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Abstract: A detailed analysis is presented for a boundary value problem of circular coils with parallel axes shielded by a cuboid
of high permeability. Field solutions are given by establishing a suitable ansatz of the magnetic scalar potential, which can
satisfy the boundary conditions on six surfaces of the cuboid without difficulty. Analytic expressions are also given for the self
and mutual inductance of shielded circular coils with rectangular cross section. By differentiating the self- and mutual magnetic
energy with respect to the centre coordinates of the shielded coils, the total forces exerted on them are further obtained, which
consist of self and mutual force components. Finally, the numerical results of the proposed method are compared with those of
the finite-element method simulations, and the proposed method proves to be accurate and efficient enough for practical
applications.

1௑Introduction
In many cases of electric power applications, a static or slowly
varying magnetic field should be confined to a certain region by
magnetic covers [1–3]. Under such circumstances, the field and
inductance of shielded coils will be changed owing to the existence
of shielding material, which cannot be taken into account by the
Neumann formula for inductance of coils in the free air [4–11].
Specific methods should be applied to this type of boundary value
problem (BVP) to take the reflection effect of boundary into
consideration. Normally, to evaluate the effects of shielding forms
such as a pair of parallel plates, circular hollow cylinder or hollow
sphere, we can refer to the relevant monographs [1–3]. However,
for a shielding form of a cuboid, no results have been found as yet
apart from some formulae published for the special case of this
problem [12]. The absence of this shielding form in the literature is
not due to its insignificance. In fact, the cuboidal shielding is
commonly used, and it is more convenient to manufacture and
install in practice. Moreover, it is not enough to simply employ the
finite-element method (FEM) to calculate the effects of cuboidal
shielding. For instance, using FEM to analyse an ‘inverse problem’
may lead to a rather cumbersome task [13] (the self and mutual
inductance of a coupled coil system must satisfy some equations,
so a direct solution with FEM will be infeasible). However,
analytical solutions, by contrast, are competent at this complicated
situation without the limitations of FEM.

In this work, analytical solutions will be given to the BVP
mentioned in the title as a generalisation of the results for coaxial
coils shielded by cuboid of high permeability [12]. Contrary to the
intuition, this seemingly simple problem cannot be tackled easily
with the routine method of magnetic vector potential (MVP) due to
the presence of all components of the magnetic field. In addition,
the solving process will become very tedious by starting with the
Bessel-integral formulas of MVP of the circular rings [14, 15],
since a complicated coefficient matrix of infinite dimensions will
arise from the boundary conditions on the surfaces of the cuboid.
Fortunately, these difficulties can be surmounted by using the
magnetic scalar potential (MSP). In view of the physical meaning,
a magnetic double layer with constant moment density will be
created by a ring carrying the current I [16], as a consequence, the
MSP will experience a jump quantity I while passing through the

area enclosed by the ring, and retain the continuity in the remaining
area. Accordingly, the coefficients of the ansatz can be determined
with the jump characteristics and orthogonality of the
eigenfunctions [17]. With the MSP, the field, inductance, and
forces between the shielded coils are easy to find. The validity of
the results will be confirmed by the numerical calculations
compared with those given by FEM simulations.

The configuration of this BVP is shown in Fig. 1 with the
notations of geometric parameters. Two circular coils with parallel
axes and centres (x1, y1, z1), (x2, y2, z2), are shielded by a cuboid
with length, width, and height of 2a, 2b, 2l, respectively. The axes
of coils are parallel with the side 2l of the cuboid. The analysis will
begin with the field of a single shielded circular ring, and the
results are developed further to the circular coils with rectangular
cross section. 

2௑Ansatz for MSP of a circular ring shielded by a
cuboid of high permeability
We take central point of the cuboid as the origin of the Cartesian
coordinate system (x, y, z) and let x, y, z-axes parallel to the sides
of 2a, 2b and 2l, respectively. The MSP V(x, y, z) must satisfy the
Laplace equation ΔV = 0 and the magnetic field strength H will be
given by negative gradient of V. Supposing that a circular ring
(Ring 1) with radius r1 and centre (x1, y1) is located in the plane z 
= ζ1 and carrying the current I1, then by separation of variables an
ansatz can be established as

V x, y, z = I1 ∑
m, n = 1

∞

Amn f 1 λm, x

× f 2 λn, y f 3
+

λmn, z, ζ1 for z > ζ1

(1a)

and

V x, y, z = I1 ∑
m, n = 1

∞

Amn f 1 λm, x

× f 2 λn, y f 3
−

λmn, z, ζ1 for z < ζ1,

(1b)
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where Amn are undetermined coefficients, Ȝm, Ȝn and Ȝmn are
eigenvalues such that

λmn = λm
2 + λn

2 . (2)

In (1a) and (1 b), the axial functions f 3
±

λmn, z, ζ1  are prepared for
later consideration of the jump feature. Furthermore, the
eigenfunctions f1(Ȝm, x) and f2(Ȝn, y) should be the linear
combination of trigonometric functions, namely

f 1 λm, x = A1cos λmx + B1sin λmx ,

f 2 λn, y = A2cos λny + B2sin λny .
(3)

The permeability of the cuboid can be regarded as infinity to
simplify the analysis. It follows that the tangential components of
H must vanish on the surfaces, namely

Hy ±a, y, z = 0,

Hx x, ± b, z = 0,
(4a)

and

Hz ±a, y, z = 0,

Hz x, ± b, z = 0.
(4b)

Since H = − ∇V , it follows that

V ±a, y, z = 0,

V x, ± b, z = 0.
(4c)

Substituting (3) into (4c) yields the following linear systems for A1,
B1 and A2, B2, respectively

cos λma A1 + sin λma B1 = 0,

cos λma A1 − sin λma B1 = 0,
(5a)

and

cos λnb A2 + sin λnb B2 = 0,

cos λnb A2 − sin λnb B2 = 0.
(5b)

Hence, the existence of non-trivial solutions of (5a) demands

cos λma sin λma

cos λma −sin λma
= 0. (6)

Thus the eigenvalues are given immediately

λm =
mπ

2a
, m = 1, 2, 3, …

Consequently, the corresponding eigenfunction f1 can be found
according to the Sturm–Liouville theory [18]

f 1 λm, x = sin λma ⋅ cos λmx

−cos λma ⋅ sin λmx = sin λm a − x .
(7a)

From (5b), we have the following result in a similar manner:

λn =
nπ

2b
, n = 1, 2, 3, …

and

f 2 λn, y = sin λnb ⋅ cos λny

−cos λnb ⋅ sin λny = sin λn b − y .
(7b)

The axial functions f 3
±

λmn, z, ζ1  of the ansatz (1a) and (1b) should
be treated in a slightly different manner. Considering that the total
field should be separated into the primary and secondary parts, and
the source can be regarded as a magnetic double layer, f 3

±
λmn, z, ζ1

should be expressed as

f 3
+

λmn, z, ζ1 = A3e
λmnz + B3e

−λmnz + e−λmn z − ζ1 for z > ζ1, (8a)

f 3
−

λmn, z, ζ1 = A3e
λmnz + B3e

−λmnz − e−λmn ζ1 − z for z < ζ1 . (8b)

Moreover, for z = ± l the field components
Hx = − ∂V /∂x, Hy = − ∂V /∂y must vanish, that is

A3e
lλmn + B3e

−lλmn + e− l − ζ1 λmn = 0,

A3e
−lλmn + B3e

lλmn − e− l + ζ1 λmn = 0.
(9)

[For simplicity, the square brackets [] of cosh[Ȝmn(l + ζ1)],
sinh[Ȝmn(l + z)], sin[Ȝm(a − x)], cos[Ȝn(b − y)], etc., will be omitted
henceforth. Accordingly, the factor inside the round bracket always
belongs to the argument of the preceding function. Unless
otherwise stated, this rule will apply to all of the following
formulae in this work.] Solving (9) gives

A3 = −
cosh λmn l + ζ1 e−lλmn

sinh 2lλmn
,

B3 =
cosh λmn l − ζ1 e−lλmn

sinh 2lλmn
.

(10)

We, therefore, have the result of axial functions

f 3
+

λmn, z, ζ1 =
2sinh λmn l − z cosh λmn l + ζ1

sinh 2lλmn
for z > ζ1, (11a)

Fig. 1௒ Side and plan views of the circular coils with parallel axes shielded
by a cuboid of high permeability
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f 3
−

λmn, z, ζ1 = −
2sinh λmn l + z cosh λmn l − ζ1

sinh 2lλmn
for z < ζ1 .(11b)

Let FR denotes the area encircled by the circular ring, it follows
that V(x, y, z) will obtain a spring quantity I1 when passing through
FR and maintain the continuity on the remaining area F of plane z 
= ζ1 (see Fig. 2). This statement can be written in the following
form:

V x, y, ζ1 + − V x, y, ζ1 − =
I1 on FR,

0 on F,
(12)

where V(x, y, ζ1+) and V(x, y, ζ1−) are obtained by letting z = ζ1 in
(1a) and (1b), respectively. With (1a) and (1 b) and

f 3
+

λmn, ζ1, ζ1 − f 3
−

λmn, ζ1, ζ1 = 2, (13)

it can be deduced from (12)

∑
m, n = 1

∞

Amnsin λm a − x sin λn b − y =
1/2 on FR,

0 on F .
(14)

Multiplying both sides of (14) by the eigenfunctions, we have

∑
p, q = 1

∞

Apqsin λp a − x sin λq b − y sin λm a − x

× sin λn b − y =
sin λm a − x sin λn b − y /2 on FR,

0 on F,

(15)

where

λp =
pπ

2a
, p = 1, 2, 3, …

λq =
qπ

2b
, q = 1, 2, 3, …

(16)

Next, we integrate the left-hand side of (15) with respect to (x, y)
over the whole rectangle 2a × 2b, and the right-hand side (RHS)
with respect to the local cylindrical coordinates (r, φ) over FR, that
is

∑
p, q = 1

∞

Apq∫
−a

a

sin λp a − x sin λm a − x dx

× ∫
−b

b

sin λq b − y sin λn b − y dy

=
1
2∫0

2π

∫
0

r1

sin λm a − x sin λn b − y rdrdφ,

(17)

where

x = x1 + rcos φ,

y = y1 + rsin φ .
(18)

By means of the orthogonal relation

∫
−a

a

sin λp a − x sin λm a − x dx = aδpm,

∫
−b

b

sin λq b − y sin λn b − y dy = bδqn,

(19)

where δpm, δqn are the Kronecker delta, it follows from (17)

Amn =
1

2ab∫0

2π

∫
0

r1

sin λm a − x1 − rcos φ

× sin λn b − y1 − rsin φ rdrdφ .

(20)

Applying the integrals

∫
0

2π

cos λmrcos φ cos λnrsin φ dφ = 2πJ0 λmnr (21)

and

∫
0

2π

cos λmrcos φ sin λnrsin φ dφ

= ∫
0

2π

sin λmrcos φ cos λnrsin φ dφ

= ∫
0

2π

sin λmrcos φ sin λnrsin φ dφ = 0

(22)

to RHS of (20), where Jn(x) is the Bessel function of the first kind
of order n, we thus get the coefficient

Amn =
πr1

abλmn
J1 λmnr1 sin λm a − x1 sin λn b − y1 . (23)

Eventually, combining (1a), (1b), (7a), (7b), (11a), (11b), and (23)
gives the solution of MSP

V x, y, z = ±
2πr1I1

ab
∑

m, n = 1

∞

J1 λmnr1 sin λm a − x1

× sin λn b − y1 sin λm a − x sin λn b − y

×
sinh λmn l ∓ z cosh λmn l ± ζ1

λmnsinh 2lλmn
,

z > ζ1,

z < ζ1 .

(24)

Moreover, by the definition

H = − ∇V , (25)

we find the expressions of magnetic field immediately

Fig. 2௒ Global and local coordinates of a circular ring shielded by a
cuboid of high permeability
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Hx x, y, z = ±
2πr1I1

ab
∑

m, n = 1

∞

J1 λmnr1 sin λm a − x1

× sin λn b − y1 cos λm a − x sin λn b − y

×
λmsinh λmn l ∓ z cosh λmn l ± ζ1

λmnsinh 2lλmn
,

Hy x, y, z = ±
2πr1I1

ab
∑

m, n = 1

∞

J1 λmnr1 sin λm a − x1

× sin λn b − y1 sin λm a − x cos λn b − y

×
λnsinh λmn l ∓ z cosh λmn l ± ζ1

λmnsinh 2lλmn
,

Hz x, y, z =
2πr1I1

ab
∑

m, n = 1

∞

J1 λmnr1 sin λm a − x1

× sin λn b − y1 sin λm a − x sin λn b − y

×
cosh λmn l ∓ z cosh λmn l ± ζ1

sinh 2lλmn
.

z > ζ1

z < ζ1

.

(26)

Equations (26) lay the foundation for following derivations of
inductance and forces of circular coils.

3௑Self- and mutual inductance of circular coils
with rectangular cross section shielded by a
cuboid of high permeability
Expressions for the inductance of circular coils are deducible
immediately from the magnetic field given by (26). Supposing that
another circular ring (Ring 2) is placed in the aforesaid field of
Ring 1, with the centre (x2, y2) and radius r2 and lying in the plane
z = ζ2, therefore the mutual inductance between the Rings 1 and 2
can be found by calculating the magnetic flux passing through the
area encircled by the Ring 2, namely

M =
μ0

I1
∫

0

2π

∫
0

r2

Hz x2 + rcos φ, y2 + rsin φ, ζ2 rdrdφ

=
4μ0π

2
r1r2

ab
∑

m, n = 1

∞

J1 λmnr1 J1 λmnr2

× sin λm a − x1 sin λn b − y1 sin λm a − x2

×
sin λn b − y2 cosh λmn l ± ζ1 cosh λmn l ∓ ζ2

λmnsinh 2lλmn
,

ζ2 > ζ1

ζ2 < ζ1

.

(27)

When x1, y1, x2, y2 are all equal to zero, (27) will degenerate into
(19a) and (19b) of [12]. For a circular ring of the infinitesimal
cross section, the self-inductance is divergent [19].

To calculate the self- and mutual inductance for the shielded
circular coils with rectangular cross section from (27), we consider
a pair of circular coils, one has the centre (x1, y1), inner and outer
radii R1, R2, axial length 2h1 and N1 turns (Coil 1), another has the
corresponding parameters of (x2, y2), R3, R4, 2h2 and N2 (Coil 2),
and the middle planes of them are set in z = z1 and z = z2,
respectively (see Fig. 1). By evaluating the axial integral with
respect to the arguments ζ1, ζ2 of (27) and using the integral
formula [20]

w λmn, R1, R2 = ∫
R1

R2

rJ1 λmnr dr

=
π

2λmn
R2 J1 λmnR2 H0 λmnR2 − J0 λmnR2 H1 λmnR2

−R1 J1 λmnR1 H0 λmnR1 − J0 λmnR1 H1 λmnR1 ,
(28)

where Hn(x) is the Struve function of order n, we have the
following results:

i. For z1 + h1 ≤ z2 − h2

M = κ12 ∑
m, n = 1

∞

w λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 sin λn b − y1 sin λm a − x2

×
sin λn b − y2 v1 λmn, z1, z2

λmnsinh 2lλmn
,

(29a)

where

v1 λmn, z1, z2 = 4sinh λmnh1 sinh λmnh2

× cosh λmn l + z1 cosh λmn l − z2 /λmn
2

and

κ12 =
μ0π

2
N1N2

abh1h2 R2 − R1 R4 − R3

is a coefficient relative to the number of turns and geometric
parameters of both coils and cuboid.

ii. For z1 − h1 ≤ z2 − h2 < z1 + h1 ≤ z2 + h2

M = κ12 ∑
m, n = 1

∞

w λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 sin λn b − y1 sin λm a − x2

×
sin λn b − y2 v2 λmn, z1, z2

λmnsinh 2lλmn
,

where

v2 λmn, z1, z2

=
1

λmn
2

h1 + h2 + z1 − z2 λmnsinh 2lλmn

+sinh λmn h1 − l + z1 sinh λmn h2 − l − z2

+sinh λmn h1 + l + z1 sinh λmn h2 − l + z2

+2sinh h2λmn sinh λmn h1 − l − z1 cosh λmn l − z2

.

(29b)
iii. For z2 − h2 ≤ z1 − h1 < z1 + h1 ≤ z2 + h2 (see (29c)) 

In a similar manner, we deduce that the self-inductance, for a
shielded circular coil with the centre (x1, y1, z1), inner and outer
radii R1, R2, axial length 2h1 and N1 turns, is

L =
μ0π

2
N1

2

abh1
2

R2 − R1
2 ∑

m, n = 1

∞

w
2

λmn, R1, R2

×
sin2

λm a − x1 sin2
λn b − y1 v4 λmn, z1

λmnsinh 2lλmn

(30)

with the axial function given by

v4 λmn, z1 =
1

λmn
2

cosh 2λmn(h1 − l) − cosh 2lλmn

+cosh 2h1λmn cosh 2z1λmn

−cosh 2z1λmn + 2h1λmnsinh 2lλmn

.
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4௑Magnetic force exerted on circular coils
shielded by a cuboid of high permeability
The magnetic forces between the coils are of practical importance.
Before we commence the specific calculation, some preliminary
discussions should be given for the force calculation of coils with
the presence of magnetic materials. Unlike the force calculation of
coils in the free air, in which we only need to consider the
interaction between the coils, in this BVP the interaction between
coils and that between coil and cuboid should be considered
simultaneously. Hence, if we calculate the force from the magnetic
energy, both mutual and self-magnetic energy (mutual and self-
inductance) should be taken into account to obtain the total force.
To clarify the process of force calculation, we will begin with the
definition of magnetic force. With the aid of the obtained magnetic
field (26) of Ring 1, the mutual magnetic force F2

m  exerted on
Ring 2 can be obtained immediately. According to the definition of
magnetic force, it follows that [21, 22]

F2
m = ∮ I2 dl2 × B1

= I2r2∫
0

2π

Bz x2 + r2cos φ, y2 + r2sin φ, z cos φex

+Bz x2 + r2cos φ, y2 + r2sin φ, z sin φey

−
By x2 + r2cos φ, y2 + r2sin φ, z sin φ

+Bx x2 + r2cos φ, y2 + r2sin φ, z cos φ
ez dφ,

(31)

where ‘dl2’ is the infinitesimal element of Ring 2, and the local
polar coordinate (r, φ)

x = x2 + rcos φ

y = y2 + rsin φ
(32)

is introduced to assist the integration. Using the angular integrals

∫
0

2π

sin λmr2cos φ cos λnr2sin φ cos φdφ =
2πλmJ1 λmnr2

λmn
, (33a)

and

∫
0

2π

cos λmr2cos φ cos λnr2sin φ cos φdφ

= ∫
0

2π

cos λmr2cos φ sin λnr2sin φ cos φdφ

= ∫
0

2π

sin λmr2cos φ sin λnr2sin φ cos φdφ = 0

(33b)

it follows that

∫
0

2π

sin λm a − x2 − r2cos φ

× sin λn b − y2 − r2sin φ cos φdφ

= − 2πλmJ1 λmnr2 cos λm a − x2 sin λn b − y2 /λmn .

(34)

We thus obtain the x-component of F2
m

F2, x
m = −

4μ0π
2
r1r2I1I2

ab
∑

m, n = 1

∞

λmJ1 λmnr1 J1 λmnr2

× sin λm a − x1 sin λn b − y1 cos λm a − x2

×
sin λn b − y2 cosh λmn l ± ζ1 cosh λmn l ∓ ζ2

λmnsinh 2lλmn
,

ζ2 ≥ ζ1

ζ2 < ζ1

.

(35)

Comparing (27) with (35), it is observed that

F2, x
m =

∂Wm

∂x2
= I1I2

∂M

∂x2
,

where Wm is the mutual magnetic energy. In fact, this is a general
theorem which establishes the relationship between magnetic force
and mutual inductance between two coils [23–27]. Consequently,
the remaining force components F2, y

m , F2, z
m  are also deducible from

differentiating (27) with respect to the corresponding coordinates
y2, ζ2, and we will not repeat them here due to the space
limitations.

Similarly, by differentiation with respect to the corresponding
centre coordinates of coils in (29a)–(29c), the mutual force F2

m

exerted on Coil 2 is obtained with no difficulty

i. For z1 + h1 ≤ z2 − h2

F2, x
m = I1I2

∂M

∂x2

= − κ12I1I2 ∑
m, n = 1

∞

λmw λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 sin λn b − y1 cos λm a − x2

×
sin λn b − y2 v1 λmn, z1, z2

λmnsinh 2lλmn
,

(36a)

M = κ12 ∑
m, n = 1

∞

w λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 sin λn b − y1 sin λm a − x2

×
sin λn b − y2 v3 λmn, z1, z2

λmnsinh 2lλmn
,

where

v3 λmn, z1, z2

=
2

λmn
2

h1λmnsinh 2lλmn + sinh λmnh1

⋅ cosh λmn l − z1 sinh λmn(h2 − l − z2)

+sinh λmnh1 cosh λmn l + z1 sinh λmn(h2 − l + z2)

.

(29c)
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F2, y
m = I1I2

∂M

∂y2

= − κ12I1I2 ∑
m, n = 1

∞

λnw λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 sin λn b − y1 sin λm a − x2

×
cos λn b − y2 v1 λmn, z1, z2

λmnsinh 2lλmn
,

(36b)

F2, z
m = I1I2

∂M

∂z2

= − κ12I1I2 ∑
m, n = 1

∞

w λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 sin λn b − y1 sin λm a − x2

×
sin λn b − y2 u1 λmn, z1, z2

sinh 2lλmn
,

(36c)

where v1(Ȝmn, z1, z2) is given in (29a), and u1(Ȝmn, z1, z2) in
(36c) is given by

u1 λmn, z1, z2 = 4sinh λmnh1 sinh λmnh2

× cosh λmn l + z1 sinh λmn l − z2 /λmn
2 .

ii. For z1 − h1 ≤ z2 − h2 < z1 + h1 ≤ z2 + h2

F2, x
m = I1I2

∂M

∂x2

= − κ12I1I2 ∑
m, n = 1

∞

λmw λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 sin λn b − y1 cos λm a − x2

×
sin λn b − y2 v2 λmn, z1, z2

λmnsinh 2lλmn
,

(37a)

F2, y
m = I1I2

∂M

∂y2

= − κ12I1I2 ∑
m, n = 1

∞

λnw λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 sin λn b − y1 sin λm a − x2

×
cos λn b − y2 v2 λmn, z1, z2

λmnsinh 2lλmn
,

(37b)

F2, z
m = I1I2

∂M

∂z2

= − κ12I1I2 ∑
m, n = 1

∞

w λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 sin λn b − y1 sin λm a − x2

×
sin λn b − y2 u2 λmn, z1, z2

sinh 2lλmn
,

(37c)

where v2(Ȝmn, z1, z2) is given in (29b), and u2(Ȝmn, z1, z2) in
(37c) is given by

u2 λmn, z1, z2

=
1

λmn
2

sinh 2lλmn + sinh λmn h1 − l − z1

⋅ cosh λmn h2 + l − z2 + sinh λmn h1 − l + z1

⋅ cosh λmn h2 − l − z2 − 2sinh h1λmn

⋅ cosh λmn l + z1 cosh λmn h2 − l + z2

.

iii. For z2 − h2 ≤ z1 − h1 < z1 + h1 ≤ z2 + h2

F2, x
m = I1I2

∂M

∂x2

= − κ12I1I2 ∑
m, n = 1

∞

λmw λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 sin λn b − y1 cos λm a − x2

×
sin λn b − y2 v3 λmn, z1, z2

λmnsinh 2lλmn
,

(38a)

F2, y
m = I1I2

∂M

∂y2

= − κ12I1I2 ∑
m, n = 1

∞

λnw λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 sin λn b − y1 sin λm a − x2

×
cos λn b − y2 v3 λmn, z1, z2

λmnsinh 2lλmn
,

(38b)

F2, z
m = I1I2

∂M

∂z2

κ12I1I2 ∑
m, n = 1

∞

w λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 sin λn b − y1 sin λm a − x2

×
sin λn b − y2 u3 λmn, z1, z2

sinh 2lλmn
,

(38c)

where v3(Ȝmn, z1, z2) is given in (29c), and u3(Ȝmn, z1, z2) in
(38c) is given by

u3 λmn, z1, z2

=
2sinh h1λmn

λmn
2

cosh λmn l + z1 cosh λmn h2 − l + z2

−cosh λmn l − z1 cosh λmn h2 − l − z2

.

In addition, the mutual force F1
m  experienced by Coil 1 can be

found in much the same manner.

i. For z1 + h1 ≤ z2 − h2

F1, x
m = I1I2

∂M

∂x1

= − κ12I1I2 ∑
m, n = 1

∞

λmw λmn, R1, R2 w λmn, R3, R4

× cos λm a − x1 sin λn b − y1 sin λm a − x2

×
sin λn b − y2 v1 λmn, z1, z2

λmnsinh 2lλmn
,

(39a)

F1, y
m = I1I2

∂M

∂y1

= − κ12I1I2 ∑
m, n = 1

∞

λnw λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 cos λn b − y1 sin λm a − x2

×
sin λn b − y2 v1 λmn, z1, z2

λmnsinh 2lλmn
,

(39b)

F1, z
m = I1I2

∂M

∂z1

κ12I1I2 ∑
m, n = 1

∞

w λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 sin λn b − y1 sin λm a − x2

×
sin λn b − y2 s1 λmn, z1, z2

sinh 2lλmn
,

(39c)
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where v1(Ȝmn, z1, z2) is given in (29a), and s1(Ȝmn, z1, z2) in
(39c) is given by

s1 λmn, z1, z2 = 4sinh λmnh1 sinh λmnh2

× sinh λmn l + z1 cosh λmn l − z2 /λmn
2 .

ii. For z1 − h1 ≤ z2 − h2 < z1 + h1 ≤ z2 + h2

F1, x
m = I1I2

∂M

∂x1

= − κ12I1I2 ∑
m, n = 1

∞

λmw λmn, R1, R2 w λmn, R3, R4

× cos λm a − x1 sin λn b − y1 sin λm a − x2

×
sin λn b − y2 v2 λmn, z1, z2

λmnsinh 2lλmn
,

(40a)

F1, y
m = I1I2

∂M

∂y1

= − κ12I1I2 ∑
m, n = 1

∞

λnw λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 cos λn b − y1 sin λm a − x2

×
sin λn b − y2 v2 λmn, z1, z2

λmnsinh 2lλmn
,

(40b)

F1, z
m = I1I2

∂M

∂z1

= κ12I1I2 ∑
m, n = 1

∞

w λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 sin λn b − y1 sin λm a − x2

×
sin λn b − y2 s2 λmn, z1, z2

sinh 2lλmn
,

(40c)

where v2(Ȝmn, z1, z2) is given in (29b), and s2(Ȝmn, z1, z2) in
(40c) is given by

s2 λmn, z1, z2

=
1

λmn
2

sinh 2lλmn − sinh λmn l − h2 + z2

⋅ cosh λmn h1 + z1 − l + sinh λmn h2 + z2 − l

⋅ cosh λmn h1 + z1 + l − 2sinh h2λmn

⋅ cosh λmn l − z2 cosh λmn l − h1 + z1

.

iii. For z2 − h2 ≤ z1 − h1 < z1 + h1 ≤ z2 + h2

F1, x
m = I1I2

∂M

∂x1

= − κ12I1I2 ∑
m, n = 1

∞

λmw λmn, R1, R2 w λmn, R3, R4

× cos λm a − x1 sin λn b − y1 sin λm a − x2

×
sin λn b − y2 v3 λmn, z1, z2

λmnsinh 2lλmn
,

(41a)

F1, y
m = I1I2

∂M

∂y1

= − κ12I1I2 ∑
m, n = 1

∞

λnw λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 cos λn b − y1 sin λm a − x2

×
sin λn b − y2 v3 λmn, z1, z2

λmnsinh 2lλmn
,

(41b)

F1, z
m = I1I2

∂M

∂z1

= κ12I1I2 ∑
m, n = 1

∞

w λmn, R1, R2 w λmn, R3, R4

× sin λm a − x1 sin λn b − y1 sin λm a − x2

×
sin λn b − y2 s3 λmn, z1, z2

sinh 2lλmn
,

(41c)

where v3(Ȝmn, z1, z2) is given in (29c), and s3(Ȝmn, z1, z2) in
(41c) is given by

s3 λmn, z1, z2

=
2sinh h1λmn

λmn
2

sinh λmn l − z1 sinh λmn l − h2 + z2

+sinh λmn l + z1 sinh λmn h2 − l + z2

.

As described above, the total force F experienced by a coil
consists of the mutual and self-forces, which are induced by
another coil and the magnetic cuboid, respectively. For
example, when Coil 1 carrying the current I1 is placed inside
the cuboid alone, it will be attracted by the magnetic walls, that
is, a self-magnetic force F1

s  will be induced. This force can be
found by differentiating the self-magnetic energy with respect
to the centre coordinates of Coil 1, i.e. (see (42a)) 

F1, y
s =

I1
2

2
∂L

∂y1

= −
μ0π

2
I1

2
N1

2

2abh1
2

R2 − R1
2 ∑

m, n = 1

∞

λnw
2

λmn, R1, R2

×
sin2

λm a − x1 sin 2λn b − y1 v4 λmn, z1

λmnsinh 2lλmn
,

(42b)

F1, z
s =

I1
2

2
∂L

∂z1

=
2μ0π

2
I1

2
N1

2

abh1
2

R2 − R1
2 ∑

m, n = 1

∞

w
2

λmn, R1, R2

× sin2
λm a − x1 sin2

λn b − y1

×
sinh2

λmnh1 sinh 2λmnz1

λmn
2 sinh 2lλmn

.

(42c)

Then the total force experienced by Coil 1 can be obtained as
the sum of mutual and self-forces, that is

F1 = F1
m + F1

s . (43)

The self-force F2
s  can be obtained by replacing I1, N1, h1, R1,

R2, x1, y1, z1 in (42a)–(42c) with I2, N2, h2, R3, R4, x2, y2, z2,
respectively.

F1, x
s =

I1
2

2
∂L

∂x1
= −

μ0π
2
I1

2
N1

2

2abh1
2

R2 − R1
2 ∑

m, n = 1

∞

λmw
2

λmn, R1, R2

×
sin 2λm a − x1 sin2

λn b − y1 v4 λmn, z1

λmnsinh 2lλmn
,

(42a)
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5௑Numerical validations
5.1 Mutual inductance of shielded circular rings

The obtained results will be compared numerically with those
given by FEM simulations. All of the following comparative
calculations are performed with a personal computer of a 4-GHz 4-
core CPU. For the mutual inductance of the shielded circular rings,
the numerical results of (27) (using Wolfram Mathematica) are
presented in Table 1, compared with those given by FEM software
CST EM Studio. In the FEM simulations, two types of results are
provided: (i) the results with an ideal magnetic cuboid, which are
realised by imposing the boundary condition that the tangential
component of H vanishes on all surfaces of the cuboid; (ii) the
results with a more realistic cuboid of Mu-metal (a material
dedicated to the magnetic shielding) [28] of thickness 5 mm and ȝr 
= 80,000. The inner length, width, and height of the shielding
cuboid are 2a = 2.8, 2b = 3.6, 2l = 2.4 m, and the radii of the
circular rings are r1 = 0.5, r2 = 0.7 m, respectively. The centres and
vertical positions of both rings are variables in the comparisons,
which are listed in the first six columns of Table 1. The values of
the seventh column are correct to the last decimal place. In the
FEM simulations, the infinitesimal cross section of the ring is
modelled by a tiny square of 2 mm side length. The disparities
between the results of (27) and those of FEM simulations with Mu-
metal cuboid are <0.8%, which is fairly small in the practical point
of view. 

We use the command ‘ParallelSum’ in Wolfram Mathematica to
parallelise the evaluation of (27) (which will be computed in
parallel by the four cores of CPU). The average elapsed time for
one evaluation of (27) is only about 0.06 s, which is significantly
shorter than that of FEM simulations (about 8 min). On average, in
the FEM with ideal magnetic cuboid 65,000 4-node tetrahedral
elements are required for one evaluation to achieve a result with
the relative estimated error of ca. 0.037. Higher accuracy of FEM
is hard to achieve within 30 min. The computation requirements for
the FEM with Mu-metal cuboid are generally higher.

5.2 Forces and inductance of the shielded circular coils with
rectangular cross section

For the mutual inductance of shielded circular coils with
rectangular cross section, the numerical results of (29a)–(29c) will
be compared again with those obtained by CST EM Studio. In the
FEM simulations, two types of results are given again with the
ideal and realistic cuboids of Mu-metal. Since Wolfram
Mathematica appears inefficient for calculation of Struve function
with large arguments, we replace H0,1(x) in (28) with the
asymptotic expansion of Struve function for large x[29]

Hn x ≃ Yn x +
1
π

∑
k = 0

m − 1
Γ k + 1/2

Γ n + 1/2 − k x/2 2k − n + 1
, (44)

where Yn(x) is the Bessel function of the second kind of order n.
Practically, we use (44) when x > 15, and use the command
‘StruveH[n, x]’ directly when x ≤ 15. With this configuration,
letting m = 5 in (44) is enough to give a result exact to the last
decimal place in most cases, and all computations for the coils with
rectangular cross section can be accelerated remarkably.

The inner length, width, and height of the shielding cuboid are
2a = 2.4, 2b = 2.8, 2l = 2.2 m, and the parameters of the coils are
R1 = 0.2, R2 = 0.3, R3 = 0.5, R4 = 0.7, h1 = 0.4, h2 = 0.5 m, N1 = 800
and N2 = 1500. The computations are implemented with different
centre coordinates and vertical positions of both coils. The results
are presented in Table 2, in which the disparities between the
analytical methods and FEM with Mu-metal cuboid are <1.5%.
The average elapsed time of evaluation with (29a)–(29c) is about 2 
s, which is also much faster than that of FEM simulation (ca. 5 
min). About 1.2 × 105 4-node tetrahedral elements are required to
obtain a result with the relative estimated error of ca. 6 × 10−5 in
the FEM with an ideal magnetic cuboid. 

For the numerical comparison of self-inductance of circular
coils, the parameters of the cuboid are 2a = 2.4, 2b = 2.6, 2l = 1.8 
m. The self-inductance of two different coils is evaluated by (30)
and CST EM Studio, respectively: R1 = 0.4, R2 = 0.7, h1 = 0.5 m,
N1 = 1200 (Coil 1); R1 = 0.3, R2 = 0.5, h1 = 0.3 m, N1 = 800 (Coil
2). The results are presented in Table 3, in which the disparities
between the analytical methods and FEM with Mu-metal cuboid
are <0.08%. In general, evaluations of (30) are slower than those of
(29a)–(29c) (∼15 s per evaluation to achieve a result correct to 7
decimal places). However, in practice, a value with more than 5
decimal places is seldom required, and consequently, the elapsed
time of (30) can be reduced to <5 s. Hence, (30) is still fast and
accurate enough for the practical applications. In FEM with an
ideal magnetic cuboid, the average elapsed time is ca. 2.5 min and
about 6.8 × 104 4-node tetrahedral elements are required to obtain a
result with the relative estimated error of ca. 5.5 × 10−5. 

For the calculations of magnetic force experienced by shielded
coils, the parameters of the cuboid are 2a = 2.7, 2b = 2.5, 2l = 2.8 
m, and those of the coils are R1 = 0.3, R2 = 0.4, h1 = 0.4 m, and N1 
= 1000 (Coil 1); R3 = 0.5, R4 = 0.6, h2 = 0.6 m, and N2 = 1400 (Coil
2). To highlight the effect of geometric parameters on the final
results, we set both currents I1 = I2 = 1A in the force computations.
The data of different centre coordinates and vertical positions of
both coils are presented in Table 4. The results of x, y, z-
components of total forces evaluated by (36a)–(43) (consisting of
the self and mutual forces) are presented in Table 5, in which the
force components of Coil 1 and Coil 2 are shown in the left and
right half of the columns, respectively. The corresponding results
obtained by CST EM Studio are shown separately in Table 6 (ideal
magnetic cuboid) and Table 7 (Mu-metal cuboid of 5 mm thickness
and ȝr = 80,000) for comparison. Once again, the agreement
between both methods is also quite satisfactory. Using the
proposed method, the average elapsed time per evaluation is ca. 4 s

Table 1 Mutual inductance of circular rings calculated by proposed method compared with those by CST EM studio
x1, m y1, m x2, m y2, m ζ1, m ζ2, m M of (27), μH M of CST EM Studio1, μH M of CST EM Studio2, μH
0.2 0.6 −0.2 0.4 −0.1 0 0.620423149 0.6228356 0.6201419
0.3 0.7 −0.3 0.5 −0.3 0.2 0.194136043 0.1952462 0.1939384
0.4 0.8 −0.4 0.6 −0.5 0.4 0.080415074 0.08093547 0.0802417
0.5 0.9 −0.5 0.7 −0.7 0.6 0.040060664 0.04049235 0.0399218
0.6 1.0 −0.6 0.8 −0.9 0.8 0.021542040 0.02171746 0.0214290
0.7 1.1 −0.7 0.9 −1.1 1.0 0.012198136 0.01225323 0.0121106
0 −0.1 0.1 0 1.0 −1.1 0.051011290 0.05126982 0.0507826
0.1 −0.2 0.2 0.1 0.8 −0.9 0.060408568 0.06091200 0.0602028
0.2 −0.3 0.3 0.2 0.6 −0.7 0.077923063 0.07837036 0.0777289
0.3 −0.4 0.4 0.3 0.4 −0.5 0.098710926 0.09930903 0.0985254
0.4 −0.5 0.5 0.4 0.2 −0.3 0.088641448 0.08936629 0.0884586
0.5 −0.6 0.6 0.5 0 −0.1 −0.090960375 −0.09028645 −0.0910997
1 Ideal magnetic cuboid.
2 Mu-metal cuboid of 5 mm thickness and ȝr = 80,000.
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(letting m = 7 in (44)), while the elapsed time and relative
estimated error for FEM are similar to those of mutual inductance
of coils with rectangular cross section. 

6௑Conclusion
An analytic method is presented for the BVP of circular coils with
parallel axes shielded by a cuboid of high permeability with the
application of MSP. Considering that a ring carrying current is
equivalent to a magnetic double layer with constant moment
density, the MSP of a circular ring has been found by an ansatz of
jump function. With the MSP, analytic solutions have been further
obtained for the magnetic field, inductance, and forces between the
circular rings and coils with rectangular cross section. Moreover, it

is found that the total force experienced by a shielded coil consists
of the self and mutual forces, which originate from the self and
mutual magnetic energy of the shielded coil, respectively. This
feature of forces is different from those of coils placed in the free
air, in which case the forces only depend on the mutual magnetic
energy. Numerical validation shows good agreement between our
method and FEM simulations, and the former is proved to be much
faster than the latter in most cases.
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Table 2 Mutual inductance of shielded circular coils with rectangular cross section calculated by proposed method compared
with those by CST EM studio
x1, m y1, m x2, m y2, m z1, m z2, m M of (29a)–(29c), mH M of CST EM Studio1, mH M of CST EM Studio2, mH
0.2 0.1 0.2 0.3 −0.5 0.4 67.8373815 67.83605 67.77952
0.3 0.3 −0.2 0.2 −0.6 0.35 42.9057236 42.90613 42.84882
0.4 0.4 −0.3 −0.3 −0.65 0.4 11.2904438 11.29011 11.24440
0.7 0.9 −0.4 −0.5 −0.7 0.6 1.7385515 1.738483 1.713719
0.1 0.3 0.2 0.35 −0.1 0.4 141.0263623 141.0255 140.9585
0.4 0.5 0.3 0.35 0.2 0.5 184.4761931 184.4753 184.3835
0.5 0.6 −0.2 −0.3 0.3 0.5 −6.2023781 −6.202204 −6.258865
0.4 0.6 −0.4 −0.6 0.2 0.3 −2.9399650 −2.939931 −2.980635
0.3 0.5 0.4 0.6 0.4 0.45 214.0339232 214.0327 213.9216
0.5 0.7 0.4 0.7 0.6 0.5 230.6797180 230.6786 230.5217
0.5 0.6 −0.4 −0.5 0.3 0.3 −3.2356475 −3.235596 −3.278134
0.6 0.8 −0.2 −0.3 0.5 0.6 −4.1076722 −4.107705 −4.160794

1 Ideal magnetic cuboid.
2 Mu-metal cuboid of 5 mm thickness and ȝr = 80,000.
 

Table 3 Self-inductance of shielded circular coils with rectangular cross section calculated by proposed method compared with
those by CST EM studio

x1, m y1, m z1, m L of (30), H M of CST EM Studio1, H M of CST EM Studio2, H
Coil 1 0.3 0.2 0.2 1.0398461 1.039825 1.039190

0.5 0.3 0.3 1.0973400 1.097321 1.096544
0.4 0.6 0.2 1.0551977 1.055179 1.054524
0.2 0.4 0.35 1.1228045 1.122789 1.121966
0.1 0.5 0.4 1.1762155 1.176203 1.175280

Coil 2 0.1 0.2 0.3 0.3531007 0.3530911 0.3529846
0.2 0.3 0.4 0.3642378 0.3642290 0.3641024
0.3 0.4 0.5 0.3865200 0.3865117 0.3863466
0.4 0.6 0.55 0.4086214 0.4086139 0.4084119
0.6 0.7 0.6 0.4452170 0.4452096 0.4449534

1 ideal magnetic cuboid.
2 Mu-metal of 5 mm thickness and ȝr = 80,000.
 

Table 4 Parameters for force calculations of shielded circular coils with rectangular cross section
x1, m y1, m x2, m y2, m z1, m z2, m
0 0 0.2 0.1 −0.6 0.6
0.3 0.4 0.4 0.5 −0.5 0.7
0.4 0.5 −0.3 −0.4 −0.7 0.5
0.6 0.7 −0.5 0.6 −0.9 0.3
0.5 0.6 0.45 0.55 −0.4 0.2
0.5 0.5 0.45 0.55 −0.1 0.4
0.7 0.6 0.65 0.55 0.2 0.7
0.75 0.4 0.7 0.45 0.1 0.5
0.3 0.6 0.35 0.55 0.8 0.7
0.65 0.55 0.7 0.6 0.9 0.75
0.5 0.7 −0.3 −0.5 0.4 0.7
0.4 0.2 −0.5 −0.3 0.6 0.5
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