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In laminar hypersonic boundary layers, it is known that secondary instability plays a cru-
cial role in transition to turbulence. The secondary instability usually includes fundamen-
tal mode, subharmonic mode and the detuned mode. Considerable research exists on the
secondary instability mechanism in hypersonic boundary layers with the smooth wall con-
dition. The topic of using micro-porous surfaces for disturbance stabilization has recently
drawn interest. The stabilization and thus a possible delay in transition, arises due to a
reduction in the growth rate of the primary Mack mode by the porous surface. The pa-
per focuses on investigating whether the secondary instability mechanism of Mack modes
can also be affected by a surface porosity condition. It is known that the primary Mack
mode linear disturbances are changed significantly on the porous surface, how it subse-
quently influences the secondary instability of the modified time varying basic flow is our
concern. The analysis demonstrates that on the porous surface, as the amplitude of the pri-
mary Mack mode increases, the fundamental mode is not stable. Instead, the fundamental
mode amplifies rapidly with increasing primary amplitudes. At larger secondary instabil-
ity spanwise wavenumbers, when the primary amplitude exceeds a certain threshold value,
the fundamental modes surpass the subharmonic modes and dominate the secondary in-
stability. However, when the spanwise wavenumber is relatively small, especially at the
spanwise wavenumber corresponding to the maximum growth rate of the subharmonic
mode, the fundamental modes are weakened and lose their dominant position. We find
that corresponding to different amplitudes of primary Mack mode disturbances affected by
the porosity parameters, there are no strongly preferred interaction modes that dominate
the secondary instability; this contrasts with smooth wall findings. We further find that
the larger the pore size or porosity, the more severe is the suppression of the fundamental

mode.

¥Electronic mail: shookware @tju.edu.cn



AlP

Publishing

I. INTRODUCTION
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FIG. 1. Diagram for flow instability during laminar-turbulent transition in a boundary layer.

Understanding laminar to turbulence tripping mechanisms in boundary layer transition has seen
significant research activity over the past few decades, leading to significant insights into the many
fluid processes at play. In civilian transonic speed regimes, delaying transition to turbulence has
an importance in drag reduction and thus promise of fuel efficiency in air transport. At the other
extreme of very high speed hypersonic flight, the significant temperature differences arising in
laminar and turbulent boundary layers is of crucial concern in the design of aero-thermal pro-
tection systems. Generally with the birth of disturbances, through receptivity processes in the
boundary layer, any unstable waves excited amplify linearly and lead onto nonlinear processes,
as shown in Fig. 1 — generally referred to as the primary instability route. At some point in
space, dependent upon the disturbance environment, the breakdown to turbulence then is assumed
to arise through a secondary instability mechanism. In lower Mach number supersonic boundary
layers, the first mode oblique breakdown route proposed by Fasel, Thumm, and Bestek ! plays a
crucial role in the secondary instability. With increasing Mach number, the second mode two-
dimensional (2D) wave, i.e. the so-called Mack mode becomes the dominant unstable disturbance
while the importance of the first mode is reduced. Different from the first mode, the Mack mode
is produced by acoustic modes trapped in the relative supersonic region having acoustic-wavelike
behavior? and is associated with an inviscid instability. The wavelength of the most unstable
Mack-mode is nearly twice the hypersonic boundary layer thickness>. Beginning with the purely
2D Mack mode disturbances, there may will arise at some stages of the breakdown process, the
development of secondary unstable structures playing a crucial role in the development of three-
dimensional(3D) structures leading to turbulence. Therefore, it is of significant interest to clarify

the existence of and role of secondary instability in the flow destabilisation. In 1988, based on the
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Floquet expansion, Herbert® proposed secondary instability theory, identifying three types of sec-
ondary instability modes: fundamental, subharmonic and the detuned modes*. The fundamental
mode having the same streamwise wavelength and frequency as the primary 2D disturbance, often

5. The subharmonic mode

leads to the weakly-nonlinear so-called K-type resonance interaction
with twice the streamwise wavelength and one half the frequency of the primary mode results in
staggered A-structures (i.e., the so-called H/N-type weakly-nonlinear interaction®®). The detuned
mode lies in between the fundamental and subharmonic modes’'?. It is worth mentioning that
in 1977, Kachanov, Kozlov, and Levchenko® first observed the N-type subharmonic resonance in
experiment and was confirmed by Saric and Thomas !, Kachanov and Levchenko’ and Corke and

8

Mangano?; see also a summary by Kachanov 2. Nevertheless, in high-speed flows there are more

complex routes of breakdown to turbulence and subharmonic resonance also plays a very crucial

1317 conducted lots of measurements on the

role in secondary instability. Kosinov and co-workers
subharmonic resonance mechanism in 2D supersonic boundary layers and further investigations
were performed by Ermolaev, Kosinov, and Semionov '8 and Kolosov et al. '° for 3D boundary
layers. The corresponding theoretical analysis and numerical simulations were carried out by
Kosinov and Tumin?’, Mayer and Fasel>! and Fezer and Kloker?? — verifying the existence and

feasibility of subharmonic resonances arising.

Concerning presence of more complex resonances, triadic resonance theory was firstly pro-
posed by Craik > in incompressible flows which was subsequently enhanced by Volodin and Zel-
Man?* and Volodin and Zelman? . The theory was extended to explore nonlinear resonant inter-
actions by Smith and Stewart 26 Zelman and Maslennikova?’, Goldstein and Lee 8. Presently, as
a result of the significant research effort in hypersonic laminar flow instability, the subharmonic
mode is identified as the most unstable type and found to play a significant role in flow desta-
bilisation. In 1990, Masad and Nayfeh?® investigated subharmonic instability of compressible
boundary layers with Floquet theory — a comprehensive parametric study involving Mach num-
ber, spanwise wave number, primary disturbance amplitude, Reynolds number and frequencies of
primary modes was undertaken. Subsequently, Masad and Nayfeh" and El-Hady?>' calculated
the effects of suction, wall shaping and wall cooling on secondary instability in incompressible
and compressible boundary layers. It was found that suction stabilizes the primary, fundamental
and subharmonic waves, while cooling of the wall destabilizes the secondary subharmonic of a
Mack mode primary disturbance. It also confirmed the conclusion by Masad and Nayfeh?® that

higher Mach numbers stabilize the subharmonic mode when the primary mode is the first mode;
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while destabilization occurs when the primary mode is the Mack mode. Ng and Erlebacher3?
also investigated the secondary instability in compressible boundary layers through Floquet the-
ory and found that at a high Mach number of 4.5, the secondary instability due to a primary Mack
mode is stronger than that of the primary first mode, with the subharmonic mode instability being

prominent.

Experiments by Bountin, Shiplyuk, and Maslov >3 on a sharp smooth surfaced cone at Mach
5.95 show that subharmonic resonance is the basic mechanism of nonlinear interaction for the
primary Mack mode disturbances. However, Schneider’s group undertaking series of experiments
in 2009%* on a flared cone in the Boeing/AFOSR Mach 6 Quiet Tunnel (BAM6QT) at Purdue
University found that fundamental modes appeared in earlier stage of transition. Later, a second
and comprehensive experimental study was performed and revealed very similar conclusions>-39,
which contradicted the earlier previous opinions. Furthermore, results replicating quiet back-
ground noise through direct numerical simulation (DNS) corroborated the hypersonic experimen-
tal deductions. In 2012, Sivasubramanian and Fasel3” simulated the fundamental breakdown of the
Purdue flared cone through DNS and found the typical “hot" streak pattern similar to the experi-
mental observations. In addition to the stationary mode produced by self-interactions of the Mack
mode, very low-frequency waves were observed in the process of breakdown at Mach 6 bound-
ary layers’®. Recently, the non-linear mechanism of the interactions between the low-frequency
waves and the Mack mode has been explored by Chen et al.>*#°. Hader and Fasel*!~** have
demonstrated through their DNS simulations that the fundamental breakdown is initiated by the
non-linear resonance of a high amplitude 2D primary wave. Consistent with the measured data,
the DNS indicates a symmetric pair of low amplitude 3D secondary waves at the same frequency,
but the stationary mode exhibits the strongest secondary instability growth. Li et al.® conducted re-
search about fundamental resonances using non-linear parabolized stability equations (NPSE) and
secondary instability theory (SIT). They found that a strong fundamental secondary instability can
exist for a range of initial amplitudes of the most amplified Mack mode disturbance at the Purdue
Mach 6 flared cone conditions. It was also determined that for the straight cone, the subharmonic
mode dominates the secondary instability within a certain range of azimuthal wavenumbers. Liu
and Zhang® also investigated the fundamental resonance at Mach 6 over a zero pressure gradient
flat plate with Floquet theory. They found that when the amplitude of the primary mode reaches a
threshold value, the fundamental resonances (relative to subharmonic and detuned types) were the

most unstable from the secondary instability viewpoint. In this paper, we focus on the secondary
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instability analysis at Mach 4.5 used by Ng & Erlebacher?? and analyze the missing solutions of

secondary instability in this case.

Controlling flow transition at hypersonic conditions is a topic of considerable interest presently.
Porous surfaces even of small size can substantially influence the primary Mack mode instability
and thus ultimately influence transition in hypersonic boundary layers. Disturbance sensitivity
due to micro-porous surfaces has been demonstrated by a series of linear stability analyses, DNS
simulations and experiments. In 2001, Fedorov et al.? developed the linear instability porous coat-
ing mathematical model (key parameters are the diameter and depth of the holes and the distance
between the holes). This was subsequently validated by the CalTech (T5) flight experiment. Af-
ter the establishment of this classic model, many researchers**~*® have studied the primary linear
instability of high speed boundary layers porous surface phenomenon. In 2009, Wartemann et
al.* employed DNS and concluded that Fedorov’s model for porous surface in the linear stabil-
ity regime is reasonable and correct. They further performed analysis that included not only the
growth rate but also the corresponding eigenfunctions of the primary Mack mode on the porous
surface. Recently, Zhao et al.’*>! through detailed DNS analysis revealed that the out-of-phase
behavior between the incident and reflected waves at the resonant frequency minimizes the near-
surface acoustic pressure, largely inhibiting the growth of the Mack mode. Moreover, Wang>?
undertook DNS modeling to investigate the performance of porous coatings for flow stabilization

at hypersonic thermo-chemical non-equilibrium gas conditions.

It is now accepted that the mechanism for suppression of the primary Mack modes by the porous
surface arises through changing the eigenfunction shapes of the primary Mack modes, thus delay-
ing transition. Hence, for porous surface the interesting and meaningful research objective is that
of enquiring, since the eigenfunction shapes are modified by the porosity in what manner does the
porosity impact upon the secondary instability? In 2005, Chokani ez al. >3 studied experimentally
the nonlinear stabilization aspects of the second-mode disturbance using a passive, ultrasonically
absorptive coating of regular micro-structures. They found that the subharmonic and fundamen-
tal resonances (i.e., the harmonic resonances) of the second mode observed on solid surface are
significantly modified by the porous surface. Moreover, the quite pronounced fundamental reso-
nance on the smooth wall is completely absent with the porous surface. Furthermore, unlike the
solid surface, there are no strongly preferred interaction modes. The objective of the investiga-
tion undertaken herein is to improve our insight and to clarify the mechanism of second-mode

stabilization in the presence of micro-porous surface coatings. In this paper, through a theoreti-
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cal analysis method we attempt to analyze and determine the explicit rules between the primary
amplitude and secondary instability at Mach 4.5 on a smooth wall. We then assess whether the
rules determined from the smooth wall analysis operate and remains quantitatively viable over a

micro-porous surface.

II. MATHEMATICAL DESCRIPTION

A. Compressible Navier-Stokes equations

The two-dimensional compressible Navier-Stokes equations are the basis for all modeling un-

dertaken in this paper, which take the usual form>*>>

ap  pv) _
FA (1a)
av; Qv,— _dp 1 4 dv;  Iv; 2“8\//{

P (a—ﬁw—xj) = “ox Reax; {“(axﬁ o ‘i&fa—xk)]’ (b

oT AT\ _ 1 2 ( T\ y-1(3p
P\ 5 vj&xj ~ ReProx; \| 0x; Yy \ ot vj&xj
('}/—1)M2 {.u avi <8v,- +an 2 8vk)}’

Re (9—x] ox; 8x,-_§ij8—xk

+ (1c)

where 1 means the time, x; indicates the Cartesian coordinate, p represents the density, v; denotes
the velocity component. In addition, 7" is the temperature, i the dynamic viscosity, K the heat con-
ductivity, Pr the Prandtl number, J;; the Kronecker operator and M the Mach number. Equations(1)
should be non-dimensionalized in this way: the coordinates are non-dimensionalized by a refer-
ence length L,.r, velocity by U, density by pe, pressure by PwU2Z, temperature by T.., viscosity
by U, heat conductivity by k.., and time by L, r/U... Hence, the Reynolds number Re is given
by Re = UsLyef/ Voo Where V., is the kinematic viscosity. Note that Ug = (po, 4o, vo, wo, o), the
primitive variables in laminar flow boundary layers, can be solved by the steady form of Eq. (1)
and the displacement thickness 6; = ;" (1 — pf—lb}m) dy is chosen to be the reference length scale

for non-dimensionalization, where y is the coordinate in wall-normal direction.
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B. Primary linear instability theory
1. Linear stability theory on smooth wall

To conduct the linear stability analysis of the primary Mack mode disturbances, linear stability

theory is introduced. Assuming that the linear disturbances take the form

Prsr(x,321) = p(y)e P pcc. )

where ¢’ represents the five primitive disturbance variables p’,u’,v',w’, T’ and ¢ indicates the
disturbance shape function for each disturbance variable, o, B are the wavenumbers in streamwise
x and spanwise z directions respectively, and w represents the angular frequency. Note that in
temporal mode @ is a complex variable and the imaginary part @; represents the temporal growth
rate. In spatial mode, @ the angular frequency non-dimensionalized by @, = 27 fL,.r/U. where
f is the dimensional frequency in Hertz and the imaginary part ¢; indicates the spatial growth rate.

Substituting the sum of basic flow variables and disturbances into the non-dimensional com-
pressible Navier-Stokes equations, with the parallel flow approximation which assumes that the
mean flow variables are functions of wall-normal coordinate y only so that pg = po(y),up =
uo(y),wo = wo(y), To = To(y) and the wall-normal velocity vo = 0, and the disturbance form in
equation(2), retaining the derivatives in wall normal direction and removing the non-linear terms,

the linear stability theory (LST) equations in temporal mode can be written as
M= N, 3)

where .# and ./ are the corresponding large sparse matrices composed of the mean flow vari-
ables, frequencies and wavenumbers. This eigenvalue problem with the homogeneous boundary
conditions is discretized by the five-point 4""-order central difference scheme in the wall-normal
direction. The eigenvalue problem is solved using the Arnoldi method (in the open source library

ARPACK?%). In order to calculate the local eigenvalue, the Rayleigh inverse iteration method>’
(AN = a)g"V =", (42)

$(k+1) — $(k+1)/max($(k+l)), (4'b)
((I}(kﬂ))Hﬂ{)(kﬂ) )
(d)(k—kl))Hﬂd)(k—H)

is employed. When |y, — @] < g, the local temporal eigenvalue can be assumed to have

g1 . (4c)

converged. Note that & is usually prescribed as le™5.
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2. Linear stability theory on porous surface

In order to simulate the linear stability in the presence of porous walls, the classical boundary

conditions modeled by Fedorov et al.> have the form

~
~ A~ ~

Uy =wy, =0,V :_ﬁW7TW:_ﬁW7 (5)

where A means the admittance and B is the thermal admittance. The definition of admittance
proposed by Fedorov et al.? is used to describe the property of the porous surface. From the DNS
research by Wartemann et al.*’, it can be seen that when the the pore depth is larger than about 0.4,
the growth rate levels out to a nearly constant value on the porous surface. Hence, in this research,
we assume that the pore depth d is relatively thick enough (tanh(Ad) — —1) for all cases, yielding

A = " tanh(Ad) = —

- I,
Z 7, B=—n(r= DM T la(ke) [ o(ks), 6)

where A is a propagation constant, Y the specific heat ratio, n the porosity coefficient and Z; the

impedance. The remaining parameters are given by

Zo =\/Z1/Y1,A = Z\Y},k; = k,V/Pr (7a)

o iEJO(kv) _ iwpw
Jo(ky VP
Y, = —ioM? [y+ (v - 1)u}. (7¢)

Jo(k,v/Pr)
where M stands for the Mach number at the edge of boundary layer and r indicates the pore radius
non-dimensionalized by 8;. Z; means the impedance and Y; represents the shunt admittance?.
The subscript ‘w’ means the values on the wall. Furthermore, Jy and J; are the Bessel functions.

Combining these special boundary conditions with Eq.(3), the eigenvalues and eigenfunctions can

be determined.

C. Secondary instability theory
1. Secondary instability theory on smooth wall

For the secondary instability analysis, the Floquet-based secondary instability theory (SIT)

proposed by Herbert?, is adopted in this paper; the same approach has been used by a number of
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authors 360, This model describes the instability characteristics in the boundary layer when the
primary mode disturbance has grown up to a saturated amplitude. Following this a new basic flow
can be constructed by the composition of the primary mode and the 2D basic flow solution. In
other words, the new flow can be written as U (x,y,z,7) = Ug(y) 4+ A(ii(y)e!(®~®) 1 ¢.c.) Here,
Uy is the original 2D basic steady boundary-layer flow solution, u is the primary mode, and A is
its amplitude. Obviously, the new basic flow is a function of time #. To eliminate the time 7, a
Galilean transformation with the form of x = x — ¢,¢,y = y,Z = z is introduced; where ¢, stands for
the phase velocity. It means that the basic flow of the secondary instability moves with the primary
mode disturbance. It is obvious that the high order disturbances can be governed by the dynamics

system

Lo =0 (8)
where ¢ is the secondary instability disturbance corresponding to the five primitive variables
and L represents the operator of the new basic flow U (x,y). Due to the saturated primary mode
disturbance, a quasi-parallel assumption can be adopted assuming an insignificant variation of the
primary mode amplitude. Moreover, it is imposed that the secondary instability is periodic in the
streamwise direction X. As a result, the secondary disturbance is given by

Pe(F,5,2,1) = €% elPrieieT )3 bs.j(7)eVH). 9)

J=—0°

where € is the detuning parameter which means the phase difference between the new basic flow
U (x,y) and the secondary disturbance and f3; stands for the wave number in the 7 direction. The
parameter € with values of 0.5 and 0 produce subharmonic modes and fundamental modes, re-

spectively. Obviously, this is a complex eigenvalue problem that reads
oM ps =N Ps. (10)

subject to the homogeneous boundary conditions being satisfied.

For a given real wave number f3;, the unknown complex variable ¢ describes the temporal
instability of the secondary disturbance. The real part of o stands for the growth rate and the
imaginary part represents the phase. For the spatial problem, Gaster’s transformation can be em-
ployed. The 4""-order central difference scheme is adopted in the normal discretization and the
Fourier spectral method is used in the streamwise direction. As with the primary instability case,

ARPACK?® is used to solve this 2D eigenvalue problem through the Arnoldi algorithm. The code
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for temporal and spatial secondary instability analysis has also been developed and verified by

Zhang and Luo®! and Liu, Zhang, and Fu 62

2. Secondary instability theory on porous surface

Through personal communication with Mujeeb R. Malik from NASA Langley, we consider that
the secondary instability equations on porous walls should have the same boundary conditions as
that used for linear stability equations on porous walls earlier. Therefore, based on the framework
in Eq.(8), the boundary conditions for the secondary instability model over the porous surface

satisfy
ZZS7W = W&w = 07{}\S7w = KﬁS,vw TS,W = Fﬁ&w; (1T)

where A and B are same with those given in Eq. (6).

III. RESULTS AND DISCUSSIONS

In this section, the compressible Navier-Stokes equations are used to solve the mean flow, fol-
lowed by temporal linear stability theory to compute the primary disturbances and to construct
the new modified basic flow for the secondary instability analysis. A brief introduction of the
construction method is given herein. According to previous studies, the linear primary distur-
bance contributes the most in the secondary instability. We assume that including the full effects
of nonlinearity and non-parallelism to establish the modified basic flow for the secondary insta-
bility analysis, will only give rise to small deviations in the analysis. Therefore, the basic flow
variable U (x,y,z,t) for secondary instability can be constructed by the sum of the mean flow
variable Up(y) and the linear theory disturbances of the Mack mode A$;" (y)e!(**=®") +c.c. with
the Galilean transformation as mentioned in §ITC 1. Here, ¢31+ means the primary disturbance
(p{ ,uf,v{,wl,T;") and A stands for its amplitude. The subscript ‘1’ represents the primary
mode. Note that the amplitude is defined using the maximum value of the temperature disturbance
Oglyagw T, (y)|* = % for high Mach number and using the maximum value of the streamwise veloc-
ity perturbation Orgnya<xoo |uf (y)|? = 1 for the low Mach number analysis. There are four flow cases

used in this paper, and the corresponding flow conditions are listed in Table I.
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TABLE 1. Flow conditions.

Case Mach Re T (K) T,, (K)
Ng and Erlebacher 1.6 1675 288.89 adiabatic
Ng and Erlebacher 4.5 10000 61.11 adiabatic
Fedorov et al. 6.0 3500-5000 243.9 341.46
Wartemann et al. 6.0 20000 216.65 adiabatic
(a) (b)
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FIG. 2. Comparison of mean flow variables (The reference data extracted from Ng & Erlebacher®?). (a)

streamwise velocity up; (b) temperature 7.
A. Primary instability and secondary instability on smooth wall

In order to investigate the secondary instability over the porous surface, it is necessary to un-
derstand the secondary instability mechanism for a smooth wall first. The mean flow variables for
a supersonic flat plate at Mach 1.6 and Mach 4.5, are compared with results of>? in Fig. 2, demon-
strating that the present results for mean flow are consistent with the reference results. At Mach

6.0, the flow cases by Fedorov et al.Z and Wartemann et al.*’

are calculated and Fig.2 displays the
distributions of streamwise velocity uy and temperature 7.

The primary Mack modes using linear stability theory are next computed. Fig.3 (a) and (b)
depict the primary eigenfunctions of the first modes at Mach=1.6 with @ = 0.24 and Mach=4.5
with o0 = 0.6. When Re = 10,000, ov = 2.25 and o = 2.52, the modulus of the primary eigenfunc-

tions for the 2-D Mack mode disturbances is shown in Fig.4. Compared with the reference data’?,

the present calculations for primary instability perform well, thus validating the correctness of the

12



4 (a) . (b)
F g T T T T ]
E « 1 0 mmmmmmme—e— M=1.6 E
i — M=45 ]
3F 3 o Ref. Data M=1.6 -
F o Ref. Data M=4.5 ]
>2F >2k E
£ 8 E
1k ST 1-% 5
F g
C ,_,c\,” |
r _ Ky ]
O s chmiml O TR ) L L TR ) L
0 02 04, ,06 038 1 0 5 + 15
|u | T,

FIG. 3. First mode (2D) primary eigenfunctions at Mach=1.6 with & = 0.24 and Mach=4.5 with a =
0.6 (The reference data extracted from Ng & Erlebacher’?). (a) streamwise primary disturbances uf; (b)

temperature primary disturbances T1+.
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e
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FIG. 4. Mack mode (2D) primary eigenfunctions at Mach=4.5 with (a) o = 2.25; (b) & = 2.52 (The

reference data extracted from Ng & Erlebacher®?).
LST computation. Note that the distributions of primary eigenfunctions at Mach 6 are similar with
these at Mach 4.5, so it is not displayed herein.

With the primary eigenfunctions computed, the basic flows for secondary instability are next
constructed. Prescribing various primary amplitudes, the fundamental modes of first mode primary
wave at Mach 1.6 as well as the subharmonic modes of Mack mode disturbances at Mach 4.5 are
illustrated in Fig. 5(a) and (b), respectively; which are all in a good agreement with published

results. Hence, we may conclude the correctness of the secondary instability computations has
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been verified too, for confidence in usage with the porous surface investigations undertaken by us.

0.025 T 003711
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FIG. 5. Comparison of secondary instability temporal growth rates against the spanwise wavenumber f3
between the present calculations and the reference data at Mach 1.6 and Mach 4.5 (The reference data
extracted from Ng & Erlebacher®?). (a) Fundamental instability for first mode primary at Mach 1.6; (b)

Subharmonic instability for Mack mode primary at Mach 4.5.

As mentioned in §I, according to experimental observations and DNS simulations, when the
amplitude of the primary Mack mode is large enough the fundamental mode may dominate the
secondary instability, rather than the subharmonic mode revealed in Ng and Erlebacher’s paper2.
With further analysis, Fig.6(a) and (b) demonstrate the secondary instabilities of the 2D Mack
mode’s primary disturbances with various primary amplitudes — this indicates that the fundamental
mode gradually dominates as the primary amplitude increases. Extracting the data at spanwise
wavenumber B, = 2.1 corresponding to the maximum growth rate of subharmonic mode and a
larger spanwise wavenumber 3, = 3.5, the explicit rules of fundamental, subharmonic and detuned
mode versus primary amplitude A are sketched in Fig. 7(a) and (b) respectively. Obviously,
the primary amplitude of Mack mode is the crucial factor in the secondary instability. Ng and
Erlebacher omitted the fundamental mode proportional to the primary amplitude in their Mach
4.5 boundary layer analysis. With small and medium primary amplitudes, a subharmonic mode is
always dominant. When the primary amplitude exceeds a threshold value, the fundamental mode
in the secondary instability has the largest growth rate.

Furthermore, the eigenfunctions of the unstable mode provide a powerful methodology for
clarification of the mechanisms involved. Consequently, when the primary amplitude equals 1, the

eigenfunctions |u | for the fundamental mode and subharmonic mode at 8, = 2.1 are shown in
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FIG. 6. Secondary instabilities of the 2D Mack mode primary disturbances at Mach 4.5 with various primary

amplitudes on smooth wall. (a) fundamental mode; (b) subharmonic mode.
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FIG. 7. Secondary instabilities of the 2D Mack mode primary disturbances with various primary amplitudes

on smooth wall at (a) B, =2.1; (b) B, = 3.5.

Fig.8(a) and Fig.8(b), respectively. It can be seen that the disturbance energy of the fundamental
mode is concentrated in the near-wall region but the disturbance energy of the subharmonic mode
is mainly distributed near the boundary layer edge. Note that the lines plotted in the contours of the
fundamental mode represent the derivatives oU /9% of the basic flow for secondary instability and
the lines plotted in the contours of subharmonic mode represent the derivatives U /dy of basic
flow for secondary instability. The figures indicate that a finite amplitude second mode can create
a concentration of strong mean flow shear, which is in agreement with the conclusion in Ref.”.
Through an energy balance analysis,® suggests that the fundamental mode is mainly produced by

the energy-conversion mechanism from the near edge of the boundary layer to the near-wall re-
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gion via the work done by the Reynolds stresses as the shear strength increases. On the other hand,
the outer boundary layer edge region always dominates the production of the subharmonic mode.
Therefore, the present results imply that the derivatives dU /9 and dU /dy play an important role
in the production of secondary instability eigenfunctions. In addition, when the primary amplitude
equals 1, the eigenfunctions |u2+ | for the fundamental mode and subharmonic mode at f, = 3.5
are displayed in Fig.9(a) and Fig.9(b), respectively. It indicates that the disturbance energy of the
fundamental mode changes significantly and concentrates towards the edge of boundary layer, im-
plying that the fundamental mode at a larger spanwise wavenumber is no longer simply generated

by the mean shear in the near-wall region.

0 0.003 0.006 0.009 0.012 0.015

0 0.003 0.006 0.009 0.012 0.015 |

0.5

(a) Fundamental mode (b) Subharmonic mode

FIG. 8. Eigenfunctions of the secondary instability modes and the derivatives of the basic flow for secondary
instability on smooth wall at Mach 4.5 when the primary amplitude is 1.0 and §, = 2.1. (a) fundamental

mode; (b) subharmonic mode.

According to the experimental data from Schneider’s group®* and DNS investigations from

Fasel’s group*>+3

, they make the point that stationary streaky structures dominate the earlier stage
of the fundamental breakdown. In order to validate this, Fourier analysis was conducted for the
eigenfunctions of fundamental modes. The parameter group (m¢,ny) is one of the spatial Fourier
spectra. Here, m stands for the multiple of the frequency and n indicates the multiple of the given
spanwise wavenumber f3,. Fig.10(a) and (b) depict the Fourier analysis results of the fundamental
eigenfunctions at 3, = 2.1 and 3, = 3.5, respectively. Obviously, the (0, 1) stationary structures

mode, has the largest amplitude in the spectrum especially in the near-wall region. It means that

the stationary structures dominate the fundamental breakdown process before turbulence, which
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FIG. 9. Eigenfunctions of the secondary instability modes and the derivatives of the basic flow for secondary
instability on smooth wall at Mach 4.5 when the primary amplitude is 1.0 and 3, = 3.5.(a) fundamental

mode; (b) subharmonic mode.
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FIG. 10. Fourier analysis of the fundamental eigenfunctions on smooth wall at Mach 4.5 when the primary

amplitude is 1.0. (a) B, = 2.1; (b)B, = 3.5.

is in good agreement with the measured data and DNS observations. It is worth noting that the
distribution of (0,1) mode at $, = 3.5 moves up relative to the distribution at , = 2.1 and the

disturbance energy near the the boundary layer edge increases significantly.
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FIG. 11. Spatial growth rate of primary instability for Mack mode against Reynolds number Re with differ-

ent pore radii r.
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FIG. 12. Comparison of temporal primary growth rate versus wavenumber ¢ between the present results

and the DNS data. (a) smooth wall; (b) porous wall (r = 0.046875 and n=0.25).

B. Primary instability and secondary instability on porous surface

As known, the growth rate of the primary Mack mode is generally weakened by the porous sur-
face thus delaying transition. Since the distribution of the corresponding disturbances is changed
significantly with porosity, it is very important to get an accurate computation of changes to the
primary instability due to porosity. The first validation case at Mach 6 comes from Fedorov et al.2.

The Reynolds number varies from 3500 to 5000, and the dimensionless pore radius is in the range
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of 0 < r < 0.3. The porosity n = 0.5 and the reduced frequency F = @ -Re = 2.8 x 10~%. Fig. 11
displays the spatial growth rate of primary instability for Mack mode against Reynolds number Re
with different pore radii r. Good agreement with Fedorov et al.’s results verify the correctness of
the present linear stability calculations with the included porous model. In addition, Wartemann

etal.®

employed temporal DNS to simulate the instability properties over porous surface at Mach
6.0. The detailed flow conditions are listed in Table I, and the adiabatic wall condition results in
a wall temperature of 1522.44K. Fig. 12(a) and (b) plot the present temporal primary instability
calculations compared with DNS data of Wartemann, Liideke, and Sandham®’ over smooth and
porous walls with r = 0.046875 and n = 0.25 respectively. This indicates that the present linear
analysis with the porous surface model is correctly implemented and importantly demonstrates
that the primary Mack mode is obviously weakened by the porous surface. Further validations
with Wartemann et al.** DNS simulations are given in Fig. 13(a) and (b), respectively, showing
the wall-normal disturbance over smooth and porous wall (r = 0.046875 and n = 0.25). As may
be noted, the most significant variations of primary disturbance exist near the wall. According to
the secondary instability analysis, the eigenfunctions of the fundamental mode mainly concentrate
near the wall, meaning that the fundamental mode is probably affected by these change. We next
undertake a series of secondary instability analyses for the porous surface to clarify this mecha-
nism.

(@) (b)

4:\\\|\\\|\\\|\\\|\\\| :\\\|\\\|\\\|\\\|\\\|\

o Ref. DNS Present LST
o Ref. DNS

N

Present LST
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FIG. 13. Comparison of temporal primary eigenfunctions between the present results and the DNS data. (a)

smooth wall; (b) porous wall (r = 0.046875 and n=0.25).

As mentioned above, at Mach 4.5, the smooth wall fundamental mode is weaker than the sub-
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FIG. 14. Comparison of temporal primary growth rates against streamwise wavenumbers ¢ at different pore

radii r and porosity coefficients n. (a) n =0.25 and r =0.01,0.02,0.03; (b) r=0.02 and n = 0.125,0.25,0.4.

(@) (b)

LI N I Y I B O B R B 2\\\|\\\|\\\|\\\|\\\
Smooth

n=0.25r=0.01
........... - n=0.25r=0.02
--------- n=0.25 r=0.03

>~1 >1

R
O R I O 1 I I I I L
0 0.02+ 0, 4 0.06 0.08 0O 02 04_06 08 1
17 1/1Ty max T

FIG. 15. Comparison of primary eigenfunctions with different pore radii. (a) normal disturbance |vi"|; (b)

temperature disturbance |T7"|/|T}" [ max-

harmonic mode when the primary amplitude is small or medium, and stronger than the subhar-
monic mode when the primary amplitude is large enough. It should be acknowledged that when
the primary amplitude is close to the saturated amplitude of the primary mode, it can be called
large enough. Generally speaking, the saturated primary amplitude defined by the peak value of
streamwise primary disturbance uf usually is of the order of O(10~!). Correspondingly, the pri-

mary amplitude defined by the peak value of temperature disturbance Tﬁ has a saturated value of

roughly O(1). For comparison, various parameters of r = 0.01,0.02,0.03 and n = 0.125,0.25,0.4
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are chosen to study the explicit rules of porous effects on secondary instability at Mach 4.5. Fig. 14
demonstrates the temporal growth rates of primary Mack mode disturbances with different porous
parameters. The larger the pore radius or porosity coefficient, the more obvious it is that the pri-
mary mode is weakened. Note that the influence of porosity coefficient on the primary disturbances
is similar to that of pore radius on the primary disturbances, so only the latter is studied hereafter.
In order to construct the basic flow for secondary instability analysis, in a similar way with Ng and
Erlebacher??, the wavenumber o is chosen near the right-hand branch of the neutral curve of the
primary Mack mode. For r = 0.01,0.02 and 0.03, the corresponding streamwise wavenumbers o
are determined as 2.42,2.45 and 2.48, respectively. With different pore radii, the corresponding
primary disturbances are displayed in Fig.15. From the figure, it can be seen that the near-wall
disturbances are changed significantly. The larger the pore radius or porosity coefficient, the more

dramatic is the near wall variation.
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FIG. 16. Secondary instabilities of the 2D Mack mode primary disturbances at Mach 4.5 with various

primary amplitudes on porous wall (r = 0.02 and n=0.25). (a) fundamental mode; (b) subharmonic mode.

Solving Eq.(10) with the boundary conditions given by Eq.(11), the secondary instability over
the porous surface is investigated. Since the distribution of secondary instability results are very
similar at various pore radii, only one group of results are selected for display and then only results
where the differences are significant will be given special attention. With porosity parameters of
r =0.02 and n = 0.25, the temporal growth rates of fundamental mode and subharmonic mode
versus spanwise wavenumber 3, with various primary amplitudes are sketched in Fig. 16 (a) and

(b), respectively. It can be seen that both the fundamental and subharmonic modes become more
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unstable as the amplitude of the primary mode disturbance increases. However, the fundamen-
tal modes are more sensitive to the primary amplitude. Furthermore, the spanwise wavenumber
corresponding to the maximum growth rate of subharmonic mode is about 2. When the primary
amplitude is small, the subharmonic mode still dominates. But as the primary amplitude increases,
the growth rate of the fundamental mode increases rapidly. Nevertheless, focusing on the span-
wise wavenumber 3, = 2.0 corresponding to the maximum growth rate of the subharmonic mode,
it is worth mentioning that with the primary amplitude of Mack mode increasing, the fundamental
mode will not surpass the subharmonic mode — which is totally different with the smooth wall
results. While at a larger spanwise wavenumber f3;, it is obvious that the fundamental mode will

be dominant when the primary amplitude is large enough.

0 0.003 0.006 0.009 0.012 0.015

(a) Fundamental mode (b) Subharmonic mode

FIG. 17. Eigenfunctions of the secondary instability modes and the derivatives of the basic flow for sec-
ondary instability over porous surface (r = 0.02 and n = 0.25) at Mach 4.5 when the primary amplitude is

1.0 and 3, = 2.0. (a) fundamental mode; (b) subharmonic mode.

On further analysis, when the amplitude of the primary Mack mode reaches 1, the eigenfunc-
tions |u5L | for the fundamental and subharmonic modes at , = 2.0 are illustrated in Fig.17(a)
and Fig.17(b), respectively. The disturbance energy of the fundamental mode is concentrated in
the near-wall area, and the disturbance energy of subharmonic mode is mainly distributed near
the boundary layer edge. Furthermore, the derivatives dU /9% and the normal derivatives dU /dy
are plotted in Fig.17 for comparison, which both play a crucial role in the production of the fun-
damental and subharmonic modes. Small differences in eigenfunctions overall appear in these

figures compared with the smooth wall eigenfunctions. However, the porous wall with r = 0.02
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FIG. 18. Eigenfunctions of the secondary instability modes and the derivatives of the basic flow for sec-

ondary instability on porous wall (r = 0.02 and n = 0.25) at Mach 4.5 when the primary amplitude is 1.0

and B, = 3.5. (a) fundamental mode; (b) subharmonic mode.
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FIG. 19. Fourier analysis of the fundamental eigenfunctions on porous wall with » = 0.02 and n = 0.25 at

Mach 4.5 when the primary amplitude is 1.0. (a) B, = 2.0; (b)B, = 3.5.

and n = 0.25 obviously decreases the modulus of the fundamental eigenfunction mode amplitude.
Furthermore, when the amplitude of the primary Mack mode is 1, Fig.18(a) and (b) sketch the
eigenfunctions |u§r | for the fundamental and subharmonic modes at 3, = 3.5, respectively. It can
be seen that the eigenfunction distribution of the subharmonic mode and fundamental mode are
mainly located near the edge of the boundary layer region. Compared with the eigenfunctions
computed on the smooth wall at 8, = 3.5, the modulus of the eigenfunctions on both fundamental

mode and subharmonic mode is slightly weakened. The main reason for these changes is likely
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to be due to the differences in the primary eigenfunction profile shape variation arising near the
porous wall surface. Considering Fig. 15, it can be seen that relative changes in the primary distur-
bances arising from porous surface mainly occur near the wall. Due to these near wall variations
of the primary disturbance structure, the modulus of the fundamental mode at 3, = 2.0 is changed
obviously compared with the values in Fig.8 and the fundamental mode is primarily concentrated
within the boundary layer. Besides, the fundamental mode concentrated near the boundary layer
edge for B, = 3.5, is slightly altered. Using Fourier analysis for the eigenfunctions at 3, = 2.0 and
B> = 3.5, the stationary (0, 1) mode always has the largest amplitude in the spectrum as shown
in Fig.19. This property is unchanged, implying that stationary streaks dominate the fundamental

resonances at the conditions discussed above.

Does the change of primary disturbance really have such a big impact? We next focus on as-
sessing the contribution of the primary disturbance changes and the porous boundary conditions
in the secondary instability analysis. In order to make it clear, Eq.(10) with homogeneous bound-
ary conditions were solved. With the porous parameters of r = 0.02 and n = 0.25, the temporal
growth rates of fundamental mode and subharmonic mode versus spanwise wavenumber 3, with
various primary amplitudes are sketched in Fig. 20 (a) and (b), respectively. It can be seen that
the subharmonic modes hardly change, and the fundamental modes are slightly higher than that
shown in Fig.16. Extracting the data at spanwise wavenumber , = 2.0, corresponding to the
maximum growth rate of the subharmonic mode, the explicit rules of the fundamental mode, the
subharmonic mode and the detuned mode against primary amplitude A, with porous boundary
conditions in Eq.(11) and homogeneous boundary conditions, are shown in Fig. 21(a) and (b),
respectively. From the figure, it suggests that even though the homogeneous boundary conditions
are chosen for secondary instability analysis, the fundamental mode, at 3, = 2.0 with the porous
parameters of » = 0.02 and n = 0.25, is still suppressed when the primary amplitude is large and
becomes weaker than the subharmonic mode. Certainly, the porous boundary conditions can also
affect the fundamental modes to some extent. Additionally, when the primary amplitude is 1.0,
similar to the trend reflected by the growth rate, the eigenfunctions of the fundamental mode given
by Eq.(10) with homogeneous boundary conditions as shown in Fig.22 at 3, = 2.0 have larger
values than the ones in Fig.17. As a result, it indicates that the changes in primary disturbances

play a more critical role in the impact of secondary instability over the porous wall.

To investigate the effect of pore parameters, Eq.(10) with the boundary conditions in Eq.(11)

were computed for the secondary instability. At spanwise wavenumber 3, = 2.0, the explicit rules
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FIG. 20. Secondary instabilities of the 2D Mack mode primary disturbances at Mach 4.5 with various

primary amplitudes on porous wall (» = 0.02 and n=0.25). (a) fundamental mode; (b) subharmonic mode.
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FIG. 21. Temporal growth rates in secondary instability against primary amplitude A on porous surface with
pore radius r = 0.02 at Mach 4.5 and f3, = 2.0. (a) porous boundary conditions for secondary instability;

(b) homogeneous boundary conditions for secondary instability.

of the fundamental mode, the subharmonic mode and the detuned mode against primary amplitude
A, with r =0.01,0.02 and r = 0.03, are shown in Fig. 23(a) and (b), respectively. It can be seen
that the larger the pore radius, it becomes evident that the fundamental mode is reduced when the
primary amplitude is large, while the subharmonic mode hardly changes. At a larger spanwise

wavenumber 3, = 3.5, the explicit rules of the fundamental mode, the subharmonic mode and the
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(a) Fundamental mode (b) Subharmonic mode

FIG. 22. Eigenfunctions of the secondary instability modes and the derivatives of the basic flow for sec-
ondary instability on porous wall with homogeneous boundary conditions at Mach 4.5 when the primary

amplitude is 1.0 and B, = 2.0. (a) fundamental mode; (b) subharmonic mode.

(a) (b) (€)
0l 0.l 0.1

—— F&=0.0 smooth —— S &=0.5 smooth —— D &=0.3 smooth
=== ——— . . pPem——- S £=0.5r=0.01] om-——— D €=0.3 r=0.01]
0.08r 0.08=——— S¢=05r=0.027 0.08=———— D £=0.3r=0.02]
- — S £=0.5 r=0.03. IR D €=0.3 r=0.03.
0'06,_ ““““““ 1 0'06,_ 7 0.06; »
o | 1o | o :
0.04; 7 0.04; 7 0.04; 7
0.02r 4 0.02r 4 0.02r .
07 RNV RN EAVERTERI BRI B ] 07 e b b b by ] 07 L b b b e by ]
0 02 04 06 08 1 0 02 04 06 08 1 0 02 04 06 08 1

A A A

FIG. 23. Temporal growth rates in secondary instability against primary amplitude A on porous surface with
various pore radii » at Mach 4.5 when 3, = 2.0. (a) fundamental mode; (b) subharmonic mode; (c) detuned

mode.

detuned mode against primary amplitude A, with » = 0.01,0.02,0.03, are plotted in Fig. 24(a),
(b) and (c), respectively. As discussed above, when the spanwise wavenumber is large, the corre-
sponding eigenfunctions in secondary instability move closer to the boundary layer edge. Because
the primary disturbances are mainly changed near the wall due to the porous wall, the fundamental

modes are influenced slightly. Therefore, at a larger spanwise wavenumber, the fundamental mode

26



AlP

Publishing

is dominant. From the results in Fig. 24, the porous wall hardly affects the properties of secondary
instability when the spanwise wavenumber is large. It is also important to note that the porosity
coefficient has a similar effect on secondary instability with pore radius variations. The greater the

porosity coefficient, the more stronger is suppression of the fundamental mode.
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FIG. 24. Temporal growth rates in secondary instability against primary amplitude A on porous surface with
various pore radii » at Mach 4.5 when 3, = 3.5. (a) fundamental mode; (b) subharmonic mode; (c) detuned

mode.

IV. CONCLUSIONS

This paper analyzed the secondary instability of Mack mode disturbances over porous sur-
face in hypersonic boundary layers, using Fedorov et al.’s classical porous surface model. The
secondary instability equations for a porous surface were derived based on Floquet theory. Con-
trasting results obtained on smooth wall and the porous wall at various conditions, the following
conclusions are drawn:

(1). In hypersonic boundary layers, when the amplitude of the primary Mack mode is large,
for almost all spanwise wavenumbers f3;, the fundamental modes always have a larger maximum
growth rate than the subharmonic modes. The growth rates of the fundamental modes are pro-
portional to the primary amplitude. This conclusion is reached for both smooth and porous walls.
In other words, the primary amplitude plays a more crucial role in secondary instability, which

L 53

is in agreement with the measured data of Chokani et al.””. Their experiment focused on the

unstable Mack mode disturbances evolution, whereas our analysis has been based on a localised
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analysis. However our key conclusions are similar to the experimental findings. With porous
surfaces we find changes of primary disturbance shape play a more critical role in the secondary
instability. On the smooth wall, the fundamental mode dominates the secondary instability when
the primary amplitude is large and close to the saturated amplitude. Whereas since the porous
surface significantly weakens the primary Mack mode, its amplitude is reduced and thus the pres-
ence of the dominant smooth wall fundamental mode was found to be completely absent. This
conclusion proves that the present relation between secondary instability and primary amplitude
of Mack mode disturbances is very important. Due to the decrease of the Mack mode amplitude in
the presence of surface porosity, the subharmonic and fundamental resonances of the Mack mode
observed on smooth surfaces can be significantly modified with appropriate porosity parameters.

(2). On the porous surface transition can be delayed, it occurs further downstream relative to
the solid surface. The present analyses suggests that the eigenfunctions of fundamental modes
are concentrated in the near-wall region and the eigenfunctions of subharmonic modes are mainly
distributed near the edge of the boundary layer. Moreover, the mean shear is very important in the
production of secondary instability modes. Fourier analysis indicates that over both smooth and
porous surfaces, the stationary (0, 1) mode always has the largest amplitude in the spectrum of the
fundamental modes.

(3). For the smooth wall, at the spanwise wavenumber 3, corresponding to the maximum
growth rate of the subharmonic mode, with increments of the primary disturbance amplitude
the fundamental mode dominates when the primary amplitude is large i.e. (O(1) defined by the
peak value of primary temperature disturbances T1+). However, since the porous surface signif-
icantly affects the primary Mack mode disturbances near the wall, at the spanwise wavenumber
corresponding to the maximum growth rate of the subharmonic mode, the fundamental mode is
suppressed and does not surpass the subharmonic mode even though the primary amplitude is
large. This conclusion holds even for small and medium spanwise wavenumbers. Furthermore,
at a larger spanwise wavenumber the corresponding secondary instability eigenfunctions move to-
wards the boundary layer edge. Since primary disturbances are mainly altered near the wall by the
porous surface, the fundamental modes are only slightly influenced. Hence, at a larger spanwise
wavenumber, the secondary instabilities for the porous wall hardly change relative to the smooth
wall. At this condition, the fundamental mode will surpass the subharmonic mode and dominate
the secondary instability when the primary amplitude is large.

(4). Furthermore, as the pore radius increases, the greater the reduction in the fundamental
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mode growth occurs. The same rule applies to porosity coefficient. If appropriate porosity pa-
rameters are specified, the primary amplitude of the Mack mode can be weakened so that the
fundamental mode may be suppressed. When the fundamental mode is weakened by the porous
surface, the porosity is able to increase the relative role of the subharmonic resonance stages of
the weakly-nonlinear development of the second Mack mode instability>3. As a result, unlike the
solid surface, there are no strongly preferred interaction modes of secondary instability over the

porous surface>3. It depends on the specific porosity parameters and flow conditions.
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