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Abstract

Mathematical models are at the core of modern science and technol-
ogy. An accurate description of behaviors, systems and processes often
requires the use of complex models which are difficult to analyze and
control. To facilitate analysis of and design for complex systems, model
reduction theory and tools allow determining “simpler” models which
preserve some of the features of the underlying complex description. A
large variety of techniques, which can be distinguished depending on
the features which are preserved in the reduction process, has been pro-
posed to achieve this goal. One such a method is the moment matching
approach.
This monograph focuses on the problem of model reduction by mo-
ment matching for nonlinear systems. The central idea of the method
is the preservation, for a prescribed class of inputs and under some
technical assumptions, of the steady-state output response of the sys-
tem to be reduced. We present the moment matching approach from
this vantage point, covering the problems of model reduction for nonlin-
ear systems, nonlinear time-delay systems, data-driven model reduction
for nonlinear systems and model reduction for “discontinuous” input
signals. Throughout the monograph linear systems, with their simple
structure and strong properties, are used as a paradigm to facilitate
understanding of the theory and provide foundation of the terminol-
ogy and notation. The text is enriched by several numerical examples,
physically motivated examples and with connections to well-established
notions and tools, such as the phasor transform.
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1
Introduction

The availability of mathematical models is essential for the analysis,
control and design of modern technological devices. As the computa-
tional power has advanced, the complexity of these mathematical de-
scriptions has increased. This has maintained the computational needs
at the top or above the available possibilities. A solution to this problem
is represented by the use of reduced order models, which are exploited
in the prediction, analysis and control of a wide class of behaviors. For
instance, reduced order models are used to simulate weather forecast
models and design very large scale integrated circuits and networked
dynamical systems. The model reduction problem can be informally
formulated as the problem of finding a simplified description of a dy-
namical system in specific operating conditions, preserving at the same
time specific properties, e.g. stability. For linear systems, the problem
has been addressed from several perspectives which can be divided into
two main groups: singular value decomposition (SVD) approximation
methods and Krylov approximation methods. The theory of balanced
realizations, the use of Hankel operators and of proper orthogonal de-
composition (POD) belong to the first group, whereas the use of inter-
polation theory belongs to the latter.
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The additional difficulties of the reduction of nonlinear systems carry
the need to develop different or “enhanced” techniques. Several meth-
ods which extend balancing and proper orthogonal decomposition to
nonlinear systems have been proposed. Reduction of special classes of
nonlinear systems and local reduction (for instance around a limit cy-
cle) represent another approach. Although many results and efforts
have been made, at present there is no complete theory of model re-
duction for nonlinear systems or, at least, not as complete as the theory
developed for linear systems.
In this chapter we briefly recall the main model reduction methods
which have been presented in the literature. We then establish the
objective of this monograph and summarize its contribution and con-
tent. The chapter continues with a section in which the notation used
throughout the monograph is gathered and is concluded with some
bibliographical remarks on the methods described in this introduction.

1.1 Main methods of model reduction for linear systems

Since the order of a dynamical system is usually defined as the number
of states that the system has, model reduction methods require the
elimination of some state variables. If we want that the reduced order
model preserves some sort of “likeness” to the system to be reduced,
then the elimination of the states cannot be arbitrary. To render precise
this problem formulation two questions need to be answered.

Q1. What are the characteristics and properties that the reduction
method aims to preserve?

Q2. What is lost in the reduction process and how can we quan-
tify/alleviate this loss?

Depending on how these two questions are answered we obtain a mul-
titude of different reduction techniques. It is important to stress from
the onset that there is no “perfect” or “best” reduction method. In
fact, the problem of model reduction epitomizes typical engineering
problems in which there exists a trade off between the accuracy or
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performance achieved and the cost required to achieve it. In the fol-
lowing we briefly recall the main ideas behind the most common model
reduction methods.

1.1.1 Singular value decomposition methods

Balancing and balanced approximations

With the objective of economizing on the order of the system, we won-
der which states should be eliminated. It seems reasonable that unob-
servable and uncontrollable states should be the first candidates in the
elimination process since they do not contribute to the input-output
behavior of the system. This implies that if our objective is to econ-
omize on the order of the systems, these modes should be eliminated
by a sensible method. The information on the degree of controllability
and observability of a state is given by the controllability Gramian and
observability Gramian, respectively. In particular, a difficult to control
state is a state which requires high control energy to be steered to zero.
However, a problem arises when we have mixed situations, such as a
state which may be difficult to control but easy to observe. To be able
to rank all the states with respect to a common criterion, it is fun-
damental to introduce the concept of balancing. From a mathematical
viewpoint, balancing methods consist in the simultaneous diagonaliza-
tion, by means of a singular value decomposition, of the reachability
and observability Gramians. In this way we can identify the states that
are simultaneously the least controllable and least observable. Then
the reduction simply consists in eliminating these states. Moreover,
balanced truncation methods preserve stability and naturally provide
an upper bound on the approximation error in terms of the H∞-norm.
This quantifies what is lost in the reduction process. Finally, note that
since the Gramians are related to the solutions of Riccati equations,
variations of the balanced truncation method can be obtained using
variations of the Riccati equations. Among these variations we mention
stochastic balancing, bounded real balancing and positive real balanc-
ing. All these methods share the same answer to question Q1, namely
the characteristics on which we base the reduction are the observability



1.1. Main methods of model reduction for linear systems 5

and the controllability Gramians, however, they differ in the answer to
question Q2, namely in the properties and the type of approximation
error of the reduced order model.

Hankel-norm approximation

While balanced truncation provides a bound on the approximation
error, the reduced order model obtained is not optimal with respect
to any given norm. An alternative method, still based on a singular
value decomposition, is represented by the optimal approximation in
the Hankel-norm. With this method, an optimal reduced order model is
sought with respect to a 2-induced norm of the Hankel operator of the
system. Similarly to balancing, the Hankel-norm approximation yields
a stable reduced order model and an upper bound on the H∞ norm
which depends on the neglected Hankel singular values. However, the
main characteristic of the method is that the model obtained is op-
timal with respect to an optimality criterion, i.e. with respect to the
Hankel-norm. Note that the optimal model in the Hankel-norm is not
optimal in the H∞ norm. As a consequence, with respect to this last
norm, balancing may offers a better approximation.

Proper orthogonal decomposition

Proper orthogonal decomposition is a method which is widely applied
in practice since it does not necessarily require a high order model to
begin with. In the proper orthogonal decomposition method a cloud of
state measurements is obtained at several instants of time. These mea-
surements are collected in data matrices, known as time-snapshots,
which are then decomposed along orthonormal directions in a linear
fashion. A reduced order model is obtained truncating the number of
orthonormal directions used with respect to some optimality criterion
(often a 2-induced norm). Proper orthogonal decomposition is strictly
linked to other singular value decomposition methods, such as balanc-
ing, however, POD has the important advantage with respect to other
SVD methods of operating on data clouds instead of on the matrices
of the systems. As a consequence the method can be attempted also
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Figure 1.1: Diagrammatic illustration of the interpolation approach. Magnitude
(top graph) and phase (bottom graph) plots of a given system (solid/blue line)
and of a reduced order model (dashed/red line). The green circle represents the
interpolation point.

on systems which are not described by linear differential equations.

1.1.2 Model reduction using Krylov methods

Model reduction using Krylov methods, also known as moment
matching methods, or interpolation methods, belong to a different
category of reduction techniques with respect to the SVD methods.
The interpolation theory relies on the notion of moment. Note that a
linear differential system which is observable and controllable is fully
described by its transfer function. Given a set of complex interpolation
points (which have to be selected with respect to some criterion),
we determine the coefficients of the Laurent series expansion of the
transfer function at these interpolation points. These coefficients are
called moments. The moment matching method consists in deter-
mining a lower order model which has a transfer function that, at
the same interpolation points, possesses the same coefficients of the
Laurent expansion (up to a certain order). In other words, in moment
matching a reduced order model is such that its transfer function
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(and derivatives of this) takes the same values of the transfer function
(and derivatives of this) of the system to be reduced at the same
interpolation points. This is graphically represented in Fig. 1.1 in
which the magnitude (top) and phase (bottom) of the transfer function
of a reduced order model (dashed/red line) matches the respective
quantities of a given system (solid/blue line) at 30 rad/s.
The advantage of moment matching over the SVD methods is that
the numerical implementation is much more efficient. Since only
matrix-vector multiplications are used, i.e. no matrix factorizations or
inversions are needed, the number of operations required to compute
a reduced order model of order ν given a system of order n >> ν

is O(νn2). This is to be compared with a O(n3) computational
complexity of balancing and Hankel-norm approximations. On the
other hand, among the drawbacks of moment matching methods there
are the difficulty in preserving important properties of the original
system, such as stability, and the lack of a bound on the estimation
error.

Note, finally, that model reduction of linear systems is an active
area of research in various domains of engineering and mathematics,
and many variations and improvements have been proposed for all of
these methods. For instance, mixed singular value decomposition and
Krylov methods are capable of yielding reduced order models that si-
multaneously maintain some of the properties of the system to be re-
duced and are determined in a computationally efficient manner.

1.2 Contents of the Monograph

The goal of this monograph is to present, in a uniform and complete
fashion, moment matching techniques for nonlinear systems. The focus
is on the so-called “steady-state” notion of moment. The moment is
defined using the steady-state output response of the system intercon-
nected with an interpolating signal generator. While the theory and the
techniques are developed from a pure nonlinear perspective, we point
out, throughout the monograph, several connections with the interpo-
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lation theory and the classical “interpolation-based” notion of moment.
This provides a justification of the terminology used and improves the
understanding of the nonlinear theory. The chapters are enriched with
examples and are concluded with bibliographical notes. The monograph
consists of the following chapters.

• Chapter 2 begins with a very general formulation of the prob-
lem that we call “model reduction by moment matching”. The
problem is formulated from a “general-system perspective” and
not from a linear system point of view. We then specialize the
problem to nonlinear differential systems and we introduce the
notions of steady-state and of moment for this class of systems,
clarifying the nature of the relation between these two objects.
We also relate the introduced notions with classical interpolation
theory. We then present families of nonlinear reduced order mod-
els and we study the possibility of achieving specific properties,
such as assigning prescribed zero dynamics. We specialize these
results to linear systems, proposing families of linear reduced or-
der models which preserve specific properties (properties which
are usually difficult to maintain in the interpolation-based ap-
proach). We conclude the chapter with a selection of additional
topics regarding systems in special form.

• Chapter 3 deals with the problem of model reduction for nonlin-
ear time-delay systems. The center manifold theory for time-delay
systems is used to extend the definition of moment to nonlinear
time-delay systems and a family of systems achieving moment
matching for nonlinear time-delay systems is given. The possibil-
ity of interpolating multiple moments increasing the number of
delays but maintaining the number of equations is investigated
and the problem of obtaining a reduced order model of an un-
stable system is discussed. Similarly to the previous chapter, the
results are also specialized to linear time-delay systems. Several
examples illustrate the theory.

• Chapter 4 presents a theoretical framework and a collection of
techniques to obtain reduced order models by moment matching
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from input/output data for nonlinear, possibly time-delay, sys-
tems. We begin providing algorithms for the determination of an
approximation of the moment which converges asymptotically to
the actual moment of the nonlinear system. The computational
complexity is discussed and the results are also specialized to
linear systems. Several examples illustrate the theory.

• Chapter 5 investigates the limitations of the characterization of
moment based on a signal generator described by differential
equations. With the final aim of solving the model reduction prob-
lem for a class of input signals generated by exogenous systems
which do not have an implicit (differential) form, a time-varying
parametrization of the steady-state of the system is used to ex-
tend, exploiting an integral matrix equation, the definition of mo-
ment to this class of input signals. The equivalence of the new
definition and the classical interpolation-based notion of moment
is proved under specific conditions. Special attention is given to
periodic signals due to the wide range of practical applications
where these are encountered. Reduced order models matching the
steady-state response to explicit signal generators are given for
linear systems and several connections with the classical reduced
order models are drawn.

1.3 Notation

Standard notation has been adopted, most of which is defined in this
section and used throughout the remainder of the monograph. When
additional notation (not included in this section) is introduced, this is
defined in the relevant parts of the monograph.

The symbol R≥0 (R>0) denotes the set of non-negative (positive)
real numbers; C<0 denotes the set of complex numbers with strictly
negative real part; C0 denotes the set of complex numbers with zero
real part and D<1 the set of complex numbers with modulo less than
one.

The symbol I denotes the identity matrix and σ(A) denotes the
spectrum of the matrix A ∈ Rn×n. The symbol ⊗ indicates the Kro-
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necker product and ||A|| indicates the induced Euclidean matrix norm.
Given a list of n elements ai, diag(ai) indicates a diagonal matrix
with diagonal elements equal to the ai’s. The vectorization of a ma-
trix A ∈ Rn×m, denoted by vec(A), is the nm × 1 vector obtained by
stacking the columns of the matrix A one on top of the other, namely
vec(A) = [a>1 , a>2 , . . . , a>m]>, where ai ∈ Rn are the columns of A and
the superscript > denotes the transposition operator. The superscript
∗ indicates the conjugate transpose operator. The symbol adj(A) de-
notes the adjugate (known also as classical adjoint or adjunct) of A,
namely the transpose of its cofactor matrix.

The symbol <[z] indicates the real part of the complex number z,
=[z] denotes its imaginary part and ι denotes the imaginary unit. The
symbol εk indicates a vector with the k-th element equal to 1 and with
all the other elements equal to 0. Given a function f , F represents its
phasor at ω, whereas <f(t)> indicates its time average.

Given a set of delays {τj}, the symbol Rn
T = Rn

T ([−T, 0],Rn),
with T = maxj{τj}, indicates the set of continuous functions map-
ping the interval [−T, 0] into Rn with the topology of uniform conver-
gence. The subscripts “τj” and “χj” denote the translation operator,
e.g. xτj (t) = x(t− τj).

Let s̄ ∈ C and A(s) ∈ Cn×n. Then s̄ /∈ σ(A(s)) means that
det(s̄I − A(s̄)) 6= 0. σ(A(s)) ⊂ C<0 means that for all s̄ such that
det(s̄I −A(s̄)) = 0, s̄ ∈ C<0.

The symbol L(f(t)) denotes the Laplace transform of the function
f (provided that f is Laplace transformable) and L−1{F (s)} denotes
the inverse Laplace transform of F (s) (provided it exists). With some
abuse of notation, σ(L(f(t))) denotes the set of poles of L(f(t)). The
symbol δ0(t) denotes the Dirac δ-function.

Given two functions, f : Y → Z and g : X → Y , with f ◦ g : X → Z

we denote the composite function (f ◦ g)(x) = f(g(x)) which maps all
x ∈ X to f(g(x)) ∈ Z. Lfh(x) denotes the Lie derivative of the smooth
function h along the smooth vector field f , i.e. Lfh(·) = ∂h

∂xf(x).
Given a function y : R → R the symbol y(k) denotes the k-th or-
der time derivative of y (provided it exists). Given a scalar function
V : Rn → R : x 7→ V (x), the symbols Vx and Vxx denote, respectively,
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the gradient and the Hessian matrix of the function V , provided they
exist.

1.4 Bibliographical Notes

To report all the developments and results on model reduction and to
give credit to all the researchers who have contributed to the field would
be a titanic effort (if at all possible) considering the enormous research
activity which has contributed to this field. The following references
should not be considered at all exhaustive but should be seen as a
possible starting point for the interested reader.

1.4.1 Model reduction for linear systems

Several survey papers have been written on the topic of model reduction
for linear systems. Here we list a few examples known to the authors.
For a survey paper on balanced truncation see, e.g. Gugercin and An-
toulas [2004]. For survey papers on model reduction based on Krylov
subspaces see, e.g. Bai [2002] and Freund [2003]. Other survey papers
on model reduction of linear systems are, for instance, Fortuna et al.
[1992], Antoulas et al. [2001] and Baur et al. [2014]. For further detail
and an extensive list of references on the problem of model reduction
for linear systems see the monograph Antoulas [2005].

Balanced approximations and Hankel-norm approximations

Balanced truncation has been originally introduced by Moore [1981],
which recognizes that the idea is closely related to the “principal axis re-
alization” proposed by Mullis and Roberts [1976]. Almost immediately
it has been shown that the method possesses the property of preserv-
ing the stability of the system, see Pernebo and Silverman [1982], and
provides a computable error bound, see Enns [1984] and Glover [1984].
Modifications of the standard method to achieve preservation of pas-
sivity have been proposed in e.g. Phillips et al. [2003], Saraswat et al.
[2005], Yan et al. [2007] and Reis and Stykel [2010]. An efficient and nu-
merically robust implementation of balanced truncation is the square-
root method, see Laub et al. [1987] and Tombs and Postlethwaite [1987],
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which is based on the Cholesky factorizations of the Gramians. The
Schur method proposed by Safonov and Chiang [1989] enhances some of
the robustness properties of the square-root method. The balancing-free
square-root method proposed in Varga [1992] combines the square-root
method and the Schur method. Another class of methods based on the
Gramians is the family of Cross-Gramian methods given in Fernando
and Nicholson [1983, 1984], Aldhaheri [1991], Antoulas et al. [2001],
Sorensen and Antoulas [2002] and Baur and Benner [2008], which have
properties similar to balanced truncation (preservation of stability and
computable error bound). Numerical efficient implementations of the
balanced truncation methods have been proposed in Rabiei and Pedram
[1999], Van Dooren [2000], Benner et al. [2000, 2003], Benner [2004],
Gugercin and Li [2005] and Baur and Benner [2008]. Other numerically
efficient methods related to balanced truncation are the singular per-
turbation approximation, see Liu and Anderson [1986], Varga [1992]
and Benner et al. [2000], frequency weighted balanced truncation, see
Enns [1984], Gawronski and Juang [1990] and Gugercin and Antoulas
[2004], fractional balanced reduction, see Meyer [1990], and balanced
stochastic truncation, see Benner et al. [2001]. The numerical stability
of the balanced truncation methods often relies upon the stability of the
system. Generalizations of the method to unstable systems have been
proposed in Zhou et al. [1999]. Extensions to time-varying systems have
been given in Lall and Beck [2003], Sandberg and Rantzer [2004] and
Sandberg [2006]. Several approximated versions of the balanced trun-
cation method have been presented. Willcox and Peraire [2002] have
proposed a method which they interpreted as frequency-domain POD,
and that later has been called Poor Man’s Truncated Balanced Re-
duction method in Phillips and Silveira [2005]. The dominant subspace
projection method is another heuristic balanced-free method which ap-
proximates, in a certain sense, balanced truncation. see Penzl [2006]
(see also Li and White [2001] for another version). Finally, some results
on model reduction for linear systems based on the notion of Hankel
operators are given in Adamjan et al. [1971], Glover [1984], Safonov
et al. [1990], Kavranoğlu and Bettayeb [1993] and Benner et al. [2004].
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Krylov methods

The origin of this approach can be traced back to the related problems
of Nevanlinna-Pick interpolation and of partial realization of covari-
ance sequences, see Georgiou [1983], Kimura [1983, 1986], Antoulas
et al. [1990], Byrnes et al. [1995], Georgiou [1999] and Byrnes et al.
[2001]. An early result based on Krylov methods is the asymptotic
waveform evaluation method proposed in Pillage and Rohrer [1990].
This method computes the moments explicitly and, consequently, is
numerically unstable and inefficient. The problem of numerical insta-
bility has been tackled in several works, starting with the Lanczos
Padé method proposed in Gallivan et al. [1994] and Feldmann and
Freund [1995], and the “passive reduced-order interconnect macromod-
eling algorithm” presented in Odabasioglu et al. [1998]. Techniques to
double the number of interpolated points have been firstly proposed
in Grimme [1997] and are referred to as dual rational Arnoldi and
Lanczos methods. In general Krylov methods do not preserve stabil-
ity and passivity. Stability of the reduced order model can be enforced
using the restarting techniques given in Grimme et al. [1995] or the
restarted dual Arnoldi method proposed by Jaimoukha and Kasenally
[1997]. Other techniques to preserve these and other structural proper-
ties are presented in, e.g. Bai and Freund [2001], Freund [2004], Li and
Bai [2005], Beattie and Gugercin [2008], Polyuga and Van der Schaft
[2010, 2011, 2012] and Gugercin et al. [2012]. An important problem
for Krylov methods is the selection of the interpolation points. Early
results on this aspect are given in Chiprout and Nakhla [1995], where
the complex frequency hopping, which is based on a binary search, is
proposed. Another approach using a binary search is given in Achar and
Nakhla [2001]. Recent results on the problem of selecting the interpo-
lation points are given in Chu et al. [2006] and Gugercin et al. [2008].
In this last paper the iterative rational Krylov algorithm (IRKA) is
prosposed, which is becoming increasingly popular. While stability is
not guaranteed in all instances, the method is numerical effective and
solves first-order necessary conditions of optimality with respect to the
H2 norm. Several modifications of this method have been proposed in
Gugercin et al. [2008], Van Dooren et al. [2008] and Bunse-Gerstner
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et al. [2010] for MIMO systems, and in Flagg et al. [2013] for the H∞
case. Another adaptive algorithm, more efficient than IRKA, but less
precise, has been presented in Druskin and Simoncini [2011]. An algo-
rithm less efficient than IRKA, but that allows to select the order of
the reduced order model adaptively is given in Panzer et al. [2013a].
A data-driven Krylov approach has been presented under the name
of Loewner framework in Mayo and Antoulas [2007]. A drawback of
the Krylov methods is the lack of an error bound. This problem is ad-
dressed in several works in which results for systems in special form
are obtained, see e.g. Grimme [1997], Bai et al. [1999], Bechtold et al.
[2004], Panzer et al. [2013b] and Konkel et al. [2014].

1.4.2 Model reduction for nonlinear systems

From the ’90s, considerable research effort has been dedicated to the
problem of model reduction for nonlinear systems. The problem of
model reduction for special classes of systems, such as differential-
algebraic systems, bilinear systems and mechanical/Hamiltonian sys-
tems has been studied in Al-Baiyat et al. [1994], Lall et al. [2003],
Soberg et al. [2007] and Fujimoto [2008]. Several results rely on ap-
proximating the nonlinearity with a polynomial, see e.g. Chen [1999],
Phillips [2000, 2003], Rewienski and White [2003] and Benner [2004],
or the ability of transforming the system into a quadratic bilinear form,
see e.g. Gu [2009, 2011], Benner and Breiten [2015] and Antoulas et al.
[2016]. The first breakthrough on balancing for nonlinear systems has
been made in Scherpen [1993]. This paper originated subsequent re-
sults (sometimes referred to as energy-based methods, see Scherpen
and Gray [2000]) which exploit balancing, see Scherpen and Van der
Schaft [1994] and Gray and Mesko [1997], or the notion of Hankel op-
erator, see Gray and Scherpen [2001], Scherpen and Gray [2002] and
Fujimoto and Scherpen [2005, 2010]. Techniques based on the reduc-
tion around a limit cycle or a manifold have been presented in Verriest
and Gray [1998] and Gray and Verriest [2006]. Model reduction meth-
ods based on proper orthogonal decomposition have been developed
for linear and nonlinear systems, see e.g. Kunisch and Volkwein [1999],
Willcox and Peraire [2002], Hinze and Volkwein [2005], Grepl et al.
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[2007], Kunisch and Volkwein [2008] and Astrid et al. [2008]. Finally,
some computational aspects have been investigated in Lall et al. [2002],
Willcox and Peraire [2002], Gray and Verriest [2006] and Fujimoto and
Tsubakino [2008].

Moment matching for nonlinear systems

A fundamental preliminary result for the development of model reduc-
tion by moment matching for nonlinear systems has been to recognize
that the problem of determining the moments of a system corresponds
to the problem of solving a particular Sylverster equation, see Gallivan
et al. [2004a] and Gallivan et al. [2006]. Exploiting this property, the
notion of moment has been revisited for linear systems and extended to
nonlinear systems firstly in Astolfi [2007b] and then in Astolfi [2007a,
2008, 2010]. The method presented in this monograph is based on the
framework formalized in Astolfi [2010] and subsequent papers. We in-
vite the reader to consult the bibliographical notes of the following
chapters for further references on nonlinear model reduction by mo-
ment matching.



2
Model reduction by moment matching

The purpose of this chapter is to present the problem of model re-
duction by moment matching from a nonlinear perspective. We begin
with a general formulation of the problem and of the notion of mo-
ment. We then specialize this notion to nonlinear systems described by
differential equations. Throughout the chapter we provide links to the
linear framework which are instrumental to understand and interpret
the theory and to connect it to the current literature.

2.1 The Problem of Model Reduction by Moment Matching

In this section we introduce a few basic definitions and we provide a
general formulation of the problem addressed in this monograph. When
considering a mathematical model representing a dynamical system
we often think of a set of ordinary differential equations. However,
it is worth stressing at the onset that ordinary differential equations
are only one possible representation that can be used to describe a
dynamical system. More general mathematical representations exist.
This motivates us to give the formal definition of model of a dynamical
system which we use in the monograph.

16
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Definition 2.1. Let x(t) ∈ Rn be the state of a dynamical system Σ.
We call n the order of the system. Let u, with u(t) ∈ Rm, be the input
of Σ. Let t0 and x0 = x(t0) be the initial time and the initial state,
respectively. If there exists a function Φ : R×R×Rn×Rm → Rn such
that

x(t) = Φ(t, t0, x0, u[t0,t)), (2.1)
for all t ≥ t0, we call equation (2.1) the representation in explicit form,
or the explicit model, of Σ.
Assume Φ(t, t0, x0, u[t0,t)) has a continuous derivative with respect to t
for every t0, x0 and u, and there exists a function f : Rn × Rm → Rn,
continuous for each t over Rn × Rm, such that

ẋ = f(x, u). (2.2)

We call the differential equation (2.2) the representation in implicit
form, or the implicit model, of Σ.
We call the function of time x the motion of the system or, equivalently,
the response of the system to u or, for implicit models, the solution of
(2.2). We call the time-ordered collection of states visited by the motion
of the system starting from a given initial condition a trajectory of
the system. The function Φ is called flow which, for implicit models,
we indicate with the symbol Φf

t (x0) to highlight the fact that x(t) =
Φf
t (x0) solves equation (2.2) with initial condition x(0) = x0.

While we focus most of our attention on implicit models described
by equations of the form (2.2), we also study in Chapter 3 the prob-
lem of model reduction for implicit models described by more general
classes of differential equations (namely time-delay differential equa-
tions). In addition, in Chapter 5 the problem of model reduction is
partially extended to systems in explicit form.
The object we are interested in for the purpose of model reduction is
the so-called steady-state response of a system to a certain input. To
make the concept formally precise we assume that t0 = 0 and introduce
a few definitions.

Definition 2.2. A set X is called positively invariant if, for all initial
conditions x0 ∈ X , the motion x exists for all t ≥ 0 and it is such that
x(t) ∈ X for all t ≥ 0.
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Definition 2.3. The motion of system (2.1) is said to be ultimately
bounded if there exists a bounded subset B ⊂ Rn with the property
that, for every compact subset X0 of a positively invariant set X , there
is a time T > 0 such that x(t) ∈ B for all t ≥ T and all x0 ∈ X0.

Definition 2.4. Let B ⊂ Rn and suppose x(t) is defined for all t ≥ 0
and all x0 ∈ B. The omega limit set of the set B, denoted by w(B), is
the set of all points x ∈ Rn for which there exists a sequence of motions
{xk} with xk(t) ∈ B and a sequence {tk}, with lim

k→∞
tk =∞, such that

lim
k→∞

xk(tk) = x.

Definition 2.5. Suppose that the motions of system (2.1), with initial
conditions in a closed and positively invariant set X , are ultimately
bounded with ultimate bounding subset B. A steady-state response is
any motion with initial condition x0 ∈ w(B).

Note that this notion of steady-state does not imply (purposely)
uniqueness. We also provide another, more intuitive, characterization
of the steady-state response in which the dependence from the input is
highlighted.

Definition 2.6. Consider system (2.1). If x?(t) ∈ X ⊂ Rn and u?(t) ∈
U ⊂ R are such that

lim
t→∞
||Φ(t, t0, x◦, u?[t0,t))− Φ(t, t0, x?, u?[t0,t))|| = 0 (2.3)

for every x◦ ∈ X , then any xss(t) = Φ(t, t0, x?, u?[t0,t)), bounded for all
t, is called the steady-state response of system Σ to the input u?.

The advantage of Definitions 2.5 and 2.6 is that the steady-state
response is well-defined, under a few hypotheses, for systems in explicit
form, i.e. it is not necessary that the steady-state response be the
solution of a differential equation. Based on the definition of steady-
state response, we can now introduce the notion of moment.

Definition 2.7. Consider the explicit model (2.1), with an output map
h : Rn → R and an input described by l(ω), with ω(t) ∈ W ⊂ Rν and
l : Rν → R. Suppose that the steady-state response xss to the input
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l(ω) can be described by a map π : Rν × R → Rn : (ω, t) 7→ π(ω, t),
i.e. xss(t) = π(ω(t), t). The moment of system Σ at l is defined as the
mapping h ◦ π.

Note that the steady-state output response and the moment of sys-
tems Σ are not the same object, although they are strictly related
through the mapping h◦π. We clarify the nature of this relation in the
next section. We can now formulate an abstract version of the problem
of model reduction by moment matching.

Problem 1. Given a system Σ of order n equipped with the moment
h◦π at l, the problem of model reduction by moment matching consists
in determining a system Σ̃ of order ν < n equipped with the moment
κ ◦ p at l such that h(π(ω, t)) = κ(p(ω, t)) for all ω ∈ W and for all
t ≥ 0.

While we postpone the justification of the terminology used to a
later stage, it is worth dedicating now some effort to establish why
a reduction technique based on the preservation of the steady-state
mapping h ◦ π makes sense at all. To this end we provide an example
which shows that the ideas of approximating a mathematical descrip-
tion exploiting the steady-state response is used in other domains of
engineering and mathematics.

Example 2.1. Consider a linear electrical circuit with currents and
voltages described by linear differential equations of the form

an
dn

dtn
x+ an−1

dn−1

dtn−1x+ · · ·+ a0x = u, (2.4)

where x(t) ∈ R represents a current or voltage, u(t) ∈ R is a current
or voltage input and ai ∈ R, with i = 0, . . . , n, with n ≥ 0. Without
loss of generality we assume that an 6= 0. Since the transient response
of electrical circuits decays rapidly to zero, the steady-state analysis of
electrical devices is of paramount importance for their design. However,
a trade-off between the level of the approximation and the difficulty of
the analysis has usually to be made. Among the techniques that have
been developed for this analytic task, the phasor transform represents
a powerful and flexible mathematical tool which has been used for
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the study of the steady-state behavior of circuits driven by sinusoidal
sources. If the input u is a sinusoidal signal of angular frequency ω and
phase ϕ, then the steady-state analysis of (2.4) can be carried out by
means of the phasor of x(t). This is usually introduced through the
inverse phasor transform which is defined in its simplest form as

x(t) = <
[
Xeι(ωt+ϕ)

]
, (2.5)

where1 X : C → C is called the phasor of x(t). The phasor transform
greatly simplifies the analysis of the circuit because it changes integro-
differential equations in algebraic equations, which are computationally
and analytically more easily solvable.

Example 2.1 shows that in circuit analysis the idea of simplifying
a mathematical description looking only at the steady-state behavior
is not new. Moreover, the example also suggests that there exists a
relation between moments and phasors which we formalize at the end
of this chapter.
The phasor analysis is not the only example in which the idea of simpli-
fying a mathematical representation utilizing only its steady-state de-
scription is applied. Another example is given by the geometric analysis
of singular perturbation systems, in which the steady-state response of
the so-called “fast subsystem” is used instead of the full dynamics.

2.2 The Notion of Moment for Nonlinear Systems

In this section we focus on the characterization of moments for systems
described by nonlinear ordinary differential equations. Consider a non-
linear, single-input, single-output, continuous-time system described by
the equations

ẋ = f(x, u), y = h(x), (2.6)

with x(t) ∈ Rn, u(t) ∈ R, y(t) ∈ R, and f and h analytic mappings, a
signal generator described by the equations

ω̇ = s(ω), u = l(ω), (2.7)
1Phasors are frequency dependent. We omit the argument ω from the phasor

X(ω) for ease of notation.
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with ω(t) ∈ Rv, and s and l analytic mappings, and the interconnected
system

ω̇ = s(ω), ẋ = f(x, l(ω)), y = h(x). (2.8)
In addition, suppose that f(0, 0) = 0, s(0) = 0, l(0) = 0, h(0) = 0,
i.e. zero is an equilibrium point of system (2.8), and that the vector
fields f and s are complete, i.e. all their flow curves exist for all t ∈ R.
From the discussion of the previous section we are interested in charac-
terizing the steady-state response of system (2.8). The interconnection
of system (2.6) with the signal generator (2.7) captures the idea that
we are interested in studying the behavior of the system only for spe-
cific input signals, i.e. the ones generated by (2.7). We expect that
the system and these input signals have to satisfy certain properties
to make the problem well-posed. Borrowing from the theory of output
regulation, the right tool to characterize the steady-state response of
the interconnection (2.8) is the center manifold theory. In what follows
we discuss the main assumptions to have a well-defined center manifold
and steady-state response.

The first assumption that we need is that the zero equilibrium of
system (2.6) be locally exponentially stable. This assumption is essen-
tial to have the property that the trajectories of the system converge
towards an invariant manifold (dependent upon the signal generator).
However, exponential stability of the zero equilibrium alone is not suf-
ficient to characterize the steady-state. We also need some assumptions
on the signal generator. Since we are interested in the steady-state re-
sponse produced by specific inputs, we expect that these inputs do not
decay asymptotically to zero. In fact, the steady-state, if it exists, would
be identically equal to zero for any signal generator (2.7) which has an
asymptotically stable zero equilibrium. In this instance, we would have
no information regarding the actual signal generator we have used.
On the other hand, we also expect that the input does not grows un-
bounded, otherwise the response would not be forward bounded (see
Definition 2.6). To formalize this property of the signal generator we
introduce the notions of Poisson stability and neutral stability.

Definition 2.8. Consider the signal generator (2.7). A point ω ∈W
is said to be Poisson stable if the flow Φs

t (ω) of the vector field s is
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defined for every t ∈ R, and for every neighborhood N of ω and every
constant T ∈ R≥0 there exist constants t− < −T and t+ > T such that
Φs
t−(ω◦) ∈ N and Φs

t+(ω◦) ∈ N . The signal generator (2.7) is Poisson
stable if there exists a dense set of Poisson stable initial points on W .

Definition 2.9. The signal generator (2.7) is neutrally stable if it is
Poisson stable and the zero equilibrium is stable.

Neutral stability is a standard hypothesis when characterizing the
steady-state of the interconnection (2.8). It can easily be seen as a
generalization of the property of periodicity. In fact, under the neutral
stability assumption the trajectories of the signal generator (2.7) are
not periodic, but they are required to pass arbitrarily close to every
already visited Poisson stable point, both forward and backward in
time.
We note, however, that neutral stability is a property of the state ω. If,
for instance, we were to select an output map l(ω) ≡ 0, then the steady-
state of the interconnection (2.8) would still be zero. Similarly, if we are
interested in characterizing also the steady-state response of the output
of system (2.6) we need to protect us from a similar issue also with
respect to h. For instance, if the output map h is such that h(x) ≡ 0,
it is obvious that the steady-state output response is identically equal
to zero even though the steady-state response of x may be not zero.
Note also that since we are looking for a map from ω to x or y we also
need to avoid cases in which, for instance, ∂f

∂u = 0 for all x, i.e. the
input does not influence the state x. All these issues are avoided if we
consider minimal realizations of the system and the signal generator.
A minimal realization is a model which has some “observability” and
“controllability” property as defined below.

Definition 2.10. Two states x1 and x2 are said to be indistinguishable
for system (2.6) if for every input function u the output function t 7→
h(Φ(t, 0, x1, u[t0,t))) of the system for the initial state x(0) = x1 and the
output function t 7→ h(Φ(t, 0, x2, u[t0,t))) of the system for the initial
state x(0) = x2 are identical on their common domain of definition.
The system is observable if it has the property that if the states x1 and
x2 are indistinguishable then x1 = x2.
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Definition 2.11. Let V be a neighborhood of x(0) and RV (x(0), T )
be the reachable set from x(0) at time T ≥ 0 following trajectories
which remain in the neighborhood V of x(0) for t ≤ T , i.e. all points
x for which there exists an input u such that the evolution of sys-
tem (2.6) from x(0) satisfies x(t) ∈ V , for 0 ≤ t ≤ T , and x(T ) = x.
Let RVT (x(0)) =

⋃
τ≤T R

V (x(0), τ). A system is locally accessible from
x(0) if RVT (x(0)) contains a non-empty open subset of X ⊂ Rn for all
non-empty neighborhoods V of x(0) and all T > 0. If this holds for all
x(0) ∈ X then the system is locally accessible.

Definition 2.12. System (2.6) is minimal if it is observable and acces-
sible.

If system (2.6) is not minimal we can find a local change of coor-
dinates such that the system is decomposed in four subsystems, one of
which is observable and accessible. We can then apply the theory pre-
sented in this monograph to this subsystem. Note also that if we apply
the results of the monograph to a non-minimal system, the reduced
order model is a model of the observable and accessible subsystem. We
can then assume that the system (2.6) is minimal. We highlight that
this assumption is not restrictive. In fact, since our objective is to de-
termine a reduced order model, namely to economize on the dimension
of the representation of our model, it is sensible that the first candidate
to elimination is that part of the system which is not observable and/or
accessible, i.e. that part that does not contribute to the input-output
behavior of the system.
Similarly, we assume that the signal generator (2.7) is minimal, i.e.
observable because the signal generator does not have an input. In
fact, since we are using the signal generator to characterize inputs for
which we want to study our system, it is natural to construct the signal
generator in such a way that the inputs that we want to generate are
observable.
The previous discussion can be summarized in the following assump-
tion.

Assumption 2.1. System (2.6) is minimal and the zero equilibrium is
locally exponentially stable. The signal generator (2.7) is observable
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and neutrally stable.

Exploiting this assumption, we can characterize the steady-state of
system (2.8) by means of a partial differential equation.

Lemma 2.1. Consider system (2.6) and the signal generator (2.7). Sup-
pose Assumption 2.1 holds. Then there is a mapping π, locally defined
in a neighborhood of ω = 0, with π(0) = 0, which solves the partial
differential equation

∂π

∂ω
s(ω) = f(π(ω), l(ω)), (2.9)

for all ω ∈W . In addition, the steady-state response of system (2.8) is
xss(t) = π(ω(t)) for any x(0) and ω(0) sufficiently small.

Proof. The Jacobian matrix of the interconnected system (2.8) at the
zero equilibrium is [

S̃ 0
B̃ Ã

]
,

where S̃ = ∂s
∂ω

∣∣∣
ω=0

, Ã = ∂f
∂x

∣∣∣
x=0

and B̃ = ∂f
∂ω

∣∣∣
ω=0

. By Assumption 2.1,
σ(Ã) ⊂ C<0, σ(S̃) ⊂ C0 and the eigenvalues of S are simple. Thus,
by the center manifold theory, the interconnected system has a center
manifold at (ω, x) = (0, 0) described by the equation x = π(ω), where π
is a mapping satisfying equation (2.9). In addition the center manifold
is locally exponentially attractive and, for all pairs (x◦, ω?) in some
neighborhood of (0, 0),

||x(t)− π(ω(t)|| ≤ Ke−αt||x◦ − π(ω?)||,

for all t ≥ 0 and for someK > 0 and α > 0. Since the graph of x = π(ω)
is an invariant manifold we have that x(t, π(ω?), u?[t0,t)) = π(ω(t)). As
a consequence

lim
t→∞
||x(t, x◦, u?[t0,t))− x(t, π(ω?), u?[t0,t))|| = 0.

Finally, note that given the stability assumptions of the zero equi-
librium of system (2.8), for any x(0) and ω(0) sufficiently small,
the responses are bounded for all t. This concludes the proof, i.e.
xss(t) = π(ω(t)) is the steady-state response of system (2.8) accord-
ing to Definition 2.6.
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Remark 2.1. In general the center manifold is not unique. For instance,
consider the system

ẏ = −y, ż = −z3,

which has the center manifold π(z) = ce−
1
2 z
−2 if z 6= 0, π(z) = 0

if z = 0, for every value of c ∈ R. However, given a system with a
non-unique center manifold, for every center manifold it is possible to
construct a modified system for which this center manifold is unique
(and global). Moreover, solutions which stay in a neighborhood of zero
are not modified and are therefore contained in every center manifold.
Thus, the modified system has the same local dynamical properties
of the original system. Hence, in the following we assume that the
mapping π solving equation (2.9) is unique.

Exploiting this characterization of steady-state and Definition 2.7,
the notion of moment can be specialized to nonlinear systems described
by equations of the form (2.6). Before providing the definition, it is
useful to introduce a weaker version of Assumption 2.1.

Assumption 2.2. System (2.6) is minimal, the signal generator (2.7) is
observable and equation (2.9) has a solution π.

Definition 2.13 (Steady-state notion of moment). Consider system (2.6)
and the signal generator (2.7). Suppose Assumption 2.2 holds. The
mapping h ◦ π is the moment of system (2.6) at (s, l).

Note that Assumption 2.2 in Definition 2.13 is implied by Assump-
tion 2.1 needed for the result in Lemma 2.1. In fact, by Lemma 2.1,
if Assumption 2.1 holds, then equation (2.9) has a solution π and the
moment is well-defined according to Definition 2.13. Moreover, the mo-
ment h ◦ π computed along a particular trajectory ω(t) coincides with
the steady-state response of system (2.6) driven by (2.7). This charac-
terization of moment is illustrated in Fig. 2.1, in which the moment is
represented, with abuse of notation, as the steady-state response of the
interconnected system (2.8). However, if the equilibrium x = 0 of the
system ẋ = f(x, 0) is unstable, it is still possible to define the moment
of system (2.6) at (s, l) in terms of the mapping h◦π in accordance with
Definition 2.13. In general it is not required that the zero equilibrium



26 Model reduction by moment matching

Figure 2.1: Diagrammatic illustration of the characterization of moment given in
Definition 2.13. The term denoting the steady-state response is circled.

be hyperbolic. In fact, equation (2.9) may have a well-defined solution
π even though the linearized system around the zero equilibrium has
eigenvalues on the imaginary axis. Similarly, neutral stability is not
required by Definition 2.13 and the moment can be determined also
when the signal generator produces diverging or decaying trajectories.
However, whenever the more restrictive Assumption 2.1 does not hold,
it is not possible to establish a relation with the steady-state response
of the interconnected system (2.8).

2.2.1 The special case of linear systems

To clarify the reasons behind the approach and terminology used it is of
interest, before proceeding with the definition of reduced order models
by moment matching, to specialize to linear systems the concepts and
results presented so far. Consider a linear, single-input, single-output,
continuous-time, system described by the equations

ẋ = Ax+Bu, y = Cx, (2.10)

with x(t) ∈ Rn, u(t) ∈ R, y(t) ∈ R, A ∈ Rn×n, B ∈ Rn×1 and C ∈
R1×n, and a signal generator described by the equations

ω̇ = Sω, u = Lω, (2.11)

with ω(t) ∈ Rν , S ∈ Rν×ν and L ∈ Rν×1. Using this notation, it is
convenient to rewrite Assumption 2.1 for linear systems.

Assumption 2.3. The triple (A,B,C) is minimal and σ(A) ⊂ C<0.
The pair (S,L) is observable, σ(S) ⊂ C0 and the eigenvalues of S are
simple.

We can now reformulate Lemma 2.1 for linear systems.
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Lemma 2.2. Consider system (2.10) and the signal generator (2.11).
Suppose Assumption 2.3 holds. Then there is a unique matrix Π ∈ Rn×ν

which solves the Sylvester equation

ΠS = AΠ +BL. (2.12)

In addition, the steady-state response of system (2.10) is xss(t) = Πω(t)
for any x(0) and ω(0).

Proof. The proof follows from Lemma 2.1 once noted that δπ
δω = Π,

s(ω) = Sω and f(π(ω), l(ω)) = AΠω +BLω.

A straightforward consequence of Lemma 2.2 is a special way to
write the response of the interconnection of system (2.10) and the signal
generator (2.11). This result is exploited in Chapter 4.

Corollary 2.3. Consider system (2.10) and the signal generator (2.11).
Suppose Assumption 2.3 holds. Then for any x(0) and ω(0) and for all
t ∈ R,

x(t) = Πω(t) + eAt(x(0)−Πω(0)). (2.13)

Proof. Note that

˙︷ ︸︸ ︷
x−Πω = Ax+BLω −ΠSω = Ax+ (BL−ΠS)ω.

Substituting (2.12) in the right-hand side of the last equation yields

˙︷ ︸︸ ︷
x−Πω = A(x−Πω),

from which (2.13) follows.

Lemma 2.2 is not simply the linear version of Lemma 2.1: it has
deeper implications. In fact, even though we have defined the mapping
h ◦ π (which is CΠω in the linear case) as the moments of the system,
as anticipated in Chapter 1 the word “moment” is usually used in the
literature of model reduction in relation to the transfer function. To
clarify the relation between the two notions let

W (s) = C(sI −A)−1B
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be the transfer function of system (2.10). The k-moment of system
(2.10) at si is usually defined as the k-th coefficient of the Laurent
series expansion of the transfer function W (s) at si ∈ C, provided it
exists.

Definition 2.14 (Interpolation notion of moment). Let si ∈ C \ σ(A)
and assume that the triple (A,B,C) is minimal. The 0-moment of
system (2.10) at si is the complex number

η0(si) = C(siI −A)−1B.

The k-moment of system (2.10) at si is the complex number

ηk(si) = (−1)k

k!

[
dk

dsk
(C(sI −A)−1B)

]
s=si

,

with k ≥ 1 integer.

With the following series of results we prove that the moments of
linear systems defined as the scalars ηk(si) are related to the moment
defined via the matrix CΠ and, under stronger assumptions, to the
steady-state output response of the interconnection of system (2.10)
with the signal generator (2.11). In establishing this relation we also
provide a justification of the terminology and tools we have introduced
in the nonlinear setting.
We begin with a result showing that the moments ηk(si) can be rewrit-
ten as the elements of the solution of a Sylvester equation.

Lemma 2.4. Let si ∈ C \ σ(A) and assume that the triple (A,B,C) is
minimal. Consider system (2.10), then

[η0(si) . . . ηk(si)] = CΠ̃Ψk,

where
Ψk = diag(1,−1, 1, . . . , (−1)k) ∈ R(k+1)×(k+1)

and Π̃ ∈ Rn×ν is the unique solution of the Sylvester equation

Π̃Σk = AΠ̃ +BLk, (2.14)
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with Lk = [1 0 . . . 0] ∈ R(k+1) and

Σk =



si 1 0 . . . 0
0 si 1 . . . 0
...

... . . . . . . ...
0 . . . 0 si 1
0 . . . . . . 0 si


∈ R(k+1)×(k+1).

Proof. Let Π̃ = [Π̃0 Π̃1 . . . Π̃k] and note that (2.14) can be rewritten
as

Π̃0si = AΠ̃0 +B,

Π̃1si + Π̃0 = AΠ̃1,
...

Π̃ksi + Π̃k−1 = AΠ̃k.

As a result

Π̃0 =(siI −A)−1B,

Π̃1 =−(siI −A)−1(siI −A)−1B =
[
d

ds
(sI −A)−1B

]
s=si

,

...

Π̃k = 1
k!

[
dk

dsk
(sI −A)−1B

]
s=si

,

which proves the claim.

Equation (2.14) can be written eliminating the fact that Σk and
Lk have a special structure. To this end we first recall the definition of
non-derogatory matrix, which is used to prove the next result.

Definition 2.15. A matrix is non-derogatory if its characteristic and
minimal polynomials coincide.

Lemma 2.5. Consider the signal generator (2.11) and let S ∈ Rν×ν be
any non-derogatory matrix with characteristic polynomial

p(s) =
k̄∏
i=1

(s− si)ki , (2.15)
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where ν =
∑k̄
i=1 ki, and let L be such that the pair (S,L) is observ-

able. Consider system (2.10), suppose σ(S) ∩ σ(A) = ∅ and that the
triple (A,B,C) is minimal. Then there exists a one-to-one relation be-
tween the moments η0(s1), . . . , ηk1−1(s1), . . . , η0(sk̄), . . . , ηkk̄−1(sk̄)
and the matrix CΠ, where Π is the unique solution of the Sylvester
equation (2.12).

Proof. Consider the case k̄ = 1. By observability of the pair (S,L) there
is a unique invertible matrix T such that S = T−1ΣkT and L = LkT .
Then equation (2.12) becomes

ΠT−1ΣkT = BLkT +AΠT−1T.

The claim follows defining Π̃ = ΠT−1, recalling that eT−1XT = T−1eXT

and that the moments are coordinates invariant. The proof for k̄ > 1
is similar to the case k̄ = 1. The only difference is that the matrix S
has k̄ Jordan blocks, i.e. one, and only one, for each distinct eigenvalue
(because S is non-derogatory). Hence, the claim follows repeating the
same argument for each block.

Remark 2.2. Observability of (S,L) implies that S is non-derogatory.
For example, consider the derogatory matrix

S =
[
s1 0
0 s1

]
.

with s1 ∈ C. The pair (S,L) is unobservable for any vector L ∈ R2×1.
Consider now the non-derogatory matrix

S =
[
s1 1
0 s1

]
.

There exists (infinitely many) vectors L ∈ R2×1 such that the pair
(S,L) is observable. From the previous proof it is evident that the
ki − 1 moment at si can be computed solving a Sylvester equation in
which a matrix S which is non-derogatory has ki eigenvalues equal to
si. If the matrix S is derogatory, then having ki eigenvalues equal to
si does not guarantee that we can determine the ki − 1 moment at
si. In the following we sometimes stress that S is non-derogatory even
though the pair (S,L) is assumed to be observable.
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Figure 2.2: Diagrammatic illustration of Theorem 2.6. The term denoting the
steady-state response is circled.

The result of the lemma can be given the following interpretation.
The matrices A, B, C and the roots of (2.15) identify the moments;
then, given any observable pair (S,L) with S a non-derogatory matrix
with characteristic polynomial (2.15), there exists an invertible matrix
T ∈ Rν×ν such that the elements of the vector CΠT−1 are equal to the
moments. It is clear that the importance of this formulation is that it
establishes, through the Sylvester equation (2.12), a relation between
the moments and the steady-state response of the output of the system.
This relation between the notion of moment and the steady-state out-
put response is formalized in the following result and illustrated in
Fig. 2.2.

Theorem 2.6. Consider system (2.10) and the signal generator (2.11).
Suppose Assumption 2.3 holds and let ω(0) be such that the pair
(S, ω(0)) is reachable. Then there exists a one-to-one relation be-
tween the moments η0(s1), η0(s2), . . . , η0(sk̄), with si ∈ σ(S) for all
i = 1, . . . , k̄, and the steady-state response of the output y of the in-
terconnection of system (2.10) with the signal generator (2.11).

Proof. First of all note that with the expression “there exists a one-
to-one relation between the moments and the steady-state output re-
sponse” we mean that the moments are uniquely determined by the
steady-state response of y(t) and vice versa. The equivalence between
the numbers η0(s1), η0(s2), . . . , η0(sk̄) and CΠ has been proved in
Lemma 2.5. It suffices to prove that under the stated assumptions we
can uniquely determine CΠ from CΠω(t) (the converse is trivial). This
is possible if we can select ν sample times ti, with i = 1, . . . , ν, such
that

rank
[
ω(t1) . . . ω(tν)

]
= ν. (2.16)
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By hypothesis, the pair (S, ω(0)) is reachable. Therefore, by a standard
result of sampled-data theory for linear systems, it is always possible
to select δ ∈ R>0 such that δ(sl − sh) 6= ±2πιk for all k ∈ Z≥0, all
l = 1, . . . , ν and all h = 1, . . . , ν, with l 6= h. Finally, setting ti =
iδ for every i = 1, . . . , ν guarantees that condition (2.16) holds. This
concludes the proof.

Remark 2.3. The reachability of the pair (S, ω(0)), also known as ex-
citability of the pair (S, ω(0)), is (with additional technical assump-
tions) a geometric characterization of the property that all signals gen-
erated by (2.11) are persistently exciting (as also evident from the proof
of Theorem 2.6).

As already stressed in the nonlinear case, moments are well-defined
even though the steady-state response does not exist. However, the
system to be reduced and the signal generator have to possess strong
stability properties to establish a connection between these two objects.
While for linear systems this may be restrictive (since moments are jus-
tified by the interpolation interpretation given in Definition 2.14), for
nonlinear systems Assumption 2.1 provides easy to check conditions
that guarantee the existence of the moment and, at the same time, the
foundations of a meaningful interpretation of the notion of moment.
In the following it becomes important to distinguish when we are, or
not, exploiting the relation with the steady-state response. To stream-
line the presentation, we formulate, similarly to the nonlinear case, the
assumptions required by Lemma 2.5 explicitly.

Assumption 2.4. The triple (A,B,C) is minimal, the pair (S,L) is
observable and σ(S) ∩ σ(A) = ∅.

Thus, in the following when we use Assumptions 2.1 or 2.3 we
are exploiting the relation between moments and steady-state, whereas
when we use the less restrictive Assumptions 2.2 or 2.4 we are using
just the notion of moment.

Remark 2.4. Since we have established a one-to-one relation between
moments and the steady-state output response of an interconnected
system, one could wonder if it is possible to devise an algorithm that,
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given the signal ω and the output y, retrieves the moments of a sys-
tem with unknown matrices A, B and C. This issue is addressed in
Chapter 4.

2.3 Families of Reduced Order Models for Nonlinear Systems

We now formally define what we intend for “reduced order models
by moment matching” for the class of nonlinear systems described by
equations of the form (2.6).

Definition 2.16. Consider system (2.6) and the signal generator (2.7).
The system described by the equations

ξ̇ = φ(ξ, u), ψ = κ(ξ), (2.17)

with ξ(t) ∈ Rν , u(t) ∈ R, ψ(t) ∈ R, and φ and κ analytic mappings, is
a model of system (2.6) at (s, l) if system (2.17) has the same moment
at (s, l) as system (2.6). In this case, system (2.17) is said to match
the moment of system (2.6) at (s, l). Furthermore, system (2.17) is a
reduced order model of system (2.6) at (s, l) if ν < n.

From this definition we can easily derive a general result.

Lemma 2.7. Consider system (2.6) and the signal generator (2.7). Sup-
pose Assumption 2.2 holds. Then system (2.17) matches the moments
of system (2.6) at (s, l) if the equation

∂p

∂ω
s(ω) = φ(p(ω), l(ω)) (2.18)

has a unique solution p such that

h(π(ω)) = κ(p(ω)), (2.19)

where π is the unique solution of equation (2.9).

Proof. The claim is a direct consequence of Definition 2.16 and the
definition of moment. In fact, note that equation (2.18) defines the
moments of the reduced order model, whereas equation (2.19) gives the
matching condition between the moments of the system to be reduced
and the moments of the reduced order model.
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The conditions of Lemma 2.7 have a simple interpretation. In fact,
equation (2.18) identifies the mapping p which describes the moment
at (s, l) of system (2.17). Equation (2.19) expresses the matching con-
dition, i.e. the moment of system (2.6) at (s, l) must be equal to
the moment of system (2.17) at (s, l). Moreover, if Assumption 2.1
holds and the zero equilibrium of system (2.17) is locally exponen-
tially stable, then the steady-state output response yss(t) = h(π(ω(t)))
of system (2.6) is equal to the steady-state output response ψss(t) =
κ(p(ω(t))) of system (2.17).

Note that there are many tunable degrees of freedom in the
model (2.17). For instance, we can select the mappings φ and κ such
that equations (2.18) and (2.19) hold. A particularly convenient selec-
tion is possible if we make the following assumption.

Assumption 2.5. There exist mappings κ and p such that κ(0) = 0,
p(0) = 0, p is locally continuously differentiable, equation (2.19) holds
and p has a local inverse p−1.

Proposition 2.1. Consider system (2.6) and the signal generator (2.7).
Suppose Assumptions 2.2 and 2.5 hold. Then the system described by
the equations

ξ̇ = s(ξ)− δ(ξ)l(ξ) + δ(ξ)u, ψ = h(π(ξ)), (2.20)

where π is the unique solution of equation (2.9), is a model of sys-
tem (2.6) at (s, l) if δ is an arbitrary mapping such that the partial
differential equation

∂p

∂ω
s(ω) = s(p(ω))− δ(p(ω))l(p(ω)) + δ(p(ω))l(ω), (2.21)

has the unique solution p(ω) = ω.

Proof. If there exist mappings κ and p for which Assumption 2.5 is
satisfied then, consistently with Lemma 2.7, a family of models that
achieves moment matching at (s, l) is described by

ξ̇ = φ̄(ξ) + δ(ξ)u,
ψ = κ(ξ),
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with

φ̄(ξ) =
[
∂p(ω)
∂ω

s(ω)− δ(p(ω))l(ω)
]
ω=p−1(ξ)

,

where p is the unique solution of (2.18) and δ is a free mapping. A
choice of the mappings κ and p that have the required properties is
given by p(ω) = ω and κ(ω) = h(π(ω)). This yields a family of models
described by the equations (2.20) with δ any arbitrary mapping such
that equation (2.21) has the unique solution p(ω) = ω.

The family of models (2.20) is parametrized in δ, which can be
used to achieve specific properties of the reduced order model. In the
remaining of the section we study several properties which are of in-
terest for nonlinear systems and that the designer may want to impose
upon the reduced order model. For instance, we may want to preserve
a property of the system to be reduced, or we may want to achieve a
special representation of the reduced order model which is particularly
useful for nonlinear systems. In what follows, we always assume that
the δ achieving a specific property is such that equation (2.21) has the
unique solution p(ω) = ω.

Matching with asymptotic stability

We begin with the problem of determining a reduced order model de-
scribed by equations of the form (2.20) which has an asymptotically
stable equilibrium at zero. This problem can be solved if it is possible
to select the mapping δ such that the zero equilibrium of the system
ξ̇ = s(ξ) − δ(ξ)l(ξ) is locally asymptotically stable. We observe that
the solution of this problem boils down to a property of the signal
generator. For example, it is sufficient (but not necessary) that the
pair

(
∂s(ξ)
∂ξ

∣∣∣
ξ=0

, ∂l(ξ)∂ξ

∣∣∣
ξ=0

)
be observable or detectable. Another suffi-

cient condition is that the pair (s, l) is observable and there exists a
continuously differentiable non-negative function V : Rν → R, with
V (0) = 0, such that LsV (ξ) = 0. In fact, if this is the case the selection
δ(ξ) = V >ξ l(ξ) solves the problem.
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Matching with prescribed relative degree and zero dynamics

The notion of relative degree is of fundamental importance for nonlin-
ear systems. In fact, many problems as, for instance, exact linearization,
asymptotic stabilization and output tracking can be easily solved for
nonlinear systems that have a well-defined relative degree. To stream-
line the presentation of the results we recall the definition of relative
degree. Consider the simplified system

ξ̇ = s(ξ) + δ(ξ)u, ψ = h(π(ξ)). (2.22)

As it is clear from the following definition, system (2.20) has relative
degree r at ξ0 if and only if system (2.22) has relative degree r at ξ0.

Definition 2.17. System (2.22) is said to have relative degree r at ξ0 if

Lδh(π(ξ)) = LδLsh(π(ξ)) = · · · = LδL
r−2
s h(π(ξ)) = 0, (2.23)

and
LδL

r−1
s h(π(ξ0)) 6= 0, (2.24)

for all ξ in a neighborhood of ξ0.

We consider the problem of constructing a reduced order model
which has a given relative degree r ∈ [1, ν] at some point ξ0. If we
can construct a reduced order model with relative degree r = ν, then
there exists a change of coordinates and a state feedback such that the
model can be exactly linearized. In the case that r < ν, then the model
can be only partially linearized. In particular, there exists a change of
coordinates such that the model is described by the equations

ż1 = z2,
...

żr−1 = zr,

żr = a(ζ̃, ζ) + au(ζ̃, ζ)u,
ζ̇ = q(ζ̃, ζ) + qu(ζ̃, ζ)u.

(2.25)

where ζ̃ =
[
z1 · · · zr

]>
, ζ =

[
zr+1 · · · zν

]>
, a, au, q and qu

are functions, with au(0, ζ(t)) 6= 0 for all t ∈ R and for ζ(t) sufficiently
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close to zero. The subsystem ζ̇ = q(0, ζ)−qu(0, ζ) a(0,ζ)
au(0,ζ) is the so-called

zero dynamics. We would like to find families of reduced order models
for which we can set the properties of the zero dynamics, e.g. make its
zero equilibrium asymptotically stable.

It is well-known that the key for solving these problems lies in the
properties of a certain codistribution.

Assumption 2.6. The codistribution

dOν = span{dh(π(ξ)), · · · , dLν−1
s h(π(ξ))} (2.26)

has dimension ν at ξ0.

From a classical results of nonlinear systems we know that if As-
sumption 2.6 holds then system (2.20) is locally observable at ξ0. More-
over, we can use this assumption to give a preliminary lemma which
establishes the conditions for which model (2.20) has a well-defined
relative degree.

Lemma 2.8. There exists a δ such that system (2.20) has relative de-
gree r at ξ0, for all r ∈ [1, ν], if and only if Assumption 2.6 holds.

Proof. (Necessity). Equations (2.23) and (2.24) can be rewritten as
dh(π(ξ))

...
dLr−2

s h(π(ξ))
dLr−1

s h(π(ξ))

 δ(ξ) =


0
...
0

γ(ξ)

 ,
for some function γ such that γ(ξ0) 6= 0. This equation has a solution
for all r ∈ [1, ν] if and only if the matrix in the left hand side has rank
r at ξ0. Setting r = ν yields that the codistribution dOν has dimension
ν.
(Sufficiency). Since dOν has rank ν and it is spanned by ν differentials,
for all r ∈ [1, ν] the distribution

dOi = span{dh(π(ξ)), · · · , dLi−1
s h(π(ξ))}

has dimension i, which implies that the equations (2.23) and (2.24)
have a solution δ locally well-defined around ξ0, hence the claim.
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Corollary 2.9. If system (2.8) is locally observable at [ξ>0 , π(ξ0)>]>,
then system (2.20) is locally observable at ξ0.

Proof. Suppose, by contradiction, that system (2.20) is not observable
at ξ0. Then there is a point ξa (in a neighborhood of ξ0) which is
indistinguishable from ξ0. Consider now system (2.8) and the points
[ξ>0 , π(ξ0)>]> and [ξ>a , π(ξa)>]>. Simple computations, recalling that
the manifold x = π(ξ) is invariant, show that these points are
not distinguishable, hence system (2.8) is not locally observable at
[ξ>0 , π(ξ0)>]>, which yields a contradiction.

This last result gives guarantees on the observability of a reduced
order model of an observable system. Note that, as shown in the next
section, we can achieve stronger results for linear systems.
Lemma 2.8 provides the condition for the existence of the solution to
the problem of achieving moment matching with a prescribed relative
degree. However, we still do not know how to achieve this. To solve this
problem and the problem of obtaining a zero dynamics with specific
properties we need a preliminary lemma.

Lemma 2.10. Consider system (2.20). Suppose Assumption 2.6 holds.
Then there exists a coordinates transformation χ = Ξ(ξ), locally de-
fined around ξ0, such that, in the new coordinates, system (2.20) is
described by equations of the form

χ̇1 = χ2 + δ̃1(χ)(v − l̃(χ)),
χ̇2 = χ3 + δ̃2(χ)(v − l̃(χ)),

...
χ̇ν = f̃(χ) + δ̃ν(χ)(v − l̃(χ)),
ψ = χ1,

(2.27)

where [δ̃1(χ), · · · , δ̃ν(χ)]> = δ(Ξ−1(χ)), l̃(χ) = l(Ξ−1(χ)), and f̃(χ) =
Lνsh(π(Ξ−1(χ))).

Proof. By Assumption 2.6 the functions h ◦π, . . ., Lν−1
s h ◦π qualify as

local coordinates around ξ0. In these coordinates the system (2.20) is
trivially described by equations of the form (2.27).
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We are now in the position to determine reduced order models with
a given relative degree and with a zero dynamics which is parameterized
by a set of free functions.

Proposition 2.2. Consider system (2.20). Suppose Assumption 2.6
holds and ξ0 is an equilibrium of system (2.20). Then, for all r ∈
[1, ν − 1], there is a mapping δ such that system (2.20) has relative
degree r and its zero dynamics have a locally exponentially stable equi-
librium. In addition, there is a coordinate transformation, locally de-
fined around ξ0, such that in the new coordinates the zero dynamics of
system (2.20) are described by equations of the form

żr+1 = zr+2 + δ̂1(ζ)zr+1,

żr+2 = zr+3 + δ̂2(ζ)zr+1,
...

żν = f̂(ζ) + δ̂ν−r(ζ)zr+1,

(2.28)

where the δ̂i are free functions and

f̂(ζ) = f̃(χ)
∣∣∣∣
χ=[0,··· ,0,zr+1,··· ,zν ]>

.

Proof. By Lemma 2.10, Assumption 2.6, and invariance of the zero
dynamics with respect to coordinates transformation, we can consider
the system described by equations of the form (2.27). Fix now r ∈ [1, ν−
1] and note that for r = ν the system does not have zero dynamics.
Select δ̃i such that δ̃r(χ0) 6= 0 and δ̃j(χ) = 0, for all j ∈ [1, r− 1] (note
that if r = 1 the set of such δ̃i is empty). The resulting system has
relative degree r. Consider now the r-th equation in (2.27), namely

χ̇r = χr+1 + δ̃r(χ)(v − l̃(χ))

and, by definition of zero dynamics, we obtain

v − l̃(χ) = − χr+1

δ̃r(χ)
.

Thus, the zero dynamics are described by the last ν − r equations
of system (2.27) with v = l̃(χ) − χr+1

δ̃r(χ) , χ1 = . . . = χr = 0, zi =
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χr+i and δ̂i = − δ̃r+i(χ)
δ̃r(χ)

∣∣∣∣
χ=[0,··· ,0,zr+1,··· ,zν ]>

which have the form given in

equation (2.28). To complete the proof recall that ξ0 is (by assumption)
an equilibrium, hence, the system (2.28) has an equilibrium which can
be rendered locally exponentially stable by a proper selection of the
functions δ̂1, · · · , δ̂ν−r.

Matching with a passivity constraint

Consider now the problem of selecting the mapping δ such that sys-
tem (2.20) is lossless or passive. The property of passivity is desirable
because it provides a powerful framework to solve the problem of global
asymptotic stabilization for interconnected systems. We define passive
systems through the characterization given by the so-called Kalman-
Yacubovitch-Popov (KYP) lemma.

Definition 2.18. System (2.20) has the KYP property if there exists
a continuously differentiable non-negative function V : Rν → R, with
V (0) = 0, such that

Ls−δlV (ξ) ≤ 0, LδV (ξ) = h(π(ξ)), (2.29)

for each ξ ∈ Rν ⊂ Rν .

Definition 2.19. System (2.20) is passive, with continuously differen-
tiable storage function V , if it has the KYP property. If the first relation
in (2.29) holds as an equality, then system (2.20) is lossless.

Theorem 2.11. The family of reduced order models (2.20) contains,
locally around ξ0, a lossless (passive, respectively) system with a con-
tinuously differentiable storage function V if there exists a differentiable
function V , locally positive definite around ξ0, such that

LsV (ξ) = h(π(ξ))l(ξ), (LsV (ξ) ≤ h(π(ξ))l(ξ) resp.), (2.30)

locally around ξ0, and
Vξξ(ξ0) > 0. (2.31)

Proof. We provide the proof for the lossless case, since the claims for
the passivity case follows identical arguments. Equation (2.31) implies
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that the equation LδV (ξ) = h(π(ξ)), in the unknown δ, has a (unique)
solution δ?, which is locally well-defined and continuous around ξ0.
Consider now system (2.20) with δ = δ?. Then Ls−δ?lV (ξ) = 0, and
this, together with the definition of δ?, proves the claim.

The conditions in the previous theorem are sufficient but not neces-
sary. In fact, by Definition 2.19, if the family of systems (2.20) contains,
locally around ξ0, a lossless system with a differentiable storage function
V then there exists δ such that Ls−δlV (ξ) = 0 and LδV (ξ) = h(π(ξ)),
locally around ξ0. Replacing the second equality in the first yields
LsV (ξ)−h(π(ξ))l(ξ) = 0, i.e. condition (2.30), with Vξξ(ξ0) ≥ 0. Thus,
condition (2.31) is not necessarily implied.

2.3.1 Reduced order models for linear systems

We now specialize our analysis to the case in which both the system
to be reduced and the signal generator are linear systems, namely they
are described by equations of the form (2.10) and (2.11), respectively,
obtaining families of linear reduced order models. Similarly to what
discussed for the nonlinear case, we want then to investigate if we
can, and how to, exploit potential free parameters to achieve specific
properties of the reduced order model.

Definition 2.20. Consider system (2.10) and the signal genera-
tor (2.11). The system described by the equations

ξ̇ = Fξ +Gu, ψ = Hξ, (2.32)

with ξ(t) ∈ Rν , ψ(t) ∈ R, F ∈ Rν×ν , G ∈ Rν×1, H ∈ R1×ν is a
model of system (2.10) at (S,L) if system (2.32) has the same moments
at (S,L) as system (2.10). System (2.32) is a reduced order model of
system (2.10) at (S,L) if ν < n.

Note that Definition 2.20 is consistent with the more general formu-
lation in Definition 2.16. We now give a linear equivalent of Lemma 2.7.

Lemma 2.12. Consider system (2.10) and the signal generator (2.11).
Suppose Assumption 2.4 holds. Then system (2.32) is a model of sys-
tem (2.10) at (S,L) if there exists a unique solution P of the equation
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FP +GL = PS, (2.33)
such that

HP = CΠ, (2.34)
where Π is the unique solution of (2.12).

Proof. The claim is a direct consequence of Definition 2.20 and the
definition of moment.

The first step to determine a reduced order model is to solve the
Sylvester equation (2.12) associated to the system to be reduced. Sev-
eral methods and algorithms to solve Sylvester equations are known.
However, note that the determination of the matrix Π may be computa-
tionally expensive because one of its dimensions is the order of the sys-
tem to be reduced. Notably, all model reduction techniques in the liter-
ature avoid solving any Sylvester equation. In fact, model reduction by
moment matching is among the computationally most efficient methods
of model reduction available. This fact inspires an alternative approach.
Consider system (2.10) and the interpolation points si ∈ σ(S). Con-
struct a reduced order model achieving moment matching at the points
si with any efficient algorithm, e.g. Lanczos algorithm, Arnoldi algo-
rithm or the iterative rational Krylov algorithm. This yields a reduced
order model for system (2.10) described by equations of the form

˙̃x = Ãx̃+ B̃u, ỹ = C̃x̃, (2.35)

where x̃(t) ∈ Rν , ỹ(t) ∈ R, Ã ∈ Rν×ν , B̃ ∈ Rν×1 and C̃ ∈ R1×ν . At
this point it is sufficient to apply the model reduction techniques pre-
sented herein considering the reduced order model (2.35) as the system
to be reduced. This time the corresponding matrix Π̃ has dimensions
ν × ν. Note also that an alternative approach is discussed in Chap-
ter 4, in which an algorithm to determine reduced order models in
a computationally efficient way, namely without solving the Sylvester
equation (2.12) or the partial differential equation (2.9), is presented.

On the other hand, the computation of the solution P of the
Sylvester equation (2.33) of the reduced order model can be avoided
altogether, as shown in the following result.
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Proposition 2.3. Consider system (2.10) and the signal genera-
tor (2.11). Suppose Assumption 2.4 holds. Then the system described
by the equations

ξ̇ = (S −GL)ξ +Gu, ψ = CΠξ, (2.36)

where Π is the unique solution of (2.12), is a model of system (2.10) at
(S,L) for any G such that σ(S) ∩ σ(S −GL) = ∅.

Proof. Consider system (2.32) and set F = S − GL and H = CΠ.
Substituting these matrices in equations (2.33) and (2.34) we obtain
(S − GL)P + GL = PS and CΠP = CΠ. It is straightforward to see
that P = I is a solution of these two equations. To conclude the proof
note that equation (2.33) has P = I as unique solution if and only if
σ(S) ∩ σ(S −GL) = ∅.

It can be observed that the family of models (2.36) is built on three
ideas: avoiding to solve equation (2.33), selecting the solution as I;
copying (asymptotically) the dynamics of the signal generator (2.11),
i.e. the relation ξ = ω holds for the steady-state of ξ, if it exists; and
having a convenient parametrization for the family of reduced order
models for which additional constraints can be easily imposed. These
are also the principles upon which the family of nonlinear models (2.20)
was constructed.
For the family of models (2.36) we can prove a result of completeness
of the parameterization, i.e. we show that the family (2.36) contains
all the models of order ν achieving moment matching at (S,L).

Proposition 2.4. Consider the family of systems (2.36). Consider a
model of system (2.10) at (S,L) of dimension ν, and let KG(s) be its
transfer function. Then there exists a unique G such that KG(s) =
CΠ(sI − (S −GL))−1G.

Proof. Let KG(s) = N(s)
D(s) and select G such that D(s) = det(sI −

(S − GL)). Under the stated assumptions there is a unique G sat-
isfying this condition. To complete the proof we need to show that
N(s) = CΠ adj(sI − (S −GL))G. The condition of moment matching
implies ν independent equality conditions on the polynomials N(s) and



44 Model reduction by moment matching

CΠ adj(sI − (S −GL))G, which are both of degree ν − 1, hence these
polynomials are identical, which proves the claim.

With the expression “the family (2.32) contains all the models of
dimension ν achieving moment matching at σ(S)” we mean that all the
models that can be obtained using interpolation/projection approaches
belong to the family of systems (2.32). In the interpolation approach,
which is the standard in the literature, the matching of the moments
is achieved by means of two oblique projectors, called Krylov projec-
tors. By Proposition 2.4 the models obtained with these other moment
matching approaches belong to the family of systems (2.32). However,
the parametrization given in (2.32) offers a substantial advantage. The
relation between Krylov projectors and the properties of the reduced
order models, such as asymptotic stability, zeros and relative degree,
is often nontrivial. On the other hand, the advantage of the presented
formulation is that the family of systems (2.32) is parametrized in G,
which allows to set with ease several properties of the reduced order
model, as shown in the following. For instance, setting the eigenval-
ues of the reduced order model is an easy task, whereas with classical
Krylov methods this is rather difficult.

We now investigate the possibility of using the matrix G to achieve
specific properties of the reduced order model. To this end we im-
plicitly assume that the G achieving a specific property is such that
σ(S) ∩ σ(S−GL) = ∅. Note that while some problems which are rele-
vant for nonlinear systems are relevant also for linear systems, we also
investigate problems that are interesting only for the latter.

Maximal pole-zero cancellation

Note that the assumption that σ(S) ∩ σ(S−GL) = ∅ implies that the
pair (S−GL,G) is controllable. However, the pair (CΠ, S−GL) is not
necessarily observable. As a consequence, the family of models (2.32)
may be not minimal, i.e. there are pole-zero cancellations in the trans-
fer function. Thus, we now determine the matrix G which maximizes
the number of pole-zero cancellations. The resulting model is a model
with the lowest order achieving matching of a prescribed number of
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moments. The next theorem is stated without proof.

Theorem 2.13. Let ΣG be a reduced order model belonging to the fam-
ily (2.32) that matches ν moments of system (2.10) and let KG(s) =
CΠ(sI − S + GL)−1G be its transfer function. Assume ΣG is not
minimal. Let z = [z1 · · · zk]> ∈ Ck, zi 6= zj , with i = 1, . . . , k and
j = 1, . . . , k, be such that zi 6∈ σ(S). Then the following statements
hold.

(PZ1) Assume v = 2k. Let

M(z)=


L(z1I − S)−1

L(z2I − S)−1

...
L(zkI − S)−1

∈Ck×2k, N(z)=


CΠ(z1I − S)−1

CΠ(z2I − S)−1

...
CΠ(zkI − S)−1

∈Ck×2k,

T (z)=
[
N(z)
M(z)

]
∈ C2k×2k.

(2.37)

Then there exists a unique G = T−1(z)
[
−1

0

]
, with 1 =

[1 · · · 1]>, such that the numbers zi are both zeros and poles of
KG(s). Moreover, setting [θ1 θ2] = CΠT−1(z), the cancellations
yield a model of minimal order k given by

K̂(s) =

k∑
i=1

θ1i

k∏
j 6=i

(s− zj)

k∏
j=1

(s− zi) +
k∑
i=1

θ2i

k∏
j 6=i

(s− zj)
, (2.38)

where θi = [θi1 θi2 · · · θik]>, i = 1, 2.

(PZ2) Assume ν = 2k + 1. Then there exists a parametrized matrix
G(α) ∈ C2k+1, α ∈ C, such that the numbers zi are both zeros and
poles of KG(s), yielding a subclass of models ΣG(α) of minimal
order k+ 1, described by KG(α) as in (2.38), with [θ1(α) θ2(α)] =
CΠ(α)T−1(z, α), T (z, α) ∈ C(2k+2)×(2k+2).
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Connections with the Georgiou-Kimura parametrization and the
Nevanlinna-Pick interpolation problem

It is of interest to establish connections with the so-called Georgiou-
Kimura parametrization and the classical Nevanlinna-Pick interpola-
tion problem.

The Georgiou-Kimura parameterization arises in the solution of the
covariance extension problem. This problem can be recast as the prob-
lem of matching k moments at 0. The solution of this problem is given
by the rational function

WGK(s) = ψ̂n(s) + γ1ψ̂n−1(s) + · · ·+ γnψ̂0(s)
ψ̃n(s) + γ1ψ̃n−1(s) + · · ·+ γnψ̃0(s)

,

where γi ∈ R, for i ∈ [1, n], and ψ̃i and ψ̂i are the Szegö orthogonal
polynomial of the first and second kind, respectively. It is worth com-
paring the above parameterization with the parameterization proposed
in this work, which is given in terms of the vector G. To this end, note
that, in the Georgiou-Kimura parameterization, the parameters γi en-
ter linearly both in the numerator and in the denominator, whereas
in the proposed representation the entries of the parameter G enter
nonlinearly in both cases. However, note that it is possible to relate
directly the parameter G with some systems theoretic properties of the
reduced order model (which solves the covariance extension problem),
whereas it is very hard to derive similar interpretations for the param-
eters γi. Note finally that, by Proposition 2.4, the set of all rational
transfer functions given by the Georgiou-Kimura parameterization co-
incides with the set characterized by the family (2.36). We illustrate
the above discussion with an example.

Example 2.2. Consider a reduced order model described by the equa-
tions (2.36), with

S =



0 1 0 · · · 0

0 0 1 . . . ...
... . . . . . . . . . 0
0 · · · 0 0 1
0 · · · 0 0 0


∈ Rk×k, (2.39)
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k ≥ 1 and

L =
[

1 0 · · · 0
]

CΠ =
[
η0 η1 · · · ηk−1

]
. (2.40)

Thus, the reduced order model matches k moments at zero, solving
the covariance extension problem. Note that, independently from the
selection of G, the transfer function W (s) = CΠ(sI − (S − GL))−1G

of the reduced order model is W (s) = η0 + η1s+ · · ·+ ηk−1s
k−1 + . . . .

The main difference between the model reduction problem and the
classical Nevanlinna-Pick interpolation problem is that in the latter
the number of interpolation points is equal to the order of the approx-
imating system plus one. As a result, the interpolating problem can be
regarded as a model reduction problem by moment matching in which
a model of order ν should match ν + 1 moments.

Matching with prescribed eigenvalues

While for nonlinear systems we have investigated the problem of deter-
mining reduced order models which have an asymptotically stable zero
equilibrium, for linear systems we want to achieve the stronger result
of setting the eigenvalues of the reduced order model.
Given a set Θ = {λ1, · · · , λν} of ν values λi ∈ C, with Θ ∩ σ(S) = ∅, we
consider the problem of determining G such that S−GL has spectrum
equal to Θ. The problem can be solved simply selecting G such that

σ(S −GL) = Θ, (2.41)

By observability of the pair (S,L), there is a unique matrix G such
that this is possible. This is illustrated in the next example.

Example 2.3. Consider a reduced order model described by the equa-
tions (2.36), with S, L and CΠ as in equations (2.39) and (2.40), and
the problem of assigning k eigenvalues at −λ, with λ ∈ R>0. The prob-
lem is solved by the selection

G =
[ (

k

1

)
λ

(
k

2

)
λ2 · · ·

(
k

k

)
λk

]>
,
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which yields a reduced order model with k eigenvalues at −λ and with
transfer function

W (s) = G

(s+ λ)k



η0
η1
...
ηk

 sk +


0
η0
...

ηk−1

 sk−1 + · · ·+


0
...
0
η0


 =

=η0 + η1s+ · · ·+ ηk−1s
k−1 + . . . .

Matching with prescribed relative degree and zeros

We now study the linear version of the problem of setting the relative
degree and assigning a prescribed zero dynamics to the reduced order
model. In other words, consider system (2.36) and the problem of se-
lecting G such that the system has a given relative degree r ∈ [1, ν],
and/or has prescribed zeros. Before providing the solution to these
problems we recall here the definition of relative degree and zeros for
linear systems.

Definition 2.21. System (2.36) has relative degree r if
CΠ
...

CΠSr−2

CΠSr−1

G =


0
...
0
γ

 , (2.42)

for some non-zero γ.

Definition 2.22. The zeros of system (2.36) are the roots of the poly-
nomial

det
[
sI − (S −GL) G

CΠ 0

]
.

Theorem 2.14. The following statements are equivalent.

(RD) Equation (2.42) has a solution G for all r ∈ [1, ν].

(O1) The system
ξ̇ = Sξ, ψ = CΠξ, (2.43)

is observable.
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(O2) The system

ω̇ = Sω, ẋ = Ax+BLω, y = Cx, (2.44)

is observable.

(Z1) The zeros of system (2.36) can be arbitrarily assigned selecting
G.

(Z2) The zeros of the system

ξ̇ = Sξ +Gu, ψ = CΠξ, (2.45)

can be arbitrarily assigned selecting G.

Proof. (RD)⇒(O1). If equation (2.42) has a solution G for all r ∈ [1, ν]
then CΠ 6= 0, and setting r = 2 yields that CΠS is linearly independent
from CΠ, i.e.

rank
[

CΠ
CΠS

]
= 2.

Using the same arguments we infer that, for each r ∈ [1, ν],

rank


CΠ
CΠS
...

CΠSr−1

 = r, (2.46)

hence for r = ν we conclude observability of system (2.43).
(O1)⇒(RD). Observability of system (2.43) implies equation (2.46), for
all r ∈ [1, ν], and hence solvability of equation (2.42) for all r ∈ [1, ν].
(O2)⇒(O1). We prove this implication by contradiction. Suppose sys-
tem (2.43) is not observable. Then there exist a (possibly complex-
valued) vector v and a scalar λ such that Sv = λv and CΠv = 0.
Let

w =
[

v

Πv

]
=
[
I

Π

]
v

and note that[
S 0
BL A

]
w =

[
Sv

(BL+AΠ)v

]
=
[
I

Π

]
Sv = λw,
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and
[

0 C
]
w = 0, hence system (2.44) is not observable, which

proves the claim.
(O1)⇒(O2). We prove this implication by contradiction. Suppose sys-
tem (2.44) is not observable. Then there exist a (possibly complex-
valued) vector w = [w′1 w′2]′ and a scalar λ such that[

S 0
BL A

]
w = λw

[
0 C

]
w = 0.

This implies Sw1 = λw1 and

BLw1 +Aw2 = ΠSw1 −AΠw1 +Aw2 = λΠw1 −AΠw1 +Aw2
= λw2,

hence (A − λI)(w2 − Πw1) = 0. As a result, since λ is an eigenvalue
of S and S and A do not have common eigenvalues w2 = Πw1, which
implies CΠw1 = 0, hence system (2.43) is not observable, which is a
contradiction that proves the claim.
(Z1)⇔(Z2). To prove the claim we simply show that the zeros of the
two systems coincide. For, note that[

sI − (S −GL) G

CΠ 0

]
=
[
sI − S G

CΠ 0

] [
I 0
L 1

]
,

which proves the claim.
(Z2)⇒(O1). The zeros of system (2.45) are the roots of the polynomial

det
[
sI − S G

CΠ 0

]
.

Observability of system (2.43) implies that

rank
[
sI − S
CΠ

]
= ν,

for all s ∈ C. Let zi(s) be the determinant of the minor of order ν ob-
tained eliminating from the observability pencil the i-th row of the ma-
trix sI−S. By observability, the ν polynomials z1(s), · · · , zν(s) do not
have common roots, i.e. are independent polynomials of degree ν − 1.
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This implies that such polynomials form a basis for the space of poly-
nomials of degree ν− 1. Note now that (setting G = [G1 G2 · · · Gν ]>)

Z(s) = det
[
sI − S G

CΠ 0

]
= (−1)ν

(
G1z1(s)− · · ·+ (−1)ν−1Gνzν(s)

)
,

(2.47)

which implies that it is possible to arbitrarily assign the polynomial
which defines the zeros of the system.
(O1)⇒(Z2). If the zeros of system (2.45) can be arbitrarily assigned,
then the polynomial Z(s) in equation (2.47) can be arbitrarily assigned,
and this implies that the polynomials zi(s) are independent, hence ob-
servability of system (2.43).

Remark 2.5. If system (2.43) or system (2.44) are not observable, it
may still be possible to assign the relative degree of the model for some
r ∈ [1, ν]. Note that if it is possible to assign a relative degree r̃, then
it is possible to assign any relative degree r ∈ [1, r̃].

The matrix G assigning the relative degree to system (2.36) is not
unique. This degree of freedom may be exploited to partly assign the
eigenvalues or the zeros of the reduced order model. We illustrate this
idea in the following examples.

Example 2.4. Consider a reduced order model described by the equa-
tions (2.36), with

S =
[

α ω̄

−ω̄ α

]
,

L =
[

1 0
]
and CΠ =

[
η0s η0c

]
, with ω̄ > 0, α ∈ R and η2

0s+η2
0c 6=

0. The reduced order model (2.36) obtained with these matrix selection
matches the 0-moment at α± ιω̄.

All matrices G such that the reduced order model has relative de-
gree one are described by

G = γ̃

[
η0s
η0c

]
+ δ

[
−η0c
η0s

]
,

with γ̃ 6= 0 and δ ∈ R. Note that such G does not depend explicitly
on the values of α and ω̄ (although η0c and η0s depends on the values
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of α and ω̄). The transfer function W (s) of the reduced order model is
given by
W (s) =

(γ̃s− αγ̃ + ω̄δ)(η2
0s + η2

0c)
s2 + (γ̃η0s − δη0c − 2α)s+ α(α+ γ̃η0s − δη0c) + ω̄(ω̄ + δη0s + γ̃η0c)

,

(2.48)
and the parameters δ and γ̃ can be used to assign its poles, or the
zero and the DC-gain, or to obtain a reduced order model which is
asymptotically stable and minimum phase, i.e. it is passive.

All matrices G such that the reduced order model has relative de-
gree two are described by

G = γ̃

ω̄

[
−η0c
η0s

]
,

with γ̃ 6= 0. Note that such G does not depend explicitly on the value
of α. The transfer function W (s) of the reduced order model is given
by

W (s) = γ̃(η2
0s + η2

0c)
s2 − (2α+ η0c

γ̃
ω̄ )s+ α2 − γ̃

ω̄αη0c + ω̄2 + γ̃η0s
, (2.49)

and the parameter γ̃ can be selected to ensure asymptotic stability of
the reduced order model provided η0c 6= 0. It is worth noting that, con-
sistently with the theory, the value of the transfer functions in equation
(2.48) and (2.49) for s = α± ιω̄ depends only upon η0s and η0c.

Example 2.5. Consider a reduced order model described by the equa-
tions (2.36), with S, L and CΠ as in equations (2.39) and (2.40). Let
η0 6= 0. By direct inversion of (2.42), all matrices G such that the
reduced order model has relative degree ν are described by

G =


η0 η1 · · · ηk−1
0 η0 · · · ηk−2
... . . . . . . ...
0 · · · 0 η0


−1 

0
...
0
γ

 ,
with γ 6= 0. For instance, for ν = 4,

G = γ̃

[
η3

1 − 2η0η1η2 + η2
0η3

η4
0

η2
1 − η0η2
η3

0
−η1
η2

0

1
η0

]>
,
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with γ̃ 6= 0. The transfer function of the reduced order model is given
by

W (s) =
γ̃η4

0
η4

0s
4 + (η3

1 − 2η0η1η2 + η2
0η3)γ̃s3 + (η2

1 − η0η2)η1γ̃s2 − η0η2
1 γ̃s+ η3

0 γ̃
(2.50)

and the parameter γ̃ can be used to assign, for example, the high-
frequency gain.

Example 2.6. Consider a reduced order model described by the equa-
tions (2.36), with

S =

 0 ω̄ 0
−ω̄ 0 0

0 0 0

 ,
L =

[
1 0 1

]
and CΠ =

[
η0s η0c η0

]
. We assume that η0 6= 0

and η2
0s + η2

0c 6= 0 which imply that the pair (S,CΠ) is observable.
Hence, the reduced order model matches the 0-moment at ±ω̄ι and at
zero and it has relative degree 3 for all matrices G described by

G =
[

γη0s
ω̄2(η2

0s + η2
0c)

γη0c
ω̄2(η2

0s + η2
0c)

−η
2
0s + η2

0c
η0

]>
,

with γ 6= 0. Since there exists such a G, by Theorem 2.14 all the zeros
of the reduced order model can be arbitrarily assigned by means of
(possibly another) G. For the sake of simplicity, let ω̄ = 1. Then

Z(s)=η0G3 + (η0sG2 − η0cG1)s+ (η0sG1 + η0cG2 + η0G3)s2,

and this can be arbitrarily assigned provided η0(η2
0s + η2

0c) 6= 0. Finally
note that this also implies, and is implied by, the observability of the
system ξ̇ = Sξ, ψ = CΠξ.

2.4 Additional Topics for Linear and Nonlinear Systems

In this section we present a series of topics regarding systems in special
form. We begin introducing the notion of moment at infinity for linear
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and nonlinear systems. Then we investigate the problem of model re-
duction of a linear system driven by a nonlinear signal generator and
of model reduction of a nonlinear system driven by a linear signal gen-
erator. We conclude the chapter clarifying the nature of the relation
between moments and phasors introduced in Example 2.1.

2.4.1 Moment at infinity

The descriptions of moment given in Definitions 2.13 and 2.14 do not
characterize the moments at si = +∞. Since the k moments of a linear
system at si are defined as the first k coefficients of the Laurent series
expansion of the transfer function W (s) at si ∈ C, in a similar way the
k moments at infinity can be computed by evaluating the expansion at
infinity of the transfer function. In addition, by using the final value
theorem, the 0-, 1-, . . . , k-moments correspond to the first, second, ...,
k+1-th coefficients of the expansion at t = 0+ of the impulse response.
Thus, for the linear system (2.10) the k moments at infinity are defined
as ηk(∞) = CAk−1B (with η0(∞) = 0), i.e. the first k+ 1 moments at
infinity coincide with the first k+ 1 Markov parameters of the system.
Recall also that

CAkB = dk

dtk
(CeAtB)

∣∣∣∣
t=0

= y
(k)
I (0+),= y

(k)
F,B(0+),

where y(k)
I denotes k-th order time derivative of the impulse response

of the system and y
(k)
F,B denotes the k-th order time derivative of the

free output response from x(0) = B.
Consider now a nonlinear affine system2 described by equations of the
form

ẋ = f(x) + g(x)u, y = h(x), (2.51)
2We focus on affine systems since for non-affine systems the impulse response, and

its derivatives, may not be well-defined functions (e.g. they may be distributions).
To illustrate this consider the system ẋ = u2, y = x, with x(t) ∈ R, u(t) ∈ R and
y(t) ∈ R. Setting u(t) = δ0(t) and integrating yields

yI(t) =
∫ t

0
δ2
0(τ)dτ,

which does not exists.
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with x(t) ∈ Rn, u(t) ∈ R, y(t) ∈ R, and f , g and h analytic mappings.
Integrating the first of equations (2.51), with x(0) = 0 and u(t) = δ0(t),
evaluating for t = 0+, and substituting in the second equation yields
yI(0+) = y0

I (0+) = h(g(0+)) and y(k)
I (0+) = Lkfh ◦ g(0+), for k ≥ 0. It

is therefore natural to define the k-moment at infinity as follows.

Definition 2.23. For k > 0, the moment at infinity of the nonlinear
system (2.51) is ηk(∞) = y

(k−1)
I (0+) = y

(k−1)
F,g(0)(0

+) (with η0(∞) = 0),
where y(k)

F,g(0)(t) denotes the k-th order time derivative of the free output
response of the system from x(0) = g(0).

These considerations allow to derive a reduced order model which
matches the 0-, · · · , k-moments at infinity of system (2.51). For, con-
sider a linear system described by equations of the form (2.10), with
ξ(t) ∈ Rk, and F , G and H such that HF iG = y

(i)
I (0), for i = 0, · · · ,

k−1 (note that the matrices F , G and H can be computed using stan-
dard realization algorithms, e.g. the Ho-Kalman realization algorithm.
In addition, these matrices are not uniquely defined, hence it is possible
to achieve additional properties as, for example, to assign the eigenval-
ues of the reduced order model). As a consequence of the discussion
above, the linear system thus constructed is a model of the nonlinear
system achieving moment matching at infinity. Note that the compu-
tation of such a reduced order model does not require the solution of
any partial differential equation, but simply regularity of the nonlinear
system. The above discussion is illustrated in the next example.

Example 2.7. Consider the model of an inverted pendulum on a cart,
described by the equations

ẋ1 = x2,

ẋ2 = mlx2
4 sin x3 −mg cosx3 sin x3 + u

M +m sin2 x3
,

ẋ3 = x4,

ẋ4 = g(m+M) sin x3 −ml cosx3 sin x3x
2
4 − cosx3u

l(M +m sin2 x3)
,

y = x1,
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where x1(t) is the position of the cart, x3(t) is the angle of the pen-
dulum (with respect to an upward vertical), x2(t) and x4(t) are the
corresponding, linear and angular, velocities, u(t) is an external input
force, and m, M , l and g are positive constants. The first six moments
of this system at infinity can be directly calculated, using the expres-
sion above, yielding η0(∞) = 0, η1(∞) = 0, η2(∞) = 1

M , η3(∞) = 0,
η4(∞) = m(glM2−1)

l2M4 , η5(∞) = 0. From these expressions it is possible
to derive a reduced order (linear) model. For example, a reduced order
model, matching the first three moments, is described by equations of
the form (2.32), with ξ(t) ∈ R2, and

F =
[

0 1
−f21 −f22

]
G =

[
0
1

]
H =

[
1
M

0
]
.

The coefficients f21 and f22 can be selected to assign the eigenvalues of
the matrix F , or to achieve other interpolation conditions. For example,
selecting f21 = −mglM2−1

M3l2 and f22 = 0 ensures matching of the first five
moments at infinity. A four-dimensional reduced order (linear) model
achieving matching of the first five moments at infinity, and with the
same eigenvalues of the linearization of the nonlinear system around
x = 0, i.e. 0, 0,

√
(M+m)Mlg

Ml , −
√

(M+m)Mlg

Ml , is described by equations
of the form (2.32), with ξ(t) ∈ R4, and

F =


0 1 0 0
0 0 1 0
0 0 0 1

0 0 g
M +m

Ml
0

 G =


0
0
0
1



H =
[
−m+ glM3

l2M4 0 1
M

0
]
.

One may wonder if the obtained reduced order model is equivalent to
the linearized system around zero. Since the transfer function of this
system is

H(sI − F )−1G =
ls2 − g − m

M3l

s2(Mls2 − g(M +m)) ,

this last reduced order model does not coincide with the linearized
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model around the zero equilibrium which is given by

A` =


0 1 0 0
0 0 −mg

M
0

0 0 0 1

0 0 g
M +m

Ml
0

 B` =


0
1
M
0
− 1
Ml


C` =

[
1 0 0 0

]
,

and has transfer function

C`(sI −A`)−1B` = ls2 − g
s2(Mls2 − g(M +m)) .

2.4.2 Matching for linear systems at (s, l)

In this section we consider the problem of model reduction for linear
systems at (s, l), i.e. we consider the case in which the system to be
reduced is linear whereas the signal generator is a nonlinear system. For
such a problem, under suitable assumptions, it is possible to obtain in
an explicit way a formal description of reduced order models, as detailed
in the following statement.

Proposition 2.5. Consider the linear system (2.10) and the signal gen-
erator (2.7), with l(ω) = Lω. Suppose Assumption 2.2 holds and that
s and π can be expressed, locally around ω = 0, as formal power se-
ries, i.e. s(ω) =

∑∞
i=1 s

[i](ω) and π(ω) =
∑∞
i=1 π

[i](ω), where s[i] and
π[i] denote polynomial vector fields which are homogeneous of degree
i. Suppose in addition that s[1](ω) = 0. Then a family of reduced order
models achieving moment matching at (s, l) is formally described by
the equations

ξ̇ = s(ξ)− δ(ξ)Lξ + δ(ξ)u, ψ = Cπ(ξ),

with δ a free mapping,

π[1](ξ) = −A−1BLξ (2.52)

and

π[k](ξ) = A−1
k−1∑
i=1

∂π[i](ξ)
∂ξ

s[k−i+1](ξ), (2.53)
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for k ≥ 2.

Proof. Note that equation (2.9) can be written as Aπ(ω) + BLω =
∂π
∂ωs(ω). In addition, by the stated assumptions, this equation has a
unique solution locally around ω = 0. Then, by a direct computation,
we conclude that the solution π of this equation admits the formal
power series description given by equations (2.52) and (2.53). The result
then follows from Proposition 2.3.

The next example illustrates this result.

Example 2.8. Consider the linear system (2.10) with σ(A) ⊂ C≤0 and
the nonlinear signal generator (2.7) with ω = [ω1, ω2, ω3]>,

s(ω) =



I2 − I3
I1

ω2ω3

I3 − I1
I2

ω3ω1

I1 − I2
I3

ω1ω2

 , (2.54)

I1 > 0, I2 > 0, I3 > 0, Ii 6= Ij , for i 6= j, and

l(ω) = Lω =
[
L1 L2 L3

]
ω, (2.55)

with L1L2L3 6= 0. This signal generator, which describes the evolution
of the angular velocities of a free rigid body in space, is neutrally stable
and, under the stated assumption on L, observable. Moreover, s[2] = ω̇,
s[j] = 0 for all j ∈ N \ {2} and ∂s[j]

∂ω s
[2] = djω

dtj
for all j ≥ 1. Hence,

π[i](ω) = −A−iBLd
i−1ω

dti−1 ,

and the moment of system (2.10) at (s, l) is given, formally, by

Cπ(ω) = −CA−1
(
BLω +A−1BLω̇ + · · ·+A−i+1BL

di−1ω

dti−1 + · · ·
)
,

which is a polynomial series in ω. Note that a recursive expression for
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the (i+ 1)-th derivative of ω is given by

di+1ω

dti+1 =



I2 − I3
I1

i∑
k=0

(
n

i

)
di−kω2
dti−k

dkω3
dtk

I3 − I1
I2

i∑
k=0

(
n

i

)
di−kω3
dti−k

dkω1
dtk

I1 − I2
I3

i∑
k=0

(
n

i

)
di−kω1
dti−k

dkω2
dtk


.

We infer that a reduced order model for a linear asymptotically stable
system at the (s, l) given in equations (2.54) and (2.55) is described by

ξ̇ = s(ξ)− δ(ξ)Lξ + δ(ξ)u,

ψ = −CA−1
[
BLω +A−1BLω̇ + · · ·+A−i+1BL

di−1ω

dti−1 + · · ·
]
ω=ξ

.

Simulations have been run selecting I1 = 1, I2 = 2, I3 = 3, L1 = 1,
L2 = 1/2, L3 = 1/3. Note that s(ξ)− δ(ξ)Lξ is independent of the sys-
tem to be reduced and that the selection δ = diag(1/I1, 1/I2, 1/I3)L>
yields a reduced order model with a globally asymptotically stable equi-
librium at ξ = 0. The linear system to be reduced is a randomly selected
asymptotically stable system of dimension 50. The initial conditions of
the signal generator have been selected as ω(0) = 1

5 [1 1 1]>.
The linear system and the reduced order model, both driven by

the signal generator, have been numerically integrated from zero initial
conditions. Figure 2.3 (top) displays the output y(t) (solid line) of the
linear system when driven by the signal generator, and the signals ψ[1]

(dotted line), ψ[2] (dash-dotted line) and ψ[6] (dashed line), obtained
by truncating the formal power series defining ψ to the first, second
and sixth order terms, respectively. Figure 2.3 (bottom) displays the
approximation errors y−ψ[1] (dotted line), y−ψ[2] (dash-dotted line),
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Figure 2.3: Top: time histories of the output of the driven linear system and of
the approximating outputs of the driven reduced order model: y (solid line), ψ[1]

(dotted line), ψ[2] (dash-dotted line) and ψ[6] (dashed line). Bottom: time histories
of the approximation errors: y−ψ[1] (dotted line), y−ψ[2] (dash-dotted line), y−ψ[6]

(dashed line).
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y − ψ[6] (dashed line). Note that, in steady-state,

max(|y(t)− ψ[1](t)|) ≈ 0.0630 >
max(|y(t)− ψ[2](t)|) ≈ 0.0272 >

max(|y(t)− ψ[3](t)|) ≈ 0.0126 >
max(|y(t)− ψ[4](t)|) ≈ 0.0091 >

max(|y(t)− ψ[5](t)|) ≈ 0.0058 >
max(|y(t)− ψ[6](t)|) ≈ 0.0056,

which shows that the approximation error decreases by adding terms in
the formal power series defining the output of the reduced order model.

2.4.3 Matching for nonlinear systems at Sω

In this section we consider the problem of model reduction for non-
linear systems at s(ω) = Sω, i.e. we consider the case in which the
signal generator is a linear system. This problem is of particular inter-
est since it is easy to infer that the reduced order models have a very
simple description, i.e. a family of reduced order models is given by the
equations

ξ̇ = (S − δ(ξ)L)ξ + δ(ξ)u, ψ = h(π(ω)),

where δ is a free mapping. In particular, selecting δ = G, for some
constant matrix G, we have that the family of reduced order models is
described by a linear differential equation with a nonlinear output map.
This structure has two main advantages. The former is that the matrix
G can be selected to achieve additional goals, such as to assign the
eigenvalues or the relative degree of the reduced order model (provided
additional assumptions on the output map holds). The latter is that the
computation of the reduced order model boils down to the computation
of the output map h ◦ π. For instance, this can be approximated with
the method presented in Chapter 4.
We consider now the special case of model reduction with 0-moment
matching at s? = 0, i.e. the model reduction problem at s(ω) = 0. This
problem can be solved, under specific assumptions, without solving any
partial differential equation, as detailed in the following statement.
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Proposition 2.6. Consider system (2.6) and the signal generator ω̇ =
0, u = ω. Suppose Assumption 2.1 holds. Then the zero moment at
s? = 0 of system (2.6) is (locally) well-defined and given by h ◦ π,
with π the unique solution of the algebraic equation f(π(ω), ω) = 0.
Finally, a reduced order model, for which the zero equilibrium is locally
asymptotically stable is given by

ξ̇ = −δ(ξ)(ξ − u), ψ = h(π(ξ)),

with ξ(t) ∈ R and δ such that δ(0) > 0.

Proof. We simply need to show that equation (2.18) has a unique
solution. For, note that in this case, equation (2.18) rewrites as
−δ(p(ω)) (p(ω)− ω)) = 0, which, by positivity of δ(0), has (locally)
the unique solution p(ω) = ω.

This result is illustrated in the next section in which a reduced order
model for a DC-to-DC converter is determined.

Averaged model of the DC-to-DC Ćuk converter

The averaged model of the DC-to-DC Ćuk converter is given by the
equations

L1
d

dt
i1 = −(1− u)v2 + E1,

C2
d

dt
v2 = (1− u)i1 + ui3,

L3
d

dt
i3 = −uv2 − v4,

C4
d

dt
v4 = i3 −G4v4,

y = v4,

(2.56)

where i1(t) ∈ R≥0 and i3(t) ∈ R≤0 describe currents, v2(t) ∈ R≥0 and
v4(t) ∈ R≤0 voltages, L1, C2, L3, E1 and G4 positive parameters and
u(t) ∈ (0, 1) a continuous control signal which represents the slew rate
of a pulse width modulation circuit used to control the switch position
in the converter. The 0-moment of the system at s = 0 is

h(π(ω)) = ω

ω − 1E1, (2.57)
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Figure 2.4: Time histories of the output of the averaged model of the Ćuk converter
and of the approximating outputs of the reduced order models (top): y (solid line), ψ
(dotted line), ψ2 (dashed line). Time histories of the approximation errors (bottom):
y − ψ (dotted line), y − ψ2 (dashed line).

and a locally asymptotically stable reduced order model achieving mo-
ment matching at s? = 0 is

ξ̇ = −δ(ξ)(ξ − u), ψ = E1
ξ

ξ − 1 , (2.58)

with δ(0) > 0, which is well-defined if ξ 6= 1. This is consistent with
the fact that the 0-moment at s? = 0 is defined for ω 6= 1.
The parameters of the simulations are reported in Table 2.1. The input
signal is selected piecewise constant with jumps every 0.05 seconds.
The reduced order model is described by equations (2.58), where the
function δ depends upon the input signal u and it is equal to the real
part of the slowest eigenvalue of the system (2.56) (which is a linear
system for constant u). Figure 2.4 (top) displays the output y (solid
line) of the averaged model of the Ćuk converter and of the output
of the reduced order model ψ (dotted line). The figure shows that the
reduced order model provides a good static approximation of the be-
havior of the system but does not capture its dynamic (under-damped)
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Table 2.1: Parameters of the model of the DC-to-DC Ćuk converter.

L1 = 10 mH L3 = 10 mH C2 = 22 µF
C4 = 22 µF E = 12 V G = 0.0447 S

behavior. The dynamic behavior can be captured constructing a sec-
ond order model, which is (in the spirit of the model (2.58)) a linear
system with a nonlinear output map. Since such a model is required
to match only one moment, it is possible to assign its eigenvalues at
the location of the dominant modes of system (2.56) with u fixed. The
output ψ2 of this two dimensional reduced order model is also displayed
in Figure 2.4 (dashed line). Note that this signal may provide a bet-
ter approximation of y, as shown in Figure 2.4 (bottom), in which the
errors y − ψ (dotted line) and y − ψ2 (dashed line) have been plotted.

2.4.4 Phasors as moments at ιω̂

We now formally clarify the relation between moments and phasors
which has been hinted in Example 2.1, in particular, we show that
the phasors of an electric circuit are the moments at ιω̂ of the linear
system describing the circuit. Note that the discussion is presented
applying the Kirchhoff’s Voltage Law: we assume that the sources are
voltage sources and the state variables and the output are currents.
As a consequence we show that the moments are the phasors of the
currents. An equivalent analysis based on the Kirchhoff’s Current Law
can be derived. We begin introducing two preliminary definitions.

Definition 2.24. Consider system3 (2.10) with x(t) ∈ Cn, u(t) ∈ C,
y(t) ∈ C, A ∈ Cn×n, B ∈ Cn×1 and C ∈ C1×n. The phasor transform of
the linear system (2.10) for the source u(t) = aue

ι(ω̂t+ϕ), with au ∈ R,
ω̂ ∈ R and ϕ ∈ R, is

Xιω̂eιω̂t = AXeιω̂t +Baue
ιϕeιω̂t, Y eιω̂t = CXeιω̂t. (2.59)

3While the state of a dynamical system normally represents real quantities, in
this section we use the complex domain because the quantities involved in the phasor
analysis are complex valued.
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To streamline the presentation we introduce the following definition.

Definition 2.25. The system (2.10) and the generator (2.11) are said
to be in the real convention if the matrices A, B, C, S and L have real
entries. They are said to be in the mixed convention if the matrices
A, B and C have real entries and the matrices S and L have complex
entries. They are said to be in the complex convention if the matrices
A, B, C, S and L have complex entries.

Note that in the real convention and in the mixed convention, for
all integers k with 2 ≤ 2k ≤ n, the component x2k of x is a current ik,
whereas the component x2k−1 of x is the integral

∫ t
t0
ik(τ)dτ . Further-

more, we assume that C = εk for some 1 ≤ k ≤ n, i.e. the output of
the system is a current or the integral of a current.
With the next result we show that writing the phasor transform of a
linear electric circuit is equivalent to writing the associated Sylvester
equation. Moreover, the components of the solution of this Sylvester
equation written in the mixed convention are the phasors of all the
currents (and of the integrals of the currents) in the circuit.

Proposition 2.7. Consider the source u(t) = aue
ι(ω̂t+ϕ), with au ∈ R,

ω̂ ∈ R and ϕ ∈ R, and assume ιω̂ 6∈ σ(A). The phasor transform
of system (2.10) (see Definition 2.24) written in the mixed convention
coincides with the Sylvester equation (2.12) with S = ιω̂ and L = aue

ιϕ.
The components of Π, which is the unique solution of equation (2.12),
are the phasors of the currents and of the integrals of the currents in
the circuit.

Proof. We first compute the phasor transform of system (2.10) for the
source u(t) = aue

ι(ω̂t+ϕ), namely

Xιω̂eιω̂t = AXeιω̂t +Baue
ιϕeιω̂t, Y eιω̂t = CXeιω̂t,

by Definition 2.24. Since eιω̂t 6= 0 for all t ∈ R, it can be canceled out
yielding

Xιω̂ = AX +Baue
ιϕ, Y = CX.

Thus the phasors of all the currents (and their integrals) in the circuit
and the phasor of the output current are given by

X = (ιω̂I −A)−1Baue
ιϕ, Y = C(ιω̂I −A)−1Baue

ιϕ,
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respectively. Consider now the signal generator (2.11) with

S = ιω̂, L = aue
ιϕ.

The associated Sylvester equation (2.12) is

AΠ +Baue
ιϕ = Πιω̂,

which, if ιω̂ 6∈ σ(A), has the unique solution

Π = (ιω̂I −A)−1Baue
ιϕ,

which concludes the proof.

Corollary 2.15. The phasor of the output response y of system (2.10) is
the moment of the system at ιω̂, namely Y = CΠ. The inverse phasor
transform of the output current y of system (2.10) is

y(t) = <
[
CΠeSt

]
.

Proof. The first claim follows noting that the phasor of the output
response of system (2.10) is given by

Y = CΠ = C(ιω̂I −A)−1Baue
ϕ.

To prove the second claim we note that

<
[
CΠeSt

]
= <

[
Y eιω̂t

]
,

which is the inverse phasor transform of the output response of sys-
tem (2.10).

Remark 2.6. The higher order derivatives dnx
dtn and the integral∫ t

t0
x(τ)dτ are transformed in the phasor domain into (ιω̂)nXeιω̂ and

1
ιω̂Xe

ιω̂, respectively. Similarly they are transformed in the “moment
domain” into ΣnΠeιω̂ and Σ−1Πeιω̂, respectively.

Moments of a wireless power transfer system

We now provide a worked out example which illustrates the results
of the previous section. Fig. 2.5 illustrates a wireless power transfer
system consisting of two coils. We assume that a sinusoidal voltage



2.4. Additional Topics for Linear and Nonlinear Systems 67

Vs

C1 C2R2R1

L1 L2 RL

Figure 2.5: Equivalent circuit of a wireless power transfer system.

source with an amplitude of Vs and an angular frequency of ω̂ is applied
to the transmitter coil on the input side. A load resistor RL is connected
to the receiving coil on the output side. By applying the Kirchhoff’s
Voltage Law to the two coils we obtain the equations

R1i1 + L1
di1
dt

+ 1
C1

∫
i1dt+M12

di2
dt

= u(t),

M21
di1
dt

+R2Li2 + L2
di2
dt

+ 1
C2

∫
i2dt = 0,

(2.60)

where i1 and i2 are the currents flowing in the coils 1 and 2, respectively,
R1 and R2 are the resistances, R2L = R2 + RL, L1 and L2 are the
self-inductances, C1 and C2 are the capacitances and M12 = M21 are
the mutual inductances between the two coils. We are interested in
determining the amplitude and phase of the steady-state current in
the receiving coil, i.e. the phasor I2.
We start by solving the problem with the phasor transform approach.
Transforming the differential equations (2.60) we obtain the complex
algebraic system

Z1I1 + ιω̂M12I2 = Vs, ιω̂M21I1 + Z2I2 = 0,

where Z1 = R1 + ιω̂L1 − ι 1
ω̂C1

and Z2 = R2L + ιω̂L2 − ι 1
ω̂C2

. Solving
with respect to I2 yields

I2 = −ιω̂M21
Z1Z2 + ω̂2M21M12

Vs.

Now we compute the moment of the differential system (2.60) at (2.11).
We begin using the “mixed convention” that, as highlighted later, is the
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most useful among the three representations. Thus, consider L = Vs
and S = ιω̂ and the state

x1(t) =
∫ t

t0
i1(τ) dτ, x2(t) = i1(t), x3(t) =

∫ t
t0
i2(τ) dτ, x4(t) = i2(t).

System (2.60) can be represented by the first order system of differential
equations (2.10) with

A =



0 1 0 0

− L2

C1L̂
−R1L2

L̂

M12

C2L̂

M12R2L

L̂

0 0 0 1
M21

C1L̂

R1M21

L̂
− L1

C2L̂
−L1R2L

L̂


,
B =

[
0 L2

L̂
0 −M21

L̂

]>
,

C =
[

0 0 0 1
]
,

(2.61)
where L̂ = L1L2 −M12M21 6= 0 by definition of mutual inductance.
The solution of the Sylvester equation (2.12) is given by

Π = (ιω̂ −A)−1BVs,

and the moment of the system is given by

CΠ = ε4Π = ιω̂3M21

DL̂
Vs,

with
D = − ω̂

2

L̂

(
Z1Z2 + ω̂2M12M21

)
the determinant of the matrix (ιω̂I−A). In a similar way we can show
that [

Π1 Π2 Π3 Π4
]>

=
[

1
ιω̂
I1 I1

1
ιω̂
I2 I2

]>
.

It is interesting to explore which relation between phasors and moments
holds when the “real convention” is used. Consider system (2.10) with
the matrices given in (2.61) and the matrices of the signal genera-
tor (2.11) given by

L =
[
Vs 0

]
, S =

[
0 ω̂

−ω̂ 0

]
.
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The input of the system is u = Vs cos(ω̂t) instead of u = Vs cos(ω̂t) +
ιVs sin(ω̂t). It comes with no surprises that the phasors are related to
the solution of the Sylvester equation by the relations


Π11 + ιΠ12

Π21 + ιΠ22

Π31 + ιΠ32

Π41 + ιΠ42

 =



1
ιω̂
I1

I1

1
ιω̂
I2

I2


.

Finally, we investigate the use of the “complex convention”. Consider
the coordinates x1(t) = i1(t), x2(t) = i2(t) and the signal generator
(2.11) with L = Vs and S = ιω̂. System (2.60) can be represented by a
system of integro-differential equations given by

ẋ1 = 1
L̂

(
−R1L2x1 −

L2
C1

∫
x1dt+M12R2Lx2 + M12

C2

∫
x2dt+ L2u

)
,

ẋ2 = 1
L̂

(
−R2LL1x2 −

L1
C2

∫
x2dt+M21R1x1 + M21

C1

∫
x1dt−M21u

)
.

Exploiting Remark 2.6, we can write the Sylvester equation and find
its solution, namely

 Π1

Π2

=


ιω̂L̂+R1L2 + L2

ιω̂C1
−M12R2L −

M12
ιω̂C2

−M21R1 −
M21
ιω̂C1

ιω̂L̂+ L1R2L + L1
ιω̂C2


−1 L2Vs

−M21Vs


showing easily that [

Π1 Π2
]>

=
[
I1 I2

]>
.

The relation between moments and phasors is further investigated in
Chapter 5.

2.5 Bibliographical Notes

The concept of system used in this monograph and the terminology
“representation in implicit and explicit form” is adapted from Zadeh
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and Desoer [1963] and Kalman et al. [1969]. The notion of steady-state
response in terms of omega limit set of a set is defined in Isidori and
Byrnes [2008], see also Bhatia and Szegö [1970], Hale et al. [2002] and
Sell and You [2002]. The characterization of steady-state in term of con-
verging trajectories has been adapted from Isidori [1995, p.387]. Note
that we have added the property of forward and backward bounded-
ness to make it equivalent to Pavlov et al. [2006, Definition 2.14]. For a
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moment matching with prescribed eigenvalues has been solved, using
Krylov-type projection tools, in Antoulas [2009], whereas model re-
duction by moment matching and with a stability constraint has been
discussed in Gugercin and Willcox [2008]. For additional references on
these topics we direct the reader to Section 1.4.
Some of the examples in this chapter have various sources. More de-
tail on the Euler equations can be found in Nijmeijer and van der
Schaft [1990], Astolfi [1999] and Aeyels and Szafranski [1988], whereas
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3
Model reduction of neutral systems with discrete

and distributed delays

In this chapter we extend the theory of model reduction by moment
matching to nonlinear time-delay systems. This extension is based on
the fact that the conditions and properties of the center manifold hold
for time-delay systems as for finite dimensional systems. Similarly to
the previous chapter we dedicate considerable attention to the linear
case for which stronger results can be obtained.
This chapter is organized to parallel the development of Chapter 2:
the results are presented in the same order, minimizing the differences
in the formulation to facilitate understanding of this more advanced
material.

3.1 The Notion of Moment for Nonlinear Time-Delay Sys-
tems

Time-delay systems are a class of infinite dimensional systems which
have been extensively studied in the literature. From a practical point
of view every dynamical system presents delays of some extent. Thus,
many examples of time-delay systems arise from biology, chemistry,
physics and engineering. The interesting and important aspect of time-
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delay systems is that delays in closed-loop systems can generate un-
expected behaviors: for instance “small” delays may be destabilizing,
while “large” delays may be stabilizing.
The problem of model reduction of time-delay systems is a classic topic
in control theory. The problem has been tackled in different ways. The
majority of the results concern linear time-delay systems and are based
on rational interpolations and operators.
In this section we derive an extension of the notion of moment for non-
linear differential time-delay systems. To keep the notation simple we
consider, without loss of generality, only delays in the state and in the
input, i.e. the output is delay-free.
Consider a nonlinear, single-input, single-output, continuous-time,
time-delay system described by the equations

ẋ = f(xτ0 , . . . , xτς , uτς+1 , . . . , uτµ), y = h(x),

x(θ) = β(θ), −T ≤ θ ≤ 0,
(3.1)

with x(t) ∈ Rn, u(t) ∈ R, y(t) ∈ R, β ∈ Rn
T , τ0 = 0, τj ∈ R>0

with j = 1, . . . , µ and f and h analytic mappings. We recall from
the notation that xτ indicates the delayed quantity x(t − τ) and that
in this case the quantity τ is called “discrete delay”. Note that the
results presented in the following hold also for the so-called “distributed
delay” xτ =

∫ t
t−τ x(τ̄)dτ̄ and for this reason in this section we abuse the

notation and we do not specify if xτ indicates a discrete or distributed
delay. Consider, now, a signal generator described by the equations

ω̇ = s(ω), u = l(ω), (3.2)

with ω(t) ∈ Rν , s and l analytic mappings, and the interconnected
system

ω̇ = s(ω),

ẋ = f(xτ0 , . . . , xτς , l(ωτς+1), . . . , l(ωτµ)),

y = h(x).

(3.3)

Suppose that f(0, . . . , 0, 0, . . . , 0) = 0, s(0) = 0, l(0) = 0 and h(0) = 0,
i.e. zero is an equilibrium point of the interconnected system. Sim-
ilarly to the delay-free case we need to restrict the class of systems
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and signal generators under consideration: assuming that the system
to be reduced has some stability property and the signal generator has
some excitation property. In the present framework Assumption 2.1 is
replaced as follows.

Assumption 3.1. The zero equilibrium of the system ẋ =
f(xτ0 , . . . , xτς , 0, . . . , 0) is locally exponentially stable. The signal gen-
erator (3.2) is observable and neutrally stable.

Note that, differently from Assumption 2.1, Assumption 3.1 does
not require the minimality of (3.1). The reason is that the characteriza-
tion of the minimal realization of nonlinear time-delay systems is still
an open problem. However, from the discussion in Chapter 2 we expect
that the reduced order model obtained is a model of the “minimal”,
whatever the exact meaning is, subsystem of system (3.1). We are now
ready to extend Lemma 2.1 to the present framework.

Lemma 3.1. Consider system (3.1) and the signal generator (3.2). Sup-
pose Assumption 3.1 holds. Then there exists a mapping π(ω), locally
defined in a neighborhood of ω = 0, with π(0) = 0, which solves the
partial differential equation

∂π

∂ω
s(ω) = f(π(ω̄τ0), . . . , π(ω̄τς ), l(ω̄τς+1), . . . , l(ω̄τµ)), (3.4)

where ω̄τi = Φs
−τi(ω) for discrete delays and ω̄τi =

∫ 0
−τi Φs

τ̄ (ω)dτ̄ for
distributed delays, with i = 0, . . . , µ. In addition, the steady-state re-
sponse of system (3.3) is xss(t) = π(ω(t)) for any x(0) and ω(0) suffi-
ciently small.

Proof. It is well-known that the center manifold theory holds for time-
delay systems as it holds for delay-free systems. In particular, as for
finite dimensional systems, if the linearized system has q eigenvalues
on the imaginary axis then there exists a q-dimensional local integral
manifold (which is in fact a center manifold) for the original system. In
addition, the well-defined restriction of the dynamics of the system to
the manifold is finite dimensional. Thus, under the stated assumptions
it is possible to compute the Jacobian matrix of the interconnected
system (3.3) at the zero equilibrium point which is partitioned in an
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asymptotically stable part and a marginally stable part. The rest of
the proof is similar to the one of Lemma 2.1.

Remark 3.1. The partial differential equation (3.4) is independent of
time (as the corresponding equations given in Chapter 2), e.g. if s(ω) =
Sω then ω̄τi = e−Sτiω for discrete delays or ω̄τi = S−1(I − e−Sτi)ω for
distributed delays.

Similarly to the delay-free case, we can define the moment of sys-
tem (3.1) exploiting the mapping π. While the existence of such a
mapping is guaranteed by Assumption 3.1, a weaker assumption can
be identified.

Assumption 3.2. The signal generator (2.7) is observable and equa-
tion (3.4) has a solution π.

Assumption 3.2 is the time-delay equivalent of Assumption 2.2. We
can now define the moment for time-delay systems.

Definition 3.1 (Steady-state notion of moment). Consider system (3.1)
and the signal generator (3.2). Suppose Assumption 3.2 holds. The
mapping h ◦ π is the moment of system (3.1) at (s, l).

Similarly to Definition 2.13, if the stronger Assumption 3.1 holds,
then the moment h ◦ π computed along a particular trajectory ω(t)
coincides with the steady-state response of system (3.1) driven by (3.2).
If Assumption 3.1 does not hold, it is still possible to determine the
moment according to Definition 3.1.

3.1.1 The special case of linear time-delay systems

In this section we specialize the previous discussion to linear differential
time-delay systems. As for the delay-free case, we can achieve better
understanding and provide more intuition behind the theory. Moreover,
since linear time-delay systems are more easily tractable, we can obtain
stronger results. To keep the notation as simple as possible we begin
with the class of systems with discrete-delays, i.e. we postpone the
analysis for systems with distributed-delays to Section 3.1.2.
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Consider a linear, single-input, single-output, continuous-time, time-
delay system with constant discrete-delays described by the equations

ẋ =
ς∑
j=0

Ajxτj +
µ∑

j=ς+1
Bjuτj , y =

ς∑
j=0

Cjxτj ,

x(θ) = β(θ), −T ≤ θ ≤ 0,

(3.5)

with x(t) ∈ Rn, u(t) ∈ R, y(t) ∈ R, β ∈ Rn
T , Aj ∈ Rn×n and Cj ∈ R1×n

with1 j = 0, . . . , ς, Bj ∈ Rn×1 with j = ς + 1, . . . , µ, τ0 = 0 and
τj ∈ R>0 with j = 1, . . . , µ. Consider a signal generator described by
the equations

ω̇ = Sω, u = Lω, (3.6)
with ω(t) ∈ Rν , S ∈ Rν×ν , L ∈ Rν×1. Let

W (s) = C̄(s)(sI − Ā(s))−1B̄(s), (3.7)

with
Ā(s) =

ς∑
j=0

Aje
−sτj , B̄(s) =

∑µ
j=ς+1Bje

−sτj ,

C̄(s) =
ς∑
j=0

Cje
−sτj ,

(3.8)

be the associated transfer function. With the notation introduced for
the matrices Ā, B̄, C̄, it is straightforward to define the moments of
system (3.5) at some si ∈ C based on the Laurent series expansion of
the transfer function W (s) at si ∈ C.

Definition 3.2 (Interpolation notion of moment). Let si ∈ C \ σ(Ā(s)).
The 0-moment of system (3.5) at si is the complex number

η0(si) = C̄(si)(siI − Ā(si))−1B̄(si).

The k-moment of system (3.5) at si is the complex number

ηk(si) = (−1)k

k!

[
dk

dsk
C̄(s)(sI − Ā(s))−1B̄(s)

]
s=si

,

with k ≥ 1 integer.
1The delays of Aj and Cj are taken, without loss of generality, equal to ease the

notation.
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Similarly to the delay-free case, we can show that there exists a
one-to-one relation between the moments and the (unique) solution of a
Sylvester-like equation (also known as generalized Sylvester equation).
To this end we need a preliminary result on the uniqueness of the
solution of such equation.

Lemma 3.2. The equation
ς∑
j=0

AjΠe−Sτj −ΠS = −
µ∑

j=ς+1
BjLe

−Sτj , (3.9)

with S ∈ Rν×ν and L ∈ R1×ν , has a unique solution if and only if
σ(S) ∩ σ(Ā(s)) = ∅.

Proof. Suppose, without loss of generality, that the matrix S is in com-
plex Jordan form. Then the matrices S> and e−S>τj are lower triangu-
lar and their i-th eigenvalue is si and e−siτj , respectively. We recall that
the eigenvalues of the sum of lower triangular matrices are the sums of
the eigenvalues. Equation (3.9) can be rewritten using the vectorization
operator and the Kronecker product as ς∑

j=0

(
e−S

>τj ⊗Aj
)
− S> ⊗ I

 vec (Π) = vec

− µ∑
j=ς+1

BjLe
−Sτj

 .
Thus equation (3.9) has a unique solution if and only if

det

 ς∑
j=0

(
e−S

>τj ⊗Aj
)
− S> ⊗ I

 6= 0,

which holds if and only if

k̄∏
i=1

det

 ς∑
j=0

Aje
−siτ − siI

 6= 0,

where k̄ is the number of distinct eigenvalues si. This proves the claim.

The result in Lemma 2.4 is extended to time-delay systems as fol-
lows.
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Lemma 3.3. Let si ∈ C \ σ(Ā(s)). Consider system (3.5), then[
η0(si) . . . ηk(si)

]
=

ς∑
j=0

CjΠ̃e−ΣkτjΨk,

where Ψk = diag(1,−1, 1, . . . , (−1)k) ∈ R(k+1)×(k+1) and Π̃ ∈ Rn×ν is
the unique solution of the Sylvester-like equation

ς∑
j=0

AjΠ̃e−Σkτj +
µ∑

j=ς+1
BjLke

−Σkτj = Π̃Σk, (3.10)

with Lk = [1 0 . . . 0] ∈ R(k+1) and

Σk =



si 1 0 . . . 0
0 si 1 . . . 0
...

... . . . . . . ...
0 . . . 0 si 1
0 . . . . . . 0 si


∈ R(k+1)×(k+1).

Proof. The proof is computationally involved but it follows the same
steps of the proof of Lemma 2.4. First of all note that since si ∈ C \
σ(Ā(s)), by Lemma 3.2, equation (3.10) has a unique solution Π̃. Let
Π̃ = [Π̃0 Π̃1 . . . Π̃k]. Since Σk is in Jordan form then

e−Σkτj = e−siτj



1 −τj (−τj)2

2 . . .
(−τj)k−1

(k−1)!

0 1 −τj . . .
(−τj)k−2

(k−2)!
...

... . . . . . . ...
0 . . . 0 1 −τj
0 . . . . . . 0 1


.

Thus, the first column of equation (3.10) can be rewritten as
ς∑
j=0

AjΠ̃0e
−siτj +

∑µ
j=ς+1Bje

−siτj = Π̃0si, (3.11)

the second column can be rewritten as
ς∑
j=0

Aje
−siτj Π̃1 +

ς∑
j=0
−τjAje−siτj Π̃0 −

µ∑
j=ς+1

τjBje
−siτj = Π̃1si + Π̃0,

(3.12)
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and so on until the last column
0∑
l=k

ς∑
j=0

AjΠ̃k−l
(−τj)l

l! e−siτj +
µ∑

j=ς+1
Bj

(−τj)k

k! e−siτj = Π̃ksi + Π̃k−1.

(3.13)
As a result, Π̃0 can be determined from equation (3.11) as

Π̃0 =

siI − ς∑
j=0

Aje
−siτj

−1
µ∑

j=ς+1
Bje

−siτj =
(
siI − Ā(si)

)−1
B̄(si),

Π̃1 from equation (3.12) and Π̃0 as

Π̃1 =−

siI − ς∑
j=0

Aje
−siτj

−1I +
ς∑
j=1

τjAje
−siτj

siI − ς∑
j=0

Aje
−siτj

−1

×

×
µ∑

j=ς+1
Bje

−siτj −

siI − ς∑
j=0

Aje
−siτj

−1
µ∑

j=ς+1
τjBje

−siτj =

=
[
d

ds

(
(sI − Ā(s))−1B̄(s)

)]
s=si

.

Iterating for all k, yields

Π̃k = 1
k!

[
dk

dsk

(
(sI − Ā(s))−1B̄(s)

)]
s=si

.

Finally, exploiting the columns of Π̃, the moments can be written as

ς∑
j=0

CjΠ̃e−Σkτj =

 ς∑
j=0

CjΠ̃0e
−siτj . . .

0∑
l=k

ς∑
j=0

CjΠ̃k−l
(−τj)l

l! e−siτj


=
[
C̄(si)Π̃0 . . .

0∑
l=k

1
l!
dl

dsl

[
C̄(s)

]
s=si

Π̃k−l

]

=
[
η0(si) . . . (−1)kηk(si)

]
,

which proves the claim.

Equation (3.10) can be written eliminating the fact that Σk and Lk
have a special structure. As a result the following holds.
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Lemma 3.4. Consider the signal generator (3.6) and let S ∈ Rν×ν be
any non-derogatory matrix with characteristic polynomial

p(s) =
k̄∏
i=1

(s− si)ki , (3.14)

where ν =
∑k̄
i=1 ki, and let L be such that the pair (S,L) is observable.

Consider system (3.5) and suppose σ(S) ∩ σ(Ā(s)) = ∅. Then there
exists a one-to-one relation between the moments η0(s1), . . . , ηk1−1(s1),
. . . , η0(sk̄), . . . , ηkk̄−1(sk̄) and the matrix

∑ς
j=0CjΠe−Sτj , where Π is

the unique solution of the Sylvester-like equation (3.9).

Proof. It is sufficient to prove the claim for k̄ = 1. By observability
of the pair (S,L) there is a unique invertible matrix T such that S =
T−1ΣkT and L = LkT . Then equation (3.9) becomes∑ς

j=0AjΠe−(T−1ΣkT )τj −ΠT−1ΣkT = −
∑µ
j=ς+1BjLe

−(T−1ΣkT )τj .

The claim follows defining Π̃ = ΠT−1, recalling that eT−1XT = T−1eXT

and that the moments are coordinates invariant.

To conclude the discussion and justify the definition of moment for
nonlinear time-delay systems, it remains to characterize the relation
between the notion of moment and the steady-state response of the
system. To this end, it is convenient to specialize Assumption 3.1 to
linear systems.

Assumption 3.3. The pair (S,L) is observable, σ(S) ⊂ C0, the eigen-
values of S are simple and σ(A) ⊂ C<0.

Theorem 3.5. Consider system (3.5) and the signal generator (3.6).
Suppose Assumption 3.3 holds and let ω(0) be such that the pair
(S, ω(0)) is reachable. Then there exists a one-to-one relation be-
tween the moments η0(s1), η0(s2), . . . , η0(sk̄), with si ∈ σ(S) for all
i = 1, . . . , k̄, and the steady-state response of the output y of the in-
terconnection of system (3.5) with the signal generator (3.6).

Proof. Consider the interconnection of system (3.5) with system (3.6).
By the assumptions on σ(Ā(s)) and σ(S), the interconnected system
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has a globally well-defined invariant manifold given byM = {(x, ω) ∈
Rn+ν : x = Πω}, with Π the unique solution of the Sylvester-like equa-
tion (3.9). We prove now thatM is attractive. Consider the equation

˙︷ ︸︸ ︷
x−Πω =

ς∑
j=0

Ajxτj +
µ∑

j=ς+1
BjLωτj −ΠSω

=
ς∑
j=0

Ajxτj +

 µ∑
j=ς+1

BjLe
−Sτj −ΠS

ω
in which we used the fact that ω(t−τj) = e−Sτjω(t). Substituting (3.9)
in the right-hand side of the last equation, yields

˙︷ ︸︸ ︷
x−Πω =

ς∑
j=0

Aj(xτj −Πωτj ).

Computing the Laplace transform on both sides yields

s(X(s)−ΠΩ(s))− (x(0)−Πω(0)) =

 ς∑
j=0

Aje
−sτj

 (X(s)−ΠΩ(s))

and, by the assumptions on σ(Ā(s)), we have

X(s)−ΠΩ(s) = (sI − Ā(s))−1(x(0)−Πω(0)).

Finally, computing the inverse Laplace transform yields

x(t)−Πω(t) = L−1{(sI − Ā(s))−1(x(0)−Πω(0))}.

Since σ(Ā(s)) ⊂ C<0,M is attractive. As a result

y(t)=
ς∑
j=0

Cj(xτj −Πωτj ) +
ς∑
j=0

CjΠωτj

=
ς∑
j=0

CjΠωτj +
ς∑
j=0

CjL−1{(sI − Ā(s))−1(x(0)−Πω(0))}e−Sτj

=
ς∑
j=0

CjΠe−Sτjω+ε(t),

where
∑ς
j=0CjΠe−Sτjω(t) describes the steady-state response, whereas

ε(t) =
ς∑
j=0

CjL−1{(sI − Ā(s))−1(x(0)−Πω(0))}e−Sτj ,
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describes the transient response which vanishes exponentially. The rest
of the proof follows the same steps of the proof of Theorem 2.6.

Similarly to the delay-free case we point out that moments are
well-defined even though the steady-state response does not exist. The
weaker assumption (already used in Lemma 3.4) for which this may
happen is now formulated explicitly. This is the linear equivalent of
Assumption 3.2.

Assumption 3.4. The pair (S,L) is observable and σ(S)∩σ(Ā(s)) = ∅.

Note that Assumptions 3.1 and 3.3 imply, but are not implied by,
Assumptions 3.2 and 3.4. Whenever we use Assumptions 3.1 and 3.3
in the following, we are exploiting the relation between moments and
steady-state response.

3.1.2 A general class of linear time-delay systems

All the results presented for discrete-delays can be generalized to lin-
ear neutral2 differential time-delay systems with distributed-delays.
Consider a linear, single-input, single-output, continuous-time, neutral
time-delay system with discrete-delays and distributed-delays described
by the equations

ẋ =
q∑
j=1

Dj ẋcj +
ς∑
j=0

Ajxτj +
µ∑

j=ς+1
Bjuτj +

r∑
j=1

∫ t

t−hj
(Gjx(θ) +Hju(θ))dθ,

y =
ς∑
j=0

Cjxτj ,

x(θ) = β(θ), −T ≤ θ ≤ 0,
(3.15)

with x(t) ∈ Rn, u(t) ∈ R, y(t) ∈ R, β ∈ Rn
T , Aj ∈ Rn×n and Cj ∈ R1×n

with j = 0, . . . , ς, Bj ∈ Rn×1 with j = ς + 1, . . . , µ, Dj ∈ Rn×n with
j = 1, . . . , q, Gj ∈ Rn×n and Hj ∈ Rn×1 with j = 1, . . . , r, τ0 = 0,
τj ∈ R>0 with j = 1, . . . , µ, cj ∈ R>0 with j = 1, . . . , q and hj ∈ R>0

2The term “neutral time-delay” refers to systems in which delayed ẋ terms appear
in the equations. It is not related to neutral stability.
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with j = 1, . . . , r. The transfer function W (s) is defined by (3.7) with

Ā(s) =
q∑
j=1

Djse
−scj +

ς∑
j=0

Aje
−sτj +

r∑
j=1

Gj
1− e−shj

s
,

B̄(s) =
µ∑

j=ς+1
Bje

−sτj +
r∑
j=1

Hj
1− e−shj

s
,

C̄(s) =
ς∑
j=0

Cje
−sτj .

(3.16)

Lemma 3.4 can be extended to the present framework as follows.

Lemma 3.6. Assume 0 6∈ σ(S). Lemma 3.4 holds, with the same as-
sumptions, for system (3.15) replacing equation (3.9) with

ς∑
j=0

AjΠe−Sτj +
r∑
j=1

GjΠS−1(I − e−Shj ) +
q∑
j=1

DjΠSe−Scj −ΠS =

= −
µ∑

j=ς+1
BjLe

−Sτj −
r∑
j=1

HjLS
−1(I − e−Shj ).

(3.17)

Proof. The proof is similar to that of Lemma 3.4, hence it is omitted.
The additional assumption that S is invertible is necessary because in
equation (3.17) the distributed-delays generate terms in S−1.

Similarly, we can extend Theorem 3.5 as follows. For the next result
we need to introduce a notion of stability known as “formal stability”.

Assumption 3.5. The zero equilibrium point of the difference equation

x(t) +
q∑
j=1

Djx(t− cj) = 0,

with Dj ∈ Rn×n and cj ∈ R, is asymptotically stable, i.e. system (3.15)
is formally stable.

Theorem 3.7. Assume 0 6∈ σ(S) and Assumption 3.5 holds. Theo-
rem 3.5 holds, with the same assumptions, for system (3.15).
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Proof. The claim can be proved noting that σ(Ā(s)) ⊂ C<0, with the
definitions in (3.16), and Assumption 3.5 guarantee that the zero equi-
librium of system (3.15) is exponentially stable.

These two results extend the theory presented so far to the class of
neutral differential time-delay systems with distributed-delays, i.e. we
have provided the conditions for which the moments are well-defined
and these can be related to the steady-state response (when it exists)
of the system.

Remark 3.2. Many systems can be described by the equations (3.15)
with, in most cases, a single neutral delay, i.e. q = 1. In this case
Assumption 3.5 holds if σ(D1) ⊂ D<1.

Remark 3.3. Since hyperbolic partial differential equations can be lo-
cally expressed as neutral time-delay systems and, conversely, any time-
delay y(t) = u(t − τ) can be represented by a transport equation, the
techniques presented in this chapter can be used to establish a model
reduction theory for some classes of partial differential equations.

To keep the notation light only the discrete-delay case is considered
in the remaining of the chapter. However, the extension of the following
results to system (3.15) is straightforward.

3.2 Families of Reduced Order Models for Nonlinear Time-
Delay Systems

In this section we provide a family of reduced order models and we
study how some specific properties can be maintained by the reduced
order model. We begin with a formal definition of reduced order model
for nonlinear time-delay systems.

Definition 3.3. Consider system (3.1) and the signal generator (3.2).
The system described by the equations

ξ̇ = φ(ξχ0 , . . . , ξχ% , uχ%+1 , . . . , uχρ), ψ = κ(ξ), (3.18)

with ξ(t) ∈ Rν , u(t) ∈ R, ψ(t) ∈ R, χ0 = 0, χj ∈ R>0 with j = 1, . . . , ρ,
and φ and κ analytic mappings, is a model of system (3.1) at (s, l) if
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system (3.18) has the same moment at (s, l) as system (3.1). In this
case, system (3.18) is said tomatch the moment of system (3.1) at (s, l).
Furthermore, system (3.18) is a reduced order model of system (3.1) at
(s, l) if ν < n, or if % < ς, or if ρ < µ.

By Definition 3.3, we consider a model a reduced order model of a
system to be reduced if it is described by a smaller number of equations
or it possesses a smaller number of delays.

Lemma 3.8. Consider system (3.1) and the signal generator (3.2). Sup-
pose Assumption 3.2 holds. Then system (3.18) matches the moments
of system (3.1) at (s, l) if the equation

∂p

∂ω
s(ω) = φ(p(ω̄χ0), . . . , p(ω̄χ%), l(ω̄χ%+1), . . . , l(ω̄χρ)), (3.19)

where ω̄χi = Φs
−χi(ω), with i = 0, . . . , ρ, has a unique solution p such

that
h(π(ω)) = κ(p(ω)), (3.20)

where π is the unique solution of (3.4).

Proof. The claim follows from Definition 3.3 and the definition of mo-
ment.

Similarly to the delay-free case, we are now in a position of providing
(under an additional assumption) a family of reduced order models with
tunable parameters which satisfies the conditions of Lemma 3.8.

Assumption 3.6. There exist mappings κ and p such that κ(0) = 0,
p(0) = 0, p is locally continuously differentiable, equation (3.20) holds
and p has a local inverse p−1.

Proposition 3.1. Consider system (3.1) and the signal generator (3.2).
Suppose Assumptions 3.2 and 3.6 hold. Then the system described by
the equations

ξ̇ = s(ξ)−
∑ρ
j=%+1 δj(ξ)l(ξ̄χj )− γ(ξ̄χ1 , . . . , ξ̄χ%)

+γ(ξχ1 , . . . , ξχ%) +
∑ρ
j=%+1 δj(ξ)uχj ,

ψ = h(π(ξ)),

(3.21)
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where π is the unique solution of (3.4), is a model of system (3.1) at
(s, l) if δj and γ are arbitrary mappings such that the partial differential
equation
∂p

∂ω
s(ω) = s(p(ω))−

∑ρ
j=%+1 δj(p(ω))l(p(ω̄χl))− γ(p(ω̄χ1), . . . , p(ω̄χ%))

+ γ(p(ωχ1), . . . , p(ωχ%)) +
∑ρ
j=%+1 δj(p(ω))l(ωχj ),

has the unique solution p(ω) = ω.

Proof. The proof is analogous to the one of Proposition 2.1, hence it is
omitted.

The nonlinear model (3.21) has several free design parameters,
namely δj , γ, χj , % and ρ. We note that selecting γ = 0, % = 0,
ρ = 1 and χ1 = 0 (in this case we define δ = δ1), yields a reduced
order model with no delays. This reduced order model coincides with
the one in Chapter 2 (equation (2.20)) and all results therein are di-
rectly applicable: the mapping δ can be selected to achieve matching
with asymptotic stability, matching with prescribed relative degree, etc.
However, as it is clarified later in the chapter, the choice of eliminating
the delays is likely to destroy some important feature of the model.

Remark 3.4. The results of this section can be extended to more gen-
eral classes of time-delay systems provided that, for such systems, the
center manifold theory applies. In particular, one can consider the class
of nonlinear neutral differential time-delay systems described by equa-
tions of the form

d(ẋτ0 , . . . , ẋτς1 ) = f(xτς1+1 , . . . , xτς2 , uτς2+1 , . . . , uτµ),

y = h(x),
(3.22)

with x(t) ∈ Rn, u(t) ∈ R, y(t) ∈ R, τ0 = 0, τj ∈ R>0 with j = 1, . . . , µ
and d, f and h analytic mappings. The center manifold theory does
not hold for this class of systems for a general mapping d. However,
as already pointed out for linear neutral time-delay systems, for the
simple case

ẋ+Dẋτ1 = f(xτ2 , . . . , xτς1 , uτς1+1 , . . . , uτµ),

y = h(x),
(3.23)
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with D ∈ Rn×n, the center manifold theory holds as for standard time-
delay systems if the matrix D is such that σ(D) ⊂ D<1.

3.2.1 Open-loop reduced order model

We have seen in Section 3.1 that to establish a relation between
moments and steady-state response, both for time-delay and delay-free
systems, a strong assumption on the stability of the signal generator
and of the system is required. While we can consider the assumption
on the signal generator not restrictive (because we can chose the
interpolating signals), the assumption on the system may be restrictive
since the equilibrium point may be unstable. To avoid this problem
we can apply feedback to stabilize the equilibrium point of the
closed-loop system. However, while the closed-loop system satisfies the
assumptions, we are still interested in obtaining a reduced order model
of the original open-loop system. Thus, we consider now the problem
of obtaining a reduced order model of an open-loop system from the
closed-loop system. For ease of notation we assume that there are no
delays on the input u.
Consider a closed-loop, nonlinear, single-input, single-output,
continuous-time, time-delay system described by the equations

ẋ = f(xτ0 , . . . , xτµ1
, u), u = g(xε0 , . . . , xεµ2−1) + vτµ2

, y = h(x),
(3.24)

with x(t) ∈ Rn, u(t) ∈ R, v(t) ∈ R, y(t) ∈ R, τ0 = 0, τj ∈ R>0
with j = 1, . . . , µ1, ε0 = 0, εj ∈ R>0 with j = 1, . . . , µ2 and f , g
and h analytic mappings. Consider the signal generator (3.2) and the
interconnected system

ω̇ = s(ω),
ẋ = f(xτ0 , . . . , xτµ1

, g(xε0 , . . . , xεµ2−1) + l(ωτµ2
)),

y = h(x).
(3.25)

Suppose that f(0, . . . , 0, 0) = 0, g(0, . . . , 0, 0) = 0, s(0) = 0, l(0) = 0
and h(0) = 0. Exploiting the results of the previous sections, a solution
to the problem of determining open-loop reduced order models is given
as follows.
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Definition 3.4. Consider system (3.24) and the signal generator (3.2).
The system described by the equations

ξ̇ = φ(ξχ0 , . . . , ξχρ , u), ψ = κ(ξ), (3.26)

with ξ(t) ∈ Rν , u(t) ∈ R, χ0 = 0, χj ∈ R>0, with j = 1, . . . , ρ, and
φ and κ analytic mappings, is an open-loop model of system (3.24) at
(s, l) if the system

ξ̇ = φ(ξχ0 , . . . , ξχρ , u),

u = g(π(p−1(ξε0)), . . . , π(p−1(ξεµ2−1))) + vχµ2
,

ψ = κ(ξ),

(3.27)

is a model of the (closed-loop) system (3.25) at (s, l), where v(t) ∈ R,
π is the unique solution of the equation
∂π

∂ω
s(ω) = f(π(ω̄τ0), . . . , π(ω̄τµ), g(π(ω̄ε0), . . . , π(ω̄εµ2−1)) + l(ω̄τµ2

)),
(3.28)

where ω̄τi = Φs
−τi(ω), with i = 0, . . . , µ1, and ω̄εi = Φs

−εi(ω), with
i = 0, . . . , µ2, and p is invertible and the unique solution of the equation

∂p

∂ω
s(ω) = φ(p(ω̄χ0), . . . , p(ω̄χρ), l(ω̄χµ2

)), (3.29)

where ω̄χi = Φs
−χi(ω), with i = 0, . . . , ρ, such that

h(π(ω)) = κ(p(ω)). (3.30)

Obtaining a reduced order model of an open-loop system given the
closed-loop system simplifies the solution of the problem of the reduc-
tion of nonlinear systems when their zero equilibrium is not locally
exponentially stable. In fact, as explained in Chapter 4, if the steady-
state response of the system is well-defined, then we can exploit it to
approximate the solution of the partial differential equation associated
to π (which is otherwise difficult to determine). We illustrate this point
with an example.

Model of an oilwell drillstring

Consider a neutral type model of the torsional dynamics of an oil-
well drillstring. In recent years there has been increasing interest on
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the modeling and analysis of oilwell drilling vibrations because of its
economic consequences. In drilling operations the nonlinear interaction
between the bit of the drillstring and the bottom of the hole originates
the stick-slip phenomenon. This consists in the undesired event that a
constant rotational velocity applied at the top of the string does not
translate to a steady speed at the bottom of the hole. In particular
the bit undergoes intervals where it is completely blocked and intervals
where the accumulated energy is released and the rotational speed be-
comes larger than the prescribed value. Among several models of the
dynamics of the system which have been presented, we consider the
model described by the neutral differential time-delay system

ẋ = Ῡẋτ1 −Ψx−ΨῩxτ1 − 1
IB
T (x) + 1

IB
ῩT (xτ1) + 2Ψca

Λ Ωτ2 ,

y = x,
(3.31)

with

Ῡ = ca −
√
IGsJ

ca +
√
IGsJ

, Ψ =
√
IGJ
IB

, Λ = ca −
√
IGsJ,

where x(t) is the angular velocity at the bottom of the string, y(t) is
the output of the system, Ω(t) is the input variable, I is the inertia,
J is the geometrical moment of inertia, Gs is the shear modulus, IB
is the lumped inertia representing the block at the bottom, ca is a
constant related to the local torsion of the drillstring, τ2 = Γ, τ1 = 2Γ,
Γ = Ls

√
I

GsJ
and Ls is the length of the string. The nonlinear function

T describes the bit-rock interaction. Several models of this function
have been proposed. We consider the continuous function

T (x) = cbx+WobRb

[
µcb + (µsb − µcb)e

− γb
vf
|x|
]

tanh(tgx), (3.32)

where µsb, µcb are, respectively, the static and Coulomb friction coeffi-
cients, Wob is the weight on the bit, Rb is the bit radius, γb is a positive
constant defining the decaying velocity of the exponential, vf is a con-
stant velocity introduced to have appropriate units, cb is the viscous
damping coefficient and tg is the gain of the hyperbolic tangent.
The parameters used in the simulation are listed in Table 3.1. Sys-
tem (3.31), with (3.32), has been simulated using the MATLAB solver
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Figure 3.1: Angular speed of the system (3.31), with (3.32), for different values of
r: 20 rad/s (solid line), 15 rad/s (dashed line) and 10 rad/s (dotted line). Note the
stick-slip phenomenon for r(t) = 10 rad/s.

ddensd with relative and absolute tolerances of 10−5 and 10−6, respec-
tively. Fig. 3.1 shows the time histories of the state of system (3.31),
with (3.32) and Ω(t) = r(t) = const, for different values of the desired
angular velocity r. The typical behavior of the interaction between bit
and rock can be seen, i.e. for high values of r the steady-state is con-
stant whereas for low values of r the stick-slip phenomenon is present.
System (3.31), with (3.32), is a nonlinear neutral differential time-delay
system for which the origin is not exponentially asymptotically stable.
However, several feedbacks have been proposed to asymptotically sta-
bilize the origin of the system. For example, we apply the feedback
control law

Ω(t) = k1ẋ(t− τ2) + k2x(t− τ2) + r(t), (3.33)

with k1 = −0.05 and k2 = 0.36. For the closed-loop system (3.31),
with (3.32) and (3.33), we compute numerically the solution of equa-
tion (3.4). The function π is approximated by the piecewise continuous
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Figure 3.2: Time histories of the output of system (3.31), with (3.32) and (3.33),
(dotted line) and the output ψ of the reduced order model (3.34), with δ = 2,
(dashed line) for various desired velocities.

function

π(ω) =
{

0, ω ≤ 5.7,
1.5633ω − 5.9250, ω > 5.7.

A simple reduced order model achieving moment matching at ω̇ =
s(ω) = 0 and belonging to the family of models (3.21) is described by
the equations

ξ̇ = −δ(ξ) [ξ − rτ2 ] , ψ = π(ξ). (3.34)

Fig. 3.2 shows a comparison between the output of system (3.31), with
(3.32) and (3.33), and the output of the reduced order model (3.34),
with δ = 2, for various desired angular velocities.
We are now interested, using system (3.34), in obtaining a model of
the open-loop system (3.31) with (3.32). An open-loop model of sys-
tem (3.31), with (3.32), achieving moment matching at ω̇ = 0 is given
by

ξ̇ = −δ(ξ) [ξ − µτ2 ] , ψ = π(ξ), (3.35)
with µ = −k1π(ξ̇τ2) − k2π(ξτ2) + r. Fig. 3.3 shows the time histories
of the output of the open-loop system (3.31), with (3.32), and of the



92 Model reduction of time-delay systems

0 5 10 15 20 25
0

10

20

30

40

0 5 10 15 20 25
0

5

10

15

20

Time (s)

Figure 3.3: Time histories of the output of system (3.31), with (3.32), (solid line)
and of system (3.35) (dashed line) with δ(z) = qz2 +ε for r = 25, q = 0.0333, ε = 0.3
(top) and r = 15, q = 0.125, ε = 0.01 (bottom).

Table 3.1: Parameters of the model of the oilwell drillstring

Gs = 79.3 · 109 N/m2, I = 0.095 kg ·m, Ls = 1172 m,
J = 1.19 · 10−5 m4, Rb = 0.155575, vf = 1,
Wob = 97347 N , IB = 89 kg ·m2, µcb = 20 rad/s,
ca = 2000 N ·m · s, µsb = 0.8, γb = 0.9,
cb = 0.03 N ·m · s/rad, tg = 10. ζ1 = 6.96 · 103

ζ2 = 0.09,

model (3.35), with δ(z) = qz2 + ε, for r = 25, q = 0.0333, ε = 0.3
(top) and r = 15, q = 0.125, ε = 0.01 (bottom). We can see that
the model (3.35) and the open-loop system (3.31), with (3.32), have
the same steady-state value and that, using the free mapping δ, the
transient behavior can be partially recovered.

3.2.2 Reduced order model for linear time-delay systems

In this section a family of linear time-delay systems achieving moment
matching is presented and the possibility of interpolating a larger num-
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ber of points maintaining the same “number of equations” is investi-
gated. First of all, we specialize Definition 3.3 to linear systems.

Definition 3.5. Consider system (3.5) and the signal generator (3.6).
The system described by the equations

ξ̇ =
%∑
j=0

Fjξχj +
ρ∑

j=%+1
Gjuχj , ψ =

d∑
j=0

Hjξχj , (3.36)

with ξ(t) ∈ Rν , ψ(t) ∈ R, Fj ∈ Rν×ν for j = 0, . . . , %, Gj ∈ Rν×1 for j =
%+ 1, . . . , ρ, Hj ∈ R1×ν for j = 0, . . . , k, χ0 = 0 and χj ∈ R>0 for j =
1, . . . ,max{ρ, d}, is a model of system (3.5) at (S,L), if system (3.36)
has the same moments at (S,L) as system (3.5). System (3.36) is a
reduced order model of system (3.5) at (S,L) if ν < n, or if % < ς, or if
ρ < µ, or if d < ς.

Lemma 3.8 can be rewritten as follows.

Lemma 3.9. Consider system (3.5) and the signal generator (3.6). Sup-
pose Assumption 3.4 holds. Then the system (3.36) is a model of sys-
tem (3.5) at (S,L) if there exists a unique solution P of the equation

%∑
j=0

FjPe
−Sχj − PS = −

ρ∑
j=%+1

GjLe
−Sχj , (3.37)

such that
ς∑
j=0

CjΠe−Sτj =
d∑
j=0

HjPe
−Sχj , (3.38)

where Π is the unique solution of (3.9).

Proof. The claim is a consequence of Definition 3.5 and the definition
of moment.

Similarly to the delay-free case, the computation of P can be
avoided. The next result is a specialization of Proposition 3.1 to the
linear framework.
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Proposition 3.2. Consider system (3.5) and the signal generator (3.6).
Suppose Assumption 3.4 holds. Then the system described by the equa-
tions

ξ̇ =

S − ρ∑
j=%+1

GjLe
−Sχj −

%∑
j=1

Fje
−Sχj

ξ +
%∑
j=1

Fjξχj +
ρ∑

j=%+1
Gjuχj ,

ψ =

 ς∑
j=0

CjΠe−Sτj −
d∑
j=1

Hje
−Sχj

 ξ +
d∑
j=1

Hjξχj ,

(3.39)
where Π is the unique solution of (3.9), is a model of system (3.5)
at (S,L) for any Gj and Fj such that σ(S) ∩ σ(F̄ (s)) = ∅, where
F̄ (s) =

∑%
j=0 Fje

−sχj .

Proof. Consider system (3.36). Set

F0 = S −
ρ∑

j=%+1
GjLe

−Sχj −
%∑
j=1

Fje
−Sχj ,

H0 =
ς∑
j=0

CjΠe−Sτj −
d∑
j=1

Hje
−Sχj ,

(3.40)

and note that this selection is such that equations (3.37) and (3.38)
holds for P = I. To conclude the proof note that equation (3.37) has
P = I as unique solution if and only if σ(S) ∩ σ(F̄ (s)) = ∅.

The proposed model has several free design parameters, namely Gj ,
Fj , Hj , χj , %, ρ and d. Selecting % = 0, ρ = 1, d = 0 and χ1 = 0 (in this
case we define G = G1), yields a reduced order model with no delays.
In other words, we reduce an infinite dimensional system to a finite di-
mensional one of dimension ν. This reduced order model coincides with
the one in Chapter 2 (equation (2.36)) and all results therein are di-
rectly applicable: the parameter G can be selected to achieve matching
with prescribed eigenvalues, matching with prescribed relative degree,
etc. On the other hand, the choice of eliminating the delays is likely to
destroy some underlying dynamics of the model. With this in mind, a
possible choice is to keep Fj , Gj and Hj free with % = d = ς and ρ = µ.
In this case we can use the matrices Fj , Gj and Hj , with τj = χj , to
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maintain some important physical properties of the delay structure of
the system. This concept is illustrated in the next example.

Example 3.1. To illustrate the above idea consider the model of a LC
transmission line described by the linear neutral differential time-delay
system

ẋ = Ax+Dẋτ +Bu,

y = Cx,
(3.41)

with

A = − 1
C1

 1
R1

+
√
C0
L0

0

−C1 0

, D =

 0 − 2
C1

√
C0
L0
α

0 α

,

B =
[
b1 b2

]>
, C =

[
c1 c2

]
,

α =
1−R0

√
C0
L0

1 +R0

√
C0
L0

, τ = 2
√
L0C0,

in which C1 ∈ R>0, R1 ∈ R>0, C0 ∈ R>0, L0 ∈ R>0, R0 ∈ R>0, b1 ∈ R,
b2 ∈ R, c1 ∈ R and c2 ∈ R. The system is such that if R0

√
C0/L0 = 1

the delay part of the system disappears (a phenomenon called line-
matching) and the model can be described by a system of ordinary
differential equations. In the reduced order model it is desirable to
maintain this property to preserve the physical structure of the system.
For simplicity suppose S = 1 and L = 1. Then the vector Π can be
computed from equation (3.17), that in this case is

AΠ +DΠe−τ −Π = −B,

which has a unique solution if

− 1
C1

(
1
R1

+
√
C0
L0

)
6= 1, e−τ

1−R0

√
C0
L0

1 +R0

√
C0
L0

6= 1.
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Hence, a family of reduced order models, parameterized in G, is de-
scribed by the equations

ξ̇ = (1− e−τα−G)ξ + αξ̇τ +Gu,

ψ = CΠξ.
(3.42)

Both equations (3.41) and (3.42) describe linear neutral differential
time-delay systems when R0

√
C0/L0 6= 1 and linear delay-free systems

otherwise.

The matrices Fj , Gj and Hj can also be used to preserve the struc-
ture of the model. This is illustrated in the next section.

Reduction of a platoon of vehicles

The platooning problem consists in controlling a group of vehicles
tightly spaced following a leader, all moving in a longitudinal direc-
tion. The advantages of the automatic cruise control are twofold. First,
the use of automatic control to replace human drivers and their low-
predictable reaction time with respect to traffic problems (spacing of
around 30m at 60 km/h) can reduce the spacing distance between ve-
hicles, consequently decreasing the traffic congestion. Second, the auto-
matic control reduces the human error factor and then increases safety.
In recent years successful experiments involving autonomous vehicles
have been carried out (e.g. the Google driver-less cars), and the use
of this technology may be possible in the immediate future. However,
when a large number of vehicles is considered, it can be computationally
demanding to study the dynamics of the whole platoon to guarantee
individual vehicle stability and avoid slinky-type effects (i.e. the ampli-
fication of the spacing errors between subsequent vehicles as the vehicle
“index” increases).
In what follows we use a model well-studied, for which the solution of
the platooning problem is known, to illustrate the results of the section.
In particular, we are interested in reducing the number of vehicles to
only a leader and a follower. Let xi(t) be the position of the i-th ve-
hicle with respect to some well-defined reference, vi(t) its speed, ai(t)
its acceleration and denote with ei = xi+1 − xi − `i the spacing error,
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with `i > 0 the minimum separation distance, for i = 1, . . . , N . The
resulting model is described by the equations (i ∈ {1, . . . n− 1})

ėi(t)=vi+1(t)− vi(t),

v̇i(t)=ai(t),

ȧi(t)=−ai(t)
c

+ 1
c

[ksei(t−τ)+kv(vi+1(t−τ)−vi(t−τ))],

(3.43)

where c > 0 is the engine time constant, τ > 0 is the total delay
(including fueling and transport) for each vehicle, and ks and kv are
the transmission gains between the vehicles. To this platoon we add a
leader car with dynamics described by the equations

v̇n(t) = an(t),

ȧn(t) = −an(t)
c

+ 1
c
kv (u(t)− vn(t)) ,

(3.44)

where u(t) is a desired velocity imposed on the leader with no delay.
We select as output of the system the sum of all the spacing errors,
namely the distance between the first and the last vehicle. We rewrite
the system in compact form as

ẋ(t) = A0x(t) +A1x(t− τ) +Bu(t),

y(t) = Cx(t),
(3.45)

with

A0 = 1
c



A1
0 A2

0 0 . . . 0 0

0 A1
0 A2

0
. . . ...

...
... . . . . . . . . . 0

...
... . . . 0 A1

0 A2
0 0

0 . . . . . . 0 A1
0 A3

0

0 . . . . . . . . . 0 A4
0


, A1

0 =

 0 −c 0
0 0 c

0 0 −1



A2
0 =

 0 c 0
0 0 0
0 0 0

 , A3
0 =

 c 0
0 0
0 0

 , A4
0 =

[
0 c

−kv −1

]
,
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A1 = 1
c



A1
1 A2

1 0 . . . 0 0

0 A1
1 A2

1
. . . ...

...
... . . . . . . . . . 0

...
... . . . 0 A1

1 A2
1 0

0 . . . . . . 0 A1
1 A3

1

0 . . . . . . . . . . . . 0


,

A1
1 =

 0 0 0
0 0 0
ks −kv 0

 , A2
1 =

 0 0 0
0 0 0
0 kv 0

 , A3
1 =

 0 0
0 0
kv 0

 ,
B =

[
0 0 0 | 0 0 0 | . . . | 0 0 0 | 0 kv

c

]T
,

C = [ 1 0 0 | 1 0 0 | . . . | 1 0 0 | 0 0 ].
Consider n = 8 identical vehicles with c = 0.25 s, ks = 0.875 s−2,
kv = 2.5 s−1 and τ = 0.005 s. We propose two reduced order models
that match the 0-moments at s1 = 0, s2,3 = ±π/5, s4,5 = ±π/30, with
u(t) = Lω(t), ω̇(t) = Sω(t),

S =



0 0 0 0 0
0 0 π

5 0 0

0 −π5 0 0 0

0 0 0 0 π

30
0 0 0 − π

30 0


,

L = [1 0 1 0 1]>, and described by the equations

ξ̇(t) = F0ξ(t) + F1ξ(t− τ) +Gu(t),

ψ(t) = CΠξ(t),
(3.46)

with F0 defined as in (3.40) and F1 free. Note that the number of
equations decreases from 3n − 1 to ν = 5. We denote with ψI the
output of the system (3.46) when F1 is defined as

F1 = 1
c

[
A1

1 A3
1

0 0

]
. (3.47)



3.2. Families of Reduced Order Models for Nonlinear Time-Delay
Systems 99

30 40 50 60 70 80 90 100

0

5

10

15

20

Time (s)

i=1,...,8

i=1,...,8

i=1,...,8

Figure 3.4: Speed of the eight vehicles.

Note that F1 has the same structure of A1. We denote with ψ0 the
output of the system (3.46) when F1 = 0. In the latter case all the
eigenvalues of the matrix F0 have been placed at −1

2 . The input given
to the system consists of a speed increase from 0 to 20m/s = 72 km/h
in 15 s, a constant speed of 20m/s for 30 s and a deceleration to 0m/s
in 15 s. The speed of the vehicles are shown in Fig. 3.4. Fig. 3.5 shows
the time histories of the output signals y(t) (solid line), ψI(t) (dashed
line), ψ0(t) (dotted line). Fig. 3.6 shows the absolute errors between
y(t) and ψI(t) (dashed line), and between y(t) and ψ0(t) (dotted line).
We see that the output is similar in the three cases and that the reduced
order model with delays is tighter to the system, i.e. the ratio between
the area under the error curve of the model with delays and the area
under the error curve of the model with no delays is 0.799.
The matrices Fj , Gj and Hj can also be used to achieve other modeling
objectives, as shown in the next section.

Reduced order model interpolating at (%+ 1)ν points

In this section we show how to exploit the matrices Fj and Hj in (3.39)
to achieve moment matching at more than ν points, still maintaining
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Figure 3.5: Output signals y(t) (solid line), ψI(t) (dashed line), and ψ0(t) (dotted
line).
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Figure 3.6: Absolute errors between y(t) and ψI(t) (dashed line), and between y(t)
and ψ0(t) (dotted line).
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the same dimension ν of the matrix F0. We analyze the case in which
% = 1, ρ = 3 and d = 1 (F1, G2, G3 and H1 are the free parameters),
for ease of notation. We further assume without loss of generality that
there are no delays in the equation of the output y of system (3.5). The
general case can be analyzed in a similar way. The problem is solved
in the next proposition.

Proposition 3.3. Let Sa ∈ Rν×ν and Sb ∈ Rν×ν be two non-derogatory
matrices such that σ(Sa) ∩ σ(Sb) = ∅ and let La and Lb be such that
the pairs (La, Sa) and (Lb, Sb) are observable. Let Πa = Π be the unique
solution of equation (3.9), with L = La and S = Sa, and let Πb = Π
be the unique solution of equation (3.9), with L = Lb and S = Sb.
Consider F0 and H0 as in (3.40) with χ2 = 0, S = Sa and L = La.

• If d = 1 and L = La = Lb, system (3.36) with the selection

F1 =(Sb − Sa −G3(e−Sbχ3 − e−Saχ3))(e−Sbχ1 − e−Saχ1)−1,

F0 =Sa −G2L−G3Le
−Saχ3 − F1e

−Saχ1 ,

H1 =(CΠb − CΠa)(e−Sbχ1 − e−Saχ1)−1,

H0 =CΠa −H1e
−Saχ1 ,

(3.48)

belongs to the family (3.39) and is a reduced order model of
system (3.5) achieving moment matching at Sa and Sb, for any
G2 and G3 such that si /∈ σ(F̄ (s)), for all i = 1, . . . , k̄.

• If d = 0, the family (3.39) with

F1 = (PbSb − SaPb +G2LaPb +G3Lae
−Sbχ3Pb

−G2Lb −G3Lbe
−Sbχ3)(Pbe−Sbχ1 − e−Saχ1Pb)−1,

(3.49)

is, for any Pb such that CΠaPb = CΠb, a reduced order model of
system (3.5) achieving moment matching at Sa and Sb, for any
G2 and G3 such that si /∈ σ(F̄ (s)), for all i = 1, . . . , k̄.

Proof. We begin with the case d = 1. Easy computations show that
the matrices

F0 = Sa −G2La −G3Lae
−Saχ3 − F1e

−Saχ1 ,

H0 = CΠa −H1e
−Saχ1 ,

(3.50)
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defined in (3.40), solve the equations

F0Pa + F1Pae
−Saχ1 − PaSa = −G2La −G3Lae

−Saχ3 ,

CΠa = H0Pa +H1Pae
−Saχ1 ,

(3.51)

with Pa = I. The matrix F1 given in (3.49) solves the equation

F0Pb + F1Pbe
−Sbχ1 − PbSb = −G2Lb −G3Lbe

−Sbχ3 ,

for any invertible Pb. Substituting H0 in

CΠb = H0Pb +H1Pbe
−Sbχ1 , (3.52)

yields
H1 = (CΠb − CΠaPb)(Pbe−Sbχ1 − e−Saχ1Pb)−1.

The matrices F0, F1, H0, H1 are such that the resulting reduced order
model achieves moment matching at Sa and Sb and selecting L = La =
Lb and Pb = I they yield (3.48).
If d = 0, equation (3.52) reduces to

CΠb = H0Pb

for some Pb. We then have to prove that there always exists a Pb such
that CΠaPb = CΠb and F1 is well-defined. To prove the first claim
note that the condition consists in finding ν2 parameters to solve ν
equations. If CΠa 6= 0 there exist always such a Pb, full rank and upper
triangular (possibly after a change of coordinates). Finally note that
by the hypotheses on the system and the signal generator there exists
at least a component of CΠa which is not zero. To prove the second
claim we have to show that

rank
{
Pbe
−Sbχ1 − e−Saχ1Pb

}
= ν. (3.53)

Note now that selecting Sa and Sb in complex Jordan form implies
that the matrices in equation (3.53) are all upper triangular. Condition
(3.53) can be rewritten as

πbi
(
e−sbiχ1 − e−saiχ1

)
6= 0, ∀ i = 1, . . . , ν,

with πbi, sai and sbi the eigenvalues of Pb, Sa and Sb, respectively. Since
σ(Sa) ∩ σ(Sb) = ∅ then σ(e−Saχ1) ∩ σ(e−Sbχ1) = ∅, hence the claim
follows.
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The family of systems characterized in Proposition 3.3 achieves mo-
ment matching at 2ν interpolation points. Note that the matrices G2
and G3 remain free parameters and they can be used to achieve the
properties discussed in Chapter 2. For instance G2 and G3 can be used
to set both the eigenvalues of F0 and F1. In addition, note that Gj has
exactly ν free parameters. Hence, for instance, to assign the eigenvalues
of j matrices Fj , j matrices Gj are needed.

Remark 3.5. Although it is possible to interpolate at several different
points si maintaining the same dimension ν, the order of interpola-
tion at si cannot exceed ν because it is limited, by definition, by the
dimension of the matrix Sj .

Remark 3.6. The result can be generalized to % > 1 delays, obtaining
reduced order models that interpolate at (% + 1)ν points. This result
can be used also when the system to be reduced is not a time-delay
system. In other words, a system described by ordinary differential
equations can be reduced to a system described by time-delay differen-
tial equations with an arbitrary number of delays % achieving moment
matching at (%+1)ν points. This property of interpolating an arbitrary
large number of points comes to the cost that the reduced order model
becomes an infinite dimensional system.

The next example illustrates the idea of approximating delay-free
systems with time-delay systems exploiting the additional degrees of
freedom to increase the number of interpolation points.

Example 3.2. Consider a single-input, single-output system of order
n = 1006, which has a Bode plot with three peaks, described by the
equations

ẋ = Ax+Bu, y = Cx,

where A = diag(A1, A2, A3, A4), with

A1 =
[
−1 10
−10 −1

]
, A2 =

[
−1 20
−20 −1

]
, A3 =

[
−1 40
−40 −1

]
,

and

A4 = diag(−1,−2, . . . ,−1000), B> = C = [ 10 . . . 10︸ ︷︷ ︸
6 times

1 . . . 1︸ ︷︷ ︸
1000 times

].
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Figure 3.7: Bode plot of the system (solid line), of the delay-free reduced order
model (dash-dotted line) and of the time-delay reduced order model (dotted line).
The squares indicate the first set of interpolation points, whereas the circles indicate
the second set.

We start obtaining a linear delay-free reduced order model of order
ν = 8. The matrices of the signal generator (3.6) have been selected
as S = Sa = diag(S2, S3, S4, S5), with S2 = 1.57S1, S3 = 2S1,
S4 = 3.4S1, S5 = 4.5S1, where S1 = A1 + I, and L randomly gen-
erated, to interpolate the moments close to the three peaks. The delay-
free model (3.39) has been constructed with the technique presented
in Chapter 2 assigning the eigenvalues of F0 such that σ(F0) ⊂ σ(A).
Fig. 3.7 shows the Bode plot of the system to be reduced (solid line)
and of the reduced order model (dash-dotted line). The interpola-
tion points are indicated by four squares. Note that the reduced or-
der model approximates poorly the system because few interpolation
points have been used. To improve the approximation, we apply the
technique presented in Proposition 3.3. The matrix Sb has been se-
lected as Sb = diag(S6, S7, S8, S1), with S7 = 7S1, S8 = 10S1 and

S6 =
[

0 1
0 0

]
.

Selecting χ = χ1 = χ3 = 0.05, yields

F0 = Sa − (Sb − Sa)(e−Sbχ − e−Saχ)−1e−Saχ −G2L,
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and
F1 = (Sb − Sa)(e−Sbχ − e−Saχ)−1 −G3L.

Note that, because of the selection χ1 = χ3, F0 does not depend upon
G3. Thus, the eigenvalues of both F0 and F1 have been assigned such
that σ(F0) = σ(F1) ⊂ σ(A). Fig. 3.7 shows the Bode plot of this re-
duced order model (dotted line). The three additional interpolation
points are indicated with the circles. In addition the plot shows clearly
that the model interpolates at zero. Thus, the addition of one delay
improved the quality of the approximation of the system without in-
creasing the size of the matrices. However, note that a delay-free model
with ν = 16 would be a better approximation because the introduction
of the delay is, at the same time, detrimental (in particular at high
frequencies).

3.3 Additional Topics for Linear and Nonlinear Time-delay
Systems

Similarly to what we have done in Chapter 2, we now present a series
of results for systems in special form.

3.3.1 Moment at infinity

As pointed out in Chapter 2, we can use the final value theorem to char-
acterize the moments at si = +∞. Note that for differential time-delay
systems, the transfer functionW (s) is transcendental. This implies that
the computation of the limit at s = +∞ has to be done with care. It is
fundamental to determine what is the meaning of the limit at infinity
because the result (if well-defined) would depend upon which direction
at infinity is considered. In this context the limit has to be taken along
the positive real axis. Then we have the following results3.

Theorem 3.10. Let Υ be the set of values of j = ς+ 1, . . . , µ such that
τj = 0.
Consider system (3.5).

3To be coherent with equation (3.1) we ignore the delays in the equation of the
output y of the linear system (3.5).
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- If Υ 6= ∅ then the k moments at infinity are ηk(∞) =∑
j∈ΥCA

k−1
0 Bj , with η0(∞) = 0.

- If Υ = ∅ then all the moments at infinity are identically zero.

Consider system (3.1).

- If Υ 6= ∅ then the k moments at infinity are ηk(∞) = y
(k−1)
I (0+),

with η0(∞) = 0.

- If Υ = ∅ then all the moments at infinity are identically zero.

Proof. By the equivalence between the moments at infinity and the
impulse response at t = 0+, it follows that if τj = 0 for some
j = ς + 1, . . . , µ the behavior of the systems at 0+ is the same as
the corresponding delay-free system (because no delay on the state has
“kicked in” at t = 0+). If τj 6= 0 for all j = ς + 1, . . . , µ then the im-
pulse response is delayed and it follows that the response at 0+ is zero
together with its time derivative. Once established that the behavior
is as for delay-free systems, the claim follows from the discussion in
Chapter 2.

From Theorem 3.10 it appears that a finite dimensional system is
sufficient to characterize the moments at infinity and we can use it to
match the moments at infinity as described in Chapter 2. However,
note that some properties of the transfer function are lost with a finite
dimensional system. In fact if, for instance, τj 6= 0 for some j = 1, . . . , ς
and τj = 0 for some j = ς + 1, . . . , µ the expansion at infinity along
the negative real axis is identically zero, while for finite dimensional
systems the expansion is the same as along the positive real axis. Or,
if τ1 = τς+1 > 0 and τj = 0 for i = 2, . . . , ς, ς + 2, . . . , µ, then the first
coefficient of the expansion at infinity along the negative real axis is
−CB1 for time-delay systems, while zero (i.e. the same as along the
positive axis) for finite dimensional systems. This suggests that a finite
dimensional model that matches the moments of the system at infinity
may not be a good approximation of the dynamics of the system far
from t = 0 and that to preserve the properties of the transcendental
transfer function it is necessary to choose a model with the same delay
structure as the original system.
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3.3.2 Matching at h ◦ πa and h ◦ πb

We conclude the chapter with a nonlinear version of the result yielding
the interpolation at 2ν points, namely we show how to exploit the free
parameters to achieve moment matching at two moments h ◦ πa and
h◦πb maintaining the same number of equations describing the reduced
order model. Consider system (3.1) and, to simplify the exposition, the
signal generators described by the linear equation

ω̇ = Saω, u = Lω.

As highlighted in Section 2.4.3, considering the model reduction prob-
lem for nonlinear systems when the signal generator is a linear system is
of particular interest since the reduced order models have a very simple
description. This observation holds true also in the case of time-delay
systems, namely a nonlinear time-delay system can be approximated
by a linear time-delay equation with a nonlinear output map. Hence, a
reduced order model of system (3.1) at (Sa, L) is given by the family
of systems

ξ̇ = F0ξ + F1ξχ +G2u+G3uχ,

ψ = κ0(ξ) + κ1(ξχ), (3.54)

with κ0 and κ1 analytic mappings, if there exists a unique matrix Pa
such that

F0Pa + F1Pae
−Saχ − PaSa = −G2L−G3Le

−Saχ,

h(πa(ω)) = κ0(Paω) + κ1(Pae−Saχω),

Consider now another signal generator described by the linear equation

ω̇ = Sbω, u = Lω,

and the problem of selecting F0, F1, G2, G3, κ0 and κ1 such that the
reduced order model (3.54) matches the moments of system (3.1) at
(Sa, L) and (Sb, L). The problem presented in this section is solved by
the next proposition.

Proposition 3.4. Let Sa ∈ Rν×ν and Sb ∈ Rν×ν be two non-derogatory
matrices such that σ(Sa) ∩ σ(Sb) = ∅ and let L be such that the pairs
(L, Sa) and (L, Sb) are observable. Let πa = π be the unique solution
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of (3.4), with L = L and S = Sa, and let πb = π be the unique solution
of (3.4), with L = L and S = Sb. Then system (3.54) with the selection

F1 =(Sb − Sa −G3(e−Sbχ − e−Saχ3))(e−Sbχ − e−Saχ)−1,

F0 =Sa −G2L−G3Le
−Saχ − F1e

−Saχ,

κ0(ω)=h(πa(ω))− κ1(e−Saχω),

and κ1 a mapping such that

κ1
(
e−Sbχω

)
− κ1

(
e−Saχω

)
= h(πb(ω))− h(πa(ω)),

is a reduced order model of the nonlinear time-delay system (3.1)
achieving moment matching at (Sa, L) and (Sb, L), for any G2 and
G3 such that σ(F0 + F1e

−sχ) ∩ (σ(Sa) ∪ σ(Sb)) = ∅.

Proof. As showed in the proof of Proposition 3.3, F0 and F1 solve the
two Sylvester equations

F0Pa + F1Pae
−Saχ − PaSa = −G2L−G3Le

−Saχ,

F0Pb + F1Pbe
−Sbχ − PbSb = −G2L−G3Le

−Sbχ,

with Pa = Pb = I. It remains to determine the mappings κ0 and κ1
that solve the matching conditions

h(πa(ω)) = κ0(ω) + κ1
(
e−Saχω

)
,

h(πb(ω)) = κ0(ω) + κ1
(
e−Sbχω

)
.

Solving the first equation with respect to κ0 and substituting the re-
sulting expression in the second yields

κ1
(
e−Sbχω

)
− κ1

(
e−Saχω

)
= h(πb(ω))− h(πa(ω)),

from which the claim follows.

The family of linear time-delay systems with nonlinear output map-
ping characterized in Proposition 3.4 matches the moments h ◦ πa and
h ◦ πb of the nonlinear system (3.1). Note that the matrices G2 and G3
remain free parameters and they can be used to achieve the properties
discussed in Chapter 2.
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Remark 3.7. Proposition 3.4 can be generalized to %̂ > 1 delays, ob-
taining a reduced order model that matches (%̂+ 1)ν moments. The re-
sult can also be generalized to nonlinear generators si(ω) assuming that
the flow Φsi

−χi(ω) is known for all the delays χi and that γ(ξχ1 , . . . , ξχ%̂)
in (3.21) is replaced by γ̂1(ξχ1) + · · ·+ γ̂%̂(ξχ%̂).

Remark 3.8. Similarly to Proposition 3.3, the number of delays in (3.1)
does not play a role in Proposition 3.4. Thus, this result can be applied
to reduce a system with an arbitrary number of delays always obtaining
a reduced order model with, for example, two delays.

3.4 Bibliographical Notes

This chapter is largely based upon the papers Scarciotti and Astolfi
[2014a,b, 2016a] and the book chapter Scarciotti and Astolfi [2017b].
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the monographs Hale [1977], Stépán [1989], Hale and Verduyn Lunel
[1993], Michiels and Niculescu [2007], Niculescu [2001], Zhong [2006],
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[2001], Niculescu et al. [1995], Zhang et al. [2003], Kolmanovskii et al.
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and May [1986], Abdallah et al. [1993] and Goubet et al. [1995].
The problem of reducing an infinite dimensional system to a finite di-
mensional one is not new in literature, see e.g. Curtain et al. [2010],
Ionescu and Iftime [2012] and Iftime [2012], and is how the model re-
duction has been traditionally intended for time-delay systems, see e.g.
Blondel and Megretski [2004], Mäkilä and Partington [1999a,b], Zhang
et al. [2000], Al-Amer and Al-Sunni [2000], Banks and Kappel [1979],
Gu et al. [1992], Glover et al. [1990], Glader et al. [1991], Ohta and
Kojima [1999], Yoon and Lee [1997] and Artstein [1982], in which the
problem of reducing the transfer function of a linear time-delay sys-
tem to a rational function is studied. A variety of methods are used,
e.g. Padé approximation, Taylor expansions, spline approximations and
Hankel operator. However, it is well-known that the choice of eliminat-
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ing the delays is likely to destroy some underlying dynamics of the
model, see e.g. MacDonald [1986], Beddington and May [1986], Ab-
dallah et al. [1993], Goubet et al. [1995] and Halevi [1996]. In fact, the
optimal reduction of general time-delay systems is listed as an unsolved
problem in systems theory in Blondel and Megretski [2004]. Note that
the concept of minimality for time-delay systems is not uniquely de-
fined, see for example Yamamoto [2008] for a discussion of the different
characterizations of minimality for some classes of time-delay systems.
The center manifold theorem has been extended to infinite dimensional
systems in Carr [1981]. A specific discussion for time-delay systems is
given in [Hale, 1977, Section 10.4] (and references therein). Many other
results on the analysis and control of time-delay systems are presented
in Hale [1977], such as the stability result given in [Hale, 1977, Chapter
1, Theorem 6.2] which is used to prove some of the results of this chap-
ter. A discussion regarding the property of formal stability for neutral
time-delay systems can be found in Byrnes et al. [1984], Hale and Ver-
duyn Lunel [2002] and Richard [2003]. Other specific cases for which
the center manifold theory holds for neutral time-delay systems have
been considered in Hale [1977, 1974], Byrnes et al. [1984] and references
therein.
Since hyperbolic partial differential equations can be locally expressed
as neutral time-delay systems and, conversely, any time-delay y(t) =
u(t − τ) can be represented by a classical transport equation (see
Kolmanovskii and Nosov [1986], Hale and Verduyn Lunel [1993] and
Richard [2003]), the techniques presented in this chapter can be used
to establish a model reduction theory for some classes of partial differ-
ential equations: the model of the torsional dynamics of the drillstring
is, in fact, a neutral system originated from a partial differential equa-
tion.
The examples used in the chapter have been inspired by several dif-
ferent sources. The model of the LC transmission line is taken from
Niculescu [2001]. For more detail on the problem of vehicle platooning
see Ioannou and Chien [1993], Huang [1999], Middleton and Braslavsky
[2010] and Niculescu [2001]. The system with dimension n = 1006 has
been inspired by Penzl [2006] and Antoulas [2005]. The model of the
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torsional dynamics of an oilwell drillstring, the stabilising feedback and
the parameters for the simulations are based upon the papers Saldivar
et al. [2011a,b], Boussaada et al. [2012], Saldivar and Mondié [2013],
Salvidar et al. [2014] and Navarro-López and Cortés [2007].



4
Data-driven model reduction for linear and

nonlinear systems

The model reduction techniques that we have presented, as well as the
majority of other model reduction methods presented in the literature,
assume the knowledge of a state-space model of the system to be re-
duced (a notable exception is represented by the Loewner framework).
In practice this model is not always available. In this chapter we pro-
pose data-driven on-line algorithms for the model reduction of linear
and nonlinear, possibly time-delay, systems. Collecting time-snapshots
of the input and output of the system at a given sequence of time in-
stants tk, two algorithms to define families of reduced order models at
each instant of the iteration tk are devised. The reduced order model
asymptotically matches the moments of the unknown system to be re-
duced. These algorithms have several advantages with respect to an
identification plus reduction technique: there is no need to identify the
system, which is expensive both in terms of computational power and
storage memory; since the reduced order model matches the moments
of the unknown system, it is not just the result of a low-order iden-
tification but it actually retains some properties of the larger system;
since the proposed algorithm determines directly the moment of a non-
linear system from the input and output data, it does not involve the

112
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computation of the solution of the partial differential equations (2.9)
or (3.4), which is usually difficult. In addition, for linear systems the
capability of determining reduced order models from data matrices (of
order proportional to ν) is computationally efficient when compared
with model reduction obtained by manipulating the system matrices
(of order n� ν). Thus, the method is of computational value, for both
linear and nonlinear systems, even when the system to be reduced is
known. The rest of the chapter is devoted to delay-free systems, how-
ever, the results can be easily extended to time-delay systems (see for
instance Section 4.2.3).

4.1 Nonlinear systems

For convenience we recall here the equations of system (2.6), namely

ẋ = f(x, u), y = h(x), (4.1)

of the signal generator (2.7), namely

ω̇ = s(ω), u = l(ω), (4.2)

and the partial differential equation (2.9), namely

∂π

∂ω
s(ω) = f(π(ω), l(ω)). (4.3)

which are used throughout the chapter. The quantities appearing in
the equations retain the original meaning given in Chapter 2.

4.1.1 On-line moment estimation from data

Solving equation (4.3) with respect to the mapping π is a difficult task
even when there is perfect knowledge of the dynamics of the system,
i.e. the mapping f . When f is not known equation (4.3) may be solved
numerically requiring information on the state of the system. In prac-
tice, only measurements of the output y may be available which further
complicates the task of determining π. In this section we develop an
algorithm to determine the moment of nonlinear systems using mea-
surements of the output. Note that all the results of the chapter exploit
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the relation between moments and steady-state response.
Recall that under the assumptions of Lemma 2.1, the equation

y(t) = h(π(ω(t))) + ε(t), (4.4)

where ε(t) is an exponentially decaying signal, holds. We introduce the
following standard assumption.

Assumption 4.1. The mapping h ◦ π belongs to the function space
identified by the family of continuous basis functions ϕj : Rν → R, with
j = 1, . . . ,M (M may be∞), i.e. there exist Γj ∈ R, with j = 1, . . . ,M ,
such that

h(π(ω)) =
M∑
j=1

Γjϕj(ω),

for any ω.

To determine the family of basis functions in Assumption 4.1 we
can implement a trial and error procedure starting, for instance, with
the use of a polynomial expansion or with the use of an expansion based
on functions belonging to the same class as the ones generated by the
signal generator (e.g. sinusoids, for sinusoidal inputs).
Let

Γ =
[

Γ1 Γ2 . . . ΓN
]
,

Ω(ω(t)) =
[
ϕ1(ω(t)) ϕ2(ω(t)) . . . ϕN (ω(t))

]>
,

with N ≤ M . Using a weighted sum of basis functions, equation (4.4)
can be written as

y(t) =
N∑
j=1

Γjϕj(ω(t)) + e(t) + ε(t) = ΓΩ(ω(t)) + e(t) + ε(t), (4.5)

where e(t) =
∑M
N+1 Γjϕj(ω(t)) is the error resulting by stopping the

summation at N . Let Γk be an on-line estimate of the matrix Γ com-
puted at Twk = {tk−w+1, . . . , tk−1, tk} with 0 ≤ t0 < t1 < · · · < tk−w <

· · · < tk < · · · < tq, with w > 0 and q ≥ w, namely computed at the
time tk using the last w instants of time ti assuming that e(t) and ε(t)
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are known. Since this is not the case in practice, consider the approxi-
mation

y(t) ≈
N∑
j=1

π̃jϕj(ω(t)) = Γ̃Ω(ω(t)), (4.6)

which neglects the approximation error e(t) and the transient error ε(t),
and let Γ̃k =

[
π̃1 π̃2 . . . π̃N

]
be the approximation, in the sense

of (4.6), of the estimate Γk. Finally we can compute this approximation
as follows.

Lemma 4.1. Define the time-snapshots Ũk ∈ Rw×N and Υ̃k ∈ Rw, with
w ≥ ν, as

Ũk =
[

Ω(ω(tk−w+1)) . . . Ω(ω(tk−1)) Ω(ω(tk))
]>

(4.7)

and
Υ̃k =

[
y(tk−w+1) . . . y(tk−1) y(tk)

]>
. (4.8)

If Ũk is full rank, then

vec(Γ̃k) = (Ũ>k Ũk)−1Ũ>k Υ̃k, (4.9)

is an approximation of the estimate Γk.

As expressed in the previous lemma, to ensure that the approxi-
mation is well-defined for all k, we need that the elements of Twk be
selected such that Ũ>k Ũk is full column rank. This condition expresses a
property of persistence of excitation that is guaranteed by the following
assumption.

Assumption 4.2. The return times of the Poisson stable point ω(0) of
system (4.2) have an upper bound (see Definition 2.8). In addition, the
distribution

E = span
{
ω, ω(1), . . . , ω(k), . . .

}
has dimension ν at ω(0).

The condition on the dimension of the distribution E is called excita-
tion rank condition. Note that for linear systems this condition reduces
to the excitability of the pair (S, ω(0)) (see Remark 2.3).
To ease the notation we introduce the following definition.
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Definition 4.1. The estimated moment of system (4.1) at (s, l) is de-
fined as

h̃◦πN,k(ω(t)) = Γ̃kΩ(ω(t)), (4.10)

for all t ∈ R, with Γ̃k computed using (4.9).

Equation (4.9) is a classic least-square estimation formula: it is
possible to obtain a recursive version of the formula. To this end we
recall a standard result.

Lemma 4.2 (Matrix Inversion Lemma). Let A, B and C−1 + DA−1B

be full rank matrices. Then

(A+BCD)−1 = A−1 −A−1B(C−1 +DA−1B)−1DA−1.

Proof. Direct computation yields

(A+BCD)(A−1 −A−1B(C−1 +DA−1B)−1DA−1) = I.

Theorem 4.3. Assume that ∆k = (Ũ>k Ũk)−1 and Ψk = (Ũ>k−1Ũk−1 +
Ω(ω(tk))Ω(ω(tk))>)−1 are full rank for all t ≥ tr with tr ≥ tw. Given
vec(Γ̃r), ∆r and Ψr, the recursive least-square formula

vec(Γ̃k) = vec(Γ̃k−1) + ∆kΩ(ω(tk))
(
y(tk)− Ω(ω(tk))> vec(Γ̃k−1)

)
−∆kΩ(ω(tk−w))

(
y(tk−w)− Ω(ω(tk−w))> vec(Γ̃k−1)

)
,

(4.11)
with

∆k = Ψk−
−ΨkΩ(ω(tk−w))

(
I + Ω(ω(tk−w))>ΨkΩ(ω(tk−w))

)−1
Ω(ω(tk−w))>Ψk

(4.12)
and

Ψk=∆k−1 −∆k−1Ω(ω(tk))
(
I + Ω(ω(tk))>∆k−1Ω(ω(tk))

)−1
ω(tk)>∆k−1.

(4.13)
holds for all t ≥ tr.
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Proof. Note that

∆−1
k = Ũ>k Ũk =

k∑
i=k−w+1

Ω(ω(ti))Ω(ω(ti))> =

=
k−1∑

i=k−w
Ω(ω(ti))Ω(ω(ti))>+ Ω(ω(tk))Ω(ω(tk))>− Ω(ω(tk−w))Ω(ω(tk−w))>

= ∆−1
k−1 + Ω(ω(tk))Ω(ω(tk))> − Ω(ω(tk−w))Ω(ω(tk−w))>

and that rewriting equation (4.9) for k − 1 yields

Ũ>k−1Υ̃k−1 =
k−1∑

i=k−w
Ω(ω(ti))y(ti) = ∆−1

k−1 vec(Γ̃k−1).

Substituting the first equation in the second we obtain
k−1∑

i=k−w
Ω(ω(ti))y(ti) = ∆−1

k vec(Γ̃k−1)− Ω(ω(tk))Ω(ω(tk))> vec(Γ̃k−1)+

+Ω(ω(tk−w))Ω(ω(tk−w))> vec(Γ̃k−1),

which substituted in (4.9), namely

vec(Γ̃k) = ∆k

 k−1∑
i=k−w

Ω(ω(ti))y(ti) + Ω(ω(tk))y(tk)−Ω(ω(tk−w))y(tk−w)


yields equation (4.11). Finally equations (4.12) and (4.13) are obtained
applying recursively the matrix inversion lemma to

∆k =
(
Ψ−1
k − Ω(ω(tk−w))Ω(ω(tk−w))>

)−1

and
Ψk =

(
∆−1
k−1 + Ω(ω(tk))Ω(ω(tk))>

)−1
.

To start the iteration we can use dummy values to fill the initial
entries of vec(Γ̃r), ∆r and Ψr. Since the formulas “forget” the oldest
measurements, after a sufficient number of iterations all the dummy
measurements are forgotten.
We summarize the discussion of this section with the following algo-
rithm.
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Algorithm 1. Let k be a sufficiently large integer. Select τ̃ > 0 suffi-
ciently small. Select w ≥ ν.

1: Construct the matrices Ũk and Υ̃k.

2: If rank
(
Ũ>k Ũk

)
= N then compute Γ̃k solving equation (4.9)

(or (4.11)).
Else increase w. If k−w < 0 then restart the algorithm selecting
a larger initial k.

3: If ∣∣∣∣∣∣Γ̃k − Γ̃k−1
∣∣∣∣∣∣ > τ̃

tk − tk−1
, (4.14)

then k = k + 1 go to 1.

4: Stop.

The convergence of the estimated moment is guaranteed by the next
result.

Theorem 4.4. Suppose Assumptions 2.1, 4.1 and 4.2 hold. Then

lim
t→∞

(
h(π(ω(t)))− lim

N→M
h̃◦πN,k(ω(t))

)
= 0.

Proof. Assumption 4.2 guarantees that the times Twk can be selected
such that the approximation Γ̃k is well-defined for all k, whereas As-
sumption 2.1 guarantees that Lemma 2.1 holds and thus that h ◦ π is
well-defined. The quantity ||ε(tk)|| vanishes exponentially to zero by
Assumption 2.1. Hence, by Assumption 4.1, limN→M h̃◦πN,k(ω(t)) −
h(π(ω(t))) = 0.

In the next example we illustrate how to estimate the moment of a
nonlinear system.

Example 4.1. A test subject runs on a treadmill starting from rest. In
the first experiment a certain constant speed (from 1 to 10.5 km/h) has
been set and the subject runs at that speed for a period of time suffi-
cient to make his average heartbeat constant. This value corresponds
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Figure 4.1: Steady-state average heartbeat for five iteration of the experiment for
velocities from 1 to 10.5 km/h (top graph) and inclines from 0 to 8 (bottom graph).
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Figure 4.2: Estimated moment of the average heartbeat (solid line) and valida-
tion dataset (circles) for the velocity experiment (top graph) and for the incline
experiment (bottom graph).
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to the steady-state response of his average heartbeat for a constant in-
put speed, i.e. ω̇ = 0. The experiment has been iterated five times and
the measured steady-state average heartbeat values for different con-
stant velocities are shown in the top graph of Fig. 4.1. In the second
experiment, the incline (from option 0 to 8) of the treadmill has been
considered as a constant input (for all the incline options the speed
has been kept constant to 8 km/h). The steady-state average values
of the heartbeat are shown in the bottom graph of Fig. 4.1. Also this
experiment has been iterated five times. A polynomial fitting of the
data gives the estimated moment

h̃◦π9,τ̃ (ω) = −0.0003578ω8 + 0.01431ω7 − 0.2233ω6 + 1.682ω5

−5.852ω4 + 4.429ω3 + 24.44ω2 − 54.66ω + 100.2,

for the velocity experiment and

h̃◦π4,τ̃ (ω) = 0.1169ω3 − 1.63ω2 + 11.86ω + 114.1,

for the incline experiment. Note that the basis functions for the first
experiment are the polynomials of order eight, whereas the basis func-
tions for the second experiment are the polynomials of order three.
Fig. 4.2 shows the estimated moment in blue/solid line and a valida-
tion set of data, indicated with circles, taken from a sixth iteration of
the experiment for the velocity experiment (top graph) and the incline
experiment (bottom graph). The estimated moment can be used to
obtain a reduced order model as defined in the following section.

Up to this point we have always considered one trajectory ω(t).
While this is sufficient in a linear setting, in which local properties are
also global, it may be restrictive in the nonlinear setting. To this end,
Algorithm 1 can be easily modified to operate with multiple trajecto-
ries. To this end, it suffices to implement the algorithm replacing the
matrices Ũk and Υ̃k with the matrices

U=
[
Ũ1>
k Ũ2>

k . . . Ũ q>k

]>
, Y=

[
Υ̃1>
k Υ̃2>

k . . . Υ̃q>
k

]>
,

(4.15)
respectively, where Ũ ik and Υ̃i

k are the matrices in (4.7) and (4.8), re-
spectively, sampled along the trajectory of system (4.2) starting from



4.1. Nonlinear systems 121

the initial condition ω(0) = ωi0 ∈ Rν , with i = 1, . . . , q, q ≥ 1. We refer
to this method as the “U/Y” variation.

4.1.2 Families of reduced order models

Using the approximation given by (4.10) a reduced order model of
system (4.1) can be defined at each instant of time tk as detailed in
the following statements, the proofs of which are omitted since these
are a straightforward consequence of the results of this chapter and of
Chapter 2.

Definition 4.2. Consider system (4.1) and the signal generator (4.2).
Then the system described by the equations

ξ̇ = φk(ξ, u), ψ = κk(ξ), (4.16)

with ξ(t) ∈ Rν , u(t) ∈ R, ψ(t) ∈ R and φk and κk analytic mappings,
is a model of system (4.1) at (s, l) at time tk if system (4.16) has the
moment equal to the estimated moment of system (4.1) at (s, l) at time
tk. In this case, system (4.16) is said to match the estimated moment of
system (4.1) at (s, l) at time tk. Furthermore, system (4.16) is a reduced
order model of system (4.1) at (s, l) at time tk if ν < n.

Lemma 4.5. Consider system (4.1) and the signal generator (4.2). Sup-
pose Assumptions 2.1, 4.1 and 4.2 hold. Then system (4.16) matches
the estimated moment of system (4.1) at (s, l) at time tk if the equation

∂pk
∂ω

s(ω) = φk(pk(ω), l(ω)), (4.17)

has a unique solution pk such that

h̃◦πN,k(ω) = κk(pk(ω)), (4.18)

where h̃◦πN,k(ω) is obtained with Algorithm 1.

Proposition 4.1. Consider system (4.1) and the signal generator (4.2).
Suppose Assumptions 2.1, 2.5, 4.1 and 4.2 hold. Then the system de-
scribed by the equations

ξ̇ = s(ξ)− δk(ξ)l(ξ) + δk(ξ)u,

ψ = h̃◦πN,k(ξ),
(4.19)
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Figure 4.3: The functions h(π(ω)) (solid line) and h̃◦π(ω) (dotted line) for ω ∈
(0, 0.9 ]. The seven data points are represented by squares.

where h̃◦πN,k(ω) is obtained using Algorithm 1, is a model of sys-
tem (4.1) at (s, l) for all tk if, for all k ≥ 0, δk is an arbitrary mapping
such that the partial differential equation

∂pk
∂ω

s(ω)=s(pk(ω))− δk(pk(ω))l(pk(ω)) + δk(pk(ω))l(ω),

has the unique solution pk(ω) = ω.

Note that the conditions given in Chapter 2 to enforce additional
properties (such as asymptotic stability and a prescribed relative de-
gree) upon the reduced order model can be adapted to hold in the
present scenario.

Approximated nonlinear model of the Ćuk converter

In this section we illustrate the results of the chapter by means of two
examples based on the averaged model of the DC-to-DC Ćuk converter
presented in Chapter 2. We begin obtaining a scalar reduced order
model which achieves moment matching at zero. In this case the exact
expression of the mapping h ◦ π is known, i.e. equation (2.57), and
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Figure 4.4: Top: time histories of the output of system (2.56) (solid line) and of
the reduced order model (dotted line) for the set of input given by ω equal to 0.35,
0.85, 0.75, 0.55, 0.33, 0.15 and 0.45. Bottom: error between the two outputs.

we can compare it directly with the approximation obtained with the
polynomial expansion. In the second part of the section we obtain a
planar reduced order model with nonlinear state dynamics using an
input generated by a nonlinear mapping l. In this case the exact ex-
pression of the mapping π is not known and the results of the chapter
are used to obtain an approximation of the mapping h ◦ π.

Moment at zero: We have simulated system (2.56) with u = ω(0),
where ω(0) switched every 0.05 s between the values of 0.2, 0.3, 0.4, 0.5,
0.6, 0.7 and 0.8. We have then applied the results of the chapter select-
ing the horizon length w equal to 1 and fixing the value of h̃ ◦ π(ω) to
the one just before the switching time. Then a cubic interpolation has
been used to fit the seven points obtained from the simulations. Fig. 4.3
shows the function h(π(ω)) given in (2.57) (solid line) and the approx-
imation h̃◦π(ω) (dotted line) for values of ω ∈ (0, 0.9 ] (recall that for
u = 1 the output of the converter becomes negatively unbounded). The
seven data points are represented by squares. Note that the approxi-
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mation is close to the actual moment of the system for ω ∈ (0, 0.85].
The reduced order model is chosen as a linear system of order ν = 1
with eigenvalue equal to −230 (to yield a reduced order model with
“response time” comparable to the one of the system). The top plot in
Fig. 4.4 shows the time histories of the output of system (2.56) (solid
line) and of the reduced order model (dotted line) for the set of inputs
given by ω equal to 0.35, 0.85, 0.75, 0.55, 0.33, 0.15 and 0.45. Note
that none of the values is one of the seven data points. The error be-
tween the two outputs is shown in the bottom graph of Fig. 4.4. The
figure shows an overall good approximation of system (2.56). The error
is comparable with the one shown in Fig. 2.4 and it is mainly due to
the transient error ε(t) caused by approximating a four dimensional
nonlinear system with a scalar model.
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Figure 4.5: Surface obtained from the data points computed with ω(t) and y(t).

Planar reduced order model: In the previous example the approxi-
mated moment of the system has been compared with the exact math-
ematical expression. However, the example is very simple since the
generator is scalar and the input is constant. In this section we present
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Figure 4.6: Top graph: time histories of the output of system (2.56) (solid/blue line)
and of the nonlinear reduced order model (dotted/red line) for the input sequence
represented in the bottom graph. The switching times are indicated by solid/gray
vertical lines. Middle graph: absolute error (dashed/green line) between the two
outputs.

the case in which the input is generated by the equations

ω̇1 = −75ω2, ω̇2 = 75ω1, u = max
(

0.15, 1
2

(
ω1ω2 + ω3

1 + 1
2

))
.

Note that this produces a positive input signal with higher order har-
monics.
Algorithm 1 has been applied with tj = j · 10−4, w = 838 and τ̃ =
1.2 · 10−7. The basis functions are selected as the polynomial surfaces
of degree 2 in the first argument and 5 in the second, namely N = 15,
ϕ1(ω) = 1, ϕ2(ω) = ω1, ϕ3(ω) = ω2, . . . , ϕ15(ω) = ω5

2. To improve the
quality of the approximation the “U/Y” variation of the algorithm has
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been implemented selecting ωi0 ∈ W := [−0.6, 0.6] × [−0.6, 0.6]. These
values of ωi0 generate inputs u in the set [0.15, 0.62]. The final value
of k is 4000, for which the algorithm stops with τ̃ = 1.186 · 10−7. The
resulting estimated moment is

h̃ ◦ π(ω)15,τ̃ = −3.781− 3.116ω1 + 0.641ω2 − 1.71ω2
1 − 9.964ω1ω2

−1.243ω2
2−12.23ω2

1ω2+ 5.185ω1ω
2
2 − 1.764ω3

2
−6.876ω2

1ω
2
2 − 3.026ω1ω

3
2 + 0.8862ω4

2 + 14.63ω2
1ω

3
2

−1.709ω1ω
4
2 + 1.173ω5

2,
(4.20)

which approximates the actual moment showed in Fig. 4.5. This poly-
nomial approximation fits well for u < 0.8, whereas it does not decrease
as fast as the actual output of the system when the input is close to 1.
This suggests that the following results can be improved if other basis
functions are used.
The reduced order model is chosen as in Proposition 4.1, with δτ̃ =
220

[
1 1

]>
, namely

ξ̇1 = 75ξ2 + 220
(
u−max

(
0.15, 1

2

(
ξ1ξ2 + ξ3

1 + 1
2

)))
,

ξ̇2 = −75ξ1 + 220
(
u−max

(
0.15, 1

2

(
ξ1ξ2 + ξ3

1 + 1
2

)))
,

ψ = h̃◦π(ξ)15,τ̃ .

The top graph in Fig. 4.6 shows the time histories of the output of
system (2.56) (solid/blue line) and of the reduced order model (dot-
ted/red line) for the input sequence represented in the bottom graph.
The input is obtained switching ω(0) every 0.5s (the switching times are
indicated by solid/gray vertical lines). ω(0) takes, in order, the values
(−0.45,−0.45), (−0.25,−0.45), (0.15, 0.05) and (0.5, 0.5). The middle
graph in Fig. 4.6 shows the absolute error (dashed/green line) between
the two outputs. We note that the larger absolute error is in the third
and fourth simulation. In the third, the error is due to poor transient
performance and the problem could be alleviated with a selection of
δτ̃ as a function of ξ. The poor approximation for the fourth input is
caused by the fact that the input signal lives at the edge of the area
approximated by (4.20), where h̃◦π(ω) is not well-fitted.



4.2. Linear systems 127

4.2 Linear systems

We now look for similar results for the special case of linear systems.
As usual, in the linear framework stronger results can be obtained.
For convenience we recall here the equations of system (2.10), namely

ẋ = Ax+Bu, y = Cx, (4.21)

of the signal generator (2.11), namely

ω̇ = Sω, u = Lω, (4.22)

and the Sylvester equation (2.12), namely

AΠ +BL = ΠS, (4.23)

which are used throughout the chapter. The quantities appearing in
the equations retain the original meaning given in Chapter 2.

4.2.1 A preliminary analysis

In this section we provide a preliminary analysis assuming the knowl-
edge of the matrices A, B, C and of the state x(0) in equation (4.21).
This analysis is used in the following section for the development of an
estimation algorithm which, this time, does not use the matrices A, B,
C and the state x(0).
Recall (see Corollary 2.3) that the output of system (4.21) driven by
(4.22) is described by

x(t) = Πω(t) + eAt(x(0)−Πω(0)). (4.24)

We evaluate equation (4.24) over a set of sample times T pk =
{tk−p+1, . . . , tk−1, tk} with 0 ≤ t0 < t1 < · · · < tk−p < · · · < tk <

· · · < tq, with p > 0 and q ≥ p. The set T pk represents a moving window
of p sample times ti, with i = 0, . . . , q. We call Πk the estimate of the
matrix Π at T pk , namely the estimate computed at the time tk using the
last p instants of time tk−p+1, . . . , tk. The estimate can be computed as
follows.
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Theorem 4.6. Let the time-snapshots Qk ∈ Rnp×nν and χk ∈ Rnp,
with p ≥ ν, be defined as

Qk =


ω(tk−p+1)> ⊗ I − ω(0)> ⊗ eAtk−p+1

...
ω(tk−1)> ⊗ I − ω(0)> ⊗ eAtk−1

ω(tk)> ⊗ I − ω(0)> ⊗ eAtk

 ,
and

χk =


x(tk−p+1)− eAtk−p+1x(0)

...
x(tk−1)− eAtk−1x(0)
x(tk)− eAtkx(0)

 ,
respectively. Assume the matrix Qk has full rank, then

vec(Π) = (Q>k Qk)−1Q>k χk. (4.25)

Proof. Equation (4.24) can be rewritten as

Πω(t)− eAtΠω(0) = x(t)− eAtx(0). (4.26)

Using the vectorization operator and the Kronecker product on equa-
tion (4.26) yields

vec(Πω(t))− vec(eAtΠω(0)) = vec(x(t)− eAtx(0)),

and

(ω(t)> ⊗ I − ω(0)> ⊗ eAt) vec(Π) = vec(x(t)− eAtx(0)). (4.27)

Computing equation (4.27) at all elements of T pk yields

Qk vec(Π) = χk. (4.28)

If the matrix Qk has full rank, we can compute Π from the last equation
yielding equation (4.25).

As we pointed out in the nonlinear case, the selection of the set T pk
can affect the quality of the data and the rank of the matrix Qk. To
avoid the issue, we explicitly formulate a linear equivalent of Assump-
tion 4.2.
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Assumption 4.3. The pair (S, ω(0)) is excitable.

Recall, from the proof of Theorem 2.6, that if Assump-
tion 4.3 holds, then the elements of T νk can be selected such that
rank

([
ω(tk−ν+1) . . . ω(tk)

])
= ν for all k. In the following when

we suppose that Assumption 4.3 holds, we assume that T νk is chosen
such that this rank condition holds. We can now provide the conditions
under which the matrix Qk is full rank.

Lemma 4.7. Suppose Assumptions 2.3 and 4.3 hold. If p = ν, then Qk
is full rank.

Proof. Consider the i-block element of the matrix Qk, namely

ω(ti)> ⊗ I − ω(0)> ⊗ eAti .

Note that the properties of the Kronecker product yield

ω(ti)> ⊗ I − ω(0)> ⊗ eAti = ω(0)>eS>ti ⊗ II − ω(0)>I ⊗ IeAti =
= (ω(0)> ⊗ I)(eS>ti ⊗ I)− (ω(0)> ⊗ I)(I ⊗ eAti) =
= (ω(0)> ⊗ I)(eS>ti ⊗ I − I ⊗ eAti).

Since σ(A) ⊂ C<0 and σ(S) ⊂ C0, the excitability of (S, ω(0)) implies
that the i-block element of the matrix Qk is a n×nν matrix of rank n.
Assumption 4.3 implies that ν of these blocks are linearly independent
for any ti > 0. As a result Qk is a square full rank matrix.

Remark 4.1. Since real data are affected by noise the assumptions of
Lemma 4.7 may not hold. In this case p can be taken larger than nν
and, as well-known from linear algebra, the solution of equation (4.25)
is the least squares solution of (4.28).

The discussion carried out so far has the drawback that we require
information on the state of the system. In practice, this is usually not
the case and only the output y is available. Thus, in the following, we
reformulate Theorem 4.6 using the output in place of the state.
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Theorem 4.8. Let the time-snapshots Rk ∈ Rw×nν and Υk ∈ Rw, with
w ≥ nν, be defined as

Rk =


(ω(0)> ⊗ C)(eS>tk−w+1 ⊗ I − I ⊗ eAtk−w+1)

...
(ω(0)> ⊗ C)(eS>tk−1 ⊗ I − I ⊗ eAtk−1)

(ω(0)> ⊗ C)(eS>tk ⊗ I − I ⊗ eAtk)

 ,

and

Υk =


y(tk−w+1)− CeAtk−w+1x(0)

...
y(tk−1)− CeAtk−1x(0)
y(tk)− CeAtkx(0)

 ,
respectively. Assume the matrix Rk has full rank, then

vec(Π) = (R>k Rk)−1R>k Υk. (4.29)

Proof. The result can be proved following the same steps used to obtain
equation (4.25).

Similarly to Lemma 4.7, we now provide the conditions under which
Rk is full rank.

Lemma 4.9. Suppose Assumptions 2.3 and 4.3 hold. If w = nν, then
Rk is full rank.

Proof. The proof is similar to the one of Lemma 4.7, although this
time also the observability of (C,A) is used (which comes from the
minimality of (A,B,C)).

4.2.2 On-line moment estimation from data

Equation (4.25) contains terms that depend upon the matrix A and
the initial states x(0) and ω(0). Exploiting the fact that these terms
enter the response as exponentially decaying functions of time, i.e.
ω(0)>⊗eAt and eAtx(0), we present now an approximate version of the
results of the previous section.
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Definition 4.3. Let the time-snapshots Q̃k ∈ Rnp×nν and χ̃k ∈ Rnp,
with p ≥ ν, be

Q̃k=
[
ω(tk−p+1)⊗ I . . . ω(tk−1)⊗ I ω(tk)⊗ I

]>
and

χ̃k=
[
x(tk−p+1)> . . . x(tk−1)> x(tk)>

]>
.

Assume the matrix Q̃k has full rank, then following the same steps used
to obtain equation (4.25), we define

vec(Π̃k) = (Q̃>k Q̃k)−1Q̃>k χ̃k. (4.30)

Note that if Assumption 4.3 holds and p = ν, then Q̃k is square and
full rank (the proof of this fact is similar to the proof of Lemma 4.7,
thus, it is omitted).
We now prove that Π̃k converges to Π. To this end, we first present a
preliminary result.

Lemma 4.10. Suppose Assumptions 2.3 and 4.3 hold. There exists a
matrix Π̄ such that lim

tk→∞
Π̃k = Π̄.

Proof. By Assumption 2.3 there exists a matrix Π̄ such that the steady-
state response xss(t) of the interconnection of system (4.21) and the
generator (4.22) is described by the equation xss(t) = Π̄ω(t). Then
substituting χ̃ssk = Q̃k vec(Π̄) in equation (4.30), yields

lim
tk→∞

vec(Π̃k) = (Q̃>k Q̃k)−1Q̃>k χ̃
ss
k = vec(Π̄),

which is well-defined by Assumption 4.3 if p = ν.

Theorem 4.11. Let Π be the solution of equation (4.23). Suppose As-
sumptions 2.3 and 4.3 hold. There exists a sequence {tk} such that

lim
k→∞

Π̃k = Π.

Proof. The matrix Π̃k defined in equation (4.30) is such that

x(tk) = Π̃kω(tk), (4.31)
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whereas Π is such that

ẋ(t)|t=tk = ΠSω(tk) +AeAtk(x(0)−Πω(0)). (4.32)

Consider the first equation of system (4.21) computed at tk, namely

ẋ(t)|t=tk = Ax(tk) +BLω(tk). (4.33)

Substituting equations (4.31) and (4.32) in equation (4.33) yields

ΠSω(tk) +AeAtk(x(0)−Πω(0)) = AΠ̃kω(tk) +BLω(tk)

and (
AΠ̃k +BL−ΠS

)
ω(tk) = AeAtk(x(0)−Πω(0)),

from which, using equation (4.23) and multiplying by A−1, the equation(
Π̃k −Π

)
ω(tk) = eAtk(x(0)−Πω(0))

follows. By Assumption 2.3 there exists a sequence {tk}, with lim
k→∞

tk =
∞, such that for any ti ∈ {tk}, ω(ti) 6= 0 and Assumption 4.3 holds.
By Assumption 2.3

lim
k→∞

(
Π̃k −Π

)
ω(tk) = lim

k→∞
eAtk(x(0)−Πω(0)) = 0,

and by Assumptions 4.3 and Lemma 4.10, lim
k→∞

(
Π̃k −Π

)
=

lim
k→∞

(
Π̄−Π

)
= 0. It follows that Π̃k converges asymptotically to

Π.

Remark 4.2. Equation (4.31) is reminiscent of the POD of the collec-
tion {x(ti)}. However, the two concepts are quite different. In fact, the
POD of {x(ti)} is[

x(t0) . . . x(tq)
]

=
[
µ(t0) . . . µ(tq)

]
︸ ︷︷ ︸

U

Q

with Q ∈ Rq×q and U∗U = I. The dimensions of Q are related to
the number of samples, whereas the dimensions of Π are related to the
order of the system to be reduced and of the signal generator. In fact,
the POD is a decomposition of the entire cloud of data {x(ti)} along
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the vectors µ(ti), called principal directions of {x(ti)}. Instead, in the
technique proposed in this chapter the oldest data are discarded as soon
as new data satisfying Assumption 4.3 are collected. As a consequence,
while Q is built to describe the entire dynamics of {x(ti)}, Π is built
to describe only the steady-state response of the system to be reduced.
The result is that the POD is usually used with the Petrov-Galerkin
projection for a SVD-based approximation, whereas this technique is a
moment matching method.

A similar discussion can be carried out for equation (4.29) that
contains also terms which depend upon the matrix C. In this case note
that equation (4.24) can be written as

y(t) = CΠω(t) + ε(t),

with ε(t) = CeAt(x(0)−Πω(0)) an exponentially decaying signal.

Theorem 4.12. Define the time-snapshots R̃k ∈ Rw×ν and Υ̃k ∈ Rw,
with w ≥ ν, as

R̃k =
[
ω(tk−w+1) . . . ω(tk−1) ω(tk)

]>
and

Υ̃k =
[
y(tk−w+1) . . . y(tk−1) y(tk)

]>
.

Suppose Assumptions 2.3 and 4.3 hold. Then R̃k, for w ≥ ν is full rank
and

vec(C̃Πk) = (R̃>k R̃k)−1R̃>k Υ̃k, (4.34)

is an approximation of the on-line estimate CΠk, namely there exists
a sequence {tk} such that

lim
k→∞

C̃Πk = CΠ.

Proof. Equation (4.34) can be derived following the same steps used
to obtain equation (4.25). If Assumption 4.3 holds and w = ν, then R̃k
is square and full rank (the proof of this fact is similar to the proof
of Lemma 4.7, thus, it is omitted). The convergence of the sequence
{C̃Πk} to CΠ is proved repeating the proof of Theorem 4.11.
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Since R̃k is smaller than Rk, the determination of C̃Πk is computa-
tionally less complex than the computation of Π̃k. Note also that, from
equation (4.34) we are not able to retrieve the matrix Π̃k, but only
C̃Πk. However, we only need CΠ to compute the reduced order model,
i.e. Π is not explicitly required. Finally, as for nonlinear systems, we
give the following definition.

Definition 4.4. The estimated moments of system (4.21) at (S,L) are
defined as the elements of C̃Πk, computed as in (4.34).

An equivalent of Theorem 4.3 can be formulated in the linear frame-
work. The recursive least-square algorithm is obtained with ω(tk) play-
ing the role of Ω(ω(tk)), R̃k playing the role of Ũk and C̃Πk playing
the role of Γ̃k (the proof is omitted because it is similar to the proof of
Theorem 4.3).

Theorem 4.13. Assume that ∆k = (R̃>k R̃k)−1 and Ψk = (R̃>k−1R̃k−1 +
ω(tk)ω(tk)>)−1 are full rank for all t ≥ tr with tr ≥ tw. Given vec(C̃Πr),
∆r and Ψr, the recursive least-square formula

vec(C̃Πk)=vec(C̃Πk−1) + ∆kω(tk)
(
y(tk)− ω(tk)> vec(C̃Πk−1)

)
−∆kω(tk−w)

(
y(tk−w)− ω(tk−w)>vec(C̃Πk−1)

)
,

(4.35)
with

∆k = Ψk −Ψkω(tk−w)
(
I + ω(tk−w)>Ψkω(tk−w)

)−1
ω(tk−w)>Ψk

(4.36)
and

Ψk = ∆k−1 −∆k−1ω(tk)
(
I + ω(tk)>∆k−1ω(tk)

)−1
ω(tk)>∆k−1.

(4.37)
holds for all t ≥ tr.

For single-input, single-output systems the two matrix inversions
in the definition of ∆k and Ψk are two divisions. Equations (4.35)-
(4.36)-(4.37) can be used to compute a fast, on-line, estimate of C̃Πk,
since the computational complexity of updating (4.35) is O(1). Thus,
the implementation of equations (4.35)-(4.36)-(4.37) to update C̃Πk
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is preferred to equation (4.34), which has a computational complexity,
when w = ν, of O(ν3) at each iteration k. In comparison, the Arnoldi or
Lanczos procedure for the model reduction by moment matching have
a computational complexity of O(νn2) (or O(ανn) for a sparse matrix
A, with α the average number of non-zero elements per row/column
of A). In addition, note that these procedures require a model to be
reduced and thus further expensive computation has to be considered
for the identification of the original system.
The approximations Π̃k and C̃Πk can be computed with the following
algorithm (this is obtained from Algorithm 1 selecting N = ν and
ϕj = εj).

Algorithm 2. Let k be a sufficiently large integer. Select τ̃ > 0 suffi-
ciently small. Select w ≥ ν.

1: Construct the matrices R̃k and Υ̃k.

2: If rank
(
R̃k
)

= ν then compute C̃Πk solving equation (4.34), or
(4.35).
Else increase w. If k−w < 0 then restart the algorithm selecting
a larger initial k.

3: If ∣∣∣∣∣∣C̃Πk − C̃Πk−1
∣∣∣∣∣∣ > τ̃

tk − tk−1
, (4.38)

then k = k + 1 go to 1.

4: Stop.

Note, finally, that it is not always possible to arbitrarily select the
input of the system to be reduced. For instance the input signal may be
composed by several unwanted frequencies. Instead of system (4.22),
consider the input described by the equations

ω̇ = Sω, u = Lω + v,

with v(t) ∈ Rn an unknown signal. In this case the output response of
system (4.21) is

y(t) = CΠω(t) + CeAt(x(0)−Πω(0)) +
∫ t

0
eA(t−τ)Bv(τ)dτ,
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which can be written as

y(t) = CΠω(t) + ε(t) + v(t),

with v(t) =
∫ t

0 e
A(t−τ)Bv(τ)dτ and ε(t) = CeAt(x(0) − Πω(0)). Now

we can filter out v from y and u with a band-pass filter and apply the
results of the chapter to the filtered yf and uf .

4.2.3 Families of reduced order models

Using the approximations given by Algorithm 2 a reduced order model
of system (4.21) can be defined at each instant of time tk as detailed in
the following statements, the proofs of which are omitted since these
are a straightforward consequence of the results of this chapter and of
Chapter 2.

Definition 4.5. Consider system (4.21) and the signal generator (4.22).
Then the system described by the equations

ξ̇ = Fkξ +Gku, ψ = Hkξ, (4.39)

with ξ(t) ∈ Rν , Fk ∈ Rν×ν , Gk ∈ Rν×1, Hk ∈ R1×ν , is a model of
system (4.21) at (S,L) at time tk, if system (4.39) has the moments
equal to the estimated moments of system (4.21) at (S,L) at time tk.
System (4.39) is a reduced order model of system (4.21) at (S,L) at
time tk if ν < n.

Lemma 4.14. Consider system (4.21) and the signal generator (4.22).
Suppose Assumptions 2.3 and 4.3 hold. Then system (4.39) is a model
of system (4.21) at (S,L) at time tk if there exists a unique solution
Pk of the equation

FkPk +GkL = PkS, (4.40)
such that

C̃Πk = HkPk, (4.41)
where C̃Πk is obtained with Algorithm 2.

Proposition 4.2. Consider system (4.21) and the signal generator
(4.22). Suppose Assumptions 2.3 and 4.3 hold. Then the system de-
scribed by the equations

ξ̇ = (S −GkL)ξ +Gku, ψ = C̃Πkξ, (4.42)
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where C̃Πk is obtained with Algorithm 2, is a model of system (4.21)
at (S,L) for all tk if, for all k ≥ 0, Gk is any matrix such that σ(S −
GkL) ∩ σ(S) = ∅.

Properties of the exponentially converging models

In Chapters 2 and 3 we have studied the problem of enforcing additional
properties and constraints on the reduced order model. We now go
through these properties to determine if, and under which conditions,
they hold for the models given in this chapter.

Matching with prescribed eigenvalues: Consider system (4.42) and the
problem of determining at every k the matrix Gk such that σ(Fk) =
{λ1,k, . . . , λν,k} for some prescribed values λi,k. The solution of this
problem consists in selecting Gk such that

σ(S −GkL) = σ(Fk).

This is possible for every k and for all λi,k 6∈ σ(S) and note that Gk is
independent from the estimate C̃Πk. Note also that by observability of
(S,L), Gk is unique at every k.

Matching with interpolation at 2ν points: The results developed so far
can be easily extended to linear time-delay systems renaming the mo-
ments of system (3.5) in Chapter 3 as CΠ =

∑ς
j=0CjΠe−Sτj . Theo-

rem 4.11 holds for the linear time-delay system (3.5) replacing C̃Πk

with C̃Πk which is an approximation of CΠ (the proof is a simple
exercise). The following result extends Proposition 3.2 to the present
framework and Proposition 4.2 to the time-delay framework.

Proposition 4.3. Consider system (3.5) and the signal generator (3.6).
Suppose Assumptions 3.3 and 4.3 hold. Then the system described by
the equations

ξ̇ =

S − ρ∑
j=%+1

Gj,kLe
−Sχj −

%∑
j=1

Fj,ke
−Sχj

ξ +
%∑
j=1

Fj,kξχj+
ρ∑

j=%+1
Gj,kuχj ,

ψ =

C̃Πk −
d∑
j=1

Hj,ke
−Sχj

 ξ +
d∑
j=1

Hj,kξχj ,

(4.43)
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where C̃Πk is obtained using Algorithm 2, is a model of system (3.5)
at (S,L) for all tk if, for all k ≥ 0, Gj,k and Fj,k are any matrices such
that σ(S) ∩ σ(F̄k(s)) = ∅, where F̄k(s) =

∑%
j=0 Fj,ke

−sχj .

Let Sa ∈ Rν×ν and Sb ∈ Rν×ν be two non-derogatory matrices
such that σ(Sa) ∩ σ(Sb) = ∅ and let L be such that the pairs (L, Sa)
and (L, Sb) are observable. Let C̃Πa,k = C̃Πk be computed with Algo-
rithm 2 with L = L and S = Sa, and let C̃Πb,k = C̃Πk be computed
with Algorithm 2 with L = L and S = Sb. Consider system (4.43) with
% = 1, ρ = 3, d = 1, χ2 = 0 and the problem of determining F1,k
and H1,k such that system (4.43) is a model of system (3.5) at Sa and
Sb at time tk. This problem is solved for every k by the selection (see
Proposition 3.3)

F1,k=(Sb − Sa−G3,k(e−Sbχ3−e−Saχ3))(e−Sbχ1−e−Saχ1)−1,

F0,k=Sa −G2,kL−G3,kLe
−Saχ3 − F1,ke

−Saχ1 ,

H1,k=(C̃Πb,k − C̃Πa,k)(e−Sbχ1 − e−Saχ1)−1,

H0,k= C̃Πa,k −H1,ke
−Saχ1 .

(4.44)

The resulting model belongs to the family (4.43) for any G2,k and G3,k
such that σ(F̄k(s)) ∩ σ(S) = ∅.

Matching with prescribed relative degree and matching with prescribed
zeros: These problems can be solved at each k as detailed in Chapter 2
if and only if

rank
[
sI − S
C̃Πk

]
= n, (4.45)

for all s ∈ σ(S) at k. Even though the asymptotic value of C̃Πk satisfies
this condition there is no guarantee that the condition holds for all k.
However, if the condition holds for the asymptotic value, there exists
k̄ > 0 such that for all k ≥ k̄ equation (4.45) holds.

A system of order n = 1010

In this section we apply Algorithm 2 to a system similar to the one used
in Section 3.2. The system has order n = 1010 and it has Bode plot
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Figure 4.7: Bode plot of the system (solid/blue line), of the reduced order model
at t12803 = 8s (dotted/red line), of the reduced order model at t22334 = 14s (dash-
dotted/cyan line) and of the reduced order model at t39873 = 25s (dashed/black
line). The circles indicate the interpolation points.

with five peaks. The state space matrices of system (4.21) are given by
A = diag(A1, A2, A3, A4, A5, Ā), with

Ai =
[
−1 ai
−ai −1

]
, Ā = diag(−1,−2, . . . ,−1000),

a1 = 50, a2 = 100, a3 = 150, a4 = 200, a5 = 400, and B> = C =
[ 10 . . . 10︸ ︷︷ ︸

10 times

1 . . . 1︸ ︷︷ ︸
1000 times

].

The matrices of the signal generator (4.22) have been selected as S =
diag(0, S1, S2, S3, S4, S5, S̄), with S1 = A1 +I, S2 = 0.5S1, S3 = 1.5S1,
S4 = 2S1, S5 = 4S1 and

S̄ =
[

1
5S1 I

0 1
5S1

]
,

to interpolate the moments at 0 and close to the five frequency peaks.
A reduced order model (4.42) at time tk has been constructed assign-
ing the eigenvalues of Fk. Fig. 4.7 shows the Bode plot of the system
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Figure 4.8: The colored mesh represents the magnitude of the transfer function of
the reduced order model as a function of tk, with 8 ≤ tk ≤ 14 s. The solid/black line
indicates the magnitude of the transfer function of the reduced order model for the
exact moments CΠ.

Figure 4.9: The grey mesh represents the phase of the transfer function of the
reduced order model as a function of tk, with 8 ≤ tk ≤ 14 s. The solid/red line
indicates the phase of the transfer function of the reduced order model for the exact
moments CΠ.
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(solid/blue line), of the reduced order model at t12803 = 8s (dotted/red
line), of the reduced order model at t22334 = 14s (dash-dotted/cyan
line) and of the reduced order model at t39873 = 25s (dashed/black
line). Note that the frequencies of interest, indicated with circles, are
interpolated already at t12803 = 8s. We see also that the error between
the reduced order model and the system decreases as tk increases and
that at t39873 = 25s the frequency responses of the reduced order model
and the system match over a wide range of frequencies. The surface
in Fig. 4.8 (4.9, respectively) represents the magnitude (phase, respec-
tively) of the transfer function of the reduced order model as a function
of tk, with 8 ≤ tk ≤ 14 s. The solid/black (solid/red, respectively) line
indicates the magnitude (phase, respectively) of the transfer function of
the reduced order model for the exact moments CΠ. The figures show
how the approximated magnitude and phase of model (4.42) at (S,L)
of system (4.21) evolve over time and approach the respective quanti-
ties of the exact reduced order model as tk → ∞. The approximated
and actual Bode plot are indistinguishable at tk = 25 s, but the figures
are sliced at tk = 14 to show the detail of the initial convergence, when
the Bode plot changes more swiftly. Note also that we have used differ-
ent color schemes to ease the individuation of the evolution of the two
graphs: this explains the two different codings used in Fig. 4.8 and 4.9.
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Le Gall [2014] which has a computational complexity of O(ν2.373). In
comparison, the Arnoldi or Lanczos procedure for the model reduction
by moment matching have a computational complexity of O(νn2) [An-
toulas, 2005, Section 14.1] (or O(ανn) for a sparse matrix A.
The recursive least-square formulas given in Theorems 4.3 and 4.13
have been obtained adapting the results in Åström and Wittenmark
[1995] (see also Greville [1960], Ben-Israel and Greville [2003] and Wang
and Zhang [2011]) to the present scenario, in which at each step a new
measurement is acquired and an old measurement is discarded. [Åström
and Wittenmark, 1995, Chapter 11] also inspired the filtering technique
illustrated after Algorithm 2.
As discussed also in Chapter 2, the excitation rank conditions have
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5
Model reduction with explicit signal generators

In this chapter we solves the problem of model reduction by moment
matching for a general class of input signals. In Chapter 2 we have
shown that, under specific assumptions, the moments are in one-to-
one relation with the steady-state output response of the linear system
interconnected with a signal generators ω̇ = Sω, where the matrix S has
eigenvalues equal to the interpolation points. Now, we consider input
signals generated by a linear exogenous system represented in explicit
form (see Definition 2.1), i.e. an implicit (differential) form may not
exist. This direction of investigation is motivated by a large number of
applications in which standard operating conditions are associated to
non-continuous or non-differential input signals. For instance, the input
of a dynamical system describing a power electronic device can often
be a pulse width modulated (PWM) wave which cannot be represented
as the output of a system described by smooth differential equations.
The goal of the chapter is to extend the theory developed in Chapter 2
for linear signal generators with an implicit model to signal generators
in explicit form.

144
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5.1 Problem formulation

For convenience we report here the equations of system (2.10), namely

ẋ = Ax+Bu, y = Cx, (5.1)

of the signal generator (2.11), namely

ω̇ = Sω, u = Lω, (5.2)

and the Sylvester equation (2.12), namely

AΠ +BL = ΠS, (5.3)

which are used throughout the chapter. The quantities appearing in
the equations retain the original meaning given in Chapter 2.
To gain insight on the use of explicit models for signal generators, we
look now at the linear generator in equation (5.2) making two trivial ob-
servations. The first one is that the interpolation points si, eigenvalues
of S, are the poles of the Laplace transform of the free output response
of system (5.2). The second one is that an input signal which is the
sum of sinusoidal signals can be generated by equation (5.2) defining
the matrix S such that the eigenvalues of S are in relation with the
angular frequencies of the sinusoidal signals. We now try to reinterpret
these two observations for a signal generator which does not have an
implicit model. To begin with consider a square wave u(t) defined as

u(t) = sign(sin(t)) =


1, (k − 1)π < t < kπ,

0, t = kπ or t = (k + 1)π,

−1, kπ < t < (k + 1)π,

(5.4)

with sign(0) = 0, and k = 1, 3, 5, . . . ,+∞. The Laplace transform of
this function is

L(u(t)) = 1− e−sπ

s(1 + e−sπ) ,

which has the poles

s̄ = 0, s̄j = (2j + 1)ι,
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with j = −∞, . . . ,−1, 0, 1, . . . ,+∞. We see, then, that if we “insist
on” the relation between the implicit model and the Laplace transform
and if we want to compute a reduced order model with the technique
presented in Chapter 2, we have to interpolate at infinitely many points.
This is suggested also by the second observation. Since the function u(t)
is periodic, it admits a Fourier series, namely

u(t) = 4
π

∞∑
k=1,3,5,...,+∞

1
k

sin(kt).

Then, consistently with the second observation we again have to inter-
polate at infinitely many points. Both these observations suggest that
we could describe u(t) by means of the infinite dimensional system

ω̇ =



. . . . . .

. . . +2ι 0
0 +ι 0

0 0 0
0 −ι 0

0 −2ι . . .
. . . . . .


ω,

with output u = P̂ω for some “matrix” P̂ . This shows a limitation of
the current approach. In fact, to interpolate at infinitely many points we
need an “infinite dimensional mapping” Π and an infinite dimensional
reduced order model.
To overcome these issues we consider signal generators in explicit form.
Thus, consider a signal generators described by the equation

ω(t) = Λ(t, t0)ω0, u = Lω, (5.5)

with ω(t) ∈ Rν , u(t) ∈ R, L ∈ R1×ν and Λ(t, t0) ∈ Rν×ν such that
Λ(t0, t0) = I. Note that (5.5) provides a very general class of models
which contains the implicit model (5.2), but that describes several other
signal generators. For instance, it can represent signals generated by a
time-varying system of the form

ω̇ = S(t)ω, u = Lω, (5.6)



5.1. Problem formulation 147

with S(t) ∈ Rν×ν , in which case Λ is (with additional assumptions, e.g.
the semigroup property) the transition matrix associated to (5.6).
Equation (5.5) can also represent a signal generator described by some
class of hybrid systems of the form

ω̇(t, k) = Sω(t, k), uc=Lcω,

ω+ = ω(t, k + 1) = Jω(t, k), ud=Ldω,
(5.7)

with J ∈ Rν×ν , Lc ∈ R1×ν , Ld ∈ R1×ν , uc(t) ∈ R and ud(t) ∈ R, which
jumps and flows on some hybrid time domain R × Z. Note also that
any periodic signal that can be written as the product of a function of
time times the initial condition can be described by (5.5) adding the
property

Λ(t, t0) = Λ(t− T, t0), t ≥ T + t0, (5.8)
where T ∈ R≥0 is the period of the signal u. Not only any periodic
signal can be represented with (5.5), but (5.5) can be regarded as “the
signal itself” generated by all the other representations. For instance, if
we consider a square wave (5.4), then Λ(t, t0) = u(t− t0), irrespective
of the class of systems that generated the signal. For example, u(t) can
be generated by a nonlinear system, i.e. u(t) = sign(sin(t)), or it can
be generated by the hybrid system (5.7). In fact, considering the case
of periodic jumps, with period T , yields

u(t) = Jb
t
T
ceSt. (5.9)

It is evident that the characterization of the moments for the explicit
signal generator (5.5) would solve the problem of model reduction by
moment matching for many different classes of input signals.
Since the definition of moment given in this chapter is based on the
existence of the steady-state response of system (5.1) driven by (5.5), we
need to introduce further hypotheses on the class of input signals (5.5).
First of all we specialize Assumption 2.1 to the present framework.

Assumption 5.1. The triple (A,B,C) is minimal and σ(A) ⊂ C<0. The
signal generator (2.7) is observable (see Definition 2.10) and neutrally
stable.

We point out that the neutral stability assumption does not require
continuity of the flow of (2.7) and thus it can be used also with signal
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generators in explicit form. However, this class of generators requires
further assumptions.

Assumption 5.2. The matrix valued function Λ(t, t0) is non-singular
for all t ≥ t0.

Assumption 5.2 is essential to have uniqueness of the solution ω

of (5.5). Note, in fact, that it is always satisfied by a generator of the
form (5.2) and it is required for the uniqueness of the solution of system
(5.6).
Assume now that there exists a set T ⊂ R≥0 in which Λ(t, t0) is differen-
tiable with respect to t and consider the time-varying system described
by the equation

ż(t) = A(t)>z(t), (5.10)

with A(t) = −Λ̇(t, t0)Λ(t, t0)−1. Let A(t, t0) be the transition matrix of
system (5.10).

Assumption 5.3. The function A(t) is piecewise continuous with re-
spect to t. Moreover, there exist T ≥ t0 and a polynomial p such that
||A(t, t0)>|| ≤ p(t) for all t ≥ T .

This last technical assumption guarantees that the norm of z in sys-
tem (5.10) does not diverge to infinity exponentially and it is needed, as
shown in the next section, to guarantee that the steady-state response
xss of system (5.1) driven by (5.5) can be written as xss(t) = Π(t)ω(t)
for some matrix valued function Π. Moreover, the piecewise continu-
ity of A guarantees that the steady-state response is unique. Assump-
tion 5.3 is a generalization of the condition σ(S) ⊂ C0 and of the fact
that the signal generator does not have the same modes of an asymptot-
ically stable linear system, i.e. σ(S)∩ σ(A) = ∅. In fact, in the smooth
case A(t) = −S and if σ(S) ⊂ C0, the condition ||e−S(t−t0)|| ≤ p(t)
holds trivially. Note that Assumptions 5.2 and 5.3 are “mild” assump-
tions. For instance, they are satisfied by the general class of discontin-
uous periodic signals which are considered later in this chapter.
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5.2 Integral definition of moment

In this section we give a definition of moment in the case in which the
signal generator does not have an implicit model. We begin by showing
that the interconnection of system (5.1) with the signal generator (5.5)
possesses a steady-state response xss described by the relation xss(t) =
Π(t)ω(t) for some matrix valued function Π. The following result holds.

Theorem 5.1. Consider system (5.1) and the signal generator (5.5).
Suppose Assumptions 5.1, 5.2 and 5.3 hold, and Λ is almost everywhere
differentiable. Let

Π(t) =
(
eA(t−t0)Π(t0) +

∫ t

t0
eA(t−τ)BLΛ(τ, t0)dτ

)
Λ(t, t0)−1, (5.11)

be a family of matrix valued functions parametrized in Π(t0) ∈ Rn×ν .
Then there exists a unique Π∞(t) given by

Π∞(t) = lim
t̄→−∞

∫ t

t̄
eA(t−τ)BLΛ(τ, t̄)dτ Λ(t, t̄)−1, (5.12)

such that, for any Π(t0), lim
t→+∞

Π(t)−Π∞(t) = 0, where Π∞(t) is the so-
lution of (5.11) with Π(t0) = Π∞(t0). Moreover, if x(t0) = Π∞(t0)ω(t0)
then x(t)− Π∞(t)ω(t) = 0 for all t ≥ t0, and the setM∞ = {(x, ω) ∈
Rn+ν |x(t) = Π∞(t)ω(t)} is attractive.

Proof. Let T = [t0, t1) ⊂ R≥0 be a set in which Λ(t, t0) is differentiable
with respect to t. Differentiating both sides of equation (5.11) over T
yields

Π̇(t)Λ(t, t0) + Π(t)Λ̇(t, t0)−AeA(t−t0)Π(t0) =

= BLΛ(t, t0) +A

∫ t

t0
eA(t−τ)BLΛ(τ, t0)dτ

= BLΛ(t, t0) +AΠ(t)Λ(t, t0)−AeA(t−t0)Π(t0).

Then, since Assumption 5.2 holds, we have

Π̇(t) = AΠ(t) +BL−Π(t)Λ̇(t, t0)Λ(t, t0)−1. (5.13)

Let Π1 and Π2 be the solutions of equation (5.13) with initial conditions
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Π1(t0) and Π2(t0), respectively, and define the error Ê = Π1−Π2. Then
˙̂
E(t) = AΠ1(t) +BL−Π1(t)Λ̇(t, t0)Λ(t, t0)−1−

−
(
AΠ2(t) +BL−Π2(t)Λ̇(t, t0)Λ(t, t0)−1

)
= AÊ(t)− Ê(t)Λ̇(t, t0)Λ(t, t0)−1

which has the solution

Ê(t) = eA(t−t0)Ê(t0)A(t, t0)>.

Since A(t, t0)> is bounded by a polynomial in T , by Assumption 5.3,
||Ê(t1)|| < ||Ê(t0)||, i.e. Π1(t0) and Π2(t0) go closer to each other
during the intervals in which Λ is differentiable. By Assumption 5.1
there exists a sequence of times {tj}, with lim

j→+∞
tj = ∞, such that

||A(tj , t0)−A(t1, t0)|| ≤ ε̂, with ε̂ an arbitrary small scalar, i.e. A(t, t0)
is bounded also outside T . Hence, since σ(A) ⊂ C<0, lim

t→∞
Ê(t) = 0.

This implies that there exist motions Π∞(t) to which the solutions of
equation (5.13) converge, i.e. for any Π(t0) there exists a Π∞(t0) such
that lim

t→+∞
Π(t)−Π∞(t) = 0. Moreover, Π∞(t) is unique for any t ≥ t0

by the piecewise continuity of Λ̇(t, t0)Λ(t, t0)−1.
Since the steady-state response is the response of the system when
an infinite amount of time has passed, we can equivalently define the
steady-state response as the response from an initial time that ap-
proaches an infinitely negative time, obtaining the expression (5.12).
Recall that the unique solution of system (5.1) with input u defined by
equation (5.5) is

x(t) = eA(t−t0)x(t0) +
∫ t

t0
eA(t−τ)BLΛ(τ, t0)ω(t0)dτ.

Let x(t0) = Π∞(t0)ω(t0), straightforward computations show that

x(t)−Π∞(t)ω(t) = eA(t−t0)Π∞(t0)ω(t0) +
∫ t

t0
eA(t−τ)BLΛ(τ, t0)ω(t0)dτ

−
(
eA(t−t0)Π∞(t0)+

∫ t

t0
eA(t−τ)BLΛ(τ, t0)dτ

)
Λ(t, t0)−1Λ(t, t0)ω(t0) = 0,

for all t ≥ t0. The attractivity of Π∞(t) and the invariance of x(t) =
Π∞(t)ω(t) imply that the setM∞ is attractive.
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Corollary 5.2. Under the assumptions of Theorem 5.1, the steady-state
response of system (5.1) driven by (5.5) is xss(t) = Π∞(t)ω(t) for any
x(t0) and ω(t0).

The definition of the function Π∞(t) can be given as in (5.12) or,
alternatively, in every interval [ti, ti+1), i = 0, 1, . . . , as the unique
solution of

Π̇(t) = AΠ(t) +BL−Π(t)Λ̇(t, ti)Λ(t, ti)−1, (5.14)

with the initial condition Π(t0) = Π∞(t0) which can be computed (or
practically, approximated) with the expression (5.12).
The integral equation (5.12) or the differential equation (5.14) play
the role of the Sylvester equation (5.3). Unlike when we have an im-
plicit model of the signal generator, the matrix Π∞(t) is in general a
function of time. In fact, as remarked in Section 5.1, infinitely many in-
terpolation points arise when periodic, possibly discontinuous, signals
are considered. Thus, a constant Π should have infinitely many rows
and columns.
Similarly to what done in Chapters 2 and 3, we introduce a weaker
assumption (with respect to Assumption 5.1) which allows defining the
moments of system (5.1) for the signal generator (5.5).

Assumption 5.4. The triple (A,B,C) is minimal, the signal genera-
tor (2.7) is observable and there exists a unique Π∞ given in (5.12).

Definition 5.1. Consider system (5.1) and the signal generator (5.5).
Suppose Assumption 5.4 holds. The mapping CΠ∞ is the moment of
system (5.1) at (Λ, L).

Consistently with the rest of the monograph, we have given a def-
inition of moment (Definition 5.1) which is not necessarily related to
the steady-state response of system (5.1). In particular, the moment
may be well-defined even though the steady-state response does not
exist. We now make precise the relation between the moment CΠ∞
defined by the integral equation (5.12) and the steady-state response
of system (5.1) driven by (5.5). To this end we introduce an additional
assumption.



152 Model reduction with explicit signal generators

Assumption 5.5. The vector ω defined in equation (5.5) has a strictly
proper Laplace transform. The pair (Λ, ω(t0)) is excitable, i.e. ω(t0) is
such that σ(L(Λ(t, t0)ω(t0))) = σ(L(Λ(t, t0))).

This condition is derived from the observation that the excitability
of (S, ω(0)) is equivalent to the condition σ(L(eStω(0))) = σ(S). This
condition guarantees, together with the minimality of (A,B,C), that
all the modes of ω are excited and observable in the output, and plays
the role of similar excitation assumptions that we have used throughout
the monograph.

Corollary 5.3. Consider system (5.1) and the signal generator (5.5).
Suppose Assumptions 5.1, 5.2, 5.3 and 5.5 hold. Then there exists a one-
to-one relation between the moment of (5.1) at (Λ, L) and the steady-
state response of the output y of the interconnection of system (5.1)
with the signal generator (5.5).

Proof. By Assumptions 5.1, 5.2 and 5.3, Theorem 5.1 holds. Hence,
the steady-state output response of (5.1) driven by (5.5) is well-defined
and given by yss(t) = CΠ∞(t)ω(t), where Π∞ is given in (5.12). By
Assumption 5.5, we can repeat the steps of the proof of Theorem 2.6
to show that it is possible to compute the moment CΠ∞ from yss.

The choice of defining the moment of (5.1) as in Definition 5.1 is
justified by the equivalence, when an implicit model of (5.5) is available,
between the new and the classical definition given in Chapter 2. In the
next result we prove that, under certain hypotheses, the solutions of
the Sylvester equation (5.3) and of the integral equation (5.12) are the
same.

Theorem 5.4. Consider system (5.1) and the signal generator (5.2).
Suppose Assumption 2.4 holds. Then the quantity Π∞ defined in equa-
tion (5.12) coincides with the unique solution of the Sylvester equa-
tion (5.3).

Proof. Let Π̃ be the solution of the Sylvester equation AΠ̃+BL = Π̃S,
which is unique because σ(A)∩σ(S) = ∅. Note that Π∞ given in (5.12)
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is well-defined and unique because σ(A) ∩ σ(S) = ∅. Computing the
derivative of the error E = Π∞ − Π̃ yields

Ė(t) = AΠ∞(t)−Π∞(t)S +BL− 0 =
= AΠ∞(t)−Π∞(t)S − (AΠ̃− Π̃S) = AE(t)− E(t)S,

which has the solution

E(t) = eA(t−t0)E(t0)e−S(t−t0).

This implies that Π∞(t)− Π̃ converges to zero. Since Π̃ is constant and
Π∞(t) is the limiting solution of (5.11), it follows that Π∞(t0) = Π̃,
E(t0) = 0 and then E(t) = 0 for all t ≥ t0, which proves the claim.

As anticipated in the previous section, we now focus our interest on
periodic signals.

Corollary 5.5. Consider system (5.1) and the signal generator (5.5).
Assume Assumptions 5.1, 5.2 and 5.3 hold. If for (5.5) the property

Λ(t, t0) = D(t)Λ(t− T, t0), t ≥ T + t0, (5.15)

holds, with D(t) ∈ Rν×ν non-singular for all t ∈ R≥0 and T ∈ R>0,
then equation (5.11) becomes

Π∞(t) = eATΠ∞(t− T )D(t)−1+

+
[∫ t

t−T
eA(t−τ)BLΛ(τ, t0)dτ

]
Λ(t− T, t0)−1D(t)−1.

(5.16)
If D(t) = I then

Π∞(t) = (I − eAT )−1
[∫ t

t−T
eA(t−τ)BLΛ(τ, t0)dτ

]
Λ(t, t0)−1. (5.17)

Proof. Equation (5.16) is obtained substituting

xss(t) = Π∞(t)ω(t) = Π∞(t)D(t)ω(t− T )

and ω(t− T ) = Λ(t− T, t0)ω(t0) in

xss(t) = eATxss(t− T ) +
∫ t

t−T
eA(t−τ)BLΛ(τ, t0)ω(t0)dτ.
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If D(t) ≡ I, ω(t) = ω(t − T ) and the steady-state of x(t) is periodic
with period T . Then Π∞(t)ω(t) = xss(t) = xss(t − T ) = Π∞(t −
T )ω(t − T ) = Π∞(t − T )ω(t) which implies that Π∞(t) = Π∞(t − T )
and equation (5.17) follows.

Remark 5.1. Equation (5.15) is a generalized form of equation (5.5)
with the property (5.8) and describes a wide class of signals, possibly
non-periodic. To show this note, for instance, that (5.2) can always be
written as (5.15). In fact, for any T ∈ R≥0,

ω(t) = eSTω(t− T ), Λ(t, t0) = eS(t−t0).

Thus (5.2) can be described by (5.15) with D = eST for all t.

For periodic signals equation (5.17) defines in a simple form the
periodic matrix Π∞(t). In addition, note that this definition of Π∞(t)
does not depend upon the initial condition. As a result equation (5.17)
can be used to exactly determine the initial condition Π∞(0) of equa-
tion (5.11), as shown in the next example. Furthermore, exploiting the
periodicity of the steady-state, Π∞(t) has to be computed only over a
period. This can be done off-line and the obtained values can then be
used on-line for any time interval.

Example 5.1. Consider the interconnection of system (5.1) and (5.5).
The matrices of (5.1) have been randomly generated with the function
rss of MATLAB. For the remaining of the chapter we use the selection

A=

 −2.439 2.337 −1.776
−2.933 −1.096 4.221
0.09223 −4.579 −1.537

,
B =

[
0 −0.7648 −1.402

]T
,

C =
[

0 0.4882 0
]
,

L =
[

1 1
]
.

(5.18)
Let t0 = 0 and consider the matrix of square waves

Λu(t, 0) =

 u
(2π
T
t+ π

2

)
− u

(2π
T
t

)
u
(2π
T
t

)
u
(2π
T
t+ π

2

)
 . (5.19)
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Figure 5.1: Time histories of the entries of the error ε = Π∞ − Π̃, computed from
equation (5.11) with initial condition Π(0) = Π∞(0) and Π(0) = Π̃(0) = 2Π∞(0),
respectively.

Equation (5.17), computed for t = 0, yields

Π∞(0) = −A−1(I − eAT )−1
[(
e

3
4AT − eAT + e

1
2AT − e

1
4AT

)
BL

+
(
e

1
2AT − e

3
4AT + e

1
4AT − I

)
BLΛu

(
T

4 , 0
)]

,

(5.20)
which, for T = π, yields

Π∞(0) =

 0.1760 −0.2786
0.3327 −0.4004
0.1349 0.1546

 .
Fig. 5.1 shows the time history of the error ε(t) = Π∞(t)− Π̃(t), where
Π∞(t) is computed from equation (5.11) with initial condition Π(0) =
Π∞(0) defined in (5.20) and Π̃(t) is computed from equation (5.11) with
initial condition Π(0) = Π̃(0) = 2Π∞(0). As proved in Theorem 5.1 the
solution Π∞(t) is exponentially attractive.

Example 5.2. Consider the interconnection of system (5.1) and (5.5),
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Figure 5.2: Time histories of the entries of the matrices Π∼ (top), Π∧ (middle)
and Πu (bottom).
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Figure 5.3: Time histories of the output (solid lines) y∼ (top), y∧ (middle) and
yu (bottom) and time histories of the steady-state of the output (dotted lines)
computed as CΠ∼ω, CΠ∧ω and CΠuω.
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the selection (5.18), the matrix (5.19) and the two matrices

Λ∼(t, 0) =

 cos
(2π
T
t

)
− sin

(2π
T
t

)
sin
(2π
T
t

)
cos

(2π
T
t

)


and

Λ∧(t, 0) =

 ∧
(2π
T
t+ π

2

)
− ∧

(2π
T
t

)
∧
(2π
T
t

)
∧
(2π
T
t+ π

2

)
 ,

where

∧(t) =

 t mod (π), (k − 1)π ≤ t < kπ,

1− (t mod (π)), kπ ≤ t < (k + 1)π,
with k = 1, 3, 5, . . . ,+∞ and period T = π. Let Π∼, Π∧ and Πu be the
solutions of equation (5.17) and y∼, y∧ and yu be the outputs of system
(5.1) for Λ∼, Λ∧ and Λu, respectively. Fig. 5.2 shows the time histories
of the entries of the matrices Π∼ (top), Π∧ (middle) and Πu (bottom).
We note that Π∼ is constant, whereas Π∧ and Πu are periodic. Fig. 5.3
shows the time history of the output (solid lines) y∼ (top), y∧ (middle)
and yu (bottom) and of the steady-state value of the output (dotted
lines) computed as CΠ∼ω, CΠ∧ω and CΠuω. We note that the outputs
of the system approach the steady-state responses, as expected.

5.3 Reduced order models in explicit form

In this section, exploiting Definition 5.1, we present a family of systems
achieving moment matching and we draw connections with the families
of models given in Chapter 2.

Definition 5.2. Consider system (5.1) and the signal generator (5.5).
The system described by the equations

ξ(t) = F̃ (t, t0)ξ0 +
∫ t

t0
G̃(t− τ)u(τ)dτ, ψ(t) = H̃(t)ξ(t), (5.21)

with ξ(t) ∈ Rν , ψ(t) ∈ R, F̃ (t, t0) ∈ Rν×ν , G̃(t) ∈ Rν×1 and H̃(t) ∈
R1×ν , is a model of system (5.1) at (Λ, L), if system (5.21) has the
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same moment at (Λ, L) as system (5.1). System (5.21) is a reduced
order model of system (5.1) at (Λ, L) if ν < n.

Lemma 5.6. Consider system (5.1) and the signal generator (5.5).
Suppose Assumption 5.4 holds. Then system (5.21) is a model of sys-
tem (5.1) at (Λ, L) if there exists a unique solution P∞(t) of the equa-
tion

P∞(t) = lim
t̄→−∞

∫ t

t̄
G̃(t− τ)LΛ(τ, t̄)dτ Λ−1(t, t̄), (5.22)

such that
CΠ∞(t) = H̃(t)P∞(t), (5.23)

where Π∞(t) is the unique solution of (5.11)-(5.12).

Proof. The claim is a direct consequence of Definitions 5.1 and 5.2.

Some of the conditions in the previous lemma can be satisfied if the
following conditions (stronger but easier to verify) hold for the reduced
order model (5.21). Firstly if the reduced order model is asymptotically
stable, i.e. for each ε > 0, there exists δε > 0 such that if ||ξ(0)|| < δε
then ||ξ(t)|| < ε, and there exists a δ > 0 such that if ||ξ(0)|| < δ then
lim

t→+∞
ξ(t) = 0, then the function P∞ exists and describes a steady-state

motion, i.e. the moment of system (5.21) are well-defined. Secondly
if P∞(t) is non-singular for all t ∈ R≥0 then a function H̃(t) which
satisfies equation (5.23) exists for all t ∈ R≥0, i.e. the moments are
matched.
Furthermore, to achieve moment matching with additional constraints
we would like to have two additional properties.

Property 1: ideally we would like to have P∞(t) = I (as in Chap-
ters 2 and 3), which has proved to give a remarkable simplification in
the definition of the reduced order model. We recall that the selection
P = I in Chapter 2 yields a family of systems, parametrized by a ma-
trix G ∈ Rν , which is complete, i.e. the family contains all systems of
dimensions ν achieving moment matching.

Property 2: at the same time we would like to bring the first equa-
tion of (5.21) to a form for which we can easily enforce additional
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constraints. This form is described by the selection

F̃ (t, t0) = eF (t−t0), G̃(t) = eFtG, (5.24)

for some F and G, which makes the first equation of (5.21) a represen-
tation in explicit form of a linear time-invariant system which has an
implicit model.

However, differently from the family of reduced order models given
in Chapter 2, it is not possible for the reduced order model (5.21) to
satisfy both properties, namely having an implicit model and be such
that P∞(t) = I. Note, for instance, that if ω(t) belongs to the class of
signals satisfying (5.8) and we use the selection (5.24), then the steady-
state ξss(t), if it exists, is periodic and so it is P∞(t) (see the proof of
Corollary 5.5). Thus, this first route in which we simplify the problem
fixing P∞(t) brings the problem of determining F̃ (t, t0) and G̃(t) which
satisfy equation (5.22) and, at the same time, enforce additional prop-
erties, e.g. stability, on the reduced order model. As a second route we
can fix F̃ (t, t0) and G̃(t) with the selection given in (5.24) which, how-
ever, brings the problem of finding P∞(t) and solving equation (5.23)
with respect to H̃(t).
Both the choices are viable, however, it is easier to follow the second
route, namely using the selection (5.24) and solving numerically (5.22)
and (5.23). In this case the dynamics of the state ξ can be described by
a linear system in implicit form for which the solution to the problem
of selecting F and G such that additional properties are satisfied is
given in Chapter 2.
Note also that both routes lead to models which are equivalent to the
reduced order models given in Chapter 2 if Λ(t, t0) = eS(t−t0). Follow-
ing the first route, easy computation shows that F̃ (t, t0) = e(S−GL)(t−t0)

and G̃(t) = e(S−GL)tG, with G free, are a solution of equation (5.22)
with P∞(t) = I. Following the second route, by Theorem 5.4, equa-
tion (5.22) is equivalent to the Sylvester equation associated to the
general family of reduced order models given in Chapter 2.

Remark 5.2. As already discussed, if Λ(t, t0) = eS(t−t0) and P∞(t) =
P = I, then in (5.24) F = S − GL with G free. The family of mod-
els (5.21) reduces to the family parametrized in G given in Chapter 2.
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Note also that a different selection P̄ 6= P = I yields the same class of
models through a change of coordinates in the state space representa-
tion, namely F̄ = P̄ (S − GL)P̄−1, Ḡ = P̄G, H̄ = CΠP̄−1, and there
is still only one free parameter G. On the other hand, in the selection
(5.24), we have two free parameters, namely F and G which can be
totally independent of each other.

We summarize these observations in the next statement in which
we give a family of reduced order models in the special case of periodic
input signals.

Proposition 5.1. Consider system (5.1) and the signal generator (5.5)
with the property (5.8). Suppose Assumptions 5.1, 5.2 and 5.3 hold.
Then the system described by the equations

ξ̇ = Fξ +Gu, ψ = CΠ∞(t)P∞(t)−1ξ, (5.25)

with F ∈ Rν×ν , G ∈ Rν×1 and Π∞(t) defined in (5.17), is a model of
system (5.1) at (Λ, L) for any F and G such that σ(F ) ⊂ C<0 and

P∞(t) = (I − eFT )−1
[∫ t

t−T
eF (t−τ)GLΛ(τ, t0)dτ

]
Λ(t, t0)−1, (5.26)

is non-singular for all t ∈ R≥0.

Proof. In (5.21) select F̃ (t, t0) and G̃(t) as in (5.24). Since the signal
generator (5.5) is periodic and σ(F ) ⊂ C<0, equation (5.22) takes, by
Corollary 5.5 the form given in (5.26). By assumption, P∞(t) is non-
singular and, thus, the matching condition (5.23) can be solved with
respect to H̃(t), giving H̃(t) = CΠ∞(t)P∞(t)−1.

We conclude this section with a numerical example to illustrate this
last result.

Example 5.3. Consider the interconnection of system (5.1) and (5.5)
with Λ defined as in (5.19). The matrices of (5.1), with n =
15, have been selected as A = diag(−1/n,−2/n, . . . ,−1), B =
[−1/n − 2/n . . . − 1]>, C = B>, with the initial state x(t0) =
[n/2 n/2−1 . . . −n/2+1]>. Using the family (5.25), two reduced or-
der models of system (5.1) have been computed. The first one is de-
scribed by the selection F = diag(−1,−0.0667) (which are the slowest
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Figure 5.4: Top: time histories of the output y (solid line) of system (5.1), with
(5.19), of the output ψI (dotted line) of system (5.25) and of the output ψII (dash-
dotted line) of system (5.25) . Bottom: time histories of |y − ψI | (dotted line) and
of |y − ψII | (dash-dotted line).

and fastest modes of A) and G = [0.0771 −0.0251]>, while the sec-
ond one by F = diag(−0.9333,−1) (which are the two fastest modes
of A) and G = [0.0891 0.008]>. In both case G is such that P∞(t)
is non-singular for all t ∈ R≥0. The top graph of Fig. 5.4 shows the
time histories of the output y (solid line), of the output ψI of the first
reduced order model (dotted line) and of the output ψII of the second
reduced order model (dash-dotted line). The bottom graph shows the
time histories of |y − ψI | (dotted line) and of |y − ψII | (dash-dotted
line). The figure shows that the output response of the second model
converges to the output of the system much quicker than the one of
the first model.

5.4 Discontinuous Phasor Transform

In Chapter 2 we have established a relation between moments and
phasors. In particular we have shown that a phasor is a moment com-
puted at the single point ιω̂. Exploiting this relation and the results
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of this chapter, we are able to extend the phasor analysis to more
general classes of sources. Instead of considering sinusoidal sources we
study any periodic source which can be represented with the explicit
form (5.5). In particular, we are interested in square waves since these
are usually used to control power converters. Since in the following we
use the mixed convention which, as already pointed out, is more com-
pact and it results in more efficient computations, we discuss first how
a square wave can be represented in the mixed convention. Let consider
as input a square wave with given angular frequency ω̂, i.e. u(ω̂t+π/2).
This signal does not satisfy Assumption 5.2. However, this issue can be
easily solved considering the extended signal u(ω̂t+π/2)+ιu(ω̂t). This
complex signal is never equal to zero and Assumption 5.2 is satisfied.
Note that this is in line with the smooth case in which the source is
described by eιω̂t = sin(ω̂t+ π/2) + ι sin(ω̂t).
Thus, a possible explicit signal generator in the mixed convention can
be described by the equations

u(t) = Vsω(t),

ω(t) = u
(
ω̂t+ π

2

)
+ ι u (ω̂t) ,

(5.27)

with Vs ∈ R. Note that the same signal can be represented in the real
convention by the system

u(t) = Vs
[

1 0
]
ω(t),

ω(t) =

 u
(
ω̂t+ π

2

)
− u (ω̂t)

u(ω̂t) u
(
ω̂t+ π

2

)

 1

0

 . (5.28)

In fact, in the smooth case this matrix Λ would reduce to the usual
rotation matrix and u(t) = cos(ω̂t).
With abuse of notation let Λ(t) = Λ(t, 0) and assume that the linear
system is written in the mixed convention. The following definition is
a natural generalization of the results of Chapter 2.

Definition 5.3. Consider system (5.1) and the signal generator (5.5).
Suppose Assumptions 5.1, 5.2 and 5.3 hold, and Λ(t) is almost every-
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where differentiable. The components of the function

Π∞(t) = (I − eAT )−1
[∫ t

t−T
eA(t−τ)BLΛ(τ)dτ

]
Λ(t)−1 (5.29)

are the discontinuous phasors of all the currents and of all the integrals
of the currents in system (5.1) for the source Λ(t). The discontinuous
inverse phasor transform of the steady-state output current i(t) of sys-
tem (5.1) is

i(t) = <
[
I(t)Λ(t)

]
, (5.30)

with I(t) = εkΠ∞(t), for some k ∈ Z.

Similarly to the sinusoidal case, the instantaneous currents are re-
covered multiplying the phasor with the source and taking the real
part. However, differently from the sinusoidal case, the phasor I(t)
is a time-dependent periodic function. Note that if Λ(t) is sinusoidal,
equation (5.29) defines the usual constant phasor and Π∞ solves the
Sylvester equation (5.3).
Now that we have defined the discontinuous phasor and the discontin-
uous inverse phasor transform we extend some of the properties of the
phasor circuit analysis.

5.4.1 Inductance, capacitance and resistance

We now describe the v-i characteristics of some common components
which constitute electronic devices. In this way on one hand we improve
our understanding of this new tool and on the other hand we are able
to compute the voltage across inductors, capacitors and resistors given
the phasor of the current which flows through these components (which
is useful for applications). This is particularly important to make this
mathematical extension an accurate description of the physical quan-
tities in the circuit. The expressions that relate voltage and current in
an inductor, capacitor and resistor are, respectively,

v = L
di

dt
, v = 1

C

∫ t

0
i dτ, v = Ri, (5.31)

where, differently from the rest of the monograph, C indicates the
capacitance (instead of the output matrix of the system) and L the
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inductance (instead of the output matrix of the signal generator). Uti-
lizing the classical phasor transform, it can be proved that the relations

V = ιωLI, V = 1
ιωC

I, V = RI, (5.32)

hold. When the source is described by the generator (5.5), these re-
lations may not hold anymore. Consider, for instance, the square
wave (5.4). As pointed out at the beginning of this chapter this signal is
described by infinitely many frequencies ω̂k. We may then express the
phasor as the sum of infinitely many frequencies. However, exploiting
the discontinuous phasor transform we can express the phasor without
approximations obtaining the following exact relations.

Theorem 5.7. Consider the first equation in (5.31). The relation

V (t) = Lİ(t) + L
Λ̇(t)
Λ(t)I(t), (5.33)

holds.

Proof. Consider the first equation in (5.31). This is a scalar system
with I(t) = Π∞(t) ∈ C, A = 0, B = 1

L . The derivative of the current is

di

dt
= d

dt
<
[
I(t)Λ(t)

]
= <

[
d

dt

[
I(t)Λ(t)

]]
= <

[
İ(t)Λ(t) + I(t) ˙Λ(t)

]
Substituting equation (5.13) in the last expression, yields

<
[(
AI(t) +BΓ

)
Λ(t)

]
= <

[(
İ(t) + I(t)Λ̇(t)Λ(t)−1

)
Λ(t)

]
from which we recognize, by comparison with (5.30), that İ(t) +
I(t)Λ̇(t)Λ(t)−1 is the phasor.

Note that if Λ(t) = eιωt, then İ(t) = 0, Λ̇(t)Λ(t)−1 = ιω and (5.33)
becomes the first relation in (5.32).

Theorem 5.8. Consider the second equation in (5.31). The relation

V̇ (t) + Λ̇(t)
Λ(t)V (t) = 1

C
I(t), (5.34)

holds.
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Figure 5.5: Phasor models for basic circuit elements.

Proof. It is similar to the proof of Theorem 5.7.

Since in the mixed convention the components with odd indeces
of Π∞, computed from (5.29), are those functions that multiplied by
Λ give the steady-state of the integrals of the currents. The following
result holds.

Corollary 5.9. In the mixed convention the components with odd in-
deces of Π∞, computed with (5.29), are the phasors of the integrals of
the currents in the circuit. Thus for the current ik which flows in the
capacitance Ck, the relation

ε>2k−1Π∞(t)
Ck

= V k(t), (5.35)

holds, where V k is the phasor of the voltage across the capacitor Ck.

Corollary 5.9 provides a way to compute the phasor of the voltage
across a capacitor. In fact, this value comes directly from solving (5.29).

Theorem 5.10. Consider the third equation in (5.31). The relation

V = RI(t), (5.36)

holds.
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Proof. The statement holds trivially noting that the multiplication by
a real constant and the real part operator commutes.

Fig. 5.5 shows the phasors equivalent of these circuit elements. Hav-
ing defined the differential operator, the integral operator and the mul-
tiplicative operator, the v-i characteristics of other common circuits in
the phasor domain can be easily obtained. For instance, transformers
and gyrators, in which voltages and currents are related by a multipli-
cation factor, show phasor equations similar to (5.36).

5.5 Bibliographical Notes

The results on model reduction by matching the steady-state of ex-
plicit signal generators have been adapted from Scarciotti and Astolfi
[2015a, 2016b]. Based on these results, several extensions have been pro-
posed in Scarciotti and Astolfi [2016e,f], Scarciotti and Teel [2017a,b]
and Scarciotti et al. [2017b] for hybrid systems, stochastic systems and
differential inclusions. Many of the results developed in this chapter
assume that the reader has a basic understanding of time-varying sys-
tems. We refer the reader to Brockett [1970], in particular to Sections
3, 11 and 29. The uniqueness of Π∞(t) derives from a standard result
of ordinary differential equations, i.e. [Khalil, 2001, Theorem 3.2].
The discontinuous phasor transform has been introduced in Scarciotti
and Astolfi [2016c], see also Scarciotti and Astolfi [2016e,f] and Scar-
ciotti [2017b]. Other authors proposed some generalizations of the clas-
sical phasor transform, i.e. the inverse phasor transforms introduced in
Rim and Cho [1990], Yin et al. [2003], Rim [2011]. These are specific
cases of the more general phasor transform we have presented in this
chapter (they can be recovered selecting Λ(t) = eιω(t)).



6
Conclusions

In this monograph we have presented an organic set of notions, tools,
algorithms and case studies for model reduction which rely upon the
interpretation of the moment matching approximation problem as the
problem of matching steady-state responses. We have shown that the
moment matching approach allows determining reduced order models
for several classes of systems, such as nonlinear systems, time-delay
systems and systems which may not admit a differential description,
thus extending the classical interpolation approach beyond the linear
framework. In addition to providing the theoretical foundations of the
model reduction by moment matching method we have also described
algorithms to obtain reduced order models from data, thus blurring the
boundaries between the areas of model reduction and system identifi-
cation. Finally, we have established connections between the notion of
moment and other classical notions, dedicating special attention to the
relation between moments and the phasor transform.
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