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Abstract

A reduced kinetic method (RKM) for describing nonlocal transport in magnetised plasmas is derived from
first principles and considered in a 1D3V geometry. The key feature of this RKM in contrast to other nonlocal
closures is using the linearised Fokker-Planck collision operator, which can be shown to match the full,
first-principles collision operator for the tail of the particle distributions even with order unity deviation from
thermodynamic equilibrium. In a nonlocal transport scenario within a broad hydrodynamic framework, it is the
tails of the velocity distributions that are responsible for the relevant transport fluxes, making this description
first-principle yet relatively computationally inexpensive. An inhibited peak heat flux and preheat of the
conductive heat flux are observed, which are expected from physical arguments and previous kinetic studies.
Nonlocal behavior of other transport fluxes, namely the Righi-Leduc, Peltier, Ettingshausen, Nernst, thermal
force, friction, cross friction, viscous stress, and gyroviscous stress terms are also demonstrated. A novel
nonlocal effect on current-driven transport, in particular the Ettingshausen heat flow, is found and investigated.
Nonlocal transport in ionic mixtures is also described by the RKM, including ordinary, thermo-, and baro-
diffusion, and ion conductive, Dufour, and pressure-driven heat flow. Novel nonlocal features associated with
multiple species, as opposed to single species, are demonstrated, as well the impact of ion-electron collisions

on nonlocal ion transport.
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“Everything should be made as simple as possible, but not simpler!”

- Attributed to (but likely paraphrased from) Albert Einstein



CHAPTER 1

Introduction

Nuclear fusion is often regarded as the ultimate source of practically unlimited sustainable energy. Achieving
fusion requires confining a gas of light isotopes, typically deuterium and tritium, at extremely high temperatures
where the gas is ionised, i.e. a plasma. Plasma theory and modelling are therefore of the utmost importance
to achieving fusion energy. Collisional transport processes play a key role in the dynamics of plasmas and
therefore help determine the viability and performance of various approaches to fusion energy. Such transport
phenomena include heat conduction, which is a key mechanism by which fusion plasmas transport thermal
energy and cool. Although there are other transport mechanisms such as radiation and turbulence in plasmas,

‘transport’ in this work broadly refers to non-turbulent collisional transport processes.

Plasmas are often modelled with a fluid description which solves for hydrodynamic state variables, namely
density, flow velocity, and temperature. The governing fluid equations contain transport terms such as the heat
flux g that require a closure in terms of hydrodynamic quantities. If the plasma is sufficiently collisional, the
Chapman-Enskog expansion of the Vlasov-Fokker-Planck (VFP) equation (or, more generally for dilute gases,
the Boltzmann equation) is valid, providing analytic transport closures such as Fourier’s law ¢ = —kVT
which describes heat conduction in a simple gas with thermal conductivity «. These transport closures
are called ‘local’ since the transport fluxes at a spatial position x (e.g. q(x)) can be expressed in terms of
the hydrodynamic quantities and their gradients at that spatial position (n(x), T'(x), VT'(x), etc.). Here,
‘sufficiently’ collisional requires that the mean free paths (MFPs) \ of particles relevant to heat and momentum
transport are shorter than typical length scales L over which fluid quantities such as density and temperature
vary, i.e. A\/L < 1. In addition, the collision time is required to be shorter than characteristic hydrodynamic
timescales.

If the plasma is not sufficiently collisional, analytic local transport results become invalid. Since the MFP

4

of a single particle in an ideal plasma scales strongly with particle speed as A o v*, suprathermal particles in

the tail of the velocity distribution that contribute significantly to heat and momentum transport are far less
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collisional than the bulk. These tail particles may therefore stream across temperature gradients before they
collide, depositing their energy and momentum far away from their origin. The resulting transport fluxes at
a spatial position then depend on the profiles of hydrodynamic quantities away from that position, and are

therefore ‘nonlocal’.

Transport fluxes are often sourced from higher velocity particles than those responsible for determining
the hydrodynamic state variables. Because of this, there is a semi-collisional regime where the thermal
MFP \y, relevant to state variables is still shorter than gradient length scales Ay, /L ~ 1/100 — 1/10 while
the suprathermal MFPs relevant to transport Ayansport ~ 10 — 100 Ay, are longer than those length scales
Awransport/ L 2, 1. In this semi-collisional regime, the bulk of the distribution is kept near-Maxwellian by
collisions and the fluid description is still valid, yet transport fluxes can be nonlocal since they are carried
largely by less-collisional suprathermal particles.

Nonlocal transport can significantly influence the conductive heat flux, suppressing the peak heat flow
and preheating colder regions, both of which directly impact hydrodynamic evolution and therefore fusion
yield. Nonlocal effects are particularly prevalent in regions with low density, high temperature, and sharp
gradients, all of which are often encountered in confined fusion plasmas. Understanding and appropriately
modelling nonlocal heat transport is therefore an important consideration for hydrodynamic simulations to

accurately model, design, and optimise confined fusion schemes.

Kinetic effects such as nonlocal heat flow are not accounted for in a standard fluid framework. Full kinetic
approaches such as VFP and particle-in-cell (PIC) simulations naturally include these kinetic effects. However,
full kinetic codes are often computationally intractable for large-scale integrated simulations of fusion-relevant
scenarios such as inertial confinement fusion (ICF) implosions, leaving fluid simulations as the preferred
approach. An intermediate approach is a fluid simulation with a nonlocal transport closure which provides
transport fluxes to the fluid model for a given set of hydrodynamic profiles. Since transport quantities such as
the heat flux are typically more sensitive to streaming suprathermal particles than hydrodynamic quantities
such as temperature, the fluid description of hydrodynamic quantities can remain valid while transport
fluxes become nonlocal. This hybrid approach then includes nonlocal transport effects while maintaining
computational tractability. Developing an accurate nonlocal closure requires a thorough investigation of
transport in nonlocal scenarios.

Previous literature is rich in nonlocal transport studies and closures that focus almost entirely on the
electron conductive heat flux [5H13], neglecting the suite of other transport fluxes which may be influenced by
nonlocal behaviour. These closures almost always rely on simplified model collision operators and diffusive
approximations and therefore do not naturally reproduce local transport results in the short MFP limit and
likely miss some aspects of nonlocal physics and behaviour. These approaches also overlook current-driven
transport, which appears naturally in local analytic closures. Currents generate magnetic fields and therefore
a closure including current-driven transport must include magnetic field effects. To the author’s knowledge,

there is little previous literature that addresses nonlocal ion transport, with only one closure for nonlocal ion
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viscous stress [14]] and no known previous discussion or closure for nonlocal multi-species transport.

This work develops a first-principles reduced kinetic method (RKM) that acts as a nonlocal transport
closure, and then applies it to investigate novel nonlocal transport phenomena. Chapter [2| covers relevant
background on inertial confinement fusion and plasma theory with a focus on the VFP equation and transport
closures. The remaining chapters present and discuss novel results, many of which have already been presented
in first-author papers published in or submitted to peer-reviewed journals [1-4]]. Chapter 3| derives the RKM
framework from the VFP equation for electrons and ionic mixtures, and describes its numerical implementation.
Chapter [4| presents the RKM in the simplest case of unmagnetised electrons subject to a temperature gradient.
Chapters 5 and [6] then apply the RKM to investigate novel features of nonlocal electron transport and ion

transport, respectively. These chapters are summarised as follows:

Chapter 2: Background

The background relevant to the thesis is presented, starting with a basic introduction to ICF. Basic plasma
theory concepts such as Debye shielding, plasma oscillations, and collisions are discussed, with relevant
results derived. An overview of the VFP framework governing weakly coupled plasmas is given, leading to
fluid equations describing plasmas with multiple ion species. Both the multi-fluid and mixture formalisms
are initially presented, but the mixture formalism is adopted for the remainder of this work. A qualitative
introduction to local transport mechanisms in magnetised and multi-species plasmas is presented, along with a
summary of the local analytic results for these transport quantities in the collisional limit. Nonlocal transport
is described physically, and a brief overview of previous literature is given. Relevant but involved mathematical
derivations for the chapter are presented in the appendices, namely deriving fluid equations from the VFP
equation, deriving and linearising the Landau collision operator, and deriving local electron transport fluxes

and transport coefficients.

Chapter 3: Reduced Kinetic Method Framework

Starting from the electron VFP equation, the governing equations of the RKM are derived. The derivation is
mathematically involved, but follows a few conceptually straightforward steps: the VFP equation is written in
the centre-of-momentum (CoM) frame, then the distribution function (DF) is decomposed into a Maxwellian
part plus a deviation, and finally the deviation is expanded over spherical harmonics in velocity-angle space.
The key assumption of the RKM in this derivation is neglecting the nonlinear component of the collision
operator, which is justified a posteriori in Chapter 4, The derivation is repeated for ionic mixtures, which
requires the same procedure applied to a set of coupled VFP equations for each ion species. The numerical
implementation of the RKM is described. Explicit expressions appearing in the spherical harmonic projection
of the transport fluxes and Vlasov operator are presented. The form of the Vlasov operator in 1D spherical and

cylindrical coordinates is derived and presented.
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Chapter 4: Unmagnetised Single Species Results

The RKM is initially demonstrated for unmagnetised electrons subject to a temperature gradient. This allows
both the underlying physics behind nonlocal transport and the RKM itself to be demonstrated in a simple
case. Both nonlocal transport fluxes and distribution functions are shown to demonstrate the underlying
kinetic physics. The assumption of neglecting the nonlinear component of the collision operator is justified a
posteriori in nonlocal cases by showing that the Rosenbluth potentials do not deviate far from their Maxwellian
results. Convergence studies for the RKM are presented over the number of spherical harmonics in the DF
expansion, the number of iterations for self-consistent momentum exchange, the upper bound of the velocity
domain, and the velocity grid resolution. A more computationally efficient formulation of the RKM is derived
and demonstrated, solving only for the nonlocal deviation of the DF instead of the whole deviation from

Maxwellian. Nonlocal heat flow in spherical and cylindrical geometries is also shown.

Chapter 5: Nonlocal Electron Transport Results

A uniform magnetic field is applied to the temperature-gradient case of Chapter[4] and the resulting physics
of nonlocal magnetised transport is discussed. Nonlocal current-driven transport is also investigated. An
especially novel aspect of nonlocal current-driven transport is presented, where a new dimensionless number
describing the strength of the relative flow NV, is shown to give rise to new nonlocal behaviour in addition to

the conventional Knudsen number N .

Chapter 6: Nonlocal Ion Transport Results

Results from the multi-species extension of the RKM with two ion species are presented. Nonlocality is
demonstrated not only due to temperature gradients but also due to pressure and concentration gradients.
Both near-symmetric (DT) and asymmetric (CH) mixtures are considered. Novel single-ion-species effects are
also shown, namely nonlocal heat flow accounting for ion-electron collisions and nonlocal viscous stress. The

impact of sonic flows on nonlocal ion heat flow is also shown.

Chapter 7: Discussion

The results of the thesis and their relevance to confined fusion plasmas are discussed.

Appendix A: Fluid Equations for Ionic Mixtures

By taking velocity moments of the VFP equation, fluid equations for an ionic mixture are obtained. Here,
the mixture formalism is presented, where the fluid variables include the common ion temperature and CoM

velocity rather than individual temperatures and flow velocities.

Appendix B: Fokker-Planck Collision Operator

The Fokker-Planck collision operator for a weakly coupled plasma is derived. Key properties (conservation of
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particle number, momentum, and energy, and the H-theorem) are proved, and the explicit form of the linearised
Fokker-Planck operator is derived for a multi-species plasma. The projection of the linearised Fokker-Planck

operator onto the spherical harmonic basis used in this work is presented.

Appendix C: Local Transport Derivation

Local analytic closures are explicitly derived for magnetised electron transport and multi-species ion transport.
For electron transport, the derivation follows the style of Braginskii [15] with calculations presented explicitly,
including a short Python routine that computes the required matrix elements for the collision operator and
transport coefficients. For multi-species ion transport, the derivation follows the style of Ferziger and Kaper
[16]], with the form of the local closures presented but expressions for the transport coefficients not explicitly

derived. Their explicit solution is provided in other literature [17H22]].



CHAPTER 2

Background

2.1 Inertial Confinement Fusion

Nuclear fusion is a process where two light nuclei are fused together to form a heavier, more stable nucleus,
excess particles such as neutrons and protons, and energy. For example, a Deuterium nucleus and Tritium
nucleus may fuse (D+T — n + “He), releasing a total of 17.6 MeV [23]. Fusing a single gram of DT fuel would
therefore release only neutrons, helium, and more than 300 GJ of energy, roughly the same energy released
from 50 barrels of crude oil. Since fusion releases such large amounts of energy without the use or production

of heavy radioactive isotopes, it is a prime candidate for clean energy production.

The difficulty with fusion is that there is a very high energy barrier to fuse two nuclei together due to their
Coulomb repulsion. The two nuclei must be brought together to within a distance d ~ 1 fm for the strong
nuclear force to overcome the Coulomb barrier. If the electrostatic potential energy U ~ Z1 Zoe? /4meod is
considered classically, the nuclei must collide with Fyapier ~ MeV energies. Fortunately, quantum tunneling
allows for incident energies under this threshold to still overcome the Coulomb barrier and fuse with some
probability. For a gas of light nuclei with temperatures lower than this classical requirement kg 1" < Ehparrier
which is still much less than the classical barrier, suprathermal particles have a slight chance of fusing which
results in a non-negligible fusion rate. For temperatures kgI' ~ 1keV, this fusion rate can be significant
enough to overcome various cooling mechanisms and heat the gas further. These required temperatures
are much greater than the ionisation energy of these light atoms ~ 13.6 Z2 eV, therefore a gas heated to

thermonuclear fusion conditions will almost always be ionised, or a plasma.

For a high fusion yield of a confined plasma, the plasma should be dense, hot, and confined for a long
period of time. The product of the number density, temperature, and confinement time 7;7;T¢ont. then serves
as a rough quantity that should be maximised for a fusion plasma [24]. There are two main approaches to

confined fusion which aim to maximise this product. The first is ICF, which compresses a plasma, typically
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using high intensity lasers, to high density and temperature, which will then burn for a short period of time
before rapidly expanding and cooling. The second is magnetic confinement fusion (MCF), which confines a
relatively low density plasma at high temperature for a long period of time. The motivation of this work is
primarily ICF, although methods and results may be readily applicable to an MCF context.

Thermonuclear burn occurs naturally in stars, where large densities and temperatures are confined by the
extreme weight of the star itself, and in thermonuclear weapons, where an exploding fission bomb generates
a burst of high intensity radiation that implodes a nearby mass of fusion fuel. To achieve confined fusion
on Earth for energy production, neither of these approaches is feasible since the former relies on extreme
gravitational fields and the latter is extremely destructive and restricted by international treaties. With the
advent of laser technology in the 1960s , it was realised that high intensity lasers could be used
as alternative drivers for compressing fuel to achieve fusion-relevant conditions for energy production with

implosions on much smaller scales.

Basic principles

Ablator

DT gas

Ablation

Initial Compression Stagnation

Figure 2.1: Depiction of a basic ICF capsule implosion (not to scale).

Figure [2.1| depicts the basic steps behind an ICF implosion of a spherical capsule [28-30]. The capsule
typically consists of a large spherical volume of DT gas contained within a thin DT ice layer and high-density
ablator. The ablator is usually made of high-density carbon (HDC, i.e. diamond), plastic (CH), or beryllium.

The outer layer is then ablated by an external radiation drive. The ablating material generates a rocket effect
that compresses the DT fuel inside to higher densities. Compressive heating and heat conduction from the
hotter outer layers heat the core during the implosion. As the density and temperature of the DT core increases,
the resulting thermal pressure pushes back on the imploding fuel and ablator, decelerating the implosion
until stagnation. Near stagnation, the fuel at the centre reaches extremely high densities (n ~ 103° m~3) and
temperatures (7' 2 1keV) at which a significant fusion rate can be achieved. Fusion reactions release various

energetic products such as gamma radiation, neutrons, and light nuclei such as 1He, i.e. alpha particles. These
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light nuclei quickly collide with the dense fuel and heat it further. If this heating from fusion reactions exceeds
energy losses of the hotspot such as radiative and conductive losses, the reaction is self-sustaining and achieves
thermonuclear burn. In this common approach known as hotspot ignition, this burning can then spread out
to the outer gas and ice layers, fusing most of the fuel and releasing a large amount of energy from fusion
reactions. Alternatively, the whole fuel may be uniformly compressed and heated to fusion conditions, known
as volume ignition. The fusion energy released from these implosions could then be captured by a surrounding

blanket of material and harnessed for energy production.

Physics challenges

There are a number of physics challenges that stand in the way of reliable ICF for energy production. One
of the major challenges of ICF is hydrodynamic instabilities [31]. Hydrodynamic instabilities refer to a set
of mechanisms which cause perturbations in fluids to grow. These drive the implosion away from the ideal
uniform picture outlined above, resulting in asymmetries and mix which are detrimental to fusion yield.

The Rayleigh-Taylor instability (RTI) arises at the boundary between two fluids where the heavier fluid
pushes against the lighter fluid. If the boundary has perturbations, they grow due to the RTI, with shorter
wavelength or higher-mode perturbations growing faster. In ICF, the ablator layer pushes against the less dense
fuel inside, leading to RTI growth of the ablation front during the compression phase. Low-mode perturbations
of these boundaries then lead to a non-spherical implosion which reduces the final compression ratio of the
capsule. High-mode growth tears the outer shell which then acts as a less effective piston or ruins confinement
entirely, as well as mixing high-Z impurities into the hotspot which increase radiative losses. The RTI is
typically the most problematic hydrodynamic instability to ICF schemes.

Laser-plasma instabilities (LPIs) are another key physics challenge for ICF [32] [33]. LPIs are a set of
unstable wave-plasma interactions that are often detrimental to the idealised ICF implosion above. There
are a few LPIs of particular relevance to ICF. Stimulated Raman Scattering (SRS) and Stimulated Brillouin
Scattering (SBS) describe scattering of electromagnetic waves off electron plasma waves and ion acoustic
waves, respectively. Two-Plasmon Decay (TPD) describes a single photon exciting two electron plasma waves.
SRS and TPD may then cause incident lasers to generate high-energy near-collisionless electrons that preheat
fuel in an ICF capsule in the early stages of compression, as well as reflecting incident laser energy away from
the target. Cross-Beam Energy Transfer (CBET) describes how energy is transferred from shorter to longer
electromagnetic waves via an ion acoustic wave, which causes driving laser beams to transfer energy between
each other, often away from the target.

ICF implosions are usually considered and modelled hydrodynamically. However, kinetic effects are known
to significantly influence the macroscopic behaviour of the implosion and often have a deleterious impact
on yield [34H36]]. Relevant kinetic effects include reactivity reduction due to Knudsen layer effects [37-40],
species separation and interpenetration [41H43]], kinetic shock structure [44H50]], and the focus of this thesis,

nonlocal heat transport [51H53].
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2.1.1 ICF schemes

Direct drive
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Figure 2.2: Depiction of a direct drive implosion.

Perhaps the most obvious ICF scheme is direct drive [54], where lasers are directly incident on a spherical
capsule to drive an implosion as depicted in Figure A large number of laser beams, typically ~ 10 — 200,
are arranged to provide roughly uniform illumination of the capsule. As described above, the capsule implodes
subject to these lasers ablating the outer layer, which drives the outer shell inwards and compresses the fuel.
Direct drive has the advantage that the laser energy is coupled efficiently to the implosion since the lasers
are directly incident. The design of an Inertial Fusion for Energy production (IFE) power plant using direct
drive targets is straightforward to imagine; capsules could be shot rapidly into a target chamber, imploded by
a spherical array of lasers, and the resulting energetic neutrons could be captured by a blanket of material
such as liquid lithium to extract heat.

Direct drive has limiting physics challenges. Since lasers of a given wavelength A may not propagate in
plasmas denser than a critical density 1 > neit (A) o< A~2, most of the laser energy is deposited on the critical
surface where the plasma is at this critical density. Heating the fuel inside the critical surface then relies on

other mechanisms to transport heat radially inwards, predominantly heat conduction. Non-uniformity of

the laser drive often seeds the RTI which is highly detrimental to compression and the resulting fusion yield.



20 2. Background

Lasers do not provide a perfectly smooth spatial intensity profile, but contain small scale variations known as
laser speckles. These speckles seed high mode perturbations which grow quickly under compression due to
the RTL In addition, as the capsule compresses and becomes smaller, the overlapping behaviour of the incident
lasers changes. Even if an initial laser configuration is chosen that gives near-perfect uniform illumination of
the surface, the intensity distribution on the surface changes as the capsule shrinks if the laser configuration
remains fixed. Laser zooming, where the laser focus is varied during the implosion, may be employed to
combat this but adds additional complications to the laser drive. LPIs such as TPD and SRS generate fast
near-collisionless electrons near the quarter-critical surface which may travel radially inwards and preheat
the fuel before the main compression wave reaches it. This increases the temperature and therefore pressure
inside the capsule, which pushes outwards and inhibits compression. CBET causes outgoing reflected beams
to absorb energy from ingoing incident beams, reducing deposited laser energy and heating of the capsule.
To avoid these challenges, different ICF schemes are also studied, the arguably most prevalent being indirect

drive.

Indirect drive
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Figure 2.3: Depiction of an indirect drive implosion using a hohlraum through the zz plane, where the hohlraum is

cylindrically symmetric around the horizontal 2 axis.

Figure [2.3|depicts a typical indirect drive scheme. The capsule is surrounded by a large cylinder of high-Z
material, often gold, known as a ‘hohlraum’, a German loanword meaning a cavity or empty region. Rather
than lasers being directly incident on the capsule, the lasers arrive through open windows at the ends of
the hohlraum and heat the inner walls. The hot high-Z material generates a bath of X-rays that drives the
implosion of the capsule. The benefit of the X-ray bath is that it is far more uniform than the lasers themselves,

therefore does not seed strong high-mode perturbations when driving the implosion of the capsule. The
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shorter wavelength of the radiation drive also means a higher critical density, so X-rays may penetrate deeper
into the capsule, improving the efficiency of the ablation process relative to direct drive. These improvements
come with two main drawbacks: firstly, the additional step of converting laser energy to X-rays by heating the
gold walls is particularly inefficient, only transferring on the order of ~ 10% of the laser energy to the capsule.
Secondly, the additional target complexity of the hohlraum makes the practicality and economics of indirect
drive far less attractive for IFE than direct drive. CBET still transfers energy between incident and outgoing
beams, but with careful design can be utilised to transfer energy past the expanding gold bubbles to illuminate
the capsule waist, improving ablation uniformity. The complexity of indirect drive also faces new issues
working against the drive such as the expanding gold blocking off lasers at late times. Regardless of these
challenges, indirect drive is the only confined fusion scheme to date to achieve the Lawson criterion and then

net target gain with the groundbreaking N210808 and N221205 shots on the National Ignition Facility (NIF),
respectively [55-58].

Magneto-inertial schemes

Figure 2.4: Depiction of a Magnetized liner inertial fusion (MagLIF)-like implosion.

As illustrated in Figure an axial current may be applied through a conducting tube, generating an
azimuthal magnetic field. The resulting Lorentz force, or equivalently magnetic pressure, acts radially inwards
and compresses the tube. This setup is known as a Z-pinch. Early research in the 1950s attempting to achieve
thermonuclear burn with Z-pinches quickly found that hydrodynamic instabilities shred the material apart

before fusion-relevant densities and temperatures could be reached, and the scheme was abandoned in favour
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of laser-driven ICF. However, cylindrical current-driven ICF has received new interest over the last couple
of decades with the MagLIF concept [59H61]] in which the fuel is preheated with lasers and an external axial
magnetic field is applied to suppress conductive heat losses. MagLIF has since inspired private fusion startups
to develop similar cylindrical magneto-inertial fusion schemes [62H65]].

We can argue geometrically that the ratio of final to initial density is related to the ratio of final to initial

radius as

(2.1)

Pfinal _ ( Rinitial > (D+1)
Rﬁnal ’

Pinitial
where (D + 1) = 2 for a cylindrical geometry and (D + 1) = 3 for a spherical geometry, assuming that
the cylinder maintains its length during compression. We may expect some axial extension during radial
compression of a cylindrical target, which only decreases the effective value of D. For a given density
compression ratio Panal/ Pinitial, @ cylindrical implosion therefore requires a significantly greater compression
in radius Ripitia1/ Rnal- Cylindrical implosions are therefore far more susceptible to hydrodynamic instabilities
such as RTI that mix layers and shred the target apart during implosion. This is arguably the key disadvantage
of cylindrical rather than spherical ICF schemes. However, magnetic fields are naturally suited to a cylindrical

rather than spherical geometry. Since magnetic fields provide the advantages of compression with magnetic

pressure and inhibited conductive heat losses, cylindrical schemes are a competitive approach to ICF.

2.1.2 Transport in ICF

Collisional transport of heat and momentum is an essential piece of physics for understanding and modelling
of the collective behaviour of plasmas, and therefore of great practical significance for confined fusion schemes.
As well as being generally important to the overall hydrodynamic evolution of the plasma, there are specific
effects in ICF where transport plays a significant role [[28]].

As previously discussed, the incident lasers or radiation cannot transport energy beyond the critical surface
of the capsule. Thermal conduction is therefore left as the dominant mechanism that transports heat further
inwards beyond the critical surface to the ablation front. Once the capsule temperature increases as a result
of compressional heating and heating from fusion reactions, heat conduction then cools the capsule. Heat
transport is therefore a key mechanism in both initiating burn and loss of confinement, both of which directly
impact the fusion yield.

Collisional transport is also responsible for viscous effects in a plasma. Viscous effects exert stresses, i.e.
transport momentum, due to gradients in flow. Physical viscosity is often not included in fluid simulations
and models of ICF implosions, although viscosity can indeed play a notable role in implosion dynamics [66]].
Viscous effects also heat the fluid due to gradients in flow. Fluid simulations often require artificially imposed
viscosity to smear out sharp discontinuities that would otherwise lead to undesired and unphysical numerical
artefacts and instabilities.

Collisional shocks are present in most ICF implosions since the rapid compression of the outer layers
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of the target often generates shocks. Shocks are often thought of as perfect discontinuities in fluid profiles.
Such discontinuities are permitted as solutions to the ideal fluid (or Euler) equations, however transport fluxes
introduce diffusive terms that smear out the shock to have continuous fluid profiles. The transport fluxes
dictate the structure of the shock front, which in turn have an impact on fluid and implosion dynamics [47, [67]].

Magnetic fields are often applied externally to ICF implosions to suppress thermal transport or compress
a liner with magnetic pressure. Even initially unmagnetised implosions can self-generate magnetic fields
due to the Biermann battery effect [68]. Near peak compression in spherical or cylindrical implosions, the
magnetic pressure is usually dominated by thermal pressure, i.e. the plasma beta is large Sy, = BQL/MO > 1, s0
the magnetic field does not typically directly affect hydrodynamic behaviour. Although not strong enough
to contribute significantly to plasma pressure, the magnetic field can still be strong enough to magnetise
transport, with Hall parameters of x. ~ 1 — 100 being achieved in magnetised fusion schemes such as MagLIF.
The magnetic field suppresses transport perpendicular to the field, which can dramatically reduce conductive
heat losses during the implosion. Other transport quantities such as electron-ion dynamic friction and thermal
forces directly impact magnetic field transport. For example, the cross thermal force term gives rise to the
Nernst effect which advects the magnetic field down temperature gradients, reducing magnetisation of the
hotspot at peak compression and increasing conductive heat losses. These transport terms that influence

magnetic field transport are therefore also of key significance in ICF implosions.
2.1.3 Modelling fusion plasmas
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Figure 2.5: Validity of models across different regimes of collisionality parametrised by the Knudsen number Ng.

To design and optimise a confined fusion scheme, physics models and simulations that accurately describe
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the physical behaviour of a plasma must be developed. Various descriptions are valid over different regimes
of collisionality, as illustrated by Figure The Knudsen number Nx = Ay, /L, the ratio of a characteristic
thermal MFP )y, to a characteristic gradient lengthscale L ~ |V InT|™%, is the relevant parameter for
describing collisionality, with large and small Ng corresponding to collisionless and collisional plasmas,
respectively.

The conceptually simplest approach to modelling a plasma would be to simulate the motion of each ion
and electron under Newton’s laws of motion. This approach is typically known as molecular dynamics (MD).
For a classical plasma, this approach is first-principles and captures the essential physics; however, the sheer
number of particles required for a complex system such as an ICF implosion typically leaves this approach
computationally intractable. MD is almost always limited to microscopic studies of thermodynamic properties
rather than macroscopic behaviour.

A more computationally tractable approach, similar to MD, is a PIC approach. This method evolves
‘macroparticles’, each of which model the behaviour of many particles. Electromagnetic fields are determined
on a grid from the charge and current distributions of these macroparticles, from which the macroparticles then
evolve in time, although gridless macroparticle approaches also exist [69]. PIC codes are especially applicable
to collisionless plasmas, with extensions to account for collisions requiring additional corrections [[70, [71].
With collisional corrections included, PIC approaches can be applied to study collisional plasmas relevant to
ICF. By their nature, PIC simulations are subject to statistical noise due to the limited number of macroparticles
which diminishes their utility for studying collisional phenomena.

Instead of describing the motion of each particle in a particular realisation of the system, the plasma may
be described by a macroscopic continuous distribution of particles. This distribution function describes the
distribution of particles in phase space (i.e. position and velocities), and its evolution may be described by a
six-dimensional (three position coordinates and three velocity coordinates) partial differential equation (PDE)
known as Boltzmann’s equation, or for weakly coupled plasmas, the VFP equation. This kinetic description
provides a mathematically rigorous macroscopic description of plasmas and many-particle systems in general
across all regimes of collisionality.

Although a kinetic description is first-principles, its high dimensionality and complicated mathematical
formulation leaves it often intractable for analytic work and large scale simulations. A fluid description
is far more tractable and can be derived phenomenologically or directly from kinetic theory in the highly
collisional limit. Fluid equations are a set of PDEs in position space describing the evolution of the fluid
density, momentum density (or flow velocity), and energy density (or internal energy density or temperature).
Mathematically, these three quantities may be viewed as the first three velocity moments of the DF which
parameterise the leading order Maxwellian behaviour. Evolving the fluid equations for these three moments
then describes the DF to leading order.

The finite collisionality of the plasma leaves microscopic particle behaviour able to transport heat and

momentum across space and between species. A classic example of such transport is heat conduction, where
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heat diffuses down temperature gradients. The mathematical description of heat conduction takes the form
of Fourier’s law, where the heat flux entering the temperature equation as d7'/dt o« —V - g has the closure
q = —xVT'. The Chapman-Enskog expansion [16,72] is a formal mathematical procedure that derives local
closures for transport fluxes and provides explicit expressions for their transport coefficients such as the heat
conductivity . Like the fluid description itself, these transport closures become invalid when the plasma
is not sufficiently collisional. However, since transport quantities such as the heat flux usually depend on
higher velocity moments than the bulk fluid quantities such as temperature, these local transport closures
break down at higher collisionalities (N ~ 1/100) than the fluid description (Ng ~ 1). There is therefore an
intermediate regime between highly collisional and collisionless plasmas where the plasma can be described
as a fluid with a ‘nonlocal’ transport closure. To understand how a plasma is modelled, an understanding of

basic plasma theory is necessary.

2.2 Basic Plasma Theory

A plasma is a collection of a large number of charged particles, or ionised gas, that exhibits collective behaviour.
Plasmas typically consist of a mixture of negatively charged electrons and one or more ion species. Plasmas
may still contain neutral particles, but these are ignored for the purposes of this work where we assume
the plasma is sufficiently hot and collisional that all neutral atoms are quickly ionised. Since many of these
particles will be identical to each other, they are often grouped together according to their species (electrons,
deuterons, tritons, etc.). A species with label « is characterised by a particle charge g, and mass m,.

One of the main features of a plasma in contrast with a neutral gas is long-range interactions between
particles via electric and magnetic fields. For plasmas described in this work, we assume that the thermal
energy dominates the pairwise Coulomb potential energy between particles, i.e. the coupling parameter
I'=U/kgT ~ e2n!/3 /ksT < 1, where T is the temperature. Such a plasma is known as weakly coupled,
and is the type of plasma usually encountered in a confined fusion contexiﬂ

Since plasmas typically originate from heating a neutral gas to sufficiently high temperatures to ionise
all neutral atoms kg7’ 2 13.6 eV, they are usually neutral on macroscopic scales, or ‘quasineutral’. Although
quasineutral, the net charge of different species allows both microscopic and macroscopic electric and magnetic
fields to impact the collective dynamics. This is the key feature that makes plasmas exhibit a rich variety of
phenomena compared to neutral gases. Defining a macroscopic number density n, = ﬁ Iy d3p pimiero: by
coarse graining the microscopic number density over some sufficiently large volume V/, the quasineutrality

condition is

Z dana = 0. (2.2)

'Moderately and strongly coupled plasmas where I" 2 1 are still frequently encountered in ICF in cold dense regions, but nonlocal

transport effects are usually only present in weakly coupled plasmas and therefore this treatment suffices for the scope of this thesis
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Here, ‘sufficiently large’ will turn out to be on spatial scales greater than some minimum length scale known

as the Debye length.

2.2.1 Debye shielding

Figure 2.6: Debye shielding in a simple plasma due to a positive charge at the centre. Negative charges shift towards
this central positive charge, forming a shielded potential V(1) o e~"/*0 /7. Inside the Debye sphere, charged particles
experience the individual Coulomb force of the central charge. Outside the Debye sphere r > Ap, the potential is

exponentially small, and charged particles are shielded from the individual effect of the central charge.

Consider a plasma in thermodynamic equilibrium. As illustrated in Figure we focus on a particular
particle at the origin with charge ¢, that generates an electric potential V' (7) to which other particles in
the vicinity respond by redistributing themselves. From statistical mechanics, the equilibrium arrangement

micro.

of these other particles obeys a Boltzmann distribution n*" o exp(—q,V (r)/ksT,,), with the potential

determined self-consistently from Gauss’ law. The potential and number density are then governed by
VIV = —— (qa ) + Z qﬂnmlcrc’) n3re = ngexp(—qaV (r)/ksTs), (2.3)

where 0(r) is the Dirac delta distribution. Assuming weak coupling (I' < 1), the exponential may be Taylor

expanded as exp(— qi:é;)) =12 O(I'?), which may be substituted into Gauss’ law to find

kpTg
2
Qa nBdp
VAV & — + V. 2.4
Z asmg < Zﬁj - kBT5> (2.4)
%/—/
quasineutral, =0 =1/A3

The last term introduces a characteristic length scale

2\ —1/2
Ap = 2.5
b <§ﬁj€0kBT5> , @5)

known as the Debye length. The solution should then be spherically symmetric V' = V(r), therefore satisfying

1 a 28‘/ 1 o ch ~ qq _
wiw <r 87“) )\2 V= g6(7'), Vir< Ap) = PP V(r — o0) =0. (2.6)
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The solution for the potential is

—r/Ap
_ 4o €
Vir) = dreg 1

, (2.7)

which highlights that the potential is screened by other charges on length scales larger than the Debye length
~ Ap, or outside the Debye sphere (defined as a sphere of radius Ap). For this argument to be valid, there
must be many particles within the Debye sphere Np = nA$ > 1, which turns out to be equivalent to weak

23 1.

coupling I' ~ Ny

Since the plasma is weakly coupled, the thermal energy is primarily tied to the kinetic energy associated

with random motion within the plasma kg7, ~ %mavz. This then defines a characteristic speed for a species
2kgT,

me

Uth,a ) (28)

known as the thermal velocity. This is the characteristic speed which most particles of species « travel with
if the plasma is near local thermal equilibrium (LTE), although some particles in the distribution will have

speeds significantly faster than this.

2.2.2 Plasma oscillations
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Figure 2.7: Slab of plasma disturbed from quasineutrality

Consider a slab of plasma that is initially quasineutral, but is then disturbed by shifting the electrons by
a small displacement . From Gauss’ law, a restoring electric field E = %a: is generated by the charge

2
L F = —&£ g and
Me EQMe

en
Wpe = || ——, (2.9)
E0Me

known as the plasma frequency. This is then the inverse timescale on which departures from quasineutrality

separation. Ignoring other forces, each electron has an equation of motion & = —

therefore oscillates with a frequency

are restored.
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This derivation may appear inadequate since electrons do not remain in a fixed rigid structure which
generates a macroscopic electric field. For an alternative derivation, consider similarly an initially quasineutral
plasma with a fixed background of ions and ‘cold’ electrons such that their thermal motion can be neglected
compared to the phase velocity of any modes. An electromagnetic wave E(t,x) = Egexp(i(k - € — wt)) is
applied. Each electron then has an equation of motion as before & = — = F, where x is the displacement
from equilibrium. Considering modes = xgexp(i(k - € — wt)), we have

e

T = - sz' (2.10)
(&)
Each electron generates a dipole moment p = —ex, and therefore the plasma gains a polarisation density
P=np=— ;}Lef; FE and therefore an electric displacement field
Nee2 w? e
D=¢E+P=c¢ <1 - — 2>E =ce(w)egE, where e(w)=1- pé ) (2.11)
£0MeWw w

which defines the dielectric function €(w). Faraday’s and Maxwell-Ampeére’s law in media are
VXE=-0B, VxH =jg.+0D. (2.12)

Ignoring free charge and currents, taking 9; of Maxwell-Ampére’s law, and substituting in Faraday’s law yields

2

~Vx(VxE)=V?E-V(V-E)=ud?D = (k*I-kk)-E= —%E(W)E. (2.13)

For longitudinal modes with k || E, the dispersion relation for a nontrivial electric field simply becomes
fw)=0 = w=uwpe, (2.14)

i.e. longitudinal modes, or ‘Langmuir oscillations’, vibrate at the plasma frequency. For transverse modes with

k L E = 0, the dispersion relation becomes
(w?e(w) — k*cA)E = 0. (2.15)

Substituting in the form of the dielectric function above and demanding a nontrivial electric field yields the

dispersion relation
2 2 2 2
w? = wy, + k%" (2.16)

The plasma frequency is therefore the cutoff frequency for electromagnetic waves propagating in a plasma.
This is particularly relevant in ICF, since laser light of a given frequency cannot pass deeper into a capsule and
deposit energy beyond the critical surface.

Since the electron population has a characteristic random speed vy, ¢, departures from quasineutrality

occur on length scales

kgT. kgT,
-1 Ble E0Me - \/50 Ble ~ Ap. (2.17)

Uth,eW ~
TP Me €21, e2n,

The Debye length, as before, is then the distance over which microscopic electric fields are shielded and

therefore the minimum length scale on which the plasma can be considered quasineutral.
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2.2.3 Collisions

In a neutral gas, particles collide with each other on short distances comparable to their size. In a plasma,
particles are charged, and therefore experience the effect of each other at much larger distances due to
electromagnetic interactions. Electromagnetic interactions include those on short length scales due to the
interaction of individual particles and those on large length scales due to macroscopic electric and magnetic
fields. The length scale that separates these two interactions is the Debye length; individual particle effects are
apparent on length scales shorter than the Debye length, but screened on larger length scales. Electromagnetic
interactions between particles on sub-Debye length scales are interpreted as collisions, dependent on the

plasma being made of many particles, and interactions on larger scales are deemed macroscopic interactions.

Ty +T‘ﬁ

Figure 2.8: The cylinder traced out describing the collision of two hard spheres of species o (white ball) against species

3 (blue ball).

To understand collisions, first consider a multi-species gas made of hard spheres of radius r, which then
collide like billiard balls if their surfaces touch. We ask if a single particle of species o will collide against
another particle of species 3. As depicted in Figure if the first particle moving in a straight line traces a
cylinder with cross-sectional area 0,3 = 7 (ra + 75)?, a collision will occur if the second particle lies in this
imaginary cylinder. For the first particle streaming with a speed v, for a duration 7, a volume V' = 0,5v,7
is traced out. The number of particles of species 3 in this cylinder is then ngo,zv,7. The collision time is
the characteristic time for a single collision, so where there is a single particle in this cylinder, i.e. where
1 ~ ngoagvaT. The collision frequency for collisions between o and (3 is then v,5 ~ 1~ NBoa[Va-

Considering a Coulomb collision between a particle of species « and another of species 3, where we

imagine that the species (3 particle is fixed in place, the distance of closest approach d may be found from

energy considerations

29a4qp
Aegmav2’

1 9 1 quygs
Qmava 471'50 d

(2.18)
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This distance of closest approach is then the analogue of the sum of the hard sphere radii d = r, + 73. Using

the characteristic distance of closest approach, the collision frequency then becomes

2 2
Vg ~ — 0B 2.19
o 4re3m2od (2.19)

which is a characteristic collision frequency describing collisions between species « and 3 at a particle speed
Vo

A more detailed analysis, presented in Appendix [B] yields the same collision frequency but with an
additional factor In A, g known as the Coulomb logarithm. This factor comes from integrating over different
impact parameters for small-angle Coulomb collisions rather than using only the distance of closest approach.
The integral that appears is

[ = b (220)

For the integral over the impact parameter to converge, both a minimum and maximum cutoff have been
introduced for b, resulting in the Coulomb logarithm In(byax /bmin) = In Aqp. Specific forms of the Coulomb
logarithm follow from physical arguments about the cutoffs. For a Debye-shielded Coulomb potential, the
maximum cutoff becomes the Debye length, since particles beyond this impact parameter do not experience the
collision. The lower cutoff may be chosen to be the classical distance of closest approach do, ~ qnqg/4me0kpT,,
since collisions with smaller impact parameters experience large-angle deflections. However, when the de
Broglie wavelength exceeds the classical distance of closest approach, quantum effects become significant
and instead one should take byin = AQ,q, Where A\g o = ﬁ\/m is the de Broglie wavelength of a
thermal particle and p, is the reduced mass of the colliding particles [73]. The standard prescription for
the minimum cutoff is byin, = max(dy, AQ,«), although in the following only the classical cutoff is used for
simplicity.

For a single species, using bmax = Ap and bpin = d, we have

bmax 1 [eoksT\*?
A= \/ﬁ<€0q§> ~ Np, (2.21)

therefore the Coulomb logarithm In A is a measure of the magnitude of the number of particles in the Debye

sphere, and therefore a measure of coupling, with larger In A being more weakly coupled.

Using this scaling for the Coulomb logarithm, we may estimate [[74]]

1 n 3 T

This estimate does not include quantum effects that change the scaling of the Coulomb logarithm at different
densities and temperatures, but provides a decent estimate for our arguments. High-energy-density plasmas
encountered in ICF have typical densities and temperatures of n ~ 10%? — 103' m™3 and T' ~ 1 — 10 keV,
and therefore a Coulomb logarithm of In A 2 2 which is mostly within the weakly coupled regime, with

moderate-coupling effects in cold and dense regions of the plasma. The subject matter of this thesis, nonlocal
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transport, is most relevant in high temperatures and low density regions where a weak coupling treatment is
valid. For the results of this work, a common uniform Coulomb logarithm is always assumed In Ao 3(r) = In A
for simplicity, although the RKM can straightforwardly include a specified form of In A,5(r).

The lower limit for the impact parameter b > b, removes the larger angle deflections from consideration.
To justify this, we consider the differential cross section for a Coulomb collision, or the Rutherford cross

section, which has the standard result

d 1 . 2
ek — (B - — (2:23)
A ) couomy 4 \ATe0papu? ) sin*(5/2)

as shown in Appendix [B] where ¢ is the scattering angle, and fiqg is the reduced mass of the two colliding

particles. Due to the strong divergence ~ 6~ for small scattering angles, these types of collisions dominate
over large angle deflections.
The basic collision frequency of species o against species 3 is then

naqaqsn Mg

2012 3 )
dregmavy, o

Vap = (2.24)

which includes the Coulomb logarithm and the thermal velocity of species a. Considering only collisions of a

particle of species v against species (3, the average distance it travels before colliding, the MFP, is

\ Vtha | ATEGMAVG . 16med(kpTh)2
thad = = — = 5 5 = 5 5 . (2.25)
Uag nsqads In Anp nsqad; InAgyp
For a non-thermal particle with speed v, we recall v oc v~ so its MFP scales as
v 4
Aap(v) ~ < > Ath,a8- (2.26)
Uth, o

The MFP is independent of particle mass, so electrons and singly charged ions are equally sensitive to nonlocal

kinetic effects.

2.2.4 Magnetic fields

In the presence of a magnetic field B, a particle gyrates around field lines with a gyrofrequency

B
oo = 122 (2.27)
e
The characteristic number of gyro-orbits between collisions of a thermal particle is then
Xa = We,aTaa, (2.28)

which defines the Hall parameter x,. This parameter then quantifies how strongly magnetic fields influence
particle motion between collisions. For x, < 1, the plasma is weakly magnetised. For x, ~ 1 or xo > 1, the
plasma is moderately or strongly magnetised, respectively. Although the Hall parameter may be defined for

each species, we typically focus on the electron Hall parameter x = Xe.
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Collisions were considered to be purely electrostatic in the treatment above. If the magnetic field is
sufficiently strong, it can affect particles during the collision and must therefore be accounted for in a proper
treatment. Magnetic fields impact collisions where the gyroradius pr . of a particle is smaller than or com-
parable to the Debye sphere pr, o, S Ap. In terms of timescales, magnetic fields impact collisions where the
gyrofrequency is faster than the plasma frequency we o 2 Wy, so particles experience gyroorbits during a
single plasma oscillation, i.e. during the average crossing time of the Debye sphere. By comparing length scales

PLa = Vth,a/We,a, We may also find how large the magnetic field must be for collisions to be electromagnetic:

T / kT
kT m <, |2 > = > o2, (2.29)
qB

i.e. where the magnetic energy density is comparable to or dominates the mass energy density. Such strong

magnetic fields can be encountered in astrophysical environments but not in ICF plasmas, therefore the
standard electrostatic treatment of collisions is sufficient for the scope of this work. Note that this is a distinct
and much stricter criterion than the magnetisation of the plasma over a collision time. Moderate magnetic
fields frequently encountered in ICF plasmas still have an impact on collision-dependent phenomena such as

transport.

2.2.5 Other regimes

Quantum and relativistic physics results in new regimes of plasma. For example, if the plasma is sufficiently
hot kT, > mec? ~ 0.511 MeV, electrons become relativistic. Relativistic plasmas are more complicated
since single particles are required to be described relativistically, but also since particle-antiparticle pairs may
be produced spontaneously. Quantum mechanical effects also give rise to new behaviour. The de Broglie

wavelength of a thermal electron, or the ‘quantum wavelength’, is

2
A e = iy ———. 2.30
2 mekBTe ( )

-1/3

If the quantum wavelength is much larger than the average interatomic spacing Ag. 2 ne ', electron

wavefunctions overlap and interfere, giving rise to quantum collective behaviour. This is quantified by the

electron degeneracy parameter © = n A3, o neT;?’/ 2

, which considers the average number of electrons
occupying a single-particle quantum state. If © < 1, the system is classical, and if © 2 1, quantum effects
are significant. Metals are a familiar example of degenerate electrons where © 2> 1. Although metals are not
plasmas, plasmas can exist at high temperatures and densities where © 2 1, known as quantum plasmas. The
state in which matter is moderately coupled I' ~ 1 and moderately degenerate © ~ 1 is known as warm dense
matter (WDM). This regime of matter linking neutral gases, solids, and weakly coupled plasmas is encountered
in ICF and planetary cores, and is therefore a particularly active research topic.

Figure [2.9|shows a parameter space over temperature and number density with relevant regimes of matter

indicated. Physical regimes include regions with unionised matter, relativistic thermal electrons, strong
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Figure 2.9: Parameter space of plasma temperature versus number density with different regimes, confined fusion
schemes, and relevant scales roughly indicated. The indicated regions for ICF, MCF, stellar cores, and WDM are a rough
quantitative guide rather than strict definitions of these types of plasma. The indicated ICF refers to the plasma during
the implosion; before the implosion, the material is not ionised, but quickly transitions to the plasma regime during laser

heating.

coupling, quantum degeneracy, and WDM. Typical regions in parameter space for confined fusion schemes

and stellar cores are shown, with a few examples of notable ICF experiments and tokamaks.

The solid red and green lines indicate where the thermal MFP is A\y; = 1 pum and Ay, = 1 m, respectively.
Below the red Ay, = 1 pum line, plasma behaviour on length scales much longer than this is collisional and
fluid-like. Below but near this boundary, suprathermal particles with longer MFPs give rise to nonlocal
transport on these length scales, and above the boundary the plasma is collisionless and kinetic on those length
scales. ICF targets tend to have shortest length scales L 2 1 ym during implosions, therefore most of the ICF
parameter space is collisional. There is still a significant region, at lower densities and higher temperatures
just below the boundary, where nonlocal effects are expected to be significant. In contrast, MagLIF appears to
be significantly collisionless and MCF appears entirely kinetic. However, strong external magnetic fields in
these confined fusion schemes cause particles to gyrate much faster than the collision frequency, introducing

the gyroradius as a shorter length scale that restores collisionality.

This work focuses on this regime especially relevant to ICF where the plasma is often weakly coupled,
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classical, and mostly collisional, but is sometimes subject to short length scales where transport becomes

nonlocal. Such plasmas are described by kinetic theory.

2.3 Kinetic Theory
2.3.1 Origin of the Vlasov-Fokker-Planck equation

The fundamental object of kinetics is the DF f,(x, v, t), a probability density distribution over physical space
and velocity space defined such that f,(x, v, t)d3zd>v is the expected number of particles of species « in
the infinitesimal phase space volume d®xzd>v at (x, v,t). The evolution of the DF with binary collisions is
governed by the Boltzmann equation. Ideal, weakly coupled plasmas may be described by the VFP equation,
which is the Boltzmann equation for a plasma with a Fokker-Planck collision operator as a consequence of
long-range Coulomb collisions with multiple species. The VFP equation for a species « in laboratory-frame

phase-space coordinates (¢, x, v) for particle position « and particle velocity v is

Oufo+ vV fut %(E +0 X B) - Vyfa = ; Cop{for 5}, (231)

where f, is the DF of species «.. The FP collision operator Cys{ fa, fg} represents collisions of species /3

acting on species «, with the sum over all species § including «.

Conservation in phase space

An intuitive derivation of the kinetic equation comes from particle number conservation in phase space.
Consider a single spatial coordinate x and velocity coordinate v, and a rectangle in this reduced phase space

{z,v]zo <z <) + Ay V9 < ¥ < v+ Av}. The rate of change of the number of particles in the volume

o1
Iz 4
Vo+Av[--- |
ry¥ ~ rx
—N = f(x,v)Ax Av +—
Yol mTr | I‘U} |
1 + 1
1 I
I I
I I .
X xXg+Ax x

Figure 2.10: Rectangular region in phase space with particle fluxes in and out.
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is given as

ONo =13 =T _+T5 . —T5 _. (2.32)
The flux of particles on each of the four edges may be written as

Lo+ = Za(To, vo)fa(xo, vo)Av, Ty _ = da(z0 + Az, vo)fa(xo + Az, vg)Av, (2.33)
2.33

F&Jr = Vo (20, v0) fa (0, v0) A, o= Va0, v0 + Av) fo (20, v0 + Av)Az,

i.e. the product of the flow of particles (&, or v,), phase-space number density fo at the face, and size of the
face (Av or Az). Substituting into Equation[2.32]and dividing by the phase space volume AzAv to obtain the

phase-space number density f, = N,/AzAv yields

Eo(z0,v0) fa(Z0, v0) — Za(zo + Az, v0) fo(xo + Az, v9)

atfa =
' N Az . (2.34)
n Ua (20, v0) fa (0, v0) — Va(x0, v0 + AV) fo(x0, v0 + Av)
Av '
Taking the limit as Az and Av tend to zero results in the continuity equation
Orfa + Ou(tafa) + Op(bafa) = 0. (2.35)

For more spatial and velocity dimensions, the additional terms due to fluxes in these dimensions are added.
The sum of these terms is naturally written as divergences in physical space Y . 1 5 3 0z, (Zaif) = V - (o f)
and velocity space D, 550y, (Va,if) = Vo - (Daf). Also using the equations of motion &, = v and

Vo = Fo/m, where F, is the force on a particle of species «, we obtain a continuity equation
_ _ 1 _
Ofu+ V- (Vfn) + Vs - (m—Fafa> — 0. (2.36)
«

Finally, noting that the Lorentz force F, = ¢o(E + v x B) is divergence-free in velocity space since

Vo - (E +v X B) = 5ijk8vivjékz = 5ijk5ij-§k = ¢, Br, = 0, we are left with the kinetic equation

Oifatv- Vit LY (EtoxB) Vyfa=0, (2.37)

«

where v can be taken outside of the spatial gradient since it is an independent variable from x. The tildes
on the phase-space number density f,, and electromagnetic fields E and B indicate that they are exact, in
particular that they include microscopic fluctuations on top of macroscopic behaviour. The kinetic equation in

tandem with Maxwell’s equations

- 1 _
E=— o | v fa, 2.38
VoB= >0 [ 23%)
V-B=0, (2.39)
V x E =—-§,B, (2.40)

V x B = uoaoc‘)tE + 1o Z o / 3o vfa, (2.41)
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provide an exact description of the plasma. This derivation gives an intuitive understanding that the kinetic
equation is a continuity equation of particles in phase space. This may be made even more explicit by writing

the kinetic equation in terms of phase space coordinates Z = (x, v) as
Oifa+Vz - (Zfa)=0, (2.42)

i.e. is a distribution obeying Liouville’s theorem.

Klimontovich’s distribution

Klimontovich [[75] presented a more rigorous derivation to the exact kinetic equation Suppose we have
N particles of species o indexed by k. The exact behaviour of particle & is described by its position 2* and

velocity v* which evolve according to

it =k, ok = qi(E(t,m’;) + ok x B(t,mﬁ)). (2.43)
Mq

We may construct a single distribution which contains the exact positions of all of the particles as
ol(t,z,v) Z 83 (x )83 (v — vE (1)), (2.44)

which is known as Klimontovich’s distribution. Taking the time derivative, we find

Ofa=-)_ [dzg Ve (53(3; )63 (v — v )> +0F . v, (53(:;; —xf)5% (v — d;))] : (2.45)

k

The equations of motion for each individual particle (Equation [2.43) are substituted in to replace & and ©%.
Since these expressions are not explicitly dependent on the phase space coordinates « and v, the gradients

may be moved outside of the summation. This yields

Oifa+ V- Z ['v]; (53(310 —xk)o3 (v - vﬁ))] (2.46)
k
+Vy- zk: [731 (E(t, zF) + v* x Bit, sc';)) <63(m —zF)83 (v — vﬁ))} =0. (2.47)

Now, the Dirac deltas are employed to replace ¥ — x and v¥ — v, yielding

O fou+ Vg - ('v Z 83 (x—xk)sd (v — vi)) (2.48)
k
+V,- <§Z (E + v % B) zk: &3 (x — xh)53 (v — vﬁ)) =0, (2.49)

which, upon recognising the reappearance of the Klimontovich distribution in the second and third terms,

reproduces the exact kinetic equation

Oifa+v-Vint L (EtovxB) Vyfa=0. (2.50)

«
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X

Figure 2.11: Depiction of the Klimontovich distribution (black) for a particular microstate over phase space. In the top
right plot, each dot represents a Dirac delta at that location in phase space, with histograms in space and velocity shown
below and to the left, respectively. The red box shows the coarse-graining volume V from which the smooth distribution

function is obtained.

Coarse graining

The descriptions above have not resulted in an explicit description of collisions. ‘Collisions’ in the plasma
context refer to particles being deflected by microscopic fluctuating electromagnetic fields on scales smaller
than the Debye length. The last term in the exact kinetic equation [2.50| therefore includes these microscopic
collisions on top of the macroscopic fields. However, we are interested in the behaviour of the distribution on
scales much larger than the Debye length, and it is therefore convenient to average over these scale lengths.
We define a phase space volume average (...) = \Tl/| fv ... d3rd3v over a small phase space volume ) centred
at x, v of size ~ [, [, in physical space and velocity space, respectively. The spatial scale [, should be much
larger than the interparticle spacing to average over many particles but much smaller than the Debye length
n~1/3 « I, < \p. The velocity scale [,, should be smaller than the velocity scale of the distribution, i.e. the
thermal velocity, but larger than velocity changes over a microscopic fluctuation of the distribution. This
coarse graining, depicted in Figure may instead be viewed as taking an ensemble average over microstates,
but here we more simply treat it as smoothing out over phase space for a given microstate.

We decompose the DF into a smooth coarse-grained part and the remaining sub-Debye microscopic
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fluctuations as

f~a = <fa>+5fa' (2-51)

By definition, the average of the fluctuating part vanishes since (8 fo) = (fo — (fa)) = 0. Similarly, the fields

are also decomposed as

E=(E)+J0E, B=(B)+4B, (2.52)
where (§E) = 0 and (§B) = 0 by definition. Since Maxwell’s equations are linear, they may be rewritten as
two decoupled sets, one in terms of ‘coarse-grained” quantities ({f.), (E), (B)) and one in terms of sub-Debye
fluctuating quantities (§ fa,0E, 6B ). Fluctuations in the electromagnetic fields are then determined directly

from the fluctuations in the DF, and the coarse-grained fields are determined directly from the coarse-grained

DF via
1 3 =1 3, 7
:soza:qa/d v (fa): VﬁE:ggza:qa/dvéfa, (2.53)
V- (B) =0, V-6B =0, (2.54)
V x (E) = —9,(B), V x 0E = —9;0B, (2.55)

V x (B) = o0y (E +Mozqa/d vo(fa), VxiB= M0€03t5E+MOan/dSUU5fa-
(2.56)

Taking this average of the exact kinetic equation, we have

O fo) 0 Vo) + (B v (B)) - Volfo) + (= OB +v < 0B) - Vodfa) =0, (257)

Mq
where the terms linear in fluctuating quantities have vanished under the average. This equation describes
how the coarse-grained DF evolves in phase space subject to macroscopic fields but also due to microscopic
fluctuations from the last term that is quadratic in sub-Debye quantities and therefore quadratic in § fo. This
last term is the one that describes collisions. We therefore put it on the right hand side of the equation and call
it the ‘collision operator’, since it is determined from the coarse-grained DF. Finally, we drop the averaging

notation by writing the coarse-grained DF as f,, = (f,) and coarse-grained electromagnetic fields as E = (E)

and B = (B). This yields the VFP equation

8tfa+v~Vfa+gL—a(E+v><B)-VUa: N (2.58)
where the collision term
/4o i : z
C, = —<—(5E Yo x6B)- Vvéfa>. (2.59)
Me

The collision term makes it clear that microscopic fluctuations still impact the coarse-grained distribution

due to correlations in é f,, and the resulting fluctuations in the fields. Finding an explicit expression for the
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collision term requires evaluating correlations of the fluctuations (& ) f5> from f, and fg. If collisions are
assumed to be binary and the colliding particles are initially uncorrelated before the collision, the collision term

has the form of the Boltzmann collision operator. For a weakly coupled plasma with a Debye-shielded Coulomb
potential, the Boltzmann operator reduces to the Fokker-Planck collision operator C, = ) 3 Cap{fa: fa}
[75H77] which is used for the remainder of this work. A derivation of the Fokker-Planck collision operator
following Helander and Sigmar [78]] is presented in Appendix

A more rigorous derivation of the Boltzmann equation is provided by the Bogoliubov-Born-Green-Kirkwood-Yvon

(BBGKY) hierarchy [16]. This treatment starts from Liouville’s theorem for an N -particle system in 6V -
dimensional phase space

O fN) 4+ L) g = g, (2.60)

where fOV) and HN) are the A -particle DF and Hamiltonian, respectively, and {...,...} is the Poisson
bracket over the appropriate coordinates. By integrating over successive particle coordinates, a hierarchy of
coupled equations is obtained, in which the evolution of the s-particle distribution f(*) depends on f(s+1).
The BBGKY hierarchy can be truncated by introducing a suitable closure for a chosen DF f (k). which leaves
the s =1,...,k — 1 coupled equations to be solved.

A naive closure would be that the particles remain uncorrelated, i.e.
f(Q) (t, x1,v1, T2, Ug) = f(l) (t, Ty, Ul)f(l) (t, T2, ’UQ). (2.61)

However, this closure contains no information about microscopic collisions and therefore yields the Vlasov
equation for a collisionless plasma. To include collisions, a more informed closure is to assume uncorrelated
particles only immediately before each collision, i.e. the closure for f(2) before a collision is given by Equation
After a binary collision, the two particles are then correlated, with the closure for f(?) after the collision
determined by the collision dynamics. This assumption of no correlations before collisions, commonly known
as ‘molecular chaos’ or the Stosszahlansatz, yields a closed kinetic equation for the single-particle distribution

function f = f() including binary collisions, i.e. Boltzmann’s equation.

2.3.2 Fokker-Planck collision operator

The Fokker-Planck collision operator, originally derived in 1936 [79], describes binary long-range small-angle

Debye-shielded Coulomb collisions. It has the form
2 2
4t Aas 0 / iy W0 — Uit <fa('v) 0fs(v) _ fs(v') afa@)) e

/
8medmg O u3 mg  Ov ; me  Ovj

Caﬁ{faafﬁ} = -

where u = |v — v’|, with a derivation provided in Appendix B} The Fokker-Planck collision operator is a

special case of the more general Boltzmann collision operator describing binary collisions, however this work
focuses entirely on weakly coupled plasmas, therefore only uses the Fokker-Planck operator. The collision

operator may also be written in the Rosenbluth form [[80]]

1 (qa%)anAa ) {_maaH{f@}

Cap{fa: fo} = 47 \ g9, ’Bavi mg Qv

10%G{fs} 0fa
2 81)1‘8'0]' a'l)j ’

fa + (2.63)
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where the Rosenbluth potentials

H{fs} = / d3v’ % fs(v), G{fs}= / v ufs(v'). (2.64)

These objects are called ‘potentials’ since they satisfy the relations

ViH{fs} = —4nfs, ViG{fs} = 2MH{f3}, (2.65)

which are Poisson equations in velocity space, similarly to Gauss’ law for the electric potential in physical
space V2V = —o /gg. Analogously to V being the electric potential sourced from the charge distribution o,
the first Rosenbluth potential H is the potential sourced from the DF f, and the second Rosenbluth potential G

is the potential sourced from the first Rosenbluth potential H, up to constant factors.

Properties of Fokker-Planck collision operator

The Fokker-Planck collision operator has some important conservation properties. As shown in Appendix

it satisfies

[ o Captsan s} =0,
/d?’v mavCap{ fa, fa} + /d3v mpvCpa{fs, fa} =0, (2.66)

1 1
/d3v §mav20a5{fa, fs}+ /dgv §m5v205a{fﬁ,fa} =0,

which correspond to conservation of particle number, momentum, and energy, respectively.

Collisions naturally drive the local velocity distribution towards a Maxwellian distribution

Mt 2, v) = na(t,x) _ Ma e exp | — Mol — ta(t, 2)] (2.67)
o AT 0) =l T o T (t, @) P 2a(tw) ) '

where ng, uq, and T, are parameters of the distribution that physically represent the number density, flow
velocity, and temperature (in energy units, i.e. kg = 1) of species a. This is manifested mathematically through
the H-theorem of the collision operator, which states that the rate of entropy production due to the collision

operator,

as

dt

= Za: ZB: / 30 Cog{fu, fo}In fo >0, (2.68)
with the equality being satisfied if and only if the DFs are all local Maxwellians with common flow velocities
and temperatures as shown in Appendix [B]

This work focuses on collisional plasmas where collisions are the dominant influence on the DF. This
then suggests that the DF in a sufficiently collisional plasma is near Maxwellian f, =~ f, and therefore may
be described effectively through the parameters n,, u,, and T,,. By taking appropriate velocity moments of
Boltzmann’s equation, evolution equations for these parameters may be obtained, thereby leaving a much
more tractable fluid description.

Here we introduce the peculiar velocity w = v — w, i.e. the velocity in the frame comoving with some

local flow velocity w. Different species may have different flow velocities, but within this work w is always
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either the electron flow velocity u = u, or the ion CoM flow velocity u = u; = > pauq. The velocity

space is then written in spherical polar coordinates of the peculiar velocity (w, ¥, ¢) such that
w = wsind cos ¢ W, + wsin v sin ¢ Wy + wcosV w.. (2.69)

The velocity basis vectors W, . . are simply aligned with the spatial basis vectors {&, §, £} in planar cases,
with spherical and cylindrical cases discussed later. Often, the velocity coordinate = cos? = w - 2/w is

used for convenience.

Linearised Fokker-Planck Collision Operator

If the DFs are expanded as its deviation away from Maxwellian f,, = fM 4 § f,, the Fokker-Planck collision

operator splits into four parts

Caﬁ{faafb’}: Caﬁ{fyafév]} +Ca,8{5faa }+Ca,8{faMa(5fﬂ}+Caﬂ{5fa>5f,8} (2-70)
Maxwellian-Maxwellian Test-particle Field- partlcle Nonlinear
collisions Cc% operator 6’2/36 fo operator C'¥ 5015 operator

where we have used the bilinearity of the collision operator. The test-particle collision operator represents the
effect on species « of a distribution of test-particles of species « colliding against a Maxwellian background of

species . It has the form [74} 78]
150 fa = ,VD FL6f0 + 73 ( B3 fo + uﬁﬂ 40 5fa> , (2.71)

where the three collision frequencies are defined via

wp _ o erflgs) — G(&)

v - )

DT

~af _ Mq af _ op G(fﬁ) 2.72

Vs ma+m[jl/8 Vob fa ’ ( )
G(&s)

aB _ on B

T e

where £, = w/v o, G(£) is the Chandrasekhar function [74, 78, 81]], and the pitch-angle scattering operator

Lf=(wx V) f=0,((1—p*)0uf) + 82f (2.73)

The name ‘pitch-angle scattering’ refers to the impact of the operator in the kinetic equation. We may
recognise the second expression as the two angular components of the Laplacian in spherical polar coordinates.
This suggests that the pitch-angle scattering operator diffuses the DF in velocity-angle space towards an
isotropic distribution, but does not scatter the energy of particles, as depicted in Figure Energy drag and
diffusion are manifested through the slowing and parallel collision terms, respectively.

The field-particle collision operator represents the effect on species o of a Maxwellian of species « colliding
against a non-Maxwellian distribution of species . It has the form [82] [83]]

2 M
A daq moefa
Cldfs = (ﬁ> In Aqp—oda

E0Ma Toc

maw?
2T,

926Gs|,  (2.74)

—5fﬁ — 6Hp + ( - 1>wa SHg +
mg
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Figure 2.12: Depiction of contours of a beam-like DF subject to pitch-angle scattering due to collisions against a fixed

Dirac-delta-like distribution.

where 6H g and 6Gg are the Rosenbluth potentials sourced from 6 f3.

The nonlinear component requires evaluating the full Fokker-Planck operator. For both local analytic
transport calculations and the RKM of this work, the nonlinear component is neglected, but both the test-
particle and field-particle terms are kept since they are both required to correctly reproduce local transport

results.

2.4 Chapman-Enskog Expansion

The Chapman-Enskog expansion [15][16,[72] is a formal mathematical procedure for finding transport coeffi-
cients of near-LTE kinetic systems, including neutral gases and plasmas. The Chapman-Enskog approach is
valid where the system is highly collisional. Physically, this requires that relevant collision times and MFPs

are much shorter than relevant hydrodynamic timescales and length scales, respectively.

2.4.1 Outline of procedure

To outline the general mathematical procedure, we write the Boltzmann equation for a single species in the

form

0 + V[ = ZCUL T}, @75)

where V = v - V 4 (F/m) - V, is the Vlasov operator with a body force F, and the parameter ¢ has been
introduced to indicate the presence of a small parameter since collisions dominate. For ¢ < 1, a solution may

be sought as a perturbation expansion in this small parameter

fZZEnfn=f0+8f1+€2f2+..., (2.76)

n=0

alongside a multiple scales expansion of the time variable

th = €™, ie. to=t, t; =et, tog =€, ... (2.77)
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where t,, are treated as independent variables. The secular conditions

1
n= /dSUfo, nu = /dgv v fo, gnT = /dS'u im(v —u)?fo, (2.78)

are also required such that the fluid quantities are determined from the leading order term. Substituting into

the Boltzmann equation yields
N 1
@ﬁ%%+”%ﬁ+ﬁﬁm)+Wh+ﬁﬁmJZEQE+#ﬁmWh+ﬁﬁm}.@m

To leading order O(¢~!), we obtain
0 = C{fo, fo}, (2.80)

the solution of which is a Maxwellian fy = f™ from the H-theorem. A Maxwellian distribution as described
by Equation has three free parameters, namely n, u, and T'. To describe the DF to leading order in €, we
do not need to solve Boltzmann’s equation in its six-dimensional entirety, but instead only three evolution
2

equations for these lowest moments called hydrodynamic or fluid equations. Taking the 1, mv, and %mv

velocity moments of Equation yields evolution equations for n, u, and 7. These fluid equations are

/dgv m(2.75) : Op+ V- (pu) =0,
/d3v mo (2.75) : p(u+u-Vu)=—-Vp—V - -II+gn(E+u x B), (2.81)

1
/d3v §m1)2 : Gt(znT> + V. (gnTu> =-V.q—pV-u—-1II: Vu,

where p = nm is the mass density, p = nT is the thermal pressure, ¢ = [ d3v %mwzw f is the heat flux, and
II=[d (ww — %wZI)f is the viscous stress. These last two quantities g and II are known as transport
quantities, since they are responsible for transporting heat and momentum within the fluid. If these transport
quantities are neglected, which is valid in the limit of infinite collisionality, the remaining set of equations are
known as the Euler equations.

Due to the streaming operator v - V f and interspecies collision operators, higher-order velocity moments
than n, u, and T are present in their evolution equations, leaving an underdetermined system of equations.
The Chapman-Enskog method solves for f; as a perturbation away from Maxwellian, from which these higher-
order velocity moments, or transport terms, may be evaluated. The next order O(1) term of Boltzmann’s

equation is
(0 + V)M = CLA M+ O iy =Ch (2:82)

This is a linear problem that may then be solved for f;, and therefore transport quantities. Although required
for the mathematical formalism, the expansion of timescales and terms O(¢?) do not impact the evaluation of
transport quantities in practice. Therefore, we instead write f; = 0 f1° and write ¢y = ¢ to yield the local

problem

(0, + V)M = Coplocl, (2.83)



44 2. Background

To apply the Chapman-Enskog approach to a plasma of electrons and ions, the same essential procedure
as above is applied, but now to the VFP equation of each species. Solving multiple coupled VFP equations
brings additional complications, in particular new transport terms that exchange heat and momentum between
species. For plasmas, the magnetic field term also introduces complications to both the fluid equations and the

transport closures.

2.4.2 Multi-fluid equations

For N, species with labels «, the set of fluid equations is [84} [85]]

/d3v mq(2.31) : Otpa + V - (patta) = 0,

/d3v mav 231) 1 pa(Oiug + us - Vug) = —=Vps — V - Iy + gana(E + uq X B) + Z Rz,
B

1 3 -
/d3'v §7nav2 : Qna(ﬁtTa +uy-VT,)=-V-q,—paV - -uy—1y: Vu, + Z Wap
B
(2.84)
For each species «, the set of 5 equations are identical to the single fluid case (Equation[2.81) but with additional

source terms that exchange momentum (R,z) and heat (W,g) between species. The set of IV, fluid equations

for a general gas mixture may be evolved in time with these interspecies coupling terms.

2.4.3 Fluid equations for ionic mixtures

In a collisional plasma with species with similar masses, such as ions in a plasma, the momentum exchange
R, 3 and heat exchange W, 3 are dominant unless there is a large separation in flows |uq — ug| < vy o or

temperatures |1, — Tg| < Ti,. Between two Maxwellians, the exchange terms have the form

R, = — 0P po(ua —ug), W2 =—02na (T, — Tp), (2.85)

«

where the momentum and heat exchange frequencies are comparable to the basic collision frequency 2P~

AN Uap [76]. If the flows or temperatures are disparate between species, these terms then quickly relax
the two distributions to near-LTE where the flows and temperatures are similar. For a near-LTE collisional
plasma with multiple ion species, the deviation of their flows away from their CoM velocity should then be
much smaller than their thermal velocities, and their temperatures should be roughly equal. This suggests that
instead of solving this set of equations (1 4+ 3 + 1) Ny = 5N, for the density, flow, and temperature of each
individual ion species, a reduced set of N; + 3 4+ 1 = N, + 4 equations may be solved for each species’ density
and a CoM velocity and common ion temperature. This approach, known as the mixture formalism, has the
clear advantage of solving for fewer fluid variables, and therefore evolving fewer PDEs than the multi-fluid
formalism.

There are additional advantages of the mixture formalism over the multi-fluid formalism. Since the

characteristic timescale on which these momentum exchange and heat exchange terms act is the collision time
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TaB ~ ﬁ;é, this timescale should be resolved in a fluid simulation to capture multi-species effects such as
diffusion. When simulating a collisional plasma, this timestep may be very restrictive. The mixture formalism
can be viewed as the quasistatic approximation of these momentum and heat exchange processes which
naturally orders out these short collisional timescales. The mixture formalism also has multi-species effects
such as diffusion that appear explicitly through transport quantities, whereas in the multi-fluid formalism
these effects are not explicit but result from an interplay of flows and momentum exchanges. It is therefore

easier to study these multi-species effects through the mixture framework.

This set of fluid equations for the electrons and ionic mixture then require a closure for the electric
and magnetic fields F and B and the transport quantities V', R,, Il ;, de» and V~Vie. The closure for the
electromagnetic fields may be provided by Maxwell’s equations. Most of these transport quantities vanish
identically for a Maxwellian distribution due to its isotropy, therefore to leading order are determined from the
next term in the perturbation expansion ¢ f,. The order O(g) equation of the Chapman-Enskog expansion
then provides a set of equations which, when solved, provide § f,,, and therefore a closure to these transport

quantities.

The exceptions to the above statement are the momentum exchange R, and heat exchange W, terms
between electrons and ions. The ion-electron heat exchange can be evaluated between an electron and ion
Maxwellian with different temperatures to leading order, with corrections from 4§ f. and J f; being negligible.
In contrast, the momentum exchange R, can be evaluated between an electron and ion Maxwellian with

different flows, but the correction from ¢ f. is of the same order so must still be accounted for.

The ionic mixture equations are derived in Appendix[A]by directly taking the relevant mixture moments
of the VFP equation, as opposed to first taking individual species moments to obtain the multi-fluid equations,

then combining to form the mixture equations. The resulting mixture equations are

/d% ma@3D): Opa+ V- (palui + Va)) =0,
Z/d‘% MU : pi(Oru; + u; - Vu;) = —Vp; — V - 1I;
[e%
+0i(E4+u;xB)+jpx B—R,, (286)

1
Z/d?"v §mav2 : O (;)nzﬂ) +V. <3anzu,> =-V.q,—piV-u; —1I;: Vu,

+jD'(E+Ui><B)+Wiea

where p; = ) o Pa is the total ion density, u; = » %ua is the ion CoM velocity, o; = ) | o Qaq is the ion

charge density, and jp = ) ¢an2aV o is the current associated with ionic diffusion. The rest of this work

proceeds with the mixture formalism rather than the multi-fluid formalism, although the RKM could likely be

formulated within the multi-fluid formalism without major additional complications.
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2.4.4 Fluid equations for electrons

The electron fluid equations are

Ope + V - (peue) =0

pe(atue + Ue - Vue) =-Vp. -V Il — ene(E + Ue X B) + R, (2.87)

@@mn>+v‘@mﬂ%>:_VﬂfmJﬁm—Han—ka&%%—UJ

The set of electron and ionic mixture fluid equations may then be solved in tandem with Maxwell’s equations

for the mixture

V - E = (0; — ene) /<o, (2.88)
V.-B =0, (2.89)
V x E = —9,B, (2.90)
V X B = g + poco0E. (2.91)

Fluid simulations rarely solve the fluid equations for the ionic mixture and electrons and Maxwell’s
equations for the electromagnetic fields[2.88|all together. Since electrons are much lighter than ions, they evolve
on faster timescales and shorter lengthscales than ions and are thus often assumed to enforce quasineutrality
(ne = Y, ZaNa) and be quasistatic, i.e. the left hand side of the momentum equation is zero. Similarly, the

displacement current €90, F is also often neglected, leading to a magnetohydrodynamics (MHD) description.

2.5 Electron Transport

2.5.1 Physical description

Here, we consider an unmagnetised simple plasma to gain a physical understanding of local electron transport

[15].

Heat conduction

Figure [2.13|illustrates the physical origin of the conductive heat flux. Particles travel a distance comparable to a
MFP before colliding and depositing heat. Particles from the right and left will carry energies E1+ ~ T'(29+\/2),
respectively. For particles moving with a characteristic speed v, the flux of particles is ~ nwv, the net flux of

heat through the surface at z = 2 is then

T+ N2 =T =N2) . T oot (292)

q' ~ (mE_ —nwE )2 ~ —nou) 3 7

where we assume the spatial scales of interest are larger than the MFP A so the derivative appears, and we
have introduced the heat conductivity x ~ nv\. Taking the characteristic particle speed v ~ vy, = /27/m

and MFP A\ ~ \y, & T?/n as their thermal values, we find that the heat conductivity in a plasma scales as
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Figure 2.13: Two particles transporting energy through a surface at z = zj.

k ~ nT'T/m o T°2/\/m, and is independent of density. Since this argument is true for either electrons
and ions, and electrons and ions typically have similar temperatures T; ~ T, the electron heat flux is often
dominant over the ion heat flux (k. >> #; and |g| > |q7|) for weak and moderate magnetic fields y. < 1.
This derivation is only intended to illustrate the physics and scaling behind heat conduction, and does not
provide the numerical prefactor & in front of g7 = —/%"TTTVT. Even if a more detailed but similar calculation
is carried out, accounting for velocity-dependence of the MFP, the Maxwellian distribution of particles, and
angular distribution, the final answer would still be incorrect. To obtain the correct numerical prefactor for
the heat conductivity, the VFP equation must be solved for ¢ f, from which the heat flux and conductivity may

be determined.

Dynamic friction

Let us now consider an electron population with a net relative flow Au = u, — u; against the ion population.
Since the ions are much heavier than electrons and Coulomb collisions are elastic, collisions of electrons
against ions only change the direction and not the speed of electrons. The electrons therefore gradually lose
their relative flow Awu on the timescale of the electron-ion collision time 7.;. Each electron loses a momentum

meAwu during this time, so there is a force per unit volume

NeMe

A

R! ~ — u, (2.93)

Tei

which is the origin of the friction force R . Braginskii defines the electron-ion collision time 7; such that
the numerical prefactor here is unity when evaluated between an electron and ion Maxwellian. Even though
the friction force between Maxwellians with different mean velocities is nonzero, the next order correction to
the electron DF 4§ f, has an additional contribution to the same order, leaving again a nontrivial numerical

prefactor.
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Peltier heat flux

If the collision frequency was independent of particle velocity, these above terms (heat flux driven by tempera-
ture gradients g7 o« — VT and friction driven by flows R o« —Awu) would be the only electron transport

fluxes. However, since the electron-ion collision frequency is velocity-dependent v¢; o 1/|v — u;|3, there are

additional ‘off-diagonal’ transport terms where flows drive heat flux g¥ « Awu and temperature gradients

drive an electron-ion momentum exchange RZ.

v
VT,
S—
Momentum transfer
. from left w- VT, <0 Momeptum transfer
| Less collisional, from right w - VT, > 0
less friction More collisional, more
friction
U
=
Ions R(w - VT, > 0) R(w - VT, > 0)
Net heat flow
g =qw-u>0)+qw-u<0) .
=
Electrons from right (z = 0%)
travelling left
weu<o0 weu>0 EleCtronS Electrons from left (z =07)
More collisional Less collisional travelling right Net momentum transfer
—> RT = R(w - VT, < 0) + R(w- VT, > 0)
U u v
i e —)
(a) Current-driven heat flow (b) Thermal force

Figure 2.14: Physical origin of ‘off-diagonal’ transport terms ¢ and R .

Figure [2.14(a) illustrates an electron and ion Maxwellian with relative drift Au. In the electron’s frame
w = v — U, we compare the two halves of the electron population moving with w - Au > 0 and against
w - Au < 0 the relative flow (on the right and left of the dashed line, respectively). The population moving
with the flow w - Au > 0 is, on average, less collisional against the ions than the half moving against the
flow w - Au < 0, and therefore the heat flux carried by these two halves do not perfectly cancel. There will

therefore be a current-driven heat flux
qg ~neTeAu (2.94)
in the direction of the relative flow, since the w - Au > 0 side of the population is less collisional.

Thermal force

Figure [2.14(b) illustrates an electron Maxwellian from a slightly hotter (left) and slightly cooler (right) part of

the plasma. Similarly to the origin of the current-driven heat flux, these two halves of the electron population
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TeMeVth, e
Tei

are considered. The population from z = 0T experience friction forces Ry ~ — . against the

background ions. The difference in these forces then leaves the momentum exchange

A
R =R, R~ [llMheltheqn | o v, (2.95)

Tei Te
known as the thermal force. Although ¢ and R. do not have the collision time appearing explicitly in
their expressions, they are still collisional phenomena. The thermal force is of comparable order as pressure

gradients |RL | ~ n.T,/L ~ |Vp.

, therefore is significant in a wide variety of collisional plasmas.

Magnetised transport

Righi-Leduc heat flow

B@ qu—/ibeVJ_T

Hot Cold

I
q. ~—k VT

Suppressed heat conduction

Figure 2.15: Magnetised electron heat conduction. For ions, the direction of the gyro-orbits is reversed so the ion

Righi-Leduc heat flow is in the +b x VT; direction.

Magnetic fields cause electrons to undergo gyro-orbits around the magnetic field lines, suppressing heat
transport in the direction perpendicular to the field. The component of the transport flux parallel to the
magnetic field is unaffected. The gyro-orbits also generate particle motion in the direction perpendicular to
both the magnetic field and temperature gradient or relative flow, therefore an additional ‘cross’ component to
each of the above transport fluxes is gained in this direction. For the conductive heat flux, this is illustrated
in Figure magnetic fields suppress heat transfer down the temperature gradient, but the imbalance of
gyromotion (shown here for electrons) between the hot and cold sides yields an additional component of heat

flow in the b x (—VT¢) direction.

2.5.2 Local problem

The first order Chapman-Enskog equation, analogous to Equation [2.83] for electrons [15] is
2
) 2 1
feM<[Re/pe + (f = 2>V1nT€] w5V ('ww - 3w2l)> —cM
v

th,e Uth,e (2.96)

= C’ee(sfiocal + éeidféOcal + i(w X B) . Vwéféocal’

e
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where C = C.;{fM, fM}. This linear problem can then be solved directly for § f°4! from which local
transport fluxes are evaluated. This derivation, provided in Appendix [C|for the vectorial fluxes, is reasonably
mathematically involved. To get a taste of a local transport calculation without the mathematical complexity
of the full derivation, let us consider the example of an unmagnetised plasma in the Lorentz limit (Z > 1)

with viscosity ignored.

2.5.3 Transport calculation for a Lorentz plasma

In the Lorentz limit, electron-ion collisions dominate over electron-electron collisions. This leaves only the

electron-ion collision operator which has the analytically simple form

- % 3 1
Cufe= S bfo= VT LEy, (2.97)
2€ Tei §
Ignoring the term responsible for viscosity Vu,, Equation becomes
3y/T Vihe w? 5 M_ 3Tl
R ——=A —— — - |VInT,| - — L6 2.98
€/p€+ 4 Tez"u)3 u+ <'Ut2he 2 n e wfe 8 e(L é» f€7 ( )

where £ = w /vy, . and we have used the form of CM derived in Appendix We recognise that there are only
two independent thermodynamic drives on the left hand side: Au and V In T,. The momentum exchange R,

is not an independent thermodynamic force since it is determined from ¢ f, as

R, — / B mevCal fun i), (2.99)

and therefore from Awu and V7T,. Although we may write out this explicitly and solve the remaining integral

problem, an alternative approach is to write the momentum exchange as

Tellle

R, =—-ar

Au — BLneVTe, (2.100)

Tei

with the dimensional prefactors based on the physical arguments above, with the Lorentz transport coefficients
&y, and B, being determined self-consistently later. If the form of these dimensional prefactors was not
known beforehand, we could still write an uninformed linear combination of the thermodynamic drives
R, = —AAwu — BVT, and determine the coefficients A and B in an identical manner.

Since ¢ is an eigenfunction of the pitch-angle scattering operator via £(f(£)€) = —2f(€)€, we are
motivated to provide an ansatz

Au

Uth,e

f. = — [qﬁ“(f) + ¢ (§)vih,eTei V In Te] £, (2.101)

constructed such that ¢*(¢) and ¢” () are dimensionless scalar functions of & corresponding to the two inde-
pendent thermodynamic drives. Substituting in, we obtain the solutions for each function by straightforward

algebra as

0 =2(¢- g manet), 67O = 56 (25 -u) @10
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In order to find the self-consistent ¢;;, and ,éL, we enforce the zero-flow condition in the CoM frame

/ Bwwsf, =0 = / de e €37 (€). (2.103)
0
Enforcing this condition yields

PR Y A S A S | SRl Cabed T2 L R (2.104)
PTU [Re a3 TPT T [Ne@ade T 2 |

The solutions to the perturbed distribution are therefore

o) =2(¢- YTet). 00 = 56 (- 1) (2109

From these solutions, we then compute the transport fluxes, namely the momentum exchange and heat flux.

The momentum exchange is

R, = — < nqy + / BwmewCeid fe (2.106)
Tei
an [ A
- nemevth,e7773/2 / dQ EE / d& iﬁ |:¢u(£) “ + ¢T(£)vth,eTeiV In Te:| 6762 (2-107)
0 Tei Uth,e
=477
- <1 —/ dg2<g -~ ﬁg“) e—52> MeMe 7 gy 4+ S / de ¢ (52 - 4) e n VT,  (2.108)
0 8 Tei 3\/7? 0
=31 /32=ar, =—3/2=—r
— —ap 2 Ay — Brn VT, (2.109)
Tei

which is self-consistent with the coefficients &, and B 1, found earlier. The heat flux is

1

qe—/dSw §mew2w5fe (2.110)

4 & Au 2
= nTvne—r [ dE|P" T TV InT, |58 2.111
nTionegrz [ deE[0"O T 4 6T OV T 1)

4 [ VT 4 o5 —e2 8 [ o T pnes g2 TeleTei

=——— dé2( & — — el Au — —— d &eedyr, 2.112
s | aee(s- et ) ngau- O [Taea e e @112)

=3/2=f1 =128/3n=Rr,

NeleTei

= BLneTeAu — R

VT, (2.113)

Me

where the heat conductivity coefficient is 7, = 128/3x. From this simple calculation, we see that the expected
effects of dynamic friction, thermal force, Peltier heat flow, and heat conduction emerge with the same scalings
as argued earlier on physical grounds. The reappearance of Br, =3 /2 is not a coincidence but a manifestation
of Onsager symmetry. The coeflicients of the thermal force and Peltier heat flow terms are then directly related.

Taking the unmagnetised Lorentz limit allowed for this simpler calculation where the perturbations ¢**
can be solved for exactly by solving an algebraic equation. Magnetic fields can be included in the Lorentz limit
and still leave an algebraic problem, but one that requires additional care with forming and solving equations

with complex numbers. For finite Z, the resulting equations are now differential rather than algebraic. These
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equations may be solved by direct numerical solutions to the equations [86]] or, more commonly and elegantly,
expanding the functions ¢*7 (£) over a set of orthogonal functions (the generalised Laguerre or Sonine
polynomials), truncating the expansion, and solving the finite set of coefficients as a matrix problem [15]. This

derivation is provided in Appendix [C] and the resulting local closures for transport fluxes are summarised here.

2.5.4 Local closures

Electron vectorial fluxes

The local electron heat flux and momentum exchange may be written as the linear combination of thermody-

namic drives ¢ = g7 + q* and R = RT + RY. The closure for these four components are

q; = —r§((~Rbb+ i (I—bb)) - VT, +kxb x VT.) = —kii - VT,
N———— -

Heat conduction Righi-Leduc
g’ =n.T.((B)bb+ BL(I—bb)) - Au+ Byb x Au) =n.T.3 - Au,
1t Ettingsh N
) APeltler jngs ausen ) (2.114)
Rl = —n.((Bjbb+ BL(I1—bb)) - VT.+ b x VTI.) = —n.j3 - VT,
-~ —_——— =
Thermal force Nernst
RY = =" (aybb + (1 bb)) - Au— dxcb x Au) = ——4 . A,
Tei —— Tei —
Friction Cross-friction
where the dimensionless rank-2 tensors,
[Q]” = OAszZb] + CAU_((L']‘ — bibj) — dxgikjbm (2.115)
@zg = Bybibj + BL(8ij — bibj) + Bxeinjb, (2.116)
[ﬁ]” = I?chlb] + I?Ll((gij — bibj) + "%xgikjbm (2.117)

where £4p, is the Levi-Civita symbol. In a local right-handed coordinate system with b aligned with the 2

direction, these tensors may be written in matrix notation as

ay —ax 0 B —Bx 0 kL —Rx 0
Q: Qi Qg 0 ? é: Bx BL 0 ’ and é: Rx R 0 . (2’118)
0 0 —g 0 0 B 0 0 &

The dimensionless coefficients & (|| 1 %), B(||7 1,x)>and &) 1 ») depend only on the effective ionisation Z* =

Z naZg InAca
a

Y and, for perpendicular | and cross x terms, the Hall parameter x = wc ¢7ee. Braginskii gives

fits for these coefficients as functions of (Z, x). This work compares with the coefficients given by Ji and Held
(87,188] which are provided as Padé approximants that are extremely well converged (< 0.1%) over the number
of Sonine polynomials kept in the expansion of § f, or J f;. The electron transport fluxes are summarised in

Table [2.1]and a derivation for these local transport terms and coefficients can be found in Appendix

’In an ionic mixture, the electrons ‘see’ only the effective ionisation Z* equivalent to a simple plasma with ionisation Z = Z*, so

these symbols are often used interchangably for results on electron transport.
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Electron transport flux

Heat flux q,

Momentum exchange R,

Temperature gradient

—-VT,

Relative flow (current)

Au

Thermodynamic drive

Heat conduction /%(H, 1)s

Righi-Leduc

Peltier B(H,J_)’

Ettingshausen By

Thermal force B(\L 1)
Nernst force By

Dynamic friction év(||7 1)

cross-friction éuy

Table 2.1: Summary of local vectorial electron transport. The ‘cross’ x terms gained in the b x (—VT,, Au) direction
are shown in italics. The relevant transport coefficients for each term are also indicated, highlighting the Onsager
symmetry between the off-diagonal terms.

2.5.5 Single species ion transport

Heat conduction

The local ion heat flux in a simple plasma has the form

ql = —rL((R{bb + &' (I - bb)) - VT; — #%b x VT; ), (2.119)
e e’

~
Heat conduction

Righi-Leduc

where /%éw 1,x)area similar set of dimensionless coefficients [88]. In Braginskii’s work, where ion-electron
collisions are neglected, the dimensionless coefficient /%ﬁ /v/2 = 3.906 is a constant, i.e. even independent
of ionisation. However, as shown by Ji and Held, ion-electron collisions have a non-negligible impact on
ion transport which leads to a dependence of /%l('”’ L x)on the combination % \/% and temperature ratio %
Ion-electron collisions noticeably suppress these ion transport coefficients by ~ 10% even for equal electron

and ion temperatures 7; = T¢. For hotter ions 7; > T¢, this suppression becomes even more pronounced.

These effects are readily included in the RKM.

Viscous stress

Viscous stress, the anisotropic component of the pressure tensor, is another transport quantity that requires a
closure within a hydrodynamic framework. In an ideal plasma, ion viscous stress almost always dominates
over electron viscous stress; therefore, it is only considered here in the context of ions.

Consider a species with a shearing flow profile u = u,(y)& as depicted in Figure A particle from

the faster region of flow y = yo + \/2 may stream kinetically, as opposed to hydrodynamically, to a slower
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Momentum in &
—_— transported in

Figure 2.16: Physical origin of viscous stress.

region of flow y = yog — dy. This particle carries a momentum &-direction momentum ~ muy(yo + A/2)&.
It streams roughly a MFP ~ )\ before colliding. Again considering a total particle flux ~ nv, with particles
travelling in the other direction carrying a momentum mau,(yo — A/2)&, the overall &-direction momentum

transported through the surface y = yp is

ua:(yU + )‘/2) — uw(yo — )‘/2) ~ —num\ 8“3:
A oy

(2.120)

My ~ nom(uz(yo — A/2) — uz(yo + A/2)) = —nvmA

As before, the characteristic speed is the thermal velocity v ~ vy, ~ 1/T"/m and distance transported before

colliding is a MFP A\ ~ vy, 7, leaving

Ouy

]._.[yxr\/ —’)7 ay )

n~nlT, (2.121)

which introduces the viscosity 17 ~ nT'7. More generally, the viscous stress is a rank-two tensor II ~ —nVu.
Ion viscous stress typically dominates electron viscous stress since [IT'/TI¢| ~ 1;/1e ~ T;/Te ~ \/mi/me 2
40.

Braginskii’s closure for the ion viscous stress tensor, valid for order-unity Mach number, can be expressed

in the form

s = ok (W + W1 + W5 — b W3 — i W ) (2122)

Ve
Ordinary viscous stress Gyroviscous stress

)

where né = n;T;7; is the basic viscosity and ﬁéo,.. 7 (0,....4)

4 are a set of dimensionless viscosity coefficients. W

are various contractions of b with the ion rate-of-strain tensor W = Vu; + (Vu;)T — %(V -u;)I, defined by
Braginskii as
i 3 1 1 ,
Wo . = 5 <babb - 35ab> <bcbd - 35cd> Wegs

. 1 .
lab = (5aLc5de + 25cﬁbcbd> cd>
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bab = (6icbbbd + %babc) L
i I 1 i
Wi o = B OacEbed + Opgace | heW g,
Wfl,ab = <babc€bed + bbbdgaec> hewid- (2.123)

where index summation convention is employed, (%b = Oqp — baby is the rejection dyad, and 4, is the Levi-
Civita symbol. Similarly to the vectorial transport fluxes, this local closure contains parallel, perpendicular,
and cross terms [89]. The coefficient 7, is independent of the Hall parameter since it represents the parallel
components unaffected by the magnetic field. The 772'1,2) terms represent the perpendicular components of the
viscous stress tensor suppressed by the magnetic field. The 77237 4 terms are the additional cross components
gained due to gyromotion, analogously to the cross components of vectorial transport fluxes such as the

Righi-Leduc term.

2.5.6 Heat exchange

Finally, the ion-electron heat exchange [[15] [85] has the closure

~ 4 . m
Wie = —=nebei— (T — Tj), (2.124)

ﬁ m;

which is directly evaluated from Maxwellian distributions since the leading order Chapman-Enskog solution
contains no | = 0 term and therefore does not provide a leading order correction to Wj,.. Since the heat

exchange is not dependent on ¢ f(. ;) to leading order in m,/m; or Nk, it is not studied in a nonlocal context.

2.6 Ionic Mixture Transport

Considering the heat flux in a multi-species plasma has further complications in comparison to the single
species case. A single species may only experience self-collisions whereas multi-species transport requires also
considering collisions with other species. For electron transport described above, electron-ion collisions are
significant and included. However, the significant mass disparity between electrons and ions means that the
electron-ion collision operator does not depend on the non-Maxwellian part of the ion distribution to leading
order, therefore is effectively a single species problem requiring solving a single VFP equation. The same is
not true when solving for multi-species ion transport where there is a set of coupled kinetic equations which
must be solved simultaneously. Furthermore, different species in mixtures diffuse in the CoM frame which
gives rise to an additional source of heat transport of generally comparable magnitude. Experimental evidence
for various types of ICF implosions indicates that multi-species effects can directly affect the yield [90H93]],
further motivating the present study.

Ion transport becomes magnetised when the ion Hall parameter x; = w. ;7 2 1. Due to the large mass

ratio between electrons and ions, much stronger magnetic fields are required to magnetise ions. Ion transport

results in this work mostly focus on unmagnetised cases, but magnetised ion transport is still described by
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Figure 2.17: Dimensionless conductivities for electrons and ions for a simple hydrogen plasma (Z = 1, m;/m. =~ 1840,

T;/T. = 1) as a function of Hall parameters. Electron heat transport dominates for x. < 10, but ion heat transport

~

dominates at larger magnetizations. For 10~* < y; < 1071, ion transport dominates but is still unmagnetised, then
becomes magnetised beyond y; > 107!. In these regimes, nonlocal unmagnetised and magnetised ion transport are

both relevant.

the RKM locally and nonlocally. Figure shows the electron and (single-species) ion heat conductivity
coeflicients for hydrogen (Z = 1) over a wide range of Hall parameters. There exists a wide parameter space
for which electron transport is significantly magnetised (. = 1) and ions are unmagnetised (y; < 1), and
therefore ion transport should have a significant impact on the evolution of the plasma. When magnetic fields
are present in ICF plasmas from external application or spontaneous production due to the Biermann effect,
the plasma is usually sufficiently collisional such that the blue region is never reached.

In the mixture formalism, only the total ion heat flux g, enters the total temperature equation. The total ion
heat flux is defined in the CoM frame as ¢; = >, [ 3w %manw fa- In a simple plasma featuring electrons
and a single ion species, there is no heat flux associated with the flow since the only ion species velocity is
identical to the hydrodynamic velocity. On the other hand, in a multi-species plasma, each species o has an
individual diffusive flow defined as V', = u, — u; relative to the hydrodynamic velocity. This introduces a
component to the heat flux in multi-species cases due to the diffusion of different species in the CoM frame
transporting energy, which does not occur in the single-species case. This additional contribution to the heat
flux associated with diffusion is called the enthalpy flux.

The total ion heat flux g; may be decomposed into two parts via g; = g, + h;, the reduced heat flux and

enthalpy flux respectively, defined as
/ 3 1 2 9
q; = Ea d>w §maw - iTz wfa,

5 5 (2.125)
h; = Z 2Ti/d3w wfa = Z inaTivaa
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both of which are summed over all ion species. The enthalpy flux has been written in terms of the diffusive
velocities V', to emphasise its physical significance as heat flow carried via diffusion. The significance of the
5/2 factor arises physically from the enthalpy contribution, as well as mathematically from the form of the
Sonine expansion in the local analytic calculation. Although it is not necessary to decompose q; = q; + h;, it
improves physical interpretation and provides an additional flux to benchmark the RKM with against the local
analytic result.

The Chapman-Enskog expansion [[16 [72]] of multi-species Boltzmann equations yields local results for

transport quantities, in particular the local reduced heat flux

(2

local
¢ = -NVT,—nTY  Dida, (2.126)
(0%

and local diffusive velocities
Vel = —DIVInT =Y Dopds (2.127)
B

where X, D, and D,z are the partial coefficient of thermal conductivity, multi-species thermo-diffusion
coefficients, and multi-species ordinary diffusion coefficients respectively, with the sign convention following
Ferziger and Kaper [16]. These transport coefficients are determined from the collision operator C,g. For the
full Fokker-Planck collision operator with Debye shielding, these may be provided analytically. The diffusive

driving forces

dq

M — Ca&(Xa — ZCﬁXB)7 (2.128)
bi bi 3

where ¢, = po/p; is the mass concentration of species a and X, is the external body force acting on species

. If electromagnetic fields and electrons are includecﬂ these external body forces are

1 Z 751 7
Xo=—Rpet —2F =-22_R, +2°F, (2.129)
Pa Mg Z Po Mq

where E' = E + u; x B is the effective electric field, and R, is the collisional force exerted on species a by

electrons. This collisional force can be shown to be

z* v neZ2In A
R,.=-R..= R h A R /A Z* 2.130
ae eq 7 e; ~where a Doe Ne In Aee ’ Za: « ( )

In the local limit, ion transport coefficients for a simple plasma of electrons and a single ion species
are provided by Braginskii [15]]. Practically exact fits are provided by Ji and Held [88]], which accounts for
ion-electron collisions. Comprehensive formalisms and practical prescriptions for calculations of local ionic
transport processes in an unmagnetised plasma with multiple ion species are given by Chapman and Cowling
[72]], Ferziger and Kaper [16], Zhdanov [84]], with compact formulae provided by Kagan and Baalrud [94], and
Kagan and Tang [95]].

In the local single ion species case, the only two gradients available to induce heat flux are the temperature

and pressure gradients. By assuming force balance, the single-species ion heat flux may be expressed purely in

3Still with ion Hall parameter y; < 1.
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terms of the temperature gradient. In contrast, the multi-species case involves more gradients on which the
heat flux may be dependent, such as concentration gradients. In addition, for single species cases the external
force X does not appear explicitly in the kinetic equation for d f due to force balance. For multi-species
cases, the force X, may vary for different species, such as different specific charges g, /mq, giving different
electrostatic forces on each species. These forces then appear explicitly in the kinetic equation for ¢ f,, and
therefore affect the heat flux. The result is that not only can temperature gradients drive ion heat flow, but
also the diffusive driving force d, which allows pressure gradients, concentration gradients, electric fields,

and ion-electron momentum exchange to drive heat flow.

Similarly to heat flow, temperature gradients and the diffusive driving force also drive the diffusive velocity.

To make the physical mechanisms clearer, we consider a two-component mixture with a light (!) and heavy (h)

species. The diffusive mass flux of the lighter species ¢ = p;V; = —p, V';, may be written in the Landau form
(961
. e
jlocal _ —piD Ve +kTV1HTi+ka In p; —/CETE/>7 (2.131)
~— —— N ; i
Ordinary Thermo- Baro- +
diffusion diffusion diffusion Electro-
iffusion

where ¢ = ¢;. The ordinary diffusion coefficient D is defined such that the concentration gradient inside the
bracket has a prefactor of unity. The other drives then have nontrivial dimensionless coefficients, namely the
baro-diffusion ratio £, thermo-diffusion ratio k7, and electro-diffusion ratio k. A different basis of drives
may be chosen in other works, so the exact appearance of these terms may vary. This form emphasises that
there are different thermodynamic forces that can drive interspecies diffusion. For example, even in a uniform
50:50 DT mixture, a temperature gradient will drive thermo-diffusion which can separate the species, which

would directly reduce fusion reactivity and yield.

If ions are magnetised x; = 1, then additional cross x components are gained for each flux such as a Righi-
Leduc heat flux, but also physically new terms such as cross-diffusion terms for each thermodynamic drive and
a cross-diffusive heat flux. The RKM has been implemented with magnetised multi-species capability, however
these cases are not considered here since ions are practically almost never magnetised in ICF experiments. A

summary of unmagnetised multi-species transport is provided by Table

2.7 Magnetohydrodynamics (MHD)

Electrons may be treated as a fluid evolving according to the fluid equations Due to the small inertia of
electrons compared to ions m./m;, the electron density and flow evolve on much faster timescales than the
ion fluid, relaxing quickly to a state that satisfies quasineutrality and electron pressure balance. MHD then
treats the electron density and flow as quasistatic, determined by the quasineutrality and electron pressure

balance conditions.
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Ion transport flux

Reduced heat flux ¢/ Diffusive velocity V
]
2
.= Temperature gradient Thermo-diffusion DT
= Heat conduction X
% —-VT; (Soret effect)
£,
s
3
E
g
= Diffusive heat flux Dg
Diffusive driving force Ordinary, baro-, and
(Dufour effect, baro-heat
dg electro-diffusion D,z
flow)

Table 2.2: Summary of local vectorial ionic mixture transport. Note that the diffusive driving forces d,, are linear
combinations of concentration gradients V¢,, pressure gradients Vp,,, the electric field E, and electron-ion momentum
exchange R.. The relevant transport coefficients for each term are also indicated, highlighting the Onsager symmetry

between the off-diagonal terms.

The quasineutrality condition determining the electron density is simple:
ne A2 Z ZoNa. (2.132)
[e%

The electron pressure balance condition in general requires careful treatment. For our purposes, we simply

start from the electron flow equation
pe(Orue + ue - Vue) = =Vp, — V - 1I, — en.(E + ue X B) + R, (2.133)
and neglect the electron inertia terms on the left hand side and electron viscosity, leaving
—Vpe — ene(E +u. X B) + R, (2.134)

which we may then rearrange to find a closure for the electric field E. We rewrite the electron flow in terms
of the electric current in the centre-of-momentum frame

. 1.
j=—enc(u.—u;)) = u.~rRu——j, (2.135)
ene

where we have taken the ion CoM velocity to be the total plasma CoM velocity u; =~ u, with next order

corrections being small due to the mass ratio ~ O(m./m;). This yields a form of the generalised Ohm’s law

1
E~ +—RT (2.136)
frozen in _,—/ A,—/ a,—/ ‘,—/
flow ‘Biermann ‘Resistive  ‘Nernst’ and ‘Hall effect’

battery’ diffusion’  ‘cross Nernst’
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where terms have been labelled according to the physical effects they give rise tcﬂ To identify what these

physical effects are, we substitute in this closure of the electric field E into Faraday’s law
OB =-V xE, (2.137)

yielding the induction equation

1 1 1 1 .
&gB%Vx(uxB)—i—Vx( Vpe)—Vx< Rg)—Vx( RZ)—VX( ng).
—_— ene ene eMne ENe
‘frozen-in ~~ ~~ ~~
flow ‘Biermann ‘Resistive’ ‘Nernst” and ‘Hall effect’
battery’ diffusion’ ‘cross Nernst’
(2.138)

Ampeére’s law with the displacement current neglected (where flow velocities are non-relativistic) to relate the
current and magnetic field directly via

1
j~—V x B. (2.139)
Ho

This approach, known as MHD, then does not require evolving the ion fluid, electron fluid, and Maxwell’s
equations all in tandem, but only the ion fluid, electron temperature, and magnetic field. This can be beneficial
from a computational viewpoint since fewer PDEs are required to be solved and short electron timescales and
length scales are averaged out. It is also helpful from a theoretical perspective since different phenomena are
clearly captured by different terms in the induction equation or the generalised Ohm’s law. Now, we look at

the effect of each term individually.

2.7.1 Ideal MHD

If all other terms are neglected, the frozen-in-flow term leaves ideal MHD described by the ideal induction

equation
B =V x (u x B). (2.140)

Expanding the curl and noting V - B = 0, we may write the ideal induction equation as

OB + ud- VB = (B-V)u —B(V -u), (2.141)
advection

field stretching compression

which describes how magnetic fields are advected by flows, but also stretched by straining flows and enhanced
by compressive flows. In magnetised ICF implosions, these terms tell us that the initial magnetic field is
dramatically enhanced with the implosion, allowing for large magnetic fields that suppress heat transport to

be achieved with a realistic seed field.

“There are additional terms in the generalised Ohm’s law that have not appeared above to our simpler treatment, however the
above treatment suffices for our purposes. A proper derivation forms an evolution equation for the current j using the electron and
ion momentum equations which itself is rearranged for the electric field E. This approach is not much more complicated than the

above for a simple plasma, but does become notably more complicated for ionic mixtures.
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Some straightforward algebra [77]] and using the mass continuity equation yields
d (B B
= () == . Vu. (2.142)
dt\ p p
where d/dt = 0, + u - V is the Lagrangian derivative.
Suppose that two nearby fluid elements have positions 71 (¢) and r2(t) which evolve according to the flow
u(t, 7). The displacement between these two elements 07 (t) = ro(t) — r1(t) evolves as

%67‘ =u(t,r 4+ or) —u(t,r) = or - Vu, (2.143)

which has the same form as the ideal induction equation in the form written above. This tells us that if these
two fluid elements are initially on the same field line, they remain on the same field line since ér o B/p,
i.e. their separation remains in the direction of the magnetic field. Alfvén’s theorem is a similar statement,
which proves that the magnetic flux through any closed loop moving with the fluid flow is conserved in
ideal MHD, i.e. the magnetic flux is frozen into the flow. MHD becomes non-ideal when other terms in the
induction equation are included. In ideal MHD, flows may then continuously enhance magnetic fields. This
process cannot go on forever, with eventually non-ideal effects such as resistive diffusion coming into effect

and slowing magnetic field growth.

2.7.2 Resistive diffusion

The friction term R results in the decay of relative flows between electrons and ions, and therefore resists
currents. This is a dissipative process which can limit the otherwise unbounded enhancement of magnetic
fields by field stretching and compression in ideal MHD.

In the generalised Ohm’s law, the resistive diffusion term has the form

1 m .
E = RY + other terms = ——=& - Au + other terms = 1) - j + other terms, (2.144)
€Ne €Tee — =
where ) = 4 is the resistivity tensor. This emphasises that the friction term directly gives rise to

electrical resistivity (or conductivity) in a plasma. Using the local closure for the friction force, the resistive

diffusion term appearing in the induction equation has the form

1

ene

Rg) - —Mlov x (Q. V x B). (2.145)

-V x (
The curl may be expanded with 7 following the same form as & before. For our purposes, let us briefly assume
that the resistivity is isotropic = 71, yielding

1
Ho

(VxB> an:/Z)VQB—l—l(VxB) X V1.

—:OVX<17V><B>:—M1077V><<V><B)+ -

(2.146)

Here, the %VQB gives rise to diffusion of the magnetic field.
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2.7.3 Biermann battery

The Biermann battery term may be rewritten using vector identities as

1 1
V x ( Vpe) = -V x (VI + T,VIun,) = -VI, x Vinn,. (2.147)

ENe

The term therefore is nonzero when electron temperature and density gradients are unaligned.
Suppose we have a highly collisional (i.e. transport is local) plasma with initially zero magnetic field, and

therefore zero current from Ampére’s law. The induction equation becomes

1 1
(9:B)|p-0 = VT x VInn +V x (en RZ\B:()). (2.148)

These terms can then spontaneously generate magnetic fields even if a plasma is initially unmagnetised. The
Biermann battery term shows that misaligned electron temperature and density gradients spontaneously
generate magnetic fields. In ICF implosions, even initially unmagnetised targets can become magnetised during
stagnation due to the Biermann battery effect, where the magnetic field can then influence heat transport and
introduce asymmetries in the implosion [[68]].

Using the local result for the unmagnetised thermal force R., the second term becomes

V x ( R! H) - —éV X <3||(Z)VT6> - %Bl’l(Z)VTe < VZ, (2.149)

€EMNe

where V x VT, = 0 by vector identity. For uniform effective ionisation Z*, this term vanishes and the
Biermann battery is the main term in highly collisional plasmas that can spontaneously produce magnetic
fields. Effective ionisation can vary at material boundaries which are common in ICF targets or variation in
Coulomb logarithms, and therefore can give rise to non-Biermann spontaneous field production [97,[98]. One
could imagine an interesting interplay between multi-species ion dynamics which generates variations in 7,
which then spontaneously generates magnetic fields through this term, although this is beyond the scope of

this thesis.

2.7.4 Nernst effect

In the induction equation, the local Nernst term has the form

1 o
i T e .

V x <eneR ) ~V x (g VTe) (2.150)

1 N - .
=~V x ([B”bb + 51— bb)]- VT, + b x VTe) (2.151)
=V x (vy x B), (2.152)

where we define the Nernst velocity
VN = 5X VT —B” BBL(b x VT,). (2.153)
e

Nernst Cross Nernst
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Since this form is the same as the frozen-in flow term with the hydrodynamic flow w replaced with the
Nernst velocity vy, the physical interpretation of this term is that magnetic fields are advected down electron

temperature gradients due to the Nernst term, and in the —b x VT, direction by the cross Nernst term.

2.7.5 Hall effect

Similarly to the Nernst term, the Hall term may be written in terms of an advection velocity

1

ene

1
-V x <en ij) =V x(vg x B), vg=——j=Au, (2.154)

which shows that magnetic fields are advected along with the electron fluid rather than the ions.

2.7.6 MHD effects in ICF

Electron heat conduction is a primary energy loss mechanism in ICF implosions, rapidly transporting heat
away from the hotspot during compression and stagnation [28]. This typically reduces the peak hotspot
temperature and therefore the fusion yield of the implosion. To mitigate conductive losses, external magnetic
fields may be applied to the target pre-implosion, inhibiting the conductive heat flux (¢ < #). Although
the initial seed fields are relatively weak, they are dramatically enhanced by field compression as they move
with the radially inwards flow. Even in implosions without externally applied magnetic fields, they may be
spontaneously generated during the implosion by the Biermann battery effect [99]. All of the above MHD
induction effects influence the magnetic field behaviour during the implosion [68]]. The resistive diffusion and
Nernst terms originate from the electron-ion momentum exchange, which is a transport quantity. Nonlocal
behaviour of these terms then gives rise to nonlocal behaviour in the induction equation, disturbing the

magnetic field which in turn impacts heat transport.

2.8 Nonlocal Transport

Consider the unmagnetised conductive heat flux with the local closure g/ = —xkVT. At a point in space,

free o nTwy, corresponding

for a given density and temperature, there is a maximum possible heat flux ¢
to all particles streaming freely at the thermal speed. For a sufficiently sharp gradient, the local result will
exceed the free-streaming limit where x| V1| > nT vy, thereby becoming unphysical. Nonlocal effects then
have a tendency to inhibit the maximum heat flux to remain physical, which is supported by simulations
and Fokker-Planck codes [5]. This observation motivates a flux-limiter approach [100] [101]], where local
transport coefficients are limited in nonlocal cases by a fitted function compared to full FP methods. Although
computationally cheap, flux limiters are physically inaccurate and fail to capture other features of nonlocal
transport such as preheating in cold regions. More advanced models, such as the Schurtz-Nicolai-Busquet
(SNB) approach [6} 7], provide a more physically accurate description of nonlocal transport for electrons but

not ions. For ion transport, this leaves flux limiters as the usual practical option implemented in hydrodynamics

codes.
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Figure 2.18: Depiction of streaming suprathermal particles in the tail of the distribution giving rise to nonlocal effects.

Hydrodynamic quantities such as density and temperature are populated predominantly by thermal
particles in the bulk of the velocity distribution, whereas the heat flux is sourced primarily by suprathermal
particles in the tail of the distribution. In a plasma, the MFP of a particle against a Maxwellian background
scales as A ~ A (v/vm)?, where Ay, is the MFP of a thermal particle with speed v = vy,. Nonlocal effects
are therefore most apparent in the tail of the DF where particle MFPs may be comparable to length scales on
which hydrodynamic quantities vary, allowing these suprathermal particles to stream across these profiles
before colliding. This leads to a regime where the bulk is strongly collisional and therefore near-Maxwellian,
but where the tail of the DF may experience nonlocal kinetic effects which modifies the heat flux. This regime
is illustrated in Figure A set of fluid equations describing evolution of hydrodynamic quantities may then
remain a valid description of the plasma, but with a nonlocal prescription for the heat flux.

In the more mathematical context of the Chapman-Enskog expansion, nonlocal transport simply means
that the parameter ¢ (which was effectively Knudsen number) in the expansion of the DF and timescales is
no longer sufficiently small for the perturbative solution to be valid. In particular, the leading-order term
in the perturbation expansion f ~ fM(x|n,u,T) is no longer successfully described by evolving its first
three moments via the fluid equations with local closures. Consider the O(1) equation obtained from the

Chapman-Enskog expansion [2.82 while keeping next order O(¢) Vlasov term

(O + V)M +eVif = C{of, fM}+ C{fM, 61} (2.155)



2.8. Nonlocal Transport 65

The term eV é f was previously neglected on the basis that ¢ is small, so this term was subleading compared
to the linear collision operator £|Véf|/|Céf| < 1. However, the linear Fokker-Planck collision operator

3 similarly to the collision frequency we found for Coulomb collisions. The Vlasov operator

decays as ~ v~
contains the spatial advection term V =wv -V +..., which grows with v. There will then always exist
some sufficiently large v beyond which this ordering is violated and the Chapman-Enskog expansion breaks
down. Local closures are still valid under the assumption that the Chapman-Enskog expansion breaks down at

high enough v as to not significantly alter the relevant moments appearing in the fluid equations, the highest

moment being the heat flux.

Nonlocal effects are expected to impact regions of phase space where the advection term w - VJ f becomes

comparable to the collision term (4 f, and therefore phase space where

4
w- VoSl < o ) Nk (2.156)
|C(5f’ Uth,e

is comparable to or greater than unity. Since transport fluxes often depend on suprathermal particles w > vy,
nonlocal effects can occur for N significantly less than unity. Heat flux is the transport flux evaluated from

the largest velocity moment of the distribution, having the form

q= /d3w %muﬂwaf x /dQ/dww4w5f x /d§55e—€2¢(g), (2.157)

where £ = w /vy, is the normalised velocity coordinate and 6 f = ¢(¢) fM. By determining the window of the
integrand that provides most of the contribution to the heat flux integral, the relevant velocities that contribute
to the heat flux are determined. Nonlocality of heat flow is then expected for N 2 5;4, where & is the
upper limit of this window. Here, we define this upper limit such that the contribution to the integral above

& > &4 is 10% of the total integral.

To estimate the heat flux window, we consider the solution ¢(§) obtained from the unmagnetised Lorentz
problem Which had the solution ¢ (&) o £4(¢2? — 4) for temperature-gradient-driven transport. The
conductive heat flux integrand therefore scales as dq” /d¢ o £7(£2 — 4)6*52, which provides the window of

the heat flux integrand in the Lorentz limit.

Figure[2.19shows the integrand windows for the unmagnetised Lorentz limit result and the actual integrands
obtained from the local analytic calculation for the electron conductive heat flux in a simple hydrogen plasma.
The Lorentz limit and hydrogen plasma results are similar, both having their majority contribution to the
heat flux from particles with 1 $ £ < 3.3. We therefore expect nonlocal effects on the unmagnetised electron
heat flux to emerge for Knudsen numbers Nx > 3.37* ~ 1/100. For moderate magnetisation Y = 1, the
perpendicular heat flux integrand is shifted to much lower velocities, therefore becoming far more insensitive
to nonlocal effects. The Righi-Leduc heat flux for x = 1 has a higher velocity window, therefore is expected to

be more sensitive to nonlocal effects than the perpendicular heat flow at similar magnetisation.
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Figure 2.19: Integrands of the local electron conductive heat flux for Z = 1, x = 1, normalised to have equal area when
integrated over £. The parallel component is unaffected by magnetisation, therefore corresponds to the unmagnetised
result. The shaded areas represent the highest velocity section of the tail that provides 10% contribution to the whole

heat flux integral.

2.8.1 Previous studies and closures

Plenty of previous literature investigates nonlocal transport via full kinetic simulations. Early work includes
that of Bell et al. [102]], which demonstrated nonlocal heat transport in ICF-relevant plasmas due to sharp
temperature gradients through VFP simulations. Similar work by Matte et al. [103] uses VFP simulations to
justify an [ = 1 expansion even in nonlocal cases and a particular flux-limited closure for the heat flux.

One of the first nonlocal transport closures was developed by Luciani et al. [104]. This closure, known as
LMYV, assumes that the nonlocal heat flux can be provided by the spatial convolution of the local heat flux with

a suitable kernel
q(z) = / d*z’ Gz, x')q"° (), (2.158)
where the form of the LMV kernel in 1D is argued heuristically as

1 /
GMW (g 2= ———e @) where 6(z,2') = , (2.159)

© 2a).(2)

1 m i i
(@)@ / dane(@)

and a is a free parameter, chosen as a = 32 by comparison with VFP simulations. Albritton et al. provide the
AWBS closure, which starts from a simplified form of the VFP equation to derive a similar convolution closure.
Epperlein and Short provide yet another convolution closure, determining their kernel

GB(z,2) = _sin(6)si(0) + COS(G)CI(Q), where Ci(0) = —/ —COStdt, si(f) = —/ Lntalt,
wa(x') gt 0
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from fits to a set of VFP simulations of a relaxing temperature perturbation, which are found to be inconsistent
with both the LMV and AWBS closures. As Epperlein and Short themselves state: “since the correct kernel is
problem dependent, caution is necessary when applying nonlocal transport models to situations previously
untested by the more accurate FP simulations". Although these kernels may provide the correct results in the
idealised cases in which they are simplified and provide the correct qualitative behaviour, there is no guarantee
or reassurance that they provide the correct nonlocal behaviour in other cases.

A more modern and perhaps the most widely used nonlocal transport closure is the Schurtz-Nicolai-
Busquet (SNB) closure [[6]]. The original SNB paper provides a heuristic derivation, starting by presenting a
multidimensional extension to the LMV convolution kernel. This convolution is then shown to be the solution
of a linear diffusion equation. The convolution is then applied to individual velocity (or energy) groups with a
velocity-dependent MFP, which leaves a linear diffusion equation for each velocity group, capturing the correct
physical picture of suprathermal particles giving rise to nonlocal effects. A secondary derivation from kinetics
is also provided, also with a magnetised extension [7]], which fundamentally relies on a heavily simplified
collision operator for appropriate algebraic manipulations. Other models follow a similar framework to SNB,
but with different model collision operators or a minimum entropy closure for the [ = 2 mode.

Since these approaches rely on a simplified form of the collision operator, local analytic transport results are
not naturally recovered. Some of these approaches still produce local transport results, but only by construction
since they are based on a convolution of the local analytic result or find the correction to the heat flux Aq
which automatically recovers the local limit when finding the total heat flux ¢ = ¢'°® + Aq. SNB and similar
approaches expand the DF in spherical harmonics to the first harmonic I = 1 as f, = fO 4+ % - f' and use a

rescaled Lorentz-like collision term

3
CNPf = —v5if', where v;=<<Z>(”th’6) Dei (2.161)

w

where ((Z) is an ionisation-dependent numerical prefactor. In the Lorentz limit Z — oo, this is the leading
order result for the [ = 1 component of the linearised Fokker-Planck collision operator, therefore reproduces
the correct heat conductivity in this large Z limit. In SNB and similar approaches, the ionisation-dependent
prefactor is chosen such that the local analytic result for the heat conductivity f%ﬁ is appropriately recovered
by setting

(ZiD) 7o Z+42
Z,%! Z +0.24°

(2) = (2.162)

This forces the correct Z scaling for the parallel heat conductivity. However, the underlying behaviour of
the collision operator in velocity space is not captured by this Lorentz-like operator. The full linearised
Fokker-Planck operator contains the test-particle term, which includes velocity-space friction and diffusion
terms, and the field-particle term, which includes integral operators in velocity space. There is therefore no
guarantee that this collision operator should then capture nonlocal behaviour accurately. In addition, the

collision frequency has been scaled to recover the correct parallel heat conductivity, but all other transport
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coeflicients such as £ (1 ), &(||, L x), and ﬁA(||7 1,x) have different nontrivial Z scalings that are not matched
by this ad-hoc scaling. Finally, it is unlikely that these types of closures would be able to fully capture [ = 2

behaviour which is necessary for describing viscous stress.
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Figure 2.20: Comparison of correct transport coefficients for Z = 1 (solid lines) to transport coefficients obtained with

the rescaled Lorentz collision operator (dashed lines).

Figure demonstrates this issue by comparing the correct electron transport coefficients for a simple

hydrogen plasma Z = 1 to the coefficients obtained from the rescaled Lorentz-like collision operator. The

three different components ||, L, and X, for each coefficient are shown in red, blue, and green, respectively.
The Lorentz-like results are rescaled such that the parallel heat conductivity coeflicient #| matches the
result obtained from the Fokker-Planck collision operator corresponding to Braginskii’s 3.16 by choosing
((Z)=(Z+4.2)/(Z + 0.24) as discussed above. All other Lorentz-like coefficients then follow this same
scaling.

The perpendicular heat conductivity coefficient 4 matches the parallel coefficient # for low magnetisa-
tions y < 0.1, therefore the rescaled Lorentz result matches the correct result obtained from the Fokker-Planck
collision operator. However, the magnetised behaviour of the perpendicular coefficient is noticeably different.
The rescaled Lorentz coefficient reduces with Hall parameter slightly faster than the correct result as it becomes

2

magnetised. At very large magnetisations y > 1, both collision models obtain the correct £ oc x ™~ scaling,

but the Lorentz model is ~ 2.9 times larger than the correct result. At low magnetisations, the cross heat
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conductivity coefficient #y that describes the Righi-Leduc heat flow is ~ 60% larger than the correct result.
At order-unity Hall parameter x ~ 1, this ratio drops to ~ 20% less than the correct result. These differences
highlight that although the ((Z) rescaling forces a correct result for #, this agreement does not hold for the
other magnetised components of the heat conductivity.

At very high magnetisations x > 1, the rescaled Lorentz result tends to the correct result Z5 ~ %% For
the correct result of Z4(Z), this asymptotic behaviour holds for all Z regardless, so it is not surprising that it
is recovered here. The correct asymptotic behaviour of By ~ %i for x > 1 is also recovered by the reduced
Lorentz model for the same reason. The & coefficient is also recovered in this limit, but this is due to the
non-Maxwellian correction to & becoming subleading for large . Aside from these matching asymptotic
behaviours, discrepancies in & and ,5’ are clear for low, moderate, and high magnetisations.

These plots emphasise that nonlocal closures based on a rescaled Lorentz collision operator do not reproduce
local transport coefficients. If such a closure is used in a hydrodynamic code, local transport will not be correctly
described, and the nonlocal behaviour is not accurately described either due to the limited collision model.

There are numerous works that compare a set of nonlocal transport closures against each other and to full
VFP simulations for ICF-relevant test problems. Work by Marocchino et al. [12] compares SNB, another model
known as CMG, and flux-limited Spitzer-Héarm heat flow against the full kinetic code OSHUN. Both of the
nonlocal closures capture the correct qualitative behaviour, but there are quantitative discrepancies. Work
by Sherlock et al. in 2017 [[105] compares SNB to the VFP code K2. Here, mostly good qualitative agreement
is found between the models, but there are still significant quantitative differences between the heat flow
predicted by SNB compared to K2. It is worth emphasising that the K2 simulations of this work do not use
proper electron-electron collisions, but rely on the same rescaled Lorentz collision operator discussed above.
Another comparison by Brodrick et al. [10] compares SNB and a couple of other closures against kinetic
simulations from the IMPACT, SPRING, and KIPP codes. Again, decent agreement of SNB with VFP simulations
is shown but with notable discrepancies. These works also emphasise a free parameter ‘r’ appearing in the
collision operators of SNB-like closures. Finally, recent work by Arran et al. in 2025 [11] compares two
SNB-like closures, M1 and hybrid-AWBS-BGK, against the VFP codes IMPACT and K2 for magnetised heat
conduction. Comparisons are carried out at extremely high ionisations so the VFP simulations essentially
use Lorentz collision operators. Similar to other comparisons, agreement is decent but there are noticeable
differences in both unmagnetised and magnetised nonlocal cases. Full VFP OSHUN simulations by Zhao et
al. [106] demonstrate nonlocal transport in magnetised plasmas. Although these works are effectively first-
principles studies, they employ VFP simulations as numerical experiments rather than closures for nonlocal
heat transport. For simulating large-scale plasma systems such as an ICF implosion, hydrodynamics codes are

required, leaving a requirement for nonlocal closures.



CHAPTER 3

Reduced Kinetic Method Framework

3.1 Reducing Kinetic Equations

The RKM reduces the VFP equation to a tractable linear problem for the deviation of distribution function from
Maxwellian (DDF) § f,, from which transport fluxes may be evaluated. Deriving the RKM equation follows
three key steps: firstly, the distribution function is decomposed as fo, = fM 4 § f,. Secondly, the nonlinear
component of the collision operator ~ Cy3{0 fo, 0 f3} is neglected, which is justified for Ng < 1/10. Finally,
the DDF is expanded over spherical harmonics in velocity space, where truncating to the first IV; terms leaves
a set of PDEs for the projections of the DDF ¢ fc(f’m) (x,w) that may be solved over the spatial domain and
single speed coordinate. For this work, a one-dimensional spatial geometry is always considered for simplicity,

although the RKM may be straightforwardly extended to two or three spatial dimensions.

3.1.1 Electron RKM
Starting with the electron VFP equation

atfe +uv- er - mi(E +v X B) : V'ufe = Cee{feafe} + Cei{feafi}> (3-1)

we change coordinates (¢, z,v) to (' = t,2’ = ¢, w = v — u.(t, x)). Derivatives transform as

(9t = (8tt’)6t/ + (&5117’) . Vgcl + (E?tw) : Vw = 8t/ - (8,5’114@) . Vw, (3.2)
Vo= (Vat)oy + (V') Vo + (Vaw) - Vi = Vg — (Vatte) - Vi, (3:3)
Vo= (Vot' )0y + (Vox') Vo + (Vew) - Vo = V. (3.4)

Dropping primes, this yields the electron VFP equation in the electron CoM frame as

8tfe_(atue)'wae+(w+ue)'(V_(Vue)‘vw)fe_i(E+(w+ue)XB)'wae = Cee{fea fe}+Cei{fey fz}

e

(3.5)
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The electron momentum equation, obtained as the m.v moment of the electron kinetic equation [3.1|or m.w

moment of 3.5 is

8tue+ue-Vue:1(—Vpe—V'He—ene(E—kue><B)+Re>, (3.6)

e
where p, = nT is the electron pressure, 11, is the electron viscous stress tensor, and R, is the electron-ion
momentum exchange defined as R, = f d3v mvC,;. Substituting in J;u. from the electron momentum

equation [3.6 into Equation [3.5| cancels various terms, yielding

Oife + Vefe + Befe = Coe{ for fo} + Ceil fe, i}, (3.7)

where the unmagnetised electron Vlasov operator in the CoM frame is

. 1
Ve=(w+u.) -V — |:’lU'(V’U,e)+(VpeV'H€+Re>:| -V, (3.8)
and the magnetic field term
Bo=—"(wxB) V. (3.9)
Me

The electron DF is then decomposed as f. = fM + 4 f., where the electron Maxwellian distribution
is fM = ne(v/T0m.e) "2 exp(—(w /v e)?) with thermal velocity vy, . = /27, /me. Unlike the Chapman-
Enskog expansion, this decomposition does not assume a small deviation from Maxwellian |§ f./fM| < 1.

This expands the collision terms as

Ceel{ fer fo} = Ceeldfe, MY+ Coe{ fM,6fc} = Cecd fe,

=Cl{dfe} =Cle{dfe} (3.10)
Ceilfer fi} = Ceil £, FM} + Cei{ofer £} = CO + Ceid e
=cM =Cei{dfe}
where C..{fM, fM} = 0 identically, and the collision term between an electron Maxwellian and ion
Maxwellian with relative flow Aw is
cM - —219€iw(.5§u M (3.11)

Even for large non-Maxwellian deviations in the tail of the distribution, the nonlinear electron-electron term
Cee{d fe,d fe} may be neglected. This is justified a posteriori in Sections and[5.7]for the unmagnetised
and magnetised cases, respectively. On scales relevant to electron transport w ~ vy, ¢ > v, the electron-ion
collision operator to leading order in mass ratio m./m; < 1 reduces to the same form as colliding against a
Maxwellian ion distribution, i.e. Cei{ fe, fi} = Cei{ fe, fz-M }. Even if multiple ion species are present or the
plasma is not quasineutral, the electron-ion collision operator against individual ion species is in a form that
allows the total electron-ion collision operator to be written in the same form as a single-species electron-
InAca

ion collision operator with effective ionisation Z* = 3" Peq/Vec = Y., Z22= 252> for ions with labels a.
€ ee

Equation [3.7]becomes

OfM + VoM — CM = (Cee + Cei = 0, — Ve — Be) o fe (3.12)
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The time derivative of the DDF may be taken to be zero 0;d fo = 0 as the transport closure may be assumed
to be local in time [107]]. In a fluid simulation, the effect of the history of the DDF may still be taken into

account by writing
5fe(t) — 5fe(t — At)
At ’

08 f. ~ (3.13)

where At is the current hydrodynamic timestep, and § f(t — At) has already been determined by the RKM
on the previous timestep. The § f.(t — At)/At term is then moved to the left hand side into the driving terms,
and ¢ f¢(t)/At is kept on the right hand side as an operator. For the purposes of this work, these terms are
ignored, but could be straightforwardly included when integrating the RKM into a fluid simulation.

The Maxwellian terms on the left hand side may be evaluated using

M w? 3 M
8tf€ = 8tlnne+ /UT_i 8tthe fe
th,e
2 3 2
:(_v.ue_ue.vmne+<7“§—2><_ue-V1nTe_3v.ue+Ke>)f;‘4,
v,
. th,e (3.14)
VM = <Vlnne+ (f >V1nTe>feM,
Uth,e 2
2
waé\/lz_ D) fe]wwv
th,e

where the time derivatives of the density and temperature have been rewritten using the electron density and
temperature fluid equations which may be written in the form
O¢lnne = -V - ue — ue - Vinne,

5 (3.15)
olmT, = —-u,-VInT, — §V - ue + Ko,

where the O(N#) transport terms are written together as

2

K =
“ 7 3pe

- - 4 .
|: - V . qe — Hel Vue — Re . (ue — ’LLZ) — Wi€:| 5 Wie = ﬁneﬁei%(Te — E) (316)

Combining these together, the terms on the left hand side become

N 1
D, = 81&,](.@]\/1 + ‘/efe]w - Cei{fej\/fv sz} - thfe(t o At)

w? 3 2 1
- [(2 — 2>Ke + —<5—Vu,: <ww - 3w2ﬂ> (3.17)

Uth,e vth,e

2
+ ((f - 5>VInTe+ 1(—V-H6+Re) +2ﬁef’£“;Au) -w}feM— ééfe(t—At),

vth,e 2 €

leaving the kinetic equation

D, = (Ce = V. — Be — (At) V)6 fe. (3.18)

The driving term D, and CoM Vlasov operator V, are dependent on transport quantities which themselves

are determined from moments of 0 f.. For Knudsen numbers Nx < 1/10, almost all of these terms are

~

subleading and may be neglected as they are in the Chapman-Enskog expansion. The exception to this is the

momentum exchange R, appearing in the electron driving term D, which depends on 0 f. to leading order.
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Braginskii [[15] solves this by taking the integral part of R, acting on J f, to the right hand side, then solving the
resulting linear problem. Although a similar approach may be employed here, we keep these transport terms
within D, on the left hand side. In cases with high Knudsen numbers, the appearance of additional transport
terms under spatial derivatives appearing in D, such as V - II, would introduce much more complicated
and dense matrix operators if included in the right hand side, and the appearance of transport quantities
in V, yields a nonlinear problem. These complications are only small corrections to the kinetic equations,
therefore they may be handled by solving the equations iteratively. The electron DDF equation [3.18]is first
solved with the local results for transport quantities to obtain the DDF ¢ f.. From the DDF, transport quantities
may be recomputed. In the local limit, these are expected to be self-consistent. In nonlocal cases, the transport
quantities may have modifications, so the solution is inconsistent. These computed transport quantities may
be then fed back into the same DDF equation to be solved again. This procedure is iterated until all transport

quantities are self-consistent over the spatial domain within some tolerance. In most cases, neglecting O(Nz)
(0)

terms is sufficient, leaving D, ~ D¢’ where
2 1
D§°> = [Vue <ww — 3w2ﬂ>
Ut (3.19)
w? 5 R, Uthe 5 M
+ S VIDT+7+2 Vei— o Au ) -w fe.
Uth.e 2 Pe w3

In the local limit, i.e. for Ny << 1, the Vlasov term V.6 f, ~ O(N#%) is subleading, and therefore the

electron DDF equation becomes
DY) = (C. - B.)s /.. (3.20)

which is exactly the first-order Chapman-Enskog equation for the local electron problem.

Repeating the procedure for a single ion species yields the ion kinetic equation for § f; = f; — Z»M
D; = (éu +Cie—Vi— B — (At)_l)(Sfi, (3.21)
where
=v—
2 1 2 1
K ) i+ 5—Vu,;: ('ww—w2ll>+(<u£—5>V1nTi—V-Hi>~'w]f1~M
th i Uth,i 3 Uth, i 2 Di
— —5 i(t — At),
L Ofit— A
2
Ki { V- q;, — Hii Vul:| y
3p;

A~

V= (wtu) V- [ (Vi) + p1< Vi V-Hzﬂ-vw,

- A
B; = e(w X B) - V.,
m;
(3.22)

where the ion-electron Maxwellian collision terms Cp;{ fiM , feM } have cancelled exactly with the R, and Wie

terms in D;, and similarly the R, term in C;.{d f;, feM } and VZ have cancelled. These cancellations mean that
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all electron transport terms have vanished from the ion DDF equation so the ion solution does not require
solving for electron transport first. The only appearance of electrons in the ion DDF equation is through the
ion-electron collision term é’ieé fi = Cie{ fis fé\/[ }. The ion-electron collision terms are neglected by Braginskii
[15] since they are small by a factor of mass-ratio, however Ji and Held have shown that ion-electron collisions
have a significant impact (~ 10%) on ion transport coefficients [87,88], especially for larger ion temperatures

T > T..

3.1.2 Multi-species RKM

Starting from the ion VFP equations in a multi-species plasma for each ion species «

atfoz +v- Vfa + szx(E“‘ v X B> : vaa = anﬁ{fmfﬁ} + Cae{faafe}7 (3-23)
B

«

where the sum over (3 includes all ion species but not electrons. The ion-electron collision operator has been
written separately. Changing coordinates to the frame comoving with the ion CoM velocity via (¢, z,v) —
(t' =t, &' = x,w = v —u;(t,x)), the derivatives transform the same as before. Transforming the ion VFP

equations to these new coordinates and dropping primes yields

Opfa +(w+u;) - Vfo+ [—(8tui)—(w+ui)-(Vui)+qa(E—i—(w—i—ui) xB)] Vo fa

«

(3.24)
= Z Coz,B{fm fb’} + Cae{fow fe}
B
Using the mixture momentum equation to replace the flow time derivative
1 .
Ou; +u; - Vu; = ‘<—Vpi—V-Hi+Uz’(E+ui X B)"—JD X B—Re>, (3.25)
where o; = ZB ggngand jp = Z,B qangV g, we obtain
1 ~ 1.
Orfa+ (w+u;) Ve + [—w~(Vui)+p<Vpi+V~Hi> — %(E—i—ui x B) —;]D x B
7 7 7
(3.26)

Pi me

+ ilRe + %<E+ (w + 'U'z) X B>:| : waa = anﬁ{fonfﬁ} + Cae{faafe}'
B

Collating terms, this becomes

1 Y a
Opfa +(w+u;) - Vfo+ [—w-(Vui)—i—‘(Vpi—l—V-Hi—l—Re) +Ya+q(w><B)] “Vaufa

7 «

_ Z Cop{fas f3} + Caelfas fe}
3

(3.27)

where

N 4s ) _ s

Yao= <%—ZCBW>(E+usz) (Zﬁ:%mﬁwﬂ) x B (3.28)
Each ion DF is then decomposed into a Maxwellian (with the mixture temperature and flow) and a deviation

fo = fM + 6 f,, where each ion Maxwellian

Y ma \*? maw’ (3.29)
=N €ex — . .
o = el orT, P oT;
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Substituting into the ion kinetic equations in the CoM frame,
1 c o

O+ V)M 4w VM 4 [—w«wmp(wﬁv-nﬁ&) PV B)} Vi
1 S o

+ 06 fo + (w+u;) - Viofo + [—w-(Vui)+p<Vp¢+V-Hi+Re> +Ya+gl—('w X B)] - Vwdfa

_Z< aﬁ{fé\/[7fév[}+Ca5{5faaféw}+caﬂ{ 75fﬁ}) +Cae{fyufe}+cae{5fa7fe}'

(3.30)
The first line involves derivatives acting on the Maxwellian which may be evaluated using the particle continuity

equation

One ==V - (na(u; +Vy)) = (Oi+uw;-V)lnng,=-V-(u;+V,)—V,-Vinn, (3.31)
and temperature equation
3 3 . %
on 3" +V- nZTu,—i—ql =-—pV-u—1Il;: Vu; +jp - (E+u; x B) + Wi

= (8t+ui-V)lnTi:

(3.32)
2 1 1 1 1 -
[—V-ui—V-qi—Hi: Vui+—jp- (E+u; xB)—i—Wie} (ZB >
3 bi bi i Di 3 n
where the total number density derivative is evaluated using
on; + V- (nju;) = (anVg) (3.33)
The relevant Maxwellian derivatives are then evaluated as
2 3 2
VM= [Vlnna (Z’ )VInT} M Vo fM = M, (3.34)
Uth,a 2 th,a
and
M w? 3 M
(O +u; - V)fy = [(@ +u; - V)Inn, + <2 - 2) (0 +u;- V) thz} fa
Uth,cx

2 w? w? 3\ /2 1
:[ 3v Vuz V’Va_va'V1nna+<2_2><3|:_piv'qi (3.35)

vth,a

1 1
= Mis Vg i - (B +ui < B) Ww]+v-<zszvﬁ>>] 2

Di 3 i
The ion-electron collision terms are
1
Coce{(sfom fe} - ?Rea . V'w(sfoc + CT 5f0¢7
1 8 1) T w? 3
M ~ e e M
aelJa rJey = | — ——Lle - — s FVea— | 1 — & -5 «
Coelfas fe} [ paR w =g pa< Tz’)(“ﬁla 2)] (3.36)
1 B 2
= |:— Rea w+ Wae</l;) _3>:| y,
Pa 3pa Uth,a 2

where

~ ", T 1 1
= ﬁ#neyea(Te - TZ) = ﬁ?paVea <Te - 1)’ Wie = Z Wﬁe' (3.37)
e o v
B
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The inhomogeneous terms on the LHS become

1
Do = (O +ui- V) +w- -V + [_w'(vui)‘F‘(Vpi‘}'V'Hi‘}'Re)

)

+Yo+ —:;‘ (w x B)} Vo fM — Coc{ M, M} (3.38)
g w? 5 2 1 Ca )
where
Vpa - Cavpi Pa ( > do 1
dy=———""——— X, - csXg), Xa=—FE+u; x B)— —Ry,.
Py i > csXp e )= (3.39)

B

The final line contains only the leading order O(N ) terms, with the other O(NZ) terms kept in the previous
line to identify the neglected terms, which may be readily included in the RKM. The Vlasov operator terms are
all put on the right hand side and combined into a single operator
. 1
Vo=(w+u;) - V+ {—w-(Vui)—k(Vpi+V-Hi)+Ya+gLa('w X B)| - Vi,
(03

%

(3.40)

’L «

qo 1
h Y.=(— - E i X B R — —R.,.
where < Eﬂ 05mﬂ>( +u; x B) +

We also note that the test-particle collision operators may be combined into a single test-particle-like operator

AT
1 Z Ccli+C (3.41)
The DDF equation for species « is therefore
00 fo + Do = CLofo + > CL36f5 — Vab fa. (3.42)
B

As before, the closure is assumed to be stationary 0,0 f, = 0. However, to include non-stationary effects, this

time derivative may be taken as

S falt) — 8 fa(t — At) (3.43)

8t6fa = At )

where At is the timestep from the previous RKM evaluation where § f,, (t — At) is known. These two terms

may be split up, leaving the DDF equation as
Dy — (A 16 fot — At) = CL6 f0 + Z F90 15 — (Va + (A) ™16 fa, (3.44)

which may still be solved as a linear problem.

3.2 Local Limit

Here we emphasise that the local limit (Vg <« 1) naturally recovers the first-order Chapman-Enskog equation.

Consider the electron DDF equation

De - (éee + éei - Ve - Be)dfe- (3-45)



3.3. Expansion in Spherical Harmonics 77

with )
2 1
D, = K 1;; — 3>Ke + —5—Vu, ('w'w — w2]l>
Uth,e 2 vth,e
- . . (3.46)
+ ((f - )V]nTe + = ( ~V-IL+ Re> + Zﬁeevth,e3Au) : w} ™
Vth e 2 e w
and
. 1
Vo= (wtu) V- [w-<Vue>+(—Vpe—V-He+Re>} Y (3.47)
and the magnetic field term
B.= - (wxB) V. (3.48)

Me
For N << 1, the K, and V - I, terms appearing in D, become subleading, as does the whole Vlasov term
V.0 fo. The remaining equation is
w? 5 2 1
f;W([Re/pe + <2 - )VlnTe} cw+ ——Vu: <'w'w — w211>> — Cei{ fM}

the 2 Uth,e 3 (3.49)

= Cocf 8.} + Ceilbf.} + —(w x B) - Vi fe

which is exactly the local problem 2.96 obtained from the Chapman-Enskog procedure [[15], and similarly for
the multi-species RKM. This emphasises a key feature of the RKM: in the local limit, the approach naturally
becomes the local problem, rather than requiring construction of the solution in a way such that the local limit

is recovered for small Knudsen number. This recovery of the local limit is demonstrated in later chapters.

3.3 Expansion in Spherical Harmonics

The DDF is then expanded in spherical harmonics in velocity space as

0o k

_ 2k +1 (k — n)' n inp 5 r(k,n)
5fo = kzonz_:k T n)!Pk (cos)e™?d fikm) (3.50)

where P are the associated Legendre functions [108] and 1, ¢ are the polar and azimuthal velocity coordinates,
respectively. The orientation of the spherical velocity coordinates is chosen such that the pole (¢ = 0)
is aligned with the z axis via y = cos¥ = w - 2/w, and ¢ = 0 is contained within the xz plane via
cosp = (w - &)/(wsin ). The components of the spherical harmonic expansion may be recovered by an

appropriate moment of the DDF over velocity angle space

6ftgcl7m) - /d2Q eiimwplm(ﬂ)&fa = <l7m‘5fa>) (3'51)

for I,m € Z with | > 0 and |m| < [, where d*Q) = sindd¥dyp = —dudy is the velocity angle element and
Dirac notation is introduced for brevity. The DDF equation may be projected onto the spherical harmonic
basis by taking the same moment [ d?Q e~ PP(y)(...), yielding a set of PDEs for the modes of the electron
DDF of the form

plm) = ¢ltm) _ pltm) _ pllm) (3.52)
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where calligraphic characters represent the projections of the corresponding terms onto the spherical harmonic
basis. The form of most of these projections are provided by Swanekamp et al. [109], with other terms not
provided in the literature derived in Section[3.5] The spherical harmonic expansion is then truncated to the
first N; modes for the [ index, leaving N, l2 PDEs in (z, w) that may be solved numerically for ¢ f., and therefore
transport quantities. For this work, IV; = 4 is typically used which has been shown in previous work [}, [110]
to demonstrate good convergence of transport quantities for Knudsen numbers Nx < 1/10. The solvability

conditions[3.87|become - -
/ dw w2(5f8(0’0) =0, / dw w45fe(0’0) =0,
0 0

/ dww?’éfe(l’m)zo, m=—1,0,1,
0

(3.53)

and the transport fluxes become 1D w moments of particular components of § fe(l’m) as given in Section
In principle, the DDF equation expanded in spherical harmonics may be solved in full 3D3V space. Three
velocity dimensions are required to fully realise magnetic field effects, however a single spatial dimension
is suitable for investigating nonlocal transport. The spatial geometry is therefore reduced to a single spatial

dimension z, with translational symmetry assumed in the x and y directions, leaving a 1D3V space.
3.3.1 Projection of terms
Here, we summarise the explicit form of the terms appearing in the DDF equation projected onto the spherical
harmonic basis.
Driving terms
The driving term may be written as
0 1 - 2 a1 5| M

Dy =|dy+d, w+d, - ('w'w — §H) 2 (3.54)

where the components of the driving force are

2 2

3 5 1

& = (Z} = )Ka, dl = w<<l§ = )VlnTe + (- V.10, +Re> +2;>J’“‘§Au>,
Vth, 2 ’Uth@ 2 Pe w

2 2
5 1
2. =2 d%zw((f—)VInTi—V-H@),
’ Ut Vhi 2 pi

(3.55)

with u), = 0,u,,.

The projection of the driving term is therefore

plm) — / d?Q e MP P () Dy = {d‘;&,,oamvo +dy, - (Lm|w) + d2, . - (I,m] (w'w — %H) : 2>} M
(3.56)

where we find
(I, m|w) = [ — 2™ (& — ig) + 6™ (& + ig) + 25’”704 o1,
. A (3.57)
{1, m| (ww - 41) gy =2 [ — 66 (& — i) + 0™ L (& + i) + 45’”’02} 512
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by writing

W=+/1-p2cosp®+\/1—p2sinpg+ pz (3.58)

and evaluating the relevant integrals.

Vlasov terms

The projections of the unmagnetised Vlasov and magnetic field terms are

VI = g, 0,0 £8™) 4 w0, (1, m| b fo) — wial, - (1L, m| Vb fo) — Fo - (1, m|Vdfa),

(3.59)
BE™ = —w, - (I, mlw X Vdfa),
where vectors have been condensed to
Fo=— ( Ve - V-H6+Re>, Fi:1<—Vpi—V-Hi>, we=—SB, w=2B
Pe % me m;
(3.60)
and components
il =megimy LM
(l,m\,uéfe>— 21+1 6fe +2l+15fe )
(1, m|Vwdf) = 1(:13 +i9) 3 |at (m)ud FETHD 1 (=t (m) + (m + 1)d (m)) 6 D
Lk Lk w
k=0
1, o= _ i _ _ 1 i
+ 5(1' ) Z [ahk(m)@wéfé’“’ D4 (¢ (m) — (m — 1)dz,k(m))a5fék’ 1)]
k=0
Sl+1-—m 1 142 5 ¢(14+1,m) l+m ;4 1 (1—1,m)
+Z[ 20+ 1 wl+2aw(w o >+2l+1w aw<w1715f@ ) ’
Lo m . 1 e
(VB F) = 3@+ 18) 3 [af, (r)0uB £ 4 (=ef o) + (o + 10 m) Logiem )
k=0
1 A~ - A > ,m— ~— 7 ,m—
#5@ = i8) Y |G (=6, m) — (m = ) (m) 51D
k=0
= [- 1
53 [bl,mm)awaf;’“m) n gzvmm)afék’m)] |
k=0 w
Lo oo [t + (km+1)
(L, mlw x Vi fe) = Z(w +19) Z (G (m) = (m 4+ 1)D; (m))d fe™
k=0
1 o0
+5p(@ = i8) 3 | (~Crplm) — (m = DDy (m)ag )]
k=0
—imdfm 2, (3.61)

where the matrix elements follow the same definition as Swanekamp et al. [109] with the tilde coefficients

indicating an additional factor of 4 in the integrand of their definitions, e.g.

aj(m) = QkJIE:JFEZiB;!/IduPl (V1= 2P (),
m I (3.62)
a3, (m) = Qk;lngrEmiB;: /1 dp P () /1 — 2P ()
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Collision terms

The projection of the test-particle collision operator is

cTfm = _%z(z + DwParlm 4 %aw (ﬁgﬁw?’a FEm 4 %Vﬁﬂw48w5 fgv"ﬂ), (3.63)

where we have used that spherical harmonics are eigenfunctions of the pitch-angle scattering operator via
EA(leeim‘P) = —I(l + 1) Pmeime,

The spherical harmonic projection of the field-particle collision operator is

2
cFEm) _ o A e (/g2 [maéfél’m) N (_ L+ <ma B l)l LUADE+2) w ) 1 P ()
(Y

af Vaﬁﬁ%e mg mg 204+ 3 thh,a t2h,a e
M I(l1-1) w? 1 (1,m)
—1—-(—=1)01+1) - v
+ < <m5 >( +1) 20 —1 Ufhﬂ)v?h’a B2 (w)
(l-1) 1 (1,m) (+1(l+2) 1 (,m)
- v v
=1 ot Ves W T Ve (W)
(3.64)
where we have defined the integrals
(1,m) 2 [ 1—1 s o(lm) (1,m) 2 1 v 941 ¢ o(l;m)
(Lm) 2 > (Lm) (Lm) 2 1 ™ (Lm) (369
\115:3 (w) = 2l_|—1wl/ du U3715f57 (U), \115:4 ('LU) = 2l—|—1’u}l+1/0 du U4+l(5f67 (u)

3.3.2 Recovering hydrodynamic and transport quantities

Once the DDF equation has been solved for § fél’m), transport terms may be recovered as appropriate velocity
moments of 0 f,,
1
q, = /d3w Emanwéfa,
3 1 2
I, = | &>wm,| ww — P I)dfa, (3.66)
R, = Rg + /dgw mewéeiéfe.

Using orthogonality relations for spherical harmonics, these may be expressed directly as integrals over § fa(él’m).

Writing the velocity integrals in spherical velocity coordinates with d®w = w?dw d*(?, the fluxes become
q, = ma/ dw w° S q,
2 Jo
o0
R. = R) — Deivj, . / dw S1 ., (3.67)
0

oo
I, = ma/ dw w4827a,
0
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where the rank-1 and rank-2 fluxes

Sia= / d*Qd fo = —Re{d D} + Im{o fMV g + 0 £ 2,

Spa = / 20 (ww - é]l) 5fa

(3.68)
1 1 1 1 2
e (2,2)7 _ ~5£(2,0) ) 54 - 227 _ ~5£20) Vsn 1 25£(20) 252
(gRel8£22) = 0120 Yoo + (= [Re(0f2Y) ~ 0120 g9 + 5012022
- {OSEN} (@9 + 9@) — (Re(OfEY} (@ + 22) + SIm{afV} (g2 + 29).
as shown on the next page, and
0 4

R, = ———Uep.Au, (3.69)

e T3 /7

is the friction force between an electron Maxwellian and ion Maxwellian with relative flow Aw.

In the mixture framework, we also define the diffusive velocities V', reduced heat flux g/, and enthalpy

flux h; as

1
Vo=— / dPw wb f,, (3.70)
Na
q’.:Z/d?’w 1m w2—§T- wo |, (3.71)
7 - 2 « 2 (3 [e%) .
5
i=> 51eTiVa (3.72)

such that the total ion heat flux q; = ¢} + h;. After expanding in spherical harmonics, these integrals become

Ve 2 [T dwwis d Z/Oodww?’(wz 5) S (3.73)
a = 1,a09 P = -5 91, .
Na Jo p 0 ,UtQh,OL 2
We wish to express the fluxes
1
S1a(w) = / PQW6 fo,  Spalw) = / d2Q (ww - gﬂ) 5 fa (3.74)
in terms of the spherical harmonic projection of the DF ¢ f(g’m). These two terms may be simplified using
orthogonality relations. Since 4 f, is real, we must have
— |
) = (-1 g (3.75)

(I 4+m)!

where * denotes the complex conjugate. We also note some relevant associated Legendre functions in Table

B
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Il
(a]
—

=1 1— p? 1 —/1—p?

[=2| H(1—p?) spv/1—p® 3Bp*—1) =3u/1—p2 3(1—p?)

Table 3.1: Associated Legendre functions P (u) for £ = 0,1, 2.

Rank-1 flux

Writing in matrix notation in the {&, §, 2} basis,

sin ¥ cos \/7 ei® + ¢~i¥)
Sl,a:/dQQ sin 9 sin ¢ 5fa:/d2§2 V1= p2k(e? —e#) | 0fa

cos I
L, =1 = (1,1)) —Re{d 5"}
= | L1, =1+ (1, 1)) [ 0fa = | {5V} | = —Re{of}a +m{o W }g +6£002  (3.76)
(1,0 o f50

Rank-2 flux

Writing in matrix notation in the {&, §, £} basis,

So0 = / d*Q (w'w - ;]1> S fa

(1—M2>COS2QD—% (1 —p?)cospsing  py/1— p2cosy
= /sz (1—p?)cospsing (1—p?)sinp — 3 py/1—p2sing | 0fa
1 — p2cosyp py/1 — p2sin g p?— i
2Py 2e%e + Lpe~2e — 1pPY L2py2ete — L ple2iv) pPylet — Lplei
= / Q| Lpyletiv - Lple2iv)y  _opyetiv - Lple~2ie _1p0 L(prleie 4 1ple-ie) | 6f,
Pylelw — Lplemiv H(Py e 4 LPje %) 2p)
2(2, 2| + 13(2, 2 — 3(2,0] 7(2(2,-2] - 15(2,2)) (2,-1] = §(2,1]
=1 i@ -2-5E2) 20220 52,2 - 52,00 F((2 -1+ §(2.1)) [ 9fa
(2, -1 = §(2,1] T2, 1+ §(2,1)) (2,0
BRe(0f?y = 3of2Y  —pm{afsYy  —gRe{sfY)
= -hm{ar?) BRe{df5 Y} = 36730 m{sf5Y)

—L1Re{s s>y {65} 50
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1 1
— <Re{6 fc?’?)} 5 f 20)):@:& + (— pRe{d Fi22) - 5 £20) > 99
1

+ 5 f20zz 1 (62D} (&g + §&) — éRe{é fEVY @z + 28) + Gm{o FEYY g2 + 29). (3.77)

3.4 Numerical Implementation
3.4.1 Nondimensionalisation

Before finite differencing and implementing numerically, we note that the DDF equation has a certain scale
invariance that allows for nondimensionalisation. In particular, for each dimensionful quantity ) (which may
be space and/or velocity dependent), we define a characteristic quantity ()y to define a nondimensionalised
quantity Q = Q/Qo.

For the characteristic length, one might be tempted to define the characteristic scale length from the
number density as lp = n v 3, but lengths and number densities always appear independently in the VFP

equation so it is still appropriate and more convenient to define them separately.

3.4.2 Discretising and finite-differencing

To discretise the spatial and velocity coordinates, we define a uniform grid via z = zpin + 1Az, w = (j+1)Aw,
where ¢ and j are the spatial and velocity indices, respectively. Derivatives of a quantity () are estimated via
the finite difference scheme

Qiv1,j — Qi1

Qijr1/2 — Qij-1/2 (3.78)
2Az ’ ’

Aw

8 Qz,] sz,g

where the velocity cell-face values are linearly interpolated from cell-centre values as

Qij1/2 =1 =641 2) Qi1 + 65541 2Qiy - (3.79)

The coefficient 4;";, which is a function of grid position, specifies the linear interpolation scheme. A Chang-
Cooper-inspired [111]] scheme 0, = 1/u —1/(e* — 1), where u = 2(Aw)?j/[vm q]7 is chosen for velocity
derivatives. This choice improves stability and convergence with respect to a simpler finite difference scheme
with fixed (5“’ Reshaping F; ;. s into a vector F', the set of PDEs is discretised to D = M F, where M is the
linear operator representing the discretised right side of the DDF equation acting on & fa’ , or Jacobian, and

(Lm)

D is the inhomogeneous driving term D, reshaped as a vector. The solution may be found via standard
linear solvers. Here, SciPy’s sparse matrix suite is used.

To reshape & féf’m) into a vector F', the relevant indices 7 (spatial index), j (velocity index), [, m (spherical
harmonic indices), and s (species index) must be flattened to a single index k. We focus on two separate cases,
namely the magnetised single-species case which requires the i, 7, [, m indices, and the unmagnetised multi-

species case, which requires the ¢, 7, [, s indices. A magnetised multi-species solver has still been implemented,

but it is unnecessary to consider both magnetised and multi-species effects here.
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Nondimensionalising quantities

Type of quantity

Quantities (Q)

Characteristic scale (Qg)

Mass Species masses m, my, typically lightest particle mass
mo = min,(my) (ie. electron mass
for electron RKM, lightest ion mass for
ion RKM)

Charge Species charges g, Magnitude of charge of electron e

Temperature and

energy

Temperature T,

T, typically Tp = T, j(z = —o0)

Velocity

Particle velocities w, v
Flow velocities u,,

Diffusive velocities V

vo = +/2T0/mo

Number density Species number densities 1, no, typically ng = n, ;(z = —o0)
Frequency Time derivatives 0y vy =Cp = Zﬁgggﬁ%
Collision frequencies 7,z
Collision operators Cng
Length MFPs A o Ao = vo /10
Spatial coordinate z
Gradient scale length L
Distribution func- || fu, fM, 6 fa fo =novy 3
tion
Heat flux Heat fluxes g, hq qo = noTyvo

Force density

Momentum exchange R,

Lorentz force gono (E +v x B)

Ry = nogmorovg

Electric field

strength

E

— mouorg
Ey = =07

Magnetic field

strength

Enters via Hall parameter

— %B
Xa = ,;;07—0404

Table 3.2: Conventions for nondimensionalising quantities in the RKM for numerical implementation.

Dy, = ZMkLkszT

ko

Flattening the indices (i, j,1,m, s) — k with some linear mapping, the matrix equation can be written as

(3.80)

The vector F}, will be of size N, = N;N;N;N; N, therefore the matrix M will therefore be of size N ,? =

(N;N;N;N;Ny)? which is extremely large. For a moderate choice of N; = N; = 100 spatial and velocity
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a index

0 0,00 (1,1) (220 (33)

1 (1-1) (10 (21 (3.2

2 (2-2) (2-1) (20 @(31)

3 (3-3) (3-2) (3,-1) (3,0

Table 3.3: Relationship between (I, m) and (a, b) indices.

gridpoints, N; = 4 orders in spherical harmonics, and a single species Ny, = 1, already the vectors Dy, and
F},, have Nj, = 160, 000 elements and the matrix M has N ,? = 2.56 x 10'0 elements. However, since various
indices are only coupled to their neighbours (e.g. ¢ is only coupled to nearest neighbours i9 = i¢; & 1 through
the spatial derivative), the matrix will be sparse. The remaining linear problem is therefore tractable to solve
using sparse matrix solvers.

For the unmagnetised (1D2V) multi-species RKM, the indices are flattened as
B(i,l,5,5) = j + Nj(s + Ny(l + Ni(@))), (3.81)

analogous to the numerical value for a number with digits ¢, , s, j with appropriate weighting. The velocity
index j is chosen as the first (least weighted) digit since the collision operators, particularly the field-particle
operator, couple all F for fixed i, [, s. If j were chosen as a later (higher weighted) digit, then the matrix M}, 1,
would have components very far away from the main diagonal, which should slow down the SciPy solver.
The spatial index ¢ is chosen as the last digit (highest weighted) since it only couples to nearest neighbours as
mentioned above. In addition, for N < 1, spatial derivatives of J f,, vanish. As i is chosen as the last digit,
the matrix M, ki1 ko Daturally becomes block diagonal, where each block solves the local problem for that i.

For the magnetised (1D3V) single species RKM, the number of m indices required are dependent on [ via
N, = 21 + 1. To handle this efficiently, [, m are remapped to a convenient pair of indices a, b via

I, I—m, m>0 a, a—b, a>b
a,b= , withinverse [,m = , (3.82)

I+m, I, m<0 b, a—b, a<b

such that the indices (a, b) are square with N, = N, = N;. This conversion is provided clearly in table

for the first few lowest orders. The indices are then flattened as
k(i,a,b,j) = j+ N;j(b+ Ni(a+ Ni(3))). (3.83)

The distribution function is real, which yields a direct relationship between positive and negative m, which

may be used to again reduce the requirement on the number of equations. This is not considered here since it
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adds additional complexity. For the magnetised (1D3V) multi-species case, the indices are flattened as

k(i, a,b, S,j) =7+ Nj(s + Nl(b + Nl(a + NZ(Z)))) (3.84)

3.4.3 Field-particle term

m)

Implementing the operator then requires discretising the integrals \II( 5.(1.2,3,4) from Equation [3.65|as

2
1=l —(l1+1) 2+l1
Uy gy = 30, +1 E Awwj " Fryy, Wop, = ol 1% g Aw wj ™ Fy, (3.85)
J2>j1 J2<j1
2
3-1 —(l1+1) 441
Vs = o) +1 wfh D Aww By, Y = 20 + 10 '3 Aw iR, (3.86)
J2>J1 J2<n

which densely populates the (j1, j2) sub-block of the Jacobian. Since j is chosen as the least weighted index
when flattening, these dense elements are kept as close to the leading diagonal k; = k2 as possible, which is

preferred for linear solvers.

3.4.4 Boundary conditions

The RKM solves for the DDF from the set of PDEs over the spatial domain zyin < 2 < Zmax and velocity
domain 0 < w < wmax. The spatial bounds are chosen to be sufficiently far away from the gradient region
around z = 0 such that the local result for the distribution function is restored due to collisions. The high
velocity cutoff wpmay is chosen to capture the part of the tail of the DF that contributes to the heat flux, beyond
which the DF may be taken to be zero. The boundary condition for the DF at and above the high velocity
cutoff is therefore fixed at zero 0 fo (2, W > Wmay, 1) = 0 with a default value wp,, = 5 max, (vy, ), which is
verified a posteriori to capture the full integrand of the heat flux.

The stencil for an arbitrary set of indices (i, 7,[) is shown in Figure where multi-species (linking
different s) and magnetised (linking different m) effects are not shown. Nearest neighbours in space (i + 1, j,1)
are required for terms such as u - V§ f,gl’m). Nearest neighbours in velocity space (i, 7 &+ 1,1) are required
for velocity gradients in the test-particle collision operator, as well as all (i, j2, [) entering the field-particle
collision operator (in multi-species cases, this also links different s). Spatial and velocity nearest neighbours in
space and velocity space are also required from nearest neighbours in the Legendre index, i.e. (¢ == 1,7, + 1)
and (i,j £+ 1,1 £+ 1) from spatial and velocity derivatives in the Vlasov operator. In the local limit, only the
stencil along j remains.

Figureshows the Jacobian M %1,k for the RKM with an artificially small grid size with IV}, = 72. Nonzero
elements belonging to the advection operator and both components of the linearised collision operator are
indicated. The larger square blocks contain cells of i; = 73, and the smaller blocks contain cells of ¢; = 2
and [; = lo. We observe that the Jacobian is indeed sparse and the approach for larger grid sizes may still be
tractable. The ordering of digits of (i, [, j) is demonstrated to be a good choice, since the nonzero elements
remain close to the main diagonal. If another ordering were chosen, say k(j,[,7) (where j is the highest-

weighted index), nonzero elements far off the main diagonal would be populated by the linear collision operator.
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(t+1,5,0)

Figure 3.1: Stencil for cell (i, j,1).

In the local limit, the advection operator w - VJ f,, becomes negligible, and the green elements vanish. This
then leaves the Jacobian as block diagonal with only the smaller blocks. In this limit, each of these blocks is
solved independently for the local solution. Since only the [ = 1,2 modes are driven (! = 1 from VT, ;, u,
and d,, and | = 2 from Vu, ;) by the left hand side D}, , the local limit only requires solving the [ = 1 block

for a non-trivial solution (and ! = 2 if gradients in flow generating viscous stress are included).

3.4.5 Enforcing solvability conditions

The DDF equation should be solved with the same solvability conditions as the Chapman-Enskog solution,
namely constraining that the solution 0 f, does not modify the number density, hydrodynamic flow, or

temperature. For the single species case, these solvability conditions are

/ dwdf, =0, / dw wdf, =0, / dPw w?sf, =0, (3.87)

respectively. On the spherical harmonic expansion, these conditions become

/ dw w5 £O0) = 0, / dw w3s fH™ = 0, / dw ws £ = 0, (3.88)
0 0 0
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Figure 3.2: Nonzero elements in the Jacobian M k1 ko for the RKM with N; = 3, N; = 4, N; = 6 for the unmagnetised

single species solver. Elements are arranged according to k(3,1, j) = j + N; (I + N;(¢)).

where the flow constraint holds for m = 0, 1. For the discretised DDF, these conditions become
2 3 4
Z Cjp W3, sz(lzzo) =0, Z Cjp W}, Fk2(12:1) =0, Z Cjp W5, Fk2(12:0) = 0. (3.89)
J2 J2 J2
The matrix M, ki1 ko 1S then modified to enforce these conditions. In particular, at each spatial index ¢, a row of

the matrix is replaced to enforce each of these conditions as

Mkl,]@ = cj2wJ22, Dk‘1 =0, where 1 =I0b=0, mi=me=0, j1=jn, (3.90)
My gy = Cj2w§’27 Dy, =0, where [ =1I2=0, my=mg=0,£1, j1=ju, (3.91)
Mkth = cj2w;-12, Dy, =0, where [l1=I0=0, m =my=0, 71 =/jr, (3.92)

where j(,, ., ) are some chosen velocity coordinates at which to enforce the constraint, chosen as the coordinate
with the thermal velocity wj, = [Uth )i, -
For the multi-species solver in the mixture formalism, the density and temperature conditions are enforced

on each species. For the flow constraint, the condition is instead

> / Pwmawdfa =0 = Y / dw maw3s fH™) = 0, (3.93)
(e} o 0

since only the hydrodynamic velocity u; is constrained, but each species may have a diffusive velocity relative
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to this. This constraint is enforced in the matrix M, ki ko QS

Dk = 0, where l1 = l2 = 0, mi1 = my = 0,:|:1, S1 = O, j1 = ju, (3.94)

v _ 3
Mk1,1€2 = CjpMs, W 1

J27

which sums over ss and enforces the constraint on the first species s; = 0.

3.5 Spherical and Cylindrical Geometries

Other spatial geometries can be described using 1D3V coordinates, provided there are spatial symmetries that
allow position space to be described using one spatial coordinate. Two standard curvilinear geometries are

spherical and cylindrical.

z | w
‘\\\ W, =2 //\f

e @ y -

S~ e 19 wy - ¢
Z 1

L W =p
¢ | y
P !
x x
(,6,9) (0, 9, 2)
(a) Spherical spatial and spherical velocity coordinates (b) Cylindrical spatial and spherical velocity coordinates

Figure 3.3: Diagrams visualizing spherical and cylindrical spatial coordinates with spherical velocity coordinates.

A spherical geometry is particularly relevant to ICF, where targets and implosions are usually ideally
spherical. Spherical coordinates are denoted (r, 0, ¢) as standard and depicted in Figure with spherical
symmetry over 6, ¢, leaving the radial coordinate r as the single spatial coordinate. The pole of the spherical
velocity coordinates is then aligned with the local radial direction @, = #. The presence of a magnetic field or
non-radial components of flows would violate spherical symmetry in space, therefore may not be included in
the 1D spherical coordinates. There is then an azimuthal symmetry over the azimuthal angle in the velocity
space . The phase space in a spherical geometry is then described by 1D2V coordinates (7, w, ).

A cylindrical geometry is particularly relevant to Z-pinches and magneto-inertial schemes such as MagLIF
[59]. Cylindrical coordinates are denoted (p, ¢, z) as standard and depicted in Figure with cylindrical
symmetry over the spatial azimuthal angle ¢ and axial symmetry over the axial coordinate z. The pole of the
spherical velocity coordinates is then aligned with the local radial direction w, = p. Unlike planar or spherical
spatial coordinates, a cylindrical spatial geometry requires 1D3V coordinates even without flows or magnetic
fields, since the z axis provides a second preferential direction that breaks the azimuthal symmetry in the
velocity space. The phase space in a cylindrical geometry is then described by 1D3V coordinates (p, w, 9, ).

Curvilinear coordinates modify the form of the spatial advection operator w - V appearing in the VFP
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equation as

{w-V [}y = pwd,

{w -V} = pwo, + %(1 — 11%)0,, (3.95)

{w-Vf}e=pwo, + %(1 — p?)sin® 3, — %p cot 0,
where the labels ‘p’, ‘s’, and ‘c’ refer to planar, spherical, and cylindrical, respectively. A derivation of the
advection operator in cylindrical and spherical coordinates and their projections onto the spherical harmonic
basis are presented below. Flows in spherical and cylindrical geometries also introduce additional contributions
through the v - V and w - (Vu) - V,, terms. For the purposes of this work, we do not consider flows in
spherical and cylindrical geometries and so these terms are not considered.

Here we prove these expressions. The velocity space is always described in a spherical coordinate system
dw = dwd + wdd + wsin Idp@ for the spherical harmonics expansion. The spatial advection term in
the Vlasov operator appears differently in different spatial coordinate systems. For phase space coordinates
Z = (z,w),

Vo= (V2Zd)0z,, V= (VwZd)iz, (3.96)

a a

Since the spatial coordinates are independent of the velocity coordinates, the velocity gradient always reduces
to the velocity gradient in spherical polar coordinates. In Cartesian spatial coordinates de = dx& + dyg +dz 2,

the velocity coordinates are independent of spatial position, therefore

Vo =80, + 90y + 20, + (Vaw)Oy + (V)9 + (Vap)d, = 20,. (3.97)

The z and y derivatives have been dropped since a slab planar geometry in the z direction is considered. In the
planar geometry, all of the gradients of the velocity coordinates V 5 (w, 1, ) are zero, since their definition
does not vary with z with a fixed velocity w. However, in other spatial geometries, we define the velocity
coordinates to depend on the spatial position so we may use a 1D3V treatment. The cost of this choice is that
the spatial gradient term now picks up additional contributions from the velocity coordinates changing with

spatial position.

3.5.1 Spherical spatial coordinates

In spherical spatial coordinates (r, 6, ¢) with spherical symmetry in 6 and ¢, the velocity space must also be

azimuthally symmetric over ¢. The gradient is

Vo =70, + (Vau)o,. (3.98)

Since i = w - 7 /w, the gradient of 1 may be evaluated as

1
Vo= 2.Vi= 2 (1-#) = —(w — pwf), (3.99)
w wr wr

therefore

{w-Vf}s=w- <ﬁ8r + i('w — ,uwﬁ)aﬂ)f = pwo, f + %(1 — 1)L f. (3.100)
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The projection of this advection term on the spherical harmonic basis is then
w
<l7m’U ’ Vf> = war@ﬂ”’ﬂf) + ?<l7m|(1 - /1‘2)811‘]0)7 (3101)

where both projections are provided by Swanekamp et al. [109], with the new term using the projection of the

parallel electric field

(l+2)l+1- m)f(l+1,m) (=1l +m)

(-1,m) 102
20+ 1 20+ 1 ! (3.102)

(l,m|(1 = p*)duf) =

3.5.2 Cylindrical spatial coordinates

In cylindrical spatial coordinates (p, ¢, z) with cylindrical symmetry in ¢ and translational symmetry in z,

Vo =p0, + (Vap)dy + (Vo). (3.103)

The polar angle term changes from the spherical case, since in cylindrical coordinates Vzp = %(ﬁ?qg The

gradient of y is
1.~ 1 “
Vo= —-~¢p=-/T— 2sing ¢, (3.104)
w p P

which contributes to the d,, term as
w - (Vgu)d, = g(1 — p?)sin? pd,, (3.105)
0

where we have used w - ¢ = w+/1 — 12 sin . For the azimuthal term, we write the azimuthal velocity angle

as

I\

w .

=wy/1—p2cosp = @ = arccos <M> = arccos <wz>’ (3.106)
' | wy/1 — p?

therefore its gradient becomes

Vap =— V(1 - p?)71 )

wy/1 — p? w- 2
VRl — ) — (w-2)? w
1 w cosp, . .

(3.107)

which contributes to the advection term as

1 [ cos . W COS
-—— 5 W (W — pwp)dy = ——p—
wp 1l — p=singp p sinp

w - (Vpp)d, = dy. (3.108)

Collecting terms, the advection operator in cylindrical coordinates is then

{w- Ve = pwd,f + %(1 — 1i2)sin? 3, f — %ucot 00, f. (3.109)
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The two additional terms are then projected onto the spherical harmonic basis as

(l,m|p

o0 k 1 2m
Cos 2k+1 k—n). )/ / COS Y i(n—m)
§ : § : n d pmpn d i(n—m)p
smgpapf P k+n)!mf 1 BEST 0 7 singoe

:27risgn(n—m)\gor even n—m70 (31 10)
[(k—m)/2]

S YD ST

k=0 r=—{(k+m)/2],r#0
where the integral over ¢ is evaluated using contour integration, and
00 k 1 2
2k + 1 (k —n)! T (n— :
, 1-— 0 (k, n)/ du P™(1 — 2 o, P / d i(n—m)p 2
Gl =yl o000 =30 3 = Gt [ aurra—itoury [ dpetm st

:271'(%6717777,—%5n7m+2_%6n,m—2)

_ ((l +2)(1+1- m)f(l+1,m) =+ m)f(ll,m)>

9 20+ 1 20+ 1
1 — -
42( m) fEE) g m) ”)
k=0
(3.111)
where ( ( N! 1
2k +1(k— (m+2r))! " () PR
pratmor) = 2 GO o) [ a0 R ), -
2k +1(k— (m=£2))! w |

+ 2\ pm
ax(m) = 2 (k+(m:|:2))./ i (1= i) B () du
Similarly to the other matrix elements from Swanekamp et al. [109], these matrix elements are evaluated

symbolically and tabulated for use in the RKM.



CHAPTER 4

Unmagnetised Single Species Results

To initially demonstrate the RKM and investigate nonlocal transport, a simple case without the complications
of multiple ion species or magnetic fields is considered. We consider the electron RKM in a simple isochoric

(ne = np) unmagnetised (x. = 0) hydrogen (Z* = 1) plasma with temperature gradient of the form

2 2

_ Tieft + Tright et — Tright erf ( z ) ’

Te(2) (4.1)

with Tiet/Tright = 10 for a variety of Knudsen numbers Ny = Xo/L, where A\g = A o(2 — —00) is the
thermal MFP at the hot end. For this case, the hyperparameters Az/\g = 0.1, Aw/vy = 0.1, N; = 4,
Wmax/Vo = 5, and Niterations = 3 are used, which provide good convergence as demonstrated by convergence

studies in Section

4.1 Nonlocal Transport Fluxes

Figure [4.1|shows the nonlocal conductive heat flux and thermal force obtained from the RKM from a variety of
Knudsen numbers from Nx = 0.1 to Ng = 0.001. The heat flux scales proportionally to the temperature
gradient |V In T, | and therefore Knudsen number Ng. To conduct a meaningful comparison between the
local and nonlocal heat fluxes, they are then normalised by the Knudsen number Ng.

Dimensional quantities such as length, density, and others have been scaled out of the kinetic equation,
leaving a set of dimensionless PDEs dependent on the shape of the hydrodynamic profiles and Knudsen number.
Varying the Knudsen number may then be considered to be varying the length scale of the profiles L, or
equivalently as varying the characteristic mean free path )y due to different characteristic temperatures or
densities. In the RKM solver, the dimensionless length scale of the profiles L/ )\ is varied to obtain cases of
various Knudsen number.

For small Knudsen number Ng < 0.001, both the conductive heat flux and thermal force from the RKM
agree extremely well with the local analytic results. We emphasise that this agreement is obtained with the

RKM solver having no prior knowledge of the local analytic results for ¢! and R!, but reproduces them
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Figure 4.1: Nonlocal electron conductive heat flux and thermal force for a variety of Knudsen numbers Ng.

naturally since the approach is first-principles. Strong agreement of the RKM in the local limit (N < 1) with

local analytic results are consistent throughout the remainder of this work.

Around Ng =~ 0.0125 ~ 1/3%, deviations of the heat flux away from the local analytic result become
apparent, i.e. the N = 0.0125 blue line of is visually slightly different from the local analytic black

< 3 that contribute to the heat flux with MFPs

~

dotted line. This matches well with particles of w /vy ¢
A = (w/Vtme)* A ~ 81 Ay, being able to stream across the temperature gradient and give rise to nonlocal
deviations of ¢! . In contrast, the thermal force appears unaffected at this Knudsen number, since it is a lower
velocity moment of the DF which is not noticeably affected by nonlocal behaviour of suprathermal particles at

U}/’Uth’e ~ 3

For higher Knudsen numbers, a significant preheat forms in the cold end z/L 2 0.5. This preheat is
explained physically by the streaming suprathermal particles from the hot end depositing their heat in the
cold end. A similar enhancement of the heat flux in nonlocal cases is also seen in the hot end, although
considering the heat flux in the temperature equation %neatTe = -V .q, + ..., the fractional rate of change
of temperature (0;1)/T. due to enhanced heat flux from nonlocal kinetic effects will be more pronounced in

the cold end than the hot end.
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Angle-averaged (/ = 0) DF at hot end (z/L =-2.5)

Angle-averaged (/ = 0) DF at peak (z/L =-0.5)
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Figure 4.2: Angle-averaged DF across space.

4.2 Nonlocal Distribution Function

4.2.1 Angle-averaged distribution function

Since the RKM solves for & fe(l’m) (z,w), these modes of the DDF may be directly plotted. Figure |4.2{shows the

isotropic [ = 0 component, i.e. angle-averaged (within a factor of 47), distribution function

O (z,w) = £OO (z,w) = / Q. fo(zw, 9, 9)

(4.2)
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at three spatial positions z/L = —2.5, —0.5, 1.5, corresponding to the hot end, the peak heat flux, and cold
end, respectively. The horizontal scales show the velocities normalised to both the hot thermal velocity vy and

the local thermal velocity vy, jocal-

For small Knudsen number Nx = 0.001, the DFs across space are close to Maxwellian for almost all
velocities, with deviations apparent only very far out in the tail. For higher Knudsen numbers, these deviations
occur less far out in the tail. Since the length scale of the temperature gradient is shorter, lower velocity
particles with shorter MFPs are allowed to stream across the gradient and give rise to deviations in the tail of
the DF. In the hot end, the tail is reduced since suprathermal tail particles with long MFPs may leave the hot

end, and in the centre and cold end, these same particles enhance the tail of the DF.

4.2.2 First angular moment of distribution function

Figure [4.3]shows the first spherical harmonic /,m = 1,0 component, i.e. the first angular moment

fél)(z,w) = él’o)(z,w) = /d2Q cos ¥ fe(z,w, v, p) (4.3)

of the distribution function at these same three spatial positions. Similarly to the conductive heat flux and
thermal force, fél) is normalised to the Knudsen number N for a meaningful comparison, since the local

result is directly proportional to |V In T¢|.

For small Knudsen number Ng = 0.001, the RKM result agrees extremely well with the local analytic
result. This agreement is recovered naturally, i.e. the RKM has no knowledge of the local analytic solution
before solving, but matches up with it in the appropriate limit. This then demonstrates the high accuracy of

the RKM.

In contrast to the isotropic component, the local result for the | = 1 component is small in the hot and
cold ends since the temperature gradient is small at those positions. At the hot end, the high Knudsen number
results are orders of magnitude larger than the local result across w due to advected parts of the solution from
the centre where the gradient is large. However, at larger w/vg 2 3.5, the high Knudsen number Nx = 0.1
result still has a reduced tail due to streaming suprathermal particles. At the centre, the local solution is not
small due to the local gradient, so the high Knudsen number solutions are not dramatically larger than it. At
higher Knudsen numbers, the tail is reduced due to nonlocal streaming. This manifests itself in the heat flux as

the reduced peak flux.

In the cold end, the tail of the DF is enhanced due to streaming particles. Even for the low Knudsen number
solution Ng = 0.001, the DF is enhanced far out in the tail due to nonlocal streaming, but far out enough
where the heat flux is not noticeably influenced. The local analytic solution, shown in black, breaks down in
the tail at w/vm ¢ 2 4. This local solution was computed using six Laguerre polynomials in the expansion. If

~

more were included, this solution would be valid for Nx < 1 further out in the tail.



4.2. Nonlocal Distribution Function 97
/=1 component of DF at hot end (z/L =-2.5) /=1 component of DF at peak (z/L =-0.5)
W/Vth, local W/Vin, local
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 0 1 2 3 4
1072 1 1 L L L L L 100 1 1 L L
T TTE~S
10—3 4 //, 10—1 d
N e .
MRS I / 10724
= 7t =
SN L < 3
m5 1073 — o001 ® 1073
2 —— 0.0125 o
w° !
1074 0025 107 5
| 0.05
1074 — o1 107° 5
----- Local analytic
10-8 . . . . . ; 10°°
100
=5 =
3o I
Qo CH
0+ 7 e R ; . T T 01 : T : T T T T
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

w/vo

(a) fél‘o) at hot end

w/vg

(b) fél’o) at centre

/=1 component of DF at cold end (z/L =1.5)

W/Vth, local
6

(c) fél’o) at cold end

Figure 4.3: First spherical harmonic component of DF across space. Due to the logarithmic scale, negative values are

shown as dashed lines.

4.2.3 First angular moment across space

Figure|4.4| shows the first angular moment fe(l) from the RKM and local analytic solution in (z,w) space for

the nonlocal N = 0.1 case, as well as the background electron Maxwellian. The local analytic solution, as

detailed in Appendix|C| has the form

5fe(1),loca1 x féMw .V In Te.

(4.4)
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Figure 4.4: First spherical harmonic component of DF in phase space for the N = 0.1 solution. Note that the symmetric
logarithmic colourmap has a linear section through zero. The Maxwellian distribution is shown on the bottom row of
subplots on the same spatial axes to show the structure of the bulk distribution. Nonlocal effects are clearly present on

the top row of subplots, with beam-like features extending well beyond the main gradient region around z = 0.

Away from the centre |z/L| < 1.5, the temperature gradient and therefore local analytic solution become
exponentially small. However, the nonlocal solution extends far into the hot end z/L < —1.5 on the hot
thermal velocity scale w/vgnot S 3. In the cold end |z/L| 2 1.5, the local solution is present on velocities
w/vy < 1 since the cold thermal velocity vy, co1d/vo =~ 0.32. However, the nonlocal solution contains a hot

beam-like structure on the scale of the hot thermal velocity that penetrates into the cold end.

4.2.4 Heat flux integrand
Figure [4.5shows the integrand of the z component of the heat flux

dge _ 1 5 £(1,0)
dw Qmew fe > (4.5)

again with an appropriate normalisation to the Knudsen number. This is essentially Figure [4.4 multiplied by

w®, but the now linear heatmap emphasises the magnitude of heat flux that different components of phase
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Figure 4.5: Integrand of heat flux in phase space. Note that the colourmap here is linear, so the brightness directly

relates to contribution to the integrand. Reproduced from [3]].

space contribute to. The hot beam in the cold end and suppression of the peak heat flux is clear.

4.2.5 Validity of linearising collision operator

The key assumption of the RKM is neglecting the nonlinear component of the collision operator, which is the

last term when expanding the collision operator
Ca,@{faa fﬁ} = Caﬁ{féwa fé‘/l} + Ca,@{fo]éw> 5fﬁ} + Caﬁ{dfaa fé\/l} + Caﬂ{éfcw 5fﬁ} (4-6)

where general species subscripts o and 3 are reintroduced to emphasise that 3 represents collisions of

species « against species 8. The basis of this assumption originates from the form of the Landau collision

operator, written in Rosenbluth form as

9 [ maOH{fs}

102 O0fa
Coplfa, fs} = Lap o | " ms oo 19°G1/5) Ofa (4.7)

2 8vi8vj ij ’

fo+
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Figure 4.6: A posteriori justification to the smallness of the nonlocal correction to the electron Rosenbluth potentials H
and G for the case of an isochoric unmagnetised plasma with a temperature gradient with Nx = 1/10. The smallness
of these ratios (< 1%) across phase space justifies neglecting the nonlinear component of the collision operator for

Nk < 1/10. Reproduced from [3].

dadp
£0Ma

where L,g = f( )2 In A3 and the Rosenbluth potentials are defined as

Hifa) = [ @ 000 Gl = [ ufiw) (@9

with 4 = |v — v’|. Focusing on the last two terms in the collision operator expansion, the test-particle and

nonlinear components, we have

Cap{0fas f3'} + Cap{0far0fs} = Cap{dfa, f5}. (4.9)

Neglecting the nonlinear component compared to the test-particle operator is then equivalent to approximating

the Rosenbluth potentials appearing in this operator as those sampled from a Maxwellian, i.e.

H{fs} mH{f5'}Y Glfs} =~ G{f3") (4.10)

This assumption is justified a posteriori by checking the ratios of the deviation of the Rosenbluth potentials
0Hpg = H{0fg} from their Maxwellian results ’Hg/[ =H{ fé‘/[ } (and identically for G) are small.
Figure [4.6| shows the deviation of the Rosenbluth potentials from their Maxwellian results for the unmag-

netised temperature gradient case with Nx = 0.1. The deviation of H is defined as

2041 —m m)
Ay = \HM\ ZZ z+m§ |oH ™), (4.11)



4.3. Convergence Studies 101

which is an upper bound for |64 /HM| < Ay over velocity angle space, and similarly for G. The maximum
deviations are AF™ ~ 1.4% and AF*™ =~ 0.6%, justifying the assumption of neglecting the nonlinear

component of the collision operator for Knudsen numbers Nx < 1/10.
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Figure 4.7: Maximum deviation of Rosenbluth potentials A} = max. ., (A4,g) across a wide range of Knudsen num-
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bers for the unmagnetised temperature step case and peak heat flux suppression A gmx = max. (|g; local |y,

/ maXZ(|qe

Figure |4.7| shows the maximum deviation of the Rosenbluth potentials AZ’% over a wide range of Knudsen
numbers for the unmagnetised temperature step case, as well as the reduction of the peak heat flow. The
deviations of the Rosenbluth potentials increase linearly with Knudsen number, with fits AT7™ ~ 0.14 Nk and
AG™ =~ 0.08N. The linearisation of the collision operator is robust where A7’ < 0.1, and therefore over

the semi-collisional regime N < 1.

4.3 Convergence Studies

In the RKM, there are various hyperparameters that must be chosen to ensure a good balance between accuracy
of the solution versus computational tractability. For example, the spatial and velocity resolutions, Az and
Aw, respectively. These are chosen by default at suitably low values (Az/lp = 0.1 and Aw /vy = 0.1) which,
given the author’s experience with the RKM code, provide good accuracy and convergence while remaining
tractable. There are two other hyperparameters of particular interest: the number of spherical harmonics /V;
kept in the expansion of the DF, and the number of iterations Njierations the RKM is run for to obtain a solution
with a self-consistent momentum exchange.

To measure convergence of the heat flux g, its integrated deviation across space is introduced as

1
op = —— [ dz |ge — ¢~ 4.12
q qo/\o/ |ge — q¢ (4.12)

where the reference heat flux ¢**" is chosen as the value with the most accurate value, i.e. with largest IV,
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(here N, lrEf‘ = T) or largest Niterations (here Nf{;&ations = 5). The quantity o is defined analogously to measure

convergence of the momentum exchange R..
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Figure 4.8: Convergence studies for a) number of spherical harmonics kept in DF expansion, and b) number of iterations

to obtain a self-consistent momentum exchange R.. The lower subplots show the convergence metric defined in Equation

£

Figure shows the convergence study over the number of spherical harmonics. With only N; = 2
harmonics, i.e. only including the [ = 0, 1 components, the nonlocal heat flux is not converged to the higher
order solutions and therefore not quite sufficient for describing nonlocal transport accurately. Using only
two harmonics N; = 2 is equivalent to closures such as SNB which expand the distribution function as
fe = fO 4+ ab - f,. The heat flux and thermal force then quickly converge with more spherical harmonics,
although even at N; = 3 there are regions z/L ~ —2, —0.5, +1 where the heat flux differs by ~ 1%. A subplot
of the thermal force is not included here since all NV; visually produce the same R, but its convergence is

better than the heat flux as shown by or < 04 on the bottom subplot.

Figure shows the convergence study over the number of iterations. A single iteration Niterations = 1
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uses the local expression for the thermal force R = — B)ne0; T, appearing in the DDF equation, and runs
the RKM solver to obtain § f, and nonlocal transport quantities including ¢, and R. An additional iteration
uses this previous nonlocal result for g. and R, as the terms appearing in the DDF equation to solve the RKM
again. The convergence study shows that even a single iteration where the RKM solver is only run once is

fairly accurate, and then converges very quickly even with only one additional iteration.
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Figure 4.9: Convergence studies over a) Aw and b) wy,ax. The top subplots show the heat flux obtained from the RKM in
the standard unmagnetised temperature gradient case, with solid lines showing nonlocal Nx = 0.1 cases and dashed
lines showing local Nx = 0.001 cases. The lower subplots show the convergence metric defined in Equation [4.12} with a
black dashed line indicating a ¢ = 1% threshold.

Figure shows the convergence study for the velocity resolution Aw/vg. Good convergence with
smaller velocity cell sizes Aw /vy < 0.1 is demonstrated. Figure shows the convergence study for the
maximum velocity Wmax /0. For wmay/vo < 3.5, convergence is poor since the tail of the heat flux integrand

is not included in the domain. For wmax/vo > 3.5, the heat flux then converges rapidly.

4.4 Isobaric versus Isochoric

The cases so far have all involved the same temperature profile with an isochoric (uniform) density n, = nyg.
In general, the density affects the collisionality and therefore transport. However, the unmagnetised local

analytic results for the conductive heat flux and thermal force,

. nedeT, A
qz = —fi”ﬂazTe, RZ = _BHneazTea (4.13)

Me

have simple density scalings. The factor of n. appearing in the heat flux is somewhat misleading; since the

collision times .. o 1/n, the heat flux ¢/ is independent of n.. The thermal force scales proportionally to
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Ne, s0 RY /n. is also independent of n.. In contrast, nonlocal transport is dependent on the collisionality, and
therefore density n,, in the local vicinity. Nonlocal results for ¢! and R are therefore expected to behave
differently in isobaric and isochoric cases.

Isobaric versus Isochoric
0.7

Nk =0.001 (dashed) ™ Conductive heat flux
0.6 { N = 0.1 (solid) FARY

X

—— Isobaric ne = no(To/Te) Thermal force
—— lIsochoric ne =ng
4o Local analytic

Figure 4.10: Nonlocal electron transport for an isobaric versus an isochoric profile. The thermal force is shown as R, /n.
rather than R, such that the local results match between the two cases since RST /Me = — B ||8ZT6. The local analytic

results (black dotted) match up extremely well with the local case (dashed lines), and is therefore hard to see.

Figure [4.10]compares the conductive heat flux and the thermal force for the isochoric case, as shown before,
against the isobaric case with the same temperature profile but density profile chosen as n. = n¢7y/T. such
that p. = po is constant. In the local limit, the two cases produce the same result and agree well with the local
Braginskii result, since the local results for ¢ and R! /n. are independent of .

In the nonlocal cases with Nx = 0.1, the isobaric and isochoric transport results differ. They match well
for z/L < —1 where the density of the isobaric cases matches the isochoric case. However, the isochoric heat
flux forms a preheating region in the cold end 0 < z/L < 1, whereas the isobaric heat flux does not. This is
expected since the higher density in the cold end of the isobaric case gives a higher collisionality, therefore
fast particles streaming from the hot end do not penetrate as far. The thermal force also forms a significant

‘preheat’ in the isochoric case but not in the isobaric case for the same reason.

4.5 Operator Comparison

Figure shows the [, m = 1,0 components of terms in the DDF equation for the nonlocal N = 0.1 case,

in particular the total electron collision operator Cél’o , Vlasov operator V¢ "’ containing the advection term
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Figure 4.11: Comparison of operators in cold end (z/L = 1.5) for [, m = 1, 0 for the nonlocal Nx = 0.1 case. Note that
the vertical scale in the top subplot is symmetrical logarithmic with a linear section through zero. There is a switch of
dominant balances in the equation in the tail of the distribution, switching from a balance of the driving term with the

collision term at lower velocities to the Vlasov advection term with the collision term at higher velocities.

(1,0|w - Vi fe), and driving term DS}’O). For low, cold velocities, the collision operator balances with the

driving term, with the Vlasov term subleading similarly to the local case where the Chapman-Enskog ordering
applies. At a particular velocity w /v jocal = 3.5, the dominant balance in the DDF equation swaps from the
collision term and driving term to the collision term and Vlasov term. This corresponds to the hot suprathermal

beam streaming from the hot end and slowing due to collision with the cold background.

The lower subplot shows the test-particle and field-particle components of the collision operator normalised
against the total collision operator. At low, cold velocities, both the test-particle and field-particle terms make
up order-unity fractions of the total collision operator, therefore are both required to obtain the correct solution
at low velocities and the local solution. Further into the tail w/vg 2 0.75, even before the swap of dominant
balances, the test-particle term quickly dominates the field-particle term. This shows that even though the local
solution and total heat flux require the field-particle term for a correct solution, the nonlocal tail behaviour is

only subject to field-particle collisions. If there is then a suitable way to adapt the RKM to only solve for the
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nonlocal tail behaviour, but keep the correct local solution at lower w, the complicated and computationally

expensive field-particle term may be dropped while keeping a first-principles description.

4.6 SNB Comparison
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Figure 4.12: Comparison of nonlocal electron conductive heat flux from the RKM, SNB method, and flux-limited

approaches for a uniform density n, = 102® m~3 with a sharp temperature gradient of length scale L = 5 pm.

The RKM heat flux may be compared to the heat flux as predicted by other nonlocal transport models,
namely the SNB approach and flux limiters. Figure shows a comparison of the nonlocal electron heat flux
from the RKM solver and SNB approach for simple hydrogen (Z = 1) and nitrogen (Z = 7) plasmas with a
uniform density and error-function temperature profile with L = 5 ym. For the chosen values that may be
encountered in ICF experiments n, = 102 m™3, Tipax = 1000 eV, Tin = 100 €V, and In A, = In A,; = 10,
the characteristic electron mean free path at the hottest temperature is Ay = 1.54 ym. The SNB implementation
used here, provided by Martin Reed from FLF, follows the implicit iSNB algorithm from Cao et al. [112]].

In addition to SNB, a flux-limited heat flux is included for comparison. The flux limiter takes the simple

harmonic-averaged form

(Brag.
g1 = (4.14)
1+ ’(JBrag-/(fo.s.)V
where ¢r) is the flux-limited heat flux, gpae. is the local Braginskii heat flux result, grs, = neTevy e is a

characteristic free-streaming heat flux, and f is the flux-limiter parameter. Here, a range of values 0.05 < f <
0.15 are chosen. The flux-limited heat flux fails to capture enhanced heating in the colder region in comparison
to the SNB and RKM approaches.

The heat flow obtained from SNB and RKM are qualitatively similar, with reduced peak heat flow and
preheat in both the hot and cold ends of the plasma present. In the hydrogen case, the two results are

quantitatively very similar, although SNB appears to overpredict heat flow in the cold end, and underpredict
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heat flow in the hot end in comparison to RKM. In contrast, the two heat flows are significantly different in

the nitrogen case, with substantially different peak heat flows and preheats.

4.7 Solving for Nonlocal Deviation

The DDF equation may be written as
D= (CT+CF -V - B)df, (4.15)

where test-particle and field-particle operators are written separately and species subscripts are dropped for
brevity. The local leading-order Chapman-Enskog solution for the DDF is obtained by solving Equation to

leading order in Knudsen number, which then becomes
DO = (CT + CF — B)§flocal, (4.16)

If the DDF is decomposed via 6 f = §f1° + g, then the equation for the nonlocal correction g is obtained by
subtracting Equation from Equation to yield

D' = (CT+CF -V - B)g, (4.17)

where the new inhomogeneous driving term D’ = D — D(©) 4 V§ flocal V7§ flocal Equationappears to
be just as complex as the original DDF equation, only with a different inhomogeneous term on the left hand
side. However, there is additional computational benefit to this decomposition. The test-particle collision
operator is a differential operator in velocity space, whereas the field-particle operator is an integral operator
in velocity space. When discretising, the test-particle operator is then sparse in the velocity index, only linking
nearest neighbours j & 1, whereas the field-particle operator is dense in the velocity index, linking all j for
given spatial position ¢ and harmonic [, m. The RKM is still tractable with the field-particle operator included,
but would be more computationally efficient without it. Discarding the field-particle operator from the DDF
equation is unjustified in a first-principles description, and doing so means that the local limit is no longer
reproduced. However, when solving for the nonlocal correction g, dropping the field-particle operator may be
justified since the field-particle operator is only significant in the bulk of the distribution, whereas nonlocal

effects are most significant in the tail. Discarding CF g leaves

A~ A~

D'~ (CT -V - B)y, (4.18)

which naturally reproduces the local limit since g will be subleading to § f1°°®! for velocities relevant to transport
for sufficiently small Nx < 1/100.

Figure compares the approaches of solving for  f and g with and without the field-particle operator
included. When solving for ¢ f, discarding the field-particle operator yields an incorrect result for the local
and nonlocal heat flow. The local result has a conductivity reduced by ~ 10%, and the peak nonlocal heat flow

is also reduced, but the preheat predictions of the nonlocal heat flow still matches well with the full result,
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Figure 4.13: Comparison of unmagnetised nonlocal conductive heat flux for RKM solving for g = f — fM
versus 6 f = f — f™ with and without the field-particle operator included for Nx = 0.001 (dashed lines) and Nx = 0.1
(dotted lines). The g-approach still reproduces the correct local and nonlocal result even when the field-particle collision

operator is discarded and the asymptotic forms of the collision frequencies for £ >> 1 are used. Reproduced from [3]]

suggesting that nonlocal heat flow is governed by test-particle collisions. When solving for g, the local limit is

naturally reproduced. The nonlocal heat flow obtained from g is practically unchanged when the field-particle

operator is discarded, leaving an even more tractable first-principles approach

Furthermore, since the nonlocal deviation g is largest in the tail of the distribution where £ = w/vy, . = 1,

we may use the asymptotic limits for the velocity-dependent collision frequencies appearing in the test-particle
operator. This leaves the operator in the simpler form
A 1+ 7,
CTg ~ Dee(x) | — = L, + 8<1+ 8)]9
“ 263 M TR gt
The resulting nonlocal heat flux from this approximation with the leading order £ > 1 asymptotic expansions

for vp, vy, and v is also shown in Figure [4.13] which is still in very good agreement with the original result

Equation [4.18| with these asymptotic forms for the collision frequencies is then an especially simple form of

(4.19)

the first-principles RKM which could be tractable in multiple spatial dimensions. It has been verified that
dropping any of the test-particle terms originating from vp, vs, or v strongly disturbs the nonlocal solution

even if only done for [ = 0 or [ > 1 terms. The test-particle operator may therefore not be simplified further
by dropping such terms.

4.8 Cylindrical and Spherical Geometries

To compare the effect of these three different geometries on nonlocal heat flux, a simple isobaric hydrogen

plasma is considered with a temperature profile

T(s) = Too + (To — Tio) exp(—(s/L)?), (4.20)
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where s is the single spatial coordinate for the corresponding geometry (s = z for planar, s = r for spherical,
and s = p for cylindrical). For spherical and cylindrical coordinates, s > 0 with an appropriate boundary
condition at s = 0. For the planar geometry, the spatial coordinate —oco < s < oo, which gives an
appropriate comparison to the other two geometries given the symmetry around s = 0. A hotspot-like profile

with Ty /T = 10 and coldspot-like profile with Tj) /T, = 1/10 are considered.
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Figure 4.14: Comparison of nonlocal electron conductive heat flux for an isobaric (a) hotspot and (b) coldspot in planar,

cylindrical, and spherical geometries. Differences in the nonlocal heat flow are clearly present due to the geometry itself.

Figure shows the nonlocal electron conductive heat flux in a planar, cylindrical, and spherical spatial
geometry for the (a) hotspot and (b) coldspot cases. Let us introduce the ‘divergence factor’ D that appears in
the volume element dV o< s”ds, so D = 0, 1, 2 for planar, cylindrical, and spherical geometries, respectively.
For larger D, the volume element increases for larger |s|. For the hotspot case the nonlocal heat flux is
further suppressed for increasing D. Suprathermal particles stream radially outwards from the hotspot near
the origin to larger s, providing the nonlocal contribution to the heat flux. For larger divergence factor, these
hot particles diverge in space more as they stream to larger s, leading to a smaller heat flux. In contrast for the
coldspot case the suprathermal particles are streaming from larger s towards the origin and converge in
the cold end, leading to a larger heat flux and enhanced preheat.

This chapter has provided an initial demonstration of the RKM in the simplest case. The next chapter

considers the additional complications of magnetic fields and current-driven transport.



CHAPTER 5

Nonlocal Electron Transport Results

This chapter presents results for nonlocal electron transport with magnetic fields and current-driven heat flow.
A particularly novel finding is included, in particular that nonlocality of current-driven transport is governed
not only by the Knudsen number N, but also a second dimensionless parameter NV, associated with the

strength of the flow.

5.1 Thermally-Driven Terms

To investigate nonlocality of the conductive electron heat flux ¢! and thermal force R, a temperature gradient

of the form

2 2

Tiete + Ty Tiere — Ty
_ left ght left ght orf (z) 7 (5.1)

Te(z)

is considered again with Tjeq/Tiighe = 10 for a variety of Knudsen numbers Nxg = Ao/L, where \g =
Ath,e (2 = —00) is the thermal MFP at the hot end. An unmagnetised case is considered, then a magnetised
case with a uniform magnetic field B = By&, parametrised by the electron Hall parameter at the hot end
X0 = Xe(z — —00).

Figure shows the conductive heat flux for a small and large Knudsen number (Nx = 0.001, 0.1
respectively) in an unmagnetised and moderately magnetised case (xo = 0, 0.5 respectively). The local
analytic result for each component of the conductive heat flux qz(”7 1, x) are naturally recovered for small
Knudsen number Nx = 0.001, i.e. the RKM solver has no prior information about the local analytic results,
but reproduces them nonetheless for sufficiently small Knudsen number. This is in contrast with many other
nonlocal closures which reproduce local transport results by construction of the method.

For high Knudsen number Nx = 0.1, the peak heat flux of each component is reduced for increasing
Knudsen number, and a preheat develops in the cold end 0 < z/L < 1.5 as expected from physical arguments
and VFP simulations. For even moderately large Hall parameter xo 2 10, the magnetic field counteracts

nonlocal effects, restoring transport fluxes back to their local analytic results. This is expected physically, since
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Figure 5.1: Temperature-gradient-driven heat fluxes for an unmagnetised case and moderately magnetised (yo = 0.5)
case in a simple hydrogen plasma, appropriately normalised against Knudsen number and a characteristic heat flux
qo = noTyvy, where ng, Ty, and vy are the electron number density, temperature, and thermal velocity at the hot
end z — —oo0, respectively. Local unmagnetised (parallel) results are shown in dotted black lines. The parallel results
correspond to the unmagnetised xo = 0 case. The normalised profiles of temperature, number density, and Hall parameter

are shown. The local unmagnetised results in the z direction are shown in black. Reproduced from [3].

at Hall parameter yo 2 1 the gyroradius of electrons in the thermal population becomes comparable to or

smaller than their mean free paths, restricting their nonlocal streaming,.

The Righi-Leduc heat flux qu7X becomes comparable to the other components of the conductive heat
flux at intermediate Hall parameter yg ~ 1. At xo < 1 and high Knudsen number, the Righi-Leduc heat
flux is strongly affected by nonlocal effects as has been noted from previous VFP simulations [113]]. The
Righi-Leduc heat flow reduces thermalisation of cold spikes in ICF implosions, therefore has a detrimental

impact to the hotspot temperature and fusion yield [68]]. Nonlocal suppression of Righi-Leduc heat flow may

then be beneficial for yield.

. T .
Figure [5.2[shows the thermal force components R e(Il,.L,x) for the same cases as Figure The thermal
force is less impacted by nonlocal effects than the heat flux since it is a lower velocity moment, therefore
less sensitive to streaming suprathermal particles. Similarly to the Righi-Leduc heat flow, the Nernst force is

significantly more nonlocal compared to its perpendicular counterpart. In ICF implosions, the Nernst effect,
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Figure 5.2: Temperature-gradient-driven momentum exchange (thermal force) for an unmagnetised case and moderately
magnetised (xo = 0.5) case in a simple hydrogen plasma, appropriately normalised against Knudsen number and a
characteristic momentum exchange Ry = ngmevoly, where ng, Tp, vo, Do are the electron number density, temperature,
thermal velocity, and basic collision frequency at the hot end z — —o0, respectively. Local unmagnetised (parallel)
results are shown in dotted black lines. The parallel results correspond to the unmagnetised xo = 0 case. The normalised
profiles of temperature, number density, and Hall parameter are shown. The local unmagnetised results in the z direction

are shown in black. Reproduced from [3]].

originating from R, advects the magnetic field out of the hotspot, therefore demagnetizing thermal transport
and having a deleterious impact on maximum temperature and yield.

Under the standard MHD approximations of neglecting electron inertia and displacement current, the

1 L1 .
— %Re + ..., which in turn combines

with Faraday’s law to form the induction equation 0;B = V x (iRe + ...). Setting B = 0 (and therefore

thermal force and friction force enter the generalised Ohm’s law as E =

3 = 0) to focus on the terms responsible for spontaneously generating magnetic fields, the induction equation

becomes (0;B)|p=p = V x (iRT

e’”

)+ éVT6 x V Inne. The latter term is the Biermann battery, typically
viewed as the only MHD term that may spontaneously generate magnetic fields in collisional plasmas. Using
the local result for the unmagnetised thermal force, the thermal force term vanishes since V' x (% BH VT.)=0
by vector identity for uniform Z. However, the unmagnetised thermal force deviates from this curl-free
form due to nonlocal effects, thus this term will not vanish and may spontaneously generate magnetic fields.

Nonlocal mechanisms for spontaneous field production have been studied by full VFP simulations and other
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approaches [114, [115]. This mechanism arises due to electron-ion collisions, indicating that it is related to the
generalised Nernst velocity [116] rather than a nonlocal extension of the Biermann term. One can construct a
reasonable scenario with aligned temperature and density gradients such that the Biermann term is zero yet
the temperature gradient is sharp enough to give a nonlocal thermal force and therefore spontaneous field
production without the Biermann battery. This cannot be fully studied in 1D since there must be variation in a

second spatial direction, therefore is not investigated further here.

5.2 Current-Driven Terms

To investigate nonlocality of current-driven transport, we consider an isothermal isochoric simple plasma

with a flow in the y direction of the form

Au = ug exp(—(z/L)*)g, (5.2)
with a uniform magnetic field in the —x direction B = —By& and no ion flow u; = 0. The dimensionless
number N = |ug|/vm . describes the maximum speed of the flow relative to the electron thermal speed,

which here is taken as NB = 10~* < 1. The Knudsen number Nx = Ath,e/ L here defines the width of the
flow profile rather than the temperature profile.

The local and nonlocal current-driven heat fluxes (Peltier and Ettingshausen) and forces (friction and cross
friction) are shown in Figures(5.3|and , respectively. The Peltier heat flux q; (L) and Ettingshausen heat
flux g¢ , are nonlocal for Hall parameters xo < 1. Similarly to the nonlocal conductive heat flux, the peak
heat flux is inhibited, and the heat flux is enhanced away from the peak current. The friction and cross friction
are less sensitive to nonlocal effects than the heat fluxes since they are lower velocity moments, but still
experience qualitatively similar deviations. Also similarly to the thermally-driven fluxes, the cross components
for moderate magnetisations are much more influenced by nonlocal behaviour than their perpendicular

counterparts.

5.3 Impact of Fast Flows on Current-Driven Transport

Although considered in a few works, nonlocal modifications to g have been attributed to the same spatial
scales based on the Knudsen number [117, [118]]. Since these works relied on simplified rather than first-
principles approaches with this assumption essentially built-in, a novel driver of the nonlocal behaviour, the
electron flow itself, has been missed.

In this section, we demonstrate that the dimensionless number N,, = |Au|/vy . plays a role to g¥
analogous to that N plays for q. Although one might expect that the standard local calculation is valid
with IV,, < 1, a much more restrictive condition is found to be required. Both an intuitive explanation of the
underlying transport physics and first-principles kinetic calculations are presented. A similar but smaller effect

is also found on the electron-ion friction R . Deviations from standard results due to this effect are increasingly
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Figure 5.3: Current-driven heat fluxes in a local and nonlocal case for an unmagnetised and moderately magnetised
isothermal isochoric simple hydrogen plasma for N2 = 10~ < 1. The heat fluxes are appropriately normalised against
NS and a characteristic heat flux gy = ngTyvy, where ng, Ty, and vy are the electron number density, temperature, and

thermal velocity of the uniform plasma. Reproduced from [3]].

prevalent at higher effective ionisations Z* = (Z?2)/(Z) since the relative importance of electron-ion collisions

over electron-electron collisions is increased.

Local heat conduction in a collisional magnetised plasma is widely understood, originating from the
random motion of electrons that diffuses heat due to a temperature gradient. Analysis of small-angle binary
Coulomb collisions shows that the collision frequency of a test electron against an ion background is inversely
proportional to the cube of its speed in the frame comoving with the ion population, i.e., ve; o< 1/|v — u;|3.
This fact has the consequence that relative flows, or currents, also drive heat flux as electrons moving in the
same direction as the relative drift (w - Au > 0, where w = v — wu, is the electron peculiar velocity) are
less collisional on average against ions than electrons moving against the relative drift (w - Au < 0). The
heat carried by these two sides of the electron population then does not cancel and there is a net heat flux
in the direction of the relative flow g¢ oc Au. Currents necessitate the inclusion of magnetic fields which
cause electrons to undergo gyro-orbits around the magnetic field lines, suppressing heat transport in the
direction perpendicular to the field. However, the gyro-orbits also generate particle motion in the direction

perpendicular to both the magnetic field and temperature gradient or relative flow, therefore an additional
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Figure 5.4: Current-driven forces, i.e., friction, in a local and nonlocal case for an unmagnetised and moderately
magnetised isothermal isochoric simple hydrogen plasma for N0 = 10~% < 1. The forces are appropriately normalised
against NS and a characteristic momentum exchange Ry = nom.voly, where ng, Ty, vo, Iy are the electron number

density, temperature, thermal velocity, and basic collision frequency of the uniform plasma. Reproduced from [3].

‘cross’ component to each of the above transport fluxes is gained in this direction.

The above picture allows a qualitative explanation as to why local current-driven heat flux results [15,
86} [87,[119] break down even for relatively weak electron flows. A nonvanishing net electron flow implies a
nonzero electric field set by the bulk electron distribution. This flow being much slower than vy,  is equivalent
to the electric field being much less than the Dreicer field [78]. While this ensures the bulk distribution is not in
a disruptive runaway scenario, the dynamic friction experienced by suprathermal electrons is lower due to the
aforementioned collision frequency scaling. Dynamic friction can then be insufficient to prevent the electric
field from driving suprathermal electrons farther away from thermodynamic equilibrium than can be captured
by a local transport theory. Since this mechanism accelerates electrons in the direction of the relative flow
Aw, nonlocal behaviour is expected to vary for the different magnetised components of current-driven heat
flow in the parallel, perpendicular, and cross directions. We now proceed to the quantitative first-principles

description of these nonlocal effects.

To investigate the impact of fast flows on current-driven transport, the same setup as Section|[5.2] but with
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different values of N. We may write the electron DDF equation explicitly as

M w? 5 2 1, M
fe R./p. + - — 5 VinT, -w+2—Vu€: ww — -wl )| — C{f"}
Yth,e 2 Uth,e 3 (53)
> A € Re B Vpe
:C’eeéfe—l—C’eiéfe—i—E(wxB)-Vw(Sfe— w- -V — w-Vue—i—pi - Va6 fe.

Nonlocal deviations conventionally arise from the w - V§ f. term in Equation [5.3} which affects transport

when
4
w- Vo w
|Ce5f6| Uth,e
is comparable to or greater than unity for particles w /vy, < 4 that contribute to transport quantities, so

where N 2 1/100. However, the force term R, - V,,d f. may also cause deviations in ¢ f, and therefore

transport from standard results. Ignoring spatial gradients, this term should affect transport where

LR . Vif. 3
I . f|~<w>Nu (5.5)
]Ceéfe| Uth,e

is comparable to or greater than unity for relevant particle velocities, so where V,, 2 1/100. If all spatial
gradient terms are neglected but the force term is included, solutions to 0 f. cannot satisfy d f.(w — o0) = 0
since there always exists a sufficiently large velocity in the tail where electrons become prone to runaway,
leading to a divergent solution. However, these runaway electrons in the w, direction can be depleted by
spatial advection in the z direction acting as a sink at large w. For sufficiently large length scales in the 2
direction, this spatial advection can operate at sufficiently high w beyond the velocity space that contributes to
the integrand of the heat flux w < 4vy, . such that the heat flux is not affected by spatial advection, so remains
local. Sufficiently large flows can then cause deviations from traditional local transport calculations due to the
force term which rely on spatial advection to be convergent, but yield transport fluxes which are dependent
on z only through the local flow Aw, i.e., q¥ = q¥(Awu(x)) and similarly for R}, therefore are ‘quasilocal’.
Analogously to the Knudsen number N characterising the impact of nonlocal effects due to spatial advection
from the w - V operator, the number N, characterises the impact of quasilocal effects due to velocity-space
advection from the R - V, operator. For higher Z*, the friction force against ions increases relative to the
energy-scattering components of the collision operator, which come only from electron-electron collisions
since m; > me. The quasilocal effect should then be more prevalent in higher Z* plasmas.

Figure |5.5| demonstrates the impact of fast flows on the Ettingshausen heat flux for Z* = 20. Typical
qualitative nonlocal behaviour is exhibited for low NU. For larger N, the heat flux is noticeably modified due
to the quasilocal effect arising from the R - V4,6 f, term in the kinetic equation. For small Knudsen number
Ng = 1074, the heat flux is enhanced at large N,,, but remains spatially local. For larger Knudsen number,
conventional nonlocal effects make the heat flux profile nonlocal in space, reducing and shifting the peak heat
flux to z < 0, and developing significant preheats in regions of small N,,. This shift is in the direction of the
flux, or can be interpreted as the direction of the ¥ x B drift due to the effective electric field. The friction

and cross-friction are not shown here since they have very small < 5% deviations from local results.
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Figure 5.5: Ettingshausen heat flux in a magnetised isothermal isochoric simple plasma with effective ionisation Z* = 20
with the same shape of flow profile as in Figure[5.3] A uniform magnetic field in the —z direction is chosen B = — By
with a field strength that results in a Hall parameter xy = 1. Different subplots correspond to different peak flows
N2 =0.0001, 0.025, 0.05 which have a noticeable impact on the Ettingshausen heat flux. Reproduced from [2].

Figure 5.6/ emphasises the quasilocal effect by plotting the ratio against the local result as a function of
Ny = |Aw /vy e|. The red line for small Knudsen number Ny = 10~* is one-to-one and returns to a ratio
of unity as N,, — 0. This indicates that the Ettingshausen heat flux is still local, i.e., ¢¢ ,, = ¢¢'  (u(2)), but
deviates away from the standard analytic result at large N,, ~ 0.01 — 0.05 due to the quasilocal effect. The
blue and green lines for larger Knudsen numbers form loops, indicating that the heat flux is nonlocal, i.e., g¢'
may not be expressed as a function of the local u. The plus and cross markers indicate two spatial positions
with the same flow. For the nonlocal case, these positions have very different heat fluxes. For the Nx = 1074
case, the two markers overlap on the red curve, indicating that these two spatial positions still have the same
heat flux. The red curve is then not specific to this exact profile, but universal for profiles with sufficiently
small Knudsen number for the given ionisation and Hall parameter. Different flow profiles with N0 = 0.05

have been verified to reproduce the same red curve for sufficiently small Knudsen number.

Figure [5.7| demonstrates the impact of the quasilocal effect on the integrands of the heat flux in the y and z
directions. For high N,,, the integrand at low velocities w/vg, . S 2 experiences only small deviations due to

< 5, the

~

the R} - V4,0 f. term since the bulk is highly collisional. In the less-collisional region 2 < w /v ¢
heat flux integrand for high NV, is greatly enhanced from the local result due to electrons starting to become
runaway. Electrons that do become runaway are then accelerated to larger velocities w/vy . 2 5 where
they may be depleted to other regions in physical space by spatial advection, even for very small Knudsen
number. This spatial advection occurs in regions of velocity space that do not contribute significantly to the
heat flux integrand, thus leaving the heat flux local. Even larger IV, larger Z*, or smaller x may then result in
divergent integrands, which is indicative of being so far from LTE that fluid models with quasistatic transport

closures are not applicable and a full kinetic description is required, such as full VFP [44} [102] or particle-in-cell
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Figure 5.6: Ratio of Ettingshausen heat flux to the local analytic result for peak flow N° = 0.05, Hall parameter x = 1,
and ionisation Z* = 20, plotted as a function of N, rather than z/L to emphasise the quasilocal effect. A wide variety
of Knudsen numbers are chosen to illustrate the transition between the nonlocal and quasilocal regimes. Nonlocal heat
fluxes appear as loops on these plots since they are not functions of the local flow. For small Knudsen number, the heat
flux tends towards a one-to-one line, showing that the heat flux is local in the sense that g¥(z) only depends on the local
Awu(z). Plus and cross markers are added to indicate how different spatial positions with the same flow NV, yield the
same heat flow for small Knudsen number, but different heat flow for larger Knudsen number. Larger Hall parameter
suppresses both nonlocal and quasilocal deviations, driving these curves closer to the black dashed line. Reproduced

from [2].

simulations [[13} 120} [121]]. Nonlocal transport modelling is further complicated for non-ideal plasmas, where
non-binary collisions and quantum degeneracy of electrons can no longer be ignored, and computationally

intense methods such as molecular dynamics simulations need to be employed [122]].

5.4 Strongly Magnetised Nonlocal Transport

For large Hall parameters . 2 10, the plasma is sufficiently strongly magnetised that transport is local even
for Knudsen numbers Nx ~ 0.1. Here, the Larmor radius p7, = vy, ¢ /wc e becomes shorter than the gradient
lengthscale L, and therefore becomes the limiting factor for nonlocal behaviour. However, such a strongly
magnetised regime then increases the maximum Knudsen number for which the fluid model is justified. Figure
shows the thermally driven and current-driven cases above in a strongly magnetised plasma. Only the

cross terms are shown, since these are the dominant transport terms for high magnetisation, assuming the
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Figure 5.7: Peltier and Ettingshausen heat flux integrands for various flows NV, with ionisation Z* = 20, Hall parameter
X = 1, and very small Knudsen number Ny << 1. For small N,, = 10~%, the heat flux integrands match up extremely
well with the local analytic result. For larger NV,, ~ 0.025 — 0.05, higher energy electrons w /v, . 2, 2.5 are accelerated,
shifting the integrand to larger velocity and enhancing the heat fluxes corresponding to the integrated area beneath the
curves. The Ettingshausen integrands are more weighted to higher w than the Peltier integrands, i.e., the Ettingshausen
heat flow is carried preferentially by faster particles than the Peltier heat flow, explaining why the Ettingshausen heat

flow is more impacted by large IV,,. Reproduced from [2].
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Figure 5.8: Righi-Leduc heat flow, Nernst force, and Ettingshausen heat flow in a strongly magnetised simple hydrogen
plasma. The heat flows are appropriately normalised against Knudsen number Nx or flow parameter NO and a
characteristic heat flux ¢y = ny7Tyvg, where ng, Ty, and vy are the electron number density, temperature, and thermal
velocity at the hot end z — —o0, respectively. The Nernst force is appropriately normalised against Knudsen number
and a characteristic momentum exchange Ry = ngmevoly, where 0y is the basic collision frequency at the hot end

z — —o0. Reproduced from [3].

thermodynamic drive (VT¢ or Aw) is perpendicular to the magnetic field. For the already large Knudsen
number N = 0.1, the strong magnetic field completely suppresses nonlocal behaviour, forcing the fluxes

back to their local results. The strong magnetic field then allows for a higher Knudsen number where a fluid
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description is valid, so here a Knudsen number N = 2 is shown, where the gradient is sufficiently sharp that

nonlocal effects emerge again.

5.5 Nonlocal Distribution Function
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Figure 5.9: [ = 1 modes of the DDF in the unmagnetised and magnetised (x = 0.5) cases, similarly to Figure@of the
previous chapter. Note that the symmetric logarithmic colourmap has a linear section through zero. The Maxwellian
distribution is shown on the bottom row of subplots on the same spatial axes to show the structure of the bulk distribution.
Nonlocal effects are clearly present on the top row of subplots, with beam-like features extending well beyond the main

gradient region around z = 0.

Figure[5.9 shows the | = 1 modes of the DDF similarly to[4.4] but with the magnetised case included. In
the magnetised case, the m = 1 component is nontrivial and therefore included. Here, we see clearly that the
magnetic field with order-unity Hall parameter dramatically suppresses the nonlocal behaviour of the m = 0
component of the distribution function itself. The beam-like features in the unmagnetised case are significantly
reduced with the magnetic field included. The m = 1 component, responsible for the Righi-Leduc heat flow, is
slightly weighted to higher w in the local case, and therefore is more subject to nonlocal behaviour.

Nonlocal transport quantities may be evaluated directly by taking appropriate w moments of & fe(l’m) (z,w),
but the entire distribution function 0 f.(z, w, 9, ¢) may also be reconstructed from the RKM. Figure shows

the distribution function f.(z,w, ¥, ) in the cold end (z/L = 0.5) in the nonlocal magnetised temperature
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Figure 5.10: Electron distribution function in the cold end (z/L = 0.5) for the Ny = 0.1 magnetised (xo = 0.5)
isochoric temperature step case above. A circle at w = 3vy,(z/L = 0.5) is shown to indicate the radial velocity scale.
The sharp edges present in the rear of the local analytic solution are where the distribution is negative, and therefore

unphysical. Reproduced from [3].

gradient case in section[5.1|above. Although towards the cold end (T,.(z/L = 0.5) ~ 0.3 Tj,o), this chosen
spatial position still has a notable temperature gradient and Hall parameter (x(z/L = 0.5) ~ 0.1) so anisotropy
in the local solution is still visible. In the v, v, plane, containing the temperature gradient and magnetic field,
the local solution is anisotropic in the 42 || — VT, direction. In the v,v, plane, there is a deflection of this
anisotropy in the +g || B x VT, direction due to the magnetic field. Sufficiently far out in the tail at the rear
of the distribution (w/vy, 2 3, ¥ 2 37/4, where ¥ = 0 is along vy = 0, v, > 0), the local solution is negative,
emphasising the limit of its validity. The tail of the nonlocal distribution is enhanced beyond w/vy, 2 3
due to near-collisionless suprathermal particles streaming from the hot end. Due to the magnetic field, this
suprathermal tail is deviated in the +g || B x VT, direction. The nonlocal solution corrects the unphysical

negativeness of the distribution function in the rear of the tail present in the local analytic solution.

5.6 Heat Flux Integrands

To better understand nonlocal and magnetised effects on the conductive heat flow, we may examine the
behaviour of the heat flux integrand. Figure shows the components of the electron conductive heat flux
integrand oc w5 S} . for the unmagnetised and magnetised temperature gradient cases presented above. In

the unmagnetised case, nonlocal effects distort the heat flux integrand at higher velocities w where MFPs are
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Figure 5.11: Integrand of conductive heat flux components for the unmagnetised and magnetised temperature gradient
cases with Vg = 0.1 obtained from the RKM and local analytic result. The bottom row of subplots shows the heat flux

along the same spatial axes, i.e. is the integrated results of the integrands shown above. Reproduced from [3]].

longer, smearing the integrand across the spatial domain. In contrast to the local analytic solution, a beam-like
feature penetrating into the cold end for w 2 2vj is present, giving rise to the preheat seen in the nonlocal
heat flow in the lowest subplot. Similar enhancement is also seen in the hot end, where nonlocal effects allow
for suprathermal particles to stream across the gradient.

The magnetic field suppresses this nonlocal behaviour at larger w, largely inhibiting the beam features
and preheat seen in the cold end. Nonlocal distortions on the integrand and heat flux are still present, but less
than the unmagnetised case. The magnetic field then adds a nontrivial component in the cross x direction,
giving rise to the Righi-Leduc heat flow. The local Righi-Leduc integrand is more weighted towards higher w

than the parallel and perpendicular conductive components, therefore nonlocal effects then have a greater
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effect on the Righi-Leduc heat flow than the perpendicular component.

5.7 Collision Operator Verification

In Section of the previous chapter, the linearised Fokker-Planck operator was demonstrated to be valid in
the unmagnetised semi-collisional regime. Here, this verification is extended to the magnetised regime of the

same temperature-gradient case.
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Figure 5.12: Maximum deviation of Rosenbluth potentials A%} = max. ., (Ay;,g) across a wide range of Knudsen
numbers for the temperature step case and peak heat flux suppression Agmx = max, (|¢2°"°!|) / max. (]¢°!|). The
black, light blue, and dark blue markers show the unmagnetised, moderately magnetised (xo = 0.5), and strongly
magnetised (yo = 10) cases, respectively. The smallness of these ratios A < 0.1 for Ng < 1 justifies the linearisation of

the collision operator in this moderately nonlocal regime. Reproduced from [3].

Figure shows the maximum deviation of the Rosenbluth potentials AJ’% over a wide range of Knudsen
numbers, similarly to Figure[4.7|but including the moderately magnetised and strongly magnetised temperature-
gradient cases. The deviations of the Rosenbluth potentials increase linearly with Knudsen number as before.
The linear Fokker-Planck collision operator is valid where AZ7% < 0.1, and therefore holds up to the semi-
collisional regime Nx < 1 as before in unmagnetised and moderately magnetised cases 0 < x < 1. For the
strongly magnetised case, the deviations of the Rosenbluth potentials are further reduced by the magnetic

field, increasing the upper bound of valid Knudsen numbers.



CHAPTER 6

Nonlocal Ion Transport Results

Nonlocal transport is usually investigated in the context of electron heat conduction [5] [6, 102, [123]. Heat flow
is expected to be the most sensitive transport quantity to nonlocal effects since it is carried by higher energy
particles, and electrons are far more effective at transporting heat than the much heavier ions. However, there
are various scenarios in which the ion heat flux may become comparable to or dominate the electron heat flux.

Taking the ratio of the local ion and electron conductive heat fluxes yields

af] AL (m>1/2<ﬂ>7/21 IV InTj| 6.1
laf| AL\ T.) Z3|VT.|

with the ion and electron dimensionless conductivity coefficients dependent on their respective Hall parameters.
Ion heat flow is significant in comparison to electron heat flow when this ratio is comparable to or exceeds
unity. For large electron Hall parameter x. > 1, magnetic fields suppress electron heat flow by a factor of
kG ~ xo? or S ~ xg ', which can allow ion heat flux to dominate electron heat flux. In addition, the strong

7/2

dependence on the temperature ratio (7;/7.)"/* means even moderately large temperature ratios can also

cause ion heat transport to become comparable to electron transport, even in the unmagnetised case. Finally,
ion temperature gradients may be significantly sharper than electron temperature gradients, for example in
the structure of a collisional shock, where the last term again may cause the ion heat flow to dominate electron
heat flow. We may similarly take the ratio of the viscous stress tensors, which shows that the ion viscous

effects typically dominate in low-Z plasmas.

6.1 RKM for Single Species Ions

The RKM may be reformulated for a single ion species in a simple plasma with VFP equation
Ze
Orfi +v-Vafi+ E(E +v x B) - Vyf; = Ci; + Ce, (6.2)
(2
with a similar derivation leading to the equation for the ion DDF

D; = (C; —V; - B;)d i, (6.3)
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and its projection onto the spherical harmonic basis

)

where terms are defined in Chapter 3]

6.2 Magnetised Viscous Stress

Viscous stress describes the flux of momentum due to gradients in flow. Unlike heat flux, where electron heat
flux dominates ion heat flux unless electrons are magnetised or there is a significant temperature separation,
ion viscous stress already dominates electron viscous stress. To the author’s knowledge, no full VFP studies or
closures studying nonlocal viscous stress exist in previous literature, even without a first-principles approach

or in the absence of magnetic fields. The RKM naturally includes viscous stress by integrating over the DDF
3 L 9
II, = | &’wm;| ww — gw I)éfs, (6.5)

where components are determined by w moments of suitable combinations of [ = 2 modes specified in Section
332

There are many novel features of nonlocal viscous stress from initial studies with the RKM. Firstly, there are
two dimensionless numbers that impact the nonlocal behaviour of the viscous stress: the Mach number M ~
|u;| /v ; which governs the characteristic speed of the flow, and the Knudsen number Nx ~ A, ii|V In(Ju;|)
which governs the length scale over which the flow profile varies. When N < 1 and M < O(1), the viscous
stress is local. However, when Nx 2 1/10, the viscous stress becomes nonlocal, and in this regime the Mach
number M ~ (1) has further nonlocal effects on the stress through the V; f; term. This work takes a fixed
M ~ O(1). Similarly to ion heat flux, ion-electron collisions also impact the local ion viscosity. Here we
consider a simple hydrogen plasma with equal temperatures 7; /7, = 1.

There are two types of flows that generate stress: compressive flows where the flow varies in the same
direction as the flow u; || V such as u; = u,(z)Z2, and shear flows where the flow varies in a direction
perpendicular to the flow uw; L V such as u; = u,(z)g. For this work, we present results for a shear flow with
a uniform magnetic field B = — By&. Figure [6.1|shows the viscous stress components II,. and II., generated

by a shear flow
1 N
ui(z) = —3t erf(z/L)g, (6.6)

in an isothermal isochoric simple hydrogen plasma. Similarly to results for vectorial transport quantities, the
RKM accurately reproduces local analytic results for the viscous stress components for small Knudsen number.
For large Knudsen number Nx = 0.25, the unmagnetised parallel stress II, . is significantly modified by
nonlocal effects with qualitatively similar behaviour as other transport quantities; the peak flux is inhibited, and
a ‘preheat’ is developed, where the flux away from the main gradient is enhanced due to streaming suprathermal

particles. In the magnetised case o = 0.25, the magnetic field restores the nonlocal perpendicular stress
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Figure 6.1: Nonlocal ion viscous stress for a shear ion flow u; = — %uo erf(z/L)g with Mach number M = |ug|/vm,; = 1.

The stresses are normalised against the Mach number M, Knudsen number N, and ion pressure p; = n;T;. The
magnetised cases have an applied uniform magnetic field B = — ByZ with By chosen such that the Hall parameter

throughout the plasma is xo = 0.25. Reproduced from [3].

closer to its local result. The cross stress 11, appears more strongly influenced by nonlocal effects than the
magnetised shear stress, analogously to the Righi-Leduc heat flux qu being more sensitive to nonlocality

than the perpendicular counterpart qu 1

6.3 Impact of Ion-Electron Collisions on Ion Transport

Braginskii [[15]] derives local analytic closures for collisional transport quantities in a simple plasma including
ion heat flux and viscous stress tensor. In deriving the transport coefficients appearing in these local closures,
Braginskii neglects ion-electron collisions since the smallness of the mass ratio m./m; < 1/1840 suggests
that their effect is small and should not affect ion transport. However, more recent work by Ji and Held [[87, [88]]
includes ion-electron collisions in the local limit and finds that they do have a notable impact on the ion heat
conductivity and viscosity. This section applies the RKM to demonstrate the impact of ion-electron collisions
on ion transport in the nonlocal regime.

Braginskii’s calculation, which neglects ion-electron collisions, results in magnetised coefficients that are

only dependent on the ion Hall parameter x; = Ze|B|7;; /m; and unmagnetised coefficients ( /%ﬁ )Braginski /., /9 —
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3.906 and ())Braginskii /\/2 — (.96, which are numerical constants. Although the ion-electron collision opera-
tor is small by a factor of \/m there are other considerations that make ion-electron collisions significant
enough to notably modify ion transport coefficients. Note that Coulomb collisions are more significant
for smaller relative velocities between the two colliding particles. Consider an ion with normalised speed
T; = w/vw,;, where w = v — w; is the particle velocity in the frame comoving with the local ion Maxwellian
bulk velocity and vy, ; = \/m is the ion thermal velocity. Ions with speeds in the range 1 $ z; < 4 are
those that contribute significantly to the heat flux, with slower ions not carrying enough kinetic energy and
faster ions being too scarce. Mathematically, this is manifested through the integrand of the local heat flux
dq' o< (z? -5/ 2)21'?6_$12 dz;, which has the majority contribution to the resulting integral in this interval.
These heat-flow-contributing ions collide with other ions in the tail of the ion distribution, but since these
relevant speeds are still much smaller than the electron thermal velocity w < 4 vy, ; < Vg e, these ions also
collide against the bulk of the electron distribution. Even though a single ion-electron collision is far less
impactful on an ion’s behaviour than an ion-ion collision, in the tail of the ion distribution there are sufficiently
more electrons than ions in the nearby velocity space to collide against, resulting in ion-electron collisions
impacting heat flow. Consider a single suprathermal test-particle ion colliding against background ions and
electrons. The background Maxwellian ions have a local phase space density o nim?/ QT;S/ e~ in the
nearby velocity space. In contrast, the much lighter electrons have a broader Maxwellian, so these ions collide

against electrons with a phase space density o nemg/ °T, 6_3/ ?, The ratio of the electron to ion phase space

me

X 2 . . . . .
e )3/ 2(%)3/ 2e®i . For larger ion-electron temperature ratio 7} /T, ion-electron collisions

A 1
density is then — (
become increasingly significant and even dominant over ion-ion collisions.

Ji and Held [88]] therefore include the ion-electron collision term, resulting in a dependence of the ion

transport coeflicients on ¢ = %, /e and = 4/ % as well as the ion Hall parameter x;. The dependence
of the ion transport coefficients on the temperature ratio £ for a moderately magnetised hydrogen plasma is

T.

7- = 1 in a hydrogen plasma, the unmagnetised coefficients

shown in Figure Even for equal temperatures
for heat conductivity /%ﬁ and viscosity 7}, are reduced by 16% and 7% respectively when ion-electron collisions
are included. For larger ion-electron temperature ratios, these reductions are much more dramatic, with
reductions of 82% and 71% respectively for % = 10. In confined fusion schemes, various mechanisms such
as collisional shocks [124]], neutral beam injection [125], and plasma waves [126] preferentially heat ions
over electrons, therefore moderate temperature ratios exceeding unity are realistic and ion-electron collisions

should be accounted for. This work investigates the impact of ion-electron collisions in the nonlocal regime.

Figure|6.3|shows the ion heat flux for an isochoric simple hydrogen plasma with a temperature profile

Thot Tpold Thot o Tpold
Ti(z) = LT L ! erf(z), (6.7)

2 2 L

where a temperature step 71°t /T4 = 10 is chosen. Although the electron and ion temperature profiles may

be entirely independent, this work considers cases where they are directly proportional across the spatial

domain, i.e. £ = \/T;(2)/Te(2) is uniform. The T; /T, = 0 results correspond to where ion-electron collisions
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Figure 6.2: Dependence of the dimensionless ion heat conductivity and viscosity coefficients on ion-electron temperature

ratio T; /T, for an intermediate magnetisation x; = 0.25, produced using Ji-Held’s fits. Dotted lines correspond to

Braginskii’s results where ion-electron collisions are neglected, which are then the limiting values for T; /T, — 0. The

first coefficients /%ﬁ and 7} are independent of magnetisation, therefore the red lines also correspond to results for

unmagnetised ions. Reproduced from [4]].
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Figure 6.3: Ion conductive heat flux in an unmagnetised simple hydrogen plasma for Nx = 0.001, 0.1, for different
ion-electron temperature ratios. The difference between the results of each subplot is then due solely to ion-electron
collisions. The ion Knudsen number is Nx = A ii|.——o0o/L, where the ion-ion thermal MFP is Ay, i = Ui/ Vi

Reproduced from [4]].

are neglected, and therefore to Braginskii’s result and the results on nonlocal ion heat flux in the previous
sections. For equal ion and electron temperatures 7; /7. = 1, the peak heat flow is suppressed by 16%
by ion-electron collisions in both the local and nonlocal cases. The nonlocal preheat in the cold end for
0.5 < z/L < 2 is significantly suppressed by ion-electron collisions. This is explained by the behaviour of the
slowing collision frequency when ion-electron collisions are included. The ion slowing frequency entering the

ion collision operator as (C; f;)slowing = ﬁaw (w3 f;) may be written as

~i oA ZG(-%’L) + 4 lnAiel Me /E (6.8)
Vs = Vi ZT; 3ﬁ In A“ A m; Te ' '
——

ion-ion ion-electron

For z; 2 2, 2G(z;)/z; ~ 1/x3. Suprathermal particles that stream from the hot end and give rise to nonlocal
heat flow in the cold end typically have velocities on the order of the hot thermal velocity, say ~ k:vth}ftl where
1 £ k £ 4. In the cold end, these particles have a dimensionless velocity x; ~ ky/TPt/T0, je. are a
factor |/ TPt /Teld further out into the tail of the ion distribution compared to ions contributing to local heat
flow. The ion-ion slowing frequency is small by a factor ~ O(1/x3}), so ions may stream further into the
cold end and give rise to a substantial preheating region. However, when included, the ion-electron slowing
frequency does not decay further into the tail, therefore assists and even dominates ion-ion collisions in the
slowing and scattering of suprathermal ions. The origin of these particles from the hot end means that the
relative importance of ion-electron collisions to ion-ion collisions is enhanced by a factor of ~ (Tih"t / Tf"ld)?’/ 2,
explaining why the nonlocal preheat is more dramatically suppressed by ion-electron collisions than the local

heat flux.

For the larger temperature ratio 7; /T, = 4, ion-electron collisions suppress the local result for the heat
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flux significantly by 63%. Increased collisionality from ion-electron collisions then mostly inhibits nonlocal
behaviour for Ng = 0.1, restoring the heat flux to nearly its local result. This is partly due to the definition of

the Knudsen number Ng = Ay, ;;/ L being used, which doesn’t account for ion-electron effects.
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Figure 6.4: Nonlocal ion Righi-Leduc heat flux for a magnetised simple hydrogen plasma with ion Hall parameter
Xi,0 = 0.25 at the hot end for different ion-electron temperature ratios. The difference between the results of each

subplot is then due solely to ion-electron collisions. Reproduced from [4]].

Figure|6.4] similarly shows the influence of ion-electron collisions on the ion Righi-Leduc heat flow for
the same case as before, but with a magnetic field B = By& giving an ion Hall parameter x; o = 0.25 at the
hot end. Similarly to the unmagnetised ion conductive heat flow, accounting for ion-electron collisions for
equal ion and electron temperatures significantly modifies the local result and largely suppresses the preheat
for the nonlocal heat flow. For the larger temperature separation 7; /T, = 4, the local result is dramatically
reduced by ion-electron collisions by 70% and 90% in the hot and cold ends, respectively. This suppression
is more dramatic than in the unmagnetised case, since the Righi-Leduc heat flow is sourced from particles
with larger velocities w than the parallel and perpendicular counterparts. Mathematically, this is apparent
from the integrand of the Righi-Leduc heat flux dq’, /dw being weighted to higher z; than the parallel and
perpendicular flux integrands qu'”’ 1 /dw.

Figure [6.5| emphasises the above results by showing the ratio of the different components of heat flow
with and without ion-electron collisions for the unmagnetised and magnetised cases shown in Figures|6.3|and
As previously noted, the local unmagnetised heat flow is uniformly suppressed by 16% and 63% in the
T;/T. = 1 and T;/T. = 4 cases, respectively. The local magnetised results have a small change across the
temperature profile since the collisionality increases from the hot to the cold end, therefore the Hall parameter
decreases from the hot end to the cold end. In nonlocal cases, the peak heat flow around —1 < z < 0 is not as
strongly suppressed by ion-electron collisions as the local heat flow. However, away from the centre of the

gradient where nonlocal effects give rise to enhanced heat flow, ion-electron collisions strongly suppress the
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Figure 6.5: Ratio of heat flow with ion-electron collisions included to heat flow without ion-electron collisions included
for two different ion-electron temperature ratios. Dotted and solid lines correspond to the local (Nx = 0.001) and

nonlocal (Vg = 0.1) cases. Reproduced from [4]].

preheat as previously discussed. This preheat suppression by ion-electron collisions is less impactful on the
perpendicular heat flow than the unmagnetised heat flow, but more significant on the Righi-Leduc heat flow
than the other components due to its dependence on more energetic ions.

The ion viscous stress tensor is also influenced by ion-electron collisions and nonlocal effects. To investigate

the impact of these two effects, the same unmagnetised and magnetised cases as Section [6.2are considered but

with different 7; /T, and N.
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Figure 6.6: Nonlocal ion viscous stress 11, for an unmagnetised hydrogen plasma due to a shear flow for different
ion-electron temperature ratios. The difference between the results of each subplot is then due solely to ion-electron

collisions. Reproduced from [4].

Figure [6.6|shows the viscous stress component II; ;. in a simple unmagnetised plasma for different ion-
electron temperature ratios. The behaviour is qualitatively similar to the previous heat flow cases; when

ion-electron collisions are neglected, Ji-Held and Braginskii agree well, but for temperature ratios of unity
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and higher, the stress is suppressed by ion-electron collisions. Nonlocal effects for a high Knudsen number
Ng = 0.2 suppress the peak stress further, but also give rise to a ‘preheat’ away from the main gradient at
z = 0. This enhanced viscous stress then increases momentum transfer away from the main region of shearing
flow. For equal temperatures, this preheat is not noticeably modified by ion-electron collisions, but is strongly
suppressed at higher ion-electron temperature ratios in the 7; /7, = 4 case where ion-electron collisions
almost entirely restore the viscous stress to the local result even for the high Knudsen number Nx = 0.2.
This is partly due to our definition of Knudsen number that does not include ion-electron collisions, but has
been chosen to allow for a straightforward comparison between different cases. The Knudsen number could
be redefined to include ion-electron collisions, but it is not clear how this would be done appropriately and
consistently.
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Figure 6.7: Nonlocal ion gyroviscous stress 11, for a moderately magnetised hydrogen plasma with ion Hall parameter
X: = 0.25 due to a shear flow for different ion-electron temperature ratios. The difference between the results of each

subplot is then due solely to ion-electron collisions. Reproduced from [4]].

Figure [6.7| shows the gyroviscous component II; .. for the shear flow with a magnetic field B = — By
with By chosen such that the Hall parameter across the domain is x; = 0.25. The gyroviscous stress appears to
have similar sensitivity to both nonlocal effects and ion-electron collisions as the unmagnetised viscous stress,
differing largely from the standard Braginskii result due to high Knudsen number Nx = 0.2 or ion-electron

temperature ratio 7; /7, = 4.

6.4 Impact of Sonic Flows on Nonlocal Ion Heat Flow

The Vlasov operator appearing in the DDF equation has the form

A

V=(w+u) - V+(...) Vi, (6.9)

where species subscripts have been dropped since the form is similar for electrons and ions. Conventional

nonlocal effects have arisen due to the particle advection operator w - V. The particle advection term gives
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rise to nonlocal behaviour where it becomes significant compared to collision terms for suprathermal particles
with speeds 2 S w/vy, S 4.

In this section, we notice that the flow advection operator v - V can also become comparable to the
collision term and therefore modify the non-Maxwellian component of the distribution J f and transport fluxes
if the flow is sufficiently fast. For this effect to be significant, we require

lu - Vof] < w )3

——— ~ | — | MNkg, (6.10)

|Cof] Uth

where M = |u|/vy, is the Mach number, to be order unity or larger. For small Knudsen number N < 1,
this effect is small unless the Mach number is extremely large M 2 O(1/Ng) > 1. However, in the nonlocal
transport regime Ng ~ 1/10, this effect can become significant for realistic Mach numbers. For the impact of
the ion flow to be significant beyond standard nonlocal effects, we require |u| = w ~ vy, for transport-relevant
particles, which corresponds to order-unity Mach number M 2 1.

As discussed in the previous chapter, a similar criterion N, = |Au|/vg, . ~ 1 cannot be satisfied for near-
LTE electrons without the thermal population becoming runaway. For electrons, we still found modifications
for N,, ~ 1/40, but through a different mechanism manifested through the R{ - V,, term. In contrast,
order-unity Mach number M ~ 1 is often achieved for ions since their thermal velocity is much smaller than
the electron thermal velocity, and bulk flows are typically bounded by the sound speed |uy| S ¢5 ~ vy ;. Ions
are not subject to a similar runaway effect as for electrons since suprathermal ions collide against the bulk of
the electron distribution. We therefore expect sonic ion flows to impact nonlocal ion transport. Nonlocal ion
viscosity is already dependent on the ion flow through its thermodynamic drive, therefore we focus on the

impact of sonic flows on the nonlocal ion heat flow.
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Figure 6.8: Depiction of a particle moving in a temperature profile where the profile is fixed in the lab frame (Case 1,

left) or where the temperature profile is comoving with the flow (Case 2, right).

We may be concerned that the flow u; impacting the heat flux g violates Galilean invariance. The density,
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temperature, and heat flux are all defined in the CoM frame as
3 2 3 1 2 3 1 2
n= | dw f, T:3— dwgmwf, q= dwimwwf, (6.11)
n

where w = v — u. However, we can argue this effect of flows influencing nonlocal transport is physically

sound. Consider a one-dimensional plasma with a temperature profile that has a sharp jump at 2 = 0

Th0t7 z2<0
T(t,z) = (6.12)
Tcold7 z2>0
and a uniform flow v > 0 in the 4z direction, as shown in Figure A particle starting from z = —d at

t = 0 with peculiar velocity w > 0 takes a time At = d/v = d/(w + u) to reach the fixed boundary at z = 0,

experiencing N = At/ collisions. Instead, if the temperature profile is also moving with the flow, i.e.

Thot, 2z < ut
T(t,2z) = (6.13)

then the particle takes a longer time At = d/w to reach the moving boundary, experiencing more collisions
N' = At'/T > N. The particle in the second case has experienced more collisions, and is therefore less
likely to stream across the boundary and nonlocally transport heat to the plasma at z > 0. The second case is
equivalent to a plasma with no flow in the frame comoving with u, which is then distinct from the first case
where the flow provides an additional ‘boost’ to streaming suprathermal particles, allowing more to stream
across the boundary carrying more heat. The second case is similar to a shock, where the temperature and
other fluid profiles all move at some shock velocity u. The first case which impacts nonlocal heat flow is similar
to a boundary where temperature is fixed, perhaps being rapidly cooled or heated by some process such as
radiation on either side, but mass flows through the boundary with velocity u. In the RKM, this distinction
enters when we set 90 f = 0 at fixed ' = x and fixed w = v — u.

Figure [6.9| shows the nonlocal ion heat flux with a variety of uniform sonic flows u; = ugZ2. The first (top)
subplot shows the heat flux in the local limit Nx = 1/1000, where sonic flows in either direction have no
significant impact on the heat flux. Here, N is sufficiently small that the advection with the flow is still
small compared to the effect of collisions |u - V3 f|/|C3f| < 1. The other three subplots show the nonlocal
heat flux with a variety of different uniform sonic flows, characterised by their Mach number M = |ug|/vw,;
and direction. Even in the M = 1 case, the flow still has a notable impact on the heat flow, enhancing and
suppressing the cold-end preheat for the flows in the +2 directions, respectively. This makes physical sense: a
sonic flow down the temperature gradient provides an additional boost to suprathermal particles to cross the
gradient, increasing nonlocal heat flow in the cold end, whereas a flow up the temperature gradient makes it
harder for suprathermal particles to stream against the flow. These effects are increasingly dramatic in the

M = 2 and M =5 cases, dramatically shifting the nonlocal heat flux profile from the M = 0 result.



6.5. Multi-Species Heat Flow 135

Nonlocal ion heat flux with uniform sonic flow
0.6 1 Nk=1/1000,M=1,2,5

UilVin,i

0.64Nck=1/10,M=1

0.6 Nxk=1/10, M =2

INe=1/10, M=5

zZ/L

Figure 6.9: Reduced heat flux for an isochoric simple hydrogen plasma with different uniform sonic flows for a variety
of Knudsen numbers. The black lines show the cases with no flow and red and blue lines show the cases with flow in the

+2 directions, respectively.

6.5 Multi-Species Heat Flow

The above studies have been limited to a single ion species. However, plasmas often have multiple ion species
present, for example Deuterium-Tritium (DT) mixtures for fusion fuel or CHy for plasmas created by heating
plastics which often constitute layers in ICF capsules. Considering an ionic mixture introduces additional
physics compared to the single ion species case. Different species may diffuse relative to each other even if the
total mixture’s state variables p;, u;, and T; are fixed, which changes the properties and therefore behaviour
of the mixture. Confined fusion plasmas typically rely on fusion reactions between different species such
as deuterium and tritium, where multi-species effects leading to species separation directly reduce fusion
reactivity and total yield. In ICF implosions, high-Z species such as carbon may diffuse or stream into fusion

fuel and dramatically increase radiative losses.

For multi-species cases, we define the Knudsen number in a similar manner to the single-species case,
but instead using a maximum MFP Nk = A\p.x/L defined as Apax = maxg (Ao, (2)), with the MFP of a
species o at spatial position z accounting for collisions with all species via Ao o = Vth,a/ Zﬁ Uag- A 50:50

DT mixture and a fully ionised CH, mixture are chosen as multi-species examples to investigate both weakly
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and moderately asymmetric mixtures. Both of these types of mixtures are relevant to ICF-related systems
which often use DT fuel and plastic layers. A CH; mixture can be considered to be moderately asymmetric in
mass, since the masses differ by an order of magnitude. Although the charge ratio is only Z¢/Zy = 6, the
charges enter the equations through the collision frequencies V5 oc Z2 Z/%, therefore the charge asymmetry is
effectively an order of magnitude. Three cases are chosen for each mixture: a temperature gradient at uniform
pressure and concentration, a pure pressure gradient at uniform temperature and concentration, and a pure
concentration gradient at uniform temperature and pressure. These cases with isolated VI3, Vp;, and V¢ are
selected to investigate the sensitivity of the locality of heat fluxes to different driving gradients in temperature,
pressure, and concentration. Similarly to the single-species case, the electric field has been set to zero to focus
on the nonlocal effects from the aforementioned gradients. These six cases are shown in Figures and|6.11]
for DT and CH, respectively, demonstrating nonlocal effects on the reduced heat flux g and enthalpy flux h;.

All of the multi-species cases show the same basic qualitative behaviour as the single-species cases;
increasing Knudsen number inhibits the peak heat flux and enhances the heat flux in some regions away
from the peak. However, the multi-species cases do demonstrate additional behaviour of interest. Firstly,
nonlocal effects on the heat flux are demonstrated in the absence of a temperature gradient, induced instead
by sharp gradients in pressure or concentration. In many of the cases shown, nonlocal effects give rise to
enhanced heating in regions |z/L| 2 2 away from the gradient region due to sharp gradients in 7}, p;, or c.
This is in dramatic contrast to the local heat flux in these regions, which is exponentially small for the chosen
~ tanh(z/L) profiles. In most cases this enhancement only appears significantly on one side of the gradient
region, for example the Vp; cases in Figures|[6.10b|and [6.11b| where the nonlocal behaviour is only pronounced
on the z/L > 0 side of the gradient due to the relatively low collisionality on this side of the gradient region.
In contrast, the DT V¢ case in Figure has significant nonlocal behaviour in both directions due to the
near-symmetry, which is not present in any of the other cases.

In the temperature gradient cases in Figures and[6.11a] both components of the heat flux are similarly
sensitive to nonlocal behaviour, and appear similar to the single-species case. Since the enthalpy flux is
proportional to the diffusive flux, nonlocal behaviour in the former implies that diffusion can be sensitive to
kinetic effects at similar Knudsen numbers at which heat transport is sensitive. In contrast, the DT Vp case
in Figure and both Ve cases in Figures and[6.11chave the reduced heat flux ¢ being significantly
affected by nonlocal behaviour, whereas the enthalpy flux h; is quite insensitive to nonlocal behaviour. This
leads to cases around the peak flux where ¢/ is significantly suppressed and h; is not, so the latter may be

increasingly important and dominant at the peak in nonlocal cases.

6.6 Nonlocal Diffusion

As well as the diffusive velocities contributing to the total ionic heat flux, they are also significant transport
fluxes in their own right, responsible for mixing. In this section, the diffusive velocities V,, are shown for

the variety of multi-species cases above to demonstrate nonlocal ordinary diffusion, thermo-diffusion, and
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Figure 6.10: Components of heat flux for a DT mixture subject to an isolated temperature gradient (a), isolated pressure

gradient (b), and isolated concentration gradient (c). The relevant profiles are shown at the bottom of each subfigure,

with undisplayed profiles being fixed constant at unity or concentrations at 0.5. Results for Nx < 0.01 are not visible

owing to strong agreement with the local result. Reproduced from [1].

baro-diffusion in symmetric and asymmetric mixtures.

Figure shows the local and nonlocal diffusive velocities V,, for a DT and CHy mixture subject to a
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Figure 6.11: Components of heat flux for a CH, mixture subject to an isolated temperature gradient (a), isolated pressure

gradient (b), and isolated concentration gradient (c). The shape of the relevant profiles are shown at the bottom of each

subfigure, with undisplayed pressure or temperature profiles being fixed constant at unity or concentrations such that

ng/nc = 2. Reproduced from [1]].

gradient in the number fraction x,, = nq/n;, similar to the Ve cases in the previous section. The two species

diffuse into each other, therefore the diffusive velocity of the lighter species is positive. It has been verified
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Figure 6.12: Diffusive velocities due to sharp number fraction gradient in symmetric DT mixture and asymmetric CHs
mixture, showing the nonlocal RKM solution (solid lines) and the local analytic solution (dashed lines). The Knudsen

numbers in the nonlocal cases are chosen as NPP = 0.2 and N} = 1 in the DT and CH, mixtures, respectively.

that ) paVa = 0 in all cases, so the zero-flow constraint is being correctly enforced.

Nonlocal effects give rise to a significant ‘preheat’ in the diffusive velocity V,, due to suprathermal ions of
each species streaming across the gradient region. In the DT case, the diffusive velocities of the two species are
near symmetric since the species have similar masses my/mp =~ 3/2 and identical charges Zr = Zp = 1. In
the CHy case, the hydrogen species diffusive velocity is greater than the carbon diffusive velocity due to the
large mass ratio. The CHj case is an idealised model of an ablator-fuel boundary that is very often present in
ICF implosions. The significantly enhanced carbon diffusion into the hydrogen at negative z is particularly
impactful. In an implosion, this kinetic mix deposits high-Z material into the fuel which dramatically enhances
radiative losses and degrades yield. In addition, since the effective ionisation relevant to electron transport is
7Z* = (Z?)/(Z), even a small amount of high-Z material can dramatically enhance the effective ionisation

and significantly impact electron transport, typically suppressing electron heat flow.

Figures and show nonlocal diffusive velocities for DT and CH; cases, but due to a temperature
gradient and pressure gradient, respectively. Nonlocal effects on thermo-diffusion and baro-diffusion are clearly
present with significant enhancement of the fluxes away from the main gradient region. In symmetric mixtures
such as DT, both thermo-diffusion and baro-diffusion are considered to be weak and often insignificant effects.
This is quantified by the smallness of the thermo-diffusion and baro-diffusion ratios k7 and k, for symmetric
mixtures [127]. However, nonlocal effects can cause both these effects to become significant away from the

boundary relative to the local result where they may have a greater impact.
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Figure 6.13: Diffusive velocities due to sharp temperature gradient in symmetric DT mixture and asymmetric CHs

mixture, showing the nonlocal RKM solution (solid lines) and the local analytic solution (dashed lines). The Knudsen

numbers in the nonlocal cases are chosen as NPP = 0.2 and N} = 1 in the DT and CH, mixtures, respectively.
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Figure 6.15: Integrand of diffusive velocity N—IK % from the same case as Figure with a number fraction gradient.

The number fraction profiles are overlaid on the heatmaps for deuterium (orange), tritium (green), and carbon (grey).

Figure shows the integrands of the diffusive velocities for the cases with a gradient in number fraction.
In the DT case, the similarity of the two species results in similar diffusion profiles streaming into each other.
In the nonlocal case, thermal ions behave similarly to the local case, but nonlocal beam features are gained for
suprathermal ions. This causes deuterons and tritons to counter-stream into each other. In the asymmetric CHy
case, the carbon ions gain a sharp beam feature that streams much further into the hydrogen than the local
case. As discussed above, even a relatively small population of high-Z ions can cause significant disturbances

to both radiative losses and electron transport.

6.7 Multi-Species Transport with Ion-Electron Collisions

Having separately considered the impact of ion-electron collisions in the single-species case and then multi-
species transport, here the two effects are considered together.
For a binary mixture, the additional fluid variable gained by considering multiple species is the mass

concentration of the lighter species ¢ = p;/p; which evolves according to its hydrodynamic equation

1
dct+u;-Ve+ =V i =0, (6.14)

Pi

where ¢ = p;(u; — u;) is the diffusive mass flux. Its local result may be written in the Landau form [[16}[96} [127]

il = —p,D( Ve +k,Vinp; +krVInT), (6.15)
Ordinary Baro- Thermo-

diffusion diffusion diffusion
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where D is the ordinary diffusion coefficient, and k7 and k, are the thermo- and baro-diffusion ratios,
respectively. This form emphasises that diffusion is not only driven by concentration gradients, but also
temperature and pressure gradients. Here, cases with no electric field are considered so the electro-diffusion

term present in previous chapters is ignored. The ion heat flux may be written in an analogous form

@ = ~Tiki(VIn'T; + heVe +h,Vinp), (6.16)
N—— S~ - —
Thermal Dufour Baro-
conduction  heat flow heat flow

where r; is the total heat conductivity of the ionic mixture and the dimensionless coefficients k. and h,, are
introduced in a similar manner to the thermo- and baro-diffusion ratios. Ion heat flow in mixtures is then
not only driven by temperature gradients, but also concentration gradients and pressure gradients. We then
investigate the impact of ion-electron collisions on local and nonlocal multi-species transport in symmetric

versus asymmetric mixtures.

Ordinary diffusion V¢ Thermo-diffusion V7;  Baro-diffusion Vp; Dufour heat flow Ve Heat conduction V7;  Baro-heat flow Vp;
br _ " bT - p ]
S S
= 1 F
S S
= Tt
1
0 -2 0 2 -2 0 2 0
Z/IL Z/IL Z/IL Z/IL Z/IL Z/IL
— G, ignored — TiT,=1 — TiT,=4 — G, ignored — TilT,=1 — TilT,=4
(a) Diffusive mass flux ¢ (b) Mixture heat flux g,

Figure 6.16: Diffusive mass flux and mixture heat flux for a symmetric DT and asymmetric CHy mixture, in three cases
driven by a concentration gradient V¢, temperature gradient VT;, and pressure gradient Vp;. Dotted and solid lines
correspond to local and nonlocal results, respectively. The line colour indicates the ion-electron temperature ratio, with

differences arising due solely to ion-electron collisions. Reproduced from [4].

Figure shows the diffusive mass flux ¢ driven by a concentration gradient, temperature gradient,
and pressure gradient in a symmetric DT and asymmetric CHy mixture. In each case, the other two profiles
are uniform so their thermodynamic drives are zero; for example, in the Vc case, the total ion temperature
and pressure are uniform, and in the VTj case, the concentrations and total ion pressure are uniform. The
electric field is set to zero in all cases to provide consistency. In the nonlocal cases, the length scale L of the

step is chosen such that NRP = 0.2 and N2 = 1 in the DT and CHy cases, respectively. Although these
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Knudsen numbers may seem relatively large, the other species (T or C) provides additional collisionality not
accounted for in this definition of the Knudsen number. In most cases, the diffusive mass flux is insensitive to
ion-electron collisions for equal temperatures T; /7T, = 1. This is expected, since ion-electron collisions are
more relevant in the tail of the distribution, whereas the diffusive mass flux is a lower moment of the velocity
distribution than other quantities such as the heat flux. The exception is thermo-diffusion in the symmetric DT
case, where the local diffusive mass flux is reduced by 15% for equal temperatures when ion-electron collisions
are accounted for, and by 25% with T; /T, = 4. For this higher temperature ratio 7; /7. = 4, ordinary and
baro-diffusion remain mostly unaffected by ion-electron collisions. In the local case, the impacts on ordinary
diffusion and baro-diffusion are identical to each other. This is expected since the baro-diffusion coefficient &,
is purely thermodynamic, with collisions entering only through the ordinary diffusion coefficient D.

Figure shows the total ion heat flux g; for the same three cases shown in Figure Ion-electron
collisions still have only a minor effect on the heat flow for equal ion-electron temperatures. The correction in
the symmetric DT case is noticeable for all three thermodynamic drives, with a suppression of 10%, rising to
20% for T; /T, = 4. In the nonlocal cases, the reductions of the heat fluxes due to ion-electron collisions are

similar to the corresponding local results.



CHAPTER 7

Discussion

7.1 Summary of Results
7.1.1 Reduced kinetic method

A reduced kinetic method (RKM) suitable for use as a nonlocal transport closure is derived from first principles,
including magnetic fields and multi-species effects. The RKM solves a linear form of the VFP equation with
the Fokker-Planck collision operator. The RKM is shown to reproduce all classical (Braginskii-like) transport
terms in the highly collisional limit, including magnetised and multi-species effects. In the nonlocal cases,
the implemented collision operator has been validated a posteriori, with Rosenbluth potentials deviating by

< 10% from their Maxwellian forms for Ng < 1.

7.1.2 Nonlocal electron transport

Magneto-inertial schemes such as MagLIF [59,[60], Fusion via Low-power Assembly and Rapid Excitation
(FLARE) [64], and pulsed magnetic ICF [62] are a promising approach to confined fusion for energy production.
These approaches apply external magnetic fields to suppress electron heat conduction or use the 5 x B
force to compress cylindrical liners to approach the high densities and temperatures required to achieve
thermonuclear burn. Even in unmagnetised ICF implosions, the Biermann battery effect can spontaneously
generate magnetic fields strong enough to magnetise the plasma [68]. Correct modelling of magnetised
transport within simulations of ICF implosions is therefore increasingly important for the path towards inertial
fusion energy.

In Chapter |5, the standard nonlocal behaviour of the unmagnetised electron conductive heat flux is
demonstrated, where a sharp temperature gradient results in a nonlocal heat flux with an inhibited peak flux
and preheats away from the main gradient. Introducing a perpendicular magnetic field suppresses nonlocal

effects on the conductive heat flux along the temperature gradient. The magnetic field also introduces the
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Righi-Leduc heat flow, which is more sensitive to nonlocal effects than its perpendicular counterpart. Similarly,
nonlocal effects are also present on the thermal force and Nernst term.

As well as considering a temperature gradient to investigate nonlocality of temperature-gradient-driven
transport, a current profile of different length scales is also studied. These cases demonstrate similar nonlocal
effects on current-driven transport, namely the Peltier and Ettingshausen heat flows and electron-ion friction
and cross friction.

Strong magnetic fields x > 1 suppress nonlocal behaviour, restoring transport fluxes back to their
magnetised local results. For strong magnetisation, it is typically the ‘cross’ components such as the Righi-
Leduc heat flow that dominate over their perpendicular counterparts. At sufficiently high Knudsen numbers,
nonlocal effects then reemerge on these cross components.

Current-driven electron heat flux g becomes nonlocal in the presence of relatively weak spatial gradients
with Knudsen numbers 1/100 < Ny < 1, similarly to the conductive heat flux g7 Furthermore, a novel
nonlocal modification to g¢ has been found [2]], which is driven by a relatively weak electron flow N,, =
[ue — ;| /v e 2 1/100, as opposed to N,, 2 1. The underlying physics has been both captured with a first-
principles kinetic model and explained qualitatively and can significantly modify and enhance Ettingshausen
heat flow. Such effects may be especially relevant for a variety of collisional plasmas such as plasma staircases
[128], dense Z-pinches [[129][130], and ICF implosions [[68] [131]] where current-driven transport has a notable
effect on hydrodynamic evolution and therefore yield.

An alternative formulation of the RKM is also presented, solving for the nonlocal deviation of the DF ¢
rather than the deviation from Maxwellian d f. When solving for d f and discarding the field-particle operator
for computational efficiency, both local and nonlocal transport results are noticeably different from their nearly
exact counterparts obtained with the full § f method of the previous paragraph. However, when solving for the
nonlocal deviation g, both local and nonlocal transport results are found to be unchanged if the field-particle
operator is discarded, therefore neglecting it is well justified. The resulting equation for g, with the test-particle
collision operator, is more computationally tractable and well suited to act as a nonlocal transport closure.

Full kinetic simulations usually serve as numerical experiments for investigating nonlocal transport rather
than closures. Consider using a full VFP simulation to study nonlocal transport in the temperature gradient
case of Section The DF would be initialised as a Maxwellian distribution with a temperature varying
across space. When the simulation is run, the DF evolves to gain an anisotropic component, which relaxes
over a few collision times to a quasi-stationary result. For initial profiles with low Knudsen numbers, this
quasi-stationary result should match the local Chapman-Enskog solution at each point in space. For large
initial Knudsen numbers, the quasi-stationary solution will include nonlocal effects of interest; however, the
temperature gradient will partially relax on a similar timescale to the initial relaxation to the quasi-stationary
result. The heat flow in this nonlocal case then corresponds to the partially relaxed temperature profile rather
than the initial temperature profile. It is then difficult for a full VFP code to provide a robust comparison

between different Knudsen numbers for the same shape of profile, a more detailed parameter scan over different
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temperature profiles, or as a transport closure to a fluid code. In addition, the DF will also gain some nonzero
flow profile during the initial relaxation period. This flow should itself drive heat flow, which cannot be
distinguished from the conductive heat flow when integrating over the DF. Some approaches may counteract
this by adding sources or sinks of particle number, momentum, or energy to constrain the DF to have the
same density, flow, and temperature throughout the initial relaxation period. However, it is not clear if these
constraints themselves modify the physics of the heat flow. The initial Maxwellian condition can also lead
to strange behaviour of the simulation at early times such as oscillating heat flow [106, [132]] and therefore
cooling of cold regions. Since the RKM evaluates the DF from the instantaneous fluid profiles, it does not have
this issue when finding nonlocal heat flow from hydrodynamic profiles. The RKM could instead be used to
initialise the DF accounting for nonlocal effects in full VFP codes to avoid this strange behaviour.

Full kinetic approaches are integrated simulations which do not allow for different nonlocal effects to
be clearly studied in isolation, in contrast to the RKM where these effects may be isolated by removing the
appropriate terms from the DF equation when solving. For example, a full VFP code is not able to separate
out heat flow contributions from temperature gradients versus currents. In the RKM, these correspond to
two distinct thermodynamic driving forces, therefore the conductive and current-driven heat flows can be
found independently for the same hydrodynamic profiles. This provides a clearer decoupled insight into how

different parts of the input hydrodynamic profiles give rise to different nonlocal features.

7.1.3 Nonlocal ion transport

The RKM expands up to an arbitrary order in spherical harmonics, therefore the viscous stress tensor is
naturally included in this description. The ion rather than electron viscous stress is presented, since ion viscous
effects typically dominate over electron viscous effects. Nonlocal behaviour of the ion viscous stress tensor
appears due to sharp shearing ion flows. A magnetic field then suppresses nonlocal effects of the ordinary
viscous stress tensor, but also introduces a gyroviscous component which, analogously to the Righi-Leduc
heat flow, is more sensitive to these nonlocal effects.

Novel nonlocal features are recovered for the multi-species ion heat transport due to additional thermody-
namic drives such as concentration gradients and diffusion of different species in the CoM frame. Results for
DFs and heat fluxes in local cases reproduce the analytic results of the Chapman-Enskog expansion [[16} [72]]
for multi-species ion heat flux. Expected qualitative features of nonlocal effects are demonstrated, in particular
suppression of the peak heat flux and enhancement of heat flux away from regions of steep gradient. In
multi-species cases, nonlocal effects are demonstrated from gradients in temperature, concentration, and
pressure, with some cases giving rise to large heat fluxes far away from the gradient region where the local
result is small. The multi-species heat flux has been decomposed into two components, the reduced heat
flux and enthalpy flux, where the former is the quantity typically employed in hydrodynamic codes and the
latter is an inherently multi-species feature due to relative dynamics of the species in the CoM frame. In cases

with pressure or concentration gradients, the enthalpy flux is particularly insensitive to nonlocal effects, thus
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becoming increasingly important in comparison to the reduced heat flux for high Knudsen numbers.

The ion heat flux, viscous stress, and diffusive mass flux are significantly influenced by ion-electron
collisions in nonlocal cases, similarly to their behaviour in the local limit. The RKM captures this effect
in a first-principles framework, and to the author’s knowledge is the only nonlocal closure that describes
ion transport and viscous stress. The nonlocal peak heat flow has minor but noticeable modifications from
ion-electron collisions, whereas nonlocal preheats are strongly suppressed by ion-electron collisions even
for equal ion-electron temperatures. The nonlocal viscous stress is also reduced at its peak by ion-electron
collisions, however the enhanced stress away from the gradient is not noticeably affected. Such effects on ion
heat transport are particularly relevant to both inertially and magnetically confined fusion plasmas where
magnetic fields suppress electron heat flow and high ion temperatures allow ion heat flow to dominate energy
transport and collective plasma behaviour. Since ion viscous effects typically dominate over electron viscous
effects, nonlocal viscous stress is more broadly relevant to astrophysical and confined fusion plasmas. The
impact on the diffusive mass flux is especially significant in confined fusion plasmas, where different species
such as deuterium and tritium can separate in space or high-Z impurities can contaminate the fusing plasma,

increasing radiative losses and degrading confinement.

7.2 Future Implications

A clear application of the RKM is integration as a transport closure into a full fluid code in a single and
then multiple spatial dimensions. This hybrid RKM-fluid approach would allow fluid simulations of fusion
plasmas to capture important kinetic effects while remaining more computationally tractable than current
state-of-the-art approaches such as full VFP or PIC simulations. This hybrid framework is of intrinsic physical
interest since it pushes the limits of fluid closures, but also of wider interest to the fusion community for
integrated simulations of fusion plasmas.

The RKM is ideal for training a surrogate nonlocal closure based on machine learning (ML) techniques for
a particularly computationally efficient transport closure. ML transport closures have been developed in other
studies. The training sets used in these studies are typically obtained from full VFP or PIC simulations. These
approaches are computationally expensive, limiting the size and diversity of the training datasets they can
produce. They also face previously discussed limitations such as being explicitly time-dependent simulations,
and therefore cannot provide the heat flow for a prescribed temperature profile, only relaxed profiles at later
timesteps. The RKM is not subject to these limitations, and is therefore very well suited to providing a dataset
to train an ML closure. Alternatively, the set of PDEs that govern the RKM could themselves train a ML method
to find a reduced effective PDE that can be solved, leaving a tractable ML closure.

A hybrid RKM-fluid framework for multi-species plasmas would lead naturally to investigating the inter-
section of multi-species and kinetic effects. Comparisons between multi-fluid, fluid mixture, and multi-species
VFP descriptions could be conducted in both local and nonlocal regimes, greatly improving understanding

of the significance of various multi-species transport effects in fusion plasmas and the suitability of these
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different descriptions for capturing those effects. The RKM-fluid approach would further the physical accuracy
and validity of fluid simulations to modelling confined fusion plasmas.

The goal of a confined plasma is to achieve a high fusion yield, and therefore the fusion reactivity must be
properly understood and modelled. Reactivity, like transport, is subject to nonlocal effects which often degrade
yield [37,[133]]. Neutron spectra, also influenced by nonlocal effects, are produced by fusion reactions and are a
key diagnostic for burning plasmas by which parameters such as ion temperature can be inferred [134-137].
To improve understanding of inferred quantities from spectra measurements, nonlocal behaviour must be
better understood and modelled. Although nonlocal transport is currently the main motivation and application
of the RKM, the approach could also have utility in studying reactivity and neutron spectra subject to nonlocal
effects. Comparisons of the RKM predictions with yield and neutron spectra from experiments such as NIF
implosions would improve links between these measured observables and plasma dynamics, which in turn
improves interpretation of measurements and design of confined fusion schemes.

Laser heating of ICF plasmas is often so strong that inverse bremsstrahlung (IB) heating deviates the electron
distribution significantly away from Maxwellian and towards a more general super-Gaussian distribution.
Underlying transport processes are then modified, not only changing properties such as the thermal conductivity
of the plasma but also introducing new transport mechanisms such as pressure-gradient-driven heat flow.
Local transport closures for transport in IB-heated plasmas have been found by Ridgers et al. [138]]. However,
IB-heated plasmas are often sufficiently hot that transport becomes nonlocal. The RKM is the ideal candidate
for being extended to describe nonlocal transport in IB-heated plasmas, which would be of interest from a
fundamental physics perspective as well as to ICF. These effects are increasingly relevant to modern ICF
approaches as laser power and maximum plasma temperature increase, and therefore it is essential to correctly

understand and model them in hydrodynamic simulations of fusion plasmas.

Another interesting mathematical problem lying at the interface of kinetic theory and hydrodynamics is
determining the structure of shock waves [[124]. This is essentially a 1D boundary value problem, but one
rich in interesting mathematical features. These include multiple boundary layers connected with matched
asymptotics and self-similar behaviour for internal layers. Since the width of the layers is determined by
transport processes, the smallest scales are on the order of the mean free path and therefore the Knudsen
number is often order unity, where these local transport closures break down. Shock structure is either studied
as a stationary fluid problem, where the mathematical structure is clear but closures are invalid, or using full
time-dependent kinetic simulations which do not provide a clear insight into the underlying mathematical
behaviour. With the RKM developed, shock structure can be studied with a nonlocal transport closure. This
approach preserves the many insightful mathematical features of the stationary approach while resolving the
problem of transport closures becoming invalid in the shock interior.

As previously mentioned, the RKM could also have applications in modelling and studying MCF plasmas.
One of the key issues facing MCF for energy production is the extreme heat loads delivered to the divertor

target. No known material can tolerate the heat fluxes projected for power-plant-scale tokamaks. A potential
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resolution to this issue is detachment [[139], where a buffer region of neutral gas or vapour is maintained
between the upstream plasma and target, dissipating the incident heat volumetrically rather than on the
surface. An issue facing this approach is the transport of unwanted impurities from the divertor upstream into
the core plasma. Accurate modelling of both heat flow and species mixing in detached divertor schemes is
therefore essential to their design and optimisation. Divertors are challenging to model partly due to their
marginal collisionality. Even where collisions are significant for the thermal bulk of the plasma, particles with
mean free paths comparable to the length scales of the divertor may stream and transport momentum, heat,
and impurities nonlocally. This nonlocal transport is not captured by diffusive transport closures for species
diffusion and heat conduction. Full kinetic descriptions do capture nonlocal transport, but simulations within
these frameworks are computationally expensive and often intractable for parameter scans and optimisation.
The RKM is an ideal intermediate approach that is computationally efficient while capturing the relevant
kinetic physics. RKM studies would provide great physical insight into heat load and impurity mitigation in

detached divertors, improving the feasibility of tokamaks for energy production.

7.3 Final Remarks

Nonlocal transport in plasmas is a topic of great importance in both fundamental plasma physics and confined
fusion modelling. This thesis has presented a novel first-principles RKM that captures the nonlocal behaviour
of the whole suite of different transport fluxes, and has applied it to uncover several previously unrecognised
or unstudied features of nonlocal transport in plasmas. The natural next step of this work is to integrate the
RKM into fluid simulations of confined fusion schemes, which will have a clear application and impact on

modelling, understanding, and optimising confined fusion schemes for energy production.



APPENDIX A

Fluid Equations for Ionic Mixtures

A.1 Definitions of Hydrodynamic Quantities

The number density and flow velocity of species « are defined as

Ng = /d3'u fa, uq = 1 v vf,. (A1)

No
The mass density of species « is simply p,, = mqnq. The total ion mass and number densities of the ionic
mixture are then p; = ) po and n; = > na. The mass concentrations are then defined as ¢, = pa/pi,
satisfying ) © ¢, = 1 by definition. For the ionic mixture, it is convenient to define the centre-of-mass (or

hydrodynamic) velocity and diffusive velocities

1
U; = anuom Va =Ug —U; = — dgv (’U - 'u'i)foc' (AZ)

Ne
Often the diffusive mass flux ¢, = poV o is considered rather than the diffusive velocity V.

The total energy of the ionic mixture in the laboratory frame is

1
&= Z/dgfv §mav2fa. (A.3)

By rewriting in terms of the peculiar velocity w = v — w;, the total energy may be rewritten as

1 1
_ 3 2 . 3 19 3
&—E /dw2maw fa tu; E ma/dw’wfa+2uig ma/d'wfa
« o @ ——

:Z%niTi =0 PaVa=0 e (A4)
3 1
where the ion temperature is defined as
T, = 2 Z / dw 1mauﬂ . (A.5)
3711' . 2

A ideal equation of state for the ion and electron pressures p; = n;T; and p, = n.1. are assumed.
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A.2 Mass Continuity Equations

Integrating the VFP equation over velocity space,
at/d3v fa +V-/d3v vfa+/d3v Vo - %(E+v X B)fo = Z/d% Cop{fas f5}-  (A6)
“ B

The Lorentz force term vanishes from the divergence theorem since f, — 0 as v — oo. Multiplying by m,,
and using the appropriate fluid quantities and conservation properties of the collision operator defined earlier,

this then yields the mass continuity equation for species «

Otpa +V - [pa(u; +Va)] = 0. (A7)

A.3 Momentum Equation

Multiplying by mqv, summing « over ion species, and integrating over velocity space gives

&mea/d?’v vfa+V-Zma/d3'v 'vvfa—FZ/d?"v MaOVy - %(E%—v X B) fq
:Za Palla=pP;Uj; (Ag)

— ZZma/d?’v vCop{ fa, f}
a B

Rewriting the term inside the spatial divergence using peculiar velocities,

Zma/d3v 'vvfa:Zma/d?’w (w+ ;) (w + u;) fo
:Zma/d?’wwwfa—i-uiZma/d?’wwfa

+Zma/d3w w fo, w; —i—uiuiZma/d?’w fa
[e% «
=0 =pi
= piuiu; + P;,
where the ion pressure tensor
P, = Zma/dgw ww fy. (A.10)
e

The pressure tensor is often decomposed into the isotropic component plus the viscous stress tensor as
1 . 1
P, =pl+1I;, where p;= gTr(Pi), II; = Zma/ddw (ww — 3w21> fo- (A.11)
(0%
The Lorentz force term may be evaluated by parts as
an/d3vvvv~(E+v X B)fa = —an/d% (E+v x B)f,

[e% (03

= — anna(E +u; X B) — annava x B (A.12)
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where we define the force on the ion mixture and the ion charge density
Fz:Uz(E+uz XB)7 Ui:ZQana (A.13)
(6%

and the diffusive ion current

Jp = Z danaVa- (A.14)

For the collision term, it is understood that the sum with index « is over ions, whereas the sum over 3 includes
electrons. The ion-ion terms all cancel due to the momentum conservation property of the collision operator,

leaving only the ion-electron momentum exchange
Ri - Zma/dg’v 'Ucae{fa,fe} - — Zme/d?’v ’Ucea{fe,fa} = —Re. (Als)

The momentum equation for the ionic mixture then becomes

Ot(piu;) + V - [piuju; + Pil = Fi+jp x B — R, (A.16)
Using the product rule on the time derivative and rewriting 0;p; = —V - [p;u;] yields
piou; + piw; - Vu; = -V -P;+ F;+ 35, x B— R, (A.17)

A.4 Pressure Equation

Multiplying by %maUQ, summing « over ion species, and integrating over velocity space gives

1 1 1
8t2/d3v §ma1)2fa + V. Z/d3v §mav2'vfa + an/d3v 51)2V1, (E+vx B)f,
=& (A.18)
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The term inside the divergence may be rewritten as

1 1 1
Z/d?’v imav%fa = u; Z/dgfv §moﬂ)2fa + Z/d?"u imavg'wfa
(e} (e} «

=&;
1
=&u; + Z / 3w imanwfa +u; - Z / 3w MawWW [y
o (0%
=q; =Py
1
+ §uf Z / dPw MaW fo
(6%

=0

(A.19)

=&u; +q; +Pi-uy,

where the ion heat flux is defined as
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1
q; = Z / 3w imanwfa. (A.20)

The force term may be evaluated by parts as

an/d% ~02Vy - (E +v x B)f, an/dvv (E 4+ v X B)fq

:—Fi'ui—jD-E
The ion-ion collision terms vanish due to conservation properties of the collision operator, leaving only

the ion-electron energy exchange

Wie =325 [ d0 gma?Con fus f2)
a B
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where W, is the ion-electron heat exchange. The ion energy equation then becomes
&+ V- |:giui+qi+Pi’ui:| =F;-ui+jp -E+We—R.-u,. (A.23)

To focus on the internal energy, we subtract the energy contribution from the flow which may be found to be

1 1 1 1 1 1
O (2 > +V. [ pil; uz:| =5 O(piwi) + Ui V- (piwiu;) + 5P du; + 5Pt Vu;

=3u;(Fi+jpxB—R.—V-P;) =3u;(Fi+jpxB—R.—V-P;)
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(A.24)

leaving the pressure evolution equation
3 3 i -
O + V- nZTuZ—i—ql =-P;: Vuz—l—gD(E—i—uz XB)—i—Wie. (A.25)
The ion mixture equations in summary are then

atpoz +V. [paui + ia] =0
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Similarly, the electron fluid equations are
Ope +'V - [peue] =0,
peatue + Pele * Vue = _Vpe - V : He - ene(E + Ue X B) + R€7 (A.27)

O (;neTe) +V. BneTeue + qe} = eV -ue —I,: Vue — Wi — Re - (ue — u;).



APPENDIX B

Fokker-Planck Collision Operator

B.1 Derivation of Fokker-Planck Collision Operator

Following Helander and Sigmar [78]], the general form of the Fokker-Planck collision operator can be derived.
The Fokker-Planck operator describes collisions in a plasma with A >> 1, i.e. there are many particles inside
the Debye sphere, so collisions are primarily long-range small angle deflections, rather than short-range
large-angle binary collisions which would be described by the Boltzmann operator. Consider the DF f, (v, )
for species av at some local point in space, with the spatial coordinate omitted for brevity. Denoting P, 3(v, Av)
the probability that the velocity of a particle changes from v — v + Aw due to collisions of species « against

species (3 in time interval [t, ¢ + At], the DF should obey

fa(v,t + At)|op = /d(A'v)fa(v — Av,t)P,p(v — Av, Av), (B.1)

i.e. summing over all possible collision histories of particles At ago that could end up with our final velocity v.
For our small-angle collisions, we expect only small changes in velocity, therefore P,g(v — Av, Av) should
be sharply peaked around Av = 0 in the second argument for short At. This allows us to treat Av as a small

quantity and therefore expand f and P in their first arguments

a(fa('va t)Paﬁ(vv A'U))

fa(v, t + At)|ap = /d(Av) [fa(v, t)Pag(v, Av) — Av;
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1 O?(fo(v,t)Pyg(v, A
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where we have used that the sum of probabilities is unity [ d(Av)P,3(v, Av) = 1, and defined (Av;)o5 =
[ d(Av)Av; Pyg(v, Av) and (Av;Avj)aps = [ d(Av)Av;AvjP,s(v, Av). We may then rearrange to find

the rate of change of f, due to collisions of species o against species J as
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= lim <fa(” ot 4 At)|ap — fa(v, t)>

a3 collisions At%O At (B 3)
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The friction and diffusion coefficients lima;_q <<A2“5> and lima;_0 (W) respectively then
require consideration of the particular collision dynamics to be evaluated. The total collision operator ex-
perienced by f, is then just the sum of the collision operators over all background species C, = ) 5 Cagp

including 8 = a.

B.1.1 Collision dynamics

~e.

Figure B.1: Particle « scattering off of a fixed particle 8

Consider two colliding particles, o and 3, where §3 is fixed at the origin in the laboratory frame and particle

« approaches from far away with impact parameter b and initial speed u. The impulse received by « is then

Ap = / dt F = / dt 2P (_ cos 0 + sin 05) (B.4)
47T€0
T—0
dadp N . ~

_ _ B.

/0 do 47T<€()ub( cos OF + sin 07) (B.5)
4098 (sin(m — 8)& — (cos(r — 6) — 1)§) (B.6)

= Ireoub sin(m & — (cos(m ), .

where we have used angular momentum conservation J = mub = mr26 to change integration variables via
dt = Z—id&. Comparing this impulse to the change in momentum Ap = m,Av = mau((cos 0—1)&+sin (5@),

we may rearrange to find the scattering angle

daq

The particles entering through the annulus with impact parameters in the range [b, b+db] with area do = 27bdb
are then scattered into the solid angle df) = 27 sin ddé. The differential cross section is then defined as

do _ b [a
dQ  sind|dd|

(B.8)
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To evaluate the differential cross section for Rutherford scattering, we have

Amegmeau? cot(d/2) do 2 dmegmau? sin%(6/2)’ (B.9)
so finally
dﬁ _ } daqp 2 1 (B.10)
dQ Rutherford 4 47T50mau2 Sil’l4((s/2) ' ’

This cross section is very heavily weighted to small §, meaning that small angle collisions should be the
dominant scattering process for binary collisions. This justifies neglecting large angle collisions and taking the

scattering angle as roughly

daqp

~ — B.11
2megmau2b (B.11)

Considering now arbitrary masses m,, and mg that are no longer fixed, the Lagrangian of the system is

1 1
£ bt o a0
2 2 deg|Ta — X (B.12)
1 -2 1, qad4p '
= _MR + —pur? - 22
2 * Pl Amegr’

where we have changed coordinates to the centre of mass position R = (mqxo + mgxg)/(mq + mg) and
relative separation 7 = x, — 3 between the two particles, and introduced the total mass M and reduced
mass p. Since R is a cyclic coordinate, the first term is a constant so it can be ignored, and now the Lagrangian
has the same form as a particle of mass p that scatters off a fixed particle, therefore has the same scattering
angle B.11| with m, — 11, where v is the initial relative speed.

Introducing an orthogonal coordinate system (z, y, z) with & || u, then the relative velocity u = 7* changes

by

Auy, = u(cosd — 1), Auy = usin d cos ¢, Au, = usin § sin ¢. (B.13)
Noting that z, = R + m:ﬁn T = Avy = m:ffmﬁ Aw, then we obtain
Av, —(1+ 72) (gresms ) a52as
Av = Auv, | = 5 ggoqé - czsb¢ (B.14)
Av, zfgoqria %

B.1.2 Collision statistics

Using the dynamics of a single collision, we may integrate over many collisions in a short time interval. The
number of collisions taking place in a time interval At between a given particle of species « at velocity v

and particles of another species 3 at velocities v’ (so now u = v — v’) for impact parameters in the interval

[b, b+ db] and angles [¢, ¢ + d¢] is
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AAfcollisions =bdb dqut / d3v,fﬁ(v/)uv (B.15)

coming from the volume dV' = b db d¢ uAAt swept by the particle in At, and then integrating over the
velocities of the particles of species 3. The rate of collisions provided by [B.15|may then multiply [B.14]and
integrated over b and ¢ to find the averages required for the FP operator B.3|as

A « bde A]\]'CO 1s10ns
< Zi 5 _ / db d¢ Tffmxa (B.16)
bmm 0
_(ma)(_tads 2 [ db o 5, 1
= (14 Do) 995 o | &' f5(v')az— (B.17)
mg 2megma b 2u
H/_/H/—/
ZIHA(XB =2
1 « 6%
_ _(Hm) (W) indas [ @0 % ) (B.18)
47 mg E0Ma

where we have used the azimuthal ¢ symmetry to note that the y, z integrals vanish. The integral over the

impact parameter introduces the Coulomb logarithm as discussed in Section[2.2.3

Similarly, the O((Av)?) terms may be found as

(AvAD)ag  (BAvy + JAvy + 2A0, ) (EAV, + §Avy + £2A0,))

At At
_ (G9(A0,)? + 52(Av,)?)

At
bmax 2T AN i
| [ e S a2+ 220 )

2 b 2T
max 1 1 B19
_ [ 4as dby / d*v' f5(v') / do(@geost o+ 22sin?g) )
2megme mm b uJo
qadqp 3,/ NL s s
InA d —
T um (éoma) H el / v fs(v )u —(yy —i:_/zz)
=I-4a4
1 ( qaqs 21 A /dg ,u2I—uuf ( /)
= == n ——
41 \ ggMmy, o K u? e

where ((Av,)?) is neglected since it is smaller than a factor 1/1n A, than the other diffusion terms, and

cross terms such as (Av; Avy) will vanish due to the integrals over ¢.

B.1.3 Landau form

Substituting these forms directly into the Fokker-Planck operator [B.3]



B.1. Derivation of Fokker-Planck Collision Operator 159

2 .
Cap = 1( W) o Aap O [(1 + Zﬁ)/ 5 550 fal0) 4 300, [ U f5(00) o

41 \ ggMmy,
(B.20)
1 dadp 2 Mme / 3 /2ui /
= (222 ) A0, |1+ -2 . B.21
o (Z2) s, | (1+22) [ @02 e @21
+ [ @00 2,(U5) folo) + U0, )| (B.22)
——’
=—2u; /u3
1 4adp ? [ma 3 1 2U; / 3,/ ’
= & \2om In Ap g0y, m—g d°v ?fg(v Vfa(v) + | &V f3(v")Ui0y, fo(v) (B.23)
1 [ qags \? [mg,
= 87r<6omﬁ> In Ay g0y, mB/d?’v'(@v;,Uij)f/g(v')fa(v) +/d3v’f5(v')Uij6Ujfa(v)} (B.24)
1 qaq 2 [ ma
= &T(gonf) In Aqdy, | — . / d*v'Uyj0y f5(v") fa(v) + / d*v’ f5(v")U;;0, fa(fv)] (B.25)
where
28— s
Ul] = aviavju = W7 (B26)
and we have used
8ijij == —2ui/u3, 8y‘;Uij == 2ui/u3. (B.27)
These manipulations yield the form of the collision operator originally derived by Landau
2 2 2 / /
%%m&wau/g,u%—ww fa(v) 0fp(v")  fs(v) Ofa(v)
o fgt = 2B TP d - . (B.28
Caﬁ{f fﬁ} 87T€(2)ma 90; v us mg 31);. Mo ovj ( )

B.1.4 Rosenbluth form

Alternatively, we may express the collision operator in the Rosenbluth form by defining the ‘Rosenbluth

potentials’
Hp = /d3 ’%fﬁ(v’), Gs = /d%’ ufg(v'). (B.29)
Appropriate derivatives of the Rosenbluth potentials yield
Do Hp = — / &3’ % Fo(@),  0,00,G5 = / &3 Uy f5(v'). (B.30)
and therefore the collision operator may be expressed in terms of the Rosenbluth potentials as
C“ﬁ{f“’fﬁ}:Laﬁ;w[_%aafo“+;aiigij%]’ (B-31)

where we have introduced

1 ( qags \°
L.g=——/=] InA B.32
af An <5Oma N Aap ( )



160 B. Fokker-Planck Collision Operator

for brevity. The Rosenbluth form is particularly convenient for linearising the collision operator.
The functionals Hg and Gg are named ‘potentials’ since they obey convenient relationships. Firstly,
recalling that the Green’s function for the Laplacian V2 in three dimensions is G(v,v') = —1/4r|v — v'|,

that is, V2(1/u) = —4n63(v — v'). The Laplacian of H is therefore

ViHg = /dS’U/ V(1 /u) fa(v') = —47r/d3v’ 5 (v — ) f5(v') = —dn fz(v), (B.33)

which has the form of Poisson’s equation. Analogously to Newtonian gravity or electrostatics, Hz is the
potential due to a charge density o f3.

Using U;; = 2/u, contracting indices of 9,0, ;G5 yields
V2G5 = 2Hp, (B.34)

therefore by a similar analogy, G is the potential due to a charge density oc Hpg.

B.2 Properties of the Fokker-Planck Collision Operator

Starting from the Landau form

(e

Canl i1, 131} = 229, { [0 | 0000, o) - 2w gy )| | e

where 7,3 = —3>5— = ga, We prove some important properties of the Fokker-Planck collision operator:
0

B.2.1 Particle number conservation

For arbitrary distributions f, and f3,

/ Cop{ M, 31} dPo = 0. (B.36)

The proof is straightforward. By substituting in the Landau form

/d% Zr;ﬁv,,. </d3v'U- [fﬁnsv )Vt (v) — fjn(;’)vv,fﬂ (v’)D , (B.37)

(e} «

which clearly vanishes since it is the integral of a total divergence, so vanishes by Gauss’ theorem since the

distributions vanish as v — oo.

B.2.2 Momentum conservation

For arbitrary distributions f, and f3,

/mav Cop{f F3" v + /mﬁv Csalfps fo) v = 0. (B.38)
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To prove, we focus on the first term:

/ mavCas{f21, £} dPo (8.39)
’
= /d3vmavwvv . {/U [fﬁ (v )V,,fa (v) — Mvv,fﬁ ('v')} d%'}. (B.40)
Mea Meq mg
Integrating the v integral by parts, we have
4
= _yaﬁ/d% {/U [fﬁ (v )V,,fa (v) — Ja (”)Vv,fﬁ (v')} d%’} (B.41)
M, mg
4
+ vag/dgv V- {U/U- {fﬁ w )vaa (v) — Mvv/f/j (v')] d3v’} . (B.42)
M, mg
The second term is the integral of a total divergence, so vanishes by Gauss’ theorem. Writing the remaining
term as
! v
:_')’aﬁ/dg /d3 ,{U [ ( ) vfa( )_ fo;n(ﬁ)vv’fﬁ (’Ul):|}7 (B.43)
we recognise that when swapping labels « <+ 3, the result is the same with a minus sign
/ mgv'Cga(fs, fo) d*v' (B.44)
’
== [ @ [0 { [ "0 g ps ) - L2, (v)} } (B.43)
' v
s [ o [ v {U [ 5 )G o (0) - fm(ﬁ )Vt (v’)] } (B.46)
= - /mavcaﬁ{féwaféw} dgva (B.47)
and therefore
/ mavCop{fa', f5'} d*v + / mevCaa(fs, fo) d>v = 0. (B.48)

B.2.3 Energy conservation

For arbitrary distributions f, and fg,

1 1
/2mav20a5{f£4,f§4}d3v +/2mﬁv2cﬁa(fﬁ,fa)d3v =0. (B.49)

To prove, we start with the first term again, integrate by parts, and note the total divergence term vanishes,

leaving

/ %ma#caﬂ{ £ T dPo (B.50)
- _fw/d%v . {/U [fﬁ (v )V,,fa (v) — f‘;f;’)vv,fﬁ (v')] d%’} (B.51)

a

__W/d?' /d3 "v-U- [ (a) Vofa (v )—mvv,fﬂ (v’)}. (B.52)
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Swapping species labels o <+ 3 and dummy variables v < v’ yields

[ gmseCralfas ) v ®5)
= s [0 [t U {fﬁ?i:')vvfa (v) - £ ‘;fg”vv'fﬁ (v’)] ~ (B.54)
Taking the sum of these results, we have
/ %mavzcaﬁ{ FAL Ty dPo + / %mgv%ﬁa( f5, fo) A0’ (B.55)
- _yaﬁ/d%/d%’ M.U. [fﬁwgzl) Vofa (V) — f‘;f:)vv,fﬂ ('v')} (B.56)
=0, B (B.57)

which vanishes since u - U = 0.

B.2.4 Maxwellians are equilibrium distributions

For two Maxwellians f and f é‘/f of common flow and temperature but not necessarily the same species or

number density, the collision operator vanishes

Caﬁ{fyvf;y} =0 if ug=wug and T, =173 (B.58)
To prove, first note that
m
Vofa! = =750 - wa)fa' (B.59)
«

SO

o 1 1., ’
Cas{f 3"} = %VU . {/U [—Ta(v —uy) + 7 (v —uﬁ)] fafsd®v } (B.60)

If the flows and temperatures are common between the two species, then this becomes

a 1
Cos{f 3} = %V,, - /U- [—v + V'] Tfafﬁdg'v' =0, (B.61)

=—u
which vanishes since U - u = 0.
B.2.5 H-theorem

Consider the entropy density

S=-> / d®v fo1n f,. (B.62)

Its rate of change is

D D) K TR WACYS (B.63)
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The rate of change of entropy due to collisions is therefore

ds
o == / d*v (1410 fa) (D fa)lcolisions = = > / d*v (1+1n fo)Cap{fa: f5} (B.64)
« a

S / 00 Cap{ for f5} 10 (B.65)
P

where the first term vanishes due to particle number conservation. Using the Fokker-Planck operator, this

collisions

becomes
d5 _ Yas [ g3 5 1o [13(0) fa (v) ,
E collisions B _Za:%:%/d v lnfavv ' {/d vu |: Me V'Ufoz (U) - mg V’U'fﬁ (’U ):|}
(B.66)
Yor , fs (v') fa (v) ,
:Za:%:m:/d%/d% (Vylnfy)-U- [ ﬁma Vofa(v) — s Vo fa (v )] (B.67)

= 2;%5/&)"0/(13 ! WL(VW Inf,) -U- [H;V,, In fo (v) — niﬁval In f3 (v’)] fa(v) fa(v")

(B.68)
Since the species labels are both dummy variables, we may interchange them « <+ 3. Also interchanging the

integration variables v <> v/, we have

% =3 e / o’ / d%nfbﬁ(vv, Infs) - U- Hﬁvv, In f5 (o) mivv I f, (v)} F3(0') fal)
B« @

collisions

(B.69)
/ 1 1 1 / /
= — ;;yaﬁ/diav/d?’v m—B(VU, lnf,B) -U- [%Vv In f, (U) — migvv, lnfﬁ ('0 ):| fa(v)fﬁ(v )

(B.70)

Taking the mean of these two expressions, we have
as 1 1 1
— = QZZWQB/d?’U/dS’U' [mam In fo (v) — @VU, In f5 (v')] - (B71)
a B
1 1
U-|—Vylnf,(v) = —V,1 NN fa ! B.72
Vol o (0) = oVl s (0)] o) (o) ®72)

dt
= ;szaﬁ/d:&v/dgvl (X&ﬂ'U'Xaﬁ)fa(U)fﬂ(v,), (B.73)
a B

collisions

Where
Xag = =S Voln fo (v) — L Vo In fz (v') (B.74)
af m v « m v B . .

The integrand is non-negative since the distributions are non-negative and (X .5 - U - X 43) is a quadratic

form with U being a positive semi-definite matrix. We have therefore shown

as
— > B.75
— >0, (B.75)

collisions
i.e. collisions always increase entropy density. We have shown previously that equality, and therefore

equilibrium, is achieved here where the distributions are Maxwellians with the same temperature and flow.

Collisions therefore drive the distributions towards Maxwellians with common flows and temperatures.
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B.3 Linearised Landau Collision Operator

For both local analytic calculations and the RKM, the linearisation of the Landau collision operator around a

Maxwellian is used

Coplfar fot = Cap{fl 13"} + Capldfar f3}+ Cap{fa 0f3} + Capldfa, 15} (B.76)

~
Maxwellian-Maxwellian Test-particle Field-particle Nonlinear
collisions operator operator operator

Here we are careful to note that for ionic mixtures, a Maxwellian with a common flow and temperature is

expanded around, i.e.

M Me 3/2 moé|v—ui|2
fa = Ngq onT exp — T (B77)
(2 (2

where the peculiar velocity for ion kinetic equations w = v — wu; is then introduced. In contrast, the electron

DF is expanded around a Maxwellian with its own distinct flow and temperature

fM Me 3/2 me|v _ ue|2 (B 78)
=n ex - .
e ‘\ 27T, P 2T, ’

where for the electron kinetic equations the peculiar velocity is w = v — u,. This difference means that the
Maxwellian-Maxwellian collision term does not vanish for electron-ion and ion-electron collisions, and the

linearised ion-electron operator will have a slightly different form.

B.3.1 Test-particle collision operator

The test-particle operator may be evaluated explicitly. Starting from the Rosenbluth form [B.31]

(B.79)

o[ moOHY — 10°GY of,
Cgﬁ{fa}zcaﬁ{éfmféw}:[zaﬁ |:— 2 + B i

ov; mg Ov; °° 2 dv;dvj dvj |’
where Hg/[ and gé” are the Rosenbluth potentials evaluated for a Maxwellian distribution f éw . Since a
Maxwellian distribution is isotropic in velocity space, so will the Rosenbluth potentials. The relevant derivatives

for the Rosenbluth potentials are

OHE _ OHE ow _ OHF w, (B.50)

ov; ow Ov; ow w’ '

and

82%% _ o 3gé\4& (B.31)

Ovi0v;  Ow; \ Ow w '

M M

ow; \ Ow ) w Ow Ow; \ w '

— B0 B Wy, (B.83)

.
ow?  w? ow J
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where W;; = (w?8;; — w;jwj)/w3. Substituting into the Rosenbluth form the test-particle collision

operator becomes

0 oMY w PG waw;  0GE" of.
Ta:L——fiﬂza* L © Wi = B.84
Caplfal aﬂawi mg Ow wf ow? w2 + ow Wiy ow (B.84)
0 Ma 87%5 L1 PG ofa\w;  19GY _ of,
=Lyg— || ————fa b=, B.
aﬂ@w[( mg 2 ow? 8w> +2 ow W](?wj} (B85)
having used w;0y, fo = WOy fo. We note the identity
0 oF 1 0 .
F ;| = w=— + 3F — —(w*F :
awi< (w)wz> L +3F(w) = 29w (w (w)), (B.86)
which simplifies the first term
O [(maPHE, | LPGORYw) L0 [ ma O 1PG0R)]
Ow; mg 6w 2 w? Ow  w? dw mg Ow 2 ow? ow /)| '
The last term is handled by noting
ws 1 4
Ow,; (F(w)Wi0y, ) = F'(w) EWU Ow; [+ F(w)(0w; WijOw, ) = F(w)ﬁﬁf, (B.88)
=0
where we define the Lorentz or ‘pitch angle scattering’ operator
1
Lf = w0, (WijOu, f) = —aﬁ(smﬁaﬁf) nwa;f =0, ((1 — p®)9y,) + - 283,, (B.89)

where we write £ explicitly in spherical polar velocity coordinates (1 = cos ¥, ). The Lorentz operator is

then the angular part of the Laplacian in spherical polar coordinates
2 1 2 ]. S
w w

This suggests that spherical harmonics are eigenfunctions of this operator with eigenvalues —I(I + 1), since
they are defined when they arise when solving the angular part of a separable solution of Laplace’s equation.
It also suggests that the Lorentz operator is the part of the test-particle collision operator responsible for
angular diffusion in velocity space, with the other terms responsible for energy scattering. When expanding

the distribution in spherical harmonics, this term then has a simple form. The last term is then written as

190Gy » 1 06) |
0 bt ij 0f = p Lfo. (B.91)
ow; |2 Ow ow; 2w3 Ow

In total, the test-particle operator then becomes

oGy . OHM 92gM
Cgﬁ{fa}zlzaﬂ(lgﬁﬁf + ! 8[ m“uﬁiﬁfowl—lw2 95 %]) (B.92)

203 ow 7Y w2 dw mg ow 2 ow? Ow

The Rosenbluth potentials are then evaluated for a Maxwellian background.
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Evaluating Rosenbluth potentials for Maxwellian background

The first Rosenbluth potential may be found recalling the Poisson’s equation relationship
1
VoHy = —anfif(w) = an(w%w”ﬂ% ) = —Anfy (w),
where the isotropy of fz(w) = fg(w) also implies isotropy of Hg/[ (w) = Hg/f (w). Integrating,

1 w
0
251 2 (%,

= dx z%e™ "
thﬁgﬁf
251 2 (% 1<2 d 2>
= de — (e — —(ze™™)
thﬁfﬁf 2 dx
2113 1 < _¢2
et(gs) — €3
th62§5 \/>
2n
= _0275(;(55)
th,3

where we introduce the normalised speed coordinates {3 = w/vw, g and the Chandrasekhar function

2

12 [ o, erf(z) = Zoze™? erf(z) — z-Lerf(x)

G(:U)EQ\F/ dy y?e ™V = 2{ = L .
0 x 2z
Integrating again,
M 2ng [
7'[/3 (w) = — 5 du G(&p)
Yth,3 /0

&p d
__ s / dx (.CL’QCI'f(SC) -z 1erf(ac)>
Uth,3 Jo dx

] d
=B / dx — < - x_lerf(:v)>
Vth,g Jo dx

_ g erf(¢3)
vmg s

The required derivative of ’Hg/[ is then

OHM Qn
B B
- = G(&p)-
ow th 5

The second Rosenbluth potential is found from

1
Viggf = 27—[%4(10) = @aw(w%wg%) = 27—[?3/‘[(1,0),

(B.93)

(B.94)

(B.95)

(B.96)

(B.97)

(B.98)

(B.99)

(B.100)

(B.101)

(B.102)

(B.103)

(B.104)

(B.105)
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having again used isotropy. Integrating,

2 w
M _ 29/ M
2 1 [ f
R (&) (B.107)
Vth,g W Jg £p
1 [
= 2n/32/ dx xerf(x) (B.108)
55 0
1/, 2 (8%,
=ng— ﬁerf(ﬁ)—/ dxme“””) (B.109)
55?3 ( BRI J
=ng (erf(fg) — G(fg)) (B.110)
The second derivative will also be required, which may be found as
2
0u05" = 2H5 — —0uG5' (B.111)
ng erf(&§ 2
_ o s erflés) Zng (erf(fg) - G(§5)> (B.112)
g € w
— ﬂ% (B.113)
Vg &

Substituting these derivatives into the test-particle operator, the test-particle operator becomes

N ]_ o ~ 1 ma o 1 (e}
CLs0fa = §VD5£5fa + —50u (1/5 Budsfs + K 5w48w5fa>, (B.114)

ma + mg

where we have defined the velocity-dependent test-particle collision frequencies

erf(§s) — G(&p)

v = tag & ; (B.115)
03
G
v = 27,502 T8 (&) (B.116)
M €a
G(&p)
af _ op B
v = 200p & (B.117)
in terms of a basic (velocity-independent) collision frequency
2 2
. ngqLqsIn Ayg
Amegma v, o
For convenience, we rewrite in terms of a rescaled slowing frequency
. m G(¢s)
o = e 0B _op (TSP B.119
s Mq + Mg s of goc ( )
so that the test-particle operator takes the form
A 1 A 1 1
T ~af, 3 4
Closfo = iygﬁwfa + —50u (ugﬁw S fo + ﬂ% awafa>, (B.120)
which straightforwardly sums over species 3 to become
AT — AT 1 ap 1 ~a, 3 1 o, 4
Clofa= Clssfa= SVDLOfo + ﬁaw Pews fo + Svfw 0wl fa |, (B.121)
B

where v* = Z,@ v°8 for vp, s, and Y-
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B.3.2 Field-particle collision operator

The field particle operator

0 [_ma@é?{g

1 9%6Gs OfM
Chpldfs} = Caplfi!, f} = Lap - 10%G5 0, ]

M
fa * 28vi8vj (%j (B.122)

mg Ov;
where the Rosenbluth potentials 6H 3 and 6Gg are determined from ¢ f3. Expanding the outer derivative,
o 06 Mo M 19%6Gs 02 fM

me
CEMO1) = Las |~ T2 {1205 -

mg Ov; Ov; 87113 dv; 2 Ov;0v; dvdv; |’
(B.123)
Using the Poisson equations for the Rosenbluth potentials (B.33]B.34) and
afa" _Ma oM *far _ my, M _Mas oM
= = QM — 226 B.124
8Ui Ta Zfa b 8%‘31)]' Taz wlw] fa Ta 1] fa i ( )
the field-particle operator becomes
T, m 0(57-[ maw? 026G
5fs} =L M4r=25f5 -6 L £y Ze & B.125

B.3.3 Electron-ion collision operator

For electron-ion and ion-electron collision operators, there are some careful considerations to be kept in mind
before applying the multi-species results above. Firstly, the electron distribution may have a significantly
different flow and temperature than the ion distribution, therefore the Maxwellian-Maxwellian collision term

Cos{fM, f é\/l } is nonvanishing and must be evaluated. On velocity scales relevant to electron kinetics v ~ v e,
the ion distribution is Dirac-delta like since the ion thermal velocity is much smaller vy, ; < vy, ¢. To leading
order in m./m; < 1, the ion distribution in the electron-ion collision operator may therefore be taken as a

Maxwellian, and therefore as a test-particle collision operator

Cep{fes fa} = Cep{fe, f3"} = CLAMY + CL{6 £} (B.126)

The Maxwellian-Maxwellian term is then evaluated assuming that electron flows are much slower than
the electron thermal velocity |ue/vy | < 1. When this condition is violated, electrons in the bulk of the
distribution become runaway so the electron DF is no longer near LTE. In velocity coordinates of the ions

w; = v — U,;, the electron Maxwellian is expanded as

2 2
Mo Te v —ue?) e lw; — (we — ;)
fer = 3/2y3 P < T2 ) /2,3 P < - 2 (B.127)
th,e th,e th,e th,e
2
n w; - Au Au
— o (= 50 ) (142255 L O ?) & (14255 ) 20 @z
m Uth,e Uth,e Uth,e vth,e

where Au = u, — u; and fé\/[ 0 is an electron Maxwellian with zero flow in the relevant frame, here the ion

frame. Evaluating the Maxwellian-Maxwellian collision term then yields

<A
Cea{fM, f5"} = CLAMY = CeTﬁ{feJ”O}JrCZﬁ{( . u> Moy (B.129)
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The test-particle operator [B.114|is then applied. Since this collision operator is relevant on velocity scales

U ~ Vg e, the large-argument asymptotics of the error and Chandrasekhar functions

1
erf(z) =1, G(z)=~ 5.2 forz >1 (B.130)
T

are employed, yielding the test-particle collision frequencies

. erf(&3) — G(& 1
VeDﬁ = Uep ( '8)53 ( 6) N VeB 73 (B.131)
€ €
. Me+mg G(fg) N ng 1 . Tﬂ
VP = 2p = ~ D = , B.132
s  — c. o 25%& Ve, €3 (B.132)
G(&p) me T 1
JeP B - el
=2Wep——a" R U (B.133)
Yl T e s g T, &
so the electron-ion test-particle operator becomes
CTAfY = bog— £fs + mea O | o+ 13 L)~ b £ (B.134)
eBlJes — Vep 252 € eﬁée e € fe Cede | ~ Vep 25? € .

Even for different electron and ion temperatures, the C7, { fMOY term vanishes, even when including the

energy scattering terms. The remaining term accounting for the relative flow becomes

Conl £, £} = P 2y —— £ L (A - w). (B.135)
é th e
Writing in spherical velocity coordinates,
/j(Au ‘w) =w <Au$ sin ) cos ¢ + Au, sin ¥ sin ¢ 4+ Awu, cos 19) (B.136)
4 Auy, —iAu, A AN ~
—w £< e e qu) (B.137)
Auy, — iAuy, A A ,

_ _2w<, ot B e T Mgwe—w N MAUZ), (B.138)
since these | = 1 Legendre functions are eigenfunctions of £ with eigenvalue —I(I + 1) = —2. The collision
term is then

2 Au-w
e,@{fe 7fﬁ }N Veﬁg 95 fejw (B139)
e Uthe

where the velocity coordinate w = w,. = w; is restored to the electron frame. The electron-ion collision

operator against ion species [ is finally

1( 2Auw

Ceplfe, fo} = 19654?3 M+ £5fe> (B.140)

the

Since the particular ion species only enters through the collision frequency prefactor, the final sum over all ion
species leaves

A
Cei{fe}E § Ceﬁ{fevf,@}%Z*ﬁee ! ( 20u - w
B

& My £5f€> (B.141)

the

where the effective ionisation Z* = > 3 Ve /Vee, which in a simple plasma reduces to the ionisation of the

single ion species.
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B.3.4 Ion-electron collision operator

To evaluate the ion-electron collision operator, we start by expanding the electron distribution around a

Maxwellian at rest in the ion rest frame as

fe(w') = MO + fl(w') (B.142)

where the anisotropic part of the distribution is

fi(w') = T MO 4 5 fe(w'), (B.143)

which includes both the leading order anisotropic contributions from the drifting Maxwellian and Chapman-
Enskog solution.

The ion-electron collision operator is then

COC@{fOéJ fe} = Cae{fom fejwo} + Coze{fou fé} = CA’Z;efOL + Oa@{f()ﬂ fé}? (B‘144)

for an ion species . The collision operator against the electron Maxwellian at rest in the ion frame has become
the test-particle collision operator in the ion frame by definition. The remaining collision term is evaluated

using the Rosenbluth form of the Fokker-Planck collision operator

2 ! 20/
dafe 0 Mea OH 1 0°G 6fa
ae arsrJey — 7 1 Aaei € o € = B.145
{fa fo} = <5 ma> . ov; [ Me OV; Jot 2 O0v;0v; 0v; ( )
where

Oy HL, = —/d3v' %fé(v’), D, 00,G; = /d?’v’ U, fr(v'). (B.146)

Since the first velocity coordinate |w| ~ vy, ;, the relative velocity u = w — w’ =~ —w’, and so

N 3 _ 3

0t =~ [l B piw), 0,0,60 = [ dPl W sl (B.147)

The leading order terms in f/(w'’) are [ = 1 terms in the spherical harmonic expansion. The second integral is
then much smaller than the first. The first term may be written nicely by noting that it relates directly to the

electron-ion momentum exchange as

I

R, = / dP*w'mew' Cea{fl, fa} = —MeDeaih / dPw 5 . (B.148)

Substituting into the Rosenbluth form of the collision operator, we then have

2
m 0 1
ae{faa fe} ~ < Gotle ) lnAae 2 = 3 Rea,i foz - 7Reoz : waoc' (B-149)
£0Ma MEleaVy, ov; Da
The ion-electron collision operator is therefore
ae{fa’fe} - REOL V'LUfOé gefo&’ (B'150)

Evaluating for an ion Maxwellian, this becomes

1 . pe T. w? 3
C@e{féwu fe} - - ;Rea W — 3\/>Veap <1 — T> <v2 — 2>:| éé\l (BlSl)
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B.3.5 Electron-ion Maxwellian exchange terms

Using the earlier result for the electron-ion collision operator

2 Au-w
Cez{fe]wan} = ezf —Veizz 5 fé\/lv (B~152)
3 Uth,e
the electron-ion friction between Maxwellians is
R = / v mevCoui{ fM, fMy (B.153)
R 1 Au-w
= D / FPw mew 5 —5— (B.154)
5 vth e

_ . 1.0 2
= —peT 3/2Ut2h,eV€iAu' /d3§ gﬁﬁe ¢ (B.155)

N———

=477 [ de ge=87 =21
4

= — VeipeAu = —p—éAu, (B.156)

B

where, following Braginskii, the electron-ion collision time is defined as 7] = ﬁﬁei such that the Maxwellian-

3
4
Maxwellian friction has a prefactor of unity.

Using the earlier result for the ion-electron collision operator

8 ~ Pe T, w2 3
ze ef — el 1—— S
oo = =g g (- 7) (3|

the ion-electron heat exchange is evaluated as

™ (B.157)

7

. 1
Wie = /d3w §miw2cie{f@M)fe} (B.158)
1 1 8 p T, w? 3
= | Pw =mw? [ — —R. W — — =D <1 - > < - ﬂ ™M (B.159)
/ 2 i 3T pi T; Ut2h7z' 2
16 ~ 2 Te o0 4 2 3 _52
= ——Dypevi . [1— =2 - — B.160
?mupvth,z( T)/O d££<£ 2)e (B.160)
_3yF
-8
4
= neyez (T, —Ty). (B.161)

VT m;

Here, the d f; contribution is subleading, so this is the leading order result.

B.3.6 Expansion in spherical harmonics

Test-particle operator
Starting from the test-particle collision operator

CTsf, = %ugﬁ fo+ %aw (ﬁgw?’ fo+ %uﬁw‘law fa>, (B.162)
the spherical harmonic projection straightforwardly becomes

chm) = (1 m|CTs1,) (B.163)

I(1+1)
Rt

1 1
vofibm 4 —50u <17§‘w35 flbm 4 §uﬁw4aw5 fgjvm>>, (B.164)
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since spherical harmonics are eigenfunctions of the pitch-angle scattering operator via EA(leeim“") =1+

1)Preime,

Field-particle operator

Starting from the field-particle operator

A T Moy IHpg  maw? 82595
CLyofs = La Ar—=6f5 — o — -1 , B.165
080fs = ’8 Ty ! [ ng fo = 0Hs + (mg > ow 2T, Ow? ( )
we project onto the spherical harmonic basis to obtain
Coit™ = (1, m|CE,8 f5) (B.166)
o5H™ 2 925G
_ M (Lm) _ sq,(;m) Ma 4 B Mo W B B.1
Q’BT <t [ 0fs OH +<m6 >w Em + o uw? ], (B.167)
where the projection of the Rosenbluth potentials
m 1 m
SHG™ = (1, m)| /d%’ —3/5(v). 6G5™ = (1,m| /d%’ ub f3(v')). (B.168)
Starting with the projection of the first Rosenbluth potential,
m > » 1
67—[(51’ )—/0 dw' (w')? /dQe lm“"le(,u)/dQ’ E(ng(w’,u',cp’). (B.169)

Recalling u = |v — v'| = |w — w'|, we may expand 1/u in Legendre polynomials through their generating

function as

(cos7), (B.170)

oo

k=
where w. = min(w, w’), ws = max(w,w’), and cosy = w - w’' /ww’ (i.e. v is the angle between the two
velocity vectors). In spherical velocity coordinates, this cosine becomes

cos”y = cos ) cos ¥ + sindd sin 1’ cos(p — ¢). (B.171)

The addition theorem for spherical harmonics expresses Pj(cos ) in terms of velocity angles as

k
(k — —
% (cos ) Z k:+n () PP ()™ (# =) (B.172)

therefore

R L)
k1 (K + n)!

Py () Py ()™=, (B.173)

k=0n=—k

Substituting into the first Rosenbluth potential projection,

,m —im m/ wk k—n)! n n in(p—¢’
oMY )—/ Z Z /dQe ? Py )/dQ’ kjlwpk (W) PP ()™= 5 5.

k=0n=—k

(B.174)
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The integral over ¢ yields 276, ,,,, over which the n sum is then evaluated to yield

i = o [~ Y- [ ap e pr o [aer W B gyt s
0 k=071

wit (k +m)!

Using orthogonality of associated Legendre functions

Ly — 20+ m)
[ ) P = G (B.176

the p integral and then sum over k are evaluated, yielding

o) !
Im) AT 1o We ! pmy, Iy —ime!
OHy " = 2l+1/0 dw'(w") Wb /dQ P (pw)e™"™? 6 fs (B.177)
:6]:[(}7"”)
2 w< (Lm)
2l4—1 l+151ﬁ . (B.178)

It is then convenient to split the integral into the two regions w’ € [0, w) (where w. = w', ws = w) and

w' € [w,00) (Where we = w, ws = w') to yield

(m) _ _Am —(I41) /w 12 s p(Lm) z/oo 1 n=(—1) 5 p(lm)
Ot 2l+1(w ; dw' (W)™ 0 f57 +w ; dw’ (w'") 6fs . (B.179)

The first derivative is also required, which is evaluated as

— v I,m — * —(l— Il,m
(—(l—i—l)w <l+2>/0 dw' (w') 2™ + 1! 1/w dw' (w') ==V £ )>,

(B.180)

4
20+ 1

(Lm) _
DudHG™ =

noting that the derivatives of the integrals produce boundary terms, where the w’ = w boundary terms cancel
exactly and the w’ = 0, oo boundary terms vanish.
The projection of the second Rosenbluth potential may be computed similarly. Multiplying [B.170| by

u? = w? + (w')? — 2ww’ cos,

[e.e]
Z U’i (cos7y) [wQ + (w')? — 2ww’ cosv|. (B.181)
=0 W>

The Pj(cos~y) cosy term is rewritten using the recursion formula for Legendre polynomials

k+1
2k +1

(k+1)Pey1(x) = 2k + DazPy(z) — kPp—1(z) = 2Pk(x) = Py (2) + Py_1()

2k + 1
(B.182)

to yield

= Z k+1 [(w + (w') >Pk(cos v) — 2ww'<2kk—:11Pk+1(cos v) + Qkk_HPkl(cos 7))] (B.183)

Shifting the summation index k for the last two terms, this becomes

o ok
we 2 N2 / Eoows  k+1 we
= -2 — —_— P . B.184
> ] (v ) 2 (G 2 g ) P @
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N2 —

The two combinations w? + (w’)? = w2 + w? and ww' = w<ws> since they are invariant under interchange

of w. and w-. This leaves

0k
w k k+1
u= Z wl;il [wi +w? — 2<2k — 1wi + o n 3w2<>]Pk(cosq/) (B.185)
k=0
oo k 2 2
w< we ws
= - Ty : B.186
kzowl;Jrl |:2k;+3 2k1:| k(COS’Y) ( )

Substituting into § Qg’m), the integrals over ¢ and y are evaluated using orthogonality relations identically to

the 5Hg’m) procedure, yielding

oo +2
(tm) _ 4w o2 | 1wt (t,m)
0G5 = o / dw'(w') [21 F3u 2-1uw ] 2k (B.187)
( /)l+2 1 (w/) (Lm)
2l +1 (/ dw [2[ +3 witl 2l 1 w1 5fﬁ (B.188)
1 ,wl+2 1
10, N2 (I,m)
— B.1
| dult) [2z+3<w'>l+l i) (3159
47 1 w 1 w
_ —(l+1)/ dw' (W' l+45f(l,m) _ —(l—l)/ dw' (W' l+25f(l»m) (B.190)
—Ww w \w w w \w .
2l+1<2l+3 0 (w) p 2l — 1 0 (w) p
+ Lwl+2 /w dwl(w/)f(lfl)(sf(l»m) _ #wl /w dwl(w/)f(lfS)(sf(l»m) ) (B191)
20+ 3 0 B 20—1 Jy B

The second derivative is required, which is evaluated as

8121)5gg,m) — a7 ((l + 1)1 +2) l+3)/ dw l+45f(l m) Il — 1)w7(l+1) /w dw/(w/)lﬁ(gfél,m)
0

20+1 2043 20 -1
(B.192)
(+2)(+1) z/w (=15 plm) ML =1) s /w )~ (1=3) 5 L)
+ 5+3 Y ; dw' (w') ¢ (5f 5 =1 ¥ i dw'(w'") 6fs .
(B.193)

Substituting in the spherical harmonic expansions of the Rosenbluth potentials into the field-particle operator,

2
1 m, l
CF,(l,m) _ [ 498 InAyg—— M| a2 s (I,m) B.194
afB Mao 0 Rap t2h7afoé ms Vth,a0f 5 ( )
My I+1)(+2) w? (1,m)
—1+ (=1 ) o B.195
" ( " (mg ) * 2043 w3,/ P! ) ( )
Me l(l — 1) w? (I,m)
—1-(—=-1 1) — Uy B.1
+< <m5 >(Z+ ) 20 —1 'UtQh,a g2 (W) (B.196)

(=1 1 _m (+1)(1+2) 1 _am
— v’ v B.197
20—1 v% 73 (w) + 2043 %, Pt (w1, (B.197)
where we have introduced the integrals
(Lm) 2 [T g it ) (.m) 2 1 /“’ 2415 p(m)
U -z N __ s
8,1 (w) 2l+1w/w duu 5f (w), 8,2 (w) 2l + 1wt J, du u 6f5 (),
(B.198)
W) = g [ et e 0, 8T w) = g [ et )
8.3 2z+1 w pa N T g et f, S O W

These integrals are cumulative in velocity, so are more straightforward for numerical implementation than an

arbitrary link between w and w'.



APPENDIX C

Local Transport Derivation

C.1 Local Electron Transport

Following Braginskii, we solve the local electron problem for the magnetized transport quantities. The equation

for ¢ flocal js

M (R, w2_§ Ly M
s e/ Pe + 2 5 VinT,| -w+ 2 Vu6 ww 3wI Cei{fl"}

th,e th e (C.l)
— ee{(sféocal} + Cei{éféocal} + mi(,w % B) . Vw(sffljocal
Using
2 Au-w
Ca{ fM} = ZVeeg Tféw (C.2)
th,e
and
R, = | d®vmvCy{f.} = —;\i?nemeﬁeeAu + gmeﬁ%/clgw 'wglgﬁéfe (C.3)
leaves
Dee fM 2 Zd 2 d 2dyy : Loy
Veefe 573 3\f u 5_7 T E"’ %7 56_75
_ ﬁeeéee{éféocal} + Zﬁeeéei{(sféocal ZVeefe]\/I€ /d3 [’(Sflocal( /) + qu(& % b) v 5flocal
(C.4)

where the velocity is nondimensionalised as £ = w /vy, ¢, linearised collision operators are nondimensionalised
as Cpg = Ua3Cap, and the thermodynamic drives are nondimensionalised as

Vu

Vee

d, = Au/vge, dr =M VInT,, dw= (C.5)

Since this is a linear problem for 0§ f1° as a perturbation away from Maxwellian with the drives d,,, dr, and

dyy, this motivates an ansatz of the form

370 = 12 (2u(6) - €+ B2 €+ B (s (g6 - 3€71) ). )
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where the dimensionless functions ®,,(£), ®7(¢), and ®yy (€) are driven by the dimensionless thermodynamic
drives d,,, dr, and dyy, respectively. This may be substituted into the local problem, and independent equations

for ®,,(&), ®7(€), and 1y (€) may be obtained from their individual drives. For the flow-driven perturbation,

we obtain
S . Zdy &€ = Coe{®, - e €Y+ 2Ci{®, - €} (C.7)
53 3f ee u el u .
4 2
—£24 "' P N, —¢&? - . P —£ )
Gt [ A CBUNTE + on(exb) B 3
having used £(f(£)€) = —2f(€)€ and [ dQ €€ = 471, and introducing the electron hall parameter
X = We,eTee = 3ﬁ Uic,e . (C.9)
4 Dee

There are three relevant orthogonal directions, namely parallel to the magnetic field b = B/ B, perpendicular
to the magnetic field but parallel to the drive (b x d,,) x b, and perpendicular to both b x d,,. A further ansatz

for the perturbation is therefore motivated, taking the form

(I)u(é) = ¢H(§)bb : du + ¢1J;(§)(I - bb) : du + d); (f)(b X du) (C~10)

It is sufficient to consider d,, L b, with parallel || terms recovered from L terms for x = 0. Choosing a

coordinate system with dy, = dy & and b = 2, we have & x b = —£,§ + £,& and
() = dul@y () + 67 ()9)- (C11)

This yields
¢ (523 s )76 = Curll6tea + 0 §y> )4 20alte 06 €Y C1)
e e [ de ol ey [Taesine ey
-3 fxgx dre® + 7x§y¢$e—52 (C14)

Spherical harmonics are eigenfunctions of the linearised collision operator, so we may write

Cop{ ()€} = Cos{f(©)}E, (C.15)

which is the [ = 1 component of the spherical harmonics expansion of the linearised collision operator. In

particular, the electron-ion and electron-electron collision operators become

CL{f(©)} = —glgf, (C.16)
- erf(¢) — G(¢& 1d if
cze{f<s>}:—r()§3”f+€2d§[c<«s>(2f [ 5)] c17)
4 —£2 2 6 .2 > I el 21 ¢ 113 41 1 e15 /
vz €lrede(-1e ) [Taene)- 35 [aener+ 1 [aeese].

(C.18)
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Comparing coefficients for {,, §, yields two equations

(& - g ) 26 = Cllobe €y + 2Clotse

_§ 6/2
RN e [Tag ) -

\F
(C.19)

0=CL{plce S} + 2CH{p e

(C.20)

Defining ¢, = ¢ +ip), these equations are the real and imaginary parts of

—e(2 8 \pe_Glig o€ —¢2
e (53 . ﬁ>Z§—Cee{¢u£6 b+ ZCL{dute

€ / d' €3 (e)e " f&ﬁu

(C.21)

We then solve by expanding the complex perturbation ¢,, over a convenient set of orthogonal polynomials.

2
§2a+16_£ for some a,

Since our solution should be over £ € [0, 00), and we naturally have a weight function
the Generalised Laguerre or Sonine polynomials L (f 2) are an appropriate choice. In particular we choose
a = 3/2 for the [ = 1 problem (for the vectorial drives), since in general the Sonine polynomials of index

a = | 4 1/2 are the appropriate set of orthogonal polynomials for the radial coordinate dependence when

expanding a function in three dimensions over spherical harmonics, i.e.

0o l [e's)
g) — Z Z Z a(l,m,p)Lél+l/2) (52)5167€2le(cos ﬂ)eimgo (C22)

=0 m=—1p=0

provides a suitable complete set of orthogonal functions to expand over [84] The complex perturbation by is

therefore expanded over Sonine polynomials as
bu=> LD (&), (C.23)
=1

where the p = 0 term is omitted to constrain zero flow since

0= / Bw wé f, o /0 - d¢ e ¢4, o ap. (C.24)
Noting the orthogonality relation of the Sonine polynomials
[ aeeemm@ e - B et s, (25
and the first few Sonine polynomials L (52) =1, ({2) —£2 + o+ 1, equations for the expansion
coefficients @, may be obtained by integrating over
/0 - dg LB (g2 ... (C.26)

"nstead of the ansatz introducing ®., 7, this could have been the initial series expansion for § flocal which would yield a similar

matrix problem for a1,m,, from which the heat flux and friction could be evaluated.

5/ de’ €67 (€)e € f&ﬁu*

Xoggret

2
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which yields
ZGy = Z (Aee + ZA” + szqp> Qp,

p=1

where the vectors

Gy :/0 dg €_§2L£13/2 (€ )<25 - V >

4 T(q¢+5/2)
3w 20(g+1) *

By =
and the matrix elements of the linearised collision operators are

Ace = /O d LB/ (€)1 {LED ()geC),

A= [ de SLEECHIPD e ),

0

Similarly for the temperature-gradient-driven terms, we expand the perturbation

B1(¢) = ()b - dr + ¢ (€)(1 - bb) - dp + $3(€) (b x dr),

and then expand over Sonine polynomials
~ e ~
dr =Y bLE? (&),
p=1
to obtain an equation for the expansion coefficients

o0

GI=>" (Aee + ZAS + szqp> by,
p=1

where

© 5 157
= [ (e F) = B0,

(C.27)

(C.28)

(C.29)

(C.30)

(C.31)

(C.32)

(C.33)

(C.34)

(C.35)

Truncating the Sonine expansion to some maximum order and recasting these equations in matrix form in the

e

basis for ¢ > 1, we have

ZG" = (A* + ZA% +ixB)-a, G'=(A“+ZA%+ixB)-b,

(C.36)
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which may be solved by a simple matrix inversion. Computing these matrix elements, we obtain
1/2 3/8 15/64 13/8 69/32 165/64
. 3/8 45/32 309/256 o 69/32 433/128 1077/256
Aee — _\/§ ’ U p— ,
15/64 309/256 5657/2048 165/64 1077/256 2957/512
(C.37)
5/4 0 0 3/2 1
A 0 35/16 0 15/8 0
B= . Gt = ., GT=— 151\6/7? (C.38)
0 0 105/32 35/16 0
The heat flux may be obtained from
1
local __ /dS’w imerwdf}zocal (C.39)
= Gl el / d°¢ L (B1(9) + Dul€)) (C.40)
— sty [ dee e [0 (@r(©) + 2.(9) can
— T gz [ 40 @(E) + 2,(0) (C42)
et elthe 3\/77_ u
This then splits the heat flux up into two components g\ = g + g%,
4 _
@t =T [ dE e ,(0 (43
4
Lo gy [ de e (cz»u(g)(b )b+ GH(€) (1 bb) - d + 6 (E)(b X du>) (C.a4)
=neT, (B%ubb - Au+ B, (I — bb) - Au+ B?u(b X Au)>, (C.45)
where
. R A 4 2~
bru= B+ 167, = 3= [ deeC, (C46)
4 e [ 6, (322
:Zap/ dg e LA (€2 (C.47)
3T = 0
4N [Tt (D1 ey 132 ey L6722
= MZ%/O dg e ¢ (2L0 (€9 — L) ) (e (ca9)
p=1
4 T(7/2).
= ——— C.49
37 20(2) (C.49)
4
_ 24 = .G, (C.50)

3V
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where in the last line we have noted that we may write this in terms of G”, which will be convenient later.

Similarly
af = Tz [ e C () ©s1)
T [ a6 (SO anb+ oH -0 dr + 050 < dr))  (C3)
- —% </%ebb- VT, + A1 - bb) - VT, + 22 (b % VT6)>, (C.53)

where

32 -
Fie = RE 4 ik = ——= /dg e ¢S (C.54)
10 - -
= ——GT b C.55
3\f by o (C.55)

The momentum exchange is similarly found as

Rl — _ ;\FnemeyeeAu + ZMmeDee / dBw wC,pi {5 floc} (C.56)
= SLiZFnemeVeeAu + ZMelee / dw wael{fe]w(q’T(g) &+ (I)u(g) : é))} (C.57)
= 3\/>nemel/eeAu + 3/2znemeVeevth e / d* '3 55 Cez{ge ( (5) + Qu(f))}f (C.58)
- —345Enemel/€eAu + 3457?nemeﬁeevth7e/0 dg C’;{ge*ﬁz(%(g‘) + ®,(6)1e3, (C.59)

which splits the momentum exchange into two components R = R + RT,

w_ Az ~ 5
RY = = ot (8= [ de Chfee 0016 ) 0
__ 1z T g i tee€ (ol ()b Liovit ey y 3>
— g nemeiee (A~ [ e Chige CUO®- Awb+ SO - 6) Sut 07 (O x Aw))e
(C.61)
”Tm( albb - Au + a1 (1 — bb) - Au — &% (b x Aw)), (C.62)
where
d=at—iat = 1- [T deClie o) C3)
0
—1-3"a, [ de Clfee L@ Co)
p=1 B
=1-> Afd, (C.65)
p=1

1
=14 ,G" @ (C.66)
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where we have noted Agfl = —%G;‘. For the thermal force,
RT = 2 nomelecvm.e / de CL{ce € ()} (C.67)
3\f 0

— e / " CL{ee™8 (B1(€)(b- VTL)b + ¢ (£)(1 - bb) - VT, + ¢5(€)(b x VTL))}E> (C.68)
3T Jo

= —ne(Blbb - VT, + Bp(1— bb) - VT, + B (b x VTL)), (C.69)
where
Bur = B+ iy = — 22 [ de CLiee € dr(e))E? (€70)
ul = PyT uT Sﬁ 0 ei T .
= ggu b (C.71)

3T
The coefficients for temperature-gradient-driven force and flow-driven heat flux 5 ([l L) ﬁgq”f" ) = B(H L,x)

are identical due to Onsager symmetry. This may be seen clearly from the matrix problems as we have
ZG" = (A + ZA® +ixB)-a, GT = (A°+ ZA% +ixB)-b, (C.72)

with the coefficients found from

: 4 - 4 -
Bur = TZG" b, Br,= ﬁGT -a. (C.73)

Dotting the a problem through with b and vice-versa, we find

ZG"-b=b (A +ZA" +ixB)-a=a- (A + ZA“ +ixB)-b=G'-a = Bur = Pru
(C.74)
where the second equality has used the property that the matrix is symmetric since the linear collision operator
is self-adjoint.

local

In summary, the local results for the electron heat flux g'°* = g + q* and electron-ion momentum

exchange R = RT + R" are

al = —rk§((Rybb + iy (I—bb)) - VT, + izxb x VT,),
N e

Conduction Righi-Leduc
g =n.T.((Bbb + B1 (I - bb)) - Au+ b x Au),
—_———
Peltier Ettingshausen (C.75)
Rl = —n.((Bjbb+ BL(1—bb)) - VT.+ b x VT.),
~ —
Cross-Nernst Nernst
RY = — " ((Gbb + d ) (T— bb)) - Aw— b x Au).
Tei — —_———
Friction Cross-friction
The dimensionless transport coefficients are computed by first computing the complex values
1 ~ 4 ~ 32 -
i=14+-G"-a, B=-—=ZG" b= —GT a, i=-—G" b C.76
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and then recovering the numerical coefficients as

at=R@), & =-9a), da=a"(x=0),
Br=RB), B = 8B), Bl=p(x=0), (C.77)
A=RE), &= SKR), &l=r(=0).

By setting Z = 0, single-species ion transport results (ignoring ion-electron collisions) may be found. A similar
procedure may be applied to find the local closure for the viscous stress tensor 11, ;.

The distribution function for one of these drives, say the flow, is then reconstructed as

§flocal — fMg. <¢ﬁ(§)(bb) cdy + i (€)(T —bb) - dy, + ¢ (€)(b x du)> (C.78)

To find the spherical harmonic components with the pole aligned with 2, we take the projection

(afhEm = (1, mlo £ (C.79)

=M 5(¢l£(s><bb> cdy + ¢y (€)(T—bb) - dy + ¢ (€)(b % du>> (1, m|€) (C.80)

where

(I,m|€) = 2?” [ — 2™ (& — ig) + 6™ (& + ig) + 25%04 S1.1- (C.81)

Here we provide a compact Python routine for evaluating local electron transport coefficients, including

generating the relevant matrix elements of the collision operator.

import numpy as np

from scipy.linalg import solve

from scipy.integrate import quad

from sympy import integrate,symbols,simplify,oo,nsimplify,diff,pi,sqrt,Rational,Matrix
from sympy.functions.special.gamma_functions import gamma

from sympy.functions.special.polynomials import assoc_laguerre as Lg

from sympy.functions.elementary.exponential import exp

from sympy.functions.special.error_functions import erf
x = symbols("x",real=True)
def A_ei_func(q,p):

Lp,Lq = Lg(p,Rational(3,2),x**2),Lg(q,Rational(3,2),x**2)

def Cl1_ei_func(f):
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return -1/x**3*f
y = simplify(x**3*Lq*Cl_ei_func(Lp*x*exp(-x**2)))

return simplify(integrate(y, (x,0,00)))

def G(x):

return (erf(x)-2/sqrt(pi)*x*exp(-x**2))/(2%x**2)

def A_ee_func(q,p):

Lp,Lq = Lg(p,Rational(3,2),x**2),Lg(q,Rational(3,2),x*%2)

def Cl1_ee_func(f):
result=-(erf(x)-G(x))/x**3*xf + 1/x**2%diff (G(x)* (2*x**2*f + x*diff(f)))
result+=4/sqrt(pi)*exp(-x**2)*f

result+=4/sqrt(pi)*exp(-x**2)*(x-Rational(6,5)*x**3)*(Rational(2,3)*integrate(f))

result+=4/sqrt(pi)*exp(-x**2)*(-Rational(2,3)/x**2*xintegrate(x**3*f))
result+=4/sqrt(pi)*exp(-x**2)*Rational(4,5)*(1/x**2*integrate(x**5*f))
return result

y = simplify(x**3*Lq*Cl_ee_func(Lp*x*exp(-x**2)))

return simplify(integrate(y, (x,0,00)))

def G_u_func(q):
Lq = Lg(q,Rational(3,2),x**2)

return simplify(integrate(exp(-x**2)*Lqg* (2*x-Rational(8,3)/sqrt(pi)*x**4 ), (x,0,00)))

def G_T_func(q):
if q == 1:

return -sqrt(pi)*Rational(15,16)

else:
return 0O
N =4 ### Number of Laguerre polynomials in expansion (including p=0)
Z =1 ### Effective ionisation

@]
=
.
Il

0 ### Hall parameter

q_s = np.arange(0,N)
A_ee, A_ei, B = (Matrix(np.zeros((N, N))) for _ in range(3))

G_T, G_u = (Matrix(np.zeros(N)) for _ in range(2))
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for p in gq_s[1:]:
for q in q_s[p:]:

print(q,p)

A_ee[q,pl,A_ei[q,p] A_ee_func(q,p), A_ei_func(q,p)

A_ee[p,q],A_ei[p,q] = A_ee[q,p], A_ei[q,p]
B[p,p] = 4/(3*sqrt(pi))*gamma(p+Rational(5,2))/(2*gamma(p+1))
G_u[p],G_T[p] = G_u_func(p) , G_T_func(p)
M = np.array(A_ee + Z*A_ei + 1j*chi*B ,complex)
M[0,0] =1
G_unp , G T np = np.array(G_u,complex) , np.array(G_T,complex)
a,b = solve(M,Z*G_u_np) , solve(M,G_T_np)
alpha,beta,kappa=(1+(G_u_np.transpose()ea)[0]/2,
-5/4%a[1],10/(3*np.sqrt(np.pi))*b[1])

print(alpha, beta, kappa)

C.2 Local Ionic Transport in Mixture Formalism

The local problem for ionic transport in the mixture formalism is

i w? 5 2 1 M T g5 rlocal F g5 plocal

weLdo + (=5 Jw VT4 o (ww 1) Vg ) f3T = 0 CO{0f) + CL {05 ).
th,a th,a 8

(C.82)

Here, we follow the procedure of Ferziger and Kaper. Firstly, the DDFs are written as § £ = ¢, fM, leaving

, 2
(w . &da + (120 — 5)’w -VInT; + 2i (ww — 1I> : Vuz-) f(iw =— Znangfag(qﬁlg), (C.83)
B

Uth,a 2 7}th,oz 3
where the linearised collision operator has been written as

3 (cag{% MY 4 G, mﬁM}) = Y nanslas(s). .5
B B

This is then a linear problem for ¢, which should then be a linear combination of the thermodynamic drives

d., V InT;, and Vu,;. However, the diffusive driving forces, defined as

Vpa —caVp; i 1
d, = YPo 7 CaVPi Ca&(Xa - 265X5), where X, = q—aE' — —R.,, (C.85)
i Di 3 «a o
are linearly dependent since ) d, = 0. It is therefore convenient to introduce a new set of linearly

independent drives d;, to temporarily replace d,, via

do =} —ca Y di = (Jay — ca)ds. (C.86)
Y

v
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The solution is then written as a linear combination of these drives

1 | 1
¢5:_m;Dg-dv—niAB‘VlnTi—niBﬁ: Vu;, (C.87)

in terms of the functions Dg (w), Ag(w), and Bg(w). Comparing coefficients inleads to the integral

equations
Y 1 M
> zarplas(D}) = ——Ja 0oy = ca)w, (C.88)
18 (03
1 w? 5
> wawplap(Ag) = — é”(z - 2>w, (C.89)
B T Uth, o
2 1 1
Zl‘angag(Bg) =5 (iw<ww — U}2I>, (C.90)
B vth,a Ty 3

where =, = nq/n;. Since the operators I, are linear and rotationally invarian then the vector functions

must take the form
1
(w) = D} (w)w, Ag(w)=As(w)w, Bg(w)= Bs(w) (w'w - 3w21>. (C.91)
Note that when [C.88|is multiplied through by ¢, and summed over 1, the right hand side vanishes, leaving
Z Taglap < CVDFg) =0. (C.92)
B ¥
This implies that Zv cVDZ3 is an invariant for each . For convenience, these invariants may be set to zero
Z ¢, D} =0. (C.93)
gl
Replacing the vectors 7, in with d;, — ¢y, d; then yields

1 ., 1 1 1,0
bp = o ;Dﬁ(w)w dy — n—iAg(w)w -VInT; — n—iBg(w) <ww — 3w I) : Vu,. (C.99)

Equations |C.88L |C.89l, and |C.90| may then be solved for the scalar functions D}, Ag, and Bp via a similar

procedure to the electron case by expanding in Sonine polynomials and solving the resulting matrix problems.
This procedure is not reproduced here for brevity, but the convenient expressions for the transport coefficients
resulting from this procedure are given by [[17] and have been implemented in Python. Expressions of the
bracket integrals /_l;% B% C'Zyé and K ;é to an arbitrary order of Sonine polynomials can be found in the
work of Loyalka, Tipton, and Tompson [18-22]. Here, we simply demonstrate that the form of the solution
leads to the local transport closure for mixtures as described in the main text. The required ion transport
quantities appearing in the mixture formalism are the total ion heat flux g;, the diffusive velocities V', and

the total ion viscous stress II;.

*Note that this would not be the case if magnetic fields were included. If they were, a similar process to the electron case can be
adopted by expanding the functions Ag and similar in orthogonal tensorial combinations of w and b as presented in Ferziger and

Kaper. This would then leave the transport coefficients as tensors rather than scalars.
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Firstly, the diffusive velocities become

1
Vel = — / PPw wf) o (C.95)
1 ‘ 1
=— Z ( /d3w wwf%DQ(w)) ~dg — < /dgw wwfyAa(w)> -VInT; (C.96)
3 NaNi NaTy
1 4 1 4m [*
=— Z ( —77 dw w4f£4Dg(w)> dsg — ( il dw w4Aa(w)) VInT;, (C97)
NN nani 3 Jo
,DaB EDgLT
== Dapds — DI'VInT, (C.98)
B
where we have used the identities
3 L o 3 dm [ 4
d’ww| ww — 3w I)g(w) =0, d’w wwg(w) = 3 dw w*g(w)l, (C.99)
0

for appropriate isotropic functions g(w). Identically to the main text, the total ion heat flux may be decomposed

into two parts gq; = ¢} + h;, the reduced heat flux and enthalpy flux respectively, where
q, = Z dPw }m w? — §T- wf
3 2 « 2 7 sy
h-:Z§T Pw w, _Z5n T,V 4
(2 2 7 e (0%

« «

(C.100)

The enthalpy flux then already has its local closure provided by Vlo‘fcal. The reduced heat flux becomes

’1oca1 Z/d3 < maw? ZT)wagba (C.101)

2
_ 3 MaW 5 4.0 1 8
= —n;T; Z {Z/d w ww < — 2>w fa n—%Da(w) -dg (C.102)
2
3 MW 5 vl
_ _Z — A, VT, .
[g/d w( oT, 2>ww o (w)] v (C.103)
dr [ A maw? 5\ 4l 3
:—niﬂzﬂ:{;g ) dw w ( o —2>w i n—%Da(w) dgs (C.104)
=Dfc
dmr [° mow? 5 1
— - dwwt| —2— — Z ) fM 4, T; C.105
[%:30 ww(m 2>n (w)}v (C.105)
=)
= -\ VT, —n;T; Y Df‘dp. (C.106)
B

By taking suitable moments of|C and | it is straightforward to show that DCT = DZC = Dg, again
a manifestation of Onsager symmetry. Similarly, Onsager symmetry and the condition also yield useful

conditions on the multi-species coefficients

Dog=Dga; Y cgDag=0, Y cgDf=0. (C.107)
B 8
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Finally, the viscous stress
1
ITlocal — za: / dw <ww — 3w21> Ma, (C.108)
3 1, vl Ly
=— Z d’w | ww — 3w I)f, ;Ba(w) ww — Jw I)|: Vu; (C.109)

=— {za:/d?’w 110fé‘\4711 <ww — ;w21> : <ww — ;w21> Ba(w)} W' (C.110)
=i

— W (C.111)

which completes the local closure for ionic mixtures.

It is sometimes preferable to consider the diffusive mass flux 2o, = po, V. For two species, we write the

diffusive mass flux of the first (often the lighter) species 2 = ¢; = —12 with concentration ¢; = c as
el — e [Dndl + Diady + DIV In T] ) (C.112)
= —p[ — Diody + chTvai] , (C.113)
having used ), do = 0 (so d2 = —d;) and Zﬁ cgDap = 0 (so D11 = —%Dlg). We then rewrite in terms

of Vcand V In p; instead of d; and ds. The partial pressure of the first species may be written as

c/my

= Di 1 =Inp;+Inc—1 -1 1-— , C.114
DL P o, = PPt = pit Ine—lnm —In(e/my + (1= ¢)/ma), - (C119)
and therefore its gradient as
1 1 -1 1 1
Vinp; =Vinp; + < /= 1/ms >Vc =Vlinp;, + /m: Ve,  (C.115)

¢ c¢/mi+(1—c)/my c/mi+ (1 —c¢)/myec

The diffusive driving force then become

d; :xVIDpl—chnpi—pic(l—c)(Xl—X2>, (C.116)
i
(C.117)
=(x—c)Vinp; + 1/m3 EVc—l pic(1 —c¢) @ B (1—=c¢)Re1 — cReo | |-
c¢/mi+ (1 —c)/mac i my Mo
(C.118)
having used that X, = %E' — p%Rea- To rewrite the last term, we note
R, = /d3'v me'UCeoc{fe} = Veoj /dSU mevcei{fe}v (C-119)
Zﬁ Ves
and therefore
Z21InA zZ*
R, Hofo 1l ea a (C.120)

T Y nsZilmAg 20
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where the effective ionisation of species « is introduced as

@ Ne 1N Age

The diffusive driving force becomes

1/m2

d1:(x—c)Vlnpi—FC/m1+(1_c)/m26 o

m1

and therefore the diffusive mass flux may be written as

Z* _ naZg lnAeOl’ Z* — ZZ;,
«

‘e L [pic(l — o) <Q1 -

(C.121)

ma

1
jlocal _ —pD (Vc + k‘pv Inp; + krVInT; — kE%E’ + I{IR.R@>,

bi

@)E/_(l—C)ZT—CZS
Zr+ 73

€|

(C.122)

(C.123)

with appropriate definitions for the ordinary diffusion coefficient D and the, baro-, thermo-, electro-, and

frictional diffusion ratios kp, kr, kg, and kg as

1
D=- [m ngQv
c/my+ (1 —c)/mac
1—
kp:(:c—c)c/m1+( c)/mgg’
1/meo x
DT
br =

my ma

kp = pic(l—c)(z1 Z2>C/m1+(10)/m20

n; 1/TTL2

k =
i Zr+ 73 1/ma

The friction term R, can be neglected here since it is expected to be dominated by the other terms.

(1-0)Zf —cZic/mi+(1—c)/mac

)
X

(C.124)
(C.125)

(C.126)

(C.127)

(C.128)



Table of Mathematical Symbols

Symbol

Description

Other information

Mathematical quantities and coordinates

3

‘T)yvz

P, &, 2
r,0,¢

w, v, ¢

Eabe
6(x)

Pf ()

Position vector
Velocity in laboratory frame
Phase space coordinates

Peculiar velocity

Normalised velocity

Spatial Cartesian coordinates
Spatial cylindrical coordinates
Spatial spherical coordinates

Velocity spherical coordinates

Cosine of velocity pitch angle
Velocity angle element
Kronecker delta

Levi—-Civita symbol

Dirac delta distribution

Associated Legendre functions

Generalised Laguerre or Sonine poly-

nomials

= (CD ) U)
= v — u, where u is either electron fluid

velocity or ionic mixture CoM velocity

= w/vth,a

Pole aligned with £ (planar), p (cylindri-
cal), or # (spherical). Usually defined in
frame comoving with fluid velocity ©

= cos?

=sinddddy = —dudyp

Basis functions for expansion over velocity
pitch angle p = cos ¥

Basis functions for expansion over nor-
malised velocity = = ¢? for local analytic

calculations



190 C. Local Transport Derivation
Symbol Description Definition or other information
fm) = Projection onto spherical harmonic ba- = [ d*Q Plk (p)e=™me f
(I, mlf) sis

Physical constants

€0 Permittivity of free space

e Electron charge magnitude OR electron

species label OR Euler’s constant

kg Boltzmann constant

c Speed of light in vacuum
h Reduced Planck constant
Me Electron rest mass

my Proton rest mass

My, Neutron rest mass

Particle properties

Mg Mass of species o
Qo Charge of species o
Za Ionization of species «

Kinetic quantities

Vth,a Thermal velocity

fa Distribution function

™M Maxwellian distribution

0 fc(yl’m) (I,m) spherical harmonic

) f,gl) m = 0 spherical harmonic

Cap Fokker—Planck collision operator
C’ag Linear collision operator

Cgém) Harmonic projection

InAgp Coulomb logarithm

Uap Collision frequency

= 8.85418782 x 1072 m 3 kg~ ! A2

Charge is = 1.602176634 x 10~ C

= 1.380649 x 1072 m? kgs 2 K~!. Tem-
perature is often used in energy units, so

kp often does not appear

=2.9979 x 103 ms~!

=1.0546 x 1073* Js

=9.109 x 1073 kg = 0.5110 MeV /c?
= 1.6726 x 10727 kg = 938.3 MeV /c?

= 1.6749 x 102 kg = 939.6 MeV /2

ZQQ/e

= /2T, /mq

= W exp[—(w/vin,a)’]
= (I,m|dfqa)
=5/

= (1, m|Capd fa)

Common In A assumed unless stated

. nﬁqiqg InAnp
T Amedm2od
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Symbol Description Definition or other information
Taf Collision time = i;(/j;

Ath, a3 Thermal mean free path = Vth,a/Vap

zZ Effective ionization of species « = naZ2 I Ao/ (e In Ace)

zZ* Effective ionization =>..%

AL Thermal Larmor radius of species PLa = Vtha/We,a

Fluid quantities

N
Pa
n;
Pi
Lo
Co
T
Uq

U;

Number density

Mass density

Total ion number density
Total ion mass density
Number fraction

Mass concentration
Temperature

Flow velocity

Ion centre-of-momentum velocity
Electron—-ion relative flow
Electric field

Magnetic field

Effective electric field

Transport quantities

qe

Electron heat flux
Total ion heat flux
Reduced ion heat flux
Ion enthalpy flux
Diffusive velocity
Diffusive mass flux
Electron viscous stress

Ton viscous stress

Dimensionless numbers

[d3v f,

= MaNa

= Za N

=2 aPo

= na/n;

= Pa/pi

Energy units unless stated
= i [dPvvf,

=, Calla

= Ue — Uy

=F—+u; xB

= [dw %mewz'wfe

=20 [ dwzmewtw fo

= Yo [ PPw(zmew? = 3T )wfa
=3, naTaVa

= i fd3w w fq

= paVa

3w’ D fe

=3, Ma [ Bw(ww — %wQ]I)fa

=me [ Pw(ww —
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Symbol Description Definition or other information
Xov Hall parameter = qoB/my,
Ng Knudsen number = A\m/L
N, Electron flow strength = |Aul| /v,
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