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ABSTRACT

This thesis extends the recently reported ground state sideband cooling of the axial motion of a

single ion to a broader frequency range of the axial motion, the radial motion and ion crystals.

Once cold, coherent control of these different configurations is demonstrated.

The experimental work in this thesis uses 40Ca+ ions that can be coherently addressed on

a narrow linewidth optical transition at 729 nm. The technique of axialization that resonantly

couples the two radial modes of motion is used to enhance laser Doppler cooling leading to

mean phonon occupation numbers in the low hundreds for both modes. The sideband cooling

technique is then used to simultaneously cool both the motional modes to within one phonon

of the ground state for the first time evers. Sideband cooling is then also employed to cool the

axial modes of many ion Coulomb crystals in two different configurations. For two ions in a 1D

chain, motional occupation numbers of n̄COM = 0.30(4) and n̄B = 0.07(3) are achieved. For

two ions in a planar 2D configuration the result for the two modes are n̄T = n̄COM < 0.1. This

technique is scaled up to demonstrate ground state occupation of up to 10 ions in the planar

configuration.

The axial mode of motion of a single motion is used to characterise the coherent address-

ing capabilities in our system through optical and motional Ramsey spectroscopy. We observe

optical coherence times of 1.78(4) ms and motional coherence times of 590(12) ms. Dynam-

ical decoupling techniques are shown to extend these coherence times. Furthermore, basic

decoherence models are validated in high-lying non-thermal motional states that are prepared

by a sideband heating technique. Progress towards entangling gates is demonstrated using a

bichromatic laser beam to prepare non-classical states of motion.
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CHAPTER 1

INTRODUCTION

1.1 Motivation and Background

The 20th century witnessed the birth of two monumental achievements of theory and technology:

the development of quantum mechanics and the digital computer. These two subjects have

become intimately intertwined as the computers of today are filled with technologies that are

underpinned by quantum mechanics such as transistors, lasers and semiconductor memory,

while the computation power of these devices is indispensable when finding solutions to many

quantum mechanical problems. The rapid pace of progress in both fields has been staggering,

but some problems in these fields remain intractable such as being able to factor large numbers

on a classical computer in sub-exponential time or solving the Schrödinger equation for a system

with a large number of interacting particles. The next step in the relationship between these

fields is a marriage between the two whereby the unique properties of quantum systems can

be used for a digital computing approach that fundamentally changes the domain of possible

algorithms, making some problems such as the aforementioned factoring problem tractable [1].

Furthermore, instead of using classical computers to simulate quantum systems, a quantum

system over which we have complete control can be used to simulate an analogous system

where this is not the case [2]. The applications of such simulations can shed light on many

difficult problems within quantum chemistry or solid state physics.

The basic principle behind quantum information processing is that a singe quantum bit

(qubit) is described by two complex amplitudes α, β:

α|0〉+ β|1〉 (1.1)

where the |0〉, |1〉 state vectors represent two distinguishable states of a quantum system. In

contrast to a classical binary bit that is always in a state of on or off (0 or 1) the qubit can reside

in a superposition of the two quantum states. These qubits can be read out by a projective

measurement which collapses them to one or the other state – where the probability of detecting

the qubit in the state of |0〉, |1〉 is given by the square magnitude of the complex amplitudes. The

quantum computational power is derived from the fact that two qubits in such superposition

states can interact in such a way that the complex amplitudes undergo interference and the

resulting detection probabilities are modified. In this sense, quantum computing is a completely

different paradigm for performing calculations where the laws of quantum mechanics govern the

underlying logic operations as opposed to classical mechanics. In the last few lines, we have

identified three prerequisites for quantum information processing: the ability to initialise a

12
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qubit to a known state, the ability to interfere with another qubit to perform a logic operation

known as a gate and the ability to individually measure each qubit state. Additional criteria,

as proposed by DiVincenzo [3], state that the set of gates must be universal, the system must

be scalable to large numbers of qubits and that the coherence time is longer than the time

necessary to perform an algorithm. The coherence time in this context defines how long it

takes for the quantum information in the complex amplitudes to be lost by interaction with the

environment. Very similar criteria must also hold for quantum simulation.

There are many different possible realisations that fulfil these criteria to a varying degree.

The work in this thesis will focus on one system in particular that has the potential to fulfil all

these criteria: trapped atomic ions at ultra high vacuum that can be coherently manipulated

by laser beams. Other implentations will be discussed in section 1.2.

The history of ion traps begins with the Nobel prize winning inventions of two methods to

confine charged particles, the Radio Frequency (RF) trap by Wolfgang Paul[4, 5] and the the

Penning trap by Hans Dehmelt[6, 7]. In the first case, as the name suggests, radio frequency and

static electric fields are used for confinement, whereas in the second a strong static magnetic field

replaces the radio frequency fields. While both techniques found success as mass spectrometers,

[8, 5, 9, 10] (with Penning traps achieving much higher precisions) the difference in trapping

mechanism led to their application paths diverging. Penning traps became the tools of choice

for high precision measurement where the large magnetic field is necessary achieving the most

precise values of the g-factors of the electron [11], the proton [12] and anti-proton [13] and their

charge to mass ratios [14] allowing constraints to be placed on fundamental theories such as

quantum electrodynamics or CPT invariance. A review of such applications can be found in

references [15, 16]. Furthermore, Penning traps with a large cylindrical geometry are also very

useful for trapping non-neutral plasmas. The ability to capture, cool and shuttle a large amount

of hot anti-protons in a Penning trap was crucial in the trapping of anti-hydrogen in a magnetic

trap, allowing for the first direct spectroscopy of the 1S-2S transition [17] and hyperfine splitting

[18].

On the other hand RF traps were preferred in applications where laser addressing of ions was

required such as quantum information science and optical frequency standards. While the first

laser cooling experiments on clouds of ions were demonstrated in both Penning [19] and RF traps

[20] in 1978, it soon became obvious that using Penning traps was much more difficult due to

reasons including restricted optical access due to the cumbersome magnets required to generate

the large magnetic field, large Zeeman shifts that increase the demands on the laser systems

and the inherent difficulty in efficiently cooling both radial modes of motion simultaneously.

RF traps thus stole a march on Penning traps and by 1989 demonstrated the laser sideband

cooling technique, bringing a single ion to its ground state in one dimension [21], and by 1995

extending this to all three. In that same year, the proposal by Cirac and Zoller established

a quantum computation scheme that used laser addressing of a linear chain of cold ions to

perform quantum gate operation using their common modes of motion [22], kick-starting the

rapid growth in the field of ion quantum information. The first quantum gate between two

ions, producing deterministic entanglement on demand, was then realised in 1998 [23]. Soon

after, new types of universal gate interactions were proposed by Mølmer and Sørensen [24, 25]

and Milburn et. al. [25], with experimental realisations on small number of ions following in

the early 2000s [26, 27, 28, 29]. The largest entangling gate to date has been implemented on
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a string of 14 ions [30]. The best two qubit gate has reached fidelities of 99.9%[31], which is

above the threshold required to implement certain error correction schemes that would allow

for scalable digital quantum processor. The focus of cutting edge research is now on improving

the robustness [32] and speed [33, 34] of the gate operations.

Using these techniques, various quantum algorithms have already been implemented includ-

ing the Deutsh-Josza algorithm [35, 36], Grover’s algorithm for searching unsorted databases

[37, 38] and Shor’s algorithm for factoring integers [39]. Experiments have also demonstrated

error correcting schemes where multiple qubits define one logical qubit [40, 41, 42] that will cer-

tainly be necessary in any useful future implementation of these algorithms. The big challenge

remaining is to scale the number of qubits in these systems to be able to show the quantum

algorithms outperforming a classical system. The approach of a linear string of ions does not

meet this demand as it is unlikely to surpass the 10-100 qubit range due to fundamental limi-

tations [43]. The next generation of trapping architectures is exploring chip surface traps with

multiple trapping zones for manipulation and memory [44] between which the ions can be shut-

tled [45, 46] and swapped around [47], quantum network approaches where individual traps are

coupled by photonic fibre links [48] or 2D arrays with microwave based gates [49].

With the established track record in the field what is motivation for pursuing work in this

field in a Penning trap? It is evident from the presented history that the RF traps benefited

from the early demonstrations of sideband cooling and coherent addressing as a platform upon

which to build a toolbox for versatile coherent quantum manipulation. It was just three years

ago that our ion trapping group at Imperial College first demonstrated sideband cooling of

the axial mode of motion to the ground state [50], overcoming many of the thorny issues with

optical access and large Zeeman splitting. The challenge for my PhD was to extend this cooling

to encompass all the motional modes of a single ion as well as cooling many ion crystals, while

expanding the available toolbox of coherent laser operations to approach parity with RF traps

and inspire new theoretical approaches. The main attraction of Penning traps is that for certain

confinement strengths, the ions form triangular 2D lattices in the plane perpendicular to the

magnetic field without any RF micromotion, which can form the basis of a large quantum register

with hundreds of qubits. Proposals for performing entangling gates on the axial modes of these

crystals have been appearing over recent years [51, 52, 53] including a scheme for encoding

an error protected logical qubit in a six ion crystal [54]. The usefulness in digital quantum

computing is currently limited by the fact that these 2D crystals are constantly rotating at

∼ 100 kHz about the magnetic field and hence single ion addressing is very difficult to achieve

without stroboscopic laser pulsing which restricts interaction time.

On the other hand, in analogue quantum simulation experiments where single ion addressing

is not required, Penning traps have excelled. In particular, the Bollinger group at NIST were

able to use spin-motional entanglement to perform thermometry on the modes of a large radial

crystal of ions in a Penning trap [55] and in the the same year used 300 ion quantum simulator to

engineer Ising type interactions between the ions [56]. Varying the strength of the optical dipole

force applied to the ions allowed them to tune the effective interaction strength between the ion

spins and thus establishing a platform for simulating quantum magnetism [57]. By comparison,

quantum simulations on 1D chains in RF traps range in size from a few to approximately 30

ions [58, 59, 60, 61]. The fidelity of the Penning trap quantum simulations is affected due to

motion induced spin dephasing since they are only Doppler cooled to a thermal state. The
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fidelity could be improved by ground state cooling the ions. This is true in general of almost

any experiment that seeks to explore coherent quantum behaviour and is a strong motivation

for us to ground state cool these 2D planar crystals. Lastly, a new theory proposal suggests

that using just a pair of entangled ions, an analogue version of Shor’s algorithm can factor

digits orders of magnitude larger than currently achievable with its digital counterpart [62]. By

demonstrating the coherent manipulation capabilities in our Penning trap, it is our hope that

further ingenious theoretical ideas such as this one will spring forth.

A further point of interest to the community is provided by the unusual characteristics of

our trap. Because we operate a large trap with relatively low electric fields, we often work

in regimes where the trapping frequencies are quite low compared to experiments in RF traps

(Few hundreds of kHz compared to a few MHz). This is especially true in any attempts at

cooling two or more ions in an axial string for stability reasons. This leads to us work outside

what is called the Lamb-Dicke regime, where the coupling to higher order motional sidebands

is not negligible. Traditionally, it was thought that to cool an ion to its ground state, the ion

should intially be Doppler cooled to within the Lamb-Dicke regime. Consequently, we have

worked on devising efficient cooling methods to show that this is not the case. On the other

hand, it allows us to explore coherent control of ions in large quantum harmonic oscillator

Fock states (n > 100) where we can excite transitions that change the internal motional Fock

state up to ∆n ≤ 7. To populate these high lying Fock states, we reverse the method of

sideband cooling and instead add motional quanta. Looking to the future, we expect to use the

current Penning trap setup to explore which parameters are most relevant to achieve effective

coherent control outside the Lamb-Dicke regime before moving to a new RF trap where we aim

to build schemes for efficient ground state cooling and production of entangled states. While

working outside the Lamb-Dicke regime can be challenging, it opens up a chance to perform

faster operations since the coupling between the adjacent motional states is enhanced whilst

also being protected against heating mechanism [63] and off-resonant excitation [64] when using

appropriately designed polychromatic pulse sequences

1.2 Other Quantum Information Platforms

There are two major platforms that compete with trapped ions in fulfilling the DiVincenzo

criteria: superconducting qubits and photonic qubits. A superconducting qubit is formed by

constructing a resonant inductor-capacitor (LC) circuit from a macroscopic metallic supercon-

ductor and a Josephson junction to introduce a desired non-linear coupling. The lowest two

energy levels of the anharmonic oscillator formed in this circuit can thus act as a qubit. The

physical quantity that actually defines the qubit depends on the architecture. Common real-

isations include the charge qubit [65], flux qubit [66] or the phase qubit [67]. More complex

realisations that improve on these basic realisations such as the transmon, a charge qubit with

reduced noise sensitivey, have gained prominence [68]. By adding couplings to microwave cav-

ities, effective multiqubit coupling can be engineered. The field of superconducting qubits has

matured very quickly and boasts the ability to satisfy all the of the required DiVincenzo criteria

[69] with coherence times in the 100 µs range compared to gate times of 10s of ns allowing for

thousands of quantum operations with high fidelity [70]. These properties have attracted large

tech companies such as Google, IBM and Intel to the field with the companies claiming to have
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built prototype systems consisting of 72, 50 and 49 qubits respectively [71, 72, 73]. Given the

large number of qubits, it can appear as though superconducting qubits hold an unassailable

lead in the race, but there are other potential bottlenecks such as the fact that the connectivity

between qubits is limited to nearest neighbour interactions which can yield lower algorithm

fidelities compared to a fully connected implementation such as in trapped ions for the same

number of qubits [74]. Superconducting qubits have also been used in quantum simulations [75]

with the most recent result being the successful simulation of the BeH2 molecule [76] using 6

qubits.

Compared to trapped ions and superconducting qubits a photon is in many ways an ideal

quantum information carrier since it can transmit a quantum state over large distances without

interacting with the environment. Many different single photon encodings are possible, such as

polarisation, orbital angular momentum, photon number or arrival time. The downside is that

two-photon quantum gates require a non-linear process such as a Cross-Kerr interaction that is

difficult to realise [77]. An alternative paradigm called linear optical quantum computing was

proposed in 2000 [78] where only simple linear optical elements such as beam splitters, phase

shifters or mirrors are used to perform computation in a non-deterministic way in conjunction

with single photon sources and detectors. With such a non-deterministic approach, scalability

can be difficult as the overhead of photons required to represent one physical qubit and perform

entangling operations can grow very large. The leading approach in the field is to now use

silica waveguides on silicon chips in integrated photonic circuits [79] demonstrating a factoring

of the number 21 using Shor’s algorithm [80] and of a 15 qubit entangled state with over

80% fidelity [81]. Outside the academic research lab, startups are also pursuing integrated

photonic quantum computing [82, 83]. Photonic quantum information also goes beyond digital

computation, especially in quantum communication, which involves quantum cryptography and

key distribution. For a recent review of these applications see reference [84].

Besides these two platforms there is a myriad of quantum information processing platforms

with varying degrees of maturity. These include, but are not limited to: nuclear-electron spins

in doped silicon [85] which have the allure of using well established manufacturing techniques to

achieve scalable designs as well as long qubit life times of 30 seconds [86] with work on two qubit

gates still in progress [87]; nuclear-electron spins in nitrogen-vacancy or silicon-vacancy centres

in diamond, which have been used to perform Grover’s search algorithm using two qubits [88]

and could be used in modular hybrid architecture with photons mediating interactions in a fibre-

connected network of spins [89, 90]; other approaches with neutral atoms include Rydberg atoms

in optical lattices [91, 92], but gate fidelities in these systems remain an order of magnitude

lower than in the leading technologies.

1.3 Thesis Outline and Context

During the course of the PhD I worked extensively alongside two fellow PhD candidates Manoj

Joshi and Vincent Jarlaud, who both started at the same time and were given the same remit

to operate the Penning trap experiment. Since we only had a single working Penning trap

that was mostly already fully assembled before our arrival and no scope to develop a new

system, we worked together on all aspects of day to day running and data acquisition. Given

the particularly stringent demands of the experiment on constant monitoring of all equipment,
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extended daily maintenance and limited acquisition time, we decided to fully share all our raw

experimental data. While each one of us would have overseen different sections of the result

depending on their availability at the time and responsibility with other lab related tasks, we

were all involved in the design and implementation of experimental protocols and hence we

felt that dividing data would be an unfair reflection on the total contribution of each of us.

All subsequent analysis was then performed independently by each one of us unless referenced

otherwise. With this working structure in place, each one of us took the leading initiative in

developing different aspects of the research program. In particular my leading contributions

were the development of the analysis models for motional decoherence experiments in chapter

6, the numerical fitting and analysis of experimental results of two ion crystals in chapter 7 and

the simulation and experimental implementation of radial Doppler cooling that paved the way

for the sideband cooling experiments in chapter 8.

The thesis is structured as follows. Chapter 2 describes the classical and quantum treatment

of the motion of ions in a Penning trap. The normal modes of Coulomb crystals are derived

from classical principles. Chapter 3 is a brief summary of the particular atomic features of a
40Ca+ in a Penning trap, including energy level diagrams, Zeeman shifts and geometric factors

concerning emission and polarisation.

Chapter 4 begins with the theoretical treatment of a free two level atom in space interacting

with a laser beam, which is then extended to include the harmonic trapping potential to obtain

the spin-motion coupling Hamiltonian essential for understanding the behaviour of trapped

ions interacting with lasers. The next part of the chapter focuses on the Doppler cooling theory

with particular detail dedicated to the cooling limits of the radial modes and also contains

a brief description of the axialization technique for improving these limits. The final part

contains theoretical and numerical results for the limits of the sideband cooling technique which

is instrumental in driving the ion to the ground state of motion.

Chapter 5 describes the experimental setup. It begins with a broad overview of the whole

system, followed by the descriptions of the trap, the magnet, the lasers, the optical setup,

experimental hardware/software control and fluorescence detection. Particular attention is given

to the last two sections as they detail the new upgrades to the system which I worked on.

Chapter 6 contains all the experimental results pertaining to cooling and coherent manipu-

lation of a single ion. The chapter begins with sideband cooling and adiabatic cooling results,

demonstrating our ability to cool outside the Lamb-Dicke regime. The performance of the op-

tical qubit is then assessed through Rabi oscillations and Ramsey spectroscopy followed by a

demonstration of dynamical decoupling to extend the coherence time. The last section is con-

cerned with preparing different motional states and measuring the motional coherence both by

characterising the heating rate and the trap frequency stability. The preparation of highly non

thermal motional mixed states that exhibit coherence is demonstrated. Finally, the bichromatic

laser interaction is used to demonstrate the preparation of non classical coherent and squeezed

states.

Chapter 7 presents the experimental results of our efforts to sideband cool ion Coulomb

crystals to the ground state. Two different configurations are considered: 2 ions in a 1D chain

and up to 15 ions in a 2D planar crystal. Coherent driving and heatings rates are also presented.

Chapter 8 is concerned with cooling the radial motion of a single ion. The first section focuses

on a numerical simulation of cooling dynamics and cooling limits for Doppler cooling in the
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presence of coupling between two motional modes using the axialization technique. The second

section then presents the experimental data of Doppler and sideband cooling demonstrating the

first ever simultaneous cooling of both modes to the ground state of motion. Chapter 9 provides

a concluding summary of the presented results and discusses their context and implications for

future experiments.



CHAPTER 2

ION DYNAMICS IN A PENNING TRAP

The dynamics of trapped charged particles is a well established area of physics and can be found

in many reference texts. Included here is a focussed account of the dynamics that give rise to

the particular types of motion in a Penning trap. The treatment first begins with classical

dynamics and then translates the results to a quantum mechanical picture.

2.1 Limitation of Static Fields

The simplest static electric potential that gives rise to trapping in three dimensions is given by:

φ = (az2 + bx2 + cy2) (2.1)

To see why this ideal scenario is not achieved in practice we can invoke Gauss’ law, which states

that within any volume of space free of any charges the divergence of the field must be zero.

Hence the potential must satisfy Laplace’s equation:

52 φ = 0 (2.2)

It is easy to see that the only way the equation is satisfied upon the substitution of the

harmonic potential is that at least one of the coefficients must be negative. Consequently,

a trapped particle will always feel a repulsive force in at least one dimension. This fact was

originally reported by Earnshaw in 1842 [93]. To overcome this limitation, two approaches exist:

• Introduce time varying radio-frequency potentials, which lead to a time averaged confining

force, the approach pioneered by Wolfgang Paul [4] and commonly referred to as the Radio

Frequency (RF) or Paul trap.

• Use a static quadrupolar field where a magnetic field is introduced parallel to the static

trapping axis. This forms the Penning trap developed by Dehmelt [6].

This thesis will exclusively focus on describing the physics of the Penning trap. For a thorough

text covering the principles of RF traps one can consult ref. [94]

19



CHAPTER 2. ION DYNAMICS IN A PENNING TRAP 20

(a) 3D Electrodes

(b) Electric Potential

Figure 2.1: Figure (a) shows the 3D shape of the hyperboloid surfaces giving rise to the saddle
potential in two dimensions as seen in figure (b). The r coordinate represents the
degenerate x and y coordinates. The two endcaps define the z axis.

2.2 Single Ion in a Penning Trap

The ideal electrode structure1 of a Penning trap consists of hyperboloid surfaces (eq. 2.1) that

create a harmonic potential well in the axial z direction and a potential hill in the radial x and

y directions giving rise to a total potential:

φ =
V0

R2
0

(2z2 − x2 − y2) (2.3)

R2
0 = 2z2

0 + r2
0 is a term encompassing the axial and radial dimension of the trap and V0 gives

the applied voltage. A charged particle in such a potential would quickly exit the trap along

the radial plane. Now consider introducing a magnetic field B = [0, 0, B] parallel to the z axis.

An ionized particle with charge q and moving with velocity v is subject to a force given by:

F = qB × v − q5 φ (2.4)

Since B × v = 0 for motion in the z direction, the equation of motion for a particle of mass M

can be simply obtained by substituting 2.3 into 2.4:

z̈ + ω2
zz = 0 (2.5)

with ωz =
√

4qV0/MR2
0. Hence the motion is simple harmonic with solution:

z(t) = rz cos(ωzt+ φz) (2.6)

where φz is a phase that depends on the initial condition and rz is the amplitude of motion.

In the radial plane, the motion emerges from the interplay between the electric and magnetic

field. An unbounded charged particle moving in a perpendicular magnetic field follows a circular

1In practice these ideal hyperboloid surfaces are almost never used due to the difficulty in machining them and
the heavily restricted optical access to the trapping region. Instead other geometries that preserve the cylindrical
symmetry of the system can be used. This will inevitably introduce some degree of anharmonicity.
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a b

Figure 2.2: On the left, a positively charged particle undergoes cyclotron loops with velocity
v in the presence of a magnetic field B coming out of the page. An electric field E
(blue) produces an E ×B precession (black), which acts to oppose the motion at
point b while at point a there is an additional force in the direction of its motion.
This leads to the cyclotron motion not closing in on itself. The new modified
cyclotron motion precesses around the trap centre following the E×B drift. The
E field is shown to be radially outward from the trap centre.

cyclotron trajectory. In a Penning trap, the presence of the electric field constantly pushes the

particle radially outwards. Thus the cyclotron motion no longer forms closed loops, but instead

precesses around the trap in the E × B direction. This can be seen by calculating this term

and observing that it always acts perpendicular to any position vector in the radial orbit (eq.

2.2). The motion arising from this interaction is called the magnetron motion. The frequencies

and trajectories can be solved by writing the equation of motion in terms of a single complex

variable u = x+ iy and once again performing the substitution of 2.3 into 2.4:

ü+ iu̇ωc −
ω2
z

2
u = 0 (2.7)

where we have introduced the cyclotron frequency ωc = qB/M . Expecting the resulting motion

to be circular, we make the ansatz u = u0e
iωt and find the characteristic equation for ω:

ω2 − ωcω +
1

2
ω2
z = 0 (2.8)

This quadratic can be solved to obtain the frequencies

ω+ =
1

2

(
ωc +

√
ω2
c − 2ω2

z

)
=
ωc
2

+ ω1 (2.9)

ω− =
1

2

(
ωc −

√
ω2
c − 2ω2

z

)
=
ωc
2
− ω1 (2.10)

ω+ corresponds to a higher frequency modified cyclotron motion, whereas ω− corresponds to a

lower frequency magnetron motion. The two modes are linked by the cyclotron frequency and

the frequency ω1 =
√
ω2
c − 2ω2

z/2. We can use the fact that the discriminant of ω1 in the above

terms must always stay positive to set a stability limit:

2ω2
z ≤ ω2

c (2.11)
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which can define a limit on the trapping parameters:

V0 ≤
qR2

0B
2

8M
(2.12)

Effectively, this means that for a given magnetic field strength, trap dimension and ion species,

there is an upper limit for the applied potential. At this limit the magnetron and modified

cyclotron frequencies become degenerate. The axial frequency can be higher or lower than the

modified cyclotron frequency, but always remains higher than the magnetron frequency.

Another useful relation is found by summing equations 2.9 and 2.10:

ωc = ω+ + ω− (2.13)

Thus by careful measurement of these frequencies the true cyclotron frequency can be recon-

structed. However, in the presence of a misalignment between the magnetic field vector and the

z axis the potential is modified by higher order anharmonic terms resulting in a shift of all the

mode frequencies. Despite this, the true cyclotron frequency can still be extracted using the

invariance relation:

ω2
c = ω2

z + ω2
+ + ω2

− (2.14)

which is robust against these misalignments to first order [95]. This result is of particular

importance for g-factor measurements that require ωc to be measured to the highest possible

precision.

Equation 2.7 can be solved in terms of the magnetron and modified cyclotron amplitudes

r− and r+ respectively:

x(t) + iy(t) = r−e
−i(ω−t+φ−) + r+e

−i(ω+t+φ+) (2.15)

where the phases φ− and φ+ are included to account for the initial position and velocity of the

ion. Now by taking the real and imaginary parts of the above equation and including the axial

motion from 2.6 we obtain the Cartesian coordinate trajectories:

x(t) = r− cos(ω−t+ φ−) + r+ cos(ω+t+ φ+)

y(t) = −r− sin(ω−t+ φ−)− r+ sin(ω+t+ φ+)

z(t) = rz cos(ωzt+ φz)

(2.16)

Typical trajectories of this sort are shown in figure 2.3.

It would appear that these solutions give a neat and stable, if not always immediately

intuitive, motion that can be easily manipulated. To uncover why this is not quite so, we

must look at one further subtlety that complicates the practical research in a Penning trap.

Of interest to us is the total energy of the system given by the sum of the average kinetic

Ek = 1
2Mv2 and potential Ep = qφ(r) energy. Differentiating equations 2.16 to obtain v and

substituting gives:
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(a) 3D Trajectory
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(b) 2D trajectory at z = 0

Figure 2.3: The trajectories of an ion in a Penning trap with parameters ω+ = 10ω−, ωz =
5ω−, rz = 3r+ and rm = 5r+

〈EK〉t =
〈1

2
Mv2e

〉
=

1

2
M

(
1

2
r2
zω

2
z + r2

+ω
2
+ + r2

−ω
2
−

)
(2.17)

〈EV 〉t = 〈qφ〉 =
1

4
M
(
r2
zω

2
z − r2

+ω
2
z − r2

−ω
2
z

)
(2.18)

Summing the above results, substituting from equations 2.9 and 2.10 and re-expressing in terms

of ω1 the following form for the total energy is obtained:

ET = 〈EK〉t + 〈EV 〉t =
1

2
M
(
r2
zω

2
z + 2r2

+ω+ω1 − 2r2
−ω−ω1

)
(2.19)

The interesting fact to notice is that the term with magnetron frequency contributes negatively

to the total energy. This implies that the magnetron motion is actually unstable. The first

consequence of this is that in the presence of any damping, we would expect the orbit to decay

in time as the ion loses energy and hence leave the trap. However, the time scale for this

process in ultra high vacuum is on the order of weeks to months and thus for all intents and

purposes is considered stable. The second consequence is that to reduce the orbital radius

(commonly defined as cooling the ion), energy must be added to the magnetron mode. This

greatly complicates the standard Doppler cooling techniques that employ a frequency selective

cooling force only, since they instead act to increase the magnetron motion radius. Taming this

motion was one of the main experimental challenges in this thesis.

Another way to think of this is to remind ourselves that the electric potential in the radial

plane is a hill and the magnetic field merely makes the ion perform orbits around it. Thus

reducing the orbital radius is akin to pushing a ball all the way to the top of a hill. Methods to

deal with this problem will be discussed in sections 4.3.1 and 8.1.2.

2.3 Many ions in a Penning trap

Upon loading or creating charged particles in a Penning trap we may ask what is the general

structure that will emerge? The key factor in determining this is the degree to which the

ions interact with each other. This property can be parametrised by the Coulomb coupling
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parameter Γ:

Γ =
e2

4πε0aWSkBT
(2.20)

where the Wigner-Seitz radius a3
WS = 3/(4πn0) is defined in terms of the particle number

density n0, T is temeperature, e is the unit of fundamental charge and kB is the Boltzmann

constant. This correlation parameter is effectively a ratio of the Coulomb energy to kinetic

energy per particle. When Γ � 1 and in the limit that particles are far enough apart to

not feel each other’s presence, they execute largely independent motion as described in the

previous section. Still in the regime Γ � 1, but allowing for weak coupling the ions form a

non-neutral plasma. These plasmas, in particular their transport and equilibrium properties,

were extensively studied in theory, predicting the formation of spheroids that have near constant

density up to a sharp cutoff near the edges. [96, 97]. This was experimentally confirmed with

pure electron plasmas [98]. By cooling the surrounding environment with liquid helium to 4K

the pure electron plasmas underwent a transition from gaseous to liquid phase where Γ ' 2

[99]. The same transition could be observed with laser cooled trapped ions [100].

By further decreasing the temperature through better laser cooling, a liquid-solid transition

occurs for Γ > 170 [101], forming structures called Coulomb (or Wigner) crystals. Initially,

these were studied in the context of large ion crystals (N > 104), forming a rotating body-

centered crystal lattice [102]. Subsequently, large 2D structures forming varied lattice shapes

were produced [103]. When the confining axial potential and the number of ions (N ∼ 102) is

sufficiently low, 1D chains can form along the magnetic field axis [104] just like chains typically

observed in linear RF traps [105]. It is the last two regimes that are of particular relevance to

the experimental work in this thesis. The next two sections describe the modes of motion for

small 1D chains and 2D planar crystals in a Penning trap.

Before proceeding, we first describe the general approach to finding the modes of any crystal.

We begin by writing down the Lagrangian for N ions of mass M :

L =
N∑
n=1

[
1

2
M |ṙn|2 − qφn + qAn · ṙn

]
(2.21)

where rn is the nth ion position in Cartesian coordinates, φn is the total scalar potential includ-

ing ion-ion Coulomb terms and An = 1
2(B× rn) is the vector potential in the symmetric gauge.

Using this Lagrangian one needs to first find the equilibrium separation (position) between all

the ions. For special cases such as two ions this can be done analytically, but typically requires

either numerically solving coupled equations or finding the minimum energy configuration by

numerical optimisation methods [53]. In the next step, a Taylor expansion of the electromag-

netic potential is performed around the equilibrium positions r
(0)
n of the ions assuming a small

displacement qn(t) such that rn(t) ≈ r
(0)
n + qn(t), leading to the motional Lagrangian:

L =

N∑
n=1

1

2
M q̇2

n −
1

2

N∑
n,m=1

qnqm

[
∂U

∂rn∂rm

]
qn,qm=0

(2.22)

The double partial derivatives can then be explicitly calculated, neglecting any anharmonic

terms as they are sufficiently small to induce little error [51]. The derivatives can then be written

down as a matrix that can be diagonalised by standard methods to obtain the eigenvalues and
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eigenvectors of the motional modes.

2.3.1 1D Ion Chains

The formation of 1D ion chains requires strong confinement in the radial plane and very weak

axial confinement. In macroscopic RF traps, typical electrode structures consist of equally

spaced parallel linear rods or blades [106] arranged in a square that naturally provide the

required geometry. Penning traps, however, tend to have weak radial confinement due to the

requirements placed on the strength of the magnetic field. Thus, ion chains can only form at

very low axial electric potential and consequently have much lower axial oscillation frequencies

(< 200 kHz). In practice this means that they are less stable and more difficult to cool (see

section 7.2.1). This restricted our experimental exploration to the axial modes of two ions

and hence we limit our discussion to N = 2. A general treatment for N ions can be found in

reference [107].

From equation 2.21 we can write down the potential energy for two ions:

U =
1

2
Mω2

z(z1(t)2 + z2(t)2) +
e2

4πε0
· 1

z1(t)− z2(t)
(2.23)

We also define an appropriate length scale l to clean up the constants and make the rest of the

problem dimensionless:

l3 =
e2

4πε0Mω2
z

(2.24)

This allows us to define a rescaled position k1,2 = z1,2/l. Then for small displacements q(t)

around the equilibrium position k
(0)
1,2 we have:

k1,2(t) = k
(0)
1,2 + q(t) (2.25)

Performing the minimisation: [
∂U

∂k1,2

]
k1,2=k

(0)
1,2

= 0 (2.26)

yields two coupled equations:

k1 −
1

|k1 − k2|2
=0

k2 +
1

|k1 − k2|2
=0

(2.27)

These equations can be solved to give the equilibrium positions:

z1 = −
(

1

2

)2/3

l , z2 =

(
1

2

)2/3

l (2.28)

The next step is to describe the motion for small displacements from equilibrium. To do this,

we perform a Taylor expansion around the equilibrium points leading to the Lagrangian:

L =
M

2
(q̇2

1 + q̇2
2)− ω2

z

2

2∑
n,m=1

qnqm

[
∂U

∂kn∂km

]
qn,qm=0

(2.29)
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Calculating the derivatives explicitly yields a matrix:

A = ω2
z

q2
1

(
1 + 2

|k1−k2|

)
−2q1q2
|k1−k2|

−2q2q1
|k1−k2| q2

2

(
1 + 2

|k1−k2|

) (2.30)

Now we can simply solve the eigenvalue problem det(A − ω2I) = 0 and combining with the

results of equation 2.28 we obtain the normal mode frequencies:

ω1 = ωz , ω2 =
√

3ωz (2.31)

The ω1 mode corresponds to a centre of mass (COM) motion where the two ions move rigidly

together in phase. The higher ω2 mode corresponds to an out of phase motion where the two

ions move apart and then back towards each other; we label this motion the breathing mode.

These modes are illustrated in figure 2.4. In this treatment we haven neglected any transverse

Figure 2.4: (a) The breathing mode at ωB =
√

3ωz with the motions of the ions out of phase.
(b) Centre of mass mode at ωCOM = ωz with the motions in phase

modes because we have experimentally only performed axial spectroscopy of the chain. If we

were to repeat the same derivation for the radial modes there would again be an in-phase radial

centre of mass motion and an out-of-phase rocking motion in both degrees of freedom.

2.3.2 2D Planar Crystals

The treatment of the planar crystals is complicated by the fact that the crystal rotates as a

rigid body around the magnetic field z axis. Thus the natural way to express the potential for

these crystals is to transform into a frame of reference that rotates at the same angular velocity

ωr as the crystal. To do this, we introduce a new position vector in the rotating frame r′ defined

by:

r = Rz(θ(t))r
′ (2.32)

where Rz(θ(t)) is the rotational transformation operator with angle θ(t). We can then write

the operator in terms of the crystal rotation frequency, ωr:

Rz(−ωrt) =

 cos(ωrt) sin(ωrt) 0

− sin(ωrt) cos(ωrt) 0

0 0 1

 (2.33)

Under this transformation the crystal Lagrangian 2.21 becomes:

L′ =
N∑
m=1

[
M

2
|ṙ′m|2 −

eBeff [ωr]

2
(ẋ′my

′
m − ẏ′mx′m)− eφ′m

]
(2.34)
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where the Lorentz force term appears with an effective axial magnetic field Beff = Bz−2ωrM/e

and a new effective potential given by:

φ′m = V0(z′m)2 +
1

2
(Bzωr −Mω2

r − V0)(x′2 + y′2) +
e

8πε0

∑
n6=m

1

|r′n − r′m|
(2.35)

The physical origin of the effective magnetic field is the Coriolis force. While the ions are at

equilibrium in the rotating frame, the Coriolis force is absent, however it must be taken into

account when calculating the normal modes of the radial motion. A further consequence of

the transformation is the appearance of the potential term Mω2
r (x
′2 + y′2)/2 that leads to a

centrifugal force. It is also helpful to recast the effective potential in terms of the natural

frequencies ωz and ωc of the trap, giving:

φ′m =
M

2e
ω2
zz
′2
m +

M

2e
(ωcωr − ω2

r −
1

2
ω2
z)(x

′2 + y′2) +
e

8πε0

∑
n6=m

1

|r′n − r′m|
(2.36)

Now we can clearly identify the second term as an effective trapping frequency in the radial

plane ωeff = (ωcωr − ω2
r − 1

2ω
2
z)

1/2.

To obtain the equilibrium positions in the rotating frame, the effective potential energy must

be minimised. Where possible, direct minimisation of the potential:[
∂φ′

∂r′m

]
rn=r

(0)
n

(2.37)

is the simplest method. As for the case of a chain, we can define a dimensionless length scale,

but this time with the effective radial frequency:

l′3 =
e2

4πε0Mω2
eff

(2.38)

Then for a dimensionless position um = r
(0)
m /l, the potential minimisation yields 3N equations:

uxm −
N∑

n=1,n6=m

uxm − uxn
l3mn

= 0

uym −
N∑

n=1,n6=m

uym − uyn
l3mn

= 0

uzm −
(
ωeff
ωz

)2 N∑
n=1,n6=m

uzm − uzn
l3mn

= 0

(2.39)

where lmn =
√

(uxn − uxm)2 + (uyn − uym)2 + (uzn − uzm)2 is the dimensionless ion distance. When

dealing with 2D crystals, we can assume that ωz � ωeff hence the uzm terms are zero. The 2N

coupled equations can be solved numerically, though their solutions are not unique. Different

solutions usually correspond to unstable equilibrium points. For example, N = 4 ions can

be arranged in a square or in a triangle with one ion at its centre. The latter configuration,

however, is unstable and only represents a saddle point or local minimum in the potential. Thus

the strategy employed in this thesis is to numerically find a set of stable positions based on a

randomised initial guess for the positions, calculate the potential energy and iterate the process
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until the lowest energy solution is found.

To find the normal modes, we must analyse the behaviour of the ions displaced from equi-

librium. We define a small displacement qm(t) in the coordinates of the rotating frame where

r′m(t) = r
′(0)
m + qm(t). This allows us to Taylor expand the potential to second order in qm(t):

L = L0 +
M

2

N∑
m=1

q̇2
m −

1

2

N∑
m,n=1

qm · qn
[

∂φ′

∂r′m∂r
′
n

]
qm=qn=0

(2.40)

By inspecting this equation we can see that there is no coupling between the axial and radial

modes in this harmonic expansion, which will allow us to treat these degrees of freedom as

separable. This follows from the cylindrical symmetry of the trapping potential and the fact

that the Lorentz force due to the B field acts only in the radial plane. Coupling could occur in

the presence of significant anharmonicity, but this contribution will be very small. Since we are

interested in the axial phonon modes only, the motional Lagrangian simplifies to:

Lz =
M

2

N∑
m=1

(q̇zm)2 −
Mω2

eff

2

N∑
m,n=1

Kmnq
z
mq

z
n (2.41)

where the stiffness matrix K is a real, symmetric, Hermitian matrix with elements:

Kmn =


(

ωz
ωeff

)2
−
∑N

p=1,p 6=m
1

[(uxn−uxp)2+(uyn−uyp)2]
3/2 (m = n),

1

[(uxm−uxn)2+(uym−uyn)2]
3/2 (m 6= n).

(2.42)

The axial normal mode frequencies come out from the solutions of the eigenvalue problem:∑
k=1

[
ω2
zνδjk −Kmn

]
bzνk = 0, jν = 1, 2..., N (2.43)

with eigenvectors bzνk . Thus the frequencies can be calculated using the scaled equilibrium

coordinates found from solving 2.39, giving ωzν =
√
µzωeff , where µz are the eigenvalues of

the stiffness matrix. The largest eigenvalue is always one corresponding to the centre of mass

motion and successive eigenvalues lead to lower frequency modes. It is important to note that

all the calculated frequencies should be real. If this is not the case, the crystal configuration

is an unstable equilibrium [108] . This provides a useful check on the result of the equilibrium

position calculations. The realness of the eigenvalues can also be used to check if this particular

combination is stable at a given rotation frequency and used to find the onset of a a transition

to a 3D crystal [109]. In general, it is easiest to solve the eigenvalue problem numerically, but

there is a special case of the tilt mode that has a simple analytical expression given by:

ωz2 =
√
ω2
z − ω2

eff (2.44)
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2.4 Quantum dynamics

2.4.1 Single Ion

We first begin by writing down the classical Hamiltonian of a singly ionised particle of mass M

in a Penning trap:

H =
(p− eA)2

2M
+ eφ (2.45)

=
p2

2M
− ωc

2
(pyx− pxy) +

M

2
ω2

1(x2 + y2) +
Mω2

zz
2

2
(2.46)

where we have chosen the symmetric gauge A = (B× r)/2. To further simplify the expression

and remove the cross-coupling terms. the following coordinate transformation is useful:

q± =
1√
2

[
(Mω1)1/2x∓ (Mω1)−1/2py

]
, p± =

1√
2

[
±(Mω1)1/2y + (Mω1)−1/2px

]
(2.47)

The axial motion can also be written in the scaled coordinates using the transformation:

qz =
√
Mωzz, p′z =

pz√
Mωz

(2.48)

The new Hamiltonian now takes the form

H =
ω−
2

(q2
+ + p2

+)− ω+

2
(q2
− + p2

−) +
ωz
2

(q2
z + p

′2
z ) (2.49)

Once again we are reminded of the fact that the magnetron term is negative just as in the

total energy contribution in equation 2.19. The other important observation is that the Hamil-

tonian consists of three decoupled harmonic oscillators for which we can construct solutions

by standard quantum mechanical methods following [94]. The generalised coordinates satisfy

the Poisson bracket {qi, pj} = δij for i, j = (+,−, z) and thus can be converted to quantum

mechanical operators by satisfying the commutation relation [q̂i, p̂j ] = i~δij . Hence we can use

this commutator to define ladder operators of the form:

âi =
q̂i√
2~

+
ip̂i√
2~

(2.50)

â†i =
q̂i√
2~
− ip̂i√

2~
(2.51)

where â†i and âi are the raising and lowering operators respectively. We can now write the

quantum mechanical Hamiltonian in terms of these operators:

Ĥ = ~ω+

(
â†+â+ +

1

2

)
− ~ω−

(
â†−â− +

1

2

)
+ ~ωz

(
â†zâz +

1

2

)
(2.52)

The Hilbert space of the system is given by H = H+⊗H−⊗Hz hence we can write the energy

eigenstate vector in the number (Fock) basis as |n+〉⊗ |n−〉⊗ |nz〉 = |n+, n−, nz〉. This leads to

the Schrödinger equation

Ĥ|n+, n−, nz〉 = (E+ − E− + Ez)|n+, n−, nz〉 (2.53)
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with the energies given by:

E+ = ~ω+

(
n+ +

1

2

)
, E− = −~ω−

(
n− +

1

2

)
, Ez = ~ωz

(
nz +

1

2

)
(2.54)

The raising and lowering operators behave accordingly to standard rules, for example

â†+|n+, n−, nz〉 =
√
n+ + 1|n+ + 1, n−, nz〉 (2.55)

(2.56)

â+|n+, n−, nz〉 =
√
n+|n+ − 1, n−, nz〉 (2.57)

and likewise for the other modes. For completeness we also include the full wavefunction so-

lution. This can be done following the method in [110] by promoting all the position and

momentum variables in 2.46 to operators and solving the Schrödinger equation in cylindrical

coordinates (r, θ, z) where x = r cos(θ) and y = r sin(θ) to obtain:

ψ(r, z)k,j,mj =
1

π3/4r0z
1/2
0

(
j!

2kk!(j + |mj |)!

)1/2( r

r0

)|mj |
L
|mj |
j

(
r2

r2
0

)
Hk

(
z

z0

)
e
−
(
z2

2z20

)
−
(
r2

2r20

)
+imjθ

(2.58)

where k, j,mj are integers related to the radial quantum numbers by n+ = j + 1
2(|mj | −

mj), n− = j + 1
2(|mj | + mj), k = nz, Hk are Hermite polynomials and L

|mj |
j are gener-

alised Laguerre polynomials. The constants r0 =
√

~
mω1

and z0 =
√

~
mωz

give the ground state

wavefunction length scale for the radial and axial axes respectively.

We can also write the position operators in terms of the ladder operators:

x̂ =
r0

2

(
â+ + â†+ + â− + â†−

)
(2.59)

ŷ =
r0

2i

(
â+ − â†+ − â− + â†−

)
(2.60)

ẑ =
z0√

2

(
âz + â†z

)
(2.61)

Using these expressions we can calculate the expectation value of the coordinate variance:

〈ẑ2〉 =z2
0

(
nz +

1

2

)
(2.62)

〈ŷ2〉+ 〈x̂2〉 =r2
0

[(
n+ +

1

2

)
+

(
n− +

1

2

)]
(2.63)

Finally, by comparison with the classical kinetic energy equation 2.17 we can relate the classical

amplitudes to the quantum numbers by:

r2
z =2z2

0

(
nz +

1

2

)
(2.64)

r2
+ =r2

0

(
n+ +

1

2

)
(2.65)

r2
− =r2

0

(
n− +

1

2

)
(2.66)
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2.4.2 Coulomb Crystals

The analysis of the previous section extends naturally to the case of larger Coulomb crystals.

Since we only consider the axial modes in the absence of anharmonicity for linear chains and

planar crystals, the modes are completely uncoupled. This is not true for arbitrary 3D crystals.

As before, we must define the canonically conjugate variables. We first set the small displace-

ment coordinate from 2.40 to qj(t) =
∑

ν χν(t)bzνj where χν are real generalised coordinates.

This allows the axial mode Lagrangian from 2.41 to be recast as:

LAν =
M

2

N∑
ν

[
χ̇2 − ω2

zνχ
2
]

(2.67)

The generalised momentum for the ν phonon mode can now be written as

PAν =
∂LA

∂χν
= Mχ̇ν (2.68)

The Hamiltonian for the axial modes can now be written down as a simple summation of N

uncoupled harmonic oscillators

HA =

N∑
ν=1

[
PAν

2

2m
+

1

2
Mω2

zνχ
2
ν

]
(2.69)

Using the same quantisation principle as in the previous section for a single ion, the gener-

alised coordinates are promoted to operators obeying [χν , P
A
ν ] = i~δνν and raising and lowering

operators are defined as

âzν =

√
Mωzν

2~

(
χν +

i

mωzν
PAν

)
(2.70)

â†zν =

√
Mωzν

2~

(
χν −

i

mωzν
PAν

)
(2.71)

Thus the final Hamiltonian takes the very simple form

ĤA =
N∑
ν=1

~ωzν
(
n̂zν +

1

2

)
(2.72)

where n̂zν = â†zν âzν is the number operator of the νth phonon mode. Thus each mode comes

with its own ladder of equally spaced energy levels where the separation in energy is only

governed by the mode frequency.



CHAPTER 3

THE CALCIUM ION

This chapter will briefly introduce the ion species used in the experimental work presented

in this thesis. In particular, the energy level structure in the presence of a strong magnetic

field required to operate the trap, branching ratios, emission and absorption patterns will be

described. These components are essential to quantitatively treat the processes of laser cooling

and coherent manipulation of ions in a Penning trap.

3.1 Choosing an ion. Why Calcium?

The primary consideration when selecting an ion for coherent manipulation and quantum infor-

mation/simulation purposes is that it is amenable to the well established techniques of Doppler

and sideband cooling, thus implying it has a suitable set of transitions that can form (with the

possible aid of repump lasers) a closed cooling cycle that scatters photons at a sufficient rate.

The typical ions of choice are usually the Alkali-Earth metals since, when singly ionized, they

retain one valence electron in their outer shell and thus have ‘hydrogen-like’ level structure.

There are also alternatives elsewhere in the periodic table such as cadmium, ytterbium or mer-

cury. Selecting a suitable element and corresponding isotope from amongst these candidates

depends on the needs and means of the experiment. We can separate these into categories:

• The laser cooling transitions are addressable with a set of lasers. Consideration here has to

be given to the commercial availability of such laser systems, their price, output power, as

well as to the availability of optical components and detectors at the required wavelengths

• There is a pair of accessible energy levels that can be used as a two level qubit to store

quantum information. The upper state needs to have a long lifetime and coherent popu-

lation transfer between the two states should be possible.

• Charge to mass ratio e/m limits the size of the stability region at a fixed magnetic field

(equation 2.11). Increasing this ratio allows for higher axial trapping frequencies, which

can be beneficial for improving the ease with which the ions can be cooled.

The choice 40Ca+ was historically made by the group in the previous decade mainly on the

grounds of satisfying the first two points, namely having all the necessary transitions for Doppler

cooling and repumping accessible with relatively cheap solid state diode lasers. 40Ca+ also has

a narrow linewdith Γ = 2π×0.136 Hz dipole forbidden transition at 729 nm, which can be used

as an optical qubit that can be addressed with a suitably narrow linewidth solid state laser.

The e/m ratio is moderate, but still requires the use of a few tesla magnetic field to reach useful

32
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axial trapping frequencies in the ∼ 100s of kHz range. An alternative species used in other

Penning trap experiments, 9Be+, improves on the ratio by a factor of three, but does not have

a quadrupole transition that can be used as an optical qubit. Instead, one would need to use

pairs of Raman laser beams to drive transitions between hyperfine levels of the ground state to

have appreciable motion-spin coupling necessary for sideband cooling. The wavelength of 313

nm required the use of dye lasers in the past, but more recently solid state alternatives have

been developed [111].

Figure 3.1: Energy levels and relevant transitions of 40Ca+ with Zeeman splittings included
to scale. The transitions that are addressed by lasers in our experiment are shown
with straight lines, whereas the squiggly transitions are not. Where possible, the
latest experimental values were taken for the wavelengths and linewidths. 1

Figure 3.1 shows the energy levels and transitions relevant to our experiment. Ignoring

the Zeeman splitting for one moment, we can summarize the role of each of the states and

transitions in our experiment. First, the S1/2 ↔ P1/2 dipole allowed transition at 397 nm is

suitable for Doppler cooling and fluorescence detection of the internal ion states. Decay on the

P1/2 ↔ D3/2 transition at 866 nm occurs 6.43% of the time, hence a constant repumping laser

1Exp: λ729, Γ729 [112],λ397 [113],λ866 [114], Γ397,Γ393,Γ397 [115]. Th: λ393, λ854, λ850,Γ854,Γ850 [116]



CHAPTER 3. THE CALCIUM ION 34

is required to close the cooling cycle. The aforementioned quadrupole transition S1/2 ↔ D5/2

at 729 nm forms the optical qubit and its narrow linewidth of 2π × 0.136 Hz makes it suitable

to resolve motional sidebands, a requirement for performing sideband cooling to the motional

ground state. To accelerate this cooling process a quench laser at 854 nm on the D5/2 ↔ P3/2

transition followed by fast decays on the 393 nm or 850 nm transitions brings the ion back into

the cooling cycle.

3.2 Magnetic field effects

3.2.1 Zeeman Shifts

Returning to the large Zeeman splittings that are induced by the ∼ 1.9 T field used in our

experiment, the picture gets more complicated. The splitting between the subleveles S1/2,−1/2

and S1/2,+1/2 of 53.2 GHz means we now require two separate lasers for Doppler cooling out

of these Zeeman sublevels. If we now consider the same scenario for the D3/2 manifold we

might naively think that we would require a further 4 laser frequencies. Furthermore, the large

magnetic field mixes states of the same j quantum number meaning that forbidden transitions

between P1/2 → D5/2 become weakly allowed, potentially requiring 6 further frequencies of

repumping. In fact, in our experiment we manage to synthesize all the required frequencies by

passing both 854 and 866 nm beams through the same Electro-optical modulator (EOM) to

create sideband frequencies that pump out all levels. In the following calculations we will show

how this is possible by defining all the first and second order Zeeman shifts as well as explaining

the consequences of j-mixing.

To find the Zeeman shifts, we employ the framework of perturbation theory. We have

a perturbing Hamiltonian describing the magnetic field Bz interacting with the spin Sz and

angular momenta Lz:

HZ =
µB
~

(glLz + gsSz) (3.1)

where µB is the Bohr magnetorn and the g-factors for the angular momentum and spin are

gl = 1 and gs ≈ 2. For the first order shift, we simply need to consider the matrix element of

the perturbation acting on the unshifted electronic energy states n(0) giving:

E(1)
n =

µBBz
~
〈n(0)| (Lz + 2Sz) |n(0)〉 = µBgjBzmj (3.2)

with the answer in terms of the Lande g-factor gj = j(j+1)−s(s+1)+l(l+1)
2j(j+1) + 2 j(j+1)+s(s+1)−l(l+1)

2j(j+1) .

The result shows a linear dependence on the magnetic field, with the mj sublevels split equally.

The total width of the manifolds per tesla is shown in figure 3.1. We are also interested in the

effect of the second order Zeeman shift given by:

E(0)
n =

∑
m 6=n

µ2
BB

2
z |〈m(0)|(Lz + 2Sz)|n(0)〉|2

~2
(
E

(0)
n − E(0)

m

) (3.3)

In this case there is a sum over all the other unperturbed states. A direct evaluation of the

matrix elements is not practical, but can instead be performed through an expansion in terms

of the Clebsch-Gordan coefficients. This allows us to re-express states of the form |j,mj〉 in
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Manifold mj 1 st order (GHz/T) 2 nd order (MHz/T2)

S1/2 ±1
2 ±14.00 0

P1/2 ±1
2 ±4.67 −6.52

P3/2

±1
2 ±9.33 +6.52

±3
2 ±27.99 0

D3/2

±1
2 ±5.60 −25.9

±3
2 ±16.80 −17.3

D5/2

±1
2 ±8.40 +25.9

±3
2 ±25.19 +17.3

±5
2 ±41.99 0

Table 3.1: Table of first and second order Zeeman shifts for 40Ca+

the basis |l,ml, s,ms〉. The full set of Clebsch-Gordan coefficients is given in reference [117]2.

Looking at the states in the expanded basis, we see that the overlap can only be non-zero for the

case where states have the same l and mj quantum numbers, but different j i.e. D5/2,+3/2 and

D3/2,+3/2 or P1/2,−1/2 and P3/2,−1/2. This leaves all the sublevels in the S manifold unshifted

as well as the outermost ones of the P3/2 and D5/2 manifolds. The shifts are now quadratically

proportional to B, but are no longer directly proportional to mj hence the sublevels will no

longer be equally spaced. Table 3.1 summarizes the first order and second order Zeeman shifts.

We can see that the pairs of states with the same l and mj get pushed symmetrically apart.

The implication of the asymmetric shift and non-linear shift of sublevels within the D manifolds

means that it is not possible to address all the states resonantly with a comb of equally spaced

frequencies. What we do, however, see is that the magnitude of the differential shifts between

the repumping transitions from D3/2 → P1/2 and D5/2 → P3/2 at 1.89 T is only around 20-30

MHz, meaning that with sufficient power in the repumping lasers, we can still address these

states off-resonantly and achieve the required repumping rates. The specific method and setting

of the EOM frequencies will be discussed in section 5.3.2.

3.2.2 j-Mixing

A further effect of the second-order perturbation theory result is that the eigenstates are mod-

ified by:

|n(1)〉 =
∑
m 6=n

µBBz〈m(0)| (Lz + 2Sz) |n(0)〉

~
(
E

(0)
n − E(0)

m

) |m(0)〉 (3.4)

This equation has the same matrix elements as 3.3 and hence we know that the states that share

the same l and mj , but different j get mixed, hence the designation ‘j-mixing ’. The presence

of an admixture of a different state affects the transition probability in a striking way. Under

no magnetic field, the transition P1/2 ↔ D5/2 is strongly dipole forbidden, but since the new

P1/2 eigenstates will have a small admixture of their P3/2 counterparts and likewise for D5/2

2There is a typographical error: the S1/2,−1/2 → D5/2,−3/2 coefficient should be −
√

4
15
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and D1/2 the transition becomes weakly allowed. To find the magnitude of this effect, we find

the transition element matrix:

|〈D(1)
5/2|d̂ ·E|P

(1)
1/2〉|

2 ≈ |εD〈D(0)
3/2|d̂ ·E|P

(0)
1/2〉+ εP 〈D(0)

5/2|d̂ ·E|P
(0)
3/2〉|

2 (3.5)

where d̂ · E is the atomic dipole moment operator, εP , εD are the prefactors from 3.3 and we

have ignored the term of order εP × εD. Using these matrix elements, calculations have been

performed [118] to find the branching ratio:

Γ(P1/2 → D5/2)

Γ(P1/2 → S1/2)
= 4.2× 10−7B2 (3.6)

For the field strength of B = 1.89 T we thus expect an average of 0.67× 106 photons scattered

on the cooling transition before decaying to the dark D5/2 state. For any period of continuous

illumination it is evident that the D5/2 state will have to be repumped. Even for a modest

scattering rate Γ397/10 the ion will decay to the dark state in a mean time of 50 ms. For typical

cooling times of 10 ms used in our experimental sequence we would expect the decay ≈ 20% of

the time. Hence for any cooling process the repumping is also inevitable. We also note that even

though j-mixing decay from S1/2 only occurs to the central four states of the D5/2 manifold,

after repumping to the P3/2 decays to the ±5/2 Zeeman sublevels can occur, hence all 6 states

must be addressed by the laser.

A more serious problem is when we are not free to use the repump laser. We often use one of

the D5/2 Zeeman sublevels as an upper state of an optical qubit. After conducting some form of

coherent operation we perform a projective measurement by driving the S1/2 ↔ P1/2 transition

and observing fluorescence. The absence of the fluorescence distinguishes the population in

the ‘dark’ D5/2 state from that in the the ‘bright’ S1/2 state. However, if a j-mixing induced

decay from the cooling cycle to the D5/2 occurs early within the detection period, the collected

fluorescence data will appear as a false positive for the dark state. Thus at a given scattering

rate, the j-mixing rate provides a limit to the length of fluorescence collection and affects the

quality of state discrimination.

3.3 Emission, polarisation and geometry

An important part of addressing and observing the ion is to familiarise ourselves with the

spontaneous emission distributions, the absorption probabilities and the required polarisation

to drive different transitions. There are two disadvantages particular to our Penning trap setup:

limited optical access due to the positioning of the trap inside the superconducting magnet and

the presence of the axial magnetic field defining a quantization axis parallel to the trapping

axis. In RF trap experiments, laser beams can often be pointed at various angles and a weak

magnetic field can be used to define a quantization axis that is suitable for stimulating any

desired transition whereas we do not have this freedom. Later in this section we will see the

consequences on our ability to address certain transitions.

From standard time dependent perturbation theory, following the method of ref [107] we

can write down excitation rates for electric dipole and quadrupole transitions between |g〉 → |e〉
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respectively:

ΩE1 =

∣∣∣∣eE~ 〈g|r̂i|e〉εi
∣∣∣∣ (3.7)

ΩE2 =

∣∣∣∣eEωge2~c
〈g|r̂ir̂j |e〉εink

∣∣∣∣ (3.8)

(3.9)

defined in terms of the atomic electron position operator ri interacting with a laser of electric

field E, propagation vector nk and polarisation vector εi where the indices are summed over the

Cartesian coordinates. The matrix elements can be rewritten in terms of irreducible spherical

tensors C
(k)
q in the spherical harmonic basis c

(q)
i (defined in appendix of reference [107]):

〈g|r̂i|e〉εi =
1∑

q=−1

〈g|rC(1)
q |e〉c

(q)
i εi (3.10)

〈g|r̂ir̂k|e〉εink =
2∑

q=−2

〈g|r2C(2)
q |e〉c

(q)
ik εink (3.11)

In the L − S coupled basis, the states |g〉 = |j,mj〉 where j is the total angular momentum

and mj is the magnetic quantum number of the lower state, and the primed terms are the

corresponding quantum numbers for the excited state. Using the Wigner-Eckhart theorem,

the matrix elements can be expressed in terms of reduced matrix elements and Wigner 3 − j
symbols:

〈j,mj |r̂i|j′,m′j〉εi = 〈j,mj ||rC(1)||j′,m′j〉
1∑

q=−1

(
j 1 j′

−mj q m′j

)
c

(q)
i εi (3.12)

〈j,mj |r̂ir̂k|j′,m′j〉εi = 〈j,mj ||r2C(2)||j′,m′j〉
2∑

q=−2

(
j 2 j′

−mj q m′j

)
c

(q)
ik εink (3.13)

The 3− j symbols are connected to the Clebsch-Gordan coefficients by the relation:(
j1 j2 j

m1 m2 m

)
=

(−1)j1−j2−m√
2j + 1

〈j1,m1; j2,m2|j1, j2; j,m〉 (3.14)

Using the Clebsch-Gordan coefficients, the relative probabilities of exciting to any particular

Zeeman sublevel can be determined. The geometric dependence is contained in the dot product

of the spherical tensors and the beam polarisation vector c
(q)
i εi for the dipole and the Frobe-

nius product between the spherical tensors and a matrix formed from the outer product of the

wavevector and the polarisation vector c
(q)
ik εink for the quadrupole. Thus to maximise a transi-

tion’s strength we must address the ion with a particular angle and polarisation depending on

whether q = ∆mj = 0,±1,±2 (π, σ, δ transitions respectively). Conversely, the same informa-

tion tells us the angular distribution of the emission and its polarisation since the exact same

geometrical factors govern the decay rate. To parametrise these geometric coefficients, we can

define an angle θ as the angle between the laser wavevector and the magnetic field, φ as the

angle of the polarisation vector in the plane normal to the laser wavevector and the magnetic

field vector and a phase angle γ to parametrise the ellipticity of the polarisation vector. In the
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Figure 3.2: Polar plots of the emission distribution as a function of θ, the angle between
laser wave vector and the magnetic field axis for (a) dipole transitions and (b)
quadrupole transitions.

|∆mj | 0 (π) 1 (σ) 2 (δ)

Dipole 3
8π sin2 θ 3

16π (1 + cos2 θ)

Quadrupole 15
8π sin2 θ cos2 θ 5

16π (1− 3 cos2 θ + 4 cos4 θ) 5
16π (1− cos4 θ)

Table 3.2: Angular distribution of the emission patterns of dipole and quadrupole transitions.

coordinate system where the magnetic field is along the z axis, we then have:

n =

− sin(θ)

0

cos(θ)

 (3.15)

ε =

cos(θ) cos(φ)

eiγ sin(φ)

sin(θ) cos(φ)

 (3.16)

where we can set the y component to zero without loss of generality due to cylindrical symmetry.

Using this parametrisation, we first calculate the emission as a function of θ for all the dipole and

quadrupole transitions. Since we are interested only in the angular dependence, we integrate

out the polarisation dependence φ and γ in the geometric factors c
(q)
i εi, c

(q)
ik εink and use the

fact that each distribution must be normalised to unity to find the amplitude. The resulting

distributions are given in table 3.2 and they are plotted in figure 3.2.3

Armed with this information we will now asses the requirements for the various tasks we wish

to perform in our Penning trap. For Doppler cooling, we wish to drive the dipole transitions

3We have derived these distributions by what appears like a quantum mechanical result involving matrix
elements that yield spherical tensors, but in fact these emission patters are simply the square of the vector
spherical harmonics which appear in a classical electrodynamics context as shown in reference [119]



CHAPTER 3. THE CALCIUM ION 39

mj m′j ∆m ∆ν (GHz/T) n ‖ B n ⊥ B

–1/2 – 5/2 δ− –27.99 0 0.56

–1/2 – 3/2 σ− –11.19 1 0.5

–1/2 – 1/2 π 5.60 0 0

–1/2 + 1/2 σ+ 22.9 0.71 0.35

–1/2 + 3/2 δ+ 39.19 0 0.25

1/2 – 3/2 δ− 39.19 0 0.25

1/2 – 1/2 σ− 22.9 0.71 0.35

1/2 + 1/2 π 5.60 0 0

1/2 + 3/2 σ+ –11.19 1 0.5

1/2 + 5/2 δ+ –27.99 0 0.56

Table 3.3: Differential Zeeman shifts and normalised relative coupling strengths for various
quadrupole transitions between S1/2 → D5/2 assuming ideal polarisation for each
transition.

S1/2 → P1/2 for cooling both the radial and axial motion simultaneously. Due to the optical

access of the trap being restricted to beams only along or perpendicular to the magnetic field,

we must use the σ transitions since the π has no amplitude along the magnetic field axis.

For the quadrupole transitions coupling the S1/2 → D5/2 states and used for both sideband

cooling and coherent manipulation, we rule out using the π on the same grounds as for the

dipole. Since we only have one laser at this frequency, we don’t need to address both directions

simultaneously and thus can treat them individually. For excitations parallel to the field clearly

only the σ transitions are suitable, however, for the perpendicular case there is a choice between

σ and δ. The angular amplitude is the same for both transitions exactly at 90◦ with the δ less

sensitive to beam misalignment. We can then take into consideration the differential first order

Zeeman shifts between the addressed states and include the coupling strength factor from the

Clebsch-Gordan part of equations 3.12 and 3.13. The results are summarized in table 3.3. For

coherent operations, any drift in the magnetic field will diminish the fidelity, hence choosing

the transition with the least magnetic field sensitivity is preferable. Increased coupling strength

effectively allows more of the laser power to interact with the ion and can contribute to faster

sideband cooling or faster coherent operations. By these criteria we would preferentially like to

work on the σ+/σ− transitions between ±1/2↔ ±3/2.

Finally we turn to the issues of polarisation. In the discussion above we have concluded that

both the dipole and quadrupole transitions best suited for our experiment are σ transitions. To

investigate the polarisation dependence we give the full form of the geometric factors:

|c(±1)
i εi|2 =

3

32π3

(
cos2 θ cos2 φ+ sin2 φ± cos θ sin γ sin 2φ

)
(3.17)

|c(±1)
ik εink|2 =

5

32π3

(
cos2 θ sin2 φ+ cos2 2θ cos2 φ± cos θ cos 2θ sin γ sin 2φ

)
(3.18)

For Doppler cooling, we know we have to simultaneously drive σ± transitions at both axial and
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Figure 3.3: Excitation strength of a σ− transition for (a) radial (b) axial excitation as a func-
tion of the polarisation vector parameters φ and γ. The amplitude is normalised
to a maximum of one.

radial angles θ = 0◦, 90◦. Plotting the results of equation 3.17 at these angles shows us that for

axial addressing the ion requires left or right circularly polarized light for σ−, σ+ respectively,

while radial addressing requires linear polarisation at φ = 90◦ for both transitions such that

the polarisation vector is perpendicular to the magnetic field. In our experimental setup, for

both radial and axial directions, we have a further geometrical restriction in that we must send

both beams through the same polarisation maintaining fibre that requires linear polarisation

and subsequently the beams follow the same optical path such that there is no opportunity to

independently change their polarisation. This means that for axial addressing, we must use

linear polarisation to simultaneously address the σ± transitions and hence are always losing

half the potential excitation strength. Furthermore, we are very sensitive to any ellipticity

acquired by imperfect extinction of the orthogonal polarisation mode through the fibre, which

is dependent on environmental factors such as stresses and temperature fluctuations. This is

evident by the fact that we reside on the maximum slope of equation 3.17. In the radial case,

we observe a greater tolerance to polarisation noise since we are at the minimum of the slope

i.e. at the peak of a sin2 function. For the quadrupole excitation, we can verify by substituting

θ = 0◦, 90◦ that 3.17 is equal to 3.18 hence the exact same considerations apply. The 729

nm beam and the repump lasers also emerge from a PM fibre with linear polarisation, which is

necessary to repump all the Zeeman sublevels of the D3/2 and D5/2 manifolds on σ± transitions.



CHAPTER 4

LASER-ION INTERACTION AND LASER

COOLING THEORY

The three major features that make trapped ions such a powerful resource with which to study

quantum mechanics are:

• A nearly perfectly isolated harmonic oscillator system with well defined motional quanta

• A two-level atom that allows for well defined qubits that can be read out with high fidelity.

• The means to use laser radiation to both cool the ions and to couple the motional and

internal states

Chapter 2 focused on describing the first point, while in this chapter the other two will be

discussed. First, the standard quantum treatment of a two level atom in free space interacting

with a laser is derived as this will serve as the basic description of the qubit introduced in

chapter 1. Thereafter, the effect of the trapping potential is added to the description, giving

us the fundamental toolbox that underlies techniques such as sideband cooling, coherent state

generation and entanglement. Finally, the unique challenges of ground state cooling ions in a

Penning trap are described and methods to overcome them are presented.

4.1 Laser interaction with a free two level atom

4.1.1 Propagator derivation

In this section we begin by assuming we have an atom that consists of just a ground state |g〉
and an excited state |e〉, which can be coupled by a monochromatic laser with electric field

EL(t). For this to be true, we have to assume that the laser is tuned close to the relevant

transition defining these states and has no off-resonant coupling to other transitions. The free

Hamiltonian Ĥf can then be written as the sum of the two level atomic Hamiltonian Ĥe and

the interaction Hamiltonian Ĥi

Ĥ = Ĥe + Ĥi (4.1)

To make the derivations more compact we will use Pauli matrices which are commonly used to

describe spin-1/2 systems with the mappings:

|g〉〈g|+ |e〉〈e| 7→ Î , |g〉〈e|+ |e〉〈g| 7→ σ̂x, i(|g〉〈e| − |e〉〈g|) 7→ σ̂y, |e〉〈e| − |g〉〈g| 7→ σ̂z (4.2)

41
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The atomic Hamiltonian can now be written as:

Ĥe = ~(ωg|g〉〈g|+ ωe|e〉〈e|) = ~
ω0

2
(|e〉〈e| − |g〉〈g|) =

~σ̂z
2

(4.3)

where we have defined the transition frequency between the two levels ω0 = ωe−ωg and assumed

ωe = −ωg to remove the state-independent energy contribution by having the levels symmetric

spaced around zero. To represent the monochromatic plane laser with frequency ωL, wavevector

kL and unit polarisation εL we write down its electric field as:

EL(t) =
εLE0

2

(
ei(kL·r̂−ωLt+φ) + e−i(kL·r̂−ωLt+φ)

)
(4.4)

The interaction Hamiltonian thus takes the form:

ĤI = − q

mωL
E · p̂ = − E0

2ωL
εL · p̂

(
ei(kL·r̂−ωLt+φ) + e−i(kL·r̂−ωLt+φ)

)
(4.5)

where p̂ is the atom’s momentum operator and the position operator r̂ in the exponent of the

travelling wave expression is the position of the atom’s electron relative to the atom’s centre

of mass. To perform useful calculations, this term is usually Taylor expanded as eikL·r̂ =

1 + ikL · r̂ + ... to the required order. For dipole allowed transitions the zeroth order is taken,

making the assumption that the wavelength of the laser light is much larger than the spatial

extent of the atom. Using the fact that p̂ = m
i~ [r̂, Ĥe], we can compute the transition matrix

elements 〈e|[r̂, Ĥe]|g〉 = ~ω0〈e|r̂|g〉/e of the atomic dipole operator. This allows us to define a

resonant (ω0 = ωL) coupling strength given by the Rabi frequency:

Ω0 = 〈e|r̂|g〉 · εLE0/~ (4.6)

If the dipole matrix element is zero, the next leading order term of the expansion is kept as is

the case of the quadrupole allowed transitions. We can proceed without loss of generality since

the different expansion order matrix elements can be absorbed into the definition of the Rabi

frequency The interaction Hamiltonian can then be rewritten as

Hi =
~Ω0

2
(σ̂+ + σ̂−)

(
e−i(ωLt−φ) + ei(ωLt−φ)

)
(4.7)

where σ̂± = 1
2(σ̂x ± iσ̂y).

To proceed with solving the Schrödinger equation, we use the time evolution operator Û0 =

e−iĤet/~ to transform into the interaction picture:

Ĥint = Û †0ĤiÛ0 =
~Ω0

2
eiĤet/~(σ̂+ + σ̂−)e−iĤet/~

(
e−i(ωLt−φ) + ei(ωLt−φ)

)
=

~Ω0

2

[
σ̂+

(
ei(ω0−ωL+φ)t + ei(ω0+ωL−φ)t

)
+ σ̂−

(
e−i(ω0+ωL−φ)t + e−i(ω0−ωL+φ)t

)]
=

~Ω0

2

[
σ̂+e

−i(∆t−φ) + σ̂−e
i(∆t−φ)

]
(4.8)

where in the final step we have made the rotating wave approximation and removed the fast

oscillating terms containing ω0 +ωL and defined the detuning ∆ = ωL−ω0. This approximation

should be valid in the regime of small detuning where ωL ≈ ω0, in which case the sum terms can
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be assumed to average to zero over the course of the slow interaction. An arbitrary quantum

state in the transformed basis can be written as:

|ψ(t)int〉 = cg(t)|g̃〉+ ce(t)|ẽ〉 (4.9)

where the interaction picture states have now subsumed the time evolution e±iω0t/2 from the

Schrödinger picture. The Schrödinger equation now simply becomes:

i~
∂

∂t
|ψ(t)int〉 = Ĥint|ψ(t)int〉 (4.10)

Substituting in the Hamiltonian and states leads to two coupled equations for the coefficients:

ċg(t) =− iΩ0

2
ei(∆t−φ)ce (4.11)

ċe(t) =− iΩ0

2
e−i(∆t−φ)cg (4.12)

This system of equations can be recast in terms of the initial state populations cg(0), ce(0) as

c(t)g|g〉+ c(t)e|e〉 = Uint(t)(cg(0)|g〉+ ce(0)|e〉) (4.13)

where Uint(t) is the time evolution propagator. The solution of this system is obtained by means

of a Laplace transform [120]

Uint(t) =

e
− it∆

2

(
cos
(
tΩ
2

)
+

i∆ sin( tΩ2 )
Ω

)
−Ω0

Ω ie
i(φ− t∆2 ) sin

(
tΩ
2

)
−Ω0

Ω ie
i( t∆2 −φ) sin

(
tΩ
2

)
e
it∆
2

(
cos
(
tΩ
2

)
− i∆ sin( tΩ2 )

Ω

)
 (4.14)

where Ω =
√

Ω2
0 + ∆2 gives the generalised Rabi frequency. This propagator is very useful

since it allows one to calculate the state populations at any later time t, even in sequences with

composite pulses with different detunings, pulse times or phases.

4.1.2 Bloch Sphere Representation

We will also use the Bloch sphere (fig 4.1) as a useful visual resource to describe the action of

the propagator Uint = U(Ω0, φ,∆, t) (eq. 4.14) on a two level qubit defined by:

ψ = cos

(
θ

2

)
|g〉+ sin

(
θ

2

)
eiφ|e〉 (4.15)

The action of the unitary operator on the state |g〉 in the absence of detuning can be visualised

as a rotation of the state vector around the y-axis by an angle Ω0. The state vector traces out

a circle and returns to the |g〉 state after a period of 2π/Ω0. In the presence of detuning the

state vector also acquires a phase φ = ∆t defined by the angle between the projection of the

state vector in the equatorial plane and the x-axis. In this case, the state vector traces out a

more complicated trajectory as seen in figure 4.2. We can find the excited state population by

applying the propagator and projecting on the excited state and taking the square modulus:

|〈e|U(Ω0, φ,∆, t)|g〉|2 =
Ω2

0

Ω2
sin2

(
Ωt

2

)
(4.16)
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Figure 4.1: Bloch sphere representation of two state vectors. The first corresponding to a
pure rotation along the z-x plane by angle Ω0t . The second shows a state that
is a superposition of the two states with an acquired phase φ due to rotation in
the x-y plane.

This result is the familiar Rabi oscillation. On resonance, the population evolves with a fre-

quency Ω0 with full contrast oscillations between the eigenstates. As the detuning gets larger,

the oscillation frequency increases and the amplitude reduces.

Figure 4.2: Bloch sphere representation of a Rabi π pulse: on resonance in red, with a small
detuning in orange and with a large detuning in blue. We clearly see that the
larger the detuning the further the distance from |e〉 and the faster the state
returns back to |g〉

Another important result is when the pulse time is set to t = π/(2Ω0). In this case we
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(a) (b)

Figure 4.3: (a) A Ramsey type sequence. First, the red curve shows a U(1, 0,∆, π/(2Ω0))
pulse to create the (|g〉+ |e〉)/

√
2. The red dotted line then shows a phase acquisi-

tion φ = ∆T . The orange pulse U(1, 0,∆, π/(2Ω0)) makes an incomplete transfer
towards |e〉. The blue curve shows all the attainable states if the orange pulse
phase were scanned over 2π. (b) A Spin Echo type sequence. The first two steps
are as in (a) but the orange pulse is now U(1, 0,∆, π/(Ω0)). A second period of
free evolution follows, after which the blue pulse U(1, 0,∆, π/(2Ω0)) returns the
state to |g〉

obtain a superposition:

U(Ω0, φ, 0, π/(2Ω0))|g〉 = (|g〉+ |e〉)/
√

2 (4.17)

Now if we wait for a certain time T and apply a second pulse of the same form, the population

should be fully transferred to |e〉. However, if there is a mismatch between the phase of the

second laser pulse to the phase of the ion the population transfer will be incomplete. In figure

4.1 we see an example of a superposition state that has acquired a phase, which will not be

fully transferred to |e〉 by a laser with φ = 0 as seen in figure 4.3a. Thus by applying two

laser pulses of length t = π/(2Ω0) separated by a wait time T we can create a very sensitive

probe of the dephasing of the quantum state. This method is known as Ramsey spectroscopy.

Any of the three variables T , φ or ∆ can be scanned to produce an interferometric signal. By

averaging over many experimental realisations of this operation, the presence of random phase

evolution will reduce the contrast of this signal. In section 6.2.3 we will develop these results in

a quantitative way to describe data obtained from experiment.

We can also ask if there is a simple way to correct for the dephasing without knowing its

magnitude. As long as the dephasing rate is constant in time, an addition of a single t = π/(Ω0)

pulse in the middle of the wait time rotates the state about the y axis back to the equator and

the continued phase evolution brings the state back into the x-z plane after time T . A final

t = π/(2Ω0) pulse then returns the state back to |g〉 (or |e〉 with φ = π). This sequence is show

on the Bloch sphere in figure 4.3b and forms the basis of the Spin Echo technique – a form of

dynamical decoupling that will be discussed in depth in section 6.2.4.
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4.2 Laser interaction with a trapped two level atom

Up to now, only interaction with a free atom in space was considered. Since the ion is now bound

in the trap, it oscillates periodically towards and away from any incoming laser. This means in

the ion’s rest frame, classically it sees the incoming light modulated at its oscillation frequency,

producing sidebands analogous to radio frequency modulation. A quantum description including

the trapping potential Ht is necessary to fully quantify this phenomenon. To simplify the

discussion we will isolate two cases. First we shall treat only the axial motion along the z

direction in the presence of an axial beam with wavevector kz. Second, we will treat the case of

both radial modes interacting with a single beam along kx. This is a valid treatment given that

our experimental setup only has one spectroscopy beam which, to within small misalignments,

always points in one of these directions.

4.2.1 Axial motion

We begin by writing the new form of the atomic Hamiltonian:

Ĥ0 = Ĥe + Ĥm =
~ω0

2
σ̂z + ~ωz

(
â†â+

1

2

)
(4.18)

The interaction Hamiltonian from 4.7 has to be modified to include the motion of the ion in

the trap. We can add this effect as a phase modulation term dependent on the ion position

operator ẑ giving1

Hi =
~Ω0

2
(σ̂+ + σ̂−)

(
e−i(ωLt−kz ẑ−φ) + ei(ωLt−kz ẑ−φ)

)
(4.19)

Next, we can substitute the position operator in terms of the raising and lowering operators

from 2.61 and define the Lamb-Dicke parameter:

ηz =

√
~k2

L

2Mωz
(4.20)

The Lamb-Dicke parameter is a product of the spatial extent of the ground state wavefunction

and the laser wavevector. It gives an indication of the amount of modulation of the incoming

light the laser will see, hence we can think of it analogously to the classical modulation index

that parametrises the strength of spectral sidebands. Once again, to move forward we move to

the interaction picture

Ĥint = Û †0ĤiÛ0

=
~Ω0

2
eiĤet/~(σ̂+ + σ̂−)e−iĤet/~eiĤmt/~

(
e−i(ωLt−ηz(â+â†)φ) + ei(ωLt−ηz(â+â†)−φ)

)
e−iĤmt/~

=
~Ω0

2

[
σ̂+e

−i(∆t−ηz(ã+ã†)−φ) + σ̂−e
i(∆t−ηz(ã+ã†)−φ)

]
(4.21)

where we have once more taken the rotating wave approximation and raising and lowering

operators were transformed as ã = e−iωztâ to include the time dependence due to Ĥm. We can

1It is important to pause and remind ourselves that this is a different phase than the k · r̂ in 4.5, which was
due to the position of the electron relative to the atom’s centre of mass.
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then write a general quantum state as:

|ψ〉 =

∞∑
n′=0

cg,n′ |g, n′〉+ ce,n′ |e, n′〉 (4.22)

Using the interaction picture Schrödinger equation, multiplying by 〈g, n| and 〈e, n| respectively

and expanding the exponential in a Taylor series, we obtain the following coupled set of equa-

tions:

ċg,n =
−iΩ0

2
ei(∆t−φ)

∞∑
n′=0

ce,n′〈n|
∞∑
k=0

(−iη)k

k!
(a†ze

−iωzt + aze
iωzt)k|n′〉 (4.23)

ċe,n =
−iΩ0

2
e−i(∆t−φ)

∞∑
n′=0

cg,n′〈n|
∞∑
k=0

(iη)k

k!
(a†ze

iωzt + aze
−iωzt)k|n′〉 (4.24)

Due to the orthogonality of the harmonic oscillator states, only terms that lower or raise the

state n′ to n are preserved, oscillating at −lωz, where l = n − n′ is an integer indicating the

change in motional state. The total time dependent oscillation is then ei(∆−lωz)t. If the laser is

assumed to be narrow in linewidth ∆ωl � ωz and not power broadened Ω0 � ωz then by setting

∆ ≈ lωz, the lth term dominates the sum effectively picking out a sideband with which the laser

interacts. This allows us to drop the sum over all n, leading to a very similar functional form

to equations 4.11 & 4.12:

ċn,g(t) =− i
Ωn,n+l

2
ei(∆

′t−φ)cn+l,e (4.25)

ċn+l,e(t) =− i
Ω∗n,n+l

2
e−i(∆

′t−φ)cn,g (4.26)

where we define a detuning from the sideband ∆′ = ∆− lωz and a new Rabi frequency:

Ωn,n+l = 〈n|eiηz(â+â†)|n+ l〉 = Ω0e
−η2

z/2(iηz)
|l|L|l|m(η2

z)

[
n!

(n+ l)!

]sgn (l)/2

(4.27)

where L
|l|
m are associated Laguerre polynomials [121] and m = Min(n, n + l). The only change

from the free atom equations is the addition of the complex phase that depends on the sideband

l within the definition of the Rabi frequency. For l = 0 the equations are identical to 4.11 & 4.12.

This coupling strength is crucial in understanding the response of an ion in a particular phonon

Fock state to a laser field. It is important to note that coupling for all sidebands including the

carrier drops very close zero at some phonon number, but never at the same point. The minima

increase in n for higher order sidebands at a fixed ηz while increasing ηz lowers the whole comb

of sideband minima in n. Knowing where they are located in relation to the Doppler cooled Fock

state distribution is crucial with regards to the applicability of the simplest sideband cooling

technique as will be discussed later in section 4.4.1.

After Doppler cooling, the ion population is in a thermal state described by a Boltzmann

distribution of mean n̄ with a occupation probability given by [122]

P (n) =
n̄n

(n̄+ 1)n+1
(4.28)

To obtain the excitation spectrum an incoherent sum over the evolution of the individual Fock
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states weighted by their occupation probability is required.

An important special case to consider is when the ion is said to be in the Lamb-Dicke

regime. This occurs when the ion wavefunction spread is much smaller than the wavelength of

the interacting laser, leading to the condition

ηz
√

2n̄+ 1� 1 (4.29)

The Rabi frequency calculation in 4.27 can then be simplified through expanding the operator

to second order in ηz:

Ωn,n+l = 〈n|eiηz(â+â†)|n+ l〉 = 〈n|1 + iηz(â+ â†)− 1

2
η2
z(â+ â†)2|n+ l〉 (4.30)

Then simply by applying the rules of the raising and lowering operators, we obtain the approx-

imate Rabi frequencies for the 0th-2nd order sidebands:

Ωn,n−2 = Ω0η
2
z

√
n(n− 1)

2
(4.31)

Ωn,n−1 = Ω0ηz
√
n (4.32)

Ωn,n = Ω0

(
1− 1

2
η2
z(2n+ 1)

)
(4.33)

Ωn,n+1 = Ω0ηz
√
n+ 1 (4.34)

Ωn,n+2 = Ω0η
2
z

√
(n+ 1)(n+ 2)

2
(4.35)

4.2.2 Radial Motion

In the radial case, the problem is slightly more complicated since a planar laser along the x

direction necessarily couples to both the magnetron and cyclotron modes since the ion ‘sees’

the laser modulated at both frequencies. The Hamiltonian of 4.18 will now have the cyclotron

and magnetron harmonic oscillator Hamiltonians and 2.61 will replace the kz ẑ term wih a kzx̂.

The subsequent interaction picture transformation is largely the same as for the z case yielding

the interaction Hamiltonian

Ĥx
int =

~Ω0

2
σ̂+ exp

[
−i(∆t− ηr(a+e

−iω+t + a†+e
iω+t + a

−iω−t
− + a†−e

iω−t)− φ)
]

+ h.c. (4.36)

where the time dependence is written explicitly to highlight that there are now two relevant

frequencies and a new radial Lamb-Dicke parameter ηr =
√

~k2
x/2mω1 is defined.2 Car-

rying through the same analysis as in 4.24 by expanding the exponential and computing

〈n+, n−|Ĥx
int|n+ + l, n− + j〉 reveals that simultaneous transitions of both modes can now be

excited when a narrow linewidth laser is tuned to ∆ = lω+ + jω− for integers j, l. This will

inevitably lead to a more dense sideband structure as each high frequency cyclotron resonance

and the carrier will be surrounded by low frequency magnetron sidebands. The Rabi frequency

2It is interesting to note that both modes have the same Lamb-Dicke parameter defined by ω1 rather than
ω±. This is consistent with the ground state radial spread calculated in 2.63.
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is given by:

Ωn++l,n−+j
n+,n− = Ω0〈n+, n−|eiηr(a++a†+)|n+ + l, n− + j〉〈n+, n−|eiηr(+a−+a†−)|n+ + l, n− + j〉

(4.37)

4.2.3 Multiple Ions

In general, a 3D N ion Coulomb crystal will always have a total of 3N motional modes even

though some may be degenerate in frequency. Restricting our description to just the N axial

modes of a chain or planar 2D crystal, the Hamiltonian then consists of the sum of the individual

harmonic oscillator Hamiltonians over the mode frequencies as shown in equation 2.72. We thus

obtain a form of the interaction picture Hamiltonian:

HI =
~
2

N∑
j=1

Ω0(σ+
j + σ−j )e−i

∑
k η

(j)
k (a†k+ak)eiωLt + h.c. (4.38)

where a†k and ak are the raising and lowering operators of the k-th mode with a corresponding

Lamb-Dicke parameter η
(j)
k . As with the radial motion, a sufficiently narrow linewidth laser will

now be able to pick out not only the n-th sideband of the k-th mode, but also all the sum and

difference terms between all the modes where the motional state of multiple modes is changed

simultaneously.

For the special case of two ions we obtain the coupling matrix elements for ion l between

two modes n and m:

Ωn,m,n′,m′ = Ω0〈n|eiη
l
n(aneiωnt+a

†
ne
−iωnt)|n′〉〈m|e(−1)liηln(ameiωmt+a

†
me
−iωmt)|n′〉 (4.39)

Equation 4.39 tells us that sidebands described by the Ωn,m,n′,m′ coupling depend on the initial

and final states of both modes just as for the radial single ion case (eq. 4.37) with the major

difference being the fact that the two motional modes have different Lamb-Dicke parameters.

4.3 Laser Cooling in a Penning trap

Due to the achievable well depth of many electron volts, the ion traps can very easily be loaded

with clouds of ions with kinetic energies that are well beyond those given by a room temperature

distribution. These ions can occupy large orbits in the trap. For any type of spectroscopic

measurement it is generally beneficial to reduce the temperature of the ions in order to minimize

the Doppler broadening due the velocity distributions as well as to localise the ions at the trap

centre. Before the advent of laser cooling techniques, ion trapping experiments were limited to

various classical means of temperature reduction such as coupling the ion motion to an external

circuit to dissipate energy or using a cold buffer gas [123]. Resistive cooling works by coupling

a resistive load between the axial electrodes in a Penning trap [124, 125] leading to the ions

thermalising to the temperature of the load resistor. However, as the magnetron motion has

negative total energy, when this coupling is used between segments of a ring electrode to cool the

cyloctron motion, the ion is quickly forced out of the trap by heating of the magnetron motion

[126]. Buffer gas cooling, where a small amount of low pressure gas such as helium thermalised

to a cryogenically cooled trap, suffers from the same exact problem as the repeated collisions
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act as a random walk driving the ions to larger magnetron radii. In a proposal by Dehmelt and

Wineland [127] the idea was raised that if a resonant coupling was established between the axial

and magnetron motion, the two modes would continuously exchange energy, and hence if the

cooling of the axial motion was faster than the heating of the magnetron the two modes could

be cooled simultaneously. This technique proved crucial in the high precision experiment of

Dehmelt et. al. to determine the anomalous magnetic moment of the electron in a Penning trap

[128], whist performing the most precise frequency ratio measurement at the time. Similarly, it

was proposed that for an azimuthal quadrupolar field as produced with a radial electrode ring

split into four segments [129], a coupling between the cyclotron and magnetron modes could be

realized. This technique allowed even heavy ions to be cooled to 4K in the presence of a cold

buffer gas [130]. While the remainder of this thesis will deal with laser cooling as the exclusive

means of removing energy from the system, the above history emphasizes the important role the

resonant coupling technique, henceforth referred to as axialization (sometimes called sideband-

cooling in earlier literature), played in the field of Penning trap physics. As we will see later, it

will once again be crucial in the first demonstration of ground state cooled magnetron motion.

To really push beyond the 4K barrier and ultimately to cool ions to their motional ground

state, laser cooling is required. First proposed in 1975 for ions [131] and atoms [132] inde-

pendently, experimental demonstration on clouds of ions in Penning [19] and Paul [20] traps

followed soon after. In 1980 a single ion was cooled to tens of mK [133], orders of magnitude

lower than achieved with any other technique. The principle behind laser cooling follows from

the fact that a laser tuned to the red side of a Doppler broadened transition profile will pref-

erentially absorb photons when the ion’s motion towards the laser Doppler shifts the light on

to resonance, whereas the re-emission is isotropic, leading to an effective frictional force. The

criteria for the effective application of this technique include a suitable closed transition cycle

(often with the aid of re-pump lasers), which returns the ion to the initial optical ground state

and a suitably broad transition of linewidth Γ so that the cycle can be repeated many times

per second. Typically, this means dipole allowed transitions with Γ/(2π) ∼ 20 MHz [123] much

bigger than the typical trapping frequencies ωT .3 The condition Γ � ωT is generally called

the ‘weak-binding’ regime and implies that the optical sidebands around the carrier due to the

trap frequency modulation are not resolved using these transitions. Ultimately, the cooling in

the weak binding regime is limited by diffusive heating processes to what is often termed the

Doppler limit. A naive application of Doppler cooling in a Penning trap still suffers from the

same problem as any of the aforementioned methods in that simply removing energy from all

modes heats the magnetron mode. However, the position of the laser beam offers another degree

of freedom. By offsetting the laser beam from the trap centre in the radial plane, energy can be

added to the magnetron mode, hence reducing its orbital radius. The next section will describe

the laser cooling in depth.

To push past the Doppler limit we can consider what happens in the ‘strong binding’ regime

Γ� ωT . In this case a laser with a suitably narrow linewidth can resolve the discrete spectrum

of motional sidebands as described in section 4.2.1 and target one in particular. By picking out

3There is an exception where one can use a quadrupole transition [134] where the upper state lifetime is
quenched by a repump laser to a fast decaying state to increase the cycle rate. This is akin to our sideband
cooling scheme described in section 4.4, but with the difference that the quadrupole excitation laser has a linewidth
of 200 kHz to span a wide range of the Doppler velocity profile – at least 3 orders of magnitude too large for
coherent addressing.
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sidebands on the red side of the carrier frequency, motional quanta can be iteratively removed

until the ground state is reached. The frequency selectivity means that this technique can cool

particular modes of the radial motion of an ion or the vibrational modes of many ions. Other

techniques that can achieve ground state occupation include using a pair of Raman beams to

drive the resolved sidebands [135, 136] or Electromagnetically Induced Transparency (EIT),

where the dressing laser is used to tune the interference between the matrix dipoles of another

probe laser with the dressed states to coincide with the carrier, while maximising absorption

over the red sidebands [137]. This technique might hold promise for the future, especially for

a larger number of ions [138, 139], but could be more complicated to implement in a Penning

trap due to the more complex Zeeman level structure for the 40Ca+ ion used in our experiment.

4.3.1 Doppler Coooling

We can now focus on the specifics of Doppler cooling in a Penning trap, following the treatment

of reference [140]. Before moving on note that ‘cooling’ in terms of reducing the total energy only

makes sense for the axial and cyclotron motions since the magnetron contribution is negative.

If we consider the aim of any cooling experiment to be the localization of the ions at the trap

centre, we can take a pragmatic definition of cooling as reducing the motional radius, hence

kinetic energy, irrespective of the total energy. Thus the quantities that we wish to find are

the square amplitudes of the radii of all the motions following a single photon scattering event.

The photon scattering is assumed to result in an instantaneous velocity change ∆v ≡ v− v′ =
~
m(k− k′)/m where an atom of mass m and initially moving with velocity v absorbs a photon

with a wave vector k and then emits a photon with wave vector k′ changing its velocity to v′.

We can differentiate the position vector r(t, ri, φi) defined by equations (2.14) to obtain the ion

velocities v(t, ri, φi) where i = z,+,− identifies each mode. After the scattering event t > t0

the amplitudes and phases are modified to r′i φ
′
i respectively. Then, using the assumption that

the scattering event instantaneously changes the velocity but not the position allows us to write

a set of equations:

r(t0, ri, φi) = r(t, r′i, φ
′
i) (4.40)

v(t0, ri, φi) + ∆v = v′(t, r′i, φ
′
i) (4.41)

By multiplying the z coordinate equation in 4.40 with ωz and then taking the square sum with

the z equation of 4.41 we obtain:

∆r2
z ≡ r′2 − r2 =

(
∆vz
ωz

)2

− 2rz∆vz
ωz

sin(ωzt0 + φz) (4.42)

It is evident that to achieve cooling, the second term must be negative, which is the case when

the ∆vz is opposing the direction of the z motion. This can be achieved quite simply with

a single red detuned laser beam in the z direction. For the radial amplitudes the algebra is

slightly more involved. The x, y equations of 4.40 need to be multiplied by ω+ and ω− in turn,

yielding 4 equations which are combined with the x, y terms of the velocity equations to yield
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equations where the amplitudes are uncoupled:

−2ω1r+ cos(ω+t+ φ+) + ∆vy = −2ω1r
′
+ cos(ω+t

′ + φ′+) (4.43a)

2ω1r− cos(ω−t+ φ−) + ∆vy = 2ω1r
′
− cos(ω−t

′ + φ′−) (4.43b)

−2ω1r+ sin(ω+t+ φ+) + ∆vx = −2ω1r
′
+ sin(ω+t

′ + φ′+) (4.43c)

2ω1r− sin(ω−t+ φ−) + ∆vx = 2ω1r
′
− sin(ω−t

′ + φ′−) (4.43d)

To obtain the square amplitude differences we then combine 4.43a2+4.43c2 and 4.43b2+4.43d2:

∆r2
− ≡ r′2− − r2

− =
∆v2

x + ∆v2
y

4ω2
1

+
r−
ω1

[∆vx sin(ω−t0 + φ−) + ∆vy cos(ω−t0 + φ−)] (4.44)

∆r2
+ ≡ r′2+ − r2

+ =
∆v2

x + ∆v2
y

4ω2
1

− r+

ω1
[∆vx sin(ω+t0 + φ+) + ∆vy cos(ω+t0 + φ+)] (4.45)

From the sign of second term in both equations we can immediately deduce the impact of

collisions from laser scattering. As in 4.42 the sign in front of the second term for 4.45 implies

that the cyclotron is cooled when the change of velocity opposes the initial velocity. On the

other hand, for the magnetron motion in 4.44 the sign is reversed implying that the change

in velocity should be in the same direction as the initial velocity. It is from this apparent

contradiction between the cooling requirements where the difficulty in using frequency selective

Doppler cooling techniques arises. If the interacting laser is detuned below resonance such

that the photons are preferentially absorbed when the ion is travelling towards the beam, the

cyclotron motion can be cooled, while the magnetron motion is heated.

To overcome this limitation and cool both modes simultaneously, the scattering must be

engineered such that there is an appreciable net scattering when the ion is moving away from

the laser beam during the magnetron orbit compared to when it is moving towards it. One

method to solve this problem is to offset the laser beam from the trap centre and use its spatial

intensity profile to create a scattering gradient across the centre of the trap so that this condition

can be fulfilled. The combination of this gradient and the red detuning of the laser beam allows

for simultaneous cooling of both motions within a region of the parameter space as will be shown

below. Figure 4.4 illustrates the idea behind using the offset beam and its Gaussian intensity

profile to engineer the magnetron cooling.

To find the final steady state radii of the motion and hence the associated energies &

temperature requires a full quantitative treatment including the scattering rates. For this

derivation we shall work with two laser beams, an axial beam with uniform intensity Iz, wave

vector kz = kẑ and scattering cross-section σz(ωL,v), and a radial beam with intensity Ir(y),

wave vector kx = kx̂ and scattering cross-section σr(ωL,v), with a common laser frequency

ωL. We shall assume that while the true intensity profile of the laser is Gaussian, it can be

approximated by a linear function Ir = Ir0(1+y/y0) provided that the ion orbit amplitudes are

small compared to the beam size (y � y0), where y0 parametrises the intensity gradient. This

will generally be true once the ions are already somewhat cooled and is valid for deriving the
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Figure 4.4: A schematic of the Doppler cooling laser in the radial plane with a Gaussian
intensity profile offset from the trap centre. The linear approximation considers
the intensity at the trap centre as Ir0 giving a slope of Ir0/y0. The trajectory of
the ion, shown at the top, is greatly exaggerated.

cooling limit.4We can now write the rate equations for the mean-squared amplitudes as

d〈r2
i 〉

dt
=

Iz
~ωL
〈σz(ωL,v)∆r2

i 〉+
Ir0
~ωL
〈
(

1 +
y

y0

)
σr(ωL,v)∆r2

i 〉 (4.46)

where i = z,+,−. The scattering cross section is defined from the standard solutions of the

optical Bloch equations for a two level atom and is given by:

σ(ω,v) =
σ0(Γ/2)2

(ω0 − ω + k · v)2 + (Γ/2)2
≈ σ0(Γ/2)2

(ω0 − ω)2 + (Γ/2)2

[
1− 2(ω0 − ω)k · v

(ω0 − ω)2 + (Γ/2)2

]
(4.47)

where Γ is the resonance linewidth. The approximate expression is given by a Taylor expansion

under the assumption that k · v� Γ. Before proceeding we make a few useful definitions. The

average scattering rates far below saturation are defined as:

γl =
Ilσl0
~ωL

(Γ/2)2

(Γ/2)2 + δ2
(4.48)

where l = z, r and δ = ω0 − ωL; here we have the same detuning for the radial and axial laser

since we do not have independent control of them in our experiment. Next we define geometric

4One may ask what happens when ions are loaded at high temperatures or are knocked into a large orbit by a
collision with a background gas molecule. Indeed it is experimentally seen that in this scenario the cooling beam,
left at a small offset suitable for low final temperatures, is not ideal to cool ions in a large magnetron orbit and
the ion can appear dark for minutes at a time. In this case we move the laser offset further away from the trap
centre to retrieve the ions by allowing a stronger interaction with the large magnetron orbit.
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factors corresponding to absorption and emission respectively:

fl =
(
k̂l/k

)2
(4.49)

fls =
∑
∆mj

p∆mj

∫
P∆mj (k̂s)k̂

2
sldΩ (4.50)

where the emission is over a dΩ solid angle, P∆mj is the distribution corresponding to a particular

∆mj transition as given in table 3.2 and p∆mj is the probability of the decay on this transition.

The rate equations now become:

d〈r2
i 〉

dt
= γz

〈
∆r2

i

[
1− 2δkzvz

(Γ/2)2 + δ2

]〉
+ γr

〈
∆r2

i

(
1 +

y

y0

)[
1− 2δkxvx

(Γ/2)2 + δ2

]〉
(4.51)

To perform the averaging, equations 4.42, 4.45 and 4.44 are substituted in as well as the position

coordinates from 2.16 and their derivatives. What follows is a lot of algebra that is underpinned

by a few key results.

• Any terms that have a combination of periodic functions that are not of the form sin(ωit+

φi)
2, cos(ωit+ φi)

2 average to zero.

• Terms of the form 〈(∆vx,y,z)2〉 always contribute ~2k2

ω2
im

2 (fl + fls)

• Terms of the form 〈∆vx,y,z〉 evaluate to − ~
km .

The derived rates are the following:

d〈r2
z〉

dt
=
γz~k2

m

(
~

mω2
z

[
1 +

(
1 +

γr
γz

)
fsz

]
− 2δ〈r2

z〉
(Γ/2)2 + δ2

)
(4.52a)

d〈r2
+〉
dt

=
γr~k2

m

(
~

4mω2
1

[
1 +

(
1 +

γz
γr

)
(fsx + fsy)

]
−

δω+〈r2
+〉

ω1((Γ/2)2 + δ2)
+
〈r2

+〉
2y0ω1k

)
(4.52b)

d〈r2
−〉
dt

=
γr~k2

m

(
~

4mω2
1

[
1 +

(
1 +

γz
γr

)
(fsx + fsy)

]
+

δω−〈r2
−〉

ω1((Γ/2)2 + δ2)
−
〈r2
−〉

2y0ω1k

)
(4.52c)

From 4.52a we can see that the axial motion can be cooled as long as δ is positive, corresponding

to a red detuning from the transition. Based on the second terms of 4.52b and 4.52c a red

detuning cools the modified cyclotron and heats the magnetron motion. Conversely, a positive

offset, y0 > 0 cools the magnetron, but heats the cyclotron. To achieve simultaneous cooling of

both modes, the detuning and offset must obey:

ω− <
(Γ/2)2 + δ2

2ky0δ
< ω+ (4.53)

The cooling rates also depend on the recoil, which is given by the first term in all 4.52 equations.

By solving for the steady state of these equations we can obtain expressions for the mean square

amplitudes, which we can use to define temperature using 2.17 to find the energy in each mode

and converting with T = 2Ek/kB and likewise using equations 2.64-2.66 to find the mean phonon
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number. Using fsz = fsx = fsy = 1
3 corresponding to isotropic emission5

Tz =
~((Γ/2)2 + δ2)

4δkB

[
1 +

1

3

(
1 +

γr
γz

)]
(4.54)

nz ≈
(Γ/2)2 + δ2

4ωzδ

[
1 +

1

3

(
1 +

γr
γz

)]
(4.55)

T+ =
y0kω

2
+~((Γ/2)2 + δ2)

2ω1kB[2δω+y0k − ((Γ/2)2 + δ2)]

[
1 +

2

3

(
1 +

γz
γr

)]
(4.56)

n+ ≈
y0k((Γ/2)2 + δ2)

2(2δω+y0k − ((Γ/2)2 + δ2)

[
1 +

2

3

(
1 +

γz
γr

)]
(4.57)

T− =
y0kω

2
−~((Γ/2)2 + δ2)

2ω1kB[((Γ/2)2 + δ2)− 2δω−y0k]

[
1 +

2

3

(
1 +

γz
γr

)]
(4.58)

n− ≈
y0k((Γ/2)2 + δ2)

2((Γ/2)2 + δ2)− 2δω−y0k)

[
1 +

2

3

(
1 +

γz
γr

)]
(4.59)

We will now take these results and consider their implications for our experimental parameters.

The first observation from these equations is that the ultimate temperature for the radial and

axial modes depends on the relative power of the respective cooling beams γz and γr. Thus

if one motion is to be preferentially cooled to near its minimum, the intensity of the laser

cooling the other motion should be minimized. Furthermore, for the axial motion it is easy to

minimize equations 4.54 and 4.55 giving the δ = Γ/2 as the optimal detuning. For the radial

motion, there is no simple minimisation since the radial modes are coupled. As for the axial

motion, the cyclotron motion seeks a detuning δ = Γ/2 and a large gradient parameter y0,

approaching a uniform beam, both of which heat the magnetron. Thus it is always necessary

to compromise within the allowed parameter space of 4.53. Figure 4.5 shows the final average

phonon numbers after cooling for a fixed y0 as a function of red detuning from the transition.

It is clear to see that the two motions have minima corresponding to the cyclotron motion and

maxima corresponding to the magnetron motion at δ = Γ/2. Looking at the 30 kHz curves

in the vicinity of δ ≈ 1.6Γ, the mean phonon number of the magnetron motion has roughly

fallen by 50% while for the modified cyclotron it has doubled, but in absolute terms, the total

number of phonons in both modes is still almost 50% lower owing to the large initial magnetron

phonon number. These results suggest that it would be best to red-detune the radial cooling

laser to around 1.5−2×∆. This is, however, impractical in our experiment since we do not have

independent control of the frequency of the radial and axial cooling beams and hence detuning

far red will significantly reduce the fluorescence that is necessary to detect the state of the ion

using the electronic shelving technique.

We also note that the cooling limit for the magnetron motion is sensitive to the trapping

voltage and hence magnetron mode frequency, increasing quickly. Figure 4.6 shows how for

various realistic values of y0 the cooling limit scales with the magnetron mode frequency. The

magnetron mean phonon cooling limit begins an order of magnitude hotter than the cyclotron

and increases rapidly with applied voltage for larger y0. A smaller y0, and consequently a very

steep gradient that requires a tight beam focus, leads to a shallower rate of change allowing a

greater range of accessible frequencies. Note that for the green and red curves corresponding

5This corresponds to equal likelihood of emission for π, σ± transitions, which can be easily obtained by
looking at the Clebsch-Gordan coefficients in [117]. There are two π transitions with a probability 1/6 and one
σ± transition with 1/3 probability each. We neglect any effects due to repumping.
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Figure 4.5: The mean phonon number as a function of red-detuned laser frequency normalised
to the transition linewidth for a beam offset parameter y0 = 15µm and γz/γr = 0.
Curves for the cyclotron and magnetron mean phonon numbers are shown as
dashed and solid lines, respectively. Note that the magnetron phonon numbers
are reduced by a factor of 10.

to y0 = 40µm and y0 = 20µm the magnetron phonon mean goes negative, implying cooling is

no longer possible in this model. This is a limitation of the model and such behaviour is not

reproduced experimentally. This can interpreted as a breakdown of the y � y0 condition as

can be seen in figure 4.7 where this ratio sharply increases for various detunings making this

description inadequate for larger y0 values.
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Figure 4.6: The mean phonon number as a function of magnetron frequency at various beam
offset parameters and γz/γr = 0. Curves for the cyclotron and magnetron mean
phonon numbers are shown as dashed and solid lines, respectively. The vertical
lines for the red and green curves intersecting zero show the limit of cooling
stability. Note that the magnetron phonon numbers are scaled down by a factor
of 10.

Since the final aim is for the Doppler cooling to prepare the ion for sideband cooling where

each of the sidebands has to be effectively resolved, larger magnetron frequencies are desirable.
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Figure 4.7: The magnetron amplitude to y0 ratio as a function of y0 shows a sharp increase
for various red laser detunings as a fraction of the linewidth Γ. γz/γr = 0

Ultimately, the use of a very tight beam necessary to achieve a small y0 is limited by other

practical considerations. Cooling freshly loaded ions that have large magnetron amplitudes

becomes difficult as the beam only weakly interacts with them. Similarly, if during the cooling

sequence there is any larger perturbation such a collision with a background gas or an unlocking

of the lasers that leads to the magnetron amplitude increasing, recooling becomes difficult. This

makes running the experiment in a stable configuration for hours at a time necessary to obtain

quality spectra very difficult.

4.3.2 Axialization

The results of the previous section demonstrate that to achieve mean phonon numbers of the

magnetron mode after Doppler cooling that are amenable to sideband cooling to the ground

state, use of the offset beam technique is often not sufficient. A different method that exploits

the efficient cooling of the modified cyclotron motion by coupling it to the magnetron motion

promises a more reliable method of achieving this goal. To achieve this effect, we generate a

quadrupolar potential of the form:

φax =
Va
2r2

0

(x2 − y2) sin(ωct+ φ0) (4.60)

by applying a voltage Va oscillating at the cyclotron frequency ωc, which is the sum of the

magnetron and modified cyclotron frequencies, to the 4 segments of the ring electrodes of radius

r0 with a π phase shift between adjacent electrodes. Including this potential in the equations

of radial motion 2.7 gives:

ü+ iu̇ωc −
(
ω2
z

2
− i eVax

Mr2
0

sin(ωct+ φ0)

)
u = 0 (4.61)
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While we can’t solve this equation analytically in the lab frame, we will consider a more intu-

itive approach of reference [141] that assumes an instantaneous power absorption P (t) where

the coupling of the driving field is sufficiently weak so that the motional amplitudes remain

approximately constant over the course of a period of the relevant motion. The instantaneous

power is then given by:

P (t) = q∇φax · v =
qVa
r2

0

sin(ωct+ φ0)
[
r2

+ω+ sin(2ω+t) + r2
−ω− sin(2ω−t) + r+r−ωc sin(ωct)

]
(4.62)

where we have used equations 2.16 and their derivatives. Now we can see that a resonant

excitation with φ0 = 0 averaged over one period of ωc gives an average change of total power:

dEtot
dt

=
qVar+r−ωc

2r2
0

(4.63)

where the first two terms average to zero. Now the total power must also equal the sum of the

individual mode powers:
dEtot
dt

=
dE+

dt
+
dE−
dt

(4.64)

which are related by:

ω+
dE+

dt
= ω−

dE−
dt

(4.65)

when excited by RF at ωc. The derivatives can be obtained by differentiating the total energy

equation 2.19 and then substituted along with equation 4.65 into the total power equation 4.63

to obtain coupled equations:

ṙ+ =
qVa

4Mω1
r− (4.66)

ṙ− =
qVa

4Mω1
r+ (4.67)

The solutions of these equations are simple sinusoidal oscillations of the amplitudes with fre-

quency:

ωa =
eVa

4Mr2
0ω1

(4.68)

An example of the ion trajectory under the influence of axialization is show in figure 4.8 where

the amplitude of the two motions exchange magnitude in time.

Since the two motions continuously exchange energy, then in a time averaged measurements

the amplitudes should be in equilibrium 〈r+〉 = 〈r−〉. However, if we introduce a laser that

can efficiently cool the cyclotron motion faster than the magnetron, we will approach a new

equilibrium of amplitudes that can significantly reduce the mean number of phonons in the sys-

tem. Published work with analytical models used a coordinate transformation of the equations

of motion to a frame rotating at ωc/2 to demonstrate that axialization is a resonant process

that can significantly increase the damping rate of the magnetron motion in the presence of

laser cooling [142], but does not provide cooling limits. Since we cannot analytically solve this

equation, we cannot repeat the analysis of the previous section to find the limits. Instead, in

section 8.1 we will take a Monte-Carlo approach to integrating equation 4.61 under the presence

of a laser beam

In the mean time, we can think about the cooling under the effect of axialization as an
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Figure 4.8: Radial trajectory of an ion under the influence of a weak axialization field. The
ion is initialised to have a r− > r+ at t = 0 and x = 0. The axialization drive
coherently exchanges the amplitudes of the motion so that later on r− > r+. The
solid arrows represent the initial amplitudes, while the dashed arrows represent
the final amplitudes. Axes in arbitrary units of position.

RF field driving the transition φax|n+, n−〉 → |n+ + 1, n− − 1〉 followed by frequency selective

Doppler cooling removing phonons from the modified cyclotron mode at a rate faster than the

magnetron is heated. Under these conditions, the net effect of the axialization drive and laser

cooling is for a removal of phonons from both modes. A diagram of the process is shown in

figure: 4.9.

4.4 Sideband Cooling

Sideband cooling is an effective technique that targets motional sidebands of a particular mode

to remove phonons from it. Unlike Doppler cooling, sideband cooling is typically performed in

the strong binding regime where Γ � ωT (either an electric quadrupole transition or Raman

process), hence when using a narrow linewidth laser ∆ωL � ωT the motional sidebands can

be resolved and addressed with very little off-resonant excitation of other modes or the carrier

transition. Targeting red motional sidebands removes a number of phonons corresponding

to the sideband order. After excitation, the decay on average preserves the motional state

since the Rabi coupling strengths from equation 4.27 are almost symmetric for Ωn,n+l ≈ Ωn,n−l.

Furthermore, as the quantum number is reduced to within the Lamb-Dicke regime, the sideband

decays are suppressed compared to the carrier as seen in equations 4.31 – 4.35. This means that

after many iterations of absorption and decay, the targeted mode can be driven all the way to

the ground state after which there is no further lower motional level. A diagram of the process

is seen in figure 4.10.

To describe the principle in more detail, it is instructive to just focus on the axial motion

of a single 40Ca+ ion first. We use the narrow linewidth (1.1/2π Hz) S1/2 → D5/2 transition

detuned by ωz to the red of the carrier to drive the transition |g, n〉 → |e, n− 1〉 transition.

Due to the very long lifetime of the D5/2 state any cooling cycle relying on the spontaneous
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Figure 4.9: A schematic diagram showing the modified cyclotron and magnetron phonon state
ladder with the axialization drive and Doppler cooling transitions. The Doppler
cooling is shown as a wavy line to indicate it is a stochastic process via intermediate
excite electronic states, whereas the axialization is a coherent drive.

decay of this state would be unreasonably slow, in fact much slower than the heating rate of

the trap, hence a quench laser is used to drive the dipole allowed transition D5/2 → P3/2, which

can then decays back to the S1/2 state in a few nanoseconds. This kind of broadening scheme is

called the cascade scheme and has been studied in detail for RF traps [143]. Figure 4.11 shows

a diagram of the relevant energy levels and transitions. Provided that the quench laser Rabi

frequency Ω854 isn’t too high to saturate the transition, this scheme adiabatically eliminates the

P3/2 state to give an effective two level system with the excited state effective linewidth given

by

Γ̃ =
Ω2

854

(Γ854 + Γ393)2 + 4δ2
854

Γ393 (4.69)

tunable by the quench laser detuning δ854 and Rabi frequency Ω854. This flexibility allows the

parameters to be set to either maximize the cooling rate or alternatively minimize the final

mean phonon number.

The quench beam also produces an ac Stark shift

δac =
Ω2

854

(Γ854 + Γ393)2 + 4δ2
854

δ854 (4.70)

which is often larger than the Rabi frequency on the red sidebands ηzΩ729 so that in the

experimental realisation of this scheme care must be taken to measure and compensate for this

shift by adjusting the 729 nm laser frequency. Similarly, the 729 nm laser will also create a

further Stark shift of magnitude Ω2
729/2ωz.

4.4.1 Sideband Cooling Outside the Lamb-Dicke Regime

The previous section described the simplest method of sideband cooling where the laser only

excites on the first red sideband and even in the presence of weak diffusion upon decay the

population is eventually driven to the ground state of motion. This method, however, fails to

successfully cool ions outside of the Lamb-Dicke regime. An implicit consequence of the Lamb-
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Figure 4.10: Two level atom schematic of the sideband cooling process showing all the first
order couplings to the n state when the narrow linewidth cooling laser is resonant
with the first red sideband. Off resonant excitation of the carrier is included.
The thickness of the curves indicates the strength of the coupling.

Dicke regime is that for all the phonon states in the thermal distribution prepared by Doppler

cooling, there is an appreciable coupling strength on the first red sideband. However, equation

4.27 tells us that the coupling strength depends on Laguerre polynomials that have minima very

close to zero at particular phonon states. Thus if the Doppler cooled population distribution

has an appreciable population above this minimum phonon state of the first red sideband, this

population will accumulate in this state rather than reaching the ground state. We refer to this

phenomenon as population trapping. The position of these minima is solely determined by the

Lamb-Dicke parameter, getting further away from zero as the parameter is decreased. Since

the Lamb-Dicke parameter scales with the inverse of the trap oscillation frequency, increasing

the frequency mitigates this problem. Furthermore, the mean phonon number also depends

inversely on the trap frequency (eq. 4.55), exacerbating the trapping at low frequencies. Figure

4.12 shows the coupling strengths of various sidebands at different axial trap frequencies with

the thermal phonon distribution after Doppler cooling overlaid. In the 400 kHz example, the

population above the first red sideband minimum is negligible, whereas for 160 kHz it is 32%.

These plots also immediately suggest a solution to the problem, which is to incorporate higher

order sidebands into the cooling sequence since the minima of their respective couplings never

occur at the same phonon number.

We can consider what happens with two modes as is the case in either a two-ion crystal or

the radial motion of a single ion. Extending the simple method of cooling one mode, the laser

can be tuned to the red sideband of one mode followed by the other, cooling them independently.

The total coupling strength is now the product of the couplings of each mode as in equation

4.37. This means that if we target the first red sideband of one mode, we are also in effect

performing a carrier transition in the other mode. Thus not only does the problem become one

of the red sideband couplings of each mode approaching zero, but also the coupling to the red

sideband of one mode can be strongly suppressed by being in a phonon state near the minimum

of the carrier coupling of the other mode. The challenge is then to find a path that can most

effectively navigate from large phonon states of both modes of motion, avoiding trapping in

both dimension on the red sidebands as well as the carrier. It can be seen that, unlike for the
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Figure 4.11: Cascade broadening scheme in a simplified 40Ca+ energy level diagram.

red sidebands, no process directly drives population into the carrier minima, but population can

still drift into these minima through diffusion upon decay, which is prominent at high phonon

numbers outside the Lamb-Dicke regime. Thus when one mode is cooled, it can cause the

phonon state of the other mode to drift into a carrier minimum. To construct a robust pulse

sequence to protect from all these minima thus requires not only higher order sidebands of each

mode, but also at least one sideband that changes both phonon modes simultaneously. This

is evident from the contour plots of the coupling strength in figure 4.13 for a two-ion chain

with ωCOM/2π = 162 kHz. Plots (a) and (b) show that for each individual mode respectively,

averaging over the coupling strengths of higher order sidebands is sufficient to drive the phonon

number down, provided the carrier coupling of the other mode is not weak, which is the case at

nB ≈ 80 and nCOM ≈ 50 for (a) and (b) respectively. If we average these two plots, we obtain

the contour plot in (c), which clearly shows a coupling minimum where the above mentioned

carrier coupling minima of the modes overlap. To overcome this, we can use a pulse such as in

(d) that changes ∆nCOM = −1,∆nB = −2. Now when we average (a), (b) and (d), we see that

in plot (e) the minimum coupling grows stronger. For different frequencies and Lamb-Dicke

parameter values, we can use this approach of averaging over sideband coupling strengths to

design pulse sequences that will prevent population trapping. This is also applicable for the

cooling of the magnetron and cyclotron modes of the radial motion of a single. Since these

two motions have the same Lamb-Dicke parameter, the contour plots of each sideband would

appear symmetric.

4.4.2 Sideband Cooling Limit

We will now perform a new analysis to find the final ground state occupation after sideband

cooling in a Penning trap. To do so we must consider the probability of the individual steps of

the cooling cycle to alter the phonon number, as well as the probability of unwanted off resonant

exciation. The final mean phonon number is not only limited by off resonant absorption on the
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Figure 4.12: Plots of the normalised coupling strengths of the carrier and first three red
sidebands. (a) 400 kHz and (b) 160 kHz axial trapping frequency. The scaled
occupation probability per phonon state based on the Doppler limit thermal
distribution is overlaid in the solid fill. In (a) only 0.4% of the population resides
above the zero of the first red sideband, whereas in (b) it is 32%

blue sidebands, but also absorption on the carrier followed by the absorption and emission

of photons during the process to return the ion to the correct Zeeman sublevel of the S1/2

state involving decay and absorption at 854 nm, 393 nm and 397 nm. We shall assume that

these processes are instantaneous on the timescale of the 729 nm absorption. To find the final

population distribution, we have to construct a set of rate equations between all the relevant

couplings and solve for the steady state condition. We can write down the full set of rate

equations for a laser detuned by δ from the first red sideband:

dpn
dt

= −
m=n+∆n∑
m=n−∆n

r=m+∆n∑
r=m−∆n
r 6=n

pn
Γ̃Ω2

n,mDm,r

2Ω2
n,m + Γ̃2 + 4((1 +m+ k)ωz)2

+
n+∆n∑
k 6=n

k=n−∆n

m=k+∆n∑
m=k−∆n

pk
Γ̃Ω2

k,mDm,n

2Ω2
k,m + Γ̃2 + 4((1 +m+ k)ωz)2

(4.71)

where we have summed over laser excitation to the nearest ±∆N phonon states next to a

given state pn, with a Rabi coupling Ω corresponding to absorption at 729 nm and a diffusion

coefficient D corresponding to normalised sum of the decay and absorption probabilities at

the aforementioned cooling cycle frequencies (we shall define this term more precisely shortly).

From here we can proceed in two ways:

• Assume that only the p1 state retains any significant population outside the ground state

and hence consider only first order couplings. After making the further approximation of

well resolved sidebands and small effective linewidth (Ω2
0 � ωz and Γ̃2 � ωz) this system

of rate equations can be solved analytically.

• Numerically solve the rate equations 4.71 including states up to pN and higher order

couplings ∆n. This approach will be important as ωz gets small, resulting in large Lamb-

Dicke parameters and stronger off-resonant coupling.



CHAPTER 4. LASER-ION INTERACTION AND LASER COOLING THEORY 64

0 50 100 150 200 250 300
0

50

100

150

200

250

300

0.05

0.10

0.15

0.20

0.25

0.30

0.35

(a)

0 50 100 150 200 250 300
0

50

100

150

200

250

300

0.05

0.10

0.15

0.20

0.25

0.30

(b)

0 50 100 150 200 250 300
0

50

100

150

200

250

300

0.025

0.050

0.075

0.100

0.125

0.150

0.175

0.200

0.225

(c)

0 50 100 150 200 250 300
0

50

100

150

200

250

300

0.05

0.10

0.15

0.20

0.25

(d)

0 50 100 150 200 250 300
0

50

100

150

200

250

300

0.02

0.04

0.06

0.08

0.10

0.12

0.14

0.16

0.18

0.20

(e)

Figure 4.13: Plots of the normalised coupling strengths at ωCOM/2π = 162 kHz kHz as a
function of phonon number of (a) the average of the first three red sidebands of
the COM mode, (b) the average of the first two red sidebands of the breathing
mode, (c) the average of (a) and (b), (d) the ∆nCOM = −1 ∆nB = −2 sideband
and (e) the average of (a), (b) and (d).
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We begin by first deriving the analytical solution. From 4.71 we can write:

dp0

dt
=−

m=1∑
m=0

p0

Ω2
0,mDm,1

4((1 +m)ωz)2
+ p1

Ω2
1,0D0,0

Γ̃

dp1

dt
=− dp0

dt

The solution of these equation at equilibrium for p0 is:

n̄ ≈

(
Γ̃

2ωz

)2(
1

4
+

Ω0,0D0,1

Ω1,0D0,0

)
(4.72)

We now need to carefully define what the diffusion parameter is. In principle, any transition

that takes place after the ion gets excited by a 729 nm photon to the mj = −3/2 of the D5/2

manifold and before returning to the correct mj = −1/2 Zeeman sublevel of the S1/2 can change

the motional state. The first approximation we make is that we neglect any decays into the

D3/2 and D5/2 states since their branching ratios are over ten times smaller than to the S1/2

states. Thus the limiting steps will only involve the 854 nm quench absorption, emission at

393 nm and potential steps of repumping at 397 nm and subsequent decay at 397 nm. These

transitions and their associated probabilities are show in figure 4.14. To construct the diffusion

Figure 4.14: Transitions in the sideband cooling sequence that limit the final mean phonon
number for 40Ca+. Zeeman splitting not drawn to scale and 866 repumping
omitted.

parameter requires a probability tree sum over normalized transitions probabilities which we

will denote Ωn,m(η)′ with η̃ indicating decay. The sum over all branches is given by:

P = Ωn,m(η854)2Ωn,m(η̃393)2

[
2

3
+

1

9

∞∑
k=0

(
2

3

)k (
Ωn,m(η397)2Ωn,m(η̃397)2

)k+1

]
(4.73)
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To obtain the diffusion parameter from this term would in principle require a sum over all

the possible combinations of the transitions that lead to the desired ∆n. While this full form

of the diffusion coefficient is useful when considering a Monte-Carlo type simulation, it is un-

wieldy in a rate equation approach. To make this problem tractable we instead use an ordered

sum over of all transitions that change the phonon state by up to |∆n|, keeping those com-

binations that give the desired final phonon number. Care must be taken to order so that

any preceding transition modifies the initial phonon state of the next transition. As an exam-

ple, for a total phonon number change ∆n = 1 the first term of equation 4.73 would become

Ωm,m+1(η854)2Ωm+1,m+1(η̃393)2 + Ωm,m(η854)2Ωm,m+1(η̃393)2. Additional terms get exponen-

tially smaller, but can still contribute and are not negligible for ∆n > 1. To simplify the

problem further and remove the sum to infinity, we can consider the fact that it takes on av-

erage three cycles of repumping on the 397 nm transition to return to the correct S1/2 Zeeman

sublevel, which cancels out with the one third probability of beginning in the wrong sublevel,

so on average each possible transition takes place once. The approximate sum over all branches

is then given by:

P ≈ Ωn,m(η854)2Ωn,m(η̃393)2Ωn,m(η397)2Ωn,m(η̃397)2 (4.74)

This approximation has the effect of removing some of the possible higher order combinations

in 4.73 for k > 1, but these terms get small exponentially with k. The diffusion coefficient can

thus be defined as:

D(n,m) =
∆n∑

i,j,k=−∆n
−∆n<i+j+k+n−m<∆n

Ωn,n+i(η854)2Ωn+i,n+i+j(η̃393)2Ωn+i+j,n+i+j+k(η397)2Ωn+i+j+k,m(η̃397)2 (4.75)

Returning to the the analytical solution 4.72, we can make the further assumption that we are

in the Lamb-Dicke regime, and thus D(0, 0) = Ω0 while D(0, 1) = η2
854 + η̃2

393 +η2
397 + η̃2

397 giving

the final result:

n̄ ≈

(
Γ̃

2ωz

)2(
1

4
+
η2

854 + η̃2
393 + η2

397 + η̃2
397

η2
729

)
(4.76)

Before moving to the numerical description, we have to also define the Lamb-Dicke parameters

carefully. For the 854 nm absorption, there is no change, however for the 397 nm absorption

the Lamb-Dicke parameter is reduced by a factor of
√

2 if we assume an equal scattering rate

from the radial laser since a radial absorption won’t change the axial phonon number. The

decay Lamb-Dicke parameters are modified based on the average probability of decay in the z

direction. We use the probabilities listed in figure 4.14 as well as the standard emission patterns

of dipole transitions to evaluate the geometric factor given in equation 4.50 to obtain:

η397d =
√
fszη397 =

η397√
3

(4.77)

η393d =
√
fszη393 =

2√
15
η393 (4.78)

To find out the discrepancy between this analytical result and one where higher order couplings

are considered, we solve the rate equation 4.71 up to N = 8 phonon states for ∆n = 1, 2, 3

with Ω0 = 40 kHz and Γ̃ = 40kHz. From the resulting plots in figure 4.15, we see that all

the models agree to within n̄ ≈ 1% for axial frequencies above 250 kHz. At lower frequencies,
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when the Lamb-Dicke condition is not satisfied, significant population accumulates outside

the ground state due to both higher off-resonant coupling and stronger decay rates that alter

the phonon state. The plot also shows that higher order couplings up to the third order are

necessary to capture the full population dispersion at low frequencies. To achieve the lowest
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Figure 4.15: Comparison of the analytical cooling limit of equation 4.76 to the steady state
solution of equation 4.71 at Ω0 = 40 kHz and Γ̃ = 40kHz.

limits, at any trapping frequency, the analytical model prescribes the reduction of the effective

linewidth parameter, trading off cooling speed for final temperature. However, the results of

the numerical solution suggest that the 729 nm Rabi frequency also begins to be important at

lower frequencies. Experimentally it is difficult to change Γ̃ during a sequence and not have

secondary effects due to the Stark shift change, however turning down the 729 nm laser power

for the final stage of the cooling sequence is an easy way to maintain a swift cooling rate and a

low final mean phonon number.

4.4.3 Sideband cooling limits with multiple modes

Multiple modes can appear in a Penning trap system either when considering the two ra-

dial modes of a single ion, or the modes of ion Coulomb crystals. In both cases we have to

consider the total generalised Rabi frequency as the product of the Rabi matrix elements of

each mode. This means that when we can drive transitions that cool modes simultaneously

such as the red breathing mode sideband of the red centre of mass sideband of the carrier

Ωn,n−1Ωm,m−1|n,m〉 → |n− 1,m− 1〉. For ion chains this is usually unnecessarily slow since

the coupling now scales as η2 hence the bulk of the cooling is performed by alternating between

the different red sidebands that only change the motion of one mode at a time, with the pulses

that change both modes reserved for pumping out trapped states. On the other hand, the larger

starting n̄ for the magnetron mode can benefit from the use of these higher order transitions in
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the cooling sequence. For the cooling limits we are just interested in the final stage hence we

separate the analysis for different scenarios.

• Two-ion chain

The breathing mode is separated by
√

3ωz away from the carrier and the Lamb-Dicke

parameter is scaled by ηB = 12−
1
4 η. The centre of mass Lamb-Dicke is ηCOM = 2−

1
2 η.

This means that effectively both modes should cool to a lower limit at the same frequency

compared to a single ion. The other major difference is that when cooling on one mode,

the re-emission on decay can heat up the other mode. This additional pathway to decay

into the other mode actually lowers the cooling rate since higher phonon states in the other

mode lower the carrier transition coupling, but it does not affect the final mean phonon

number for the mode being cooled. The implication of this fact is that to get both modes

near the ground state, the cooling sequence needs to alternate between cooling on the two

modes with the one receiving the final cooling steps getting closer to the ground while the

other mode heats up. Figure 4.16 shows the linear evolution of the mean phonon number

of one mode, given that the second mode is cooled to the ground state and off resonant

excitation is dominated by carrier absorption. Due to the lower heating rate on the centre

of mass mode, the final cooling step should be performed on the breathing mode and

should be as short as possible to achieve the minimum reheating.
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Figure 4.16: Reheating of modes due to off resonant carrier excitation when laser is set to
the first sideband of the other mode. Simulation parameters: ωz = 168 kHz,
Ω0 = 40 kHz, Γ̃ = 40kHz.

• Axial modes of planar crystals

The planar modes investigated in this thesis are typically much further in frequency sep-

aration from the carrier than from the COM mode. For small ion crystals of 2-5 ions the
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mode separation from the COM mode can be set to ∼ ηΩ0 (by controlling the rotation

frequency) allowing for simultaneous cooling of these modes with a laser placed at a single

frequency. Since nearby modes cool off-resonantly, they will have slightly larger average

phonon limits. Figure 4.17 shows an example of off-resonant cooling limits for parame-

ters typically used in cooling crystals. As the number of ions grows, increasing Ω0 helps

the off resonant cooling process, but eventually the separation is large enough that the

modes become well resolved and need to be cooled by sequentially tuning the laser to the

appropriate red sidebands.
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Figure 4.17: Cooling limit as a function of detuning from the first red sideband. Third order
simulation parameters: ωz = 168 kHz, Ω0 = 40 kHz, Γ̃ = 40 kHz.

• Radial modes of a single ion

The cyclotron mode is always well separated from the carrier, with frequencies > ωc/2,

however, the magnetron usually has frequencies ω− < Ω0 hence directly cooling the mag-

netron introduces significant carrier excitation as well as off-resonant red sideband exci-

tation.6 The upside is that the Lamb-Dicke parameter of the magnetron depends on the

frequency of ω1 rather than ω− which means that even at low ω− frequencies it remains

small. Furthermore, we can also assume that all absorption at 854 nm is just from a single

axial beam. The emission patterns then give the radial Lamb-Dicke parameters:

η397d =
√
fsx + fsyη397 =

√
2

3
η397 (4.79)

η393d =
√
fsx + fsyη393 =

√
22

30
η393 (4.80)

which come out slightly higher compared to their axial counterparts. Calculations using

6Reminder that for the magnetron mode cooling is performed on the blue sidebands.
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the third order numerical model presented above suggest that even for experimentally

achievable frequencies of ω− = 50 kHz the magnetron limit is n̄− ≈ 1.0 for the previously

used parameters Ω0 = Γ̃ = 40 kHz. Reducing the final stage cooling power to minimise off-

resonant carrier excitation becomes paramount. One way to try to achieve a lower cooling

limit would be to use a final cooling step on the first order blue magnetron sideband of the

first order red cyclotron sideband, which would greatly suppress any carrier excitation.

However, the transition rate into the the ground state from this transition calculated using

equation 4.71 is 30 Hz for Ω0 = Γ̃ = 40 kHz. This will be insufficient to significantly cool

the mode in the presence of heating rates that are of similar magnitude.



CHAPTER 5

EXPERIMENTAL SETUP

This chapter will present the reader with all the relevant information necessary to understand

the components of the experimental setup that were used to collect the data in the subse-

quent sections of this thesis. Since I am a fourth generation student using this setup, there

are already theses available that provide very detailed descriptions of the apparatus includ-

ing theoretical background, design specifications and performance characterisation of various

subsystems. Hence my overview of all the established subsystems will reference these results

wherever there were no new changes or upgrades. I will give more detailed descriptions of new

subsystems that have been installed during my work on the experiment. My main contribution

was a major upgrade to the fluorescence detection system. I integrated an electron-multiplying

CCD camera (EMCCD) into the setup to obtain spatially resolved spectroscopic information.

This was a task that required a large rewriting of our custom experimental control software to

communicate with the camera, synchronise exposures and read out data for live display and

tracking of the ion signal. Various settings and configurations were explored to find the desired

readout settings required to minimise noise. I also added further optical elements to improve

the noise of photomultiplier signal measurements. Another hardware upgrade I worked on was

prototyping a new feedback circuitry for the laser intensity stabilisation, which was eventually

finalised by Manoj Joshi. Throughout the duration of the PhD I became intimately familiar

with every bit of equipment in the kit as various failures and malfunctions required intervention

at different times. Starting from laser diode maintenance, locking cavity alignment, YAG laser

maintenance through to HeNe laser polarisation locking, scanning cavity mirror replacement,

RF electronics replacements and many improvements to the experimental control software, no

bit of the experiment went untouched except the trap itself which served us faithfully.

5.1 Overview

The experiment can be split into four general areas:

• Trapping apparatus - This includes the trap itself – a set of electrodes with the required

geometry to produce the desired field. The trap is set inside a vacuum chamber and

placed within the bore of a superconducting magnet. The associated voltage sources for

the electrodes, neutral calcium source and ionisation laser all fall under this category.

• Laser Systems - Under this category we have all the diode lasers that are required for

laser cooling, two near UV lasers at 397 nm and two IR lasers at 866 and 854 nm for

71
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rempumping. The UV lasers have their own set of cavities that are used for Pound-

Drever-Hall locking to reduce their linewidths. All four of these lasers are then locked

through a scanning cavity transfer lock to a reference helium-neon laser for long term

stability. A spectroscopy and sideband cooling diode laser at 729 nm requires a much

finer linewidth for effective coherent manipulation so that it has to be locked to an ultra

low expansion high finesse cavity through a Pound-Drever-Hall scheme. To also obtain

sufficient power to excite the quadrupole transition a tapered amplifier (TA) is used.

• Experimental control To perform an experiment laser pulses of the correct frequency,

intensity and length need to address the ion in a repeatable manner, synchronised to all

other subsystems of the experiment such as fluorescence collection and digital storage. For

this purpose a field programmable gate array (FPGA) is used to control various radio-

frequency sources that power acousto-optic modulators (AOMs) which can precisely adjust

the aforementioned laser parameters. The FPGA runs on pre-programmed sequences

which are stored in its internal memory. To update the FPGA, change digitally synthesized

RF frequencies as well as receive data from detection systems a control software runs on

a user controlled desktop computer.

• Light Collection The fluorescence from the ions is collected on either a pair of photomul-

tiplier tubes or an EMCCD. This is a smaller subsystem, but it is especially important

when using the EMCCD as the optimal readout noise is obtained when the rest of the ex-

perimental sequence is synchronised to the internal clock of the camera. Thus integrating

the collection of the camera hardware into the experimental control becomes paramount.

A schematic overview of the main components of the apparatus is shown in figure 5.1.

5.2 The trap, magnet and loading ions

5.2.1 SPECTRAP

The SPECTRAP Penning trap was originally designed by Manuel Vogel and constructed pri-

marily with a focus geared towards spectroscopy of highly charged ions at GSI in Germany.

Two identical traps were machined with one of them being installed at GSI and the other at

Imperial College by Shailen Bharadia. The trap consists of a cylindrical stack of oxygen-free

copper electrodes sepearated by macor rings and sapphire balls. The inner electrode diameter

is 21.6 mm, and the distance between the endcap electrodes is 5.9 mm. A positive voltage is

applied to each of the endcaps, whereas the central ring electrode is kept near ground. The

ring electrode is also split into four segments allowing us to apply time dependent potentials

to create rotating dipole or axialization fields. For optical access, 4 mm diameter holes are

drilled into each of the four ring segments. The size of this aperture limits the fluorescence

collection efficiency. The trap has two compensation electrodes that were originally designed

to null anharmonicities for large clouds. However, as we tend to only work in the regime of a

few ions at the trap centre where the anharmonicites are negligible, these electrodes are instead

used to compensate any unwanted potential on the endcap electrodes that shift the ion away

from the trap centre. The four segments of the ring also have small potential offsets on the

order of ∼ 10− 100 mV for compensation purposes.
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Figure 5.1: Schematic overview of the experiment. Line legend: solid coloured lines – cw
lasers, dotted coloured lines – pulsed laser, solid black line – digital and analogue
electric signals, double black line – radio frequency signals, dotted black line –
feedback electric signals

When the copper electrodes are coated in calcium the voltage on their surface becomes

increasingly negative. Experimentally, we observe that if we expose the electrodes to long

periods of calcium flux, the ion position will visibly shift from the trap centre at low endcap

potential when imaged on a camera. Hence we perform a simple compensation procedure where

we localise the precise pixel position of the ion on the camera at high endcap voltage where

the effects of these unwanted potentials are negligible and the ion will reside at the geometric

trap centre. Then we reduce the voltage to ≈ 3 V and add small positive DC offsets to the

compensation electrodes and to the ring segments until we see the ion return to the trap centre.

Centering of the ion is particular important in the radial direction as any offset changes the

Doppler cooling efficiency for a given radial beam position.

To apply the axialization potential to the radial electrodes, we use a sinusoidal signal gener-

ator at ωc split into four channels, passed through two inverting and two non-inverting op-amps

with variable gain. The variable gains allow us to compensate for any micromotion induced by
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the RF field when its null is not matched to trap centre. A badly compensated field will act to

drive the ion into a large radial orbit which is detectable on the EMCCD camera. We therefore

vary the amplitudes on each channel until the radial extent is minimized and then increase the

total applied drive voltage. We iterate this procedure until we observe no micromotion at 6 V.

Since we typically work with fields up to 4 V, we deem this condition satisfactory.

5.2.2 Vacuum chamber and Breadboard Optics

The trap is housed in a vacuum system that is continuously pumped by an ion pump, achieving

vacuum pressure below 10−8 mbar. The chamber has four radial viewports and two for axial

access – one above and one below with the light entering perpendicular to the vertical axis and

reflecting upwards on a 45◦ mirror. Inside the chamber there is also an effusive calcium oven for

producing a neutral atomic vapour. The whole system is mounted on a small optical breadboard

which itself sits on a set of three hex bolts emerging from a metal base plate. This base plate

is attached to an adjustable height platform (Genie lift). This platform is then raised to insert

the trap into the bore of the superconducting magnet. Final adjustments of the position are

made using the screws on the base plate. The bore of the magnet is 10.45 cm in diameter, with

the collected fluorescence and radial laser beams having to be directed in paths parallel to the

bore in a 1.4 cm gap between the vacuum chamber and bore. The bore is also open on the top,

allowing for the external Nd:YAG ionisation laser to be sent in from above. Beam steering and

fluorescence collection optics are all located on the small breadboard as indicated in figure 5.2.

Figure 5.2: Diagram of the optical elements that steer laser beams from the breadboard below
the superconducting magnet into the vacuum chamber containing the trap. Also
shown is the optical path of fluorescence.

The cooling (blue) lasers are combined with the repump and spectroscopy (red) lasers emerg-
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ing from polarisation maintaining single mode fibres on a pair of dichroic mirrors, one each for

the axial and radial beams. Additionally, the axial blue beams are passed through a polarizing

beam splitter to remove any ellipticity introduced by the fibre. The axial beam is then focused

using a f = 400 mm lens and sent through a window into the vacuum chamber. Alignment

is typically performed by moving the output couplers of the fibres of the red and blue lasers

independently rather than using a mirror after they are combined as they have different beam

waists at the trap centre. The radial beam is focused by a f = 500 mm lens and reflects off a

computer controlled motorised mirror before entering a pair of periscope mirrors that send it

up along the bore of the magnet and into the trap. Since the radial temperature of the ions is

very sensitive to the position of the Doppler cooling beams (changing the position changes the

intensity gradient across the ion’s trajectory), this motorised mirror is used to give a much finer

and reproducible beam positioning. To this end, we have installed a CCD sensor1 and written

a simple matlab live processing software that finds the beam centroid. Since we only use the

repump beams in the axial direction, we are usually not worried by a secondary effect on the

signal when moving this motorized mirror rather than the coupler, but there is a small effect

when performing radial spectroscopy as the Rabi frequency of the 729 beam will change. This

effect is not large enough (moving a 230 µm diameter beam 10-20 µm away from the centre) to

significantly alter the excitation probability for diagnostic Doppler cooled spectroscopy and once

the desired position of blue lasers position is obtained, the red laser can always be optimised

from the fibre output coupler.

Another very important consideration is the focus of the radial blue lasers at the trap as

this limits the achievable range of the beam intensity parameter and changes the sensitivity

to the offset which can be induced by a minimum step of the motorized mirror. Adjusting

the beam waist, however, proved to be quite problematic. Since the trap was never removed

from the magnet during the whole length of my PhD, we have not been able to make a direct

measurement of the distance from the f = 500 mm lens to the trap centre. We at first attempted

to improve the focus by adjusting the aspheric lens of the output coupler, to change the spot size

and divergence on the focussing lens simply by using the ion fluorescence as a reference. This

was very difficult to perform without losing alignment of the beam through the trap and thus we

also had to adjust the position of the focussing lens to recover good focus. Furthermore, at one

point the PM fibre of the radial beam broke and was replaced by a new fibre with a smaller mode

field diameter2, meaning the reference positions of the old aspheric and focussing lenses were

no longer valid. From this point on, we attempted to systematically modify the focus and use

spectroscopic results to confirm whether the cooling was improving as a proxy measurement for a

tighter focus. Based on incomplete information from the lab books of Sandeep Mavadia who last

assembled the apparatus combined with direct measurements of beam paths on the breadboard

we estimate that at its final position the f = 500 mm lens was focussing approximately 4.5 cm

short of the presumed trap center. Further improvements were not possible as the focussing

lens cannot be moved much closer to the motorized mirror due to space constraints.

Using a fold-out mirror, a set of images was taken around the focus, allowing us to reconstruct

the minimum beam waist and find the Rayleigh range as seen in figure 5.3. The fit gives us a

beam waist of 67(1)µm and a Rayleigh range of 3.6(2) cm. From this information we calculate

1Home hacked old usb webcam
2PM-S405-XP with a core diameter of 3 µm replaced by PM-S350-HP with a core diameter of 2.5 µm
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the beam waist at the estimated trap centre to be ≈ 100µm.
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Figure 5.3: Beam waist measurements of the radial blue beam around the nominal lens focus
of 500 mm. The beam shapes were recorded on a CMOS camera and fitted to a
2D Gaussian profile to extract the waist data. The fit gives a beam waist 67(1)µm
and a Rayleigh range of 3.6(2) cm

The trap also has two apertures with f = 20 mm lenses for fluorescence collection glued to

the electrode in the vacuum. The light is once again redirected along the bore of the magnet

with mirrors and pairs of lenses in a Keplerian telescope arrangement. One output emerges

onto the breadboard through a periscope mirror and is then coupled into a multimode fibre and

sent to a PMT away from the trap. The second output is instead focused just slightly below

a threaded hole in the breadboard, which allows us to either attach a second multimode fibre

with suitable telescoping optics or a mirror to send the light through our image relay system to

an EMCCD camera. (see section 5.5.1)

5.2.3 Magnet

To create the required magnetic field and achieve high levels of stability, we use a supercon-

ducting magnet manufactured by Magnex Scientific. The magnet consists of a vertical bore

surrounded by a solenoidal superconducting coil submerged in a liquid helium bath. At the

centre of the solenoid the axial strength is maximised while the radial strength is minimised.

The maximum field strength of the magnet is 2.5 T, but we operate it at 1.899 T. At fields this

large, even very small magnetic field gradients can cause shifts in the Zeeman splittings, which

in turn affects our ability to coherently address the S1/2,−3/2 ↔ D5/2,−1/2 transition, which has

a differential Zeeman shift of 21.26 GHz at 1.899 T. In particular, we will observe significant

shifts of the transition frequency for ions in a Coulomb crystal that occupy a different position in

the field. At the start of my PhD a minimisation of the axial gradient was performed by raising

the breadboard with the trap higher into the bore of the magnet. The procedure is documented

in reference [144] and a measurement of the gradient conducted by displacing the ion from the

trap centre using small DC offsets potentials before spectroscopically measuring the transition

frequency yielded a gradient of 0.003 Tm−1. Further improvements were no longer possible as
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a mirror was coming very close to contact with a part of the superconducting magnet’s outer

body. Since then, we have conducted a spectroscopic measurement of the carrier frequency of

each ion in a ground state cooled two ion axial crystal (section 7.2.2) giving a value of 0.01

Tm−1. The accuracy of this value is higher due to the removal of any temporal drifts such as

magnetic field decay and laser frequency drift since they affect both ions equally in a single

spectroscopic sequence. On the other hand, when measuring various spectra separated in time

using a single ion, these drifts can correlate positively or negatively with the field gradient. The

magnetic field has a manufacturer listed field drift time of < 0.1 ppm/hr .

5.2.4 Ion Loading

Loading ions is achieved by a two stage process. The first step produces an effusive beam of

neutral calcium by heating a calcium filled tube (oven) with an aperture aimed at the centre

of the trap. After a warming up period of 1-2 minutes, the oven will be emitting a steady

stream of neutral calcium ready to be ionised. In the second step, a three photon non-resonant

photoionisation is induced by firing a pulsed, high power, frequency doubled Nd:YAG laser

through the trap. This will produce the desired 40Ca+ ion as well as other calcium ion isotopes

and other potentially unwanted species. These ions will be produced at various large orbits

around the trap, with only the correct isotopes cooled towards the trap centre by the Doppler

cooling lasers. Other isotopes or different species can sometimes get sympathetically cooled into

a Coulomb crystal and need to be ejected. One of the 397 nm lasers is typically set to scan

from near resonance to about 1 GHz to the red to cool the ions faster.

By adjusting the current through the oven, the Nd:YAG power and the duration of the

loading procedure, anywhere from one ion to a large cloud of thousands of ions can be loaded.

Despite the optimisations, this procedure remains a stochastic process whereby we often load

more ions than desired and then eject them to obtain the desired number. We do this instead

of emptying the trap and repeating the loading process as we find that running the oven for

prolonged periods of time coats the electrodes with excess calcium, ruining the DC compensation

of the trap. To eject ions from the trap, we briefly ground the endcap electrodes for a period

of 5-50 µs. Due to the electrostatic potential of the ions suddenly no longer being balanced

by the trapping potential, the ions undergo a Coulomb ‘explosion’ and those closest to the

electrodes are lost. The remaining ions quickly re-cool to the trap centre. We keep repeating

this procedure until the desired number of ions is reached. Once again, this method is not

deterministic, but it is certainly more reliable since we can pulse off one ion at a time from a

small Coulomb crystal with high probability. The pulsing procedure is not automated and is

performed by an Arduino microcontroller and transistor circuitry controlled by the user from a

C# GUI. There is no set prescription on the best method to pulse ions out, but there are some

general pointers:

• Reduce the trapping voltage to 10-20 V. For small crystals, try to form a 1D chain.

• For large clouds start with shorter pulses of 5-10 µs as long pulses require a potentially

very long recooling time.

• When a large cloud starts recooling, the fluorescence signal will at first increase slowly

and then grow exponentially. To eliminate ions faster, observe the fluorescence and pulse

again as soon the fluorescence begins to increase.
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• Smaller chains will require pulses of 20-50 µs or very fast repeats of shorter pulses.

• Sometimes ions can appear to be lost, but instead have just been pushed out to very large

orbits. Patience is needed to allow for recooling time and additional red detuning of the

cooling lasers before another loading procedure is attempted.

• The procedure should be almost exclusively performed with the EMCCD camera to mon-

itor the number of ions. If only a single ion is desired, a PMT signal can be sufficient. To

verify that only a single ion is present, one can turn off the 854 nm repump lasers and

observe quantum jumps. If only a single ion is present there will only be two fluorescence

signal levels corresponding to the ion being either dark or bright. Multiple ions will show

further quantised levels. This technique does not guarantee that all other non-fluorescing

ions were ejected.

5.3 Laser Systems and Optics

In this section, we will describe three separate subsystems: the Doppler, repump and spec-

troscopy lasers. The scanning cavity lock system that is common to both the Doppler and

repump lasers will follow in its own subsection.

5.3.1 Doppler Cooling Lasers

Two lasers that provide light at 397 nm are required to drive the σ± transitions between

S1/2,−1/2 → P1/2,1/2 and S1/2,1/2 → P1/2,−1/2, which are split by 65 GHz. We use two commercial

DL100 Extended Cavity Diode Lasers (ECDL) from TuiOptics (now Toptica), with associated

temperature stabilisation, current and piezo drive modules. The diodes themselves are non-AR

coated Nichia NDV4814T with a typical operating output power of 5-7 mW out of the laser

head. A linewidth of ≈ 10 MHz was previously measured by beating the pair of lasers on a

photodiode [144]. This compares unfavourably to modern diode systems that routinely have

linewidths of 100s of kHz. Since we wish to be able to carefully control the absorption profile

for Doppler cooling experiments and crystal rotation purposes, we ideally want to make the

linewidth much smaller than the transition linewidth of 21.6 MHz. To this end, each laser

is locked to individual optical cavities (free spectral range 1.5 GHz, finesse ≈ 40 [144]) with

piezo-adjustable length. A Pound-Drever-Hall lock scheme is used to generate an error signal,

which is fed back to the laser current driver. The linewidth after the cavities is approximately

1 MHz[144]. To further compensate for low frequency noise and drifts an integral gain stage

compares the transmitted light intensity to a set value and feeds the difference signal to the

piezo driver of the ECDL. This additional stage is also used to monitor the performance of the

locks so that when the transmission drops below a certain threshold a digital signal is sent to

the FPGA to alert the experimenter that the laser has become unlocked.

While the cavities improve the short time scale linewidth, they are themselves prone to

drifts in the 10s of MHz range on time scales of minutes requiring a secondary feedback from

the scanning cavity lock (section 5.3.3). There are further issues with a piezo related drift in

one of the PDH cavities. As the piezo moves to correct for long term changes such as a steady

temperature drift, it tends to carry some inertia even after the error signal has been nulled.

This forces the voltage controller to compensate to maintain the lock over a much larger voltage
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range. The consequence of this is that on some days when there are significant drifts, the

voltage controller reaches either its lower or upper output limit and the lock fails. In this case,

the particular cavity mode that was in use has to be replaced by a different one, nearer to the

middle of the voltage controller range. This usually requires re-coupling of the cavity modes

to find a mode with a suitable transmission lineshape. We have verified this effect by rapidly

changing the piezo voltage using a potentiometer and observing the subsequent slow drift in the

direction of voltage change. The fact that the other cavity has the exact same control circuitry

and none of the above described symptoms leads us to believe that this problem is due to the

piezo itself.

The performance of these locks was one of the greatest impediments to smooth operation

of the experiment as they tended to fail every few hours at the best of times and often much

more frequently. A significant portion of the experimentalist’s time operating the setup was

spent babysitting this laser system as the lasers would invariably either hop mode completely,

broaden in linewidth or drift in intensity all of which cause the scanning cavity to unlock.

A significant part of typical daily operation time was devoted to ensuring these lasers were

reasonably stable for the purposes of data acquisition. Most frequently, piezo and current

adjustments have to be made on a daily basis. When the ability to remain in a stable mode

degrades, we increased the mode hop-free range laser of the laser by changing the temperature

to maximise the overlap of the gain curve of the internal diode mode with the desired external

cavity mode. This adjustment is performed roughly every few weeks. If all these adjustments

fail, then the alignment of the extended cavity grating must be modified. Most importantly, the

vertical alignment is crucial to get optimal feedback into the diode and achieve stable lasing.

Despite all these maintenance tasks, the performance of the current drivers visibly degraded in

time. In the final year of the PhD we managed to source a replacement for one of the current

drivers from a more modern DL110 Toptica controller, which immediately improved stability,

mostly by preventing sharp current jumps that induced mode hopes when adjusting the current.

A similar problem can be observed on the other remaining DL100 controller. Ultimately, this

laser system was pushed to its limits and for any more demanding experiments that require large

data collection runs such as full state tomography a more modern system would be required.

5.3.2 Repumping Lasers

We use two homebuilt ECDL diode lasers to repump the D3/2 → P1/2 transition centred at 866

nm and the D5/2 → P3/2 transition centred at 854 nm. The current drivers and temperature

locks are a mix of commercial units from Thorlabs and homebuilt circuits. The two diodes used

are ridged waveguide diodes from Eagleyard 3. The powers at the ion for the 866 and 854 nm

lasers are 5 and 0.6 mW respectively. Since we wish to saturate the repump transitions and do

not require very fine frequency selectivity, we do not take any additional measures to reduce

the linewidth as with the Doppler cooling lasers. Stability against drift is achieved through a

scanning cavity transfer lock as with the Doppler lasers.

As discussed in section 3.2.1, the Zeeman splitting of the D5/2 and D3/2 manifolds is in

the 10s of GHz, which is much larger than the linewidth of the lasers. Thus we need to clear

out 10 Zeeman sub-levels using σ± transitions leading to a total of 12 possible transition.

Exploiting the fact that the first order Zeeman shifts between the D3/2 → P1/2 transitions and

3Models: EYP-RWE-0860-06010- 1500-SOT02-0000 and EYP-RWE-0870-06010- 0750-SOT01-0000
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ν1 (GHz) ν2 (GHz) ε (MHz)

866 only 10.6263 1.76035 89

All 10.6363 1.7722 195

No σ+ 10.6459 1.7862 142

No σ− 10.6257 1.7568 128

Table 5.1: Table of optimal modulation frequencies for four different minimisation routines.
The bottom two lines exclude either the σ− D5/2,1/2 → P3/2,−1/2 and D5/2,3/2 →
P3/2,1/2 transitions or the σ+ D5/2,+1/2 → P3/2,3/2 and D5/2,−1/2 → P3/2,1/2 tran-
sitions. The error ε is the square root of the sum of the square residuals for the
transitions included.

the D5/2 → P3/2 transitions have a fixed integer ratio we can create a comb of sidebands on

each laser using a single Electro-Optical modulator (EOM) to address all transitions by simply

mixing two frequencies. To first order this corresponds to one frequency at ν1 = 6µBB/15 =

10.6371 GHz and a second frequency at ν2 = µBB/15 = 1.7729 GHz where µB is the Bohr

Magneton and B = 1.8996 T. The situation is slightly complicated by the second order Zeeman

shift which breaks the neat symmetry. To incorporate the second order Zeeman shifts, we

can run a simple minimisation routine to find what the modulation frequencies should be for

the smallest square difference in frequency over the selected sidebands. We can consider four

cases: find the optimum frequencies for all 12 transitions, ignore the D5/2,−1/2 → P3/2,−3/2

and D5/2,1/2 → P3/2,−1/2 transitions, ignore the D5/2,+1/2 → P3/2,3/2 and D5/2,−1/2 → P3/2,1/2

transitions or consider just the 866 nm transitions. The results are summarised in table 5.1.

Because we have sufficient power in the 866 nm beam and we wish to maximise theD5/2,−3/2 →
P3/2,−1/2 σ

+ transition strength used to quench our qubit state during sideband cooling (giving

us more freedom in adjusting detuning) we aim to use the ‘No σ−’ frequencies to minimise the

error. We used a HP 8650L function generator to precisely set ν1 = 10.6256 GHz. The second

frequency was generated using a Mini-Circuits ZX95-2600-S+ voltage controlled oscillator that

did not afford such tuning precision resulting in ν2 = 1.774 GHz as measured on a spectrum

analyser. The residual errors ranging between 1 to ≈ 100 MHz are shown in figure 5.4. We see

clearly that the error on the σ+ transitions on the far right has been minimised compared to the

σ− transitions on the far left of the plot. The power of the HP 8650L was empirically optimised

to maximise power into the second and third order sideband by observing the fluorescence of a

cloud of ions. These two signals are then summed on a resistive power combiner and fed into a

fibre-pigtailed EOM (EOSPACE PM-0K5-20-PFA-PFA-850). The two lasers are combined just

before the EOM on a dielectric filter and sent together into a fibre coupler.

5.3.3 Scanning Cavity Locks

The scanning cavity lock system has been developed both to provide long term stability to

the cooling and repump lasers as well as to provide for a means to have fine digital control

of the lasers frequency at the 1 MHz level. The system is described in detail in the thesis of

Joseph Goodwin [145] and thus here we shall just give a brief overview and highlight some of

the changes that were implemented and important points for maintaining the setup. The goal
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Figure 5.4: A plot of the residual error between the sidebands on the EOM and the actual
transition frequencies. The bottom axis plots the shift of each transition relative
to their non-Zeeman shifted values. Modulation frequencies: ν1 = 10.6256 GHz
and ν2 = 1.774 GHz

of the scanning cavity lock is to stabilise the frequency of a ‘slave’ laser relative to a ‘master’

HeNe laser, which is independently stabilised using a polarisation lock. The feedback is derived

by scanning the length of a cavity to which both lasers are coupled and monitoring the relative

arrival time of transmission peaks on a photodetector. To distinguish the master signal from

the slave signal, the transmitted light is split on a dichroic mirror and sent to independent

detectors. Analogue electrical signals from a transimpedance amplifier stage are converted to

TTL pulses with the aid of a ‘peak detector’ circuit, which uses a differentiator to find signal

peaks and a comparator to accept or reject them based on a threshold voltage. The pulse arrival

time is then digitised on an Arduino microcontroller. There are two stages to the lock. First,

as the cavity is scanned over the length of its free spectral range the arrival time of the first

HeNe pulse is stored and feeds back to a DC voltage applied to the cavity piezo to stabilise the

cavity from drifts. Second, the arrival time of the slave laser peaks relative to the HeNe peak

is converted to a feedback signal using a 16-bit DAC and sent directly to the diode piezos for

the red lasers or to the PDH cavity piezos for the blue lasers. In the case of the 866 nm and

854 nm beams one peak each is required between the master peaks, whereas in the case of the

397 nm lasers two peaks corresponding to one laser and one to the other are necessary due to

historical design of the system.4 The Arduino also has a serial link to a digital LCD display

and control box that can be used to monitor the relative positions of the slave peaks, assess the

state of the lock and modify the lock set points.

The cavities are constructed from pairs of broadband dielectric mirrors attached to brass

endcaps with a fine screw thread inserted into a brass cylindrical spacer. The screw thread

4If the system were to be reprogrammed, it would work just fine with one peak from each laser.
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allows for careful tuning of the cavity length to a near confocal configuration to create a set

of degenerate transverse modes spaced half a free spectral range apart. The blue cavity has

a single ring piezo stack that both performs the scanning and has a large enough throw to

compensate for cavity drifts. The blue cavity is also wrapped in a heater tape to temperature

stabilise it to within 0.1 K using a thermistor and transistor circuit. The red cavity has a piezo

element on both mirrors, one is a single layer ‘AC’ piezo to perform the cavity scan and the

other a ‘DC’ piezo stack for the cavity locking. In early 2017, this piezo stack broke and we did

not have an immediate replacement to hand. We attempted to run the cavity by combining the

scan and cavity lock signal on the AC piezo as in blue cavity, but the throw on the piezo was

not sufficient to compensate for the cavity drifts and thus the lock typically lasted only a few

hours as opposed to weeks under normal operation. The dead stack was ultimately replaced

by a new triple stack with a throw of 9.9 µm (Noliac NAC2123-H08-A01) and we returned to

the previous configuration. However, the performance is not as good as previously and the

lock is still usually lost every few days. This is because the original broken stack consisted of

five layers; a fact that we were not aware of until we opened the cavity. An easy improvement

would be to create an identical temperature lock for the red cavity as for the blue as this should

remedy these long term drifts.

To ensure that we only see one peak from each laser between the HeNe peaks, we carefully

mode match to the TEM00 of the cavity to suppress the odd order transverse modes and have

a sufficient contrast betweeen the principal mode and higher order longitudinal modes. The

red cavity works without any issues, however the blue cavity is very sensitive to a slight mode

mismatch where the second longitudinal mode can become prominent enough to register on the

peak detector and thus cause errors in feedback. In general, the problems with the unlocking

of the blue lasers stem from the interplay between the PDH locks and the scanning cavity.

If the PDH lock starts to reach the edge of its feedback range the laser begins to broaden

which appears on the cavity transmission signal as a drop in the maximum signal height. If

the signal drops below the peak detector threshold, the Arduino reacts by sending a very large

incorrect feedback signal to both lasers, typically unlocking both PDH locks and potentially even

causing mode hops. Thus it is usually very important to monitor the height of the peaks during

locked performance and sometimes manually compensate by changing the current from the laser

controller to rectify the problem. Similarly, pure intensity noise on the lasers can cause them to

drop below threshold. An improvement in this regard was achieved by removing a polariser that

was located in the blue beam path after the output of a polarisation maintaining fibre. This

polariser turned any circularity acquired in the fibre due to temperature drifts into intensity

noise. These drifts were accentuated by the fact that the two beams did not have the same linear

polarisation and hence could not simultaneously be made to correctly align with the slow axis

of the PM fibre. The origininal intended role for the polariser was to set a common polarisation

for both lasers so that multiple peaks corresponding to orthogonal polarisation components

did not appear in the cavity (described in [145] page 92) for a particular orientation of the

mirrors. We were not able to reproduce this effect for any polarisation angle hence the polariser

was removed. This led to increased total transmission intensity through the cavity and greater

differential intensity stability between the two blue lasers.
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5.3.4 HeNe Polarisation Lock

The HeNe laser and polarisation lock was set up by Joe Goodwin based on original designs

by Dan Crick [146]. We describe the system here as the laser broke in late 2016 and had to

be replaced. The laser is essentially a glass tube filled with a HeNe gas mixture with mirrors

attached to the anode and cathode endcaps. The tube is powered by a filtered fixed power 1250

V, 4 mA switch mode power supply with 66 kΩ ballast resistors attached to the cathode giving

an output of approximately 0.5 mW. In the HeNe gain curve, there are exactly two competing

longitudinal modes with orthogonal polarisation that grow and fall in relative intensity as the

cavity length changes with temperature. An error signal can thus be derived by splitting the two

polarisations on a PBS and recording their intensity on calibrated photodiodes. The difference

in voltages from the photodetectors’ transimpedance amplifiers is then fed to a transistor based

circuit that drives a current through a heater tape wrapped around the HeNe tube. The light

used for stabilisation is obtained from the small leakage through the back mirror of the tube.

The front output facet is filtered with a PBS so that only one polarisation goes into the scanning

cavities.

In September 2016, we noticed that the HeNe peaks on the cavity were jumping about with

no discernible pattern and upon inspection of the laser itself we noticed it was flickering. Since

we did not have an immediate replacement at hand we tried many different fixes to try to revive

the laser including:

• Additional ballast. 99 kΩ and 150 kΩ at 1250 V.

• Stored in a Ziploc bag filled with helium gas for 5 hours.

• Higher voltage power supply - 1750 V with 66 kΩ.

to no avail. In the end we managed to get the laser running by combining a 150 kΩ ballast

with a 1750 V supply. However, there were periodic power spikes every 10s which would ruin

any locking attempts. Our next attempt was to use a spare HeNe tube of the same model that

was recovered from an old experiment. This tube exhibited none of the flashing behaviour and

seemed to run stably, but once we coupled the light to the blue scanning cavity, we noticed

the peaks flickering even though the power output on a fast photodetector was constant. This

suggested the presence of some strong frequency noise, which was later found to be mostly

distributed between 10-50 kHz. Upon investigation of the error signal from the temperature

lock, it was found that the trace did not follow the expected sinusoidal curve as the tube was

heated, but instead had very sharp discontinuities as the orthogonal polarisations instantly

flipped (the error signals are shown in appendix A). This left us puzzled for a while until we

found that this is indeed sometimes the case for certain HeNe tubes from a different production

batch, even for the same model. These ‘flipper’ tubes are wholly unsuitable for this sort of

locking scheme and produce a very noisy lock. Thus we had to order a brand new JDSU 1008

HeNe (same model as before) and this time the tube worked exactly as intended, with the 1250

kV supply and a 66 kΩ ballast resistor.

5.3.5 729 nm Spectroscopy Laser

The 729 nm laser is a home made laser diode system designed and built by Dan Crick [146] with

modifications by Graham Stutter and Joe Goodwin. An overview of the optics and electronics
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is shown in figure 5.5. The light is produced from a home made ECDL laser in a Littrow

configuration with a home made current driver and a commercial temperature lock. The output

passess through two stages of optical isolation before some light is picked off and sent through

an EOM to an ultra stable cavity to produce a PDH lock error signal to narrow the linewidth,

whereas the rest of the light is passed through a tapered amplifier5 (TA) to boost the output

power before the light is coupled to a fibre and sent to the experimental optical table. To

form the error signal, reflected light from the cavity is converted to an electrical signal that is

demodulated by mixing with a phase shifted high frequency RF signal that drives the EOM and

then low pass filtered. The resulting error signal is fed back directly to the laser current and it

is also sent to an Arduino micro controller through a 16-bit DAC. The Arduino is then used for

slow feedback to the laser piezo and can also hold the piezo voltage in the case of an unlock.

The lock is monitored by measuring the intensity of light transmitted through the cavity.

Figure 5.5: Diagram of the optical and major electrical components comprising the 729 nm
laser system. The red line shows the laser path, whereas the black line shows
electrical signals.

The cavity is made with an ultra low expansion (ULE) glass spacer that has a zero crossing in

its expansion coefficient at approximately 17◦ C i.e. at this point the cavity length dependence

on temperature is minimised. It is housed in a vacuum chamber and temperature locked with

a Peltier cooler aided by passive cooling and a fan to within 0.2 mK of the zero crossing point

corresponding to a frequency stability of ≈ 60 Hz. The finesse was measured to be around

F ≈ 60000.

The output of the laser head itself is only around 24 mW leaving only approximately 1− 2

5Toptica TA-0735-0500-4
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mW of laser power at the ion after 2 sets of optical fibres, AOMs and beam shaping optics. This

would not give us enough power to perform fast sideband cooling, hence the tapered amplifier

is required to boost the power to ≈ 250 mW. There is one downside to the use of the TA that

became evident once we started performing coherent manipulations such as Rabi oscillations.

When the TA is run at large currents, within 75-100 % maximum output power, we notice

that the Rabi oscillations at longer times tended to appear disproportionately noisy, with large

jumps in the excitation that do not seem to follow an expected smooth decay in coherence in the

case of simple broad laser linewidth, magnetic field noise or improper ground state cooling as

seen in figure 6.11. A possible explanation is laser intensity noise, but we take care to eliminate

this effect down to less than 1 % using an AOM for feedback.

This problem was directly correlated to the behaviour of the laser by monitoring the trans-

mission signal through the ULE cavity. When the laser is locked and the TA is either off or run

at low power, then the transmission signal is flat and completely insensitive to vibration. As

the TA current is increased, the transmission signal begins to respond to knocks to the optical

table and ultimately the transmission level begins to drift on a timescale of a few seconds even

when locked. The error signal, however, retains the shape corresponding to an optimal lock.

We believe that this effect is consistent with optical feedback from the TA into the laser diode.

This is reinforced by the fact that to correct this issue, we deliberately introduced a slight

misalignment in the input beam coupling to the TA so as to avoid any back-reflection to the

laser as well as to avoid amplified spontaneous emission from the TA. The insufficient isolation

is most likely a result of using improper optical isolators. One of the pair is an unidentified

model while the other is rated for central frequency of 780 nm, thus having only an estimated

18 dB isolation. At the time of writing, we have acquired a new Thorlabs IO-5-730-HP with

an estimated 38 dB isolation which we have added in series with the old isolators and have

managed to operate the TA at full current with no feedback related noise without the need for

misalignment, however, all data involving coherent manipulation in this thesis was taken with

the TA misalignment and without the new isolator.

5.3.6 Optics

In this section we describe the optics on the main experimental table that is used to prepare

all the laser beams that are sent by optical fibres to the breadboard upon which the trap and

superconducting magnet rest. The optical setup is shown in figure 5.6 with the areas that have

undergone major changes highlighted in blue and red. The blue laser diodes produce vertically

polarised light that is collimated to a roughly Gaussian shape using a pair of cylindrical lenses

before passing through an optical isolator. A variable amount of light is split on polarising

beam splitters by adjusting a half-wave plate just before them. A small fraction of the light is

sent to fibre couplers that send the light to the PDH and scanning cavity locks using PM fibres

and to the wavemeter using a single mode fibre.6. The majority of the light passes through to a

double-pass AOM used for shuttering the lasers with extremely high extinction. A quarter-wave

plate ensures that the returning light is reflected and the two laser beams are combined on a

50:50 beam splitter and the two outputs are sent to PM fibres that pipe the light to the trap

breadboard.

6The use of the wavemeter is kindly provided by the Centre for Cold Matter. Motorised servo shutters are
used to select which beam frequency is shown on the wavemeter
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The radial coupling branch had a new AOM installed to help with readout fidelity. As

will be described further in section 5.5.2, the radial beam causes significant background scatter

meaning it has a worse signal to noise ratio than the axial beam. We therefore use a single-pass

AOM to dump approximately 70 − 80% of the radial power during readout. Alternatively, by

changing the RF amplitude to the AOM we can more easily tune the relative power of the

beams without recourse to imprecise neutral density filters, or deliberate misalignment. The

challenge of setting up this additional AOM was that the two laser beams were found to have

a slightly different spot size and divergence at this point and both were too large to effectively

diffract through the active region of the AOM. First, to even out the beam divergence we added

a f = +1000 mm lens before the 50:50 beam splitter for the path of ‘Blue 1’. Subsequently we

introduced two plano-convex lenses in a Keplerian telescope configuration to reduce the beam

size by 1.5× and achieved up to 80% diffraction efficiency. The beam output from the AOM

was, however, unsuitable for fibre coupling and hence a Gallilean beam expander was used to

return the beam to its original size.

The repump beams follow an almost identical setup up as the blue laser up to the point

where they are combined on a dichroic mirror, with the difference being that the 866 nm laser

has no AOM since it is always on during all experiments. After the beams are combined, they

are coupled into the fibre-EOM. A small portion of the output light is then picked off to a Fabry-

Perot cavity with a 7.5 GHz FSR that is used to monitor the combs of sidebands imprinted on

the lasers. The remainder of the light is divided using a half-wave plate and a PBS between

PM fibres corresponding to radial and axial beams on the trap breadboard.

The 729 nm laser optics on the main experiment were modified significantly from their

original configuration. The first major addition was a laser intensity stabilisation system, where

a part of the laser light that emerges from a PM fibre is converted to an electronic signal on

a photodiode which is then fed back through a PID lock circuit to the amplitude control of

the RF driver of a single-pass AOM. The laser intensity is stabilised by trading off the amount

of intensity retained in the 0-th order beam compared to all other diffracted intensity. The

electronics for the lock were built by Manoj Joshi, with my help during the prototyping stage,

and have a bandwidth up to ∼ 100 kHz. The intensity noise is stabilised to less than 1%.

The second major change was when we decided to change the spectroscopy AOM that is

used to shift the 729 frequency from a double-pass configuration to a single-pass configuration

midway through the PhD. This was necessary since we wanted to have the option of creating bi-

chromatic beams by feeding two RF frequencies into a single AOM. A double-pass configuration

would include higher order sum and difference terms between the two frequencies resulting in an

undesirable poly-chromatic beam. A disadvantage of this change was that it inevitably halved

the frequency scan range of the AOM and also introduced a coupling efficiency (and hence Rabi

frequency) dependence on the frequency. The large scan range was often necessary to find an

appropriate mode of the ULE cavity to lock the laser since the transverse cavity mode spacing

is 369 MHz. However, the Isle Optics 250 MHz AOM has a sufficient diffraction efficiency even

at 250± 80 MHz to allow us to to find a suitable mode. To minimise the beam pointing error

and ensure there is no skew in the excitation spectra, we always ensure that the fibre coupling

is maximum at the RF frequency corresponding to the ion’s carrier transition such that the

coupling efficiency/RF frequency curve is symmetric around it. At frequencies up to 2 MHz

either side, we observe a 1.3% difference in intensity. After the AOM, we rotate a mirror to
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determine whether we wish to couple all the power into the radial or axial beam PM fibre.

Figure 5.6: A diagram of the optics on the main experimental table. Some mirrors have been
removed to improve readability. The blue and red areas correspond to parts of
the setup that were added or modified for the 397 and the 729 lasers respectively.

5.4 Experimental Control

5.4.1 Experimental sequencing - FPGA

To run any kind of ion trapping spectroscopy experiment, it is paramount to have a precise

synchronisation between all instruments, as well as precise control over their state and to be
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able to run the same identical sequence repeatedly. To meet these criteria our experiment uses a

field programmable gate array (FPGA) to provide TTL outputs to the various subsystems such

as the RF switches which shutter/attenuate laser beams or switch between single frequency and

bi-chromatic operation. The FPGA has an internal memory that can store instructions about

the state of the TTL outputs at each ‘tick’. The tick is simply a time bin that is some chosen

integer multiple of the minimum 20 ns period of the internal 50 MHz clock. The size of the

memory limits the amount of tick information that can be stored and hence it can be beneficial

to increase the tick size if such a fine time resolution is not required. Originally, the experiment

was set up with 640 ns tick length, which we later reduced to 40 ns to give us the required

precision to resolve high frequency ion excitation oscillations up to 500 kHz.

The instructions are uploaded to the FPGA from a PC using a custom C# user interface and

backend. The software allows the user to specify the state of all TTL outputs for a given number

of tick segments. After a desired sequence segments is programmed, the user can program a

loop to repeat this sequence a set amount of times to accumulate statistics before requesting the

FPGA to send the acquired data back to the PC. The user can also programme nested loops

to allow for repeated sub-sequencing. If the length of a sequence needs to be different for each

data point, as is the case when acquiring Rabi oscillation spectra and in other experiments, the

software can automatically create the required instruction set given a tick step. The output

is usually saved as an intermediate .xml file so that the instructions are stored in a readable

format and the pulse sequence used for a particular experiment can always be retrieved in the

future. To send the instructions to the FPGA, the .xml file is converted to a hexadecimal file

and sent over a USB connection.

The PC and FPGA have other avenues of communication. The FPGA experimental sequence

is always initiated by a start signal from the computer and can also be paused in the outermost

loop or stopped from the PC. As alluded to above, data in the form of photon counts that are

collected from PMTs in a given time period is sent from the FPGA to the PC for immediate

post-processing, storage and visualisation. A logic signal is also sent to the FPGA from the 729

nm laser lock to indicate if the laser has become unlocked. This information is also stored and

transmitted along with the photon count data, ensuring that data acquired with an unlocked

laser is identified. The FPGA also takes an analogue trigger signal as an input. When this

input is grounded, the sequence is essentially free running and the timing between successive

loop repetitions is fixed by the loop length. Alternatively, one can use a comparator circuit and

trigger the start of each experimental loop from the AC mains to compensate for potential AC

induced magnetic noise. A final use of the trigger is to synchronise the loops to an external

clock, which is very useful for data acquisition with the EMCCD camera as will be described

in section 5.5.4.

5.4.2 The Control Software

The home built spectroscopy control software was originally designed with functionality that

was limited to pulse sequence design, sending commands to and retrieving data from the FPGA.

Since then it has grown through the efforts of successive PhD students to include a live visual-

isation window that plots spectra in real time, provides histograms of photon counts and can

display previously acquired data, control over various external frequency generators and a more

robust data structure allowing for more carefully tailored spectroscopic sequences. One of my
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major tasks during the PhD was writing a new control class of the software that would allow

live acquisition and processing of spectroscopic data from an Andor iXon-897 EMCCD camera.

Unlike the PMT counts which are sent as a simple series of voltage pulses corresponding to each

photon, the underlying data structure upon readout from a CCD pixel array is very different

and includes spatial information requiring a completely new data handling and processing code.

After completing this project, I had acquired a great degree of familiarity with most branches

of the codebase of the whole control system and thus for the subsequent years I was in charge

of maintaining the code, fixing bugs and adding improvements along the way. Before going into

detail about the design of the camera control code, I will list the highlights of the improvements

made to the general control code

• Minor data format restructuring to allow the option of skipping a scan over the carrier to

minimise acquisition time. This is useful for sideband cooled spectra where the regions of

interest are only on the first order red and blue sidebands.

• Fixed a broken part of the old code that wouldn’t allow the creation of xml pulse sequences

with variable tick lengths. Previously, these had to be created in a separate Python script

rather than within the general software.

• Cleaned up data access behaviour that caused crashes if the user tried to view a histogram

and the required data wasn’t available yet.

• Added capability to quantise each experimental run’s count period into small time bins

so that users can post process data using a Maximum Likelihood Estimation technique,

while still allowing for live visualisation.

• Visiting summer student John Peurifoy added a peak fitting method that allows for fast

identification of the width and position of spectral features.

5.4.3 Camera Control Class

The camera control class uses a DLL library with methods to control the various functions of

the EMCCD and provides a GUI that displays real time images from the camera both in free

running mode or during spectroscopy as seen in figure. I will now provide a summary of the

main features of the program.

• Display Features The display area in the centre panel can show the full 512×512 pixel

array in monochrome 8-bit resolution with auto-scaling contrast. The image can also be

cropped for faster readout by selecting the region coordinates in the Sub-image boxes on

the left of the window.

• Acquisition Settings A portion of the settings have already been optimised for typical

spectroscopy operation and are hard coded into the software. Remaining user options are:

� EM Gain – Allows the setting of the electron multiplying gain between values of

1-1000. For spectroscopy, this is generally set to 900-1000. Larger gain elevates the

signal above the noise floor.

� Cooler Temperature – The temperature set point of the Peltier cooler on the cam-

era can be set from 20 to -80 degrees Celsius. Lower values significantly reduce
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Figure 5.7: Camera software front-end.

dark counts in the pixels hence the lowest temperatures are preferred. Depending

on environment temperature, the Peltier might struggle to achieve the minimum

temperature, hence we tend to use -70 degrees.

� Exposure Time – Sets the exposure time for all acquisition types in seconds.

� Trigger – Change between software(internal) or external triggering. Depending on

the acquisition mode, the first option is either a trigger sent digitally from the control

software to the camera, or a command to start the internal trigger of the camera.

The external option requires a TTL pulse to the camera to initiate image acquisition.

� Count Type – This option selects whether to output the data as raw counts (total

number of electrons after amplification) or whether to use the internal manufacturer

calibration of the various gain stages and bias offsets to convert to true initial elec-

trons created in the CCD. A further conversion using the quantum efficiency of the

CCD at 397 nm then gives the number of photons. The photon mode is used for

spectrum acquisition.

• Acquisition Modes

� Single – Acquires a single image. This mode can be used to find the ROIs around

each ion. Can use either software or external trigger.

� Continuous – Allows for continuous display of images on the camera. This uses the

camera’s run till abort method and can be stopped by the user at any time. The

total counts in the pixel ROIs are continuously displayed in the message box. After

the acquisition is aborted, the count information in each ROI for all exposures can

be saved using the ‘Save Data’ button. An external or internal trigger can be used.
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� Spectrum – A repeated series of exposures with a fixed cycle time using the kinetic

series method of the camera. This option is not user selectable and instead the

software defaults to this setting when the camera spectrum option is enabled in the

main control window. The count data from the ROIs is directly communicated to the

main experimental software for live display in the spectrum viewer and for storage

in our standardised data format. This mode always defaults to internal trigger.

• Spectrum Acquisition Settings

� Kinetic Cycle Time – This is the total time in milliseconds from start of an exposure

to the beginning of the next exposure, including readout. The user must make sure

that this is long enough to read out the image sensor. If the kinetic cycle time setting

is too small, the software defaults to the lowest permitted value by the hardware.

The most common cause of this problem is that the selected sub-image size is too

big.

� Kinetic Cycle Increment – When running a spectrum that has variable length pulses,

such as a Rabi oscillation, the kinetic cycle length must be incremented by the same

amount as the increase in pulse length per data point so that the exposure doesn’t

begin too early. This box allows setting an increment to the kinetic cycle time in

milliseconds.

� Number of Loops – The camera needs to know how many acquisitions there are in a

kinetic series corresponding to one data point. This should be set to two7 times the

number of repeats per data point since an exposure is required for both the Doppler

cooling and final counting period to conform to our data structure. This value is set

automatically at the start of each spectrum from the user input selecting the number

of repeats in the main controller pop-up window.

• Region of Interest (ROI) selection

To obtain useful data for spectroscopic purposes, we wish to store the total counts in a

pixel region surrounding each individual ion (or in some cases some part of a planar ion

crystal). The software provides two methods for this purpose.

� Manual ROI setting – In the ‘Fluorescence Box’ panel the horizontal and vertical

position can be used to define a rectangular region that is added by pressing the add

ROI button. Any number of regions can be added this way. These ROIs are used

when the camera is operated in continuous acquisition mode.

� Automatic ROI setting – The software has a built in ion finding algorithm that re-

quires the user to specify only the number of ions and the desired size of the ROI.

These regions are always square and hence are only defined by one dimension in

the ‘Size of Ion Box’ box. Any time the single acquisition mode is run, the algo-

rithm finds the brightest box around each ion, displaying its coordinates and storing

them in memory, ready to used in a spectrum acquisition. We typically perform

this calibration on a single long exposure of a few seconds before the start of data

acquisition.

7When running interleaved spectra (i.e. multiple cool/count segments in a loop), this becomes 2× the number
of interleaves.
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Figure 5.8: Schematic of the synchronisation of the FPGA experiment states and the cam-
era state for two typical sequence types: sideband cooled spectrum (above) and
Doppler cooled spectrum (below)

One of the major issues when designing the camera control was the fact that we did not

want to use a TTL trigger from the FPGA at the designated count time to initiate a fixed

length exposure as this was shown to lead to increased noise (section 5.5.4) compared to when

the same exposures were triggered with the internal camera clock. Instead, we used the internal

clock of the camera to trigger the start of an FPGA loop. This was accomplished by sending

a TTL signal from the ‘FIRE’ output of the camera to the FPGA trigger input at the start of

every exposure. The complication arises from the fact that we always wish to expose twice per

FPGA loop, once for diagnostic Doppler cooling and once for the actual electron shelving data

readout. Given that the camera has a particular readout time, the second exposure must not

occur before this readout is completed. This means that the FPGA loops have to be designed so

that the separation between the two exposures is longer than the readout time and that there is

no dead time in the loop itself once the experiment has started. Typically this is not a problem

in any experiment that involves sideband cooling since the readout time required is on the time

scale of 2-3 ms and sideband cooling is always longer and we simply match the kinetic cycle

time of the camera to synchronise the initial and final exposures. For all other scenarios, we

simply extend the Doppler cooling time by 4 ms and adjust the kinetic cycle time accordingly.

An example of the synchronisation for these two experimental sequences is shown in figure 5.8.

One downside of this scheme is that there is a relatively long dead time after the count period

equal to the kinetic cycle minus the exposure that isn’t present when running with PMTs. For

long sideband cooling times and long experimental sequences in general, the total time necessary
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to collect a spectrum is almost doubled. A further quirk of the current implementation is that

the kinetic cycle time and exposure need to be entered manually by the user based on what

spectrum is to be run since the information in the .hex filed that stores the FPGA instructions

is never actually unpacked in the PC once it has been compiled. Hence the user must be

vigilant to carefully compute the required cycle time, especially when the sequence to be run

is complicated with smaller internal loops. One suggestion to fix this issue would be to always

initiate a stored spectrum from its associated xml file, from which the required data can be

scraped and the hex file recompiled at run time. This would add a minute or two at most (for

long sequences), but potentially save a lot of time redoing whole experimental sets if subtle

timing errors are present.

5.4.4 RF frequency synthesis

The AOM on the 729 nm spectroscopy laser requires very precise frequency synthesis to perform

spectroscopy and coherently drive the ions. We use an Analog Devices AD9910 direct digital

synthesis (DDS) chip on an evaluation board interfaced with an Arduino micro controller and

the FPGA to generate fast switching of frequencies with 1 Hz precision. The DDS board can

store up to 8 profiles with different frequency, amplitude and phase information that can rapidly

be switched using TTL signals from the FPGA to three logic pins on the board. These profiles

allow us to rapidly alternate between frequencies to do complex pulse sequences such as those

employed in multi-stage sideband cooling. To update the profiles, the PC control software first

sends the required commands to the Arduino, which then writes to the internal DDS memory.

We also sometimes need to send two frequencies into the AOM to create a bichromatic beam.

We do this by combining a second RF frequency from a HP8643A function generator with the

DDS output on a resistive summer. The function generator is phase locked to the DDS using

a 10 MHz clock signal, but is otherwise free running and not connected to the experimental

control software. Thus before each experiment where we wish to use the bichromatic beam, we

have to manually set the required frequency and amplitude to the desired values. The generator

is then left on, and the signal is passed through an RF switch triggered by a TTL pulse from the

FPGA. This system is somewhat impractical and a modest investment into either a dual channel

FPGA, an arbitrary waveform generator or even two paired FPGAs would greatly simplify the

experimental process.

5.5 Ion Fluorescence Detection

To read out the state of the qubit formed by the S1/2,−1/2 and D5/2,−3/2 states, we apply near

resonant light on the S1/2 → P1/2 transition and collect fluorescence conditional to the ion

being in the ‘bright’ S1/2,−1/2 state either using two PMTs or an EMCCD . If the ion was in the

‘dark’ D5/2,−3/2 state ideally we should see very little fluorescence beyond that of background

laser scatter or other noise. The challenge is to effectively discriminate between the fluorescence

signals of the bright and dark distribution in the presence of additional magnetically induced

j-mixing decay from D5/2,−3/2 (section 3.2.2).
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5.5.1 Geometrical Efficiency

Light from the trap is collected in a relatively small solid angle of 0.22 steradians, limited by

the size of the two apertures in the ring electrodes. This gives an ideal maximum collection

efficiency of 1.75%. A pair of best form lenses with f = 20 mm are placed one focal length

away within the vacuum system to collect the light, which is then reflected off 45 degree angled

mirrors downwards, parallel to the bore of the magnet. One beam path then uses an achromatic

doublet and an aspheric lens to focus the light into a fixed 200 µm multimode fibre. The other

beam path uses a pair of singlet lenses to create a new focused image magnified by a factor

of 3 directly beneath a screw-threaded aperture on the breadboard. At this point, we can

choose to connect either a second 200 µm multimode fibre or a mirror on a rotating elbow

mount to send the light to an optical relay and then onto the EMCCD camera. This relay is

necessary to protect the camera from the fringe field of the superconducting magnet. The relay

system was designed by Jieyi Liu for his Masters thesis with my assistance and consists of a

pair of achromatic doublets with f = 150, 500 mm separated by 350 mm to create a very sharp

focus with minimal aberrations and an additional 3.3x magnification 1076 mm away from the

intermediate focus below the breadboard. This design was optimised in a ray tracing software

to ensure excellent imaging resolution at a few micrometer level. The EMCCD camera was

initially mounted on a micrometer translation stage to carefully fine tune its position and find

the optimum focus, before being permanently fixed into place by attaching it to a pair of posts.

This allows us to image the fluorescence of a single ion with a spot diameter of less than 5µm,

which is much smaller than the typical inter-ion separation for axial ion chains.

Considering all the losses at each optical element including additional bandpass filters at

397 nm and fibre coupling using the PMTs, the total detection efficiency drops to 0.2%. When

using the camera, the efficiency is slightly lower at 0.15% since only half the light is imaged,

offset by the lack of fibre coupling.

5.5.2 PMT detection of a single ion

The two PMTs used in the experiment are Thorn-EMI 9893-QB models with quantum efficiency

of 20% at 397 nm, resulting in a final collection efficiency of 0.04%. When working with typical

laser parameters for Doppler cooling (i.e. detuning of Γ/2 and saturation of 0.1−0.2) we expect

to have a photon count rate of ∼ 1500 − 2000 photons per second. Thus we would expect to

be able to accumulate enough statistics to distinguish a fluorescing ion from background in 10s

of ms. However we have to be aware of limit on the collection time placed by j-mixing decays,

which are a consequence of the large magnetic field as discussed in section 3.2.2. We can use

the j-mixing rate from equation 3.6 to estimate the mean lifetime of the ion remaining in the

bright fluorescence cycle before decaying to the D5/2 which would potentially present itself as

a false positive. Assuming a saturation parameter of 0.3, the time constant of the exponential

distribution is τj = 70 ms. In 10 ms this corresponds to the ion decaying 13% of the time.

To fully quantify the error in our detection, we need to look at how the j-mixing manifests

itself in our detection scheme. The laser scattering and detection on the PMTs can be modelled

as a series of random, independent events that follows a Poissonian probability distribution of
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n photons being detected in a time interval tD with a mean photon number λ:

P (n) =
e−λλn

n!
(5.1)

When the ion is prepared in the dark D5/2 state, the distribution mean λ = RdtD will consist of

counts due to background Rd, which in our experiment are mostly from laser scatter of the radial

397 nm beam from the trap electrodes or vacuum system windows with a small contribution

due to ambient light leakage and PMT dark counts. When the ion is prepared in the bright S1/2

state, the detected fluorescence count rate Rb is added to the background rate so that the mean

is now λ = (Rd + Rb)td. In the absence of j-mixing, the total P (n) distribution would just be

the sum of these two Poissonians. If we simply increase td so that there is no overlap between

these two distributions and then set a threshold value for n to discriminate between the two

states the detection fidelity approaches unity. To account for j-mixing we have to consider what

happens when an initially bright ion becomes dark during the detection period. The modified

bright distribution takes the form:

P (n) = e−tD/τj
e(Rd+Rb)tD((Rd +Rb)tD)n

n!
+

1

Rbτj

∫ (Rd+Rb)tD

RdtD

e−(λ−RdtD)/(Rbτ) e
−λλn

n!
dλ (5.2)

where the first term is the distribution in the absence of decay weighted by the probability that

the ion will not decay and the second term is the distribution after decay integrated over all the

possible means based on when the decay occurred. We can see the effect of this j-mixing on

real counts in figure 5.9 where the data is taken from a Rabi oscillation experiment where the

ion spends, on average, roughly equal amounts of time in the dark and bright state. The figure

shows two peaks that look very similar in shape to standard Poissonians, but there is a clear

plateau in between the peaks that is a result of the j-mixing. The figure also shows that a fit

to the above equation 5.2 follows the distribution more accurately, especially in the j-mixing

region. If the j-mixing was absent, then the double Poissonian fit would clearly suggest placing

the threshold at n = 10 to maximise the state discrimination fidelity. However, if we calculate

the dark and bright errors εd, εb, defined as the ratio of their respective distribution areas below

and above threshold to their total area we obtain εd = 0.01% and εb = 9.6% suggesting a

significant fraction of bright counts have been incorrectly identified as dark. By minimising

the total error, we find the optimal threshold position to be n = 7, yielding εd = 0.7% and

εb = 6.2%.

We usually have to adjust the threshold based on the experimental conditions. One im-

portant case to highlight was the refocussing of the radial beam as detailed in section 5.2.2,

which increased our background scatter rate Rd. A fit to a count histogram in 5.10a reveals

errors of εd = 3.5% and εb = 7.4%, marking a roughly 40% increase in error over the original

beam focus. To alleviate this problem, we implemented a technique to attenuate the intensity

of the radial 397 nm beam by ≈ 80% during the count period since it contributes almost all

of the background scatter to Rd, but also contributes only 20-30% to the fluorescence rate Rb

due to being offset from the trap centre. Using the same exact experimental conditions as in

5.10a, we were able to reduce the errors to εd = 2% and εb = 4.8% in 5.10b, thus reducing the

total error by almost 40%. To achieve any further improvement would require either to increase

the collection efficiency, reduce background or to use detectors with higher quantum efficiency.
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Figure 5.9: Histogram of photon counts in many 8 ms count periods where the ion was pre-
pared in the dark and bright states a roughly equal number of times. The peak
between 2 and 3 photons corresponds to mostly counts from the ion in the dark
D5/2 state whereas the peak at 24 corresponds to counts from the bright S1/2

state. A fit assuming the peaks were purely Poissonian is shown along with the
associated threshold that would minimise discrimination error. If the full j-mixing
expression from 5.2 is used to replace the bright distribution, a better fit to the
central plateau region is obtained and the new estimated threshold is lower. The
two constituent distributions of the j-mixing fit are also shown.

The first two options are not very practical given the very restrictive optical access conditions

imposed by the trap structure and the strict requirements of the beam focus on cooling perfor-

mance. Improving the quantum efficiency by more than a factor of two could easily be achieved

by investing in a new generation of PMTs that boasts quantum efficiencies above 40% at 397

nm[147]. This would allow us to count for a shorter period of time and mitigate the impacts of

j-mixing error.

A further option would be to move to techniques such as maximum likelihood estimation.

This involves splitting the counting time period into smaller time bins and using the temporal

information to better determine if one particular experimental trial resulted from a bright or a

dark distribution. This would remove the need for setting a threshold, but slightly increase the

acquisition and post-processing complexity and while we have used this technique in a few trial

spectra, we did not implement it for the data collection protocols described in this thesis.

5.5.3 PMT detection of multiple ions

So far we have shown that for a single ion, the PMT can provide total errors as low as 6%,

but as the number of ions increases this will quickly grow with each additional ion. The count

histograms will have an additional bright distribution corresponding to each further ion, but
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Figure 5.10: Histograms of photon counts in many 10 ms count periods where the ion was
prepared in the dark and bright states a roughly equal number of times. Figure
(a) shows the distribution in absence of the radial beam attenuating AOM while
(b) has the AOM attenuating the radial beam by up to 80% of its intensity.
The result is that the shaded area corresponding to the discrimination error is
clearly smaller in (b) compared to (a). The total discrimination error is reduced
by 40%.

since the separation between the means remains constant8 while the width of each distribution

grows as the root of the mean, the overlaps between these distributions will get progressively

larger. We can look at the case of a two ion photon count distribution in figure 5.11 and see

that now there are three peaks, the first corresponding to both ions dark, then one ion bright

and finally both fluorescing. If we were to threshold as before on the lowest peak, the total error

at optimal threshold position of 5.5% remains consistent with the single ion case, since there

is no additional source of Rd counts, however the total error in distinguishing at least one ion

fluorescing from both fluorescing is already 15% and will continue to get worse with additional

ions. Hence for multiple ions, it makes sense to always threshold on the dark distribution for

spectra that require minimal error, such as Rabi oscillations, where we expect high excitation

probabilities. On the other hand, for spectra where we look for small peaks corresponding to

weak transitions, the N -tuple excitation might suppress them excessively since the excitation

probability p will scale as pN .9 In this case, it can be worth compromising the fidelity of the

relative height of the prominent peaks in order to be able to distinguish these weaker features

from the background. For larger crystals N ≥ 4, the N -tuple excitations become very weak and

the photon count histograms looks almost completely flat hence setting a threshold becomes

problematic. In this case we opt to show the total counts accumulated over all the experimental

trials, akin to datasets obtained from absorption spectroscopy, rather than threshold between

distributions. In the relevant experimental results section, we will always list the type of state

discrimination used in each spectrum.

5.5.4 Spectroscopic EMCCD detection of ions

The benefits of using an EMCCD compared to PMTs are twofold. Firstly, the spatial resolution

of the camera allows us to distinguish ions that are in axial chains, mapping fluorescence from

8This ignores such effects as unequal illumination of some ions, which will become an issue for certain ion
crystal configurations

9This is only strictly true on carrier transitions. In general, any transition that changes the motional state of
any of the crystal modes will create small levels entanglement altering the excitation probability. See section 7.1
for treatment of the two ion case.
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Figure 5.11: Histogram of photon counts in many 12 ms count periods for a two ion Rabi
oscillation experiment. The full j-mixing fit is broken down into the two distri-
butions constituting one ion fluorescing and both ions fluorescing. Their mutual
overlap area corresponding to the error is highlighted as well as the optimal
threshold to distinguish between them is shown.

each ion to its own individual excitation spectrum. This allows us to pick up on effects such as

different Rabi frequencies10 and hence excitation strength between the two ions. This greatly

increases the readout fidelity for coherent operations, where the fact that the two ion excitations

always get averaged in the PMT data can smear out many important features. For example, a

two ion Ramsey spectroscopy experiment that involves a frequency splitting between fringes of

1.5 kHz, same as the difference in Zeeman shifts between the two ions, would lose all contrast

on the PMT as the ions’ fringes would be out of phase with each other. Secondly, the readout

fidelity for axial chains is naturally improved by avoiding the overlap of distributions as seen in

the previous section. Furthermore, the spatial resolution also greatly reduces the contribution

of the background laser scatter to Rd as the ion signal is generally focused to a few pixels,

whereas the scatter is distributed over a large area. This will have to be contrasted with the

downside of having only half the geometric collection efficiency compared to two PMTs.

The EMCCD used in the experiment is an Andor iXon 897 Ultra with a nominal quantum

efficiency at 397 nm at ≈ 50%, which would offset the halving of the geometric collection

efficiency. Unlike the PMT, the camera has different sources of noise that need to be considered.

To discuss them we will first outline how an EMCCD functions. First, light is collected on a

standard CCD array. After collecting the signal for some time, the accumulated charge in each

pixel is shifted to a backplane CCD in a process called ‘frame transfer’ effectively ending the

exposure. The readout then proceeds by shifting each row of pixels vertically down into a serial

register, which then moves each pixel horizontally through the electron multiplying gain stage,

10Mostly due to the ions experiencing slightly different magnetic fields, leading to different Zeeman shifts on
the spectroscopy transition
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where the signal is greatly amplified above noise and ultimately converted to a count on an

analogue to digital converter. The pixels are shifted by applying a potential difference between

the register, or across the CCD plane. These shifts are precisely controlled by a ‘clock’ voltage

that is different and independent for the horizontal and vertical shifts.

The speed (frequency) of these clocks and their amplitude (voltage) affect the rate at which

spurious charges are created during the shifts. The manufacturers call this ‘Clock-induced

charge’ (CIC). Since this noise depends on a fixed number of readout steps, it is independent

of exposure time and is defined per pixel. In principle, pixels at the bottom of the camera

should have slightly lower CIC since they need fewer steps to reach the gain stage though we

observe most of the noise to originate from the serial register. This type of noise is inevitable

and can be minimised by optimising the parameters. In general, increasing the readout speed

and decreasing the clock voltage lowers noise. However, at fast readout speeds, some of the

charge gets left behind on the sensor recording a smeared or almost completely empty image,

requiring larger amplitudes. We have taken care to minimise the error by trialling all different

parameters and observing the effects on the noise. This noise is non-Poissonian in nature. 11

A second consequence of this readout mechanism has implications on the triggering method

used in the experiment. While the camera has a mechanical shutter, it is too slow to operate

at the required rate, hence the front CCD sensor is constantly exposed to light. This means

that before an exposure period starts, all the accumulated charge has to first be cleared from

the sensor by what the manufacturers term a ‘keep-clean cycle’. In principle, when the camera

receives an external trigger, it should perform a full keep clean cycle before initiating exposure,

however, despite this claim we notice a higher background noise than when using the internal

trigger with its own keep clean cycle. This has been observed by another research group as

well with the same camera model [148]. Comparing many acquisitions of background signal,

the internal clock erroneous photon per pixel rate is found to be 0.04, whereas for the external

triggering it is 2.5 times larger. It is for this reason that we adopted the internal camera

triggering in all our experimental data acquisition.

The final effect to consider is the electron multiplication gain stage. Since this is a stochastic

process, there is a further non-Poissonian broadening of the count standard deviation by a factor

of
√

2. [149] The effect of this broadening is that for the same mean photon count of the bright

and dark distributions, the error rate is greater than in a PMT. Figure 5.12 shows a camera

count histogram with a 12 ms collection time of a 5x5 pixel region around a single ion with a

double Poissonian model overlaid. The data is in clear excess of the curve for both distributions

due to the non-Poissonian broadening. The pixel region size was also optimised in a series of

experiments comparing the overlap of the bright (with 854 repump on) and dark distribution

starting from a 3x3 up to a 10x10 region. The minimum total overlap error was found to be

1.7%. Once j-mixing is included, as in figure 5.12, the error rises to 5% which is similar to the

case of two PMTs. This is consistent with the fact that the bright rate is slightly higher due to a

higher quantum efficiency despite imaging only half the light of the PMTs and the distribution

is broadened. For detection of a single ion, the EMCCD camera performs roughly equivalent

to two PMTs when it comes to discrimination fidelity, but has the downside of having longer

readout time, which can lead to significant experimental dead time due to the pulse sequencing

required for synchronisation to the internal camera clock (see section 5.4.3). This dead time

11The parameters used are: Horizontal Clock – 17 MHz, Vertical shift speed – 3.3 µs, Vertical amplitude – +2
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Figure 5.12: Histogram of photon counts in many 12 ms time periods from a 5x5 pixel region-
of-interest centred on a single ion of a two ion axial crystal during a Rabi oscilla-
tion experiment. The blue overlaid curve is a fit to the data assuming only two
Poissonian distributions, highlighting the additional broadening of the counts by
EMCCD specific noise processes.

prolongs the length of time required to keep all other experimental systems such as lasers stable

over the course of whole spectrum and hence we use PMTs only for single ion spectra.

For axial ion crystals, the camera is the preferred choice due to both an improved detection

fidelity that is independent of the number of ions and individual ion readout. For planar crystals,

however, the benefits of the spatial resolution are often lost due to the ions constantly rotating

around the magnetic field axis which is being imaged side-on with exposure times much longer

than the rotation period of the crystal. There are sometimes exceptions where we want to only

look at fluorescence from a particular region of an ion crystal, for example the central ion in

an N = 6 crystal that sits at the trap centre and is orbited by a pentagon of ions. Since the

coherent manipulation laser beam will have a different intensity on the central ion compared

to the outer ones, we should be able to distinguish different excitation spectra between these

regions using the EMCCD (see figure 7.13).



CHAPTER 6

COOLING AND COHERENT STUDIES ON THE

AXIAL MODE OF A SINGLE ION

In this chapter we will present results that build on the first ever demonstration of ground

state sideband cooling of the axial motion of a single ion in a Penning trap [50]. In terms

of cooling we will demonstrate in detail the applications of higher order sidebands to prevent

population trapping at low axial frequencies, outside the Lamb-Dicke regime. Then we will show

an alternative method using adiabatic trapping potential relaxation to take an ion that was

ground state cooled at high axial frequency down to very low trapping frequencies without any

heating. Using the ground state cooled ion we then show the results of Rabi and Ramsey type

experiments that help us constrain the different coherence times of the system. We determine

the optical coherence time of the qubit and then show how we can use a dynamical decoupling

sequence of additional laser pulses to effectively extend it. We also measure the motional

coherence times of various motional Fock state superpositions and compare the results to the

trap heating rates. Finally, we demonstrate the use of a bichromatic laser beam in preparing

non-classical states of motion.

6.1 Sideband cooling – Outside the Lamb-Dicke regime

6.1.1 Spectroscopy techniques – Doppler cooling

We begin this discussion by describing how we perform Doppler cooled spectroscopy on the

S1/2 ↔ D5/2 transition. This type of experiment is the most basic diagnostic that we can

perform to help us correctly set the laser frequencies and intensities to achieve the lowest

temperature and hence we run these types of spectra daily. A typical experimental sequence

of this type is shown in figure 6.1. First, we begin with a cooling pulse where both 397 lasers

and the repump lasers are on for a period of 8-12 ms. The cooling length is set to match the

readout length for easier diagnostics of potential erroneous data points. During this time the

ion should be fluorescing throughout, but if it goes dark for whatever reason, such as collision

with a background gas pushing it out of the laser beam or if one of the lasers becomes unlocked,

we reject this experimental trial if fewer photons than a set threshold value are detected. In the

next step, we prepare the ion in the S1/2,−1/2 Zeeman sublevel by turning off the σ+ 397 nm laser

for 100–200 µs. This allows us to initialise the ion in the qubit ground state with almost perfect

fidelity. At this point, we turn off the 397 nm lasers as well as the 854 nm repump and tune

the 729 nm laser to near resonance with the S1/2,−1/2 ↔ D5/2,−3/2 transition for some desired

length of time to excite the ion with particular probability given by the detuning, pulse length

101
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and Rabi frequency. Finally, we turn the 397 nm lasers back on and record the fluorescence

effectively performing a projective measurement on the qubit. This sequence is then repeated

between 100-400 times to build up sufficient statistics to measure the excitation probability to

a given degree of accuracy. The spectrum data collection then proceeds by incrementing the

frequency of the 729 nm probe laser and repeating the sequence.

Figure 6.1: Pulse scheme representing a typical Doppler cooling spectroscopy sequence. Probe
times depend on the 729 laser intensity.

After Doppler cooling, the ion is in a thermal state given by the Boltzmann distribution

with a mean phonon number n̄. Throughout one set of repeated measurements we thus probe

the ion at various different n states. The excitation probability around a particular k-th order

sideband is then given by a sum over all the possible excitation profiles (eq. 4.16) that depend

on Rabi frequency Ωn,n+k (eq. 4.27) weighted by the probability of being in the n state (eq.

4.28):

|ce(t,∆)|2 =

∞∑
n=0

n̄n

(n̄+ 1)n+1

Ω2
n,n+k

Ω2
n,n+k + ∆2

sin2


√

Ω2
n,n+k + ∆2

2
t

 (6.1)

In the limit of resolved sidebands, the full spectrum can thus be approximated as an incoherent

sum of the excitation probability around each sideband. Using this model we can fit any Doppler

cooled spectrum keeping the n̄ and Ω0 parameters free, provided we choose a sensible cut-off

for n in the summation. In the interest of preserving computational ease, we usually truncate

at n = 400, which even for n̄ = 75 accounts for 99.95% of the population. Using this model

we fit two spectra in figure 6.2 to experimental data at axial trap frequencies of νz = 418 kHz

and νz = 187 kHz. The spectra were recorded under similar experimental conditions where the

detuning of both Doppler cooling lasers was maintained roughly ≈ 10 MHz below resonance.

The radial to axial beam power was kept at an approximate 3/2 ratio, with the axial powers

reduced to ≈ 2 µW per beam to prevent any recoil heating from the beams being abruptly

turned off. Axialization was kept on during both spectra at 400 mV to keep the radial motion

cool. Qualitatively we see that the spectrum (b) has more sidebands within a Gaussian shaped
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envelope of the peak heights, yet they still remain well resolved. The fits tell us that both

spectra are consistent with their Doppler limited n̄ for a 3/2 radial to axial ratio1 in scattering

rate and hence their temperature must be the same (≈ 420 mK), which is also evident when

comparing the width of the peak height envelope.
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(a) νz = 418 kHz
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(b) νz = 187 kHz

Figure 6.2: Spectra of a single ion after 10 ms of Doppler cooling. The average occupation
obtained from the fits is n̄ = 23(1) and n̄ = 54(2) for (a) and (b) respectively con-
sistent with the Doppler limits of 23 and 52 respectively at γz/γr = 1.5 scattering
rate ratio.

6.1.2 Sideband cooling

The general scheme of performing sideband cooling (fig. 6.3) begins with a Doppler cooling

segment and then adds a time interval of 10–80 ms of the 729 laser targeted at one red sideband

(or many in turn) and uses the 854 repump beam to quench the excited D5/2 state to broaden

the transition and accelerate the cooling. The 397 σ− beam and the 866 beam are kept on to

close the cooling cycle. The spectrum concludes with the usual segments of state preparation,

probing and detection. The presence of the 854 beam creates an appreciable Stark shift of

10 − 30 kHz that needs to be experimentally measured as the 854 beam frequency and power

drift. We periodically perform measurements where we set our probe frequency to the un-Stark

shifted first red sideband and then scan the 729 cooling pulse around this frequency and look for

a drop in excitation corresponding to cooling. The frequency difference between the excitation

minimum and the unshifted peak defines that Stark shift that is added to all the cooling profiles

including those for higher order sidebands.

Having prepared the ion at or near the Doppler limit, the additional sideband cooling pulses

required to bring the ion to the ground state depend on how much of the thermal state n lies

above the first or even second order red sideband coupling strength minima as seen in figure

4.12. To remind ourselves of the severity of the problem, figure 6.4 shows a plot of the fraction

of population at the Doppler limit that lies above the coupling minima of the first two sidebands

as a function of νz. We can divide this plot into three regions:

• νz & 300 kHz

In this region the population above the minima of both sidebands is below the discrimi-

nation error of our apparatus. The error very quickly dips below one percent for the 1st

1Since the radial beam is offset from the trap slightly, the ratio should in reality be a bit lower, and consequently
the Doppler limit too. Though we can’t exactly measure the ratio, this difference would at most lower the limit
by a few phonons and thus the slight increase above the limit is not a significant concern.
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Figure 6.3: Sideband cooling pulse scheme showing the laser states at each step. The length
of the cooling stage depends on the complexity of the underlying cooling sequence.

red sideband, hence using it should suffice to get the ion into the ground state.

• 300 & νz & 80 kHz

This intermediate region has appreciable population above the minima of both sidebands

that leads to non-thermal phonon distributions where a part of the population is cooled

to the ground state and a part remains trapped around the coupling minima when cooled

only on one sideband. The use of combinations of sidebands in sequence is required to

achieve ground state cooling.

• νz . 80 kHz

In this region, cooling on one sideband would not bring more than 20 % of the population

to the ground state and instead there would also be population accumulation in various

trapping minima beyond the first. The Doppler limit becomes large, the minima get very

close to each other and even with interleaving many higher order sidebands ground state

cooling becomes impractical.

For now, we will focus on the first two regions and return to the third when we discuss

adiabatic cooling. To illustrate the effectiveness of single stage sideband cooling in the first

high frequency region, we show a spectrum after 10 ms of cooling on the first red sideband in

figure 6.5. From the fit we determine n̄ = 0.01(1), which is consistent with the ion being 99%

of the time in the ground state. In contrast, when sideband cooling is performed for 25 ms at

187 kHz, the picture is quite different as seen in figure 6.6; the first BSB amplitude is reduced

to 0.8 and higher order sidebands have appreciable population. To fit this data, the population

that is trapped around the first RSB coupling minimum at n0 = 72 is modelled as a Gaussian

distribution centred around n0 with a standard deviation σn as a free parameter weighted by

a factor q whereas the population near the ground state is modelled by a thermal distribution
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Figure 6.4: Plot showing fraction of population at the Doppler limit that lies above the lowest
coupling minima of the first two red sidebands as a function of the trapping
frequency.
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Figure 6.5: Spectrum after 10 ms of single stage sideband cooling for a single ion at 418
kHz trapping frequency. (a) First red sideband. (b) First blue sideband. The
final ground state occupation n̄ = 0.01(1) is given by the fit (R2 = 0.98). All
higher order sidebands are consistent with background. Probe time of 170 µs and
Ω0/2π= 11 kHz.

weighted by (1− q). Thus the Boltzmann prefactor in equation 6.1 is replaced with a piecewise
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function:

p(n) =


q × n̄n

(n̄+1)n+1 n < n0 − 3σn

(1− q)× 1√
2πσn

e−(n−n0)2/2σ2
n n0 − 3σn ≤ n ≤ n0 + 3σn

0 n0 + 3σn < n

(6.2)

The result of the combined fit tells us that q = 0.19(1) hence only 81% of the population

approaches the ground state, with the rest distributed around n0 = 72. For the population near

the ground state, n̄ = 0.12(2).
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Figure 6.6: Spectrum after 25 ms of single stage sideband cooling for a single ion at 178 kHz
trapping frequency. 17% of the population stuck near minimum of first RSB with
σn = 3. Remaining ground state occupation n̄ = 0.12(2). Pulse area equivalent
to π pulse on ground state BSB

In this case, the pulse length was set to maximise the first BSB amplitude, so if one were to

just scan first order sidebands, it might not be immediately obvious whether the spectrum looks

like that of an imperfectly ground state cooled ion or one with significant population trapping.

To make this more obvious, the pulse length was reduced, which should reduce the heights of

all the sidebands if the ion was near the ground state. Instead, the higher order sidebands grow

as seen in figure 6.7.

It is hence clear that at this frequency single stage cooling is inadequate and will become

even less effective at lower frequencies. To overcome this population trapping, a composite pulse

sequence that targets different order red sidebands in turn was used. We based our approach on

Monte Carlo simulations (paper in preparation) guided by empirical trials. The final sequence

we used splits the total 25 ms cool time into 5 ms segments targeting the 2nd-3rd-2nd-3rd-1st

sidebands. The advantage in starting from higher order sidebands is that their couplings are

strong at high n and since they remove 2 or 3 phonons per pulse they initially cool quicker.

Any population that gets stuck in any higher order minimum is also effectively cleared. The

last pulse on the first sideband is needed to reach the ground state limit from a point where

the population is comfortably below the first zero. Using the same fitting model as before

with σn = 3, only 2.5(1.5)% of the population remains in the trapped region near the n0 = 72
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Figure 6.7: Spectrum after 25 ms of single stage sideband cooling for a single ion at 178 kHz
trapping frequency. 17% of the population stuck near minimum of first RSB with
σn = 3. Remaining ground state occupation n̄ = 0.08(2). Pulse width on the
sidebands equivalent to 0.56π pulse on ground state BSB; carrier same as in 6.6

minimum with the rest at n̄ = 0.019(10) (Fig 6.8). If we restrict the model to ignore the

population trapping and just use a thermal state near n = 0 we find that n̄ = 0.021(10), which

differs less than the parameter error from the previous model . The adjusted R2 of the two fits

matches to within 99.94% and thus given the data it is impossible to distinguish between the

models with any significant degree of confidence. It is reasonable to assume that the 2.5(1.5)%

value gives a conservative upper bound on the remaining trapped population. Figure 6.8 also

shows a small second order blue sidedband, highlighting the fact that we are working on cooling

outside the Lamb-Dicke regime. Using these interleaved higher order cooling sequences makes

this intermediate trapping frequency range amenable to direct ground state cooling. Reaching

even lower frequencies without population trapping becomes ever more difficult as the minima

get closer, the Doppler limit n̄ increases and off resonant excitation of carrier transitions becomes

more prominent. Attaining ground state cooling for the lowest frequencies becomes only possible

using the adiabatic cooling technique described in the next section.

6.1.3 Adiabatic Cooling

Adiabatic cooling of classical systems such as adiabatic expansion of gases is a very common

and established concept that can be extended to the quantum domain. The implementation

in a Penning trap was first discussed in the context of cooling thousands of ions, [150] where

the authors treated the ion cloud as a classical gas. To further reduce the temperature of a

low temperature (few kelvin), high density plasma of weakly correlated particles required a

reduction of both the trapping potential and magnetic field. Later on, adiabatic cooling of one

motional mode of a single ion was demonstrated in an RF trap [151]. The authors performed a

simple procedure of reducing the trapping potential along the weak trapping axis of a linear RF

trap on a timescale much longer than the inverse of the final trapping frequency. Since the axial
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Figure 6.8: Spectrum after 25 ms of multi stage sideband cooling for a single ion at 178 kHz
trapping frequency. The cooling sequence consists of 5 ms pulses at the 2-3-2-3-1
sidebands. No strong evidence of population trapping. Remaining ground state
occupation n̄ = 0.02(1). Pulse width equivalent to 1.1π pulse on ground state
BSB

motion νz in a Penning trap is also just a simple harmonic motion depending on the endcap

electrode potential exactly like in the RF trap, we can replicate this process in our system.

When the trapping potential is lowered slowly enough to satisfy the adiabatic condition

ν̇z/ν
2
z � 2π then the phonon state n remains unchanged and thus δνh of energy is removed

from the system. This means that we can effectively prepare sup-Doppler limit states at low

frequencies by first Doppler cooling at high νz and then reducing the potential or alternatively

we can sidband cool to the ground state at high νz and retain this ground state occupation at

any lower νz. This avoids any of the population trapping issues that would otherwise be present

when attempting direct sideband cooling at low νz.

To perform this experiment, we proceed with the usual single stage or multistage sideband

cooling sequence, but before the probe we leave a small gap of 1 ms during which the trap

potential is lowered. Using this technique we can achieve outstanding results that would be

impossible with even the most complex sideband cooling sequences beating the limits set out

in section 4.4.2. Figure 6.9 shows the data taken after single stage sideband cooling at ν = 418

kHz followed by an adiabatic drop to ν = 94 kHz with average population n̄ = 0.041(7). We can

compare it to the expected sideband cooling limit from the rate equation solutions of n̄ = 0.5

and see we have already exceeded it by a factor of 10. In similar fashion (Figure 6.10), we

repeated the same procedure dropping the voltage after sideband cooling from 250 to just 3.6

V giving us a ground state cold ion with n̄ = 0.07(1) at ν = 67 kHz. In practice we are limited

from going to lower frequencies by the effects of calcium deposits on the electrodes creating

stray potentials that displace the potential null from the geometric trap centre resulting in the

ion being displaced and hence heated when the potential is adiabatically lowered. To reach

these low frequencies shown here already required very careful optimisation of the potentials

on the compensation electrodes to re-centre the potential null with the trap centre and thus
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further improvements are unlikely without more robust voltage control.
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Figure 6.9: Spectrum after 10 ms of single stage sideband cooling at 418 kHz followed by an
adiabatic potential relaxation to 94 kHz. Average population n̄ = 0.041(7).
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Figure 6.10: Spectrum after 10 ms of single stage sideband cooling at 418 kHz followed by an
adiabatic potential relaxation to 67 kHz. Average population n̄ = 0.07(1).

While this technique is very well suited to the axial mode of a single ion, it does not naturally

extend to the radial modes or to larger crystals. While the cyclotron n̄ is always small enough

to facilitate simple sideband cooling, the magnetron n̄ starts high at low magnetron frequency

and only grows higher as the potential is increased. This means that there isn’t an equivalent of

a potential region where we can perform simple and efficient cooling such as for the axial mode.

Likewise, for 1D ion chains we can only perform multi stage sideband cooling at low potentials
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and frequencies well outside the Lamb-Dicke regime since the chain begins jumping to a different

2D or 3D configurations at higher potentials (We could of course lower the potential after the

chain has been cooled). Conversely, sideband cooling of planar crystals is always performed

at high potentials where the ions can be cooled directly to the ground state in a single step

without the need for the adiabatic process. In all these cases, once the ions are cooled to the

ground state an adiabatic change in the potential does still preserve the n̄ of the modes as long

as there is no structural change of the crystal, but besides very low frequency 1D chains, there

are no frequency regions that can’t be reached equally easily without the adiabatic step.

6.2 Optical Coherence Studies

6.2.1 Decoherence overview

One of the biggest challenges of working with quantum systems is preserving the stored infor-

mation in the presence of environmental noise. In a trapped ion quantum system, noise can

enter through various different mechanisms, but can be broadly separated into three major

categories:

• Logic Pulse fidelity – Each coherent operation requires the parameters of the addressing

field such as polarisation, intensity and pulse length to be very precisely defined. Fluctu-

ations in these parameters degrade the fidelity of any desired operation.

• Spin Decoherence – This corresponds to the information stored in the qubit being affected

by external magnetic fields that scramble the phase information between two energy levels

leading to imperfect state retrieval. This dephasing error is referred to as a τ2 time-scale

of the qubit. The other decoherence source is spin flip error due to radiative decay from

the upper D5/2 state of our qubit with a timescale τ1 ≈ 1 s.

• Motional Decoherence – To perform operations such as entangling gates with very high

fidelity the motional n state of the ion also needs to be preserved. As with the spin qubit,

a τ2 time-scale is introduced to characterise dephasing between motional states due to

fluctuations in the trap frequency. This is typically the consequence of common-mode

noise on the electrodes. Other types of noise on the electrodes that cause a fluctuating

field at the ions lead to heating, the rate of which defines an analogous τ1 timescale.

Since we perform all our coherent manipulation through the application of a single 729 nm laser

to the S1/2 ↔ D5/2 qubit and do not have any other reference laser of similar performance for

comparison, we are not able to decouple all contributions from the laser to the spin coherence

time. Hence in this section we will treat both the sources of error together to define an exper-

imentally observable ‘optical’ coherence time. The motional coherence will then be discussed

later in 6.3.
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6.2.2 Pulse Fidelity and Rabi Oscillations

The most fundamental operation is the on-resonant drive of the qubit transition leading to Rabi

oscillations with the excited state population given by:

|〈e|U(Ω0, φ,∆, t)|g〉|2 =
Ωn,n√

Ω2
n,n + ∆2

sin2


√

Ω2
n,n + ∆2 × t

2

 (6.3)

where we have kept the motional state dependent Rabi frequency from equation 4.27. If the

drive is perfectly on resonance and the ion is initiated to a single motional n state then in the

absence of noise we should observe full contrast sin2 oscillations of the excited state population

with a π pulse corresponding to maximum excitation at t = π/Ωn,n. In our experiments we take

a set of 200–400 measurements at increasing pulse lengths for a fixed laser power and detuning

to map out the decay of the contrast after many Rabi cycles. We now look at various potential

sources of error:

• Laser intensity noise – If the laser intensity I changes then the Rabi frequency changes

as Ω0 ∝
√
I. We can separate error due to slow drifts and jumps of the mean intensity

on timescales much longer than a single experimental trial and error due to fast acoustic

noise that broadens the intensity distribution on timescales shorter than the probe time.

For the first case, we have a direct measurement of the uncompensated intensity noise

at the ion of approximately 10% corresponding to 5% Rabi frequency noise on timescales

of minutes. To remedy the problem, we built an AOM and PID electronics based ‘noise

eater’ lock to stabilise the intensity before the final fibre to the trap with a bandwidth

of up to 100 kHz to also deal with acoustic noise. The long term drifts were reduced to

below 1% of the total power on a time scale of hours.

• Polarisation Noise – Since we require the 729 laser to maintain a linear polarisation at all

times to address the transition, we send the light through a polarisation maintaining fibre.

Despite careful alignment of the polarisation axis to the polarisation maintaining axis of

the fibre, thermal drifts and acoustic noise introduce circularity into the outgoing light.

Based on the analysis of section 3.3, we know that the Rabi frequency is strongly sensitive

to circularity. To protect against this we place a polarising beam splitter after the fibre to

remove the orthogonal polarisation and hence convert the polarisation noise into intensity

noise with a weaker Ω0 ∝
√
I dependence. Ideally we would place the noise eater after

this PBS, but we were not able to do so due to space constraints on the breadboard under

the superconducting magnet. Thus the total intensity noise is a combination of the pure

residual intensity noise after the noise eater and the intensity noise after the fibre and

PBS.

• Imperfect state preparation – If the ion is not consistently prepared in the same motional

state for all trials, then the observed spectrum will have Rabi frequencies corresponding

to different motional states. This is why Rabi oscillations on a thermal state decay very

quickly. We minimise this issue by ensuring we sideband cool the ion as close to the ground

state as possible for results in this section. Later on when we discuss Rabi oscillations

near other high n states, the distribution of the different Ωn,n that contribute will become

increasingly important.
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• Frequency/phase noise – This broadly includes all noise that causes the laser frequency to

deviate from the atomic transition frequency inducing a detuning ∆ be it laser frequency

noise at the diode, phases noise imprinted on the light in fibres or magnetic field noise

changing the transition frequency. Based on equation 6.3 the oscillation frequency and

excitation depend on Ω2
n,n + ∆2, but if Ωn,n � ∆ the Rabi oscillations are not very

sensitive to frequency noise.

For the purpose of the subsequent analysis we will use the generalised Rabi frequency Ω =√
Ω2

0 + ∆2 since what we experimentally see is ultimately due to the drift of both constituent

quantities. To mathematically model the decoherence processes we can first consider what

happens when the noise timescale is longer than the probe times used in the experiment. This

implies that Ω is approximately constant over the length of each probe. Hence each new

experimental trial consists of us sampling from a probability distribution P (Ω). The resulting

data then has the form:

Pe(t) =

∫ ∞
−∞

Ω0

Ω
sin2

(
Ωt

2

)
P (Ω)dΩ (6.4)

The decay timescale τ is then given by the constant in the exponent of the Fourier transform:

C =

∫ ∞
−∞

P (Ω)e−iΩtdΩ (6.5)

Commonly used distributions to model noise such as the normal distribution or Cauchy distri-

bution give rise to Gaussian and exponential decay of the coherence respectively. An important

consequence of this model is that the coherence time depends only on the absolute width of the

distribution, not the mean i.e. the coherence is given by the width dΩ rather than the relative

error dΩ/Ω. To fit the functional form of the decay, we can write a general form:

Pe(t) =
5∑
n

n̄n

(n̄+ 1)n+1

(
1

2
− 1− a

2
e−t/τe−t

2/τ2
g cos Ωn,nt

)
(6.6)

that includes contributions from both an exponential decay with timescale τe and Gaussian

decay τg, a sum over phonon states n and a constant a that accounts for imperfect state

detection. This corresponds to the noise being distributed according to the Voigt profile. During

the fitting routine we always used this general model, but we subsequently found that for all

data presented here τe grew very large and only τg remained to define a relevant timescale. This

supports the conclusion that we are observing Gaussian white noise.

Throughout our time in the lab we have worked to minimise the contributions of inten-

sity, polarisation and frequency noise to the decoherence of the Rabi oscillations. Here we

will highlight the types of problems we encountered and how we dealt with them. Initially,

we encountered problems with noise that resulted from feedback of laser light or amplified

spontaneous emission from the TA into the laser causing large drifts of the Rabi frequency on

timescales of minutes. Combined with these drifts we had standard intensity noise at timescales

of 1-1000 Hz that lead to a smooth decrease in the oscillation visibility. An example of such

a spectrum is show in figure 6.11a. Here we can clearly see a smooth decay of the visibility

as well as sharp changes in oscillation frequency at longer times resulting from the change of

the mean Ω value. In the fit we used the first three cycles to fix Ω/2π = 17.5(15) kHz and the

whole data set to find a coherence time of τg = 0.41(4) ms and n̄ = 0.06(5). Using the model
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from equation 6.4, we find that this corresponds to dΩ/Ω = 0.037 where dΩ is the half-width

at half maximum of the Gaussian distribution. We were not able to find a clear identifiable

pattern to the modulation of the mean as the jumps appeared to be quite sudden at times

as corroborated by observations of drifting cavity transmission signal discussed in 5.3.5. The

optical feedback from the TA was fixed by very careful misalignment of the optical system,

removing the unpredictable modulation, but leaving slow drifts due to thermal effects on fibres

and the laser itself.

Next, to asses the contribution of frequency noise we performed a Rabi oscillation at low laser

power where Ω0/2π = 2.2(1) kHz as shown in figure 6.11b. In this case, the laser intensity noise

should decrease linearly with a decrease in total laser intensity maintaining the same fractional

error dI/I0 and hence same fractional error dΩ0/Ω0 if Ω0 � ∆. Thus using the previous

results from 6.11a, if all noise were purely due to intensity, then dΩ/2π = dΩ/Ω × Ω0/2π =

0.037 × 2.2 ≈ 0.08 kHz and equation 6.5 then predicts a τg ≈ 3.2 ms. We can compare this

to the value of τg = 2.90(4) ms derived from the fit and notice that the value is only slightly

smaller hence the effect of frequency noise must be small even at low Ω0. Even if all the noise

was due to frequency alone, then d∆ < 600 Hz, placing a strong upper bound on the frequency

stability of our laser-qubit system. This data shows that even with no additional stabilising

measures taken, lowering the Rabi frequency gives a longer coherence time, but no large gains

are obtained in terms of how many high fidelity oscillations fit within it. Additionally, the long

term drifts also remain present even though their effects are not as severe. In figure 6.11b we

used a fit that allowed for a timing variation from the initial Rabi frequency ΩI by a sinusoidal

function Ω(t) = (1−A cos(fd))ΩI with frequency fd = 200(3) Hz and amplitude A = 0.046(1).

Given that the spectrum acquisition took an hour and fd completed half a period over the data

set, we obtain an approximate drift rate Ω̇/ΩI = 4.6% h−1.

To improve the quality of the Rabi oscillations, we made further improvements by trans-

forming any polarisation noise to intensity noise and added an AOM based noise eater system to

reduce laser intensity noise. A representative spectrum of these much improved Rabi oscillations

is shown in figure 6.11c. The Rabi frequency of the oscillations is Ω0/2π = 9.97(1) kHz with

no discernible drift and a coherence time of τg = 2.70(5) ms corresponding to dΩ/Ω = 0.009 –

a four fold improvement compared to results before the noise eater.

Finally, we also demonstrate that we can coherently drive not just the carrier, but also

sideband transitions. Simultaneously, we show that we can also perform these oscillations at

νz = 124 kHz where the ion was prepared in the ground state by adiabatic cooling following

sideband cooling at 418 kHz. In figure 6.12 we perform Rabi oscillations on the blue sideband

driving the |0〉 ↔ |1〉 with a dΩ/Ω = 0.009, in exact agreement with the result of the best

carrier Rabi oscillation in 6.11c.

6.2.3 Spin Coherence and Ramsey Spectroscopy

To precisely characterise the τ2 coherence time of our qubit, we can use the techniques of Ramsey

spectroscopy. The principle behind the method is very simple: first the qubit is initialised in its

electronic ground state, after which a laser pulse Tπ/2 = π/(2Ω0) is applied to create a balanced

coherent superposition between the ground and excited state. The lasers are now turned off

and a wait time Tw is introduced, during which the energy eigenstates evolve in time according

to their unperturbed Hamiltonian, acquiring a phase φ = ωTw. This period ends when a final
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(a) Ω/2π = 17.5(15) kHz, n̄ = 0.06(5), τg = 0.41(4) ms, dΩ/Ω = 0.037
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(b) Ω0/2π = 2.2(1) kHz, n̄ = 0.05(5), τg = 2.90(4) ms, dΩ/Ω = 0.032
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(c) Ω0/2π = 9.97(1) kHz, n̄ = 0.05(4), τg = 2.70(5) ms, dΩ/Ω = 0.009

Figure 6.11: Rabi oscillations (a) without noise eater and with optical feedback noise, (b)
without noise eater and without optical feedback, (c) with noise eater and with-
out optical feed back. Red curve in (b) shows a fit with a fixed Ω to contrast
with the time varying Ω fit in blue. All data taken after single stage sideband
cooling at νz = 418 kHz
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Figure 6.12: Rabi oscillation on the first blue sideband at ν = 124 kHz. Ω0/2π = 31.55(1)
kHz, n̄ = 0.01(1), τg = 3.93(3) ms, dΩ/Ω = 0.009, η = 0.274

laser pulse Tπ/2 identical to the first is applied to close the sequence. The population is then

measured for different frequency detunings of the driving laser field. Alternatively, the frequency

can remain fixed, but the phase of the second laser pulse can be scanned. A third way is to fix

the frequency and phase of both pulses and instead vary the length of Tw. Since the Tw can be

much larger than Tπ/2, this method provides a sensitive means to observe coherence without

relying on long laser pulses that can be subject to intensity or polarisation drifts. Instead,

the method precisely measures the phase mismatch between the initial and final laser pulses,

ultimately revealing the limits of either the driving laser coherence or the atomic qubit. The

laser sequence necessary to generate the Ramsey interferometry experiment is given in figure

6.13. The sequence is preceded by Doppler cooling and sideband cooling to the ground state

and initialisation of the qubit in the |g〉 ground state.

Figure 6.13: Laser sequence for creating Ramsey interference

We can now consider what kind of decoherence response we can expect if we limit ourselves

to frequency noise, ignoring intensity. Since the Ramsey experiment translates frequency noise

into a phase mismatch, we are interested in the integral of the detuning ∆(t) over the course of

the wait time. In the density matrix representation, the off diagonal coherence elements decay

as:

C = exp

[
−1

2

∫ T

0
dt

∫ T

0
dt′K(t− t′)

]
(6.7)

where we have taken a Gaussian random variable with ensemble average mean 〈∆(t)〉 = 0 and

covariance 〈∆(t)∆(t′)〉 ≡ K(t − t′). To proceed we note that the power spectrum of the noise
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K̃(ω) is the Fourier transform of K(t), giving:

C = exp

[
−1

2

∫ T

0
dt

∫ T

0
dt′K(t− t′)

]
= exp

[
−1

2

∫ T

0
dt

∫ T

0
dt′
∫ ∞
−∞

dω

2π
e−iω(t−t′)K̃(ω)

]
= exp

[
−1

2

∫ T

0
e−iωtdt

∫ T

0
eiωt

′
dt′
∫ ∞
−∞

dω

2π
K̃(ω)

]
= exp

[
− 1

π

∫ ∞
−∞

dω

ω2
sin

(
ωT

2

)2

K̃(ω)

]
(6.8)

To perform this integration, we first assume that if we have Gaussian white noise, then the

power spectrum is constant for all frequencies, hence we define K̃(ω) = 2/τ2. Finally, using the

standard result
∫∞
−∞ dx sin(x)2/x2 = π, we obtain

C = e−K̃(ω)T/2 = e−T/τ2 (6.9)

The resulting decay is exponential with time constant τ2.

Another possibility is that the noise occurs on timescales longer than the wait time in

each trial of the Ramsey experiment. In this case the noise ∆(t) = ∆ is constant over each

trial and the analysis is exactly the same as for the intensity noise calculation (eq. 6.5) and

thus the coherence elements decay according to the underlying noise distribution. To calculate

the resulting fringes when the frequency is scanned we define an evolution operator from the

propagator Uint(t) (eq. 4.14): Rπ/2(∆, φ, ti) = Uint(ti + π/(2Ω0))Uint(ti)
†. The excitation

spectrum then takes the form:

Pe = Tr
(
|e〉〈e|Rπ/2(∆, 0, T + π/(2Ω0))Rπ/2(∆, 0, 0)ρRπ/2(∆, 0, 0)†Rπ/2(∆, 0, T + π/(2Ω0))†

)
=

Ω2
0

Ω4
sin2

(
πΩ

4Ω0

)[
2

(
∆2 + Ω2

0 cos2

(
πΩ

4Ω0

))
+ C(T )

(
cos (∆T )

(
Ω2

0 +
(
2∆2 + Ω2

0

)
cos

(
πΩ

2Ω0

))
−2∆Ω sin (∆T ) sin

(
πΩ

2Ω0

))]
(6.10)

where C(T ) represents the decay function of the visibility. An example of two data sets at 200

and 700 µs wait times is shown in figure 6.14. The data shows an excellent agreement with

the model in figure 6.14(a) with the fringes exhibiting full contrast oscillations. In 6.14(b) we

begin to see evidence of decoherence which we model with a decay function C(T ) = e−T
2/τ2

2

obtaining τ2 = 1.8(1) ms. While these types of experiment yield conclusive proof that we can

perform high resolution spectroscopy measurements, they do not individually reveal the true

nature of C(T ), which would give us information about the underlying noise sources. To do

this, we require a data set with visibility information as a function of time for which these types

of spectra are not as appropriate since they take a relatively long time to acquire. Instead,

we can fix the frequency near resonance and then scan the phase of the second Tπ/2 pulse by

changing the phase of the RF field sent to the spectroscopy AOM. In this case we can restrict

ourselves to the region where ∆ � Ω0 and obtain a simple sinusoidal oscillation as a function
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of φ given by:

Pe = Tr
(
|e〉〈e|Rπ/2(0, φ, T + π/(2Ω0))Rπ/2(0, 0, 0)ρRπ/2(0, 0, 0)†Rπ/2(0, φ, T + π/(2Ω0))†

)
=

1

2
(1 + C(T ) cos(φ+ ∆T ))

(6.11)

A sample of such phase scan Ramsey measurements is shown in figure 6.15 where the visibility

-100 -50 0 50 100
0.0

0.2

0.4

0.6

0.8

1.0

Detuning from transition (kHz)

Ex
ci
ta
tio
n
pr
ob
ab
ili
ty

(a) Tw = 200µs, Ω0/2π = 28 kHz
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(b) Tw = 700µs , Ω0/2π = 3.2 kHz

Figure 6.14: Two Ramsey interference spectra for a ground state cooled ion at νz= 418 kHz.
Laser intensity was reduced in (b) to reduce the width of the envelope to better
resolve the fringes. Spectrum (a) shows full coherence, whereas (b) shows a

characteristic loss of visibility with τ2 = 1.8(1) based on a C(t) = e−T
2/τ2

2

model.

C was extracted from the fit each time. This set was acquired sequentially within a 30 minute

time period, following an initially careful alignment of the laser frequency to the centre of the

carrier transition. It is evident that as Tw is increased, there is a significant phase Tw∆ acquired.

Based on the fit to the Tw = 500µs data, we estimate a detuning of ∆ = 300(10) Hz is initially

present assuming that less than 2π of phase was accumulated. None of the other wait time

measurements are consistent with this value, suggesting that there are drifts of the transition

or laser frequency on the order of 10-1000 Hz per minute.

The visibility values are plotted in figure 6.16. We found that the data appears to best fit

a Gaussian function C(Tw) = C0 exp(−T 2
w/τ

2
2 ), giving a coherence time of τ2 = 1.78(4) ms.

This implies a frequency width σ∆ = 125(3) Hz. The fact that the data does not follow an

exponential trend seems to suggest that the coherence time is limited by noise on timescales

greater than Tw. Gaussian visibility decay has been observed in RF traps with optical qubits

before [28, 152]. To further investigate the nature of the noise, we shall look at dynamical

decoupling techniques that seek to extend the coherence time of the qubit.

6.2.4 Dynamical Decoupling

Dynamical decoupling is a quantum control technique that uses additional laser interaction

pulses to suppress decoherence. The first evidence of the coherent refocusing of nuclear spins

in magnetic resonance experiments was observed by Hahn in 1950 [153]. In the context of our

optical qubit the Spin echo eliminates any acquired phase when there is a constant mismatch

between the qubit transition frequency and the driving laser radiation. If we assume a small

detuning ∆ � Ω0 so that we have almost full population transfer, then the first Tπ/2 places
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(a) Tw = 0µs, C = 0.93(1)
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(b) Tw = 500µs , C = 0.89(1)
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(c) Tw = 1000µs , C = 0.70(1)
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(d) Tw = 1500µs , C = 0.5(1)

0 100 200 300 400 500 600
0.0

0.2

0.4

0.6

0.8

1.0

Laser Phase ϕ (Degrees)

E
xc
it
at
io
n
pr
ob
ab
il
it
y

(e) Tw = 2000µs , C = 0.28(2)

Figure 6.15: A set of Ramsey interference measurements taken at νz= 418 kHz with the phase
of the second π/2 pulse scanned.



CHAPTER 6. COOLING AND COHERENCE - SINGLE ION AXIAL MODE 119

0 500 1000 1500 2000 2500 3000 3500
0.0

0.2

0.4

0.6

0.8

1.0

Delay length (µs)

Vi
si
bi
lit
y

Figure 6.16: Visibility of Ramsey phase scan experiments at different delay times Tw. The
data is fitted on a Gaussian model. The dotted line indicates the 1/e of the
maximum visibility.

the ion in the |g〉 + |e〉 superposition followed by a wait period during which a relative phase

φa = ∆Tw between the states is acquired.2 Setting the second Tπ/2 pulse to the same phase with

respect to the first, we note that any acquired phase lowers the maximum excitation probability

proportional to cosφa. In the Bloch sphere picture, the initial Tπ/2 pulse rotates the state vector

to coincide with the x axis. Then during the wait period, the state vector rotates in the x-y

plane by φa. Finally, the second Tπ/2 pulse attempts to bring the state vector back in line with

the z axis pointing to the |e〉 position on the south pole, with a fidelity proportional to the

projection of the state vector on the x axis. For each new realisation of this experiment with a

different ∆ there will be a distribution of state vectors near the |e〉 pole that will average and

hence reduced the visibility. Spin echo counteracts this problem by inserting an additional laser

pulse of length Tπ = 2Tπ/2 in the middle of the wait time. This has the effect of rotating the

state vector 180◦ about the y axis. Now during the first wait Tw/2 a phase of φa/2 is acquired,

but in the second wait the phase acquired is −φa/2 as the vector rotates in the x-y plane back

to meet the x axis. To best complete the picture, figure 6.17 shows the Bloch sphere schematic

of the sequence.

Figure 6.18 shows the laser pulse sequence and an additional schematic to illustrate the

effect of the spin echo. The phase accumulated can be thought of as the area between a detuning

versus time plot. The spin echo effectively changes the sign of the detuning and hence creates

an equal sized negative area in the second half of the sequence that adds to zero.

We can also ask what happens if ∆ is not constant throughout the experiment. The sim-

plest case is to consider a linear drift. In this case, the phase accumulated will be larger or

2We have assumed here that the Tπ/2 � Tw so that the phase acquired during the laser interaction time
is negligible to simplify the argument and the associated illustrations, but spin echo works just as as well if it
doesn’t hold.
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(a) (b)

(c) (d)

Figure 6.17: Spin echo representation on the Bloch Sphere. In (a) the state vector is rotated
from |g〉 along the dotted line to |g〉 + |e〉 initiating the Ramsey sequence. For
each trial there is some random detuning that causes a dephasing in the x-y
plane, represented by the four coloured state vectors in (b). Immediately after
a Tπ pulse, the state vectors are rotated 180◦ through the y axis as seen in (c).
They continue their phase evolution until they recombine at |g〉− |e〉 and a final
Tπ/2 brings all the states back to |g〉 in (d).

smaller (depending on the direction of the drift) after the Tπ than in the first wait gap, and

hence will not cancel. However, we can cancel the phase by using two Tπ pulses. This is best

understood geometrically as seen in figure 6.19. In principle, to correct noise from an N -th

order polynomial, we would require N+1 pulses. Schemes of this sort are a form of dynamical

decoupling, which was first proposed by Carr and Purcell for NMR systems in 1954 [154]. A

further refinement by Meiboom and Gill followed [155], establishing the Carr-Purcell-Meiboom-

Gill (CPMG) decoupling scheme where an additional Tπ pulse is added at equal time intervals.

Today there are many new decoupling schemes around that seek to find optimal sequences of

pulses to correct for higher order noise, but here we will focus on one that was investigated
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Figure 6.18: Pulse sequence for a spin echo experiment. The wait time Tw is defined between
the middle of the initial and final pulse. The schematic underneath shows the
phase accumulated before and after the pulse. The red and green areas exactly
cancel to give zero total phase accumulated.

Figure 6.19: Pulse sequence for a two Tπ dynamical decoupling experiment. The schematic
underneath shows the phase accumulated before and after the pulses. The two
pink areas have the same area as the dark green area showing the cancellation
of error due to linear drift. Similarly, the green rectangle has the same area as
the sum of the two red ones. The net phase is thus eliminated.

theoretically by Uhrig (UDD) [156, 157] and experimentally with trapped ions in both RF [158]

and Penning traps [159]. This scheme has been proven to be optimal for any dephasing Hamil-

tonian for sufficiently short times Tw and a finite number of pulses[160]. The sequence consists

of n Tπ pulses centred at τn between the the initial and final Tπ/2 pulses:

τn = Tw sin

(
π

2

n

N + 1

)2

(6.12)

We performed the spin echo and UDD sequence Ramsey type experiments with up to three

Tπ pulses, each time scanning the phase of the final Tπ/2 pulse to produce data (found in B.1)

from which the visibility is extracted. The results are compiled in figure 6.20. We extract the

coherence times using a Gaussian decay model for C(Tw) to fit the 0–2 pulse data and use

a linear interpolation for the 3 pulse data to find the 1/e point assuming an initial visibility

consistent with a no delay spectrum. Plotting the resulting coherence times versus the number
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of pulses in figure 6.21 gives a clear linear relationship indicating an additional 3.9(3) ms of

coherence per Tπ pulse.
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Figure 6.20: Visibilities of Ramsey and UDD sequence phase scans for different wait times.
All experiments performed at νz = 418 kHz

The above results are very encouraging and suggest that with sufficient pulses we can extend

the optical qubit lifetime to timescales of hundreds of milliseconds, which would be at least an

order of magnitude longer than standard gate operations. The practical limit will be the errors

accrued due to imprecise pulse length (or alternatively Rabi frequency noise/drift), which means

that after many slightly imperfect pulses the visibility will drop even without a delay, as well

as optical decay from the excited state as the τ1 time is approached.

Returning to the question of the underlying noise spectrum, it is clear that there is significant

noise at timescales longer than the Ramsey wait time as evidenced by both the visibility decaying

in a Gaussian rather than exponential fashion and the fact that low order dynamical decoupling

is very effective. Further investigation into the nature of the noise spectrum is necessary to

help us understand the qubit response. This could be done by artificially generating noise

profiles that are imprinted on the AOM that shifts the frequency of the probe laser. The effects

of dynamical decoupling could then be more methodically investigated for noises at different

power spectra.

At the moment we do not know exactly what is limiting our coherence time. To investigate

further we must try to characterise the contributions of the following potential noise sources:

• The linewidth of the laser is currently unknown since we do not have a second laser for a

beatnote measurement. If the laser was the largest contributing factor, then the FWHM

linewidth would be estimated to be approximately 250 Hz. This is not an unreasonable

estimate for a homebuilt laser, but is not competitive with state of the art commercial

systems that can reach linewidths of < 10 Hz. [161]. The linewidth might also be further
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Figure 6.21: Coherence time fitted to a linear relationship against the number of Tπ pulses in
a UDD sequence. Each pulse adds 3.9(3) ms to the τ2 coherence time.

broadened by phase noise introduced by birefringence in the fibres caused by acoustic

noise.

• The magnetic field of the superconducting coil itself should be completely stable on the

timescale of the experimental trials, but slow drifts due to temperature induced changes

of the magnetic susceptibility of trap and magnet materials coupled with a unidirectional

field decay do occur. While we have not conducted systematic measurements to measure

the drifts, based on the above measurement sets we are well below the manufacturer

quoted limit of < 0.1ppm hr−1 corresponding to < 2.1 kHz hr−1. In general, we can

correct drifts by re-measuring the transition frequency after each Ramsey measurement.

• Stray magnetic fields from the environment can affect the transition frequency on a much

faster timescale. We do not have any systematic additional shielding of the trap, but we

have observed that adding a roughly 30 by 80 cm sheet of mu-metal around an optical table

corner that is within 40 cm of the magnet’s outer dewar shifts the carrier frequency by ∼ 10

kHz, without affecting the coherence time. To minimise any effects due to noise in nearby

equipment such as power supplies, we attempt to place them as far away as possible. We

also attempted to reduce noise by synchronising the start of each experimental sequence

to the 50 Hz signal of the AC mains, but found no noticeable improvement, suggesting

that this is not the limiting factor.

• Vibrations of the trap within the bore of the magnet will also appear as magnetic field

noise. Reference [162] reports an improvement of coherence time from 6 to 50 ms by

vibrationally isolating their superconducting magnet from the floor using rubber pads.

We do not currently know how severe this problem is in our experiment, but it is worth

investigating if gains of a similar magnitude might be achievable in our experiment as

well.
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6.3 Motional Coherence and Fock state manipulation

The axial motion of a single ion in a Penning trap is a very high fidelity realisation of an ideal

quantum harmonic oscillator. Akin to the τ2 of the spin qubit, we can characterise the coherence

time of the harmonic oscillator τz by measuring the stability of the trapping frequency. We have

demonstrated in section 6.1 that we are able to prepare the ion in the n = 0 Fock state with 99%

fidelity and in section 6.2.2 that we can coherently manipulate both the electronic and motional

states of the ion by driving carrier or sideband transitions. With these tools, we can place

the ion in a low lying Fock state with high probability or coherently engineer superpositions of

these states. Using these superposition states, we can then perform Ramsey type interference

experiments that measure the contrast loss caused by noise in the trapping frequency. The

other coherence limiting effect is direct heating where a phonon is absorbed by the system and

n increases. Characterisation of these effects is important not only for quantum information

processing operations, which are adversely affected by both, but also is of fundamental interest

for the study of coherence time scaling with respect to location in Fock space and the distance

between the superposition states.

6.3.1 Heating Rates

When the electric field at the ion fluctuates, there is a small coupling to the electric charge

of the ion that can induce direct transitions between motional states. Near the ground state,

Fermi’s golden rule can be used to calculate the rate Γh at which the ion leaves the n = 0 state

into the n = 1 state, which we will assume is a good approximation for the measured heating

rate ˙̄n as long as n is far below the environment temperature. The heating rate is thus given

by [163]

˙̄n ≈ Γh =
e2SE(ωz)

4M~ωz
(6.13)

where SE(ωz) is the spectral density of the field noise at the ion as a function of the trapping

frequency:

SE(ωz) = 2

∫ ∞
−∞

dτ〈δEt(τ)δEt(0)〉e−iωzτ (6.14)

To measure this rate in our trap we prepare an ion in the ground state either by direct

sideband cooling or sideband cooling at a high trap potential followed by an adiabatic potential

relaxation and then turn of all lasers for a defined wait period before performing a spectral

thermometry measurement. To measure the temperature, we follow the same approach as in

section 6.1 where we measure the excitation probability profiles around the first red and blue

sidebands and fit them with the thermal model of equation 6.1. To obtain the heating rate, we

perform a linear fit to the measured temperatures as a function of wait time. We interleave the

data acquisition at each new frequency point for different wait times so that we avoid comparing

spectra acquired under different experimental conditions. This is particularly important since

these spectra can include delays of up to 50 ms repeated 400 times per data point so full data

set acquisition can take well over an hour at a time, whereby all 397 nm cooling lasers and 854

re-pump need to be remain drift free to maintain consistent cooling performance in order to not

bias the result.

A typical heating rate measurement following direct multi-stage sideband cooling at νz =
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184 kHz is shown in figure 6.22, yielding ˙̄n = 1.1(3) phonons s−1. This was found to be

consistent with a more systematic study of heating rates in our trap reported in [50] where a

measurement at 190 kHz was reported with ˙̄n = 0.6(6) phonons s−1 and an average of heating

rate measurements from 150 to 400 kHz was found to be ˙̄n ≈ 0.3 phonons s−1. Since the data

agreed, we did not seek to repeat the measurements at various trapping frequencies and instead

accepted that there was little to no dependence on ωz suggesting that either our experiment

is not sensitive enough to measure the rates with sufficient precision or that there are some

noise sources not accounted in the simplified model presented above such as soft collisions with

background particles or external electromagnetic noise pick up.

To compare our result to that of the wider ion trap community we translate the heating rate

to a scaled spectral noise density and obtain SE(ωz) = 1.4(4) V2 m−2 Hz−1 which is almost

an order magnitude smaller than any value for a room temperature trap reported in a 2015

meta-study of heating rates [164]. This result is, however, not entirely surprising as the ion to

electrode separation is also the largest in the whole study3 at 10.3 mm hence the effect of any

field noise is greatly diminished at the ion. The noise scales with electrode to ion separation

d as a power law SE ∝ d−α, with values of alpha between 2 and 4 plausibly supported by the

aggregate community over all d data [164]. A d−4 scaling is theoretically derived from a model

of fluctuating patch potentials while pure thermal noise in the electrodes would lead to a d−2

scaling [165]. Our result is consistent with the latter, but not the former though given the

paucity of data at this length scale we are only left to speculate as to the potential origin of

the noise. It is not unreasonable to believe that the effects of patch potentials on the electrodes

are much more severe at small d, whereas Johnson noise in the electrodes or electromagnetic

pickup becomes dominant for large d. This is still a very active area of research where nothing

is conclusively settled, but the evidence for a d−4 scaling in the 10−5− 10−3 m range is gaining

support in experiments where d can be controllably varied in a single trap. [166]

While the above result is typical of trap operation under direct sideband cooling, we have

observed the heating rate to increase in certain conditions. When performing a set of measure-

ments at 124 kHz with the ion prepared by the adiabatic cooling method, we measure ˙̄n = 9.2(4)

phonon s−1 as seen in figure 6.23. The most likely explanation is that the introduction of the

additional transistor circuitry to adiabatically lower the voltage adds a small amount of noise

onto the electrode voltage, however a resonance at this particular frequency cannot be ruled out

without an independent measurement without the circuitry installed. We include this result

here because we use this increased heating rate in the following section to study its effects on a

motional superposition.

6.3.2 Motional Superposition on Fock States

To further investigate the motional coherence of our trapped ion, we can perform Ramsey

type experiments by creating superpositions of motional Fock states. We can create simple

superpositions |gn〉+ |gm〉. Starting from the state |g0〉 we first apply a π/2 pulse on the m′-th

blue sideband (or carrier for m′ = 0) to create:

|ψ〉 =
|g0〉+ |em′〉√

2
(6.15)

3≈ 3× bigger than the next largest trap.
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Figure 6.22: Heating rate measurement at νz = 184 kHz on a ion prepared in the ground
state by a 25 ms sideband cooling sequence targeting the 3rd-2nd-3rd-2nd -1st

sidebands for 5 ms each. The inset contains a linear fit to the n̄ derived from the
sideband fits as a function of wait time where all lasers are off giving ˙̄n = 1.1(3)
phonons s−1

then we subsequently apply a π pulse on the red (m − m′)-th sideband to reach the desired

state:

|ψ〉 =
|g0〉+ |gm〉√

2
(6.16)

Having shown how we can achieve a particular state, let us assume we have prepared an arbitrary

ground state superposition of states n and m to derive a more general result. After some wait

time Tw, the state evolves to:

|ψ〉 =
e−inφ(Tw)|gn〉+ e−imφ(Tw)|gm〉√

2
(6.17)

where the eigenstates acquire a phase due to the change in trap frequency δωz(t):

φ(Tw) =

∫ Tw

0
(ωz + δωz(t))dt (6.18)

The first retrieval pulse of the interferometer creates a spin-motion superposition state:

|ψ〉 =
e−inφ(Tw)|gn〉+ e−imφ(Tw)|em′〉√

2
(6.19)

The final π/2 pulse creates the state:

|ψ〉 =
1

2

[(
ei(−nφ(Tw)) − ei(ξ−mφ(Tw))

)
|gn〉+

(
ei(ξ−nφ(Tw)) + e−imφ(Tw)

)
|em′〉

]
(6.20)
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Figure 6.23: Heating rate measurement at νz = 124 kHz on a ion prepared in the ground state
by a 20 ms sideband cooling sequence at νz = 418 kHz, follow by an adiabatic
potential relaxation. The inset contains a linear fit to the n̄ derived from the
sideband fits as a function of wait time where all lasers are off giving ˙̄n = 9.2(4)
phonons s−1

where ξ is the phase between the final two pulses of the interferometer. This is an important

point since the optical coherence time of the laser can be orders of magnitude smaller than the

wait time hence all phase information encoded in the |e〉〈g| coherences is lost. Projecting as

usual on |g〉 gives us sinusoidal oscillations:

Pe = |〈e|ψ〉|2 =
1

2
[1 + cos(ξ +mφ(Tw))] (6.21)

Let us now consider the usual procedure of assuming that the trap frequency is constant over the

course of one experiment, but varies from repeat to repeat according to a Gaussian distribution

with standard deviation σω. The excitation probability is then given by:

Pe =

∫ ∞
−∞

1

2
√

2πσ2
ω

e
− (ωz−ω)2

2σ2
ω [1 + cos(ξ + (m− n)Twωz)] dω

=
1

2

[
1 + e−(m−n)2σ2

ωT
2
w/2 cos(ξ + (m− n)Twωz)

] (6.22)

Immediately we notice an important result that the coherence time scales with the square of

the distance m−n between the superposition states. This is in agreement with a more rigorous

derivation using a full master equation treatment [167]. In the same reference, the authors also

considered how the coherence is affected by heating through direct phonon absorption deriving

an approximate expression for the visibility:

C0,m ≈
1

(1 + ˙̄nTw)(1+m)
(6.23)
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A difficulty in performing an exact calculation lies in the fact that once the two superposition

states are displaced, the pulse length of the retrieval pulses of the interferometer no longer form

exact π and π/2 angles due to a change in the strengths of the Rabi coupling to the excited

electronic state. This effect is exacerbated for larger Lamb-Dicke parameters. For the simple

purpose of distinguishing between a Gaussian decoherence trend and one given by 6.23, we shall

neglect these concerns.

We begin by first studying the motional coherence of |0〉 + |1〉 and |0〉 + |2〉 superposition

states at two different motional frequencies – 418 and 124 kHz. We exploit the fact that we

observe an almost order of magnitude greater heating rate at 124 kHz when the ion is prepared

in the ground state using the adiabatic cooling technique (section 6.3.1) to study and compare

motional decoherence in the presence of amplitude noise. In both cases the ion is first prepared

into the ground state by 10 ms of sideband cooling at 418 kHz. Immediately afterwards, or

after the adiabatic relaxation step to reach 124 kHz, we perform a π/2 pulse on the carrier

followed by a π pulse on the first red sideband to prepare the |g0〉 + |g1〉 state or a π on the

first blue sideband followed by a π pulse on the first red sideband to prepare the |g0〉 + |g2〉
state. After some wait time Tw we reverse the order of the last two pulses and measure the

population in the excited state. To obtain fringe contrast for the 418 kHz data we scan the

phase of the final carrier pulse, whereas for the 124 kHz data we add a short time td on top of

Tw in increments of 640 ns. These methods are equivalent since td � Tw and we can thus think

of each visibility measurement as being performed at a fixed Tw.4 Figure 6.24 summarizes the

experimental technique for each of the two experiment types.

Figure 6.24: (a) - The two methods for performing motional coherent state interferometry.
In the top sequence, a small additional wait time td ∼ 10µs is incremented to
produce fringes. In the second sequence, the wait time is fixed and the phase of
the final laser pulse relative to the second π pulse is fixed. (b) Diagram depicting
the creation of the |g0〉+ |g1〉 superposition. (c) Diagram depicting the creation
of the |g0〉+ |g2〉 superposition.

4The reason for the two experimental sets using different methods is that at the time, we could not set the
time increments on our FPGA that controls all the laser pulses below 640 ns, which would result in us under
sampling the fringe pattern.
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The |g0〉 + |g1〉 visibilities are presented in figure 6.25a while the individual fringe fits are

found in Appendix B. The first important difference to note is that the higher frequency data

exhibits a Gaussian trend whereas the low frequency data appears exponential. Using a fit to

the visibility function 6.23 we obtain a value of ˙̄n = 8.3(3) s−1 for the 124 kHz data which

is within 2 sigma of the value determined from sideband thermometry. A Gaussian fit to the

418 kHz data yields a corresponding trap frequency noise of σν = 0.40(1) Hz. This is well

within the upper bound of σν = 0.8 Hz set by measuring the power supply stability of the

endcap power supply which is 4 ppm at 250 Volts. The quality of this fit constrains the heating

rate to less than a phonon per second, once again consistent with the sideband thermometry,

however to extract a true measure of σν and ˙̄n in a region where both have a similar timescale

would require a more rigorous derivation of the combined response function and much more

precise measurements than presented here. The 1/e coherence times are τ418 = 590(12) ms and

τ124 = 84(2) ms. The implication for coherent quantum operation state is clear – the motional

coherence time is significantly long enough to be comparable to the heating rate and hence is

not a limitation. In fact, our motional coherence time is better than those reported in RF traps

designed for quantum information processing, which observed times of 100 ms (νz = 4 MHz)

[28], 157(34) ms (νz = 800 kHz) and 76(30) ms (νz = 500 kHz) ms [168], both of which were

heating rate limited.

Since the results of the 0 and 1 state superposition at 418 kHz suggested that we are

operating in a region where motional dephasing is not completely dominated by the heating

rate, we undertook a study of how different superposition states are affected. The next data

set of visibilities was taken for the |g0〉 + |g2〉 superposition (fig. 6.25b) exhibiting the same

behaviour; the 418 kHz remains Gaussian in shape while the 124 kHz data is more appropriately

fitted by the heating rate model. The trap frequency noise is measured to be σν = 0.31(2) Hz

from the Gaussian model while the heating rate is ˙̄n = 6.8(2). In both cases the measured values

are slightly smaller than those extracted from the |g0〉+ |g1〉 superposition fits, suggesting that

the visibility decrease is not as strong as the scaling predicts, but it is still higher than what

would be seen in the case if the dephasing were linear rather than quadratic in m− n or if the

heating didn’t scale with ˙̄n−m. This could be, as suggested above, because we are in a regime

where both effects contribute and hence lead to a modified scaling or, owing to the relatively

small scale of the discrepancy, simply due to natural fluctuations in noise level as the sets were

collected on different days. Ideally, we would attempt to collect all the data in one short session,

but owing to the length and the difficulty of maintaining the same experimental conditions over

the course of day this was not possible.

One way of further trying to discriminate between heating and dephasing is to perform a

‘phonon echo’ experiment akin to that of the spin echo for the optical qubit. The procedure is

similar in that we wish to swap the population between the |g0〉 and |gm〉 states in the middle

of the wait time, such that the phase acquisition is cancelled to first order. We performed this

experiment on the 418 kHz |g0〉+ |g2〉 superposition by inserting three π pulses in succession on

the 1st red, blue and red sidebands in order to swap the population. The process is graphically

depicted in figure 6.26 and shows the state after each pulse. Though we have not conducted a

calculation to show this, we conjecture that this procedure should not improve the coherence

time significantly if it is limited purely by heating since any change in the phonon state in the

first half of the wait will cause a pulse angle mismatch on the three population swap pulses,
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(a) |g0〉+ |g1〉 τ418 = 590(12), τ124 = 84(2)
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(b) |g0〉+ |g2〉 τ418 = 366(11), τ124 = 59(1)

Figure 6.25: Visibility versus delay time plots of an interferometry measurement on the (a)
|g0〉 + |g1〉 and (b) |g0〉 + |g2〉 superpositions. The 418 kHz data is fitted with
a Gaussian function while the 124 kHz data is fitted with the heating model of
equation 6.23. τ expresses the 1/e visibility indicated on the plot.

reducing fidelity. The results of the experiment show an increase in the coherence time by

approximately a factor of two to τ418 = 790(30) ms, while also changing the distribution of the

data from Gaussian to a distribution better described by the heating model. The fit suggests

a heating rate of ˙̄n = 0.5(1) consistent with our sideband thermometry and therefore we are

led to believe that the procedure removes most of the dephasing noise. While this procedure

might be of limited interest within quantum computation algorithms, it can be useful as a way

to preserve motional superpositions in the presence of strong phase noise.
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Figure 6.26: The phonon echo pulse sequence applied to a state |g0〉 + |g2〉 with the state
after each pulse indicated below each step. The sequence proceeds left to right.
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Figure 6.27: Data comparing the visibility with and without the phonon echo on an interfer-
ometry measurement of the |g0〉+ |g2〉 superposition.

To complete our studies of low n superspositions, we examine the coherence time of a three

state superposition (|g0〉 + |g1〉 + |g2〉)/
√

3. The scheme to prepare this state (illustrated in

figure 6.28) begins with a pulse angle of tπ02 = Ω0t/2 = 0.955 on the carrier to drive two third

of the population to the excited state. We then apply a π/2 pulse on the first red and π pulse

on the second red sidebands in succession to prepare the desired state. At this point we have

created the state:

|ψ123〉 =
1√
3

[
|g0〉+ e−it

π
r ωz |g1〉+ |g2〉

]
(6.24)

Then after a wait time Tw and the first retrieval π pulse on the 2nd red sideband we end up

with the state:

|ψ〉 =
1√
3

[
|g0〉+ e−iωz(2tπr+Tw)|g1〉+ e−i2ωzTw |e0〉

]
(6.25)



CHAPTER 6. COOLING AND COHERENCE - SINGLE ION AXIAL MODE 132

Figure 6.28: Pulse sequence and schematic diagram for preparing a three state superposition
of the form |g0〉+ |g1〉+ |g2〉.

The next π/2 pulse with phase φr on the first red sideband creates the state:

|ψ〉 =
1√
6

[√
2|g0〉+

(
e−iωz(2tπr+Tw) − e−i(2ωzTw+φr)

)
|g1〉+

(
e−iωz(2tπr+Tw)+iφr + e−i2ωzTw

)
|e0〉

]
(6.26)

Lastly, the 2/3 excitation pulse with phase φc on the carrier creates the state:

|ψ〉 =
1

3

[
1− e−i(ωz(2tπr+Tw)−φr+φc) −+e−i(2ωzTw+φc)

]
|g0〉

+
1

3
√

2

[
e−iωz(2tπr+Tw) − e−i(2ωzTw+φr)

]
|g1〉

+
1

3

[√
2eiφc +

1√
2

(
e−i(ωz(2tπr+Tw)−φr) + e−i(2ωzTw)

)]
|e0〉

+
1

3

[
e−i(ωz(2tπr+Tw)−φc) − e−i(2ωzTw+φr−φc)

]
|e1〉

(6.27)

To complete this derivation, we have made the approximation that the action of the carrier

pulse is the same on the |0〉 and |1〉 states; while this is generally true in the Lamb-Dicke

regime, for the η = 0.27 used in our experiment, the error is 7%. If we now perform a projective

measurement on the |e〉 state, we obtain

Pe =
1

9
[5 + 2 cos(φc + 2ωzTw)− cos(φr + ωz(Tw − 2tπr )) + 2 cos(φr − φc − ωz(Tw + 2tπr ))]

(6.28)

The most important feature here is that we will observe oscillations at 2ωz that will interfere

with oscillations at ωz. The shape of the pattern will also be sensitive to the phase difference

between the beams. In our experiments we synthesize all frequencies from a single source that

is phase continuous, but we also experience frequency detunings that will effectively look like

phase shifts of the pulses. To fit our experimental data, we use a model of the form:

Pe(Tw) = B +
1

9
[5 + 2C2 cos(φ1 + 2ωzTw)− C1 cos(φ2 + ωzTw) + 2C1 cos(φ1 − φ2 − ωzTw)]

(6.29)

with offset B, the phases φ1, φ2 and the visibilities C1, C2 as fit parameters. The full data set

is presented in figure 6.29, where we have interleaved Tw delayed interferometry measurements
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with measurements without a delay to account for potential stray phases due to detunings that

change the shape of the interference pattern. It is clear that for example the data set in (e) has

a much more pronounced asymmetry between the blue no delay peaks than in (a). We therefore

used the no delay data sets to normalise the visibilities of the delayed spectra. Before moving

on, we remark on the fact that the fits from the model 6.29 fit remarkably well even in the

presence of decoherence and we clearly observe the behaviour characteristic of two frequency

components interfering.

To characterise the decoherence as a function of wait time, we extract the C1 and C2 am-

plitudes independently and also find the average decoherence CA by setting CA = C1 = C2 as a

fit constraint. Since we do not have a full theoretical model of decoherence, we conjecture that

the decoherence under the presence of heating of each amplitude will follow the form of 6.23

while the exponent of the average visibility will be the average of the independent exponents.

We thus expect to see the higher frequency oscillations due to the e−i2ωzTw terms die faster.

Due to the fact that we only have 5 data points and we wish to extract three exponents and

a normalisation we fix the heating rate to ˙̄n = 9 s−1 based on the sideband height measure-

ments from section 6.3.1. The resulting parameters from the fits in figure 6.30 are summarised

in table 6.1. From the coherence times, we observe that the visibility of the higher frequency

component indeed decays faster. The exponents of both the C1 and C2 visibility are larger by

≈ 1 compared to the heating noise model prediction for an individual |g0〉+ |g1〉 or |g0〉+ |g2〉
state, but their relative difference is also ≈ 1 suggesting the scaling dependence on the dif-

ference in n is preserved. The absolute difference in the exponents could be simply because

the heating rate was slightly different than the one that was assumed as the function is very

sensitive to this parameter and with few data points it is difficult to be quantitatively accurate.

Alternatively, this simplified model may not capture the full extent of the physics, but it

nonetheless clearly shows that we observe different timescales of decay for the two frequency

components. One potential technical cause of the decoherence appearing faster is that preparing

the |g2〉 state with high fidelity is more difficult. It requires a very precise measurement of the

sideband peak frequency because the Rabi frequency at this sideband is typically only ≈ 2

kHz and we observe Stark shifts of a similar magnitude. This low Rabi frequency also means

that the π pulse has to be ≈ 150µs long and at this point we lose some fidelity due to laser

addressing error. Reducing the laser linewidth and further stabilising its intensity so that larger

Rabi frequencies can be achieved would help eliminate this problem.
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(a) Tw = 1 ms
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(b) Tw = 10 ms
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(c) Tw = 20 ms
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(d) Tw = 30 ms
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(e) Tw = 50 ms

Figure 6.29: An interleaved set of interference measurements of the |g0〉+ |g1〉+ |g2〉 superpo-
sition taken at νz= 124 kHz with a short time scan added to the Tw wait time.
The blue data are all taken with Tw = 0 to provide a reference for the initial
phase conditions during the experiment, whereas the gold data have the wait
time listed in the captions.
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τ (ms) m

C1 42(2) 2.0(3)

C2 30(2) 3.0(3)

CA 35(2) 2.5(2)

Table 6.1: Table of fit parameters for the visibility of the three state superposition to the
heating model, giving the coherence time τ and the exponent m of the decay.
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Figure 6.30: Visibility of the interference measurements of the |g0〉+|g1〉+|g2〉 as a function of
wait time. The fits use the heating model from equation 6.23 where the exponent
and initial amplitude is allowed to vary, while the heating rate is fixed to ˙̄n = 9
s−1.

6.3.3 Motional Superposition outside the Lamb-Dicke regime

One interesting question is to establish experimentally whether there is not only decoherence

scaling with the distance between Fock states, but also whether the absolute value contributes

significantly. A general scheme to coherently prepare any arbitrary superposition of Fock states

was devised [169] and later experimentally implemented to genereate the state |g0〉+ |g3〉 [170].

However, as discussed in the previous section, generating superpositions of the form |n〉 + |m〉
far from ground state with high fidelity is difficult due to the error accumulated from power and

phase imprecisions in each pulse. Reference [171] simulates a large superposition of up to n = 29

and concludes that a Gaussian error of 2.5% in the laser parameters reduces the state fidelity by

≈ 50%. There is, however, one technique that we can exploit that can prepare quasi-pure high

lying states incoherently that uses the coupling strength minima of the sidebands that posed

us problems during sideband cooling (see 6.1.2) to our advantage. Just as population could get

trapped in a particular Fock state during sideband cooling, we can start with a ground state
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cooled ion and ‘sideband heat’ 5 it into the same state. By simply reversing the cooling process

and driving the ion on the first or second blue sideband with the 854 nm quench laser turned

on we can produce an arbitrary6 high n Fock state by selecting the appropriate trap frequency

since the minima locations scale with the Lamb-Dicke parameter.

The full picture is of course not as simple. Once the ion begins to reach higher n states,

the coupling to higher order sidebands gets progressively stronger and since the heating process

relies on additional decay and incoherent repump steps (discussed in the context of sideband

cooling in 4.4.2), the ion can leapfrog over the coupling minimum on a higher (or lower) order

transition as seen in a schematic illustration in figure 6.31. Hence the population will slowly leak

through and not perfectly accumulate in the minimum Fock state. The resulting population will

thus have some non-standard distribution near the minimum n state. The key part of preparing

a state that is very narrowly distributed around the desired minimum is to empirically measure

the cooling dynamics parameters such as the 854 nm laser detuning and the 729 nm laser

power that can prepare a ground state cooled ion given a particular Doppler cooled thermal

distribution. We can then estimate an appropriate sideband heating time using these parameters

and then optimise the final time empirically. For a more rigorous treatment using a Monte-Carlo

simulation of the heating process see the PhD thesis of Manoj Joshi.

Our technique is similar to one proposed in reference [172] where the blue sideband pulse

and the 854 quench are applied in sequence rather than simultaneously. The pulse length on

the blue sideband is selected such that it is a 2π pulse for the desired Fock state, hence it will

not transfer any population while only adding a trivial phase, but it will shift some population

from all lower Fock states at each iteration. By adding more iterations, the desired Fock state

population approaches unity. The major drawbacks of this scheme are that it is significantly

slower, taking approximately 3 ms to reach the n = 6 with a 96% fidelity compared to n ≈ 150

for the same laser parameters in our scheme. Furthermore, it also cannot be used to create

any Fock states above
dΩn,n+1

dn (nmax) = 0. For the purposes of reaching much larger states in

a shorter amount of time, our technique is superior if very high preparation fidelities are not

demanded.

To find out the purity of a quantum state, the gold standard is full state tomography that

maps out the elements of the density matrix. To do this with the motional states of a trapped

ion, following the scheme of [173], requires a coherent displacement to be applied to the ion to

shift it in phase space followed by a measurement of excitation on the blue sideband. We are

currently not able to do this with the required degree of control, but we report in section 6.3.4

our progress towards achieving this goal. Since we cannot analytically predict the distribution of

the Fock states, we will simply assume a normal distribution around a mean n̄, with a standard

deviation σn which, as we will see shortly, is adequate for the purposes of our modelling.

We first perform two spectroscopic measurements of the 7 lowest order sidebands after

sideband heating of an ion prepared in the ground state at νz = 418 kHz. To reach the first

blue sideband coupling minimum at n1 = 162 we heat for 10 ms of the first blue sideband only,

and to reach the second minimum at n2 = 292 we follow up the 10 ms heating period of the first

blue sideband with 20 ms of heating on the second with Ω0/2π = 40 kHz and Ω854/2π = 80 kHz.

We do not begin immediately on the second sideband since the coupling near n = 0 is very weak.

5In this chapter we will take sideband heating to specifically mean increasing the phonon by incoherent driving
to higher phonon states – the reverse of sideband cooling. We stress that we are not creating a thermal state.

6Within the limits of our trapping parameters and inital ground state cooling capabilities
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Figure 6.31: Simplified schematic of the sideband heating process using the first blue side-
band. The pumping out of the nmin state is effectively blocked due to the almost
negligible coupling, but decay processes on the second order allow transitions to
higher states, where the first blue sideband coupling begins to grow again. Higher
order processes are not shown for clarity, but also contribute.

The results of the experiments in figure 6.32 show a strong excitation suppression on the 1st/2nd

order sidebands for plots (a) and (b) respectively showing a clear signature that the majority

of the population is located near the minima. For the first sideband heating case, the value of

n̄ = 145(1) is below the minimum by more than the standard deviation of σn = 10(1), which

could suggest that we might have terminated the heating slightly prematurely. The χ2
R = 1.5

value, however, implies that despite the crude approximation of the model, it seems to follow

the data fairly accurately. In the second sideband heating case, we obtain a distribution centred

at n̄ = 291(1), which is only 3 Fock states away from the coupling minimum, with a standard

deviation of σn = 12(1). In this case a goodness of fit test yields a value of χ2
R = 1.6 once again

supporting the validity of the model. A skew-Gaussian distribution defined as

P (n) =

(
1 +

(
erf

[
α(n− n̄)√

2σn

]))
e
−α(n−n̄)2

2σ2
n (6.30)

fit was also attempted, but for both cases, the skewness parameter alpha was smaller than its

associated error and consistent with zero.

While that Gaussian modelling of the distributions might not give us an accurate measure

of the underlying state distribution, we can take a pragmatic approach and ask how well we

can perform coherent manipulations on the states that we create. To this end we drive Rabi

oscillations on transitions that show the least dependence on n near the state we created (fig.

6.32). In figure 6.33 we perform Rabi oscillations on the carrier transition both after sideband

cooling to the ground state and after 10 ms of sideband heating on the 1st BSB to near the first

coupling minimum in an interleaved spectrum to maintain the same Ω0 for both spectra and to

ensure we don’t observe excessive laser intensity noise that would exacerbate the decoherence

due to the n state spread. We fit the ground state function using the standard form of equation

6.6 whereas for the heated spectrum, we replace the thermal distribution with a sum over a
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(a) n̄ = 145(1), σn = 10(1)
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(b) n̄ = 291(1), σn = 11(1)

Figure 6.32: Left – Spectra after (a) 10 ms heating on 1st BSB probed for 65 µs and Ω0/(2π) =
16.5 kHz. (b) 10 ms on 1st BSB followed by 20 ms on 2nd BSB probed for 70
µs and Ω0/(2π) = 16.5 kHz. Right – Sideband coupling strengths in the vicinity
of the coupling minimum with the probability distribution from the fit overlaid
in blue. Fits are to a sum of excitation probabilities weighted by a normal
distribution with parameters under each plot. The sum is truncated to ≈ ±3σn.
Trap frequency νz = 418 kHz

normal distribution of Rabi frequencies as for the sideband excitations, obtaining n̄ = 146(2)

and σn = 17.2(2). Encouragingly, we have a very good agreement on the mean phonon number

with the previous spectroscopic method even though we see a slightly larger spread in the

distribution. This might simply be due to the fact that the Rabi frequencies do not change very

much over the span of the distribution hence the method is not as sensitive to the distribution

width as oscillations on sidebands with a steeper coupling strength dependence on n near n̄. The

important conclusion for our goal of creating a coherent superposition is that we can perform a

π pulse on the carrier with almost 90% fidelity .

We demonstrate a similar experimental result near the minimum of the 2nd blue sideband

coupling driving the 4th red sideband depicted in figure 6.34. This result highlights the highly

non-thermal and relatively narrow distribution of phonon states near n̄ = 291 since we see

high contrast coherent oscillations on such a high order sideband. To our knowledge this is

the first demonstration of coherent driving on sidebands of higher order using this preparation

technique. It was only as recently as 2016 that coherent driving on sidebands of up to 5th order
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Figure 6.33: Rabi Oscillations of the carrier on the ground state population (Blue) with a
thermal n̄ = 0.08(2) and Ω/2π = 17.75(5) kHz and on a high lying state with a
Gaussian distribution of motional states. n̄ = 146(2), σn = 17.2(2).

was demonstrated in an RF trap using a very different approach where by the ion is displaced

in space by a very rapid switching (≈ 4 ns) of the potential on a set of auxiliary electrodes to

create large coherent states up to ≈ 10000 phonons [174].
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Figure 6.34: Rabi Oscillations of the 4th red sideband on a high lying state with a Gaussian
distribution of motional states. n̄ = 297.5(2.5), σn = 11(1) and Ω0/2π = 15.6(2)
kHz

Armed with the sideband heating state preparation technique, we turn to preparing mo-

tional superpositions on these high lying states. Unlike the ground state, we do not have the

convenience of creating all the desired motional state superpositions in the ground state only

since any k-th sideband pulse on a superposition of the form |gn〉+ |em〉 will drive it to the state

cos θ|gn〉+eiφ sin θ|e(n± k)〉+cos θ|em〉−e−iφ sin θ|g(m± k)〉, leaving some residual population

in the excited state. As we shall soon see, this type of state preparation will limit the maximum

visibility of interferometric fringes at timescales beyond the optical coherence of our system,

but does not prevent us from studying the long term decoherence behaviour. First we write the
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general form of a superposition state:

|ψn〉 = cos
πΩn,n±m

2Ωnc,nc±m

[
eiφr sin

πΩn±m,n±m∓k
2Ωnc±m,nc±m∓k

|en∓ k〉+ cos
πΩn±m,n±m∓k

2Ωnc±m,nc±m∓k
|g, n〉

]
+ sin

πΩn±m,n±m
2Ωnc±m,nc±m

[
−e−iφr sin

πΩn±m,n±m±k
2Ωnc±m,nc±m∓k

|gn±m± k〉+ cos
πΩn±m,n±m±k

2Ωnc±m,nc±m∓k
|e, n±m〉

]
(6.31)

where φr is the phase of the pulse on the k-th red sideband relative to the initial pulse and

nc is the Fock state corresponding to the mean of the Gaussian distribution of states after

heating. This expression is equally valid for preparation on the blue sideband with a simple

interchange of ± → ∓. For each experimental trial, a slightly different superposition will be

created based on the mismatch between the pulse time and Rabi frequency selected to make π/2

pulses for the nc state. Furthermore, there is going to be a fundamental unavoidable imbalance

in the two arms of the interferometer even when the n = nc due to the fact that the sideband

pulse coupling will be slightly different as seen in the arguments in the second line of 6.31 (∓
instead of ±). To obtain the expected interference pattern, we would need to complete this

general interferometry derivation and then average over the distribution of n states. The final

expression of this form is not very enlightening, hence we instead assume an ideal Fock state

preparation with a carrier π/2 pulse and a π/2 pulse on the k-th sideband to derive the shape

of the interference pattern and consider all the errors mentioned above as a visibility reduction

of the fringes. Starting from 6.31 and adding a period of free evolution Tw where we accumulate

a spin dependent phase φs, we obtain the state:

|ψnc〉 =
1

2

[
|gn〉 − e−i(φr−kωzTw)|gn+ k〉+ eiφs |en〉+ ei(φr+φs−kωzTw)|en− k〉

]
(6.32)

After applying retrieval pulses with phase φ′r and φc and projecting on to the |e〉 state we obtain

the excitation probability:

Pe =
1

8

[
4 + cos(φc − φs) + cos(φc + 2φr − 2φ′r + φs − 2kωzTw)− 2 cos(φc + φr − φ′r − kωzTw)

]
(6.33)

The expression contains two oscillatory terms that depend on the wait time at frequencies kωzTw

and 2kωzTw, but only the latter has a dependence on φs. During the wait time our laser is set

to the carrier frequency so φs = 0. From our Ramsey experiments in section 6.2.3 we know

that this phase becomes randomised on ≈ 1 ms timescale, hence for much longer wait times, we

average over this phase, and the excitation probability takes the form :

Pe =
1

2

[
1− 1

2
cos(φc + φr − φ′r − kωzTw)

]
(6.34)

thus we will be limited to oscillations with an ideal maximum visibility of 0.5. The first scheme

we implement on the state near the first sideband coupling zero consists of a π/2 pulse on

the carrier followed by a π/2 pulse on the 3rd red sideband to prepare the state as shown in

figure 6.35. Here we note that the carrier and the red sideband both have a weak coupling

strength dependence on n (see figure 6.32): 5.7% and 7% across the region ±σn from the fits

for the carrier and the 3rd red sideband respectively. As before, we scan the wait time between

the retrieval pulses, but we also include a second interleaved measurement where we set the
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phase of the final carrier pulse to φc = π before measuring the population of the excited state.

A sample of the data is shown in figure 6.36 with the fit of both data sets (blue and gold

curves) performed simultaneously to 6.33 using the same parameter set where we allow the

amplitudes in front of the cos terms with φs to vary independently of the amplitude of the term

without it, while also allowing φs and φc to vary; the red sideband phases are set equal to each

other and hence do not contribute in our experiment. The curves reproduce the data very well

showing clear interference of 6ωz and 3ωz frequencies at short wait times that washes out as the

optical coherence time is exceeded leaving only the 3ωz component. The cos(φc−φs) term also

accurately accounts for the change in offset between the two curves following the π phase shift.

Furthermore, the initial total visibility is 85(3)%, attesting to our ability to produce a high

contrast fringe pattern despite the fact that we do not have a perfect Fock state preparation.

Figure 6.35: Scheme for preparing superpositions at n near the first blue sideband coupling
minimum. The interference between the green circles creates a oscillations at 6ωz
as the wait time between the retrieval pulses is incremented, twice the frequency
of the oscillations due to the interference of the blue and green circles.

The full visibility data set in figure 6.37 is fitted to a sum of two Gaussian functions yielding

an optical coherence time τopt = 0.7(1) ms and a motional coherence time of τmot = 160(20)

ms. Using the noise model where scaling of the coherence time with trap frequency noise

depends on the values of (n − k)2 yields σν =
√

2/(2π(n − k)τmot) = 0.45(6) Hz, which is in

remarkable agreement with the value measured for σν = 0.40(1) Hz in the |0〉+ |1〉 superposition

state. This result clearly suggests there is no significant scaling with the absolute position of the

superposition in the Fock space. We also observe that despite the relatively poorly characterised

initial state, our interferometry experiment has proven robust to the variations in the coupling

strength of the sidebands used to perform it.

To confirm the above result we took a further data set near the second blue sideband coupling

minimum. Examining the coupling strengths near the n̄ state in 6.32b suggests using the 1st

and 4th red sidebands to prepare the superposition. However, at the time of data collection

we decided to try what would happen if we used the 3rd sideband instead given that it has a

variation of 10% in coupling strength over ±σn. The pulse sequence now consists of a π/2 pulse

on the 1st red sideband followed by a π/2 pulse on the 3rd red sideband to prepare the state

that after free evolution takes the form:

|ψnc〉 =
1

2

[
|gn〉 − e−i(φr−2ωzTw)|gn+ 2〉+ ei(φs−ωzTw)|en− 1〉+ ei(φr+φs−3ωzTw)|en− 3〉

]
(6.35)

In this experiment, the laser is set to the first red sideband during the wait time leading to

φs = −ωzTw in the absence of dephasing, resulting in an interference pattern that has frequency
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(a) Tw = 10.8µs
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(b) Tw = 0.4 ms
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(c) Tw = 0.8 ms
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(d) Tw = 1 ms
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(e) Tw = 5 ms

Figure 6.36: An interleaved set of interference measurements of a (|gn〉 + |gn+ k〉 + |en〉 +
|en− k〉)/2 type superposition formed on a state reached after 10 ms of first
sideband heating at νz= 418 kHz for different wait times Tw. The gold data
have a π phase shift applied to the final carrier pulse.
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Figure 6.37: Total visibility (average of amplitudes) as a function of wait time for a (|gn〉 +
|gn+ 3〉+ |en〉+ |en− 3〉)/2 type superposition formed on a state reached after
10 ms of first sideband heating at νz= 418 kHz. The fit is performed to a sum
of Gaussians giving an optical coherence time τopt = 0.7(1) ms and a motional
coherence time of τmot = 160(20) ms.

components at 2ωz and 4ωz. Once again, the higher frequency component that depends on φs

is washed out after a loss of optical coherence. The full data set is in Appendix C. As done

previously, we use a double Gaussian model to fit the total visibility of both components in

figure 6.38 measuring σν = 0.41(4) Hz, which is once again in excellent agreement with previous

measurements. Thus we have shown without a doubt the consistency of the noise model even

when applied to superpositions created on a state distribution with a moderate coupling strength

dependence on the phonon number.

6.3.4 Coherent and Squeezed States

Coherent states and squeezed states have garnered significant theoretical [175] and experimental

interest over the years. Coherent states have been used to demonstrate purely quantum phenom-

ena in the Jaynes-Cummings model such as the collapse and revival of population oscillations

in a single atom maser [176], Bose-Einstein condensate matter waves [177] or superconduct-

ing qubits [178]. Superpositions of coherent states are known as Schrödinger cat states with

applications as resource in quantum information processing[179, 29], superresolution phase mea-

surement [180] and for studies of decoherence[181]. Squeezed states are useful for improving

measurement precision by reducing uncertainty in either the phase or amplitude quadrature of

light [182] and similarly can improve sensitivity in atom interferometry [183]. While coherent

states squeezed states and cat states are not novel by themselves and have all been successfully

realised in ions [181, 184, 174] we are motivated to study them for two reasons:

• The bichromatic (simultaneous addressing at two optical frequencies) interaction that we

use to create these states is the same type of control pulse that is required to realise a
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Figure 6.38: Total visibility (average of amplitudes) as a function of wait time for a (|gn〉 +
|gn+ 2〉 + |en− 1〉 + |en− 3〉)/2 type superposition formed on a state reached
after 10 ms of first sideband heating, followed by 20 ms of second sideband
heating at νz= 418 kHz. The fit is performed to a sum of Gaussians giving
an optical coherence time τopt = 0.74(4) ms and a motional coherence time of
τmot = 270(30) ms.

Mølmer-Sørensen type entangling gate, which remains a long term goal of our research

group, both as a demonstration of the Penning trap’s capabilities in the field of quantum

information as well as for future research into more complicated poly-chromatic sequences

that can be made faster and more robust against errors.

• The ability to create coherent displacements allows us to map out the density matrix

of the motional states allowing us to more precisely characterise the states we can create

through our sideband heating method as well as to map out the Wigner function according

to the scheme by Leibfried et. al. [173].

Starting from the interaction picture Hamiltonian from equation 4.8 and expanding it as-

suming we are in the Lamb-Dicke regime keeping only terms resonant with the first order red

and blue sidebands yields the Hamiltonian:

HB =~ηΩ0

[
σx cos

(
φr + φb

2

)
− σy sin

(
φr + φb

2

)
⊗
(

(a+ a†) cos

(
φb − φr

2

)
+ i(a† − a) sin

(
φb − φr

2

))] (6.36)

with phases φr, φb for the red and blue sidebands respectively. [184]. Written in this form,

we can recognize the position and momentum operators 2ẑ = a + a†, 2ip̂z = a − a†. The

displacement operator that creates a coherent state is defined as:

D(α) = eαa−α
?a† (6.37)
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It is easy to see that if we exponentiate the Hamiltonian, we will obtain a propagator of the

same form with the magnitude of the coherent state given by |α| = ηΩt/z0 and a complex phase

dependence on φr and φb that can sweep out the complete z − p plane.

Experimentally, we generate the bichromatic field by directly combining two RF frequencies

offset ±∆ from the carrier on a resistive power combiner before sending the signal through an

amplifier to the spectroscopy AOM. The biggest limitation of our experimental capabilities is

a result of the fact that we cannot synthesise both frequencies from one master DDS with full

digital phase/power control of both signals. Instead one frequency is sourced from the single

channel DDS that is controlled from our experimental computer whereas the other is taken

from a standalone HP function generator that requires manual tuning of parameters. The two

frequencies are phase locked using a 10 MHz master clock, but we cannot modify the phase on

a timescale relevant to the experiment. This prevents us from being able to vary the complex

phase of α and hence we are limited to the scenario φb = φr = 0, which gives us a state

dependent propagator:

UB(t) = e−i|α(t)|(a+a†)σx (6.38)

Applying the propagator to a ground state yields:

D(α)|g0〉 = |gα+〉+ |eα−〉 (6.39)

where we create a cat-like superposition of even and odd coherent states |α+〉, |α−〉. To create

a proper coherent state of the form:

|α〉 = e−
α2

2

∞∑
n=0

αn√
n!
|n〉 (6.40)

we need to remove the spin motion entanglement by turning on the 854 nm repump laser to excite

the population in |en〉 to the P3/2 state and return to the ground state through spontaneous

decay. Since multiple transitions can occur if a decay to the wrong Zeeman sub-level occurs

requiring further repumping, the ion has an appreciable chance to change motional state spoiling

the fidelity of our coherent state hence we need to work at high trap frequency to minimise the

Lamb-Dicke parameter7. We will not attempt to fully quantify this behaviour, but qualitatively

the resulting effect should be a spreading of the state, resulting in a super-Poissonian distribution

in n.

To generate a coherent state, we prepare an ion in the motional ground state by sideband

cooling then apply the bichromatic interaction for 150 µs and finally add a 200 µs 854 repump

pulse. To verify the creation of the state, we then drive Rabi oscillations on the first blue

sideband since it has a much stronger frequency dependence on n than the carrier. The resulting

oscillations can be modelled with a sum of oscillations weighted by the Poissonian distribution:

Pe =
∑
n=0

e−α
2 α2n

2n!

(
1− e−t2/τ2

g cos Ωn,n+1t
)

(6.41)

Alternatively, we can assign a free coefficient to each frequency term and allow the fit to recon-

struct the weight of all the frequency components. The data fitted using both models is shown in

figure 6.39a with the frequency decomposition shown in 6.39b. We first note the expected qual-

7See section 4.4.2 for a discussion of the factors involved
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itative behaviour of a coherent state, where the oscillation contrast collapses after ≈ 200µs, but

then revives at ≈ 400µs. The fit to the model of equation 6.41 yields a value of α = 1.729(22),

with only a slight mismatch to the fit from the frequency decomposition curve. In 6.39b we can

see that the distribution appears slightly broadened compared to a true Poissonian, most likely

as a consequence of the incoherent transfer of the excited state population to the ground state.

A Poissonian distribution fit to the population gives α = 1.731(21) in excellent agreement with

the first method. The mean phonon number is then n̄ = α2 = 3.00(7).
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Figure 6.39: (a) - Blue sideband Rabi oscillations on a coherent state prepared with a 150
µs bichromatic pulse length. The curve in blue is fitted to equation 6.41 giving
α = 1.729(22), while the curve in red is fitted to a model where all the cos
coefficients are free to vary. Both sum are truncated at n = 10. The coefficients
of this model are shown in (b) with a fit to a Poissonian distribution yielding
α = 1.731(21).

While we have demonstrated that we can create a phonon distribution that appears to match

one expected of a coherent state, a more rigorous test would be to perform interferometric Ram-

sey type experiments on our initial cat state. Unfortunately, the incoherent spin-recombination

method destroys any phase information and ruins the measurement. To prove that we are in-

deed creating a coherent state and not just exciting the ion into a mixed state that mimics one,

we slightly detune the bichromatic beam symmetrically from the sidebands. This results in the
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ion being driven in a loop in phase space, analogous to an off resonant classical driving of a

harmonic oscillator where at a time 2π/∆ the state will be returned back to the origin [185].

Thus if we show that the ion returns back to the ground state we will have definite proof that we

are indeed performing a coherent displacement pulse. To show this experimentally, we sweep

the pulse length of the detuned bichromatic beam and after recombination of the electronic

states probe for tp = 4π/Ω0,0 on the carrier or tp = π/Ω0,1 on the first blue sideband. As the

ion gets driven to a larger value of |α| the excitation probability for each pulse will change in

accordance with the variation of Rabi coupling strength with phonon number. For any given

coherent state we can use equation 6.41 to predict the expected excitation for both pulses and

hence map out the evolution of |α| with time. The general behaviour of |α(t)| needs to be

sinusoidal with frequency α̇1, but drifts in the laser intensity provide a further modulation of

the driving force which we include empirically with a α̇2 frequency to give the form:

|α(t)| = αmax sin(α̇1t)(1 + sin(α̇2t)) (6.42)

The largest coherent displacement αmax is a function of Ω0 and ∆, but here we will just measure

it empirically. The experimental data is presented in figure 6.40 and show a clear reflection at

≈ 940µs. At this point a coherent state with αmax = 7.0(1) is reached. Return to the ground

state, which occurs at ≈ 1880µs, is not with perfect fidelity due to frequency noise in our system

and the additional heating effects of the spin transfer to the ground state. Despite this, it is

incontrovertible proof that we are indeed applying a coherent displacement because if we were

simply heating, we would not see the symmetry of excitation about a particular point on both

the carrier and blue sideband simultaneously as their coupling strengths will change at different

rates.

Figure 6.40: Excitation probability for two fixed probe pulses set to the probe the car-
rier and first blue sideband with pulse angles of 4π/Ω0,0 and π/Ω0,1 respec-
tively as a function of an off-resonant bichromatic drive. The data are fitted
to the excitation probability of equation 6.41 with the time dependent α(t)
from equation 6.42 substituted in. The averaged parameters from both fits are:
α̇1 = 1.68(1), α̇2 = −0.018(2), αmax = 7.0(1). The bichromatic drive detuning is
estimated to be ∆ = 3.3(1) kHz.

The final demonstration in this chapter is the application of the bichromatic beam resonantly

to the second order sidebands which acts as a squeezing operator[186]:

S(ξ) = e(ξ?a2−ξa†2)/2 (6.43)
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where we have the squeezing parameter ξ = reiφ. Applying the displacement operator to the

ground state once again creates a spin-motion entanglement so we use the 854 repump to bring

all the population to the ground electronic states after which we would have in an ideal case a

phonon distribution without any odd states populated:

S(ξ)|0〉 =
1√

cosh r

∑
n=0

tanh2n(r)
(2n!)

(2nn!)2
|2n〉 (6.44)

As before, we analyse the data by fitting to a sum over the Rabi oscillation functions weighted

by the above distribution and compare the results to a fit where all the Fock state occupation

amplitudes are floated, even the odd ones. Figure 6.41a shows data of Rabi oscillations on the

first blue sideband after a 900 µs bichromatic pulse. Unlike the coherent state, we do not see

any identifiable pattern that immediately identifies it as a squeezed state. Based on the fit to

the distribution we obtain a squeezing parameter of |r| = 1.76(3). To really see the squeezing

in action, the decomposition in the Fock basis in 6.41b shows the characteristic suppression

of the odd motional states. There also seems to be excess population in higher states than

expected, potentially due to the power of the beams being imbalanced. In conclusion, we

have demonstrated the ability to create a bichromatic laser pulse that can effectively drive

first and second order sidebands to create non-classical motional states. The measured fidelity

of the states is limited by both the preparation method due to the previously documented

laser intensity noise and qubit dephasing, and the detection due to motional state change upon

electronic state re-combination.



CHAPTER 6. COOLING AND COHERENCE - SINGLE ION AXIAL MODE 149

0 200 400 600 800 1000
0.0

0.2

0.4

0.6

0.8

1.0

Pulse length (µs)

Ex
ci
ta
tio
n
pr
ob
ab
ili
ty

(a)

0 2 4 6 8 10 12 14
0.0

0.2

0.4

Phonon state n

O
cc
up
at
io
n
pr
ob
ab
ili
ty

(b)

Figure 6.41: (a) Blue sideband Rabi oscillations on a squeezed state prepared with a 900 µs
bichromatic pulse length. The curve in blue is fitted to a sum of Rabi oscillation
functions weighted by the distribution in equation 6.44 giving |r| = 1.76(3),
while the curve in red is fitted to a model where all the amplitudes are free to
vary. The sum in the blue curve is truncated at n = 70 whereas for the red
model states up to n = 15 are included. Based on the estimated r parameter, up
to 7% of the population might reside above this cutoff. The coefficients of this
model are shown in (b) with a fit to the distribution of equation 6.44 yielding
|r| = 1.81(3).



CHAPTER 7

SIDEBAND COOLING OF COULOMB CRYSTALS

Ion Coulomb crystals are promising candidates for the development of a digital quantum in-

formation processor [187, 188]. The most common architecture currently implemented consists

of a linear string of ions where each ion is spatially well separated so that it can be addressed

by a laser beam to perform single qubit rotations and its state read out with high fidelity,

while global beams that overlap with the whole chain excite the motional modes to generate

entanglement – a fundamental resource for computation [36, 189]. Although entanglement can

be generated on low n̄ thermal states [190], all scalable schemes rely on the motional mode of

the computation ions being cooled to near the ground state for optimal entanglement fidelity.

In this chapter we will demonstrate for the first time sideband cooling of a two ion chain in a

Penning trap. We perform the cooling starting from thermal state with population outside the

Lamb-Dicke regime where we have strong coupling on higher order motional sidebands. The

technique described here is equally applicable to RF or Penning traps and may motivate further

work in this regime where stronger coupling to the motional sidebands can lead to faster gate

operation.

Coulomb crystals, specifically 2D planar crystals with hundreds of ions created in Penning

traps, have also been successfully used in quantum simulation experiments of the Ising interac-

tion [56, 108] and spin-squeezing entanglement [57]. In the second part of this chapter we will

demonstrate ground state sideband cooling of the axial modes of these planar crystals of up to

15 ions opening up the possibility of running similar simulations, create entanglement [54] or

performing quantum computation [53].

7.1 Interaction of two ions with laser light

In this section we will describe the coherent dynamics of two ions when probed with a narrow

linewidth laser on either the carrier, red or blue sideband after sideband cooling. Starting from

the N ion Hamiltonian in equation 4.39 and taking the Lamb-Dicke approximation1 to simplify

1Since we will only need to consider motional states up to n = 4 to study behaviour after sideband cooling
with reduced Lamb-Dicke parameters we estimate that in the worst case that we analyse – COM mode at ν = 161
kHz, n̄ = 1 – the average Rabi frequency error is 0.7%

150
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expression 4.38 we can write the interaction Hamiltonian:

HI =
~Ω0

2

2∑
j=1

ei(∆jt+φj)|ej〉〈gj |
[
(1− η2

n(n+
1

2
)− η2

m(m+
1

2
))|n,m〉〈n,m|

+iηn(eiωnt
√
n|n− 1,m〉〈n,m|+ e−iωnt

√
n+ 1|n+ 1,m〉〈n,m|)

+ (−1)jiηm(eiωmt
√
m|n,m− 1〉〈n,m|+ e−iωmt

√
m+ 1|n,m+ 1〉〈n,m|)

]
+h.c.

(7.1)

The first case to consider is when the laser is tuned to the carrier transition. In this situation

only the term appearing in the first line is resonant and since there is no change in motional state,

there is also no spin-motion entanglement. This means that the two ions evolve independently.

If we instead try to drive the red or blue sideband of one mode, the excitation probability of

one ion is conditional on the excitation of the other since the motional state and hence coupling

strength changes as soon as one ion spin is flipped. This results in a weak form of spin-motion

entanglement which modifies the dynamics. To solve for the dynamics we will consider the ions

evolving in the basis {|ee, n± 2〉, |eg, n± 1〉, |ge, n± 1〉, |gg, n〉} when driven on the n mode

first order sidebands. The Hamiltonians for the blue and red sidebands can then be written as

matrices:

Hb,n =
iηn~Ω0

2


0 −e−i(∆1t+φ1)

√
2 + n −e−i(∆2t+φ2)

√
2 + n 0

ei(∆1t+φ1)
√

2 + n 0 0 −e−i(∆2t+φ2)
√

1 + n

ei(∆2t+φ2)
√

2 + n 0 0 −e−i(∆1t+φ1)
√

1 + n

0 ei(∆2t+φ2)
√

1 + n ei(∆1t+φ1)
√

1 + n 0


(7.2)

Hr,n = iηn
~Ω0

2


0 −e−i(∆1t+φ1)

√
n− 1 −e−i(∆2t+φ2)

√
n− 1 0

ei(∆1t+φ1)
√
n− 1 0 0 −e−i(∆2t+φ2)√n

ei(∆2t+φ2)
√
n− 1 0 0 −e−i(∆1t+φ1)√n

0 ei(∆2t+φ2)√n ei(∆1t+φ1)√n 0


(7.3)

These Hamiltonians can only be solved analytically if they are made time independent, re-

quiring the detuning for both ions to be zero. To illustrate the spin-motion entanglement, the

state wavefunction can be found easily by solving the Schrödinger equation with the above

Hamiltonian for a resonant blue sideband pulse of length t with the population initialised in

|gg, n〉:

|ψ〉 =
2 + n+ (1 + n) cos ΩBt

3 + 2n
|gg, n〉 −

√
1 + n

6 + 4n
sin ΩBt

(
eiφ1 |ge, n+ 1〉+ eiφ2 |eg, n+ 1〉

)
+ei(φ1+φ2)

√
(n+ 1)(2 + n)

3 + 2n
(1− cos ΩBt)|ee, n+ 2〉

(7.4)

where ΩB =
√

3+2n
2 . If we now apply a pulse t = π/ΩB to maximise the excitation probability

of the |ee, n+ 2〉 term, we see that for n = 0 we only get |〈ee, 2|ψ〉|2 = 8/9 with the remaining
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population in the |gg, 0〉 state. Thus unlike for carrier oscillations we will never achieve full

population transfer and for accurate sideband profile modelling this entanglement needs to be

included.

Outside the Lamb-Dicke regime, the entanglement becomes negligible and the excitation on

each sideband is well approximated by a single ion lineshape with the correct Ωn,k,n′,k′ Rabi

frequency. For a thermally distributed state we then get an excitation lineshape on a single ion:

Pe =
∞∑
k=0

∞∑
n=0

n̄n

(n̄+ 1)n+1

k̄k

(k̄ + 1)k+1

Ω2
n,k,n′,k′

Ω2
n,k,n′,k′ + ∆2

sin2


√

Ω2
n,k,n′,k′ + ∆2

2
t

 (7.5)

For a double excitation, this expression is simply multiplied by the excitation lineshape of the

other ion.

7.2 Two Ion 1D Chain Cooling

7.2.1 Doppler and Sideband Cooling

When we work at sufficiently low trapping potential, the ions will align in a one dimensional

chain along the magnetic field axis. In principle, as soon as the condition[191] 6ν2
z/ν

2
c < 1

(νz = 298 kHz for our system) is fulfilled the axial chain configuration becomes energetically

allowed, but empirically we see that the trapping frequency needs to be significantly lower

(νz . 200 kHz) to achieve stability against transition to the radial plane configuration. We can

understand this when we consider the criterion for forming planar crystals:

β =
ν2
z

ν2
eff

=
ν2
z

νcνr − ν2
r − 1

2ν
2
z

� 1 (7.6)

There is always some value of the planar crystal rotation frequency ωr that will bring the

denominator very close to zero and hence make the whole expression much larger than one.

In our experiment this corresponds a very low rotation frequency νr ≈ ν−. Thus if at any

time the ions get perturbed out of a chain, for example by a collision with a background gas

particle, we require the effective radial trapping frequency to be large to allow the ions to fall

back into a chain. In between the radial beam laser parameters such as spatial offset, detuning

and intensity as well as the strength of the axialization drive we have many degrees of freedom

that can affect the stability of the chain as they all contribute to the torque felt by the crystal

which in turn affects νr. The lower the frequency νz is set, the smaller the range of νr values for

a stable radial crystal and thus the weaker the constraints on the above parameters becomes.

In general, we wish to increase νr to increase stability by imparting more torque, hence we need

a larger scattering rate difference between when the ions are moving away from the laser than

when they are moving towards it implying a larger beam offset, and frequency detuning closer

to resonance. Because we do not have independent frequency control between the radial and

axial 397 nm Doppler cooling beams, the range where we can effectively cool the axial motion

while retaining stability is again narrowed.

Taking all the above limitations into consideration and contrasting with the fact that if we

work at very νz frequencies sideband cooling will become more and more difficult, we settled on

a trap frequency of νz = 162 kHz to perform the demonstration of sideband cooling. We remind
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ourselves that in this configuration we have two modes of motion, the centre of mass mode at

νz and the breathing mode at
√

3νz with corresponding Lamb-Dicke parameters ηCOM and ηB

given by:

ηCOM =
η√
2
, ηB =

η√
2
√

3
, (7.7)

Figure 7.1 shows a typical two ion chain as seen through our EMCCD imaging system. Before

Figure 7.1: EMCCD image of two ions in a chain along the magnetic field B with two modes
of oscillation highlighted. Taken at axial endcap potential of 50 V, νz = 187 kHz.
Scale - approximately 1 µm per pixel.

sideband cooling we typically Doppler cool for 15 ms with the standard 397 nm detunings of

Γ/2, but we use a much higher axialization drive amplitude of 2 V compared to the single

ion case. Figure 7.2 shows a representative spectrum after Dopppler cooling, with a dense

forest of sidebands due to the low νz frequency and Lamb-Dicke parameters of ηCOM = 0.17

and ηB = 0.13. From the fit we obtain n̄COM = 89(4) and n̄B = 45(2), both of which are

approximately 1.5 times above the Doppler limit. This is most likely a consequence of the

detuning of the cooling beams being set closer to resonance to maintain chain stability. Despite

this, the number of phonons does not pose an insurmountable problem; we can still resolve

individual sidebands and hence design a sequence of sideband cooling pulses that picks out

different red sidebands of either mode in turn to cool both modes to near the ground state.

The issue with cooling a two ion crystal starting from outside the Lamb-Dicke regime have

been discussed at length in section 4.4.1. Broadly speaking, we wish to address a set of sidebands

that will, on average, always have some appreciable coupling across the 2D coupling map as in

figure 4.13e. To find the length and order of application to obtain the highest cooling efficiency,

our efforts were guided by Monte-Carlo simulations described in detail in the thesis of M. Joshi

and a paper that is in preparation. Motivated by these results and refined by empirical trials, we

designed a 35 ms long cooling sequence that avoids trapping in the sideband coupling minima

Fock states involving three COM sidebands and two breathing mode sidebands as well as an

intermodulation sideband that changes the motional state of both modes simultaneously. Table

7.1 lists all the pulses in detail for the scheme that we used. Figure 7.3 shows a spectrum of

one of the ions as recorded on an EMCCD camera after applying this sequence to a Doppler

cooled ion resulting in a greatly simplified spectrum where the first order red sidebands are

strongly suppressed compared to the blue sidebands, suggesting a high ground state occupation

for both. To extract the n̄ from the sideband heights we assume a thermal distribution among

the five lowest Fock states of each mode and construct the lineshapes around the sidebands
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Figure 7.2: Spectrum after a 40 µs probe of one ion obtained from an EMCCD, after Doppler
cooling a two ion chain at νz = 162 kHz. A fit was performed by considering 5
COM and 4 breating mode sidebands and all their combinations with lineshapes
given by equation 7.5. The sums are truncated at nCOM = 300 and nB = 200 and
the Rabi frequency is fixed to Ω0/2π = 28 kHz. The mean occupational numbers
are found to be n̄COM = 89(4) and n̄B = 45(2)

by numerically integrating the Hamiltonians of 7.3 to correctly account for the spin-motion

entanglement and calculating Pe = |eg|2 + |ee|2 for one ion and Pe = |ge|2 + |ee|2 for the other,

where we allow for a different detuning between the two ions since their transition frequencies

are not equal. The carrier excitation is fitted according to standard single ion dynamic 6.1.

By averaging the parameter values across the fits to both ions, we determine the final

mean occupation numbers to be n̄COM = 0.30(4) and n̄B = 0.07(3). The breathing mode

value is consistent with the cooling limit of n̄B = 0.04 derived from the numerical simulation

(Ω0/2π = 40 kHz, Γ̃/2π = 50 kHz) in section 4.4.2, while the COM value is slightly higher than

the simulated value of n̄COM = 0.13 due to reheating on the final breathing mode pulse. These

results show that we can reliably cool two ions in a chain to the ground state in approximately

35 ms.

While the sequence works well for two ions there are many challenges to scaling this proce-

dure to multiple ions. Firstly, the more ions are added, the less likely they are to stay in a 1D

configuration at a particular value of the endcap potential. To maintain stability, the potential

needs to be relaxed further, which increases the density of sidebands making them harder to pick

out without off resonant excitation that can heat other modes, makes population trapping more

problematic and increases the total number of phonons in the system for a given Doppler cooled

temperature. Furthermore, the scheme is already slow relative to coherent operation timescales

and cooling more modes is going to make it even slower. One encouraging fact is that the

Lamb-Dicke parameter for the COM mode scales as η/
√
N and the additional higher order

modes will appear at higher frequencies with smaller Lamb-Dicke parameters. With enough
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Repeats Sideband Pulse length (µs)

15×

2nd COM 500

2nd B 500

3rd COM 300

1st B 200

2nd COM-1st B 200

2×

1st B 200

2nd COM 500

1st COM 200

2nd COM-1st B 200

1×
2nd COM-1st B 500

1st COM 2000

1st B 500

Table 7.1: 35 ms sideband cooling sequence for two ions in a chain

effort and clever pulse design, few ion chain cooling might be attainable in the near future, but

longer chains will remain the domain of RF traps, where much higher motional frequencies can

be attained.

7.2.2 Heating rate and Coherent Driving

We measure the heating rates of the crystal using the standard technique of inserting a delay

between the end of the cooling and the probe pulse as described in section 6.3.1. The fits in

figures 7.4a and 7.4b suggest heating rates of ˙̄nCOM = 9(4) s−1 and ˙̄nB = 0.7(8) s−1. The heating

rate of the breathing mode is consistent with zero, with the error larger than the measured value.

Even with a wait time of 100 ms we weren’t able to measure a significant increase in n̄B and

extending the length of the wait time makes the experimental acquisition time too long to keep

all parameters stable. This low heating rate is consistent with the fact that the breathing mode

only couples to out-of-phase noise on the end cap electrodes, which suppresses the heating. On

the other hand, the COM heating rate is almost an order of magnitude larger than the single ion

heating rate. This suggests that the breathing mode is more suitable for performing operations

such as entangling gates.

One of the biggest issues with performing coherent operations on the sideband cooled ion

chain is the field inhomogeneity along the axis leading to different Zeeman shifts of the S1/2

and D5/2 levels and subsequently different carrier transition frequencies for the ions. In a

Rabi oscillation on the carrier, this difference is not easily observed for Ω0 larger than the

shift frequency. To accurately measure this separation, we perform a Ramsey experiment as

in section 6.2.3, and fit the excitation of the two ions separately as seen in figure 7.5. The

difference in carrier frequencies obtained from the fit is 2.16(1) kHz, giving us a gradient of

0.01 T/m. This splitting is particularly problematic when we try to drive sideband transitions,

which are necessary for performing entangling gates. In figure 7.6 we perform a Rabi oscillation

on the blue COM mode sideband at νCOM = 162 kHz with Ω0/2π = 25.5 kHz and notice that

the quality of oscillations on one of the ions (orange data) is severely compromised when we

tune the laser close to resonance with the other ion (blue data), compounded by the average
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Figure 7.3: Spectrum of one ion obtain from an EMCCD, after sideband cooling a two ion
chain at νz = 162 kHz using the sequence in table 7.1. Detuning relative to
second ion is 2.6 kHz. Average motional state occupation of n̄COM = 0.30(4) and
n̄B = 0.07(3) is obtained from averaging with the parameters from the second ion
fit (not shown).

motional occupation of n̄ = 0.39(2). We also have a residual Stark shift of 2 kHz which we did

not fully compensate at the time. This of course makes the effect more pronounced, but the

point remains that the two ions follow a very different excitation curve. The conclusion from

these data sets is that our ability to be able to perform quantum entangling operations which

use the motional modes is limited by our ability to coherently address them with a single laser.

If we had two independent lasers focussed to address each individual ion, we could avoid the

problem of different transition frequencies, however, such a laser configuration is not realistically

achievable with the current design of the Penning trap and the very limited optical access.

7.3 Two Ion Planar Crystal Cooling

In some sense, the two dimensional configuration where ions rotate around the magnetic field in

a plane is the most natural for Penning traps. As explained at the start of the previous section,

above a threshold axial frequency, two ions are guaranteed to reside in the radial plane hence we

don’t have to be concerned about the ions being knocked into a different configuration during

the experiment. In this configuration we again have two axial modes: the centre of mass mode

as well as a tilt mode with frequency given by:

νT =
√
ν2
z − ν2

eff =

√
3

2
ν2
z − νr(νc − νr) (7.8)
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(a) Breathing mode
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Figure 7.4: Heating rate measurements of the (a) breathing and (b) COM modes. The insets
contains a linear fit to the n̄ obtained from the sidebands fits as a function of time
giving ˙̄nB = 0.7(8) s−1 and ˙̄nCOM = 9(4) s−1
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Figure 7.5: Ramsey spectroscopy of the carrier transition of a two ion chain at νCOM = 162
kHz with a wait time of 140 µs. The excitation spectra of each ion are measured
individually on an EMCCD. A clear shift in the pattern from one curve to the
next is visible, corresponding to a carrier frequency difference of 2.16(1) kHz.
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Figure 7.6: Rabi oscillations on the blue COM mode sideband of a 2 ion crystal with the blue
and orange data corresponding to the two different ion excitation probabilities.
The laser frequency is set to be resonant with one ion (blue data). These data
are fitted using a thermally weighted sum of solutions of the BSB Hamiltonian
up to n = 4 (eq. 7.3) to allow for detuning. The resulting fit parameters give
Ω0/2π = 25.5(1) kHz, n̄COM = 0.39(2), ∆1/2π = 2(1) kHz and ∆2/2π = 3.9(1)
kHz corresponding to the detuning to ions represented by the blue and orange
data respectively

and the Lamb-Dicke parameter thus becomes:

ηT =
η
√
νz√

2
√
ν2
z − ν2

eff

(7.9)
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where both depend on the rotation frequency νr of the crystal around the z axis

The rotation frequency is dependent on many parameters, mainly the photon scattering rate

from and offset of the radial Doppler cooling beam providing torque and the strength of the

quadrupole RF axialization field used to periodically squeeze the radial potential. By changing

these parameters we can reduce the orbit diameter, corresponding to a particular rotation

frequency, from anywhere between≈ 13−30 µm. However, we noticed it is not easy to maintain a

particular frequency due to the instability of our laser powers (due to polarisation noise through

fibers), beam pointing and frequency. Under optimal Doppler cooling parameters for a single

ion, we typically observe the rotational frequency to be near its minimum, which corresponds to

approximately 10 kHz above the magnetron frequency leading to a mode separation νz−νT ≈ 7

kHz. This turns out to also be the most stable configuration in order to fix the rotational

frequency and hence the tilt mode frequency so that it does not drift throughout the spectrum

acquisition. While we can force the crystal to rotate at higher frequencies and thus separate the

modes by tuning the Doppler cooling lasers closer to resonance and increasing the radial beam

scattering rate, both of these actions cause the axial motion that we are interested in cooling

to heat up significantly. For our experiments we thus seek to maintain a stable low rotation

frequency near the magnetron frequency and accept that the two modes may not always be well

resolved.

The advantage of this quasi degeneracy is that sideband cooling on the first νCOM red

sideband appreciably cools the tilt mode as well. Unlike the two ion chain crystals, the trapping

frequency can be set significantly higher, leading to a smaller Lamb Dicke parameter and lower

n̄ for the same Doppler temperature. Consequently, the vast majority of the population of

motional states lies below the minimum of the first red sideband coupling making population

trapping negligible and allowing for very straightforward sideband cooling.

Figure 7.7 shows a typical two ion planar crystal imaged side on through our EMCCD.

The ions appear as a line with varying intensity as their fluorescence is averaged over many

periods of rotation. The lack of single ion spatial resolution complicates the state readout.

Since we can’t image the ions individually, we can only reliably record the double excitation

Figure 7.7: EMCCD image of two ions in a plane perpendicular to the magnetic field B
with two modes of oscillation highlighted. The image was taken at axial endcap
potential of 50 V, νCOM = 380 kHz. The width of ≈ 30 µm is consistent with the
spectrally measured νT = 370 kHz. Scale - approximately 1 µm per pixel.
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spectrum corresponding to both ions being shelved to the |ee〉 state. Furthermore, our probe

laser is slightly misaligned with the magnetic field axis, hence it also sees the radial excitation

spectrum with a much reduced Lamb-Dicke parameter. In all spectra so far, for a single ion and

two ions in a chain, these radial excitations were negligible at the relevant pulse times, but in

principle they can be easily detected for longer probe times. However, for the two ion disk, the

radial rotation frequency νr sidebands become visible after sideband cooling. Because we don’t

have a direct measurement of the misalignment angle, we don’t know the Lamb-Dicke parameter

and hence can’t effectively fit the whole spectrum. Figure 7.8 shows the spectrum after Doppler

cooling in (a) and after sideband cooling on the COM mode in (b) with the rotational modes

appearing ≈ 110 kHz each side of the carrier, very close to the magnetron frequency, consistent

with the tilt mode νT ≈ νCOM and hence appearing unresolved from the COM sideband.
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Figure 7.8: Double excitation spectra of two ions in a radial plan (a) after Doppler cooling and
(b) after 25 ms total sideband cooling on 1st-2nd-1st RSBs of νCOM .The tilt mode
appears degenerate with the COM mode in both plots. The innermost sidebands
of the carrier in (b) are at νr very close to ν−. Points are only connected, not
fitted.

To effecitvely poulate the ground state we use a simple cooling sequence that has 10 ms

of cooling on the 1st RSB of the νCOM , with the tilt mode cooled off-resonantly. To resolve

the modes, we reduce the probe power to Ω0/2π = 14 kHz and sideband cool a crystal at

νz = 346 kHz with 4 V of axialization voltage. The resulting spectrum of the probability of

both ions being shelved is seen in figure 7.9 showing a total suppression of the red sidebands

compared to a strong excitation on the blue sidebands. This is not altogether surprising since

any excitation to the |ee〉 state on the red sideband would require the ion to have at least two

phonons in the relevant mode. Another clear feature is the reduction in the apparent tilt mode

height compared to the the COM that is not explained by the very small difference in their

Lamb-Dicke parameters. This is most likely caused by a small residual instability in the rotating

frequency that broadens the peak. To extract information about the motional state population,

we once again consider a thermal distribution across the 5 lowest motional states of each mode

and numerically integrate the Hamiltonians of equation 7.3 to obtain the |ee|2 lineshapes around

each sideband, which we sum incoherently. Additionally, we perform a convolution of each peak

with a normalised Gaussian function keeping the standard deviation as a free parameter to

model the broadening. Unsurprisingly, when using a constrained numerical χ2 minimisation

for n̄COM ≥ 0, n̄T ≥ 0 algorithm, we find both these quantities to be exactly zero. A jacknife

resampling was applied to this data set and found these parameter variances to be consistent

with zero. This is a reflection of the fact that the data we are fitting effectively contains no
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information on the n = 1 Fock state on the red sideband. We can set an upper bound on the

n̄ by taking the false negative error rate for the double excitation threshold discrimination (see

section 5.5.3) of 0.7% and assuming that this is the maximum population that can be left behind

in the n = 2 state of either mode. This results in n̄T = n̄COM < 0.1. This estimate is lower

than the one cited in our paper [192] where the upper bound was more conservative because it

considered the total error of 4%. Either way, to get a conclusive measurement would require an

improvement to our detection efficiency in order to distinguish the Poissonian corresponding to

both or one of the ions fluorescing. The fit also reveals that the tilt mode peak is broadened

by σ = 1 kHz, while the COM also appeared broadened by 0.7 kHz. The broadening of the

COM mode is not explained by a change in the rotation frequency, but is commensurate with

the linewidth of our laser. Using the residual broadening on the tilt mode, we can estimate the

stability of the rotation frequency during this spectrum to ≈ 0.7 kHz. From the measured tilt

mode frequency of νT = 339.5 kHz we obtain a rotation frequency νr = 104.5 kHz, which is 8.2

kHz above the magnetron. We also measure the heating rate immediately after this spectrum

for both modes to be 0.7(5) phonons per second consistent with the single ion case.
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Figure 7.9: Double excitation probability spectrum of two ions in a planar crystal after side-
band cooling for 10 ms on the first red sideband of the COM mode at νCOM = 346
kHz. The curves are fitted according to the model described in the text, constrain-
ing n̄T & n̄COM < 0.1. Rotational frequency of νr = 104.5 kHz measured from
tilt mode frequency.

One of the techniques employed is the aforementioned axialization which periodically squeezes

the potential such that the rotation is altered. While we found it useful to slightly increase the

rotation speed of the crystal by applying a 4 V potential, it does not offer us a reliable method

to set the rotation frequency of the crystal. To do this, we would need to modify the trap to

include additional electrodes. With at least 6 electrodes we could apply a rotating quadrupole

field of the form [108]:

φw = Vw cos(2πνwt)(x
2 + y2) (7.10)
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which would allow us to lock the rotation frequency of the crystal to the applied drive frequency

νr. This method has been successfully applied to large Coulomb crystals in a Penning trap to

aid coherent manipulation [55]. Without the rotating wall we could still look to improve the

control of the laser torque by changing the focus of the radial Doppler cooling beam. Currently

we use a moderately focused beam offset from the trap centre; a more focused beam would give

us higher torques and allow more effective cooling of the magnetron motion, but will rely on

very good beam pointing stability, whereas a less focused beam will have reduced sensitivity

to any intensity and pointing fluctuations, but might not be able to effectively apply a strong

torque.

7.4 N–Ion 2D Crystal Cooling

Naturally, we explore the limits of this simple scheme as applied to larger 2D ion crystals in the

plane. The equilibrium position of the ions can always be determined using the set of coupled

equations 2.39 and used to calculate the mode frequencies 2.43.

The simplest case to first consider is that of three ions. The ions form a triangle and by

cylindrical symmetry the two tilt modes are degenerate in frequency. By maintaining a low

rotation frequency νr ≈ ν−+ 10 kHz, we can keep both these modes to within a few kHz of the

COM mode allowing us to once again cool them off resonantly by cooling at the red sidebands

of the COM mode. Figure 7.10 shows a sample spectrum of the excitation probability of at

least one ion2 taken after 30 ms of sideband cooling split into 10 ms segments on the 1st-2nd-1st

sidebands in turn3. Due to the complexity of the spectrum, the degeneracy of the modes and

the large error in selecting a threshold we do not attempt a fit, but we can attribute near total

suppression of excitation relative to background in the vicinity of the red sidebands and the very

high excitation of the blue sidebands to a high ground state occupation of all axial modes. The

spectrum also shows additional radial features due to the misalignment of the probe beam that

are clearly identified. We can use the rotational sidebands to directly obtain a measurement

of the rotational frequency νr = 133 kHz, which is 13 kHz above the magnetron frequency and

hence estimate that the tilt modes are 6 kHz below the COM mode and hence are not resolved.

We now show that we can cool larger crystals with very similar cooling sequences without

requiring us to resolve all the additional sidebands by exploiting the small mode separations to

off resonantly cool them simultaneously. To get a sense of scale for the mode separation, table

7.2 lists the axial mode frequencies and crystal configuration for a typically observed rotation

frequency of νr = ν− + 10 kHz. It is clear that the modes are very tightly clustered just below

the COM frequency, with even the lowest frequency mode for 10 ions being separated by just

26 kHz. Thus our general cooling strategy to cool these crystals is to maximise the cooling

rate by having as high an Ω0 as possible and a Γ̃ ≈ 50 kHz to broaden the transition since we

are ultimately not worried about off resonant carrier excitation or heating of the nearby radial

modes. We cooled various numbers of ions with different cooling sequences, including cooling

on the second order sideband and sequentially cooling at different frequencies just below the

2The threshold was optimised empirically by setting the background when the laser is far off resonance from
any spectral feature to be in the 2-3% noise region to aid the detection of weak resonances.

3The 2nd order sideband was not necessary and other measurements without it verify this. It was coincidental
that this wide spectrum was taken with this sequence.
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Figure 7.10: Single excitation probability spectrum of three ions in a planar crystal after
sideband cooling for 30 ms split into 10 ms segments on the 1st-2nd-1st red
sidebands of the COM mode. The points are joined to guide the eye. The pink
regions highlight the axial modes, with the individual labels showing additional
radial features. Frequencies: νCOM = 383, kHz νr = 133 kHz, νT = 377 kHz

COM red sideband to increase overlap with the additional modes. Since we did not perform a

systematic study of different cooling sequence instead rather choosing them in a heuristic manner

based on our experiences, we don’t have an optimised prescription but can only offer the general

observations that larger crystals require more power, longer cooling times and additional cooling

at a frequency below the COM.

In figure 7.11 we present a cross section of spectra obtained after sideband cooling different

sized crystals using various cooling sequences. Since we can no longer effectively select thresh-

olds without introducing a larger error, we choose to present the data as an absolute value of

background subtracted total fluorescence, defining an effective ‘dark count’ that corresponds to

the ion shelving rate. In this way the spectra maintain a consistent look with the ones shown

in the rest of the thesis. Once again we don’t perform any quantitative fits, but by comparing

the dark counts in the red sideband region to background and noting the large asymmetry with

respect to the blue sideband region in figures 7.11(a)-(e), we once again have evidence that sug-

gests a significant fraction of the population is in the ground state for all the modes for crystals

of up to 10 ions. We also observe a coherent lineshape in the vicinity of the carrier which would

be washed out in a thermal state. In 7.11(f) we applied the scheme to 15 ions and were not able

to achieve similar results as for smaller crystals, but there is a small degree of asymmetry and

the red sideband region features below the COM frequency appear further suppressed. Without

further data it is difficult to conclude that we are approaching the limits of our sideband cooling

approach in terms of crystal size, but the 15 ion result is at least evidence that without a less

naive approach cooling large crystals will not be as effective and reliable. One of the reasons for
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Ions N1, N2 Frequency (kHz)

4 4,0 ν4 = 345.968

5 5,0 ν4 = 343.990 ν5 = 343.990

6 1,5
ν4 = 346.210 ν5 = 346.210

ν6 = 338.678

7 1,6
ν4 = 344.993 ν5 = 344.993

ν6 = 343.346 ν7 = 339.023

8 1,7

ν4 = 343.972 ν5 = 343.972

ν6 = 340.798 ν7 = 340.798

ν8 = 339.409

9 2,7

ν4 = 344.998 ν5 = 344.979

ν6 = 342.144 ν7 = 341.983

ν8 = 338.864 ν9 = 330.827

10 2,8

ν4 = 344.311 ν5 = 344.189

ν6 = 341.521 ν7 = 339.439

ν8 = 339.106 ν9 = 338.900

ν10 = 330.361

Table 7.2: Occupation of inner and outer shells N1, N2 and mode frequencies for small planar
Coulomb crystals. ν2 = ν3 = 349.242 kHz for all the above.

this is that the radius of the crystals grows with the addition of further ions, and hence the ions

in the outer shell see a lower intensity from the cooling lasers slowing down the process. The

radius can be reduced by rotating the crystal faster either through additional torque or using

a rotating wall drive, but the modes will then move further away from the COM and the off

resonant cooling rate will be affected. Another contribution might be a higher initial Doppler

temperature which we have not characterised here.

To confirm that we have cooled ions to near the ground state, and get a a weak thermometric

estimate of the ground state population, we perform Rabi oscillations on the carrier transition

to avoid the issue of nearby modes interfering. We first perform a measurement on a three ion

crystal at νCOM = 356 kHz prepared with 10 ms of cooling at −νCOM . The result in figure 7.12

is thresholded on a triple excitation and hence fitted to the standard Rabi excitation formula of

equation 6.6 where the bracketed term is raised to the third power since the excitation spectrum

is just the product of three independent ions undergoing oscillations. The result of the fit give

an estimated n̄ = 1.0(1) distributed between all the modes indicating a 50% occupation of the

ground state. There is an additional modulation that is not quite explained by the fit, that is

most likely due to laser intensity fluctuation since at the time of this data acquisition the noise

eater wasn’t working.

The final result of this chapter is a Rabi oscillation spectrum of a six ion crystal. We chose

this number because it is the first configuration to have a two shell configuration in which a

single ion is orbited by the outer five ions. Thus the outer ions will see a lower average laser

intensity compared to the central ion and we will observe an interference effect due to the

presence of two distinct Rabi frequencies. We can measure the Rabi frequency of only the outer

ions by using the EMCCD to collect position sensitive fluorescence from a region of interest
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(b) 4 Ions. νCOM = 356 kHz. Zoomed BSBs.
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(c) 5 Ions. νCOM = 385 kHz (d) 6 Ions. νCOM = 393 kHz

(e) 10 Ions. νCOM = 356 kHz (f) 15 Ions. νCOM = 356 kHz

Figure 7.11: Fluorescence spectra of dark counts (see text) of ion crystals after sideband
cooling sequences: (a) 30 ms at −νCOM , (b) 30 ms at −νCOM , (c) 5 ms at
−2νCOM and 15 ms at −νCOM , (d) 30 ms at −νCOM , (e) - 5 ms at −νCOM , 15
ms at −νCOM + 27 kHz, 10 ms at −νCOM + 42 kHz 1 ms at −νCOM , (f) - 20
ms at −νCOM , 20 ms at −νCOM+ 20 kHz. Red regions show the axial modes
that are being cooled.
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defined at the bright extrema of the planar disk, while the PMT records the fluorescence from

all the ions. The outer region signal can be fitted as for the three ions, but for the PMT data

we use a model of the form:

Pe(t) =

5∑
n

n̄n

(n̄+ 1)n+1

A

2

(
1− e−t/τe cos Ωo

n,nt
)5
(

1

2
− 1

2
e−t/τe cos Ωi

n,nt

)
(7.11)

where we have allowed for a Rabi frequency Ωi
n,n for the inner ion and Ωo

n,n for the outer ones.

The resulting spectra are showed in figure 7.13, demonstrating excellent fits both for the outer

ion rings in (a) and the combined oscillations of all ions in (b). The Rabi frequency ratio of

inner to outer Rabi frequency of 1.4 tells us that the average laser intensity seen by the outer

ring is almost half that of central ion.
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Figure 7.12: Carrier Rabi oscillation on a 3 ion planar crystal at νCOM = 356 kHz, with
νr ≈ 120 kHz. Fitted parameters: Ω0/2π = 37.6(2) kHz, τe = 1730(130) µs,
n̄ = 1.0(1)
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(b)

Figure 7.13: Carrier Rabi oscillations on a 6 ion planar crystal at νCOM = 356 kHz, with νr ≈
120 kHz (a) quintuple excitation on the outer 5 ions using EMCCD fluorescence
Ωo0/2π = 42.96(5) kHz. (b) sextuple excitation of all ions using PMT data.
Ωo0/2π = 42.81(6) kHz, Ωi0/2π = 59.6(1) kHz, n̄ = 0.6(1)



CHAPTER 8

COOLING THE RADIAL MOTION OF A SINGLE

ION

One of the big appeals of a Penning trap is that there is no micromotion present since the RF

fields have been replaced by a static magnetic field. The trade-off is that radial motion has a

negative total energy magnetron mode since the ion travels around a potential hill in the radial

plane due to the magnetic confinement from the Lorentz force. The consequence is that to

cool the ion (defined as reducing its orbital radius, or confining it closer to the trap centre),

we have to push it up this potential hill. If standard Doppler cooling techniques are applied

with a red detuned laser in the plane through the centre of the trap, we will begin to remove

energy from the magnetron mode moving the ion down the potential hill and hence heating

rather than cooling it. Simultaneous Doppler cooling of both motions with an offset beam is

possible, but the efficiency of cooling the magnetron is limited as was discussed theoretically

in section 4.3.1. Furthermore, the metastable mode oscillation frequency is typically very low,

in the tens of kHz, hence even near the Doppler limit, there can be thousands of phonons

in this mode. Due to these reasons, no one has yet successfully demonstrated simultaneous

ground state cooling of the radial modes of motion in a Penning trap. In the first section

we show numerical simulations of Doppler cooling under the presence of the axialization drive

– the technique that uses an RF drive at the true cyclotron frequency to resonantly couple

the cyclotron and magnetron motions together. This technique proved crucial in achieving a

significant reduction in the average magnetron phonon number. We will experimentally show

the effects of the axialization drive on the Doppler temperature and will then go on to present

the first evidence of a significant occupation of the ground state of motion of the magnetron

and cyclotron modes simultaneously after sideband cooling.

8.1 Simulations of Doppler Cooling

The goal of this section is to highlight general trends that inform us about the behaviour of

the classical ion trajectories in the radial plane under the influence of Doppler cooling using an

offset Gaussian laser beam both with and without an axialization RF field. Specifically, we are

interested in learning about the cooling limits rather than the cooling rates as we seek to find

optimal parameters that will yield mean phonon numbers of both modes of motion that are

low enough to allow sideband cooling techniques to further cool the ion to the ground state of

radial motion.

168
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8.1.1 Simulation Method

We begin by writing explicitly the coupled radial equations of motion for a single ion under the

presence of an axialization drive of amplitude Va given by equation 4.61

ẍ(t) =
ω2
z

2
x(t)− Vae

2Mr2
0

sin(ωct+ φi)x(t) + ωcẏ(t) (8.1)

ÿ(t) =
ω2
z

2
y(t) +

Vae

2Mr2
0

sin(ωct+ φi)y(t)− ωcẋ(t) (8.2)

If we set Va = 0 these equations exactly reduce to those of equation 2.7 for the static trap-

ping case. Integration of equations 8.1 & 8.2 will yield solutions to x(t) and y(t), which can

reconstruct the ion’s trajectory in the radial plane, but tell us very little about the behaviour of

each mode. Instead we rearrange the analytical solutions from equations 2.16 to find the square

amplitudes of the motion:

r2
+ =

1

4ω2
1

[
(ω−x(t) + ẏ(t))2 + (ω−y(t)− ẋ(t))2

]
(8.3)

r2
− =

1

4ω2
1

[
(ω+x(t) + ẏ(t))2 + (ω+y(t)− ẋ(t))2

]
(8.4)

In the absence of axialization, these amplitudes are constants of motion that are fixed by the

initial conditions and the trap parameters. When the axialization is turned on, the amplitudes

evolve sinusoidally in time at a frequency given by equation 4.68. To model the laser-ion

interaction, we will consider discrete scattering and absorption of photons by a laser with wave

vector k that leads to an instantaneous velocity change ∆v ≡ v−v′ = ~
m(k−k′)/m after emitting

a photon with wave vector k′ as in section 4.3.1. This approximation holds since the timescale for

the emission process is orders of magnitude smaller than any of the trapping frequencies under

consideration. Even though the Penning trap Doppler cooling is performed with two lasers to

repump both S1/2 Zeeman sublevels, we will assume just a single monochromatic cooling laser

on the 397 nm transition ignoring any repumping by the 854/866 nm lasers. This should not

affect the results of the simulation significantly since in practice we always set approximately

the same detuning and power on both the lasers. The monochromatic assumption also follows

from the linewidth of the laser being much smaller than the transition linewidth. For the decay,

we average over all the possible transitions as in equation 4.50 resulting in an isotropic emission

pattern. We do not consider re-heating due to scattering of photons from an axial laser beam.

The laser has a Gaussian intensity profile given by:

I =
2P0

πw2
0

e−2(y−y0)/w2
0 (8.5)

where P0 is the total power, w0 is the beam waist and y0 is the offset from the trap centre

(not to be confused with the beam offset parameter used in the linear approximation in section

4.3.1). The laser wave vector is fixed to be k = kx̂. The scattering rate due to the radial beam

including the time dependent Doppler shift is then given by:

γg(t) =
Iσ0

~ωL
(Γ/2)2

(Γ/2)2 + Iσ0Γ
2~ωL + (δ + ẋ(t)k)2

(8.6)
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where the scattering cross-section is [140]:

σ0 =
3λ2|〈g|rC(1)

q |e〉c(q)
i εi|2

2π
(8.7)

where we recognize the dipole transition matrix defined in equation 3.10. In our experiment

we address both σ± transitions with optimal linear polarisation and hence obtain σ0 = λ2/(2π)

(see section 3.3 for discussion of polarisation and beam geometry). Finally, we assume that the

laser statistics are Poissonian and thus we can define a probability of seeing n photons in a time

interval dt as Pn(γg(t)dt).

The integration algorithm then proceeds as:

1. Integrate the equations of motion 8.1 and 8.2 using an 8th order Runge-Kutta by a time

step dt.

2. Sample the Poissonian distribution Pn(γg(t)dt) to find how many n photons arrived in the

time step.

3. Generate two uniform random numbers θ[0, π] and φ[0, 2π] to define the scattered photon

wave vector.

4. Update the velocity coordinates by the corresponding velocity kicks:

ẋ(t)→ ẋ(t) +
n~k
M

(1 + sin θ cosφ)

ẏ(t)→ ẏ(t) +
n~k
M

(sin θ sinφ)

This algorithm is implemented in the Mathematica software package and hence the output

after total integration time T is a set of interpolating polynomial functions for all the position

coordinates and their derivatives. As mentioned above, we are interested in the average square

amplitudes 〈r2
+〉 and 〈r2

−〉 which can be obtained by substituting the integrated interpolation

functions into equations 8.3 and 8.4. There is an important correction that must be made to the

x coordinate before the substitution. Since the laser exerts a constant force in the x̂ direction,

it offsets the ion trajectory from the centre and would hence give much larger values 〈r2
+〉 and

〈r2
−〉. We therefore subtract the constant force term offset:

2~kγg(t0)
Mω2

z
from the x-coordinate

solution. The mean phonon numbers can then be expressed in terms of the amplitudes as:

n̄± =
〈r2
±〉Mω1

~
(8.8)

The numerical and physical accuracy of the simulation is closely tied to the selection of the

time step dt. Firstly, in the absence of any laser scattering, the numerical integration should

preserve the sum of the amplitudes of both modes of motion. Here the choice of algorithm and

dt combine together both contribute to any error. We have found that to achieve no divergence

after 20 ms to within a part in 10−3 using the 8th order Runge-Kutta integrator, we required

the time step to be at dt = 10−8 s (2 × 106 steps). This is also a reasonable choice physically

since for typical simulation beam intensities and detuning, we obtain maximum scattering rates

on the order of 106 photons s−1 so that we have only a very small probability that two photons

arrive within the time step avoiding any problems with saturation and correlated emission.
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8.1.2 Simulation Results

Before moving on to the presentation of the results, we will define the scope of the simulation.

Broadly, we were interested in qualitatively finding out the following:

1. Given a particular laser power and detuning, how does n̄ change with beam waist and

position with/without axialization?

2. What is the scaling of n̄ with axialization voltage?

3. How is the n̄ scaling proportional to the trapping potential for Doppler cooling with/without

axialization?

4. What are realistic parameters that can achieve efficient cooling within our experimental

cycle?

There are various difficulties that we shall now discuss that come with the fact that we are

presented with a 6 dimensional parameter landscape that cannot be effectively mapped out

due to finite computing time. Firstly, points 1–3 are concerned with the equilibrium conditions

whereas one iteration of the algorithm yields one trajectory in time that may or may not reach

equilibrium depending on the integration time. Since we cannot integrate indefinitely due to

numerical error and most importantly computational time, we must set a reasonable cut-off.

This cut-off can be informed by experiment where we have typical cooling cycles between 8-20

ms and the fact that any set of cooling parameters that takes too long to reach equilibrium is

inevitably not going to be suitable for real experiments where it must also overcome heating

and be robust at re-cooling ions that collide with background gas particles, directly connecting

with point 4. One temptation is to set the initial conditions near the cooling limit so that the

dynamic cooling time is short, but this is not practical as the limits of the magnetron mode

span orders of magnitude and thus no matter the choice there will always be a strong dynamical

evolution for some parameters. Increasing the scattering rate to achieve the limit faster is also

not an option since any change in the laser power affects the limit itself in the presence of

axialization as we will show later (figure 8.2b).

In a real experiment we sample the ensemble of final amplitudes 100-200 times after a

fixed cooling period given some starting amplitude distribution of which we do not have direct

knowledge of and thus we can also measure an out of equilibrium temperature. In principle, we

could try this same approach in the simulation, but at great loss of speed since the differential

equation solving is very costly. Instead, if one solution trajectory is in equilibrium we can find

the time average of the amplitude and use the ergodicity of the system to draw a conclusion

about the average ensemble of amplitudes. Since the interpolating polynomials are saved as

the result of the integration, this is a cheap and precise way to estimate the average amplitude.

Furthermore, with the presence of axialization, some solutions can show oscillatory behaviour

in the amplitude over the whole cooling time. In this case, the averaging needs to be performed

over a fixed period of the oscillation to get an accurate estimate of the amplitude that is likely to

be measured in experiment. Since the period depends on the axialization drive voltage, and trap

frequency and the phase is sensitive to initial conditions, it is not possible to easily automate any

such averaging process. For all these reasons, we will first present plots of individual solutions

for various parameters to get qualitative responses to the questions posed above and to also
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highlight the discussed problems. Then to plot more quantitative trends, we shall extract the

mean phonon number by taking the average square amplitude between 10 to 20 ms of cooling

time. To keep all the results consistent, we always initialise the system to the same initial

conditions: xi = −4× 10−6 m, vx = 1 ms−1 and vy = 2 ms−1, which corresponds to r+ = 0.31

µm, ri = 3.77 µm and in terms of phonon number n+ = 121, n− = 17622.

We begin by considering cooling at a trap potential of 100 V (νz = 265 kHz, ν− = 52 kHz)

with a weak axialization drive Va = 0.2 V, cooled by a Gaussian beam with a beam waist

w0 = 100 µm and a detuning δ = Γ/2. The plots in figure 8.1 show the evolution of the

amplitudes for different beam offset and laser power. The first conclusion that can be drawn
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(c) y0 = 120 µm, P0 = 8 µW
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(d) y0 = 150 µm, P0 = 8 µW
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(e) y0 = 120 µm, P0 = 30 µW
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(f) y0 = 150 µm, P0 = 30 µW
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(a) (b) (c) (d) (e) (f)

n̄+ 2722 1157 104 4290 651 53
n̄− 4.14× 105 81× 104 1625 3915 74× 104 319

Figure 8.1: Amplitudes of motion for the magnetron (red) and modified cyclotron (blue).
The average motional states is calculated between 10-20 ms. Parameters: Trap
potential 100 V, νz = 265 kHz, ν− = 52 kHz, ν+ = 677 kHz,Va = 0.2 V, w0 = 100
µm, δ = Γ/2

from plots (a) and (b) is that if the offset is not large enough, the magnetron amplitude gets



CHAPTER 8. COOLING THE RADIAL MOTION OF A SINGLE ION 173

heated to a new equilibrium amplitude. The heating gets worse the closer the beam is moved

to the trap. The modified cyclotron is also heated due to the axialization coupling, but it is

clear that the two quantum numbers are still orders of magnitude different at equilibrium. To

begin to see cooling of the magnetron motion, the beam needs to be offset by more than a beam

waist as seen in plot (c). After 10 ms, the two motions once again seem to be in equilibrium,

but their quantum numbers are still not equalised as predicted, suggesting higher axialization

voltages are required. Once the beam is offset by 1.5 times the beam waist as in plot (d), the

scattering rate becomes very low and we observe mostly just amplitude exchange due to the

axialization drive. Now if we keep the same beam positions of (c) and (d) but increase the beam

power, the behaviour drastically changes as seen in plots (e) and (f). The beam offset of 120

µm that previously showed cooling now shows heating and the 150 µm now cools to the lowest

amplitude so far. This behaviour clearly differs from the intensity independent cooling limits

in the absence of axialization that were derived in section 4.3.1. This is not due to saturation

effects since for a beam waist of 100 µm with the beam offset by 150 µm the power at the trap

center where the ion resides is approximately a factor of 100 lower, much below the saturation

power on the cooling transition of 8 µW.

To further investigate this effect, we compare the results obtained at low axial frequency

νz = 87 kHz, where cooling is more efficient, against results at νz = 265 kHz while varying P0

at Va = 0.5 V and Va = 0 V. Reassuringly, the results of 8.2a clearly show that there is no

intensity dependence in the investigated region whether axialization is on or off. There is only

a residual transient effect at low power where equilibrium has not been reached. On the other

hand at high axial frequency, figure 8.2b shows a clear dependence on the beam power when

axialization is on. At low powers < 1µW, the scattering rate is low and there is little appreciable

cooling/heating within the 30-50 ms time range. Then as the power is increased the mean total

phonon number drops with the major contribution being the reduction of the magnetron mean

phonon number. A minimum is reached at ≈ 4 µW after which the total phonon number begins

increasing. At approximately 16 µW the magnetron phonon number becomes larger than the

initial condition. In contrast, when there is no axialization, additional power simply heats the

mangetron motion faster. For the remainder of this section, we will fix the power to P0 = 8 µW

to correspond to the typical value used in our experiments.

We now turn to investigate the optimal beam position as a function of beam offset without

axialization. Figure 8.3 shows curves obtained at a trap voltage of 10 V with a beam waist of

50 µm. Firstly, as expected, the cyclotron cooling has no discernible dependence on the beam

position. For the magnetron mode the optimal cooling is obtained when the beam is offset by

approximately one beam waist. When the beam is close to the trap centre, as in 8.3a and 8.3b,

the cooling dynamics are extremely fast and over 104 phonons are removed from the magnetron

mode in less than a millisecond at the cost of higher equilibrium n̄−. In 8.3b the equilibrium is

reached in ≈ 4 ms, with approximately four times lower n̄−. Moving the beam further out to

1.6 times the beam waist doesn’t significantly improve the cooling limit, while also decreasing

the cooling rate. The dynamical behaviour in this case is not sufficient to protect against the

re-heating due to scattering from the axial beam and parametric heating from the electrodes.

This data set gives a flavour of the behaviour that we can expect. The cooling limits improve

as the beam is moved outward, but the cooling rate steadily decreases until there is very little

scattering. This trend is reproduced for different beam waists and trap voltages as shown in
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(b) νz = 265 kHz

Figure 8.2: Average phonon numbers for the magnetron (circles) and modified cyclotron (di-
amonds) motions between as a function of beam power for 0 and 0.2 V of axializa-
tion voltage. Parameters: (a) νz = 87 kHz, ν− = 5 kHz, ν+ = 724 kHz,w0 = 50
µm, y0 = 50 µm, δ = Γ/2 , averaging region 10–20 ms (b) νz = 265 kHz, ν− = 52
kHz, ν+ = 677 kHz, w0 = 100 µm, y0 = 120 µm, δ = Γ/2, averaging region 30–50
ms.
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(b) y0 = 25 µm, n̄− = 464
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(c) y0 = 50 µm, n̄− = 126
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(d) y0 = 80 µm, n̄− = 116
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Figure 8.3: Amplitudes of motion for the magnetron (red) and modified cyclotron (blue). The
average motional states is calculated between 10-20 ms (a)-(c) and between 20-40
ms for (d). Parameters: Trap potential 10 V, νz = 87 kHz, ν− = 5 kHz, ν+ = 724
kHz,Va = 0.0 V, w0 = 50 µm, P0 = 8 µW, δ = Γ/2. All plots have the same initial
conditions, but due to under sampling (a) and (b) starting points are missing.

figure 8.4. For both beam waists, all the magnetron phonon numbers converge when the beam

offset gets large corresponding to almost no scatter. For the 50 µm beam waist the optimal

position is in the 60 − 70 µm region for all voltages, with the effective cooling range growing

larger as the voltage is lowered. When the beam is broadened to a waist of 100 µm, no cooling

is possible at 100 V and the ion is heated to a larger orbit. At 50 V, the ion remains in a stable

state for offsets between 90− 130 µm whereas once the trapping potential becomes sufficiently
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relaxed at 10 V cooling across a wide range of smaller offsets becomes effective. These data

sets already suggest that for higher trapping voltages that are desirable for resolved sideband

cooling, the beam gradient cooling method results in mean magnetron phonon numbers in the

103 − 104 range without moving to even smaller beam waists.
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(b) w0 = 100
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Figure 8.4: Average phonon numbers for the magnetron (circles) and modified cyclotron (di-
amonds) motions between 10–20 ms as a function of beam position for different
trap voltages with beam waists (a) w0 = 50 µm, (b)w0 = 100 µm. Parameters:
Vax = 0 V, P0 = 8 µW, δ = Γ/2.

We now look at the effects of axialization on the cooling limits. We begin by showing the

results of cooling as a function of axialization voltage for different beam waists where the beam

is not offset from the trap centre in figure 8.5. The addition of even a modest amount of

axialization already reduces the total amount of phonons in the system by orders of magnitude.

As the axialization voltage increases, the coupling acts to reduce the difference between the

phonon numbers of the two modes rather than their ratio resulting in the characteristic shape

of the trend. In all these instances, however, the amplitude of the motions is never equalised.

It is also clear to see that increasing the beam waist leads to more efficient cooling with lower

demands on the axialization voltage. Thus unlike the gradient cooling that requires small beam

waists, if no offset is included, a wider beam is preferable.

Ideally, we aim to combine axialization with an offset beam and hence we search for the

optimal offset to achieve the lowest cooling limit. Using a moderate amplitude of 0.5 V on

the axialization drive, we find in figure 8.6 that with beam waists of either 50 or 100 µm, we

can comfortably reach limits below 100 phonons in each mode when offset to near the optimal

positions from figure 8.4. The tolerance for remaining between the minimum and the 200 phonon

mark is ≈ 20 µm after which the mean phonon numbers grow exponentially. The behaviour for

offsets below optimum and above is different in that in the latter case the two mode amplitudes

are nearly equalised. This is a consequence of a a residual oscillating amplitude exchange

implying the steady state has not been reached due to the slow scattering rate at this particular

power. The behaviour for larger offsets looks like that of figure 8.1d.

At these minimum offset positions, we can investigate the mean phonon number as a function

of axialization voltage. From figure 8.7 we see that the mean phonon number gets exponentially

smaller as a function of the voltage converging to n̄+,− ≈ 50. The smaller beam waist offers a

faster cooling rate, but the limit at large voltage appears to be independent of the beam shape

for the cases considered.

If we now consider the optimal offset of y0 = 120 µm for the best estimate of the physical
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Figure 8.5: Average phonon numbers for the magnetron (circles) and modified cyclotron (dia-
monds) motions between 10–20 ms as a function of axialization voltage for different
beam waists. Parameters: Trap potential 100 V, νz = 265 kHz, ν− = 52 kHz,
ν+ = 677 kHz, y0 = 0 µm, P0 = 8 µW, δ = Γ/2.

beam waist w0 = 100 µm of the cooling lasers in our experiment, we can look at the mean

phonon numbers as a function of trap voltage. Figure 8.8 tells us first that without axialization

the magnetron motion grows exponentially with the voltage until it reaches a steady state at a

large orbit 10s of µm in size. The modified cyclotron n̄ remains low and only starts to grow at

around 300 kHz. Including as little as 100 mV of axialization amplitude already results in an

order of magnitude smaller magnetron motion plateau beginning around 300 kHz. The 0.5 and

1 V of axialization data show that a mean phonon number for both motions approaches the

lower limit (within 10s of phonons) set by the modified cyclotron motion without axialization

over the whole frequency range. Adding additional axialization above 0.5 V provides little to

no additional gain.
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Figure 8.6: Average phonon numbers for the magnetron (circles) and modified cyclotron (dia-
monds) motions between 10–20 ms as a function of beam offset for different beam
waists. Parameters: Trap potential 100 V, νz = 265 kHz, ν− = 52 kHz, ν+ = 677
kHz, Va = 0.5 V, P0 = 8 µW, δ = Γ/2.
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Figure 8.7: Average phonon numbers for the magnetron (circles) and modified cyclotron (dia-
monds) motions between 10–20 ms as a function of axialization voltage for different
beam waist and offset combinations. Parameters: Trap potential 100 V, νz = 265
kHz, ν− = 52 kHz, ν+ = 677 kHz, P0 = 8 µW, δ = Γ/2.
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Figure 8.8: Average phonon numbers for the magnetron (circles) and modified cyclotron (dia-
monds) motions between 10–20 ms as a function of axial frequency νz for different
axialization voltages. Parameters: w0 = 100 µm y0 = 120 µm, δ = Γ/2.
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To conclude, we summarize the general observations:

• When using gradient cooling without axialization, smaller beam waists allow for lower

mean phonon numbers, with the optimal offset at y0 = 1.2− 1.4× w0.

• These offsets are appropriate when including axialization as well. The beam waist is

not as crucial to achieve low limits as a moderate amount of Vax = 0.5V already yields

mean phonon numbers below 100 for both modes, which is over an order of magnitude

improvement in most cases.

• When there is no beam offset, axialization can still work but requires a larger Vax to

achieve the same mean phonon number at the same beam waist as if an offset is included

for the beam waists studied. Unlike when an offset is present, larger beam waists cool

more efficiently.

• When axialization is used with w0 = 100 µm and y0 = 120 µm, the whole frequency range

of our trap becomes accessible with both modes remaining many orders of magnitude

colder than if the axialization was not present. Even modest amounts of axialization

≈ 100 mV are sufficient to to confine the magnetron motion to n̄− ∼ 1000 phonons.

8.2 Experimental Results

8.2.1 Doppler Cooling

The laser cooling sequence for performing radial Doppler cooling is much the same as the

one used in the axial cooling section (6.1.1). There are, however some key differences in the

experimental method that we summarise here.

• The radial beam power is significantly increased compared to the axial beam. For axial

cooling, the radial/axial ratio was typically kept between 1.5-2, whereas for radial cooling

it is around 10. This helps ensure a low scattering ratio of γz/γr that lowers Doppler limit

for both motions as per equations 4.58, 4.59 even when the beam offset from the trap

centre increases.

• Related to the previous point, we still require a high axial scattering rate to obtain a good

signal to noise ratio during the readout phase. This can’t be achieved by the radial beam

alone since it is also the source of large background scatter. To overcome this problem,

we repurpose the AOM that was used to attenuate the radial beam during the readout

period to instead attenuate the axial beam during cooling and increase the power during

readout.

• The beam offset that changes the gradient of intensity across the ion now has to be set

much more carefully to obtain the lowest temperatures. During axial cooling, the beam

pointing and consequently the radial temperature were optimised by eye, making sure the

ion on the camera had no radial extent beyond that given by the optical resolution of our

system. Motorised control of the beam pointing and an auxiliary CCD that records the

beam position as it exits the trap are used in conjunction to make fine adjustments and

obtain repeatable results.
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• When working with axial modes, the axialization drive is kept on throughout the whole

experimental sequence since we only require it to prevent the magnetron motion from

ever growing too large. In the case of radial cooling, we wish to obtain an equilibrium

between n̄+ ≈ n̄− which can only occur when the Doppler cooling lasers are on. Once

they are turned off, the coherent exchange of phonons between the two modes will change

the amplitude of each mode and since the drive will have a different phase during each

experimental trial we will not be probing the distribution created during cooling. While

the total n̄ of both modes might be the same, the variance will be much larger. Hence it

is crucial that the axialization drive is turned off simultaneously with the cooling lasers

and must remain off during state preparation, probing, sideband cooling or for any other

coherent operations.

After Doppler cooling in the absence of axialization, we expect both modes to be in a thermal

state. As with a two ion crystal, we can thus model a well resolved sideband spectrum as a

sum of excitation probability lineshapes given by equation 7.5. However, when the sidebands

are not resolved, this approach is not valid as can often be the case for the magnetron motion

when ω− < Ω0. One way to quickly assess the temperature (and n̄) is to look at the width

of spectral features, which should, in the limit of low saturation, look as a comb of sideband

heights modulated by a Gaussian envelope that is dependent on the Doppler shift. When an

ion is in a thermal state, its Fock state occupation probability distribution is proportional to

the Maxwell-Boltzmann factor [120]

Pn ∝ e−EK/(kBT ) (8.9)

where EK is the kinetic energy of the radial motion, kB is the Boltzmann constant and T is

temperature. The energy for an ion with velocity v is given by Mv2 as we have two radial modes

contributing a degree of freedom. Combining this with the Doppler frequency shift v = dνc/ν0

of the spectroscopy transition f0, the exponential factor is equal to:

exp

[
− Mc2

kBTν2
0

(dν)2

]
(8.10)

which now takes the form of a Gaussian in frequency. For a Gaussian envelope with zero mean

and standard deviation σν = dν we obtain the temperature and mean occupation numbers

T =
Mλ2σ2

kB
(8.11)

n̄+ ≈
Mλ2σ2

νω1

2~ω2
+

(8.12)

n̄− ≈
Mλ2σ2

νω1

2~ω2
−

(8.13)

where λ is the wavelength of the 729 nm laser. Our first radial spectroscopy was performed

without any axialization at 10 V where ωm = 4.86 kHz and is smaller than the Rabi frequency of

the probe beam used hence it remained unresolved. The results in 8.9 highlight the importance

of the relative powers of the radial and axial cooling beams. As equation 4.58 makes clear, the

radial motion Doppler cooling limit depends on the relative scattering rate γz/γr. Going from

(a) to (b) the laser intensity ratio was reduced by a factor of 5, for a an approximate four fold
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improvement in the final n̄+ from approximately 110 to 30. The latter value approaches the

calculated value of n̄+ = 18 for the Doppler limit when the radial scattering rate is equal the

axial scattering rate and y0 → ∞. Focussing now on the magnetron, we get n̄− ≈ 1900 for
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Figure 8.9: Radial Spectra of a single ion after Doppler cooling at ν+ = 708, ν− = 5.3 kHz.
The average occupation obtained from matching the data for a comb of Gaussian
sidebands modulated by a Gaussian envelope gives n̄+ ≈ 110 and n̄+ ≈ 30 for (a)
and (b) and n̄− ≈ 1900 for both. In (a) the beam intensities are 8 µW and 18
µW for axial and radial respectively, whereas for (b) they are 0.9 µW and 19 µW.
No axialization used.

both plots, indicating that the scattering ratio is not the limiting factor in this case. Since we

don’t have a way to directly measure w0 and the modified cyclotron is largely insensitive to it,

we don’t have a direct n̄m Doppler limit comparison value. Assuming we have a beam waist

of w0 = 100 µm as estimated in section 5.2.2, our measurement is then consistent with the

simulation result in figure 8.4b for beam offsets in the 100 µm range.

From these results it is clear that even at very low endcap voltage, where the magnetron

cooling with the beam offset is most efficient, we are still left with a n̄− that is much too

high to sideband cool to the ground state. To significantly reduce the magnetron mode’s mean

phonon number we thus require the axialization technique. To highlight the effects on both

the cyclotron and magnetron modes we perform four measurements in sequence, two without

axialization and the other two with 500 mV of RF applied to the ring electrodes. Figure 8.10

shows this technique achieving a reduction of the magnetron phonon number by almost a factor

of 10, while only increasing the modified cyclotrons’ by 50% yielding a large net reduction of the

total phonon number. This is a much more promising starting position for sideband cooling.

From the spectra in figure 8.10 we also see that at a Rabi frequency Ω0/2π = 28 kHz, the

individual magnetron sidebands are still not adequately resolved. As a consequence, cooling

on a blue magnetron sideband of the carrier with a large Ω0 (required for fast cooling) will

produce a strong off resonant excitation of the carrier and even heating on the red sidebands.

To prevent this, we want to be able to work at trap voltage where ω− is larger than Ω0, but

not so large that the Doppler cooling even with axialization becomes inefficient. Motivated by

the simulation results of section 8.1.2, we performed Doppler cooling at 100 V where ν− = 52

kHz is and thus should yield sufficiently resolved sidebands. Using 1 V of axialization we obtain

very promising mean phonon numbers for both modes of n̄+ = 96(5) and n̄− = 136(8) from

a fit to the full sideband dynamics in figure 8.11. This result is representative for the typical

Doppler cooling that we achieve and forms the starting of our sideband cooling studies.
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(a) axialization Off
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(b) axialization On - 500 mV
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(c) axialization Off
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(d) axialization On - 500 mV

Figure 8.10: Radial Spectra of a single ion after Doppler cooling at 30 V, ν+ = 693 kHz,
ν− = 14.8 kHz. The average occupation obtained from matching the data for a
comb of Gaussian sidebands modulated by a Gaussian envelope: from (a) and
(b) n̄+ ≈ 31 and n̄+ ≈ 45, and from (c) and (d) n̄− ≈ 900 and n̄− ≈ 100
respectively. All other parameters are kept same between figures. 500 mV of
axialization RF is applied in (b) and (d)
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Figure 8.11: Radial Doppler spectrum at 100V with ν+ = 677 kHz, ν− = 52 kHz taken with
1 V axialization. Full fit to two mode dynamics of equation 7.5 gives the mean
phonon numbers n̄+ = 96(5) and n̄− = 136(8) and Ω0/2π = 26 kHz
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8.2.2 Sideband Cooling

As the previous section showed us, the axialization technique helps us reach states with n̄ ∼ 100

in each mode, which is still far outside the Lamb-Dicke regime and will require a judicious

application of higher order sidebands to ensure there is no population trapped in the coupling

minima of the sidebands. Taking the mean phonon number of n̄− = 136 from the result in

figure 8.11, there is almost 25% of the population left above the first order sideband coupling

minimum at n = 196, which is very similar to that of the COM mode for two ions in a 1D chain

at νCOM = 162 kHz, which we have managed to successfully cool to the ground state. The

approach we thus took is again very similar in that we want to address a set of sidebands that

on average always have appreciable coupling to all possible phonon states. In the interest of

keeping cooling rates high, we also did not cool on sidebands that change the phonon numbers

of both modes simultaneously, as they are usually a factor of ≈ 10 weaker.

Our main experimental result was obtained with a 68 ms long cooling sequence shown in in

table 8.1 at a trap potential of 100 V where ν− = 52 kHz. To prevent off resonant excitation of

the carrier when cooling on the first magnetron sideband, the intensity of the 729 nm laser was

reduced by approximately 50% (The AOM RF power was reduced by exactly 50%, but there

is some residual non-linearity) and the effective excited state linewidth was usually maintained

at around Γ̃/2π = 5 − 10 kHz by appropriately detuning the 854 nm laser. The third order

magnetron sideband was also included to add additional cooling for states in high n without

much off resonant carrier excitation. As with the axial sideband cooling, careful compensation

of the Stark shift induced by the 854 nm laser is crucial to accurately target all sidebands.

Applying this sequence to an ion Doppler cooled under 1 V of axialization with Ω0 ≈ 30

kHz, we obtain the spectrum shown in figure 8.12. The asymmetry of the modified cyclotron

modes is very pronounced with a fit to a thermal model estimating a mean phonon number

of n̄+ = 0.30(6). Looking at 8.12(b) we can also see an asymmetry present in the magnetron

sidebands with the blue sideband now rising higher as expected due to the negative total energy

of the magnetron. The mean magnetron phonon number given by the thermal model fit is

n̄− = 1.7(2) implying a ground state occupation probability of P0 = 40%. However, looking at

the continuous spectrum there are some potential spurious features. There appear to be single

data point excesses in the vicinity of 2ν− and 3ν−, which are not accounted for in the thermal

model given the estimated n̄−. On the other hand, these features are not mirrored at −2ν−

and −3ν− casting doubt as to whether they correspond to real shelving events. A population

trapping model with a fraction of the population left at the coupling minimum of n− = 196

would not account for these excitations without also creating visible magnetron sidebands at

ν+− 2ν− and ν+− 3ν− which are also not observed. Another possible explanation is that there

is some non-thermal distribution to the magnetron phonon states, which we cannot rule out,

but the rate equation simulation of section 4.4.2 does not support this hypothesis even when

considering strong carrier excitation and all third order decay pathways.

Due to the time constraints, we were not able to return to further investigate these higher

order carrier sidebands as they only became apparent in one of our final experimental runs.

As things stand, the data supporting a non-thermal distribution is not conclusive either way

and the asymmetry of the first order sidebands requires a significant population in the n− = 0

state hence we will for now assume that we can keep using a thermal model for the phonon

distributions in its vicinity. This result would thus suggest the first ever demonstration of a
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Sideband Pulse length (ms) AOM RF Power(%)

2nd Cyc. 5 100

1st Cyc. 10 100

3rd Mag. 5 100

2nd Mag. 5 100

1st Mag. 5 50

2nd Cyc. 5 100

1st Cyc. 5 100

3rd Mag. 5 100

2nd Mag. 5 100

1st Mag. 5 50

1st Cyc. 10 100

1st Mag. 2 50

1st Mag. 1 100

Table 8.1: 68 ms sideband cooling sequence for both radial modes.

simultaneous ground state occupation for both modes of 32%. There are two excess data points

that also stand out near −ν+ − ν− and −ν+ + ν−, though they do not exactly align with the

expected magnetron peak positions and they are not seen in a separate measurement with a

similar cooling sequence (see table 8.2) shown in figure 8.13. The thermal model seems to

account for the data better this time around, resulting in mean phonon numbers: n̄+ = 0.28(6)

and n̄− = 1.9(4). Although this data set lacks the carrier and its magnetron sidebands, the

extracted parameters are consistent with those of figure 8.12.

We have one further measurement using a sequence almost identical to the one in table

8.1 where we scan over both the first order carrier magnetron sidebands and the cyclotron

sidebands. The resulting fit to the data, shown in figure 8.14 gives the lowest measured mean

phonon numbers of n̄+ = 0.01(7), n̄− = 0.4(1). The parameters errors are larger in this case due

to the data only having 100 repeats per point, but the reduced Rabi frequency of Ω0/2π = 7.3(4)

kHz should ensure that there is no residual excitation of the carrier at the magnetron sidebands.

While the numbers might appear too low due to excess random suppression of the red sidebands,

the red(blue) cyclotron or magnetron sidebands have an unambiguously strong asymmetry.

Considering all three results together, we can make a convincing case for the ground state

cooling of both modes to near the ground state without any significant population trapping. To

support this conclusion we will assess our ability to perform coherent Rabi oscillation in section

8.2.4, but first we will turn our attention to characterising the heating rate since it can have a

potential direct impact on the motional coherence.

8.2.3 Heating Rate

In section 6.3.1 we established that we observe a very low heating of ≈ 1 phonon per second

for the single ion axial mode irrespective of trap frequency. This attested to a low electric field

noises at the ion mostly as a consequence of large endcap electrode to ion distance and low

Johnson noise in the endcap potential. For the radial heating rate, the ion still has the same

electrode-ion distance, but the noise on the split ring radial electrode can be quite different as
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Figure 8.12: Top – Continuous spectrum after 69 ms of sideband cooling (see table8.1) with
a probe time of 280 µs. Bottom – Zoomed in plots around (a) red cyclotron
sideband (b) carrier with magnetron sidebands and (c) blue cyclotron sideband.
Fit parameters using a two mode thermal model: n̄+ = 0.30(5), n̄− = 1.7(2),
Ω0/2π = 14.13(3) kHz.

the voltage offsets on each segment are produced independently. To perform an accurate heating

rate measurement we cool the radial motion of an ion at 100 V endcap potential using the same

cooling sequence as in table 8.1 and afterwards we add a delay period with all lasers off for a

given period of time before probing the first order modified cyclotron and magnetron sidebands

of the carrier. We fit all the sidebands at different wait times simultaneously with the same
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Figure 8.13: Spectrum after 66 ms of sideband cooling (see 8.2) probed for 280 µs. Fit
parameters to the two mode thermal model: Ω0/2π = 29.5(11) kHz, n̄+ =
0.28(6), n̄− = 1.9(4).

Sideband Pulse length (ms) AOM RF Power(%)

2nd Cyc. 10 100

1st Cyc. 10 100

3rd Mag. 10 100

2nd Mag. 10 100

1st Mag. 10 100

1st Cyc. 10 100

1st Mag. 5 100

1st Cyc. 1 100

Table 8.2: 66 ms sideband cooling sequence for both radial modes.
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Figure 8.14: Spectrum after 69 ms of sideband cooling probed for 280 µs. Fit parameters to
the two mode thermal model: Ω0/2π = 7.3(4) kHz, n̄+ = 0.01(7), n̄− = 0.4(1).
This spectrum was taken with only 100 repeats per data point.

fixed offset and Rabi frequency parameters only allowing the relevant mean phonon numbers to

vary. The resulting fits are presented in figure 8.15a. Immediately we see that for much shorter

waiting times than for the axial mode the red modified cyclotron and blue magnetron sidebands

begin rising. The linear fit to the extracted mean phonon numbers in 8.15b indicates a large

heating rate of ˙̄n+ = 240(30) s−1 and ˙̄n− = 250(50) s−1. Both the heating rates are a radical

departure from the axial result and suggest a noise on the radial ring electrodes that is orders

of magnitude larger and appears flat in frequency since the magnetron and modified cyclotron

are separated by 625 kHz.

One immediate factor to rule out was the leakage of RF from the axialization drive. Since

the axialization is required to achieve ground state cooling at 100 V we could not simply repeat

the experiment without it. Instead, we Doppler cooled an ion at 10 V with all axialization

circuitry disconnected and then sideband cooled just the modified cyclotron motion to near the

ground state with 20 ms of cooling on its first red sideband. Using the relative asymmetry of

the sideband heights to estimate the mean phonon number, we noticed no improvement in the

modified cyclotron heating rate.

The most likely culprits are thus the DC offsets on the ring electrode segments. The offsets

are produced by 4 voltage references with 40 ppm/V line regulation powered from the same

regulated 12 V power supply and then pass through individual potentiometers before connecting

to the trap electrodes. Each of these references can introduce differential noise relative to the

others unlike the endcap electrodes which have no further active components after the high

voltage power supply1. A combination of multiple electrode segments with additional Johnson

noise in the potentiometers could point a way to a potential explanation for the observed heating

rates, though other factors cannot be ruled out without quantitative measurements of the noise

spectrum at the electrodes.

1Only when the transistor circuit to adiabatically drop the voltage is not connected.
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Figure 8.15: Top – Heating rate spectra with 0, 1.5 and 3 ms wait time inserted between
sideband cooling (see table 8.1) and a 280 µs probe centred around (a) −ν+,
(b) −ν−, (c) ν− and (d) ν+. Bottom – The fitted mean phonon numbers of
the magnetron (red) and cyclotron (blue) display linear heating rates of ˙̄n+ =
240(30) s−1 and ˙̄n− = 250(50) s−1.

8.2.4 Rabi Oscillations

We first look at Rabi oscillations of the carrier recorded just after the spectrum of figure 8.13

using the same cooling sequence. The carrier Rabi frequency is only sensitive to n+, n− to second

order in ηr near the ground state, which means that it won’t give us a very accurate measure
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of either mode’s average phonon number, nor can it distinguish their individual contributions.

Nonetheless, we can ascertain that we are far from a thermal regime where the coherence would

die out much faster. The data for this experiment, shown in figure 8.16, exhibits coherent Rabi

flopping with an exponential decay of the visibility. The following model is used to fit the data:

Pe(t) =
10∑

n+,n−

n̄
n+
+

(n̄+ + 1)n++1

n̄
n−
−

(n̄− + 1)n−+1

(
1

2
− 1

2
e−t/τe cos Ωn−,n−

n+,n+
t

)
(8.14)

yielding a coherence time of τe = 166(14) ms and mean phonon numbers n̄+ = n̄− = 0.0(7).

As expected, the error on the last two parameter is rather large, but despite this the values are

consistent with the low mean phonon numbers we obtain from the spectral measurements. It

is also worth noting that despite the noise eater being turned on the coherence time implies a

Rabi frequency fractional error of dΩ/Ω = 0.031, which is almost the same as for the case of

an axial spectrum without the noise eater. One possible explanation for this is that there is an

excess of polarisation noise in the radial fibre compared to the axial, since we did not perform

the same level of careful optimisation to enhance the suppression of the orthogonal polarisation

mode. Since the spectrum is short enough, heating effects are expected to be too small to be

detectable. If we were not constrained by time, it would have been beneficial to conduct a more

thorough study of the Rabi oscillation coherence in the same manner as we had performed for

the axial addressing in section 6.2.2
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Figure 8.16: Rabi oscillation on the carrier at endcap voltage 100 V, ν+ = 677 kHz. Fit-
ted parameters: Ω0/2π = 28.9(5) kHz, n̄+ = n̄− = 0.0(7), τe = 166(14) ms
corresponding to dΩ/Ω = 0.031

To gain more precise information about the coherence of each mode, we need to drive their

motional sidebands, which have a much stronger dependence on n. Figure 8.17 shows a Rabi

oscillation on the first blue sideband of the modified cyclotron after sideband cooling with the

sequence of table 8.1 with an additional 500 µs on the first magnetron BSB and 200 µs on

the first modified cyclotron RSB at 50% RF power. One immediate feature is the shape of
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the oscillations which follows an almost purely sinusoidal form with an exponential visibility

decay. Unlike for the carrier, even for values of n̄+ ≈ 1, we would see clear visual evidence

of interference between different Rabi frequencies. To extract a value using equation 8.14 we

fix n̄− = 1.3 (unweighted mean of the three measurements in previous section) and allow

all other parameters to float. The fitted mean phonon occupation of the modified cyclotron

n̄+ = 0.15(3) once again confirms that we have cooled a significant part of the population to

the ground state. The measured coherence time implies a fractional error dΩ/Ω = 0.096 which

is inconsistent with that measured on the carrier and potentially reveals another decoherence

mechanism. A possible source of this additional noise could be due to the heating rate of ≈ 250

phonons s−1 . Since the modified cyclotron spectrum has a much lower Rabi frequency, its

laser noise induced decoherence timescale becomes comparable to the time for the absorption

probability of at least one phonon to approach 0.5. If we include a very crude linear time

dependence to n̄+ with a rate given by ˙̄n+ then the estimated fractional error due to the laser

would drop down to dΩ/Ω = 0.052. However, at the moment, the data cannot distinguish with

a high degree of confidence between these two models. If our laser/qubit stability was an order

of magnitude higher, we would be able to more precisely measure the heating rate using the

sideband Rabi oscillations.
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Figure 8.17: Rabi oscillation on the modified cyclotron blue sideband at endcap voltage 100
V, ν+ = 677 kHz. Fitted parameters for a fixed n̄− = 1: Ω0/2π = 20.70(7) kHz,
τe = 780(40)µs, n̄+ = 0.15(3), dΩ/Ω = 0.096.

Ultimately, these data sets provide additional evidence that we have indeed cooled most of

the population to near the ground state of motion for both modes, however they also highlight

the current limitations of our system to perform coherent operations. The decoherence rate

compares unfavourably to the axial modes due to the influence of the increased Rabi frequency

noise from due to the laser polarisation and the effects of the heating can become appreciable at

low Rabi frequencies and long pulse lengths. There is still more work to be done characterising

the behaviour of the radial motion, including Rabi oscillations on the magnetron which still

suffer from off-resonant carrier excitation at ν− = 52 kHz. Based on the results of section 8.1.2
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we still have some room to go higher in trapping voltage before the temperature after Doppler

cooling begins to climb quickly. Increasing the frequency of the magnetron mode will reduce this

off-resonant excitation and allow us to perform high contrast Rabi oscillations of the magnetron

mode.



CHAPTER 9

CONCLUSION AND OUTLOOK

Since beginning work on this experiment, we have made large strides to bring the coherent

control of small numbers of ions in a Penning trap to a mature level comparable to early RF

trap experiments. Two distinct themes emerge in this thesis. First, a significant effort went

into performing ground state cooling of a single ion and all its motional modes as well as the

axial modes of Coulomb crystals. This is a fundamental part of the ion trapping toolkit and is

often a pre-requisite for experiments in the field of quantum information processing, simulation

or thermodynamics. Second, the ability to coherently manipulate the ions was developed and

characterised in the context of our particular experimental setup. Here we shall summarize the

most important achievements while simultaneously discussing their implications and suggesting

future applications or improvements.

9.1 Cooling Outside the Lamb-Dicke Regime

9.1.1 Single Ion Axial Mode

Prior to this thesis, sideband cooling to the ground state in a Penning trap had been demon-

strated only on the axial mode of a single ion over a frequency range where addressing the

first two orders of red sidebands was sufficient to prevent population trapping. By developing

sideband cooling sequences that address higher order sidebands in turn, we have opened up a

much larger range of trapping frequencies for which the axial mode can be directly cooled to

the ground state. This direct sideband cooling outside of the Lamb-Dicke regime allowed us to

reach a trapping frequency of 187 kHz with a mean phonon number of nz = 0.02(1). Using the

technique of adiabatic potential relaxation, we were able to prepare an ion with nz = 0.07(1)

all the way down at 67 kHz.

An immediate benefit of these techniques was to exploit the strong coupling to the second

order sideband when the trapping frequency is low and the Lamb-Dicke parameter is large to

effectively prepare the motional superposition state |0〉 + |1〉 + |2〉, which would be difficult to

do at large trap frequencies. Similarly, any experiment that requires strong sideband coupling

in the ground state will benefit from these cooling schemes. Importantly for us, the experience

with cooling on higher order sidebands prepared us for the more challenging task of cooling two

modes outside the Lamb-Dicke regime – required for the axial modes of a two ion chain and the

radial modes of a single ion.

191
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9.1.2 Single Ion Radial Modes

The work on sideband cooling the radial modes of motion built on the results of G. Stutter

who demonstrated cooling of the modified cyclotron mode to near the ground state, but did not

achieve any significant cooling of the magnetron motion (n̄− ≈ 6000) [144]. The first key result

was improving the Doppler cooling such that we could consistently prepare both modes with

n̄+, n̄− ∼ 100 phonons. To do this, we optimised the radial cooling beam focus and intensity

to achieve lower Doppler temperature. The most crucial improvement was the integration of

the axialization drive into the experimental sequence to effectively couple the two modes of

motion allowing us to trap at higher frequencies of ν− such that we could resolve the sidebands

with the spectroscopy laser at higher Rabi frequency. At ν− = 52 kHz, we managed to achieve

average motional occupation numbers of n̄+ = 96(5) and n̄− = 136(8). Starting from this

distribution, a 68 ms long cooling sequence addressing sidebands up to the third order was used

to achieve occupation numbers n̄+ < 1, n̄− < 2 assuming a thermal model. While we have

clearly demonstrated that there is a significant occupation of the ground state of both modes, a

continuous data set had some indication of a potential non-thermal population of the magnetron

mode. Without further investigation it is difficult to confirm or rule it out.

Future work in this direction with fine measurements of all higher order magnetron sidebands

should shed light on this potential issue. In general, radial sideband cooling is ripe for exploring

the parameter space of the laser settings and trapping voltage to determine where the ground

state can be effectively reached. The simulations in this work show that higher frequencies of ν−

should be achievable without significant heating allowing for less off resonant excitation of the

carrier when cooling on the magnetron sidebands. In terms of the pulse sequence, incorporating

sidebands that reduce the quantum numbers of both modes in the early stages of cooling might

allow for faster cooling. If it is confirmed that some population trapping does indeed occur with

the sequence used in this thesis, these sidebands may hold the key to effectively pump out of

these trapping states. Another issue to be explored is the source of the large heating rate which

is two orders greater than for the axial mode. One could try additional aggressive filtering of

voltage noise before the electrodes to see if there is a significant Johnson noise component to

the heating.

A potential upgrade to this system is to use a single 4 channel DDS to provide the axialization

RF to the segments of the radial electrode. This would allow a much finer control of the phase

and amplitude of the signal, removing any residual driven motion at higher voltages and give a

more efficient coupling and hence faster cooling.

The first demonstration of ground state cooling of the magnetron motion is a fascinating

achievement in itself because it shows that by adding energy we can effectively confine a particle

to the minimum of its radial oscillation amplitude. The ability to cool the radial motion of an ion

can be very useful in experiments where one wishes to sympathetically cool the radial motion

of another particle that cannot be laser cooled. An experiment aiming to sympathetically

cool protons or antiprotons using beryllium ions is already under preparation. Ultimately, the

technique of quantum logic spectroscopy will be used to map the state of the (anti-)proton onto

the beryllium ion to provide very high precision measurements of its g-factor and charge to

mass ratio [193].
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9.1.3 Cooling Two ions in a 1D Chain

The final test of our ability to cool far outside the Lamb-Dicke regime involved sideband cooling

of the axial modes of a two ion Coulomb crystal in a 1D chain at νz = 162 kHz, achieving

motional occupation numbers of n̄COM = 0.30(4) and n̄B = 0.07(3). The vast majority of

quantum information experiments have been performed on crystals in this configuration, but

typically at much higher axial frequencies ≈ 1 MHz or on even higher frequency radial modes.

One of the reasons for this is that one of the main limiting factors of entangling gate fidelity

is off-resonant excitation of the carrier. When the sidebands are far away in frequency, the

fidelity is improved, but larger laser intensities are required to maintain the same gate length

as the Lamb-Dicke parameter and hence coupling strength scales as η ∝ 1/
√
νz. However, new

theoretical proposals suggest that using polychromatic laser fields (i.e. multiple modulating

frequencies applied to the AOM of the gate laser) to perform the Mølmer-Sørensen gate can

strongly suppress off resonant excitations of the carrier [64]. Thus preparing ground state

cooled ions at low trapping frequencies will form an essential part of the experimental effort to

demonstrate these new types of fast and robust polychromatic gates. The Imperial College ion

trapping ground has recently secured a grant to pursue this work further in a new RF trap that

is currently being designed.

As for the Penning trap, the Mølmer-Sørensen interaction is not suitable as its performance

is severely compromised by the fact the two ions have a frequency difference of 2.1 kHz on the

spectroscopy transition due to the large magnetic field gradient. It is highly unlikely that this

splitting can be reduced any further due to the inherent field inhomogeneity of the supercon-

ducting magnet without the addition of compensation coils. Furthermore, the ion chain is not

very robust against collisions with background particles that can induce a transition to a planar

configuration. Nevertheless, even if chains are not scalable in the Penning traps our experience

with their cooling can guide any future trapping experiment that requires large Lamb-Dicke

parameters in RF traps or as discussed in 9.1.2 sympathetic cooling in Penning traps.

9.2 Cooling of 2D Planar Coulomb Crystals

The 2D planar Coulomb crystal geometry is much more natural for a Penning trap. At suffi-

ciently high applied axial potential, the ions are guaranteed to stay in a regular lattice struc-

tures that rotates around the magnetic field axis with no micromotion. The results in this

thesis present the first ever ground state cooling of these rotating crystal. Using 20-30 ms of

sideband cooling around the first centre of mass red sideband we were able to cool a significant

population of the axial modes of up 10 ions to near the ground state. We showed coherent Rabi

oscillations on 3 and 6 ion crystals confirming these results. This opens up the possibility of

using these crystals for further quantum information or quantum simulation studies.

The simplest experiment to first consider would be the entanglement of a two ion crystal

using the Mølmer-Sørensen scheme. One of the problem is that the two modes are separated by

only a few kHz in frequency and interfere with each other at high Rabi frequency. If the Rabi

frequency is significantly reduced to suppress this effect, the gate length hits the limits of our

system’s coherence time. To separate the modes further apart the crystal rotation would need

to be significantly increased. However, one of the current limitations is precisely the inability

to set the rotation frequency of the crystals as it depends on the torque provided by the radial
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cooling beam. Increasing the torque to raise the rotation frequency has requirements for the

beam parameters that are in conflict with efficient Doppler cooling. The most pressing upgrade

to the Penning trap would be to further segment the radial ring electrodes such that a rotating

wall RF drive can be applied to fix the crystal rotation frequency.

There are also other entangling schemes that could be applied to these planar crystals such

as pushing gates, that use a strongly focused, flat top beam detuned from the S1/2 ← P1/2

transition to induce AC Stark shifts [52]. In this scheme the qubit would be formed by the

Zeeman sublevels of the S1/2 state and would also require us to be able to deliver microwave

frequencies near 60 GHz to the ion to perform single qubit rotations. The 397 nm laser powers

would also have to be significantly increased to deliver a few mW of power to the ions.

9.3 Coherent Manipulation in a Penning Trap

A significant part of the work in this thesis was focussed on improving and and characterising

our ability to coherently manipulate ions in our trap. We can further divide this into the

addressing and coherence of the optical qubit and the coherence of the ion’s motional states.

9.3.1 Optical Addressing and Coherence

One of the first improvements of the experimental setup was the introduction of a continuous

729 nm laser intensity stabilisation feedback system that reduced the Rabi frequency noise by a

factor of 4 to 0.9% as measured through single ion axial Rabi oscillations. The remaining noise

will have contributions due to both polarisation change induced by the final fibre leading to the

breadboard and beam pointing instability. Since the final fibre is located after the double pass

AOM used to shutter the laser, a continuous analogue stabilisation system like the one currently

implemented can’t be simply moved closer to the ion because of the constant on/off cycling of

the laser during the experiment. The double pass AOM also cannot be set up after the final fibre

due to space constraints of the breadboard underneath the superconducting magnet. Instead,

a method that samples the light when the laser is on and holds the required feedback signal

when the laser is off is required. One possibility is to use hardware such as a Red Pitaya board

that features fast 125 MS/s ADC/DAC modules to digitise the intensity signal and to output

the analog control voltage, RAM to hold the feedback value and a CPU/FPGA to implement

the PID algorithm. Other FPGA based schemes with the same principle can also be used [194].

When the signal is picked off after a polarising beam splitter on the output of the final fibre,

the polarisation noise is thus also strongly suppressed.

To correct for beam pointing instability, we would need to install a quadrant photodi-

ode/camera in the path of the laser exiting the trap and feed back to piezo actuators that

control the orientation of a mirror mount. Once again, this can be performed digitally by

sampling when the laser is on and holding the beam position when it is off.

Ramsey interferometry was used to measure the qubit coherence time of 1.78(4) ms, which

is respectable, but not sufficient if high fidelity operations that last hundreds of microseconds

are required. We also show that through dynamical decoupling this coherence time can be

extended, adding 3.9(3) ms per additional π pulse. There is ample scope to investigate which

are the limiting factors between the laser linewidth, stray magnetic field noise or trap vibrations.

Furthermore, the ion is also sensitive to any phase noise that is acquired as the laser beam travels
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from source through two fibres and AOMs to the ion. A phase stabilisation system can be built

around a beat note derived from light that is reflected at the output face of the fibre making

a round trip and the incoming light. With an appropriate PID loop, the phase noise can be

corrected by feeding back to an AOM. Such control units are now also available commercially

from Stable Laser Systems.

We also demonstrated that we can synthesize bichromatic light fields that were used to create

coherent and squeezed states of a single ion. The bichromatic beam is essential to performing

the Mølmer-Sørensen gate and thus it forms an essential part of the quantum manipulation

toolbox.

9.3.2 Motional Coherence

To characterise motional coherence we used sideband spectroscopy to measure the parametric

heating rate of the axial mode and Ramsey type superposition experiments to measure the

stability of the trapping frequency. We confirmed that the heating rate at 184 kHz is 1.1(3)

phonons s−1 consistent with previous measurements in our trap and one of the best in the

world in terms of scaled spectral noise density SE(ωz) = 1.4(4) V2 m−2. The trap frequency

stability was measured to be ±0.40(1) Hz with a model that assumes slow Gaussian noise. We

also performed the same experiments using an ion prepared in the ground state using adiabatic

cooling. In these data sets, the heating rate was an order of magnitude larger and we could

clearly distinguish a different decay curve consistent with motional coherence time limited by

heating. We were then able to verify that the same noise models could accurately reproduce

the coherence decay of superpositions that were prepared in high lying Fock states distributed

around n = 145 and n = 291. To prepare these states, we developed a technique of sideband

heating whereby we could incoherently pump the ion to form a narrow distribution (σn ≈ 10)

around the first coupling minimum of the nth sideband. This was a success in its own right and

showed that these mixed, yet highly non-thermal states can exhibit a great degree of coherence

as evidenced by both the Ramsey type experiments as well as Rabi oscillations on higher order

sidebands. To improve the scheme and narrow the spread around the desired Fock state, heating

sequences that adjust the pulse power and use a combination of red and blue sidebands could

be investigated.

In general, the very low heating rates and long motional coherence time make the Penning

trap system ideal for studying effects of noise sources and decoherence models. To clearly

discriminate between the contribution from heating and trap frequency stability, engineered

noise with a known power spectrum could be placed on the electrodes, while resistors connected

between the endcaps can also be used to introduce additional Johnson noise. We can then

study whether the response remains the same for superpositions of high lying states compared

to those near the ground state.

Finally, the triple state superposition experiment explores interference between three quan-

tum paths. As such, it probes any validity of Born’s rule, which implies that interference only

ever occurs between pairs of quantum states i.e. there is no third order interference term. Ex-

periments with photons and a physical triple slit have recently been used to place upper bounds

on any violation [195, 196]. If we were to make improvements in our state preparation and

detection then we could place an upper bound using the same interference scheme that we used.



APPENDIX A

HENE LOCK SIGNALS

The record of these signals only exists in paper form and is thus included here for future

reference.

Figure A.1: A time trace of the error signal from comparing the intensity of two orthogonal
polarisation modes of the HeNe laser under constant heating. Note the discon-
tinuous behaviour corresponding to a ‘flip’in polarisation
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Figure A.2: A time trace of the error signal from comparing the intensity of two orthogonal
polarisation modes of the HeNe laser after the lock is engaged. Note the aperiodic
noise induced due to the flipping behaviour of the laser.



APPENDIX B

OPTICAL RAMSEY DATA

B.1 Dynamical Decoupling - 1 Pulse
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Figure B.1: A set of Spin-Echo measurements taken at νz= 418 kHz with the phase of the
second π/2 pulse scanned.
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B.2 Dynamical Decoupling - 2 Pulse
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Figure B.2: A set of two pulse UDD measurements taken at νz= 418 kHz with the phase of
the second π/2 pulse scanned.
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B.3 Dynamical Decoupling - 3 Pulse
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Figure B.3: A set of thee pulse UDD measurements taken at νz= 418 kHz with the phase of
the second π/2 pulse scanned.
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MOTIONAL COHERENCE DATA

C.1 |0〉+ |1〉 Ramsey Data
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Figure C.1: A set of motional Ramsey measurements taken at νz= 418 kHz with the phase
of the second π/2 pulse scanned.
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Figure C.2: A set of motional Ramsey measurements taken at νz= 124 kHz with the wait
time of the final π/2 pulse incremented.
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Figure C.3: A set of motional Ramsey measurements taken at νz= 418 kHz with the phase
of the final π/2 pulse scanned.
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Figure C.4: A set of motional Ramsey measurements taken at νz= 124 kHz with the wait
time of the final π/2 pulse incremented.
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Figure C.5: A set of motional Spin Echo measurements taken at νz= 418 kHz with the phase
of the final π/2 pulse scanned.
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C.3 (|gn〉+ |gn+ 3〉+ |en〉+ |en− 3〉)/2 Ramsey Data
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Figure C.6: An interferometry measurements on the (|gn〉+ |gn+ 3〉+ |en〉+ |en− 3〉)/2 state
taken at νz= 418 kHz with the wait time before the retrieval pulses scanned. The
two curves are phase shifted by π on the final pulse. The C coefficient is the
average visibility over both frequency components.
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C.4 (|gn〉+ |gn+ 2〉+ |en− 1〉+ |en− 3〉)/2 Ramsey Data
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Figure C.7: An interferometry measurements on the (|gn〉+ |gn+ 2〉+ |en− 1〉+ |en− 3〉)/2
state taken at νz= 418 kHz with the wait time before the retrieval pulses scanned.
The two curves are phase shifted by π on the final pulse. The C coefficient is the
average visibility over both frequency components.
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