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ABSTRACT 

The research work reported in this thesis is devoted 

primarily to the investigation of the effect of axial loading 

on the shear strength of rectangular reinforced concrete 

beams with web reinforcement. 

The behaviour of concrete members subjected to shear 

and bending stresses is described at different stages of 

loading; and their resistances against shear failure predicted 

by some of the existing theories are checked with test 

results. Most of these empirical theories based on limited 

test evidence are found to be unsatisfactory. 

The experimental part of beam tests consisted of testing 

of 31 beams with and without axial forces. The magnitude 

of axial forces was varied systematically during this invest- 

igation, while other parameters are not varied. 

The different failure modes are treated separately. The- 

first theory is concerned with shear cracking/diagonal 

tension failure of rectangular beams, which is based on 

principal tensile stress criterion of failure. 

The second theory deals with shear failure of beams 

following shear cracking, the failure mode of which is shearing. 

The ultimate resistance against shear failure is given by 

the summation of shear carried by the concrete compressive 

zone and the web reinforcement. 

The third theory predicts strengths of beams failing 

in shear compression. It is based on the "arch" theory; 

and the compatibility conditions are employed to evaluate 

the depth of neutral axis at failure. 
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A few tests were carried out to study shear transfer 

across a preformed crack due to interlock. 

A separate theory is put forward to predict strengths 

of beams failing in bond. 

On the whole, the proposed equations are found to 

predict results in good agreement with the test values and 

a full comparison is given in Chapter 7. 
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NOMENCLATURE  

The following is the summary of the symbols used repeatedly 

in the thesis. Any other symbols used than those below are defined 

in any part of the thesis where they appear. 

A 	Total area of cross-section of a member. 

Aq 	Area of one member of shear reinforcement. 

As 	Total area of longitudinal steel across a 

section = (Asc Ast). 

Asc 	Area of compression reinforcement. 

Ast 	Area of tension reinforcement. 

a 	shear span. 

b 	breadth of rectangular beam. 

c 	Length of horizontal projection of shear 

(inclined) crack. 

d 	Overall depth of cross-section of a member. 

d
1 	Effective depth of cross-section of a member. 

Ec 	Modulus of elasticity of concrete. 

Es 	Modulus of elasticity of steel. 

ecc 	Concrete compressive strain. 

e
st 	Tensile strain in steel. 

Fcc 	Longitudinal compressive force in concrete. 

Fst 	Longitudinal force in tensile steel. 

fs 	Steel stress. 

fx 	Stress in concrete. 

fy 	Yield or proof stress of steel. 

fyq 	Yield or proof stress of shear reinforcement. 

j 	Elastic lever arm factor ( 7/8). 

L 	Anchorage or bond length. 



24 1 	Span of member. 

la 	Internal lever.anm. 

M 	External bending moment. 

Es, 
m 	Modular ratio (]7). 

N 	Axial force. 

no 	Flexural neutral axis depth factor. 

n 	Elastic neutral axis depth factor. 

n 	Ultimate neutral axis depth factor. 

no 	Ultimate neutral axis depth factor. 

without axial load. 

Q 	External shear force. 

Qc 	Shear force supported by concrete. 

Qcr 	Shear force causing shear cracking. 

Qd 	Shear force carried by dowel action of tensile 

steel. 

Qsc 	Shear force in shear compression failure 

minus the dowel shear. 

Quit Shear force at failure. 

Qw 	Shear force supported by shear reinforcement. 

q 	Shear stress. 

r
s 	

Ratio of longitudinal steel (
As/

bd).  

Ratio of compression steel 
(Asc/bd  

Sc 	 1' 

r
st 	

Ratio of tension steel 	
(Ast/bd1). 

 

r 	Ratio of shear reinforcement (Aq/bs). 
q 

s 	Spacing of shear reinforcement measured 

along the axis of tension steel. 

Ucyl Standard (6" x 12") cylinder crushing strength 

of concrete. 

Ut 	Uni-axial tensile strength of concrete. 

Uw 	Standard (6") cube crushing strength of concrete. 

a 	Inclination of shear reinforcement to the axis 

of the tension reinforcement. 



6,  cc 

Est 

e 

(/) 

Deformation of concrete. 

Tensile steel deformation. 

Angle of inclination of shear (critical) cracks 

to the axis of tensile steel. 

Diameter of reinforcement. 
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CHAPTER - 1 

INTRODUCTION 

Although the primary concern in the design of reinforced concrete 

is one of flexure, the effects of shear cannot be disregarded as is 

demonstrated by the significant proportion of structural failures 

that can be attributed to shear . 

Flexural stresses can be evaluated relatively accurately by 

classical methods - elastic theory before cracking and cracked section 

theory thereafter. However similarly rational approaches are not 

available for calculations for members failing in shear , partly 

because of the large number of parameters influencing such failures. 

Shear failure is preceded by the formation of an inclined 

crack (or cracks). The formation of the inclined cracks necessitates 

radical changes in structural behaviour. If a beam is not capable 

of supporting the redistributed forces collapse occurs immediately. 

In beams, with shear cracking resistances higher than their 

flexural failure loads, there is no problem of shear failure, but 

web reinforcement has to be provided in most beams with shear 

cracking loads lower than their flexural capacities if shear failure 

is to be prevented. Some short beams do not fail at their shear 

cracking loads even if web reinforcement is not provided but such 

reinforcement is none the less generally necessary if full flexural 

strengths are to be attained. 

Though the field of research in shear is fertile and a large 

number of investigators has been attracted to it in the last twenty 

years, relatively little work was done in the preceding thirty to 

forty years. 

Before 1900 two schools of thought existed regarding the 

mechanism of shear failure. The first believed that shear failures 
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were caused by horizontal shear stresses. The second, which was 

proved to be reasonable and is generally accepted today, believed 

the cause of failure to be diagonal tension, which view was first 

advanced by Ritter as early as 1899. From this understanding there 

grew the realisation that the function of web reinforcement is to 

replace concrete in tension, rather than to act as a series of 

"shear keys". 

It was Morsch in Germany who clarified the problem of diagonal 

tension failure, with the argument that, if a plane is subjected to 

pure shear, then another plane at 45°  to it is subject to pure tensile 

stresses of the same magnitude as the shear stresses, and since 

concrete is much weaker in tension than in shear it is on the latter 

plane that failure will occur. He developed an equation for 

diagonal tension cracking, which is still present in many Codes of 

Practice, and also developed the now classical truss analogy, which 

is even more widely used though often in a modified form. 

A new approach to shear design was introduced in the Soviet 

Union during the second world war and this method, which is reviewed 

in chapter 3, was the first ultimate load analysis, but had little 

influence outside Russia. However a number of investigators, 

notably Clark whose work was published in America in 1950, was 

realising the considerable defects of the MUrsch methods, particularly 

their failure to take account of the influence of span/depth ratio 

on shear strength. 

Since 1950 a great deal of work has been done on shear and many 

different theories and equations have been proposed, but very little 

of this effort has been concerned with members subjected to axial 

loads other than prestress. 

It appears that no work at all had been done on members subjected 

to axial tension before the occurrence of a shear failure in a ware-

house at Wilkins Airforce depot, Ohio. The cause of the warehouse 
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1 3 
failure was investigated in 1956 by Elstner and Hognestad who 

concluded that it was due to the combined action of stresses arising 

from external loads, shrinkage and temperature effects. 

Although this failure gave new impetus to research on shear 

very little of the ensuing work was concerned with the effects of 

axial loading. Nevertheless the recommendations of a joint ACI-ASCE 

Committee, which served as the basis of the shear clauses of the 

1963 ACI code, included an equation for members subject to axial 

forces (tension or compression). The current Soviet code also has 

recommendations for such members, based on apparently rather limited 

experimental work in Russia, and the 1970 CEB code contains separate 

equations for tensioned and compressed members, the derivation of 

which is not explained. 

The published experimental data on axially loaded members is 

very limited and only three authors (Lownds, Mattock and Sayani) 

appear to have done work on tensioned members, in spite of a general 

belief that tension should reduce resistance and is frequently present 

due to temperature and shrinkage effects. Less frequently in for 

example Vierendeel girders tension due to external loading can be 

a dominant effect. Somewhat more work has been done with compression 

presumably out of interest in portal legs and multistorey buildings 

in earthquake regions. 

Theoretical work on axially loaded members is restricted to 

modifications of code equations for members free from axial loads 

(noteably by Mattock) and a modification of a shear-compression 

equation made by Lownds. 

The object of the research reported in this thesis was the 

development of an analytical approach to shear including the effects 

of axial forces and the provision of experimental data, for beams 

with web reinforcement, to accompany it. Different failure modes 
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are treated separately and three different equations are developed 

to predict failures. 

Chapter 2 offers a general discussion of shear failure including 

the modes of failure and the parameters influencing them. Chapter 3 

is a review of existing theories on shear and, although biased 

towards methods taking account of axial load effects, includes theories 

in which no reference is made to axial loading. Chapter 4 is devoted 

to the main experimental part of this research, and the results of 

tests on beams with axial tension and compression are presented. 

Chapter 5 reports experimental work on aggregate interlock 

across cracks, and a study of works on interlock effects, dowel action 

by tensile steel and secondary failures of anchorages. 

In chapter 6 three separate equations are developed to predict 

failure loads in shear. The first is a shear cracking equation based 

on a principal tensile stress 	criterion of failure. The 

second is a "shearing" equation developed along the same lines as 

one proposed by Placas, but making allowance for the effects of axial 

loads. The third and final one is a shear-compression equation 

developed from considerations of strength and deformation compatibility 

for a model of a beam containing flexual and shear cracks. The 

effects of axial forces are considered, and dowel action by the main 

steel is taken into account in short spans. 

A separate equation is also presented in this chapter to evaluate 

the strength of a beam against bond and anchorage failure. 

Chapter 7 presents comparisons between test results and the 

predictions of the author's and other theories. The test results 

are those from chapter 4 and those of other investigators. 

In the final chapter 8, conclusions are drawn regarding shear 

failure, particularly in the presence of axial loading. Part of 

this chapter is devoted to a few proposals for further research. 
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STUDY OF THE BEHAVIOUR AND MODES OF SHEAR FAILURES IN REINFORCED 

CONCRETE BEAMS PARTICULARLY RECTANGULAR BEAMS WITH AND WITHOUT 

AXIAL LOADING: 

2.1 Introduction: 

This chapter is entirely devoted to the study of the different 

modes of shear failure and the behaviour of reinforced concrete beams 

at different load stages. Other modes, such as flexure and secondary 

bond failure are not discussed. 

Shear failure is different from flexural.failure in that it 

occurs after or at the breakdown of beam action. Shear stresses are 

believed to be partly responsible for the premature failure, even 

though it is difficult to say exactly what stress combinations caused 

failure. 

The modes of shear failure of beams are dependent on a number 

of variables. By varying the parameters, it is possible to achieve 

different failure modes in beams. The purpose of this chapter is to 

study the problem of shear in general and to depict failure modes of 

beams in shear. 

2.2 Types of shear failure: 

a) Diagonal tension failure: 

Shear affects the behaviour of a beam without web reinforcement 

by the formation of a diagonal crack. This diagonal crack is believed 

to form along a plane where a critical stress condition exists arising 

out of shear and longitudinal stresses. So long as the diagonal crack 

is not formed, the effect of shear on the behaviour of the beam is of 

little significance. Collapse of beam is obtained generally immediately 

after the formation of the diagonal crack. 
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This type of failure is generally observed in beams without 

web reinforcement and with relatively long shear spans (8/d1 
 > 2.5). 

b) Shearing failure: 

With the inclusion of web reinforcement, the equilibrium 

conditions of the shear span are modified, and a redistribution of 

the internal forces takes place. The beam does not collapse at the 

shear (diagonal) cracking load, but fails only when shearing of the 

compression zone above the inclined crack takes place. 

This failure mode is frequently observed in beams with long 

shear spans (a/d
1 
> 2.5) and with web reinforcement. 

c) Shear compression failure: 

In relatively short beams, the above mentioned modes are not 

observed. A diagonal crack may be formed, but the formation of 

this crack is not sufficient to cause failure of the beam. The 

propagation of the diagonal crack is slower, but it grows towards 

the load point with each increment of vertical load. Even when the 

crack is of considerable width the beam can sustain more load. The 

crack penetrates into the compression zone. Finally, failure can 

occur due to crushing of the concrete compression zone. This type 

of failure is referred to as "shear compression" failure. 

This mode of failure is predominent in beams with short shear 

spans (
a
/d1 

< 2.5) with and without web reinforcement. 

2.3 Behaviour of rectangular beams without web reinforcement: 

2.3.1 Beams with long shear span to effective depth ratios: 

Until the formation of the flexural cracks all beams behave 

almost identically and the stresses at different load stages can 

be predicted sufficiently accurately by elastic theory. But this 

analysis is of no use as soon as the cracks appear. Due to bending 

upon application of transverse load, tensile stresses are produced 

in the tensile zone of the beam and once these stresses reach the 
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tensile strength of concrete, flexural cracks are produced. These 

flexural cracks first appear near the position of maximum moment 

and as the transverse loading is increased, the vertical flexural 

cracks propagate upwards. Upon further loading more similar cracks 

appear away from the position of maximum moment. 

This process continues until the shear cracking load is attained. 

At this load stage an inclined (shear) crack starts appearing either 

as an extension of an existing flexural crack or independently, and 

travels in the direction of increasing moment. The appearance of 

the shear crack (cracks) marks the end of the beam action. 

The inclined cracks which form generally near the middle or the 

neutral axis position, propagate more rapidly towards the tensile 

zone than the compressive zone. The inclination of the crack in the 

tensile zone is more or less constant and is nearly 450. But the 

inclination varies as the crack penetrates into the compressive zone. 

If any further load can be sustained, the shear crack progresses 

more 	the compression zone and the width of the crack is inside 

increased. As a result the concrete loses its capacity to carry 

shear either as its intrinsic capacity or by aggregate interlocking. 

Thus the unbalanced vertical component of shear subjects the tensile 

reinforcement to a downward pull which in turn compresses the concrete 

below it and starts to tear away the concrete cover upto the support. 

The compressive zone, at this stage,' being incapable of carrying all 

the portion of unaccounted vertical shear gives way. 

This mode of failure is designated as "Diagonal tension failure" 

and is illustrated in fig. 1. In this case, the increase of load 

after the formation of shear cracks is very small or even non-existent. 

2.3.2 Behaviour of beams with short shear span to effective depth  

ratios: 

In short beams it is possible for the first shear cracks to form 
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independently of flexural cracks. After shear cracking the failure 

is never achieved so quickly as is the case in long beams. Even 

after the widening of the shear crack, the compression zone is capable 

of sustaining further load. The beam action is destroyed at this 

stage and due to redistribution of stresses, truss or tied arch action 

is developed ineide the beam. But the development of arch action is 

restricted by the manner of application of vertical loading. 

After shear-cracking, the above-mentioned action develops 

invariably in a short beam provided it is loaded directly on the 

compressive zone and supported on the opposite face. 

From the physical behaviour of directly loaded beams and the 

appearance of failure in them, it is apparent that the failure is 

different from the one already described, and is also different from 

flexure. Firstly, it is different from flexural failure in that the 

beam no longer behaves like a true beam. It can be described as a 

tied arch, the tensile reinforcement acting as tie. Secondly, the 

depth of the compression zone at the tip of the inclined crack can 

not be equated to the flexural neutral axin depth. Strain readings 

in concrete and tensile steel indicate that flexural theory cannot 

be applied to the analysis of this typo of structure. The load is 

directly transferred to the support through an inclined thrust. 

Measurements of strains nlong the ,a& urged line of thrust show the 

existmce of inclined compression and thereby support the arching theory. 

The arch action is responsible for the residual strength of the 

beam. It is predominant in short span beams, because while the 

inclined crack penetrates into the compression zone, its growth is 

restricted to the face of the vertical load point (in case of a 

point load). 

Finally, failure in such cases is attributable to the failure 

of the compression zone (crown of the arch) in compression and is 

referred to as "shear compression failure" (see fig. 3). 
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This above mentioned failure mode may not be present if the 

manner of loading is changed from direct to indirect, with the help 

of cross-beams. Failure may occur immediately after the formation 

of the shear crack (cracks) as the inclined crack is no longer 

restricted in its growth inside the compressive zone (due to the 

vertical compressive stresses resulting from the direct vertical 

loading). Secondly, if the supports and load points are away from 

the surface of the beam, the development of arch action is improbable. 

So in such cases, even in short beams, without web reinforcement, the 

failure mode is diagonal tension and not shear compression. However 

the manner of loading is of little significance so far as shear 

cracking load is concerned. 

A different failure mode can also be achieved by applying axial 

loads to a beam. If axial tension is applied to a beam which would 

otherwise fail in shear compression, it may fail in diagonal tension. 

(ref. 48). Similarly, upon application of axial compression, the 

failure mode can be changed from diagonal tension to shear compression 

in beams without web reinforcement. 

2.4 Behaviour of rectangular beams with web reinforcement: 

2.4.1 Beams with long shear span to effective depth ratios: 

In the presence of web reinforcement, the equilibrium equations 

of the shear span are modified, though web reinforcement does not 

appear to influence the flexural and shear cracking loads appreciably. 

From strain readings on stirrups, it appears that they are 

practically unstressed until they are crossed by an inclined crack. 

(see chapter - 4). The primary function of the web reinforcement 

is to bind together the two pieces of concrete already crossed by 

a crack, and as a result, when the crack width increases the stirrups 

are stressed in tension. As expressed in Kani's theory
21

, they 



36. 

provide supports by which the concrete below a crack is hung on to 

the compression zone. The progress of the inclined crack is considerably 

arrested and the tearing action at the level of tensile steel is 

reduced which helps the tensile steel to transfer shear across the 

crack by dowel action. 

When the diagonal crack is fully formed, redistribution of 

internal forces takes place. To achieve this redistribution web 

reinforcement helps considerably. If sufficient web reinforcement 

is provided flexural failure may be obtained instead of shear failure. 

The possibility of shear transfer across a shear crack by aggregate 

interlock was thought of no significance in the past. But experiments 

(chapter - 5) on aggregate interlock show that a considerable portion 

of shear in a beam can be transferred across a crack by aggregate 

interlock, provided, of course, the crack width is small. Taylor 54'55 

Fenwick14'1541I Hofbeck, Ibrahim and Mattock19  also found similar 

results based on their experimental work. The web reinforcement which 

holds the two faces of the shear crack together thus increases the 

possibility of shear transfer due to friction. 

The principal shear cracking actions which develop in a beam 

with web reinforcement are described above. When vertical loading 

of the beam is continued, the web reinforcement yields. At this stage, 

the compression zone, which is unable to sustain the extra unbalanced 

load, gives way. In this case, failure of the compression zone is 

due to shearing. 

The above-mentioned failure mode is observed in beams of long 

shear spans (a/di  > 2.5) with web reinforcement. (fig. 2). 

2.4.2 Beams with short shear spans: 

The shear carrying mechanism in this type of beams is the same 

as described in the previous section. But the final failure is 

different in that collapse is caused by crushing of the compressive 
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zone instead of shearing near the load point (see fig. 3). 

2.4.5 Beams with very short shear spans: 

Failure is believed to be caused by pure shear in beams with 

very short shear spans. The vertical load is directly trane'red to 

the supports by inclined thrusts, so that other than arching, the 

above mentioned shear carrying actions may not be present in this case. 

Even web reinforcement may not be of much use to increase strength. 

(fig. 4). 

2.5 Description and inclination of failure plane: 

Shear failure does not occur along a vertical plane as in case 

of flexural failure. It occurs always along an inclined plane, 

having in general an irregular shape. The initiation of the diagonal 

crack starts near the middle of the beam section and approximately at 

a distance of d
1 from the position of maximum moment. Then it propa-

gates both ways until the critical condition is reached. 

Since‘ 	in the shortest beams the inclination of the crack 

is not uniform in the tensile and compressive zones, the failure 

surface is not plane. The inclination inside the tensile zone is 

nearer to 45°. But when it penetrates into the compressive zone its 

inclination is reduced. This is reasonable, because the compressive 

stresses vary across the depth from a maximum value at top to zero 

at the position of neutral axis. A reasonable overall value for 

the average slope seems to be 1 : 2 (2) (see chapter - 4). 
d1 

Although the inclination inside the compressive zone is never 

uniform and is always smaller than 45°, the inclination of the failure 

plane at the neutral axis and below is in substantial accord with 

the truss analogy. Ohja41 assumes that the failure plane has two 

inclinations and on this assumption develops equations to predict 

average inclination of the failure plane. 
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2.6 Parameters affecting the shear capacity of reinforced concrete beams: 

There are quite a number of variables which are believed to 

influence the shear strength of a concrete beam subject to bending 

and shear stresses. During the last decade, much work has been done 

throughout the world to determine both qualitatively and quantitatively 

the influence of each of them on the shear capacity of a beam. But, 

the problem of shear as such has remained unsolved. The influence of 

some of the parameters known so far is discussed below. 

2.6.1 Influence of shear span to effective depth ratio: 

Shear span is the distance measured along the axis of the beam 

from the section of maximum moment to the nearest section of zero 

moment. This amounts to the distance between the load point and 

the support of a simply supported beam loaded with two symmetrical 

loads or one point load. Similarly, in case of a uniformly loaded 

beam, shear span is one half of the distance between the two supports. 

In the past, it was thought that shear span to effective depth 

ratio had only a minor influence on the shear strength of beams. But 

the research works reported so far from many parts of the world suggest 

that shear span to effective depth ratio has considerable effect on 

the shear strength of a concrete member. It is such an important 

parameter that it nearly controls the behaviour and mode of failure 

of beams. Fig. 5 shows the influ-nce of shear opan to effective depth 

ratio on the shear capacity of rectangular beams with two symmetrical 

point loads reported by Kani
23  . It seems probable as Kani suggested 

that a transition ratio of 
a/
d1 

exists which could be considered to 

be about 2.5 for beams with practical tensile reinforcement. If the 

a 
/d

1 
ratio is smaller than 2.5, beams fail in shear compression while 

with greater ratios than that they fail by other modes. However this 

transition ratio is not strictly a constant, but is dependent on a 

number of parameters (see fig. 5). 
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2.6.2 Influence of concrete strength: 

Concrete strength influences appreciably the ultimate load of 

beams failing in shear compression. The shear strength of a beam 

is increased with the increasing concrete strength, but the rate of 

increase is reduced with increasing concrete strength. Fig. 6 shows 

the influence of concrete strength on the ultimate load carrying 

capacity of beams. The beams were loaded directly with two symmetrical 

point loads. For comparison, other parameters were not varied. 

2.6.3 Effect of ratio of tensile steel: 

With increasing ratios of tensile steel, the shear strength of 

beams is increased. Tensile reinforcement has various roles to play. 

After the formation of flexural cracks, it controls their growth as 

well as widths. Secondly, after the formation of the inclined crack, 

when a beam is transformed to an arch, the tensile reinforcement acts 

as a tie. 

Another possibly important function of tensile reinforcement is 

that it transfers shear across a crack acting as dowel. 

The ultimate load is not affected by the yield stress of the 

reinforcement so long as the failure is not caused by yielding of the 

reinforcement. 

The influence of main steel ratio is much more prominant than 

concrete strength which is illustrated in fig. 5. 

2.6.4 Influence of web reinforcement: 

From the comparison of shear forces carried by reinforced concrete 

beams with and without web reinforcement, the influence of web 

reinforcement on the ultimate load is found to be considerable. The 

shear reinforcement not only influences the load carrying capacity of 

the beam but also changes the failure mode. Web reinforcement further 

restricts the growth and widths of cracks. 

The shear strength of a beam is increased with increasing ratios 

of web reinforcement, but below a certain amount of web reinforcement, 
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its effect is negligible and as a result the beam does not gain in 

strength as expected. Similarly, web reinforcement cannot possibly 

go on increasing the shear strength of a beam indefinitely. The 

ultimate strength of a beam is at the same time dependent on other 

parameters. Fig. 7 shows the effect of web reinforcement on the 

ultimate shear strengths of beams. 

It is evident from the graph that the rate of increase in shear 

strength with increasing web reinforcement is greater at low values of ratio of 

web reL,.forcr:nent (rqfyq = 
bs

fyq) than at high ones. 

2.6.5 Effect of compression reinforcement:  

The effect of compression reinforcement on shear is still 

obscure. Some investigators (Wilby)39, found that with increasing 

ratios of compression steel, the shear strength is decreased. He 

argued that it was due to the high horizontal shearing stress in 

the concrete at the level of compression reinforcement, with rapid 

consequent horizontal splitting of concrete at that level and release 

of bond. His conclusion was that the influence of compression 

reinforcement is either non-existent cr harmful to the shear strength 

of a beam. Similar findings were reported by other researchers. 

Since compression reinforcement affects the depth of neutral 

axis and strength of the compressive zone, if the failure is dependent 

on the strength of the compressive zone, then compression steel should 

have some bearing on the shear strength. This may be the reason why 

another school of thought exists and the investigators do take into 

account a beneficial effect of compression reinforcement. In some cases, 

it may be possible for compression reinforcement to account for the 

loss of concrete area, offsetting the harmful effect already memtioned, 

and provide a slightly higher compressive resistance. 

Compression reinforcement resists failure of a secondary nature 

when a beam is subjected to axial tension. With a lesser amount of 

compression (or rather top) steel, the ultimate strength of a beam 
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subjected to axial tension is reduced. 

2.6.6 Influence of manner of loading: 

Generally, in the laboratory, testing is done by directly applying 

the load on the top surface of a beam. In practice such ideal 

conditions hardly exist. Loading is commonly through secondary members 

or in other words the beams are loaded indirectly. Test results 

obtained with indirect types of loading suggest that manner of loading 

has some bearing on shear strength of a beams If beams are loaded 

through cross-members the increase of shear strength with decrease 

of shear span to effective depth ratio is found to be less than in case 

of beams with the dire ` type of loading. 

The influence of manner of loading on beams failing in diagonal 

tension is of little significance. But its influence is remarkable 

in case of some beams without shear reinforcement failing in shear 

compression. This indirect type of loading leaves little Chance for 

the beam to develop arch or truss action and as a result in the 

absence of these two actions the beam fails prematurely in diagonal 

tension and not in shear compression. This phenomemon is attributable 

to the fact that a direct load induces vertical stresses belOW it 

inside the beam. These stresses restrict the growth of the inclined 

crack in case of direct loading and extra strength is added to the 

beam by the untracked compressive zone left over the crack. Also4  

it helps in the development of the arch action. In this case; failure 

is by shear compression and not by diagonal tension. 

Similarly; in beaMS with web reinforcement;  the failure mode may 

be changed from shear compression to shearing if the loading is 

indirect instead of direct. 

2.6.7 Effect of axial forces:  

Axial force influences the shear strength of reinforced concrete 

beams. Sometimes the failure mode is also affected. If axial 

compression is appliedt  in addition to bending moments and shear 
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forces, the shear strength of beams increases while on the other 

hand, with the application of axial tension, the shear strength is 

decreased. The effects of axial forces on shear strength are 

illustrated in fig. 8 for beams without shear reinforcement. Axial 

tension does not affectthe shear cracking load much, but axial 

compression affects it considerably. 

An axial force affects the compatibility and equilibrium 

conditions of the shear span of a beam. It does not affect the 

equation of vertical, equilibrium•as such. But its effect on the 

neutral axis depth influences the shear capacity of the beam. 

The effect of axial force on the mode of faillre of a beam is 

interesting. Axial compression can change the mode from diagonal 

tension to shear compression while axial tension can have the reverse 

effect. 

The effect of axial forces on the shear strength of a beam is 

illustrated in fig. 8 for beams without web reinforcement. 

2.6.8 Conclusions: 

The shear cracking load is that at which the inclined crack is 

fully developed. A beam cannot fail in shear before the formation 

of an inclined shear crack. So for a beam to fail in shear, the 

pre-requisite is the formation of shear cracks. All beams show signs 

of distress at the shear cracking load, because this is the stage at 

which true beam action is destroyed. If a beam is capable of sustaining 

more load by other actions it continues to do so. Under these 

circumstances, it is logically necessary to devise some means of 

predicting the shear cracking load of a beam. 

After the formation of shear cracks1  the behaviour of a beam 

is changed .  which warrants a separate analysis in order to predict 

the ultimate load it can sustain. This analysis is valid only when 

the beam has some residual strength. Otherwise, it fails at the 



shear cracking load. 

In such an analysis, the effects of all the parameters 

discussed in the previous sections need to be considered. Any 

analysis made neglecting the effect of some of them would not 

be generally valid. 

47. 



48. 
CHAPTER - 3  

STUDY OF PREVIOUS WORKS ON SHEAR AND REVIEW OF THE EXISTING  

THEORIES ON THE SHEAR STRENGTH OF BEAMS SUBJECTED TO BENDING MOMENT, 

SHEAR FORCE AND AXIAL LOAD. 

Shear failure is not a single failure problem and any theory 

based on a single type of shear failure cannot depict the true 

failure mechanisms. From the physical behaviour and modes of 

failure of beams, it is apparent that different theories and analyses 

are needed to predict the strengths of beams of differing types and 

load configurations. Many of the theories do not take account of 

this and consequently predict erronous results. 

Reinforced concrete beams failing in shear undergo transformations 

from one load carrying mechanism to another When loaded to failure. 

The first and the important change in behaviour of a beam takes 

place following shear cracking. This change in behaviour is also 

dependent on shear reinforcement if present, and the failure mode 

is found to be different with and without the presence of shear 

reinforcement in beams with long shear spans. Beams with short 

shear spans do not fail at the shear cracking loads even in the 

absence of shear reinforcement, and the failure mode is not diagonal 

tension but shear compression. 

A large number of theories exist which can be employed to 

predict strength of reinforced concrete beams failing in shear. 
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The theories that are put forward so far by researchers can 

broadly be classified into two categories :- 

1. Theories predicting shear cracking loads or failure loads 

in case of diagonal tension failure ; and 

2. Theories predicting ultimate strengths of members with 

shear cracks. 

3.1 Shear cracking theories: 

3.1.1 Empirical shear cracking equations: 

a) Classical theory: 

This famous theory is due to MUrsch and has until recently been 

widely accepted as the basis of design in the codes of practice of 

many countries. 

He propounded that shear failure in beams was due to diagonal 

tension rather than to horizontal shear, and he developed an equation 

for a nominal shear stress
2. His argument is based on the fact that 

if a state of pure shear stress exists, then tensile stresses of the 

same magnitude must exist on a plane inclined to the shear plane at 

45°  angle. If in any section, the tensile stress is very small 

compared to the shear stress, then the nominal shear stress can be 

regarded as the measurer of diagonal tensile stress. His equation 

q  = bla 
	 3.1.1 

is intended to predict the diagonal tensile stress at a section of 

a beam on the following assumptions - 

a) Concrete and steel are homogenous and isotropic. 

b) Stresses do not exceed the proportional limits. 

c) Beams have constant cross-sections. 

d) The distribution of the shearing stresses is uniform across 

the widths of beams. 
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e) Concrete carries no flexural tension below the neutral 

axis but carries a uniform (and maximum) shear throughout 

the tensile zone. 

If the shear stress q is equated to the tensile strength of 

concrete the method gives very unsafe predictions of shear resistance 

in many cases. 

b) Shear cracking equation of ACI - ASCE Committee (3 2 6)2. 

The collapse of a warehouse roof due to the shear failure of a 

beam without web reinforcement prompted the research conducted in 

the field of shear in America during the last decade; and as a 

result many empirical equations predicting the first shear cracking 

load were presented to the Committee. 

The Committee finally accepted the following equation to predict 

shear cracking loads - 

Qd 
K
1 
 ,F37. + K

2 
rst i bd

cr 

1 
 - 3.1.2 

Before the acceptance of the above equation by the Committee, 

I.M. Viest
2 made an attempt to develop an equation for diagonal 

cracking loads based on the principal tensile stress theory. 

The following are the assumptions - 

1. Variations in the lever arm factor may be neglected. 

2. Diagonal tensile cracking occurs when ft(max) exceeds the 

tensile strength of concrete. 

where ft(max) = maximum principal tensile stress. 

3. The tensile strength of concrete is proportional to the 

square root of the cylinder strength of concrete. 

4. The modulus of elasticity of concrete is constant. 

5. The modulus of elasticity of concrete is proportional to 

the square root of the cylinder strength. 



= c M 

m rst bd
1
2  la 
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The equation of principal tensile stress gives - 

ft(max) = ift + IWO2 
+ q

2 3.1.3 

where ft = magnitude of longitudinal tensile stress and 

q = magnitude of shear stress in a section under 

consideration. 

The magnitude of tensile stress in the concrete is difficult to 

determine once flexural cracks are formed. Hence Viest made a 

further assumption that the tensile stress in the concrete is 

proportional to the tensile stress in steel computed by cracked 

section theory. 

This gives - 

ft = c
1 fs 
x — m 

3.1.1+ 

where - c
1 

and c are constants 

M = External bending moment. 

m = modular ratio. 

rst 	= Ratio of tensile steel to area of concrete (
Ast t/ bd

1
) 

la = lever arm. 

Neglecting variations in the moment lever arm and changing the 

constant, 

ft = F 
M 3.1.5 

m rst bd12 
 

where 1, is a new constant. 

Similarly, in absence of any direct method to find it, the 

magnitude of the shear stress was assumed proportional to the average 
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shear stress in the cross-section. 

q = F2 
bd1  

where F
2 

= constant 

Q = shear force 

3.1.6 

Substituting the values of ft and q in equation 3.1.3, a 

relationship for the critical external shear force is obtained as: 

ft(max) 

bd1 	
2 M/m rst Qd

1 
+ ±2F

1 
M/m rst Qd

1
)2  + F

2
2 

	3.1.7 

From assumptions (2), it follows that 

ft(max) = Ut , 

be rewritten as 

and with m _ Es 
Ec the above equation can 

Q  
bd

1 
 Ut 

 

1 

 

3.1.8 

   

Ec 	11 	Ec 	M 2 
x 	 + 1 Es rst 

x 
 Qd1 

 ) + C
2
2 

C1 Es rst Qd1   

  

where C1 and C2 
are new constants. 

The above equation is dependent on two parameters composed of 

Ec 	 M 
groups of variables - namely -bd1

Ut and (
Es rst) (Qd )  

1 
 

The parameters can again be simplified on basis of assumptions 

3, 4 and 5. Thus the above two parameters become - 

Q/bdi   7c7,7 and 4 1.1E1. 3  ( M  ) 
v-Bt 	(Qd1 ) 

of the parameter Ursa 	were plotted and the graph was represented 

Experimental values of the parameter Q/b d1Z;;1  and the inverse 

•1 ;--- 	M 
Qd1 
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by two straight lines giving the following relationship. 

Qc- 	 rst Qd_  
1.9 + (2500) x 	9 	3.5 	3.1.9 

bd
T
r T7 	M Uayl 

in lbf and inch units. 

where Qcr = external shear at diagonal tensile cracking load. 

Ucyl = Cylinder strength of concrete in psi. 

li-J;;i is also in psi unit. 

M = External bending moment at the section considered. 

The committee further put restrictions on the section to be 

analysed by the equation. The equation should be applied to any 

section subject to the following limits - 

1. If the shear span 'a' > 2d1, the equation shall not apply 

within a distance d
1 

from either the load point or the 

support. 

2. If 2d1  a> 0.75 d1, the equation shall be applied only 

at the section located in the middle of the shear span. 

3. If a < 0.75 d1, the equation shall not apply at all. 

In all cases, the upper limit to Q(1r/bd1, of 3.5,57;i must 

be retained. 

Effect of axial force on shear strength: 

If, in addition to bending moment and shear, an axial force 

is applied to a section, the shear strength of the section is 

affected. The committee took account of the effect of axial load 

on longitudinal stresses considering only the moment equilibrium 

equation . 

If a section is subject to a bending moment M and an axial 

force N, then they may be replaced by an eccentric load N acting 
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at a distance 'e' from the centre of the tensile reinforcement; 

where e = + (d1  d/2) 
Using the conventional straight line theory, the equilibrium 

of moments about the centroid of the internal compressive force in 

the concrete gives the following expression for steel stress 

fs N(e - la) 

 

AsEla 

Also, 	N(e - la) = M + N(d1  - la - d/2) 

	

la 	) 

	

1 	

d 
= M + N d1(1 - — d - 2d

1  
/ 

And 
	

Astla = la rst bd
1  

0*0 fs 	
M + pNcli  

where p = (1 -  
rst bd

1 
 la 	

d
la 

1 	2d 
) 

1 

N = +ve for compression. 

Thus, the committee believed that if the bending moment at 

any section were corrected, the previous equation should be applicable 

to members with axial load. 

rst Qd
Qcr 	

i 
- 1.9,7717 	2500 	 bd

1 	 M + PNd1  

3.1.10 

r Qc The upper limit of bar  without axial load is 3.5jriTc317 This 
1 

implies that the diagonal tensile strength is independent of the 

longitudinal tensile Etrcs. when the bending moment is very small. 

On this assumption the committee assured that vihenM = 0, the effect 

of axial load would be its effect on the principal tensile stresses. 

If a portion of a member is uncracked, then the longitudinal 

stress = - 
N/  bd1 

(or more correctly ba)  

from the prr;lcipal stress equation - 

f-:. lax) 1 
 + 47( -1N/bdi)2  + (F2  QAd 1)2 



55. 

which gives 

Qcr 	ft(max) 
	

N 	 
bd1 
	F

2 
	bd

1 
 ft(max) 

Assuming that principal tensile stress is equal to ft(max) = 7.5157;1, 

to evaluate F2, when there is no axial load, and M = 0, 

Qcrft(max) 
= 	 x 1 = 3.5 j/Ucyl 	(the upor limit of bat 	F

2 Qcr 
) bd1 

 

so 	Qcr - 	3.5 fUcyl / 1 + 	Nbd1  7. vb.-5T 

or 	Qcr 	 0.133N 
bd.77T - 3.5/1 + Sigcyl 

3.1.11 

14/1-71  

varies between 0.0015 and 0.003. So the committee replaced the term 

0.133 by a constant value of 0.002. Accordingly, the upper limit 
4Ucyl 
to diagonal tensile strength of members with axial load becomes - 

Qcr 
lod;pcyl = 3.5 I1 +0.002N 

nbd1  
3.1.12 

Thus, the Committee's equation to predict shear cracking (diagonal 

tension failure) load of members subjected to combined bending moment, 

,-hear force and axial load is 

bd
r
jUcyl 

- 1.9 + 2500 	rst Qdi  

1 	M + 

3.5 / 1 19.002N  
bd1  

3.1.13 

In general, the ACI equation is fairly safe for beams with normal 

shear spans and percentages of tensile steel. Only the influence of 

For the practical range of concrete strengths the term 0.133 



T*  
boh 
Tr 

Qcr 
- 	

Uc yl 
0.1875.5c71 (1 + 2 ----1)(0.5 + 33 Ast) bd

1 	 bd
1  

N/bd 
3.1.16 
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high ratios of tensile steel is underestimated in comparison with 

test results. On the otherhand, beams with higher concrete strengths 

and low percentages of tensile steel may be unsafe45. 

c) CEB Equation : 

The CEB10 does not recommend in principle, the design of any beam 

type member, without shear reinforcement and suggests that the limit 

state should not be reached by failure of the concrete. 

The CEB design method is based on the Ritter-Wirsch lattice, 

and the design tangential (shear) stress is calculated from the equation 

3.1.14 

where 	-C*0  = Design value of tangential (shear) 

stress in the web of a member. 

Tr = Reduced design shear force. 

6 	bo = Width of web 

h = Effective height (depth) of the member. 

The CEB has not formulated any shear cracking equation as such. 

For comparison, it is advisable to use the equation for beams with web 

reinforcement ignoring the contribution of the web reinforcement to 

ultimate load. (see section 3.2.) 

Thus, the CEB shear cracking equation would be 

Qcr 	
LT2 

0.1875557 (0.5 + 33 
I bd1  - 	
bat)  without any axial 

load. 

3.1.15 

In the presence of axial compression 



and in presence of axial tension - 

22 
N/bd 

 .. bat)  

	

1 	
0.187VI—Jc;i (1 - 6 -----)(0.5 + 33 Adt 

	

bd
E 	

Ucyl 	b
1 1 
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3.1.17 

in N and mm units. 

where (0.5 33  al)  
1 

1 for both cases. 

In all cases N is positive. 

These equations have been transformed from design equations as 

explained in section 3.2. The equations appear preferable to the ACI 

equation in that the effect of tensile reinforcement is taken in a 

better way. So far as long shear spans are concerned, this equation 

does not predict any change in strength for varying shear spans. If 

the tensile reinforcement term is neglected, the strength predicted 

by the above equations is about half that predicted by the ACI equation. 

Thus it altogether avoids the prediction of any unsafe results arising 

out of overestimation of the concrete's contribution and underestimation 

of the tensile reinforcement's contribution. So far as axial loads 

are concerned, they predict a rapid decrease in strength with axial 

tension, and a slower increase in strength with axial compression. 

As a result, though they predict strengths of beams without axial loads 
in good agreement with test results, yet are found to be conservative 

in the other two cases. Since the equations are completely empirical, 

these inherent drawbacks could be rectified by replacing the present 

constants by more suitable ones. 

d) Empirical equation of Mattock: 

A recent empirical equation taking the effect of axial force into 

account is due to A.H. Mattock
36 

who tried to develop a method of 

design which would be applicable to prestressed as well as reinforced 

beams with or without axial forces. He tested 31 rectangular beams 
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with varying shear spans, percentages of tensile reinforcement, 

concrete strengths and axial forces. These beams were without web 

reinforcement. 

He observed that axial loads affected the flexural cracking loads 

but apparently did not affect the increment of shear between flexural 

cracking and shear cracking. 

So he made an attempt to revise the ACI 318-63 equation for 

prestressed concrete beams - 

Qcr = 0.6 b d1  Ucyl 
1 

Mcr 

M - di 
Q 

Qd 	3.1.18 

where Mcr = ( I )( 61575a+ fpe - fd), 	in F.P.S. units. 

Qd = dead load shear 

fpe = extreme fibre stress due to prestress, psi 

fd = extreme fibre stress due to dead load, psi 

Ucyl = cylinder strength of concrete, psi 

second moment of area of section about its centroid. 

y 

	

	= distance from centroid to extreme fibre in the 

tensile zone. 

so that it could be used for predicting shear strengths of 

reinforced concrete beams. 

His object was to replace the term 0.6 lodli5C75by one dependent 

on the flexural reinforcement as well as the concrete strength. 

By examining his test data, he found out that the increment of 

shear force between flexural cracking and shear cracking was dependent 

on two parameters - 

1. the percentage of flexural reinforcement, and 

2. the modular ratio (EcE2-) 
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He thought it better to correlate the increment of shear between 

flexural cracking and shear (diagonal) cracking with the product of 

the modular ratio and percentage of tensile steel instead of correlating 

with them separately. 

From the plot of his data he arrived at a relationship - 

Increment of shear stress  - 1.25 + 5.0 mrst 3.1.19 

    

    

where m = modular ratio 
Es 
Ec 

= 29,000,000/w1.5 33/Ucyl 

unit weight of concrete. (woight/cu 
ft
) 

rst = ratio: of tensile steel to concrete area. 

As, /b d
1 

Ucyl = cylinder strength of concrete in psi 

jUcyl = also in psi 

The equation for diagonal (shear) cracking becomes ; 

2.6a" 
bd

1  
. (1.25 + 5 m rst),IFT1 + Mc/.  

+ 	3.1.20 
(j‘i - (11/2) bdl 	bd1 

in foot pounds units 

He found that the above equation did not give satisfactory 

results so far as the rectangular bonded prestressed beams of Sozen, 

Zwoyer and Siess4-w9.  ere concerned. Therefore for these beams he 

adopted another equation to fit the test results - 

shear stress increment = (1.75 - 0.036 + 4.0 m rst) mrst 3.1.21 

Thus the equation becomes - 

Qcr 
bd

1  
- (1.75 .036+ 4.0 	 Qd + 4.0 m rst) .fiTT7--.T mrst 	

(11  - 

Mc d1

/2) bd1 
bd1 

3.1.22 
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The applicability of equation 3.1.20 is dependent on the 

percentage of tensile steel. He limited its applicability to 

rst% > lg, whereas equation 3.1.22 can be used for any amount of 

flexural reinforcement. 

The upper limit of these two equations is 

Qcr 	i. 
bd - 3.5j 	

N
/A Ucyl + 0.3  

1 
3.1.23 

If there is prestress, then N/A is replaced by fpo, the average 

stress due to prestress, N = axial force 

A = area of concrete (bd) 

Equation 3.1.20 as it stands is not strictly reducible ifirst= 0. 

But as is obvious when rst = .0, the increment of shear stress between 

flexural cracking and shear cracking is zero, which is not the trend 

of the equation. 

Comparisons of test results with Mattock's equation are given 

in chapter 7. 

Since his equation is applicable only for beams without web 

reinforcement, the shear cracking load is compared. But as Leonhardt
29 

observed that test results of beams without web reinforcement are not 

sufficient as a guide to develop design equation, it was not possible 

to examine the equation thoroughly in terms of results for beams with 

web reinforcement without modification. 

However, the attempt to develop one equation to predict the 

shear cracking strengths of prestressed and reinforced beams deserves 

appreciation. 

e) Empirical equation of Petersson:45 

Petersson proposed an empirical equation of the form - 

1/ 
1 

Qc/bd
1 

= 1.3 Uw frst% )7  3.1.24 



where 	and Uw are in Kg/cm
2 
unit. bd

1 	1/3 
and also Uw in 	cm

2 
 unit. 
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This is a shear cracking equation and is not applicable for 

the shear compression type of failure. Petersson considers the 

limiting value of a/d, for the two types of failure is equal to 3.5 

for point loaded beams. 

In case of T-beams, b is replaced by bw, the web breadth. 

This equation predicts the influence of tensile reinforcement 

on shear nearer to reality than the ACI and CEB equations. 

3.1.2 Analytical shear cracking equations: 

a) Kaniis
22
'
45 

 shear cracking equation: 

Kani assumes that after the formation of flexural cracks, the 

block of concrete in between any two cracks behaves like a plain 

concrete cantilever. The block of concrete is assumed to be rigidly 

connected to the concrete compression zone and loaded at its end by 

the bond force (fig. 10). Shear cracking is assumed to be the flexural 

failure of the concrete cantilevers. 

Using simple bending theory the flexural resistance of each tooth 

= R bx
2
/6 	 3.1.25 

where R = modulus of rupture strength of concrete 

x = distance between two flexural cracks. 

If the tooth is loaded with a bond foroe Fb, then the moment at 

the fixed end 

= F
b
h 
	

3.1.26 

when h = depth of penetration of flexural cracks measured 

from the centre of tensile steel. 

Equating the above two equations for failure of the cantilever - 

Fb 
 = R bx

2 	
3.1.27 
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PEELING OFF OF TEETH IN BEAMS WITHOUT  
WEB REINFORCEMENT ('KANI) 	FIG. 9. 

62 

Thrust line 

Forces due to bending 
caused by bond forces 

Bond forces 

INTERNAL FORCES IN A BEAM CRACKED IN FLEXURE 

(KANO 	FIG. 10. 

DOWEL ACTION OF TENSILE STEEL  

FIG. 11. 



For a simply supported beam loaded with one central or two 
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symmetrical point loads - 

	

_ dM 	x 	Qx F
b

x 

	

dx 	la 	la 

From equations 3.1.27 and 3.1.28, 

Qx 	R bx
2 

la "67 

R b la x 
6h 

where Q is the shear cracking load. 

or 
	

Q 

3.1.28 

3.1.29 

x  It is obvious that the value of -}7.  is not easy to determine. Thus, 

the equation developed by Kani to predict shear cracking load is not 

as simple as it appears to be. A crack pattern is to be assumed 

first. Also to find the minimum strength, the minimum value of — h 

is to be found out. Moreover, the flexural cracks are not always 

parallel, and the physical appearance of a beam at the time of shear 

cracking does not suggest the failure of the concrete cantilever 

envisaged by Kani. 

In his theory, Kani completely neglected the effect of dowel 

action of tensile steel and shear transfer by interlock. 

Even neglecting the effect of interlock, dowel action of tensile 

steel alone produces a couple opposite to that produced by the bond 

force. 

The writer believes this may be the reason why his theory does 

not agree with test results. 
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b) Regan's shear cracking theory, 
 45
'
44 

Regan made an attempt to analyse theoretically a section failing 

in shear depending on physical behaviour. He developed three different 

equations for different types of shear cracking conditions - 

1. shear cracking of rectangular sections already cracked in 

flexure. 

2. shear cracking of T, L, and I sections cracked in flexure. 

Derivation of equation for case a). 

He assumes that in the presence of flexural cracks at a section, 

the shear is carried by the inclination of the thrust (2- Foe) in the 

concrete. His assumptions are - 

1. Atz section containing a flexural crack, the bond between 

concrete and steel is destroyed. 

2. In order to calculate the shear stress distribution above 

the crack, he uses the condition of horizontal equilibrium 

of the longitudinal stresses. The strain profile across the 

section is assumed to be linear and the stress-strain curve 

to be parabolic. 

3. He uses a biaxial failure criterion for Concrete obtained from 

the Mohr's circles for uniaxial tension and compression with 

a common tangent. 

For shear cracking of a section already cracked in flexure, his 

simplified equation is 

Qcr 
	= q 

cr 
 no bd

1 	
3.1.30 

'where critical average shear stress. 
cr 	2/ 3 / 

Hcyl , both are in lbf/in
2
. 

no = neutral axis depth factor for fully 

developed stress block with extreme fibre 

strain of E'
cc 
 = .0035. 



The equation for no is given by 

2 	E
s 	
rst E' no  cc 

1 - no 	2/3Ucyl 

or 	no =  2 1 --tv 

Derivation of equation for case b). 

In this case he considers Kani type concrete "teeth" of the web 

between flexural cracks. It. is assumed that flexural failure of the 

teeth is avoided due to redistribution of bond and also due to couples 

caused probably by aggregate interlocking forces across the cracks. 

The failure of the teeth is assumed to be in shear or combined bending 

and shear. 

His equation is 

Qcr  = 0.6 a 
.cr br d1 
	3.1.31 

Derivation of equation for case c). 

The equation is obtained from principal tensile stress analysis 

and then as a numerical approximation 

Qcr 	= (1 - 0.5 Qd ) q 
cr 

M 	
bd

1 i   
3.1.32 

where 
Qd  is to be considered at a distance d1 

from the load 
1 

point. 

This equation is also applicable to flanged beams by substituting 

br (web breadth) for b when the value of Qcr given by this equation 

is greeter than .those given by equations 3.1.30 and 3.1.31. 

c) Attempts have been made by a number of other researchers to 

produce theoretical work in this field. Among them are Lorentsen, 

Krefeld and Thurston and Jones. A full account of their work is given 

in reference 45. 

The Regan theory of shear cracking is based on study of physical 

65. 
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behaviour of beams and would be more realistic than other theories, 

except for its complete neglect of interlock. (see chapter - 5). 

His approach of connecting equilibrium equations with compatibility 

conditions is new in this field. The empirical validity of this 
45,44 

theory is supported by more than 1000 test results 	. Hie proposed 

equations can be used to predict the shear cracking load of a beam 

subject to axial loads provided the effect of axial load is taken 

account of.in calculation of neutral axis depth (no d1). But his 

equations go wrong when applied to a section at the point of 

contraflexure of a continuous beam, subject to axial tension in which 

case no and thence Qcr become zero which is far from correct. 

3.2. Theories predicting ultimate strength of a section in shear  

3.2.1. Empirical equations:  

a) M8rsch Truss Analogy: 

The behaviour of a reinforced concrete beam with web reinforcement 

may be assumed to be similar to a truss
2. The compressive zone of 

the beam acts as the top chord and the tensile steel as the bottom 

chord of the model truss (fig - 12). The web reinforcement and the 

concrete in the tensile zone are the web members. The basic assumptions 

are - 

1) The tensile reinforcement carries only horizontal flexural 

tensile stresses. 

2) The concrete compressive zone above the neutral axis carries 

only horizontal flexural compressive stresses. 

3) All inclined and vertical tensile stresses are taken care 

of by the stirrups and bent-up bare. 

In order to develop a general expression for the stresses in 

the stirrups, the stirrups are assumed to be inclined to the axis of 

the beam at an angle a and the inclination of the crack to be e 
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s = z cote +Zcot a 
-Z sin a cot e + cos a  

sin a 

e = s sin a = Z (sin a cote + cos cc) 

where e 	spacing of stirrups in direction perpendicular to 

the stirrups. 

a = angle of inclination of stirrups with respect to 

the axis of the beam. 

0 = inclination of diagonal crack. 

la = lever arm. 

Aq fyq = Area times the (yidId) stress of one stirrup. 

The total vertical force carried by stirrups (only those crossed 

by the diagonal crack). 

= Aq x fyq sin a n 	 3.2.1 

Number of stirrups crossed by the diagonal crack 

la 	la(sin a cote + cos a)  n = — = 
e 

External shear force carried by stirrups 

Aq fyq sin a x la(sin a 
cote + cos a  ) 

=  
e 

= Q 
or Aq fyq - 	Qe 	

3.2.2 
sin a (sin a cot + cos a) la 

If the stirrups are vertical„ a = 90°  and in addition, if the 

inclination of the diagonal crack 0= 45°, then the equation 3.2.2 

becomes - 

Aq fyq = 
la 

Again if area of web reinforcement is expressed as Aq = r bs, 
q 

then, 

r bs fyq = 
la 
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or 	rq fyq bl a 
	 3.2.3 

For inclined stirrups, 

(sin a cot e + cos a) sin a = K 

= Efficiency factor 

and 
bla = K rq fyq 
	 3.2.1+ 

K has a maximum value of 1.2 for a = 67.5°, when e = 45°  

The nominal form of the classical theory assumes that the 

inclination of diagonal cracks is 45°, which is not supported by test 

observations. 

So long as the crack angle does not change, axial load, tension 

or compression, will not affect the shear strength but in reality, 

the effect of axial loads in shear strength is observed. 

Finally, the reduction of stiffness of the compression chord due 

to the penetration of the diagonal crack is ignored as is all shear 

carried by the compressive zone. 

In comparison• with test data the classical truss is extremely 

inaccurate. 

b) Pin-jointed truss (Baker and Ahmad)
6 

The original analogous truss used for the design of web reinforce-

ment in many countries has been elaborated by several researchers. An 

important contribution to this end was made by Baker and Ahmad. The 

statically indeterminate truss proposed by them is shown in fig. 15. 

If the proper stiffnesses for the different members of the truss can 

be ascertained with due regard to the crack pattern and if suitable 

limits to their strengths can be predicted, a useful model can be 

constructed. But the problem of finding the proper stiffnesses and 

the limiting streng4h4 under different loading conditions remains 

unsolved. 
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ARCH ANALOGY (KANI) 

STIRRUPS PROVIDE HANGING SUPPORTS TO SECONDARY 
ARCHES. 	FIG. 14. 

MODIFIED TRUSS ANALOGY 
( BAKER & AHM AD ). 	FIG. 15. 

FREE BODY DIAGRAM OF SHEAR SPAN  
(BORISHANSKY). 	FIG. 16 • 

HYPOTHESES FOR SHEAR CARRING MECHANISM OF BEAMS 

WITH WEB REINFORCEMENT  
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c) ACI - ASCE Committee (326) equation2  

 

The Committee's equation for the shear strength of beams with 

web reinforcement but free from axial load is 

Quit Qdi  
- 1.9j/Ucyl + (2500 psi) rst 	+ K r fyq 

1 in lbf. in units 

3.2.5 

where Qult = Ultimate shear force. 

r 	= ratio of shear reinforcement ( Aq/b6ein a 
q 

fyq = yield or proof stress of shear reinforcement. 

s 	= spacing of web reinforcement along the axis of 

main reinforcement. 

Efficiency factor of web reinforcement. 

= 	(sin a cot e + cos a) sin a. 

a 	= angle between shear and tensile reinforcement. 

angle of the inclined (critical) crack with 

the axis of main reinforcement. 

The contribution of web reinforcement to the ultimate shear 

strength is thus a term additive to the shear cracking load. 

Analysis carried out on the basis of this equation is subject 

to the following limitations 

1. a shall not be less than 30°. 

2. For rectangular or I-sections with vertical web reinforcement 

only, Quit/bd1'  shall not exceed 815cYi. 

3. For T-sections, for rectangular sections or I-sections in 

which the angle a is less than 70
o 

or for rectangular sections or 

I-sections having combined vertical stirrups and bent-up bars, 

Qult/pa  .1  shall not exceed 	 Ucyl.  

4. K rq  fyq shall not be less than 0.41 N/mm2  (60 psi). 

5. fyq shall not exceed 414 N/mm2  (60,000 psi) for the calculation 

of K rq  fyq. 
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Two more points regarding detailing of the beams may be mentioned 

here. 

1. Longitudinal reinforcement shall be extended a distance 

equal to the effective depth of the member and a further distance 

equal to the nominal anchorage length (12 (1) ) of the bar beyond the 

section where it is no longer needed to resist flexural stresses. 

2. Web reinforcment shall be continued a distance equal to the 

effective depth of the member beyond the length over which it is 

theoretically required. 

, 
The upper limits of 

Qult/11a1  and fyq are intended in order to 

avoid any premature failure prior to the yielding of the web reinforce- 

ment. 

In presence of axial load, the committee's ultimate equation 

becomes - 

rst Qdi  
Q
bd

1

ult.  = 1.9F 	M + pNd
1 

77 + (2500 psi) 	 + K rq  fyq 3.2.6 

Although Viest made a theoretical approach based on principal 

stress theory for the prediction of shear cracking strength, in the 

author's opinion, the final equation is a semi-empirical one. It 

may rightly visualise the variab3e8 involved in the shear strength of 

a beam, but it is hard to see the validity of the assumption that 

after the formation of flexural cracks the normal tensile stress in 

the concrete is proportional to the flexural tensile stress in steel. 

The contribution of the concrete compression zone is only 

marginally dependent on tensile steel and on the M t
/ 
Qd

1 
ratio, 

which means even if rst is zero, the beam is predicted to be able 

to carry load, thus under-estimating the effect of tensile reinforce-

ment in resisting shear. No mention is made of compression steel in 

the Committee's equation. 
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Comparison of test strengths with those calculated by the 

ACI-ASCE Committee equation shows that it is always fairly conservative 

and more so when axial compression is present. Also with high axial 

tension, the contribution of the concrete compressive zone being 

totally ignored, it gives a very high factor of safety. (See chapter 7). 

With the addition of the contribution of shear reinforcement, the 

equation is transformed into one predicting ultimate strength. In 

fact, this equation predicts a strength which is the summation of 

the concrete strength (shear cracking strength) and the additional 

contribution of web reinforcement. In other words, it can be said 

that the Committee believes the contribution of the concrete compression 

zone is constant at any stage of loading, which in the author's opinion 

is a doubtful conclusion. 

/ Lastly, the effect of 
M
/Qd

1 
ratio is grossly underestimated which 

can be seen from the test results of short beams. (See chapter 7). 

The analysis of stirrup forces in this equation is based on the 

M8rsch truss analogy already commented upon in the previous section. 

d) CEB equation: 

The CEB
10 

recommends a minimum percentage of web reinforcement 

for any member but this minimum percentage of web steel is not necessary 

for certain members such as wide beams, lintels and slabs. The 

maximum inclination of web reinforcement to the tensile steel is 90°  

and the minimum is 45°. The relative volume of stirrups should not 

be less than 0.25% for mild steel and 0.14% for high quality 

deformed steel. 

Other limitations so far as the ultimate strengths are concerned 

are - 

1. With vertical stirrups, bent-up and orthogonal bars used 

as web reinforcement, the maximum ultimate strength governed by the 
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concrete is the lesser of the following two but may be increased by 

10% in favourable circumstances - 

5 N/mm2  or 0.20 Rb* ' 
where R'* = design compressive strength of concrete. 

2. With 45°  inclined stirrups the ultimate value can be increased 

to 6 N/mm2  or 0.25 RI'D* and may be increased by 15% for favourable 

conditions. 

The following are the equations proposed in the CEB recommendation 

for the shear strength of reinforced concrete beams with web reinforce-

ment. 

1) without axial load  

=. 1 - 1.25 1f1-71-17k  
T* 	= -)10 0 

3.2.7 

in
Ni  
 /cm

2  units 

2) with axial compression - 

 

 

* 
N 71)1; 	 .y  = 1 - 1.25 5 	(1 + 2 - 6--- 

	

T* 	R'*o)  

	

o 	b 
3.2.8 

in  Nicm2 

and 
3) with axial tension - 

111 = 1 - 1.25  RTbk  (1 	6 d
I

o
*

)
/ T

,, „ 	3.2.9  
R 

0 

in NArn2 

where Rbk' = characteristic strength of concrete 

	

TO 	
design value of nominal shear stress. 

Q*43d1 

60* 
 = design value of N/bd1 

axial force (compression or tension) 

	

121'3* 	= design strength of concrete 

Bey', 
1.5

,  

(0.5 + Ast 
33  Te 1 

4 1 



and amount of shear reinforcement to be used  
amount of shear reinforcement by Wirsch 
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(fyq*) (sin a + cos a) sin a 
1.15 .v(7)  

r fyq* 
or 	= 

T01' 

when a = 900  

:. from 3.2.8 and 3.2.10, 

T.1  
3.2.10 

r fyq* 
a---7- = 1 - 1.25 bk 

1.15 To 	To 

( 1 + 2 

or •r* 
0 

r fyq 
= 

1.15 
1.25 %Fk  -7  (1 + 2 ----) 'f 	3.2.11 b R'* 

Assuming Rbk  ' represents a tensile resistance of concrete and a 

partial safety factor of 1.5 is intended to be applied to the tensile 

strength. 

Equation 3.2.11 becomes in ultimate load conditions - 

Qult/bdi  r fyq 	 N/bd  
- 	+ 	1.25 x 1.5iTcYI (1 + 2 ---- 1-)(0.5 + 33 Ast) 

1.15 	 Ucyl 	bd 1 

or 	 N/bd1 	bat) 
q 

= 0.87 r fyq + 1.87511:y7 + 2 -) (0.5 + 33   Ucyl  

in N and cm units 	3.2.12 

Similarly the other equations 3.2.7 and 3.2.9 become - 

Qult/bd1 = 0.87 rq 
	-' b fyq + 1.8751573T 	''

.z A
d.1  (0.5 + .st, 3.2.13 
1 

N/bd and 	Qult/bd1 = 0.87 rq  fyq + 1.875 Ucyl 	1)(0.5 4. 33 bat)-. (1 - 6 - 
Ucyl 	1 

in N and cm units 	3.2.14 

for conditions with no axial load and with axial tension 

respectively. 
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If ald < 2, quit/bdi  is to be multiplied by a/2d in all cases, 

to take account of the effect of a/d1 
ratio, apparent in beams with 

short shear spans when the failure mode is shear compression and large 

shear forces can be sustained. It seems quite reasonable with respect 

to the concrete term but not so for the shear reinforcement term. 

In the case of uniformly distributed loads, the shear force for 

calculation may be taken at a distance of 
d
/2 from the support. 

The CEB equation as already explained is preferable to ACI equation 

with test results of beams with and without axial forces (see chapter 7), 

than ACI equation. Moreover it accounts for the increase in strengths 

of beams with short shear spans, although the analysis has no 

theoretical basis like the ACI's. 

e) Mattock's equation 36
,18
: 

Mattock studied the effectiveness of web reinforcement in the 

presence of axial loads
18
. His work mainly comprised of T-sections, 

though some of his test beams were restrained T-beams, with their 

flanges in tension in parts of the span. He did not observe any reduction 

or gain in strength from shear reinforcement for axial tension or comp-

ression with the same amount of web reinforcement. 

Based on his test results and working on the ACI 318-63 equation, 

he proposed two equations to take account of the effect of web rein-

forcement in predicting ultimate strength of a beam. 

Quit
/bd1 = Qc/bdi(ACI) 	1.75 rq fyq 	3.2.14 

in psi 

for rq fyq (min) r fyq 0.06 tIcylf--b F1d  
qbr M 

where 
	

b = width of the flexural compression zone 

b
r 	

= width of web 



(Mattock) + 0.5 rq  fyq + 0.075 Ucyl 
pdi  

3.2.17 

and 
Qult/bdi  Qc 

bd1  

77. 

and 
F  Qd, 

i  QuitAd 	lc- (ACT) + 0.5 rq  fyq + 0.075 Ucyl -7- -Tr  bd1 

in psi 	3.2.15 

jr(Td--  b—  1 
for r fyq > 0.06 Ucyl f 

	
m 

q 

The above two equations were intended to apply to T-beams, but 

b 
if the ratio 17 is set equal to unity, they can be applied to 

rectangular beams. 

As already discussed in section 3.1., Mattock proposed a shear 

cracking equation for rectangular beams with and without axial forces. 

Thus to compare the ultimate loads, his shear cracking equation will 

be used instead of the ACI - 318 - 63 equation. The equations, then, 

can be written as 

QultAld = 	(Mattock) + 1.75 rq  fyq 1 	bd 
a 

 i 
3.2.16 

   

for r fyq (min) 	r fyq 	0.06 Ucyl 

in psi 

M 

Qdi  
for rq  fyq > 0.06 Ucyl 	in psi 

Comparisons with test results and a discussion of these equations 

are given in chapter 7. 

3.2.2 Shearing failure  tirtheory: 

Beams with web reinforcement do not fail at the shear cracking 

load. The failure mode is different from that of the diagonal tension 

and is often not one of shear-compression. During the investigation 

of rectangular beams with web reinforcement, a mode of failure was 

observed which is believed to take place by shearing of the compressive 
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zone above the inclined crack. The same mode of failure was observed 

by Placas
44 

and is referred to as "shearing failure" of the compression 

zone by Regan and Placas46. This is similar to the "plastic" shear 

failure mode for concrete described by Letchtenberg
31
. Regan and Placas 

developed an equation using a Coulomb type failure criterion to predict 

the ultimate load of reinforced concrete beams in shear. 

According to this theory, the shearing mode of failure is governed 

by the equation of vertical equilibrium. 

They proposed two equations for the shear force resisted by concrete 

alone. 

d, 
a) 	= 12.5 (rst Ucyl 

a bd  
1 

3.2.18 

for rectangular beams in lbs and inch units 

and b) Qc 	= 25 Ucyl/d (br + 6")t 	3.2,19 

in lbs and inch units 

for T-beams 

The portion of the shear carried by web reinforcement is additive 

in both cases and is equal to - 

Qw = b r fyq 0 
q 

where e is the horizontal projection of the critical inclined crack. 

The full derivation of the shearing equation is available in a 

departmental report46 and also in reference 44. 

In principle the assumed failure criterion is of a Coulomb type, 

but as a result of a number of approximations, the equation practically 

loses the essence of its theoretical value. 

On the whole, the idea of shearing failure is quite new and 

realistic, and therefore Placas and Regan deserve full credit. The 

idea of drawing a separation line between diagonal tension failure 

and shearing failure seems more realistic than the ACI, CEB approach 

of taking the contribution of the concrete to the shear strength of a 

beam with stirrups as being equal to the diagonal tensile strength of 
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a plain webbed beam. 

3.2.3 Plane of minimum strength Method: 

Unlike the ACI-ASCE Committee
2 

or CEB
10 

methods this method is 

based on a physical analysis at the limit state and does not predict 

the strength of concrete and web reinforcement independently. It is 

reasonable that when the shear crack increases in length, the number 

of effective stirrups increases, but on the other hand, the depth of 

concrete compressive zone contributing towards the shear strength of 

the beam decreases. This fact is completely ignored by the ACI-ASCE 

or CEB analysis. 

In practice, shear cracks are never straight, but for analysis, 

they are idealised to straight lines. A beam is free to fail in 

shear along any such plane when loaded to failure. The minimum strength 

of the beam is obtained by finding the weakest plane and hence this 

method is called the "Plane of Minimum Strength". 

Since this method of predicting strength in shear tends to give 

overestimates for all but shorter beams failing in shear compression, 

it can virtually be regarded as a shear compression equation so far 

as the prediction of shear strength of a beam is concerned. 

a) Russion Code Method'2  

The Russian method is due to Borishansky. He approached the 

problem of shear from the angle of limit analysis. He made use of 

the equilibrium equations. The contribution of flexural and web 

reinforcements (bent up beams) in carrying shear as dowels was neglected. 

The horizontal projection of the inclined (shear) crack was assumed to 

be variable and the resistance of the concrete along the plane of 

failure was assumed to be inversely proportional to the horizontal 

projection of the shear crack 'c'. 
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Based on the above assumptions, the concrete strength Qc can be 

written as 

Qc = 0.15 
Pcb bd1

2 	3.2.20 

where 
P
cb = design compressive strength of concrete in bending 

and the constant 0.15 was determined empirically 

The shear carried by web reinforcement is 

Qw =ZF: sin a 41F
wi 	w 
	3.2.21 

where F . = force in one stirrup inclined at angle d to the axis 

of the beam 

F
w 

	

	
= force in one stirrup inclined at right angles to 

the axis of the beam 

Qw is also dependent on the horizontal projection of the shear 

crack 'c', and Qw can be written as 

Qw = cqw 	 3.2.22 

where aid 
 is the vertical force carried by the web reinforcement 

per unit length of the member. 

In the calculation of q41, the design stress of web reinforcement 

is reduced by a factor of 0.8 to avoid the assumption of all stirrups 

yielding. 

= m
n 

m
s 
f
s 
Aw n/s1  

where 	m
n 	coefficient to take account of the possibility 

that web reinforcement does not yield always 

prior to failure. (0.8) 

m
s 	coefficient for uniformity of steel 

f
s 	

design stress of web reinforcement 

Aw = area of one leg of a vertical stirrup 

number of legs of stirrups in one section of 

a member. 

s = spacing of stirrups along the axis of the member. 



The combined resistance of the member against shear failure is 

Q = Qc + Qw = 0.15 p
cb 
 bd

12 
/c 
 + c

q
w 	3.2.23 

A certain plane exists along which the resistance of a member 

is minimum and the minimum strength is obtained as follows - 

1. By differ-ntiating Q with respect to the variable 'c' and 

then equating the differentialtozerofor minimum condition, an expression 

for 'c' is obtained. 

2. Substituting the value of 'c' in equation 3.2.23, the minimum 

strength is obtained and is 

Q = )0.6 pcb  bd12  qw 	3.2.24 

This value of Q is again multiplied by another factor which is 

in general equal to unity and is of little significance so far as the 

present analysis is concerned. 

Equation 3.2.24 is applicable to beams with web reinfrrcement. 

In absence of web reinforcement, and in a beam subject to central point 

load, Q is equal to the minimum value of Qc. 

d
1 

Q = constant x pcb bd1 (77) 3.2.25 

Equation 3.2.20 is based on experimental results and is empirical 

in nature. But, the method adopted, thereafter, in the calculation 

of concrete and web reinforcement contributions is interesting, 

especially as the Russian Code was the first to adopt an ultimate 

design approach. One main drawback of this analysis is that the 

influence of the tensile reinforcement is completely unrepresented 

which is quite contrary to known test results.
23 

The assumption that all the stirrups crossing the inclined plane 

are active is hard to believe since the stirrups inside the compression 

zone may not be stressed at all. This may be the reason which led 

to the adoption of a factor of 0.8. 
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In the derivation of equation 3.2.24, the stirrup forces are 

considered to be providing a uniformly distributed force qw. But 

if the stirrups are widely spaced, a considerable error might be 

committed in the estimate of qw, which can be seen from the following 

oonsideration. 

If c = 2s , then qw  c = 2 qw  s 

But the crack may cross only one stirrup instead of two if the 

crack starts just beyond a stirrup. 

The above consideration led to modification of equation 3.2.24 

to the following form - 

Q = 10.6 p
cb 

bd
12 qw 	qws 
	

3.2.26 

If transverse reinforcement is fairly uniform and the longitudinal 

steel is heavy, the above correction is unnecessary8. 

Equation 3.2.25 suggests a shear compression type of failure and 

predicts a constant bending moment; and not constant shear at the time 

of failure. This may be true so far as shear compression failure is 

concerned. Other shear compression theories also predict constant 

moments and not shears. 

Application of the Russian Method to beams subject to Axial 

load, bending moment and shear force: 

1. Beams subject to axial compression, bending and shear
8. 

In this methods the beneficial effect of axial compression on the 

shear strength of a beam is completely ignored and no extra analysis 

is made. This conclusion is based on undescribed experimental studies 

alone and it is stated that the beams can be treated as if they are 

not axially loaded. 
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2. Beams subject to axial tension, bending and shear8: 

The effect of axial tension on the shear strength of beams is 

taken into account only when the "eccentricity o4 the head of the 

inclined crack is less than 1.5d
1
". This conclusion is based on test 

results of beams without web reinforcement. With the above condition 

being satisfied, the observed reduction of shear strength was between 

20 and 30% due to axial tension. Thus a reduction factor K is intro-

duced in the calculation of Qc, and Qc is given by - 

0.15 Pcb 
bd1

2  

Qc 

	

	 3.2.27 
c 

60 

	

where K 	0.5 	1 d1  

and 	e
o 	

eccentricity of the resultant tensile force in the 

section at the head of the inclined crack. 

It is evident that when 

eo 0.5 , 
1 

	

K 	= 0, which means Qc, the concrete's contribution in 

carrying shear is zero. 

Under these circumstances, the whole of the external shear is to 

be supported by web reinforcement. 

Treatment of a section at the point of Contraflexure  

faAs already mentioned, if 	is less than or equal to 0.5, concrete 
1 

is not cooperat',ngin carrying shear. The external moment at a section 

at the point of contraflexure is zero theoretically. In that case 

eo = 0 and hence no contribution of concrete can be accounted for, 

as such all the shear is to be carried by stirrups. This leads to 

further problems in that a vertical section can cross no stirrups at 

all. But test evidence shows that even under these circumstances, the 



84. 

stirrups become operative and carry load. This resulted in a further 

assumption that - 

when eo T. 	0.5, the whole of the shear is to be carried 
1 

by stirrups crossed by a plane inclined at an angle of 60°  to the axis 

of the member and no other plane needs to be considered. 

The available explanation of the Russian Code Method does not 

present any theoretical analysis nor any argument in considering the 

effect of axial forces. The equations are apparently entirely empirical. 

It seems unreasonable to say that the calculated and test values are 

in good agreement as stated in reference 18 with axial compression. 
This is far from generally true. So long as 	is greater than 2, 

1 
the calculated and test values are in goodagAreomont,but for values of 

eo 	 Qtes
calt d 	 Q 2, Qtest is higher than Qcal. Tle maximum value of 	is 1.30 

1 

b) Hillerborg's45  equation: 

This method can be considered a slight improvement on the Russian 

one in that the effect of tensile reinforcement is taken into account 

in the analysis. 

The shear force carried by concrete across an inclined plane is 

d 
Qc = 4.2 (Uw)1/3.] 	bd 

c 	1 
3.2.28 

2 
where all the quantities are in Kg/cm units 

eo 
for 	1.7.  

d
1 eo 

Similarly, the equation with axial tension is unsafe for -d— = 2 
1 

eo 
and 1.30, whereas it is conservative for values of 	< 1. Thus, it 

d1 
seems, the effect of axial force considered is not correct and can 

cause serious errors. 

The above mentioned equations are compared, with other theories, 

with the author's test results and further comments are made in 

chapter 7. 
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and the contribution of web reinforcement 

Qw = b r fyq c/2 
q 

3.2.29 

The total shear force is obtained by addition of Qc and Qw. 

Qult = Qc + Qw 	 3.2.30 

and the minimum strength is obtained as in the previous method for 

the critical ratio of cld
1 
 where 

d1  
= j840 U

w
1/3i7sTi/ kr %)(fyq) q 

3.2.31 

Substituting this value of c/di  in equation 3.2.30, 

Qult = J0.084 U 1,3,1(rst%)(r %)fyq bd 1 

 

Quit  or 	_ 10.084 U
1,
/35;t15(r %) fyq bd

1  
3.2.32 

When no minimum value of (Qc + Qw) exists within the shear span 

or in other words 'c' > 'a', the minimum strength is obtained by 

substituting 'a' in place of 'c'. 

This method is preferable to the Russians' in that it takes into 

account the effect of longitudinal steel in carrying shear. Secondly, 

the overestimate in the claculation of the contribution of web 

reinforcement is avoided by considering just the half of the Russian 

value. This is reasonable, because the stirrups in the tensile zone 

only are operative so long as the inclined crack does not progress 

into the compression zone. But it would have been more reasonable to 

consider (1 - n) d
1 

cote as the crack length, where e is the inclination 

of the failure crack to the axis of tansile reinforcement and nd,is the 

depth of uncracked concrete above the failure crack. Hiller Borg also 

stated that his equation should be applied only to the direct type of 

loading. If a member is loaded through cross-beams, sufficient rein-

forcement must be provided in order to transfer the load to the assumed 

load position. 
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The general criticism applicable to both the Russian's and 

Hillarborg's methods is that the transverse force equation should not 

be used in ultimate load analysis if failure is not of the transverse 

(shearing) type. 

Hillerborg did not consider the effect of axial load in his equation 

and for this reason, his equation could not be checked with test results 

of beams with axial load. 

3.2.4 Shear Compression Theories: 

a) Empirical shear compression equations: 

1. 	Laupa's shear compression equation45  : 

The most important empirical shear compression equation is that 

of Laupa. He expressed his equation in the following form - 

1 
M1 

tbd -  Ucyl = 13 (1 - 	k1  k3  

where n = ultimate neutral axis depth factor above the critical 

crack. 

Then assuming n to be related to the elastic neutral axis depth 

factor n, 

s  /bd12  Ucyl = nF(Ucyl) 	3.2.33 

for beams without compression reinforcement; 

and 
M 1 

s  /bd
1
2  Ucyl = (n + mr 

sc
) F (Ucyl) 3.2.34 

for beams with compression reinforcement 

where m = modular ratio 

= 5 4. 10,000 
Ucyl ' when Ucyl is in lbsf inch units 
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Then the function F(Ucyl) is evaluated from test results as 

F(Ucyl) = 0.57 - 4.5 Ucy1/105 

Thus 	m  1  
s  /bd

1  2 
 Ucyl = (n + mrsc )(0.57 - 4.3 Ucy1/105) 	3.2.35 

in lbsf inch units 

He observed that the above equation and the equation of the ultimate 

moment for a member failing in flexure are similar and comparing them, 

he obtained the relationship 

n = 1.11 - 11.23 - 0.926 n 

Laupa's equation gives good agreement with test results of beams 

of shear span to effect depth ratios between 1.17 and 4.80. 

His equation for beams with web reinforcement is 

Ms 
M1 = 1 

2 r fYq/1000 
3.2.36 

where 	Ms 
= ultimate shear compression moment of a beam 

with web reinforcement. 

Ms
1 = ultimate shear compression moment of a beam 

without web reinforcement. 

Laupa's equation is to be applied at the true section of failure 

for a uniformly loaded beam and not at the section of maximum moment. 

A full discussion on his method is available in reference 43. 

His equation predicts that the ultimate moment of a beam with 

web reinforcement does not depend on 
Qd, 

web reinforcement is necessary if the M  ratio is less than the 
1 

critical one; but if — ratio is greater than the critical, no web Qd ratio 

reinforcement is necessary. In other words, there would be abrupt 

change in the requirement of web reinforcement which is unlikely. 

Though empirical in nature, Laupa's equation can be made use of 

as a design method and is by far the best of all the empirical shear 

compression equations, 

Qd 

ratio and as a result constant 
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Other empirical shear compression equations are by Zwoyer
45 

and Moody, Viest, Elstner and Hognestad45. Zwoyer's was the first 

published shear compression equation. Moody's equation is the second 

and in general, his approach is similar to Laupa's and comments on 

his method are available elsewhere45. 

45 2. 	Kani's22  'snear compression theory: 

The most common belief among almost all researchers is that 

after the breakdown of the beam action, a beam behaves like a tied 

arch, the tie being the tensile reinforcement of the beam, It is 

of interest that the behaviour of the beam after the formation of 

the diagonal crack is completely different from that pertaining 

previously. The concrete above the crack is subject to a thrust 

action. The compressive force is transfered from the load point 

to the support by the arch action. The stirrups (if any) are assumed 

by Kani to act as hanging supports.
21 

He considered the stirrups 

to transfer the vertical components of the interior arch reactions 

to the outermost arch (see fig. 14). The number of interior arches 

is dependent on the number of inclined cracks. Kani assumed that 

the blocks of concrete in between inclined cracks form interior 

arches,whereaa other researchers recognise only one primary arch above 

the diagonal cracks and look at the blocks as parts of a lattice system 

formed with the web reinforcement. Kani's idea of interior arch is 

a new development in this regard, but this is largely a matter of a 

new terminology rather than a new theory. 

Kani made use of the arching theory in his empirical approach 

in deriving a shear compression equation for beams without shear 

reinforcement. 

He assumed that all the cracks are formed as shown in fig. 9, and 
they are directed to a point '0' on the extreme fibre of the compressed 

surface. He gave the expression for ultimate neutral axis depth as - 



= di  nd
1 	1ra - s* nd

1
] 

nd1  3.2.37 

89.. 

where 	nd1 	the neutral axis depth at the head of the 

inclined crack (at the crown of the residual 

crack). 

nd
1 	

the neutral axis depth when there is no shear 

crack. 

= the distance between the support and the last 

crack. 

In his expression, he considered nd
1 

to be equal to n
1
d
1 
(flexural 

neutral axis depth.  when tensile reinforcement yields). 

Then on the assumption that s* and nd
1 
are generally very much 

smaller than 'a' 

nd1 
	

d
1  

nd1 	a 

and if 	nd
1 

= n
1
d
1 

Msult/. 
"Fult a 

3.2.38 

where 	Msult 
= ultimate bending moment at the time of shear 

failure. 

and 	M
Fnit = ultimate flexural moment. 

Another factor K is introduced in the above equation to take care 

of the influence of vertical stresses in the vicinity of a point load 

applied to the top surface of a beam. 

Then 

Msult 

Eult = d

1 
Ka 3.2.39 

From the above equation, it is evident that shear compression 

moment is directly dependent on a/di  ratio which is not substantiated 
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by test results. The use of the yield stress of tensile steel in 

calculation of nd
1 

is proved to be wrong, because shear compression 

failures are not necessarily preceeded by yielding of tensile steel. 

His recent idea regarding the function of web reinforcement in carrying 

shear as described above is available in reference 21. But he did 

not put forward any ecration and hence no real comment can be made on 

this most recent theory. 

3) Lownds' equation48  (Modified Smith's equation): 

Lownds' equation is a modified form of Smith's shear compression 

oquation for beams without axial loads and web reinforcement. Lownds 

introduced a factor in the above-mentioned equation to take the effect 

of axial load into account while predicting the shear strength 

of a beam subject to shear, bending and axial load. 

The modified equation is given as 

d 

bd1 	

, 
Qcr 

t 
0.17 rst)(.-)(1 	N 	 

	

a 	2 f' bd1 ) 	3.2.40 - 	-  

where f' = tensile strength of concrete (modulus of rupture) 

= 9.5117c31 in lbsf inch units. 

In fact, the modified Smith equation is a shear compression 

equation and thus agrees well with test results of beams with axial 

tension so long as the failure mode is shear compression; but when 

failure is not by shear compression, Lownds' equation is found to be 

conservative48 The equation is completely empirical and not very 

satisfactory because of its peculiar way of taking the effect of tensile 

reinforcement into account. 

Analytical shear compression equations:_ 

All the analytical shear compresbit, Fhpories assume that failure 
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is caused by crushing of the reduced compressive zone above the head 

of an inclined crack. 

This type of failure is governed by the rotational equilibrium 

rather than vertical equilibrium- 

The general equation used for shear compression mode of failure is 

M = F ( 
cc 

2 
rq  fYcl b 3.2.41 

when 	M = moment abdut the level of tensile reinforcement 

at the section of loading. 

1. Bjuggron  45,50  

Equation 3.2.41 is useful only when Tia
1 
 can be determined reasonably 

accurately. Byuggren's approach was to calculate the extreme Compressed 

fibre deformation and the deformation of the tensile steel and then to 

find out the depth of compression zone. 

His assumptiohs were - 

a) Total deformation of the extreme compressed fibre of concrete along 

the length of the shear crack can be obtained by integrating the top' 

fibre strain's calculated for linear distributions of strains in the 

uncracked concrete and a parabolic stress-strain curve. 

b) The deformation is assumed to be independent of the crack length 'c'. 

c) The deformation is assumd to be influenced by the shape of the 

thrust line in the concrete. 

d) The deformation of the tensile steel is influenced by the crack 

length 'c' and the web reinforcement. 

The expression for ndl  is given by 

711 = 2(-1 J1 d. cp 	1 
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where 4) = 2 rst Es  Ecv c  _14  
y Uw 

coefficient for deformation of concrete 

Ace = ECc/y 	where E' ' -,concrete compressive strain. 
• cc 

1 
„ = 0.06 d1 cotp, for a straight thrust line above the 

crack. 

and 	

y 

	0.02 d1 (2 cot 
p + cot po), for a parabolic thrust line 

or two straight lines, the point of intersection being 

at a distance of less than 1.2 nd1 from the compressed 

surface. 

where p = angle between the thrust and the compressed surface at 

the head of the crack. 

po = corresponding.angle at the other end of the shear crack. 

Deformation of steel 4 st = µ c fst/Es  

where 	µ = 	[1 	
Ast la  

Ast* la + Aqn Xn] 

where 	Ast = Area of main steel at the head of the shear 

crack. 

Ast* = Area of main steel at the head of the other 

end of the shear crack. 

la = lever arm of tensile steel at the section 

considered. 

Aqn = Area of shear reinforcement crossing crack. 

Xn = lever arm of the stirrup• force about the 

centre of compressive force. 

If the yield stress of web steel is lower than that of tensile 

steel, the area of web reinforcement is reduced in the ratio of the 

yield stresses. 

After determining the critical section, the depth of ultimate 

neutral axis 'nd1' is found by an iterative method. 
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50 2. 	Regan 5' ' '

51 
 : 

Regan's approach is similar to Bjuggren's, but his simplifications 

make his theory more useful. He calculated the deformation of the top 

fibre of compressed concrete 

II cc =A 6 c, 

where 	7\ = coefficient, dependent on the slope of 

the thrust line. 

and steel deformation - 

4\. st 
	c fst/Es 

where 	fst = steel stress at the cracked section. 

In his analysis, he neglected the influence of stirrups on the 

deformation of concrete and steel on the grounds that it increases 
-cc 

as well as4st. The factors causing the change of shape of the thrust 

line i.e. loads along the crack length are ignored because, most of 

the deformation of concrete is concentrated at the sections near the 

head of the crack. 

His compatibility condition is independent of the ultimate load 

and his equation for the ultimate neutral axis depth is 

n no
2 

3.2.43 
1 c 

no + m  
u1 

where no is the reference (flexural) neutral axis depth and is 

given by 

not 
	

3 rst EsE'cc  
1 - no - 	2 Ucyl 

Q = External shear force 

M = External moment at the section under 

consideration 

and 	
cc

= 0.0035 



He presented his solutions graphically relating 

Q.d1 to for different values of r fyq/Ucyl. 
q 
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Regan believes that the minimum strength crack need be considered 

only when the shear force acting on the concrete at the head of shorter 

shear cracks is greater than or equal to the shear resistance of the 

untracked concrete calculated from the following equation - 

Qc = Qult 	
rq  fyq be 	

qtr 71.11d11 
	3.2.44 

The sign of inequality is applicable when 'c' cannot increase 

physically or when the concrete at the head of the crack crushes before 

'c' reaches the length given by an equality sign. 

After finding the value of n from equation 3.2.43 and then by 

simultaneous Solution of equations 3.2.41 and 3.2.44, the solution for 

ultimate moment is obtained. 

If the value of 'c' given by the solution of the simultaneous 

equations is greater than the length 'c' corresponding to a minimum 

strength according to the moment equation, then the minimum value is 

used. 

If the calculated value of 'c' exceeds the length available, the 

solution for the ultimate moment is obtained upon substitution of the 

available length 'c' and the corresponding '17' into equation 3.2.41. 

Qult  
no Ucyl bd1  

3. Walther45'
50'6 : 

Walther believes the deformation of the concrete compressive zone 

is due to rotation about the head of the crack combined with a deform-

ation of the web. 

He assumed the total shortening of the top compressed fibre 

€r d  'C cc 	cc 1 

where G' 	= the ultimate strain of concrete (when subject to 

shear and compression). 
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The ultimate strain is thus assumed to be independent of the crack 

length. 

In calculating the deformation of the steel, he took into account 

the bond conditions and web distortions which made the analysis more 

complicated than the other theories. 

His equation for ultimate neutral axis depth is given as 

E 	rst Es 2/3  
n 

Kg  Kb  U 
pr 

3.2.45 

where E ' cc = 0.003 against Regan's value of 4E c  .0.0035 

K1 K3 U 	1 
U 	 r Qdi 
pr 	1 + 3.2 

M 
 (1 -TO] 2  

Ti 	"degree of shear safeguard" 

shear reinforcement provided 
shear reinforcement required by Mtirsch Truss 

Analogy 

The amount of shear reinforcement required by M3rsch Truss analogy 

is 

Qult  
rq f" b la 

Kq =. Coefficient for deformation of web due 

to shear for vertical shear reinforcement. 

Quit 
Q
- Qcr (1 	0.7511) cr 

0.651U; in Kgf and cm units. 

= 	bond coefficient. 

= [0.9 + 30 rstl Kr  IT 

U J 	to pr 

where U
pr  is in Kgf and cm units 

Kr 	surface roughness coefficient for tension 

reinforcement = 1.0 for deferred bars and 

= 1.5 for plain bars. 

Qcr 

Kb 
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= diameter of tension reinforcement. 

= reference diameter = 26 mm. 

Regan and Walther assume the stirrup stress to be either the yield 

or proof stress whereas Bjuggren considers it to be the same as that 

in the tensile steel crossed by the crack. 

It is quite likely that stirrups very near to the compressive 

zone may be lightly stressed not reaching yield stress, but the contri- 

bution of stirrups towards the ultimate moment is not considerable and 

so is of little significance. 

These theories differ considerably in estimating the horizontal 

projection of the crack 'c'. 

None of these theories is simple enough to be used for design 

purposes as such. But with the help of design charts for various 

parameters provided by Regan, his method is the simplest. Bjuggren's 

method needs a trial and error process for calculation and hence is 

very time consuming. Walther's analysis is systematic but not simple 

to use for design purposes because of a number of coefficients involved 

which needs to be evaluated. 

None of these theories considers the effect of axial load on 

the shear strength of beams failing in shear compression, So their 

validity could not be checked with test results of beams subject to 

axial load. Regan's theory is checked and discussed fully in a Ph.D. 

thesis submitted to the University of London by Placas44  with test 

results of beams without axial load. 

Under these circumstances, the number of theories that could be 

checked with author's test results is limited. Only those theories 

which take into account the effect of axial load on the shear strength 

of beams are checked and discussed in detail. 

The following are the theories used for further checks and discussion - 

1. ACI-ASCE Committee's equation (326) 
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2. CEB draft code equations 

3. Mattock's empirical equation, based on ACI-ASCE committee 

equation for prestressed beams. 

4. Method of the Russian code (Borishonsky). 
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CHAPTER 4 

EXPERIMENTAL INVESTIGATION: REAM TESTS  

40. Introduction: 

This chapter is devoted to the experimental part of the research 

carried out in order to support the theoretical investigation. 

Relatively little work has so far been done in this field and with 

the test results available from it, it is impossible to draw conclusions 

regarding the influence of axial force on the shear strength of rein-

forced concrete beams. 

A test programme was, therefore, designed and thirtyone rectangular 

reinforced concrete beams were tested. The investigation was restricted 

to rectangular beams with web reinforcement, the axial load being 

external. 

The main variables were the axial forces and the ratio of shear 

span to effect depth. To study the effect, if any, of axial forces 

on the behaviour of web reinforcement, the web reinforcement was varied 

in a few beams. (It was thought that with axial tension steeper crack 

might form and a less number of stirrups would then cross any one 

crack). Although in the majority of the beams the top and bottom steel 

were equal, a few beams had less compression than tension steel. One 

beam was cast with a lower concrete strength than the others. 
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4.2. Test specimens:  

The beams were divided into two groups - 

A. Restrained and 

B. Simply supported in order to study the effect of axial loading 

on beams with different support conditions. 

Again groups A and B were further subdivided according to the 

nature of the axial loading to which beams were subjected in addition 

to bending and shear. 

series 1. Beams subjected to axial tension. 

series 2. Beams subjected to no axial load. 

series 3. Beams subjected to axial Compression. 

4.2.1 Features common to all beams: 

The overall dimensions of the cross-section were the same for 

all the test specimens and were 152 x 305 mm (6" x 12"). It was 

intended as far as possible not to introduce any scale effect and 

the adopted cross-section was believed to be not too far from a 

practical size. 

All beams had similar types of reinforcement. KS60 steel was 

used for tensile reinforcement. The percentage of such steel was fixed 

in such a way that shear failures could be achieved. Most of the beams 

had bat ratio (rst) of 1.46%, which is also very close to practical 

reinforcement were identical, while in the remainder the compression 

reinforcement was nominal and comprised approximately of 0.4% of plain 

round mild steel. 

All the beams were reinforced in shear with mild steel stirrups. 

The percentage of web reinforcement was varied in only three beams. 

1 
conditions. In the majority of the beams the tension and compression 
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4.2.2 Description of Specimens: 

GROUP A: R3strained Beams:  

The geometry of the beams under this category was the same for 

all. All the beams were 3.960 m (13'.0") long and were tested with 

shear span to effective depth (a/d1) ratios of 2.8. The percentage 

of tensile reinforcement was 1.46 except in beams B29  and B30. In 

these two beams, the percentage of tensile reinforcement was varied 

to 0.97% and 2.0% respectively. In beams B5  and B23  the compression 

reinforcement at the top (see fig. 20) was cut at a distance of 0.457 m 

(1'6") from the point of contraflexure with the intention of atudying 

the effect of curtailment of bars when a beam is subjected to axial 

loads. 

With the existing test set-up, it was not possible to test beams 

with à/d
1 ratios other than 2.8, but it was believed that if a 

substantial number of tests were done with this shear span to effective 

depth ratio, a fair idea of the effect of axial forces on the shear 

strength of beams could be obtained. 

All the beams had nibs (see Fig. 19) on both sides of them and 

the centre to centre distance between the nibs was 1.524 m (5'.0"). 

The axial loads were applied to the beams through these nibs. 

All the beams except B25  and B26  had equal shear reinforcement. 

In beams B25  and B26  the shear reinforcement was varied to study the 

effect of axial load on shear carrying capacity of web reinforcement. 

The main details of the beams in this group are given in table 2. 

GROUP B: Simply Supported Beams: 

All the beams in this group except B6  were tested with two 

symmetrical point loads. Beam B6  was tested with one central point 

load. In this group beams of varying shear span to effective depth 

ratios were tested. 
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As in the previous group, the tensile reinforcement ratio was 

1.46% for all the beams. Compression reinforcement was varied from 

1.46% to 0.34% 

Shear reinforcement was generally 5.5 mm (7/32") diameter stirrups 

at centres of 152 mm (6"). Only in beam B31 
was the shear reinforcement 

different, being of 6 mm (1/4") diameter stirrups at 100 mm (4") 

centres. 

The main features of the beams are given in table 3. 

4.3. Materials and fabrication: 

4.3.1. Concrete:  

The concrete mix adopted for this investigation was intended to 

give a cube strength of 40 N/mm2  (6000 psi) at 28 days. Only in one 

beam was the concrete mix varied to give a 28 day strength of about 

20 N/mm2  (3000 psi). The object of switching over to another mix 

was to study whether the effect of axial load on shear strength of 

beams is uniform. 

The reason for adopting a 40 N/mm
2 mix was that concrete of this 

strength is widely used these days in construction works. 

The concrete was made of Thames Valley river gravel of maximum 

size 19 mm (3/4"), sand and ordinary portland cement. The mix 

proportins by weight for the different components are given in table 1. 

The sieve number referred to in the table corresponds to British 

Standard (Imperial) specifications. 

The different components of the concrete mixes were batched dry 

and the roncretowasmixedin a 0.113 m3 (4 cuft) capacity Eirich counter 

rotating pan mixer. 

Control Specimens: 

From every mix of concrete two 152 x 152 mm (6" x 6") cubes for 

crushing and one 152 x 228 mm (6" x 9") cylinder for splitting were 
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Table 1. Mix proportions by weight. Maximum size of aggregates 

19 mm (3/4") 

Items Sizes 41.0 N/mm2(6000 psi) 

Mix proportions by 

weight 

20.5 N/mm2 

(3,000 psi) 

Mix proportion 

by weight. 

Coarse Aggregate 9.5-19mm 

(3/8- 3/4")  

2.21 2.75 

Fine Aggregate 5-9.5 mm 
(3/16-3/8")  

1.14 1.90 

Coarse Sand 25-5 mm 

(25  - 3/16")  

1.39 2.20 

Fine Sand 100-25 0..61 0.95 

Ordinary Portland 

Cement 

- 1.00 
• 

1.00 

Water - 0.61 0.95 
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Table 2. Details of test beams. 

GROUP A RESTRAINED BEAMS: 

SERIES 1 	b 	= 	152 mm, 	d 	= 	305 mm, 	d1 	= 	272 mm. 

. _ 

Beam 

No. 

Reinforcement fsy 

N 	
.) 

/mm` 

M dia of web 

reinforcement 

s'rP.oing 
of web 
reinf. 

b 

fyq 
N 	2 / 

 

Q d 1 
rst% rsc% 

B1  1.46 1.46 630 

N
 N

 N
 N

  
N

N
 

• 

• 	
• 	

0
 	

0
 	

0
 

C
O

 C
O

 0
0
 C

O
 C

O
 C
O

 

5.5 152 316 

B2 1.46 1.46 63o 5.5 152 316 

B
4  1.46 1.46 63o 5.5 152 316 

B
5 • 

1.46 - 63o 5.5 152 316 

B
7  

1.46 1.46 63o 5.5 152 316 

B12 1.46 1.46 63o 5.5 152 316 

SERIES 2 	b 	= 	152 mm, 	d 	= 	305 mm, 	d1 	= 	272 mm 

Beam Reinforcement fsy M dia of web spacing fyq Qd1 
No. rst% rsc% 

N/mm2 reinforcement of web 
reinf. 

N/mm2 

B
3  

1.46 1.46 630 2.8 5.5 152 316 

SERIES 3 	b 	= 	152 mm, 	d 	= 	305 mm, 	d1 	= 	272 mm 

d1  for B30 is 264 mm. 

Beam Reinforcement fsy 
M dia of web spacing fyq 

rst% rsc% 11/mm2  
Qd1 reinforcement of web 

reinf. 
N/mm2 

. , 

N
 N

 N
 N

 N
 N

 N
 O

  O
  N

 N
 N
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  U
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  U
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B15 1.46 1.46 630 2.8 316 

B17 1.46 1.46 630 2.8 316 

B18 1.46 1.46 630 2.8 316 

B20 1.46 1.46 63o 2.8 316 

B22 1.46 1.46 630 2.8 316 

B23 1.46 - 630 2.8 316 

B24 1.46 1.46 630 2.8 316 

B25 1.46 1.46 63o 2.8 258 

B27 1.46 1.46 630 2.8 258 

B28 1.46 1.46 630 2.8 316 

B29 0.97 0.97 63o 2.8 316 

B30 2.0 2.0 630 2.9 316 

Note :- Main steel 
Compress " 
Stirrup " 

- 16 mm (518.") dia KS60 steel 
- 16 mm (50") " 060 steel 
- 5.4 mm (32") 

6.0 mm (1/4") 	MS I I 
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Table 3. details of test beams 

GROUP B SIMPLY SUPPORTED BEAMS: 

SERIES 1 	b 	= 	152 mm, 	d 	= 	305 mm, 	d1 	= 	272 mm 

Beam 
No. 

Reinforcement 
fsy 
N/mm2 

M Dia of web 
reinf. 
mm 

spacing 
of web 
reinf. 

111111 

fyq 
N/ 	2 Qd1  

rst% rsc% 

B6  
B8 
B10 
1313 
B14 

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

0.34 

1.46 

1.46 

0.34 

63o 

63o 

630 

630 

63o 

3.9 
1.96 

1.96 

1.5 

1.5 

5.5 

5.5 

5.5 
5.5 

5.5 

152 

152 

152 

152 

152 

316 

316 

316 

316 

316 

SERIES 2 	b 	= 	152 mm, 	d 	= 	305 mm, 	d1 	= 	272 mm 

Beam 
No. 

Reinforcement 
fsy 
N/mm2 

M Dia of web 
reinf. 

mm 

spacing 
of web 
reinf. 
mm 

fyq 
N/mm2 Qd1  

rst% rsc% 

B
9  
B11 

1.46 

1.46 

 0.34 

1.46 

..., 

630 

630 

1.96 

1.5 
5.5 

5.5 

152 
152 

316 

316 

SERIES 3 	b 	= 	152 mm, 	d 	= 	305 mm, 	d1 	= 	272 mm 

Beam 
No. 

Reinforcement 
fsy 
Ni 

M Dia of web 
reinf. 

mm 

spacing 
of web 
reinf. 
mm 

fyq 
N/mm2 Qdi  

rst% rsc% 

B16 
B19 
B21 
B26 
B31  

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

0.34 

1.46 

1.46 

630 

630 

630 

63o 

630 

1.96 

1.96 

1.96 

2.8 

3.46 

5.5 

5.5 

5.5 

5.5 
6.o 

152 

152 

152 

152 
100 

316 

316 

316 

316 

258 

Note: 	Main steel - 16 mm (5/8") dia KS 60 steel 
compression- 16 mm (5/8") dia KS 60 if 

steel 	9.5 mm(3/8") dia webond steel 
stirrups 	5.5 mm(7/32")dia M.S. 

6.0 mm(1/4") dia M.S. 
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cast and cured under identical conditions with the beams. Moreover, 

152 x 305 mm (6" x 12") cylinders for crushing were also cast from 

some mixes. 

Cylinder crushing strengths of concrete and split cylinder 

strengths, all obtained on the day of testing of the beams, are shown 

in table 4. The cylinder crushing strengths quoted are 0.8 times the 

cube strength, which ratio was found to be reasonable in the cases 

where control cylinders were taken. 

Fig. 25 shows the stress-strain curves of the 41.5 N/mm2  (6000 psi) 

concrete at 36 and 28 days. 

4.3.2 Reinforcement: 

Particular attention was paid in detailing the beams in order to 

avoid any premature flexural failure. In view of this, high strength 

Ks 60 deformed steel was used with a practicable percentage of tensile 

steel. In most cases, the same steel was also used as compression 

reinforcement, but in a few cases welbond (420 N/mm
2) deformed steel 

was used for compression reinforcement. 

For other secondary and shear reinforcements mild steel and 

plain bars were used. 

The particulars of reinforcements are given in table 5. Figs 26 

and 27 show the stress-strain curves for the different steels. 

4.3.3. Casting and curing: 

All the beams were cast in steel moulds placed horizontally. 

When the reinforcing cage was made to the required dimensions, it 

was placed inside the mould and plastic spacers were attached to give 

sufficient cover. Generally,three batches of concrete were required 

for each beam but in the shorter beams two batches were sufficient. 

The beams had nibs 1.52 m (5'.0") apart, In those to be tasted 

with axial tension, 38 mm (12") diameter vertical holes were made 
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Table 4 Concrete strengths 

GROUP A GROUP B 

eam 

No. 

Age in 

days 

Uw 

N/mm2  

Ucyl 

N/mm2  

Ut 

N/mm2  

Beam 

No. 

Age in 

days 

Uw 

N/mm2  

Ucyl 

N/mm2  

Ut 

N/mm2  

B1  21 41.8 33.5 3.2 B6  21 41.4 33.1 2.48 

B2 19 41.1 32.9 3.10 B8 20 39.0 31.2 2.37 

B
4  20 43.9 35.10 2.95 B10 20 42.8 34.3 2.75 

B
5 

20 40.9 32.70 2.62 
813 

21 37.7 30.2 2.89 

B7  20 40.2 
-, 

32.2 2.68 B14  21 36.2 29.0 2.64 

B12 21 38.7 31.0 2.91 

B
3 

21 45.7 36.6 2.9 B
9  

21 39.2 31.4 2.65 

B11 20 39.7 31.7 2.86 

B15 22 40.5 32.4 2.58 B16  18 36.9 29.5 2.56 

B17 18 36.9 29.5 2.79 B19 25 37.5 30.0 2.56 

B18 20 36.6 29.3 2.86 B21 19 37.1 29.7 2.20 

B20 20 35.6 28.5 2.16 B26 19 38.0 30.4 2.54 

B22 20 34.4 27.5 2.48 B31 21 39.3 31.5 2.97 

B23 25 37.9 30.3 2.70 
.., 

B24 18 38.5 30.8 2.70 

B25 20 37.8 30.2 2.49 

B27 21 35.8 28.6 2.54 

B28 26 17.4 13.9 1.83 

B29 27 44.2 35.4 2.64 

B30 21 39.1 31.3 2.70 

I. 
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Table 5. Properties of Reinforcements: 

Type Particulars Diameter 

(mm) 

Yield 

Stress 

N/mm2 

Ultimate 

Stiess 

(N/mm2) 

Tensile 

Reinforcement 

High Tensile 

deformed IC'50 

• 
16 630 

... 	. 

910 

Compression 

Reinforcement 

High Tensile 

deformed KS60 

A 

16 630 

i 

910 

Deformed 

Welbond 

9.5 (3/8") 414 675 

Web 

Reinforcement Mild steel 5.5 (/32u) 316 426 

Mild steel 6.0 (1/4") 258 329 

Mild steel 9.5 (3/8") 407 477 

Reinforcement 

in Nib 

Mild steel 12.5 1/2u) 335 497 

N.B. Yield and ultimate stresses are calculated based on the actual 

areas. Equivalent stresses are then given in metric units. 
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in each nib on both sides of the beam and were afterwards used to 

accommodate the rods for vertical loading. In beams to be tested with 

axial compression horizOntal holes were made for the application of the 

axial compression through' horizontal bars. The; details, of these holes 

are shown in fig. 19. To avoid any pradtical difficulty at the time of 

stripping, 9.5 mm (3/8") thick polystyrene pieces were stuck. to the 

mould on both sides of the nibs.-  The same moulds were used throughout 

and the lengths of the beam6 were.adjusted according to. requirements. 

by a wooden endhlock; . 

After pouring each mix evenly along the length of the beam, the 

the concrete' was ViiSiated. with7A. 25 mm(1") diameter internal poker 

vibrator until full compaction was attained. When the beam was fully 

cast. the top of it was levelled and finished with a trowel. 

All the beams were cured under the same conditions as far as 

practicable. 3 to 4 hours after casting, the beams were covered with 

wet sacks and polethene sheets. After three days, the beams were 

stripped of the moulds and again cured by covering with wet sacks and 

polethene sheets for another 3 days. Then the beams were uncovered 

and left in the laboratory atmosphere until the day of testing. The 

same procedure was adopt_. for curing the control specimens. 

4.4. Testing Arrangements: 

4.4.1 Test rig: 

Fig. 18 shows the loading arrangements of the beams. In order 

to make testing programme simpler, a: testing rig was designed (fig. 17) 

for testing of the beams in group A. Both vertical and horizontal 

loads were applied to the beams with the help of load cells. 

The testing rig was of 3.96 m (13'.0") length the distance 

between the two supports positions-being 2.29 m (7'6"). On one end 

there was an over hang of 1.22 m -(41.0"). 



ARRANGEMENT FOR AXIAL COMPRESSION 
REMAINING DETAILS AS BELOW 
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4.4.2 Support conditions: 

The support systems at the two positions consisted of roller and 

rocker bearing arrangements, the rocker being at the end and the 

rollers at the intermediate position. The beams were supported directly 

on their soffits on 100 x 150 x 25 mm (4" x 6" x 1") mild steel plates. 

The rocker consisted of two 100 x 150 x 25 mm (4" x 6" x 1") mild 

steel plates with a central groove to accommodate the 25 mm (1") 

diameter roller. At the intermediate position, the beam was supported 

through the cross-members by two roller bearings, consisting of two 

100 x 150 x 25 mm (4" x 6" x 1") M.S. plates and 25 mm (1") diameter 

rollers. In both cases the bottom plates of the bearings were welded 

to the testing frame. The same type of support arrangements were 

adopted for the testing of beams in group B. These beams were tested 

in an all purpose rig with two movable pedestals, 	as the  

spans of these beams did not permit their,  being tested in the original 

frame. 

4.4.3 Loading Arrangements: 

While testing the beams in group A, both vertical and horizontal 

loads were applied to the beams with the help of jacks and load cells. 

Three different types of jacks and load cells were used depending on 

the capacity required. Before testing all the load cells were 

calibrated. For convenience two hollow cells were used for the testing 

of the beams in series 3 of both groups. The jacks were manually 

operated and of 300 KN capacity. In a few cases for loading the beam 

horizontally on both sides, one pump was used to operate the two 

horizontal jacks coupling together. On other occasions two-separate 

pumps were used. 

For loading the beams horizontally in series 1 two small frames 

were used, one on each side of the beam. The frames were put inside 
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the two nibs of the beams. On one side of the frame and nibs, there 

was a load cell (100 KN) and other side of the frame and nib a jack 

(100 KN) to apply axial tension to the position of the beam between 

the two nibs. To keep the loading concentric, ball bearings with two 

100 x 100 x 25 mm ( 4" x 4" x 1") plates were used on the inside faces 

of the nibs. 

Similarly, vertical load was applied with the help of jacks and 

load cells. Similar types of loading arrangement (two plates and a 

ball) were adopted for the beams in group A. But for the application 

of vertical loads in case of beams of group B, a 500 KN jack having 

ball joints top and bottom was used, mostly as a central point load. 

For vertical loading in this case, no extra ball bearing was used and 

the jack bore directly on a 100 x 150 x 25 (4" x 6" x 1") mild steel 

plate. The arrangement of two symmetrical point loads was achieved 

using a spreader below the jack, supported at the required loading 

positions. In all cases, 25 mm (1") thick 100 x 150 mm (4" x 6") M.S. 

plates were used as bearing plates. 

4.5. Instrumentation: 

Because of the large number of unknowns involved in the shear 

failure of beams, attempts were made to measure some of them directly 

by instrumentation. 

To measure the concrete strains on the surface at various load 

stages; mechanical strain gauges (Demecs) were used. No embeded 

electrical strain gauge was used, but surface concrete strains were 

measured in few occasions by electrical resistance gauges. 

Steel strains in both longitudinal and transverse (stirrup) 

steels were measured with electrical resistance gauges. To measure 

accurately the main steel forces, strain gauges were stuck one on top 

and one on the bottom of the bar at each instrumented section. The 
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gauges were protected by three coats of water proofing material. 

4.6 Testing Procedure: 

The testing procedure in general was the same for all the beams. 

Loads, both vertical and transverse to the beams in group A were 

applied with the help of mannually operated jacks and load cells. 

Except on one occasion, axial loads were applied first in increments 

of 20 to 50 KN. Strain readings were taken and then the cracks (if 

any) were marked on the beams after each increment. Only beam B
4 

was 

subjected to axial and vertical loads simultaneously. 

In cases when axial load was applied first, it was held constant 

with its desired magnitude throughout the experiment. Then vertical 

load was applied. As before strain readings were taken for each 

increment of vertical load. In all cases the major vertical load 

(2 x shear force) was initially increased in increments of 40 KN, but 

near the anticipated failure load this increment was reduced to 20 KN. 

In the more instrumented beams, near the failure load, the load was 

increased by 10 KN only so as to record the strain readings more 

accurately near failure. 

4.7. Behaviour of test Beams:  

4.7.1 Restrained beams with axial tension: 

Six:beams (B1, B2, B
4' 
 B5, B

7 
 and B

12
) were tested with axial 

tension and vertical load. The test results are given in table 6. 

The behaviour of these beams were observed at each load increment. 

As anticipated, when axial load was applied through nibs to the beams, 

vertical cracks were formed in the span at intervals of about 150 mm. 

These cracks first appeared sometimes at the top and sometimes at the 

middle of the depth. When the axial load was high (170 KN), the cracks 

were really wide enough to see through. After the formation of the 

vertical cracks, about 9/10 of the axial load was transferred to the 
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top and bottom steel evenly at sections between cracks. This 

information was obtained from the steel strain readings of beam B
12
. 

(see fig©. 28 and 291. Stirrups were practically unstressed. 

When vertical load was applied, the crack widths in the compressive 

zone were reduced while those in the tension zone increased. Sometimes 

in the compressive zone existing vertical cracks became invisible. 

The beams did not show any sign of distress at all. Only a few new 

flexural cracks were formed. Then when the shear cracking load was 

attained, inclined cracks were formed. The stirrups were practically 

unstressed until the shear cracking load was attained. 

After the formation of an inclined crack, the physical behaviour 

of a beam was changed, and it started showing signs of increasing 

distress at each load increment. 

From the strain readings (see fig. 30) on the stirrups it was 

apparent that the stirrups picked up load very rapidly after the 

formation of the inclined crack. They continued to carry increasing 

loads until their yield stresses were attained. 

The critical inclined crack penetrated further into the compression 

zone with increasing load, and ultimately failure took place in a mode 

which was different from both shear-compression and diagonal tension. 

Though the crack patterns in the beam were very similar to those in 

beams failing in diagonal tension at the initial cracking stage (see 

figs. 47 and 48), the addition of web reinforcement affected the ultimate 

failure mode in these beams. All the beams in this aeries behaved 

identically and it is believed that final failure occurred due to 

shearing of the remaining compression zone at the head of the inclined 

crack, the failure mode is referred to as "shearing failure". 

The inclination and horizontal projection of the critical 

cracks were observed in each beam of this series. 

plot of the inclination against a/di  ratios for all the beams tested 

during this investigation. 

Fig. 34  shows the 
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In beam B
5' 

the compression reinforcement was cut at a distance 

of 0.457 m (1'6") inside the compression zone from the point of contra-

flexure. When axial load was applied, a big vertical crack was formed 

at this section. So in order to avoid local failure, axial load was 

kept constant as low as 70 KN. Then vertical load was applied. With 

the application of vertical load, the crack width reduced considerably 

and before failure it was hard to believe that there was any crack at 

all. The interesting thing was that the beam did not show any sign of 

distress until the formation of an inclined crack. The critical crack 

crossed through the existing vertical crack. This leads to the belief 

that considerable shear forces can be transferred across a crack if 

the two surfaces in contact are subjected to compression. In comparison 

to other beams, this beam carried a little less load. 

4.7.2 Restrained beams with no axial load:  

Only one beam B
3 

was tested without axial load. The behaviour of 

this beam was very similar to those tested with axial tension. The 

only difference was the absence of vertical cracks. Even so the behaviour 

at different load stages and the ultimate failure mode were the same 

as in the previous series of beams. 

4.7.3 Restrained beams with axial compression  : 

Twelve beams were tested in this series varying the magnitude of 

axial compression from 100 KN to 200 KN; while most of the other 

parameters were kept constant. As axial compression was applied first 

in all cases, the flexural cracking load was increased. Upon further 

loading, inclined cracks appeared, but the inclination of such cracks 

was smaller than in the beams of the previous series. Also the number 

of cracks was very limited as can be seen from the photographs (see 

figs 49, 50 and 51). Before failure, a considerable depth of compression 

zone was available which supports the contention that axial compression 
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should increase the depth of the neutral axis. 

The most outstanding effect of axial compression was the increase 

in failure load and the change in mode of failure of some of the beams 

(see table 6). From the table it is evident that the failure load 

was increased in all cases. As a result of the increase in shear 

capacity, some of the beams showed signs of failing in bond. Splitting 

occurred at the level of top reinforcement in the tensile zone near 

the end of the inclined crack and then towards the point of contra-

flexure. Because of the problem of bond failure, no beam was tested 

with an axial compression of more than 200 KN. However, the experi-

mental results leave no doubt about the effect of axial compression 

on the shear capacity of reinforced concrete beams. The number of 

flexural cracks, their growth and widths were reduced due to axial 

compression. The beams were comparatively stiffer. 

417.4 Simply supported beams with axial tension: 

Five beams with varying shear span to effective depth ratios 

were tested in this series. The behaviour of all the beams was the 

same as that of the previous group until the formation of a shear 

crack. Beam B
6 

was tested with a central load and a shear span/ 

effective depth ratio of 3.9. Its behaviair and strength were 

similar to those of the restrained beams with similar axial tensile loads. 

- The other four beams with shorter shear spans behaved differently 

as was anticipated. Their shear span to effective depth ratios were 

1.96 and 1.5 in beams B8, B
10 

and B
13' 

B
14 

respectively. These beams 

were much stronger so far as ultimate load carrying capacity was 

concerned. In each the inclined crack penetrated into the compressive 

zone, thereby reducing the ultimate neutral axis depth. But the growth 

of this crack was halted below the load and ultimate failure was 

caused by crushing of the reduced compressive zone. The failure mode 

is believed to be shear compression. 
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4.7.5 Simply supported beams with no axial load: 

Only two beams B
9
and B11 

were tested in this series and their 

shear span to effective depth ratios were 1.96 and 1.5 respectively. 

The behaviour and mode of failure of these two beams were similar to 

those of the beams in the previous series with axial tension. 

4.7.6 Simply supported beams with axial compression:  

As expected, the addition of axial compression delayed the flexural 

cracking and thereby increased the shear cracking loads. All the beams 

except B26  appeared to fail in shear compftssion. Beam B26  failed in 

bond. Bond cracks appeared well after shear cracking and only just 

before the last load increment. It was realised that bond failure was 

not so much of a problem in the case of simply supported beams as in 

the case of restrained beams, but in order to avoid bond failure the 

axial compression was restricted to 150 KN except in B26. Beam B26  was 

subjected to 200 KN of axial load and as is evident bond failure resulted. 

4.8 Test results:  

It is very difficult to say exactly at what load the inclined 

•crack is fully developed. But from observation of the beams during the 

test programme, it seems that shear cracking load can be recorded fairly 

accurately by ordinary visual inspection. In the case of beams with 

web reinforcement the formation of a visible inclined crack is a bit 

delayed. Table 6 shows the shear cracking loads and ultimate loads 

at failure of the beams. 

The average inclination and horizontal projection of the inclined 

cracks causing failure are listed in table 6. 

4.9 Examination of test results:  

, Fig. 31 shows the plots of Qcr/bd1 
 and Qult/b 

a against t N/bd
1 

(compression i-ve). From the trend of the curve, it is evident that 
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Table 6. Test Results of beams  

Beam N/bdi a  
N/nam2 

Qcr/bd 1 N/ .2 

quit/bd1 N/ 2 No. Failure 

Inclination 

averg. 

Horizontal 
proj. of 
crack after 
failure 

(C)mm 

Mode of 

B1  -2.41 2.8 1.20 2.28 23°  560 2.06 S 

B2 -4.09 2.8 1.20 2.08 22°  585 2.15 s 
B4  -2.41 2.8 1.44 2.28 585 22°  2.15 S 
B
5  

-1.68 2.8: 1.44 1.92 24°  56o 2.06 s 
B
7 

-4.09 2.8 1.20 2.28 22°  585 2.15 S 
B12 -4.09 2.8 1.20 2.23 22°  535 1.97 S 
B
3  

0 2.8 1.44 2.05 23°  585 2.15 S 
B15 +4.82 2.8 2.41 3.13 17°  610 2.24 B(sc) 
B17 +3.61 2.8 1.44 2.29 21°  560 2.06 S 
B18 +3.61 2.8 2.41 3.01 535 21° 1.97 B(sC) 
B20 +2.41 2.8 1.92 2.41 21°  535 1.97 sc 
B22 +4.82 2.8 1.92 3.13 22°  510 1.88 B(SC) 
B23 +3. 61 2.8 1.92 2.89 585 20°  2.15 B(SC) 
B24 +4.82 2.8 1.92 2.89 210 

 610 2.24 SC 
B25 +4.82 2.8 2.41 3.37 20°  610 2.24 B(sc) 
B27 +4.82 2.8 1.92 3.37 22°  585 2.15 sc 

+3,61 2.8 B28 20°  1.44 1.93 482 1.77 B(SC) 
B29 +4.82 2.8 2.41 2.41 23°  56o 2.06 F 
B30 +2.41 2.9 1.92 2.73 38°  381 1.44 Sc 
B6  -2.88 3.9 1.20 2.10 21°  610 2.24 s 
B8  -2.41 1.96 1.44 2.76 38°  381 1.40 sc 
B10 -2.41 1.96 1.44 2.97 35°  381 1.40 sc 
B13 -2.41 1.5o 1.92 3.71 40°  356 1.31 sc 
B14 -2.41 1.50 1.92 3.26 43°  305 1.12 SC 
B
9  

0 1.96 1.92 3.34 37° 
 407 1.50 sc 

B11 0 1.50 2.41 3.95 40°  33o 1.21 Sc 
B16 +3.61 1.96 2.88 4.10 330 32° 1.21 SC 
B19 +2.41 1.96 2.41 3.72 29°  356 1.31 SC 
B21 +3.61 1.96 2.88 3.72 27°  381 1.40 SC 
B26 +4.82 2.8 2.88 3.37 610 20° 2.24 B(SC) 
B31 +2.41 3.46 1.44 2.34 23°  685 2.52 S 

s = shearing failure 
B = Bond failure 
SC . Shear compression failure 
F = Flexural failure - Beam B29 failed near the cantilever e 
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Table 7. Test Results: 

GROUP A: 	Restrained beams. 

Series 1. Beams with axial tension: 

Beam 

No. 

Age in 

days 

Ucyl 

N/ .2 

Ut 

N/mm2 

rst% rsc% rqfyq 

N/ ,2 
M/Qd 1 N/bdi  

N 
/mm 

Qult/bc  
Nimm2 

B1  21 33.5 3.2 1.46 1.46 0.66 2.8 2.41 2.28 

B2 19 32.9 3.10 1.46 1.46 0.66 2.8 4.09 2.08 

B
4  20 35.10 2.95 1.46 1.46 0.66 2.8 2.41 2.28 

B
5  

20 32.70 2.62 1.46 - 0.66 2.8 1.68 1.92 

B
7  

20 32.2 2.68 1.46 1.46 0.66 2.8 4.09 2.28 

B12 21 31.0 2.91 1.46 1.46 0.66 2.8 4.09 2.?3 

Series 2. Beams with no axial load: 

Beam Age in Ucyl Ut rst% rsc% rqfyq M/od  
' 1 

N/bd  Qult/bi  

No. days N/ 	2 N/mm2 N/mm2 N/Inj Nimm2 

B
3  

21 36.6 2.9 1.46 1.46 0.66 2.8 0 2.05 

Series 3. Beams with axial compression: 

Beam Age in Ucyl Ut rst% rsc% rqfyq M/Qd 1 N/bd Qult/b 

No. days N/ .2 N/mm2 N/mm2 N/mm N/mm2 

B15 22 32.4 2.58 1.46 1.46 0.66 2.8 4.82 3.13 

B17 18 29.5 2.79 1.46 1.46 o.66 2.8 3.61 2.29 

B18 20 29.3 2.86 1.46 1.46 0.66 2.8 3.61 3.01 

B20 20 28.5 2.16 1.46 1.46 0.66 2.8 2.41 2.41 

B22 20 27.5 2.48 1.46 1.46 o.66 2.8 4.82 3.13 

B23 
25 30.3 2.70 1.46 - 0.66 2.8 3.61 2.89 

B24 
18 30.8 2.70 1.46 1.46 0.66 2.8 4.82 2.89 

B25  20 30.2 2.49 1.46 1.46 1.05 2.8 4.82 3.37 

B27 21 28.6 • 2.54 1.46 1.46 1.05 2.8 4.82 3.37 

B28 26 13.9 1.83 1.46 1.46 0.66 2.8 3.61 1.93 

B29 27 35.4 2.64 0.97 0.97 0.66 2.8 4.82 2.41 

B30 21 31.3 2.70 2.00 2.00 o.66 2.9 2.41 2.73 



Table 8. Test results: 	 129. 

GROUP B.Simply supported beams. 

Series 1. 	Beams with axial tension: 

Beam 

No. 

Age in 

days 

Ucyl 

N/2mm  

Ut 

N/ 	2 

rst% rsc% rqfyq 

N/mm2 
M/Qd 1 N/bd 

N/ 

Qult/bc 

N/mm2 

B
6  21 33.1 2.48 1.46 1.46 0.66 3.9 2.88 2.10 

B
8  20 31.2 2.37 1.46 0.34 0.66 1.96 2.41 2.76 

B10 20 34.3 2.75 1.46 1.46 0.66 1.96 2.41 2.97 

B13 21 30.2 2.89 1.46 1.46 0.66 1.5 2.41 3.71 

B14 21 29.0 2.64 1.46 0.34 0.66 1.5 2.41 3.26 

Series 2. Beams with no axial load: 

Beams Age in Ucyl Ut rst% rsc% rqfyq M/„
"  '1/4  1 

N/bd  
' 	J 

Qult/b(  
No. days N/ 2mm  N/ 	2 N/ 	2 N/mm  N/mm2 

B
9  

21 31.4 2.65 1.46 1.46 o.66 1.96 0 3.34 
B11 20 31.7 2.86 1.46 1.46 0.66 1.5 0 3.95 

Series 3. Beams with axial compression: 

Beam Age in Ucyl Ut rst% rsc% rqfyq M/,
'--4d  1 

N/bd  Qult/b(  
No. days N/ 	2 N/mm2 N/mm2 N/mj N/mm2 

B16 18 29.5 2.56 1.46 1.46 0.66 1.96 3.61 4.10 

B19 25 30.0 2.56 1.46 1.46 0.66 1.96 2.41 3.72 

B21 19 29.7 2.20 1.46 0.34 0.66 1.96 3.61 3.72 

B26 19 30.4 2.54 1.46 1.46 1.05 2.8 4.82 3.37 
B31 21 31.5 2.97 1.46 1.46 0.66 3.46 2.41 2.34 
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FIGURE SHOWS STRAINS IN STIRRUPS OF BEAM 812. 



cn
I- 

.4-41  2:14: 
;1H 1.,..,,,,ii 
"- 11.li . 

:V; 
;I:  ; 
.r2.21,::.1,_.: 

tit!.  

:.1!; ..,,:, 

*I! 

11;  , 

' 	•:::, 
• 
;4; ::: 

4;:: 

;:::: .,.; 

1: 

, t. 

1r , 
;;; :: 

2: : , :. 
.4 

-r-:: 
::. 

2:2; : 	:r .4-,-11111t4irt: 2f.r.tt!ttf:2:: 	;!:: 	:11r42:12frit: in. 
I:Pig 	'',;-. ..' 
i!t! 	;'  

: 	1 	liti 
i 	' '+, 

..-41-.:,:;  
--i--..-:1-:-- * '''' 

r* tin:  
I 	- -,-, *-4 

- 
- 

, 

•" 

•::: :24: -: 	1  411 . 	• • • ..! 	' 
. 

Itr  • I  • 
•:1 	: • • 1' :::. ::;: 

!tit 12.11 ::::1111 :::: 

illift: '' 	'.....41,1-1-:-: II:: - 

tItl 
:::: 
": 

ItrI  4:-11 :::: ••:. 
• • '' ;•:: I::: 

i4::.'F.'21V7r1:  LI.:.:../.h.: :::: :::.; :It; 
:It:- 4,::...i.iii ,I•', P..:  :.:.::::-'1I.:-F:  /..g/i.:Vn1:-.41iiii ..11•11 ..1/ 

;;1;  ::;: "I' '1'1  'I!'l 	•": ';;" i";;I:il! 	iE 	!.':i!IIIt 111 :t.. : , • ... 
''ll  I:P.  :1'.  

- illi -• tit' .....„....„...,4.,,,..::: 
1 : 	• .:, i:-  :::: ••,;: .1.. 

:::":, 
;::111'.• .: 
.„, 
:::: 

......L: 

.... :::: 

,.. 	: 
:tit 
:1;-. :::: 

: 

:.:it  :::-: 
,........_,.:...4......„..„.:„....„......: 

:1: 
::: 

;:11 
:;;-; 

:::: ; 
,:t;  
•.:. 

:•:.t 

.::: "•-• 

•,-,, 
••,.....„-....• -.• :::: 

A 

.". ••:: 

1;.:Sw.1.-1-Y....:r..,: 
• 

..,....4•,„. :::: ;::,...11 

.tv 

,:,, ,...... ;1:: 
:::.: 

r 

: . 

. 	.. 	. 	.. 
-I:d413.3-1;21.01.0.-... - -------- -•-•-.-; :tt•itt.:::::: 	:•:, 	:::: 	:... •••• 	:-..-t• 	:S:: 	::;: 	:::: 	•-4.: 

.:•,: 
•••-•-•••-; - 	,. 	. :::j! 	•' 

.1 . 	. 
.V.. • . :..„ ... 	/V. 

,t,i1 
•----t-t-r-t-. .1;...r• ::I•: 

:A 

:: . : 
:-:-.::-....1, ..•••• :::: 
:::P51.)-...,,.. 

...• :t:: 
:•,,--..--.• .... 	;it:  :;11 	.... : 

, 	;. 
• .: 	, 	. 	. •1. ' - ti 

--:- 

• • 

.: •::: 1.:: :::: 

_t::: :•;: :: 	.: 
,,:•• 

.tf",.. ::- 
ro: 
,,:! 

tt,, :::: 
4121 ..:. " ill '•j't If:. fill .1  EtI   :.1 ii';  ..:: :::: 'iLj_liiI,,Li_. :::: Iiii ili: . t  : t, ,H:. iiit iii: :t.,-,..... iiii IiIi iiii il I.1  ... ,. . 

";' If i 	; •• t:"  
,,,,  "lt  t;"  7: 	;Iill:  • n! ;II  ' ; 	' Iii-:  4  PI  :-... 11! j... 111! . 	,.. • • • ..  .....  

ii ., 1"I .' iiii • .4,' IIII If 4 1 ill; li 	• .41 4,)  Illi 44,4 iIi: 4.4 :.i.:1 ..t:  1l .. , 1( :111 -III  „. ,, 	, IiI;;I:!: ,. 	1 ..., ,,.• ;.1.141-11:I , IT .. :1  +-,4.4r 4 411 12 ;t:1 :!Ii r: 	• I,II  " r"  IIII  !I 14-  llii Ilii ili: " 1  i.lti !I -1 '.1 1.1fl .-1P: 1.-.11 Iiiiifff n 
"1,1111  

„...::iiiiiii[fIlli, 
illi 

;,,i 

11,-1.1 
i  iffEltitt  

Rit 
I 	11  

i.,.i,i 
111.:  

....Til t:, 
IVO 

;Ili 
lit ii-  H.  Iii fiiiiq -91 ii: i.:;-;-11 , 1-, 	• 131  • - :lihfri  ;.;:•11 4  LI, •+D' :• :0  "- l:::• -i-i- El  ' Iiii "_ +.1 ...-- -. 1  14- 

''.1.1  ::F, 
I-411111 i::: 1-'+,--.. 

1.111  i.1fi -.:. 
t*:  ,, 	, ...: . 	:t. I' 1,r: : iiii 4i..... .,„ fit::  iit:..:1  ...• ii:":": 

,,,:;.., .,....1..r•r: iff:', :ti-i 
riitt,*•21t,:, ,p,r,,„ lotiti-2  ,,•.i.•; ,ci:: -tr_i.;•1:.ii, - 	i 31:1  lip, iin  4.1  •= r: 	; 1:,ji, II:: i; 	,1::: •••• e:i...„ t;i: tti.:, 1  ,,•,f, ;- 2.. ,:: Ii-.. :,.:! i',.; 

1:::  :::: ,c......„:,.....1.,t1-1.. 41:11:1:I :::: _z;  ii: ‘;' 
ot11 
1 	:+ 

, 
. • 

t  /*di 
• Lir 

tip 
-• 

Ii1/ 
-:!' 

'. 
La 

.1 
. 

I; 1 	.. • 1:  : 	1 
: ' b 

:“: 
,„ 
nil: 

...`1.• 
, 

: 

:: 

; 

: 	. 

1;1: 

..ii 

1111 

lin 

!•;:' 

;4: 

1111 1111 111;11;;; 11:.; I.:I: /III II1.1 
..::2  
tlit 

Ali-, -"II 
•:: 2:1: 

1 
.11,. ." 
!NM 

:121 "I 212:, 11:1 i 	2; - IN :.t,.;  It' i:. It: , 
• 

1:1: • '. 
• . 

:::: :I:: 
:::: ::::111:1 

:::: r.- 
:... 

1": , 	. 
. 	: ' 	I": 

::I! :::: 
:::: “" 

:ii: 1.11 
1; 

:if:  

I: 1;... 
:: 	. iili i 

*,  
iiii i;i.: 1:11 

, 
ll . 

, 	.. ,i; 
11  iii 41 ::11 

....Ii:  
 1•::. ' 

4 I 
:"..i lli Iltii Ili il-;-  11 :::. .••: 

: 

:::: .•'• 

:: 	: 

: 	:: • •. 

:'!2 

:::: '''i 

!!!! 

::;: 
•••: 

IF:: . 
I•  • '.e,• (L' • l: 

•:f:  : • 

. :II: 

. iH 
::. 

•": Ili; 
.iijilii 
---e- 6,), 
'"(1)14":":  

.:: !;:•1„;;e: 

---tr ... 	4. 

::::: 

irt. 
-:-e-.: :.; ; 

,.b  
i'll 

, . 	2  .,.1 ::1: :::i -1 4::: , ... - ;42: ..::.: .2: - :,22: :,:•• :ti: .1" ;It. ,:11.1,.1:  ,.. 
:LI  .„. i'l 	• ,. l 1 	. 2 211: .1.1  2F: .irt :F1: L.-. :! :::; •:--: Iv Ft:  • : :::. 14. , :. 1 •:il II- : - . 	• ..: .1,. - '1: qt !F.: 1.- • :::: •• •;:: :.;.:.; 

:::: :::: 
2::: •;" 
F-::: ':21';I: 

r:Ir ."1 
-IT. 1;.• •', v . 	IT i lit •• li-  ' -- '-ll-1 -i l'-1 - liiiIi4 

t Fit 
- 	• 

Iiti  tt? i 	, - 
.

••1 
.01 

:::I ltii :4:2-  :it:- 'I , 2-.. 	: :Ilt 1 ti +Iv: l-ii: . it 	.1  • t .. LI:: 111: 2-2 Ill ,, '1 1:_ii 1:.. -1, .11 : 	• : • 1, 1;1:1 . 	•: ' 	• 12:: 1::: 2:1- :1:1 '.... .; :::: l 
I 
"il 

77  -7:1 :tti F:-:  illi 
• ..,7 	, .  : 1  :111 1-11,:i Itiln . ji T1.-  ' , . t,.. . 	.. 1••• ;1:1 • • _ 	i: •11: ...- :•,-; .... •:;.: t....-....: t,n41-:.:1 1 '`I '111 :1'1 ..: I.•4 11 .. •::: ••• 	. ' ItI•1 11' 	, .-, .. "• ..... : •••• •t  .4,4 ••I. 11I-i'a:z. ,,•• " ii-': 

:4  
: 

: 
t 	' 

t::: I:::  1 
Li: 
11.+ 

ll 
• *: 

tL ' 4 • :VII 4 ' 	i'. 11.1 "• ''' 11 	1  111: t-;!: P.P.IIIIVi: +1;-... 1•1.+11 ;Ii.. ' ;Itttli*r.  41:•tj..  1-rii 1111::-.:::::f  li.11.:,:.:::  •,1•4*.  t.:::, •••:' 11.1-1 P::i 11-:.q iiii ' '11 E*1 1  • 1.4 1 'M i':'i  :F4 !::;:: 
• 

::i1:i1 
.-• •." 

111:  :11' 
-'11-1•-•• 4[1  

'..' -.; " v, ;II 	1  :i, . ; 0 l' 	I  . 	! "I; ; ,.:...:1: ":" ; ;'; 
''' 

I.  2 ..* •  H.: i'Cifli :u >ED'61.1 H .';. 'ill.k.'!-: 	':-.:': ..• '..!:1_ ;I:z..iiili ': 	I .. 	* 1:11: 11fl ::iii *-  Ils:-. ''.:Iil. 
' 	• ;1. " ' ''' . '' 

2i2 

. i: 

„2, 

" 
•,, 

• t::: • :22: :_;:: :::: :21: ":2ii .:., pit .2.. ..t. ,.... 
r•-:t 
tf•t- 
:421. 

.. 
.• 	• 

.: 
•:„ 

tt" 
tii'ir:: 

'tti ::tt.tt:: 
:II: . i:t: 

• 't,:' 
.r. 
•;.' 

• , 11-:::-  :It, , /,... t 4441 
--- 

1-•• 
- 

,---;  4 	•• 	• 	• --• 

g • 
ilifill 
... ,.... I:: 
1•1 

1 t 4, ! 	: t 	: 	1  ti , t,i  
..).• 

i 	-  • 
-1,-::..! 
:,, 

IP1  " ::: 

oll 
, 

: 	l 

11,11 
. 	, 
II•ilt:1 

il.: 
TiiT 

, •.• it,. 
::i: 

..:: 

.• •„. 
till 

.. 
.c..". 

, 	:tilii  
 .t  , 
il:i 

ifil 
.• .tt  
it:: 

1 11 
•,t1  
ii:: 

oil 

litl 

lit  
t, 
:14.: 

ill', 
 It  
:I. 

ll,, 
tot  
ill: 

ill:: 
  

it- 

,,,.. 
• . 
.......41  

iiii 
•t, 

IR 
,• 

ii=iii; 
. 	. 

lin 	:::! 1 : 
.. 	4 : 	* 	•:;13*:::.• •Lp.P/i 

.1414- 	 ;1:: 	::- 
:: . 	1  

. 1. 
":: z :::: Of 

1:11; 
• 

:.; 
Lili :": 

11.111II:::: 
••:: JD'.,i ' 	'• 

1;11 
7, 

::::: 
: 

:III 
,,,i --t. 
11:1 

222: -. 
111; 

:2; 1-1--3-1-:;14 
11 

tt,_,  1.: 
111 :1:1 

tirti 
;I III! 	I II 1' :: 

911fl 11,1.11411Irt • , 	: " :::: •"" :::: • : ;;;; ;; ' .... :: • •• „,.., .t.t_:' .2:1• l':• 44.4.-.•,... -  • • ' • • ., t . 	1: 
' 	:• ! 1 

,.f1,  :I::  • :::: :1:: 

:-• ,.....21 1 /1 ; 	11 

,/ 	: " 
••• 4:11 :1:ti 

1.1: 
• :: /1" 
IF./ :,...._2T.  

' :" 
111. 1:::1 //: • :: 

.. 	• 
,•11 :::1 

:::: 
: 	/I 

• ' 
1-1t  ,,,, 

:: 
...: t..., 

.4•;•'••,-4, ::11 
ti 	: . 

....  
, 
.: 

•::: •• „ 
t  .t: ' 	; : 	1 ::,. , 1:': ,. 

"' 

;1;4'.  t-", II nellainiiliMML:1!!  ::."1.:.,• ` •,i - • 
• . 
• 1; 

. 	. 
;1' t!,..:  

' 	. 
. 
. ...... :::: 
izipt...: 
1111 4i" 

. :111 

1,11 2r" 

..- :111 
1.24  

" 

:,,, 
y,tat 

'" 

.. 

1111  

I • •• •: 4 • ..11 .: 1 t 	, '',I1 a: 1+  t:.: ' : :11.1 -:: :11i t.,„ .:.• /11-111:1-1II: 1-t:- 

11, 11 321 1111_ fiii il-'1--11 • 
11-11-1:  ..T:-.24-44- 111-1 :. :liri-r'  4*. 

... 
!II 

t 	t. 
I: 11/  

„1::  
: 4 ' '''. It 1: 

1.  
' 

1  -.. 

; : 
Ail ;;;; 

:4;; el' 
i ; 

:1"- 

I.  
:: 

.•,..4; 

"" 1:1:11:il:  
;.1-;p 

!•;; 1111 4,41:  
ec 

1 .4:. 
 . ';.:2:0/2;1: 

1;1!  4:4+ 	:::: 
0 :•JUI. 

:, ilF 
0: 

tt" 
00 „::: 

11. 
:j - •,..,' 

	

11 	2.11 

	

0 	1.  

	

;; 	,.; 
' 	2 	2, 111 

1,iti' 
: 

-14flq-..21 

: 	: 211: 1 	I . ' 
11-1-....111  f-41-j „•:::. '1 ;. HMI  nip, il tt 'fi • '1  ,G  :,,s t. t1 i 	- "ti t-: Iitt -I   1 : 	I III' PII  tt,, 

• 
„t_. III: :,t, III-  19: : : 1 14-  4t; 

222; t•  2..*  '2  

. 
1•66.:  

ca:•:,. 
111: 14.. 

•-• 
.11: • :1 

li: 
111: 

till 1  :1:" it 1.1  : 	• • ,2 ,., " 
1 1,2:2 :,2: 11.22 • 

221 ...;;: I'l . :21 1.•,:: F.::  :::: ::,;.... ;::: I 
1111 

•:-ii...11,..-. 
I.:..1.4 
	 22.11: iti ' 

izm 
ffiII! 

11 ...L.: 1141 :41: 
Ii!:  

.1 	•:_•1•2I 1111,  
' 	II I 	1. 

11: 
11:1 ; 	.. 

iii.; .•,:. 
::: :, 

:ii' •,:.;! 
11:: ' 

„II  2,.:41  
:•:• .:.1 

ri : iffi ;1 : , 	11 .. :;,. .„. , . * iiii ii:' 1, :1'1 ;',i, iiii 2.- iIii fiii *„*,*, Hill'i•i: * 	:*1-!-L, ' 	• !ii. 
';:1 	11:;31:1: i'ol 	6.1 

• . '111 t" 

„. '11: ;:lill li::1 
----+ 
ilti 11'6'. 

: 
.11:1 ill': 

,i÷r-,•.......„,  
1•ii 

..., 
41;1 

„... 
i''.i :I:: .... 

,,,, 
:ri; i 	.. t 	22  I'l I:1: I :: "" :1:1 "1: 11 	: .:" 1.:: "II ::.• 1." "' '-• .,,, - • :I:: 

li 
j4 

:111 
1 6 

IP: 
t16*!.. 

PP 
76%.  

ii 
64 

	

i. 	1 

	

' 	I 
I rtt: 

1.. 
Cili.  
. 

41/ 
4 

111:1  ::: 

.,. ,.. 
. 
:::: ;,,, 
" 
:211 „, 

. 
''1::•  
.;::: II!:  

:•••• 	`1̀1 ,--,-:i1-1,,• 
P•I''Pla:..,..: 
''':'2•'13::::. 

• • 

t--:_/%.,. 	_.., •••• 
!..-:V.::: 

- 
"" .• .44 • .. 41.. • : " Ill: li:1  li':  i."::. • ... ;11  li:: :::: Iii:  ittli illi .:1:.-6

,  
[; 

411- 
r:-(5-:-..-._.:.:: ...1., :. u , .•-• ii7: I::: • • ji., .::: 

i:::ii.  
:,:: 

t_t; .,,.. . 
!it:,  .... 

:,:,.t , 	.. , . 
tii 
:,,, 

tit: tit; '1•:!:.  ..,i, 
74..tt HI: 

LI(  
. 
t...., 

...-ti 
. . :: to_ . , 	; 

...:,• 
ul A 	.: OWE it 	i il IlIl. 

, i 	1 .. t 
(05:i  4",,Pte: ::14V tt1-1-11 Ili tr., - tt,i -.. . , *pi! iii; "ti  1.,.. „I, '•,il ...„ lilt ,, 	. ill:, ..., Ill ;!ii 1-11. v,ii :Iti -:iii iiIi 1:I: ffillii 

ffiliill 
'Ili NI i ii: '1 t,1 

... 
:1110111 : ii iii r ,, „,. ;;,.... :11: :L:1 :::: , ;• " :•411:4; .4111-1. 11-1 21111-11: 4-44 41 .21;; :4'1:1: 4-:-.11-.I.'1,:.41 4:4:41 • I : :;;'. -. -... . - i 11.4 , '" - .1: ,1" :'11  .t.. :11: .... :".. ..... :::: .... :::• ...: :::: .... 

P•liiilf 

4..  

ME.... -1.".:  Pli It ....I.:141.1, 
- 

1.*:I .. .. 11.:* .̀.1,  tfiri. 2" ::.::: r--4 in' 
...- 4:11. :14 1i4 ,,,..... 1;41 1..1-1..iI:i .11, ,. 

ilti.. ,r. i!ii •••.i  ii-t: ••+, T. *14:  iiii  4+,1  ,.• .,.. •:t1 ii:., II4 11:4.44444.4.4'...4 :‘•11-:"i :1.4:- :It. _ t•i ii-.::-:1--i 14. . .4.  :..; 

ti: Wii 
' 	+ 
i 	1 

••• 
II! 

'++ 
Ill 

' 	•• 
flii 

11 	: 
:: 

: 
. ' itli ilii " II 	I III[1111: III! ' ti  ;IP ttli tr III ItiI'll ::II1 it'I - 	: 11  'IP II"' : '; 

-: 
:':, 

:;• 
"' 

. - 
t 

t••• 
;IP. :1 	• 

, 	.'•,..... 
ill; :::-; 1411 : 1:•: 212 :: " ;;:: -+: v.tzt st:E. 

; .:1 . .II ...: 411 111; :+j-ttt IiIi 

Ili 

!III :•• • ' 

1,11  

I'll : 4 11 '1 	1 

lii III -ft !I:: :Sti ::  •1  ' it'l V : 'till' tt 	t 4 fi ' 4 TI11  • 1 142. ••  Iii; ...' 
•• 

;11;1111I tt : 	1 1 * T141 I"I It. I.Ill ••., , 'III :•,4 II  ,:,• tilt .... 'II' 4: , 'Ili . 	t• 4 . 	• 41 "lit 1.41 :::: 1 	1 l• 1.1 i t II  :.: Lt   : 14:  II. 4.:. 11  :.041  
41  *-4.41-4,- 

;I:Iltfr.1 
t. 111  •1,‘, i11' :-, 	i 1. i•:: 11: •:': 14' :V: :4: :4; 1::: iii . 1:11 :t:: .:I:-  4...t.ii :1-.,:t..1: .,11 -1., .,,, :1.: .rt 111. .,11,12., :: 	,1.:11 ..,1 111. 1,1: .s....,, 11.; 

ri.1  ...I, .....,i ,., .1., ...1. ,, ,,1, :.,. . •.. n2; -It 1..,:'7 1221 :y! .,:. , 	.,Iti.i.,.1 ,.tt I111-  iw Atit -t:.: I.  :it 1.1 1 I 	' 
• ..1  
.„... 

1  .. 1  ... " „,..' 11 : L Hi 44, il 	i ,..t 
• ' 11.ii ilf  .. 1.1: I. dii q 1  :'22  41. 2111  •. 1 	1  illi 4,4•• Itr .1'4/ 111:1! : 	•• liri  • 4, !ii;' • t 11  •+•• .:1-li I•44 

:.-11-1. 
, tfl:  Illi  .1. 114 HP . 

I 
	1 	:11, ii:::: ifll: :::. :4' mi 

	

:i:: 	. •4 	t  • • , 	.: , 2::: 1,4 II
7:: .-1 	• 11:1 1:1: 1til " 1'.:14",1::t . :41, it:: 	i::: 	11" 

r..; 
: 	1 	1+ 	1.74i f ::, 

-.. 
; 

, 
:14  : 	l' 

, 
1 ::': :+:: 1.4. . :II: ,..-. U.1 	_I L  •- .or 1311 1.  -: 1 ill III 4 

.1 
• • 	I 

Fira,:: .1:,!,,e'liq  Ìll  1-11: 1 	Hil  ;'1.11-;  ' 	;*. + .:PRI • 
;if: 
1. 2...1. 

".: 	'It+  
' 1-*.. 	. 

' 	: 
".":. 	• 1-1 

jti 
- 

:::: 
"..:-. 

44 
+“ 

'+' 
• 

[11 
....I. 

:41:: 
-1-=_:_. 

• 



134 

...., /11,-. r,..,.... , -••-•-•..4-4.-•-• 4.4. .-.-. 
-•-•16: 

__,..... ..• ••••••-.. -,- . 
.....,-.. ; 	.. c - .0-.444 • •-. .... .4. 

•-1---I1 4.
-44 

' 
	 L.-L.. 	 

".. -' 
4"" 
' I .... • : 

_ 
..,:t : 
- 

.:•.: .... .g.  ...fi•••=1. 
1“.• .-..- .... 

...•-•••-•,-.4-••-• .44.- 4.-- ... -•., 	•- ““-'.- .444.4.4.4....... r 
• • -  	. 	. : 

. '• 
...-_-„,--."-•:_.,E.-- 

" :I 7.-::::+1:...... -.2::•••-: -_, - 
.."..11":-..7-7. 	 ..". -":"41:•••r•-:•:: - - • 

.r-r-f  : 
,, 

.1-4 •••••-• :44. .... :=.;...,::-.: :17=-• “-.1..  -.11-1 .1:-::: ::--:-.- 
I • 

:t•_. 
• • - •-• 

.._ 
.4.4.-4.14 -P..-- F:-.--*-P-r•--- --• • L.........  :174 -- .4-• 

anf-•,,,,,, •-, :t'.:. ._,  -
. 	 ....... .__.1z .. ::--__ --- 	 

4-•-•- •-• am* 
..,.. .. -...... ,...- --*--,-.1 

= 
 

. 	• -_-...", ;14.  .7.1E ......:4.--. .. - .. " ::.. i. 	 1 *:“.4.4.. :;  t 
::::-4:::-."-Z-T-t-'7.*J.7'LL: .......-: :-....:: 

• 1_,•-• ..: ' . .. :
-
- . __. ..  - ::._. .-".=.,

=-
-: 

-:  :
:
:..: 

' 

tI  :
• :- : - . 	 . -: .. 	

..
1...:

.
:....  ..

_
--.- _ _ 

_ 
1 .....,___ .- . - ,--- 

... 
• _.::-.= :-.....:: . ._ ••• 

• ..... ...._ ..... . .... . .. .. . . . 
- ....... .....1 --• .. --4:-",  - 

- .:4-:::-4:, . ::::.:•:_. :.. .- ...:-• ::::-. , 1--;--: ---- 
,-. 
- ------- - _ - - , 

tr.t. "-,------- •.-t::-.: -::: • ----1,------,.::-.-Ertt- - --,---• ::::. 
. 4 

--4-4: :-__.. . 	:-•-: -t.......,- 	--- . tt:: . 	.. ::- ..,:-..._.t.„- :-::::_:::_:-- -- ._ .._ , 	: t---,....-.4.-: 
•': _ „ 

-::..-- • - • I 	Uir-li.5•LEotifiS--tiP.0:Sfttir.0.-.P5itiMirr_Or"-.0.:_°17.SPinic errieri: :5..E:-. 
• 

-- -1: tkili.e:re:---:  ----- m.-k:as.0 r.ed -.1---  - ; - 
. 

-t1 	. .., 
. :::_. .._. 

::--:-.:--- 
...... _..... 

._.z. sm --.- ,....„... . =-4=-••----:----:- =......- • 

4.. ..,..." . • -. 
- 
..., El ,-: - - - - -•-•-• 

ir •-, ----- • 
... 	• 

'-' " , -; 
0 M 

:- , ,.... "-r-, ........, 4-- 	t = : 
_::::'::-...* 
::::-=1":"1:. '-_-: 1,-_-' . I-.M 

• 4; • TI• V.-; : •---.-Iiit 
•-• 	' 1' . 

.2  `:-...-r . ,-. 
...... 

... .,_,. 
1 	' _t 	. IIII-P 	 I-. 1:-.,-* 	- 

.-{ 

•-- 
-4.. 

was 
-11 

.... 
• 

4-• .4. 
r-}1; 

:.--.77t 
• 4-1_4:  

.9.7:.:. 

.4 
4., 

.-..-• •-•-» 

,... .9-44 • - • •-•. r.•  
r•-•-•  •-:-• • 

,.._ :-_{-{. 
• •• 

........ 
. I-, 

....-{ 

.9., ..- -- 
• 

r  • ::::1:_::: 

/'" ;::' " , ----• 11-1._ _:_-•-.:: .. -I.,.. I. . 1-21.-  • - 	.t... 

. ;-:-•,----"•-:: `-1:_.:•+: :1-1* •*. "": ''-'"'" _::-::::,_ 
::: -rF1:7 

_ 
: 4:::: 
::;:::: 

..., •-.-:::L•.-: 
,„, 

' ': 	 
:": 

,.... 
--- 

I. ••  
. *--",... ; 

..."..- 
11:21-: • 

FM -:-:-: -.1. .. 
. - 

:.: 	:;:_.--:-: 
-"-- 
"2_1- 

s'" 
'-"-_.' 

::::•::::: 
• ": :::4:- 

II": "- 
I 

"+" 
It_ 

...,. 
:::* - 

• 
• 	: 
.in1"--  

.'-; .": 
•-•'• ,.". 

:::-", 	, 
- . 

:.-. 
"--1.. ..... ::- -_- -•--1-'w --,...1.1-:::::: :-.Itl-  I'll 'III "..::::.- •._._:. ' " :::: .... 

•• ----- -- 
tr- -V- -1- 4 

• 
• • 2: 

.-. 
• 

11 • 
.: 
:: 

::::: 
:::: 

-, 
":".... :: 	: 

:: 	 1 	---:-:....22222:.1.: '',:-1:.  ;;.:_' lilt '..." ";;I:F...7:'... -_:::::  • 
_ 

"-- --.-. 
_:_.  • ' 	V. 

:1:1 

• •-• ... ME ' 	• 7:1_-: -.I..E -.... •-".• '4. :_. ' .. 	I :1--  III -.1-  .::::_---12.14 -- '' 	-«- • t 	• --:* 
- . 	. 	---- 

. 	.. 
- .::: .-.. --- 1111 ..... - ,• 'III ..... •• ., :174 -.-4- .4-.4-4.- ....":".. ...- 1 •-•• •• 

- - ...- , • 4,, „,-4,. *...........„ -,•-• „.... • 4--, •-•,.. --+ •-• •-.I. f 4-:: .1_4: NA '4: :: 	i•.- 
-- " 

• 
"•-' :::: ---.:'- -4.;...; 

• .---.---..---..--.--- - :::::: :::::: 
4 • .--• 
. 	.. It - 

_-, ---, _:_:i: 
. - 

:::: 
.. 	. 
:;:: :_ 	.... 

• - ..• p .1:-4 -,4:,-.-:-.---: :1-•41.».-- :::-__- " -"-- -•-•::: -:;::: :: :: 
t  ....-...... .--- -- ---- -- I 	• . • : 7:::t:::: :::: -1-::: ,..: :. .. ..:.: 4---, , _, 	, -- 

01 ....: 
:.f 

it ;-.:-:...„-:.,:t,..„- 
i...:it ..-,..„- 

- - . - -N
.,._,,,__ 

2". « --- . -.„....,..,-..,.. ....... • • :::.« ••.„..... :.....- ::: •-• 

.....« 

-4. 
• 

% ; 7 : ""I 
-17,::: 1:I. , •III.:4-. II :SI: 1:::: 

lt 
IT:: In: ' •-•- ••• .... 

"--4:-:-:: :14:-/ iCi- .--147:-  . " .1 ..:--I ..-.- I t1::: .--.. • 
:III. --,.. .-• 

li-t 
-« -.:1,... III/ 

• « + • •-• ftit..: ... 4,  • ... 
 2: -..-,. 

. .--•-• ''' a ' "'1.1:-  ...«. 1.::::. '..`1"-   - 

:::: :- 
"-+ 

• 
• .4 ...- . • 	. - ........ ......I.«_-_,--.- X: ::- . 	I .4.4 ,...... .... 

:It:: -,44., 4.-.. 
P-:-....: 444-. 4.-. 

:1r; -.4.•• .-.-,. 
' ;.: • • ...4. 

t:“.: 1-41-* ... 
::' “4:1:t: 

I;4t. .,. .-•. __. 
" 

_ 1

:-

:

.

:

..

:

.

:

-

:

•-

:

t--

.

.

4

.: 

- LI::II:

.:.

T

I

.-. 

: 

' 	

- 
i

• 
 :!.
.
.
-
.
:...._
.
.

.

.•
1 
 
:
_

.. 
 : " - - 

-."t it 
.“.,.
. : 
,
« 
r 
 _q 

-::: ..... t.•-::-..."• ti 
c- 

• - -- --- tr.-, _.-2 - :tr.. • r-1-: :-....,- .. 	• • ,-. :::: ... t.... ti:-: ---, 4.: .. 	- - 
MEI - 

,_. . ....... -.- 

• i:-.7.-:: ::".,,: • ::-•:•rt::: ----- 
: 
t,:-Ipt:-._ 
It:_:_t:::: 

_IL:: 
1::: 

-:!-:. 
_::: 

::::: 
...-111 ::_:: 

:1:: -1-1 ..• .4  
•-• 

:;; 
`:f::+-.. 

=1, ,  
: ----- al.,- --  -:- -:;-•_, 

11• I Si•• • :•*:  •::". 0: ••• •• :•:-1:-.--: -..-_, ::_•-•.,:::-:.:--: -- -- -:.- it:, -1.-t:-..----,.... -2 .4.: 4.1-1 i  .  -  : ti: -*--4-:  . :-7-.--- '2-7;4-- .:-..4  ,--, :: ".- ...., .„--tt. 
, 	 

- - 
: 7 1 
: 41-_,' r Effia§MffiriffrAUttit . - 	- . , ...„ - t+._. . .,..„ ... ........ 

: : : : : : : : : i  4- 1  : : . .•.-:: : . : :-.1 ::..... .: ...-:*. :: :,-- v.. - .- ;.' -1.  -1-iti ili . .- ---' . I :-: • ,- :::-:-.- - i--- - '17.1 - -4- ..: ZZ -,-- Effi ::1 I- : - ff IN .......... 

 	._.. ._ 
Sit ... :: -.4.4: :AT: .....  -:::-:-- t: - - ..::: - .--„. --- --1 ::-.," •••• --11 •-..-- c -.:-: 	---.- 

'-:N91 d 
--,:: 	--:.: 
tn5::  - 

.. 	. we r -• me - s J:re:d 1.-•artir:lhell-ii 
• u: __._ :-:-:-4.. - : -4:.-H---_::: :::--:::-. --::: :v.: 	 :::: ....-::: :::: ::::.::: TI:CJI:fl :o.R.::-crac:tr ,:::: ... ...... 

--_--twa ... s: .,:: 	 .:: 
/cr-tnect;-:: 

, 

I:- 
.... earn1,...,1z, 

• 
...r 	 -- 
.... -- • . 

,, • 2 ._. :....1„.!:  - -__-_ r " ; --. ::::: I... ' ,....... :II:-  ..._:_-*. ....z• :_:: __ :-..* _ ..:: -::-.11:.!_;:i 
:4----1-• . 	• -- :-..;:tn:: . ........ .., --....... - .. ,-" 

...... 

-LI ::;: 2•1; ;-2:-: 
1.1,•-•-  011 ...-' - -"   	

.... : . . 	 

*••• 9 ..:r 

tr. :•*. 

....... . { 

• -. 

I 
•.• 

::::0•3: 

:2:: 

: 

le4  : : 

• 

I 

r. • 
{ -.9. 

-.... * -1. . :{•-:•• . -: 9- 
. .1 :::-t ....-...-...-• 

....... • 	 

. 	.. 
• ... .- 

..... 

• 

. { . 9  { {-9 9, 

.1.9. 

. tirE 
'...:-" 

- { {.: 
• " 
I -: 

l•-•:.- 

1. 49' SUM 	

.. 	•-•• 

: : :: t-...  

.!........ 
t•  

. ..: {-: ::t 

• 

: 
::: 

L 

I 
••••• 4 . .. 

..9 
. :tr. NM 

ME 	

. 

'.. :-.:1:-.; •• 91.'•  

...--. {. { 	-. 

"  

•s.,.. - - :----:: :-:-: 4 
, 

••••••• 

-: • 
. •-•• 

.-.„ 
A  :.-

.,..-.- 

9-9- "
. t-.  

• ..- . • 9 

:.:. •--: , ..„. 
.... ........ _- . ................ .... ._ .... - 	••, --• • ........ ... 1 -. ..... :::: 	 

.. • - 1::: •••• . “ "t“ 
- ...... ---..-•• .:- . -::: . 

- - 
:::: 

t..  - -..: 
:::: 	
. -, 

:::: 
" . _ 

. 
0 1 

-::-: .:. 
r' 	--:=- 

. :::: :::: 	 ::: -- 
. 

. - 	- 
. 	_ 

,i...: -.- 
.... 

.P-.tt::::-.4i--:--....: 
::::.:::: . 
. .... 

::--- 	•-• 
• . 

A 

- . I . 	: __ 	 4.4! 1-1.,..  
- 

.... 
- . 	. 

• 
..:.1.::. ......... 

- 
::.• -- - 
____-__:... 

.. - 
:::;;_ .. -... - 	::: ::::::t: . 

1 
.. ...-, ,..••• 

- 
- 

«.. 
- • PASH 113.-C . .:-A--.C170 Ss. --- VraCiii1JYrz  - :-.1-  . 	• 17:1:1 

	 • •-•• 
• i  , r- 

• • 
-._,- 
- I 

-.. 	.. •::: • .- • •• 

_ 	 41• 
• 

--....:i:,„.:..:.:.. ...,....r.„: .tt::„::  .:III.   ,..t  t:  ' 1.-. r-' 	. eft; .  :,tI:-.1  ..:- : . 	t 
 
 .........::. ,,.....,„. ; ,.

t

-.1 
. 	- . 

 

I .

r:.. ,. .

"

..

" 

" 
 

. 

 ..... .7•  . I 	 - ,. -4. ,-tIt; 	71:iq,04 -.+: 44: «- 	4 
-fgt: .t.. 	+ ;r. ;-: 

. ... 
,'V:4: 

:: 
4.1 -*1' 

PLOT OF VERTICAL FORCE AGAINST DISPLACEMENT FIG. 32- 

 

   



135 

...1.4.." ,. 	 "1 --*1-"'"-/ 	 Li:, 17.' -L--...T. ..... .._,._ — 
- :-_----._;.ti., 
	 44, l .... .......r ' ' ' ' -1-•.-.4.-..  

. -.- 
. 

+= -.- *--- ---4--,---  - 	:i:-",r.-  -4 ..-- --- ----.---.-7-'-'----t:.-----:-- 
-................---- 4 

7-  
...-- h. 	•"-.7--r::-.1- ..-4,....,.1,.._„ ..---..-..-.--- - 

-1= -- -.".-r.-- 
,-- 

- _ __  

-t= 
	 :  - -_'.t :..: : : 	- - . - . 	-:::" t --1-  

:-___-=.=_-1=-__-- _:2=t_-.-_-__.-:_:.::::-.:-::::::: 	 -.„-- _ - . 	- .._ 
- , 

- 	- . - • - .. 

.... . 
-" 

------ 
--"''' 	 -"----- 

 ._-. _ 
- , 	IN 

r.....!:-.=.Th,,........7 

..-."..-- . 	....-..-- 

A 	 
-:---.--1--H=-.1-.17. : 

. 	4 

,..,...4-,  -=1:-.:'; 

.... 

• .-..- 

.."......, 	 

1_,.. -1_:...-..4..•  ' - F.:1 	:_:".:" i.--._:_:
.
i
.
.:
-
= 

 	 -
1: :  ...

-
.. ' 2 	

:1 	 
 7.7:_ :T:2_:;.::.:t::  ...... -1.:.:.:1_:::.-: it-t----4_4-::::.--1-  ..  t  .. " --t"t--titt 	 -------  ::::1:::: 	- 	 

- '- • :_.7__;._  :-r------ =-:7-- 	 
Shr-)W.S :3:10-5jA:_i_On5:-:.AWletre:.=_::Cill5PrZCeirnein-ITT-S. t.i1rerer_. 	:.Mg-a-S-J -= -= -' --* 1=-1-_-_ -__FICIllre::. 

,_. 	--* - --1:-  
_ 

-4-- -4-- ' t--.1- ------ 1---.---- .--__::7_:--"-: 

i. -. 1:  7. "-- -.... .:.- --- • * - -_,... 4: - en .1----; . - 	- 
- --.-  

E iti-  __-,_:. 
..7___•-. 4 	i 

 . irili:H::;-  t..". :::F-7-::: . ''' -4--.  . 	- - ---s -.1-.4 . -* - • . • F • •-• • i •-: -'1::::4141 _ 

	

,...,... 	 

	

. 	_, 
:.-V,---. '---.... 

-  	 _g0= -: 
. _..... __. .__.  

---- - - -._-_-.0 ---- 
-„,_=  
---- •-- 	•.____ ----- ___ _.,____ _ 	_ ... -r • 

1 	:' .4:-,_/: - - - - 2 .- - -. '', . - - 1-  / -:. .- 7 -_. ' -_--- .:" . / -__ - • - - -..- : -. . . 

..a--.:----.-':_. •, :: 1 _4 
• 2.,-  -1-:.--,-;  

.: 	___ --:.._.- __._. 	. =1 ---=x=4 
MM - .....- 

ri t_ 
- -  -_:,:.... . . . .... ..- ---- -..  

/ 	• --,, ,-:.-: _ ,-- 
sir_ 

/:-..:1_.;.=,_-:-  _ 
4-  :::::_•.- 	-.- ___M _ 	- 

...-- 	- 
._ 

1-,  
:_:. •::: 

.. _._ 
-. 
. --;;_.-:_-_,: _ . 

MENG -'-el-- 4--4:-It---_11:=7_1--1- ingl ' 

: 
:= 	-- • M . E....: -.-' ._., :_r.:::. , 	4  , . 4- 	-,-. 

a m.,.....F....,,,i4,..........:=:.„...:_, Egeal-cv---  
=. 	 1. Emi E 

,.... _________ .....•t-:=1-=- --------- _ , ..e.:._ ;.:. 
=^-4-t 	 

- 	.1. 
. 

.. 
H 

-. 
• 

... _ 

-...•+-......'' 

.1. 

1 

_ 

,...4  -:..-- 
--1  	I. 	. : .... 
7:1.14..- 7E.:_tf ----”-.-  ....::-..1.-._.. 

 / 	 ... . 
 - - 

47  

... 
--.-- 

.4------. 
-.-.- - 

..., --..-. ....-...- 
.....- 	... 

 
-, 	 ..--. 	 .  

-----. 

. .0  ; • 
* 	- 4  - 

, 

'---'  
. ....-- -t.:: .:Ci.". 

_-4:.._.._ 	- 	----/.--.. ----t-----=;L:=-:__-_  	. _/- - 	-• - ---- -----‘ -:.._ :--- —tit:-  
---_:_tr-x.: :=:J..-:_ s ___ _=1:.:=:,:-_-_,_____ _ , 	 _;:::.T.s.,_ . — ,--:.: ..- , — • 

i==-------  EtE t ....t ..... :_-_-..__:  __-_:,::_:-_-.. :-_-__l_  

--_:•1r-,•-,-

-

.  . -:_---- 

—

-- 	
 

-r-

,:--

F

'
--.
:

77-
.:

.-/

•

1

1—

_---.-

:
-:-

- .

--.-

- ...-:._

-

:-z_ 
:- 

-::: :r::: 
_

.

-
_

._ -_
- _---

_
•

-

_
-

-

/
.  

-

. 

_
....... E

,

—:. 

r I —--:-.1 ---__L=.-_---: . - .—_-: — .:- - - • - 	•: ... ------:-:::: - ___t_... . 	 
_.. 	--...:..4: T 	.. ii-:-.7.,----.1:"1-.1 -..-;:i: =4.- 7.--------.2.1-1-,iii 	- -7" - . -. 

1 

	`b.  
 	-..... 

._-_-:-_-._:-.4::::::.:::.: ::::::::: 4- — -- - - . 	- t-.-  -: :1-.:-_:_-:'- -::1-_:-.•_: iYifft----  

-- -: • : - 	- - - ::„.-- •----- - ..... 	 
---. l--...:- 7i;-::::_:' 1::--:).2::-.L.  14.  ----'---.—*-:--- 1:----TE. 	-.7.--- M 

ERNE  
-_,-.- 

-_-_-_:::- 	: _::::::::: _. ___:-_- 
t 	.... 

. _ - __,_____:_. 
.. 

--*--- 	...  
----- ... - ..-------  -- 

: _ 	:;:::: _.. 

--.:1-_-__  	--..... 	 '"1__ - - = 
_ . _ .7: E.  

'+- 
2. 

-- 

-rt 
3_.--_ ..,:= :::t:-.:-.=-17.._-__41E-4,--=  4:::: 

--: +; . r- ,- , 
'" 

--•-• 
-, 

,-- ---t- 	.1. 
. 	_ 

:1:-...- 4.7_-_:::-:-:"- 
_ ...... 	..,____ --: :-._:_.1-•=1::::::-_-_-: .- 	-7-  

4- t 
''----t--: - ...... -".--- 

- • 4.7 
- t- -----:---1---::::`"--ii-•-;_-- — 

"' 	' - ..-EFt-..7-:1-t-ttl.':-.1i " --- ..... ' ...... 	 '"''- --•-" 
.. :::_-_,-1.:HHHE -...F.:-F_442'.:_- _-__-_-_i-..-  _r_r_f.-:-.1.::::;.::=4:::---1.--i- ..,--A.:- ... • :.:_:.:1::::1::::...:-.---t. 

t_. 	::::----1-1--- - ------- -- ----- • --- -*---- --- ----- 	---- '---4---  -------- -*---- ----- -'•• - ------ --'------ 
:_•4.-_-::-4-== ,_ 	._ 

. '4.:2r.--5:-,_.-_-_, 	 
0.; 

------ ____ 

5 --c- ---  
'• ---- - - ' ---- --.----' 	- 

= 
„.... 

 . 	==t-4.--,-  e _ 
5:-.-4,__;___ 

I 	------ - -x-----,--- 
,. 

.....  . .._  . 	__ , ---..;:n1p:cmri-iz_rit - : - _ . __- r---------t 
,--- :_--.- ------ .:.:1 -------  .-- -- 	--,----,--r: ::::::. ,:_.- I- 	4.- 

:1::.--  -4---• 
- --44-" I  
-Fl.:-*:.-tt:.:: :7-  

LL 
--•--"-' 
r 	.rt•rt 

-- - 
[ -1-• 

- :::::-_-:. 
-V--1.-  T---  - ---.--t-t---. -'---- i - 	 ,..,. 

FIG. 33. PLOT OF VERTICAL FORCE AGAINST DISPLACEMENT  

red. 



. 	• 	 • 	 .. 	136 . 

"'MIME= V INE____-----: 1-1-!-: ' 44  -T.-  w'm' MillifP811= _ . :::::1-7  4r".  -: 	. • 

T‘4-• "•..--E ----:  r.;-- :::::::-.: :: :::: • • 	+-- 	--• .---s- 
124. ... I.:. :_."1-:..... 

.....-•-•-,T..,--;.„-__-:.;t::::: :-.;-:-.i-,::::: iiim =mom --- - _._ -- - - - --- __ _ -....-- - ...-  -- ------ Eig  
 _ . ,.-t:-.::: .-:-.. _. __ ___ --- 

-.4-1-• 
,:: ---1.-4, -:::: :::::. :--,--•::. • • ' IN :§ In : • -1' - Ell •-•77. M : H:. T.-:.::: - til- T-r-` 

-- 
:

E4 
I 

:-•-:-- -:.I.:M-.:i --- - _ -:12±-_--- 
• '", ,-. .- •.„ . ... .. .... .... - ....,.. . .. 4-....--.:.  :.::•-t:_12_:: ..-- =ZEE=  ..-.4....... .... ..- E.... ....1:-. ,... 	....4.„- 

....,....... • , - 1 	.--.4:-....- -. i:-..-E:. - ..:._1-:-_,..•_:_;-_,. ;_-_::. +. ---- 2: :::: :::: 7....:-.4:::: ::::',•-  - - t±:_.: :-...::.:::: ... : :::::::-::- 
••• •• El - ---- ._,...fflini ..... :::::::-......- :::::::::: :--- --::: -- -:::- ::::::. --- :: ,--1--- ::::•“---: - --:. • • :::: L-1:::.. - -- -- 	- _ •.. 

...:4- --..:-...-1 --.-: :.:: -::-::::::. .- ..... . :.::: ... :-...1: .__ :::::::_:: . .... , :. 	::_ ... 	_. .._ -. ___•-• :::El.::11, --4., --• . ..... =1 	::::-1-• ••- 	.....,.. 
•• :::-C. . :----.:-:_"-S_:-::.:-••:• -:::-.:: S-•:--"-'-:----'4-'-- i Tr--  -:::-..:'. .r:F11.-::::-.1:7'..--'.- .::::•:f.. -it:- L....1"-  ---•••!.. •• -: ::. -:-:::- ..:."- 7::-: .:•-"" --.- 

:::: :::: :7:4::::: 	 ::- :::- - .......:::::-....-.....: ..:::_-.1::::IL:1:  ,:i_.-:ii::: -.. 2.:-_. r ...:..„ ::.:-. .... ....:„.I:41-.. ___$::= 
	 :-.ERIENAKM  .. - 	..-.. :::-. .:1-1 .2.. ::: : .2:-. .:::: .. ..... .. .:: 	- - • .....--,- -- - -•-•- 

a:. :..::: 
_ 

:::-. ::.: ........, 
•••••-: ........___ ...,._.,••tr..• 

-4= ' .---4..._z-  
- --- 

--_-_,-:, 
-,,, 

_ 
:±:-.: 

:.. hi, ::.`.• _-__-: ,::: ,__ - ::::t:_-...- __,- --": - "f-_':' ..: ::::S.::_l" :::-4::::: , ,...,_, .-.•:::-. .. ....... -:::::„..: ---1,--. ...,-.„ T.,-.-... 
...- -11.=•: ::...---:':-..f :-..:„,---ti 4,_ L-1:::{-:.-_:: Effi...4 .-- -:-.., ,..,t.:•:'-i:.:„.. ,„:„ :., ,:i::::: ...-_,:::::,- ......--,--.... xr.,-,..1::._,--: ,...-::: ::::: 1..• • -17----/-- 

...„..„4.:-:-...„..._ ....... , 	.F., -:.,,, .i, , ,:::  ........ ....... „.........44.11.  

, -•4:::-, 
••• 

4 ,r 
4.-, 

. 
,1-.  

71.1%-i-4 
.-r:•-. 

.•-.:.T.......:4..t, 
4 ,..- 

*" 
:VI', 	 MEE= 4.1:1 --I: lli: I. ' 

f -/• 
-6:11r  :-.... 

.4,4  
4141 .2- :III• 1 2 a 	 1  11  

..- 	• 	::::: ::-.4724:4t 

• ----.1i::EIF:. E-T-ii-E::-7_ .-:-."=.4-*#::71:-..-. ::--_:"--..ti:hrti+--: ''-'-' 1_"71-4:::::: ‘•-• . --: . -:_' . .. • ''..-: .. 	i ._ . .!.. 
-•,t1a1:1--TODSIQr 	 

:::. I.::: ::. 	. 	- 
. : 	-- 

-- .. 	•:±. 
:::-.4-.44-t 

. :v: ::.:: :::: •-:::.::::- :::: ::_--: 1-Ttt :::: :---r- ..--- 1=4:r: • * •- - .. _ .. ....... ........... ... . : 	 _........._ 
r ... - .. .... --- .-- :--- :-- = -:-..1.: - ..::::t...- :-..:-.: - --:g-4-1---  ,.."- .. -- .... 4 4141 :I:: ... - • ---:= 

::::::: • 
" 

_• -: 	• Etffsirit:J:t-  iii ,....1•:.-..41:1• -.:: : -- ',... 
a• 

Ode • -- 
• .. •••• 4•CrtI 

.--,---_-4,;_--.--1-_-_-,:::.-i-i1 /4pt.. 
-4«:: :r4 I 	• 

- 
. . 

....,,,it sa : tr ., . • • ..._ .m. far _ -A. sst  ...r ,. ._ 4 - ili: 	:::: ::::; • - 	• 
ur - , - .r;4, :_•_-- :_.. __ „.., /.1/: 4 :-.': --S. --. 	. - :: '' .... •.: •4:::: '-• . .. • 412 i "::: :: : 

sr _ ..,_ .-- - ..I,. rg. i--, `` . II-4.: L'I.  : 
... ._. 

- ._ - .-. - .--11.2,./: _ - " • - ... - _ ...-- • , - ._, •-• . - ft, na. , _ 	. . IN littiii .... II. ,  ...: ::: ::;'. E:.:t; •.:-. 

' .,-:,-.; , :1: 11):7: :V..-; t'..... V.:: iffliiii .... ; ':-'-• :I:: :::-...1;::.•.:.-g :•:-141. -:: ,  i,: ..,.. 	• -_. . 7... -4 .-:- • - 	• ,= - 
-, •::: ::•• •- M. tfli •::. 

:::: 4--, ,:-,... 4,, ,- 1-tr: :-:::::::. ::,-- ME t-.- •-, iz•-: _:_. ::•,• ,,-,-; ---, • • ..... - _:.,:: _o,„, :::: 4-141-* 

li.i:T. mq----, -It...::::. :::: ..----_-,•-,_.-- __ -- 
. 4 1  ...1 - --: -.1.: -. 4: •••--.1---• :::::r:_.--: --• ...::: -- •:::-: •-•-t' •::. 4 • 4• :::: •-• ::::_th-n: •••• + :.,- --- .t.: ,--- 4:-.:-.• --- .,.. --- -:;:-..1... •-•- --i .. t-• 	 -. • :::::1_-_-_‘::-.1.• . . 	.::::: :::-: :::, -.1:: iv::. • - ::::•:-..ta .... 	. .__ 
•--t--  "" •-- .::: :-:-: -.:-• -.:-: -.I; ..7:: :::_:.:::-_-_tr.;:= ::.:...':-ET!.: :.:.:-: ::7,--.:::: 

• - • 
t  _ ---• •,_ ..:: ::::::::: 

,-; ......... 
:T.:: ::::::::-. ......._ :-..r..::: -, . :::: :I= ..1_ r.....,•. .......4•.. .2"1-, -:-.,...:.1 - 	...- :::: '''" IL:: : 	. . -,2•1•-.- --- --i. -s- 

-...., . .:::t_:::: ::;: .„ .:1._, ... - ...... . :::: -.••-'..: *•••::. ::::1::-.2: :2= .... 
• .- *-":t.:::.: :::: :;:-1 '::: ..-, .-. ,-- --. 

1- • - 
4., 

:V.; ......, I-1--• +L.: . ::-- - ::::P.:-. :::•11;,_:::: 4.1; • •-t:I"',....:- -:-:::..-SI 4:: :-:.:: S r-S:1 ..... --- . ..... . ... 1::: 'V.:: ::::Is.:i! ::::: :::: ::::::::::: -_-:::1:::-.: ::::,:::. -:::.1.:':: ..... 
pin  
B.1 " ::: :::: :::: :±1; ::::: -::::„ •-•-•411-. • '''..: --• •:': _::: :7:1 -:„.. :1:1 .... :::: ::- 	 ..tr:....,„._ ...:. - • I. 	..L.,,_:--, .:=J...,... .::::,:::: . - .1.- . .. I .. -. _.... ..t_.  

*••••••• -•-• 
.... 

tli.:. 
-. - 4-... 

, 1:  

r._..,- 

__Itt_t+ iiit•,_:i  

..- 

•.:.- 

-......, --P •• •+)::::2-::::: -,-•-• :.:-•-.--,..... ........_.,..„...,_,....... --- :::: ::•: .... 
:::.::::. :::::::' .. ..... ..._ 

.., I-" - 	..- 	-i:: :, 	... - ::: ., .---- *-- ;_:-: :7.- "• •-:" • -- ....::: ••--- :::::: •-: :7,1- ::::: -,..,- ....:_-: ::••_:•:-.- ,.: .... ::.:_: .-....., :::: „.. 1:.: ... -''' •-• - •::: 1:-.:1 I::: :::: :::: ::::1::::' 
4 ti:::: 

.:::: 
--.- 
:: :I 

•... 
.-"--; 

••, 
111:11 

• --,• 
i::"...I. .. . 

••-.4••••• 
-... 

-t,  •••" 
::::1.:.::: 

 	1 	. ... .....••• 
;: • 1 • l' .. tli-'  ::: .... :' ::1:::  ,-. 

. 

+- 

. ..... 

...... t: 

... 

" " 
• 1  ' - ::::.1:::: 

.--1. ..s.•-• , ,-. ••• -: 11_4 `.1-:: :::: 
................,-....- 

:-:: III: ::::•:::: :::: ---. 

Ira-.: 44-, 	-.*. ri: 12,1 

::::: 
•-• *' 

:lilt...-. 
...... .. 

• • .19- ... 
'.- ' 	-;.r. :: ... .. :-.1-. :-.1: t:::: --- --zt, :- . ..1.4., -, • ,.. 

...I.... 

-•r• - • • • • • 
...... 
• . • . •-:::::: 

... 
4.. . .... ......... 

::::11::: 
, .... . 	.. . 

, 

.. 	_ 
-1,-,..t ---- : :-.-.:. - - :::: -m...•:-.(---- :::: :::: 	 •.'"'.. 

::::::t:.. :::::_:„ 	 --- ................. --it -::: .... :•"" 
. 
' 

--,.., ::::::::: :::: 	, .. - 
Fr.  r.... t..?---:  :I; 	 4.ii- • MEN -,_:_.•1:::: 

... -- 
fr•-•9 :n 	12: a:i1.-:0 . 1:: 0:1::Crt _ ........ _.... ac _.... .: ;atm:am:  ... 	........ st ee . 	_• 	• 	• 

........ 
:i:_t_ 	.• .... 
. ....__ - .......... :: . ----.: :::::. - :-::-_- 	 . 1.•:: ::/... __. ./.:: ,... •t= - 

___ -.- .... ::://: :-/.; - ..••,. , 	: . 
..... t ____;_, - - . . -..; ..... - .... ••",-- 	 --://:•.-. . 

•-:: -.-- :•.:-.. ::-..--. .... -:-- z.:-.- ±-: .4. •:,-.± .4-  :::: • - ,- -- tt'.; - - ..••• ttt: -4- ._-_. u-;-: ••-, • - ,- . 
..- m - ,, 

- :-tr:-  :;-:: 	 ••" • ... ---: 
//_-„,-,.: --- ::::t:/.. -:::1:::: ::/::_•.: :-_-.-•.: :•._ ::: -- .. ...... - tr,/ . EEO :AIM •• 	. ... , 	.. . _ -• ,,..----_,..: ---- :..-../.:.\/-::....., -II t- ......+1.1......: /::• ::•:::-.:: ...... :._ :::: .... 	,. .. 
4 .../ - • „._ \-... -:::r "• • :,...1.--: . 	-::. ... ... 

..._ :::: .... :::: ................ 
..... :::: _.. :::: :.://:_.. .__ ..... - : -t //: - . • 1.-.: • • • ......... ..... 	 ..... 

I.- ,......-, ,I.::: - ... "' 1-..: • : • • t - • - • ...::s.:-..: ... • 
....::::t..... ...:- : -,...........?. • 

•-• ...... ......._. -•-•-.... _.  r•_:_. •-• -.;:-.:: 
4.0 

rt 
....11.e..a..  r.i.,...•  . ../..:e.fildt. Vg.i.-ii ... • t . 141. 11.0(:7-.4i#:".cii)  :;:ri...•  ME • 

...... 
• 7•7  

.-4..
nt•  

...j.::::: 
\_-_:..:. 

..-, 
; 

• ....... .7:: ni. . 	...... 
' 7-•  iin 

. ..-.- ........ ...... 
7: 	- 

.n. 
777  ...... 

.. 
i.in ...... 
---- 

in. n..: 
..... 	......... 
•••• 	•"• 

. ., . 	, 

. 

..... 

77.  

-- ....... 

'7-177  

...... 

7"  

.1.- 

••• iiiiin. 
, ••• .in 	 74:744 

-.. 

7  
::"1:n••••. • • • :nil :in • ,- 	 inil, f•-•:.:r 

---• - Pt: El\teEtT" 	 F-  E R.. .....S 	. A NI: - E-̀  	. :CT 1. V.E :: D EF.':.T.10 -7.7.0N:' ....... -k-,--•,• ...... •-•-•4t:._:::: •_. . _ .. -- ...... 	.•:_.- • •-• 	-• • • : .... , .... - 	• - • -- 
ri----- "-: -1---": • ::::: NE C LIN A:T: i 0 N:i i::OE:  :-. - 

..,. :::: __ 
.... :-.-- ..:-: 

.... -1.. :.... 
....... ..-. ::::::::: ..... .... .... ::.17.7....: 

	 -- 	-.--::::.:::: .:::::. Tin. :::::•••:;-• -.1.:::: '. ---4--  :::: :::: 1::i t::•...:1::::.1:-.:::_. ::-7:::::_:-,:::::::: ::::::::: '• :::::_:  ,-..- "" 4: 
....• •::: :...-...• 

....... t_::' 
t:: ;-.. 2:::.::,_;;-...:-:-.:i  :;....„:.1;::;.::::  

......... - ..... 

I iI:  ;tr.:4 	t'T-= .-."'::11Irl.  :-.4i-  :......:11.11-:-.:-..i4.4.1.--,.1.tai. ....11T-17- H." :iii ir-:-  .4.. 	41-t. 4.;_t 	•,_-_,-. 	tr  tr--4:1:;...:.ii-11-iiii ••/-1-.4..,i;.___.4...,...../... -.-;-:-Titi ,..; ,4. 411 tt-4 •*tt :+ut.T.F...t  ---- ----i= 
FIG. 34. 



(J. 

= 

1 	' t 	
• 2 

1 	i• 
/HI 

1 	
'
 

' 4 
1 12. 
I-' irr. 

+ I ... 
:I:: 
',1: 

.2. 
F.:: 
it:' 1'  ': 

1.• 
:11. 

i
ll
i  

1.,' 
:::f 

. • 

'';'111:1: 
1
:
:
'  

1
;  

.,I ;,; 

',...: 
iiit 
....,. 

1
'  .

 
: 
o ' 

1 	
1  

:',' 
'1

1
  

"' 
':
 
„
 
:
 it: ': 	

' 
4:-.1 
t .. 	
"
 

1111111:: 

1
4
1
1
 

-
 

:1 1  
.1

1
f 

9
;
]
 

ITT:14:,i; 
.1;. 	'::: 
..........,..1...., 

'i
l
l
 

1.:11-:,. 
:::• 

1 :1
1 

 
i
l
l
' 

',7' 
: 

F
r I:It

h
r
i 

.70-1:;,'''. 
' 	

'''' 
'c.v. 

;*
 	

• 	' 

:. 	
'' 

:. l',;11::..„„„„ 

f
ii!

 

riii 
"
 

1 1  

' , 1 

id
- !
'f
lil 

tril.:  
I.,. 
T
I
 

:':• 
1 

i:11 

:To 
••:' 
:4: - 

....,.:C
.•

iiE  

..1.1:1* 

4:1
1:
 	1 	

.
.
 

It:: 	1:1 .. 
ot; 	1 	 ;: 
I:•: 	111; 
.:.; 	 .1:: 

,, 	„.. 

„
1
1
 

111; 
:: 	1 
:: :. 
: 	1 

1  

: 	
' 

"
 

1 

1, i  

,... •1:4 1 
11.11:  • 1111 

1T:1 
• ... 

• 

:: 
. 

......„ 
.: •I 

11 13 

1 	,, 

:::: 

.../.......2...... :
 

• 

i ii 
1' 

: 

.I
.:

 
-
 • 
. • 

.„ 
2:: 
::: ::•.: 

:::: 
''' • 

-
 ""
 

....... :: 
di: 111 

, '. 
4
.1

-4
. 

:::: 
2112 
:11: ii 	, 

.11, 
•-•-•-• 

II 1 tl: 
t!'. t  

0
-,.. 

. 

"
 

1 11,1: 

: 

I 

... .. 

. 	, 

: 11 '1.11.:1 

,-..... 

.....":1t t. 

,,.. 

ot 
:11 • 

IP . 
Iii l
  

It 	t. ;11! .. 
, 

: 	. 
Itit: ElI-11  

"
it 

"
"
 

I::: 

',II! 

"
 
;
 

t  
Ili: 

•
; 

. '111  
, 	., 
1:1 

!
,
'
;
 

2
...... 

,.. 
ill 

r
r
.
1
.
1
:
:
 

,,:d. 	- 
01 :11:):: 
o:iit1i IttI 

;ill 1 i,:f 

;
;
;
;
 

't: , tr211 -I.  
1
1
;
1
 

1:1; 

1:: 

1
1
:
;
 

W
I 

111 
1: 

:I 1 

1
1.
 	

• 

Li  
I I 

•
;
 

i.. 
111:  

1
7
. 

1.1 .f‘ 
II II:: 

It' d 

I
I
:
:
 

1-11.1 .1,11 
!III 

l
'
:
:
 

IIII 

: 1111 
t' 

It.1: 1 il I
 	-.2 
' 	I.:11 

.1.1  III 
l' 
it  1.111 

"
"
 

rt::  
1 

' 	't 
'1.11 tilli 

"
"
 

:Ili 11.  
"1: 
il t2 

; 
it. 11,P 

• I 
t't R

h 
"
"
 

1iii 'PI 
"
' 

Itit  'h
i 

'ii 
14-1'11:2641' 

'1111'1Fr:111i 
ii:t1

:i ilit  II /1  
l 	' 

t 
I 	

' tttilFt4
 

1 `II!). 
„
'1

F
-4'
 iif, 
Is: 
:: 

-.- 3:I 
III 
II 

-1'1 
121: 
t.;;; 
:::: " : 

: ;11: 
7
: 

I:: 

''''' 
!I 'd 
. 	1: ' 1'!" 

dr. 
:13-1 
:It, "

I 
h

t, 
1"; 
lit 1;1: 

:11: . 	3. 
';1 

'11 
111 1. 	: 

121.1 
1:1I 

, 
ill: 
1111 
I.., : 	: 

I 	
'  

I 	
. 1"; 

1:.!: 
1 	I  

It' 
II.,  
. 

t..F.:1; 
',:' , 

':
 

IIII:  1:I! 
LItt  
:I: i'':':  

11,. 
' 

:::: 
:LI .:

 It!' 
i'L::  1.1: 

11.111 .dI 
' 

	
l' 

11- i 
' 	

' i, 	: 
.2.1 till 

:I:: 
 : 

III, I.: 
, 	 tytI, 

I , 1 	:t  
1
 1

1
1
 

.1 	t 
'- 1 
I 	

t 
' 

I  ., 
=-,--= 

: 
. lill :1:: 

:111 
---.: 
!III :1121:::: 

'II: 
-.1-:,- 
ill! IIII 

I
T
.
 

1'li 
,i 
it, 

2 
1. m
 

1:... 1 
"
 1 .:
:
:
.„
 

LIII:rlil 
>, 

.... M
r, i-4 	. 

...::: 
it:: , 	. 

:1-1,-:.•: 
off '..:  

:i!. i'lii 
1:1- :.„..,:: 
:::: :,1_1:-  

ol: 1:1 
,::: 
: 	 '' Ig

i'iiI 
:4•-•..t.r.-5, 
trii o

;
 [ill 
::11 
:1,t ili 

r
 

: 

:::; 
in; 
ott ...:.!1-  

till 
to. 11fi 

Iti, 
:o
.
 :iii 

;; 
to: ' , 

,
 

,
 

"I-  
tot 
to: Ili! 

;ti, 	 t 
tot 1-11, 

o
 : 

,t: 'ilift. 
. ?ii  

a,, ..,. 
1  „
 

,, 	1 .. 
..... 
il,t,', 
,
 

.....,.. 
iliii 
"
"
 
.
 J':ii  

:2 ,,..._ ,, 	• 
 1 ,ip 

-!! :1,1- 
W
t
 . 

1 	. 

t4., 

: 
t 

tto 
tot 1: 

:: 
to 
't 

o
l
 

tht :i' 
:: 

ott 
11:1 	l' 	' 

! 	ii • 
:fit 

iji 
1.11 

ifil 
II:II iq

i 
tit 

 41 N
I 't,-.45 Iffi Itti 

I. iiii 1111 u.1 IN
 114 V

 
'.: III-1 ..: ii• 

t 	tt
;111 

 
IL: :

 	 . 12. 
lo

t .... 
' 

1  '''': 
. 

:''' 
Ili ' 	1  

!It: : 	1  
:
 	I 	

' 11" 	I 
1 

1 
7 

"
II '''' ill!  Ilt't 

1 	1  
1 

11[1  I 	11 
I. 11111:1  

I 	.. 
. 

I
llin

 
Il
k
 iii'l 
iv-, 
.,: 1,1,Pt,L4 

.,,,...L3 - 
Iti:15:!!. 

ttif .lit 1-Ili 41-, 116, '47: it
 

;I't  
1.1 r" 

;III 
0-1 

1.t..1 
,t  

.:t :'ili
a:;

1 11 1  11111 liN
 • 

.: ,t; , 4: 
I.: 14,4 

:::: ..,!: 
tt.; i, . 

1  . . 
t 	. 

:. to:  
:::, 1:: 

:" 
t1:: 
.:: t. :::: :ut 

It:: 
- itt-ti: 

HID i 
it 1 	 I 1. 

" irdi Ilk 
„: ,,, 
Z
 

•• 

: 
"2 
. 

.." . 
-41  
!!:: :::: 

:,„ 
-4:-.. 
:it: :1: 

..: 
,, 
:t.,.

.
 

lit: 
!ii H

ilt 
iii 

! . 
1.i 
11-  

:::: 11 t 	: 
:
.
.
 1  I : 	, 11'i 1 	

' iffill 
1 	

. i 1...: 
,I:: .,:o 

:to 71:1-71; 
1,.)....:: 
::1; 	' 	:: 
..:•:: 	 : 	,, :::: 

1 	... 
! 	It 
:.:.: : 	..: 

..ol, 
:III 
1::, ;14 

....II 
:
:
:
"
 !ill 

1.2 
'"
 

.. 

.1
1
11':,::1 111'E 
ti 
It.: ..c.),., 

::ei:a: 
::>•:„. 

,-.3 :f:? 
 

.„, 
U:l. 
il,-i-T 
:::, 

,., 
ilit. 
it: 

..:: 

r.
, 

..., 

I:ii 
:::: 

ii.Ili.L1.
,  

,. 	, 

1 	: 
. 	:

 

. . ,ii, 
„_1
"
.
 

ii 

„ , 
1"1  
I? 

, 	
: 

4., 
..1:  : 	: 

1,  II 

.. i  
Ili:  it.. 

d„ 
If 

.: 
_i_til  
:I.' 

i 
_
, 

.".: .,:ii 
it;  

I1ii  i:ii 
L14.:  
iiil :iii  

I.:  ill 

: 
: 	1:  
. 1  

., i! 

, 

.
 	 ,
 ,I:i  
:-•-•it!t 
1: 

::" 
::„ :I.  

:,.. 111; 
::., 11". 

.:.: Itil 
:-:: iill 

..:: 

.. 
- 

• 
... 

I ,...,_:. 
-41: 

.:: 
= 	
.
 t
.
 

:: 

41
1113 IT` 

. 
:“..- 
:if 

.. 	: 
z I L

 
ii''.1 +1 ,

  
i f ..r,-  

fin i 	•, 
t.i... •,.:: 

•: •-•:.1 
liz-: f-:,t ,t 

;11 
li-.. 

Ifil 
..1, ;:(11 	;U

. 
.1,,! 	:::: 

11111 
 

tor 
:4:i .::: 

r“-1 
' 

.1 
14 rt-: ni. .1 	. l'il

 
. 	, 

III`
 

t, 
'1'.  
,. 
illl 
. 

:l 
.4

. 
ill 
• 

• 
'Ili} 
.
 

ilii 
-or 
7
 

• 
-
 
:
 .
 	. 

4
 

!!! tit"
 : '

 	:, 1=11  '
 

'1 
111! 11

1  
1- 

M
g
 
ii 

: 
, 

3 

 '1
 

1  
1°1  

1111
i
1111  

1
1
"
  11 11-1:1i  

:111
ffil l  

41 
1 
US) 
 
 

• 
111: 1.1

1 11  
1
E
.
1
N

11 
'
 

t 
;IIi11 

" . : 	; 
I' 	 t 

t
t
E
,
 1

li 	
1
1
1
1
1
 "

11 1111 

1 

t:: 
4
4
' 

I 
I: +.I. 

1.1 	
i 

: 	lit 
ti 

' 

:II 
4
 

10,11, 

 t 
-LH
.
 

 

t 
t 1.

1 

t 	1  111 
H

i
 

1 1'1 1 	li 
4 ! 

I 

', 	-I 

r
:
 

11, 

Tn.  .
 
t
i
 

lid
 .
 

I 	11.1! 

t ilffil 

it'li iii: tit{ 
., L

i
!
 

. 

11.Th iji i  
0 iii1  

. 
Lit 

li, 

,
 

.
 

11:1:'
 ' Irl 	i 

ii 
1 

1.11 
+. 

.i 	i 
'1
 
.
1
 ': 4  1 
!
 

I
I
 

t 
10
 

0::: 
to; !

 
	

0  
1 	

01 
: 	:: illi 

:: 	:
 

:::: 
..., 

"o't 
III:.  
ii'l 

, 

' 	'' 

t 1 

11 H
I 

iff: 
:1:1 iit: 

1.1 
o.r:. 
1:1: 

1 : 

I , 
ii ::.t., 
;v. 

F.; 
::: 

1 
' l' 
:1 
	

• • . ' ..„.„ 

' iiit 

ttil 111:, 

Illi lit'  
i 

:IA! 
10  
li 	i 

4, 
:n 
. 

... 
Iii

:: 
. 	'ch

.. 
t 	 ..., 
:NI , , 4 

i 	I 

. 
1
 4; 	: 
i. 

, 
1  1 ; 

f 11 11111  
i 0,_ 

111 
 11 	I 

 t 

:1
1
: 

i'l • 1 

i t 
s i 

1 	; 

it 	. 
1-,  

11-.'-ii...-"` 
ti

r
.1

.,:1
1 

n
1
"
 

,o 

•
111  

-
 

I, 
1  

1 

11 • 
11: 

11 
;ill  .. t, 

, 	 i 
I:I • 
0
 

ti 
; " 
H

i i 
' 	': : 	::, 
' 	4' 
it; ill- 

;it 
il 

i 

1 
 

l
t
i
 

+3 
 

....... „.... 

W
illi' i.  11.1 

, 	. '.11L,1
 

il 
1 

T
i 

: 1 -
 

li 

. 
Ili

ill 

Ili: 
: 	:: 1  ; 	: 

F
t Il.: 

.1 1; 

::: .., 
i:. 
 d 
,..._ . 

ttt: 

t.
i 

:
it
.,t

 
It_ 

_it ii i ;. : 
, •t........ 

:ti t ' :444 
itt: I 

i 	i 
I 	i 

 t
 

l' 	I 
, 

' 

lit  
1 

tli  1 
. 	i II iit,  

1 1  
1  

il 
1 	li 

'1  
,ii 

il 
1"
4
 

: 
ii 

_ii ll:  1 
I I 

I 	 : 1 
I 	i 

1 1 
iJL.L 

II 
1
.1.. 

+11  i 	ii v 
1 	 11  iri 

i
 	 11  

ii. 
u 
11.111:  ; 

1.11.1 t; 	1 
4. 1

  
1,0,__Hill 

10; 
till I!! 

:::i  
!VII 

,1 
'1,' 

 II: 11' 
31' 
: 

, 
• :, 11 
,.,1 

t 	1 1.111 

; 
: 	tt o 
1 I 	

• :1. 

1 lf  1 
.'. 
i l:11 

''
' 

ff.:::.'!E-o-fiki  ''  

- • 1 
::: 
1-2T 

.11 II f 
.11 .:1 
t..; 

---; 
„.' 
:ill 
Itil 
1111 iil 

:: 14  
t.11 
---- 
„
,„

 
ilt  
:11' 
1111 
Ili! 
14  ' 	

1 
hi: 1 ' ,J___ 

..„. . ,
 

IB
M

 
1111 

i
 I 

liliiii 
4
1
1
 1  

1111 11  

II 
; 1 1 

1  + i 
-:- 
i. . '11  ; 

; 
1. 	t,  

1 	' 	1 
; 	I 
, 1.1 

-
j to: 

'; 1 	' ' 	:_.. ' 

: 	t 
t 	1 
1 	t  , 1,-.3. 

I 

, .t.4 
lit 

I I 	1 

1 	i 
' t 	1  

1:1. 
I":  
tli 

' 	1 -..1 I 

i 	11 
1 	 •1 
I 	1  

, 	
. 

1 	1: 
111 
I 	'1  

,, 
'; hl 
III 

, 1. 11 II 

, 	.„. 
qm 
1.1% 
It"  

--; ' 
:II 

: . 
tr.' 

3. 1.. 
' I 	1 i 	1 

11 .. 
H

  1:1 
.,.. 
III  

lilt  
L

I 
r
i
l
l
 

!tH 
:*,...- 

in 
11i. 

I 	I 

':' 
D

I 

di  :'1 ' 
1:11 

l'il
 1
': 

:III 

l id
 Ilt: 

P- 1:9"  

'1:171`: 
Fi; 
Iltli 

I': 

1111 '":' 
,11; 

:iii 
:tl_. 
1
1
 

...4. 
111'

1111 

ilit 
.01 
:
:
 , 

IIII 

.; 
:

1 

l' 

1 0 
:: I t  i I 	1 : 	: 	i 

4'
 	1.  I 

1 	I 
H
i
 

II; :1; 1 	! 1 

i 

1 
4
  'i 	, r

 
II 

l 	I 
1--- 

, 	1 '- 
; 

W
I 

; 
it 

TI ., : 	Id 

: 	Ii 

ill 
li 

i 	: 

i'l 

1 	 i 

11 

1
 . 

1.• 
1 1 

11 
=-T 
i 

', 
r
 

III , 
1 1.
 

11 1 I. 
I.',
 .1. I  " 

.4.; 
•

!II . 	
1 

i" 
.i., 
'11 

III'  
1 	
' 

1r  
111 .., . 

[It! 

lici l-P
li  

!ill 
4"
  

.::1 

11111-111; 
'

I"
  

111! 

,... 
«" 
"
!
 

: 

.4 ' . :tit 
„, 
,. 	:

 

1 
L.,. :

 
:I: 

.: 
. 	• 
. 
:,

1• 
.: 	• 

1  

II , ., 1  ' , 	,,,, 

19 

11'11
1 

11 	i . 
,, 	, 
"
- 
i 

[ i i 1 I_
 

11  

. , ! 
.. 
. -, 

"
. 

1 	
1 

: 	
Li 1' 

,i ! : i. 	 
' 

Ii 
.,, 
;11 
I 	t..:. 
I 	1 	1 
I 	

.: 
: 	

' 

i, 
.i.ti
 

. :-:: 
111 

'll' 
4.4. 

H
I, 

:IP 
 Li! 
H
i
 

' 	 ; 1.,. 1 
1,1 
1. 	' 
' • 1 

1 	
I 

.I,: 
4
  

11 	: ,I II 
11 	1 
.. 11 •-: i 

I 	
' 

; 	
i 

1. 	., 
li 	 1 
:IL! 
11:1 l'i 

it' 
;id 
;4... 
I 	

I' 

:-:- 
1 	1 

i 	1 
i''' 
, 	 ;III 
• 4. 
1:11  
=,
i 

i 	i 

illi 
'it  . 

1111 
tt!! 
!in 1 If .. 

1
 

11 I. 
.1: i 	li '1 

i h 
. 	:: 
I'll 
i 	:-- 
!
 	11 ; i 	 I: 

11: 
4,..:: 
1 	li .: 
1 	11 [li 

:1 
111 
.:..... 
:II  
...t.,

 
 

HI.
  i. 

11 
-
 

11 ,,- 
:: 

g
 i .._. 

, 1E 

.
 -
 

' 

It Ii 
.1 ii 

 
l
i
 

it 

.:,......... , !• I 1 
ril 
t 	i 

1 1 
'I 1., 1;1 
Ft 
I: 

1 ! I  : 

d . . f
l
i
 

I, .. 
jr:  I 11 i.

  
. 

I I 
1;
 

1.1 

ti; 
i
i
 

TILE
 

g
i
 

'":?! 
j.--
6-7- 

g
 

II 
,i 

i 	1.1 
! 	ii 
i'n 
.
1
:
 

III 
toi 
:!! 
hi 

-Ilt 
111 

II, 

I
i  

111 
III 

1 	
1 

Ili 
-Ii! 
 •;.!: 

i.i 
-" o 

III! 
tii! 

!I  

; 

!III 
'lit 

" 
litl 
Ito 

1.:1111:1 
if 	i

::: 

"'I 
t. 

;;;; 
in'. 
:::t 1III 

"
 

1
  i., 
;.!! 
o.. 't 

 .., 
.1! 

l' 

:::: 11  
;:i: 
: 1!;! 
,i1; :I 

;;;; 1 
t 

11; 
., I

ilil 
ol.., 
111; 
;.:11 it:: 

lot 
;::: 
: 

III; 
Itq 
:11! 
,1, Hit 

lot, 
;1 1! 
11 

!III 

H
I . 

...011..,., 1 

it  
;i:: 
111 
!iit 
I:: 

1:1 
;;; 
.! ".. :::: 

;;" 
I: ;;;; 

;1 	; Li!! 
:::: iii! 

:ti, 
,,H

,i1/ ; 
1  , 

I a 11 
lu ,:t 
I d.II, III 

.11 u 
; 	:: 
i.ii 

;:,,II III:i . 
1,i 	: 
: ,..1  
1.,11  

iLII il rt., 
: 	: 
Iii, 

irii t 
. , 

: 	'; 11 ' I ' 

iiii 
--, 
lo, 
It:: 
!
!
!
 

"
 

-
.
 

4
 iffl 
•...." 
..; 

!!! 

Ili 

u
to

li. 
lid 
n
",, 

i' 	, 
i 	., 
. 	 1. 

FIE'' 
,1.4i 

1  4. 
:: 
i. 

-i i 

'I 	, 
1 	. 

1, 
il ' 

1 

H , 

: f,  1  ; I , I 
,-iiir

, 1 :.i.i 
. ; ', 

i i 
_

 

iii i 	I 
. 	f 1 , , 1 : 1 	 11 

.... 

',' ,, • 

1.: •E
 

ill 

111 
...• 

Ili 
,, 1 

Ii 	 ; 
/ ik

i 

:11, 
..•••• 

11  ,,,. 
.„,/ ,, 

11 :1 •_. 

11  

, it 

 II 1 

III! 
,.. 

1.1:4  
,„, 
.,,, 1

 iu , I 

,1
11 

...•. i, „ 11  4
 

, 	,t, 
11; 

11,1
 

•
 

.• 

111111 

i ,, [III 
fir 
'i 	i 
1111 
.., i

 

.11  ..; 1 
111 

1 iii
  

,• 

11 

1111 
,:,,,,,"„„_,,r,„,-„,„ 

1111 
ill 
t,I 

Ili! 
.
 

h
i! 

„.,..„:.. 

118 
,: 	, 
o
il 

!
H
I
 

-•-••••• 

1111 

l' 1;t 1.11-11 
IL 

1111 
4......• 

111! 

i IT , 	1; 
.
8
:
 

•-•••• 

I
 H

i! 

. ..,. :
:
 

•••• 

■ a 

. ....-
 

1
 

, 
:•.: 

!ii 
ii i  1

 
if 
.,...... 

r. 	 :,. 
.=

 

il 

411 
"
.
 1 

1
E

1
4

 
,..,.... 

C
I 

1  

A 

11,  
,......, 

' 4
1
,0

 
..-

e
"
.. 

Hi 
lb?: 
1.11 lid  

•.,:, 
F. 	 I 1 i 
g

 i ii ii it !: • 
,, il 1 

a! , i 
..., 
41
:
 

a f 
II 

n
  !I 

... 

_ 
-
 

--.. 
o

'''' 
..... = 	1 H .. III 

- : 1  
... 

, 
4 : i i t , -q* 

ild 
.:: 
Ili' 

 :III 

II il 
.40 
....: 
:Ili 

III 

II -11 u 1 .. '',I 

. f 11 II 
2,P 
flT1.1 

, tt 

i 	
I i -iv '  
ii LI t 

11  t 
,t; 

ii . 
1 	

1.1  
11 	

li 
1. 	

it  
, 	,,,, iti 

'; 
is  1; 

' 
lb

 li 
{ ti • 

' .i 
I 	if' 
; 	._; , i ;..1: HI  ::1: 

.; +LI 
st: 

H
.11.:1:1

1.1
::' 

_t t :"
,:, 
III 
i 

l'i' 
tit 
1 	11 
I 

III
' Itt,t 
! 	1  Illi 

ittl..t. 
tit 

1
: • i 



138 

•
. 	_ .2.--"•....-±.-1-.1---4:,-_-1----:-.= — . 	.. a-.4.-4_ai •-..--41=.1...:::  ...1-•-•-•,...-- -:-.1-• f... • 	- 4-.1...- t-i- ,-.4. 

_i_ _ 
,.........7 4,..4 ..-., 	4-. ........... 

- 
... 	I-4L a

. 	

......... 

. 

i,,4,414::-.4 

— , , • 
--- -1::::_-_-_-11-:_.-. ._ ....... __-.- f---:-.•---  t --1::_r  ---- t  , ,  ...... - 

--I 	---- ---, ----- ---'-'=."--1:.----- tr -t: .: 	. -• .. ..,........,t-_,_ 
-------- 

_.„..-. 
----- 

_ _ 
-- 	.-4-..:-.4::::---..: 

__,...,,....t t.p...... 
-71--- 	 t - t 

I . 	.- — 
-7.----1---1-1:----4::-- ----' ...... 	 

..... + __ • .•-• 4- 

1.; 	1 '4 .. ._. - .--. 	. 	__ 
-: --.=  

........ 
-.r__.s .....1.___ ::.:2-;_-.7.-4:::::_ ___ __  . 

• _.t.-  ,.. 
I

--•:-.. -: =t  . ; •:.: : ts : ---. ;FL ...:: L.. 	-:- -:-:-: -. - -: : -_-. -• . . :.: ....... 
-47-:: • 	- 	 . 	 -- 

u 9 es ont:t: • p : ee.f.,.. ..... rt01_:stra.in:-tga -------=1-----;:-- t. to  n s---sif5rv. i rrg-71-6 cat, o 

- 	.----+-----Li::----------LL:--1--(TtoP:-0%- . :4_73:1 --::,:•-- _:- - - - - • ----F.::: ::-.-- -----1_-_:r4t. t.::-:t- ::_:T.-: .. _ ..... _ - ..... 
-----t.-t-- r --- LE._ -:-:---4...,.--7: ..-:-:_:,::•,,t.--E: MEME 

. - 	T 
__ ::1:::: 

- ...- -- • 	- --..•=t= 
' 

	

..--/ 	 

	

- 	. 
' 

.: ..•2It -.--.: 
--'' 	' 

--. : . ::.•: - 
'- -11b-J .2t--  •-• 

--.-.4-------7--  '-.-1--... '''' 
-•-•-‘-' 

7.-tir.  
••••-•-T--; 

:::-.:. :::-.1:::-H. 
,.:.  • -1.1.:::..•  

ii- 
• r•  .., 

 . .b 	 b ._:::::-  -- t 
...... 

.r.--:_t- _ 
---=_ ..... 

, 	. 
.__. _ _I  _. ,__ 

-1-- . •-• - 	t- , 
_: 	=_-::: _ „._::  

_....4- - - • - 
llWI 

A: —; 	4_ 	— E E 1±E  ---  "T.: _ 	:,---;=-X---  
-;„-L--_-  : . ; ------  - Eg. 

J

_ : • -_-_- = -_:_::: -- :.-s.:=61-=  -4—  
...::•r_.-z____.;_-__•_--: -:::t-_-_-.::- 

— t-::=:'' •--:- -'-- -- 
.   	--- - - -_;:i.;:=--  ---: _-:----*— ---::=TtL_-_-_-_=.-_ ---.2.1::--- -- ::-•:- : -.-77. 	. 1::._._  --- - . 

. _ 	. _ 	_.  I 

- - 	 .: * 

..... 	._ __. .. 	,. --_--_,-.----„ti:„.. -,---, -- • - -_-,- - 	---- -: - 
::::::- _.:--,-...- :-.,-- -.---„-.-. ......--„,:-_-_,-, --___-, .---___• girim....-. 

_... __ 
_it;  
,_...m  
mom= 

____47.-__•_ ___ 
• .....„---:-__- rim 

- 
- , - - 	.-,-__- . 

t -. _ .. 1 - . . . __ _ . - *-. - 
. - - - 

- 

•::::::=: ' iiiii:-_-_---- -- - • -. I:- 	, 
._. 	, :Tilii.:--.._:_::" E-:.:_i:.:-:-.4_--..-:: -:::: --Ts ---:_:: :-_,-.3::_. .--__:t _ 

—" __._._ _i::-_--..1  . _ _ i 
-- _:. ::_-__4.---:Th- - " --- '---- - 	+ --,-- --- -,•-r-_ . 

---4 ---- 
.__=._ ,..-_:_-_:7•-. -_:: 

- - - - ' 	- 
-.tii-z-- 	'-- _ _,_ _ - -  -- ---- --- -- ---  - -- ---__---_-:_:: __=:::-.77.1 _ _.  ---::r, .."----_,--:  ---,-- -.:-:t:::: -,-; ,_:, - - • - -- 

141I-10114 • : = _:-:-.•=1=:::_-- ::::- 
._____...... 

7.7-"== 
_:,:..:.. 
:I:: =4::7.:1:::: 

_:::-_,....._: .....::_ 
:: 

...._._:___ -,==:::: --:;:::::: ._::#:::::,_. I::: :..: '::::_„-.. - --- :::_:t:::: :- 	:.,• ..._ 	-...:::: 
---;L------  --._:-:•::::;:::::,:::: :_-::;::::: :::::::::: 

i ___I: 	f - - LLL-11--.::: -',. ::•-- ::::_ LL----. -:-.:- 	= r_-• __--. -_. 	L:::- EfEffffil::._ .L_Liiii-iTh.1::.,-  Hirli :._..,.. 0  . 	_.. _ :-_:>-_:.:: 	_ • r 	. .--t.--:-:f-  ,...„,---71::-.L.i.:=MEME --:---- ...... --- 1.----- 
t-- . 	: __. 

 _. 
-- --- 	7Jlj :E-.--  

---i-- 1=-1- 
.4t.::: ---::: i: ....... :4 ..1--.J.- ---- 

	

.....,,,___,_ 	e 
'MA 	ni 

::::-.---_:-.=:, 	,. 
t=..r. 	1 -;- 

:::::. 
.....  - ...... ---.-_t=1 ._..... 	 ::::  	-::::1-:-..-_:...:1---:t„..„,.....--:-_-..::::::::::::::::.- :L.., .... , 

-= .... • . _.0;_. ------- -- 	--- 
. .— - 1.-2:-F::---.:::._:-  ....... -- . ' ..,_ 

*.:.,.. 
-_—.._ 
---: 

.... ..- -:-  	1-  a :-..11: ' 
= '' =t:=:: 

• • 
— .--- al=  

---/:::.=.:_:=.::  
:::

:::
.4-:::::::::,:.  isrfarlia 

”- t • - 
:: : : 4 :---': El ::-::- 

--- ---%hal mu 7 	• I:::::::::'-' --,.. ME 
gg - - ::-.t.: •:1-  all:::::: 

---- 
:: : 

- -1= 	.... - - 
1 _ _ :_:.: __:;___ __ : ::__ , ::_: t: :: - , ::: ::::: Emi ..... 

t 

... • 

: -_--. ::- ,:._- 	....- .:__. 
-- .... - 

___.... ___:-. . :t: . . EN= KM - --- 
--fp  _ _ 
--X : 	. t  E  - -I-- - t:-..-- --,---- - 	:;- ...t _  ---- - .::::.1•-" ---- --- --..- ::- 	 . 

= i 
_. : .. ....... F.::::,-•- i --,--- ::.--.--..-- 	- ---- ......:=  - ....... . __ --- 

	1 ..- 	...I-  
.... 

=--- t-----'--- :::: -------- ::::,,,..;,.t.,... 

- - -- ' -• " 
200D. , ..-----.,- 

....... -- 
-.-..-- .... . . ....; 

3 - • • 	• - • 

-- .........  • --- .- - 
 t 

:::::::    e  ------- -_ 	--- ---- ___ 	- - 	--t----.--•- ..... 	 •-- - 	----- ---- 
':'-----'-ilaer:£ ........ - 	•• - ---- ....„ 

•- r_-_- 
---:: : r- : : : 

4  
: 

:a_ -   ::: ::::I::7: 

. 
H:1:1:::::: :— 

. 
"I= , :II:. 
-- t-  -" .„ ...... 

.---71.:::: L=t;-;_:: --:" 	 - -I-- . -: : : : : ---: _::: : : : : : t= . _.: --*--- : 

...„:„... Ejm  : 	. _ 	.. _._. --;---1-- _   	

-7.1 	i-Hd---„------....... ._ 
.... -,---. 	...,...,:: 

- 	--:-..  
:::. . _4... __ :::::ffilinst  ---q„....-_,-.:t:i:::::-:: " •••••= .a.-___"---1-_, WANE 	= 

FIGURE SHOWS STRAIN IN TOP STEEL OF BEAM B24 FIG. 36. 
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FIGURE SHOWS STRAIN IN BOTTOM STEEL OF BEAM B24. FIG.37. 
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FIG. 45. PLOT OF STRAIN IN STEEL AGAINST SPAN AT DIFFERENT LOADS ( 2 x SHEAR) OF BEAM B2  
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the detrimental effect of axial tension on the shear strength of 

reinforced concrete beams with web reinforcement is not large, 

contrary to expectation and also contrary to various existing theories. 

Axial compression however, does increase the shear capacity of reinforced 

concrete beams with web reinforcement. 

Axial compression affects the mode of failure of rectangular 

become. It transforms the mode from that of shearing to shear compression 

provided the magnitude of axial compression is adequate. 

Examination of the test results in table 7 shows that axial 

compression in all cases increased the shear cracking load and also 

the ultimate shear capacity of the beams. On the other hand axial 

tension has less influence on both the shear cracking and ultimate 

loads depending on the type of failure. Where the failure mode is 

shear compression, the effect is quite considerable but axial tension 

has a negligible influence on shear strength of beams if the failure 

mode is either shearing or diagonal tension. 

It is observed that shear strength is considerably increased with 

decreasing ratios of shear span/effective depth. Increase in shear 

strength is also achieved with an increase in the ratio of tensile 

steel (see table 7). The same is of course true for increasing ratios 

of web reinforcement. 

As regards the ultimate behaviour of the two groups of beams 

(Group A and B), it seems that there is practically no difference in 

strength though physically the crack patterns were not the same in 

the restrained and simple spans. 

From the test results it is obvious that the influence of axial 

force is not dependent on other parameters such as concrete strength, 

tensile steel raticvweb reinforcement ratio and exists although to 

varying extents at all shear span to effective depth ratios. 

Recorded strain readings on both the tensile and compression steel 

confirm that axial compression is shared both by concrete and steel, 
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whereas axial tension is carried mostly by compression• and tensile 

steel after the formation of pure tension vertical cracks in the 

concrete due to axial load. (see beam B12). 

Web reinforcement does not carry any load until it is crossed 

by an inclined shear crack. This fact was observed in several beams, 

B12, B24  and B25. (figs. 30, 39 and 42). 

All the stirrups crossing the critical inclined cracks yielded 

prior to failure. This statement is made on the assumption that the 

strain at failure can be found by extending the line of the strain/load 

curve from the least recorded strain. 

The force carried by web reinforcement is net inflsenced bar the 

addition of axial force. 

Just before failure, tensile strains were produced in the 

"compression" steel of beam B
12 presumably due to the propagation of • 

inclined crack inside the compression zone. 

The sections at points of contrafloxure did not show any signs 

of dietrtas in shear when subjected to axial tension and shear. The 

section was found to be stronger in shear than sections further into 

the shear span. 

The measurements of crack widths across a shear crack show that 

before fralure the vertical displacement is much greater than the 

horizontal movement(see fig.32 and 33). 

The surface strain readings (demec) show that a linear stress-

strain relationship exists until flexural cracking. Between flexural 

cracking and shear cracking, the presence of cracks causes some 

deviation from linearity, and when the inclined shear cracks are formed, 

the behaviour of the beam is completely changed. 

The strain readings in the tensile steel suggest that the strain 

in the steel is almost uniform from the load point upto the tail of 

the inclined crack, which is consistent with the arch action developed 
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in the beam, (B24, B25, B26). 

Further examination of the test results in table 6 shows that 

the inclination of the failure crack is constant when a/di  > 2.5 but 

the inclination increases rapidly when 
`a/d1 

 is smaller than 2.5, 

(see fig. 34). Axial tension seems to increase the inclination of 

the critical crack while axial compression does the reverse. The 

plot of inclination vs Qult/bd 1 (with axial tension only) indicates 

that a linear relationship may exist between them. (see fig. 35). 

Further detailed observations from these tests are presented in 

the following chapters in the context of the development of a theory 

of shear failure in axially loaded beams. 
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aid, 2'8 	rst .1•46•/- 	N/ bc11 = 	4'09N/mm2  

2'8 	rst 1'461. 	N/bd,. -4'09 N/mm2  

aid,. 	rst =1.461. 	N/ 	-4'09 N/mm2  

CRACK PATTERNS OF TEST BEAMS. FIG. 47. 



1 53 

a 	2.8 	rst 
	

Nibd,=-241 N/mm 2 

aid,=2*8 	rst 
	

N/bdi  —241 N/mm2  

a /di= 2'8 
	rst 
	

N / b cd =-1.6 8 N/ m m 2 

-=.2'8 	rst =1.46'/. 	N/bd,. 0 N/mm2  

CRACK PATTERNS OF TEST BEAMS. FIG.48. 



N/bd,. +3'61 N/mm2  
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a/c1,= 2'8 	rst =1.46•/. 	N/bd.= + 2.41 N/rnm 2  

aid, 	rst 	 N/bd,. +2.41 N/mm2  

CRACK PATTERN OF TEST BEAMS. FIG. 49. 
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a/ci,. 2'8 	rst =1'466/. 	N/bd,= + 3'61 N/ mm 2 

B2,8 

t 
r 

2'8 	rst =1'46•/. 	N/bdc= +.3'61 N/mm 2  

aid, =2'8 	rst =1'46•% 
	

N/bd,= + 4'82 N/mm 2 

CRACK PATTERNS OF TEST BEAMS. FIG.50. 
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aid,-213 	rst=1'46•/. 	N/bd,.- + 4'82 N/mm2  

aid,=2"8 	rst -1'46*/. 	N/bd,---- i-4'82 N/mm 2  

a/d1=2'8 	rst=1'46•/. 	N/bdc= 4-4'82 N/mm2  

a/di-2'8 	rst=0'97'!• 	N/bdi= + 4'82 N/ mm 2  

CRACK PATTERNS OF TEST BEAMS. FIG. 51. 
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a/c1, = 3'9 	rst.1.46V. 	N/bd,-= - 2'88 N/mm2  

a/di=1'96 rst=1.461. N/bc1,= - 2'41 N/ mm 2 

a/d,=1'5 	rst =1.461. N/bd,.- 2'241 N/mm2 

CRACK PATTERNS OF TEST BEAMS, FIG. 52. 
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aid,.15 	rst =1.46./. N/bd,= - 2'41 N/mm 2  

aidi=1'96 	rst :1.46'/• N/bd, ---. 0 N/ mm 2 

aid,.1'96 	rst=1.46•/• 	N/ bd, = + 2'41 N/mm 2 

CRACK PATTERNS OF TEST BEAMS. FIG. 53. 
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346 	rst = 1.461. 	N/bd, = 1-2'41 N:rnm 2  

B 16 

aid,= 1'96 	rst =1.461. 	N/bdi= + 3'61 Nimm2 

aid,. 1'96 	rst = 1.46/• 	N/bd,= + 3'61 N/mm 2 

aid,= 2'8 	rst -1.46•!• 	N/ bd‘  = +4'82 N/mm 2 

CRACK PATTERNS OF TEST BEAMS. FIG. 54. 



CHAPTER 5  160. 

   INVESTIGATION AND STUDY OF PAST WORK ON AGGREGATE IN1ERLOCK, 

DOWEL ACTION AND BOND FAILURE  

5.1 Aggregate Interlock: 

In the past, the subject of shear transfer by aggregate interlocking 

received little attention. Only recent research (Fenwick43, Taylor55, 

Hofbeck, Ibrahim and Mattock19) work in this field has made it possible to 

understand how important this shear carrying mechanism can be. All of them 

deserve credit for devising methods and techniques to measure the portion 

of shear carried by this mechanism. In the present investigation an attempt 

was made to add to their work by measuring quantitatively the shear that can 

be transferred across a cracked section with the help of few specimens and 

by explaining how shear is being transferred. 

5.1.1 Mechanism of shear transfer by Aggregate Interlock: 

Before going into details of shear transfer by aggregate interlocking, 

it would be wise to examine what are the ideal conditions for this action 

to develop. The aggregate interlock force comes into play across a 

vertical crack only when the two blocks of concrete have a vertical 

displacement. When this condition is satisfied, the bigger aggregate parti-

clefs act as dowel and are capable of transferring shear across the crack. 

The vertical movement is accompanied by a horizontal displacement 

at the crack and if this is sufficient the ability of the aggregate 

particles to contact one another can be impaired, thus in order to create 

ideal conditions for interlocking this horizontal displacement should 

be small. 

5.1.2 Facibrs influencing aggregate interlocking: 

It is believed that the shear force that is carried by aggregate 

interlocking is dependent on a number of factors43 and those known to date 

are given below: 

a) Area of contact between the two rough surfaces with projecting 

aggregate particles. 
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b) Quality of concrete and aggregate particles in the vicinity of the area 

of contact. 

c) Inclination of the crack to the direction of loading. 

Again, the area of contact between the two surfaces depends on the 

following parameters. 

1. the grade of aggregates. 

2. the shape of particles, round or angular. 

3. width of the crack. 

4. reinforcement (if any) crossed by the crack. 

In presence of reinforcement, the following parameters affect 

considerably the magnitude of shear transfer19. 

a. Bond properties. 

b. Yield stress of bars. 

5.1.3 Past work on aggregate interlock: 

Recently, a number of investigators was attracted to the field of 

shear transfer due to aggregate interlock. A paper by Hofbeck, Ibrahim 

and Mattock
19 

describes tests carried out in this regard using push off 

specimens as shown in fig. 55, which were forced to fail along the plane 

indicated. Tests were done on specimens with and without preformed 

cracks. The preformed cracks were obtained by applying line loads along 

the plane in a hydraulic testing machine. 

Their aim was to investigate - 

1. the influence of preformed cracks on the shear transfer along 

the shear plane. 

2. the effect of reinforcement - detailing and strengths 

3. the effect of concrete strength. 

4. the contribution of reinforcement to shear transfer by dowel 

action. 

5. the applicability of "shear friction theory" to sheer transfer 

in presence of a preformed crack along the shear plane. 
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9.5mm 0(3/8') stirrups 
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DETAILS OF PUSH-OFF SPECIMEN FOR INTERLOCK TESTS. 

(MATTOCK). 	FIG. 55.  

DE TAILS OF SPECIMEN WITH TEST RLG FOR INTERLOCK 
TESTS ( TAYLOR) 	FIG. 56.  
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Their conclusions, based on test evidence are - 

1. the presence of a preformed crack along the shear plane reduces the 

ultimate shear transfer and increases slip at all stages of loading. 

2. Shear transfer strength is dependent on rsfsy, where rs 
= As/bd,  

As = total area of stirrups. crossing the plane. 

fsy = yield stress value of steel. 

Changes in strength, size and bar spacing do not affect the shear 

transfer strength as long as r
s'
fsy is not altered. 

3. The upper limit of rsfsy is governed by concrete strength but below 

the limit, the relationship between qu  and rsfsy is not influenced by 

concrete strength. Beyond the limit any increase in qu  with rs
fsy is very 

small. 

4. Dowel action of reinforceing bars is significant only when they are 

crossed by a continuous crack. 

5. Shear friction theory is found to give a conservative estimate of 

shear transfer in normal weight concrete in the case of specimens with 

preformed cracks. The strength calculation is based on the equation 

qu  = rsfsy 	0.15 Ucyl 

or < 600 psi 

and tan 4) = 1.4 (as proposed by Mast). 

*6. Zia's
61 envelope may be used to estimate the shear transfer strength 

in case of uncracked specimens. 

Taylor54'55  

In his papers he describes the techniques adopted to measure separately 

the contributions of the three main actions towards shear strength of a 

concrete member prior to shear cracking, namely - the concrete compressive 

zone, interlocking of aggregates and the dowel action of tensile rein- 

forcement. His work on aggregate interlock is confined to flexural cracks 

only. His conclusion is that the contribution of each of these factors 

is significant. In this section, only his findings regarding aggregate 

interlocking across a flexural crack are discussed in detail. 
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Taylor carried out two types of tests. The first was a displacement 

controlled test on an unreinforced concrete block, (fig. 56) and the 

second was a beam test with initiated cracks. His idea was to simulate 

the beam displacements in the displacement controlled blocks and measure 

the interlock force for a particular value of beam displacement. 

With each load increment, the cracks in the specimens open up not 

only vertically but also horizontally. Taylor found out that the ratio 

of vertical displacement to horizontal displacement at any position under 

consideration (AV/AH) was a constant for a particular crack and could 

be related to the shape of a crack. 

So he devised the test rig shown to facilitate the conduct of tests 

so that the ratio AV/AH could be maintained during testing of a particular 

specimen and at the same time it could be varied between tests. 

He investigated the effect of the following parameters on interlock:- 

1. Displacement ratio AN/AS i.e. the ratio of Normal displacement to 

shear displacement across a crack. 

2. Concrete Strength. 

3. Aggregate size. 

4. Aggregate type. 

He presented a number of curves, showing the effect of the above 

parameters. 

Taylor's final conclusion was that about 33% to 50% of the total 

shear force is carried by interlock. His conclusion is entirely based 

on test results and relates to flexural cracks only. 

Fenwick and Paulay14'45 

Fenwick carried out direct tests on interlocking of aggregates and 

studied mainly the effect of crack width. In a few specimens he studied 

the effect of concrete strength as well. His specimen for study of 

aggregate interlock forces is shown in fig. 57 and had a saw-cut (6 mm) 

at the centre so as to help in forming a crack along the desired plane. 

During his investigation, he kept the width of the crack constant through-

out each test. 
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DETAILS OF SPECIMEN WITH TEST RLG FOR 
INTERLOCK TESTS (FENWICK)  

FIG. 57.  

Preformed crack 
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Specimen after cracking along 
shearing plane 

Specimen after vertically loaded 
showing horizontal and vertical 

' displacements 

AGGREGATE INTERLOCK ACTION 	FIG. 58.  

DISPLACEMENTS ACROSS FLEXURAL CRACK IN BEAMS 
(TAYLOR) 	FIG. 59.  
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In series 1, the specimens had varying crack widths while the concrete 

strength was kept constant. His findings are represented in fig. 60, 

and the graphs suggest that the aggregate interlock force is drastically 

reduced as the crack width is increased. His specimens had maximum 

crack of 0.381 mm (0.015"). In series 2, he studied the effect of 

concrete strength on shear transfer with a constant crack width. A 

number of graphs representing his results were plotted and are shown in 

fig. 61. Unlike Mattock, he plots curves of shear stress against shear 

displacement and from the graphs it is clear that sheartransfer is 

increased with increasing strength of concrete. 

Fenwick observed that his test blocks did not fail as a result of 

breakdown of the aggregate interlock action. He found that the specimens 

failed either in diagOnal tension or flexural tension (according to Fenwick). 

His idea was to establish a stress-displacement relationship for 

shear transfer across a crack due to interlock and then this relationship 

could be used in his beam specimens to evaluate the shear carried by 

aggregate interlock action. 

With this idea in mind, he cast a beam FA4 (see fig. 62), on one 

side of which were crack initiators, spaced at 150 mm (6") 	. The 

crack initiators were inside the tensile zone of the beam and cracks 

could form freely in the remaining 100 mm (4") depth of compression zone. 

The other side of the beam had no crack initiators and hence cracks 

could form even in the tension zone freely. This beam had the same 

concrete, reinforcement and overall dimensions as other beams without 

crack initiators. From the measurement of tensile stress in steel, he 

concluded that nearly perfect beam-action developed at all stages of 

loading. He minimised the dowel action of the tensile steel by wrapping 

it with foam plastic. From his beam test he believed that interlock is 

of major importance so far as shear transfer is concerned. and at the last 

load stage, over 70% of the bond force needed to develop beam action was 

carried by interlock action, although he concluded that in normal beams, 

the percentage may be less because some portion of the bond force will 
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be equilibrated by dowel action of the tensile reinforcement(max
m 
15% 

according to Fenwick). 

Mattock's work on interlock is different from other investigators 

in that he provided reinforcement at right angles to the shearing plane. 

He did not as such study the effect:of initial crack width and in his 

type of test, it seems that initial crack width is of least importance. 

Taylor's work is confined to flexural cracks only. Thus it seems in-

correct to draw conclusions from his tests as to whether similar results 

could be obtained with a shear crack, as our main concern is shear 

transfer across a shear crack and not flexural one, excepting in 

connection with diagonal tension failures. 

As mentioned earlier, Fenwick maintained a constant width for a 

particular specimen from beginning to end of the test. But this seems 

to be contrary to the behaviour of beams where crack widths are never 

constant at different stages of loading. Crack widths grow bigger with 

each increment of load. Thus keeping the crack width constant, he is 

increasing the possibility of more interlock and this would result in 

erronous results. 

5.1.4 Experimental Investigation: 

The resistance of concrete surfaces in contact when loaded vertically 

is limited by the fact that spalling of the area in contact takes place 

as the resistance of the concrete is overcome. In such a case there 

exists an upper limit to strength. This is more important in the case 

of specimens with reinforcement which provides compression between the 

two surfaces, and Mattock's criteria should be acceptable. 

In order to obtain other useful information quantitatively a test 

programme was designed in such a way that the shear force carried by 

interlocking of aggregate could be measured independently with the 

elimination of the compatability problems present in beam type specimens. 

The idea was to study interlock with preformed cracks and no reinforce-

ment was provided across the cracks. 
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As mentioned earlier, interlock itself is a function of a number 

of variables and each should be investigated systematically. However, 

in the limited time available, it was not possible to investigate the 

effects of all of them. 

Test specimens: 

Two different types of specimens were used in this investigation, 

as shown in figs. 63 and 64. 

Group 1 - concrete blocks with notches so as to initiate preformed 

cracks. 

Group 2 - Prisms with central notches. 

The specimens were cast with the same type of concrete mix used for 

the beams (19 mm max
m 
 size of aggregate) under identical conditions of 

curing. Like the beams, they were tested after 3 weeks. 

The specimens of Group 1 were cracked along the shear plane applying 

line loads in a hydraulic testing machine (Amsler) and those of Group 2 

by bending in both directions, with complete failure prevented by an 

external longitudinal bar. 

Testing Apparatus: 

The specimens were tested with variable axial loads and hence could 

be separated into 3 series:- 

a) specimens tested with axial compression and shear. 

b) specimens tested with axial tension and shear. 

and c) specimens tested with pure shear. 

Specimens in Group 1 consisted of series a) and b) only. 

The testing of specimens in series a) of group 1 did not present 

any difficulty. All the specimens were tested in a uniaxial compression 

testing machine. Vertical load was applied with the help of a jack 

which was calibrated before testing. It is evident from fig. 63 that 

the shearing plane is inclined, so vertical loading caused normal 

(compressive) and shear stresses to develop along the shearing plane; 

the ratio of which was dependent on the inclination. 
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The group 1 specimens in series b) were tested in a tension machine, 

applying vertical pull so that shear and tensile stresses are produced 

along the failure plan,- 

A separate test rig was devised for the testing of all the specimens 

of group 2. In order to apply axial compression, a 22 mm (7/8") diameter 

hole was cast at the centre of the specimen, while axial tension was 

applied through a small frame manufactured for this purpose and bolted 

to the ends of the specimen. Loads were applied through jacks and strains 

recorded with the help of load cells. 

Test procedure: 

As described earlier, the specimens were precracked along the desired 

plane by applying line loads in an Amsler machine. The line load was 

applied with the help of two 10 mm diameter bars placed one at the top 

and one at the bottom of the specimens along the sheering plane. The 

specimens i::cre ]ended in such a way that the two halves did not fell 

apart, and had variable initial crack widths. Because the technique 

adopted for cracking did not premit the control of crack widths from 

specimen to specimen, loading was stopped only when the crack was visible 

with the naked eye. 

Testing of specimens in group 1: 

The specimens were placed horizontally while the cracks were formed. 

But to investigate the shear transfer across the cracks, they were placed 

vertically in the testing machine so that shear and axial stresses were 

produced across the shearing plane. With each increment of loading the 

opening of the cracks normal to it and the vertical slips were measured. 

The specimens were loaded monotonically until failure. 

Thsting of specimens in group 2: 

After cracking the specimens at the plane, they were placed horizon- 

tally on the testing plane 	(see fig.64 ). In all cases in series 1 

axial compression was applied first and then held constant dnring the 

testing. For each load increment, crack widths and vertical displacement 
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across the cracks were measured with the help of a microscope (crack 

measurer) and dialgauges respectively. The same procedure of recording 

the crackwidths and displacements was followed when vertical load was 

applied. 

Test results: 

The test results of this investigation are presented in tables 9 

and 10. The plot of the crack widths against shear stress transferred 

across the preformed crack at different load stages are shown in figs.60,68• 

Shear transfer across cracks in the presence of axial compression: 

The findings of this test programme prove without doubt that a 

considerable amount of shear can be transferred across a preformed 

crack if the two surfaces are compressed. With increasing compression 

the magnitude of shear transfer increases. In a few specimens with 

higher compression (in group 2) diagonal shear cracks (independent of the 

preformed crack) formed, but failure was always due to breakdown of 

interlock. 

In the specimens of group 1, the ratio of axial compression to 

shear was constant. During testing of these specimens, no inclined 

cracks were observed. Only spalling of the surfaces took place just 

before failure. Two specimens were subjected to eccentric loads in 

this group. With this little eccentricity (76 mm), a reduction in 

shear transfer strength was observed. This is because of the tensile 

stresses produced due to eccentric loading. 

The effect of axial compression on interlock can be viewed from a 

different angle. Physically, axial compression reduces the crack width 

and thereby increases interlock. Internally, because of compression, 

frictional force is developed and is responsible for transferring shear. 

Unlike the forces due to reinforcement, in this case, the axial compression 

was an external load (group 1 and 2) and was constant throughout the 

test (in group 2) irrespective of vertical load. Thus the effect of 

external compression is two fold - 
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a) reduces the width of preformed crack and increases the possi-

bility of interlock. 

b) creates frictional resistance to carry shear. 

Shear transfer across cracks in the presence of axial tension: 

Unlike axial compression, axial tension increases the crack width 

and hence reduces interlock. Secondly, there can be little frictional 

resistance between the two surfaces when they are separated by the 

applicatbn of axial load. Thus the two actions responsible for shear 

transfer are much reduced in this case and so little shear can be 

transferred across a crack if normal tensile stress exists. Once the 

limiting value of crack width is reached there can be no shear transfer, 

as found in tests. 

Shear transfer across preformed crack when there is no axial force: 

In this case, shear transfer is possible only by the first action 

upto a certain value of crack width considerably less than the aggregate 

size. As soon as the limiting value of the crack width is attained, 

failure is inevitable. 

Analysis of Test Results: 

The test results are analysed and plotted. From fig. 65 it is 

evident that the possibility of shear transfer reduces with increasing 

crack width. This is true whether there is axial load or not. Secondly, 

when the crack width is small, axial tension if applied, will increase 

the crack width and appreciable shear transfer is unlikely. On the 

other hand, axial compression increases the possibility of shear transfer 

by holding the two blocks together. Also shear transfer increases with 

increasing magnitude of compression even for a constant crack width. 

Test results are summarised in tables 9 and 10. 
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Table 9. Group 1_ - Test result of interlock specimens  

Specimen 

No. 

Dimension in 

mm 

Maxm  

size of 

Aggregate 

Initial 

crack 

width mm 

Eccentricity 

mm 

Axial load 

N/bd 
N/mm2 

0/ vbd 

N/ 	2 
b d 

G7 	1 152 340 19(3/41') 0.08 0 +5.06 10.12 
G. 	2 152 340 19(3/4") 0.06 0 +4.41 8.82 
G- 3 152 340 19(3/4") 0.16 76 +3.29 6.58 
G. 	4 152 340 19(3/4") 0.28 76 +3.03 6.06 
G: 	5 152 34o 19(3/4") 0.40 0 -0.08 0.16 
G.! 6 152 34o 19(3/4") 0.60 0 -0.03 0.06 

Table 10. Group 2 - Test results of interlock specimens 

Spccimer 
No. 

Dimensions of 

Specimen 
Maxm  
size of 

Aggregate 

2 

Initial 

crack 

width mm 

N/bd  

N/mm2 

crack width after 

application of 

axial force mm 

Q/iod  

N/mm2 

b mm d mm Area mm 

G: 	7 90 95 8162 19(3/4") 0.4 +0.612 0.12 4.08 

G7- 8 90 95 855o 19(3/4") 0.12 o.  0.12 0.975 

G: 	9 90 95 8550 19(3/4") 0.4o 0 0.40 0.195 

G:10 90 95 8162 19(3/4") 0.80 +1.836 0.32 4.7o 

G.11 90 95 8162 19(3/4") 0.40 +1.224 0.16 3.77 
G: 12 90 95 8162 19(3/4") 0.12 +1.224 0.04 6.53 

G:13 90 95 8162 19(3/4") 0.40 +1.836 0.12 7.55 
G: 14 90 95 8550 19(3/4") 0.36 0 0.36 0.195 

G:15 90 95 855o 19(3/4") 0.12 0 0.12 0.78 
G-16 90 95 8550 19(3/4") 0.16 0 0.16 0.78 
G. 17 90 95 855o 19(3/4") 0.28 0 0.28 0.39 
G-18 90 95 8550 19(3/4") 0.12 0 0.12 0.585 
G 19 90 95 8550 19(3/4") 0.80 0 0.80 0 

concrete : cube crushing strength 41 N/mm2  (6,000 psi) 

compression +ve, 

Tension -ye. 
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5.1.5 Estimation of shear carried by aggregate interlock: 

In the previous sections various possibilities were discussed under 

which interlock is most effective. Generally in beams, the ideal 

conditions for interlock hardly exist and as a result it is difficult 

to estimate in a rational way the force carried by interlock, especially 

when a beam is approaching failure conditions. It is impossible to take 

account of all the parameters mentioned in this chapter while formulating 

an equation. 

From the study of the effect of crack widths, it appears that crack 

width has considerable bearing on the shear transfer capacity of a 

preformed crack. From fig. 65, it is evident that hardly any shear can 

be transferred when the initial width is greater than 0.5 mm, whereas with 

smaller crack widths some shear can be transfered. This is attributable 

to the fact that increase in crack width means a reduction in surface 

area in contact and hence a lesser possibility of interlock. 

The other parameter studied during this investigation is the effect 

of axial load on interlock. Interlock force increases with increasing 

magnitude of axial compression. But interlock force dies down with 

axial tension, so that practically no shear transfer is possible in the 

presence of tension. (see tables 9 and 10). 

It was not possible to study the other parameters and hence an 

empirical relationship developed on the findings of this 

may be of limited applicability. 

The effects of the variables, 

investigation 

of aggregates concrete strength, size 

and grades of aggregates are not treated individually but represented 

altogether by the tensile strength of the concrete. This is reasonable, 

as the mortar or aggregate whichever fails earlier, will decide the 

strength in interlock. 

From the plot of test results of specimens in group 2 - without 

axial load, an empirical relationship has been developed in order to 

predict shear transfer as a function of crack width - 
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The equation is 

_ 
bd 	

K(1 - Cw.31-  
1 + Cw

) 	Ucyl 5.1.1 

where 

and 

Qg = shear carried by interlock 

K = constant 

Cw = crack width in mm. 

Ucyl = cylinder strength of concrete in N/mm2  

Ucyl is also in 
Nimm2  

From the curve, the value of the constant K is found to be 0.28 for 

a concrete cylinder strength of 33.0 
NI/  mm2  . This is the mix used during 

this investigation. 

Thus after evaluation of the constant, equation 5.1.1 becomes - 

0.2817;7. (1  1 	- Cw Cw)3  bd 	+  
5.1.2 

In the presence of axial force:  

Equation 5.1.2 needs modification if it is to be used when axial 

load is present. As explained before, axial force has an effect on the 

crack width and axial compression creates frictional resistance. 

So, firstly the crack width is to be modified, which means the crack 

width in equation 5.1.2 be that after application of axial load. To take 

account of the frictional resistance, a coefficient of friction will be 

introduced and with the help of shear friction theory (used by Mattock 

mentioned earlier), the magnitude of shear that can be transfered in the 

presence of axial compression is 

- 	0' 	1 + Cw 2811757T a Z-21)3  + tan N/bd N/bd 	5.1.3 bd  1 

where 	Cw 	crack width after application of axial load in mm. 

tan 	coefficient of friction 

N/bd = Magnitude of normal stress across the plane of 

failure in Nimm2 
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Mast
25 proposed that tan 4p could be taken to be 1.4 which is in fact, 

the slope of the failure envelope adopted for the development of shear_ 

ing • 	equation if Ut = 0.1 Ucyl. This seems reasonable and a value of 

tan if) = 1.4 is adopted, which from test results is found to be on the safe 

side. 

Thus the final equation to predict shear transfer in the presence of 

axial load becomes - 

bd
1 
 = 0.28 Ucyl (1 + Cw1 	- Cw)3  + 1.4 N/bd 

	5.1.4 

In case of tension, there will be no frictional resistance and if 

the crack width is modified, the original equation 5.1.2 will be valid. 

5.2 Study of dowel Theories: 

Another important action believed to carry shear in conjunction with 

the concrete compression zone, web reinforcement and aggregate interlock 

is dowel action of the tensile reinforcement. Investigations by a number 

of researchers (Battmann7, Tayldr57, Krefeld and Thurston
26, Jones

20
, and 

Pqa.lay and Fenwick43) envisage that a considerable portion of the total 

shear is carried by this action. Their findings were based on tests of 

model beams or special small specimens. 

Concept of "Beam on elastic foundation". 

This concept was used by Jones20, Krefeld and Thurston
26,and Regan45 

to evaluate the amount of shear that could be carried by the dowel action 

of the tensile steel. 

R. Jones was the first to apply the coneept of "beam on elastic found-

ation" to estimate the shear carried by the tensile steel. The same 

concept was used by the other investigators with minor alterations. 

Jones assumes that the end of a beam is held in position and direction 

and the support (see fig. 71) 
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His second assumption is that the forces acting on the block are 

capable of keeping the top surface of the beam horizontal. 

Now with the application of load Qd  on the tensile steel, the whole 

block will try to deflect but as its top is held horizontal the whole of 

the deflection of the tensile steel caused by Qd  will appear as tensile 

strain in the concrete down to the level of tensile steel. Jones thus 

considers that the structure is composed of a dowel element of the tensile 

steel and the concrete below it, supported from the top by the concrete 

in tension. Thus the loading conditions may be expressed as 

(1 4 
EI  
2 dx 

-Ky 5.2.1 

where EI
2 

= flexural rigidity of dowel element. 

K = modulus of elasticity of concrete foundations:constant 

y = vertical deflection; transversal deformation of 

dowel element. 

After the application of proper boundary conditions and simplifications, 

he arrives at the following equation 

g
d = 2 EI

2 z
3y 	 5.2.2 

where z = 4 K 
2 

Equation 5.2.2 can be applied to beams to find Qd, provided the concrete 

cracks, as follows. 

If yd be the distance from the centre of the compression steel to the 

top of the tensile steel, he considers that the upward force per unit length 

is 
Ky = 

yd 
Eb1  
yd 

5.2.3 

where 
	

b1  = Net breadth of the section 

= b - n 	, 

n = No. of bars 

= diameter of bars 

Eybl  



Fcc 

Fst 

-185 

EOUILIBRIUM CONDITIONS USED BY JONES  

FIG. 71. 

Shear device 

SPECIMEN FOR DOWEL TEST (JONES) 
FIG. 72.  

DOWEL ACTION OF TENSILE STEEL (REGAN)  

FIG. 73.  
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From the last assumption it appears that he considers the average 

tensile strain in concrete in order to estimate the upward resistance 

offered by concrete. But in fact, tensile strain at the level of tensile 

steel will be maximum the net breadth being a minimum, although in practic&4 

terms the effect of his simplification is emall. 

Horizontal cracking will occur when the magnitude of the vrincipal 

tensile stress exceeds the limit value. The principal tension is caused 

by a combination of vertical stresses resulting from dowel force and 

longitudinal steel due to external loads. 

Ky = b1 fu 
Eb

1 
yd Y 

ydfu 
0 0 	 Y - E  5.2.4 

where 	fu 
= the limiting vertical tensile resistance as reduced 

by the other stresses. 

After substitution of values of K and y, 

Equation 5.2.2 becomes - 

Qd(max) 
= 2 EI2 3./j 	

Eb 
 ydfu 
4 yd EI2 

or 
Qd(max) = 0.7 fu 

sijyd I b3  2 1 
5.2.5 

where the value of fu will depend on the horizontal, shear and the 

limiting value of principal tensile stress. 

Jones carried out tests on specimens as shown in fig. 72. 

From test results of loads causing splitting, Jones calculated values 

of 	q = 3-- and corresponding values of fu 	- 
b
1
la 

where q = shear stress 

Q 
	

shear force causing cracking 

b
1 
= net breadth of specimen 

la = lever arm 

(IA 2) 
P 
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Substituting values of fu obtained into equation 5.2.5, theoretical 

dowel forces were obtained. 

From test results of beams with web reinforcement Jones concluded 

that longitudinal steel functioning as a dowel contributes a substantial 

part of resistance at shear failure. 

Krefled and Thurston
26 

Their test specimens are shown in fig, 7Z+. 

Like Jones they applied the theory of beams on elastic foundation 

and derived an equation for the dowel cracking load. 

Qd = bjITZT [1.3 (1 +1Ucylt 
 c + 	— 

1 	5.2.6 
.j
8Ors  

d i  

where 	Qd = dowel cracking load 

x1 
= distance of the tail of the inclined crack from the 

support. 

c 	= concrete cover 

= distance from the centre of a single layer of bars 

to the bottom surface. 

In fact, the equation derived from the theory of beams on elastic 

foundation did not include the effect of distance of the diagonal crack 

from the support. 

The above equation is a modified one taking account of the influence 

of this factor found in their tests of beams with preformed cracks. 

The following are the most important points emerging from their 

tests on dowel specimens - 

1. Dowel forces decreased with increase of the distance between 

the diagonal crack and the support. 

2. Dowel forces increased with larger concrete cover below the 

bars. 

3. From the tests on their specimens, they found that dowel 

resistance is about one-third of the total shear. 



. QQ 

A 
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(a). DOWEL SPECIMEN 

Artificial crack 

T T -,..E R Strain gauges 

_ 	via  
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(b). BEAM SPECIMEN 

DETAILS OF SPECIMENS FOR DOWEL TESTS 

(KREFELD & THURSTON). 	FIG. 74. 

Section A-A 	Section B-B  

DETAILS OF SPECIMENS FOR DOWEL TEST 

(BAUMANN). 	FIG. 75. 

1.88 
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In order to confirm the fraction of shear carried by dowel action, 

Krefeld and Thurston performed a test on a beam with an artificial crack 

(see fig. 74b). They measured the strains in the concrete and longitudinal 

steel and estimated the shear carried by the concrete compressive zone 

and the tensile steel separately. The results of this beam test, they 

found, agreed with those obtained from the dowel beams. 

Their main conclusions are summarised below - 

1. After shear cracking, longitudinal steel carries external shear with 

a dowel action. 

2. The shear resistance of the longitudinal bars depends on the size of 

the bars, depth of cover below the bars and the concrete strength. 

Regan
45 

assumes that the point of contraflexure of the tensile steel 

is at the middle of the crack, which means the bending moment are equal 

at the two sides of the crack. (fig. 73). 

Thus the bending moment in the reinforcement at the section x', Mx' = Qdx' - Ty'. 

Then converting the above equation into differential form and 

working out Heteny's solutions for the deflection profiles of members 

supported on elastic foundations and subject to axial and transverse 

loads, after simplifications, he arrives at the following equation for 

transverse deformation of the dowel beam - 

( ko) 1/2 
Y = Qd P2— (Elp 

1/4  a 
E 	

/ ko 
2 	

I21 

Then at critical stage - 

Ut = ko
b 
 y  

, and thus equation 5.2.7 becomes - 
1 

Qd 	1Ut/ 	E ko 1/4 4_ a  ( ko)  1/2  

2 	

1 
EI2' 

5.2.7 

5.2.8 

where 
	

Qd = shear force in reinforcement 

EI2  = stiffness of "beam" (reinforcement and concrete 

cover). 
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ko = modulus of support, stress exerted by foundation 

per unit displacement of "beam". 

y = transverse deformation of "beam" (dowel) from 

its unloaded position at the section considered. 

a = half of the crack width at the level of tensile 

steel. 

b
1 	net breadth of concrete (overall breadth minus 

the sum of the diameters of the bars in one layer). 

He simplified his equation further on the assumption that 'a' is 

small and hence the last term of equation 5.2.8 can be neglected. 

He obtained the value of modulus of elastic foundation on the 

assumption that stresses disperse at 45o angles in both directions inside 

the concrete. 

Finally, considering plasticity of concrete even under tensile 

stresses, he reduced his equation to the following form - 

Qd = K b1  UV( 
EI
ko) 

 
2 

5.2.9 

The stiffness of the dowel element EI
2 is calculated on the basis 

of uncracked section theory. The equivalent area of steel in terms of 

concrete is to be considered. 

Regan's theory differs from that of Jones' in that the latter 

assumes the foundation modulus is inversely proportional to the depth 

of the berm, whereas Regan believes the stresses at the level of tensile 

steel are dissipated towards the concrete compression zone and hence 

the effective depth is of little significance. 

Baumann's
7  
test specimen (fig. 75) was similar to those used by 

Krefeld and Thurston26 and Taylor57. Only the tensile zone of a simply 
supported beam was loaded. This part of the tensile zone was separated 

by an artificial crack from the rest of the beam. Thus, if any load 

is carried by the beam, it is by dowel action, other actions being 

deliberately eliminated. 
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He studied the effects of a large number of variables, the most 

important of them were - width of preformedb crack, thickness of bottom 

+0 
cover, distance from preformed crack support, diameter of main reinforce- 

ment, number of layers of bars and concrete strength. He also studied 

the effect of stirrups supporting the dowel. 

After analysis of his test results, he proposed two equations for 

dowel cracking loads, one for a single layer of bars and the other for 

two layers of bars in a beam. 

Baumann's equation for vertical equilibrium is 

Qd = K Ut bn lc 	 5.2.10 

where 	Qd = dowel cracking force in Newton. 

K Ut = average vertical tensile stress in concrete 

at the level of bars along a primary bearing 

length. 

Ut = uniaxial tensile strength of concrete 

0.245 Uw
2/3 

 in N/mm2  

Uw = cube crushing strength of concrete (N/mm2) 

bn = net breadth of beam at the level of main 

reinforcement. 

= total breadth - sum of the diameters of bars 

in one layer. 

lc = primary bearing length of dowel. 

From his test results, he found 

lc -= 6.6 4>/uw1/3 	 5.2.11 

for a single layer of main reinforcement. 

where 	= diameter of reinforcement 

and 	lc = 40 + 0.032 Ju 	 5.2.12 

for two layers of main reinforcement. 

where 	Ju = moment of Inertia of dowel bars + concrete 

cover directly below the bars. 
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Upon substitution of the values of lc into equation 5.2.10, he 

arrived at the following equations - 

Qd = 1.62 bn 17 Uw
1/7 
	5.2.13 

for a single layer of reinforcement 

and 
	

Qd = 0.245 bn Uw 	(40 0.032 Al) 	5.2.14 

for two layers of reinforcement. 

where Qd is the dowel force causing dowel cracking. 

It seems from these equations that the dowel force is not dependent 

on the distance between load and supports, which the author believes 

is true only when the distance is large. When the distance is small 

the dowel force increases inversely as the distance between the support 

and the dowel load (ref. 3). 

Baumann gave no equations for the effects of web reinforcement, 

but there is evidence in his work that web reinforcement improves 

the dowel action of the tensile steel. 

Arroyo's3work was completely experimental and the following 

information was obtained from his test results - 

1. Dowel force increases with an increasing percentage of tensile 

steel, the increase being considerable in specimens without stirrups. 

2. Dowel force increases with decreasing distance between the tail 

of the diagonal crack and the support when the distance is short. 

3. His information regarding the type of reinforcement is inconclusive 

but he believes that it may have a considerable effect. 

4. Dowel force increases with an increase in concrete cover below 

the bars, at least when the distance to the support is short. 

5. Dowel shear resistance is increased with the amount of stirrup 

put in the specimens, but this increase is dependent, at the same 

time on the distance of the stirrups from the preformed crack. 
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Other investigators, the names of whom are worth mentioning 

in this regard are Lorentsen32, Acharya and Kemp
1
, Taylor, R.59, 

Ashdown4 and Taylor, H.P.J.57. A full description of their work is 

available in reference 3. 

5.3 Bond failure: 

Mostly bond failure is not much of a problem in reinforced 

concrete structures and that is why it is often forgotten. But some- 

times with poor bond properties or inadequate cover, failure can be 

by bond before either flexural or shear failure. 

In a beam with web reinforcement, the shear carrying action is 

due partly to arching action with the tensile reinforcement acting 

as a tie and partly to truss action in the presence of web reinforcement, 

again using• the main steel as a tie. 

The reduction of stress in the main steel in the direction of 

decreasing moment is due to bond. After the formation of inclined 

cracks the ability of the web to transfer bond forces is partly 

destroyed, which means the rate of reduction of the force in the main 

steel is decreased. This implies that the force to be anchored 

towards the end of the span is greater and if no appreciable bond 

length is available, bond failure may follow. Thus shear cracking 

increases the possibility of bond or anchorage failure. 

To avoid failure of this type, most theories2'
45,28 

suggest 

that the main steel be extended a distance equal to the horizontal 

projection of the shear crack beyond its permissible cut-off point 

(by flexural theory). 

Even then considerable differences exist between the suggestions 

as to what extent the cut-off position be extended. 

Another type of anchorage failure (not strictly a bond failure) 

is caused by splitting of the concrete cover at the level of tensile 

reinforcement. This type of failure is observed in tests of beams 



194. 

with deformed bars (KS 60 steel). Unlike the previous type of 

failure, splitting failure not only depends on the anchorage length 

but also on concrete cover. 

Past work: 

The parameters which are believed to influence bond or anchorage 

failure are - 

a) concrete strength 

b) diameter of main steel 

c) type of bar 

d) concrete cover 

e) web reinforcement (if any) 

f) anchorage length. 

Not much work has been done on bond or anchorage failure in 

beams. The limited amount of work done is described below , 

Mathey and Watstein35  

They performed tests on 18 beam specimens and 18 pull-out specimens 

with deformed reinforcing bars, varying the embedment lengths from 

7" to 17" for 1" bars and 7" to 34" for 1" bars. Their test-specimens 

are shown in fig. 76 and 77. The following are their main conclusions - 

1. The bond strength per unit length decreased with the increasing 

length of embedment for a bar of the same s',ze. For a given ratio 

of length to diameter of a bar, the bond strength decreased with 

increasing bar diameter. 

2. Ultimate bond stresses in pull-out specimens agreed in 

general with those in beams with 1"4 bars. But their test values 

on pull-out specimens with 1"4>bars were higher than those of beams, 

presumably because the 1" 4)bars could split the cover. 



 

Section 1-1  

  

 

ELEVATION  

  

     

tB1 
Strain gauge 

la! gauge 

I 
I 
I I 	I 

Section 2-2  

Dial bracket 

Leather cushion 

Base plate 

Spherical bearing block 

P 	 P 

DETAILS OF PULL-OUT SPECIMENS  

(MATHEY & WATSTEIN) 	FIG. 77.  

195 

PLAN 

DETAILS OF BEAM SPECIMENS  

(MATHEY & WATSTEIN). 	FIG• 7G. 



196. 

3. A linear relationship exists between the critical bond stress 

and the ratio of bar diameter to embedment.length ( ) for -3" ,bars; 

but they were not satisfied with the test results of 1" +bars. 

4. Increase of loaded-end-slip in the beam as well as in the 

pull-out specimens was observed with the stress in the bar, but it 

was found to be independent of the length of embedment for a particular 

bar. The relationships of loaded-end slip and stress in the bar were 

dissimilar for pull-out specimens and beams. 

5. Based on their test results, they suggested two criteria 

of failure to define critical bond stress. 

a) loaded-end slip of 0.01" and 

b) free-end slip of 0.002". 

Failure will occur whichever condition is reached first. 

6. Another striking result emerging from their tests was that 

the maxm bond stress developed in all beams with 1-"(1) bars was 

greater than twice the maxm  allowable bond stress of ACI 318-56, 

350 psi; but the load stress in beams (six out of nine) with 1"p 

bars was less than 350 psi. 

The critical bond stress in the case of pull-out specimens with 

1'1 10 bars was less than twice 350 psi except the bar with only 7" 

of embedment. Four out of nine specimens with 4!,(1) bars failed to 

develop bond stress of twice 350 psi. 

Ferguson and Thompson
17 

Ferguson and Thompson defined bond failure as a failure caused 

by the excessive slip at the free-end of the bars. Their investigation 

consisted of a study of the parameters which are given below - 

1. concrete strength 

2. clear cover 

3. specimen width 
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4. web reinforcement and 

5. bond length (development length). 

Fig. 78 shows the beam specimen used during this investigation. 

So far as the effects of the above-mentioned parameters are 

concerned, they reported that bond strength was found to vary as 

161T, but a non-linear relationship exists between clear cover and 

bond strength. Bond strength was found to increase with increasing 

cover (fig. 79). The increase reduced with increase in clear cover. 

They concluded that a large amount of data might indicate a curved 

line. 

Bond strength was found to increase with increasing ratio of 

web reinforcement, which is indicated by fig. 80. 

From fig. 80, it is clear that the rate of decrease of bond 

stress with increasing bond length is less for longer lengths. 

They found that narrower beams failed at bond stress of 7 to 20% 

lower than those of other beams. They attributed this to the devel-

opment of higher diagonal tension resulting from lesser lateral 

resistance to splitting. 

In the case of multiple cut-offs, stirrups improve bond strength. 

Their conclusion das that heavy stirrups can offset the loss of 

strength due to multiple cut-offs. 

Ostlund's
42 test specimen is shown in fig. 81. His findings 

suggest that steel stress at failure increases with clear cover. 

(see table 11). 

During his tests he varied not only the clear cover but also 

the amount of web reinforcement and the lap lengths (fig. 82). 

Losberg33 carried out a number of tests, the results of some 

of which are plotted and shown in figs. 83-88. 
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CHAPTER 6  

THEORETICAL INVESTIGATION: 

6.1 Introduction  

As discussed in Chapter 2, shear failure is not a simple 

failure mode like flexure. Stiady of -the behaviour of rectangular 

beams at the time of failure suggests three main modes which 

have to be dealt with separately. 

6.2 Development of shear cracking theory  

6.2.1 Failure criterion  

Concrete at the head of a flexural crack is subject to 

longitudinal and transverse direct stresses as well as shear 

stresses. 

If failure is believed to occur due to the combined action 

of these flexural and shear stresses, a failure criterion for 

biaxial stresses is necessary. It is assumed that shear cracking 

is the result of excessive principal tensile stress and hence 

the analysis to predict shear cracking load will be based on 

the equation representing the magnitude of principal tensile 

stress at a point, namely 

fi  = j ft + J (2 ft)2  + q2  

6.2.2 Assumptions  

The following are the assumptions made in the context of 

the development of the shear cracking equation. 

a) Shear cracking starts after the formation of flexural cracks. 

b) Shear cracking is caused by the combined action of tensile 

and shear stresses in the tensile zone of the cross-section 

of the beam. 



J 

2o4 

c) The shear stresses at different load stages and at 

different heights over the depth of the beam are proportional 

to the average shear stress. 

d) The tensile strain in the concrete above the flexural 

crack is proportional to the steel strain in that section 

of the beam. The existence of the tensile strain can be 

explained with the help of fig. 95. A similar type of 

stress distribution is assumed by Kani22  . The dependance on 

steel strain arises because crack widths are proportional to 

steel strains, and when the flexural cracks widen the interlock 

action diminishes (see Chapter 5) and an increasing proportion 

of the moment on a tooth caused by bond must be resisted by 

flexure in the tooth. 

e) The stress-strain relationship of both concrete and steel 

is linear. 

f) The tensile strength of concrete is assumed to be a function 

of cylinder strength. 

g) Variations in the lever arm factor are neglected. 

h) Since, unless it is inclined, web reinforcement does not 

carry any shear until the formation of shear cracks (with 

vertical stirrups) its contribution is neglected in the 

present analysis. 

i) The effect of small longitudinal stresses in the vicinity 

of the neutral axis is negligible. 



6.2.3 Derivation 

The equation governing shear. cracking loads of beams 

is 

fi  = i ft +j(i ft)2  + q2    6.2.1 

where f1 = The principal tensile stress 

ft 
	the tensile bending stress 

q = the shear stress. 

Cracking occurs when f1  exceeds Ut, the tensile strength of 

concrete and so f1  can be taken equal to Ut. 

Therefore, equation 6.2.1 can be written as 

Ut  = z ft +J(ft)2  + q 
2 

or 	U
t
2 	(i ft)2 - Ut  ft = (L.21_ ft)2 	q2  

ft 
or 	2 	Ut2 (1 - Tr- ) 

ft 
or 	Ut 4/ 1 - 

	

U   6.2.2 
t 

 

Again the above equation can be simplified for small 

ft 
values of (---) to the following form Ut 

(ft q = Ut [1 - IT) 

  

6.2.3 

  

From assumption c) 
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q = K 2, 
1 bd

1  
0000000 OOOOOOO 602.4 

where K1  is a constant. 

From assumptions d) and e), in the absence of axial loading, 

ft = +K
2
' M 

 

(+ve sign is for tensile stress) 
lamrst bd1 

where K2' is a constant. 



M 	 6.2.5 ft = K2 	mrst bd 2  1 

Neglecting the variation in lever arm factor, and 

considering a beam free from axial loads, 

206. 

where K2 is a new constant. 

As is evident, in the presence of an axial force, the steel 

stress is affected. 

Fig. 89 (a) shows a section of a beam subjected to a 

bending moment M and an axial force N. The combination of 

the bending moment and axial force can be replaced by an axial 

force of magnitude N with an eccentricity 'e' from the centre 

of the tensile steel. 

Then the eccentricity of N from the centre of the tensile 

steel : 

e = 7  + (di  - d/  ) , where N is +ve for compression. 
'2 

Considering moments about the centre of the compressive 

force, Fst.la  = N (e - la) 

where e > la 

Also Fat = 
rst bd1 fs  

or rst bd1 fs A la = N (e-la) 

or 	fs = N(e - la) 
   6.2.6 rst bd1 
la 

 
Again considering external moment equilibrium about the line 

of action of the compressive force F 

ext. = N (e - la) 

= M - N [la - (di  - d 
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Replacing N(e-la) in equation 6.2.6 by 

M - N (la - d1 +d/2), 

fs = M - N (la - di  + d/2) 

1 
M - Nd1  (j 	-1) , 

1 

rst bd1 la 

The two assumptions d) and e) give 

M - Nd (j + 	- 1) 
ft = +K2' 	

1 	2d1  

where K2' is a constant. 

Neglecting the variation in lever arm factor and writing 

k = (j + 2-d- - 1) 
1 

M kNd1 ft = K2 	2 	where K2 is a new constant. 1 
r
st 

m bd
1 

 

or ft = K
2 [ 741  bd1 ° mrstkN/

bdi 	mirst] 	
 6.2.7 

Substituting the values of q and ft in 6.2.3 

K 	1 1 —bd1 = Ut [ - 
	K 2 Qd1 "bd1 	1  

• " 	 _ 
M Q 	N 	1 \ 

Ut 

• mrst 	mrst 

	

M I 	1 	
K
2 1, N 	1 = Ut - K ( 	— ) + 
- 2  2 Qd1 bd1 mrst 	2 	1 mrst 

	

_ 	• K
2 K + 1K 	= Ut + 	k N/bd1 bd1 	I 	2  2 M

/Qd1 
 

	

mrst 	2 mrst 

K
2 N/bd1 

or 
Ut + 	k 

mrst - - bd1 	K1 M/Qd1  K + 1 7. 
mrst 

	 6.2.8 

rst bd la 

m rst bd1 la 



U t  
bd - 

K + K2(M/Qd1 Q)  
1 	2 

mrst 

6.2.9 

209. 

Equation 6.2.8 predicts the shear cracking load of a 

section already cracked in flexure. Since beams without web 

reinfOftement and with long shear spans ( a/di  > 2.5) fail 

following shear cracking, this equation can be used to predict 

the ultimate strength of such beams failing in shear. 

The above equation is useful when axial force is independent 

of external moment. If the magnitude of axial force is 

dependent on the external moment, it can be modified to the 

following form : 

The use of the shear cracking equations requires the 

following additional limitations and data : 

a) The equation is applicable to a section at a distance of 

d1 either from the load point or from the support, and hence the 

M/Qd1 
ratio at that section is to be used. This is reasonable 

because the first shear crack occurs at a distance approximately 

equal to d1  (effective depth) from the load point. The ACI-ASCE 

Committee 5262 also based their equation on the assumption that 

first shear cracking will occur at a section at least a distance 

d1 away from the load point. Sections closer than d1 
to the 

support remain uncracked in flexure. 

b) When d1 	<2di, the equation can be applied at the section 

located in the middle of the shear span. 

c) When a 4:d1' nominal elastic theory distributions of stresses 

can be applied based on an uncracked section. 

When the shear span becomes short (a <;d1) the flexural 

stresses will not be able to cause flexural cracks in positions 



Ut + 0.04 k 
= 	mrst  

bd1 	M/Qd1  
1.35 + 0.04 

N/bd1  

mrst 

	 6.2.10 

210. 

which can initiate shear cracks. So the elastic theory can 

be applied. 

Es d) The modular ratio (m = 
Ec) is given by the relationship 

m  = 5  U 
70 

cyl , when U cyl is in N/mm2  unit. 

, and m = 5 + 10 c000 when U cyl is in psi. U yl 

This relationship is suggested by Laupa
45
. 

e) The tensile strength of concrete (split cylinder strength) 

Ut is already assumed to be function of cylinder strength is 

equal to 

Ut = 0.47 )7157ri 

where both Ut and U cyl are in N/mm2  unit. This relationship 

is obtained by plotting test results of Mattock18, Moayer37, 

Narasionhan
4o 

and author's own which is shown in fig. 92. 

f) Evaluation of the constants by test results gives 

K1  = 1.35 and K2  = 0.08. 

Upon substitution of the values of the constants, the 

equation becomes 

and 	-26- - 	Ut 
bd1 	

m/
Qd1 - k 

N/Q 
  6.2.11 

1.35 + 0.04 

With the values of m and Ut as given above. The validity 

of these above equations has been checked with a number of test 

results for varying percentages of main steel, concrete strengths 

and moment shear ratios. A full account of the comparison is 

given in Chapter 7. 

mrst 
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6.3 Equilibrium conditions of the shear span after  

shear cracking_ 

Fig. 90 shows the forces acting in a shear span after 

formation%of an inclined crack. The equations of equilibrium 

for the shear span can be written as 

considering vertical equilibrium - 

Q = Qc + Qd + Qw+ QG  Sin0   6.3.1 

considering horizontal equilibrium - 

FccFst + N - QG  cos e 	0000 6.3.2 =  

and considering moment equilibrium about the centre of the 

tensile steel at the section of vertical loading 

Qa = F cc
la - N (d1  -d/2) + Qw + (41' QG ....6.3.3 

Now, in the tests of beams reported in Chapter 4 it was 

observed that the width of the critical inclined crack grows 

sufficiently wide that the possibility of the aggregate interlock 

force carrying any appreciable shear can be ignored. Tests 

on small blocks (see Chapter 5) show that a little amount of 

shear can be transferred across a narrow preformed crack even 

in the absence of compression, but this dies down rapidly with 

increased crack widths. 

BaAmann's7  tests have shown that for dowel action of the 

tensile steel to develop beyond one stirrup near the tail of 

the crack, a large vertical displacement is needed, which is 



213. 

much larger than those occurring in normal beams. Thus 

if c/s is taken as the effective number of stirrups carrying 

shear, then the dowel action of the tensile steel is of 

negligible consequence in beams failing in diagonal tension 

and shearing. Dowel action of the tensile steel in the case 

of shear-compression failure will be discussed later. 

Thus the three equations of equilibrium of the shear 

span become : 

	

Q =-c Qw   6.3.4 

	

Fcc = Fst + N   6.3.5 

	

and Q a = Fccla - N(di  - c1/2) + Qw7   6.3.6 

so far as diagonal tension and shearing failures are concerned. 

In general these are the principal equations governing 

the shear failure of beams. 

Equation 6.3.4 governs the failure mode if it is vertical 

failure e.g. shearing failure. 

6.4 Development of shearing equation  

Shear distress in a beam starts after the formation of 

shear cracks in the web. In absence of any additional component 

to replace the web, the failure of a beam is imminent after 

shear cracking with long shear span/effective depth ratios 

[a/di 	2.5 for normal tensile steel ratios and concrete 

strengths]. At this stage if web-reinforcement is present 

it can cooperate to carry loads and ultimate failure is caused 

by shearing of the compressive zone. 

Unlike shear-compression, this type of failure is governed 

by the conditions of vertical equilibrium. Moreover, failure 

of the compression zone is not preceOded by crushing of the 
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concrete as is the case in shear compression failure. 

The shear stress plays a dominant part in failure of 

beams by this mode. Referring to equation 6.3.4, the critical 

condition is given by 

Quit = 	Qw   6.4.1 
where Quit is the maximum load that can be carried by a 

beam with stirrups of long shear spans (a/di > 2.5). To 

evaluate 
Quit'  the individual magnitudes of Qc  (concrete contrib-

ution) and Q
w 
(stirrup contribution) must be known. 

6.4.1 Evaluation of concrete's contribution in carrying shear  

In order to estimate the amount of shear carried by the 

compressive zone of concrete, the depth of the compressive zone 

must be known. Then a distribution of shear stress across the 

compressive zone can be assumed. 

The propagation of the shear crack is partly dependent 

on the web reinforcement ratio. As the crack propagates further, 

more stirrups become operative and thus the contribution of 

concrete is partially replaced by that of stirrups. 

Shear cracks are formed from the existing flexural cracks 

due in a sense to the action of interlock. After this some 

shear is transferred across early shear cracks by interlock. 

Then presumably when only negligible shear is transferred by 

interlock, the formation of new inclined cracks is halted and 

the crack widths increase considerably until failure. 

If failure is assumed to take place due to lack of vertical 

equilibrium, and the components of resistance are the concrete 

compression zone and web reinforcement, either of them may 

fail first. Generally, it is assumed that web reinforcement 
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attains yield stress at failure and that failure takes place 

when web reinforcement is unable to carry more shear, as is 

the concrete which has been in a critical condition from the 

cracking stage onward. Yielding of web reinforcement is 

supported by strain readings on it during this investigation 

(see Chapter 4). 

After shear cracking, with each increment of load, the 

inclined crack propagates both ways. As a result, the depth 

of compressive zone is reduced, and the depth of concrete at 

the section at the head of the inclined crack is smaller than 

the depth of flexural neutral axis. If web reinforcement is 

present, the growth of the inclined crack into the compressive 

zone is restricted. Until today no theory has been developed 

to estimate analytically the actual depth of compressive zone 

above the crack but since there is no dominant arch action it 

must be close to the flexural value (see fig. 99). As already 

mentioned, a small reduction of the depth of compressive zone 

will result in a reduction of concrete contribution to shear 

capacity but on the other hand, with the increase in crack length, 

more stirrups will become operative and increase the stirrup 

contribution. Thus in absence of any rational approach to find 

out the depth of compressive zone at the head of an inclined 

crack it is reasonable to assume that the depth is proportional 

to the flexural neutral axis depth. This will mean overestimation 

of the concrete contribution and underestimation of the contrib-

ution of web reinforcement, but will have very little effect on 

overall accuracy in what are in any case partially empirical 

equations. 
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If a distribution of shear stress in the compressive zone 

at the time of failure is assumed, then the total shear force 

carried by the concrete can be evaluated. 

Taylor
54 

computed the shear stress distributions in the 

compressive zones of 6 beams above flexural cracks from strain 

readings on the surface of the concrete. His beams were not 

reinforced in shear. Fig. 91(a) shows his shear stress block. 

The shear stress distribution above an inclined crack may not2be 

exactly the same as that above a flexural crack. Moreover, web 

reinforcement if present, will affect the distribution, but the 

shape of the upper part of the stress block should not be very 

different from that computed by Taylor. 

In the presence of web reinforcement, a shear stress 

distribution is assumed, which is shown in fig. 91(b). 

The magnitude of shear stress at the level of neutral 

axis follows from the following analysis of the free body 

diagrams of a shear span. 

From the free body diagram (fig. 96) it is evident that 

the magnitude of shear force at the depth of neutral axis is 

r fyqbs cote. 
q 

shear stress at the position of neutral axis, 

rafyq cot 0 66 

bs 

= r fyq cot 
	when bs is the area of the 

shear plane. 

The parabolic shear stress distribution inside the 

compressive zone is theoretically correct provided the distribution 
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of longitudinal stress isilinear and not much in error for other 

distribution of longitudinal stresses. 

Taylor's stress block though it is above a flexural crack, 

suggests that the maximum value of shear stress is not at the 

level of neutral axis but above and well inside the compressive 

zone. So far as the estimation of shear force carried by the 

compressive zone is concerned, only important point is the 

magnitude of maximum shear stress. 

From the failure envelopes suggested by Guralnick and 

Walther45,60 (fig. 93), when plotted in terms of the stresses 

on a vertical plane, (fig. 94) it appears that a maximum shear 

stress is a valid criterion for a wide range. This magnitude 

of maximum shear stress is little influenced by longitudinal 

stress within the practical range of ratios of stresses. 

The magnitude of maximum shear stress for Ut/U cyl = 0.1 

is approximately 0.16 U cyl or in terms of Ut, 

q 	= 1.6 Ut (Guritalnick's envelope) 
max 

In the present theory, Ut = 0.4757Tri, which means the 

relationship between Ut and U cyl is not linear and is varying 

for different concrete strengths. If calculated, the concrete 

1 
of practical use, the relationship gives Ut = (i to 7.2) U cyl. 

As the ratio changes, the magnitude of qmax  will change in terms 

of Ut. For simplicity, qmax  in the present analysis is assumed 

to be equal to 1.6 Ut. 

Thus total sliear force carried by the compression zone 

becomes : 

Qc = K11 max b no 
d
1 

where K is a constant 

= K
1
Ut b no  d1, where K1  = 1.6K. 
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Direct stress/Ucyl 

FAILURE CRITERIA EXPRESSED AS LIMITING SHEAR  
STRESSES (Ut /Ucyl = 0.1) 
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The value of K1  is evaluated for a parabolic shear stress 

distribution where K = i, and is equal to 1.067. 

Upon substitution of the value of Ut, and the constant 

Qc  =1.067 x0.47 	b no  K1, 	 d1  

	

0.5 )71-177l b no d1 	6 4  2 

Evaluation of the depth of flexural neutral axis (1c) : 

From fig. 97, assuming linear strain distribution 

ĉc 	est -  
n cp1 	(1-n0)d1 

n 
 

or 
1 - no 

cc 	 6.4.3 
°E. 

Again, equating the compressive force to the tensile force 

at a section subject to axial compression of magnitude N, 

rstbd1est
E
s 	iyodi x 2.2 U cyl' - N 0000 6.4.4 

in N and mm units. 

The above equation is based on the assumed compressive 

stress block in the following section. 

Eliminating est  from 6.4.3 and 6.4.4 and solving for no, 

qccrstE 	N/bdi 	e.ccrstE
( 	 s  s  

z)2 	4 x 
no - - ',I 2.2 U cyl 	2.2 U cy13 	2.2 U cyli  

2 

 

c'ccrstEs Nbd1  
) 2.2 U cyl' 	2.2 U cyl  

  

6 4  5 

   

 

2 

   

where 
e
cc = 0.0035 
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6.4.2 Evaluation of contribution of web reinforcement  

To evaluate the amount of shear carried by stirrups, the 

number of effective stirrups must be known. As mentioned earlier 

stirrups become operative only when they are crossed by a 

crack and so only the stirrups which are crossed by the critical 

inclined crack will be effective. Thus, the number of effective 

stirrups is calculated on this hypothesis. 

If s be the spacing of stirrups along the axis of the 

longitudinal steel and c the horizontal projection of the 

inclined crack, the number of effective stirrups crossed by an 

inclined crack could be as high as 

ne 	+ 1 

This is true so long as detailing and formation of the inclined 

crack are as shown in fig. 98(a). 

Another type of crack formation and detailing as shown 

in fig. 98(b) suggest that the number of effective stirrups 

could be as low as 

ne = 	- 1 

Thus, though c 	2s, the actual number of stirrup crossed 

by the incurred crack can vary. 

In general, number of effective stirrups crossed by an 

inclined crack is taken equal to S. This is considered to take 

account of the dowel action of the tensile steel in cases 

where-ne = 	- 1). When the tail of an inclined crack approaches 

a stirrup not crossed by it, dowel action of the tensile steel 

will stress that stirrup. As a result, if — is taken as the 

number of effective stirrups, the dowel action of the tensile 

steel is also taken care of. 
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The length of the horizontal projection of the crack 

is dependent on its inclination. So far as beams with short 

shear spans are concerned (a/d1  ( 2.5), the whole 

shear span is crossed by the inclined crack. But the same 

is not true in cases of shearing failure in beams with 

a/d1  ) 2.5. From test results (see Chapter 4) the critical 

slope is found to be 1:2 approximately. 

Thus the force carried by web reinforcement is 

Qw  = rqfyqbc and c = 2(1 - nddi  

2rqfyqb d1(1-110)   6.4.6 

Upon substitution of values of Qc 
and Q in equation 6.4.1. 

Quit = 0.5 nodU cyl bd1  + 2rqfyq bd1  (1-n o)...6.4.7 

in N and mm units. 

= 0.5 no  11771 + 2 rq fyq (1-no) 	 6.4.8 

in N and mm units 

6.5 Development of shear-compression equation  

6.5.1. Introduction  

When beams without shear reinforcement are tested with 

varying shear spans, a critical value of shear span to effective 

depth ratio is observed. Beams with a/d1  ratios smaller than 

the critical one shows a marked difference not only in behaviour 

but also in strength when they fail in shear. This critical 

ratio of a/d1 is about 2.5 for beams with normal percentages 

of tensile reinforcement. But it can be somewhat higher with 

increasing percentages of tensile steel23. 

Below the critical value it is generally acknowledged that 

shear strength increases with decreasing a/d1  ratio, but the 

or Qult 

bd1  
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degree of increase of shear strength with decreasing a/d1  

ratios is still a debatable point. If this type of failure is 

assumed to be governed by the rotational equilibrium condition, 

then this implies that the ultimate moment remains constant 

so long as a/d1  is below the critical value. Another theory 23 

is that the ultimate moment does not remain constant but increases 

to reach the flexural value when a/d1 = 1. 

Based on the above findings, differing design proposals 

have been extended to predict shear strengths of short beams 

with web reinforcement. Even in the estimation of stirrup 

forces differences of opinion exist. In fact, there are three 

schools of thought : 

1. The ultimate moments are varying but stirrup force is 

remaining coast; that is, independent of the shear span
250,51 

2. The ultimate moment provided by the concrete above the 

crack, at the time of failure remains constant but the stirrup 

force decreases with decreasing a/d1  ratios, on the ground that 

number of effective stirrups crossing the critical crack will 

depend on the length of the shear span (or crack length)
47
. 

3. The last proposal30 allows both the concrete and stirrup 

forces to increase with decreasing a/d1  ratios so that the 

total ultimate moment remains constant. 

So far as the present analysis is concerned, the equation 

of rotational equilibrium will be used to predict failure loads, in 

this mode. 

Because of the rotation taking place prior to failure, 

aggregate interlock forces will not be of much importance in 

this type of failure. On the other hand, the tensile steel 

can develop a considerable amount of dowel force. This is due 
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to the extention of the inclined crack to the edge of the support 

plate causing the dowel force to be resisted by compression in 

the concrete cover between the reinforcement and the plate rather 

than tension in the concrete above the steel. This action can 

transfer a relatively large portion of shear but a first analysis 

can be carried out ignoring the contribution of dowel action 

which can be superimposed subsequently. This will not affect 

the analysis at all, because the line of action of the dowel 

force is almost the same as that of the reaction (shear force). 

So the load calculated from the equation of rotational equilibrium 

ignoring the dowel action is (Q alt - Qd), when Qd is the shear 

carried by the dowel action of the tensile steel. 

6.5.2 Assumptions for the development of shear-compression  

equation  

1. Shear-compression failure is believed to take place due 

to excessive compressive stress in the concrete. The effect of 

shear stress canbe neglected since the transverse load is 

carried almost entirely by inclined compression (fig. 100). 

2. The possibility of any shear transfer due to aggregate 

interlocking is neglected. 

3. The dowel action of the tensile steel is recognised and so 

its effect will be superimposed subject to the condition that 

the crack extends to the edge of the support plate and the beam 

is loaded and supported directly on the top and bottom respectively. 

4. So far as the contribution of the web reinforcement is 

concerned, the problem is simple so long as c = a. If c is 

smaller than a, the valde of c must be ascertained. An 

expression is developed to find the value of o/d1. 
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5. The compression reinforcement in a beam contributes to its 

moment of resistance. But the effect of compression reinforcement 

on the ultimate neutral axis depth cannot be estimated with any 

theory once shear cracking has occurred and thus its effect is 

not known. It is likely that due to the presence of compression 

steel, the neutral axis depth is reduced. On the other hand, the 

equivalent steel area may offset the loss and thus only be 

self-balancing. However, because of the complexity involved 

in any analysis considering the effect of compression steel, the 

effect is totally neglected in the following and a beam is 

assumed to be singly reinforced. 

6. Failure is caused by crushing of the compression zone. Thus 

to calculate the horizontal force, a stress distribution is to 

be assumed. The assumed stress block is shown in fig. 101(b). 

Where U cyl and U cyl, are in N/mm2  unit and U cyl = 0.8 Uw, 

where U
w is cube crushing strength of 100 x 100 mm cube; also 

in N/mm 

Again most theories assume that the horizontal compressive 

force F
cc  is proportional to the cylinder strength of concrete, 

which means shear-compression failure strength is much more 

dependent on cylinder strength and assume stress blocks as shown 

in Fig. 101 (a) 

The stress block adopted is based on the consideration that 

stronger concretes are less ductile than weaker ones with 

the result that the stress block factor F 
cc
/ b n d

1 
U cyl is lower 

when U cyl is higher. This observation is supported not only 

by tests of simple concrete specimens but also by the values of 

ultimate moments recorded in tests of overreinforced beams failing 

in flexure. Figure 102 shows the correlations obtained with the 

test results of such tests by using on the one hand the proposed 
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stress block and on the other the CEB version. 

6.5.3 Solution for ultimate neutral axis depth  

From the observed behaviour of the beams tested (see 

Chapter 4), it is evident that the depth of neutral axis 

prior to failure is very much less than the flexural neutral 

axis depth. This reduction of the neutral axis depth is more 

important in the case of beams failing in shear-compression 

already described in Chapter 2. Another important factor in 

the behaviour of short beams is that arch action predominates 

in carrying the load after the formation of the inclined crack. 

In other words, when the beam action is destroyed, the arch 

action continues to carry further load. 

Considering these factors a model of a rectangular beam' 

is adopted for analysis. In it the influence of web reinforcement 

on the depth of the neutral axis is taken into account considering 

the force carried by the reinforcement to be known and assuming 

it to act in the middle of the shear span when a = c. In the 

cases when a 3> c, the stirrup force is assumed to act at the 

middle of the crack length. 

If a beam with two point loads is considered the flexural 

cracks in between the two point loads do not rise beyond the 

flexural neutral axis (see beams B8, B9, B10 etc.) and as a 

result the stiffness of the part of beam between the two loads 

is much greater than that of the section at the head of the 

inclined crack, and thus only conditions in the shear spans 

need be considered. Thus the loading system becomes a beam 

with a single point load as in fig. 103. 

Although the slope of the inclined crack in fact, is not 

truly uniform for simplicity of analysis it is assumed to be 
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uniform and it can be seen later that it hardly affects the 

analysis. 

In cases when the inclined crack does not extend over 

the whole of the shear span,'then 1 is not equal to 2a, but 

is equal to 2c. 

The above model is one time statically indeterminate, 

and the steel force, Fst can be treated as the unknown 

redundant action. 

If the crack does not extend over the whole of the shear 

span, the beam model will be as shown in fig. 103. 

Properties of the sections  

E
ca 	Modulus of elasticity of concrete at section 

a-a (at support section) 

Ia 	Second moment of area of the section a-a 

E
cb 	Modulus of elasticity of concrete at section 

b-b (at a distance of a/2 from the support). 

Ib 	Second moment of area of the section b-b. 

ox 	= Modulus of elasticity of concrete at the loaded 

section - 	c - 
1 	

cl 

I
x 	Second moment of area of the section c

1 
- c

1 

The particular solution diagrams and the flexibility 

coefficient diagrams are given in figs. 104 and 	105 resp- 

ectively. 

Using Simpson's rule and neglecting the axial force energy 

of the concrete, 
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1 d12(1 -- .17  ) 2 

	

2 	2c 
E I 	EA

st 

	

cx x 	s  Ecblb 

Now, in the right hand side of the above equation the first 

two terms are negligible compared to the third and fourth terms, 

because Ia and Ib  are much greater than Ix, and hence, for all 

practical purposes, those two terms can be neglected. 

Thus d12  (1 - 14- 2 	
2c 

2  
Esrstbd1 f11 = 	x 	E Ix

cx  

d12(1 2- )2 
 

a  
3 x Ecx 	n 

x 	3 3 	E
s
r
st bd1 

12 	1 

1  where Ix  - 12 1 —bd 3  n3  

4a (1- .131)
2 	2c 

	 6.5.1 — 3 	+ 	E r bd E
cx
bd

1h 	
s st 1 

x (3-7)(Q 

c2 
- br  qf yq 2 

- uren  2  
2 
) x 

E 	I 	
j.  

cx 	x 

Similarly, 

U10 = -4 x [ 2 f4 

— 
+ d 	n) 1 	2 

1 
L 
io cb 



a(1 - 2:21) x 12 	2 	Nd1
2  

u10 = - 	3 	di  (Qa-brqfyq 2  ) 	2 (1 - 7)] 
3 Ec x bd1  n 

U 	= 	- 10 

Thus Fst 

F 

21) 4a (1 - 
Q 

9 

Ec 

= 

x bd 713 

1110 
f11 

4a (1-IP 

, 	
st 

 Ecxbd1Tg 

4a(1-E)2  2 

1 

c 
- 2 di  -7( 

N 	-.] 
1 	n) 	....6.5.2 

where Qw  = br f c q Yq 

N — (1-nd 2 

2c 

1 

a 	Sri C 	N 	 - 7.)] Q 
-71 -

2 (1 

(111)2 	c/a 2  + 
2rst 

cx 

or Fst = .....6.5.3 
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d1 (3:17) Nd1 	n, Nd -- --- 	1 	, 

+ x 	
7(1-n) }]. 4 x 	4  

	

4 	 (1  - 37) 	

d1kl- 

E2) I - 2 
	

E cb Ib 	cx x  

Again neglecting the first two terms inside the brackets, 

1I 	
c2 

	

u10 	x a x E x d1 	2 (1 - 21)(Qa - br q fyq 2 ) + cx x 

a x 
	N

2

d1 
2 

(1 - 2)(1 - 

3 E 	I cx x 

a(1 - 	2 	2 Nd Or 	= - 3 E 	I 	d (Qa - br f -9- ) - 	1 q yq 2 	(1 - 7 u10 	 01 cx x 	 2 	0 

3 substituting value of Ix  = 112 bdi3 	, 

Ecxbd1n3 
	

Esrstbd1 
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2rst 	
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Tis [gi 

(1 - n )2 
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12)2 
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Q 	- QV/ C N 
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2 E 
2 rs st-- (1 - 711p 

cx 

2.2 U cy13  n bd1 - N 

Equating for horizontal equilibrium - 
2 

Fst + N = F cc  - and Fcc  = 2.2 U cyl3  n bd1 
from the 

assumed stress block 

231+. 

cx 
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2 
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1 	Qw -e- +1-2.2   	2 lid 	U cyl-3- 	bd1 x d1(1 - 12) 2 2  or 
a1 

2.2 U cyl n bd1  - N 

c/a n 3  

2 r 
E  st-- (1 - L) 2 cx 

From the equation of rotational equilibrium 

Q a- 	2 c + — d1  r.t-t: 2.2 U cyl 37 bd1 la if 	= d1  

	

1 	
2 2 

a- 
1 2.2 U cy13  n bd1  [la - d (1-E)] 1 	2 	c/a 7. 3  • . 
1 x 	

 = 	 
Z — 	E 	— 

2.2 U cyl-' n bd1  - N 	2rstE 	2 --P- (1 11) 
cx 

3i la  2.2 U cyl ./7. bd1  ECIT 	1+  7  - n 3  x c/a  or 	_?. — 	- — 
2.2 U cy13  n bd1  - N 	2r Es ,_ n. st r  l "I -7) 

cx 

1 
From the assumed stress.  block,— = 1 - 0.4 ri d

a 

1 

la - 1 + 	= 1 - olLE 37 - 1 + 0.5 	= 0.1 3T 
. . ul  

2.2 U cyl bd1  x 37/10 	 2 n c/a 
• 

2.2 U cyl 17 bd - N 	2 r Es 	— 1
cx 2)  (1-- 2) 

2.2 2.2 U cyl 11 bd1  - N 2r sEs  (1 - ;i) or _g 
2.2 U 	n bd1  x 1 	

-- 
cx  
— 2 n c/a 
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N 

2.2 U cyl  bd 	— 2 1 	n c/a 

E 

2rstE
s  (1J-1 

= 	
cx  2 ) [or 	10 	1 - 

= no ,1 	 
N/bdi  

- 
2.2 U cyl 

1 

E 

— 2 0.2 rst Es  (1- -11) 2 
or n = 	cx 

 

El - 
N  

2.2 U cyl3  n bd..]  
c/a 

  

assuming (1- 2 	0.9 since n is very small 

• n I 
Es 0.18 

rst E 	
a — x 

cx  

1 
1 - N/bd1  

2.2 U cyl- n 

where no = 0.18 r 	a/c st E 
cx 

or 	37 jil - N /bd1 	_ 
= no 

2.2 U cylt 

N/bdi  
For' small values of ( 	2 	 ) 

2.2 U cyl3n 

N/bdi 	N/bd1  
j1 - 	 -1 ix 	g 

2.2 U cyl n 	2.2 U cyl? n 

-- 	
N/bd1 

Therefore, nt  = n - 7 X 
2.2 U cy13  

N/b d, 
giving 71. = no 	+ z  x 

   

6 5  4 

   

   

2.2 U cyl 



	

a 	N/bd1 or 	n= 	0.315 r m x — st c + x 	2 
2.2 U cyl3  

6.5.5 
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Since the modulus of elasticity of concrete is varying, 

and at the ultimate stage is much smaller than at earlier 

stages, and considering the secant modulus at a strain of 

0.002 (an "elastic" one) and at strain of 0.0035. (fig. 105) 

Ecx at ultimate stage 

2.72 U cyl3 	2.72 U cyl3- 	0.002 
- 0.0035 0.002 0.0035 = Eco x 0.571 

Substituting value of Ecx 

E
s 	N/bd1 n = 0.18 	a 

	

0.571 rst 7 x —c 	7  x 	a 
co 	2.2 U cyli  

7 where m = Es 
	

U
0
cyl  = 5 + 	, U cyl in N and mm units 

co 

In the above expression, unless the value of c is known n 

cannot be estimated. So in order to find an expression for c, 

the equation of moment equilibrium will be differentiated with 

respect to 'c' so that the plane of weakest resistance is 

ascertained. 

The equation of moment equilibrium gives - 
2 

M = 2.2 U cyl 	bd1la + brq Y
f
q 	- N(d1 	2  --), considering 

moments about the centre of tensile steel below the point load. 

Substituting the value of T. 
E s 	a 	N/bd 

M= 2.2 U cyl' [1. 315 rst 77- x + 7 x 	
1 

co 	2.2 U cyli 

c2 7 bdila + brqfyq 	- N(d1  - 
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Assuming the lever arm to be independent of 'e' and 

differentiating the moment with respect to 'c' and equating the 

cl,,rivative. 	to zero for minimum strength - 

E 	3 dM 	 s 
= 2.2 U cy13 	.315 rst 	ax 	bdila brqfyqc = 0 

dc 
co 

E
s 	2 

3 
or 	2.2 U cyl-) bd1la 	.315 rst 	axixc = brqfyq c. 

CO 

Multiplying both orders by 
c3/2 

and cancelling b from both sides 

E 	
1 2.2 U cy13  d1  la J. rst s 	7 a x = rqfyq c5/2  

-"co 
E 

 

c
5/2 

 = 
2.2 U cyl d

1  la 	.315 rst 	a 
Cd 

2 rqfyq 

or (1  )5/2  = di 
	2.2 U cy13  — x .313 rst 

2 rq fyq 

	

la 	
E
S 

	

1 
	

co 

diving both sides of the equation by d5
/2 

 

a 
x d

1 

d1  
= 014 

la 
E 

 
2.2 U cy13 	.315 rst 	x— 

1 	E
s 

co 
d
1 0..6.5.6 

 

2 rqfyq 

 

The increase of neutral axis depth due to axial load 

predicted by equation 6.5.5 is inadequate in comparison with the 

results of beams tested during this investigation. As a result 

it is found that the ultimate loads predicted by the above 

equation of neutral axis depth are conservative with axial 
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compression while beams with axial tension arc- found to be 

unsafe. 

In fact, with the application of the axial tension - 

vertical cracks frrm along the beam at certain intervals. 

These cracks definitely reduce the stiffness of the beam. In 

a section, when a vertical crack due to tension is fully 

formed, the only means of shear transfer across the crack 

are due to interlock and dowel action of tensile steel. 

On the other hand, beams with axial compression are 

stiffer and without any vertical cracks. 

So equation 6.5.5 is modified' empirically so as to fit 

the test results. 

Thus the equation oflneutral axis depth taking the effect 

of axial load into account becomes : 

j0.313 rst 
E
s a 
E 	c co 

N/bd1  

2.2 U cyl* 
.... 6.5.7 

If the crack extends over the whole 	shear span, then 

c = a, in that case 

1

E 	N/bdi  
0.315 rst s  

co 	2.2 U cyl* 
.... 6.5.8 

when N is +ve for compression 

6.6 Shear carried by dowel action of tensile steel  

There is sufficient evidence that dowel action of the 

tensile steel can be significant if the distance between the 
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tail of the diagonal crack and the support is very small. 

Ba'Jmann7 carried out a large number of tests which are 

described in Chapter 5. His dowel cracking equation 

Qdcr = K Ut bnlc 

based on test results cannot be accepted for the prediction 

of maximum dowel forces when the inclined crack extends to 

the support plate, which is the case in beams with short shear 

spans. However, his values of the bearing length lc can be 

taken to be applicable. 

When shear compression failure takes place, the tail of 

the inclined crack extends to the face of the support plate. 

Thus the reaction from the support and the downward force due 

to the dowel action cause the concrete inbetween to crush and 

not to fail in tension. (see fig. 108). The bearing area = nOlc, 

where lc = is the bearing length 

n = number of bars in one layer 

0 = diameter of bars. 

After evaluation of Q neglecting the dowel force, the 

ultimate load can be found out by adding the dowel force 

i.e. 	Q. ult = Qs6 Qd. 

The compressive stress due to dowel force on the concrete 

/T 
Qd 

e 	 661  

Assuming at the time of failure, the compressive stress 

in the concrete is equal to K Uw, 

where K is constant, 
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Qd 
e 

then 	Ijl = K Uw 

or 	Qd = K Uw n 0 lc   6.6.2 
I 

Substituting the value of is = 6.6 0/Uw3, (after Baumann) 

Qd = K Uw n 0 x 6.6 0/Uwi  

Qd 	2_ 	2  
bd1 = K1  U

w  3  n 0 /bd 1 	, where K1  is a constant 

= K
2 
U cyl n 02/bd1  where K2 

is a new constant, 

and 	U cyl = 0.8 Uw. 

A
s  

or 	bd
1 - K2 	- U cyl x bd

t x 
-  

= K
3 
U cyl rst 

where K3  is a constant and is found to be 5.0 in T and 

mm units (from beam tests by considering differences between 

Q ult and Q sc) giving 

Qd/bd1  = 5.0 rst U cyl   6.6.3 

Equation 6.6.3 is applicable for a single layer of 

reinforCement and only in case of shear compression failure 

where the inclined crack extends to the edge of the support 

plate. The members must be supported on the bottom faces. 

An estimate of Qd with reinforcement arranged in more than 

one layer can be made provided the bearing length lc is modified 

according to Baumann's equation. 
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After evaluation of Qd/bd1, the strength of a beam 

failing im shear compression with the inclined crack extending 

over the whole shear span,can be obtained from the following 

equation 

Q ult = Qsc  + Qd 

or 	Q ult/bd1  = 2.2 U cyl n 	a + r f a2  - N/bd
1 a 	q yq 2d 

 

1a 

(d1  

 

2) 	Qd 
bdi  

 

6 6  4 

    

  

a 

 

Equation 6.6.4 is applicable to beams failing in shear 

compression subject to axial load and with or without web 

reinforcement. 

If the inclined crack does not extend to the support 

even though the failure is by shear compression the above 

analysis for dowel force will not be valid. As mentioned 

earlier, in that case, the over estimation of the effect of 

web reinforcement will account for the dowel force. 

6.7 Transition from diagonal tension or shearing failure  

to shear compression failure  

a) Diagonal tension failure to shear compression  

Equation 6.6.4 is based on'the assumption that arching 

must take place in beams; and arching  becomes important after 

the breakdown of beam action i.e. after shear cracking. In 

order to predict shear strength of a beam, the first step is 

to calculate its shear cracking load applying equations 6.2.10 
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and 6.2.11. Then applying equation 6.6.4. ultimate strength 

of the beam can be found out. If the strength predicted by 

equation 6.6.4 (based on arch action) is less than the shear 

cracking strength, the beam would fail at shear cracking load. 

This implies that arching is not possible in this particular 

beam. Similarly, if the ultimate strength predicted by 

equation 6.6.4 is higher than the shear cracking strength, the 

beam would sustain additional load after shear cracking' implying 

that arching is possible in this case. 

So in order to predict shear strengths of beams without 

web reinforcement, the strengths by both these equations 

should be calculated and the higher predicted strength be 

considered as the true strength. 

15) Shearing failure to shear compression  

In beams with web reinforcement, it is believed loads 

at different stages are carried by a number of mechanisms, 

firstly, by the beam action until shear cracking, following 

shear cracking by the truss action comprising of the web rein-

forcement and concrete compressive thrusts. In the short beam, 

the load is transferred to the support, primarily by the arch 

action. Beams with long shear spans fail after the breakdown 

of the indeterminate truss action following yielding of the 

web reinforcement. Since there  is little scope for the arch 

action to develop, the beam fails by shearing of the concrete 

compressive zone. On the other hand, in the beams with short 

shear spans, arching can take place and additional loads can 

be sustained. 

In order to predict ultimate shear strengths equations 



Equation 6.6.4.(Shear compression Failure) 

Equation 6.4.8. 
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M/Od, RATIOS.• 	FIG. 110.  
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6.4.8 and 6.6.4 can be applied within the limitations laid down. 

As already explained, the true shear strength of a beam will 

be the maximum value of the two predicted by the equations. 

This again does not imply that shear compression strength in 

long beams is less than shearing strength but it implies that 

arching cannot occur in such beams as the load which can be 

carried by this action is smaller than the applied load and 

this is the reason why failure is sudden. 

6.8 Proposed Theory on Bond Failure  

When a beam is loaded the longitudinal steel is stressed 

and the resulting forces must be transferred to the surrounding 

concrete by bond or mechanical anchorage. 

According to flexural theory, bond force per unit length 

f
b 
 = 

la 
—Q   6.8.1 

Equation 6.8.1 does not consider the effect of shear 

cracking and thus suggests a rectangular bond stress distribution 

when Q is constant, which is not true once shear cracking occurs. 

Because of the formation of the shear crack, the ability of 

the web to transmit bond to the compressive zone is lost. 

A separate analysis is presented below considering thc:  

effect of shear cracking on bond. 

Considering only a part of a beam, already cracked in 

shear, and from the observations during the investigation 

presented in this thesis, it is assumed that near the load 

the flexural and shear cracks tend to radiate from a point 

close to the load point as shown in fig. 109. 

In a beam with web reinforcement the variation in steel 

stress is due to the inclined compressed struts of concrete 
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in the web. 

Thus the bond force per unit length 

= br f cot Q 
q Yq 

 

6 8  2 

 

where Q is the inclination of the shear cracks. 

In the calculation of stirrup forces, the yield stress 

is used on the assumption that stirrups will attain yield stress 

prior to bond failure (B25 - fig. 42). 

Now the steel stress at a distance of 'c' from the 

support (o = distance between the tail of the inclined crack 

and the end of the radial zone) 

2 
F
st
c  = brqfyq21a   6.8.3 

The above equation is obtained considering moments about 

the C.G. of the compressive force. 

So the net tensile force left over at the section of zero 

moment 

arch 	- F
st 

F
st 

 brqfyq Cot Q 

anch 	Qa 	c2 

= la - 	21a - or Fst 
	

brqfyq  

a 

brqfyq Cot Q .....6.8.4 

The value of Cot Q is determined on basis of test evidence 

and it seems reasonable to assume Cot 9 = 2 for the present 

analysis, ie. c = 2d
1 

Hence equation 6.8.4 gives 

2 

Fst
anch _ 

- la - 2brqfyq — la - 2brqfyq (a-2d ) 	 laa 	 1 
1 	

6.8.5 



24-3. 

The above equation predicts the tensile force to be 

anchored beyond the section of zero moment. The bond strength 

of a beam depends on a number of variables, such as anchorage 

length, concrete strength, concrete cover, web reinforcement 

and diameter of the bars if well-deformed bars are used. 

Plain round bars might develop only smaller anchorage forces 

and fail by pull-out in which case the parameters would not 

include cover and web reinforcement. 

From equation 6.8.5 the anchorage force can be equated 

to the resistance (in case of well-deformed bars only). 

F arch = F n 0, U cyl, cover, L, stirrups] 

......6.8.5 

From the tests reported in Chapter 5, the following 

information can be used. 

1. Bond strength increases with increasing concrete strength; 

and is found to be proportional to the square root of cylinder 

strength of concrete (U cyl 	50 N/mm2). 

2. Bond strength also increases with increase in concrete 

cover, the increase in strength is marked until about 7 = 2. 

The plot of -0 suggests that bond strength is proportional 

to the square root of 

3. Bond strength is improved with increase in anchorage length. 

But it does not go on increasing for a very long length, which 

means there is a limit to the anchorage length. Test results 

show that if an anchorage length is increased beyond about 

30 0  , the gain in strength is negligible. Thus, the limit 

to useful anchorage length may be assumed to be 30 0  . 
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4. Stirrups have a beneficial effect on the bond strength. 

5. With increasing bar diameter, the magnitude of the 

anchorage force is increased. 

Using this information and assumptions equation 6.8.6 

can be written as 

F arch =K [n -jr0UcylL  
1=L 

+ 	brqfyq] 	....6.8.7 

1=0 

where 0 = Diameter of bars 

n = Number of bars 

U cyl = Cylinder strength of concrete 	50 N/mm2  

L = Anchorage length 30 0 

Concrete clear cover 	2 0 

rq = Ratio of area of stirrups (Aq/bs) 

fyq = Yield or proof stress of stirrup steel. 

K = Constant 

Equating Fst to be anchored and the resistance offered by 

equation 6.8.7 the ultimate load corresponding to bond failure 

can be obtained. 

Evaluating the constant K from test results of beams failing 

in bond, K is found to be 0.55 in N and mm units (see Chapter 7). 

Thus resistance against bond failure offer- ed by concrete 

and web reinforcement 

1=L 

Fanch  = 0055 [ it n 0 U cyl7Li)2  + 	brqfyq] 

1=0 

.....6.8.8. 

Equating equations 6.8.5 and 6.8.8 
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2 
a - la 	2 brqfyq la — - 2 brqfyq (a-2d1 ) = 0.55 [nTrfo U cyl7L( )2  + 

1=L 
brqfyq . 

1=0 

la 
c 	 dl 	2d1  

or = = 0.55 [ 	0 U cyl2L (7)1+ rqfyq [ 2 bd1 la — + 2ba (1 a  ) + 

0.55 bL] 

Therefore, average bond stress 

br..211a [ d1 	di L 	 - 
2d1 ) + = 	0.55 U cyl- (—) x 	 2 — x 	+ 2 (1 IOla 	 a 	n7r0 	a la 	a 

	

0.55 1   6.8.9 a 

and when c = a, 

„ I ,  - 0.55 U cylc T., ,7 1,„

n/T + 	[ 21a   + 0.55 — a so 	 a 	0..6.8.10 

where I0 = perimeter of the bars 

= n71'0 
and la = internal (flexural) lever arm. 
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6.9 Treatment of a section at the point of contraflexure  

when subject to axial force  

A section at the point of contraflexure appears to be most 

vulnerable in shear with axial tension, if the transference of 

shear across the vertical crack by interlock and dowel action 

of the tensile steel are not recognised. In fact in such a 

case aggregate interlock becomes most effective depending on 

the width of the crack. Due to the presence of the longitudinal 

steel at top and bottom, compressive force is induced between 

the two cracked surfaces as soon as any slip occurs. This is 

due to the tensile stress produced in steel when loaded. This 

fact is recognised by Mattock
19 

and he suggested that under 

similar circumstances the shear-friction theory can be used 

to predict shear transfer across preformed cracks by interlock. 

The maximum amount of shear that can be transferred is 

governed by three criteria 

1) magnitude of Asfy; 

where As = area of longitudinal steel crossing the crack at 

right angles. 

fy = yield stress of longitudinal steel. 

2) concrete strength, and 

3) the external axial load. 

Since after the formation of the vertical crack, the 

cohesive strength of concrete is zero, Q can be written as 

Q = (Asfy 	N) tan 0 	......6.9.1 

where Q = External shear force 

As = Area of longitudinal steel perpendicular to crack. 
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and Tan 0 = Coefficient of friction. 

Mast19 proposed that tan 0 be taken equal to 1.4, and Mattock 

also used this value of tan 0 for predicting shear transfer across 

cracks. Test results (see Chapter 5) suggest an even higher value 

of tan 0 than 1.4, but this value is retained to be on the safe 

side. 

Failure may occur before the longitudinal steel attains yield 

stress if the ratio of reinforcement is high. For this reason, 

As 
Mast put a limit to the value of b-7-d- fy tan 0 = 0,15 U cyl, 

for members without axial forces. 

Mattock believes shear-friction theory gives a conservative 

estimate of the shear that can be transferred across a preformed 

crack if tan 0 is assumed to be equal to 1.4. His limit to the 

Abby sf 
value of Abd 

 tan 0 is 0.15 U cyl or 4.2 N/mm
2 (600 psi) whichever 

is less. 

So long as there is no web reinforcement, shear transfer due to 

dowel action is of little significance, But if web reinforcement 

is present, dowel action is considerably improved provided there 

are shear and dowel cracks. The shear and dowel cracks will stress 

the stirrups and thus enable the dowel action to pick up more load. 

Besides, in the early stages, most of the shear force is 

transferred by interlock. When the external load is high, an 

inclined crack may form independent of the preformed crack and 

thus brings the stirrups into action. In fact, in none of the 

beams tested with axial tension were any inclined cracks formed. 

Even neglecting the dowel action of the longitudinal steel, 

a much higher strength of a section at the point of contraflexure 

can be attained if one recognises the shear transfer by interlock. 
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Mattock's limit of strength of a section at point of 

contraflexure of 4.2 N/mm2  (600 psi) or 0.15 U cyl is 

found to be much higher than that of any other section 

predicted by other theories. Hence, the possibility of 

failure at the section at point of contraflexure is remote. 

Thus, the strength of a section at point of contraflexure 

of a beam when subject to axial tension can be obtained from 

the following equation based on shear friction theory 

As 
- 	fy + N) tan 0 , 	0.15 U cyl or 4.2 N/mm

2 
(600 psi) 

bd 	
/
bd 1 

As 

	

bd fy + N) x 1.4, 	0.15 U cyl or 4.2 N/mm
2 
(600 psi) 

whichever is smaller. 

where N is +ve for tension 

So far as axial compression is concerned, the section at 

the point of contraflexure can be said to be the strongest 

section without reservation since the whole of the section is 

effective in resisting shear. This is supported by test 

evidence as not a single sign of distress was observed at such 

sections during the testing of beams with axial compression. 

So an analysis at the section so far as shear is concerned 

is believed to be unwanted. 
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CHAPTER 7  

COMPARISON OF TEST RESULTS WITH DIFYhRENT THEORIES: 

7.1 Shear scracking/diagonal tension failure of simply supported  

point-loaded rectangular beams with a/d > 2.5. 

In this chapter, only those theories taking account of axial 

load in addition to bending and shear are considered. 

Four equations including the author's are compared with the test 

results of a number of investigators and the results are given in 

tables - 12-18. 

All four equations have been mentioned earlier.. The author's 

equation 	to predict shear cracking/diagonal tension failure loads 

is given in Chapter 6, whereas the ACI-ASCE Committee (.726) equation, 

Mattock's modified ACI-318-63 equation and the CEB method are 

reviewed in Chapter 3. All these four equations predict shear 

cracking loads and failure loads in the case of beams failing in 

diagonal tension. 

Author's equations: 

The proposed approach gives the shear cracking load 

Ut + 0.04 k m
N/bd 

1.35 + 0.04 M/Q 
mrst 

not constant. 

In cases when 
N
/Q is constant, 

Qcr 
	Ut 

bd1 	1.35 + 0.04 (M/Qd1  - kN/Q)  

mrst 

cr ,- 
bd

1 
where the N/Q ratio is 



5 4- 70  
Ucyl 

(4E7  N/bd - 21) 
(I). 	bd  

d 

/Q_ 2 
M 	1, 

Qcr 
bd1 

(1.75 - 0.036  + 4.0 mrst) Ucyl 
mrst 

 

bd1  
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where 

Ut = tensile strength of concrete = 0.475Tin N/mm2  

and N is +ve for compression. 

All other parameters are as explained in Chapter 6. 

in / /mm N 2 units 

k = (2d 
+ j - 1) 	and j = 7/8  (internal lever arm factor). 

1 

The M 1/ Qd1 ratio is to be considered at a section of distance d1 

from the loaded section if a 2d1. 

ACI-ASCE Committee (326) equation: 

The equation proposed by ACI-ASCE Committee 
	to predict 

shear cracking loads is 

Qcr 
bd1 
	1417,7 	2500 rst. 	

Qd 

M + 13Nd 	
3.5jUcy1(1 + 0.002N/bdi) 

i  

in lbs and inch units. 

The value of 1iQd1 
at a section distance d1 from the loaded 

section is to be used in the equation so long as a > 2d1. 

Mattock's (modified ACI-318-63) equation: 

The original ACI equation for prestressed beams is modified by 

Mattock and is given as 

(3.5 Ucyl + 0.3 N/bd) 

in lbs and inch units. 



256. 

where 	m = 29,000,000/(w1. 53315c7) 

unit weight of concrete 

I = Second moment of area of the section. 

y = distance from the C.G. of the section to the 

outer most fibre. 

N = axial force, +ve for compression 

Qd = Dead load shear. 

— ratio is at the loaded section. 

Although Mattock considered the M/Q ratio at the edge of the 

loading plate, because of the complications arising from the unknown 

loading plate dimensions, the M/Q ratio is here considered at the 

loaded section. 

The contribution of dead load shear is ignored in all cases. 

Mattock's other equation is not compared because of the condition 

imposed on it regarding ratio of tensile steel. 

CEB equation  : 

The last equation is that of the CEB. In fact, the CEB does 

not recommend the design of any beams without web reinforcement. 

For comparison, the ordinary ultimate equation of the CEB is 

modified by ignoring the contribution of web reinforcement, on the 

assumption that after shear cracking, the additional shear is carried 

by web reinforcement. Thus neglecting the web reinforcement term, 

the CEB equation becomes - 

N/bd Qcr 	 1 
- 0.1875F(cy7 	Uc l (1 + 2 -----)(0.5 + 33 

Ast
) 

1 bd - bd 

	

	 y 	1 

for beams with axial compression, in N and mm units. 

and 
N/bd bat) 

	

1 	
(1 - 6 ii7371 17) (0.5 + 33 17

t
) 

	

bd1 	 1 

for beams with axial tension, in N and mm units. 
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In both cases (0.5 + 33 Aryl) 	1 and in both the constants 

have been increased from "design" to ultimate values. 

Tables 13-18 summarise the test results of a number of 

investigators (Mattock, Mukhopadhyay, De Cossio and Siess) of 61 

i_ 
simply supported beams giving the ratio 

Qclac  /qtest for each of the 

four equations considered for compar.lson. Only results of series 

of beams without web reinforcement and subjected to axial loads 

(tension and ccnipression) are considered. Because of the uncertainty 

of assessing the shear cracking load of a beam with web reinforcement 

accurately, no such test results are included in the comparison. 

None of the beams had compression reinforcement. 

All beams excepting those of Mukhopadhyay had widths greater 

than or equal to 152 mm (6"). Mikhopadhyay's beams had a width 

equal to 127 mm (5"). 

The beams were loaded directly on the top and supported at the 

'bottom. In no case was any tensile reinforcement curtailed. 

The statistical analysis of the comparisons obtained for test 

results of each investigator and then for all beams together are given 

in the following table 12. 
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Table 12. Statistical comparison of Qcalc/Q  test values of simply 

supported beams without web reinforcement. 

Name of 

Investigator 

Values of No. of 

test 

results 

Proposed 

theory 

ACI-ASCE 

equation 

Mattock's 

equation 

CEB 

equati 

Mattock 

calc Mean of Q  Qtest 31 0.89 0.76 0.90 0.72 

Standard 
deviation - 0.101 0.153 0.124 0.144 

Coefficient of 
Variation - 0.113 0.201 0.137 0.200 

Mukhopadhyay 

Mean of _Qcalc 23 
 

0.99 0-77 0.99 0.80 Qtest 

Standard 
deviation - 0.11 0.086 0.126 0.125 

Coefficient of 
Variation - 0.111 0.112 0.127 0.156 

De Cossio and 

Siess 

Q calc 7 0,87 0.71 0.90 0.76 Mean of Qtest 

Standard 
deviation - 0.105 0.087 0.142 0.137 

Coefficient of 
variation - 0.120 0.122 0.157 0.180 

Mean 	Q calc of 61 0.92 0.76 0.93 0.75 Qtest 

All 

together 

Standard 
deviation 

- 0.114 0.126 0.133 0.140 

Coefficient oi 
Variation 

_ 0.124 0.165 0.143 0.187 
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Table 13: Shear cracking/Diagonal tension failure of simple supported 

single-point loaded rectangular beams with a/di  > 2.5. 

(A.H. Mattock).36  

b = 152 mm (611), 	d = 305 mm (12") 	d1  = 254 mm (10") 

Beam 

No. 

Ucyl 

N/mm2 

A 
a/d 1 

rst3/4  N/bd1  
N/mm2 

Qtesti„ , uui  
N/mm2 

1 17.1 3 1.03 0 0.94 
2 15.5 3 1.03 +1.57 1.06 

3 46.9 3 1.03 0 1.41 

4 46.2 3 1.03 -0.74 1.15 

5 16.1 3 2.07 -0.74 0.86 
6 18.4 3 2.07 +1.57 1.39 

7 17.5 3 2.07 +3.31 1.55 

8 43.7 3 2.07 +1.57 2.39 

9 48.o 3 2.07 +3.31 2.72 
10 18.6 3 3.10 0 1.45 
11 15,3 3 3.10 -1.57 1.09 
12 16.2 3 3.10 +1.57 1.60 
13 49.8o 3 3.10 41.57 2.3o 
14 49.o 3 3.10 +3.31 2.87 
15 25.9 5.4 1.0 0 0.80 
16 30.40 5.4 1.03 -1.24 0.72 
17 27.80 5.4 1.03 +3.31 0.98 
18 18.10 5,4 2.07 0 0.92 
19 18.5o 3.4 2.07 -0.74 1.03 

20 48.30 5.4 2.07 -0.74 1.49 
21 50.60 5.4 2.07 -1.57 1.47 

22 16.10 5.4 3.10 0 1.03 

23 18.50 5.4 3.10 -0.74 1.09 

24 29.2 5.4 3.10 0 1.36 
25 27.6 5.4 3.10 -1.24 1.32 

26 28.9 5.4 3.10 -2.06 1.09 

27 30.6 5.4 3.10 +1.66 1.38 

28 24.3 5.4 3.10 +3.31 1.36 

29 53.2o 5.4 3.10 -0.74 1.72 

3o 55.2o 5.4 3.10 +1.57 1.72 

31 52.7 5.4 3.10 +3.31 1.72 
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Table 14: Cdmparison of _Qcalck, qtest values of simply supported 

single point loaded rectangular beams with_a/d1  > 2.5. 

(A.H. Mattock)36  
Qcalci_ /kitest 

Beam 
No. 

Proposed theory ACI-ASCE 
equation 

Mattock's equation 'CEB equation 

1 0.93 0.79 0.88 0.69 

2 0,;94 0.72 0.87 0.70 

3 0.88 0.83 0.81 0.77 

4 1.02 1.00 0.94 0.84 

5 1.20 0.91 1.10 0.63 

6 0.88 0.66 o.85 o.68 

7 0.84 0.66 0.84 0.70 

8 0.72 0.52 0.64 0.56 

9 0.70 0.49 o.64 0.54 

10 0.85 0.66 0.84 0.56 

11 0.99 0.75 0.68* 	; 0.63 

12 0.77 0.61 0.81 0.56 

13 0.86 0.63 0.79 0.61 

14 0.70 0.51 0.70 0.52 

15 0.84 1.05 1.03: 1.00 

16 0.86 1.25 1.14 0.91 

17 0.93 0.91 1.00 1.05 

18 0.94 0.82 1.04 0.87 

19 0.81 0.73 0.90 0.60 

20 0.80 0.79 0.85 0.80 

21 0.79 0.81 0.86 0.74 

22 0.94 0.74 1.04 0.73 

23 0.91 0.77 1.00 0.56 

24 0.88 0.72 0.94 0.75 

25 0.85 0.71 0.92 0.55 

26 1.02 0.87 0.95* 0.53 

27 0.93 0.73 0.99 0.83 

28 0.92 0.69 0.99 0.87 

29 0.87 0.74 0.88 0.73 

3o 0.94 0.76 0.95 o.86 

31 0.97 0.76 o.98 0.89 

* upper limit ofQcr/bdi 
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Table 15. Shear cracking/Diagonal tension failure of simply supported 

two-point• loaded rectangular beams with a/d1 > 2.5 

(M. Mukhopadhyay)39  

b = 127 mm (5"), 	d = 254 mm (10") 

Beam No. Ucyl d1 
N/mm2 mm 

'iu 
a, 

l rst% N
/bd1  
N/mm2 

Qtest/bd  

N/mm2 	1  

A11 22.6 218 3.27 2.8 0 1.32 

A12 25.2 218 3.27 2.8 1.08 1.64 

A13 21.4 218 3.27 2.8 1.80 1.37 

A14 22.5 218 3.27 2.8 2.53 1.52 

B11 21.6 218 3.74 2.8 0 1.05 

B12 18.0 218 3.74 2.8 1.08 0.97 

B13 22.80 218 3.74 2.8 1.80 1.36 

B14 16.70 218 3.74 2.8 2.53 1.01 

c11 21.40 218 4.90 2.8 0 1.28 

c13 17.30 218 4.90 2.8 1.80 0.93 

c14 24.30 218 4.90 2.8 2.53 1.29 

B
1  18.30 220.7 3.46 2.09 0 1.06 

B2 16.10 220.7 3.46 2.09 1.07 0.99 

B
3  

17.00 220.7 3.46 2.09 1.78 1.11 

B
4  16.40 220.7 3.46 2.09 2.49 1.11 

c1  17.90 220.7 4.61 2.09 0 1.27 

c2 19.70 220.7 4.61 2.09 1.07 1.10 

c3 
18.60 220.7 4.61 2.09 1.78 1.03 

c4 19.40 220.7 4.61 2.09 2.49 0.99 

Al  17.30 220.7 2.76 2.09 0 1.15 

A2 17.30 220.7 2.76 2.09 1.07 1.34 

A
3  

14.30 220.7 2.76 2.09 1.78 1.19 

A4 
14.80 220.7 2.76 2,09 2.49 1.37 
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i Table 16. Comparison of Qcale  /Qtest values of simply supported two 

point loaded rectangular beams with aid1  > 2.5. 

(M. Mukhopadhyay)39  

Beam 
No. 

Qcalc/Q test 

Proposed theory ACI-ASCE 
equation 

Mattock's equation CEB 
equation 

A11 0.97 0.73 0.92 0.68 

A12 0.85 0.63 0.82 0.62 

A13 0.97 0.74 0.97 0.74 

A14 0.92 0.70 0.92 0.72 

B11 1.14 0.87 	: 1.12 0.83 

B12 1.19 0.92 1.21 0.92 

B13 0.96 0.72 0.96 0.76 

B14 1.17 0.94 1.23 0.99 

C11 0.84 0.67 0.89 0.68 

C13 1.14 0.88 1.23 1.01 

C14 0.96 0.73 0.98 0.87 

B1  1.01 0.78 0.96 0.76 

B2 1.08 0.83 1.05 0.86 

B
3  

1.02 0.77 0.99 0.84 

B
4  1.03 0.80 1.02 0.89 

c1  0.74 0.60 0.75 . 0.62 

C2 0.92 0.74 0.94 0.84 

C3  1.00 0.78 1.02 0.94 

c4 . 	1.09 o.86 1.13 1.05 

Al 0.99 0.75 0.91 0.68 

A2 0.89 0.68 0.84 0.65 

A
3 

 0.96 0.78 0.95 0.75 

A4 0.88 0.72 0.88 0.70 
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Table 17. Shear cracking/Diagonal tension failure of simply supported 

single point loaded rectangular (stub) beams with a/di  > 2.5. 

(De Cossio and Siess)11. 

b = 152 mm 	= 305 mm (12") and 	d1  = 254 mm (10") 

Beam 

No. 

Ucyl 
N/mm2 

rst% a/d1 N/bd , 

Ni
mm  

Qcr/„, 
° " 1 N/mm2 

B-2 28.5 1.0 3 +2.3 1.70 

B-3 26.3 1.0 4 +2.3 1.25 

B-4 28.3 1..0 5 +2.3 1.09 

13-12 27.1 3.33 3 +2.3 1.94 

3-13 27.9 3,33 4 +2.3 1.60 

B-14 29.3 3.33 5 +2.3 1..37 

3-15 28.4 3.33 6 +2.3 1.21 

Table 18. Comparison of Qcalc/Qtest values for simply supported (stub) 

beams subject to single point load. 

(De Cossio and Siess).11  

Beam 

No. 

Qmic/Qtest 

Proposed theory ACI-ASCE 

equation 

Mattock's 

equation 

CEB 

equation 

B-2 

B-3 

B-4 

B-12 

13-13 

B-14 

B-15 

0.71 

0.82 

0.81 

0.81 

0.91 

0.99 

1.03 

0.57 

0.71 

0.83 

0.64 

0.68 

0.76 

0.81 

0.68 

0.81 

0.87 

0.82 

0.93 

1.05 

1.13 

0.57 

0.75 

0.88 

0.59 

0.72 

0.86 

0.96 
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7.2 Shear cracking/Diagonal-tension failure of restrained and knee 

frame point-loaded rectangular beams with Mf/ Qdi > 2.5. 

The four equations used to, predict shear cracking/Diagonal 

tension failure loads in the-preceeding section can be.applied to 

the members of this sectioniwithOUt modification except that the 

cross-section to be considered is at 'a 	
d 

distance al (or 1/2) from 

the support instead of the load. 

Table 19 gives a comparison of a number of test results with 

the different equations.; 

Table 19. Statistical comparison of Qc~cfqtest values of knee 

frame and restrained beams. 

Investigc.'or Values of No. of 

test 

results 

Proposed 

theory 

ACI-1SCE 

equation 

Mattock's 

equation 

CEB 

equation 

Morrow and 

Viest 

(knee frames) 

Qcalc 
Mean of 18 0.99 0.79 0.93 0.82 Qtest 

Standard 
deviation - 0.090 0.070 0.098 0.127 

Coeff. of 
variation - 0.091 0.090 0.106 0.154 

Sayani 

(Restrained 

Beams) 

Mean of iris 
c 

15 
1.07 0.88 0.91 0.64 

Standard 
deviation - 0.101 0.16 0.085 0.157 

Coeff. of 
variation - 0.094 0.182 0.093 0.245 

Morrow and 

Viest and 

Mean of Qcalc-- 
Qtest 

33 1.02 0.83 0.92 0.74 

Standard 
deviation - 0.103 0.127 0.093 0.167 

Sayani 
Coeff. of 
variation _._  - 0.101 

_. 	._ 
0.153 0.101 0.226 
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Table 20. Shear cracking/Diagonal tension failure of restrained (knee 

frame) point loaded rectangular beams with M/Qd1 > 2.5 

(Morrow and Viest)38. 

'Beam 

'No. 

b 

mm 

d1 
mm 

d 

mm 

Ucyl 
NAm2 

rst% M/Qd 1 N/Q  Qult/bd  

N 	2 	1 
Anm 

F38B2  305 362 419 12.4 1.91 2.71 1.0 1.01 

38E2 305 368 419 14.1 0.50 2.66 1.0 0.88 

F38B4 305 375 416 31.4 1.84 2.62 1.0 1.52 

38D4 305 381 416 26.9 1.32 2.57 1.0 1.44 

38E4 305 378 419 32.2 0.91 2.6o 1.0 1.28 

F38A6 305 356 419 45.6 2.91 2.76 1.0 2.19 

38B6  305 381 419 41.6 1.81 2.57 1.0 1.71 

F55B2 305 368 419 11.9 1.88 3.83 1.o 0.84 

F55A4 305 372 419 26.4 1.98 3.8o 1.0 1.32 

55B4 305 381 419 29.5 1.81 3.71 1.0 1.08 

55D4 305 381 410 25.6 1.45 3.71 1.0 1.08 

55E4 305 387 429 28.4 0.94 3.64 1.0 1.10 

F55A6 305 35o 419 42.0 3.32 4.04 1.0 1.77 

55B6  305 368 419 43.7 1.88 3.83 1.0 1.26 

F70B2 305 362 419 14.4 1.91 4.91 1.0 0.81 

70A4 305 362 410 29.o 2.16 4.91 1.0 1.25 

70A6 305 368 419 38.7 3.34 4.83 1.o 1.54 

F84B4 305 375 416 29.7 1.84 5.7o 1.0 1.14 
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Table 21. Comparison of  Qcalc /(0/.. /test values for knee frame 

rectangular members. 	/Qd1 > 2.5 

w and V est 38. 
QcalcAt test 

Beam 

No. 

Proposed theory ACI-ASCE 

equation 

Mattock's 

equation 

r_ CEB 	, 

equation 

38B2 1.02 0.79 0.99 0.76 

38E2  0.86 0.75 0.77 0.60 

3884  1.02 0.76 0.89 0.76 

38D4  
0.95 0.71 0.81 0.70 

38E4  1.02 0.81 0.84 0.70 

F38A6  0.89 0.66 0.82 0.63 

38B6  1.03 0.76 0.86 0.77 

F55B2 1.06 0.81 1.03 0.88 

F55A4 
0.93 0.73 0.85 0.80 

5584  
1.16 0.92 1.07 1.01 

55D4  1.02 0.85 0.91 0.03 

55E4  0.87 0.83 0.83 0.79 

F55A6 0.95 0.7o 0.94 0.75 

55B6  1.17 0.93 1.09 1.04 

F70B2 1.05 0.86 1.10 1.00 

70A4  
0.92 0.76 0.94 0.88 

70A6  
0.98 0.75 0.98 0.82 

F84B4 
0.86 0.82 0.95 0.97 
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Table 22. Shear cracking/Diagonal tension failure of rectangular 

Restrained beams with M/Qd1 > 2.5. 

(Sayani)48  

b 	152 mm, 	d1 	272 mm, 	d = 305 mm. 

Beam 

No. 

Ucyl 

N/mm2 
M/Qd 1 

rst% rsc% N/bd1  
N/ 	2 

Qult/,, 

N/mm2 	1  

N1  31.4 2.8 1.46 1.46 0 1.21 

N
3  

32.9 2.8 1.46 1.46 -2.90 1.02 

N
4  34.4 2.8 1.46 1.46 -2.17 1.02 

N
5 

32.o 2.8 1.46 1.46 -1.44 1.15 

N6  32.8 2.8 1.46 1.46 -1.68 1.21 

N
7  

35.8 2.8 1.46 1.46 -3.13 1.08 

N
9  31.1 2.8 1.46 1.46 -2.05 1.02 

N11 33.4 2.8 0.97 0.97 -1.81 0.91 

N14 31.6 2.8 1.46 - -0.97 1.26 

N15 32.5 2.8 1.46 - -0.49 1.21 

N18 31.0 2.8 1.46 1.46 -1.44 1.08 

N19 29.2 2.8 1.46 1.46 -1.92 0.97 

N20 46.2 2.8 1.46 1.46 -1.44 1.02 

N21 14.7 2.8 1.46 1.46 -1.44 0.97 

N24 22.5 2.8 1.46 1.46 -1.44 0.91 
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c lai_ Table 23. Comparison of Qc  /qtest values of rectangular restrained 

beams. 	14/Q,d1  > 2.5. 

(So ani)48 _ 
Qcalc /Qtest 

Beam 	Proposed theory 	ACI-ASCE 	Mattock's 	CEB 

No. 	 equation equation equation 1 

N
1 	1.07 	0.85 	0.93 	0.85 

N
3 	

1.06 	0.66 	0.88 	0.49 

N
4 	1.15 	1.00 	0.96 	0.66 

N
5 	

1.03 	0.89 	0.88 	0.66 

N
6 	0.98 	0.84 	0.83 	0.60 

N
7 	

1.03 	0.49 	0.84 	0.48 

N
9 	

1.10 	0.96 	0.93 	0.61 

N11 	1.04 	1.08 	0.94 	0.66 

N14 	0.97 	0.80 	0.83 	0.66 

N15 	1.05 	0.85 	0.91 	0.79 

N18 	1.09 	0.91 	0.92 	0.68 

N19 	1.13 	0.98 	0.97 	0.62 

N20 	1.35 	1.15 	1.14 	1.00 

N21 	0.88 	0.73 	0.76 	0.3o 

N24 	1.13 	0.94 	0.98 	0.59 
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7.3 Shear cracking of knee frames with M/Qd1  < 2.5  

So far as shear cracking is concerned, all four equations 

mentioned in the earlier two sections are applicable in this case 

also. The proposed theory is not applicable to predict ultimate 

loads. of members failing in modes other than diagonal.tenSiOn. 

The remaining three equations are presumably intended to be so. 

Tables 27 and 28 give a comparison of the test results of 

Morrow and Viest and Baldwin and Viest with all the equations. 

/ Table 24. Statistical comparison of Qcalc  tQtest (cracking) values 

of knee frame members. 

Investigator Value of No. of 

test 

results 

Proposed 

theory 

ACI-ASCE 

equation 

Mattock's 

equation 

CEB 	1 

equation 

Morrow and 

Viest 

Qcalc 11 0.86 0.82 0.91 0.83 Mean of Qtest 

Standard 
deviation  

- 0.044 0.085 0.058 0.069 

Coeff. of 
variation 

_ 0.051 0.104 0.064 0.083 

Baldwin and 

Viest 

Qcalc7 Mean of 0.92 0.91 
,.. 

0.88 0.73 
Qtest 

Standard 
deviation - 0.120 

• r 
0.168 0.086 0.071 

Coeff. of 
variation - 0.131 0.184 0.098 0.097 

Morrow and 

Viest 

and Baldwin 

cnd Viest 

Qcalc18 Mean of 0.89 o.86 0.90 0.79 
Qtest 

Standard 
deviation 

_ 0.087 0.142 0.072 0.084 

Coeff. of 
variation. 

_ 0.098 0.165 0.080 0.106 
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Table 25. Shear failure of knee frame members with no web 

reinforcement. 	M/Qdi  < 2.5. 

(Morrow and Viest). 	d = 419 mm (16.5") 

Beam 
No. 

b 

mm 

d1  

mm 

Ucyl 

N/mm2 

rst% M/Qd1  N/Q Qcr/bd 1 N/mm2 

Qult/bd  
Ni / 
	2 	

1 
rrlin 

F21B2 305 368 10.14 1.88 1.49 1.0 1.18 1.83 

21B2R 305 368 14.10 1.88 1.49 1.0 1.54 2.52 

21B4 305 368 29.70 1.88 1.49 1.0 2.22 3.30 

21B4P 305 368 29.20 1.88 1.49 1.0 2.10 3.64 
21C4 305 368 26.60 1.59 1.49 1.0 1.96 2.50 

21C4R 305 375 30.90 1.56 1.49 1.0 2.20 3.88 
21D4 305 368 31.5o 1,22 1.49 1.0 1.96 3.96 

21E4 305 381 30.70 0.80 1.49 1.0 1.86 3.42 
21F4 305 368 30.00 0.75 1.49 1.0 1.95 3.06 
21A6 305 368 48.50 2.36 1.49 1.0 2.52 5.61 

21B6 305 368 45.00 1.88 1.49 1.0 2.52 5.55 

Table 26. Shear failure of knee frame members with no web 

reinforcement. M/Qd1  < 2.5. 

(Baldwin Jr.,Viest). 	d = 406 mm (16") 

Beam 
No. 

b 

mm 

d
1  

mm 

Ucyl 

N/mm2 
rst% M/Qd  

l 
N/Q  

S  

Qcr/bd   1  
N/mm2 

Quit/. /ID a 1  
NA m2 

2F28 305 368 28.45 1.86 1.93 0.33 1.53 2.78 

3F28 305 368 25.8o 1.86 1.93 0.5o 1.63 3.29 

4F28 305 368 27.50 1.86 1.93 0.67 1.90 2.6o 

6F28 305 368 21.20 1.86 1.93 1.00 1.60 2.52 
9F28 305 368 23.70 1.86 1.93 1.50 1.40 2.82 
12F28 305 368 23.90 1.86 1.93 2.00 2.08 3.36 
18F28 305 368 26.00 1.86 1.93 3.00 2.44 2.94 
12F21 305 368 30.80 1.83 1.45 2.00 3.39 4.25 
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Table 27. Comparison of Qcalciqi„. test (cracking) values of knee frame 

members with no web reinforcement. 11/Qd1  < 2.5. 

(Morrow and Viest)38  

Beam 

No. 

Qcalc/Q test(cracking) 

Proposed theory ACI-ASCE 

equation 

Mattock's 

equation 
• _CEB 

equation 

F21B2 0.94 0.90 1.04 0.95 

21B2R 0.81 0.84 0.95 0.85 

21B4 0.80 0.85 0.88 0.81 

21B4R 0.84 0.90 0.92 0.84 

21C4 0.86 0.86 0.90 0.86 

21C4R 0.82 0.77 0.87 0.81 

21D
4 0.91 0.79 0.91 0.82 

21E4 0.90 0.69 0.86 0.73 

21F4 0.85 o.65 0.81 0.68 

21A6 0.91 0.94 0.97 0.88 

21B6 0.86 0.82 0.90 0.85 

i_ Table 28. Comparison of Qcalcfqtest (cracking) values of knee frame 

members with no web reinfacement. 14/Qd1  < 2.5 

(Baldwin Jr. and Viest)5. 

Loam 

No. 

Qcalc.qi_ 	. test(cracking) 

Proposed theory ACI-ASCE 

equation 

Mattock's 

equation 

CEB 

equation 

2F28 1.03 0.80 0.88 0.77 

3F28 0.94 0.75 0.84 0.71 

4F28 0.84 0.68 0.76 0.65 

6F28 0.91 0.83 0.87 0.71 

9F28 1.14 1.25 1.06 0.88 

12F28 0.80 1.02 0.85 0.68 

18F28 0.78 1.07 0.93 0.70 

12F21* 0.59 0.79 0.79 0.48 

* Not included for statistical analysis. 
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7.4 Shear failure of knee frame members without web reinforcement. 

M/Qdi  < 2.5. 	Shear compression failure. 

Since the ACI-ASCE and Mattock's equations are primarily 

intended for the prediction of shear cracking loads, their deliberate 

neglect of strength after shear cracking makes them conservative if 

failure is by shear compression. Their application to the present 

class of members is justified by their authors' view that post 

cracking resistance is unreliable. 

The proposed equation for this type of failure is given in 

chapter 6. For beams without web reinforcement the equation becomes - 

N, 

n a( 2.2 Ucy12/3 la 
	

/bd 
1 
 (d 

1 
 - d/2) 

Qult/bdi 	 + Qd/bdi  
a a 

The value of the dowel cracking shear 
Qd/bd1 

as already 

emphasised, will be of any significance provided the beams is 

supported directly on the bottom surface. 

For comparison 19 test results of knee frame members are used 

and the contribution of dowel action (Qd/bdi) is neglected as the 

members were not supported on their bottom faces. 

Table 29 gives the test results and 
Qcalc/Qtest values of 19 

knee frame members by the four equations. 
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/ Table 29. Statistical comparison of Qcalc  /Qtest values of knee 

frame members without web reinforcement. 

14/Qd1  < 2.5. 	Shear compression failure. 

Investigator Value of No. of 

test 

results 

Proposed 

theory 

ACI-ASCE 

equation 

Mattock's 

equation 

CEB 

equatio 

Morrow and 

Viest  

Q calc 11 0.93 0.49 0.61 0.53 Mean of Qtest 

Standard 
deviation - 0.119 0.098 0.075 0.091 

Coeff. of 
variation - 0.128 0.200 0.122 0.172 

Baldwin and 

Viest  

Qcalc Mean of 8 0.85 0.61 0.62 0.49 Qtest 

Standard 
deviation - 0.091 0.175 0.11 0.057 

Coeff. of 
variation - 0.107 0.287 0.177 0.116 

Morrow and 

Viest 

and Baldwin 

and Viest 

Qcalc Mean of 19 0.90 0.54 0.62 0.51 
Qtest 

Standard 
deviation - 0.115 0.148 0.091 0.082 

Coeff. of 
variation - 0.128 0.274 0.147 0.160 
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Table 30. lci_fq  Comparison of Qca test (Ult) values of Knee frame members 

without web reinforcement. 
	

M/Qd1 < 2.5. Shear compression failure. 

Beam No. 

- .. 

Qcalc/... itest (ultimate) 

Proposed theory ACI-ASCE 

equation 

Mattock's 

equation 

CEB 

equation 

Morrow and Viest38 

F21 B2 1.07 0.61 0.74 0.68 

21 B2R 0.94 o.56 0.65 0.58 

21 B4  1.03 0.57 0.66 0.58 

21 B4P 0.95 0.52 0.61 0.53 

21'C4 1.18 0.67 0.75 0.69 

21 C4R 0.87 0.44 0.58 0.51 

21 D4 0.81 ;0.39 0.55 0.46 

21 E4  0.78 0.38 ' 0.56 0.43 

-2 	F4  0.84 0.42 0.59 0.46 

21 A6 0.98 0.42 0.54 0.44 

21 B6  0.82- 	- 0.38 0.52 0.43 

Baldwin Jr., J.M. and Viest I.M.5 

2F28 6;8 0.44 0.51 0.44 

3F28 0.68 0.37 0.45 0.42 

4F28 0.85 0.50 0.58 0.49 

6F28 0.86 0.53 0.60 0.49 

9F28 0.88 0.62 0.63 0.50 

12F28 0.80 0.73 0.62 0.49 

18F28 0.97 0.95 0.81 0.62 

12F21 0.98 0.71 0.75 0.45 
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7.5 Shear failure of restrained and simply supported rectangular beams  

with vertical stirrups: (shearing failure)  

In this section the results used, are the author's own as no other 

test results of beams with web reinforcement and axial forces are 

available. 

Five equations including the author's are used to predict failure 

loads. 

With the addition of the contribution of web reinforcement, the 

ACI-ASCE Committee and Mattock's equations are applicable in this case 

also. 

Thus the ACI-ASCE equation becomes 

Quit 
 - 	

s 1.95cT + 2500 	K rq fyq in lbs and 
bd1 	M

r
+
t 
 PNdi  

Qd1 

and for vertical stirrups and 45°  cracks 

K = 1 

Mattock's equation for ultimate load becomes - 

	

Quit 	0.036 	I [ 6 ,h771. + N/bd  

	

1 	m rst 
- (1.75 - 	4.0 m rst)17c71 + bd 

bdi(Q1c141  - 4)di  

+ 1.75 rq fyq in lbs and 

inch units 

Mattock suggested upper limits to the contribution of web rein- 

forcement and based on those limits, 1.75 is applicable so far as the 

beams used for comparison in this section are concerned. The limits 

are explained in chapter 3. 

The CEB proposed two different equations, one with axial tension 

and the other with axial compression. The following are two equations 

used in comparison. 

inch units 
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a) Qult N/bd t 	Ast 
0.87 rq fyq + 0.1875M7;1 (1 + 2'--,771-)k0.5 + 53---) -bd bd1 	 Ucyl 

when axial compreSSicn is applied, in N/mm2  units. 

and b) cult _ 0.87 rq fyq + 0.1875.5z37 (1 - N/bd 	
-- - bd1  

Ucyl 	bd
Ast 

1 

when axial tension is applied, in N/mm2  units. 

and in both cases (0.5 + 55tP) 1. 
1 

If a  < 2, 
 bd 
2211  is to be multiplied by -h.  

1 	1 

The Russian code equation is 

0.15 bd12  pcb Qult = K.  

 

+ c qw 

 

where K = eo — - 0.5 1. and is a reduction factor to. take account d1 
of the effect of axial force. K is equal to 1 in cases when axial force 

is zero or compressive. 

and eo = eccentricity of the resultant tensile force in the section 

at the head of the inclined crack. 

When c found by differentiating the above equation for minimum 

strength is less than a, the equation becomes - 

Qult =j0.6 K pcb bd12  qw and with a conservative 

estimate of web reinforcement, 

	

Qult = j0.6 K pcb bd12  qw 	qws 

and if c is greater than a, c is put equal to a. 

so Qult = K.  0.15 bd12  pcb 	0.15 bd .pcb  

	

+ aqw 	K - qws - 	+ qw(a-s) 
a 	 a 

In theecomparison these equations have been applied to the section 

at which failure occurred although in many cases the Russian Code' would 

predict failure at the section of contraflexure and give extremely- 

conservative results. 



The proposed equation is given in chapter 6 and is 

Quit - 0.5nliTICTE + 2(1 - no) rq fyq in N/mm
2  units. 

bd1  

The follwoing table gives the statistical comparative values of the 

test results by each theory. 

Table 31. Statistical comparison of Qcalc  values of rectangular  Qtest 

beams with web reinforcement. 

Values of No. of 

test 

results 

Proposed 

Theory 

ACI-ASCE 

equation 

CEB 

equ. 

Russian 

code 

equation 

Mattock' 

equ. 

Qcalc 
Mean of 8+2 0.94 0.62 0.59 1.34 0.94 

Qtest 

Standard 	- 
deviation 

L 

.060 .206 0.169 0.110 .142 

Coefficient 

of variation 

- 
- .064 .332 .287 0.082 .151 

285. 
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Table 32. Shear failure of Restrained and Simply Supported 

rectangular beams with vertical web reinforcement. 	(Shearing failure) 

Beam 

No. 

Uw 

N/mm2 

Ucyl 

N/mm2 

Mi„ 
'''6`41 

\ 

rst% rq fyq 

N/mm2 

N/bd1  
Nimm2 

Qult,„ , uu i 
N/mm2 

- 

a) 	Restrained beams 

B
1  41.8 33.5 2.8 1.46 0.66 -2.41 2.28 

B2 41.1 32.9 2.8 1.46 0.66 -4.09 2.08 

B
3  

45.7 36.6 2.8 1.46 0.66 0 2.05 

B
4  43.9 35.1 2.8 1.46 0.66 -2.'41 2.28 

B
5  

40.9 32.7 2.8 1.46 0.66 -1.68 1.92 

B
7 40.2 32.2 2.8 1.46 0.66 -4.09 2.28 

B12 38.7 31.0 2.8 1.46 0.66 -4.09 2.23 

B17 36.9 29.5 2.8 1.46 0.66 +3.61 2.29 

b) 	Simply supported beams 

B6  41.4 33.1 3.9 1.46 0.66 -2.88 2.10 

B31 39.3 31.5 3.36 1.46 0.66 +2.41 2.34 
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/.. Table 33. Comparison of Qcalc  fqtest values of shear failure of restrained 

and simply supported rectangular beams with vertical web reinforcement. 

(Shearing failure). 

a) 	Restrained beams: 

Qcalc,_ /qtest 

Beam No. 
Proposed theory ACI-ASCE CEB Russian Code Mattock's 

equation equation equation equation 
,... . . , 

B1 0.89 0.69 0.52 1.30 0.91 

B2 0.96 0.32 0.41 1.35 0.76 

B
3  

1.04 0.85 0.82 1.53 1.13 

B4  0.90 0.71 0.54 1.34 0.92 

B
5  

1.05 0.8? 0.68 1.53 1.11 

B
7 

0.87 0.29 0.36 1.27 0.75 

B12 0.87 0.30 0.35 1.27 0.75 

B17 0.91 0.76 0.80 1.20 1.10 

b) 	Simply supported beams. 

B6  0.96 0.63 0.63 1.40 0.96 

B31 0.90 0.74 0.76 1.22 1.00 

. _ 



5 Ucyl " rst 	in N/mm
2  units 

N/10(31  

2.2 Ucyl 

(21.. 
• bd1  

= no 	2/3 
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7.6 Shear failure of simply supported and restrained rectangular beams  

with web reinforcement and axial force. (Shear compression failure).  

Excepting the author's equation mentioned in section 7.5 all 

other equations will be applicable for prediction of ultimate loads 

in this section as well. 

The proposed equation is derived in chapter 6 and is 

Qult - 
bd1  

2.2 n Ucyl ' x la — - a 

N/bdi  x (d1-d/2) ca 	.6. + 2d  rq fyq + 
1
a. 
	bd1  

in N/mm2  units 

.a 

and if c = a, 

l 

	

Quit 
Qbd

2/„._ 	 d -d/2 a 2.2 Ucyl 	n 	+ 	rq fyq - N/bd1 	a ) bd = 
1 

	as 2d1 	 bd
1  

in N/mm2  units 

where the contrtbution of dowel is 

je315 m rst 

and c 
d1 

0.4 
i cLl  2.2 Ucyl /P3  1 J.3

15 Es 
Eco x  d1  

  

2 rq fyq 

In the expression for , the value of the lever arm factor 
1 

can be assumed to be 0.9 i.e. -2: = 0.9, errors hero are of little d1 
importance so far as the value of

d  — is concerned. 
1 
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The following table gives the statistical comparative values of 

the test results by each theory. 

,_ Table 34. Statistical comparison of Qcalc  /qtest values of simply 

supported and restrained beams with vertical web reinforcement. 

(Shear compression failure). 

Loading 

condition 

Values of No. of 

test 

results 

Proposed 

theory 

ACI-ASCE 

equation 

CEB 

equation 

Russian 

equation 

Mattock's 

equation 

Simply 

supported 

beams 

Mean of 
Qcalcfqi_ test 

10 0.92 0.52 0.53 0.96 0.73 

Standard 
deviation 

- 0.074 0.060 0.067 0.132 0.105 

Coeff. of 
Variation 

_ 0.080 0.115 0.126 0.138 0.144 

Restrained 

beams 

Mean of 
Qcalciq,_ test 

11 0.84 0.64 0.67 1.01 0.96 

Standard 
deviation 

- 0.069 0.070 0.066 0.114 0.103 

Coeff. of 
variation 

- 0.082 0.110 0.099 0.113 0.107 



290. 

Table 35. Shear failure of rectangular simply supported and Restrained 

beams with web reinforcement. 

(Shear compression failure). 

Beam 

No. 

Uw 
N/mm2 

Ucyl 
N/mm2 

rst% 14/Qal  rq fyq 
N/mm2 

N/ 1)&1  
N/mm2 

Qult/bd  
1 

2.76 

3.34 

2.97 

3.95 

3.71 

3.26 

4.10 

3.72 

3.72 

3.37 

3.13 

3.01 

2.41 

3.13 

2.89 

2.89 

3.37 

3.37 

1.93 

2.41 

2.73 

B
8  
B
9  
B10 

B11 

B13 
B14 

B1,6 
B19 

B21 

B26 

b) 

a) 	S:mply supported beams: 

1.96 

1.96 

1.96 

1.5 

1.5 

1.5 

1.96 

1.96 

1.96 

2.8 

2.8 

2.8 

2.8 

2.8 

2.8 

2.8 

2.8 

2.8 

2.8 

2.8 

2.9 

0.66 

o.66 

0.66 

0.66 

0.66 

0.66 

0.66 

0.66 

0.66 

1.05 

0.66 

0.66 

0.66 

0.66 

0.66 

0.66 

1.05 

1.05 

0.66 

0.66 

0.66 

-2.41 

0 

-2.41 

0 

-2.41 

-2.41 

+3.61 

+2.41 

+3.61 

+4.82 

+4.82 

+3.61 

+2.41 

+4.82 

+3.61 

+4.82 

+4.82 

+4.82 

+3.61 

+4.82 

+2.41 

39.0 

39.2 

42.8 

39.7 

37.7 

36.2 

36.9 

37.5 

37.1 

38.0 

Restrained 

31.2 

31.4 

34.3 

31.7 

30.2 

29-0 

29.5 

30.0 

29.7 

31.5 

beams: 

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

1.46 

0.97 

2.0 

B15 

B18 
B20 

B22 

B
23 

B
24 

B
25 

B27 
 

B28 
B
29 

B30 

40.5 

36.6 

35.6 

34.4 

37.9 

38.5 

37.8 

35.8 

17.4 

44.2 

39.1 

32.4 

29.3 

28.5 

27.5 

30.3 

30.8 

30.2 

28.6 

13.9 

35.4 

31.3 
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Table 36. Comparison of Qcalc/Q  test values of rectangular simply 

supported and restrained beams with web reinforcement. 

(Shear compression failure). 

a) 	Simply supported beams. 
Qcalc/Qtest 

Beam 

No. 

Proposed 

theory 

ACI-ASCE 

equation 

CEB 

equation 

 Russian Code 

equation 

Mattock's 

equation 

B8  0.46 0.60 0.47 1.13 0.77 

B
9  

0.96 0.54 0.55 0.94 0.73 

B10 0.95 0.54 0.46 1.13 0.73 

B11 0.94 0.48 0.61 0.93 0.66 

B13 0.78 0.42 0.45 0.95 0.57 

B14 0.87 0.47 0.49 1.04 0.64 

B16 0.920 0.47 0.51 0.73 0.70 

B19 0.97 0.51 0.54 0.82 0.73 

B21 1.01 0.53 0.56 0.81 0.77 

B26 0.79 0.63 	- 0.67 1.08 0.99 

b) 	Restrained beams: 

B15 0.82 0.57 0.62 0.93 o.86 

B18 0.78 0.57 0.60 0.91 0.85 

B20 0.91 0.70 0.72 1.12 1.01 

B22 0.76 0.55 0.60 0.85 0.84 

B23 0.82 0.60 0.63 0.97 0.89 

B24 
0.85 0.61 0.66 0.98 0.92 

B25 0.77 0.63 0.67 1.08 0.99 

B27 
0.75 0.62 0.66 1.05 0.98 

B28 
0.90 0.78 0.84 0.93 1.20 

B29 
0.97 0.74 0.72 1.28 1.07 

B30 0.89 0.65 0.66 
.,,,_ 

1.04 0.98 
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7.7 Shear failure of point-loaded Simply supported and Restrained  

T-beams with web reinforcement.  

Although the author has not developed any equation to predict 

shear strengths of T-beams with or without shear reinforcement, 

nevertheless, the equation below developed for rectangular beams is 

compared with available results of tests of T-beams. 

N 
Quit 	— 	2/3  la

/bd
1
(d

1
-d/2)  

2.2 n Ucyl 	— - 	
c2 

rq fyq in N/mm
2 

bd
1 

- a 	a 
2d

1
a 

neglecting the contribution of dowel shear as in all cases 

1 	 Qcalc
/q  /- 

c/a, is smaller than a/d1
. The comparison of the 	test values 

is given in table 37. This, of course, is based on the total neglect 

of the effect of the flange and the tensile reinforcement ratio is 

calculated assuming the beam to be a rectangular one and so rst = Ast brd
1 

where br = breadth of rib of a T-beam. 

The equation gives a conservative estimate of the shear strengths 

Qcalc
/Qtest of T-beams within a range of 30%; and average value of 

is 0.71 for simply supported beams. 

The behaviour of restrained beams at the support is similar to 

rectangular beams, as such the equation can be made use of without 

reservation and is found to be satisfactory. The average value of 

Qtalc
/qi_ test for six beams is 0.82. 

Under the circumstances, no attempt has been made to compare 

Qcalc/Qtest  
the 	values given by the author's theory with those given 

by other theories. The author's intention is to show that the same 

equation developed to predict shear strengths of rectangular beams 

is safe under all circumstances when applied to T-beams. 

The following table 37 gives the comparison of Qcalc/Qtest 

values of 59 T-beams tested by Mattock. 
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Table 37. Shear failure of Simply Supported and point-loaded T-beams 

with web reinforcement. 	(Shear compression failure). 	(Mattock). 

Beam 

No. 

Ucyl 
N/mm2 

M/Qd 1 rst% rsc% rq fyq 
NATIm2 

N/bd/  
N/mm2 

QultA, 
N/mm2a1 

Qcalc Qcalc 
Qtest d b 1 N/mm2 

Series I. 	Simply supported beams. 

A2 29.2 2.5 3.8o 0.42 0.66 0 2.87 2.95 1.03 
A
3c 34.0 2.5 3.8o 0.42 1.45 +3.4 4.86 3.98 0.82 
A
3  

30.1 2.5 3.8o 0.42 1.45 0 4.3o 3.1+2 0.80 
A3T 29.2 2.5 3.8o 0.42 1.45 -2.12 3.61 3.10 0.86 
A4c 28.4 .2.5 3.8o 0.42 2.71 +3.4 5.75 4.00 0.70 
A
4  28.6 2.5 3.80 0.42 2.71 0 5.05 3.69 0.73 

A4T 29.6 2.5 3.8o 0.42 2.71 -2.12 5.10 3.51 0.69 

A5c 27.10 2.5 3.80 0.42 4.35 +3.4 6.90 4.22 0.61 

A
5 

26.3 2.5 3.80 0.42 4.35 0 5.71 3.88 0.68 

A5T 27.5 2.5 3.80 0.42 4.35 -2.12 5.98 3.73 0.62 

A
6  25.6 2.5 3.80 0.42 6.20 0 5.75 4.06 0.71 

B3c 27.7 3.375 3.8o 0.42 1.45 +3.4 4.34 2.88 0.66 

B
3  

27.7 3.375 3.8o 0.42 1.45 0 4.01 2.67 0.67 

B3T 24.1 3.375 3.8o 0.42 1.45 -2.12 3.59 2.36 0.66 

C2c 28.0 4.25 3.80 0.42 0.66 +3.4 2.99 2.23 0.75 

c2 27.8 4.25 3.80 0.42 0.66 0 2.56 2.04 0.80 

C2T 30.3 4.25 3.80 0.42 0.66 -2.12 2.71 1.99 0.73 

03c 26.7 4.25 3.80 0.42 1.1+5 +3.4 4.05 2.41 0.60 

03c1 
27.3 4.25 3.8o 0.42 1.45 +1.7 3.87 2.40 0.62 

C3  24.10 4.25 3.80 0.42 1.45 0 3.84 2.19 0.57 

C3T 29.30 4.25 3.80 0.42 1.45 -2.12 3.54 2.24 0.63 

C3T, 27.60 4.25 3.80 0.42 1.45 -2.55 2.81 2.15 0.77 

C4c 26.30 4.25 3.80 0.42 2.71 +3.4 4.47 2.57 o.58 

c4 25.7o 4.25 3.80 0.42 2.71 0 4.59 2.48 0.54 

c4T 27.80 4.25 3.80 0.42 2.71 -2.12 4.29 2.45 0.57 

C
5 

30.40 4.25 3.80 0.42 4.35 0 5.29 2.88 0.55 

D
3G 

29.90 6.o 3.8o o.42 1.45 +3.4 3.34 1.96 0.59 

n3  29.2o 6.o 3.8o 0.42 1.45 0 3.56 1,.88 0.53 

D3T 26.20 6.o 3.8o 0.42 1.45 -2.12 3.20 1.71 0.53 



Table 37 (cont.) Shear failure of point loaded simply supported and 

restrained T-beams with web reinforcement. (Mattock). Shear compression 

failure. 

Series II 	Simply supported beams: 

Beam Ucyl 	' M/Qd1 rst% rsc% rq fyq 11/bd1 Qult/bd
1 

Q
Io,
sc Qcalc 

Qtest 
No. NA m2 NAm2 N/mm2 NAm2 NAm2 

E2 15.2 2.5 3.8 0.42 0.66 0 2.5 2.25 0.90 

E3c 15.45 2.5 3.8 0.42 1.45 +3.4 3.45 2.79 0.81 

E,
>  

13.65 2.5 3.8 0.42 1.45 0 2.80 2.47 0.88 

E3T 14.70 2.5 3.8 0.42 1.45 -2.12 2.93 2.27' 0.78. 

E
4  13.4 2.5 3.8 0.42 2.71 0 3.71 2.75 0.74 

E
5 

17.10 2.5 3.8 0.42 4.35 0 4.54 3.22 0.71 

F3c 40.55 2.5 3.8 0.42 1.45 +3.4 5.19 4.27 0.82 

F
3  

45.0 2.5 3.8 0.42 1.45 0 4.87 4.11 0.85 

F3T 40.0 2.5 3.8 0.42 1.45 -2.12 3.89 3.57 0.92 

G3c 31.8 2.5 3.8 0.42 1.91 +3.4 6.07 4.00 0.66 

G
3 

26.2 2.5 3.8 0.42 1.91 0 4.92 3.38 0.69 

G3T 29.4 2.5 3.8 0.42 1.91 -2.12 4.68 3.27 0.70 

G4c 25.2 2.5 3.8 o.42 2.87 +3.4 5.60 3.81 0.68 

G
4  26.8 2.5 3.8 0.42 2.87 0 5.66 3.65 0.65 

G4T 28.1 2.5 3.8 0.42 2.87 -2.12 5.55 3.47 0.63 

G5c 	- 27.85 2.5 3.8 0.42 4.78 +3.4 6.84 4.25 0.62 

G
5  

26.15 2.5 3.8 0.42 4.78 0 6.32 3.93 0.62 

G5T 26.65 2.5 3.8 0.42 4.78 -2.12 5.83 3.73 0.64 

111c 30.5 2.5 1.90 0.42 1.45 +3.4 4.8 3.14 0.65 

H1  29.2 25 1.90 0.42 1.45 0 4.19 2.65 0.63 

111T 32.3 2.5 1.90 0.42 1.45 -2.12 3.46 2.40 0.69 

112c 30.1 2.5 5.7 0.42 1.45 +3.4 4.8 4.21 0.88 

112 28.2 2.5 5.7 0.42 1.45 0 4.7 3.82 0.81 

H2T 31.5 2.5 5.7 0.42 1.45 -2.12 3.78 3.75 0.99 

Mean 	= 0.71 
standard deviation= 0.117 

Series III Restrained beams: 
coeffo of variation= 0.164 

 

J3c 30.9 2.5 3.80 3.80 1.45 +3.4 4.40 3.82 0.87 

J3  30.4 2.5 3.80 3.80 1.45 0 3.88 5.44 0.89 

33T 28.5 2.5 3.80 3.80 1.45 -2.12 2.77 3.05 1.10 

J4T 27.3 2.5 3.80 3.80 2.71 -2.12 4.74 3.40 0.72 

J5 32.5 2.5 3.80 3=80 4.35 0 6.40 4.26 0.67 

J5T 31.7 2.5 3.80 3.80 4.35 -2.12 6.10 3.98 0.65 

Mean 	= 0.82 
standard deviation= 0.175 
coeff. of variation= 0.213 
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7.8 Discussion of Comparisons: 

7.8.1 Scale and shape effects: 

Because of the limited laboratory facilities, test specimens 

are generally smaller in size than real structural members. Thus 

a scale effect is introduced which influences the test results. 

Tests reported on small specimens show that smaller specimens are 

found to be relatively stronger for the following reasons - 

1. The possibility of a weaker section coinciding with the 

critical section is less in smaller specimens, and 

2. The strain gradient across the compressive zone is steeper 

in smaller specimens and as a result a smaller specimen can sustain 

larger strains. 

Regan gives an elaborate discussion of scale and shape effects 

in reference 45 and concludes that the scale effect is important if 

d
1  is less than 380 mm (15"). 

In fact, no test results are available with d1 
greater than 

380 mm (15"), the largest balue of d
1 
being 368 mm (Morrow and Viest 

38 

and Baldwin and Viest5) and the smallest 254 mm. The range of scale 

is thus small and although there may be a general scale effect, it 

will not influence the comparison much',: 

7.8.2 Comparison of test results with shear cracking equations: 

All the available test results with axial forces are compiled 

and verified with the theories mentioned earlier. The test results 

are of rectangular beamssubject to point loads. 

The following table summarises the statistical data obtained 

in the previous sections from comparison of theories of rectangular 

beams. 
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Table 38. Statistical data from comparisons of shear cracking theories 

of rectangular beams. 

Type of 

Test 

Values of Proposed 

theory 

ACI-ASCE 
equation 

Mattock's 

equation 

CEB 
equation 

- 

Simply supported 

beams, a/d1  > 2.5 

61 beams 

Mean of Qcalc 0.92 0.76 0.93 
A 

0.75 
Qtest 

Standard 
deviation 

0.114 0.126 0.133 0.140 

Coeff. of 
variation 

0.124 0.165 0.143 0.187 

Restrained and 

Continuous beams 

MiQd f 1 > 2.5  
33 beams 

2---lc- 	1.02 - 2 0.83 0.92 0.74 Mean of Qt est 

Standard 
deviation 

0.103 0.127 0.093 0.167 

Coeff. of 
variation 

0.101 0.153 0.101 0.226 

Restrained and 

Continuous beams 

m/Qcii< 2.5 

18 beams 

calJ Q 	0.89 Mean of 0.86 0.90 0.79 
Qtest 

Standard 
deviation 

0.087 
- 

0.142 0.072 
A 

0.084 

Coeff. of 
variation 

0.098 0.165 0.080 0.106 

From the above table, it is seen that the coefficient of variation by 

the proposed theory is about the same in all cases and the mean value 

is near to unity. The theory gives unsafe results so far as knee 

frame membersaand restrained beams are concerned, mainly for the test 

results of Sayani which are of beams supported by cross beams. If 

the influence of the manner of loading on shear strength and the 

porosity of concrete at the top of a beam are recognised, then the 

unsafe prediction by the theory is explained. 

The ACI-ASCE and CEB equations are conservative in general, 

though on a few occasions the ACI-ASCE equation predicts unsafe 

results. 

Mattock's modified ACI-318-63 equation is found to be satisfactory 

although its coefficient of variation is higher than the author's in 

the case of simply supported beams. 
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The values of Q2t est .22.-- lc  by the theories are plotted (see figs. 111-118) 

against the variables-4 , rst°/q Ucyl and N/bd 1 

Qcalc Figs. 111 and 112 show the plot of 	against 	ratio,from _ Qd1 Qtest 

the trend of the plot, it is evident that the proposed theory is the 

Mi 
best in correctly estimating the effect of'Qd1  ratio on the shear 

cracking strength of beams. The ACI-ASCE Committee equation is also 

found to be satisfactory in this regard, whereas the other two theories 

are more conservative for smaller — ratios. Qd1  

So far as concrete strength is concerned, figs.113 and 114 show 

that within the practicable limits of concrete strength, its effect 

is adequately taken into account by all four methods. 

The effect of the next important variable, the ratio of tensile 

steel is taken care of by all the theories, the ACI-1SCE Committee 

equation predicts more conservative results with higher percentages 

of tensile steel. Judging from the scatter in the plot, (figs. 115 and 

116) the proposed theory is again found to be the most satisfactory. 

Figs. 117 and 118 show the plots of Qcalc  against N/bd ' The 
Qtest 1' 

ACI-ASCE Committee equation predicts conservative results with higher 

magnitudes of axial compression. Generally it is not far out so far 

as axial tension is concerned, but because of its upper limit of 

shear strength with high magnitudes of axial tension, it becomes 

oversafe for N/bd1 greater than about 2.0 N/mm
2
. The proposed theorj 

on the other hand, does not limit the strength in this way and so is 

found to be in good agreement either with axial tension or axial 

comrrpssinn. Mattockfo. and. ORB equations have a trend to be conser-

vative with axial tension, the:trend being more pronounced in the 

latter case. 
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7.8.3 Comparison of test results of beams without web reinforcement  

and a< 2.5. Shear compression failure.  
1 

Table 38 gives the statistical data obtained from the comparison 

by different theories. Except the proposed theory, all are found to 

be conservative. This is attributable to the total rejection of 

strength after shear cracking by the theories. Although Mattock's 

theory gives a satisfactory magnitude of coefficient of variation, 

the mean value is very low. The same is true for CEB equation as well. 

The ACE-ASCE equation is not only conservative, but also gives the 

highest coefficient of variation. 

7.8.4 Comparison of test results of beams with web reinforcement  

a 
and 	> 2.5. Shearing failure: 

1 

As no other test results are available, only the test results 

of the author are compared with the various theories. From the 

calc statistical comparison of the Q 	
values in table 31, the proposed Qtest 

theory is found to give the best mean value with the lowest standard 

deviation and coefficient of variation. The second best is undoubt-

edly Mattock's although the coefficient of variation is higher than 

that of the Russian method. Both the ACI and CEB equations are found 

to be conservative while the Russian method is found to predict very 

unsafe results. 

7.8.5 Comparison of test results of rectangular beams with web 

reinforcement: Shear compression failure: 

The statistical data for the different theories are presented in 

section 7.6 and from all considerations, the proposed theory is found 

to be preferable. Although Mattock's equation is satisfactory in 

the case of restrained beams, but it predicts conservative results 

for simply supported beams. The Russian code equation is also found 

to be satisfactory, but gives higher coefficients of variation. 



299. 

The other two theories are found to be conservative in both cases, 

of them the CEB equation is to be preferred as it gives a lower 

coefficient of variation than the ACT's. 

7.9 Comparison of test results of beams failing in bond (Secondary 

failure mode) 

The proposed theory on bond after shear cracking gives the bond 

stress at failure as: 

.  . Q, 
,E..o la 

= 0.54ff:7 *() 2 d,
2 

2d 	

] 
1 b 

n  
rq 

 n56 
frq [2 a.la ' 	2(1 a1) +0.55 0.55 -- a  

where la = internal (flexural) lever arm. 

Although the results of all the restrained beams subject to 

compression are compared in the previous section with the shear 

compression equation and found to be in good agreement, in fact, a 

few of them showed signs of bond failure. (see figs49, 50 and 51) 

and so it is reasonable to compare the strengths of those beams with 

the proposed equation to predict failure in bond. The following 

calc table gives a comparison of the Q values of the beams failing 
Qtest 

in bond. 

calc Table 39. Comparison of Q 
	

values of beams failing in bond calculated Qtest 

by the proposed equation. 

Beam No. 

B
15 

B18 
B
22 

B
23 
B
25 
B
26 

B28  

Ucyl 

N/mm2 

32.4 1.46 
29.3 1.46 
27.5 1.46 
30.3 1.46 
30.2 1.46 
30.4 1.46 
13.9 1.46 

rq fyq 

N/mm2 

0.66 
0.66 
0.66 
0.66 
1.05 
1.05 
0.66 

N/bdi  1 

N/mm2 

+4.82 
+3.61 
+4.82 
+3.61 
+4.82 
+4.82 
+3.61 

Qtest Qcalc  
ola Qtest 

N/mm2 

	

3.97 
	0.93 

	

3.90 	0.92 
4.13 
3.72 

4.41 
4.41 
2.66 

M/Qdi  rst% 

0.85 
0.97 
0.99 
0.99 
1.09 

2.8 
2.8 
2.8 
2.8 
2.8 
2.8 
2.8 

x = 0.95 
s = 0.070 

coeff. of variation 	==0.074 
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From table 39 it is evident that the proposed theory on bond 

is in good agreement with the test results, coefficient of variation 

being as low as 0.074. 
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CHAPTER 8  

CONCLUSIONS AND PROPOSALS FOR FUTURE RESEARCH  

8.1 General conclusions: 

Shear failure is influenced by a number of variables, such as, 

concrete strength, ratio of tensile steel, shear span to effective 

depth ratio, web reinforcement and axial force. The influence of 

compression reinforcement is not precisely known. 

The behaviour of a beam changes after shear cracking and the 

shear carrying mechanism following shear cracking is composed of the 

following actions - 

a) Shear carried by the concrete compressive zone. 

b) dowel action of the tensile steel. 

c) Aggregate interlocking if possible. 

and d) Web reinforcement if any. 

It is observed that in short beams a modified arch action is.. 

developed after shear cracking. In long bams there is less or no 

scope to develop arch action. From a study of physical behaviour 

three different major modes of shear failure are observed. 

a) Shear cracking/Diagonal tension failure. 

b) Shearing failure. 

and c) Shear compression failure. 

The initiation of a shear crack(cracks) is a precondition for a 

beam to fail in shear by any one of these modes, and thus shear 

cracking is the first step towards shear distress of a beam-. 

After shear crEcking a beam may fail in either of the last two modes, 

depending primarily on 	ratio if it does not fail in diagonal 
Qd1 

tension. 

The contribution of dowel action of the tensile steel and aggregate 

interlock towards shear strength of a beam is recognised to be significant. 
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The dowel action of the tensile steel when the diagonal cracks 

extend up to the edge of the support plate is considered in the 

analysis. Although interlock forces are significant in the presence 

of compression, little shear can be transferred across a crack in 

the presence of tension. 

An important secondary mode of failure considerably influenced 

by the action of shear is bond failure. From the available data on 

bond failures of concrete beams, bond or anchorage resistance is 

believed to be influenced by the following variables 

a) Concrete strength. 

b) Diameter of bars. 

c) Concrete cover. 

d) Anchorage length. 

e) Web reinforcement if present. 

Two different types of bond failures are common. 

1) Pull-out failure 

and 

2) Splitting failure (of concrete cover). 

In the present investigation, the latter type of failure was 

observed. Such failure is determined by the physical behaviour of 

the beam and not by any criterion of bond failure. 

The main experimental work of this investigation was comprised 

of tests of 31 beams with axial loads. During testing of these 

beams, surface strains on the beam measured by demec gauges showed 

linear elastic behaviour at the initial stages although after flexural 

cracking and then after shear cracking, the readings showed increasing 

non-linearity of strain distributions. 

Strains both on tensile and compression steel were measured 

with electrical resistance gauges and were found to be useful. In 

none of these beams tensile steel yielded prior to shear failure. 
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Stirrup strains recorded showed that the stirrups were appreciably 

not stressed until shear cracking. Thereafter the shear carried by 

web reinforcement was found to be unaffected by axial loading. 

Similar results were observed by Mattock in T-beams. 

Although axial forces influenced the inclination of the critical 

crack to the axis of the tensile steel, its horizontal projection 

remained more or less unaffected. The inclination was found to be 

the same for beams with axial tension and for beams without any axial 

force, but it decreased with the application of axial compression. 

This is explainable, as in the case of axial compressions the thrust 

line is flatter. 

None of the beams subjected to axial tension showed any sign of 

distressat the section at contraflexure. The section in question is 

believed in general, to be the most vunerable in shear when subjected 

to axial tension. The presence of tension cracks as wide as 0.8 mm 

did no harm and thus indicates the strength of shear transfer by 

interlocking of aggregates and dowel action of the tensile steel. 

The magnitude of the external moment [Qulta - N(la - d
1 +

d/
2)
] 

about the point of action of the compressive force Fcc is observed to 

be approximately constant for varying axial loads when failure is 

duo to shear compression. The same is not true when failure is due 

to shearing. 

8.2 Influence of the parameters affecting the shear strength of a beam. 

8.2.1 Influence of axial force: 

Shear strength is found to be affected by axial forces, decreased 

by tension and increased by compression. This increase or decrease 

is not very pronounced when the failure mode is shanring, 	but 

is significant for shear compression failures. A contrary finding 

is reported by Morrow and Viest whose conclusion was based on a single 

test in which one beam failed without 6hr:wing any substancial increase 
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in ultimate shear strength (3.2% increase). In other cases, the 

increase is more or less similar to that reported by the author. 

Mattock's findings confirm the conakation of the author for beams 

with both axial tension and compression. Sayani's test results 

also show a similar trend. 

The effect of axial forces on the shear strength is attributable 

to the following - 

a) axial compression increases the neutral axis depth thereby 

increasing the shear carried by the concrete compressive zone. 

M / 
b) axial compression reduces the effective Qd1 

ratio at a part- 

icular section and hence increases the shear cracking load. 

c) In both cases, axial tension does the reverse. 

The effect of axial tension may be more significant if the ratio 

of compression steel is small or the compression steel is cut beyond 

the point of contraflexure. A beam is weakened due to the curtailment 

of compression steel. Since, after the formation of vertical cracks, 

almost whole of the axial tension is carried by longitudinal steel 

and thus in absence of any longitudinal steel, failure would be 

immediate after vertical cracking. A slight excess of 'compression' 

steel is required to ensure the safety of points of contraflexure 

as discussed in chapter 6. 

8.2.2 Influence of shear span to effective depth ratio (M/Qd1  or 

a/d ) 

The effect of shear span to effective depth ratio on the shear 

strength and behaviour of a beam is considerable. With normal per-

centages of tensile steel and normal concrete strengths, different 

failure modes can be caused by varying only M/Qd
1 

ratios. Diagonal 

tension or shearing failures of such beams can occur with 
M
/Qd

1
(or a/d1) 

ratios > 2.5 depending on whether web reinforcement is present or 

absent. In shorter beams, failure is generally by shear compression. 
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The effect of the M/Qd1  (or a/d1
) ratio on strength is more prominent 

in short beams whereas its influence is of little consequence when 

the M/Qd
1 
(or a/d

1) ratio becomes large enough. 

8.2.3 Concrete strength: 

The effect of concrete strength on shear resistance was not 

studied in the present investigation. However, from a study of the 

test results of previous investigators, it can be concluded contrary 

to Kani that concrete strength does have some bearing on the shear 

strength of a beam. Shear strength is found to increase with increasing 

concrete strength, and this increase is more pronounced in weaker 

concretes. 

8.2.4 Influence of ratio of tensile steel: (rst = Ast/bdi):  

The ratio of tensile steel was varied in only two tests but its 

effect was found to be significant. The beam with 2% tensile steel 

ratio showed an increase while the beam with 0.97% showed a reduction 

in shear capacity as compared with the remaining beams with 1.46% 

of tensile steel. The influence of tensile steel on shear strength 

is widely recognised and a large amount of experimental evidence by 

other investigators is available to support this. 

8.2.5 Effect of aggregate interlock: 

A considerable amount of shear can be transferred across a crack 

by the action of interlock due to the compression induced by the 

longitudinal steel and the effect is most pronounced if the other actions 

(e.g. shear in the concrete compressive zone) are absent, as is the 

case at the section of contraflexure of a restrained or continuous 

beam, when axial tension is applied to it. Although its effect is 

recognised qualitatively, for the simplicity of analysis, it is not 

taken into direct quantitative account owing to the number of variables 

involved influencing its magnitude. 
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8.2.6 Web reinforcement ratio: ( Aq l
/ 
ips) 

The shear strength of beams is found to increase with increasing 

web reinforcement.. In the present tests the value of Aq fYq/bs was 

varied from 0.66 N/mm2  to 1.05 N/mm2  and the increase of strength 

exhibited by the beams was independent of the axial forces applied 

to them. 

8.3 Proposals for future research: 

The research work reported in this thesis is limited. The 

experimental work comprised tests only of rectangular beams subjected 

to point loads. Because of the limited laboratory facilities and 

time the effect of variable cross-sections, higher ratios of M/Qd
1 

etc. could not be systematically studied. Owing to the limitations 

of test data the author believes that the following subjects should 

be thoroughly investigated before drawing final conclusions. 

a) 	The effect of the axial loads should be further studied in T-beams 

with both point and uniformly distributed loads. 

b) The test 

distributed loads 

and so more tests 

empirical equations 

section. 

d) 

results of rectangular beams with uniformly 

and subjected to axial loads are rather limited, 

are needed to support any theoretical or semi-

using M/Qdi  ratios to define conditions at any 

The contribution of interlock in carrying shear is recog- 

nised by a number of investigators across flexural and shear cracks. 

The problem however still remains to measure quantitatively the 

magnitude of interlock forces. Without the knowledge of the various 

parameters and their influences it seems impossible to draw any 

definitive conclusions, so the author would like to emphasise on 

more- experimental evidence regarding the influence of all the 

parameters listed in chapter 5. 
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Lightweight aggregate concretes arc of special interest here 

since if cracks go through rather than around the aggregate the 

capacity for interlocking could be seriously reduced. This could 

lower shear cracking/diagonal tension resistance very considerably 

and could affect the contribution of shear reinforcement if failures 

occurred at steeper cracks. 

d) Bond failure of reinforced concrete beams should be thoroughly 

re-investigated in the light of current practice using deformed 

bars and the new methods of design for shear. During the experi- 

mental part of the author's work, bond failure occurred in a few 

beams. Although a theory to predict the bond strength of a beam 

after shear cracking is put forward in this thesis, the authenticity 

of it could not be checked with a large number of test results, 

except the author's own, because of the lack of available data. 
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