rates. Finally, we finished that
chapter with the verification of the numerical method comparing the nu-
merical results with the analytical expressions found in section 7.3 for small
wavenumbers. In what follows, chapter 8 showed the conclusions of the
thesis. In the final chapter 9 of the thesis, we presented topics and set di-
rections for future work. Finally, we included appendix A where we showed
an attempt for mathematical describe and establish the governing equations
and boundary conditions for steady-states non-uniformly heated viscoelastic
falling films with temperature-depended viscosity (section A.2.2), and weakly
heated viscoelastic falling films with temperature-depended viscosity, section
A.2.3.
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Introduction

The study of heat transfer on falling films possesses an important part of
fluid dynamics. It has been studied extensively, theoretically and experi-
mentally, due to its engineering and industrial applications, like in tribology
-gears lubrication [Dowson and Higginson (1966); Borsoff (1959)], cooling
engines and reactors [Khani et al. (2011)], flow and fixed bed reactors de-
sign [Tarhan (1983)], glass production, gluing labels on hot bodies [Shortland
(2009)], spinning coating [Lawrence (1988)]. The majority of chemical pro-
cesses, such as in drug manufacturing, contains one or more steps in which a
fluid flows over an inclined plate exchanging heat. The flow of a cooler fluid
over a hot body increases the temperature of a thin layer of the fluid, which is
known as the thermal boundary layer. In this layer, fundamental parameters
change, such as viscosity [Makinde (2006)]. These changes have to be taken
into consideration during computational modeling, process engineering, and
industrial line-production designing. Flow reactor processing is a very com-
plex task especially from the viewpoint of applied mathematics. Despite the
importance of viscosity variation on heat transfer, information for linking
this to the temperature profile and its effect on surface wave instabilities is

still lacking. Our work has been motivated by such a challenge.
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Furthermore, process engineering remains at the forefront of modern re-
search. A primary goal is to design new reactors or optimize existing ones.
Flow reactors have been in use for several decades now, in applications across
all scales with numerous variations, from large scale fabrications to extremely
highly exothermic reactions, to miniature laboratories inside medical tools.
An example of a flow reactor is the microreactor (MR), a device in which
chemical reactions take place in microchannels. The MR is usually a contin-
uous reactor demands specific conditions, depending on the type and speed
of the reactions. In a reversible reaction, reactants and products are never
fully consumed. They are each constantly reacting and being produced. The
reaction will reach an equilibrium point where the concentrations of the re-
actants and products will no longer change. Applying specific conditions of
temperature and pressure, are possible to change the equilibrium point in
favour of the products, increasing that way the reaction yield. Enthalpy of
reaction may affect the temperature of the fluid significantly and decrease
the reaction yield or rate. Knowing how the fluid reacts to those changes,
allow us to adjust temperature and pressure or even the mixture distribu-
tion simulating a multi-layer flow increasing the speed and efficiency of MR

reactors.

Another commonly used type of flow reactor is the coated-wall reactor (CWR).
It is a device in which the catalyst is located in a layer attached to the wall.
The fluid flows along this wall in which the required reactions are allowed to
take place. More recently, the number of applications of coated walls reactors
is increasing rapidly, i.e. in the applications of monolith reactors, in which
each channel is a CWR, and also a microchannel reactor. The CWR allows
much faster heat exchange with the wall than the fixed-bed reactor because
of the intimate contact of the catalyst with the wall. The heat-transfer from
the catalyst to the reactor wall increases, and fewer heat transfers to the
fluid, achieving ”near-isothermal” conditions. No much research has been
done in that matter and the study of weakly non-uniformly heated falling
films may be able to fill the gap. Our thesis is motivated by such a challenge.
Finally, transferring fluids through channels, such as petroleum, and spin-

ning coating are other reasons that motivated us to research the stability of
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non-isothermal falling films. In many cases, a flat surface is needed. Surface
distributions can occur from the properties of the fluid, i.e. low surface ten-
sion, or reasons regarding the structure, i.e. small bump on the surface wall.
By changing the temperature on the wall is possible to compensate or even

cancel any surface distributions.

20



Literature Review

3.1 FALLING FILMS

Falling films are extensively applied in heat and mass transfer processes of
industrial equipment, such as vertical condensers, film evaporators, absorp-
tion tower, engine coolers, and flow reactors [Zhang et al. (2008); Makinde
(2006)]. The mechanism of falling liquid film is closely related to energy
efficiency, so there have been many attempts to examine this flow, theoret-
ically and experimentally [Jones and Whitaker (1966); Karapantsios et al.
(1989)]. Benjamin (1957) and Yih (1963) studied the stability of isother-
mal films, using linear stability analysis. Yin extended Benjamin’s work by
investigating the stability of a liquid layer flowing down an inclined plane
not only for small wavenumbers but also for small Reynolds numbers and
large wavenumbers. In any case, the vertical uniform film is always unstable.
The flat film on an inclined plate is unstable to long-wave disturbances for
Reynolds numbers (with Re = % where w is the velocity, L the characteristic
linear dimension and v the kinematic viscosity) greater than R. = gcot 0,
where 6 is the angle of inclination with the horizontal. Benney (1966) stud-

ied the nonlinear behavior of film flows. He applied the lubrication approxi-
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mation to the Navier—Stokes equations and suggested a nonlinear evolution
equation for two-dimensional flows, which is much simpler than the full dy-
namic equations. Pumir et al. (1983), predicted the existence of solitary
waves for wavenumbers much smaller than the cut-off wavenumber, by using
a nonlinear stability analysis for two-dimensional flows. Numerical simula-
tions based on the long-wave approximation provide limiting values of the
Reynolds number, beyond which there are no stationary travelling waves
and solutions of the evolution equation blow up after a finite time. Salamon
et al. (1994), studied surface wave instabilities by direct numerical simula-
tion (DNS) of the full nonlinear equations. Their results are in line with
the long-wave theory for small-amplitude waves. They showed no tendency
to wave breaking. Instabilities on falling films on a heated plane can occur
not only as surface wave instabilities but also as instabilities driven by shear
stresses arising from the temperature dependence of the surface tension, due
to the well known Marangoni effect. Several authors investigate Bernard-
Marangoni’s instabilities or thermocapillary instabilities. Firstly, Lin and
later Davis studied the hydrodynamic (or surface-wave) and thermocapillary
instability of a heated incline and the interaction of these instabilities. Sur-
face tension driven stationary circulation in a thin film flow down a heated
incline is studied with the use of linear theory, by Sreenivasan and Lin (1978).
They found that the critical Marangoni number of the film on a heated in-
cline is smaller than that of the corresponding horizontal film by an amount
sin?@F, where @ is the inclination angle and F, depends on relevant flow
parameters. Kelly et al. (1986) also dealt with a similar problem a decade
after. They considered the effect of a temperature-dependent surface ten-
sion upon the instability of a film flow down a heated inclined plane for
long-wavelength disturbances. The two roots of the quadratic equation for
the critical Reynolds number, correspond to a hydrodynamic instability as
modified by thermocapillary action, and to a thermocapillary instability as
modified by shear. Kalliadasis et al. (2003) consider the motion of a liquid
film falling down a heated planar substrate, using the integral-boundary-
layer approximation of the Navier—Stokes/energy equations and free-surface
boundary conditions. The essential spectrum is always stable, while part of

the discrete spectrum becomes unstable for values of the Marangoni num-
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ber larger than a critical value. Above this critical Marangoni number, the
growth rate curve as a function of wavenumber has a finite band of unstable
modes which increases as the Marangoni number increases. Further research
from Joo et al. (1991), shows the importance of evaporation on the long-wave
instabilities. A nonlinear stability theory was applied, and they found that
by increasing the slope, the effect of the mean flow became more important,
the thermocapillary force amplified the perturbations, the wave steepening,
and the surface fingering tended to develop at earlier times. It is worth to
note that the terms depending on the Marangoni number are of second order
in comparison with those due to gravity and mean flow in the relevant evo-
lution equation. Frank (2006) has investigated, numerically, the possibility
of controlling flow stability to prevent the rupture of a film flowing down an
inclined plane with a local heater. It is shown that control can flatten the
surface and increase the threshold temperature for the film rupture. Finally,
Kalliadasis (2007) analyzed, further, the problem of heated thin films. He
compared all the models obtained to date in order to improve the approxi-
mation and to derive equations that agree completely with the linear results
of the Orr-Sommerfeld equation [Davalos-Orozco (2013)].

The thing that has not been studied in detail is the effect of temperature-
dependent viscosity. Makinde (2006) investigated a steady-state problem
of heat transfer in laminar flows of a variable viscosity liquid film along
an inclined heated plate, using perturbation series summation. Later, he
extended the results for a gravity-driven variable viscosity liquid film along an
inclined heated plate with convective cooling [Makinde (2010)]. Reisfeld and
Bankoff (1990) examined a thin liquid layer bounded below by a flat infinite
extent substrate with uniform constant temperature, and above by a liquid-
vapor interface whose temperature varies according to a boundary condition.
They used long-wave theory to derive an evolution equation for a heated
film of a linearly temperature-dependent viscosity liquid. The outcome of
viscosity’s variations is to reduce the timescale for the process leading to
more rapid rupture of the film, a reduction that can be significant for a

viscous fluid.
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3.2 VISCOELASTIC FLUID

The laminar flow of certain fluids such as polymeric liquids, blood, paints,
slurries, metallic melts, and so forth cannot be sufficiently described by the
linearly viscous Newtonian model. Therefore, much research has been done
to develop several non-Newtonian fluid models over the past several decades.
We begin with the Maxwell and Kelvin-Voigt models as a first approach to
define the viscoelasticity. Ultimately, we will derive the Oldroyd-B equations
to adequately describe the changes of the variable solvent and polymeric

viscosities of the fluid.

3.2.1 NEWTONIAN FLUID

We begin with the mass conservation (Equation 3.2.1.1), momentum (Equa-
tion 3.2.1.2) and stress equations (Equation 3.2.1.3) in incompressible form

of a Newtonian fluid.

V-ou=0 (3.2.1.1)
p(a—u+u-Vu> =V.o° (3.2.1.2)

ot
%= —pl +T%, with &°=(&°)" (3.2.1.3)

where: p is the density and we assume that it is constant, u is the flow velocity
vector field, p is the pressure, I is the identity matrix with pI represents the
spherical part of the stress due to the constraint of incompressibility, &° is
the stress tensor and T reflects the stress that the fluid develops in response

to the deformation. For an incompressible Newtonian viscous fluid:

T° = 21,D (3.2.1.4)
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where: 7, is the solvent viscosity, and D is the deformation tensor which is

calculated by the following equation:

D= %(V’u, + (Vu)T> (3.2.1.5)

3.2.2 MECHANICAL ANALOGIES

Viscoelastic fluids lie somewhere in between the purely elastic and Newtonian
flow characteristics. As a first approach to viscoelasticity, we use mechanical
analogies; since viscoelastic fluids consist of elastic and viscous elements, we
can use the springs to represent elastic elements of the fluids and dashpots
as the viscous. The Maxwell model can be represented by a purely viscous
dashpot and a purely elastic spring connected in series, as shown in figure
3.1. In contrast with the above model, the Kelvin-Voigt has the dashpot and

spring connected in parallel, figure 3.2.

O /B \—O

Figure 3.1: Representation of Maxwell's Model.

o FO

Figure 3.2: Kelvin-Voigt Element

The images 3.1 and 3.2 are downloaded from:
https://commons.wikimedia.org/wiki/File:Maxwell diagram.svg, and

.wikimedia.org/wiki/File:Kelvin"Voigt diagram.svg, respectively.

25



The models describe the dashpot as a Newtonian fluid, equation 3.2.2.2, and

model the spring with Hooke’s law, equation 3.2.2.1, as follow:
oe = kv, (3.2.2.1)

and

0d = MNs7d (3222)

where: o0, and o, are the stress of the springs and dashpot, respectively,
7. the strain of the spring, =, is the strain of the dashpot, k is the spring
constant and 7, the viscosity.

In the Maxwell model, the total strain is the sum of the two individual, and

the stresses are equals because dashpot and spring are in series. That gives:

Ve = Ye + Vd (3.2.2.3)

0y = 0. = 0y (3.2.2.4)

Differentiating equation 3.2.2.3 with respect to time, we obtain:

ns

ot 1 O = NV (3.2.2.5)

where we used the Newton’s notation for differentiation. The %= is the relax-
ation time, the memory of the fluid. We know that the stress is a symmetric
tensor field, equation 3.2.1.3. The T* in equation 3.2.1.3 reflects the stress
that the fluid develops in response to the deformation. In the Maxwell model
that term is the ;. and the the v, can be represent by the deformation ten-

sor D. That means the one-dimensional Maxwell constitutive model can be
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generalized and written in tensor form as
T+ =— =2n,D (3.2.2.6)

The Kelvin-Voight has in parallel connected the dashpot and spring, so the

total stress is the sum of the individuals and the strains are equal.

Ve = Ye = Vd, (3.2.2.7)

and
o= 0.+ 0y (3.2.2.8)
Differentiating equation 3.2.2.8 with respect to time, we obtain:

or = kv + nsme (3.2.2.9)

3.2.3 DERIVATION OF OLDROYD-B

The Oldroyd-B model has been designed in order to express not only the
viscous behaviour of the fluid but also the polymeric. We need to introduce
polymeric stress, &, and modify the Newtonian equations. To do that, we use
the dumbbell model, in which the molecules forming the fluid are represented
as spheres connected by Hookean springs. At microscopic level, inertial forces

are small compared to viscous forces, and we have Stoke flow:
V-u=0, nVu=Vp ,

where: w the velocity vector, 7, the solvent viscosity and p the pressure.

The motion of the sphere will be subjected to: the spring force, the Stokes
drag force fro the solvent viscosity, and the Brownian motion due to the

random motion and collisions.

The spring force of a Hookean spring is Fy; = Ar, where: A is the spring

constant and r the distance from the equilibrium length. That means a
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sphere A will experience force equal to F&' = Ar, while the connected sphere

Bwill experience force: FZ = —Ar. The spring constant due to thermal
forces is A = SISST, where: T is the temperature, o the diameter of the

spheres, and Kp the Boltzmann constant [Winkler (2016)]. Assuming now
that the sphere A is located at x and moves with velocity U4 relative with
the fluid, the drag force is:

Ff = 6mn.a(u(e) — U)

where u(v) the fluid velocity. Similalary, the sphere B located at @ + 7 with
velocity U® experience drag force:

Ff = 6mnsa(u(x +r) — UP)
The total force balance must be zero:

FA=F{+F)=0 and FP=FP+F}=0

3KgT
FA = \r + 6mnsa(u(x) — U?) = ajj r+ 67rnsoz(u(a:) — UA> =0,
(3.2.3.1)
and
FE = \r+ 6mn,a <'u,(ac +r) - UB> —0 (3.2.3.2)

3KpT
2

r+ 67Tnsoz(u(w +7r)— UB>

Solving equations 3.2.3.1 and 3.2.3.2 for U4 and U?, respectively, we have:

2mnsa’

r+u(x), and (3.2.3.3)
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U = Kpl r+u(x+r) (3.2.3.4)

2mnsa
. . . 3
We introduce a new parameter 7 the relaxation time, defined as 7 = 2_2;%

The relaxation time represents the "memory” of the dumbbell. We can write

. . . d(x+r
the velocity of sphere A like U4 = ‘fi—f, and similarly, U? = %. Sub-

stratacting the adove equations we derive the evolution equation for 7:

dr 1
E — _er + u(m) — u(m + 'r) (3.2.3.5)

The suspenssion r from the equilibrium position is small regarding x. That
allows us to use the basic Taylor series method for the denominator(i.e. if

r << 1, then u(x+r) = u(x) —|—rd’2—(5) +O(7?)) [Fenton (1983),Blyth et al.

(2003)]. Applying it into equation 3.2.3.5 we get:

dr KBT

Pl ST T Vu(z) + O(r?) (3.2.3.6)

Consider now, a suspension that contains lots of dumbbell. It will contribute
an extra stress, the polymeric stress a”. Stress is defined as force per area.
The force from one dumbbell will be \r. We assume a finite surface, 65,
with a perpendicular to it unit vector m. If there are m dumbbells per unit
volume, the we expect the number crossing the are to be mr - ndS. Then

the extra stress exerted by the dumbbells is:
o’ -noS = )\r(mr : n55’> = o’ =mArr, or o’ =Grr (3.2.3.7)

where: G = m is the shear modulus. Adding a three dimensional Brownian

motion the evolution of r becomes:
1 1
dr = ( 5.7 +7r- Vu) dt +1772dB; (3.2.3.8)
T

with dB; is the contribution of the Brownian motion into the evolution of

r. In order to evaluate the dyadic rr, or tensor product r ® r, we introduce
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the conformation tensor A such as:

Az, t) =rr (3.2.3.9)

We assume a finite time-step dt. After that = will have changed by dr and
x by dx or u(x)dt. Applying those on equation 3.2.3.9:

A(z +u(z)dt, t + dt) = (r + dr)(r + dr) (3.2.3.10)
A(x +u(x)dt, t +dt) — A(z,t + dt) + A(z,t + dt) = rr + rdr + drr + drdr

Substituting equations 3.2.3.8 and 3.2.3.9 into equation 3.2.3.10 we get:

(u(z)dt - V)A(z,t) + A(z,t + dt) — Az, t) + Az, t) = (3.2.3.11)
r((—%r + 7 - Vu(x))dt + T_%dBt> + ((—%r + 7 - Vu(x))dt + T_%dBt>r

1 1 1 _1
+ <(_ZT +7-Vu(zx))dt + 1 2dBt> ((—Z’F +7-Vu(zx))dt + 1 2dBt> =

8Aé:::,t) + (u(x) - V)A(x,t) — A(z,t) - Vu(z) — (Vu(z))' - Az, t)
B _%(A(”}’ t) = I) + 0(dt") (3.2.3.12)

The equation 3.2.3.11 is used to evaluate the conformation tensor A. We used
some properties of the Brownian vector: rdB;=0, dB;r = 0, and dB,dB; =

I. The extra stress, equation 3.2.3.7, can be written like:
o’ =GA (3.2.3.13)

The extra polymeric stress acts with the Newtonian stress Assuming that
the total stress is & then:

&=56"+&" (3.2.3.14)

Adding the polymeric stress into the Newtonian equations 3.2.1.1 and 3.2.1.3
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we, finally, acquire the Oldroyd-B model equations.

V-u=0,

p(Z—?—i—u-Vu):V-&,

& = —pI+n,(Vu+ (Vu)") + GA,

%_’.(u.V)A_A.Vu_(Vu)T.A:_

o (A1)

A=

Oldroyd was the first to develop systematically three-dimensional models
that can describe stress relaxation and normal stress differences in a simple
shear flow. Although it is incapable of describing shear thinning/shear thick-
ening, it can be easily generalized to do that too. [Winkler (2016),Marrucci
(1972), Prilutski et al. (1983), and Matthews (1982)]
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Oldroyd B Model Equations And
Non-Isothermal Falling Films

In this chapter we use a different notation for the velocity such as u,,u, and
u, for the components of the velocity in x, y and z direction, respectively.
We summarize the chapter 3.2.3 and present the governing equations for the
Oldroyd B model:

Vou=0 (4.0.0.1)
ou _
p(a tu-Vu) =V o (4.0.0.2)
& = —pI +1, (Vu + (Vu)T> 1 GA (4.0.0.3)
A w VA A Vu—(Vu A=A~ (1004
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Qug  Ouy  Juy
ox ox or
Qug  Ouy  Juy
oy Oy dy
Ouz % ou,
0z 0z 0z
stress tensor, p the pressure, 7, the solvent viscosity, G the shear modulus,

where: wu is the velocity vector and Vu = , p density, & the

7 is the relaxation time, and A the conformation tensor. Last but not least,

is the conservation of energy:

N DT 1 . .
pC’pE =(V-rkVT)+ 5775(7 Ly, (4.0.0.5)

A
where: C), is the specific heat capacity at constant pressure, 7' the tempera-

ture, k is the thermal conductivity, and %('y : v) is the deformation tensor.

The stress balance is:

_ A
n-T+n-T=on(V-n)—Vo |, (4.0.0.6)

where: ¢ is the surface tension, on(V - n) is the normal curvature force per
unit area associated with local curvature of interface, Vo is the tangential

stress associated with gradients in surface tension, 7 is the unit inward nor-

_ A
mal to the surface and 7 the unit outward normal (i =-n), T and T are

the stress tensors.

4.0.1 CARTESIAN COORDINATES

The governing equations may be written in analytical form as follow:

CONTINUITY EQUATION

Ou, — Ouy N ou,
ox dy 0z
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where: u,, u, and u, are the components of velocity in x, y and z direction

respectively.

MOMENTUM EQUATION

And equation 4.0.0.2 becomes:

Qug  Ouy  u.
P [8t LT (4.0.1.1)
) E)
+|: Bum _|_uy8um +u, 8; uxay +u y uy +u Z(;Lzy Buz +uy8uz _|_uz<98u;i|
— |:ao'xac _}_80-1/93 _i_aa'zat 80969 +80uy +8Uzy 80'zx +8UZ71 +602zi|
Equation 4.0.0.3 becomes:
ou, ou ou ou ou ou
Oz Oay Oaz p 00 il e 9 oy s
_ Aug Ouy Ou, Ouy Ouy Ouy
Oye Oyy Oyz| =— |0 p 0L +0 |55 3 S| T |an & o
Ouy Ouy ou, ou, ou, Ou,
Owr Ozy Oz 00 p P o o 9 By 0s
Axac A:cy A:I:z
+ G Ay Ay Ay (4.0.1.2)
Azz Azy Azz
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And finally equation 4.0.0.4:

OAzg; BAIZJ 8Azz
ot ot ot
Ay  OAy, OAye
at ot ot
0A, . 0Azy  0A,.
ot ot ot
Uz 5,5 T Uy =5 " T U "g% Uy ax +“ya T U UsTh, T T Uy T U,
OAy. DAy, Ay, vy aAyy OAy, 0A,. aAyz OA,.
+“$a+yay+“zaz “wa+y T U Uy T Uy T U
A A A DA, Az DA, A A A
T +“y88§x "’uzaa;m Uy =5, + Uy a L u T Y +“y8 =+, O
dug duy Ouy Ouy auy duy dus du 7]
S Ty By Aoyt + Aay 3, oy T Axz Aga Gz + Agy oy T Arz:
. ou, ou, ou, 8Uy 8uy 8uy ou ou ou
Ay T + Ay 9 T Ayz%e Ayt + Ay 5t o T Ayz—72 Az + Ay 9 + Ayz5=
F) F) a
| A9+ A, 65‘“” + A2z A5+ A, au Y | AzzTu Uy A%+ A, 88“2 + Azz % |
o] 0 0 0 0 0 0 o] Oug ]
(A, o + Ays 5‘“3 + Azmﬂ Agy 5 + Ayy (;‘“3 + Azy e A, a“; + A, 87“;” + Azzﬂ
ou Bu Bu Ouy Bu au ou 8u
— | Ape3t + Ay T Azt Agy 75t + Ayy T Azy—2 Am o+ Ay T Azz352
ou, Ouz Buz Ouz Ouz Buz Ouz Ouz %
| Ao Gz + Ay G oy T AzzSz AnyGE + Ay G2 oy T AzyGe  AnGE + Ay oy T Azz%E |
A:cx —1 A:cy sz
= Aye Ay —1 Ay, (4.0.1.3)
Azm Azy Azz -
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Normal Stress Balance:

_ A
n-ITn—n-T-n=0V-n)=

A A
n (Tll g+ T - n2> + no <T12 g +Th - n2> —ny (Tll “ng + 1o - n2>

A A
—nQ(T12~n1+T22-n2) =oV -n=

—h Oy, —h ou, Ou
Y (( “pr g+ O] ot (G )
(1 + (h’)Q) (1 + (h’)2)
1 1 Ju, Ou
"‘GAary) ’ 1> + 1 ((HS(a_y"’a_xy)"'GAxy) T 1
(o)) (e (oo
ou 1 —h A —h
+<_p+2n38—y+GAyy> 1)- 1<T11
Y 1+ m2)* (1 ey 1+ (1)?)
A 1 1 A —N A 1
+ T2 1> — T (T21 T+ Ta2 T
(1+m2)* (1+m2)’ (1+ ()2 (1+m2)°
-0 h 3 (4.0.1.4)
(1+m)2)°
where: n = [n; ng = [ = T 1 T ] is a unit vector perpendic-
()’ ()
ular to the interface which is located at y = h(z).
Tangential force balance equation:
_ A
n-T -t—n-T-t=-Vo-t (4.0.1.5)

We only consider flows with constant surface tension, so Vo = 0.
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That leads to:
AN A\
ny <T11 b+ Ty - tz) + no <T12 b+ T - tz) — (Tll 4+ Ty 't2>

A N
—nQ(T12~t1+T22-t2> =0=

_—hll _ 9 s% GA,, ;1
<1+(h’)2>2<< p+an Ox * ><1+(h/)2>2

ou, Ou h 1 Ju, Ou
+ (ns(a—y + 5T GAxy) (1 . (h/)2)é> + (1 . (h/)2>; ((ns(a—y + 52

+ GAxy> — .+ ( _pron GAyy> L)

Oy

1 A 1 A h
- T (Tu T+ T 1) =0 (4.0.1.6)
2

(L+@2)* N (ew2)t (1)
where: t = [t; to] = L T W T ] is a unit vector tangent to
<1+(h’)2> <1+(h’)2>
the interface _
AN

For the free surface scenario: T = 0.
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4.1 LAMINAR FALLING FILM

Imagine a two dimensional flow driven by gravity along an inclined plate.
An incompressible viscoelastic fluid of density p and variable total viscosity
1, flows in the plate which is inclined at an angle 6 to the horizontal. A
Cartesian frame (x,y) is chosen with z and y measuring distances down
a perpendicular to the wall, respectively. The Oldroyd-B model is used to
describe the polymeric stress. The wall is smooth and coated with a catalyst.
The reaction rate is not taken under consideration, as the reagent reacts
immediately, and it is irreversible. As a result of this, the wall has a uniform
temperature of Ty. We assume no differences in physical properties between
reagents and products. The upper surface of the liquid film is located at
y = h(x), considered free with uniform temperature (7%) and parallel to

x-direction so h(z) = 1. In this case we assume that Ty > T7.

Y

Figure 4.1: Schematic Representation of flow down an inclined channel

We begin with the governing equations, 4.0.0.1, 4.0.0.2, 4.0.0.3, 4.0.0.4 and
4.0.0.5.
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X-DIRECTION

+ <775 + G7'> 8;;; =0

00zy | 00y ons oG 0T\ Ou,,
ox + dy _0:><3y +T@y +G8y> dy

Pu,  On Oug

= — ind =0
Tt dy? + By By + pgsin
Y-DIRECTION
&Txy aayy 1012 Op OG
=0 =" -+ — 0=
ox dy dy * dy T pgeos

4.1.1 NON DIMENSIONALIZATION

We assume that solvent viscosity obeys an Arrhenius type equation like,
n = ”Oea(Tfo

viscosity is ns = puse®

), where « is a positive constant. That means the solovent
(T=T7) and the polymeric viscosity is 1, = G7. We shall
nondimensionalize the governing equations. For this reason we introduce the

dimensionless variables and parameters as follow:

Dimensionless Variables

5%pgsin 0
x = dz", y = oy", Uy = ﬂu; p=p opgsinb,
Mt
T — 1Ty . _ H
0= G=G 0 —e P2
To— 1T, PISIRT, T =€ s g sin g
Dimensionless Parameters
(62pg sin 0)?
per(To — Tf) P (o f)

where: A is the Brinkman number. Note that this time [ is a positive con-

stant.
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So after dropping asterisks, the energy equation (4.0.0.5) becomes:

RRle) g 2
- = —Be (7T _
s e <ay> 0 (4.1.1.1)

Cauchy z-direction becomes:

9%u De=P° du ou
—po 0 Us LIRS x:( _)B@
e EIE + oy Oy + By 1 —Yyje
Yy )
= Uy = —/ "Oy'dy +/ c1e”dy’ (4.1.1.2)
0 0

Determine the constant of integration c¢; using the tangential force balance

equation 4.0.1.6 :

_ N
n-T-t—nT t=0=

_—hll((—er%% Jer’Am;);1

(1 + (h’)2> ’ du (1 + (h’)2) ?
ou, O / du, O
b (% 0 4o, » ?W)%) o (1”)2)% (@s(a—“y o
+GA$y>;l + (—p—l—?ns% +GAyy>Ll) —0
(1 + (h’)2> ’ % (1 + (h')2> ’
ou, ou,,
= nsa—y = —-GT g

AN
where T is zero due to the free surface; so :

0
22l 2 0= eyt e®] =0=e =1 (4.1.1.3)
Ay ly=1 y=1
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Cauchy y-direction

—g—§+%+cot0:0:>p:ycot9+G+c(x) (4.1.1.4)

.1 d
with €@ — % _ opqt
dz oz

Finally, equations 4.1.1.1, 4.1.1.2 and 4.1.1.3 give:

d2® —BO ©) 82@ e
d—y2+)\e A ((1—y)eﬁ ) zozsa—y2+Ae5 (1—y)?=0 (4.1.1.5)

Boundary Conditions:

Aty=00 =landaty=106
y=0

=0.

y=1

The above equation is solved numerically for a variety of A and . Makinde
has solved a similar problem for a Newtonian fluid with Ty < T, see [Makinde
(2006)]. We design a code based on the finite-difference method in the
Matlab® environment. We are mainly using two built-in routines the bvp4c
and the ode45. The bvp4c-routine which implements the three-stage Lobatto
[ITa formula Kierzenka and Shampine (2001) and ode45-routine a six-stage
fifth-order Runge-Kutta method.

In absence of variable viscosity, plot 4.2 shows a classical inclined heated
film. The fig. 4.3a presents the case of instantaneous heat transfer. We ob-
serve that by increasing of Brinkman number with constant 3, a peak point
appears at 0.2-0.3. Indeed, the higher the Brinkman-value is, the slower the
conduction of heat produced by viscous dissipation and hence the larger the
temperature rise. As expected, that can also be observed in plots 4.3b and
4.3c where 8 was increasing more and more up to 2.5. It is very important
to note that an increase in the value of variable viscosity parameter 3, sig-
nifies an increase in the fluid viscosity, and an increase in the value of the
Brinkman number, A\, shows the viscous heating effect. From the application
point of view, a realistic case of a polymer melt, where X is 0.75 and variable

viscosity parameter (§ is 0.7, is represented in 4.4a which shows us a rapid
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decrease in temperature which appears an almost linear behavior.

0.8 B
0.7 e A

0.6

0.4 il
o3| <

0.2 il

Figure 4.2: Temperature profile, where:5 =0 and A = 0.75.
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Figure 4.3: Temperature profile, where:3 = 0 and A ranges.
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(a) A =0.75 (b) A =10

Figure 4.4: Temperature over film thickness, where (3
Brinkman number.

(b) Diagram 3
B=1 A=2

(a) Diagram 8
B=1 A=075

Figure 4.5: Temperature over film thickness, where 8 = 1 and different values of Brinkman

number.

(a) Diagram 11

B=2 A=0.75 B=3

o1 02 03 04 05 06 07 08 08
y

(c) A=10

= 0.7 and different values of

(c) Diagram 10
B=1 A=10

(b) Diagram 12

A=0.75

Figure 4.6: Temperature over film thickness, where § = 2 and 3, and A = 0.75.
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Non-isothermal Falling Films

5.1 PROBLEM FORMULATION

In the previous chapter (chpt.4) we considered viscoelastic fluid flows.. How-
ever, this chapter examines only Newtonian fluids.

A two-dimensional flow with a free surface is the system for study. The fluid
flows down an infinite wide plate, inclined at an angle, 8, and the dominant
driving force for the flow is gravity, g. The channel has a typical length scale,
L, in the z-direction and height, ¢, in the y-direction. The fluid density, p,
is constant and the viscosity, 1, will vary exponentially with temperature, 7T,
obeying the Reynolds or Nahme’s law [Tanner (2000)]. The temperature at
the bottom surface is Tp, the temperature at the free surface, T, is equal
to the ambient temperature, and the fluid temperature is 7. It is assumed
that the wall is completely wetted, and that the liquid flows in the form of
a thin continuous film. The surface is located at y = S(z). The coefficient
of surface tension across the air/liquid interface is o. For a sketch of the

assumed configuration see Figure 5.1.
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In developing the mathematical model for the fluid flow the following as-

sumptions will be made:

e Consider flow with small Rayleigh number, so any change in density is
negligible,
e Steady States,

e the wall at the bottom is smooth |,

o the free surface has a uniform temperature 7t equal to the ambient
temperature,
e viscosity is temperature-dependent obeying Reynold’s law, np = pe T =17),

where o and o are positive constants,
e the height ¢ is small in comparison to the length L,

e Consider flow with small Marangoni number, so any change in surface

tension is negligible.
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An example that can be made is water. Water at 25°C' has the following
properties, according to [Green and Perry (1973), Keenan et al. (1969) and
Bejan (2016)]:

e Viscosity u = O.889mm—]gs,

Density p = 0.997£5,

Surface Tension o = 72%,

Thermal Conductivity xk = 0.608%,

: _ J
Heat Capacity ¢, = 4.186 5,

Thermal Expansion Coefficient ' = 214 % 1075~

Assuming a film where the characteristic height is 6 < 10mm and a tem-
perature difference AT = 15K, the Marangoni and Rayleigh number can
written as follow: Ma = j—;L/ﬁ,T and Ray = g—giAT[ﬁ, where v is the kine-
matic viscosity and «’ is the thermal diffusivity. Those give thermal diffu-

sivity o = 0.04’”72. With rate of change of surface tension with temperature

do ~ mN
dT — O'ImOC’

Ray = 0.90-1073.Those mean that both Marangoni and Rayleigh number can

we get a Marangoni number Ma = 0.42 and Rayleigh number
be negligible since are smaller than the critical values (Ma << 80). Lastly,

in some points across this project, we assume that the Brinkamn number ()
is small (A = O(e), where e = 2 << 1).
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5.2 GOVERNING EQUATIONS

Taking into account these assumptions, the energy (5.2.0.1), continuity (5.2.0.2),
and Navier-Stokes (5.2.0.3,5.2.0.4) equations, for a Newtonian fluid, are writ-

ten as follows:

A

pC, (uTx + va> = /@(Tm + Tyy) + 77<2u926 + (uy +v2)? + 21}2) (5.2.0.1)
Uy +vy =0 (5.2.0.2)

p(uum + vuy> = — P, + 2n,uy + 20Uy + 1y (vx + uy) + n(vmy + uyy>
+pgsing  (5.2.0.3)

p(uvm + vvy> =N (vx + uy> + n(vm + uxy> — Py + 277yvy + 277vyy
— pg cos b (5.2.0.4)

A
where: C), is the specific heat capacity at constant pressure, T' the tempera-

ture, k is the thermal conductivity, n is the viscosity, p density, and u and v

the velocity in the x and y direction, respectively.
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5.3 BoOUNDARY CONDITIONS

The corresponding boundary conditions to the system (5.2.0.1 to 5.2.0.4) are
the temperature and the 2 no slip conditions on the bottom, and the kine-

matic, temperature, normal and tangential stress balance at the interface.

NO-SLIP CONDITION AT THE WALL

This boundary condition says that the fluid on contact with the wall will

have the same velocity as the velocity of the wall, which in that case is zero.

-0 (5.3.0.1)

TEMPERATURE CONDITIONS

We assume that the temperature on the interface is equal to the ambient
temperature Ty. At the lower wall we investigate two scenarios,

T = ef(X) (chapter 5.5), whereX is slowly varying valuable (long wave
0

y=

assumption) and T'| = ef(z) (chapter 5.8).
y=0

KINEMATIC CONDITION

The fluid particles on the free surface always remain part of the free surface,

therefore we must have

v = uS, (5.3.0.2)
y=S

STRESS BALANCE CONDITIONS

If two viscous fluids meet and form a flow boundary, this same boundary

condition would require that the stress in one fluid equals the stress in the
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other at the boundary. The stress balance is:

_ A
n-T+a T=on(V-n)—Vo |, (5.3.0.3)

where: o is the interfacial tension which is constant (see section 5.1 Problem
Formulation), on(V-n) is the normal curvature force per unit area associated
with local curvature of interface, Vo is the tangential stress associated with
gradients in surface tension,

()

n = ——~—+ the unit inward normal to the surface and 7 the unit out-
2
(1+(Sz)2>
() -
ward normal (i = —n), t = ——~— the tangential vector, and T' and T
2
1+(S2)?

are the stress tensors. These lead to

Normal Stress Balance

_ A
n-T n—-n-T n=0V-n) =

TL1<T11'TL1—|—T21'7”LQ> +TL2<T12'TL1+T22'”2> :UV'TL

== P 2 ) (00 4+ ) )+ nly + 00) (-5
Sea

—P+2n, =0 <1 L (Sm)2>

(5.3.0.4)

N[

Tangential Stress Balance

_ A
n-T-t+n-T-t=0=
n1<T11~t1—|—T21-t2> +n2<T12-t1—|—T22-t2> =0

- S, (nuz + n(uy + vx>Sx> + n(uy + vy) + 200, Sy =0 (5.3.0.5)

where: t = [t; 5] is a unit vector tangent to the interface. Note that on
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A
the free surface is T = 0. In the following section we will scale the above

equations and boundary conditions.

5.4 NON-DIMENSIONALIZATION

We shall convert the governing equations (5.2.0.1 to 5.2.0.4) into dimension-
less form. For this purpose, we use the characteristic thickness, 6. The

non-dimensional independent and dependent variables are

5%pgsin
r=0x", y=0dy", u:ﬂu*, P = P*0pgsin,
1
T-T
0= ! —o(Ty =T 5.4.0.1
g A=) (5.40.1)

Note that for the scaling, we assumed that the lower surface has an average
temperature Ty. This may seem odd, but it is a simplification that can be
made as we will explain in the next two sections. Substitution of (5.4.0.1)

into (5.2.0.1)-(5.2.0.4) and after dropping asterisks forthwith for convenience:

5.4.1 GOVERNING EQUATIONS
Energy Equation:

Ouz + Oyy + A 7© <2ui + (uy + v,)* + 2@5) = §<u@x + v®y> (5.4.1.1)
Continuity

Uy + 0, =0 (5.4.1.2)
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Cauchy x-direction:

R<uuz + vuy> = —P, +2(e7"®),u, (5.4.1.3)

+e POu,, + (e*ﬁ@)y (’Ux + uy> + eiﬁguyy +1
Cauchy y-direction:

Ry + vv,) =(), (uy + v, (5.4.1.4)
+ e P%v,, — P, +2(e779), v, + e v, — cot §

A\ = (62 pg sin 0)?
 ps(To—Ty)

heat produced by viscous dissipation and heat transported by molecular con-
duction, R = ﬁ% is the Reynolds which is the ratio between inertial

A
Cpd3gp?sind .
K

where: is the Brinkman number which is the ratio between

forces in a fluid over viscous forces, and £ = is the Grashof number
which is the Reynolds number times the ratio of the force due to differences
in density and the viscous force. More specific, it is defined as the ratio of
the buoyant to viscous force acting on the fluid. In other worlds, that ratio
predicts the dominant effect of the heat transfer, the natural convection or

the forced conviction

5.4.2 BOUNDARY CONDITIONS

We non-dimensionalize the corresponding boundary (5.3.0.1-5.3.0.5) using

the 5.4.0.1 and after dropping the asterisks:

No-SLIP:

—0 (5.4.2.1)

KINEMATIC CONDITION

= uS, (5.4.2.2)
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NORMAL STRESS BALANCE

— 5 (( — P+ 26*5%) (=S") + e (uy + w)) +e 7 uy +0,) (=9

S//
—P+2e %, =y——— (5.4.2.3)

<1 + (S’)2> ’

TANGENTIAL STRESS BALANCE

—— (6—5@% + 50 <uy + UI)S/> + P9 (uy + v,) + 2779, S =0

(5.4.2.4)

where 7 is the dimensionless surface tension, v = -2
pgsin @

TEMPERATURE CONDITIONS

The dimensionless temperature on the interface is zero (5.4.2.5)and on the
wall has small distributions (5.4.2.6),see section 5.5), or it’s slowly varying
(5.4.2.7), see section 5.8).

) =0 (5.4.2.5)

O =1+ef(X), (5.4.2.6)

O =1l+ef(a) (5.4.2.7)
y=0
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5.5 NON-UNIFORMLY HEATED FALLING FiLM - LoNG WAVE ASYMP-
TOTIC ANALYSIS

Imagine a two-dimensional flow of an incompressible Newtonian fluid of den-
sity p and variable viscosity 7; driven by gravity along an inclined, at an
angle 6 to the horizontal, plate, as shown in figure 5.1 (previous chapter).
The angle 6 is smooth and does not impose any instabilities. The temper-
ature at the bottom surface varies, the temperature at the free surface (7%)
is constant and equals the ambient temperature, and the fluid temperature
is T. At the lower wall, no slip boundary condition is applied and the di-
mensionless temperature is ©,—o = 1 4+ €f(X) (for more see 5.4.2). In order
to go beyond linear theory without using any numerical simulations of the
Navier-Stokes equations, we proceed asymptotically and seek a system of
nonlinear evolution equations. The surface deformations are long compared
with the channel height. More precisely we assume that the typical interfa-
cial deformation wavelength )\ is large compared with the channel height 6,
ie. e = /N << 1, providing scale separation (which means that ex — X)
[Sibgatullin and Sibgatullina (2003)]. As a result of the complexity of this
problems, perturbation theory is used. That leads to an expression for the de-
sired solution in terms of a formal power series (perturbation series) in some
small parameter (¢) Henry (2005). As a result the dimensionless variables

are:

© =0y(y) +€01(X,y) + -+ €0,(X,y) + -
u=uo(y) + eu (X, y) + - + "u, (X, y) + -
v=euy(X,y) + -+ €u,(X,y) + (5.5.0.1)
S(X)=14€eh(X)+ -+ € h,(X) +
P=PFR((X,y)+eP(X,y)++€P,(X,y)+
Finally, we assume that the Grashof number is zero, Brinkman number is
small (A = €eA), and the dimensionless surface tension is big (I' = €*y). Sub-

stituting the above expansions (5.5.0.1) in the dimensionless governing equa-
tions (5.4.1.1-5.4.1.4) and the corresponding boundary conditions (5.4.2.1-
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5.3.0.5) the leading and O(e) terms are

LEADING ORDER
Ogyy =0 (5.5.0.2)

Yy Y
Uy = —/ e dy +/ c1e790dy/
0 0

—FPyy —cotd =0 (5.5.0.4)
O(e)
2
Oryy + Ae 7 (g, ) =0 (5.5.0.5)
RU1U0y = — POX — 56_’360@1yU0y — /Be_ﬁeo@(wuly (5506)

+ 526_ﬁ60®1@0yU0y + €_ﬂ®0U1yy - 56_660@17103/2/

— Py, — 2Be779° 00,01, + 2770y, =0 (5.5.0.7)
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The continuity equation (5.4.1.2) becomes:

Uy +v,=0—= Oe): vy, =0

0(62) : U2y = —Ui1x

BouNDARY CONDITIONS

On the wall we have the no-slip conditions (5.4.2.1) and the temperature con-
ditions (5.4.2.6). The free surface requires the following boundary conditions
to be applied: the kinematic condition (5.4.2.2), which relates the motion of
the free surface to the fluid velocities at the free surface and the dynamic
conditions, which are the normal (5.4.2.3) and tangential (5.4.2.4) stress bal-
ance. The surface is located at y = S where S = 1+ €hy (5.5.0.1)with
ehy << 1. To square the domain we use the basic Taylor series method
f th d : t 1 h _ 1 h 8u(m,1) (€h1)2 82u(x,1)

or the denominator( u(z, 1+ eh1) = u(z, 1) + eh) =5 = + 5= "5 7= + ).
[Fenton (1983),Blyth et al. (2003)]. Substituting the previous expansions
(5.5.0.1) we get:

ON THE WALL

NoO SLIP: g = = = Uy =0 (5.5.0.8)
y=0 y=0 y=0 y=0
TEMPERATURE: ©¢=1| and ©; = f(X) (5.5.0.9)
0 y=0
ON THE SURFACE
TEMPERATURE: © =0 = 0O =0 and hOg + 6, =0
y=S y=1 y=1
(5.5.0.10)
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NORMAL STRESS BALANCE: — Py = —ye°h) =
y=14¢€h
Pyl =Th{, and (5.5.0.11)
y=1
— P — Pyyhy =Thy (5.5.0.12)
y=1

Note that we assumed v = O(%) and so v = 5" .Furthermore, from equation
(5.5.0.4) we know that Py = ycot 6 + c5(X), where ¢5(X) is a function of X.
This yields to ¢5(X) = —cot 6 + I'hY, and finally:

Py =cotf(1 —y)+Thf (5.5.0.13)

TANGENTIAL STRESS BALANCE :  uy, =0, and (5.5.0.14)

y=1
h1U0yy + Uy =0 (55015)
y=1
KINEMATIC CONDITION: v =0 (5.5.0.16)
y=1
y=1

Using the conditions (5.5.0.9-5.5.0.17)with the assumption of the Brinkman
number is O(€), A = €A we can solve the base flow analytically; the leading
and O(e) parts of the governing equations (5.5.0.2) to (5.5.0.7).

Oy = 0= 0y =1y + 2 (5.5.0.18)
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But eq. (5.5.0.9) gives ¢co = 1 and (5.5.0.10) ¢; = —cy = —1. So:

Or=1-—1y (5.5.0.19)

Substituting the equation (5.5.0.2) and the boundary conditions (5.5.0.13-
5.5.0.16) into the (5.5.0.3), we get

—By=1) 1—pB)e?
UOZQT(l—ﬁﬂLyﬁ)—%
And eq. (5.5.0.13) gives:

Py = cotf(1 — y) + T'hY.

Dealing with O(e) terms, eq. (5.5.0.18) gives

Oy, + Ae 790 <u0y>2 =0

Ae_ﬂ(y_l) ( 6

6. Aly — 1))
B2 B2

@1 :C7(X)+CG(X)y— ﬁ

(y—1)*+

where: ¢(X) = f(X) + AB—B<6 _ 48+ 52) from eq.(5.5.0.9) and c(X) =
—f(X)— AB—CZ:B(G — 408 + ,@2> + %—1} + hy from eq.(5.5.0.10)

And eq. (5.5.0.6) becomes:

_POX — 5676®°@0yu1y — ,867’860 (@1y - ﬁ@1@0y>U0y + 675@0 (Ulyy - B@lu()yy> =0

= —Fyx + <6_6@0U1y) — (56_6®0U0y61> =0
Yy

Y
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e—Bly—1) e—28y=1)

o) = g (23/\ —468A + 2232A — AFPA
— 443Ny + 1233 Ay + 2267 Ay — 1263A1? + 433 Ay® + 86 AyeP ¥V e 5 (X)
— 1684V eg(X) + 88%yePV Vg (X)) — 8%y Ve (X)

— 887y g (X))

Uy = Cg(X) —

with boundary conditions: u;(X,0) = 0 and u;(X, 1), = hjugy,. These yield
to:

co(X) = Gros+ S (23A 165A+225°A—45°A ) and c5(X) = —Po,-+hy. The
continuity equation is uyx + vg, = 0 with boundary conditions: v(X,0) =0
and v9(X, 1) = up(1)h] These give:

e Bly=1)
33 <2ﬁCGX(X) —2Berx(X) 4 Begx (X)

— 6cox (X) + 2c5xx (X) + BPycex (X) — Bycrx (X) + Bycsxx (X)
— By eox(X) — 4Bycex(X)),

Vg = Clo(X) = —ng<X)y —

where: ¢19(X) = ;—’z(2&36)((X)—2507X(X)+508X(X)—606 (X)+2c5xx (X )
and csxx(X)(B — 2(e? — 1)) = =R\ B + 2c6x(X)(B(e? + 1) + 3(1 — €P)) +
Berx (X)(2(1 = €7) + B) — cox (X)B + csx (X)(e” = 1)

Finally substituting everything into the last equation we get:

TR (e#8% — 286 + 2¢% — 2) 4 By (= 6o + 5678+ B+ 6 — 5 — g2 — g )

+ f1(X) (666(1 —B) +3ePB2 — P — 6) —0 (5.5.0.20)

This fourth order ODE (5.5.0.20) is the final solution to our problem. The
h, term reveals the relationship between temperature conditions with the
velocity profile. The above equation can be solved numerically. As a result,

we carried out extensive numerical experiments where the parameters vary.
Note that f(x) should be bounded at oo (lim, 4+ f(z) = 0), and for this

particular problem we set two possible types, an even function, f(X) = e 2,
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and an odd f(X) = Xe X",

5.6 DIMENSIONLESS SURFACE TENSION AND DEFORMATION OF THE SUR-
FACE

Before we present the numerical experiments, we explore the properties of
the above ODE in a try to predict the behaviour of the shape of the interface
after the parameters § and I' change. When x — +oo then f(z) — 0. If

we set A = =675 BHB16-52—p% el 11 o the limit of the ODE 5.5.0.20 is
T'( efp2—2BeP+2eh -2

LMy oo (rhﬁ‘” + Ah’l).
The three solutions of a third order ODE like hy(z)” + Ahi(z) = 0, with

( i
<A31§67x> <xA%(%+7,\é§)>
e =e ,

1 .
A >0, are hy = <IA36”’> 3
e ! e =e 4% and

<AT ) (m(;_i«;))
e =€ .

\
When z — —oo the second solution is not acceptable since the wave has

infinite amplitude, while it’s accepted when x — oo since the others produce
waves with infinite amplitude.

What the above means are that the frequency of the stationary wave X is

analogue to I'* and more specific N = A‘f” , when x — —o0, and an increase
3v3

of T yields to an increase of the wavelength. When  — oo, the solution of
1
the ODE is e=4°*, and that leads to an exponential decay to zero where an

increase on I' gives a faster decrease on the deformation of the surface.
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5.7 NUMERICAL EXPERIMENTS

The numerical method for solving the 5.5.0.20 that we use in that section is a
build-in routine on MatLab® specific used on ODE boundary value problems
(bvp4c). This routine is a finite difference code that implements the three-
stage Lobatto IIla formula [Kierzenka and Shampine (2001),Shampine et al.
(2000)]. We investigate two temperature wall conditions and evaluate the

effect of different parameters on the stationary waves of the surface.

WAaLL CONDITION: f(X) =e X

We shall begin with the even function f(X) = eX*. The dimensionless

group parameters are as follow:

e Brinkman Number A =1,
e Viscosity parameter § =1,

e Dimensionless Surface tension I' = 1.

10 20 30

X o+

Figure 5.1: T1(X,0), where A\, 3, T = 1.
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Figure 5.2: Isothermal lines of T7. The dimensionless group is the same as in Fig. 5.1.

0.3

0.05

10 20 30

Figure 5.3: u; streamlines. The dimensionless group is the same as in Fig. 5.1.

Fig.5.2 illustrates the isothermal lines of 77, with dimensionless parameters
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as stated above. As expected, the isothermal lines are symmetrical, that
points they follow the surface shape. That means fig.5.2 and fig.5.6 are in

good agreement.

CONTRIBUTION OF BRINKMAN TO VELOCITY AND TEMPERATURE PRO-
FILE

Figh.4 shows how the Brinkman number influences the velocity distribution in
a symmetrically heated plate, for fixed values of surface tension and viscosity
parameter. As the Brinkman number increases, it implies higher viscous
dissipation in the flow, which in turn implies steeper velocities gradients at
the plane. In fact, for Brinkman number A = 0.1 the velocity increases
through y-direction, for A = 1 it still accelerates but slower, and finally
for A = 10 it slows down, meaning more energy is consumed by viscous

dissipation. This behaviour is clearly manifested in fig.5.5.

0.8 -

0,0y

0.6 -

0.4 +

0.2

02 L L L 1 I I

Figure 5.4: ©,(0,y) regarding different values of Brinkman number. The remaining dimen-
sionless groups are the same as in Fig. 5.1.
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Figure 5.5: u,(0,y) regarding different values of Brinkman number. The remaining dimen-
sionless groups are the same as in Fig. 5.1.

CONTRIBUTION OF 3 TO SURFACE, VELOCITY AND TEMPERATURE PRO-
FILE

Stationary waves for the free surface for different values of the viscosity pa-
rameter 5. By decreasing (3, increasing viscosity and so decreasing the ampli-
tude of distribution, but also oscillations start sooner. That is also illustrated
in fig.5.8, where big values of § give higher peak velocity. Fig.5.8 shows that
as viscosity parameter increases, the u(0,y) increases, although the effects
are small at 5 = 0.1. As noted earlier, a increase in (3, decreases the fluid
viscosity, which in turn increases the velocity, and less energy is consumed

by viscous dissipation as is better shown in fig.5.7.

63



0.05 T T

-0.05 1 ! &

0.1 F b ]

-0.15 - -

-0.2 - R

25 20 -15 -10 -5 0 5 10 15 20 25

Figure 5.6: Stationary Waves for the free surface regarding different values of exponential
constant 3. The remaining dimensionless group is the same as in Fig. 5.1.
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Figure 5.7: ©1(0,y) regarding different values of exponential constant 5. The remaining
dimensionless group is the same as in Fig. 5.1.
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Figure 5.8: u,(0,y) regarding different values of exponential constant 3. The remaining
dimensionless group is the same as in Fig. 5.1.

CONTRIBUTION OF DIMENSIONLESS SURFACE TENSION TO SURFACE, VE-
LOCITY AND TEMPERATURE PROFILE

Stationary waves are plotted in fig.5.9. As dimensionless surface tension
decreases, the amplitude of perturbation increases. However, the decrease
in amplitude of hy, makes oscillations start earlier. A 10 times decrease of
surface tension, is translated to an average 46.5% decrease to the start point

of perturbation.
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Figure 5.9: hy(X) regarding different values of dimensionless surface tension I'. The re-
maining dimensionless group is the same as in Fig. 5.1.

The temperature distribution profile of fig.5.10 shows the decrease of temper-
ature T7(0,y) regardless the surface tension, although the effect is small at
[' =0.1 and I' = 1. However, there is an intersection point around y = 0.34
between I' = 0.1 and I' = 1. Fig.5.11 represents the effect of dimensionless
surface tension on the velocity distribution for fixed values of exponential
viscosity parameter and Brinkman number. As expected, the peak velocity
occurs before the centreline and closer to the wall and its location is slightly

affected by the surface tension.
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Figure 5.10: ©1(0,y) dimensionless surface tension I'. The remaining dimensionless group
is the same as in Fig. 5.1.
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Figure 5.11: u;(0,y) dimensionless surface tension I". The remaining dimensionless group
is the same as in Fig. 5.1.
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WALL CONDITION: f(X) =X xe X’

We shall continue with the odd function f(X) = Xe ", fig.5.12. The di-

mensionless group parameters are as follow unless otherwise stated:

0.5

04} .

03} -

02+ 4

0.1} -

0

T1(X,0)

-0.1 - 4

-0.2 -

03| -

04 .

05 I I I I I
-30 -20 -10 0 10 20 30

Figure 5.12: T1(X,0), where \,5,T" = 1.

It is interesting to note the double peaks in figs.5.13 and 5.14 that agrees
with fig.5.17.
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Figure 5.13: Isothermal lines of T1. The dimensionless group is the same as in Fig.5.12.
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Figure 5.14: u; Streamlines. The dimensionless group is the same as in Fig.5.12.
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CONTRIBUTION OF BRINKMAN NUMBER

The heat generation increases sharply as Brinkman number increases (fig.5.15),

like before, and the velocity profile, fig.5.16 is identical with the even case.

0.8 T T

|
|
|
=
[N
LLg

0.7 -

0.6 - B

0.4 B

0,0y

0.2 B

0.1+ 3

-0.1 I | | L ! I ! I !
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1

Figure 5.15: ©1(0,y) regarding different values of Brinkman number. The remaining di-
mensionless groups are the same as in Fig. 5.12.
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Figure 5.16: ul(0,y) regarding different values of Brinkman number. The remaining dimen-
sionless groups are the same as in Fig. 5.12.

CONTRIBUTION OF VISCOSITY EXPONENTIAL PARAMETER

Fig.5.17 represents the solitary pulses for the free surface for different values
of the viscosity parameter ; by decreasing [ , increasing viscosity and so
decreasing the amplitude of distribution. Fig.5.19 shows that as viscosity
parameter increases, the wu;(0,y) increases, although the effects are small at
B = 0.1. As noted earlier, an increase in 3, decreases the fluid viscosity,
which in turn increases the velocity, and less energy is consumed by viscous

dissipation as is better shown in fig.5.18.
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Figure 5.17: Stationary waves for the free surface regarding different values of exponential
constant /3. The remaining dimensionless group is the same as in Fig. 5.12.
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Figure 5.18: 0,(0,y) regarding different values of exponential constant 8. The remaining
dimensionless group is the same as in Fig. 5.12.
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Figure 5.19: u;(0,y) regarding different values of exponential constant 3. The remaining
dimensionless group is the same as in Fig. 5.12.

CONTRIBUTION OF DIMENSIONLESS SURFACE TENSION

Stationary waves are plotted in fig.5.20. As dimensionless surface tension
decreases, the amplitude of perturbation increases. However, the decrease in

amplitude of hy, makes any perturbation appears earlier.
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Figure 5.20: h(X) regarding different values of dimensionless surface tension I'. The re-
maining dimensionless group is the same as in Fig. 5.12.
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Figure 5.21: ©1(0,y) dimensionless surface tension I'. The remaining dimensionless group
is the same as in Fig. 5.12.
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Figure 5.22: u;(0,y) regarding dimensionless surface tension I. The remaining dimension-
less group is the same as in Fig. 5.12.
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5.8 WEAKLY HEATED FALLING FILMS - ZERO BRINKMAN NUMBER

The problem as shown in Fig.5.1 concerns a fully developed Newtonian,
gravity-driven film of thickness § flowing along an inclined heated plate. The
temperature on the lower wall varies (©,—0 = 1+ ef(z)). We assume that
Brinkamn number is zero (A = 0), because that gives us the opportunity to
solve the base flow analytically. Once again, we linearize the governing equa-
tions (5.4.1.1 -5.4.1.4), and the corresponding boundary conditions (5.4.2.1-
5.3.0.5), using expansions (5.8.0.1), since this boundary value problem can

only be solved numerically.

The governing equations with the corresponding boundary conditions lead-

ing and O(e) are written as follow

O,=0=0=cy+c (5.8.0.2)

But © =1+ef(x) = 0O =landsocy; =1and © =0=06 =
y=0 y=0 y=1 y=1

0 that leads ¢y = —cy = —1.

So:

O=-y+1 (5.8.0.3)
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But equations (5.4.2.1) and (5.8.0.8) give:

And finally we have:
e PlD (1—pB)e?
P, +cotf =0 G209 P = cot (1 —y)
And
Uy +0y =0 — Vy = —Uyg
BOUNDARY CONDITIONS
NO-SLIP CONDITION AT THE WALL
u =u =0 =0 (5.8.0.5)
y=0 y=0 y=0
ON THE INTERFACE Normal Force Balance
LEADING ORDER: P| =0 (5.8.0.6)
y=1
O(e): —P+2e %y, —Ph| =-Th" (5.8.0.7)
y=1
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TANGENTIAL FORCE BALANCE

LEADING ORDER: 1, =0 (5.8.0.8)
y=1
O(e): huyy+u,+v,] =0 (5.8.0.9)
y=1
KINEMATIC CONDITION
O(e): v| =ak (5.8.0.10)
y=1
TEMPERATURE CONDITIONS:
On the lower wall we have,
O =1+ef(x)—» ©6©=1], and O| = f(x), (5.8.0.11)
0 0 0
On the interface S(x) we have:
0=0 - O =0, and ©+hO,=0 (5.8.0.12)
y=14ehy y=1 y=1
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To sum up the PDEs and the corresponding boundary conditions are:

Ors + Oy = £ (10, + 0, ) (5.8.0.13)

R(ﬂwD + vﬂy> = P, 4¢P <um — B0, (u, + v,)

+,(820,0 — BO,) + uy, — ﬁ@ayy) (5.8.0.14)

Riw, = ¢ 0 ( = 80, + vy, + v ) = By = 20786,0,  (5.8.0.15)

In what follows we solve the problem numerically in order to describe the
effect of the dimensionless parameters (R, 3, ', and &) on the system dynam-

1cs.

5.9 NUMERICAL EXPERIMENTS

The above PDEs (5.8.0.13-5.8.0.15) are solved numerically with a Finite
Differences-based code for a variety of different heating scenarios. In con-
trast with the section 5.7 where a built-in Matlab® routine was used, in
this sections we use a Finite Differences-based code specifically written for
that system. Central finite difference method is selected, where second order

approximations are preferred. Generally, the approximations for a function
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f(x) are as follow:

fz+h)— flz—h))

) ~ = (5.9.0.1)
ey~ LEE) = 2J;l(f) + fla—h) (5.9.0.2)
) ~ flz+2h) —2f(z+ h);};?)zf (x—h) = flz - 2h>7 and  (5.9.0.3)
o) o @20 — i@ h) 61(4%) —fle= )+ A =2h) 500

Due to the nature of the problem we have to eliminate the pressure, P, from
those PDEs; we differentiate the 5.8.0.15 with respect to x and substitute it
into the 5.8.0.14 after differentiating it with respect to y. In addition, we in-
troduce a stream-function ¢ such as u = ¢, and v = —¢,. Those changes lead
as to the following system (5.9.0.5-5.9.0.6) with the corresponding boundary
conditions (5.9.0.7-5.9.0.11):

Ous + O,y = E(UO, + ¢,) (5.9.0.5)

R(0(6ry + Gare) = T2 ) % = Durea + Gy + 2By + —280, 010

— 200, Bray + 01 ((86,) = BBy ) — 622 ((66,) - 56, )

+ 0,y(~B8,) + 80,1, + 6, (260, — 2611, )

+ @( — 3°0%u, + 26°0yly, + 70,1, — Bayyy> (5.9.0.6)

and

Rty + Gy — e = 0 (5.9.0.7)

y=1

—hy Py + Ritigry — dyyy + 8Oy (dyy — Buw) + OUyy — 30uay =  (5.9.0.8)

y=1
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Gy = —uhy, (5.9.0.9)
y=1
h
o =-—— 5.9.0.10
ey ( )
—¢.| = =0 5.9.0.11
8 =0 =% (5.9.011)

We assume that the uneven heating is located between x,,;, (left border), and
Tmae (right border). Outside of that section, only the base flow is present.
Using five-point stencil, we need ghost points, for the streamfunction, at
all four borders, since momentum equation is a fourth order PDE and the
normal stress balance is third order. To create and evaluate the ghost points
we are using the boundary conditions(5.9.0.7 and 5.9.0.10). We also assume
that on the borders the stream function ¢ and surface h are zero as well as
the first derivatives of those (with respect to z). That means the boundary

conditions left and right are as follow:

S =0

=0, ¢
=h

T=Tmin T=Tmax

h

T=Tmin

=0  (5.9.0.12)

T=Tmaxzx

T=Tmazx

= hy = hy

T=Tmin T=Tmaxzx T=Tmin

The kinematic condition and tangential stress balance are used to evaluate
the ghost points above the surface for the temperature and stream-function,
respectively. To reduce the ghost lines, we substituting the eq. 5.9.0.6, at
y = 1 into eq. 5.9.0.8, achieving to eliminate the second ghost line above
the surface. Since we used the eq.5.9.0.6 evaluated at y = 0, we use the
condition 5.9.0.7 to eliminate the ghost points of temperature above the
surface (eq.5.9.0.18). Using the ¢, = 0, we eliminate the ghost line
below the wall, by replacing it with tﬁg first line above the wall, ¢(wall-1) =
¢(wall+1). Following the same technique, we eliminate the ghost lines from
the left and right boundaries, using the conditions 5.9.0.12. After all of these,

we end up with a domain nz(k + 1), where n and k: is the number of points
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on z, and y-direction, respectively.

Tmin Tmax
Wall

Figure 5.23: 2D schematic representation of the heating boundary conditions and computa-
tional domain

The distance between two adjacent points in x-direction is Dy = *mez—Zmin

n—1 ’
and Dy = ¥mes=¥min — _L_in the y.

Substituting the approximations 5.9.0.1 into the eq.5.9.0.5 at the random
point (i,j) where i and j is the coordinates at x and y directions, respectively,

we have:

1 ¢a

0 +1.0) (53~ 5o ) + 06~ 1) (5 + 58

>+@@j+)

D2 2Dz Dy?
. 1 > 9 £,
@(Z,J—l)D—yQJr@( )(—D—xQ—D—>+¢H— .J) 5D
—£0,
+o(i — 1, )223; =0 (5.9.0.13)

Doing the same, the streamfunction at the random point (i,j) we get:

Bi(7)o(i +2,) + Ba(3)@(i — 2,5) + Bs(j) (i, j + 2) + Ba(j)9(i, 5 — 2)

+ Bs(j)o(i +1,5) + Bs(j)o(i = 1,5) + Br(j) (i, 5 + 1) + Bs(j) (i, 5 — 1)

+ Bo(j)o(i + 1,7+ 1) + Buo(j)e(i — 1,5 — 1) + Bu(j)eo(i + 1,5 — 1)

+ Bia(j)o(i = 1,5 + 1) + Bis()O(i + 1, j) + Bu(j)O( — 1,j) + Bis(j)O(i,j + 1)
+ Bi6(j)0(i, 5 — 1) + B17(4)O(i, j) + Bis(j) (4, 5) = 0 (5.9.0.14)
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1 As(4) : 1 A3(4) : 1 Aa(9)
Dz*  2Dx?’ 2(J) Dz*  2Da?’ 3U) Dy*  2Dy?’

. 1 A) . Ao(J) A1 () As(j)
B,(j) = =— — —=2%, By(j) =
1(7) Dy*  2Dy?’ 2(7) D2 Dy? + 2Dx?Dy + 2DxDy?’
—4 2A0(j As(j As(5)  As(y) Az
Buj) = =% _ o) Al)  AsG) | AsG) | Arl)
Dx*  Dx?Dy?> Dxx*Dy>  Dax? Dx? 2Dx
Bu(j) = —4_240) | AU) L AG) | AsG) - AU)
W)= Dyt Dxz2Dy?  DxDy?  Dax? Da? 2Dz’
Ba(j) = -4 2A4,0)  AGU)  Add) | A4U)
’ Dy*  Dz?Dy?> Dz?Dy Dyy? Dy?’
—4 2A0(j A4 Ay(4)  Ag(y
Bu(j) = _24(9) 1(7) al) | 6(])’
Dy*  Dz2Dy?> Dzxz2Dy  Dy? Dy?
Pty = ) AG) A
10 Dx2Dy?  2Dxz?Dy 2% DxDy?’
Py ) A AG)
1y Dx?2Dy? 2Dz?Dy 2% DxDy?’
Ao(j Aq(j As(j
Buis(j) = 0(J) i 1(4) . 2(J) :
Dx2Dy?  2Dx?Dy 2% DxDy?
L As(h) . : L Ao(d) | A0()
Bi(j) = oz BUG) = BIG), Bul) = 7 + 55
L A(d)  A0() : 245(4)  244()) :
Bis(j) = - Bi(j) = — - A
16(J7) Dy 2Dy 17(J) D2 Dy + A1 (J),
Bon_ 0 6 | 4A(j)  245()  246(j)
1s(7) = Dz* " Dy* " Da?Dy?  Di?>  Dy?
and

Ai(j) = =280,(5), A2(j) = —Ra(j), As(j) = A2(5) As(j) = Ai(h),
As(7) = 8O,(j) — °05(5),  As(j) = —As(j)  Ar(j) = Rity,(j)

(7) = By(5),  As(j) = —As(5); Awo(j) = 2820, (7)Ty (7) — Biiyy (),
An(j) = 2870, (4)Tyy (7) — 820y (5)°ty (1) + B*Oyy () Ty (7) — Bliyyy (),
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The tangential stress balance (5.9.0.7) becomes:

h(@)iagy + (90 1+ 1) + 600, k - 1))%1/2 +(oli=1 k) +oli+1, k)>D__xl2
+ o, k)( _ Digﬂ i %) —0 (5.9.0.15)

and the modified normal stress balance (5.9.0.8) is:

Gro(i + 1,k +1) + Gogp(i — 1,k + 1) + G3(i + 1,k — 1) + Gaop(i — 1,k — 1)
+ Gsp(i k+ 1) + Geop(is k — 1) + Gro(i + 1, k) + Ggop(i — 1, k) + Goo(i, k + 2)
+ Goo(i, k —2) + G116(i, k) + G129(i, k) + Gish(i + 1) + Gah(i — 1)

+ Gush(i+2) + Gigh(i — 2) = 0 (5.9.0.16)
where:

G = 4};12:(2)3/ - 2Dx32Dy’ = 4}1%;_;(% - 2D;2Dy’ Gs = =G,

Gim~Ca Go= o+ 6@52(5) T e - 5%;/(5) b
Gy = —#, Gs =Gy, Gg= —DLyQ, Gio=Go, Gry = By, (k)

Gis = gng, Gro=—Cis

The above (5.9.0.16) condition include the ghost line of ¢(i, k + 2), where
i € [1,n]. Since we want to eliminate that line we substitute the momentum

equation (5.9.0.14) evaluated on the surface into equation 5.9.0.16.
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The result is:

o(i+ 1,k + 1)(01 - G@%Z) +o(i—1,k+ 1)(02 - @%f)
+¢(z+1,k—1)(03—(;g%§> +¢(i—1,k—1)<G4—G9%130>
(i k + 1)<G5 - GQ%) Yok —1) <G6 _ GQ%:) i+ 1,k <G7 _ G%)

+o(i —1,k) (Gs - &;%) + o, k — 2)<G10 - Gg%) + ¢ (i, k) <G11 _ Gg%f>

. Bz . B3z 4 By
+ O3, k) <G12 - GQE> Lo+ 1, k:)( - GQE> L O3 -1, k)( — Ggg)

. BlS . BlG . .
+ @(Z, k + 1)( - G9E> + @(l, k— 1)( - G9?3> + h(l + 1)G13 + h(l — 1)G14
+h(i+2)Gi5+ h(i —2)G1 =0 (5.9.0.17)

Despite the fact that we eliminated ¢(i, k + 2) from the above equation, we
couldn’t use it since we introduced the ghost points of ©(i, k + 1). For that

reason we substitute eq. 5.9.0.13, evaluated on the surface, into equation
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5.9.0.17. The final condition that we can use is:

o(i+1,k+ 1)<G1 —G9%> +o(i—1,k+ 1)<G2 G9312>

B11> BlO>

+¢(i+1,k—1)<G3 Go +¢(i—1,k—1)<G4—G9

+ i,k + 1)(Gs — G9—> +olik—1)(Go - GQE)

+ i+ 1,k) (G7 - Gg— + GQ%; y2%)

+oli— 1.k (G - Ggg + Gg%lij (- 252 ) + otk —2)(Gro - Gg%)
+ (i, k) (Gn - Gg%j) + O3, k) (G12 . Gg% + Gg%lij ( - % - D%Q))
+6li+ 1’k)< -G B3 -+ 09%5 Y (D191:2 - 2%35))

+0(k—1)( - Ggﬁ + 09%35> + h(i +1)Gs + h(i — 1)G1y

+h(i+2)Gy5 + h(i — 2)G16 =0 (5.9.0.18)

The vector of unknown has 2n(k+1) elements. The first is the streamfunction
¢, at * = T, and y = 0, and it’s notated as (1), and the counting
continues horizontally for the rest of the streamfunctions elements. The
temperature © at © = xp,;, and y = 0 is notated like ¥)(n(k+1)+1). For the
random point located at (7, 7), where ¢ and j is the coordinates at x and y
directions, respectively, the streamfunction ¢(i,j) and temperature, ©(i, )
are: ¢(i,7) = Y(n(j — 1) +1i) and O(4,7) = v(n(k+ 1) +n(j — 1) +19).
The shape of the deformation is a n-points vector, that we insert after the

temperature unknowns. Applying this for the whole domain we end up with
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layers of the unknowns:

stream function Y(n(j —1) +1i)

(5.9.0.19)

Temperature <

v(n(k+1)+n(j—1)+1)

) Y(2nk 4+ n)

Y(n(k+1)+nk+1)

Sur face '
v(n(k+1) +nk + 1)

Y(2n(k +1))

In what follows, we carried out extensive numerical experiments where the

parameters vary for different heating scenarios.
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We shall use the even faction f(x) = ¢**. The dimensionless viscosity pa-
rameter, b, is 0.2 and the dimensionless surface tension, I' is 1. The base
flow that was solved analytically, due to the zero-Brinkman assumption, is
displayed by the plots 5.24a and 5.24b. The base flow velocity (eq. 5.8.0.4)is
a function of 3, unlike the temperature (eq. 5.8.0.3).

L L L L L L L L L L L N
0 0.1 0.2 03 04 05 0.6 07 0.8 0.9 1 0 01 02 03 04 0.5 08 0.7 08 09 1
¥y

(a) @, where 8 =0.2, and T' = 10. (b) ©, where 3=0.2, and I = 1.

Figure 5.24: Base flow velocity and temperature profile

Let the liquid occupy a domain {(x,y) : Tmin < T < Tpmas, 0 < y < S(x)}.
Then the motion of the liquid is described by the 5.9.0.5 and 5.9.0.6 equations.
After extensively experiments we found that the best set of computational
power-memory space and resolution is a domain where z,,,, = —30 and

Tmae = 30., as shown in Fig. 5.23.

After solving the (5.9.0.5-5.9.0.6) with the corresponding boundary condi-
tions (5.9.0.7-5.9.0.11) and the dimensionless parameters are R = 1, 5 = 0.2,
['=10, & = 0.7 and 6 = /6, the deformation of the surface,h, the velocity,

u, and the temperature © profile are as follow
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Figure 5.25: Deformation of the film surface, R=1, ' =10, b=10.2, £ =0.7, § = 30°.

Figure 5.26: Streamfunction, Velocity and Temperature Profile, R = 1,T" = 10, b =
0.2,£ =0.7, © = 30°.
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At this point, in a quest to identify and explain the role of each dimensionless
parameter on the above system, we carry out the appropriate simulations. As
shown in section (5.5), we expect the dimensionless surface tension will have a
dominant role on the deformation of the surface, the Reynolds and Grashof
numbers will affect primarily the velocity and temperature profile, much
more than the stationary waves of the surface, and the viscosity parameter

will affect all the above.

The viscosity parameter [ poses a dominant role in the deformation of the
surface. An increase in (3 yields a decrease in viscosity, and hence, an increase
in the altitude of the distraction and an higher mean velocity. However, this

parameter has a minor effect on the O(¢) temperature.

0.04

|
0.03 [
|

0.02 -

-0.01 -

-0.02 L ! ! ! I
-30 -20 -10 0 10 20 30

Figure 5.27: Deformation of the film surface regarding different 5, where R = 1, I" = 10,
£=0.7, 0 = 30°.
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(a) Base Flow Velocity (b) O(e) Temperature

a
0.025 14 10

(0.y)
U(0.5263,)

(c) O(e) Velocity (d) O(e) Velocity

Figure 5.28: Base flow velocity, O(¢) velocity and temperature regarding different 3, where
R=1,T =10,& = 0.7, 6 = 30°. The maximum velocity increases with an increase of
since the viscosity decreases; while at the peak of the deformation there is an increase in the
velocity after y = 0.7 due to the increase in the film thickness.

The dimensionless surface tension affects, hugely, the deformation of the free
surface. A raise of 7 produces a decrease in the deformation. However, as
we showed at the end of paragraph 5.5, the bigger the values, the larger the
wavelength of the stationary waves. As far as the velocity and temperature

profiles, a change in ~ effects them slightly.
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Figure 5.29: Deformation of the film surface regarding different I, where R = 1, £ = 0.7,
0 = 30°. A decrease of 33% of the dimensionless surface tension refers to an almost double
altitude of the surface deformation.

Like before, we present the changes in the velocity (O(¢) that the increase in
' results, at x = 0 and x = 0.5263 the peak of the deformation.

(a) O(e) Temperature (b) O(e) Velocity (c) O(e) Velocity

Figure 5.30: O(e) velocity and temperature regarding different T', where R = 1, 5 = 0.2,
£ =0.7, 0 = 30°.

The Grashof number poses a dominant role on the temperature of the film
For a laminar flow it can value up to 10® which is the transition point to

turbulence. Figure 5.31 shows that an increase of Grashof results on stronger
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convention in the fluid that leads to a rapidly heat transfer along the fluid and
hence the lower temperature of the fluid, and increases the velocity profile

near the plate but as the distance from the plate increase the velocity profile

decreases.

02 A\ 02 \
AN AN
QD 0.1 0.2 03 04 Uys 06 o. 0.8 0.9 1 OO 0.1 02 0.3 0.4 Dy 0.6 07 08 09 1
(c) O(e) Temperature (d) O(e) Temperature
I =1 I
oo/ \ e iy \\
Gows| | By é ‘\\
0.004 |- . ol N\
oo “ \\\“”‘««m__ o o J
| — . N
-
UD 0.1 02 03 04 Oyfy 06 07 08 09 1 730 0.1 02 0.3 0.4 Dy& 06 07 08 09 1
(e) O(e) Velocity (f) O(e) Velocity

Figure 5.31: O(¢) velocity and temperature regarding different T, where R = 1, 5 = 0.2,

& = 0.7, 0 = 30°. An increase of Grashof results on stronger convention in the fluid. This

leads to a rapidly heat transfer along the fluid and hence the lower temperature of the fluid,
and increases the velocity profile near the plate but as the distance from the plate increase

the velocity profile decreases.
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A better way to explain the above plots is by introduce the Richardson
number Ri. It is defined as the ratio of Grashof number over the Reynolds
square (Ri = -%). When Ri is much greater than 1 the forced convection
may be ignored, while when it is much smaller than 1 the natural convection
may be ignored. By increasing the Grashof number and keeping the Reynolds

constant we observe the effect of the heating to fade quicker.

It’s well known that a falling film is unstable for Reynolds numbers greater

™

6
the critical Reynolds number is approximately 4.33. We tested a range from

than R, = g cot #, where 6 is the angle of inclination. Since the angle here is

0.5 to 3 and as expected the changes in the deformation of the surface and
the temperature profile are almost negligible, while on the velocity profiles

are sightly noticeable.

(a) O(e) Temperature (b) O(e) Temperature (c) O(e) Temperature
N\
e =
(d) O(e) Temperature (e) O(e) Temperature

Figure 5.32: Surface deformation, Temperature and Velocity profile at x = 0 and z =
0.5263 (peak point). The changes are hardly noticeable.

Due to the symmetry of the system 5.9.0.5-5.9.0.6, there is no need to include

cooling scenarios.
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Weakly Heated Falling Films -
Arbitrary Brinkman Number

This section aims to manifest the contributions of the Brinkman number on
weakly heated falling films. We examine the same problem with section 5.8.
The only difference now is that the Brinkman number is not zero. This as-
sumption yields a coupled ODE system for the base flow, which we will solve
numerically, more complicated matrices, and challenges the available com-

putational power in order to converge the results of the numerical solutions.

The two-dimensional steady-state deformations are studied for a non-isothermal
thin film of viscous incompressible liquid, falling down a plate inclined at an
angle 6. Geometry of the problem is shown in Fig. 5.1. The Cartesian coor-
dinate system (x,y) is chosen again in order that the axis Oy is orthogonal

to the substrate, and the axis Oz is directed along the liquid flow.

We shall linearize the governing equations (5.4.1.1 -5.4.1.4), and the cor-
responding boundary conditions (5.4.2.1-5.4.2.5 and 5.4.2.7), using the fol-
lowing expansions (6.0.0.1). Like section 5.5, we have to solve the base flow

numerically since the energy equation and momentum equations are coupled.
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O =0(y)+eO(z,y), u=1u(y)+eulz,y), v=ecv(r,y)
S(z) =1+¢h(z), P=P(y)+eP(z,y) (6.0.0.1)

The energy (6.0.0.2) and momentum equations (6.0.0.3 and 6.0.0.4) for the
base flow and the corresponding boundary conditions (6.0.0.5-6.0.0.8) are:

GOVERNING EQUATIONS

O,y + Ae a2 =0 (6.0.0.2)
e 0= BBy, + 1yy) +1 =0 (6.0.0.3)
P, +cotf =0 (6.0.0.4)
BouNDARY CONDITIONS

U =0, (6.0.0.5)

y=0
© =1, (6.0.0.6)

y=0
U, = 0, and (6.0.0.7)

y:

P =0 (6.0.0.8)

y=1

The non-isothermal part of the system (O(e) terms of equations 5.4.1.1-
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5.4.1.4) is:

Oz + Oy + N7 <2ay(uy + v,) — B@ai) = 5(@@1, - v(:)y) (6.0.0.9)

R(aux n vay) — P, 4 2e %, (6.0.0.10)

+ 6_'Bé< - ﬁéy(ua: + U:c) + a2,1(62@éy - BGy) + Uzy + Uyy — 6@@“%’)

Ruv, = e~P® <uxy + Vpy — 26@yvy + QUyy> - P, (6.0.0.11)

The above PDEs (6.0.0.9-6.0.0.11) are solved numerically in the same way
as in section 5.8. A Finite Differences-based code, in Matlab®, specifically
written for that system, is selected. Central finite difference method is pre-

ferred.

Due to the nature of the problem we have to eliminate the pressure, P, from
those PDEs by differentiating the 6.0.0.11 with respect to x and substitute
it into the 6.0.0.10 after differentiating it with respect to y. Finally, yet
again, we introduce a stream-function ¢ such as v = ¢, and v = —¢,. Those
changes lead to the following system (6.0.0.12-6.0.0.13) with the correspond-
ing boundary conditions. (6.0.0.14-6.0.0.18):

Oz + Oy + Ae 7@ (2ay(qbyy — Pua) — B@a§> =&(uO, + ¢,) (6.0.0.12)

R(0(6ry + Gare) = T2 ) % = burea + Sy + 2y + —280, 000y

= 280,00y + 0y ((80,)° — 56,,) — 622 ((90,)° ~ 56, )

+ 0,y(~B8,) + 80,1, + 0, (260 1, — 2611,

+ @( — °021, + 26°0 iy, + 7Oy, — /3ayyy) (6.0.0.13)
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and

Wity + Gy = doe = 0| (6.0.0.14)
y:
—ho Py + Rty — Gyyy — Bbyy + Bbus + 8O0y — Guuy = (6.0.0.15)
y=1

Gy = —TUhy (6.0.0.16)

y=1

h

O =-= 6.0.0.17
-y ( )
=¢s| = =0 6.0.0.18
¢ - ¢ o~ P, ( )

We assume that the uneven heating is located between x,,;, (left border), and
Tmae (right border). Outside of that section, only the base flow is present.
Using five-point stencil, we need ghost points at all four borders, since mo-
mentum equation is a fourth order PDE and the normal stress balance is
third order. To create and evaluate the ghost points we are using the bound-
ary conditions(6.0.0.14 and 6.0.0.17). We also assume that on the borders
the stream function ¢ and surface h are zero as well as the first derivatives of
those, with respect of x. That means the boundary conditions left and right

are as follow:

0 e =0, ¢

T=Tmax

h

T=Tmin

=0

T=Tmazx

T=Tmin

T=Tmin

=h

T=Tmin

T=Tmin T=Tmazx

We treat the ghost points in the same way as in section 5.8. The vector of
unknowns remain the same as before eq.5.9.0.19. The same is true for the

momentum equation (5.9.0.14), in contrast with the energy equation. The
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presence of Brinkman term changes the equation as follows:

Substituting the approximations 5.9.0.1 into the eq.5.9.0.5 at the random

point (i,j) where i and j is the coordinates at x and y directions, respectively,

we have:

. 2R Eu . A 1 &u . 1
0+ L.3)( 5 ~ 3p;) + 00~ 195 + 357) + 0 + D

. 1 . 2 2 86 . _56 2Uu
@(Z’j_l)D_yﬁ+@(Z’])<_D_x2_D_gﬁ_)\e 585“5) +¢(i,j + 1) e BGD—;;

o g6 2 , _ 46 20, €O
_ pe =7y _ oY 4 5TY
+o(i,j—1)Xe Dy +¢(z+1,j)< e Da? + 2Da:>

. : 52U, —£O 5 1 1
_ _\,—B6 Uy y - —B6 4 _ _
F0li = L) (= A0 G S ) 6l ) (AT (5 — ) =0
We follow the same procedure as before, section 5.8, for the boundary con-
ditions and ghost lines.

6.1 NUMERICAL EXPERIMENTS

The base flow of the above system is solved numerically using a built-in
routine in Matlab®. The dimensionless viscosity parameter, b, is 0.2, the
dimensionless surface tension, I', is 10, Grashof number, &, is 0.7 and the
Brinkman number A is O(1). Since the Brinkman number is equal to 5 the
energy and momentum equations are coupled and must be solved numerically,
and the solutions are displayed in the plots 6.1a and 6.1b.
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(a) Velocity Profile (b) Temperature Profile

Figure 6.1: Base flow velocity and temperature where 5 = 0.2, ' =10, A =5, £ = 0.7 and
6 = 30°.

Increasing the Brinkman number we observe an increase in the temperature
(6.2b) due to the higher viscous heating. This increase in temperature leads
to a lower viscosity and so a higher base velocity (6.2a). These comparisons

are displayed in the plots 6.2a and 6.2b. These increases in velocity and

=0
)5
=10

(a) Velocity Profile (b) Temperature Profile

Figure 6.2: Comparison on Base Velocity and Temperature profiles regarding different
Brinkman numbers where § = 0.2, I' = 10, £ = 0.7 and 6 = 30°. An increase on Brinkman
number leads to a higher temperature on the fluids, hence lower viscosity and a faster base
flow.
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temperature lead to higher surface instabilities, and we expect an increase in

the altitude of the stationary waves (6.3).

0.14

A=5
A=10
A=15

012 il

0.1} i

0.08 -

0.06 -

0.04 -

0.02 -

Figure 6.3: Deformation of the film surface regarding different A\, where R = 1, I" = 10,
& = 0.7, 8 = 30°. The increase in X increases the velocity and temperature that leads to
higher surface deformation and shifts the peak point of the curve towards left.

The other parameters were the subject of studies of the previous chapter
(5.8). However, since the increase of the Brinkman number could effect the
behavior of others, we include some characteristic plots such as the base flow
velocity, temperature profiles and surface deformation for different values of
the dimensionless viscosity parameter and surface tension. By increasing f3,
the viscosity increases (see plot 6.4c), and that leads to an increase in viscous
heating (6.4b) and a higher base velocity (6.4a). What is follows is a increase
in the altitude of the stationary waves on the free surface something is shown
on the plot 6.4d. The decrease in I' leads to an increase in surface deformation
and in the altitude of the oscillations before the heating in comparison with
the wavelength which decreases, similar as shown in paragraph (5.6). The
Brinkman number magnitude the shift on the right of the surface deformation

that the increase in I' occurs.
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(c) Viscosity variation different 8, R =

1where i — 1 (d) Deformation of the surface

Figure 6.4: Comparison on Velocity, Temperature and Viscosity profiles regarding different
B where A =5, " =10, £ = 0.7 and 6 = 30°.

102



L . L L
-30 -20 -10 0 10 20 30

Figure 6.5: Deformation of the film surface regarding different I", where R = 1, A = 5,

& = 0.7, 0 = 30°. The decrease in I' leads to an increase in surface deformation and in the
altitude of the oscillations before the heating in comparison with the wavelength which de-
creases. The Brinkman number magnitude the shift on the right of the surface deformation
that the increase in I" occurs.
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Stability of Falling Film

7.1 INTRODUCTION

Until now, this thesis has presented non-isothermal steady-state problems.
The research presented in the following chapters focuses on the development
of theoretical and numerical tools that allows us to study the linear stability
of non-isothermal falling films in the presence of variable viscosity. In section
7.3, we solve the energy and analogue of the Orr-Sommerfeld equation and
derive analytical expressions for the growth rates of disturbances to be used
in verification of the method by extracting the isothermal solutions when
the viscosity parameter tends to zero, section 7.4, and the validation of the

numerical simulations, section 7.7.

7.1.1 GOVERNING EQUATIONS

The aim of linear stability analysis is to predict whether or not a transition
should happen for a particular flow, and how that flow changes. We shall use
Cartesian coordinate system (x,y) and denote the corresponding components

of velocity vector by w and v as well time by ¢, pressure by P, density by
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p and viscosity by 1. Once more, the density is considered constant and
viscosity obeys Reynolds law Tanner (2000). The system of study depicted
in Fig. 7.1.1.

Y

Now, the governing equations, the energy (7.1.1.1), continuity (7.1.2.3), and
Navier-Stokes (7.1.1.3,7.1.1.4) equations, for a Newtonian fluid, are written

as follows

A
p

pC, (Y}—l—uTm—i-va) = m(sz—l—Tyy) +n<2ui+(uy+vx)2+2v§> (7.1.1.1)

Uy + vy =0 (7.1.1.2)

p(“t + uu, + Uuy) = _PCC + 27717“:7: + 27]“:7:17 + ny(vz + Uy)

+ 1(Vye + Uyy) + pgsind (7.1.1.3)

p(vt + uvy + 'va) = 1y (vy + uy) — Py 4+ 0(vgy + tyy) — pgcosd  (7.1.1.4)
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A
where: C), is the specific heat capacity at constant pressure, T' the tempera-

ture, and k is the thermal conductivity.

7.1.2 NON-DIMENSIONALIZATION

We shall convert the governing equations (7.1.1.1 to 7.1.1.4) into dimension-
less form. For this purpose, we use the characteristic thickness, 6. The
non-dimensional independent and dependent variables are

52pgsin b
T AN LR L

- dpgsinf’ i

T-T
P = P*0pgsinf, O = ! , B=ao(ly—-1Ty) (7.1.2.1)
Ty — T}

Y

Substitution of 7.1.2.1 into the (7.1.1.1) to (7.1.1.4) and after dropping as-

terisks:

Energy Equation:
Oz + Oy + e © <2ui + (uy +v,)° + 21}5) = f(@t +uO, + v®y> (7.1.2.2)

Continuity
Uy + vy =0 (7.1.2.3)
Cauchy x-direction:

R(ut + uu, + vuy> = —P, +2(e ") uy + e Ouy, + (e*ﬁ@)y(vx + uy)

+ e Ouy, +1 (7.1.2.4)

106



Cauchy y-direction:

R(vy 4+ uvy, + vuy) :(e_ﬁe)x(uy +v,) + e vy, — P,
+2(e7"®), v, + e v, — cot 6 (7.1.2.5)

A\ — (62 pg sin 0)?

where: 1 (To—T7)

is the Brinkman number, R = W—fﬂe is the Reynolds,

CQ 33gp?sinf . . .
and ¢ = 18 the Grashof number which is the Reynolds number
times the ratio of the force due to differences in density and the viscous

force.

7.1.3 BOUNDARY CONDITIONS

The corresponding boundary conditions to the system (7.1.2.2 to 7.1.2.5) are
the temperature and the 2 no slip conditions on the bottom, and the kine-

matic, temperature, normal and tangential stress balance at the interface.

NO-SLIP CONDITION AT THE WALL

=0 (7.1.3.1)

TEMPERATURE CONDITIONS

We assume that the temperature on the interface is equal to the ambient tem-
perature Ty and 7j on the lower wall. In dimensionless form the conditions

are:

el =1, 6 =0 (7.1.3.2)
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KINEMATIC CONDITION

v=3_5; +uS, (7.1.3.3)

y==S

NORMAL STRESS BALANCE

—S, (( — P+ 2e’ﬁ®ux> (—S,) +e PO (u, + ’Ux)) + e 7 (uy, + v,)(—S,)
Sux

(1+(s.02)°

— P +2e%, = — (7.1.3.4)

=

Tangential Stress Balance

-5, ( — P+e POy, +e7° (uy + vx) Sx> + eiﬁ@)(uy + v,)
+<—P+2€%%>$:0 (7.1.3.5)

Note that on the interface, we use the basic Taylor series method for the

denominator( u(z,t+ A) = u(z,t) + Aaug’t) + Az—farzgg’t) + ) Fenton (1983).

The interface is S(z) = 1 + €hy, where ehy << 1.

7.2 SMALL AMPLITUDE PERTURBATIONS AND NORMAL MODES

We assume the above boundary value problem has a steady solution (basic
state) like

u =1, ©=0, P =P, S=1 (7.2.0.1)

and then, we introduce small amplitude perturbations with small parameter

¢:

108



u = aly) + Ci(y, z, t) 6 =6(y) + Oy, z,t) P =P(y)+CPy, 1),
v=_Co(y,x,t) = 14 ¢S(x,t) (7.2.0.2)

Substituting (7.2.0.2) into the Energy (7.1.2.2), Continuity (7.1.2.3), and
Navier-Stokes equations, the basic state and the equations for the perturba-

tion functions are as follow:

Leading Order

O,y + Ae0a2 =0, (7.2.0.3)

(efﬁ%y> +1=0, (7.2.0.4)
Yy

P, + cot0 =0, (7.2.0.5)

and O(()
Ous + Oyy + e ® (2@,(% + ) + 5@@5) = g(ét + a0, + @éy>,
(7.2.0.6)

g+ 0y =0 (7.2.0.7)

R(ﬂt + @, + ﬁay) — P, (7.2.0.8)

e 0= B8y (T + iy + BOW) + s + gy + B(Oy iy + Oiyy)),

R(ﬁt + m”»x) — ¢=F0 (vx + 86,1, + @yy) — P, —2¢77°80,5, (7.2.0.9)
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The corresponding boundary conditions are obtained be substituting (7.2.0.2)

into (7.1.3)-(7.1.3.5)

No slip at the wall

U =0 and =7 =0
y=0 y=0 y=0
Kinematic Condition:
6 - ~t -+ /IZSI
y=1
Normal Stress Balance:
—P=0
y=1
~P-SP, + 26*5@< — S, + @y) = —7Sps
y=1

Tangential Stress Balance:

uy =0

y=1

Gy + Stiyy + Uy + 861, = 0

y=1
Temperature on the wall:
S

=1,and ©

y=0

=0

y=0

Temperature on the interface:

©=0 - 0=0

, and SO,+6 =0 -

y=1 y=1
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(7.2.0.10)

(7.2.0.11)

(7.2.0.12)

(7.2.0.13)

(7.2.0.14)

(7.2.0.15)

(7.2.0.16)

(7.2.0.17)



These lead to:

(7.2.0.18)

We seek the solution for functions @, U, U, ﬁ, and S in the normal mode

form

(:)(y7 x, t) — (:)(y)em(x—ct)7 a(% x, t) — a(y)em(x—ct)’ f}(y, z, t) _ @(y)ei“(x_Ct),
P(y,z,t) = P(y)e"™ =Y, S(z, 1) = e (7.2.0.19)

Where k is the wave number and ¢ a complex number, the phase velocity,
defined as ¢ = ¢, + ic;, ¢ * k is the frequency of oscillations and ¢; the
amplifications rate. The instability of the flow develops when ¢; becomes
positive. Substituting (7.2.0.19) into (7.2.0.3)-(7.2.0.9):

—120 4+ ©,, + \e ® <2ay(ay k) + Béai) = g( — ircO + K70 + @@y>

(7.2.0.20)
ikt + B, = 0 (7.2.0.21)
R( — ke + ik + 01, ) = —iKP (7.2.0.22)

R( —ikeh + z’m]@) = e‘ﬂé( — K% + ik PO, + @yy) - P,
— 2¢77930,0, (7.2.0.23)
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Substituting (7.2.0.19) into (7.2.0.11),(7.2.0.13), and(7.2.0.15)
Kinematic Condition:

b = —ikeS + ikaS - (7.2.0.24)
Normal Stress Balance:
—P = 8P, +2e7 (— inSu, +0,) = k7S -~ (7.2.0.25)
Tangential Stress Balance:
Sty + 1, + ir0 + BT, = 0 - (7.2.0.26)

We eliminate S and @ by substituting the eq.(7.2.0.18) and 7.2.0.7 into the
governing equations and boundary conditions and combining (7.2.0.8) with
(7.2.0.9) we finally have the analogue of Orr-Sommerfeld equation for the
non-isothermal problem. We decided to solve the above system using both

analytical (7.3) and numerical (7.5) techniques.

7.3 LoNG WAVE ANALYSIS

We continue the analytic analysis by using the perturbation theory in order
to lead us to an expression for the desired solution in terms of a formal
power series in some small parameter Henry (2005). The wavelength of
the perturbation is large compare to the thickness of the film, and so the
wavenumber x is small. We expand the © and ¢ functions as well as the

constant ¢ as follow

b =10(y) + k01(y) + -+, O ==00(y)+O1(y)+~, and c=co+ ke + -
(7.3.0.1)
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Note we assume © is O(%), because if we scale it as O(1) this yields the
isothermal problem. Substituting (7.3.0.1) into the governing equations and

the corresponding boundary conditions we have

Leading Order

07 + \e ® (2%@3@‘ + ﬁéoag) =0 (7.3.0.2)

— 80, ( — 86, (e + BOutiy) + 5 + B(Ohty + Outiyy) ) — BBy (i + 8O0,
— 56, (@g’z’ + B(6ha, + éoayy)> + oM+ 6(@@)3 + 20}y, + éofayyy) —0
(7.3.0.3)
Boundary Conditions
Normal Stress:
oy — 80,0 + i =0 (7.3.0.4)
y=1
Tangential Stress:
@0(1) NN
_ = 7.3.0.5
@y(1> + Vgl 1 ( )
y:

O(k):

O} + Ae ® (2%@? + ﬂélaf,) - 5( —icoTy + 116y + ﬁo(:)y> (7.3.0.6)
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R((co — @)l + gy ) e® = 32020} — B0y, (56,01 — 56} ) — #O,i0]
— 20,0 + 1y (526,01 — 280, ) + 1, (526,01 + 56,0} - 56
+ 3%0,011,, + 1}"i — BO1 Ty, (7.3.0.7)

Boundary Conditions:

Normal Stress:

O(1 _ -
ST ot i+ Rlao = a)iy + 58ief — '+ 961 =0 . (130)
y y=1
Tangential Stress:
O:(1
O1(1) +ofi=0] (7.3.0.9)
6,(1)

Substituting tangential stress balance leading order into the normal stress

balance leading order, we have:

(1 - -
i+ 00,00 gy #ragi 0 | =200y
©,(1) 2 _ _ -
y=1 y=1 y=1
Similarly for the O(k):
éo(l) . ~t _ A él(l) A A
~ t0i + R — 1) — O, =—— — ;=0
5, O = O, qy T A =]

The problem at this stage has the same complexity as before (normal modes)
since we have to solve like Orr-Sommerfeld (the analogue for non-isothermal)
coupled with energy equations (7.3.0.3)-(7.3.0.2) and (7.3.0.7)-(7.3.0.6). To
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move on with the analytic work, we make the assumption that Brinkman
number is zero. This allows us to solve the basic flow analytically. The basic

flow is
@yy:0—>@0:a1y+a2

with ©| ,—o = 1 and ©,-1 = 0. After finding the constants of integration we

have

O=1-y (7.3.0.10)

Substituting (7.3.0.10), (7.2.0.10), and (7.2.0.14) into (7.2.0.4)

= e_ﬁ(y_l)(lﬁj By=P) , eﬁ(ﬁﬁ; 2, (7.3.0.11)

And eq. (7.2.0.5) and (7.2.0.12) give

P =cotf(1 —y) (7.3.0.12)

Eq. (7.3.0.2), and bc (7.2.0.17)
Oy = Ay (7.3.0.13)

where A; an arbitrary constant. Substituting (7.3.0.13) into (7.3.0.3) we

have:

@(()4) 280 4 B2l — 2B AP = (7.3.0.14)
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The 4 boundary conditions of this fourth order ODE are:

0+ Bl + BAE| =0 (7.3.0.15)
y=1
o4+ Ayl =0 (7.3.0.16)
y=1
y=1
il =0 (7.3.0.18)
y=0

Solving the above ODE we have

B = ‘Lh%f(y_l)( — 38+ 48y — By + B2y + 6) (7.3.0.19)
%(—64—%—26@—#26@
and the eigenvalue ¢g is: ¢y = 613(6_6%—;“%2)_6.
And the O(k) terms are:
0! = 5(éo(a )i — @0) (7.3.0.20)
and
" = —2B!" (7.3.0.21)

— 520 + O] (B )i + 28 Vi 4 R0 (@ — co) — oty )¢ *i

Since we found the analytical solutions for the perturbation function at lead-
ing order, we now can solve analytically the O(k) equations 7.3.0.20 and

7.3.0.21 with the ultimate aim to express analytically the amplification rate
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(the imaginary part of ¢;)and predict the stability of the system.

By (GAE — 2448Y; 1 90, B4y — AfyePW—Dg;
0, - e (6AS — =5>)i "(‘2ﬁ4)115 y — Alye v (73.0.22)
| ABEY (B — 207 1 2)i — ABEy*’ (8~ 2)3i e?(6AE — 228);
(264) (26)

v = (25920A¢e” + TTT6RAe " W=1) — 3726 RAe~2 (1) — 12060 R AePv=2) +

5184 RAePW=3) — (', 8°eP1296i+C1, 3576481 —25920 Al e P10 +25920 Al e~Pv=2) 4
16686 RAe?’ —8910R Aexp(33)—25920 Ale?P+Cy1 47~ AW=D1296i — O}, S0 PU—1648i+
3726 RAexp(—B(2y—3))—TT7T6 RAe® —16524 AB%£eP +1998 AB3Ee?P 4216 AR e’ —
432AB%eP cot 0+216 A3%P cot O+1728 RAB?exp(—B(2y—3))—27T0RAB exp(—L(2y—
3))+C11fTy?e Pu=1216i—1350RA[BeP +432A 3% PW=1 cot §—216 A% P¥=1 cot f—
2592A0¢e” 4+ 1350RABe A= 4+ 1296 RABe 2PW=1) 1 12528 RABe P=2) 4

26RABe 38~ 12006 RABe P¥=3) 4 2502 AB¢ePW—1) 4891 ABEe25—1) —

36288 A3&eP¥=2) —13824 RABe*# 416201 RABe*P +C41 BOyel432i—Chy fTyeP432i+
35397ABEe?P —216AB3¢eP —4131 RABeP(2—3) _3456 RAS%eP—2) —52 R A 52381 4
10800RA[%2e P31 12RAFPe 3= _4752 RAPePU—3) 4 864 RAB e PW=3) 4
C11%e Pu=1D864i—C41Tye P=1216i—972A5%Ee 2P~ 117496 A% e P=2) 4

216 A% Pu=1 £ 162A33¢e2P=1) —2160A8%¢e~ P2 —216 A% ¢e P2 4

3456 RAB?e*P —12476 RAS?e*P+5010RA B33 —864RA B e3P +324 RA B y?e P2y —3) —
162RAB%y2e~PRy=3) 20736 ABEye PW=D 420736 ABEye =2 — 15876 RABye’ +
8100RABye*’ +1350RAB%ye’ +5184 ABEye?’ —1296 AB2Eye’ +216 AB*Eyel +
1944RABye~P(2v=3) 1324 RABPye~2PW=1 12592 RA[%ye P=2) 152 RA S ye30—1) —
4752RAB%*ye =3 _24 RA[Pye38=1) 13024 RAB ye PU=3) —864 RAS*yePy—3) 4
3888 A2 xiye P 4+972A B2 xiye 2P—1) 28512 AB%ziye PW—2) —324 AB3riye 20— 4
11016 A3 ziye P2 1296 AB*xiye P¥=2) +12204 R A% ye? — 13852 R A3y’ —

3456 RABye*’ +10668 RA[3ye38 —4392 RA B e +864RA B ye®’ —6966 A% wiye?’ +
4860A33ziye?® —540 A S wiye?? —216 AB° riye? +216 AS%ye? cot 0—216AB7ye” cot —
1728 RAB2ye Pv=3) 4 4132 RAB3ye P (2—3) _324 RAB%y2e2Pw—1) 4 12 RAB3y2e 38— 4
TTT6 RAByeP 4216 AB%ye PW=1) cot 0—T776 AB*Ey2ePW=D 47776 A% Ly e P—2)
1296 A3 ¢y%e PN 1162 A53¢y%e~2P—1 —9072A B3¢ y2eP=2) —1728 AB3 ¢y e P-4
1728 AB3 €1 e Pw=2) 13240 AB4¢y2ePU=2 4216 AB*Eyle Plu—1) 1728 ARy e Plu=2)
216 A8y e P —324 AP Ey2e P2 1216 AB ¢y e P2 1432 AB%¢yBePlv—2) —
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108A48°¢y*ePv=2) 5184 ABEye® —1944RABye2PW—1) —2592 R A ByePv—2) 4
2592 RAByeP¥=3)) /(2165%).

And the amplification rate is:

1 = ((4050 x R — 41472¢ + T28RA3 — 198453¢ — 17010Re” — 259253%¢ +
82944¢e” + 21870 Re*® — 8910 Re®® +4323° cot(6) — 41472¢e%° — 37584 3¢ —
39204 RBe?$4+-24301 RBe*’ +810R3%eP+574293E e +129632¢eP+151233¢ e —
2168%¢e8 + 21708 R[%e?? — 26328 RB%e%P — 5184 RB% * €2P 4 15678RB% e3P —
5256 R4’ +864 R3°e*’ —345065%¢e2P 41161033 —226834¢e?P +2163°¢e? —
4323%eP cot(0)+4328%" cot(0) — 21637’ cot () + 14175R565> * 1@') /(216xb%)
In the chapter 7.5 we compare the analytical results with the numerical.

(a) cy; regarding different 3 (b) c¢y; regarding different ¢

Figure 7.1: The amplification rate increases with the increase in 8 and £, where R=3, and
0 = 45°. The flow is unstable since the critical Reynolds is R, = 2.5

7.4 VALIDATION OF MODEL

In order to examine the above data we attempt a direct comparison with
a similar problem. Yih in 1962 investigated the stability of a liquid flow
down an inclined plane under isothermal conditions. After derived the Orr-
Sommerfeld equation, he assumed that the wavelength of the perturbation
is large compare to the depth of the film, the wavenumber ,in his case «,
is small, and it was used to as scaling for the stream-function ¢ and the
eigenvalue ¢ such as ¢ = ¢g + a¢; and ¢ = ¢y + acy. The results he came up
6aR _ acoth

with were ¢o = 3 and ¢; = > =, In that thesis different scaling was
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used on the average velocity and Reynolds number. The scaling for Yih was
_ gd?sin®
o 3v

as R = % Adjusting the above according to the scaling of that thesis

2aR _ acotf
15 3 7

results with our data, we have to modified the problem properly. Grashof

Uy ,where v the kinematic viscosity and defined Reynolds number

the values are: ¢g = 1 and ¢y; = In order to compare these
number set to zero and Taylor approximations are used. More specific, e® =
14+ 8+ g—? + -+ 5—7 Substituting the above expansion into the ¢y we have:

8% 8%y (6 2y_
co = (I+5+ 75+ 6%26 68435 )6 _ 1+0(5) ad the limit when 3 goes to zero is 1.

Since the denominator of the polynomial of ¢; is 5% the above approximations

should be taken up to eighth order and indeed it is in line with Yih’s results.
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7.5 ARBITRARY WAVENUMBER - NUMERICAL ANALYSIS

In this section, unlike the 7.3, the wavenumber  is O(1). The governing
equations (eq. 7.2.0.20-7.2.0.23) with the corresponding boundary conditions
(7.2.0.24-7.2.0.26) were displayed in the previous chapter. We eliminate S
and u by substituting the eq.(7.2.0.18) and 7.2.0.7 into the governing equa-
tions and boundary conditions and combining (7.2.0.8) with (7.2.0.9), and
we finally derived the analogue of Orr-Sommerfeld equation for the non-

isothermal flow. At this point we assume that Brinkman number is zero.

0" — k20 = §<ém(a - @éy) (7.5.0.1)

KR (@ayy + (8" — K20 (c — a))eﬁ@ = 0" — 280,i0" + " ((ﬂéy)%’ - 2,3@')
+ o (25/1%'@1/ +2K230,i — fO, K% — B(:)y/-i2i) n @<K4i n (ﬁ@)%‘ﬁ)
+O"(—Bayk) + 6 (ﬁQayméy — BKiiy, + °KO, U, — ﬁmyy> (7.5.0.2)

+ é( - 5"03% - 63@2%“ + 62@1/%14“ + éyayy"ﬂﬁ2 — PRy, + 52@3/1/%)

with the corresponding boundary conditions:

No Srip: of = =0 (7.5.0.3)
y=0 y=0
— P keP© 3,50
MODIFIED NORMAL STRESS BALANCE: 0" + ﬁ”(f’—ﬁe — 0, — Wé_e
B Uyy vy
_ P x3eP 05 .
+ 0/ (Rle— w)eri — 362) + o = =) + OnByi| =0
Uyy y=1
(7.5.0.4)
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TANGENTIAL STRESS BALANCE: (0" — k20)(c — @) + 9t,,| =0

y=1

(7.5.0.5)

The basic flow can now be solved analytically like in previous chapters. After
solving the ODEs for the basic flow we have: © =1 —y, P = cot0(1 — y)

and @ = 672(571) (1 - B+ 5y> + ;—i (5 - 1)
The eigenvalue problem (7.5.0.1-7.5.0.2) is not possible to be solved analyti-

cally, so the problem has to be tackled numerically. From a numerical point
of view, there are to general methods for finding the eigenvalues; the local
method and the global method. The first one requires initial guesses which
are modified until satisfy the boundary conditions. The global method uses
the fully discretized stability operator and supplies it to a matrix eigenvalue
solver which results in the spectrum. Hence, the global methods overweight
the local by delivering the full spectrum instead of one, but very accurate,
eigenvalue. However, direct methods could be prohibitively expensive or
impossible, even with the best available computing power [Schmid (2000),
Amritkar et al. (2015)]. A global approach for that system is chosen. We
use a finite differences code specifically designed for this particular problem.

Central finite difference method is used, with second order accuracy.

Using the five-point stencil, we need to extend the boarders over the wall and
the free surface using ghost points. Since momentum equation is a fourth
order ODE and the normal stress balance is third order we need to create
two more ghost lines above the free surface and one below the wall. For the
last one the boundary condition ¢’ = 0 is applied. To create and evaluate
the ghost points above the free su?fa?ce we use the momentum equation on
the surface accompanied with the normal stress balance (7.5.0.4). By doing
that we are able to construct a generalized eigenvalue problem of the form
of A- X = ¢B - X, where: X is the vector of unknowns, A, B are the
matrices of the finite difference approximations for the energy and momen-
tum equations and boundary conditions, respectively, and ¢ the eigenvalue.
Unfortunately, the no slip condition creates a serious problem, since this con-

dition doesn’t contain the eigenvalue and is represented with a zero row on
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the matrix B, that makes it singular. To overtake this obstacle we modify
the first rows of both A and B. In the B we add 1 and in the A row we
include a large arbitrary complex number that sends the spurious eigenvalue
due to the condition far away, in the negative complex plane and it doesn’t

interfere with the rest eigenvalues [Schmid et al. (2002)].

7.6 NUMERICAL EXPERIMENT

We carry out numerical experiment of the above eigenvalue problem (7.3.0.20-
7.3.0.21). The dimensionless viscosity parameter 3 destabilizes the system
and increases the growth rate rapidly. The same effect produces the increase
of the Reynolds number. Furthermore, the increase in Grashof number in-
creases the growth rate, only slightly and it’s more obvious in the analytical
solutions. On the other hand, the increase in the value of the dimensionless

surface tension decreases the growth rate substantially.

0.25

0.2

015 -

0.1

0.05 -

Figure 7.2: Growth rate over wavenumber regarding different values of 5, where: § = 0.5,
& =1, R =25, and 8 = 45°. The dimensionless viscosity parameter (§ increases the growth
rate rapidly.

122



0.15

0.1

0.05 -

D 0D
o

=)

Figure 7.3: Growth rate over wavenumber regarding different Reynolds numbers, where:
B =05 &6 =1, R = 5 and § = 45°. When R increases, the growth rate increases

substantially.
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Figure 7.4: Growth rate over wavenumber regarding different values of the dimensioless
surface tension, where: 3 =0.5, £ =1, R =5, and 6 = 45°. The increase in I' decreases the

growth rate.
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7.7 VERIFICATION OF THE NUMERICAL METHODS

The global method is a well establish numerical process with remarkable ac-
curacy. However, the code was designed for this specific eigenvalue problem
(7.5.0.1-7.5.0.2) and requires validation. To do that, we are using the exact
solutions of the long wave analysis for the linear stability of isothermal (7.4)
and the non-isothermal flow (7.3). For small values of x the growth rate
should reach the ¢y; in section 7.3 with arbitrary 5. When the dimension-
less viscosity parameter reaches zero then the growth rate should reach the

accurate solution for the isothermal flow ¢;; = =R — 4 cot 6 (section 7.4).

0.1 T T

numerical

0.09 |- -

------ analytical

0.08
0.07
0.06
'v‘:, 0.05
0.04
0.03
0.02

0.01

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1

Figure 7.5: Comparison between long wave exact solutions and the non-isothermal plots,
where: = 0.01,§ = 1, = 0.1, and 8 = 45°. For small values of wavenumber, the
analytical and numerical solutions match.
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Figure 7.6: Comparison between isothermal and non-isothermal flow where: 5 = 0.01,
& =1and I' =0.1. The uniform heating creates a slightly higher growth rate.
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Figure 7.7: Comparison of long wave exact solutions with the non-isothermal plots regard-
ing different value of Grashof number, where: 3 = 0.01, R =5, ' = 0.1, and § = 45°. The
numerical solutions match the analytical for small wavenumbers. Increasing 8 we notice a
rapidly increase in the growth rate.
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Figure 7.8: Comparison of long wave exact solutions with the non-isothermal plots regard-
ing different value of Grashof number, where: 3 = 0.01, R = 5, ' = 0.1, and § = 45°.
The numerical solutions match the analytical for small wavenumbers. An increase in Grashof
increase the growth rate which is very noticeable especially in the exact solutions.
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Conclusions

We have analyzed the dynamics of a film falling with variable viscosity down
an inclined, heated wall. We considered two types of wall heating: uniform
and non-uniform. Firstly, we investigated the heat transfer of viscoelas-
tic fluid flows down an inclined, uniformly heated plate. The Oldroyd-B
model was used to describe the polymeric part of viscosity. Using a combi-
nation of a boundary value problem solver and an ODE solver, we obtained
the velocity and temperature profiles. We continued with problems regard-
ing Newtonian fluid and non-uniform heating. The flow and heat transport
was modeled with a long-wave theory for small Brinkman numbers and zero
Grashof numbers. These assumptions led to the analytic solutions of energy
and momentum equations for the basic flow and first-order e. We examined
the analytical solitary-wave solution of the long-wave theory for different
values of the surface tension and predicted the general shape. We carried
out extensive numerical experiments and revealed the contribution of each
parameter in the velocity, temperature profile, as well as in the deforma-
tion of the surface, for even and odd heating conditions. The Brinkman
and Reynolds number affected greatly the temperature and velocity profile,

while they had zero effects in the stationary waves of the surface. On the
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other hand, the increase in surface tension decreases the amplitude of the
deformation of the surface while increasing the wavelength of it. An increase
in the viscosity parameter increases, hugely, the deformation of the surface,
the velocity, and temperature. We continued with a non-uniformly weakly
heated falling film. Due to the nonlinear nature of the temperature field
in the energy equation (5.4.1.1), it was convenient to take a power series
expansion. Substituting the solution series into the energy and momentum
equations, we modeled the basic flow, as a system of ODEs with the an-
alytical solution for zero Brinkman number, and the O(e) as a system of
coupled PDEs, which had to be tackled numerically. A finite-difference code
was designed for a specific problem. The numerical experiments showed the
effect of each parameter in the velocity, temperature profile, and surface de-
formation. Quitting the zero Brinkman assumption, we faced a system of
coupled ODEs for the basic flow and coupled PDEs for the next order. Us-
ing a boundary value problem solver as well as an ODE solver in Matlab,
we were able to solve the basic flow accurately. Re-designed the code from
the previous section (5.8), we highlighted the importance and effects of each
parameter. Reynolds and Grashof numbers affected the system similarly like
before (sections 5.7 and 5.8). While the increase in surface tension decreases
the deformation of the surface, as expected, it also shifts the plot towards
right. However, the increasing of Brinkman number increases the amplitude
of the deformation and shifts the plot toward left. The linear stability of
a non-isothermal uniformly heated inclined plane was the system of study
for chapter 7. We started with a steady solution and introduced a small
amplitude perturbation (¢). Due to the nonlinear nature of the temperature
field in the energy equation, we used power series expansions. We seek the
solution in the form of the normal mode, which leads to the non-isothermal
analogue of the Orr -Sommerfeld equation along with the energy equation.
At this point, we wanted to carry out an analytical as well as numerical solu-
tion. To solve analytically the above systems of ODEs, basic flow and O((),
we incorporated in our analysis the small wavenumber theory. That reduced
the complexity of the above problem by creating two more ODEs that can
be solved analytically. That allowed us to find the analytical solutions for

velocity, temperature, phase speed, and amplification rate up to order ¢ and
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k. In what follows, we calculated the effect of the viscosity parameter and
Grashof number on the critical Reynolds number. Also, we verified the re-
sults by deriving the isothermal model and compared it with Yih’s results
with remarkable accuracy. To continue without the small wavenumber as-
sumption, we designed a finite-difference code to solve the specific problem,
following a global approach. We carried out numerical experiments where the
parameters vary. That showed the destabilizing behavior of the increasing (3,
R, and Grashof number, while the increase of the surface tension tended to
stabilize the system. To verify the numerical method, we directly compare
these results with the analytical ones from section (7.3), which presented

perfect matching for small wavenumber.
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Future Work

In this section, we will set directions for future work regarding this research,
which can be classified into two categories: steady states and stability.
Firstly, we will study the steady states of a viscoelastic falling film with vari-
able viscosity over a non-uniformly heated pate. In particular, we will extend
the work of chapters 5 and 6 by deriving analogous governing systems which
will additionally include the polymeric viscosity. For those calculations, the
relaxation time will vary while the shear modulus remains constant. A first
attempt can be found in the appendix A where we derive the governing equa-
tion for a non-uniformly heated viscoelastic falling film after assuming that
the thickness of the film is very small compared to the length of it (section
A.2.2), and in section A.2.3 we present the governing equations for weakly
heated falling films.

In chapter 7, we carried out a linear stability analysis to determine growth
rates in the presence of variable viscosity. We derived analytical expressions
and performed numerous numerical simulations to examine the effects of the
variable viscosity. It was proven to destabilize the system severely. The
interesting part is what happens when the Reynolds number tends to the

critical value (R, = gcot 0). A falling film with the same properties, but
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with constant viscosity, will be stable for all Reynolds numbers below the
critical. However, a falling film with variable viscosity will remain unstable
even for Reynolds below, but near, the critical value, depending on 3. We
calculated the exact expression in section 5.5 for small wavenumber. More
research needs to be done to evaluate the effect of the viscosity parameter
and the Grashof number on the critical Reynolds for O(1) wavenumber. We
are planning to achieve that by ”silhouetting” and comparing the neutral

curves between falling films with and without variable viscosity.

In addition, we want to extend the research of section 7.5 by studying the
linear stability of non-isothermal falling films with variable viscosity and O(1)
Brinkman number. Also, we like to investigate further the above problem in

the presence of a temperature gradient along the heated wall.

Finally, the work of chapter 7 provides an excellent ground for future research
on the linear stability of non-uniformly heated viscoelastic falling films. We
chose to solve the stability problem using a global approach. Using the fully
discretized stability operator and supplying it to a matrix eigenvalue solver
results in the full spectrum. Although this method does not require any
initial guesses, it challenged even the best available computational power
and was extremely time-consuming. After carrying extensively numerical
experiments for the chapter 7, we conclude that a global approach would
be challenging for the viscoelastic stability of the falling films with variable
viscosity, so the results of the Newtonian flow can be used as initial guess for
a local-method. The first step is the investigation of the linear stability of
a Newtonian falling film with variable viscosity over a non-uniformly heated
plane, where the results of chapter 7 will be the initial guesses for an iterative
method.
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Appendix

A.1 INTRODUCTION

We study the steady states of a viscoelastic falling film with variable viscosity
over a non-uniformly heated pate. We extend the work of chapters 5 and 6
by deriving analogous systems inclouding the polymeric viscosity. As we
saw in chapter 3.2.3, the polymeric viscosity introduce extra stress in the
fluid, ” = G A.(equation 3.2.3.13). The polymeric viscosity is defined as
np, = GT. Both of those terms, shear modulus and relaxation time, are
temperature-dependent variables. However, the relaxation time changes with
a much faster rate than the shear modulus, allows us to assume constant shear
modulus Nébrega et al. (2004). In what follows, section A.2, we present the
governing equations and boundary conditions and non-dimensionalize them,
A.2.1. In chapter A.2.2 we derive the governing equation for a non-uniformly
heated viscoelastic falling film after assuming that the thickness of the film
is very small compared to the length of it. In section A.2.3 we present the
governing equations for weakly heated falling films. Both systems will be

tackled numerically.
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A.2 FALLING FiLM

Imagine a two-dimensional flow of an incompressible viscoelastic fluid of den-
sity p and variable viscosity 7, driven by gravity along an inclined, at an angle
6 to the horizontal, channel, as shown in figure 5.1. In this report, we assume
the angle 6 does not impose any instability. A Cartesian frame of reference
(x,y) is adopted with x and y measuring distances down and perpendicu-
lar to the wall, respectively. The assumption of steady state is used. The
Oldroyd-B model is selected to describe the polymeric stress. The wall is
smooth and heated non-uniformly. The upper surface of the liquid film is

considered free with uniform temperature (7).

We use the 2-D version of equations 4.0.0.1 to 4.0.0.5.

Energy Equation:

A oT oT oO*T  0°T O\ 2 Ou, — Ouy
(o5 4 0) = n(G ) e (2(5) (G )
(A.2.0.1)
Cauchy x-direction:
Ou, Ouy\ 00y 00y :
p(uw 5 + uy, oy > = s + o + pgsinf (A.2.0.2)
Cauchy y-direction:
Ou,, Ou,\  0Oogy, 0oy,
p(um e + uy, (9y> = o + Dy + pg cos b (A.2.0.3)

A
where: C), is the specific heat capacity at constant pressure, 7' the temper-

ature, k is the thermal conductivity, u, and w, are the velocity in x and y
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i 1 3 : — . _ o2 o
direction, respectively, p density, & the stress tensor with @ = | ™|,
Oy Oyy

p the pressure, 71 the solvent viscosity, and g the gravity acceleration.
The stress and conformation tensor can be evaluated from equations 4.0.1.2
and 4.0.1.3.

ou,,

o p+2n pe + (A.2.0.4)
0A 0A ou ou ou ou
“ ox iy oy Ox Y oy ox Y Oy
1
— —(Az — 1) (A.2.0.5)
0A,, 0A,y ou ou Oy O,
“ ox Ty oy ox Y Oy Y Ox ooy
1
— —A, 2.0.
— Ay (A.2.0.6)
0A,, 0A,, Ouy, ou ou
_gq Gl g Oy Oy
Y o iy oy Y Ox Y oy Avy ox
ou 1
— Ayy—2 = —=(4,, — 1 .2.0.
vy By 7_( vy ) (A.2.0.7)
Ou, — Ouy
= — A 2.0.
Oy n5(8y+0x)+G - (A.2.0.8)
Ou,,
Oyy = =P+ 2n38—y +GAy, (A.2.0.9)
2 - . . e A.’,ECC Aﬁy .
where, A is the conformation tensor with A = 4 , T the relaxation
yr  Ayy

time and G the shear modulus. Substituting equations A.2.0.4 to A.2.0.9 into
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A.2.0.2 and A.2.0.3, we get the dimensional system of governing equations:

Energy:

enfa(Ge) (G v G v

(A.2.0.10)

Cauchy x-direction:

Oy Ouy, Ons Ou, Pu, O0G 0A,.
—_— — ) =2 — —A
p(ux or M 8y> or Ox s Ox? +8x e+ G Ox
s (Ou,  Ou Pu,  OG 0A .
2= - 4+ —A - 6 (A.2.0.11
8y(8m+8y)+n58y2 +8y oy + G 3y + pgsin (A.2.0.11)

Cauchy y-direction:

duy, Dy, s (Ouy — Ouy o*u, OG
it 7 R LN it ) —A
p<uz8x +uy6y> 0x<8$+8y) 77583:24'(% i
0Ay, Op _Ons0u, PPu,  OG 0A,,
_ 0P O Oy gy 0
G pe dy + 9y Oy n Iy + gy +d 3y + pg cos
(A.2.0.12)

where:

0A,» 0A,. Oy, Ol Oy
Yo o iy dy — e ox — Ay oy _Am%
ou 1
= =_ 1 A.2.0.1
pe = —H(An =1 (A203
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0ALy 0A,y ou ou Ouy
— A=Y A Yy _ A
Uepy Ty, T Amgy Tl T Awg,
Oy, 1
gy = _;Azy (A.2.0.14)
0Ay, 0Ay, Ouy Ou,, Ou,
Ty —A —A — A==
Y o iy oy Y Ox oy Y Ox
Ou, 1
Ayt ==y —1)  (A20.15)

The fact that the lower surface has a non-uniform temperature, imposes an
non-uniformity on the flow. Because of the steady state assumption the
interface is located at y = h(z) and the following boundary conditions need

to be imposed.

e 2 Boundary Conditions: At the lower surface the average temperature is

Ty and the free surface, located at y = h(x), has a uniform temperature
Ty.

e No slip condition at the wall: wu,

y=0
e Force Balance on the interface that gives the kinematic and dynamic
boundary conditions, equations 4.0.1.4, 4.0.1.6 and 5.4.2.2. The kine-
matic boundary Condition that dictates the velocity of the fluid normal
to the boundary must equal the velocity of the boundary normal to it-
self, while the dynamic boundary Condition implies that the pressure

must be continuous at the free surface.
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NORMAL STRESS BALANCE

—h Ouy —h ou, 0
@ﬂwfazwméﬁa%)lﬁwf+@%§W%
) (1+ <1h')2)%> ) (1+ <1h')2)§ <("5(% ! %) +OA)
+ (—p+2ns%+GAyy> ;1) = —O’LS

% 14 (h/)2>5 (1 + (h/)2>5

(A.2.0.16)

TANGENTIAL STRESS BALANCE

_—h/l _ 92 S% GA,, ;1

(1+(h/)2>E (< T )<1+(h’)2>2

ou, 0O n 1 ou, 0
’ <m(a—l‘; : %) ~64a) (1+ (h’)2>5> ' (1+ (h’)z>5 <<n8(a_1; " %
o) —t i (—pr2m2 oa L) _

+ y> 1+<h/)2>§ +( p+2n By + yy) 1+(h/)2>5 0

(A.2.0.17)

A.2.1 NON-DIMENSIONALIZATION

We non-dimensionalize the governing equations. We assume that the solvent

and polymeric viscosities obey an Arrhenius type equation, 1, = e =75

AT=T5) where u1, and p, are positive constants. We introduce

and 1, = e
the constant p; defined like p; = ps + pp,. Also we assume that the lower
surface has an average temperature Ty. After that the dimensionless variables

are:
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. 8?pgsinf

x=dz", y=oy", u= ,u—u p = p dpgsinf
t
T —1Ty . - H
O=——"n G=G"$ 0 = PO 1T =a(Ty—T
T =Ty pgsind,  T=e"Te oG B a(To — Ty)

After dropping the asterisks:

Energy Equation:

oo () G ) ) ) =<l vy

(A.2.1.1)
Cauchy x-direction:
ou ou,, Op ,0eP9 8u 0%u oG 0A
. =—aF2 — -pe - 77 el T
R( o +u ya ) 8x+ I o +ﬁ 8x2+axA”+G o
De=P® 8uy Ouy a u 8G 9A
/ _ﬂ@) xT —A zy
o dy <a:U oy ) + e + By +G oy +1 (A.2.1.2)

Cauchy y-direction:

R( Ouy 8uy> _5,86—59 <8um 8uy> e ﬁ@a uy

“or "oy oz \oy " oz
oG 0A Op 0e=P° du 0*u, OG
— A, w24 9p Yy —-pe "y ,
+8:1: y+G8:z: 8y+ b dy Oy +he 8y2+8yAyy
A
+ Gaa—yyy +cotf =0 (A.2.1.3)

\ = —(5 pgsin0)" i the Brinkman number, R = 2229519 is the Reynolds,
por(To—Ty) a

t

where:
A

£ = w is the Grashof number which is the Reynolds number times

the ratio of the force due to differences in density and the viscous force [Wap-

P

perom and Hassager (1999)], and §" = L2 is the retardation parameter.

Then we non-dimensionalize the A:
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That leads to:

0A; 0A, Oty

S 4 ou, Ou, Ouy
ox Y oy o

ox Y oy ox Y Oy
_Htese(a,, 1) (A2.1.4)

P

Ug

0A,y 0A,y ou ou ou ou
i AT ALY A T T
e ox Ty oy oz Y Oy oz Y oy
—Hesey,, (A.2.1.5)
Hp
0A,, 0A,, Ouy ou ou ou
. — A = Ay — Ay —2 — Ayy—2 =
Y o oy Jy Yt Ox oy Y Ox v dy
~Besea, — 1) (A2.1.6)
Hp

A.2.2 NON-UNIFORMLY HEATED PLANE - LONG WAVE ANALYSIS

In this section we investigate a problem of weakly heated falling films, and
we use the long wave assumption. Also, I would like to remind you, I have
assumed that shear modulus G is constant and only relaxation time 7 is a
function of x and y, for more see Nobrega et al. (2004). As a result of the

complexity of this problems, it is convenient to use expansions of dimension-
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less variables as follow:

© =0y(y) + €O1(z,y) + ~ + €0, (ex,y) + -

Uz = Uzo(Y) + €Uez1(€x,y) + - + € ugy(ex,y) + -
Uy = 0+ ety (ex,y) + -~ + € uyy (ex,y) +

Aijj = Aii(y) + €Aiji(ex,y) + - + €Ay (ex, y) + -
h(z) =1+ €hy(ex) + -+ €"h,(ex) +

p=npo(y) + epr(ex,y) + +- + €'pylex,y) + -

To the leading order:

O(1)
82@0 —B6o 8um0 2 .
B + Xe <_8y ) =0
00, Ou 9%u 0A
. -6 Y20 9Ux0 | o —pey Y U0 0 41—
BBe 8 8 + f'e B + G dy + 0
8p0 8Ayy0 .
By + G By +cotd =0
O(e)
02@1 ;1) 8’ux0 81%1 (‘?uzo 8@0
of o222 _ — -~y
y? ‘ ( dy Oy Fo ( dy > > St dy
8uw0 . /' .—B60 0@1 (9?,6330 ~ 86y 860 3u11
e I TR P
00, Ou 0%u J*u 0A
2 —B6g 0 x0 B6¢ xl —B6g x0 zyl
+ °0'e @18 By + f'e” Oy — Bp'e P00, oy +G By
8]31 8@0 8u 1 _ 8216 1 8A 1
-9 -6 0 Y 2 ! _—BO6¢g Y G yyl 0
oy PTG e, T G 16,
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The configuration tensor:

(9 0A ou ou i

ar Ty, 2( Ay + A y) i )
5y 0Ae 0A,; 0Azs

= (a0 + €t ) o cun By : dy )

aua}O 8ux1
( xx0 + EAmxl 8ZE + ( ay —+ EAzyl) (a—y +€ ay ))

OA.
B0 4 ¢80, )(Arap + € o L)

Hp

That leads to:

o(1)
Ouy Kt _ge, Hp o280 Duzo\ 2
—_ = —1 Apo=1+2 o ——
2Aacy0 ay ,Upe (Aacxo ) 0 + <,ut> < ay )
auz 1 —B6¢ Hp —BO 8“96
_ R A, Agyo = "R P0 2
oo y Mpe v v Mte dy
ﬂe—ﬁe)o (Ayyo _ 1) =0 AyyO =1
Hp
O(e)
0Azz0 Ouyn Oz 1t peo (OAzx
i — —Azm 2Aac e — p 0( @ A:m: - 1) =
By T gy w0 T 2Am1g " Mpe i BO1 A0

w12y e (e)) - e (2 () = ()

T e (R I C O D
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uy1<’ut — B0y 3%0) Ouy <Mt — 536, 3%0) ~ Ougr OQugo <1 B0, + 2M2 pes Ouy1

I y Ay \pyp dy Jdy dy i dy
ou
1t _seo 180 <“t 590 rO))
Npe ( w1 + 50 Hp dy
an 0 au 1 8ux1 o % — ﬂ eISH (Ax + @ Ax 0) =
oy " "oy Ty e Awgy = At e
Mt o—B60 T 220 Oz e Ht —B60 gy Oy _ Oz B Ozg <1 — 80, + 2Mp —B60 gm) _
WL Ty T dy dy Iy Oy it y
ou,
ﬂeﬁ(@o( xy1+/8@1/” —B60 5 0)
p p Y
aZyouyl — 24052 = ~Eeeos <Ayy1 + 361 A0 — 1
Ouy Mt ge, 1
= —2—— = ——e¢ Ayyl + 6@1
dy Hop
9sy0 Oty J Qe g, 00 B e (Ax L+ ﬂ@lAwyo) =
By Uy1 _a_y zy0 By yy0 yyl By i y ) )
Uy
Hi —po, Mo . Ouyt it e, Mtzo _ Oty <1 30, + 9Mp e gy1> . 0 _
iy dy Oy Oy Oy iy y / Oy
ou,
&eﬂe)o( xy1+/8@11ut —B360 5 0)
Hp Hp Y
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oA 0
0, 24,0 T = L5004, 4 0, Ay 1) >

u
oy " Ay i
auyl o Mt BO¢o
—27gu = e (Aun + 801 - 1)

Summarizing the O(e) is

Ay = —250, (%)26_%@0 (3;_;)2 N 4<%>36_3,8®0 (53830 (6;;())2 B 3;;0 (9;’:;00)1@1

+2Mp —B6g <1+2</:L1:> 25@0<88L;0>2) 3;;1

He
2
Hp _pgo < Hp _ge, Qg (Mp) 2 280, ( 00 Ouo 0 uxo)
+2—e 77 — fO;—e ——(—) e - f + u
Hi " dy Ht Jdy Oy o2 )Y
+ <&> 26—2ﬂ@0 auxﬂ au’yl + &e—ﬁ@o auxl +92 (MP) —280¢ auyl aumo)
fut dy Oy dy it dy Oy

Oy 2 _ 000 Ouyy  0%uy
Az = _6@1&6_660_0 - <&> e 2% ( —p ° . + 0>uyl

fu dy I dy Oy y?
N <@>26_26®0 Oz Oty n @6_590 Ougy n 2<&> —2800 Iy Oy Ougg
fht Oy 0y  u dy fht dy Oy
Ayyr = pLedatd Deiys

Ht dy

As a result of the complexity of the above system, it is reasonable to begin
with the Newtonian problem section 5.5. We are going to use the Newtonian

results as initial guesses for a iteration numerical method.
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A.2.3 NON-UNIFORMLY HEATED PLANE - WEAKLY HEATING

In this section we consider a weakly heated plane like before. This time
we don’t use the long wave assumption. Because of the nonlinear behavior
of the temperature field equation in (A.2.1.1), (A.2.1.2) and (A.2.1.3), it is
convenient to take asymptotic expansions in the dimensionless variables as

follow:

© =0y(y) + eO1(x,y) + - + 'O, (z,y) + -
Uy = Ugzo(Y) + €Uzt (X, y) + - + € ugy(x,y) + -
y = 0+ et (,9) 4+ €t .) -

Ay = Ay (y) + €Aiji(z,y) + -~ + €/ Ajj + -
S(x) =1+ ¢€hi(z) + -+ € hy(x) +
p=po(y) +epr(z,y) + 4+ €pu(x,y) +

So the governing equations become:

ENERGY

0x? 0y? ‘ Oy? ox

auyl 8ux0 3uw1 2 2 auyl 2
2 — =
+<€833+8y+€8y>+6<8y>
00

5<eu @4-6211 + €ty —— + u —>
x0 O xl yl (9y yl ay

662@1 +82@O+ 82@1 +)\e*ﬁ(®o+691) <2€2<6u$1)2

Similarly for the other equations and summarizing to the leading order:
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O(e):

Rugg

82@0 _6@0 ng 2
y? ‘ <8_y) =0
00, Ou 0%u 0A
_ —BO Y0 YHz0 ! _—B6g 0 xy0 1 =
B’ Be (9y 8y + f'e o +G o + 0
Opo 0Ay0
— —— + G2 +cotf =0
y dy
62@1 62@1 86y auyl auxo 6Uwo 8U$1 8u$0 2
Ox? * 0y? A (2< Jx Oy i dy 8y>_B®1< 8y>>_
(00, 00
ot Ox vt dy
anl 6“%0 o apl —B6g azuxl @szl
R (e or oy ) = ar T G G,
00 /0u ou 00 Ju 007 Ju
. ! _—BOg 0 yl xl _ 0 z0 1 z0
bie <8y<8x ay> POy T oy ay>
0%*u d%u 0*u 0A
! _—BOq yl xl . x0 zyl
+ e <8y6:r oy? ﬂgl ) +G y
6uy1 — 86y auxo 8@1 ! —B6g 821%1 82uy1 aAmyl
=B dy 0Oy +he <8x8y+ 8x2>+G0 ox
00 Ju 9%u 0A
-9 / 7,6’@0_0_2,!1 9 ! _—BOg xl yyl
BBe 3y Oy + 20’ Iy +G By
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0A,.
e ox

— <uwo + euM)e
0A4y0

+ ( dy

Y

That leads to:

O,
2;41y0i = ﬂe_ﬂgo (Azxo — 1)

aA:ms 8uz 8ux - Lt i)
u dy —2<Am—x—|—A —) =—— —e"" (A, — 1)

Hp

0A 0A 0A
2 zxl 20 rxl _
+ ( By +e€ Jy > 2 ((Amg + €Azp )€

Hp

Hop e dy
8um He Hp _ aum
Ayo—m— = e P4, Agyo = FLe P02
0 5 ,U/pe Y0 Y0 ,ute oy
Bt =500 4,0 — 1) =0 Ay =1
Hp
O(e)
0A,. 0A,. Ouy, Ouy ou,
U0 Oz . Uy ay 0 _ QAJ::L‘Oa_xl - 2A:cyla_y0 - QAIyOa_yl =
_Ht_geg _
“pe <Aa:a:1 + /8@1(A$$0 1))
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Ouy Ouy 0A
+ 6Axyl)<8Ly0 + € Y 1)) = —ﬂeﬁeo(l + €001)(Azzo + € e

xxl

Apeo =14 2<@>2e—2ﬁeo <5Ur0>2
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8Azy1 anyO 8uy1 8uy1 8ux1 8uy1
o gyt gy~ Aoy~ A gt = Ao )
Dz Quzo it ge,
—Ayyo y — Ay dy = —M—Ze’g@ (A:cyl + 5@1Axy0>
8A 1 8A 0 8u 1 0u 1 1% o
U0 8;1/ Uy a;’y — 2Amy0 0;/ lAyyoa—;/ = —M—;eﬁe (Ayyl — Eﬁgl(Ayyg — 1))
Summarizing, we have:
O(e)

U:v()%;xl + Uy < - 4(%)26_%@0 (ﬁ% (%)2) _ Auzo 82“900) Oy

0 Jdy \ Oy oy 0y* ) Ox
Oz fp Otz Oy M Hp\2 Qg 2
—92A4 — 9B PGP — P oB%o [ 4 2 rp 2800
W9y pe we Oy Oy upe ( zel + B®1<#t> © < oy )
314,[ 1 Hp — 86y 8%0 — 86y 8@0 ﬁumo 82ux0
Ha0 ox + ,ute dy ¢ < b dy Oy + oy? )
Hp _2,8@0 auac() 2 auyl Hp —B6¢ 8“900 auacl auyl
142 — — = =
< + <Mt> (8y>) ox ,ute dy <8x * 6y>
Oz Oz e Hp _ge, OUzo
B i A el PSS P o—F®0
y wh oy ,upe < yl+ﬁ@1 Dy )
0Ay1

QUzo O 0
uxo+Ayy1&e’39° —2(';1: e PO gyo g;l + ggl> =0

Ox Hp
As a result of the complexity of the above system, it is reasonable to begin
with the Newtonian problem as it will simplify the elastic terms, and then
consider the non-Newtonian. The Newtonian problem is the subject of study
of the section 5.8.
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