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Abstract

The success of radiotherapy relies on precisely targeting cancerous cells while minimising harm

to healthy tissue. Real-time adaptive radiotherapy addresses the challenge of rapidly changing

cancer positions, dynamically adjusting the radiation beam during treatment with the help of

MR-linacs—integrating Magnetic Resonance Imaging (MRI) scanners with linear accelerators.

However, this approach faces significant computing challenges. The process involves converting

raw scanner signals into MRI images, transforming them into a patient model, reconstructing

the delivered dose, and optimising treatment parameters. These computationally intensive

steps must be executed quickly to ensure the effectiveness of real-time adaptive radiotherapy.

The first contribution of the thesis introduces a novel parallelisation scheme tailored for Four

Dimensional Magnetic Resonance Imaging (4D-MRI) data, effectively minimising multithread-

ing overhead and concealing data transfer latency. This results in an efficient architecture for

algorithms based on the golden angle stack-of-stars MRI reconstruction. One such algorithm

has been implemented and accelerated using Graphics Processing Units (GPUs) to facilitate

clinical applications.

The second contribution aims to provide a methodology for predicting the performance of ac-

celerators in the context of Monte Carlo (MC) simulations. The methodology is derived from

GPU and Field Programmable Gate Array (FPGA) computational capabilities through bench-

marks. It is then validated with Coulomb Scattering, assessing the accuracy of the forecasts.

The results demonstrate that the model’s forecasted speedup assists in deciding the optimal

accelerator, if any, to achieve the best performance.

The third contribution of this thesis is Optimised Dose Planning Method (ODPM), an MC

simulation for radiotherapy dose reconstruction designed to meet real-time adaptive radio-

therapy time requirements. The use of accelerators for ODPM is analysed using performance

modelling. The forecasted speedup is then used to design an architecture capable of meeting

real-time adaptive radiotherapy time requirements. This contribution also introduces multiple

mathematical, algorithmic, and architectural optimisations applicable to MC simulations and

integrates them into ODPM.
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Chapter 1

Introduction

1.1 Challenges and Objectives

The effectiveness of radiotherapy relies on the precision with which cancerous cells are targeted

while minimising damage to healthy cells. A significant challenge in traditional radiotherapy lies

in the rapid obsolescence of information, particularly as cancerous tissues may change positions

- such as lung cancer changing due to respiration. To address this issue and accurately target

moving cancers, it is imperative to dynamically adapt the radiation beam during treatment,

accommodating changes in cancer biology and patient anatomy [KNO+18,KPB19,HHO+18].

This innovative approach, known as real-time adaptive radiotherapy, emerged with the advent

of MR-linacs - a technology that integrates a Magnetic Resonance Imaging (MRI) scanner with

a linear accelerator [LRR+08,FMR+09,KBC14,MLC+16].

The current state-of-the-art radiotherapy treatment that leverages the MR-linac is called online

adaptive radiotherapy. Differently, from real-time adaptive radiotherapy, this treatment adapts

the radiotherapy plan before each radiotherapy session [BSM+19]. This differs from the archi-

tecture proposed in figure 1.1 as this proposed architecture performs the treatment adaptation

not only before each radiotherapy session but in real-time, while radiation is delivered to the

patient.
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Figure 1.1: Real-time adaptive radiotherapy diagram. The yellow boxes correspond to the ma-
chine, the red boxes correspond to computational expensive algorithms that need acceleration
considered in this thesis and the white ones are the parameters and the state of the system. The
data transferred from the image device consists of raw MRI signal in k-space. The treatment
machine transfers the current beam parameters to the simulation.

However, real-time adaptive radiotherapy suffers from significant computing challenges. The

initial steps involve converting the raw scanner signal into MRI images. Subsequently, these

images need to be transformed into a patient model, and the delivered dose must be recon-

structed. Finally, the treatment parameters are optimised and the dose is administered. These

steps are computationally intensive and must be performed as quickly as possible. Figure 1.1

shows a possible system and its main components. It is worth pointing out that this figure

does not represent any real system but it offers a possibility based on [HHO+18,KPB19]. The

yellow boxes model the medical machine needed for the treatment, the red boxes represent the

computationally expensive algorithms that this thesis aims to solve. In particular, the MR-linac

contains both a treatment beam and an MRI scanner. The output of the MRI scanner, consists

of a raw MRI signal acquired in k-space. The k-space is an array of numbers representing

spatial frequencies. The k-space data is fed to the real-time imaging algorithm. This results
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in a MRI image. This image is then converted to a patient model, that is, a geometry that

identifies each material (e.g. water, bone, muscle) inside each voxel. This patient model is then

used by the dose delivery reconstruction algorithm together with the beam parameters from

the treatment machine to simulate the radiation dose delivery, and based on these data it is

possible to optimise the beam parameters, compare them with the planned treatment and send

them to the machine.

The optimisation of the treatment parameters is in itself an open research question that goes

beyond the scope of this thesis [MMN+20]. At the time of writing, the specific impact of this

stage on the overall feedback loop remains unclear. Winkel et al. [WBK+19] propose an end-to-

end concept for plan adaptation, covering the entire feedback loop. They report a time range

between 17s and 485s. However, they do not provide a detailed breakdown of the time required

for each stage, leaving the duration of the optimisation of treatment parameters unquantified.

The inputs of the optimisation algorithm are the planned dose delivery parameters determined

by radiologists and oncologists, the results of the simulation, and the patient model. It uses the

information provided to optimise the treatment parameters and sends the updated parameters

to the treatment machine. For example, some parameters that could be changed to improve

the dose delivery are the energy, the position and the direction of the beam.

This thesis aims to contribute to real-time adaptive radiotherapy, where time requirements

are more stringent than in MR-guided online Adaptive Radiotherapy (MRgoART). MRgoART

is considered an intermediate step since it shares similar computational challenges, and as

section 6.2.1 will present, results from MRgoART could be used to develop algorithms that meet

real-time demands. However, it is important to clarify the time requirements of MRgoART and

real-time adaptive radiotherapy. In MRgoART, reconstruction time must be kept within two

minutes to minimize patient discomfort [HHO+18, FTO20]. The time requirements for real-

time adaptive radiotherapy are significantly more stringent, with only one second available to

execute the steps illustrated in figure 1.1, including imaging, reconstructing the delivered dose,

optimizing treatment parameters, and adjusting the beam [VZV+20].

Chapter 3 analyses the challenges of real-time imaging and proposes some solutions to accel-
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erate MRI reconstruction. Chapter 4 and 5 focus on accelerating dose delivery reconstruction,

specifically addressing the challenges posed by Monte Carlo (MC) simulations underlying this

reconstruction process.

1.1.1 First Challenge and Objective

The first challenge arises from the complexity of MRI image reconstruction. MRI imaging is di-

vided in two phases, acquisition and reconstruction. Acquisition time refers to the time needed

to acquire raw data from the scanner, reconstruction time instead, refers to the time needed

to convert raw data into a Four Dimensional (4D) volumetric image. MRI image acquisition

can last several minutes, a duration deemed too slow for MRgoART. Consequently, techniques

have been developed to shorten the acquisition time. However, these techniques greatly in-

crease the reconstruction time as they rely on expensive conjugate-gradient methods [MP17].

The reconstruction time can be greatly shortened with parallel computing, vectorization and

acceleration, hence the first challenge (C1) can be formulated as follows:

C1: To accelerate an MRI reconstruction method that meets MRgoART timing require-

ments.

Objective O1 of this research is to address C1. The related contribution is summarised below;

more information can be found in Chapter 3.

MRI reconstruction algorithms are usually implemented in high-level languages such as MAT-

LAB which do not allow for use of Single Instruction Multiple Data (SIMD). This greatly limits

their performance as most of the algorithms are conjugate-gradient based and heavily rely on

linear-algebra - which is widely known to benefit from SIMD paradigms. Furthermore, they

are bottle-necked by memory bandwidth. The k-space data usually consist of several gigabytes

of data. Conjugate-gradient methods, being iterative, require iterating over the data multi-

ple times until they converge. To address these issues Chapter 3 presents several techniques,

including a general parallelisation scheme and the use of Graphics Processing Unit (GPU)

acceleration to greatly reduce MRI reconstruction time.
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1.1.2 Second Challenge and Objective

The second challenge stems from the complexity of MC simulations and the engineering effort

required to program accelerators. Programming accelerators presents many different challenges

that developers need to overcome to successfully accelerate any application. In addition to

choosing the correct algorithm, other challenges include data transfers, utilising the various

memory resources available and exploiting the accelerator specific characteristics, for example

the parallelism in the context of GPUs. The successful acceleration of MC simulations is

even more difficult as MC methods are known to be inefficient, hence they require significant

engineering effort and extensive High Performance Computing (HPC) expertise [AAB+23]. To

avoid investing needless development time and resources into accelerating applications that do

not benefit from acceleration, it is important to model and forecast the performance of Field

Programmable Gate Array (FPGA) and GPU. This is particularly important in the case of

FPGAs where compilation time can take up to several days. Hence the second challenge (C2)

can be formulated as follows:

C2: To forecast accelerator performance so that the architecture with the highest perfor-

mance for MC simulations can be chosen.

Objective O2 of this research is to address C2. The related contribution is summarised below;

more information can be found in Chapter 4.

Accelerating MC simulations is a lengthy process that requires significant developer effort.

However, MC simulations are stochastic in nature and might not be suited for a particular

accelerator or a particular architecture. Identifying engineering challenges and forecasting ac-

celerator performance are crucial to implementing fast MC simulations. Chapter 4 presents

how to identify MC bottlenecks, possible solutions, how to devise a heterogeneous architecture

and how to forecast its performance.
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1.1.3 Third Challenge and Objective

Dose delivery reconstruction relies on MC simulations as MC is the most accurate method

to estimate dose depositions. In particular DPM [SWB00] is considered the MC simulator

that has the best tradeoff between speed and accuracy in the context of real-time adaptive

radiotherapy. However, DPM being stochastic in nature, does not meet real-time adaptive

radiotherapy time requirements [VZV+20, ZPPKO15]. This limitation poses a considerable

challenge for the widespread adoption of real-time adaptive radiotherapy, and thus, the third

challenge (C3) is defined as follows:

C3: To devise a Dose Planning Method (DPM) that meets real-time adaptive radiother-

apy timing requirements.

Objective O3 of this research is to address C3. The related contribution is summarised below;

more information can be found in Chapter 5.

DPM is a complex MC simulation that computes particles (electrons, photons) trajectories in

matter. Its complexity combined with its stochastic nature makes it fail to meet real-time

adaptive radiotherapy time requirements. DPM suffers from branch mispredictions as many of

the computed processes rely on random numbers sampled according to specific distributions.

Additionally, the highly irregular trajectories of particles in matter, especially photons, result

in numerous cache faults when accessing the geometry. Chapter 5 presents a complete analysis

of DPM with forecasts of the performance of GPU and FPGA based accelerators. It also intro-

duces several optimisation strategies, including branchless programming, geometry partitioning,

and the use of approximation to enhance DPM performance and meet time requirements.

1.2 Research Contributions

This thesis focuses on solving real-time adaptive radiotherapy computational bottlenecks. The

aim is to improve the performance of MRI image reconstruction and dose delivery reconstruction
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by means of both optimisations and accelerators. However, there are many challenges that limit

the performance of these algorithms, the three main ones are described in section 1.1. To address

these challenges this thesis covers the following research contributions: (a) a new parallelisation

scheme for 4D-MRI data and the resulting optimised heterogeneous implementation of the XD-

GRASP algorithm [FAC+16] capable of meeting MRgoART [MHBB20] requirements, (b) a

methodology to forecast MC performance when using GPU and FPGA acceleration and (c)

Optimised Dose Planning Method (ODPM), an optimised implementation of DPM [SWB00]

dose reconstruction algorithm. These contributions are explained in more detail below.

1.2.1 Fast MRI Reconstruction

The first contribution of this thesis is a heterogeneous implementation of the XD-GRASP

algorithm that meets MRgoART time requirements to address Challenge C1 and Objective

O1.

This contribution (chapter 3) presents a novel parallelisation scheme optimised for 4D-MRI

data that minimises multi-threading overhead and hides data transfer latency. This results in

an efficient architecture for MRI reconstruction algorithms based on golden angle and stack-

of-stars [MP17] MRI reconstruction based algorithms. Then, one of such algorithms XD-

GRASP [FAC+16] was implemented and accelerated with GPUs to facilitate clinical use. Com-

pared to state-of-the-art MRI reconstruction algorithms, our implementation is up to 17 times

faster while maintaining 99% Structural Similarity Index (SSIM). This work has been published

in papers [BWY+21,LBG+23].

Many state-of-the-art solutions present in the literature fall significantly short of MRgoART

time throughput requirements [MP17,FTO20,RHB+17], moreover, their approaches often focus

on a single algorithm only and do not offer general solutions applicable to multiple algorithms.

In this study we analyse the XD-GRASP algorithm but our findings are applicable to any

reconstruction algorithm that leverages a golden angle, stack-of-stars acquisition strategy and

involves the Non-Uniform Fast Fourier Transform (NUFFT) algorithm. This includes an entire

class of MRI reconstruction algorithms. Compared to state-of-the-art solutions [MP17,FTO20]
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our approach is more general and offers more than an order of magnitude speedup and to the

best of our knowledge is the only implementation of XD-GRASP that meets MRgoART time

requirements.

1.2.2 Performance Modelling of Monte Carlo Simulations

The second contribution of this thesis is a methodology to forecast the performance of MC

simulations when using accelerators to address Challenge C2 and Objective O2.

MC simulations are inherently hard to accelerate, due to their stochastic nature. They do not

allow sequential access to the multidimensional geometry, and their irregular behaviour requires

a large number of branches in the code. These two characteristics make accelerating MC

difficult demanding changes to the simulation to overcome or at least mitigate these challenges.

Moreover the use of accelerators requires significant engineering effort. Especially in the context

of FPGA when the compilation might take several days. Chapter 4 shows a methodology for

forecasting MC performance when using accelerators. The performance model allows evaluation

of the potential speedup of FPGA or GPU accelerators. The forecasted speedup can be used to

decide the best (if any) accelerator to use to achieve the required performance. The results show

that it provides a reasonable range for the execution time in the GPU case. In the FPGA case,

since FPGA’s performance is more predictable, the predictions are within 2% of the measured

execution time. This work has been published in [BHT+23], and a revised version has been

accepted for publication in the Journal of Physics: Conference Series.

Compared to state-of-the-art solutions our approach has several advantages. First, it is a priori,

the forecasts are available before any extensive development effort. Second, it supports any MC

simulation and it can target CPUs, GPUs and FPGAs. To the best of our knowledge, there is

no alternative in the literature that offers similar advantages. In contrast, PPT-GPU [ABC+19]

lacks integration of a priori forecasts and provides limited support for data transfers, focussing

primarily on GPU acceleration across diverse domains. Similarly, GCoM [LHL+22] offers GPU

support with data transfer capabilities but does not integrate a priori knowledge. Choi et

al. [CRKB20] introduce an end-to-end approach with GPU support, yet they do not incorporate
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a priori predictions or data transfers. Goswami et al. [GSB22] provide a priori predictions and

FPGA support but do not include data transfers, and their support is limited to Convolutional

Neural Networks (CNNs). Da Silva et al. [DSBDT13] support FPGA accelerators with data

transfers, but have a restricted application scope, particularly lacking support for complex

applications like MC simulations. Finally, Voss et al. [VKM+21] integrate a priori predictions,

data transfers, and FPGA support, suitable for various domains, although they do not provide

GPU support in their approach.

1.2.3 Fast Dose Delivery Reconstruction

The third contribution of this thesis is ODPM, a fast MC simulation for dose delivery recon-

struction that meets real-time adaptive radiotherapy requirements to address Challenge C3 and

Objective O3.

DPM is an MC simulation that offers a good tradeoff between speed and accuracy. However,

it falls significant short of meeting real-time adaptive radiotherapy requirements [ZPPKO15].

Chapter 5 first analyses the use of accelerators for DPM. The results of this analysis show

that DPM will not benefit from GPU or FPGA acceleration, hence it proposes mathematical,

algorithmic and architectural optimisations that allow DPM to meet real-time adaptive radio-

therapy requirements. The results show that it is possible to meet real-time requirements, 1s or

less for a 66MeV photon beam [VZV+20], using large multi-core machines combined with these

optimisations. This work is accepted for publication in “EPJ Web of Conf”(To be published

soon). A paper further detailing this contribution is also completed and has been submitted

for publication.

There are several state-of-the-art solutions for dose delivery reconstruction. ODPM differs

from these solutions in two main ways. Some solutions fall short of meeting real-time adaptive

radiotherapy requirements, others although meeting time requirements do not provide strong

guarantee or proper validation of their results. Amadio et al. [AAB+23] use GPUs to accelerate

MC electromagnetic showers for the calorimeter at CERN; however, their study highlights the

challenges in handling memory accesses but does not provide reconstruction times. Sharma
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et al. [SKF+18] developed a fast MC simulation tool for dose estimation that leverages GPU

acceleration. However, they achieve a performance of 48s which fails to meet time requirements.

Li et al. [LDW+21] adopted a similar approach for gDPM, where they use GPU acceleration

to speedup radiotherapy dose reconstruction. gDPM can reconstruct the radiotherapy dose

distribution in 40s. Although they do not meet real-time requirements, they support simulating

magnetic fields, which is a necessary feature for the MR-linac, as the MRI scanner requires a

1.5T magnetic field to operate. Pastor-Serrano and Perkò [PSDH+23] provide DOTA, a CNN

based framework that can predict MC dose distribution. They are among the fastest in the

literature requiring between 15s to compute a full dose distribution. While DOTA does not

meet real-time requirements it offers a compelling alternative to MC based algorithms. Voss

et al. [VZV+20] implement dose reconstruction on multiple FPGAs, their results are promising

as they are able to meet real-time requirements. However, their study does not mention the

validation required to assess the validity of their results.
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Chapter 2

Background and Related Work

2.1 Introduction

2.1.1 Adaptive Radiotherapy

The efficacy of radiotherapy depends on the accuracy at which cancerous cells can be targeted

while sparing as many healthy cells as possible. In image-guided radiotherapy, patients are

imaged before the treatment, then based on these images a treatment plan is derived and the

patient is treated accordingly. The main problem of this approach is that the information

is quickly outdated since the cancer moves, for example lung cancer changes position due to

respiration. Figure 2.1 shows the timescale at which different types of cancer change position

and the different implementations of adaptive radiotherapy. To correctly target moving cancers,

the radiation beam should be adapted during the treatment, accounting for the changes in

cancer biology and patient anatomy [KNO+18,KPB19,HHO+18]. Figure 2.2 shows how more

effective real-time adaptive radiotherapy is, compared to traditional image-guided radiotherapy.

Keall et al. [KPB19] observe that real-time adaptive radiotherapy is rapidly progressing since

it, has several advantages compared to modern image-based radiotherapy. Given the ability to

monitor the patient anatomy and correcting the radiation delivery, real-time adaptive radio-

therapy can lead to highly accurate tumour targeting which results in improved patient safety

39
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Figure 2.1: From [HHO+18], timescales for adaptation and adaptive radiotherapy solutions
implemented. ART stands for adaptive radiotherapy, OAR for organ at risk.

and more effective treatment. A recent study [CBN+16], compared the radiation dose delivered

to a moving dosimeter with and without real-time adaptation. The results show that, according

to the gamma analysis, in case of lung cancer the fail-rate1 was 1.6% with real-time adaptation

and 15.2% with no real-time adaptation. Additionally, real-time adaptive radiotherapy is ex-

pected to speed up the treatment, allowing treating more patients in the same amount of time,

improving the patient experience since the time spent to position the patient under the beam,

often in uncomfortable positions, is reduced. Lastly, by removing the human element with

automation, it removes the human error from the radiation delivery. The sum of the reduction

in staff, in the time needed to perform one treatment, in the number of radiotherapy sessions

due to the increase in efficacy, ultimately leads to minor economic costs.

Real-time adaptive radiotherapy can be defined as a real-time system that continuously scans

the patient and, by integrating sensing information with prior knowledge from the treatment

plan, adjusts the plan to deliver the best suitable dose [KPB19]. This definition leads to

new computing challenges: real-time sensor data processing and real-time dose plan

update. Figure 1.1 shows the main components of the system: the yellow boxes model the

1difference between the dose plan and radiation dose delivered
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(a) Dose plan (b) Real-time ART (c) Image-guided radiotherapy

Figure 2.2: Adapted from [KPB19], this image shows the increased accuracy of real-time adap-
tive radiotherapy (b) compared to traditional image-guided radiotherapy (c).

medical machine needed for the treatment, the red boxes represent the computationally expen-

sive algorithms and the white boxes are the state of the system that gets updated real-time

with the new data coming from the sensors and the new parameters determined by the dose

planning algorithms. Optimisation of the treatment parameters can also be computationally

challenging however, it is highlighted in white as this particular step of the pipeline is outside

the scope of this thesis.

In the case of the MR-linac, the sensor is an MRI scanner which produces patient image data in

the frequency domain, known as k-space. Due to the limited acquisition speed in conventional

MRI, the physical movement of the patient causes ghosting artifacts and blur in the resulting

image [FAC+16,SAN+84,ASKC86]. To reconstruct high-quality 4D-MRI scans from this noisy

and undersampled data, reconstruction algorithms are utilized. These techniques can take from

200 up to over 600 seconds to produce a good quality image, hence far too slow to be used in

real-time scenarios [MP17].

The dose plan is updated in real-time by running a dose planning method on the new data

coming from the MRI scanner to compute the dose distribution, where:

• The dose distribution is the amount of charge that the particles deposit in each voxel.

• The voxel is a discretization of the human body, usually consisting of a cube of 2mm3.

• The dose planning method is usually based on MC simulation of the pathway of high

energy particles in biological tissue [ZPPKO15].
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2.1.2 Magnetic Resonance Imaging (MRI) processing

MRI is a medical imaging technique that uses radio waves and a strong magnetic field to

produce images of the organs inside the human body. Predominantly, the human body is

made of water, which is a molecule made of two hydrogen atoms of and one of oxygen. The

hydrogen nuclei consist of only one proton and since protons are very sensitive to magnetic

fields, can be controlled using radio waves. Protons in different tissues change state at a different

speed, generating distinct signals. These signals are captured by radiofrequency receivers, which

typically consist of two electromagnetic coils [Sin09]. The data from the coils are then combined

to generate the final image [MMGP06].

Unlike radiography, MRI data acquisition takes several seconds. For instance, Mickevicius and

Paulson report that the acquisition time for MRgoART is between 120s and 140s [MP17]. It

is important to note that shorter acquisition times can increase reconstruction time, as more

data must be processed to exploit correlations and retrieve unsampled points for accurate

image reconstruction. Due to this long acquisition time, patient movements blur and generate

ghosting artifacts in the resulting image. To obtain a high-quality image, a process known

as image reconstruction filters these artifacts and reduces blur. There are many strategies to

minimise artifacts and blur in data acquisition that ease the reconstruction so that it requires

less time to perform the post-processing.

In case of respiratory motion, the simplest approach is to either suspend respiration during

the scan [PB86] or acquire the data always in a specific respiratory state [FAC+16]. The first

technique, while largely used in clinical MRI exams, is not suitable for real-time radiotherapy

since it would require the patient to hold the breath for the entire duration of the radiotherapy

session, which may last several minutes. In the second case, sampling the tumour twice each

respiratory cycle greatly increases the acquisition time, hence it does not allow precise tracking

and dose plan updates. Another major limitation is that these techniques cannot be used in

all cases, for example, it is not advisable to stop heartbeat during a radiotherapy session.

In 4D-MRI there is a trade-off between data acquisition time and processing time. Techniques
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that reduce the acquisition time, usually, increase the complexity, of the reconstruction algo-

rithms needed to reconstruct the final volumetric image.

Parallel imaging techniques [PWBB01] reduce the acquisition time by combining under-sampled

data from multiple receiver coils to reconstruct the original image [FGB+14]. The idea behind

parallel imaging is similar to the techniques utilised to generate a Three Dimensional (3D)

stereoscopic photograph. Either the same camera is used twice from two different angles, or

two cameras are used at the same time, thus, at least halving the time needed to take the

picture.

Temporal parallel imaging [KEM01] and k-t acceleration [TBP03] methods reduce the total

amount of data that needs to be acquired. The first exploits the temporal correlation between

different coils so that data can be reconstructed instead of being sampled. The second method

avoids sampling multiples times the same data point by taking advantage of the sparsity of the

coil sensor data.

Compressed sensing [LDP07] is another method to reduce data acquisition times by deploying

irregular under-sampling according to both spatial and temporal correlations present in coil

sensor data.

All of the above techniques, reduce the data acquisition time at the expense of the reconstruction

time since data from different coils needs to be recombined and undersampled points need to

be interpolated from sampled data according to their correlation.

Recently, different undersampling and reconstruction algorithms have been proposed for 4D-

MRI [MP17]. Despite the long acquisition and reconstruction time measured with some of

these algorithms which ranges from few minutes to several hours, the 3D radial stack-of-stars

method [STDdS+15,FAC+16], is a promising approach due to its ability to reduce acquisition

and reconstruction time while achieving good image quality. In particular, the XD-GRASP

algorithm best overcomes the undersampling artifacts while reducing the total time to less

than five minutes [MP17].
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2.1.3 MR-guided online Adaptive Radiotherapy (MRgoART)

MRI has been used for many years in cancer diagnosis for its excellent soft-tissue delineation,

its ability to acquire images in any orientation, and its variety of available contrasts. More

recently, MRI has been adopted for radiotherapy treatment planning Hybrid MR-linacs, which

integrate an MRI scanner with a linear accelerator for radiation treatment delivery, were clin-

ically introduced to perform MR-guided radiotherapy. [LRR+08, FMR+09,KBC14,MLC+16].

MR-guided radiotherapy aims to deliver high-energy beams to the tumour while sparing healthy

tissue based on the acquired images. Combining the two systems therefore enables treatment

delivery adaptation based on the images acquired just before (online) or during (real-time) the

treatment session, leading to what is called MR-guided online Adaptive Radiotherapy (MR-

goART). As the images are used directly after acquisition to inform the positions of the organs

for radiation treatment, the image reconstruction time becomes critical and should be kept

within a couple of minutes [HHO+18].

In the case of thoracic cancers, respiratory-motion resolved 4D-MRIs are of particular interest

to spare vital organs such as the heart and lungs by taking into account the respiratory cycle.

Producing such images is however challenging, due to the need for undersampled image acqui-

sition, which greatly shortens the acquisition time at the expense of increasing the complexity

of the image reconstruction [SPT18]. To maintain short acquisition times, many solutions have

been designed to recover high-quality pictures from undersampled data using computationally-

expensive iterative techniques [MP17]. These techniques, however, do not meet the necessary

time constraints for MRgoART use.

While the acquisition constraints are inherent in the underlying physical laws, the reconstruc-

tion throughput is decided by the algorithm employed to recover the image and the efficiency

of its software implementation. In particular, parallelising and accelerating the reconstruc-

tion algorithms with the help of accelerators can result in significant increase in throughput,

enabling them to meet the requirements of MRgoART. While MRgoART constraints are not

defined in the literature, in this thesis we consider an image of size 256x256x48 pixels and 10

respiratory phases as a high-quality 4D image [FTO20]. Moreover, we regard reconstruction
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time of at most two minutes as suitable for MRgoART use. Based on the above assumptions,

the throughput that a reconstruction algorithm should achieve is 262,144 pixels/second. Addi-

tionally, the reconstructed image should be completely equivalent to an artefact-free reference

image. Hence, the image should score at least 99% SSIM [WBSS04].

2.1.4 Real-time dose reconstruction

Since MC simulation is considered to be the most accurate method to calculate dose distribution

in radiotherapy [SWB00], the reconstruction is implemented using computationally expensive

MC methods. These methods are based on the idea of repeating an experiment many times

to obtain many quantities of interest using the Law of Large Numbers and other methods of

statistical inference [KBTB14].

The experiment performed many times is the simulation of the behaviour of individual particles.

In particular, it simulates the trajectories and dose depositions of many individual particles

traversing biologic tissue by sampling particle interactions according to the fundamental laws

of physics. Due to the stochastic nature of MC algorithms, a large number of particles has

to be simulated. The simulation of each particle is computationally expensive due to the high

complexity of the interaction sampling [ZPPKO15]. Hence, MC algorithms, even if accurate

are not directly usable for real-time use.

Voss et al. [VZV+19] ported a simplified version of DPM [SWB00] on FPGA and showed that

by exploiting the intrinsic parallelism of MC methods, and parallelizing on multiple FPGAs it

is possible to meet the real-time requirements. However, their implementation lacks essential

features, such as the support of photons and other materials than water, and proper validation

against clinically accepted simulators or experimental data. So we will do better here.

Structure

Figure 2.3 illustrates the general structure of the simulation: the yellow boxes show the parts

related to the photons and the blue boxes are related to electrons. It can be noticed that some
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Algorithm 1 MC main loop
Input:

VoxelCube 3D matrix representing the patient data
Size 3D vector defining the size of the phantom
Resolution 3D vector defining the resolution of the Voxels
N number of particles to be simulated
Beam set of parameters that defines the radiation beam

Output:
VoxelCube 3D matrix representing dose distribution

1: function MC(V oxelCube, Size, Resolution, N ,Beam)
2: Particle[N ]← empty
3: for i=0 to N do Particle.push(Beam.generateParticle())

4: for Voxel in VoxelCube do V oxel.dose← 0
5: while not Particle.empty() do
6: p← Particle.pop()
7: v ← V oxelCube[p.position()]
8: p.initMFP () ▷ Initialise Mean Free path
9: while True do
10: event← p.MRF () ▷ Use Mean Free path to determine next interaction
11: switch event do
12: case Moller
13: MollerInteraction(p, v)

14: case Hinge
15: HingeInteraction(p, v)

16: case Bremsstrahlung
17: BremsstrahlungInteraction(p, v)

18: case No interaction
19: No interaction, update the voxel and perform another simulation step

20: case Particle absorbed
21: Particle energy below the threshold, removed from the simulation

22: case Particle escaped
23: Particle escaped from the VoxelCube, removed from the simulation

24: default
25: runtime error, unknown event

26: if event /∈ {Absorbed, Escaped} then
27: p.updateV oxel()
28: else
29: Break
30: return VoxelCube

events generate secondary particles, these particles are the result of particular events and they

should be simulated along with the primary particles that are generated by the linac.

Algorithm 1 shows more in detail the core of the simulation in case electrons only are considered.
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Figure 2.3: General structure of the simulations.

The inputs (line 1) are a VoxelCube, the size of the cube in terms of voxels, the resolution in

millimeters, the number of particles to simulate. The VoxelCube is a model of the patient

anatomy that contains information about the biological tissues of the area of interest, usually

acquired by means of an MRI scan. This biological tissue is discretized in voxels which are

small cubes, usually about 2mm3, that contain information about the tissue. More generally

they are referred as material since they can contain either biological or not biologic material.

The main materials supported by the simulation model are water, air, bone, muscle and brain.

The resolution is the size of the voxel in millimetres. This information is needed by the simulator

to compute the energy depositions since many different physical quantities depend on the

distance. Also, size and resolution combined control the level of detail of the simulation.

N is the number of particles to simulate. Ziegenhein et al. [ZPPKO15] simulate 107 or 109
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particles to eliminate statistical variation.

Beam, the last parameter, represents the radiation beam configuration. There are many possible

configurations covering the most common radiotherapy use-cases. It is possible to change the

type of particles; currently electrons and photons are supported. The angle, distance and area

irradiated and the energy of the particles.

The output is a 3D matrix in which each element is the charge that the particles deposited

in that specific voxel. The amount of charge deposited in a voxel is usually referred to as the

radiation dose. In Algorithm 1 the original VoxelCube is updated with the charge deposits by

adding them to voxel.dose.

Electrons

Random HingeSimulated electron path

Real electon path

Figure 2.4: Adapted from [SV13], this image shows the difference between the real and the
simulated electron path

In the case of electrons, the original DPM implementation supports three kinds of particle

interactions: Hinge, Moller, Bremsstrahlung [SWB00].

Since the result of the simulation is a per voxel dose distribution, it is not necessary to simulate

the exact path of the particles. Figure 2.4 shows the difference between the real electron path

and the approximation performed by the simulation. In this case, an elastic scattering event is

simulated using the hinge method; the electron is scattered and it changes direction. The path

that the electron takes inside the voxel is irrelevant; only the type of interaction, the energy
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loss, the output angle, which determines the next voxel, and the energy of the outgoing electron

impact the result of the simulation [SV13].

Figure 2.5 shows a possible history, the list of positions and events, of an electron. The particle

is scattered several times and there is one hard Moller interaction and one Bremsstrahlung

event. Intuitively Moller interaction happens when the primary electron interacts with an

electron present in the matter and “kicks” it out of it potential well, setting it in motion. This

electron, called secondary electron, is added to the list of moving particles and is simulated

until it gets absorbed or escapes from the voxel cube.

Hard Bremsstrahlung events are slightly different. They occur when a particle, usually an

electron, is deflected by another charged particle, usually an atomic nucleus. In this case, the

particle decelerates the kinetic energy lost is converted into electromagnetic radiation (pho-

ton) [HN04]. This photon is then simulated altogether to the other particles in the MC simu-

lation.

Lastly, during the MC simulation, the charged particles lose energy due to soft interactions.

Differently from hard Moller and Bremsstrahlung, these interactions do not change the direction

of the particle but cause energy depositions in each voxel traversed by the particle.

Moller

brems-
strahlung

primary electron

secondary electron

ph
ot

on

Figure 2.5: Adapted from [SV13], example of a particle history.
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Photons

Due to size, the geometry of simulations, and the therapeutic energy range, differently from

electrons, very few photons are simulated. As in the case of electrons, all hard interactions are

explicit simulated and all soft interactions are implicitly simulated by continuous energy loss

into the voxels traversed by the particle.

The code for simulating is similar to Algorithm 1. In all simulation steps, based on a stochas-

tic process, the occurrence of the various interactions is checked. Differently from electrons,

multiple interactions in one processing step are allowed. The protons are then simulated until

they get absorbed or they escape from the simulation.

DPM implements three processes involving photons, photoelectric absorption, Compton scat-

tering and pair production. In radiotherapy, Compton scattering is the only process that sig-

nificantly impacts the dose distribution, hence DPM adopts approximations for photoelectric

and pair production interactions [SWB00].

The photoelectric absorption is an interaction between a photon and an electron bound to an

atom. The photon completely disappears and transfers most of its energy to the electron. If

the energy is high enough, the electron escapes from the atomic bound and it is simulated with

all the other moving particles [Hal36].

Compton interactions are similar to photoelectric interactions. Differently from the photo-

electric absorption, in Compton interactions the photon does not disappear, it is only sharply

deflected from the original trajectory. This deflection is caused by the interaction with an

electron called recoil electron. A fraction of the photon energy is transferred to the electron. If

the energy is high enough, or if the electron is not bound to any atom, it is set in motion and

added to the simulation [Chr86].

In pair production interactions the photon disappears and it is replaced by an electron-positron

pair [Hub06]. These two particles combined have the same energy as the original photon hence

they need to be simulated. The positron is simulated the same way as the electrons with

only one difference. Since positron is anti-matter it gets absorbed with a process known as



2.1. Introduction 51

annihilation. In this process, the positron combines with an electron and both disappear,

replaced by a pair of photons. The energy (E) of the resulting photons is as calculated from

the equation formulated by Albert Einstein, E = mc2, in which m is the mass of the particle

and c is a constant equal to the speed of light in vacuum [SBSW61].

2.1.5 XD-GRASP algorithm

Mickevicius and Paulson [MP17] tested different reconstruction algorithms and measured the

overall image quality, reconstruction time, artifacts prevalence and motion estimates. They

tested four of the most promising algorithms: non-uniform fast Fourier transform (NUFFT)

[HWS16], iterative self-consistent parallel imaging reconstruction (SPIRiT) [LP10], sensitiv-

ity encoding solved with a conjugate gradient algorithm (CG-SENSE) [WHG+14], and multi-

dimensional golden-angle radial sparse parallel MRI (XD-GRASP) [FAC+16]. Their results

show that while NUFFT is the fastest, it is also very sensitive to artifacts. On the other hand,

XD-GRASP was not fast but it is the least sensitive to undersampling artifacts, hence leads

to short scan duration, combined with a longer processing time of the XD-GRASP algorithm,

resulted in both high-quality images and a reduction of the overall time required to acquire and

process the image data.

Feng et al. claim [FAC+16] that “the XD-GRASP algorithm extends the iGRASP algorithm

with the self-navigation property of radial imaging and uses motion detection schemes that in-

stead of removing or correcting the motion in question, XD-GRASP reconstructs extra motion

dimensions which improves image quality and also offers new physiological information of po-

tential clinical value”. The description means that this algorithm exploits the correlation of

temporal frames instead of considering them individually. This idea is based on the assumption

that breathing is a symmetric motion so that any frame of the inhalation phase as an exact

equal frame in the exhalation phase.

The idea behind iGRASP is to combine k-t acceleration methods implemented in SPARSE-

SENSE [TBP03] with golden-angle radial sampling [FGB+14]. In MRI, the most simple sam-

pling technique is Cartesian sampling. In the case of Cartesian sampling, all the sampling
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points are equidistant between each-other. This sampling technique is very efficient when the

input data uniformly distributed. In the case of MRI, it is inefficient since the coil sensor data

is not uniformly distributed. To overcome this limitation many density-based sampling tech-

niques, that sample coils sensor data taking the distribution of the values into account have

been developed [FGB+14,RGJ+20].

The iGRASP is based on the golden-angle radial sampling combined with compressed sensing

and parallel imaging [PWBB01] to process MRI signals into volumetric images. This sampling

technique is used to sample complex signal in the frequency domain such as the ones received

by MRI coils. Complex data is represented by amplitude and phase. These two parameters

identify a point in the complex space. In MRI, points closer to the origin carry the most

image-space information. Efficient sampling techniques should sample these points more than

others to obtain high-quality volumetric images with low sampling rates. Golden-angle radial

sampling ensures approximately uniform coverage of k-space (frequency domain), for any ar-

bitrary number of consecutive spokes (lines that intercept the origin), while under-sampling

points further from the origin [FGB+14].

The iGRASP reconstruction is an optimisation problem formulated as follows [FGB+14]:

d = argmin
d
{∥F · S · d−m∥22 + λ ∥T · d∥1} (2.1)

where:

• d are image series to be reconstructed in the x-y-t space

• T is the temporal total-variation (TV) operator (sparsifying transform)

• m =

[
m1 . . .mc

]T
are the acquired multi-coil radial k-space data with c coils

• F is the NUFFT operator defined on the radial acquisition pattern

• S =

[
S1 . . . Sc

]T
are coil sensitivity maps in x-y space
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• λ is the regularisation weight that controls the trade-off between data consistency and

the regularisation enforcing sparsity

Intuitively, this optimisation problem, solved using the conjugate-gradient, aims to minimise

the distance between the true image and the acquired signal.

The XD-GRASP algorithm customised this model using the characteristics of the motion taken

into account leading to a reduction in the number of operations required to solve this problem

[FAC+16]. The main difference between the two algorithms is how the data is divided. XD-

GRASP divides it by phases, e.g. respiratory and cardiac phase while iGRASP divides it in

uncorrelated time frames in the order in which they were acquired.

While XD-GRASP reduces the data acquisition time by combining many different techniques,

it is computationally expensive and the total acquisition and reconstruction time is by orders

of magnitude higher than the real-time requirements. Given the importance of this algorithm

in real-time radiotherapy, different optimisations, both run-time and compile-time, as well as

the use of FPGAs and GPU accelerators should be considered.

2.1.6 Structural Similarity Index (SSIM)

SSIM is a metric to measure the similarity between images based on the degradation of struc-

tural information. It replicates the human visual perception system capability of identifying

structural information and used it to measure the difference between images [WBSS04]. Two

images are equivalent if they achieve SSIM equal to 1 or 100%. The SSIM is calculated using

a formula that considers luminance, contrast, and structure between two images, x and y. The

SSIM index is defined by the following formula:

SSIM(x, y) =
(2µxµy + C1)(2σxy + C2)

(µ2
x + µ2

y + C1)(σ2
x + σ2

y + C2)

where:
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• µx and µy are the average luminance of images x and y respectively.

• σ2
x and σ2

y are the variance of images x and y respectively.

• σxy is the covariance between images x and y.

• C1 and C2 are constants added to avoid instability when the denominator approaches

zero.

This formula represents a comparison between local windows of the images, assessing their sim-

ilarity based on luminance, contrast, and structure. The resulting SSIM value ranges between

-1 (indicating no similarity) to 1 (indicating perfect similarity).

2.2 Kolmogorov–Smirnov Test

The Kolmogorov–Smirnov test [BZ14], often abbreviated as the K-S test, is a nonparametric

hypothesis test used to determine whether two samples are drawn from the same probability

distribution. It evaluates the equality of continuous, one-dimensional probability distributions

or empirical cumulative distribution functions (CDFs) of two samples. The null hypothesis of

the test assumes that the samples are drawn from the same distribution, while the alternative

hypothesis suggests that the samples are drawn from different distributions. The test statistic

for the K-S test is based on the maximum absolute difference between the two empirical CDFs.

If the test statistic exceeds a critical value (α) corresponding to a chosen significance level,

the null hypothesis is rejected, indicating that the two samples likely come from different

distributions. In particle physics a value of α = 5 × σ is considered “gold standard” [Lyo13]

hence, MC simulations results should meet this requirement to be considered correct.



2.3. Random Number Generation 55

2.3 Random Number Generation

MC simulations are heavily reliant on random numbers. These random numbers are generated

using Pseudo Random Number Generators (PRNGs) 2. The preference for PRNGs over True

Random Number Generators (TRNGs) stems from practical considerations. To reproduce a

specific run using PRNGs, it is sufficient to utilise the same parameters and seed value. In

contrast, when employing TRNGs, all generated random numbers must be accurately stored

and reintroduced into the simulation, a process that can be both cumbersome and resource-

intensive.

RNGs in MC simulations must satisfy two primary criteria: quality and speed. In modern

MC simulations, which model complex physical systems with numerous degrees of freedom, the

quality of RNGs holds significant importance. RNGs that fail to fulfil quality requirements

can lead to subtle yet significant systematic errors [FLW92]. Furthermore, the quality of the

RNG can impact the rate of convergence [STAS91]. Although lower quality generators might

not directly compromise the simulation results, in the most adverse cases, they can escalate

the number of simulated histories required for convergence by an order of magnitude. Hence,

the selection of a high-quality, fast generator is crucial for the efficient implementation of MC

simulations.

Knuth summarises the lessons learned by using and finding flaws in many RNGs [Knu98]:

• The period of an RNG should exceed the length of any sequence that will be used in a

single computation, but this alone is not enough to guarantee the absence of flaws;

• Empirical testing can reveal flaws in an RNG (if it fails a test), but no amount of empirical

testing can ever confirm the flawlessness of an RNG;

• Increasing the complexity of an algorithm, especially by combining two or more methods

in the same algorithm, may enhance an RNG, but it can also significantly degrade it if

the component methods are not statistically independent;

2Throughout this chapter, all Random Number Generators (RNGs) are assumed to be PRNGs unless spec-
ified.
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• It is preferable to use an RNG that has been studied extensively, whose flaws are known

and understood, rather than one that appears good but whose flaws are unknown;

• There is no universal method to determine the level of goodness required for a specific

MC application. The most effective way to ensure that an RNG is suitable for a given

application is to use one designed to be adequate for all applications.

The majority of MC simulations are computationally intensive and necessitate parallelism to

achieve completion within a reasonable timeframe. RNGs that are incompatible with parallel

computing cannot be effectively employed. Even when each thread selects a different seed, it

does not guarantee the absence of correlations between streams that may lead to systematic

errors [Hel98]. Hence, it is crucial for the RNGs to support parallel streams. Considering the

outlined constraints, there are very few RNGs options suitable for MC simulations. One such

option is the Mersenne Twister (MT) [MN98], which has served as the default choice for over

two decades.

In a series of publications [STAS91,Sav15,SS16], the authors developed new principles for the

construction of high-quality random number generators (RNGs). This alternative approach is

based on Ergodic theory, and the authors suggested constructing RNGs using maximally chaotic

dynamical systems (MCDS) developed by Anosov and Kolmogorov. These systems T are char-

acterised by the Kolmogorov-Sinai entropy h(T ), which allows for a quantitative comparison,

construction, and selection of high-quality RNGs. The analysis performed in [Sav15] made it

clear that Mersenne Twister (MT) [MN98] and RANLUX [JM20] generators have low entropies

of order h(MT ) ≈ 4.8 and h(RANLUX) ≈ 7.81. The MIXMAX generator of dimension N

developed in [STAS91,Sav15,SS16] has the entropy h(MIXMAX) ∝ ln(m)N , where m = 236

and N = 8, 17, 240. Thus, the MIXMAX generators have very high entropies h(T ) compared

with the other RNGs, and therefore, they have very short decorrelation time τ0 = 1
2Nh(T )

and

relaxation time τ , as well as comfortably large periods q. These basic parameters are presented

in Table 2.1.
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Dimension Entropy Decorrelation Iteration Relaxation Period q
N h(T ) τ0 =

1
h(T )2N

t τ = 1
h(T ) ln 1

δv0

log10(q)

8 220 0, 00028 1 1,54 129
17 374 0,000079 1 1,92 294
240 8679 0,00000024 1 1,17 4389

Table 2.1: The MIXMAX parameters. τ0 < t < τ . The iteration time t is normalised to
1. The MIXMAX is a genuine 61 bit generator on Galois field GF[p], with Mersenne prime
number p = 261 − 1.

2.4 CPU architecture

Figure 2.6 shows modern a modern CPU architecture where multiple dies are interconnected dies

instead of using a monolithic die containing all the cores. It can be noted that on a single socket

there are multiple CPU dies (called CCX using AMD terminology) with no direct connection

between each other. Any data transfer goes through an I/O die that forward communications

between CCXs and main memory. Moreover, modern servers can have multiple sockets hence

multiple CPUs. Cache to cache communications between CPUs on the same socket are more

costly than the ones than communications between cores on the same die. Communications

between different CPUs are extremely expensive. Requiring the similar access latency than

memory access latency. Our experiments show that when these latencies are not accounted

properly parallelism causes a slowdown of multiple order of magnitude (over 100 times slower)

instead of achieving a speedup.

2.5 Field Programmable Gate Array (FPGA)

FPGAs are integrated circuits designed to be reconfigurable after manufacturing. Compared to

Application Specific Integrated Circuits (ASICs) that have only one functionally and cannot be

re-programmed to perform any task other than the one specified by the manufacturer, FPGA

can be used in many different applications. Recent advances in High Level Synthesis (HLS)

toolchains for customised hardware implementations [COL+14, PMTL13, SKA13, XLS], com-

bined with the continuous scaling of resource capacities and speeds of modern FPGA devices,
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Figure 2.6: Modern CPU architecture

have enabled the development of large-scale applications on systems incorporating FPGA accel-

erators. Notably, FPGA are used to accelerate CNN [Mit20,VBM+17,Sum18], Gzip [VBMG17],

MC [VZV+19, BHT+23] and function evaluation [DdD05, BKO+21]. CERN is also exploring

the potential of porting its HEP workflows to FPGAs [Sum18], extending the traditional DAQ

application.

Each FPGA has a finite number of resources, including programmable logic blocks, routing

resources, input/output (I/O) interfaces, and memory components. The compiler utilises these

resources to efficiently implement code on the FPGA, ensuring that the FPGA is optimally

configured for the desired task. Therefore, it is important to carefully manage and allocate these

resources to ensure that the FPGA is utilised to its full potential. Failure to do so can result in

sub-optimal performance or even program failure, making careful resource management critical

in FPGA programming [Int]. The availability of resources in FPGAs varies across different

models and vendors. Nonetheless, the following resources are commonly found in most FPGAs,

while some may offer additional resources beyond the ones outlined below. In the upcoming

section, an overview of the various resources available will be presented; however, the precise

details are beyond the scope of this paper. Additionally, since most HLS compilers handle the

low-level design tasks, developers seeking to accelerate their application rarely require further

information. Typically, this information is necessary only when conducting specific low-level
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optimisations that the compiler cannot automate.

2.5.1 Configurable Logic Blocks

A Configurable Logic Block (CLB) is an essential repeating logic component found on FPGAs.

When interconnected through routing resources, the constituent elements within CLBs execute

intricate logic functions, enable memory functions, and facilitate code synchronisation on the

FPGA. CLBs are constituted of mainly of four components:

• Flip-Flops (FFs): binary register that is capable of storing a single bit. It is the smallest

storage unit on the FPGA;

• Look-up Tables (LUTs): they are a collection of gates that allows mapping output bits

to input bits. It is usually used to implement truth tables.

• Multiplexers: a circuit that selects one of several inputs. For example, if there are two

or more possible inputs, based on the control signal only one will be returned in output.

2.5.2 Input/Output

Input and output (I/O) resources of an FPGA target are physical structures that enable an

FPGA target to communicate other devices. They can be used to transfer both analog or

digital data however the corresponding processing logic used to interpret such data needs to

be synthesised onto the FPGA. Examples of I/O resources are PCIe, QSFP, Firefly optic

transceivers, and Ethernet ports. The board manufacturer can customise and include any port

depending on the use case.

2.5.3 Block RAM

Block RAM (BRAM) resources are a type of random access memory that are available through-

out an FPGA for the purpose of data storage. In addition to the storage purpose they can
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be used to implement First In, First Out (FIFO) buffers. FIFOs can be used to transfer data

between multiple clock domains, between external devices and schedule the design. In some

cases, FPGAs may contain supplementary memory resources such as the Ultra RAM (URAM)

in AMD Ultrascale+ or the M9k, M144k, M10k and M20K in most Intel FPGAs. For the

purposes of this thesis, it is deemed appropriate to treat these auxiliary resources as equivalent

to Block RAM (BRAM) and hence, all available on-chip memory resources will be referred to

as BRAM.

2.5.4 Digital Signal Processor

Digital Signal Processors (DSPs) are a common resource found on most FPGAs. They are

specialised units that perform multiplications, with many Intel and AMD FPGAs offering

DPS with asymmetric 18 and 27 bit inputs. That means that any operation that requires a

maximum of 18 × 27 bits will be implemented using exactly one DSP, with additional logic

(LUTs, FFs) or DSPs utilised for higher bitwidth. Moreover, DSPs often include pre-post

adders and other functionality such as multiplexers. For instance, operations like a × b + c

may not require additional logic and can be implemented efficiently using DSPs. While the

extra features of DSPs can reduce resource utilisation, they do not typically result in drastic

reductions. Therefore, these features are not discussed in detail in this paper, but readers can

refer to the official documentation for further information as needed.

2.5.5 FPGA programming

Figure 2.7 shows the FPGA programming overview. The first step is optional and consists

of implementing the FPGA architecture using HLS. But it is recommended to use High Level

Synthesis (HLS) for accelerating their applications to meet performance requirements because

it can save engineering time. This is the only step that the developer needs to perform, as the

following steps are automated by the compiler.

The second step involves the generation of Hardware Description Language (HDL) code to
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model the application, which is typically performed by the HLS compiler. However, experienced

FPGA developers may choose to undertake this task themselves. It is important to note that

while HLS is a powerful tool, it has some limitations, and in certain cases where precise control

over the hardware is required, it may be impossible to implement the desired architecture using

HLS.

Hardware Description 
Language (HDL)

Bitstream
Generation

Logic
Synthesis

Placement
and Routing

FPGA
Reconfiguration

High-level
Synthesis (HLS)

Figure 2.7: FPGA programming overview

The third step involves transforming the HDL description from an abstract human-readable

format to a post-synthesis netlist, which specifies the components and their interconnectivity

that need to be instantiated using FPGA resources. Depending on the size of the architecture

this step might take from a few minutes to a few hours.

The fourth step involves placing and routing the design. The initial step known as placement,

involves determining the optimal location of components, circuitry, and logic elements within

the FPGA. Following placement, routing is performed, which determines the specific layout of

wires required to connect the placed components. This process must ensure that all desired

connections are established while adhering to the manufacturing process rules and restrictions.

One such constraint is known as the timing requirement, which is derived from the target clock

frequency. Because electromagnetic fields have a finite propagation speed, the time it takes for

signals to travel from their source to their destination must be shorter than the clock interval.

If this requirement is not met, the computed results will be incorrect. The routing algorithm

adjusts the positions of components to increase or decrease wire lengths as necessary to meet

the timing requirement. Once a valid permutation that meets the timing constraint is found,

the algorithm terminates. The algorithm employed in this step has an exponential complexity.

In worst-case scenarios, all possible permutations of components need to be evaluated to find

one that meets timing requirements, if one exists. Therefore, depending on the size of the

design, this step may take several days.

The last two steps involve generating the bitstream, which is a file containing the configura-
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tion information required for programming an FPGA. The final step involves streaming the

bitstream onto the FPGA to reconfigure it, thereby programming the FPGA to execute the

application.

2.6 Graphics Processing Unit (GPU)

Graphics Processing Unit (GPU) is a specialised electronic circuit primarily initially intended to

accelerate computer graphics and image processing tasks. Subsequently, their utility expanded

beyond graphic processing to include non-graphic computations, particularly those involving

embarrassingly parallel problems due to their inherent parallel structure.

2.6.1 Single Instruction Multiple Data (SIMD)

Single Instruction Multiple Data (SIMD) is a fundamental aspect of GPU architecture, charac-

terised by its wide SIMD width and innovative hardware support for handling SIMD divergence.

The GPU programming model abstracts SIMD operations by presenting each physical thread

as a multitude of logical threads, equal to the SIMD width. Consequently, GPU programs are

written to operate on scalars rather than vectors, with numerous logical threads generated to

populate the SIMD width and execute multiple physical threads.

To distinguish between the two thread types, physical threads are termed warps, while the term

thread specifically refers to logical threads. In NVIDIA GPUs, there are 32 threads in 1 warp.

NVIDIA GPUs supported Instruction Set Architecture (ISA) is called Parallel Thread Execu-

tion (PTX). All PTX instructions are SIMD instructions operating on a single warp. One of

the challenges of such approach is the handling of branches.
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2.6.2 Single Instruction Multiple Threads (SIMT)

The GPU programming model allows threads within the same warp to have the flexibility of

taking different paths in the program. However, owing to the underlying SIMD architecture,

these divergent paths must be consolidated into a single path for the warp’s execution. A

distinctive attribute of GPUs is that this consolidation occurs dynamically during execution,

performed by the hardware itself. Processors that implement this innovative capability are

referred to as having Single Instruction Multiple Threads (SIMT) architecture.

When the processor detects divergence among thread paths, it selectively disables certain

threads and executes instructions along one path. Subsequently, it deactivates the remain-

ing threads and executes instructions along the alternative path. While similar execution can

be achieved on SIMD processors lacking SIMT architecture, it necessitates explicit implemen-

tation within the assembly code.

2.6.3 GPU architecture

GPUs include various functional units integral to their execution processes. CUDA cores, for

instance, are responsible for executing fundamental integer and single-precision floating-point

operations. Each core possesses the capability to complete one such operation per cycle, with

32 operations required to fully execute an instruction.

Special Function Units (SFU) handle more complex arithmetic operations, including recipro-

cations, reciprocal square roots, and transcendental functions. Generally, each SFU unit is

equipped to conclude one such operation per cycle in most scenarios.

Warp schedulers play a pivotal role in instruction issue. During each issue cycle, each scheduler

has the capability to issue one or two instructions, choosing from a pool of warps assigned to

it. Notably, a different warp can be selected for issue each time, highlighting the flexibility of

this mechanism.

Each architecture within a GPU comprises multiple Streaming Multiprocessors (SMs), general-
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purpose processors with a targeted clock rate and a modest cache size. The primary function

of an SM is to execute multiple thread blocks in parallel. Upon completion of one thread

block’s execution, the SM proceeds to process the next thread block in sequence. Generally,

SMs support instruction-level parallelism but do not incorporate branch prediction.

To fulfil its purpose, an SM incorporates the following components:

• Execution cores, including single-precision floating-point units, double-precision floating-

point units, and SFUs. Caches:

• L1 cache to reduce memory access latency;

• Shared memory to allow shared data access among threads;

• Constant cache responsible for broadcasting reads from read-only memory;

• Schedulers for warps, responsible for issuing instructions to warps;

• A number of registers, essential for handling multiple active threads simultaneously.

2.6.4 GPU programming

GPU programming requires either a domain specific language or a set of Application Pro-

gramming Interfaces (APIs). One of such languages is Compute Unified Device Architecture

(CUDA). CUDA is a proprietary and closed-source parallel computing platform and API. It

enables software to utilise specific types of graphics processing units GPUs for general-purpose

processing. Operating as a software layer, CUDA offers direct access to the GPU’s virtual

instruction set and parallel computational elements to execute compute kernels. Differently

from FPGA programming, CUDA does not require multiple days to compile.
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2.7 Related Work

In the context of real-time adaptive radiotherapy, there are two main reasons why state-of-

the-art fails to meet real time requirements. In the context of MRgoART, algorithms like

those presented in [MP17], primarily focus on algorithmic complexity, often implemented in

high-level languages, and without sufficient consideration of the hardware on which they are

executed. This results in algorithms that do not fully exploit the potential of CPUs, GPUs,

or other accelerators. This thesis addresses this gap by bridging the gap between HPC and

algorithmic development, offering an alternative to meet MRgoART time requirements. The

following sections discuss this in greater depth.

Similarly, for MC simulations, Ziegenhein et al. [ZPPKO15] analyse the limitations of cur-

rent state-of-the-art approaches. In their analysis, while significant efforts have been made

to accelerate MC simulations using GPUs, in recent years, the reported speedups often need

to be interpreted cautiously. Most of these improvements result from comparisons between

non-optimized, single-threaded implementations on outdated CPU-systems and multi-threaded

implementations on modern professional GPUs. This thesis aims to surpass state-of-the-art

methods by first determining the best platform for MC simulations, followed by developing a

customized implementation capable of meeting the time requirements for real-time adaptive

radiotherapy. Further details on this are provided in the subsequent sections.

2.7.1 Magnetic Resonance Imaging

In the context of MRgoART, both acquisition and reconstruction times are limited therefore

scans are inherently undersampled [LRR+08]. However, to deliver precision radiotherapy, it is

required to minimise the amount of artefacts in the images. For example, incorporating motion

estimation into image reconstruction can achieve artefact-free high quality reconstruction from

more highly undersampled data. The MoCo-HDTV algorithm, was used to reconstruct 20 res-

piratory phases from only 240 radial spokes for 60 slices with an in-plane resolution of 1.5mm

and a slice thickness of 5mm, with an average reconstruction time of 6.5 hours [RHB+17]. As
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this reconstruction time would not be suitable for MRgoART, a deep-learning model called

DRACULA [FGCN+21] has been trained to reproduce the results of the MoCo-HDTV algo-

rithm, producing 4D-MRI of dimensions 256 x 256 x 16 in 28s. The use of XD-GRASP in

MRgoART was investigated by Mickevicius and Paulson [MP17] where they reconstructed six

respiratory phases for 40 slices with an in-plane resolution of 1.77mm and a slice thickness of

6mm in over 10 minutes. Feng et al. [FTO20] proposed the use of XD-GRASP for MR signa-

ture matching, where they reconstructed 10 respiratory phases for 48 slices with an in-plane

resolution of 1.25mm and a slice thickness of 5mm in 74 minutes. The reconstruction times

for these methods are too slow for MRgoART, leading to Challenge 1: “To accelerate an MRI

reconstruction method that meets MRgoART timing requirements.”

2.7.2 Performance modelling

PPT-GPU [ABC+19] is a scalable and accurate simulation framework that enables GPU code

developers and architects to predict the performance of applications in a fast and accurate

manner on different GPU architectures. The framework supports models for different memory

hierarchies found in GPUs and latencies for different instructions. The results indicate that the

predicted performance of PPT-GPU is within a 10 percent error compared to real devices.

GCoM [LHL+22] is an accurate GPU analytical model which faithfully captures the key core-

side stall events of modern GPUs. Through detailed microarchitecture-driven GPU core mod-

elling, GCoM accurately models modern GPUs by revealing the following key core-side stalls

overlooked by the existing GPU analytical models. First, it identifies the compute structural

stall events caused by the limited per-sub-core functional units. Second, it exposes the memory

structural stalls due to the limited banks and shared nature of per-core L1 data caches. Third,

it correctly predicts the memory data stalls induced by the sectored L1 data caches which split

a cache line into a set of sectors sharing the same tag. Fourth, it captures the idle stalls incurred

by the inter- and intra-core load imbalances. The authors evaluate GCoM using an NVIDIA

RTX 2060 configuration and show that it greatly improves modelling accuracy by achieving a

mean absolute error of 10.0% against Accel-Sim cycle-level simulator [KSAR20], whereas the
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state-of-the-art GPU analytical model achieves a mean absolute error of 44.9%.

Choi et al. [CRKB20] propose a methodology for end-to-end performance modelling of dis-

tributed GPU applications. Their work strives to create performance models that are both

accurate and easily applicable to any distributed GPU application. They combine trace-driven

simulation of MPI communication using the TraceR-CODES framework with a profiling-based

roofline model for GPU kernels. They make substantial modifications to these models to capture

the complex effects of both on-node and off-node networks in today’s multi-GPU supercom-

puters. They validate their model against empirical data from GPU platforms and also vary

tunable parameters of their model to observe how they might affect application performance.

Goswami et al. [GSB22] propose a machine learning-based two-stage estimator for assisting

in designing an FPGA-based CNN accelerator. The Global Predictor assists in making accu-

rate estimates of FPGA resource requirements and design latency from CNN architecture and

hyperparameters expressed in Python. This assists in choosing a subset of high validation ac-

curacy and feasible designs for mapping onto FPGAs. The Detailed Predictor assists in making

accurate estimates of FPGA post-route resource requirements, design latency, and final clock

period for the chosen subset of designs after applying HLS level (pragma and frequency) opti-

misations. This proposed estimation methodology enables a software engineer to obtain rapid

and accurate estimates of the final implementation Quality of Results without executing FPGA

design flows. The model was trained and tested for Xilinx Zynq Ultrascale + and Kintex-7

devices with an average prediction error of less than 9% and 4%, respectively

Da Silva et al. [DSBDT13] propose a performance model for FPGAs that is able to visually

condense all the helpful information for the designer. Their proposed model extends the roofline

model by considering the resource consumption and the parameters used in the HLS tools to

maximise the performance and resource utilisation within the area of the FPGA. The proposed

model is applied to optimise the design exploration of a class of window-based image processing

applications using two different HLS tools. The results show the accuracy of the model as well

as its flexibility to be combined with any HLS tool.

Voss et al. [VKM+21] proposed a design methodology for developing complex applications tar-
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geting reconfigurable hardware, relying on an analytical estimation of system performance and

area utilisation. The methodology involves analysing the application, identifying the parts

suitable for hardware acceleration, and implementing them as representative software models.

With the results of the application analysis, a suitable system architecture is devised, itera-

tively refined, and evaluated until the final version satisfying the specification requirements

is obtained. The methodology was validated using a convolution neural network (VGG-16)

and a high-performance computing application (BQCD), achieving state-of-the-art performance

within 15% of modelling estimations.

The methods highlighted above have limitations that prevent the forecasting of MC perfor-

mance, leading to Challenge 2: “To forecast accelerator performance so that the architecture

with the highest performance for MC simulations can be chosen”, which aims to address this

research gap.

2.7.3 Monte Carlo frameworks

Amadio et al. [AAB+23] implemented an Electromagnetic Shower MC simulation that is sim-

ilar to DPM. They also accelerated the simulation on a GPU. Their study does not provide

benchmarks and runtime measurements but they show that the geometry is one of the main

bottlenecks of the simulation, which limits the device utilisation to a small fraction of the the-

oretical maximum. In their study, this inefficiency is inherent to the geometry model and is

irreducible, even after performing a number of optimisations;

Sharma et al. [SKF+18] developed a fast MC simulation tool using the MC-GPU framework

for personalised dose estimation in Computed Tomography (CT). Leveraging multi-threaded

x-ray transport capabilities, scanner-specific geometry, and vocalised patient models, the tool

generates realistic radiation dose estimates. In a demonstration of its effectiveness, they applied

the tool to derive scanner-specific organ dose estimates for abdominopelvic CT scans using 58

adult XCAT patient models. Comparisons with data from a previously published tool based

on the PENELOPE framework revealed that their simulation tool produced dose estimates

within 5% of published values for organs within the primary field, achieving speedups of up to
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70x compared to CPU cluster-based execution models. The combination of high accuracy and

substantial speedups make their model a promising approach for rapid and personalised dose

estimation;

Li et al. [LDW+21] extended and validated the GPU-MC package, gDPM, for Elekta Unity on-

line plan verification, demonstrating its capability for accurate and efficient online independent

dose verification for MR-lINAC systems. The implementation of electron/positron propagation

physics within a uniform magnetic field was integrated into the existing GPU-MC dose engine,

gDPM. Initially, the accuracy of dose calculations within the magnetic field was assessed using

a heterogeneous phantom with EGSnrc. Subsequently, the dose engine underwent commission-

ing on a Unity machine with a virtual two-photon-source model, followed by comparison with

the Monaco treatment planning system. Fifteen patient plans across five tumour sites were

incorporated to quantify the accuracy and efficiency of online dose verification.

Perko et al. [PSDH+23] proposed DoTA, a framework that integrates CNNs for extracting spa-

tial features, such as tissue and density contrasts, with a transformer self-attention backbone

facilitating information routing between the sequence of geometry slices and a vector represent-

ing the beam’s energy. The model is trained using 80,000 different head and neck, lung, and

prostate geometries to predict low-noise MC simulations of proton beamlets. DoTA achieves

remarkable performance, predicting beamlet doses in 5 ± 4.9 milliseconds. It surpasses analyt-

ical pencil beam algorithms in both precision and speed, offering MC-level accuracy 100 times

faster for pencil beams. The model computes full treatment plan doses in 10–15 seconds.

Voss et al. introduce a reconfigurable hardware architecture designed for MC-based simulation

of physical dose accumulation in intensity-modulated adaptive radiotherapy. Their ultimate

objective is to enable real-time, accurate dose calculation during patient treatment, facilitating

the broader adoption of personalised patient therapies. Their proposed architecture harnesses

the inherent parallelism of MC simulations to execute domain decomposition and achieve high-

resolution simulations without constraints imposed by on-chip memory capacity. Using a Xilinx

VU9P platform and the Xilinx Alveo U250, they demonstrated that three VU9P-based cards

or two Alveo U250s suffice to meet the real-time target of one second.
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The current state-of-the-art dose delivery reconstruction methods fall short of meeting real-time

adaptive radiotherapy requirements. Therefore, Challenge 3: “To devise a DPM that meets

real-time adaptive radiotherapy timing requirements,” aims to address this issue.

2.8 Summary

This chapter provides an overview of the algorithms employed in real-time radiotherapy along

with a description of the underlying physics. Specifically, it introduces the DPM and XD-

GRASP algorithms, highlighting their significance in the field. Additionally, the challenges

associated with FPGA and GPU implementations are discussed. The chapter also examines

related works that have demonstrated promising results in this domain.



Chapter 3

Magnetic Resonance Imaging

3.1 Introduction

This Chapter presents an exploration of accelerating image reconstruction for MRgoART. It

delves into the criticality of rapid and accurate image reconstruction for real-time treatment

adaptation during radiotherapy sessions, emphasising the computational demand challenges.

The work showcases novel strategies devised to address these challenges, including efficient

parallelization and acceleration schemes tailored to significantly enhance the throughput of

state-of-the-art iterative methods.

MRI has long been used in cancer diagnosis for its remarkable soft-tissue delineation and its abil-

ity to capture images from diverse orientations, offering a wide range of contrasts [SP15]. Recent

advancements have extended its application to radiotherapy treatment planning, particularly

through the emergence of Hybrid MR-linacs. These integrated systems, pairing an MRI scanner

with a linear accelerator for radiation treatment delivery [LRR+08,FMR+09,KBC14,MLC+16].

MR-guided radiotherapy fuses MRI imaging with radiation delivery, enabling precise tumour

targeting while preserving healthy tissue in what is known as MRgoART. This adaptive tech-

nique allows immediate treatment adjustments during sessions, relying on acquired images for

organ positioning. For thoracic cancers, emphasis lies on respiratory-motion resolved 4D-MRI,

71
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vital for safeguarding organs like the heart and lungs during the respiratory cycle. However,

obtaining these images presents challenges due to necessary undersampled image acquisition.

State of the art iterative techniques attempt to recover high-quality images from undersampled

data, however they fall short in meeting the crucial time constraints for MRgoART utilisa-

tion [MP17,SPT18]. MRgoART requires rapid image reconstruction within a couple of min-

utes remains a critical challenge despite its advantages [HHO+18]. section 3.3.7 addresses this

challenge proposing an architecture capable of meeting MRgoART time requirements.

Cutting-edge iterative methods are hindered by their substantial computational demands, lead-

ing to slow performance. State-of-the-art implementations available in the literature fall sig-

nificantly short of meeting the minimum throughput prerequisites for MRgoART, compared

to the minimum requirements the throughput that they achieve is more than one order of

magnitude lower. Consequently, this chapter aims to solve the constraints associated with con-

jugate gradient methods by introducing parallelisation and acceleration schemes applicable to

any 4D-MRI data. These enhancements are applicable to other MRI reconstruction methods

like stack-of-stars or stack-of-spirals patterns hence they are not limited to the XD-GRASP

algorithm.

Our results show that these proposed enhancements achieve a order of magnitude improvement

over the current state-of-the-art methods, thereby enabling the integration and adoption of

MRgoART. This approach could also be used in real-time adaptive radiotherapy as it can be

extended to time-resolved 4D-MRI methods based on XD-GRASP, such as Magnetic Reso-

nance SIGnature MAtching (MRSIGMA) or Single projection driven real-time multi-contrast

(SPIDERM) [FTO20, HCX+22]. Given the fast reconstruction times showed and the pos-

sibility to tune the accuracy to further increase the performance. Integration in Artificial

Intelligence (AI)-based reconstruction schemes is also possible. AI-based methods are promis-

ing for real time adaptive radiotherapy due to their excellent performance and image accu-

racy [FGCN+21,TMVvdB23].

The main contributions of this chapter are:
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• A parallelisation scheme optimised for 4D-MRI data, to reduce multi-threading overhead

and hide data transfer latency;

• An efficient architecture capable of meeting online time requirements of MRgoART to

facilitate clinical use;

• An heterogeneous implementation faster than the state of the art capable of exploiting

multiple GPUs

The remainder of this chapter is as follows: section 3.1 provides an introduction to the MRI

reconstruction and MRgoART. Section 3.2 delves into the architecture’s intricacies, including

data acquisition and preparation (section 3.2.1), data preparation strategies (section 3.2.2),

parallelism (section 3.2.3), load balancing (section 3.2.4), non-uniform fast Fourier transform

(NUFFT) (section 3.2.5), oversampling factor (section 3.2.6), Amdahl’s law, scalability, and lim-

itations (section 3.2.7), and approximate implementation (section 3.2.8). Section 3.3 presents

the experimental results, covering system configuration (section 3.3.1), data acquisition (section

3.3.2), test configuration (section 3.3.3), validation (section 3.3.4), reconstruction experiments

(section 3.3.5), reconstructed images and validation (section 3.3.6), measured speed-ups (sec-

tion 3.3.7), and scaling (section 3.3.8). Section 3.4 discusses the findings, while section 3.5

provides a summary of the chapter.

3.2 Architecture

MRgoART imposes both time and quality constraints. Reconstruction algorithms should not

be sensitive to undersampling artefacts while minimising the reconstruction time. These char-

acteristics allow for reducing the acquisition time as fewer samples are required to reconstruct

high-quality images. While several conjugate-gradient iterative algorithms can meet the qual-

ity requirements, such as Iterative Self-Consistent Parallel Imaging Reconstruction (SPIRiT),

Sensitivity Encoding solved with a Conjugate Gradient Algorithm (CG-SENSE) and XD-

GRASP [MP17], some of them are not capable of fully leveraging compute resources offered by
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present-era computer architectures and accelerators. Modern CPUs incorporate multiple multi-

threaded cores, furthermore, GPUs are massively parallel processors hence suitable algorithms

should benefit the most from the parallelisation opportunity.

Mickevicius and Paulson conducted a comparative analysis of 4D-MRI reconstruction meth-

ods [MP17] with a focus on parameters such as overall image quality, reconstruction time,

artifact occurrence, and the accuracy of motion estimations. They observed that the XD-

GRASP algorithm [FAC+16] was least sensitive to undersampling artefacts. Consequently, the

XD-GRASP algorithm was chosen to be parallelized and expedited. This choice was informed

by its ability to yield clinically acceptable images with relatively brief acquisition times, thanks

to its robustness against undersampling artifacts. From an HPC perspective, the XD-GRASP

reconstruction is one of the best candidates for parallelisation as it can fully leverage the 4D-

MRI data format: it can independently reconstruct different slices (multiple Two Dimensional

(2D) images with a temporal dimension which, when stacked, compose a 4D image).

3.2.1 Data acquisition and preparation

To execute the reconstruction utilising the XD-GRASP algorithm, the data were obtained

through a 3D stack-of-stars acquisition on an MR-linac, with relevant MRI acquisition param-

eters detailed in section 3.3.2. In this acquisition pattern, k-space data is sampled using a

3D radial pattern, where k-space is sampled at equidistant kz-locations before transitioning to

the next angle in the kx-ky plane. At each kz location, a line of k-space (spoke) is acquired,

traversing the centre of the kx-ky plane. Subsequently, the angle is incremented by the golden

angle, and the process is reiterated [BCM+14,WSK+07]. Before applying the XD-GRASP

algorithm to the data, a gradient delay correction is implemented using the Trajectory Auto-

Corrected image reconstruction (TrACR) algorithm [IG16], and the requisite coil sensitivities

are estimated.



3.2. Architecture 75

3.2.2 Data Preparation Strategies

While the XD-GRASP reconstruction is computationally expensive, the strategies employed

for binning the k-space data into respiratory phases [SPT18] can significantly impact image

quality and execution time. The term “data binning” refers to the technique of subdividing the

respiratory signal into various respiratory phases or bins. In this process, the acquired k-space

data in free-breathing MRI is partitioned into different motion states or respiratory phases,

typically denoted as b = 1, 2, 3, . . . , n. This segmentation enables the resolution of respiratory

motion to an acceptable extent. Two distinct techniques for extracting the respiratory signal

from raw data and two binning methods were implemented, resulting in four data preparation

strategies.

Baseline The strategy, as described in the XD-GRASP implementation, served as a baseline

for comparisons. In this approach, the central kz-projection of the acquired k-space data was

extracted, and a Fast Fourier Transform (FFT) was applied along the z-axis. Principal Compo-

nent Analysis (PCA) was then applied across different receive coil channels, and the resulting

values were used as the respiratory signal. The original k-space data was sorted based on the

signal and divided into independent respiratory bins, ensuring each k-space spoke was present

in only one bin [FAC+16].

Angle-dependent Correction of the Respiratory Signal (ADERS) ADERS is a method

for extracting the respiratory signal from k-space data. The process starts with sorting the mag-

nitude signal of the k-space centre based on the acquisition angle. Subsequently, a background

subtraction is executed, relying on the moving average of the data sorted by the radial ac-

quisition angle. Following this angle-dependent correction, an estimation of the data quality

acquired by each receive coil is conducted [GBK+13]. The best coils were then used to perform

PCA and extract the respiratory signal. In the experiments of section 3.3, 50% of the coils were

retained. The k-space data was sorted, and each angle was assigned to a single bin, preserving

the number of spokes allocated per respiratory bin.
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Overlapping Respiratory Bins (ORB) ORB uses the baseline respiratory signal extrac-

tion (direct PCA) to obtain respiratory motion. The k-space data was sorted as before, but

each spoke contributed to two adjacent respiratory bins. Unlike the data preparation of the

Moco-HDTV algorithm [RHB+17], spokes corresponding to the most extreme points of the

respiratory signal (max. inhalation and max. exhalation) contributed to only one respiratory

bin. While this approach did not alter the number of reconstructed respiratory phases, each

phase was based on more data.

Combined This strategy uses both the combined angle-dependent respiratory signal correc-

tion and overlapping respiratory bins.

3.2.3 Parallelism

Parallelisation strategies that minimise multi-threading overhead on CPUs and GPUs have

been studied for many years [Vol16, SAL,BR92]. However, they focus only on one aspect of

the problem, they either minimise shared memory latency, communication latency or GPU

memory access. The parallelisation strategy proposed here slightly modifies the mathematical

formulation of XD-GRASP. By doing so, it is possible to minimise multi-threading overhead,

PCIe data transfers, GPU memory access and hide data transfers with computation. The

mathematical details of the XD-GRASP algorithms are illustrated in section 2.

After the data preparation, the XD-GRASP algorithm intuitively performs a 3D transformation

from a pre-sorted Five Dimensional (5D) signal to a 4D-MRI:

XD-GRASP-4D : {s, p, nx, a, c} → {s, p, y, x} (3.1)

where:

• s: slices acquired along the z-axis

• p: number of reconstructed respiratory phases
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Figure 3.1: The input and output of the XD-GRASP algorithm.

• nx: number of points acquired per acquisition trajectory in a spoke

• a: the different angles of spokes constituting each slice

• c: the number of receiving coils

• x,y are the coordinates of the pixels in the reconstructed image.

Figure 3.1 illustrates the data format. The left structure is replicated multiple times per

respiratory phase, creating a 5D input, while the second structure corresponds to the full output.

Due to the nature of this 4D input data, each input slice contributes solely to one output slice.

Thus, it’s viable to divide the 4D transformation into a sequence of 3D transformations along

the z-axis:

{s,XD-GRASP-3D : {p, nx, a, c} → {p, y, x}} (3.2)

Here, s, p, nx, a, c, x, and y retain their definitions from Equation 3.1. Implementing the recon-

struction as a series of independent 3D reconstructions yields superior performance compared

to a single, unified 4D reconstruction. This approach offers several advantages:

• there are no synchronisation barriers between threads;

• local cost function and early termination;

• independent use of external accelerators;

• threads are created once at the beginning of the program and used until their termination.
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Figure 3.2: XD-GRASP architecture timing diagram. Dimensions are not representative of
real-time duration.

Alternate 3D formulations where the outermost loop iterates over phases are less efficient as

they necessitate either sharing NUFFT operators or communication between threads, leading

to reduced performance.

In the case of a CPU-only implementation, this multi-threading model requires support from

the underlying FFT libraries. Fortunately, both FINUFFT and FFTW are thread-safe, with

the planning phase of FFTW being the only potential concern. This issue can be addressed

by executing the planning within a critical section. The planning phase of FFTW, involving

cost-model evaluations and micro-benchmark execution, marginally impacts the scalability of

this parallel implementation. To enhance scalability, pre-computing and saving on permanent

storage the planning phase, which is executed once per system, could be considered, thereby

increasing the scalability of this parallelization strategy.

In the heterogeneous implementation, where GPU accelerators are present in the system, the

thread-safe nature of both cuFINUFFT and the CUDA runtime library eliminates the necessity

for explicit critical conditions. Consequently, there is no limiting factor in scalability due to

any unsafe planning phase. This parallelization approach allows simultaneous access to the

PCIe bus, facilitating the concurrent scheduling of read and write operations to and from the

accelerator while computing another slice.

Figure 3.2 is a timing diagram that shows the overlap strategy when three CPU threads, T1, T2

and T3, are created. The GPU is called multiple times during each iteration of the conjugate
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gradient. The lines represent the computation time, the rectangles represent the waiting time

for the data to be processed, and the arrows show the data transfers. When only one thread

is used, the communications between CPU and GPU are not overlapped meaning there are

times when the CPU is idle waiting for the GPU to finish and vice versa. When more than one

thread is created, communications can be overlapped and, in cases where a sufficient number

of threads are created, the full overlap is achieved. While the CPU performs other steps of the

XD-GRASP algorithm, the GPU performs NUFFT, ideally achieving full utilisation without

idling time.

In our tests, the execution of cuFINUFFT is dominated by the compute time with the transfer

time accounting for less than 1% of the total time. Section 3.3 shows that this is particularly

noticeable when multiple GPUs are used as the PCIe bandwidth is constant and shared between

multiple GPUs while the compute capabilities multiply.

3.2.4 Load Balancing

Earlier implementations employed a parallel XD-GRASP version, utilising a parallelization

scheme akin to the one employed in this research. They resorted to multi-processing to ensure

thread safety, which was lacking in the NUFFT libraries utilised. Consequently, they delved into

MRI data analysis to devise a static load-balancing technique. However, subsequent updates

in FINUFFT and FFTW introduced support for thread safety, eliminating the necessity to

distribute the workload across distinct processes. Moreover, the transition from gpuNUFFT

to the more recent cuFINUFFT introduced thread-safe capabilities. In this architecture, the

entire computational workload is parallelized using OpenMP [DM98].

Nonetheless, prior load-balancing techniques maintain relevance within the domain of multi-

threading. Specifically, these strategies can be leveraged by the OpenMP static scheduler,

resulting in slightly reduced runtime multi-threading overhead. The reconstruction times for

slices within our datasets exhibit differences of less than 1% of the total execution time. There-

fore, each thread reconstructs a contiguous partition comprising multiple statically assigned

slices. If the number of slices is not a perfect multiple of the number of threads, the remaining
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slices are equally divided among a subset of threads, causing a minor workload imbalance that

cannot be avoided.

Resolution of this imbalance could be feasible through internal parallelization of the 3D re-

constructions. However, findings from prior research discourage this approach, as it leads to a

significant surge in multi-threading overhead, to the extent where thread creation and destruc-

tion overshadow the reconstruction time.

3.2.5 Non Uniform Fast Fourier Transform (NUFFT)

MRI data acquisition typically follows a stack-of-stars pattern in k-space, utilising a golden

angle spacing method [BCM+14, WSK+07]. This technique results in non-uniformly sam-

pled data, necessitating reconstruction algorithms to rely on the NUFFT to transform the

acquired k-space data into images. For the proposed architecture, the chosen libraries are FIN-

UFFT [BMaK19] and cuFINUFFT [SWA+21], providing the necessary functionalities required

by the XD-GRASP algorithm.

While these libraries are well-suited for general 2D and 3D cases, the challenge arises with

4D-MRI data, which introduces a time dimension. Moreover, XD-GRASP, similarly to other

reconstruction algorithms, operates as an iterative conjugate-gradient algorithm. Consequently,

with most NUFFT implementations handling parallelism internally, this setup is not optimal

for iterative conjugate-gradient algorithms as each invocation of the NUFFT leads to thread-

creation and destruction. This greatly increases the multi-threading overhead and results in a

severe performance penalty: most of the time is spent managing threads instead of performing

useful computations. In the GPU case, the library allocates the GPU memory, transfers to the

GPU, executes the NUFFT, transfers the data back to the CPU and frees the GPU memory.

However, this causes several issues, as the reconstruction requires multiple 2D NUFFTs, these

cannot fully leverage the parallelism offered by modern GPU as 2D data is not enough to fill

all the compute cores available. Additionally, leaving control to the library does not allow for

scheduling data transfers to hide them during the computation. Finally, the memory required

at each execution is the same and some data is constant across different iterations. Hence,
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allocations can be done once at the beginning of the execution and frees can be done once at

the end.

To increase the performance of the NUFFT, it is possible to pre-compute part of the trans-

form and reuse these values in multiple invocations. FINUFFT creates a plan by executing

FFTW planning [FJ98], pre-computes the kernel Fourier transform, bin-sorts and stores the

nonuniform points. cuFINUFFT on the other hand, allocates GPU memory, pre-computes

the kernel Fourier transform, bin-sorts the nonuniform points and transfers them to the GPU.

These pre-computation steps, especially in the GPU case, require a non-negligible amount of

time. Redoing the pre-computation multiple times severely impacts performance. Fortunately,

both FINUFFT and cuFINUFFT provide an advanced interface that allows low-level control

over pre-computations, data transfers and parallelism. To achieve high performance, our pro-

posed architecture disables any sort of intrinsic parallelism offered by FFTW, FINUFFT, and

cuFINUFFT fully taking control of multi-threading and data transfers to minimise overhead

and hide data transfers. To do so is possible to compile FINUFFT without OpenMP [DM98].

This disables parallelism at the library level entirely, this allows user control over parallelism.

In the case of cuFINUFFT, the advanced interface available can be used with data directly

allocated on the GPU; leaving the data-management and transfers entirely to the user. This

allows to schedule and interleave multiple NUFFT with data transfers. Different threads can

perform transfers and queue GPU NUFFT executions concurrently.

A possible alternative to executing NUFFT on CPUs and GPUs is FPGA acceleration. FPGA

acceleration does not offer compelling advantage compared to GPU and CPU and was not

considered; both FINUFFT and cuFINUFFT offer high throughput capable of meeting MR-

goART time requirements when combined with present-era CPUs and GPUs . FPGAs require

significant more engineering effort to be programmed, the lack of open source, ready to use

NUFFT implementations lead to the exclusion of FPGA acceleration for this problem.
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3.2.6 Oversampling Factor

The NUFFT is the most computationally expensive operation with a complexity of O(MJ2 +

µ2N ln(µ2N)) [SLG+09], where M is the number of k-space samples acquired, N the pixel-size

of the reconstructed image, J and µ the oversampling factor and the regridding kernel size used

in the NUFFT implementation. Some NUFFT implementations allow to specify the desired

relative precision. When the precision is fixed the choice of µ determines the tradeoff between

the time spent by regridding kernel compared to the time spent preforming the FFT. Depend-

ing on the precision requested, the choice of regridding kernel, and the FFT implementation

used, the choice of µ significantly impacts performance. For more details on µ, Barnet et.

al. [BMaK19] provide an in-depth explanation of the NUFFT algorithm, its implementation

and the use of µ. Larger values increase both memory and computation requirements. For

instance, reconstructing a two-dimensional dataset oversampled twice requires four times more

memory than the original dataset as the size of inner FFT is four times as the original dataset.

Beatty et al. [BNP05] experimented with different µ values and indicated that µ = 1.25 is a

sufficient oversampling factor in MRI contexts.

In our evaluations, we assessed performance and accuracy using both the commonly used µ = 2

and, where supported, µ = 1.25. However, the cuFINUFFT library, being relatively recent,

does not yet support µ = 1.25. It is worth noting that this limitation only impacts GPU

results, FINUFFT who is CPU-only supports µ = 2 and µ = 1.25. Our results did not indicate

a measurable difference in image quality between µ = 1.25 and µ = 2, but we observed a

significant increase in performance when using µ = 1.25 compared to µ = 2.

3.2.7 Amdahl’s law, Scalability and Limitations

To measure the efficiency of the proposed implementation, the theoretically achievable times

were estimated using Amdahl’s law [Rod85] for our CPU and GPU models in Equations (3.3)

and (3.4), assuming that the number of CPU cores was superior or equal to the number of

slices to reconstruct.
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Based on the previous observations, the theoretical speedup achievable was evaluated, according

to Amdahl’s law. The calculation assumed that data are already loaded in memory. This is a fair

assumption since data can be acquired from the scanner directly to Dynamic Random-Access

Memory (DRAM). In the CPU case:

Slatency(s) = T (Preparation) + T (XD-GRASP-4D)

= T (Preparation) + T (threading) +
T (XD-GRASP-4D)

n

= T (Preparation) + T (threading) + T (plan)+

+max (T (XD-GRASP-3D))

(3.3)

where:

• T (Preparation) is the time needed to extract the respiratory signal from the k-space and

sort it accordingly;

• T (threading) is the time needed to create and destroy the threads;

• max(T (XD-GRASP-3D)) is the time of the slowest 3D reconstruction;

• T (plan) is the time needed to perform NUFFT planning.

From section 3.3, measuring the time using CPU 1.25 and baseline data preparation method

leads to Slatency(s) = 9.42s + T (Preparation). 9.42s is the measured time needed to process

the single slowest slice. The architecture proposed here does not support parallelism inside

the slice processing. This means that if future architectures offer a number of cores greater

than the number of slices acquired, this architecture will stop scaling. T (Preparation) is left

as a variable as it is not part of the XD-GRASP algorithm. The user can choose any suitable

data preparation strategy based on input format, time and quality requirements. Section 3.3

provides performance and quality measures for four different possible strategies.

The quantity of slices necessary for reconstruction depends on the dimensions of the field of

view along the superior-inferior axis and the slice thickness. In our dataset, the field of view

measured 200mm, aligning with the maximum treatment field of 220mm established by the
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MR-linac. Subsequent applications might necessitate a larger field of view to include extensive

organs at risk, like the lungs. In such scenarios, optimising performance involves ensuring

that the number of slices aligns as a multiple of the available CPU cores, enabling equitable

distribution of workload across these cores.

When using accelerators, Equation 3.3 is different as it needs to take data transfers into account:

T (XD-GRASP-3D) = T (CPU) + T (transfers) + T (Accelerator) (3.4)

where:

• T (CPU) is the time to execute the not accelerated portions of the reconstruction;

• T (Accelerator) is the time needed to perform the NUFFT on the accelerator (e.g. GPU);

• T (transfers) = T (send) + T (receive) is the time needed to transfer the data back from

the accelerator

T (send) and T (receive) can be further expanded since the amount of data transferred for each

invocation is known:

T (send) =
|{iterations}| ∗ sizeof(type) ∗ coils ∗ slices ∗ nx ∗ angles

bandwidth

T (receive) =
|{iterations}| ∗ sizeof(type) ∗ coils ∗ phases ∗ Y ∗X

bandwidth

where:

• |{iterations}| is the estimated number of iterations needed for the conjugate-gradient

method to converge;

• sizeof(type) is the size in bytes of the data type used. In our case, 4 bytes single precision

floating point;

• The remaining parameters are dataset dependent.
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As stated above, coils, slices, nx, angles are dataset dependent and vary depending on the

MRI acquisition parameters. The number of iterations is also dependent from the dataset, as

XD-GRASP is a conjugate-gradient iterative algorithm, it terminates once the cost function

falls below a threshold. Although, reconstructions on the same dataset, using the same pa-

rameters are deterministic, they require the same amount of iterations, different datasets will

require different number of iterations. By substituting the values taken from the dataset as

coils, slices, nx, angles and measuring the number of iterations until convergence on the dataset

used in section 3.3 and using PCIe 3x16 lanes with 15.75 GB/s theoretical bandwidth for the

data transfers we obtain T (send) + T (receive) = 1.14s.

Under Amdal’s assumption of infinite parallelism T (Accelerator) is equal to 0 and the CPU is

a bottleneck to the computation. In our architecture T (CPU) can be executed in parallel in

a heterogeneous way and performs the remaining operations that do not involve the NUFFT

and T(Preparation). This time was measured using the architecture proposed on the dataset

used in section 3.3. This results in T (CPU) = 0.81s

Slatency(s) = 1.14s + 0.81s + T (Preparation) = 1.95 + T (Preparation)

Under these assumptions, our proposed architecture is PCIe-bound as the data transfers cannot

be overlapped and hidden by the chosen parallelisation scheme.

3.2.8 Approximate Implementation

We propose an alternative implementation that adjusts specific algorithm parameters to en-

hance throughput. Employing a parallelization scheme akin to the presented architecture, this

variant diverges in several key aspects. It harnesses gpuNUFFT for GPU computation, employs

multi-threading in favour of multiprocessing, and utilises socket-based data transfer to the orig-

inal process. The decision to utilise for processes over threads stems from gpuNUFFT’s absence

of thread safety, resulting in marginally increased overhead during process creation. The di-

minished accuracy observed in GPU-generated results arises from the selection of parameters,
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mainly µ, Sector Width (SW), and Kernel Width (KW), for the gpuNUFFT computation,

which could be fine-tuned to bolster image precision or throughput. Table 3.1 shows how vari-

ous combinations of KW, SW, and µ impact gpuNUFFT’s performance and accuracy, gauged

by normalising execution times against the chosen configuration (highlighted in bold). Despite

their omission from section 3.3 due to falling short of the requisite accuracy threshold (99% or

higher SSIM), these results are discussed upon in section 3.4.

Table 3.1: The NUFFT benchmarks ordered by speed-up.

µ KW SW SSIM Speed-up
1.25 1 16 93% 1.14
2.00 1 16 91% 1.10
1.25 1 8 93% 1.09
2.00 1 8 91% 1.04
1.25 3 16 97% 1.00
2.00 3 16 97% 0.99
1.25 3 8 97% 0.94
2.00 3 8 99% 0.93

This approximation could be applied on CPU and FPGA too. However, FINUFFT and cuFIN-

UFFT do not allow direct control over SW and KW, hence this could not be directly tested.

As section 3.3 will show, it is possible to meet time requirements without leveraging these

approximations.

3.3 Experimental Results

The proposed algorithm underwent evaluation on a high-end consumer system, featuring an

Intel i9-11900K 8-core CPU paired with an NVIDIA RTX A5000 GPU. Evaluations were con-

ducted both with and without GPU acceleration. Notably, input data reading times were

excluded from the evaluation metrics as, in real-world scenarios, data are typically loaded di-

rectly into DRAM during the acquisition phase. This is a valid assumption as data can be

transferred directly to DRAM during acquisition.
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3.3.1 System Configuration

The Intel i9-11900K is a 64-bit 8-core x86 microprocessor operating on 2 contexts and based

on the 14nm Rocket Lake micro-architecture. This processor features a 16 MB 16-way set

associative inclusive L3 shared cache and operates with a Thermal Design Power (TDP) of

125W. It functions at a base clock speed of 3.5 GHz, with an all-core boost clock of up to

4.80 GHz and can reach up to 5.3 GHz for fewer active cores. The NVIDIA RTX A5000 is an

enterprise-grade GPU built on the 8nm Ampere micro-architecture. It boasts 24GB GDDR6X

memory and operates with a TDP of 230W. This GPU comprises 8,192 CUDA cores running

at a base clock speed of 1.170 GHz, with a boost clock frequency of up to 1.695 GHz.

Compilers and compiler flags

The benchmarks were conducted on the described system configuration. Matlab R2021b

executed the Matlab code, while the CPU code was compiled using GCC 11.1.0, and the GPU

code was compiled with CUDA compilation tools 11.4. The NVCC flags for the GPU code were

the defaults provided by cuFINUFFT, specifying architectural (SM 86) and code-generation

flags for different GPU micro-architectures. GCC flags utilised were -Ofast -march=native,

ensuring the generated binary maximises CPU usage of vector instructions, leveraging the

widest vector units available in the system. Specifically, the AVX512 long vector instructions

available in recent Intel architectures, including the one employed in this study, were utilised.

The implementation is open-source, allowing anyone to compile it with optimised flags.

3.3.2 Data acquisition

Four patients diagnosed with pancreatic adenocarcinoma, aged between 56 and 76, participated

in the PRIMER trial (NCT02973828), undergoing imaging procedures using a 1.5T MR-linac

system (Elekta AB, Stockholm, Sweden) at various stages of radiotherapy treatment. The

current imaging protocol similar to [PAC+20] involved a volumetric radial stack-of-stars gradi-

ent echo sequence with golden angle spacing and balanced MRI contrast, acquiring 831 radial
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spokes in 287 seconds. Additional parameters included:

• Sequences: Volumetric radial stack-of-stars gradient echo sequence with golden angle

spacing

• Acquisition time: 287 seconds for 831 radial spokes

• Coil configuration: Vendor-provided coils, four anterior and four posterior channels

• Treatment conditions: Three patients received 36-40 Gy over 15 fractions, and one patient

received 50 Gy over 28 fractions

• Compression belt: Used in 9 out of 17 datasets

• Imaging Parameters: SPAIR fat-suppression [GSH+14], partial Fourier factor of 0.7, over-

sampling factor of 1.61 along the Cartesian kz dimension

• Echo time: Reduced to 1.34 ms using partial echo sampling

• Other MRI parameters: Repetition time 3.5 ms, field of view 500× 500× 200 mm3, flip

angle: 40◦, bandwidth 866 Hz/px, acquired voxel size: 1.5× 1.5× 3.0 mm3

• Corrections and estimations: Gradient delay correction applied [IG16], coil sensitivities

estimated [WGM00]

The acquisition parameters were identical to the clinical protocol used for daily volumetric

re-contouring and re-planning of MR-guided pancreatic cancer treatments at the Institute of

Cancer Research [GWL+23].

3.3.3 Test configuration

All experiments were conducted with 5 runs, and the average results were computed across these

runs. Standard deviation (STD) was calculated for the measured values. As discussed in section

3.2, the implementation proposed here integrates a complete end-to-end process consisting of
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data preparation and subsequent reconstruction. Given the diversity in preparation strategies

outlined in section 3.2, each strategy is explicitly specified.

Henceforth, whenever data is presented regarding the data preparation strategy, preparation

time, processing time, total reconstruction time, or speedup, it will always be specified. In

instances where these specifics are not explicitly stated, the reference is consistently made to

the baseline version.

The reconstruction time evaluation involves reconstructing the dataset with each preparation

strategy five times and averaging the timing results across the runs. These timings are as-

sessed on the high-end consumer system illustrated in section 3.3.1. The reference Matlab

implementation, based on Feng et al. [FAC+16], is used for comparison. Both the C++ and

CUDA codebases are compiled using GCC 11.1.0 and NVCC 11.4 using the flags illustrated in

section 3.3.1.

To investigate the bottlenecks and scalability of the accelerated implementations, a single

dataset is reconstructed using the baseline strategy on two other systems. This includes an

AMD Ryzen 3700X CPU paired with DDR4-3600MHz RAM for the CPU version and a multi-

GPU system housing three NVIDIA 1080Ti GPUs for the GPU version.

3.3.4 Validation

The validation process involves assessing the SSIM [WBSS04] between the reference images and

our reconstructed images. SSIM serves as a metric to measure image similarity by evaluating

structural information degradation. It emulates the perceptual capabilities of the human visual

system in recognizing and measuring differences between images [WBSS04]. Images are deemed

equivalent if they achieve an SSIM of 1 or 100%. We consider images that achieve 99% SSIM

or above as equivalent, acknowledging that slight disparities may arise due to the inherent

non-associative and non-commutative nature of floating-point arithmetic.
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3.3.5 Reconstruction experiments

Different strategies employed to bin the data have a direct influence on the resulting recon-

structed images, primarily determined by the translation from data to respiratory phases [SPT18].

To explore this impact the following experiments use the conventional Baseline and ADERS

strategy presented in section 3.2.2. The acquired data are categorised into respiratory bins

or alternatively assigned to overlapping respiratory bins leading to the ORB and Combined

strategies explained in section 3.2.2.

3.3.6 Reconstructed images and validation

Figure 3.3: Slices reconstructed at both the end-inspiration and end-respiration phases exhibit
distinct respiratory states. The variations in respiratory phases are discernible through the
liver’s dome size in both images. Despite noticeable streaking artefacts stemming from the arms
at the field-of-view periphery, they do not compromise the exceptional clarity in visualising the
internal anatomy.

As shown in Figure 3.3, the 4D images acquired with and without the compression belt exhibit

noticeable differences, particularly with the images acquired using the compression belt ap-

pearing more blurred. However, upon reconstruction using the proposed fast implementations,
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the reconstructed images were indistinguishable from the reference Matlab implementations.

Each reconstruction attained an SSIM of 0.99 when compared with the image reconstructed

using the same data preparation in Matlab.

Figure 3.4 displays specific anatomical details obtained from a singular acquisition utilising

abdominal compression, a routine technique employed at the Institute of Cancer Research

for pancreatic cancer radiotherapy. Among the methods assessed, images acquired using the

baseline binning strategy exhibited a comparatively blurrier appearance. Notably, employing a

higher amount of data per bin (in ORB and combined methods) rendered non-moving structures

sharper.

3.3.7 Measured speed-ups

Figure 3.5a illustrates the time required for each data preparation strategy. The original Mat-

lab implementation demonstrated a negligible time difference compared to the optimised CPU

and GPU implementations in this part of the code, where GPU acceleration was absent. Con-

sequently, the timings of the optimised implementations fall within the margin of error.

In Figure 3.5b, the total processing time of various implementations on the Intel system is show-

cased. With non-overlapping bins (baseline, ADERS), images were reconstructed on average in

1060±26 seconds using Matlab, 241±3.3 seconds employing CPU with µ = 2.0, two minutes

using CPU with µ = 1.25, and one minute with the heterogeneous CPU+GPU implementation.

Reconstruction times escalated with overlapping bins (ORB) due to increased data processing.

Lowering the oversampling factor from µ = 2.0 to µ = 1.25 halved the reconstruction time. As

delineated in Figure 3.5c, the GPU version exhibited the most substantial speedup, surpassing

17 times the baseline Matlab version’s speed.

Section 3.2.7 presented the ideal speedup for the architecture proposed in this chapter. The ideal

reconstruction time forecasted by Amdahl’s law excludes T (Preparation), as although necessary,

it is not technically part of the XD-GRASP algorithm. For a CPU-only implementation, the

ideal reconstruction time predicted by Amdahl’s law is 9.42s, whereas the fastest measured



92 Chapter 3. Magnetic Resonance Imaging

Figure 3.4: The end-inspiratory phase of the 4D-MRI obtained under abdominal compression
was reconstructed using various data preparation strategies from the identical acquisition. Fine
details within non-moving structures exhibit enhanced sharpness in (b), (c), and (d) in contrast
to the baseline.
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Figure 3.5: The timing and speed-up results for various data preparation strategies utilising
different implementations. Both the data preparation (a) and overall reconstruction times (b)
increased notably with the ORB and combined strategies. Across all cases, the GPU imple-
mentation showcased more than a 17-fold improvement compared to the Matlab reference
implementation (c), achieving image reconstruction times of 60s (baseline, ADERS) and 77s
(ORB, combined). Notably, the Matlab implementation employing the FINUFFT bindings
exhibited slower performance than the original version for ORB and combined strategies, with
speed-ups falling below 1 (dashed line).

time is 120s. This discrepancy does not indicate inefficiency in the current implementation but

rather highlights the potential for it to be up to 12 times faster, provided a number of cores

equal to or greater than the number of slices is available. In the case of GPU, the theoretical

minimum reconstruction time is 1.95s, compared to the achieved reconstruction time of 60s.

However, achieving the theoretical minimum would require a GPU with near-infinite parallelism

capable of computing all the strengths and Fourier coefficients of the NUFFT simultaneously.

The implementations proposed here, CPU 2.00, CPU 1.25 and GPU 2.00 all meet MRgoART

time requirements as they all require less than two minutes. This means that even institutions
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that do not have GPUs available, can still leverage this architecture to meet time require-

ments. This also lower the adoption requirements as GPU might be expensive, or violate some

power or cooling requirements. CPU 2.00 is included for completeness as 2.00 is often the

default oversampling factor used in many NUFFT implementation. As section 3.2.6 showed

and section 3.3.6 validated, there is no advantage in using this architecture. CPU 1.25 is

the architecture that is recommended when GPUs are not available. GPU 2.00 shortens the

time even further, this has two main advantages, it is possible to reduce the overall treatment

time, minimising patient discomfort, or it is possible to use more involved data preparation or

post-processing strategies to boost image quality.

3.3.8 Scaling

Figure 3.6a illustrates both the measured and linear speed-ups in the CPU scenario. Despite

both the Intel and AMD systems exhibiting similar single-core performances, the AMD system

demonstrated a higher speed-up, potentially due to its superior RAM bandwidth. The observed

multi-thread speed-ups align with the benchmarks conducted by the FINUFFT library devel-

opers [BMaK19]. Their study suggested that for a precision level of 10−3, access time to kernel

data in RAM dominates execution time compared to the theoretical Floating Point Operations

Per Seconds of the CPU.

Furthermore, the observed speed-up in the system employing multiple GPUs, as demonstrated

in Figure 3.6b, exceeded the theoretical linear speed-up. This occurrence can be attributed to

increased CPU utilisation achieved by the presence of multiple GPUs. In this specific imple-

mentation, the bulk of the processing time occurs on the GPUs. Consequently, employing faster

or multiple GPUs reduces CPU idle time, enhancing overall system utilisation and achieving

super-linear hyperscaling.



3.3. Experimental Results 95

2 4 6 8 10 12 14 16
Threads

2

4

6

8

10

12

14

16

sp
ee

du
p

physical cores

CPU Scalability
linear
Intel i9-11900K
(2933MHz RAM)
AMD 3700X
(3600MHz RAM)

(a) Relative CPU speed-up according to the number of CPU cores

1 2 3
GPUs

1.0

1.5

2.0

2.5

3.0

3.5

Sp
ee

du
p

Multi-GPU Scalability
measured
linear

(b) Relative GPU speed-up according to the number of GPUs used for the
reconstruction.

Figure 3.6: The straight line represents the theoretical speed-up. Analysis of the CPU scaling
experiment reveals suboptimal scaling on both testing systems, with the system featuring faster
RAM access demonstrating improved scaling. In the GPU scenario, multiple GPUs reduce CPU
idle time, leading to increased CPU utilization and super-linear hyperscaling, with actual speed-
up surpassing theoretical limits.
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Table 3.2: Comparison with state-of-the-art implementations

Implementation
CPU/GPU

Cores
Speed
(GHz)

Pixels/s

GPU approx (this chapter) 5,120 1.455 1,319,720
GPU 2.00 (this chapter) 8,192 1.170 1,029,697
CPU 1.25 (this chapter) 8 3.5 489,157
Minimum throughput - - 262,144

CPU 2.00 (this chapter) 8 3.5 240,109
Reference 8 3.5 52,495

Mickevicius et al. [MP17] 40 2.3 14,269
Feng et al. [FTO20] 8 NR 7,281

3.4 Discussion

Efficient integration of advanced reconstruction methods like 4D-MRI into online adaptive ra-

diotherapy workflows necessitates short reconstruction times. Through the implementation of

parallelization and high-performance computing techniques, our open-source designs signifi-

cantly reduced the 4D-MRI reconstruction time while preserving image quality. Leveraging

GPUs, our system achieved reconstruction times as short as one minute.

The definition of time constraints for online adaptive radiotherapy remains loosely defined in ex-

isting literature. Feng et al. indicated that for typical matrix sizes of 256×256×48 voxels and 10

respiratory phases, online treatment adaptation requires a reconstruction time below two min-

utes [FTO20]. This criterion translates to a minimal throughput of 262, 144 pixels/second. The

optimised CPU and GPU implementations proposed in this chapter surpassed this threshold,

positioning them as promising contenders for MRgoART. Comparative analyses with state-

of-the-art XD-GRASP implementations, detailed in Table 3.2, revealed that most previous

approaches fell short of meeting the throughput requirement. Notably, our approximate CPU

+GPU (GPU approx) implementation was fastest, achieving a speed-up of 11x and an SSIM

of 0.97 compared to the same Matlab reference implementation. However, this was executed

on a high-end system containing two AMD EPYC™ 7551 processors and an NVIDIA TESLA

V100 GPU, moreover the SSIM achieved does not meet MRgoART requirements.

Alternative strategies for performance enhancement, such as calling FINUFFT directly from

Matlab or using automated conversion tools like Matlab CoderTM, were explored. However,
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these methods failed to yield performance gains or caused longer reconstructions when overlap-

ping bins were used. In all cases, employing multi-threading enhanced application performance

but exhibited sub-linear scaling dependent on RAM speed. This aligns with findings by the

FINUFFT library developers, indicating that RAM access times to the kernel data, rather than

CPU operation speeds, primarily determine NUFFT execution times at a precision of 10−3.

As enterprise-grade systems with high-core counts are integrated into clinical settings [PAC+20],

reconstruction times for inter-slice parallelised algorithms are anticipated to decrease. This re-

duction would lead to speed-ups nearing those predicted by Amdahl’s law, ultimately improving

workflow efficiency.

Trade-offs between reconstruction time and image quality were observed when employing vari-

ous data preparation strategies. Doubling the data in each respiratory bin could lead to more

temporal blurring, whereas the ORB and combined methods produced sharper images. The

reduced undersampling artefacts and lower total variation score between adjacent respiratory

bins likely mitigated the smoothing effects of regularisation in the latter methods.

The selection of optimal contrasts for reconstruction significantly impacts performance. While

our study focused on data reconstructed with balanced contrast and fat suppression, clinical

practice often involves acquiring multiple contrasts in the initial session and using the contrast

offering the best tumour and organs-at-risk visibility during treatment sessions. This variability

in contrasts could influence reconstruction times in our optimised implementations.

Respiratory-correlated 4D-MRI holds significant applications in MR-guided radiotherapy for

measuring respiratory motion, providing input for time-resolved 4D-MRI, and computing de-

livered doses [SPT18, STdS+16,MMN+20]. These principles extend to image-guided proton

therapy, where interplay effects and Bragg peak depth necessitate even lower image recon-

struction latencies [ODM+17,GPL+22]. Our exploration focused on inter-slice parallelism for

the XD-GRASP algorithm, applicable to other MRI reconstruction methods like stack-of-stars

or stack-of-spirals patterns. This approach could also be extended to time-resolved 4D-MRI

methods based on XD-GRASP, such as MRSIGMA or SPIDERM [FTO20,HCX+22]. AI-based

reconstruction schemes were compared, indicating excellent agreement between our implemen-
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tations and the reference implementation [FGCN+21,TMVvdB23].

The rapid reconstruction times achieved by our open-source implementation, even without

GPU acceleration, make 4D-MRI suitable for online adaptive radiotherapy. This advancement

renders 4D-MRI an attractive solution for monitoring intra-fraction motion in MR-guided ra-

diotherapy, reducing uncertainties in tumour position and enabling online adaptive gated treat-

ments and real-time tracking without fiducial markers [BSS+07]. Notably, this could benefit

lung, liver, pancreas, and oligometastatic disease treatments [PWO+22].

3.5 Summary

In this chapter, we explored the integration between HPC and the challenges faced in MRI,

particularly in the context of radiotherapy. The pivotal role of MRI in radiotherapy emerged,

highlighting its integration into MR-linacs and hybrid MR-integrated proton therapy, driven by

the need for superior soft-tissue contrast for MR-guided online Adaptive Radiotherapy (MR-

goART) [SP15,LRR+08,FMR+09,KBC14,MLC+16,HOM+20,ODM+17]. We delved into the

challenges of 4D-MRI reconstruction, tackling issues like undersampling and artefacts, and

explored solutions such as compressed sensing and comparisons between reconstruction meth-

ods [SPT18,DR93,LDP07,MP17,FAC+16,PAC+20].

Then we presented optimisations for 4D-MRI reconstruction, delving into strategies like multi-

threading, CPU +GPU implementations, and their potential impact on clinical settings [FTO20,

HHO+18, PAC+20]. We discussed trade-offs between reconstruction time and image quality,

emphasising the influence of performance and the promising applications of fast 4D-MRI in

MR-guided radiotherapy, opening doors for adaptive treatments [PWO+22,BSS+07]. In par-

ticular, we proposed CPU 2.00, CPU 1.25 and GPU 2.00. All of these implementations meet

MRgoART time requirements, however there are some differences between them. The first

two architectures only leverage CPU. CPU 2.00 is included for completeness as the oversam-

pling factor default value two in most NUFFT implementations. CPU 1.25 is the architecture

that is recommenced for general use, when GPUs are not available. This is also cheaper to
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adopt as it does require only cheaper consumer grade CPU to meet time requirements. In case

GPUs are available, GPU 2.00 is the best option as it offers the best performance. This lowers

the reconstruction time even further, enabling the use of more involved data preparation or

post-processing strategies to enhance image quality.

Looking ahead, we analysed future enhancements in MRI reconstruction, the role of AI-based

schemes, and potential applications beyond radiotherapy, highlighting ongoing advancements

and room for further exploration [FGCN+21, TMVvdB23, BCM+14, LHHN03, SPT18]. This

highlighted the critical need for optimised computing techniques in addressing MRI challenges,

ultimately paving the way for real-time adaptive treatments and enhanced disease management.

This work has already been adopted by the Magnetic Resonance Imaging in Radiotherapy

Group at the Institute of Cancer Research for research purposes, where it is utilised to explore

and develop new reconstruction algorithms. Recently, the Center for Computational Mathe-

matics at Flatiron Institute, Simons Foundation in New York expressed interest towards this

implementation of the XD-GRASP algorithm as it leverages FINUFFT [BMaK19] that they

developed.



Chapter 4

Accelerating Monte Carlo Simulations

4.1 Introduction

This chapter presents a comprehensive study about modelling the performance of workloads

when executed on accelerators such as GPUs and FPGAs. The methodology presented here is

general-purpose in the sense that there is no limitation on the workload that it can analyse.

However, as the scope of this thesis is MC simulations the focus of this methodology and its

evaluation is on these types of simulations and physics related workloads. MC simulations are

known to be computationally expensive and hard to speed up due to their stochastic behaviour.

Moreover, programming accelerators presents many different challenges that developers need to

overcome to successfully accelerate any application. To avoid investing needless development

time and resources into accelerating applications that do not benefit from acceleration, it is

important to model and forecast the performance of FPGAs and GPUs.

Since MC simulation is considered to be the most accurate method to calculate dose distribution

in radiotherapy [SWB00] the reconstruction is implemented using computationally expensive

MC methods. In the medical physics context, the simulation computes the trajectories and

dose depositions of many individual particles traversing biological tissue by sampling particle

interactions according to the fundamental laws of physics. Due to the stochastic nature of MC

algorithms, a large number of particles have to be simulated. The simulation of each particle is

100
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computationally expensive due to the high complexity of the interaction sampling [ZPPKO15].

Hence, MC algorithms, even if accurate are not directly usable for real-time situations.

To achieve real-time performance the use of accelerators needs to be considered since recent

results show that both GPUs and FPGAs can achieve significant speedup compared to CPUs.

GPU shows promising results, achieving a speedup of over 7x for Leading Order calculations

on GPU compared to CPU using the MadFlow framework [CCMRZ21]. Opticks is an open-

source initiative aimed at enhancing optical photon simulations by seamlessly incorporating

NVIDIA GPU ray tracing capabilities through NVIDIA Opticks into simulations based on

the Geant4 toolkit. Opticks shows impressive performance gains: a single NVIDIA Turing

architecture GPU can achieve optical photon simulation speedup factors exceeding 1500 times

the performance of a single-threaded Geant4 simulation [Bly21]. FPGAs also show promising

results. Voss et al. implemented a simplified Electromagnetic Scattering simulation on an

FPGA that compared to CPU achieves a speedup of over 4x [VZV+19].

Since accelerating MC simulations demands considerable engineering effort, our study intro-

duces a methodology for MC acceleration. This approach involves an initial analysis of the

simulation to determine whether there exists significant potential for performance enhancement

before proceeding with the acceleration. Additionally, this methodology aims to minimise the

frequency of executing place and route, a lengthy FPGA compilation process that can take

several days to complete. Our findings demonstrate that our model effectively predicts the

performance of MC on both a Xilinx VU9P FPGA and NVIDIA GeForce RTX 3090 Ti GPU,

offering a reliable assessment of whether the simulation stands to benefit from acceleration. In

contrast to blindly prototyping an accelerated simulation, this approach has the potential to

save substantial engineering effort by allowing early termination in cases of limited achievable

performance and by guiding developers in designing the accelerated architecture.

The primary contributions of this chapter include:

• Introducing a methodology for accelerating MC simulations applicable to both, GPU and

FPGA accelerators;
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• Providing a comprehensive explanation of the methodology derivation process, enabling

its potential extension to other accelerators like the Tensor Processing Unit (TPU);

• Conducting an evaluation of the proposed methodology using MC simulation involving

Coulomb Scattering on a Xilinx VU9P FPGA and NVIDIA GeForce RTX 3090 Ti GPU.

Our approach presents a unique combination of features, incorporating a priori forecasts (before

implementation), data transfers, and support for both FPGA and GPU accelerators, validated

on MC simulations. In contrast, PPT-GPU [ABC+19] lacks integration of a priori knowledge

and offers limited support for data transfers, focusing solely on GPU acceleration. Similarly,

GCoM [LHL+22] provides GPU support with data transfer capabilities but lacks integration of a

priori forecasts. Choi et al. [CRKB20] introduce an end-to-end approach with GPU support but

without a priori forecasts or data transfers. Goswami et al. [GSB22] provide a priori forecasts

and FPGA support but omit data transfers, supporting only CNN architectures. Da Silva

et al. [DSBDT13] support FPGA accelerators with data transfers but have limited application

scope, particularly lacking support for complex applications like MC simulations. Finally, Voss

et al. [VKM+21] incorporate a priori forecasts, data transfers, and FPGA support, suitable

across various domains; however, their approach lacks GPU support.

The remainder of this chapter is as follows: section 4.1 provides an introduction to the method-

ology. In section 4.2, the methodology for acceleration is discussed, detailing its components

and functionalities. Following this, section 4.3 explains the application analysis process, exam-

ining its various aspects and requirements. Section 4.4 focuses on the software model for FPGA,

outlining its structure and implementation. Section 4.5 explores operations count and usage in

the context of the methodology. In section 4.6, highlights the performance model, with subsec-

tions dedicated to predicting I/O bandwidth usage, memory transfers, and FPGA performance

modelling. Similarly, section 4.7 delves into GPU performance modelling, providing insights

into the total time required for execution. Evaluation is presented in section 4.8, including by

a specific examination of Coulomb Scattering, which includes application analysis, the FPGA

performance modelling, the GPU performance modelling, with the respective implementations,

validation, results and comparison between platforms. Discussion and summary of the findings
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are presented in sections 4.9 and 4.10, respectively.

4.2 Methodology for acceleration

Incorporating accelerators into a system can be a challenging undertaking, as it presents various

obstacles. As a result, it is essential to ascertain the potential advantages of acceleration in

advance, determine whether the intended application can benefit from acceleration, and identify

which accelerator can offer the optimal balance of performance, cost, and engineering efforts.

Doing so is vital in meeting the performance, budget, and time requirements of a project. This

section outlines a methodology based on the one originally proposed by Voss et al. [VKM+21]

for FPGA and extends it to include both GPUs and FPGAs.

CPU/Accelerator
Partition

Modelling and 
performance prediction

Code WritingFinal ArchitectureArchitecture
Initial

Analysis

(A) (D) (E) (F)(B) (C)

Requirements not met 

Requirements not met 

Figure 4.1: Proposed accelerator architecture development workflow

Figure 4.1 shows the proposed steps for accelerator architecture development. The proposed

methodology is applied before writing a single line of accelerator code and aims to:

• determine whether the application is suitable for acceleration;

• the achievable speedup;

• which parts of the application need to be accelerated;

• estimate the engineering effort.

The resulting performance model forecasts the achievable speedup, while the architecture shows

the partitioning between CPU and accelerator. The architecture provides also estimates on the

engineering effort as it shows which portions of the applications need to be accelerated and

which algorithms are needed.
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The proposed workflow is iterative in nature and it requires incremental refinements until the

requirements are met or further improvements are either impossible or not worth the engineering

effort. It should be noted that the methodology provided in this section is intended for manual

application by the developer and is not to be fully automated. However, certain tools, such

as Intel OneAPI [One,CPL+95], can be employed to decrease development time, and with the

availability of more advanced tools, automation of certain aspects may become possible. While

the use of such tools is encouraged, it is recommended that developers verify their results to

ensure the accuracy of the performance models.

Algorithm 2 Methodology for acceleration

1: perform initial analysis of the original application
2: determine the target accelerator
3: create initial partitioning in accelerator and software
4: create first initial performance model and architecture
5: create first initial software model ▷ Applies only to FPGA
6: while bottleneck exists do ▷ Requirements are not met
7: identify bottlenecks with new architecture or accelerator/CPU partitioning
8: resolve bottlenecks with new architecture or accelerator/CPU partitioning
9: verify new architecture in updated software model ▷ Applies only to FPGA
10: perform further analysis as necessary
11: refine performance model based on updated analysis and architecture

12: start implementation

Algorithm 2 outlines the complete methodology with greater details compared to figure 4.1.

The methodology begins with the analysis of the original application to identify its compute-

intensive, data-intensive parts and workload characteristics such as accuracy requirements (line

1, step A). The results of this analysis aid in determining the most suitable accelerator for

the workload (line 2, step B), and an initial partitioning between the CPU and accelerator is

established (line 3, step B). Subsequently, the accelerator architecture is outlined, including

the portion of the application executed by the accelerator, data allocation, and transfer (line 4,

step C). A preliminary performance model is then constructed, which is platform-specific, and

the specific details for each platform will be presented later in section 4.6 and 4.7.

The fifth step regards solely FPGA acceleration and involves the development of a software

model that accurately simulates the hardware architecture (line 5, step D). This serves three

purposes: firstly, it clarifies the functionality of each component of the architecture, and sec-
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ondly, it simulates the precise behaviour of the hardware, which is beneficial for debugging the

FPGA implementation, it greatly reduces the number of compilations as FPGA compilation

might take several days due to place and route. Thirdly, it can be used to unit test the FPGA

implementation; it is possible to execute all the functionalities in the software model, except

one that can be executed on a real FPGA or the resulting hardware description can be sim-

ulated. The hardware description and the simulation tools depend on the toolchain used, for

example, Google XLS [XLS] can generate x86 64 ASM that can be simulated by direct CPU

execution, it can also generate Verilog which can be simulated with tools such as ModelSim.

This is not necessary in the GPU case as GPUs do not require lengthy compilation processes

such as place and route. Hence, it is possible to unit test and integrate smaller changes directly

in the accelerator code.

Then, the iterative process starts. While a bottleneck exists, meaning that the performance

requirements are not met, (line 6, step D) the developer has to first identify the type of bottle-

neck (line 7, step D). If the bottleneck is computational, it is possible to use better algorithms,

better data structures, or even distribute over multiple devices, this does not involve changing

the partition between accelerator and CPU so the arrow that goes to step 3 is followed. In case

the bottleneck is I/O bound then it is possible to use compression, caching or accelerating data-

generating portions of the workload (line 8, step D), this can involve changing the partition

between CPU and accelerator so in this case the arrow that goes to step 2 is followed. Once

the application is optimised it is necessary to update the performance model to account for

the changes (lines 10-11, step D-E). If the requirements are met then it is possible to start the

implementation (line 13, step F), otherwise, it is necessary to proceed to identify and resolve

new bottlenecks (lines 7-11, step F).

The proposed methodology however has some limitations. In the FPGA case, the results are

accurate only when using toolchains that allow for low-level control of the design. For example,

writing directly VHSIC Hardware Description Language (VHDL) or using HLS toolchains such

as MaxCompiler [PMTL13], which allows for such control. MaxCompiler mainly automates

scheduling and performs optimisation aimed at reducing resource utilisation. The user still

specifies the main design components, such as adders and multiplexers and their connection in
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a dataflow fashion. However, the compiler can automate scheduling and offers a less verbose

syntax compared to writing directly VHDL. In contrast, when using HLS toolchains such as Intel

OneAPI and AMD Vitis HLS, their compilers can perform optimisations that can drastically

lower the accuracy of the proposed methodology.

In the GPU case, the number of instructions is derived using approximations. In particular,

x86 assembly instructions are used to estimate NVIDIA PTX instructions. While this leads to

reasonable estimates in the proposed tests, changes to both CPU and GPU compilers can lead

to inaccuracies in this methodology. We also point out that estimating the GPU performance

is advantageous only in case of complex applications that require significant development effort

to be accelerated. In the case of small applications or small functionalities, it might be faster

to explore GPU designs directly.

When accelerating MC it is important to ensure the accuracy of the results. As MC results

depend on random number generation, the results may vary even if the simulation and its

accelerated version are both executed with the same initial configuration. It is possible that

the accelerated version of the simulation uses random numbers in a different order to cause small

variations in the results. Hence, to test the accuracy of MC, it is necessary a test that accounts

for these small variations that can arise and verify that they are of no statistical significance.

One such test is Kolmogorov–Smirnov test [BZ14], which when used with α = 5 × σ [Lyo13]

can be used to verify the correctness of the results. Section 2.2 gives more details about this

test.

Section 4.8 will show how to apply the methodology and the accuracy of the forecasts.

4.3 Application analysis

The initial step of the methodology involves measuring various metrics to determine the most

appropriate accelerator for the application. The metrics that need to be analysed are cache

miss rate, branch miss rate and whether the application is embarrassingly parallel as these

are the main factors that dictate the performance of an application. Based on these three
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Figure 4.2: Application analysis deciding process. Arrows indicate mandatory requirements,
the dashed arrow indicates an optional requirement.

factors, it is possible to determine which platform is the most suitable candidate. Figure 4.2

summarises the decision process. The starting point is the level of parallelism in the algorithm.

If the algorithm is not embarrassingly parallel, i.e. the application does not have enough

parallelism to saturate all the CUDA cores available on the GPU, GPUs are unlikely to offer

a significant performance advantage. Then, the branch misprediction rate and cache miss

rate need to be evaluated. The former refers to the frequency with which the CPU branch

predictor incorrectly predicts the outcome of a branch, while the latter refers to the frequency

with which the data is not found in the cache and must be retrieved from the main memory.

Figure 4.2 gives some indicative values. The exact values to be considered depend on the

specific device used as different micro-architectures offer different mispredictions and cache

miss penalties. Section 4.3.1 explains how to measure both penalties. The value 80% assumes

that branch misprediction penalties slow down the code by a factor of 5x. However, these

values are not fixed and different architectures might require some adaptation. For example,

figure 4.3 shows that a branch misprediction requires 5 times the clock cycles of a branch

prediction, different CPUs might have a different misprediction penalty, in that case, the value

80% needs to be tuned with the correct cost of branch mispredictions. On the other hand,

cache misses cause an order of magnitude slowdown in performance, hence, in this case, the

reference value assumes that an application is cache-friendly if at least 99% of the accesses

are cache hits. This value needs to be validated on the particular CPU. For example, AMD
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3D V-cache technology [WAC+22] greatly increases the size of the L3 cache hence, workloads

that achieve a high cache miss rate on other CPUs might achieve a low cache miss rate with

this particular technology. In case the workload exhibits both a high cache miss rate and high

branch misprediction rate FPGAs almost certainly are the accelerators that will perform best.

This is due to the dataflow paradigm of FPGAs where both sides of the branch are present

in hardware and a multiplexer picks the correct side, discarding the other computation with

no overhead. High cache miss rate favours FPGAs due to their customizability. FPGA allows

to design of a custom prefetcher that accounts for the memory access pattern that is able to

load data in advance effectively hiding memory latency. Otherwise, if both these rates are low

and the application is embarrassingly parallel GPU will offer the best performance. There is

one last case to consider, when the application is embarrassingly parallel but it has only a high

branch misprediction rate or only a high cache miss rate. In these cases, there is no clear winner

between FPGAs and GPUs and further analysis is needed.

It is worth pointing out the assumptions and limitations of this approach. The methodology

assumes GPU acceleration of embarrassingly parallel workloads able to exploit all the available

CUDA cores from the beginning. Workloads that are not embarrassingly parallel but contain a

lot of branches might not experience a major slowdown on GPU as the slowdown that section

4.3.1 will show, diverging branches could be executed by idle threads. However, the performance

limitation of these types of workloads is that the overall parallelism is the same. For example,

a workload that utilises 10% of the available GPU parallelism, it will still utilise the same 10%

after a diverging branch; warps will be partially filled with threads executing useful work and

threads executing no-ops to avoid injecting wrong answers in the results. Despite this, in some

cases, these types of workloads might still be perform better on GPUs compared to FPGAs

and a CPUs.

However, the methodology highlighted in this chapter cannot forecast performance of such

workloads, as it would require a different method to account for the performance penalties of

branches on GPU. In the case of FPGA acceleration, the methodology assumes that the body

of the “if-else” is relatively small. When the body of these branches is a big computations

encompassing thousands or tens of thousands of instructions, the analysis in Figure 4.2 will
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underestimate the branching penalty on FPGA. Branching penalties on FPGA are incurred

in space, as both sides of the branch needs to be implemented and executed with the wrong

result discarded afterward. This space penalty reduces the parallelism available on the FPGA,

thereby limiting performance and potentially making the FPGA slower than the alternatives,

which would invalidate the methodology presented here. Nonetheless, in our experience, such

cases are relatively rare and even previous results [VKM+21] support the accuracy of this

methodology.

Lastly, FPGAs are the only viable choice in cases of strict ultra-low latency requirements

or when jitter is not acceptable. Ultra-low latency requirements are usually in the order of

nanoseconds to microseconds, and CPUs cannot meet these performance requirements as the

kernel scheduling overhead is already in the order of milliseconds. Multi-threading in these

cases only increases the overhead, as creating a thread requires tens of microseconds. Moreover,

the system scheduler cannot be controlled, and even threads with the highest priority can be

de-scheduled, causing jitter as sleeping threads need to be scheduled before performing the

computation. Therefore, in systems such as the CERN L1 trigger system or ultra-low latency

trading systems, FPGAs are the only viable option that meets the time requirements.

4.3.1 Derivation

This section covers the details behind the methodology. All the data presented here was gath-

ered on a system consisting of an AMD EPYC 7543 32-core Processor and an NVIDIA GeForce

RTX 3090. The algorithms and tests used to obtain such results are well known. This section

formalises them and shows the exact values that are required in section 4.3 to determine mis-

prediction penalties and cache misses percentages used to determine whether the application

suffers from high branch misprediction, high cache misses or not.

Figure 4.5 shows the evolution of NVIDIA CUDA cores over the past years, revealing a re-

markable increase by two orders of magnitude within a decade. Furthermore, recent years have

seen an acceleration in this trend, indicating that this growth is likely to continue in the future.

To achieve high performance on present-day GPUs, it is imperative that the application is
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embarrassingly parallel and can exploit the increased number of CUDA cores. A few hundred

parallel threads were sufficient for achieving significant speedup in the early 2010s, but to fully

utilise top-of-the-line GPUs at the time of writing, the level of parallelism required is in the

order of tens of thousands. To ensure future-proofing, it is advisable to aim for at least one

order of magnitude higher parallelism than the current number of CUDA cores available on

state-of-the-art GPUs. The following two metrics are branch miss rate and cache miss rate. It
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is important to note that rate refers to the amount of branches or caches missed relative to

the total computation. This aims to filter branches that have almost zero probability of being

executed, as error checks from the analysis. Even on GPUs, branches that are either always or

never executed do not impact performance.

Listing 4.1: CPU memory latency benchmark

auto vec to r = [ i , padding for i in N]

vec to r . s h u f f l e ( ) ;

auto index = 0UL;

for (auto i = 0 ; i < num ops ; ++i ) {

//Access the next node

index = l i s t [ index ] . index ;

}

If the workload exhibits a high branch miss rate or high cache miss rate, the performance of
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Figure 4.5: CUDA cores per GPU generation. Original data public domain from NVIDIA.

CPUs may be poor. Figure 4.3 shows the number of clock cycles required to execute an ad-

dition at varying branching probabilities. When the probabilities are close to zero or 100%,

the CPU requires approximately two clock cycles to execute if(R < P ) sum += R. How-

ever, in the worst case, it requires approximately ten clock cycles, resulting in over five times

slower performance. Memory reads are even more expensive. Figure 4.4 illustrates the mem-

ory latency for stochastic reads. Listing 4.1 shows the test used to measure the latency. The

code begins by creating an array where array[i] = i with padding and then shuffling it using

MersenneTwister [MN98]. Then the array is accessed in a for loop using the index of the list.

This causes stochastic uniform random accesses that the prefetcher fails to predict. It reveals

that compared to the L1 cache, L2 cache, L3 cache, and DRAM are over 5, 15, and 108 times

slower, respectively. Consequently, applications that execute a large number of stochastic mem-

ory reads can be over two orders of magnitude slower on CPUs. In these scenarios, the NVIDIA

GeForce RTX 3090 Ti GPU is unlikely to provide significant performance improvements, as

branches are even more expensive on the GPU, caches are smaller, and memory read latency is

higher. Figure 4.6 illustrates the performance penalty of branching on the GPU. When threads

diverge, the GPU de-schedule them, so even if there is a low branching probability, the few di-

verging threads will be executed later, resulting in increased execution time. This implies that

the cost of executing the code is the sum of the time needed to execute both branches of the if

statement. The code used for to measure branching on GPU is available in listing 4.2. The code
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performs the same amount of operations between the two branches if iterations1 = iterations2

and the probability of thread divergence can be set by the user.

Listing 4.2: GPU branch evaluation kernel

g l o b a l void branch kerne l (

int∗ r e su l t ,

const int y , const int z ,

const int i t e r a t i o n s 1 ,

const int i t e r a t i o n s 2 ,

const bool∗ random) {

int a = 0 ;

int b = 0 ;

int idx = ( threadIdx . x + blockIdx . x ∗ blockDim . x ) % 32 ;

i f ( random [ idx ] ) {

for ( int i = 0 ; i < i t e r a t i o n s 1 ; i++) {

a = a & y ;

a = a | z ;

}

} else {

for ( int i = 0 ; i < i t e r a t i o n s 2 ; i++) {
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b = b | y ;

b = b & z ;

}

}

r e s u l t [ idx ] = a + b ;

}

Figure 4.7 shows that the memory access latency is even higher than on the CPU. These data

are obtained using the same code presented in listing 4.1 ported to CUDA. Figure 4.7 shows

data derived on the NVIDIA GeForce RTX 3090 Ti and AMD EPYC 7543. In cases of random

access to the cache or on-board memory, the code slows down by 56 to 511 times, or even up to

660 times in cases of memory contention. For reference, shared memory is slightly faster, and

accessing data from there slows down the computation by 32 times.

In summary, the NVIDIA GeForce RTX 3090 Ti offers a compelling advantage over AMD

EPYC 7543 only for applications that have little to no branches, do not perform stochastic

memory reads, and are embarrassingly parallel. In the case of sequential reads, the NVIDIA

GeForce RTX 3090 Ti can provide a significant performance benefit compared to AMD EPYC

7543 as the NVIDIA GeForce RTX 3090 Ti’s Graphics DDR SDRAM (GDDR) has much

higher bandwidth than AMD EPYC 7543’s Synchronous Dynamic Random-Access Memory

(SDRAM). Figure 4.9 shows that NVIDIA GeForce RTX 3090 Ti’s GDDR6 can achieve over

800 GB/s in bandwidth. By contrast, DDR5 bandwidth is only 38.4 GB/s per channel, double

or triple that in a dual/triple channel configuration, which is one order of magnitude slower than

GDDR6 peak bandwidth. Therefore, for memory-bound applications that rely on sequential

reads, the NVIDIA GeForce RTX 3090 Ti GPU can provide a significant advantage over the

AMD EPYC 7543 CPU. However, in cases where there are a lot of branch or cache misses,

FPGAs can be the right platform. Branches do not impact performance as both the “then” and

“else” statements are executed in parallel in hardware, and the unneeded result is discarded

at the end. Cache misses can be overcome by implementing custom pre-fetching and caching

strategies that overlap computation and communication so that the FPGA is never idle waiting
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for data. A high branch misprediction rate and high cache miss rate combined indicate that

the NVIDIA GeForce RTX 3090 Ti GPU would perform quite poorly. However, a high branch

misprediction rate alone is not enough to rule out the NVIDIA GeForce RTX 3090 Ti GPU. As

the NVIDIA GeForce RTX 3090 Ti GPU offer multiple orders of magnitude higher parallelism

compared to AMD EPYC 7543 and Xilinx VU9P FPGA exploiting even a fraction of the total

available parallelism could achieve significant speedup over these other platforms. Hence, in

this case is necessary to build a complete performance model, as section 4.6 and 4.7 explained,

and use the total execution time forecasts to determine the best platform to use.

From our experience FPGA implementation often takes significantly more effort than GPU

implementation; this should be taken into account when considering which accelerator to use.

The results from this section are likely to be valid for many other CPUs and GPUs, however,

the readers should always validate their specific processors to confirm and quantify the results

from such comparisons.

4.4 Software Model (FPGA)

FPGA programming presents several challenges. In particular, the long compilation time, which

can span multiple days, makes design iterations in hardware extremely expensive in terms

of time. Hence, reducing the number of compilations is crucial for successfully accelerating

any application. The software model is a simplified software implementation of the parts of

an application that are to be ported onto the FPGA. It should mirror the intended FPGA

implementation and use the same API. It serves three purposes:

• insight into the selected code;

• testbench for verifying numerical and algorithmic changes;

• debugging reference for FPGA implementation.
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To accomplish the initial purpose of the software model, the algorithm can be implemented

as basic, unoptimised code, which aids in analysing the application and refining the perfor-

mance model and architecture. Runtime profiling is not typically done in the software model,

but rather metrics like memory access patterns and loop iterations executed are examined.

Additionally, the software model is used to assess various algorithmic and numerical options,

which inform the architecture and performance prediction. Consequently, the software model

is usually developed in conjunction with both performance model and architecture.

It is important to reintegrate the software model into the original application to ensure that

the planned API between the original application and the accelerated modules is adequate to

recreate the original functionality. Furthermore, this integration facilitates the verification of

the software model by comparing the results between the original software and the application

using the software model. It should be noted that due to the non-associativity of arithmetic

using floating-point numbers, minor differences in the result are expected at this stage.

Using the same API for the software model as for the FPGA implementation offers an easy-

to-use debugging tool for the FPGA implementation. It is essential to verify against both the

original application and the software model because the software model undergoes the same

numerical and algorithmic changes as the FPGA implementation. This makes it easier to de-

termine if an unexpected result for a given input dataset is due to an error in the FPGA design,

side effects, or fundamental issues with the selected algorithm or its numerical properties. Re-

solving numerical and algorithmic problems in the software model is significantly easier than

in an FPGA implementation. Additionally, this provides an FPGA mock-up implementation

for earlier integration into the host application.

Although creating the software model and continuously improving it during the design process

incurs additional design effort, it avoids the need to make these design iterations in hardware.

It is widely acknowledged that software development, especially if the code is not optimised

for performance, is easier than hardware development, resulting in time and cost savings com-

pared to performing these design iterations in hardware. Moreover, the software model can be

developed by software engineers and does not require hardware expertise.
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4.5 Operations count

Accelerating applications requires identifying analysing and accelerating the bottlenecks. To

estimate the performance it is necessary to know the number of operations executed in the

bottleneck. This section explains how to count these operations in both GPUs and FPGAs.

FPGA operations count In the case of FPGA, the number of operations corresponds to

the number of arithmetic operations (+,−, ∗, /) and elementary functions (sin, cos, log, exp)

present in the program. These operations can be manually counted by analysing each line of

code of the software model which is a realistic representation of the hardware design. There

are some tools to aid in the process, such as the ones present in Intel OneAPI [One] or using

hardware performance counters. However, some applications might require a manual count

when these tools do not offer sufficient level of detail required for the model. In the case of

for loops, the number of operations needs to be multiplied by the number of iterations. When

encountering while loops the average number of iterations can be determined using statistics

from the code executed on one or more representative inputs.

GPU operations count When it comes to estimating the number of operations on GPUs,

simply counting the number of operations like in the FPGA case is not sufficient. On GPUs,

the application is a sequence of instructions, PTX and AMDGCN assembly (ASM) for NVIDIA

and AMD, respectively, and all of the instructions need to be executed. Therefore, to estimate

the number of operations, one can compute the number of ASM instructions. While some

operations require fewer clock cycles to execute than others, assigning a fixed constant cost to

all operations does not significantly compromise the accuracy of the model.

To obtain the number of ASM instructions, the best approach would be to implement the

bottleneck on the GPU. However, this is not always practical since the aim of the methodology

is to minimise development time. As an alternative, x86 CPU instructions can be used as a

substitute. While the number obtained this way may be less accurate than that obtained from

the GPU Instruction Set Architecture, a range analysis from best to worst case can still be
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performed to obtain reasonable estimates, as section 4.8.11 will show. The number of ASM

instructions can be obtained by compiling the CPU code without vectorization and parallelism.

Then the code can be executed on a representative input while using hardware performance

counters to measure the number of ASM instructions executed. This value then needs to be

divided by the input size (how many elements were processed) which is the source of parallelism.

This is to obtain the number of instruction per element required by the model that section 4.7

will present.

When using micro-benchmarks, i.e., implementing specific algorithms and functionalities to

derive the model, the forecasts were within 30% accuracy in most cases. The predictions

were occasionally too optimistic and, at other times, too pessimistic. However, the optimistic

and pessimistic cases remained within the same order of magnitude, resulting in an average

error below 10%. Many of these micro-benchmarks are drawn from the CERN CMS high-level

trigger [ABD+06], whose codebase is open source. Some algorithms are implemented on both

CPU and GPU, allowing for direct comparison. These examples are particularly relevant to

physics, making them especially suitable for the types of workloads analysed in this thesis.

Nevertheless, this focus may limit the accuracy of the operation count for workloads differing

from those considered here. Another limitation is given by the compiler and compiler version

used here. Any change in the toolchain might invalidate the operation count methodology.

4.6 Performance model

By using the code analysis results, the operations count and the initial software model, a rep-

resentative performance model can be created to capture the planned implementation on the

selected platform. This involves predicting the hardware and bandwidth usage, as well as the

execution time for a problem of a known size, and obtaining a preliminary speedup estimation.

The performance model not only enables design space exploration but also highlights poten-

tial problems and bottlenecks of the architecture before the implementation begins. As the

architecture aims to alleviate these bottlenecks, an iterative improvement of the performance
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model and architecture is often required. This allows for early design space exploration in the

acceleration process, facilitating cost-benefit analysis and decision-making.

4.6.1 Predicting I/O Bandwidth Usage

The bandwidth available for communication between the host and the FPGA relies on the phys-

ical interconnect employed. On most acceleration platforms, PCIe is used as the interconnect.

PCIe is constructed using bidirectional links, implying that the full bandwidth can be utilised

for both reading and writing concurrently. For instance, an eight-lane link of second-generation

PCIe can transfer up to 4 GB/s. Consequently, the communication time (T ) between the host

and accelerator can be estimated by dividing the sum of the data size transferred in either

direction (S) by the bandwidth (BW ) multiplied by the relative efficiency (η), as shown in

Equation 4.1. It is worth noting that in case the applications perform data transfers of differ-

ent magnitudes, the lowest magnitudes can be ignored without affecting the accuracy of the

result.

Tcomm =
∑
i

Si
BW × η(Si)

(4.1)

Efficiency is a function that captures several factors and returns a percentage. These factors

include the PCIe encoding scheme, which is the strategy used to convert data into packets for

transfer over the PCIe bus. For example, the 8b/10b encoding scheme used in PCIe 1.0-2.1

introduces a 20% overhead, whereas PCIe 3.0-4.0 uses a 128b/130b encoding scheme resulting

in a much lower 1.5% overhead. The different Direct Memory Access (DMA) implementations

can also reduce efficiency. DMA characteristics and benchmarks are well-documented in the

FPGA case. In the case of GPUs, one can test PCIe bandwidth using CUDA-samples [NVI]

or by implementing any custom code that transfers data to the GPU and measures the time it

takes.

Figure 4.8 shows the measured bandwidth for an NVIDIA GeForce RTX 3090 Ti on an AMD

system. Bandwidth is affected by the transfer size, with smaller transfers being more expensive
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Figure 4.8: PCIe 4.0x16 bandwidth on an
NVIDIA GeForce RTX 3090 Ti
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size.

due to the possibility of not fully filling PCIe packets. The measured bandwidth is 18 GB/s,

lower than the theoretical maximum of 31.5 GB/s, which can be attributed to several factors,

such as DMA not being designed to handle high bandwidth, CPU bottleneck or driver issues.

It is important to consider these limitations in the model to allow applications to benefit from

GPU acceleration even if the available bandwidth is far lower than the theoretical maximum.

4.6.2 Memory transfers

Memory transfers have a significant impact on performance, and therefore they must be care-

fully considered in the model. Both the GPU and the FPGA lack pre-fetchers, which means

that memory accesses need to be handled with care. There is no automated mechanism that

can mitigate the cost of memory access.

Bandwidths of this memory are unidirectional, e.g., bandwidths in both directions (read and

write) are shared. As such, Equation 4.2 shows that the time to transfer data (Tmem) between

onboard memory and the accelerator can be calculated using the sum of the size of the data

either read or written (S) divided by bandwidth (BW ) and efficiency (η). Efficiency is a function

that maps the data transfer size to a percentage that represents the amount of the maximum

bandwidth achievable by a transfer of size (S). In most cases, lower-magnitude data transfers

could be omitted. However, the user needs to be careful when doing so; small not sequential

data transfers that happen multiple times during the computation, impact performance heavily
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due to their large latency as shown in Figure 4.7, and cannot be omitted.

Tmem =
∑
i

Si
BW × η(Si)

(4.2)

Voss et al. [VKM+21] measured the efficiency of DDR4 memory on a Xilinx VU9P FPGA

and found that for a single word, the efficiency is below 20%. However, it increases to 80%

for ten accessed words and reaches 90% for 100 accessed words. This indicates that random

memory accesses could result in poor FPGA performance. Hence, it is essential to utilise

on-chip memory effectively and read and buffer more data to maximise FPGA performance.

GPU performance is also significantly affected by memory transfers, and it is important to

consider these factors in the model. Figure 4.9 shows the memory bandwidth over data size for

GPUs, and it demonstrates that GDDR efficiency is initially worse than that of FPGAs until

at least 128KB are read in one go. After this point, performance increases exponentially with

the data increase and reaches a peak of over 800 GB/s.

4.6.3 FPGA performance model

FPGAs consist of predictable building blocks, making it possible to estimate the performance

of a given architecture accurately using a few linear equations that will be presented later in

this section. The total time it takes to process a workload on an FPGA is the sum of the

time needed for initialisation and the time for actual execution. If the workload is sufficiently

large, the execution time is expected to dominate over initialisation time and can be neglected.

However, the exact initialisation time depends on the used platform and framework and can

vary between 1 and 100 ms. In a streaming dataflow design, the execution time is determined by

the longest latency, which is the maximum time needed for computations, data transfer between

the host and FPGA, and data transfer between the FPGA device and the board memory. If

utilisation is not constant, the execution time of these tasks is treated as an additive term to

the overall runtime.
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Predicting area usage To determine the computational time requirements for a given de-

vice, the achievable degree of parallelism must first be identified. The main limiting factor is

the availability of FPGA hardware resources. Typically, FPGA resources are used for three

purposes: implementing arithmetic operations, scheduling operations, and supporting other IP

modules such as PCIe and memory controllers.

To estimate the area usage for arithmetic operations, one must first determine the amount of

hardware resources required to implement a simple operation on the target FPGA device. This

can be done using automated tools, vendor documentation, or by creating micro-benchmarks

and running them through vendor tools. The area usage can then be estimated by multiplying

the area cost of a single operation by the number of operations required on the fabric. Scheduling

operations rely on FIFOs, which are typically implemented in on-chip memory or using registers.

For IP modules, the resource requirements can typically be predicted using micro benchmarks.

To predict on-chip memory usage, it is important to understand the three main purposes for

on-chip memory: (1) in operations and IP blocks, (2) for buffering or reordering of data, and

(3) for balancing the pipeline of computational structures. The area usage for the first two

cases can be estimated using micro benchmarks or Equation 4.3 which calculates the number

of memory blocks required based on the width, depth, and number of read ports required.

Predicting the area usage for operation scheduling is difficult since it requires knowledge of the

scheduling algorithm used by the toolchain. However, it is possible to identify the largest FIFOs

needed to access data from previous cycles and treat them as normal buffers. The amount of

memory resources required by smaller FIFOs is highly dependent on the application, so only a

rough estimate is possible. Overall, it is recommended to assume slightly higher memory and

logic usage to ensure sufficient safety margins for additional circuitry, especially for scheduling

and control logic.

nmem =
wreq

whardware

× dreq
dhardware

× preq
phardware

(4.3)
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Predicting the Compute Performance The next step is to estimate the achievable paral-

lelism and the number of data items that can be processed per clock cycle, without taking into

account bandwidth limitations. The time required (Tcomp) to process a set of data items can be

calculated using Equation 4.4, where the total number of items to be processed ntotal is divided

by the product of the target frequency (f) and the number of items processed per cycle (ncycle).

In case the same item needs to be processed multiple times during the computation the total

number of items to be processed (ntotal) needs to be multiplied by the number of iterations

(niterations).

Tcomp =
ntotal

ncycle × f
=

ntotal × niterations

ncycle × f
(4.4)

Frequency prediction is not always precise. However, if chip resources are used less than 80% and

sufficiently deep pipelining is implemented, the frequency on the same FPGA can be estimated

based on previous design experience or by conducting experiments using artificial designs to fill

up the chip. For instance, the Xilinx VU9P FPGA can typically achieve at least a frequency

of 200 MHz if the chip is filled up to 80% using any toolchain to program it. However, as

new technologies are developed, the target clock frequency should be revised accordingly so

that it accounts for such improvements. The methodology suggests using a value that can be

achieved without the use of advanced optimisations. In case the achieved clock frequency does

not meet the performance requirements, the clock frequency could be raised but the necessary

optimisations needed to achieve it need to be factored inside the performance model and the

architecture so as to forecast the performance and estimate engineering effort.

4.7 GPU performance model

The performance of a GPU is influenced by various factors such as branches, data transfer, and

parallelism, which were discussed in section 4.3. To develop a complete performance model,

these parameters, along with others, need to be taken into account.
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The operations count described in section 4.5 allows for the estimation of the number of as-

sembly instructions (NASM). The approach involves using half of the measured number of

instructions as a lower bound and double that amount as a high range. The lower bound

provides an estimate of the best-case scenario, while the high bound gives an estimate of the

worst-case scenario. It is important to consider both the best and worst-case scenarios to gain

insights into the likelihood of successfully accelerating the application and the best achievable

performance.

Another important parameter to consider in GPU acceleration is efficiency (η). Figure 4.6

illustrates the performance penalty of branching on GPUs. When branching occurs, the GPU

de-schedules the diverging branches, and as a result, the execution time becomes the sum of the

time to execute the “then” and the “else” branches. However, the number of ASM instructions

already accounts for this, as the instructions of both sides of the branch are already considered.

Nevertheless, the model does not take into account the idle CUDA cores that are not executing

any useful work due to their thread being de-scheduled. The “efficiency” parameter accounts for

this behaviour and its initial value is set to 1, but it is halved each time a branch is encountered.

Input size (S) is an important parameter that is required to forecast the total execution time

of an application. The input size is used in combination with the number of ASM instructions

(NASM) to estimate the total amount of instructions that the GPU will execute. The method

used to estimate the number of ASM instructions, as previously illustrated in section 4.5, pro-

duces the number of instructions needed to process only one element of the input. To estimate

the total number of instructions, the number of ASM instructions needs to be multiplied by

the input size. In more complex workloads, the input size might be a vector instead of a scalar.

In such cases, it is essential to be careful when obtaining the forecasts, the input size is kept as

a separate parameter instead to allow for further analysis of the input size. For example, GPU

acceleration might not be worth it for small-medium sized inputs. However, large inputs might

change the outcome, and having the input size as a separate parameter enables exploring this

aspect.

The remaining parameters are hardware-dependent and they are the GPU clock frequency
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(f) which is used to estimate the processing time and cores (NCORES). NCORES models the

number of CUDA cores from NVIDIA or Stream processors in the AMD case. They estimate

the parallelism achievable on the GPU. Each core is assumed to process one element.

Once the above parameters are computed the following equations help estimate the perfor-

mance:

Tcompute =
S × η ×NASM

f ×NCORES
(4.5)

4.7.1 Total time

To accurately estimate the total execution time, data transfers must be taken into account, as

this is a complex and extensive topic. Section 4.6.2 provides the necessary details for modelling

data transfers. Using Equation 4.1 and 4.2 the total compute time becomes as shown in

Equation 4.6.

Ttotal = Tcompute + Tmem + Tcomm (4.6)

Ttotal = max{Tcompute, Tmem, Tcomm} (4.7)

However, in case data transfers can be overlapped with the computation, that is to perform the

transfers while executing some of the computation then the total time is given by the maximum

between the three components, as shown by Equation 4.7. In reality, the total time is the result

of a combination of data transfers that can be overlapped and some that cannot be hence, in

practical terms Equation 4.6 and 4.7 should be used together.
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4.8 Example and Evaluation

To evaluate the methodology introduced earlier, the MC in this section was modelled using

the proposed decision process, which was then used to determine whether acceleration using

either FPGA or GPU would be suitable. This MC simulation computes Coulomb Scattering

and section 4.8.1 will give the necessary details. This evaluation serves as an example of how

to use the methodology and as a validation of the decision process and the ability of the model

to accurately determine the most suitable platform for acceleration.

4.8.1 Coulomb Scattering

As a simple but physically meaningful MC test case, single Coulomb scattering has been cho-

sen. The screened Rutherford Differential Cross-section (DCS) can be obtained by solving the

scattering equation under the first Born approximation using a simple exponentially screened

Coulomb potential in the form of [Wen26]

V (r) =
zZe2

r
exp(−r/R), (4.8)

with a screening radius R, target atomic number of z and projectile charge Ze. This leads to

the screened Rutherford DCS for elastic scattering

dσ(SR)

dΩ
=

(
zZe2

pβc

)2
1

(2A+ 1− cos θ)2
, (4.9)

where p is the momentum, β is the velocity of the projectile particle and A is the screening

parameter. The corresponding total elastic scattering cross-section is given by

σ(SR) =

(
zZe2

pβc

)2
π

A(1 + A)
, (4.10)

while the angular distribution of single elastic scattering can be given as
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f1(θ)
(SR) =

1

π

A(1 + A)

(1− cos θ + 2A)2
. (4.11)

This leads to an analytical solution of the inverse equation and sampling of µ = cos(θ) as

µ = 1− 2Aξ

1− ξ + A
(4.12)

with ξ ∈ U(0, 1). The corresponding single elastic scattering model has been implemented in

C++ and then accelerated. The original code can be found on GitHub: https://github.com/

DiamonDinoia/mcss.

4.8.2 Application analysis

The MC simulation is embarrassingly parallel as each particle can be simulated independently.

However, it should be noted that this requires a parallel random number generator as well as

a coordination mechanism to avoid race conditions when updating the radiation deposition in

the geometry.

According to the Linux perf command, the MC simulation analysed in this study suffers from

a low branch misprediction rate relative to the total number of instructions. It shows that 2.3%

of the total branches are missed, thus indicating that this MC simulation falls in the category

of workloads that are suitable for GPU acceleration. However, this information alone is not

enough to conclude that the GPU would be faster as further efficiency analysis is needed.

The cache misprediction rate is low, analysis using the Linux perf command shows that 0.81%

of the total cache reads are missed. This is expected because the MC simulation supports only

electrons that do not travel far in space hence, by using proper geometry partitioning is possible

to always access memory locations in the cache.

Given the characteristics of this workload, the GPU seems to be a better candidate compared

to the FPGA, however as section 4.3 explained, this is one of the border case applications where

a complete performance model is necessary to determine the best accelerator to use.

https://github.com/DiamonDinoia/mcss
https://github.com/DiamonDinoia/mcss
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The accuracy requirement of Coulomb Scattering requires the resulting distribution to pass

a Kolmogorov–Smirnov test with accuracy α = 5 × σ. This is important as this accuracy

requirement can be met using single-precision floating-point instead of double-precision. This

greatly increased performance on both the GPU and the FPGA. According to the NVIDIA C

programming guide [CUD], single precision floating point achieves at least 50% more perfor-

mance than double precision on NVIDIA GPUs. According to Xilinx documentation [Per], a

double precision floating point addition requires up to 45 DSPs, while a single precision ad-

dition requires at most 7 DSPs. Hence, in this case, it would be possible to use the same

hardware resources to perform 5 additions in parallel instead of one, potentially increasing the

performance by 5 times. Another additional gain of using a smaller data type is that memory

storage requirements and data transfers are halved since single precision requires only 4 bytes

of storage compared to the 8 required by double precision.

The complete model that section 4.8.4 and 4.8.5 will explain shows that there is no clear winner

between the FPGA and the GPU as both should achieve similar performance, the performance

of the FPGA is within the range estimated for the GPU. However, in the best case scenario the

GPU can be faster. In this case, the developer can decide to use its accelerator of preference

as both are viable options.

4.8.3 Data transfers

According to Algorithm 2 the first step is analysing the application to perform an initial archi-

tecture draft and split between CPU and accelerator. To do so, our approach consists of first

identifying the boundaries of the design exploration, in terms of data transfers and accelerator

resource utilisation. It is possible to analyse resource utilisation and data transfers in any or-

der as the final set of possible designs will be the same. This section analyses possible CPU

accelerator partitions and identifies the ones (if any) where data transfer time remains within

the time constraints.

Data transfers can occur from the CPU through the PCIe bus and from and to the on-board

memory. Depending on the partition between CPU and accelerators the amount of data that
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needs to be transferred can vary significantly. The previous section showed that the simulation

is composed mainly of a single while loop with no nested loop. So any partition between CPU

and accelerator needs to divide the main loop between CPU and accelerator. Dividing the

loop, however, results in large data transfer overhead through the limited PCIe bandwidth.

This entails transferring partial particles between CPU and accelerator multiple times. The

lower bound for the volume of data transfer is given by the number of iterations multiplied by

the number of particles and the size of a single particle. The particle is composed of 7 32-bit

floating-point numbers, 3 for the position, 3 for the direction and 1 for the energy, totalling 224

bytes. The average number of iterations is 34.5 and the number of particles necessary to reach

convergence is 100×106. This results in a data transfer of at least 772.8GB. Using equation 4.1

and an efficiency of 80% over a PCIe 3x16 results in a Tcomm = 61s. It is worth mentioning that

executing the same simulation on CPU only requires 8.4s as table 4.3 will show. Even when

using PCIe 4x16 that doubles the bandwidth, the resulting Tcomm would be 31s hence, dividing

the main loop between accelerator and CPU does not give any performance advantage.

While the original Coulomb Scattering implementation requires full 3D geometry which does

not fit in the on-chip memory, it is possible to partition the geometry and perform the simulation

sequentially on each partition. This requires simulating all the particles in one partition before

moving on to the next partition. A partition size can be arbitrary but it is set to less than

half the available on-chip memory. This allows for double buffering and prefetching the next

partition while computing the first. Assuming that the number of particles is high enough (at

least 10 × 104), this allows to completely hide memory transfers with computation except for

loading the first partition, this data transfer is negligible compared to the total computation

time.

The input and the output of the simulation are a few parameters (seed, beam position, direction,

energy and seed) while the output contains two distributions that require a few KBs of storage.

These data require less than 1 ms to complete so they can be omitted from the model.
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4.8.4 FPGA performance model

The second part of the initial analysis consists of analysing which parts of the application can

be accelerated in terms of accelerator resources. In the case of FPGA, the entire application

might not fit on-chip as it might require more DSPs or more BRAMs than the ones available.

Hence, using the results shown in the previous section the design exploration space here is

further limited.

The previous section showed that dividing the main simulation loop between CPU and accel-

erator leads to low performance due to the amount of data transfers. Hence, the only possible

architecture that does not require major changes to the original application consists of accel-

erating the main simulation loop in its entirety. The initial (deeply pipelined) architecture

proposes that the FPGA simulates one iteration of the main simulation loop per clock cycle, in

case this architecture requires more resources than the one available, the possibility of sharing

resources within the loop and using more clock cycles to perform one iteration can be explored.

In our experience, FPGA programming requires one order of magnitude more engineering effort

compared to standard software development, hence we accelerate only applications that are at

least one order of magnitude faster than CPU, this cutoff can be adapted to account for the

experience level of the developers. For this architecture to be at least one order of magnitude

faster on FPGA compared to the CPU, the resulting FPGA design must either reach a clock

frequency of 250 MHz or achieve parallelism greater than one. HLS toolchains might not guar-

antee reaching 250 MHz on a VU9P used in this study, hence the second option needs to be

explored. According to the model’s predictions, when targeting a Xilinx VU9P FPGA, simu-

lating one iteration of one particle simulation main loop per clock cycle requires 127 DSPs and

10 Mb of on-chip memory. These values are obtained by manually analysing the code line by

line and counting the required DSPs and memory requirements. For example in the following

code:

double theLong iDi s t r [ longiDistNumBin ] = {0 . 0} ;

double theTransDistr [ transDistNumBin ] = {0 . 0} ;
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. . .

aTrack . fPo s i t i o n [ 0 ] += aTrack . fD i r e c t i o n [ 0 ] ∗ stepLength ;

aTrack . fPo s i t i o n [ 1 ] += aTrack . fD i r e c t i o n [ 1 ] ∗ stepLength ;

The memory requirement for lines 1-2 is:

s izeof (double )∗ longiDistNumBin + s izeof (double )∗ transDistNumBin

The DSP requirement instead, according to Xilinx documentation [Per], is two single-precision

floating-point additions and two single-precision floating-point multiplications. Hence, lines 6-7

require 2 DSPs for addition + 3 DSPs for multiplication each = 10 DSPs. The counting opera-

tion illustrated above needs to be repeated for the entire software model. In this case, modelling

LUTs and FFs have been omitted as the DSP utilisation is one order of magnitude higher than

the rest as most of the simulation is composed of floating-point arithmetic. From [Per] it is

possible to notice that floating point arithmetic mostly requires DSPs instead of LUTs and FFs.

While other operations (multiplexers, de-multiplexers) require LUTs and FFs, these operations

are one order of magnitude less common in this MC simulation and can be neglected.

The Xilinx VU9P FPGA is equipped with 6840 DSPs and 345 Mb of on-chip memory, thus the

simulation of one particle requires 1.86% and 3.35% of the total available DSPs and on-chip

memory respectively. Since 3.35 > 1.86, the limiting factor is the on-chip memory. Moreover,

the compiler requires part of the on-chip memory to schedule the design, in our worst-case

analysis we consider only 50% of the total memory available to store data.

Equation 4.4 shows that Tcompute is 1, 150 ms where:

ntotal = 100× 106

niterations = 34.5

f = 200× 106s−1

ncycle = 15
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As section 4.8.2 previously stated, memory accesses can also be omitted as the vast majority of

the memory accesses happen in cache due to the specific geometry partitioning scheme adopted.

As mentioned in section 4.8.3, the data transfers account for less than 1 ms on a PCIe 3.0x16

bus and hence are neglected from the computation.

For the sake of simplicity, aggregation of the raw data to the final histograms was not imple-

mented on the FPGA. According to profiling results the CPU requires 198 ms to perform the

final aggregation hence the Tcompute is forecasted 1, 348 ms.

4.8.5 GPU performance model

Similarly, to the previous section, the results of section 4.8.3 are used to limit the design space

exploration.

This section uses NVIDIA terminology as the GPU available for this study is an NVIDIA

V100. However, the concepts illustrated here apply to AMD GPUs as well. Similarly to the

FPGA performance model, the first architecture was drafted by applying Algorithm 2. The

initial architecture exploits the embarrassingly parallel characteristics of the Coulomb scattering

simulation by parallelising over particles – each CUDA core simulates one particle at a time.

This is possible as modern GPUs (from CUDA 1.3 onwards) support atomics for updating the

shared geometry. The efficiency is 0.0625 as each particle encounters an average of 16 diverging

branches during the simulation. The number of ASM instructions counted using performance

counters on CPU and the previously mentioned methodology is rounded to approximately

5000. Rounding the value by a small margin does not impact the accuracy of the model. The

parallelism depends on the physical hardware capabilities as the simulation is embarrassingly

parallel and exploits all available resources. In this case, an NVIDIA V100 is used for this

study, which offers 5,120 CUDA cores running at 1.455 GHz. Finally, the input size is 100×106

particles.

As section 4.8.3 showed data transfers can be omitted. The geometry is assumed to be stored

in a format that does not cause costly cache misses. This is possible thanks to electron position
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locality as they do not travel far at each iteration step. Hence, memory access overhead is

negligible in this case. Please note that any architecture that is designed not to be memory-

bound can neglect data transfers from the model. PCIe data transfers are also negligible as the

geometry can be populated directly on the GPU, and the results comprise only longitudinal

and transverse distributions instead of the full geometry.

Particles Clock (GHz) CUDA cores Efficiency (0,1] ASM instructions Time (ms)
100× 106 1.455 5,120 0.0625 2,500 537
100× 106 1.455 5,120 0.0625 5,000 1,074
100× 106 1.455 5,120 0.0625 10,000 2,148

Table 4.1: Design space exploration.

Table 4.1 shows the design space exploration and the parameters used. These values are sub-

stituted in Equation 4.6 while zeroing data transfers as they are negligible in this case. The

computation happens mostly in the L1 cache, and results are written to GDDR asynchronously.

Data transfers over the PCIe account for less than one millisecond. The expected computation

time ranges between 0.5 and 2 seconds.

4.8.6 FPGA architecture

This section shows how to use the previous design space exploration constraints to derive an

architecture and forecast its performance. For the sake of clarity, we omit the intermediate

architectures, only showing the final architecture that meets time requirements. This corre-

sponds to lines (4-5) of Algorithm 2. It is worth noting that lines (7-11) require doing the same

tasks performed here but with a design space exploration further limited by the new constraints

given by the bottleneck.

The model’s predictions show that to meet the speedup requirement, the resulting architecture

should be parallel. Figure 4.10 shows the resulting architecture. In total, there are 15 instances,

as predicted by the model: each instance is composed of a particle generator, a RNG capable

of generating 96 bits per clock cycle, and a particle simulator. The particle generator models

a pencil beam; hence, all particles generated share the same initial energy and direction. The
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RNG is implemented using three separate instances of the Mersenne Twister 32-bits (MT32)

RNG [TN98]. This generator meets the requirements illustrated in section 2.3. It is also the

most popular RNG and is most likely to be available in any programming language; hence, for

the sake of generality, it was used in this study.
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Figure 4.10: FPGA architecture schematic displaying the parallel FPGA instances and the
CPU based aggregation.

The particle simulator is the core of the simulation as it implements the MC logic. It is composed

of a while loop that iterates until the particle runs out of energy. The moment it runs out of

energy, a sample point is taken and sent back to the CPU, which aggregates all of them at the

end of the computation. It is worth mentioning that hardware implementations of while-loops

cause backward edges in the dataflow graph. As shown in Figure 4.11, this backward edge feeds

the result back and is processed multiple times until the guard is false; while loops can produce

a result every n cycles where n is the depth of the pipeline. However, one of the characteristics

of MC is independence: multiple particles can be fed to the while-loop since the order of the

result does not matter. If the guard is true, a particle is sent back; if it is false, a new particle

is fed in and a result is produced. Exploiting this characteristic can increase MC performance

by a huge margin. For example, if n corresponds to 68, without independence, the performance

would be 68 times slower.

This optimised particle simulator computes the final position of the particle, the moment it

runs out of energy, and sends the result back to the CPU. For the sake of simplicity, aggregation
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latency=N Output every 
N clock cycles

Output every 
clock cycle

Figure 4.11: Illustration of the while loop optimisation implemented.

of the results is performed by the CPU. According to the model, moving the aggregation onto

the FPGA would improve the performance by 15%.

4.8.7 GPU architecture

As previously stated, this section presents the final architecture obtained by applying the

methodology and its performance forecasts. Intermediate architectures were omitted for the

sake of clarity. The GPU architecture exploits the embarrassingly parallel characteristics of the

simulation by processing particles in parallel. As the number of particles is on the order of 108,

this is likely to exceed the number of CUDA cores/Stream Processors for many generations.

The MC simulation does not support any secondary generation, so each core integrates a pencil

beam and a particle simulator. Replicating the pencil beam allows us to avoid using memory to

store stacks of pre-generated particles, which reduces overhead and simplifies load-balancing.

Differently from the FPGA, the GPU offer native support to atomics hence, to reduce data

transfers raw data aggregation to the histograms is performed on the GPU itself.

The RNG used is Philox 4x32 10 [SMDS11], which is a fast and parallel RNG with reasonable

quality and meets the criteria presented in 2.3. The implementation available in cuRAND, the

free public NVIDIA RNG library for GPUs, allows each core to generate numbers independently

in parallel. Other generators like Mersenne Twister for Graphics Processors [SM13] were tested,

as they offer higher quality numbers, but they severely limit GPU performance.

Explicit use of shared memory is also investigated. Shared memory could be used to store the

transverse and longitudinal distributions, RNG state, and a portion of the geometry. However,

tests showed that manually managing shared memory results in lower performance.
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Modern GPU micro-architectures have a monolithic on-chip memory, which is partitioned be-

tween shared memory and cache. The developer can explicitly use a portion of this memory

to allocate frequently allocated data or to manually pre-fetch data from memory. However,

doing so reduces the amount of memory available to the GPU to use as a cache. Since the

Coulomb scattering algorithm causes electrons to not travel long distances, leaving the cache

management to the GPU results in higher performance as this is done by specialised hardware.

Any user-developed software, on the other hand, is executed in software by the CUDA cores,

resulting in higher overhead, lower parallelism, and lower general performance.

4.8.8 Methodology forecasts

Using the results derived in previous sections it is possible to answer the question presented in

section 4.2.

Question 1 The application is suitable for acceleration as at least one of the accelerators is

forecasted to achieve higher performance than CPU and as will be explained extensive engi-

neering effort is not expected.

Question 2 The achievable speedup is 6.4x on the FPGA and between 3.9x and 15x on the

GPU.

Question 3 The architecture for the chosen accelerator requires accelerating the main simu-

lation loop, data initialisation and aggregation will be performed on CPU.

Question 4 Estimating the engineering effort in terms of hours required is outside the scope

of this methodology. However, it is possible to estimate the difficulty of accelerating the appli-

cation in terms of:

• type of accelerator used;
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• Major changes to the original application;

• Using complex algorithms or variations not available in libraries or already implemented

for the specific accelerator;

• Developing complex data transfer strategies to overlap communications and computa-

tions.

In this case, both the FPGA and the GPU are forecasted to achieve performance in the same

region. As previously stated, in this case the developer can pick the platform he is most familiar

with. As for the other factors that impact engineering effort listed above, the architecture

requires none of them. Hence, the methodology estimates that accelerating the application will

not require extensive engineering effort.

4.8.9 Validation

The final results of this MC simulation consist of a longitudinal and a transverse distribution.

To evaluate the accuracy of the results, a Kolmogorov–Smirnov test was executed against

reference distributions, which concluded that the distributions are equivalent using α = 5× σ.

Section 2.2 gives more details on the Kolmogorov–Smirnov and the value used for α. Achieving

equivalence with smaller α requires a further increase in the number of histories.
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Figure 4.12: Transverse distribution.
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Figure 4.13: Longitudinal distribution.
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Figures 4.12 and 4.13 show the longitudinal and transverse distributions obtained by simulating

100× 106 particles in gold using a pencil beam of 128 keV. It can be noted that the lines of the

reference implementation, the GPU, and the FPGA-accelerated versions overlap perfectly.

4.8.10 FPGA Results

The methodology advises against using FPGAs to accelerate this MC simulation. However, to

show the accuracy of the forecasts, the FPGA architecture derived using the methodology was

implemented and the performance is shown below.

To evaluate the performance we computed 100M histories of a 128 KeV electron interacting in

water. The tests are executed on a Xilinx Alveo U200 that incorporates a VU9P FPGA device.

The FPGA implementation was limited at 200 MHz, using single-precision floating-point. The

CPU implementation was parallelised using OpenMP while the FPGA implementation was

developed in MaxJ and compiled using MaxCompiler 2021.1 and Vivado 2019.2. It is worth

mentioning that we did not rely on any compiler-specific optimisation; these results are therefore

representative of any HLS toolchain. Relying on MaxCompiler-specific optimisations increases

the achievable clock frequency up to 300 MHz obtained with no changes to the codebase.

While the methodology takes the clock frequency as a parameter and can account for the

differences between compilers, we used a value achievable by any HLS toolchains without having

to implement complex buffering and fan-out reduction techniques to boost the clock frequency.

In case higher clock frequencies are expected to be achievable, the user can change the value

accordingly. Moreover, conservative parameters are encouraged as if the acceleration is worth

with conservative parameters, any extra performance is welcome. However, a final design that

fails to meet timing at the chosen frequency, thus does not meet the performance requirements,

which might result in a needless investment of engineering effort. Hence, the final results do

not include higher performance achievable by leveraging toolchain-specific optimisation and the

final execution time is 1321 ms which is within the margin of error compared to the 1,348 ms

predicted by the model. This confirms the accuracy of the modelling methodology.
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4.8.11 GPU Results

This section shows the performance achieved by implementing and benchmarking the architec-

ture derived using the methodology. To evaluate the performance we computed 100M histories

of a 128 KeV electron interacting in water. The benchmarks were executed on an NVIDIA

Tesla V100 PCIe 32GB equipped with 32GB GDDR5X and 5,120 CUDA cores running at

1,455 MHz. The code was compiled using GCC 9.3.1, NVCC 11.6 and OpenMP for paral-

lelism. The time was obtained by running the tests five times and averaging the results. The

GPU implementation achieves a performance of 873 ms which falls in the range predicted from

the model and is close to the best achievable performance. Explicit use of shared memory is

also tested, however, it fails to improve performance in any meaningful way hence the results

are omitted.

4.8.12 Comparison between platforms

We compared the performance of 2x AMD EPYC 7551 32-Core Processor based on the 14nm

Zen microarchitecture running at 2.0 GHz, boosting up to 3.0 GHz with an NVIDIA Tesla

V100 based on the 12nm Volta microarchitecture and a Xilinx VU9P based on 20nm FinFet

productive process. The price of the NVIDIA Tesla V100 is 11,458 USD and the price of a

Xilinx U200 that uses a VU9P FPGA is 4,945 USD, the EPYC 7551 original price is 6,998 USD

for the pair. The code was compiled using GCC 9.3.1 and OpenMP for parallelism. Table 4.2

shows the comparison between the platforms. This comparison is valid since both applications

implement an accelerator-optimised architecture derived using the methodology, as shown in

previous sections. In this case, the FPGA is 6.42 times faster and 9 times more cost-effective

than a 64-core CPU. The GPU, on the other hand, is almost 10 times faster and 6 times

more cost-effective according to the original manufacturer recommended prices. If the amount

of engineering time is included in the equation, then the FPGA might not be as cost-effective

compared to the other platforms. While the proposed model cannot capture these details, users

are encouraged to consider them and make informed decisions. It is worth pointing out that

these results are not intended to be a general statement about which accelerator technology is
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better for this application. They provide a specific comparison between a given CPU, a given

GPU and a given FPGA using particular code, data and compilers.

CPU FPGA GPU
Time (ms) 8,494 1,321 853
Speedup 1 6.42 9.95

Speedup/Price 1 9.09 6.08

Table 4.2: Comparison between multiple platforms. Metrics are Time, speedup and cost-
normalised speedup.

4.9 Discussion

Accelerating MC simulations requires significant engineering time. Not all MC behave the same

when accelerated. Some simulations are faster on GPU while others are faster on FPGA, and

others do not benefit from acceleration. Choosing the wrong accelerator might result in needless

engineering effort. Achieving the best performance while minimising engineering effort requires

a methodology that allows for “a priori” performance forecasts and steers the development in

the most efficient direction.

The methodology proposed in this chapter aims to achieve all the requirements listed above,

and validation on Coulomb Scattering shows that it is possible to reliably forecast performance

while at least halving engineering effort. The methodology suggested that the GPU would

achieve similar performance of the FPGA, hence instead of implementing the algorithm on

both accelerators, only one implementation would have been required. Choosing the right

accelerator at the early stages of development could have at least halved the time required for

a successful implementation.

Table 4.3 provides a comprehensive comparison of various modelling methodologies, includ-

ing the approach outlined in this chapter alongside state-of-the-art methods. Our method

offers a unique blend of features, including a priori forecasts i.e. prior to any implementa-

tion, data transfers, and support for both FPGA and GPU accelerators, validated on MC

simulations. In contrast, PPT-GPU [ABC+19] lacks a priori knowledge integration. Similarly,
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Table 4.3: Comparison with state-of-the-art modelling methodology

Method A priori Data Transfers
Accelerator
Support

Application
Support

This chapter Yes Yes FPGA & GPU Any
PPT-GPU [ABC+19] No Yes GPU Any
GCoM [LHL+22] No Yes GPU Any

Choi et al. [CRKB20] No No GPU Any
Goswami et al. [GSB22] Yes No FPGA CNN

Da Silva et al. [DSBDT13] No Yes FPGA Limited
Voss et al. [VKM+21] Yes Yes FPGA Any

GCoM [LHL+22] offers GPU support with data transfer capabilities but lacks a priori forecasts.

Choi et al. [CRKB20] present an end-to-end approach with GPU support but without a priori

forecasts or data transfers. Goswami et al. [GSB22] offer a priori forecasts and FPGA support

but omit data transfers, and support only CNNs. Da Silva et al. [DSBDT13] support FPGA

accelerators with data transfers but have limited application scope, in particular, they do not

support complex applications such as MC simulations. Finally, Voss et al. [VKM+21] encom-

pass a priori forecasts, data transfers, and FPGA support, applicable across various domains,

however, their approach lacks the GPU support considered here.

4.10 Summary

In this chapter, a methodology for accelerating MC and its derivation are presented. Firstly,

MC acceleration challenges are presented and the methodology explains how to overcome them.

In particular, it shows how to predict the accelerator’s performance considering the accelera-

tor’s compute characteristics depending on how the application leverages them. Then an MC

simulation for calculating Coulomb Scattering, a real physics process, was used to evaluate

the correctness of the methodology. The results show that the predictions closely match the

measurements in all cases and provide sufficient precision to select the accelerator that offers

the most favourable tradeoffs between performance and engineering effort.
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Dose Delivery Reconstruction

5.1 Introduction

The DPM is a fast and precise MC simulation. It is optimised specifically for photon and elec-

tron radiotherapy treatment planning for dose calculations. Utilising MC methods, the DPM

code simulates the transportation of photons and electrons through various materials to derive

resulting dose distributions. Key components of the DPM code encompass mathematical mod-

els for photon and electron interactions, particle transport, energy deposition, and subsequent

dose computations, as explained in the study by Sempau et al. [SWB00].

In the domain of radiotherapy, MC simulation is widely acknowledged as the most precise

technique for computing dose distribution [SWB00]. However, MC is computationally intensive

as it computes the trajectories and dose depositions of numerous individual particles traversing

biological tissue through sampled particle interactions, adhering strictly to fundamental laws of

physics. Yet, owing to the stochastic nature of MC algorithms, simulating a substantial volume

of particles becomes necessary to achieve statistical significance. Each particle simulation incurs

considerable computational overhead due to the complexity involved in interaction sampling,

as discussed in studies like Ziegenhein et al. [ZPPKO15]. Consequently, despite their accuracy,

the direct real-time application of MC algorithms remains a significant challenge.

141
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Recent findings in particle physics illustrate the potential for achieving notable performance

enhancements through the utilisation of GPU and FPGA accelerators, as evidenced by studies

such as Carrazza et al. [CCMRZ21], Blyth et al. [Bly21], and Voss et al. [VZV+19]. Conse-

quently, the integration of accelerators necessitates careful consideration within the framework

of DPM. Nevertheless, it is essential to acknowledge that programming accelerators pose in-

herent challenges, and they might not universally guarantee substantial performance improve-

ments, as highlighted by Voss et al. [VKM+21].

Therefore, it becomes imperative to initially analyse and model DPM within the context of

accelerators. If an optimised architecture tailored for accelerators exists, its implementation

becomes viable. However, in instances where such an optimised architecture is not feasible,

exploring alternative solutions becomes necessary.

In this chapter, DPM is firstly analysed and modelled. The model forecasted that DPM would

not benefit from FPGA or GPU acceleration, hence various optimisations were proposed in

order to meet real-time requirements on CPU. The results show that using multi-core machines

enables the simulation to meet real-time requirements.

The main contributions of this chapter are:

• A performance model for DPM that allows to forecast accelerator’s performance;

• Several optimisation methods that can be applied to DPM and any other MC simulations;

• An Optimised-DPM (ODPM) implementation capable of meeting real-time requirements

There are several state-of-the-art solutions available for delivering dose reconstruction. ODPM

differs from these solutions in two primary aspects. Some solutions fail to meet the demands

of real-time adaptive radiotherapy, while others, although meeting time requirements lack ro-

bust validation or strong guarantees for their results. Amadio et al. [AAB+23] utilise GPU

acceleration to speed up MC electromagnetic showers for the CERN calorimeter. However,

their study highlights challenges in managing memory access without providing reconstruc-

tion times. Sharma et al. [SKF+18] developed rapid MC simulation tools for dose estimation
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that utilise GPU acceleration. Nevertheless, they achieve a performance of 48 seconds, falling

short of meeting time requirements. Li et al. [LDW+21] adopt a similar approach for gDPM,

employing GPU acceleration to expedite radiotherapy dose reconstruction. gDPM can recon-

struct the radiotherapy dose distribution in 40 seconds. Although they do not meet real-time

requirements, they support the simulation of magnetic fields—a necessary feature for the MR-

linac, as the MRI scanner necessitates a 1.5T magnetic field to operate. Pastor-Serrano and

Perkò [PSDH+23] present DOTA, a CNN-based framework capable of predicting MC dose dis-

tribution. They are among the fastest in the literature, requiring between 10 − 15 seconds to

compute a full dose distribution. Although DOTA does not meet real-time requirements, it

offers a compelling alternative to MC-based algorithms. Voss et al. [VZV+20] implement dose

reconstruction on multiple FPGA platforms, showing promising results as they meet real-time

requirements. However, their study does not mention the validation performed to assess the

validity of their results.

The remainder of this chapter is as follows: section 5.1 introduces the subsequent topics dis-

cussed in this chapter. Following this, section 5.2 conducts an in-depth analysis of the applica-

tion, with subsections dedicated to FPGA performance modelling, GPU performance modelling,

and comparison between platforms. Section 5.3 delves into the implementation and optimisa-

tions, covering aspects such as branch mispredictions, cache misses, elementary functions, and

Random Number Generator (RNG). In section 5.4, experimental results are presented, includ-

ing system configuration, test configuration, validation, comparison with Geant4, benchmarks,

and scaling analysis. A discussion of the findings is provided in section 5.5, followed by a

summary of the chapter’s key points in section 5.6.

5.2 DPM acceleration analysis

This section shows the application of the methodology for acceleration presented in section 4.2

to DPM.
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5.2.1 Application analysis

The first step of the methodology requires analysing the application in order to determine

which accelerator can achieve the performance requirements (if any), determine the accelera-

tion target and create an initial partitioning between hardware and software. The first step

analyses also the features that the application requires. These features need to be available on

the target accelerator to implement the application. In the GPU case, NVIDIA GPUs with

compute capability 1.3 or more recent support double precision. AMD GPUs also support dou-

ble precision. However, not all Intel GPUs support double precision as the OpenCL standard

does not require double precision arithmetic support.

ODPM should guarantee that the resolution of the results achieves at least 0.5mm accuracy

while passing a Kolmogorov–Smirnov test with α = 5 × σ on reference data. This is a more

relaxed accuracy requirement compared to Geant4 [AAA+03] which guarantees accuracy in

the order of nanometres. Hence, as section 5.4.3 will show, DPM can use different models for

the physics and achieve multiple orders of magnitude speedup. DPM, however, still requires

the use of double-precision floating points to calculate the mean free path. Differently from

Coulomb Scattering where the entire computation can be carried out in single precision floating

points while meeting the accuracy requirements DPM still requires double precision. Hence,

any accelerator requires double-precision floating points to accelerate ODPM. FPGAs support

double-precision while most vendors offer APIs for floating-point arithmetic, certain devices

might require manual implementation if no open-source library is available. However, it is

worth pointing out that there are some components in DPM where the accuracy requirements

are less stringent. In these cases, single-precision floating points are used and as section 5.3.3

will show, approximations can be deployed to achieve higher performance.

To achieve optimal performance on accelerators such as FPGAs and GPUs, the simulation’s

ability to run in parallel plays a crucial role. These platforms heavily rely on parallelism to

achieve high throughput. As a result, the initial step of the analysis involves assessing the

potential for parallelisation within DPM.
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Similar to Coulomb Scattering, DPM demonstrates an embarrassingly parallel nature, allowing

each particle to be simulated independently. However, this requires a parallel random number

generator and a coordination mechanism to prevent race conditions when updating radiation

deposition within the geometry. Notably, dedicated parallel random number generators exist

for this purpose and will be discussed further in section 5.3.4.

On both FPGA and GPU platforms, executing parallel updates to the geometry is feasible.

For FPGA, employing a combination of adders and multiplexers facilitates parallel addition,

enabling each clock cycle to incorporate either zero or the resulting value from the kernel

computation. This tree-shaped structure, connecting the leaves to the kernel and the root to

the geometry, enables parallel addition. However, such an architecture requires consideration

of increased resource requirements and latency within the model. In the case of GPU, NVIDIA

GPUs support atomics. When targeting other vendor GPUs, it is necessary to verify that the

atomics are supported, as this support is only available in OpenCL 3.0 onwards,. Atomics

are necessary for parallel geometry updates. However, it’s important to note that atomics

introduce computational overhead on GPU, prompting the performance model to analyse their

impact on performance.

In conclusion, both GPUs and FPGAs can be used to accelerate ODPM. In the GPUs case,

it is necessary to verify that the target GPU offers double-precision arithmetic and atomics

support. The NVIDIA GPU used in this study offer both capabilities.

Figure 4.2 shows the application analysis deciding process. Firstly, DPM falls in the high-

throughput category as it requires simulating a large number of particles in a millisecond

timescale. Then the analysis requires verifying the cache miss rate and the branch misprediction

rate.

By profiling the code using perf, it is shown that DPM suffers from a small branch misdirec-

tion rate relative to the total instruction executed with 3% of the total branches being missed.

However, the cache misprediction rate is high, as 19% of all cache accesses are cache missuses.

The reason for this behaviour is that DPM supports both electrons and photons. While elec-

trons are relatively cache-friendly, photons manifest the opposite behaviour. Photons might be
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scattered quite far hence any geometry storage layout would be inefficient.

Given the characteristics of the workload, it is likely that the simulation can benefit from FPGA

acceleration, according to the process shown in figure 4.2. As applications need to have both

low branching and low cache miss rate to be efficient on GPU. However, further analysis is

required to determine whether FPGA offers a significant performance improvement.

5.2.2 FPGA performance model

Section 5.2 outlined the characteristics of DPM. The most promising platform to use is fore-

casted to be an FPGA. Since, in our experience, FPGAs are hard to design and program.

This section describes a starting architecture designed with optimistic assumptions and ease of

implementation. Then the architecture is refined with more realistic assumptions. If an opti-

mistic architecture does not provide sufficient speedup, any further engineering effort would be

pointless.

The starting architecture assumes that it is possible to design a prefetcher capable of minimis-

ing and hiding memory data transfers. Hence, it would be possible to fully exploit an FPGA

to execute the simulation. This greatly simplifies the model as only Tcompute needs to be calcu-

lated. Another important assumption made here is that the architecture is assumed to be fully

pipelined. This means that maximum throughput is achieved, which corresponds to a particle

requiring only a clock cycle to do a simulation step. The final assumption is not accelerated
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portions complete instantaneously. The best case can be summarised as follows:

S = 10× 106

nphotons = 100, 009, 805

nelectrons = 37, 895

niteration photons = 140

niteration electrons = 12

f = 300MHz

Tmem = 0

Tcomm = 0

The number of particles to be simulated S is an input to DPM. However, as explained in

section 2.1.4, some of the physical processes simulated create secondary particles. Hence, even

if the number of photons and electrons specified in input is fixed the actual number of particles

simulated is larger. nphotons and nelectrons show the average number of particles simulated given

the input S.

The next step then is to forecast Tcompute, the amount of time the FPGA employs to compute

the entire simulation under these assumptions. To compute Tcompute we first need to determine

the parallelism achievable on FPGA. To achieve this there are only two possible strategies, one

is manually counting the number of operations required by the simulation, and the other is to

rely on previous research results where similar simulations were accelerated to gather realistic

estimates. As a starting point, previous results can be used and the model can be refined as

necessary, however, these results should be either precise or optimistic compared to the actual

simulation, latter refinement will require manual analysis of the simulation to obtain more

precise measurements.

Voss et al. [VZV+20] analyse and accelerate a simplified version of DPM. Their implementation

only simulated electrons, in particular, they consider only Moller and Hinge scattering which

are only two of the many components of DPM. They achieve a parallelism of 6 when targeting
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a Xilinx VU9P FPGA and a parallelism of 8 when targeting Xilinx VU13P FPGA. Hence, for

the purpose of the model, we could assume a parallelism ncycle of 8 as a best-case scenario as

DPM requires additional area-expensive features that will likely reduce the maximum achievable

parallelism.

Setting ncycle = 8 and substituting the hypotheses shown above in Equation 4.4 we obtain

Tcompute = 5.85s. In particular, the number of clock cycles required is given by:

nelectrons × niteration electrons + nphotons × niteration photons

this value is then divided by ncycle × f to obtain the computational time.

This is an optimistic estimate that does not account for the data transfer from and to the FPGA.

This is slower than the 1s time limit for real-time use. Hence, implementing this architecture on

a Xilinx VU13P FPGA will not solve the performance problem. It is worth mentioning that the

Xilinx VU13P FPGA is one generation behind the latest Versal FPGAs. The Versal VE1752

and VE2802 have an array of over 300 VLIW vector processors called AI Engines, which may

potentially boost performance.

5.2.3 GPU performance model

Section 5.2 revealed that the NVIDIA GeForce RTX 3090 Ti GPU may not outperform CPUs

in accelerating DPM due to limited cache size and the absence of branch predictors. Figure 4.5

shows that the number of CUDA cores has greatly increased in recent years and building a

performance model does not require a high amount of engineering effort. Hence, building a

model is a useful analysis while the findings might not solve the issue at present, they offer

useful guidance and in the future, when GPUs will have bigger caches and more CUDA cores,

they might be the best platform to execute DPM. One of the bottlenecks of DPM is the amount

of cache misses. The NVIDIA GeForce RTX 3090 Ti used in this study differently from the

AMD EPYC 9654 has much smaller caches and does not have prefetchers. Hence, reducing the

amount of cache misses is crucial to achieve high performance on the GPU. It may be possible
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to reduce the amount of cache misses by:

1. Partition the geometry;

2. Simulate all the particles in one partition while loading another partition;

3. Repeat the previous step until completion.

If this approach could be adapted to GPUs, they could offer significantly higher performance

due to their greater parallelism. Despite its promise, this approach faces several challenges.

First, for the NVIDIA GeForce RTX 3090 Ti used in this study, 6 MB of on-chip memory

might not be sufficient. Given that geometries contain millions of voxels, which correspond to

several gigabytes, the number of partitions smaller than the cache size would be quite large,

resulting in high overhead as each partition has a particle queue to maintain. Furthermore,

since partitions contain too few particles, the time needed to simulate them is less than the time

required to load the next partition into memory, resulting in low performance. Moreover, the

small partition size leads to multiple threads updating the same voxel, this generates a great

synchronisation overhead. Updating voxels requires the use of atomics. Atomic operations

on GPUs can be quite expensive in case of high contention. For example, CUDA official

documentation states that atomics can be implemented using the following code:

d e v i c e double atomicAdd (double∗ address , double va l )

{

unsigned long long int ∗ a dd r e s s a s u l l =

(unsigned long long int ∗) address ;

unsigned long long int o ld = ∗ add r e s s a s u l l , assumed ;

do {

assumed = old ;

o ld = atomicCAS( add r e s s a s u l l , assumed ,

d oub l e a s l o ng l ong ( va l +

l ong l ong a s doub l e ( assumed ) ) ) ;

// Note : uses i n t e g e r comparison to avoid hang
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// in case o f NaN ( s ince NaN != NaN)

} while ( assumed != old ) ;

return l o n g l ong a s doub l e ( o ld ) ;

}

In case of contention, the code above can achieve low performance. It contains a while loop. This

loop can be classified as a branch, hence at each point in time only one thread will successfully

update the value, while the others have to retry. Differently, from CPUs the thread that

updated the atomic variable cannot proceed to perform useful work, instead, it is de-scheduled

until all the other threads composing the warp successfully update the value. This results in a

serialisation of the update that limits the parallelism of NVIDIA GeForce RTX 3090 Ti and in

low performance.

In conclusion, an architecture that minimises cache misses such as the one proposed here

is unlikely to achieve high performance on the NVIDIA GeForce RTX 3090 Ti. To further

evaluate this claim the proposed architecture was implemented in software on CPU. When

subgeometries of a size compatible with the NVIDIA GeForce RTX 3090 Ti cache size were

used, the core results over one order of magnitude slower, sometimes even failing to terminate

in a reasonable amount of time, hence strengthening the hypothesis that this architecture is

inefficient on the NVIDIA GeForce RTX 3090 Ti.

Amadio et al. [AAB+23] implemented an EM MC simulation that is similar to DPM. They also

accelerated the simulation on a GPU. Their results validate our forecasts, as they show that the

geometry is one of the main bottlenecks of the simulation, which limits the device utilisation

to a small fraction of the theoretical maximum. In their study, this inefficiency is inherent to

the geometry model and is irreducible, even after performing a number of optimisations.
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5.2.4 Comparison between platforms

Section 5.2.2 and 5.2.3 show the performance model and forecasts for both Xilinx VU13P FPGA

and NVIDIA GeForce RTX 3090 Ti GPU. DPM is forecasted to be inefficient on both platforms,

the Xilinx VU13P does not have enough resources to achieve higher performance than the AMD

EPYC 9654 CPU and NVIDIA GeForce RTX 3090 Ti GPU due to their programming model

and small cache size. Thus, both devices fail to offer a compelling advantage compared to

AMD EPYC 9654. Previous studies from Voss et al. [VZV+20] and Amadio et al. [AAB+23]

confirm this forecast by showing results similar to the ones predicted by the model. Voss et al.

achieve a 7s simulation time on a Xilinx VU13P FPGA with a parallelism of 16 when using

the same pencil beam as the one assumed in section 5.2.2. They also implement only a third

of the physics present in DPM hence, when compared with the results shown by Voss et al.,

the forecasts presented in section 5.2.2, although optimistic do not meet real-time requirements

and further refinements to the architecture would be pointless as the real performance will

likely to be even lower than the forecasts. Amadio et al. do not provide exact performance

measurements for their GPU acceleration of DPM but they claim that “the geometry was

identified as being the main bottleneck in the current project phase, limiting the device usage to

a small fraction of the theoretical maximum”. Hence represents an MC simulation that does

not benefit from acceleration when targeting the NVIDIA GeForce RTX 3090 Ti GPU or the

Xilinx VU13P FPGAs. In this case, the performance model saved hundreds if not thousands

of hours of needless engineering effort.

The main difference between Coulomb Scattering presented in chapter 4 and DPM is the

presence of photons. Coulomb scattering is computed only using electrons. Electrons have

a high locality. Each iteration they move to neighbouring voxels. This means that at the

beginning there is some performance degradation due to the atomic addition of radiation doses

in the same voxel. However, after the first few iterations of the simulation, they move away from

each other but they still maintain some locality. This greatly reduces the amount of atomic

operation required but it is relatively cache-friendly. Most of the voxel accessed are present in

the cache. DPM shows a completely different behaviour. Photons start near each other and
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then travel quite far at each iteration, this results in low performance for two reasons. When

the photons are close to each other, atomic addition serialises the computation. When they

move away from each other the cause cache misses due to accessing voxels in a stochastic not

sequential manner. This limits the performance achievable by GPU in this type of simulation.

In the FPGA case, Coulomb Scattering requires far fewer resources to be implemented, this

leads to a higher parallelism. DPM however being a more complex simulation that involves

multiple processes requires more resources. The resources available on a Xilinx VU13P or

VU9P are not enough to achieve throughput and parallelism required. Future FPGAs might

offer more resources that can potentially meet the real-time performance requirements.

5.3 Implementation and optimisations

Given the analysis shown in section 5.2, an optimised CPU implementation of DPM is the

best solution to meet real-time radiotherapy requirements. To this end, from this section

onwards we present ODPM, our custom DPM implementation. We refer to DPM to the original

implementation by Sempau et al. [SWB00] and to ODPM as our implementation.

The structure of ODPM proposed here consists of three components: Beam, Geometry and

Physics. Beam is an interface where the user can implement any source of particle, the only

requirement is to provide a function that generates a particle. Geometry is also an interface

that offers a 3D addressable structure that returns an std::optional containing either a Voxel or

None in case the particle is out of bounds. Geometry also needs to provide a method to compute

the distance between the particle and the boundary. This is required to compute the mean free

path. Physics contains the implementation of Hinge, Moller and Bremsstrahlung in the case of

electrons, annihilation in the case of protons, and Compton scattering, pair production in the

case of photons. Moreover, Physics offers the tracking infrastructure that uses the mean free

path to determine the events.

The performance of this MC simulation is limited by four main factors, branch mispredictions,

cache misses, elementary functions, and random number generation. The following sections
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analyse these factors in detail and show the techniques used to meet real-time requirements.

The DPM implementation by Sempau et al. [SWB00] is single-threaded hence its performance

is limited. Ziegenhein et al. proposed PhiMC which is 37 times faster than the original DPM

code. However, their results show that their optimised implementation is still one order of

magnitude slower than real-time radiotherapy requirements.

5.3.1 Branch mispredictions

MC simulations are stochastic in nature, hence they often suffer from branch misprediction,

that is when the CPU branch predictor fails to correctly predict the outcome of a branch. This

causes a misprediction penalty. The misprediction penalty consists of the CPU unravelling

the work done and resuming the work from the correct branch resulting in severe performance

degradation. However, there are several techniques to mitigate this issue: using algorithms

with fewer branches, algorithms that have predictable branch patterns or applying “Branchless

Programming”. Branchless Programming consists of a set of methods that can be used instead

of branches, such as bit-wise operations that zeros one side of the branch, or storing the results in

an array using the result of the comparison to draw the correct value. However, it is important

to mention that these changes must be validated with proper benchmarks. Most commercial

CPUs like Intel and AMD support x86 and x86-64 assembly, which belongs to the Complex

Instruction Set Computer (CISC) family. CISC assembly might already offer an instruction to

remove the branch without changing the semantics of the program. This particular instruction

can be manually forced by using intrinsics, inline assembly or compilers could optimise the

branch out with an equivalent operation. Hence, it is crucial to analyse the assembly generated

and to measure the performance of both the branch and the branchless version using proper

benchmarks. Pikus provides an introduction to branchless programming and the most common

techniques in [Pik21], including some of the techniques applied below.

The following listing shows a portion of the tracking code in DPM. It can be noted that the

code has several branches. The actual event is determined stochastically using the mean free

path which makes it hard for the CPU branch predictor to determine the correct result.



154 Chapter 5. Dose Delivery Reconstruction

1 i f ( event == BREMSSTRAHLUNG) {

2 s t a t e .numBremMFP = 0 ;

3 } else {

4 s t a t e .numBremMFP −= stepLength ∗ delNumBremMFP;

5 }

6

7 i f ( event == MOLLER) {

8 s t a t e . numMollerMFP = 0 ;

9 } else {

10 s t a t e . numMollerMFP −= stepLength ∗ delNumMollerMFP ;

11 }

12

13 i f ( event == HINGE) {

14 s t a t e .numTr1MFP = 0 ;

15 } else {

16 s t a t e .numTr1MFP −= stepLength ∗ delNumTr1MFP ;

17 }

The following listing shows an alternative that uses bitwise operations to avoid the branches:

1 const auto delBrem = std : : b i t c a s t<u int64 t >( s t a t e .numBremMFP −

stepLength ∗ delNumBremMFP) ;

2 const auto de lMo l l e r = std : : b i t c a s t<u int64 t >( s t a t e . numMollerMFP −

stepLength ∗ delNumMollerMFP) ;

3 const auto delTr1 = std : : b i t c a s t<u int64 t >( s t a t e . numMollerMFP −

stepLength ∗ delNumTr1MFP) ;

4

5 const auto isBrem =

6 static cast<std : : i n t64 t >(−(event != BREMSSTRAHLUNG) ) ;

7 const auto i sMo l l e r =
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8 static cast<std : : i n t64 t >(−(event != MOLLER) ) ;

9 const auto i sH inge =

10 static cast<std : : i n t64 t >(−(event != HINGE) ) ;

11

12 s t a t e .numBremMFP = std : : b i t c a s t<double>(delBrem & isBrem ) ;

13 s t a t e . numMollerMFP = std : : b i t c a s t<double>( de lMo l l e r & i sMo l l e r ) ;

14 s t a t e .numTr1MFP = std : : b i t c a s t<double>(delTr1 & isHinge ) ;

The second version calculates all three values in one go and then uses bitwise operations to

update the Mean Free Path (MFP) either with a 0 or with the reduction value given by the step

length. The variables isBrem, isMoller, isHinge are set to all ones or all zeros by casting -1 or

0 to an unsigned number. Then this value is used as to zero or leave the delBrem, delMoller,

delTr1 unchanged.

However, it is important to notice that the branchless version executes more operations than

the first one. In the first version, when the branch is true only an assignment is executed instead

of a fused multiply-add. Moreover, the bitwise version has to convert the double floating points

to integers, perform a bitwise operation and convert it back. Thus, it is important to test the

two versions to measure which one of those is faster. The results show that the second version

is faster than the first one. This is likely to be the case because the extra operations added,

except for the fused multiply-add are relatively fast. The conversion is done by a register swap,

while the bitwise operations are known to be fast on CPU.

The update shown in lines 1-3 can also be done using SIMD instructions and by filling the last

64 bits of the 256bit vector register with zeros. It is important to test if SIMD improves the

performance as using SIMD requires moving data from scalar to vector registers and vice versa.

The compiler has internal cost models that forecast whether SIMD will result in faster execution

or not and emit the best assembly. However, these cost models sometimes can be wrong or not

tailored to the particular architecture used, hence, when seeking the highest performance it is

possible to use intrinsics to force or disable SIMD. Then a benchmark can be executed to find

the fastest version.
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The following listing shows another example code with several branches:

i f (m x [ i l ow + 1 ] <= xval ) {

i l ow += 1 ;

}

i f (m x [ i l ow ] > xval ) {

i l ow −= 1 ;

}

This code performs a boundary condition check and depending on the value of ilow and xval

adjusts ilow to the correct element. By analysing the code using perf the CPU branch predictor

fails to determine the correct branch in most cases causing a performance degradation. The

following listing shows a different implementation that does not use branches:

i l ow += m x [ i l ow + 1 ] <= xval ;

i l ow −= m x [ i l ow ] > xval ;

In this case, it is possible to directly sum the comparison result to the index. This has the same

semantics as the above code as it sums either 0 or 1 depending on the comparison. However,

the resulting code, although might perform two integer sums instead of zero, is often faster.

The last example of branchless programming is found in the following transformation. The

following listing shows the code for a geometrical boundary condition check:

const ThreeVector boundary{

( p a r t i c l e . d i r e c t i o n . x > 0) ? maxBoundary . x : minBoundary . x ,

( p a r t i c l e . d i r e c t i o n . y > 0) ? maxBoundary . y : minBoundary . y ,

( p a r t i c l e . d i r e c t i o n . z > 0) ? maxBoundary . z : minBoundary . z

} ;

Depending on the particle direction one Voxel boundary or another is picked. As in the previous

examples, the code is stochastic and the CPU branch predictor fails to determine the correct
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branch incurring a performance penalty. However, the code can be transformed using one of

the most common techniques for branchless programming:

const r e a l t yp e boundary x [ 2 ] = {maxBoundary . x , minBoundary . x } ;

const r e a l t yp e boundary y [ 2 ] = {maxBoundary . y , minBoundary . y } ;

const r e a l t yp e boundary z [ 2 ] = {maxBoundary . z , minBoundary . z } ;

const ThreeVector boundary{

boundary x [ p a r t i c l e . d i r e c t i o n . x < 0 ] ,

boundary y [ p a r t i c l e . d i r e c t i o n . y < 0 ] ,

boundary z [ p a r t i c l e . d i r e c t i o n . z < 0 ]

} ;

This version stores the results in an array and uses the result of the comparison to address the

array. This transformation stores the possible results in an array and then uses the result of

the comparison to determine the correct result. However, this can be optimised further:

const r e a l t yp e boundary x [ 2 ] = {maxBoundary . x , minBoundary . x } ;

const r e a l t yp e boundary y [ 2 ] = {maxBoundary . y , minBoundary . y } ;

const r e a l t yp e boundary z [ 2 ] = {maxBoundary . z , minBoundary . z } ;

const ThreeVector boundary{

boundary x [ std : : s i g n b i t ( p a r t i c l e . d i r e c t i o n . x ) ] ,

boundary y [ std : : s i g n b i t ( p a r t i c l e . d i r e c t i o n . y ) ] ,

boundary z [ std : : s i g n b i t ( p a r t i c l e . d i r e c t i o n . z ) ]

} ;

Floating point numbers store the sign bit explicitly. Hence, instead of doing a comparison, it

is possible to retrieve the sign bit directly and use it to address the array. This results in even

faster performance.

The main issue of branchless programming is its inability to eliminate all hard-to-predict

branches. In the case of the hot loop within ODPM, where the majority of processing time is

consumed, the task of “Electron Tracking” is particularly affected. This section of the code
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is responsible for advancing electrons through space and determining whether to execute the

Moller, Hinge, or Bremsstrahlung processes. Within this loop, three branches are essential and

cannot be bypassed. Attempting to execute all three processes and then undoing the two un-

necessary ones would be significantly less efficient, with performance being orders of magnitude

slower than executing the correct process directly. Nevertheless, the remaining branches within

this loop follow the optimised approach discussed earlier in this section, with the provided

examples being drawn directly from this segment of the code.

By combining the “branchless programming” techniques shown above and applying them where

possible, It is possible to greatly speed up any MC simulation as most MC code requires several

branches.

5.3.2 Cache misses

Multidimensional data are commonly stored using either row-major or column-major storage

orders, depending on the use case and device. Algorithms that traverse a matrix row by row

will go faster when the matrix is stored in row-major order because of better data locality.

Similarly, column-by-column traversal is faster for column-major matrices. This also applies

to external accelerators such as GPUs. These storage orders can be further generalised to the

multi-dimensional case, i.e. in the 3D case, it is possible to store a slice row-by-row and then

each slice along the z-axes.

DPM simulation suffers from severe cache misses. The issue is mainly caused by photons that

can travel quite far in this simulation hence, any column-major or row-major storage orders are

not efficient as particles are unlikely to travel in a straight line parallel to the chosen storage

order.

Storage orders that leverage space-filling curves, functions that map multidimensional data to

one dimension, such as Hilbert [Sag94] and Morton [NR10] are an alternative to column and row

major orders described above. Depending on the application these storage orders can be cache

friendly and achieve significant speedup. However, these curves are not guaranteed to reduce the
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cache misses as they are application-dependent, moreover computing those curves introduces

additional overhead. Hence, their impact on performance needs to be validated using proper

benchmarks. In DPM’s case, Hilbert curve indexing introduces too much overhead as even the

fastest algorithms require a significant amount of operations to compute the indices [Ski04].

Morton transform is more promising. Morton transform can be implemented efficiently using

bitwise operations and can be also vectorized for additional speedup. Thus it is very efficient

and introduces a negligible amount of overhead to the simulation. The benchmarks, however,

show that in this case this transform increases cache misses instead of reducing them and

results in a 20% increase in computational time. Given the results achieved using out-of-the-

box storage orders, to mitigate cache misses is necessary to develop a custom storage strategy

for this MC simulation.

7 8 9

4 5 6

1 2 3

Figure 5.1: Memory storage strategy for DPM. The geometry is divided into subgeometries.
While one section is computed another can be loaded in memory.
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Figure 5.2: Memory storage strategy for DPM. Each subgeometry is paired with a particle
queue. When simulating one subgeometry, particles that escape to another subgeometry are
added to the corresponding queue and simulated when that specific subgeometry is loaded in
memory.

Figure 5.1 shows a possible storage strategy. In this memory layout, the geometry is divided

into subgeometries (numbered 1,2 . . . 9 in the right figure). Figure 5.2 shows that each of
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these subgeometries has its own particle queue. At the beginning of the simulation, the beam

generates a certain M particles and fills K% of the queues. Then the simulation starts. The

subgeometries are ordered by the filling percentages of the queue, and the subgeometry where

the corresponding queue has the highest number of particles is simulated. While one subgeom-

etry is simulated, the subgeometry with the second fullest queue is loaded in memory so that

once the queue is empty the next subgeometry is already loaded. Particles are loaded from

the queue and eventual particles generated are stored into the queue. Particles are simulated

until they run out of energy or escape from the subgeometry. If they escape from the medium

entirely they are removed from the simulation, if they escape into another subgeometry they are

stored in the corresponding queue. Once the fullest queue has less than P particles, the beam

generates anotherM particles. This process is repeated until all the particles are computed.

According to the tests, this storage order greatly reduces the number of cache misses. However,

the actual performance is actually lower compared to a standard column-major layout. This is

mainly due to the overhead required to maintain different queues and subgeometries. Efficient

spacial-addressable data structures reduced overhead but the total performance was still lower.

This underlines the importance of benchmarks to carefully evaluate the performance achieved

by any optimisation.

After realising that partitioning was not improving performance the next step was to measure

and reduce cache-to-cache communication overhead. The result of the MC simulation is a 3D

dose distribution, that is the amount of radiation contained in each voxel. Since the doses

are additive and commutative, multiple threads could work separately on different copies of

the geometry with no synchronisation and the results can be aggregated in the end. Having

each thread working on a copy of the geometry might not be a good idea as the memory

occupancy might explode. For example, a server with 128 cores and a geometry that requires

20 GB would consume 128× 20 = 2, 560 GB of memory. Also, copying and merging this many

replicas requires at least 85s using recent DDR4 memory as read/write bandwidth is limited. A

possible approach is to have a copy of the geometry for each CPU or for each CCX (section 2.4

provides a definition for CCX), however depending on the number of CCX, this copy might

still take several seconds. As with any other approach this solution must be properly tested
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using benchmarks. Given the hard limit of 1s of real-time adaptive radiotherapy and the size of

geometries commonly used in radiotherapy, ODPM replicates one geometry per CPU. Results

in section 5.4.5 will provide more details.

5.3.3 Elementary functions

Functions such as trigonometric functions, logarithms and square roots are usually called “el-

ementary functions”. Since their implementation is quite delicate and any minor mistake or

poor handling of corner cases can cause major accuracy problems they are usually provided

by a library and is unlikely for developers to implement them. However, most library imple-

mentations focus on providing the most accurate answer [DDDM03,Mar00]. This limits the

performance achieved by these libraries. Alternatively, it is possible to use polynomial interpo-

lation or other techniques to increase the performance of such implementations by specifying

the accuracy requirements [BKO+21]. However, when using less accurate implementations

careful consideration of the use of such functions is required. Independently of the particular

application, they can only be used where the accuracy requirements are clearly defined and the

application must be thoroughly tested, including edge cases, to ensure reliability.

The application analysis shows that 13% of the total time was spent computing logarithms. The

MC simulation heavily relies on function interpolation to avoid computing expensive complex

functions, distributions and integrals at runtime. These tables are mostly logarithmic, that is

to say that they are addressed using the logarithm of the value (log (v)) instead of the value

(v) itself. Thus, every time the tables are accessed, a logarithm is computed. However, the

accuracy requirements for such a table are quite low, since the result is rounded to an integer

three decimal places suffice, in the worst case instead of the correct element a neighbouring one

could end up being accessed. This error can be easily fixed by storing the boundaries in terms

of the original value (v) and by checking if the value falls within the margin of the accessed

element, i.e i = int(log(v));V [i] ≤ v < V [i + 1]. Then i can be decreased or increased by one

to make sure that the correct element is accessed.

The logarithm is the inverse of the exponential function. A fast logarithm that meets the
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accuracy requirements can be obtained by inverting Schraudolph’s algorithm for the exponential

function [Sch99]. The resulting implementation developed using the constants provided in

the open source approximation library available on GitHub https://github.com/ekmett/

approximate/, when tested on an AMD EPYC 9654 and compiled using GCC 12, is 57 times

faster than std::log while meeting the accuracy requirements. This reduces the time spent on

computing logarithms from a significant fraction to < 1% of the total time.

It is worth noting that not all logarithms can be approximated in ODPM. For example, ODPM

uses logarithms in determining the mean free path, in this case, the accuracy requirements are

much higher and approximations lead to numerical inaccuracies. Hence, as shown above, it is

necessary to analyse the accuracy requirements of each function, given the context where it

is utilised. In general, developers can analyse which function consumes most of the runtime,

where it is used and what are the specific accuracy requirements. If the requirements are more

relaxed compared to the accuracy guarantees of standard implementation. Then it is possible

to replace these functions with carefully selected approximations.

5.3.4 Random Number Generator (RNG)

In this chapter, ODPM is implemented using MIXMAX. MIXMAX meets all the criteria illus-

trated in section 2.3 and it achieves higher performance than RANLUX [Sav15] and Mersenne

Twister (MT) [MN98], while providing high-quality numbers and parallel streams. Moreover,

for a long time, Geant4 (via CLHEP) has employed MIXMAX as its default generator.

5.3.5 Overall impact

The techniques outlined earlier in this section enabled ODPM to meet its real-time perfor-

mance requirements. It is, however, challenging to precisely quantify the contribution of each

individual optimisation, as some were integrated into the development of new algorithms, while

others only affect specific CPUs. For instance, the implementation of the log functions utilises

branchless programming. Nonetheless, approximate estimates can be provided.

https://github.com/ekmett/approximate/
https://github.com/ekmett/approximate/
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The results below, although approximations, reflect compounded effects. These optimisations

were applied sequentially, in the order presented. For example, the custom log function was the

first optimisation implemented, followed by the application of branchless programming, which

was layered on top. Consequently, the performance improvement gained from branchless pro-

gramming builds upon the prior speedup achieved by the custom log function. These estimates

are intended to guide the reader towards most impactful optimizations as not all of the might

be needed to meet the time requirements.

The first optimisation applied to ODPM was an approximate log function, which initially con-

sumed 13% of the total runtime. The new approximation, 57 times faster than the original, led

to a 13% speedup, as the time spent on computing logarithms became negligible. Branchless

programming further accelerated the code by ≈ 40%, not only due to better pipelining but

also because the compiler could vectorise instructions, given that many computations were per-

formed on three-element vectors (representing particle positions and directions). Additionally,

replacing Mersenne Twister with MixMax increased the simulation’s speed by ≈ 16%, reducing

the time spent on random number generation from 22% to 6% of the total runtime. Finally,

the partitioning scheme outlined in section 5.3.2 had no effect on systems with a single CPU,

but reduced the total runtime by ≈ 7% in the system described in section 5.4, with the minor

impact mainly due to the additional overhead of copying geometry and merging results at the

end.

5.4 Experimental results

The proposed implementation of DPM was evaluated on a high-end server system featuring

two AMD EPYC 9654 96-core processors. Notably, input reading times and initialisation times

were excluded from the evaluation metrics, as in real-world scenarios these steps are executed

before starting the radiotherapy treatment.
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5.4.1 System Configuration

The AMD EPYC 9654 is a 64-bit 96-code x86 microprocessor operating on 2 contexts and

based on 5 nm Zen 4 “Genoa” micro-architecture. This processor features a 6 MB 8-way set

associative L1 data and L1 instruction cache. It also features a 96 MB 8-way set associative

L2 cache and a 384 MB 16-way set associative L3 cache. It operates with a TDP of 360W. It

functions at a base clock speed of 2.4 GHz, with an all-core boost up to 3.558 GHz and can

reach up to 3.7 GHz for one active core.

Compiler and Compiler Flags The benchmarks that the following sections will present

are conducted on the described system configuration. The compiler used is gcc 12.3.0. The

flags used are “-O3 -ffp-contract=fast -freciprocal-math -fmerge-all-constants -fno-math-errno

-march=native -funroll-loops -ftree-vectorize -fno-trapping-math -fassociative-math

-ffinite-math-only -fno-signed-zeros” with Link Time Optimization enabled. Flags such as

“-Ofast” were discarded as they cause floating point rounding errors.

5.4.2 Test Configuration

A radiotherapy-like experiment is executed consisting of a pencil beam with fixed energy and a

water phantom of size 333×333×128mm. The pencil beam is used to have a “fair” comparison

with Geant4 as pencil beams do not introduce any variance in the simulation. Moreover, pencil

beams are a worst-case scenario for ODPM as section 5.4.5 will show. The energy ranges

between 0 and 20 MeV, the primary histories are 106 or 107 depending on the experiment. The

tests are executed for both electron and photon beams. The benchmarks were repeated 5 times

and the average time measurements were computed across these runs.

5.4.3 Validation

The final results of ODPM consist of a 3D dose distribution. To evaluate the accuracy of the

results, these results are integrated over the z axes and we executed a Kolmogorov–Smirnov
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test against the reference distributions, which concluded that the distributions are equivalent

using α = 5 × σ. Section 2.2 gives more details on the Kolmogorov–Smirnov and the value

used for α. The reference distributions are obtained from Geant4 [AAA+03] the state-of-the-

art MC simulator for High Energy Physics. The physics used in Geant4 is “FTFP BERTF”

with “G4EmStandardPhysics option4”. Figure 5.3a and 5.3b show the electron and photon

distributions obtained by simulating 106 particles in water using a pencil beam of 6MeV. It

can be noted that the lines of both simulations overlap almost perfectly. Figure 5.4a and 5.4a

show the results obtained with a 15MeV pencil beam in a water, bone, titanium, water phantom.

In particular, the first 10mm are water, between 10mm and 15mm is bone, between 15mm and

25mm is titanium and the rest is water. In this case, it is possible to observe an almost perfect

agreement, with small differences being within the margin of error.
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Figure 5.3: This figure shows the dose depth distribution computed in a water phantom, the
number of histories simulated is 106. The reference results are in blue, obtained using Geant4
while in orange are the results obtained with ODPM. On the left a 6MeV Electron beam is
used, and on the right, a 6MeV photon beam is used. The Figure shows perfect agreement
between the simulations

Geant4 is a more complete MC simulator compared to ODPM. It supports more particles

and processes. The accuracy is also much higher, in the order of nanometres. Hence, the

performance of the two simulators cannot be directly compared. The results here are meant to

contextualise the performance of ODPM as Geant4 is a widely known and adopted simulator.

In the context of real-time adaptive radiotherapy, this much precision is not necessary. The
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Figure 5.4: This figure shows the dose depth distribution computed in a water, bone, titanium,
and water phantom. The number of histories simulated is 106. The reference results are in
blue, obtained using Geant4 while in orange are the results obtained with ODPM. On the left
a 15MeV Electron beam is used, and on the right, a 15MeV photon beam is used. The Figure
shows good agreement between the simulations

margin of error in radiotherapy is in the order of millimetres [ZPPKO15] hence, it is possible to

use faster approximations. Figure 5.5 gives an idea of the possible speedup that is achievable

with these approximations. The speedup ranges between two or three orders of magnitude

depending on the energy level used.
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Figure 5.5: Simulation speedup compared to Geant4.
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5.4.4 Performance

Figure 5.6 shows the time needed to simulate 106 histories at various energy levels. 106 histories

are needed for the MC simulation to converge [ZPPKO15]. The simulation time increases with

the energy level. This is mainly due to higher energy particles travelling further before being

absorbed hence they require time to be simulated. Photons require roughly half the time as

electrons to be simulated. This is mainly caused by the fact that Photons travel much further

than Electrons. Electrons tend to travel short distances at each iteration, i.e. few voxels contain

a huge number of electrons especially at the first stages of the simulation. This degrades

the performance because updating the dose deposition inside the geometry is implemented

using “atomics”. When many threads update the same voxel, one of the threads performs the

update while others will have to retry, causing the performance difference between electrons

and photons.
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Figure 5.6: ODPM scaling.

The simulation time requirements for real-time adaptive radiotherapy are set to 1s [VZV+20].

While Figure 5.6 shows the entire energy range supported by ODPM, 6MeV photon beams

are commonly used in real-time adaptive radiotherapy [ZPPKO15]. Hence, it is crucial that

ODPM achieves sub 1s simulation time at 6MeV photon beams. The results show that the

simulation meets the time requirement until 7.5MeV beams are used. In particular 6MeV

beams require only ≈ 600ms. It is worth noting that pencil beams, for the reason discussed
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above are a worst-case scenario for ODPM. Clinical beams have a surface area of 10 × 10cm

to even 40× 40cm. The usual Voxel size is 1− 2mm. Hence, these field sizes cause very little

dose update contention, reducing the total simulation time.

5.4.5 Scaling

Figure 5.7 shows the scaling characteristics of ODPM. It is possible to notice that until 96

threads are used photon beams scale almost linearly with the number of threads. The slightly

lower scaling can be attributed to a lower clock frequency achieved by the CPU as more cores

are utilised and to the memory contention caused by parallel updates to the radiation dose in

the geometry. After 96 threads are utilised, the behaviour changes, with a worse scaling. The
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Figure 5.7: ODPM scaling.

main reason for this lies in the system used, as section 5.4.1 explained the System contains

two 96-core CPUs. In these systems, cache-to-cache communication becomes more expensive,

hence the geometry is partitioned so as to minimise inter CPU communications. The main

cause of lower scaling in these cases is due to the replication and merging of the geometries

at the end of the simulation. The geometries require several gigabytes of memory and the

additional time required for the replication and merging process increases the overall execution

time and lowers the scaling. The alternative to replication achieves even worse performance as
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now, ODPM performs expensive cache-to-cache communications to update dose distributions

atomically between the two CPUs.

5.5 Discussion

Meeting real-time dose reconstruction requirements is a challenging endeavour and to the best

of our knowledge, most of the state-of-the-art implementations fall short of the minimum re-

quirements. Not all MC simulations benefit from either GPU or FPGA acceleration. ODPM

requires significantly more parallelism than the one that FPGA can provide. In the GPU case,

the combination of high branching rate and stochastic memory access severely limits the per-

formance achievable. Looking ahead, it is unlikely that these platforms will offer a compelling

advantage compared to CPU for ODPM. ODPM mainly leverages DSPs for parallelism and

the rate of increment of DSPs on FPGA slowed down in recent years. For example, Xilinx

XC7VX690T FPGA offers 3,600 DSPs. The previous generation Xilinx VU13P greatly in-

creased the number of DSPs available to 12,288 DSPs. On the other hand, after the Xilinx

VU13P, the generation of the Xilinx VP1802 offers a small increment to 14,352 DSPs. Cur-

rent era FPGAs often integrate application-specific accelerators or faster memories, such as

AI-accelerators or High Bandwidth Memory (HBM). Unfortunately, these technologies do not

help when accelerating ODPM. In the GPU case, performance is limited by accesses to the

geometry, as Amadio et al. [AAB+23] state, this is an inherent characterising of some MC sim-

ulation and cannot be avoided. Unfortunately, these accesses require the use of atomics which

results in severe overhead due to the serialisation of the memory updates. In recent years,

GPUs improved performance by increasing the number of CUDA cores, clock frequency and

memory bandwidth. However, these improvements do not affect ODPM performance in any

meaningful way. Given the recent advances in both GPU and FPGA micro-architectures we

do not expect these platforms to provide any meaningful advantage. However, it is important

to highlight that this is not a general statement about all MC simulations but is restricted to

ODPM. Future physics models could be developed with these types of accelerators in mind and

could leverage AI-accelerators, HBM or minimise thread divergence.
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Table 5.1: Comparison between Dose Reconstruction Methods

Framework Method Validation Magnetic Field Time (s)
This chapter MC Yes No 0.925

Minimum requirements N/A Yes No 1.000
Voss et al. [VZV+20] MC No No 3.575
DOTA [PSDH+23] CNN Yes No 15.000
gDPM [LDW+21] MC Yes Yes 40.000

Sharma et al. [SKF+18] MC Yes No 48.000
Amadio et al. [AAB+23] MC Yes No N/P

Table 5.1 shows several state-of-the-art solutions exist for delivering dose reconstruction. ODPM

stands out from these solutions in two key aspects. Some approaches do not meet the demands

of real-time adaptive radiotherapy, while others, although meeting time requirements lack ro-

bust validation of their results. Amadio et al. [AAB+23] utilise GPU acceleration to accelerate

MC electromagnetic showers for the CERN calorimeter, yet their investigation highlights the

challenges associated with memory access without specifying reconstruction times. Sharma

et al. [SKF+18] have devised fast MC simulation tools for dose estimation leveraging GPU ac-

celeration, achieving a runtime of 48 seconds, falling short of the necessary time constraints. Li

et al. [LDW+21] employs a similar approach with gDPM, utilising GPU acceleration for radio-

therapy dose reconstruction, completing the task in 40 seconds. Despite supporting magnetic

field simulation—an essential feature for the MR-linac as the MRI scanner leverages a magnetic

field—they fail to meet real-time requirements. Pastor-Serrano and Perkò [PSDH+23] introduce

DOTA, a CNN-based framework for predicting MC dose distribution. They boast one of the

fastest computational times in the literature, between 15 seconds for a full dose distribution.

Although DOTA does not meet real-time demands, it presents a compelling alternative to MC

algorithms. Voss et al. [VZV+20] implement dose reconstruction across multiple FPGA plat-

forms, demonstrating promising results falling slightly short of meeting real-time requirements,

albeit without explicit validation procedures mentioned in their study. It is worth pointing

out, that Voss et al. [VZV+20] provide results that meet real-time adaptive radiotherapy time

requirements but in doing so they do not use a pencil beam configuration. In this study, the

performance measurements are always done using a pencil beam for reproducibility reasons and

because pencil beams are a worst-case scenario for this simulation. Any other beam, including
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a model for the MR-linac is expected to achieve same or higher performance but not lower.

5.6 Summary

In this chapter, DPM has been analysed and, ODPM, an optimised implementation capable of

meeting real-time adaptive radiotherapy constraints has been provided. Firstly, a performance

model for DPM was built. The performance model shows that DPM does not benefit from

GPU or FPGA acceleration.

The primary distinction between Coulomb Scattering discussed in Chapter 4, and DPM lies

in the inclusion of photons. Coulomb scattering exclusively involves electrons, which exhibit a

high degree of locality by moving to adjacent voxels in each iteration. Initially, this leads to

some performance degradation due to the atomic addition of radiation doses within the same

voxel. However, as the simulation progresses, electrons disperse while still retaining some degree

of locality, thereby reducing the number of atomic operations required and maintaining cache

friendliness as most accessed voxels remain in the cache. In contrast, DPM exhibits markedly

different behaviour. Photons initially start in close proximity but travel significant distances in

each iteration, resulting in diminished performance for two reasons. Firstly, when photons are

near each other, the computation is serialised due to atomic addition. Secondly, as they move

apart, cache misses occur due to accessing voxels in a stochastic rather than sequential manner.

This inherent stochasticity limits the performance achievable by GPU in such simulations.

Given the performance modelling forecasts, various MC optimisations have been analysed and

integrated into ODPM. Mainly, the use of approximations, fast RNGs and branchless program-

ming. The results show that ODPM is capable of meeting real-time adaptive radiotherapy time

constraints for commonly 6MeV beams used with the MR-linac [ZPPKO15]. These results could

facilitate the integration of ODPM in the context of real-time adaptive radiotherapy.
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Conclusion

6.1 Summary of Thesis Achievements

This thesis focuses on solving real-time adaptive radiotherapy computational bottlenecks. The

aim is to improve the performance of MRI image reconstruction and delivery dose reconstruction

by means of both optimisations and accelerators. This thesis presents three main research

contributions: (a) a new parallelisation scheme for 4D-MRI data and the resulting optimised

heterogeneous implementation of the XD-GRASP algorithm [FAC+16], capable of meeting

MRgoART [MHBB20] requirements, (b) a methodology to forecast MC performance when

using GPU and FPGA acceleration and (c) Optimised Dose Planning Method (ODPM), an

optimised implementation of DPM [SWB00] dose reconstruction algorithm. The following

describes these contributions in more detail.

Chapter 3 presents a novel parallelisation scheme optimised for 4D-MRI data that minimises

multi-threading overhead and hides data transfer latency. This results in an efficient architec-

ture for golden angle, stack-of-stars [MP17] MRI reconstruction-based algorithms. One of such

algorithms XD-GRASP [FAC+16] was then implemented and accelerated with the GPUs to

facilitate clinical use. Compared to state-of-the-art MRI reconstruction algorithms, our imple-

mentation is up to 17 times faster while maintaining 99% SSIM. This work has been published

in papers [BWY+21, LBG+23]. These results allow us to solve research challenge C1, as the

172
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time requirements of two minutes are met while producing high-quality 4D-MRI images.

Chapter 4 shows a methodology for forecasting MC performance performance when using ac-

celerators. The performance model allows evaluating the potential speedup of the FPGA or the

GPU accelerator. The forecasted speedup can be used to decide the best (if any) accelerator to

use to achieve the required performance. The results show that it provides a reasonable range

for the execution time in the GPU case. While, in the FPGA case, as the FPGA’s perfor-

mance is more predictable the predictions are within 2% of the measured execution time. This

work has been published in paper [BHT+23] and is currently been accepted in the Journal of

Physics: Conference Series. The accuracy of the methodology is enough to provide the nec-

essary indication of the performance that MC would achieve when using specific accelerators.

This solves research challenge C2, however, extensions to the modelling methodology would

be necessary when using accelerators with different architectural characteristics from the ones

considered. For example, future GPUs that combine AMD’s 3D V-Cache technology [WAC+22]

might change the decision process when forecasting the impact of cache misses.

Chapter 5 analyses the use of the accelerators for DPM and provides an implementation that

meets real-time adaptive radiotherapy constraints. DPM is an MC simulation that offers a

good tradeoff between speed and accuracy. However, it falls significantly short of meeting

real-time adaptive radiotherapy requirements [ZPPKO15]. Hence, a performance model for

DPM was built. The forecasts of this analysis show that DPM will not benefit from the

GPU or the FPGA acceleration, hence it proposes mathematical, algorithmic and architectural

optimisations resulting in ODPM. DPM to meets real-time adaptive radiotherapy requirements

consisting of, 1s or less for a 6MeV photon beam [VZV+20]. These results address research

challenge C3 as both real-time adaptive radiotherapy accuracy and time requirements are met.

However, a mechanism that converts 4D-MRI images to a patient model [BNC+21] will be

required to use ODPM with real data and using real beams.
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6.2 Future Work

There are several areas where research can be conducted to enable real-time adaptive radio-

therapy. Some possible directions for future work will be presented in the following sections.

Some are short-term improvements while others are part of a long-term plan that we expect to

be possible further ahead in the future.

6.2.1 Real-time MRI reconstruction

While the proposed implementation of XD-GRASP meets MRgoART time requirements, real-

time adaptive radiotherapy where the time requirements are more stringent requires real-time

motion tracking. As section 2.1.1 explained, the patient’s anatomy might vary during the

treatment and this can cause the cancer to move. For example, in the case of lung cancer, the

breathing motion might cause the cancer to move several centimetres.

In the short term XD-GRASP could be integrated into other existing frameworks to meet

real-time adaptive radiotherapy time requirements. Algorithms such as MRSIGMA [FTO20]

and SPIDERM [HCX+22] based on XD-GRASP can be used for real-time imaging. In this

context, our implementation of XD-GRASP could be integrated into those frameworks to

provide additional speedup or our architecture might be directly applied, enabling real-time

imaging. AI-based reconstruction schemes are also a promising way to provide real-time imag-

ing [FGCN+21,TMVvdB23]. In this context, our XD-GRASP implementation could be used

to generate reference training datasets or could be integrated as a feature of Neural Networks

(NNs).

In the long term, the approach used to accelerate XD-GRASP could influence the future devel-

opment of 4D-MRI reconstruction algorithms. The possibility of leveraging accelerators while

hiding and overlapping data transfers could lead to the development of accelerator-specific

algorithms that can meet the real-time adaptive radiotherapy time and accuracy requirements.
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6.2.2 Extension to performance modelling

The methodology proposed supports only MC simulations and FPGA, GPU accelerators. In

the short term, one possible future direction would be extending the modelling methodology to

forecast the performance of NNs on custom AI accelerators, such as TPU and Groq [Gwe]. This

is of interest in the context of real-time adaptive radiotherapy as dose delivery reconstruction

can be performed using NNs [EFK+22, PSDH+23]. This approach combined with the use of

custom AI accelerators could potentially allow NNs to meet real-time adaptive radiotherapy

time requirements. Hence, one possible future direction would be extending the modelling

methodology to forecast the performance of NNs on these accelerators.

In the long term, another possible extension to performance modelling would be automating

the approach. Initially, it would be possible to automatically derive the operation count and

the volume of data transfers by developing tools that can instrument and monitor the exe-

cution of the MC simulation. Building on this initial tool, the automation could be further

extended where given functional and performance requirements for MC simulation, the tool

could automatically explore the design space and produce optimised CPU, GPU and FPGA

implementation that meet the requirements.

6.2.3 Extension to ODPM

ODPM is an MC simulator that is capable of computing radiation doses in the context of

radiotherapy and meets real-time adaptive radiotherapy time requirements. However, to use

ODPM on real data additional features are required.

The shorter term ODPM has basic support for converting CT images into patient models where

Hounsfield Units [BG19] are mapped to electron densities and then discretized over a set of NIST

materials [CDS20]. However, ODPM is not evaluated on real CT images. The next step for

ODPM is validating it on commonly used radiotherapy treatment plans using real CT images.

This would require implementing a more rigorous conversion from Hounsfield Units to electron

densities [Sud20]. Another possible, shorter-term future direction for ODPM is integrating it
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in NN based approaches. NNs [EFK+22, PSDH+23] offer compelling performance but there

are limitations on their accuracy. Given the performance of ODPM, it could be integrated in

three possible ways. Firstly, it is possible to use ODPM to generate large datasets in real time.

Evaluating all possible beam parameters might result in huge datasets that are impossible to

store, on volumetric CT images can result in hundreds of resulting dose distributions depending

on the parameters used. ODPM can generate these datasets on the fly, avoiding the need to

store the entire dataset. Only beam parameters and original images need to be on permanent

storage. Secondly, it is possible to use ODPM to generate a low-accuracy dose distribution and

use NN to enhance it to the required accuracy. Finally, it is possible to use ODPM as a feature

of the NN, where a lower accuracy distribution is used internally by the NN to perform a more

accurate reconstruction.

In the long term, deploying selected approaches to convert MRI data to the patient model will be

necessary to use ODPM in the context of the MR-linac. These approaches are based on NNs and

convert MRI images to synthetic CTs [BNC+21]. Then these CTs could then be transformed

into patient models. However, achieving this objective requires several intermediate steps first.

For example, several of the MRI challenges listed in section 6.2.1 need to be addressed, as well

as some of the ODPM challenges listed previously in this section.

6.3 Final thoughts

Predicting the future is always a challenging task, and it falls beyond the scope of this thesis.

However, the research conducted herein could open up several potential avenues. This work

has implications across various domains, ranging from MRI and radiotherapy to experimental

physics.

The investigation into accelerating XD-GRASP introduces a novel approach to meeting MR-

goART time requirements. While recent research in this field primarily concentrates on dis-

covering new algorithms with faster convergence or lower computational complexity, the ex-

ploration of applying HPC to MRI represents a new approach explored in this thesis. This
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exploration opens new research possibilities; future algorithms may emerge not solely based

on mathematical properties or computational complexity, but also tailored to particular ac-

celerators, as shown by the performance demonstrated by our XD-GRASP implementation.

These new algorithms could potentially find applications in real-time adaptive radiotherapy,

enhancing cancer treatment for future generations.

The proposed performance modelling could influence future research in both MC simulations

and chip design. This modelling methodology enables the forecasting of performance given a

specific accelerator and application. While in this thesis, the results are utilised to evaluate the

performance of an application using a given accelerator with the goal of selecting an existing

accelerator, it would be possible to go beyond existing accelerators and algorithms. The mod-

elling result could be used to conceive accelerator-specific MC simulations or design specific

accelerators for MC in the future. Particularly in real-time adaptive radiotherapy scenarios,

where guaranteed latency is crucial, potential future research might explore the feasibility of

designing custom chips for this specific purpose.

The MC simulation developed here targets real-time adaptive radiotherapy, offering the med-

ical physics community opportunities to explore novel approaches to cancer treatment. While

the primary aim is to optimise treatment parameters downstream, the simulator holds poten-

tial for various future applications. Firstly, it could facilitate the testing of different physics

implementations; for instance, developing faster or more accurate methods to simulate specific

physics processes that can be seamlessly integrated and verified for performance and accu-

racy. Furthermore, it could enable the evaluation of various treatment parameters and their

outcomes. Additionally, the simulator could aid in designing newer radiotherapy beams by

quickly assessing dose distribution across a range of test cases. Another potential application

lies in utilising the simulator during the design phase of a calorimeter, although electromagnetic

shower simulation inside a calorimeter is different from a radiotherapy treatment, it requires

the same physics implemented in ODPM; for instance, future upgrades at the CERN Large

Hadron Collider’s calorimeter could be influenced by ODPM.
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