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Abstract

This thesis presents analysis and computations of non-isothermal falling films

flowing down an inclined, heated plane. We consider two types of wall heat-

ing: uniform and non-uniform. We examine the heat transfer of a viscoelastic

liquid film with variable viscosity as it flows over a uniformly heated plane.

The polymeric viscosity is modeled using the Oldroyd-B model, and, as the

solvent viscosity, is temperature-dependent. The determination of the flow

involves the numerical solution of the energy equation and Navier-Stokes. We

continue with problems regarding Newtonian fluids and non-uniform heating.

The flow and heat transport is modeled with a long-wave theory for small

Brinkman numbers, and it leads to reduced systems of ODEs. Analytic so-

lutions of the velocity, temperature, and shape of the surface for the basic

flow and the next order are obtained. We carry out extensive numerical ex-

periments and reveal the contribution of each parameter in the velocity and

temperature profile, as well as in the deformation of the surface, for various

heating conditions. We continue with numerical analysis of non-uniformly

weak heated falling film for zero Brinkman number as well as for arbitrary

values of it.

The linear stability of a non-isothermal falling film with temperature-dependent

viscosity over a uniformly heated, inclined plane is studied. We derive the

system of equations: the non-isothermal analogue of the Orr -Sommerfeld

equation coupled with the energy equation. We solve analytically the above

system for small wavenumber and numerically for arbitrary values. Finally,

we verify the model using isothermal and non-isothermal comparisons.
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1
Structure of Thesis

We shall briefly present the structure of the thesis. We started with the

introduction of the problem, the motivation for the study, and the gap in

the literature that made us researching it. We overviewed the literature,

starting with isothermal falling films, proceeding to non-isothermal falling

films, and finally to temperature-dependent viscosity flows. Lastly, we pre-

sented the derivation of the Oldroyd-B model that we chose to describe the

viscoelastic behaviour of the fluid. In chapter 4, we began with the dimen-

sion equations and corresponding boundary conditions of an Oldroyd-B vis-

coelastic fluid, with variable viscosity, flows over a uniformly heated incline

plane. We non-dimensionalized equations and conditions and solved numer-

ically the problem. In the next chapter of this dissertation, we turned our

attention to steady-states, non-uniformly heated Newtotonian falling films

with variable viscosity. We presented the equations of energy and momen-

tum that dictate the system with the corresponding boundary conditions

and non-dimensionalized them. We derived the analytical expressions for

the long-wave falling film and evaluated the contribution of each parameter

(Reynolds and Brinkman number, viscosity parameter, and dimensionless

surface tension) to the surface deformation and performed numerical exper-
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iments for various heating conditions. In the final section of this chapter,

we examined weakly heated falling films with zero Brinkman number. We

analyzed in-depth the custom made finite-difference based code, we specifi-

cally designed in MatlabR©, for the given problem, and performed numerous

numerical experiments. In what follows in chapter 6, we extended the work

of the previous section and investigated further weakly heated falling films,

where the Brinkman number is O(1). We designed again, a finite-difference

code and numerically solved the energy and Navier-Stokes equations and

performed several numerical experiments revealing the relations between ve-

locity and temperature profiles, surface deformation with the parameters

(Reynolds, Brinkman and Grashof numbers, viscosity parameter and dimen-

sionless surface tension). The research shown in the following chapter 7

focuses on the linear stability of non-isothermal falling films with variable

viscosity. We non-dimensionalized the energy and Navier-Stokes equations

with the corresponding boundary conditions. We derived analytical expres-

sions for the growth rates of disturbances for small wavenumbers by solving

the non-isothermal analogue of the Orr-Sommerfeld and energy equations.

We validated the model by extracting and comparing the results with the

ones of the isothermal problem. We continued with arbitrary wavenumbers

and conducted various numerical experiments, following a global approach.

We determined the eigenvalues and growth rates. Finally, we finished that

chapter with the verification of the numerical method comparing the nu-

merical results with the analytical expressions found in section 7.3 for small

wavenumbers. In what follows, chapter 8 showed the conclusions of the

thesis. In the final chapter 9 of the thesis, we presented topics and set di-

rections for future work. Finally, we included appendix A where we showed

an attempt for mathematical describe and establish the governing equations

and boundary conditions for steady-states non-uniformly heated viscoelastic

falling films with temperature-depended viscosity (section A.2.2), and weakly

heated viscoelastic falling films with temperature-depended viscosity, section

A.2.3.
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2
Introduction

The study of heat transfer on falling films possesses an important part of

fluid dynamics. It has been studied extensively, theoretically and experi-

mentally, due to its engineering and industrial applications, like in tribology

-gears lubrication [Dowson and Higginson (1966); Borsoff (1959)], cooling

engines and reactors [Khani et al. (2011)], flow and fixed bed reactors de-

sign [Tarhan (1983)], glass production, gluing labels on hot bodies [Shortland

(2009)], spinning coating [Lawrence (1988)]. The majority of chemical pro-

cesses, such as in drug manufacturing, contains one or more steps in which a

fluid flows over an inclined plate exchanging heat. The flow of a cooler fluid

over a hot body increases the temperature of a thin layer of the fluid, which is

known as the thermal boundary layer. In this layer, fundamental parameters

change, such as viscosity [Makinde (2006)]. These changes have to be taken

into consideration during computational modeling, process engineering, and

industrial line-production designing. Flow reactor processing is a very com-

plex task especially from the viewpoint of applied mathematics. Despite the

importance of viscosity variation on heat transfer, information for linking

this to the temperature profile and its effect on surface wave instabilities is

still lacking. Our work has been motivated by such a challenge.
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Furthermore, process engineering remains at the forefront of modern re-

search. A primary goal is to design new reactors or optimize existing ones.

Flow reactors have been in use for several decades now, in applications across

all scales with numerous variations, from large scale fabrications to extremely

highly exothermic reactions, to miniature laboratories inside medical tools.

An example of a flow reactor is the microreactor (MR), a device in which

chemical reactions take place in microchannels. The MR is usually a contin-

uous reactor demands specific conditions, depending on the type and speed

of the reactions. In a reversible reaction, reactants and products are never

fully consumed. They are each constantly reacting and being produced. The

reaction will reach an equilibrium point where the concentrations of the re-

actants and products will no longer change. Applying specific conditions of

temperature and pressure, are possible to change the equilibrium point in

favour of the products, increasing that way the reaction yield. Enthalpy of

reaction may affect the temperature of the fluid significantly and decrease

the reaction yield or rate. Knowing how the fluid reacts to those changes,

allow us to adjust temperature and pressure or even the mixture distribu-

tion simulating a multi-layer flow increasing the speed and efficiency of MR

reactors.

Another commonly used type of flow reactor is the coated-wall reactor (CWR).

It is a device in which the catalyst is located in a layer attached to the wall.

The fluid flows along this wall in which the required reactions are allowed to

take place. More recently, the number of applications of coated walls reactors

is increasing rapidly, i.e. in the applications of monolith reactors, in which

each channel is a CWR, and also a microchannel reactor. The CWR allows

much faster heat exchange with the wall than the fixed-bed reactor because

of the intimate contact of the catalyst with the wall. The heat-transfer from

the catalyst to the reactor wall increases, and fewer heat transfers to the

fluid, achieving ”near-isothermal” conditions. No much research has been

done in that matter and the study of weakly non-uniformly heated falling

films may be able to fill the gap. Our thesis is motivated by such a challenge.

Finally, transferring fluids through channels, such as petroleum, and spin-

ning coating are other reasons that motivated us to research the stability of

19



non-isothermal falling films. In many cases, a flat surface is needed. Surface

distributions can occur from the properties of the fluid, i.e. low surface ten-

sion, or reasons regarding the structure, i.e. small bump on the surface wall.

By changing the temperature on the wall is possible to compensate or even

cancel any surface distributions.
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3
Literature Review

3.1 Falling Films

Falling films are extensively applied in heat and mass transfer processes of

industrial equipment, such as vertical condensers, film evaporators, absorp-

tion tower, engine coolers, and flow reactors [Zhang et al. (2008); Makinde

(2006)]. The mechanism of falling liquid film is closely related to energy

efficiency, so there have been many attempts to examine this flow, theoret-

ically and experimentally [Jones and Whitaker (1966); Karapantsios et al.

(1989)]. Benjamin (1957) and Yih (1963) studied the stability of isother-

mal films, using linear stability analysis. Yin extended Benjamin’s work by

investigating the stability of a liquid layer flowing down an inclined plane

not only for small wavenumbers but also for small Reynolds numbers and

large wavenumbers. In any case, the vertical uniform film is always unstable.

The flat film on an inclined plate is unstable to long-wave disturbances for

Reynolds numbers (with Re = uL
ν

where u is the velocity, L the characteristic

linear dimension and ν the kinematic viscosity) greater than Rc = 5
2

cot θ,

where θ is the angle of inclination with the horizontal. Benney (1966) stud-

ied the nonlinear behavior of film flows. He applied the lubrication approxi-
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mation to the Navier–Stokes equations and suggested a nonlinear evolution

equation for two-dimensional flows, which is much simpler than the full dy-

namic equations. Pumir et al. (1983), predicted the existence of solitary

waves for wavenumbers much smaller than the cut-off wavenumber, by using

a nonlinear stability analysis for two-dimensional flows. Numerical simula-

tions based on the long-wave approximation provide limiting values of the

Reynolds number, beyond which there are no stationary travelling waves

and solutions of the evolution equation blow up after a finite time. Salamon

et al. (1994), studied surface wave instabilities by direct numerical simula-

tion (DNS) of the full nonlinear equations. Their results are in line with

the long-wave theory for small-amplitude waves. They showed no tendency

to wave breaking. Instabilities on falling films on a heated plane can occur

not only as surface wave instabilities but also as instabilities driven by shear

stresses arising from the temperature dependence of the surface tension, due

to the well known Marangoni effect. Several authors investigate Bernard-

Marangoni’s instabilities or thermocapillary instabilities. Firstly, Lin and

later Davis studied the hydrodynamic (or surface-wave) and thermocapillary

instability of a heated incline and the interaction of these instabilities. Sur-

face tension driven stationary circulation in a thin film flow down a heated

incline is studied with the use of linear theory, by Sreenivasan and Lin (1978).

They found that the critical Marangoni number of the film on a heated in-

cline is smaller than that of the corresponding horizontal film by an amount

sin2 θF , where θ is the inclination angle and F , depends on relevant flow

parameters. Kelly et al. (1986) also dealt with a similar problem a decade

after. They considered the effect of a temperature-dependent surface ten-

sion upon the instability of a film flow down a heated inclined plane for

long-wavelength disturbances. The two roots of the quadratic equation for

the critical Reynolds number, correspond to a hydrodynamic instability as

modified by thermocapillary action, and to a thermocapillary instability as

modified by shear. Kalliadasis et al. (2003) consider the motion of a liquid

film falling down a heated planar substrate, using the integral-boundary-

layer approximation of the Navier–Stokes/energy equations and free-surface

boundary conditions. The essential spectrum is always stable, while part of

the discrete spectrum becomes unstable for values of the Marangoni num-
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ber larger than a critical value. Above this critical Marangoni number, the

growth rate curve as a function of wavenumber has a finite band of unstable

modes which increases as the Marangoni number increases. Further research

from Joo et al. (1991), shows the importance of evaporation on the long-wave

instabilities. A nonlinear stability theory was applied, and they found that

by increasing the slope, the effect of the mean flow became more important,

the thermocapillary force amplified the perturbations, the wave steepening,

and the surface fingering tended to develop at earlier times. It is worth to

note that the terms depending on the Marangoni number are of second order

in comparison with those due to gravity and mean flow in the relevant evo-

lution equation. Frank (2006) has investigated, numerically, the possibility

of controlling flow stability to prevent the rupture of a film flowing down an

inclined plane with a local heater. It is shown that control can flatten the

surface and increase the threshold temperature for the film rupture. Finally,

Kalliadasis (2007) analyzed, further, the problem of heated thin films. He

compared all the models obtained to date in order to improve the approxi-

mation and to derive equations that agree completely with the linear results

of the Orr-Sommerfeld equation [Davalos-Orozco (2013)].

The thing that has not been studied in detail is the effect of temperature-

dependent viscosity. Makinde (2006) investigated a steady-state problem

of heat transfer in laminar flows of a variable viscosity liquid film along

an inclined heated plate, using perturbation series summation. Later, he

extended the results for a gravity-driven variable viscosity liquid film along an

inclined heated plate with convective cooling [Makinde (2010)]. Reisfeld and

Bankoff (1990) examined a thin liquid layer bounded below by a flat infinite

extent substrate with uniform constant temperature, and above by a liquid-

vapor interface whose temperature varies according to a boundary condition.

They used long-wave theory to derive an evolution equation for a heated

film of a linearly temperature-dependent viscosity liquid. The outcome of

viscosity’s variations is to reduce the timescale for the process leading to

more rapid rupture of the film, a reduction that can be significant for a

viscous fluid.
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3.2 Viscoelastic Fluid

The laminar flow of certain fluids such as polymeric liquids, blood, paints,

slurries, metallic melts, and so forth cannot be sufficiently described by the

linearly viscous Newtonian model. Therefore, much research has been done

to develop several non-Newtonian fluid models over the past several decades.

We begin with the Maxwell and Kelvin-Voigt models as a first approach to

define the viscoelasticity. Ultimately, we will derive the Oldroyd-B equations

to adequately describe the changes of the variable solvent and polymeric

viscosities of the fluid.

3.2.1 Newtonian Fluid

We begin with the mass conservation (Equation 3.2.1.1), momentum (Equa-

tion 3.2.1.2) and stress equations (Equation 3.2.1.3) in incompressible form

of a Newtonian fluid.

∇ · u = 0 (3.2.1.1)

ρ
(∂u
∂t

+ u · ∇u
)

= ∇ · σ̄s (3.2.1.2)

σ̄s = −pĪ + T̄ s, with σ̄s = (σ̄s)T (3.2.1.3)

where: ρ is the density and we assume that it is constant, u is the flow velocity

vector field, p is the pressure, Ī is the identity matrix with pĪ represents the

spherical part of the stress due to the constraint of incompressibility, σ̄s is

the stress tensor and T̄ s reflects the stress that the fluid develops in response

to the deformation. For an incompressible Newtonian viscous fluid:

T̄ s = 2ηsD̄ (3.2.1.4)
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where: ηs is the solvent viscosity, and D̄ is the deformation tensor which is

calculated by the following equation:

D̄ =
1

2

(
∇u+ (∇u)T

)
(3.2.1.5)

3.2.2 Mechanical Analogies

Viscoelastic fluids lie somewhere in between the purely elastic and Newtonian

flow characteristics. As a first approach to viscoelasticity, we use mechanical

analogies; since viscoelastic fluids consist of elastic and viscous elements, we

can use the springs to represent elastic elements of the fluids and dashpots

as the viscous. The Maxwell model can be represented by a purely viscous

dashpot and a purely elastic spring connected in series, as shown in figure

3.1. In contrast with the above model, the Kelvin-Voigt has the dashpot and

spring connected in parallel, figure 3.2.

Figure 3.1: Representation of Maxwell’s Model.

Figure 3.2: Kelvin-Voigt Element

The images 3.1 and 3.2 are downloaded from:

https://commons.wikimedia.org/wiki/File:Maxwell˙diagram.svg, and

.wikimedia.org/wiki/File:Kelvin˙Voigt˙diagram.svg, respectively.
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The models describe the dashpot as a Newtonian fluid, equation 3.2.2.2, and

model the spring with Hooke’s law, equation 3.2.2.1, as follow:

σe = kγe, (3.2.2.1)

and

σd = ηsγd (3.2.2.2)

where: σe and σd are the stress of the springs and dashpot, respectively,

γe the strain of the spring, γd is the strain of the dashpot, k is the spring

constant and ηs the viscosity.

In the Maxwell model, the total strain is the sum of the two individual, and

the stresses are equals because dashpot and spring are in series. That gives:

γt = γe + γd (3.2.2.3)

σt = σe = σd (3.2.2.4)

Differentiating equation 3.2.2.3 with respect to time, we obtain:

σt +
ηs
k

·
σt = ηs

·
γt (3.2.2.5)

where we used the Newton’s notation for differentiation. The ηs
k

is the relax-

ation time, the memory of the fluid. We know that the stress is a symmetric

tensor field, equation 3.2.1.3. The T̄ s in equation 3.2.1.3 reflects the stress

that the fluid develops in response to the deformation. In the Maxwell model

that term is the σt. and the the
·
γt can be represent by the deformation ten-

sor D̄. That means the one-dimensional Maxwell constitutive model can be
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generalized and written in tensor form as

T̄ s +
ηs
k

∂T̄

∂t
= 2ηsD̄ (3.2.2.6)

The Kelvin-Voight has in parallel connected the dashpot and spring, so the

total stress is the sum of the individuals and the strains are equal.

γt = γe = γd, (3.2.2.7)

and

σt = σe + σd (3.2.2.8)

Differentiating equation 3.2.2.8 with respect to time, we obtain:

σt = kγt + ηs
·
γt (3.2.2.9)

3.2.3 Derivation of Oldroyd-B

The Oldroyd-B model has been designed in order to express not only the

viscous behaviour of the fluid but also the polymeric. We need to introduce

polymeric stress, σ̄, and modify the Newtonian equations. To do that, we use

the dumbbell model, in which the molecules forming the fluid are represented

as spheres connected by Hookean springs. At microscopic level, inertial forces

are small compared to viscous forces, and we have Stoke flow:

∇ · u = 0, ηs∇2u = ∇p ,

where: u the velocity vector, ηs the solvent viscosity and p the pressure.

The motion of the sphere will be subjected to: the spring force, the Stokes

drag force fro the solvent viscosity, and the Brownian motion due to the

random motion and collisions.

The spring force of a Hookean spring is Fs = λr, where: λ is the spring

constant and r the distance from the equilibrium length. That means a
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sphere A will experience force equal to FA
S = λr, while the connected sphere

Bwill experience force: FB
S = −λr. The spring constant due to thermal

forces is λ = 3KBT
α2 , where: T is the temperature, α the diameter of the

spheres, and KB the Boltzmann constant [Winkler (2016)]. Assuming now

that the sphere A is located at x and moves with velocity UA relative with

the fluid, the drag force is:

FA
D = 6πηsα(u(x)−UA)

where u(v) the fluid velocity. Similalary, the sphere B located at x+r with

velocity UB experience drag force:

FB
D = 6πηsα(u(x+ r)−UB)

The total force balance must be zero:

FA
t = FA

S + FA
D = 0 and FB

t = FB
S + FB

D = 0

.

FA
t = λr + 6πηsα(u(x)−UA)⇒ 3KBT

α2
r + 6πηsα

(
u(x)−UA

)
= 0,

(3.2.3.1)

and

FB
t = −λr + 6πηsα

(
u(x+ r)−UB

)
= 0 (3.2.3.2)

⇒ −3KBT

α2
r + 6πηsα

(
u(x+ r)−UB

)
Solving equations 3.2.3.1 and 3.2.3.2 for UA and UB, respectively, we have:

UA =
KBT

2πηsα3
r + u(x), and (3.2.3.3)
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UB = − KBT

2πηsα3
r + u(x+ r) (3.2.3.4)

We introduce a new parameter τ the relaxation time, defined as τ = 2πηsα3

KBT
.

The relaxation time represents the ”memory” of the dumbbell. We can write

the velocity of sphere A like UA = dx
dt

, and similarly, UB = d(x+r)
dt

. Sub-

stratacting the adove equations we derive the evolution equation for r:

dr

dt
= − 1

2τ
r + u(x)− u(x+ r) (3.2.3.5)

The suspenssion r from the equilibrium position is small regarding x. That

allows us to use the basic Taylor series method for the denominator(i.e. if

r << 1, then u(x+r) = u(x)+r du(x)
dx

+O(r2)) [Fenton (1983),Blyth et al.

(2003)]. Applying it into equation 3.2.3.5 we get:

dr

dt
= − KBT

πηsα3
r + r · ∇u(x) +O(r2) (3.2.3.6)

Consider now, a suspension that contains lots of dumbbell. It will contribute

an extra stress, the polymeric stress σ̄p. Stress is defined as force per area.

The force from one dumbbell will be λr. We assume a finite surface, δS,

with a perpendicular to it unit vector n. If there are m dumbbells per unit

volume, the we expect the number crossing the are to be mr · nδS. Then

the extra stress exerted by the dumbbells is:

σ̄p · nδS = λr
(
mr · nδS

)
⇒ σ̄p = mλrr, or σ̄p = Grr (3.2.3.7)

where: G = mλ is the shear modulus. Adding a three dimensional Brownian

motion the evolution of r becomes:

dr =
(
− 1

2τ
r + r · ∇u

)
dt+ τ−

1
2dBt (3.2.3.8)

with dBt is the contribution of the Brownian motion into the evolution of

r. In order to evaluate the dyadic rr, or tensor product r⊗ r, we introduce
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the conformation tensor Ā such as:

Ā(x, t) = rr (3.2.3.9)

We assume a finite time-step dt. After that r will have changed by dr and

x by dx or u(x)dt. Applying those on equation 3.2.3.9:

Ā(x+ u(x)dt, t+ dt) = (r + dr)(r + dr) (3.2.3.10)

Ā(x+ u(x)dt, t+ dt)− Ā(x, t+ dt) + Ā(x, t+ dt) = rr + rdr + drr + drdr

Substituting equations 3.2.3.8 and 3.2.3.9 into equation 3.2.3.10 we get:

(u(x)dt · ∇)Ā(x, t) + Ā(x, t+ dt)− Ā(x, t) + Ā(x, t) = (3.2.3.11)

r
(

(− 1

2τ
r + r · ∇u(x))dt+ τ−

1
2dBt

)
+
(

(− 1

2τ
r + r · ∇u(x))dt+ τ−

1
2dBt

)
r

+
(

(− 1

2τ
r + r · ∇u(x))dt+ τ−

1
2dBt

)(
(− 1

2τ
r + r · ∇u(x))dt+ τ−

1
2dBt

)
⇒

∂Ā(x, t)

∂t
+ (u(x) · ∇)Ā(x, t)− Ā(x, t) · ∇u(x)− (∇u(x))T · Ā(x, t)

= −1

τ
(Ā(x, t)− Ī) +O(dt2) (3.2.3.12)

The equation 3.2.3.11 is used to evaluate the conformation tensor Ā. We used

some properties of the Brownian vector: rdBt=0, dBtr = 0, and dBtdBt =

Ī. The extra stress, equation 3.2.3.7, can be written like:

σ̄p = GĀ (3.2.3.13)

The extra polymeric stress acts with the Newtonian stress Assuming that

the total stress is σ̄ then:

σ̄ = σ̄s + σ̄p (3.2.3.14)

Adding the polymeric stress into the Newtonian equations 3.2.1.1 and 3.2.1.3
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we, finally, acquire the Oldroyd-B model equations.

∇ · u = 0,

ρ

(
∂u

dt
+ u · ∇u

)
= ∇ · σ̄,

σ̄ = −pĪ + ηs

(
∇u+ (∇u)T

)
+GĀ,

∂Ā

∂t
+ (u · ∇)Ā− Ā · ∇u− (∇u)T · Ā = −1

τ
(Ā− Ī)

Oldroyd was the first to develop systematically three-dimensional models

that can describe stress relaxation and normal stress differences in a simple

shear flow. Although it is incapable of describing shear thinning/shear thick-

ening, it can be easily generalized to do that too. [Winkler (2016),Marrucci

(1972), Prilutski et al. (1983), and Matthews (1982)]
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4
Oldroyd B Model Equations And

Non-Isothermal Falling Films

In this chapter we use a different notation for the velocity such as ux,uy and

uz for the components of the velocity in x, y and z direction, respectively.

We summarize the chapter 3.2.3 and present the governing equations for the

Oldroyd B model:

∇ · u = 0 (4.0.0.1)

ρ
(∂u
∂t

+ u · ∇u
)

= ∇ · σ̄ (4.0.0.2)

σ̄ = −pĪ + ηs

(
∇u+ (∇u)T

)
+GĀ (4.0.0.3)

∂Ā

∂t
+ (u · ∇)Ā− Ā · ∇u− (∇u)T · Ā = −1

τ
(Ā− Ī) (4.0.0.4)
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where: u is the velocity vector and ∇u =


∂ux
∂x

∂uy
∂x

∂uz
∂x

∂ux
∂y

∂uy
∂y

∂uz
∂y

∂ux
∂z

∂uy
∂z

∂uz
∂z

, ρ density, σ̄ the

stress tensor, p the pressure, ηs the solvent viscosity, G the shear modulus,

τ is the relaxation time, and Ā the conformation tensor. Last but not least,

is the conservation of energy:

ρ
∧
Cp
DT

Dt
= (∇ · κ∇T ) +

1

2
ηs(
·
γ :

·
γ) , (4.0.0.5)

where:
∧
Cp is the specific heat capacity at constant pressure, T the tempera-

ture, k is the thermal conductivity, and 1
2
(
·
γ :

·
γ) is the deformation tensor.

The stress balance is:

n · T̄ + n̂ ·
∧̄
T = σn(∇ · n)−∇σ , (4.0.0.6)

where: σ is the surface tension, σn(∇ · n) is the normal curvature force per

unit area associated with local curvature of interface, ∇σ is the tangential

stress associated with gradients in surface tension, n is the unit inward nor-

mal to the surface and
∧
n the unit outward normal (n̂ = −n), T̄ and

∧̄
T are

the stress tensors.

4.0.1 Cartesian Coordinates

The governing equations may be written in analytical form as follow:

Continuity Equation

∂ux
∂x

+
∂uy
∂y

+
∂uz
∂z

= 0
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where: ux, uy and uz are the components of velocity in x, y and z direction

respectively.

Momentum Equation

And equation 4.0.0.2 becomes:

ρ

([
∂ux
∂t

∂uy
∂t

∂uz
∂t

]
(4.0.1.1)

+
[
ux

∂ux
∂x

+ uy
∂ux
∂y

+ uz
∂ux
∂z

ux
∂uy
∂x

+ uy
∂uy
∂y

+ uz
∂uy
∂z

ux
∂uz
∂x

+ uy
∂uz
∂y

+ uz
∂uz
∂z

])
=
[
∂σxx
∂x

+ ∂σyx
∂y

+ ∂σzx
∂z

∂σxy
∂x

+ ∂σyy
∂y

+ ∂σzy
∂z

∂σzx
∂x

+ ∂σzy
∂y

+ ∂σzz
∂z

]
Equation 4.0.0.3 becomes:σxx σxy σxz

σyx σyy σyz

σzx σzy σzz

 = −

p 0 0

0 p 0

0 0 p

+ η

(
∂ux
∂x

∂uy
∂x

∂uz
∂x

∂ux
∂y

∂uy
∂y

∂uz
∂y

∂ux
∂z

∂uy
∂z

∂uz
∂z

+


∂ux
∂x

∂ux
∂y

∂ux
∂z

∂uy
∂x

∂uy
∂y

∂uy
∂z

∂uz
∂x

∂uz
∂y

∂uz
∂z

)

+G

Axx Axy Axz

Ayx Ayy Ayz

Azx Azy Azz

 (4.0.1.2)
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And finally equation 4.0.0.4:
∂Axx
∂t

∂Axy
∂t

∂Axz
∂t

∂Ayx
∂t

∂Ayy
∂t

∂Ayx
∂t

∂Azx
∂t

∂Azy
∂t

∂Azz
∂t


+

ux
∂Axx
∂x

+ uy
∂Axx
∂y

+ uz
∂Axx
∂z

ux
∂Axy
∂x

+ uy
∂Axy
∂y

+ uz
∂Axy
∂z

ux
∂Axz
∂x

+ uy
∂Axz
∂y

+ uz
∂Axz
∂z

ux
∂Ayx
∂x

+ uy
∂Ayx
∂y

+ uz
∂Ayx
∂z

ux
∂Ayy
∂x

+ uy
∂Ayy
∂y

+ uz
∂Ayy
∂z

ux
∂Ayz
∂x

+ uy
∂Ayz
∂y

+ uz
∂Ayz
∂z

ux
∂Azx
∂x

+ uy
∂Azx
∂y

+ uz
∂Azx
∂z

ux
∂Azy
∂x

+ uy
∂Azy
∂y

+ uz
∂Azy
∂z

ux
∂Azz
∂x

+ uy
∂Azz
∂y

+ uz
∂Azz
∂z



−

Axx
∂ux
∂x

+ Axy
∂ux
∂y

+ Axz ∂ux
∂z

Axx
∂uy
∂x

+ Axy
∂uy
∂y

+ Axz ∂uy
∂z

Axx
∂uz
∂x

+ Axy
∂uz
∂y

+ Axz ∂uz
∂z

Ayx
∂ux
∂x

+ Ayy
∂ux
∂y

+ Ayz ∂ux
∂z

Ayx
∂uy
∂x

+ Ayy
∂uy
∂y

+ Ayz ∂uy
∂z

Ayx
∂uz
∂x

+ Ayy
∂uz
∂y

+ Ayz ∂uz
∂z

Azx
∂ux
∂x

+ Azy
∂ux
∂y

+ Azz ∂ux
∂z

Azx
∂uy
∂x

+ Azy
∂uy
∂y

+ Azz ∂uy
∂z

Azx
∂uz
∂x

+ Azy
∂uz
∂y

+ Azz ∂uz
∂z



−

Axx
∂ux
∂x

+ Ayx
∂ux
∂y

+ Azx∂ux
∂z

Axy
∂ux
∂x

+ Ayy
∂ux
∂y

+ Azy ∂ux
∂z

Axz
∂ux
∂x

+ Ayz
∂ux
∂y

+ Azz ∂ux
∂z

Axx
∂uy
∂x

+ Ayx
∂uy
∂y

+ Azx∂uy
∂z

Axy
∂uy
∂x

+ Ayy
∂uy
∂y

+ Azy ∂uy
∂z

Axz
∂uy
∂x

+ Ayz
∂uy
∂y

+ Azz ∂uy
∂z

Axx
∂uz
∂x

+ Ayx
∂uz
∂y

+ Azx∂uz
∂z

Axy
∂uz
∂x

+ Ayy
∂uz
∂y

+ Azy ∂uz
∂z

Axz
∂uz
∂x

+ Ayz
∂uz
∂y

+ Azz ∂uz
∂z


= −1

τ

Axx − 1 Axy Axz

Ayx Ayy − 1 Ayz

Azx Azy Azz − 1

 (4.0.1.3)
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Normal Stress Balance:

n · T̄ n− n ·
∧̄
T · n = σ(∇ · n)⇒

n1

(
T11 · n1 + T21 · n2

)
+ n2

(
T12 · n1 + T22 · n2

)
− n1

( ∧
T11 · n1 +

∧
T21 · n2

)
− n2

( ∧
T12 · n1 +

∧
T22 · n2

)
= σ∇ · n⇒

−h′(
1 + (h′)2

) 1
2

((
− p+ 2ηs

∂ux
∂x

+GAxx

)
· −h′(

1 + (h′)2
) 1

2

+
(
ηs(

∂ux
∂y

+
∂uy
∂x

)

+GAxy

)
· 1(

1 + (h′)2
) 1

2

)
+

1(
1 + (h′)2

) 1
2

((
ηs(

∂ux
∂y

+
∂uy
∂x

) +GAxy

)
· −h′(

1 + (h′)2
) 1

2

+
(
− p+ 2ηs

∂uy
∂y

+GAyy

)
· 1(

1 + (h′)2
) 1

2

)
− −h′(

1 + (h′)2
) 1

2

(
∧̄
T11 ·

−h′(
1 + (h′)2

) 1
2

+
∧̄
T12 ·

1(
1 + (h′)2

) 1
2

)
− 1(

1 + (h′)2
) 1

2

(
∧̄
T21 ·

−h′(
1 + (h′)2

) 1
2

+
∧̄
T22 ·

1(
1 + (h′)2

) 1
2

)
=

− σ h”(
1 + (h′)2

) 3
2

(4.0.1.4)

where: n = [n1 n2] =

[
−h′(

1+(h′)2

) 1
2

1(
1+(h′)2

) 1
2

]
is a unit vector perpendic-

ular to the interface which is located at y = h(x).

Tangential force balance equation:

n · T̄ · t− n ·
∧̄
T · t = −∇σ · t (4.0.1.5)

We only consider flows with constant surface tension, so ∇σ = 0.
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That leads to:

n1

(
T11 · t1 + T21 · t2

)
+ n2

(
T12 · t1 + T22 · t2

)
− n1

( ∧
T11 · t1 +

∧
T21 · t2

)
− n2

( ∧
T12 · t1 +

∧
T22 · t2

)
= 0⇒

−h′(
1 + (h′)2

) 1
2

((
− p+ 2ηs

∂ux
∂x

+GAxx

) 1(
1 + (h′)2

) 1
2

+
(
ηs(

∂ux
∂y

+
∂uy
∂x

) +GAxy

) h′(
1 + (h′)2

) 1
2

)
+

1(
1 + (h′)2

) 1
2

((
ηs(

∂ux
∂y

+
∂uy
∂x

)

+GAxy

) 1(
1 + (h′)2

) 1
2

+
(
− p+ 2ηs

∂uy
∂y

+GAyy

) h′(
1 + (h′)2

) 1
2

)

− −h′(
1 + (h′)2

) 1
2

(
∧
T11

1(
1 + (h′)2

) 1
2

+
∧
T12

h′(
1 + (h′)2

) 1
2

)

− 1(
1 + (h′)2

) 1
2

(
∧
T12

1(
1 + (h′)2

) 1
2

+
∧
T22

h′(
1 + (h′)2

) 1
2

)
= 0 (4.0.1.6)

where: t = [t1 t2] =

[
1(

1+(h′)2

) 1
2

h′(
1+(h′)2

) 1
2

]
is a unit vector tangent to

the interface

For the free surface scenario:
∧̄
T = 0.
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4.1 Laminar Falling Film

Imagine a two dimensional flow driven by gravity along an inclined plate.

An incompressible viscoelastic fluid of density ρ and variable total viscosity

ηt flows in the plate which is inclined at an angle θ to the horizontal. A

Cartesian frame (x, y) is chosen with x and y measuring distances down

a perpendicular to the wall, respectively. The Oldroyd-B model is used to

describe the polymeric stress. The wall is smooth and coated with a catalyst.

The reaction rate is not taken under consideration, as the reagent reacts

immediately, and it is irreversible. As a result of this, the wall has a uniform

temperature of T0. We assume no differences in physical properties between

reagents and products. The upper surface of the liquid film is located at

y = h(x), considered free with uniform temperature (Tf ) and parallel to

x-direction so h(x) = 1. In this case we assume that T0 > Tf .

y

x

uy

ux

θ

T0

Tf

δ

g

Figure 4.1: Schematic Representation of flow down an inclined channel

We begin with the governing equations, 4.0.0.1, 4.0.0.2, 4.0.0.3, 4.0.0.4 and

4.0.0.5.
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x-direction

∂σxx
∂x

+
∂σxy
∂y

= 0⇒
(∂ηs
∂y

+ τ
∂G

∂y
+G

∂τ

∂y

)∂ux
∂y

+
(
ηs +Gτ

)∂2ux
∂y2

= 0

⇒ ηt
∂2ux
∂y2

+
∂ηt
∂y

∂ux
∂y

+ ρg sin θ = 0

y-direction

∂σxy
∂x

+
∂σyy
∂y

= 0
4.0.1.2⇒ −∂p

∂y
+
∂G

∂y
+ ρg cos θ = 0

4.1.1 Non Dimensionalization

We assume that solvent viscosity obeys an Arrhenius type equation like,

η = µoe
α(T−Tf ), where α is a positive constant. That means the solovent

viscosity is ηs = µse
α(T−Tf ) and the polymeric viscosity is ηp = Gτ . We shall

nondimensionalize the governing equations. For this reason we introduce the

dimensionless variables and parameters as follow:

Dimensionless Variables

x = δx∗, y = δy∗, ux =
δ2ρg sin θ

µt
u∗x p = p∗δρg sin θ,

Θ =
T − Tf
T0 − Tf

, G = G∗δρg sin θ, τ = e−βΘ µp
δρg sin θ

Dimensionless Parameters

λ =
(δ2ρg sin θ)2

µtκ(T0 − Tf )
β = α(T0 − Tf )

where: λ is the Brinkman number. Note that this time β is a positive con-

stant.
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So after dropping asterisks, the energy equation (4.0.0.5) becomes:

d2Θ

dy2
+ λe−βΘ

(∂ux
∂y

)2

= 0 (4.1.1.1)

Cauchy x-direction becomes:

e−βΘ∂
2ux
∂y2

+
∂e−βΘ

∂y

∂ux
∂y

+ 1 = 0⇒ ∂ux
∂y

=
(
c1 − y

)
eβΘ

⇒ ux = −
∫ y

0

eβΘy′dy′ +

∫ y

0

c1e
βΘdy′ (4.1.1.2)

Determine the constant of integration c1 using the tangential force balance

equation 4.0.1.6 :

n · T̄ · t− n·
∧̄
T · t = 0⇒

−h′(
1 + (h′)2

) 1
2

((
− p+ 2ηs

∂ux
∂x

+GAxx

) 1(
1 + (h′)2

) 1
2

+
(
ηs(

∂ux
∂y

+
∂uy
∂x

) +GAxy

) h′(
1 + (h′)2

) 1
2

)
+

1(
1 + (h′)2

) 1
2

((
ηs(

∂ux
∂y

+
∂uy
∂x

)

+GAxy

) 1(
1 + (h′)2

) 1
2

+
(
− p+ 2ηs

∂uy
∂y

+GAyy

) h′(
1 + (h′)2

) 1
2

)
= 0

⇒ ηs
∂ux
∂y

= −Gτ ∂ux
∂y

,

where
∧̄
T is zero due to the free surface; so :

∂ux
∂y

∣∣∣
y=1

= 0⇒ −eβΘy + c1e
βΘ
∣∣∣
y=1

= 0⇒ c1 = 1 (4.1.1.3)
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Cauchy y-direction

−∂p
∂y

+
∂G

∂y
+ cot θ = 0⇒ p = y cot θ +G+ c(x) (4.1.1.4)

with dc(x)
dx

= ∂p
∂x

= const

Finally, equations 4.1.1.1, 4.1.1.2 and 4.1.1.3 give:

d2Θ

dy2
+ λe−βΘ

(
(1− y)eβΘ

)2

= 0⇒ ∂2Θ

∂y2
+ λeβΘ(1− y)2 = 0 (4.1.1.5)

Boundary Conditions:

At y = 0 Θ
∣∣∣
y=0

= 1 and at y = 1 Θ
∣∣∣
y=1

= 0.

The above equation is solved numerically for a variety of λ and β. Makinde

has solved a similar problem for a Newtonian fluid with T0 < Tf , see [Makinde

(2006)]. We design a code based on the finite-difference method in the

MatlabR© environment. We are mainly using two built-in routines the bvp4c

and the ode45. The bvp4c-routine which implements the three-stage Lobatto

IIIa formula Kierzenka and Shampine (2001) and ode45-routine a six-stage

fifth-order Runge-Kutta method.

In absence of variable viscosity, plot 4.2 shows a classical inclined heated

film. The fig. 4.3a presents the case of instantaneous heat transfer. We ob-

serve that by increasing of Brinkman number with constant β, a peak point

appears at 0.2-0.3. Indeed, the higher the Brinkman-value is, the slower the

conduction of heat produced by viscous dissipation and hence the larger the

temperature rise. As expected, that can also be observed in plots 4.3b and

4.3c where β was increasing more and more up to 2.5. It is very important

to note that an increase in the value of variable viscosity parameter β, sig-

nifies an increase in the fluid viscosity, and an increase in the value of the

Brinkman number, λ, shows the viscous heating effect. From the application

point of view, a realistic case of a polymer melt, where λ is 0.75 and variable

viscosity parameter β is 0.7, is represented in 4.4a which shows us a rapid
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decrease in temperature which appears an almost linear behavior.

Figure 4.2: Temperature profile, where:β = 0 and λ = 0.75.

(a) λ = 0.75. (b) λ = 2 (c) λ = 10

Figure 4.3: Temperature profile, where:β = 0 and λ ranges.
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(a) λ = 0.75 (b) λ = 10 (c) λ = 10

Figure 4.4: Temperature over film thickness, where β = 0.7 and different values of
Brinkman number.

(a) Diagram 8
β = 1 λ = 0.75

(b) Diagram 3
β = 1 λ = 2

(c) Diagram 10
β = 1 λ = 10

Figure 4.5: Temperature over film thickness, where β = 1 and different values of Brinkman
number.

(a) Diagram 11
β = 2 λ = 0.75

(b) Diagram 12
β = 3 λ = 0.75

Figure 4.6: Temperature over film thickness, where β = 2 and 3, and λ = 0.75.
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5
Non-isothermal Falling Films

5.1 Problem Formulation

In the previous chapter (chpt.4) we considered viscoelastic fluid flows.. How-

ever, this chapter examines only Newtonian fluids.

A two-dimensional flow with a free surface is the system for study. The fluid

flows down an infinite wide plate, inclined at an angle, θ, and the dominant

driving force for the flow is gravity, g. The channel has a typical length scale,

L, in the x-direction and height, δ, in the y-direction. The fluid density, ρ,

is constant and the viscosity, η, will vary exponentially with temperature, T ,

obeying the Reynolds or Nahme’s law [Tanner (2000)]. The temperature at

the bottom surface is T0, the temperature at the free surface, Tf , is equal

to the ambient temperature, and the fluid temperature is T . It is assumed

that the wall is completely wetted, and that the liquid flows in the form of

a thin continuous film. The surface is located at y = S(x). The coefficient

of surface tension across the air/liquid interface is σ. For a sketch of the

assumed configuration see Figure 5.1.
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In developing the mathematical model for the fluid flow the following as-

sumptions will be made:

• Consider flow with small Rayleigh number, so any change in density is

negligible,

• Steady States,

• the wall at the bottom is smooth ,

• the free surface has a uniform temperature Tf equal to the ambient

temperature,

• viscosity is temperature-dependent obeying Reynold’s law, η = µe−α(T−Tf ),

where α and µ are positive constants,

• the height δ is small in comparison to the length L,

• Consider flow with small Marangoni number, so any change in surface

tension is negligible.
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An example that can be made is water. Water at 25oC has the following

properties, according to [Green and Perry (1973), Keenan et al. (1969) and

Bejan (2016)]:

• Viscosity µ = 0.889mNs
m2 ,

• Density ρ = 0.997 kg
m3 ,

• Surface Tension σ = 72mN
m

,

• Thermal Conductivity κ = 0.608 W
mK

,

• Heat Capacity cp = 4.186 J
groC

,

• Thermal Expansion Coefficient β′ = 214 ∗ 10−6 1
K

.

Assuming a film where the characteristic height is δ < 10mm and a tem-

perature difference ∆T = 15K, the Marangoni and Rayleigh number can

written as follow: Ma = dσ
dT

L∆T
µα′

and Ray = gβ′

να′
∆TL3, where ν is the kine-

matic viscosity and α′ is the thermal diffusivity. Those give thermal diffu-

sivity α′ u 0.04m
2

s
. With rate of change of surface tension with temperature

dσ
dT

u 0.1 mN
moC

, we get a Marangoni number Ma u 0.42 and Rayleigh number

Ray u 0.90·10−3.Those mean that both Marangoni and Rayleigh number can

be negligible since are smaller than the critical values (Ma << 80). Lastly,

in some points across this project, we assume that the Brinkamn number (λ)

is small (λ = O(ε), where ε = δ
L
<< 1).
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5.2 Governing Equations

Taking into account these assumptions, the energy (5.2.0.1), continuity (5.2.0.2),

and Navier-Stokes (5.2.0.3,5.2.0.4) equations, for a Newtonian fluid, are writ-

ten as follows:

ρ
∧
Cp

(
uTx + vTy

)
= κ

(
Txx + Tyy

)
+ η
(

2u2
x + (uy + vx)

2 + 2v2
y

)
(5.2.0.1)

ux + vy = 0 (5.2.0.2)

ρ
(
uux + vuy

)
= −Px + 2ηxux + 2ηuxx + ηy

(
vx + uy

)
+ η
(
vxy + uyy

)
+ ρg sin θ (5.2.0.3)

ρ
(
uvx + vvy

)
= ηx

(
vx + uy

)
+ η
(
vxx + uxy

)
− Py + 2ηyvy + 2ηvyy

− ρg cos θ (5.2.0.4)

where:
∧
Cp is the specific heat capacity at constant pressure, T the tempera-

ture, k is the thermal conductivity, η is the viscosity, ρ density, and u and v

the velocity in the x and y direction, respectively.
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5.3 Boundary Conditions

The corresponding boundary conditions to the system (5.2.0.1 to 5.2.0.4) are

the temperature and the 2 no slip conditions on the bottom, and the kine-

matic, temperature, normal and tangential stress balance at the interface.

No-slip condition at the wall

This boundary condition says that the fluid on contact with the wall will

have the same velocity as the velocity of the wall, which in that case is zero.

u
∣∣∣
y=0

= v
∣∣∣
y=0

= 0 (5.3.0.1)

Temperature Conditions

We assume that the temperature on the interface is equal to the ambient

temperature Tf . At the lower wall we investigate two scenarios,

T
∣∣∣
y=0

= εf(X) (chapter 5.5), whereX is slowly varying valuable (long wave

assumption) and T
∣∣∣
y=0

= εf(x) (chapter 5.8).

Kinematic Condition

The fluid particles on the free surface always remain part of the free surface,

therefore we must have

v
∣∣∣
y=S

= uSx (5.3.0.2)

Stress Balance Conditions

If two viscous fluids meet and form a flow boundary, this same boundary

condition would require that the stress in one fluid equals the stress in the
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other at the boundary. The stress balance is:

n · T̄ + n̂ ·
∧̄
T = σn(∇ · n)−∇σ , (5.3.0.3)

where: σ is the interfacial tension which is constant (see section 5.1 Problem

Formulation), σn(∇·n) is the normal curvature force per unit area associated

with local curvature of interface, ∇σ is the tangential stress associated with

gradients in surface tension,

n =

(
−Sx,1

)
(

1+(Sx)2

) 1
2

the unit inward normal to the surface and
∧
n the unit out-

ward normal (n̂ = −n), t =

(
1,Sx

)
(

1+(Sx)2

) 1
2

the tangential vector, and T̄ and
∧̄
T

are the stress tensors. These lead to

Normal Stress Balance

n · T̄ · n− n ·
∧̄
T · n = σ(∇ · n)⇒

n1

(
T11 · n1 + T21 · n2

)
+ n2

(
T12 · n1 + T22 · n2

)
= σ∇ · n

− Sx
((
− P + 2ηux

)
(−Sx) + η(uy + vx)

)
+ η(uy + vx)(−Sx)

− P + 2ηvy = σ
Sxx(

1 + (Sx)2
) 1

2

(5.3.0.4)

Tangential Stress Balance

n · T̄ · t+ n̂ ·
∧̄
T · t = 0⇒

n1

(
T11 · t1 + T21 · t2

)
+ n2

(
T12 · t1 + T22 · t2

)
= 0

− Sx

(
ηux + η

(
uy + vx

)
Sx

)
+ η(uy + vx) + 2ηvySx = 0 (5.3.0.5)

where: t = [t1 t2] is a unit vector tangent to the interface. Note that on
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the free surface is
∧̄
T = 0. In the following section we will scale the above

equations and boundary conditions.

5.4 Non-dimensionalization

We shall convert the governing equations (5.2.0.1 to 5.2.0.4) into dimension-

less form. For this purpose, we use the characteristic thickness, δ. The

non-dimensional independent and dependent variables are

x = δx∗, y = δy∗, u =
δ2ρg sin θ

µ
u∗, P = P ∗δρg sin θ,

Θ =
T − Tf
T0 − Tf

, β = α(T0 − Tf ) (5.4.0.1)

Note that for the scaling, we assumed that the lower surface has an average

temperature T0. This may seem odd, but it is a simplification that can be

made as we will explain in the next two sections. Substitution of (5.4.0.1)

into (5.2.0.1)-(5.2.0.4) and after dropping asterisks forthwith for convenience:

5.4.1 Governing Equations

Energy Equation:

Θxx + Θyy + λe−βΘ
(

2u2
x + (uy + vx)

2 + 2v2
y

)
= ξ
(
uΘx + vΘy

)
(5.4.1.1)

Continuity

ux + vy = 0 (5.4.1.2)
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Cauchy x-direction:

R
(
uux + vuy

)
= −Px + 2(e−βΘ)xux (5.4.1.3)

+ e−βΘuxx + (e−βΘ)y

(
vx + uy

)
+ e−βΘuyy + 1

Cauchy y-direction:

R
(
uvx + vvy

)
=(e−βΘ)x

(
uy + vx

)
(5.4.1.4)

+ e−βΘvxx − Py + 2(e−βΘ)yvy + e−βΘvyy − cot θ

where: λ = (δ2ρg sin θ)2

µκ(T0−Tf )
is the Brinkman number which is the ratio between

heat produced by viscous dissipation and heat transported by molecular con-

duction, R = δ3ρ2g sin θ
µ2

is the Reynolds which is the ratio between inertial

forces in a fluid over viscous forces, and ξ =
∧
Cpδ3gρ2 sin θ

µκ
is the Grashof number

which is the Reynolds number times the ratio of the force due to differences

in density and the viscous force. More specific, it is defined as the ratio of

the buoyant to viscous force acting on the fluid. In other worlds, that ratio

predicts the dominant effect of the heat transfer, the natural convection or

the forced conviction

5.4.2 Boundary Conditions

We non-dimensionalize the corresponding boundary (5.3.0.1-5.3.0.5) using

the 5.4.0.1 and after dropping the asterisks:

No-Slip:

u
∣∣∣
y=0

= v
∣∣∣
y=0

= 0 (5.4.2.1)

Kinematic Condition

v
∣∣∣
y=S

= uSx (5.4.2.2)
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Normal Stress Balance

− S ′
((
− P + 2e−βΘux

)
(−S ′) + e−βΘ(uy + vx)

)
+ e−βΘ(uy + vx)(−S ′)

− P + 2e−βΘvy = γ
S ′′(

1 + (S ′)2
) 1

2

(5.4.2.3)

Tangential Stress Balance

−S ′
(
e−βΘux + e−βΘ

(
uy + vx

)
S ′

)
+ e−βΘ(uy + vx) + 2e−βΘvyS

′ = 0

(5.4.2.4)

where γ is the dimensionless surface tension, γ = σ
δ2ρg sin θ

.

Temperature Conditions

The dimensionless temperature on the interface is zero (5.4.2.5)and on the

wall has small distributions (5.4.2.6),see section 5.5), or it’s slowly varying

(5.4.2.7), see section 5.8).

Θ
∣∣∣
y=S

= 0, (5.4.2.5)

Θ
∣∣∣
y=0

= 1 + εf(X), (5.4.2.6)

Θ
∣∣∣
y=0

= 1 + εf(x) (5.4.2.7)
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5.5 Non-uniformly Heated Falling Film - Long Wave Asymp-

totic Analysis

Imagine a two-dimensional flow of an incompressible Newtonian fluid of den-

sity ρ and variable viscosity ηt driven by gravity along an inclined, at an

angle θ to the horizontal, plate, as shown in figure 5.1 (previous chapter).

The angle θ is smooth and does not impose any instabilities. The temper-

ature at the bottom surface varies, the temperature at the free surface (Tf )

is constant and equals the ambient temperature, and the fluid temperature

is T . At the lower wall, no slip boundary condition is applied and the di-

mensionless temperature is Θy=0 = 1 + εf(X) (for more see 5.4.2). In order

to go beyond linear theory without using any numerical simulations of the

Navier-Stokes equations, we proceed asymptotically and seek a system of

nonlinear evolution equations. The surface deformations are long compared

with the channel height. More precisely we assume that the typical interfa-

cial deformation wavelength λ′ is large compared with the channel height δ,

i.e. ε = δ/λ′ << 1, providing scale separation (which means that εx → X)

[Sibgatullin and Sibgatullina (2003)]. As a result of the complexity of this

problems, perturbation theory is used. That leads to an expression for the de-

sired solution in terms of a formal power series (perturbation series) in some

small parameter (ε) Henry (2005). As a result the dimensionless variables

are:

Θ = Θ0(y) + εΘ1(X, y) + ... + ενΘν(X, y) + ...

u = u0(y) + εu1(X, y) + ... + ενuν(X, y) + ...

v = εu1(X, y) + ... + ενuν(X, y) + ... (5.5.0.1)

S(X) = 1 + εh1(X) + .. + ενhν(X) + ...

P = P0(X, y) + εP1(X, y) + ... + ενPν(X, y) + ...

Finally, we assume that the Grashof number is zero, Brinkman number is

small (λ = εΛ), and the dimensionless surface tension is big (Γ = ε3γ). Sub-

stituting the above expansions (5.5.0.1) in the dimensionless governing equa-

tions (5.4.1.1-5.4.1.4) and the corresponding boundary conditions (5.4.2.1-
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5.3.0.5) the leading and O(ε) terms are

Leading Order

Θ0yy = 0 (5.5.0.2)

−βe−βΘ0Θ0yu0y + e−βΘ0u0yy + 1 = 0⇒ (5.5.0.3)

u0 = −
∫ y

0

y′eβΘ0dy′ +

∫ y

0

c1e
βΘ0dy′

−P0y − cot θ = 0 (5.5.0.4)

O(ε)

Θ1yy + Λe−βΘ0

(
u0y

)2

= 0 (5.5.0.5)

Rv1u0y =− P0X − βe−βΘ0Θ1yu0y − βe−βΘ0Θ0yu1y (5.5.0.6)

+ β2e−βΘ0Θ1Θ0yu0y + e−βΘ0u1yy − βe−βΘ0Θ1u0yy

−P1y − 2βe−βΘ0Θ0yv1y + 2e−βΘ0v1yy = 0 (5.5.0.7)
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The continuity equation (5.4.1.2) becomes:

ux + vy = 0→ O(ε) : v1y = 0

O(ε2) : v2y = −u1X

Boundary Conditions

On the wall we have the no-slip conditions (5.4.2.1) and the temperature con-

ditions (5.4.2.6). The free surface requires the following boundary conditions

to be applied: the kinematic condition (5.4.2.2), which relates the motion of

the free surface to the fluid velocities at the free surface and the dynamic

conditions, which are the normal (5.4.2.3) and tangential (5.4.2.4) stress bal-

ance. The surface is located at y = S where S = 1 + εh1 (5.5.0.1)with

εh1 << 1. To square the domain we use the basic Taylor series method

for the denominator( u(x, 1 + εh1) = u(x, 1) + εh1
∂u(x,1)
∂y

+ (εh1)2

2!
∂2u(x,1)
∂y2

+ ...).

[Fenton (1983),Blyth et al. (2003)]. Substituting the previous expansions

(5.5.0.1) we get:

ON the wall

No slip: u0

∣∣∣
y=0

= u1

∣∣∣
y=0

= v1

∣∣∣
y=0

= v2

∣∣∣
y=0

= 0 (5.5.0.8)

Temperature: Θ0 = 1

∣∣∣∣∣
0

and Θ1

∣∣∣∣∣
y=0

= f(X) (5.5.0.9)

On the surface

Temperature: Θ = 0

∣∣∣∣∣
y=S

⇒ Θ0

∣∣∣∣∣
y=1

= 0 and h1Θ0y + Θ1

∣∣∣∣∣
y=1

= 0

(5.5.0.10)
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Normal Stress Balance: − P0 = −γε3h′′1

∣∣∣∣∣
y=1+εh1

⇒

P0

∣∣∣∣∣
y=1

= Γh′′1, and (5.5.0.11)

− P1 − P0yh1

∣∣∣∣∣
y=1

= Γh′′2 (5.5.0.12)

Note that we assumed γ = O( 1
ε3

) and so γ = 1
ε3

Γ .Furthermore, from equation

(5.5.0.4) we know that P0 = y cot θ+ c5(X), where c5(X) is a function of X.

This yields to c5(X) = − cot θ + Γh′′1, and finally:

P0 = cot θ(1− y) + Γh′′1 (5.5.0.13)

Tangential Stress Balance : u0y

∣∣∣∣∣
y=1

= 0, and (5.5.0.14)

h1u0yy + u1y

∣∣∣∣∣
y=1

= 0 (5.5.0.15)

Kinematic Condition: v1

∣∣∣∣∣
y=1

= 0 (5.5.0.16)

v2

∣∣∣∣∣
y=1

= u0h
′
1 (5.5.0.17)

Using the conditions (5.5.0.9-5.5.0.17)with the assumption of the Brinkman

number is O(ε), λ = εΛ we can solve the base flow analytically; the leading

and O(ε) parts of the governing equations (5.5.0.2) to (5.5.0.7).

Θ0yy = 0⇒ Θ0 = c1y + c2 (5.5.0.18)
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But eq. (5.5.0.9) gives c2 = 1 and (5.5.0.10) c1 = −c2 = −1. So:

Θ0 = 1− y (5.5.0.19)

Substituting the equation (5.5.0.2) and the boundary conditions (5.5.0.13-

5.5.0.16) into the (5.5.0.3), we get

u0 =
e−β(y−1)

β2
(1− β + yβ)− (1− β)eβ

β2

And eq. (5.5.0.13) gives:

P0 = cotθ(1− y) + Γh′′1.

Dealing with O(ε) terms, eq. (5.5.0.18) gives

Θ1yy + Λe−βΘ0

(
u0y

)2

= 0

Θ1 = c7(X) + c6(X)y − Λe−β(y−1)

β2

( 6

β2
+ (y − 1)2 +

4(y − 1)

β

)
where: c7(X) = f(X) + Λeβ

β4

(
6 − 4β + β2

)
from eq.(5.5.0.9) and c6(X) =

−f(X)− Λeβ

β4

(
6− 4β + β2

)
+ 6Λ

β4 + h1 from eq.(5.5.0.10)

And eq. (5.5.0.6) becomes:

−P0X − βe−βΘ0Θ0yu1y − βe−βΘ0

(
Θ1y − βΘ1Θ0y

)
u0y + e−βΘ0

(
u1yy − βΘ1u0yy

)
= 0

⇒ −P0X +
(
e−βΘ0u1y

)
y
−
(
βe−βΘ0u0yΘ1

)
y

= 0
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u1 = c9(X)− e−β(y−1)

β
c8(X)− e−2β(y−1)

8β5

(
23Λ− 46βΛ + 22β2Λ− 4β3Λ

− 44β2Λy + 12β3Λy + 22β2Λy2 − 12β3Λy2 + 4β3Λy3 + 8β4Λyeβ(y−1)c5X(X)

− 16β4yeβ(y−1)c6(X) + 8β5yeβ(y−1)c6(X)− 8β5yeβ(y−1)c7(X)

− 8β5y2eβ(y−1)c6(X)
)
,

with boundary conditions: u1(X, 0) = 0 and u1(X, 1)y = h1u0yy. These yield

to:

c9(X) = eβ

β2 c8+ e2β

8β5

(
23Λ−46βΛ+22β2Λ−4β3Λ

)
and c8(X) = −P0x+h1. The

continuity equation is u1X + v2y = 0 with boundary conditions: v2(X, 0) = 0

and v2(X, 1) = u0(1)h′1 These give:

v2 = c10(X)⇒ −c9X(X)y − e−β(y−1)

β3

(
2βc6X(X)− 2βc7X(X) + βc8X(X)

− 6c6X(X) + 2c5XX(X) + β2yc6X(X)− β2yc7X(X) + βyc5XX(X)

− β2y2c6X(X)− 4βyc6X(X)
)
,

where: c10(X) = eβ

β3

(
2βc6X(X)−2βc7X(X)+βc8X(X)−6c6X(X)+2c5XX(X)

)
and c5XX(X)(β − 2(eβ − 1)) = −h′1β + 2c6X(X)(β(eβ + 1) + 3(1 − eβ)) +

βc7X(X)(2(1− eβ) + β)− c9X(X)β + c8X(X)(eβ − 1)β

Finally substituting everything into the last equation we get:

Γh
(4)
1

(
eββ2 − 2βeβ + 2eβ − 2

)
+ h′1

(
− 6eβ + 5eββ + β + 6− β2 − β2eβ − β3eβ

)
+ f ′(X)

(
6eβ(1− β) + 3eββ2 − eββ3 − 6

)
= 0 (5.5.0.20)

This fourth order ODE (5.5.0.20) is the final solution to our problem. The

h1 term reveals the relationship between temperature conditions with the

velocity profile. The above equation can be solved numerically. As a result,

we carried out extensive numerical experiments where the parameters vary.

Note that f(x) should be bounded at ±∞ (limx→±∞ f(x) = 0), and for this

particular problem we set two possible types, an even function, f(X) = e−X
2
,
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and an odd f(X) = Xe−X
2
.

5.6 Dimensionless surface tension and deformation of the sur-

face

Before we present the numerical experiments, we explore the properties of

the above ODE in a try to predict the behaviour of the shape of the interface

after the parameters β and Γ change. When x → ±∞ then f(x) → 0. If

we set A = −6eβ+5eββ+β+6−β2−β2eβ−β3eβ

Γ

(
eββ2−2βeβ+2eβ−2

) then the limit of the ODE 5.5.0.20 is

limx→∞

(
Γh

(4)
1 + Ah′1

)
.

The three solutions of a third order ODE like h1(x)′′′ + Ah1(x) = 0, with

A > 0, are h1 =



e

(
A

1
3 e

iπ
3 x

)
= e

(
xA

1
3 ( 1

2
+i
√
3

2
)

)
,

e

(
xA

1
3 eiπ

)
= e−A

1
3 x and

e

(
A

1
3 e

5iπ
3 x

)
= e

(
xA

1
3 ( 1

2
−i
√
3

2
)

)
.

When x → −∞ the second solution is not acceptable since the wave has

infinite amplitude, while it’s accepted when x→∞ since the others produce

waves with infinite amplitude.

What the above means are that the frequency of the stationary wave λ′ is

analogue to Γ3 and more specific λ′ = 4π

A
1
3
√

3
, when x→ −∞, and an increase

of Γ yields to an increase of the wavelength. When x → ∞, the solution of

the ODE is e−A
1
3 x, and that leads to an exponential decay to zero where an

increase on Γ gives a faster decrease on the deformation of the surface.
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5.7 Numerical Experiments

The numerical method for solving the 5.5.0.20 that we use in that section is a

build-in routine on MatLabR© specific used on ODE boundary value problems

(bvp4c). This routine is a finite difference code that implements the three-

stage Lobatto IIIa formula [Kierzenka and Shampine (2001),Shampine et al.

(2000)]. We investigate two temperature wall conditions and evaluate the

effect of different parameters on the stationary waves of the surface.

Wall Condition: f(X) = e−X
2

We shall begin with the even function f(X) = e−X
2
. The dimensionless

group parameters are as follow:

• Brinkman Number Λ = 1,

• Viscosity parameter β = 1,

• Dimensionless Surface tension Γ = 1.
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Figure 5.1: T1(X, 0), where λ, β,Γ = 1.
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Figure 5.2: Isothermal lines of T1. The dimensionless group is the same as in Fig. 5.1.

Figure 5.3: u1 streamlines. The dimensionless group is the same as in Fig. 5.1.

Fig.5.2 illustrates the isothermal lines of T1, with dimensionless parameters
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as stated above. As expected, the isothermal lines are symmetrical, that

points they follow the surface shape. That means fig.5.2 and fig.5.6 are in

good agreement.

Contribution of Brinkman to Velocity And Temperature Pro-

file

Fig5.4 shows how the Brinkman number influences the velocity distribution in

a symmetrically heated plate, for fixed values of surface tension and viscosity

parameter. As the Brinkman number increases, it implies higher viscous

dissipation in the flow, which in turn implies steeper velocities gradients at

the plane. In fact, for Brinkman number Λ = 0.1 the velocity increases

through y-direction, for Λ = 1 it still accelerates but slower, and finally

for Λ = 10 it slows down, meaning more energy is consumed by viscous

dissipation. This behaviour is clearly manifested in fig.5.5.

Figure 5.4: Θ1(0, y) regarding different values of Brinkman number. The remaining dimen-
sionless groups are the same as in Fig. 5.1.
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Figure 5.5: u1(0, y) regarding different values of Brinkman number. The remaining dimen-
sionless groups are the same as in Fig. 5.1.

Contribution of β to Surface, Velocity And Temperature Pro-

file

Stationary waves for the free surface for different values of the viscosity pa-

rameter β. By decreasing β, increasing viscosity and so decreasing the ampli-

tude of distribution, but also oscillations start sooner. That is also illustrated

in fig.5.8, where big values of β give higher peak velocity. Fig.5.8 shows that

as viscosity parameter increases, the u1(0, y) increases, although the effects

are small at β = 0.1. As noted earlier, a increase in β, decreases the fluid

viscosity, which in turn increases the velocity, and less energy is consumed

by viscous dissipation as is better shown in fig.5.7.
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Figure 5.6: Stationary Waves for the free surface regarding different values of exponential
constant β. The remaining dimensionless group is the same as in Fig. 5.1.

Figure 5.7: Θ1(0, y) regarding different values of exponential constant β. The remaining
dimensionless group is the same as in Fig. 5.1.
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Figure 5.8: u1(0, y) regarding different values of exponential constant β. The remaining
dimensionless group is the same as in Fig. 5.1.

Contribution of Dimensionless Surface Tension to Surface, Ve-

locity and Temperature Profile

Stationary waves are plotted in fig.5.9. As dimensionless surface tension

decreases, the amplitude of perturbation increases. However, the decrease

in amplitude of h1, makes oscillations start earlier. A 10 times decrease of

surface tension, is translated to an average 46.5% decrease to the start point

of perturbation.
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Figure 5.9: h1(X) regarding different values of dimensionless surface tension Γ. The re-
maining dimensionless group is the same as in Fig. 5.1.

The temperature distribution profile of fig.5.10 shows the decrease of temper-

ature T1(0, y) regardless the surface tension, although the effect is small at

Γ = 0.1 and Γ = 1. However, there is an intersection point around y = 0.34

between Γ = 0.1 and Γ = 1. Fig.5.11 represents the effect of dimensionless

surface tension on the velocity distribution for fixed values of exponential

viscosity parameter and Brinkman number. As expected, the peak velocity

occurs before the centreline and closer to the wall and its location is slightly

affected by the surface tension.
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Figure 5.10: Θ1(0, y) dimensionless surface tension Γ. The remaining dimensionless group
is the same as in Fig. 5.1.

Figure 5.11: u1(0, y) dimensionless surface tension Γ. The remaining dimensionless group
is the same as in Fig. 5.1.
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Wall Condition: f(X) = X ∗ e−X2

We shall continue with the odd function f(X) = Xe−X
2
, fig.5.12. The di-

mensionless group parameters are as follow unless otherwise stated:
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Figure 5.12: T1(X, 0), where λ, β,Γ = 1.

It is interesting to note the double peaks in figs.5.13 and 5.14 that agrees

with fig.5.17.
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Figure 5.13: Isothermal lines of T1. The dimensionless group is the same as in Fig.5.12.

Figure 5.14: u1 Streamlines. The dimensionless group is the same as in Fig.5.12.
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Contribution of Brinkman Number

The heat generation increases sharply as Brinkman number increases (fig.5.15),

like before, and the velocity profile, fig.5.16 is identical with the even case.

Figure 5.15: Θ1(0, y) regarding different values of Brinkman number. The remaining di-
mensionless groups are the same as in Fig. 5.12.
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Figure 5.16: u1(0,y) regarding different values of Brinkman number. The remaining dimen-
sionless groups are the same as in Fig. 5.12.

Contribution of Viscosity Exponential Parameter

Fig.5.17 represents the solitary pulses for the free surface for different values

of the viscosity parameter β; by decreasing β , increasing viscosity and so

decreasing the amplitude of distribution. Fig.5.19 shows that as viscosity

parameter increases, the u1(0, y) increases, although the effects are small at

β = 0.1. As noted earlier, an increase in β, decreases the fluid viscosity,

which in turn increases the velocity, and less energy is consumed by viscous

dissipation as is better shown in fig.5.18.
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Figure 5.17: Stationary waves for the free surface regarding different values of exponential
constant β. The remaining dimensionless group is the same as in Fig. 5.12.

Figure 5.18: Θ1(0, y) regarding different values of exponential constant β. The remaining
dimensionless group is the same as in Fig. 5.12.

72



Figure 5.19: u1(0, y) regarding different values of exponential constant β. The remaining
dimensionless group is the same as in Fig. 5.12.

Contribution of Dimensionless Surface Tension

Stationary waves are plotted in fig.5.20. As dimensionless surface tension

decreases, the amplitude of perturbation increases. However, the decrease in

amplitude of h1, makes any perturbation appears earlier.

73



Figure 5.20: h1(X) regarding different values of dimensionless surface tension Γ. The re-
maining dimensionless group is the same as in Fig. 5.12.

Figure 5.21: Θ1(0, y) dimensionless surface tension Γ. The remaining dimensionless group
is the same as in Fig. 5.12.
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Figure 5.22: u1(0, y) regarding dimensionless surface tension Γ. The remaining dimension-
less group is the same as in Fig. 5.12.
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5.8 Weakly Heated Falling Films - Zero Brinkman Number

The problem as shown in Fig.5.1 concerns a fully developed Newtonian,

gravity-driven film of thickness δ flowing along an inclined heated plate. The

temperature on the lower wall varies (Θy=0 = 1 + εf(x)). We assume that

Brinkamn number is zero (λ = 0), because that gives us the opportunity to

solve the base flow analytically. Once again, we linearize the governing equa-

tions (5.4.1.1 -5.4.1.4), and the corresponding boundary conditions (5.4.2.1-

5.3.0.5), using expansions (5.8.0.1), since this boundary value problem can

only be solved numerically.

Θ = Θ̄(y) + εΘ(x, y), u = ū(y) + εu(x, y), v = εv(x, y)

S(x) = 1 + εh(x), P = P̄ (y) + εP (x, y) (5.8.0.1)

The governing equations with the corresponding boundary conditions lead-

ing and O(ε) are written as follow

Θ̄yy = 0⇒ Θ̄ = c1y + c2 (5.8.0.2)

But Θ
∣∣∣
y=0

= 1+εf(x)⇒ Θ
∣∣∣
y=0

= 1 and so c2 = 1 and Θ
∣∣∣
y=1

= 0⇒ Θ̄
∣∣∣
y=1

=

0 that leads c1 = −c2 = −1.

So:

Θ̄ = −y + 1 (5.8.0.3)

−βe−βΘ̄Θ̄yūy + e−βΘ̄ūyy = −1→ ū = c3e
−βy − e−βy

β

(
c4e

β − eβy
)
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But equations (5.4.2.1) and (5.8.0.8) give:

c3 =
1− β
β2

eβ, c4 =
1− β
β

eβ

And finally we have:

ū =
e−β(y−1)

β2
(1− β + yβ)− (1− β)eβ

β2
, (5.8.0.4)

P̄y + cot θ = 0
(5.8.0.6)⇒ P̄ = cot θ(1− y)

And

ūx + v̄y = 0→ vy = −ux

Boundary Conditions

No-slip condition at the wall

ū
∣∣∣
y=0

= u
∣∣∣
y=0

= v
∣∣∣
y=0

= 0 (5.8.0.5)

On the interface Normal Force Balance

Leading Order: P̄

∣∣∣∣∣
y=1

= 0 (5.8.0.6)

O(ε): − P + 2e−βΘ̄vy − P̄yh

∣∣∣∣∣
y=1

= −Γh′′ (5.8.0.7)
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Tangential Force Balance

Leading Order: ūy

∣∣∣∣∣
y=1

= 0 (5.8.0.8)

O(ε): hūyy + uy + vx

∣∣∣∣∣
y=1

= 0 (5.8.0.9)

Kinematic Condition

O(ε): v

∣∣∣∣∣
y=1

= ūh′ (5.8.0.10)

Temperature Conditions:

On the lower wall we have,

Θ

∣∣∣∣∣
0

= 1 + εf(x)→ Θ̄ = 1

∣∣∣∣∣
0

, and Θ

∣∣∣∣∣
0

= f(x), (5.8.0.11)

On the interface S(x) we have:

Θ = 0

∣∣∣∣∣
y=1+εh1

→ Θ̄

∣∣∣∣∣
y=1

= 0, and Θ + hΘ̄y = 0

∣∣∣∣∣
y=1

(5.8.0.12)
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To sum up the PDEs and the corresponding boundary conditions are:

Θxx + Θyy = ξ
(
ūΘx + vΘ̄y

)
(5.8.0.13)

R
(
ūux + vūy

)
= −Px + e−βΘ̄

(
uxx − βΘ̄y(uy + vx)

+ ūy(β
2Θ̄yΘ− βΘy) + uyy − βΘūyy

)
(5.8.0.14)

Rūvx = e−βΘ̄
(
− βΘūy + vyy + vxx

)
− Py − 2e−βΘ̄βΘ̄yvy (5.8.0.15)

In what follows we solve the problem numerically in order to describe the

effect of the dimensionless parameters (R, β,Γ, and ξ) on the system dynam-

ics.

5.9 Numerical Experiments

The above PDEs (5.8.0.13-5.8.0.15) are solved numerically with a Finite

Differences-based code for a variety of different heating scenarios. In con-

trast with the section 5.7 where a built-in MatlabR© routine was used, in

this sections we use a Finite Differences-based code specifically written for

that system. Central finite difference method is selected, where second order

approximations are preferred. Generally, the approximations for a function
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f(x) are as follow:

f ′(x) ≈ f(x+ h)− f(x− h))

2h
(5.9.0.1)

f ′′(x) ≈ f(x+ h)− 2f(x) + f(x− h)

h2
(5.9.0.2)

f ′′′(x) ≈ f(x+ 2h)− 2f(x+ h) + 2f(x− h)− f(x− 2h)

2h3
, and (5.9.0.3)

f (4) ≈ f(x+ 2h)− 4f(x+ h) + 6f(x)− 4f(x− h) + f(x− 2h)

h4
(5.9.0.4)

Due to the nature of the problem we have to eliminate the pressure, P , from

those PDEs; we differentiate the 5.8.0.15 with respect to x and substitute it

into the 5.8.0.14 after differentiating it with respect to y. In addition, we in-

troduce a stream-function φ such as u = φy and v = −φx. Those changes lead

as to the following system (5.9.0.5-5.9.0.6) with the corresponding boundary

conditions (5.9.0.7-5.9.0.11):

Θxx + Θyy = ξ(ūΘx + φx) (5.9.0.5)

R
(
ū(φxyy + φxxx)− ūyyφx

)
eβΘ̄ = φxxxx + φyyyy + 2φxxyy +−2βΘ̄yφyyy

− 2βΘ̄yφxxy + φyy

(
(βΘ̄y)

2 − βΘ̄yy

)
− φxx

(
(βΘ̄y)

2 − βΘ̄yy

)
+ Θyy(−βΘ̄y) + βΘxxūy + Θy

(
2β2Θ̄yūy − 2βūyy

)
+ Θ

(
− β3Θ̄2

yūy + 2β2Θ̄yūyy + β3Θ̄yyūy − βūyyy
)

(5.9.0.6)

and

hūyy + φyy − φxx = 0
∣∣∣
y=1

(5.9.0.7)

−hxP̄y +Rūφxy − φyyy + βΘ̄y(φyy − βφxx) + βΘūyy − 3φxxy = (5.9.0.8)

− Γhxxx

∣∣∣
y=1
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φx = −ūhx
∣∣∣
y=1

(5.9.0.9)

Θ
∣∣∣
y=1

= − h

Θ̄y

(5.9.0.10)

φ
∣∣∣
y=0

= φx

∣∣∣
y=0

= φy

∣∣∣
y=0

= 0 (5.9.0.11)

We assume that the uneven heating is located between xmin (left border), and

xmax (right border). Outside of that section, only the base flow is present.

Using five-point stencil, we need ghost points, for the streamfunction, at

all four borders, since momentum equation is a fourth order PDE and the

normal stress balance is third order. To create and evaluate the ghost points

we are using the boundary conditions(5.9.0.7 and 5.9.0.10). We also assume

that on the borders the stream function φ and surface h are zero as well as

the first derivatives of those (with respect to x). That means the boundary

conditions left and right are as follow:

Θ
∣∣∣
x=xmin

=Θ
∣∣∣
x=xmax

= 0, φ
∣∣∣
x=xmin

= φ
∣∣∣
x=xmax

= φx

∣∣∣
x=xmin

= φx

∣∣∣
x=xmax

= 0,

h
∣∣∣
x=xmin

= h
∣∣∣
x=xmax

= hx

∣∣∣
x=xmin

= hx

∣∣∣
x=xmax

= 0 (5.9.0.12)

The kinematic condition and tangential stress balance are used to evaluate

the ghost points above the surface for the temperature and stream-function,

respectively. To reduce the ghost lines, we substituting the eq. 5.9.0.6, at

y = 1 into eq. 5.9.0.8, achieving to eliminate the second ghost line above

the surface. Since we used the eq.5.9.0.6 evaluated at y = 0, we use the

condition 5.9.0.7 to eliminate the ghost points of temperature above the

surface (eq.5.9.0.18). Using the φy

∣∣∣
y=0

= 0, we eliminate the ghost line

below the wall, by replacing it with the first line above the wall, φ(wall-1) =

φ(wall + 1). Following the same technique, we eliminate the ghost lines from

the left and right boundaries, using the conditions 5.9.0.12. After all of these,

we end up with a domain nx(k+ 1), where n and k: is the number of points
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on x, and y-direction, respectively.

Θ = 0
xmin

Θ = f(x)
xmax

Θ = 0

Wall

Figure 5.23: 2D schematic representation of the heating boundary conditions and computa-
tional domain

The distance between two adjacent points in x-direction is Dx = xmax−xmin
n−1

,

and Dy = ymax−ymin
k−1

= 1
k−1

in the y.

Substituting the approximations 5.9.0.1 into the eq.5.9.0.5 at the random

point (i,j) where i and j is the coordinates at x and y directions, respectively,

we have:

Θ(i+ 1, j)
( 1

Dx2
− ξū

2Dx

)
+ Θ(i− 1, j)

( 1

Dx2
+

ξū

2Dx

)
+ Θ(i, j + 1)

1

Dy2

Θ(i, j − 1)
1

Dy2
+ Θ(i, j)

(
− 2

Dx2
− 2

Dy2

)
+ φ(i+ 1, j)

ξΘ̄y

2Dx

+ φ(i− 1, j)
−ξΘ̄y

2Dx
= 0 (5.9.0.13)

Doing the same, the streamfunction at the random point (i,j) we get:

B1(j)φ(i+ 2, j) +B2(j)φ(i− 2, j) +B3(j)φ(i, j + 2) +B4(j)φ(i, j − 2)

+B5(j)φ(i+ 1, j) +B6(j)φ(i− 1, j) +B7(j)φ(i, j + 1) +B8(j)φ(i, j − 1)

+B9(j)φ(i+ 1, j + 1) +B10(j)φ(i− 1, j − 1) +B11(j)φ(i+ 1, j − 1)

+B12(j)φ(i− 1, j + 1) +B13(j)Θ(i+ 1, j) +B14(j)Θ(i− 1, j) +B15(j)Θ(i, j + 1)

+B16(j)Θ(i, j − 1) +B17(j)Θ(i, j) +B18(j)φ(i, j) = 0 (5.9.0.14)

82



where:

B1(j) =
1

Dx4
+
A3(j)

2Dx2
, B2(j) =

1

Dx4
− A3(j)

2Dx2
, B3(j) =

1

Dy4
+
A4(j)

2Dy2
,

B4(j) =
1

Dy4
− A4(j)

2Dy2
, B9(j) =

A0(j)

Dx2Dy2
+

A1(j)

2Dx2Dy
+

A2(j)

2DxDy2
,

B5(j) =
−4

Dx4
− 2A0(j)

Dx2Dy2
− A2(j)

Dx ∗Dy2
− A3(j)

Dx2
+
A5(j)

Dx2
+
A7(j)

2Dx
,

B6(j) =
−4

Dx4
− 2A0(j)

Dx2Dy2
+

A2(j)

DxDy2
+
A3(j)

Dx2
+
A5(j)

Dx2
− A7(j)

2Dx
,

B7(j) =
−4

Dy4
− 2A0(j)

Dx2Dy2
− A1(j)

Dx2Dy
− A4(j)

Dy2
+
A6(j)

Dy2
,

B8(j) =
−4

Dy4
− 2A0(j)

Dx2Dy2
+

A1(j)

Dx2Dy
+
A4(j)

Dy2
+
A6(j)

Dy2
,

B10(j) =
A0(j)

Dx2Dy2
− A1(j)

2Dx2Dy
− A2(j)

2 ∗DxDy2
,

B11(j) =
A0(j)

Dx2Dy2
− A1(j)

2Dx2Dy
+

A2(j)

2 ∗DxDy2
,

B12(j) =
A0(j)

Dx2Dy2
+

A1(j)

2Dx2Dy
− A2(j)

2 ∗DxDy2
,

B13(j) =
A8(j)

Dx2
, B14(j) = B13(j), B15(j) =

A9(j)

Dy2
+
A10(j)

2Dy

B16(j) =
A9(j)

Dy2
− A10(j)

2Dy
,B17(j) = −2A8(j)

Dx2
− 2A9(j)

Dy2
+ A11(j),

B18(j) =
6

Dx4
+

6

Dy4
+

4A0(j)

Dx2Dy2
− 2A5(j)

Dx2
− 2A6(j)

Dy2

and

A1(j) = −2βΘ̄y(j), A2(j) = −Rū(j), A3(j) = A2(j) A4(j) = A1(j),

A5(j) = βΘ̄y(j)− β2Θ̄2
y(j), A6(j) = −A5(j) A7(j) = Rūyy(j)

A8(j) = βūy(j), A9(j) = −A8(j);A10(j) = 2β2Θ̄y(j)ūy(j)− βūyy(j),
A11(j) = 2β2Θ̄y(j)ūyy(j)− β2Θ̄y(j)

2ūy(j) + β2Θ̄yy(j)ūy(j)− βūyyy(j),
A0(j) = 3;

83



The tangential stress balance (5.9.0.7) becomes:

h(i)ūyy +
(
φ(i, k + 1) + φ(i, k − 1)

) 1

Dy2
+
(
φ(i− 1, k) + φ(i+ 1, k)

) −1

Dx2

+ φ(i, k)
(
− 2

Dy2
+

2

Dx2

)
= 0 (5.9.0.15)

and the modified normal stress balance (5.9.0.8) is:

G1φ(i+ 1, k + 1) +G2φ(i− 1, k + 1) +G3φ(i+ 1, k − 1) +G4φ(i− 1, k − 1)

+G5φ(i, k + 1) +G6φ(i, k − 1) +G7φ(i+ 1, k) +G8φ(i− 1, k) +G9φ(i, k + 2)

+G10φ(i, k − 2) +G11φ(i, k) +G12Θ(i, k) +G13h(i+ 1) +G14h(i− 1)

+G15h(i+ 2) +G16h(i− 2) = 0 (5.9.0.16)

where:

G1 =
R ¯u(k)

4DxDy
− 3

2Dx2Dy
, G= −

Rū(k)

4DxDy
− 3

2Dx2Dy
, G3 = −G1,

G4 = −G2, G5 =
3

Dx2Dy
+
βΘ̄y(k)

Dy2
+

4

Dy2
, G6 = − 3

Dx2Dy
+
βΘ̄y(k)

Dy2
+

4

Dy2
,

G7 = − 1

Dx2
, G8 = G7, G9 = − 1

Dy2
, G10 = G9, G12 = βūyy(k)

G11 = −2βΘ̄y(k)

Dy2
+

2

Dxx2
− 6

Dy4
, G13 = − P̄y(k)

2Dx
− Γ

Dx3
, G14 = −G13,

G15 =
Γ

2Dx3
, G16 = −G15

The above (5.9.0.16) condition include the ghost line of φ(i, k + 2), where

i ∈ [1, n]. Since we want to eliminate that line we substitute the momentum

equation (5.9.0.14) evaluated on the surface into equation 5.9.0.16.
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The result is:

φ(i+ 1, k + 1)
(
G1 −G9

B9

B3

)
+ φ(i− 1, k + 1)

(
G2 −G9

B12

B3

)
+ φ(i+ 1, k − 1)

(
G3 −G9

B11

B3

)
+ φ(i− 1, k − 1)

(
G4 −G9

B10

B3

)
+ φ(i, k + 1)

(
G5 −G9

B7

B3

)
+ φ(i, k − 1)

(
G6 −G9

B8

B3

)
+ φ(i+ 1, k)

(
G7 −G9

B5

B3

)
+ φ(i− 1, k)

(
G8 −G9

B6

B3

)
+ φ(i, k − 2)

(
G10 −G9

B4

B3

)
+ φ(i, k)

(
G11 −G9

B18

B3

)
+ Θ(i, k)

(
G12 −G9

B17

B3

)
+ Θ(i+ 1, k)

(
−G9

B13

B3

)
+ Θ(i− 1, k)

(
−G9

B14

B3

)
+ Θ(i, k + 1)

(
−G9

B15

B3

)
+ Θ(i, k − 1)

(
−G9

B16

B3

)
+ h(i+ 1)G13 + h(i− 1)G14

+ h(i+ 2)G15 + h(i− 2)G16 = 0 (5.9.0.17)

Despite the fact that we eliminated φ(i, k + 2) from the above equation, we

couldn’t use it since we introduced the ghost points of Θ(i, k + 1). For that

reason we substitute eq. 5.9.0.13, evaluated on the surface, into equation
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5.9.0.17. The final condition that we can use is:

φ(i+ 1, k + 1)
(
G1 −G9

B9

B3

)
+ φ(i− 1, k + 1)

(
G2 −G9

B12

B3

)
+ φ(i+ 1, k − 1)

(
G3 −G9

B11

B3

)
+ φ(i− 1, k − 1)

(
G4 −G9

B10

B3

)
+ φ(i, k + 1)

(
G5 −G9

B7

B3

)
+ φ(i, k − 1)

(
G6 −G9

B8

B3

)
+ φ(i+ 1, k)

(
G7 −G9

B5

B3

+G9
B15

B3

Dy2 ξΘ̄y

2Dx

)
+ φ(i− 1, k)

(
G8 −G9

B6

B3

+G9
B15

B3

Dy2
(
− ξΘ̄y

2Dx

))
+ φ(i, k − 2)

(
G10 −G9

B4

B3

)
+ φ(i, k)

(
G11 −G9

B18

B3

)
+ Θ(i, k)

(
G12 −G9

B17

B3

+G9
B15

B3

Dy2
(
− 2

Dx2
− 2

Dy2

))
+ Θ(i+ 1, k)

(
−G9

B13

B3

+G9
B15

B3

Dy2(
1

Dx2
− ξū

2Dx
)
)

+ Θ(i− 1, k)
(
−G9

B14

B3

+G9
B15

B3

Dy2(
1

Dx2
+

ξū

2Dx
)
)

+ Θ(i, k − 1)
(
−G9

B16

B3

+G9
B15

B3

)
+ h(i+ 1)G13 + h(i− 1)G14

+ h(i+ 2)G15 + h(i− 2)G16 = 0 (5.9.0.18)

The vector of unknown has 2n(k+1) elements. The first is the streamfunction

φ, at x = xmin and y = 0, and it’s notated as ψ(1), and the counting

continues horizontally for the rest of the streamfunctions elements. The

temperature Θ at x = xmin and y = 0 is notated like ψ(n(k+1)+1). For the

random point located at (i, j), where i and j is the coordinates at x and y

directions, respectively, the streamfunction φ(i, j) and temperature, Θ(i, j)

are: φ(i, j) = ψ(n(j − 1) + i) and Θ(i, j) = ψ(n(k + 1) + n(j − 1) + i).

The shape of the deformation is a n-points vector, that we insert after the

temperature unknowns. Applying this for the whole domain we end up with
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layers of the unknowns:

streamfunction



Temperature



Surface





ψ(1)

ψ(2)

...

ψ(n(j − 1) + i)

...

ψ(n(k + 1))

ψ(n(k + 1) + 1)

ψ(n(k + 1) + 2)

...

ψ(n(k + 1) + n(j − 1) + i)

...

ψ(2nk + n)

ψ(n(k + 1) + nk + 1)

...

ψ(n(k + 1) + nk + i)

...

ψ(2n(k + 1))



(5.9.0.19)

In what follows, we carried out extensive numerical experiments where the

parameters vary for different heating scenarios.
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We shall use the even faction f(x) = ex
2
. The dimensionless viscosity pa-

rameter, b, is 0.2 and the dimensionless surface tension, Γ is 1. The base

flow that was solved analytically, due to the zero-Brinkman assumption, is

displayed by the plots 5.24a and 5.24b. The base flow velocity (eq. 5.8.0.4)is

a function of β, unlike the temperature (eq. 5.8.0.3).

(a) ū, where β = 0.2, and Γ = 10. (b) Θ̄, where β = 0.2, and Γ = 1.

Figure 5.24: Base flow velocity and temperature profile

Let the liquid occupy a domain {(x, y) : xmin < x < xmax, 0 < y < S(x)}.
Then the motion of the liquid is described by the 5.9.0.5 and 5.9.0.6 equations.

After extensively experiments we found that the best set of computational

power-memory space and resolution is a domain where xmin = −30 and

xmax = 30., as shown in Fig. 5.23.

After solving the (5.9.0.5-5.9.0.6) with the corresponding boundary condi-

tions (5.9.0.7-5.9.0.11) and the dimensionless parameters are R = 1, β = 0.2,

Γ = 10, ξ = 0.7 and θ = π/6, the deformation of the surface,h, the velocity,

u, and the temperature Θ profile are as follow
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Figure 5.25: Deformation of the film surface, R = 1, Γ = 10, b = 0.2, ξ = 0.7, θ = 30o.

Figure 5.26: Streamfunction, Velocity and Temperature Profile, R = 1, Γ = 10, b =
0.2,ξ = 0.7, Θ = 30o.
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At this point, in a quest to identify and explain the role of each dimensionless

parameter on the above system, we carry out the appropriate simulations. As

shown in section (5.5), we expect the dimensionless surface tension will have a

dominant role on the deformation of the surface, the Reynolds and Grashof

numbers will affect primarily the velocity and temperature profile, much

more than the stationary waves of the surface, and the viscosity parameter

will affect all the above.

The viscosity parameter β poses a dominant role in the deformation of the

surface. An increase in β yields a decrease in viscosity, and hence, an increase

in the altitude of the distraction and an higher mean velocity. However, this

parameter has a minor effect on the O(ε) temperature.

Figure 5.27: Deformation of the film surface regarding different β, where R = 1, Γ = 10,
ξ = 0.7, θ = 30o.
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(a) Base Flow Velocity (b) O(ε) Temperature

(c) O(ε) Velocity (d) O(ε) Velocity

Figure 5.28: Base flow velocity, O(ε) velocity and temperature regarding different β, where
R = 1, Γ = 10, ξ = 0.7, θ = 30o. The maximum velocity increases with an increase of β
since the viscosity decreases; while at the peak of the deformation there is an increase in the
velocity after y = 0.7 due to the increase in the film thickness.

The dimensionless surface tension affects, hugely, the deformation of the free

surface. A raise of γ produces a decrease in the deformation. However, as

we showed at the end of paragraph 5.5, the bigger the values, the larger the

wavelength of the stationary waves. As far as the velocity and temperature

profiles, a change in γ effects them slightly.
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Figure 5.29: Deformation of the film surface regarding different Γ, where R = 1, ξ = 0.7,
θ = 30o. A decrease of 33% of the dimensionless surface tension refers to an almost double
altitude of the surface deformation.

Like before, we present the changes in the velocity (O(ε) that the increase in

Γ results, at x = 0 and x = 0.5263 the peak of the deformation.

(a) O(ε) Temperature (b) O(ε) Velocity (c) O(ε) Velocity

Figure 5.30: O(ε) velocity and temperature regarding different Γ, where R = 1, β = 0.2,
ξ = 0.7, θ = 30o.

The Grashof number poses a dominant role on the temperature of the film

.For a laminar flow it can value up to 106 which is the transition point to

turbulence. Figure 5.31 shows that an increase of Grashof results on stronger
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convention in the fluid that leads to a rapidly heat transfer along the fluid and

hence the lower temperature of the fluid, and increases the velocity profile

near the plate but as the distance from the plate increase the velocity profile

decreases.

(a) O(ε) Temperature (b) O(ε) Temperature

(c) O(ε) Temperature (d) O(ε) Temperature

(e) O(ε) Velocity (f) O(ε) Velocity

Figure 5.31: O(ε) velocity and temperature regarding different Γ, where R = 1, β = 0.2,
ξ = 0.7, θ = 30o. An increase of Grashof results on stronger convention in the fluid. This
leads to a rapidly heat transfer along the fluid and hence the lower temperature of the fluid,
and increases the velocity profile near the plate but as the distance from the plate increase
the velocity profile decreases.
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A better way to explain the above plots is by introduce the Richardson

number Ri. It is defined as the ratio of Grashof number over the Reynolds

square (Ri = ξ
R2 ). When Ri is much greater than 1 the forced convection

may be ignored, while when it is much smaller than 1 the natural convection

may be ignored. By increasing the Grashof number and keeping the Reynolds

constant we observe the effect of the heating to fade quicker.

It’s well known that a falling film is unstable for Reynolds numbers greater

than Rc = 5
2

cot θ, where θ is the angle of inclination. Since the angle here is π
6

the critical Reynolds number is approximately 4.33. We tested a range from

0.5 to 3 and as expected the changes in the deformation of the surface and

the temperature profile are almost negligible, while on the velocity profiles

are sightly noticeable.

(a) O(ε) Temperature (b) O(ε) Temperature (c) O(ε) Temperature

(d) O(ε) Temperature (e) O(ε) Temperature

Figure 5.32: Surface deformation, Temperature and Velocity profile at x = 0 and x =
0.5263 (peak point). The changes are hardly noticeable.

Due to the symmetry of the system 5.9.0.5-5.9.0.6, there is no need to include

cooling scenarios.
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6
Weakly Heated Falling Films -

Arbitrary Brinkman Number

This section aims to manifest the contributions of the Brinkman number on

weakly heated falling films. We examine the same problem with section 5.8.

The only difference now is that the Brinkman number is not zero. This as-

sumption yields a coupled ODE system for the base flow, which we will solve

numerically, more complicated matrices, and challenges the available com-

putational power in order to converge the results of the numerical solutions.

The two-dimensional steady-state deformations are studied for a non-isothermal

thin film of viscous incompressible liquid, falling down a plate inclined at an

angle θ. Geometry of the problem is shown in Fig. 5.1. The Cartesian coor-

dinate system (x, y) is chosen again in order that the axis Oy is orthogonal

to the substrate, and the axis Ox is directed along the liquid flow.

We shall linearize the governing equations (5.4.1.1 -5.4.1.4), and the cor-

responding boundary conditions (5.4.2.1-5.4.2.5 and 5.4.2.7), using the fol-

lowing expansions (6.0.0.1). Like section 5.5, we have to solve the base flow

numerically since the energy equation and momentum equations are coupled.
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Θ = Θ̄(y) + εΘ(x, y), u = ū(y) + εu(x, y), v = εv(x, y)

S(x) = 1 + εh(x), P = P̄ (y) + εP (x, y) (6.0.0.1)

The energy (6.0.0.2) and momentum equations (6.0.0.3 and 6.0.0.4) for the

base flow and the corresponding boundary conditions (6.0.0.5-6.0.0.8) are:

Governing Equations

Θ̄yy + λe−βΘ̄ū2
y = 0 (6.0.0.2)

e−βΘ̄
(
− βΘ̄yūy + ūyy

)
+ 1 = 0 (6.0.0.3)

P̄y + cot θ = 0 (6.0.0.4)

Boundary Conditions

ū
∣∣∣
y=0

= 0, (6.0.0.5)

Θ
∣∣∣
y=0

= 1, (6.0.0.6)

ūy

∣∣∣
y=1

= 0, and (6.0.0.7)

P̄
∣∣∣
y=1

= 0 (6.0.0.8)

The non-isothermal part of the system (O(ε) terms of equations 5.4.1.1-
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5.4.1.4) is:

Θxx + Θyy + λe−βΘ̄
(

2ūy(uy + vx)− βΘū2
y

)
= ξ
(
ūΘx + vΘ̄y

)
(6.0.0.9)

R
(
ūux + vūy

)
= −Px + 2e−βΘ̄uxx (6.0.0.10)

+ e−βΘ̄
(
− βΘ̄y(ux + vx) + ūy(β

2ΘΘ̄y − βΘy) + vxy + uyy − βΘūyy

)

Rūvx = e−βΘ̄
(
uxy + vxx − 2βΘ̄yvy + 2vyy

)
− Py (6.0.0.11)

The above PDEs (6.0.0.9-6.0.0.11) are solved numerically in the same way

as in section 5.8. A Finite Differences-based code, in MatlabR©, specifically

written for that system, is selected. Central finite difference method is pre-

ferred.

Due to the nature of the problem we have to eliminate the pressure, P , from

those PDEs by differentiating the 6.0.0.11 with respect to x and substitute

it into the 6.0.0.10 after differentiating it with respect to y. Finally, yet

again, we introduce a stream-function φ such as u = φy and v = −φx. Those

changes lead to the following system (6.0.0.12-6.0.0.13) with the correspond-

ing boundary conditions. (6.0.0.14-6.0.0.18):

Θxx + Θyy + λe−βΘ̄
(

2ūy(φyy − φxx)− βΘū2
y

)
= ξ(ūΘx + φx) (6.0.0.12)

R
(
ū(φxyy + φxxx)− ūyyφx

)
eβΘ̄ = φxxxx + φyyyy + 2φxxyy +−2βΘ̄yφyyy

− 2βΘ̄yφxxy + φyy

(
(βΘ̄y)

2 − βΘ̄yy

)
− φxx

(
(βΘ̄y)

2 − βΘ̄yy

)
+ Θyy(−βΘ̄y) + βΘxxūy + Θy

(
2β2Θ̄yūy − 2βūyy

)
+ Θ

(
− β3Θ̄2

yūy + 2β2Θ̄yūyy + β3Θ̄yyūy − βūyyy
)

(6.0.0.13)

97



and

hūyy + φyy − φxx = 0
∣∣∣
y=1

(6.0.0.14)

−hxP̄y +Rūφxy − φyyy − βφyy + βφxx + βΘūyy − φxxy = (6.0.0.15)

− γhxxx
∣∣∣
y=1

φx = −ūhx
∣∣∣
y=1

(6.0.0.16)

Θ
∣∣∣
y=1

= − h

Θ̄y

(6.0.0.17)

φ
∣∣∣
y=0

= φx

∣∣∣
y=0

= φy

∣∣∣
y=0

= 0 (6.0.0.18)

We assume that the uneven heating is located between xmin (left border), and

xmax (right border). Outside of that section, only the base flow is present.

Using five-point stencil, we need ghost points at all four borders, since mo-

mentum equation is a fourth order PDE and the normal stress balance is

third order. To create and evaluate the ghost points we are using the bound-

ary conditions(6.0.0.14 and 6.0.0.17). We also assume that on the borders

the stream function φ and surface h are zero as well as the first derivatives of

those, with respect of x. That means the boundary conditions left and right

are as follow:

Θ
∣∣∣
x=xmin

=Θ
∣∣∣
x=xmax

= 0, φ
∣∣∣
x=xmin

= φ
∣∣∣
x=xmax

= φx

∣∣∣
x=xmin

= φx

∣∣∣
x=xmax

= 0,

h
∣∣∣
x=xmin

= h
∣∣∣
x=xmax

= hx

∣∣∣
x=xmin

= hx

∣∣∣
x=xmax

= 0

We treat the ghost points in the same way as in section 5.8. The vector of

unknowns remain the same as before eq.5.9.0.19. The same is true for the

momentum equation (5.9.0.14), in contrast with the energy equation. The
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presence of Brinkman term changes the equation as follows:

Substituting the approximations 5.9.0.1 into the eq.5.9.0.5 at the random

point (i,j) where i and j is the coordinates at x and y directions, respectively,

we have:

Θ(i+ 1, j)
( 1

Dx2
− ξū

2Dx

)
+ Θ(i− 1, j)

( 1

Dx2
+

ξū

2Dx

)
+ Θ(i, j + 1)

1

Dy2

Θ(i, j − 1)
1

Dy2
+ Θ(i, j)

(
− 2

Dx2
− 2

Dy2
− λe−βΘ̄βū2

y

)
+ φ(i, j + 1)λe−βΘ̄ 2ūy

Dy2

+ φ(i, j − 1)λe−βΘ̄ 2ūy
Dy2

+ φ(i+ 1, j)
(
− λe−βΘ̄ 2ūy

Dx2
+
ξΘ̄y

2Dx

)
+ φ(i− 1, j)

(
− λe−βΘ̄ 2ūy

Dx2
+
−ξΘ̄y

2Dx

)
+ φ(i, j)

(
λe−βΘ̄4ūy(

1

Dx2
− 1

Dy2
)
)

= 0

We follow the same procedure as before, section 5.8, for the boundary con-

ditions and ghost lines.

6.1 Numerical Experiments

The base flow of the above system is solved numerically using a built-in

routine in MatlabR©. The dimensionless viscosity parameter, b, is 0.2, the

dimensionless surface tension, Γ, is 10, Grashof number, ξ, is 0.7 and the

Brinkman number λ is O(1). Since the Brinkman number is equal to 5 the

energy and momentum equations are coupled and must be solved numerically,

and the solutions are displayed in the plots 6.1a and 6.1b.
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(a) Velocity Profile (b) Temperature Profile

Figure 6.1: Base flow velocity and temperature where β = 0.2, Γ = 10, λ = 5, ξ = 0.7 and
θ = 30o.

Increasing the Brinkman number we observe an increase in the temperature

(6.2b) due to the higher viscous heating. This increase in temperature leads

to a lower viscosity and so a higher base velocity (6.2a). These comparisons

are displayed in the plots 6.2a and 6.2b. These increases in velocity and

(a) Velocity Profile (b) Temperature Profile

Figure 6.2: Comparison on Base Velocity and Temperature profiles regarding different
Brinkman numbers where β = 0.2, Γ = 10, ξ = 0.7 and θ = 30o. An increase on Brinkman
number leads to a higher temperature on the fluids, hence lower viscosity and a faster base
flow.
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temperature lead to higher surface instabilities, and we expect an increase in

the altitude of the stationary waves (6.3).

Figure 6.3: Deformation of the film surface regarding different λ, where R = 1, Γ = 10,
ξ = 0.7, θ = 30o. The increase in λ increases the velocity and temperature that leads to
higher surface deformation and shifts the peak point of the curve towards left.

The other parameters were the subject of studies of the previous chapter

(5.8). However, since the increase of the Brinkman number could effect the

behavior of others, we include some characteristic plots such as the base flow

velocity, temperature profiles and surface deformation for different values of

the dimensionless viscosity parameter and surface tension. By increasing β,

the viscosity increases (see plot 6.4c), and that leads to an increase in viscous

heating (6.4b) and a higher base velocity (6.4a). What is follows is a increase

in the altitude of the stationary waves on the free surface something is shown

on the plot 6.4d. The decrease in Γ leads to an increase in surface deformation

and in the altitude of the oscillations before the heating in comparison with

the wavelength which decreases, similar as shown in paragraph (5.6). The

Brinkman number magnitude the shift on the right of the surface deformation

that the increase in Γ occurs.
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(a) Base Velocity Profile (b) Base Temperature Profile

(c) Viscosity variation different β, R =
1,where µ = 1.

(d) Deformation of the surface

Figure 6.4: Comparison on Velocity, Temperature and Viscosity profiles regarding different
β where λ = 5, Γ = 10, ξ = 0.7 and θ = 30o.
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Figure 6.5: Deformation of the film surface regarding different Γ, where R = 1, λ = 5,
ξ = 0.7, θ = 30o. The decrease in Γ leads to an increase in surface deformation and in the
altitude of the oscillations before the heating in comparison with the wavelength which de-
creases. The Brinkman number magnitude the shift on the right of the surface deformation
that the increase in Γ occurs.
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7
Stability of Falling Film

7.1 Introduction

Until now, this thesis has presented non-isothermal steady-state problems.

The research presented in the following chapters focuses on the development

of theoretical and numerical tools that allows us to study the linear stability

of non-isothermal falling films in the presence of variable viscosity. In section

7.3, we solve the energy and analogue of the Orr-Sommerfeld equation and

derive analytical expressions for the growth rates of disturbances to be used

in verification of the method by extracting the isothermal solutions when

the viscosity parameter tends to zero, section 7.4, and the validation of the

numerical simulations, section 7.7.

7.1.1 Governing Equations

The aim of linear stability analysis is to predict whether or not a transition

should happen for a particular flow, and how that flow changes. We shall use

Cartesian coordinate system (x, y) and denote the corresponding components

of velocity vector by u and v as well time by t, pressure by P , density by
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ρ and viscosity by η. Once more, the density is considered constant and

viscosity obeys Reynolds law Tanner (2000). The system of study depicted

in Fig. 7.1.1.

S

y

x

v

u

θ

Θ

δ

L

Now, the governing equations, the energy (7.1.1.1), continuity (7.1.2.3), and

Navier-Stokes (7.1.1.3,7.1.1.4) equations, for a Newtonian fluid, are written

as follows

ρ
∧
Cp

(
Tt +uTx + vTy

)
= κ

(
Txx +Tyy

)
+η

(
2u2

x + (uy + vx)
2 + 2v2

y

)
(7.1.1.1)

ux + vy = 0 (7.1.1.2)

ρ
(
ut + uux + vuy

)
= −Px + 2ηxux + 2ηuxx + ηy(vx + uy)

+ η(vyx + uyy) + ρg sin θ (7.1.1.3)

ρ
(
vt + uvx + vvy

)
= ηx(vx + uy)− Py + η(vxx + uxy)− ρg cos θ (7.1.1.4)
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where:
∧
Cp is the specific heat capacity at constant pressure, T the tempera-

ture, and k is the thermal conductivity.

7.1.2 Non-dimensionalization

We shall convert the governing equations (7.1.1.1 to 7.1.1.4) into dimension-

less form. For this purpose, we use the characteristic thickness, δ. The

non-dimensional independent and dependent variables are

x = δx∗, t =
µ

δρg sin θ
, u =

δ2ρg sin θ

µ
u∗,

P = P ∗δρg sin θ, Θ =
T − Tf
T0 − Tf

, β = α(T0 − Tf ) (7.1.2.1)

Substitution of 7.1.2.1 into the (7.1.1.1) to (7.1.1.4) and after dropping as-

terisks:

Energy Equation:

Θxx+Θyy +λe−βΘ

(
2u2

x+(uy +vx)
2 +2v2

y

)
= ξ
(

Θt+uΘx+vΘy

)
(7.1.2.2)

Continuity

ux + vy = 0 (7.1.2.3)

Cauchy x-direction:

R
(
ut + uux + vuy

)
= −Px + 2(e−βΘ)xux + e−βΘuxx + (e−βΘ)y(vx + uy)

+ e−βΘuyy + 1 (7.1.2.4)
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Cauchy y-direction:

R(vt + uvx + vvy) =(e−βΘ)x(uy + vx) + e−βΘvxx − Py
+ 2(e−βΘ)yvy + e−βΘvyy − cot θ (7.1.2.5)

where: λ = (δ2ρg sin θ)2

µκ(T0−Tf )
is the Brinkman number, R = δ3ρ2g sin θ

µ2
is the Reynolds,

and ξ =
∧
Cpδ3gρ2 sin θ

µκ
is the Grashof number which is the Reynolds number

times the ratio of the force due to differences in density and the viscous

force.

7.1.3 Boundary Conditions

The corresponding boundary conditions to the system (7.1.2.2 to 7.1.2.5) are

the temperature and the 2 no slip conditions on the bottom, and the kine-

matic, temperature, normal and tangential stress balance at the interface.

No-slip condition at the wall

u
∣∣∣
y=0

= v
∣∣∣
y=0

= 0 (7.1.3.1)

Temperature Conditions

We assume that the temperature on the interface is equal to the ambient tem-

perature Tf and T0 on the lower wall. In dimensionless form the conditions

are:

Θ
∣∣∣
y=0

= 1, Θ
∣∣∣
y=S

= 0 (7.1.3.2)
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Kinematic Condition

v = St + uSx

∣∣∣
y=S

(7.1.3.3)

Normal Stress Balance

−Sx
((
− P + 2e−βΘux

)
(−Sx) + e−βΘ(uy + vx)

)
+ e−βΘ(uy + vx)(−Sx)

− P + 2e−βΘvy = −γ Sxx(
1 + (Sx)2

) 1
2

(7.1.3.4)

Tangential Stress Balance

−Sx

(
− P + e−βΘux + e−βΘ

(
uy + vx

)
Sx

)
+ e−βΘ(uy + vx)

+
(
− P + 2e−βΘvy

)
Sx = 0 (7.1.3.5)

Note that on the interface, we use the basic Taylor series method for the

denominator( u(x, t+ ∆) = u(x, t) + ∆∂u(x,t)
∂t

+ ∆2

2!
∂2u(x,t)
∂t2

+ ...) Fenton (1983).

The interface is S(x) = 1 + εh1, where εh1 << 1.

7.2 Small Amplitude Perturbations And Normal Modes

We assume the above boundary value problem has a steady solution (basic

state) like

u = ū, Θ = Θ̄, P = P̄ , S = 1 (7.2.0.1)

and then, we introduce small amplitude perturbations with small parameter

ζ:
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u = ū(y) + ζũ(y, x, t), Θ = Θ̄(y) + ζΘ̃(y, x, t) P = P̄ (y) + ζP̃ (y, x, t),

v = ζṽ(y, x, t) S = 1 + ζS̃(x, t) (7.2.0.2)

Substituting (7.2.0.2) into the Energy (7.1.2.2), Continuity (7.1.2.3), and

Navier-Stokes equations, the basic state and the equations for the perturba-

tion functions are as follow:

Leading Order

Θ̄yy + λe−βΘ̄ū2
y = 0, (7.2.0.3)

(
e−βΘ̄ūy

)
y

+ 1 = 0, (7.2.0.4)

P̄y + cot θ = 0, (7.2.0.5)

and O(ζ)

Θ̃xx + Θ̃yy + λe−βΘ̄
(

2ūy(ũy + ṽx) + βΘ̃ū2
y

)
= ξ
(

Θ̃t + ūΘ̃x + ṽΘ̄y

)
,

(7.2.0.6)

ũx + ṽy = 0 (7.2.0.7)

R
(
ũt + ūũx + ṽūy

)
= −P̃x (7.2.0.8)

+ e−βΘ̄
(
− βΘ̄y(ṽx + ũy + βΘ̃ūy) + ũxx + ũyy + β(Θ̃yūy + Θ̃ūyy)

)
,

R
(
ṽt + ūṽx

)
= e−βΘ̄

(
ṽxx + βΘ̃xūy + ṽyy

)
− P̃y − 2e−βΘ̄βΘ̄yṽy (7.2.0.9)
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The corresponding boundary conditions are obtained be substituting (7.2.0.2)

into (7.1.3)-(7.1.3.5)

No slip at the wall

ū
∣∣∣
y=0

= 0 and ũ
∣∣∣
y=0

= ṽ
∣∣∣
y=0

= 0 (7.2.0.10)

Kinematic Condition:

ṽ = S̃t + ūS̃x

∣∣∣
y=1

(7.2.0.11)

Normal Stress Balance:

−P̄ = 0
∣∣∣
y=1

(7.2.0.12)

−P̃ − S̃P̄y + 2e−βΘ̄
(
− S̃xūy + ṽy

)
= −γS̃xx

∣∣∣
y=1

(7.2.0.13)

Tangential Stress Balance:

ūy = 0
∣∣∣
y=1

(7.2.0.14)

ũy + S̃ūyy + ṽx + βΘ̃ūy = 0
∣∣∣
y=1

(7.2.0.15)

Temperature on the wall:

Θ̄
∣∣∣
y=0

= 1, and Θ̃
∣∣∣
y=0

= 0 (7.2.0.16)

Temperature on the interface:

Θ = 0
∣∣∣
y=1+δŜ

→ Θ̄ = 0
∣∣∣
y=1

, and S̃Θ̄y + Θ̃ = 0
∣∣∣
y=1

(7.2.0.17)
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These lead to:

S̃ = − Θ̃(1)

Θ̄y(1)
(7.2.0.18)

We seek the solution for functions Θ̂, û, v̂, P̂ , and Ŝ in the normal mode

form

Θ̃(y, x, t) = Θ̂(y)eiκ(x−ct), ũ(y, x, t) = û(y)eiκ(x−ct), ṽ(y, x, t) = v̂(y)eiκ(x−ct),

P̃ (y, x, t) = P̂ (y)eiκ(x−ct), S̃(x, t) = Ŝeiκ(x−ct) (7.2.0.19)

Where κ is the wave number and c a complex number, the phase velocity,

defined as c = cr + ici, c ∗ κ is the frequency of oscillations and ci the

amplifications rate. The instability of the flow develops when ci becomes

positive. Substituting (7.2.0.19) into (7.2.0.3)-(7.2.0.9):

−κ2Θ̂ + Θ̂yy + λe−βΘ̄
(

2ūy(ûy + iκv̂) + βΘ̂ū2
y

)
= ξ
(
− iκcΘ̂ + iκūΘ̂ + v̂Θ̄y

)
(7.2.0.20)

iκû+ v̂y = 0 (7.2.0.21)

R
(
− iκcû+ iκūû+ v̂ūy

)
= −iκP̂ (7.2.0.22)

+ e−βΘ̄
(
− κ2û− βΘ̄y(iκv̂ + ûy + βΘ̂ūy) + ûyy + β(Θ̂yūy + Θ̂ūyy)

)

R
(
− iκcv̂ + iκūv̂

)
= e−βΘ̄

(
− κ2v̂ + iκβΘ̂ūy + v̂yy

)
− P̂y

− 2e−βΘ̄βΘ̄yv̂y (7.2.0.23)
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Substituting (7.2.0.19) into (7.2.0.11),(7.2.0.13), and(7.2.0.15)

Kinematic Condition:

v̂ = −iκcŜ + iκūŜ
∣∣∣
y=1

(7.2.0.24)

Normal Stress Balance:

−P̂ − ŜP̄y + 2e−βT̄
(
− iκŜūy + v̂y

)
= κ2γŜ

∣∣∣
y=1

(7.2.0.25)

Tangential Stress Balance:

Ŝūyy + ûy + iκv̂ + βT̂ ūy = 0
∣∣∣
y=1

(7.2.0.26)

We eliminate Ŝ and û by substituting the eq.(7.2.0.18) and 7.2.0.7 into the

governing equations and boundary conditions and combining (7.2.0.8) with

(7.2.0.9) we finally have the analogue of Orr-Sommerfeld equation for the

non-isothermal problem. We decided to solve the above system using both

analytical (7.3) and numerical (7.5) techniques.

7.3 Long Wave Analysis

We continue the analytic analysis by using the perturbation theory in order

to lead us to an expression for the desired solution in terms of a formal

power series in some small parameter Henry (2005). The wavelength of

the perturbation is large compare to the thickness of the film, and so the

wavenumber κ is small. We expand the Θ̂ and v̂ functions as well as the

constant c as follow

v̂ = v̂0(y) + κv̂1(y) + ..., Θ̂ =
1

κ
Θ̂0(y) + Θ̂1(y) + ..., and c = c0 + κc1 + ...

(7.3.0.1)
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Note we assume Θ is O( 1
κ
), because if we scale it as O(1) this yields the

isothermal problem. Substituting (7.3.0.1) into the governing equations and

the corresponding boundary conditions we have

Leading Order

Θ̂′′0 + λe−βΘ̄
(

2ūyv̂
′′
0 i+ βΘ̂0ū

2
y

)
= 0 (7.3.0.2)

− βΘ̄y

(
− βΘ̄y(v̂

′′
0 + βΘ̂0ūy) + v̂′′′0 + β(Θ̂′0ūy + Θ̂0ūyy)

)
− βΘ̄yy(v̂

′′
0 i+ βΘ̂0ūy)

− βΘ̄y

(
v̂′′′0 i+ β(Θ̂′0ūy + Θ̂0ūyy)

)
+ v̂

(4)
0 i+ β

(
ūyΘ̂

′′
0 + 2Θ̂′0ūyy + Θ̂0ūyyy

)
= 0

(7.3.0.3)

Boundary Conditions

Normal Stress:

v̂′′′0 − βΘ̄yv̂
′′
0 + βΘ̂0i = 0

∣∣∣∣∣
y=1

(7.3.0.4)

Tangential Stress:

Θ̂0(1)

Θ̄y(1)
+ v̂′′0 i = 0

∣∣∣∣∣
y=1

(7.3.0.5)

O(κ):

Θ̂′′1 + λe−βΘ̄
(

2ūyv̂
′′
1 + βΘ̂1ū

2
y

)
= ξ
(
− ic0T̂0 + iūΘ̂0 + v̂0Θ̄y

)
(7.3.0.6)

113



R
(

(c0 − ū)v̂′′0 + ūyyv̂0

)
eβΘ̄ = β2Θ̄2

yiv̂
′′
1 − βΘ̄yūy

(
β2Θ̄yΘ̂1 − βΘ̂′1

)
− βΘ̄yyiv̂

′′
1

− 2βΘ̄yiv̂
′′′
1 + ūyy

(
β2Θ̄yΘ̂1 − 2βΘ̂′1

)
+ ūy

(
β2Θ̄yyΘ̂1 + β2Θ̄yΘ̂

′
1 − βΘ̂′′1

)
+ β2Θ̄yΘ̂1ūyy + v̂′′′′1 i− βΘ̂1ūyyy (7.3.0.7)

Boundary Conditions:

Normal Stress:

Θ̂0(1)

Θ̄y(1)
cot θi+R(c0 − ū)v̂′0 + βΘ̄yiv̂

′′
1 − v̂′′′1 i+ βΘ̂1 = 0

∣∣∣∣∣
y=1

, (7.3.0.8)

Tangential Stress:

Θ̂1(1)

Θ̄y(1)
+ v̂′′1 i = 0

∣∣∣∣∣
y=1

, (7.3.0.9)

Substituting tangential stress balance leading order into the normal stress

balance leading order, we have:

v̂′′′0 + βΘ̄yi
Θ̂0(1)

Θ̄y(1)
+ β + β′

µp
µt

Θ̂0i = 0

∣∣∣∣∣
y=1

→ v̂′′′0

∣∣∣∣∣
y=1

= −2βΘ̂0i

∣∣∣∣∣
y=1

.

Similarly for the O(κ):

Θ̂0(1)

Θ̄y(1)
cot θi+Rv̂′0(c0 − ū)− βΘ̄y

Θ̂1(1)

Θ̄y(1)
− v̂′′′1 i+ βΘ̂1 = 0

∣∣∣∣∣
y=1

.

The problem at this stage has the same complexity as before (normal modes)

since we have to solve like Orr-Sommerfeld (the analogue for non-isothermal)

coupled with energy equations (7.3.0.3)-(7.3.0.2) and (7.3.0.7)-(7.3.0.6). To
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move on with the analytic work, we make the assumption that Brinkman

number is zero. This allows us to solve the basic flow analytically. The basic

flow is

Θ̄yy = 0→ Θ̂0 = a1y + a2

with Θ̄|y=0 = 1 and Θ̄y=1 = 0. After finding the constants of integration we

have

Θ̄ = 1− y (7.3.0.10)

Substituting (7.3.0.10), (7.2.0.10), and (7.2.0.14) into (7.2.0.4)

ū =
e−β(y−1)(1 + βy − β)

β2
+
eβ(β − 1)

β2
(7.3.0.11)

And eq. (7.2.0.5) and (7.2.0.12) give

P̄ = cot θ(1− y) (7.3.0.12)

Eq. (7.3.0.2), and bc (7.2.0.17)

Θ̂0 = A1y (7.3.0.13)

where A1 an arbitrary constant. Substituting (7.3.0.13) into (7.3.0.3) we

have:

v̂
(4)
0 + 2βv̂′′′0 + β2v̂′′0 − 2βA1e

−β(y−1)i = 0 (7.3.0.14)
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The 4 boundary conditions of this fourth order ODE are:

v̂′′′0 + βv̂′′0 + βA1i

∣∣∣∣∣
y=1

= 0 (7.3.0.15)

v̂′′0 + A1i

∣∣∣∣∣
y=1

= 0 (7.3.0.16)

v̂0 + A1(ū− c0)i

∣∣∣∣∣
y=1

= 0 (7.3.0.17)

v̂

∣∣∣∣∣
y=0

= 0 (7.3.0.18)

Solving the above ODE we have

v̂0 =
A1ie

−β(y−1)

β3

(
− 3β + 4βy − β2y + β2y2 + 6

)
(7.3.0.19)

+
eβA1i

β3

(
− 6 + 3β − 2β2y + 2βy

)
and the eigenvalue c0 is: c0 = eβ(6−6β+3β2)−6

β3 .

And the O(κ) terms are:

Θ′′1 = ξ
(

Θ̂0(ū− c0)i− v̂0

)
(7.3.0.20)

and

v̂′′′′1 = −2βv̂′′′1 (7.3.0.21)

− β2v̂′′1 + Θ̂′′1(βūy)i+ Θ̂′12βe−β(y−1)i+R
(
v̂′′0(ū− c0)− v̂0ūyy

)
e−βΘ0i

Since we found the analytical solutions for the perturbation function at lead-

ing order, we now can solve analytically the O(k) equations 7.3.0.20 and

7.3.0.21 with the ultimate aim to express analytically the amplification rate
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(the imaginary part of c1)and predict the stability of the system.

Θ1 =
eβ(1−y)(6Aξ − 24Aξ

β
)i+ 2C11β

4y − Aξye−β(y−1)6i

(2β4)
(7.3.0.22)

+
Aβξy3(βeβ − 2eβ + 2)i− Aβξy2eβ(β − 2)3i

(2β4)
−
eβ(6Aξ − 24Aξ

β
)i

(2β4)

v1 = (25920Aξeβ + 7776RAe−β(y−1)− 3726RAe−2β(y−1)− 12960RAe−β(y−2) +

5184RAe−β(y−3)−C11β
5eβ1296i+C11β

6eβ648i−25920Aξe−β(y−1)+25920Aξe−β(y−2)+

16686RAe2β−8910RAexp(3β)−25920Aξe2β+C11β
5e−β(y−1)1296i−C11β

6e−β(y−1)648i+

3726RAexp(−β(2y−3))−7776RAeβ−16524Aβ2ξe2β+1998Aβ3ξe2β+216Aβ4ξe2β−
432Aβ5eβ cot θ+216Aβ6eβ cot θ+1728RAβ2exp(−β(2y−3))−270RAβ3exp(−β(2y−
3))+C11β

7y2e−β(y−1)216i−1350RAβeβ+432Aβ5e−β(y−1) cot θ−216Aβ6e−β(y−1) cot θ−
2592Aβξeβ + 1350RAβe−β(y−1) + 1296RAβe−2β(y−1) + 12528RAβe−β(y−2) +

26RAβe−3β(y−1)−12096RAβe−β(y−3) +2592Aβξe−β(y−1) +891Aβξe−2β(y−1)−
36288Aβξe−β(y−2)−13824RAβe2β+16201RAβe3β+C11β

6yeβ432i−C11β
7yeβ432i+

35397Aβξe2β−216Aβ3ξeβ−4131RAβe−β(2y−3)−3456RAβ2e−β(y−2)−52RAβ2e−3β(y−1)+

10800RAβ2e−β(y−3)+12RAβ3e−3β(y−1)−4752RAβ3e−β(y−3)+864RAβ4e−β(y−3)+

C11β
6ye−β(y−1)864i−C11β

7ye−β(y−1)216i−972Aβ2ξe−2β(y−1)+17496Aβ2ξe−β(y−2)+

216Aβ3ξe−β(y−1) +162Aβ3ξe−2β(y−1)−2160Aβ3ξe−β(y−2)−216Aβ4ξe−β(y−2) +

3456RAβ2e2β−12476RAβ2e3β+5010RAβ3e3β−864RAβ4e3β+324RAβ2y2e−β(2y−3)−
162RAβ3y2e−β(2y−3)−20736Aβξye−β(y−1)+20736Aβξye−β(y−2)−15876RAβye2β+

8100RAβye3β+1350RAβ2yeβ+5184Aβξye2β−1296Aβ2ξyeβ+216Aβ4ξyeβ+

1944RAβye−β(2y−3)+324RAβ2ye−2β(y−1)+2592RAβ2ye−β(y−2)+52RAβ2ye−3β(y−1)−
4752RAβ2ye−β(y−3)−24RAβ3ye−3β(y−1)+3024RAβ3ye−β(y−3)−864RAβ4ye−β(y−3)+

3888Aβ2xiye−β(y−1)+972Aβ2xiye−2β(y−1)−28512Aβ2xiye−β(y−2)−324Aβ3xiye−2β(y−1)+

11016Aβ3xiye−β(y−2)−1296Aβ4xiye−β(y−2)+12204RAβ2ye2β−13852RAβ2ye3β−
3456RAβ3ye2β+10668RAβ3ye3β−4392RAβ4ye3β+864RAβ5ye3β−6966Aβ2xiye2β+

4860Aβ3xiye2β−540Aβ4xiye2β−216Aβ5xiye2β+216Aβ6yeβ cot θ−216Aβ7yeβ cot θ−
1728RAβ2ye−β(2y−3)+432RAβ3ye−β(2y−3)−324RAβ2y2e−2β(y−1)+12RAβ3y2e−3β(y−1)+

7776RAβyeβ+216Aβ6ye−β(y−1) cot θ−7776Aβ2ξy2e−β(y−1)+7776Aβ2ξy2e−β(y−2)+

1296Aβ3ξy2e−β(y−1)+162Aβ3ξy2e−2β(y−1)−9072Aβ3ξy2e−β(y−2)−1728Aβ3ξy3e−β(y−1)+

1728Aβ3ξy3e−β(y−2)+3240Aβ4ξy2e−β(y−2)+216Aβ4ξy3e−β(y−1)−1728Aβ4ξy3e−β(y−2)−
216Aβ4ξy4e−β(y−1)−324Aβ5ξy2e−β(y−2)+216Aβ4ξy4e−β(y−2)+432Aβ5ξy3e−β(y−2)−
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108Aβ5ξy4e−β(y−2)−5184Aβξyeβ−1944RAβye−2β(y−1)−2592RAβye−β(y−2)+

2592RAβye−β(y−3))/(216β8).

And the amplification rate is:

c1 =
((

4050 ∗ R − 41472ξ + 728Rβ − 19845βξ − 17010Reβ − 2592β2ξ +

82944ξeβ + 21870Re2β− 8910Re3β + 432β5 cot(θ)− 41472ξe2β− 37584βξeβ−
39204Rβe2β+24301Rβe3β+810Rβ2eβ+57429βξe2β+1296β2ξeβ+1512β3ξeβ−
216β4ξeβ + 21708Rβ2e2β − 26328Rβ2e3β − 5184Rβ3 ∗ e2β + 15678Rβ3e3β −
5256Rβ4e3β+864Rβ5e3β−34506β2ξe2β+11610β3ξe2β−2268β4ξe2β+216β5ξe2β−
432β5eβ cot(θ)+432β6eβ cot(θ)−216β7eb cot(θ)+14175Rβeβ

)
∗1i
)
/(216∗b8)

In the chapter 7.5 we compare the analytical results with the numerical.

(a) c1i regarding different β (b) c1i regarding different ξ

Figure 7.1: The amplification rate increases with the increase in β and ξ, where R=3, and
θ = 45o. The flow is unstable since the critical Reynolds is Rc = 2.5

7.4 Validation Of Model

In order to examine the above data we attempt a direct comparison with

a similar problem. Yih in 1962 investigated the stability of a liquid flow

down an inclined plane under isothermal conditions. After derived the Orr-

Sommerfeld equation, he assumed that the wavelength of the perturbation

is large compare to the depth of the film, the wavenumber ,in his case α,

is small, and it was used to as scaling for the stream-function φ and the

eigenvalue c such as φ = φ0 + αφ1 and c = c0 + αc1. The results he came up

with were c0 = 3 and c1 = 6αR
5
− α cot θ

3
. In that thesis different scaling was
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used on the average velocity and Reynolds number. The scaling for Yih was

ūa = gd2 sin θ
3ν

,where ν the kinematic viscosity and defined Reynolds number

as R = ūa
ν

. Adjusting the above according to the scaling of that thesis

the values are: c0 = 1 and c1i = 2αR
15
− α cot θ

3
. In order to compare these

results with our data, we have to modified the problem properly. Grashof

number set to zero and Taylor approximations are used. More specific, eβ =

1 + β + β2

2!
+ ... + βν

ν!
. Substituting the above expansion into the c0 we have:

c0 =
(1+β+β2

2
+β3

6
)(6−6β+3β2)−6

β3 = 1+O(β) ad the limit when β goes to zero is 1.

Since the denominator of the polynomial of c1 is β8 the above approximations

should be taken up to eighth order and indeed it is in line with Yih’s results.
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7.5 Arbitrary Wavenumber - Numerical Analysis

In this section, unlike the 7.3, the wavenumber κ is O(1). The governing

equations (eq. 7.2.0.20-7.2.0.23) with the corresponding boundary conditions

(7.2.0.24-7.2.0.26) were displayed in the previous chapter. We eliminate Ŝ

and û by substituting the eq.(7.2.0.18) and 7.2.0.7 into the governing equa-

tions and boundary conditions and combining (7.2.0.8) with (7.2.0.9), and

we finally derived the analogue of Orr-Sommerfeld equation for the non-

isothermal flow. At this point we assume that Brinkman number is zero.

Θ̂′′ − κ2Θ̂ = ξ
(

Θ̂iκ(ū− c) + v̂Θ̄y

)
(7.5.0.1)

κR
(
v̂ūyy + (v̂′′ − k2v̂)(c− ū)

)
eβΘ̄ = v̂′′′′i− 2βΘ̄yiv̂

′′′ + v̂′′
(

(βΘ̄y)
2i− 2κ2i

)
+ v̂′

(
2βκ2iΘ̄y + 2κ2βΘ̄yi− βΘ̄yκ

2i− βΘ̄yκ
2i
)

+ v̂
(
κ4i+ (βΘ̄y)

2iκ2
)

+ Θ̂′′(−βūyκ) + Θ̂′
(
β2ūyκΘ̄y − βκūyy + β2κΘ̄yūy − βκūyy

)
(7.5.0.2)

+ Θ̂
(
− βκ3ūy − β3Θ̄2

yūyκ+ β2Θ̄yūyyκ+ Θ̄yūyyκβ
2 − βκūyyy + β2Θ̄yyūy

)
with the corresponding boundary conditions:

No Slip: v̂
∣∣∣
y=0

= v̂′
∣∣∣
y=0

= 0 (7.5.0.3)

Modified Normal Stress Balance: v̂′′′ + v̂′′
(−P̄yκeβΘ̄

ūyy
− βΘ̄y −

γκ3eβΘ̄i

ūyy

)
+ v̂′

(
R(c− ū)eβΘ̄κi− 3κ2

)
+ v̂
(
−

¯
Pyκ

3eβ
¯
Θi

ūyy

)
+ Θ̂κβūyyi

∣∣∣∣∣
y=1

= 0

(7.5.0.4)
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Tangential Stress Balance: (v̂′′ − κ2v̂)(c− ū) + v̂ūyy

∣∣∣∣∣
y=1

= 0

(7.5.0.5)

The basic flow can now be solved analytically like in previous chapters. After

solving the ODEs for the basic flow we have: Θ̄ = 1 − y, P̄ = cot θ(1 − y)

and ū = e−β(y−1)

β2

(
1− β + βy

)
+ eβ

β2

(
β − 1

)
The eigenvalue problem (7.5.0.1-7.5.0.2) is not possible to be solved analyti-

cally, so the problem has to be tackled numerically. From a numerical point

of view, there are to general methods for finding the eigenvalues; the local

method and the global method. The first one requires initial guesses which

are modified until satisfy the boundary conditions. The global method uses

the fully discretized stability operator and supplies it to a matrix eigenvalue

solver which results in the spectrum. Hence, the global methods overweight

the local by delivering the full spectrum instead of one, but very accurate,

eigenvalue. However, direct methods could be prohibitively expensive or

impossible, even with the best available computing power [Schmid (2000),

Amritkar et al. (2015)]. A global approach for that system is chosen. We

use a finite differences code specifically designed for this particular problem.

Central finite difference method is used, with second order accuracy.

Using the five-point stencil, we need to extend the boarders over the wall and

the free surface using ghost points. Since momentum equation is a fourth

order ODE and the normal stress balance is third order we need to create

two more ghost lines above the free surface and one below the wall. For the

last one the boundary condition v̂′
∣∣∣
y=0

= 0 is applied. To create and evaluate

the ghost points above the free surface we use the momentum equation on

the surface accompanied with the normal stress balance (7.5.0.4). By doing

that we are able to construct a generalized eigenvalue problem of the form

of Ā · X = cB̄ · X, where: X is the vector of unknowns, Ā, B̄ are the

matrices of the finite difference approximations for the energy and momen-

tum equations and boundary conditions, respectively, and c the eigenvalue.

Unfortunately, the no slip condition creates a serious problem, since this con-

dition doesn’t contain the eigenvalue and is represented with a zero row on
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the matrix B̄, that makes it singular. To overtake this obstacle we modify

the first rows of both Ā and B̄. In the B̄ we add 1 and in the Ā row we

include a large arbitrary complex number that sends the spurious eigenvalue

due to the condition far away, in the negative complex plane and it doesn’t

interfere with the rest eigenvalues [Schmid et al. (2002)].

7.6 Numerical Experiment

We carry out numerical experiment of the above eigenvalue problem (7.3.0.20-

7.3.0.21). The dimensionless viscosity parameter β destabilizes the system

and increases the growth rate rapidly. The same effect produces the increase

of the Reynolds number. Furthermore, the increase in Grashof number in-

creases the growth rate, only slightly and it’s more obvious in the analytical

solutions. On the other hand, the increase in the value of the dimensionless

surface tension decreases the growth rate substantially.

Figure 7.2: Growth rate over wavenumber regarding different values of β, where: β = 0.5,
ξ = 1, R = 5, and θ = 45o. The dimensionless viscosity parameter β increases the growth
rate rapidly.
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Figure 7.3: Growth rate over wavenumber regarding different Reynolds numbers, where:
β = 0.5, ξ = 1, R = 5, and θ = 45o. When R increases, the growth rate increases
substantially.

Figure 7.4: Growth rate over wavenumber regarding different values of the dimensioless
surface tension, where: β = 0.5, ξ = 1, R = 5, and θ = 45o. The increase in Γ decreases the
growth rate.
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7.7 Verification of the numerical Methods

The global method is a well establish numerical process with remarkable ac-

curacy. However, the code was designed for this specific eigenvalue problem

(7.5.0.1-7.5.0.2) and requires validation. To do that, we are using the exact

solutions of the long wave analysis for the linear stability of isothermal (7.4)

and the non-isothermal flow (7.3). For small values of κ the growth rate

should reach the c1i in section 7.3 with arbitrary β. When the dimension-

less viscosity parameter reaches zero then the growth rate should reach the

accurate solution for the isothermal flow c1i = 2
15
R− 1

3
cot θ (section 7.4).

Figure 7.5: Comparison between long wave exact solutions and the non-isothermal plots,
where: β = 0.01,ξ = 1, Γ = 0.1, and θ = 45o. For small values of wavenumber, the
analytical and numerical solutions match.
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Figure 7.6: Comparison between isothermal and non-isothermal flow where: β = 0.01,
ξ = 1 and Γ = 0.1. The uniform heating creates a slightly higher growth rate.

Figure 7.7: Comparison of long wave exact solutions with the non-isothermal plots regard-
ing different value of Grashof number, where: β = 0.01, R = 5, Γ = 0.1, and θ = 45o. The
numerical solutions match the analytical for small wavenumbers. Increasing β we notice a
rapidly increase in the growth rate.
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Figure 7.8: Comparison of long wave exact solutions with the non-isothermal plots regard-
ing different value of Grashof number, where: β = 0.01, R = 5, Γ = 0.1, and θ = 45o.
The numerical solutions match the analytical for small wavenumbers. An increase in Grashof
increase the growth rate which is very noticeable especially in the exact solutions.
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8
Conclusions

We have analyzed the dynamics of a film falling with variable viscosity down

an inclined, heated wall. We considered two types of wall heating: uniform

and non-uniform. Firstly, we investigated the heat transfer of viscoelas-

tic fluid flows down an inclined, uniformly heated plate. The Oldroyd-B

model was used to describe the polymeric part of viscosity. Using a combi-

nation of a boundary value problem solver and an ODE solver, we obtained

the velocity and temperature profiles. We continued with problems regard-

ing Newtonian fluid and non-uniform heating. The flow and heat transport

was modeled with a long-wave theory for small Brinkman numbers and zero

Grashof numbers. These assumptions led to the analytic solutions of energy

and momentum equations for the basic flow and first-order ε. We examined

the analytical solitary-wave solution of the long-wave theory for different

values of the surface tension and predicted the general shape. We carried

out extensive numerical experiments and revealed the contribution of each

parameter in the velocity, temperature profile, as well as in the deforma-

tion of the surface, for even and odd heating conditions. The Brinkman

and Reynolds number affected greatly the temperature and velocity profile,

while they had zero effects in the stationary waves of the surface. On the
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other hand, the increase in surface tension decreases the amplitude of the

deformation of the surface while increasing the wavelength of it. An increase

in the viscosity parameter increases, hugely, the deformation of the surface,

the velocity, and temperature. We continued with a non-uniformly weakly

heated falling film. Due to the nonlinear nature of the temperature field

in the energy equation (5.4.1.1), it was convenient to take a power series

expansion. Substituting the solution series into the energy and momentum

equations, we modeled the basic flow, as a system of ODEs with the an-

alytical solution for zero Brinkman number, and the O(ε) as a system of

coupled PDEs, which had to be tackled numerically. A finite-difference code

was designed for a specific problem. The numerical experiments showed the

effect of each parameter in the velocity, temperature profile, and surface de-

formation. Quitting the zero Brinkman assumption, we faced a system of

coupled ODEs for the basic flow and coupled PDEs for the next order. Us-

ing a boundary value problem solver as well as an ODE solver in Matlab,

we were able to solve the basic flow accurately. Re-designed the code from

the previous section (5.8), we highlighted the importance and effects of each

parameter. Reynolds and Grashof numbers affected the system similarly like

before (sections 5.7 and 5.8). While the increase in surface tension decreases

the deformation of the surface, as expected, it also shifts the plot towards

right. However, the increasing of Brinkman number increases the amplitude

of the deformation and shifts the plot toward left. The linear stability of

a non-isothermal uniformly heated inclined plane was the system of study

for chapter 7. We started with a steady solution and introduced a small

amplitude perturbation (ζ). Due to the nonlinear nature of the temperature

field in the energy equation, we used power series expansions. We seek the

solution in the form of the normal mode, which leads to the non-isothermal

analogue of the Orr -Sommerfeld equation along with the energy equation.

At this point, we wanted to carry out an analytical as well as numerical solu-

tion. To solve analytically the above systems of ODEs, basic flow and O(ζ),

we incorporated in our analysis the small wavenumber theory. That reduced

the complexity of the above problem by creating two more ODEs that can

be solved analytically. That allowed us to find the analytical solutions for

velocity, temperature, phase speed, and amplification rate up to order ζ and
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κ. In what follows, we calculated the effect of the viscosity parameter and

Grashof number on the critical Reynolds number. Also, we verified the re-

sults by deriving the isothermal model and compared it with Yih’s results

with remarkable accuracy. To continue without the small wavenumber as-

sumption, we designed a finite-difference code to solve the specific problem,

following a global approach. We carried out numerical experiments where the

parameters vary. That showed the destabilizing behavior of the increasing β,

R, and Grashof number, while the increase of the surface tension tended to

stabilize the system. To verify the numerical method, we directly compare

these results with the analytical ones from section (7.3), which presented

perfect matching for small wavenumber.
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9
Future Work

In this section, we will set directions for future work regarding this research,

which can be classified into two categories: steady states and stability.

Firstly, we will study the steady states of a viscoelastic falling film with vari-

able viscosity over a non-uniformly heated pate. In particular, we will extend

the work of chapters 5 and 6 by deriving analogous governing systems which

will additionally include the polymeric viscosity. For those calculations, the

relaxation time will vary while the shear modulus remains constant. A first

attempt can be found in the appendix A where we derive the governing equa-

tion for a non-uniformly heated viscoelastic falling film after assuming that

the thickness of the film is very small compared to the length of it (section

A.2.2), and in section A.2.3 we present the governing equations for weakly

heated falling films.

In chapter 7, we carried out a linear stability analysis to determine growth

rates in the presence of variable viscosity. We derived analytical expressions

and performed numerous numerical simulations to examine the effects of the

variable viscosity. It was proven to destabilize the system severely. The

interesting part is what happens when the Reynolds number tends to the

critical value (Rc = 5
2

cot θ). A falling film with the same properties, but
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with constant viscosity, will be stable for all Reynolds numbers below the

critical. However, a falling film with variable viscosity will remain unstable

even for Reynolds below, but near, the critical value, depending on β. We

calculated the exact expression in section 5.5 for small wavenumber. More

research needs to be done to evaluate the effect of the viscosity parameter

and the Grashof number on the critical Reynolds for O(1) wavenumber. We

are planning to achieve that by ”silhouetting” and comparing the neutral

curves between falling films with and without variable viscosity.

In addition, we want to extend the research of section 7.5 by studying the

linear stability of non-isothermal falling films with variable viscosity and O(1)

Brinkman number. Also, we like to investigate further the above problem in

the presence of a temperature gradient along the heated wall.

Finally, the work of chapter 7 provides an excellent ground for future research

on the linear stability of non-uniformly heated viscoelastic falling films. We

chose to solve the stability problem using a global approach. Using the fully

discretized stability operator and supplying it to a matrix eigenvalue solver

results in the full spectrum. Although this method does not require any

initial guesses, it challenged even the best available computational power

and was extremely time-consuming. After carrying extensively numerical

experiments for the chapter 7, we conclude that a global approach would

be challenging for the viscoelastic stability of the falling films with variable

viscosity, so the results of the Newtonian flow can be used as initial guess for

a local-method. The first step is the investigation of the linear stability of

a Newtonian falling film with variable viscosity over a non-uniformly heated

plane, where the results of chapter 7 will be the initial guesses for an iterative

method.
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A
Appendix

A.1 Introduction

We study the steady states of a viscoelastic falling film with variable viscosity

over a non-uniformly heated pate. We extend the work of chapters 5 and 6

by deriving analogous systems inclouding the polymeric viscosity. As we

saw in chapter 3.2.3, the polymeric viscosity introduce extra stress in the

fluid, σ̄p = GĀ.(equation 3.2.3.13). The polymeric viscosity is defined as

ηp = Gτ . Both of those terms, shear modulus and relaxation time, are

temperature-dependent variables. However, the relaxation time changes with

a much faster rate than the shear modulus, allows us to assume constant shear

modulus Nóbrega et al. (2004). In what follows, section A.2, we present the

governing equations and boundary conditions and non-dimensionalize them,

A.2.1. In chapter A.2.2 we derive the governing equation for a non-uniformly

heated viscoelastic falling film after assuming that the thickness of the film

is very small compared to the length of it. In section A.2.3 we present the

governing equations for weakly heated falling films. Both systems will be

tackled numerically.
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A.2 Falling Film

Imagine a two-dimensional flow of an incompressible viscoelastic fluid of den-

sity ρ and variable viscosity ηt driven by gravity along an inclined, at an angle

θ to the horizontal, channel, as shown in figure 5.1. In this report, we assume

the angle θ does not impose any instability. A Cartesian frame of reference

(x, y) is adopted with x and y measuring distances down and perpendicu-

lar to the wall, respectively. The assumption of steady state is used. The

Oldroyd-B model is selected to describe the polymeric stress. The wall is

smooth and heated non-uniformly. The upper surface of the liquid film is

considered free with uniform temperature (Tf ).

We use the 2-D version of equations 4.0.0.1 to 4.0.0.5.

Energy Equation:

ρ
∧
Cp

(
ux
∂T

∂x
+ uy

∂T

∂y

)
= κ

(∂2T

∂x2
+
∂2T

∂y2

)
+ ηs

(
2
(∂ux
∂x

)2

+
(∂ux
∂y

+
∂uy
∂x

)
+ 2
(∂uy
∂y

)2
)

(A.2.0.1)

Cauchy x-direction:

ρ
(
ux
∂ux
∂x

+ uy
∂ux
∂y

)
=
∂σxx
∂x

+
∂σxy
∂y

+ ρg sin θ (A.2.0.2)

Cauchy y-direction:

ρ
(
ux
∂uy
∂x

+ uy
∂uy
∂y

)
=
∂σxy
∂x

+
∂σyy
∂y

+ ρg cos θ (A.2.0.3)

where:
∧
Cp is the specific heat capacity at constant pressure, T the temper-

ature, k is the thermal conductivity, ux and uy are the velocity in x and y
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direction, respectively, ρ density, σ̄ the stress tensor with σ̄ =

[
σxx σxy

σyx σyy

]
,

p the pressure, ηs the solvent viscosity, and g the gravity acceleration.

The stress and conformation tensor can be evaluated from equations 4.0.1.2

and 4.0.1.3.

σxx = −p+ 2ηs
∂ux
∂x

+GAxx (A.2.0.4)

ux
∂Axx
∂x

+ uy
∂Axx
∂y
− Axx

∂ux
∂x
− Axy

∂ux
∂y
− Axx

∂ux
∂x
− Ayx

∂ux
∂y

=

− 1

τ
(Axx − 1) (A.2.0.5)

ux
∂Axy
∂x

+ uy
∂Axy
∂y
− Axx

∂uy
∂x
− Axy

∂uy
∂y
− Axy

∂ux
∂x
− Ayy

∂ux
∂y

=

− 1

τ
Axy (A.2.0.6)

ux
∂Ayy
∂x

+ uy
∂Ayy
∂y
− Ayx

∂ux
∂x
− Ayy

∂uy
∂y
− Axy

∂uy
∂x

− Ayy∂uy
∂y

= −1

τ
(Ayy − 1) (A.2.0.7)

σyx = ηs(
∂ux
∂y

+
∂uy
∂x

) +GAyx (A.2.0.8)

σyy = −p+ 2ηs
∂uy
∂y

+GAyy (A.2.0.9)

where, Ā is the conformation tensor with Ā =

[
Axx Axy

Ayx Ayy

]
, τ the relaxation

time and G the shear modulus. Substituting equations A.2.0.4 to A.2.0.9 into
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A.2.0.2 and A.2.0.3, we get the dimensional system of governing equations:

Energy:

ρ
∧
Cp

(
ux
∂T

∂x
+ uy

∂T

∂y

)
= κ

(∂2T

∂x2
+
∂2T

∂y2

)
(A.2.0.10)

+ ηs

(
2
(∂ux
∂x

)2

+
(∂ux
∂y

+
∂uy
∂x

)
+ 2
(∂uy
∂y

)2
)

Cauchy x-direction:

ρ
(
ux
∂ux
∂x

+ uy
∂ux
∂y

)
= 2

∂ηs
∂x

∂ux
∂x

+ ηs
∂2ux
∂x2

+
∂G

∂x
Axx +G

∂Axx
∂x

+
∂ηs
∂y

(∂uy
∂x

+
∂ux
∂y

)
+ ηs

∂2ux
∂y2

+
∂G

∂y
Axy +G

∂Axy
∂y

+ ρg sin θ (A.2.0.11)

Cauchy y-direction:

ρ
(
ux
∂uy
∂x

+ uy
∂uy
∂y

)
=
∂ηs
∂x

(∂uy
∂x

+
∂ux
∂y

)
+ ηs

∂2uy
∂x2

+
∂G

∂x
Axy

+G
∂Axy
∂x
− ∂p

∂y
+ 2

∂ηs
∂y

∂uy
∂y

+ ηs
∂2uy
∂y2

+
∂G

∂y
Ayy +G

∂Ayy
∂y

+ ρg cos θ

(A.2.0.12)

where:

ux
∂Axx
∂x

+ uy
∂Axx
∂y
− Axx

∂ux
∂x
− Axy

∂ux
∂y
− Axx

∂ux
∂x

− Ayx
∂ux
∂y

= −1

τ
(Axx − 1) (A.2.0.13)
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ux
∂Axy
∂x

+ uy
∂Axy
∂y
− Axx

∂uy
∂x
− Axy

∂uy
∂y
− Axy

∂ux
∂x

− Ayy
∂ux
∂y

= −1

τ
Axy (A.2.0.14)

ux
∂Ayy
∂x

+ uy
∂Ayy
∂y
− Ayx

∂ux
∂x
− Ayy

∂uy
∂y
− Axy

∂uy
∂x

− Ayy∂uy
∂y

= −1

τ
(Ayy − 1) (A.2.0.15)

The fact that the lower surface has a non-uniform temperature, imposes an

non-uniformity on the flow. Because of the steady state assumption the

interface is located at y = h(x) and the following boundary conditions need

to be imposed.

• 2 Boundary Conditions: At the lower surface the average temperature is

T0 and the free surface, located at y = h(x), has a uniform temperature

Tf .

• No slip condition at the wall: ux

∣∣∣
y=0

= uy

∣∣∣
y=0

= 0 .

• Force Balance on the interface that gives the kinematic and dynamic

boundary conditions, equations 4.0.1.4, 4.0.1.6 and 5.4.2.2. The kine-

matic boundary Condition that dictates the velocity of the fluid normal

to the boundary must equal the velocity of the boundary normal to it-

self, while the dynamic boundary Condition implies that the pressure

must be continuous at the free surface.

140



Normal Stress Balance

−h′(
1 + (h′)2

) 1
2

((
− p+ 2ηs

∂ux
∂x

+GAxx

)
· −h′(

1 + (h′)2
) 1

2

+
(
ηs(

∂ux
∂y

+
∂uy
∂x

)

+GAxy

)
· 1(

1 + (h′)2
) 1

2

)
+

1(
1 + (h′)2

) 1
2

((
ηs(

∂ux
∂y

+
∂uy
∂x

) +GAxy

)
· −h′(

1 + (h′)2
) 1

2

+
(
− p+ 2ηs

∂uy
∂y

+GAyy

)
· 1(

1 + (h′)2
) 1

2

)
= −σ h”(

1 + (h′)2
) 3

2

(A.2.0.16)

Tangential Stress Balance

−h′(
1 + (h′)2

) 1
2

((
− p+ 2ηs

∂ux
∂x

+GAxx

) 1(
1 + (h′)2

) 1
2

+
(
ηs(

∂ux
∂y

+
∂uy
∂x

) +GAxy

) h′(
1 + (h′)2

) 1
2

)
+

1(
1 + (h′)2

) 1
2

((
ηs(

∂ux
∂y

+
∂uy
∂x

)

+GAxy

) 1(
1 + (h′)2

) 1
2

+
(
− p+ 2ηs

∂uy
∂y

+GAyy

) h′(
1 + (h′)2

) 1
2

)
= 0

(A.2.0.17)

A.2.1 Non-dimensionalization

We non-dimensionalize the governing equations. We assume that the solvent

and polymeric viscosities obey an Arrhenius type equation, ηs = µse
α(T−Tf )

and ηp = µpe
α(T−Tf ) where µs and µp are positive constants. We introduce

the constant µt defined like µt = µs + µp. Also we assume that the lower

surface has an average temperature T0. After that the dimensionless variables

are:
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x = δx∗, y = δy∗, u =
δ2ρg sin θ

µt
u∗ p = p∗δρg sin θ

Θ =
T − T0

Tf − T0

, G = G∗δρg sin θ, τ = e−βΘ µp
δρg sin θ

, β = α(T0 − Tf )

After dropping the asterisks:

Energy Equation:

∂2Θ

∂x2
+
∂2Θ

∂y2
+λe−βΘ

(
2
(∂ux
∂x

)2

+
(∂ux
∂y

+
∂uy
∂x

)2

+2
(∂uy
∂y

)2
)

= ξ
(
ux
∂Θ

∂x
+uy

∂Θ

∂y

)
(A.2.1.1)

Cauchy x-direction:

R
(
ux
∂ux
∂x

+ uy
∂ux
∂y

)
= −∂p

∂x
+ 2β′

∂e−βΘ

∂x

∂ux
∂x

+ β′e−βΘ∂
2ux
∂x2

+
∂G

∂x
Axx +G

∂Axx
∂x

+ β′
∂e−βΘ

∂y

(∂uy
∂x

+
∂ux
∂y

)
+ β′e−βΘ∂

2ux
∂y2

+
∂G

∂y
Axy +G

∂Axy
∂y

+ 1 (A.2.1.2)

Cauchy y-direction:

R
(
ux
∂uy
∂x

+ uy
∂uy
∂y

)
= β′

∂e−βΘ

∂x

(∂ux
∂y

+
∂uy
∂x

)
+ β′e−βΘ∂

2uy
∂x2

+
∂G

∂x
Axy +G

∂Axy
∂x
− ∂p

∂y
+ 2β′

∂e−βΘ

∂y

∂uy
∂y

+ β′e−βΘ∂
2uy
∂y2

+
∂G

∂y
Ayy

+G
∂Ayy
∂y

+ cot θ = 0 (A.2.1.3)

where: λ = (δ2ρg sin θ)2

µoκ(T0−Tf )
is the Brinkman number, R = δ3ρ2g sin θ

µ2t
is the Reynolds,

ξ =
∧
Cpδ3gρ2 sin θ

µtκ
is the Grashof number which is the Reynolds number times

the ratio of the force due to differences in density and the viscous force [Wap-

perom and Hassager (1999)], and β′ = µ0
µt

is the retardation parameter.

Then we non-dimensionalize the Ā:

142



That leads to:

ux
∂Axx
∂x

+ uy
∂Axx
∂y
− Axx

∂ux
∂x
− Axy

∂ux
∂y
− Axx

∂ux
∂x
− Ayx

∂ux
∂y

=

− µt
µp
eβΘ(Axx − 1) (A.2.1.4)

ux
∂Axy
∂x

+ uy
∂Axy
∂y
− Axx

∂uy
∂x
− Axy

∂uy
∂y
− Axy

∂ux
∂x
− Ayy

∂ux
∂y

=

− µt
µp
eβΘAxy (A.2.1.5)

ux
∂Ayy
∂x

+ uy
∂Ayy
∂y
− Ayx

∂ux
∂x
− Ayy

∂uy
∂y
− Axy

∂uy
∂x
− Ayy∂uy

∂y
=

− µt
µp
eβΘ(Ayy − 1) (A.2.1.6)

A.2.2 Non-uniformly heated Plane - Long wave Analysis

In this section we investigate a problem of weakly heated falling films, and

we use the long wave assumption. Also, I would like to remind you, I have

assumed that shear modulus G is constant and only relaxation time τ is a

function of x and y, for more see Nóbrega et al. (2004). As a result of the

complexity of this problems, it is convenient to use expansions of dimension-
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less variables as follow:

Θ = Θ0(y) + εΘ1(x, y) + ... + ενΘν(εx, y) + ...

ux = uxo(y) + εuεx1(εx, y) + ... + ενuxν(εx, y) + ...

uy = 0 + εuy1(εx, y) + ... + ενuyν(εx, y) + ...

Aij = Aij(y) + εAij1(εx, y) + ... + ενAijν(εx, y) + ...

h(x) = 1 + εh1(εx) + .. + ενhν(εx) + ...

p = p0(y) + εp1(εx, y) + +... + ενpν(εx, y) + ...

To the leading order:

O(1)

∂2Θ0

∂y2
+ λe−βΘ0

(∂ux0

∂y

)2

= 0

− ββ′e−βΘ0
∂Θ0

∂y

∂ux0

∂y
+ β′e−βΘ0

∂2ux0

∂y2
+G

∂Axy0

∂y
+ 1 = 0

− ∂p0

∂y
+G

∂Ayy0

∂y
+ cot θ = 0

O(ε)

∂2Θ1

∂y2
+ λe−βΘ0

(
2
∂ux0

∂y

∂ux1

∂y
− βΘ1

(∂ux0

∂y

)2
)

= ξuy1
∂Θ0

∂y

Ruy1
∂ux0

∂y
= −β′βe−βΘ0

∂Θ1

∂y

∂ux0

∂y
− ββ′e−βΘ0

∂Θ0

∂y

∂ux1

∂y

+ β2β′e−βΘ0Θ1
∂Θ0

∂y

∂ux0

∂y
+ β′e−βΘ0

∂2ux1

∂y2
− ββ′e−βΘ0Θ1

∂2ux0

∂y2
+G

∂Axy1

∂y

−∂p1

∂y
− 2ββ′e−βΘ0

∂Θ0

∂y

∂uy1

∂y
+ 2β′e−βΘ0

∂2uy1

∂y2
+G

∂Ayy1

∂y
= 0
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The configuration tensor:

ux
∂Axx
∂x

+ uy
∂Axx
∂y
− 2
(
Axx

∂ux
∂x

+ Axy
∂ux
∂y

)
= −− µt

µp
eβΘ(Axx − 1)

→
(
ux0 + εux1

)
ε2
∂Axx1

∂x
+ εuy1

(∂Axx0

∂y
+ ε

∂Axx1

∂y

)
− 2

(
(Axx0 + εAxx1)ε

∂ux1

∂x
+ (

∂Axy0

∂y
+ εAxy1)

(∂ux0

∂y
+ ε

∂ux1

∂y

))
= −µt

µp
eβΘ0(1 + εβΘ1)(Axx0 + ε

∂Axx1

∂x
− 1)

That leads to:

O(1)

2Axy0
∂ux
∂y

=
µt
µp
e−βΘ0(Axx0 − 1) Axx0 = 1 + 2

(µp
µt

)2

e−2βΘ0

(∂ux0

∂y

)2

Ayy0
∂ux
∂y

=
µt
µp
e−βΘ0Axy0 Axy0 =

µp
µt
e−βΘ0

∂ux
∂y

µt
µp
e−βΘ0(Ayy0 − 1) = 0 Ayy0 = 1

O(ε)

∂Axx0

∂y
uy1 −

∂uy1

∂x
Axx0 − 2Axy1

∂ux0

∂y
= −µt

µp
eβΘ0

(∂Axx1

∂x
+ βΘ1Axx0 − 1

)
⇒

uy1

(
1 + 2

(µp
µt

)2

e−2βΘ0

(∂ux0

∂y

)2
)
− ∂uy1

∂x

(
1 + 2

(µp
µt

)2

e−2βΘ0

(∂ux0

∂y

)2
)

− 2Axy1
∂ux0

∂y
= −µt

µp
eβΘ0

(∂Axx1

∂x
+ βΘ1

(
1 + 2

(µp
µt

)2

e−2βΘ0

(∂ux0

∂y

)2)
− 1
)
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uy1

(µt
µp
e−βΘ0

∂ux0

∂y

)
− ∂uy1

∂y

(µt
µp
e−βΘ0

∂ux0

∂y

)
− ∂ux1

∂y
− ∂ux0

∂y

(
1− βΘ1 + 2

µp
µt
e−βΘ0

∂uy1

∂y

)
=

µt
µp
eβΘ0

(
Axy1 + βΘ1

(µt
µp
e−βΘ0

∂ux0

∂y

))

∂Axy0

∂y
uy1 − ∂uy1

∂y
Axy0 − ∂ux1

∂y
Ayy0 − Ayy1

∂ux0

∂y
=

µt
µp
eβΘ0

(
Axy1 + βΘ1Axy0

)
⇒

uy1
µt
µp
e−βΘ0

∂ux0

∂y
− µt
µp
e−βΘ0

∂ux0

∂y

∂uy1

∂y
− ∂ux1

∂y
− ∂ux0

∂y

(
1− βΘ1 + 2

µp
µt
e−βΘ0

∂uy1

∂y

)
=

µt
µp
eβΘ0

(
Axy1 + βΘ1

µt
µp
e−βΘ0

∂ux0

∂y

)

∂Ayy0

∂y
uy1 − 2Ayy0

∂uy1

∂y
= −µt

µp
eβΘ0

(
Ayy1 + βΘ1Ayy0 − 1

)
⇒ −2

∂uy1

∂y
= −µt

µp
eβΘ0

(
Ayy1 + βΘ1 − 1

)

∂Axy0

∂y
uy1 − ∂uy1

∂y
Axy0 − ∂ux1

∂y
Ayy0 − Ayy1

∂ux0

∂y
=

µt
µp
eβΘ0

(
Axy1 + βΘ1Axy0

)
⇒

µt
µp
e−βΘ0

∂ux0

∂y
uy1 −

∂uy1

∂y

µt
µp
e−βΘ0

∂ux0

∂y
− ∂ux1

∂y
−
(

1− βΘ1 + 2
µp
µt
e−βΘ0

∂uy1

∂y

)∂ux0

∂y
=

µt
µp
eβΘ0

(
Axy1 + βΘ1

µt
µp
e−βΘ0

∂ux0

∂y

)
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∂Ayy0

∂y
uy1 − 2Ayy0

∂uy1

∂y
= −µt

µp
eβΘ0

(
Ayy1 + βΘ1Ayy0 − 1

)
⇒

− 2
∂uy1

∂y
= −µt

µp
eβΘ0

(
Ayy1 + βΘ1 − 1

)

Summarizing the O(ε) is:

Axx1 = −2βΘ1

(µp
µt

)2

e−2βΘ0

(∂ux0

∂y

)2

+ 4
(µp
µt

)3

e−3βΘ0

(
β
∂Θ0

∂y

(∂ux0

∂y

)2

− ∂ux0

∂y

∂2ux0

∂y2

)
uy1

+ 2
µp
µt
e−βΘ0

(
1 + 2

(µp
µt

)2

e−2βΘ0

(∂ux0

∂y

)2
)
∂uy1

∂x

+ 2
µp
µt
e−βΘ0

(
− βΘ1

µp
µt
e−βΘ0

∂ux0

∂y
−
(µp
µt

)2

e−2βΘ0

(
− β∂Θ0

∂y

∂ux0

∂y
+
∂2ux0

∂y2

)
uy1

+
(µp
µt

)2

e−2βΘ0
∂ux0

∂y

∂uy1

∂y
+
µp
µt
e−βΘ0

∂ux1

∂y
+ 2
(µp
µt

)2

e−2βΘ0
∂uy1

∂y

∂ux0

∂y

)

Axy1 = −βΘ1
µp
µt
e−βΘ0

∂ux0

∂y
−
(µp
µt

)2

e−2βΘ0

(
− β∂Θ0

∂y

∂ux0

∂y
+
∂2ux0

∂y2

)
uy1

+
(µp
µt

)2

e−2βΘ0
∂ux0

∂y

∂uy1

∂y
+
µp
µt
e−βΘ0

∂ux1

∂y
+ 2
(µp
µt

)2

e−2βΘ0
∂uy1

∂y

∂ux0

∂y

Ayy1 = 2
µp
µt
e−βΘ0

∂uy1

∂y

As a result of the complexity of the above system, it is reasonable to begin

with the Newtonian problem section 5.5. We are going to use the Newtonian

results as initial guesses for a iteration numerical method.
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A.2.3 Non-uniformly heated plane - Weakly Heating

In this section we consider a weakly heated plane like before. This time

we don’t use the long wave assumption. Because of the nonlinear behavior

of the temperature field equation in (A.2.1.1), (A.2.1.2) and (A.2.1.3), it is

convenient to take asymptotic expansions in the dimensionless variables as

follow:

Θ = Θ0(y) + εΘ1(x, y) + ... + ενΘν(x, y) + ...

ux = uxo(y) + εux1(x, y) + ... + ενuxν(x, y) + ...

uy = 0 + εuy1(x, y) + ... + ενuyν(x, y) + ...

Aij = Aij(y) + εAij1(x, y) + ... + ενAijν + ...

S(x) = 1 + εh1(x) + .. + ενhν(x) + ...

p = p0(y) + εp1(x, y) + +... + ενpν(x, y) + ...

So the governing equations become:

Energy

ε
∂2Θ1

∂x2
+
∂2Θ0

∂y2
+ ε

∂2Θ1

∂y2
+ λe−β(Θ0+εΘ1)

(
2ε2
(∂ux1

∂x

)2

+
(
ε
∂uy1

∂x
+
∂ux0

∂y
+ ε

∂ux1

∂y

)2

+ 2ε2
(∂uy1

∂y

)2
)

=

ξ
(
εux0

∂Θ1

∂x
+ ε2ux1 + εuy1

∂Θ0

∂y
+ ε2uy1

∂Θ1

∂y

)
Similarly for the other equations and summarizing to the leading order:
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O(1):

∂2Θ0

∂y2
+ λe−βΘ0

(ux0

∂y

)2

= 0

− β′βe−βΘ0
∂Θ0

∂y

∂ux0

∂y
+ β′e−βΘ0

∂2ux0

∂y2
+G

∂Axy0

∂y
+ 1 = 0

− ∂p0

∂y
+G

∂Ayy0

∂y
+ cot θ = 0

O(ε):

∂2Θ1

∂x2
+
∂2Θ1

∂y2
+ λe−βΘ0

(
2
(∂uy1

∂x

∂ux0

∂y
+
∂ux0

∂y

∂ux1

∂y

)
− βΘ1

(∂ux0

∂y

)2
)

=

ξ
(∂ux
∂t

∂Θ1

∂x
+ uy1

∂Θ0

∂y

)

R
(
ux0

∂ux1

∂x
+ uy1

∂ux0

∂y

)
= −∂p1

∂x
+ 2β′e−βΘ0

∂2ux1

∂x2
+G0

∂Axx1

∂x

− ββ′e−βΘ0

(∂Θ0

∂y

(∂uy1

∂x
+
∂ux1

∂y

)
− βΘ1

∂Θ0

∂y

∂ux0

∂y
+
∂Θ1

∂y

∂ux0

∂y

)
+ β′e−βΘ0

(∂2uy1

∂y∂x
+
∂2ux1

∂y2
− βΘ1

∂2ux0

∂y2

)
+G

∂Axy1

∂y

Rux0
∂uy1

∂x
= ββ′e−βΘ0

∂ux0

∂y

∂Θ1

∂y
+ β′e−βΘ0

(∂2ux1

∂x∂y
+
∂2uy1

∂x2

)
+G0

∂Axy1

∂x
− ∂p1

∂y

− 2ββ′e−βΘ0
∂Θ0

∂y

∂uy1

∂y
+ 2β′e−βΘ0

∂2ux1

∂y2
+G

∂Ayy1

∂y
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ux
∂Axx
∂x

+ uy
∂Axx
∂y
− 2
(
Axx

∂ux
∂x

+ Axy
∂ux
∂y

)
= −− µt

µp
eβΘ(Axx − 1)

→
(
ux0 + εux1

)
ε2
∂Axx1

∂x
+ εuy1

(∂Axx0

∂y
+ ε

∂Axx1

∂y

)
− 2

(
(Axx0 + εAxx1)ε

∂ux1

∂x

+ (
∂Axy0

∂y
+ εAxy1)

(∂ux0

∂y
+ ε

∂ux1

∂y

))
= −µt

µp
eβΘ0(1 + εβΘ1)(Axx0 + ε

∂Axx1

∂x
− 1)

That leads to:

O(1)

2Axy0
∂ux
∂y

=
µt
µp
e−βΘ0(Axx0 − 1) Axx0 = 1 + 2

(µp
µt

)2

e−2βΘ0

(∂ux0

∂y

)2

Ayy0
∂ux
∂y

=
µt
µp
e−βΘ0Axy0 Axy0 =

µp
µt
e−βΘ0

∂ux
∂y

µt
µp
e−βΘ0(Ayy0 − 1) = 0 Ayy0 = 1

O(ε)

ux0
∂Axx1

∂x
+ uy1

∂Axx0

∂y
− 2Axx0

∂ux1

∂x
− 2Axy1

∂ux0

∂y
− 2Axy0

∂ux1

∂y
=

−µt
µp
eβΘ0

(
Axx1 + βΘ1(Axx0 − 1)

)
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ux0
∂Axy1

∂x
+ uy1

∂Axy0

∂y
− Axx0

∂uy1

∂x
− Axy0

∂uy1

∂y
− Axy0

(∂ux1

∂x

∂uy1

∂y

)
−Ayy0

∂ux1

∂y
− Ayy1

∂ux0

∂y
= −µt

µp
eβΘ0

(
Axy1 + βΘ1Axy0

)

ux0
∂Ayy1

∂x
+ uy1

∂Ayy0

∂y
− 2Axy0

∂uy1

∂x
− 1Ayy0

∂uy1

∂y
= −µt

µp
eβΘ0

(
Ayy1 − εβΘ1(Ayy0 − 1)

)
Summarizing, we have:

O(ε)

ux0
∂Axx1

∂x
+ uy1

(
− 4
(µp
µt

)2

e−2βΘ0

(
β
∂Θ0

∂y

(∂ux0

∂y

)2)
− ∂ux0

∂y

∂2ux0

∂y2

)
∂uy1

∂x

− 2Axy1
∂ux0

∂y
− 2βe−βΘ0

µp
µt

∂ux0

∂y

∂ux1

∂y
= −µt

µp
eβΘ0

(
Axx1 + 2βΘ1

(µp
µt

)2

e−2βΘ0

(∂ux0

∂y

)2
)

ux0
∂Axy1

∂x
+ uy1

µp
µt
e−βΘ0

∂ux0

∂y
e−βΘ0

(
− β∂Θ0

∂y

∂ux0

∂y
+
∂2ux0

∂y2

)
−
(

1 + 2
(µp
µt

)2

e−2βΘ0

(∂ux0

∂y

)2
)
∂uy1

∂x
− µp
µt
e−βΘ0

∂ux0

∂y

(∂ux1

∂x
+
∂uy1

∂y

)
∂ux1

∂y
− Ayy1

∂ux0

∂y
= −µt

µp
eβΘ0

(
Axy1 + βΘ1

µp
µt
e−βΘ0

∂ux0

∂y

)

∂Ayy1

∂x
ux0 + Ayy1

µt
µp
eβΘ0 − 2

(µp
µt
e−βΘ0

∂ux0

∂y

∂uy1

∂x
+
∂uy1

∂y

)
= 0

As a result of the complexity of the above system, it is reasonable to begin

with the Newtonian problem as it will simplify the elastic terms, and then

consider the non-Newtonian. The Newtonian problem is the subject of study

of the section 5.8.
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