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ABSTRACT

This thesis is concerned with the interpretation of
multiple indicator-dilution clearance curves obtained during
physiologlcal investigations of blood flow in the micro-
circulation, 4

Sir Geoffrey Taylor obtained numerical solutions of
the partial differentisl equation describing the dispersion
of labelled materisl during flow through a circular tube
by considering the combined effect of molecular motion end
‘mass transport, i.e. diffusion and”floi. Thls work has been
extended, and numerical solutions of the equation obtained
for the complete range of flow times, using a computer.
Experimental verification of theae(analytical solutions for
the chenge that occurs in a straight interface during flow
ia presented in this thesis, by studying the dispersion of
a %racer' amount of iodide in an agueous alkali chloride
solution, .

Numerical solutions of the equation

2¢ = DYe - 28 (1-r%a® )¢

ot » ' ?X
fbr cm/co as functions of X and T, using the experimentally
determined parameters, were shown to agree with the
experimental results within the limit of error. The

difficulties encountered in obtalning these results are

described in chepter VI.



In chapter VII solutions of the sbove eguation for
different lsbelled components of the same flow regime are
considered. It is shown that completely different clearance
curves may be obtained depending on the value of D. These
results are in excellent agreement with 'in vitro!
determination of clearance curves for different lsbelled
components of blood.

The phyaical significance of the partisl differential
equation in relation to these results, flow profiles, non-
Newtonian viscosities and internal motion of the components
is also discussed in this chapter. Physiological mechanisms
introduced to explain 'in vivo' results using multiple
indicator-dilution technigues are questioned with regard
to this discussion. Support for the equation adopted is
discussed briefly with reference to rheological investigations,

A brief account of the technigue used in writing the computer
program is contained as an appendix. written by Mr. C. Palge,
as it has not been published. '
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These are
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SXMBOLS
also defined when they first appear in the text,

-~ radius of the tube

- _concentration

- mean concentration over the e¢ross—-gection

- initial uniform concentration
-, cqncentrat1on as a:function of tinme and radial
. . ' | | position
- dim;sion coefficient

- functions of T and X

- effective diffusion coefficient

- flow constant for the systen

- = dispersion length

- length of tube
-~ length of mercury thread

- ﬁass flow rate

- counting rate

- applied pressure

- pressure difference between ends of the tube
- wvolume flow rate

- pradial position

~ Reynold's number
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- time

mesn circulation time

cH o
1

o
o
]

finite period of time

- mean flow velocity

RN ] |
'

]

- flow.velocity at position r

=
L)
]

flow velocity at the axis
- convection velocity

volume

M < M
'

- 'distanca »
finite distance

oN
1

-~ constant for this series of experiments

- shear stress
time consatant

- wviscosity coefficient

3w~
' 0

- shear rate

Dimensionless parameteré

2 - o |
Ato = g /Dt° _ ! A3° = a E/on«

T o= Tt/x, -' X = x/ut,
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In. qpplyiag physical laws to the circulatien in living

......

animals nany complicating ractors muat be considered. Blood

18 a complex,hetarogeneous tluid.with anomalous prqpertiea of

‘‘‘‘‘‘

_vincosity, Ths blood.veasela are not rigid tubes but are dis-

...............

tenaible, 80 that their size dapenda on ‘the blnod pressure

as uell as upon ths cpgﬁrggt;gplgt‘amoeth muscle in the vessel
walls, Algo the :;py 49.3?? g;gady but puleatile in certain
regionas of th‘,”é??“;@?LPFQ;R ip:crder'to obtain a morﬁ‘complere'
underotand;ngaot the Qypgmiég_gt the eirculation, enalysis is
made in terms of simple models, Thess may be mathemstical
equationa"d), or electrical circuits(éz)

models such as pipea.carrying flowing rluida(5°) Only when

s or more literal

such simple models are thoroughly understood can a satiafactory
analysis be given of the circulation. |

A mado# problem in circulatory phenomena is the relation
between the preaaure reqnired.to drive the blood through the
veas&ls and the volume flow rate produced., Investigations have

been conducted in vivo.énd in vitro. The former has largely.
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‘been concerned ﬁith“developinereligblc technidués‘fbr measuring
blood volume and floi rafe;zand'thQTIatterhwith'fﬁelrheological_
‘properties of blood. - | |
The in vivo investigations have utilised the 1ndicator-

dilution techniqne to measure the rate'of rlow and volunme of
blood in different cireulatory badz(3°’3e) Significant
differences in the concentration of red blood cells in various
-parts of ihe‘circulatiqn were shown to exist by employing
_separﬁte ideIS»fOr erythroeytes and planma‘}?'ul’ss); Other
experiments using this technique have rev&éléd.a difference
in the mean circulation times between 1&belled erythrocytes
and albuminczp’”'m 23'29'38’39'“8) in various regions of the

~eirculation. : ‘
Rheological studies in vitro have shown that blood

exhibits non-Newtonian prOperties(Ba'7°) As there are frequent
refbrences to regions of Newtonian flow for whole blood in the
-_literature(la) 1t is 1mportant to define what is meant by |
,Newtonian and,non-NBttonian. A Newtonian fluid(sa) gives a
11near ahear streas to shear rate graph.passing through thc
origin, In such ceses the viscosity coefficient 7 13 a
constant defined by o o

,?.= 07 ~ I (1)

where C is the'qheat stress and Y théighear rate ( velocity
gradient ). For fluids which exhibit non-Hewtoniaﬁ behaviour



Y W

the viscoeity at & point is defined by

= tan [/] ‘. v ' (2)

- This 18 sometimes referred.to as the 'aecant viscosity'(Ga)

A'differential viscosity' ' may also be defincd

"= tan / ] | " (3)

| if‘a sufficient portion of the curve is availﬁble; ;The viscosity
of blood is iess in small tubes ( with = réﬁiué iéssvthan abbut"‘
100 times the radius of the erythroeyte ) than in larger tubes,
for the same everage shearigg stress(38032) | e effect appears
to 1ncreaae with 1ncreaaed wall stress end only occurs when .
rred.blood cells areapresent(ssa). This 18 termed the sigma
phenomenon' anduhés‘aleo beén obéerved in many‘kinds of suspen-
sions where the particles aré large énough to be comparable in
slze with thé tube‘radius(u). Decreasing values for the
"dynamie concentration' are alao obtained as the tube bore 18
.decreased(Bc) The dynamic concentration is the ratio of

red blood cell to plasma volume determined during flow using

the 1nd1cator-d11ution method.

A number of mechanisms have been cited in explanation of
one or more of these phenomens, The:preeence of! slip at the
tube-wall could contribute to an increase in apparent fluidify,
but would hot account for the reduced dynamie concentration, or
the difference 1h circﬁlation timgs of plasma and erythrocyte
1dbe1s(28). Vand‘67) has proposed thet the natural exclusion



of particles from the wall surface is‘equivalent to having a layer
at the wall with the viscosity of the suspending medium, This
argument has been extendod in a qnalitative manner to aocount
“to: certain blood flow observations. 'An extravascular Plasma
‘compartment has been oboposed‘to oxplain‘tho variation of red

blood ¢ell concentration within the circulatory bod(3°) This

~ could also account for a difference in circulation times, How-

ever, the total quantity of label was‘reportod_to be conserved
,in'certain oxperimenté‘zy) 80 that tho'iabelled protein muat. |
'also return to tho circulation in an interval -of time comparable‘
'with the experimental observation for this theory to be valid,
| A difference in the diffusion coefficientc of the lebelled
- components might give a,difrerencc in mean circulation timea(apz
although 80 far this has been discounted by other Workers(ZQ)

A more detalled consideration of this aspect is given in the
present ‘thesis. | | |

The concept of axial streaming of erythrocytes in the

microcirculation is a much favoured explanation of theee results,
'This was originally postulated by F&hraeus to explain the
reduction of haematocrit observed ‘when blood flowed through
narrow tdbes(3a) From continuity considerations the inward
motion of'blood.corpuscles.would result in both a difference

in mean velocities of tho'corpuscles and the suspending phase,

(3&’668').‘ A

and in a reduction of the dynamic concentration
reduction in_concentration of particles at the wall where the

shear‘stresavis greatest could also accountcfor the increase
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in sppevent fluiaity(32.662) | |
A theoretical,explanation of axiai streaming is ﬁofe
difficult and attempts to obtain expcrimental eupport by methods
other than flow-dilution have also failed.

- It haes been shown theoretically(uz) that mechanieal
excluaion of particle centres from the tube wall results in an
effective increased concentration in the faster moving central
stream of flow in a tube. These calculatione were based'on
‘rigid epheres, end although gimilar coneiderations prdbably
apply to a suspension of red blood celle the problem is

ompliceted by thedr non—spherical shape‘and the fact that
they are easily deformeble(lo’52) Gdldemith and Maeon(as)

~_have ahown experimentally that flexible fibree and oil drops

‘ migrate centrally in tube flow wherees rigid bodies do not, or
at least to a much lesser extent, However,,theee ‘observations
referred to the motions of isolated particles and are not
directly applicable to 1ntereetione which occur between particles
brought ihto close proXiﬁity ty the flow, as in dilute suspen=-

3 sione. Such cases are intcrpreted by a kinetic theory of
particie 1nteractione that has been developed from experimental'
obaervation(ZE) In more.concentrated suspensions Goldsmith

. and Maeon used refractive index matching or visible tracere

to etudy particle motione. .'Partial plug-flow' was obeerved
‘-correeponding to a velocity gradient at the well whioh was
greater than, and et_the tube axis smaller than, the,Po;eeuille
profile. vThese results indicate‘that'axial migretion is no
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longer possible since‘the condentratibn prpfile was'uniform
( epart from natural'éxciusion at the wall ), and meny spheres
were seen to move'along thevwall(25). It would therefore seem
- that there is little juatifidation in using the experimental -
observations of @& motions of 1solated particles to postulate
a similar hydrodynamie eentripetal force in more- concentrated
suspensions, as has been dnne(2Q) | |
High speed ciné photographycs) also-contradicts the theory
of exial migration of red blood eells in the microcirculation,
Atvnormal.frame speeds the peripheral plasma 1ayer apreared as
a sharply defined clear ZOne;’But at high speeds erythrocytes
wefévdbéerved to exhibit random motion, often in close proximity
to the wa11(®), It.was‘th¢rerore.suggested'that,thebﬁeripheral
plasma layer observed in this and 6ther exper1mentsvwas an -
Optical artefact. Baylisacs) in a review 6f'photometric.eviden¢e
for the existence of a plasma layer was unable to draw any |
définite conclusions on the axial migration of red blood cells
when a suspension is sheared, ,It.has:also been demonstrated
by Wiederhtelm and Billig ( presented in a paper at the First
International Conference on Hemorheology, Reykjavik, Iceland,
1966 and quoted‘hy\%ayiand(ss) ) that experimental technique
is important in determining the results obteined for light
tranemission studies in blood flowing through vessels of the
| hicrocirculation;"They demonstrated that by varying the angle
of illumination what sppeared to be cell free layers could be
obtained in all regionS»of the vessel. Quick fréezing experiments
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reported by Wiederhelm and Billig demonstnated a'significant
preferential orientation of erythrocytés parallel to the walls,
in the Vicinity of the walls, Such ceil orientation could ‘
account for increased light tranemittence(37'7l) in the region
of_the wall. Possible artefacts due to the praparation of
ffozen sections make it difficult to substentiate the existence
'or non-existence of & cell-fYee layer. | | )

The best indirecs evidence for a plasmatic zone ( axial
latreaming ) in the microcirculation is the diffcrencc between .
‘the clearance curves for 1abelled erythrccytea and laoelled
albumin from the circulatory bed of the heart and lung(zp) An
: analysis of the curves cbtained in terms of a greater mean
Velccity for the red blood cells than the suepending phase haa
been given by Thomaa(ssb). Reliable figures for the difference
in mean circulation times in vivo cannot be obtaincd however,
ibecause of the uncertalnty asaociateé.with recirculation(33)
S8ince the mean circulation times: are more important in:datermin-
»ing the relative’ccntributicn‘of molecuiaf diffuaicn.and axial
streaming,efforts have been made to eliminate this uncertainty.
This has been achieved in two ways : using an 1solated mugele
preparation in vivc(29) and using an . artificial circulatory
" bed in vitro(2Q) Differences in mean circulation times have
been found in both casea. _

Since discussion of the in vivo results is complicated by
physiclogical considerationscthe'present_discussion will;be

limited to consideration of the in vitro results, - These
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‘experiments by Thpmacfet al.‘aq) and their interpretation in
terme of axial»ctreaming‘of erythrocytcs‘initiated this present

: research;A It will therefore be helpful to givc a short summary
of thc expcrimcnta. v

o A series of 26, 200 micron bore nylon tchs constituted
thc5artificia1;circulatory bed. Adr pressure was used tc drive
a‘suspcnsion of rediblocd cells through therﬁubcc and flow
measurement was made with a graduated pipette. The radioactively
labellcd_Suspencion ﬁas.initially contained in o'short porfion‘
of tﬁertubing speclally adaptcd for'the purpose. ‘The activity

| in this scction was monitored and the counters moved to a

pcaition 129cm. downstrcam. Elow was commenced and the clearance

131 jabelled components'werc hoﬁitorcdf

| curveavfor-P32 and I
"simultaneously by the two scintillation counters.. Thc experimontaq
" were performed with suspensions containing *-'f B | '
a) 2 ana 1131 labels in the form of 1norganic ions
b) P32 in the form of inorganie phosphate ana 1131 l&bclled
human serum albumin | :
c) P2 ldbelled erythrocytes and 1131 labelled aIbumin. -

i‘ The curves ootaincd in case ¢) were markedly different.
The erythrocyte eurve rose more steeply to a peak value whioh |
was epprecisbly shead ‘of the albumin curve, In case a) the e
iodide peak secmed to be slightly ahead, but thcrc wac no. - | L
aignificant difference in mean circulation timcs. The phoaphate;'

curve ‘was broaden than the iodide: curve, but this is consistent

“with a dirfcrence‘in diffusion coefficicnts_of_the two ionc and
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the analyticel seluxion given by Taylor(sua) for the dispersion
of diffueiﬁg'soluﬁes‘infa'fluid flowing through a tube.
Simi;arly' in case b) the jcui'iree were fairly symmetric, with no
significent dirrerence'in mean_eirculatien times., The phosphate
curve was narrower than‘the‘elbumin curve, which was again
_coneistent with the'differenee.in'diffﬁsionreeefficients and
Taylor's theory. | - P

The clearance curves were analyeed ueing a mechanical
~1ntegrator to determine the mean eirculation times. The control
measurement, when 1norganic phoaphate and albumin were used to
lzbel the euspension, gave a mean value ror the ratio ( mean
circulation time ITO+ )/ ( meen”circulation time P°2 ) of
1,01, slightly but significantly grester than unity. The
exchange of an anpfecieble’amount of pheephafe by the red blood
cells could give thls result, but this was not conslaered |
poseible. A nean value for the ratio (1131) / (P32) of 0.989,
elightlJ but eignlflcantly below unity was obtained for the
other type or control run, This was - regarded'as understandeble,
- since it le known that appreciable coneentratione of iodlde
can be taken up rapidly by red blood cells. The.experimental
curves show a large difference in mean circuviation times of
leﬁelled cells and albumin.  The source of a discrepency between
two expefimental'results et approximately o.u concentration )
was not traced, but the different properties of the erythrocytes |
~in the various samplee was regarded by the authora as a poeeible.

factor. No signifieantrchange}in the ratio with variation of
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-shear stress at. the tube wall wés indicéted‘for the range
‘12,) - 100 dynes.cm.a s Or with variatiénrof concentration
0.2~-‘0,u. This 18 of particular interest. eince Goldsmith

(25) and workeres in the field of blood- rheology(ja)

end Hason
repért eonééntration and shear dependence for their results.
However, more experimental results Were'consideréd to?be ‘
required_before;reliable quantitative conclusions‘couid bg‘
~ drawn, | | o

In summarlsing the results it was stated that differences
in diffusion coefficlents might be eliminated as a possible
cause of this difference invcirculatlon‘times;nsince‘thelcontrol
runs obtained under similar hydrodynamic cohditidns to the
' experimental runé wererin quéiitative'agreement'with Taylér's

th'eory(&‘a) .

Complete clearance4ofblabelled“material was
observed so’that the true mean circulation timg was obtained,
which Taylor predicted was indébeﬁdent of diffusion coefficient.
This was essentlally confirmed by the control runs, It was
presumed that electrlcal effects due to charge accumulating
on the nylon wall cou%d be ignored since the blood cells were
suspended in a strongly lonised solution.: |

~ The authors concluded'that‘a difference in mean circulation
times of red blood cells: and their suepending phase had been
established, ‘and that the effect could probably only be explained
by radial migratioh_of-blood cells, An interesting possibility
would be to deduce the true concentration profile of red blood

: ceils'from‘the shape of the clearance curves obtained. They'
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con51dered that the data was inadequate and.that there were
rorbidding probleme of analysis to be overcome.

Thomea and Rowlands discussed, in their papers(zq’ap)
the complex paxhe of blood.corpueclee demonstrated by high
‘speed phntogrephJ(a) in connectlon with Taylor 8 mathematical
analysie which aasumes laminar rlow(sha) They consider that
the volume vacated by a red cell 1a)part1a11y replaeed by the
euapending phaee, 80 that small elements of the latter will also
rollow irregular paths, The net result is an'additional
effective diffuaion of radioactive lebel, It was entieipated
"~ that this effeetive diffusion 18 a function of ehear rate, It
may also be a.functlon of radial poaition, since the shear
annuli become less convex‘as the distance from theAaxie is

ihcreeeed; The authors euggeeted ‘ehear—indﬁeed collision

| diffusien' as a poesible descriptive term, |

It wae 1n order to obtain an assessment of the effects
of molecular diffusion on the dispersion of labelled material
in fluid flow through:wnbea that the preaent seriea of experiments
was performed. A detailed.description of the theony end
experimentation involved will be given 1n aubsequent chapters “
of this thesis.

A detalled examination ef‘Taylorfe-ahalytical solutions
for different D valuee shows that a significant difference
in mean circulation times may be obtained even when diffusion
ie.complete over the croés-section. These results, which apply

to the dispersion curve monitored‘at e finite distance downstream,
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would account for the.smallrﬁut significant differences
observed in the mean circuiation times for the control runs. A
»larger difference. in mean circulation times for 1abe11ed
components injected simultaneoualy may also be accounted for
by a diffcrence in diffusion coefficienﬁs. The particular
_circﬁmetanées under which such dirferenceanﬁill be observed
is coneidered after a more- complete discussion of the Taylor
theory.~ | ‘

It is maintained, by the author, that the compléx paths
ohserved for red blood cells in the microcirculation, using ,
high specd cine photography, emerge as a result or this theory.
The concept of'shear-induged collision diffusion' would not
be reqﬁired in calculating the clearance curves. 4It‘1s not
¢lear to the author how it was proybsed‘to determine the
concentration profile for the fed‘cells from the clearance
curves, since the corpuécles‘have been shown to travéi in
such complex orbits, |

Finally, the author would dispute that a difference
in mean circulation times between erythrocytes and plasma has
been determined. The results demonstrate a difference in
mean eirculation times for 1abelled red blood cells. and
labelled albumin injected simultqneoualy. The interpretation
of such results.reqnires careful cOnsideration before being
restated és a difference in circulation timéé betweén erythroqnae

. and plasma(292 or as adifference in mean velocitles of red blood
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cells and their suapending phasa(ZQ)  These conments might also
be spplied to all indicator dilution studies, 1.e, to give
.careful consideration to exactly what measurement has been made.
N Prior to a detalled analyaiﬁ of these.results in terms of
thé:effecta of molecular diffusion on the dispersion of
| labelled material during fluid flow through a tube it muat be .
 established that the equationcsia) |

2c = DY - 20 (1-r¥e? Rg ()

ot , _ , ox
gives an acguraté description of the process. Taylor(sua)
. gives two analytical 3olutiona of this equation for particular
. flow conditions. -He alae provided an experimental verification,
but this was 11m1ted by an uncertainty in the value ot D, It
was hoped_to obtain a more ;atisfactory vgrification of
Taylor's solutions by employing aitraéeb diffusion coefficient.
{ The concept of tracer diffusion is discussed in chapter III. )
Computer aqlutiqns,of equation (4) have been cbtained, thus
enabiing ahalyais of the effects of molecular diffusion-to
be extended to thé complete range of flow conditions.
7 ' The major'pcrtion of thiajtheaia is devoted to the
 §1gn1r1cance of equation (4), its analytical solutions and
their‘experimental vﬁrification. Finally certain inconsistencies
existing in flow ‘theory and. measurement are discussed with |

regard to the behaviour of flowing materials.
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. CHAPTER II

' ZHE PARTIAL DIEFER NTIAL Egy TION DESCRIBING THu DISPERSION OF |
LABELLED SOLUTES DURING FLUID FLOW lHROUGH A TUBE, AND ITS_
IANALYTICAL SOLUTIONS,

Fquation governing the dispersion of lsbelled naterial under

.the combined action ol molecular dlffusion and convection,

The effect of molecular diffusion on: the diapereion of a'
'1ebelled eolute in a fluid flowing through a tube may be. .
regarded as diffusion under the influence of an external

(353) It is analogoua with a dlffueion problem in a medium

force
which is not at reet. COncentratlon changes takelplace duse to

rconvection as well as diffusion.

‘ Considering the one dimenaional ceee with flow in the

x-direction.only,»where ¥ is the convection velocity. ‘The

concentration4chahée‘tc due to convection in a volume elemenf‘
of unit croes-section bounded by two planes at x and x+Ax

during time A'b 18 .
Ac = -_L_ [(xe)x-s-ox (1@) At

3; 2&3)&1’&*».'..“‘ o ' o"bo
' Ox ' -
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The differential equation for the rate of change of concentration,
due to both diffusion and convectlon, becomes
as= Dz - 2 (xe)
‘ax2 2%
where D is the diffusion coefficient. Since fluids are regarded
as 1sotropic(358) this 18 o
2¢ = Dl - V.(ye)
ot |
in three diﬁenéiéns. ’For‘z constent and f£low in the x-direction
only, this is .

e = DB - v3e
:Y% ”éﬁ%

Taylor's ang;xtical solu,tions(s"‘a)g
in a circular tube of radius 'a' the mean flow has a

parabolic profilo given by
w = w (1-2%%) ~(5)

 Where u, aﬁd uovare the‘f1ow ve;qgitics-dt position r and at
the axis respectiveiy; i;e. the velocitiea in the flow direction
determined from momentum tranaport. This 1is discussed further
'in chqpter‘VIlg. | ,

Taylor assumes that the coneentration is symmetrical
gbout the central line of the tube so that the concentration, c,
is a function of r,x, and t only. ‘The eqnation for diffusion

becomes
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2 . D ?.944'1.9.“2_9. - u (1-.::.2)?3 (&)
ot orc rBrv °x : a Bx _
The diffusion ooeffioientfb is assumed indepehdent of ¢. In

practice this is only applicable to ‘aelf diffusion' coefficients,
‘reference(jsh) ‘ . ‘swm,
In the cases conaidered by Taylox' the term an is negleeted. ,

being much less thanég ot A _g .
‘ 'Br T ar

The boundary conditlon which axprosses the fact that the
wall of the tube is impermedble 13

atr=a

u‘q)'

a lo
R
©

Taylor gives approximate solutious which are valid in the
following lzmltlng condltions i=- | ‘ »
A) Changea in ¢ due to convective transport along the tube take
plaee in a time which is so short that the effect of molecular
dlffusion may be neglected, i.e, disyersion is by convection
alone,
B) The timefnéoessary for apprecisble effects to appear owing
to convective transport is long compared with the 'time of decay
during which radial variations of concentration are reduced to
a fractlon of their initial value by the action of molecular
diffusion, i.e. molecular diffusion dominates in determining

the dispersion,
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olution for condition A}. )
- ' If at time t = 0 ‘the tube contains unlabelled material
~c = 0 and the reservoir labelled material of uniform concentrat-

ion,,c = ey the solution for condition ‘4) 13(6ua)

°m=co.- o ".:‘XCO' |

g% (-2 . O<cxcud (1)
_ | o s SR

¢y =0 L o x>ut

-'where c ia the mean concentration over the crossnsection of
[~
the tube, defined by c:m = 2 fc rdr . The solution is
B 7 32 B .
‘ e | ,
- obtained by imagining that the constant initial concentration
" for xx:owconsiats of'thih‘laminae which are distorted in

time into paraboloids.

- olution for cgndition B), o
o find when condition B) is valid Taylor calculates how
'rapidly a concentration which varies with r degenerates into

a uniform concentration.»xThg expression obtained 1is

g SY - (8)

(3. 8)29
where t is a finite period of timc.
Taylor proceeds to consider the transfer of labelled
‘ material across a plane travelling with the mean speed of
flow u ( = &uo ) when conditioh 8) is applicable. Longitudf

inal molecular diffusion is neglected. The dispersion of
labelled
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material relative to this plane is exactly as though it were
being diffused by a process obeying Fick"s second lavi. -with
‘an effective diffusion coefficient k. o | |

ot -332
where k = a‘g®
48 »

Equsticn (9) is the equation govern:l.ng longitudinal disPersion
when condition B) is applicable,

. For labelled material of uniform concentration -
'entering a tube f111ea with unlabelled material (e=0) at

a uniform rate a.t x = 0, t = 0 the solution of equation (9) 1s

/% o 1/2 p 1/2 ert( %(i-ﬁt)k'%t'% ) ii%: ' '(1(')).

. E -2‘
where erf g = 2%"% fe‘ az

Yalidity range»fog condition B_z,
- In a subsequent papex;(&‘b) Taylor restates the condition

( eguation 8 ) for k = g0 252 4o be a valid representation or
| 48 D ‘

dispersion in a tube as
AL S 32 » 5.9 . | | (11)

where I. repreaents the distence in which the greater part of
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the change in‘concentxétion takea place. Thia'e;pregsion incor-

porates the condition for longitudinal moleéﬁlar diffusion to
be negligible'compared withthe diqpéréive efifect represented

by k. | | |
' Aris(s)

, removed the restriction represented by the second
inequality by defining the effective diffusion coefficient as

k=D +'ggE§E
- D .
Philip(5°) caleulated the minimum diapersal time at which
k=D + kazﬁa/n is valid. obtaining

&% >>...L |
& 15 -

This is almost identical with Taylor's condition, equation(8).
Calculation of the analytica‘.’l.' solutions of the type
'deacribed by equation (10) are referred to as thé Taylor éurves
in the present text. The expreasion k= a2n2 is used., The

: 48 D ‘
validity of the Taylor solution is considered with regard to
equation (8). - |

Computer solution, |

. The enalytical solutions of equation (6) given by Taylor | ,

: aée only applicable under two sets of ﬂ,ovi conditions A) and B)_.'

To ohtain solutione of the partiai differential equation

| -4 2
°g = D(@_g-n-l'ac-n-?_g ) - 2a(1-25)73¢ (6)
5% 2 r? rbr °x% | '? ox



for a wide range of flow conditions a computer must be used.

~ A computer program of the above equation was written for
us by Mr. C.Paige of the Institute of Computer Science. The
form of the=numerica1 solution'reQuireQ was determined by the
éxperimental meaaurements, and the boundary conditions were
‘Bpecified by the experimental arrangement.

The most convenient experiments consist of 1dbelled
‘solution contained in a tube being displacedzby flow of
unldhelled material from a reservoir. The boundany,condiiions

in this case are

¢ = 0 at p=a, allt
ar S |
e=0 ' for x €0 , ;
- ‘ at t = 0
¢ =c, for x>0

The mean coﬁcentratiop as a function of time is measured at
a finite distence x, downstresm. Alternatively, flow is
stopped after a finite period of time t, and the mean
concentration as a function of distance along the tube
)determined. The print~out from the computer is therefore
reqnired to give the mean concentration with respect to the
initial concentration ( ey/e, ) as a function'of time or
distance, A.Srief explénétibn of the method'émployédlin -
writing the progran is containe&'in the appendix written 5y
Mﬁ.‘Paige. The data for a particular experiment is fed into
ths»computer in the manner described in the appendix (p.!c®)

and shown in the sample of data (p.itS).
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Presentation of results, -
Taylor’s solutions must be modiried to allow for

unlabelled aisplaeing labelled material rather than vice versa,
The solution for condition A) is

%_‘-‘Q | | o "‘~,‘-x<0»
e, =¢, X =¢e x 0<x < 2Tt
n ° o o
™ - eut
e = °°_ o | Cox D 2aut

. To facilitate direct comparison of all the curves dimensionless

parameters arse employed. 'In this manner the relative importance
of molecular diffusion in determining the dispersion may be more
readily asseased.

For experiments d.eternining e, 88 f(x) after a finite time
t, the dimensionless parameter x X, is used.

o B

Thev'theoretieal disperaion cuﬁvg for pizx-ely convective

- trensport is |

S em/cc_'#- X/2 o (12)

When ¢, as £(%) is determined at a finite distance x,
downstresm the dimensionless parameter T = ut is used. The
- 3 e .
| o

theoretical dispersion curve for purely convectiVe iransport
under these Tlow eonditions is | |

e /e, = 1/27 R (13)
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_ The Taylor enalytical solution for lsbelled displaced
by unlsbelled material under condition B) is
c{co = 1/2 :1/'2;31"1" x -3t
~ The dimensionless parametera X and T are again used in

 calcu1at1ng the results, In addition

Ay, = H & = &%
- “ B p-‘uto_‘".f"D*'ov'

A = I8 e

B . D Xy

are used to deacribe the curves. -
The theoretical disyersion curve for. condition B)
.( molecular diffuaion dominates in determining the diapersion ):
whan flow :le stopped after a time t, .ta - '

| m/ 1/2+1/20rr[ X-l) 1 (14)
I K;o ) .
When the curve 1a monitored at a finite distance X, downstream

| ;the analytical solution :I.a

,'¢ﬁ/a°:“= 1/2 172 erf K;( 1-7T 1ﬂ[—_- | .(15)
»1>“ " L AT Axo | |

The dispersion curves represented by equations (14) end (15)
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_are thus characterised 'by Ato and A | reapectively. Identigal .
curves for ¢ /¢, as f(x) should be obtalned for a particular |
value oﬂ Ato’ i.es u, a, to’ and D may be varied as long aa
Ao remains constant._ Similarly,for measurements at- ‘a fixed ﬁ ,
distance u, ay D and . x° may be varied and as long as the value N
of Asq is not altered the dlspersion curve for ¢ /é as £(T)
should be constant. Thia dcmonstrafes the advantage of plotting
all the results on a dimension;esa.scale, and emphasigas}the |

importance of the paramé£ér‘A‘1ﬁ deﬁerm;ning the_diepersion,,;

' Value of the Taylor inegualitx= '
~ The conditien for Taylor 8 analytical soluxions (lh) and

7(15) t0 be valid may be expressed as
,'(3.8)2 > Atd T o@e)

: Direct‘cﬁmparison 6f expérimentalfreQUlts-ﬁith'thévfaylor .

,-solution for cm/c as f(k) at a given Ay should therefore
provide a numerieal value for this inequality. ‘The flow
conditions for which the dispersion of labelled material is
given by equations (lk) and. (15) will be determined, SimilarLy |
the flow conditions reqp;red for solutions of type A) to be -
valid may also be determinod.

Comparison of results, o
‘ 1o obtain the experlmental points for cm/c as” f(X) the ‘

following values muet be known 3
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a)q’thg mean flow velocity, U
b)._the‘radius of the tube, =2
_"c) the diffusicn coefficlent,
d) the lengih of time to’ during which flow takes place
e) the initial concentration, L '
f)_ the final concentration as a funetion of distance along
: thé'tube, i,6, ¢ as £(x)
The value of Ato mey then be calculated and the corre8ponding
cm/e as f(x) curve plotted. | .
 The Taylor eurve given by eqnation (1&) for the same
'At value must be calculated and cm/b as £(X) plotted
The eomputer must be programmed ror the sane Ay value.
.;The form of the data input requires that u,‘to. &y, D and the
M"total 1ength be specified.‘ However, as has been sﬁown these
need not be the 3ame as th& experimental conditions provided
,At is 1dentical. | A
‘1 The theoretical curve correaponding to purely eonvective |
v tranaport is represented by eqnation (12) and 15 independent
of AW
- In this manner all the theoretical curves may be
compared with .the experimental results to decide which best
‘deacribés”thafdispérsion obtained under'the hpec;fied flow
conditions. | | | i |
Simiiarly the experimental points dhtained for cm/b
as r(r) must be compared with the Taylor equation (15) and

' the computer solution for tha same AXO value., The theoretical -
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curve for purely convective transport, eqﬁation (13), is
independent of Axo o | )

Unfortunateiy ccmputer solutions for a series‘of‘Axo
valuge'were not available, It'shdﬁld>be,poaaibie to obtain
solutions of this type from the ﬁreaent program, although trial
runs seemed to indicate ihstabiliiy. The cﬁmputation tine
is much longer, end it is possible that larger errors are
involved, A better method is probably to obtain cross-checks
for the cm/cé;as £(T) curves from the computed solutions for
c /e, as £(X). This may be achieved in the following manner,

_ A[particular qm/co as f(T)'curve is characterised by Ay,
where | o .

Ao =

o’
Wi

o ,
If a and D are constant for all ﬁxo and‘AtO. as in this case,

extrapolation is simplified.

-Then‘yjsm =.2

fo! [
M

"
.
®ice

e o

| ~wh¢re'(ﬁ is a constant egual to (a%/D);

The computer print-out Tor a particular set}df.flow
conditions T, a, D, by gives c as £(x) at many time intervals,
1.6 Afo' during computation of the final result. The precise
number of results is controlled by the number of time sBteps, T.
and the print 1ndicator 1nstruct10n, N, in the data input,
Values of T, on the Axo curves corresponding to these to

values may be calculated from
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P = ug = u %
=2 %
(o] 0
but - 2 b
ho = &8 L =,
o
‘therefore

Axo/Ato

c,/c, at T 1s theveame as em/co atk_x =Aut°/T

'.ing'Atb curve., -

‘This may be expressed

"xv"a Mo T, = g28 = £ 3

a
Axo D Ay Axo

on the correspond-

The distance x is caicﬁlatedifér ééch‘Axo value using the

‘apprOpbiéte § from theycoﬁputer data for the Atd~type results,

The print-out tabu]?;pes velues of ¢,/c  at sufficiently smell

intervaels of x for the results»( cm/b ) to be determined

‘ ~directly, without plotting each curve. Thus for each Axo

'curve values of cm/c at T = Axo/Ato may be determined. The

number of points is gcverned by how many Ato-type results are

avazldble.
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CRIT SU OF EXPERIMENTAL AND THEORETICAL DETERMI ION

OF THE DISPERSION OF LABELLED SOLUTES,

Coneentration dependence of D,
The partial differential equation (6) governing the

dispersion of material in fluid flowing through'circular tubes
apsumes that D is independent of concentration., As stated in
the last chapter, this is only valld for self-diffusion
coefficients, i.,e. where no chemical concentration gradient
exists(jsb); ‘Self-diffusion in the strict sense ( diffusion
of a aelecf group.of partieles within a medium of exactly
equel particles ) is unobservable., However, results approaching
self-diffusion may be obtained using radioactive isotopes as
indieators for diffusion measurements, providéd the mass ratio
of the‘isotopes, or of the molecules containing the isotopes,'
is sufficiently cloaé.to unity. When‘it is possible to carry
out measurements closely approaching'aelf-diffusion it means
that b is sufrieciently independent of concentration to avoidv

difficulties arising from the dependence on concentration,

ggger&méntal value of D,
For the purpose of this series of experiments it was
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decided to use the 'tracer diffusion' of iodide ion in aqueous
alkali chloride solution at 25°C, 'Trqcervdirfusion' refers
to the meéaurement.pf dif?gg;on coefficiénts of ions present
at vanlshingly small concentrations in an otherwise uniforﬁ
electrolyte. Thie has the advantage of approximating to
@ systen of uniforn chenicsl composition, so that D is independ-
’lent qf)gongentrétipn and in add;tiphvgay'be deﬁermined by two
independent techniques, One meth§d emplojs a radiocactive
isotoﬁe;as tracer at vgry.iow coﬁcentrations cdmpared with
the/aupporting;electrolyte. The othgr'inyolves chemical 
détepmination 6ticch$ider&bly higher concentrations of the
'diffﬁs;ng epeciga.;foliowed bylgxtrépolation to zero concentrat-
ion. D o L |
Thgse results were pubiiahgdjinia.éaper by Stokéa. Woolf'
ana 41118¢63), Toaide ion was selected as the diffusing
spéciea'becanse_a convenient and sccurate mepiod of chemical
analysis in the presence of alkali chlorides was aya}l&ble.
They 6bfa1néd~agreement bgtwéen the two technigues with an
éverage.devigtion:of O.4%, This was copsistent:with the
éstiméted precis;on of the measurements.

' Tracer diffusion coefficients for iodide ion in sodium,
.potaésiuh and.lithium chlorides at different‘ concentrations of
the supporting electrolyte were presented. It Wés decided to
adopt the iodide ion diffusion coefficient determined with a
twice normal concentration of potassium chloridé'as supporting

electrolyte, This value

‘D= 1,85 10~ cn? sec.™t
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was usedAin‘caiculatioﬁ of all the theoretical curves given

'in chapter V.

Preparation of solutions,
The 2N potassium chloride solution was prepared by diluting
twice the moleoular weight of dry Analar grade salts with

distilled water to give 1 litre of solution. The‘radioactivo
131 '

=3

tracer used was 1777, carrier free in weak thiosulphate

‘solution, 1 mg.cm,” of potassium iodide was added as a carrier.
~Stokes(63) found that unless this carrier was added,low and .
dbvlously,erroneous diffuaion;coefficients were obtained.

They suggest that this is attributable to the presence of
either radiocolloids or other'oxidation'statég of iodine in

_ the carrier-free solution{':The effect would not be evident

in self»diffusion.because ofoaxchange with the large amount

of iodide ion already present.

Critical examinatioﬁ’of»greviousiegperimental verifications

of Taylor's ang;xtical sclutions, | o
Experﬁmental verification of Taylor 8 analytical solution

B) has been.limitod by the dopondonce of diffusion coefficients.

on concentration, o o

(6La) describes experimonts involving the diapersion

Taylor
of a 1% potassium permashganate solution. ‘This is a transParent
‘dark purple solution when observed in a tube, Direct colorometr-

‘ic comparison was made under the same conditions so that determi
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nation was 1imited to c as f(x) when rlow was etoyped after a
finite time t. | o
A value of O, 710 5cm.eec.1 was.eelected'for D in determin-
1ng the appropriate Llow conditiona. eqnaticn (8). Thu reason
for selecting thie value was not diaeuseed.v Referenee was
4 made in the papem to measurements of the dirfueion coefficient
for potaasium permanganate by Furth and Ullmen (1927) given 1n
' the tables by Lendolt and Bﬁrnetein. D varies from '
0.’435 - 1,5 10 5cm.sec.l in the ransze 0 <e <0. o1 gm.ml.l.
’ In determining the theoretieal dietribution of ¢, a
value of_D was eelected-which most correeponaed te the}obeerved |
: dietnibution”or concentration;.5Thie wee‘aesumed constant and
Taylor 8 analytical solution calculated., Independent quantitative
experimentel verificetion was not therefore achieved by these
experimente.r The reaulta ror the~exper1mental and theoretical
dietributione of aoneentration demonetrated a fair agreement
when the value of D was aesumed in this manner,

The effect of molecular diffueion. as opposed to purely
convective traneport ( 1am1ner flow )}, in determining the
diepersion ie.manifeet in the shape of the eurvea. In the

: former case a eigmoid curve for cm/b as r(x) is predicted,

| whereae in the latter it 18 a straight line ( equations 14 and
12 respectively 5. Taylor's experimental results demonstrate
the effeet ef’mdlecular diffusion, under certain flow conditions,

:in that a sigmoid curve was obtained. .frovided~iaylor'3'
condition B) applies, a variatien in D would&be'expecten to be

menifest as a change in the slope of the curve, but not?the
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| eigmoid configuration. An inoreaee in D willireeult in a

‘ largcr gradient, end a decrease in a smaller gradient, for the -
'”curve. A precise knowledge of D is therefore only important
in providing an exact and 1ndependent proof of equatione (14)
'and (15). i.e. when the value of D is in no way dependent upon
the theory. It is obvioue tTom eqpations (1&) and (15) thet
a large variation in D caueee a muoh emaller chenge in cm/c .

Flow conditions correeponding to analytical eolutions of
type A) ( laminar flow ) were aleo used by Taylor. The distib—'
ution of concentration is independent of D in this case. The
}4experiments demonstrated agruement with ‘the theoretical velues
for ¢ as £(x) when flow was etopped at time t . '

Results for flow conditions between these two linits were
‘also presented to show the effect of molecular diffusion on the
distribution of concentration 1n the transition zone between
clear water and dye eolution.' The tendency of molecular dirrue-
ion to prevent dispersion wae demonstrated. - From these measure=
} mente it was poeeible to deduce the variation of D with Cs
}‘although certain inaccuraciee make the results of doubtful value
’The results were not inconsistent with those of Ullmen.

These oxperiments described by Taylor, which constitute
the most comprehensive;series known to the author, are there~
fore limited;by'ihe'following factors @

R i) the uncerfainty-in D‘associexed withfite concentration
dependence - ~ - - - |
ii) analytical eolutione were only availeble under “two

extreme conditions A) and B)
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111) results for ¢ as f(t) measured at a fixed distance
downatream were not obtainable by this method. This would

corresponﬁ more closely to the experimental investigations

using the 1ndicator dilution techniqne. It-would be possible "'\

to extrapolate to this situation, but this would not constitute

sn exparimental verification.

Rich and Goodman (55) have also investigated the effects
~of molecular diffusion on the dispersion of an indioator in
l:fluid flow. A 1% NaZCrou aolution was' used with a label of

oradioactive Na29r5104.7 This should correapond to aelf~dirfusion :

| sinoe there is no chomioal concentration gradient. The value

~ of D used in. caleulating Taylor B analytioal solution B) was

,not discusaed. A rererenca to 'Diffusion of chromates -and

ndichromates of sodium and potassium' hy Oholm qnotcd in Chen,

.Abstr.|2§ 2054 (1941) was given at ths end of the peper. This

reada :

N "The valuas of the dirfusion constant at 20°C for Na,Cro,

were BN, 0.6593 1N, 0.7313 O.SN, 0.7683 0.25N. 0.812. For

Na20r2 = the values were 3N, 0.7873 2R, 0.7803 iN, 0.8023

0.§N, 0.821p 0.25N, 0.8uk4: For chrou the values were « o . "
This must refer to the more conventional diffusion

coerficient and not gelf-diffusion uaing radioactively labelled |

ions. "These two valuos can ‘be appreciably different(lab)

s 80
that & satiafactony experimental verification must include

discussion of the dif:usion coefricient used and its determination.
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It may be that D was assumed from the experimental curve as 1n
Taylor 8 expériments, '

ﬂ The study of Rich and Goodman was restricted to flow
conditiono ‘corresponding to Taylor 8 analytical solution B)
Effluent sampling was used to determine the mean volume concen-'
tration as a function"of time. A‘mcthod of converting from
concentration within the tube to effluent concentration was
given. The results ror ¢ as f(t) were obtained, which are more
useful for comparison with the indicator-dilution method.
Satisfectory experimental verification of the theoreticalvennress-
ionc was;ciaimed; Whether this claim referred to the aigmoid
configuration of the curves when D was assumed in the same
manner as by Taylor. or irf an indopondent value of D was used
- was notldiscuaacd. It 1s therofore 1mpossible to decide whether

this represents an indepcndent experimental verification.

?Experiments-correaponding'to flow conditions for Taylor's
solution A) are deacribod by Nanninga, Swann and Schﬁbert(ue)
Effluent sempling was used to detorminc,the concentration as
a function or time, 80 that ‘a much more complex theorotical
expression for c as f(t) was oalculated than given by Taylor(suaz‘
The theoretical treatment-doscribes the observed data preciaely |
‘until spproximately 95% of the tube volume wes delivered, when
a deviation fromﬂlinoarity wes ontainod. This was postulated
to be due to adoorption effccts or diffusion effects in the wall

region.
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These two sets of experiments(55’45) mey be regarded as
demonstrating agreenent with Taylor 8 analytical solutions H
A) and B), However no estimate\of the renge of validity is
given. Also for condition B) the value of D used 1n the

theoretical calculation was not discussed.« g

Experimental veriiication of Taylor's theory for the

\ effeets ot molecular diffusion on the dispersion of ldbelled N
material is also implied by thn reaulta of Bourdillmn(ct) |
Changea in dispersion curves for a partieular material 1n
dirferent flow regimes are demonatrated, together with changes o
due to differenx diffusion coeffieiente in the aame flow regime.‘
The values of D were not known precisely, so that these resultsvrn
cannot be claimed to. provide an independent quantitative

experimental verification.“

égma‘of‘the present series of experiments,

The tracer dirrusion eoerficicnt of iodide 1on in 2N
‘potassium chloride solution, as determined by the two 1ndependent
methods of Stokes. Woolf and Milla(Gs),\providea a perfect
model to obtain an independent quantitativeuexperimegtal
verificetion of Taylbr‘S’theory. ‘The exparimenxs were designed
( chapter IV ) to give c /e, as a function of ¢ and X, It also
hes the adventage that all measurcments ma& be made during the.

- experiment. ' |

The computer program,‘which was developed fbr th1s partic~
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ular series of experiments, presents the oppurtunity of
eomparing theoretieal and experimental regults for a complete
range of rlow conditions. This has not been attempted
previously to thsvauﬁhbr'é knowledge. A numerical value for
the Taylor inequality ( equation 8 ) may also be eatimated

from the present series of experiments.

Application of the results, =
As stated in chapter I, the complete series of experiments

should ensble clearance curves to be predicted for all cases
where tracers are usad to measure flow rates in steady flow

( low Re ). The different type of diapersion curves obtained
when multiple 1nd1catera are used in the seme flow regime

may be discussed, with particular reference to blood flow,

The application of thése‘resulte will be limited by lack of
knowledge sbout diffusion coefficients in many cases, The
Adiépersion,predicted by solution of eqﬁation {6) for faster
flows ( high Re ) and non-Newtonian solutions and suspensions

. may be conaidared..vnowéver,if these solutions are correct

the Justiricatibn fot using the egquation under auch circumstances
must dbe reconsidered. These &aspects of the work are : |

discussed more. fully after the presentation of the resulta.



- b -

CHAPTER IV

SOLUTES IN FLUID FLOW THROUGH A CIRCULAR TUBE,

- In order to present the reSults¢in,the maenner described
in chapter II,twé,aerics of experiments were required.

Labelled solution of uniform congentration ¢ contained in a

| precision bore tube was displaced by atesdy flow of unlabelled
- solution, c‘=,0,ffrom a reservoir in both cases. .The lebelled
solution was 2N Kcl'with'Ilj; as a radioactive tracer. The

preparation of the aolutions is described in chapter III, and
the amount of 1131 usedrwas detérmined by the activity |
required. 2N KC1 was used as the unlabelled solution.

To deterﬁine e-m/c° as a function of X, r(x), flow was stopped
after a time t, and the.aefivity was monitored at different
positions in the tube. To ﬁétermine cm/bq_as a function of T,
£(T), the concentration at a distancé_xovdownstream from the

tube entrance was becorded as a function of time.

E;gerimental érrangement,
The experimental arrangement that was used may be divided

into,twq sections ¢ the electronic counting system and the

flow apparatus.
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Counting arrangement for determination of ¢ /c;;"

The radioactivity in the experimental tube Was detected
by a sodium—iodide sointillator attached to an IDL 663A |
scintillation counter. A modified Ekco cathode-follower head
4was used to match the detector to the main amp;ifier, a Nuclear'~
Enterprises non—overloading linear pulse ampllfier ( NE 3202 )e
The HV supply, from the stebilised Nuclear Enterprises
200 = 2OOUV EHT supply ( NE 5307 )s was connected by the Ce F.
head to the acintillation counter as shown in the. block .' |
diagram ( fig.i. ). The . ‘signal passed through a aingle ehannelA‘
‘ differential pulse height selector ( NE 5104 ) to the rateneter
( NE 5401 ). Rapid changes in the ‘counting rate were monitoredii
by a Legg and Horthrup penﬁrecoraer ( Speedomax G )

The I 3 spectrum was monitored to obtain the optimum
working conditions. The‘amplifier gain, discriminator bigs:

 and EHT were‘Set accordingly for the wholo‘series of experiments,

Linearity, |

The linearity of the ratemeter was est&blmshed using
aifferent strength %3 solutions in the retio h : 33 2 5 1o
A grqph of strength against recorded activity was plotted
( fig.ii. ) and a straight. line passing through the origin
was obtained. All the results quoted used the 3K range of"

- the ratemeter for whicg the linearity curve is shown, -

' St&bilitx,

The variation 1n the oounting rate was found to be less
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than the statiétical'fluctuatiOn ( i.e. 3 100 % of mean )
N
when obaerved for an hour. c,is the time constant ror the

ratemeter..

 ‘Countingvgeometrz; , ‘ _

‘ The sodium—iodide crystal wes h.ucm. in diameter, 2.hcm.
high and hed a rectangular channel O.9¢m. w;de}by 1,7em, deep
for positioning the experimenﬁal tube ( fig.iii.. plate 1).
The seintillaxion counter was encased in: 1 ad ( mlnimum 2.2cm,
" thick ) and mounted on a trolley ( plate 2 )

' The effective window of the crystal was found by part
-‘filling a precision boxe tube withkradioactive solution and
‘plotting the position of the meniscus with respect to the
 outside easing against the recorded activity, The middle
portioh of the curve is a stréight line giving activitylper
un1§ 1ength;, The affectivé length of the crystal was calculated
by dividing the total activity ( all the tube’in the field of
view containing radioactive solution ) by the activity gradient
'( fig.dve ). 1he window length was found to be h.?&(-0.0M)cm.
using 1.22, 2, 3 and umm bere tuhes.

then the apparatus was assembled it was found necessary '
to position the counter at least 20cm. from the endvof the
experimental tube to prevent an increased‘backgréund count
from the activity in the next section of the apparatus. This
is discussed further in the chapter on development of the

experimental technique,

For determination of'cm/co gs £(X) it was important to
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eStéblish‘that the counting geometry was the same Tor the

whole tube prior to starting Tlow, i.e. c, was constant at

all positions,

g;melconstagg; o

Déterminatioﬁs of cﬂ/c as £(T) require thatéuc,s of the
‘decay tine of ¢ 1r the ratemeter is to reproduce it
falthruily (61),

L4
Measurement of cm/bo“ |

The ratio of the meen volume concentrations ( cm/bo
is determined by this teéhnique, but the theoretical solutions

vdﬁ.

involve the mean concentrations over the cross-section

(cm/co)area’ It must therefore be established that the two

. are equivalent. "The couhting-geqmetry is symmetrical, so that

)

'if x is the position of the mid-point of the crystal (e /e

o‘vol.

- at x will be approximately the same as (cm/c provided

¢’axrea

o’ ares cgrve is not rapidly changing

or discontinuous in the region x+hx, 28x is the effective

the gradlent of the (cm/c

length of the crystal. (cm/co)afea'is neasured at & distance x

at time t so that the corresponding (e /e ) . Will be given

by the area under the cm/c0 as. £(X) curve st time t between

X, and X2.vwhere‘xl='x—bx s X,=Xt6X ,  Pig.v. shows that for

1 ut 2 ut

curves of type A)‘and.B) thé gradient is constant over the

major région ( this is also true for the computed results as
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may be seen from subsequent graphs ).

R CIVET R (cm/co)vol. at x. -

There will be a small error introduced at the curved ends of

- the graph( -:SZ k\sa. crv-oéeh v —.ﬁl/o)

Timigg ‘
o t, was measured by starting a scaler counting at 50 ¢/s
simultaneously with the commqnqemensg cf flow, ‘For’gm/bo as £(T)
an event marker was used at the start and finish of the experi-
ment so that the time of flow_wés determined from the chart

and the speed of the recordes,

Flow. sxstem, | , ‘ ; o
Fig.vi. and plate 3 show the flow aystem.

Perspex reservoir. . o - -

| The,reserv61r~haa a‘ciﬁcuiar cross-section, A stainless
steel heating”co;l,'thermoéeter (o~ 50?3 iho.;° ) and pressure
inlet are ;nc§épogate¢ in the steel 1id, which is fastehed(by/
four,scrgwa:toﬁtbevreservoir. - Water frpm‘a’constant temperature
bath circulated through the heéunglcgn.v Fine control of the
flow rate ﬁas obtained by apglying a amall-preésure, which

was recorded by a water or mercury manometer.

Experimental tube, ‘ ‘
The term 'experimental tube' refers to the tube in which
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the measurements ware made, this is Bhown‘in fig;vi. and
platé 3,7:A precision bope_glasé tube, 1engthﬂ12hcm. and diam-
eter.o.lzzém. was.used; it was ritﬁed:rlush with the inside
wall of the reaevoiriby"a perspextdia¢ and O~ring'éeal. The

- manufacturers specify a possible 1% va?iation in*the‘bore;

The vériation in r2 was ihvestigéted using a cathetometer to
measure the length of =a mercary thread, 11., at different
positions in the tube. This was repeated for 3 threads of
meréurngnd the variation in 1, ( hence—p- ) was less than 1%
in each case. Absolute determination of r? was also made
using a travelling microscope to measure the 1eng£h of a
mercury thread and calculating its volume Ffrom the welght and
‘density, The variation was less than 1%, and the mean value
obtained was 3.715 10 “3cu? compared with 3. 721 10%en? It
was decided to adopt the manuracturer B apecification of

0. 122cm. for the ‘bore. A mean value of 0.122cm. was obtained
for the tubetdiameter using a travelling micrbscqpe for direct

measurement.

- Taps,
o Spring—loaded glass taps were used, lubricated with

silicone etop-eock grease. -

Jbints,, | _ |
‘The tubes were connected by the units shown in fig.vii.

These were<rigid.components so that expansion could not occur.
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Cons fic 'a‘

A length of capillary tube ‘was used to contrel the flow
rate through thc axperimental tube by providing a high ‘down=
atream reaistance.' Tubes of diffeeent dimensions were used -
to ensure that only low pressurea, ~jocm. Hao, were required
to praduee a particular flow rate. Anomulous results ( steeper
‘and/or displaced curves ‘for cn/b as f(T) ) were obtained when

' high pressures were used to prodnce;thg required flow rate, -

Two possible‘explanatibné of this phenomena wéré(ébnsideréd;
whieh are discussed further in chapter VI,
| a) a deviation rram d atraight interrace at the entrahce to}
the experimentsl tube :

b) a variation in diffusion coefrieient with preasure.

‘Measuremgnt of mean - flow !e;ogitx,
In.the final experimental arrangement a atraight—through_'

tap, positioned downstrean from the cenatriction,was used to
:cohtral the-rlow. The glasa tubing ot one arm of tap 2 was
'drawn out 80 that a.polyethylane tube could be attached as
shown in fig.vi. The whole system was filled with 2N KCl,
" and fhc outrlow'for the entire experiment was cdlleéﬁéd in a
| bottle which initially contained a small amount of 2N KCl
v‘solution. The bettle waa weighed immediatly beforn and arter
the experiment to obtain the mass flow M2 1.:rrom which the
volume flow ‘M2 - “1 was calculated. o is the density of the
T

2N KC1 solution. The experiment was timed by the recorder.
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for cm/e as r(m) anﬁ a ecaler for cm/c as r(x) so that the |

volume flow rate Q = l2 - Hl was obtained and henee thc meen .
o R

flow velocity a 1n the experimentel tube, 1.e. Q = naau.f Tnie

has the advantage of not relying on an indirect cetimate or u.f

"minimieing possible evaporetion effecte and faciliteting a

'workeble experimental procedure. “

The methede employed,previouely ere deecribed in chepter VI.

Density of 2ﬁ Kg;,‘. s o _

The deneity of 2N Kcl aolution was determined ueing a
specific gravity bettle. A value of 1. 093m.cm.3 was. ueed in
.calculaticn or all the reeults.

ﬁ'Dgtermination of x, _ |

o The. flow apperatue was supported by a seaffolding structure
attached to the bennh so thet the position of the resenubir
and tube were fixed. The treek for the acintillation counter
trolley was alee‘fixed to the bench, - 2.5cn, lengths wers.
marked on the track correeponding to distances of the centre

of thc cryetal from the beginning of the experimental tube.
Tnie,facllitated easy meeaurement of cm/c° ae“r(x). "

Cleaning procedure, ‘
The experimental tube and reeavoir were cleaned between

'experimente by washing out with water, hot @etergent;aelution,
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3 hot water rinses and finally driad by sucking air through
the system. This procedure was adoyted to minimise the
likelihood of surface effects caused by other cleaning and
drying agents.‘ All beakers. syringes etc. used to transfer
solutions were’cleaned in a aimilar manner. The 1mportance

of this procedure is illuatrated in chapter VI,

bafetx nrgcedure,
The normal precautions were taken in diSpensing and

hendling the radioactive solution{’2), The total amount of
activity in the tube during an experiment was ~ 3. 5uc. This
was washed out of the ‘whole syatem after an exyeriment with
unlabelled 2N KCl solution, ‘the tube and reagﬂoir were then
cleaned through tap 1. ‘

 Temperature control.

The experiments must be conducted at 25°C, eincé that is
the temberathre at whieh D waS'determined(éj);'_The extent
of the regioﬁ to which this temperature control must be
applied is obviously an experimental problem:; Different
‘.regions of temperature control were used during the development |
 gtages (-chapter‘VI )y put for the series of experiments reported
the entire surroundtngs of the apparatus were maintained.'at
25“0; The control wa: not very senaitive as electric fires
were used. but since the eXperiments were all less than

10 minutes duration fairly effective control could be
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achieved ( ¢0.1° ). The solutions were warmed prior to an
experiment to 25 C» to reduce possible thermal diffusion at

the 1ntcrface(35°)

The laboratory was maintained at 25°C
| for some time prior to an éxperiment»to‘allcw for thermal

‘equilibrium of the flow tubes,

Piéliminéry eXperimenta ( n.b, chepter VI ) demonstrated

| that pressure'and temperature were'iﬁportant factors in
dbtaining égfeembnt bgtweéﬁ theoretical and.éxperimental
results, This may be explicable by the considerable distortion
‘of'théIinperface.betweén1abellgd and;unlébeiled solution
causédfby:in¢redsed applied pressureé;xand lbcél convectioh
currents beina established.by temperature gradients in any
part of the apparatus. A variation in D with these factors
wili aldp pfoducé a small discrepency between theory and

experiment,

It wae found that éipgrimentsAperrérﬁed‘in the following

' maﬁnér, with the arrangement described:gaﬁe consistent results
‘which were in fairly good agreement with the analytical

| solutions of equation (6). Experiments using wider bore

tubes and dirferent rlow measuring devices failed to give these

results ( chapter VI ).‘ It has not been possible to check |
the relativn importance of the different factors mentioned

in chapter VI ( pressure, temperature, ¢leaning, history of
solution etc. ) since the present system was developed, due

to lack of time. Howe#er, subsequént theoretical studles on
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difruaion and viacoaity have endorsed the author 8 Opinion
that any of these factors might be important under oertain cire~

umstancos.

E;pgg mggtgl nroce@gge for cm/o as f{;}, o |

| The region between tap 1 and the collection'bottle was
filled with 2N KC1 for all the experimenta. Tap 2 controlled
the start of the experiment. Tap 1 was a two-way tap allowing

_; u tho experimental tube to be filled with radioactive solution

, and cleaned without interrering with the flow controlling |
ragion., This is more.convenient from both the exparimental |
o'and aafety viewpointa. , ; | ‘ ,
) The experimental tube was fillod with radioactive solution,

“LJThis wss done by letting the aolution flow down the tube

from the reservoir under its own pressure hesd, A syringeo

was used to draw the solution alowly through the tap, tilting
the tube slightlu to avoid formation of air bubbles. The
reaorvoir was cleaned using a fine tube attached to a syringe
'and finally dried with a.tissue on a rod. avoiding the entrance -
‘to tho tube. Tap 1 was turned to the straight through position.
2) Unlabelled oN KC1 Bolution was poured carefully down the |
,'side of the reservoir filling it to a mark u.Scm. above the -
otube entrance.

'. 3) The 1id was screwed on to the reservoir and the temperaturo

of the solution was checked - 25°%C.

'L4) Initial ectivity in the tube (e, ) wes. recorded.
5) Colleoting bottle was weighed.
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6) A emall presaure was applied for the reqnired flow rate.
The manometer was observed for a period Ol tlme to ensure
that thcre were no leeke.‘b Lo -
'7) Tap 2 wes turned to start flow eimultaneoualy with ‘the -
scaler counting at 50 q/e. Flow was 8topped after a time t
measured by the scaler. -
8) Bottle rewelghcd. _
'9) Activity was monitored at diffcrcnt poaitione along the
”tube. A long time constant was ‘used for greater etability.,.
The actlvity waa recorded for a few minutce in each posltion.
”he first position was aubaequently checked to see that there
was no significant decrease in Cy 1nd1caxive of a 1eak.

( The erfect of lcngitudinal molecular ditfuaion during the
monltoring pcriod was demonstrated to be negligible‘by check-
ing every position twice over a two hour. pcriod. ) .
'10) The remaining actlvity was washed ouﬁ,cf,the‘tuoe
' through tap 1. 'Eaekétound was recorded. Finally 2N KC1
‘was waahed througu uhe conatriction region to remove the
activity.,but it was not emptied. ‘ |
11) Experimental tube and reeavoir were cleaned through tap 1.1.'
- 12) c and ¢ as f(x) were determined from the recorder chart.
' The mean flow velocity u was calculated and a graph of cm/c

as £(X), i.e. f(x/ﬁt ) | ’ plotted. ‘This wae then compared
" with the theoretical curve for the eame value of Ato (' Taylor

and/or compuxer )



- '0% -

Experimental procedﬁre for cm/'co ae £(T),
Stages 1 - 3 as for f(x)
L) Counter positionsd at X, and ¢, was recorded.
5) Bottle weighed.v’; ; o
6) Pressure applied, observed ror indication of a leak,
7) An appropriate value of time constant and chart speed
~ were aelected. }
-8) ‘Tap 2 turned aimultaneously with event marker.
9) Fliow was atogpad when c had almest reached the baselinev -
recorded by the event~marker.‘
10) Bottle reweighed. - o
11) and 12) as 10) and 11) previously.; }, . |
13) The chart recorded ¢ and ¢ as £(t). The mean flow
velocity was‘gng§iated and a,graph,df‘cm/c§ as £(T), i.e.
f(ﬁt/xé), plqttgd.j”This was'thén go@pared with the theoretical

curve for the same value of A, .
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Tsble I, Experimental data for ggghs'l - 8,

- Experiment = P em H,0 Constriction
- ~ app. 2" Ticm. den,
Graph 1 ) | |
B2 9/1/67 1 . -
B3 9%57 Wee 11 005
| r h 2 67 ' . =
El IZ/L/G; ~22,8 10,1 0,04 .

Grsph 2, | ‘ |
E2 1l 7 22,8 15. 8 0,03
E2 12/1/67 4.8 10.1  0.0L

Graph 6 . ) o
§§‘ JLE/J./E 6; ~ L8 15.8 0,03

- r h 6 '* _ o '
El §/2/67 " »30.0 .~ 16.7 0,02

%% ~23,0  16.7 0,02
r h 8 - | KR
23 22/1/67 . ~22,8 16.7 0,02

El 27/1/67

6.20

. 6.28

1i.58

126

. 28,0

27.92

55.78

56,22

139.6
139.8

2574

453452

430,92
523,82

523.9
524.16

Qml. sec,

8,599 10_
8.171 10

3.236 10_
3e 531 10

| 8.326 10_

2.328 10

7.807 10
7. 629 10

5.783 10
5,803 10

S 1.5521

1,661 1

1.481 1

- 1.52h 1

.kSh 10
1

1.524 10

1.468 10

2

2

-3
-2

-3
=3
-3
-3
5 .
3.
02
-3
-3
-3
-3

32,4
32.0

4.0
- 14

718 -

| "7.20.

3,61
‘\3¢58

- l.uh

Lluhy

0.781
0.713

0.LL43
0.467

' 0058)4-
0.384
0.384

~ e -



Table It

Experiment P&pp,cm.Hao

Graph
h5'§772/67

E2 18/2/67

Graph 10
El 1772567

B3 16/2/67

Graph 11
E2 1775767

‘B2 16/2/67

11

L5

40
 64x13.6

23

18x13.6
30

25

55

Constriction

lem, den.
7.7 0.05
10.1 o.§ﬁ'
16;74 0,02
15.8 0.03
16,7 0.02
16.7 0.02
16.7 0,02

Experimental data for graphs 9 - 16.

'x°FMQ

150

40

90

992

. 100

99.2

25

Lo

99.2

8,097 10

2,023 10
. .' 200&0'10

Qud. secL

6.895 10_

2

Le3ll 1075
a h0287 10

3.870 10~2

8,031 1072

7.758 1072
8.303 10

6,139 102

6.147 103
1,661 107

1481 1073

1.524 10~

1.685 1073
- 1a720 10_3

l.714 10

2
2 B

. 3.691 1072

Dx

23,7

S27.9

18.7
T6.k

7.40

;: 7006 B

C3.51
BT

1,38

1.34
1.43

1,07
: 1;07

1.14

| 0;637‘

0.656

0.293
0.298

0.297 .

b
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Tsble III. Calculation of g/, a8 £(X) for experiment E2 9/1/67

( gragh,lllg
o 2 o v
x=Z - ZXo02193107%
Ht, ° . ‘ |

Baseline of recorder chart = 8,2divas,

ey = 8l.5 - 8,2 = 73.3divs. o

x cm, ¢ chart alvs. ¢ RYCR X = 2,193 10™%x
8055; 9.7 ' 1.5 B  0.°2oH  , 00187 ,
13.30 13.9 5.7 ' 0.078 0,292
8.40 20,2 = 12,0  0.164 . o.40u
23,40 26,0 17.8  0.243 0.513

28,30 31.0 22,8 0.311 0.621

33,30 35.4 S 27.2 0371 0,730
38,25 401 3.9 0.435 - 0.839

- 43,25 4o @ 35.2 0.480 0,948
48.35 475  39.3  0.536  1.060
53.25 = 51.8 - U43.6 0,595 1,168
58,35  55.7 © L47.5 0.648 1,280
63.25  5%.4 51,2 0.698 " 1.387
68,25 63.4 55.2  0.7%4%  1.497
73.35  67.6 594 . 0,810 - 1.609
78.35 T4 63.2 = .0.862 1,718
83.45  75.1 = 66.9 0.913 1,830
88.45 - 79.1 . 70s9 - 0,967 1,940

93.45 8105. | . 733 N 1‘0 . 2,049
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. mahl . Calculation of o ag £ for e eriment- 1
- ( ggaph 10 2, ' IR g o
Tg.gﬁ.g.ﬂ._.gg.zgo]_ozt

"o na’ B
- . - :

Baseline of‘recordgr chart =,7.5d$v§.
00 = 5802 - 7..5‘= 5°o7di"so '

t sec. ¢ chart divs., o, ole, T =9.29107%
5.0 - . 58,2 50,7 1.0 0.465
55 58,2 - 50,7 1.0 0,511
6,0 56,6 491  0.968 0.557
6.5 55,4  4T.9  0.,945 .  0.604
7.0 5.9 et 0,876 0.650
7.5 48.6 41,1 0,811 0,697
8.0  L5.6 381  0.751  0.7u3
8.5 41,6 341 0.673 0,790
9.0 40.5 . 33.0 0,651 - 0,836
9.5 38.0 30,5 - 0.602 0,885
10,0 35.8 28,3 0,558 = 0.929 -
10.5 v © 25,9 0,511 0.975
- 11,0 34.0 . 26.5 0.523  BD.022
12,0 31,5 . 240  0.473 1.115
13.0 . 28,9 A4  o0.k422 1.208
10 et '19.6  0.387 - 1.301
15,00 23.9 164 0,323 1.39%
16,0 " 23.1 . 15.6 - 0.308 1.486
17.0 ~ 20.9 S 13.4 0,264 1.579
18.0 - 19.4 11,9 0,235  1.672
20.0 16,9 9.4 0.8 1.858
22.0 4.3 - 6.8 0.134 2,0u4
24.0 125 5.0 0,099 2,230
26,0 10.4 2,9 0,057 2415
30.0 8.8 1,3 0,026 2,787

34,0 7.9 0.4 - 0.008 3,159



' Table V, Computer data for graphs 1 - 8,

335 6.0
s o
;:1;;17.18 28,0
359 55.055,
_f~f1;uu.f wo.0
'f9;768 (26 240 o

OV E W e

[':05580 uls.

- Lo (1395)

Graph Ato ('l.)tosec. . Hem.seel?
.53k
”3.965A
1,985
o.u0
| o;u27 .
8,188

0.0172 -

(r) xtoteﬁ'.
50
120
o
00 o
Cae

ffiad  :
32

(B,B*)
025

 0.20
uo;zo'

0.20
0.125
”‘0.20,’

0.20
0.10

(R)
20 -
16
12
12
10
10
10

@
- 270
6uo -

640

- 700 :
1380
1680

1680
3280

80

80
ff}7o:

138
210
210
410’-

M The results for graphs 6 and 8 were taken rrom the printout tor t =l4.19

and 1395 respactively. o

m
0

-st-



_q.g -

2 le ﬂ, Calculatiog of g,(c as f(X) from the comp_uter
rgsults fog t==6,gaec, { gp_gph 1 )

x,--—-—smuﬁ--s.msl

-2

S xem q(é:é' R _X-3.676 107z
2,5 0,002  0.092 |
5.0 0,024 0,184

15 0,079 0,276

10,0 0.147 0,368

125 00,24 0460

‘15,0 - 0.276 = 0.551

17.5  0.332 0,643
20,0 0,384 - 0,735
L2245 0.434 0.827 -

25,0 0,481 . 0.919

27,5 . 0.528 1,01

30,0 0,574 1,103

32,5 = 0.620 = 1,195

35.0  0.665 . - 1,287

37,5 0711 1,379

- 0.0 0.757  1l.470

42,5  0.803 1,562

© 45,0 0.849  1.654
7.5 0,894 1,746
50,0 0,939  1.838

. 525 0,978 1,930



17
able I;I, Comguter results for g( r( 2.

;J_g;ena_ag aio =25.7 _Afo -

toseco

- L4.67

6,0
7.0
8.75

18,5

12,25

4.0

- 17.5
21,0

Ay T

h}.

- 33.52

28,73

22,98

19.15
16,42

14.36
11.49

9.58"

T

0.597
0.767
0.895

1.118 .

1.342 .
1,565
1.79
2, 237

2,683

2) graph 10, A, = 18.6

tosec.

6.0

T%0

8.75
- 12.25
4.0
17.5
21.0
245
28,0

Ao

33.52
28,73

22,98

19.15

16.42

1436
911.49

© 9,58

8,21
; 7018 .

T

0,555
0.647
0. 809

0.971

1.153

1,295
1,619

1,942
2,266
2.590

-gﬁ =0;1 1924
oE, Tt
T 2 =
= -1 2011 20°3
ucm.see, x="d e
o Ao
4534 35,48
om0 "
3.965. 31,03
", 111
' " 1]
L i} it
[ 1] . ‘ 3
1.983- 15,5
" "
ﬁfcm.secfl, x om,
. h;534 'h9.02
3.965 42,87
" . "
R "
: ;tt L
n " ‘
1,983 1.4k
., (ll ) _ ’ 114
. n
" "

W,

0,856

0.673
0.583

0.472
0.385

0. 307

- 0.237

0.132

 0.065

0,797

0.648

0,548

0,468
0.397
0. 270
0.168

0,095
0,048



Table VII, (contd,)

- 3R -

Alormbll A = T2

tosec.  Agg
14,0 14,36
17.5 11,49
21.0 9,58
24,5  8.21
' 28,0 ' 7.18
| 33,6 5,99
39.2 5,13
L, 8 Lol
50.4 3.99
56,0 ' 3.59
4) Graph 12,
28,0  7.18
33.6 54,99
39.8 513
L, 8 4,49
50.4 - 3.99
56.0. 3459
70,0 2,87
84.0 $2.39
98,0 2,05
' 112.0 1,80
1260 1.60
140.0  l.uk
6) Graph 14,
ho L4
157 1.28
174 1.156
209.5 0,960

T N
' 0.500
0.627
0,752

0,877
1,003

1,202

1.404
‘1.604

1,983

1.805

2.006

Axb = 3’52

0.490

- 0.588

. 0.686

0,882

0.961

1,226

1.473
1.717
1,956
2,200

2,404

Ao =

0.743

0.836

1.115

1,07

1 cm,B8eC,

w
n
L

"

0,940

"

0,940

"

. “J
n
"
]

0. 427
"

"

"

"

- 0.427

0.188

- 0.0172

0.188

1

. L

X Cl.

55,4
| ]

1"

1]

26,25 .
"

"

53.7

"

n

2l .
e
n ’

i

35.3

353

0.998

. 0,857

0.733
0.635
0.543
0.405
0.281

0.107

. 0,057

1.0
0,945
0.850

0.757

0,659

. 0.558

0.327

0.155

0.058
0.017

- 0.003

0.920

0,804
3.23

0.660
0.340
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Table VII. (contd,)

-} l Graph 13, Ax°v=" 1.36

Ao
- 3459

t sec.

56,0
70.0
84.0
98.0
©112,0
126.0

140, 0

157.0
209.5

262.0'

Z:‘Qrggh 15, Axé~a;0.6k5

262 0.840
314 0.640 1.008
366.6 0,549 - 1.175
419 0.480 1,344
8) Graph 16, A, = 0.297
525 0,385 0.771
628 0,320 0.928
- 697.5 0.288 1,031
732 0,275 1,080
1046  0,1923 1,547

2,87
2,39

- 2,05
1,80

1.60
1,44
1.281
0,960

'0,768

0.768

T

0.379
0474
0.569
0,665
0.756
0.850
0. 9Lk
1,062
1.417
1,771

u cm,see,
0.427
"

.
w
B B
"
n
0,188
" .

n

0.188

R
L]

L]

0,0172
0,094
0.0172
0. 094
0.0172

1

X cmo-' r

63,14

n

n

"

27.8

]

"11;65:
- 63,65

11.65

163,65
11,65

58.6.

1.0
1.0

0,996
- 0‘958
0,880

0,761

- 0,615
0.440

0.078

  0.“05

- 0.855

0,515

- 0,190

0.041

' 0;965~
- 0.769

0.LéL

029
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Table VIII. Sample calculation for Taylor curve = graph i,

X X1 1.828(X-1)=Z erf 2 fert z LT
c.4bo 0,60 1,0970  0,8792 0.4396 0,060
0.50 0,50  0.9140  0,8038 - 0.4019 0,098
0,60 0,40  0,7312 ~ 0.,6989  0,3495 . 0.150
0.65 0.35  0,6398 0.6344  0.3172  0.183

0,70 0,30 0,5484 0.5620  0,2810 0,219
0.75 0.25 0.4570  0.4819  0,2410 0,259
0,80 0,20  0,3656 0.3949  0.1975 = 0.302
0.84 0,16  0,2925 0.3209  0.1605  0.339
0,88 0,12 0,294 = 0.,2437 = 0.1219 0.378
0.92 - 0,08  0,1462 0.1638 0,0819  0.418
0.96 0,04  0,0731 0,0823  0,0412  0.459
1.00 0 0 0 0 " 0.500 .
1.04 0,04  0,0751  0.0825  0.0412 0,541
1,08 0,08  0,1462 0.1638  0.0819 0.582

© 1,12 0,12 0,2194 0.2437 = 0.1219 = 0.622
1.16 0,16  0.2925 | 0.3209  0.1605 0.661
1,20 0,20  0,3656 0,3949 0.1975 . 0.698
1.25 0,25  0.4570 - 0.4819  0.2410 = 0,74l
1,30 0,30  0,5484  0.5620  0.2810 0,781
1.35 0.35  0.6398  0,6344  0.3172 = 0.817
1.40 04O  0,7312 © 0.6989 . 0.3495 0,850

1,50 0,50 0,914  0,8038 0.4019 0.902
1.60 0,60 1,0970 ~ 0.8792 - 0.4396 0.940
1,70 0,70 1,280 = 0,9297  O.4649 0.965
1.80 0,80 .l.462 0.9613 = 0.4807 0.981
1.90 0,90  1.645 0.9800 0.4300 0.990



r 1 o —=§

o.so
0.60
0,65
0.70
0.75
0. 80
0. 8L

0.88

0,92
0.96
1.00
1.04
1.08
1,12
1,16
1.20
1.25
1.30
1.35
1.40
1.45

1.50

‘.5q,
L0

35

30
’025 .

.20
.16
.12
.08
«04

,o7071
o TT46 .

. 8062

0 1.0

Ol
¥08

.12
.16

.20
«25
.30
«35
40

U5

«50

1,020

1.039

1.058
'10077:

1,095

1.118
1.140
1.162
1,183
1.204
1.265

. e . - . o
Table I&: Sggplg galculation for Tgxlor curve = gragh 15,

«3586
.2867

.22356

«17u6
1279
. 0408
s )

«0392
« 0770
1134
«1436

+1826

« 2236
+2632
« 3012
«3381
« 3738

3,050
2,227

1.872

1,547
1.245
0. 96lL
0.7530
0.5516
0.3597

- 0.,1760

0

0,332
0.4891

10,6409
0.7876

0.96L4L
1,235
1.299
1,458
1,612

| 1;761

u.313;=§:z ert 2

~o7071
5164
NN
.8367
8660
.89l
9165 .
9381
«9592
«9798

1.0

- 0.998ﬁ

0.9919

0.9872
- 0.9217

0. 8274

0.7131
- 0.5647
- 0.3890
0.1966

o
0.1890

10,3614

0.5109

- 0.6353
0.7346
0.8274

0. 8915

0.9338
- 0,9608

0. 9774
0.9872

ferf Z

0.5

0.4992
0.4960

0.4936

- 0.4609.

0.4137

0.3566
0.2824

0.1945

10,0983

)

0.0945
 0.1807
0.2555}
. 0.3177
0.3673
0.4137

0. 4l458

10,4669

0. 4804
0.4887

0.4936

a2,

1,000
- 0.9992

0.9960

0.9936
0.9609

- 0.9137

0.8566
0.7824
0.6945
0. 5983
0. 5000
0.4055
0.3193

2uu5

0.1327
0.0863
0.0542
0.0331
0, 0196

- 0,0113

0. 0064



GRAPHS
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|
|
|
|

Graph.l. X decreased by 3% for experimental
points. :

i
"o |
e !
| e 1
- |
| |
A :
.6. ‘
%
.5- ‘
a4
; 3t
lsec A,
2 o E2 W67 1438 140
X B RNST 1426 141 i
— Computer 4O 44 i
= Convective oo )
5 8 10 2 14 16 18 xio

Graph.2. X deéréaéed_by 3% for experimenfél
points.
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‘
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|

{

Graph.3. X decreased by 3% for experimental
points.

o E2 13w
x B e
—Computer 560 3%
--~Taylor 560 359

IO 12 14 16 I8 .20

Graph.l. X'decrEASédkb&rh%'fof'ékpérimental
points, .
£ decreased by 4% for Taylor curve.
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6-'}45-9|ourzt3r‘4tsr6r7xr'5"

Greph.5. X decreased by 4% for experimental
points.,
X decreased by 2% for Taylor curve,

' Or
:clc‘ﬂ
or
. 8t
B
-
-5}
}‘ .4}
)
’1 3
o E2 &/2/67
1 x B 626
— Computer 262 %8
A --- Taylor 282 73
Oz o R I N L L AL

Graph.6. X decreased by 3% for experimental
points.
X decreased by 1l.5% for Taylor curve.




Graph.7.

=

Graph. 8.

_%b-

X decreased by 3% for experimental
points.

X decreased by 1%% for Taylor curve.

e AL
sEay S5 %
° :

x & 27her 52416 384
— Computer 523 385
--— Taylor 524 384

X decreased by 3% for experimental
points., '
X decreased by 11% for Taylor curve.
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Graph.9, T decreased by 5% for experimental points,

o'

‘C/co XoCm, le/scc: Axo

{9 ° E3 17/2/67 S0 69 10 237

% x E2 1B/2/67 SO 8l 1I0* 279

8 ™ Convective o
.6.
.5-
.4}
.3.
-2F
Bl

5 * s
O ~~
- x
Q4 6 B8

0 12 14 16 18 20 22 24 26 28 30 32 .

explicable by the uncertainty in time
measurement at fast speeds.

1-O7
| Cley 0 XoCm. Qnilsec_.; Ao
P X o B 17/2/67 40 434107 187
) \, © x E3 16/2/67 40 42910 184
\ o Convective ©o
8 —— COmPUtCI' 86
.7.
-6
.5-
.4
.3-
2
A “*o-...
“Sgmes
N . : R -XT—-’“’.""“:--- ‘
%% 70 12 4 V6 8 20 22 24 26 28 30 32,
Graph.l1l0. No displacement.
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[Xe) x
Seo ._°ox Xodm.  Gmifsec. Ay
o \} oxx og2 17267 90  38710° 740
x E2 /267 9O 369 10° 706
| ‘\.\o — Convective o
® B =-==- Computer 72
7
6
.5»
4
.3-
2
-
. X -ox..0
OF—% & 10 12 14 16 18 20 22 24 26,
Graph.1ll. No displacement,
1-0r0_ & .
U N Xgem.  Qumifsec. Axy
9 3 cE 7966 992 202107 385
S x X B 14966 992 204100 354
8l R0 x — Taylor 992 209107 363
\?‘3‘ ---~ Computer 352
.7.
.6.
st
B
.3.
o
i .].
‘ fo) N . . N . R N . N . Q--.--_N-.'UX"-~ 1
i 5 -6 7 8 9 O 213 M B K6 7 g 19 Teoi
Graph.l1l2. T increased by 1i% for Taylor curve.
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|
.
| xecm  Qmijsec Ay
| 9 o E|, 23f7 100 8O3 I0° K38
! x E2 23))7 100 776 10° 134
8 v B 2467 100 830 IO 143
\ — Taylor 139
Lar
Lo
|
g
4k
3.
‘ 2F '
b .
‘ \
i 4F ‘
|
—= 8% 156 h 2 B =

Graph.1l3. T increased by 1i% for Taylor curve.
T increased by 2% for experimental

- points.
Y !
| c,c' i
o %cm  Qmifsec Ay, \
: o E3 30/8/66 992 &4 10° 107
! X E2 13/9/66 992 6&I15 10 +O7 !
.8 v B2 6/2/67 25 166 IO° 14 |
— Taylor 612 107 106 |
7t L
By %
| |
{5t ;
)
| |
' |
;‘ 3 1}
i \
) -2-
| NS

5 6 7 $ 9 0 W 1 2 15 1610

‘Graph.lu. T increased by 1i% for Taylor curve.
: T increased by 1% for experimental
points. '
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Tef

[
i I"; Xem  Qmisec Ay,
: ° El 367 40 148 103 437
| x B y2lez 40 152 107 656
| 8} ~— Taylor 645
)

6f
i
Pos
L4
i3
{i
| 2
‘ I
} .
! o ——
} 85 ks B @ 9 % 10 05 W B 13 =5 T 135

Graph..l.5. T increased byl—% for Taylor curve.
T increased by 3% for experimehtal

points.
i
| Kor
¢ Y ,
‘ XoCm Qniln_:' Ay,
L9 o B Wa/66 992 R IOY 293
| X E2 W8je6 992 17210%° 28
L8 v B jo/66 992 171107 297
{ — Taylor 92 17210° 298
Lat
E .6-‘
L s
|
L4
1
I 3t
|
|

3 T
!
s A 585 10 105 W5 13 15 13 L %

Graph.16., T increased by 1li% for Taylor curve.
T increased by 2% for experimental
points,



.;ﬁ.-.

CHAPTER V

RESULTS{ « cniYof. DISCUSSION and ﬁNﬁLVS/SJ

The experimental points shown in graphs 1 - 16 were obtained
using the arrahéemént and technique described in chapter IV |
with the excaption‘of'12; 14 'and 16. Apart frdm E2 6/2/67,
| graph 14, the arrangement for the earlier experiménts was slight
ly different than deecribed, but these results were consistent,
The reasons for the modificationa are explained in nore detail
in the follewing chapter. ' For the earlier experiments the
foqm was‘net"ﬁarmed. but‘a water jaCket surrounded the section
of the experimental tube between the resmrvoir and detector,

This was maintained at 25°c. Room temperature was recorded

and for the experiments reported, this ranged from 23.8 - 24.8%,
80 that there ﬁere no large temperature gradients., The flow

" rate was determined from the mass flow collected from L - 6

times during thé experiment. This was possible because flow

was slow. A variatlon of less than 1% for the flow rates

determined. during any one experlment at the two slower flows

was recorded (- grapharlul& 16 ) and less than 2% for the

faster rate ( graph 12 ). Pressures exceeding 3Ocm. H,0

2
were used ( table II ) to produce the required flow rate.



;qig'

However, during the stage of development at which these results
: Werq.dbtﬁined ( September 1966 )‘the-preasura was not appiied
until just before the start of flow (‘ﬁﬁlmin. ). This may
'notVbe-aignificant and‘ié\discussad~ﬁore’fully-1n‘chqpten-VI.

| Using the eprrimentalrarrangemegt aﬁd téchnique N
described in chapter IV a‘eomplcte‘séries of aelf—eonéistent
results was obtained. This method wasVdevelopedfexperimentally
as describea in chapter VI The deviation from the 'idesl’
boundary conditions and the variation of the different
parameters in the equation when the flow conditions were

altered was investiggted;

Qaleulation of resulgs, |
The following values were constant for all the

| 'experiments and are therefore not quoted in the tsbles of
‘ ’ data,

Temperaturev 25 c.
Diffusion eaeffieiant, D = 1.85 10 5cm?see.1
Radius of experimental tube, a = 0.061 cm.

Density or 2N Kcl,/@ = 1.09 gm.cm.3

The experimental datatrequired to calculate X and T for the |
resﬁlts\given in grephs 1 - 8 and 9 -~ 16 is contained in
tebles I and II respectively. |

The chart‘recorded-co and ¢ as £{x) when flow was stopped after
a finite period of time t,. Table III shows how these rasults



-.Q3 -
weré:convertedvto‘give cﬁ/c.—as f(x) for a pérticular expériment.

| Similarly, table IV shows how cm/c ‘as f(x) was dbtained rnom

| the experimental reaults.'

The experimental points for each value of Ato and Axo were
plotted on separate graphs.

The computer was programmed for a corresponding series oz Ato.
'vvalues. A description of the manner in which the compuxer
\ muat be programmed ( the data 1nput '} is contaxned in the appen=-
Caix (pyied ),_ For this series of. ¢aleulations S and S' of the
'data,input were constant, equel to O and 4 respecuively. The
'Vnuﬁbdr of time steps was-calculateé'frbm‘
Cav Sﬁ"' 1

L . &2

A‘ (Ar)2 (Ax)2

Table‘v gives the computer data for graphs 1 -~ 8, A sample
~ of the data inpnt for Af°=33.5 ( % o=6+ anc. ) is ghown in
the appendix (p.IUQ The print-out gives cm/c as £(x) at
finite time intervals specified by thc print indicator.
Table VI shows how cm/b as £(X) was dbtained from the
computed results.

The computer rgéults for cm/co as £(X) were plotted on

: o L X T _ son
transparent graph paper to ensble simple direct compary}

with,fhe corresponding experimental and/or‘Taylor curves.,
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The computer solutions for cm/co as’f(T) wefe determiggd'from_
the print-out.for cm/c‘ as £(x) as*described'in chapter II.

All the points which were available for each greph ( Ag, value )
 were calculated as shown in table VII. The corresponding
curves are shown in graphs 9 - 12 § the computer points for
cm/c° as f(T) ar not shown in graphs 12 -16 since they are in
good agreemgntvwith the Taylor curves aﬁd,also very few points

were available.
The Taylor enelytical solution B) for fixed t, is
cm/c = /2112 et [ J;_a_ (x-1)| ()
N ™ o d - g

A sample calculation for cm/c as f(x) at A t0#3.59 (,to=56sec. )
~is given in table VIII. The values for the etror function

were taken from "Tables~of‘the error function and ite

~ derivative ~ AMS4l " published by the U.S. Department of
Commerce National Bureau of Standards

~ The Taylor analytical solution B) for fixed.x; is

=1/2 % 1/2 ere b (1- ) I (15)
oo T MET MR U”A:i, i ] | '
A aaﬁple caleulation of cm/c' as f(x) for Axo-0.6u5

( x -uo, Q=1.5 10 3 ) is given in table IX.

The curves for'cm/ca'aa f(x) and,f(T) were plotted on
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‘transpa#ent,graph5paper to facilitate easy comparison with the

correspogding.experimental and computed results.

The theoretical curves for purély convective transport

. ( laminar flow ) are
edh =&Q Ce) - I ¢ )
°m/°’1/2T I R ¢ 5%
These'curveé were also plotted on transparent graph paper,

gomgarisgg or resulta, ‘
' » A small. variation in. Ato or A has a negligibie‘effect
'on the shape of the curves. This mey be demonétrated'by |
theoretical calculation and 1is also noticeable in certain of
the experlmental results. - '

.' The graphs for corresPonding Ato values were superimposed
for compariaon. It ‘was found that the curves agreed in shape
“but not'positioh.r Similar results ‘were dhtained for
corresponding Axo curves. _ ,

In plotting graphs 1l « 8 1t was decided to adjust the
position of the experimental andwmaylor_curves to agree with
the.computer=curve at.c /c _=0.5. . The latter curve should
give the ‘most acéurﬁte:description,of the dispersion, since
" no terms in the partial differertial eqnation (6) were ignored
in dbtaining this solution. |
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A constant dieplacement or .~»3% was regquired for the "
experimental pointe. The ehift in the Taylor: curve ‘was |
greatest fbr short timee but decreased to a\ccnetant faceor |
of ~13% at long flow ‘times, as might be expected. At ‘these
'long times the computer solution 1is poeeibly inaccurate to
3 = 4% in cm/b due to the eize of the Ax etep in the progran.,
The finite difference method 1nd1catee that the curve tenda
to the Tayler eelution when smaller steps are used ( 1.e. it
beeomee eteeper and ehifte te the right ).

It wae more difficult te decide on the poeition of the

curves for cm/c as r(r) » graphs 9 - 16, eince an exact

vercemputer solution wae not available. It was decided to

 aisplace the Taylor curve 13% to the right in accord with the
"previoue reeult for Ato 0.7. However. on reflection it
.‘would have been more consistent to have displaced the Taylor
curve by the seme amount for correepending A, and Axa values.
This would have resulted in a dieplaeement of'v 3% fer all

the experimental curves, except graph 2.

_ The shape ef the curves is in good agreement and demonstratee
‘vhew molecular diffueion becomea more 1mportant in determining
the diepersion of 1ebelled material as Ato and Axo decreaee.
~ The displacement of the dirferent curves 1e stated below
.,each graph.”

Dieerggggpx 1n the position of the gurves, \
Since all three curvee ( graphs 1- X:! ) differ in

position it is difficult to isolate and qnantify the eouree
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 of error. |

A systematic error of ~ 3% in the experimental results
is suggested if the position of the computed results is
‘regarded'as correct. An‘error in the;determination of X

would give a'&iaﬁlacéméntgwith'respéct to the ordinate,

2, _ .2

X =;_§;: = @ma’x = _gap ,ntf
; v uto o Qto (MZ- Kl),

A poséibié l&‘érrbr'in the’determinétion of 'a' and o

[,‘could therefore eccount for thls 3A discrepancy. “The

‘measurement of x could also contribute a systematic error
" 1n the calculation of x, due to the uncertain effect of the
"mixing region' at ‘the tube entrance. It is impossible to
}quantifJ ‘this effect without furuher extensive investigations.'
I is therefore conceivable that a‘maximum systematie error
Cof 4 - 5% could be present in ths determination of X.
181milanly‘an equiva;ent systematlc error must be present

in the calculéticn of T reénlting in.a displacement in the
 opposite direction for c /e as £(1). |

»3
i

‘st
o+
v
cr
1

x 2 -
° 78 X, : ‘Iﬁ_aa/a Xo

Graphs 9 - 16 suggest that this ia the case,

The effect of the mixing region at the tube entrance
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will be to create a diffuse, rather than sharp interface.
Since both the Taylor and computed analytical solutions
consider a sharp boundary this might explain the difference
between the analytical and expérimental resultis,

It is also possible that there might be an error in the
computed solution due to the finite difference method employed.
This may be as much as 3 = 4% for slow flows, long times, but

is considered to be negligible for fast flows, short times,
| Taylor's solution B) is also an approximete snalytical
solution which will be most accurate at slow flows,'iong

tines,

It is therefore difficult to assess the importance of
the\relative positions of the curves due to the poésible
errors involved, The author haé chosen to plot the curves
to demonstrate the excellent agréement in shape. Rich and
Goodman(55) reported é'similar discrepancy in the positions of
. the Taylor and experimental curves, although the displacement

~was net constant,

~Shgpe‘of the eurves,

The exjerimental points tend to be steeper than both
the cohputed and Taylor curves for Ay = 3,6 = 0.7 énd
Ao = 7.2 = 1,07 inclusive ( graphs 4 = 6 & 11 - 14 ), This
would be explained by sn error in D ¢ if D was slightly larger

than 1,85 :I.o"5 it would be more noticesble in this region
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' between the two‘analyiical solutions of Taylof;

gonclusions,

The Taylor and computed analytical solutions of the
difrarential equation L RN
ot IR o '3x ! L

'.>agree with the experimental results within the estimated range

5f‘offerrors.; This'constitutea~a‘eempletely 1ndependent

",axperimental verification that the disperaion of labelled

solutes during fiuid flow through a tube will be determined
- by this partial dirferential equatisn, (6).

; yalue of the Tgxlor 1negualitx, , ,

‘ Eqnation (16), ehqpter iT QXpresaes Taylor a condition B)

,vas.‘ - e e T
s - '8‘2 o - | ]

Ayo <ﬁ-(3- ) S ) o , (1 )‘

i.e. | ' |

CApy LC Lk

Results for Ato = 3,6 show agréément between the Taylor,
computed and exper;mentailcunves for the region

| cm/co = 0.32 - 1.0. This corresponds to a 4x inequality for.
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equation (16);  For a 10x. inequality, At°=lghh,-divergencé
from the Taylor curve was obtained below cm/cO = 0,2. Thus

condition B) is valid when

-Até < 1.4

i.e. to . 2' 10 __a___‘___
(3.8)%D

However, the eiperimental and computer results indicate that
‘ﬁoleculér diffuaion ﬁi1i aiwayé have sone éfféct éh the
disperéioh of labelled”solutes. i.e. it is impossible to
'bbtain.purely_cdnvéctive transport ( iaminar rlow_)vfor a
‘finite value Qf bg Theaeiimplicationé wil1‘Bé'diacussed in

the following chapters.
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Once coneietentvreenlte uere obtained-the majority of

experimental reeulte qpoted in chepter'v were acquired within

5 - 6 weeka, The following chronological aecount of the
development of the experimental arrangement‘and teehniqne
deBCribed'in’chepter'IV.ie given to help assess. the acénracy

of the method and to elucidate the diffieultiee 1nvolved. The

| basiec method coneieted of designing experimente corresponding -
i to the bpundary conditions for the Taylor and computed numerical
solutions. . Flow conditions repreeenting different values

of the Taylor inequality were‘ealeulated,;eneuring that Re

was less then the critical velue. All experimental results

were repeated‘end compared for eelf;coneietency. COmperieon
was also. made with the- Taylor theoretical curves, A deviation
from the latter wae considered in terme of an error in flow
rete measurement, a variation in D, ‘or in the boundary
conditione, and the experimental arrangement was cheeked '
accordingly. The method will become more evident during the

account of the development.

The experimentation was baeically the same as described
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in chgpter IV 1dbelled material of unitorm concentration
e o= c was displaced by flow or unlabelled, ¢ = 0, but other-
‘ wise identical material from a reservoir.» In the original

experimental design the electronio counting apparatus was as

. described in chapter Iv, but the flow system was slightly

 Vdifferent.. The reservoir, experimental tube and flow controll-'
ing'régionAwere as shown 1n fig.vi.. but the final section l
beyond tqp 2 conalated of a flow measuring device. Initially
F:the temperature,of the salution in ‘the reserv01r waa maintained»
“at 25 C by water from a conatant temperature bath circulating
through the heating coil. The solution was stirred to

' 'facilitate more rapid equilibrium.' A water Jacket surrounded

E ,tha experimental tube between the reaervoir and the counter.~

iThis was maintained at 25 C by waxer circulating from the-
conatant temperature bath. It was only possihle to determine
cm/c as f(T) with this arrangement. | |
. The flow measuring device that was usad 1a shown in
5f1g.v111. The tap section occupied the aame poaition as _
‘tap 2 in fig.vi. The transit time of the mercury meniscus
” ,between electrodea 2 and 3 was fimed using the 12V relays
A and B to start and stqp a scaler counting at 50 q/a. The

wvolume V between electrodes 2 and 3 was calculated by using

o an Harvard pump to produce a known flow rate Q- and measuring

the correaponding transit time. to

then', S V=aqt,



An accurate value for the volume flow rate may then be
. obtained from the cobresponding transit iihe; |
To avoid contaminating:the.meroury thia device was used

prior to a oeries of experiments5and a;oalibration'curve
uplotted,so that the volume. flow rate might be determined
- directly rrom the applied pressure._ A‘graph -of applied

;gpressureoagainst reciprocal transit time'givesza'stioight

‘o line cutting¢tho pressure ordinato‘at §P, where the actual -
pressure difference betweon the endswofjthevtubé is

AP»:: Ppp-SP

.

Employing Poiseuille's equation. the 11near relationahip
between Papp,and‘l;/t° may be shown theoretically. The equation

L -
"??Pp.’ k,/t° + SP

‘ where;k' is a conatant for the £low aystem., For the system
deacribed SP was fairly 1arge because of the back-pressure
due to the surface tension of mercuxwu OP was assumed constant”
under the soﬁe'oxternal conditionsxand 1e analogous with
‘yield streoa.< During an experiment using radioactive aolution
outflow occured through tap 2b, fig.v1ii. The dimensions
of the constriction had been calculated ao‘thoﬁlthe major
' pressure drop oocured in that region, thus controlling the
fiow réfe. It was therefore considered that flow would not
vary appreciably for the two conditions.

Experiments to determine c,.88 f(t), i.e. finite distance;i
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were.perfObmed corresponding to'Tayloi'é'conditidn}B).' The
results for °m/° a8 £(T) were,caloulated and compared with

Taylor's analytical solutiona. The curvea did not agree with
regard to position, which suggested a diecrepancy in the
flow rate determination.‘ Flow rate measured by collection
during the exberiment was found to:be greater‘thah,that |
deyermined'from'the calibtq;iohvdﬁrve. In retrospect this is
obvious, since §P must have been much less when the mercury
timing deviee.was‘not'incqrpqrated in the flow system,

) The timihg device was‘theréfore abandoned in favour of
cdllecting'thgidutflow thrqﬁgh ﬁap 2. Preliminary experiments
ﬁefe'at slow flow rates so that the mass collected. during a
time between 1dentical events wes recorded ( drop falling to ‘

‘drop falling ). A variation of less than ‘1% was obtained
for the flow rate determined from successive collections at
room temperature for a given applied pressure. _

~ Experiments to determins c /b a8 f(T) were rapeated.

The outflow was colleeted for a six minute period during the
axpariment. The enrves were inconaiatent and deviations of

‘1 - 3% on both sides of the pivot point ( cm/b =0, 54 T=1,0 )
‘were. dbtainad. A uater jaeket was placed on the constriction,
but this made little dirference.

- The flow rate determined at intervals during the experimend
showed an initial increase before stgady £low was established.

This was considered to be-duerto the temperature gradient

existing between the constriction and the termination of
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| the water ‘Jjacket on the expcrimentql tube, i e. when the
warmer solution reached the constriction the rlow rate
increased, ‘The wateg jackgt Dn,the‘constriction,was removed
 and‘£hé‘f1ow éoiumevbetweén theicohstrictIOn”andvthe end of
the other water Jacket was increased._ This ensured that
only -golution at room temperature passed through the constrict-
‘iop during an experiment. so that the flow rate remained
‘sensibly constent. "1‘6' allow for the variation of O] with
vreom témperatﬁre the fldw’rate‘waS'detérmiﬁad dﬁring-each
| experimant. ) | | | -
Consistent reaults for cm/c as f(T) were then dbtained.
The poaition of the experimental curves corresponded closely
with Taylor B solution,rbut the former were much steqper.
D was calculated rrom the experimental points and the
corresponding theoretieal solutiona calculated. The experiment-
: al points agreed fairly well with this curve, but D was ’
'approximately twice the adoyted value, In yhe foliowing: |
series of experimenta it was decided tq,éwitch the stirrer‘
. off about 5 minutes before flow was started to allow'the
solution to 'settle', The reaultlng curves showed much
better agreement with the slope of the Taylor curve for
= 1, 85 10 ch?sec.l.- .

| ( It is obvious from the kinetic theory for difrusion,
discussed in chapter VII, that an increased value for D
would be‘expecﬁédwwhen'mechanical energy is introduced to

the systém.by stirring, but this had not been considered in



setting—up the experiment. ) , | A
The following series of experiments gave results which
in eome canes showed good agreement with the theoretioal
'"curvee, but at other times were consietently ateeper. This
*was puzzling since none of the parametere had changed |
: noticeabxy. A change 1n the soluxion itself was regarded as
a poesible explanation, but reeulte ueing different eolutions
. were 1nconc1usive. It was. therefore decided to uee freshly
';prepared eolutions and proceed with experimentation at raster
flow rates, o | E ,v. | S
The. end of ‘the experimental tube was snapped off when L
‘being cleanod\prior to this series of experimente. Thia

: meant that the detector was veny ‘near. to the end of the tube

"i' end tap 1 when the apparatue was reassembled. Results obtained

for om/c as f(T) exhibited: an extended tail region with Cn.
dfailing to return to the baeeline. A change in the counting
‘geometrvaes considered reopgpible,dso that fhe effect of ‘
radioacti#ity~in~the tap region was inveetigated;_vFirstly; |
the tep‘wes.filled‘with radioaotive'solution and a graph of
activity ag‘ai‘hst distance of the lead ghielding from the tap
( end of the tube ) was plotted, The recorded actiVity‘wee
obeerved to decrease with diatance from the tap and reaoh a
normal background level at about 16cm. from the tube-end.

| Secondly, with the: outside casing of the counter approximately
l.5cm, from the tap, the tube and tasp regilon were gredually
filled with radioactive solution. A graph Of‘recorded
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activity against positioh of the meniscus was plotted, as
~ for the efTactive window of the cnyetal { fig.iv.‘) - An
initial plateau region was obtained with the tube full to
;¢v2em.;beyqnd‘the casing,”but this increased by apprqximately
5%‘when the tap begion was'full and a second plateau was
‘bbtained.:_When the counter was moved R(ISém. from the tap
the peéorded actiyiﬁy_returned to the~orié1na1 plateau value,
corréapondiﬁg td a symmetrical countihg'geometny. For all
the reaults quoted in chapter \' the eaunter was at least
20cn, from the end of the tube, | |

Apart from the first curve obtained during the next
serles of experimepts ‘the results_were still ccnaistently
steeper than thefthébretical;cu;ves.,’A réf?rence‘to cleaning
and drying agents with regard to possible surface effects
in a papei on flow ‘through tubes made the author decide to
use the cleaning procedure describad in chqpter IV. The
method had ‘not been atandardised previously, but in the maJority
of cases a volatile drying agent had been used, €8s alcohol.

~The entire apparatus was diamantled and thoroughly o
cleaned before the next series of. experiments. The ayringes
and beakers used to transfer solutions were also cleaned. 'On
this occasion therexperimental end theoretiegl results were
in better agreement, but a variat;oh in position with respect
to,fhs ordinate wes obtained. Finaliy,»after some trouble
with lesks Belf—consiétent reéults‘were obtalned. These were

 in good agreement with the theory at very slow flows and
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tended to be slightly steeper than the theoretical curves as
the flow rate ({Axo) inereased, - Largerlpreésures than for
the method described in:chaptef IV were used, but were not :

appliedﬁuhtil Just before flow was eomménced'( <1 min. Ye

| ‘  Examples of ‘the reaults dbtained at 3 different flow ratea

‘are shown 1n graphs 12,3114 and 16, chapter V Room temperature
was b 24%¢ for these experimgnts, so‘that the appliéd preséure
- was the'only abpreciably different'parameter‘( table II ).

The late applieation of pressure for this series of experiments
andxthe inatability of the recording syatem do not permit

‘any definite conclusions to be drawn aboux pressure effects

::'from these results.

At this. time computed solutions of equation (6) were :

» not available ao that it was diffieult to Judge whether '
this-was a.minor fault in the experimental system or Whether,
' Taylor 8 solution B) was no longer applicable, It was~there-
"fore decided to investigate ‘the diaperaion of 1abe11ed material
under Taylor 8 condition A)e In order to dbtain condition A)
- and a low Reynold‘s number a wider bore tube was used.

| - The total rlow vclume for these experiments was large,

so that the volume between the constriction and water Jacket
~was increased to ensure steady flow. The flow rate was
meaaured twice-during‘an experiment by cqilectién of'fhe
'6u£flow. This method was not Bo acéﬁrateﬁat fast f1ows, and
variations‘ofja - 10% were recorded between 9'pairsjof these

' determinations. The variation was minimised by using en



event-marker in conjunction with the recorder to time the
' ‘oollection instead of a stog-watch. Variations of 2 - 3%
: were obtained using this method. | |

_Using;a Lmm. bore tube inconsiatent rosults'were
obtained which were mafkedly different fron Taylor’s solution
Ae The‘ourves'obtained appeared. to depend‘ohvﬁow long before
the start of flow and in what‘mahnor.the ﬁressure‘was applied.
For one particular flow rate 3 types of curves were obtained
under apparently identical conditions. The possible»variables
‘were conaidered to be room temperature and the initiak L
'Aboundary conditions. There appeared to be e slight correlation
: between room temperature and the type of result obtained. |
The possibility of fixing a shutter at the entrance to the
~,experimental tube to establish the reqnired boundary conditions
was inveatigated. However, it was considered that- the |
removal of the shutter would also cause a disturbence toothe
.boﬁndar&i A.bottef approximation‘to the ideal boundary
conditions‘migﬁt’be obtained where the removel of the shutter
starts flow, but this wes not ‘tried, A few experiments were
performed with a scintered glass plate over the tube entrance,
since it was consxdered that this would give a better approxi-
mation to a straight interface. These results were also
;'1nconsistent. Iﬁ appeareavimpogsibleto.atandardiae the
' experimental technique usingwthe\Wider‘bore-tube; It was
obvious that a oonsiderdble deviatioﬁ from Taylor's boundary
conditions existed, since the 1nterrace did not appear straight
during the filling procedure.



The nature of the flow in the tube was questioned, but
| the author considered that the inatability of the initial
‘fboundary conditions was more likely to be r33ponsible. A
 ?81mp1e theoretical investigation of - the 1nfluence of. the
1n1tial boundary conditions on the dispersion auggeeted that

‘~A‘Ait might bq,easier_tc intgrpret<results‘optained when flow

was stopped after a finite time tge | |

‘H The same espparatus was used, with.the water Jacket
removed from the experimental tube B8O that the counter could
be moved along the length of the tube. The roonm temperature
was maintained at 25 c to compenaate for the removal of the
water jacket and also eliminate the additional variable of
room temperature, These experimental1resultsvwere,alsp
1n¢onaist¢nt,,a;though qhe_gxpgriment_with Atoﬁf'SOO. gave
gbod agreement with theiso;uiion for Taylor's condition Ai),
‘ except.in the;region gm/¢g<;0§3q In this region the expe;iment-
~ 8l results were less than the theoretical results. During
another experiment the counter was igrt.9cm. from the tube
rentrahce.and the pressure was reﬁdqu after the'flow had been
stopped. An immediate increase ih activity was observed

' 1nd1cating that back?flow had taken place along the ﬁube.
Pressure_ﬁas reapplied immediately and the recorded activity
decreaééd.lehis'led}the author to_investigate the distortion
effectaidn the primary interrace whenvpressure waa.applied.
Two methodé,were’uged_to study this effect : a) the tube full
and the reaervoir“emptyv b) using dye solutiohs. Changes in

‘the boundary of labelled and unlsbelled solution were also
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 inveétiga£ed és_é.pqssible>éourdefof‘ebroﬁfin'tﬁe’measurement
-‘of'x;/éince a diéplacéﬁént‘ﬁith'r83§écf to the ﬁivat poiht‘
was exhibited by the maaority of experimental reaulte. Thesé :
effects were studied in different diameter tubes. |

_ With the experimental tube ccmpletely filled with
| solution and the reservoir empty the meniscua was dbserved
to travel down the tube on application of a pressure S so0cm, Hy.

The distance or travel was dependent on. the pressure applied.

'/,;Motion was not due to a leak since it at0pped after a short

time and was reversible, i.e. the meniscus returned to 1its
‘original position when the preaaure was removed. No air
bubbles weve observed in the tube, although on certain
'occaaiona the selution aia appear aerated.‘ Prior to this
the solution had been drawn through the tube from the reservair
‘using a syringe, but aubseqnently it was allowed‘to\flow
‘through the tube £illing it under its own hydrostatic pressure.
Hoyé?er. an enxry‘effect wes 8till observed on application
~ of increased préssurés; All joints in the system were rigid
vas shown in fig.vii. 80 that the reason for thia behaviour
“could not be establiahed. . |

An entny effect was also observed with the experimenﬁal
>tube filled with 2N KCl solution and the reservoxr containing
| 2N Kcl solution dyed with red 1nk. A region containing dye
‘was observed extending several mms down the tube. This was
seehvwifh no pressure api11éd and occured simultaneously

when solﬁtiq@ was poured into the reservoir. This meant that
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instead of a eharp interface there was a zone of mixing. In
the 0.122cm. tube this entny was mlnimal and was 1mpoesible
| to,perceive with dyewsolutien in the tube end clear golution
“1n the‘reservoir. ‘The extent of the mixing. region increased‘
‘with time and pressure. The latter effect was reversible to
8 limited extent. A disturbence to the solution in the
reserveir. e.é; atirring,’only produced a small chapge in
”-the:mixing,regioe.,-Thewzoneﬁof mixihg'appeared‘uniform over
the croae~eeetion 1nfthe~0.122cm.'tube.e Entry effects were
vﬁuch'larger'in theio.hem{ tﬁee and iere:uusymmetrieel, not
even appfoximatiﬁé to a straiéht interfaCe. fig.ix. Dye
»soluxmon was dbserved to pass into the reservozr under
resting conditions, | ”,', |
' Entry affects appeared to depend on tube diameter.

pressure and time. The manner in which . the solution was
introduced to the reaervoir and any subseguent dlsturbance to
the eolution were secondary factora. The effect of a
temperature gradient between the two eolutiona was nob inveet- |
, igated exParimentally. However to eliminate an increased
exchange due to thermal diffusion both sclutions were warmed
- to 25% prior to. an experiment. | ,

The theoretical implicatloha of theee entry effecte;are
not diseuesed. but the exﬁerimentel»precedure was modified
. to minimise this possible eoﬁrce of error.

_Attempte‘to use the O.ucm.'tube‘were abandoned because .
ofgﬁhe‘raeymmetrical boundary‘conditione.' It was considered

that the mixing rcgion in the 0.122cm. tube might be}expected
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to have no effect when c /c_ as‘f(X) is studied, or in slow
flows where Taylor'efsolutien;for cm/covae f(T)‘applies. -
However, where‘the total time"for cﬁ/cd”ae £(T) is short an
extended curvendieplaced to the left mighn'be nroduced as a
result oflthie mixing'zone.v An uncertainty in the éeterminat-
ion of x is aleo introduced by this effect,

A tube of 0.1220m. diameter was used to obtain all the
results given in chapter-v. This meant that the Reynold'
numbers were large for the faster flnws ( condition A ), but
| these were otill <:50 8o that this was considered to be o
eunimportant compared with the variability of the boundary
‘conditione in the larger. tubes. Justification for this view
‘was obtained from Taylor 8 experimental reaults, in which
'emali tuhes were. used for all flow conditions and Reynold'
numbers wero.=>110 for fast flows, i.e. condition A) and

laminar flow diepereion. Pressures of lees than 30cme K0

2
were used to provide a fine control for the Llow rate, the
'high downetream reaietance of the conetriction providing the
.l overall control; Both solutions were warmed to 25°C prior
‘to an experiment. The etirrer was no longer required. The »
‘radioactive eolution was allowed to flow down the experimental‘
tube under ite own hydroetatic preeeure.

: Practical dirfieulties were encountered in determining
the flow rate during an experiment at fast flows, Leaks
.also tended to oocur through the two-way tap 2a, with this

arrangement, The‘final-system_that was devised for determining

the mean flow velocity eliminated both these difficulties



-~ U -

( n.b. chepter v ). |

As stated previously the aim of. this series of
experiments,was to verify Taylor's analyticalbsolutions cf
equetion‘(6), and to estimatevthe range'fcr.which they are
- valid, This was achieved for the particular experimental
‘conditions described in chepter Iv. It,hesualso been demon—'
vstrated that the partial differential equation (6) mey be.
-solved by a computer to give.the diepereion cf'labelled '
materlal for a range of flow conditions. -Unfortunately,
it was not possible to 1nveetigate the relative importance of
" the differentvexperimental parameters in determining the
diepersicn, i.e, the»effect}on~D of preBSure, temperature .
,and'hietcry of the soluticn?; dﬁe,to lack of time. The phrase
'hietory of the solution' has been used to include such
 factors as method of setting-up the ihitial ccnditions,
cleaning, stirring etc. Results shown in graphs 12, 14, and
16 euggeet that at slow flow rates ( condition B‘) pressurec
and temperature effects are not as important as dlscussed
1ater in the text;‘ However,.the variaticn in theeefparamefera~
was emallrand‘even if a IQQ% change in D was produced,
which is ﬁnlikely;.this would only cause a slight increase
in the slope of the theoretlical curve under conditlons where
Taylor s solution B) applies, ‘when the implications of
equaﬁionx(G) are considered from a theoretical viewpoint it
isﬂpossible to epeculate,on the reeu;ts one might expect to
obtain under different experimentai conditions. This is
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discussed furhher in the following chapter: and the possible.

extensions of this work are summarised.

Pardbolic flow profile,
In equation (6) a pardbolie distribution is assumed for

_ the velocities of planes at a position 'r' with respect to
the tube axis, i.e. the mean momentun trensfer in the flow
direction. The validity of this assumption may be investigated
by several experimental methods. | | o

Firstly Poiseuille's aquation. which applias to a
Newtonian fluid rlowing through a circular tube, is only |
explicable theoretically by a parsbolic flow profile., Simple
- calculations baéed on Poiseuille's equation indicated a
linear relationship between applied'presédfe;and flow rate
for the experimental arrangement used., These results were
confirmed experimentally, showing that Poiseuille's equation
was valid at these low Reynold's numbers, It was not possible
to calculate the viscosity coefficient from‘Poiaeuille'a
‘eqnation for the experimantal arrangement deacribed because
of the varying preesure drops in the ditferent tubes and
‘the approximetions involved, | o

The ﬁajority of experimgnta investigating flow profiles

for materials possessing non-néwtonian as well as Newtonian
viscosity coefficients ( chapter I ) study the dispersion
of indicator Substancésczqfll). Unless the diffusion
coefficient of the substance introduced is zéra this dispersion

is repfeaented by equation (6), andvia governed by diffusion
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as well ss the flow profile. The experiments deseribed in
this thesia)-showing‘agreement between thé dispersion curves
obtéined experimentally and the theoretical curves obtained
from numerical aﬁalyéis of eqnétion (6), aré therefore direct
proof that this condition is met; | |

The investigation of the profile by means of probes was
not possible in the present case because of the small dlsmeter

of the experimental tube,
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ANALYSIS OF RESULTS USING INDICATOR-DILUTION TEGHNIQUES TO

ST OW_THROUGH TUB

The indicator-dilution technigue,
 The indicator-dilution technique has been widely used

“to obtain rlow(se) and volume(sc) measurements in.blood
circulation stuﬂies. The diaperaion of 1dbelled solutes
‘during flow between two points is determined using rapid
or congtant injection a#}ane slte and rapid sampling at the .
other to plot the concehtration—time curve. To‘eliminate any‘
assumption regarding the type of Flow involved the flow or
-1ndica$or is obtainod directly from the disPQTaion curve(se)
'However, it must be estdblishsd that the flow of indicator
represents the flow of total fluid before the two may be
eguated. This 1is also a neceasary criterion in determining
the volume of the aystem. . |

A suitable 1abel for blood would have to be partitioned
0equally between the dirferent components. but since no such
label exists the normal procedure is to use either labelled

cells,or aIbuﬁin.,or both(3°). The labelled albumin is

regarded as a plasma tracer, so that results for plasma volume
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‘and flow are: calculated frcm the dispcrsion curve., Cell
volumcs and flow are calculated from the dispersion curves _
 for the lebelled erythrocytes(3e) s
Analysia of the curves dbtained for ths two separate

ldbela in varioua parts of tha circulation have demonstrated
a difference in mean circulation times‘ Volume estimationa
“using the thoory of indicator—dilutzon(3°) hava ahown the
| dynamic ‘haematocrit to be less than. that of drawn blood,
f Resulta of 1ndicator—dilution atudies analyaed in the manner
‘deacribed by Zicrlcr(3a> and Robertson(3d) have been claimcd
| to aupport auch theories as axial atreaming ef red,blood.cellng)
| extravascular plaama.compartment(zs), difference in dynamic
| kfhaematocrit(16’“l'u8’55) difrerencu in circulation times of
. red cells ‘and plasma in various parte of the circulation

g (2p 16'17’20’23’28‘48) _difference in the mean velocities

(66b). and cell aeparation

| between enythrecytea and plasma
 .theery in the kidnay(ja) However. independent investigations
" of these phyaiologicsl phenomena, using other technigues,

ﬁhave not preved positive. High speed cine photography(a)

‘and othsr phbtometric investigationa‘s) have failed to give
comp;ote aupport to theories of axial streaming. Quiek |
freezing experimenta on ‘the kidney(uo) have failed to reveal 7
a tendency towarda cell-frae regions. It is difrieu;t to account
ror the extra plasma apace<anatomically(3°) Measurements )
of blood volune and flow by other techniques(3b'°'°) are nct'

in perfect agreement with the indicator-dilution method.
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An exponential extraspolation is normally ﬁaderto eiiminate
the effects of recirculation., This has not been justified
for all experimental meaauremente(33)

Theoretical analysis of the curves is normally considered
in terms o: multincompartment theories and the downalope ;
regarded as a series of exponential curvea(3d). The disperéion
curves for differenx substances duringnblood Tflow through
varioﬁa parts of the circulation has ‘been interpreted with
regard to exchange rates ‘between intra- and extre- vascular
compartments. Computers have been used(sd) to determine the
difforqnt exponentials and thq corresponding rate conatante

for the more complex experimental eurveé.

Qardiozasculgg system, _
| Phyaiological inveatigationa(so) have shown that the

compoaition of whole blood, the anatomy of the circulation
and the strugture and material properties of the vessels ‘may
all vary, These aifrerent aqpects of the cardiovascular'
system change with internal ( chemical and neural ) and
external enviromental conditions in £he same individual.
Wide renges of velues for blood flow, pressure, eoﬁposition '
etc. have alao been obtained in normal healthy individuals
under 1dentical external conditions. It bas alsoc been shown
that blood composition is determined by such factoré as age,
sex, race and heredity. | |

‘A very complex functional relationship of all these
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factors is suggested by the homeostatie function of blood,
1.e. a chahge in any faetor could be compensated byichangesA
in all, one, or a combination of the other factors. This is
enalogous to the response of any ph&sieﬁ; aystem,to the
introduction of énergy. The law of cbnsgfvation of energy
specifies that some changé must teke place in the.éyatem.
This eould be achieved in many waysé but until more is known
about the system and the manner in which the energy is intro-
‘duced it is only possible to apecifyfthatra change must take
place. Physical laws arefuaed to describe one parameter as
a function of other parametefs of the system, The latter . /
are‘specifiéd by}ths‘bcuhdary conditions; i.,e, the experimental
meaéuréments.'“Laﬁs formed in this manner oniy,have a limited |
range of application, | | | | |

In order to obtain a move complete understanding of the
dynemics of the cireulation the relative importence of the
fadors mentioned, under different flow conditions, must be
determined. An exemple of this type of analysis is given in
chaepter I, with regard to the difference in clearanee.curVe§‘
observed in vivo(29’;7'20’25’38'39'u8). Possible explanations

of this effect, observed in vivo, were investigated in a

 eimilar in vitro abrangéhent<2q> so that certain variable:
parameters might be'eontrolled, i.e. physiological me¢hanisms
introduced to account for the observed differences might be
correct but the possible mechanical factors must‘alao be .

‘considered, However, thg lack of}a satisfactory law defining‘

¥
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 the functional relationship for rheological properties of

(znarrua

materials 25) does not permit rigorous_analyais even

for this simple system.

Dispersion éurves for labelled solutes during flow through

circular tubes, _

The experimental verification of the numerical solution
for the partial differential~eqnation (6) arising from the
disperaion of labelled components in solutions flowing through
tubes(#9) nas veen presented in chapters IV and V. Theoretical
assumptions made in establishing equation (6) are discussed
later in this thesis to prevent‘poasible‘miginterpretation
of the results. | |

" The author maintaina that the solutions of equation (6),
given in chqpter III. for the 1ongitudinal diapersion of
aqlutes(will apply to all solutes provided ' _

1) u is the mean flow‘veIQC1tyldeterminedvfrom the mass flow.

rate during the entire experiment

t.e. T = @/ma® = Mp- M

'/0 t'ﬂéz

1i) D is the diffusion coefficient ( tracer diffusion ) of

‘the component in a suSpension. or solution, of identical
composition under'fhe‘same'pressube and témperature conditions,
Thie means that thb results are only directly applicsble to
radioactively- or dye- lsbelled solutes in an otherwise



1dentical solution. For the dispersion of dye particles,or
traeer apheree in an otherwise pure fluld a different
approach must be ueed, since D may no 1onger be assumed
1eetropic. A completely rigorous analysis of thie type nust
involve particle mechaniea(’b'c'd)
It is now proposed. to apply the analytical solutions of
equation (6) to obtain a description of the diepersion curves
_expected for a elug of blood eontaining lahelled erythrocytes
and albumin molecules. This is discussed for in vitro
experiments é the mean tlow velocify was determined from the
L meee transport, snd the '1njected blood' was the seme
Vcomposition as the "flowing‘ blood eparfAfrom the radiocactive
yldbela. It may be argued that solutions of equation (6)
 should not be epplied,-eince D for the blood;corpuaclee.hust‘
~ be anieotropie and‘the mean flbw pbofile may not be paraboliec.
Howeverfgit is primarily the'effeets of ueing different
indicators in the same flow regime thet is being inveetigated,
so that. equation (6) givee an approximate description of this

process.

Diffusion ecoefficients for albumin molecules ond erythrocytes,
Since no figures are available for the diffusion

coefficients of albumin moleculee and erythrocytes in whole
blood, it is necessary to estimate an order of magnitude for De
This may be achieved by comparieon with diffusion data for
gimilar macromolecules and particles in concentrated'euepensione,

end from theoretical considerations.
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Dirfusion coefficienta are defined by Fick's law, which

315(358) .
, 2¢ = . DVg¢

ot ‘
in 3-dimensions. in principle molccular‘diffusion’must result
from the thermal ( kinetic ) energy of the molecules, given
by zkT. This forma the basie for Grahan' 8 law of diffusion
in gasea, and for an ideal gaes the rate of displacement is
related to the molecu1ar mass, The diffusion coefficient
decreases with increasing'molecular‘weights; In a hulti— -
component system’thé simplé,kinetie theory of célliaionvand
thermal motion is complicated‘by interatomic forces and
'intermolecular‘forces.' The theoretical description of self-
diffusion in solids 1s- given in terms of holes 1n the cryatal
1att1ce3%®) A similar theoretical deseription of diffusion
"in liquids has been considered by Frenkezf35b). The latter
process has also been considered in terms of a kinetic theory Wy
| Born(la) and a reaction rate theory by dyring(au). X-ray
diffraction studies have yielded experimental information

21) These

on the mobility of components in aolutions(7’
theorgtical considerétibns and.cbmpariéon with dir:usion data
for proteins in scqueous solutions at similar concentrations
‘suggest a value of < 10'6_cm.23eé'.'m for the diffusioh
coefficlient of serum albumin molecules. ;

It is implicit in the definition of diffusion coefficients
that the motion 1s induced by thermal collisions., This may

resultt in conéiderable Brownlan motion when the concentration
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of suspended particles is small., However, for a high concen-
tréxion of suspended particles their displacement.will be
limited by inter-collisions. Thus, at relatively high
haematoerits it may be assumed that the diffusion coefficient
for thexlahelled erythroecytes is very smail, tending to zero.
Equation (6) siso requires a homogeneous distributibn of
diffusing particles so that D is concentration independent.
In epplying the analytical solutibns of equation (6) to the
dispersion of labelled albumin molecules and erythrocytes
during flow through a tube these.valﬁes of D were used and it
was assumed that diffusion was isotropic. The values of D
selected represent orders of magnitude for the different
cdmponents and it is to be expected that the exact values will
vary for each blood sample, |

Disgersion curves for labellied components initlially confined

to the same yolume,

Pig.x. shows the theoretical curves for the longitudinal
dispersion of labellied solutes during flow through a tube.
The curves were calculated for different flow conditions,
but constant valﬁen of‘é and D, However, theory predicts
" that the curves will be charadteriéed by Ato ( a%/Dto )s
The form of the dispersion curves for two labelled components
of a solution with different diffusion.coeffi¢1entg may
therefore be predicted. In this qasé the same flow reginme
‘exiats so hat a, U, and t, are constant, but A, for the
two components will be different due to the value of D for
each,
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Referring to fig.x; -

Ay =®  corresponds to D = 0. The curve for
Apg=o® represents Taylor's analytical
solution A)s i.e. laminar flow(ls).

For Apy = 33,5 let D = Dy

then A, = 14,4 corresponds to D = %&.E D, = 2,32 D,

Agg = 7.18 " D= 4,66 D}
A =3 " D=9.32D
© Agg = Lol " " D= 23.2 Dy
AL, = <768 " " D=51.8 D
Ay, _'-—- 480 " " D= 69.8 D,

Curves with Avo < l.44 correspond to Taylor's analytical

solution By,
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Qiagersion gurves for a rapid in;]ection of blood containigg
labelled erxthrocxtes and_albumin mc:lacnﬂ.exa=

It is assumed for rapid injection that the b100d. is
, initially distributed unifoz‘mil.v over the cross—aection.
The initial boundary conditions az'e -

e =c : 0 <x Zx1~
T t=0
e=0 . L0 >x D R
" where Xy is the injection ;Length.
' Initial conditions, ¢t = O.

‘ w Détector '

%

X=X, o S x=xy E=QU

~ flow direction
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b) Multiple indicator dispersion curves for rapid injection
technique monitored at a finlte distance downstream.

glete



For the leading edge the soiution of equﬁtion (6)'for'
unlsbelled replaced by labelled"solution_muét be considered,

cm/co ‘=. l'- (em/co)xo__xi

i.e.

where (e /c,) is the result obtained for labelled

o xo xi
material diaplaced By flow of unlabelled materlial, when the
finite monitoring distance is X, x;. Por the trailing

:, edge .4 the solution for 1abelled material displaced.by unlabelled
material is used and the fixed distance Xy

To obtaln the dispersicn curve. for a finite 1njection

*1ength these two effects must be added :-
cﬁ/co"= 1= (cm/eo_)x 'xi' + (cm/c - (18)

The form of the éurvea'dbtained for (cm/c ) depend on the

A-f value of the diffusion coefficients for the labelled components

as discussed for fig.X.» Curves for cm/c as £(T) for
three 1ndicators with d;fferant diffuaion coefficients are
. shown in diagram (a). flg.xi..' |

The form of the curves obtained from a combination of

the theoratical *wash-in' and 'waah—out' curves is shown
in diagram (b), fig.xi.. It is immediatdy o‘b_.v1ous‘ that
the shape of the curves'féf labelled‘components injected
simultaneously mey be completely different if the diffusion
éoefficiehtsvary{markédly? " This also depends on fhe flow_

conditions.
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Assuming that the ‘diffusion coefficient for iabelled
erythrocytes tends to zero and D for labelled aIbumin |
molecuies is much greater, of the‘order lo'scm?secfl, curves
of the type shown in fig,xi, would be ohtalned under the
appropriate flow conditions. Axo is the controlling parameter,

i.e. ua2 . ,When A ;is large for‘bothvcomponehts, both

Dx : ’ ‘ -
curves will tend to 1am1nar flow disperaion._ For A . £ 1.44
"both curves will ‘be deseribed by Taylor 8 analytical
‘aolution B) |
Ir D for one component tends to Zero, Axo Tor that
component‘will'be 1arge_for a11vva;ues-of ay ﬁ; and X .
' 2wl -6

When D is rinite, aay‘.ulo'scm.sec._ ng umustuhe ~10
-y

for Taylor's solution to be appliceble. ° A cgnsiderable
deviation from laminar flow dispersion was however observed
for all experimental values of Axo' i, e. Aio ﬂ,SO, n.b. .
chapter V. | | R

| Thefdisperaidn curves Shﬁﬁn'ih diégrém‘(b); fig.ii.
are similar to’ the ones obtained using multiple 1ndicator
techniques to study blood flow in vivo and in vitro. i €.
in various parts of ‘the mierocircnlatzon and in narrow
" tubes ,eapectivew(zp.l6.17.23.26.29,38.39.48.53.2%9) A
»complete theoretical analysis of the 1n vivo measurements is
not poseible due to the many variables 1nvolved. chever,
this may be achleved for the in vitro experiments of
| Thomaa( a) assuming values ‘for the diffusion coefficients

of albumin and erythrocytea.as.described.,
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The following results were obtained during,opelof the
experiments\reported‘by Thomes ( private communication )e
Flow rete in each tube, deternmined fnpmlthe'mags:fldw during
the experiment, was Z‘!..9Zt6710'3 ml, séc.f;. - The distance
from the leading edge of the plug to the monitoring point

 was- 129cm. and from the tnailing edge 14ucm.

Therefore ﬁaz ~ 510" cmisec.
x_
°

Taylor's'sélution B) may therefore be applied to the dispersion
‘of labelled albumin molecules For the assuquv#élue of D,

The diaperéion eurves.ebtaingd were‘very gimilﬁr‘té those
shown in dfsgram (b), fig.xi, . The labelled erythroeyte

curve was*élighxly shead of the labelled aIbuﬁin~cﬁrve. the

- peak was ahead of the albumin peak and a cross«ov@r was: |
observed in the tall region.

Mean cireulatlion times are defined by the relation

‘E"r='6f; c(t)1dt
| | fc(t) d.t

and may be detéfmined frém fhe diépersién éurvesruslng a
mechanical inﬁegﬁaﬁor. A quantitive analysis hes not been
made, but it is obvious rrom fig.xi that the mean circulation
time fbr laminar flow dispersion would be 1nf1nite and

finite for the ¢ase where molecular diffuaion dominates 1n
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determining the dispersion, It would therefore be possible
to have a difference in mean circulation times due to the
different;valués or‘diffusion‘cceffieients of the two
labelled solutes. | ,

Compleﬁe exponential clearance of iabelled.material is
" never observed(ué), 8o that the clearanse curve for a
labelled component with a small diffusion coefficient will be
¢losed and more weighted towarda a.shosﬁggﬂs&ggszfggwfimgs.;gg
‘18 thus more likely that tha mean circulation time will be
less than‘for a component with a 1arger diffusion coefflcient,
when Taqur 8 condition B) spplies to the latter. The difference
in mean.circulationvtimea between labelled erythrocytes and
albumin molecules dbaerved»in vitro 1s therefore sxplicdble‘
by the effecta.dr molecuiar‘diffusioni~ The effect will
depend on $a%, and a value of ~ 10°° has been estimated as

%o

eritical. o

Since phys;ologista 1nterpret thesé resulté in terms of
the motions bf erythrocytes and the suspending phase, it is
,fimpprtant~t6 consider the significence of equation'(G) with
reéard to the motions of individual components. In order

to do this the theoretical derivaxion of the equation must be

reeonsidered in the manner deseribed 1n this thesis., This
aspect or,the work will be discussed further, but first eddition-
al evidence for the validity of equation (6) with regard to
bloo§~floy in\prea@ntgd'by conaidéring'the control experiments
of Thomas. | |
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Difference in mean circulation times for two lsbelled
components when Taylor's condition B) applies to'both,

Thomas (%) reported a small, but significant difference in
mean cireulation times for the control‘experiments, where
a) P2 and I*3* 1abels in the form of inorganie¢ ions were used
b) _P32'ih_the forn of inorganic phosyhate'and-1131_1abelled
albumin were used. | -
The curve for phosphate ions in case a) was wider than for the
lodide ioms, but both were in gualitative agreement with curves
predictedyby Taylor's solution B);-:Diffusion'coefficients of

-6

3v10'5 ~ 107" are therefore indicated, with nipdide>»nphx¥hate.

For case b) the albumin curve was widest and more noticeably
asymmetrical suggesting a smaller diffusion coefficient

fvlo"6 - 10" Ten%secs?

for these components. The Taylor
" solution B) would not be completely valid in this renge, but
_ the shape of the curve may be estimated from the computed
results, graphs 97-‘165 éhaptar V. _All'ths curves are in
qualifativa agrsement,with the dispersion of labslled
components predicted by eqn#tion (6)s when the diffusion
coefficients are‘assumed in‘the manner des¢ribed, Alternatively
assuming that equation (g) predicts,the dispersion of
labelled components during flow thgdugh tubes, the diffusion
: eoefficiénts calculated from the curves are 6f the same |
relative magnitude as predicted by the'kinetic theory of
a1f£usion. | | | | |

Thomas(23) states that the solution for Taylor's
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condition B) predicts that the mean cireulation time is inde-
-pendent of diffusion coefficient, This is not entirely
corrcct. since a small but significant difference in mean
circulation times 1s predicted for two labelled components
when Taylor! s.condition B) applies. It arises from the
finite injection length, which results in en iasymmetrical
dispersion curve when monitored at a finite distance
downstream, The ascending.portion of the curve is steeper
than the descending portion. This is more noticedble for
a long 1njeetion to monitoring length ratio, and rar smaller
values of D.

Assuming values of 2 10 5 'and 1 10 5 em, sec.l

for the
‘diffusion_eoefficients of iodide and phosphate ions -
resPeefively, the author calculated the dispersion curves

for these two labelled components from equation (18)
ey/ey = 1= (eyfe,)y -Xy + (cm/co)x
[ B (o]

. wherg_(cm/bo) are the Taylor solutions given in ehaptEr 11,
The‘cufvés,iere aha;yaed,using‘é mechanical integrator and
the mean‘circulation times calculated. A value of 0,991, was
' 131 yener),
‘(mean eirculation time P22 label) for the inorganic ions,
Thia is in agreemont with the slight, but aignificant |

obtained for the ratio (meen eirculation time I

differences determined by Thomas(ZQ) when the dispersion

' eurves for the control experiments were analysed using a

mechanicallintegrator{
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Foé-control‘experimentovb), aosumiog thot Tay;or'o
condition B) applies for boﬁh components;’a'simiiar differenco
~ 1n mean cireulaxion times is obtained. The ratio |
. 1131/% P32 is slightly greater than unity in this case
since the diffusion coefficient of 113 labelled albumin is
assumed to be less than D for the phosphate ions.' A ratio
slightly, but aignirioantly greater than unity was obtained
by Thomas. | ' ' |

The reoulta of this investigation were communicated to
Dr. Thomae. 'He made,an independent numerical calculation of |
the meoh circuiation times using Simpson's one fhird rule. |
~ These calculations also demonstrated a omailiditference in
. mean ciroulation times between the two iabelied oomponents;
ingectod aimultanoouoly. when Taylor's condition B) applied

( private communication )e

It has thorefore boen ahown that when eqnation (6)
applies and measuromente are made at a fixed distance using ,
multiple indicator. techniques a ditferenoo in ‘mean circulation _
times ie llkely to result. The eqnation has been aepplied

- suooessfully‘to predict tho dispersion curves for labelled

erythrooytea, albumin molecules and inorganic ions obtained
during flow through narrow bore tubes in vitro. . The latter
results require furkber conoidebotion for-two.reasono.‘;
Firstly, meany critioo question the application of equation (6)
to blood flow sinee it includes a papabolie velocity
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-distribution, Secondly, if equation (6) applies, what support
does this offer to the physiological explanations developed
as a result of muitiple indicator studies? |

Parabolic velogitx'distribution.

The ternm 2ﬁv(51'- rz/a2 ) in éqﬁation (6) represents
the momentun trensfer in the flow direction and is derived
from Newton's definition of viscosity coefficients, If
one returns to this original definition and considers
sdbséqnent.develqpmenté cogéerning’tranéport phenomena in
geses, it is obvious that the parabolic distribution has no |
significance with respect to the motion of individual moléculéa,
references la,56a. In the present context it is also
interestiﬁg’to note that non-equilibrium statistical mechaﬁies
| and reaction rate theory give a theoretical relationship |
~ between viscosity and self-diffusion coefficients(la’zu)
| The velocity distribution retera to the planes within the
rluit(iuggnd not molecules or particles at a position T with
respeot to the axis. For a plane parallel to the flow
_ direction the net velocity of all the components is glven
by u, at any 1natant in time.

| Gonbeq@ently, 1t 1s conceiveble that mecroscopic
techniques, such as photography, used to study the motion
of the planes may fail when molecular motion ié considepeble
{ D 1arge ), or when components have widely differing kinetic

properties ( as in a suspension ), or when the velocity

- gradient is large. These\comments do not apply to equation (6),
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which shouldlbe'valid when other techniques fail, Diffusion
1a‘observad as'a;result of the random internal mobions of the
components of a material, so that equaﬁion (6) represents

the manner in which these motions are changed when flow occurs
through a tube. Thg,vaiidity of bquatidn (6) is entirely
dependent on whether it describes the dispérsion of'labelled
components during_floi?thﬁough a tube, It is hoped that the
following discussion will clarify this argument,

Reéonaidering the experimental results presented in
chapter V,Atha iodide ilons may be regarded as a trécer
representing the behaviour of similar ionic components of
*  a solution éé D is of the same order of magnitude(35).

" Leminar flow is normally defined as flow such that v =v_=0

 and v(x;t)(IG), and all fluid perticles in a sheet parallel

to the plane z = 0 ave regerded as possessing the same
velocity. Such flows are consldered to occur in straight
tubes, provided the Reynoid's number does n§t exceed a certain
ceritical valﬁe. For laminar flow, as defined, 'fluid particles'
would be distributed according to a laminar flow dispersion

'( Ago =0 } for all flow conditions,'ainceuRe was much less
than the critical value. But, when the dispersion was

monitored.artqr a time to where.

2
to»..a

(3.8)%

it was found that the dispersion was completely different.
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This condition was calculated by Ta&lor(éu) and reprééents
the\condition “when the time naceasany-for épprecidblé effects .
. %o appear, owing to conyective,tranaport. is long eompared
with the 'time of decay' during which radial variations of
concentration are reduced to a fraction of their initial

value through the action of molecular diffusion", This means
that when measureménta-aéefmadeﬁafter this time t, it is
impossible to predict the radial position of the lsbelled

; cdmponentﬁ with any certainty. During this time 1t is possible
that the‘iébplléd component héy hévngeen tranepértéd to any
radial position due to the combined effects of diffusion and
édnvcction. Solving equation (6) for'ﬁhé longitudinal‘“
diaperaion, cm/c as £(x), at this time, 1t 1s round to be
'much iess than for tha corresponding laminar flow dispersion.
e.g. Ato = 1.4 and Ay, = respectively, fig.x. The 1atter
type.or dispersion may. only be obtained when "changes in ¢

due to convective: tranaport alung the tube take place in a
time which is 80 short that the effects of molecular diffusion
‘may be neglecteﬂ" For the same eomponent these two
diétribﬁtidns may oniy be obtained affer different flow times.
Both diépersiona are represented by-eQnation (6), in which

the detinition of a Newtonien fluid is appiied to describe

the bulk (‘momgntum ) trénsportg-i;e. a parabolic velocity
distribution for planes within the material, The diffusion
term is introduced because these hypothetical planes are

not intimately associated with internal motion.of components
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under all flow comditiong. This apprcach is consistent with
the theoretical_developmént of transport phenomena in gases(12s¢)
An alternative explanation for the change'in dispersion
curves, wﬁich the author finds unacceptable. is that the
molecular components remain in the séme iaminae during flow,
but the #elocity profile changes for different flow rates,
The inclusion of;a parabolic flow term iﬁ eduatioh (6)
- does not mean. that a labelled ﬁolecular component ( or any
~particulate component ) of the flowing material must exhibitv
laminar flow, with the velociﬁyataény’point glven by the
parabolic distribution. The motion of any component'ér the
material 1s»governed.by the bulk motion ( characterised by |
U and a pardbolic distribution, i.e.M) ) and its own intrinsic
motion ( charaeterised by D ). A.single molecular component.
~does not therefore remain in the same radial poaition, or |

- possess a constant veloclty in the flow direetion.

Dispersion of particles suspended in e fluid phase,
Equation (6) is based on a continuum theory. Initially,

all components are assumed.identical, moving only in the
direction of flow, with identical velocitiés«when in the same
position with regardrto the tube axis, It is also assumed

that u = 0 at the wall and that the frictional resistancc
between each plane is constant, since their composition 1is
identical. These assumptions give a parabolic velocity
distribution for the ﬁlanegfa A perturbation is then introduced
to allow for the intrinsic motion end distinguishable
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‘characfer of the'components of the material, thus permittihg
different internal motions to be exhibited by different
componente. However. the equation does not enable individual
elements of the componente to be etudied, merely the net
effects.‘ It would not be possible to consider the path of one
labelled molecule ( or macromolecule ) during £low, but the
prdhable position at anyu 1netant could be predicted for given
boundary conditions. This is a familiar concept in modern
| physics, partlcularly 1n wave meehanice.'

o The}dispersion for components of a concentrated suspension
ie conaidered in the same manner, It 1is regarded as a continuum,
with the planes defining 'f] made up of all the components.

For any labelled eomponent. the motion out of a plane is
represented by D so that its diepereion 18 not determined
entirely'by the rlow, but by the eombined action of diffuaion
land flow. The moiion of the particles is governed by the
rmotion of the suepending phase and also thelr own interaetion
during flow, | |

The validity of equation (6), applied to diepersion of

_ldbelled eompononte or a suapension, does not therefore

depend on the_riseosity coefficient remaining constant under all
flow conditions, or on the veloeity distribution being
demonetrahle'by photographic ﬁechniquee. but on whether it
describee the dispersion of theee;eomponehte during flow

( mess transport ) through a tube.
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If D for the lebelled components tendsvtb zero under
statiénary conditidns, qquation‘(G)vdoeé not nécésaaril& mean
that the particies will not'move from a partieular radial
position'during-flow. A.presaurevdifferential nay reéult
from the motion of the other components énd.aléovcollisiona may
occur between similar particles brought';nfb contact by the |
flow, This is allowed ror'by:the two terms in equation (6),
i.e. the net effect of the particle motions and the fiow.

The difference in thb»diape:aion curves obtained for
two labelled components of a suspension with different values
of D, using;aolutigna‘of equation (6),‘therefore.representa
an;effectivangparation‘or the labeilgd components,- For

,exampie,,if Tlow is stopped after a time t ,Vthé volune in

which the labelled component with D-> O is distributed is

- mueh greaster than the volume in which valo“s is distributéd.

Distribution pistribution _¢
volume D~ 0 volume D~10
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Since cm/'c° refers to concentration over the cross-section

1t is not possible to state where the particles are with

regard to radial position., It is possible to solve

equation (6) for c(r) at position x after a time t. However,
this does not necessarily mean that a particle has remained

in the éame poaitibn r for the wheole flow period since no
distinction has been made betwsen individual labelled particles,
Also, it does not mean that e molecule ( or group of molecules )
in.position r hes velécity u, at a time t, since there is a
finite probability that i1t mey just have come to that

position from any other position in the tube.

The selution of equation (6) does not specify the path
that a partiecle follows during flow, For example, laminar
flow dispersion may be obtalned for the labelied concentration
as a £(x), £(t) and £(r), but this is no guarantee that the
individual particles have remained in the same;etreahline,
with a veloeity given by u, = 2u (1~ ra/a2 ) for ihe whole
experiment, In order to establish that this had oeccured it
would be necessary to study the path of an individual
‘ ldbeliod partiele, and this is not what equation (6)
represents since it is based on a continuum theory end
describes the net effects of motion.

It is therefore impossible to say with certainty, even
when a 'leminar flow dispersion' 1s obtained, that the
interface of labelled particles has assumed a parsbolic
shape., It might be a diffuse region with labelled
particles distributed evenly over the tube section, but
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with the concentration varying with distance in the same

manner as for ‘Laminar flow dispersion. Alternatively s for

a finite injection length the labellad component might be
eoncentrated in an axial region. but with the same 1ongitud1nal
diSpersion as one would expect for '1aminar flow' .‘

Assuming that equation (6) applies to the dispersion of
labelled eomponehts of blood injected simultaneously, as
suggested by the results of the experiments discussed earlier,
it 1s only possible to draw ona'coneiugion without further
investigation. Namély. that the,combined effect of molecular
diftusion‘and flow produces an efréctiVB ssparation‘of labelled
 albumin and labelled erythfocytes when measurements are made
after a time t, » where to'> é%/b for the albumin molecules,
For narrow tubes thiarmeana that the longitudinal distribution
volume of lasbelled albumin is much less thahvfhgt of labelled
,efythrocytés within a short tihe after the injection, |
It is difficult to estsblish what this separation means

in termé of the 1nd1vidua1]moleeular mbtions of cdmponents
vwithout further investigétiona.' However, it is possible to
discuss the interpretations of previous experimenta with regard
4o the net motion of the components., |
Unfortunately the partial differential egquation ﬁas not

solved for radisl distribution, but even if this showed that
‘the labelled erythrocyteg‘tépded to be distributed in the

axial region this dpeé not neeessafily impiy‘axiél étreaming
durihg riow. Exchange‘dug to diffusion may have



,taken.place with unlabelled cells or with the fluid phase,
In order to establish which interpretation is correct an
independent investigation is required. Results using high
apeed ciné‘photography(a)”auggest that there is not a ‘
completely eell free region adja#ent to the wall,

‘When' the dispersion curves are manitore&‘after a finite
period of time solution of egquation (6) suggests that the’
longitudinal dispersion should be symmetrical for all’
components, The same value Tor U is used in equation (6) to
- give the different diSpérSions, but in this casé_ﬁ refers to
the mean flow velocity determined from the mass tfanspart of
"all components, It iB‘impOSSible to separate the’meén"rlow
for each phase from this equation. Tné nean flow veloelty
celculated for each labelled component from the dispersion
ecurves monitored after a finite time should correspohd to the
mean Tlow velocity of the material, when equation (6) applies.
‘However, if T is calculated from the dispersion curves
monitored at a fixed distance, as is the normal procedure in
physiological investigations, a difference may be obtained
for differsnt labelled components depending on the flow param-
eters. The mean flow velocity must remain the same determined
from both curves, according to equation (6), but the mean
 yelocity for each componeﬁt determined from % will vary.

. The difference in mean veiocitiea of the labelled components
-is an artefact in this case due to the mebhod of measurement

and does not mean ( as has been interpreted ) that all the red
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blood cells possess a mean veloclity greater thén the albumin
molecuiea. It 1s mércly that the slower moving labelled
erythrocytes, remaining after the lsbelled albumin is cleared,
will rinélly be cleared due to the etfeaﬁa of diffusion.
During this time certain of the labelled erythrocyfes
cleared initially will be siowéd by the effects of difruaion,
but this is not recorded as these particles have passed the
detector, -

In ordcr ta establish tha validity or eqnation (6) with
regard to the dispersion of' 1dbelled componanta of blood,
‘flow should be atopped after a time t and the carresponding .
disperaion curvea monitbred._ It is also 1nzarasting that the
'praaenirthaory.ausgests that 1# is poaaible to obtain a
ﬁimilar'dirférance‘in_diapebsion ourves monitored at a distance
X, in wider tubes. In this case the monitoring distance |
must be greater than Ea?/h, where D is tha’dirfusién"
coefficient of the albumin molecules., These experiments have
not been performed to the author's knowladse, but the possibil=
‘1ty of axial streaming is not considered under these conditiqnl;
Unfortunately there was insufficient time to do these
cxperimenta in the present series.

It is impossible to ‘apply eqnation (6) direetly to in
vivo atudiaa, as the dimensions of the flow channels are
continually:varying. However, it 1s of interest that the
results obtained for the clearance curves of lsbelled albumin

and erythrocytes from an isolated muscle preparation(29) are.
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in excellent qnalitative agreement with solutions of

equation (6) when different values for D are used in the same
flow regime, i.e, 2u ( 1 - r /a ) fis the same for all
companents, These results even dcmonstrate the eross-over

- in the tail region predicted by solutions of equation (6).
This is importent in physiological investigations using
indicator-dilution techniques, since it would sppear to
question. the vélidity 6t exponential extrapolations made for
recirculation. Such extrapolations are nermelly made in

- cardiac output studiea(jb) ]

It is not disputed that an extravascular compartment
would give a difference in mean circulation times, but it is
éonsidered'that'ditferences.obtained 1n clearance curves
using multiple indicator diluxionatechn1¢ues are 1nsufficient
evidence for the existence of such compartments. The results
obtained by Geresky(aé) for the dispersion of multiple
indicators were dependent on the molecular weights of the
1nd1cator substiance, This correlates very weli with the results
predicted by equation (6), which assumes that flow takes
place through the same channel eliminating the possibiltiy
of extravascular comparihenté, The equation is not directly
applicable, since a multiplicity of flow chanhels is available
in vivo., Similarly, the shunting mechahism discussed as
2 possible explanation of differences in ¥ obtained when
multiple indicator techniques are employed to study bleod
flow through the kidney does not have to be present to

" obtain such differences.
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‘The successful application of eqnation (6) to blood flow
studies using the multiple indicator-dilution technique suggests
that the difference in clearance curves is due to different
internal motions of the lebelled components and the method of
measuremeht. This is consistent with rheologicglglf) investigat-
ion correlating changes in molecular atructureywith anomalous

viscoaities(2b’d’k’m’a'u’l9’65).

Since the equation is based
on a continuum theory. careful consideration is required
before the results for the disperaion of & labeiled.component
in a multicomponent system are‘interprefcd in terms‘of‘a
veloclity distribution(aaill). The latter approach has
developed from Einstein's theoretical treatment for ) (22) in
which theldietufbance‘on solvent flow was considered. This
| was based on the success of the Poiseuille equation and the
concept of laminar flow(as). Extensions of this theory to
moderaxe-cdncentraxiona ﬁere attempted by Guth and»simha(3°)
and‘Vand(GY). .Jeffrey(3u).considered ellipaoidal particles in
a similar manner. Ail these methods considered the disturbance
to the streamlines when particles were added and the
corresponding increase in viscosity. This is inconsistent
with the justification for equation (6) discussed earlier)
since the planes must contain suspended particles as well as
the fluid phase. _ ,

The validity of equation (6) suggests that ﬂ? for an
incompressible fluid mey vary with AP, D, a and 1, For

suspensions 1) has been shown to vary with shear stress(u'31),
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tube raaius(38:432) and‘tube‘leﬁgth(43). Therefore non~
Newtonlan viscosity, as defined in chapter I, and a parsbolic
distribution for momentum transfer are not always 1ncompatible.
The term "shear induced collision diffusion" introduced
by Thomaa(ZQ) is rendered redundant by equation (6). In this
context, it 1s also difficult to ehvisage héw the cbncéntration
profile may be obtained from the clearance curves, unless the
laminee are given physical significanee.
| The lateral motion and incressed kinetic enefgy éf the
'moledular' components must result in cross-stresses even in
"Laminar flow' in Newtonian fluids, This effect, which has
ﬁeen observed experimentalLy 1n~gases(2n), becomes.more complex
in a multiphase system and has been dbservedgdur1ng éteady flow
~ in polymer SOlutions(zr'j)vand viscoelastic rluida(ze)
Similarly, the Justificaticn ror equation (6) is consistent
with viscous heating cbserved during capillary £10w(2®) ang
with the dependence of turbulence on polymer concentration(2h).
Normal fluid flow will be interrupted by sny object resulting
in associated aecondary flow(2 »59) A change in the internal
flow pattern at abrupt expanaions with an assoclated change
in internal preasure(hT) and turbulent<erfecta<lu’)8) in pipe
flow 13»&150 consistent with thia'interrretétion of equation (6).
An increase in 1nternai,preasure for a multiphase’ayatgm
will result in dirrereht chénges in the internal motion of
all components, This interaction 6f components and the effect

on viscosity haa been investigated experimentally and
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considered in terms of entanglements of polymers and their
molecular weight distributions(2k’m’¢?8). Other experimentors
prefer to consider the relaxation behaviour of high polymers
in terms of an extension of the Eyring theony(ai).'

Viscosity coefficlents and'studies of molecular motion
have therefore become associated in rheology, but this is
not the case in gas dynémics and equation (6) suggests that
it should not be the case in fluid dynahics. In gas dynamics
the internal motioh prior to flow is an important factor in
determining 7) , but the molecular trajectories are relatively
unimportaht(la). This is important in physiological investigat-
ions where it is the internal motion of the blood constituents
that is of major interest when clotiting mechanisms, gas and
nutrient exchangg in the microcirculation arevconsideréd.

On this basis the state of eggregation of red blood cells

prior to flow must affect the flow properties of blood. This
is consistent with in vitro investigations, which demonstrate
that the flow properties of blood depend on whether aggregations
of red blood cells are present or not. Aggregation in the
stationary state has been correlated with fibrinogem

(158554,69)

concentration Anomalous viscosity coefficients

and the presence of a yield stress have also been corielated

with fibrinogen concentration(l5a’“4'69).
wWith 'i'f\c’reasihs Shear rale has beewn
blood viscosity, associated with the breakdown of these

(13,158,69,44,54)

The decrease 1in

aggregates Aggregation of red blood eells

.~ is often considered with regard to clot formation in the floWing
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system, i.e. thrombus and emboli formation. Under the flow
conditions‘discugsed this would not oécur, since aggregation
is a reversible'process(13419). It occurs when flow stops
and the aggregates are dispersed as the shear streas is incréased.
- It has been shown in vivo that decreased flow enéourages
‘aggregation, but no proof has been obtained that these aggregates
plug vessela(5l). Infact it is only in the ﬁicrocirculation
that erythrocytes and plasma are obkserveble as discrete
entities, It is therefore the menner in which the blood
consituents are broken down under different flow conditions
td'give4separate phases for flow through the microcirculation
that is of interest., Equation (6) suggeéts that this is
determihed by t ( W and 1 ), a® and D for the different
components, i,e. the individual properties of the components
and the mean flbw velocity. The effect of the haterial
properties of red blood cells on flow has been investigated
experimentally., It was found that under the same flow conditions
at the same cell percentage, hardened erythrocytes in a
suspension possessed a higher viscosity than normal suspensions, -
references 15b,27. Sinece 'a' is also a factor in determining
the relative internal motion of components,blood flow, internal
and external enviroment act as%faedéback mechanism to maintain
the body's equilibrium, | | |

The author believes that a similar mathematical analysis
of blood flow, comparable with equation (6), is being attempted

by Rodin and Isaacson(57).
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Extensive study of the 11terature:per£aining_t6
'multiple indicator techniqués ( reviewed in reference 3e )
has led the suthor to conclude that the disperse end
} éispersivélphasea are regarded #s aeparate continﬁg, and yet
1ntérpenétx-at1ng. This is obviously inconsistent. end 1t ie
hqped that the diacussion associated with equation (6) has
drawn attention to the type of relationship that exiata
' between continuum and particulate theories or flow,

It is important to remember. that the physical prOperties'
of tha separate phaees in a,multiphase system are important
in determining the 1nternal motion during rlow. not only
_the fluid phase. The expérimental results presented in this
thesis énd the aaaéciated‘théoretical equation‘indicate that
the 1nternal mcticns of the component particles during flow
are aniaotropic, uaually with motion perpendicular as well
as in the direqtion of flaw.‘ The compoait;on and phyaical
properties qr‘fhe méterial. the d1m§n510n§ and material of
the flow channel and the bregsure and temperature conditions

at which flow takes place, are all important paremeters in
determining the volume flow rate. The—significenceof a—

It is considered that the diseussion assoclated with -

the experimental work contained in this thesis has demonétrated‘
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that axial streaming @oés-ndt‘ha#e to pccur for a difference
in mean circulation times to be obtained in vitro, and also
 that there is no need for oxtravaseular compartments and

cell—ahunting in vivo.

This thesis has endeavoured to illustﬁatg‘cértain'
inconsistencies which exist in flow theory and neasurenent,
with particular reference to blood flow. The work
originéted from physiologiceal 1ﬁ&estigations of blood flow
and the interpretation that has been given to the results )
obtained. Tracer methods are uned. which are a eomparitively
modern:tcchnologieal development frqm nuclear physics, but
to interpret the reauita a continuum theory and concepts
of 1aminér‘flowvbésed’on Newton's Lews are often retained.

In the author's opinion these two approaches are not}compatible.
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APPENDIX

Nunmerical solution of the partial'differential eguation arising

from the dispersion of material in solutions flowing throupgh
circular tubes. '

C.C. Paige. - 6/1/67

The independent variables are =

t, time in seconds
xy distance along the tube in cms. _
ry radial distance from the centre of the tube, in cms.

Because of cylindrical symmetry we need not consider the angle
of rotation 9 .

$

-— o — |-

l¢é—a —3i x
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The dependent variable is the relative concentration
¢ = ¢(xyryt) « For zero concentration ¢ = 0, for maximum
concentrution ¢ = 1.

The partial differential equation is

S - ;M/[/—,_,_t] Se = D2 al’a__e] + D a% C/)
a* [ ox

de S Onbk on dx’*
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U is the mean velocity in the x direction in cm. secs™ | = it is
constant for each run and is defined as flow rate divided by
cross=-sectional area. D is the diffusion coefficient, it is
constant throughout this problem and is 1.85 x 10~? cnf.sec™ .

a is the inside radius of the tube in ems. ( a = 0,061 cm. in this

series of runs. ) The boundary conditions are =

(‘;—’—i.—.‘o at r =a, all t
Q?O f°rX<ogatt=0
call for x>0

The problem is to find ¢(x,r,t) for t > 0, x >0, O<rga.
We can see from symmetry that we only necd: consider OsSrg¢a and
that & =0 at »r = 0,

S -

Numerical Method.

After an examination of the many possible approaches it was decided
that an explicit finite difference replacement scheme offered the
most feasible solution in terms of computing time, A 6 point
formula was used in the space dimensions

G
" .
ci,g-1
© o 2V
w 2 P A
x € C; . s
Ciz,y Ce~ryy Y cirtyy
> £
c,_"J'+I

where if cp. » = c(xyryt)
. .‘.J

then c. = c{x+4x,r+AT,t)

L-A-l,j+l
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This gives the approximation to the time derLVative ¢ at the point

¢ J' of

ce = —avfreat )iy e ] e D JCGTT < 2ey » €l
- a® Asc ’-.(A'x)z

c 2 fems acy - o]

, D [J. C‘:-J’ - Ce‘TIJ' , i C‘J *.Z CUHJ]
. 4

(4)

( this assumes a uniform rectangular grid )
This particular finite difference scheme was chosen as it appears
to be the only simple one that is stable for a reasonable time

increnment At¢,
To replace the time derivative we use the simple approximation

@), = <ude $AL) — e (€)

At - ‘ (s)
From the Taylor expansion this leads to the approximation
Cp = DCn * ,_b Cs * :Dcxx - ‘.lu[/— ]Cx

+ &uzf)- J?Z:&x Cxox. '*‘A*J2<%apc o .:]

&
, b[(t’s_:) Cune * 2 éx) Cln

-/ |
+ :D[?L:Dl G — (AZ"_-)" Con ] (é)
- -]

- __D[C_A_-’l—)scaq_ ( ) Cgon. * -
i 30

- Zj dc, @Dy + - - _7
L2 G | |
We see that in the limit as Ax, Ar, At =0 in any order, the

approximation approaches the true partial differential equation (1).
Now from(4) and (5) we can obtaim the coefficients A, B etc.

in the cbmbined'replacement schene : ,
Pej = Reisj + Besmd (#)

—

ec; (kv &) = .
‘ ' .’.WCL'T?_\/' + GC,_’J-—/ *EC_L’J"""

( where everythig on the right hand side is at time t )
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They are

- - 2y /~*’_lz)r?’_b -2 L, a»
P= as [Ax ar, @) 2x.8x (Ax)*

.
(]

4é [(fl)‘ - 33&1]
Be e f@y - 2L
Ae[ﬁq]
R {’“Ef) *cfx)‘]

E= éé[@%c)zj | :

from which we can see we will have stability if

[a_U(ug*’)*gb_ - D a_b]M < (%)
Adc o’ (An)? dr. Ax (Ax )™ -

Minimisation of Error

Unfortunately this finite difference method has errors of the

first order in At and Ax, and 80 it would secm these should

be made very small to ohtain a fairly accurate solution.

However, an examination of the errors in (6) and the original

equation show that the situation is not as bad as it first Seemse

We obviously want to minimise the modulus of the main
component of the error

.QAI[/*‘-L‘—Z7A>CC>C,‘_ — Aéc (;6)
a* Y e

(<)

W

——

o}
now our original equatiqn is

.. {,~_,lz )c Dc + D¢+ Diya
= - = 7 ~
Ce b2 S X, e o

- and this gives us

1//)
{ -2 ? D {C ! Cane * Cxnex
(!&: = AL / -2 Oy 7 Joe Y

C(:é: *&U[/“ﬁz]Cxé +D[¢JLJLé +j2. C)lé *Cxacé] (/2)
G.'L
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and so our expression (10) that we want to minimise becomes

'IC[A;X "%67[_7@&& - bé—-: [ca.n& * '/‘C.»sz "‘i Cae

< 721 Cox * Cxx & — /’cx,,_,g]

where

2
EEAR-N|

The term multiplied by D will usually be much smaller than the
other ( because of the value of D ), and so if we could eliminate
the first term the error would be greatly reduced. This

obviously cannot be done completely as f is a function of the
radius r - but this analysis does show that A& t could be as

large as is possible compatible with stabiiity with no deleterious
effects «~ this conclusion is well supported by results.

Treatment of Boun&ary Conditions

We have to consider the boundary conditions

(i) x=0, 0<rca, all t>0 ond ¢ :s0 ot era  af &
(1i) large x, 0 %r <a, all t> 6 s ' g

(i) r =0, x>0, all t> O ¢c=o 6@/ xe O ) al 200,
(iv) r=a x>0, all t> O C2/ o xdo

The case of (i) is simple as this is a source of fluid with
solute concentration zero, we just keep ¢ = 0 at x =0 all t.
For large enough x we know that ¢ = 1, but as a large enough
value of x (max) to be sure of this would involve too much
computing time, it was considered sufficient to take a value
x (max) beyond the region of interest and to extrapolate to
find the corresponding value of ¢. This is reasonable as any
diffusion will make the variation quite smooth, and indeed

it was found that even extrapolation in the region of large
variation was perfectly satisfactory.

Case (iv) is easily approximated to sufficient accuracy

as here 9< = 0, and as our finite difference scheme treats
ot
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the points
i6
l | w R | P A
® x x x
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We cen use a central difference approximation at r = a and so

say that dA =4'.ch

Boundary condition (iii) at r .= O ims more difficult ,
for although we know that ¢, = 0 at r = 0, our equation involves

 the term ¢= at r = O, which cannot be included in our finite
5 : .

differencé scheme as it is. However, by de L'Hopitals theorem
we have '

Lore Sé = bsrn G

A . )

and using this our equation becomes at r = O
Q = abe,, *r Ca T RO

for which we can use a 5 point approxigation to sufficient

accuracy
G
. Jz B P s
l — h
¢ A=O

and again we can say Cg = Cpe

Note that Bhis gives the coefficient at P as

‘ 2D
- A D__._L_.J > _4‘__22 * ==,
/ - & ol CA-’I')‘. )
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- and all other coefficients are > 0, therefore this gives us
an upper bound on At for stability

/
Ae S 2y * ‘4 > . » 22
AOL (A’l) > CA‘X) *

N.B, Comparison with the Taylor Approximation

For slow flows, large times = the error in the computed solution
due to the finite Ar is negligible compared with the Taylor-
error caused by neglegting the 'Dcrr term, The effect of neglectw
ing this may itself be negligible but cannot be tested with
thé present finite difference set up ( due to the introduction
of instability )., | )

The more likely cauée‘of the disecrepency is the finite
Ax in the computed solution. The term Dcxx introduces an error

negligible in comparison with this.
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DESCRIPTION

The initial conditions are to be input in this order -
they are denoted by the EXCHLF name given them in the program.

READ DESCRIPTION
T
total length in cms,
s number of length steps ( if unequal )
if 8 40 do £,0 = 1(1)8 '
READ (Y(J)) 1length divisions
REPEAT
if 8 =0 READ (B) constant length interval
st number of extra length steps for extrapolation
Bt length of each extra lengkh step
A , radius in cms.
R ~ number of radius steps if all equal

( R must be‘eben )

IfR=0 READ (R) number of unequal steps
( again even ) _

I=2(1)R+ 1
READ (X(1)) radius divisions
\ REPEAT
Z total time in seconds

number of time steps
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READ DESCRIPTION

N print indicator, N must be even and alsp
an integral fraction of T

D diffusion coefficient ¢m.> aec.-1

T mean velocity cm. sece |

Any number of sets of datd can be done on the same run.
Throughout we try to use the index I for cyeling in
the radius direction and K for %ime increasing. At any one
time t the concentrations are stored in main variables
C(orD): at time t + At they are stored in D { or C ).
The mean concentration is calculated by a Slmpson
ntegratlon acrosse the tube.

An estimation of the computing instructions reQuire&
is obtained from

( nos of x steps ) x ( nos of r steps ) x ( no. of t steps ) x O, 0167

For Future Consideration

This metod of solution was found unsatisfactory for very slow
flows and large times, as this requires too great a computing
time to obtain sufficient accuracy.

The polution ie too long to be used in a search progran

to find the distribution of diffusion with radius, but it
could be used for testing different theories.
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SAMPLE O F DATA

JOB

LMK14EA1 BATE  T7  19/12/66
INPUT , |

O LINEPRINLER 1000, LINES
COMPUTING 25000 INSTUCTIONS
STORE 60 BLOCKS

DATA
58
0.25

0,25
0,061
20

240

ko
185,10~
4,534

‘.‘Z
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0. PR .

The program was written in:EXCHLF autocode ( November 1966 )
for execution on the Iiondon Univeraity Institute of Computer

Science Atlas,

COMPILER EXCHLF
LMK14EA1,BATE PDE-TEST 7

TITLE

LARGE STEPS-CORRECT INITIAL FORMULA-6 POINT F.D. APPROX.
CALC,Crr,G%/r AT r=0

IGNORE QUERIES :

ROUTINE 3 Jmean cone calen,printout
NEWLINE 2 S
CAPTION
TIME= -
paxm(xc,l.u)
CAPTION
TAU= UT/L=
pRINT(Kuc/Y,l u)
CAPTION
MEAN GONCENTRATION
NEWLINE -

Izl(l)
g ig;+¢(3+T')C(J'+I)X(I)

REPEAT

c':c'-c(a+m)x(m3

PRINT(2C'/*(3RA 1,5)

- 0'=0'+1 ‘
JuMP 30,10>0"

0'=0

NEWLINE

CAPTION

L=
PRINT(Y(J),3,4)
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30) REPEAT
NEWLINE
CAPTION
CONCENTRATIONS WITH RADIUS AT TOTAL LENGTH
NEWLINE
JV==(M)S
I=1(1dH
an(c(.:r'+1),1.5)
REPEA

NEWLINE
RETURN
CLOSE R

CHAPTER O
C—+15359 -
D >15359
Y-=1023
H->30
U240
A-40

B 40

(- B e

X =40
W40
ctiANNEL 1 R

M)NEWLINE -

CAPTION

TOPAL LENGTH=NO,STEPS=EXTRA STEPS~SIZE
NEWLINE

READ(Y) »total length
PRINT (Y 402)
READ(S) »length steps
Y(0)=0
JU?? %,s=o »agual lenghh divisions
J= ‘
READ(Y(J)) »length divisions
REPEAT
JUNP 2
1)READ(B)  »conatant length interval

S=+INTPT(Y/B+0.1) »no.length steps
J=1(1)s

Y(J)=Y(J-1)+B

REPEAT ‘

2)READ$S') “no.extra length steps
READ(B" »length each extra interval
Jﬂl(lgs

Y(J+8)=aY{JT+S«1)+B"

REPEAT ‘
Y(S+5'+1)=Y(S+3" )+B"'



PRINT(S',642
PRINT(B',5,5
NEWLINE -
CAPTION
STEPS ARE
NEWLINE

annmgs,sﬁg)

P=8+8'+L ..

J=1(1)P
PRINT(¥{J)s352)
REPEAT

READ A;

READ(R)

JUMP 60, R=0
X(0)=A/R

M=R+1
X(1)=0 :
I=1(1)M -
X(I+1)=x(1)+x(0)

REPEAT
X(0)==X(2¢
JUMP 61
60)READ(R)
=R+1 -
CX(1)=0
I=2(1)¥
READ(X(I))

REPEAT
xgo)z-x(a)
X(M+1)=24=-X(R)
61 )NEWLINE
CAPTION.
RADIUS .
PRINT(A3,3)
'CAPTION

NO, STEPS
PRINT(R,3,0)
NEWLINE
CAPTION

R STEPS ARE
M=M+1

I=0(1)M
PRINT(X(I),3,4)
REPEAT

M=M-1

NEWLINE

- READ(Z
READ(T
READ(N

~16% -

»radius
»no,radius steps

»no.radius steps

»radius:divisions‘

»total time

»no.of steps

»print indicator,N an even integer, and
an integral fraction of T
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C=2/T » »time step
NEWLINE .

CAPTION

TOTAL TIME -NO. OF STEPS-TIME STEPS
NEWLINE .

PRINT (25,4

PRINT(Ts5,0 ,

PRINT 0,8,8 »

READ(D S »diffusion coefficient
READ(U o - vrmean veloclity
NEWLINE :

CAPTION .

DIFFUSION COEFFICIENT

PRINT(D;0,6)

CAPTION

MEAN VELOCITY

PRINT(Ug9ple)iii. .. .

NEWLINE 2

C(1)=0

D(X)=0

W(l)=0

B(1)=0 ‘

X=X (2)=X( 1) »r atep |
'A(L)-ucn s (XX) .

is x step, C is t step

H(l “G*(gU}Y(l)-rD/V)

U ID—I-E—H(l)-A(l)
ota3=0 |
g g gg* (2ue (2-x(2)X(2)/* (AA))/X(1)+D/V)
e iﬂc /% (33K)
u(z al-*(322)+A(2)+E)
I=3(1)M » radiue cycle for caeffs.
D(I)=0 :
c(X)=0
HEI =G*(2U"‘ (1-x(1)x(2)/*(a4) )/I(l)+D/V)
W(I)=CcD/*(6X(I)X)
pHE el
‘3&33?-* H(I)+E+A(I)+B(T)+w(I))
g?mgguun)-u&u&)
A(M)=0
CAPTION

R U H W B A E SUM
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I=1(1)¥
C(I+J")=1

REPEAT

NEWLINE

CAPTION

FOR STABILI L COEFFICIENIS ARE POSITIVE AND SUM IS 1
K=NEN3T

Q=2(2)N

J=1(1)P >>1angth cycle

I'=3* . »J-1 term for concentrations

J'=M' >3 " " " & coerfs

M'zJ' +M >>J+1 " " "

D(J'+1)-H(1)c(1'+1)+U(1)c(J'+1)+Ec(u'+1)+A(1)G(J'+2) »>p=0
»could check here if 1 then out

D(T'+2)=H(2)c(1'+2)+U(2)C(I"'+2)+A(2)C(T +3)+EC(M'+2) wp=dpr

I=

D(g iI)—H(I)C(I +I)+W(I)C(J‘+I-2)+B(IgG(J'+I-13+U(I)G(J'+I)
+A(I)C(T +I+1)+EC(M"+I

D(M$§£H(M)C(J')+w(M)c(M!~2)+B(M)c(M'+1)+U(M)c(u')+Ec(m'+u) »r=a
REPEAT »check here if O then mark

K'=I'-}

I=1Sl) .

D(M +I)—3D(J'+I)-3D(I +I)+D(K +I) »end points in 1 direction
REPEAT

J'=0
M'=M.

=1(1}; )P »length eycle
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I'=J' »J=1 term for concentrations

J'=u"! » 4 . " & eoeffs

M'..Jl M ) , > +1 " 1" "

Cc(J'+1)=H(1)D(I +1)+U(1¢D(J'+1)+ED(M'+1)+A(1)D(J'+2) =»>p=0
- ® could check here if 1 then out

L(J'+§)—H(2)D(I +2)+U(2)D(J'+2)+A§2)D(J'+3)+ED(M'+2) >> p=dr

=3(1

c(J'+I)xH(I)n¢'+1)+w(1):ﬁ*+1—2)+B(I)D(J'+I-1)+U(1)D(J +I)
A(I)D(T +I+1)+ED(M"+I)

EPEAT
C(M' Y=H(E)D(T* )+W(H)D(M =2)+B(M)D{U"=1)+U(M)D(M" )+BD (M " +U) »r=a
*»»check here if 0 then mark
REPEAT

K'.—:I'-,-H

I=1(1)M .

C(M +I)==3C(T*+I)~3C(1'+I)+C(K'+I) >end points in 1 direction
REPEAT

i\

EAT
JUMPDGWN(R3)
REPEAT ‘ v
JUMP L4 »fresh start
END
CLOSE

HURG



.‘ |':r)_1_ '
REFERENCES

@) Handbook‘of Physics. Condon, BE.U, and.H.Odishaw (editors)
|  Mc-Grew Hill (1958). |
a)~Birﬁ, ReBey J.O.Hi*schfelder aﬁd C.F. Cﬁrtios} The eqﬁa&ion
R of state and tranmport properties of gases and liquids,
Part 5, ch.l. R ,‘ |
b) Condon. BE.U. Dynamical principlea. P&rt 2, ch.2.
¢) Condon, E.U. Quantum dynamics. Part 2, ch.6. |
:d) Condon, E.U. Kinematics and Dynemics, Part 3 ch.l.
e o):uontroll, E.W. Principles of statistical meohanioa and
o _ klnetio theory of gases. Part 5, ch 2. |
't' £) Reiner, M. Rheology. Fart 3,ch.3.
.jg)“soeger. ReJ. Fluld mechanics, Part 3, ch.2.
“h) | Nucloar physies, Part 9.
1) | Solid state. Part 8,

~(2) Proceedings of the IVth Internaiional Congress of Rheology.

o Perts 1-3 E.H.Lee (editor), Part u A.L.Gopley. |
Inxeracience N.Y. (1955) A |

a) Bugliarello. G., C.Kapur and G.Hsiao. The prorile viscosity
and othor characteristics of blood flow in a non-
uniform shear field. L 351 (1965)

| b) Dintenfaas, L. Thixotropy and dilatancy in complex multiphr

ase emuleions and auopensions. 3 621 (1965)

. ¢) Gerrard, J.E. and W.Philipporf. Viscous heating and

capillary flow. 2 77 (1965)



SRR l‘

am) Gibbs. D.A. and E.W.Merrill. A shear creep viacometer for
| rheological studiea of polymera. 2 183 (1965) |
- e) Gieaekus. H.- Some aecondary flow phenomena in general viaco-
R elastic fluidS» 1 249 (1965)

T) Green, A.E. Aniaotmpic fluids. 3 29 (1965)

o «_g) Hofrman, R. D. end R. R.Hyera. Dynamic mechanical properties or ,

| ~ some non—-aqueous dinperaions.. 2 693 (1965)

h) Kelley, E.L. and J .G.Brodyman. Rheology of polyelectrolytes |
IV the aepcndanca of turbulence on polymer concantrat- ‘
_loms. 2 571 (1965) | . | |
; 1) Koppelmann. J. The dupendence of relaxmtion time.a on free
‘ volume in high polymem. a 361 (1965)

- ;j) Markov:l.ts, H. Normasl streaa meamemsnts on polymar solutions.
1189 (1965) — ;

k) Peterlin. A. Non-Newtonian :lntrinsic viscosity of polymer

L '_,a:olutionls. 1123 (1965) o
| 1) ‘;'P;lpl_::in, A,C. Some nen—Newtonian effects 1n flow through tubes.“ |

PRI § a3 (1965) : | |
“;.,m)' Porfex?, R.s. and J.F.Johnson. The entanglemant chain length |
: o  5  fand polymcr compoaition. .2 1467 (1965)

‘:g‘;)', ﬁein_er, M. necond order atmsu 1n the flow of g'aaes.‘ 1 267»
6) ,Roai::oég Re Measurements on the temperature variation of the
. rigidity of gels. 3 593 (1965)

i p) Rowlanda. Se A.C Groom and H.W.Thomas. The d.itference in |
| | circulation tines between erythrocytes and plasma in
vivo. 4 371 (1965) | |



R -

‘@) Thomas, H.W., R.J, French, A.C.Groom end §.Rowlands, The flow
| __afred}; cell anspensiona: through narrow tubes: The
.( extracorporeal )‘ detwminatién of the difféfence in
‘mean velocities of red cells and their auspending
| phese. 4 381 (1965) | |

- r) Truesdell, C. The ratioal mechanics of deformation and flow.
23 (1965) | | |
8) Weymann. H.,D. On the viacoeity of thixotmpic suspensions.
}_ 575 (1965)

(3) Handbook of Phyn:lology - II Circulation, 'Hémilton,,. w.E. | and
P.Dow, ( editore ) Am.Physicl 8oc.(1962)
.a) Bayliss, L.E, The rheology of blood, ch,8.
b) Hgmilton, W.F_. He_aaurement of cardiac output. ch.l7,
e) L‘awé;m, H.C. '-.'J.'he’volume‘bf blood - & eritical examination of:
; methods. ror tts meaeurement. ch. 3.
Ca) Robertson, J.S. Mathematical treatment of uptake and release
| ’ or mdicator subetances in relation to flow analysis
1n tiaaues and orgens. c¢h.19,. |
e) Zierler, K.L. Circulation times end the theory of indicator—
; ,dilution m,ethods‘ for_ determining blood flow and volume. A'
. ch.18.

(W) Alexander, A.E; ‘. and P.Johnson, Colloid Science. Clai'endon(19u9
(5) Aris, R. On the dispersion of solute in a fluid flowing
through a tube. Proc.Roy.Soc. A235 67 (1956)



he -

(6) Baylias, L.E. Flow of suspensions of red blood cells in
capillary tubes, Changes in call-free' marginal sheath
with chenges in shearing stresa., J.Physiol. 179 1 (1965)
(7) Bernal, J.D. and R,H,Fowler. A theory of water and ionic
solutlpn, with pgrticular referancé to h.vdrogen and
hydroxyl ions. J.ChemyPhys., 1 515 (1933) |
(8) Bloch, E.H. Quantltatﬁé aiudy' of h&modynamics.' in the living
| microvascular syaﬁ'em. an,J, lxnat. 110 125 v(1962)
B (9) Bourdillon, J. &) The increase of solute velocity in the |
| A capillary and porous flow of solutions. Exper. 18 530(" 6
-b) The espillary f‘lqw.» of solutions. A re—evaluation of |
experimental evidence, Exper. 12 250 (1953) "
(10) ';Br&xi‘emark.* P,I. and J.Lin&eti'am. "Sh’apé 61‘ eirculating dlood
- corpuscles, Biorheol. } 139 (1963) | |
(11) Caro, C.G. The dispersion of indicetor flowing through
 simplified models of the circulation and its relevence
to the velocity profile in blood vessels. 7 +Physlol.
185 501 (1966)
(12’) Cerny, L.C. A region of Newtonlén flow for whole blood.
‘ Biorheol. 1 139 (1963) | | |
(13) Charm, S.E., W.McComis and G.Kurland. Rheology and structure
| of blood suspensions. J.Appl.Physiol. 19 127 (1964)
' (14) Chaturvedi, M.C. Flow. characteristics of axisymmetric
| expansions, ASCE 8 Proc.Paper3515 May 1963.
(15) a) Chien, S., S.Usami, R,J.Dellenback, i.I.Gregerasen,
L.B.Nanninga and M.M.Guest. Blood viscosity: influence of |
erythroeyte sggregation. Sc. 157 829 (1967)



-Q"(a_

(15) b) Chien, S., S.Usami, R.J.Dellenback and M.I.Gregersen.
' Blood viscosity: Influence of erythrocyte de.formation.‘
8e. _j_z 827 (967) |
(16) Chinerd, F.P., T.Enns and M.F.Nolen. Arterial hem;-émoc'rit
and the séparation of cells and ‘pléama in dog kidney,
- Am.'J.Physiol. 207 128 (1964) "
(17) Crane, H.G.s J.E.Holloways R.Adams and I.C.Woodward, The
‘relative I'low rates of red cells and plasma, Peripher-
‘al and eentral eirculation studies in dog,
Intl. J‘.Appl Radn.Iaotopes. 1 23 (1959)
(18) Crank, J. The mathematics of diffusion.
| §xford Clarendon Press (1956) | |
o a) ch.l.” b) eh.11l, The daf.tnition and measurement of
‘diffusion coefﬁcient-s. _
(19) Dintenfaw, L. a) Oonaidnrationa of the internal visscosity o
red cells and its effect on the viacoaity of whole
 blood. Anglology 13 333 (1952) b) Blood rheology
and eardiovescular disesses, Nature 199 813 (1963)
(20) Dow, P., P.F.Hehn end W,F.Hamilton, The simultencous trens-
port of '1:182)* and radiosctive red cells through the
 heart ond lung. An,J.Paysiol. 147 493 (1946)
(21) Drost-Hensen, W. The puzzle of water. vIn'bl.Sc.‘fech.
0ct.1966. - p.86. o
(22) Einstein, A, a) Eine neue Bestimmung der Molekilldimensionen
| Ann.Phys. 19 269 (1906) ©b) Berichtigung zu meiner
Arbeit: eine neue Bestixﬁmung der MolekHldimensionen,
Ann,Phye, 34 591 (1911)



(23)

(@

| (25)

(26)

. '(27)
(28)
(29)

(30)

-

Freis, E.D.. J‘.R.Stanton and G.P.Ememn.«nstimation of
relative velocities of plasma and red blood cells in
| the eimulation of man, Am.J.Ph.Vﬂiol. 157 153 (1949)
Glasstone, S., K.J.Laidler and B.Eyring. '.Ehe theory of rate
processes. Mc-Graw Hill (1041) - _
a) .ch.9. Viscasity and diffusion. b) ch.10, Electro-
. chemical proceaaes. ,‘ ) | |
Goldamith. H.‘L. and 3.8, Mason. The microrheology of disper-
sions, (Revicw) Pulp and Paper Rueareh Co, of Canada, }
| Nov.l965. , , o
Goresky C.A. Initial diatribution and. z-ate of‘ uptake of
snlrobrmnopthalein in the liver, Am,J. Phyaiol. 207 13
(196)4) A 11nean method for determining 1iver sinusoid
&l and ex.travaacular volumes. Am.J'.mysiol. _ﬂi 626(196
Gregerscn, M.I., C. A.Bryant, W.E.Hammerle. S.Usami and
s.chien. Flow characteriatica of human erythrocytes
through polycarbonate sievas;. Sc. 157 825 (1967) |
Groom, A.C., W.B.Morris and S;Rowlands. a) The difference i
~ 4in circulation timea of plaama. and corpueclea in the‘ '
cat. J.Physiol. a6 218 (1957)
Groom, A.C. Transit time of cells and albumin through the
. vascular bed of -skelet_al muscle. Presented at 1st
| In'hl. COngi' Hemorheol. Reyjavik, Iceland. (1966)
guth, E. and R.Simha, Unterauch\mgen tiber die Viskosit&t von
Suapensionen und: I.!Saungen 3. Uber die Viskosit&t von
Kugelsuapensionen. Kolloid Z. I4 266 (1936) ‘



- 132 -

- (31) Haynes, R.H. The viscosity of erythrocyteusruspenaions. '
(review) Bio;phys.J. 2 (1962)
(32) Haynes, R.H, end A.G.Burtan. ‘Role of- non-Nawtonian behaviour
of blood in hemodynamics. Am.J.Physzol. 297 9u3 (1959)
(33) Howard, ARy W.F.Hamilton and P.Dow. Limitation of the
' continuous infusion metho& for measuring c:ardiac-output
by aye dilution. Am,a‘.msiol. ;15 173 (1953)
(34) Jefrery, G,B, The motion of ellipsoidal perticles immersed
| in e viscous fluid, Proc.Roy.Soc. A102 2 161°(1922)
,”(35) Jost, W, mrtueion in l:lquida. s0lids and gases, Acadenic
| Presa jrd. edtn, (1960). N
m) eh,1l. The f;‘undamental laws of diffuau.on. ~
b) ch., 10. Diffusion in geses. ‘
| e) ch.ll. Diﬁ‘usion 1n liquids. :
(36) Kittel, C. Introduction to solid state pbysics. Wiley 2nd.
. edtn, 1956, |
a) ch,13. Semiconductor crystalé.- 3
b ) ch.l’l. Lattice vacancies, diffusion and color centres,
(37) XKuroda, K. and M.Fujino. On the csuse of the increase 1in
light transparency of\erythrocyte s:uapensions in flow.
Biorheol., 1 167 (1963) . ,
(38) Lnienfield. LS.y J.CeRose and F.A.Porfido. Evidence for a
red. eell ahunting mechanism in the kidney. 01rc1n.Res.
5 64 (1957) | |
 (39) Lilienfield, L.S. and J.C,Rose. Effect of blood pressure
alterations on Intrarenal red cell - plaama separation,

Jd.Clin,Invest. 37 1106 (1958)



- r}qr—f

(40) Lilienfield, LaSes J.CesRose and N.A.Lasaen. Diveraevdistrib-

(41)

- (42)
- (u3)

()

(5)

‘ (Lvé)

(47)

(48).

(49)

| utlon of red cells and albumin in dog kidney.
. Circln.Res. 6 810 (1958)

Lilienfield, L.S.. R.D.Kouanh, P.A. Marka. L. M.Hershenaon,
G.P.Rodnan, _F.G.Ebaugh and E.D.Freis., The hematoerit of
ths lesser eirculation in iaan. -J,Clin.Invest. 35 1385‘(‘1954

Maude, A.D. and R.L. Whitmore. The wall effect and the viscos:

ity of. auapensions. Brlt J.Appl Phys. I 98 (1956)
Ma,ver, G.4. The anomolous viscosity of human bloom
n.J,Phyeiol, 208 1267 (1965)
Merrill, E.Wep ,G.,C;.Gékelet,,A.Britten end R.E.Wells, Non-
- Newtonian z?heology_of human blood - effect of .ri‘brino.gen
déduced by "srubtraétion“‘. Circln.Res. 13 L8 (1963)
Newmsn, F.H, and. V.H.L.Searle,. ‘The: general pmperties or
‘matter. Arnold 5th, -edtn. 1957.
a) ch.7. Viscosity.
b). ¢h.8. The kine—tie theory of metter,
e) ¢h,10, Osmosis and dirfusion.
Nanninga, L.B., HeGoSwann and H.L.Sehubert. Outflow pattcrns
 of indicator dye continuously injected into tubes with
laninar flow, TexasRep.Biol.led. 20 384 (1962)
Nightingale, E. Higher Physics, ch.4. Béli a'Son 1948,
Orchwadt, B. Trensport times of ialas"ma and erythrocytea,
the internal hematocrit vaiue, and resi’stance regulatiozi_,
in isolated kidney. ch.Ges.PhysioJ.. 265 112 (1957)
Pgige, C.C, Numerical solution of the partial differential
equation aris;lng from the disperaion of materlel in
solutions flowing through circular tubes. Appendix .1967.



(50)

(sn

(521

(54)

(55)

(56)

(57)

- %20 -

Philip, J.Re The theofyvof dispersal duringilaminaf fiéw int'
tubes.I. &II. | The damnlng of = fluctuating concentrat-
ion bJ continuous sampling through a tube. |
Australlan J.Phys. 16 28/. 300, L5k . (1963)

Pories, Uedes PoDe Herris, J.R Hlnshau,r P.Davis and.'

Se I.oChWarGZ. Blood sludging- an experlmental critique of
tts occurence and its suppooed effects. Ann.Surg. ;52 33
(3962) | |

Rand, R.P, and Lie G Burton. "ecqanical properties of the red

' cell uembrane. I Menbrane stiffness and intracellular ‘

pressure. quphya.J. 115«(196L)

Repaport, E., H.Kuiday F.llayes and L. Dexter;’Pdmonary red

cell and plasma volunes, and pulmonarJ hematocrit in the-
normal dog. Am,J.Physiol, 185 1°7 (1956)
Replogle, R. L., H.J.Neisetman and . Merrill. Clihical
~implications of blood rheclogy utUd¢eS. Clruln. 36 lthLﬂq;
(1967) |
Rich, D.C. andtJ.W.Goddman. Indicator dispersion by conveche=
ion and diffusion in fluid flow through a tube,
Cire.Res. 17 274 (1965) | | -
Robefts; J.K.jénd A.R.Killér. Heat aﬁd'thermbdynaﬁics;
Blackie Sth. edtn. 1960 | o |
‘ v ) S o @
a) ch.1ll. The transfer of heat by conduction and convectio
b) eh.3. The kinetic theory of gases. |
Rodin, EtY., and J;D.Isaacson. On the‘conatruction of a
mathematicel model for the non-linear, nonsdeterministic;

wave diffusive blood flow. Abstr Biophys. Soe. 11th Ann
Meeting Feb,1967.



'~,r3| -

(58) Rouee, H. and V.Juzdinsky. Fluctuation of pressure in

conduit expansion. ASCE 2_ Proc.Paper 4815 May 1966-

(59) Rouse, H. Energy transformationa 1n zones or separation.

‘ Intl Assoc.Hydraul.Res. IXth COnvention (1961)

| | Reprint 181 in Eng.. State Univ. of Iowa. | '
| (60) Ruch, . C. and J.F.Fulton, Medical phyaiology and biophyaics"

Saundefa 1960, A o ,

(61) Sirs, JeAs A method for eorracting for response time delaya
_ of measuring equipment. J.Sﬂ.Instr. 12 419 (1958)
| (62) Stacy. R.W. computern: analog. p.193 vol III. Medical
} | phyaies. O,Glasser. chieago 1960.,  |
(63) Stokes. R.H.. LoAmWOOlf and R Hills. Tracer ditfusion of
| 1odide ion in aqueous alkali chloride aolutiona at 25°c._
| Phys.Chem. _; 1634 (1957)
(64) Taylor. sir Geoffrey. , |
,,’a) DisPeraion of'aolUble matter 1n solvent flewing |

:slowly through a tube. Proc.Roy.Soc. Ag;g 186 (1953)

'b) Conditions under which dispersion of a solute in a
stream of solvent can be ussd to measure molecular
dirfusion. Proc.Roy.Soe. A225 h?} (195141)) |

(65) Taylor, H.M., S. Chien. M.I. Gregeraen ‘and J.L.Lundbers. |
aomparisons of viscometric behaviour of susPensions of
polyatyrene,latex and humsn blood cells. '

Nature. 201 77 (1965)

(66) Thomaa, H.W. a) The well: effeot in capillary 1natrumants:
~en improved analysis suitable for application to blood
end other particulate suspensions. Biorheol. 1 hl (1962)



- _l%'l ‘-

(66) Thomas, H.WQ b)ﬂ0n thevdifterencévbetween‘thelcléapance!f'
curves of‘lﬁbelled red‘ceils”and"or 1abélléd piésma‘v
fﬁom the circulaxory bed of the heart and 1ung |
Blorheol, 3 33 (1965) , |

(67) Vend, V. Viscosity of solutions and suspensiona. I Theory.

~ Jd.Phys, Colloid..Chem. §g 277 (19)4.8)

(68) Waylend, H, Rheology and ‘the microcirculation.
Gaatroentarology. 2_,3&2.(1967) "'> '

(69) Wells, R.E.. T.H,Gawronski, P, J.Cox and R.D,Perera.

| Inrluenae,of fibrinogen on flow praperties of erythro-‘
cyte suSpensiona. Am.J.Phyaiol. 207 1035 (1964)

- (70) Whitmore, ReL, Hemorheology and hemodynamics. |

| Biorheol. 2 1 201 (1963) - : v

(71) Yanami, Yoy M.Intaglietta, ¥.6.Frasher Jr, and H.Wayland._
-Photomelrig atudy of erythrocytes in shear flow.
Blorheol. 2 165 (196L) - ,

(72) Code of practice for the protection of" persons expoaed to
ionising radiations in university laboratories.
Assoen, of Univ, of Brit, Commonwealth. 1961,



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154
	Page 155
	Page 156
	Page 157
	Page 158
	Page 159
	Page 160
	Page 161
	Page 162
	Page 163
	Page 164
	Page 165
	Page 166
	Page 167
	Page 168
	Page 169
	Page 170
	Page 171
	Page 172
	Page 173
	Page 174
	Page 175
	Page 176
	Page 177
	Page 178
	Page 179
	Page 180
	Page 181
	Page 182
	Page 183
	Page 184
	Page 185
	Page 186
	Page 187
	Page 188
	Page 189
	Page 190
	Page 191
	Page 192
	Page 193
	Page 194

