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Abstract 

In this thesis the instabihty of two viscous incompressible flows is discussed by using 

numerical and analytical methods. The first problem concerns the steady streaming 

flow, that is contained within a hollow stationary cylinder and induced by the trans-

verse oscillation of a solid inner cylinder. The small gap limit is taken so that a series 

solution in odd powers of the angular variable is possible. From the studies by Hall & 

Papageorgiou [37] and Watson et al. [97], it is known that the leading order equation 

has solutions that are steady, quasi-periodic and chaotic (period doubling). Since all 

the higher order equations are driven by the solution at leading order; the series so-

lution for the steady streaming flow is investigated with an interest to determine any 

chaotic structures. 

The second problem concerns the flow in a horizontal circular pipe, that is subject 

to torsional oscillations about a vertical axis that passes symmetrically through the 

pipe. The onset of a new axisymmetric roll-type instability, as observed experimen-

tally by Bolton &: Maurer [10] for the corresponding rectangular tank problem (of small 

width), is sought in the high-frequency ( < ? > ! ) and small-amplitude limit (a < 1). 

A perturbation of the WKBJ type is imposed upon the basic state, so that the slow 

angular variation of the disturbance is accounted for in the linear stability equations. 

Accordingly, a dispersion relation for the dimensionless frequency parameter # is de-

rived. In order to identify the most dangerous disturbance, it is necessary to minimise 

the eigenvalue B = The theory of Soward k Jones [82] is used to show that 

an acceptable solution of the governing eigenvalue problem, cannot be obtained for 

real values of the latitudinal variable 0; instead, the correct minimum is found in the 

complex 0-plane. 
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Chapter 1 

Introduction 

Fluid mechanics is a vast and interesting field of study, the mathematical understanding 

of which, is beneficial to many areas such as aeronautics, geophysics, industry and 

blood flow analysis to name but a few. Over the years, our understanding of these and 

indeed other intricate dynamical systems, has been developed by the comprehensive 

analysis of numerous simplified systems. In these simplified prototype problems, one is 

often interested in the laminar structures of the flow and their possible destabilisation 

to secondary states or transition to turbulence. 

In 1883 Osborne Reynolds [64] recorded, his now renowned, experimental obser-

vations for incompressible flow in a long pipe of circular cross section. Visualisation 

of the fluid motion was achieved by the introduction of a dye streak, the evolution 

of which, was then monitored downstream. For a particular fluid of fixed viscosity, 

Reynolds observed that a stable laminar flow always existed for small enough fluid ve-

locities. In this case the dye streak continued throughout the pipe in a smooth straight 

line. Reynolds also reported that the laminar flow (at significantly small velocities) 

was sensitive to the initial conditions at the pipe inlet. Small variations of the fiuid 

velocity at the inlet, would interfere with the straight line propagation of the dye, 

causing it to sway within the tube. 

In his analysis, Reynolds introduced the similarity parameter Re, defined as 

Re = ^ , (1 .1) 

where (7 is a typical fiow velocity, v is the kinematic viscosity and L is a length scale 

13 



CHAPTER 1. INTRODUCTION 14 

associated with the radius of the pipe. By expressing the fluid velocity and pressure 

using these scales, the Navier-Stokes equations can then be written in non-dimensional 

form. In this manner, the overall effect of the scales {U, L, i/} then enter the governing 

equations via the Reynolds number. Therefore a flow with different values of {[/, L, i/j, 

but same Reynolds number, has the same non-dimensional Navier-Stokes solution. For 

large values of Re, Reynolds observed the appearance of turbulent spots that caused 

the dye in the remaining part of the pipe to diffuse strongly. Further increases in 

Re resulted in the turbulent behaviour being initiated closer to the inlet. Reynolds 

then continued his experimental study of the pipe flow problem by giving the critical 

Reynolds number for pipes with different wall roughness (for further details regarding 

these experiments see Drazin & Reid [19]). 

Most of the stability work around this time was focused on linear and typically 

inviscid theory. This was largely due to the incorrect perception, that the main effect 

of viscosity is to dissipate the energy being transferred to the perturbations, thus 

viscosity was initially perceived as a purely stabilising feature of the flow. Of course 

under this pretence, the highest derivatives in the equations of motion disappear, thus 

motivating further analytical progress. 

The now popular normal mode analysis, was flrst introduced to fluid stability prob-

lems by Stokes, Lord Kelvin and Lord Rayleigh. The latter authors sought to extend 

the use of the normal mode analysis, since it had already been applied successfully to 

many other dynamical systems. The idea behind this analysis, rests on the assumption 

that any perturbation can be resolved into a sum of modes varying in time like e**, 

where t denotes time. The equations of motion are then linearised about the basic 

state, thus giving rise to an eigenvalue problem for s (which is complex in general). In 

practice the level of difficulty associated with these equations prevents any analytical 

progress and it is often necessary to calculate s numerically. If the real part of s is 

found to be strictly less than zero, the flow is said to be asymptotically stable to that 

mode, and if s equals zero the flow is said to be neutrally stable. Hence an asymptoti-

cally growing disturbance is associated with Re{s} > 0; note, this does not necessarily 



CHAPTER 1. INTRODUCTION 15 

mean that the ensuing motion is turbulent, in many cases the latter condition also 

indicates a bifurcation to a secondary laminar state. 

However, when the method of normal modes is applied to the pipe flow problem 

(investigated by Reynolds), it is surprisingly found that the flow is linearly stable at 

all values of Rg. This result is clearly inconsistent with the turbulent flow observed 

experimentally by Reynolds, implying that the resolution of this discrepancy would 

require a full nonlinear description of the flow. 

The mechanism by which a realised instability is initiated varies greatly from one 

problem to another. Subsequently, many canonical problems have been investigated 

over the years to enhance our understanding of the respective transition phase for each 

flow. Because this thesis considers two specific problems, some of the more relevant 

background is provided in addition to some general review. 

1.1 Thermal convection 

One of the first and indeed simplest instability mechanisms to be observed, was the 

overturning instability associated with a horizontal fluid layer resting on a heated plate. 

In the vicinity of the plate, the fluid is less dense than the remaining part resting above 

it. Therefore once the destabilising eflTects of buoyancy dominate over the stabilising 

ones of viscosity and thermal conductivity, the instability is initiated and is assisted 

by the action of body forces, which in this case is gravity. This instability was first 

reported in 1881 by Thomson [95] who described the instability qualitatively, but 

the first set of experimental data was documented by Benard [4] in 1900. Benard's 

experimental study later inspired Rayleigh to investigate the problem theoretically. 

In 1916 Rayleigh [62] formulated the associated stability problem using linear the-

ory and subsequently he introduced an important dimensionless parameter called the 

Rayleigh number. The Rayleigh number represents the temperature gradient across 

the fluid layer. Moreover, in terms of stability characteristics, the Rayleigh number 

is the ratio of buoyancy effects to the stabilising influences of thermal difl'usion and 

viscous dissipation. 
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However it was later shown by Block [9] and Pearson [59], that the instability in 

the regime investigated by Benard, i.e. the case of thin free-surface fluid layers, is 

in fact driven by the variation of the surface tension (with temperature) and not the 

mechanism associated with the exchange of light fluid and heavy fluid. The failure 

of Rayleigh's description, for the case of thin layers, was due to the inadequacy of 

his mathematical model. In Rayleigh's analysis, the fluid is conflned between two 

horizontal rigid plates. However in the experiments conducted by Benard, the upper 

surface of the fluid layer was unbounded and open to the air. Since the upper surface 

is free, surface tension forces have an affect on the flow and in the case of thin fluid 

layers, these forces are more dominant than the effects of buoyancy. The importance 

of this subtle difference was explained by Pearson [59], who incorporated the appropri-

ate surface tension effects by formulating the stability problem using the Marangoni 

number (named after the 19*^ century Italian investigator). Despite this important 

amendment by Pearson, some flfty eight years after Benard's investigation, the name 

'Rayleigh-Benard' convection has remained flrmly attached to this type of instability. 

This is probably due to the fact that Rayleigh's work is still apphcable to regimes 

where the fluid layer is thick. In these cases, the variation of the surface tension is 

outweighed by the dominating effects of buoyancy, and the instability proceeds via the 

mechanism initially assumed for this problem. 

Many variations of the classical Rayleigh-Benard problem have been investigated 

since the amendment by Pearson e.g. Yih k Lin [102] have investigated the modulated 

heating of the upper and lower plates. In the latter study, the Rayleigh number is sup-

plemented by the Prandtl number (ratio of kinematic viscosity to thermal diffusivity) 

in the nonlinear flow description. A thorough discussion of the latter investigation, 

and indeed other modifled versions of Rayleigh-Benard problem, can be found in the 

review article by Davis [16] and the references therein. 
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1.2 Centrifugal instability 

It is known that a flow moving along a curved path will experience a centrifugal 

body forced (subject to an orientation about a local radius of curvature) and under 

certain conditions e.g. large angular velocities, this force can provide the appropriate 

means for instability. This centrifugal force, which acts normal to the streamlines, is 

essentially balanced by the pressure gradients along the normals; therefore a temporal 

imbalance of these forces can have a destabilising effect on the fluid motion. The extent 

and precise description of this destabilisation has been heavily investigated in many 

conflgurations, some of which are described below. 

1.2 .1 Taylor vort ices 

As the name suggests, Taylor (1921, [91]) was the first to observe the appearance of 

these toroidal vortices in, certain regimes of, his experimental analysis concerning the 

flow between two coaxial cylinders. In this experiment the inner and outer cylinders 

are allowed to rotate independently with respective angular velocities and 02- The 

vortices develop in the streamwise sense and align themselves periodically in the axial 

direction. In this configuration, any two neighbouring vortices are rotating in opposite 

directions, as shown in figure 3.2 on page 179. In the subsequent viscous analysis, 

the Taylor number T was introduced to represent the ratio of the centrifugal efl'ects 

to the viscosity of the flow. At small values of the Taylor number, the viscous forces 

are dominant and accordingly it is anticipated that the flow is stable. In contrast, the 

centrifugal forces are destabilising and therefore instabihty is expected at large values 

of T. By letting L represent a convenient length scale, the Taylor number can be 

defined as 

r = (12) 
where Q, is the angular velocity of the swirling flow. 

However, some important related studies were carried out prior to Taylor's exper-

iment, namely those by Couette [14], Mallock [50] and Rayleigh [63]. In 1890 Couette 
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[14] sought to measure the viscosity of a fluid contained between two coaxial cyUn-

ders (with fii = 0 and O2 > 0) by measuring the torque exerted by the flow on the 

stationary inner cyHnder. He observed that below some critical value Q,2c the torque 

increased linearly with and above this critical value the magnitude of the exerted 

torque is found to increase more rapidly. The onset of this rapid increase was clearly 

marked in the experiment, by the transition of the laminar circumferential flow to an 

unstable state. 

Later Mallock [50] investigated the configuration in which the outer cylinder is at 

rest = 0) and the inner one is made to rotate. Despite this minor change in the 

experimental setup, the results were fundamentally different to the findings of Couette. 

Mallock found that the flow in this regime was unstable for every non-zero value of 

fii-

The inviscid problem was later investigated theoretically in 1916 by Rayleigh [63]. 

By using a elegant argument based on the conservation of angular momentum, Rayleigh 

proved that $ > 0 is a necessary and sufficient condition for stability to axisymmetric 

disturbances; here the Rayleigh discriminant $ is given by 

(1.3) 

and r denotes the radial coordinate. Although Rayleigh derived this result for inviscid 

flow, Synge (1933, [88]) has shown this condition is also applicable to viscous flows 

in the special case where /j, = ^ 2 / ^ 1 > 0 (note, Yih [101] has also presented a much 

simpler proof of this condition). 

Intrigued by the findings of Mallock, Taylor [91] conducted an experimental inves-

tigation of the fiow between two counter rotating cylinders. For separation gaps of 

small width, Taylor observed that the rotational Couette fiow, for large enough Taylor 

numbers, would give way to a secondary flow in which the toroidal vortices would ap-

pear as before. He also noted that upon further increasing the swirl (with /u < - 1 ) , the 

axisymmetric vortices become wavy and a non-axisymmetric instability is present. In 

the followup paper two years later, Taylor [92] supplemented his experimental findings 

with a theoretical result that predicted the onset of vortices extremely well (in the 
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—0.73 < /i < 0, m = 0 

-0 .76 <fi< -0.73, m = 1 

-0.796 <n< -0.76, m - 2 

-0 .88 < < -0.796, m = 3 

— 1.08 < /X < —0.88, m = 4 

<i fjL K. —1.08, m = 5 

Table 1.1: The range of n investigated by DiPrima et al. [49], and the corre-
spending azimuthal wave number of least stable mode. 

small gap limit). 

Later, DiPrima [17] investigated the stability of Couette flow to three-dimensional 

distmrbances. Again, a linear eigenvalue problem is derived and for the specific cases 

/J. = 0, 0.5 (in the small gap limit), it is found that the three-dimensional disturbances 

are slightly more stable than the corresponding axisymmetric ones. DiPrima [49] went 

on to extend this work with his colleagues Kruger and Gross, by considering the case of 

counter rotating cylinders (/x < 0). In this study the least stable mode, for n < -0.73, 

is found to be non-axisymmetric and the associated azimuthal wave number is found to 

increase rapidly as /x is decreased from this value, see table 1.1. Moreover, this result 

also agrees well with experimental observations of Snyder (1968, [80]). An extensive 

discussion of the Taylor vortex system can be found in the review article by Stuart 

[86]. 

1.2 .2 Gort ler vor t i ces 

In 1940 Gortler [24] theoretically explored the destabilisation of a boundary layer on a 

concave surface. Gortler formulated this problem under the parallel flow assumption, 

which neglects the growth of the boundary layer. Moreover, under this assumption the 

basic state is assumed to be independent of the streamwise coordinate and the small 

normal velocity component is neglected too. Consequently, the governing set of partial 

differential equations reduce to a set of linear ordinary differential equations, and as a 
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result the stability analysis is greatly simplified. 

The critical parameter in this case is the Gortler number, which can be thought 

of as spatially varying equivalent of the Taylor number. The Gortler number, G, is 

defined as 

G _ UqqSM fSM\ 
u with Sm = 1 (1.4) 

Here tq is the radius of curvature of the flow, C/qo is a typical velocity scale associated 

with the external flow and y is the coordinate variable normal to the curved surface. 

The momentum thickness 5m is deflned as: the thickness of a fluid layer with a uniform 

velocity J7oo and a streamwise momentum flux equal to the defect of boundary layer 

momentum flux (compared with flux in the absence of the boundary layer). The length 

scale represented by 6m is related to the drag force, D — pU^6m, which acts on the 

surface of the curved plate, see Young §2.10 [103]. By using Sm as a characteristic 

length (as opposed to using the boundary layer thickness), Gortler [24] showed that 

the neutral stability curve is not dependent on the shape of the unperturbed velocity 

profile. This result was later found to be in agreement with the work of Hammerlin 

p8]. 

By employing the parallel flow assumption, Gortler calculated the critical value of 

G as 

Gc ~ 0.58. (1.5) 

Subsequently, Gortler's analysis demonstrated the existence of an instability that takes 

the form of vortices whose axes are parallel to the main flow, as shown in figure 

1.1. Although Taylor and Gortler vortices both arise through essentially the same 

centrifugal mechanism, Gortler vortices are significantly different because they develop 

in a basic state which is spatially growing, whereas Taylor vortices are confined by the 

bounding geometry of the cylinder walls. 

A complete understanding of the Gortler problem is particularly relevant to aero-

dynamics, where the theory can be used to discuss the flow past the curved regions 

found on the wings of aircraft, jet inlets and the surfaces of turbine blades. 



CHAPTER 1. INTRODUCTION 21 

Direction of flow 

Fig. 1.1: The formation of Gortler vortices on a concave wall. Here the 

downstream and spanwise coordinates are denoted by x and z respectively. 

The boundary layer transition was later studied experimentally by Liepmann [45]. 

Liepmann showed that the critical Reynolds number for concave walls (see (1.8)) is 

lower than the corresponding value for a flat plate, thus implying that concavity has 

a destabilising effect on the flow. It is of interest to note that the critical value of G 

obtained experimentally by Liepmann is 

Gr ~ 7.3. (1.6) 

Of course the above value is profoundly different to the one calculated by Gortler (1.5). 

Indeed all of the subsequent studies that were based on the assumption of parallel 

flow, were all found to agree poorly with the data collected from the experimental 

investigations. 

It was later shown by Hammerlin [38], that the critical value of Gc calculated by 

Gortler (1.5) occurs with zero wavenumber. The physical interpretation of the latter 

result, indicates that Gortler's analysis predicts vortices of infinite spanwise wave-

length, which is not the case observed in the experiments. In view of this shortcoming, 

Hammerlin [39] reconsidered the Gortler problem and reintroduced some of the terms 

associated with effects of curvature (that had previously been neglected in favour of 

simplification). The analysis of Smith [79], additionally included some of the terms 
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associated with the boundary layer growth. In both of these studies it was discov-

ered that the wavenumber associated with the least stable disturbance is nonzero. 

Hammerlin obtained the value 

Gc ~ 0.3, (1.7) 

for the critical Gortler number, and a very similar value was also obtained by Smith. 

Despite the relative success of the above work, many 'improved' yet truncated versions 

of the stability equations have since been studied and are known to produce inconsistent 

results at 0(1) values of the spanwise wavenumber. A detailed comparison of these 

calculations can be found in the review article by Herbert [41]. 

These discrepancies were finally resolved by Hall [28] [30], who obtained a consistent 

set of non-separable partial differential equations for the non-parallel linear stability 

problem in the limit of high Reynolds numbers and small surface-curvature. In the 

latter study, the Gortler number is expressed in terms of the Reynolds number R^ and 

the local radius of curvature a. Accordingly, the Gortler number is defined as 

OT. 1 
(2 = ---JtF. (1.8) 

a ^ ' 

Hall [30] has shown that the full partial differential system must necessarily be retained 

for 0(1) wavenumbers to describe the spatial growth of the boundary layer. Hall has 

also argued that a local stability analysis, i.e. assuming perturbations in the form 

of normal modes, is formerly justified when the boundary layer thickness is large 

compared to the spanwise wavelength of the Gortler vortices. When the boundary 

layer thickness is of the order of the spanwise wavelength or smaller, which is always 

the case in some upstream region near the leading edge of the plate, the set of full 

non-separable equations has to be integrated by resorting to a downstream marching 

technique. Since the spatial stability problem is parabolic, the streamwise evolution of 

a disturbance is entirely dependent on the form and streamwise location of the imposed 

initial perturbation. Because the vortex growth is dependent on the history of the flow, 

the concept of a distinct neutral curve at any given location has no meaning for the 

Gortler problem. Instead, the stability is discussed in terms of a dimensionless energy 
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function (of the disturbance) and its turning points. Further details are given in the 

original papers [28] [30] and the review articles by Hall [34] and Saric [70]. 

1.2 .3 Stokes layers 

The centrifugal instability of a Stokes layer on a torsionally oscillating cyhnder has 

been investigated theoretically and experimentally by Seminara & Hall [76] [77]. In 

the configuration under investigation, the cylinder is immersed in an unbounded in-

compressible fluid, and for high frequency oscillations the flow is confined to a thin 

boundary layer. At leading order the boundary layer is found to be of Stokes type. 

Moreover, the importance of the centripetal forces becomes increasingly small as the 

ratio of the Stokes layer thickness to the radius of the cyhnder tends to zero i.e. as 

^J{v/u)|a -4- 0, where w is the frequency and a is the radius of the cyhnder. Therefore, 

centripetal forces have a negligible efi'ect on the basic flow at leading order. However, 

by imposing a disturbance that is rotationally symmetric and axially periodic, it is 

shown that the basic state is susceptible to an instability of the Taylor vortex type. 

The linear stability equations derived in [76] have coeflicients that are periodic in 

time and thus a Floquet analysis is used to reduce these equations, into an infinite 

set of coupled ordinary differential equations. This infinite set of equations is then 

truncated and solved numerically. An analytic series solution is also obtained for 

the same system, and the results from both methods of integration are found to be 

consistent. The critical Taylor and axial wavenumber are calculated to be (numerical 

result quoted) 

= 164.42, = 0.85852, (1.9) 

respectively. An experimental investigation was also undertaken to physically observe 

the instability using ink dye. The critical values obtained by Seminara & Hall from 

this experiment are 

T '̂̂  = 150.0, = 0.88. (1.10) 

As mentioned by the authors themselves, the above values are perhaps subject to some 

experimental error because the visualisation method was rather crude, but sufficient 
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for the purpose of observing the instability qualitatively. In the same experiment 

Seminara k Hall also report a secondary instability at ~ 185. At this value of 

Taylor number, the neighbouring vortices appear to interact and form bigger vortices 

with an axial wavenumber ~ 0.17. The linear instability analysis of [76] could not 

explain this secondary instability. 

However, Seminara k Hall [77] did investigate the development of the flow for 

^ ^ = 164.42 using a weakly nonlinear theory. A multiple scales analysis was used 

to derive an amplitude equation (see section 1.3) for the disturbance, and subsequently 

the authors were able to show that a stable axially-periodic flow bifurcates from the 

basic circumferential state. Accordingly, the authors concluded that second bifurcation 

at ~ 185 must be associated with an instability of the secondary state evaluated 

for T > Tc^\ Later on. Hall [27] considered the stability of this secondary state 

to subharmonic perturbations (axisymmetric modes with twice the axial wavelength 

of the basic flow) by using linear theory. The theoretical value obtained from this 

calculation is 

Tj') =: 183.8, (1.11) 

which agrees extremely well with the experimental value T ~ 185 obtained in [76]. 

Moreover, Park, Barenghi and Donnelly [58] have also confirmed, from their exper-

imental investigation, the presence of a subharmonic mode near this critical Taylor 

number (which they estimate as = 181.7). In the latter investigation it is also 

found that further equilibrium states do not exist above the second critical Taylor 

number Tc^\ 

1.3 Nonlinear ity 

To understand the evolution of a flow near the onset of transition (or beyond), one is 

usually required to adopt a nonlinear analysis. This is because the nonlinear terms are 

no longer negligible and must be incorporated in any flow description near the critical 

value of some dimensionless control parameter e.g. Taylor number. For many flows. 
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where a linear neutral stability curve can be constructed, the amplitude A{t) of the 

imposed disturbance is found to obey an equation of Stuart-Landau type. Here t is 

time and the Stuart-Landau equation is 

dt — cr|^ | —71^1 4- . . . , (1.12) 

and a is the growth rate (in time) predicted by linear theory, and 7 is a constant that is 

usually determined by the solvability condition of the leading order nonlinear stability 

equation. Moreover, the Landau constant 7 is a measure of the nonlinearity and with 

7 set equal to zero, equation (1.12) reduces to the same equation that is derived from 

linear theory. If equation (1.12) is truncated at 0{\Af), it is then possible to integrate 

the equation directly to give the following analytic solution: 

where Aq is the initial nonzero amplitude of the disturbance. Prom (1.13) it is evident 

that the fate of an initial disturbance is dependent on the signs of a and 7. For the 

case 7 > 0 with T > Tc i.e. the Taylor number exceeding its critical value (thus ct > 0); 

it is easily shown from (1.13) that A converges to a finite value over time, namely 

^ ^ ( < 7 / 7 ) 2 as t ^ + 0 0 . (1.14) 

This is called supercritical stability because the secondary flow with T > Tc has a 

finite amplitude, and resulting flow will therefore a settle into a new laminar state. 

This new laminar state is stable provided that the second least stable growth rate in 

time remains negative (this usually occurs for 0 < T - Tc <C 1, see Drazin k Reid 

[19]). Conversely for T <Tc, a subcritical instability is said to exist if the flow is stable 

to all disturbances with arbitrarily small amphtudes, but unstable to a particular 

disturbance with sufficiently large, yet finite, amplitude. 

In contrast, the nonlinear effects which govern the growth of Gortler vortices cannot 

be described by the concept of a disturbance amplitude A{t), as used in a Stuart-

Watson type analysis. In the Stuart-Watson method, energy is passed down from 

the fundamental to higher harmonics and the mean flow (here the 'fundamental' is 
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understood as appropriate term in the spanwise Fourier expansion of the disturbance), 

see Stuart [85] and Hall [29]. A consistent flow description of the aforementioned 

problem was first put forward by Hall [29] [32] [33], who proposed a 'mean-field' theory in 

which the higher order harmonics have no role. In the latter studies, Hall examines the 

streamwise evolution of Gortler vortices and his earlier linear analysis [28] [30] is used to 

determine the streamwise starting point of growth/decay i.e. the streamwise location 

{x = X*) where the flow is determined to be neutrally stable. From Hall's analysis it is 

found that the mean-flow correction and fundamental component of the vortex satisfy 

a pair of simultaneous partial differential equations. Generally these equations must 

be solved numerically, although an asymptotic description is also possible for small 

wavelength vortices at large distances from x = x*, see Hall & Lakin [33]. Further 

developments were also made by Hall [32] for 0(1) wavenumbers. In this case it 

was discovered that the streamwise velocity profile is highly inflexional and therefore 

likely to break down via a Rayleigh type instability. Subsequently, the breakdown of 

the longitudinal vortices in a curved boundary layer has been investigated by Hall &: 

Horseman [35]. In the latter study, the temporal instability of an inviscid travelling 

wave disturbance is investigated and the results are found to agree qualitatively with 

the experimental observations of Swearingen k Blackwelder [87]. A summary of the 

linear and nonlinear development of Gortler vortices in growing boundary layers can 

be found in Hall [34]. 

1.4 The transversely oscillating cylinder 

In his experimental investigation of this problem, Honji [44] observed the appearance 

of axially periodic vortices of the Taylor-Gortler type, close to the surface of a trans-

versely oscillating circular cylinder. He also noted that this instability is only in eflect 

for sufliciently large oscillation amplitudes. Outside the Stokes layer which exists at 

the cylinder wall, there is a steady flow which persists and is referred to as the steady 

streaming component of the flow. This steady flow is generated by the associated 

Reynolds stresses of the fluctuating flow within the Stokes layer. In Honji's experi-
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ments, it is observed that the steady streaming flow causes the indicator dye to diffuse 

away from the Stokes layer i.e. away from where it is first introduced. At larger am-

plitudes of oscillation the vortices disappear, and the resulting flow is separated and 

turbulent. Prior to the publication of [44], Taylor-Gortler vortices had primarily been 

associated with the torsional action of the cylinder. Despite this difference in cylinder 

motion, Honji believed that essentially the same Stokes layer instability is present in 

both problems. 

Hall [31] addressed the stability of this flow by using both linear and weakly non-

linear theory. To describe the flow in [31], the following nondimensional parameters 

are deflned: 

p = = (1.16) 
u (jja uju 

Here, a is the radius of the cylinder, Uq is a typical velocity and w is the oscillation 

frequency. The parameter A represents the ratio of the amplitude of oscillation to the 

cylinder radius and is considered to be small. The steady streaming Reynolds number 

for the flow is denoted by Rg and the nondimensional frequency is represented by 13. 

Particular attention is given to the large frequency limit where /3 oo and Rg = 

0 (^2 ) . In this case, the linear stability equations only depend on the radial variable 

and time. Moreover, the periodicity of the coefficients in the governing equations, 

permits the use of Floquet theory to reduce the system into an infinite set of coupled 

ordinary differential equations. The numerical solution of this system then determines 

the coeflicients in the expansion for critical steady streaming Reynolds number, Rgc, 

in the limit > oo. The latter calculation by Hall gives 

Rsc ^ + 1.9513^+.. . (1.16) 

This expansion agrees extremely well with the experimental data collected by Honji. 

Although expansion (1.16) is formerly valid for /3 —> oo i.e. A = O(/0~5), the approx-

imation is also found to agree equally well for A ~ 1. To compare this result to the 

corresponding value for the torsionally oscillating cylinder, it is convenient to write 

Rs = (1.17) 
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where T is the Taylor number. Hence the critical Taylor number for this problem 

is Tc = 8.48, and the corresponding value for the torsionally oscillating cylinder is 

= 164.42, see §1.2.3. It is apparent that the transverse oscillation of the cylinder is 

by far the most unstable configuration, however there are no simple physical arguments 

that explain why this result should be expected. 

Prom Hall's weakly nonlinear analysis, it is shown that the outer steady streaming 

boundary layer is driven simultaneously by the basic oscillatory flow and the instability. 

This in turn implies that the instability has an 0(1) influence on the steady streaming 

flow. Moreover, Hall's nonlinear analysis indicates that the vortex instability is in 

fact subcritical in nature. This result is rather unexpected since it is not inline with 

the supercritical behaviour observed in other Taylor-Gortler systems e.g. torsionally 

oscillating/rotating cylinders (except for the case of counter rotating cylinders see 

DiPrima & Sjbrand [18]). It is interesting to note, that near the predicted value of the 

critical Taylor number, Honji observes what appears to be a steady state with vortex 

cells. Hall suggests that this steady state could arise after a large amplitude subcritical 

disturbance is stabilised by higher-order nonlinear effects. It is clear that the definitive 

nature of the bifurcation can only be understood by solving the full stability equations 

with a Pourier analysis in the axial direction. However, the numerical undertaking of 

such a problem is not simple because the governing set of partial differential equations 

are coupled and nonlinear. 

Overview 

In chapter 2, the steady streaming flow between two cylinders (induced by the high 

frequency transverse oscillations of the inner cylinder) is discussed in the small gap 

limit. For asymptotically small (and large) values of the steady streaming Reynolds 

number, Rs, it is possible to derive the asymptotic forms of the governing stream 

function These asymptotic solutions are then compared to the numerical solutions 

for 

The numerical solutions for the governing equations of motion are sought via two 
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methods. In the first method the governing PDE is solved directly and this solution is 

referred to as the DNS. In the second method, ^ is expanded in a 0-power series i.e. 

oo 
^ = y^g2n+l^(n)^ 

n = 0 

and in this manner the governing PDE is reduced to an infinite set of coupled ODEs 

(note, here 9 denotes the angular variable). The results obtained via these two difi'erent 

methods are analysed and it is found that both approaches produce identical results 

for i?5 < 1. However as Rg is increased to Rs % 50 it is found that a shock like 

discontinuity manifests in the DNS. The plane of this shock lies in the radial direction 

and is confined to the 0-range 5° < 0 ^ 40°. 

For Rs > Ri ^ 6.6 it is found that the term becomes unbounded in the 

time marching procedure that is used to calculate the series solution. Moreover, it is 

found that the terms: and become unbounded at i?2 ~ 4.2, R3 % 3.0 

and i?4 % 2.4 respectively. Accordingly, a linear stability analysis is formulated and 

consequently it is shown that Rn, ~ 2^+1 as n -> 00. In view of this result, the terms in 

the series solution are sought without time marching. In fact, since the DNS for ^ is 

steady for Rs < 50, each term in the series solution is calculated directly by solving the 

appropriate boundary value problem. By calculating the terms in this manner, it 

is found that the series solution converges over a progressively smaller 0-range as Rg is 

increased from Rg = 0 to Rg = 50. However, for Rs > 2800 it is found that the series 

solution converges to the asymptotic solution of the PDE, in contrast presence of the 

shock discontinuity still persists in the DNS. Moreover, by modifying the boundary 

conditions of the physical problem, it is found that the qualitative features of DNS 

and series solution remain unchanged. 

In chapter 3, the onset of a new roll-type instability is sought for a torsionally 

oscillating circular pipe. Moreover, the onset of this instability is sought in the high-

frequency ( < ? > ! ) and small-amplitude limit (a <C 1). By considering disturbances 

that are symmetric about the horizontal diameter of the pipe, it is found that the 

governing stability equations at 0 = 0, reduce to those which govern the onset of 
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the roll-type instability in a Hele-Shaw cell, see Hall [36]. Note, here 6 denotes the 

latitudinal variable measured from the horizontal diameter of the pipe. 

By imposing a perturbation of the WKBJ type upon the base flow, a dispersion 

relation for the dimensionless frequency parameter # is derived. In order to identify 

the most dangerous disturbance, it is necessary to minimise the eigenvalue B = 

Note B = B{9,k), where k denotes the wavenumber of the imposed disturbance. The 

theory of Soward & Jones [82] is used to show that the minimised value of B corre-

sponding to the Hele-Shaw cell, does not correspond to physically acceptable solutions 

for the circular pipe problem. Accordingly, it is necessary to minimise B over the en-

tire {6, A:}-domain, where 9 and k are now principally allowed to be complex variables. 

By considering the symmetry of the problem, it is shown that the minimisation of B 

can be achieved by considering Re{0} = 0 and k G R. Proceeding in this manner, 

the stability equations are time marched over the {6, A:}-domain with the intention of 

finding the saddle point {do,ko} at which B is minimised; this saddle point is defined 

by the conditions: 

= 0 with ^ = 0 . 

By time marching the stability equations it is found that there is a discontinuity 

in the neutral stability surface. Accordingly, the numerical approach is reformulated 

and the perturbations in the stability equations are expanded in a Fourier series in 

time. The resulting system leads to an eigenvalue problem for the growth rate in time. 

By using the Fourier series approach, the presence of the discontinuity in the neutral 

stabihty surface (computed via time marching) is explained. Thereafter, the required 

values of {#o, ^o} are identified. 



Chapter 2 

The steady streaming flow 
induced by an oscillating cylinder 

The viscous flow under consideration, is incompressible and bounded by two infinitely 

long cylinders which are aligned in the direction of the z-axis. The outer cylinder is 

stationary and the inner cylinder oscillates transversely along the x-axis with velocity 

C/Q sin ojt. The steady streaming component of the flow is considered for oscillations of 

high frequency and small amplitude, and the small gap-width limit is taken (i.e. the 

UQ sin uit ^ 

limit where the ratio of the radii tends to unity). At leading order the slip velocity on 

the inner cylinder is proportional to 9 (cylindrical polar angle in the x-y plane) and 

31 
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independent of time. Since the flow in the vicinity of 0 = 0 is one of stagnation type, 

a solution represented by a series expansion in 9 is sought. In this manner, the local 

structure near 0 = 0 is incorporated into the full description of the flow fleld. 

Prom the recent studies by Hall &: Papageorgiou [37] and Watson et al. [97], it is 

known that the leading order equation from the series expansion supports steady, peri-

odic and chaotic period-doubling solutions. This leading order equation appears in the 

study by Hall & Papageorgiou [37], as the governing equation for the steady streaming 

flow between two parallel walls, driven by the time-periodic action of the upper wall in 

the high Reynolds number and small-amplitude limit. In the latter investigation many 

interesting flow structures are discovered. Moreover, these structures axe particularly 

important because they are relevant to flows of stagnation type. Hence for the present 

study, the solutions of the driven system of equations are explored with intention to 

relate the flow structures found in [37] [97], both laminar and chaotic, to the present 

steady streaming flow under consideration. 

2.1 Introduction 

The flow that is induced by an oscillating circular cylinder immersed in an incom-

pressible viscous fluid, has been studied analytically and numerically by many authors, 

notably by Stuart [83] [84], Riley [65] [66] [67], Duck & Smith [20] and Haddon & Riley 

[25]. Our concern is with the bounded version of this problem. Here, a stationary outer 

cylinder of radius b, contains the fluid and the transversely oscillating inner cylinder, 

of radius a and velocity Uosinut*. The following dimensionless parameters have been 

used in previous studies and are defined here to aid further discussion: 

e = Uo/cj^a, = cjo^/u, 
(2.1) 

Re = UOA/V = e M ^ , REG = UQ/OJV = a = b/a. 

Here u is the kinematic viscosity. Re is the usual Reynolds number and e is the fre-

quency parameter. Since the present study considers oscillations of small amplitude 
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and high frequency, e is small and is used as a perturbation parameter. It is helpful to 

review the analysis of Stuart [84] to discuss some of the key features concerning steady 

streaming flow; consequently, this will demonstrate the importance of the parameters 

M and Res-

In 1966 Stuart considered the flow that develops around a single cylinder which 

oscillates transversely in an infinite fluid medium, henceforth this will be referred to as 

the one-cylinder problem. Prom this study is it known that when a cylinder of radius 

a ()#> oscillates with velocity C/osinwi, a time independent flow is generated 

along with the main fluctuating part. If e is used as a perturbation parameter to 

expand the associated stream function in a regular series, it is seen from the Navier-

Stokes equations that the steady component arises from nonlinear interactions of the 

leading approximation. From equation (2.4) (the Navier-Stokes) it can be seen that the 

nonlinear terms enter at 0(e); accordingly, the induced steady streaming flow enters 

at 0(e) in the expansion of the stream function. 

Following Stuart 's analysis, in order to facilitate the outer leading order inviscid 

solution, it is necessary to introduce a Stokes shear-wave boundary layer at the cylinder 

wall. Within this layer, the effects of viscosity are reintroduced so that the 

flow adjusts appropriately to meet the cylinder surface with zero velocity. To use 

the matching principle described above, it is important that the boundary layer does 

not separate from the cylinder wall. By examining the boundary layer on a cylinder 

which accelerates from rest, Stuart has shown that separation can only occur if the 

cylinder traverses a distance 0(3a/10) i.e UQ/U ~ 3a/10. However, since the present 

problem considers oscillations of high frequency and small amplitude, the condition 

e = Uo/ua <C 1 ensures that the boundary layer remains attached to the cylinder 

surface. Moreover, the parameter M is identified as the ratio of the distance length 

scale a, to the viscous one of length (zz/w):. In the present discussion, the length 

scale of the cylinder is significantly greater than the shear-wave layer thickness, so the 

assumption, M large (exact gauge to be specified later), will be implicit hereafter. 

At 0(e) in the matching procedure, it is required that the tangential steady stream-



CHAPTER 2. THE STEADY STREAMING FLOW BETWEEN CYLINDERS 34 

ing velocity component is zero at the edge of the Stokes layer. However, it is found 

that the inner solution, i.e. the solution for the Stokes layer, cannot simultaneously 

obey the boundary conditions at the wall together with the ones imposed at infinity 

i.e. at the edge of the Stokes layer. The streaming flow, which persists outside the 

Stokes shear-wave layer, is produced by the action of the large Reynolds stresses that 

arise from the nonlinear effects of the fluctuating flow acting on the steady compo-

nent. These Reynolds stresses constitute part of the stress components that act on 

fluid element in the mean flow, and arise because there is a mean transport of mo-

mentum due to the velocity fluctuations, see Stuart ([84], §9). As a result of this, 

the matching procedure is modified and the zero velocity criteria at infinity (for the 

steady component) is relaxed to finite velocity, a full discussion concerning the validity 

of this procedure can be found in Riley [65]. At the edge of the shear-wave layer this 

streaming velocity is 0(e(7o), and a Reynolds number specifically for this streaming 

flow is formed by writing RES — AEUO/V = UQ/CJU. The parameter RES governs the 

steady flow which persists outside the shear-wave layer and is referred to as the steady 

streaming Reynolds number. 
_ 1 

In the limit Rss —> oo, a steady streaming boundary layer of thickness 0{aRes 

forms at the cylinder surface. Since this streaming layer is larger than the O {u/u})^ 

Stokes shear-wave layer, it is referred to as the outer layer. Consequently it is within 

this outer streaming layer, that the tangential streaming velocity decays to zero. For 

intermediate values of Rs, the flow adjustment takes place over a wider region. Ad-

ditionally, Stuart [84] has also demonstrated that the steady flow in the outer layer is 

not significantly affected by the potential flow in the core region, hence substantiat-

ing the validity of the governing equations derived for the outer layer. For Reg 3> 1, 

Stuart sought a solution for the steady flow in the outer layer via a formal series ex-

pansion. Moreover, Stuart 's expansion was centred at the upper stagnation point on 

the oscillating cylinder, denoted by the point S in figure 2.1. In the analysis, a 'small' 

perturbation parameter was introduced for the expansion of the governing stream func-

tion. Eventually the small parameter was set equal to unity and the resulting series 
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Fig. 2.1: The free jets emerging from a collision of the outer boundary layers 

for Reg 1. Here, S and C denote stagnation and collision points respectively. 

solution was found to converge. By using this approach, Stuart vyas able to evaluate 

the first few terms of his series analytically, and consequently the method of Fettis 

[22], which had been used for ODEs, was successfully extended to PDEs. 

However, the latter series solution was of limited use because more terms were 

required in order to obtain a converged solution at the axis of oscillation. Despite 

this restriction, Stuart believed there would be an inevitable collision of the outer 

boundary layers at the axis of oscillation, and that a free jet would ensue from the 

point of impact, as shown in figure 2.1. 

A few years later, Riley [65] also pursued the one-cylinder problem and his inner-

outer expansion method proved to be more effective. In this procedure, e is used as a 

perturbation parameter and the series expansions for the inner Stokes layer and outer 

streaming layer are matched in the large Rg limit. In this way, Riley analytically 

obtained the first few terms of his series and by using the first term alone, he was 

able to confirm Stuart's postulate regarding the collision of the outer boundary layers. 

Moreover, the inner-outer expansion procedure was also useful in ratifying the a priori 

assumption, initially made by Schlichting [72], that the streaming velocity is finite 

at the edge of the shear-wave layer. This implicit assumption, was shown to be a 

necessary condition for matching to proceed correctly. 
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The expansion obtained by Riley was consistent with the one calculated previously 

by Stuart, and unfortunately its convergence was also limited to small angles away from 

the upper stagnation point. Riley [66] went on to extend his analysis to the separate 

cases: Reg = 0(1), M = 0(1) and Re = 0(1) (the case M 1 is also considered 

briefly but this case is physically less important). For the case Re = 0(1), Riley 

showed that the Reynolds number does not play an important part in determining 

the leading order fluctuating flow within the inner and outer layers. This is because 

the condition Re = 0(1) simply implies the boundary layer approximation for the 

inner layer, viz M ^ 1. More importantly, for the case Res = 0(1) i.e without 

assuming an outer layer, it is shown that the streaming flow outside the shear-wave 

layer is determined by the full steady Navier-Stokes equations. Subsequently, this 

paper formed the theoretical basis for the many numerical investigations that were to 

follow. 

Davidson & Riley [15] generalised the analysis used for the one-cylinder problem by 

studying the flow induced by a periodically oscillated elliptical cylinder; note, the class 

of oscillations considered in this study are not necessarily harmonic. The latter authors 

also conducted an experimental investigation for the special case of the harmonically 

oscillated circular cylinder. The main aim of this experiment was to examine the 

propagation of free jet, which radiates outward and along the axis of oscillation, see 

figure 2.1. The authors expected that the jet profile would in essence resemble the 

Bickley jet solution (see below). The experimental results in this study, confirmed 

that this expectation was indeed correct. 

Bickley [8] obtained the exact analytic solution for a flow entering a stationary 

fluid through a small smooth hole in a vertical separating wall, as shown in figure 2.2. 

Such solutions are very rare and therefore a connection with the cylinder problem was 

desirable for further analytical progress. In the experiments by Davidson k, Riley, the 

free jet was formed within one diameter of the cylinder surface and its profile agreed 

qualitatively with the Bickley jet solution. By numerically integrating the boundary 

layer equations, Davidson h Riley obtained estimates for the momentum flux of the free 
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Fig. 2.2: Streamlines and velocity profiles of the steady Bickley jet. 

jet. These estimates were found to be in good agreement with the measurements made 

in the experiment, thus substantiating the flow model used to describe the propagation 

of the free jet. 

For the one-cylinder problem, Bertelsen [7] sought to compare the analytic solutions 

for the steady streaming flow (evaluated by Riley and Stuart), to the data collected 

in his experimental investigation. In Bertelsen's experiment, the fluid and the oscil-

lating cylinder are both contained within a large cylinder that is stationary. From 

this experiment it is observed that the steady streaming layer, on the inner cylinder, 

is formed at Res ~ 100. The velocity measurements made within this steady layer, 

are found to be in good agreement with the solutions obtained from the analysis of 
_ 1 

the unbounded one-cylinder problem. However, at distances exceeding 2aRes ^ from 

the inner cylinder, and at angles greater than 16.3° from the upper stagnation point, 

the flow is no longer described by the theory of the one-cylinder problem. Moreover, 

Bertelsen observed that the free jet becomes unstable for Reg > 100. This instability 

is initiated at the surface of the outer bounding cylinder, and at Rcg = 400 the in-



CHAPTER 2. THE STEADY STREAMING FLOW BETWEEN CYLINDERS 38 

stability trails back to a distance a from the inner cylinder. The discrepancies with 

the theory were thought to have been due to: the finite effects of the outer cylinder, 

curvature effects, propagation of the jet into the outer flow and the outer flow vorticity 

effects on the boundary layer development. However, since the governing parameter 

for steady streaming on the outer cyhnder is of size 10"^, the bounding effects of the 

outer cylinder were thought to be negligible, see Stuart [84] §5.2. The remaining effects 

were thought to have an 0{Res ^) influence on the flow; yet opposingly, it is observed 

that changing Rcg from 90 to 400 does not improve the agreement between theory and 

experiment. 

To see if the finite effect of Res is responsible for the disagreements, Riley [67] 

re-examined the one-cylinder problem beyond first-order boundary layer theory. By 

using the numerical results from his earlier work with Davidson [15], Riley produced 

an 0{Res correction to the slip velocity on the inner cylinder. This correction is 

obtained by assuming a flow model based on the Bickley jet proflle and then calculating 

the outer flow to a higher order accuracy. However, this analysis failed to reconcile the 

differences seen in the experiments, therefore suggesting that the finite effect of Res 

only contributes marginally to the disagreement. 

Finally, Duck & Smith [20] were able to show that the bounding effects of the 

outer cylinder were indeed responsible for the discrepancies. By following the inner-

outer expansion procedure of Riley, Duck & Smith extended the original analysis by 

calculating the terms in the inner and outer expansions for the boundary layers on both 

cylinders. In this way, the steady streaming slip-velocity (at the edge of the Stokes 

layer) was calculated on each cylinder, and the core-region velocity distribution was 

computed numerically by solving the steady Navier-Stokes equations with Rcs = 0(1). 

The velocity field that was determined by the latter calculation, was found to agree 

extremely well with the experimental measurements made by Bertelsen within the 

streaming boundary layers. Hence, the work by Duck Sz Smith demonstrated that the 

presence of the outer cylinder cannot be ignored in the theoretical analysis, and that 

second-order boundary layer theory is unnecessary for this problem. 
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g ( g = #) 

g ( g = 

C(d = 0) 
0 ( 1 - 4 ) 

Fig. 2.3: Schematic of boundary layer development in the two-

cylinder problem, Rcg ^ 1 and a = 0(1) 

Figure 2.3 shows the basic flow pattern for large but finite Reg. Observe, that a 

steady streaming layer is also formed on the outer cylinder. Moreover close to the 

pole S, this streaming layer detaches and thus results in a free shear-layer. This free 

shear-layer eventually rejoins the streaming layer on the inner cylinder by reattaching 

at the pole S. The separation on the outer cylinder occurs sooner as the value of Reg is 

increased; accordingly, the pocket of slow eddying flow increases in the same manner. 

Haddon & Riley [25] were also conducting a numerical investigation into the two-

cylinder problem around the same time as Duck &; Smith. However, in the approach 

used by Haddon &; Riley, the steady equations of motion were solved by using a 

vorticity-stream function (VSF) update method. Moreover, the numerical code used in 

this investigation was an unsteady Navier-Stokes solver. Therefore the required steady 

solutions were obtained by allowing the time marched solutions to settle into steady 

states. The results from this method did not reproduce the level of agreement, with 

Bertelsen's experiments, that had been achieved by Duck &: Smith. Despite this fact, 
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the results were an improvement on all the theoretical investigations prior to the work 

by Duck & Smith. The numerical method used by Haddon Sz. Riley was not memory 

efficient and this became restrictive at larger values of the steady streaming Reynolds 

number. At large values of Reg i.e. Res ~ 400, the steady streaming layer becomes 

very thin. Consequently, this indicates that the numerical solver requires more mesh 

points in order to give a better resolution within the thinner streaming layer. In view 

of this idea, Haddon &: Riley believe that the restriction of mesh points in their calcu-

lations, is the reason why their results are not as accurate as those obtained by Duck 

& Smith. 

A flow model for Rcg 1 with a ^ 1 has been proposed by Duck & Smith 

and the problem is still open to further theoretical developments. However it is likely 

that further investigations will be numerical. Recently, Panagopoulos et al. [56] have 

studied the one-cylinder problem with accompanying torsional oscillations. In the 

latter study, the corresponding inner shear-wave solutions are derived and the outer 

flow is computed numerically. It is shown that as the amplitude of torsional oscillation 

increases relative to the transverse amplitude, the emerging free jets are displaced 

from the a;-axis to higher angles of elevation towards the upper stagnation point. The 

streamlines of these jets are straight and radiate symmetrically from the centre of the 

inner cylinder. 

The problem investigated in this chapter, concerns the steady streaming flow between 

two cylinders, which is induced by the transverse motion of the inner vibrating cylinder. 

The flow is considered in small gap limit and the possibility of chaotic period-doubling 

solutions is investigated. The premise for anticipating such solutions is inferred from 

the recent study by Hall & Papageorgiou [37], henceforth referred to as H. &: P. 

The latter authors consider the motion of a viscous incompressible fluid between two 

infinitely long parallel walls; in this configuration, the flow is driven by the harmonic 

oscillations of the upper wall. The flow is characterised by a Reynolds number R 

and amplitude of oscillation A with 0 < A < 1. For small Reynolds numbers the 

flow is unique, stable and symmetric. On increasing the Reynolds number, the flow 
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loses stability to a symmetry-breaking perturbation and a secondary stable state is 

attained. This secondary state remains stable for a range of Reynolds numbers; upon 

increasing the Reynolds number further, an inherent instability is initiated. The form 

of this instability is determined by the size of amplitude parameter A; a summary of 

the various routes to chaos is given in table 2.1. 

For small values of A, the flow develops on two distinct time scales. The fast 

variation of the flow occurs on the short 0(1) time scale and the modulation of the 

flow varies on the longer 0{R) scale. For particularly small values of A(< 0.45) the 

period-doubling, which occurs on the modulational time scale, is hard to observe. 

This is because the large amplitude variation on the faster 0(1) time scale, obscures 

the periodic signal associated with the modulation. In this case, the underlying flow 

structure is determined by converting to the longer 0{R) time scale and then taking 

limit A -> 0 with A^i? = ^Reg = 0(1). In this hmit, the governing steady streaming 

equations are 

^TjTjt — jf̂ g ^vvrn 7̂7777?̂  ~ (2.2a) 

= f l ) = 0, $7,(77 = f l ) = - 1 . (2.2b-e) 

Here W is the stream function for the steady streaming flow. Since the time modulation 

of $ is considered on a long 0{R) scale, the term is incorporated into the governing 

unsteady equation for Had an 0(1) time scale been considered instead of the 0{R) 

scale, the equation for $ would have been steady. Note, for general steady streaming 

problems, the slip conditions at each wall are given by the outer limit of the appropriate 

boundary layer expansions of $ near each wall. Accordingly, in the context of steady 

streaming problems, equation (2.2) is understood to be the governing equation for $ 

in the core |r/| < 1. However, since the steady forcing at each wall, r) = q=l, is induced 

by the Reynolds stresses (as will be explained in detail later on), the equation for 

$ (in the core) is regarded as a steady streaming problem. This 'steady streaming' 

terminology can be a little confusing since the governing equations for $ are in fact 

unsteady. However, one must keep in mind that the steady streaming terminology 

actually refers to the steady forcing induced by the Reynolds stresses at each wall. 
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0.65 < A < 1 Period-doubling - Feigenbaum route to chaos. 

0.45 < A < 0.65 
A period-47r solution is obtained after a long 
chaotic transient phase. The duration of the 
transient phase increases with Reg. 

0 < A < 0.45 
Quasi-periodic solution attained with period-
doubling occurring on the longer modula-
tional time scale. 

Table 2.1: The route to chaos dependence on A. 

By solving the above equations numerically, H. &: P. have shown that the solutions 

for Res < 17.23 are steady, stable and 7/-symmetric. Upon increasing Reg further, a 

symmetry-breaking bifurcation occurs and a stable secondary steady flow is attained. 

At slightly higher values of the streaming Reynolds number {Rcg ~ 53) the flow be-

comes periodic in time. After this onset of unsteadiness, the time period of the flow 

doubles at specific values of Rcs- Moreover, the interval between each successive bi-

furcation decreases, and via this period-doubling cascade the flow rapidly becomes 

chaotic. This chaotic flow structure for asymptotically small A, is found to conform 

with the structures calculated for small but finite A. Therefore, H. &: P. conclude that 

for small values of A, the steady streaming flow will eventually turn chaotic for large 

enough Reynolds numbers. 

In essence, equation (2.2a) is a scaled version of the Navier-Stokes equations, with 

missing derivatives in the second space variable. Since this equation is known to 

support chaotic solutions, its relationship with the two-cylinder problem will now be 

established. The governing equations for the steady streaming flow in the two-cylinder 

problem (in the notation of Duck Sz Smith [20]) are 

72\TX )̂\ 1 a(V72j,{s) /(s)-. ._28(V'^^oO , 1 

4 o = 0 , 
3a'^sin20 3 sin 2(t> 

dp 2(^2-1)2' 2a(a2-i) \ 2 ' 
p = 1, a . 

(2.3a) 

(2.3b) 

Here V'lô  is the associated stream function, p is the radial distance measured from the 
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centre of the inner cylinder and (j) is the angular coordinate. Although equations (2.3) 

are formally derived later, it is helpful to discuss them here to see how they relate to 

the steady streaming equations studied by H. & P. Observe, that equation (2.2a) would 

be similar to (2.3a) if the derivatives in the latter equation are dominant w.r.t p with 

p ~ 1; these conditions are equivalent to taking the small gap approximation. Under 

the aforementioned limit, equation (2.3a) only differs from (2.2a) by some derivatives 

in (j). Note also that it is necessary to convert to a long 0(e~^) time scale, in order 

to preserve the time dependence in the equation for • Moreover, it will be seen 

later that the boundary layer solutions for (the outer limit of which, give the slip 

conditions (2.3b)) are unchanged by the shifting to an 0(e~^) time scale. 

Next, if we seek a power series solution to equation (2.3a) in 4>, then the leading 

order approximation is a scaled steady version of (2.2a). As a result, all the higher 

order equations, resulting from the series substitution, are forced by the solution at 

leading order. This leading order solution is given by # , which is determined from the 

set of equations (2.2). This means that the equation studied by H. Sz P. is linked to 

(2.3), by the fact that it determines the leading order contribution to the solution of 

streaming flow. Hence, the motivation for studying the two-cylinder problem in the 

small gap limit is now clear. 

In the next section the problem is formulated and in section 2.3 some asymptotic 

solutions to the governing equations are presented. Thereafter, the findings of the 

numerical investigations are discussed and subsequently a linear stability analysis for-

mulated. In addition, a simple extension is made to the present problem by altering 

boundary conditions on both cylinders, and finally some conclusions are drawn. 

2.2 Formulation 

It is convenient to use cylindrical polar coordinates (r, i9) to describe the config-

uration of the two cylinders in the complex z-plane (where z = re^'^). Accord-

ingly, the inner cylinder of radius a and transverse velocity —UQ sin utt, is located at 

Z = AÊ '̂  + COS WT. Similarly, the outer cylinder of radius 6, which is stationary, 



CHAPTER 2. THE STEADY STREAMING FLOW BETWEEN CYLINDERS 44 

is located at z = . 

Since the flow is incompressible, we may introduce a stream function •ip and then 

express the Navier-Stokes equations in vorticity form. By scaling distance and time 

using a and UJ~^ respectively, the Navier-Stokes equations can be written as 

with no-slip boundary conditions 

•ip = ipr = 0, at z = + e cosut, (2.5) 

Qj.2 J. Qj. j,2 Q^2 

The parameters: e, M and A are as defined in (2.1). The high-frequency small am-

plitude assumption ensures that e is small. We shall therefore use this parameter to 

expand the stream function in a series later on. 

Next, a conformal map is used to transform the dynamics in the z-plane, to a 

static configuration in the (-plan. Both the inner and outer cylinders are mapped onto 

concentric circles that are stationary. In this case the oscillation enters the governing 

equations via the inhomogeneous boundary conditions. The aforementioned transfor-

mation was first obtained by Segel [74], who used this map (and many others like it) 

to obtain a system of equations for which a solution by series is possible. If we use 

(p, 0) to denote polar coordinates in the complex (-plane, the required transformation 

is given by 

C = (2.6) 
1 + 7 6 COS ujt* — Z7 

2e cos bjt* 
with T ~ 7 ( ) 

— 1 — cos^cjt* + — 1 — cos^ wit*) — 4e^ cos^ ujt*] ^ 

The inner cylinder is then mapped onto p = 1, and the outer one is mapped onto 

P = J—— = a - l - 0 ( e ^ ) . (2.8) 
i -t- £7 
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Oscillation 

Fig. 2.4: The configuration of the cylinders in the complex ^-plane. 

The invariance of the Laplace stream function equation under such a conformal map, is 

well known and can be verified by using the Cauchy-Riemann equations together with 

the chain-rule. More precisely, the Laplacian of the stream function in the z-plane, is 

related to tha t in the i^-plane in the following way: 

dC 
dz 

with ip[r{p, (t>),-d{p, (f))] = ipip, 4>). (2.9) 

In addition, the Jacobian chain-rule is required for mapping the nonlinear terms in the 

Navier-Stokes equations. The required relationship is 

d{r,d) d{p,(f)) 8(r, 

The Jacobian J = J {p, cj), t) for the above transformation is given by 

(2.10) 

J = 
dz 
dC 

d{r,'d) 
d{p, (j)) 

= ( l - 7 ^ ) ^ (l- |-2p7cos(^4-/0^7^) 

= 1 
Ape cos t cos (f) 

+ o ( a . (2.11) 
- 1 

Hence, after the conformal map (2.6) is applied to the Navier-Stokes equations (2.4-

2.5), the transformed equations of motion are: 

e ^ J _ 2 
^ J ^ 

a 
(2.12) 
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with the boundary conditions 

dil) , • , esin2tcos20 „ / ON 
— — cos (f> sin t + X—— h O (e ) 

ocp — 1 ^ ' 

op —1 ^ 

and 
dip dip 

> on p = 1 (2.13a,b) 

= 0 on p = a + Oie^). (2.14a,b) 
o(p op 

Hence, to leading order both cylinders are stationary. Note, the unsteady correction 

term for the outer cylinder, see (2.8), occurs at O(e^) and is negligible because e <C 1. 

Moreover, it is seen from (2.13a,b), that in compensation for simpler geometry, the 

vibration has now been incorporated into boundary conditions which are no longer 

homogeneous. 

2.2 .1 S t e a d y s t r e a m i n g at smal l va lues of Res 

Most of the results established here, are directly applicable to the case Rcg = 0(1) 

which is considered in section 2.2.2. The underlying assumption for Reg = <C 1, 

is 0 < e <C 1. Here the small parameter e is the ratio of the oscillation 

amplitude to the inner cylinder radius a, and the large parameter M represents the 

ratio of a to the viscous length scale . 

We start by expanding the stream function in a regular e series. Thereafter the 

limit e ^ 0 is taken with M held fixed and large. The 0(e) term in the stream function 

expansion is separated into steady and unsteady components, the steady term being 

associated with the steady streaming flow. Hence we write 

ip (x, f, M, e) = •00 (x, t,M) + e | ( % , t, M) + (x, M) | + O(e^). (2.15) 

Here the superscripts (s) and {u) respectively denote the steady and unsteady compo-

nents of ipi- Moreover, x is used to denote the coordinate variables (p, (p). 

Next, the stream function expansion (2.15) is substituted into the Navier-Stokes 

equations (2.12). By collecting terms at each order of e, we obtain the following 
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equations for ipf. 

a W - = 1 , 
^ (^2, iy)\ 1 v72v72,(«)_ jl5(VVo,V'o) ^pV'^ipo sint COS <f) 

(2.16) 

(") 
1 ^2 4p cost COS , 

M 2 ^ I a 2 _ l i f ' 

J _ 2^2 ,(s) _ \ 1 d{'V'^tpo,ipo) _ 4pV^^o sintCOS ^ 
^ I p d{p, 4>) — \ 

is) 
1 ^2/^4pcostcos(^V^V>o\ t 

I 2 ^ ^ j ' (218) 

with boundary conditions 

and 

dipo dipo . , . , 
-TTT = — COS a s m —— = — sin Asm ^ 
acp dp 

dipi _ cos 2^ sin 2t dipi sin 2,^ sin 2( 
d(j> — 1 ' dp — 1 

dipi dip, 

on p = 1 (2.19a-d) 

d(i) dp 0 on p a . (2.20) 

In the matching procedure that follows, equations (2.16)-(2.18) are solved in the core 

region, 1 < p < a, with inviscid boundary conditions i.e. with conditions that ensure 

zero normal velocity at p = 1, a . These core region solutions are then matched with 

the inner solutions that are valid within the Stokes layers at p = 1, a. By standard 

boundary layer arguments it can be shown from (2.16) that these Stokes layers are of 

thickness 0 ( M ~ ^ ) . Duck & Smith [20] have carried out the above matching procedure 

and from their calculations the following core region solutions are obtained: 

(2.21) 

I r ^ ( (1 + a ' ] - (1 + (2 - a ' + 2 a ' ) 
4ap^ (a^ — 1) i 

+ (1 + 2a^ + 2a® + a^) p^ - ( i + ^6) | + O { M ' ^ ) . (2.23) 
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P = 1 „ . P = Oi 
r» Core region 

i O(M-i) O(M-i) 
Stokes layer Stokes layer 1% 

Fig. 2.5: The Stokes layers on the inner and outer cyhnders. Note, for Rcg <C 1 there 

are no steady streaming layers. 

The dependence of the above solutions on t and can easily be inferred from the 

boundary conditions (2.19)-(2.20). In fact, the core region solutions for ipQ and 

are easily calculated from (2.16)-(2.17) directly and without the need of matching. 

This is because the boundary layer solutions associated with {V'O; decay to zero 

at the edge of the Stokes layers and do not impose any conditions on the core solutions. 

However, the steady component is different in that its boundary layer solution does 

not decay to zero at the edge of the Stokes layer. Hence, a slip velocity is produced by 

this boundary layer solution and the core solution of is matched to this condition. 

The boundary layer solutions for: i/'o, and scalings used to obtain them 

can be referenced in Duck & Smith [20], henceforth referred to as D. &: S. The matching 

procedure used by the latter authors is analogous to the method used by Riley [66]. In 

Riley's paper, the formulation of these expansions are discussed in greater detail (but 

only within the context of the unbounded one-cylinder problem). 

2.2 .2 S t e a d y s t r e a m i n g at 0 ( 1 ) va lues of Rcg 

As before, the stream function ij} is expanded in a regular e power series. The 0(e) 

term in the expansion is once again separated into two parts: ipf and •^f, and these 

components will now vary on two different time scales. Note, the superscript's ' is now 

understood to mean 'streaming' and not 'steady'. As before ipi will vary on the short 

0(1) time scale, and now ipf will capture the steady streaming evolution of the flow 

by varying on a long time scale. 

To obtain the appropriate time scale for ipf, we first simplify the Navier-Stokes 

equations (2.12) and then consider the required scalings. By expanding the Jacobian 
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terms in (2.12) and noting that J ~ 1 + 0(e), we have 

- (p cos + . . . 

Therefore in order to introduce the time variation of tpf, into the leading order steady 

streaming equation, it is required that 

This implies that an 0{e~^) time scale is appropriate for ipl and therefore we write 

i/; (x, t, M, e) = ipo (x, t,M) + e {V'l (x, t, M) + ipl (x, T, M ) } + O(e^), (2.24) 

with T = e^t. By substituting the above stream function expansion into (2.12), it is 

found that the equations for ipo and ipf are exactly those derived for the small Reg 

limit, namely (2.16) and (2.17). Hence the corresponding solutions for TJJQ and ipY 

the same as ones obtained in the previous section, see (2.21)-(2.22). However this is 

not the case for ipf. It is useful to note that within the core region, the entire RHS 

of equation (2.18) is zero; this occurs because ipo is proportional to sinf within the 

core. Therefore, upon considering the O(e^) inertial terms in (2.12), it is found that 

the steady streaming equation for 1 < p < a is given by 

(2.25) 

with 

+ M - V n + O (M-2) and M ^ e'K 

Hence the full Navier-Stokes equations govern the steady streaming flow in the core. 

Next, we obtain the boundary conditions for (2.25). These boundary conditions 

are determined by the outer limit of the Stokes layer solutions at p = 1, a . Let us 

now demonstrate that the Stokes layer solutions for Rcs -C 1, remain unchanged for 

Rsg = 0(1) . When expanding the stream function I/JQ in the boundary layers, the 
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appropriate scalings are: 

e - M ( p - 1 ) 2 - 1 , 2-& for p ~ l and (2.26) 

I= M{A- P)2-'2, 2 - i for p ~ a . (2.27) 

Note, the RHS of equation (2.18) is no longer zero in the boundary layers. Moreover, 

the leading order terms on the RHS of (2.18) are of order EM i.e. of the same size as 

the viscous term on the LHS. However, the inertial and time derivative terms in (2.25) 

are of size e^M, and so they do not enter the governing Stokes layer equations. This 

means that the Stokes layer equations for Reg = 0(1), are exactly the same as the 

ones obtained for Rcs <C 1. 

The solutions in the Stokes layers are obtained by solving the appropriate forms of 

equations (2.16)-(2.18) near p — I, a. The resulting Stokes layer solutions for I/JQ and 

•̂ 1 are then matched to the solutions calculated for the core region. However, since 

the core solution for ipf is determined by (2.25), the outer limit of the corresponding 

Stokes layers solutions at p = 1, a, will specify the required boundary conditions for 

(2.25). The Stokes layer solutions for ipf have been calculated by D. & S. [20] and are 

given by 

~ — 0:^(130;^ + 8) + + 4a^(3a^ + 2)6"^ cos^ 

+ 80^(0^ + 1)6"^ sin,^ + ' (2.28a) 

= I - 6^ + (13 + Sof) - - 4(2a^ + 3)e-^'cos^ 

- 8 ( a ^ + l)e ^ s i n ^ - 4 f e ^ s i n • (2.28b) 

The outer limit of the above Stokes layer solutions give the following slip velocity 

conditions: 

dipiQ 3q;̂  sin 2^ 
ap 2 ( o f - - 1 ) 2 

dipiQ _ 3 sin 2^ 

on p = 1 and (2.29a) 

As one might have expected, equations (2.25) and (2.29) without the time derivative, 

are identical to the equations derived by D. Sz S. [20] for the steady streaming flow 
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between two cylinders. Moreover, if the slip condition on the outer cylinder is ignored, 

equations (2.25) and (2.29a) are the same as the corresponding ones derived by Riley 

[65] for the one-cylinder problem. Henceforth the terms "steady streaming Reynolds 

number" and "Reynolds number" will be used interchangeably unless otherwise stated. 

In the next section, the steady streaming equations, (2.25) and (2.29), are consid-

ered in the small gap limit. Thereafter, a solution to the resulting equation is sought 

in the form of a powers series in (p. 

2 .2 .3 Trans format ion t o t h e smal l gap w i d t h l imit 

To investigate the small gap limit it is convenient to write a = 1 + h and then consider 

the limit h ^ 0 (note, e is less than h since {1 + e) < a = b/a). It is also convenient 

to maJce the following change of coordinate variables: 

6 = 2(j), therefore 0 < <̂  < ^ O < 0 < 7 r , (2.30a) 

r] = ^ — 1, and I < p < a 1-4- —1 < 7? < 1. (2.30b) 

Accordingly, the boundary conditions (2.29) can be written as 

dv Ah {h + 2f 
^ = 3 S M 1 

dr] Ah {h + l){h + 2f 

The boundary conditions above suggest that V'fo ~ as /i —>• 0. Hence, is scaled 

accordingly by writing 

•010 = + /o + hfi + 0(/t^). 

Under this scaling, the governing equation in the core is 

~ 16 ~ ^rmd^ri} ~ (2.31) 

Prom the above equation it is clear that T must vary on an 0{h'^) scale. This latter 

scaling, together with a minor redefinition of the Reynolds number, will define the 
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steady streaming problem in its canonical form. The scalings required for T and Rcg 

are 

T = —h ^T, Rg = —iJe^. (2.32) 

Thus in the small gap width limit /i —> 0, the governing equation for the steady 

streaming flow is 

^rjriT — ^rivn^S ~ (2.33a) 

with boundary conditions 

$ ( e = 0) = 0, ^(r? = T l ) = 0, ^^(t; = f l ) = - sine. (2.33b-f) 

By considering the physical symmetry of the flow in each quadrant, we note that (2.33) 

must be solved in the range 0 < 0 < TT. In the new angular coordinate variable, 0 = 0 

corresponds to the axis of oscillation and 9 = IT represents the line passing through the 

poles of the cylinders i.e. the line 6 = TT passes through the points S and S in figure 

2.3. It is important to mention that by taking the small gap limit, we have lost the 

second order curvature terms i.e. the terms involving dg. By neglecting these second 

order curvature terms, it is impossible to impose periodic boundary conditions in the 

^-direction. However, by virtue of the fact that periodicity cannot be enforced in the 

^-direction, it is possible to seek a solution to W in the form of a power series in 6. 

Since the flow is symmetric about the axis of oscillation (0 = 0), a series solution is 

sought in odd powers of 6 to coincide with the geometry. Hence ^ is expanded as 

00 

^ ^ (r;, r ) . (2.34) 
n = 0 
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The above expansion is then substituted into the equations of motion (2.33) to give 

oo ^ oo oo oo 

g j 2„+ ig jw = ^ x ; + E E 
n = 0 ^ n = 0 1 = 0 j=0 . , 

oo OO v ' / 

oo 
^ ( , , = 1 ^ 1 ) = ^ 0 2 n + l ^ ( n ) _ ^1) = 0, (2.36a,b) 

n = 0 
oo 

^^(77 = f l ) = ^1) = - sing. (2.36c,d) 

n = 0 

Upon collecting the coefficients of 0^"+^, it is found that is governed by the 

equations: 

<tW = 1 ® ^ (2i + 1) [wC ' ieg-" - , (2.37a) 

/ I "jn+l 
<[,(»)(, = :F1) = 0, = =Fl) = (2.37b-e) 

Hence the governing equation for $ is reduced to an infinite set of coupled ODEs. 

These coupled equations must be solved numerically to in order to obtain each 

Fortunately, by computing first, the terms in (2.37) can be evaluated in a recursive 

manner. 

In the procedure used to solve (2.37), is computed numerically by time march-

ing. This calculation is straightforward because the equation at n = 0 is uncoupled 

from the higher order terms Prom equations (2.37) it is seen that satisfies 

4 ? . (2.38a) 

# ) ( 7 ) = ^1) = 0, ^rW(r? = T l ) = - 1 - (2.38b-e) 

By starting the numerical calculation with an initial condition of zero-flow, the numer-

ical solution for is determined by time marching as r -> 00. At the next order, 

n = 1, is easily determined because is already known at this stage. Once 

again an initial condition of zero flow is imposed for and the numerical solution 

is found by time marching as t —)• 00. It is clear from (2.37a) that the solution at any 
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order, say n = A:, is only dependent on the lower order terms, . . . , More-

over, since these lower order terms are already known at this stage of the calculation, 

the equation at the current order, n = k, is linear in Therefore, it is possible 

to repeat this recursive procedure indefinitely to obtain a truncated solution at any 

desired order. 

In the following section, some asymptotic solutions are calculated for the cases of 

small and large Rg. In section 2.4, these asymptotic forms are compared with numerical 

solutions acquired from solving the series equations (2.37). Moreover the asymptotic 

solutions are also compared to the solutions obtained by solving the equation of motion 

(2.33) directly. 

2.3 Asymptotic solutions 

We note here that the governing equation for in (2.37), is identical to the equation 

that has been studied by H. &: P [37], namely equation (2.2). In their study, H. &; P. 

consider the induced flow between two flat walls driven by the periodic action of the 

upper wall. The mechanical system investigated by H. &: P., closely resembles (near 

0 = 0) the physical motion of the two cylinders in the present study. Therefore, a 

solution represented by 0-series (to the cylinder problem), is certainly intuitive with 

respect to the dynamics of the system. Before embarking on any further analysis, it is 

helpful to summarise the findings of H. &: P. to serve as a guide. 

In the discussion that follows, the terminology "steady solution" is used to identify 

a numerical solution, of a typically unsteady governing equation, that converges to 

a steady state for T > TC, where TQ is some finite (and usually small) value of time. 

Moreover, the phrase "steady solutions" will also be used throughout this chapter 

to describe steady state numerical solutions, that are obtained via time marching as 

r -> oo. 

Prom their numerical work, H. Sz P. find that the numerical solution for is 

steady and symmetric for small values of Rg. Upon increasing Rs, this solution encoun-
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0<Rs< 17.3 The solutions for are steady and sym-
metric in T]. 

17.3 <Rs< 53.8 The symmetric solution is lost and a new 
steady secondary state is acquired. 

53.8 <Rs< 74.0 becomes unsteady and periodic in time. 
At Rs ~ 54 the period of is 3.11. 

74.0 <Rs< 78.6 
The period-doubling cascade to chaos begins 
and the flow reaches a fully chaotic state for 
A, > 82.14. 

Table 2.2: A summary of the numerical solutions for 

R s — 0.0 

Symmetry 
bifurcation Periodic Chaotic 
Rs % 17 R s ~ 54 Rs % 82 

i i . I #(0) 
===^- # v V ^ Periodic 

Rs « 170 

\ I 
\ 

Fig. 2.6: A schematic diagram showing the different flow regimes of at various 

Reynolds numbers. A dashed line represents a steady solution, a solid line indicates 

an unsteady solution and a double line indicates a symmetric solution. Here 'i'sym 

is used to label the symmetric regime. In this hierarchy diagram, the regimes 

of are arranged so that the most preferred state is towards the top of the 

schematic. 
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ters a symmetry-breaking bifurcation from which a stable secondary state is attained, 

see table 2.2 and figure 2.6. This secondary state then becomes periodic in time after 

a Hopf bifurcation at Rs ~ 53.8. When Rg is increased further, the solution enters a 

period-doubling cascade and eventually becomes chaotic at Rg ~ 82.1. 

However, if the boundary conditions are changed to force the symmetric solution, 

the resulting solution for is steady up to Rg ~ 170. The latter classification, 

regarding the steady regime, has been established by Watson, Banks, Zaturska and 

Drazin [97], henceforth WBZD. In their study, WBZD have investigated equation 

(2.2) in the context of channel flow driven by accelerating walls. From their results 

it is known that after a Hopf bifurcation, ^sym enters a periodic regime for RS > 170 

(here the subscript 'sym' denotes the symmetric solution). This periodic regime is 

temporally unstable since the chaotic solution is the preferred mode. 

2 .3 .1 A s y m p t o t i c so lu t ions for smal l Rs 

In the small Reynolds number limit, each term (from (2.34)) is expanded in the 

following manner: 

+ (2.39) 

Here it is assumed that R is 0(1) i.e. it is assumed that T does not scale with the 

Reynolds number. Consequently, the time derivative term in (2.37a) is not present 

in the equation for ipQ-, accordingly, there is no time dependence in the higher order 

equations. Hence, the resulting solutions for are steady and the first few terms 
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are given by 

$(0) = - ^ n {rî  - 1) + ^ T ] ( f - 1)^ (2 + n"̂ ) + 

V ( f - 1)^ (201 - 50r/2 - 301%* + 42??®) + . . . , 
3880800 

- 1 ) - -1)^ (2 + v'^) + 

(7?" - 1)' (-4209 - 1394772 + 5579774 + 672T,G) + . . . , 

R' a rj (7/2 - 1)2 (-1374 - 53%: + 1799%* + 267r?®) + . . . (2.40a-c) 
332640000 

The general expression for the term is 

-')+•S'lSifnT" - ' ) ' ( " + ( 2 - 4 1 ) 

When directly solving the series equations (2.37), it is difficult to obtain a general ex-

pression for the 0(RG) correction to i.e. the O(R^) term in (2.41). This difficulty 

arises because the governing equation for see (2.39), contains products of com-

binatorial summations. For general n, these expressions are difficult to simplify, and 

therefore a general expression for the 0(RG) correction is not accessible via this direct 

approach. The 0(Rg) corrections in (2.40a-c) have been calculated by evaluating the 

product of the combinatorial summations for the specific cases % = 0, 1, 2. However, 

if an asymptotic solution for small R^ is sought directly from the equation of motion 

(2.33), the following solution is obtained: 

$(7?,0) = {v^ - v ) (^^ - 1)^ (2 + 77̂ ) sin26'-h 

i? 
62092800 

% ( % 2 - l ) [ ( -591 - 22947,2 + 161^4 4- 14287?®) sing 

4- 3 (423 166%2 - 553%* - 847/®) sin 30] + . . . (2.42) 
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As expected the above solution is unique and steady for <C 1. Note, that represen-

tation (2.42) is readily decomposable into a 0-power series. Therefore, by expanding 

the above solution for small 6 and collecting coefficients at each order of Rs, it is 

possible to write down the general solution for The expansion obtained in this 

manner is 

I-"' - * "•'I 
+ 3^"+^ (423 + 1667?2 - 553%* - 84??®) ] + 0 ( i? f ) . (2.43) 

Hence by solving equation (2.33) for Rs <C 1, it is possible to calculate the 0{R'^) 

correction to indirectly. 

The asymptotic forms calculated above will serve as a check on our numerical work. 

As previously mentioned, the above steady solutions for wW will be found numerically 

by time marching as r —> oo. Moreover, we now expect that the numerical solutions 

of (2.37) are steady and 77-symmetric for small values of Rg. 

2.3.2 The steady state asymptotic solutions for large Rs 

Without the time derivative, equation (2.33a) reduces to the familiar Herman's equa-

tion; within this context, is interpreted as the Berman similarity solution, see 

Berman [6]. Due to its frequent appearance in channel flow problems, Berman's equa-

tion has been studied by many authors. In particular, the steady solutions of Berman's 

equation have been studied analytically and numerically by Proudman [61], Robinson 

[69], Sellars [75], Terrill [93] [94], Yuan [104] and Zaturska, Drazin Sz Banks [105]. 

Since satisfies Berman's equation, it is interesting to note how the accompa-

nying boundary conditions (2.37b-e) correspond to other channel flow configurations. 

If the derivative boundary conditions (2.37d, e) are negated and then interchanged 

with (2.37a, b), the resulting equation for determines the flow in a channel with 

porous walls. In this case, injection/suction through the walls is represented by neg-



CHAPTER 2. THE STEADY STREAMING FLOW BETWEEN CYLINDERS 59 

ative/positive Reynolds numbers respectively. However, if the boundary conditions 

(2.37b-e) remain unchanged and the Reynolds number is negative, the resulting equa-

tion models the flow in a channel with accelerating walls, see WBZD [97]. 

Prom the earlier discussion in section 2.3, it is anticipated that there are two steady 

state structures for 0(1) values of namely the symmetric and asymmetric regimes 

(see figure 2.6). In view of this result, the symmetric and asymmetric regimes are 

considered separately in the analysis that follows. 

Symmetric Solutions 

As with the small Rs limit, the initial approach will be to solve the series equations 

(2.37) directly. Thereafter, it is seen that this calculation yields an intuitive result, 

which is consistent with the alternative approach of solving the equation of motion 

(2.33). Since we axe concerned with symmetric solutions, it is sufficient to impose 

boundary conditions on one wall, and then enforce the necessary symmetry condition 

at 77 = 0. In this way, the resulting solution automatically satisfies the appropriate 

conditions on the remaining wall. Next, for each term the outer expansion is 

written in the form 

A,) = + . . . as R s ^ o o . (2.44) 

At 0(1), the classical Herman's equation for yields 

jF(o,o).FCô o = 0, (2.45aL) 

= yg,0) _o, rj = 0 and = 0, = - 1 , r/ = 1 (2.45b) 

f 1 + l 
= > = — smkTTT} with A; ^ 0 G Z. (2.46) 
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For convenience and without loss of generality, the integer eigenvalue k is set equal to 

unity. In this case, /("•'") satisfies 

- (271 + 1) cos TTT;f (2.47a) 
^ J = l , n > l 

= 4" '°) = 0 at 7/ = 0 and (2.47b) 'vv 
\n+l 

(2.47c) 
(2n + 1)! 

with f = y y ) 4-

By using the expansion 

(sin7r77)2"+i = ^ s i n { ( 2 ; + 1)^%} ( -1)^Cn- j )^ (248) 
j=o 

the homogeneous solution to (2.47) can be represented as 

sin(2j + 1)^1] Anfi) _ 
Jh — 

-T X) n i l . , j / 2 n + l \ 

1 - ( 2 i + i)2^ 

Cn,l + Cn,2 COS TTT] + Cn,3 sin TTTJ, (2.49) 

where the terms Cn,i denote arbitrary constants. Prom (2.47a) it is clear that the 

equation for is homogeneous; consequently, ci_i and cî 2 must be zero in order 

to satisfy the symmetry conditions. This in turn implies that the equation for 

is homogeneous, and by using the principle of induction on it can be shown 

that every subsequent equation is homogeneous. Subsequently this implies that the 

constants Cn,i and Cn,2 are all zero. Hence by using the remaining constants Cn,3 to 

obey the boundary conditions, it is seen that the leading order approximation to 

is given by 

4 " ' ° ' ° (2^"+"l)h 

This expression for is now substituted back into the series expansion (2.34), 

which gives the following simple expression for the governing stream function ^{r],9): 
OO • OO / ^ \Tl 

= E E + O K ' ) 

n=0 ^ + (2 .51) 

=TT~^ s'mOsm-KT] + 0{RJ^). 
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The above result is consistent with the alternative approach of solving the equation 

of motion (2.33) directly, and then decomposing the solution into a 0-power series to 

obtain an approximation for 

Proceeding to 0{Rj^), it is found that (for n > 1) satisfies the equation 

- 4 ^ = % # 

/(".I) = = 0, 7? = 0 and = 4" '^) = 0, r? = 1 (2.52b) 

with F^ = 4^'^)+7r2/^'^). 

The homogeneous form of (2.52a) is 

7r~^(sin7r77)^""'"^^ [jP" (sinTTT?)"^""^] — 0. (2.53) 

By expanding (sinTrTy)^"^^ in a Fourier series, see (2.48), it is found that the solution 

to (2.53) is similar to (2.49) and is given by 

sin(2j + l)7r77 /2ti+i\ 
1 - (2; + 1)2 ^ 

, (n> l , l ) _ 
Jh ~ 

dn,i + dn,i COS vrr? + dn.2 sinTTTj, (2.54) 

where dn,i are arbitrary constants. As before, it is expected that the solution for 

will simplify the inhomogeneous terms in (2.52a). Hence, by proceeding with this view 

the next objective is solve the following equation for 

7r~^sin TTT] — cos nrj F° = sin ivr). (2.55) 

A general solution to the above equation can be obtained as follows: 

\F^ (sinTrr/)"^] = - 7r^(sin7rr?)~^, 
dr] 

= > jF° = 4°'^^ + = — TT̂  sinTTT? ln(tan ^irrj) + Xsimrrf. 
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Yuan [104] has represented the analytic solution to this equation in the form 

i=7rJ7 

= 7̂r(7r77COS7r77 —sinTrry) ln(tan 7̂r?7) — ^TrsinvrTj — T̂TCOSTTTj J -^—dx. (2.56) 
0 

In Yuan's study, solution (2.56) represents the 0(i?~^) correction to the flow in a 

channel with large injection through porous walls. Although the above solution satisfies 

the required boundary conditions at ry = 0, 1, Terrill [94] has indicated that the third 

derivative is undefined at the origin. This divergence is essentially brought about by 

the neglect of the highest derivative in the equation of motion (2.33a). In view of this, 
_ 1 

it is necessary to introduce an 0{Rs ^) boundary layer near 77 = 0. The solution within 

this layer is then matched with solution (2.56), which is now interpreted as an outer 

solution. Accordingly an inner solution is sought in the form = Rg ^5, with 

e = rIt] (2.57a) 

and g(& Rs) = 9O + Rs ^9i + -R® ^ lni?s 32 + Rs ^93 + • • • (2.57b) 

Here, the appropriate scaling for the inner variable ^ has been chosen by expanding the 

full outer solution (2.44) close to r; = 0, and then noting the scale upon which 77 must 

vary so that the 0(1) and 0 { R j ^ ) terms are comparable. The complete procedure 

regarding the derivation of this scaling is given in Terrill [94]. 

Continuing with the present boundary layer analysis, one finds that the required 

inner solution g{x,Rs) must satisfy the conditions 

5(0) ~ 5(0)7)?? ~ 0, 

lim f^°'^\r],Rs) = lim Rg ^g{C,Rs) as Rg -)• 00. 
77̂ 0 (^00 

By solving the resulting boundary layer equations at successive orders, it is found that 

the g{x,Rs) is given by 

As one might have anticipated from (2.56), the nontrivial form of does not 

simplify the higher order equations for However, despite the added level of 
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V 

- 0 . 5 

- 1 . 5 -

- 2 I-

Fig. 2.7: A comparison of Yuan's solution for with the Fourier series represen-

tation (6 terms). Both solutions are indistinguishable on the scale of this plot. 

difficulty, it is possible to infer something about the Fourier series of namely 

that all the terms are proportional to sin 2m-Kri, with the exception of one term which 

is proportional to smnr]. This implies that is composed of a homogeneous 

solution which has period 2 in 77-space, and an inhomogeneous term which has period 

1. To prove this latter claim, we start by noting that equation (2.56) is not a unique 

representation of Returning to (2.55), we observe that it is possible to seek a 

solution in the form of a Fourier series. Accordingly, is expressed in the form 
00 

j(0,i) = ^ a^sinmTTTy. 
171=1 

Substituting the latter series into (2.55) gives the equation 

0 0 0 0 

-27rsin7rr? = ^ ^ ^ ( m - 1)(1 - m'^)Sm+i - ^ o l ( m + 1)(1 - rn^)Sm-i, (2.59) 
m = l m=l 

with Sm+i = sin(m + 1)^^. 

For m ^ 2, the above system yields the difference equation 

01+2(1 -{m + 2f){m + 3) - 0 ^ ( 1 - w?){m - 1) = 0, 

with o5 = arbitrary and = —2tt, 03 = 0; 

0 constant 
""m ~ ( ^ 2 _ 1)2 • 

(2.60a) 

(2.60b) 

(2.61) 
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Fig. 2.8: The first and second derivatives of 

y(o.i) using 20 terms in the Fourier series 

(2.62), Rs » 1 

Fig. 2.9: The divergence of near t] = 

0, 1. Here 100 terms are used in Fourier 

series. 

Hence an alternative representation for is 

/(».') = - 2 , f ; + a» (2.62) 

and a j = —47r 
k 

.=1 - . . . 

By using the comparison test, it is easy to verify that the above series (2.62) and its 

first two derivatives are absolutely convergent for all values of rj. However, on taking 

the third derivative, the terms Om vary like 1/m; consequently, it is expected that this 

derivative diverges (as does the third derivative of Yuan's representation). Due to the 

rapid convergence of series (2.62), only a small number of terms are required (approx-

imately 4) for a numerical comparison with Yuan's representation (2.56). However, 

when comparing derivatives, the series representation does not converge as fast and 

therefore more terms are required, see figures 2.8 and 2.9. 

Next, it is shown that all the terms in Fourier series of are of the form 

apart from one which is of the form 5i (recall that Sk = sink-KT]). By proceeding in 

the same way as before, is expanded in the form 

OO 
y(n, i ) = a^sinmTTTy. 

m=l 
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After some rearranging, equation (2.52a) can be rewritten as 

^ + 1 — A:) + 5 ^ - 1 (2n + 1 + A:) = — 27rsin7rr; 
fc=i 

f 1 Nn p - | 

+ f2., - 1) 5fc+i({2n + l)k - 1) - 5ft_i{(2Ti + l)k + 1)J (2„ + 1)! 

n—1 

+ ^ - 1) [(Sk+I - Sk-i)k ^ 2i +\—-('S't+I + %-!)] 
j=l,n>l k=l 

(2 .6^ 

Although equation (2.64) appears intimidating, it is easy to observe that a " is arbitrary 

because of the [k"̂  — 1) factor in all summations. The coefficient a" corresponds to 

the homogeneous solution which is proportional to Si in all the functions Since 

this proof relies on the principle of induction, let us start by fixing a value for n, say 

n = N. To help with the proof all the terms corresponding to have been placed 

on the LHS of (2.64), and all the lower order inhomogeneous terms are on the RHS. 

Next, observe that for any given value of k, all the sine terms appearing in the 

summations of (2.64) are all of the same form i.e. if A: = 2m then all the summation 

terms in (2.64) are of the form %m+i, and if A; = 2m + 1 then all the terms are of the 

form S2m- It is now assumed that 02^1+1 = 0 for % < jV i.e. that all the lower order 

terms (on the RHS) have a Fourier series consisting purely of the modes S2m (with the 

exception of 5 i ) . 

It is now shown that all the sine terms appearing on the RHS are of the form S2m+i-

Since it is assumed that ^"m+i = 0 for n, < jV, it is clear that a^m+i — ~ 0 

in the summations on the RHS. This means that the summations on the RHS only 

contribute sine terms of the form S2m+i-

Now, because the terms on the RHS are of the form S2m+i, it follows that this 

must also be the case on the LHS of (2.64). Hence, in order to suppress the instigation 

of 52m terms on the LHS, it is necessary to take a^m+i = 0- Therefore it follows 

immediately that is comprised purely of S2m terms (this is the induction step). 

It is now shown that the result is true for In the Fourier expansion of 
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(2.62), it is clearly seen that a j ^ 0, ^ 0 and a^m+i = 0 (for m > 0) i.e that 

is purely comprised of sine terms of the form S2m and Si. Therefore, since this rule 

holds for by the principle of induction it holds for all terms 

The difficulty in evaluating is echoed, and probably better understood, in 

the governing equation of motion (2.33). Here, the equivalent procedure would be to 

determine T in the expansion 

^{'r],9,Rs) = sinO simrr] + RJ^T{t],9) + ... 

The governing equation for T(ry,0) is then given by 

Tr~^ simrr] cos 6 Fr) — sin 6 cos ttt] Fg = — Tr^sin^sinTTTj, (2.65a) 

T = = 0 at 77 = 0 and T = = 0 at rj = 1, (2.65b) 

with F = Tr,T, + vr^T. 

By using quasi-linear PDE theory the general solution for F can be expressed in the 

form 

F = TT i / ^ de + H{sm9sm-Krj). (2.66) 
\J A?' — sin^ 6 

Here A = sin 0 sin 7r?y, H is an arbitrary function and i = \ / ^ . The value A is held 

fixed for the integration and thereafter it is replaced with its functional representation 

in terms of 6 and r/. The arbitrary function H is determined from the boundary condi-

tions once a representation for the general solution of T(77,6) is obtained. However, in 

order to evaluate the general solution for T, it is necessary to find a particular solution 

that corresponds to the elliptic integral in (2.66). The evaluation of the aforemen-

tioned particular integral is nontrivial and for this reason it is impossible to proceed 

analytically. 

Asymmetric Solutions 

The existence of a steady asymmetric state is readily anticipated from the studies of 

WBZD [97] and H. & P. [37], see figure 2.6. To avoid the tedious approach of solving 
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the series equation (2.37), the asymptotic solution presented in this section is derived 

directly from the equation of motion (2.33). It is a simple matter verify the consistency 

of both approaches i.e. eliminate the possibility of eigen/complimentary solutions in 

the series equation approach. 

By proceeding in a similar way to WBZD, the outer solution is expanded in inverse 
1. 

powers of Ri and a logarithmic dependence is included at ©(ii^lniis) . Accordingly, 

the core region expansion is written in the form 

'^{rj,9,Rs) = sin6'|x^°^(??) + ^ Rs j + + ••• 

(2.67) 

Here $ obeys the inviscid boundary conditions 

•qf{n = T l ) = 0. (2.68) 

To satisfy the remaining conditions at 77 = ^1 , it is necessary to reintroduce the effects 
_ 1 

of viscosity within a boundary layer of thickness Rs ^ at each wall. The required 

boundary layer solution at = — 1 is obtained by writing 

^(7y, 0) = 2 g- g) with ^ = (1 + r])Ri, (2.69a) 

9- (e, 0) = 9o ( 0 sin e + R;^g^ + RJ^ In R , + R j^g^ + . . . , (2.69b) 

and g~ = 0, = — sin0 at ^ — 0, (2.69c) 

with lim ^{r],9,Rs) = Mm Rg^g~{^,6,Rs) as —>• 00. (2.69d) 
f->oo 

Similarly, the required expansion at ry = +1 is given by 

^{ti, 9) = Rs 2g+(%, 9) with x = {1 — r])Ri, (2.70a) 

g+{x, 9) = g^{x) sin(9 + Rj^gt + Rj'^ InRg g^ + Rj'^gt + • • •, (2.70b) 

and g"*" = 0, = sin ^ at a; = 0, (2.70c) 

with lim ^(ri,9,Rs)= lira. Rg ^g'^{x,9,Rs) as R s 0 0 . (2.70d) 
TI-^+l X->00 
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At leading order it is found that 

cos jTrr/, (2.71) 

9^ = --f, (2.72) 

GR-9O9O"+ 9O^ = H (2.73a) 

with gQ = 0 , Qq' = 1, X = 0 and g^' ^ —1 as x oo. (2.73b) 

The above equation for (re) has been integrated numerically by WBZD and from 

this calculation it is known that 

(a;) ~ —X + 5 as rc -> oo, with <5 ~ 1.96612. (2.74) 

By continuing with the matching procedure, one finds that the higher order terms in 

core region expansion (2.67) are given by 

= ^6 sin ^irrj + dTr~^{^Trr] sin ^-KT] + cos ^TTT}), (2.75) 

= A sin ^TTT] + B{^TTT] sin ^nri + cos ^Tvr]), (2.76) 

with 

9i = 9i = 92 = 0- (2.77) 

Note that is an eigensolution to the governing equations for The constants A 

and B are used to match the outer solution to the inner expansion. In order to satisfy 

the matching condition for it is found that A and B must satisfy the relation 

A+^-kB + \-K = 0. Since is only known numerically, it is necessary to determine gg 

in the same way. However, the correction term is of limited use to our investigation 

because we are primarily concerned with the unsteady regime, that bifurcates from 

the steady asymmetric state at a moderate Reynolds number Rg « 54. For this reason 

the matching procedure is not pursued any further. 

Next, by writing the core flow solution in a ^-series, we may express as 

—— 1 — 2R'i-K~^ cos -̂KT) + sin 7̂r?? 
R]{2n + l)\ I 

+ 5'k~^{\-Krisin^-Kfj + cos ^tttj) + 0{Rs ^ l n i ? s ) | . (2.78) 
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It is interesting to note that two decaying solutions also exist for the unsteady problem. 

In the inviscid core region these solutions can be written as 

^ ' (77 ,0 , r ) ~ < 
sindsimrrje + 0(R ^), 

sin0 cos + 0 ( i ? ~ 2 ) . 

The no-slip conditions at the walls are satisfied by the boundary layer solutions and in 

this case, these boundary layer solutions have to be computed numerically. However, 

since the core flow is driven to rest in both of the profiles above, it is unlikely that 

solutions of this type are physically relevant to the present study. 

In the next section, the full unsteady series equations (2.37) are solved numerically. 

The solutions obtained from this calculation are then compared with the asymptotic 

results derived above. For sufficiently large values of i?s, it is found that the velocity 

profiles associated with the functions begin to diverge i.e. grow without bound 

during time marching; consequently, a linear stability analysis is formulated in the 

section thereafter. 

2.4 Numerical Work 

In the numerical scheme that is used to solve (2.37), the 7y-range (—1,1) is partitioned 

into I intervals of equal length Arj = 2/1. Next, the governing series equation (2.37a), 

is discretized by using a central difference scheme that is + Ar^) accurate. 

The terms on the RHS of (2.37a) are treated explicitly at each timestep and the 

standard Crank-Nicholson method is applied to the viscous term The discretized 

boundary conditions are then used to eliminate the fictitious values of outside rj-

domain (—1,1). By following this procedure, each term is then determined by the 

inversion of a penta-diagonal matrix A. Additionally, it should be noted that matrix 

A is symmetric with constant coefficients. To compute the terms the matrix A 

is inverted at each timestep by using its LU factorisation. 
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Ax = 

f{co + C2) Ci C2 0 

Cl Co Ci C2 0 

C2 Cl Co Cl C2 0 

0 C2 Cl Co Cl C2 0 

0 0 C2 Cl Co Cl C2 0 

0 

0 

0 

0 

0 

V 0 

f \ 
-I+Ajj 

® L l 2 A , 

® S - 2 A , 

0 C2 Cl (C0 + C 2 ) / 

Here co = — 3/i?Ar?^ — 2/AtA77^, ci = 2/RAt]^ + l/ATAr]'^ and C2 = — l/2i?Ar?^. It is 

important to note that matrix A is not positive definite (this can be verified by evalu-

ating x A x ^ with a; = { 1 , 1 , , 1}), and neither is it diagonally dominant; therefore, 

a stable inversion of this matrix is not guaranteed. However, by experimenting with 

different sizes of: Rs, At] and AT, we have found that a Cholesky factorisation of the 

matrix —A can always be obtained. Despite this fact, since we cannot prove that a 

Cholesky factorisation is possible for all values of {Rg, Arj, AT}, the LU factorisation 

method was used instead. 

For each numerical run, the flow is allowed to develop from an initial condition of 

zero-flow; moreover, it is found that the mesh settings Arj = 2 / 8 0 0 and A T = 10"^ 

are sufficient for these calculations. Note, that having the ^-dependence removed in 

the series equations, has the effect of simplifying the computational task significantly. 

However, in exchange for this convenience, it is necessary that the series solution (2.34) 

converges quickly near 6 ^ n. 

In addition to the above calculation for the terms the equation of motion 

(2.33) is solved directly so that a comparison of results is possible. In this direct 

approach, the nonlinear terms are treated explicitly and a pseudospectral (PS) method 

is employed to allow for the periodicity in the ^-direction. To approximate the value 

of Wg, the Fourier transform of ^(0,77, T), denoted by ^(A;, 77, T), is calculated and then 

the inverse transform of ik'9 is taken (see below). 

$(A:,7?,T) = F 
J —C 

de 
1 

^0(0,7?,T) = — y dk. 
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By calculating in this manner, the rate of convergence (of the approximation) is 

far superior to any finite difference (FD) scheme i.e. the error decreases faster than 

0{1/I^) for any integer power p (here J denotes the total number of grid points in 

the scheme). Moreover, since Wg is calculated in a global manner, the use of upwind 

differencing (UWD) is avoided. 

To formulate the problem using UWD, it would be necessary to calculate by 

choosing an "appropriate" one-sided FD formula at each station 9 = jA9. A left-

sided FD formula is chosen if the flow is moving to the right and the a right-sided 

formula is used otherwise. In this way, the upwinding scheme "improves" the numerical 

description of the flow by controlling the direction in which transportation errors are 

allowed to propagate, see [60] §19.1. As before, the Crank-Nicholson method is applied 

to the viscous term ^nrjr^r], and thus the governing matrix is once again given by A. 

Hence, the value of ^ at the next timestep is determined as follows: 

1. The ^-derivative is calculated pseudospectrally over the rectangular domain 

[0 < 0 < 27r, - 1 < ?7 < 1]. 

2. For a fixed value of 0 = jAO, the nonlinear terms are stored in the vector x. 

3. The value of $ (0 = jAO) at the next timestep is found by evaluating A^^a;. 

4. The value of j is increased and steps 2. and 3. are repeated until the entire 

0-domain is passed, thus yielding a complete solution for ^ at the next time 

step. 

In this manner, the numerical solution is time marched until a converged result is 

obtained. The mesh settings used in this calculation are AT = 5 X 10"^, Arj — 2/100 

and AO = 27r/256. 

In the next section, the numerical solutions of the series equations are presented. 

The solutions of the equation of motion (2.33) (calculated by the PS method) are 

presented in the section thereafter. 
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Rs AT 

0<Rg< 300 1.0 XlO-3 

3 0 0 <Rg< 1600 6.0 xlO-4 

Rg = 1650 5.0 xlO-4 

Rg = 1670 1.0 xlO-5 

Rg = 1700 > 1.0 xlO-7 

Table 2.3: The size of the timestep required to calculate In these calcu-

lations, the size of Arj is 1/100. 

2.4.1 Numerical Results 

Since the solution for plays a pivotal role in the series solution (in that it forces the 

higher order terms in the expansion), this section begins with a review of the different 

solutions of at various Reynolds numbers. 

By forcing the symmetric solution, it is found that is steady up to Rg ~ 170, 

see figure 2.11, after which the solution becomes periodic in time. In this symmetric 

regime, the time period of increases linearly with Reynolds number, see figure 2.10. 

In the range Rg = 170 to Rs ~ 250, the periodic solution is in essence a modulated 

continuation of steady one which is proportional to sinTTTy. In contrast, at Rg ~ 300, the 

periodic solution of is modulated through profiles that are proportional to sin 277?) 

and sinTrry, see figures 2.13, 2.14 and c.f. equation (2.46). In the latter diagrams, Tp 

is used to denote the evolution of time through one time period of the solution i.e. if 

T is the time period of the solution, then Tp varies from zero to T. As Rg is further 

increased above Rg = 300, the proportionality to sinTrry begins to fade out, and at 

Rg = 1600 the sin27r77 profile is dominant, see figure 2.12. Further time marching 

above Rg = 1700 requires an exceptionally small timestep, see table 2.3. Therefore, 

the numerical procedure is no longer efficient above the threshold value Rg = 1700. 

The asymmetric solution of emerges from a symmetry breaking bifurcation at 

Rg = 17.3. This asymmetric solution remains steady up until Rg = 53.8, see figure 

2.15, after which it becomes periodic in time. Upon further increasing RG, the solution 
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100 -

200 400 600 800 1000 1200 1400 1600 
Rs 

Fig. 2.10: The time period of the symmetric solution of 

begins to period-double in progressively smaller intervals of Reynolds number. This 

period-doubling cascade has been identified previously by H. Sz P. [37], and due to the 

appearance of self similar structures at Rg > 82, see figure 2.17, it is concluded that 

the resulting flow is chaotic. In their study, H. &: P. did not carry out an exhaustive 

search for laminar subwindows above Rg = 82. It is interesting to note that some 

laminar configurations do exist for Rg > 82 and a brief summary of these regimes is 

now given. 

At Rs = 86, the presence of three distinct points in the Poincare cross-section 

diagram, see figure 2.18 (a), indicates that the solution is quasi-periodic. However, a 

very surprising substructure is revealed when the region near A is enlarged, see figures 

2.18 (b)-(d). In diagram (b), it is seen that the points are distributed on a straight line; 

moreover, one should note that this line develops on a scale that is larger than the scale 

associated with the numerical error, which is 0{At)^ -t- Ar^). Further enlargements 

near A reveal a self-similar relation, but these self-similar structures develop on a scale 

that is smaller than the numerical error; therefore, one cannot justify a claim that this 

flow is chaotic. Since the lines/clusters shown in diagram (d) occur within the scope 
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^(0) 0 

= 100 

Fig. 2.11: The symmetric solution of at Rs = 10,20,30,40,50,100. The 

sohd Une indicates the large Rg asymptotic solution sin ttt]. This symmetric 

solution of becomes unsteady and periodic at Rg % 170.0. 

\p(o) 

0 - 1 

Fig. 2.12: The symmetric periodic solution of at Rg = 1600. Observe the 

proportionality of this solution to sin27r7), and the requirement of a boundary 

layer at f 1 to obey the derivative boundary conditions (2.37d,e). 
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^(0) 0 

0 _i — V 

Fig. 2.13: The symmetric time periodic solution of at = 300, 3D view. 

0.6T 

#(0) 

- 0 . 2 

- 0 . 4 

- 0 . 6 

Fig. 2.14: The symmetric time periodic solution of at Rg = 300, 2D view. 

Observe the modulation of this solution through profiles that are proportional 

to sin 2777; and sinTr??. As in figure 2.12, there are boundary layers present near 

77 = =f1 (associated with the sin27777 variation in 77). 



CHAPTER 2. THE STEADY STREAMING FLOW BETWEEN CYLINDERS 76 

$(0) 

R, = 25 

Fig. 2.15: The asymmetric steady state of at Rg = 25,35,45,53. The solid line indicates 

the leading order asymptotic solution for large Rg. This asymmetric solution becomes 

unsteady at Rg « 54 and chaotic at Rs % 82. 

(a) Poincare section at Rs = 79 (b) T h e r e tu rn m a p at Rg = 79 

- 1 . 2 -1.1 - 1 - 0 . 9 - 0 . 8 - 0 . 7 

(c) Poincarc section at Rg = 81 

- 0 . 7 - 0 . 6 - 0 . 5 - 0 . 4 - 0 . 3 -0 .2 

(d) T h e r e tu rn m a p at Rg = 81 

- 1 . 5 
- 1 . 3 

Fig. 2.16: The asymmetric regime of (a) & (c) - The Poincare cross sections of at 

Rg = 79, 81. (b) & (d) - The associated first return maps. The coordinate variables xi(r) , 

X2{t), X3{t) are given by = 0.4), = 0.3) and = —0.5). The Poincare 

sections are taken in the plane ig = 0. 
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(a) Poincare section at Eg — 85 

0.5 
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-0.5 

- 1 

-1.5 

- 2 

n —I r 

I I I I I I 1 l _ 

-1.3 -1.2 -1.1 -1 -0.9 

(b) Enlargement near A 

-0.8 -0.7 -0.6 -0.5 -0.4 -0.3 

(c) Enlargement near B 

-1.29 -1.28 -1.27 -1.26 

(d) The first return map 
0.5 

0 

-0.5 

- 1 

-1.5 

-1.7 
-0.95 -0.9 -0.85 -0.8 

(e) Enlargement near C 

/ A \ / \ 
i 

/ • • 
/ c 

L / - 1 . 6 

-1.5 -1 -0.5 -0.3 -0.2 -0.1 0 0.1 0.2 

Fig. 2.17: The asymmetric regime of (a) - The Poincare cross section of at = 85. 

(b) & (c) - Enlargements near A and B. (d) - The first return map using the 12 (r) variable, 

(e) - An enlargement near C. 
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(a) Poincare section at Rs = 86 (b) Enlargement near A 

-1.346 

-1.347 

-1.348 

- 1 . 2 - 1 - 0 . 8 - 0 . 6 

(c) Enlargement near A 

-0.9948 

-1.3468 -

-1.3469 

-0.9948 

(d) Enlargement near A 

-0.9948 -0.9948 

-1.3474 -

-1.3474 

-1.3474 

-0.9948 -0.9948 -0.9948 -0.9948 -0.9948 

Fig. 2.18; The asymmetric regime of (a)-(d) The successive enlargements of the 

Poincare cross section at Rg = 86. The tick steps along the i-axis for (b), (c), and (d) 

are 2 x 10"'*, 3 x 10~® and 5 x 10"^ respectively. 
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(a) Poincare section at Rg — 90 

0 0.1 0.2 0.3 

(b) Enlargement near A 

0.5 0.6 0.7 0.8 

(c) Enlargement near B 

2.4 

-0.0422 -0.0382 -0.0342 

(d) The first return map 

0.65 0.7 0.75 

(e) Enlargement near C 

Fig. 2.19: The asymmetric regime of (a) - The Poincare cross section of at Rs = 90. 

(b) & (c) - Enlargements near A and B. (d) - The first return map. (e) - An enlargement 

of return map near C. 
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Re i?5 R4 R2 Ri 

— ~ i ~ n — I 1 1 — ^ 
0 / 

1.5 1.9 2.4 3.0 4.2 6.6 

Fig. 2.20; A diagram of the critical values (approximate). For Rg > Rn the 

term becomes unstable and grows without bound during time marching. 

of numerical error, it is concluded tha t the flow at Rg = 86 is indeed quasi-periodic, 

but with a very large time period. Note, although we have determined tha t figure 2.18 

(d) is an enlargement beyond the scope of numerical accuracy. Intuitively, one might 

have expected tha t an enlargement to this degree, would produce a diagram with the 

points densely packed within a circular domain (on the basis that there is no preferred 

arrangement within the scope of error). Therefore, it is interesting to see that the 

arrangement in figure 2.18 (d) is still highly organised. 

The Poincare cross section of the solution at Rg = 90 once again depicts self 

similarity, see figure 2.19. Hence the flow at Rg = 90 is chaotic. We conclude by 

noting that many quasi-periodic regimes, similar to the one at Rs = 86, exist for 

Rg > 90; however, there appears to be no underlying structure that predetermines the 

values of Rg at which these laminar states exist. 

Having familiarised ourselves with the difi'erent solutions for the driving term 

we now discuss the solutions for the general term When solving the series equa-

tions (2.37) with a time marching procedure, it is impossible to obtain a bounded 

solution for every WW. The leading order term is the only term that remains 

finite over all values of Rg, the remaining terms become un-

bounded at Reynolds numbers Ri > R2 > Rs > . . . > Rn respectively. Therefore 

as the Reynolds number is increased, successively fewer terms are obtained from this 

numerical method. Moreover, every term diverges above the critical Reynolds 

number Rg = R i ^ 7.0, below which, the computable terms are steady and symmet-

ric. Note, since the computable terms are steady and symmetric, we can see that 

these solutions are characteristically similar to the symmetric regime of see table 
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2.2. For Rs < 0.5, the computable terms are in good agreement with the asymptotic 

solutions for small Rg (2.43). 

The instabihty described above is unaffected by refinements to the mesh size and the 

timestep. This implies that the instability does not arise through a lack of precision 

in the central difference representation. Consequently, one might expect that the 

instability is due to an unstable inversion of the matrix A, but one can intuitively see 

that this is unlikely because the same inversion method is used to compute which 

is finite at all values of Rg. 

To investigate the stability of the inversion process, an arbitrary precision package 

written by M. Ring [68] was used to compute the solutions for The MAPP 

precision package used for this inversion analysis, is available in C / C + + and is capable 

of 50-256 significant figure precision. [Note, the variables used in MAPP are handled 

as strings, which are then converted to numerical values when output is desired i.e. 

there is no 'logical' extension of the double precision data type]. In addition, a partial 

pivoting scheme was introduced to ensure a stable inversion of matrix A. Moreover, 

to increase the accuracy of the scheme, the higher order terms were computed via an 

implicit scheme by writing 

^ (2i +1) , 
i=l 

with C = DR^RJT - ~ + 1) ~ • 

Finally, various scalings were introduced to the numerical scheme to ensure the balance, 

in magnitude, of any two terms involved in multiplication/division. Unfortunately, de-

spite all the efforts described above, the instabilities did not change. Therefore, having 

eliminated the numerical inversion as the cause of the instability, we proceed by for-

mulating a linear stability analysis to investigate the possible involvement of growing 

perturbations; this analysis follows in the next subsection. Let us briefly mention that 

the linear stability analysis does indeed confirm the presence of growing eigensolu-

tions; consequently, a full discussion involving the direct numerical solution (DNS) of 

equation (2.33), is postponed until the stability analysis is presented. Thereafter, an 
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alternative method is used to compute the terms and then a full comparison is 

made with the DNS of equation (2.33). 

Although a detailed account of the DNS of (2.33) is deferred until §2.4.3, a qualita-

tive summary of the results is now given. When using the PS numerical method to solve 

the equation of motion, it is found that a continuous solution can only be obtained 

for Eg < 40. The numerical solutions obtained for Rg > 40, are unacceptable be-

cause the profiles in the ^-direction are wavy/discontinuous, see figure 2.28. Moreover, 

these discontinuous profiles are persistent under refinements to the timestep and the 

mesh size (in each spatial direction). Despite the development of wavy/discontinuous 

profiles, the bounded solutions obtained in the regime Rg > 40 are still 77-symmetric 

and steady. Accordingly, the latter regime is still regarded as a continuation of the 

symmetric regime associated with Rg < 40. 

Upon increasing the Reynolds number above Rg = 48, the symmetric solution 

becomes unbounded. This divergence is caused by two growing //-profiles that are 

located at 0 % 28°, 152°. By forcing the symmetric solution i.e. the rotationally ij-

symmetric solution, the resulting numerical solution becomes unbounded at Rg « 65. 

Again, this divergence is brought about by two growing //-profiles near the same angles 

as before. 

In the next section, the stability of the terms is investigated, and conse-

quently it is found that the terms cannot be calculated via time marching. However, 

since the numerical solutions of (2.33) are steady up to Rg = 40, the corresponding 

steady solutions of are computed without time marching i.e. an implicit FD 

scheme is used to solve the steady form of (2.37). These solutions, together with the 

ones found by solving (2.33), are then discussed in §2.4.3. 

2.4.2 Stability Analysis 

The instabilities present in the time marching suggest that for every fixed value of Rg, 

the formal series (2.34) must be truncated (in order to exclude the unbounded terms). 

Upon increasing the Reynolds number, this truncation restricts the series expansion to 



CHAPTER 2. THE STEADY STREAMING FLOW BETWEEN CYLINDERS 83 

progressively fewer terms, see figure 2.20. Next, a linear stability analysis is formulated 

to analyse the stability of each term Consequently, a critical Reynolds number 

Rn. is obtained for each term and it is shown that —>• 0 as n —>• oo. 

The driving term is taken as the base flow, upon which, a disturbance with 

exponential time dependence is imposed. Hence the governing stream function is 

expanded in the form 

^(7;, g, T) = g exp('y^T). (2.79) 

Here, 7„ denotes the growth rate associated with the term Note, since is 

not affected by any growing perturbations, it is convenient to continue the use of the 

time marching procedure to generate this term. 

By substituting the above stream function expansion into (2.33), and then taking 

the limit 9 - ^ 0 , the leading order stability equation for is found to be 

+ (2n + 1) , (2.80a) 

with $ W ( f l ) = $ W ( f l ) = 0. (2.80b) 

By evaluating (2.80a) at the boundary = — 1, it is found that the growth rate 7„ is 

given by 

Since (?y) satisfies a linear equation with homogeneous boundary conditions, the 

RHS of equation (2.81) can be simplified by rescaling (;;) so that $^^^(—1) = 1. 

Hence, the critical Reynolds number Rn, at which is neutrally stable, is found by 

substituting jn{Rn) = 0 into (2.81). This substitution gives 

p . 8 2 ) 

Note, the implicit assumption that Im{7„(i?„)} = 0, implies tha t this stability anal-

ysis excludes the description of marginal states that are time periodic, however these 

marginal states are considered in this analysis. The stability analysis considered in 
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this section treats both and 7„ as complex values; however, it is found that both 

of these functions are real. Since the latter result is expected from the steady solutions 

of the equation of motion, see page 82; the analysis presented in this section, is less 

cumbersome if Im{%(_Rn)} = 0 is assumed from the outset. 

Guided by the form of in (2.82), we substitute 7n = 0 and Rg = Aoo/{2n + 1) 

into equation (2.80) and then take limit n —> oo. This gives the following stability 

equation for the term 

f vloo -- = 0, (2.8:3a) 

with 0 W ( # ) = $ W ( # ) = 0 and = ^7;(1 ). (2.83b) 

Here is prescribed by its small Reynolds number solution, and ^oo is an eigenvalue 

for the above equation. If one can match the numerical results of (2.80) to the large n 

result in (2.83), then it is clear that the neutral points Rn converge to the limit point 

Rs — 0. Prom this result, it immediately follows that the series representation (2.34), 

without truncation, is unbounded at any positive Reynolds number. 

As previously mentioned, 7„ and 0 ^ are treated as complex valued functions in 

the numerical scheme that is used to solve (2.80). Accordingly, the neutral stability 

points are defined as the values of Rn at which Re{7„(i?n)} = 0. Although equation 

(2.80) is a boundary value problem, it is necessary to repose the equation in initial 

value form, so that a shooting procedure can be used to solve it numerically. In this 

shooting procedure, the values of and are fixed at 77 = — 1. Moreover, the 

parameters 7„, Rg and a = ^^^^(—1) are treated as iteration variables. The iteration 

variables are then continually updated by Newton's method, until satisfies the 

boundary conditions at 77 = + 1 with zero growth rate. A fourth-order Runge-Kutta 

scheme is used to integrate over the 7;-range, and the update for iteration variables 

is produced by Newton's method. 

In addition to the above calculation, for each fixed value of n, the growth rate is 

monitored as a function of Reynolds number i.e. the functions 7„(-Rs) are determined. 

The trajectories that are obtained by plotting these functions are called continuation 
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n Rn 

0 17.31 

1 6.610 

2 4.106 

3 2.980 

4 2.339 

n Rn 

5 1.925 

6 1.422 

7 1.257 

10 1.021 

20 0.502 

n Rn 

50 2 .148 X 1 0 - 1 

100 1 .081 X 1 0 - 1 

4 0 0 2 . 7 1 6 X 1 0 - 2 

800 1 .359 X 1 0 - 2 

1400 7 . 7 6 7 X 1 0 - 3 

Table 2.4: The neutral stability points for each term $("). 

curves. These curves are computed by using a shooting procedure that is similar to 

the one used previously, except this time, only % and o are used as iteration variables. 

Solutions of the eigensystem 

As expected, the numerical solutions of the eigensystem (2.80) are always found to be 

real. Moreover, from the numerical calculations it is found tha t the computed values 

of Rni are in excellent agreement with the values of Rg at which the time marching 

procedure becomes unstable, see table 2.4 c.f figure 2.20. In figure 2.21 the neutral 

points Rn are plotted against the term number n. Prom this log-log plot it can be 

seen tha t the slope of the line is -1; this result concurs with the asymptotic form 

Rn ~ j4oo/(2n + 1), and from this graph an estimated value of 21.7628 is obtained 

for Aoo- By solving (2.83) the actual value of A^o is found to be 21.7602, which is 

in excellent agreement with the latter extrapolated approximation. Therefore, it is 

concluded that the neutral points converge to the limit point Rs = 0 as n becomes 

large. In view of this result, it is clear that if a time marching procedure is used to 

compute the terms then it is necessary, in order to obtain a bounded solution, 

to restrict the expansion to successively fewer terms as Rs is increased. Consequently, 

as Rs is increased, the series solution is valid over a progressively smaller 0-range (due 

to the loss of terms as Rg is increased). 

For each n, the growth rate is computed as a function of Rg, see figure 2.22. Once 

these continuation curves pass through Rs = Rn they become very difiicult to follow. 
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InRn 

4 
ln(2n + 1) 

Fig. 2.21: Neutral points for growth rates 7„(-Rn)- A tail end extrapolation 

of this line gives lim i?„(2n + 1) = Aoo — Note further that the 
n—^oo 

line of best fit has a slope of -1.0. 

For Rs > Rn, it is necessary to increment Rg in small amounts, in order to avoid a 

discontinuous jump from the 'original' continuation curve. If the increment in Rs is 

too large, the numerical scheme then locks onto another branch of the growth rate 7„. 

In fact, a discontinuity also occurs if the initial guess for % is not close enough to the 

next result, for this reason, the previous converged result is used as an initial guess for 

7„ at the next incremented value of Rs. 

It is thought that the discontinuities in figure 2.22 are due to the merging of multiple 

roots i.e. for a fixed value of n, there is an intersection of two different branches of 

7„ (here it may help to view 7„ as an eigenvalue for the perturbation). Moreover, 

the numerical updates in the shooting procedure also support the latter view. At the 

discontinuities, the numerical update scheme projects the values of 7„(i?s) and a away 

from the original continuation curve. Fortunately, the update procedure does not fail 

because the scheme always locates another root with a larger basin of convergence. 

In view of this, one may expect that the intersection of the multiple branches of 7„, 

occurs in manner that is similar to the cases shown in figures 2.24(a), (b). 

However, if the two different branches of 7„ only intersect at one point, say Rs = 
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Re{7„} 

n = 12 

n = 9 

n = 6 

-15 

Fig. 2.22: The continuation curves of the growth rates 

Rc = 0.5 

$(6) Qy| 

Fig. 2.23: The eigenfunction of at Rs = 0.5, 1, 2, 5, 10, 15. 
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2n + l 

Re{7„} original curve 

original curve 

2n+ 1 

original curve 

2n+l 

original curve 

2 t i + 1 

Re{%} 

Fig. 2.24: The different branches of the growth rate 7„ [Rs) for fixed n. Here, the solid 

black line indicates the original continuation curve. The remaining dashed lines (red 

and blue) indicate other possible solutions/branches of the growth rate 7„. 

R^P, then it is likely that the update procedure will regain the original branch for 

Rs > r\^^ i.e. after the intersection. In contrast, it is found that the original branch 

is not regained; accordingly, it is inferred that the two branches stay merged after 

the initial intersection, see figure 2.24(c). From equation (2.81), it is deduced that 

7„ 2n + 1 for large Rg (recall that $^^^(-1) in (2.81) can always be rescaled to 

unity). Therefore, if the two branches remain merged for Rg > R^^, it is envisaged 

that the original continuation curve may merge with several different branches as 

7„ 2n + 1, see the red curve in figure 2.24(c). Of course, the failure of Newton's 

method near Rg = R^P could be due to many other possible scenarios, for example, 

Newton's method may also encounter similar difficulties if many intersections occur 

within close proximity of each other, see figure 2.24(d). Since Newton's method does 

not work well near multiple roots (due to the zero determinant of the Jacobian, see 

Numerical Recipes §9 [60]), an adapted version of Muller's method could be used to 

track the original branch of the growth rate 7„. However, this aspect is not investigated 
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further because it is sufRcient, for the present discussion, to note that for each n, there 

is at least one continuation branch with Re{7„(i?5)} > 0 for Rs > Rn-

By using the large Rs asymptotic form of it is possible to deduce the limiting 

forms of 7„ and as n -)• cx). From equation (2.81), one can infer that 7„ 2n + 1 

for large Rg, based on this assumption, the leading order solution for is now 

calculated. Since we are interested in the symmetric solution of the required 

asymptotic form is (see (2.46)) 

= ~simrrj + 0{RJ^). (2.84) 

Accordingly, the eigenfunction is expanded in the form 

(r?) = #("'0) + + . . . (2.85) 
lis 

By substituting the above expansions into (2.80), the leading order stability equation 

is then given by 

i simvT] - (2n + 1) costtt] , (2.86a) 

$ ( " ' ° ) ( f l ) = = 0. (2.86b,c) 

By seeking a solution in terms of a Fourier series, it is found that the required solution 

is = (cos TTT/ + 1)A, where A is a constant. Moreover, it is interesting to note this 

solution also satisfies the derivative boundary conditions (2.86c) at each wall. This 

implies that the boundary layers at 77 = ^ 1 are passive at leading order. If the latter 

solution is normalised so that $^^'^^(-1) = 1, the leading order approximation to the 

eigenfunction is then given by 

$("•) = (cos Trr; + l)7r~^ + . . . (2.87) 

Perhaps the most intriguing fact about this solution is that it is independent of n. 

It would be desirable to compare this result with eigenfunctions that are calculated 

numerically. Unfortunately, as previously mentioned, the numerical difficulty associ-

ated with extending the appropriate continuation curve, prohibits such a comparison. 
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In order to compare (2.87) to the numerical eigenfunctions, it is necessary to extend 

the 'original' continuation curve, i.e. the one which passes through Rs = Rn, to high 

values of Rg, see figure 2.22. In this way, the growth rate will assume its asymptotic 

form 7„ = 2n + 1, which is prerequisite in the analysis above. However from our nu-

merical work, see figure 2.22, it is found that the discontinuities inhibit the required 

continuation of the original branch, and therefore a comparison is not readily available. 

2 .4 .3 S t e a d y s t a t e compar i sons 

In the previous section, it was demonstrated that the presence of growing eigenfunc-

tions inhibit the numerical computation of the terms WW, via time marching. The 

standard way to work around such difficulties (when seeking a time periodic solution) 

is to revert to a method which utilises the Fourier series representation. However, the 

Fourier series method avoids time marching, at the numerical expense of inverting a 

large banded matrix. 

It is useful to note, that the solutions of the equation of motion (2.33) are steady 

and //-symmetric within the range 0 ^ -Rj ^ 40 (where Rs = 40 is the maximum limit 

of PS code being used). Therefore it follows that the leading order approximation 

must also be steady and //-symmetric; moreover, it is known that the symmetric 

solution of is steady up until Rg % 170. Accordingly the approach undertaken 

here, is to directly seek the solutions for that are steady and //-symmetric. This 

approach reduces the numerical task immensely because, only the zero mode is required 

from the Fourier series expansion. Once again it is emphasised that for Rg < 170, the 

time marching procedure is still viable means for computing the steady term For 

Rs > 170, the steady solution of is generated by a shooting procedure. In this case, 

the integration over the //-domain is computed by using fourth-order Runge-Kutta with 

A// = 1/200. The results from this calculation are found to be in agreement, with: 1) 

the equivalent results produced by the initial value solvers in Mathematica®, and 2) 

the asymptotic solution of (2.50). 

Once has been computed, the remaining steady terms are determined 
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successively by directly solving each boundary value problem (2.37). In this direct 

approach, a finite difference scheme of order-four accuracy is employed in 77-direction, 

and one-sided derivative formulas are used to incorporate the boundary conditions. By 

representing the series equations in this manner, each term is computed by the 

single inversion of a diagonally banded matrix. Due to the symmetry requirements, it 

is sufficient to consider 77 over the interval [ — 1 , 0 ] ; moreover, the typical mesh size used 

in this scheme is At] = 1/200. Since there is no need for time marching, this calculation 

is efficient and simple to implement. It is also worth noting that the ry-dependence on 

the full range [—1, +1] has also been examined, however it is found that there are no 

asymmetric solutions for 

To this point, we have no estimate on the number of terms required (in the series 

solution) to give a "good enough" approximation in the ^-direction. To obtain an 

estimate, we start by writing the asymptotic solution for ^ in the limit Rg —> 0, this 

solution is given by 

^77(1 - 7 7 2 ) ^ y 2 j + i _ l ^ ) _ ^ 
i=o 

0 0 

j=0 

Therefore = 577(1 — 77̂ ) (2j+i^)! Rg —> 0. Hence the leading order absolute error, 

incurred by using jV 4-1 terms in the series (as Rg —> 0), is given by: 

n 
Absolute error = ^{ri,6) — ^ _ 1^,(1 _ 77̂ ) Ag < ^ ^ A g , (2.88) 

j=0 
n 

with (2.89) 

Here, the parameter Ag represents the error incurred by using N + 1 terms in the series 

expansion as Rg 0. Since each term is calculated numerically, there is a margin 

of error associated with the numerical calculation, but this inaccuracy is not factored 

into the parameter Ag. Therefore as a crude approximation, it is assumed that all 

the numerical solutions for are calculated without error. Under this assumption. 
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N A g = 10-3 A g = 1 0 - 4 

0 10.4171° or 710 = 7 4.8468° 
1 37.5705° or ne = 26 23.6762° 

2 72.4172° or ne = 51 52.0382° 

3 110.705° or ne = 77 85.5863° 
4 150.710° or 710 = 105 122.079° 

5 191.652° or no = 134 160.350° 

6 233.142° or ng = 163 199.756° 

Table 2.5: The maximum angle of convergence of the series solution with 

+ 1 terms and Ag fixed. The integer value ng is obtained by parti-

tioning 360° into 256 equal intervals i.e. ng = 256 0°/36O°, this value is 

useful for a direct comparison with table 2.6. 

Ag serves as a measure of the error incurred by the series solution in the ^-direction, 

this error is henceforth referred to as the 0-error. From (2.88) it is clear, that in the 

limit Rs 0, the criteria for minimising the 0-error simply reduces to approximating 

sin0 with enough terms in the series expansion. Table 2.5 gives some idea as to how 

many terms are required to maintain the 0-error within a prescribed value of Ag. For 

example, if iV = 0 and upper bound of Ag is fixed to a value 10"^ (see table 2.5), then 

it is estimated that Ag is less than 10"^ for 0 < 0 ^ 4.8468°. 

It is also possible to derive a similar condition to (2.88) for the limit Rg ^ oo. For 

the case Rs —> oo, the constant TT replaces the value 3\ /3 in (2.88). Moreover, since 

the absolute error is 0(Ae) for asymptotically large/small values of Rs, it is expected 

that this linear proportionality is maintained at 0(1) values of Rs i.e. it is a valid 

assumption that Ag remains an appropriate measure of the 0-error for = 0(1) . 

The results in this study indicate that a specification of Ag = 10"^, gives an ap-

proximate accuracy of 2-3 significant figures (see discussion on page 93). The latter 

value of Ag is obtained by comparing the asymptotic solutions of ^ (2.42) (2.51), to 

the numerical results of the series solution (2.34), for large/small values of Rs. There-
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fore, approximately 6-7 terms are required in the series solution to give a converged 

representation from 0 = 0° to 180°. 

In summary, the concept of an error parameter, Ag, has been used to approximate 

number of terms required in the series expansion. Moreover, a prescribed value of Ag = 

10"^ is found to give a 2-3 s.f. accuracy. In the following section a slightly different 

error measuring procedure is described. This modified procedure is preferred because 

the error is measured relative manner (as opposed to an absolute error measurement). 

However, for asymptotically small/large Rs, this modified method produces the same 

2-3 s.f. accuracy as the condition Ag = 10"^. 

Measuring the agreement of two solutions 

The procedure described here is used to determine the extent of agreement, in all the 

comparisons that are subsequently discussed. Moreover, the details given here are 

applicable to comparisons of the type numerical-asymptotic and numerical-numerical. 

However, for simplicity the procedure is described in the context of comparing a nu-

merical solution for $ to an asymptotic result. To compare these two solutions, it is 

first necessary to fix a value for Rg. Next: 

1. The absolute error between the (steady) asymptotic solution and numerical so-

lution for ^ is computed as a surface in [77,6] space. 

2. Next a value for 6 is chosen and then fixed (preferably this angle is chosen so 

that it is good estimate to the maximum extent of agreement). 

3. If the maximum absolute error in the 77-direction is within 1% of the asymptotic 

solution for W, the numerical solution of ^ is accepted as a converged result at 

this value of 9 (and subsequently 9 is increased and this step is repeated). If the 

error is larger than 1%, 0 is reduced until the error is less than 1%. 

4. This process is repeated, until a maximum angle of agreement is obtained i.e. 

the angle at which the maximum relative error equals 1%. 
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The results acquired by this procedure are accurate to 2-3 s.f. Moreover, for asymptoti-

cally small/large Rs this is procedure is equivalent to prescribing a value of Ag = 10"^. 

Numerical results: symmetric (steady) series solution versus D N S 

Prom solving the equation of motion (2.33) directly, it is known that the solution for 

^ is steady and 7?-symmetric for Rg ^ 40. Moreover, calculations beyond Rg = 65 are 

not possible and we shall discuss why later on in this section. 

Let us now proceed by comparing the DNS of (2.33), with the steady results ob-

tained by solving the series equations (2.37) (without time marching). At a given 

Reynolds number, W is computed via both methods and the 77-profiles of both solu-

tions are compared at fixed values of 6 (as described in the previous section). The 

maximum angle to which both solutions are in agreement is then recorded, see table 

2.6; note, in this table the maximum angle is given in terms of the integer variable 

ng = 256 6/2ir. It is useful to define ng because in the numerical scheme it is necessary 

to partition the computational ^-domain [0°, 360°] into equal intervals, in this case 

256 intervals. Accordingly, since a comparison is only possible at discrete ^-intervals, 

it makes sense to define the maximum extent of agreement in terms of the partition 

number ng. 

For Rs 1, the series approach yields a complete solution from 0 — 0° to 180°. 

However, at moderate values of the Reynolds number it is found that a truncation of 

the series is necessary. At Rg = 20, the 5 term approximation is found to agree with 

the DNS up to ng = 63. However, at the same Reynolds number, the agreement of 

the 6 and 7 term approximations only extend up to ng = 57 and ng = 55 respectively. 

In this case, the agreement is found to deteriorate with the inclusion of more terms. 

Therefore at Rg = 20, the series requires truncating at AT = 5. Despite the required 

truncation at AT = 5, the trend line in table 2.6 is drawn at AT = 1 (inclusive). This 

is because the results for AT = 2 to A/" = 5 are only marginal improvements over the 

corresponding result at AT = 1. Moreover, for AT = 2 —>• 5, the maximum error (as a 

function of 6) oscillates up to, yet within, the imposed boundary of 1%. Hence based 
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180 

r) - 1 

Fig. 2.25: The numerical solution for ^ a.t Rs = 35, 3D view. This solution is calcu-

lated by the PS method with A9 = 27r/128, ATJ = 2/100 and A r = 5 x 10"^. 

20 40 60 80 100 120 140 160 180 
9° 

Fig. 2.26: A contour plot of $ at R , = 35. This solution is calculated by the PS 

method with A0 = 27r/128, Ar; = 2/100 and A r = 5 x 10~^. 
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i V - 0 1 2 3 4 5 6 7 8 9 

Rs 

0.5 15 49 75 95 110 119 125 129 170 160* 

2 15 46 70 89 105 117 110* 111* 114* * 

5 14 43 63 82 87 86' 92 92 90* * 

10 14 40 63 65 72 70* 73 70* * * 

15 13 41 60 60 58* 58* * * * * 

20 10 44 48 52 63 57* 55* * * * 

25 10 45 46 45* 45* - - - - -

30 10 34 35 36 37 - - - - -

35 10 32 33 33 - - - - - -

40 5 5 5 5 - - - - - -

41 0 0 0 0 0 0 0 0 0 0 

Table 2.6: The maximum partition number (in ^-direction) to which the series solution 

is in agreement with the DNS of equation (2.33) (maximum error of 1% along each 

77-profile, see page 93). In this table the maximum angle to which the two solutions 

are in agreement, is given in terms of the parti t ion number ns = 256 Ojl-K. The 

number of terms used in the series solution is denoted by + 1. A dash (-) indicates 

no fur ther improvement and an asterisk (*) denotes a deterioration in the agreement. 

The staggered line drawn across the table indicates the general trend of the agreement. 

on these facts, the improved result at iV = 5 is regarded as fortunate outcome due to 

the prescribed accuracy goal, and so the trend line is drawn aX N = 1. For Rg ^ 41, 

no matter how the series solution is truncated, it is impossible to obtain a satisfactory 

agreement with the DNS, see table 2.6. 

To test the PS numerical method (which is used to compute the direct solution of 

(2.33)), the numerical results were compared to: i) the small-Ag asymptotic solution 

(2.42), and ii) the series solution, see figure 2.27. At each value of i?^, the series solution 

is truncated to give the best agreement with the DNS, see table 2.6. In figure 2.27, we 

observe that the series solution gradually fails to represent the flow in the main core 
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Fig. 2.27: The agreement of the DNS for $ with; 1) the series solution, and 2) the 

asymptotic solution for small Rg (2.42). The line S represents the extent to which 

the series solution matches with the DNS for $ . The vertical 0-range between the 

lines Ai and A2, shows the interval over which the DNS is in agreement with the 

asymptotic solution (2.42). 

region as the Reynolds number is increased. Moreover we note that the asymptotic 

solution (2.42) approximates the numerical solution extremely well up to Rs = 17, 

after which, the solution fails to represent the flow close to 0 = 0° and 9 = 180°. In 

view of this result, we may regard the series solution (2.34) as valid representation 

near 0 = 0° i.e. the series solution adopts the role of an inner boundary layer solution 

(in the 0-direction). Accordingly, the small-% asymptotic solution for ^ (2.42) is 

interpreted as the corresponding outer solution. For Rg ^ 30, the agreement of the 

asymptotic representation (curvc A{) fails to overlap with the inner solution (curve 

5); further examination of the DNS for reveals why this is so. 

In figure 2.28, the value of 77 is fixed at 0.6 and the 0-profile of the DNS for ^ is 

plotted for Rs — 15, 30, 40, 50. From this figure it is clear that the profiles begin 
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0.15 

$ 

Rs increasing 

0.05 

20 40 60 80 100 120 140 160 180 

Fig. 2.28: The ^-profiles of $ at = 15, 30, 40 50. In this case, $ is calculated by 

numerically solving the governing equation of motion (2.33) with At = 0.001. Here 

T] is fixed at 0.6 and A9 — 27r/128. 

Fig. 2.29: The wavy/discontinuous ^-profiles of # a t # s = 44, 47. Here rj is fixed at 

0.6 and A9 = 27r/128. The dotted line represents the solution at Rg = 44. 
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to steepen as Rs is increased. In addition, we note that the 0-profile at Rg = 50 is 

discontinuous near 0 ^ 9 ° . Further inspection of the profiles at Rs = 44 and Rs = 47, 

see figure 2.29, reveals that the solution first becomes wavy (Rs = 44) before the 

discontinuity is apparent (Rs ^ 47). 

For Rs > 48, two even //-profiles appear near 0 = 28°, 152° and as the numerical 

solution is time marched, these profiles grow without bound. Owing to this instability, 

the time marching procedure cannot be continued above Rs = 48. However, if the 

numerical procedure is adjusted so that the odd solution (i.e. the 77-symmetric solution) 

is forced, then it is possible to extend the computations up to Rs % 60. Unfortunately, 

the solutions within this extended range are also discontinuous, and for Rs > 60 it is 

once again impossible to obtain a bounded solution via time marching. In figures 2.30, 

2.31 and 2.32, the numerical solutions acquired with AO = 27r/128 and A0 = 27r/256 

are plotted for Rs = 50 ^ 65. From these diagrams, it is seen that a clearer structure 

develops near 0 % 20°, as A0 is decreased. In particular, the refinement of A0 is 

found to suppress the jagged irregularities near 0 = 20° and consequently, a better 

resolution is obtained within the inner region 0° < 0 < 25°. It should also be noted 

that the discontinuities near 0 = 20°, remain completely unchanged when refinements 

are made to the grid size in the 77-direction and the timestep (this has been tested by 

simultaneously setting Ar/ — 2/200 and At = 10"^). 

When A0 is decreased from 2%/128 to 2%/256, it is found that the numerical 

solution for "3̂  is unbounded for Rg ^ 60, see figures 2.31 and 2.32 (the original value 

associated with A0 = 27r/128 is Rs ^ 65). For A0 = 27r/256, it is found that the 

divergence above Rs = 60 is a direct consequence of the steep slope (near 0 = 25°) 

which eventually causes to become undefined. 

By analysing the Fourier transform of a ^-profile at Rs = 47, it is found that the 

decay of W is stronger when A0 is decreased, see figures 2.33 and 2.34. Note, since 

^ is a real valued function that is odd about 0 = 180°, it follows that its Fourier 

transform, ^(fc,r/,T), is purely imaginary and odd about k = 0. Hence under the 

present circumstances it is sufficient to plot Im{^} for positive wavenumbers. From 
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(a) Rs = 50 

20 40 60 80 100 120 140 160 180 
(b) Rs = 55 

(c) A, = 60 

20 40 60 80 100 120 140 160 180 
(d) A, = 65 

80 100 120 140 160 180 

Fig. 2.30: The diagrams (a)-(d) show the numerical solutions for $ at jR, = 50, 55, 

60, 65 respectively. Here t) is fixed at 0.6, Ar = 0.001 and A0 = 2ir/128. 
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(a) Rs — 50 

60 80 100 120 140 160 180 
(b) Rs = 55 

0 20 40 60 80 100 120 140 160 180 
(c) i) Rs — 60 and r = 30 

$ 

0 20 40 60 80 100 120 140 
(c) ii) Rs — 60 and r = 35 

160 180 

100 120 140 160 180 

Part I. Fig. 2.31: The diagrams (a)-(c) show the numerical solutions for ^ at Rs = 50, 

55 and Rs = 60 respectively. Here rj is fixed at 0.6, AT = 0.001 and A6 = 27r/256. 

The ^-profiles shown in (c) i) and (c) ii) are taken at r = 30 and r = 35 respectively. 
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(c) iii) Rs = 60 (c) iv) Rs = 60 

CO - 1 0 

10 20 T 30 
(d) i) Rs = 65 and r = 20 

0 20 40 60 
(d) ii) Rs = 65 and r = 23 

80 100 120 140 160 180 

0 20 40 
(d) iii) Rs = 65 

80 100 120 140 
(d) iv) Rs = 65 

160 180 

CO - 1 0 CO - 8 . 5 

Part II. Fig. 2.32: Diagrams (c) iii)-iv) and (d) iii)-iv) show the time evolution of the 

minimum value of shear stress along the wall rj = - I . The 0-profiles shown in (d) i) 

and (d) ii) are taken at r = 20 and r = 23 respectively. 
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$ 
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172 173 174 175 176 177 178 179 180 
e° 

Fig. 2.33: The numerical solution for '4' at = 47 with A9 = 27r/128, 27r/256, 

27r/384. Here rj is fixed at 0.6 and At is set equal to 0.001 in the computations. 
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(a) Rs = 47 

^ @ @ ® # 

(b) X10 

(c) X10 

(d) X 10 

I m { ^ } 

Fig. 2.34: For = 47, the above diagrams show the F F T of the ^-profile at r/ = 0.6 

for different numerical calculations. The different settings used in these calculations 

are: AO = 27r/128 (blue curve), = 27r/256 (red curve) and A6 = 27r/384 (black 

curve). 
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(a) Rs = 47 (blue curve) and Rg = 48 (red curve) 

(c) X10 

d) X10 

20 30 40 50 60 70 80 90 100 110 120 

Dn{#} 

Fig. 2.35: Diagram (a) shows the numerical solution for $ at = 47 (blue curve) 

and Rs = 48 (red curve). Here tj = 0.6 and A0 = 27r/256 ( A r is set equal to 0.001 in 

the computations). Diagrams (b)-(d) show the FFT of each ^-profile shown in (a). 
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figure 2.34, it is seen that the converged portion of each spectrum at Rg = 47, is given 

approximately by the empirical relation —Nq ^ k ^ Ng where A9 = 2Tr/ANg. For 

particular cases: A9 = 27r/128, Ad = 27r/256 and AO = 2^/384 this empirical relation 

gives \k\ ^ 32, |A;| ^ 64 and |A;| ^ 96 respectively. If the Reynolds number is further 

increased, it is found that the wavy profile at Rg = 47 evolves into a discontinuous 

profile at R^ = 4 8 , see figure 2.35 (a). The FFT of the ^-profile at = 48, shows 

that the emerging discontinuity is clearly marked by a weaker decay of $ in Fourier 

space, see figures 2.35(b)-(d). 

To this point, the numerical results suggest that an improved resolution is obtained 

within the discontinuous region, when AO is decreased. Guided by the results at 

Rs = 47, see figures 2.33 and 2.34, it seems that only the high wavenumbers contribute 

to the discontinuities. The latter claim is supported by the fact that when AO is 

decreased from 27r/128 (at Rs = 47), most of the Fourier spectrum remains unchanged 

within the range |A:| ^ 32. To investigate the involvement of the high wavenumbers, 

the FFT of a ^-profile is taken at Rg = 50 and all the modes with |A:| ^ 25 are set equal 

to zero. The resulting spectrum is then transformed back into physical space, and the 

residual profile obtained by this process, is shown in figure 2.38(a). The results from 

this procedure confirm that: i) the discontinuity near 0 = 9° is largely governed by 

the high wavenumbers and ii) that the high wavenumbers do not contribute to the 

smooth part of the of the ^-profile within the region 0 > 25°. Alternatively, if the high 

wavenumbers are filtered from a ^-profile at Rg = 55, it is found that the resulting 

filtered profile is significantly smoother, see figure 2.38(b)-(d). In this case, despite 

the removal of the discontinuity near 0 — 9°, the two-tier structure near 0 = 25° is 

still clearly visible. 

In summary, our results indicate that the resolution is greatly improved within 

the inner region 0° ^ 0 ^ 25°, when the number of Fourier modes is increased (i.e 

when AO is decreased). The effects of the latter result are evident at Rg — 50, see 

figure 2.36 and c.f. figures 2.30(a), 2.31(a). At Rg = 50, when AO is decreased from 

27r/128 to 27r/384, a single discontinuity is revealed is near 0 = 9°. In addition to this 
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(a) Rs = 50 

b Rs = 50 

(c) X10 

100 120 140 160 180 

Fig. 2.36: (a)-(b): The numerical solution for ^ at = 50 with A9 = 27r/384. 

Here AT? = 0.6 and AT = 2 X 10"^. Diagram (c) shows the FFT of the 0-profile at 

Tj = 0.6, computed with: A9 = 27r/384 (black curve), A0 = 27r/256 (red curve) and 

A9 = 27r/128 (blue curve). 
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(a) Rg = 55 

60 80 100 120 140 160 180 

(c) X 10 

40 60 80 100 120 140 160 180 

Fig. 2.37: (a)-(b): The numerical solution for $ at = 55 with A0 = 2-77/384. 

Here A77 = 0.6 and A r = 2 x 10"". Diagram (c) shows the FFT of the 0-profile at 

77 = 0.6, computed with: Ad = 27r/384 (black curve), A9 = 2n/256 (red curve) and 

A0 = 27r/128 (blue curve). 
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(a) Contribution to from high wavenumbers at Rg = 50 (A0 = 27r/256) 

- 0 . 0 1 

b x10 P P T of $ at As = 5 5 

20 40 
(c) Rs = 55 (filtered) 

$ 0.1 

0 20 40 60 80 100 120 140 160 180 
(d) Rg = 55 (residual) 

- 0 . 0 

- 0 . 0 2 

20 40 60 80 100 120 140 160 180 

Fig. 2.38: Diagram (a) shows the contribution to $ from the Pourier modes with 

wavenumber \k\ > 25, here Rs = 50 and 77 = 0.6. Diagram (b) shows the PPT of 

^ at = 55 with A9 = 27r/128 and A9 = 2tv/256. Diagram (c) shows the filtered 

solution at Rs = 55; here, all the Pourier modes with |A:| > 25 are truncated, and this 

truncated contribution is then plotted in diagram (d). 
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discontinuity, it also appears that '^g is no longer continuous at ^ % 25°. By increasing 

Rs from 50 to 55, the 0-profile becomes increasingly steep near 9 « 25°, see figure 

2.37. For Rg > 55, the abrupt change near 6 = 25° is clearly marked by a shock Uke 

discontinuity, see figures 2.31(c) and 2.32(d). Moreover, when the numerical solutions 

are time marched with Rg > 55, the vertical slope near 9 % 28° is brought about 

by a large spike. The growth of this spike (during time marching), eventually causes 

the numerical solution to grow without bound and for this reason, a bounded solution 

cannot be computed above Rs = 55. Hence, in order to evaluate the flow field for 

Rg > 40, it is envisaged that a DNS of the full Navier-Stokes equations (i.e. without 

the small gap approximation) is required. 

In the following section, the series solution is analysed to see how the terms 

capture the discontinuous behaviour of 

Analysis of the terms 

When expanding # i n a formal power series (2.34), it is envisaged that each successive 

correction term is smaller than the former. By analysing the magnitude of each term 

in the series solution, see figure 2.39, it is observed that the size of first two terms is 

relatively unchanged over the range 0 < i?s < 200. In contrast, for Rg < 45, there 

are many values of Rg at which some of the terms are of similar size i.e. disordered 

in magnitude. In particular, from figures 2.39 and 2.40 it appears that the ordering of 

the first few terms is perhaps most unfavourable within the interval 27 < Rg < 45; for 

in this range, it is found that ||$(^)|| > ||^(^)|| ~ Upon further inspection of 

figure 2.39, it is seen that the maximum angle of agreement of the series solution (see 

table 2.6), is closely related to the disordering of the magnitudes. 

For clarity, the smallest value of Rg at which ||$(")|| % ||, is recorded in 

table 2.7. As anticipated, the values in this table directly correspond to the values of 

Rs, at which the series solution must be truncated (at the term inclusive) to give 

the best agreement with the numerical solution of see table 2.6 on page 96. In view 

of this result, it is envisaged that the series representation of at moderate Reynolds 
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n = 9 
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n = 0 

= 9 

Fig. 2.39: The magnitude of each term versus Reynolds number. Here the mag-

nitude of each term is given by £ „ = J ||^ drj. 
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InE, 

n = 9 

Fig. 2.40: The magnitude of each term versus Reynolds number. Here the mag-

nitude of each term is given hy £„ = f dr/. 

numbers, gradually fails because the terms in the expansion become disordered in 

magnitude. 

For Eg > 300 (in the steady regime), all of the curves in figure 2.39 level off 

and each successive correction term is smaller in magnitude than the previous. Due 

to this restoration of order, it is anticipated that the series solution is a convergent 

representation of as Rg -> oo. Since a DNS for is not available for Rg > 55, the 

series solution is compared with the steady asymptotic result for as -> oo, see 

equations (2.50) and (2.51). It is found that matches its asymptotic form when 

Rg is greater than 200. The remaining terms that correspond to: n = 1, 2, 3, 4, 

match their asymptotic forms at Rg % 400, 900, 1600, 2800 respectively. With these 

five terms (and Rg > 2800), the truncated series solution extends well into the core 

region and the flow field is correctly represented up to 0 = 160.1°. Unfortunately, 

in this high Reynolds number limit, the terms cannot be determined to the 

desired accuracy (i.e. within a 1% maximum relative error along rj). However, it is 
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11 (̂5) II ~ 11 (̂6) II 

11 (̂4) II ~ 11 (̂5) II 

|1$(4)|| 

| | ^ (2) | | ^ 11 (̂3) II 

R. 

3.2 & {9, 16, 26} 

5.4 & {14.5, 24} 

9.8 &: {22} 

25.8 &: {44.4} 

Table 2.7: The value of Eg at which ~ 

important to note that in the high Reynolds number limit, the typical size of is 

10"®; therefore, it possible that an accuracy to this degree, is beyond the scope of the 

FD scheme being used. Although in contrast, the same numerical scheme is able to 

capture all of the terms up to in the limit Rg -4 0. 

At Rs = 25 it is evident from figure 2.27, that the asymptotic solution for ^ (2.42) 

is no longer valid near 0 = 0°, see line Ai. In contrast, the series solution is always 

valid near 0 = 0°, see line S. This implies that the series solution leaves its small-i?^ 

asymptotic representation at Rs ^ 25. Since the s m a l l - a s y m p t o t i c solution for ^ 

(2.42) is still valid in the core, this solution is regarded as an outer solution for the flow 

field. Moreover, since the series solution is valid near 0 = 0°, this solution is regarded 

as the corresponding inner solution. To understand why the asymptotic form of $ is 

only valid in the core, and not near the 0 = 0°, let us now study the s m a l l - r e s u l t 

for ^ (2.42). 

The aim now is to approximate the range of Rg, over which the asymptotic solution 

is valid. For convenience, the notation ti is used to denote the {i + 1)^^ term in the 

asymptotic expansion (2.42). By examining the magnitudes of the terms to and t i , 

an upper bound is derived for Rg, below which, the magnitude of to is larger than t^. 

The upper bound obtained from the latter calculation will then provide an threshold, 

below which, the asymptotic solution is expected to converge. Next, it is necessary 

to specify a suitable measure of magnitude. The two measures considered here are, 

the Ml measure: the maximum difference of |Zo| and | i i | over rj, and the M2 measure: 

the difference of the and |itip integrated over rj (here the vertical bars denote the 
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absolute value). Although both measures appear to be equivalent, the former is more 

stringent and will therefore supply a smaller upper bound. On the other hand, the Mg 

measure has the benefit that it is much easier to apply. 

Since every term in the expansion is odd, it is sufiicient to consider the terms U 

on the 77-domain (0, 1). Starting with the Mi measure, we note that to and do not 

change sign on (0, 1). Therefore by equating to equal to i i , the following critical-value 

roots are obtained: 

± 2 - K / - 1 - V 5 6 0 ( c o s g A , ) - i + 9 , 
^ ^ ( 2 . 9 0 a , b ) 

i 2 2 -y—I -y^560(cos 9Rg)~^ + 9 . 

Since the first two roots (2.90a) are always complex, it is clear that they do not 

correspond to an intersection of to with ti. For 0 < 0 < tt/2, the second set of roots 

(2.90b) lie outside [-1, 1]. Therefore, to make sure that to does not intersect with t i 

(for 7r/2 < 9 < I T ) , it must be ensured that the roots (2.90b) are also non-real. By 

enforcing the latter condition, it is found that the Reynolds number must satisfy the 

inequality 

Rs < 560/9 % 62.22. (2.91) 

A set of roots similar to (2.90) are obtained by equating to equal to —ti, except in 

this case cos 9 is replaced by — cos 9. Prom these similar equations, the criteria for 'no 

intersection' yields the same condition on Rg that has already been derived. Hence, it 

is concluded that the asymptotic solution for W (2.42), is convergent somewhere below 

Rs = 62. 

By generalising this analysis to the first two terms in asymptotic solution for 

(2.43), the following roots are obtained by setting tg equal to t f : 

± 2 - i A / - 1 - y ^ ( 2 2 " cos9Rs)-^ + 9 , 
77= ^ ^ _ (2.92a,b) 

± 2 - ^ 2 ^ - 1 + ^560(22" cos9Rs)-^ + 9 . 

By using a similar argument to the one above, an intersection of the terms tg and 

is avoided provided that 

R' < (2-93) 
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This implies that the radius of convergence of each asymptotic expansion, for 

(2.43), is expected to decrease as n increases. 

The estimates obtained so far, have been constructed by considering the first two 

terms to and t i only. An extension of this analysis to the terms and t2, would require 

root seeking via numerical methods. Therefore in order to proceed analytically, the 

Mg measure is now introduced, which as previously mentioned, is far easier to apply. 

To compare the result of the measure with the estimates obtained from the Mi 

measure, the terms |ioP and are integrated over rj. Therefore, in order for the 

first term to be larger than the second, it is necessary that 

Rs < 7 \ / l ^ % 89.91. (2.94) 

As expected, the above estimate is larger than the equivalent approximation, Rg < 

62.2, obtained by the Mi method. However, continuing with the M2 measure; it is 

found that the corresponding result for the terms Iq and , in the asymptotic series 

for (2.43) is 

% < (2.95) 

Note, in this case Rs (1/2)^". Moreover, by applying the M2 measure to the terms 

and <2, in the asymptotic series for WW; it is found that the second term is larger 

than the third, provided that 

d2 
2^"+^ > (2292257 - 4978342 3^+^ + 996491 3"^+^), (2.96) 

and in this case Rs ~ (2/3)^". By continuing this analysis at the next order, the 

relation for the third and fourth terms is seen to vary as Rs ~ (3/4)^". This trend 

implies the condition on Rs becomes increasingly relaxed at progressively higher orders. 

Therefore, it is assumed that the analysis for the first two terms, i.e. f |io P > f l^i P) 

supplies the strictest condition for the convergence of the asymptotic solution for 

(2.43). 

In table 2.8, the agreement of the small-Ag asymptotic solution (2.43) with the nu-

merical solution of is compared to the predicted values obtained via the Mi and 
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n 
$(") = 
(g + Zi 
approx. 

$(") = 

approx. 

Ml 

see (2.93) 

M2 
Cq ~ 

see (2.95) 

Mg 

see (2.96) 

0 27.0 12.0 62.22 89.91 181.2 

1 2.70 5.00 15.55 2&48 60.51 

2 1.00 2jW &88 5.620 26.16 

3 0.22 0.90 0.9722 1.405 11.59 

4 0.20 0.70 0.2430 0.3512 5.149 

5 % 0.06 0.30 0.0608 0.0878 2.288 

6 % 0.012 0.14 0.0152 0.0220 1.01704 

Table 2.8: The first two columns of data record the maximum value of Rs, to 

which the small-i?s asymptotic solution of (2.43), is in agreement with the 

numerical solution for (maximum error of 1% along each rj-profile). The 

remaining three columns contain the estimated values at which the terms in the 

asymptotic series (2.43) become disordered. 

M2 measures. By using three terms from the asymptotic solution i.e. the approxima-

tion = tQ +t2, it is found that the agreement for each n (with the numerical 

solution of $(")) always extends beyond the corresponding two term approximation 

($(") = tQ+ t"), except for the case n = 0. For n = 0, the inclusion of the third term 

actually reduces the range of agreement. For n ^ 4, the results in column one are 

predicted extremely well by the Mi and Mg measures for fg ~ • The Mg measure for 

~ <2 does not agree so well with the data in the second column, but the estimates 

supplied here are still upper bounds. 

In conclusion, this analysis demonstrates that the series terms leave their 

small-Ag asymptotic forms, at successively smaller Reynolds numbers as n is increased. 

Moreover, the analytical work in this section shows that all the critical values of ~ 

t", see (2.93), are smaller than the corresponding value of to ~ ti viz Eg % 62.22. 

Accordingly, from this analysis one can expect that the asymptotic solution (2.42) is 

a valid representation for ^ in the core region (up to Rs % 62.22). On the other 
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hand, the same analysis indicates that the series solution is expected to deviate from 

this asymptotic representation, at a much lower value of Rs- The latter result is also 

confirmed by our numerical work, a summary of which, now follows. At Eg = 27, it is 

clear from figure (2.27) (fines Ai and A2) that the flow in the range 40° < 0 < 110°, is 

still governed by the small-Ag asymptotic solution for ^ (2.42). However, since all the 

terms leave their s m a l l - a s y m p t o t i c forms at Rg > 27, see table 2.8, it is evident 

that the series solution cannot represent the flow in the core region (40° < 6 < 110°). 

Despite this fact, it is still envisaged that the flrst few terms in the series solution, still 

play an important role in determining the flow field close to the axis of oscillation. 

In figure 2.27, it is seen that the agreement between the DNS and the series solution 

eventually decays to zero as Rs is increased. By analysing the DNS for it is found 

that deterioration of the latter agreement, for R ^ 40, is brought about by the devel-

opment of wavy/discontinuous ^-profiles, see figures 2.28 and 2.29. However, for large 

Reynolds numbers the series solution converges to its steady asymptotic form (2.50) 

and represents the flow field well into the core region 0° ^ 0 ^ 161°. The recovery of 

the series representation for Rg ^ I, supports the idea that the first few terms in the 

expansion are still important in determining the fiow near 0 = 0° when Rg — 0(1). 

In the next section the unsteady regime is investigated by adopting a numerical 

approach that decomposes each term into a Fourier series in time. 

2 .4 .4 Fourier series d e c o m p o s i t i o n 

In §2.4.2 a linear stability analysis was used to show that the terms WW cannot be 

computed by time marching. To avoid the instigation of growing perturbations, the 

search for periodic solutions is now continued by representing each term as a 

Fourier series in time. Accordingly, each term in the series is expanded in the from 

00 
^^"^(77, T) = ^ exp(%A;r2T), (2.97) 

k~—oo 
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where i = ^ / ^ and Q is an eigenvalue. By substituting the above expansion into 

(2.37), the governing equation for is found to be 

n oo 
= — + g g (2Z + 1) , (2.98a) 

® (=0 j=—oo 

$ M ( ^ 1 ) = 0, ( f l ) = 0 for fc/O, 

\n+l (2.98b) 

Since is computed by time marching, the eigenvalue is obtained directly from its 

Fourier series representation. Moreover, it is still possible to compute each term 

in a recursive manner i.e. there is no need for a simultaneous solver. To numerically 

evaluate each term it is necessary to invert a large non-sparse matrix. Therefore, 

in order to minimise memory consumption, the result (for real solu-

tions) is used to reduce the computational expense, here the asterisk denotes complex 

conjugate. In order to evaluate the terms numerically, it is necessary to truncate 

the Fourier expansion (2.97). Accordingly, a finite summation is now assumed over 

the interval —K ^ k ^ K. The numerical results presented in this section, have been 

computed with: K = 15, 24, 40 (i.e. 31, 49 and 81 Fourier modes ), and 100 steps in 

the 7)-interval [-1, 1]. The calculation with K = AO and Arj = 2/100 is expensive and 

requires around 600MB of computer memory. 

The aim now is to investigate the unsteady regimes of the series solution without 

time marching. The unsteady asymmetric regime of arises in the interval 53 < 

Rs < 82, see diagram 2.6. In this range of Rs, the leading order term enters a 

period-doubling cascade and consequently becomes chaotic. In view of this behaviour, 

it is expected that the series solution will also turn chaotic at i?s « 82. In contrast, 

the unsteady symmetric regime of arises at Rg « 170, see figure 2.10. In this case 

it is envisaged that the series solution will have a time period that increases hnearly 

with Rs. 
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N u m e r i c a l r e s u l t s 

At Rs — 55 in the asymmetric regime, the energy spectrum of each term indicates 

that each successive Fourier mode is larger than the previous. Upon increasing the 

number of Fourier modes from K = 24 to K = 81, this trend remains unchanged. In 

an effort to promote convergence, various Reynolds numbers were tested in the range 

53 ^ Rs ^ 82 and the size of Ar] was also decreased (with K < 40). Despite an 

exhaustive search, the series remained divergent in all the cases considered. However, 

it is interesting to note that each term jg to have an even 77-profile. 

Moreover, this spatial feature is inline with the eigenfunctions, found in the time 

marching procedure, see figure 2.23. Despite this characteristic similarity, it is unclear 

if the instability present in this numerical approach, is related to the one encountered 

in the time marching calculation. 

In order to suppress the growing profiles of the terms wW in asymmetric regime, 

the symmetric solution of was forced and corresponding unsteady regime was 

studied with Rg > 170. At Rs = 300, the time period of the flow is 9.40, which is 

relatively small, and therefore 31 Fourier modes were used to sample the variation in 

this period. In figure 2.41(a), it is seen that the spectrum of the first three terms decay 

as k increases; this suggests that these terms may have converged. In order to see if 

these terms had converged, the energy spectrum of each term was monitored as the 

number of Fourier modes were increased from 31, see figures 2.41(b)-(c). From the 

latter diagrams it is seen that the terms and remain unchanged as the 

number of Fourier modes are increased to 49 and 81. This result confirms that 31 modes 

are sufficient for the first three terms in the expansion. However, from figure 2.41(c) 

it is clear that the magnitudes of terms increase with n i.e. < ||$(^)|| < ||$(2)||. 

This once again implies that the series is disordered and therefore invalid at Rs = 300. 

It is also worth noting, that with 49 modes, the spectrum of does not decay all 

the way to zero, see figure 2.41(b). If the same spectrum is computed with 81 modes, 

figure 2.41(c), the decay to zero appears almost complete. Although a converged result 

for the term is desirable, the numerical expense involved with this calculation is 



CHAPTER 2. THE STEADY STREAMING FLOW BETWEEN CYLINDERS 120 

(a) 

I n E 0 -

- 1 0 -

(b) 
20 

10 

InE 

- 1 0 

- 2 0 

(c) 

\nE 

n = 0 

n = 0 

10 15 
k + 1 

20 25 

n = 2 

O O O O O Q 6 6 d ? o o Q o o o o o n = 0 

Fig. 2.41: ^sym; the energy spectra of the Fourier modes at Rs = 300 using: 

(a) K = 15, (b) AT = 24 and (c) K = 40. Here E = J 
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Fig. 2.42: '4'sym; the energy spectra of the Fourier modes at Rs = 1600 using: 

(a) K — 15, (b) = 24 and (c) K = 40. Here E = J ||$(»'':)||^d?). 
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very high. Moreover, the use of this term is rather limited because it is already clear 

that the series solution appears to be diverging. 

At Rg = 1600, the time period of is 112.57; moreover, it is found that 31 modes 

are required to obtain a converged representation for this term, see figures 2.42(a)-(b). 

In contrast, the spectrum of the second term, continues to vary as the number of 

modes are increased, see figures 2.42(a)-(c). Since this spectrum does not lock into a 

unique decaying profile, it is deduced that this term does not converge with K ^ 40. 

Consequently, this implies that 81 modes are insufficient for the terms and 

In figure 2.42(c), it is seen that the spectrum of each term and does not decay 

to zero. Hence as Rs is increased, it is found that successively more Fourier modes are 

required, to obtain a converged solution for the terms This result is inline with 

expectation because the time period of increases with Rg-, consequently, the terms 

WW require more Fourier modes, to accommodate the increasing duration of the time 

period. 

In summary, for the asymmetric regime it is found that every term does 

not converge. In addition, the Fourier modes have even profiles and this 

characteristic is a distinguishing feature of the eigenfunctions, observed previously 

in the time marching procedure. 

In the symmetric regime, the first few terms of the series solution are found to 

converge. However, this convergence is only observed for small time periods of i.e. 

Rs ^ 500. Moreover, from these converged results, it is observed that the magnitudes 

of the terms increase with n, and therefore it is concluded that series representation 

diverges in this regime. This implies that the convergence of the steady series solution 

for large Rg, is not echoed in the unsteady regime. 

2.5 A generalisation of the boundary conditions 

In this section, equation (2.33) is investigated under a change to the boundary condi-

tions. Here the aim is to understand if a change to the boundary conditions qualita-

tively alters the nature of the solutions seen so far. The derivative conditions at the 
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walls are now changed to 

= - 0 e x p ( - A 0 ^ ) at 77 = 1, 

where A(> 0) is a constant. With this change to the boundary condition, the periodicity 

in the ^-direction is eliminated. The current generalisation of the cylinder problem will 

henceforth be referred to as the modified problem. 

In this modified problem, ^ is no longer periodic in 9, and therefore it is not possible 

to use a PS numerical method to solve the equation of motion (2.100). Instead, the VSF 

method proposed by E &: Jian-Guo [98] is used. In this explicit scheme, the governing 

equations are represented by a FD approximation and the vorticity is updated at the 

boundaries. By letting D denote the three-point central difference formula for 5^^, the 

vorticity update (Thorn's formula) at 77 = —1 is given by 

2 2 
Wi,o = + -^iA9exp{-Xi'^Ae'^), D-^ij = Uij. 

Here, i and j denote the grid points in the 9 and t] directions respectively, and j = 0 

corresponds to the boundary at 77 = —1 (the update at 77 = 1 is similar). In this 

calculation, the s m a l l - a s y m p t o t i c solution for see (2.105), is used as an initial 

condition and the numerical solution is time marched under a fourth-order Runge-

Kut ta scheme. By letting the superscript k denote the iteration at the present timestep, 

the current values of the vorticity and stream function can be expressed as and 

respectively. Given the current values of the values of are 

computed via the following Runge-Kutta procedure: at we compute Un by 

, , fc Jk 1 -t- (w^-V)w^ = — a n d then wi Ij=o, 7 is updated. 
AT ' R. 

^ 1 
^ -t- (WI-V)WI = — D c j i , ^2 = Dq^uj2, and then 0)21 J=O, 7 IS updated, 

2 AT Ks 
k ^ 

^ -t- (W2-V)W2 = —Dw2, ^ 3 = and then is updated. 
A T R. •S 

— AT(—(it3'V)w3 -f- ^Ws), -t- wi -I- 2w2 4- W3) 4- ^k4, 

and finally j is updated after the last inversion. 
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Here 

w = - ^ e ) , V = {dg, drj) and uj\i=oj = u}n\i=o,i = 0. (2.99) 

The zero subscript in is used to highlight the important fact that the boundary 

value of the vorticity, must be updated in accordance with Thorn's formula 

after each inversion = DQ^LUJI)- The exact details regarding the derivation of 

the VSF formulation, and the alternative primitive variable formulation (the classical 

MAC scheme), are summarised in the original paper by E &; Jian-Guo [98]. 

Continuing with our analysis, it is clear that the choice of A, will inevitably affect 

the size of the 0-domain used in the numerical scheme i.e. W will decay to zero over 

a smaller domain, if A is made more positive. Accordingly, the choice of A will also 

affect the number of terms required to give an adequate representation of the flow in 

the 0-direction. It is now shown that the involvement of A can be scaled out of the 

governing equations, to give a canonical problem. The governing equations for with 

the altered boundary conditions, are 

•̂qriT — '^^irnvn (2.100a) 
Its 

\S{e = 0)=0, ^(7? = T l ) = 0 , ^^(77 = T l ) = - ^ e x p ( -A0^) . (2.100b) 

With the following change of variables: 

( = 0A^/^ ^ (2.101) 

the canonical form of (2.100) is then given by 

' (2.102a) 
JrCg 

W(^ = 0) ^ 0, #(77 = T l ) = 0, 7̂?(?7 = =Fl) = - ^ e x p ( - ^ ^ ) . (2.102b) 

Accordingly, # is expanded in the form 

00 
^ = (2.103) 

n=0 
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By substituting the above expansion into (2.102), it is found that the terms in the 

series are governed by the equations 

t w = 1 f ^ {2i + 1) , (2.104a) 
i=0 

_ i \ n + l 
wW {rj = f l ) = 0, (r? = T l ) = ^ ' . (2.104b) 

Since A has been scaled out of the governing system of equations, it is sufficient to 

compute a single numerical solution for each term at a fixed value of Eg. In 

this way, the effect of A is implicitly incorporated in the series expansion (2.103). 

Moreover, it is now clear that A plays a passive role in the physical interpretation of 

the flow. However, the added flexibility of the parameter A, can in practice, be used to 

increase/decrease the size of computational domain associated with equation (2.102). 

Before any numerical results are discussed, it is convenient to present the steady 

state asymptotic solutions for ^ and Moreover, since it is found that the DNS 

of (2.102) is always 77-symmetric, only the 7y-symmetric asymptotic solutions of W and 

are presented. 

2 .5 .1 S t e a d y a s y m p t o t i c so lut ions 

In this section, the symmetric asymptotic solutions of (2.102) and (2.104) are pre-

sented. As before, these solutions will setup the necessary framework for analysing the 

numerical results that follow. 

For small values oi Rs, ^ is expanded in a regular i?s-power series and then sub-

stituted into (2.102) (as in §2.3.1). By solving the appropriate equation at each order, 

the unique small-i?,, solution for # is calculated to be 

- T]) - ^ ^ ( 2 ^ ^ - 1) exp(-2^^)r7(r?2 - 1)^(2+ 77̂ ) 

Rt -^exp(-3(^) ,7(f - 1)21(-402 + 3003^^ - 2538^^) 
7761600 

-t- 77 (̂100 + 1694^2 - 996^) -I- 777 (̂86 - 539^^ + 474^^) 

4- 8477G(_i_ii^2 + 6^^)} + . . . (2.105) 
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Similarly, by expanding each term in an analogous manner, the corresponding 

series terms are given by 

Although the small-i?s solution (2.105) is formerly valid for Eg <K 1; in view of our 

previous analysis (of equation (2.33)), it is inferred that (2.105) will also be valid for 

Rs > 1. Moreover, for Rg > 1, it is expected that (2.105) will represent an outer 

solution for # in the ^-direction. In view of the results obtained for the cylinder 

problem, it is anticipated that the terms will quickly depart from their small-

asymptotic forms as Rg is increased. After this dissociation is complete, it is expected 

that only the first few terms in the series will constitute part of a valid expansion i.e. a 

truncation of the higher order terms will be required. Accordingly, it is predicted that 

the series solution will only represent the flow for small values of For large values of 

Rg, it is expected that the terms WW will converge to their asymptotic forms; hence 

leading to a recovery of the series representation. 

For large Reynolds numbers, $ is expanded in powers of see (2.44). By solving 

the governing equations at each order, it is found that the asymptotic forms of ^ and 

are given by: 

^(77,^) = 7r~^^exp(-^^)sin7r7? + C)(i27^), (2.107) 

$(") = sinTTT? + O i R j ^ ) . (2.108) 

By calculating the error parameter Ag (see (2.88)), it is estimated that 32 terms are 

required to obtain a converged representation of # from ^ = 0 to ^ = TT c.f 6-7 terms 

for the cylinder problem. The decision to estimate the required number of terms over 

the ^-range [0, TT], was made purely to keep inline with the same range used for the 

cylinder problem (note, the 'infinity' location used in the numerics is ^ = ^00 = 27r 

and certainly 7^ 0 at ^ = 7r). Due to the fact that 32 terms are required for this 

new system, it may appear that the rate of convergence, of this new series, is now 

considerably slower than the corresponding series for the oscillating cylinder. This is 
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not entirely true, since the requirement of more terms is partly due to the scaUng out 

of A. Once the series has converged to a fixed angle in ^-space, the corresponding angle 

in 0-space is found by using relation (2.101). Hence if the series solution converges to 

^ = TT with A < 1, then the corresponding angle in 0-space is greater than 6 = n. 

2.5 .2 N u m e r i c a l R e s u l t s 

In the VSF scheme, the ^-domain [0, 27r] is divided into 256 equal partitions and the 

typical size of the timestep is AT = 7.5 x 10^^. Moreover, the step size in the re-

direction is taken as A77 = 2/100. As before, it is convenient to define the integer 

variable = 256 |/27r, which denotes the partition number in the ^-domain. Since 

the current numerical method is based on a FD scheme (in both spatial directions), 

the results produced by the explicit VSF method, are not guaranteed to be as accurate 

as those obtained by the PS method. For this reason, the series solution is now said 

to agree with the DNS if the maximum error is within 2% (as opposed to the previous 

value of 1% see page 93). 

In accordance with our previous work, it is found that the DNS of equation (2.102) 

is steady and ry-symmetric at all (computable) values of Rg, for example see figure 

2.43. As the Reynolds number is decreased from Rg = 25, it is necessary to reduce 

the size of timestep from 7.5x10^^, and in the most severe case, Rg = 0.5, a value of 

AT = 1 X 10^^ is required. Further time marching below Rg = 0.5 is desirable, but this 

requires an exceptionally small timestep. Fortunately, there is no need to time march 

below Rg = 0.5 and it is now explained why this is the case. From figure 2.45, it is 

observed that the agreement of the asymptotic solution (2.105) and the DNS, always 

extends from the line A256 to the line ^ = ^oo- In particular, for Rg ^ 12 it is found 

that the line ^256 nierges with ^ = 0 and in this case, the asymptotic solution (2.105) 

matches the DNS exactly. Since the asymptotic solution is unique in the limit Rg —)• 0, 

further time marching below Rg = 0.5 is unnecessary, and therefore the asymptotic 

solution can be used as a valid representation (over the ^-range [0, ^00]) for Rg < 12. 

In figure 2.45, the line 5256 indicates that for Rg < 5, the series solution rapidly 
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* 0 

- 1 0 r 

Fig. 2.43; The DNS for # at R, = 40. This solution is calculated under the VSF 

formulation with = 27r/256, Arj = 2/100 and Ar = 7.5 x 10"^. 

$ 

i t j increasing 

140 

Fig. 2.44: The DNS for $ at = 10, 20, 30, 40, 50 with A^ = 27r/256. Here r] is 

fixed at 0.6 and the timestep is Ar = 7.5 x 10~®. Moreover, note that ^ is evaluated 

in degrees, so that a direct comparison with cylinder problem is possible. 
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N = 0 1 2 3 4 5 6 7 8 9 

Rs 

0 . 5 1 19 19 3 5 33' 4 4 4 6 4 8 4 9 -

5 2 16 2 1 2 4 25 - - - - -

1 0 3 15 22 20* 2 0 - - - - -

1 5 3 1 4 2 1 19* 19 - - - - -

2 0 3 15 2 1 2 1 - - - - - -

2 5 3 1 7 14* 15 15 - - - - -

3 0 3 19 12* 12 - - - - - -

3 5 3 1 3 12* 12 - - - - - -

4 0 4 6 6 - - - - - - -

4 5 5 4* 4 - - - - - - -

5 0 2 3 3 - - - - - - -

6 0 2 2 - - - - - - - -

7 0 2 2 - - - - - - - -

8 0 3 3 - - - - - - - -

Table 2.9: The maximum partition number (in ^-direction) to which the series solution 

is in agreement with the DNS of (2.102) (maximum error of 2% along each Tj-profile). 

In this table the maximum angle to which these solutions agree, is given in terms of 

the partition number = 256 ^/2ir. The number of terms used in the series solution 

is denoted by iV +1. A dash (-) indicates no further improvement and an asterisk (*) 

denotes a deterioration in the agreement. 
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160r 

Fig. 2.45: The agreement of the DNS with: 1) the series solution, and 2) the asymp-

totic solution for small Rs (2.105). The lines 5256 and 5i28 represent the extent to 

which the series solution matches with the subscripts denote the number of steps 

used (in ^-direction) in the numerical calculation for The line A258 shows where 

the asymptotic solution (2.105) first begins to match with this agreement is always 

found to extend from line A256, up to 0̂0 = 360°. The corresponding line A128 is 

identical to A256. 

converges to its asymptotic form. However at Rg — 0.5, it is evident that the series 

solution does not represent a complete solution for 0 over the full ( domain, see table 

2.9. Despite this fact, if the series solution is compared to the s m a l l - a s y m p t o t i c 

solution of # (2.105), an agreement to .̂  = 126.6° is obtained with Rs = 0.01. This 

indicates that the series representation improves as Rg is decreased below Rg = 0.5. 

For Rs > 30, it is seen in figure 2.45 (lines 5'i28 and 5256), that the series solution 

is only valid near = 0°, as predicted. Moreover, from table 2.9 it is observed that 

the first two terms, and still form part of valid expansion at Rg = 35. In 

this case, the higher order terms are invalid because the agreement with the DNS 
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deteriorates upon including them. 

For ^ 45, the numerical solutions for ^ begin to develop discontinuous profiles 

in the (^-direction, see figure 2.44. By reducing the number of steps taken in the 

domain, the profiles become increasingly smooth, but the discontinuities are never 

fully eradicated, see figures 2.46-2.48. By increasing the number of steps taken in the 

^-domain, it is seen that there is a weaker decay of the high modes in the FFT of see 

figure 2.49. The size of the timestep does not change the shape of the discontinuous 

profiles and neither does the duration of time marching. Hence the error does not 

accumulate or disperse over the iterative procedure. Moreover, by decreasing from 

27r/128 to 27r/256, see figure 2.47, it is found that the ^-profiles at 77 = 0.6 develop two 

distinct discontinuities that are similar to the ones observed in the cylinder problem. 

At Rs = 70, these discontinuities arise near ^ = 8° and ^ = 18°. Note also, that the 

latter values are surprisingly close to the corresponding results: 0 = 9° and 9 = 20° 

associated with the cylinder problem. If is decreased from 27r/256 to 2%/512; at 

Rs = 60, two distinct slanted regions are formed near ^ = 7° and ^ = 15°. These 

slanted regions are akin to the plateaus observed at Rs = 55 for the cylinder problem, 

see figure 2.37 on page 108. Since there is an increase in the Gibbs'-like oscillations 

when A^ is decreased, it is inferred that these effects are brought about by at least 

one underlying jump discontinuity. The distinct features of the VSF solutions i.e. the 

plateau regions and the two steep slopes near ^ = 8° and ^ = 18°, certainly echo the 

findings of our previous analysis for the cylinder problem (with the original boundary 

conditions). For this reason, it is envisaged that the process that brings about the 

discontinuities in this modified problem, is identical to the one that underpins the 

original cylinder problem. 

Since we are discussing the numerical solutions of the cylinder problem (PS) and 

the modified problem (FD), a few words on the expected behaviour of each numerical 

method, near a discontinuity, is desirable. It is useful to note, that in addition to faster 

convergence rates, PS methods (in practice) are known to handle discontinuities far 

better than FD methods. A simple illustration of the latter statement can be found 
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(a) Rs — 50 

# 0.05 

^ 0.05 

0.05 -

# 0.05 -

(b) Rs — 60 

10 20 30 40 50 60 70 80 90 100 
(c) Ra — 70 

10 20 30 40 50 60 70 80 90 100 
d A, = 80 

10 20 30 40 50 60 70 80 90 100 

Fig. 2.46: The DNS for ^ at i?® = 50, 60, 70, 80 with A$ = 27r/128. Here rj is fixed 

at 0.6 and the timestep is AT = 7.5 x 10~®. 
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^ 0 . 0 5 

# 0 . 0 5 -

^ 0 . 0 5 -

(a) Rs = 50 

(b) a , = 60 

(c) Rs — 70 

d A, = 80 

0 . 0 5 -

Fig. 2.47: The DNS for $ at A, = 50, 60, 70, 80 with = 2ir/256. Here rj is fixed 

at 0.6 and the timestep is AT = 7.5 x 10" .̂ 
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W 0.05 

$ 

(a) Rs = 50 

(b) A, = 60 

0.05 -

0 10 20 30 40 50 60 70 80 90 100 
(c) Rs — 70 and r = 7.5 6° 

# 0.05 -

0 10 20 30 40 50 60 70 80 90 100 
(d) Rs — 80 and r = 6.5 

^ 0.05 -

10 20 30 40 50 60 70 80 90 100 

Fig. 2.48: The DNS for $ at = 50, 60, 70, 80 with = 27r/512. Here rj is fixed 

at 0.6 and Ar = 7.5 x 10"^. The ^-profiles in diagrams (c) and (d) are taken at 

T = 7.5 and r = 6.5 respectively. Note, it is impossible to obtain a converged result 

for Rg > 70 because the numerical solution becomes unbounded for r > 8. 
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(a) X 10" 

Dn{#} 

hn{$} 

InE 

= g = = 5 = = S = 5 ) 

b X10 

(c) X10 

Fig. 2.49: For Rg = 60, the above diagrams show the FFT of the ^-profile at 77 = 0.6 

with: = 27r/128 (blue curve), = 27r/256 (red curve) and A( = 27r/512 (black 

curve). In diagram (d), E denotes the magnitude of each Fourier mode i.e. E = 
^(n,k) 
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in the book entitled "A practical guide to pseudospectral methods" [23] written by 

Fornberg. In §4.2 of this book, Fornberg compares the convergence properties of FD 

and PS methods, for nonsmooth functions, by computing the DNS of 

0Ui dui 
^ + - ^ = 0, u{x, 0) = H{x) (2.109a,b) 

via each respective method (here H{x) denotes the Heaviside function). In this simple 

case study, it is shown that the PS method is much better at preserving the steep slope 

of the Heaviside function during time marching. 

Since PS methods utilise the discrete Fourier transform (DFT) to calculate the re-

quired derivatives (in a global manner), the Gibbs' phenomenon is usually anticipated 

near any discontinuity. In comparison, FD methods are usually more prone to disper-

sive or phase error inaccuracies. In this process, the modes within any initial wave 

packet (a superposition of different modes) get multiplied by different phase factors 

during time marching. This type of error causes the phase relations of the different 

modes to become jumbled, which inevitably causes the wave packet to disperse. In 

§19.1 of Numerical Recipes [60], a simple von Neumann stability analysis of the FD 

approximation to equation (2.109a), is used to show that the effects of dispersion are 

greatest, when the smallest wavelength in the wave packet is comparable to the grid 

size Ax. 

However, since dispersive errors usually concern wave equations, nonlinear insta-

bilities are perhaps more relevant to the present study. Nonlinear instabilities are 

commonly observed in the DNS of the Navier-Stokes equations, and this type of insta-

bility usually arises when the energy cascade in Fourier space is halted at the shortest 

wavelength representable on the numerical grid. Under these circumstances, the non-

linear terms in the Navier-Stokes equations transfer energy from the long wavelengths 

to the short wavelengths. If the energy is allowed to accumulate in these short wave-

lengths, the long wavelengths become obscured by the error accumulated in the modes 

with large wavenumbers. 

In fluid dynamics, shock formation and nonlinear instabilities usually indicate an 

underlying physical condition/behaviour of the fluid (as opposed to a inappropriate 
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numerical formulation). However, in the cases where the integrity of the numerical 

formulation is doubted, one may consider the introduction of numerical viscosity (dis-

sipation). The art of adding artificial numerical viscosity is a very complicated and 

diverse subject in itself. In addition to artificial viscosity, the various smoothing proce-

dures for nonlinear instabilities include filtering methods (during time marching) and 

post processing techniques. Further discussions on this and other spectral viscosity 

techniques can be found in Tadmor [89] [90]. 

Prom our results it is found that the size of (alone), dictates the extent to 

which these discontinuities are present in the computational domain. In figure 2.45 

it is seen that if 0 is computed with = 2%/128 instead of A^ = 2%/256, then a 

better agreement is obtained with the series solution. However, by increasing the size 

of A^, the discontinuities are suppressed at the cost of compromising the accuracy of 

the results. With these two factors in opposition, it is difficult to distinguish if the 

step size A^ = 27r/128 is sufficient for Rg > 80. Although further comparisons of the 

DNS with the series solution are impossible beyond Rs = 80 (due to the increasing 

development of discontinuities), from figure 2.45 it appears that the first term in the 

series expansion is still valid up to Rg = 80, see line 5i28-

Prom figure 2.50 it is observed that the magnitude of the terms are all ordered 

desirably for a convergent series expansion, except for which is always smaller than 

Once again, it is thought that the maximum extent of agreement in table 2.9 is 

related to the disordering of the magnitudes of the terms ^("). However, for n ^ 1, 

the magnitude of each successive term is found to be smaller than the former. In view 

of this result, it appears that the decrease in the number of valid terms in the series 

expansion (see table 2.9), is caused by the magnitude of becoming comparable 

to other terms of higher order. This situation is unlike the scenario in the cylinder 

problem, where the decrease in the number of valid terms is related to the value of 

Rg at which | | ^W| | ~ At Rg % 20, the number of valid terms in the series 

expansion decreases from N = 3 to N = 2, see table 2.9, and this process coincides 

with disordering of the terms and which occurs over the Rg-iaxige [15, 25]. 
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XnE, 

n = 0 

n = 3 

120 140 160 180 

-5 

- 1 0 

lnjE„ 

-15 

- 2 0 

-25 

1 n — 1 ' 1 1 — e 1 1 1 1 
0 — 0 

—e 

e— n = 4 

- — e -

- e n = 6 

Q 

e — n = 8 

1 1 1 1 1 1 1 1 1 
10 15 20 25 30 35 40 45 50 

Rs 

Fig. 2.50; The magnitude of each term versus Reynolds number (for the expo-

nential BC). Here the magnitude of each term is given by = In J drj. An 

open circle marks the maximum on each curve. 
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n = i'S + ti 
approx. 

Ml 

see (2.110) 

0 14.0 124.4 

1 2.60 31.11 

2 0.15 10.37 

3 %0.015 3.889 

Table 2.10: The first column contains maximum value of Rs to which the asymptotic 

solution (2.106) agrees with the numerical solution for (maximum error of 2% 

along each yy-profile). The remaining column contains the estimated value at which 

the terms in the asymptotic series (2.106) become disordered. 

Once again, for each fixed value of n, the Mi measure is used to estimate the 

maximum value of Rg, below which, the asymptotic expansion for is convergent, 

see (2.106). Let us use the notation and t", to denote the first and second terms 

in the asymptotic expansion for (2.106). By insisting that the magnitude of (g is 

larger than f", the Mi measure gives the following condition on Rg". 

The maximum value of Rg that satisfies the above condition (for each n) is presented 

in table 2.10, c.f. table 2.8. In addition to the latter values, the neighbouring column 

shows the maximum value of Rs, at which the numerical solutions for are in 

agreement with the asymptotic solutions (2.106). Prom table 2.10 it is seen that the 

estimates are poor approximations to the true values; despite this fact, the estimates 

are still upper bounds. It is emphasised that the qualitative results of this analysis 

are important because they indicate, that the asymptotic solution for $ (2.105), is 

valid over a larger A^-range than the corresponding asymptotic solutions (2.106) for 

the terms 0^"). In figure 2.50, it is clear that the hierarchy of magnitude begins to 

reorder favourably as the Reynolds number increased. Accordingly, it is found that 

each steady term converges to its large Rg asymptotic form, see table 2.11. From 

these results it is seen that there is a slight discrepancy at Rg = 10000. At Rg = 10000, 
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N = 0 1 2 3 4 5 6 7 8 9 10 11 

Rs 

500 5 17 25 34 36 46 40* 41 - - - -

1000 5 17 26 34 39 46 46 55 49* - - -

2000 5 17 26 34 40 46 49 55 55 63 57* -

3000 5 17 26 34 40 46 50 55 57 63 62* -

10000 5 17 27 34 40 46 50 55 58 50* - -

Table 2.11: The agreement (in ^-direction) of the series solution with the steady 

asymptotic solution for large Rg (2.107). Once again the ^-domain is split into 256 

intervals, and maximum partition number, = 256 ^/27r, of agreement is recorded 

in the above table. 

the inclusion of the tenth term produces a solution for 0 , which is worse than the ten 

term approximation at Rg = 3000. Hence the tenth term in the series expansion, 

i|r(9) ^ 10""^, is beyond the accuracy of the scheme at Rg = 10000, c.f. the numerical 

difficulty of computing the term ~ 10"^ in the cylinder problem, see page 112. 

An investigation into the unsteady regime is found to echo the findings of the 

original cylinder problem. For the unsteady asymmetric regime {Rs ~ 53), the energy 

spectrum of each term indicates that each Fourier mode is larger than the 

previous. Moreover, this is also found to be the case in the symmetric regime {Rs > 

170); therefore, the Fourier series representation is divergent in both regimes (with 81 

modes). It is also worth mentioning that a DNS of (2.100) was also attempted with 

different values of A. Despite the added flexibility of A, the terms in the series remained 

disordered in magnitude. Once again, this implies that within the unsteady regime, it 

is inappropriate to expand ^ using a regular ^-power series. 

Despite the fact that a smooth DNS cannot be computed for Rs ^ 55, it is main-

tained that the term still constitutes part of a valid series expansion for the 

steady regime of the cylinder problem (and the corresponding steady regime of the 

modified problem). In the steady regime, the asymptotic forms of $ at large and 



CHAPTER 2. THE STEADY STREAMING FLOW BETWEEN CYLINDERS 141 

s m a l l - a r e readily decomposable into a 0-series. By comparing these asymptotic 

expansions with the numerical solutions of ^ and it is clear that the term 

represents the flow close to 0 = 0 for Rg ^ 40 and Ag 3> 1. 

To this point, the bounded numerical solutions for have been restricted to Rg < 

60 (and Rg < 80 for the modified problem), and in this regime the solutions are found 

to be steady. Hence the involvement of in the unsteady regime of $ , has not yet 

been characterised. From our Fourier analysis (in time) it is known that the unsteady 

symmetric and asymmetric regimes of do not give rise to a series solution that 

is monotonically decreasing. Hence, assuming that still constitutes the leading 

order approximation to W at large Reynolds numbers, it is doubtful that the DNS for 

^ ever settles into a time periodic solution as r ^ oo. 

In the next section, the effects of transportation errors in the numerical calculations 

for ^ and # , are minimised by using upwind differencing (UWD). If the discontinuities 

observed to this point are indeed genuine, it is envisaged that UWD will suppress the 

formation of the Gibbs' oscillations and thus improve the resolution of the underlying 

discontinuities. 

2.6 Upwind differencing 

2 .6 .1 T h e cy l inder p r o b l e m (original b o u n d a r y cond i t ion) 

In this section, the numerical scheme that was previously used to calculate the DNS 

of is now adapted to minimise the effects of transportation errors. The original PS 

method is now replaced by a FD scheme that incorporates UWD. In the UWD scheme, 

the errors incurred in the advective terms are only allowed to propagate in the direction 

of the flow (unlike a central difference scheme, which distributes the error in both the 

positive and negative ^-directions). By using this new formulation, it is hoped that the 

UWD scheme will "improve" the representation of the physical flow (especially near 

the discontinuities), and thus reduce the intensity of the Gibbs' oscillations. 

Since the discontinuities in the DNSs only occur in the ^-direction, UWD is only 
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applied to the term ug; here w = and the governing equation for w is (see equation 

(2.99) also) 
1 

UJt — — 

The overall numerical formulation for the UWD scheme is essentially the same as the 

original PS method i.e. the nonhnear terms are treated explicitly and the Crank-

Nicholson method is employed for the term However, in the present formulation, 

the manner in which the term wg is calculated, is dependent on the sign of u. If u is 

positive, then wg is calculated by using a first-order backward FD formula, otherwise 

a forward difference formula is used (note, the term v{= Wg) is still calculated via a 

second-order central difference formula). Since the current FD scheme does not require 

the use of FFTs, it is sufficient to consider ^ on the 0-range [0, TT]. With A77 set equal 

to 2/100, a mesh size of 7r/128 was found to be a sufficiently small value for A0 in 

all of the calculations. Moreover, since the iteration at each time level (in the present 

FD scheme) is much faster than the corresponding iteration in PS scheme, a smaller 

timestep of size AT = 2 X 10"^ was used to increase the accuracy of the results. 

Numerical Results 

By using the UWD scheme to calculate the DNS of (2.33), it is found that the cal-

culations can be extended up to Kg = 1000 (the largest Reynolds number tested), 

which is well above the limit of the original PS code {Rs ~ 65). With A0 set equal 

to 7r/128, the numerical solutions for W are found to be steady and ?7-symmetric up 

to Rg = 138 i.e. ^ = ^sym for Rg ^ 138. By increasing Rg from 50 to 130, see figure 

2.51, the development of at least two discontinuities are observed in the ^-direction. 

From figure 2.51, it is also observed that UWD has the desired effect of suppressing the 

Gibbs' oscillations near each discontinuity; subsequently, the present method captures 

the profile of each shock far better than the original PS formulation. 

By comparing the series solution to the DNS for it is found that the term 

0^(0) correctly represents the flow (near 0 = 0) up to Rg — 110, see table 2.12. This 

result demonstrates the important fact that only the ry-symmetric regime of is 
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(a) Rg = 50 

^ 0.15 

0 10 
(b) Rs — 60 

$ 

0 10 
(d) R, = 130 

0.05 

0 10 20 
(c) Rs = 100 

30 40 50 60 70 80 

0.15 

vj/ 0.15 

Fig. 2.51: The numerical solution for '̂sym at Rg = 50, 60, 100, 130 with AO = 7r/128 

(grey curve), /S.9 = 7r/256 (blue curve) and = 7r/512 (dotted red curve). Here 

T] = 0.6 and Ar is set equal to 2x 10"^ in the computations. Note that the rj-symmetric 

solution for $ is forced in these cases and that the resulting solutions are steady. 
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N = 0 1 2 3 4 5 6 7 8 

Rs 

10 8 33 56 1 58 67 65* 68 64* 78 

20 7 37 44 47 60 53* 51* 50* * 

30 8 31 - - - - - - -

40 8 20 - - - - - - -

45 8 12 - - - - - - -

50 8 6* - - - - - - -

55 6 - - - - - - - -

60 3 - - - - - - - -

70 2 - - - - - - - -

110 2 - - - - - - - -

> 110 0 0 0 0 0 0 0 0 0 

Table 2.12: The maximum partition number (in 0-direction) to which the series solu-

tion is in agreement with the DNS of equation (2.33) (using UWD). The maximum 

error allowed in the agreement is 1% along each 77-profile. In this table the maximum 

angle to which the two solutions are in agreement, is given in terms of the partition 

number ng = 128 /̂TT. The number of terms used in the series solution is denoted 

by TV + 1. A dash (-) indicates no further improvement and an asterisk (*) denotes a 

deterioration in the agreement. The staggered line drawn across the table indicates 

the general trend of the agreement. 
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(a) Rs = 160 

(b) Rs = 160 

I 

0.15 

0.1 

0.05 

0 

- 0 . 0 5 

- 0 . 1 

- 0 . 1 5 

Fig. 2.52: A snapshot of at Rg = 160 (unsteady regime) with A9 = w/256. 
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a) Rc = 130 

R. = 160 

/?, = 140 

iic — 200 Rs = 300 

Fig. 2.53: Diagrams (a) and (b) show the ^-profiles of and at Rg = 130 with 

T] = 0.6. Diagrams (c) and (d) show the 0-profiles of at = 140, 160, 200, 300 

with 77 = 0.6 and AO = 7r/256. 
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(a) Ra = 200 

$ 

0 10 
(a) Rs = 300 

100 

100 

Fig. 2.54: The dotted blue markers indicate the steady ^-profiles of ^sym at Rg = 200, 

300. The solid red curves show the corresponding instantaneous 0-profiles of $ in the 

unsteady regime. Here Ad = 7r/128 and t] = 0.6. 

relevant in the Taylor series expansion of ^ i.e. the chaotic regime is not incorporated. 

However, at Rs ~ 138 (with A9 = 7r/128), a symmetry breaking bifurcation occurs. 

This bifurcation is accompanied by a localised unsteady oscillation near the main 

discontinuity at 0 « 30°, see figures 2.52, 2.53 and 2.54. From figure 2.52 (contour 

plot of ^ at Rs = 160), it is seen that for 0 > 60°, all of the r/-profiles of ^ are 

still symmetric. Moreover, these ry-symmetric profiles are found to be steady i.e. the 

unsteady oscillation is confined to the shock region where the ^/-profiles are asymmetric. 

Since the oscillation occurs within the vicinity of the shock region, one may suspect 

that this unsteady behaviour is an artifact of the numerical error incurred by the 

presence of the discontinuities. However, if the Ty-symmetric solution of ^ is forced, 

the numerical solution for ^gym is found to be steady, and for this reason, the unsteady 

oscillation of ^ does appear to be a genuine feature of the flow. It is important to note 

that at large Reynolds numbers, the numerical solutions for ^ and ^gym are always 
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found to be discontinuous; moreover, the solutions for ^sym are always steady. Since 

^sym does not tend to the steady asymptotic form predicted by (2.51), it follows that 

^sym has at least two steady states at large Reynolds numbers. 

To see if the oscillatory behaviour near the shock region is related to the chaotic 

regime of some Poincare cross sections of ^ were constructed at various Reynolds 

numbers, see figures 2.55, 2.56 and 2.57. On a formal note, it is important to mention 

that although the DNS for ^ is discontinuous over a small 0-interval for Rs > 60, 

it is hoped that the current UWD method succeeds in capturing the shock profiles 

sufficiently well in the post-shock regime. Hence, the intention of the following analysis 

is to obtain a qualitative description of ^ for Rg > 60. With this in mind, the unsteady 

behaviour of ^ was studied on the left {6l = 9.8) and on the right side {9r = 49.2) 

of the main discontinuity. From figure 2.55 it appears that for Rg = 140, the flow 

is quasi-periodic on both sides of the discontinuity. However, a close inspection of 

the node at A, reveals that the node is actually a line shaped trajectory. Moreover, 

this distinctive line trajectory has already been observed in the asymmetric regime of 

at Rg — 86, see figure 2.18. Since the size of the line appears upon a scale that is 

smaller than the accuracy of the numerical scheme, the regime at Rs = 140 is classified 

as quasi-periodic. Moreover, in all of the cases that were studied, every quasi-periodic 

regime was found to possess the same line shaped distribution near each node. For 

a fixed Reynolds number, the order of the quasi-periodicity at 6 l i.e. the number of 

points appearing in the Poincare cross section, was found to be different from the order 

observed at On; however, the time periods calculated at these two different locations 

were always found to be the same. 

For Rs ^ 188, the flow near the shock region is no longer quasi-periodic and a 

turbulent behaviour is observed in the Poincare cross sections, see figures 2.56 and 2.57. 

Although a period-doubling cascade does not ensue before the turbulent behaviour is 

observed, the time period of the flow is found to double at some values of Rs, see table 

2.13. Since the steepness of the slope near the main discontinuity is affected by the 

size of A0, see figure 2.51, the Poincare cross sections were also calculated with refined 
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(a) i) Rs — 140 k. 6p — 9l 

-0.47 

-0.485 

(a) ii) Rs = 140 k, Op — 6l 

-0.4701 

-0.4701 
0.05 0.052 0.054 0.056 0.0521 0.0521 0.0521 

(a) iv) Rs - 140 k 9p = 0R (a) iii) Rs = 140 kOp^Oi 

-0.4701 

-0.4701 

-0.4701 

0.0521 0.0521 
(b) i) R, = 160 6 gp = 

-0.4565 

-0.4665 

-0.4765 
0.045 0.05 0.055 

(c) i) Rs — 180 iz 9p = 6l 

-1.486 

-1.488 
0.1817 0.1817 0.1817 

(b) ii) Rs = 160 kOp^OR 

-1.41 

-1.412 

0.1764 0.1766 0.1768 
(c) ii) Rs = 180 k Op = Or 

-1.3678 

0.031 0.039 0.047 0.055 
-1.3738 

0.1722 0.1726 0.1729 0.1734 

Fig. 2.55: The Poincare cross section of $ at various values of Rs- The coordinate 

variables x i (r) , X2(r) and X3{t) are given by: ^(6p,ri = 0.5), -H 2A9,r) = 0.6) 

and f |$(^p)| dr] (the two values of ffp considered here arc = 9.8° and 0j{ = 49.2°). 

The Poincare sections are taken in the plane X3 = 0. Note AO = 7r/128 in the DNSs. 
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(a) i) R, = 200 & gp = gi (a) ii) Rs = 200 9p — Or 

-0.3 ' - ' l a 
SK'" 

-0.4 • 

-0.5 

- 0 . 6 • 

0.02 0.04 0.06 

(b) i) Rs = 220 kOp^OL 

- 0 . 2 2 • 

-0.37 

-0.52 

-0.67 
0.02 0.04 0.06 0.08 

-1.298 • 

-1.313 

-1.328 

-1.343 

•Xi 

-1.358 
0.166 0.168 0.17 

(b) ii) Rs — 220 9p = Or 

- 1 . 2 6 

-1.27 

- 1 . 2 8 • 

-1.29 • 

0.162 0.164 0.166 

Fig. 2.56: The Poincare cross section of $ at = 200, 220. Here A9 = 7r/128 in the 

numerical calculations. 
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(a) i) Rs = 260 Sz 9p = 9l (a) ii) Rs = 260 &c 9p — 6ji 

- 0 . 2 -

-0 .3 • 

-0 .4 • 

-0 .5 -

- 0 . 6 

0 0.05 

(b) i) Rs = 300 k, 6p — 9l 

0 

- 0 . 2 • 

-0 .4 • 

- 0 . 6 • 

- 0 . 8 • 

0.05 0.1 

- 1 . 1 8 

- 1 . 2 • 

- 1 . 2 2 

-1.24 • 

0.1 0.154 0.156 0.158 0.16 

(b) ii) Rs = 300 k, 9p = 9r 

- 1 . 1 

-1.15 

- 1 . 2 

0.145 0.15 0.155 

Fig. 2.57: The Poincare cross section of $ at Ag = 260, 300. Here A0 = 7r/128 in the 

numerical calculations. 
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Rs Period of 

100 29.1045 

110 3&334 

120 Chaotic 

125 Chaotic 

130 65.804 

135 Chaotic 

140 74.528 

160 53.076 

180 Chaotic 

200 93.182 

300 61.400 

400 Chaotic 

Rs 
Period of ^ with 
AO = 7r/128 

140 1.888 

159 f 1=1.883 

160 % 2Pi (3.772) 

161-163 « 4Pi (7.576) 

164 P2=9.471 

164.4 % 2P2 (18.916) 

168 Turbulent 

172 14.291 

176 5.037 

180 4.647 

186 4.211 

188-196 Turbulent 

Table 2.13: The time period of and $ at various Reynolds numbers. 

settings (A0 = 7r/256) and the results were found to be remarkably different. 

With A9 set equal to 7r/256, the symmetry breaking bifurcation, accompanied by 

the unsteady oscillation, is now found to occur at Rg ~ 100 (the corresponding value 

with A9 = 7r/128 is Rg ~ 138). For 100 < Rs ^ 118 the flow is quasi-periodic with a 

time period approximately equal to 0.91, and for Rg > 118, the Poincare cross sections 

at 9 l all indicate that the flow is turbulent. In contrast, for Rg > 118, the diagrams for 

Or all indicate that the flow on the RHS of shock is quasi-periodic (with a time period 

that is approximately 0.91), see figures 2.58 and 2.59. However, a close inspection of 

the nodes in the 9R diagrams, reveals that all the points are distributed along loci 

that axe rotationally symmetric. Once again it is important to note that these loci 

develop on a very small scale i.e. with a variation of size 1 x 10~® to 1 x 10"^. Strictly 

speaking, a variation on the latter scales is largely influenced by the errors associated 

with the approximations in the numerical scheme; therefore, despite the characteristic 
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(a) i) Rs = 120 9p — 9i, 

-0.5757 

-0.5772 
0.0621 0.0631 

(a) iii) Rs = 120 

-1.5836 

-1.5836 

-1.5836 

% 
'v,». 

0.1866 0.1866 
(b) i) Rs = 125 &L Bp = di 

0.5595 

-0.56 \ 0.5605 

-0.561 

0.0607 0.0617 0.0627 
(b) iii) Rs = 125 &C Op — OR 

-1.5628 

(a) ii) Rs = 120 Op = On 

-1.5833 

-1.5838 
0.1866 0.1866 0.1866 

(a) iv) Rs — 120 Sz Op = Or 

B 
-1.5837 

-1.5837 \ 

-1.5837 

0.1866 0.1866 
(b) ii) Rs = 125 Op = OR 

-1.563 

-1.5635 
0.1853 0.1853 0.1853 

(b) iv) Rs = 125 kOp = OR 

-1.5634 

-1.5634 

V 

^ } j 
< mr 

0.1853 0.1853 0.1853 0.1853 0.1853 

Fig. 2.58: The Poincare cross section of $ at = 120, 125 with A0 = 7r/256. 
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(a) i) Rs = 130 &c 9p — 9l (a) ii) Rs — 130 6p = Or 

-0.5515 

-0.552 

-0.5525 

-1.5505 

Z:, 
-1.5509 

B 

0.059 0.06 
(a) iii) Rs = 130 9p = On 

-1.5511 

-1.5511 

'•z'. r 
••i. ^ > •••• 

V-
••i. ^ > •••• 

V- • \r*-

'i:-
0.1835 

(b) i) Rs =: 135 kOp^eL 
-0.51 

-
-0.52 

' • . • 

-0.53 . . 
• 

0.1835 0.1835 
(a) iv) Rs = 130 Sz Op = Or 

-1.5506 

-1.5506 
0.1836 0.1836 

(b) ii) Rs = 135 OP = OR 

-1.5312 

0.056 0.058 0.06 
(c) i) Rs = 140 Op = Ol 

0.1835 0.184 
(c) ii) Rs = 140 k9p = 0R 

-0.51 

-0.52 

-0.53 • '%• 

-1.512 % 
• '%• 

-1.514 

•.'4; J % 
• -4 

0.056 0.058 0.06 0.1819 0.1823 0.1827 

Fig. 2.59: The Poincare cross section of $ at A, = 130, 135, 140 with AO = 7r/256. 
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structure in the 9 r diagrams, it is impossible to ascertain whether the oscillation is 

genuinely chaotic for i?s > 118. 

To compare the numerical solutions for ^ to the unsteady asymmetric regime 

of some Poincare cross sections of were also constructed, see figure 2.60. 

As previously mentioned, some quasi-periodic regimes of do exist for Rs ^ 82; 

however, it is important to note that these periodic regimes are frequently interrupted, 

at unpredictable Reynolds numbers, by chaotic states. Based on the assumption that 

is a valid term in the power series expansion of it is expected the time period of 

$ should always be an integer multiple of the corresponding period of However, 

contrary to intuition, the time period of (in the quasi-periodic regimes), is always 

found to be larger than the time period of W with A9 = 7r/128. The latter result is 

also found to be the case when AO is refined to 7r/256, except the range of comparison 

in this case is limited to interval 100 ^ ^ 118 (the quasi-periodic regime). 

To understand the dynamics of the physical flow near a shock, it is often helpful 

to determine whether the shock is tangential or not. A tangential or contact disconti-

nuity is said to exist if the normal velocity component is zero through the plane of a 

shock. Under such circumstances, it is usually found that the flow is susceptible to an 

instability of the Kelvin-Helmholtz type. However, in the present study, the unsteady 

oscillation near the discontinuity is unlikely to be the result of a Kelvin-Helmholtz 

instability because does not pass through zero continuously at each shock, see fig-

ure 2.53. Hence, assuming that the numerical scheme has captured the shock profile 

sufficiently well at Rs = 130, it is likely that the oscillation near 9 = 30° is brought 

about via some other mechanism. 

The results in this section seem to suggest that the unsteady forcing of may 

not be responsible for the unsteady oscillation observed in DNS for However, from 

our numerical calculations, it is discovered that the time period of $ is dependent on 

the size of A9. Therefore, it could be the case that the present numerical scheme does 

not capture the unsteady behaviour near the discontinuity sufiiciently well. On the 

other hand, when AO is refined to • I T / 2 5 6 , the solution for # does remain unchanged in 



CHAPTER 2. THE STEADY STREAMING FLOW BETWEEN CYLINDERS 156 

(a) Rg — 120 

(c) Rs — 130 

-1.5 -1 
(e) Rs — 140 

—2 —1.5 —1 
(g) Rs - 180 

(b) Rs = 125 

Id) Rs = 135 

(f) Rs = 160 

- 1 

(c) Rs = 200 
-0.5 

-0.8 -0.6 -0.4 -0.2 

Fig. 2.60: The Poincare cross section of at various values of iZg. The coordinate 

variables used in the construction of these diagrams are identical to the ones used in 

figure 2.16. 
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the regions that are far from the discontinuity i.e 9 > 60°. Accordingly, it envisaged 

that the solution in this outer region is being correctly determined by the current 

numerical scheme. 

In summary, the results obtained via the UWD method, do suggest that the flow 

near the main discontinuity {6 = 30°) is unstable to a symmetry breaking pertur-

bation. Although a direct connection between the oscillatory behaviour of ^ and 

unsteady regime of has not been uncovered in this study; it is likely that the 

symmetry breaking bifurcation of at Rs ~ 100, may indicate the onset of a gen-

uine secondary state. Moreover, the oscillatory behaviour near the main discontinuity 

leads us to believe that flow is locally chaotic/unstable in the vicinity of 0 = 30°. 

However, this hypothesis can only be tested by capturing the shock profile via a more 

robust/appropriate numerical method than is considered in this thesis. 

2.6.2 The modified problem 

Since the use of UWD has been successful for the original cylinder problem, the modi-

fied problem is now revisited to see if UWD can improve the resolution of the suspected 

discontinuity near ^ = 0. 

Numerical Results 

As anticipated the adapted VSF scheme has the desired effect of suppressing the Gibbs' 

oscillations that had previously masked the discontinuity. As Rg is increased from 50 

to 160, the development of a single discontinuity is clearly observed at ^ = 11°, see 

figure 2.61 c.f. figure 2.51. Once again, it is found that the numerical results for 

this modified problem, are characteristically similar to the solutions for the original 

cylinder problem. For Rg ^ 169, the solutions for 0 are steady and 7y-symmetric. If 

the series solution is compared to the numerical solution of it is found that 0^°) 

remains a valid approximation, near ^ = 0, up to Rs = 80, see table 2.14. This result 

is consistent with the finding in the cylinder problem, and once again this reasserts the 

fact that for Rg > 54, the asymmetric regime of is not incorporated in the series 
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(a) Rs = 50 

m 0.06 

0 10 
(b) R, = 70 

$ 0.06 

0 10 
(c) Rs = 110 

$ 0 .06 

0 10 
(d) Rs = 160 

vEr 0.06 

Fig. 2.61: The numerical solution for ^ at = 50, 70, 110, 160 with = 27r/256 

(blue curve) and = 27r/512 (dotted red curve). Here IJ = 0.6 and AT is set equal 

to 2x10"^ in the computations. 
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(a) Rg = 180 

$ 0.06 

0 10 
(b) R. = 200 

\Ir 0.06 

0 10 
(c) R. = 300 

$ 0.06 

Fig. 2.62: The instantaneous ^-profiles of ^ aX Rg = 180, 200, 300, 400 with = 

27r/256 (blue curve) and A$ = 27r/512 (dotted red curve). Here T] = 0.6 and AT is 

set equal to 2x10"'' in the computations. 
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N ^ 0 1 2 3 4 5 

Rs 

10 2 16 32 32 23* -

20 2 17 12* - - -

30 3 11 10* - - -

40 3 11 - - - -

50 3 7 - - - -

60 3 3 - - - -

70 2 3 - - - -

80 2 - - - - -

> 80 0 0 0 0 0 0 

Table 2.14: The maximum partition number (in ^-direction) to which the series so-

lution is in agreement with the DNS of (2.102) (using UWD). The maximum error 

allowed in the agreement is 2% along each yj-profile. In this table the maximum an-

gle to which these two solutions are in agreement, is given in terms of the partition 

number = 256 C/27r. The number of terms used in the series solution is denoted 

by iV -h 1. A dash (-) indicates no further improvement and an asterisk (*) denotes a 

deterioration in the agreement. 

expansion of 

For Eg > 169, the DNS for ^ becomes unsteady in the vicinity of ^ == 11°, see 

figure 2.62; moreover, the 7y-profiles in the neighbourhood of the discontinuity are 

asymmetric. As with the cylinder problem, when the 77-symmetric solution is forced, 

the unsteady oscillation disappears. To analyse the unsteady behaviour of # , the 

period of the oscillation was monitored on the left = 5.63°) and on the right side 

of the discontinuity {^r = 19.69°), see table 2.15. By fixing a Reynolds number and 

comparing the time period of 0 to the corresponding time period of the two 

regimes are found to be distinct. Moreover, as with the original cylinder problem, the 

time period of the DNS is found to be dependent on the size of A^. With set 

equal to 27r/256, the time period of 0 is found to double at Rg = 205. Although the 
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Rs 
Period of ^ with 
A^ = 27r/256 

170 5.284 

180 5.236 

190 4.956 

200 4.554 

204 « 4.435 

205-214 « 2 f i (8.83) 

215 % Pi (4.37) 

222 4.52 

223 Turbulent 

225 60.716 

226 51.614 

227 Turbulent 

231 42.876 

232-260 Turbulent 

Rs 
Period of ^ with 
A^ = 27r/512 

170 6.575 

179 Pi % 6.302 

180 % 2Pi (12.625) 

181-182 Turbulent 

183 4.724 

184 5.924 

185-190 Turbulent 

195 4.724 

200 6.784 

205 5.924 

210-215 Turbulent 

220 2.02 

225-240 Turbulent 

260 2.01 

Table 2.15: The time period of $ at various Reynolds numbers c.f. table 2.13. 

period of the flow does not continue to double when Rg increased, the DNS for # does 

continue to follow the emerging 2Pi-state, i.e the period-doubled state, from Rs = 205 

to Rs = 214. In addition, it is interesting to note that the first turbulent state of 0 is 

observed at Rs = 223, which is quite close to the jR^-range of the 2Pi-state. However, 

when is refined to 27r/512, the 2f i -s ta te occurs at Rs = 180. In this case, the 

turbulent state follows immediately at Rs ~ 181. 

Prom figures 2.63 - 2.66 it is seen that when Ai^ is refined, the change in the 

time period is often accompanied by a change in the order of the quasi-periodicity. 

Moreover, in figure 2.66 it can be seen that the quasi-periodic regime at Rg = 260 

arises after a long transient phase. This transient phase was often observed at other 

Reynolds numbers too. However, the duration of the transient, does not appear to be 
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(a) i) R, = 170 = 

- 0 . 1 6 

-0.18^ 

0.0156 0.0196 
(b) i) R, = 180 & (p = a 

-0.1814 

-0.2214 
0.0089 0.0189 

(c) i) R, =z 200 & = a 

- 0 . 1 8 8 6 

-0.3386 
0.0059 0.0259 

(d) i) Rs = 220 & (p = b 

- 0 . 2 

(a) ii) Rs = 170 

-0.6322 

-0.6352 
0.0769 0.077 0.077 

(b) ii) Rs = 180 &: (p = fa 

-0.6185 

-0.6215 
0.0758 0.0759 0.0759 

(c) ii) Rs = 200 

-0.588 

-0.59 

0.0739 0.0744 
(d) ii) Rs = 220 & (p = fa 

-0.569 

-0.57 

-0.571 
0.0712 0.072 

Fig. 2.63: The Poincare cross section of ^ at = 170, 180, 200, 220 with A9 

27r/256. Here = 5.63° and — 19.69°. 
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(a) i) Rs = 240 &: ( = (i, 

- 0 . 1 

- 0 . 2 

-0 .3 

-0 .4 

, ; V . -0.545 • 

. V 

' ' V: - • ;• ;• • • 
-0.55 -

% \ -0.555 • 
f i % 1 

0 0.02 0.04 

Ra = 260 ^ ( b ) u ) 

-0 .3 • 

-0 .4 

(a) ii) Rg = 240 &: ( — 

• ' ' 

0.0695 0.07 0.0705 

Rs = 260 

-0.5283 

-0.5433 

0.02 0.04 
-0.5583 

# 
0.068 0.069 0.07 

Fig. 2.64: The Poincare cross section of $ at A, = 240, 260 with A9 — 27r/256. 
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(a) i) Rs = 170 &: (p = 

-0.1785 

-0.2135 

-0.2485 
0.0093 0.0193 0.0293 

(b) i) R, = 180 & fp = a 

-0.15 

- 0 . 2 

-0.25 

0.01 0.02 0.03 
(c) i) Rs = 200 & (p = a 

(a) ii) Rs = 170 & (p = (A 

-0.25 

0.0008 0.0208 
(d) i) Rs = 220 & fp = a 

- 0 . 2 

0.0408 

-0.25 

-0.35 

-0.644 

-0.646 

0.0771 0.0775 
(b) ii) Rs = 180 & fp = ffl 

-0.634 

-0.636 

0.0763 0.0767 0.0771 
(c) ii) Rs = 200 & (p = fa 

- 0 . 6 0 8 

- 0 . 6 1 
0.0741 0.0745 

(d) ii) Rs = 220 & (p = (a 

-0.6046 

-0.6046 

-0.6047 
-0.0031 0.0169 0.0369 0.0727 0.0728 0.0729 

Fig. 2.65: The Poincare cross section of ^ at Rs = 170, 180, 200, 220 with Ad 

27r/512. Here = 5.63° and = 19.69°. 
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(a) i) Rs — 240 

OF ' 

-0.1 

- 0 . 2 

-0.3 

-0.4 

4 

47'^ ' i 
. t; > .. 

\ . 
. . \ 

0 0.02 0.04 0.06 

(b) i) A, = 260 & ( = a 

- 0 . 1 

-0.4 

-0.5 • 

(a) ii) A, = 240 & ( = 

-0.56 

-0.565 

-0.57 

-0.575 

-0.58 

0.07 0.071 0.072 

(b) ii) A, = 260 &: ( = 

-0.564 

-0.566 

-0.568 

-0.57 

-0.572 -

-0.574 

0.02 0.04 0.06 0.069 0.0695 0.07 

Fig. 2.66: The Poincare cross section of $ at i?s = 240, 260 with AO = 27r/512. 
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a simple function of Rg. 

As expected, the results obtained for this modified problem are characteristically 

similar to the solutions of the original cylinder problem. Although a direct connection 

between the unsteady oscillation of "3̂  and the asymmetric regime of cannot be 

verified at this stage, the results obtained in this study do suggest that the symmetry 

breaking bifurcation, which appears after the onset of the discontinuity, is a genuine 

feature of the flow. Since the numerical results obtained by UWD are discontinuous 

over a small ^-interval for Rs ^ 60, the results obtained in this section are only 

considered to be qualitative descriptions of the flow (once the discontinuity has set 

in). Guided by these results, it is thought that once the Taylor series for ^ has broken 

down for Rg ^ 60, a new expansion is required to account for the singularity. In this 

case, it is expected that the leading term in the new inner-expansion, is responsible 

for the chaotic behaviour observed near the discontinuity. 

2.7 Conclusion 

In this study, the induced steady streaming flow between two cylinders has been in-

vestigated in the small gap limit. Since the flow is of stagnation type, the governing 

stream function is expanded in a 0-power series and in this manner, the structure of 

the local problem at 0 = 0 is incorporated into the full description of the flow. From 

the earlier studies by H &: P [37] and WBZD [97], the leading order equation is known 

to support chaotic solutions, in addition to stable solutions that are 77-symmetric. By 

directly solving the governing equation for W, it is found that there is no symmetry 

breaking bifurcation at the predicted value o{ Rg = 17.3, (see the regime in figure 

2.6) . 

By using a time marching procedure to calculate the terms it is found that 

each successive term becomes unstable at Rs = Rn, where Ri = 6.G > R2 > R3 > • . . > 

Rn- The onset of these instabilities is predicted extremely well by a linear stability 

analysis. Moreover, in the latter stability analysis, it is shown that Rn = 21.76/(2%4-1) 

asn ^ 00 and that the corresponding eigenfunctions are even. By computing the 
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growth rates % at different Reynolds numbers, it is found that the eigenfunctions 

remain even for Rs > Rn- An asymptotic analysis of the particular case > 1 with 

7„ 2n + 1, confirms that the solutions for are even. Since the series solution 

cannot be computed via time marching, the steady solutions for the terms wW are 

sought directly. 

It is our view that the solution to the physical problem is given by the DNS and 

that the series solution is a formal approximation to the realised flow. With this in 

mind, it is interesting to discuss the relevance of the time marching instabilities (of the 

series solution) to the DNS. Since the numerical results for the DNS are bounded and 

continuous for Rg < 50 (UWD method), it is clear that the solution to the physical 

problem is unaffected by any temporal instabilities (at least for Rs < 50). Let us now 

propose an explanation as to why the latter result is at variance with the instabilities 

present in the series solution. The results from our stability analysis for the series 

solution, suggest that the DNS should be unstable at all finite values of Rg. However, 

since our linear stability equations are independent of 9, it follows that in order for the 

stability analysis of the series solution to be relevant to the DNS, ^ must be analytic in 

the entire complex g-plane. In contrast, the results from our study of the steady series 

solution, suggest that ^ does possess a singularity in the complex 0-plane (the nature 

of this singularity is discussed in detail later on). Hence, it is our belief that since ^ is 

not analytic in the entire complex 0-plane, the stability analysis for the series solution 

cannot be extended to the physical solution represented by the DNS. 

By using a PS numerical method to calculate the DNS begins to develop wavy 

^-profiles at Rg = 45, see figure 2.28. If the Reynolds number is further increased, these 

wavy profiles become discontinuous. For Rs > 53, the solutions for ^ grow without 

bound, during the time marching procedure, because of two unstable T^-profiles near 

9 % 28°, 152°. To minimise the effects of transportation errors, the original PS method 

was exchanged for a FD scheme that incorporates UWD. The application of the UWD 

is found to suppress the jagged 0-profiles that had previously been observed at Rs % 50. 

Moreover, by using UWD to calculate it is possible to extend the calculations up 
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to Rg = 1000 (the largest Reynolds number tested). In this extended range of Rs, 

the numerical solutions for ^ are bounded and the location of the two discontinuities 

remain confined to the ^-interval 0° ^ ^ 40°. 

For Rg < 138, the solutions for ^ (with A6 = 7r/128) are found to be steady and 

77-symmetric. However, by increasing the Reynolds number from Rs = 60 to Rg = 130, 

it is seen that the wavy ^-profiles at Rs = 60, eventually become discontinuous near 

0 « 9° and 6 « 30°, see figure 2.51. Despite the presence of the two discontinuities, the 

series solution remains a valid approximation (near 0 = 0) up to Rg — 110, see table 

2.12. Since the DNS for ^ is steady and 77-symmetric up to Rg = 138, it is clear that 

the asymmetric regime of plays no role in the series expansion of Accordingly, 

it is expected that the realised fiow is not chaotic for Rg < 138. 

At Rg = 138, the DNS for W (with A9 = 7r/128) loses symmetry in the vicinity of 

the discontinuity and the resulting asymmetric 77-profiles are unsteady. At this point, 

it is important to mention that in this regime, the validity of the numerical results 

is entirely dependent on the robustness of the UWD scheme. With this in mind, the 

results obtained within the discontinuous regime are only considered to be qualitative 

descriptions of 

Since the governing equations for ^ are parabolic in 9, one should consider the 

validity of the numerical solutions beyond the location of the first discontinuity. For 

every fixed value of Rg, our results suggest that once the second discontinuity is passed, 

the numerical solution for ^ always converges to the same result, regardless of the grid 

size chosen for AO, see figure 2.51. This result is encouraging because it suggests that 

the numerical solution has converged to the correct result for the 0-interval beyond 

the last discontinuity. 

Since the DNS for $ is discontinuous over a small ^-interval for Rg > 60, the 

unsteady oscillation near the shock, may be regarded as an artifact of the numerical 

error associated with the scheme. However, contrary to the latter view, when the rj-

symmetric solution is forced, the resulting solution for ^ is steady. This result suggests 

tha t the symmetry breaking bifurcation at Rg = 138 is a genuine feature of the flow. 
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With AO set equal to 7r/128 in the calculations, the oscillation near the discontinuity 

is found to be quasi-periodic over the range 138 < A, < 168. At Rs = 168, the first 

turbulent state is observed; moreover, if Rg is increased further, the flow near the 

discontinuity returns to a quasi-periodic state. 

When AO is decreased to 7r/256, the symmetry breaking bifurcation occurs at 

Rg = 100 and the time periods of the quasi-periodic states are found to change. Since 

these quantitative aspects of the DNS do not remain consistent when AO is refined, 

a direct link between the DNS and the asymmetric regime of cannot be readily 

established. Despite the fact that a quantitative agreement is elusive, a characteristic 

similarity does exist between the DNS and the chaotic regime of For instance, 

there is a doubling of the time period just before the first turbulent state of $ is 

observed, this is reminiscent of the period doubling cascade of Moreover, since 

the turbulent states of ^ occur at sporadic Reynolds numbers, the asymmetric regime 

of $ is characteristically similar to the asymmetric regime of The latter result 

is particularly encouraging because it fortifies our belief, that the numerical scheme 

has not collapsed once the oscillation has set in. Had the scheme collapsed, one might 

expect that there would be a threshold value of Rg, above which, all the unsteady 

oscillations are turbulent; in this case, the DNS would be different from the asymmetric 

regime of 

Having summarised the direct numerical solutions for we now compare the DNS 

to the results obtained via the 0-series expansion. For Rs < 1.1, the series solution is 

found to agree with the DNS and a complete representation from 0 = 0° to 0 = 180° is 

obtained. However, as Rg is increased, the agreement of the series solution is reduced 

to successively smaller angles. At Rg = 110, the agreement is confined to 0 ^ 2.8° 

and ^sym is the only valid term in the series expansion, see tables 2.6 and 2.12. By 

comparing the DNS for to the small-ii^ asymptotic solution (2.42), it is found that 

the two solutions are identical for Rg ^ 15, see figure 2.27. For Rg > 15, the agreement 

near 0 = 0° is lost, but the asymptotic solution continues to represent the flow field 

in the core region i.e. 0° < 0 < 180°. In contrast, for Rg > 15, the series solution 
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continues to agree with the DNS near 0 = 0°. Accordingly, this indicates that the 

series solution is no longer in agreement with its asymptotic form (2.43). By analysing 

the small-Ag asymptotic solution for it is found that this solution is convergent for 

a larger range of Rg, than the corresponding asymptotic solution for see (2.91) 

and (2.93). These conflicting results, are reconciled by the fact that the asymptotic 

solution for ^ (2.42) varies like sin0; therefore, the associated convergence criteria, 

derived by the Mi measure, may breakdown in the vicinity oi 6 = 0. Consequently, 

the correct behaviour near 0 = 0 is governed by the asymptotic analysis of the terms 

For n ^ 4, the Mi measure accurately predicts the dissociation of the terms 

from their asymptotic forms, see table 2.8. 

To avoid the growing eigenfunctions in the time marching procedure, the unsteady 

regime is studied by expanding each term in a Fourier series. In the asymmetric 

regime of {Rg > 53), it is found that the numerical solutions for do not 

converge. Moreover, in this asymmetric regime, each Fourier mode ^("^i>^)(7y) is 

found to have an even profile. It is thought that the divergence of each term, is 

related to the growing even perturbations in the time marching procedure. However, 

in the symmetric regime of {Rg > 170), the Fourier spectrum for each of the first 

few terms does decay to zero. Despite this convergence, the terms are disordered in 

terms of magnitude i.e. || < || < ||^(^)|| etc. By investigating this symmetric 

regime at large values of Rg i.e. Rg % 1600, it is found that progressively more Fourier 

modes are required to represent each term However, the need for more Fourier 

modes is anticipated, because the period of the driving term, increases with Rg. 

From our numerical investigation of equation (2.33), it is found that the DNS for 

^ is discontinuous for Rg > 60. However, our asymptotic analysis suggests that a 

continuous solution for ^ is also supported at large values of Rg, see equation (2.51). 

This implies that there are at least two 77-symmetric steady states of one which is 

continuous (asymptotic result) and the other which is discontinuous (DNS). Based on 

this assumption, we now propose a possible mechanism that describes how the series 

solution relates to the two different steady states of 
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For asymptotically small values of Rs, the solution for W is: unique, steady and 

r^-symmetric. In this case, the DNS and the series solution agree over the full 0-range 

0° < 0 < 180°. However, as Rs is increased the series representation of ^ begins 

to deteriorate. The latter claim is easily justified by considering the DNS and the 

small-Ag asymptotic solution for see equation (2.42). At Rs = 15, the DNS and the 

asymptotic solution for ^ are in complete agreement, see figure 2.27. This shows that 

the DNS is not affected by any discontinuity at this stage. In contrast, at Rs = 15, the 

series representation of ^ is only valid for 0 ^ 80°. This implies that the convergence 

of the series solution is being affected as Rs is increased. The results in table 2.6 

suggest that the inclusion of more terms, do not benefit the series representation of 

Accordingly, it is envisaged that the breakdown of the Taylor series is due to 

a singularity of Since this singularity does not occur on the real 0-axis, it must 

occur in the complex plane. In this manner, the location of the singularity (in the 

complex plane) dictates the radius of convergence of the series solution. Since the 

series representation of ^ deteriorates as Rs is increased above Rs = 15, it is deduced 

that the singularity moves closer to the point 0 = 0°. At = 130, the singularity 

of ^ is clearly observed on the real 0-axis (in fact, our results indicate that at least 

two discontinuities are present), see figure 2.51. In this case it is clear that the series 

solution will not converge beyond the location of the discontinuity. However, if Rs is 

increased to Rg = 1600, the series solution does converge and the l a r g e - a s y m p t o t i c 

solution for $ is obtained. This suggests that the two different steady states of 

must emerge from the same 77-symmetric state after the discontinuity has set in on 

the real 0-axis. For Rg > 130, it is proposed that the series solution converges to the 

asymptotic state because the associated singularity moves away from 0 = 0°. However, 

since the DNS for $ remains discontinuous at large Reynolds numbers, it is envisaged 

that a second steady regime exists where the singularity does not move away from 

0 = 0°. Accordingly, this explains why the series solution does not converge to the 

DNS at large values of Rg. 

Let us now turn our attention to the results for the series solution in the unsteady 
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regime. By using the unsteady asymmetric solution of to drive the higher order 

terms, it is found that a converged result cannot be obtained for each Moreover, 

a similar divergence of the series is observed when the unsteady solution of 

is considered. Accordingly, this suggests that no (continuous) time periodic states 

exist for However, this idea is at variance with the intuitive expectation, that 

the solutions for ^ are similar to regimes of By using the solutions for 

as a guide to predict the behaviour of W, one might have expected that the steady 

rj-symmetric regime of ^ would be the least "preferred" mode i.e. the most unstable 

mode (the hierarchy of the regimes are shown in figure 2.6). From our numerical 

investigation of the governing PDE, we have only found one continuous solution for 

and this solution is steady and 77-symmetric. Since the steady symmetric regime 

appears to be the preferred mode for it is our view that the governing PDE does not 

support any (continuous) unsteady periodic solutions for As previously mentioned, 

this view is also supported by our Fourier analysis of the series solution in the unsteady 

regime. 

Despite the absence of continuous unsteady solutions in the DNS; our numerical 

results for the discontinuous regime of show that an unsteady oscillation develops 

near the shock. Since the qualitative behaviour of this oscillation closely resembles the 

asymmetric regime of it is thought that the term might constitute part of 

a valid inner-expansion near 9 = 0°. To investigate this idea it is necessary to obtain 

an accurate numerical description of the oscillation. Since our results only describe 

the qualitative behaviour of W, a direct connection between the DNS and the series 

solution was not established. 

Although the findings above are particular to the cylinder problem, it is thought 

that many of the key features are also observed in similar flows i.e. flows that are 

approximated locally by the leading order equation for In this study, the latter 

issue has been explored by changing the derivative conditions at the walls from — sin 6 

to -0exp(—A0^), see (2.33e,f). The results obtained for this new problem, are qualita-

tively similar to findings in the original cylinder problem. For example, the numerical 
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solutions for # are steady and Tj-symmetric for Rs ^ 169. Once again this shows that 

the asymmetric regime of plays no role in the required series expansion for 

Moreover, for <C 1, it is found that the series solution is in complete agreement with 

the DNS. As expected, when Rg is increased above unity, the series representation of 

$ is confined to a progressively smaller angle. 

By analysing the magnitude of each term in the series expansion, it is found that 

terms become disordered at 0(1) values of Rs\ in particular, for 10 < < 30 it 

is found that ||$(°)|| ~ ||#(^)||. In order for the series solution to converge at every 

value of 0 must be analytic in the complex plane. However, our results show that 

the series solution begins to diverge and accordingly, this suggests the presence of 

a singularity (whose location is dependent on Rg). At Rg = 110, the singularity is 

clearly seen on the real axis at ^ = 11°, see figure 2.61. At Rg = 170, an unsteady 

oscillation develops near the discontinuity; this is completely analogous to scenario in 

original cylinder problem. By forcing the //-symmetric solution of 0 , this oscillation 

disappears. Since this result corroborates the findings in the cylinder problem, it is 

thought that the sequence of events in the modified problem, are also explained by the 

original proposition regarding the singularity in the complex plane. 

In conclusion, our results demonstrate that the series solution for is only conver-

gent in the limits Rs ^ 0 and Rg oo. Moreover, in these limits, the convergent series 

solution is driven at leading order by the steady ry-symmetric solution of Since 

the latter regime of is the least stable of all the possible configurations, see figure 

2.6, it is expected that the same, steady 77-symmetric, configuration is the least stable 

regime of # . If this happens to be the case, this explains why the DNS for $ converges 

to a discontinuous configuration (at high Reynolds numbers), even when a continuous 

solution coexists. At Rs ~ 138, the DNS for $ develops an unsteady oscillation in the 

vicinity of the discontinuity. Moreover, the onset of this unsteadiness is synchronous 

with a symmetry breaking bifurcation. By analysing the time period of the oscillation, 

it is found that many quasi-periodic states exist in addition to many turbulent ones. 

Moreover, the latter solutions are found to resemble the results obtained for in 
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the chaotic regime. However, in order to estabhsh a direct link between the DNS and 

it is necessary to obtain an accurate description of the flow near the discontinuity. 

Since the current UWD method does not give the required resolution, this aspect of 

the regime remains open to further investigation. To explore the unsteady oscillation, 

it is expected that a robust shock capturing numerical method is required. When 

devising such a method (or when testing an alternative approach), one must ensure 

that the values of the: mass flux, momentum flux, and energy flux are conserved at 

the shock i.e. the pre- and post-shock values of each entity are the same. Moreover, 

our results for the cylinder problem indicate that two discontinuities exist within close 

proximity of each other, see figure 2.51. One can imagine that this added difficulty, 

further complicates the task of capturing the unsteady oscillation near the shock. 



Chapter 3 

The flow in a torsionally 
oscillating circular pipe 

T h e p r e s e n t s t u d y conce rns t h e i n s t a b i h t y of a v i scous i n c o m p r e s s i b l e flow w i t h i n a 

h o r i z o n t a l c i r cu la r p ipe , t h a t osci l la tes to r s iona l ly a b o u t i t s ve r t i ca l ax i s of s y m m e t r y . 

O u r s t a b i l i t y ana lys i s h a s b e e n m o t i v a t e d by t h e e x p e r i m e n t a l work of B o l t o n &: M a u r e r 

[10] a n d t h e i r d iscovery of a n e w ro l l - t ype ins tab i l i ty . I n t h e i r e x p e r i m e n t , t h e c i rcu la r 

p i p e is r e p l a c e d by a He le -Shaw cell, w h i c h is m a d e of two ve r t i ca l r e c t a n g u l a r p l a t e s 

t h a t a r e s e p a r a t e d by a g a p of s m a l l w i d t h . I n t h i s con f igu ra t i on , B o l t o n &: M a u r e r 

h a v e obse rved t h e d e v e l o p m e n t of l o n g i t u d i n a l rol ls a t l a rge osc i l la t ion f requenc ies . 

I n t h i s s tudy , t h e equ iva len t ro l l - type i n s t ab i l i t y is s o u g h t in t h e c i rcu la r p ipe , 

fo r s m a l l - a m p l i t u d e a n d h i g h - f r e q u e n c y osci l la t ions . A d i s p e r s i o n r e l a t i o n for t h e f re-

q u e n c y p a r a m e t e r , is de r ived a n d s u b s e q u e n t l y it is s h o w n t h a t t h e in s t ab i l i t y is 

i n i t i a t e d w i t h i n a b o u n d a r y layer , of th i ckness close t o t h e p i p e wall . More -

over, a t 0 = 0 i.e. a long t h e h o r i z o n t a l d i a m e t e r of t h e p i p e , t h e l a t t e r d i spe r s ion 

r e l a t i o n r e d u c e s t o t h e one t h a t is de r ived for t h e He le -Shaw cell. I n v iew of t h i s 

r e su l t , one m i g h t expec t t h a t t h e l ead ing o rde r a p p r o x i m a t i o n for t h e c r i t ica l va lue 

of # , is g iven by t h e r e su l t for t h e local p r o b l e m i.e. t h e va lue c o r r e s p o n d i n g t o t h e 

He le -Shaw cell. However , by us ing t h e m e t h o d of Soward & J o n e s [82], it is shown 

t h a t t h e cor rec t m i n i m i s a t i o n of ^ is achieved n o t o n t h e r ea l l a t i t u d e , b u t i n i t s 

e x t e n s i o n t o t h e c o m p l e x p l a n e i.e. I m { 0 } / 0. A n in i t i a l a t t e m p t t o c o m p u t e t h e 

n e u t r a l su r f ace v i a t i m e m a r c h i n g is f o u n d t o b e i n a p p r o p r i a t e . T h i s is b e c a u s e t h e 

175 
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n u m e r i c a l p r o c e d u r e in i t i a l ly locks i n t o one n e u t r a l su r face , b u t t h e n j u m p s t o a n o t h e r . 

T o resolve t h i s d i f f icu l ty t h e ve loc i ty c o m p o n e n t s a re e x p a n d e d in a Four ie r series in 

t i m e , a n d s u b s e q u e n t l y t h e cor rec t t u r n i n g p o i n t is iden t i f i ed b y numer i ca l l y so lv ing 

t h e r e s u l t i n g e igensys t em. 

3.1 Introduction 

T h e p r e s e n t s t u d y conce rns t h e onse t of a n e w ro l l - type i n s t ab i l i t y w i t h i n a ho r i zon t a l 

c i r cu l a r p ipe , t h a t osc i l la tes t o r s iona l ly a b o u t i t s ve r t i ca l ax i s of s y m m e t r y . T h i s i n s t a -

b i h t y was first r e p o r t e d e x p e r i m e n t a l l y b y B o l t o n Sz M a u r e r [10] ( h e n c e f o r t h r e f e r r ed 

t o as B M ) , w h o ca tegor i se t h e d e v e l o p m e n t of t h e s e rolls i n t o f o u r m a i n phase s : 1) 

T h e onse t of weak rolls , 2) s t r o n g rol l deve lopmen t , 3) w a v y m o d e s (a wavy i n s t ab i l i t y 

s u p e r i m p o s e d on a s t r o n g rol l s t a t e ) a n d 4) t u r b u l e n t rol ls (a t u r b u l e n t s t a t e s u p e r i m -

p o s e d u p o n a well de f ined rol l s t r u c t u r e ) . T h e a b o v e sequence of t r a n s i t i o n s , closely 

r e semble s t h e course of even t s obse rved in o t h e r T a y l o r - C o u e t t e flows. Since t h e vor-

t ices in T a y l o r - C o u e t t e flow a l ign t hemse lve s in a d i r ec t i on t h a t is pa ra l l e l t o t h e b a s e 

fiow, see Coles [13], F e n s t e r m a c h e r et al. [21] a n d K o s c h m i e d e r [48], t h e i n s t ab i l i t y 

iden t i f i ed by B M c a n b e t h o u g h t of as a con f igu ra t i on t h a t is cha rac t e r i s t i ca l ly s imi la r . 

For consis tency, we sha l l m a k e use of t h e n o t a t i o n a d o p t e d by B M , a n d refer t o ^ a n d 

a as t h e f r e q u e n c y p a r a m e t e r a n d t h e m a x i m u m a m p l i t u d e of osc i l la t ion respect ively . 

Fo r t h e He le -Shaw cell, a t 0 ( 1 ) va lues of # a n d a , t h e t r a n s i t i o n s o c c u r in a u n i f o r m 

f a s h i o n a s d e s c r i b e d above . However , for sma l l a m p l i t u d e fo rc ing {a < 7r/2), t h e r e is 

hys te res i s i.e. t h e f r e q u e n c y m a r k i n g t h e onse t of s t r o n g rolls , is f o u n d t o b e la rger 

t h a n f r e q u e n c y a s soc i a t ed w i t h t h e d i s a p p e a r a n c e of rol ls ( f o u n d b y dec reas ing <?). 

I n t h i s case, B M bel ieve t h a t t h e onse t of t h e s t r o n g rolls is poss ib ly subc r i t i c a l a n d 

t h e r e f o r e n o t a m e n a b l e t o a l inear s t ab i l i t y ana lys i s . I n t h e p a r t i c u l a r r eg ime w h e r e a 

is s m a l l {a ^ 0.75 a n d ^ 700) , B M also p r ed i c t , & o m t h e i r e x p e r i m e n t a l d a t a , t h a t 

t h e o n s e t of t u r b u l e n c e cou ld poss ib ly b e s y n c h r o n o u s w i t h t h e onse t of s t r o n g rolls . 
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Turbulent interface 

Fig. 3.1: The unstable interface between two rolls in the circular pipe problem. 

I n a d d i t i o n t o t h e o r ig ina l He l e -Shaw cell e x p e r i m e n t , B M have also obse rved a 

s imi l a r ro l l - type i n s t a b i l i t y in a to r s iona l ly osc i l la t ing c i r cu la r p i p e . A l t h o u g h B M 

h a v e n o t c h a r a c t e r i s e d t h e flow in t h i s reg ime, s o m e i n t e r e s t i n g obse rva t i ons a r e m a d e . 

If t h e r a d i u s of t h e cy l inde r is R, t h e c o n f i g u r a t i o n a p p r o x i m a t e l y c o r r e s p o n d s t o a 

He l e -Shaw cell of s q u a r e cross sec t ion i.e. w i t h t h e s e p a r a t i o n g a p a n d ver t i ca l he igh t 

b o t h e q u a l t o R. A t suf f ic ient ly l a rge f requenc ies , a s ingle s t r o n g rol l deve lops in t h e 

p i p e . Moreover , t h i s rol l s t r u c t u r e is sens i t ive t o t h e in i t i a l s t a t e of t h e fluid. For 

c e r t a i n in i t i a l s t a t e s , two c o u n t e r r o t a t i n g rolls a r e f o r m e d in t h e p ipe , see figure 3.1. 

T h e i n t e r f ace b e t w e e n t h e s e two n e i g h b o u r i n g rol ls is t yp i ca l ly t u r b u l e n t . S ince t h i s 

c o n f i g u r a t i o n h a s n o t b e e n t h o r o u g h l y e x a m i n e d , it is u n c l e a r if t h e t u r b u l e n t b e h a v i o u r 

con t inues in to r eg ime cons ide red in t h i s s t u d y i.e. fo r s m a l l a m p l i t u d e osci l la t ions . 

T h e e x p e r i m e n t a l p r o b l e m inves t iga t ed by B M was a lso s t u d i e d theo re t i ca l ly by 

Hal l [36]. Ha l l finds t h a t a l inear s t ab i l i t y ana lys is , for 0 ( 1 ) va lues of # a n d a , is ab l e 

t o c a p t u r e t h e onse t of s t r o n g rol ls e x t r e m e l y well. However , n o t h i n g emerges f r o m 

t h i s ana lys i s t o sugges t t h a t t h e weak rol l s t a t e , is a genu ine ins tab i l i ty . Ha l l a t t r i b u t e s 

t h e s e s t a t e s t o t h e e n d effects of t h e He le -Shaw cell, w h e r e a s B M assoc ia te t h e m w i t h 

t h e i n t r o d u c t i o n of h ighe r h a r m o n i c s f r o m t h e m e c h a n i c a l l inkage in t h e i r a p p a r a t u s . 

D e s p i t e t h e l imi t ed a m o u n t of d a t a ava i lab le f r o m t h e e x p e r i m e n t a l work ( d a t a was 

col lec ted in t h e r a n g e 0 .7 < a < 3.3), Ha l l a lso c a r r i e d o u t a n a s y m p t o t i c ana lys i s fo r 

two spec ia l cases: 1) a » 1 w i t h # 1, a n d 2) a <C 1 w i t h ^ > 1. T h e p r e d i c t i o n s 
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f r o m t h e f o r m e r case, w h e n e x t e n d e d to t h e e x p e r i m e n t a l r a n g e , a r e f o u n d t o b e in 

p o o r a g r e e m e n t w i t h t h e e x p e r i m e n t a l resu l t s ; in c o n t r a s t , t h e ana lys i s for t h e l a t t e r 

case p r o d u c e s b e t t e r r e su l t s . However , it shou ld b e e m p h a s i s e d t h a t t h e r a n g e of a 

i nves t iga t ed by B M , is c e r t a in ly n o t w i t h i n t h e scope of t h e def in i t ive ly va l i da t i ng t h e 

r e s u l t s of such a s y m p t o t i c l imi t s . 

I t was also d e d u c e d in [36], t h a t s h e a r flow ins t ab i l i t i e s (pe r iod ic in t h e b a s e flow 

d i r ec t i on ) a r e no t r e s p o n s i b l e for d r i v i n g t h e wavy m o d e s obse rved b y B M . In t h e 

l a rge f r e q u e n c y l imi t , t h e gove rn ing s t a b i h t y e q u a t i o n is f o u n d t o b e t h a t of a S tokes 

layer , see Kerczek &: Dav i s [46] a n d Hal l [26]. Subsequen t ly , it is s h o w n t h a t a s h e a r 

flow in s t ab i l i t y c a n on ly b e t h e d o m i n a n t ins tab i l i ty , fo r a m p l i t u d e s of excep t iona l ly 

s m a l l {a < 0.05) or e x t r e m e l y la rge size {a > 3 9 6 5 a s # 0). However , i t is 

i n t e r e s t i n g t o n o t e t h a t t h e w a v y m o d e s a r e on ly obse rved w i t h i n t h e i n t e r m e d i a t e 

r a n g e 1.04 < a < 1.92. Since t h e la rge a m p l i t u d e cond i t i on , a > 3 9 6 5 i s on ly 

va l id for sma l l # , it was r a t i o n a l i s e d by Hal l t h a t t h e s h e a r wave ins tab i l i t i e s cou ld 

b e m o r e u n s t a b l e ( t h a n t h e r o l l - m o d e ins tab i l i t i e s ) a t finite values of # . However 

t h i s ana lys i s was n o t p u r s u e d . B o l t o n h a s also p u t f o r w a r d t h e idea , t h a t t h e w a v y 

m o d e cou ld in fac t b e a s e c o n d a r y in s t ab i l i t y of t h e rol ls . F ina l ly , b y cons ide r ing t h e 

des t ab i l i s ing t e r m s in t h e govern ing s t ab i l i t y e q u a t i o n s , Ha l l conc luded t h a t Cor iol is 

e f fec ts were r e spons ib l e for t r i gge r ing t h e s t r o n g rol l in s t ab i l i t i e s . 

T h e a i m of t h e p r e s e n t s tudy , is t o e x t e n d t h e h i g h - f r e q u e n c y a n d s m a l l - a m p l i t u d e 

ana lys i s of t h e He le -Shaw cell, t o t h e c i rcu la r p i p e . A f t e r d e r i v i n g t h e base flow, it is 

f o u n d t h a t t h e veloci ty of t h e bas i c s t a t e is l a rges t n e a r t h e edge of t h e p ipe . Moreover , 

b y cons ide r ing t h e g e o m e t r i c a l s y m m e t r y , i t is a n t i c i p a t e d t h a t t h e in s t ab i l i t y m u s t 

first m a n i f e s t a long t h e h o r i z o n t a l d i a m e t e r of t h e p i p e i.e. a t 0 = 0 w i t h r ~ | see 

figure 3.3 o n p a g e 186. T h e r e a f t e r , a p e r t u r b a t i o n is i n t r o d u c e d t o t h e b a s e flow. T h e 

( 9 ( ^ - 1 / 2 ) l e n g t h scale in t h e 6 d i r ec t ion is i n c o r p o r a t e d i n t o t h e s t ab i l i t y e q u a t i o n s 

b y e x p a n d i n g t h e p e r t u r b a t i o n us ing t h e W K B J m e t h o d . T h i s p r o c e d u r e l eads t o a n 

e igenva lue p r o b l e m of t h e f o r m 

T{k,B,fx) = 0, (3.1) 
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0 
0 
0 

Fig. 3.2; Vortices in : (a) cylindrical, and (b) spherical Taylor-Couette flow (with 

inner body rotating only). 

w h e r e k is t h e wave n u m b e r , n is t h e g r o w t h r a t e i n t i m e a n d B is t h e e igenvalue t h a t 

r equ i r e s m i n i m i s i n g . A t 0 = 0, t h e e igen r e l a t i o n r e d u c e s t o t h e one o b t a i n e d for t h e 

He le -Shaw cell, see Hal l [36] (3.27). However , it is r e a d i l y a n t i c i p a t e d t h a t t h e l e a d i n g 

o r d e r a p p r o x i m a t i o n for B does not c o r r e s p o n d t o t h e r e su l t o b t a i n e d for He le -Shaw 

cell. T h i s f ac t h a s now b e c o m e a well k n o w n r e su l t , owing t o t h e s t u d i e s u n d e r t a k e n 

b y W a l t o n [96], H o c k i n g & Skiepko [42], Hock ing [43] a n d t h e s u b s e q u e n t fo l lowup 

work b y Soward 8z J o n e s [82]. 

I n 1978 W a l t o n [96] inves t iga t ed t h e flow b e t w e e n two concen t r i c s p h e r e s in t h e 

n a r r o w g a p l imi t . I n t h i s con f igu ra t i on t h e i nne r s p h e r e r o t a t e s w i t h c o n s t a n t a n g u l a r 

velocity, whi le t h e o u t e r one r e m a i n s a t res t . W a l t o n ' s s t u d y h a d b e e n m o t i v a t e d by 

t h e e x p e r i m e n t a l i nves t iga t ions of W i m m e r [99] (see [100] a lso) , M u n s o n & M e n g u t u r k 

[53] [54] [55] a n d Sawa tzk i & Zie rep [71]. P r o m t h e e x p e r i m e n t a l s tud ies , it is k n o w n 

t h a t if t h e two s p h e r e s a r e s e p a r a t e d by a sma l l g a p , t h e n t h e ins tab i l i t i e s first deve lop 

n e a r t h e e q u a t o r . Moreover , t h e s e ins tab i l i t i e s a r e s imi la r t o t h e vor t ices obse rved in 

T a y l o r - C o u e t t e flow, see figure 3.2. For l a rger gaps , t h e r e is n o such s e c o n d a r y flow 

a n d t h e t r a n s i t i o n t o chaos ensues di rect ly . I n a d d i t i o n , fo r sma l l gaps , t h e t o r q u e 
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r e q u i r e d t o r o t a t e t h e i n n e r sphere , is f o u n d t o b e d e p e n d e n t o n t h e g a p size. For 

l a rger g a p sizes, t h e r e q u i r e d t o r q u e is p r e d i c t e d well b y t h e t h e o r y for t h e u n b o u n d e d 

one - sphe re p r o b l e m . 

W a l t o n env i saged t h a t it wou ld b e poss ib le t o e x p a n d t h e cr i t ica l Tay lor n u m b e r , 

T , (for t h e two- sphe re s p r o b l e m ) in a series b y u s i n g t h e n o n - d i m e n s i o n a l g a p w i d t h , 

e(<C 1), a s a p e r t u r b a t i o n p a r a m e t e r . Accord ingly , W a l t o n f o u n d t h a t t h e l e ad ing 

o r d e r govern ing e q u a t i o n , n e a r t h e e q u a t o r 0 = 0, is i den t i ca l t o t h e one de r ived for t h e 

a s soc i a t ed cy l inde r p r o b l e m . S ince th i s resu l t is in l ine w i t h i n tu i t i on , W a l t o n s o u g h t 

t o i n c o r p o r a t e t h e r e s u l t s fo r cy l indr ica l T a y l o r - C o u e t t e flow, i n t o his s t ab i l i t y ana lys i s 

fo r t h e two- sphe re s p r o b l e m . Consequen t ly , t h i s f o r m u l a t i o n leads t o t h e e x p a n s i o n 

T{k, 9 = 0, /J, — 0) = I'cyi + -t- e^T2 4 - . . . (3.2) 

w i t h 

Tcyi = 1694.95 a n d k = k^yi = 3.1266. (3.3) 

H e r e k,fM a n d 0 a r e a s p r e v i o u s l y de f ined (see p a g e 178), a n d t h e s u b s c r i p t s cyl d e n o t e 

t h e c o r r e s p o n d i n g r e s u l t s fo r t h e cy l inder p r o b l e m . B y p r o c e e d i n g t o t h e n e x t o r d e r 

t o o b t a i n T i , W a l t o n ' s ana lys i s e n c o u n t e r s a f a t a l e r ro r . W i t h i n a s m a l l layer n e a r t h e 

e q u a t o r , w h e r e 0 ~ e t , W a l t o n der ives a n a m p l i t u d e e q u a t i o n of t h e f o r m (see [96] 

(5.14)) 

d^A 
— p r + i4>A = 0, w i t h A —> 0 as ^ ± o o . (3.4) 
dq)'^ 

H e r e (f> = e ~ ^ 9 . I n o r d e r t o p r o c e e d w i t h t h e ana lys i s , it is necessa ry t h a t v4(^) decays 

e x p o n e n t i a l l y fas t t o w a r d s each pole . However , it is well k n o w n t h a t t h e a b o v e c o m p l e x 

A i r y e q u a t i o n does n o t p e r m i t such so lu t ions . T h i s s h o r t c o m i n g in W a l t o n ' s ana lys i s 

is t h e r e su l t of a s s u m i n g To = Tcyi. 

Hock ing &: Sk iepko [42] ( h e n c e f o r t h r e f e r r ed t o a s H. & S.) , were t h e first t o ap -

p r e c i a t e t h e s u b t l e b u t i m p o r t a n t effects of c u r v a t u r e . I n t h e i r s tudy , H. &: S. cons ide r 

t h e flow b e t w e e n t w o - s p h e r o i d s a n d s u b s e q u e n t l y i n t r o d u c e t h e p a r a m e t e r S, w h e r e 

t h e c o m p l e t e r a n g e of s h a p e s f r o m cy l inder t o s p h e r e is covered b y l e t t i ng <5 inc rease 
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f r o m 0 t o 1. B y u s i n g a s l ight ly d i f fe ren t f o r m u l a t i o n t o W a l t o n , H.&: S. were ab l e t o 

p r o d u c e t h e fo l lowing e x p a n s i o n for t h e c r i t ica l Tay lo r n u m b e r : 

T = Tcyi + 1969.24 e + 876.07 + 916.08 + 73.17 5^ + . . . , (3.5a) 

k = kcyi — 0.01485 e + 0.54324 5, w i t h e = 0{6). (3 .5b) 

F r o m t h e above e x p a n s i o n , it is c lear t h a t fo r a p a r t i c u l a r s p h e r o i d (f ixed 5), t h e cr i t i -

cal Tay lo r n u m b e r in t h e s m a l l g a p l imi t (e 0) does n o t a p p r o a c h t h e c o r r e s p o n d i n g 

re su l t for t h e two-cy l inders . I n p a r t two of t h i s s t u d y , Hock ing [43] a t t e m p t e d t o 

genera l i se t h e l a t t e r d i scuss ion , by a n a l y s i n g t h e flow b e t w e e n two-sphe ro ids w i t h a 

s e p a r a t i n g g a p of a r b i t r a r y size. I n t h i s s u b s e q u e n t f o r m u l a t i o n t h e first a p p r o x i m a t i o n 

t o t h e wave n u m b e r , kc, is lef t a r b i t r a r y i.e n o t e q u a l t o ATQ; he re {ko,To) c o r r e s p o n d s 

t o t h e m i n i m u m o n t h e {k,T) curve , w h i c h in t h i s case is {kcyi,Tcyi). H o c k i n g ' s as-

s u m p t i o n t h a t 7^ ^0, was b a s e d o n his p r io r k n o w l e d g e of t h e so cal led singular l imi t 

of e —>• 0 in (3.5). T h e solvabi l i ty c o n d i t i o n for t h i s p r o b l e m , gives r ise t o two a m p l i -

t u d e e q u a t i o n s w h i c h m u s t b e solved s imu l t aneous ly . Hock ing t h e n d e m o n s t r a t e s t h a t 

u n d e r t h e inco r rec t a s s u m p t i o n kc = ko, a n e w sca l ing wou ld b e necessary. However 

u n d e r t h i s n e w sca l ing , t h e coup led a m p l i t u d e e q u a t i o n s d o no t s u p p o r t so lu t ions of 

t h e r e q u i r e d f o r m c.f W a l t o n [96]. I n a d d i t i o n . H o c k i n g shows t h a t t h i s d i f i icul ty is 

n o t overcome even w h e n a p rev ious ly neg lec ted n o n l i n e a r t e r m , is i n c o r p o r a t e d i n t o 

t h e e q u a t i o n s . A c c o r d i n g l y t h e a s s u m p t i o n t h a t kc = AJQ, was shown t o b e incor rec t . 

T o resolve t h i s issue. Hock ing p r o c e e d e d b y finding a class of p a r t i c u l a r so lu t ions 

t o t h e govern ing a m p l i t u d e e q u a t i o n s . F r o m t h i s class of p a r t i c u l a r so lu t ions . H o c k i n g 

accep t s t h e so lu t ions t h a t give t h e lowest va lue of To. B y m i n i m i s i n g T in t h i s way 

w i t h 5 = 1 i.e. for a s p h e r o i d t h a t is a sphe re , t h e a p p r o x i m a t i o n for t h e c r i t i ca l 

Tay lo r n u m b e r , T = 1786, is f o u n d t o b e s l ight ly in excess of t h e e x p e r i m e n t a l va lue 

T = 1731. However , in o r d e r t o phys ica l ly obse rve t h e ins tab i l i ty , over t h e m e r i d i o n a l 

c i rcu la t ion , it is necessa ry t o inc rease t h e Tay lo r n u m b e r s l ight ly above t h e ' t r u e ' va lue 

of t h e onse t . T h i s impl i e s t h a t t h e e x p e r i m e n t a l va lue r e c o r d e d by W i m m e r , is s l ight ly 

in excess of t h e a c t u a l va lue a s soc i a t ed w i t h t h e onse t . I n v iew of t h e l a t t e r f ac t , 
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Hock ing ' s value , T = 1786, is u n s a t i s f a c t o r y b e c a u s e it is l a rger t h a n t h e W i m m e r ' s 

e x p e r i m e n t a l va lue . 

In a final a t t e m p t t o r e d u c e t h e va lue of h is c r i t ica l Tay lor n u m b e r . H o c k i n g also 

cons ide red n o n - a x i s y m m e t r i c d i s t u r b a n c e s . T h i s was in sp i r ed by W i m m e r ' s exper i -

m e n t a l o b s e r v a t i o n , t h a t n o t all of t h e vor t ices n e a r t h e e q u a t o r were t o r o i d a l ( some 

were sp i ra l s of s m a l l p i t c h ) . U n f o r t u n a t e l y t h e s e d i s t u r b a n c e s were f o u n d t o b e m o r e 

s t a b l e t h a n t h e a x i s y m m e t r i c ones. 

Soward & J o n e s [82] t h e n u n d e r t o o k t h e two- sphe re s p r o b l e m , a n d s u b s e q u e n t l y 

t h e y p u t f o r w a r d a m a t h e m a t i c a l idea t h a t is a p p l i c a b l e t o o t h e r genera l i sed s t u d i e s 

t h a t i nc lude c u r v a t u r e . To u n d e r s t a n d t h e r e a s o n i n g b e h i n d t he i r p r o p o s a l , let u s 

e x a m i n e t h e d i f f e ren t i a l of T w i t h r e spec t t o v a r i a t i o n s in k, 0 a n d t h e g r o w t h r a t e /x; 

d T = Tk dk + Tg d9 — dw. (3.6) 

H e r e t h e s u b s c r i p t s d e n o t e p a r t i a l de r iva t ives a n d w ( = ifx) is t h e f r e q u e n c y of t h e 

osc i l la t ion . H e n c e for a n y g iven rea l va lues of dk a n d d^ , a t t h e m i n i m u m of T , t h e r e 

m u s t exis t a r ea l va lue of dw which sat isf ies t h e d i f f e ren t i a l (3.6) w i t h dT = 0. T h i s is 

on ly poss ib le if T sa t i s f ies 

R e i T k / T ^ ) = 0, R e ( T 0 / r ^ ) = 0. (3.7) 

I n m a n y cases it sufi ices t o sa t i s fy (3.7) w i t h t h e c o n d i t i o n s 

Tfc = 0, Tg = 0. (3.8) 

Now, r e t u r n i n g t o W a l t o n ' s ana lys i s it is f o u n d t h a t = 0 w i t h Tg ^ 0 at (k, T) = 

{kcyi,Tcyi) i.e. T is n o t m i n i m i s e d a p p r o p r i a t e l y . A s p rev ious ly d i scussed , t h e ac-

c e p t a n c e of t h e s e va lues l eads t o a n A i ry e q u a t i o n (3.4) w i t h u n a c c e p t a b l e so lu t ions . 

Hence , i t is p r o p o s e d by Soward & J o n e s t h a t t h e cor rec t va lues of {ko,To) a r e f o u n d 

w h e r e Tk — Tg = 0, a n d in o r d e r t o o b e y t h e s e cond i t ions , it m a y b e neces sa ry t o 

accep t c o m p l e x va lues of k a n d 9 (of course T m u s t s t i l l b e rea l ) . For g e o m e t r i e s w i t h 

e q u a t o r i a l s y m m e t r y , t h e sea rch for such a c r i t i ca l p o i n t c a n b e s impl i f ied b y i m p o s i n g 
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t h e c o n d i t i o n s 

R e { 0 } = 0, Im{A;} = 0. (3.9) 

W h e n t h i s m e t h o d is a p p h e d t o t h e t w o - s p h e r e s p r o b l e m , t h e r e s u l t i n g va lue of TQ 

is f o u n d t o b e s l igh t ly h i g h e r t h a n t h e va lue o b t a i n e d b y Hock ing . I n v i ew of t h i s 

r e su l t , S o w a r d J o n e s e x a m i n e d t h e e x p e r i m e n t a l m e t h o d s u s e d by W i m m e r i n h is 

s t u d y . B y i n v e s t i g a t i n g t h e s e t u p u s e d by W i m m e r , S o w a r d k J o n e s c o n c l u d e t h a t t h e 

e x p e r i m e n t s c o n d u c t e d b y W i m m e r were n o t a c c u r a t e e n o u g h t o c lea r ly d i s t i n g u i s h 

b e t w e e n : Tcyi, Tuocking a n d t h e c r i t i ca l va lue o b t a i n e d in t h e i r o w n ana lys i s . L a t e r on , 

we sha l l see t h a t t h e c r i t i ca l p o i n t de f ined b y T K = TG = 0, is c o i n c i d e n t a l w i t h t h e 

d o u b l e t u r n i n g p o i n t a s s o c i a t e d w i t h o u r W K B J so lu t ions . 

S ince t h e n a t u r e of t h e T a y l o r - C o u e t t e i n s t a b i l i t y closely r e sembles t h e r o l l - t y p e in-

s t a b i l i t y c u r r e n t l y u n d e r c o n s i d e r a t i o n , i t is i n t e r e s t i n g t o m e n t i o n t h e r e s u l t s of s o m e 

n u m e r i c a l s t u d i e s r e g a r d i n g t h e s p h e r i c a l a n n u l u s flow p r o b l e m . I n 1982 B a r t e l s [3] 

i n v e s t i g a t e d t h e n u m b e r of poss ib l e s t a b l e modes ( con f igu ra t i ons ) t h a t e x i s t e d a f t e r 

t h e c r i t i ca l T a y l o r n u m b e r is exceeded . For t h e speci f ic n o n - d i m e n s i o n a l g a p w i d t h 

s = 0.15, h i s c o d e success fu l ly s i m u l a t e d t h e d e v e l o p m e n t of t h e 0-, 1- a n d 2 - v o r t e x 

m o d e s n e a r t h e e q u a t o r of t h e sphe res , as o b s e r v e d e x p e r i m e n t a l l y b y S a w a t z k i &: 

Z ie rep [71] [106]. I n a d d i t i o n , he a lso c o n f i r m e d t h a t s p h e r i c a l C o u e t t e fiow is n o n -

u n i q u e i.e. in o r d e r t o obse rve a p a r t i c u l a r m o d e , t h e s p i n - u p acce l e r a t i on of t h e i n n e r 

s p h e r e ( to t h e final c o n s t a n t ve loc i ty) , m u s t b e chosen speci f ica l ly (as r e p o r t e d b y 

W i m m e r [99] a n d S a w a t z k i & Zierep [106]). 

I n s o m e spec i a l cases, a t r a n s i t i o n f r o m o n e m o d e t o a n o t h e r is poss ib l e . A l t h o u g h 

t h e s e t r a n s i t i o n s h a d a l r e a d y b e e n seen in t h e e x p e r i m e n t s , f r o m t h e n u m e r i c a l r e s u l t s 

i t is f o u n d t h a t e ach m o d e b i f u r c a t e s f r o m t h e s a m e subc r i t i ca l - f iow r e g i m e ( o p p o s e d t o 

each m o d e b i f u r c a t i n g success ively) . I n h is i nves t i ga t i on , B a r t e l s spec i f ica l ly w r o t e h is 

n u m e r i c a l c o d e t o g e n e r a t e a x i s y m m e t r i c s o l u t i o n s w i t h e q u a t o r i a l s y m m e t r y . How-

ever , in o r d e r t o b r i n g a b o u t t h e d i f fe ren t v o r t e x m o d e s , i t w a s neces sa ry t o offset t h e 

s y m m e t r y of t h e c o m p u t a t i o n a l d o m a i n by a r t i f i c ia l ly e x t e n d i n g it f r o m 0 ^ ^ 7r/2 

t o 0 ^ 0 ^ (7r/2 + 0 .0122) . B a r t e l s ' s t u d y w a s success fu l in t h a t i t c la r i f ied t h e s t r u c -
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t u r e of t h e m o d e s , b u t i n t r igu ing ly his code d id n o t p r o d u c e t h e 0 ^ 1 or t h e 2 1 

v o r t e x t r a n s i t i o n s . A l t h o u g h t h e s e t r a n s i t i o n s h a d no t b e e n obse rved in e x p e r i m e n t s 

( u p u n t i l t h e n ) , B a r t e l s was u n a b l e t o u n d e r s t a n d why. 

B y u s i n g a n a x i s y m m e t r i c p s e u d o s p e c t r a l code over t h e fu l l r a n g e 0 ^ 0 < tt, 

M a r c u s Sz T u c k e r m a n [51] [52] were t h e f i rs t t o p r o d u c e t h e 0 —> 1 t r a n s i t i o n . Moreove r 

t h e 2 1 t r a n s i t i o n for R e y n o l d s n u m b e r Rg < 1300 was also s i m u l a t e d . P r i o r t o t h e 

s t u d y of M a r c u s & T u c k e r m a n , t h e 2 —> 1 t r a n s i t i o n h a d only b e e n seen e x p e r i m e n t a l l y 

b y K . Bi ih le r (1983 p r i v a t e c o m m u n i c a t i o n ) a n d is n o t t o b e con fused w i t h W i m m e r ' s 

o b s e r v a t i o n of t h e s a m e t r a n s i t i o n a t Rg = 3950. 

I t is a lso f o u n d t h a t p inches f o r m in flow field b e f o r e t h e onse t of Tay lo r vor t ices . 

T h e s e p i n c h e s a r e iden t i f i ed a t l oca t ions w h e r e s t r e a m U n e s cross (i.e. s t a g n a t i o n p o i n t s ) 

a n d first f o r m n e a r t h e e q u a t o r , b u t a re d i f f icul t t o observe expe r imen ta l l y . I n c o n t r a s t 

t o i n t u i t i o n , t h e c losure of each p i n c h does no t give t h e a s soc ia t ed vo r t ex , t h i s is 

b e c a u s e t h e c i r c u l a t i o n would b e in t h e o p p o s i t e sense . T h i s in t u r n imp l i e s t h a t t h e 

i n t r o d u c t i o n of eve ry a d d i t i o n a l v o r t e x a l t e r s t h e d i r ec t i on of t h e r a d i a l flow a t t h e 

e q u a t o r . I t is a lso i n t e r e s t i ng t o no te , t h a t t h e f o r m a t i o n of p inches h a s n o t b e e n 

seen in t h e s i m u l a t i o n s of Tay lo r -vor t ex flow in in f in i t e ly long cy l inders , b u t h a v e b e e n 

obse rved in finite cy l inde r s by Kel ler &: B o l s t e a d (1983 p r i v a t e c o m m u n i c a t i o n ) . 

B a s e d o n t h e i r n u m e r i c a l s imula t ions , M a r c u s &: T u c k e r m a n [52] h a v e dev i sed a 

set of e m p i r i c a l l aws w h i c h govern t h e g e n e r a t i o n (or d e s t r u c t i o n / m e r g i n g ) of vor t ices 

f r o m (or to ) t h e a s soc i a t ed p inches . A s of ye t t h e r e h a s b e e n n o success fu l t h e o r e t i c a l 

d e r i v a t i o n of t h e s e laws. A l t h o u g h t h e phys ics de sc r ib ing t he se ru les a r e in a cco rd 

w i t h i n t u i t i o n . A de t a i l ed e x p l a n a t i o n is a lso g iven for t h e 0 —> 1 a n d 2 —> 1 t r a n s i t i o n 

processes . T h e g e n e r a t i o n of t h e 0- a n d 2 -vor tex s t a t e s is a n e q u a t o r i a l l y s y m m e t r i c 

p rocess , w h e r e a s t h e t r a n s i t i o n t o t h e 1 -vo r t ex s t a t e is a n a s y m m e t r i c one; moreove r , a 

t r a n s i t i o n t o t h e 1 - v o r t e x s t a t e t akes p lace o n long t imesca le . A l inear s t a b i l i t y ana lys i s 

i nd ica t e s , t h a t t h e 0- a n d 2-vor tex s t a t e s a r e on ly suscep t ib l e t o a t r a n s i t i o n t o t h e 

1 -vo r t ex over a s m a l l r a n g e of R e y n o l d s n u m b e r . I n l ight of t h i s ana lys i s , M a r c u s 

& T u c k e r m a n a r e ab l e t o exp l a in t h e a b s e n c e of t h e 1 -vor t ex m o d e , f r o m p r e v i o u s 
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e x p e r i m e n t a l a n d numer i ca l inves t igat ions . 

In t h e nex t sect ion, t h e p r o b l e m inves t iga ted in th i s s t u d y is s t a t e d fo rma l ly a n d t h e 

bas ic flow is der ived for smal l a m p l i t u d e osci l lat ions a <C 1. For la rge f requencies , 

# 3> 1, i t is shown t h a t t h e flow develops a b o u n d a r y layer nea r t h e inner edge of 

t h e p ipe . Subsequent ly , t h e s tab i l i ty of t h e flow is cons idered in t h e a n n u l a r layer 

of th ickness 0 ( < ? ~ 2 ) close t o t h e cyl inder surface . I t is t h e n poss ib le t o e x p a n d t h e 

imposed p e r t u r b a t i o n as a W K B J so lu t ion (based on t h e large f r equency p a r a m e t e r 

<?), t o i n c o r p o r a t e t h e slow var ia t ion on t h e 9 l eng th scale. In t h e r e su l t ing equa t ions , 

t h e scal ing 

q ;^4 = 0 ( 1 ) = B + . . . where B = cons t an t (3.10) 

is r equ i r ed for accep tab le solu t ions . Consequent ly , th i s gives rise t o a n eigenvalue 

p r o b l e m for B. Moreover , a t 0 = 0 t h e set of s t ab i l i ty equa t ions r educe t o t h e ones 

der ived b y Hal l [36] for t h e co r r e spond ing Hele-Shaw cell. T h e m i n i m i s a t i o n of B 

is t h e n c o n d u c t e d us ing t h e m e t h o d of Soward & Jones [82], a n d in sect ion 3.3 t h e 

numer i ca l r e su l t s of t h i s p r o c e d u r e a re d iscussed . 

3.2 Formulation 

Cons ider a viscous incompress ib le fluid, ins ide a hor izon ta l c i rcular p i p e of inf in i te 

l eng th a n d r ad iu s d/2. T h e p i p e is t h e n set t o osci l late a b o u t i ts ver t ica l axis of 

s y m m e t r y w i t h angu la r velocity O = ausmwt*, whe re t* deno tes t i m e a n d 2a deno te s 

t h e m a x i m u m angle of osci l lat ion. T h e fluid which is o therwise a t res t , is t h e n set in 

m o t i o n p u r e l y by t h e ac t ion of t h e a n g u l a r osci l la t ions of t h e p ipe . 

By fixing a cyl indr ica l coo rd ina t e s y s t e m (r*, 9, z*) in t h e f r a m e of t h e p ipe , we can 

wr i t e d o w n t h e Navier-Stokes equa t ions for t h e flow as follows (see Y i h [101] p . 52 for 

a d iscuss ion of t h e Navier-Stokes in r o t a t i n g sys tems) : 

^ + u*-Vu*+2n X + — + X ( / ? X r*) + ^ x r * = 0, (3.11a) 
ot* p ot* 

V • It* = 0, w i t h tt* = 0 on r = d/2. (3.11b) 
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Fig. 3.3: The rota t ing circular pipe with body coordinates {r*,9,z*). Here Q = acjsmujt*. 

Here , 

+ -dr- + —^dl + dl. 

a n d V = (5r*, - d e , dz*). 

I n t h i s con f igu ra t i on , t h e z*-axis is pa ra l l e l t o t h e l e n g t h of t h e p i p e a n d 0 is m e a s u r e d 

f r o m t h e z* -ax i s w h i c h passes t h r o u g h t h e h o r i z o n t a l d i a m e t e r of t h e p ipe , see figure 

3.3. A c c o r d i n g l y r* is t h e p o s i t i o n vec to r f r o m t h e or igin . T h e veloci ty vec to r is 

d e n o t e d b y u* = {u*,v*,w*) w h i c h is reso lved i n t o r ad i a l , a n g u l a r a n d z* c o m p o n e n t s 

respec t ive ly . T h e f a m i l i a r n o t a t i o n of p , p* a n d u i n e q u a t i o n (3.11) h a s b e e n u s e d t o 

d e n o t e t h e fluid dens i ty , p r e s s u r e a n d k i n e m a t i c v iscos i ty respect ive ly . 



CHAPTER 3. THE FLOW IN A TORSIONALLY OSCILLATING PIPE 187 

3 .2 .1 B a s i c flow 

I n t h e p r e s e n t sec t ion , t h e bas i c flow for s m a l l a m p l i t u d e osc i l la t ions , a <C 1, is de r ived . 

Fo l lowing B o l t o n &; M a u r e r we de f ine a d imens ion les s f r e q u e n c y p a r a m e t e r ^ b y 

# = u j ( f / u . (3.12) 

I n a d d i t i o n , a R e y n o l d s n u m b e r c a n b e de f ined b y w r i t i n g Rg = a ^ . T h u s for fixed 

va lues of a , t h e v iscous effects of t h e fiow a r e cha rac t e r i s ed b y for # > 1, t h e 

v i scous ef fec ts a re pass ive a n d w i t h < 1, t h e fiow is d o m i n a t e d b y viscosity. 

T h e p r e s s u r e , d i s t ance , veloci ty a n d t i m e a r e m a d e n o n - d i m e n s i o n a l as follows: 

p = {apu?(f)~^p* ^ r = dr^r*, z-=dr^z*, 
(3.13) 

u — {au)d)~^u*, t = ojt*. 

A c c o r d i n g l y t h e Nav ie r -S tokes e q u a t i o n s (3.11) a r e 

du 
dt 
dv 

- ^ + a ( ( u • V ) u - - 2 ™ s m ( c o s « + i ( v \ - ^ 

^ + a ( ( « . V ) » + ™ ) = - ^ i + 2 a , » s m i s i n « + i ( v 2 „ - ^ + ^ ^ ) , 

+ a {u ' 'V) w = — ^ + 2 a s i n f ( « c o s 0 — u s i n 0 ) + 2 r c o s f c o s 0 + 

(3.14a-c) 

u du 1 dv dw 

w i t h 

u = V = w = 0 o n f = \ - (3.14e) 

T h u s fo r s m a l l a m p l i t u d e osc i l la t ions i t is poss ib l e t o seek a p e r t u r b a t i o n so lu t i on in 

p o w e r s of a (<C 1). Moreover , s ince t h e p i p e is in f in i te ly long, t h e gove rn ing e q u a t i o n s 

a r e n o t s u b j e c t t o a n y b o u n d a r y c o n d i t i o n s in t h e ^ -d i rec t ion . H e n c e a so lu t ion inde-

p e n d e n t of z is sough t in t h e fo l lowing f o r m (no te w i t h = 0, •u; does n o t e n t e r t h e 
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c o n t i n u i t y e q u a t i o n ) : 

u = ut,{r, 6, t) = + . . . , (3.15a) 

V =vi,{r,6,t) = w'®'+ + . . . , (3.15b) 

w = Wb{r, 9, t) = + . . . (3.15c) 

H e r e t h e b a s e flow is d e n o t e d by Uf,. B y col lect ing t h e t e r m s a t 0 ( a ° ) i n e q u a t i o n 

(3 .14a ,b) , i t c a n b e seen t h a t = v'-°^ = 0. T h e r e f o r e , s t a r t i n g w i t h e q u a t i o n (3.14c) 

we h a v e 

w. (0) 1 
— [w^ff + r + r ^ w f g ) + 2 r c o s 9 c o s t . (3.16) 

A p a r t i c u l a r so lu t ion , Wp'', of t h e a b o v e e q u a t i o n c a n b e o b t a i n e d b y s e p a r a t i n g var i -

ables . O n e poss ib l e so lu t ion is 

ty™ = 2 r c o s 0 s i n t . (3.17) 

N e x t , we seek t h e c o r r e s p o n d i n g h o m o g e n e o u s so lu t ion I t is e x p e c t e d t h a t 

co inc ides w i t h t h e a n g u l a r fo rc ing of t h e p i p e w h i c h var ies like s in t. S ince e q u a t i o n 

(3.16) is l i nea r w i t h r ea l coeff ic ients we w r i t e 

— 6** cos9A{r) + c.c, (3.18) 

w h e r e c.c d e n o t e s c o m p l e x c o n j u g a t e . T h e h o m o g e n e o u s p r o b l e m t h e n r e d u c e s t o 

A" + -A' + {-i^ - \ ) A = 0, 

==> A{r) ^ Ji{rX) w i t h A = ( - % # ) 2 . (3.19) 

N o t e , so lu t i ons of t h e f o r m y „ ( r A) (Bessel f u n c t i o n s of t h e second k i n d ) a r e u n a c c e p t -

a b l e b e c a u s e t h e y a re u n b o u n d e d a s r ^ 0. T h e r e f o r e , t h e r e q u i r e d so lu t i on , s a t i s fy ing 

t h e zero b o u n d a r y cond i t ions , is 

w (0) = e'* cos 0 [ - zr -I- k i J i (rA)] -I- c.c w i t h ki = ^ . (3.20) 

N e x t we p r o c e e d t o e q u a t i o n s (3 .14a ,b) . For convenience a t w o - d i m e n s i o n a l s t r e a m 

f u n c t i o n is i n t r o d u c e d for a n d (no t e t h a t u ' " ' = = 0) . Acco rd ing ly we 
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w r i t e 

(3.21) 

T h e i n t r o d u c t i o n of -0 e n s u r e s t h a t t h e con t inu i ty e q u a t i o n is a u t o m a t i c a l l y sa t i s f ied . 

B y e l i m i n a t i n g t h e p r e s s u r e t e r m f r o m e q u a t i o n s (3 .14a,b) , t h e gove rn ing e q u a t i o n for 

ip is g iven b y 

^i'eet + i'rt + Tiprrt = - 2 smt{Wg°^ cos 6 + sin ^) + -^ {riprrrr + 2lprrr 

1 2 1 2 1 4 
~ + "V'Mrr + (3 22) 

U p o n s i m p l i f y i n g t h e i n h o m o g e n e o u s t e r m s involving w we have 

2 s i n t ( i O 0 c o s ^ + r tor s i n 0 ) = — s i n 2 0 r A J 2 ( r A ) { e ^ ^ ^ — 1 } + c.c + 0 ( a ) + . . . (3.23) 

T h u s i n d i c a t i n g so lu t ions of t h e f o r m 

'ip{r,0,t) = | ' 0^"^ ( r , 0) e^''^ + 9)^ + c .c. (3.24) 

H e r e t h e s u p e r s c r i p t s (s) a n d (u) d e n o t e t h e s t e a d y a n d u n s t e a d y c o n t r i b u t i o n s re-

spect ive ly . S t a r t i n g w i t h t h e u n s t e a d y t e r m s we s u b s t i t u t e 

= s i n 2 M ( A ) , w i t h R = Xr. (3.25) 

Co l l ec t i ng t h e t e r m s p r o p o r t i o n a l t o in (3.22) gives 

-2^A"+^A' ^^A 

—2 {'B2{A) — A ) — — k i J 2 { R ) + {(82(32(^4)) — 2B2(-<4.) + A } , 

= » S 2 ( ® 2 ( ^ ) ) —-4 = J2(-R), 

^ ( $ 2 - ! ) ( % + 1 )A = J 2 ( A ) . (3.26) 

H e r e S 2 is t h e second o r d e r Besse l o p e r a t o r , de f ined in gene ra l b y 
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P r o m t h e f a c t o r i s a t i o n in (3 .26) , i t is c lear t h a t a p a r t i c u l a r s o l u t i o n t o t h e e q u a t i o n is 

Ap{R) = —kiJ2{R). (3.28) 

T o o b e y t h e b o u n d a r y c o n d i t i o n s a t r = i , i t is necessa ry t o f i n d t w o c o m p l e m e n t a r y 

s o l u t i o n s t o a c c o m p a n y t h e p a r t i c u l a r s o l u t i o n above . If we c o n s i d e r t h e e q u a t i o n 

' B 2 { A ) - A = 0, = > A { R ) ^ R ^ , R - ^ , (3.29) 

i t fo l lows t h a t R^ is a n a c c e p t a b l e h o m o g e n e o u s so lu t i on t o (3 .26) . W h e r e a s R ~ ^ m u s t 

b e r e j e c t e d b e c a u s e i t is s i n g u l a r . S imi la r ly , b y cons ide r ing t h e e q u a t i o n 

®2(j4) + A = 0, 

= > A R R + — A R + ^ A = Q, p u t t i n g / j = gives (3.30) 

^ = 0, = > A{R) = J2{V2R). (3.31) 

H e n c e , t h e u n s t e a d y c o m p o n e n t of t h e s t r e a m f u n c t i o n , s a t i s f y i n g ze ro ve loc i ty a t 

r = i , is 

= s in 20 | c i i ? 2 + c 2 J 2 ( V 2 j 2 ) + ^ ' ^ 2 ( - R ) | + c.c, (3.32) 

w h e r e t h e c o n s t a n t s ci a n d C2 a r e g iven b y 

2ki 
A3 

J 2 ( A / \ ^ ) J 3 ( A / 2 ) 

V2MX/V2) -
(3.33) 

2V^jj(A/V2)' 

Simi la r ly , b y w r i t i n g 

- s i n 2 M ( A ) , (3.35) 

a n d co l l ec t ing t h e s t e a d y t e r m s in (3 .22) , t h e e q u a t i o n sa t i s f i ed b y A{R) is f o u n d t o 

b e 

R ' ^ " ~ ~ ^ ^ i ' ^ 2 ( - R ) , (3.36a) 

=> (32 - i f A = ^ k M R ) . (3.36b) 
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A s b e f o r e it easy t o i d e n t i f y a p a r t i c u l a r so lu t ion , Ap{R), f r o m t h e a b o v e f a c t o r i s a t i o n . 

I n t h i s case t h e so lu t i on is i d e n t i c a l t o (3.28). 

O n t h e o t h e r h a n d , t h e e x p a n d e d f o r m (3.36a) is f a v o u r a b l e w h e n d e a l i n g w i t h 

t h e h o m o g e n e o u s p r o b l e m . W h e n c a l c u l a t e d , t h e p o l y n o m i a l s o l u t i o n s sugges t ed by 

(3 .36a) a r e f o u n d t o b e J?" fo r n = ± 2 , 0, 4. As b e f o r e R~^ is r e j e c t e d , moreove r we 

m u s t a l so r e j ec t t h e c o n s t a n t so t h a t is finite a t r = 0. H e n c e t h e s t e a d y s t r e a m 

f u n c t i o n c o m p o n e n t c a n b e w r i t t e n a s 

+ c.c, (3.37) 

w i t h 

^3 = [ A J i ( A / 2 ) - 12J2 (A/2 ) ] , (3.38) 

C4 = - ^ J z { \ l 2 ) . (3.39) 

H e n c e , t h e c o m p l e t e s o l u t i o n fo r ijj is g iven b y 

= s i n 2 0 [ | c i i ? 2 + c 2 J 2 { V 2 R ) + ^ J 2 ( A ) j 

+ + C4-R^ + — J 2 ( ^ ) ^ + c.c. (3.40) 

H a v i n g o b t a i n e d t h e b a s e flow t o l e a d i n g o rde r , we p r o c e e d b y c o n s i d e r i n g t h e p a r -

t i c u l a r case w h e r e t h e a m p l i t u d e of osc i l l a t ions is sma l l , a <C 1, a n d t h e f r e q u e n c y is 

la rge , ^ > 1. 

3 .2 .2 A s y m p t o t i c e x p a n s i o n s for 3> 1 

H e r e we c o m p u t e t h e a s y m p t o t i c f o r m of t h e b a s e flow f o r l a rge # . B y a p p l y i n g t h e 

principal a s y m p t o t i c e x p a n s i o n s fo r Besse l f u n c t i o n s of l a rge a r g u m e n t s (see [1] p .364) , 

t h e ve loc i ty c o m p o n e n t (3.20) a n d t h e s t r e a m f u n c t i o n ip (3.40) a r e a p p r o x i m a t e d 
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for l a rge A. T h u s , t o l e ad ing o r d e r t h e veloci ty a p p r o x i m a t i o n s a r e c a l cu l a t ed t o b e 

= cos 0 

= s in 20 

a n d 

sint-Q(T},t) (3.41a) 

(2~V2 _ 2) cos (2 t + jTr) - cos (2 t + jvr — 77) 

+ 2 e ~ ' ' / " ^ c o s ( t + T̂T - ;^r7) c o s t + 2~^/^ + 0 ( # ~ ^ ) , (3.41b) 

— s in (2 i — 77) + e ~ ' ' / " ^ s i n ( t — ;^77) c o s t + (3.41c) 

rf=^^/^(l-r), Q(?},t) = e - ^ 7 f ) . (3.42) 

I n a d d i t i o n , t h e resu l t 

s i n ( r A m — ^ ± % e x p ( i / — %}(% 4 - 1 ) + — o}) as <? —>• 00, (3.43) 
cos^ATZ — u) V 2 

w i t h A — (—%#)^/^ = (3.44) 

h a s a lso b e e n used t o d e t e r m i n e t h e veloci ty c o m p o n e n t s . For cons is tency, t h e a s y m p -

t o t i c r e s u l t s (3.41) have also b e e n de r ived by so lv ing t h e l i m i t i n g f o r m of t h e base flow 

e q u a t i o n s (3.16)-(3.22) w i t h 3> 1. T h i s m e t h o d also r e p r o d u c e s t h e so lu t ions (3.41) 

a n d t h e r e f o r e verifies ou r work ing . 

A t 0 = 0, t h e express ion for is exac t ly t h e s a m e as t h e e q u a t i o n der ived by 

H a l l [36] for t h e He le -Shaw cell (no te , t h e Q de f ined in t h i s s t u d y is ana logous t o 

t h e Q o b t a i n e d in [36]). A s e x p e c t e d , t h e f u n c t i o n Q in e q u a t i o n (3.41a) gives a 

s ign i f ican t c o n t r i b u t i o n t o w i t h i n a b o u n d a r y layer of t h i c k n e s s 0 ( # " ^ / ^ ) n e a r 

r = 5 . O u t s i d e t h i s layer , Q is e x p o n e n t i a l l y smal l . Moreover , we n o t e t h a t t h e 

osc i l l a to ry t e r m in w''°^ c a n b e e l i m i n a t e d by s h i f t i n g t o c o o r d i n a t e s y s t e m t h a t is 

r e l a t i v e t o t h e osc i l la tory m o t i o n of t h e fluid in t h e ^ -d i r ec t ion . T h u s in t h e absence of 

Q, t h e r e s u l t i n g c o n f i g u r a t i o n in t h e n e w f r a m e of r e fe rence wil l c o r r e s p o n d t o zero flow, 

w h i c h of course is s t ab l e . H e n c e if a n y in s t ab i l i t y is i n i t i a t e d , i t m u s t b e a s soc ia t ed 

w i t h t h e t e r m Q a n d m u s t t h e r e f o r e b e conf ined t o a C>(<?~^/^) b o u n d a r y layer n e a r 

t h e s u r f a c e of t h e p i p e . 
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I n t h e n e x t sec t ion , t h e s t a b i h t y of t h e bas ic flow is i nves t i ga t ed . I n t h e subse-

q u e n t ana lys i s , t h e r e l a t ive sizes of t h e v iscous a n d ine r t i a l t e r m s a r e c o m p a r e d a n d 

c o n s e q u e n t l y a r e l a t i o n s h i p b e t w e e n a a n d is o b t a i n e d . 

3.2 .3 Stabi l i ty A n a l y s i s 

B y e x a m i n i n g t h e a n a l y t i c s o l u t i o n of t h e base flow, it is r e a d i l y a n t i c i p a t e d t h a t t h e 

ro l l - t ype in s t ab i l i t y a r i ses w i t h i n a b o u n d a r y layer close t o t h e p i p e wal l for 

# 1. T h e r e f o r e , it is w i t h i n t h i s p r o x i m i t y t h a t we c e n t r e o u r s t ab i l i t y ana lys i s . 

N e x t , a p e r t u r b a t i o n of t h e W K B J t y p e is i m p o s e d o n t h e b a s e flow. I n t h i s m a n n e r , 

t h e slow v a r i a t i o n in t h e a n g u l a r d i r ec t i on is a c c o m m o d a t e d a n d t h e ^ -de r iva t ives a r e 

b r o u g h t back in to t h e s t a b i l i t y e q u a t i o n s a t l ead ing o r d e r . A c c o r d i n g l y we w r i t e 

rd 
= Ub + eA{6)u{r],t)exp{^i$'^ k{'d) (!•&} +c.c w i t h e <C 1 (3.45) 

J 6 m 

and uiVji) = (aw, av, w). 

H e r e e is a van i sh ing ly s m a l l p a r a m e t e r a n d A{0) is t h e a m p l i t u d e . I n t h e a b o v e 

express ion , 9 m c a n b e chosen f ree ly b e c a u s e va r i a t i ons in i t s va lue on ly change t h e 

r e s u l t i n g so lu t ions b y a m u l t i p l i c a t i v e f ac to r . However , t h e c o n s t a n t q is d e t e r m i n e d 

b y t h e l e ad ing o r d e r w - s t a b i l i t y e q u a t i o n wh ich is g iven b y 

wt + o?' + 2vwi''^ — 

= m ^k^w + 2a^ smt{cos Ou — sm9v). (3.46) 

P r o m t h e above e q u a t i o n , it is c lear t h a t t h e v iscous a n d i n e r t i a l t e r m s b a l a n c e if 

q = ^ a n d a ~ ( n o t e t h e s e r e su l t s a re ana logous t o t h e ones o b t a i n e d b y H a l l 

[36] (3.27)) . Hence t h e a p p r o p r i a t e sca l ing for a is 

w h e r e B is a c o n s t a n t . Now, s ince t h e con t inu i ty e q u a t i o n r e d u c e s t o 

V = ——ttjj, (3.48) 
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t h e s t ab i l i t y e q u a t i o n s c a n b e exp re s sed in t e r m s of u a n d w . Accordingly , e q u a t i o n s 

(3.14a-c) a r e r e w r i t t e n as: 

{d^ — — dt)w = — uw!^^), 

{d^ — — dt — ikB^v'^^^){d^ — k^)u = - 2sint{iksm6wr, + k^ cosOw) 

- ikB'^vll^u, 

w = u = Ujj = 0 a t 77 = 0 a n d u, w —> 0 as rj ^ 00. 

(3.49) 

N o t e , a t l ead ing o r d e r does n o t e n t e r t h e s t ab i l i t y e q u a t i o n s . T h i s is b e c a u s e 

~ a n d t h e r e f o r e is of lower o r d e r t h a n a n d w'-°\ A s one m i g h t 

h a v e in tu i t ive ly e x p e c t e d , w h e n t h e s t ab i l i t y e q u a t i o n s a r e e v a l u a t e d a t 0 = 0 t h e y 

r e d u c e t o t h e c o r r e s p o n d i n g e q u a t i o n s for t h e He le -Shaw cell, see e q u a t i o n (3.27) of 

Ha l l [36]. No te , in (3.27) of [36] a f a c t o r of 3/2 is m i s s i n g o n t h e R H S of t h e first 

e q u a t i o n . 

H a v i n g o b t a i n e d t h e s t a b i l i t y e q u a t i o n s , ou r a i m now is t o seek t h e onse t of t h e 

ro l l - t ype ins tab i l i ty . Moreover , s ince we a r e c o n c e r n e d w i t h d i s t u r b a n c e s t h a t a r e 

s y m m e t r i c w i t h r e spec t t o 0, i t is i n s i s t ed t h a t t h e i n s t a b i l i t y ar i ses a t 0 = 0 i.e. 

a l o n g t h e ho r i zon t a l d i a m e t e r of t h e p i p e . I n t h e n e x t sec t ion , we p r e sen t t h e de ta i l s 

r e g a r d i n g t h e n u m e r i c a l p r o c e d u r e t h a t is u sed t o seek t h e c r i t i ca l va lue of B. 

3 .2 .4 D i scus s ion of t h e o r y 

For t h e c u r r e n t e igenvalue p r o b l e m one m i g h t b e t e m p t e d t o p r e s u m e , as d id W a l t o n 

[96], t h a t for s y m m e t r i c d i s t u r b a n c e s t h e cr i t ica l va lue of B c a n b e e x t r a c t e d f r o m t h e 

n e u t r a l s t ab i l i t y cu rve a t 0 = 0. T h i s however impl ies t h a t t h e e igenvalue p r o b l e m 

for t h e p i p e r educes t o t h a t of t h e He le -Shaw cell. However , t h i s i dea is t o o s impl i s t i c 

a n d is f lawed b y t h e fac t t h a t it is imposs ib l e t o s a t i s f y Bg = 0 at 9 — 0 (where 

t h e s u b s c r i p t d e n o t e s p a r t i a l de r iva t ive ) , see (3.6). I n W a l t o n ' s [96] d i scuss ion of t h e 

two- sphe re s p r o b l e m , w h e r e t h e l a t t e r cond i t i on was n o t en fo rced , it was env i saged 

t h a t a n 0 ( e ) co r rec t ion t o t h e c r i t i ca l Tay lor n u m b e r cou ld b e ca l cu l a t ed u n d e r t h e 

p r e s u m p t i o n t h a t t h e first a p p r o x i m a t i o n was Tcyi, see e x p a n s i o n (3.3). U n f o r t u n a t e l y 
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b y p r o c e e d i n g u n d e r t h i s a s s u m p t i o n , W a l t o n ' s work deve lops a se r ious incons is tency . 

T h e col lapse in h i s ana lys i s a r i ses f r o m o b t a i n i n g a n overs impl i f ied a m p l i t u d e e q u a t i o n 

n e a r t h e e q u a t o r . B e c a u s e of t h i s overs impl i f ica t ion , a n A i r y - t y p e e q u a t i o n is o b t a i n e d 

t o w h i c h t h e r e is no so lu t i on t h a t decays e x p o n e n t i a l l y t o w a r d s b o t h poles . 

Moreover , t h e i nves t i ga t i on b y H. & S. i n to t h e s a m e p r o b l e m , reveals t h a t even as 

t h e g a p w i d t h t e n d s t o zero, t h e c r i t ica l Tay lor n u m b e r for t h e two-sphe res p r o b l e m 

does n o t converge t o t h e c o r r e s p o n d i n g re su l t fo r t h e two concen t r i c cy l inders . C o n -

sequent ly , i t is c o n c l u d e d b y H . &: S. t h a t t h e m i n i m u m as soc i a t ed w i t h Tg ^ 0, does 

n o t l ead t o s u i t a b l e so lu t i ons t h a t a r e n e u t r a l l y s t ab l e . 

P r o m these s t u d i e s it is ev iden t t h a t w h e n e x t e n d i n g a p r o b l e m of r e c t a n g u l a r 

geomet ry , t o one t h a t i nc ludes c u r v a t u r e , t h e a c c o m p a n y i n g e igenvalue m i n i m i s a t i o n 

p roces s r equ i r e s g r e a t e r a t t e n t i o n . A l t h o u g h b o t h p r o b l e m s have iden t i ca l govern ing 

e q u a t i o n s a t t h e ax i s of s y m m e t r y , one m u s t n o t b e dece ived b y t h i s s imi lar i ty , as 

t h e s t ab i l i t y ca l cu l a t i ons in each case a re q u i t e d i f f e ren t . Le t u s now c la r i fy t h i s 

m i n i m i s a t i o n p roces s for e q u a t i o n s (3.49). T h e v a r i a t i o n of B w i t h r e spec t t o i t s 

d e p e n d e n t va r iab les k, 6 a n d g r o w t h r a t e fj. c a n b e exp re s sed as 

dB = B K dk + B Q d 0 — iB^^ d'y, (3.50) 

w h e r e t h e (real) f r e q u e n c y 7 = Fol lowing t h e ear l ie r d i scuss ion of (3.6), i t is 

suf i ic ient t o i den t i fy a n e x t r e m a l of B {dB = 0) o n t h e n e u t r a l s t ab i l i t y su r face w i t h 

B K = 0, B E = 0, a t ( B , 9 , k, 7 ) = { B Q , OQ, ko, 70). (3.51) 

I t is p r o p o s e d by S o w a r d Sz J o n e s [82], t h a t t h e phys ica l ly r e l evan t so lu t ion sat isf ies t h e 

s t ab i l i t y e q u a t i o n s (3.49) in t h e v ic in i ty of 0 = even if Oq is n o t rea l . Since Bg ^0 

o n t h e r ea l 9 l a t i t u d e , we m u s t find t h e c r i t ica l p o i n t a t w h i c h Bg = 0, even if t h i s 

m e a n s accep t i ng c o m p l e x va lues of % a n d ko. Hence , t h e a i m now is t o m i n i m i s e B b y 

seek ing t h e c r i t ica l p o i n t {9o, fco} a t which , t h e phys i ca l ly accep t ab l e , n e u t r a l so lu t ions 

of (3.49) exis t . I n §3.3 t h e n u m e r i c a l p r o c e d u r e u s e d t o find {%, A;o} is d i scussed in 

de ta i l . 
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T h e search for t h e a p p r o p r i a t e cr i t ical po in t , in {0, A:}-space, can in general b e a 

r a t h e r t ed ious process . Fo r tuna te ly , t h e equa to r i a l s y m m e t r i e s of t h e p rob lem, grea t ly 

r e d u c e t h e d o m a i n s in wh ich Oq a n d ko may b e s i t ua t ed . T h e r e is a n e lement of c au t i on 

assoc ia ted w i th t h e last s t a t e m e n t , in t h a t t h e equa to r i a l s y m m e t r i e s are only ind ica t ive 

guides for loca t ing Oq a n d ko. W e shal l see la ter t h a t a l t h o u g h t h e s y m m e t r i e s s t rongly 

suggest t h e w h e r e a b o u t s of Oq, one canno t p r e s u m e in advance t h a t t h e r equ i red roo t 

is necessar i ly conf ined t o t h e sugges ted domain , nor b e a s su red of i ts un iqueness , see 

Soward & Jones [82]. 

P r o m Hal l ' s analys is of t h e Hele-Shaw cell, it is expec t ed t h a t t h e d i s t u r b a n c e s 

a r e synchronous w i t h t h e bas ic flow i.e Im{ju} = 0 for Re{/Lt} > 0. The re fo re it is 

a n t i c i p a t e d t h a t t h e ins tab i l i ty does no t t ake t h e f o r m of a t ravel l ing wave, a n d so 70 

of (3.51) is zero. P r o m (3.49) it is clear t h a t for any given value of B t h e r e a re six 

poss ib le roo t s of k, a n d assoc ia ted w i t h each of these roo t s is a W K B J so lu t ion y W , 

w h e r e 
rO 

= {u, w) exp{^i$2 / A;(")(i9) di9}. (3.52) 
Jom 

Here , («, w) is t h e p e r t u r b a t i o n velocity a n d t h e above express ion should b e c o m p a r e d 

w i t h (3.45). P rom e q u a t i o n (3.49), it is f o u n d t h a t only t h r e e of these W K B J so lu t ions 

a r e i n d e p e n d e n t owing t o t h e re la t ion 

k = &(")(#) = —k^'"\—9) for n = 1, 2, 3. (3.53) 

Note , t h e cond i t ion = 0 impl ies t h a t (3.49) ha s a r e p e a t e d roo t a t i.e. 

&(*)(0o) = = ^0- (3.54) 

The re fo re , t h e po in t P{6 = Oq) in t h e complex 0 -p lane def ines a t r ans i t i on po in t in 

t h e v ic in i ty of which, t h e r e a re two ind i s t ingu i shab le so lu t ions a n d T h e 

degeneracy of t h e roo t s at 0 = 0o coupled w i t h t h e r e m a i n i n g condi t ion , Bg = 0, 

impl ies t h a t t h e two ne ighbour ing t r a n s i t i o n po in t s a re coincident a t P(d = do) in t h e 

l imi t —)• 00, see [82] (1.16)-(1.22). T h e Stokes a n d an t i -S tokes l ines pass ing t h r o u g h 



CHAPTER 3. THE FLOW IN A TORSIONALLY OSCILLATING PIPE 197 

Fig. 3.4: The point P = P{6 = 6q) indicates the double transi t ion point, the surrounding 

(9(^-1 /4) circular region is the domain of validity for the inner solution see (3.60). The 

outer regions are the domains in which the W K B J solutions are valid. Note fur ther t ha t 

the dominent /subdominent character of a particular W K B J solution is dependent on the 

regions 

t h e d o u b l e t r a n s i t i o n p o i n t P a r e de f ined b y 

R e I y d ^ j = 0 a n d Im ^ J d ^ j = 0 (3 .55a,b) 

respect ively . T h e an t i -S tokes l ines (3.55b) d iv ide t h e c o m p l e x 0 - p l a n e i n t o f o u r r eg ions 

d e n o t e d b y Jin in f igure 3.4 ( these l ines a re c u r v e d in genera l ) . A t d i s t a n c e s g r e a t e r 

t h a n 0(<?~^/^) f r o m P ( w i t h i n th i s r a d i u s t h e W K B J so lu t ions a re inval id) , it is 

e x p e c t e d t h a t one of t h e W K B J so lu t ions , say is d o m i n a n t in reg ion # 2 + 3 ^ a n d 

s u b d o m i n a n t i n IRi + 3^4. Accordingly , t h e c o u n t e r p a r t so lu t ion , is d o m i n a n t in 

3^1 + 3^4 a n d s u b d o m i n a n t i n CRg + 3^3- Hence a S tokes l ine is d r a w n f r o m P a n d i t s 

i n t e r sec t ion w i t h t h e r ea l 0 -ax is is d e n o t e d b y S{9 = 9s)- T h e p o i n t M r e p r e s e n t s t h e 

l o c a t i o n of m a x i m u m d o m i n a n c e i.e t h e m a x i m u m r a t i o of Y^^) t o Y^^). H e n c e t h e 

rea l i sed i n s t ab i l i t y c o r r e s p o n d i n g t o t h e W K B J so lu t i ons Y^^) a n d Y^^) is i n i t i a t e d o n 

t h e rea l 0-axis a t M{6 = 6m) (note , t h e o t h e r f o u r W K B J so lu t ions a r e no t r e q u i r e d 

as t h e y a re n o t l inked t o t h e t u r n i n g p o i n t P). W i t h i n t h e v ic in i ty oi M{9 = 6m) i t is 
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poss ib le t o a p p r o x i m a t e t h e so lu t ion locally by 

Y = (3.56) 

with A9={e- O M ) = 

N o t e [U, W) ^ {u, w) b e c a u s e [U^ W) varies on t h e scale Moreover , t h e 

loca t ion of M is d e t e r m i n e d by t h e condi t ions : 

I m {A;M} = 0 w i t h I m { k g u } > 0, (3 .57a,b) 

dk 
w h e r e Um = k{9 = 9m) a n d koM = 

e=eM 

T h e cond i t ions above e n s u r e t h a t Y is n e u t r a l l y s t a b l e a t 0 = 9m a n d locally decay ing 

in b o t h d i rec t ions of t h e rea l 0-axis . 

To o b t a i n a val id r e p r e s e n t a t i o n of t h e rea l i sed d i s t u r b a n c e a long t h e rea l 0-axis , 

t h e Stokes p h e n o m e n o n m u s t b e t a k e n in to cons ide ra t ion . T h i s is because , by cross ing 

t h e Stokes l ine a t S, t h e or ig ina l a p p r o x i m a t i o n wh ich is d o m i n a n t in 3^2 + 

inhe r i t s a c o n t r i b u t i o n f r o m t h e s u b d o m i n a n t so lu t ion The re fo re , in gene ra l Y 

(3.58) is a d i scon t inuous f u n c t i o n on t h e rea l 0-axis e.g see H e a d i n g [40] for a d i scuss ion 

of t h e Stokes p h e n o m e n o n . 

Y = 
Y ( i ) , a ^ eg 

(3.58) 
Y ( i ) + ^ Y ( 2 ) , 9>9s. 

T h e Stokes c o n s t a n t r is a f u n c t i o n of a n d t h e a s y m p t o t i c e x p a n s i o n of 

IS 

+ . . . (3.59) 

Here t h e l ead ing o r d e r t e r m is t h e B in t h e p rev ious n o t a t i o n (see (3.47)) a n d 

is d e t e r m i n e d by t h e iden t i f i ca t ion of t h e s add l e p o i n t P. Hence i t is poss ib le t o 

c o n s t r u c t a p a r t i c u l a r so lu t ion which is u n i f o r m l y val id on t h e rea l l ine, by ins i s t ing 

t h a t t h e Stokes c o n s t a n t r vanishes . T h i s is achieved by cons ider ing t h e a p p r o p r i a t e 

ins tab i l i ty e q u a t i o n s t h a t a r e val id a t t h e t r a n s i t i o n p o i n t P, a n d m a t c h i n g t h e inne r 
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so lu t ion (3.60) w h i c h is va l id t h e r e , t o t h e o u t e r so lu t i on w i t h r set e q u a l t o zero. 

Y = Uo{@)E + -^Ui{e)E + -^U2{e)E + ..., (3.60a) 

w h e r e E = exp (0 - % ) — = (C/„, H^„). (3 .60b) 

T h e i n n e r so lu t i on c o r r e s p o n d i n g t o t h e sma l l e s t e igenvalue of is a ccep t ed . T h i s 

e n s u r e s t h a t a is m i n i m i s e d a n d t h a t is a va l id a p p r o x i m a t i o n a long t h e r ea l 

0-axis . T h i s p roces s of con t inua l ly m i n i m i s i n g a n d m a t c h i n g t h e i n n e r so lu t i on t o 

t h e o u t e r one , c a n b e r e p e a t e d a t h ighe r o r d e r s a n d consequen t ly y ie lds a n a s y m p t o t i c 

a p p r o x i m a t i o n t o t h e rea l i sed d i s t u r b a n c e . 

I n genera l , i t is imposs ib l e t o d e t e r m i n e a priori w h e t h e r f u r t h e r t r a n s i t i o n p o i n t s 

of Y ( " ) (for n = 1, 2) ex is t in t h e c o m p l e x 0 -p l ane . If m u l t i p l e t r a n s i t i o n p o i n t s ex is t , 

one c a n e x p e c t t h a t t h e so lu t i on d e s c r i b e d above , wil l e n c o u n t e r f u r t h e r c o m p l i c a t i o n s 

w h e n t h e a s s o c i a t e d S tokes l ines a re c rossed (see H e a d i n g [40]). 

3.2.5 S impl i f i ca t ions of s y m m e t r y 

P r o m t h e s y m m e t r y r e l a t i o n (3.53), it is c lear t h a t fo r every ins t ab i l i t y i n i t i a t e d a t 0 = 

+ 9 m , t h e r e is a c o r r e s p o n d i n g one a t 0 = —Om w h i c h is governed b y t h e W K B J so lu t i on 

Since t h e p r e sen t s t u d y conce rns d i s t u r b a n c e s t h a t a r e ^ - s y m m e t r i c , i t 

follows t h a t t h e i n s t a b i l i t y m u s t b e i n i t i a t e d a t 9m = 0. W i t h s y m m e t r y in m i n d , one 

m a y sea rch for t h e t r a n s i t i o n p o i n t P a long t h e i m a g i n a r y 0-axis , see (3.55). I n t h i s 

case, t h e coeff ic ients in t h e s t ab i l i t y e q u a t i o n s (3.49) a re rea l if Im{A:} = 0. T h i s h a s 

t h e des i red i m p l i c a t i o n t h a t 5 is a rea l f u n c t i o n of t h e r ea l var iab les C a n d k, w h e r e 

9 = iC. (3.61) 

U n d e r t h e s e a s s u m p t i o n s , a n d a r e b o t h r ea l a long t h e r ea l ^ -ax is , w h i c h is 

t h e n iden t i f i ed a s a S tokes l ine for Y^^) a n d Y^^) see (3 .55a) . Accord ing ly t h i s impl i e s 

t h a t 9 s = 0. Moreover , t h e c o n d i t i o n for t h e m a x i m u m d i s t u r b a n c e (3.57a) is a lso 

sa t i s f ied a t 0 = 0. T h e r e m a i n i n g c o n d i t i o n (3.57b) c a n n o t b e verif ied in a d v a n c e , b u t 

t h e unl ike ly case: 

I m {kgM} < 0, (3.62) 
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c o r r e s p o n d s t o a s o l u t i o n t h a t grows locally, a n d t h i s in t u r n impl ies t h a t t h e d i s t u r -

b a n c e is n o t i n i t i a t e d a t 0 = 0. I n p rac t i ce , one m e r e l y h a s t o ver i fy t h a t t h e so lu t i on 

o b t a i n e d v i a t h i s m e t h o d decays local ly a t 0 = 0 (which is m o s t o f t e n t h e case see 

§3 of Soward k J o n e s [82] a n d P a p a g e o r g i o u [57]). T h e r e f o r e , a s s u m i n g t h a t (3 .57b) 

sa t i s f ied , 6m is a lso zero. Hence u n d e r t h e a s s u m p t i o n t h a t k is rea l , t h e r e q u i r e d 

s a d d l e p o i n t is s o u g h t a long t h e i m a g i n a r y 0-axis . 

3.3 Numerical Results 

Since t h e ba s i c flow is p e r i o d i c in t ime , so lu t ions of t h e s t ab i l i t y e q u a t i o n s (3.49) a r e 

sough t i n f r o m 

{u, w) = e^\u{ri, t),w{rf, t)), (3.63) 

a n d f j , = B, k). Hence , t h e n e u t r a l l y s t a b l e so lu t i ons a re a c q u i r e d w h e n R e { / i } = 0. 

P r o m Ha l l ' s s t u d y of t h e al l ied p r o b l e m , it is a n t i c i p a t e d t h a t I m { / / } = 0 for u n s t a b l e 

so lu t ions . T h i s impl i e s t h a t t h e d i s t u r b e d flow is s y n c h r o n o u s w i t h t h e ba s i c s t a t e a n d 

h e n c e 70 = 0 in (3.51) . O u r a i m now is t o seek t h e s a d d l e p o i n t (^Oj^o) a t wh ich , t h e 

phys ica l ly a c c e p t a b l e , n e u t r a l so lu t ions of (3.49) ex is t . T h i s s a d d l e p o i n t ( n o n - u n i q u e ) 

is c h a r a c t e r i s e d by = 0 a n d is sough t for r ea l va lues of ( a n d k (where 0 = iQ. 

T h e sea rch for t h e r e q u i r e d s a d d l e p o i n t is c o n d u c t e d in t h e fol lowing m a n n e r . 

For each fixed va lue of ( , a n e u t r a l s t ab i l i t y cu rve is c o n s t r u c t e d in t h e k-B p l ane . 

Moreover , t h e m i n i m u m o n th i s cu rve {kmin,Bmin) is s t o r e d (no te t h a t = 0 a t 

k = kmin)- T h e i dea is t h e n t o follow B m i n i O in ( - s p a c e un t i l a local m a x i m u m is 

a t t a i n e d . Consequen t ly , a t t h i s local m a x i m u m , t h e r e m a i n i n g c o n d i t i o n B q = 0 is 

sa t i s f ied . H e n c e r e s u l t i n g in t h e iden t i f i ca t ion of t h e r e q u i r e d values {ko ,Bo,6o) . 

I n o u r n u m e r i c a l s t u d y of (3.49), t h e gove rn ing e q u a t i o n s a re d i sc re t i zed a n d solved 

b y u s i n g a second o r d e r finite d i f fe rence scheme . W i t h i n t h i s scheme, t h e C r a n k -

Nicho l son m e t h o d is i n c o r p o r a t e d t o give a n 0{Ari'^ + At^) a c c u r a c y (here , Arj a n d At 

a r e t h e s t e p s sizes in 77 a n d t i m e respec t ive ly) . For fixed va lues of [k, B, < )̂, t h e r e s u l t i n g 

s y s t e m is t i m e m a r c h e d . I n t h i s way, t h e secan t m e t h o d is u sed t o u p d a t e B fo r each 
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r u n a n d t h e g r o w t h r a t e , Re{fj,}, is even tua l ly d r i v e n t o zero. O n c e a m i n i m u m in k-B 

p l a n e is d e t e c t e d , a p a r a b o l a fitting p r o c e d u r e is u s e d t o h o m e in o n B y 

s e t t i n g Arj = 0 .01 a n d A t = 8 x 10~^ in t h e n u m e r i c a l r u n s , t h e c o m p u t e d va lues of 

Bmin a r e f o u n d t o converge t o 3 d .p . Moreover , t h e cond i t i ons a t ' i n f in i ty ' a r e en fo rced 

a t 77oo = 30, w h i c h is f o u n d t o b e suff ic ient ly l a rge in all ou r ca lcu la t ions . 

Results 

I n figure 3.5, i t is seen t h a t t h e n e u t r a l s t a b i h t y su r f ace decays qu ick ly for |C| > 0.2, 

a n d t h e r e f o r e it a p p e a r s t h a t t h e s a d d l e p o i n t P m u s t b e l oca t ed s o m e w h e r e w i t h i n t h e 

r a n g e 0 < ^ < 0.2. However , a c loseup of t h i s r eg ion in figure 3.6 reveals t h e p r e s e n c e of 

a d i s con t inu i t y in t h e su r face . T h e c o n t o u r d i a g r a m shows t h a t t h e d i s c o n t i n u i t y is t h e 

r e su l t of a n a b r u p t sh i f t in t h e va lue o i B m i n a t % 0.1225. Moreover , t h i s d i s con t inu i t y 

is n o t t h e r e su l t of a n y n u m e r i c a l i naccurac i e s b e c a u s e t h e c o n t o u r r e m a i n s u n c h a n g e d 

w h e n r e f i n e m e n t s a r e m a d e to : At?, A< a n d t h e size of t h e jy-domain. P r o m figures 3.7 

a n d 3.8, i t is c lear ly vis ible t h a t t h e ve loc i ty prof i les a r e s m o o t h a n d t h a t t h e decay 

of each prof i le is well a c c o m m o d a t e d b y t h e size of t h e chosen d o m a i n . A s e x p e c t e d 

i t is f o u n d t h a t al l t h e c o m p u t e d d i s t u r b a n c e s have I m {/j,} = 0, a n d t h e r e f o r e t h e s e 

p e r t u r b a t i o n s a r e s y n c h r o n o u s w i t h t h e bas i c s t a t e . I n c o n t r a s t , a t C = 0 t h e c o m p u t e d 

va lue of Bmin = 4.54, see figure 3.9, is a t v a r i a n c e w i t h t h e resu l t , Bmin = 2.9, o b t a i n e d 

b y Ha l l fo r t h e He le -Shaw cell p r o b l e m . Ideal ly, t o i den t i fy t h e cor rec t va lue of Bmin, it 

is des i r ab le t o c o m p a r e each resu l t w i t h t h e e x p e r i m e n t a l r e su l t s of B o l t o n &; M a u r e r . 

However , m o r e e x p e r i m e n t a l d a t a is n e e d e d in t h e r a n g e 0 < a < 0.79 so t h a t a b e t t e r 

a g r e e m e n t is o b t a i n e d w i t h e i the r resu l t ; for as it s t a n d s , n e i t h e r r e su l t is c lear ly 

c o r r o b o r a t e d b y t h e l imi t ed e x p e r i m e n t a l d a t a . 

I t is i n t e r e s t i n g t o p o i n t o u t , t h a t Aoidef et al. [2] have inves t iga t ed t h e He le -Shaw 

cell p r o b l e m for finite va lues of ( a , <?), a n d in t h e i r s t u d y a va lue of Bmin = 3.73 h a s 

b e e n o b t a i n e d w i t h a = 1.06 a n d # = 150. Moreover , t h i s was t h e l a rges t va lue of # 

i nves t i ga t ed b y t h e l a t t e r a u t h o r s . In figure 4 of [2], t h e r e su l t s i n d i c a t e t h a t t h e va lue 

of Bmin inc reases w i t h a n d t h e r e f o r e t h e r e s u l t s in t h i s i n d e p e n d e n t i nves t iga t ion , 
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Fig. 3.5: The evolution of the stability surface in {k, B,Q-spa,ce. 
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Fig. 3.6: The neutral stability surface and contour lines near the discontinuity. 
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Fk{u} 

C = 0.0, 5 = 4.31 

Fig. 3.7: The magnitude of Re{u} with A: = 1 and ^ = 0. 

- 2 

- 4 

C = 0.0, g = 4.31 

c = 0.1, B = 7.11 

C = -0.3, B = 2.64 

10 15 20 25 30 

Fig. 3-8; The magnitude of Re{w} with k = l and n = 0. 
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B 

Fig. 3.9: The neutral stability curves in the k-B plane produced by time marching. 

The curves in red show the jump from the original smooth contour associated with 

the blue curve. The local minimum on each curve marks the merging of the two 

curves and for the WKBJ solutions and 

support the value of Bmin = 4.54 obtained in this study. 

3 . 3 . 1 F o u r i e r s e r i e s a n a l y s i s 

The jump from one neutral stability surface to another cannot be fully understood 

by using the time marching scheme. This is because it is impossible to exercise a 

controlling influence over the solution being followed by the time marching procedure. 

In order to monitor the evolution of the first few dominant (i.e. least stable) eigen 

solutions {u.,w), we switch to a Fourier series representation and expand {u,w) in the 

form 
oo 

= ^ (uW.wWje'"*. (3.64) 
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By the substituting the above expansion into the stabihty equations (3.49), the follow-

ing equations are obtained; 

= i k B ^ ^ ^ (3.65a) 

m = 0 , ± 2 m = : ± l 

,"}(») — Olp' 4 - in 4- - I - I P ' D P ' 

U . {2k + in + iJ,)u^^^ + k {k + in + = k sin 6 

- ik'^ co8g{u)("+") - + ikB"^ ^ 
m=:0,±2 

(3.65b) 

In addition the base flow terms, and are given by: 

d(i) = + g-2z<^(i,-2) j sin -L?), 
1 ^ (3.66) 

and 

(3.67) 
^(1,1) _ _ 1)̂  = t(;*(l'"l). 

Here the asterisk denotes complex conjugate. Moreover, the growth rate /x is inter-

changeably referred to as the eigenvalue of equations (3.65). In order to numerically 

calculate the Fourier coefficients, it is necessary to truncate (3.64) so that 2N + 1 

modes are used in the scheme. Accordingly, the summation in (3.64) is now assumed 

over the finite range —N ^ n ^ N. Thereafter, a generalised eigenvalue solver (NAG 

subroutine F02GCF for complex valued matrices) is used to calculate selected eigen-

values for any given values of {k,B,Q. The procedures used to update k and B are 

similar to the ones used in time marching scheme. 

Our first task is to reproduce the surface in figure 3.6. This is achieved by following 

the solution associated with the least stable eigenvalue, and we shall refer to this 

dominant instability as the primary instability. Accordingly, the associated eigenvalue 

is referred to as the primary eigenvalue. Due to the requirements of large computer 

memory, a slightly smaller value of rjoo — 25 is used. The numerical results obtained 
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E 

k = 0.3 
k — 0.5 

k = 0 .2 

c 
Fig. 3.10: For fixed values of k, E represents the difference between the results com-

puted by time marching and the eigen mode analysis {N = A and 7 = = 80). 

The trajectories above have been computed for k =0.2, 0.3, 0.5. Note, the time march-

ing procedure is deemed the most accurate of the two numerical methods because a 

greater refinement is possible in the computations. 

with N = A, and / = 80 steps in the 77-domain, agree extremely well with the data 

obtained from time marching. In figure 3.10, it is seen that the difference between the 

two approaches is predominantly confined to an absolute error of 0.03. This agreement 

also serves as a check on our numerical work and informs us that the time marching 

scheme has always attracted to the least stable solution. However, by using the Fourier 

analysis it is found that as ( —> 0.12" (i.e. as ( tends to 0.12 from the left side) the 

primary and secondary eigenvalues exchange positions, and what was the secondary 

instability for ^ < 0.12 is now the dominant instability and now has the most positive 

growth rate in time. Hence, the discontinuity in the neutral stability surface (see figure 

3.6) is caused by the original instability becoming subdominant. 

Before analysing the switching of the eigenvalues at ( % 0.12, it helps our case to 

study what happens prior to the discontinuity. For ( < 0.12, the primary eigenvalue 

is a continuation of the one associated with the Hele-Shaw cell instability, and shall 
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henceforth be referred to as the HS mode. Moreover, note that the primary/secondary 

instabihty character of the HS mode depends on the value of ( , and it will soon be 

clear that the HS mode is the primary instability for ( < 0.12. By fixing a value of 

k in the eigen code, and then following the HS mode for ( < 0.12, something very 

unsuspected occurs. If B is increased above its neural value i.e. where Re{^} = 0, 

the real part of the eigenvalue is found to be zero at two different values of B, see 

figure 3.11. The region between these two curves has Re{^} > 0 and is therefore 

unstable; accordingly, the regions below the lowest curve (L) and above the upper 

curve (U) are stable configurations. In addition, figure 3.11 clearly depicts the decay 

of the unstable region (i.e. the vertical distance between both curves) as ( ^ 0.12". 

For C ^ 0.13 the HS mode is stable, but slightly before this transition to stability, i.e. 

with Re{/^gg} > 0, the HS mode loses dominance and gives way to a new mode which 

then becomes the primary instability. For convenience we shall refer to this new mode 

as the 'S' mode, where the S abbreviates 'saddle'. 

In figure 3.12, the HS eigenvalue is plotted at ( = 0.12 for various values of k. 

For clarity, the curves are plotted for 0.38 < k < 0.41 because within this interval, 

the peaks on each curve rise with an increase in k. If k is increased beyond 0.41, the 

peaks descend back into the stable region and consequently overlap the curves plotted 

for 0.38 < k < 0.41. A more complete view of the neutral curves for the HS mode is 

seen in figure 3.13, which depicts the joining of the upper and lower neutral stability 

curves. Here it is seen that the finite region of instability diminishes as ( increases and 

subsequently vanishes for ( > 0.13. Thereafter the S mode dominates as the primary 

instability. 

Having observed the recessive behaviour of the HS mode, we can now interpret the 

surfaces computed by time marching with a better understanding. It is now recognised 

that the surface computed for ( > 0.13, see figure 3.6, corresponds to the S mode, 

whereas the HS mode is associated with the remaining smooth section of the surface 

originating from ( = 0. From figure 3.10 we observe that for ( < 0.12 (where the 

HS mode is dominant), the Fourier representation and time marching scheme produce 
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Fig. 3.11: The upper and lower neutral stability curves of the Hele-Shaw cell instability 

at A: = 0.46 i.e. Re{/i} = 0 on both curves and R e { / i } > 0 in the vertical range between 

these curves. 
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Fig. 3.12: The growth rate /z of the HS mode at C = 0.12 and 0.38 ^ A: ^ 0.41, with 

Ak = 0.005. 
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Fig. 3.13: The upper and lower neutral stability curves for the HS mode with 0.10 ^ ^ 0.12. 

Here, Re{/i} > 0 within each circular loop and Re{/z} = 0 on the boundary. 
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AT = 4 , / = 72 

N = 4 , 1 = 1 5 0 

0.12 

Fig. 3.14: The error associated with computing the upper stability curve at k = 0.4. 

The upper curves are computed with { N , I ) = (4,72) and (4,150) and the absolute 

difference with the value of B obtained with { N , I ) = (6,100) is denoted by |AB|. 

results that are in good agreement [E < 0.01). Whereas the data computed for the 

S mode is slightly more discrepant with 0.005 < E < 0.03. This suggests that the 

Fourier representation is in need of more terms as B increases. This idea is supported 

by the fact that E decreases (see figure 3.10) on both sides of the discontinuity i.e. in 

the same directions where Bmin is decreasing. 

The requirement of more modes and smaller mesh sizes is also evident in figure 3.14. 

Here the upper curve is followed using various values for N and I (= rioo/^rj)- For 

0.065 < C ^ 0.12, all the trajectories are in good agreement, see figure 3.14. However 

at ( % 0.065 (where B « 28), the various solutions begin to disagree. For ( > 0.065, 

it is found that the agreement between the results obtained with {N,I) = (6,100) and 

(4,72), is better than corresponding agreement between {N,I) = (6,100) and (4,150), 

see figure 3.14. This implies that the accuracy is profoundly improved by increasing 

1, whereas a modest improvement is gained with an increase in N. Hence in this case, 

the trajectory computed with {N, I) = (4,150) gives the best approximation. In light 
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of this result, one may expect to encounter some numerical difficulties with the Fourier 

code, when 5 ^ 28 on the neutral stability curves. 

3.3 .2 Search for t h e saddle po in t 

Prom figures 3.6 and 3.13, it is clear that the neutral stability surface corresponding 

to the HS mode does not have a saddle point on the (-axis. However, there is a strong 

possibility that a saddle point exists for the S mode. Prom figure 3.6 it is seen that 

the neutral surface for the S mode decays for ( > 0.13. This implies that if a saddle 

point exists for this mode, it is likely to be located in A;-space with ( < 0.13. 

Since the HS mode is the primary instability for ( < 0.13, the numerical code is 

set to follow the eigenvalue that corresponds to the second least stable mode. Con-

sequently, we obtain the required continuation of the S mode neutral surface. Since 

Bmin is likely to increase very rapidly, producing a full neutral surface (with refined 

settings) would be very inefiicient. Instead, a few trajectories (corresponding to neu-

tral stability) are computed for some fixed values of k with {N,I) = (6,90), see figure 

3.15. Prom this diagram it appears that the saddle point is located within the vicinity 

of C = —0.02. Accordingly, the search is concentrated within this area and the neutral 

surface is computed with a finer grid, see figures 3.16 and 3.17 (the large dark arrow in 

these figures indicates the presence of the saddle point). Moreover, close to the location 

of the saddle point, it is found that parts of the neutral stability surface are crumpled. 

However, in this case we do not relate these discontinuous regions to the involvement 

of another mode dominating over the S mode, and we shall return to discuss this issue 

later. 

Although the saddle point is located close to the discontinuous region of the surface 

(separated by a gap of Ak % 0.04), see figure 3.18, it is found that the saddle point is 

perfectly preserved. In view of this result, a parabola minimising technique is used to 

home in on the critical values (ko,BoXo)- Moreover, the location of the saddle point 

is calculated with (N,I) = (6,100) and (8,100). Accordingly, the values of&o, BQ and 
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- 0 . 3 - 0 . 2 5 - 0 . 2 - 0 . 1 5 -0 .1 - 0 . 0 5 0 0.05 0.1 

Fig. 3.15: The lower neutral stability curves of the S mode instability. These trajec-

tories are computed for k = 0.20, 0.32 and 0.40 with {N,I) = (6,90). 

B 

0.09 

0.2 - 0 . 0 3 

Fig. 3.16: The lower neutral stability surface of the S mode. This surface is computed 

with (TV, 7) = (6,90). 
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cq 

Fig. 3.17: The lower neutral stability surface of the S mode. This surface is computed 

with {N,I) = (6,90). 
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C = - 0 . 0 1 6 

C = 0.0 C = -0.032 

Fig. 3.18: The neutral stability curves for the S mode at ( = 0.0, —0.016 and —0.032, 

calculated with {N,I) = (6,90). 

Co are found to be 

(fco, 5o, Co) =(0.30829, 21.27468,-0.016775) with (AT,/) = (6,100) and (3.68a) 

{ko, Bo, Co) =(0.30178, 21.402745,-0.017150) with (TV, 7) = (8,100). (3.68b) 

The energy spectrum corresponding to each of the results in (3.68) are shown in figures 

3.19 and 3.20. As required, the spectrum in each case decays rapidly to zero. This 

implies that the representation of the eigen functions, is appropriately captured by the 

number of Fourier modes used in each case. The two results for Bq in (3.68) are within 

0.6% of each other, and so the value of SQ in (3.68b) is accepted as a converged result. 

Accordingly, the asymptotic form of a , at which the S mode instability is initiated, is 

given by 

a = 2 1 . 4 0 / + . . . as # —>• CXD (3.69) 

It is interesting to note that this result for B q is approximately 4.8 times the size of the 

corresponding value for the Hele-Shaw cell configuration. Consequently, this implies 

that the flow within a circular pipe is more stable. 
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Fig. 3.19: The energy spectrum of the S mode near the saddle point, calculated with 

{N,I) — (6,100). Here, ||w||^ = ww*, where the asterisk denotes complex conjugate. 
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Fig. 3.20: The energy spectrum of the S mode near the saddle point, calculated with 

{N,I) = (8,100). Here, ||w||^ = ww*, where the asterisk denotes complex conjugate. 
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Let us now return to the issue concerning the crumpled region in the vicinity of 

the saddle point. In this particular case, the discontinuity is caused by a dominating 

mode that appears sporadically and has Im{^} ^ 0. The appearance of this mode 

is brought about by the numerical inaccuracies in the scheme. These inaccuracies 

are probably incurred by using a step size that is too large or perhaps by using an 

insufficient number of Fourier modes. Although the step size and the number of Fourier 

modes, being used in these calculations are sufficient for S mode, they are insufficient 

for calculating the other eigenvalues of (3.65) i.e. the eigenvalues that correspond 

to the tertiary and quaternary instabilities. Under these circumstances, the Fourier 

code sorts the eigenvalues incorrectly by listing an unconverged sporadic eigenvalue 

in place of the S mode eigenvalue. This results in the eigenvalue for the S mode 

being placed lower down in the hierarchy of the dominating instabiUties. Hence the 

discontinuities near the saddle point are the result of an unconverged eigenvalue in the 

numerics. Moreover, since the real and imaginary parts of the sporadic eigenvalue vary 

erratically with small changes to (fc, B, () , it is clear that this mode is not an authentic 

solution to (3.65). Fortunately, since the saddle point is preserved, there is no need to 

adopt another strategy to follow the neutral surface of the S mode instability. 

3.4 Conclusion 

In this study, the onset of a new roll-type instability (as observed by BM [10]) is 

investigated for the flow in a torsionally oscillating pipe. This problem is considered in 

the small-amplitude and high-frequency limit. Moreover, the theory of Soward & Jones 

[82] is used to find physically acceptable solutions of the governing stability equations. 

In order to accommodate the slow variation of 9 (in the stability equations), the 

velocity perturbation is represented in the WKBJ form. Consequently, this leads to 

an eigenvalue problem for B, where a = B / T h e task thereafter is to minimise 

B with respect to 0 and the wave number k. However, in order to minimise B ap-

propriately, it is necessary to extend the search for the required saddle point into the 

complex 0-plane. 
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By time marching the stability equations, it is found that the neutral stability 

surface is discontinuous at ( % 0.12 (see figure 3.6 on page 203, note 6 = iQ. Since 

there are no saddle points on either side of this discontinuity, it is necessary to pursue 

the search by using a Fourier series representation for the velocity perturbation (u, w). 

By using the Fourier representation, it is found that the stability surface for the HS 

mode does not give the required saddle point. Moreover, for fixed values o f ( , it 

is found that the growth rate for the HS mode is zero upon circular trajectory (as 

opposed to curve shaped like a catenary), see figure 3.13. This circular region becomes 

smaller as ( is increased and eventually vanishes at ( % 0.12. Consequently, the HS 

mode is stable for ( > 0.12. In view of this result, the eigenvalue corresponding to the 

second least stable mode (the S mode) is investigated and a saddle point is found at 

C ~ —0.017, see (3.68). In this case, the value of B q is roughly 4.7 times larger than 

the value corresponding to the Hele-Shaw cell. In addition, the instability at this value 

of B q is synchronous with the basic state because l m { / i } = 0. Despite an exhaustive 

search in the (-plane, no subharmonic instabilities were found to exist. Moreover, the 

latter result echoes the findings in the investigation by Aoidef et al. [2], who study the 

oscillating Hele-Shaw cell for 0(1) values of a and <?. In the study by Aoidef et al, 

all the perturbations were found to be synchronous with the basic state, and this was 

also found to be the case in a separate investigation by Hall [36]. 

In our Fourier analysis, it is found that when B % 28, the settings in the numerical 

code need to be refined i.e. N needs to be larger than 6 and I needs to be larger than 

100 (here, the number of Fourier modes is 2A^ + 1 and A77 = and rjoo = 25). For 

this reason, the upper surface corresponding to the S mode has not been computed, 

and the existence of a saddle point on the upper surface remains open to investigation. 

If a saddle point does exist on the upper surface, it would be interesting to investigate 

its physical relevance to the experimental observations of BM [10]. In the experimental 

investigation of circular pipe, BM report that the final configuration of the instability 

is sensitive to the initial state of the fiuid in the pipe, see figure 3.1. Under some 

circumstances, two rolls are seen in the pipe and the interface between these rolls is 
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typically turbulent. To this date, the flow in a circular pipe has not been characterised 

in detail, and the exact circumstances that give rise to the latter turbulent state are 

still unknown. 

It is also worth mentioning that in the investigation by Aoidef et al. [2], it is 

found that the stability curve bifurcates at # % 51.6 and a « 5.8. As # is further 

decreased, two additional bifurcations take place and the interval, A # , between each 

of these bifurcations decreases successively, see figure 4 of [2]. It is envisaged that a 

similar 0(1) analysis for the circular pipe, may shed some light on the turbulent roll 

state observed by BM. However, due to the complicated nature of such a numerical 

pursuit, it is likely that further theoretical developments will not be made, unless an 

experimental analysis of the pipe configuration is conducted first. 

It is hoped that the present study off'ers an interesting insight into the roll-type 

instability observed in a torsionally oscillating pipe. Moreover, the findings in this 

study, are unlike those reported for the flow between two spheres, see Soward &: Jones 

[82]. In the latter study, the required saddle point is located on a continuation of the 

neutral curve that corresponds to the flow between two cylinders. In this respect, the 

present study is interesting because the primary instabiUty of the HS mode, is not 

responsible for initiating the same instability that develops in the pipe configuration. 
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