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Abstract

When structures with a strong confinement of the electromagnetic fields are consid-

ered, the near-field dynamics becomes integral to the description of a semiconductor.

Not only it provides feedback from the environment, as is the case in a laser system,

but it further mediates the interaction between different, otherwise independent, posi-

tions. In such a context, a full-field spatio-temporal description is essential to faithfully

describe the dynamics of either an extended semiconductor system or a set of spatially

separated emitters.

This thesis highlights the importance of combining a complex (many-body and band-

resolved) model of semiconductor carrier dynamics with a full-field description of the

electromagnetic fields by presenting some applications. With the recent rise in pop-

ularity of atomically thin materials, semiconductors can be embedded in increasingly

smaller optical environments, whose properties can only be studied by self-consistently

combining carrier and field dynamics.

The ability to calculate the linear and non-linear response of a system under arbitrary

excitation conditions is shown. This is performed without any prior knowledge of the

electromagnetic environment and can thus be extended to complex geometries. By em-

bedding active materials in a tailored environment, the complex interaction of the two

can be exploited to engineer the optical response of the system by using a self-consistent

modelling technique.

The complex dynamical interaction between field and gain in a semiconductor laser

is another example of a system in which a self-consistent model is required. Here, a set

of one-dimensional simulations is reported showing how the output of a semiconductor

laser is highly sensitive to perturbation arising from sub-wavelength dynamics of the

gain medium. By introducing a random patterning of the laser cavity, a novel approach
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to the suppression of dynamical instabilities in a laser output is demonstrated. This

scheme, based on complex wave interference, is introduced by spatially perturbing the

optical environment.
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1 Introduction

Most solid state physics textbooks define semiconductors quite loosely, either from

their room temperature resistivity or their band structure and particularly bandgap. As

an example, Ashcroft and Mermin [4] write

Solids that are insulators at T = 0, but whose energy gaps are of such a size

that thermal excitation can lead to observable conductivity at temperatures

below the melting point, are known as semiconductors.

Regardless of their imprecise categorisation, semiconductors are a central component

of our modern lifestyles. The ability to engineer the electronic properties of semicon-

ductors on increasingly smaller scales is what underlies the Digital Revolution and the

advent of the information Age. At the same time, their optical properties were refined

and used to produce several devices which contributed to shape the modern world, e.g.,

photodiodes, light-emitting diodes (LED), laser diodes and photovoltaic cells[5, 6].

One remarkable property of semiconductors is their huge variety. Indeed, not only

many naturally occurring minerals are semiconductors, but even more can be artificially

produced. This large variety encompasses several different classes. Some semiconduc-

tor are composed of atoms of a single element either in crystalline form, e.g., silicon

and selenium, or in more sophisticated structures, like Buckminsterfullerene (C60) or

carbon nanotubes. Other non elemental semiconductors include binary compounds, for

example the III-V or II-VI are composed of elements from the third and fifth, or second

and sixth, columns of the periodic table. This results in a very wide variety of optical

and electronic properties[7, 8].

Another big advancement in semiconductor manufacturing came from the introduc-

tion of heterostructures. The concept of layering different semiconductor materials to
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manipulate their optoelectronic properties was pioneered in 1969 to improve the per-

formance of semiconductor lasers[6, 9]. This was instrumental in achieving continuous

wave operation of semiconductor lasers at room temperature and strongly contributed

to bringing them out of the lab.

Further developments in crystal growth techniques led to better control over het-

erostructure properties as well as the ability to manufacture thinner semiconductor lay-

ers. It was then possible to create a very sharp transition between a central thin layer of

lower band gap material, e.g., GaAs, embedded in a crystal with higher bandgap, e.g.,

AlAs. In such a structure, known as a lattice matched Quantum Well (QW), the confine-

ment of motion in the growth direction results in a partially discrete set of electronic

states. This results in a quasi-two-dimensional electronic system with novel optoelec-

tronic properties[7, 8, 10]. Nowadays, increasingly advanced techniques allow the real-

isation of more complex semiconductor heterostructures, in which the electron motion

can be confined to a two-, one- or zero-dimensional subspace. These structures, com-

monly known as quantum wells, quantum wires and quantum dots, respectively, and

their combinations create the possibility to engineer semiconductor systems with very

peculiar properties[11].

The field of semiconductor physics is still evolving very quickly and new applications

and devices appear all the time, e.g., quantum dot displays[12] are becoming commer-

cially available. In the remainder of this introduction we will proceed to a more detailed

discussion about some topics in semiconductor physics which are closely related to

the work included in this Thesis. In particular, we explore some of the recent devel-

opments in the field of semiconductor lasing, with an emphasis on high power lasers.

Furthermore, we discuss the discovery of a new class of atomically thin direct gap semi-

conductors and some of their remarkable properties.
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Semiconductor lasers

As we discussed in the previous section, the introduction of heterostructures and

quantum confinement had a strong impact on the field of semiconductor lasers by

enabling stable operation at room temperature. Following that, semiconductor lasers

spread through various industries where they have been used for all sort of applica-

tions, from reading and writing optical discs to fibre-optic communication. Stable semi-

conductor lasers operating at low to medium power can be achieved from the edge

emission of a QW in a narrow stripe-geometry. For these systems, the laser optical cav-

ity is formed by the QW plane itself resulting in a long gain region which enables low

threshold lasing. When this geometry is laterally expanded to achieve higher power,

however, the resulting edge emitting QW lasers show spatio-temporal instabilities in the

emission characterised by filamentation and pulsation[13–18]. These arise from the com-

plex non-linear interaction between the optical field and the semiconductor gain[19–21]

and are worsened by the large interaction area and the presence of several transverse

modes. Several approaches have been proposed to reduce or suppress these instabilities

in order to achieve high power lasing with stable beam profiles[22–28].

An alternative to broad area semiconductor lasers is presented by the family of surface-

emitting lasers. In these systems the optical cavity is aligned along the growth direction

of the QW and thus the emission happens from the QW surface. The longitudinal con-

finement of light is achieved through two distributed Bragg reflectors (DBRs) which can

either be both integrated in the diode structure (vertical-cavity surface-emitting laser

or VCSEL) or one integrated and one external (vertical-external-cavity surface-emitting

laser or VECSEL)[29–33].

Transition Metal Dichalcogenides

Ever since the successful isolation of graphene by Novoselov [34], a new research field

has formed to explore the properties of atomically thin materials[35–38]. More recently,
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a renewed interest in this class of materials has been sparked by the isolation of MoS2

monolayers and their optical characterisation[39, 40].

Molybdenum disulfide is a representative of a larger class of materials, collectively

named Transition Metal Dichalcogenides (TMDCs). These are compounds of a transition

metal element, M, and a chalcogen element, X, with chemical composition MX2. The

bulk form of these materials is a layered system in which the repeated unit, analogous

to graphene in a graphite bulk, is formed through strong covalent bonds. The presence

of weak van der Waals-like bonds in the stacking direction allows for easy mechanical

exfoliation of the system resulting in the isolation of single or few layers. Each of these

units, known as a monolayer, is composed of two triangular lattices of X and an inter-

leaved triangular lattice of M. This results in a strongly-bound quasi-two-dimensional

hexagonal monolayer.

Several TMDCs show extraordinary optical and electronic properties coming from the

confinement of electrons in two-dimensional subspaces. In 2010, Mak et al. [39] and

Splendiani et al. [40] observed a large increase in total luminescence when going from

bulk MoS2 to a single monolayer. This results from a crossover from indirect to di-

rect bandgap which had been predicted via ab initio calculations by Li and Galli [41]

and Lebègue and Eriksson [42]. Indeed, both experiments and calculations show that

the indirect gap is strongly blueshifted with decreasing number of layers. In contrast,

the band structure at the K and K ′ points, where the direct gap is located, is domi-

nated by strongly localised orbitals with very weak inter-layer interaction and is thus

independent on the number of layers[39–45]. Following MoS2, several groups observed

photoluminescence in other TMDC monolayers, including MoSe2 and WSe2[46–48].

Other remarkable properties of this class of two-dimensional materials come from the

presence of two degenerate but non-equivalent valleys located at the K and K ′ points

of the hexagonal reciprocal lattice. As a consequence of the broken inversion symmetry,

the optical interband transitions have valley dependent selection rules, such that right-

(left-) circularly polarised light only excites carriers in the K (K ′) valley[49–53]. Further-

more, the presence of the valley Hall effect (in which carriers from different valleys flow
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to opposite transverse edges under an in-plane electric field) has been predicted[54] and

recently observed[55]. Lastly, MoS2 has a strong spin-orbit coupling which results in

the split of the valence band inside the K and K ′ valleys[56]. The combination of polar-

isation selection rules and spin-split-induced frequency selection rules create the novel

possibility of optically exciting carriers with various combinations of spin and valley

indices[57].

Another important consequence of the two-dimensional nature of TMDC monolayers

is the weakening of the screening provided by the electron-hole plasma. This is expected

to reduce the screening of the carrier-carrier Coulomb interaction, resulting in strongly

bound excitons[45, 58–61]. Indeed, recent experiments have shown remarkable agree-

ment with the values predicted via ab initio calculations as well as strong deviation from

the common Rydberg series for higher energy levels[62–67]. Furthermore, screening in

two-dimensional materials is strongly dependent on the dielectric environment, which

affects the bandgap and exciton binding energies[43, 58, 60, 68–72].

It was recently shown that the broken inversion symmetry in TMDC monolayers re-

sults in a non-vanishing second order non-linearity[73, 74]. The system, however, is

centrosymmetric when it is composed of two (or an even number of) layers, causing sup-

pression of the Second Harmonic Generation (SHG). Leveraging this strong sensitivity

to layer thickness, SHG can be used as a powerful microscopy technique to characterise

TMDC flakes[75]. Lastly, generation of a second harmonic shows a very large enhance-

ment when the excitation is resonant with half of an electronic transition, providing a

powerful spectroscopic tool to investigate excitons in TMDC monolayers[66]

In conclusion, the two-dimensional nature of this class of semiconductors results in

the possibility of easily embedding them in very diverse structures, ranging from van

der Waals heterostructures[76] to photonic[77–80] and plasmonic[81–84] cavities, where

their unique properties can be enhanced and manipulated.
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thesis structure

This thesis is structured as follows.

Chapter 2 provides an overview of the theory involved in the study of the near-field

dynamics of active two-dimensional semiconductors. We quickly overview the time-

domain full-field approach to the dynamics of the electromagnetic fields (section 2.1)

and the electronic properties of quasi-free electrons in crystalline semiconductors (sec-

tion 2.2). Following that, we present the density matrix and second quantisation for-

malisms (section 2.3) and their use in deriving the equations of motion for a system

of independent electrons (section 2.4). Section 2.5 shows the perturbative approach to

non-linear optics including the second and third order susceptibilities of some relevant

few-level systems. In section 2.6 we discuss the Coulomb interaction and the derivation

of the semiconductor Bloch equations in HF approximation. We further discuss the inclu-

sion of some additional terms which introduce in a phenomenological way some of the

characteristic features of carrier-carrier interaction. Finally, section 2.7 shows how the

model can be adapted to a MoS2 monolayer, which is taken as the prototypical TMDC.

Chapter 3 shows results for the carrier and polarisation dynamics in a semiconductor

QW in the linear (section 3.1) and non-linear regimes (section 3.2). These results have

first been published in Guazzotti et al. [1]. The second half of the chapter (section 3.3)

focusses on the linear and non-linear dynamics of TMDC monolayers, including SHG

and its enhancement. This is partly included in a manuscript which is currently under

review.

Chapter 4 discusses the dynamics of carriers in a semiconductor QW laser, with par-

ticular emphasis on the self-consistent interaction with the time-domain description of

the electromagnetic field. In section 4.1 we explain the changes (additions and simplifi-

cations) to the model needed in order to describe lasing from a semiconductor system.

Section 4.2 shows the unstable lasing dynamics which is observed in a one-dimensional

FP laser. In section 4.3 we discuss the inclusion of carrier transport through a diffusion

model and its effect on carrier and field dynamics. Finally, we show how changing from
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a simple FP cavity to a disordered one results in complex wave dynamics and instabil-

ity suppression (section 4.4). A subset of the results of chapter 4 forms the theoretical

component of Bittner et al. [2].

Finally, chapter 5 presents a unifying look over the main results of this thesis and

provides an outlook.
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2 Theory of optical excitation of semiconductor

carriers

In this chapter we introduce the theoretical background which allows to study the

near-field dynamics of two-dimensional semiconductors. This is rooted in the descrip-

tion and interaction of two separate physical systems, the electromagnetic fields on one

side and the semiconductor charge carriers on the other. To investigate the semicon-

ductor dynamics under the near-field feedback coming from nano- and micro-cavities,

we use a classical description for the electromagnetic subsystem, based on the direct

solution of Maxwell’s equations in their differential formulation. This results in a spatio-

temporal full-field description with sub-wavelength resolution.

The quantum nature of the charge carriers in the semiconductor is accounted for

through a description of the electronic states arising in the semiconductor in terms of

the band structure of the bulk material and any quantum confinement effects intro-

duced by the presence of heterojunctions. Furthermore, the density matrix formalism is

introduced to provide a statistical description of the dynamics of charge carriers in the

macroscopic semiconductor subsystem. The combination of classical electromagnetic

fields and quantum mechanical carriers results in a model extending Maxwell-Bloch

equations to a many-body band-resolved semiconductor system.

Finally, the macroscopic quantum coherences arising from the density matrix formal-

ism are used to introduce feedback from the semiconductor carriers to the electromag-

netic fields. This results in a two-way interaction between the two subsystems and thus

a self-consistent picture of the near-field dynamics of the combined semiconductor-light-

cavity system.
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2.1 spatio-temporal dynamics of electromagnetic fields

We will start with a few brief words about the Finite Difference Time Domain (FDTD)

method, but a more comprehensive treatment can be obtained from a variety of sources[85–

87]. The method describes the time evolution of the electromagnetic fields, E and B, by

solving the differential formulation of Maxwell’s equations in space and time domain

under the assumption of no free charges or currents,

∇ ·D = 0 (2.1a)

∇ ·B = 0 (2.1b)

∇× E = −
∂B
∂t

(2.1c)

∇×H =
∂D
∂t

. (2.1d)

This requires the knowledge of an initial configuration over a finite spatial domain,

which will then be propagated forward in time according to a discretised version of

eq. 2.1. The finite spatial grid is truncated through the use of suitable boundary condi-

tions describing how the simulation domain interfaces with the outside world, e.g., being

a finite system in empty space or an infinite periodic system. Finally, some way to

introduce fields in the simulation domain is required, either via a localised oscillating

current, representing an internal source, e.g., emission from an atom or a molecule, or

injecting a travelling wave into the domain, which represents an external plane wave

reaching the system of interest.

The time evolution of the fields includes both the electric, E, and displacement, D,

fields. This defines the electric polarisation, P (r, t) which can be used to introduce a

dynamical response of the material at r,

D = ε0E + P . (2.2)
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This polarisation can then be separated in an active component, Pa, which is treated

dynamically and a background component, Pb, arising from phonons, strongly off-

resonant electronic transitions, and other off-resonant processes. The background po-

larisation is assumed to be linear with respect to the field, Pb = ε0χbE, leading to the

introduction of an effective background permittivity, εb = 1+ χb,

D = ε0εbE + Pa . (2.3)

A similar relationship holds between the magnetic fields, B and H, via the magnetic

polarisation, also known as magnetisation, M. In this thesis, however, we only focus

on the electric response of active media. One well-established method to introduce

materials in the FDTD method is through the use of the Auxiliary Differential Equation

(ADE) method. This allows us to include the response from arbitrary materials for which

a time domain description of the polarisation as a classical field can be formulated. The

time evolution of P is usually governed by one or multiple differential equations, the

auxiliary equations, which in turn usually depend on E or B. The calculation is then

performed by stepping Maxwell’s equations forward in time alongside the auxiliary

differential equations.

2.2 bloch electrons in crystalline semiconductors

In order to present a model capable of providing the optical response of a semicon-

ductor in terms of a dynamically calculated polarisation for the composing electrons,

let us start from a brief review of the quantum mechanical description of electrons in

solids with an emphasis on semiconductor materials. A more detailed description can

be found in several books, like Ashcroft and Mermin [4] or Kittel [88]. This would re-

quire to, in principle, solve the many-body Schrödinger equation for the electron-nuclei

system. In order to make the problem tractable, a series of successive approximations is

used resulting in the problem of independent electrons subjected to a static and periodic
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external potential which effectively represent the attraction from the nuclei as well as

part of the electron-electron repulsion. This is an eigenvalue problem that corresponds

to finding the solutions to the following time-independent single-particle Schrödinger

equation

H0ψ (r) = Tψ (r) +Ueff (r)ψ (r) = Eψ (r) , (2.4)

where T is the single-particle kinetic energy term in the position representation

T = −
 h2

2m
∇2r (2.5)

and Ueff (r) is the effective potential whose periodicity matches that of the underlying

lattice of nuclei, i.e., Ueff (r) = Ueff (r + R) for all lattice vectors R.

Following Bloch theorem, we can write the eigenstates of H0 as Bloch waves

ψnk (r) = eik·runk (r) (2.6)

where the solution is labelled with k, the wave vector in the reciprocal lattice, and n,

which identifies different solutions with a given k. The final piece of the solution is the

function unk (r) which has the same periodicity as the effective potential, Ueff (r), and is

itself the solution of a related eigenvalue problem

Hkunk (r) =

(
 h2

2m

(
∇
i
+ k
)2

+Ueff (r)

)
unk (r) = En (k)unk (r) . (2.7)

For a given value of n, En (k), called an energy band, is a continuous function over

k with the periodicity of the reciprocal lattice. The band structure of the crystal, i.e.,

the full set of eigenvalues En (k), contains information on which energy regions, called

bandgaps, are forbidden to Bloch electrons due to the absence of states. The presence

and position of these bandgaps with respect to the number of electrons, and therefore

the Fermi energy, has a substantial influence on the electron dynamics as well as on the

optical response of the electron system.
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Semiconductors are defined as those materials in which the Fermi energy lies within

a bandgap with a consequent separation between valence (occupied) bands and conduc-

tion (unoccupied) bands. In this situation we can exploit the periodicity and continuity

of each band, En (k), to state that we are bound to have a maximum of a valence band,

n = v, and a minimum of a conduction band, n = c, between which the bandgap lies

We can further perform Taylor expansions to find a parabolic approximation of the two

bands around the energy extrema

Ẽv (Kv) ≈ Ev (kv0) −
1

2
kµ
∣∣Hvµν∣∣kν (2.8a)

Ẽc (Kc) ≈ Ec (kc0) +
1

2
kµ
∣∣Hcµν∣∣kν, (2.8b)

where Hnµν is the Hessian of band n, Kn = k − kn0 is the wave vector measured from

the extremum of band n, kn0, and the + (−) sign explicitly identify the conduction

(valence) band as having a minimum (maximum). It is customary to define a band

dependent effective mass tensor, [Mn]µν, as

[
M−1
n

]
µν

=
1
 h2
∂2En (k)
∂kµ∂kν

. (2.9)

which allows the dispersion to be rewritten in parabolic approximation, making it simi-

lar to that of free electrons. In particular, if we look at the case where the effective mass

tensor is isotropic

Ẽn (K) ≈ En0 ±
 h2K2

2 |mn|
(2.10)

where En0 = En (kn0) and mn is the effective mass for band n, i.e., the single value

present in the effective mass tensor. This leads us to the introduction of holes, i.e., unoc-

cupied electronic states, as the relevant carriers in the valence band. Holes behave like

particles with a positive effective mass mh = −mv, (hence the − and ± signs in eqs. 2.10

and 2.8a respectively) carrying a positive elementary charge, +e.

This approximation, also known as the effective mass approximation, can be used to

greatly simplify the band structure when looking at the dynamics of carriers in semicon-



32 theory of optical excitation of semiconductor carriers

ductor systems, provided that electrons are not created with too much energy. Indeed,

this is the case when the semiconductor system is probed or excited through light whose

frequency is close to (or lower than) the bandgap.

When the excitation lies well above the bandgap, the semiconductor response can be

described in two different ways:

1. a full treatment can be achieved by adopting the complete band structure and

including some kind of relaxation model,

2. a suitable quasi-equilibrium distribution(s) can be used as an initial state.

The latter method provides a simpler model capable of correctly calculating the re-

sponse to (ultra)-short pulses of a system when the exact dynamics of achieving quasi-

equilibrium is not essential. The initial state usually consists of a set of Fermi-Dirac

distribution for the different bands, where the temperature relates to the excess energy

for carriers in the given band. An important remark is that this approximation is orthog-

onal to the band structure description and can be applied together with the effective

mass approximation or with a more sophisticated band structure.

On the other hand, one may be interested in the interplay between carrier relaxation

and external excitation. In this case, a more complex model can be built using the

complete band structure and carrier relaxation, as well as energy dissipation, can be

included at several levels of precision as will be partially discussed in section 2.6.

The theory that will be presented in the rest of this chapter, from section 2.3 on, can be

used either with or without parabolic band approximation, as the band structure only

enters as a set of parameters that can be calculated beforehand.

One last important feature we can extract from the band structure is the nature of the

gap which can be qualified as either direct, when kv0 = kc0 or indirect, when the band

extrema are located at different points of the reciprocal space. This difference has a

strong effect on the interband carrier dynamics and thus on the response to electromag-

netic fields. In this work, we will only focus on direct gap semiconductors, even though

the model can be extended to provide a description suitable for indirect gap systems.
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2.2.1 The Envelope Function Approximation

In this work we focus on two-dimensional systems. The simplest way to introduce a

two-dimensional system in a semiconductor is through the growth of a heterostructure

consisting of a thin slab of lower-bandgap material, the QW proper, between two half-

spaces, the barriers, see fig. 2.1a. As the thickness of the inner material decreases, the

lowest-lying electronic states will start to get confined in one direction and thus show

a partially discrete spectrum, this is known as a Quantum Well (QW). One way to get

an approximate solution is the Envelope Function Approximation (EFA). This consists in

factorising the wave function into a component that changes on atomic length-scales and

a much slower varying function which acts as an envelope. It is thus possible to calculate

the envelope function by solving a Schrödinger equation for the semiconductor electrons

and holes subject to a confinement potential which is determined by the heterostructure.

This can be reduced to a lower-dimensional problem by looking at the symmetry of the

confinement potential

(
−

 h2∇2s
2mn (s)

+Uconf (s)
)
φj (s) = εjφj (s) (2.11)

where s stands for the subset of r along which the confinement potential is not constant,

i.e., Uconf (r) = Uconf (s), and mn (s) is the effective mass in band n, which will in prin-

ciple change across different materials. As a consequence of the non-constant mass, the

Hamiltonian in eq. 2.11 is in general non-Hermitian. The resulting spectrum, εj, is usu-

ally composed of a set of discrete levels, arising from localised states, and a continuum

formed by delocalised crystal states that are too energetic to be trapped.

The resulting total energy of this single-particle state can be obtained as the sum of

the energy in the confined and unconfined directions

Enj (k⊥) = εnj + En (k⊥) (2.12a)

En (ks, k⊥) = εn (ks) + En (k⊥) (2.12b)
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a Spatial structure of a QW b Allowed transitions c Band structure
(in plane)

Barrier BarrierQW

Figure 2.1: Graphical representation of a QW. Subfigure a shows the spatial structure of a QW,
consisting of a thin layer (red shading) sandwiched between to infinitely thick barri-
ers (blue shading). The black line represent the spatial variation of the valence band
maximum and conduction band minimum, as well as the QW confinement potential.
The dashed (continuous) lines show the energy (wave function) of the bound states
of the confinement potential. The arrows in b show the optically allowed transitions
in dipole approximation. Subfigure c shows the electron and hole subbands arising
from the confined states along z and with a parabolic dispersion in the xy plane.

where n is the index of the bulk band, k⊥ is the wave vector in the unconfined direction,

and the two lines in eq. 2.12 represent the bound and unbound states, respectively,

indexed by the (discrete set) j and (continuous) ks quantum numbers. The set of discrete

results labelled by the index j and arising from the same band, n, is referred to as the

subband spectrum to stress its origin from the splitting of a single band. In this thesis,

the focus is on the states arising from the bound solutions to eq. 2.11, which are most

relevant for excitations below the bulk bandgap energy. The model can be extended to

account for the unbound states as well as barrier, i.e., bulk, states.

When talking about QWs we are referring to heterostructures in which electrons are

confined in a single dimension, the growth direction. This reduces eq. 2.11 to a 1D

Schrödinger equation whose solutions are characterised by a single discrete quantum

number and a two-dimensional wave vector. We will keep with the convention of align-

ing the growth direction along the z axis, i.e., s = ẑ and k⊥ = (kx,ky) Some sophisti-

cated confinement potentials can be found in the literature to describe QWs with specific,

experimentally observed or growth-induced, characteristics like strain, equally spaced

levels, broken inversion symmetry[7, 89–91].
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Here we will focus on the simplest 1D confinement potential,

Uconf (z) =


0 for |z| < L

2

U0 for |z| > L
2

(2.13)

which is a finite square well of thickness L, cf. fig. 2.1a, well suited to the description

of lattice matched QWs. Nevertheless, the extension to more complex confinement mod-

els or multiple quantum wells is straightforward. In this model the total confinement

potential for electrons and holes is taken as the bandgap mismatch between barrier and

well materials,

Ue0 +Uh0 = ∆b −∆w, (2.14)

where ∆b (∆w) is the bandgap of the barrier (well) material. The values of Ue0 and Uh0

are determined by the band alignments between bulk and QW material.

Once the parameters are defined we can split the Schrödinger equation in a barrier

and well part,

 h2

2mw
∂2zφnw (z) = εnφnw (z) (2.15a)(

 h2

2mb
∂2z +Un0

)
φnb (z) = εnφnb (z) (2.15b)

which can be solved by imposing the correct set of boundary conditions, similarly

to the traditional problem of a particle in a potential well. The main deviation from

the standard treatment present in quantum mechanics textbooks arises because of the

difference in particle mass between the different layers, i.e., mw 6= mb, and requires the

use of the so-called Bastard boundary condition [89]

1

mw

∂φnw

∂z
=

1

mb

∂φnb
∂z

(2.16)

at the interfaces between barrier and well materials. This condition ensures that the

particle flux is continuous across the interface between the two materials.
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The Schrödinger equation presented in eq. 2.15 has to be solved numerically but some

broad features can be generally stated. First, there is a finite number of eigenvalues,

j = 0, 1, . . . , jmax, all of which satisfy the condition εnj < Un0. Second, the eigenfunc-

tions have definite parity properties, being even for j = 2k and odd for j = 2k + 1.

Furthermore, in the barrier region, the envelope functions decay exponentially with rate

γnj ∝
√

Un0 − εnj. If we ignore the mixing between different bands, we are now able

to write the full wave function of the QW’s bound state (njk⊥)

ψnjk⊥ (r⊥, z) = eik⊥·r⊥unkn0 (r⊥)φnj (z) (2.17)

where n is the band index, j is the subband index, k⊥ is the in-plane wave vector and

unkn0 (r⊥) is the Bloch function evaluated at the band extremum. An example of the

numerical solutions of eq. 2.15 can be seen in fig. 2.1.

2.3 second quantisation formalism and equations of mo-

tion

In order to allow changes in the number of electrons and holes and to easily include

the correct fermionic symmetry of the wave function, it is convenient to extend the

description of the system to second quantisation. We start by introducing the field

operators Ψ̂† (r) and Ψ̂ (r), which describe respectively the creation and destruction of

an electron at position r. These quantum field operators can be expanded on the set of

single-particle creation (annihilation) operators, ĉ†njk (ĉnjk),

Ψ̂† (r) =
∑
njk

ψ∗njk (r) ĉ
†
njk (2.18)

where k = k⊥ is the two-dimensional in-plane component of the wave vector and the co-

efficients, ψnjk (r⊥, z), are the first quantisation single-particle wave functions obtained

in eq. 2.17. In order to obey the Pauli exclusion principle and, more generally, satisfy
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the antisymmetric nature of the many-body wave function, the fermionic creation and

annihilation operators have to satisfy the following algebraic relationships

{ ĉ
†
njk, ĉ†n ′j ′k ′ } = { ĉnjk, ĉn ′j ′k ′ } = 0 (2.19a)

{ ĉnjk, ĉ†n ′j ′k ′ } = δnn ′δjj ′δkk ′ (2.19b)

where { ·, · } is the anti-commutator, defined as

{ Â, B̂ } = ÂB̂+ B̂Â. (2.20)

A defining characteristic of semiconductors is, as already mentioned in section 2.2, the

presence of a gap, i.e., an energy region in which no states are located, lying around the

Fermi energy. This means that, at least at zero temperature, the set of occupied (valence)

and unoccupied (conduction) states are completely disjoint in energy. This is at the base

of the electrically insulating nature of semiconductors, as a flow of current can only

be established if enough energy is provided to promote carriers across the bandgap as

opposed to metals where low energy excitations are available.

The presence of these two distinct sets of states results in a natural way of splitting

carriers in two different categories, namely conduction band electrons and valence band

holes. This comes from the realisation that the properties of an almost full band can be

derived by looking at the smaller number of empty states rather than the larger number

of full states. These holes, already introduced in section 2.2, can be treated as particles

with the energy dispersion given in eq. 2.10 (taking the − sign), positive mass, positive

charge and opposite crystal momentum. This can be easily formulated in the language

of second quantisation by considering the creation of an electron in the valence band as

the annihilation of a hole and vice versa

ĉ
†
njk −→ d̂vjk (2.21a)

ĉnjk −→ d̂
†
vjk

, (2.21b)
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where v is a discrete index labelling valence bands, j is a subband index and k = −k

is the crystal momentum of the hole. It can be easily shown using eqs. 2.19 and 2.21

that these new operators satisfy the same anticommutation relationship as the electron

operators

{ d̂
†
vjk, d̂†v ′j ′k ′ } = { d̂vjk, d̂v ′j ′k ′ } = 0 (2.22a)

{ d̂vjk, d̂†v ′j ′k ′ } = δvv ′δjj ′δkk ′ (2.22b)

allowing us to identify holes as fermionic quasi-particles that are created (annihilated) by

the application of the d̂†vjk (d̂vjk) operator. A further property is that conduction electron

operators will anticommute with any valence hole operator as the anticommutator can

be rewritten in terms of electron operators that will always have a different band index,

n. In this new basis we can change the expansion of the quantum field operator to read

Ψ̂† (r) =
∑
cjk

ψ∗cjk (r) ĉ
†
cjk +

∑
vjk

ψ∗vjk (r) d̂vjk , (2.23)

where c is the discrete index which labels the conduction bands, v the corresponding

index for the valence bands and ψnjk (r) are kept as electronic wave functions.

In the second quantisation formalism combinations of creation and annihilation oper-

ators can be used to express any possible operator. In particular, we are at the moment

mainly concerned with deriving expressions for one-particle operators, which are gen-

erally expressed as

O =
∑
i

oi , (2.24)

where oi is an ordinary single-particle operator acting on particle i and the sum runs

over all possible particles. We find a second quantisation representation for the single-

particle operator, o, as

Ô =
∑
nn ′

〈n|o |n ′〉a†nan ′ =
∑
nn ′

onn ′a
†
nan ′ , (2.25)
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where |n〉 is a complete basis. This takes on a particularly simple form when the basis

is chosen such that the single-particle operator o is diagonal,

Ô =
∑
λ

oλa
†
λaλ , (2.26)

where it is important to remark that the index λ can be either discrete or continuous.

Another important case, that of two-particle operators, will be treated in section 2.6 in

the context of the Coulomb carrier-carrier interaction.

The last building block needed to compose the theoretical framework used in this

thesis is the density matrix formalism. This provides a way to deal with mixed states,

i.e., those in which an ensemble of physical systems is found to be in a mixture of

different states, through a statistical description which bears some resemblances with

classical statistical mechanics.

The core of the formalism resides in the definition of the density operator

ρ ≡
∑
i

wi |α
(i)〉 〈α(i)| , (2.27)

where wi is the fraction of physical systems found in state |α(i)〉 and the sum runs over

all populated states. As part of this definition, the states |α(i)〉 in which the system is

found do not have to be orthogonal and the number of states included in the summation

is not related to the dimensionality of the states. The fractional populations, however,

have to satisfy the normalisation condition

∑
i

wi = 1 . (2.28)

With this definition, the density operator can be used to describe both pure and mixed

states, as well as to calculate ensemble averages of operators,

〈O〉ρ = Tr [ρO] . (2.29)
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It can also be convenient to define a corresponding density matrix, ρnn ′ , as the matrix

elements of the density operator in a given base, which provides an explicit way of

calculating the ensemble average

〈O〉ρ =
∑
nn ′

ρnn ′ 〈n ′| O |n〉 . (2.30)

Within this formalism, we can further compute the dynamics of an ensemble average,

〈O〉ρ (t), by tracking the time evolution of either the state, represented as a density

operator ρ (t), or the operator in the Heisenberg picture, O (t). In the former case the

time evolution of the density operator, taken to be in the Schrödinger picture, is dictated

by the von Neumann equation, while in the latter the operator O is evolved in time

through the Heisenberg equation

i h
dO (t)

dt
= [ O (t) ,H ] , (2.31)

where H is the Hamiltonian of the system and [ ·, · ] is the commutator

[ A,B ] = AB−BA . (2.32)

Following the second approach, we can write out the equation of motion for a generic

ensemble average
〈
Ô
〉
ρ
(t) as

i h
d 〈O〉ρ (t)

dt
= i h

〈
dO (t)

dt

〉
ρ0

= 〈[ O (t) ,H ]〉ρ0 (2.33)

where ρ0 is used here to further stress that the density operator is static in time and will

be dropped from now on for ease of reading.
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2.4 independent electrons dynamics

To describe the dynamics of electrons we have to define the Hamiltonian of the system.

A first approximation to the Hamiltonian consists in describing the electrons indepen-

dently of each other, while interactions between them can be later introduced through

additional terms. So, we start by looking at the case of independent electrons in a semi-

conductor system. In the absence of any potential external to the semiconductor system

we can write the second quantisation Hamiltonian for independent electrons as

Ĥ0 =
∑
cjk

Eecjkĉ
†
cjkĉcjk +

∑
vjk

Ehvjkd̂
†
vjkd̂vjk , (2.34)

where we applied eq. 2.26 with ĉ
†
cjk (d̂†vjk) and ĉcjk (d̂vjk) as the electron (hole) cre-

ation and annihilation operators for the eigenstates of the single-particle semiconductor

Hamiltonian. The corresponding single-particle eigenvalues, Eecjk and Ehvjk, can be ob-

tained from solving the time-independent problem at different levels of approximation.

Here we will focus on the theory and results in the case of a structure with two parabolic

bands, thus dropping the usage of the c and v indices, in which the confinement is ac-

counted for through the EFA as it was outlined in section 2.2†.

The interaction between a quantum mechanical electron system and a classical electro-

magnetic field can be rigorously introduced through the use of minimal coupling. This

consists in modifying the single-particle Hamiltonian in first quantisation to account for

an additional energy term, −eϕ (r, t), and a modified momentum for the electrons

p −→ p + eA (r, t) , (2.35)

where ϕ (r, t) and A (r, t) are respectively the scalar and vector potentials used to de-

scribe the electromagnetic field and e is the elementary charge defined as the absolute

value of the electron charge. By looking at a system in which the field variation hap-

† It is worth stressing that the same approach can be used to derive equations of motion starting from more
sophisticated models with only small additional complications
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pens on a scale much larger than the typical atomic scales it is possible to reframe the

interaction in the electric dipole approximation. This results in the addition of a simple

single-particle term to the Hamiltonian operator of the electronic system, eq. 2.34, whose

first quantisation form reads

Hcl = êr · E (R, t) , (2.36)

where r̂ is the position operator and E (R, t) is the electric field. Here R is used to

signify that the electric field varies on longer scales than the single-particle wave func-

tions, ψnjk (r). Equation 2.25 can be applied to the carrier light interaction Hamiltonian

eq. 2.36 to derive its second quantisation form,

Ĥcl =
∑
njk

∑
n ′j ′k ′

eE (R, t) · 〈njk| r̂ |n ′j ′k ′〉 ĉ†njkĉn ′j ′k ′ , (2.37)

where we are using the same basis as in eq. 2.34 and n,n ′ ∈ {v, c}. Equation 2.37

can be further simplified by observing that the amount of momentum carried by the

field can be neglected when compared to the typical values of crystal momentum of

electrons in a solid, which is equivalent to neglecting all matrix elements of r̂ for which

k 6= k ′. Transforming it into the electron-hole representation while further unfolding n

and n ′ over the two bands yields the final form for the interaction Hamiltonian between

semiconductor carriers and electromagnetic fields

Ĥcl = eE (r, t) ·
∑

k

∑
jj ′

[
µ
(c)
kjj ′ ĉ

†
kjĉkj ′ − µ

(v)
kjj ′ d̂

†
kjd̂kj ′ + µkjj ′ ĉ

†
kjd̂
†
kj ′

+ µ∗kjj ′ d̂kj ′ ĉkj

]
, (2.38)

where the intraband acceleration terms have been neglected and the µ’s are the matrix

element of the position operator, r̂, between the corresponding electronic states,

µ
(c)
kjj ′ =

∫
rψ∗cjk (r)ψcj ′k (r)dr (2.39a)

µ
(v)
kjj ′ =

∫
rψ∗
vj ′k (r)ψvjk (r)dr (2.39b)

µkjj ′ =

∫
rψ∗cjk (r)ψvj ′k (r)dr . (2.39c)
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By applying the EFA it can be shown that the interband dipole matrix elements, µkjj ′ ,

can be approximately calculated from the corresponding bulk value, µ(cv)
k , as

µkjj ′ = µ
(cv)
k

∫∞
−∞φ∗cj (z)φvj ′ (z)dz , (2.40)

where φcj (z) (φvj (z)) is the envelope function for the j-th conduction (valence) sub-

band.† Analogously for the intersubband dipole matrix elements

µ
(c)
kjj ′ = uz

∫∞
−∞φ∗cj (z) zφcj ′ (z)dz (2.41a)

µ
(v)
kjj ′ = uz

∫∞
−∞φ∗vj (z) zφvj ′ (z)dz , (2.41b)

where uz is the unit vector in the direction of positive z.

The dipole matrix elements are one of the main factors which determine the selection

rules for optically induced transitions, in particular those that can be ascribed to real

space symmetry properties of the wave functions. In the specific case of QWs, these se-

lection rules reflect the general features of the confining potential through the envelope

functions. In the common case of an inversion symmetric confinement the resulting

envelope functions, φnj (z), have a definite parity and alternate between even and odd

symmetry, cf. fig. 2.1a. Consequently, the interband dipole matrix elements given in

eq. 2.40 forbid transitions between states j and j ′ with different parity, i.e.,

µkjj ′ = 0 if j+ j ′ = 2l, l ∈N . (2.42)

Conversely eq. 2.41 shows that intersubband transitions, i.e., transitions between sub-

bands coming from the same band, are only allowed between states with opposite par-

ity.

† Note that φcj (z) and φvj (z) are eigenstates of different Hamiltonian operators and, as such, are not
required to be orthogonal.
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2.4.1 Equations of motion

Now that the Hamiltonian of the independent system is completely built from the sum

of eqs. 2.34 and 2.38 it is possible to proceed following the theory outlined in section 2.3

to derive equations that describe the time evolution of operators in the system as well as

ensemble averages within a density matrix approach. The main quantities of interest at

the non-interacting level are all single-particle quantities and can be expressed in terms

of single-particle density matrices. In particular, the basic dynamical variables required

to describe the dynamics of the (photo-)excited semiconductor system are the occupa-

tions of single-particle states as well as the coherences between states that are coupled

through the non-diagonal part of the Hamiltonian, eq. 2.38. These are all contained in

the interband and intraband electron and hole density matrices, respectively,

pkjj ′ =
〈
d̂kjĉkj ′

〉
(2.43a)

nekjj ′ =
〈
ĉ
†
kjĉkj ′

〉
(2.43b)

nhkjj ′ =
〈
d̂
†
kjd̂kj ′

〉
, (2.43c)

where coherences between states with different crystal momentum, k and k ′, either

intraband or interband, are taken to be identically zero.† The time evolution for these

quantities can be derived by applying the Heisenberg equation to the electron and hole

creation and annihilation operators, according to eq. 2.33, with Ĥ = Ĥ0 + Ĥcl. The

resulting commutators can be expanded and simplified by applying the relationship

† This comes as a consequence of the starting condition as well as the selection rules imposed by the dipole
matrix elements contained in eq. 2.37, which, in turn, originate from the homogeneity of the system. Indeed
off-diagonal terms in the crystal momentum index are needed to treat spatially inhomogeneous systems[92,
93].
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outlined in eqs. 2.19 and 2.22
†. The ensemble average taken with respect to the initial

density operator, ρ0, results in the closed set of differential equation

i h∂tn
e
kjj ′ =

(
Eekj ′ − E

e
kj
)
nekjj ′ (2.45a)

+eE (r, t) ·
∑
i

(
µkj ′ip

∗
kij − µ

∗
kjipkij ′ + µ

(c)
kj ′in

e
kji − µ

(c)
kijn

e
kij ′

)
i h∂tn

h
kjj ′ =

(
Ehkj ′ − E

h
kj
)
nhkjj ′ (2.45b)

+eE (r, t) ·
∑
i

(
µkij ′p

∗
kji − µ

∗
kijpkj ′i − µ

(v)
kj ′in

h
kji + µ

(v)
kijn

h
kij ′

)
i h∂tpkjj ′ =

(
Eekj ′ + E

h
kj

)
pkjj ′ (2.45c)

+eE (r, t) ·

(
µkj ′j −

∑
i

(
µkj ′in

h
kij + µkijn

e
kij ′ − µ

(c)
kj ′ipkji + µ

(v)

kji
pkij ′

))

which are the non-interacting approximation to the Semiconductor Bloch equations in a

two-band, multi-subband QW.

It is important to note that at this level of approximation, i.e., independent electrons

with no intraband relaxation, eq. 2.45 describes a system that only depends on the wave

vector in a parametric way. In essence, this describes a collection of independent multi-

level systems, each one located at a specific point in k-space and whose structure is

dictated by the semiconductor band (and subband) structure at the given position in

reciprocal space. In particular if a shallow well is used, in which only one or two sub-

bands are present, one can imagine the system described by eq. 2.45 as being composed

of a set of independent two- or four-level systems, which have been extensively studied

in the literature.

Finally, observables have to be calculated, optionally in a time-dependent fashion, for

several reasons like analysing the macroscopic behaviour of the system or comparing

† A more workable way of writing these Fermionic anticommutator relationships in the context of calculating
commutators is

ĉ
†
αĉ
†
α′ = −ĉ†α′ ĉ

†
α

ĉαĉα′ = −ĉα′ ĉα

ĉ
†
αĉα′ = δαα′ − ĉα′ ĉ

†
α



46 theory of optical excitation of semiconductor carriers

with experimental results. A macroscopic quantity that occupies a fundamental role in

the theory is the induced sheet polarisation,

P2 (r, t) =
∑
jj ′

1

A

∑
k

(
µkjj ′p

∗
kj ′j (r, t) + µ∗kjj ′pkj ′j (r, t)

)
(2.46)

as it provides a way of linking the microscopic (quantum) carrier dynamics with the

spatio-temporal description of the classical electromagnetic fields. In order to include

the polarisation into Maxwell’s equations, however, it is necessary to convert the two-

dimensional quantity from eq. 2.46 into a proper bulk polarisation which requires ac-

counting for the density of QWs which can be achieved with a multiplication by NQW/L,

where NQW is the number of QWs present over a length L.

2.5 non-linear response of few-level systems

Non-linear optics can roughly be divided into non-resonant and resonant non-linearities.

For non-resonant non-linearities a perturbative approach can be used to describe the

main properties. Here, the non-linear polarisation is expanded as a series of non-linear

susceptibilities, χ(i),

ε−10 P (ω) = χ(1)E (ω) + χ(2)E2 (ω) + χ(3)E3 (ω) + . . . . (2.47)

A more fundamental description of non-linearities is needed in the resonant case, where

the response of the system is affected by the presence of excited carriers. The Bloch

equations provide such an approach as polarisations and occupations are included on

the same level. This allows a description of the optical response going beyond what can

be achieved via a finite number of terms of the non-linear series expansion in eq. 2.47[94,

Ch. 6]. An example of this is given by the saturation of absorption, shown by several
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physical systems. This appears as a dependence of the absorption spectrum, α (ω), on

the intensity of the exciting field, I, as

α (ω; I) =
α0 (ω)

1+ I/Is
, (2.48)

where α0 (ω) is the linear absorption coefficient and Is is a material dependent constant,

called saturation intensity. Equation 2.48 can be expanded as a series,

α (ω; I) = α0 (ω)

(
1−

I

Is
+

(
I

Is

)2
−

(
I

Is

)3
+ . . .

)
, (2.49)

which, however, only converges for I < Is.

Nevertheless, it can be convenient to calculate the analytical form of some non-linear

susceptibilities of a level system, as these can still be useful in some excitation regimes.

Furthermore, it will make it easier to highlight where and how the non-linear optical

response of a Bloch equation model goes beyond the power series description given in

eq. 2.47.†

A few examples of systems that can be used to discuss the non-linear response of a

QW are the two- and three-level systems shown in fig. 2.2. Part of the results presented

in this thesis show how semiconductor systems can be used to generate harmonics of

the excitation field. Even though semiconductors are quite complex, some basic features

can still be understood by looking at the optical response of a simple two-level system.

This can be generalised to the response of a multi-level, i.e., band resolved, system by

performing an integral with the band-dependent density of states, but this is still lim-

ited to effects that can be represented as a single (or a few) non-linear susceptibility. The

dynamical Bloch equation based model, on the other hand, is intrinsically providing re-

sults beyond what is possible with a power series expansion and is more easily extended

to include additional phenomena as it will be shown in later sections.

† Only the final forms of the non-linear susceptibilities are given here, and only for specific configurations
that are of interest to this work. The derivation, a more general formulation and an in-depth discussion
can be found in Boyd [94, Chapters 3 and 6]
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a Two-level system

E

0

Ω

|1〉

|2〉

b Three-level system

E

0

Ω1

Ω2

|1〉

|2〉

|3〉

Figure 2.2: Sketch of two- and three-level systems. The configuration of the three-level system
allows SHG if Ω2 ≈ 2Ω1.

The first non-linear susceptibility that is present in a normal two-level system, as the

one presented in fig. 2.2a, is the third order term, χ(3)2 , as all terms corresponding to an

even power of the field are identically zero in systems that show an inversion symmetry.

The third order susceptibility can be derived as

χ
(3)
2 (3ω,ω,ω,ω) =

4µ4Ω (ω+ iγ)∆ρ

ω
(
(3ω+ iγ)2 −Ω2

)(
(ω+ iγ)2 −Ω2

) , (2.50)

where ω is the excitation frequency, ∆ρ = n2−n1 is the inversion, µ is the dipole matrix

element between ground and excited state,  hΩ is the energy difference between the two

levels, γ = 1
T2

is the coherence decay rate and all non-radiative processes are neglected.

Of particular importance are the two terms in parentheses in the denominator of eq. 2.50,

that show that the χ(3) has resonances when the excitation occurs at one-third of the

transition energy or at the transition energy, respectively.

2.5.1 Even order non-linearities

As it has already been mentioned, it can be shown that all terms of even order in

the expansion from eq. 2.47 are identically zero in materials that show an inversion

symmetry. It is however possible to modify the model presented to account for non-

centrosymmetric systems like the case of a QW with an applied static electric field[95].
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In such a system the wave functions of the different states, ψnjk (r), do not have a

definite parity, i.e.,

P̂ψnjk (r) 6= (−1)pψnjk (r) , (2.51)

where P̂ is the parity transformation operator. Under this assumption all the symmetry

arguments made in section 2.4 are not valid any more and the optical selection rules

for the system can only be obtained by explicitly evaluating the integrals in eq. 2.39.

One further consequence of considering states without a definite parity, is that the ex-

pectation value of the position operator is in general different from zero, resulting in a

permanent dipole moment for states in the conduction band,

M(c)
kjj = −eµ

(c)
kaa = −e

∫
rψ∗cjk (r)ψcjk (r)dr = −e

∫
r
∣∣ψcjk (r)∣∣2dr (2.52)

and similarly for holes in the valence band.

We can perform a two-level approximation on a suitable system and thus distil out the

effects of the permanent dipoles in their simplest form. The Hamiltonian of the system

looks like

Ĥ2 ′ = E1ĉ
†
1ĉ1 + E2ĉ

†
2ĉ2 + eE (r, t) ·

(
µĉ
†
2ĉ1 + µĉ

†
1ĉ2 + µ1ĉ

†
1ĉ1 + µ2ĉ

†
2ĉ2

)
(2.53)

= (E1 + eE (r, t) · µ1) ĉ
†
1ĉ1 + (E2 + eE (r, t) · µ2) ĉ

†
2ĉ2 + eE (r, t) · µ

(
ĉ
†
2ĉ1 + ĉ

†
1ĉ2

)
,

where |1〉 and |2〉 are the ground and excited states of the system, respectively. The terms

composing eq. 2.53 have been grouped to highlight that the permanent dipole, together

with the field, results in a (dynamic) shift of the energy levels. The resulting equations

of motion read

i h∂tn1 = 2eE (r, t) · µI (p) (2.54a)

i h∂tn2 = −2eE (r, t) · µI (p) (2.54b)

i h∂tp = (E2 − E1 + eE (r, t) · (µ2 − µ1))p+ eE (r, t) · µ (n1 −n2) , (2.54c)
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where I (z) is the function returning the imaginary part of z. In the centrosymmetric

case, where µ2 = 0 and µ1 = 0, or in the more general case in which µ2 = µ1, eq. 2.54

reduces to the more traditional form of a normal two-level system. Following a similar

process to what was done before, it is possible to calculate the non-linear susceptibilities

of such a two-level system. It can be shown that the presence of the permanent dipole

in the new Hamiltonian results in the addition of a term to the third order non-linear

susceptibility presented in eq. 2.50,

χ ′ (ω) =
4µ2Ω |M2 − M1|

2∆ρ
(
iγ3 + 3γ2ω+ iγΩ2 + 3ω

(
ω2 +Ω2

))
3ω
(
(ω+ iγ)2 −Ω2

)(
(3ω+ iγ)2 −Ω2

)(
(2ω+ iγ)2 −Ω2

) , (2.55)

where ω is the frequency of the exciting field and the response is observed at 3ω. Com-

pared to the result in eq. 2.50 the last bracket in the denominator induces resonant

behaviour at a new frequency, ω = Ω/2. This correction disappears as expected for

centrosymmetric systems, in which M2 = 0 and M1 = 0, and the χ(3)2 from eq. 2.50 is

recovered.

Similarly, it is possible to calculate the even order terms of the expansion in eq. 2.47,

in particular the second order term which is responsible for the process of SHG

χ
(2)
2 ′ (2ω,ω,ω) =

2iµ2 |M2 − M1|
(
γ (γ− iω) (γ− 2iω) + (γ− 3iω)Ω2

)
∆ρ

ω
(
(ω+ iγ)2 −Ω2

)(
(2ω+ iγ)2 −Ω2

) , (2.56)

where ω is the frequency of the exciting monochromatic field, and the response is ob-

served at 2ω. The non-linear susceptibility in eq. 2.56 has resonances at the transition

energy as well as at half of the transition frequency, corresponding to the two-photon

resonance configuration. As expected this term depends on M2 − M1, so that it van-

ishes for centrosymmetric materials as well as for pairs of states that have the same

dipole moment.

This second order non-linearity is significantly different from what can be obtained in

the case of a centrosymmetric system where the process can only happen in a way that

involves the presence of three levels. Such a system can be simplified as a three-level

system analogous to the one presented in fig. 2.2b, which shows SHG, too. The second
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order non-linear susceptibility of such a system in its most generic form is quite long

and cumbersome, but a simpler form can be derived under the assumption that the

levels are equally spaced in energy, i.e., Ω2 ≈ 2Ω1 ≡ 2Ω,

χ
(2)
3 (2ω,ω,ω) =

12d1d2µΩ
2
(
6ω2 + 7iγω− 2γ2 − 2Ω2

)
(n0 − 2n1 +n2)(

(ω+ iγ)2 −Ω2
)(

(2ω+ iγ)2 −Ω2
)(

(2ω+ iγ)2 − 4Ω2
) , (2.57)

where ω is the excitation frequency, d1 and d2 are the dipole matrix elements for the

|1〉 → |2〉 and |2〉 → |3〉 transitions respectively, µ is the dipole matrix element for the

|1〉 → |3〉 transition and γ is the dephasing rate, assumed to be the same for all transi-

tions.

2.6 interacting electrons dynamics

Carriers in semiconductors are interacting particles and their interaction can have a

strong influence on the optical properties of the semiconductor, especially in the low-

excitation and low-density regime. We thus have to include those interaction effects in

our description of the optical response of 2D semiconductor structures.

Due to their charged nature the strongest interaction between carriers comes from the

Coulomb interaction. This is a two-body interaction potential which only depends on

the charge and distance between the two particles, i.e., V (r1, r2) = V (|r1 − r2|). In a

quantum mechanical formalism the electrons are delocalised objects, described through

a probability density ρ (r), and their electrostatic interaction can be described via the

potential energy term

V [ρ1, ρ2] =
e2

4πε0

∫ ∫
ρ1 (r1) ρ2 (r2)

|r1 − r2|
dr1dr2 . (2.58)

This is the generalisation of the Coulomb interaction between two point particles

V0 (r1, r2) = V0 (r = |r1 − r2|) =
1

4πε0

q1q2
|r1 − r2|

, (2.59)
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to the charge density of an electron, −eρ (r).

The Coulomb potential is added to the Hamiltonian from section 2.4 as

Ĥcc =
1

2

∫ ∫
ρ̂ (r1) ρ̂ (r2)V0 (|r1 − r2|)dr1dr2 , (2.60)

where the 1
2 avoids double counting of the interaction energy. This expression closely

resembles the definition given in eq. 2.58 with the difference that ρ̂ is now the density

operator of the carrier system,

ρ̂ (r) = Ψ̂† (r) Ψ̂ (r) , (2.61)

defined in terms of the field operator, Ψ̂. By inserting the expansion from eq. 2.18 it

is possible to rewrite the Coulomb potential in the basis of the single-particle states

characterised by the compound quantum number α = njk as

Ĥcc =
1

2

∑
α1,α2
α3,α4

Vα1α2α3α4 ĉ
†
α1
ĉ†α2 ĉα3 ĉα4 (2.62)

where the matrix elements Vα1α2α3α4 are defined as

Vα1α2α3α4 =

∫ ∫
ψ∗α1 (r1)ψ

∗
α2

(r2)V0 (|r1 − r2|)ψα3 (r2)ψα4 (r1)dr1dr2 . (2.63)

Within the EFA it is possible to rewrite the integrals within eq. 2.63 in the two indepen-

dent subspaces r⊥ and s. By applying the same length-scale argument underlying the

whole EFA it is then possible to unlink the integrals in the two subspaces,

Vα1α2α3α4 = Ṽβ1β2β3β4Fδ1δ2δ3δ4 , (2.64)

where β = nk is the compound index characterising the free part of the wave function,

eik⊥·r⊥unkn0 (r⊥, z), and δ = nj is the one characterising the envelope function, φnj (s).
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It is further possible to interpret Ṽβ1β2β3β4 as a two-dimensional Fourier transform,

such that

Ṽβ1β2β3β4 = Ṽ (q) =
e2

2ε0A

1

q
, (2.65)

with the exchanged momentum, q = |q| = |k3 − k2| = |k4 − k1|. The remaining part

constitutes the form factors,

Fδ1δ2δ3δ4 (q) =

∫ ∫
φ∗δ1 (s1)φ

∗
δ2

(s2) e−q|s1−s2|φδ3 (s2)φδ4 (s1)ds1ds2 (2.66)

which only depend on the slowly varying envelopes, φδ (s).

This can be further adapted to the formalism presented in section 2.3 by casting it into

the electron-hole picture, i.e., explicitly splitting summations over band index in eq. 2.62

into separate terms, ∑
α

=
∑
njk

=
∑
jk

(∑
c

+
∑
v

)
, (2.67)

where c and v respectively run on conduction and valence bands, and replacing valence

band electronic operators with hole operators following the rules outlined in eq. 2.21.

This process results in 24 = 16 terms, each composed of a product of four fermionic

operators. These can be grouped into different categories depending on the nature

of the four operators, which represent different types of physical processes. Terms

including an odd number of electron (or hole) operators, representing processes like

Auger recombination, are neglected as are those that change the number of electrons

(or holes) as they require the exchange of a large amount of energy. Terms representing

interband exchange interaction are neglected as well. After reordering of the operators
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to achieve normal ordering the remaining four operator terms compose the commonly

used Coulomb interaction Hamiltonian

Ĥcc =
1

2

∑
kk ′q

∑
µ1,µ2
µ3,µ4

Vµ1µ2µ3µ4 (q) ĉ
†
µ1k1+qĉ

†
µ2k2−qĉµ3k2 ĉµ4k1

+
1

2

∑
kk ′q

∑
ν1,ν2
ν3,ν4

Vν1ν2ν3ν4 (q) d̂
†
ν1k1+qd̂

†
ν2k2−qd̂ν3k2 d̂ν4k1

−
∑
kk ′q

∑
µ1,µ2
ν1,ν2

Vµ1µ2ν1ν2 (q) ĉ
†
µ1k1+qd̂

†
ν1k2−qd̂ν2k2 ĉµ2k1 ,

(2.68)

where µ and ν are band-subband compound indices for conduction and valence bands,

respectively. The effective single-particle, i.e., two operators, terms that emerge as a con-

sequence of reordering operators to achieve normal ordering are assumed to be included

in Ĥ0. In eq. 2.68 it becomes apparent how the absence of an electron in the valence

band, i.e., a hole, behaves as a positively charged particle which feels an attractive force

towards negatively charged particles. This results in the minus sign preceding the third

term of eq. 2.68 as opposed to the positive sign of the first two terms which represent

repulsion among particles with the same charge (electrons and holes, respectively).

The Hamiltonian in eq. 2.68 can be used to calculate the effects of the carrier-carrier

interaction on the dynamics of the system. In particular this will introduce new terms in

the equation of motion of the single-particle quantities, introduced in section 2.4, which

will depend on ensemble averages of four operator terms. The equations of motion

of these quantities will in turn depend on terms containing six operators and so on,

resulting in an infinite hierarchy of equations of motion for density matrices with an

increasing number of particles. In order to obtain results for the carrier dynamics it is

possible to truncate this hierarchy at different levels by approximately factorising terms

containing ensemble averages of a higher number of operators into combinations of

lower order terms. An alternative approach, the so-called dynamics-controlled truncation,

was introduced by Axt and Stahl [96] and consists in an expansion over powers of the

exciting field. In cases in which the Hamiltonian conserves the total number of carriers



2.6 interacting electrons dynamics 55

and the initial state is taken to be the vacuum of electron-hole pairs, the hierarchy can

be rigorously truncated to any order of the driving field[96, 97].

The lower possible order of approximation of the carrier-carrier Hamiltonian, known

as Hartree-Fock (HF) or mean field approximation, consists into factorising ensemble

averages of four operator terms into products of two operator terms,

〈
ĉ
†
µ1k1+qĉ

†
µ2k2−qĉµ3k2 ĉµ4k1

〉
≈
〈
ĉ
†
µ1k1+qĉµ4k1

〉〈
ĉ
†
µ2k2−qĉµ3k2

〉
δq,0

−
〈
ĉ
†
µ1k1+qĉµ3k2

〉〈
ĉ
†
µ2k2−qĉµ4k1

〉
δk1+q,k2 ,

(2.69)

where the δ’s have been introduced as only terms that are diagonal in k have contribu-

tions from Ĥ0 + Ĥcl and are thus assumed to be dominant over off-diagonal k terms.

This approximation can be applied while deriving equations of motion from a Hamilto-

nian including the four operator terms presented in eq. 2.68 or, in a completely equiv-

alent way, used to build an effective Hartree-Fock Hamiltonian in which every term

contains only two operators. At this level of approximation the corrections induced by

carrier-carrier interaction can be easily included in the equations of motion presented

in eq. 2.45 via a renormalisation of the band structure and of the instantaneous Rabi

frequency  hΩkjj ′ (t) = eE (r, t) · µkjj ′

Eekj −→ Ẽekjj ′ = E
e
kjδj,j ′ + δE

e
kjj ′ (t) (2.70a)

Ehkj −→ Ẽhkjj ′ = E
h
kjδj,j ′ + δE

h
kjj ′ (t) (2.70b)

 hΩkjj ′ (t) −→  hΩ̃kjj ′ (t) = Ωkjj ′ (t) −∆kjj ′ (t) . (2.70c)
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Although the structure of the equations of motion is not modified, the dynamical cor-

recting terms included in eq. 2.70 have the effect of coupling the dynamics of different

k states via the Coulomb matrix elements introduced in eq. 2.64

δEekjj ′ (t) = −
∑
k ′

∑
ii ′

Veejij ′i ′
(∣∣k − k ′

∣∣)nek ′ii ′ (t) (2.71)

δEhkjj ′ (t) = −
∑
k ′

∑
ii ′

Vhhi ′j ′ij
(∣∣k − k ′

∣∣)nhk ′ii ′ (t) (2.72)

∆kjj ′ (t) = −
∑
k ′

∑
ii ′

Vehji ′j ′i
(∣∣k − k ′

∣∣)pk ′ii ′ (t) , (2.73)

where the time dependence has been written explicitly to further stress how this effect

is dynamical in nature.

To better understand the meaning of these terms it is convenient to look at a system

in which only one electron and one hole subband are present. In such a system the

electron and hole self-energies assume the simpler form

δEek (t) = −
∑
k ′
Vee

(∣∣k − k ′
∣∣)nek ′ (t) (2.74a)

δEhk (t) = −
∑
k ′
Vhh

(∣∣k − k ′
∣∣)nhk ′ (t) , (2.74b)

which results in a downward shift in conduction and valence band energies.† The re-

sulting k-resolved reduction of transition energies induces an overall redshift of the

absorption spectrum whose precise characteristics are affected by the number and dis-

tribution of excited carriers, nek (t) and nhk (t). The modification of the Rabi frequency

due to the electron-hole attraction,

 hΩ̃k (t) = eE (r, t) · µk +
∑
k ′
Veh

(∣∣k − k ′
∣∣)pk ′ (t) , (2.75)

is responsible for the appearance of resonances in the absorption spectrum located

within the bandgap. These are the excitonic resonances[6, 7, 10].

† From eqs. 2.64 to 2.66 it can be deduced that the Coulomb matrix elements are positive, while the definition
of the occupations ne/h implies that they are non-negative.
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In contrast to what happens in the HF approximation, the inclusion of further orders

of the Coulomb interaction results in the appearance of new dynamical variables and

thus in the increase of the number of simultaneous differential equations that need to

be solved. In the next step following the mean-field approximation, one has to con-

sider the time evolution of ensemble averages of terms containing four operators, e.g.,〈
ĉ
†
1ĉ
†
2ĉ3ĉ4

〉
(t). The dynamics of such terms can be derived, similarly to what was

shown previously, through the Heisenberg equation using the Hamiltonian defined by

eqs. 2.34, 2.38 and 2.68. As expected, this will result in the appearance of ensemble

averages of terms containing the product of six operators which will need to be fac-

torised into terms of lower order to obtain a closed set of update equations. By choosing

the specific approximations, one determines which higher order Coulomb processes,

e.g., screening, carrier relaxation, polarisation dephasing. . . , are included in the dynam-

ics[93]. Some of these processes are presented in sections 2.6.1 to 2.6.3, along with

explanations on how they can be phenomenologically included at the HF level, thus

reducing the need to extend the dynamical treatment to higher order correlations.

2.6.1 Intraband carrier relaxation

One of the most apparent effects of the Coulomb interaction is the introduction of scat-

tering events between carriers, which can be described in terms of a Boltzmann equation

for electrons and holes. A sketch of the derivation is presented here following the treat-

ment in Chow, Koch, and Sargent [6], but a more in-depth treatment and alternative

derivations can be found in several reference books like Haug and Koch [10] and Rossi

[11]. First the variation between the ensemble average of a four operators term and its

HF approximation is defined as

δKek,k ′−q,k−q,k ′ =
〈
ĉ
†
kĉ
†
k ′−qĉk−qĉk ′

〉
−
〈
ĉ
†
kĉk

〉〈
ĉ
†
k−qĉk−q

〉
δk,k ′ , (2.76)
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where the Hartree term,
〈
ĉ
†
kĉk

〉〈
ĉ
†
k ′ ĉk ′

〉
δq,0, has been neglected. The differential equa-

tion responsible for the time evolution of this variation can be formally integrated under

the assumption that the Coulomb contribution is slowly varying

δKek,k ′−q,k−q,k ′ (t) ≈
∂tδK

e
k,k ′−q,k−q,k ′

∣∣
cc

i∆εekk ′q/ h− γ
. (2.77)

where γ is a phenomenological decay constant, ∆εekk ′q = Eek + Eek ′−q − Eek−q − Eek ′ and

i h∂tδK
e
k,k ′−q,k−q,k ′

∣∣∣∣
cc
=
〈
[ Ĥcc, ĉ†kĉ

†
k ′−qĉk−qĉk ′ ]

〉
. (2.78)

Next all resulting ensemble averages of six and four operators are factorised into single-

particle density matrices and the result has the form of a Boltzmann equation,

∂tn
e
k

∣∣∣∣
coll

= −nekΓ
out
ek
[
ne,nh

]
+ (1−nek) Γ

in
ek
[
ne,nh

]
, (2.79)

where the Γ in
ek

[
ne,nh

]
and Γout

ek

[
ne,nh

]
rates are built from the sum of all possible in

and out scattering events preserving energy and momentum. If the carrier distributions

are sufficiently close to quasi-equilibrium Fermi-Dirac distributions, eq. 2.79 can be ap-

proximated via the relaxation time approximation

∂tn
e
k

∣∣∣∣
coll
≈ −γek

[
fe, fh

]
(nek − fek) , (2.80)

where γek
[
fe, fh

]
= Γout

ek

[
ne,nh

]
+ Γ in

ek

[
ne,nh

]
and fek (fhk ) is the electron (hole) quasi-

equilibrium Fermi-Dirac distribution corresponding to the same number of carriers

and temperature of nek (t) (nhk (t)). This approximation with a k dependent scattering

rate fails to preserve the total number of carriers, so that one often sets γek
[
fe, fh

]
=

γek0

[
fe, fh

]
which instead preserves the number of carriers†.

† In order to avoid a dynamical calculation of these rates, it is possible to calculate the values in advance
as the table γei,j = γe (i∆k, j∆N), where a closed system is assumed, such that the same total numbers of
electrons and holes are excited, see e.g. Böhringer and Hess [31, 32]
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2.6.2 Polarisation dephasing

The presence of the Coulomb induced scattering processes outlined in the previous

subsection also contributes to the loss of phase coherence between different states. To-

gether with the carrier-carrier interaction, several other coherent and incoherent pro-

cesses contribute to the phenomenon known as dephasing. This is commonly introduced

via the relaxation time approximation,

∂tpα

∣∣∣∣
relax

= −γpα
[
ne,nh

]
pα , (2.81)

where γpα
[
ne,nh

]
is the dephasing rate which depends in a functional sense on the

electron and hole distributions. A value for this parameter can either be derived from

higher order correlations, see e.g., Chow, Koch, and Sargent [6], or phenomenologically

set to a value that reproduces experimental results. In the latter case it is common to

assume the dephasing rate to be the same for all possible transitions, γpα
[
ne,nh

]
= γp.

2.6.3 Screening of the Coulomb interaction

Since the conduction electrons (and valence holes) in a semiconductor are only loosely

bound to atoms, the electron-hole system shares a lot of similarities with a plasma. In

particular in such a system the particles will rearrange themselves in order to reduce the

electric field produced by a particle, resulting in an effective screening of the interaction.

In the case of Coulomb interaction, this has the added benefit of removing the diver-

gence which appears in the calculation of the scattering integrals when the exchanged

momentum, q, tends to zero. This effect emerges self-consistently from a treatment of

interaction up to second order similar to the one discussed in section 2.6.1, where the

six operator terms arising from eq. 2.78 are factorised in all possible combinations of

lower order terms, i.e., one and two particle density matrices [93, 98–100]. The resulting

equation of motion for the two particle correlation, δKek,k ′,k ′+q,k−q (t), can be written
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as the sum of five terms, Si, which represent different physical phenomena. The sec-

ond, third and fifth terms, respectively represent the screening of the Coulomb potential

with increasing degrees of accuracy, starting from random-phase approximation (RPA)

and further correcting it with exchange terms, that are needed to obtain the correct

symmetry for the two particle correlation, and vertex corrections.

A more phenomenological approach to include the effects of screening within the RPA

consists of replacing the momentum space component of the bare Coulomb potential,

Ṽ (q), used in section 2.6 with an effective screened potential,

W̃ (q,ω) =
Ṽ (q)

ε (q,ω)
, (2.82)

where ε (q,ω) is the electron-hole plasma dielectric function. Within a two-band ap-

proximation and using the RPA the spatial and spectral dispersions of the longitudinal

dielectric function are given by the Lindhard formula

ε (q,ω) = 1− Ṽ (q)
∑
α=e,h
jαk

nαjαjαk−q −nαjαjαk
 h (ω+ iδ) + Eαjαk−q − Eαjαk

, (2.83)

which describes a complex retarded dielectric function. In the plasmon-pole approxi-

mation, the continuum of electron-hole excitations represented by poles in eq. 2.83 is

replaced by a single effective plasmon pole,

1

ε (ω)
= 1+

ω2pl

(ω+ iδ)2 −ω2q
, (2.84)

with the two-dimensional plasma frequency[6],

ω2pl =
e2NL

2ε0εm∗
q , (2.85)
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with the QW thickness, L. Equation 2.84 has the same structure as the Drude (classical)

result in the long-wavelength approximation except for the introduction of the effective

plasmon frequency,

ω2q = ω2pl

(
1+

q

κ

)
+
C

4

(
 hq2

2m∗

)2
, (2.86)

where m∗ is the electron-hole reduced mass, N is the sheet density and C is a numerical

constant which is usually taken between 1 and 4 [6, 101]. In the quasi-equilibrium limit,

the inverse screening length is

κ =
e2

2ε0επ h2

∑
α=e,h
jα

mαf
α
jαjαk

∣∣∣∣
k=0

, (2.87)

where fαjαjαk is the quasi-equilibrium distribution. In the static limit,ω→ 0, the screened

interaction potential is

Wα1α2α3α4 = W̃ (q) Fδ1δ2δ3δ4 , (2.88)

with

W̃ (q) = Ṽ (q)

(
1−

ω2pl

ω2q

)
. (2.89)

The screened interaction potential, Wα1α2α3α4 , can then be used as a replacement for

the bare Coulomb potential in the HF correction terms presented in eqs. 2.71 to 2.73. A

further term is introduced in the single-particle energy as a consequence of the screening

of the interaction, the Coulomb hole self-energy,

δECH =
∑
q 6=0

(W (q) − V (q)) < 0 , (2.90)

which provides a correction for the effective inclusion of Coulomb interaction in the

equilibrium single-particle band structure. As a consequence the hole single-particle

energy within the HF approximation of a screened Coulomb potential has the complete

form,

Ẽhkjj = E
h
kj + δE

h
kjj (t) + δE

CH , (2.91)

where the same naming convention as in eq. 2.70 has been followed.
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2.7 model modifications for tmdc monolayers

In order to show that this method can easily be applied to very diverse semiconductor

systems, we will now go through the steps needed to model the carrier dynamics in a

TMDC. This section will follow the same logical ordering with which different terms

were presented in the previous sections and highlight the changes that have to be imple-

mented. As a side note, this also shows that some of the steps discussed in the rest of the

chapter are not needed, as long as parameters for the model can be obtained from exter-

nal sources, e.g., density functional theory (DFT) simulations or fitting to experimental

results.

Following Berghäuser and Malic [60] we write the wave function in the following

tight-binding form

ψλsξk (r) =
1√
N

∑
j∈{Mo,S}

Cλsξkj

N∑
Rj

eik·Rjφλsξj
(
r − Rj

)
, (2.92)

with the band, λ ∈ {c, v}, spin, s ∈ {↑, ↓}, and valley, ξ ∈ {K,K ′}, indices. Here φλsξj
(
r − Rj

)
provide the basis for the tight-binding expansion and are linear combinations of the rel-

evant atomic orbitals†. The energy dispersion of the independent electrons can then be

obtained by solving the Schrödinger equation

H0ψλsξk = Eλsξkψλsξk , (2.93)

where the Hamiltonian, H0, is composed of a kinetic and a spin-orbit term,

H0 = Hkin +Hso =
p2

2m0
+U (r)L · S , (2.94)

† For a MoS2 monolayer the valence band is mainly formed by the dx2+y2 ± idxy orbitals of the molybde-
num atoms with a small influence of the px ± ipy orbitals of the sulphur atoms while the conduction band
is dominated by the dz2 orbitals of Mo with a minor influence of the px ± ipy orbitals of the S atoms. The
± sign correspond to the presence of two non-degenerate valleys, K and K ′.
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a Real space structure of MoS2 b Brillouin zone of MoS2

kx

ky

Γ K

K ′

M

c Parabolic band structure of MoS2

ξ = K

s =↑ s =↓

ξ = K ′

s =↓ s =↑

Figure 2.3: Pane a shows a schematic representation of the real space structure of a TMDC mono-
layer. This shows the characteristic hexagonal lattice composed of metal (blue) and
chalcogen (yellow) atoms, e.g. Mo and S, respectively. Pane b shows the Brillouin
zone corresponding to a hexagonal lattice. The presence of two different constituents
results in non equivalent K (blue) and K ′ (orange) valleys. Pane b shows the parabolic
band approximation for the K (left) and K ′ (right) valleys with masses and gaps fit-
ted to DFT results. Note the inversion of the spin-split bands between the K and K ′

valleys.
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with the linear momentum, p, angular momentum, L, and spin, S, operators. We further

assume a nearest-neighbour scheme in which

〈φλsξj
(
Rj
)
|φλsξi (Ri)〉 = δi,j (2.95)

〈φλsξj
(
Rj
)
|Hkin|φλsξi (Ri)〉 = tλs . (2.96)

Under these assumptions together with the ansatz of eq. 2.92 the solutions in the K

and K ′ valleys are completely decoupled and the problem is reduced to a set of four

linear equations that can be solved to obtain the energy dispersion

Eλskξ =
λ

2

√(
Egap + sξ∆ελsξ

)2
+ 4 |tλs |

2 f (kξ) , (2.97)

where λ = ±1 indicates conduction and valence band respectively and f (k) contains the

anisotropic k dependence responsible for the characteristic trigonal warping of hexag-

onal lattice materials. The wave vector, kξ, is measured from the centre of the cor-

responding valley, i.e., kξ = k − Kξ. A small momentum expansion can be used to

rewrite eq. 2.97 as an isotropic parabolic band structure,

Eλskξ ≈ λ
 h2k2ξ
2mλsξ

+
λ

2
Egap +

sλξ

2
∆ελ , (2.98)

with the effective masses, mλsξ =
2∆ελsξ h

2

3|tλs |
2 , and the spin-orbit split energy, ∆ελ.

Solving the Schrödinger equation also provides the wave functions, eq. 2.92, by deter-

mining the values of the tight-binding coefficients, Cλsξkj. One can thus proceed with

the calculation of the carrier-light coupling strength as momentum matrix elements,

Msξk = 〈ψvsξk|p|ψcsξk〉 , (2.99)

where we are assuming optically induced transitions to be vertical in k space and pre-

serve the spin index, s†. It was shown [60] that the matrix elements derived within this

† For a more convenient inclusion in FDTD, these can be converted to dipole matrix elements through

µsξk =
Msξk
imωsξk

,
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model reproduce the experimentally observed circular dichroism of this class of mate-

rials [49] as electrons in the K (K ′) valley only couple with right-handed (left-handed)

circularly polarised light.

Furthermore, the 2D hexagonal lattice of a TMDC monolayer is not centrosymmetric

as a consequence of the lattice base including two different atoms. Indeed, when the

crystal is inverted with respect to the centre of the hexagon the metal atom is replaced

by a chalcogen and vice versa. This results in a strong SHG from monolayers and systems

consisting of an odd number of layers[47, 73]. Conversely, an inversion centre is present

in the middle of a bilayer, thus strongly suppressing SHG for even-layered systems. We

introduce this behaviour in the model via the inclusion of an in-plane permanent dipole

moment for electron and hole states, as discussed in section 2.5.1†.

As the last step the Coulomb matrix elements have to be recalculated

Vα1α2α3α4 = Ṽ (q) Γα1α2α3α4 , (2.100)

where momentum conservation is taken into account by only using three momentum

indices‡, α = λsξk is the compound index which fully characterises a single-particle

electronic state and Γα1α2α3α4 takes into account the tight-binding coefficients, Cλsξkj.

Since the ξ index is related to momentum and due to momentum conservation it is

possible to introduce the following selection rule

Γα1α2α3α4 = Γα1α2α3α4δξ1,ξ4δξ2,ξ3 , (2.101)

which represents the fact that electrons cannot be scattered from one valley to the other

by a pure Coulomb event§. The momentum part of the carrier-carrier interaction matrix

where ωsξk is the transition frequency.
† Note that for a hexagonal lattice we expect some wave functions to still show some degree of spatial

symmetry. This is true for states located at high symmetry points of the reciprocal space, like the K and
K ′ points are. This makes the permanent dipoles a strongly k dependent quantity even within the valleys.
Nevertheless, for a fast and off-resonant excitation, several different states in the valley contribute to SHG
and we can thus approximate the dipole moment to be independent on k.
‡ This means that the four states have momenta k1, k2, k3 = k1 + q and k4 = k2 − q.
§ This is only valid if small deviations from the valley centres are considered for the kξ, which is consistent

with a picture of separated valleys as opposed to a single k index spacing over the whole Brillouin zone.
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element, Ṽ (q), is not simply the two-dimensional Fourier transform of the Coulomb

potential as it is for quasi-two-dimensional systems like QWs. As a consequence of the

two-dimensional nature of these monolayers, the macroscopic dielectric screening is no

longer described by a simple dielectric constant. An intrinsic q dependence has to be

included[58, 68],

Ṽ (q) =
e2

2ε0ε (q)A |q|
(2.102)

ε (q) = εs (1+ r0 |q|) , (2.103)

where εs is the average of the dielectric constants of substrate and superstrate, r0 = dε⊥
εs

plays the role of a screening length, d is the layer thickness and ε⊥ is the in-plane

component of the dielectric tensor of the bulk material.

All of these consideration affects the parameters that enter the model, the states (and

thus indices) that have to be considered and the existing selection rules for both car-

rier light and carrier-carrier interactions. However, the TMDC Bloch equations main-

tain the same structure as the semiconductor Bloch equations presented in sections 2.4

and 2.6[60]

∂tn
e
sξk (t) = ∂tn

h
sξk (t) =i

(
Ωsξk (t)p

∗
sξk (t) −Ω

∗
sξk (t)psξk (t)

)
(2.104a)

∂tpsξk (t) =− i (ωsξk (t) − iγsξk)psξk (t) (2.104b)

− iΩsξk (t)
(
nesξk (t) +n

h
sξk (t) − 1

)
−
i
 h

E (r, t) ·
(
µcsξk − µvsξk

)
psξk ,
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where the transition and Rabi frequency are renormalised via the inclusion of Coulomb

interaction at the HF level

 hωsξk (t) =E
e
sξk + Ehsξk (2.105)

−
∑
k ′

(
Vesξ

(∣∣k − k ′
∣∣)nesξk ′ (t) + V

h
sξ

(∣∣k − k ′
∣∣)nhsξk ′ (t)

)
 hΩsξk (t) =µsξk · E (r, t) +

∑
k ′
Vsξ

(∣∣k − k ′
∣∣)psξk ′ (t) . (2.106)

2.8 conclusion

This chapter provided a quick overview on the description of electrons and holes in

semiconductor bulk as well as in heterostructures, e.g., a single lattice matched QW. The

second quantisation and density matrix formalisms have been introduced and employed

to derive a set of time domain differential equations describing the dynamics of charge

carriers in semiconductors at different levels of approximation, cf. eq. 2.45 together with

the Hartree-Fock corrections from eq. 2.70 for the dynamics inside a QW and eq. 2.104

for the TMDC case. The resulting time evolution of the microscopic dynamical variables

in eq. 2.43 can thus be self-consistently calculated under the influence of classical electro-

magnetic fields. Furthermore, solving the semiconductor equations of motion provides

a way to calculate the time evolution of the macroscopic response of the carrier sys-

tem, the optical polarisation. This macroscopic polarisation can, in turn, influence back

the dynamics of the electromagnetic fields, resulting in the need for a self-consistent

solution of the two sub-systems.

In this work, the time evolution of the system is obtained by simultaneously solving

in time domain Maxwell’s equations and the semiconductor equations of motion by

applying the FDTD-ADE algorithm, providing a semi-classical description of the system.

At each step, the new electromagnetic fields are obtained by solving a discretised version

of Maxwell’s equations. The resulting electric field can then be used as input in the
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solution of the auxiliary differential equations describing the semiconductor system,

namely eqs. 2.45 and 2.104. This provides new values for the microscopic dynamical

variables and consequently an updated value of the macroscopic polarisation, defined in

eq. 2.46, which then acts as an input to update the electromagnetic fields to a new step in

time. Lastly, it is important to notice that this approach requires a spatial discretisation

of the semiconductor equations of motion, and thus dynamical variables, matching the

one used by the FDTD solver for the electromagnetic fields. As a result, this model can

only be used if the spatial step is large enough to ensure that electrons pertaining to

different grid points are independent from each other†.

† If smaller mesh sizes are required for the convergence of the electromagnetic fields, correlations between
carriers at different spatial positions could be included via a Boltzmann-like approach, as outlined in Hess
and Kuhn [92].



3 Optical response tailoring in two-dimensional

semiconductors

This chapter characterises the model presented in chapter 2 by studying the response

to ultrashort optical pulses in the linear and non-linear regimes and for different sets

of parameters. We thus highlight how the different components of the model describe

different features that are typical of a semiconductor under strong optical excitation.

The flexibility of the model is highlighted by showing how a minimal set of changes can

modify the response of the system from that of a Quantum Well (QW) to that presented

from novel semiconductors like Transition Metal Dichalcogenide (TMDC) monolayers.

This is achieved entirely by manipulating the parameters and initial conditions of the

model while the same mathematical and computational description is maintained.

Before proceeding with the results it is convenient to note that there are a few sim-

plifications that can be applied to the model as a consequence of the specific excitation

regime employed here. First of all, the optical pulse is chosen to propagate along the

axis of the two-dimensional material, so that the electromagnetic simulation gets trans-

formed into an effective one-dimensional description. This also implies that the field

polarisation is in the plane of the two-dimensional material, i.e., E ⊥ uz, and therefore

all dipole matrix elements can be considered only in their x and y components. By im-

posing this selection rule in the case of an inversion symmetric QW, it is possible to sup-

press intersubband transitions along with transitions between subbands with different

parity, effectively separating the system into two different subsystems and, for a shallow

well, resulting in a system which can be described via a single subband approximation.

One further simplification comes from the focus onto the region around the bandgap

energy, which is typical when studying the optical response of semiconductors, allowing

a description in terms of a simple parabolic band structure, like the one described by

eq. 2.10. A more subtle consequence of describing the electronic system in effective mass

69
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approximation is that the equations of motion in eq. 2.45 become isotropic in k in the

limit of a non-interacting system. They can thus be solved in the one-dimensional space

of k = |k|, provided that the correct weights are introduced when a spectral summation

is performed†. Although less trivial, it can also be shown that the Coulomb interaction

at the Hartree-Fock (HF) level does not affect the k space isotropy of the dynamics‡.

Furthermore, in the case of direct gap semiconductors, the band extrema are usually

located at high symmetry points of the reciprocal space, which results in an isotropic

response to fields polarised in the xy plane so that a specific polarisation, e.g., E ‖ x, can

be chosen without loss of generality. Finally, the dipole matrix elements and polarisation

dephasing rates are taken to be homogeneous over the considered region of reciprocal

space and all intraband relaxation processes are ignored. In other words, the carriers

are frozen in reciprocal space for the whole duration of the pulse. This follows from the

ultrashort nature of the optical pulse and is well justified in the linear regime or when

the central frequency of the exciting pulse lies in the gap region.

3.1 linear response of a semiconductor qw

In this and the following section, we are interested in capturing the response of the

semiconductor system in the case of a linear and non-linear excitation, respectively.

When the exciting pulse is weak enough, optically active systems show a linear response,

† Given a quantity F, which is calculated as a spectral summation of the microscopic f (k), and using the
common limit of a crystal of infinite volume,

F = lim
A→∞ 1

A

∑
k

f (k) =

∫
dk

(2π)2
f (k) =

∫∞
0

dk
k

2π
f (k) ,

where the last equality uses the fact that the quantity f only depends on the magnitude of k.
‡ This comes as a consequence of the HF correction terms from eqs. 2.71 to 2.73 containing a full summation

over the two-dimensional reciprocal space and the fact that the Coulomb interaction only depends on the
magnitude of the exchanged momentum, q = |k − k ′|.
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i.e., the polarisation induced in the material is linear in the exciting field. As a conse-

quence the linear susceptibility,

χ(1) (ω) =
P (ω)

ε0εE (ω)
, (3.1)

is independent on the intensity of the excitation. On the other hand, as the excitation in-

creases in strength, more terms of the series presented in eq. 2.47 become non-negligible

giving rise to a non-linear response, cf. section 3.2.

For a semiconductor system, one is usually interested in probing the bandgap region

as well as the lower part of the interband transition region, which usually corresponds

to an energy range on the order of 100 meV. Thanks to the time domain nature of the

employed method it is possible to collect the system response across multiple frequen-

cies from a single simulation, in analogy with what can be achieved experimentally. To

effectively achieve such a result it is convenient to employ an ultrashort optical pulse as

this provides a spectrally broad probing field†.

We excite the system with a hyperbolic secant-shaped transform-limited pulse,

E (t) = E0 cos (ωpt) sech
(
t

τ

)
, (3.2)

where ωp = 2πνp = 2πc
λp

is the central (angular) frequency of the pulse, λp is the

vacuum wavelength and τ defines the duration of the pulse, corresponding to a full

width half maximum (FWHM) ∆t ≈ 2τ log
(
2+
√
3
)

. The spectral content of the pulse

can be calculated analytically by performing the Fourier Transform of eq. 3.2 and is also

expressed as a hyperbolic secant centred at ωp whose FWHM is

∆ω =
2∆t

πτ2
≈
8 log2

(
2+
√
3
)

π∆t
≈
4 log

(
2+
√
3
)

πτ
. (3.3)

In order to isolate the QW response as much as possible from any contribution from the

environment, we first proceed to study the case of a single 10 nm thick In0.2Ga0.8As/GaAs

† Given a generic transform limited pulse of duration ∆t, e.g., measured as FWHM, the corresponding spec-
trum has a width of ∆ω = C

∆t
, where C is a constant depending on the specific shape of the pulse envelope.
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QW thickness w 10 nm
Effective electron mass me 0.06 m0
Effective hole mass mh 0.33 m0
Bandgap Eg 1.21 eV
Dipole matrix element µ 0.5 nm
Polarisation dephasing γp 2 ps−1

QW refractive index nQW 3.698
Barriers refractive index nb 3.551
Initial excitation density Ne 4× 109 m−2

Number of sampling points in k space Nk 600

Energy cut-off Ec 2.04 eV
Spatial step of FDTD grid ∆x 10 nm
Temporal step of FDTD grid ∆t 0.0333 fs

Table 3.1: Parameters used to simulate the dynamics of carriers in a semiconductor QW at 300 K

QW immersed in an infinitely extended passive medium whose refractive index matches

the one of the barrier material, nb = 3.551 (cf. table 3.1). The relevant parameters for

the description of the carrier dynamics in the QW are listed in table 3.1. A pulse with

the time dependence written in eq. 3.2 and ∆t = 15 fs is then started inside the homo-

geneous region and incident on the QW. The full-field dynamics of the reflected and

transmitted fields is recorded as the time traces ET (t) and ER (t) and their spectral con-

tent numerically calculated via the FFT algorithm. The resulting (complex) amplitudes

can be converted to intensities as

I (ω) =
|E (ω)|2

cµ0
= ε0c |E (ω)|2 , (3.4)

where c = (µ0ε0)
−1/2 is the speed of light, ε0 is the vacuum permittivity and µ0 is

the vacuum permeability. As a consequence of energy conservation, it is possible to

decompose the incident intensity spectrum as reflected, IR (ω), transmitted, IT (ω), and

absorbed, Iabs (ω), components resulting in a relationship between the reflectance, R (ω),

transmittance, T (ω), and absorptance, α (ω), coefficients for energy. This allows for the
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calculation of the absorption spectrum from the measurement of the transmitted and

reflected field time traces and their spectral components,

α (ω) = 1− R (ω) − T (ω) = 1−
IR (ω) + IT (ω)

Iinc (ω)
. (3.5)

This process of collecting time traces of the field and analysing them for their spectral

component, as well as the calculation of absorptivity from eq. 3.5, is the main source of

results when performing one-dimensional Finite Difference Time Domain (FDTD) simu-

lations. In the following section 3.1.1 we will start by analysing the linear response of a

single QW with independent electrons in order to build an understanding of the phenom-

ena that are included in the model and what is their signature in the field spectra and

time traces. We will then proceed to include carrier-carrier interaction in section 3.1.2

and examine how this changes the linear response.

3.1.1 Independent electrons

We first analyse the single QW in a homogeneous background in the limit of non-

interacting electrons. The pulse used to probe the system has the central frequency

close to the bandgap energy,  hωp ≈ Eg, and a time duration ∆t = 15 fs which results

in a broad spectrum, FWHM of  h∆ω ≈ 0.193 eV. We use eq. 3.5 to calculate the linear

absorption spectrum, α (ω), which is shown in fig. 3.1 as a function of the probe photon

energy,  hω. The vertical dashed line marks the bandgap energy, Eg, and separates the

spectrum in a gap region (lower energy, red shading) and an interband transition one

(higher energy, blue shading). The linear absorption of a system of independent elec-

trons in the limit of no polarisation dephasing, γp = 0, can be evaluated via perturbation

theory,

αt (ω) ∝ µ2k0gJ ( hω) (3.6)

gJ (ε) =
∑

k

δ
(
Eek + Ehk −  hω

)
, (3.7)
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Figure 3.1: Absorption spectrum, α (ω), from a single QW embedded in an infinite passive ma-
terial with the same refractive index as its barriers. The vertical dashed line at the
centre is located at the gap energy, Eg = E ′g + Ee1 + E

h
1 = 1.21 eV, and separates

the gap region (orange shading) from the interband transition region (blue shading).
Panel a: Smearing of the absorption spectrum around the bandgap, due to finite tem-
perature effects, modelled via the polarisation dephasing rate, γp. The values used
for the different lines are γp = 0 (red), γp = 2 ps−1 (blue), γp = 5 ps−1 (orange)
and γp = 20 ps−1 (green). Panel b: Effect of using a finite and discrete set of points
to represent the band structure. The blue line is the same as the one in fig. 3.1a
and is obtained with the parameters in table 3.1. The orange line is obtained with
the same parameters but the band structure is sampled with a reduced number of
points, Nk = 100. Panel c: Effect of introducing a cut-off in the band structure, Ec.
The blue line is the same as the one in fig. 3.1a and is obtained with the parameters
in table 3.1. The orange line is obtained with the same parameters but the band
structure is truncated at a lower energy, Ec ≈ 1.3.
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where the dipole matrix element, µk, is assumed to be a slowly varying function of k and

can, therefore, be evaluated at a high symmetry point, k0, and gJ (ε) is the joint density

of states (JDOS). Within the effective mass approximation of a QW, the JDOS works out to

gJ ( hω) =
2πm∗

 h2
Θ ( hω− Eg) , (3.8)

where Θ (x) is the Heaviside step function and m∗ the electron-hole reduced mass. This,

however, is only true if no incoherent processes are considered, which would tend to

lower the coherence between pairs of states that are coupled through an optical tran-

sition. As it was previously discussed (cf. section 2.6.2) in our model we account for

the loss of coherence through a dephasing term, pk ∝ −γpkpk, which has the effect of

smearing the sharp transition introduced by the Heaviside step function, as it can be

seen from the blue line in fig. 3.1a as compared to the red line showing the result for a

totally coherent system. We further assume that the dephasing rate changes slowly in

k and thus use a constant value, γp†. The oscillating behaviour that can be observed at

the right hand of fig. 3.1 is a numerical artefact that follows from the representation of

the band structure as a set of Nk discrete levels. The levels are taken to be uniformly

distributed in k space resulting in an increased energy spacing at higher energy, which

results in an increased amplitude and period of these numerical oscillations. This is ap-

parent in fig. 3.1b, which also shows how the onset and amplitude of the oscillations are

worsened by decreasing Nk. Similarly, we have to introduce a cut-off in the parabolic

band structure at wave vector kc, which results in a finite bandwidth for the absorption

region, as opposed to what is given by eqs. 3.6 and 3.8. This effect can be seen in fig. 3.1c,

where the cut-off energy has been lowered, Ec =
 h2k2c
2m∗ = 1.298 eV, and corresponds to

the second dashed line.

The linear response of the QW is also affected by the presence of excited electrons

and holes as this reduces the number of states available for optical transitions. As the

† The dephasing rate can be either set to a known value for the semiconductor material of interest or used
as a free parameter to match experimental results. A third, more theoretical, approach consists in explicitly
calculating the contributions to γpk from phonon and carrier-carrier scattering. This can be achieved self-
consistently by extending the equations of motion to include the phonon system and higher orders carrier-
carrier correlations[6] or by interpolating from pre-computed tables[31, 32].
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Figure 3.2: Absorption spectrum, α (ω), of a single QW with the same environment as in
fig. 3.1. Different lines correspond to different values of the carrier sheet density,
N = {0, 0.5, 1.0, 1.5, 2.0, 2.5, 3.0}× 1016 m−2, with values increasing from black to light
blue. The vertical dashed line marks the bandgap and the shaded regions correspond
to absorption (blue) and gain (orange).
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Figure 3.3: Absorption spectrum, α (ω), of a single QW within HF approximation (orange line)
compared to that obtained from independent electron approximation (blue line). The
simulation domain is filled with a passive dielectric with the same refractive index as
the QW barriers, as to isolate the response of the QW. The vertical dashed line marks
the bandgap energy, Eg = 1.21 eV, below which lies the exciton resonance centred at
EX = 1.2001 eV.

density of excited carriers increases, the low transition energy states will start to be

more populated and reach zero absorption. Even higher densities will then result in a

sign change leading to negative absorption which, going back to eq. 3.5, means that the

intensity of the optical fields leaving the system is higher than the incident intensity for

certain frequencies. This behaviour is shown in fig. 3.2 for values of the carrier sheet

density, N, going from 0.5× 1016 m−2 to 3× 1016 m−2. As a result of increased carrier

density, the gain spectrum provided by the semiconductor system becomes broader.

3.1.2 Interacting electrons

We proceed to use a similar setup and probing pulse as in section 3.1.1 to now

probe the linear response of a system of interacting electrons and holes, as is described

from the HF corrections presented in section 2.6. Following what was done in the non-
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Figure 3.4: Time evolution and spectral content of the microscopic polarisation, pk, in a single
QW immersed in a homogeneous background and excited within the linear regime.
Pane a shows the dynamics of the polarisation envelope, |pk (t)|, under an indepen-
dent carrier approximation, while pane b shows the spectral content of each micro-
scopic polarisation, |pk (ω)|. Panes b and d show the same data after including the
Coulomb interaction. The data in each pane is normalised to fit in the [0, 1] interval.
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interacting case we measure the fraction of field transmitted and reflected at each wave-

length and use them to calculate the absorption spectrum, α (ω). Figure 3.3 shows a

comparison between the absorption from a non-interacting electron-hole gas (blue) and

the response arising from the same system with the inclusion of Coulomb interaction

(orange). The most striking feature of the interacting system is the strong peak located

within the bandgap region, EX = 1.201 eV. Such a resonance is the signature of a bound

electron-hole state, the exciton, in which the two particles of opposite sign feel an attrac-

tive Coulomb force, resulting in a lower energy requirement to excite an electron from

the valence to the conduction band. Furthermore, the bandgap is shifted to lower energy

by δECH as a consequence of including a screened Coulomb potential, as described in

section 2.6.3. A small enhancement in absorption is present for frequencies correspond-

ing to band-to-band transitions, i.e., at higher energy than the bandgap, and a generally

flat spectrum is observed for these processes.

The binding energy of the electron-hole pair is calculated from the energy difference

between the exciton peak and the bandgap, Eb = Eg − EX = 9 meV ≈ 2.44 E∗Ry, with the

modified Rydberg energy

E∗Ry =
m∗

ε2
ERy =

m0m
∗e4

32π2ε20ε
2 h2

= 3.694 meV . (3.9)

This value is mainly determined by the QW thickness in relation to the effective Bohr

radius in the bulk material, as this provides a measure of how confined the carriers

are in the QW[102]. This is introduced through the calculation of the Coulomb form

factors from eq. 2.66, as in our model the QW thicknes only affects the calculation of the

envelope functions, φδ (z). The two limiting cases, which can be calculated analytically,

are an infinitely thin 2D QW, in which Eb = 4E∗Ry, and one that is thick enough to be

considered a bulk material, Eb = E∗Ry.

Up to here, we focussed on how the combined use of FDTD and a semiconductor

model can be used, in a way which is analogous to experiments, to study the optical

response of simplified systems by only observing the dynamics of the fields outside of

the system that is being investigated. In contrast to experiments, however, we can get
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more insight into the behaviour of the system by collecting other kinds of data, like

micro- or macroscopic semiconductor quantities, as well as field dynamics and field

profiles throughout the structure.

In order to obtain the linear response of the system, we are operating in a regime

of weak excitation in which the (quasi-equilibrium) initial distributions of carriers are

not perturbed so that we can here focus on the microscopic polarisation, pk (t) =

p̄k (t) e
iθk(t). The left-hand side of fig. 3.4 (panes a and b) shows the dynamics of

the absolute value of the band resolved polarisation, p̄k (t), which is observed to change

slowly compared to all the involved frequencies and can thus be identified as a (slowly

varying) envelope of the signal. Conversely, the right-hand side (c and d) shows the re-

sult of performing a numerical Fourier transform of the k dependent polarisation, and

thus shows the quickly oscillating part of the time domain signal in term of the consti-

tuting frequencies. Figure 3.4a shows that for the non-interacting system a wide range

of k states is excited due to the broad spectrum of the incoming pulse and a maximum

in the polarisation is achieved soon after the peak of the probing pulse, tp = 0.234 ps.

Following this, all coherences undergo a simple exponential decay characterised by the

dephasing rate, γp. Figure 3.4c shows that the microscopic polarisations oscillate at a

frequency ωk, corresponding to the energy difference of the dipole active transition at k

(cf. eq. 2.45c) and thus shows the parabolic nature of the band structure. In contrast to

this, fig. 3.4d shows that in the presence of carrier-carrier interaction multiple spectral

components are present in each microscopic polarisation. In the higher frequency part of

the spectrum the parabolic shape from fig. 3.4c is recovered, albeit shifted towards lower

energies by the Coulomb Hole energy. At energies lower than the bandgap, however, a

completely new resonance frequency is introduced which shows very little change with

k and can thus be identified as the response from a localised state. As a consequence

of the strength of the Coulomb interaction, as well as the collective nature†, this state

† The macroscopic polarisation is obtained as a spectral summation from the microscopic polarisations

P (t) =
µ

A

∑
k

R (pk (t)) = µ

∫
g (ε)p (ε, t)dε .

When all the microscopic polarisations have a component oscillating with the same phase and frequency,
they will coherently sum up P (ωX) ≈ ∆Eg (ε (k0))pk0

(ωX).
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Figure 3.5: Absorption spectrum, α (ω), of a single QW within HF approximation as a function
of carrier density. Different lines correspond to different values of the carrier sheet
density, N = {0.01, 1, 5, 10}× 1014 m−2 with values increasing from black to light
blue. The bandgap lies at the right-hand edge of the energy scale.

presents a much larger absorption as compared to single-particle band to band transi-

tions. The presence of two distinct frequencies can also be observed in the time domain

results from fig. 3.4b as it introduces a beating effect in the envelope of the polarisations.

In a similar way to what we observed for independent electrons in section 3.1.1, we

can expect the linear response of a system of interacting electrons to be affected by the

presence of previously excited carriers. Results for increasing densities of excited car-

riers are shown in fig. 3.5, where the carriers, electrons and holes, are assumed to be

distributed according to two equilibrium distributions with different chemical poten-

tials, µe and µh. As the carrier density is increased from N = 1× 1012 m−2 (black line)

to N = 1× 1015 m−2 (light blue line) we observe that the bandgap is further shrunk

as a natural consequence of the electron (hole) self-energies depending on the occupa-

tion of the conduction (valence) band, cf. eq. 2.74. We further observe an effect from

the increased carrier density on the exciton, as the corresponding strong resonance is

bleached and redshifted. This has been shown to be a combined effect from Pauli block-
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Material nl εl

SiN 1.884 3.551
In0.2Ga0.8As 3.698 13.675
GaAs 3.551 12.610
AlAs 2.959 8.756

Table 3.2: Refractive index and background permittivity of all the materials included in the
simulation.

ing of band to band transitions, which introduces a dispersionless bleaching, as well as

the phenomenological screening of the Coulomb interaction, which is responsible for

part of the bleaching as well as the redshift. Conversely, higher order of the Coulomb

interaction introduce a balancing blueshift of the exciton energy, so that if all orders are

included the exciton peak does not get shifted but purely bleached[103, 104].

3.1.3 Environmental effect

After studying the electron dynamics of an isolated QW in a homogeneous background

we proceed by introducing a more complex optical environment. For this we choose a

semiconductor saturable absorber mirror (SESAM), which is a well-established structure

for ultra short pulse generation.[105] The whole structure is included in our simulations

as a spatially varying background permittivity εl (z) = n2l (z), as shown in fig. 3.6, and

is surrounded by 2 µm of air on each side. Table 3.2 contains the refractive index and

background permittivity of all materials included in the structure.

In order for the structure to be effective, most of the layer thicknesses need to be

proportional to the central wavelength of the incoming pulse, λ0. The structure is em-

bedded within two anti reflection (AR) coatings obtained via SiN layers of optical length

λ0
4 which minimize reflection of the pulse at the structure/air interface, thus allowing

for a more efficient in-coupling of the light. The distributed Bragg reflector (DBR) is

composed by a set of alternating GaAs and AlAs layers, each with an optical length of

λ0
4 . This basic two-layered module is repeated 25 times in order to achieve a very high

reflectivity around λ0, as shown in fig. 3.7a, where we tuned the pulse to the exciton en-
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Figure 3.6: Refractive index profile of the SESAM structure (blue line). Shaded regions of dif-
ferent colours represent different materials: air (blue), SiN (orange), GaAs (green),
InGaAs (red), AlAs (purple). The AR coatings (orange) and DBR layers have thick-
nesses of λ04n and the QW is λ0

4nb
away from the DBR, where λ0 is the central wave-

length of the incoming pulse and nb is the barrier refractive index. The black line
shows the field profile across the structure at λ = λ0.
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Figure 3.7: Pane a: reflectance (blue) and transmittance (orange) spectra of the passive SESAM
structure. Pane b: field enhancement at the QW position. The vertical dashed lines
indicate the exciton (EX) and gap (Eg) energies.
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ergy, EX. Due to the presence of the mirror, a standing wave is created inside the GaAs

layer between the mirror itself and the anti-reflective layer. Such an interference pattern

has zeros at even integer multiples of λ04n and maxima at odd ones. The QW is located in

such a maximum, in order to take advantage of the field enhancement provided by this

interference pattern, and is thus at an optical distance λ0
4 from the start of the mirror.

Two further layers of arbitrary size are used to isolate the anti-reflection coatings from

the mirror on one side and the QW on the other.

The passive structure is characterised first by measuring its characteristic transmit-

tance and reflectance spectra, T (ω) and R (ω), as shown in fig. 3.7a. This highlights

how the mirror reflects almost perfectly in a broad spectral region around the central

wavelength of the pulse while showing oscillation characteristic of a DBR outside the

stop band. By measuring the field time trace at the QW position it is further possible to

calculate the field enhancement spectrum,

F (ω) =

√
IQW (ω)

Iinc (ω)
=

√
ε0nE

2
QW (ω)

ε0E
2
inc (ω)

=

∣∣∣∣EQW (ω)

Einc (ω)

∣∣∣∣√n , (3.10)

where n = nQW is the refractive index at the QW position or, generally, where the field

enhancement is measured. Figure 3.7b shows that the field is generally enhanced by a

factor between 1.5 and 2 within the stopband region of the DBR, while on the outside it

oscillates around 1 following the same pattern seen in fig. 3.7a.

Figure 3.8 shows how the absorption resulting from the inclusion of the QW in the

SESAM structure (blue) compares with results from the isolated system (orange, fig. 3.3).

Since the DBR and the structure in general have been tuned to the exciton frequency,

only the low energy region of the band to band absorption spectrum falls within the

stopband, as can be seen in fig. 3.8a for the case of independent carriers. The absorption

is increased by a factor F2 (ω) ≈ 4 as compared with the absorption spectrum of an

isolated QW. In the case of interacting carriers, fig. 3.8b, the field enhancement results

in very large absorption at the exciton energy, whereas the in-band absorption is now

decreasing the further we go from the band edge.
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Figure 3.8: Absorption spectrum, α (ω), of a single QW embedded in the SESAM structure (blue
lines) compared with results from a homogeneous system (orange lines). The results
are presented for the case of independent electrons (a) as well as interacting electrons
(b). The vertical dashed lines indicate the exciton (EX) and gap (Eg) energies.
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3.2 non-linear regime and third harmonic generation

In the previous section, it was shown how the linear response of a QW can be manip-

ulated through the environment by using a suitable passive cavity. Such a cavity can

be engineered to produce an enhancement in some features of the absorption spectrum

while suppressing the response from other spectral regions. An understanding of how

this happens in the linear regime can be easily achieved from calculating the cavity in-

duced field enhancement, as it can be deduced from comparing figs. 3.3, 3.6 and 3.8. As

the semiconductor is driven into a non-linear regime, however, the back-and-forth inter-

action between the active material and its near field environment goes beyond what can

be described by the field enhancement, e.g., in the case of strong coupling[83, 106, 107].

In such a situation the time domain model presented in this work can provide a dynam-

ical description of the system which treats the active material, the electromagnetic field

and the environment all consistently and on the same footing.

To help quantify how the carrier dynamics depends on the excitation intensity it is

convenient to draw a comparison with a two-level system, as when Coulomb interaction

is neglected the presented semiconductor model falls back to a system of independent

two-level systems with the same dipole matrix element. The area of a pulse with respect

to a two-level system with dipole matrix element µ is defined as

θ2 =

∫+∞
−∞ Ω (t)dt , (3.11)

where Ω (t) = eµ·Ẽ(t)
 h is the Rabi frequency in slowly varying envelope approximation

and Ẽ (t) is the pulse envelope. In the case of a hyperbolic secant pulse like the one

presented in eq. 3.2, this integration can be carried out analytically, giving

θ2 =
eµE0τ

 h
π . (3.12)

A pulse of area θ2 = 2π is defined as the pulse which increases the inversion of the

system from the ground state, reaching maximum inversion at the pulse maximum,
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and then brings the system back to its ground state. As a consequence of Coulomb

interaction in the HF approximation, the Rabi frequency is renormalized and acquires a

dependence on the wave vector, Ω̃k (t). This results in the following definition for the

area of a pulse with respect to each one of the QW states

θk =

∫
Ω̃k (t)dt = θ2 +

1
 h

∑
k ′ 6=k

Veh (∣∣k − k ′
∣∣) ∫ |pk ′ (t)|dt , (3.13)

where we have used eq. 2.75. This shows that the more complex behaviour of the

interacting system cannot be simply described in terms of pulse area. However, we

continue to use the pulse area with respect to a two-level system as an approximate

measure of pulse strength.

In the non-linear regime the carrier occupations are not fixed at their initial value but

evolve dynamically and can thus be used, together with field and polarisation dynamics,

to explore the behaviour of the system as it is shown in fig. 3.9. The exciting pulse has a

hyperbolic secant shape with an FWHM of 100 fs and is resonant with the exciton energy.

The weaker excitation used in figs. 3.9a and 3.9b has an equivalent two-level pulse area

θ2 = 0.4π, corresponding to a peak intensity

I0 =
E20
cµ0

=
 h2θ22

cµ0e2µ2τ2π2
≈ 5.11× 1011 W

m2
, (3.14)

while the QW parameters are the same employed in the linear regime and summarised

in table 3.1. Figure 3.9a shows the dynamics of the total density of carriers in the

semiconductor system,

N (t) =
2

A

∑
k

nek (t) −→ 2

∫
g (ε)ne (ε)dε , (3.15)

where the 2 accounts for the degenerate spin states. From the monotonous increase of

density through the pulse action and the absence of Rabi oscillations, it can be deduced

that the system behaves as a whole like a two-level system excited by a pulse with

area θs < π. A more refined picture is given by the colour map in fig. 3.9b which
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Figure 3.9: Macroscopic (a and c) and band resolved (b and d) dynamics of charge carriers
in a QW excited outside of the linear regime. The system is excited via a 100 fs
long, sech-shaped pulse whose peak reaches the QW position at t ≈ 1.5 ps. Panes a
and b show the dynamic resulting from an optical pulse with peak intensity I0 ≈
5.1× 1011W/m2, corresponding to an equivalent pulse area θ2 = 0.4π in a two-level
system. Panes c and d are the result of a 25 fold increase in the intensity of the
excitation pulse, I0 ≈ 1.28× 1013 W/m2 and θ2 = 2π.
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shows the occupation of the electronic states as a function of time and wave vector k.

The population is located around the minimum of the conduction band, k = 0, and its

distribution in k space does not significantly change shape as the pulse traverses the

material. Following the passing of the pulse, occupations remain almost constant as

a consequence of the absence of intraband relaxation and the very slow nonradiative

decay.

The exciting field used to produce the results in figs. 3.9c and 3.9d corresponds to an

equivalent two-level pulse area θ2 = 2π and therefore has a 25 fold increase in peak

intensity, I0 ≈ 1.28× 1013 W
m2 . The total density in fig. 3.9c suggests that the carrier

system as a whole still behaves similarly to a level system exhibiting Rabi oscillations.

In contrast to the Rabi oscillations in a two-level system, however, the density does not

decrease back to zero. A more complex picture emerges from the band resolved results

in fig. 3.9d, where the population of carriers extends itself further from the centre of

the band as compared to what was observed in fig. 3.9b for a weaker excitation. This

is a consequence of the more intense pulse having stronger high energy components.

Furthermore, every single state can be seen to behave similarly to an isolated two-level

system subject to different excitation intensity, with lower k states having a higher Rabi

frequency. This behaviour is a consequence of two main effects; firstly the Rabi fre-

quency acquires a strong k dependence as a consequence of renormalisation induced

by the Coulomb interaction. Secondly, Rabi oscillations occur at the generalized Rabi

frequency,

ΩG =
√
Ω2 −∆2 , (3.16)

and therefore decrease with increasing detuning, ∆, of the pulse frequency from the

optical transition. This is of particular importance when the excitation is redshifted

from a parabolic band, as the detuning grows as k2.

In order to investigate the generation of higher harmonics of the field, a set of sim-

ulations is performed by exciting the system with pulses of increasing strength. These

pulses are initially taken to be strongly off-resonant with any optically active transition

in the system,  hωp = 1
2EX, so that results can be compared with the analytical ap-
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Figure 3.10: Intensity spectrum of the field reflected (a) and transmitted (b) from the QW+SESAM
structure. The intensity of the pump is varied from an equivalent pulse area θ2 = 2π
(light blue line) up to θ2 = 20π (black line) in steps of π. Following eq. 3.14,
these correspond to peak intensities ranging from I0 ≈ 1.28× 1013 W/m2 to I0 ≈
1.28× 1015 W/m2. The scale of the y axis is logarithmic and the lines are artificially
offset to improve readability.
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proach presented in section 2.5. Figure 3.10a shows on a logarithmic scale the spectra

of reflected field intensity for increasing (bottom to top) excitation strength. For lower

intensities, the only feature present is the spectrum of the exciting pulse, centred around

ω
ωp

= 1. There is also some numerical noise that is several orders of magnitude weaker

than the actual signal. As the excitation is increased in strength a second peak emerges

over the background at three times the frequency of the exciting pulse, i.e., ωTHG
ωp

= 3,

which is the signature of Third Harmonic Generation (THG) from the non-linear active

material. For this range of excitation strength the generated third harmonic is several

orders of magnitude smaller than the incoming pulse and thus its presence is not ap-

preciable in the time domain signal of the reflected field. It is nevertheless possible to

obtain the dynamics of the third harmonic field by applying a bandpass filter around

the energy ETHG = 3 hωp, which results in the pulse shown in fig. 3.11 (orange line).

One can further look at the transmitted field, fig. 3.10b, where the spectral components

of the exciting pulse are less prominent as they are located within the DBR stopband.

This results in a lower intensity of the background and thus allows to identify THG for

lower excitation strengths.

A more quantitative analysis of the intensity can be performed through the calculation

of the THG integrated intensity and its dependence on the integrated intensity of the

incoming pulse. In this context the integrated intensity is obtained from the frequency

domain as

P =

∫
D

I (ω)dω , (3.17)

where the integration domain D is such as to include only one of the peaks shown in

fig. 3.10
†. The results for two different pumping configurations, one which is resonant

with the exciton,  hωp = EX (blue squares), and one with an off-resonant pump,  hωp =

EX/2 (orange circles), are shown in fig. 3.12 on a double logarithmic scale. This shows

† Due to the unitarity of the Fourier transform, this spectral integral is equivalent to a time domain integral,∫
I (ω)dω =

1

cµ0

∫
|E (ω)|2 dω =

2π

cµ0

∫
E2 (t)dt ,

where the time domain signal, E (t), is assumed to be real.
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excitation resonant with the exciton (blue squares) and at half of the exciton energy
(orange circles). The dashed lines are the corresponding linear fit for the two sets
of data, following log (PTHG) = ν log (Pi) + log (A).
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that the total power of the generated third harmonic, PTHG, has a power law dependence

on pumping strength,

PTHG = A× Pνf , (3.18)

where Pf is the total power reflected at the fundamental frequency†. The dashed lines

in fig. 3.12 are the result of fitting eq. 3.18 to the integrated intensities calculated from

the simulations. In the case of the off-resonant excitation fitting the data results in an

exponent ν = 2.99± 0.01, which is consistent with an expansion over non-linear suscep-

tibilities, as presented in section 2.5, in which the main contribution at 3ωp is given by

the third order term, χ(3) (3ω,ω,ω,ω). Conversely, when the pump is resonant with a

transition of the system, the relationship between Pi and PTHG takes the form of a power

law with a non-integer exponent, ν = 2.44± 0.02.

A similar analysis can be repeated while tuning the central wavelength of the pulse

to obtain values of ν over a wide range of resonant and off-resonant excitations, which

are shown in fig. 3.13 (blue squares). When the pump is far enough away from being

resonant with any transition in the system, i.e., lying in the bandgap of the semiconduc-

tor, the value of ν approaches an asymptotic value of ν ∼ 3 which can be described as a

non-linear series, eq. 2.47, dominated by the third order susceptibility, χ(3)[108, 109]. In

this regime it is also possible to associate the A coefficient of eq. 3.18 with the third order

non-linear susceptibility. The orange circles in fig. 3.13 (right axis) are normalised such

that χ(3) (EX/3 h) = 1. They show a resonance when the pump is tuned to one-third of

an optical transition of the system in qualitative agreement with eq. 2.50. Conversely,

as the excitation gets closer to be resonant we observe a decrease in δ down to a value

of about 2.4. A similar non-cubic dependence has been observed by Haase et al. [110]

while performing four-wave mixing experiments on ZnSe QWs with the central laser

energy close to resonance with the exciton.

To further investigate the origin of this subcubic dependence, it is useful to analyse the

density of carriers generated by pulses with different detuning from the excitonic reso-

nance. The total density of excited carriers left in the semiconductor after the pulse has

† This is done under the assumption that the fraction of the incident pulse which is absorbed is negligible,
resulting in Pf = Pi, where Pi is the integrated intensity of the incoming pulse.
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the analytical result for a two-level system with γ ≈ 20γp, eq. 2.50.
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left the simulation domain is shown in fig. 3.14 as a function of the spectrally integrated

intensity of the exciting pulse. This shows that the amount of excited carriers generated

in the QW is significantly higher under resonant excitation, even for lower intensities,

than what is obtained under non-resonant excitation. As a consequence of the higher

number of excited carriers, near-resonant pumping shows a saturation behaviour (black

line) which is weakened and shifted towards higher pumping strength as the pulse be-

comes off-resonant (colour changing towards light blue). This suggests that the subcubic

behaviour is resulting from the presence of optically excited carriers. Indeed, the same

analysis can be performed on the field transmitted through the SESAM, which shows a

lower amount of background noise, where THG from a resonant excitation can be ob-

served at much lower pumping strengths. From this it is possible to observe a crossover

at I0 ≈ 1013 W/m2 from the high-intensity subcubic behaviour, ν = 2.35± 0.03, into a

third power regime, ν = 3.1± 0.1, for low excitation strength, as it is shown in fig. 3.15.
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3.3 transition metal dichalcogenide monolayers

Monolayer thickness d 0.312 nm
Effective electron mass me 0.480 m0
Effective hole mass (A) mAh 0.575 m0
Effective hole mass (B) mBh 0.660 m0
Bandgap Eg 2.84 eV
Valence band splitting ∆v 160 meV
Conduction band splitting ∆c 0 meV
Dipole matrix element |µcvx | = |µcvy | 0.2 nm
Intraband dipole matrix element |µcx,y − µ

v
x,y| 0.02 nm

In-plane dielectric constant ε⊥ 12

Polarisation dephasing γp 1/30 fs−1

Number of sampling points in k space Nk 600

Wave vector cut-off kc 2 nm−1

Spatial step of FDTD grid ∆x 5 nm
Temporal step of FDTD grid ∆t 0.0167 fs

Table 3.3: Parameters of a MoS2 monolayer at T = 300 K, with m0 being the free electron mass

This section is focussed on the calculation of the linear and non-linear response from

a MoS2 monolayer, which is characterised via the parameters listed in table 3.3. This is

a representative of a novel class of materials that have attracted a lot of interest since the

discovery that reducing a MoS2 crystal to a single monolayer blueshifts one of the bands

responsible for the indirect gap observed in bulk form. This results in the emergence

of a direct gap located at the K and K ′ points of the reciprocal lattice of the hexagonal

crystal[39, 41, 42, 44]. Some characteristics that make this class of materials very ap-

pealing are the very strongly bound excitons[45], the presence of a spin-orbit induced

splitting of the conduction and valence bands[57], the possibility to selectively couple

with carriers in the K or K ′ valleys by controlling the polarisation of light[49] as well

as the existence of a large class of these materials with very different parameters[111].

Lastly, a very strong Second Harmonic Generation (SHG), with a marked dependence on

the excitation frequency, arises when these materials are reduced to thin, odd-layered

films[66, 73].

Section 2.7 shows how the model that we previously used to describe QWs can be

extended to this class of materials and how the relevant parameters can be derived.
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Here we want to quickly stress some of the qualitative differences. Within the dipole

approximation, the optical selection rules are entirely contained in the interband dipole

matrix elements, µcvs,ξ, where we are neglecting the dependence on k and s (ξ) is the

spin (valley) index. To account for the valley dependent coupling to circularly polarised

light, we use µcvs,K =
(
µcvx , iµcvy , 0

)
and µs,K ′ =

(
µcvx ,−iµcvy , 0

)
with µcvx/y ∈ R. As it was

discussed in section 2.5 a Maxwell-Bloch description of a level system does not present

any even order non-linearity, with the only exception when a set of three levels (a, b

and c) is present such that Eb − Ea ≈ Ec − Eb and thus Ec − Ea ≈ 2 (Eb − Ea) and the

system is resonantly excited at the a → b transition. This is in contrast with the case

of a system lacking inversion symmetry, as it is the case for the TMDC monolayers. For

such a system it is possible to find states in the valence (conduction) band that have

a permanent dipole moment, µvs,ξ,k = 〈v, s, ξ, k | r | v, s, ξ, k〉. The resulting correction to

the equations of motion, cf. eq. 2.54c, introduces even order non-linearity in the model,

similarly to what was shown by Tsang, Ahn, and Chuang [95] for a tilted QW. Here

we will show results corresponding to the simplest case of a constant permanent dipole,

i.e., µcs,ξ,k = (0,µc, 0), but the inclusion of more sophisticated parameters can be used to

describe more complex features, like polarisation asymmetry[74, 112] or SHG generation

from slightly misaligned stacks[113, 114].

3.3.1 Linear response

Similarly to what was done in section 3.1 the linear optical response of the TMDC

monolayer is investigated with a weak circularly polarised pulse,

E (t) = E0 sech
(
t

τ

)(
ux cos (ωpt) + uy cos

(
ωpt+ σ

π

2

))
, (3.19)

where σ = 1 (σ = −1) results in a right-handed (left-handed) circularly polarised wave

as defined from the point of view of the source. Following the complex nature of the

dipole matrix element of the TMDC monolayer, as discussed in section 2.7, the handiness
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of the pulse determines which valley is coupling to the optical excitation. This can be

easily assessed in a computational experiment by inspecting the band (s) and valley (ξ)

resolved polarisation,

Ps,ξ (t) =
∑

k

M∗kps,ξ,k (t) , (3.20)

whose absolute value is shown in fig. 3.16a and fig. 3.16b for σ = 1 and σ = −1 respec-

tively. These show that polarisation is mainly created in the K (blue, s =↑, and orange,

s =↓, lines) or K ′ (green, s =↑, and red, s =↓) valleys as a consequence of the polarisation

of the exciting pulse, while polarisation in the opposite valley is more than one order

of magnitude lower. Furthermore, the K (K ′) valley dynamic in fig. 3.16a and the K ′ (K)

valley dynamic in fig. 3.16b are equivalent with the exception of the inversion of the two

spin-split bands, cf. eqs. 2.97 and 2.98.

In order to probe the linear response of the lower energy band to band transitions as

well as that of the exciton, the optical wavelength of the pulse in eq. 3.19, λp = 2πc
ωp

, is

chosen to fall within the semiconductor bandgap. A short pulse is used, with a FWHM

of ∆t = 10 fs, in order to access a broad spectral region,  h∆ω = 0.29 eV, within a

single simulation. The linear absorption of a free-standing monolayer of MoS2 is shown

in fig. 3.17a (blue line). The absorption spectrum exhibits two pronounced peaks at

EX,A ≈ 1.90 eV and EX,B ≈ 2.05 eV, which are attributed to the two excitons that are

formed by the two spin-split bands and are commonly named A (lower energy) and

B (higher energy) excitons. These quasiparticles are strongly bound due to the weak

screening of the Coulomb interaction which is a consequence of the two-dimensional

nature of these materials. The binding energies, Eξ = Eg,ξ − EX,ξ ≈ 850 meV, are

found to be independent of the index ξ and to be comparable to results obtained using

density functional theory (DFT)[59, 115–117]. The energetic splitting between the A and

B exciton, ∆X ≈ 0.15 meV, reflects mostly the spin-split of valence and conduction

bands, ∆cv = 0.16 meV, with a small difference appearing due to the different effective

masses of the two valence bands. The difference in peak amplitude can be traced back

to different bandgaps. The high binding energy and weak screening of the Coulomb
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(blue) to a monolayer sandwiched in glass (green). The vertical dashed lines are
located at the exciton energies of the corresponding configurations.
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interaction make it possible to observe absorption from the first excited state of the A

(B) exciton at E∗X,A ≈ 2.41 eV (E∗X,B ≈ 2.56 eV) as well as from the second excited states.

Due to its two-dimensionality, the screening of the Coulomb interaction in a mono-

layer is strongly affected by the surrounding material, e.g., when the monolayer is lying

on a substrate. The absorption spectrum of a MoS2 monolayer on a glass substrate,

nSiO2 = 1.50, is shown in fig. 3.17a (orange line) and compared to the free-standing

case (blue). As a consequence of the change in the environment, an additional screen-

ing of the Coulomb interaction is introduced and both excitons are blue-shifted by

∆ESiO2 ≈ 250 meV to EX,A,SiO2 ≈ 2.15 eV and EX,B,SiO2 ≈ 2.30 eV, respectively. An-

other consequence of the screening of the Coulomb interaction from the environment is

the renormalisation (redshift) of the bandgap which was observed in DFT calculations[43,

62, 69] as well as in experiments[71]. This effect, however, does not have a dynamical

nature and can therefore be included in the present simulation framework by replacing

the material parameters in table 3.3 with values fitted to DFT results. Furthermore, when

a TMDC monolayer is to be embedded in a dielectric cavity it is necessary to know how

the presence of both a sub- and superstrate affect the optical response. The absorption

from a MoS2 monolayer sandwiched between two glass layers is thus shown in fig. 3.17b

(green line) in comparison to the previous cases. Here the superstrate further enhances

the screening of the Coulomb interaction and accordingly the exciton resonances are

again blue-shifted, resulting in EX,A,2SiO2 ≈ 2.29 eV and EX,B,2SiO2 ≈ 2.44 eV.

3.3.2 Harmonic generation from TMDC monolayers

Probing a free-standing TMDC monolayer with a (linearly polarised) intense pulse,

peak intensity I0 = 2.65 W/m2, results in a non-linear response analogously to what

was observed for a QW in section 3.2. The pulse used to obtain the results in fig. 3.18 has

an FWHM in time domain of ∆t = 200 fs and a carrier frequency lower than half of the

A exciton energy to avoid the fundamental and SHG frequencies to be resonant with any

transition of the electronic system. As a consequence of the broken inversion symme-
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a free-standing TMDC monolayer. The scale of the y axis is logarithmic.
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try, which is represented in the model via a permanent dipole moment associated with

conduction and valence band states, Mν
ξ,s,k, it is possible to identify in fig. 3.18 a strong

signal at twice the excitation frequency resulting from the SHG process. The material also

presents THG as shown by the presence of the peak at ω ≈ 3ωp which is significantly

weaker than SHG reflecting the higher order of the process. As for the QW case, the

generation of harmonics of the field fully emerges from the dynamical many-body sim-

ulation framework and the interaction of the light field with the Coulomb-interacting

carriers in the semiconductor and therefore does not require any a priori knowledge

about the system’s non-linear behaviour. This aspect of the simulation is further empha-

sised by the emergence of resonances in the SHG efficiency at frequencies corresponding

to half of the exciton energies, the so-called two-photon resonance condition. The data

used for fig. 3.19 are obtained via a series of simulations in which the carrier frequency

of the pump pulse incident on a free-standing TMDC layer is changed in the interval

 hωp ∈ [0.8, 1.2] eV while all other parameters are kept constant. From the time traces

of the transmitted field and their Fourier transform, the peak intensity of the SHG is

extracted, I2 = I (2ωp). Assuming the signal at 2ωp to be entirely a consequence of

second-order processes, it is possible to write

∣∣∣χ(2) (ωp)∣∣∣2 = ε0εI2 (2ωp)
I0 (ωp)

, (3.21)

where χ(2) (ω) is the second-order susceptibility that links the pumping field at ω with

the response at 2ω (cf. section 2.5). By further exploiting the fact that the intensity of

the pump is kept constant throughout the sweep the blue line in fig. 3.19 is obtained as

∣∣∣∣∣χ(2) (ωp)χ
(2)
B

∣∣∣∣∣ =
√

I2 (2ωp)

I2,B
, (3.22)

with χ(2)B = χ(2) (ωX,B/2). This frequency dependence in the non-linear susceptibility, as

well as the enhancement from the excitons, have been recently observed in experiments

by Wang et al. [66]. In this model these features result from the dynamics of the coupled

field and carrier systems as the position of the excitonic peaks is not predetermined



3.3 transition metal dichalcogenide monolayers 105

1

2

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2

R
ef

ra
ct

iv
e

in
de

x
n

M
od

e
pr

ofi
le
E
(a

rb
.u

n.
)

z (µm)

L

Figure 3.20: Schematic of the cavity used to enhance SHG in a MoS2 monolayer. The cavity is
composed of two DBR of alternating glass (orange) and silicon nitride (green) layers.
The central section of the cavity is formed by a single glass layer of thickness L. The
blue line shows the refractive index profile of the whole structure (left axis), while
the red line shows the mode profile of the fundamental mode of the cavity.

but emerge from a self-consistent treatment. Figure 3.19 also shows the second-order

susceptibility of a system composed of two independent two-level systems (orange line),

∣∣∣χ(2) (ωp)∣∣∣ = ∣∣∣χ(2)A (ωp) + χ
(2)
B (ωp)

∣∣∣ , (3.23)

where χ(2)A (χ(2)B ) is from eq. 2.56 with Ω = ωX,A (Ω = ωX,B) and a slower polarisation

dephasing, γ ≈ 0.4γp.

3.3.3 Environmental enhancement of second harmonic generation

It has further been shown in experiments that it is possible to obtain enhancement by

a factor of over 1000 in the non-linear optical response by embedding a TMDC monolayer

into a nanostructured photonic[77–79] or plasmonic[118] cavity. A simple but important

example of such a nanostructured photonic cavity is the one used by Day et al. [79],

which consists of two parallel DBRs formed by alternating layers of silicon nitrite (SiNx,

refractive index 2.23) and glass (SiO2, refractive index 1.50) set at a distance L from each
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frequency of the pulse is adjusted in order to maintain resonance with the cavity
mode. The orange line (right axis) shows the enhancement of SHG arising from the
presence of a confined electromagnetic mode.

other. The resulting refractive index profile, for L = 300 nm, is shown as a blue line in

fig. 3.20 with the glass layers, t = 180 nm thick, highlighted in orange and the SiNx ones,

t = 120 nm, in green. This DBR configuration presents a broad stopband around the two-

photon resonance configuration of the A and B excitons of MoS2, as it is shown by the

reflection spectrum in fig. 3.21a. The resulting cavity supports a single localised mode

with a high quality factor, Q ≈ 400, corresponding to the narrow resonance in fig. 3.21a

and the field profile shown in fig. 3.20 (red line). The energy of the single confined mode

depends on the distance between the two mirrors as it is shown in fig. 3.21b, where the

white diagonal line shows that the mode energy can be continuously tuned across the

stop band and brought in and out of resonance with either the A or B excitons. If the

cavity mode lies well within the stop band of the photonic structure, as it is the case in

fig. 3.21b, the mode energy has an approximately linear dependence on L.

After introducing the TMDC monolayer at the centre of the cavity, i.e., where the field

enhancement is the strongest, one can proceed to consider how the strength of the sec-
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ond harmonic signal is affected by the new dielectric environment. Figure 3.22 shows

the peak intensity of the SHG, I2, (blue line) as the cavity length is varied while the

pump is kept resonant with the cavity mode energy in order to achieve high incoupling.

The strong second harmonic signals observed for L = 300 nm and L = 370 nm are ob-

tained with photon energies of  hωp ≈ 1.22 eV and  hωp ≈ 1.14 eV and correspond to

the two-photon resonance of the B (EX,B,2SiO2/2) and A (EX,A,2SiO2/2) excitons, respec-

tively. By comparing these results with what is observed for a TMDC embedded in a

homogeneous glass system excited at the same frequencies it is possible to calculate the

SHG enhancement from the structure,

S (ω) =
I0 (ω)

I0,hom. (ω)
. (3.24)

From fig. 3.22 (orange line) it can be seen that the enhancement has a peak around

 hωp ≈ 1.15 eV where it reaches S ≈ 5000 which is comparable with experimental

results reported by Yi et al. [78]. The position and relative narrowness of the peak in the

enhancement explains the difference in SHG signal between the A and B excitons which

can be observed in fig. 3.22 with respect to fig. 3.19.

One could expect a similar behaviour from a cavity whose mode is tuned at the second

harmonic frequency, where the resulting increase in the photonic density of states could

enhance SHG by providing a better coupling of the semiconductor polarisation into the

field[78]. This can be tested by halving the thickness of the layers composing the DBR in

fig. 3.20 which results in a blue shift of the photonic stop-band by a factor of 2. Setting

the length of the central part of the cavity to L = 185 nm brings the fundamental mode

of the cavity in resonance with the A exciton, i.e., the SHG when pumping at the two-

photon resonance. The resulting second harmonic enhancement is much smaller, S2 ≈ 6,

in comparison with what can be achieved in the previous configuration.

One final remark can be made about the cavity induced enhancement of the second

harmonic as well as the difference between second-order non-linearities in systems with

and without inversion symmetry. As it was shown in section 3.3.3, the SHG from a

system which lacks inversion symmetry, as a TMDC monolayer, is greatly enhanced by
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the field enhancement at the pumping frequency whereas introducing a cavity resonant

with the second harmonic frequency has a limited effect. To contrast this, one can con-

sider the generation of a second harmonic of the field from centrosymmetric materials

with equally spaced levels, which can be described via the three-level system discussed

in section 2.5[119, 120]. By embedding such a system in the same cavities used in sec-

tion 3.3.3 and performing the same analysis and comparison with a free space system,

one can observe SHG enhancement factors of Sf ≈ 2 and S2 ≈ 25 when the cavity is

tuned at the fundamental or second harmonic frequencies, respectively. This difference

in behaviour can be attributed to the different pumping configuration between the two

systems, as the generation of the second harmonic in a centrosymmetric system is an

intrinsically resonant phenomenon. Consequently, the SHG efficiency is affected by the

occupation level of the involved states and can be improved via a faster out-coupling to

the field, which attenuates the depletion of ground state carriers and mitigates the effect

of saturable absorption. On the other hand for off-resonant SHG, which is only possi-

ble for systems lacking inversion symmetry, the excitation of carriers is much reduced

and therefore does not present a limiting factor. This different behaviour for resonant

and off-resonant harmonic generation is further exemplified by the results on frequency

dependence of the THG in semiconductor QWs presented in section 3.2[1].

3.4 conclusion

In this chapter we have shown how the combination of a dynamic full-wave and

spatially resolved simulation of Maxwell’s equations with a many-body band resolved

Maxwell Bloch model can be used to investigate the linear response of different semicon-

ductor systems. In particular, we highlighted how the microscopic nature of the active

material model can provide a self-consistent description of the excitonic nature of the

absorption as well as a tool to investigate the time- or frequency- domain behaviour of

the quantum mechanical coherences induced by weak ultrashort pulses. Furthermore,
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the time and space description of Maxwell’s equations allows a consistent description

of the response resulting from the combination of an active element, providing gain or

absorption, with an electromagnetic cavity.

Under strong excitation we showed how this time domain model can provide a self-

consistent non-linear response which goes beyond a simple description provided by

using one, or even a finite sum, of non-linear susceptibilities. Indeed, when a pulse

resonant with a transition is used to excite the system, the creation of excited carriers

results in a saturation-like behaviour in the generated intensity of THG with respect to

the pump intensity. This saturation-like behaviour strongly depends on the frequency

and intensity of the exciting pulse and emerges from the time domain interplay between

state occupations and coherences. An even more striking dependence on the exciting

frequency is present when looking at SHG from TMDCs. As a consequence of the strong

Coulomb interaction in materials like MoS2, the strongly bound excitons are spectrally

well separated from the interband transition region and feature prominently in the linear

and non-linear optical response. The consistent treatment of field and carrier dynamics

provides a way to calculate SHG enhancement factors which are consistent with exper-

imental observations[66, 78]. By extending the electromagnetic simulation domain to

two or three dimensions, the method presented in this work can be an ideal platform

to explore and design complex photonic[77] or plasmonic[118] structures which employ

TMDC monolayers to achieve novel optical functionalities.
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In this chapter we apply the model presented in chapter 2 to the investigation of

a Quantum Well (QW) edge emitting laser. In such a system the electrically pumped

semiconductor QW provides spatially distributed optical gain for the lasing process. The

model discussed in chapter 2 provides a consistent spatio-temporal description of the

elements involved in the lasing process, optical fields and gain medium, as well as

their interaction. In particular, we do not rely on a set of previously determined modes

but the modes emerge from the spatial description of the electromagnetic fields. By

going beyond the slowly-varying envelope approximation we can investigate how the

emergence of wavelength-sized structures in the carrier density affects the stability of

the laser output. Furthermore, the QW model detailed in chapters 2 and 3 is capable of

reproducing several characteristic features of the semiconductor medium, e.g., a broad

and asymmetric spectrum. These elements are key in allowing us to investigate the

spatio-temporal phenomena which produce instabilities in the laser output.

The main results presented in this chapter have been published in Bittner et al. [2]

while all the material presented was used in the discussion leading to the paper publi-

cation.

4.1 theory addendum

Due to the geometry of the system we are studying, it is necessary to include an active

material over an extended spatial region. Consequently, one has to solve the Auxiliary

Differential Equation (ADE) component of the Finite Difference Time Domain (FDTD)

model at every spatial cell in order to achieve a spatially resolved polarisation and occu-

111
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pations dynamic. Using the full model presented in chapter 2 over a 1D strip of several

µm length is prohibitively expensive in terms of computation time and some simplifi-

cations are needed. We thus aim for a model that incorporates enough complexity to

calculate the full field dynamics without slowly varying envelope approximation or an

expansion of rate equations. It should also go beyond the simple four-level model that

is limited to Lorentzian line-shapes and has previously been used in conjunction with

FDTD calculations.

As a first step we remove the Coulomb interaction from the model and go back to

an independent electron model described by the Maxwell-Bloch equations, cf. eq. 2.45.

This is justified as semiconductor lasers operate in high-density conditions such that

screening of the Coulomb interaction is very effective. In this regime the exciton reso-

nance is bleached and the carrier-carrier interaction is mainly responsible for bandgap

renormalisation[6, Sec. 5.3], which can be introduced by changing the parameters of

the model, similarly to what was discussed in section 3.3.1. Under this assumption it is

convenient to convert the first order differential equation describing the time evolution

of the complex polarisation into a second order one for the real part of the polarisation

(
∂2t + 2γ∂t +ω

2
k
)
p̃k (r) =

eωkµ · E (r, t)
 h

(
1−nek (r) −n

h
k (r)

)
, (4.1)

with the polarisation dephasing rate, γ and ω2k = ω2k + γ2. Furthermore, all dynamical

variables are now parametrised by the position, r.

The presence of the Coulomb interaction has the further effect of introducing a fast

intraband relaxation towards an equilibrium, i.e., Fermi-Dirac, distribution of electrons

and holes, as it was discussed in section 2.6.1. These carrier-carrier scattering processes

happen on a strongly subpicosecond time scale and are therefore much faster than the

dynamics of the electric field inside the cavity. Due to this time scale difference, we

assume the carriers to always be in a quasi-equilibrium state characterised by the elec-

tron (hole) chemical potential, µν (r, t). Without any transport included in the model,

the number of electrons and holes excited at any position is the same, resulting in a

common carrier density, N (r, t). The time evolution of the density can be obtained by
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QW width w 10 nm
Effective electron mass me 0.063 m0
Effective hole mass mh 0.51 m0
Bandgap Eg 1.424 eV
First electron subband energy Ee1 0.034 eV
First hole subband energy Eh1 0.006 eV
Dipole matrix element µ 0.5 nm
Dipole renormalisation value µ∗ 0.9848
Polarisation dephasing γp 12 ps−1

QW refractive index nQW 3.5
Initial excitation density Ne 3× 1016 m−2

Number of sampling points in k space Nk 31

Energy cut-off Ec 1.662 eV
Spatial step of FDTD grid ∆x 20 nm
Temporal step of FDTD grid ∆t 0.0666 fs

Table 4.1: Parameters used to simulate the dynamics of carriers in a semiconductor QW. These
parameters are valid at T ≈ 300 K.

integrating eqs. 2.45a and 2.45b over k, following the derivation in Böhringer and Hess

[31, 32],

∂tN (r, t) =
∫
∂tn

ν
k (r, t)dk − γnrN (r, t)

= E (r, t) · (∂tQ (r, t) + γQ (r, t)) − γnrN (r, t) ,
(4.2)

with the non-radiative decay rate, γnr, and

Q (r, t) = 2eµ
∫
p̃k (r, t)

 hωk
dk . (4.3)

For a 2D electron gas the chemical potential can then be calculated exactly from the

macroscopic density as

βµν (r, t) = ln
(
e
 h2βπN(r,t)/mν − 1

)
(4.4)

with the electron (hole) effective mass, me (mh) and the temperature of the carrier

system, T = 1
kBβ

, which is taken to be constant.

Lastly, a way to excite carriers into the conduction band is needed to generate inver-

sion and thus provide a source of electromagnetic gain. This is needed as a way to

provide energy to the system and balance the radiative losses. In a QW edge emitting
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Figure 4.1: Pane a: absorption spectrum, α (ω), of a single QW embedded in an infinite passive
material with the same refractive index as its barriers. Different lines correspond
to different number of sampling points, Nk = 11 (orange), Nk = 31 (blue) and
Nk = 301 (green). Pane b: gain spectrum, g (ω) = log (1−α (ω)) /L, of an extended
QW system of length L. Different lines correspond to different carrier densities, N =
{0.5, 1, 1.5, 2, 2.5, 3, 3.5, 4}× 1016 m−2, with values increasing from light blue to black.
The vertical dashed line on the left is located at the gap energy, Eg, while the one on
the right marks the cut-off energy, Ec.

laser, this is achieved through electrical pumping which results in a contribution to the

macroscopic carrier density

∂tN (r, t)
∣∣∣∣
pump

=
J

e
, (4.5)

where J is the current density flowing through the active medium†. This assumes that

the carriers injected through the electric contacts reach the QW layer following a thermal

quasi-equilibrium distribution[31].

† This approach can be easily generalised to a spatially inhomogeneous pumping current, J (r).
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Figure 4.2: Schematic of the structure used for lasing simulations. The orange shaded area is
the semiconductor containing the active medium and has a length L = 10 µm and
refractive index n = 3.5. The two blue shaded regions are small air gaps, n = 1,
around the laser. The grey regions represent the open boundaries of the system. The
red line shows the refractive index profile, n (x).

We set the discretisation points so that they are equally spaced in energy and change

all k-space summations into energy integrals via the density of states,

D ( hω) =
m∗

π
, (4.6)

with the reduced mass of the electron-hole system, m∗. As a consequence of the

parabolic nature of the band we can use fewer energy points to represent the semicon-

ductor band structure and thus achieve a more efficient description of the active system.

Furthermore, this suppresses the numerical oscillations in the high energy part of the

band that can be seen in fig. 3.1b and allows us to set a lower cut-off energy (right-hand

black line in fig. 4.1). Figure 4.1a shows how the linear absorption spectrum of the QW

changes as Nk is set to 10 (orange), 30 (blue) and 300 (green). Figure 4.1b shows the

gain coefficient spectrum of the QW,

g (ω) =
1

L
log (1−α (ω)) , (4.7)

with the length of the semiconductor system, L, and the absorption spectrum, α (ω), as

defined in eq. 3.5. As the carrier density is increased from N = 0.5× 1016 m−2 (light

blue) to N = 4 × 1016 m−2 (black) the gain region in the spectrum broadens, while

absorption is pushed towards higher energies. In particular, we observe that there is no

gain up to N0 ≈ 1.5× 1016 m−2.
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The simulations presented in the following sections are all performed in a one-dimensional

domain. A schematic of the structure is presented in fig. 4.2, where the red line shows

the refractive index profile, n (x), across the whole simulation domain. The active region

(orange shaded region) representing the QW is 10 µm long and has a refractive index

of nQW. The presence of Absorbing boundary conditions (ABC) layers (grey shaded re-

gion) at both ends allows energy to flow outside of the simulation domain, effectively

representing an open system immersed in air. The time traces of the emitted field are

recorded in the 0.6 µm of air that separate the active material from the ABCs (marked by

the green spots). As a consequence of the symmetry of the system, the field recorded on

the left-hand side of the structure is equivalent to the one recorded on the right-hand

side.

Since the description of the electromagnetic fields in the model is classical, there are

no quantum fluctuations in the field to spontaneously start the emission process. Some

spontaneous processes can be achieved in a semi-classical Maxwell-Bloch theory via the

introduction of noise terms for a two or four level gain medium[121–124]. As an alterna-

tive, one can simply introduce some polarisation in the active material by introducing a

weak optical pulse incident on the active medium. This is more efficient than introduc-

ing noise terms and is well suited for simulations performed above the lasing threshold,

where the coherent processes dominate the dynamics†.

4.2 one-dimensional fabry–pérot laser dynamics

We investigate the lasing dynamics of a QW edge emitting laser modelled according to

the one-dimensional geometry depicted in fig. 4.2. In such a system the QW provides op-

tical gain and a cavity is naturally formed from the reflection, R ≈ 0.3, at the boundary

between the high refractive index semiconductor and the surrounding medium. This re-

† As a test we performed the same simulation multiple times with different choices of seed pulse and observed
no difference.
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Figure 4.3: Full wave (b) and envelope (a) of the output field from the QW edge emitting laser.
The inset b shows a 100 fs segment of the emission starting from 0.18 ns, which is all
contained within the first pulse shown in a.

sults in a Fabry–Pérot (FP) cavity which supports a set of spatially homogeneous modes

with Lorentzian spectral line shape and a constant frequency spacing,

∆νFSR ≈ 4.3 THz ≈ 0.018
h

eV . (4.8)

We start the investigation with an arbitrary pump intensity and set a current den-

sity of J = 5 A/mm2 and an initially homogeneous density of excited carriers, N =

3× 1016 m−2. Although it would be possible to start from a lower value, characteris-

tic of an intrinsic semiconductor, there is no interesting dynamics happening until the

system is inverted. The emission is observed on the right-hand side of the structure,

x = 10.4 µm, by recording a time trace of the electric field. Since the method used

to perform the simulation directly solves Maxwell’s equations in the time domain, the

recorded time traces contain variations on two very different time scales, as can be seen

in fig. 4.3. On a femtosecond time scale, cf. fig. 4.3b, the electric field is oscillating at one
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Figure 4.4: Spectral content of the output from a QW edge emitting laser. The corresponding
time domain data has been collected over the first 9 ns of the simulation.

or more frequencies, ων ≈ 2π× 350 THz, characteristic of the modes of the cavity†. The

amplitude of these oscillations, on the other hand, changes on a much longer time scale

governed by field and carrier dynamics as well as their interaction. We calculate the

variations in the amplitude of the oscillations via a sliding window root-mean-square

algorithm, resulting in the envelope shown in fig. 4.3a. This shows that the emission

takes the form of a series of pulses ranging in length from a few to a few tens of picosec-

onds, each one including several thousands of oscillations at the carrier frequency. The

pulses are emitted in an irregular series separated by very low-intensity intervals of 10s

of picoseconds.

The spectral content of the first 9 ns of time domain signal can be seen in fig. 4.4

plotted with a logarithmic y axis. This shows a set of very marked peaks with a spectral

separation which is approximately constant, in agreement with the analytical results for

the modes of a passive cavity, eq. 4.8. We also want to draw attention to the fact that the

two left-most peaks are about 10 orders of magnitude lower so that we can focus on the

higher energy modes,

† We want to stress again that when we discuss results in terms of modes we are referring to the presence
of specific frequencies in the mode dynamics. These, however, are emerging from our full-field dynamical
description in contrast with what is done in models based on phenomenological multimode rate equations.
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Figure 4.5: Time resolved spectral content of the output from a 1D QW edge emitting laser. The
left section shows the initial phase of the emission formed by widely spaced single
mode pulses. The right section shows the emission in a more advanced state when
the pulses get closer together and several modes activate simultaneously.
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which will dominate the dynamics. Finally, the spectrograms of the emission during

two segments of 1 ns each are shown in fig. 4.5 at the beginning (a) and after few

nanoseconds (b). These show how the spectral content of the signal varies over time and

thus which modes are responsible for the emission of which pulses. In particular, we see

that most pulses contain two oscillation frequencies of similar amplitude, while others

are single mode in nature. The results in fig. 4.5 show a marked mode hopping in the

emission, where the same mode is rarely active for more than a few times in a sequence.

Under the assumption that the one or two modes lasing during each pulse are the ones

experiencing the highest gain, we conclude that there must be continuous fluctuations

in the amount of gain available to each mode. This is confirmed by observing how the

spatial distribution of carriers inside the QW evolves over time as a consequence of the
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Figure 4.6: The lines show the carrier density profile as consecutive snapshots taken at 0.5 ns
intervals. The series starts at the bottom (light blue) for t = 0.5 ns and ends at
t = 10 ns (black).

combined effect of pumping and lasing. This highly variable gain dynamics prevent

steady state operation from being achieved.

Figure 4.6 shows the time evolution of the carrier density as a series of spatial profiles

collected at 0.5 ns intervals between t = 0.5 ns (light blue, bottom line) and t = 10 ns

(black, top line). As the system lases in a specific mode, the gain is depleted with a

characteristic spatial pattern corresponding to the mode profile. This remains impressed

on the carrier density profile as a negative, i.e., N (x) remains higher where the mode

intensity is lower and vice versa, altering the amount of gain available to different modes

in a non-uniform way. Due to the regular geometry of the FP modes, it can be shown

that the gain depletion from a mode has the highest impact on the mode itself and a

much weaker and about uniform impact on other modes. This effect is worsened by the

absence of carrier redistribution mechanisms resulting in the very strong spatial hole

burning which can be seen in fig. 4.6.



4.2 one-dimensional fabry–pérot laser dynamics 121

0

1

0

1

0

1

2

0

1

2

3

0 20 40 60 80 100

Fi
el

d
E
(V

m
−
1
×
1
0
6
)

a J = 1.1 A/mm2

b J = 1.3 A/mm2

c J = 1.5 A/mm2

Time t (ns)

d J = 5 A/mm2

Figure 4.7: Time traces of the output field envelope for the first 100 ns of simulation time and
different pump currents; a J = 1.1 A/mm2, b J = 1.3 A/mm2, c J = 1.5 A/mm2, d
J = 5.0 A/mm2. The lasing threshold is Jth = (1.04± 0.03) A/mm2.
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Lastly, we want to calculate the lasing threshold of this one-dimensional system com-

posed of an extended QW gain model and a FP cavity. The most direct way to do this

is to derive the L-I curve relating the laser output to the pump, which shows a change

in slope at the lasing threshold. To achieve this we perform a set of simulations of

the same system at different levels of current density, ranging from J = 0.9 A/mm2 to

J = 7.5 A/mm2. Figure 4.7 shows the envelope of the output field for a few selected

simulations, arranged for increasing current densities, J = {1.1, 1.3, 1.5, 5.0} A/mm2,

from top (a) to bottom (d). First of all, we want to point out the extent of the time

axis, and thus the length of the simulation, in comparison with all previous results.

This is needed to ensure that the simulations reach an equilibrium condition in which

the output intensity can be measured without too many fluctuations. Indeed, all sim-

ulations undergo a first stage of variable duration in which the amplitude of the field

decreases. This behaviour is particularly apparent under low pump, where the emis-

sion is generally more regular, as can be seen in the first 30 ns of fig. 4.7a. Here the

emission is characterised by a set of distinct pulses whose amplitude and spacing de-

creases over time. As the pump intensity is increased this relaxation phase becomes

faster. Figure 4.7 also highlights the presence of a trend in the intensity of the irreg-

ular fluctuations in amplitude, which is seen to increase with pump intensity. Indeed

figs. 4.7a and 4.7b show that a continuous wave (CW) emission regime is achieved for

low pump, albeit with small fluctuation coming from the beating of different modes.

Under stronger pumping, however, the emission remains highly irregular, e.g., fig. 4.7d,

and dominated by the mode hopping phenomenon that we discussed previously. For

this reason calculating the emission intensity at high pump is not trivial and can only

be performed by averaging the time traces. To confirm the validity of this measure we

repeat the average over several different time intervals of the same length. These can

then be further averaged to obtain a single value and their standard deviation calculated

to provide an estimate of the error. The resulting L/I curve can be seen in fig. 4.8 where

we use the current density, J, and output intensity, I, instead of the spatially integrated

quantities, current intensity and power output respectively. The blue squares are the
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Figure 4.8: The blue squares show the average output intensity of the QW laser as a function of
pump intensity. The horizontal black line marks the zero and the dashed blue line
shows the result of a linear fit. The change in slope around J = 1 A/mm2 points at
the presence of a lasing threshold.

average output intensities calculated from the data and the corresponding errors are

smaller than the squares themselves. A very apparent change in slope marks the lasing

threshold, around J = 1 A/mm2, below which no emission is observed due to the ab-

sence of spontaneous emission in the model. Above threshold we observe that the laser

output depends linearly on the current density. By performing a linear fit, blue dashed

line, we obtain the slope, (181± 1) W/A, and a better estimate of the lasing threshold,

Jth = (1.04± 0.03) A/mm2.

4.3 transport in a one-dimensional laser

We have seen in the previous section that the absence of carrier redistribution mech-

anisms results in very strong spatial hole burning. This is clearly a limitation of the

model, as we expect carriers in a physical system to be able to move around. To deter-

mine whether transport has to be included in the model, and at which level of approx-
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imation, it is important to understand the characteristic temporal and spatial scales on

which carrier redistribution occurs.

One common description of carrier transport is that of a diffusion process in the

macroscopic density[125–127],

∂tN (x, t)
∣∣∣∣
diff.

= Df∇2xN (x, t) , (4.9)

with the ambipolar diffusion coefficient, Df. This can be easily integrated with our

model since we are already tracking all density related effects at a macroscopic level. As

an alternative, carrier and polarisation transport can be self-consistently included at the

macroscopic level via a set of terms containing real and reciprocal space gradients[14,

92, 128].

In order to assess the impact of diffusion on the system dynamics, we perform a sys-

tematic study by running simulations with values of the diffusion coefficient, Df, in a

very wide range. In particular, we start from very low values, Df = 10−6 cm2/s, and

increase diffusion up to typical experimental values, Df ≈ 102 cm2/s[13, 16, 129, 130].

Figure 4.9 shows the envelopes of the output field for selected values of the diffusion co-

efficient, Df =
{
0, 3× 10−3, 9× 10−3, 3× 10−2

}
cm2/s, arranged in order of increasing

diffusion from top (a) to bottom (d). These show that introducing carrier diffusion leads

to a stabilisation of the emission, even for low values of Df, fig. 4.9b. This stabilisation

effect becomes faster as the diffusion coefficient is increased toward values consistent

with experimental measure, figs. 4.9c and 4.9d. Figure 4.10a shows the spectral content

of the emission for values of the diffusion coefficient ranging from Df = 0 cm2/s (black

top line) to Df = 30 cm2/s. We observe that, as Df is increased, the number of lasing

modes decreases, leading to a transition to single mode lasing forDf ≈ 2.5×10−2 cm2/s.

This behaviour is highlighted in fig. 4.10b, where the intensity of each one of the peaks

in fig. 4.10a is tracked as the diffusion coefficient is changed. Both axes of fig. 4.10b are

logarithmic. Once the transition to single mode lasing has been reached, the carriers can

redistribute quickly enough that the density profile is effectively homogeneous. This
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to the wide range of values. Pane a shows how the intensity of the different modes
changes with diffusion coefficient. This is obtained by extracting the peak intensity
from the data shown in a. The line colours match the colours of the arrows at the
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Figure 4.11: Pane a shows the randomly generated refractive index profile, n (x), of the disor-
dered 1D cavity. Each slice of the system is 100 nm long. Panes b to d show the
spatial profiles of some of the modes of the cavity represented in a. Conversely,
pane e shows the spatial profile of one of the modes of the simple FP cavity in
fig. 4.2.

results in a steady state CW emission from the single mode which is closest to the gain

maximum.

4.4 instability suppression via complex wave dynamics

Inspired by the experimentally observed suppression of lasing instabilities from wave-

chaotic cavities[2], we investigate if a similar effect can be achieved in one dimension

via complex wave interference. We again consider a 10 µm long dielectric cavity, but

introduce fluctuations in the refractive index on a sub-wavelength scale, as shown in
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fig. 4.11a. The system is subdivided into 100 nm long segments and each one is assigned

a randomly generated value of the refractive index,

ni = n0 (1+ σξi) , (4.10)

where ξi is uniformly distributed in [−1, 1], σ = 0.3 provides a measure of the fluctu-

ations amplitude and n0 = 3.5 fixes the average of the distribution. In contrast with

the case of a FP cavity, which is characterised by homogeneous modes like the one in

fig. 4.11e, the modes of a random cavity are spatially dependent as it is seen in figs. 4.11b

to 4.11d. These complex mode profiles have non-trivial consequences on the field and

carrier dynamics, as well as their interaction. Furthermore, they show spatial features

on two different scales which are reminiscent of what can be observed by performing

a one-dimensional cut through the modes of a 2D wave chaotic cavity, see for example

Bittner et al. [2, fig. S8].

Figure 4.12 shows the field output of the random cavity (fig. 4.12b) compared to that of

a simple FP cavity (fig. 4.12a) under a relatively large pump current, J = 5 A/mm2 ≈ 5Jth

and in the absence of diffusion. This shows that in the case of the random cavity a very

stable emission is achieved within a few nanoseconds from the start of the simulation.

Furthermore, we calculate the average output intensity for both cavities, as detailed in

section 4.2, and find that the output from the random cavity, Ir = (716.9± 0.2) W/mm2,

is comparable with that of the FP cavity, IFP = (714± 2) W/mm2. Lastly, we compare

the spectrogram of the emission from the random cavity (fig. 4.12d) with that of a ho-

mogeneous cavity (fig. 4.12c). These show that the mode dynamics during the initial

relaxation phase is very similar between the two systems. Figure 4.12d also shows that

the CW emission from a complex cavity has a multimode nature.

We perform the same analysis explained in section 4.2 to calculate the lasing threshold

of the random cavity. This results in a threshold, Jth = (1.0± 0.1) A/mm2, which is very

similar to the case of a simple FP cavity. This highlights that the overall properties

of the laser are not heavily affected by introducing weak fluctuations in the refractive

index. The output field envelopes of the simulations used to calculate the threshold
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are shown in fig. 4.13 for increasing values of pumping current from just above the

threshold, J ≈ 1.1Jth (fig. 4.13a), to about 20 times (fig. 4.13d). All of these time traces

reach a CW multimode emission supporting the idea that complex wave cavities can be

reliably used to achieve stable emission in high power lasers.

4.5 conclusion

In this chapter we have numerically investigated the lasing dynamics in a FP QW edge

emitting laser. This is achieved via a consistent space, time and band resolved descrip-

tion of the interaction between the semiconductor gain and the electromagnetic field. We

observed that the presence of strong fields in the cavity results in a marked spatial hole

burning effect on a length-scale which is comparable to the optical wavelength. When

the system is pumped at more than a few times the lasing threshold, the spatial hole

burning results in a quick mode hopping phenomenon which leads to the presence of

dynamical instabilities in the output field. The inclusion of a diffusive behaviour of the

macroscopic density results in a complete washing out of any structure on the scale of

the wavelength. The resulting transition to a stable single mode emission happens for

values of the diffusion coefficient which are 3 to 4 orders of magnitude smaller than re-

ported in the experimental literature. This leads us to hypothesise that a description in

terms of a diffusion process is only valid within the slowly-varying envelope approxima-

tion and more sophisticated models for carrier transport are needed when performing

full wave calculations.

Finally, we demonstrated a novel method to suppress lasing instabilities in one dimen-

sion through the use of a disordered cavity. This was inspired by experimental results

obtained in a two-dimensional wave-chaotic cavity and is based on the same principle

of complex wave interference[2]. By introducing a random patterning of the cavity on a

sub-wavelength scale, we showed that a stable multimode lasing regime can be achieved

on a wide range of pumping intensities.
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5 Conclusion and Outlook

In this thesis, we focussed on studying the linear and non-linear optical response

of semiconductor systems and its interaction with the environment. In doing so, we

hopefully convinced the reader of the usefulness of a self-consistent model for the near-

field dynamics of active two-dimensional semiconductors.

In chapter 3 we calculated the non-linear response from a semiconductor Quantum

Well (QW) over a wide range of excitation conditions. By using a Maxwell-Bloch based

approach, we provided a description going beyond the usual expansion over non-linear

susceptibilities, thus allowing the calculation of the non-linear response, e.g., the Third

Harmonic Generation (THG), under arbitrary pumping conditions. Furthermore, the

time-domain nature of the calculation takes into consideration the effect of dynamical

phenomena, e.g., the optical excitation of carriers which produces a saturation in the

THG intensity.

The inclusion of the field dynamics on the same footing as the carrier dynamics pro-

vides a self-consistent near-field feedback mechanism arising from the semiconductor

environment. This description provides better insight in cavity-design compared to a

frequency domain calculation of field enhancement. Its dynamical nature would allow

a correct description of the field-mediated interaction between multiple emitters within

the same cavity.

Similarly, the inclusion of spatially resolved field dynamics proved to be essential

when describing systems with a spatially extended gain medium. This has been shown

in chapter 4 for the case of a one-dimensional Fabry–Pérot (FP) QW edge emitting laser.

In particular, we showed that the emergence of sub-wavelength structures in the distri-

bution of carriers, and thus gain, results in dynamical instabilities in the laser output.

We were further able to demonstrate that the introduction of a sub-wavelength pertur-
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bation of the optical environment can be used in order to achieve stable continuous

wave (CW) emission in a multimode regime.

As it has already been mentioned, the time-domain schema used for the results con-

tained in this thesis could prove very useful in characterising and designing complex

cavities consisting of dielectric and plasmonic elements. By further including active el-

ements, e.g., flakes of Transition Metal Dichalcogenide (TMDC) monolayers, and using a

self-consistent technique it would be possible to engineer the linear and non-linear re-

sponse of the system. Moreover, we believe that finding the answer to some fundamental

question will further improve the usefulness of the model. A description of the direct

and field-mediated interaction between TMDC monolayers and graphene, when closely

stacked, would allow to predict the optical properties of van der Waals heterostructures.

The inclusion of carrier diffusion in the simulation of a QW laser showed how an under-

standing of carrier and polarisation transport on short spatio-temporal scales is needed

when performing full-field calculations in combination with extended gain systems.

original contributions

This thesis presents a simulation technique capable of calculating the non-linear op-

tical response of a semiconductor in a dynamical fashion. This has been successfully

applied in multiple contexts, leading to the following novel contributions.

• The dynamical and microscopic nature of the method allows calculations to be

performed under arbitrary excitation conditions, leading to the discovery of a

saturation-induced subcubic power of the THG[1].

• The self-consistent approach accurately describes the non-linear behaviour of the

system including the optical environment as well as the microscopic structure. The

predicted enhancement of the SHG from a TMDC monolayer has been found to be

in agreement with experiments, and can thus be used as a tool to design systems

with a tailored non-linear response[3].
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• Studying the longitudinal dynamics of a FP QW laser revealed that the near-field

optical environment has a strong effect on lasing stability. The collaborative experi-

mental and numerical work led to the proposal of a novel paradigm in high-power

laser stabilisation[2].
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