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ABSTRACT 

Experimental work- has been carried out to investigate the flow of a 

supercritical stream of water merging with a deeper and subcritical stream 

flowing in the same direction. The characteristics of the supercritical 

stream were controlled by a sluice gate. A dividing wall inserted inside 

a rectangular flume separated the two parallel streams and the flow depth 

of the sub-critical stream was controlled by a downstream discharge-weir. 

Two particular properties of the flow were studied in detail, the formation 

of the hydraulic jump between the supercritical and subcritical flows,and 

the diffusion of the resulting jet. 

Three basic forms of the hydraulic jump were observed: oblique, normal 

and submerged. The properties of the jumps were measured, and the effects on 

the jumps of the subcritical flow were investigated down to the limit of zero 

flow. The results were compared with two-dimensional theory of hydraulic jumps 

and the available information on jumps forming at abrupt expansions in rect-

angular channels. The effect of the uniform stream on the formation of the 

jump was found to be small. A survey of the literature revealed a surprising 

.lack of information on three-dimensional (spatial) forms of the hydraulic jump. 

The present experiments would appear to be the first in which the effect of 

the uniform stream on a hydraulic jump has been considered. 

The rate of growth of the sluice jet and the decay of its maximum velocity 

were calculated from velocity profiles measured across the flow. Dynamic simi-

larity conditions were specifically investigated and three distinct regions of 

flow were found: (a) a wall region close to the flume wall; (b) a free-mixing 

region of turbulent flow; (c) an outer region of uniform flow. The experimental 

results were compared with other work on two-dimensional turbulent jets of in-

compressible fluid and found to agree well with measurements of wall-jets 

diffusing in a uniform stream. 
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- INTRODUCTION 

The initial aim of the present research work in the field of 

Civil Engineering Hydraulics was to investigate the flow character-

istics of a fast stream merging with a slow stream at different angles 

and to attempt a general analysis of the flow conditions in an open-

,channel junction. The flow through a channel junction is a phenomenon 

that involves numerous variables, such as the number of adjoining 

channels, the angles of intersection, the shape and slope of the 

channels, the directions and discharges of flow, the rounding of 

corners at the intersecting channels, etc. (4,70,71). Owing to the 

complexities of the boundary geometry and the presence of a free 

surface, the behaviour of the flow at the junction is not, in general, 

amenable to a completely theoretical analysis. In engineering practice 

most of the problems concerning channel junctions are studied in re-

duced scale models. 

Taylor (70) investigated the specific cases of combining and 

dividing flow when the flow conditions in each channel were sub-

critical. The analysis of dividing flow is considerably more 

difficult than that of combining flow because the flow depth in 

the tributary channels at the junction is controlled by the tail-

water levels in: the combined channel (69,70). When one (or more) 

of the adjoining streams in a combining flow situation is super-

critical, the flow conditions become more complicated and a hydraulic 

jump may form at the junction depending upon the characteristics of 

the junction design, the discharge and depth of flow in the adjoining 

channels (4,68). If the flow conditions are supercritical throughout 
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the whole junction a complex pattern of cross waves will be propagated 

for a considerable distance downstream before being damped by the channel 

friction (4,26). 

Preliminary visualization tests in the flow characteristics of a 

fast stream of water merging with a uniform stream flowing in the same 
• 

directiOn or in an opposite direction were carried out in an Ahlborn 

tank (Section 2.5-1). The tests revealed the existence of several forms 

of hydraulic jumpsand, for certain conditions, important undulation in 

the free surface of the downstream merged flow. The characteristics of 

the turbulent jet (supercritical stream) diffusing into the deeper flow 

of the surrounding medium varied with the flow conditions. The flow 

pattern with both streams flowing in the same direction was the most 

stable, and for that reason the tests in the laboratory flume (Section 

2.4) were started with that simple situation. 

Three basic forms of the hydraulic jump were'observed, being 

identified as oblique, normal and submerged jumps. The oblique and 

normal forms of the jump appeared at the end of the wall separating the 

two parts of the channel. For higher tail-water levels, normal or 

submerged hydraulic jumps would form well inside the channel. The 

laboratory arrangements described in Chapter II (with the test pro-

cedure), could have been employed to study the two limiting cases of 

a channel junction flow in which a supercritical stream intersected 

a subcritical stream at an angle of 0°  or 180°. The complexities in 

the different forms of the hydraulic jump observed and the limited 

amount of time available made it impossible to investigate the charac-

teristics of the counter-flowing streams. 

—2— 
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The hydraulic jump is not only an effective mean of reducing the 

mean flow energy of a supercritical stream, but also a very efficient 

mechanism of increasing (abruptly) the depth of the flow and restoring 

its conditions of uniformity (4,12,36). Depending on the position and 

direction of the front, the hydraulic jumps observed were called oblique, 

normal or submerged jumps. The hydraulic jump with a front normal to 

the direction of the flow is the most common form of the jump found or 

designed in Civil Engineering practice. If the position of a normal 

jump in a channel is at an abrupt expansion of its cross-section, then 

a hydraulic jump under spatial conditions will occur (24). The results 

of previous investigations in normal hydraulic jumps forming at an 

abrupt expansion (33,38) were compared with the present results. A 

new aspect of the problem, the effect of a uniform stream on the 

formation of the jump, was investigated: It was confirmed that the 

spatial hydraulic jump requires a smaller tail-water level than the 

classical two-dimensional jump with the same inflow conditions (25,38). 

The effect of the uniform stream is to cause slight increase in the tail-

water levels. 

The tests on normal and submerged hydraulic jumps were carried out 

with a supercritical stream 3.0 cm deep and a range of Froude numbers 

for the fast and slow streams varying between 2.3 to 4.6, and 0.0 to 0.65. 

Only a qualitative analysis was possible on the flow through oblique jumps. 

These were produced by a difference in depth between the fast stream and 

the subcritical flow, and in this sense they differ from the oblique jumps 

analysed by Ippen (26,27) which were produced by the deflection of a wall 

into a supercritical stream. 



0 

The characteristics of the flow further downstream in the (combined) 

channel and, in particular, the diffusion of the fast sluice discharge 

in the uniform stream were also analysed in the present research. A 

review of the theoretical background on turbulent shear flow (8,13,16) 

was made. The motion of a turbulent jet is defined by the Navier-Stokes 

equations but, due to the non-linearity of these equations, there is no 

general solution to the problem. 'The similarity solution approach is 

often applied in the analysis of turbulent jet flow and is based on the 

fact that the diffusion characteristics of turbulent jets are dynamically 

(similar when the jet Reynolds number is not too low. It pre-supposes that 

the turbulent structure of the flow is self-preserved in the diffusing 

jet. This simplified solution is valid for incompressible fluids in 

which the effects of temperature, viscosity and surface tension are 

neglected. 

In the laboratory, half-depth velocity profiles were measured at 

seven cross-sections of the flow with a mini-current meter and a Pitot-

static tube. The quality of the measurements was checked through an 

impulse-momentum analysis and an evaluation of the energy dissipated in a 

normal hydraulic jump was performed. The velocity measurements were 

used to investigate the similarity of the velocity profiles at each 

section of the flow and to calculate the growth of the jet and the 

decay of maximum velocity of the jet. Three regions of flow were 
.9A4 

observed in the diffusion of the jet: (a) a wall-7' controlled by 

the growth of the boundary layer along the flume wall; (b) a free 

mixing region where the velocity profile could be represented by an 

exponential curve of Gaussian type; (c) an outer region of uniform 
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flow. The experimental results were successfully compared with two-

dimensional turbulent free jets and wall-jets spreading throughout a 

uniform stream or a medium at rest. 

The free surface of the merging streams was found to be disturbed 

by waves, standing or travelling in the flume, which were of considerable 

amplitude in the flows involving an oblique hydraulic jump. Progressive 

waves are known to occur downstream of a hydraulic jump and they are un-

desirable because of the damage they can produce to the earth embankment 

and their interference with the measurements and operation of gauging 

stations. These waves are irregular in height, and period and their 

statistical distribution depends on the Froude number of the super-

critical flow (61). One of the characteristics of a flow pattern with 

oblique jumps was the system of standing waves crossing the diffusing 

jet and being reflected, successivelly, from the wall of the flume 

and the shear boundary separating the jet from the surrounding medium. 

This pattern of waves resembled the shock waves found in the discharge 

of a free supersonic jet. Large waves travelling downstream in the flume, 

and waves parallel to the shear boundary of the jet were observed and 

have been photographed. Unfortunately, no time was available to in-

vestigate further the characteristics of these waves. 

The basic equipment used to carry out the present experimental work 

consisted of a wooden partition set inside a metal flume in the Hydraulics 

Laboratory. The two channels so formed had independent supplies of water 

and the depth of the supercritical stream was controlled by a sluice gate. 

The depth of the uniform subcritical stream was controlled by a weir at 

the downstream end of the flume. The flow rates of the streams were 



measured by an orifice plate (supercritical stream) and a Venturi-

meter (subcritical stream) in the pipes supplying each channel. Water 

levels and depths of flow were measured either by point gauges or by 

pressure tappings. Flow velocities were measured with a Pitot-static 

tube and a mini-current meter. 

In brief, the hydraulic jump tests were conducted in the following way: 

(a) the bharacteristics of the supercritical stream (d
l' 

 Fr
1 
 ) were con-

trolled by the aperture of the sluice gate (dsu), and the discharge of 

the orifice plate (Q0R); (b) the form of the hydraulic jump to be studied 

was set in the flow by a convenient control of the tail-water levels in 

the flume (d23); the Froude number of the uniform flow (Fr2) was determined 

by the Venturi-meter discharge (gvE) and the depth of the flow in the 

downstream channel (d
2 = d23

).-  The characteristics of the jet diffusing 

in a uniform stream were investigated in the following particular con-

ditions: (a) normal hydraulic jump forming inside the sluice channel; 

(b) supercritical stream: di  = 3.0 cm and Fri  = 2.3; (c) uniform stream: 

a
2 

= 7.8 cm and U
2 
= 22.8 cm/s. All the tests were carried out with the 

bed of the flume in a horizontal position. 

Through the text 65 references are mentioned. The references were 

grouped under the following four headings: (a) Basic references: which in-

clude 17 textbooks; (b) Hydraulic jumps: which include 19 papers and 

theses; (c) Turbulent jets: with 18 papers and theses; (d) Other 

references: including 11 papers or theses in subjects only generally 
related to the subject investigated. 

—6— 



II - LABORATORY EQUIPMENT AND TEST PROCEDURE 

2.1 - LABORATORY ARRANGEMENTS 

The basic equipment used in the experimental work carried out in 

this study consisted of two parallel channels, with separate supplies 

of water and independent control of the water levels inside each. A 

schematic representation of the two channels is given in Fig. 2.1-1. 

2.1.1 - Metal Flume 

The 11.70 m long steel flume of the Civil Engineering Hydraulics 

Laboratory at Imperial College was used to investigate the flow charac-

teristics of a fast stream of water merging with a slow and deeper uni-

form stream flowing in the same direction. In Fig. 2.1-2 a general view 

of the metal flume is presented. 

The flume, of rectangular cross-section, was 0.76 m wide and 0.46 m 

deep. It had a wedge mechanism which allowed adjustments in the slope 

of the channel, but all the experiments were carried out with the bottom 

of the channel in a horizontal position. Every day, at the end of the 

tests, the channel was sloped to help the drying of the metal flume and 

avoid corrosion. The water was supplied to the flume through a 0.20 m 

diameter pipe which discharged vertically into a small inlet chamber 

0.76 m long, 0.76 m wide and 0.56 m deep. At the entrance of the 

channel was fixed a honeycomb baffle, 0.24 m thick. The tail water 

level was controlled, at the end.of the flume, by a combined arrange-

ment of a Tainter gate and a simple weir structure. The weir, which 

was made of two wood plates and nine cylindrical rods of 1.3 cm diam-

eter, was used for a coarse control of the flow depths inside the flume. 
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The Tainter gate provided a finer control of the same water levels. At 

the end of the flume an outlet chamber, 0.67 m long, 0.87 m wide and 0.67 m 

deep, discharged into the sump of the laboratory through a 0.30 m pipe. The 

adjustable weir was located at the entrance of the outlet chamber. On top 

of the side walls of the flume a set of rails allowed an instrument carriage 

to be moved along the flume. 

2.1.2 - Wood Structure 

A simple and economic structure of wood was fitted inside the metal flume 

to divide the flume into two smaller channels, 0.20 m and 0.54 m wide, respec-

tively. A sheet of wood 20 mm thick, 2.00 m long and 0.45 m high, with a 

was 
sluice gate/fixed to the right wall of the metal flume (looking in the dir- 

ection of the flow), and the joints were carefully sealed with plasticine. 

The sluice gate controlled the water depth in the smaller channel. 

The water was supplied to the 0.20 m channel by a 0.10 m diameter vertical 

pipe. This pipe discharged in a small inlet chamber 0.35 m long, confined by 

three perforated manifold sheets. In the other end of the channel a sluice 

gate controlled the supercritical velocity and depth of the fast discharge 

into the wider channel, so that the range of Froude number tested varied 

between 2.0 and 6.0. The discharge under the sluice gate was faster and 

shallower than the uniform stream of the wider channel. The edge of the , 

wood sluice gate was protected with a sheet of metal. The fast stream was 

separated from the deeper water of the other channel by a dividing wall 

0.10 m long and 0.02 m thick. The tests revealed that this length of wall 

was not long enough for the higher discharges from the sluice when normal 

hydraulic jumps were formed inside this channel. The jump did not remain 

in the same position in the channel, and usually caused an early submergence 

of the sluice gate. 
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A transition profile 0.60 m long was used at the entrance of the 

wider channel in order to reduce the 0.76 m wide cross section of the 

metal flume to a width of 0.54 m. 

2.2 - WATER SUPPLY 

The main supply of water in the Hydraulics Laboratory consisted of a self-

contained circuit in which the water of the sumps was pumped up into several 

head tanks and then distributed, at constant pressure, to the flumes and 

equipment of the laboratory. The two channels inside the metal flume were 

supplied independently from the low head tank of the'laboratory which had a 

capacity of 88.5 m3  and was supplied by a single low head pump (13.5 m head, 

of water, and 24.3 Kw). 

The water was supplied to the flume through a 0.20 m diameter pipe and 

was measured by a standard Venturi-meter tube with a throat ratio of 1-5.25. 

The Venturi-meter was connected to a differential manometer filled with 

mercury. The calibration curve of this instrument was previously made by 

Gill (65 ) and the results were checked in this study against the depth-

discharge curve of the downstream weir of the flume. Discharges up to 

60 1/s were controlled by a gate valve. Important vibrations in the 

flume were observed at the beginning of the tests due to the impact on 

the flume of the jet which issued under the gate of the valve. The valve 

was moved back 2.0 m from its position at the exit section of the vertical 

supply pipe and a manifold plate (which dissipated part of the energy of the 

jet) was placed immediately downstream from the valve. This arrangement 

proved to be satisfactory. 

The small channel was supplied through a 0.10 m diameter pipe, the 

volumetric discharge being controlled by a gate valve and measured through 
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an orifice plate of 4 cm diameter (D). The orifice plate with'D and D/2 
tappings was designed according to B.S. 3680 to measure discharges up to 

30 l/s. The pressure tappings were connected to a differential mercury 

manometer. 

2.3 - FLOW MEASUREMENTS 

EffiFient and accurate measurements are absolutely essential for correct 

conclusions in the various fields of Fluid Mechanics research. In the present 

experimental work, water levels and flow depths, flow rate discharges, and 

local velocities were the flow variables measured throughout the tests. 

The details of the installation and operation of the various measuring 

devices used are described in this section. 

2.3.1 - Water Levels 

The water levels and the depth of the flow at different points in the 

flume were measured either by point gauges or by pressure tappings connected 

to piezometric tubes. The locations of the nine tapping points (P1,P2..., P9) 

drilled in the bottom of the flume are given in Fig. 2.1-1. The pressure 

tappings were connected to the tubes of a piezometric board by plastic tubes, 

and were calibrated in still water against a point gauge which could read 

accurately up to 0.005 cm. 

The mean depth of the stream in the wider channel was measured at point 

P
1 
(Fig. 2.1-1) and was always controlled by a point gauge. The free surface 

of the merged streams was highly disturbed by progressive waves which were 

'reflected at both walls of the flume. For certain conditions a set of 

standing waves was observed over the jet of the sluice discharge diffusing 

downstream in the main channel as well. The readings of a point gauge in 
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these conditions would be inaccurate, and instead pressure tappings were 

used, to measure the mean depth of the flow. The estimated accuracy of 

the pressure measurements was 0.1 cm. 

A direct measurement of depth in a supercritical stream is always in-

accurate due both to standing waves in the free surface (generated at the 

boundaries of the flow), and to its shallowness. A tapping pressure measure-

ment is inadequate because of the fast characteristic of the flow. Alternatively, 

the depth of the fast stream was calculated from the energy equation applied to 

the flow of the sluice gate, for which the approaching velocity and the energy 

dissipated at the gate were neglected. The correspondihg depth was measured in 

a scale and the discharge by the orifice plate. The depth of the fast stream 

was calculated with an accuracy of 0.05 cm, This depth could be evaluated 

by a coefficient of discharge for the sluice gate of 0.60. 

2.3-2 - Discharge Calibration Tests 

Orifice Plate  

An orifice plate of 4 cm diameter was designed to measure the volumetric 

discharge in the fast channel. The orifice plate was connected to a differ-

ential manometer and was calibrated in a volumetric tank with a cross-section 

area of 23.6 m2. 	Inside the tank, the water levels were measured with a 

magic eye point gauge, which could read precisely up to 0.01 cm (maximum depth 

measured - 0.82 m). The volume of water in the tank was measured within 1%. 

The time of the discharge was controlled by a stop-watch with an accuracy of 0.1 

of a second. Linear scales, with intervals of 0.2 cm, were used to measure the 

water levels in the manometer tubes. Manometer heads were measured within 1.5%. For 

r 
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discharges smaller than 8 1/s a water manometer (H2
0) was calibrated and, 

for greater discharges up to 30 1/s, a manometer filled with mercury (Hg) 

was used. The calibration curve of the mercury manometer is shown in Fig. 2.3-1. 

Two simple expressions for the discharge of the orifice plate have been 

calculated, and appear in Appendix A, 

QOR 

QOR 

= 

= 

3'43  

0.98 

(61111g)2  

(AhH  0)2 
2 

(8 < Q0R.<30 (Vs)) 

(Q01(  8 (l/s)) 

(1/s) 	(cm) 

in which the discharge of the orifice (Q0E) is expressed in (l/s), and the 

mercury (AhHg) and the water (AhH 0) manometer heads are expressed in (cm). 
2 

Venturi-meter  

The existing calibration curve of the Venturi-meter (65) was checked. 

The results of the orifice calibration were used to calculate a depth-

discharge curve for the downstream weir of the flume. Good agreement was 

found between the discharges of Gill's Venturi rating curve (65 ), which 

was a straight line fitting a logarithmic plot, and the corresponding values 

measured from the depth-discharge curve of the weir. A maximum difference 

of 2.7% was observed. All the results are presented in Appendix A. 

From Gill's experimental points, an empirical expression was calculated 

for the Venturi calibration curve 

1 

QVE = 9.6 (AhHg)2  

where the discharge (Q) is expressed in (1/s), and the mercury manometNt4 

head (AhHg) in (cm} 

• 
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2.3.3 - Mean Velocities 

Both a Pitot-static tube and a mini-current meter were used to measure 

local velocities at different points of the flume so that velocity profiles 

could be drawn for different sections in the merged flows. The simultaneous 

use of both measuring devices doubled the number of measurements made during 

tests and allowed comparison of the particular velocity measurements of each 

instrument. The current meter proved to be a more sensitive instrument in 

the range of conditions tested. The maximum velocity measured was 74.8cm/s. 

Pitot-static Tube  

The general equation for a Pitot-static Tube, when it is used to measure 

velocity (V), is 

-Pi 
• V = 15; ( 217)2  

where (Ps
) is the stagnation pressure, (P) the static pressure, (w) the 

specific weight of the water, (g) the gravitational acceleration, and C an 

instrument coefficient, which is nearly equal to unity for most instruments. 
P - P 

The differential pressure head ( s 	) can be read direct in a differential 

pressure-manometer (Ah). The expression used to calculate the approximate 

• velocity was 

V = 44.3(Ah)2  

(cm/s) 	(cm) • 

The Pitot tube was fixed to an adjustable point gauge installed on a 

trolley support which could be moved along the flume, and was connected 

• 
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to a. differential-manometer of water. The water levels in the manometer 

tubes were measured with a travelling microscope reading accurately up to 

0.01 cm. A systematic error in the manometer zero reading was detected, 

for when the two tubes of the manometer were connected, a zero head value 

was not read, but an average reading of 0.15 cm was always found, which was 

subtracted from all manometer heads. Two possible explanations for the 

residual zero reading are capillarity effects inside the small diameter 

manometric tubes, and an error in the levelling of the microscope itself. 

The calibration of the Pitot-static tube was not carried out during 

the tests. However, the velocity measurements of the Pitot-tube were 

compared with the measurements of a calibrated mini-current meter, and 

correlation was found to be satisfactory. The range of manometer. 

heads varied between 0.20 cm and 2.90 cm. The smaller heads were 

difficult to measure with accuracy, and therefore the velocities cal-

culated from them were not very reliable. It was observed that the 

values of velocity smaller than 20 cm/s were not consistent, which 

implied that the Pitot-tube method was not adequate for such a range 

of velocities. Consequently, it was decided to repeat the same measure-

ments with a current-meter. 

Mini-current Meter  

A miniature current flowmeter provided with an electronic unit to count 

the revolutions of the propeller was also used in the measurement of local 

velocities in the confluent streams. The electronic unit could count auto-

matically the revolutions in a period of 10 seconds, stop for 30 seconds, 

begin a new count for 10 seconds, and stop again, and can continue this 

process for as long as required. Testing the current meter it was found 



that the value of successive readings of the propeller revolutions could 

vary by more than 10%, probably due to unstable conditions in the local 

flow around the propeller. Consequently, the mean value of the velocity 

had to be averaged from several readings. A small variation with time was 

also observed in the averaged value of the velocity (4.5% in an interval 

of 3 hours and 45 minutes). Therefore, a simple method to carry out the 

measurements which could correct both of the effects mentioned before 

was required. It was found necessary to run the current meter equipment 

for half an hour before taking any reading. At each point, five readings 

of the propeller meter (number of revolutions in 10 seconds) were taken and, 

after five minutes, a second series of readings was made. The ten readings 

were averaged and the flow velocity was calculated from the calibration curve 

of the instrument. The accuracy -of this simple method to measure the velocity of 

the flow was estimated to be within 1%. 

The current meter proved to be a more sensitive instrument for measuring 

velocities in the range of 10 cm/s to 80 cm/s than the Pitot-static tube. 

In general, the current meter velocities were found to be smaller (7%) 

than the corresponding values of the Pitot-static tube. Variations of 

50% in the values of the propeller readings for velocities smaller than 

10 cm/s suggested this method also to be unreliable, for that range of 

velocity. 

2.4 - TEST PROCEDURE 

The experimental apparatus and the measuring equipment used to carry 

out the present work have been briefly described in the previous sections. 

The test procedures employed to conduct the experiments are detailed now. 

The research was initially concentrated in the hydraulic jump formed close 
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a 

to the exit section of the fast channel, and later in the characteristics 

of the sluice jet diffusing downstream in the flume. 

2.4.1 - Jump Classification Tests 

In this series of tests a constant aperture of the sluice gate of 

5.0 cm was used, which corresponds to an approximate depth of 3.0 cm for 

the fast stream. The water levels in the downstream end of the flume were 

controlled by a combined operation of the Tainter gate and the weir structure. 

For each discharge of the sluice gate the tail water depth of the flume was 

adjusted, in order to reproduce the three basic forms of the jumps (which were 

found to be oblique, normal and submerged hydraulic jumps, and are described 

in Chapter 3). Eight different discharges were used in the tests corresponding 

to a range of Froude numbers for the fast (supercritical) stream of 2.1 to 4.9. 

For the higher Froude numbers it was observed that the deeper water in the 

Main channel circulated around the edge of the dividing wall and spilled 

over the thin jet producing an early submergence of the sluice gate. This 

effect could have been avoided completely if the dividing wall had been longer. 

The actual length of-the wall (10 cm), in spite of not being long enough, 

proved to be satisfactory for most of the conditions investigated. No 

water was supplied to the wider channel in these tests, but it was con-

firmed later that the effect of,the slow stream on the jump formation is 

small. 

The discharge of the fast stream (Q1) was measured at the orifice plate. 

The mean velocity (O'
1
),which was assumed to be uniform, was calculated from 

the-orifice discharge and the dimensions of the cross-section of the flow 

(d1 
 = 3.0 cm; b

1 
 = 20 cm). The flow depths downstream of the jump were 

'  

measured at tapping points (P2  and P3), which were placed in the middle of 

the flume at 1.00 m and 2.80 m from the edge of the dividing wall. The mean 
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averaged value of these two depths was taken as the characteristic depth 

of the downstream flow (d23). Typical water surface profiles are sketched 

in Fig. 2.4-1. 

2.4.2 - The Effect of a Uniform Stream on the Jumps 

In these tests the same depth for the fast flow (di  = 3.0 cm) was used, 

and well defined forms of the hydraulic jump occurred at a Froude number (Fr
1
) 

of 2.3. Different values of depth and velocity of the uniform stream were 

used to investigate the effect of this stream on the three basic forms of 

the jump. 

The depth of the uniform stream (d2) was m ea sured by a pressure tapping 

at point (P
1
) in the flume. This measurement was always checked with a point 

gauge, and it was used to calibrate the measurements of the tapping points 

connected to a piezometric board. The depth (d2) was controlled by the 

tail water level in the flume. The discharge (Q2) was measured by the 

Venturi-meter in the pipe supplying the flume. The Froude numbers (Z1-2) of 

the slow stream flow varied between 0.0 and 0.7. 

2.4.3 - Scale Effects in the Depth of the Fast Stream 

Hydraulic Engineers very often use small scale models to investigate 

solutions for the practical problems encountered in their work. In modelling 

the physical conditions of a specific situation, it is very convenient to know 

how small the model may be made. The scale effects will be greatest in the 

fast flow and will depend on its depth. The measurements of depth made in 

the fast stream collapse on to one single curve for a depth of flow (d
1
) 

greater than 3.0 cm. The marked discrepancies of the experimental results 

/vm 
for the streams 2.0 and 2.6Adeep are explained in terms of boundary layer 

'growth. It was calculated that the boundary layer thickness at the edge 
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of the dividing wall was of the order of 0.3-0.4 cm, representing 15 to 

20% of the depth of the fast stream. Results of the tests are given in 

Appendix ID, and plotted in Fig. 2.4-2. They show that the Reynolds number 

of the fast flow (based on the depth of the flow) varies between 20,000 

and 85,000. 

The tests were carried out with five different apertures of the sluice 

gate corresponding to'depths of (di  = 2.0; 2.6; 3.0; 3.5; and 3.8 cm) for 

the sluice stream. The tail water depth in the flume was adjusted by the 

Tainter gate and well-defined normal hydraulic jumps were set inside the 

fast channel. No discharge was supplied to the slow channel. Froude 

numbers (Fr
1 
 ) ranging from 2.1 to 6.1 were tested. In flows with higher 

Froude numbers (unstable location of the jump), the classification of 

the form of jump (whether it was an intermediate normal-oblique jump, 

a normal hydraulic jump, or a normal-submerged jump) was difficult. In 

these cases the length of the dividing wall of the channels was extended 

with a thin plate of metal 20 cm long, which helped in defining the form 

of the jump. On the other hand, the situations in which an early sub-

mergence of the sluice gate was observed (due to the big depth of water 

..gg in the parallel channel), the characteristic depth (d23) of the normal 

hydraulic jump, were estimated in the following way: 

(1) the characteristic depths of the intermediate forms of a submerged-

normal and a normal-oblique jump were measured; 

(2) the downstream depth required for the formation of a normal jump should be 

somewhere between these two values of depth; 

(3) the mean was taken as the characteristic depth of the normal hydraulic 

jump. 
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2.4.4 - Diffusion of the Jet 

The characteristics of the jet issuing from the sluice gate and 

diffusing in a deeper stream of water, flowing in the same direction, 

were also investigated. A mini-current flowmeter and a Pitot-static 

tube were used to measure velocities at different points of the cross- 

sections of the flow. The corresponding velocity profiles were used in 
• 

calculating the rate of growth of the jet, the decay of maximum velocity, 

and the similarity form of the velocity profile. 

A particular case of the flow conditions in the flume was analysed 

which involved the formation of a stable normal hydraulic jump inside 

the fast channel. The uniform stream in the parallel channel prevented 

the formation of reverse currents at any point in the flume. The specific 

characteristics of the two parallel streams with different depths and 

velocities were: 

a) A slow stream, 7.8 cm deep and 54 cm wide, with a mean velocity of 

22.8 cm/s (a discharge of 9.6 1/s). 

b) A fast stream, 3.0 cm deep and 20 cm wide, with a mean velocity of 

1.40 m/s (discharge of 8.4 1/s). 

c) The walls and bed of the flume confined the diffusion of the jet. 

• The tests were carried out with the bottom of the flume in a horizontal 

position. After switching on the low head pump of the laboratory, the valves 

of the pipes supplying the two channels had to be regulated for discharges 

of 9.6 1/s and 8.4 1/s, respectively. Three cylindrical rods were fitted on 

the downstream weir to produce a mean depth of flow of 7.8 cm in the flume. 

At the tapping points, the flow depths were measured on a piezometric board. 

A constant aperture of 5-cm in the sluice gate was kept during these tests. 

• 
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The flow conditions in the flume were checked, from time to time, by a simple 

reading of the water level (hSL)  upstream of the sluice gate (fast stream) and 

of the depth of flow at tapping point number 1 (uniform stream). 

Before beginning the measurements in the flume a check on the conditions 

of the measuring equipment was done. The propeller meter had to be run for 

half an hour before reliable readings could be expected. All the bubbles of 

air in the plastic tubes connecting the Pitot-static tube to the manometer 

had to be eliminated. The exact position of each velocity measurement was 

recorded by the distance (x
0 
 )tothe edge of the dividing wall, the distance (y) 

to the right wall of the flume, and the distance (z) to the bottom of the flume 

(see Fig. 2.1-1). 

Pitot-static tube  

The Pitot tube was used to measure velocity profiles at seven cross-sections 

(x0= 50; 100; 190; 280; 390; 530; and 680 cm) of the diffusing jet. The measure-

ments were taken at approximately half the depth of the flow (z = 3.8 cm), and 

in each cross-section the velocity was measured at seven points (y = 3; 8; 16; 

23; 38; 57; and 72 cm). 

A single measurement of velocity was taken in most of the points in the flow. 

The Pitot tube was placed at a point in the cross-section where the measurement 

was required and only after ten minutes the manometric head of the Pitot was read. 

In the measurement of the first manometric heads, the water levels in the manometer 

tube connected to the Pitot were estimated to 0.05 cm. Using a telescope, it was 

possible to measure more accurately (up to 0.01 cm) the manometer heads, and the 

previous measurements were repeated. Because the tests were carried out for 

several weeks, some of the points in the sections were measured more than once 

in order to control or check the flow conditions. In all the points in which 
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TABLE 2.4-1 CORRECTED MANOMETER HEADS AND VELOCITIES OF THE PITOT-STATIC TUBE 

y (cm) 
x
o (cm) 

3 8 16 16 
(check) 

23 38 57 72 
V16 

check 

100 

190 

28o 

390 

53o 

68o 

2.46 
69.50 

2.43 
69.10 

2.10 
64.2o 

1.85 
60.20 

1.11 
46.60 

0.79 
39.30 

0.70 
37.00 

2.85 
74.80 

2.47 
69.60 

1.97 
62.10 

1.85 
60.20 

1.12 
46.90 

0.85 
40.80 

0.80 
39.40 

1.47 
53.60 

1.56 
55.40 

1.07 
45.8o 

1.40 
52.40 

1.07 
45.80 

0.79 
39.30 

0.95 
43.20 

(1.27) 
(50.00) 

(1.48) 
(53.90) 

(1.25) 
(49.60) 

(1.20) 
(48.60) 

(1.06) 
(45.60) 

(0.91) 
(42.30) 

(0.80) 
(39.40) 

0.24 
21.70 

0.51 
31.60 

0.76' 
38.50 

0.83 
40.30 

0.82 
40.10 

0.66 
35.90 

0.7o 
37.00 

0.21 
20.30 

0.20 
19.80 

0.33 
25.50 

0.33 
25.50 

0.34 
25.80 

0.38 
27.30 

0.65 
35.7o 

0.21 
20.30 

0.14 
16.50 

0.12 
15.30 

0.15 
17.10 

0.15 
17.10 

o.18 
18.80 

0.32 
25.00 

0.12 
15.30 

0.11 
14.70 

0.10 
14.00 

0.05 
9.90 

0.06 
10.80 

0.11 
14.70 

0.17 
18.30 

1.157 
(1.072) 

1.054 
(1.028) 

0.856 
(0.923) 

1.167 
(1.078) 

1.009 
(1.004) 

(0.868) 
(0.929) 

1.187 
(1.096) 

. Notes: (1) first value is the corrected manometer head (Ah - 0.15) in (cm); 

(2) second value is the velocity (V) in (cm/s); 

(3) V (cm/s) = 44.3 (Ah (cm))2. 
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there was available more than one reading of the Pitot head the mean value 

was calculated. 'When all the measurements were completed, a last control 

test was carried out in which the velocity at a point ( y= 16; z = 3.8 cm) 

in each section was measured again. Differences up to + 18.7% were found. 

The residual zero reading (0.15 cm) found during the tests was subtracted 

from all the manometric heads, and a complete list of the results of the Pitot- 

• 
static tube/measurements is presented in Table 2.4-1. To satisfy continuity 

it was found necessary to correct by a constant factor (up to 9.2%) some of 

the velocity profiles. 

The velocity profiles at sections (x_ = 190; and 280 cm) were measured, 
0 

as well, with a calibrated mini-current meter. These tests were carried out to 

check the measurements of the Pitot-tube and to compare the characteristics 

of both instruments. In general, the velocities measured by the Pitot were 

higher than the velocities of the current meter. Both velocity profiles were ' 

used to calculate the flow rate of the corresponding sections. The ratio of the 

discharge calculated from the Pitot profile to the discharge of the current 

meter was 1.084 and 1.089 at sections (xo= 190 cm) and (x0= 280 cm), respectively. 

One of the simplifications made in tie analysis of the flow conditions in the 

flume was to assume that flow pattern was two-dimensional (the same at each depth 

of the flow)/  Velocity measurements were carried out with the Pitot-tube at 

different depths of the flow (z = 1.0; 2.5; 3.8; 5.0; 6.0; and 7.0 cm) at 

points (x
o
= 110; y = 8 cm), (x0= 290; y = 12 cm), and (xo= 290; y = 45 cm). 

These measurements confirmed the previous assumption and suggested that the 

velocity measured at the mean depth of the flow is approximately the mean value of 

the vertical velocity profile (see Fig. 2.4-3). 

All the results of the velocity measurements made with the Pitot-static tube 

are presented in Appendix C-1, and the calculations of the flow rates from the 

velocity profiles in Table C-1. 
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Mini-current meter  

A balance of momentum and energy was investigated using a control volume 

in the flow of the two mixing streams. The section in the flume 14441-eix 

tappi-g-p44rts (i0= 190 cm) was selected to be the downstream section of the 

control volume, and the section of tapping point (P1) was the upstream control 

section (x0=-40 cm). The length of the control volume (230 cm) had to bp 

short, so that significant energy of the flow would not be dissipated in 

the boundaries of the flume. A mini-current meter was used to measure the 

velocities at the control sections. 

Flow velocities were measured at seven points (y = 3; 8; 16; 23; 38; 57; and 

72 cm) and at three different depths (z = 1.0; 3.8; and 6.0 cm) in the downstream 

section of the control volume. Large variations in the readings of the propeller 

meter (up to 90%) were observed for small velocities (less than 10 cm/s) of 

the flow measured near the right wall of the flume (y = 72 cm). These velocities 

were not consistent among themselves because the current meter was inadequate 

for that range of velocities. In the upstream control section the velocities 

were measured at points (y = 36;,,nd 62 cm) and at depths (z = 1.0; 3.8; and 

6.0 cm). The averaged velocity was 25.0 cm/s (the uniform velocity of the stream 

calculated from the Venturi discharge and cross-section area was 22.8 cm/s), and 

differences up to 10% were found among'the measured values. All the results of 

the tests with the current meter are presented in Appendix (D). 

2.5 - FLOW VISUALIZATION 

The experimental work done for this thesis was initiated and completed 

with visualization tests. The first analysis in the flow conditions of a fast 

(supercritical) stream merging. with a deeper and uniform stream was carried out 

in an Ahlborn tank. The peculiar flow characteristics observed in these tests 

were the form of the hydraulic jurip and the diffusion of the fast jet. The 
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second series of visualization tests were carried out in a larger flume 

(1.20 m wide), with the objective of taking photographs of the hydraulic jumps 

and the large travelling waves observed in the test flume. 

2.5.1 - Ahlborn Tank 

A box of galvanized iron, 0.27 m long and 0.20 m wide, with a sluice gate 
G. 

in one of!the ends, was fixed inside the Ahlborn tank (1.20 m long and 040 m 

wide). The box, with a supply of water independent from the supply of the tank, 

was used as the fast channel, the characteristics of the supercritical stream 

being controlled by the sluice gate. This simple arrangement used in the 

visualization'tests was similar to the apparatus used for the full scale 

tests described in Section 2.1. 

Two series of visualization tests were carried out in the Ahlborn tank. 

Initially, the fast stream was merged with a uniform stream flowing in the 

same direction (co-flowing streams). In the second series of tests the 

uniform stream flowed in the opposite direction of the fast stream (counter-

flowing streams). In both tests the three basic forms of the hydraulic jump 

were observed. The diffusion patterns of the fast jet issued from the sluice 

gate were different in the two situations. The flow conditions of the counter-

flow streams were more unstabl, than the 6o-flowing conditions, and con-

sequently the measurements were more difficult. At that stage it was 

decided to analyse the simpler flow conditions first. Finally, it was also 

found, from these tests, that a small length of wall (a dividing wall) 

separating the fast stream from the uniform stream avoided the interference 

of the deeper flow with the discharge of the sluice gate and more stable con-

ditions were obtained. 
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2.5.2 - Photographic Tests 

Oblique and normal forms of the hydraulic jump were photographed in a 

glass-sided flume in the Hydraulics Laboratory. At the entrance of the 

1.20 m wide flume a sluice gate controlled the velocity and depth of the 

supercritical flow. The sluice gate flow section was reduced to a gap 

30 cm wide and 7.5 cm high. A sheet of metal, 90 cm long, was used as a 

dividing wall. This arrangement is similar to the conditions tested in 

Section (3.2)and a sketch of the glass-sided flume arrangement is given in 

Fig. 2.5-1. The upstream water level at the sluice gate was measured with 

a piezometric tube (hSL = 37 cm), and the approximate depth of the fast stream 

(3/  4.5 cm) was calculated from the aperture of the gate (411  = 0.60 x 7.5 cm). 

The Froude number of the fast stream was F
1 
= 3.9. Side views and plan views 

of the jumps were photographed. 

During the experiments, it was noticed that the free surface of the 

merginl streams was always disturbed by waves standing and travelling in 

the flume. A particular characteristic of the flow pattern with an oblique 

jump was a set of standing waves on top of the diffusing jet. The oblique 

front of the jump was reflected at the right wall of the metal flume, crossed 

over the fast jet to be reflected, again, at the shear boundary(separating 

the fast and slow streams)towards the flume wall. Very large waves, which 

eventually would break, were observed travelling downstream in the flume 

for the particular conditions with an oblique jump and no uniform stream. 

During the photographic tests a maximum amplitude of 12 cm was measured 

in the travelling waves (the mean depth of the flow was 8.5 cm). These 

large waves were observed in the tests on the metal flume, the Ahlborn 

tank and the glass-sided flume. Two photographs of travelling waves, one 

of them a breaking wave, are given in Fig. 2.5-2. The origin of these 
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travelling waves seemed to be the shear boundary of the two parallel 

streams. In Fig. 2.5-3, a pattern of waves parallel to the shear boundary 

can be seen. This particular photograph was taken in the metal flume with 

a normal hydraulic jump, and a small flow in the wider channel. Permanganates 

of potassio was added to the water of the slow stream to improve the contrast 

in the photograph. Unfortunately, no time was available to do more work on 

0 	the waves. 
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III - HYDRAULIC JUMPS IN PARALLEL COFLOWING STREAMS 

3.1 - HYDRAULIC JUMPS - A REVIEW OF THE LITERATURE 

When a change from supercritical to subcritical flow occurs in 

open channel flow a hydraulic jump appears through which the depth 

increases abruptly in the direction of the flow. In Civil Engineering 

practice the hydraulic jump is made to form just downstream of a hydraulic 

structure, such as a spillway or a sluice gate where velocities are high 

and it is necessary to dissipate part of the kinetic energy of the flow, 

or to raise the water level on the downstream side of a measuring flume. 

The turbulent characteristics of the jump can be used either to mix 

chemicals or to aerate the water used in city water supplies or 

recovered in sewage plant treatment. The hydraulic jump is not only 

an effective mean of reducing mean flow energy, but a very efficient 

mechanism for restoring conditions of uniformity to the flow. 

The phenomenon of the hydraulic jump has been a subject of interest 

to engineers for many years and its characteristics (conjugate depth ratio 

and energy dissipation), geometry (length and shape of the surface profile), 

and location have been the object of much experimental work. Ven Te Chow (4) 

gives a good summary of the results of some of the most important investi-

gations. Rouse et al (36) investigated the turbulence characteristics of 

.the hydraulic jump in an air-flow model using a hot-wire anemometer. They 

found that except for Froude numbers well below 2 the hydraulic jump presents 

a...keaking front (the roller) which is responsible for the formation of the 

turbulence and hence the dissipation of energy. At the juncture between 

the oncoming stream and the return flow of the roller of the jump there is 

a pronounced velocity gradient, and the resulting shear gives rise to the 
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rapid generation of turbulence (22,36). For Froude numbers below 2 an 

undular hydraulic jump occurs, characterised by a succession of water 

surface undulations involving a negligible loss of energy in the 

jump (4,36). 

In spite of the complex appearance of a hydraulic jump, which can be 
• 

accompanied by violent turbulence, eddying, surface undulations,and air 

entrainment with consequential head loss, it may be successfully analysed 

by application of the impulse-momentum principle. The analysis of a two-

dimensional normal hydraulic jump in a horizontal smooth channel is 

usually made with the following assumptions:' (a) all boundary friction 

losses are neglected; (b) the hydraulic jump is assumed to take place 

instantaneously; (c) hydrostatic pressure and uniform velocity dis-

tributions exist immediately before and after the jump. With these 

assumptions and from the momentum equation the conjugate depth ratio of 

the hydraulic jump in a rectangular channel can be derived (4), 

di = ic (1 	8Fr2)1  - 
1 

... (3.1-1) 

where a1 is the conjugate depth, d1 
the depth of the supercritical stream 

and Fr
1 
its corresponding Froude number. This equation is known 157.44 

Belanger equation (12). 

The location of the hydraulic jump is known to be sensitive to changes 

of tail-water level and boundary shear. Wilson et al (39) found that the 

jump becomes less sensitive to tail-water changes if the Froude number or the 

channel slope are increased due to the effects of the boundary layer growth 

in the flume. Several definitions of the jump length have been proposed. 
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Two of the most commonly used are: (a) the distance from the toe of the 

jump to the end of the roller; (b) the distance from the toe of the jump 

to the point where the. tail-water depth is reached. Naas (30) found 

that the length of the jump in a rock sausage basin is much shorter 

(nearly half) than the length on a smooth horizontal basin. 

The control of a hydraulic jump so that the supercritical flow will 

not travel outside the limit of a stilling basin and scour the natural 

channel floor can be achieved by different methods. The use of sills or 

baffle piers is recommended when the downstream'depth is smaller than 

the conjugate depth of the normal jump. The function of the sill or  

piers is to ensure the formation of the jump and to control its 

position under all probable operating conditions. If the downstream 

depth is larger than the conjugate depth of the jump, then a drop in 

the channel floor must be used in order to ensure the jump. The effective 

control of a hydraulic jump may be achieved, by a submerged cross-jet (37). 

A gradual (21) or an abrupt (33) expansion in the channel cross-section 

is also an efficient method of controlling the formation of a jump. 

Rajaratnam and Subramanya (33) investigated the characteristics of 

hydraulic jumps forming below abrupt symmetrical expansions in a rect-

angular cross-section channel. Inside the wider channel a repelled 

jump (R-jump) with a normal front and a strong surface roller formed 

for certain tail-water levels. For higher tail-water depths the hydraulic 

jump appeared at the exit section of the narrow channel and resoembled a 

normal jump with small submergence. They called this jump a spatial 

jump (S-jump). The characteristics of hydraulic jumps in gradually 

expanding channels were analysed by Arbhabhirama and Abella (21). They 
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treated the jump as a section of a circular hydraulic jump and assuming 

a quarter elliptical shape for the jump profile they derived the length 

and the conjugate depth of these jumps. 

A hydraulic jump under spatial conditions occurs when a supercritical 

stream confined by parallel boundaries meets a wider and deeper tail-water 

level. Examples of spatial jumps are found when the water flows through only 

a portion of the adjoining gate openings in a barrage or in the flow over part 

of the weir crest of a reservoir spillway. Such jumps,which are strongly 

influenced by the formation of side eddies,were studied by Unny (38) and 

Herbrand (24). Both of them found that the spatial jump requires a 

smaller tail-water depth for its formation than the classical two-dimensional 

hydraulic jump with the same inflow conditions. 

In engineering practice the hydraulic jumps can appear under three 

basic forms: oblique, normal and submerged jumps. Normal hydraulic 

jump forms have been described previously. Changes in section or 

alignment of open channels flowing at super-critical velocities produce 

depth changes in the flow that may be abrupt or gradual depending on the 

type of wave produced. A series of experiments were undertaken by Ippen 

and Harleman (27) to verify the hydrodynamic theory of oblique hydraulic 

jumps. In this work they also found that the transition between undular 

and roller-type jumps occurs at a depth ratio of 2. Submerged hydraulic 

.jumps were studied by Rao and Rajaratnam (34) in 1963, and later, in 

1965, Rajaratnam (31) treated this jump as a particular case of a plane 

• 
turbulent wall-jet under an adverse pressure gradient. 

• 

-38- 



• 

• 

3.2 - JUMP CLASSIFICATION TESTS 

The visualisation tests carried out in the Ahlborn Tank (Section 2.5-1) 

showed three basic forms of the hydraulic jump forming within the expanding 

section of the fast stream. According to the position of the jump front 

wave, these hydraulic jumps were called oblique, normal and submerged 

jumps, respectively. When the tail-water depth was small, the super-

critical stream expanded freely until it occupied the full width of the 

channel and created a system of diagonal surface waves due to successive 

reflections at the walls of the flume. As the tail-water depth was 

increased a hydraulic jump with an oblique front formed attached to the 

edge of the dividing wall. Raising the tail-water level the oblique 

front attached to the edge of the wall gradually became normal to the 

direction of the flow. With a slight increase in the tail-water depth the 

normal jump with its front wave of rolling water moved back inside the 

sluice channel, and a further increase of the water levels would gradually 

drounthe outlet of the sluice gate. 

The details of the tests on the different forms of the jumps were given 

in Section 2.4-1. The approximate depth of the supercritical stream was 

3.0 cm with a range of Froude numbers varying from 2.1 to 4.9, and no 

flow was supplied to the wider ciannel. The threebasic forms of the 

jumps and the characteristics of some intermediate forms of jump observed 

in the laboratory flume are now described. 

Oblique Jump  

With a small tail-water depth in the flume the deeper water of the 

main channel spilled over the shallower stream forming an oblique 

front standing across the supercritical stream and attached to the edge 

of the dividing wall. Plan and side views of this oblique jump can be 
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Fig. 3.2-1. 	OBLIQUE 	JUMP 



seen in Fig. 3.2-1. This oblique standing wave was reflected at the 

wall of the flume towards the shear boundary (separating the jet from 

the still water), where it was reflected, again. The shear boundary had 

a meandering shape. This flow pattern of standing waves crossing the 

diffusing jet resembled the pattern of shock waves (the wall being a 

plane,of symmetry) found in the discharge of a two-dimensional supersonic 

jet (of gas) into a free space where the pressure is greater than the 

pressure in the jet. The oblique water waves were similar to the 

oblique shock waves of compression generated at both edges of the 

orifice,crossing one another, and being reflected from the opposite 

boundaries of the jet as waves of rarefaction (11). The flow pattern 

of an oblique jump is Sketched in Fig. 3.2-2. Large waves travelling 

downstream in the flume along the left wall of the flume were observed 

only when there was no flow in the wider channel, as were the reverse 

currents outside the jet region of the flow. 

Normal Hydraulic Jump (at an abrupt expanding section)  

As the tail-water depth was increased the oblique front of the hydraulic 

jump gradually became normal to the direction of the flow, and eventually 

a normal hydraulic jump formed at the abrupt expanding section of the 

narrow channel (see Fig. 3.2-3). Around the edge of the dividing wall, 

water from the main channel (with a bigger depth of flow) spilled over 

_the fast stream of the narrow channel and a front wave with a surface 

roller formed in the other side of the expanding section, but without 

filling it completely. Along the right wall of the flume the standing 

waves observed were smaller than in the case of an oblique jump. The 

position of this jump was stable at the abrupt expansion. An intermediate 
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form of the hydraulic jump with an oblique front and a small amount 

of air-entrained water rolling at the intersection zone of the oblique 

front and the wall of the flume was also observed. 

Normal Hydraulic Jump (inside the narrow channel)  

For higher tail-water levels a normal jump formed inside the 

narrow channel (Fig. 2.5-4), which had the characteristic of a two-

dimensional normal hydraulic jump. Its description coincides with the 

one given by Rajaratnam (12): "The water surface starts to raise abruptly 

at the beginning or toe, of'the jump, and continues to raise up to a 

section beyond which it is essentia3,level". "The change from super-

critical to subcritical conditions in the flow is always accompanied 

by considerable turbulence and energy loss, and for certain types of 
low 

jumps a surface roller entrains in the flowAimportant amount of air". 

Jn the free surface of the downstream flow, no pattern of standing waves 

was observed. The length of the sluice channel was small (10 cm), and 

because the normal jump oscillated up and down in the channel, the equipment used 

was not adequate to investigate normal hydraulic jumps in streams with Froude 

numbers greater than 3.5. 

Submerged Jump  

When the depth in the main channel was greater than the conjugate depth 

required for the formation of a normal hydraulic jump; then the sluice gate 

outlet became drowned and the jet of water issuing from beneath the gate was 

overlaid by a mass of water. The flow patterns of submerged jumps were 

stable and the free surface smooth. At the corner of the sluice gate 

with the dividing wall a strong vortex rotating with a clockwise movement 
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Fig. 3.2-3. HYDRAULIC JUMP AT AN 
ABRUPT EXPANSION 



was always observed. An intermediate form of submerged-normal jump 

occurred for smaller tail-water levels. This jump was characterised 

by the strong oscillation of its normal front up and down in the channel. 

The jump periodically moved towards the gate and submerged the gate outlet, 

but the roller surface in its movement downstream in the channel detached 

from the sluice gate. 

3.2-1 - Experimental Results 

The details of the tests and procedures were given in Section 2.4-1. 

Briefly, a constant aperture of the sluice gate (5.0 cm) was kept during 

the tests and the tail-water levels and the discharges of the orifice 

plate were adjusted to set up in the flume the different forms of the 

• hydraulic jump, 

The results of the jump classification tests (given in Table 3.2-1) 

are plotted in Fig. 3.2-4. A family of characteristic curves can be fitted 

to the form of jumps which are classified in the following way: oblique (OBI,); 

oblique jump with rolling water (No-Ob); normal jump at the expanding section 

(Nor); normal hydraulic jump inside the sluice channel (NOR); normal jump 

oscillating at the sluice gate section (Su-No); submerged (SUB). Two 

curves were drawn to separate the conditions required in the formation 

of the three basic forms of the jump: oblique, normal and submerged  

hydraulic jumps. The characteristic curve of a two-dimensional jump 

was also drawn. The results confirm the observation of Rajaratnam (33), 

Herbrand (25), Unny (38) and other authors, that the spatial hydraulic 

jump requires a smaller tail-water depth than the classical two-dimensional 

jump with the same initial conditions (d
l' 

 Fr
1 
 ). 
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TABLE 3.2-1 HYDRAULIC JUMPS AT AN ABRUPT EXPANSION 

Jump 
gi 

a
1 

d2 d23 U
1 

F
1' 

Date 
d1 

form I/8 cm cm cm m/s 

OBL 11.6 3.o 6.1 5.9 1.93 3.56 1.97 30/3/73 
No-Ob 7.7 7.4 3.56 2.47 
Su-No 9.4 9.2 3.56 3.07 
SUB 10.4 10.1 3.56 3.37 
Nor 8.4 8.2 3.56 2.73 

NOR 6.8 3.0 6.8 6.8 1.13 2.08 2.27 5/4/73 
Su-No 7.2 7.1 2.08 2.37 
SUB 7.7 7.6 2.08 2.53 
Nor 6.0 6.0 2.08 2.00 
No-Ob 5.3 5.3 2.08 1.77 
OBL 4.4 4.4 2.08 1.47 

No-Ob 15.7 3.0 8.3 7.8 2.62 4.83 2.60 6/4/73 
Nor 10.0 9.2 4.83 3.07 
SUB 11.6 10.6 4.83 3.53 
Su-No 11.1 10.2 4.83 3.40 
OBL 7.3 7.2 4.83 2.40 

No-Ob 14.1 3.0 8.8 8.3 2.35 4.34 2.77 11/4/73 
Su-No 10.4 10.1 4.34 3.37 
SUB 11.0 10.4 4.34 3.47 
OBL 7.0 6.5 4.34 2.17 

No-Ob 11.3 3.0 7.8 7.5 1.88 3.46 2.5o 11/4/73 
Su-No 9.5 9.3 3.46 3.10 
SUB 9.8 9.6 3.46 3.2o 
OBL 6.1 6.0 3.46 2.00 
NOR 9.o 8.8 3.46 2.93 17/5/73 

No-Ob 9.5 3.0 6.4 6.2 1.58 2.92 2.07 12/4/73 
NOR 8.1 8.0 2.92 2.67 
SUB 9.2 9.0 2.92 3.00 
Nor 7.2 7.0 2.92 2.33 

• OBL 5.4 5.3 2.92 1.77 / 

No-Ob 8.3 3.0 6.5 6.4 1.38 2.55 2.13 2/5/73 
Su-No 8.1 8.1 2.55 2.70 
OBL 5.3 5.3 2.55 1.77 
NOR 7.2 7.1 2.55 2.37 
SUB 8.6 8.6 2.55 2.87 
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3.2-2 - Normal Hydraulic Jump at an Abrupt Expansion 

When a hydraulic jump takes place in a channel expansion, it is 

strongly influenced by the formation of side eddies, and could be 

defined as a "spatial" hydraulic jump (24,38). The existing 

equations for the conjugate depth ratio of a spatial, jump are 

empirical. The formula developed by Kuznetzow for an expansion ratio 

varying from (0.01) to (1.00) and Froude numbers from (1.00) to (7.25) 

is quoted by Unny (38) as:- 

b 

, 	 8Fr2  
1 - = 0.5 	(0.8 - 0.15 (0.9 - 	).( (1 + 	./ - 1/8 

1 

... (3.2-1) 

where (a1) is the conjugate depth of the supercritical stream (d1;Fr1) 

and b/ is the expansion ratio of the channel, (b) and (B) being the 

width of the channel before and after the expansion. 

Unny (38) showed the inconsistencies of Equation 3.2-1. First, 

for a two-dimensional jump (b/B=1), 	Equation 3.2-1 cannot be reduced 

to Equation 3.1-1; secondly, the formula does not take into account the 

geometrical ratio of the supercritical stream (d1/b4), which also affects 

the jump. Unny also investigated another semi-empirical formula with a 

structure similar to the formula for a two-dimensional hydraulic jump, 

given 	

2  

as- 

8Fr 
 

d - = 2(1 	K1. 	Fr2) . ( (1 	1d 	2 2)
2_ I)  

1  
1 	 (1 	K1. 

	1
) 

 

... (3.2-2) 
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a
1 K

2 
+ 14 	K

2-
+ 2 

((1 + 600 . d
1 	

10(K
2+2) ' (K

2 
+ 14) 

1  . Fr2  )2  - 1, 
1 

where K
1 
is a coefficient which he found to be (K

1
=2.2) for the conditions 

of his experiments in which the expansion ratio of the channels was 0.50. 

Equations 3.2-1 and 3.2-2 are both plotted in Fig. 3.2-5. Unny's 

equation (3.1r2) fits the results of the present research better than 

that due to Kuznetzow (3.2-1), and predicts the shape of the experimental 

curve, but the disagreement is still important. 

Rajaratnam and Subramanya (33) quoted Abramov's empirical formula 

from the Russian hydraulic literature, 

... (3.2-3) 

where K2 
is an empirical factor which could be taken as three to four 

for b/18 greater than 0.10. In Fig. 3.2-5 a value of (K2=4) was used. 

The results of this equation are not very different from the results of 

Equation 3.2-2 in the range of Froude numbers tested in the laboratory 

(Fr
1 
= 2.0-5.0). 

The same authors (33) analysed two forms of the hydraulic jump taking 

place below abrupt symmetrical expansions: a repelled jump (R-jump) 

formed in the wider channel and a spatial jump (S-jump) frith a small 

submergence formed at the expanding section. For the R- ump the following 

empirical equation was developed, 

d 
-1-= Oa + 0.30) . (Fr

1 
 - 0.85) + 0.75 

B  
1 

... (3.2-4) 

The calculations in Appendix (E) show that this equation is not essentially 
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different from the equation of a two-dimensional hydraulic jump forming  

in the wider channel. This result implies that the characteristics of 

the R-jump do not depend on the geometry of the expanding  channel. The 

equation developed in (33) for the S-jump was, 

a1 . 
= 1.08 Fr' + 1.40 

1 
... (3.2-5) 

where r' is a characteristic length of the outlet and Fr' the corresponding  

Froude number described as, 

b.d
1 	1 r ' 	b + 2d ' = 
1 ; 
	1 

Fr (griA 

An empirical equation derived from the results of the present investigation 

(Fig. 3.2-4) on normal hydraulic jumps at an abrupt expansion, and valid 

for Froude numbers varying from 2-to 6, is, 

a 	8Fr2 

	

1 	 = 0.65(1 	0.67 Fr2)(0 + 	)2 	/) 
d
1 	

1 	(1 + 0.67 Fr1)2 

... (3.2-6) 

This equation is similar to Equation 3.2-2, which was developed by Unny (38), 

and corresponds to an approximate value of (K
1 
 = 4.4). 

3.2-3 - Oblique Jumps 

If a boundary wall is deflected into a supercritical stream through 

0 



an angle e, a- hydraulic jump (also called the oblique shock wave by 

analogy to the supersonic case) will occur at an angle 13° with respect to 

the original flow direction (see Fig. 3.2-6). The wave crosses the channel 

to the opposite wall, where it is reflected, and in this fashion it con-

tinues almost undiminished in the downstream direction (26,27). For small 

disturbances (d3/d1  less than 3), the depth of the jump before and after the 

wave front are related to the Froude number of the oncoming flow (Fr
1
), 

and the wave angle (p°) in the following way (4,26): 

-c12- = i( (1 + 8Fr2
1 
 sin2e)1  - 1) 
	... (3.2-7) 

The limiting case of the oblique standing wave is the normal hydraulic 

jump in which the front is normal to the direction of the flow (p°=90). 

This equation is only valid when the flow conditions before and after the 

wave front are supercritical and the head losses are small and may be 

neglected (26). 

In a normal hydraulic jump, much of the hydraulic energy transported 

in the fast (supercritical) stream is dissipated and the downstream flow 

is subcritical. The oblique hydraulic jump analysed by Ippen ( and described 

above) is controlled by the deflection of a wall and not by the downstreaM 

conditions of the flow. As the energy dissipated in these oblique, front 

waves is negligible and the downstream flow conditions are supercritical 

it is more appropriate to describe them as oblique standing waves. 

Exploratory tests were carried out with the oblique jumps observed 

in the laboratory flume. These oblique jumps were produced by a difference 
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in depth between the fast and slow streams. It was observed that for 

a fixed Froude number of the sluice discharge (Fr
1
), the angle of the 

standing wave (0°) increased when the tail-water levels were raised, and 

eventually a normal hydraulic jump formed inside the narrow channel. To 

obtain a fixed value of the angle 0°), the tail-water levels had to be 

raised when the (Fr
1
) was increased. Unfortunately, it was not possible 

to establish a physical relation among the flow variables (d1,d3,Fr1,e) 

or check Equation 3.2-7, because it was difficult to measure the wave angle, 

due to the reflection of the oblique standing wave in the right wall of 

the flume and the three-dimensional characteristics of the flow across the 

front of the oblique jump. 

3.3 - THE EMCT OF A UNIFORM STREAM ON THE HYDRAULIC JUMPS 
The arrangements of the two-channels inside the flume were adequate 

to investigate the effect of a co-flowing stream in the flow pattern of 

the sluice discharge. A survey of the literature in hydraulic jumps 

revealed that the effect of a uniform stream on a jump forming at an 

abrupt expansion of a channel has not been investigated before. The 

experiments revealed that while the co-flowing stream has little effect 

on the formation of the jump, it makes a large difference to the diffusion 

of the jet (see Chapter 4) and to the waves travelling downstream in the 

flume. A small uniform stream is enough to elimihate travelling waves 

and to avoid reverse currents in the region of the flow outside the dif-

fusing jet. 

Fig. 3.3-1 shows the results of the tests carried out to investigate 

the effects of a uniform stream in the three basic forms of the jump 
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TABLE 3.3-1 HYDRAULIC JUMPS AT AN'ABRUPT EXPANSION IN A 

UNIFORM STREAM. 

Jump d Q2 	d1 2 23 
U2 r 2 

?2 	DATE 
d
1  

form l/s 	cm cm cm ' 	cm/s 

NOR 0.0 	3.o 6.8 6.8 - - 2.27 	4/5/73 
SUB 7.8 7.9 2.63 

• No-Ob 5.9 6.o 2.00 

NOR 22.5 	3.0 7.6 7.8 55 0.64 2.6o 	4/5/73 
SUB 8.3 8.6 5o 0.55 2.87 

NOR 20.1 	3.0 7.2 7.4 52 0.62 2.47 	4/5/73 
SUB 8.1 8.3 46 0.52 2.77 

Nor 16.6 	3.0 6.4 6.6 48 0.60 2.20 	4/5/73 
SUB 8.0 8.2 38 0.43 2.73 
NOR 7.4 7.6 42 0.49 2.53 

No-Ob 13.6 	3.o 5.8 6.o 43 0.57 2.00 	4/5/73 
Nor 6.3 6.5 40 0.51 2.17 
NOR 7.2 7.3 35 0.42 2.43 
SUB 8.0 8.2 31 0.35 2.73 

• Nor 10.5 	3.0 6.5 6.7 30 0.38 2.23 	7/5/73 
SUB 7.9 8.1 25 0.28 2.70 
NOR 7.3 7.4 27 0.32 2.47 
No-Ob 5.8 6.0 34 0.45 2.00 

No-Ob 7.4 	3.0 5.8 5.9 24 0.32 1.97 	7/5/73 
NOR 7.3 7.3 19 0.22 2.43 
SUB 7.9 7.9 17 0.20 2.63 
Nor 6.3 6.4 22 0.28 2.13 

NOR 5.7 	3.o 6.9 6.9 15 0.18 2.30 	7/5/73 
Su-No 7.3 7.3 14 0.17 2.43 
SUB 8.1 8.1 13 0.15 2.70 
No-Ob 6.o 6.1 18 0.23 2.03 

Notes: (1) The aperture of the sluice gate was 5.0 cm (di  = 3.0 cm) 

(2) The constant discharge of the orifice plate was (Qa  = 7.4 l/s) 

(3) The Froude number (Fr ) of the sluice stream was 2.27 (U1  = 1.23 m/s). / 
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(Table 3.3-1). The depth and the Froude number of the sluice discharge 

were kept constant during these tests (di  = 3.0 cm; Fr1= 2.3) and the 

flow rate (Q2)' and the depth (d2) of the uniform stream varied. The 

ratio of depths before (d1) and after each jump (d23) are plotted against 

the Froude number of the uniform stream (Fr
2). A family of straight lines 

• 	
can be drawn to separate the characteristics of oblique, normal and sub- 

merged hydraulic jumps. The depth ratio of the jump increases by approx-

imately 10% when the Froude number of the uniform stream varies from zero 

to 0.6 

A second series of tests was carried out to investigate the effect 

of a uniform stream on the normal hydraulic jump formed inside the narrow 

channel. A constant aperture of the sluice gate was used (d1= 3.0 cm) 

and the Froude number of its discharge was increased from 2.3 to 4.6 

• 	• 	(Fr
1 = 2.3; 2.8; 3.1; 3.8; 4.1; and 4.6). To the wider channel four 

different discharges were supplied (Q2  = 5.7; 10.5; 16.6; and 21.9 1/s). 

The results of these tests are plotted in Fig. 3.3-2 where a family of 

straight lines (one for each Fr
1) was fitted to the experimental points, and 

a second family of curves of constant flow rate discharge (Q2) was drawn. 

An empirical equation can be produced (Table 3.3-3) to calculate the 

downstream depth of the normal hydraulic jump formed inside the sluice 

channel, and may be expressed as 

d,, 

d 
= Fr

1 
 (0.56 + 0.20 Fr

2  ) + 1 •  
1 

(3.3-1) 

The family of straight lines drawn in Fig. 3.3-2 were reduced to a single 

curve by a convenient rearrangement of the flow variables shown in Fig. 3.3-3. 
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TABTR 3.3-2 NORMAL HYDRAULIC JUMPS IN A COFLOWING STREAM. 

Q1 Q2 d2 23 1 ri  
U2 r2 

ci 
22 
d1 

DATE 

1/s 1/s cm cm cm *m/s cm/s 

9.o 5.7 3.0 8.0 8.0 1.50 2.'7 13.2 0.15 2.67 7/5/73 
10.2 8.7 8.7 1.7o 3.14 12.1 0.13 2.90 7/5/73 
14.8 11.0 11.0 2.47 4.56 9.6 0.09 3.67 8/5/73 
13.4 10.2 10.2 2.23 4.11 10.3 0.10 3.4o 8/5/73 
12.3 9.9 9.9 2.05 3.78 10.7 0.11 3.30 8/5/73 

12.3 16.6 3.o 9.9 10.2 2.05 3.78 31.1 0.32 3.4o 8/5/73 
9.1 8.1 8.5 1.52 2.8o 38.o 0.43 2.83 8/5/73 
14.8 11.3 11.4 2.47 4.56 27.2 0.26 3.8o 9/5/73 
13.4 10.4 10.8 2.23 4.11 29.6 0.29 3.60 9/5/73 
10.1 8.6 9.o 1.68 3.10 35.8 0.39 3.00 9/5/73 

10.1 21.9 3.0 8.7 9.3 1.68 3.10 46.6 0.50 3.10 9/5/73 
14.8 11.2 11.6 2.47 4.56 36.2 0.34 3.97 9/5/73 
13.4 10.4 10.9 2.23 4.11 39.o 0.39 3.63 15/5/73 
12.4 9.8 10.3 2.07 3.82 41.4 0.42 3.43 15/5/73 
9.0 8.1 8.5 1.50 2.77 50.1 0.56 2.83 15/5/73 

9.0 10.5 3.o 8.1 8.3 1.50 2.77 24.0 0.27 2.77 15/5/73 
12.3 9.7 9.8 2.05 3.78 20.0 0.21 3.27 15/5/73 
14.8 10.8 11.0 2.47 4.56 18.o 0.17 3.67 15/5/73 
13.4 10.1 10.4 2.23 4.11 19.3 0.19 3.47 17/5/73 
10.1 8.7 9.0 1.68 3.10 22.3 0.24 3.00 17/5/73 
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Equation 3.3-1 shows that: 

1. Higher water levels (d23)  in the downstream_ channel are 

required in the formation of a normal hydraulic jump when 

the Froude number of the uniform stream (Fr
2) is increased. 

2. The jump depth ratio (d23/d1) is proportional to the Froude 

number of the supercritical stream (Fr1  ). 

The ratio of the jump downstream depth (d,3) to the conjugate depth (d1) 

of a two-dimensional hydraulic jump with the same initial characteristics 

(d1/ Fr1 
 ) are plotted against the Froude number (Fr

1
) in Fig. 3.3-4, which 

shows: 

3. d
23 

is smaller than a1  (12,24) and their ratio decreases with 

Fr1. The ratio varied between 85% and 63% for Froude number 

of 2.3 and 4.6, respectively. 

4. The variation of (d23/a1)  with Fr1 
 is linear. 

Equation 3.3-1 is only valid for the particular flow conditions 

investigated here and for the flume and geometry of the channels used 

which had a width ratio of 0.264. However, the general remarks set 

above, specifically 1, 2 and 3, are believed to stand in any other flume 

conditions or in a full-scale model, and can be used as a guide line in 

the design of hydraulic structures. 

3.4 - THE HYDRAULIC ANALOGY TO SUPERSONIC FLOW 

The flow of a liquid with a free surface is analogous to the isen-

tropic flow of a compressible gas having a ratio of specific heats equal 

0 
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TABU 3.3-3 NORMAL HYDRAULIC JUMP DEPTH RATIO AT AN ABRUPT EXPANSION 

d
2  ( d

23 
- 

1 ) Fr 	FrFr 	al
2 	d1 
	d

1 	
Fr1  a 	d 

1 	 . 	1 

2.30 .00 2.27 2.80 0.81 0.55 
0.42 2.43 0.87 0.62 
0.49 2.53 0.90 0.66 
0.62 2.47 0.88 0.64 
0.64 2.6o 0.93 0.70 

2.77 0.15 2.67 3.45 0.77 0.60 
0.27 2.77 0.80 0.64 
o.56 2.83 0.82 0.66 

2.8o 0.43 2.83 3.48 o.81 0.65 

__-- 

3.10 0.24 3.00 3.91 0.77 0.65 
0.39 3.00 0.77 0.65 
0.50 3.10 0.79 0.68 

3.14 0.13 2.90 3.96 0.73 0.61 

3.78 0.11 3.3o 4.87 0.68 0.61 
0.21 3.27 0.67 0.60 
0.32 3.4o 0.70 0.63 

3.82 0.42 3.43 4.93 0.70 0.64 

4.11 0.10 3.4o 5.34 0.64 0.58 
0.19 3.47 0.65 0.60 
0.29 3.6o 0.67 0.63 
0.39 3.63 0.68 0.64 

4.56 0.09 3.67 5.97 0.61 0.59 
0.17 3.67 0.61 0.59 
0.26 3.8o 0.64 0.61 
0.34 3.87 0.65 0.63 
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to two ( 	= 2)(5,64,67). In a two-dimensional flow case, a direct 

analogy exists and the fundamental equations are, 

GAS FLOW W = 2 	 WATER FLOW 

(compressible fluid) 	(incompressible fluid) 

1. Speed of propagation a  = 411)2  Speed of propagation 	c = (gh)1  
of sound waves 	of small gravity waves 

2. Mach number - 	Froude Number 
Alt 	Y2 .0 p. 

Fr = 
(gh)-2.  

3. Density ratio 	
P2/13  1 	

Depth ratio 	h2/h1 
 

4. Pressure ratio 	P
2
/P

1 	
(Depth ratio)2 	(h2/121)2  

5. Temperature ratioT2/T1 Depth ratio 
1 

Since the ratio of specific heats of air is ( = 1.40) and the 

changes of pressure and density across a shock wave occurring in a 

supersonic flow does not fulfil completely an isentropic law, the direct 

hydraulic analogy has to be modified to give practical results. This 

method has been mainly used to predict the aerodynamic characteristics 

of a given shape or structure in a water flume, where the similarity of 

boundary conditions and equivalence of the Mach number and Froude number 

has to be satisfied. Very often the depth ratio of the hydraulic model 

is only used to find the analogous density ratio, which is used with the 
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aerodynamic equations to calculate the ratio of temperature, pressure 

and Mach number (64). 

In the discharge of a two-dimensional supersonic jet of gas from 

an orifice into a free space, where the pressure is greater than the 

pressure in the jet, a pattern of oblique waves of compression start 

• 	
from each edge of the orifice. These waves cross one another (without• 

disturbing) and they are totally reflected at the boundaries of the free 

jet as waves of rarefaction. As these advance, they taper away and after 

crossing the jet are reflected again at the boundary of the jet as waves 

of compression; the whole process then begins afresh (11). 

In the flume, a similar system of standing waves across the diffusing 

jet was observed in the flow pattern of an oblique jump. The flow con- 

ditions were analogous to the ones described above with the wall of the 
• 	

/A 
flume asAplane of symmetry. The jet issuing from the sluice gate is 

diffusing in a deeper mass of water (adverse pressure gradient) and the 

oblique front wave (similar to a shock wave) is always attached to the 

edge of the dividing wall. This oblique wave builds up when it approaches 

the wall of the flume where it is completely reflected. After crossing the 

jet the wave is reflected again at the shear boundary of the jet and builds 

up approaching, the wall. A pattern of standing waves along the right wall 

• 	
of the flume were observed with a fairly constant wave length and decreasing 

amplitude, both of them varying with the Froude number of the sluice dis-

charge and the tail-water levels. 

Only a qualitative analysis of the waves crossing the jet was possible 

due to the limited amount of time available to conduct the experimental work. 

However, the results support a hydraulic analogy of the conditions investi-

gated to the discharge of a two-dimensional supersonic jet. 
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IV - THE DIFFUSION OF THE JET IN A UNIFORM STREAM 

4.0 - INTRODUCTION 

In this chapter the properties of a turbulent jet of water 

• 
	diffusing in a uniform stream, flowing in the same direction, are 

investigated, these being the conditions of the tests described in 

Section 2.4.4. The experimental results are compared with the 

results of similar investigations on two-dimensional turbulent 

jets: free jets and wall-jets spreading throughout a uniform 

stream or a medium at rest. The flow of a fast fluid spreading 

throughout an infinite medium of the same fluid is called a free 

jet. In the particular case in which the medium is at rest, the 

• 
	 jet is known as a submerged jet. The flow obtained by blowing a jet 

parallel to a solid surface (which confines the diffusion of the fast 

fluid) is a wall-jet. The diffusion of free-jets and wall-jets in 

a uniform stream flowing in the same direction of the jet are the 

two types of turbulent jets considered in this chapter. 

High velocity flows from a submerged outlet are designed by 

hydraulic engineers to dissipate the kinetic energy of the fast 

• 
	 jet through reaction with the surrounding fluid. In more explicit 

terms, the difference in velocity between a jet and the region into 

which it is discharged gives rise to instability in the flow (at the 

shear boundary), from which eddies are generated and the energy of 

the jet is steadily converted into turbulent energy which gradually 

decays through viscous shear. This process involves a decrease in 
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the velocity of the jet, and in order to fulfil the requirements 

of continuity the area of the jet cross-section must become greater 

as the velocity becomes smaller. A detailed knowledge of the vel-

ocity distribution within such an expanding stream is essential to 

many problems of diffusion. 

The development of turbulent jets in situations that are of 

engineering interest was discussed by Newman (52). He confined 

- himself to aeronautical applications and considered a great variety 

of geometries and boundary conditions, but did not include temperature 

and compressibility effects. Jets may be blown along aerofoil surfaces 

to energise the boundary layer and prevent separation. In this way, 

blowing has been used to reduce the take-off and landing speed of 

air-craft. Other practical applications of jets are air-cushion 

vehicles and jet pumps. In the new technology of fluidics, switches, 

proportional amplifiers and logic elements are produced using fluid 

jets. The mixing of two coaxial streams is a problem of great import-

ance to the mechanical and chemical industries and the design of com-

bustion chambers, ejectors, disposal of waste gases, dust collectors 

and others, are some of the practical applications in the respective 

fields of Engineei-ing. The diffusion of plunging nappes from spill-

ways or of submerged jets from sluice-gates, which require a study in 

the rate of deceleration of the jet to prevent the scour beyond the 

apron, are examples of diffusing jets found in the field of river 

engineering. A theoretical and experimental study of several aspects 

of jet-forced reservoir circulation was carried out by Sobey (58 ) at 

Imperial College, and this is another application of jets to the field 
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of water quality management in lakes and reservoirs. 

, 	- 

A brief introduction to turbulent flow is presented in Section 

4.2.2. The turbulent flow is the'most complicated case of fluid 

motion defined exactly by the Navier-Stokes equations, and there 

is not a general numerical solution for these equations. Bradshaw (3) 

• 	
defines the turbulence studies as "the art of understanding the Navier- 

Stokes equations without actually solving them". Because we cannot solve 

these equations for every case, we have to simplify them or to appeal 

to experiment for qualitative understanding of turbulence, and quan-

titative information for engineering purposes. 

The mean flow pattern of a two-dimensional jet can be derived from 

an empirical approach, with the exception of a single experimental 

constant, if the following assumptions are made: (a) the pressure 
• 

is hydrostatically distributed throughout the flow; (b) the diffusion 

process is.dynamically similar under all conditions; and (c) the longit-

udinal component of velocity within the diffusion region varies according 

to a pre-established form of the velocity profile. In this similarity 

solution approach, which does not require any assumption to the distrib-

ution of turbulence, experimental data is required to provide the single 

numerical value of the constants. The method has been effectively used 

with submerged jets (by Albertson et al (41)), free jets/in an external 

stream (by Abramovich (1 )), wall-jets (by Glauert (48)), and wall-jets 

in a uniform co-flowing stream (by Kruka and Eskinazi (50)). The dif-

fusion characteristics of a free jet are dynamically similar if the 

Reynolds number of the fluid efflux at the submerged boundary outlet 

is not too low, and therefore the viscous action ha6 no influence on 
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the mixing process. 

An empirical solution was investigated for the diffusion of the 

sluice jet. The analysis of turbulent jets was confined to those in 

which the fluid is incompressible and its properties are independent 

of temperature (that is, the case of a jet of water). Only steady 

state flows were considered. The flow conditions in the merged 

streams were assumed two-dimensional, and the velocity measurements 

taken at half depths of the flow were assumed to be the representative 

value of velocity of the approximated two-dimensional flow. The experi-

mental results were compared with empirical results on submerged jets 

and free jets diffusing in a uniform stream. Since one of the walls of 

the flume confined the sluice jet, the results were also compared 

against a wall-jet spreading throughout an external stream. Most of 

the experimental work in turbulent jets with which the present results 

are compared has been carried out with air. 

In the present experiments, a Pitot-static tube and a mini-current 

meter were used to measure velocities in the flow of the two streams 

which were confined by the walls of the flume. Velocity profiles were 

drawn at seven cross-octions of the flow and the geometrical similarity 

of these profiles was investigated. The growth of the jet and the decay 

of maximum velocity were the two other characteristics of the diffusing 

jet analysed here. The measurements were confined to the free-mixing 

region of the flow, because neither the laboratory flume nor the 

measuring (velocity) equipment was appropriate to investigate the 

flow conditions in the region near the walls of the flume. 
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The quality of the measurements was checked through an elementary 

impulse-momentum analysis of the flow conditions in a fixed control 

volume. The results proved to be, satisfactory and enabled an evaluation 

of the energy dissipated in the normal hydraulic jump to be performed. 

When the measurements conducted in the flume were presented in a 

dimensionless form they were found to be in substantial agreement with 

the analytical and experimental predictions of two-dimensional turbulent 

flow jets. 

4.1 - IMPULSE - MOMENTUM ANALYSIS 

The impulse-momentum principle, along with the continuity and energy 

principles are the three basic equations of Hydrodynamics. A detailed 

knowledge of the complex flow process within a control volume is not required 

when the impulse-momentum principle is applied to it. The elementary analysis 

is used in this section to establish simple relations among the flow variables 

directly controlled in the laboratory (the discharges of the orifice plate 

(Q0R) and Venturi-meter (Q), the aperture of the sluice gate (dSL), and 

the tail water depth of the flume), and to check the quality of the measure-

ments taken during the tests. 

• 4.1.1 - The Impulse - Momentum Balance 

The control volume used in the investigation was defined in the following 

way (see Fig. 4.1.-1): (1)-a downstream control section (S3) at 190 cm from 

the edge of the dividing wall (x0  = 190 cm); (2)-in the uniform stream the 

control section (S
2
) was at the section containing tapping point P

1 
(x
o 

-40 cm) 

(3)-in the fast stream, the control section (S
1
) was chosen at the sluice 

section (x
o 
= -10 cm). At sections S

2 
and S

3 
the depth of the flow was 
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4  measured by tapping points (P1;1and P3), and velocities were measured 

at several points. The depth (d1) and the uniform velocity (U1) at 

the control section in the fast stream were calculated, but not measured. 

The bed of the flume was always in the horizontal position. 

The effects of viscosity and surface tension in the water, and the 

wall friction in the flume can be neglected in a first approximation 

analysis of the two merging streams. Hydrostatic pressure distributions 

and horizontal surface profiles (this assumption was checked at section 

P
2
) were assumed in all cross-sections of the flow. The velocity dis-

tributions were assumed uniform at section S
1 
and S

2
, and a two-dimensional 

velocity profile was considered at section S. For reasons of simplicity 

the dividing wall (2 cm thick) was assumed to have had no effect upon the 

velocity distribution, so that 

b
3 
= b

2 
+ b

1 
	 (4.1-1) 

and the continuity equation, 

Q3 = Q2 	Q1 
	 ... (4.1-2) 

where 'b.]. 
 is the width of the channel (i = 1, 2 or 3), and Q. the correspond-

ing flow rate discharge. For the uniform streams, Ql  and Q2  can be written 

asQ.=1)...d..b.,inwhichlLis the uniform velocity of the stream 
1 1 1 1 	1 

and di  its mean depth. The flow rate at downstream control section is 

given by an integral form, where V
3 

is the velocity at a point in the 
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section, 

b
3  

Q3  = 	V3.d3.dy 
 

0 

The momentum equation for the same control volume is 

p.Q
1  U1 

 + ip.g.d
1
.b

1 
 ) +( p.Q

2
.0
2 	2 
+ ip.g.d2.b

2 
 ) 

p.p.Q .0 + 2p.g.d2.b 
3 3 	3 ... (4.1-3) 

being, p and g the mass density of the fluid and the acceleration of 

gravity, respectively, and p the momentum coefficient which is defined 

as 

1 	
3 

irv2.,1

-J.

,7.dz 	1E: -Cr 
3 
2  .AA 	... (4.1-4) 

U2.A 	U21 
 

.A 
3 3 	3 3 

where A
3 

is the area of the cross-section, and (y) and (z) are the co-

ordinates of the point velocity (V3). (V
3
) is the mean velocity at an 

elemental area (AA). The coefficient (p) quantifies the non-uniformity 

of the velocity distribution at the section and any boundary shear forces 

(which were assumed to be small). The momentum and hydrostatic forces 

acting in the control volume are sketched in Fig. 4.1-2, in which the 

velocity distribution at section S
3 

is assumed uniform 0 =- 1.0). 

For a fixed geometry of the flume the variables in the flow of the 

two merging streams are the three discharges (Q1, Q
2 
and Q3), and the 

three corresponding depths of flow (d1, d2  and d3). Fixing the discharges 
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Ql  and Q2  and controlling the depth of the fast stream d1, Equations 

4.1-2 and 4.1-3 relate three unknowns Q3, d
2 
and d3, and one parameter 13. 

In the tests performed, the depths of the flow in the wider channel and 

in the flume were both controlled by the tail-water levels in the down-

stream end of the flume. Both depths were measured and within 3% the 

followin
/
g assumption was justified, 

d2 =d3 
	 ... (4.1-5) 

With this third equation the momentum coefficient could be estimated if 

the downstream depth (d
3
) was known. 

If all the velocities are replaced by the corresponding flow rates 

(Qi).and areas (bi.di), and if p is cancelled in Equation 4.1-3, tKe 

pressure hydrostatic terms can be separated from the momentum forces 

in the following way, 

	

2 	
Q
2 	

Q
2 , 	

2 
d
2 ;

.(7.. 

	

l,)  - - '°41 	b22  3 1 - ulu 	bi  di  

2 	Q2 Q1  +  2 Q
2 

2 2 2 ( 
0 	(4 or 	d d = 	- 	1-6) 

3 1 g.b
1 	

. b2.d2 1
.d

1 	
b3.d3 

The hydraulic jump equation for a two-dimensional flow can be 

derived from Equation 4.1-6, making: 13 = 1.0; Q1=(23Q; Q2=0; Q=q1.b1=q3.b3; 

q
1 = q 3

; and b
1 
= b 

3
=b . 
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2 
2q1 

d2 
	1 

d2 - d2 = 	.— 3 1 g d
1  

• 

2q2 • 
1 d2.d + d2. 3 1 	1 d  3 	g 

q
1 

and q
3 

are the discharges per unit width at the corresponding sections. 

The solution of this quadratic equation in d
3 

leads to the well known 

Belanger momentum equation for a two-dimensional normal hydraulic 

jump (4,12). 

= i((1 	8R,2)2  - 1) 
1 1 

... (4.1-7) 

in which the Froude number of the approaching flow is Fr 1 = q
1 
 /(g.d

1
)1  

4.1.2 - Experimental Results 

The momentum coefficient of the velocity profiles measured in the 

flow was calculated through Equation 4.1-4. Twenty-one points of the vel-

ocity distribution at section S
3 

were measured by a mini-current meter 

(three velocity profiles, each with seven measurements, at depths 1.0, 
/c4im 

3.8 and 6.0Afrom the bed of the flume), giving a three-dimensional 

distribution of velocity at that particular section. The corresponding 

momentum coefficient was p
a 1.49. The coefficient calculated by the 

momentum Equation 4.1-6 was p = 1.51. These two results are in very good 

agreement, which suggests that the current meter measurements were reliable, 

and confirms that the simplifications made (assuming the shear forces to 

be small, neglecting the width of the dividing wall, and assuming d2d
3
) 

• 

• 



in the analysis were satisfactory. 

The momentum coefficients of the velocity profiles measured at 

half depth of the flow by both the  mini-current meter (pb  = 1.48) and 

the Pitot-static tube (Pc  = 1.31) were also calculated. The bigger 

value of p
b proved that the propeller meter was a more sensitive 

instrument than the Pitot-static tube in the range of velocities 

measured which tended to damp the maximum and minimum values of flow 

velocity. 

The fact that the values of the momentum coefficient Pa  and Pb  

are practically the same (1.49 and 1.48, respectively) can be used 

as an argument to justify the approximation, considered in this chapter, 

that the flow conditions in the flume were effectively two-dimensional 

and the velocities measured at half-depth were characteristics of the 

cross-section. 

Inside the control volume, 12.8% of the hydraulic energy transported 

by the two parallel streams was dissipated (see Appendix G), and we will 

assume that all this loss of energy was due to the action of the normal 

hydraulic jump formed in the narrower channel of the supercritical stream 

(in fact, only part of the energy is dissipated by the jump). According 

to Ven Te Chow ( 4 ) the relative loss of energy in a two-dimensional 
hydraulic jump with a Froude number of 2.58 (the Froude number of the 

sluice discharge) is 18.7%. The energy dissipated in a normal hydraulic 

jump formed in a channel expanding in a coflowing  stream is considerably 

smaller than the energy dissipated in a two-dimensional hydraulic jump. 

This result agreed with the empirical observations of other authors (25,38) 

that the downstream depth required for the formation of a normal hydraulic 
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jump in an abrupt expanded channel is smaller than in a two-dimensional 

rectangular channel. 

The amount of energy dissipated in the jump must be smaller than 

the calculated 12.8%, since some energy had to be dissipated at the 

walls of the flume confining the control volume, and at the shear 

boundary of the diffusing jet. It was also observed that there were 

gravity waves travelling in the free surface of the flow, which radiated 

a small amount of energy. 

4.2 - THEORETICAL ANALYSIS OF TURBULENT SHEAR FLOWS 

Fig. 4.2-1 shows the mean flow pattern of a turbulent jet (with an 

initial uniform velocity Uo) spreading through an infinite medium, of 

the same fluid, at rest. The understanding of this simple example of 

a submerged jet is essential to the theory of turbulent jets. A 

,typical velocity profile of a turbulent wall-jet diffusing in a free 

stream is shown in Fig. 4.2-2. The experimental results of the present 

research will be compared with two-dimensional flows of free jets and 

wall-jets diffusing in a medium at rest or in a uniform stream flowing 

in the same direction of the jet. 

4.2.1 - General Considerations on Submerged Jets 

In the diffusion of a jet there is a pronounced'velocity discontinuity 

(AV = U
o
) between the jet and the surrounding fluid. A shear boundary 

separates the two zones of the flow, and the shearing surface is unstable 

and generates eddies in the flow, which move in disorderly fashion both 

along and across the stream, resulting in a transverse transfer of momentum 



• 
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• FIG. 4.2-1 THE DIFFUSION OF A TURBULENT JET 
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WALL FREE-MIXING 	UNIFORM 

FIG. 4.2-2 TYPICAL VELOCITY PROFILE OF A WALL-JET 

DIFFUSING IN A UNIFORM STREAM 
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and mass. As a result of this lateral mixing process a region of 

finite thickness with a continuous distribution of velocity is formed 

between the core of the jet and the surroundings at rest. The width 

of the constant-velocity core steadily decreases and, at the same 

time, both the rate of flow and the overall breadth of the jet 

• 
	

increases in magnitude with distance from the efflux section. The 

limit of this initial "zone of flow establishment" is reached when 

the mixing region has penetrated to the centre line of the jet. A 

small transitional zone separates the zone of flow establishment 

from the zone where the turbulent flow is fully established, and the 

jet then diffuses throughout the medium at rest without any essential 

change in character. The pole of a turbulent jet with finite 

thickness does not coincide' with the efflux section, and a virtual 

0 
	 origin has to be considered. Typical velocity profiles in the zones 

of the flow establishment and fully established flow is shown in 

Fig. 4.2-1. 

The following analysis is confined to two-dimensional turbulent 

jets and to the zone of fully established flow. There is no theoretical 

value for the limit of this zone, and the experimental values given by 

several authors varies widely. According to Newman (5?), the width of 

• 
	 the core of a submerged jet (two-dimensional) diminishes to vanish at 

(12bo
), being bo 

the half width of the plane jet, and the fully 

established jet develops at about (50bo) for high Reynolds number. 

Albertson et al (41) put the limit to the zone of the fully established 

flow at (10.4 bo
). NarasAimha (51) suggests a value of (30 bo

) for 

two-dimensional wall-jets diffusing in still air, but Rajaratnam (32) 

accepts just half of that value. 

• 



Two-dimensional turbulent jets  

If viscous action is presumed to have no influence on the mixing 

process, i.e. the Reynolds number for fluid efflux of the outlet is 
• 

not too low, the diffusion characteristics of a turbulent two- 

dimensional submerged jet should be dynamically similar under all 

conditions. Then the mean value of the longitudinal velocity (V) at 

any point in the diffusion region only depends upon the position of 

the point (coordinates x,y) with respeCt to the efflux section, the 

linear dimension characterising the particular outlet form (2 b
o), and 

the initial efflux velocity (Uo). These variables may be grouped in 

the following dimensionless relationship 

V = 
f  ( x 

U 	1b' )  
0  0 4 

aG 

... (4.2-1) 

A large number of experiments have been carried out to define the 

formal expression of this relationship (1 '41). They have proved 

that beyond a certain distance from the outlet section (where the 

turbulent flow is fully developed), the velocity distribution profiles 

at all sections of the jet are of the same general form, changing only 

in their relative proportions. Different authors accept different 

expressions for the universal velocity profile, as will b'e seen later 

in the Chapter. 

The volume flux (Q) of the diffusing jet increases with the 

longitudinal distance (x) due to entrainment of the surrounding fluid. 

The ratio of the rate of flow (Q) at any section of the flow pattern to 

the efflux rate at the initial section (Q
o) may be expected to have the 



form 

T P95 

.10 V. dA 	f  x 

Qo 	U .A 	2 b
o  o o 

where (A ) is the cross-section area of the outlet section and (dA) an 

elemental area normal to the direction of the flow. 

Similarly, the ratio of momentum flux (14) at any cross-section 

of the flow to the momentum flux of the uniform jet (M0) can be 

written as, 

/-P 

M 	V2.dA 
 f Mo 	U2.A 	3 b

o  o_ o 

The energy of the jet decreases with the distance to the outlet 

section. The ratio of the energy flux (E) at any section to the 

energy flux at the outlet section (Eo) should take, as well, the non- 

dimension form 

E 
- 	_ f (a) Ea 
	V

3
.A 	4 b

o  
0 0 

On the basis of experimental evidence it may be safely presumed 

that the pressure distribution is essentially hydrostatic throughout 

the zone of motion. This implies that the sole force producing the 

dec.eleration of the jet and the acceleration of the surrounding fluid 

is the tangential shear within the mixing region. Because this process 
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is wholly internal, it follows that the momentum flux must be a constant 

for all the cross-sections of the jet. 

E- = f (-2=) = 1 3 b 

In the analysis of submerged jets, Albertson et al (41) used 

a Gaussian normal probability function for the similar velocity profiles 

of the diffusing jet. 

2 V 
V 	= exp(- 

20.2)  max 
... (4.2-2) 

In this approximation, only two parameters are required to define the 

velocity profile of the mean flow pattern at any section: the velocity 

at the axis of the jet (Um  ), and the standard deviation (0'). Now 

Equation 4.2-1 can be reduced to 

V 
	= f 

5 b ' x 
0 	0  

... (4.2-3) 

and the condition of dynamic similarity requires that at all cross-

sections, regardless of the efflux velocity, 

= C 
x 

In other words, the jet spreads at a linear rate defined by the value 

of the constant C. 

... (4.2-4) 
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Using the last three equations, the characteristics of the mean 

flow pattern for any specific boundary conditions may be determined 

analytically, with the exception of a single experimental coefficient. 

In a two-dimensional submerged jet the fact that the momentum is 

constant can be expressed by the following relationship. 

2   b/x 

V 	

// 	

(VV  

/ 	2 dy  

-- max.x. 

	

) 	= C 
dx 	1 

	

0 	max 

in which b is the semi-thickness of the section. On account of the 

universal nature of the velocity profiles 

( V )2 	_ c  
Vmax .dx - 2 

0  

which implies that the decay of velocity along the axis of a plane jet is 

C7  
V 
max 	x2  

... (4.2-5) 

4.2.2 - Turbulent Flow Equations of a Jet of Incompressible Fluid. 

A brief and simple summary of the theory available on turbulent shear 

flow is introduced in this section. The theoretical analysis is confined 

• to fluids which are viscous (Newtonian type) and incompressible (p = const), 

because such is the case of the water which was used in the experimental 

work carried out in the Hydraulics Laboratory. The temperature effects 

were completely neglected and only steady state flows in respect to time 

will be considered. 
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Equations of motion of a viscous-incompressible flow 

The conservation of mass in an homogeneous incompressible fluid 

is expressed by means of the continuity equation, which in differential 

form is ( 13 ) 

41. 3v )w 
3x 	3y 4" bz - 

o 	 ... (4.2-6) 

being (u,v,w) the three velocity components in a referential system of 

Cartesian coordinates (x,y,z). 

The Navier-Stokes equations of a viscous (Newtonian) fluid which are 

applicable to laminar and turbulent flows, are (13) 

zu \  = 	_ 	+ 	u Du 

	

+ u 	+ v 	W 	 x P 

	

_ 	Zir 	N  
ax 1- V  FF W 

 ZAT 
	PY - 

13(P-DtY-  + 	 "WAT + v 	w 	- zy 	az) - pZ 	z p, 7w  

... (4.2-7) 

where (t) is the variable time, (p). the fluid density, (p) the pressure, 

(X,Y,Z) the components of the body force per unit mass, and (11) the 

dynamic viscosity of the fluid. (72) is the Laplacian operator 

	

r, 2 -D2 	b2 D2 
x2 --ay2 Dz2 

The solution of this system of four differential equations in four 

unknowns (u,v,w and p) requires in each particular problem the definition 
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of the initial conditions in the flow and the formulation of the 

boundary conditions. *Owing to the non-linearity of the Navier-Stokes 

equations, no general method of solution is available, the only exceptions 

being simple cases of laminar flows. 

• 
	 Reynolds equations  

In the analysis of turbulent flows it is convenient to represent 

each independent variable (velocity as well as the normal and tangential 

stresses) as a sum of a time-averaged mean value and an instantaneous 

turbulent fluctuation value, 

A 	+ At 

where A' is the fluctuating component with a mean value of zero, and A- 
• 

is the time-averaged component defined in the following way, 

lim - 1 	A dT f 

T-pto 
... (47 2-$) 

Using the Cartesian tensor notation, Equations 4.2-4 and 4.24. become, 

• 
... (4.2.4) 

 

2  Dui 	Dui 	l'kt 

77—t uj x  - x. - 	La +2. 
 Dux  

	

j 	i 	P 3xi P xjzxj 

/0 
... (4.2-0) 

being the subscript (i) a free index, indicating which component is 

considered and (j) a dummy index, which indicates repeated operation. 



0 

In the following analysis, only steady state flow conditions with 
au. 

respect to time will be considered, so that 	_ 0. The instantaneous 

values of u,v,w and p can be replaced by the equivalents ;71. + u', 	v', 

w + w', and p 	in Equations 4.2-4 and 4.2-11% If the same equations 

are averaged with respect to time they become, respectively (13), 

• ui 
= 0 3777 ... (4.2-4) 

_ 
u. 	ul 	

2 - 

Ax. 	u- 	= X. - 	
t+ ui 

	

OX. 	

12 

v j 	P 	p 0)-7737. 	... (4.2-#) 

J 3 

where the overbar represents a time-average mean value defined in the manner 

of Equation 4.2-$. 

• A new set of equations can be established when the mean-value equations 

are subtracted from the fully expanded equations (with the instantaneous 

values of the variables). These new equations represent the fundamental 

relationships among the components of the turbulent fluctuations (13), 

Nu! 
ur 1 sT• = 0 

• 
au! 	au! 	241a- 	2pu! 	ziu! 	u! 

	

1 - 1 , 1 	1 	LI IL 	 + U . 	+ U 	 = - ex 	j 	157. 	 p a x. p ix iFx 

	

3 	J J 

The equation of continuity for the velocity fluctuations can be multiplied 

by the appropriate component of fluctuation, and then averaged, 
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u! 4L--41u•  = 0 
1 

J 

If these equations of zero value are added to the equations of motion, 

the Reynolds equations for the mean flow can be obtained after a con-

venient re-arrangement of the terms and differential expressions. 

u.1  ,3-77 = px. p  
. '87; qk D. j  - pu! u t ) 1 3 

'3 

... (4.2-e) 

These equations differ from the Navier-Stokes equations for laminar flow 

only in the terms involving the velocity fluctuations. The nine products pu! u! 
3 

are equivalent to apparent shear stresses, and they are called the Reynolds 

stress (Ti..), 
1.3 

ly 

T  2.3 = -p u. u. 	 ... (4.2-f)  1 

Although these apparent (turbulent) shear stresses may be quite large 

compared to the mean viscous shear, they cannot account for the dissipation 

of energy in the flow; the entire energy of the flow, both mean and turbulent 

is eventually dissipated by the action of viscosity. 

The fundamental equations just presented are exact and have some value 

in helping to describe the mechanism of turbulence. The addition of six 

more unknowns (the independent components of the turbulence stress tensor) 

to the four usual ones (u,v,w, and p) increases to ten the number of 

variables of the equations of motion. The three Reynolds equations and 

the equation of continuity are insufficient in number to yield a solution . 



of any problem (indeterminate solution) unless either greatly simplified 

Or suplemented by additional relationships between the characteristics 

of the turbulence and the mean flow. 

Turbulent shear flow model 

It w.4s Taylor who first developed a statistical theory of turbulence 

satisfying the equations of motion. He assumed the turbulence in the flow 

to be homogeneous (i.e. the same at every point) and isotropic (i.e. statis-

tically independent of the orientation as well as the location of the co-ordinate 

axis). With this simplification, he reduced the six independent components 

of the stress tensor to a single one, which could be determined experimentally. 

The essential characteristic of a turbulent motion is that its turbulent 

fluctuation6 are random in nature. In order to understand the turbulent flow 

field, it is necessary to know the properties of the turbulent fluctuations 

(intensity, correlation, spectrum, probability densities, etc). Since no 

complete statistical theory on turbulent shear flow is now available, it 

is necessary to rely on experimental evidence to solve the engineering 

problems. 

Semi-empirical theories, sometimes known as phenomono-logical theories, 

have been applied to fully developed turbulent flows. These theories are 

based on the observation that in turbulent shear flow there is a lateral 

transport of fluid between zones of high and low velocity, and that the 

mixing process is related to the velocity gradient. The first attempt to 

express turbulent shear stress (ice) in mathematical form was made by 

Boussinesq who introduced the coefficient of eddy viscosity a and assumed 

it to be a constant property of the flow depending upon the structure of 



• 

• 

• 

the turbulence. 

The total shear stress in turbulent flow is usually written as (17), 

u 	Du = p. 	+ 
oy 

where (e) is the eddy viscosity by analogy with (n), which is the molecular 

viscosity of the flow. At higher Reynolds numbers, the vj.scous stress are 

negligible in comparison with the apparent turbulent stresses (1144 6 ). 

Prandtl succeeded in relating the velocity components of turbulence to 

the general flow characteristics by proposing that small fluid mass elements 

are transported by turbulence inside the fluid a certain mean distance (1), 

the mixing length, from regions of one velocity to regions of another before 

they lose their increment of momentum in the new region. He suggested the 

following model of turbulence, 

)TIN 2  = ,2i 
xY 	Dy 

This expression, although satisfactory in many respects, had the disadvantage 

that (1) was a function of (y), the mixing length becoming larger at greater 

distance from the boundary wall. This disadvantage was partially overcome 

by von Karman, who proposed a more complex model of turbulence, 
• 

T = pk2 (3  iipy) 
a  

(a2470y2)2 

in which k is a (dimensionless) constant of the turbulence. 
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The first successful analysis in the diffusion of turbulent jets of 

incompressible fluid was made by Tollmien, who applied Prandtl's mixing 

length theory. The mixing length was assumed constant across the sections 

of the jet and proportional to a characteristic length (the width of the 

jet) in the longitudinal direction of the flow, 6' = pl
2 Tollmien 

Dy 

solved the following three problems ( 1,10): 

1. The diffusion of a parallel stream throughout an adjacent fluid 

at rest. 

2. The diffusion of a two-dimensional jet issuing from a very narrow slot 

in a medium at rest. 

3. The diffusion of an axially symmetric jet issuing from a very small 

orifice with a medium at rest. 

G3rtler used also Prandtl's theory of free turbulence, but he assumed that 

the eddy viscosity was proportional to the product of the velocity difference 

(Vm - UH
) and the jet thickness (b), and that the coefficient of turbulent 

viscosity (26 was constant over the cross-sections of the jet, (E7pxb(Vm-UH)), 

instead of the mixing length (1). Girtler applied this theory to an infinitely 

narrow plane jet and obtained an asymptotic velocity profile at the cross-

sections of the diffusing jet. 

The velocity profiles predicted by both theories for a two-dimensional 

plane jet issuing'from a very narrow plot in an infinite medium at rest are 

very similar, but the main advantage of the Prandtl'-Gtrtler theory is that 

the velocity profile is described by a relatively simple analytic formula, 

while in the Prandtl'-Tollmien theory the profile only can be determined 
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numerically (1 ). G3rtler's expression for the velocity profile is (1 ,52), 

V 	
sech

2
(!;11.) 
	

(4.2-11i) 
m 

in which (x) is the distance to the hypothetical origin of the jet (the 

pole of the jet), and not the distance to the exit section (x0), (y) the 

distance to the axis of the jet of any point of the cross-section, (V) is 

the corresponding component of velocity in the direction of the flow, and 

(V
m) the maximum velocity. The value of the empirical constant (0), 

according to Abramovich (/ ), is 0 = 7.67, and Newman (52), 0 = 8.46. 

4.2.3 - Dimensional Analysis of Two-Dimensional Jets. 

The integration of the equations of motion for turbulent shear flaw-

is impossible for the great majority of practical problems. It is necessary 

then to use dimensional argUments and approximate methods to indicate possible 

physical laws of the mean flow, and then to discriminate between them with 

the aid of experimental data. The variation of mean velocity across sections 

of a fully developed jet is usually found to exhibit geometrical "similarity", 

This implies that the mean velocity distribution and the turbulent structure on 

which it depends are completely determined by a velocity scale and a length 

scale. These scales in a free submerged jet are the maximum velocity (U
m
) 

and the local half width (b), given by the distance from the axis to the 

point at which the mean velocity falls to half,its maximum value in the 

section. A further assumption which finds some experimental support is 

that of "self preservation" which implies a continuing similarity in 

turbulent structure during the decay or development of a turbulent flow. 
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Such a situation is to be expected in a steady state brought about by 

the equilibrium between viscous decay and the generation of turbulent 

energy through turbulent shear stresses. These considerations apply 

to flow with sufficiently large Reynolds number so that viscous effects on 

the mean velocity are negligible. In this section, only two-dimensional 

plane -turbulent jets will be considered and the overbars in the variables 

of the flow (which represent a time average value defined in the manner of 

Equation 4.2-5) will be omitted in the subsequent discussion as all mean 

flow dependent variables are assumed to be time averaged. 

The equations of motion for a two-dimensional jet (in which Xi = 0 
II 	13 

and x = 0) may be deduced from Equations 4.2-0 and 4.24, 

Du Dv .57 . 0. ... (4.2-110 

ZIA 
U r.--••••• -I- V 	- bx 	-by 

v,  E eu 
by 	p 6 2 ... (4.2-17) 

The conditions under which the mean velocity profiles are similar and the 

turbulent structure of the flow are self preserved in the motion are (8 ,16) 

u 	= U
mf(y/b) 

u'v' = U2 g12  (y/b) 
Um 
  

u2 	- U2 
.° 
(T/b); v2  = U2 	(-,7-/b) 

Um 1 jl 	m 52 ji  

In these equations Um(x) is the maximum velocity in the (x) direction. (at 

the axis of the jet) and b(x) the half width of the same jet. The similarity 
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function is f(y/b) and g1,g2  and g12  are the self preserving functions. 

• 

Free submerged jets  

The main stream flow in the discharge of a two-dimensional jet is 

in the direction of the jet axis. The mean velocity component (v) at 

right angles to the axis is found to be very small by comparison with 

the main stream velocity (u) itself and can sometimes be neglected. 

At high Reynoldsnumber the viscous stresses are negligible in comparison 

with turbulent stresses. Equation 4.2-12 may be integrated across half 

the jet, and because the shear stress (p u'v') is zero at the limit of 

integration, then 

b Xu2 
p. 	. dy = -ip.uly' 	=0 

0 	 0 

and, integrating this equation, it will be found that the momentum flux 

of the jet is constant at all sections. 

s
ib p u2 dy = constant 	

• 

(4.2-13) 
'0 

Equation 4.2-12 may be multiplied, as well, by the mean velocity u and 

• integrated with respect to y, 

J 	
2 	, 	(u'Ar')  p.0 	. ay = 	u.p. ------- dy 

0 	 0 
• (4.2-141) 

If the conditions for similarity and self-preservation of the flow 

are satisfied the momentum and energy equations in the flow (Equations 

• 
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0 

0 

4.2-13 and 4.2-14, respectively) become (10)', 

1 

	

2 	2 
f (7 ).d7 = constant 

0 

	

U 1 	1 _ 

	

p.02 	f3( ).di  = p.U3./ f( 7  ) . g12.' ( ).d7 

	

m 	x  
0 	 0 

where ( 	y/b). From the foregoing equations and because the velocity 

profiles are similar, 

1).FU 
pU2  b -= constant • b 	- Um  

m 

which implies that (b) is proportional to distance (x) and the velocity 

at the axis of the jet is inversely proportional to the square root of 

the distance. Both results were found before in Equations 4.24 and 4.2-5 

and the values of the constants of, proportionality have to be determined 

from experimental data. 

The distance (xo)in the region of fully established flow is usually 

measured from the hypothetical pole of the jet (x ), being (xs) the distance 

between the pole of the jet and the exit section 

0 
0 

X = x x's 

In the remainder of this chapter we will use capital (U) to designate a 

uniform velocity, and capital (V) for a point velocity. The rate of 

growth of the turbulent jet (Equation 4.2-4) and the decay of maximum 

velocity (Equation 4.2-5) can be re-written, respectively, 
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... (4.2-10 ) 

V.111, 
	

C
2  

1 
0 	- X

s) 2 
... (4.2-20) 

• 
	 Free jets in a co-flowing stream  

A momentum jet spreading in a parallel stream flowing in the same 

direction can be treated in an analogous manner as a submerged jet. 

The assumption of a similar velocity distribution function must be 

written in terms of the excess velocity 14- UH, ( 1) 

V -UH 
= f (I) V

m
-U
H 

1(b)  ... (4.2-22) 

S 
where (U H) is the uniform velocity of the external stream, (V

m) the 

maximum velocity at the axis of the jet and (b) the width of the jet. 

(V) is the velocity at distance (y) from the axis in any point of the 

section. The velocity profiles in a turbulent jet spreading through an 

external stream are similar to the profiles of a submerged jet (1 ). An 

empirical Gaussian distribution is often used to represent the velocity 

profile 

• 

f1 
 {b) 
<) = exp(- 0.693 (1)2) 

If U
Hm' 

Abramovich (1 ) gives the rate,of growth of a two-dimensional 

jet in a co-flowing fluid as 

db 	
m- U

H 
dx 	V

m 
+ U

H 
... (4.2-13D 



where the constant (C) is determined experimentally. Since the velocity 

at the axis of the jet (Vm) varies with (x), the boundary of the jet in 

a coflowing stream must be curved according to Equation 4.2-4R. 

Wall-jets in a free stream  

A typical velocity profile of a plane two-dimensional turbulent wall-

jet in a free stream was sketched in Fig. 4.22. ,The uniform velocity of 

the free stream is U
H and Vm is the maximum velocity in the profile. 

The distances from the wall to the point of maximum velocity and to the 

point of the flow at which the velocity is equal to half the maximum velocity 

difference in the free mixing region are (50) and (51), respectively. 

The similarity solution approach to boundary value problems had been effect-

ively used by Glauert (48) for the solution of the wall-jet in a still medium. 

Based on physical reasoning he was the first to postulate that, in strict sense, 

the entire flow of the wall jet cannot conform to one overall similarity sol-

ution. He divided the flow into an inner "wall region" and an outer "free 

mixing region" on either side of the maximum velocity and treated the two 

regions separately. 

Kruka and Eskinazi (50) investiaged a plane steady turbulent wall-jet with 

negligible longitudinal pressure gradient in a constant moving stream, with 

varying ratios of jet to free stream velocity. They also divided the flow into 

an inner wall region and an outer free mixing region, but they suggested.that 

the division of the two regions should be the point of zero shear, which may not 

coincide with the location of the maximum velocity. The inner layer is constantly 

losing momentum due to frictional stresses at the wall, while the outer layer 

tends to preserve its momentum. Similarity was found to exist in both regions 

of the flow, but the same scales do not apply to both layers. 

• 



• 

The "similar" velocity profile in the free-mixing region of the 

flow can be defined in terms of the maximum excess velocity and a 

characteristic width of the wall jet. Kruka and Eskinazi (46,50) 

chose for the width scale the distance from the point of maximum 

velocity (60) to the point of the flow where the excess velocity 

of the jet (V - UH) is half the maximum excess velocity (Vm  - UH). 

V - U
H 	y - 

f
2
( 	

- 
 ) 

V
m
- U

H = ... (4.2-14) 

a 



4.3 - MEASURED MEAN FLOW PATTERN 

The mean flow pattern of a turbulent jet issuing from a sluice 

gate and merging with a deeper and-slower co-flowing stream is investi-

gated in this section. The growth of the jet, the decay of the maximum 

velocity, and the velocity distribution are the specific flow characteristics 

considered. The sluice jet was discharged along one of the lateral 

walls of the flume. If the effect of the boundary layer on the wall is 

disregarded and the wall of the flume is assumed to be a plane of symmetry, 

the jet can be treated as a free jet and the results compared with the 

equivalent characteristics of free turbulent jets diffusing in a still medium 

or in a parallel stream. Alternatively, when the effect of the wall is taken 

into account, the flow can be considered as a particular case of a wall-jet. 

The flow conditions in the laboratory were arranged to give a stable 

and well defined normal hydraulic jump inside the sluice channel. The fast 

sluice discharge, after passing through the jump, diffused into a Slow and 

uniform stream flowing in the same direction, the details of the experiments 

being given in Section 2.44. The flow pattern with an oblique jump was 

unstable (the jump and the shear boundary of the jet had no fixed position) 

/ 
and the free surface was highly disturbed by waves propagating on the 

surface of the flow and reflecting in both walls of the flume. Due to the' 

instability of the flow and the waves, the measurements of velocity and 

depths were difficult. The normal hydraulic jump flow pattern was more 

stable and it was decided to investigate this steadier flow instead of the 

oblique jump case. The initial aim of the work was to investigate the flow 

behaviour of a fast stream intersecting a slow stream, so that the diffusion ' 

of the jet in a normal jump case was preferred to a submerged discharge of 

i 
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the sluice gate. 

At the exit section of the fast channel the..depth of the flow was 

approximately the same as that of the main channel, where the depth was 

controlled by the downstream conditions in the flume. Uniform velocity 

distributions were assumed for both parallel streams at the section of 

dr 

	

	
the sluice gate. The flow conditions downstream in the flume were 

assumed to be two-dimensional and the results of the tests were compared 

with equivalent conditions on two-dimensional turbulent jets. In the 

interpretation of the results, the three-dimensional characteristics 

of the real flow (since the two parallel streams had different depths 

and velocities), the free surface, and the confinement of the jet by the 

two walls and bed of the metal flume were taken into account. 

• 4.3-1 - Growth of the Jet 

The growth of the sluice jet was calculated from the velocity profiles 

measured with the Pitot-tube at different cross-sections in the flume (see 

Fig. 4.5-1). The characteristic width of the jet (by in a cross-section 

was assumed to be the distance from the right wall of the flume to the point 

with velocity V
1 
= U

H 
+ i(V

m 
- U

H
). The mean velocity of the uniform stream 

was (U
H = 

22.8 cm/s) and (V
m
) was the maximum velocity in the section. 

The characteristic velocity (V
1
) was calculated for each section where 

velocity measurements were taken and the corresponding (61) was measured 

from the velocity profiles. 

A simple linear relationship for the growth of the jet thickness 

with the distance to the edge of the dividing wall was investigated. The 
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results were made non-dimensional by the width of the sluice gate 

(bo = 20 cm). 

8 	x 1 
= 	m. o  --• 

0 	 0 
... (4.3-1) 

In this expression (m) is the rate of growth of the jet (m = d51/dx), 

and (c) a constant value depending on the geometry of the exit section. 

The experimental points were plotted in Fig. 4.3-2 and compared with 

the growth of two-dimensional free-jets and wall-jets. A straight line 

with coefficients c=0.70 and m=0.035 fitted well the measured values of 

the jet thickness except for-the far downstream point in the flume. 

This point was close (100 cm) to the weir controlling the tail-water 

levels of the flume. It was possible for the jet to separate from the 

wall at that section due to the presence of the weir. This separation 

was observed when there was no flow (UF=O) in the main channel. 

The rate of growth (m=0.109) of a submerged jet of air issued from 

a two-dimensional slot was measured by Albertson et al (41). Bradbury (42) 

quoted the same value, but Newman (52) used a slightly smaller value 

(m=0.104). The measured value in the jet (m=0.035) was about 66-68% lower 

than that of a free jet. This small rate may be due partly to the external 

• 
stream flowing in the same direction of the jet and partly to the difference 

in depth between the fast and slow streams. The difference in the depth 

of the two-flows creates a pressure gradient along the shear boundary 

pushing the jet against the 1:a wall of the flume, which explains, as 

well, why the virtual width of the jet, at the exit section, was 0.70 of 

the width of the sluice gate. 

• —10C- 
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In an experimental investigation of a plane turbulent wall jet 

of air, Sigalla (57) found out that the points lie close to a line 

drawn from the centre of the nozzle and inclined at an angle 3.7°  to 

the wall (c=0.5; m=0.065). Rajaratnam (32), who studied the submerged 

hydraulic jump as a case of a plane turbulent wall jet under adverse 

pressure gradient, concluded that (c) and (m) are weak functions of the 

supercritical Froude number (FrI), and essentially independent of the sub-

mergence factor. The rate of growth of a wall jet is about 37-40% lower 

than that of a free submerged jet (52,53). This is attributed to a 

reduction in large eddy length scale associated with the presence of 

the wall. 

A simplified analysis of a free jet in a uniform flow was developed 

by Abramovich (1) in which the rate of growth of the jet is related 

S 	to that with still surroundings by a transformation of the (x),co- 

ordinate. If (UH <Vm) he assumed the rate of growth of a two-

dimensional jet to be, 

	

do1 	V
m 
- U

H 
= C. 

	

dx 	Vm + UH 
... (4.3-2) 

This equation is equivalent to Equation 4.2-0. In the analyses of free 

shear flows and wall-jet flows in uniform streams, Patel (53) assumed a 

simple empirical law (similar to the one used by Abramovich) for the rate 

of growth of the jet, 

de) 
1 	

V
m 
- U

H  . 
dx C1 Vm 

,(4.3-3) 
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TABLE 4.3-1 - THE GROWTH OF THE JET. 

xo 
V m Vm-UH V1  6

1 
xo 
bo 

61 V -U 0.6,4 	m 	H 0.065 Vm-UH A 
xo 
bo, 

xo 
bo 

611 
612 

bo 
Vm+UH Vm 

CM cm/s cm/s cm/s cm - cm cm 

5o 74.8 52.0 48.8 17.o 2.5 0.85 0.0554 0.0452 3.75 3.75 1.21 1.17 

100 69.6 46.8 1 46.2 18.7 5.0 0.94, 0.0527 0.0437 3.50 7.25 1.39 1.32 

190 64.2 41.4 43.5 19.8 9.5 0.99 0.0495 0.0419 4.50 11.75 1.61 1.51 

280 60.2 37.4 41.5 22.3 14.0 1.12 0.0469 0.0404 5.00 16.75 1.84 1.71 

390 46.9 24.1 34.8 28.6 19.5 1.43 0.0360 0.0334 6.25 23.o 2.06 1.92 

530 40.8 18.0 31.8 30.1 26.5 1.50 0.0294 0.0287 7.25 30.25 2.27 2.13 

68o 39.4* 16.6 31.1 46.2 34.0 2.31 0.0278 0.0274 

Notes: (1) 611 
- characteristic width of free jet diffusing in a uniform stream calculated from Eq. 4.3-2. 

(2) 612 
- characteristic width of a wall-jet diffusing in a uniform stream calculated from Eq. 4.3-3. 

(3) Vm - check of the velocity measurement. 



• 

• 

• 
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(C
1 

0.065) for wall-jets in streaming flow. Both equations of jet 

growth were integrated along the flume, and it was assumed (C = 0.104). 

The measured velocities (V
m) were used to calculate the values of 

(V
m 
- U

H
)/(V

m + UH) and (Vm - UH)/Vm 	Abramovich curve is plotted in 

Fig. (4.3-3) and the results of the calculations are given in Table 4.3-1, 

and for sake of simplification, it was assumed that the jet spreads from 

the edge of the dividing wall, and (x = x0). Both curves predicted'well 

the rate of growth of the sluice jet in the flume. These results con-

firmed the observations of other authors that the general effects of the 

streaming flow is to reduce the rate of entrainment in the jet of the 

surrounding flow and reduce the jet rate of growth (52). 

Both integrations, one for a free jet and the other for-a wall-jet 

both diffusing in a uniform stream, gave very similar results, suggesting 

that the solid boundary had little effect on the growth of the-turbulent 

jet. 

- Decay of the Maximum Jet Velocity 

The decay of maximum velocity (Vm) in a two-dimensional jet is inversely 

proportional to the square root of the distance (x) from the pole of the 

jet (see Equation 4.2-5), the constant of proportionality being determined 

experimentally. Abramovich (1 ) plotted in a non-dimensional form the 

variation of the axial velocity in a plane jet, using the initial velocity 

of the jet (U0) and half width (b0) of the exit section as scales, 

V
m 	

C 

U 7 
o 

 
-±. ) 2  
b 
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and quoted values from several authors for the constant (C4) varying 

between (3.5 and 4.0). Albertson et al (41) used the distance from 

the exit section (x
o
) to plot their results in submerged jets, 

The distance (x 
0
)is easier to measure in practical situations and is 

smaller than (x), which explains why the empirical value of C
5 
at 3.22 

is smaller than the values of C4 (3.5 to 
4.0) for the same values of 

the velocity ratio. A similar expression of velocity decay was used 

by Siggala (57) on two-dimensional wall-jets, and he found C3  to be 

3.45. 

If the boundary is smooth, momentum from the free shear layer is - 

transferred towards the wall region to compensate for the viscous 

dissipation near the wall, and the effect of the wall layer in the 

free mixing region is to decelerate the flow. Therefore, the rate 

of decay of the maximum velocity should be greater than in a free jet. 

The experiments done by Schwarz and Cosart (56) indicate the above 

fact, with the expression for maximum velocity decay as Vm cC (1/x
0.55

). 

However, for simplicity, a square root law for the decay of velocity will 

be used for comparison in the present results. 

The experimental results in the decay of the jet velocity are plotted 

in Fig. 4.3-4. The width of the sluice channel (b0) was used to calculate 

non-dimensional ratios of the distance to the edge of the dividing wall 
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TABLE 4.3,2 - MAXIMUM VELOCITY DECAY. 

Vm 	vm 	xo 	• xo 	vm 	vm 	Vm  xo 	V
m 	 x 	90 - 23c.2.  140 54 bo 0.7b0  71/777 Tr" a 	0 0 

Sigalla Albertson cm2 cm/s 
0.534 1.385 2.5 3.57 1.00 2.18 2.04 7.06 76.o 

0.497 1.289 5.o 7.14 0.93 1.54 1.44 10.0o 70.o 

0.459 1.189 9.5 13.57 0.86 1.12 1.05 13.80 62.4 

0.430 1.115 14.0 20.00, 0.80 0.92 0.86 16.73 56.5 

0.335 0.869 19.5 27.86 0.63, 0.78 0.73 19.74 50.5 

0.291 0.756 26.5 37.86 0.55 0.67 0.63 23.02 44.o 

0.281 0.730 34.0 48.57 0.53 0.59 0.55 26.25 37.5 

cm cm/s 
5o 	74.8 

100 	69.6 

190 	64.2 

280 60.2 
LJ 

390 46.9 

530 40.8 

68o 39.4* 



• 

in the flume (x
o
), but difficulties were found in defining a velocity 

scale (U
o). The first velocity used to make the flow dimensionless 

was the mean velocity of the flow, downstream of the jump (Uo  = 34- cm/s), 

but this gave results well above the predictions of Albertson (41) and 

Sigalla (57) as shown in Fig. 4.3-4. It had already been observed 

• 	 that the effective width of the jet was 0.7 times the width of he 

sluice gate. Making this assumptionialteringthe length scale of the 

jeL and using the maximum velocity measured in the jet (74.8 cm/s)was 

obtained reasonable agreement with the empirical curve of Sigalla. 

The use of the maximum velocity for scaling is virtually identical to 

assuming that the jet after the jump only occupies 0.7 of the sluice 

channel width as (34 4-0.7 = 77 cm/s). Fig. 40-5 shows how_the 

decay in the maximum jet velocity approximates quite closely to a 

• 	 square root law. 

4.4-3 - Geometrical Similarity in the Mean Velocity Profiles 

The velocity distribution in the flow of a two-dimensional turbulent 

jet can be predicted from the equation of motion if simplifying assumptions 

Adod- 
are made oft the turbulent structure of the flow. Tcllmien and GJrtler 

using slightly different assumptions on the mixing length characteristics 

• 	 of the flow derived similar velocity distribution functionS. (Gartler's 

velocity profile given in Equation 4.2-15). 

The similarity solution approach to boundary-value problems in Fluid 

Mechanics has proved to be a useful method of studying turbulent jets. 

The approximate characteristics of the mean flow pattern of the jet can 
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be derived analytically, with the exception of a single experimental 

constant, if conditions of dynamical similarity are observed in the 

flow. These similarity conditions were investigated in the discharge 

of the sluice gate into a parallel stream. The flow pattern was 

assumed two-dimensional and the results compared with two-dimensional 

theories and experimental work on plane turbulent jets. An adequate 

functional form.for the velocity profile was specifically investigated. 

The velocity measurements at half depth and in seven cross-sections 

of the flow were used to draw velocity profiles of the flow. The velocity 

ratio of each measurement (V)- to the maximum velocity (Vm) measured at 

the same section was calculated, as well as the ratio of the distance 

from the wall (y) to a characteristic distance of the jet (by, defined 

as the distance to the wall of the flume of a point with a characteristic 

velocity V1  = UH  + i(Vm  - UH). These' results are plotted in Fig. 40-6, 

and suggest the possibility of a universal velocity profile in the flow 

conditions measured if adequate scales for velocity and width are found. 

The maximum velocity was found to occur between (y/61  = 0.2 and 0.4) from 

the wall, at each section, which showed that the diffusing jet is feeling 

the presence of the confining wall of the flume. Because,on the side away 

from the wall, the jet was diffusing in a uniform stream the velocity 

• 	 ratio tended towards a constant value of V/Vm 

Fig. 4.3-6 showed some scatter among the experimental points. As 

only a limited number of velocity measurements were made at each section 

(to be precise, seven), it was unlikely that the maximum velocity measured 

(V
m
) in the section was the real maximum value of the velocity profile 

(V
max

). The difference between Vm 
and V

max 
 is a possible explanation for 
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the observed scatter of the points. The same arguement could be applied 

to the width scale. In spite of the scatter, both values (V
m
,5
1
) were 

found to be reasonable engineering scales as only one experimental ',section 

(x
o 

= 50 cm) did not fit the velocity profile. This is the nearest section 

to the edge of the dividing wall at which measurements were taken and lies 

in a region where strong transverse flow was observed. It can also be 

argued that the turbulent flow is not fully established at this cross 

section (x 
o 
 /Ao  2.5), and therefore the velocity is unlikely to conform 

to the universal profile of velocity. Experimental errors in the measurement 

of the velocity at that section due to the three-dimensional nature of the 

flow is also possible. 

In the analysis of two-dimensional free jets spreading throughou a 

co-flowing stream, Abramovich (1 ) plotted the velocity profiles in 

terms of dimensionless value of excess velocities (V - UH (see Equation 

4.2-22)-, As characteristic width of the jet (b) he used the distance (b ) 1 

between the axis and the point at which the velocity difference is half its 

maximum (V
1 
- U

H = 
0.5(V

m 
- UH)). The distribution function f(yib1 

 ) is 

the same as in a plane submerged jet (1 ), and the Gaussian normal 

probability function is very often chosen to represent the velocity 

profile in submerged jets (15,41,52,58) 

S 

V 
V

m 
= exp(-0.695( 2) 

ul 

Abramovich ( 1) suggested two other simple expressions for the velocity 

profiles in the main region of a two-dimensional jet with and without an 
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external flow 

✓ - UH 	2 - (z)1.5). 
V
m 

U
H 

... (4.3-5) 

and 

✓ - UH 	2 

• U 	1  - (1 - (1 - Z.)15) 
m H 	

b (4.3-6) 

where (b) is the half thickness of the jet. The velocity profile of 

Equation 4.3-5 corresponded to a somewhat larger thickness of the jet 

than the profile of Equation 4.3-6. 

Mrtler's theoretical velocity profile for a two-dimensional 

turbulent jet diffusing in a mediUm at rest is given in Equation 4.2-15. 

Using Newman's values (52) of (G = 8.46) and (b/x = 0.104), the expression 

for the velocity profile is approximately, 

Tr = sech2(0.88 
m 	 el

1 
-7) 

The velocity profiles corresponding to Equations 4.3,-4, 4:5-5, 4.3-6 

and 4.3-7 were calculated, and the results are presented in Appendix (H ), 

and plotted in Fig. 4.3-7. The profiles are very similar in the central 

region of the jet, but the Newman-GOrtler profile and the Gaussian 

distribution have the advantage of being asymptotic profiles. 

Two simple models of the jet diffuSing in the flume,which is assumed 

to be two-dimensional, will be discussed now. To start with, it will 

be assumed that the flow in the flume is similar to half a jet diffusing 
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in a uniform stream. Among other things, this model implies that the 

wall of the flume is a plane of symmetry of the plane jet. In the 

second model the flow pattern will be assumed equivalent to a wall-jet, 

which is a more realistic assumption, but in this case, only the flow 

characteristics in the free-mixing region of the jet will be investigated. 

Excess velocity profiles (V - UH) were calculated from the mean velocity 

of the uniform stream -(UH = 22.8 cm/s), and also the ratio of-excess 

velocity to the maximum value of excess velocity measured at the section. 

The results are plotted in Fig. 4.13-81  but no improvement in the similarity 

profile was found. Some of the values of the excess velocity ratio (34) 

were negative (points where the velocity was smaller than the uniform 

velocity due to the resistance offered by the left wall of the flume), 

and the scatter of points was bigger than before, especially in the zone 

of negative velocity ratios. 

A better excess velocity profile was found (Fig. 4.3-8) when the 

value of the minimum velocity (Vmin)  measured at(y = 72 cm), in each 

cross-section, was used to calculate the excess velocity (V - 
Vmin) 

 of 

the points in the section. The excess velocity ratios, calculated from 

(Vin-Vmin), were always positive or zero, and the velocity profile tended 

asymptotically to zero. The agreement between Gdrtler velocity profile 

(Equation 40-7), and the experimental points was quite satisfactory, 

especially if the profile was shifted from the wall by 0.3(y/61). 

This artifice is equivalent to assume that the boundary layer dis-

placement thickness is about 0.3(y/E)
1
). This observation suggested an 

analysis of the flow as a wall-jet. 

The flow pattern of a wall-jet can be divided into an outer region 
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of free mixing flow and an inner region, near the wall, where the 

flow is controlled by the growth of the wall boundary layer (Section 4.2.3). 

Kruka and Eskinazi (50) investigated the similarity conditions in both 

regions of a wall-jet in a uniform stream. In the inner layer the maximum 

velocity (Vm) and its location (50) reduced the mean velocity to a 

• 	 universal boundary layer velocity profile. (Vm) varied with the 

longitudinal distance (x) to a power which was a function of free stream 

to jet velocity ratio: The boundary layer thickness was found to be 

proportional to (x4/5) (45,50), and the corresponding width scale (6
o
) 

independent of free stream to jet velocity ratio. 

5 	= 0.0109 x 	 ... (4.3-8) 

In the free-mixing region of the jet, the maximum excess velocity (Vm-ITH) 

and a characteristic half width (6
1 
- 6o

) were used as scales to find the 

similarity conditions in the flow. (6
1
) was the distance from the wall 

to a point in the cross-section where the excess velocity is half its 

maximum value. 

• 

In order to compare the experimental results with the equivalent 

conditions in a two-dimensional wall-jet, the distance to -the shear 

boundary of the jet (y - 60) had to be calculated, and the'width of the 

wall region (50) was estimated by Equation 4.3-8. The distance to the 

pole of the jet (x4) wasapproximately (x = x0+ 400 cm). The results 

Iwo 
were plotted in thp4e sets of velocity profiles (Fig. 4.3-9) 

and they fit better a similar velocity profile than the .corresponding results, 

presented for half a free jet diffusing in a parallel stream. In Fig. 4.34 , 

the experimental points with a positive excess velocity ratio fit a Gaussian 
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a 

curve.InFig.4.5-9,where(V.), (the minimum velocity measured at each min 

cross-section) was used to calculate the excess velocity, the experimental 

points fit a GVrtler-Newman profile. 

4.3-4 - An Engineering Solution 

The rate of growth of the jet issuing from the sluice gate and 

diffusing in the flume was calculated in Section 43,-1 as, 

6* 1 = 0.70 + 0.035--2. 
0 	

b
o 

... (4.3 -9) 

From this equation the virtual pole of the turbulent jet can be estimated 

(xs 
= 400 cm)-. In this section the asterisk (*) will be used with 

quantities calculated through empirical equations developed from the 

experimental results. 

A simple expression for the decay of the maximum velocity was found 

to be (see Fig. 4.3-5) 

V* = 90 - 2 x 	 ... (415-1o) 

This equation is- not dimensionless and (V*) is expressed in (cm/s) and 

(xo
) in (cm). The point of maximum velocity separating the wall region and 

the free-mixing region of the flow and (6*) can be calculated from 

Equation (4.3-8), 

6* = 0.0109(xo + 400 cm) 
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The maximum velocity (V*) was used to draw a new set of velocity 

profiles. The results are plotted in free jet form in Fig. 40-10. The 

velocity profile tends asymptotically to a value of UH/V; = 0.2 in the 

region of the uniform velocity of the parallel stream. Three regions of 

flow were observed in the discharge of the sluice gate in a parallel 

uniform stream: a wall region confined to approximately 30% of the 

characteristic width of the jet (5yEl; = 0.31)(under the particular 

experimental conditions), a free-mixing region of turbulent flow, where 

the universal velocity profile could be represented by an exponential 

curve,and an outer part of the jet where the velocity profile tends 

towards the uniform velocity of the stream into which the sluice discharge 

Was merged. 

Finally, the results are also plotted, in terms of the excess velocity ' 

profile of a free jet diffusing in a parallel stream in Fig. 4.3-11. The 

excess velocity (V - IT*) was calculated from the experimental value (U4- 0.2V n) m 

observed in Fig. 4.3-10. A simple exponential expression, 

V-U*H  v 
vV*, 	u* - exp(-0.4(4--)

2 
 ) 

m H 	,5 ... (4.3-12) 

was used to fit the experimental results. Good agreement was observed 

0 	
among the measurements carried out in the flume at different cross-sections 

of the flow, and Equation 4.3-12, which demonstrated that similarity con-

ditions existed in the flow of the fast sluice discharge, merged with a 

uniform stream investigated for this research work. 

• 

• 
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V - SUMMARY OF RESULTS AND CONCLUSIONS. 

SUGGESTIONS FOR FUTURE RESEARCH WORK. 

An investigation into the flow of a sluice gate discharge merging 

with a deeper and uniform stream flowing in the same direction has been 

• 
	recorded in the preceding chapters. The experimental work was concerned 

with the particular characteristics of the hydraulic jump forms and the 

sluice jet diffusing downstream in the flume. A summary of the results 

and conclusions reached in this study are now presented: 

(1) Three basic forms of the hydraulic jump were observed in the flow 

patterns of the merging streams. For the same initial conditions 

of the supercritical stream increasing the tail-water level resulted 

in first oblique, then normal and finally submerged forms of the jump. 

(2) The tail-water levels (d23) required in the formation of normal jumps 

inside or at the abrupt expansion of the sluice channel were smaller 

than the conjugate depth (di) of the classical two-dimensional hydraulic 

jump. This effect is attributed to the spatial characteristics of the 

jump and the formation of side eddies. 

(3) The existing empirical equations to predict the depth ratio in normal 

hydraulic jumps at an abrupt expansion of rectangular channels were 

reviewed (Fig. 3.2-5). The width expansion ratio (b/18) of the channels 

(Kuznetzow and Rajaratnam) and a depth parameter (d
1
/b) (introduced by 

Unny) were used to correlate the particular experimental results of 

each author. In the range of Froude numbers tested (Fr
1 

2.0 to 6.0), 

the disagreement among the empirical equations is important (up to 100%) 
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and the present measurements are better represented by a Unny type 

of curve (Equation 3.2-6). 

(4) The experimental apparatus was inadequate to measure the characteristics 

of oblique jumps due to the three-dimensional nature of the jump and 

• 	 the interference of,(side wall of the flume with the oblique front of 

the jump. 

(5) The effect of a uniform stream on the hydraulic jump was small (an 

increase of the order of 10% in the downstream depth for an increase 

in the uniform stream Froude number from zero to 0.6). However, the 

uniform stream affected the diffusion of the jet (reducing its rate of 

growth by more than 60%) and eliminated the waves travelling downstream 

in the flume. 

(6) A linear relationship was deri5red (Equation 3.3-1) to relate the in-

creasing downstream depth of the normal jumps with the Froude number of 

the two-merging streams (Fr1  and Fr
2
). It was also found that the ratio 

of the downstream depth of the jump (d2 ) to the conjugate depth (dl ) 

of the equivalent two-dimensional jump decreased from 85% to 63% when the 

a 
	 Froude number of the sluice stream (Fr

1
) was increased from 2.3 to 4.6. 

Both results are valid for the particular conditions of the tests and 

the channel width ratio of 0.264, but similar behaviour of the jumps 

is expected in other conditions or in a full-scale model. 

(7) Scale effects were investigated in the depth of the fast stream (di). 

It was found that'd
1 
 should be at least 3.0 cm in order to avoid the 

—122- 



undesirable scale effects due to the growth of the flume bed boundary 

layer. 

Velocity measurements taken in the flow of the two merged streams 

with a Pitot-static tube and a mini-current meter showed that the flow 

conditions downstream in the flume were approximately two-dimensional. 

/A 
The propeller meter proved to be/more sensitive and reliable instrument 

in the range of velocities from 10 to 80 cm/s. Velocity profiles drawn 

at different cross-sections of the flow were used to calculate the rate 

iA4  
of growth and the decay ofimaximUM velocity of the sluice jet. The 

similarity of the velocity profiles was also investigated. The 

characteristics of the diffusing jet were compared with equivalent 

results on other two-dimensional turbulent jets and the following con-

clusions were drawn: 

(8) A simple linear equation to predict the growth of the jet was produced 

(Equation 4.3-9). The rate of growth of the jet (m) was 0.035 and 

its effective width was 70% of the actual width of the sluice channel 

which is explained as a three-dimensional effect of the deeper water 

of the main channel flowing across the shallower water of the fast jet 

at the channel exit section. 

(9) The rate of growth of the diffusing jet is 66% and 46% smaller than 

the same value of a two-dimensional turbulent free jet or a wall-jet, 

respectively, both of them diffusing in a medium at rest. This re-

duction in the jet growth was due to the effect of the uniform stream. 

The experimental points are in good agreement with the predictions of 

• 

• 
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Abramovich and Patel on free jets and wall-jets diffusing in a uniform 

/41  
stream. It seems that thelwall of the flume had little effect in the 

diffusion of the jet. 

(10) A square root law was investigated (Equation 4.3-10) for the decay of 

maximum velocity of the sluice jet, but since the equation is not 

dimensionless the results are only valid in the context of this 

research. It was attempted to compare the experimental points with 

the results of Albertson et al in submerged jets, and Sigalla in wall-

jets, but it was found difficult to find an adequate scale for velocity 

(U 
0
). 

(11) Several sets of velocity profiles were calculated to investigate the 

best correlation for the velocity measurements. Similarity conditions 

among the velocity profiles in the flow of the fast sluice discharge 

merging with a uniform stream were found. Three different regions of 

flow were observed inside the flume: (a) a wall region confined to 

approximately 30% of the characteristic width (61) of the jet; (b) a 

free mixing region of turbulent flow where the velocity profile could 

be represented by an exponential curve (Equation 4.3-12); and (c) an 

outer region of uniform flow. 

(12) The energy dissipated in the normal hydraulic jump formed inside the 

sluice channel was evaluated in the particular conditions of the jet 

diffusing tests. The calculations showed that less than 12.8% of the 

total hydraulic energy transported by the two parallel streams was 

• 

• 
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dissipated by the jump which is smaller than the equivalent value of 

energy dissipated (18,7%) in a two-dimensional normal jump with the 

same initial conditions (d1=3.0 cm; Fr1=2.58). 

(13) The free surface of the flow was disturbed by waves travelling or 

standing inside the flume. The undulation was particularly important 

for their size in the flow patterns with oblique jumps, which were 

characterised by a system of standing waves crossing the diffusing jet 

and being reflected, alternately, at the wall of the flume and the shear 

boundary of the jet. 

There is still a need for research work in the general problem of the 

flow through a channel junction under any conditions of the combining or 

dividing streams. A few suggestions for the extension of the present work 

in merging streams will be made: 

(a) The analysis of the hydraulic jump forms and the diffusion of the same 

sluice jet merging with a uniform stream flowing in the opposite direction 

has still to be attempted. 

(b) The generality of the present results can be checked in la similar investi-

gation under different geometry and scale conditions, or extended with a 

wider range of Froude numbers of the two-parallel streams. A.  long 

dividing wall is particularly recommended. 

(c) A new study of the characteristics of the oblique jump forms could be made 

with a sluice channel abruptly expanding in a symmetrical uniform stream. 

• 

• 

• 

• 



The so-called oblique jumps investigated by Ippen were controlled by 

the deflection of a side wall in the flume and the flow downstream of 

the oblique front of the jump was still supercritical. In the study 

suggested, the jump would be produced by a difference in depth of the 

two streams and with control of the downstream water levels it would 

be possible to get subcritical flow downstream of the jump. It would be 
	• 

instructive to compare such results with those of Ippen. 

(d) An investigation into the characteristics of the waves travelling or 

standing in the free surface of the merged flows, which are important for 

their size in the flow patterns involving an oblique jump, could well be 

carried out. The characteristics of the analogy of the standing waves 

over the diffusing jet with the shock waves of a supersonic jet could 

also be further investigated. 
	 • 
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APPENDIX A - DISCHARGE CALIBRATION CURVES 

A.1 - Orifice Plate 

The orifice plate was calibrated against a mercury and a water 

manometer. The results of both calibration'tests (Table A.1) were 

plotted, manometer heads on a semi square root scale (against discharge), 

and straight lines were fitted to the experimental points. Simple coef-

ficients for the straight lines were calculated and the agreement between 

the measurements and the simple empirical equation was good (Fig. A-1). 

Discharges up to 9.5 1/s were calibrated against the water manometer, 

and the straight line fitted corresponds to the equation 

QOR = 0.98 (Ah 	)2  
2 

—H0 

A mercury manometer was used to measure discharges ranging from 6.9 l/s to 	• 

27.3 1/s 	. 

QOR = 3'43 (AhHg)2  

In both equations discharges are expressed in litres per second (l/s), 

and manom eter heads in centimetres (cm). 

• 

A.2 - Check in the Venturi Meter Calibration Curve 

The calibrated discharges of the orifice plate (Q0R) were used to 

find the depth-discharge curve of the weir at the downstream end of the 

flume (Fig.A-2). The corresponding heads of water over the crest of the 

weir (H) were measured by a point gauge at (P4). Results of these tests 

are presented in Table A.2. Eight points of the existing calibration curve 

• 

• 
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TABLE A.1 - RESULTS OF ORIFICE CALIBRATION TESTS 

TIME 

(sec) 

Ah 

(cm) 

AL 	VOL 	VOL/TIME 

(cm) 	(m3) 	(l/s) 

(Ah)2  
I  (cm2) 

MANOMETER FILLED WITH MERCURY 

	

1033.5 	3.9 	3o 	7.08 	6.85 	1.97 

	

1386.8 	8.8 	6o 	14.16 	10.21 	2.97 

	

1027.6 	16.1 	6o 	14.16 	13.78 	4.01 

	

1107.1 	24.7 	80 	18.88 	17.05 	4.97 

	

1036.3 	29.6 	82 	19.35 	18.67 	5.44 

	

918.9 	35.7 	8o 	18.88 	20.55 	5.97 

	

856.5 	41.1 	80 	18.88 	22.04 	6.41 

	

791.1 	48.3 	8o 	18.88 	23.87 	6.95 

	

743.8 	54.5 	8o 	18.88 	25.38 	7.38 

	

691.2 	63.1 	8o 	18.88 	27.34 	7.4 

MANOMETER FILLED WITH WATER 

	

1217.3 	15.7 	20 	4.72 	3.88 	3.96 

	

963.7 	25.4 	20 	4.72 	4.90 	5.04 

	

819.3 	35.3 	20 	4.72 	5.76 	5.94 

	

677.1 	50.0 	20 	4.72 	6.97 	7.07 

	

903.5 	64.5 	3o 	7.08 	7.84 	8.03 

	

809.5 	81.6 	30 	7.08 	8.75 	9.03 

	

719.1 	96.3 	29 	6.84 	9.52 	9.81 

Notes: (1) Oh-manometer head; 

(2) AL-depth of water measured in the volumetric tank; 

(3) cross-section area of the volumetric tank - 23.6 m2; 

(4) tests carried out between 3/1/72 and 8/1/72. 



V Qx 

46.6 1.82 

46.9 2.59 

45.8 2.50 

40.1 3.44 

25.8 3.42 

17.1 2.27 

10.8 1.01 

17.02 

:21Qx  1.058 

V V  

39.3 1.53 37.o 

40.8 2.23 39.4 

39.3 2.15 43.2 

35.9 3.08 37.0 

27.3 3.62 35.7 

18.8 2.49 25.o 

14.7 1.38 18.3 

16.48 

1.092 

Qx 

1.44 

2.15 

2.36 

3.17 

4.73 

3.31 

1.71 

18.87 

0.954 

Y 

a 

3 

8 

16 

23 

38 

57 

72 

(18.o) 

5 39.0 

7 54.6 

7 54.6 

11 85.8 

17 132.6 

17 132.6 

12 93.6 

76 592.8 

63.2 2.46 

63.4 3.46 

50.2 2.74 

37.7 3.23 

22.1 2.93 

12.1 1.60 

6.0* 0.56 

	

55.9 	2.18 

	

54.8 	2.99 

50.7 2.77 

	

40.3 	3.46 

	

25.1 	3.33 

	

13.9 	1.84 

	

4.9 	0.46 

3 

8 

16 

23 

38 

57 

72 

16.98 	17.Q3 

TABLE C.1 (contd.) 

(x0 ) 
	

390 	53o 	680 

(x 
0 

190 - 280 

A 
	

Qx 

(18.o) :Qx 	 1.060 	 1.057 

Note: (1) 6.0* - averaged value. 

(2) mini-current meter velocities in the last table. 
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of the Venturi meter were checked against the depth discharge curve of 

the weir (Table A.3), and good agreement was found between these points4 

the simple equation calculated from Gill's (65 ) results (Fig. 2.3-1) being 

the maximum difference 2.79%. A difference of 4.05% was also found at the 

highest discharge, but this difference was disregarded because the discharge 

of the weir was extrapolated from the depth discharge curve. 
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APPENDIX B - SCALE EFFECTS IN THE DEPTH OF THE FAST STREAM 

According to Schlichting (14), the boundary layer thickness variation 

in turbulent flow is given by the equation 

0.37 (u0.0 1  -1/5 	-1/5 
) = 0.37 (Re) 

 

The thickness of the boundary layer in the fast stream was calculated 

assuming 1 to be the length of the dividing wall (0.10 0, Uo0  the uniform 

velocity of the stream (U
1
), and 1/ the kinematic viscosity of the water at 

20°C (1.01 x 10
-6 

m
2/sec). The thickness of the boundary layer in flows 

with different depths (di  = 2.0; 2.6; and 3.0 cm), but all of them with the 

same (Fr
1 
 = 4.8), was calculated. A constant value of 0.32 cm was found 

in the three cases. For flows with depths of 2.0 and 3.5 cm and a constant 

(Fr
1 
 = 2.2), the thickness was 0.37 and 0.35 cm, respectively. 

A complete list of the results of the tests is given in Table B.1, where 

the symbols are: 

d
SL 

- 

aperture of the sluice gate 

Q1 
	- discharge of the orifice plate 

d
1 	

- depth of the fast stream 

d
2 	

- depth in the wider channel at (P1) 

d23 	
characteristic downstream depth of the normal jump 

U
1 	

uniform velocity of the fast stream 

Fr
1 

- _Froude number of the fast stream 

Q
2
=0 - no uniform stream 

NOR - normal hydraulic jump 

' Su-Ob - the characteristic depth of the normal jump was estimated 

0 
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TABLE B.1 - SCALE EFFECTS IN THE DEPTH OF THE FAST STREAM 

JUMP 

(form) 

A 
SIL 

(cm) (1/s) 

d 1 

(cm) 

d 2 	. 

(cm) 

d23 

(cm) 

U1 

(Am/s) 

Fr1 
DATE 

d 1 

Su -Ob 6.3 17.0 3.8 11.4 11.1 2.24 3.67 2.92 19/3/73 
Su -Ob 12.5 9.2 9.1 1.64 2.69 2.40 19/3/73 
NOR 10.6 8.5 8.4 1.4o 2.29 2.21 20/3/73 
Su -Ob 14.2 10.0 9.9 1.87 3.06 2.6o 1/6/73 

• Su-Ob 15.6 10.2 10.0 2.06 3.37 2.63 1/6/73 

Su-Ob 5.0 11.6 3.0 8.9 8.7 1.93 3.56 2.90 30/3/73 
NOR 6.8 6.6 6.6 1.13 2.08 2.20 5/4/73 
Su -Ob 15.7 10.5 9.7 2.62 4.83 3.24 6/4/73 
su-Ob 14.1 9.6 9.2 2.35 4.34 3.07 11/4/73 
NOR 9.5 8.1 8.0 1.58 2.92 2.67 12/4/73 
NOR 8.3 7.1 7.0 1.38 2.54 2.34 2/5/73 
Su -Ob 11.3 9.o 8.8 1.88 3.46 2.94 17/5/73 

NOR 5.8 8.9 3.5 7.3 7.3 1.27 2.17 2.09 22/5/73 
Su-Ob 14.1 9.8 9.6 2.01 3.43 2.74 22/5/73 
Su -Ob 17.9 11.1 10.8 2.56 4.37 3.10 22/5/73 
Su -Ob 16.1 10.6 10.3 2.30 3.93 2.93 23/5/73 
Su-Ob 12.8 9.3 9.2 1.83 3.12 2.64 23/5/73 
NOR 10.9 8.3 8.2 1.56 2.66 2.34 23/5/73 

• 
Su -Ob 4.2 13.8 2.6 10.3 9.8 2.66 5.26 3.81 24/5/73 
Su-Ob 10.9 8.9 8.6 2.10 4.16 3.42 24/5/73 
NOR 5.65 5.9 5.8 1.09 2.16 2.23 24/5/73 
NOR 7.75 7.4 7.2 1.49 2.95 2.77 25/5/73 
Su -Ob 9.5 8.5 8.3 1.83 3.62 3.19 25/5/73 
Su-Ob 12.2 9.6 9.2 2.44 4.83 3.54 25/5/73 

NOR 3.2 5.4 2.0 6.1 6.1 1.35 3.05 3.05 31/5/73 
NOR 7.3 7.7 7.6 1.83 4.13 3.8o 31/5/73 
Su-Ob 9.75 9.1 8.9 2.44 5.51 4.45 31/5/73 
Su-Ob 10.8 9.4 9.0 2.70 6.10 4.50 1/6/73 
Su -Ob 8.5 8.4 8.2 2.12 4.78 4.20 1/6/73 
NOR 6.25 6.8 6.6 1.56 3.52 3.3o 1/6/73 
NOR 3.9 4.8 4.8 0.98 2.22 2.40 1/6/73 
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APPENDIX C - VELOCITY MEASUREMENTS TAKEN WITH A PITOT-STATIC TUBE 

The characteristics of the two merging streams: 

(1) Slow stream: 7.8 cm deep; 54 cm wide; mean velocity - 22.8 cm/s; 

discharge - 9.6 1/s (Ah E  = 1.0 cm). 

• 	(2) Fast stream: 3.0 cm deep; 20 cm wide; mean velocity - 140 cm/s; 

discharge 8.4 1/s (thoR  = 6.0 cm). 

(3) The two parallel streams are confined by the walls and bed of the 

metal flume, which is 76 cm wide. 

All the symbols used below have been defined in Chapter 2, and the 

values of the tables represent the measured manometer heads. 

• C.1 - The Diffusion of the Jet  

Test 1 - Date: 6 July 1973 
	

Test 2 - Date: 9 July 1973 
hSL  13.6 cm 	hSL : 13.7 cm 
d2 : 

7.7 cm 	d2 : 7.6 cm 

y 
x 

3 	16 23 8 38  

'2.6 	1.6 0.25 3.15 0.29 50 
2.61* 	1.63* 0.39* 2.87* 0.42* 

2.7 	1.7 0.6 2.65 0.30 
• 100 - 	2.47* 	1.72* 0.73* 2.59* 0.40* 

2.0 	1.55 1.05 2.0 0.48 
28o 0.94* 

68o 0.85 	1.1 0.85 0.95 0.80 

Notes: (1) - xoand y are in cm; 
(2) - Ah* - repeated measurements on 6/8/73. 
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Test 3 - Date: 

hSL : 
d2 	: 

11th July 1973 

13.8 cm 

7.7 cm 

x  3 8 	16 	23 38  57 72 

190 2.25 2.12 	1.22 	0.94 
0.88* 

0.48 0.27 (0.25) 

Notes: (1) Ah* - repeated measurement; 

(2) (0.25) measurement taken on 31/7/73 

Test 4 - Date: 31 Atly 1973 

hSI, "3'5 cm  
d
2 

: 7.6 cm 

y 

x  
16 	23 	57 72 

50 1.42* 	0.39 	0.36 0.27 ' 

100 1.63* 	0.66 	0.29 0.26 

190 1.40* 	0.88 0.25 

280 1.35* 	0.94 	0.30 0.20 

390 1.21* (0.21) 

530 1.06* (0.26) 

680 0.95* 	0.1+7 0.32 

Notes: (1) Ah* - check in previous measurements; 
(2) (0.21) and (0.26) measurements taken on 16/6/73.  

—135- 



• 

Test 5 - Date: 16th July 1973 

hSL : 13.6 cm 

d
2 : 7.7 cm 

x  
3 	8 16 23 38 57 72 

390 1.26 	1.27 1.22 0.97 0.49 0.30 0.21 

530 0.94 	1.00 0.94 0.81 0.53 0.33 0.26 

C.2 - Vertical Velocity Profiles 

Position 	(z=) 1.0 2.5 3.8 5.0 6.0 7.0 Date 

o=) 110 	2.31 2.61 2.80 2.96 3.07 3.08 10/7/73 

(7=) 8 	65.10 69.50 72.10 74.30 75.70 75.80 

290 	1.25 1.56 1.70 1.69 1.74 1.88 18/7/73 

12 	46.50 52.60 55.20 55.00 55.90 58.30 

290 	0.29 0.35 0.45 0.45 0.57 0.55 18/7/73 

45 	16.80 19.80 24.30 24.30 28.70 28.00 

Notes: (1) the first value 	the manometer head in (cm); 

(2) the second value ifi the velocity in cm/s. 
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TABLE C.1 - CALCULATION OF TEE FLOW RATES FROM THE VELOCITY PROFILES 

50 	100 	280 

Ay AK V Qx V Qx 	
V 	Qx 

cm cm 	cm 2 
	cm/s 1/s 	cm/s 1/8 	cm/s 	1/s 

3 5 39.0 69.5 P2.71 69.1 2.69 60.2 2.35 

8 7 54.6 74.8 4.08 69.6 3.80 60.2 3.29 

16  7 54.6 53.6 2.92 55.4 3.02 52.4 2.86 
23 11 85.8 21.7 1.86 31.6 2.71 40.3 3.46 
38 17 132.6 20.3 2.69 19.8 2.62 25.5 3.38 
57 17 132.6 20.3 2.69 16.5 2.19 17.1 2.27 

72 12 93.6 15.3 1.43 14.7 1.38 9.9 0.93 
• 

76 592.8 18.38 18.41 18.41 

18.0 : 2: Qx  0.979 0.978 0.978 

Notes: (1) AY - elementary area (Ay = 7.8 ar  cm2 ); 
(2) V - velocity in the middle of area AY; 

(3) Qx  - flow rate throttlAy (Qx  = 

• 
	

(4) Qx-  flow rate across the section; 

(5) The measured flow rate in the flume was 18.0 1 s. 
(6) The velocity measurements were taken with a Pitot-static tube. 

/contd....- 
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TABLE A.2 - WEIR DEPTH-DISCHARGE CURVE 

thOR 

(cm) (cm) 

QOR 

(1/s) 

3.65 9.2 6.55 
10.6 10.3 11.2 
20.6 11.15 15.6 
30.2 11.75 18.8 

• 39.9 12.3 21.7 
50.1 12.7 24.3 
60.3 13.05 26.6 
63.3 '13.2 27.3 

Notes: (1) AhOR - orifice manometer head 

(2) H - head of water over the crest of the weir 
I 

(3) QOR 	3.43 (AhoR).  

• 
AhvE  

(cm) 

TABLE A.3 - VENTURI METER CALIBRATION CHECK 

H QWR 	QVE 

(cm) 	(1/s) 	(1/s) 

QWR 1 
QVE 

(%) 

1.85 10.7 13.2 13.1 -0.76 
3.75 11.7 18.4 18.6 +1.08 
4.6 12.1 20.5 20.6 +0.49 
5.5 12.4 22.4 22.5 +0.44 
6.65 12.8 25.0 24.8 -0.81 
7.75 13.1 26.8 26.7 -0.37 
8.95 13.5 29.5 28.7 -2.79 
13.0 14.3 36.o* 34.6 -4.05* 

• 
* extrapolated value 

Notes: (1) AhvE  - Venturi manometer head 

(2) Q/0  - Weir discharge 

(3) QVE - 9.6 (AhvE)2  

(4) Tests carried out on 29/2/72 and 1/3/72. 
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APPENDIX D - VELOCITY MEASUREAMTS MADE WITH A MINI-CURRENT METER. 

D.1 - Current meter tests 

Test 1 - 	Date : 16 July 1973 

Beginning of the test: 14h 40 m 

h = 13.6 cm'
'  d2  = 

7.7 cm 

o = 1q0  cm; y = 16 cm; z = 3.8 cm 

(position of the propeller in the flume) 

Time N (revolutions in 10 sec) N 7771  

N . - 
max 

14 h 50 m 897 909 934 	846* 878 901 1.034 0.108 
55 949* 857 891 	966 	888 

15 	05 888 955*  901 	863* 874 909 1.044 0.096 
10 891 894 899 	933 	904 

15 	40 911* 884 896 	895 	863 879 1.009 0.082 
45 836* 891 902 	874 	840 • 

17 	45 880 862 912* 822* 878 871 1.000 0.099 
50 847 878 860 	8go 	886 

18- 	25 867 876 889 	907 	849 871 1.000 0.090 
30 875 848 837* 847 	920* 

Note: (1) N - number of revolutions of the propeller read by 
electronic counter unit in 10 seconds. 

(2) N - mean averaged value of the ten readings. 

(3) N*- maximum (N ) or Minimum (N ) values of the readings. 

0 

max 	min. 
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D.2 - Check on the measurements of the Pitot-static tube  

Test 2 - Measurements taken at z = 3.8 cm 

3 8 16 23 38  57 DATE 

1118 1120 875 643 354 178 16/7/73 

63.2 63.4 50.2 374 22.1 12.1 

64.2* 62.1* 45.8 38.5* 25.5* 15.3* 

982 961 885 691 410 203 11/7/73 

55.9 54.8 50.7 40.3 25.1 13.9 

60.2* 6p.2* 52.4* 40.3* 25.5* 17.1* 

Notes: (1) first value - number of revolutions of the propeller; 
(2) second value - the velocity calculated from a calibration curve (cm/s); 
(3) third value - corresponding velocity of the Pitot-static tube (V*); 
(4) the measurements at (x=190 cm) and (f=3 and 8 cm) were repeated on 

6/8/73, and were 1141°and 1133, respectively. 

Test 3 - Measurements taken at z = 3.8 cm 

x 
- o 

190 280 390 53o 68o DATE 

16 900 886 825 777 690 31/7/73 

51.6 50.7 47.6 44.9 40.2 

45.8* 52.4* 45.8*  39-3*  43.2* 

• 
72 8o 5o 239 30/73 

6.8 4.9 15.8 

14.0* 9.9* 10.8* 14.7* 16.3* 

Notes:. the same as in Test 2. 

x  

190 

280 
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D.3 - Velocity measurements at the control sections 

Test 4 - The downstream section (x0= 190 cm) 

y 
3 

z 
8 16 23 38  57 72 DATE 

1.0 	1018* 
57.8 

3.8  1118 
63.2 

6.0  1143* 
64.6 

948* 
54.1 

1130 

63.4 

1188* 
66.9 

720 

41.9 

875 

50.2 

999 

56.9 

464 
28.o 

643 

37.7 

761 
44.o 

232 

15.4 

354 

22.1 

477 
28.7 

134 

9.9 

178 

12.1 

245 
16.1 

5o 

4.9 

58 

5.3 

18/7/73 

16/7/73 

18/7/73 

Notes: (1) first value - number of revolutions of the propeller; 

(2) second value - velocity in cm/s; 

(3) N* - values measured on 6/8/73. 

Test 5 - The control section in the slow (uniform) stream 6&= -40 cm) 

z 	1.0 	3.8 
	

6.o 	DATE 

y 

36 368 	428 	425 
22.8 	26.1 	26.o 6/8/73 

62 351 	423 	447 
22.0 	25.9 	27.1 

Notes: the same as in Test 4. 
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the depth ratio (n) is greater than 1. 

n  71; 

From continuity, 

U1.d1.b = U2 
 .d
2 
 .B (E-P) 

• 

( 

/  

/ 	/ / 
/ 

/ 

• 

APPENDIX E - CRITICAL ANALYSIS ON R-JUMPS (33) 

The characteristics of a supercritical stream freely expanding 

in an abrupt expansion can be predicted by the method of characteristics 

(62,63,66). As the fast stream expands the depth of the flow gradually 

decreases and the flow surface assumes a three-dimensional shape. The 
• 

contour lines of equal depths have smaller ratios of d/d1  (d1 
is initial 

flow depth) as an observer moves downstream or transversely to the direction 

of the flow (62). As the Froude number (Fr
1
) increases, the more the contour 

of constant depth are displaced downstream and transversely (62). 

Below an abrupt expansion of a rectangular cross-section channel 

the supercritical flow does not expand freely, because the fast stream 

is confined downstream by the side walls of the channel. However, the 

• 	depth of the flow decreases gradually in the region where the flow is 

expanding. For sake of simplicity it will be assumed that the expanded 

supercritical stream at section 2 has a uniform depth (d2) and consequently 

Equation 3.2-4, which was derived by Rajaratnam and Subramanya (33) 

for a R-jump can be written as, 

-.4= (0.30 	 )Fr
1 	

I. - 0.85 	+ 0.495 B  
1 

(E-3) 
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This equation was derived for width expansion ratios (b/B) of 

0.17; 0.33; 0.50; 0.67 and 0.83; and for Froude numbers (Fri) 

varying from 2.2 to 8.9. 

The conjugate depth (d2) of the flow conditions at section 2 is, 

a '2' (1 	2. 
d2 
- = 0.5 (0 + oFr

2) - 1) 2 

Using equations (E-1) and (E-2) and taking into account that (a2=d3), 

the conjugate depth equation can be rewritten in terms of the initial 

conditions, 

0  2 
d = "(2 ' (0 + 8Fr2.0.(b/BN - 1) 	(Em.5) n 	1 1 

Comparing the results of Equations E-3 and E-5, the value n can be 

estimated for different expansion ratios and Froude numbers: 

(a) For (b/B) = 0.83,n varied from 1.0 (Fr
1
=9) to 1.1 (Fr

2=2) 

(b) For (b/B) = 0.50,n varied-  from 1.4 to 1.8 

(c) For (b/B) = 0.33,n varied from 2.1 to 3.0 

(d) For (b/B) = 0.17,n varied from 4.6 to 8.0 / 

These results showed that the depth ratio (n) was greater when the 

expanding stream spread in a wider channel, or when the initial Froude 

number was smaller. Since similar results were observed by Abu-Sayf (62) 

and the estimated values of n varied between.1.0 and 3.0 for a width ex-

pansion ratio (b/B) bigger than 0.33, it seems that the so-called R-jump is 

jus

f

t a normal two-dimensional hydraulic jump forming in the wider channel 

el 
frina --an expanded stream. 
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APPENDIX F - CALCULATION OF THE MOMENTUM COEFFICIENT 

IN THE DOWNSTREAM CONTROL SECTION (S3). 

The impulse momentum balance in the control volume defined in 

Section 4.1.1 was calculated for the following particular conditions 

of the flow: 

Q
1 
= 

d
1 

b
1 
= 

0.0084 m3/s 

0.030 m 

0.20 m 

; 

; 

- 
Q
2 
 - 0.0096 m3/s 

d
2 

= d
3

-= 0.078 m 

b
2 

= 0.54 m b
3 
 = 0.76 m 

The values used for the constants were: p = 1000 Kg/M3 and g = 9.8 m/s2 

Momentum equation  

Assuming uniform velocity and hydrostatic pressure distributions at 

control sections (S
1
) and 

(S2)' the corresponding momentum forces can be 

calculated, 

• 

F. 

and, F
1  

F
2 

. 

= 

= 

p.Q..U. 	+ 	Tp.g.d2 .b. 
a. 

11.76 	+ 	0.88 	= 	12.64 

2.19 	+ 	16.10 	= 18.29 

N 

N 

At sections (S3), a two-dimensional velocity profile was considered 

and a momentum correction coefficient 0) introduced to take into account 

the non-uniformity of the velocity profile, 

F3  = 5.47p 4. 22.66 

0 
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The momentum coefficient calculated from the momentum-force balance 

equation was (0 = 1.51); 

F
3 
 = F

1 
+ F

2 

5.4713 	22.66 = 12.64 	18.29 

Velocity profiles  

The momentum coefficient was also calculated from the velocity 

profiles measured with the Pitot-tube and the propeller meter at 

control section (S3). These experimental coefficients, which were 

designated by (0) with an index (corresponding to the test) to 

differentiate from the previous value of the momentum coefficient, 

were calculated by Equation 4.1-4. Three different tests were 

considered: 

(a) a set of twenty-one velocity measurements (seven measurements 

in each velocity profile taken at three different depths) made 

with a mini-current meter, giving a three-dimensional velocity 

distribution at the control section. In Table (1.1) are given 

all the results. 

Pa = 1.1+9 

(b) a set of seven measurements made at half depth of the flow with 

the current-meter (two-dimensional velocity distribution). 

131)  = 1.48 
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cm4/s2 cm2/s2 cm2 cm/s cm3/s cm4/s2 cm5/63 

(x 103)(x-`103) (x 103)(x io) 

59.9 3787 14.0 64.6 904 58.4 3774 

84.4 5352 19.6 66.9 1311 87.7 5869 

52.9 2657 19.6 56.9 1115 63.5 3611 

46.9 1768 30.8 44.0 1355 59.6 2624 

24.9 550 47.6 28.7 1366 39.2 1125 

7.5 90 47.6 16.1 766 12.3 199 

0.9 5 33.6 5.3 178 0.9 5 

27?.4 14209 212.8 6995 321.6 17207 

• • 

TABLE F.1- CALCULATION OF THE MOMENTUM AND ENERGY COEFFICIENTS IN THE DOWNSTREAM CONTROL SECTION (S
3
). 

- Three-Dimensional Velocity Profiles. Current Meter Measurements. 

z = 1.0 cm; Az = 2.0 cm 
Y 

CM 

AY 
AyZ, 

2 cm 	CM 

V 

cm/s 

VA 

cm 3/s 5/s  

V2A 

cm4/s2 

V3A 

=5/63 

A
Yz 

cm2 

V 	VA 

cm/s cm3/s  

(x 103) (x 103) 

3 5 	10.0 57.8 578 33.4 1931 15.0 63.2 948 

8 7 	14.0 54.1 757 41.0 2217 21.0 63.4 1331 

16 7 	14.0 41.9 587 24.6 1030 21.0 50.2 1054 

23 11 	22.0 28.0 616 17.3 483 33.0 37.7 1244 

38 17 	34.0 15.4 524 8.1 124 51.0  22.1 1127 

57 17 	34.o 9.9 337 3.3 33 51.0 12.1 617 

72 12 	24.0 4.9 118 0.6 3 36.o 5.1* 184 

2: 152.0 3517 128.3 5821 228.0 6505 

Note: (1) V = 5.1* - estimated value. 

z = 6.o cm; Az = 2.8 cm 

Aye  V VA V2A V3A 

 = 3.8 cm; Az = 3.0 cm 

V2A V3A 



0 
	 • 	 • 

F.1,2 - Two-Dimensional Velocity Profiles. Pitot-tube and Current-Meter Measurements. 

a) Momentum coefficient 

2: V2.A xyz 

	

y 	A 
Yz' 

	

cm 	cma  

Current-meter 

V 	VA 	V2A 	V3A 
cm/s 	cm3/s cm4/s2  cm5/s3  

Pitot-static tube 
V 	VA 	V2 	, V3A , 

cm/s 	cm3/s cm- /scm-5/6-)  

	

3 	39.0 

	

8 	54.6 

	

16 	54.6 

	

23 	85.8 

38 132.6 

57 132.6 

	

72 	93.6 

63.2 2465 

63.4 3462 

50.2 2741 

37.7 3235 

22.1 2930 

	

12.1 	1604 

	

6.o 	562 

(x 103)(x 103) 

	

155.8 	9849 

219.5 13916 

	

137.6 	6907 

	

122.0 	4598 

	

64.8 	1431 

	

19.4 	235 	' 

	

3.4 	20 

64.2 

62.1 

45.8 

38.5 

25.5 

15.3 

14.0 

2504 

3391 

2501 

3303 

3381 

2029 

1310 

(x 103)(x 103) 

	

160.8 	10323 

	

210.6 	13078 

	

114.5 	5244 

	

127.2 	4897 

	

86.2 	2198 

	

31.0 	474 

	

18.3 	256 

0 	- 
U .A 
3 	3 

b) Energy coefficient 

2:1 V3
.A sy2 a 	= 

TJ3.A 
3 	3 

:El 	592.8 16999 722.5 36956 18419 748.6 36470 



• 

(c) the same set of seven values of velocity, but measured with 

the Pitot-static tube at half depth of the flow (two-dimensional 

velocity distribution). 

Pe  = 1.31 

• 
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APPENDIX G - EVALUATION OF THE ENERGY DISSIPATED INSIDE 

THE CONTROL VOLUME. 

The dissipation of energy inside the control volume (which was 

230 cm long and 76 cm wide) was calculated in order to estimate the 

amount of energy dissipated by the normal hydraulic jump formed inside. 

the sluice channel for the particular flow conditions defined in 

Section 4.1.1. The specific energy (energy per unit weight) at each 

controlsectionWis given by, 

Ei 	d. 
2g(bi.d1)2  

The balance of hydraulic energy in the control volume can be 

written as 

W
1 	

W
2 

= W
3 

+ AW 

where W. = p.g.Q..E. is the energy of-the flow at each control section 
J. 	J. 

and AW is the hydraulic energy dissipated inside the control volume. 

Since the velocity distribution at section (S
3
) is non-uniform, the 

specific energy (E
3
) had to be corrected by an energy coefficient a defined 

in the following way 

a = 4.dy.dp 0 X V33
.AA 

3 
3 	3 U3.A3 	u.A3  

Q3
2  

and E
3 	

d
3 

+ a 
2g(b

3
. 

• 

Qi  



• 

• 

• 

In the calculation of the energy coefficient (a = 2.65), the 

results of the twenty-one velocity measurements made with the current 

meter at section (8
3
) were used (see Table F./ ). 

Assuming uniform velocity and hydrostatic pressure distributions 

at sections (S
1
) and 

(82)' 
the hydraulic energy at these sections was, 

respectively 

W
1  = p.g.Q1.(E

1) = 82.32 (0.030 	0.100) = 10.71 

W
2 
= p.g.Q

2.(E2
) = 94.08 (0.078 + 0.0027) = 7.59 

The energy at the downstream control section with a two-dimensional 

velocity profile was 

W
3 
 = p.g.Q3.(E3) = 176.4 (0.078 + 2.65(0.0047)) = 15.96 J 

The hydraulic energy dissipated in the control volume was 

AW = 10.71 	7.59 - 15.96 = 2.34 J 

The ratio of energy dissipated inside the control volume to the energy 

transported by the two parallel streams was, 

AW 	2. 4 
W
1 

+ W
2 
- 18.30  

= 0.128 
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APPENDIX H - SIMILARITY IN THE VELOCITY PROFILES OF THE DIFFUSING JET. 

Cross-Section (Xo = 50 cm) 

(Characteristic values of the velocity profile) 

UH 

Vm 

V 	= min 

61*  
V* 

6* 
0 

22.8 cm/s 

74.8 cm/s 

15.3 cm/s 

15.8 am .  

76.0 cm/s 

4.9 cm 

(velocity of the uniform stream) 

(maximum velocity measured in the section) 

(minimum velocity measured at y = 72 cm) 

(characteristic width calculated from Eq. 43-9) 

(maximum velocity calculated from Eq. 4.1-10) 

(growth of the boundary layer from Eq. 4.1-11) 

• 

V 
6* 

V-UH V-V min 

V-V . min V 

1 V -U  V UH V -V . m 	min 

	

6*-6* 	V* 1 	o 

cm cm/s - cm/s 

3 69.5 0.19 0.93 46.7 0.90 54.2 0.91 - 0.91 

8 74.8 0.51 1.00 52.o 1.00 59.5 - 1.00 0.28 0.98 

16 53.6 1.01 0.72 30.8 0.59 38,3 0.64 1.02 0.71 

23 21.7 1.46 0.29 -1.1 -0.02 6.4-  0.11 1.66 0.29 

38 20.3 2.40 0.27 -2.5 -0.05 5.0 0.08 3.04 0.27 

57 20.3 3.61 0.27 -2.5 -0.05 5.0 0.08 4.78 0.27 

• 72 15.3 4.56 0.20 -7.5 -0.14 0.0 0.00 6.16 0.20 

0 	 -151- 



• 

Cross-Section (xo -= 100 cm): 

UH  = 22.8 cm/s 	Vm 69.6 cm/s 	Vmin = 14.7 cm/s 

5* = 17.5 cm 	V* = 70.0 cm/s 	6* = 5.5 cm 

V-UH 	
V-V

mm 
. 
n 	Y-6* 	V 

o*
1  

V 	V 
Vm 

V-UH Vm-UH  min . Vm  -V min  51  -5o  * 	V* 

• 

3 69.1 0.17 0.99 46.3 0.99 54.4 0.99 - 0.99 

8 69.6 o.46 1.00 46.8 1.00 54.9 1.00 0.21 0.99 

16 55.4 0.91 0.80 32.6 0.70 40.7 0.74 0.88 0.79 

23 31.6 1.31 0.45 8.8 0.19 16.9 0.31 1.46 0.45 

38 19.8 2.17 0.28 -3.0 -0.06 5.1 0.09 2.71 0.28 

57 16.5 3.26 0.24 -6.3 -0.13 1.8 0.03 4.29 0.24 

72 14.7 4.11 0.21 -8.1 -0.17 0.0 0.00 5.54 0.21 

• 
Cross-Section (xo = 190 cm): 

UH = 22.8 cm/s 	
Vm = 64.2 cm/s 	Vmin 14.0 cm/s 

5* = 20.6 cm 	V* = 62.4 cm/s 	o* = 6.4 cm 0 

V 
V 
Vm 

V-UH 

V-UH V i  V- min 

V-Vmin V 

Vm Vm -UH Vm-Vmin 45*-6  o 1  

• 3 64.2 0.15 1.00 41.4 1.00 50.2 1.00 - 1.03 

8 62.1 0.39 0.97 39.3 0.95 48.1 0.96 0.11 1.00 

16 45.8 0.78 0.71 23.o 0.56 31.8 0.63 0.80 0.73 

23 38.5 1.11 0.60 15.7 0.38 24.5 0.49 1.17 0.62 

38 25.5 1.84 0.40 2.7 0.06 11.5 0.23 2.22 0.41 

57 15.3 2.77 0.24 -7.5 -0.18 1.3 0.03 3.56 0.25 

72 14.o 3.50 0.22 -8.8 -0.21 0.0 0.00 4.62 0.22 
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Cross-Section (xo = 280 cm) 

VMin  = 9.9 cm/s 

5* 	= 7.4 cm 

UH = 22.8 cm/s 	
Vm = 60.2 cm/s 

6*1 
 = 23.8 cm 	V* = 56.5 cm/S 

V-UH V V-Vmi n 

V-V . 	y-oa  mln V 

Vm 
y 	V 	6* 

	

1 	
Vm 	

V-UH 	Vm-UH 
-* Vm-V ru.m 	51,5* 	o  

	

3 	60.2 	0.13 	1.00 	37.4 	1.00 

	

8 	60.2 	0.34 	1.00 	37.4 	1.00 

	

16 	52.4 	0.67 	0.87 	29.6 	0.79 

	

23 	40.3 	0.97 	0.67 	17.5 	0.47 

	

38 	25.5 	1.6o 	0.42 	2.7 	0.07 

	

57 	17.1 	2.40 	0.28 	-5.7 	-0.15 

	

72 	9.9 	3.02 	0.16 	-12.9 	-0.35 

50.3 

50.3 

42.5 

30.4 

15.6 

7.2 

0.0 

1.00 

	

1.00 	0.04 

	

0.85 	0.52 

	

0.60 	0.95 

	

0.31 	1.87 

	

0.14 	3.02 

	

0.00 	3.94 

1.07 

1.07 

0.93 

0.71 

0.45 

0.30 

0.18 

Cross-Section (xo = 390 cm): 

vmin = 10.8 cm/s 

b0* = 8.6 cm 

UH = 22.8 cm/s 	
Vm = 46.9 cm/s 

5*1 
 = 27.6 cm 	V* = 50.5 cm/s 

V 	
V7VE, 

V-V . mmn 

V-V 	. min 	Y-15,!; V 
y 	V 	V-U 

6* 	m 
	H 	Vm-UH 

V -V 	. 	15*-b* m 	1 	o VIT1  

	

3 	46.6 	0.11 	0.99 	23.8 	0.99 

	

8 	46.9 	0.29 	1.00 	24.1 	1.00 

	

16 	45.8 	0.58 	0.98 	23.o 	0.95 

	

23 	40.1 	0.83 	0.86 	17.3 	0.72 

	

38 	25.8 	1.38 	0.55 	3.0 	0.12 

	

57 	17.1 	2.06 	0.36 	-5.7 	0.24 

	

72 	10.8 	2.61 	0.23 	-12.0 	0.50 

35.8 

36.1 

35.0 

29.3 

15.0 

6.3 

0.0 

0.99 

1.00 

	

0.97 	0.39 

	

0.81 	0.76 

	

0.42 	1.55 

	

0.17 	2.55 

	

0.00 	3.34 

0.92 

0.93 

0.91 

0.79 

0.51 

0.34 

0.21 
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Cross-Section (xo  = 530 cm): 

UH = 22.8 cm/s 	
Vm = 40.8 cm/s 	

Vmin = 14.7 cm/s 

6* = 32.5 cm 	v* = 44.0 cm/S 	6* = 10.1 cm 
1 

V-UH 	
V-V 	Y-6* 

2-__- 	v V-UH Vm-UH V-Vmi 	
min 	o V 

6* 	Vm 	
n 	Vm -Vmin 	61*-6o  * 	

V* 
1 	 m 

• 

3 39.3 0.09 0.96 16.5 0.92 24.6 0.94 0.89 

8 40.8 0.25 1.00 18.0 1.00 26.1 1.00 0.93 

16 39.3 0.49 0.96 16.5 0.92 24.6 0.94 0.26 0.89 

23 35.9 0.71 0.88 13.1 0.73 21.2 0.81 0.58 0.82 

38 27.3 1.17 0.67 4.5 0.25 12.6 0.48 1.25 0.62 

57 18.8 1.75 0.46 -4.o -0.22 4.1 0.16 2:09 0.43 

• 72 14.7 2.22 0.36 -8.1 -0.45 0.0 0.00 2.76 0.33 

• 
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