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ABSTRACT

Human perception is inherently object-centric, with objectness, the hierarchi-
cal structuring of environments from fundamental building blocks forming
the foundation of higher level cognition and systematic generalization. Un-
derstanding how parts constitute objects, how objects form scenes, and how
scenes create an environment is crucial for reasoning and learning. Object-
centric representation learning aims to build Al systems that understand
and reason about the world through stable, interpretable, and disentangled
object representations. However, beyond capturing geometric properties,
these representations must encode the causal and functional roles of objects
within their environment.

This thesis focuses on the identifiability of object-centric representations
an essential property for reliable learning and causal inference. Identifi-
ability guarantees the model convergence to a particular local minima,
irrespective of starting point and optimisation strategy. Without identifiabil-
ity, models risk learning spurious correlations, being affected by confounding
factors, selection bias, and other artefacts. To achieve identifiable object-centric
representations, this thesis introduces three novel formalisms: 1. CoSA (Un-
supervised Conditional Slot Attention): Grounds learned representations to
understandable physical entities. 2. PSA (Probabilistic Slot Attention): Fo-
cuses on achieving identifiability in object centric representations. 3. VISA
(View-Invariant Slot Attention): Addresses challenges of partial visibility in
object representations. Additionally, this thesis bridges object-centric learn-
ing with causal reasoning, providing a theoretical perspective that unifies
causal inference and object-centric representations with broad implications
for Al research.

Beyond these theoretical contributions, in this thesis we also explore
practical applications of object-centric learning, particularly in explainable
Al We introduce Free Argumentative eXchanges (FAX) a novel methodology
that frames model reasoning as contestation between agents. Initially, FAX is
applied to a discrete representation framework before being extended to object-



centric representations. In summary, this thesis advances the field of object-
centric learning and explainability by integrating insights from disentangled
representation learning and contributing both foundational theory and practical
applications for human-aligned decision-making.
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INTRODUCTION

“The mind is everything. What you think you become.”

— Rephrased, Gautama Buddha

Since the dawn of time, humans have wrestled with life’s deepest ques-
tions—What is consciousness? Why are we here? What even is happiness?
And let’s be honest. .. we still have no clue. So instead, we turn to something
slightly more manageable: aligning Al systems with how humans see the
world. A critical part of this challenge is instilling the concept of objectness
in Al systems, akin to how humans perceive the world (Lake et al., 2017;
Scholkopf and Kiigelgen, 2022). It has been suggested that humans sub-
consciously organize perceptual data into object entities, allowing them to
better understand and interact with their environment (Rock, 1973; Hinton,
1979; Kulkarni et al., 2015; Behrens et al., 2018). Objectness is a multifaceted
concept that can be understood in physical, abstract, semantic, geometric, or
boundary-based terms (Yuille and Kersten, 2006; Epstein et al., 2017). The
primary goal of object-centric representation learning (OCL) is to develop
systems that maintain a stable, grounded, and environment-invariant notion
of objectness, so that the learned representations remain disentangled and
meaningful (Bengio et al., 2013a).

Objectness involves understanding an environment in terms of its build-
ing blocks, which can be broken down into the composition of objects and
their parts (Hinton, 1979; Hinton, 2022). This capability of decomposition
has been hypothesised to be one of the reason why humans can generalize
with few examples (Tenenbaum et al., 2011). Recent progress in OCL has
shown promise in segmenting objects in observed scenes (Locatello et al.,
2020b; Lowe et al., 2024). OCL methods aim to enable agents to learn object
representations within their environments, as opposed to relying on global
representations as used in traditional generative models like variational

autoencoders (Kingma and Welling, 2013). OCL approaches facilitate spa-
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tially disentangled representations, which are essential for compositional
scene generation (Bengio et al., 2013a; Lake et al., 2017; Battaglia et al.,
2018; Greff et al., 2020) and for understanding causal interactions among
objects (Marcus, 2003; Gopnik et al., 2004; Gerstenberg et al., 2021).

1.1 CHALLENGES

The core challenge in achieving human-like situational awareness in Al
systems lies in formalizing object representations in a way that allows the
systems to not only identify and segment physical objects but also to under-
stand their abstract and semantic roles. These representations must extend
beyond mere geometric properties—they must also encompass the causal
and functional roles objects play within their environments. Learning such
representations is deeply connected to the concept of identifiability, which
refers to the models capability to converge to a particular local minima for
a considered objective irrespective of model initialisation and optimisation
strategy. Identifiability is essential for both reliable representation learning
and causal inference. Additionally, with extra assumptions on data/envi-
ronment, identifiability enables inferring unseen aspects of the environment,
while maintaining grounded and accurate object representations in the case
of incomplete information setting. In summary, several challenges must be

addressed to fully realize object-centric reasoning in Al systems:

1. The binding problem: This issue involves how individual objects are
combined into an unified context (Revonsuo and Newman, 1999). In
human cognition, this involves linking sensory inputs, such as visual
and auditory stimuli, to the correct mental representations of objects.
In any Al system, this challenge is significant because it involves
creating systems that can correctly identify and link abstract features
(like object parts or properties) to their corresponding entities in the

environment.

2. The grounding problem: This challenge refers to the process of link-
ing abstract object representations to their real-world counterparts,
encompassing their function and meaning (Harnad, 1990). Grounding
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can be seen as the challenge of learning abstract, canonical representa-

tions of objects’.

3. Identifiability of representations: This refers to the model’s ability to
converge to the same solution regardless of the optimization process
or initial starting conditions in the limit of infinite data. Identifiability
is crucial for ensuring that the model’s predictions are not the result of
spurious correlations, bias, or confounding factors (Hyvérinen et al.,
2023).

4. Ambiguities and partial visibility: In dynamic environments, where
occlusion, partial visibility, and view ambiguities due to rapid changes
are common, Al systems must be able to reason with incomplete data
and infer missing information while maintaining grounded object
representations, particularly in safety-critical contexts like medical
imaging and autonomous driving (Biederman, 1987). Handling view
ambiguities involves learning a common representation in case of mul-
tiple views, addressing the transformation of object representations
due to unobserved views (Zhang et al., 2018).

5. Temporal reasoning: Humans naturally engage in temporal reasoning,
using past experiences to understand how situations evolve and make
decisions accordingly. Currently, many Al systems struggle with
forecasting long-term outcomes and adjusting plans in response to
changing circumstances. Developing Al that can reason over time,
recognize long-term dependencies, and make decisions based on
future states is crucial for achieving human-like intelligence (Friston
et al., 2017).

6. Object-part composition: In human perception, we naturally segment
objects from their surroundings and understand how smaller parts
form a whole. This segregation process is crucial for reasoning and
decision-making. For Al to reason effectively, it must be able to seg-
ment complex scenes into distinct objects and understand how those
objects are composed of parts. Recent advancements in object-centric

1 Neural network-based representations are grounded in input data, unlike classical symbols,
whose meanings are often subject to human interpretation.
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1.2

representation learning aim to address this, but Al still struggles with
setting up a hierarchy of parts and objects (Hinton, 2022).

. Cross-modal reasoning: Humans integrate information from multiple

sensory modalities—vision, hearing, touch, etc.—to form a unified
understanding of the environment. In contrast, Al systems often
operate in isolated modalities, leading to challenges in multimodal
reasoning. For human-like reasoning, Al systems must be capable
of combining data from multiple sources, such as visual, auditory,
and textual information, to form coherent representations and make
decisions.

THESIS OBJECTIVE AND CONTRIBUTIONS

The primary goal of this thesis is to develop methods that directly address

several of the challenges mentioned above and demonstrate the practical

application of these methods to real-world data. The research objectives

tackled in this thesis are as follows:

* Objective 1 - The notion of binding and grounding: A central chal-

lenge in achieving human-like reasoning or in OCL is to disentangle
the object representations and association of these estimated objects

or building blocks of a scene to physical entities.

Objective 2 - Identifiability of object representations: A significant
challenge in developing generalizable models is ensuring the existence
of local minima and demonstrating that the model will consistently
converge to the same local minima under optimal training.

Objective 3 - Identifiability under spatial ambiguities: Similar to the
previous objective, another key focus is demonstrating the model’s
convergence to local minima in the presence of spatial ambiguities,

such as partial visibility.

Objective 4 - Causal reasoning perspective: By linking the previous
objectives through a causal reasoning lens, we explore a unifying
view of scene graph modelling by considering OCL from a causal
representation learning (CRL) perspective.
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* Objective 5 - Argumentative reasoning perspective: A natural form
of human reasoning involves argumentation, whether in internal
monologues or conversations with others. This thesis replicates this
behaviour with Al agents, enabling agent-agent argumentation before
reaching a desired conclusion.

This thesis primarily addresses objective 1 by learning a dictionary of
canonical object representations, which are used as building blocks for
composition and reasoning tasks. From the perspective of objective 2,
we developed a probabilistic interpretation of the OCL method, thereby
providing identifiability guarantees up to a defined equivalence. To tackle
objective 3, we adopt a multi-view approach, considering the scene from
multiple viewpoints to learn invariant and unique object representations,
while providing identifiability guarantees. For objective 4, we approach
the problem from a world modeling perspective, unifying CRL with OCL,
and demonstrate how these methods are related and can be explored to
enable causal reasoning in Al systems. Finally, for objective 5, we build
upon various methods in computational argumentation (Atkinson et al.,
2017), extending their applications to the imaging domain, and illustrate
their applicability in the context of end-to-end training for classification
tasks.

1.3 THESIS STRUCTURE AND BIBLIOGRAPHIC NOTES

The thesis is structured to discuss the contributions and impact on OCL first
followed by its applications in achieving human like reasoning. The thesis
is split into two parts: (i) Foundations of object-centric learning, and (ii)
Foundations of human-like reasoning. In total the thesis consists of seven

chapters, building on multiple publications that are listed bellow:

e Chapter 3 builds on:

1. Kori, Avinash and Locatello, Francesco and Ribeiro, Fabio De
Sousa and Toni, Francesca and Glocker, Ben. Grounded object
centric learning. In Proceedings of The Twelfth International
Conference on Learning Representations (ICLR 2024) (Kori et al.,
2024b).
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¢ Chapter 4 builds on:

1. Kori, Avinash and Locatello, Francesco and Toni, Francesca and
Glocker, Ben and Ribeiro, Fabio De Sousa. Identifiable object
centric representations via probabilistic slot attention. In Proceed-
ings of the Part of Advances in Neural Information Processing
Systems 37 (NeurIPS 2024) (Kori et al., 2024c)

2. Kori, Avinash and Toni, Francesca and Ben Glocker. Identifiable
Object Representations under Spatial Ambiguities. In Proceed-
ings of the Part of International Conference of Machine Learning
42 (ICML 2025) (Kori et al., 2025d).

¢ Chapter 5 builds on:

1. Kori, Avinash and and Toni, Francesca and Glocker, Ben and
Scholkopf, Bernhard and Locatello, Francesco. Unifying Causal
and Object-centric Representation Learning allows Causal Com-
position. Published as a part of ICLR 2025 Workshop on Deep
Generative Model in Machine Learning: Theory, Principle and
Efficacy (In review NeulPS 2025) (Kori et al., 2025b).

¢ Chapter 6 builds on:

1. Kori, Avinash and Rago, Antonio and Toni, Francesca. Free Ar-
gumentative Exchanges for Explaining Image Classifiers. In Pro-
ceedings of The 24th International Conference on Autonomous
Agents and Multi-Agent Systems (AMAAS 2025) (Kori et al.,
2025C).

2. Jacob, Abdul Rahman and Kori, Avinash and Angelis, Emanuele
De and Glocker, Ben and Proietti, Maurizio and Toni, Francesca.
Object-Centric Neuro-Argumentative Learning. In Proceedings
of The 19th International Conference on Neurosymbolic Learning
and Reasoning (NeSy 2025) (Jacob et al., 2023).

3. Kori, Avinash and Locatello, Francesco and Ribeiro, Fabio De
Sousa and Toni, Francesca and Glocker, Ben. Grounded object
centric learning. In Proceedings of The Twelfth International
Conference on Learning Representations (ICLR 2024) (Kori et al.,
2024b).
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In addition, I directly or indirectly contributed during my Ph.D to the

following publications (relevant to this thesis but not part of it):

1.

Kori, Avinash and Toni, Francesca and Glocker, Ben. GLANCE: Global
to Local Architecture-Neutral Concept-based Explanations.Published
as a part of XAl workshop, at Advances in Neural Information Pro-
cessing Systems 36 (NeurIPS 2023) (Kori et al., 2023a)

. Kori, Avinash and Glocker, Ben and Toni, Francesca. Explaining Image

Classifiers with Visual Debates. In Proceedings of 27th International

Conference of Discovery Science (DS 2024) (Kori et al., 2024a).

. Kori, Avinash and Balsells-Rodas, Carles and Glocker, Ben and Li,

Yingzhen and Locatello, Francesco. Causal Representation Learning
and Inference via Mixture-Based Priors. Published as a part of ICLR
2025 Workshop on Deep Generative Model in Machine Learning:
Theory, Principle and Efficacy (Delta ICLR25) (Kori et al., 2025a).

. Kori, Avinash and Sanchez, Pedro and Vilouras, Konstantinos and

Glocker, Ben and Tsaftaris, Sotirios. A Causal Ordering Prior for
Unsupervised Representation Learning. Published as a part of CRL
workshop, at Advances in Neural Information Processing Systems 36
(NeurlPS 2023) (Kori et al., 2023b).

. Santhirasekaram, Ainkaran and Kori, Avinash and Winkler, Matthew

and Rockall, Andrea and Glocker, Ben. Vector Quantisation for Ro-
bust Segmentation. In proceedings of 25th International Conference
on Medical Image Computing and Computer Assisted Intervention
(MICCAI 2022) (Santhirasekaram et al., 2022).

. Santhirasekaram, Ainkaran and Kori, Avinash and Winkler, Matthew

and Rockall, Andrea and Glocker, Ben. Robust Hierarchical Symbolic
Explanations in Hyperbolic Space for Image Classification. Published
as a part of topology workshop at IEEE/CVF Conference on Computer
Vision and Pattern Recognition (CVPRw 2023) (Santhirasekaram et al.,
2023).

. Rasal, Rajat and Kori, Avinash and Glocker, Ben. Causal Representa-

tion Learning with Observational Grouping for CXR Classification. In
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BACKGROUND

“To know what you know and what you do not know, that is true knowledge.”
— Confucius

2.1 HUMAN PERCEPTION

Human perception is an active process where the brain interprets sensory
input to construct a stable experience of the world. Central to this process
is the philosophy of objectness, which explores how we perceive distinct ob-
jects despite variations in viewpoint, illumination, or occlusion Biederman,
1987. Traditional theories, such as structuralism, proposed that perception
results from assembling fundamental sensory features, while Gestalt em-
phasized that perception arises from holistic patterns (Wertheimer, 1923).
More recent computational models suggest that perception is fundamentally
inferential, meaning the brain forms hypotheses about the environment
and updates them based on sensory feedback (Gregory, 1980). This shift
towards predictive processing aligns with the Bayesian brain hypothesis,
which states that perception results from a probabilistic model that com-
bines prior beliefs with sensory evidence (Knill and Pouget, 2004).

Pragmatic view on objectness

Objectness is a multifaceted property that can be characterised as physical, abstract,
semantic, geometric, or via spaces and boundaries (Yuille and Kersten, 2006; Epstein
et al., 2017). Biederman (1987) proposed the notion of “Geons”, which basically
considers canonical list of 3D geometric icons like: sphere, cylinders, cube, etc. to
represent any complex object composition or scenes involved. However modelling an
environment as a group of geons is quite challenging. In this work, we consider a
pragmatic view on objectness with a workable definition of ‘objects” as in Kosiorek
(2019), which basically defines an object in an image as a set of pixels characterised by
certain properties and that objects in a single image or video coexist within a shared

context, or remain temporally consistent in the case of videos.
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2.1.1 Active Inference

The inferential perspective is central to Active Inference, a theory suggesting
that perception is not a passive recording of sensory stimuli but an active
process that minimizes uncertainty. The brain conforms to reality with
its preconceived prior to a larger extent, minimising uncertainty or free
energy (refer Figure 2.1). Instead of merely reacting to sensory inputs, the
brain predicts the sensory signal and adjusts its internal model based on
mismatches (prediction errors). The predictive coding model suggests that
the brain is organized hierarchically, where higher-level predictions guide
lower-level sensory processing, and mismatches (errors) propagate upward
to update models (Clark, 2013).

Active inference reframes perception as a control problem, where the
brain selects actions that optimize its internal states to match external reality.
Instead of passively receiving information, organisms actively seek sensory
inputs that align with their internal models. For instance, eye movements,
head tilts, and exploratory hand movements are all mechanisms through
which the brain updates its perceptual models (Parr and Friston, 2018).

2.1.2 Free Energy Minimization

At a deeper level, this process is governed by Free Energy Minimization, a
principle proposed by Friston, 2010, which states that biological systems
strive to reduce the discrepancy between expected and actual sensory inputs.
Mathematically, free energy is an upper bound on surprise (or uncertainty),
meaning that perception and action work together to reduce uncertainty
about the world. The idea that perception is an active, inference-driven
process rather than a passive one has significant implications for neuro-
science and Al The free energy principle provides a unifying framework
that ties together perception, action, and cognition, explaining how bio-
logical systems self-organize and learn efficiently. Notably, this principle
aligns closely with modern approaches in unsupervised learning methods,

including variational autoencoders (VAE)(Kingma and Welling, 2013).
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Figure 2.1: Illustration of the Hollow-Face Illusion: (1) A fully convex face, perceived as
normal, (2) A side-view of the mask, showing depth, (3) A fully concave mask, which may
still be perceived as convex due to strong top-down priors in human perception (the image is
generated with gpt-40).

Free-energy — ELBO

Let x, z be the sensory input and the hidden causes (latent variables), let p(x, z) be the

joint generative model. The posterior belief over hidden causes is defined as:

2h) — _PXI2)p(2) o1
A @1)

with brain perception model, which can be considered as a posterior q(z), F =
Dk1.(q(z)||p(z|x)), where F is the free energy, acting as a bound on surprise. The
brain minimizes this bound by adjusting q(z) to match the true posterior. The joint
objective which the brain minimises is: F = Prediction Error + Dgp.(q(z)||p(z)).

This explains illusory perceptions, such as the hollow mask illustration, where prior
expectations override sensory evidence. Free energy minimisation suggests that con-
scious awareness arises when high-level generative models align with sensory input.
When a perceptual conflict exists, the brain settles it based on a stable interpretation.

F = (Perceptual Stability) — Dy, (Expectation||Sensory Evidence). (2.2)
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2.2 REPRESENTATION LEARNING

Early advances in unsupervised representation learning were built upon the
VAE framework (Kingma and Welling, 2013). Approaches like -VAE (Hig-
gins et al., 2017) and its extensions (Eastwood and Williams, 2018; Kim and
Mnih, 2018a; Mathieu et al., 2019) aim to learn disentangled representations
by promoting independence between latent variables (Higgins et al., 2022;
Liu et al., 2022). While these methods have achieved some success, it has
been proven that learning disentangled representations from i.i.d. data in a
completely unsupervised manner is theoretically impossible (Hyvérinen
and Pajunen, 1999; Locatello et al., 2019). Recent approaches have shown
that restricting the class of decoder functions to conformal maps (Buchholz
et al., 2022) or volume-preserving transformations (Yang et al., 2022) can
lead to identifiable models.

2.2.1 Identifiable Representation Learning

The concept of identifiability in representation learning originates from
early work on Independent Component Analysis (ICA) (Hyvarinen and
Pajunen, 1999; Hyvéarinen and Oja, 2000), and has recently seen a resurgence
(Hyvarinen and Morioka, 2016; Hyvarinen et al., 2019b; Locatello et al., 2019;
Khemakhem et al., 2020a; Von Kiigelgen et al., 2021; Lachapelle et al., 2024a;
Yao et al., 2024b). To address the identifiability challenge, several strategies
have been developed: (i) restricting the class of mixing functions (decoding
functions that maps latent features with observations); (ii) leveraging non-
iid., interventional, or counterfactual data; and (iii) imposing structure
on the latent space through distributional assumptions. For (i), restricting
mixing functions to conformal maps (Buchholz et al., 2022) or volume-
preserving transformations (Yang et al., 2022) has been found to lead to
identifiable models. For (ii), previous works (Locatello et al., 2020a; Von
Kiigelgen et al., 2021; Zimmermann et al., 2021; Ahuja et al., 2022; Brehmer
et al., 2022) utilize contrastive pairs of observations (x, X), obtained through
data augmentation, interventions, or approximate counterfactual inference.
Regarding (iii), latent space structure can be enforced either by introducing
auxiliary variables to make the latent variables conditionally independent
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(Hyvarinen et al., 2019a; Khemakhem et al., 2020a; Khemakhem et al., 2020b)
or by applying distributional assumptions, such as a mixture prior in a VAE
(Dilokthanakul et al., 2016; Willetts and Paige, 2021; Kivva et al., 2022).

A model is considered identifiable when different training iterations yield
consistent latent distributions, thereby resulting in identical model parame-
ters (Khemakhem et al., 2020a; Khemakhem et al., 2020¢). In the context of a
parameter space © and a family of mixing functions F, identifiability of the
model on the dataset X is established if, for any 61,0, ~ ® and fq,, fo, ~ F,
the condition p(fe_ll(x)) = p(fezl(x)) holds for all x € X, implying 61 = 6,.
However, in practical scenarios, exact equality or “strong” identifiability is
often unnecessary, as establishing relationships to transformations, which
can be manually recovered (transformations like affine, polynomial maps),
proves equally effective, resulting in a notion of weak identifiability, where
relationships are recovered up to an affine transformation (Khemakhem
et al., 2020¢; Kivva et al., 2022).

2.2.2  Causal Representation Learning

Modelling causal relationships becomes feasible when interventional or non-
ii.d. data is available. Ahuja et al. (2022) employ an injective polynomial
decoder and train their model using both observational and interventional
data. Varici et al. (2023) explore the case of an injective linear decoder,
optimizing the score function of the distribution in both the latent and
observation spaces. In Locatello et al. (2020a), observations are captured
before and after unknown interventions (i.e., counterfactual data), while
Brehmer et al. (2022) extend this concept to more complex causal graphs.
For non-i.i.d. data, Lippe et al. (2022) extract causal factors from spatio-
temporal data through interventions over time. Some methods assume
partial supervision, such as access to ground-truth causal factors. Other
works, like Yang et al. (2021), directly model exogenous noise, which is
mapped to causal latent variables using a linear SCM. Recently, (Yao et al.,
2024a) unified these settings into a single framework, preserving known in-
variances in the data. These invariances can stem from multi-view, temporal,
or counterfactual data. One missing component is structural assumptions

on the interplay between latent distribution and generating functions.
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2.2.3 Quantised Representation Learning.

Van Den Oord, Vinyals, et al., 2017 propose Vector Quantized Variational
Autoencoders (VQ-VAE) to learn discrete latent representations by mapping
a continuous latent space to a fixed number of codebook embeddings. The
codebook embeddings are learned by minimizing the mean squared error
between continuous and nearest codebook embeddings. The learning pro-
cess can also be improved upon using the Gumbel softmax trick Jang et al.,
2016; Maddison et al., 2016. The VQ-VAE has been further explored for
text-to-image generation (Ding et al., 2021; Esser et al., 2021; Gu et al., 2021;
Ramesh et al., 2021). One major challenge in the quantization approach
is effectively utilizing codebook vectors. Yu et al., 2021; Santhirasekaram
et al., 2022; Santhirasekaram et al., 2023 address this by projecting the code-
book vectors onto Hyperspherical and Poincare manifold. Trauble et al.,
2022 propose a discrete key-value bottleneck layer and show the effect of
discretization on non-i.i.d samples, generalizability, and robustness tasks.

Let z = ®,(x) € RN*?% denote an encoded representation of an input
datapoint x consisting of N embedding vectors in R%. Discrete represen-
tation learning aims to map each z to a set of elements in a codebook &
consisting of M embedding vectors. The codebook vectors are randomly
initialized at the start of training and are updated to align with z. The
codebook is initialised in a specific range based on the choice of sampling
as detailed below:

1. Euclidean: The embeddings are randomly initialized in (=1/M,1/M)
as described by Van Den Oord, Vinyals, et al., 2017. The discrete
embeddings Z are then sampled with respect to the Euclidean distance
as follows: z = argmingj lz—&l|3, V &; € 6.

2. Cosine: The embeddings are initialized on a unit hypersphere (Yu et
al., 2021; Santhirasekaram et al., 2022). The representations z are first
normalized to have unit norm: 2 = z/||z||. The discrete embeddings
are sampled following: Z = arg maxg, (2, Gj), V &; € 6, where ()
denotes vector inner product. The resulting discrete representations
are then upscaled as z - ||z||.
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3. Gumbel: The embeddings are initialised similarly to the Euclidian
codebook. The representations z are projected onto discrete embed-
dings in & by measuring the pair-wise similarity between the z and
the M codebook elements. The projected vector Z is used in the
Gumbel-Softmax trick (Jang et al., 2016; Maddison et al., 2016) re-
sulting in the continuous approximation of one-hot representation
given by softmax((g; + 2;)/7), where g; is sampled from a Gumbel

distribution, and 7 is a temperature parameter.

2.2.4 Unsupervised Object Discovery.

Several notable works in the field object discovery, including Burgess et al.,
2019; Engelcke et al., 2019; Greff et al., 2019, employ an iterative variational
inference approach (Marino et al., 2018), whereas Lin et al., 2020; Van
Steenkiste et al., 2020 adopt more of a generative perspective. More recently,
the use of iterative attention mechanisms in object slof-based models has
garnered significant interest (Locatello et al., 2020b; Engelcke et al., 2021;
Singh et al., 2021; Emami et al., 2022; Singh et al., 2022a; Wang et al., 2023a).
The focus of most of these approaches remains centered around the disen-
tanglement of slot representations, which can be understood as tackling the
segregation and representation aspects of the binding problem (Greff et al.,
2020). Lin et al., 2020; Van Steenkiste et al., 2020; Singh et al., 2021 focus
primarily on tackling the composition aspect of the binding problem, either
in a controlled setting or with a predefined set of prompts. However, unlike
our approach, they do not specifically learn grounded symbol-like entities for
scene composition. Another line of research tackling the binding problem
involves capsules (Sabour et al., 2017; Hinton et al., 2018; Ribeiro et al.,
2020). However, these methods face scalability issues and are typically used
for discriminative learning. Kipf et al., 2021; Elsayed et al., 2022 perform
conditional slot attention with weak supervision, such as using the center of
mass of objects in the scene or object bounding boxes from the first frame.
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2.2.5 Multiview nonlinear ICA.

It has been noted that addressing the challenge of nonlinear ICA can involve
incorporating a learnable clustering task within the latent representations,
thereby imposing asymmetry in the latent distribution (Willetts and Paige,
2021; Kivva et al., 2022). Moreover, Gresele et al. (2020) delve into multiview
nonlinear ICA, particularly in scenarios involving corrupted observations,
where they aim to recover invariant representations while accounting for
certain ambiguities. Along similar lines, Von Kiigelgen et al. (2021) and
Daunhawer et al. (2023) explore the concept of style-content identification
using contrastive learning, focusing on addressing the multiview nonlin-
ear ICA problem. Here, we work along similar lines by emphasising the
learning of invariant content and identifiable object-centric representations.
We achieve this by formulating a reconstruction objective where the en-
forced invariance and equivariance stem from the underlying probabilistic

graphical model rather than relying on a contrastive learning objective.

2.2.6 Multi-view Object-centric learning.

Recent progress in multi-view object-centric learning has seen notable con-
tributions from methods like MuLMON (Li et al., 2020), ROOTS (Chen
et al., 2021), SLOTLI1FTER(Liu et al., 2025), and vOCF(Luo et al., 2024), each
offering distinct approaches to compositional representation learning. How-
ever, these methods rely heavily on viewpoint annotations, which limit
their applicability in fully unsupervised settings. MULMON refines object
representations iteratively using annotated viewpoint-image pairs, while
ROOTS, SLoTLIFTER, UOCF estimates 3D object positions performing an
inverse rendering operation within a grid and projects them into image
space via viewpoint transformations. In contrast, we deal with fully un-
supervised framework without the need of viewpoint annotations while

providing approximate viewpoint equivariance for object representations.
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2.2.7  Temporal Object-centric learning.

An alternative approach to bypass the need for viewpoint annotations lever-
ages temporal information. Methods for learning from single-viewpoint
video sequences, such as Relational N-EM (Van Steenkiste et al., 2018),
SQAIR (Kosiorek et al., 2018), SILOT (Crawford and Pineau, 2020), and
SAV1 (Kipf et al., 2021), focus on modeling object motion, interactions, and
identity tracking across frames, even under occlusion. However, these meth-
ods assume fixed viewpoints, making them unsuitable for multi-view sce-
narios where objects appear in different spatial configurations. Additionally,
object motion affects individual objects independently, unlike viewpoint
changes, which influence the entire scene. Recent advances such as DYMON
(Li et al., 2021) extend multi-view approaches like MULMON (Li et al., 2020)
to dynamic scenes by disentangling object motion and viewpoint changes,
assuming one dominates in adjacent frames. However, DYMON relies on
viewpoint annotations, limiting its utility in unsupervised settings. Tempo-
ral methods such as SIMONE (Luo et al., 2024) address this by leveraging
temporal coherence across multi-view videos, using spatial and temporal
positional embeddings to disentangle object and viewpoint representations.
Yet, SIMONE's reliance on temporal continuity restricts its generalizability
to scenarios where such coherence is absent.

2.2.8 Slot-attention.

The Slot attention (Locatello et al., 2020b) module is an architectural mecha-
nism designed to interface with perceptual representations—such as those
produced by a convolutional neural network—and generate a set of task-
dependent abstract representations, referred to as slots. These slots bind
to arbitrary objects in the input through a competitive attention-based re-
finement process that unfolds over multiple iterative steps. Slot attention
takes a set of feature embeddings z € RN*“: as input, and applies an iter-
ative attention to produce K object representations called slots s € IRK*%s,
Let Q,, Kp and Vy denote query, key and value projection networks with
parameters 3,y and i respectively acting on z. To simplify our exposition
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later on, let f and g be shorthand notation for the slot update and attention
functions respectively:

K)ii
fa) = ATy, A= ST g
Yio18(a k)zj
M;; .
g(q k) = m, M = \/QTS' (23)

where g = Q,(z) € RK*%, k = Kg(z) € RN*%, and v = Vy(z) € RN*%
are the query, key and value vectors respectively. The attention matrix is
denoted by A € RN*K_ Unlike self-attention (Vaswani et al., 2017), the
queries in slot attention are a function of the slots s ~ N(s;p,0) € RK>ds
and are iteratively refined over T attention iterations (see refinement module
in Fig. 3.2). The slots are randomly initialized at ¢t = 0. The queries at
iteration t are given by §' = Q,(s'), and the slot update process can be
summarized as: s**1 = f(g(g!, k), v). Lastly, a Gated Recurrent Unit (GRU),
which we denote by Hy, is applied to the slot representations s'*! at the
end of each SA iteration, followed by a generic MLP skip connection.

2.2.9 Compositionality

Object compositionality as defined by Brady et al., 2023 is a structure
imposed on the slot decoder mapping f; which implies that each image
pixel is a function of at most one slot representation, thereby enforcing a
local sparsity structure on the Jacobian matrix of f;.

Definition 2.1 (Compositional Contrast). For a differentiable mapping f; :
Z — X, the compositional contrast of f at z is given by:

dfa(z

aZk

dfa(z

az]

N K K
Complfarz) = 1, 1 1
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Brady et al. (2023)’s main result (Theorem 1) relies on compositionality and
invertibility of f; to guarantee slot-identifiability when both the compo-
sitional contrast and the reconstruction loss equal zero. However, using
Ceomp (f4,2) as a metric or as part of an objective function is computationally

prohibitive’.
2.3 COMPUTATIONAL ARGUMENTATION BACKGROUND

Given in this thesis we also focus on reasoning in addition to representa-
tion learning, now we briefly provide a context for the kind of reasoning
we consider, namely argumentative reasoning as understood in computa-
tional arqumentation (Atkinson et al., 2017). This field focuses on the formal
modelling and implementation of argumentative reasoning within artificial
systems. It seeks to endow machines with the capacity to engage in struc-
tured debates, resolve conflicting information, and justify conclusions in a
manner analogous to human argumentative practices. The field is grounded
in two main paradigms: abstract argumentation (Dung, 1995), where ar-
guments are treated as atomic entities connected through attack relations;
and structured argumentation (Besnard et al., 2014), which accounts for
the internal structure of arguments, including premises, inference rules,
and domain knowledge. These frameworks are evaluated using various
semantics that determine the acceptability of arguments based on logical
coherence and contflict resolution. Computational argumentation has gained
prominence for its role in supporting explainable AI (Cyras et al., 2021),
particularly in domains where transparency, reasoning under uncertainty,
and stakeholder dialogue are essential, such as legal analysis, medical diag-
nosis, and automated negotiation. In this thesis, we focus on two forms of

computational argumentation, briefly reviewed next.

2.3.1 (Quantified) Bi-polar Argumentation Frameworks

BAFs (Cayrol and Lagasquie-Schiex, 2005), are described with triples
(Args, A, S) such that Args is a finite set of arguments, A C Args x Args is

1 E.g. for a CNN with 500K parameters with batch size 32, > 125GB of GPU memory is needed
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an attack relation and S C Args x Args is a support relation. For all BAFs
here, we assume that ANS=@. For any a € Args, A(a)={pc Args|(B,a) €
A} are the attackers of a and S(a) = {B € Args|(B,a) € S} are the sup-
porters of «. Given BAFs B = (Args, A,S), B' = (Args’,A’,S'), we say that
B C B iff Args C Args’, AC A’ and S C S/; also, we use B’ \ B to denote
(Args’ \ Args,A’\ A,S"\ S). We also say that B =B’ iff BC B’ and B’ C B,
and B C B’ iff BC B’ but B # B'.

As conventional in the literature Baroni et al., 2019, a BAF (Args, A, S)
may be equipped with gradual semantics o : Args — 1 assigning to argu-
ments & € Args values in I, which is some set equipped with a pre-order
< (where, as usual v < w denotes v < w and w f ). In line with Rago
et al., 2023, we refer to ¢ as evaluation method and to I as evaluation range, to
indicate their use by agents to evaluate arguments internally. We say ¢ is
dialectically monotonic iff, as in Baroni et al., 2019:

e given two BAFs B = (Args,A,S) and B’ = (Args’,A’,S’), where
Args' = ArgsU{a}, A'US = AUSU{(a,B)}, it is always the case
that if (a, ) € A/, then o(B, ) < o(B, B), while if («, ) € S/, then
c(B’,B) > o(B, B); and

e given two BAFs B = (Args,A,S) and B’ = (Args’,A’,S’), where
for an argument a« € Args N Args’, A'(a) = A(a), S'(¢) = S(a),
3B € A’(a) US/(a) such that o(B’,f) > ¢(B,B) and Vy € A'(a) U
S'(a)\ {B}, c(B',v) = o(B, ) it is always the case that if B € A’(a),
then o(B/, &) < (B, a), while if g € S'(«), then o(B/,a) > (B, a).

The first bullet states that an argument’s strength cannot increase/de-
crease when a new attacker against/supporter for (respectively) the ar-
gument is added, all else being equal; the second bullet states that an
argument’s strength cannot increase/decrease when an attacker against/-
supporter for (respectively) the argument is strengthened, all else being
equal.

Given a BAF B=(Args, A, S), for a, B € Args, we let a path from « to B
be defined as (o, 71),- -, (Yn—1,7n) for some n >0 (the length of the path)
where 79 = «, 7, = B and, forany 1 <i <, (7,_1,7;) € AUS. We also
use paths(a, B) to denote the set of all paths from « to B (leaving the BAF
implicit), and use |p| for the length of path p. Also, we may see paths as
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sets of pairs. Then, as in Tarlé et al., 2022; Rago et al., 2023, we say that B is
a BAF for explanandum e € Args iff i.) i(e,a) € AUS; ii.) Va € Args\ {e},
there is a path from & to ¢; and iii.) fla € Args with a path from « to a.

2.3.2  Assumption-Based Arqumentation (ABA)

ABA (Dung et al., 2009) is a well-known symbolic formalism for modelling
non-monotonic reasoning. A (flat) ABA framework (Dung et al., 2009) is
a tuple (£, R, A, ) where: (i) (£, R) is a deductive system where L is
the language and R is the set of (inference) rules; (ii) A C L is the set of
assumptions; (iii)  is a total mapping from A to £ where 7 is referred to
a contrary of a (a € A). The elements of £ can be any sentences. For sake of
simplicity we omit £ as this can be derived using (R, A, ) . We illustrate
with a simple example, where, as in (Dung et al., 2009), we use schemata to
write rules, assumptions and contraries, using the variable A.

Example 2.1. A simple ABA (Assumption-Based Arqumentation) framework for
image classification is given by the tuple (R, A, ), where:

R ={p1:circle(A) :- A = img_1,
02 :circle(A) :- A = 1img_2,
03 : square(A) :- A = img_2,
P4:C_1(A) :- alpha(A), circle(A),
o5 : c_alpha(A) :- square(A) }

A = {alpha(A)},alpha(A) = c_alpha(A)

Here, R is a set of rules, each named p;, where the head of the rule precedes : -
and the body follows it. A is a set of assumptions, in this case containing a
single assumption. Each assumption is associated with a contrary; for instance,
the contrary of alpha(A) is given by c_alpha(A).

We define a fact as a rule with distinct variables in the head and only
equalities in the body. To decide which conclusions may be drawn from an
ABA framework, arguments and attacks between them are first obtained,
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then acceptance of arguments is determined using an extension-based
semantics, in our case of stable extensions. An argument for the claim ¢ € £
supported by A C A and R C R (denoted as A - ¢) is a finite tree with
nodes labelled by sentences in £ or by T denoting true, the roots labelled
by ¢, the leaves either frue or assumptions in A, and non-leaves ¢’ with, as
children, the elements of the body of some rule in R with the head ¢’. An
argument A b c¢ attacks an argument A’ g/ ¢’ iff there is an assumption
a € A’ such that @ = c. A set of arguments E is stable iff the set is conflict-
free (i.e. no argument in E attacks an an argument also in E) and for every
argument not in E there is an argument in E attacking it. We illustrate these
notions with the earlier example.

Example 2.2. The following arguments can be obtained (amongst others) from the
ABA framework in example 2.1:

{alpha(img_1)} Fforps) €-1(img-1),
{alpha(img_2)} l_{P2,P4} c_1(img_2),
{} Fyp,,) circle(img-2)

{} Fipsps) C-alpha(img_2).

Intuitively, each argument is a deduction from (possibly empty) sets of assumptions
(the premises) to claims (e.g. c_1(img_1) for the first arqument), using sets of
rules. Attacks between arguments result from undercutting assumptions in the
premises of arquments. Here, the third arqument attacks the second, as the former
is a deduction of the contrary of the assumption occurring in the premise of the
latter. The first and third argument belongs to the single stable extension admitted
by this simple ABA framework, as they cannot be attacked by any other arguments.

To learn these frameworks, we use the ASP-ABALearn method by De
Angelis et al., 2023. This takes in input a Background ABA framework
(admitting at least one stable extension), sets £ and £~ of positive and
negative examples, respectively, and returns in output a Learnt ABA frame-
work (admitting at least one stable extension) such that all positive examples
are accepted in all stable extensions and no negative example is accepted
in all the stable extensions. Computationally, ASP-ABALearn leverages
the fact that flat ABA frameworks (where assumptions cannot be claims

of arguments supported by other assumptions) can be mapped to logic
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programs. This is done by replacing each assumption a(X) with not p(X)

where a(X) = p(X).
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PART-1

FounDATIONS OF OBJECT-CENTRIC
LEARNING

Drastum niriksitum caiva, pratitih tu tad-adhikam |
Yatra drste’tivrttam syat, tatra buddheh prakasanam ||

“To see is to observe; to perceive is to see beyond.”
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GROUNDING IN OBJECT-CENTRIC LEARNING

“Perception is not something that happens to us, or in us. It is something we do.”

— Alva Noé

The extraction of modular object-centric representations for down-
stream tasks is an emerging area of research. Learning grounded rep-
resentations of objects that are guaranteed to be stable and invariant
promises robust performance across different tasks and environments.
Slot Attention (SA) learns object-centric representations by assigning
objects to slots, but presupposes a single distribution from which all
slots are randomly initialised. This results in an inability to learn spe-
cialized slots which bind to specific object types and remain invariant
to identity-preserving changes in object appearance. To address this,
we present Conditional Slot Attention (COSA) using a novel concept
of Grounded Slot Dictionary (GSD) inspired by vector quantization.
Our proposed GSD comprises (i) canonical object-level property vec-
tors and (ii) parametric Gaussian distributions, which define a prior
over the slots. We demonstrate the benefits of our method in multiple
downstream tasks such as scene generation, composition, and task
adaptation, whilst remaining competitive with SA in popular object

discovery benchmarks.

3.1 MOTIVATION
The grounding problem refers to the challenge of connecting learnt latent

representations to real-world objects, their function, and meaning (Harnad,
1990). It can be understood as the challenge of learning abstract, canonical
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representations of objects." The binding problem refers to the challenge of
how objects are combined into a single context (Revonsuo and Newman,
1999). Both of these problems affect a system’s ability to understand the
world in terms of symbol-like entities, or true factors of variation, which
are crucial for systematic generalization (Bengio et al., 2013a; Greff et al.,
2020).

Greff et al, 2020 pro-

posed a functional division . .
o -#-

:
@

of the binding problem into 51,82
three concrete sub-tasks: (i)
segregation: the process of
forming grounded, modu-

lar object representations ~ 81,82

from raw input data; (ii) rep-
Grounded
Vocabulary

Representational
Binding

Environment

resentation: the ability to rep-

resent multiple object repre-
sentations in a common for-
mat, without interference
between them; (iii) compo-
sitionality: the capability to
dynamically relate and com-
pose object representations
without sacrificing the in-
tegrity of the constituents.
The mechanism of attention
is believed to be a crucial

Figure 3.1: The leftmost block illustrates various scenes
within an environment, each featuring different object
instances. In the middle block, we depict our acquired
grounded vocabulary of canonical object-centric represen-
tations, effectively capturing object types. The rightmost
block displays a collection of specialized slot distributions
associated with their respective canonical representa-
tions. These distributions are employed to sample initial
slots for object instances within a scene. This process,
known as object binding, is elucidated by the placeholder
slots s; and s,. These slots are linked to specific object
types in the environment and undergo further refine-
ment. Notably, this differs from the SA, which relies on
a single distribution for random slot initialization and
does not encourage slots to remain invariant in the face
of identity-preserving changes in object appearance.

component in determining which objects appear to be bound together, seg-
regated, and recalled (Vroomen and Keetels, 2010; Hinton, 2022). Substantial
progress in object-centric learning has been made recently, particularly in
unsupervised objective discovery, using iterative attention mechanisms like
Slot Attention (SA) (Locatello et al., 2020b) and many others (Engelcke et al.,
2019; Engelcke et al., 2021; Singh et al., 2021; Chang et al., 2022; Seitzer
et al., 2022).

Representations learned by neural networks are directly grounded in their input data, unlike
classical notions of symbols whose definitions are often subject to human interpretation.
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Despite recent progress, several major challenges in the field of object-
centric representation learning remain, including but not limited to: (i)
respecting object symmetry and independence, which requires isolating
individual objects irrespective of their orientation, viewpoint and overlap
with other objects; (ii) dynamically estimating the total number of unique
and repeated objects in a given scene; (iii) the binding of dynamic representa-
tions of an object with more permanent (canonical) identifying characteristics
of its type.

As Treisman, 1999 explains, addressing the challenge (iii) is a pre-requisite
for human-like perceptual binding. In this work, we argue this view of
binding temporary object representations (so-called “object files") to their
respective permanent object types, is a matter of learning a vocabulary of
grounded, canonical object representations. Therefore, our primary focus
is on addressing challenge (iii), which we then leverage to help tackle
challenges (i) and (ii). To that end, our proposed approach goes beyond
standard slot attention (SA) (Locatello et al., 2020b), as shown in Figure 3.1
and described next.

Contributions. Slot attention learns composable representations using
a dynamic inference-level binding scheme for assigning objects to slots,
but presupposes a single distribution from which all slots are randomly
initialised. This results in an inability to learn specialized slots that bind to
specific object types and remain invariant to identity-preserving changes in
object appearance. To address this, we present Unsupervised Conditional Slot
Attention (CoSA) using a novel Grounded Slot Dictionary (GSD) inspired by
vector quantization techniques. Our GSD is grounded in the input data and
consists of: (i) canonical object-level property vectors which are learnable
in an unsupervised fashion; and (ii) parametric Gaussian distributions
defining a prior over object slots. In summary, our main contributions are

as follows:

1. We propose the Grounded Slot Dictionary for object-centric representa-
tion learning, which unlocks the capability of learning specialized slots

that bind to specific object types;
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Iterative slot refinement

Figure 3.2: COSA is an unsupervised autoencoder framework for grounded object-centric
representation learning, and it is composed of five unique sub-modules. @) The abstraction
module extracts all the distinct objects in a scene using spectral decomposition. @ The
grounded slot dictionary (GSD) module maps the object representation to grounded (canonical)
slot representations, which are then used for sampling initial slot conditions. (3) The
refinement module uses slot attention to iteratively refine the initial slot representations. (3)
The discovery module maps the slot representations to observational space (used for object
discovery and visual scene composition). (5) The reasoning module involves object property
transformation and the prediction model (used for reasoning tasks).

2. We provide a probabilistic perspective on unsupervised object-centric
dictionary learning and derive a principled end-to-end objective for
this model class using variational inference methods;

3. We introduce a simple strategy for dynamically quantifying the num-
ber of unique and repeated objects in a given input scene by leveraging
spectral decomposition techniques;

4. Our experiments demonstrate the benefits of grounded slot repre-
sentations in multiple tasks such as scene generation, composition
and task adaptation whilst remaining competitive with standard slot
attention in object discovery-based tasks.

3.2 UNSUPERVISED CONDITIONAL SLOT ATTENTION: FORMALISM

In this section, we present our proposed conditional slot attention (COSA)
framework using a novel grounded slot dictionary (GSD) inspired by vector
quantization. CoSA is an unsupervised autoencoder framework for grounded
object-centric representation learning, and it consists of five sub-modules in
total (as depicted in Figure 3.2), each of which we will describe in detail
next.
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Notation. Let D C X x ) denote a dataset of images X € RH*WxC

and their properties Y C V1 X Vo € RY. There are Y properties in total,
where ) corresponds to the space of image labels, and ), consists of
additional information about the images like object size, shape, location,
object material, etc. Let ®, : X — Z denote an encoder and ®;: Z — &
denote a decoder, mapping to and from a latent space Z. Further, let
@, : Z — Y denote a classifier for reasoning tasks.
(1) Abstraction Module. The purpose of the abstraction module is to
enable dynamic estimation of the number of slots required to represent
the input. Since multiple instances of the same object can appear in a
given scene, we introduce the concept of an abstraction function denoted
as: A : RN*% — RN*: which maps N input embeddings to N output
embeddings representing N distinct objects. This mapping learns the canon-
ical vocabulary of unique objects present in an environment, as shown
in Figure 3.1. To accomplish this, we first compute the latent covariance
matrix C = z-zT € RN*N, where z = ®,(x) € RN*%: are feature represen-
tations of an input x. We then perform a spectral decomposition resulting
in C = VAVT, where V and diag(A) are the eigenvector and eigenvalue
matrices, respectively. The eigenvectors in V correspond to the directions
of maximum variation in C, ordered according to the eigenvalues, which
represent the respective magnitudes of variation. We project z onto the top
N principal vectors, resulting in abstracted, property-level representation
vectors in a new coordinate system (principal components).

The spectral decomposition yields high eigenvalues when: (i) a single
uniquely represented object spans multiple input embeddings in z (i.e. a
large object is present in x); (ii) a scene contains multiple instances of the
same object. To accommodate both scenarios, we consider the maximum
area spanned by an object (excluding background) as a hyper-parameter
with its corresponding eigenvalue denoted by As. Under this assumption,
we can dynamically estimate the number of slots required to represent
the input whilst preserving maximal explained variance. To that end, we
first filter out small eigenvalues by flooring them A; = |A;], then compute
a sum of eigenvalue ratios w.r.t. A; resulting in a total number of slots
required: K = 14 YN, [A;/A,]. Intuitively, this ratio dynamically estimates
the number of object instances, relative to the ‘largest’ object in the input.
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Note that we do not apply positional embedding to the latent features
at this stage, as it encourages multiple instances of the same object to be
uniquely represented, which we would like to avoid.

(2) GSD Module. To obtain grounded object-centric representations that
connect scenes with their fundamental building blocks (i.e. object types (Treis-
man, 1999)), we introduce GSD, as defined in 3.1.

Definition 3.1 (Grounded Slot Dictionary (GSD)). A grounded slot dictionary
G consists of: (i) an object-centric representation codebook G'; (ii) a set of slot prior
distributions &> = N (s%; u;, o7). The number of objects M in the environment
is predefined, and the GSD & is constructed as follows: Formally, the dictionary is
defined as:

&= {(s}&?) }il (3.1)

The sampling criterion used during both training and inference is described in
Definition 3.2.

Definition 3.2 (GSD Sampling). Let x be an input scene, and let z = ®,(x) €
RN* denote its encoded representation, where N is the number of latent tokens
and d, is the embedding dimension. An abstraction function A(-) : RN*% —
RN >4z g applied to z. Finally, for each abstracted summary vector, we retrieve the
closest codebook vector from &' using a distance function d(-,-):

z = argmind (A(z),@il) , ze RN (3.2)
CHECE

These selected vectors Z and the corresponding slot priors &2 are then used in
downstream reasoning or training tasks.

As per Equation 3.2, the codebook &' induces a mapping from input-
dependent continuous representations z' = A(®,(x)), to a set of discrete
(canonical) object-centric representations z via a distance function d(-, -)
(judicious choices for d(-, -) are discussed in Chapter 2). Each slot prior dis-
tribution p(s?) = N (s¥; u;, 07) in &2 is associated with one of the M object
representations in the codebook G!. These priors define marginal distribu-
tions over the initial slot representations s”. We use diagonal covariances

and the learn the parameters {;, 07} during training.

61



@ Iterative Refinement Module. After randomly sampling initial slot
conditions from their respective marginal distributions in the grounded slot
dictionary s° ~ &(z) € RK*%, we iteratively refine the slot representations
using slot attention as described in Chapter 2 and Algorithm 1. The subset
of slot priors we sample from for each input corresponds to the K respective
codebook vectors which are closest to the output of the abstraction function
z/ = A(®,(x)), as outlined in Equation 3.2.

Remark (Slot Posterior): The posterior distribution of the slots s/=7 at

iteration T given x is:

p(s" %) =5 (" —Ho (s, f(2(@" 1), v)) ), (3:3)

where §(-) is Dirac delta distributed given randomly sampled initial slots
from their marginals s° ~ p(s® | z) = [TX; NV (s%; p;, 07), associated with
the codebook vectors z ~ g(z | x). The distribution over the initial slots s’
induces a distribution over the refined slots s. One important aspect worth
re-stating here is that the sampling of the initial slots {s? ~ p(s? | z;) }lel C
&2 depends on the indices of the associated codebook vectors z C Sl
as outlined in Definition 3.1, and is not conditioned on the values of Z
themselves. In Equation 3.3, Hg (s? %, f(g(q7 %, k), v)) reflects the final
slot in the sequence (or the final output of the routing iteration).
@ Discovery Module. For object discovery and scene composition tasks,
we need to translate object-level slot representations into the observational
space of the data. To achieve this, we use a spatial broadcast decoder, as
employed by IODINE and slot attention (Greff et al., 2019; Locatello et al.,
2020b). This decoder reconstructs the image x via a softmax combination
of K individual reconstructions from each slot. Each reconstructed image
xs = Py (s) consists of four channels: RGB plus a mask. The masks are nor-
malized over the number of slots K using softmax, therefore they represent
whether each slot is bound to each pixel in the input.

We can now define a generative model of x which factorises as: p(x,s°,z) =
p(x | s%)p(s® | 2)p(2), recalling that s” := s?,...,s} are the initial slots at
iteration t = 0, and Z are our discrete latent variables described in Defini-

tion 3.1. For training, we derive a variational lower bound on the marginal
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Algorithm 1 Conditional Slot Attention (CoSA).

1 Input: inputs z = ®,(x) € RN*4 k = Kg(z) € RN*%, and v =
V¢(Z) S IRNXdS
: Spectral Decomposition:

N

3 z-zl =VAVT V: eigenvectors, A = diag(A;): eigenvalues
g 2=VT.z z': project onto principle components
55 K=1+ Zfiz [[Ail/As] Dynamically estimate number of slots
6: fori =0,...,R R Monte Carlo samples
7 slots?! ~ & (2) € RKX4s Sample K initial slots from GSD
8 fort=1,...,T Refine slots over T attention iterations
9 slots! = f (g (Q7 (LayerNorm (slotsf71)> ,k) ,V)
10: Update slot representations
11 slots! += MLP (LayerNorm (’Hg (slotsﬁ_l, slots! ) ))
12: GRU update & skip connection
13: return );slots; /R MC estimate

log-likelihood of x, a.k.a. the Evidence Lower Bound (ELBO), as detailed in
Proposition 3.1.

Proposition 3.1 (ELBO for Object Discovery). Under a categorical distribution
over our discrete latent variables 2, and the object-level prior distributions p(s?) =
N (s?,'yi, 0’1-2) contained in &2, we show that variational lower bound on the
marginal log-likelihood of x can be expressed by ELBO(x) :=:

log P(X) = Eiwq(i\x),SONp(soﬁ) [log p(x | S)] — Dx1 (‘7 (2 | X)) H P(Z)) , (3-4)

where s == [1}_; Ho (s'1 | £(g(q'1, k), v)) denotes the output of the itera-
tive refinement procedure described in Algorithm 1 applied to the initial slot s°
representations.

The proof is given in Appendix A.2.

3.3 EXPERIMENTS

Our empirical study evaluates COSA on a variety of popular object discovery

(Table 3.1, 4.3). In an object discovery context, we demonstrate our method’s

63



Table 3.1: Foreground ARI on CLEVR, Tetrominoes, ObjectsRoom, and COCO datasets, for all
baseline models and CoSA-cosine variant. For COCO we use the DINOSAUR variant (Seitzer et
al., 2022) (with ViT-S16 as feature extractor) as a baseline model and use the same architecture
for IMPLICT and CoSA (adaptation details in Appendix A.8.3).

METHOD TETROMINOES CLEVR OsBjeCcTSRoom COCO
SA (Locatello et al., 2020b) 0.99 £ 0.005  0.93 % 0.002 0.78 £ 0.02 -
BlockSlot (Singh et al., 2022a) 0.99 £ 0.001  0.94 %+ 0.001 0.77 £ o0.01 -
SlotVAE (Wang et al., 2023a) - - 0.79 £ 0.01 -
DINOSAUR (Seitzer et al., 2022) - - - 0.28 + 0.02
IMPLICIT (Chang et al., 2022) 0.99 £0.001 0.93 £0.001 078 +0.003 0.28 + 0.01
CoSA 0.99 £ 0.001 0.96 £ 0.002 0.83 +0.002 0.32 + 0.01
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(a) Embedding-7 (&1) (b) Embedding-14 (&1,) (c) Embedding-25 (&35) (d) Embedding-55 (&15)

Figure 3.3: GSD binding: we can observe that cheeks being bound to &2, forehead to &1,, eyes to
(61s), and facial hair to &1, illustrating the notion of object binding achieved in GSD, in the
case of bitmoji dataset for COSA model trained with cosine sampling stratergy.

ability to: (i) dynamically estimate the number of slots required for each in-
put (Figure 3.4); (ii) map the grounded slot dictionary elements to particular
object types (Figure 3.3); (iii) perform reasonable slot composition without
being explicitly trained to do so (Figure 3.5). We also provide detailed abla-
tion studies on: (i) the on choice of codebook sampling (Appendix A.8); (ii)
different codebook regularisation techniques to avoid collapse (Appendix
A.7); (iii) the choice of abstraction function (Appendix A.9). For details on
the various datasets we used, please refer to Appendix A.3. For training
details, hyperparameters, initializations and other computational aspects
refer Appendix A.12.

In this study, we provide a thorough evaluation of our framework for
object discovery across multiple datasets, including: CLEVR (Johnson et al.,
2017), Tetrominoes (Kabra et al., 2019), Objects-Room (Kabra et al., 2019),
Bitmoji (Mozafari, 2020), FFHQ (Karras et al., 2020), and COCO (Lin et al.,,
2014). In terms of evaluation metrics, we use the foreground-adjusted Rand
Index score (ARI) and compare our method’s results with standard SA (Lo-
catello et al., 2020b), SIotVAE (Wang et al., 2023a), BlockSlot (Singh et al.,
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2022a), IMPLICIT (Chang et al., 2022) and DINO (Seitzer et al., 2022). We
evaluated the majority of the baseline models on the considered datasets
using their original implementations, with the exception of SlotVAE, where
we relied on the original results from the paper. For DINOSAUR, we specifi-
cally assessed its performance on a real-world COCO dataset, following the
code adaptation outlined in Appendix A.8.3. Additionally, we measured the
reconstruction score using MSE and the FID (Heusel et al., 2017). We anal-
yse three variants of CoSA: Gumbel, Euclidian, and Cosine, corresponding
to three different sampling strategies used for the GSD. Detailed analysis
and ablations on different types of abstraction function are detailed in
Appendix A.g. The inclusion of GSD provides two notable benefits: (i) it
eliminates the need for a hard requirement of parameter K during infer-
ence, and (ii) since slots are initialized with samples from their grounded
counterparts, this leads to improved initialization and allows us to average
across multiple samples, given that the slots are inherently aligned. These
design advantages contribute to the enhanced representational quality for
object discovery, as evidenced in Table 3.1 and 4.3, while also enhancing
generalizability which will be demonstrated later. To evaluate the quality of
the generated slots without labels, we define a some additional metrics like
the overlapping index (OPI) and average slot FID (SFID) (ref. Section A.4,
Table A.6).

Figure 3.4 showcases the reconstruction quality of CoSA and its adapt-
ability to varying slot numbers. For additional results on all datasets and
a method-wise qualitative comparison, see Appendix A.8. Regarding the
quantitative assessment of slot number estimation, we calculate the mean
absolute error (MAE) by comparing the estimated slot count to the actual
number of slots. Specifically, the MAE values for the CLEVR, Tetrominoes,
and Objects-Room datasets are observed to be 2.06, 0.02, and 0.32, respec-
tively. On average, dynamic slot number estimation reduces 38%, 26%,
and 23% FLOPs on CLEVR, Objects-Room, and Tetrominoes as opposed
to fixed number of slots. In Figure 3.3, we illustrate the grounded object
representations within GSD, which are obtained by visualising the obtained
slots as a result of sampling a particular element in the GSD. Furthermore,
we explore the possibility of generating novel scenes using the learned GSD,
although out models were not designed explicitly for this purpose. To that
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Table 3.2: Object discovery results on multiple benchmarking datasets and previously existing
methods. We measure both MSE and FID metrics to compare the results.

METHOD CLEVR TETROMINOES  OBJECTS-ROOM Brrmojr FFHQ
MSE| FID| MSE| FID] MSE| FID| MSE| FID] MSE| FID/]
SA 6.37 38.18 1.49 3.81 7.57 38.12  14.62 1278 5514  54.95

Block-Slot  3.73 34.11 0.48 0.42 5.28 36.33 10.24 11.01  52.16  41.56
IMPLICIT ~ 3.95 38.16  0.59 0.41 556  36.48 9.87 10.68  47.06  49.95

CoSA 3.14 29.12 0.42 0.41 4.85 28.19 8.17 9.28 33.37 36.34

T 000 -, -
. ge”~ ~ v -
R T i AT R

Figure 3.4: Object discovery: reconstruction quality and dynamic slot number selection for
CoSA-CosiNE on CLEVR and Bitmoji, with an MAE of 2.06 over slot number estimation for
CLEVR.

Figure 3.5: Top and bottom left illustrates the randomly prompted slots and their composition.
Right demonstrates object discovery results of COSA on COCO dataset.

end, we sample slots from randomly selected slot distributions and decode
them to generate new scenes. The prompting in our approach relies solely
on the learned GSD, and we do not need to construct a prompt dictionary
like SLATE (Singh et al., 2021). To evaluate scene generation capabilities,
we compute FID and SFID scores on randomly generated scenes across all
datasets; please refer to Appendix Table A.11. Figure 3.5 provides visual
representations of images generated through slot composition on CLEVR,
Bitmoji, and Tetrominoes datasets.
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3.4 CONCLUSION & DISCUSSION

5

In this work, we propose conditional slot attention (CoSA) using a
grounded slot dictionary (GSD). CoSA allows us to bind arbitrary
instances of an object to a specialized canonical representation, encour-
aging invariance to identity-preserving changes. This is in contract
to vanilla slot attention which presupposes a single distribution from
which all slots are randomly initialised. Additionally, our proposed
approach enables dynamic estimation of the number of required slots

for a given scene, saving up to 38% of FLOPs.

\ J

The main limitations of the proposed framework include: (i) limited
variation in slot-prompting and composition; (ii) assumption of no repre-
sentation overcrowding; (iii) maximum object area assumption. (Appendix
A.13). An interesting future direction would be to use a contrastive learning
approach to learn a dictionary for disentangled representation of position,

shape, and texture, resulting in finer control over scene composition.
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4

IDENTIFIABILITY IN OBJECT-CENTRIC LEARNING

“All things are subject to interpretation. Whichever interpretation prevails at a
given time is a function of power.”

— Friedrich Nietzsche

e 1

Challenges in object-centric learning include ensuring identifiability and
handling spatial ambiguities, such as occlusions and viewpoint variations.
While existing slot-based methods show promising object-binding capa-
bilities, they lack strong theoretical guarantees for identifiability, which
is crucial for scaling to high-dimensional images with correctness guar-
antees. To address this, in this chapter we propose a probabilistic
slot-attention (PSA) algorithm that imposes an aggregate mixture prior
over object-centric slot representations, ensuring theoretical identifiabil-
ity without supervision—up to an equivalence relation. We later extend
PSA to form a viewpoint-invariant slot attention (VISA) algorithm,
which aggregates view-specific slots to disentangle invariant object con-
tent from global viewpoint-level information. Unlike prior single-view
approaches, VISA explicitly resolves spatial ambiguities, maintains the-
oretical identifiability quarantees, and requires no viewpoint annotations. By
leveraging probabilistic modelling across multiple views, VISA enables
more structured, interpretable, and generalizable object representations.
We provide empirical verification of this result for both algorithms on
both simple two-dimensional synthetic data and high-resolution image
datasets, demonstrating the effectiveness of PSA and VISA in learning

structured representations.
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4.1 MOTIVATION

Recent progress in OCL has been limited to learning scene representations
from single-viewpoints (Locatello et al., 2020b; Engelcke et al., 2021; Singh
et al., 2021; Chang et al., 2022; Seitzer et al., 2022; Kori et al., 2024b; Lowe
et al., 2024). Although these approaches can learn meaningful object-specific
representations, they encounter significant challenges stemming from spa-
tial ambiguities such as occlusion and view ambiguities (see Figure 4.1 for
examples). Additionally, while it has been hypothesised that these models
learn un-occluded object representations even in the case of occlusions.
Learning from a single viewpoint fails to capture effective object represen-
tations, due to the presence of multiple plausibilities of partially or fully
occluded objects and the effects of view transformations, as demonstrated
in Figure 4.1 and highlighted by the results in Figure 4.1(c) (we will revisit
these results later in section 4.7). Another example of spatial ambiguities
can be observed in Figure 4.8, where object O, in x' and x? can be inter-
preted as a cube, but only after considering x> we can conclude that being
a pyramid.

A handful of approaches, includ- Taple 4.1: Identifiability strategies (mixing func-
ing MULMON(Li et al., 2020)[ Dy- tion f or la.tent dist: p(z)), .and assumptions

made by object-centric learning methods.

MON(Li et al., 2021), OCLOC(Yuan

et al., 2024), have considered multi-

METHOD ASSUMPTION IDENTIF.

Burgess et al., 2019,

ple viewpoints for extracting object ~ Fmemietal 202

Engelcke et al., 2019,

. .. B.1,B.2 N/A
representations. Additionally, meth-  Greffetal, 2015,
Locatello et al., 2020b,
ods such as (Chen et al., 2021; Luo  wangetal, 20230
et al., 2024; Liu et al., 2025) effec- Ej‘“fd e‘la‘-' 2022,
ipf et al., 2021,

. . ! B.1, B2, B. N/A

tively use NERF(Mildenhall et al.,  Linetal, 200 B
. . Van Steenkiste et al., 2020

2021) for constructing a 3D environ- Com et 2o P N
ment from multi-viewpoint images,  sradyetar, 2023 B., B2, B3 B4 By  f
where the occlusions are addressed _Proposed B1,5.1 pz)

by construction. Among these meth-

ods, MULMON, DYMON, and all NeRF based approaches assume that the
viewpoint annotations are known, which simplifies the problem of learning
to disentangle object representations conditioned on viewpoint information.
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Figure 4.1: (a) Occlusion Ambiguity: the object, which is occluded by the blue object,
could be any of the six plausible objects shown on the right. (b) View Ambiguity: the
blue object is observed from two different viewpoints (represented with a red arrow and a
dot), leading to a change in its overall shape. In general, identifiable representations resolve
ambiguities by determining the most plausible object under occlusion and correct object
properties in case of view transformation by leveraging information from multiple viewpoints.
(c) Identifiability results: Identifiability across a number of views measured with Slot Mean
Correlation Coefficient (SMCC).

Object-centric representations are deemed to be a key step for achieving
true compositional generalization Bengio et al., 2013a; Lake et al., 2017;
Battaglia et al., 2018; Greff et al., 2020, and uncovering causal influence be-
tween discrete concepts and their environment Marcus, 2003; Gopnik et al.,
2004; Behrens et al., 2018; Gerstenberg et al., 2021; Scholkopf and Kiigelgen,
2022. Most existing work approaches object-centric representation learning
empirically, leaving theoretical understanding relatively underdeveloped.
Establishing the identifiability Hyvarinen and Pajunen, 1999; Hyvérinen and
Oja, 2000 of representations is important as it clarifies under which condi-
tions object-centric representation learning is theoretically possible Brady
et al., 2023.

A well-known result shows that identifiability of latent variables is fun-
damentally impossible without assumptions about the data generating
process Hyvérinen and Pajunen, 1999; Locatello et al., 2019. Therefore, under-
standing when object representations can theoretically be identified is important
to scale object-centric methods to high-dimensional images. Recent works Brady
et al., 2023; Lachapelle et al., 2024b make important advances on this by
explicitly stating the set of assumptions necessary for providing theoretical
identifiability of object-centric representations. However, they restrict their
attention to properties of the mixing function, studying a class of models
with additive decoders. Although there are merits to this approach, there are
practical challenges with the so-called compositional contrast objective Brady
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et al., 2023, as it involves computing Jacobians and requires second-order op-
timization via gradient descent. Consequently, satisfying the identifiability
conditions explicitly (e.g. compositional contrast must be zero) is computa-
tionally restrictive for moderately high-dimensional data. In this work, we
present a probabilistic perspective that is not subject to the same scalability
issues while still providing theoretical identifiability of object-centric repre-
sentations without supervision. In Table 4.1, we list object-centric learning
methods, their (sometimes implicit) modelling assumptions (see Section 4.3
for additional information and Appendix B.1 for a detailed breakdown
and discussion), and their respective identifiability guarantees of object
representations. Most methods do not guarantee identifiability, and make
the B-disentanglement (B.1) and additive decoder (B.2) assumptions. Brady
et al. (2023) do provide identifiability guarantees and additionally assume
irreducibility (B.3) and compositionality (B.4). Our method provides identi-
fiability guarantees by introducing latent structure (i.e. via a GMM prior)
which generalizes to non-additive decoders. This is advantageous as the
computational complexity of additive decoders scales linearly with the
number of slots K — whereas our approach is invariant to K. Moreover, non-
additive decoders have been found to significantly improve performance in
practice Singh et al., 2021; Seitzer et al., 2022; Singh et al., 2022b, though
the theoretical basis is under explored. Finally, latent structure can reduce
the complexity burden on the mixing function f (decoder), making it easier
to learn in practice Falck et al., 2021; Kivva et al., 2022.

We further extend the theoretical foundation of PSA, to resolves spatial
ambiguities, provides theoretical guarantees for identifiability, and requires
no viewpoint annotations. To the best of our knowledge, this is the first
work addressing explicit formalisations of assumptions and theory required
for achieving identifiable object representations under occlusions with multi-
view observational data. To this end, we make use of the spatial Gaussian
mixture models(GMM) in latent distribution across viewpoints to encourage
identifiability without additional auxiliary data. Our main contributions in
this work can be summarised as follows:

Contributions. Our main contributions are the following:

(i) We establish that object-centric representations (i.e., slots) are identifi-

able without supervision, up to an equivalence relation, under a latent
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mixture model framework (Section 4.3). To achieve this, we introduce
a PSA algorithm (Section 4.2) that enforces an aggregate mixture prior
over slot representations, forming a non-degenerate global GMM by
integrating per-datapoint local GMMs. This prior remains empirically
stable across runs, being identifiable up to affine transformations and
slot permutations, and allows for efficient sampling.

(ii) We demonstrate the effectiveness of our approach with strong empiri-
cal validation. Our theoretical identifiability results are supported by
visual verification on synthetic two-dimensional data and evaluations

on standard imaging benchmarks (Section 4.4).

(iii) We introduce View-Invariant Slot Attention (VISA), a variant of proba-
bilistic slot attention that learns identifiable object-centric representa-
tions from multiple viewpoints, resolving spatial ambiguities such as
occlusions and viewpoint variations (Section 4.5). We prove that our
method ensures identifiability in the presence of partial or full occlu-
sions, without requiring additional viewpoint information, up to an
equivalence relation with a mixture model specification (Section 4.6).

(iv) We further validate our method through visual verification on syn-
thetic datasets and demonstrate its scalability on two new, complex
multi-view datasets, MvMoVI-C and MvMoVI-D (Section 4.7).

4.2 PROBABILISTIC SLOT ATTENTION

In this section, we present a probabilistic slot attention framework which
imposes a mixture prior structure over the slot latent space. This structure
will prove to be instrumental in establishing our main identifiability result
in Section 4.3. We begin by approaching standard slot attention (Locatello et
al., 2020b) from a graphical modelling perspective. As shown in Figure 4.2
and explained in Chapter 2, applying slot attention to a deterministic
encoding z = f,(x) € RN*? yields a set of K object slot representations
$1.x = S1,...,Sk. This process induces a stochastic encoder q(s1.x | x),
where the stochasticity comes from the random initialization of the slots:

sto ~ N (s1.;0,1) € RK*4 Since each slot is a deterministic function
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Figure 4.2: Graphical models of probabilistic slot attention. (a) Stochastic encoder of standard
slot attention (Locatello et al., 2020b) with T attention iterations. (b) Proposed model — each
image in the dataset {x;}, is encoded into a respective latent representation z € RN * o
which a (local) Gaussian mixture model with K components is fit via expectation maximisa-
tion. The resulting K Gaussians serve as slot posterior distributions: sy ~ N (si; 1, 0',%), for
k =1,...,K. (c) Aggregate posterior distribution obtained by marginalizing out the data:
q(z) = M, q(z | x;)/ M. We prove that q(z) is a tractable, non-degenerate Gaussian mixture
distribution which: (i) serves as the theoretically optimal prior over slots; (ii) is empirically
stable across runs (i.e. identifiable up to an affine transformation and slot permutation); (iii)
can be tractably sampled from and used for scene composition tasks.
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Figure 4.3: Probabilistic slot attention and the identifiable aggregate slot posterior. (Left)
Slot posterior GMMs per datapoint (local) and the induced aggregate posterior GMM (global).
(Right) Sampling slot representations from the aggregate slot posterior is tractable.

of its previous state s’ := f;(z,s'"!) it is possible to randomly sample
initial states s and obtain stochastic estimates of the slots.! However,
since each transition depends on z, which in turn depends on the input
x, we do not get a generative model we can tractably sample from. This can
conceivably be remedied by placing a tractable prior over z and using the

Note that we may use s or s(t) interchangeably to denote slot representations at slot attention
iteration .
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VAE framework along the lines of (Wang et al., 2023b), however, here we
propose an entirely different approach which does not require making additional
variational approximations (see Appendix 4.2 for further discussion).

LOCAL SLOT MIXTURES. Probabilistic slot attention augments standard
slot attention by introducing a per-datapoint (i.e. local) GMM for learning
slot distributions. Intuitively, a local GMM can be understood as a way to
cluster features within a given image, encouraging the grouping of similar
features into object representations. However, unlike regular clustering,
here the clustered points are dynamically transformed representations of
the actual data. Specifically, we use an encoder function f, that maps each
image x; € RE*W*C in the dataset {x;},,
z; € RN*4 The latent variable z may be deterministic or stochastic, and

to a latent spatial representation

we consider the case where N < HW to reflect a modest downscaling
w.r.t. x. The goal is to dynamically map each of the N, d-dimensional
vector representations in each z, to one-of-K object slot distributions within
a mixture. A local GMM can be fit to each posterior latent representation
z ~ ((z | x;)? on the fly by maximizing likelihood:

N K
p(Z | 7.[1'/.”1'/0'1') = H 2 sz an"zk/ )r (4.1)
n=1k=1

where pu; = (pp, ..., #ix), (71-2 = ((rizl,...,o'izK) and 7r; = (7;,..., Tg) are

the respective means, diagonal covariances and mixing coefficients of the
i" K-component mixture. Figure 4.2b illustrates the resulting probabilistic
graphical model (PGM) in more detail. To maximize the likelihood in Equa-
tion 4.1 per datapoint x;, we present a bespoke expectation-maximisation
(EM) algorithm for slot attention, yielding closed-form update equations

for the parameters as shown in Algorithm 2, and explained next.

PROBABILISTIC PROJECTIONS. A powerful property of slot attention
and cross-attention more broadly (Vaswani et al., 2017), is its ability to
decouple the agreement mechanism from the representational content. That
is, the dot-product is used to measure agreement between each query (slot)

2 The parametric form of g can be e.g. Gaussian or Dirac delta.
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Algorithm 2 Probabilistic Slot Attention.

1 Input: z = f,(x) € RN*4 > representation
2 k + Wiz € RN*4 > compute keys
3V Wyz € RN*4 > optional v := k
4 Yk, 7w(0)k = %, #(0)k ~ N(0,15), 0(0)7 14

5: fort=0,...,T—1

6 A (kN (ks Wopt ()i o (1))

X (0N (ks Wn(8);, 0(1)?)
A — A/ Zl]\il A > normalize

cop(t ) = XN Ay, > update slots
¢ b+ 17— T A (v =t + 1))
100 w(t+1)p XN Ag/N > update mixing
11: return u(T), o (T)? > K slot distributions

vector and all the key vectors, to dictate how much of each value vector
(content from z;) should be represented in each slot’s revised representation.
To retain this flexibility and decouple the attention computation from
the content, we incorporate key-value projections into our probabilistic
approach. For brevity, the 7 subscript is implicit in the following, keeping in
mind that these are local quantities (per-datapoint x;). The parameters of
the K Gaussian slot distributions are initialized (at attention iteration ¢ = 0)
as follows:

vk w0 =K, p0~NOL), c(0f =10 (42)
The respective queries q, keys k, and values v are then given by:
q(t) = Wq.’"(t)/ k= Wiz, v =Wyz, (43)

where W, Wi, Wy, € R9*4 whereas q(t) denotes the queries at attention
iteration t. To measure agreement between each input feature (key) and slot
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(query), we evaluate the normalized probability density of each key under
a Gaussian model defined by each slot:

A= (N (o (1}),

N

K
z=Y mON (kuat) o)), +4)
j=1

where A, corresponds to the posterior probability that slot (query) k is
responsible for input feature (key) n. This process yields the slot attention
matrix A € RVN*K. As shown in Algorithm 5, the mixture parameters
7e(t), u(t), o(t)? are then updated using the attention matrix and the values
v. If the values are chosen to be equal to the keys v := k, then the procedure
is more in line with standard EM, but the agreement mechanism and the
content become entangled. After T probabilistic slot attention iterations, the
resulting K Gaussians serve as slot posterior distributions:

s(T)y ~N (y(T)k,o'(T)@ , for k=1,...,K, (4.5)

where u(T) and ¢(T)? are the parameters of all the Gaussians in the
mixture given a particular datapoint x. The slots s(T);.x are then used for
input reconstruction, e.g. by maximizing a (possibly Gaussian) likelihood
p(x | s(T)1.x) parameterized by a (possibly additive) decoder f;.

PSA AND EM: As a result of projecting with a separate query matrix, the
mean and variance updates are coupled with some affine transformation;
for EM to have an exact solution, this transformation needs to be the iden-
tity (this can be seen when we derive the update equations for mean and
variance (Bishop, 2006)). PSA, as described in Algorithm 3, closely mirrors
the structure of the EM algorithm for GMMs in particular. The input fea-
tures z, = f,(x) act as observed data, while the latent slots, parametrized
by means py, variances o7, and mixing coefficients 7t correspond to the
mixture components. At each iteration ¢, the attention weights A, serve as
soft responsibilities (E-step), assigning input z, to slot k based on a Gaus-
sian likelihood. Notably, the slot means are projected via a learned matrix
W,, introducing an affine transformation that breaks the exact probabilistic
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Algorithm 3 Probabilistic Slot Attention (no k or v)

Input: z = f,(x) € RN*4 > input representation
Vk, (0)i = 1/K, p(0)x ~ N(0,15), 0(0)2 14

fort=0,...,T—1

()N (zn; Wop (g, o (£)?)

Apk < .
TR (BN (20 Wom (1), 0 (1)?)
Ank — Ap/ Zl]\il Ajx > normalize attention
pt+ 1) < T Az > update slot mean
ot + 1) < Toly Aue (20— plt +1)1)°
t(t+ 1), + ZnN:1 A/ N > update mixing coeff.
return u(T), o (T)? > K slot distributions

interpretation of EM. The normalised weights A, are used to compute up-
dates for the slot means p(t + 1), and variances o (f 4 1)?, analogous to the
M-step updates in EM. Mixing coefficients 7t (t + 1); are updated using the
average responsibilities over tokens. However, unlike standard EM, in PSA
when using Algorithm 4, with different projections for mean and variance,
the algorithm might not converge to the maximum likelihood solution and
not guarantees monotonic improvement, PSA is trained end-to-end with a
reconstruction objective, using EM like updates as inductive biases within a
differentiable neural architecture, rather than exact maximum likelihood
steps.

COMPARISON WITH AUTOENCODING VARIATIONAL BAYES As ex-
plained in Chapter 2, applying slot attention to a deterministic encoding z =
fe(x) € RN*4 yields a set of K object slot representations si.x i= sy, . .., Sk.
In combination, this process induces a stochastic encoder g(s;.x | x), where
the stochasticity comes from the random initialization of the slots in the
first iteration: sto ~ N (s1.x;0,I) € RK*?, Since each slot is a deterministic
function of its previous state s’ := f;(z,s'"!) it is possible to randomly
sample initial states s and obtain stochastic estimates of the slots. However,
since each transition depends on z, which in turn depends on the input
x, we do not get a generative model we can tractably sample from. This can be
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Algorithm 4 Probabilistic Slot Attention V.2 (PSA-Proy)

Input: z = f,(x) € RN*4 > input representation
k + Wiz € RNx4 > compute keys
Vk, 72(0)k = 1/K, p(0)x ~ N'(0,1), 0(0)f 14

fort=0,...,T—1

()N (kn; Wap(t)s, o (1)7)

Ak < 5
TR (BN (lens Wn (), o (1)
A — A/ Zl]\il A > normalize attention
p(t+1); YN AWz, > update slot mean
o(t+1)F + iy Ank (Wozn — pu(t + 1))
Tt + 1), + ZnN:1 A/ N > update mixing coeff.
return u(T), o (T)? > K slot distributions

remedied by placing a tractable prior over z and using the VAE framework
along the lines of (Wang et al., 2023b). Specifically, Wang et al. (Wang et al.,
2023b) propose the Slot-VAE, which is a generative model that integrates
slot attention and the VAE framework under a two-layer hierarchical latent
model. However, under their formulation, there is a key challenge in calcu-
lating the KL term as the slot attention function is permutation equivariant
meaning the slots have no fixed order across the posterior and prior. To
compensate for this, the authors introduce a heuristic auxiliary loss and a
parallel image processing path with an additional slot attention operation
which is computationally costly. In contrast, our approach does not suffer
from such drawbacks. This was achieved by designing the slot attention op-
eration itself as probabilistic, and proving that having a local (per-datapoint)
GMM results in the aggregate slot posterior and the concatenated slots being
GMM distributed (Section 4.2). We then proved a new slot identifiability
result using this insight (Section 4.3). Our use of the aggregate posterior
is inspired by but differs substantially in both method and application
from previous works on VAEs (Hoffman and Johnson, 2016; Van Den Oord,
Vinyals, et al., 2017; Tomczak and Welling, 2018). Our primary goal is not to
learn a better generative prior but to obtain slot identifiable representations.
Lastly, since the concatenated slots are provably GMM distributed, our
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model is reminiscent of a GMM-VAE (Dilokthanakul et al., 2016), but with
a unique slot-based structure.

COMPUTATIONAL COMPLEXITY. PSA retains the O(TNKd) computa-
tional complexity of slot attention. The additional operations we introduce
for calculating slot mixing coefficients and slot variances (under diagonal
slot covariance structure) have complexities of O(NK) and O(NKd) respec-
tively, which do not alter the dominant term. When PSA is combined with
an additive decoder, it can lower computational complexity by eliminating
the need to decode inactive slots. In the following, we outline a principled

approach for pruning inactive slots.

AUTOMATIC RELEVANCE DETERMINATION (ARD). An open problem
in slot-based modelling is the dynamic estimation of the number of slots K
needed for each input (Locatello et al., 2019; Kori et al., 2024b). Probabilistic
slot attention offers an elegant solution to this problem using the concept
of ARD (Neal, 1996). ARD is a statistical framework that prunes irrelevant
features by imposing data-driven, sparsity-inducing priors on model param-
eters to regularize the solution space. Since the output mixing coefficients
(T) € RX are input dependent (i.e. local), irrelevant components (slots)
will naturally be pruned after T attention iterations, i.e. 7w(T); — 0 for
any unused slot k. We can either use a probability threshold T € [0,1) to
prune unused slots or place a Dirichlet prior over the mixing coefficients to
explicitly induce sparsity. For simplicity, we take the former approach:

st = {s(T)x | k € [K], (T) > 7}, (4-6)

where s; denotes the set of active slots with mixing coefficient greater than
7, and each slot is (optionally) sampled from its Gaussian distribution:
s(T)k ~ N (u(T)e, o (T))-

AGGREGATE POSTERIOR GAUSSIAN MIXTURE.  As previously explained,
probabilistic slot attention goes beyond standard slot attention by intro-
ducing a per-datapoint (i.e. local) GMM to learn distributions over slot
representations. This imposes structure over the latent space and gives us
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Figure 4.4: Aggregate Gaussian Mixture Density. Examples of aggregate posterior mixtures.
For each plot, we compute the aggregate mixture (red line) based on three random bimodal
Gaussian mixtures, and plot the respective densities. The three GMMs here are analogous to
the local GMMs obtained from probabilistic slot attention (Algorithm 5), and the aggregate
GMM represents 4(z).

access to posterior slot distributions after the attention iterations. Rather
than constraining slot posteriors to be close to a tractable prior — e.g. via
the VAE framework (Kingma and Welling, 2013; Wang et al., 2023a) which
requires further variational approximations — we leverage our probabilistic
setup to compute the optimal (global) prior over slots.

We propose to compute the aggregate slot posterior by marginalizing out
the data: q(z) = Y™, 4(z | x;)/M, given a pre-trained probabilistic slot
attention model (Figure 4.4). In Section 4.3, we prove that the aggregate pos-
terior is a tractable, non-degenerate Gaussian mixture distribution which:
(i) Serves as the theoretically optimal prior over slots; (ii) Is empirically
stable across runs (i.e. identifiable up to an affine transformation and slot
permutation, Section 4.3); (iii) Can be tractably sampled from and (option-
ally) used for slot-based scene composition tasks. Since GMMs are universal
density approximators given enough components (even GMMs with diag-
onal covariances), the resulting aggregate posterior g(z) is highly flexible
and multimodal. It often suffices to approximate it using a sufficiently
large subset of the dataset, if marginalizing out the entire dataset becomes
computationally restrictive, although we did not observe this to be the case

in practice in our set of experiments.

4.3 PSA: THEORETICAL ANALYSIS

In this section, we leverage the properties of the probabilistic slot attention
method proposed in Section 4.2 to prove a new object-centric identifiability
result. We show that object-centric representations (i.e. slots) are identifiable

without supervision (up to an equivalence relation) under mixture model-
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like assumptions about the latent space. This contrasts with existing work,
which provides identifiability guarantees within a specific class of mixing
functions, i.e. additive decoders (Lachapelle et al., 2024b). Our result unifies
generative model identifiablity (Hyvarinen et al., 2019b; Khemakhem et al.,
2020a; Kivva et al., 2022) and object-centric learning.

Definition 4.1 (Identifiability.). Given an observation space X, a probabilistic
model p with parameters 0 € © is said to be identifiable if the mapping 0 € © —
pe(x) is injective:

(po, (x) = po,(x),Vx € X) = 67 = 0,. (4.7)

Interpretation

Definition 4.1 says that if any two choices of model parameters lead to the same
marginal density, they are equal. This is often referred to as strong identifiability (Hy-
varinen et al., 2019b; Khemakhem et al., 2020a), and it can be too restrictive, as
guaranteeing identifiability up to a simple transformation (e.g. affine) is acceptable in
practice. To reflect weaker notions of identifiability, we let ~ denote an equivalence

relation on ©, such that a model can be said to be identifiable up to ~, or ~-identifiable.

Definition 4.2 (~s-equivalence). Let fo : S — X denote a mapping from
slot representation space S to image space X (satisfying Assumption 5.1), the
equivalence relation ~s w.r.t. to parameters 8 € © is defined bellow, where
P € P C {0,1Y%K is g slot permutation matrix, H € R*“ is an affine
transformation matrix, and ¢ € RY:

Vx € X, 01 ~;0, < EIP,H,c:fe_ll(x) :P(fe_zl(x)H—l—c). (4-8)

Lemma 4.1 (Aggregate Posterior Mixture). Given that probabilistic slot at-
tention induces a local (per-datapoint x € {x;}M ) GMM with K components,
the aggregate posterior q(z) obtained by marginalizing out x is a non-degenerate
global Gaussian mixture with MK components:

1 i N (z flik, © ) (4-9)

k=1

ME

N
Il
—_
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Proof Sketch. The full proof is given in Appendix B.2. The result is obtained
by integrating the product of the latent variable posterior density g(z | x)
and the (local) GMM density given z, w.r.t. x. We then proceed by verifying
that the mixing coefficients sum to one over all the components in the new
mixture (Corollary B.1), proving aggregated posterior to be a well-defined
probability distribution, this can be empirically confirmed in Figure 4.4.
Next, we use g(z) in our identifiablity result.

Theorem 4.1 (Mixture Distribution of Concatenated Slots). Let f; denote a
permutation equivariant PSA function such that f(z, Ps') = Pfs(z,s'), where
P € {0,1}**K is an arbitrary permutation matrix. Let s = (sy,...,sg) €
RX4 be a random variable defined as the concatenation of K individual slots,
where each slot is Gaussian distributed within a K-component mixture: sy ~
N (e, i) € R VK € {1,...K}. Then, s is also GMM distributed with K!
mixture components:

K!
p(s) = Z ﬂpN(S;ﬂplzp), where
p=1

e AR Hp € RK4, L, c RKAxKd (4.10)

Proof Sketch. The proof is in Appendix B.2. We observe that the permuta-
tion equivariance of the PSA function f; induces K! ways of concatenating
sampled slots s;, where each permutation maps to a different mode with
block diagonal covariance structure in a GMM living in R (e.g. Fig-
ure 4.7, B.1).

Theorem 4.2 (~;-Identifiable Slot Representations). Given that the aggre-
gate posterior q(z) is an optimal, non-degenerate mixture prior over slot space
(Lemma 4.2), f : S — X is a piecewise affine weakly injective mixing function
(Assumption 5.1), and the slot representation, s = (s1,...,Sk) can be observed as a
sample from a GMM (Theorem C.1), then p(s) is identifiable as per Definition 4.2.

Proof Sketch. The proof is given in Appendix B.4. Lemma 4.2 and Corol-
lary B.1 state that the optimal latent variable prior in our case is GMM
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Figure 4.5: Aggregate posterior identifiability. Recovered (latent) aggregate posteriors 4(z)
across 5 runs of our PSA model. As detailed in Section 4.4, we used a 2D synthetic dataset
with 5 total ‘object’” clusters, with each observation containing at most 3. This provides strong
evidence of recovery of the latent space up to affine transformations, empirically verifying our

identifiability claim.
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Figure 4.6: Experiments comparing slot-identifiability scores. Colour coding represents the
level of slot identifiability achieved by each model as measured by the SMCC (left) and SIS
(right). SMCC offers a more consistent metric correlating with reconstruction loss.

distributed, non-degenerate and equates to the aggregate posterior 4(z).
This permits us to extend (Kivva et al., 2022)’s result to show that if g(z) is
distributed according to a non-degenerate GMM and the mixing function
fa is piecewise affine and weakly injective, then the slot distribution repre-
sentation, p(s) which is also a GMM (Theorem C.1) is identifiable up to an
affine transformation and arbitrary slot permutation.

Corollary 4.1 (Individual Slot Identifiability). If the distribution over concate-
nated slots p(s), where s = (sq,...,sx) € RX4, is ~-identifiable (Theorem 4.2)
then this implies q(z) is identifiable up to an affine transformation and permuta-
tion of the slots s. Therefore, each slot distribution s ~ N (i, L) € RY,Vk €
{1,...K} is also identifiable up to an affine transformation.
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4.4 PSA: EXPERIMENTS

Given that the focus of this work is theoretical, the primary goal of our ex-
periments is to provide strong empirical evidence of our main identifiability
result (ref. Figures 4.5, 4.6). With that said, we also extend our experimental
study to popular imaging benchmarks to demonstrate that our method

scales to higher-dimensional settings (ref. Tables 4.3, 4.2).

DATASETS & EVALUATION METRICS.  Our experimental analysis in-
volves standard benchmark datasets from object-centric learning literature
including SPRITEWORLD (Brady et al., 2023), CLEVR (Johnson et al., 2017),
and OsjecTsRooM (Kabra et al., 2019). We report the foreground-adjusted
rand index (FG-ARI) and FID (Heusel et al., 2017) to quantify both object-
level binding capabilities and image quality. Our main goal is to measure
slot-identifiability, so we use the slot identifiability score (Brady et al., 2023)
and the mean correlation coefficient (MCC) across slot representations — we
call the latter slot-MCC (SMCC). For two sets of slots {s;} 1, and {§;}M,,
where s; € RK*4, 5, ¢ RK*?, extracted from M images {x;}M 1, the SMCC
between any s and § is obtained by matching the slot representations and
their order. The order is matched by mapping slots in § w.r.t s assigned by
7, followed by a learned affine mapping A between aligned §,,(;) and s:

SMCC(s, 5)

K d
ZZ sl],Asn(l)] (4.11)

For more details on the metrics please refer to Appendix B.5.

MODELS & BASELINES.  We consider three ablations on our proposed
probabilistic slot attention (PSA) method: (i) PSA base model (Algorithm 3);
(if) PSA-Proy model (Algorithm 5); and (iii) PSA-NOA model, which is
equivalent to PSA-Proy but without an additive decoder. We experiment
with two types of decoders: (i) an additive decoder similar to (Watters et al.,
2019b)’s spatial broadcasting model; and (ii) standard convolutional decoder.
In all cases, we use LeakyReLU activations to satisfy the weak injectivity
conditions (Assumption 5.1). In terms of object-centric learning baselines,
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we compare with standard additive autoencoder setups following (Brady
et al., 2023), SA (Locatello et al., 2020b), and MONET (Burgess et al., 2019).

CASE STUDY: IMAGING DATA. Table 4.2: Pascal VOC2012 benchmark results

Although our focus is primarﬂy the- using probabilistic slot attention. All baselines
are standard results from (Lowe et al., 2024).

oretical, we now demonstrate that SA MLP (w/ DINO) denotes our replication

of the DINOSAUR MLP baseline from (Seitzer

et al., 2022), whereas (1) denotes the use of

higher—dimensional imaging modal- slot attention masks rather than decoder alpha
masks for evaluation.

our method generalizes/scales to

ities. To that end, we first use the

SPRITEWORLD (Watters et al., 2019a) MOPEL MBO;T MBO:T
dataset to evaluate the SMCC and BLock Masks 0.247 +.000  0.259 £ .000
sA 0.222+.008 0.237 +.008
SIS w.rt. ground truth latent vari- spaTe 0.310+.004 0324+ .004
ables. Figure 46 presents our iden- ROTATING FEATURES 0.2824+.006  0.320 £ .006
DINO K-MEANS 0.363+.000  0.405 + .000
tifiability results against the base- pmo caE 03294009 03744 010
DINOSAUR MLP 0.395+.000  0.409 +.000

lines. Similar to (Brady et al., 2023),

Ours:
" . SAMLP (w/ DINO) ~ 0.384+.000 0.397 4 .000
sitional contrast and reconstruction g, \yp (w/ DINO)Y  0.400+.000 0415+ .000

error decreases. However, when the ~ PSAMLP (w/ DINO) 03894009 0422+ .009
PSA MLP (w/ DINO)}  0.405+.010 0436 +.011

we observe higher SIS when compo-

mixing function is not additive, the
compositional contrast does not decrease drastically while maintaining
higher SMCC and SIS - this verifies our identifiability claim using only
piecewise affine decoders. As shown in Figure 4.6, we also observe that
PSA routing with additive decoder models achieves lower compositional
contrast and reconstruction errors when compared with other methods.
This indicates that stronger identifiability of slot representations is achiev-
able when combining both slot latent structure and inductive biases in
the mixing function. Unlike for the SPRITEWORLD dataset, all the ground
truth generative factors are unobserved for the CLEVR and OBjecTsRoom
datasets we use. Therefore, for evaluation in these cases, we train multiple
models with different seeds and compute the SMCC and SIS measures
across different runs. This is similar to our earlier synthetic experiment and
standard practice in identifiability literature. Table 4.3 presents our main
identifiability results on CLEVR and OsjecTtsRoom. We observe similar
trends in favour of our proposed PSA method as measured by both SMCC
and (slot averaged) Rz score relative to the baselines.
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Table 4.3: Comparing slot identifiability scores (SMCC and slot
averaged R2) with existing object-centric learning methods.

METHOD CLEVR OBJjECTS-ROOM
SMCC * R2 1 SMCC *+ R2 1
o AE 0434 .02 026+.02 046+.05 045+.06
== MONET 032+.01 039+.09 043+.04 041+.10
@ee  SA 056+.02 055+.05 0.66+.01 0.54+.00

oo SA-NoA 023+.03 0244+.02 048+£.02 047+.01

Ours:
PSA-NoA 056+.05 042+.06 044+.03 045+.05
PSA 058+.06 048+.02 0.66+.01 0.64+.02

PSA-Proy  0.66+.06 0.62+.08 0.71+.00 0.62+.02

Figure 4.7: Concatenated Slot Gaussian Mixture. Example of the higher-dim GMM (1D — 3D)
induced by the permutation equivariance of PSA and the K! ways of concatenating sampled
slots.

Verifying Slot Identifiability: Gaussian Mixture of Objects.

To provide conclusive empirical evidence of our identifiability claim (Theorem 4.2), we
set up a synthetic modelling scenario under which it is possible to visualize the aggre-
gate posterior across different runs. The goal is to show that PSA is ~s-identifiable
(Theorem 4.2) in the sense that it can recover the same latent space distribution up to
an affine transformation and slot order permutation. For the data generating process,
we defined a K=5 component GMM, with differing mean parameters {p1, ..., us},
and shared isotropic covariances. The 5 components emulate 5 different object types
in a given environment. To create a single data point, we randomly chose 3 of the 5
components and sampled 128 points uniformly at random from each mode. Figure B.3
shows some data samples, where different colours correspond to different objects. We
used 1000 data points in total for training our PSA model. As shown in Figure
4.5, the aggregate posterior is either rotated, translated, skewed, or flipped across
different runs as predicted by our theory — this contrasts with all baselines wherein the
aggregate posterior is intractable. We observed an SMCC of 0.93 + 0.04, and R2-score
of 0.50 £ 0.08.

CASE STUDY: COMPLEX DECODER STRUCTURE. To empirically test
slot identifiability using more complex non-additive decoders, we used
transformer decoders following SLATE (Singh et al., 2021), and simply
replaced the slot attention module with probabilistic slot attention. On the
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CLEVR dataset, we observed a significantly improved SMCC of 0.73 & .01
and Rz of 0.55 = .06 relative to Table 4.3. To demonstrate that probabilistic
slot attention can scale to large-scale real-world data we ran additional
experiments on the Pascal VOC2012 (Li et al., 2018) dataset, following the
exact DINOSAUR strategies and setups described in (Seitzer et al., 2022;
Kakogeorgiou et al., 2024) for fairness, then simply swapping out the slot
attention module with probabilistic slot attention. As shown in Table 4.2, we
find that probabilistic slot attention is competitive with standard slot atten-
tion on real-world data. We also tested more complex, non-additive decoders
based on autoregressive transformers, following the DINOSAUR (Seitzer
et al., 2022) setup. For our PSA TRaANSFORMER (W/ DINO) model, we ob-
served an MBO; of 0.447, and MBO, of 0.521 which is competitive with the
DINOSAUR TRANSFORMER baseline (Seitzer et al., 2022) of 0.44 and 0.512
respectively. In this case, we found that a lower maximum learning rate of
10~* was beneficial for stabilizing PSA training.

e \

In summary, our experiments corroborate our theoretical results and
suggest why non-additive decoder structures can still work well given
the appropriate latent structure and inference procedures are in place.
With that said, there is a trade-off between identifiability and expres-
sivity induced by the choice of decoder structure (Lachapelle et al.,
2024b), so depending on the use case, it may indeed be advantageous
to combine both latent and additive decoder structures in practice. We
will use these findings to develop VISA mainly to address the problem
of spatial ambiguities a well known problem in scene understanding

and object composition.

4.5 VIEW INVARIANT SLOT ATTENTION

Let X'V = {x!,..xV} € X = AT x--- x XY, V views of the same
scene observed from different viewpoints with an observational space
X C RV*HXWXC ‘We consider [V] as a shorthand notation for {1,...,V}.
Let O¢° = O'U---U OV correspond to an abstract notion of object sets
of an environment, while O?,Vv € [V] is a set of objects present in a
considered viewpoint v. Importantly, we consider that the number of
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Figure 4.8: Overview-VISA: The figure illustrates a scene with four objects O° =
{01,03,03,04}, observed from three different viewpoints, each described with a set of
clearly visible objects: O = {03, 04}, 0? = {01, 03,04}, 0% = {01, 02,03, 04}. The corre-
sponding images are passed through view and content encoders, and sampled global view
vector v is used to estimate transformation function 7go given by parameters 6” predicted using
a localisation network. We apply a view-specific inverse 7;;1 on respective images projecting
them to an implicit space, which is used to learn view conditioned slot posterior correspond-
ing to GMMs represented by 4(s° | 7,z ' (x°)), which are further aggregated to marginalize
viewpoint information, resulting in a content posterior, also a GMM g(c | {s',...,s"}), which
is further accumulated across all samples resulting in optimal prior p(c).

I .
Bk <— 7T <— 7Ty
c = 7-917 [
(c) .
TR ¢ T
KN L V)

Figure 4.9: Graphical model for view invariant slot attention: For every image in a dataset
aview v € R% ~ p(v), this view is used to compute transformation 7go. Similarly, desired
number (< K) of content representations ¢ € RN*% are sampled content distribution p(c).
Finally, the image x is generated using the transformed content 7go (c) and view v.
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objects per viewpoint can vary, ie., |[O'U---UOY| > |0?| V v € [V],
allowing for partial or full occlusion in some viewpoints. Let vi:V €
YV = Vi x...x VW C RV*% be inferred viewpoint-specific informa-
tion3, while si¥ € & = Sl x .- x 8V C RV*K*4 correspond to a
viewpoint-specific slot representation. Let ¢;.x € C C RK*% capture the
notion of an aggregate, effectively accumulating the object knowledge across
viewpoints. For any subset A of [V], we represent scene observations
as x4 = {xi : Vi € A} € XjeaX i, The inferred viewpoints and the
view specific slots are denoted as v* = {v' : Vi € A} € x;c4V’, and
sy = {slx : Vi € A} € x;caS', respectively. We define p(c) as the
distribution of ¢ over A. A more comprehensive summary of notations and
terminologies is provided in Appendix C.1.

In modelling, w.1.0.g, we consider access to a certain subset A C [V],
ensuring the model’s applicability across different scenarios. Furthermore,
to simplify notation, we sometimes do not include the superscript denoting
the full set of views, thereby using x = x4, s = sf‘:K, and v = v4
interchangeably. Likewise, if we do not specify the subscripts for ¢ and
s, it implies they represent the entire collection of objects, specifically as
s = sf‘: x and ¢ = cy.k. Lastly, for any function f that operates on two distinct
inputs x = f(z,v), its inverse is denoted by z = f~1(x; v), which signifies
the reversal of f conditioned on a variable v. In the rest of this section, we
introduce all the components involved in our model. We also introduce
assumptions, examples, and intuition wherever necessary. Considering the
generative model Eqn. 4.12, which is overviewed in graphical model Figure
5.3, any scene x is generated using view v and content c¢. Here, both ¢ and v
are latent variables learned with variational inference (Kingma and Welling,

2013).

p) = [[ P | Tor(),v") ple) p(v?) dv? de (412)

VIEW MODEL.  Given that the view property remains consistent across

all objects, we treat the view as a global, image-level property as op-

We abuse the terminology by considering viewpoint, lighting, object dimension, to be encoded
in a representation v. Note that the v is inferred by the model.
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posed to Yuan et al. (2024), where view is treated as an object-level prop-
erty. Assuming access to a discrete set of viewpoints denoted by A, we
consider prior over a view distribution to be a GMM represented by
p(v) = Zlill TN (V; pty, 02). To learn the parameters of this GMM, we
consider the posterior of the form g4(v | x°) V v € A*. In both prior
and posterior, we consider the covariance to be diagonal, implicitly mak-
ing an ICA assumption (Khemakhem et al., 2020a). The sampled variable
v ~ qo(v | x%) is used to estimate transformation parameters §° € R3*2
as in Jaderberg et al. (2015) which makes an affine transformation map
Tgo, which is later applied on content ¢ and on view-specific slots s. It
is important to note that we use the same set of parameters ¢ across all

viewpoints in A for inferring view information v.

VIEWPOINT SPECIFIC SLOTS.  As illustrated in Figure 4.8 the inference
of ¢ depends on the view-specific slots s. For a considered image x”,v € A,
we first apply an inverse view transformation 7;;1 and model the slot dis-
tribution as a spatial mixture model represented by g(s{'; | T, ' (x)). The
inverse transformation makes sure that the estimated object representations
across all view in A are in a common implicit representation space. As this
is an intermediate variable which does not show up in our generative model
in Eqn. 4.12, we update the corresponding parameters with closed-form
equations via expectation maximisation algorithm as in Kori et al., 2024c.
The resulting slot posterior is a conditional GMM as described in Eqn. 4.13,
where x? = 7;;1(%’) is a transformed inputs, (y(x°), 02(x°), 7, (X")) are
mean, diagonal covariance, and mixing coefficients for the considered a

view and object.

K
10718 = L N (s (), of () (413)
=1

REPRESENTATION MATCHING. Given the permutation equivariance
property of slot representations, we use a matching function with a per-
mutation matrix P?, ms : S4 — S% such that ms(s{.;) = P’s?; mapping
representation axis w.r.t P’. The permutation matrix P? is estimated by

considering the slots of the first viewpoint s! as a base representation, and

4 We consider the parametric form of g to be Gaussian.
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other representations s’ Vo € A are matched to align with it. We utilise
Hungarian matching, as illustrated in Locatello et al., 2020b; Wang et al.,
2023a, to estimate this permutation matrix P?, to control the noise in the
matching algorithm, we introduce view-warmup strategy, which we detail
in Appendix C.5.5.

CONTENT AGGREGATOR.  We consider ¢ : § — C as a content aggregator
function, which marginalises the effect of view conditioning. To achieve
this, we consider a convex combination of all the aligned slot represen-
tations (aligned to a base representation), considering mixing coefficients
e (x) (we use 7y for simplicity) in Eqn. 4.13 as a combination weight.
The convex combination accounts for potential object occlusions, which
may cause objects to be absent in particular views ensuring only active
representations are combined (refer to an intuition below), resulting in
a content posterior (4(c | s)), which is a GMM with mixing coefficients
T = (Z‘f:‘l ) ) /|A| and the parameters described in Eqn. 4.15 (w.1.0.9
we consider s, 7t to represent aligned representations), refer to Lemma C.3,
with w; = 1/|A| Vi € A. Additionally, algorithm 5 details the entire forward
process.

Intuition: Content aggregation

2,x3, the resulting

Based on illustrated example in Figure 4.8, for images x',x
matched slots and mixing coefficients correspond to sl = {s}, s}, 5}93, 5}94, si}, §2 =
{sél,sf,sés,s%?4,sﬁ},s3 = {5%91'5?92'5%93'5?94'sg}’ where sf, ,s7, and s} corre-
spond to slot representation for object O;, random slot representation and back-
ground information, respectively, with mixing coefficients ! = {0,0,1,1,1}, =
{1,0,1,1,1}, and =' = {1,1,1,1,1}. Proposed aggregation merges the slots ig-
noring the random slots s}, resulting in co, = (sp, +8%,)/2,co, = s, and so
on.
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MIXING FUNCTION AND TRAINING OBJECTIVE. We consider both
additive and non-additive (ref. definition C.1) mixing functions f; : C x V¥ —
X?. For additive decoders, we use a spatial-broadcasting (Greff et al.,
2019) and MLP decoders, and for non-additive mixing function, we use
auto-regressive transformers (Vaswani et al., 2017). We use the shared
decoder f; for all views and objects, modelling the conditional distribution
P | Tao (), v0).

To train our model in an end-to-end fashion, we maximise the log-
likelihood of the joint p(x?), which results in the evidence lower bound
(ELBO), Eqn. 4.16, check Lemma C.1. Here, we consider the distribution
form of p(x” | ¢,v’) to be Gaussian with learnable mean with isotropic

covariance.

Elog p(x | Toe(c),v) KL (g(v | ) || p(v)) (4.16)

46 VISA: THEORETICAL ANALYSIS

In this section, we leverage the properties of the proposed model to theoret-
ically demonstrate the learning of identifiable representations under chal-
lenging spatial ambiguities. In this work, we consider our data-generating
process to satisfy a viewpoint sufficiency assumption (refer to 4.1).

Assumption 4.1 (View-point sufficiency). For any set A C [V], we consider
set A to be view-point sufficient iff |O4| = |O¢|. This basically means that all the
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Algorithm 5 View Invariant Slot Attention VISA

© Input: A € [V], 24 = {f.(x¥) Vo € A} € RIAIXNxd > input

2 View: v4 = {v" ~ N (v%; u(2?), %(2%)) Yo € A} € RIAX & view rep.

31 View Transformation: 64 = {0’ = Localisation(v’) Yo € A} €
RIAIx2x3

4 keyA — Wﬂ;;l(zA) € RIAIXNxd

5 value? «+ W, 7,1 (z4) € RIAXNxd > optional value := key

6: 8 O, A+ D

7. forv € A do
8 Vk (0)x + 1/K, pu(0)r ~ N(0,1), o(0)2 1,
9 fort=0—T—-1do

(8N (key, Won (Do (H)F)

10: A — > compute attention
" 0N (ke Wop(1);,0 (1) i
11 A~ —;{,‘W— > normalize attention
21:1 Ak .
12: p(t+ 1), EnN:1 A, - value, > update slot mean
13: c(t+1)2 < YN Ay - (value, — p(t + D)? > update slot
variance
14: (t+ 1) % ZnN:1 Ak > update mixing coefficient

15: end for

16 s sU{(mi(T), 0?1 (T)}; At + AU {mx(T)} » slot collection
17: end for

18: return ¢ = ConvexCombination(s, 7) > K view invariant content

objects are visible across all the considered views A, even when an individual view
may not contain all the objects.

Example: Viewpoint-sufficiency

Example 4.1. Based on illustrated example in Figure 4.8, the scene is composition
of four objects O° = {O1, O, O3, Oy}, view point subset A = [V] = {1,2,3} is
considered to be view point sufficient since | Jyc g O° = {03, 04} U{O1, O3, O4} U
{01,0,,05,04} = O°.

Given that we learn the parameters of our view-specific spatial GMM
with closed-form updates, we do not use an explicit prior minimising KL
divergence. Instead, we rely on the fact that marginalising the effect of data
points from posterior (aggregate posterior) is an optimal prior (Hoffman and
Johnson, 2016; Kori et al., 2024c), resulting in p(c) = [[ g(c[s?, x4 )dsAdxA.
Given that GMMs are universal density approximates given enough com-
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ponents (even GMMs with diagonal covariances), the resulting aggregate
posterior g(c) = p(c) is highly flexible and multi-modal. It often suffices to
approximate it using a sufficiently large subset of the dataset if marginalis-
ing out the entire dataset becomes computationally restrictive.

Lemma 4.2 (Optimal Prior). The proof is detailed in Appendix C.4. For A € [V],
given the a local content distribution q(cy.x | sity, x?) (per-scene x4 € {xA}M.),
which can be expressed as a GMM with K components, the aggregate posterior g(c)
is obtained by marginalizing out X, s is a non-degenerate global Gaussian mixture
with MK components:

p) =q(0) = 5

™M=

K
Y AN (e, 5 ) (4.17)
k=1

Proof Sketch. The result is obtained by integrating the product of involved
posterior densities g(c | s)q(s | x)p(x). Further, we verify if the mixing
coefficients sum to one in the new mixture, proving the aggregate to be
well-defined. 0

With this, we show three main results: firstly, we show that aggregate
content representations (c) are identifiable without supervision (up to ~s).
Secondly, we show that these representations are invariant to the choice of
viewpoints under assumption 4.1. Finally, we show that the model exhibits

in an approximate view equivariance.

Theorem 4.3 (Affine Equivalence). For any subset A C [V, such that |A| > 0
, given a set of images x € X4 and a corresponding aggregate content ¢ € C
and a non-degenerate content posterior q(c | s?), considering two mixing function
fa, fa satisfying assumption 5.1, with a shared image, then c are identifiable up to
~s equivalence.

95



Intuition: Affine equivalence

Considering an example 4.1, with two perfectly trained models fy and fy. Resulting
aggregate contents are described as ¢ = fd_l(xA;vA) = {co,,c0,,€0, €0, €0, }
and & = f;1(x};v4) = {20,,80,, 80,80, €0, } for A = [V] = {1,2,3}. ~s
equivalence states that there exists a permutation matrix P which aligns the object
order in € to match with ¢ and there exists and invertible affine mapping A such that
€o, = Acp, Vk € {1,2,3,4}.

Proof Sketch. The proof is detailed in Appendix C.4. To prove the following
result, we follow multiple steps as described below: (i). We demonstrate the
distribution p(c) obtained as a result of lemma 4.2 is non-degenerate and a
valid distribution, (ii). With the above results, we demonstrate invertibility
restrictions on mixing functions, (iii). Finally, we constrain the subspace to

affine, demonstrating ~ of aggregate content c. O

Theorem 4.4 (Invariance of aggregate content). For any subset A,B C [V],
such that |A| > 0,|B| > 0 and both A, B satisfy an assumption 4.1, we consider
aggregate content to be invariant if f4 ~s fp for data X4 x X'B.

Intuition: Invariant slots

Considering an example 4.1, with A = {1,3},B = {2,3}, such that sets A, B are
viewpoint sufficient. Let fa and fg, be trained models on X4 and XB respectively.
Resulting in ¢ = f; (x*;v4) = {co,,c0,,co, co, co,} and & = fg' (xB;vP) =
{€0,,€0,,€0,,€0,,¢0, }- Theorem 4.4 states that the representations 7;;1 (€o,) can
be mapped to 7;;1 (co,) by permuting object indices and an affine transformation.

Proof Sketch. The proof is detailed in Appendix C.4. To prove this, we extend
the proof of Theorem 4.3, and establish that there exist two inevitable
affine functions h 4, hp for mixing functions f4, fp : C x V — X to map
representations ¢ with a given view set v/ to observations x. Later, we

show that, in the case of invariance, an affine mapping exists from /4 to
hp. O

Theorem 4.5 (Approximate representational equivariance). For a given ag-
gregate content ¢, for any two views v,V ~ p(v), resulting in respective scenes
X ~ pa(x | v,c)and x ~ pa(x | ¥,c), for any homeomorphic transformation
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Figure 4.10: Identifiability of g(c). The top row indicates individual feature distribution across
five different runs. The bottom row reflects the feature feature distribution, which we use as a
proxy for multi-dimensional features given Lemma C.2. As observed, mean feature distribution
across runs is either scaled, shifted, or split (increase in number of modes); this provides strong
evidence of recovery of the latent space up to affine transformations, empirically verifying our
claims in Theorem 4.3.

hy € Hy such that hy(x) = X, their exists another homeomorphic transformation
ho € Mo such that Hy C Hy € REMO gpd v = h7 1 ( £ (he(x) ;c)).

Remark 4.1. Note that the theorem only says that the transformation function
transforming the view representations v as an effect of the homeomorphic transfor-
mation of x lies in the same subspace of input transformations.

Intuition: Approximate equivariance

In the scenario when the cameras are positioned such that they have overlapping fields
of view, and their relative pose (rotation and translation) must avoid degeneracies
like aligning on the same plane or mapping points to infinity. This results in the
transformation between views being smooth, invertible, and consistent. If the scene is
planar or depth variations are minimal, the homography can capture the transformation
accurately without the need for inverse rendering. Notably, the cameras should have
non-zero rotation and translation to avoid collapsing the scene, and their intrinsic
parameters must be known or identical to prevent distortions. When the scenario
satisfies all the above properties, the 2D homography transformation H between
two camera views can be learned as a homeomorphic transformation (Hartley and
Zisserman, 2003).

Proof Sketch. The proof is detailed in Appendix C.4. We prove the following
result by following the steps in Theorem 4.4, over a view distribution p(v)
but for a fixed content vector c. O
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Table 4.4: Comparing identifiability of g4(s), q(c), and p(v) scores wrt existing OCL methods.

METHOD CLEVR-mv GON GSO

SMCC t NV-SMCC 1 MCC?t | SMCC*? Nv-SMCC MCCt | SMCCt Nv-SMCC MCC 1
AE 0.324.02 - - 0.29 4 .02 - - 0.24 4 0.08
SA 0.47 £ .03 - - 0.38 & .02 - - 0.28 4 0.06
PSA 0.49 £ .02 - - 0.38 4 .02 - - 0.30 4 0.04 -
MulMON  0.61+.03 0.62 + .02 - 0.59 +.06 0.61 +.02 - 0.56 4 0.04 0.48 4 0.06 -
OCLOC 0.63 4 .02 0.64 + .01 0484.04 | 0.60+.03 0.60 £ .01 042+.08 | 0.5840.04 0.54 4 0.03 0.46 4 0.04
VISA 0.67 £ .01 0.66 £ .01 0.60+.04 | 059+.01 0.63 £ .01 052+.03 | 0.60+.03 0.61 £.02 0.58 +.03

4.7 VISA: EMPIRICAL EVALUATION

Given the work’s theoretical focus, experimentally, we aim to provide strong
empirical evidence of our identifiability, invariance, and equivariance claims
in a multiview setting. We also extend our experiments to standard imaging
benchmarks, including CLEVR-mv, CLEVR-auG, GON (Li et al., 2020); we
additionally demonstrate the framework’s scalability to highly diverse
setting with GSO (Downs et al., 2022) and proposed datasets Mmv-MoVIC,
Mv-MOVID which are multiview versions of MoViC dataset with fixed and

varying scene-specific cameras (Greff et al., 2022).

EXPERIMENTAL SETUP.  To verify our claims on (i) identifiability claim,
we train our model on a given view subset A C [V] and compare view
averaged slot mean correlation coefficient (SMCC) measure Kori et al.,
2024c, (ii) invariance claim, we train multiple models on different subsets of
viewpoints A, B C [V] and compare the aggregate content representations
across models, quantifying the similarities with SMCC, we consider this
measure to be invariant SMCC (1nv-SMCC), and finally, (iii) for subspace
equivariance, we consider a trained model with a view subset A C [V] and
compute MCC of view information v by applying random homeomorphic
transformations on samples x* ~ X (which can also be done by consider-
ing samples x® ~ X'B, where cameras relative position satisfy the required
constraints 4.5, and analyse p(v#) and p(v?)).

MODELS & BASELINES.  We consider two ablations with two types of
decoders: (i) additive with MLPs and spatial broadcasting CNNs and (ii)
non-additive decoders, which include transformer models. In all cases,
we use LeakyReLU activations to satisfy the weak injectivity conditions
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Figure 4.11: Viewpoint invariance of g(c). The top and bottom row indicates individual
feature levels and mean feature distributions, respectively. Each columns reflect marginalised
aggregate content distribution g(c) when trained with different view pairs {(blue, red), (green,
blue), and (green, red)}, respectively. As the resulting distributions with different datasets
only vary by an affine transformation, providing strong evidence for Theorem 4.4.

Table 4.5: Identifiability and generalisability analysis on Mv-MoVIC dataset.

METHOD IN-DOMAIN RESULTS OuT-0F-DOMAIN RESULTS
mBO 1 SMCC 1 v-SMCC 1 MCCt | mBO? SMCC 1 Nv-SMCC 1 MCC
SA-MLP 0.28 £ 0.091 0.36 £ 0.004 - - ‘ 0.26 +0.08 0.38 & 0.006
PSA-MLP 0.30£0.022  0.38 4 0.002 - 0.30+0.03 0.40 £ 0.005
VISA-MLP 0.28£0.021  0.52+0.021 0.61+0.023 0.54 £0.026 ‘ 0.27 £0.02 0.51+0.029 0.58 £ 0.031 0.52£0.021

SA-TRANSFORMER 0.34+0.014  0.36+0.016 - - 0.33+0.041  0.36+0.043
PSA-TrRANSFORMER ~ 0.37+0.021  0.38 £ 0.007 0.37+0.033  0.39+0.016

VISA-Transformer  0.384+0.008  0.444+0.003  0.46 & 0.001 053+0.011 | 0360017  0.46+0.033 046+0.018  0.55+0.082

(Assumption 5.1). In terms of object-centric learning baselines, we com-
pare with standard additive autoencoder setups following (Brady et al.,
2023), slot-attention (SA) (Locatello et al., 2020b), probabilistic slot-attention
(PSA) (Kori et al., 2024¢), MulMON (Li et al., 2020), and OCLOC (Yuan

et al.,, 2024).

CASE STUDY 1: ILLUSTRATION OF IDENTIFIABILITY. To definitively
show the validity of our claims about identifiability (Theorem 4.3, Theo-
rem 4.4, and Theorem 4.5), we created a synthetic unconfounded scenario
for modelling. This provides us with two data modalities, Figure C.1 (i)
projected point cloud data, and (ii) corresponding imagery data, we detail
point cloud illustrations in appendix C.5.1. Additionally, this dataset also
provides us with the ground truth object and viewpoint features for evalua-
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tion. To visualise the aggregate mixture, following Lemma C.2, we use the
projected GMM to interpret the distribution of random variables in R,
The data-generating process is thoroughly explained in the Appendix
C.2.1. In Figure 4.10, we display the distributions of marginalized aggregate
content distribution g(c), comparing individual features and a mean feature
across different runs that are either scaled, shifted, or split (increase in
number of modes), which is reflective of affine transformation of features
across runs. To quantitatively measure the same, we computed SMCC and
observed it to be 0.72 & 0.04, empirically verifying our Theorem. 4.3. Fur-
thermore, to illustrate the invariance of distribution g(c) across viewpoints
(Theorem 4.4), we consider three different viewpoints. We use all possible
pairs to learn q(c) distributions as illustrated in Figure 4.11, where the
distributions are described w.r.t viewpoints described by {g, r}, {r, b},
and {g, b}, respectively. These distributions were also found to have similar
properties as before, with an observed SMCC of 0.71 & 0.11, further con-
firming the claims in Theorem 4.4. Additionally, Figure 4.1(c) demonstrates
the improvement in identifiability as the number of viewpoints increases.

CASE STUDY 2: IMAGING APPLICATIONS.  We first evaluate the frame-
work on standard benchmarks, specifically focusing on CLEVR-mv, CLEVR-
AuG, GQN, and GSO with simple objects. Given the true generative factors
are unobserved, we derive our quantitative assessments from multiple runs.
The results are shown in Table 4.4, confirming the validity of our theory on
imaging datasets. Regarding the baseline comparisons that utilize a single
viewpoint, the INv-SMCC mirrors the SMCC due to its inherent design (i.e.,
aggregation of a set with a single element is the same element). Moreover,
in the case of AE, SA, PSA, and MuLMON, the models do not estimate view
information but either treat them independently or use the observed view
conditioning, rendering the MCC metric inapplicable. Figure C.6 showcases
how the number of viewpoints impacts the identifiability of the s, v, and
c variables; the involved experiments reflect the increase in performance
with an increase in the number of views, across all benchmark datasets.
Additionally, we demonstrate our methodology on proposed complex
datasets, Mv-MoVIC and mv-MoViID, the latter dataset enables us to ex-
amine the model performs when the assumption 4.1 is not satisfied. To
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evaluate model behaviour in an environment with consistent objects but
with different viewpoints, we conducted in-domain and out-of-domain
(OOD) evaluations. For in-domain analysis, the model is trained and as-
sessed on the same viewpoint group A = [1,2,3]. Conversely, for OOD
evaluation, we consider the previously trained model but test it against a
new set of viewpoints B = [3,4,5|. The findings presented in Table 4.5 re-
garding the Mv-MoVIC dataset reveal that the SMCC, iNv-SMCC, and MCC
metrics show similar performance across both domains. This indicates that
the distributional characteristics remain unchanged when both the training
and testing environments contain the same objects. The Mv-MoVID dataset
analysis can be found in Appendix C.5.

4.8 CONCLUSION & DISCUSSION

Understanding when object-centric representations are identifiable is crucial
for scaling slot-based methods to high-dimensional images with correctness
guarantees. Unlike prior work that primarily examines slot mixing functions,
we establish identifiability through distributional assumptions on the slot
latent space, drawing inspiration from mixture models. We propose a
probabilistic slot-attention algorithm that enforces an aggregate mixture
prior over slot representations, ensuring stability across runs and tractability
in sampling. Our empirical results verify the theoretical identifiability
claim and demonstrate that our approach achieves minimal compositional
contrast without explicit optimization toward that objective.

Additionally, we extend identifiability guarantees to multi-view setups
by ensuring the disentanglement of view-specific slots, invariant content
representations, and view representations—without requiring additional
supervision. We validate these findings both theoretically and empirically
using synthetic datasets, object-centric benchmarks, and large-scale datasets
with complex decoders, including transformer-based architectures. The
results confirm the model’s scalability and effectiveness in resolving view
ambiguities, making it a robust framework for learning structured object-
centric representations in diverse imaging applications.

Limitations & Future Work. We recognize that our assumptions, that

may not always hold in practice. Specifically, the weak injectivity of the
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mixing function may not be valid for all architectures, as detailed in the
sufficiency conditions (Appendix B.3). Similarly, while generally applicable,
our use of piecewise-affine functions may not always align with real-world
problem structures, particularly in cases of model misspecification. Like
other object-centric learning methods, we assume that the mixing function
is permutation-invariant to slots, making it non-invertible. Addressing this
constraint in future work could strengthen identifiability guarantees. In
multi-view scenarios, our assumption of viewpoint sufficiency is strong but
did not appear limiting on the Mmv-MoVID dataset. However, its impact on
real-world applications requires further investigation.

Despite these limitations, our theoretical contributions provide a valuable
extension to the foundations of object-centric learning, with potential future
directions including relaxing identifiability assumptions, studying slot
compositional properties, and exploring applications in generalization,
world modelling, and planning,.
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FouNDATIONS OF HUMAN-LIKE VISUAL
REASONING
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“Objects exist in perception like atoms in space; From their composition,
understanding arises.”
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COMPOSITIONAL REASONING

“Causal models are mental abstractions that encode our beliefs about how the world

works.”

— Judea Pearl

e 1

The goal of Object-Centric Learning (OCL) is to enable machine learning
systems to decompose complex scenes into discrete, interacting objects,
supporting compositional generalization and human-like reasoning.
However, existing OCL methods often fail to capture interactions from
both attribute-level (semantic) and object-level (spatial) perspectives.
While scene graph methods complement OCL by abstracting scenes
as structured graphs, they typically rely on supervision. This position
paper argues for a probabilistic perspective on Scene Graph Modelling
(SGM), grounded in causal abstraction as a unifying view on causality,
OCL, and scene graphs by considering object interactions as invariant
mechanisms within object-level graphs, enabling us to generate causally
consistent scene compositions. We substantiate our position with thor-
ough conceptual discussion, rigorous definitions, conjectures, and ex-
amples, demonstrating how this perspective bridges the gap between
unsupervised object discovery and explicit scene graph reasoning.

5.1 MOTIVATION

To achieve human-level understanding, machine learning systems must be
capable of representing the world in terms of distinct, interacting objects
(Bengio et al., 2013b). The concept of objectness—the ability to perceive
the environment as a composition of discrete, identifiable entities—has

long been recognized as critical for enabling situation-aware Al systems that
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Figure 5.1: Figure illustrates the process of causal abstraction for a composition resulting in
causally related variables in z using spatially segregated object-centric representations s.

exhibit human-like reasoning capabilities (Lake et al., 2017; Scholkopf and
Kiigelgen, 2022). This fundamental ability to decompose complex scenes
into objects and parts forms the basis of compositional generalization, a key
feature that allows humans to efficiently learn from limited examples and
adapt to new environments (Rock, 1973; Hinton, 1979).

The fundamental requirement of compositional OCL is to ensure at-
tribute and object level disentanglement. Attributes are common features
across all objects involved in the scene generation for example features
like light-position, camera position, and so on. Attribute disentanglement is
a key objective in generative modelling such as Variational Auto Encoders
(VAEs) (Kingma and Welling, 2013). The identifiability of these features
has been a common area of research in identifiable representation learn-
ing, particularly with the Non-linear Independent Component Analysis (NICA)
learning paradigm (Khemakhem et al., 2020a; Khemakhem et al., 2020c;
Willetts and Paige, 2021). However, given these attributes are learned and
not well defined, learning causal relationships among these attributes is
another ill-defined problem and is the core of Causal Representation Learning
(CRL) (Scholkopf et al., 2021; Yao et al., 2024a).

While NICA and CRL have made substantial advances in learning com-
plex latent structures with identifiability guarantees, their applications in
OCL remain limited. Most of the works in OCL that perform attribute
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Figure 5.2: The figure illustrates a hierarchical progression across learning paradigms, latent
variable factorization, and sample generation capabilities grouped by color-coded regions. IF
assumes fully independent latent variables, with a prior factorization []; p(z;), enabling iid
sample generation. NICA introduces conditional independencies in the latent space, factorized
as [; p(z;i | ¢), enabling conditional samples. generalizes NICA by uncovering cause-effect
relationships via SCMs, with factorization p(z; | pa;), allowing conditional and counterfactual
sample generation. extends CRL by structuring the latent space as a mixture of objects,
capturing both feature-level and object-level causal interactions, with factorization [7]; p(zf \

paf , cpaf ), enabling conditional, counterfactual, and compositional sample generation. In all cases,
an appropriate mixing function is assumed.

disentanglement, including (Kim and Mnih, 2018a; Burgess et al., 2019;
Greff et al., 2019; Greff et al., 2020; Chen et al., 2021; Kori et al., 2024c),
rely on Independent Factorisation (IF) of attributes similar to VAEs. Some
recent advances in OCL have demonstrated the potential to imbue ma-
chine learning models with the notion of objectness by learning structured,
spatially disentangled representations directly from raw observations (Lo-
catello et al., 2020b; Engelcke et al., 2021; Kori et al., 2024b; Lowe et al.,
2024). While in most of these methods, the main focus is on object discovery,
the interaction between and across object features is, in our view, yet to
be thoroughly explored. Here, identifiability is crucial because it dictates
the conditions under which latent causes can be reliably recovered from
observed data (Hyvérinen and Pajunen, 1999; Hyvarinen and Oja, 2000;
Locatello et al., 2019). Recent research in OCL has established theoretical
guarantees with assumptions on mixing functions or latent distributions that
ensure object-centric representations are identifiable (Brady et al., 2023;
Kori et al., 2024c; Lachapelle et al., 2024b). However, these methods rely
on the IF setting, limiting the possibilities of learning relations among and
across object features. To model these relations as illustrated in Figure 5.1,
we need concepts from CRL to capture scene compositions . The problem

of composition is non-trivial as the interactions increase combinatorially
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with the increase in number of objects in a scene (Kiigelgen et al., 2020;
Tangemann et al., 2021; Wiedemer et al., 2023).

Here we argue that an ideal OCL method should aim to capture higher-
order (i) conditional, (ii) causal, and (iii) compositional relationships between
attributes and objects, where the system learns representations that are
inherently compositional and capture both feature-level and object-level
causal interactions. This view aligns with philosophical perspectives, such
as Kant’s view that causality is a necessary structure imposed by the
mind to organise sensory experience (Kant, 1908), and Fodor’s idea of
compositional symbolic representations (Fodor, 1975). It also resonates with
neuroscientific insights into hierarchical processing in the brain, where
dynamic interactions between attributes and objects occur, and causal
reasoning, akin to Bayesian inference mechanisms used in the prefrontal
cortex (Tenenbaum et al., 2011). By integrating these principles, ideal OCL
can bridge low- and high-level semantic understanding, reflecting the
complex nature of human perception and the structured nature of real-
world environments.

Scene Graph Modelling (SGM) is another line of work which deals with
the abstraction of objects/components in the scene and their complex
relationships and provides rich semantic information of an image (Gu
et al., 2019), in the form of <subject, object, predicate>. Scene graphs
are mainly considered in scenarios like visual question answering, image
captioning, and action recognition (Teney et al., 2017; Yao et al., 2018; Li et
al.,, 2022). Scene graphs naturally align with the goals of OCL, representing
a scene’s latent structure as a graph where nodes correspond to objects,
and edges represent semantic relationships, such as spatial, functional,
or causal interactions (Johnson et al., 2015; Krishna et al., 2017; Gu et al.,
2019); however, most of these methods heavily rely on supervision for
identifying objects and their interactions. Sequential unobserved object
discovery (Eslami et al., 2018a; Kosiorek et al., 2018; Engelcke et al., 2019;
Kiigelgen et al., 2020) implicitly set an order of discovery, having some
implicit object-to-object relations. Singh et al. (2021) propose auto-regressive
object interaction, built upon the spatial discovery method of Locatello
et al. (2020b). Recent methods (Gao et al., 2024; Kim et al., 2024, Wang
et al., 2024; Wei et al., 2024) use large language models (LLMs) or large
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vision language models (VLMSs) as an implicit scene graph which is used
in conditioning the generation of samples. Most of these do not provide
explicit control over attributes and object interactions. (Gao et al., 2024) uses
GPTj4 to generate scene graphs from text prompts, providing object-level
control with explicit scene graphs. However, these methods do not provide
identifiability guarantees or explicit scenarios for identifiability. Kiigelgen
et al. (2020) provide a graphical abstraction for layer-wise compositional
abstraction, Deng et al. (2021) provide a graphical abstraction of part-object
relations, capturing the hierarchy involved in scene generation. In a similar
spirit, we propose causal abstraction for composition, where we model object
interactions as interactions between object-level graph. Unlike (Deng et al.,
2021; Yuan et al., 2024), which aims to learn to pose and view equivariant
object representations, the object-level graph in this setting captures the
invariant mechanisms across all the objects.

Beyond scene graph modelling, there exists a broader class of structured
probabilistic models that operate on similar principles for relational reason-
ing, Probabilistic Relational Models (PRMs) (Getoor et al., 2001; Getoor and
Taskar, 2007), which extend traditional probabilistic graphical models to
relational domains. PRMs define a joint probability distribution over a set
of entities and their attributes, along with the probabilistic dependencies
among them via explicitly modelled relationships. In essence, PRMs repre-
sent structured worlds as graphs, where nodes correspond to object classes
with associated attributes, and edges represent probabilistic dependencies
between these objects, closely mirroring the structure of scene graphs in vi-
sion. Recent adaptations of PRMs into neural and differentiable frameworks
(Kazemi and Poole, 2018; Zambaldi et al., 2018). PRMs are not particularly
explored in the case of object-centric learning, though they provide a nice
connection between classical structured models and modern scene graphs
in vision.

However, the challenge of the identifiability of representations and de-
pendencies still persists. Identifiability in modern machine learning models
can be considered as a Bayes optimal model that guarantees the test loss
to have a unique minimizer, essential to recover the true data-generating
process. Here in this chapter, with a probabilistic perspective on SGM, we
position compositional OCL as a general learning paradigm that subsumes
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CRL, NICA, and IF models as special cases and should be an integral
part of the research agenda. With this, we consider the progression of
learning paradigms as follows (illustrated in Figure 5.2): (i) IF: assumes
fully independent latent variables and enables the generation of iid samples.
(ii) NICA: introduces conditional independencies in latent variables, allowing
conditional sample generation. (iii) CRL: extends NICA by uncovering cause—
effect relationships through Structural Causal Models (SCMs), resulting
in counterfactual reasoning. (iv) OCL: builds upon CRL by structuring the
latent space as a mixture of objects, capturing both feature-and object-level
causal interactions, thus enabling the generation of compositional samples. In

summary, our main contributions are:

1) Highlighting the modelling scenarios in both CRL and OCL fields,
unifying them with causal abstractions;

2) Provide a probabilistic interpretation of scene graphs through compo-
sitional graphs, with multiple examples and scenarios demonstrating

its implications;

3) Introduce the concept of latent compositional models with mechanism in-
variance, discuss its implications for learning compositional and causal
graphs, along with possible modelling approaches and theoretical
extensions to validate guarantees.

5.2 COMPOSITIONAL OCL: A UNIFYING VIEW

Here, we introduce notations, outline the components of the data gen-
eration process and introduce the concept of causal abstraction from a
compositional perspective.

5.2.1 Data Generating Process

Let £ = {1,...,K} represent all object indices, with a subset V C K gen-
erating the observation x € X'. As shown in Figure 5.3 (and in Equation
5.1), x/ = {x’ € X?,Vv € V} represents image partitions, where x is the
composition of elements in x”, and X? C X C R%. Observed variable y
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Figure 5.3: This graphical model illustrates the data generation process, starting with observed
grouping variables y',...,y/V! (V| = 3 shown for illustration), which are used to sample
independent object representations s, . . ., sK. These representations are then combined to form
z, capturing both attribute-level and object-level relationships. Finally, z is used to generate
object-level partitions in the observation space, x', ..., xV|. All partitions together compose
the observed scene, x.

groups components (x’s) across X'. Latent variables z = {z’ € Z,Vv € V},
with Z C R%, encode dependencies across features z;-’. Each partition x° de-
pends only on its corresponding z¥ with relation x’ = f;(z"). Independent
counterparts s = {s',...,s!V|} are defined as s = {g.(x,¥"),..., g (x,y/VD},
wheres € S C 8! x --- x SK, Sk C R%. A volume-preserving transfor-
mation z = g (s) captures relationships among object features. Finally, the
compound feature extractor is defined as ¢(s) := (gs o (fc o f1082))(s),
extracting features for a composed image rather than an observed image.

x = fe(X, .V = fe(fall2h, . 2V) = fe(fu @), .. fa(2VD)])
= fe(lfa(g=("8)), -, fa(g=(y1V],8))]) (5.1)

Illustration OCL: Grouping from a compositional perspective refers to
spatial disentanglement of and categorisation of objects in V, the total
number of distinct groups. Providing control over the generation of scenes
with objects of interest given by v, this grouping can also be with respect
to size, colour, or any of the observable properties which capture the
uniqueness of objects in a scene.

Illustration CRL: Note that in the case of CRL methods, we do not
need f¢,x as x” are observed, y behaves as the observational grouping
variable. This grouping of observed variables is common in many real-
world applications, as detailed in Morioka and Hyvérinen (2023), and is
used in many different forms, as in the form of multiple views in Yao et al.
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Figure 5.4: (a) Instantaneous causal graph representing the causal relationships among
variables for a single object, where z} to zi correspond to object-shadow, object-size, light-position,
object-position, and object-color, respectively. (b) Compositional graph depicted using plate
notation, where the plate labelled |V| represents multiple instances of the invariant causal
graph for different objects. Interactions across objects are illustrated with elliptical arrows
spanning the plate, and the observed data x is modelled as the combined result of all |V]|
objects and their interactions.

(2023), as augmentations in Von Kiigelgen et al. (2021), and as interventional

set in Brehmer et al. (2022).

5.2.2  Causal Abstraction for Composition

We introduce the notion of compositional graphs, building the formali-
sation of causal graphs (Pearl, 2009) and viewing them as probabilistic

interpretations of scene graphs.

Remark 5.1. A causal graph G (definition 5.1)factorises the distribution p(z) =
IT., p(z; | pa;), where pa; C {zy,...,z,} \ 2; is a set of parents of z; w.r.t.
graph G.

Example 5.1. (Instantaneous Causal Effects.) As shown in Figure 5.1, the obser-
vation is modelled as the output of an SCM, with inputs including light source
position, object positions, shadows, sizes, and colours. The interactions between
these features are depicted in Fiqure 5.4a. Notably, object-specific properties such
as pose and orientation are treated as confounders and are excluded from the causal
graph, as we focus solely on features that represent invariant mechanisms across
all objects in the dataset.

Definition 5.1 (Causal Graph: G). Let the causal graph G = (V, E) be a directed
acyclic graph (DAG) that represents causal relationships:

e V=z¢€Z=A{z,...,z,} € {Z4,..., 2} are the nodes, representing

causal variables.
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e E C V x V are the directed edges encoding pairwise causal dependencies
between variables, i.e., z; — z; represents that z; causally influences z;.

Definition 5.2 (Compositional Graph: &). A compositional graph is a meta-
graph capturing interactions between different causal graphs, which can be denoted
with & = (VC, H) = (Urek V5, Ukexc EXU E™), where:

o V€ ={G',...,GX} represents causal graph for individual objects, where
Gk = (VK EX),Vk € [K] is a causal graph as defined above.

o EM = {eZq | equ corresponds to meta edges capturing interactions between
it variable of GP and j™ variable of G1}, i.e., edge equ captures the causal
q p

influence between z; =z

Remark 5.2. In a compositional setting, we have a set of latent representations
z = {z',...,2IV1}, where z* is sampled from separate environments given by
2K ~ p(zF | cpak,y¥), where y* categorical variables conditioning a variable
to a particular environment. Similar to parents in causal setting we consider
cpal C quv,q;ép{z? |Vj € dim(z7)}, describing compositional parents, which
is the set of all the variables across environments causing the feature zf , they can
be treated as a causal parents but in a different environment. Invariant edges across
environments can be considered causal graphs. Additionally, it is essential to note
that compositional graphs are scene-dependent, capturing the interaction between
invariant causal graphs. The resulting latent distribution can be factorised as:

p(z)ec [T p@ |27y
paEK,p#q

= [1T1p( | cpal Upal,yP) (5.2)
pek i

Example 5.2 (Causal Abstraction for Composition.). Building upon Example
5.1, we extend the discussion to object relations within a scene, using the same
instantiation of causal graphs for Torus, Cube, and Pyramid, as shown in Figure 5.1.
This instantiation remains valid since the underlying mechanisms—such as shadow
formation due to object size and light source—are consistent and invariant across
different objects. The edges in the graph (ref. Figure 5.5) represent compositional
behaviours; for example, the Cube’s position causally influences the Pyramid’s
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Figure 5.5: Example of particular instantiation of Figure 5.4b (with V = {1, 2,3}, resulting in

x!,x% and x® corresponding to torus, cube, and pyramid, respectively), illustrating the scene in

Figure 5.1. Here, z{ to zg correspond to object-shadow, object-size, light-position, object-position,
and object-color, respectively. Finally, blue arrows in the graph correspond to compositional
edges (E™).

position when the Pyramid is placed above it. Similarly, the Torus’ position is
causally linked to the Cube’s position.

The compositional graph provides a probabilistic interpretation of scene
graphs, integrating both spatial and semantic relationships. Its edges cap-
ture attribute-level (semantic) reasoning, e.g., <object-size, shadow-length,

causes>, or object-level (spatial) reasoning, e.g., <torus, cube, leans on>.

Lemma 5.1 (Acyclicity of composition). The combined compositional graph
remains acyclic when:

L.1: Circular consistency: No circular interactions are introduced between any
graph pairs (GP,G1), i.e., there are no loops in E™. Example: If there is an
edge (z! — z]q.) € E™, then (z? —z!) ¢ E™.

L.2: Causal consistency: For any two nodes zf ,z]q., if there is an edge (zf —
z]p) € EP, then (z]q —z!) ¢ E™.

Interpretation: The first constraint is straight forward, ensuring E™ does not
contain any direct cycles. The second constraint preserves consistency in the causal
direction between features across groups. Together, these constraints ensure &
retains its acyclic nature. In the context of physical systems, as illustrated in Figure
5.5, acyclicity in the composition of interacting objects is inherently maintained.
This means that the cause-and-effect relationships between the objects — such
as the influence of the light source on the shadows cast by the cube and torus
or the way the position and size of one object can impact the other — follow a
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directed, non-circular flow. However, some complex biological systems do break
these acyclicity properties (Sachs et al., 2005), which we do not consider in this
work.

Assumption 5.1 (Weak Injectivity). Let f : Z — X be a mapping between
latent space and image space, where dim(Z) < dim(X'). The mapping f; is
weakly injective if there exists x) € X and 6 > 0 such that |[f1({x})| = 1,
Vx € B(xo,8) N f(Z),and {x € X : |f1({x})| = oo} C f(Z) has measure
zero w.r.t. to the Lebesgue measure on f(Z) (cf. (Kivva et al., 2022)).

Remark 5.3. In words, Assumption 5.1 says that a mapping f; is weakly injective
if: (i) in a small neighbourhood around a specific point xg € X the mapping is
injective — meaning each point in this neighbourhood maps to exactly one point in
the latent space Z; and (ii) while f; may not be globally injective, the set of points
in X that map back to an infinite number of points in Z (non-injective points) is
almost non-existent in terms of the Lebesgue measure on the image of Z under f.

Definition 5.3 (Additive composition function). A function fo : M x X — X
is said to be additive if, for x ~ X,m ~ M with x = {xX',...,xIVI} and
m = {m!,...,m!Vl}, it can be expressed as f.(m,x) = Z‘U‘QO m’ O x’ = x.

When M is constrained, such that Z‘JQO m® =1,m? > 0, the following properties
are inherently satisfied:

D.1. when m® © x’ satisfy B—disentanglement assumption B.1, given partition
masks, composition function can be approximately inverted with x° =
m’ O x,

D.2. ordering invariance of elements in (x, m) together.

Definition 5.4 (Latent compositional models (LCM)). LCM is given by M =
(X, g2, fa, fe, V), which consists of:

D.1. X = X' x - x XIVI: observational data space,

D.2. g, : S — Z: Structural Equation Model (SEM) capturing relation between
feature zf with pafJ U cpaf ,

D3. f; + ZY — X°: mixing function mapping individual slot subspace to
observational subspace X7,
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D.g. fe: X' x - x XVl = X:an additive composition function, given by
definition 5.3,

D.5. y: observed grouping variable.

To capture the notion of latent distribution respecting compositional
nature, we consider parametrised Markov random fields (MRFs), capturing
pairwise interactions between the elements of s;] and z?. Based on the
parametrization of MRFs, we consider two different potential functions, g,
and ¢, where g, is a pairwise potential function, which captures causal
relation across objects modelling compositions. In contrast, g, captures the
instantaneous causal interactions for a given component. As illustrated in
Morioka and Hyvarinen (2023), the parametric interpretation of g, g; is
general enough to capture many different classes of SEMs, resulting in a
latent distribution described in Equation 5.3.

pz) o IT exp (g s"i)- | [1 e (Mg(2sh)| 3
pgeK (ij)€l2P]x| 2|

Terms gz(zf.7 , s]q) captures the sample-specific functional relations like the
influence of cube size on the shadow of a torus in Example 5.2, while Aqu
captures the existence of these compositional edges. Here, the component
level interaction p(z? | z7) is modelled with an axillary variable s which
are considered to satisfy ICA assumption resulting in p(s) = []p(s?)
(ref. Figure 5.3). We do this by estimating z” with all independent base

representations {s,...,s/VI}.

Remark 5.4. Note that based on the joint distribution, the potential function ¢,
depends on a component level grouping reflected by y,Vk € [K], which in Morioka
and Hyvdrinen (2023) is assumed to be known in the form of observational groups,
while in OCL, this further requires weak supervision (classification labels for objects
in the scene), breaking equivariance property, which is implicit in OCL (Locatello
et al., 2020b; Emami et al., 2022; Wang et al., 2023a; Kori et al., 2024b; Kori et al.,
2024c). Additionally, the potential function g,, needs a further set of assumptions
to factories Equation 5.3 to reflect the directionality of cause and effect.
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Figure 5.6: The figure demonstrates the Jacobian of g, and the resulting compositional graph
between attributes z expressed as a function of independent variables s. Block diagonals
reflect the causal relations between attributes, while off-diagonal entries show compositional
relations. Coloured diamonds in a Jacobian reflect entries corresponding to their edges in a
compositional graph.

Graph Extraction: Considering the invariance of causal graphs across
groups, we get the same causal graph G for all k € K. It is important to note
that causal graph G is contained in a compositional graph & and reflects
the inter-group weighted adjacency matrix. Let C = {CP1};; correspond to
adjacency matrices of & for every node pair (i,]) € | 27| x | 21| for a given
scene, as detailed in examples 5.1 & 5.2. Similar to Reizinger et al. (2023),
we link the notion of Jacobian Jo of function g, to compositional graph.

Note we consider C to be concatenated matrix in RIVIl4z/x[VIld:

| resulting
the combined Jacobian as illustrated in Figure 5.6. Finally, we consider two
matrices A and B to be structurally equivalent (A ~pag B) if both matrices
follow the same sparsity structure.

Invariant Mechanisms: As detailed in examples 5.1 & 5.2, given the
mechanisms are consistent across objects in a scene, we need a way to
enforce this behaviour when our SCM is modelled in a parametric sense. We
propose the following mechanism consistency regularisations (ref. definition

5.5), based on a Jacobian of the considered SCM.
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Definition 5.5 (Mechanism consistency). The causal relation among features
for a particular component is given by GP which is captured by ds x ds Jacobian
matrix given J 5 P, we define mechanism consistency as:

z

14
Luc =Erez | 1 1110 (2) = I (2)]¢ (5.4)
Pil z z

Interpretation: Figure 5.6 illustrates this behaviours graphically. The
regularisation basically encourages all the block-diagonals with dimension
d, of a Jacobian ]g;1 to follow the same sparsity structure. This basically
forces the parametric SCM to use the same set of parameters for all objects.

Interestingly, additive decoder architectures, such as those employed in
SA, PSA, and VISA (see Chapter 4), naturally satisfy mechanism consis-
tency by design. In these models, the output is composed by summing
the contributions of individual object-centric representations, with each
object specific decoder sharing the same parameters. As a result, the corre-
sponding Jacobians exhibit block-diagonal structures with identical sparsity
patterns, aligning precisely with the mechanism consistency regularization
described in Definition 5.5. However, the converse direction is particularly
compelling: if imposing mechanism consistency as a soft inductive bias (via
the regularizer Lyic), could this encourage any general models to implicitly
learn additive or spatially disentangled representations, addressed the main
issues of performance and computational complexity with additive decoder.

Specifically, enforcing similar Jacobian structures across object slots can
be interpreted as guiding the model toward discovering a shared causal
mechanism or data-generating process, which is central to object-centric
generalization and modular reasoning. By penalizing deviations in the
local input-output Jacobians across different slots, we encourage functional
symmetry and parameter reuse, one of the main property of additive, com-
positional models. Exploring this as an emergent property, rather than an
architectural constraint, opens up exciting future research directions. For
instance, such a regularization could allow flexible models (e.g., Transform-
ers, Diffusion with cross-slot attention) to gradually approximate additive
decoders to a certain degree.
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DAG regularisation: Lemma 5.1 establishes conditions for composi-
tional interactions to ensure the resulting joint composition graph is a
DAG. To enforce DAG structure in SEM g,, we apply a continuous DAG
penalty over the Jacobian J (we later show, | ~pag I — C). We leverage
the findings of Brouwer and Haemers (2011) and Nazaret et al. (2023),
which demonstrate that minimizing the largest eigenvalue A(J) ensures
DAG soundness. Equation 5.5 outlines an augmented Lagrangian scheme
with hyperparameters a and p, which are progressively increased during

training.
WI) =MD Loac = 717 +eh(])* +ah(]) (5.5)

Compositional Consistency: Similar to (Wiedemer et al., 2023), to ensure
compositional generalisability, we use compositional consistency, which
basically points towards a fixed point of ¢, given by s = ¢(s). Which
is achieved by maximising the posterior log probabilities for all possible

random compositions.

Conjecture 5.1 (Compositional consistency helps in generalisation). Given
the full support over S by observational data X, maximising the posterior q(¢(s))Vs €
S, while preserving high likelihood over p(x) results in compositional gener-
alisation of considered LCM. Which means for any random composition s &
S, (feo fy08z2)(s) is optimised to be in-distribution of p(x).

Lec = —Bges [log q(¢(s))] (56)

Interpretation: As illustrated in Figure 5.7, S’ is the inferred latent space of
observational data capturing the possible interactions of objects s' and s?
as reflected in observed data, while S demonstrates the space captured by

all possible random compositions while preserving data fidelity.

Conjecture 5.2 (Identifiability of LCM). For any two models M = (X, gz, f4, fe, V)
and M' = (X, g%, fi, f., V), the following properties ensure their identifiability
(M ~ M), meaning pp(x,y) = prr (X, Y):

P.1: Identical observational spaces: X, for both models,
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Figure 5.7: The figure demonstrates the generalisation of latent space as a result of optimising
compositional consistency.

P.2: Latent distribution structure : paq(z) and p g (z) follow the structure
defined by Equation 5.2,

P.3: Weak injectivity: f; maps each z € Z uniquely to a ball of radius 6 > 0 in
X,

P.4: Scalar latent variables: g, and g} are sets of scalar endogenous z{ € R and
exogenous s € R variables,

P.5: Regularizations: Constraints on compositional consistency (Equation 5.6),
DAG structure (Equation 5.5), and mechanism consistency (Equation 5.4)
are optimized.

Interpretation: The conjecture ensures identifiability by constraining
LCMs: P.1 and P.2 ensures the same observation (X, )) and model classes
are considered across LCMs, P.3 ensures that the decoder f; guarantees that
every latent state z uniquely determines a region in the observational space
X, crucial for identifiability (Kivva et al., 2022), P.4 ensures that considered
variables are scalar in nature, and finally, P.5 ensures all the regularisations
are optimised, where compositional consistency and invariant mechanisms
are essential for generalisation, making sure that support for object rep-
resentation is full (Wiedemer et al., 2023) and encourages similar latent
representations along with functions in both LCMs, DAG consistency en-
forces a valid latent graph structure by penalizing cycles, ensuring a sound
SEM. Together, these properties ensure the LCM results in learning true
compositional model.
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Conjecture 5.3 ( ]g;1 ~pac (I — C)). In case when LCM is identifiable, we can
show that Jacobian J o1 is structurally equivalent to (I — C).

Interpretation: When an LCM is identifiable, the Jacobian of SEM is
faithful to the compositional graph involved in data generation. This means
we can use I — C for invariant mechanism and DAG regularisations.

5.3 PUTTING THINGS IN CONTEXT

In this section, we link our theory to existing OCL and CRL works, high-
lighting their relations.

5.3.1 Relation to Spatial Mixtures

Considering a mixing coefficient 7t over a categorical environment variable
Y, we can restructure Equation 5.3 as a mixture of exponentials (Equation

5.7):

4

p)« ¥ et ep @,y - |TT T1 e (\i(sl2))

p=1 qgeK (ij)e| ZP| x| 21|
(5.7)

Previous works such as Greff et al. (2017), Kori et al. (2024¢), Yuan et al.
(2024), and Burgess et al. (2019) have shown that, from a probabilistic per-
spective, the latent distribution in unsupervised object-discovery methods
can be interpreted as spatial mixtures. Kori et al. (2024c) and Krimmel
et al. (2024) demonstrate that more recent methods along slot-attention
line of work can reduce the latent distribution to Gaussian Mixture Models
(GMMs) or Von Mises-Fisher (vMF) distributions, depending on the chosen
distance function. In our case, the model represents a generalized approach
to spatial mixtures. When we assume that latent factors are statistically
independent both within and across environments (i.e., /\Zq = 0 for all
(i,7,p,q)), the latent distribution p(z) simplifies to a GMM, as shown in
Equation 5.2. This distribution can be further extended to capture composi-
tional graph structures and LCM, making it suitable for modelling more

complex dependencies in the latent space.
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WHAT DOES THIS MEAN?  The latent distribution in Equation 5.7 gener-
alizes traditional spatial mixture models by incorporating pairwise dependencies
between object features. This demonstrates that providing a probabilistic
interpretation of scene graphs can be achieved by considering pairwise
interactions, where the term Aqucpl (slp , 27) can be interpreted as edges and
functions in a scene graph, capturing both object- and attribute-level inter-

actions.

5.3.2 Relation to Invariance Theory

The proposed formulation of invariant mechanisms can be understood
through the lens of invariance principles in CRL, as introduced by Yao
et al. (2024a). In the context of sample-level invariances (Von Kiigelgen
et al., 2021; Yao et al., 2023), consider two observed images (xl,x2) that
share underlying structural similarities due to transformations such as
augmentations, changes in viewpoint, or pose shifts. By encoding these
images into latent representations z' = ¢(x!') and z? = g(x?), the invariant
CRL frameworks identifies a subset of invariant latent variables c!,¢* C Z
that remain stable across both samples, such that for any z ¢ ¢, ¢, we have
811187(;1) = % = 0. However, similar to observational grouping in Morioka
and Hyvérinen (2023), we consider grouping of image x components by
grouping variable y. Each partition corresponds to an object or component
in the image, and by minimising mechanism consistency (Equation 5.4),
ensures learning invariant object- and attribute-level interactions across

scenes.

WHAT DOES THIS MEAN?  The proposed formalisation can be reduced
to invariant representation learning as in Yao et al. (2024a) by appropriately
grouping observed data via categorical conditioning variable y. In essence,
the approach unifies CRL and scene graph modelling by grounding scene
understanding in invariant causal structures, by capturing object- and

attribute-level interactions.
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Figure 5.8: (a) “Two glasses, one with milk and the other with wine, both fully filled.", (b) “A
laptop on top of a table.", and (c) “A table placed on top of a laptop."” These examples illustrate
generated samples from GPT-40 with highlighted predicates, demonstrating issues with VLMs
and the need for our unified perspective.

5.4 WHY DOES IT MATTER?

As VLMs and foundation models continue to evolve, the need for structured,
interpretable, and compositional representations becomes increasingly ev-
ident in achieving human-aligned, safe, fair, robust, and generalisable
representations. While these models excel at capturing broad patterns from
large datasets, their ability to generalise to novel, compositional, and causal
reasoning tasks remains limited. Figure 5.8 highlights such challenges. In
Figure 5.8(a), the mechanism of filling a glass should be consistent, indepen-
dent of the specific instance (glass of milk vs glass of wine), yet the model
fails to learn this invariant mechanism and instead learns instance-specific
mechanisms. This demonstrates the necessity of the proposed perspective
on invariant mechanisms that maintain causal consistency in a composi-
tional setting.

Figures 5.8(b) and (c) further illustrate compositional inconsistencies.
Both scenarios—ua laptop on a table and a table on a laptop—are physically
plausible and causally consistent. However, the model hallucinates in the
latter case, failing to generalise in that scenario, highlighting the lack of com-
positional generalisability. This is crucial for ensuring out-of-distribution
(OOD) generalisation capabilities, and accurate modelling of rare yet re-
alistic events (Wiedemer et al., 2023). Building on these observations, we
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outline the theoretical and practical implications of a probabilistic SGM
perspective that unifies both CRL and OCL.

Transferability: The proposed causal abstraction provides a direction
for developing System-2 agents by bridging perception and abstract reason-
ing. This perspective suggests that by grounding dataset-level objects in
scenes (Lake et al., 2017; Scholkopf et al., 2021; Kori et al., 2024b), models
could potentially generalise across unseen scenes through invariant mech-
anisms. Such grounded representations facilitates task transferability and
human-like reasoning (Tenenbaum et al., 2011), providing new avenues
for integrating perception-driven neural networks with symbolic reasoning
for planning and decision-making (Bengio et al., 2013a; Mao et al., 2019a;
Proietti and Toni, 2023).

Robustness: This perspective aligns with applying causal inference princi-
ples, such as intervention and counterfactual reasoning, to scene modelling,
as partially explored by Mansouri et al. (2022) and Mansouri et al. (2023).
Models leveraging invariant mechanisms may capture object features even
under partial observability, reducing the risk of hallucinations. Exploring
this robustness is particularly promising for critical applications, such as
autonomous driving (Scholkopf et al., 2021) and medical diagnosis (Castro
et al., 2020).

Generalisation: Enforcing mechanism consistency across image parti-
tions could lead to representations that are both causal and invariant across
objects, improving OOD generalisation (Scholkopf et al., 2021). Additionally,
compositional consistency enables model to generalise to novel environ-
ments in a causally consistent manner.

Counterfactual Reasoning and Controllability: Extending counterfactual
reasoning in OCL through causal abstraction holds significant potential.
Existing generative models (Kingma and Welling, 2013; Goodfellow et al.,
2014; Mirza and Osindero, 2014, Karras, 2019; Song and Ermon, 2019)
lack fine-grained control, often resulting in hallucinations or poor OOD
generalisation (Reizinger and Krishnan, 2024). By formalising compositional
graphs in the latent space, this perspective points towards new methods
for controllable and interpretable generation, which extends to applications
like image editing and embodied Al systems.
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Despite these promising implications, several challenges remain to pro-
vide promising future direction:

Identifiability in Complex Scenes. Ensuring the identifiability of object-
centric causal variables in complex, the current formalism provides an
informal proof under explicitly made assumptions; rigorously establishing
identifiability for general setting will be crucial for many use cases.

Mechanism Invariances. The proposed approach enforces invariances
across image partitions, but extending these invariances to handle temporal
dependencies is an interesting direction to model the physical properties
of the system. For instance, considering the scene in Figure 5.1, if a torus
is observed pushing the cube within a temporal sequence, this interaction
reveals important properties such as the mass of objects and provides
insight into friction within the environment. Such temporal extensions can
improve the model’s ability to infer dynamical causal relationships, making it
more suitable for applications in physical reasoning, robotic manipulation,
and scene understanding.

Systematic Evaluation. Given all the existing OCL datasets do not pro-
vide access to compositional or causal graphs that are used in generating
particular scenes, it would be an important direction to define relevant
metrics to evaluate these properties additionally, creating a detailed envi-
ronment to generate synthetic/realistic scenes along with compositional
structure would be very beneficial to the field in general. Some of the
existing environments (Greff et al., 2022; Authors, 2024) can be modified

for this purpose.

5.5 CONCLUSION & DISCUSSION

The proposed a unifying perspective that integrates OCL and CRL through
a probabilistic view SGM with causal abstraction. By conceptualizing object
interactions as invariant mechanisms embedded within object-level graphs,
we outlined a structured approach that captures both semantic and spatial
dependencies, extending existing paradigms such as IF, NICA, and CRL.
Here, we provide a perspective substantiated through rigorous conceptual
arguments and demonstrative scenarios compelling reasoning for how this

approach could mitigate key challenges in foundation models, including hal-
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lucinations, lack of structured reasoning, and poor generalization. Specifically,
by embedding causal reasoning within object-centricity, our perspective
suggests that future Al systems can: 1) Enhance controllability and reliabil-
ity in structured scene generation. 2) Improve generalization by aligning
learned representations with real-world structured environments. 3) Enable
compositional/counterfactual reasoning, allowing robust inference over

novel interactions.

e D

While our claims remain theoretical, we argue that formalizing com-
position as a causal abstraction presents a promising direction for
developing Al systems that are interpretable, compositional, and ro-
bust. This perspective has broad implications for autonomous systems,
robotics, and medical Al, where structured and generalizable scene un-
derstanding is critical, moving beyond pattern recognition to structured,

human-aligned intelligence.
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ARGUMENTATIVE VISUAL REASONING

“An argument is not a fight. It’s a search for truth.”

— Bo Bennett

Deep learning models are powerful image classifiers but their opac-
ity hinders their trustworthiness. Explanation methods for capturing
the reasoning process within these classifiers faithfully and in a clear
manner are scarce, due to their sheer complexity and size. We provide
a solution for this problem by defining a novel method for explain-
ing the outputs of image classifiers with debates between two agents,
each arguing for a particular class. We obtain these debates as concrete
instances of Free Argumentative eXchanges (FAXs), a novel argumentation-
based multi-agent framework allowing agents to internalise opinions
by other agents differently than originally stated. We define two metrics
(consensus and persuasion rate) to assess the usefulness of FAXs as argu-
mentative explanations for image classifiers. We then conduct a number
of empirical experiments showing that FAXs perform well along these
metrics as well as being more faithful to the image classifiers than

conventional, non-argumentative explanation methods.

6.1 MOTIVATION

With the increasing complexity and widespread deployment of deep learn-
ing models in our daily lives, the interpretation and explanation of these
models” decisions have become a central focus in recent eXplainable Arti-
ficial Intelligence (XAI) literature (Ribeiro et al., 2016; Lundberg and Lee,
2017; Shrikumar et al., 2017). Many existing approaches for explaining
image classification models heavily rely on heatmaps and segments to

128



, 2{ @§®bma“ .
@f + \@~

Private to A* Exchange BAF Private to A?

t=2 ° =
t

Figure 6.1: Illustration of FAXs (see Example 6.1).

localize regions of interest in input images that contribute to the model’s
output (Selvaraju et al., 2017, Chattopadhyay et al., 2018; Sattarzadeh et
al., 2021), typically offering static input-output-based explanations while
lacking deeper insights into the underlying model being explained. The
literature has repeatedly highlighted the need for deeper and more dy-
namic explanations (Madumal et al., 2019; Miller, 2019; Lakkaraju et al.,
2022), highlighting the input-output relationships of the model but also
delving into its internal mechanisms and elucidating the model’s reasoning.
Also, there is an ongoing debate about the necessity of interactive explana-
tions (Cawsey, 1991; Miller, 2019) and explanations that are contrastive and
selected (Miller, 2019).

Dialogue-based explanations have been advocated as being useful in
understanding the inner working of deep learning models (Lakkaraju et al.,
2022). (Wang and Vasconcelos, 2019) argues that explanations are especially
important when the model has high uncertainty about the output when the
prediction oscillates between different classes resulting in different interpre-

tations of the model behaviour. (Rago et al., 2023) proposes argumentative
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exchanges to explain models via interactions amongst agents. Motivated by
these varied lines of work, the main focus of this work is to extract explana-
tions for image classifiers as debates between two artificial agents, arguing,
in the spirit of bipolar argumentation (Cayrol and Lagasquie-Schiex, 2005),
for and against the classifiers” outputs for given inputs.

Example 6.1 (Debate Intuition). As an abstract illustration, consider two agents
Al and A? as outlined in Figure 6.1 (black and grey, respectively). Each agent
has an initial perception (at timestep t = 0) of their environment as a bipolar
argumentation framework (BAF) about a topic of interest (a in the figure) which we
consider as private. As agents start debating, they share their knowledge (see the
exchange BAF figure 6.1) and may expand their private BAFs (e.g. A? learns that
b supports a at timestep t = 1 and agent Al learns that c attacks a at timestep
t = 2). As in human debates, as agents expand their knowledge they may see things
differently from the other agents (e.g. at the alternative timestep t = 2/ Al sees
A2s’s attack from c to a as a support).

Overall in this chapter, we make the following contributions:

* we define a novel form of free arqumentative exchanges (FAXs) to char-
acterise explanations amongst agents as illustrated in Figure 6.1; dif-
ferently from (Rago et al., 2023), these exchanges allow for agents to
disagree on what constitutes an attack or support amongst arguments
exchanged during debates (and are thus free); this technical novelty
empowers the use of FAXs for explanation of image classifiers;

¢ we instantiate FAXs so that they can serve as the basis for explaining
the outputs of image classifiers;

* we provide an implementation of the instantiated FAXs, by adapting
the methodology of (Kori et al., 2024a) to allow agents to generate
their own arguments;

* we evaluate our methodology and implementation quantitatively and
qualitatively, with two types of image classifiers on two datasets; for
the quantitative evaluation, we use two novel metrics to assess the
argumentative quality of the generated debates, and, for comparison
with baselines, two existing metrics (adapted to our setting) for ascer-
taining the faithfulness of explanations to the explained classifiers.
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6.2 FAX:SET-UP

Consider a dataset D C X x ), where X € R"*wxc represents a vector
space with dimensions & X w corresponding to an image and ¢ channels
(c > 1). The label space ) =1,..., N consists of N > 2 classes. Following
conventions in image classification (He et al., 2016; Huang et al., 2017), we
consider an image classifier trained on D, comprising a feature extractor
f X = Z and a feature classifier g : Z — ). The feature extractor f
maps the observational space X' to a continuous latent space Z C R”*,
where each element of Z represents a set of latent features with m elements,
each of length d. Given an input x € X, the image classifier orders the
classes in ) based on g(f(x)), predicting the top-class y as the output (with
an abuse of notation we often write g(f(x)) = y). Consistent with prior
works (Van Den Oord, Vinyals, et al., 2017; Kori et al., 2024a), we assume
the existence of a set Z! C Z of features associated with each class i € ).
These are referred to as the class-i-specific features. Up to Section 6.5, we
defer discussion on how these class-specific features are obtained.

63 FAX: AGENTS AND EXPLANATIONS

Agents are represented as private triples for explananda, a notion adapted
from (Rago et al., 2023), as follows.

Definition 6.1 (Agent Explanandum). An agent A’ is a private triple for an
explanandum e, amounting to (]Ii, Bi,ai) where:

o I' =T, UT. is an evaluation range, referred to as A'’s private evaluation
range, where I, (referred to as positive evaluations) and I'_ (referred to
as negative evaluations) are disjoint and for any vy € ]Ii+ andv_ €1,
vy >0

o Bi=(Args,A!,S') is a BAF for e, referred to as A'’s private BAF;

e ¢ is an evaluation method, referred to as Al’s private evaluation method,
such that, for any BAF B = (Args, A, S) and, for any a € Args, o'(B,a) €
I
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Here, we use BAFs instead of quantitative BAFs (Baroni et al., 2018)
as in (Rago et al., 2023), and rely upon evaluation ranges split into two,
rather than three, partitions as in (Rago et al., 2023) (so we disregard the
neutral partition in (Rago et al., 2023)). The threshold between the two
partitions is seen as the point where an agent “changes their mind” on the
explanandum, and may correspond to a classifier’s decision boundary, as
we will see later. We assume, for the remainder of this section, that any
evaluation method is dialectically monotonic. We exemplify our notion of
an agent in a simple, generic setting below (see Section 6.4 for instantiations
for image classification).

Example 6.2 (Explanandum Example). An agent Al is a private triple for an
explanandum a, amounting to (I', B!, o1) where: T' = [0,1] with TL = [0,0.6]
and 1L = [0.6,1]; B! = (Args!, Al,S') such that Args' = {a,b} with argu-
ments a: we should eat at this pizzeria and b: it is highly recommended,
S'(a) = {(b,a)} and A'(a) = @; and o' is some dialectically monotonic
semantics, which in this case could give, for example o' (B!,a) = 0.75 and
c'(Bl,b) = 0.5 (given the asymmetric set-up of a’s attackers and supporters).
Here we can see that A’s positive reasoning for the explanandum overcomes the
(absent) negative reasoning against it, resulting in its strength being above the
threshold of 0.6 and thus gives a positive evaluation.

We define a novel form of argumentation exchanges amongst agents, which

will serve, later, as explanations:*

Definition 6.2 (FAX). A free argumentative exchange (FAX) for an explanan-
dum e amongst agents A, where | A| = m > 2 and each agent in A is a private
triple for e, is a tuple: (Bj,..., By, Ao,..., Ay, M) (n > 0) where, for all
timesteps t € [n], B} (referred to as the exchange BAF at step t) is a BAF for e
and Ay is a set of k agents, all private triples for e, such that:
* By = (Argsy, Ay, Sy) is a BAF such that:
- Args§ = {e}; A§ = ©0; 8§ = ©;

and, at timestep t €]n], letting BY = (Argsy, A}, SI) = B} \ B} ;:

1 Throughout, we denote with [k] the set {0,1,...,k}, with |k|{1,...,k}, etc.
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e B 3 B |, where ¥(a,b) € A}, 3j €]m] such that (a,b) € A];_l and
V(c,d) € S¥, 3k €]m] such that (c,d) € SF_;

e Ay is a set of private triples (I',Bi, o) for e, one for each i €]m], where
B! O B! | and ArgsT C Args, and AXUST C ALUS!;

X

M is the contributor mapping, such that, for Bj; = (Argsy, Ay, Sy ), for every
(a,B) € AL USSE: M((a, B)) = (i, t) with i €|m] and t €]n].

FAXs thus allow agents to add attacks or supports from their private to the
exchange BAF, which are then incorporated to all other agents’ frameworks
as some form of relation. Note that it is only the BAFs which change
with the timestep, not, for example, the evaluation ranges or methods.
Intuitively, the contributor mapping returns, for each attack/support pair
in the final exchange BAF, the agent who contributes the pair as well as
the timestep at which the pair was contributed. Note that, by defining M
as a mapping, we impose that there is a single contributor and timestep
for each attack/support pair in the final exchange BAF, and therefore pairs
cannot be introduced multiple times in FAXs. Note that FAXs are variants
of argumentative exchanges (AXs) in (Rago et al., 2023): whereas in AXs
agents are equipped with quantitative BAFs, in FAXs they are equipped
with BAFs; and, whereas in AXs agents are assumed to share a lingua
franca of arguments’ attackers and supporters (so that if an argument
attacks or supports another for an agent it does so for all others), in FAXs
attackers/supporters for an agent may be supporters/attackers for another,
witnessing the ‘free” nature of FAXs. Next, we illustrate (in the earlier

simple, generic setting) why this may be useful.

Example 6.3. Continuing from Example 6.2, a second agent A? is a private
triple for a, amounting to (12, B?,02) where: 1> = 1'; B> = (Args?, A%, S?)
such that Args®> = {a,c} with argument c: there is pineapple on the pizza,
A%(a) = {(c,a)} and S*(a) = @; and o> is some dialectically monotonic se-
mantics, which in this case could give, e.g., 0*(B?,a) =0.25 and ¢>(B?,¢) =0.5
(again given the asymmetric set-up of a’s attackers and supporters). Here A?’s
negative reasoning for the explanandum overcomes the (absent) positive reasoning
against it, resulting in its strength being below the threshold of 0.6 and thus gives
a negative evaluation. A FAX for a amongst agents A = { A', A%} is then a tuple
<Bg, B’f, szc/ Ag, A1, As, M> such that:
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e BY\ B} = ({b},2,{(b,a)}), where M((b,a)) = (1,1), and thus A; #
Ao, where A} = Al and A2 # A3 with B2 \ B3 = ({b},0,{(b,a)});

* B3\ B} = ({c},{(c,a)}, @), where M((c,a)) = (2,2), and thus Ay #
Ay, where A3 = A? and A} # At with BY \ Bl = ({c},@,{(c,a)}).

Here, support (b, a) provided at timestep 2 by A" is learnt by A? (as is conventional
in AXs (Rago et al., 2023)) as a support, indicating that the agents agree on the
relation. Then, at timestep 2, A? provides the attack (c,a), e.g. because pineapple
on a pizza is anathema in Italy. However, A learns the relation (c,a) as a support,
indicating that they considered c to be providing reasoning for a, e.g. because
Al likes pineapple on pizza. This shows how FAXs, differently to AXs, allow
for differences in the way agents interpret relations. Given that o' and o are
dialectically monotonic, we know that o (B},a) = o!(B},a) < ¢'(B}, &) and
0?(B3, &) < 0*(B2,a) = 0*(B3, a), respectively.

We can define a notion to restrict FAXs so that agents therein can be
deemed to share a lingua franca, as follows.

Definition 6.3 (Lingua Franca). Given a FAX F for e amongsts A, with

F = (B},..., B}, Ag,..., Ay, M), Al € A, such that A, = (I!,Bi,co')
and B, = (Argsi, Al,Si), we say that F has an effective lingua franca iff
(UALGAH Aln) N (UALeAn S;) =Q.

It can be seen that the FAX in Example 6.3 does not have a lingua franca
since the agents disagree on the relation (c, a). Typically, FAXs begin because
there is a conflict between agents, amounting to a different stance on the
explanandum.

Definition 6.4 (Stance). Given an agent A’, i.e. a private triple (1!, B, c') (for
some explanandum e) with B = (Args',A!,S"), for any a € Args', let A'’s
stance on a be defined as ©!(Bi,a) = + (positive stance) iff o' (B, a) € T,
and X' (B',n) = — (negative stance) otherwise. Then, a set A of agents/ private
triples for explanandum e is in conflict wrt e iff there are two or more agents in A
with different stances on e.

Note that this notion of stance is adapted from (Rago et al., 2023), ignoring
the neutral stance therein. We see FAXs as means to lead to resolution of
initial conflicts, by allowing agents to argue while identifying and filling
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any gaps in their beliefs (represented by their private BAFs). We adapt the
following from (Rago et al., 2023), to characterise FAXs successfully leading

to resolution (or not), from an initial conflict.

Definition 6.5 (Resolution). Let A be a set of agents/private triples for explanan-
dum e. Let A be in conflict wrt e. Let F= (B, ..., By, Ao, ..., Ay, M) be a FAX
for e amongst A. Then:

* F is unresolved at timestep ¢, for t €|n], iff Ay is in conflict wrt e, and
resolved at t otherwise;

e F is unresolved iff it is unresolved at every timestep t €|n|;
* Fis resolved iff it is resolved at timestep n.

Example 6.4. Continuing from Example 6.3, we know that o*(B},a) € IL
and o?(B3, ) € 12, and so 21 (B}, a) = + £2(B,a) = —, meaning A is in
conflict wrt a. At timestep 1, let us assume that, although o*(B,a) < 0*(B3,a),
it remains the case that o>(B2,a) € 12. Since o*(B},a) = o'(Bl,a) € I,
we can see that the FAX is unresolved at timestep 1. Then, since o' (Bl, &) <
ol (Bl a), thus o' (B}, &) € T} and 0?(B2,a) = 0?(B3,a) € I, we know that
(B}, a) = +, £2(B3, &) = — and thus the FAX is unresolved. Meanwhile, if
Al had interpreted (7y,a) as an attack, let us say at an alternate t = 2/, since
ol is dialectically monotonic we know that it would have been the case that
o' (Bj,a) > o' (B}, a), and the FAX may have been resolved if o' (B}, a) € I',
thus giving ¥ (B}, a) = £2(B3,,a) = —.

When FAXs are used for conflict resolution, exchange BAFs therein can be
seen as explanations, in that they unearth the reasoning behind the resolution
or otherwise of the conflict amongst the agents, with evidence that the
explanandum is “correct” or not (when the FAX is resolved, depending
on the final stance of all agents) or why it cannot be deemed “correct” or
otherwise (when the FAX is unresolved). For illustration, in the first FAX
(t = 2) in Example 6.4, the agents do not share the same stance on the
explanandum due to their differing interpretations of (v, «), whereas in the
second FAX (t = 2'), they agree on both this relation being an attack and
on their final stances on the explanandum.

When using FAX for explaining image classification (from Section 6.4),

we will restrict attention to special forms of FAXs, as follows.
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Definition 6.6 (Strictly Interleaved FAX). A strictly interleaved FAX for e
amongst A is a FAX
(Bg,...,By, Ao, ..., Ay, M) for e amongst A such that

o A={Al, A%} (ie. with |A| = 2);

e for each timestep t €|n| there exists exactly one (a, B) such that M ((«, B)) =
(k,t) and if t is odd then k = 1; else k = 2.

If n is even, then the FAX is equal opportunity.

The FAX in Example 6.3 is equal opportunity strictly interleaved. Intu-
itively, in a strictly interleaved FAX agents take turns, contributing one
attack/support at a time and making the same number of contributions, to

have the same chances at persuading the other.

64 FAX EXPLANATIONS FOR IMAGE CLASSIFICATION

We see explanations for image classification as (exchange BAFs of) equal
opportunity strictly interleaved FAXs amongst:

o Al (the proponent, arguing for the class in ) predicted by the underly-
ing image classifier for input image x € & of interest), and

o A2 (the opponent, arguing against the predicted class).

For simplicity, we restrict attention to the top two classes in the ordering
determined by the image classifier g, for the input image, so that A?
argues against the predicted (top) class by arguing for the second best in
the ordering. In the remainder of the paper we assume, without loss of
generality, that class 1 is the predicted class for x and class 2 is the second
best. In line with the machine learning literature, we also refer to class 1 as
y.

In our approach to explaining image classification using FAXs, each agent
argues for a particular class, and thus class-specific features play the role
of arguments exchanged between agents. The arguments put forward by
the proponent and opponent can be seen as playing the role of positive and
negative, respectively, feature attributions as in some XAI literature (Ribeiro
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et al,, 2016; Lundberg and Lee, 2017; Selvaraju et al., 2017; Shrikumar
et al., 2017). However, intuitively, the exchange BAF in the FAX can also
convey the reasoning of the classifier. We will provide an evaluation of
FAXs as explanations of image classifiers in Section 6.7. Here, we focus on
instantiating the generic FAXs for our purposes.

Concretely, we assume that the two agents explaining the output of an
underlying image classifier by virtue of a FAX can leverage on class-specific
classifiers q' : 2292 - [0,1] and ¢? : 22'YZ” — [0,1], allowing the agents
to evaluate sets of their own and other agents’ arguments (in other words,
amounting to their private evaluation methods). Until Section 6.5, we ignore
how these class-specific classifiers can be learnt, alongside the class-specific
features, so that they are faithful to the original image classifier being
explained (see Section 6.8.4), which is crucial to guarantee that FAXs as
explanations are also faithful. We also refer to the class-specific classifiers as
private classifiers (with Z' and 22 also referred to as private features). Finally,
given that we aim at explaining the output of the image classifier, we use
(x,y) as the explanandum e.

We now instantiate the general Definition 6.1, describing agents, to cap-
ture proponent and opponent for image classification.

Definition 6.7 (Image Classification BAF). Let i € {1,2}. Then, the initial
image classification agent is a private triple (I', B, o) for (x,y) such that:
o I'=[0,1] is the agent’s evaluation range, with I’ =[0,7) and I, =[1,1],
for some threshold T € [0,1];
o B' = (Argsi, A',S!) is a BAF where if i = 1 then
- Args' C {(x,y)} U Z" such that (x,y) € Args',
- A =0,
_siC 2 x {(ny)h
and if i = 2 then
- Args' C {(x,y)} U 22 such that (x,y) € Args',
_ATC 2 {(ny),
-5 =0;

o ol : Args' — T is such that:
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~ o'(B', (x,y)) = ' (A'((x,9)) US'((x,y)));
- forz € Args'\ {(x,y)}, ' (B',z) = 4'({z}).

Corollary 6.1 (Conflict). If o' (B,(x,y)) #0%(B2,(x,y)), ie. g'(S'((x,y)))
#q2(A%((x,y))), then 3t € [0,1] such that A is in conflict.

Here, we use specialised notions compared to those in Definition 6.1.
Specifically, the private BAFs are “shallow” and acyclic, with all attacks
and supports from private features (of either agent) to the explanandum.
The evaluation ranges are divided into positive and negative evaluations
by a threshold 7, which, as Lemma 6.1 demonstrates, can be guaranteed to
provide a dividing line between the two classes if the agents’ class-specific
features have an effect on the private classifiers” outputs. The evaluation
method is defined in terms of the class-specific classifier of the agent:
the evaluation of the explanandum is given by the classifier applied to
its attackers and supporters (which are class-specific features), while the
evaluation of a class-specific feature is given by the private classifier applied
to this feature only.

To obtain explanations for image classifiers, we will use FAXs where
agents update their private BAFs guided by their private classifiers, using
the following “learning strategy”.

Definition 6.8 (Monotonicity). Let (Bf,..., By, A, ..., Ay, M) be an equal
opportunity strictly interleaved FAX for explanandum (x,y) amongst initial
image classification agents A = {A!, A?}. Then, for i,j € {1,2} withi # j,
Al adopts a dialectically monotonic learning strategy iff at timestep t €]n],
if 3(z, (x,y)) such that M((z,(x,y))) = (i,t), then B = Bi_,; otherwise
M((z,(x,y))) = (j,t) and Bi = (Argsi, AL, S!) is such that:

* (z(xy) €ANA]_, iff 7'(Af_ () US; 1 ((x,y) U{z})
—q' (A} ((x,y)US;_1((x,y))) <O;

* (2 () €8]\ 8Ly i (AL ((xy) USL (x.9)) U {z})
g (AL (%) US|y (x.9)) 2 0;

and o' is such that:

* (B}, (x,y) = q'(Al_; ((x,9)) US{_; ((x,y) U{z});
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o Vz' € Argsin Argsi |, 0'(BL,2') = ¢/ (Bi_,Z'); and

o'(B,z) = |q'(A}_1((x,y) US}_1((x,y) U{z})—
7' (Al ((xy) US|y ()]

In the remainder, we refer to equal opportunity strictly interleaved FAXs
where both agents adopt a dialectically monotonic learning strategy simply
as FAXs. Note that, in FAXs, the initial private BAF of each agent contains all
arguments representing the agent’s private features. Then, any arguments
learned from the other agent’s contributions are such that their addition to
the agent’s private BAF results in dialectically monotonic behaviour (due
to the agent’s characterisation of the relation as an attacker or supporter),
in the spirit of (Rago et al., 2022). This naturally leads to:

Proposition 6.1 (Dialectically Monotonicity). In any FAX for an explanan-
dum (x,y) amongst agents A = { A1, A%}, for any A* € A, ¢ is dialectically

monotonic.

Proof. From Definition 6.7, for any A’ € A and any timestep ¢, B! is flat,
i.e. it consists of the explanandum (x,y) and its attackers or supporters.
It can then be seen from Definition 6.8 that the strength of any argument
a € Args'\ {(x,y)} does not change with the timestep (its attackers and
supporters remain empty throughout), i.e. for any timesteps t > 0, it is
necessarily the case that ¢/ (B},a) = ¢/(B._,,a). Thus, the last bullet of the
definition of dialectical monotonicity is satisfied. Meanwhile, the first bullet
can only apply to arguments added which attack or support (x,y), since
this is the only argument which is attacked or supported, by Definition
6.7. We can see from Definition 6.8 that for any f such that there exists
some (z,(x,y)) € Al \ Al_, it is necessarily the case that g'(Al((x,y)) U

Si((x,y))) < (A’t 1((x,y))USi_((x,¥))), and thus, by Definition 6.7,

o' (B, (x,y)) < ¢'(Bi_;,(x,y)). Again from Definition 6.8, we can see that
for any f such that there exists some (z, (x,y)) € S} \ Si_,, it is necessar-
ily the case that ¢'(A{((x,y)) US{((x,y))) > q'(Aj_; ((x,9)) US|_; ((x,))),
and therefore, by Definition 6.7, o (Bi, (x,y)) > ¢’ (Bi_,, (x,y)). Thus, the
property is satisfied in both cases for the first bullet, and dialectical mono-
tonicity is satisfied overall. O
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Figure 6.2: Overview of our implementation (argument dependencies are temporal).

This result sanctions that our choices in instantiating the semantics for
FAXs leads to explanations that are dialectically monotonic, which has been
identified as an important property by argumentation practitioners (Am-
goud and Ben-Naim, 2018; Baroni et al., 2019; Potyka, 2021) and found to

be intuitive by humans.

65 FAX: IMPLEMENTATION

In this section, we detail our methodology (overviewed in Figure 6.2) for ob-
taining and evaluating empirically FAXs with data for image classification.
Specifically, we detail how class-specific (private) features can be obtained
(Section 6.5.1); and how class-specific agents (including their private classi-
fiers and their policies for contributing to FAXs) are learnt and deployed
(Section 6.5.2). Note that, while FAXs are amongst two agents only (for the
top- and second-best predicted classes by the classifier), given that different
inputs will result in different predictions we need to develop, at training

time, all agents, with their private features and classifiers.

6.5.1 Class-specific discrete features

We obtain these by simultaneously training, similarly to (Kori et al., 2024a):

140



e N codebooks 4, ...,&y (one per class in V); for each i € {1,...,N},
¢; € R4 corresponds to Z';> for z = f(x), if 7 is the top-class
predicted by g(z), we use €;(z) to stand for the specific discrete
features in €; corresponding to z (we use Z to stand for €;(z) if clear);

* a quantized classifier g : € — Y, for € = € U...U &y, distilling the
knowledge of the feature classifier ¢ so that g(Z) approximates g(z).

Intuitively, a codebook is a collection of averaged patterns or “concept
representations” that summarize the key features of data (Van Den Oord,

Vinyals, et al., 2017).

TRAINING. To get the codebooks, we draw inspiration from (Van Den
Oord, Vinyals, et al., 2017). Intuitively, for each (x,y) € D, with z= f(x), for
y=argmax(g(z)) (i.e. 7 is the top-class predicted by the feature classifier g
for z), we aim at deterministically mapping the elements of z to the nearest

elements of ¢; using some convex distance function 6, as follows:

z = {argmin §(z;, k) |z € z} (6.1)
kedy

To learn this in an end-to-end fashion, we use the Gumble sampling
procedure from (Jang et al., 2016), resulting in Z as a projection of the
continuous features in z onto every element of codebook €, corresponding
to pairwise similarity scores between z and all 71 codebook features €;. The
resulting quantization objective for training is described as follows (see

(Jang et al., 2016) for details):

Laquant = Y_softmax(Z) (Logsoftmax(z)) (6.2)

To faithfully learn the quantized classifier 4, we adopt the following
distillation loss during training, where 7 is the predicted class (by g) for
input x and CE correspond to cross-entropy loss:

Laist = Laquant + CE(7(2)), 7) (63)

2 We assume for simplicity that M! = i for all i € {1,..., N}, namely all agents have the same
number of class-specific features.
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By using this loss, we strive towards a faithful g to the classifier.

6.5.2 Class-specific agents

We obtain N agents, each of which is responsible for arguing wrt a particular
class in Y. For any given input x, an instance of FAX is obtained between
the two agents whose class is the top-class predicted by g(f(x)) (for the
proponent) and the second-best class (for the opponent). Specifically, if
g(f(x)) = [7',...,7"], then the proponent is A7 and the opponent is A7,
as depicted in the assignment block in Figure 6.2 (the assignment block
selects the agents based on the estimated top two classes).

We model each agent A’ (arguing for class §') as a sequence model {'.
In line with (Kori et al., 2024a), we use gated recurrent units (GRUs) for
realizing these sequence models. The sequence model ' operates on a
hidden state vector (h_,), which can be treated as a proxy interpretation
for information drawn from the exchange BAF in the FAX till the current
timestep (t). The sequence model uses a private modulator network M’
which encodes arguments (in Args! in the agent’s private BAF B}) to update
the hidden state representation:

hi = ' (hi_y, M'(Args})) (6.4)

The output (hidden state vector) of {' is then used to determine a policy
function TT, for determining how agents contribute attacks and supports
(in the agent’s private BAF Bi) to FAXs, by determining which argument
these attacks (if the agent is the opponent .A/) or supports (if the agent is
the proponent .A’) are drawn from:

Argst ~TT (KL | Argst | U Args{_l,yi) (6.5)

Note that these arguments are from €, corresponding to private features
in Z7. The output (hidden state vector) of ' is also used to obtain the
private classifier q', as a multi-layer perceptron with hidden state vectors as
inputs, associating them to class confidence in turn used to assign values to

sets of private features as in Section 6.4.
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TRAINING. To obtain each agent’s sequence model in an end-to-end
fashion, we adapt the REINFORCE learning algorithm from (Mnih et al.,
2014). Specifically, we see the next argument prediction/selection as a
reinforcement learning task, with agents” rewards as follows.

Definition 6.9 (Reward). Let (By,..., B}, A, ..., Ay, M) be a FAX for ex-
planandum (x,y) amongst agents A = {A', A?}. Then, for i € {1,2} and
te{1,...,n}, A'’s reward at timestep t is ri = Zi(BB,E)(Ti(Bi, e)s

Thus, reward is a continuous-valued function modelled using the agent’s
“confidence” towards the explanandum, and reflecting the contributed
arguments to date and the agent’s original stance towards the explanandum.
Note that this stance is always positive for the first agent and negative for
the second, given our choice of T in Section 6.4. Note also that rewards
are between [—1,1]. We combine the agent’s reward with REINFORCE
gradients:

Liryy = — ) log I, (K | Argsi | U Args{il,y"‘)(ri —bl) (6.6)
7

where 6 are the parameters of policy IT (and thus modulator M') being
learnt and b} is a baseline value estimated by A’ at timstep ¢, which is
mainly used to reduce the variance in the agent’s behaviour during the
exploration stage in (reinforcement) learning. Minimisation of this loss can
also be viewed as maximisation of log-likelihood of the policy distribution
(Mnih et al., 2014).

Finally, to encourage agents to argue for a particular class (7' for the

i

proponent and j7* for the opponent) we use the stance loss L., . =

CE(X/(Bi, (x,7")),7') to obtain the combined loss:
Liotal = Laist + (£113AX + E%tance) + (‘CI%AX + Egtance) :

DEPLOYMENT. After training, we deploy the learnt agents for generating
FAXs. To determine the number of timesteps in each FAX, we adopt the
following strategy. We analyse cosine similarity between arguments to eval-

uate the information contributed in each timestep and we model the gain

Here, we treat the agent’s initial stance as a (positive/negative) sign for the explanandum’s
current strength in the private BAF.
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in information as the average dissimilarity of the contributed argument wrt
all the previous arguments. We terminate the FAX if the mean dissimilarity
is less then a small amount (which is a parameter) or when the FAX is
resolved.

6.6 FAX: EVALUATION METRICS

In this section we lay out our approach to evaluating the realization of
our FAXs for explaining image classifiers. We use evaluation metrics for
assessing faithfulness and argumentative quality of our FAXs. The metrics
are measured ona test set 7 C X x ), providing ground-truths (correct
classifications) for a number of inputs (we will use concrete instances of 7
in our experiments in Section 6.7).

We define the metrics using the same notation €(z) as in Section 6.5 as
well as notations €(h) to represent the codebook corresponding to hidden
state representation / (in some sequence model) and g’ (1) to represent the
values assigned by g’ to the private features/arguments corresponding to %
(in ).

The faithfulness metrics are adapted from the literature, and (Kori et al.,
2024a) in particular. The first metric measures correctness of g and of the
codebooks by measuring accuracy wrt the ground-truth in 7

(e y) €T [q@z) =y} [ /[T

The second metric measures completeness of q on the BAFs resulting from
FAXs, by measuring the accuracy of g4 on the codebooks corresponding to
the hidden state representations of the arguments in these BAFs, wrt the
classifier’s predictions on 7:4

{y) eTlq(e(U)) =@} /17|

This metric gives an indication of the faithfulness to the original classifier of
g on the output FAXs (as the loss function used during training only strives
towards faithfulness of g on the input to FAXSs).

With an abuse of notation we use n to indicate the length of every FAX obtained from
datapoints in 7, even though different FAXs will typically have different lengths.
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Table 6.1: Accuracies of the trained classifiers

FAIR Biasep RanNpom

AFHQ-REsSNET-18 0.95 0.39 0.31
AFHQ-DENSENET-121  0.96 0.47 0.32
FFHQ-RESNET-18 0.88 0.58 0.47
FFHQ-DENSENET-121  0.92 0.61 0.48

Table 6.2: Faithfulness properties of all considered methods on the DenseNet121 classifiers.

METHODS — \ Correctness Completeness

DATASET | "GrapCAM  DeerLIFT DrerSHAP LIME FAX | GRapCAM  DesrLIFT  GrapSHAP LIME FAX
FFHQ-Random 055 0.58 054 050 053 0.40 041 038 036 097
FFHQ-Biased 035 037 0.39 050 091 034 036 040 048  1.00

FFHQ-Fair 0.77 0.77 0.73 058 096 074 0.74 0.68 059 096
AFHQ-Random 030 032 028 025 055 035 036 033 031 072
AFHQ-Biased 027 032 037 048 071 035 038 0.40 047 091

AFHQ-Fair 0.75 0.71 0.71 052 078 0.70 0.66 0.67 054  0.99

The argumentative quality metrics are tailored to our (implementation
of) FAXs. The third metric measures consensus amongst the (two) agents, in
terms of the number of resolved FAXs:

{Coy) e T 1) = g ()i £} /1T

The fourth (and final) metric (pro persuasion rate) measures consensus
again, but towards the proponent agent:

{Coy) €T 1 q" () = /(W) # 13| /1 T |

Given that agents are trained to disagree (see Definition 6.9) both argu-
mentative metrics can be seen as estimates of the goodness of the learnt
class-specific features: high values indicate that information is leaked across
different features (arguments).

6.7 FAX: RESULTS

We analyse FAXs on the high resolution animal and human faces (AFHQ
(Choi et al., 2020), FFHQ (Karras, 2019)) datasets, with two well known
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Figure 6.3: Arguments in FAXs (the proponent starts with the top left argument, the opponent
follows with the argument below it, etc.), for classifiers trained on FFHQ (left column) and
AFHQ (right column), on fair (top row) and biased (bottom row) settings.

architectures ResNet-18 (He et al., 2016) and DenseNet121 (Huang et al.,
2017) as image classifiers g o f. We consider three settings: (i) fair, where
the classifier is trained with correct labels; (ii) biased, where the classifier is
trained with biased labels, obtained by randomly switching the labels for
10% of the datasets, and (iii) random: where we use randomly initialised
weights for the classifiers rather than training them.

QUALITATIVE RESULTS  Figure 6.3 shows some FAXs visualised as in
(Kori et al., 2024a), using the approach in (Bau et al., 2017). In all these
figures, the first image is the input, while the first and second rows corre-
spond respectively to .A!’s and .A%’s arguments. We can see that FAXs focus
on different but semantically meaningful regions on the input images, for
both agents. In the biased setting, as previously described, we expect some
leakage of information across different class-specific features/arguments,

as observed in the figure.

QUANTITATIVE RESULTs Table 6.1 gives the classifiers” accuracy on
test sets. For the DenseNet121 classifiers, Table 6.2 gives the faithfulness
results in comparison with standard baselines (i.e. GradCAM (Selvaraju
et al., 2017), DeepLIFT (Shrikumar et al., 2017), DeepSHAP (Lundberg and
Lee, 2017) and LIME (Ribeiro et al., 2016)) and Table 6.3 measures the
argumentative metrics in the three settings (for FAXs only, as these metrics
are not applicable to baseline methods). Further, Table 6.4 measure all
metrics for the ResNet-18 classifiers. We observe that completeness is high in
all settings, while correctness is high for the fair and biased settings only; this
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Table 6.3: Argumentative metrics for DenseNet-121 classifiers.

FAIR Biasep RaNDOM

AFHQ-Consensus 0.24 0.44 0.26
AFHOQ-Pro persuasion rate 0.27 0.41 0.77
FFHQ-Consensus 0.42 0.54 0.09
FFHQ-Pro persuasion rate  0.33 0.50 0.38

Table 6.4: All metrics for ResNet-18 classifiers.

FAIR Biasep RaNDOM

AFHQ-Correctness 0.77 0.73 0.29
AFHQ-Completeness 0.99 0.93 0.68
AFHQ-Consensus 0.57 0.89 0.13
AFHOQ-Pro persuasion rate  0.48 0.56 0.16
FFHQ-Correctness 0.65 0.45 0.51
FFHQ-Completeness 0.99 0.99 0.91
FFHQ-Consensus 0.31 0.90 0.45
FFHQ-Pro persuasion rate  0.24 0.53 0.71

is due to completeness reflecting FAXs behaviour wrt continuous classifier,
while correctness is measured wrt ground truth. As for the last two metrics,
the experiments show higher values in the biased than fair settings, as
expected, given that we expect the leak of features across codebooks due to
incorrect label assighment in the former, which results in higher consensus
and easier persuasion. We can observe mixed behaviours with random
classifiers, which results in high value in the case of overlapping features
during initialisation and low in the other case. Overall, the experiments
show that for more “uncertain” models (random), the agents cannot reach as
much consensus as for “certain” models (fair and biased) and the persuasion
rate is lower for “uncertain” models. This analysis is empowered by the
argumentative nature of our explanatory framework.
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Figure 6.4: Our NAL architecture: the input image (top left) is processed by slot attention to
obtain objects (coloured squares) mapped by multi-layer perceptrons (MLPs) into facts fed
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therewith gives a classification.
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We have defined explanations for image classification as (free) argu-
mentative exchanges between two agents, aiming to demystify trained
image classifiers based on the argument contribution strategies by the
agents. Differently from standard feature attribution methods generat-
ing heatmaps over responsible regions in images, our method generates
more fine-grained composition of sub-regions, incrementally. Our work
opens many opportunities for future work. We plan to investigate
whether FAXs can uncover shortcuts in classifiers. Further, it would
be valuable to collaborate with domain experts to attribute semantic
meaning to arguments, potentially aiding alignment between human

understanding and the latent knowledge of models.

6.8 OBJECT-CENTRIC ARGUMENTATIVE LEARNING
Here, we introduce a novel Neural Argumentative Learning (NAL) ar-

chitecture that integrates Assumption-Based Argumentation (ABA) with
deep learning for image analysis. Our architecture consists of neural and
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symbolic components. The former segments and encodes images into facts
using object-centric learning, while the latter applies ABA learning to de-
velop ABA frameworks enabling predictions with images. Experiments on
synthetic data show that the NAL architecture can be competitive with a
state-of-the-art alternative.

To generate ABA frameworks, our NAL architecture uses ABA Learn-
ing (De Angelis et al., 2023), a method that uses argumentation in a logic-
based learning fashion to generate ABA frameworks which, with their
accepted arguments, cover given positive examples and do not cover given
negative examples. The architecture also uses slot attention (Locatello et al.,
2020b) to support a granular understanding of input images in terms of the
objects they contain. Overall, our NAL architecture enables the extraction
of meaningful properties and relationships between objects within the im-
ages, facilitating accurate classification with interpretable argumentation
frameworks. Overall, we make the following contributions: 1) we tailor slot-
attention to generate factual background knowledge suitable to be injected
in ABA Learning; 2) we combine slot-attention and ABA Learning into a
pipeline architecture for neuro-argumentative learning; 3) we assess the
performances of our method experimentally on (synthetic) image datasets,
showing that it can be competitive against a baseline (Neuro-Symbolic
Concept Learner (NS-CL) (Mao et al., 2019b)).

6.8.1 NAL: Architecture

We will now explain the NAL architecture shown in Figure 6.4, by detailing
the neural and symbolic components and their training, as well as inference
post-learning. The NAL architecture accepts a dataset D C X x Y x L of N
labelled images, where L = {c1,co} and Y = {0,1}X*(P+1) for K the total
number of objects/slots that may occur in images and P the total number of
properties that each of these objects may have (we consider an extra property
for characterising the absence of objects). As a simple example, for images
such as the one in Figure 6.4, K = 10 (as there are a maximum of 9 objects
in each such image plus the background) and P = 8 (3 for the shapes, 3 for
the colours, 2 for sizes). We assume that D is not noisy. L is a set of two

alternative classes. Y is a metadata consisting of one-hot encodings, each
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representing all objects and their corresponding properties in an image.
Note that the neural component of the architecture disregards the label in
L, while the symbolic component disregards the image itself, using instead
its abstraction drawn from the neural component.

For this the input is first converted into slots using SA (Locatello et al.,
2020b), then, each slot £ is passed through the MLPs to extract the properties
of each object. To identify both continuous and categorical properties, we
use MLPs of two types: classification MLPs, which use a softmax activation
in the final layer to predict the most likely attribute for a given slot and
regression MLPs, to predict the location of objects and determine whether
each given slot has attended to a real object in the image. The results of
these predictions are then concatenated to form the final prediction 7 for the
input image, with the corresponding ground truth y € Y. This component
is trained with weak-supervision and is optimised by minimising the loss
function:

P
MSE(x, %) +amin ) BCE(y;, 7(7);)- (6.7)
TESK jil

The first is the mean square error (MSE) between the input image x and the
reconstructed image £, ensuring the reconstruction quality of the model.
The second is the binary cross entropy (BCE) between the ground truth label
vy and the predicted label §j, where y; corresponds to a particular property
in vector y and 7(7) is the prediction for a permutation of the K objects,
drawn from Sk, which denotes the set of all such permutations of K objects.
Intuitively, we compareeach of the permutations with the ground-truth
representation (with a specific order). Given the equivariance property of
slot attention, we need to first align the slots before applying the BCE loss.
To circumvent this, we used the Hungarian matching algorithm. Finally we
balance both loss terms with the hyperparameter «.

6.8.2 NAL: Symbolic Component

This receives the output predictions from the neural component and trans-
forms them into facts for the Background ABA Framework taken in input
by the ASP-ABALearn algorithm. It also uses the input labels in L to obtain
appropriate positive and negative examples in (£€T,€7). This is accom-
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plished by aggregating the slots and performing K-means clustering. The
number of clusters corresponds to the desired number of examples, and an
image is chosen from each cluster as a representative positive or negative
example. We also check the confidence of each prediction and prune off
any image below a certain threshold.

The slot predictions are then passed to concept embedding functions
which use a dictionary (for the K objects and the P properties) to convert
the raw predictions to ABA facts. For each image and object, an identifier
is given in the form of an atom image(img_i) and a constant object_i
respectively. Then, for each slot prediction, we take the argmax to iden-
tify the properties in the dictionary which are attributed to the object.
We encode this as a fact, e.g. blue(object_i). Once all images and ob-
jects are encoded into the Background ABA Framework, we generate the
ASP-ABALearn command aba_asp(‘filename.aba’, e_pos,e_neg). This
specifies which images are positive/negative, using e_pos, e_neg as the
encodings of £1,E7, as discussed earlier. The ABA-ASPLearn algorithm is
then run to produce a Learnt ABA Framework.

6.8.3 NAL: Inference

At inference time, we run a slightly different pipeline to obtain a final
classification for each unseen input image. Specifically:

1. We pass the image through the neural component to obtain predictions
of the objects and their properties therein. These are subsequently

converted into facts as during training.

2. We then create an ABA Framework which contains these facts, the
rules learnt via ASP-ABALearn and any extra background knowledge.

3. The stable extensions of this ABA framework are then computed
(using a straightforward mapping into ASP, and then using an ASP
solver. specifically we use Clingo (Gebser et al., 2019)).

4. Depending on the ABA framework, we may obtain more than one
stable extension. The prediction boils down to checking whether the

atom sanctioning that the input image belongs to concept c; is a
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SHAPES Dataset ASP Rules

s1(A) :- image(A), in(A,B), square(B), blue(B).
s2(A) :- image(A), in(A,B), triangle(B), small(B), green(B).
s3(A) :- image(A), in(A,B), in(A,C), triangle(B), blue(B), circle(C), red(C), large(C).
s4(A) :- image(A), in(A,B), in(A,C), circle(B), red(B), square(C), blue(C), above(B,C).
s5(A) :- image(A), in(A,B), in(A,C), triangle(B), red(B), circle(C), green(C), left(B,C).
s6(A) :- not exception(A), image(A).

exception(A) :- image(A), in(A,B), circle(B), blue(B).

Figure 6.5: ASP rules used to generate the 6 classes for the SHAPES dataset. We generated
3K images for each rule half of which was the negative instance of the rules. We then took
500 positive and negative splits for each rule as testing data. In total, we had 12K images for
training and 6K for testing.

member of all the stable extensions (i.e., it is a cautious consequence
of the Learnt ABA framework).

6.8.4 NAL: Experimental evaluation

We conducted experiments on the NAL architecture to answer the following
questions: Q1: How well can the Neural Component identify/predict object
properties? Qz: How well can the NAL architecture learn ABA frameworks
which describe the latent rules in images so that they be used for clas-
sification? and Q3: How well does our NAL architecture scale w.r.t. the
number of examples used in the Symbolic Component and the complexity
of the latent rules? To address these questions, we defined various binary
classification tasks using our SHAPES-inspired dataset. This dataset was
generated by a tool that processed ASP rules to create images conforming to
them. We defined 6 rules, as detailed in Table 6.5, to form the dataset. Each
binary classification task aimed to distinguish between positive and nega-
tive instances for each class. This dataset served as a baseline to evaluate the
viability of using argumentation to reason in an object-centric way. We also
defined a multi-class classification task on the CLEVR dataset using CLEVR-
Hansj3 (Stammer et al., 2021) which splits CLEVR images into 3 classes based
on the following concepts c1: Large (Gray) Cube and Large Cylinder,
c2: Small metal Cube and Small (metal) Sphere, c3:Large blue Sphere
and Small yellow Sphere. The goal of this task was for NAL to generate
Learnt ABA frameworks that could differentiate these classes.
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Figure 6.6: (Left) Standard machine learning evaluation metrics of attribute classification
on datasets SHAPES and CLEVR (Center) Mean Adjusted Rand Index on datasets (Right)
Average Precision on datasets.

SETUP  We trained the NAL architecture in two stages as described in
above section. The Neural Component was trained using the full datasets
for 1000 epochs with hyperparameter « = 0.35. The Symbolic Component
used 10 positive and 10 negative examples from the datasets to obtain the
Learnt ABA framework. Regarding the CLEVR-Hans3 task (which was
multi-classed), we executed the Symbolic Component twice, the first run
to distinguish c¢3 images from c1 and c2 and the second run to distinguish
between c1 and c2, thus producing two frameworks. We compare the results
with a ResNet (He et al., 2016) and the NS-CL.

[o1] oBJECT PREDICTION  Figure 6.6 shows that the Neural Component
effectively segmented images into their constituent objects and accurately
predicted each object’s property. We evaluated its localisation and seg-
mentation capabilities using the Adjusted Rand Index, which measures
similarity between clusters (with clusters representing objects and data
points representing pixels), and the Average Precision metric. The scores
ranged from 0.80 to 0.95, indicating consistent performance regardless of
the number of objects present in each dataset. We also observed high scores
in standard machine learning metrics, indicating that the MLPs accurately
predicted each object’s properties. The F1 score exceeded 70%, suggesting
that the model effectively minimises false positives and negatives, ensur-
ing the symbolic component contains facts that accurately represent the
image. Results on the CLEVR dataset were slightly worse than those on the
SHAPES dataset, likely due to CLEVR objects having a larger number of
properties. This suggests that the number of properties can affect prediction

performance.
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[02] cLassiFicATION  From Table 6.5 we observe that the Learnt ABA
frameworks performed well on the binary classification tasks for SHAPES,
achieving near-perfect scores on most tasks. Among the metrics, we saw that
recall was consistently the lowest. This is likely due to errors propagated
from the Neural Component, which resulted in facts that did not accurately
represent the images, causing some instances to be misclassified.

However, we saw the opposite when predicting classes s4 and s5, with
significantly lower precision. We believe that this is due to the fact that in
those tasks ASP-ABALearn learnt rules capturing (some of) the exceptions
rather than the full concepts. For example, s1 images were defined in the
dataset (see Table 6.5) as those with blue squares. However, the learnt
framework defined s_1 as images with squares that are not red and not
green (see c_alpha2 in Figure 6.7). Despite being semantically equivalent,
this reasoning made interpretation difficult and impacted the generation of
more complex rules. Consequently, the F1 scores for these tasks dropped
significantly due to the inability to capture all rule exceptions, leading to
many false positives and thus lower precision. We encountered a similar
outcome with the learnt ABA frameworks generated for the CLEVR-Hanj3
tasks. These only partially captured the rules defining each class. For
instance, the framework for c1 stated that these images contain cubes that
are not small. However, this rule failed to distinguish some c2 images,
which could also contain cubes that are not small. As a result, many c2
images were incorrectly classified as c1, as shown in the confusion matrix
(see Figure 6.11). Despite this issue, the learnt ABA frameworks were able
to capture most of the facts for classifying c3 images, leading to an F1
score of 0.68. This outperformed the ResNet baseline by 10%, though it was
slightly worse than NS-CL, which scored in the 80% range. The superior
performance of NS-CL could be attributed to its use of a set transformer

for classification, rather than relying solely on symbolic reasoning.

[@3] scaLaBiLITY  During our experiment, we found that the symbolic
component, specifically ASP-ABALearn, faced some scalability issues as the
execution time grew significantly as we increased the number of examples.
This could be due to a larger search space generated when looking for
ABA frameworks whose extensions cover all positive examples and none of
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% Learnt Rules

s_1(A) :- in(A,B), square(B), alpha_2(B,A).
c_alpha_2(A,B) :- image(B), red(A).
c_alpha_2(A,B) :- image(B), green(A).

Figure 6.7: Rules in the ABA framework generated by our NAL architecture for SHAPES (class
s1). Here, alpha_2 is an assumption, with alpha_2(A, B)=c_alpha_2(A,B).

% Learnt Rules
c_1(A) :- in(A,B), cube(B), alpha_2(B,A).
c_alpha_2(A,B) :- small(A), image(B).

Figure 6.8: Rules in the ABA framework generated by our NAL architecture for SHAPES (class
s5). Here, alpha_2 is an assumption, with alpha_2(A, B)=c_alpha_2(A,B).

% Learnt Rules

c_3(A) :- in(A,B), sphere(B), alpha_2(B,A).
c_alpha_2(A,B) :- brown(A), image(B).
c_alpha_2(A,B) :- green(A), image(B).
c_alpha_2(A,B) :- cyan(A), image(B).
c_alpha_2(A,B) :- red(A), image(B).
c_alpha_2(A,B) :- large(A), image(B).
c_alpha_2(A,B) :- blue(A), image(B).
c_alpha_2(A,B) :- gray(A), image(B).

Figure 6.9: Rules in the ABA framework generated by our NAL architecture for
CLEVR, differentiating class c3 from c1 and c2. Here, alpha_2 is an assumption, with

alpha_2(A, B)=c_alpha_2(A,B).

Predicted class Accuracy Precision  Recall ~ F1-Score

s1 99.0+0.0 100.0£0.0 975+0.0 99.0+0.2
s2 96.0+0.0 99.0£0.0 93.5+00 96.0+0.2
s3 98.0£0.0 100.0£0.0 97.5+£0.2 98.0+0.0
sS4 750+£3.0 61.0£52 985+04 75.0£02
S5 86.0+41 77.0+£3.8 965+02 84.0X£0.2
s6 99.0+0.0 98.0+0.0 100.0£0.0 99.0+0.0

Table 6.5: Standard evaluation metrics denoting how well NAL can distinguish between
positive and negative instances of rules present in SHAPES images
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Accuracy  Precision Recall F1-Score
NAL 69.1+£03 700+01 691+02 68.0+0.2 3

ResNet 652+£03 662+04 652+02 61.0£0.2
NS-CL 847401 861402 847402 840402

Figure 6.10: Standard evaluation metrics for the
performance of NAL, ResNet, and NS-CL on
the CLEVR-Hansj3 task. S i

Figure 6.11: Confusion Matrix of NAL on the
CLEVR-Hansj3 task.

the negative examples. It may happen that this search is unsuccessful and
ASP-ABALearn halts with failure.

Our experiments also showed that the non-determinism present when
generalising rules led to variability in both the quality of the results and
the system’s execution time. This variability was amplified by the size of
the Background ABA framework. Additionally, we observed that longer
execution task times negatively impacted the quality of the results, as
heavily nested rules caused the frameworks to overfit to the example set.

69 COSA: END-TO-END VISUAL REASONING

Here, we provide an application of CoSA algorithm as detailed in Chapter
3 from a reasoning perspective, which is alternative to NAL more from an
end-to-end training objective. The reasoning tasks we consider consist of
classifying images into rule-based classes y € ), while providing a rationale
p behind the predicted class. For example, class A might be something like
“large cube and large cylinder", and a rationale for a prediction emerges
directly from the slots binding to an input cube and cylinder. Refer to
Appendix A.3 for more details.

To achieve this, we define a set of learned functions &3 := {63, cer, 6% },
which map refined slot representations s'=T to M rationales for each object
type in the grounded slot dictionary &. This expands the dictionary to three
elements: & := {(&!,&?,6%)}. The reasoning task predictor ®, combines
K rationales extracted from K slot representations of an input, which we
denote by p; = &7(s) € RP2!, and maps them to the rule-based class
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labels. The optimization objective for this reasoning task is a variational
lower bound on the conditional log-likelihood, as in Proposition 6.2.

Proposition 6.2 (ELBO for Reasoning Tasks). Under a categorical distribution
over our discrete latent variables 2, and the object-level prior distributions p(s?) =
N (S?;]Ji, 012) contained in &2, the variational lower bound on the conditional
log-likelihood of y given x is given by:

log p(y [ %) = E;gz1x),50~p(s2)2) 108 P(y | 8,%)] — Dxr. (9(Z [ %) || p(2)) -
(6.8)

noting that conditioning y on {s,x} is equivalent to conditioning on the predicted
rationales p, since the latter are deterministic functions of the former.

The proof is similar to proposition 3.1 and is given in Appendix A.2 for
completeness.

As briefly outlined in the reasoning module description, the visual rea-
soning task involves classifying images into rule-based classes, while pro-
viding a rationale behind the predicted class. To evaluate and compare
our models, we use the Fi-score, accuracy, and the Hungarian Matching
Coefficient (HMC), applied to benchmark datasets: CLEVR-Hans3, CLEVR-
Hansy (Stammer et al., 2021), FloatingMNIST-2, and FloatingMNIST-3.
CLEVR-Hans includes both a confounded validation set and a non-confounded
test set, enabling us to verify the generalizability of our model. FloatingM-
NIST (FMNIST) is a variant of the MNIST (Deng, 2012) dataset with three
distinct reasoning tasks, showcasing the model’s adaptability across do-
mains. Further details on the datasets are given in Appendix A.3.

To facilitate comparisons, we train and evaluate several classifiers, includ-
ing: (i) the baseline classifier; (ii) a classifier with a vanilla SA bottleneck;
(iif) Block-Slot; and (iv) our CoSA classifiers. The main comparative results
are presented in Table 6.6, and additional results for FloatingMNIST3 and
CLEVR-Hans datasets are available in the Appendix (Tables A.13-A.16). We
conduct task adaptability experiments to assess the reusability of grounded
representations in our learned GSD. To that end, we create multiple variants
of the FloatingMNIST dataset, introducing addition, subtraction, and mixed
tasks. Initially, we train the model with one specific objective, which we
consider as the source dataset and assess its capacity to adapt to other
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Table 6.6: Accuracy and Hungarian matching coefficient (HMC) for reasoning tasks on
addition and subtraction variant of FMNIST2 dataset. Here, the first and third pair of columns
correspond to the models trained and tested on the FMNIST2-Add and FMNIST2-Sub datasets,
respectively, while the second and fourth pair correspond to few-shot (k=100) adaptability
results across datasets.

METHOD FMNIST2-ADpDsource  FMNIST2-SUBtarget ‘ FMNIST2-SUBsource  FMINIST2-ADDrarget
Acc 1 HMC | Acc T F1 71 \ Acc T HMC | Acc T F1 1

CNN 97.62 - 10.35 10.05 98.16 - 12.35 9.50
SA 97.33 0.14 11.06 09.40 97.41 0.13 08.28 7.83
Block-Slot  98.11 0.12 09.71 09.10 97.42 0.14 09.61 8.36
CoSA 98.12 0.10 60.24 50.16 \ 98.64 0.12 63.29 58.29

target datasets by fine-tuning the task predictor layer through k-shot train-
ing. The adaptability results for FloatingMNIST-2 are provided in Table
6.6, and results for FloatingMNIST-3 are detailed in the Appendix in Table
A.16. Results for mixed objectives are also discussed in Appendix A.11.
Fig. A.22-A.24 depict the few-shot adaptation capabilities over multiple
k iterations on the FloatingMNIST2, FloatingMNIST3, and CLEVR-Hans
datasets. Overall we observe that GSD helps in (i) better capturing the ratio-
nal for the predicted class, as illustrated by HMC measure; and (ii) learning
reusable properties leading to better generalisability as demonstrated by
accuracy and F1 measure in k-shot adaptability tasks; detailed in Table 6.6,
A.13- A.1s.

6.10 CONCLUSIONS & FUTURE WORK

We have proposed a bunch of explainability methods incorporating argu-
mentative reasoning, firstly we proposed novel agent interaction based
explainability method and a neuro-argumentative learning method for
image classification. To address the issue of human understandability of
concepts, we extended it to satisfy object representations with a multi-stage
approach, and finally extended it to end-to-end training approach. The pro-
posed framework follows a faithful and human-understandable reasoning
process. We empirically demonstrate that our approach can be effective via
experiments in all three different models considered. with the resulting

architecture on datasets of synthetic images.
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CONCLUSION

“The future depends on what you do today.”

— Mahatma Gandhi

This chapter concludes the thesis by summarizing key contributions,
highlighting the implications of the proposed methods, and outlining po-
tential directions for future work within the evolving landscape of artifi-
cial intelligence. At its core, this thesis has explored the foundations and
frontiers of object-centric learning as a promising pathway toward human-
like visual reasoning. Motivated by the limitations of conventional deep
learning—particularly its lack of interpretability, poor generalization, and
inability to model causal structure—we introduced a series of models and
theoretical insights that reconceptualize perception as the discovery and
organization of discrete, meaningful entities: objects.

Through the development of novel models such as CoSA (Chapter 3),
PSA (Chapter 4), and VISA (Chapter 4), this work demonstrated that object-
centric representations can be learned in a grounded, identifiable, and
viewpoint-invariant fashion, even under partial observability. These models
depart from conventional black-box feature extractors by offering structured,
modular, and interpretable representations that align more closely with how
humans perceive and reason about the world. From a practical standpoint,
these representations offer tangible advantages—reusability across tasks
and transparent reasoning capabilities. These properties are especially
crucial in high-stakes domains such as healthcare, finance, and public policy,
where decision-making must be both reliable and understandable. Another
main insight of this work lies in the unification of object-centric learning
for causal reasoning and argumentative reasoning. This fusion enables
Al systems to move beyond surface-level pattern recognition and into
the realm of reasoning—supporting interventions, counterfactual thinking,

and the discovery of abstract causal dependencies. This synthesis moves
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us closer to Al systems that understand not just what is seen, but also
why things occur and how they might change under hypothetical scenarios.
Alternative to this line of reasoning, we introduced FAX—a novel framework
for argumentative and agent-to-agent communicative reasoning. Rather
than relying on static saliency maps or opaque confidence scores, FAX
treats explanation as an interactive, dialectical process. This opens up new
possibilities for Al systems that can justify their decisions, engage with
conflicting perspectives, and offer reasoned, structured dialogues with
humans and other agents.

To summarise from the perspective of the objectives outlined in Chapter
1, Chapter 3 presents a novel algorithm based on the newly introduced
concept of the GSD. This addresses Objective 1—the notions of binding and
grounding—by mapping slots to elements within the grounded dictionary.
This concept is further developed in Chapter 6 to support a reasoning-
focused objectives. In Chapter 4, we address Objectives 2 & 3—namely,
the identifiability of object representations and identifiability under spatial
ambiguities. This is achieved by adapting SA to incorporate object-level
priors, resulting in the PSA and VISA algorithms. These methods leverage
structure in the latent space to enable identifiability without relying on
additional auxiliary data. Finally, Chapters 5 and 6 apply the developed
theoretical framework to reasoning tasks, addressing Objectives 4 & 5. In
particular, Chapter 5 introduces the notion of causal compositions, which
leads to the concept of compositional graphs and latent compositional
models—paralleling causal graphs and latent causal models, enabling com-
positional reasoning. In chapter 6 we introduce FAX and NAL frameworks,
that relies on OCL and computational argumentation for generating human
understandable reasoning process.

Each of the proposed method in this work, including CoSA, PSA, VISA,
FAX, and NAL, was designed not in isolation, but as part of a broader
framework that ties together perception, causality, explainability, and prob-
abilistic scene modelling. To contextualize the broader relevance of these
ideas, it is essential to reflect on their implications. What kind of systems be-
come possible when we can learn disentangled, grounded, and identifiable
representations without supervision? How does causal reasoning evolve

when the latent variables correspond to physical objects with meaningful
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interactions? What does it mean for Al to explain itself—not through post-
hoc rationalizations, but through argumentative interactions akin to human
discourse? These questions lie at the heart of trustworthy, intelligent, and
socially-aligned Al. Here, we outline the most significant implications of
this thesis, each addressing a key dimension of this evolving paradigm:

1. Toward Structured, Object-Centric Representations: Here, we advocate
for object-centric representations over flat, monolithic embeddings,
this work suggests that structured perception—where individual en-
tities are disentangled and encoded as separate “slots”—provides a
natural basis for reasoning, abstraction, and generalization. Much
like human cognition, which segments scenes into manipulable and
conceptual units (objects, agents, tools), OCL enables us to computa-
tionally achieve the same for objects. As a future work, it would be
interesting to explore the application of these representations from
an embodied Al viewpoint, encouraging re-use of concepts across
environments.

2. Identifiability as the Key to Generalization and Interpretability: One
of the key contributions in this thesis is the introduction and enforce-
ment of identifiability in object-centric learning. Identifiability ensures
that the latent variables representing objects remain consistent and
semantically grounded across different contexts, transformations, or
inputs. By promoting identifiable slots, models can anchor abstract
concepts to persistent entities, making them both more generalizable
and more interpretable. This property is critical for debugging Al sys-
tems, transferring knowledge across domains, and aligning internal
representations with symbolic or human-understandable categories.
In-depth analysis of this property across multiple downstream tasks
requires a study on its own, which we leave to explore in the future.

3. Multi-View Scenarios to handle Partial Visibility: In settings where
an agent observes a dynamic scene from multiple partial views (e.g.,
a robot navigating a room or a drone mapping terrain), consistent
object representation is essential for effective action and planning. The

proposed VISA framework shows that this invariance can be learned
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without supervision, leveraging multi-view correspondences and spa-
tial reasoning. This contribution significantly expands the applicability
of object-centric learning to embodied Al, enabling agents that can
understand and act in 3D environments with persistence and memory
across views. Even though we make some specific assumptions includ-
ing weak injectivity of the mixing functions and viewpoint sufficiency,
we do provide evidence for why these assumptions are reasonable.
Addressing this constraint in future work could strengthen identifia-
bility guarantees. Additionally, the impact of partial visibility results

on real-world applications requires further investigation.

. Unifying Causal and Object-Centric Representation Learning: While
OCL enables structural abstraction, CRL brings explanatory depth
—highlighting the dependencies and dynamics that underlie observed
data. By unifying these two paradigms, this work allows Al systems
to not only recognize and track objects, but to reason about how
those objects influence one another and how their attributes evolve
under intervention. This opens the door to future work on agents that
can perform counterfactual reasoning, plan actions based on cause-
effect understanding, and make robust decisions under uncertainty.
As future work, it would be worthwhile to explore the use of the
proposed theories to connect current Al systems with broader theories
of cognition, where causal inference is considered foundational to

intelligence.

. FAX -Toward Transparent and Argumentative Al: The proposed FAX
framework takes a step toward explainability modelled as agent-
to-agent communication. Instead of static visualizations or feature
attributions, FAX treats explanation as a process—one where models
articulate their internal reasoning, justify decisions, and challenge
conflicting viewpoints. Inspired by human argumentative dialogue,
this approach emphasizes interaction, contrast, and justification, mim-
icking how people reason together. This way of viewing explanations
as dialogue may be useful in multi-modality scenario to help in un-
derstanding the reasoning process of current large scale VLMs: we

leave this topic to future work.
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6. Ethical and Societal Impact through Interpretable and Grounded
Al The interpretability, identifiability, and structured reasoning pro-
moted in this thesis have far-reaching consequences for the ethics and
governance of Al systems. As Al is increasingly deployed in high-
stakes domains—such as healthcare, finance, law, and autonomous
vehicles—the need for verifiable and transparent decision-making
becomes urgent. Models trained under proposed frameworks can
produce outputs that are more auditable, less prone to hidden bias,
and easier to explain to non-experts. Moreover, by grounding rep-
resentations in physically meaningful entities, this work paves the
way to future work towards integrating symbolic logic, rule-based
constraints, and human values directly into Al systems, with the

potential of contributing to safe and human-aligned Al

Together, these contributions form a key step toward a new generation of
artificial systems—ones that perceive, think, and explain more like humans.
While significant challenges remain, particularly in scaling these ideas to
real-world complexity and integrating them with embodied agents, the
research presented here lays a solid theoretical and empirical foundation

for progress in that direction.
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PART-3

APPENDIX

Yatra prayogah sutarkdsca, prastavah ca vicaritah|
Vistaraya vijianasya, tatraisah parisistakah||

“Where additional experiments, reasoning, and extended propositions are explored
— There begins this appendix.”



A

COSA-APPENDIX

A.1 ASSUMPTIONS

Now, we list all the assumptions for modeling our slot dictionary and also
discuss the how some of these assumptions are implicitly made in previous
baselines (ref. Table A.1.

Assumption A.1 (Representation separation). Object level separation present
in observational space can be observed in the latent space of the model (i.e., if
x = UK0;}, then z = UK{0z;}, where O; and Oz; correspond to individual
object representation in observational and latent space respectively).

Remark A.1. In practice, when features are learned with an end-to-end objective,
object-level representation emerges due to iterative attention.

Assumption A.2 (Representation overcrowding). The latent representation in
z € RN%: ¢gp accurately recover K slots when K < N. In other words, z; € R4

is an element of z that can only encode the knowledge of a single object.

Remark A.2. Verifying this property is difficult. However, the latent layer for
CoSA can be empirically estimated to minimize this effect.

Assumption A.3 (Object level sufficiency). We assume that there are no ad-
ditional objects in the original data distributions other than the ones expressed in
training data.

Remark A.3. The assumption on object level sufficiency may not be required in
SA. Here, this is required as the aim is to learn marginal distributions for every
known object in the dataset.

Assumption A.4 (Sufficient dictionary components). We assume the slot
dictionary to have a sufficient number M of (&', &2) pairs to capture the emergent
behavior of objectness in the entire dataset, such that M>K+1.

Assumption A.5 (Injectivity Assumption). We assume the resulting decoder
model is injective as by construction the architecture follows the properties as
expressed in Khemakhem et al., 2020c.
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Table A.1: Comparison between methods and their implicit assumptions and tasks achieved.

MEeTHOD Data ASSUMPTION Tasks GROUNDING
Engelcke et al., 2019; Engelcke et al., 2021; Representation,
Burgess et al., 2019; Wang et al., 2023a; Image Data AA.1, AA2 Segregation, and No
Emami et al., 2022 Generation
chatello etal., zo.zob; Chang et al., 2022; Image Data AA1 AA2 Represeqtatmn, No
Seitzer et al., 2022; Segregation
Kipf et al., 2021; Elsayed et al., 2022; Imag{epafa a].qd AA.1, AA2, AA3 Represen.tatlon, No
conditioning info. - Segregation
Representation,
. | . | Segregation, and
L.m etal, 2020; Van Steenkiste et al., 2020; Image Data AA.1, AA2, AA3 Generation (constr- No
Singh et al., 2021 N .
-ained environment or
predefined prompts)
Representation,
CoSA Image Data AA.1, AA2, AA3, AA4 Segregation, and Yes
Generation

A2 PROOFS
A.2.1  Proposition 1: (Object Discovery - ELBO formulation):

Under a categorical distribution over our discrete latent variables Z, and the
object-level prior distributions p(s?) = N (s?; u;, 07) contained in &2, we
show that variational lower bound on the marginal log-likelihood of x can
be expressed as:

log p(%) = E; g (z1x)50~p(s'|2) 108 P(x | )] — Dk1. (9 (z | x)) || p(2)) =t ELBO(x),
(A.1)

where s == [T Ho (s'' | f(g(§'1,k),v)) denotes the output of the
iterative refinement procedure described in Algorithm 1 applied to the
initial slot s” representations.

Proof. For this proof, we consider the data distribution as p(x), and the aim
is to maximize the log-likelihood of this distribution:

log p(x) = log/s/ip(x, s,Z)dsdz

Consider variational distributions g(z | x).
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p(x|s)p(2)

> E; . :0E
q(z/x) q(z | x)

log

s0~p(s0]2)

p(z)

= Bz (20 Esonp(s0)z) 108 a@[9 + Bz Esop(s0)z) log p(x | 5)

_ p(2)
= Baqlaly 108 5755 * Banatab Bsompistiz) 08 P(x | 5)

= Ezg(zp Esop(s0jz) log p(x | s = g(s°)) _DKL< (Z]a=(Aod.)(x)) || p(2) )

O

A.2.2  Proposition 2: (ELBO formulation for reasoning task):

Under a categorical distribution over our discrete latent variables z, and
the object-level prior distributions p(s?) = N (s¥; u;, 0?) contained in &2,
the variational lower bound on the conditional log-likelihood of y given x

is given by:

log p(x) 2 Ey- gz Es 02 108 P(y | P) = D (a(2 | %) [ p(2)). (A2)

Proof. The proof is very similar to the proof of proposition 1 . We include
this for the sake of completion. For this, we consider categorical conditional
distribution as p(y | x), the model segregating slots into given categories.

The aim is to maximize the log-likelihood of this distribution:

logp(y [ x) = log//p(y,s,z | x)dsdz

Consider variational distributions g(Z | x).

log//py,s,z|x : ;dd”
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p(y | xs%)p(2)

Z E )]Esowp(so\z) log q(z | X)

Z~q(Z|x

(2)

Q(i | X):| + ]EZNq(Z\x)]Esomp(so\i) IOg P(Y ‘ P)

= By gz Esop(s02) [108

_ p(z)
= ]Eirvq(i\x) |:10g q(z | X)} + ]Eiwq(i|x)]Eso~p(so\Z) logp(y | p)

= By Bt p(srlz) 108 P(y | P) — Di (9(2 | a = (A0 @,)(x)) || p(2))

O

A.3 DATASETS

In this work, we use multiple datasets for every case studies. We make use
of publically available datasets that are released under MIT Licence and
that are open for all research works. We also created two new variants of the
MNIST dataset called FloatingMNIST2 (FMNIST2) and FloatingMNIST3
(FMNIST3) for evaluation reasoning/discriminative tasks with the proposed
method. We will release the data-generation scripts along with the source
code of this project under the open-source MIT License. Table A.2 describes
maximum number of objects per image in the considered object discovery
datasets. We details on the dataset specifications in this section:

A.3.1 CLEVR (Johnson et al., 2017)

CLEVR is diagnostic dataset usually used for benchmarking visual question
answering tasks. Here, in our tasks we don’t use the question answering part
of the dataset, we make use this dataset for its object level compsitionality
aspect. This dataset consists of 70000, 15000, and 15000 set of training,
validation, and testing images respectively. In our tasks we resize all the
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CLEVR CLEVR-Hans3 CLEVR-Hans7 Tetrominoes. Objects-Room Bitmoji FFHQ FloatingMNIST2  FloatingMNIST3 coco

Figure A.1: This image overviews all the datasets used in this work, from left to right columns
correspond to CLEVR, CLEVR-Hans3, CLEVR-Hansy, Tetrominoes, Objects-Room, Bitmoji,
FFHQ, FloatingMNIST-2, FloatingMNIST-3, and COCO datasets respectively.

images to 64x64 dimension, normalizing them to bound pixel intensities to
lie between [o, 1].

A.3.2 CLEVR-Hans3 (Stammer et al., 2021)

CLEVR-Hans is a dataset with multiple confouding factors, developed with
the soul purpose of investigating reasoning possibilities within the network.
The dataset was built on top of CLEVR dataset, where the CLEVR images
were further categorized into multiple classes based on object attributes.
Images in a particular class are encoded with confounded information with
respect some attributes. CLEVR-Hans has in total of 3 classes with the
following rules for class1: Large cube and Large cylinder, class2: Small metal
cube and Small sphere, and class3: Large blue sphere and small yellow sphere. This
dataset contains total of gooo, 2250, and 2250 images in training, validation,
and testing set respectively (equally split between different classes). In our
tasks we resize all the images to 64x64 dimension, normalizing them to
bound pixel intensities to lie between [o, 1].
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A.3.3 CLEVR-Hansy (Stammer et al., 2021)

Similar to CLEVR-Hans3 CLEVR-Hansy is built on top of CLEVR dataset,
where the images are categorized into 7 classes based on the object attributes.
Here, are the rules used for classifying images: class1: Large cube and Large
cylinder, class2: Small metal cube and Small sphere, class3: cyan object in front of
2 red objects, classg: image with small green, brown, and purple objects with two
other small objects, classs: 3 spheres or 3 spheres with 3 metal cylinders, class6:
3 metal cylinders, and classy: large blue sphere with small yellow sphere. This
dataset contains total of 21000, 5250, and 5250 images in training, validation,
and testing set respectively (equally split between different classes). In our
tasks we resize all the images to 64x64 dimension, normalizing them to
bound pixel intensities to lie between [o, 1].

A.3.4 ‘Tetrominoes (Kabra et al., 2019)

Tetrominoes is a Tetris-like shapes dataset. This provides a test bed for
non-overlapping self-supervised object discovery. Here, we use around
100000, 10000, and 10000 images for training, validation, and testing. Each
image is resized to 32x32 dimension and normalized to bound the intensity
values between [o0,1]. Each image comprises 3 tetris shapes sampled from
17 unique shapes and orientations, where each object has one of red, green,
blue, yellow, magenta, or cyan color.

A.3.5 Objects-Room (Kabra et al., 2019)

Objects room is a direct extention of 3Dshapes dataset Kim and Mnih,
2018b, built using MuJoCo environment Eslami et al., 2018b. While the
actual dataset has 3 different variants, we make use of single variant with
identical object and room variant. In this setting 4-6 objects are placed in
the room and have an identical, where the colors are randomly sampled.
Here, in our work we use around 100000, 10000, and 10000 images for
training, validation, and testing. Each image is resized to 64x64 dimension
and normalized to bound the intensity values between [o,1].
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A.3.6  Bitmoji (Mozafari, 2020)

Bitmoji is cartoon faces dataset for bitmoji mobile application. The images in
bitmoji dataset consists 5-point facial landmarks for both male and female
faces. In our task we resize all the images to 64x64 dimension and normalize
them to bound pixel intensities to lie between [o, 1]. This dataset consists
of 4084 images, divided into sets of 3500, 292, and 292 images for training,
validation, and testing respectively.

A.3.7 FFHQ (Karras et al., 2020)

This dataset includes high quality human faces along with the attributes
corresponding to facial features. FFHQ is real world extention of bitmoji
datasets. This dataset consists of approximately 200k images of 128x128
resolution with 4o different binary attributes, and the task is to categorize
images based on gender (o0 = male; 1=female).

A.3.8 COCO (Lin et al., 2014)

COCO is a large-scale object recognition dataset with scene-level caption
information. It consists of everyday scenes with common objects. The dataset
consists of 328k images with varied resolutions. In this work, we resize
the images to 224 x 224 resolution and perform our analysis for scene
decomposition. The dataset consists of 91 different objects with around 2.5
million masks.

A.3.9 FloatingMNIST

FloatingMNIST is inspired by the Moving MNIST dataset (Srivastava et al.,
2015) and is used to benchmark reasoning tasks in the proposed model.
FloatingMNIST is made by randomly combining MNIST digits (Deng, 2012).
The dataset has three main objectives: addition, subtraction, and mixed. The
addition task is to estimate the sum of all the digits present in the given
image, the subtraction task is to estimate the absolute difference between
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the digits (after ordering them in decreasing order), and finally, the mixed
task is to perform addition if the digits are greater than five else performing
subtraction.

FloatingMNIST-2: In the case of FloatingMNIST-2, we combine 2 MNIST
digits in a large canvas creating the image of 64x64. We propose three
variants FloatingMNIST-2-Add, FloatingMNIST-2-Sub, and FloatingMNIST-
2-Mixed datasets. The task in FloatingMNIST-2-Add is to estimate the add
of 2 digits present in the image. In the case of FloatingMNIST-2-Sub, the
task is to estimate difference between 2 digits present in the image. While,
In the case of FloatingMNIST-2-Mixed, the task is to sum the digits if both
the digits are less than 5 else to estimate the absolute difference between
them. We use 60000, 10000, and 10000 training, validation, and testing
images respectively.

FloatingMNIST-3: Similar to FloatingMNIST-2, this dataset is made of
images with 3 digits. Even this version of dataset consists of three variants of
reasoning datasets, namely, FloatingMNIST-3-Add, FloatingMNIST-3-Sub,
and FloatingMNIST-3-Mixed. Where the task in FloatingMNIST-3-Add and
FloatingMNIST-3-Sub is to estimate sum and absolute difference beween all
the digits. In the case of FloatingMNIST-3-Mixed, all digits less than 5 are
added while the digits greater than 5 are substracted from the final target.
We use 60000, 10000, and 10000 training, validation, and testing images

respectively.

Table A.2: Maximum number of objects (including background) observed in a single image
per dataset.

Datasets())  Number of Objects

CLEVR 11
TETROMINOES 4
OBJjECTSROOM 6

A.4 METRICS

All the task specific metrics are described in this section

195



A.4.1  Mean squared error (MSE)

To compute the quality of the reconstructed image we compute pixel wise
mean squared distance between the original image and the ground truth
image. This metric doesn’t provide any information about how good the
image is decomposed into objects. As the task is unsupervised in nature,
we measure MSE with few other properties to comment on the goodness of
decomposition. MSE is formally described in equation A.3, where N and
x' correspond to a total number of images and a particular image in the
dataset.

N .
MSE = %ZH’CZ — ®;(CoSA(P.(x))| |3 (A3)

A.4.2  Qverlapping index (OPI)

OPI measures the mean overlap of a particular slot with respect to every
other slot across the given dataset. For computing the overlap we first rescale
the pixel intensities in the estimated mask to lie between (o, 1) by applying
min-max normalization and later thresholded at 0.5. The normalization and
thresholding will result in binary decomposed images, which can be used
to compute average overlap. OPI is formally described in equation A 4,
where N, S, and xf;,], correspond to a total number of images, slots, and a
particular slot estimated for considered image x' respectively.

N1 S

A.4.3 Codebook divergence (CBD)

We use this metric to measure the distance between the codebook embed-
dings, higher distance indicates the effective usage of codebook embeddings.
To measure this distance we first project all the embedding vectors onto
the unit hypersphere and compute the average cosine distance between
them. In practice this is done by computing the inner product between the
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embedding vectors, which is formally described in equation A.5, where K
corresponds a total number of codebook embeddings and cos™! is applied

to get the angular distance between the embeddings.

1 K i
CBD = arccos — Z — Z el,e] (A.5)
i j

A.4.4 Codebook perplexity (CBP)

Perplexity measure is a property that indicates the sampling efficiency of
the codebook. The perplexity is higher if all the codebook embeddings are
uniformly sampled. Lower perplexity is an indicator of codebook collapse.
Formally the perplexity is estimated as described in equation A.6, where
N, K, and qidx} correspond to a total number of images in a dataset, the
total number of codebook embeddings and indicator value of j codebook
vector is sampled for image x'.

1

K 1 N , 1N ,
CBP = exp ( — Z N Zqidx} log N Zqidx}) (A.6)
j i i

A.4.5 Frechet inception distance (FID)

FID is computed to measure the quality of generated images with re-
spect to real images, it’s usually measured by computing the distance
between the latent representations of real and generated images. For mea-
suring this we usually use any pre-trained model @y, for computing
latent representation, the FID score is calculated using equation A.7, where
PAES N YN Do (X1); T = Pyge(x7) T Pyge(x") similarly, z€ and X8 are de-
fined of the generated image set.

FID(x', %) = |27 — 28] 3 + Trace (£ + 2% 2\/(zs )) (A7)
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A.4.6  Slot average Frechet inception distance (SFID)

As FID measures the quality of the final reconstructed image, to measure
the quality of individual slots, we compute FID score with respect original
image and individual slot. The intuition behind doing this is if the slot
contained object information is present in the original image, the FID for
that slot would be less than the slot with random information. We compute
the average FID score for all the estimated slots with respect to the original
image to obtain SFID, formally described in equation A.8

K
SFID(x", x8) Z (A.8)

i
A.4.7  Hungarian Matching Coefficient (HMC)

In the case of the reasoning objective, we measure the implicit rationale
provided by the model by comparing the emerging object properties with
ground-truth object properties. To consider the permutation invariance
property of slot properties, we perform Hungarian Matching over all the
properties with respect to the ground truth properties and compute the

MSE cost between paired vectors.

A.5 ALGORITHM & FORWARD PASS

Our proposed object-level representation learning uses an encoder to map
an image to its latent representation, followed by computing q, k, v pro-
jection vectors. The obtained position-free encoding z is further passed
through image-level abstraction function A resulting eigenvectors V and
corresponding eigenvalues A are used to estimate principle components
a as described in section 3.2. As the obtained principle components are
with respect to a particular image, to generalize them across the dataset,
GSD sampling is used, k ~ &'. Allowing us to sample slots from uniquely
mapped conditioning distributions, ensuring slots to be sampled from the
same conditioning distribution &? for all instances of an object in the case
when the given image has more than one instance of the same object. Based
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on the heuristic defined in section 3.2, K slots are sampled from their re-
spective conditioning distributions, which are selected with respect to the
obtained eigenvalues. Finally, the iterative attention mechanism is applied
to obtain slot-level representations for the downstream tasks. Algorithm 1
describes the proposed algorithm.

A.6 QUANTIZATION

In the case of quantization, we first define a codebook & € RN*4: with N
codebook embeddings, where individual embedding &; € R%. The objec-
tive in the case of quantization is to learn the categorical distribution over
codebook features for a given image x. In the case of deterministic sampling,
as in the case of Euclidean and Cosine sampling, the categorical distribution
is modeled with one-hot probabilities determined by the mapping of each
discrete vector to the nearest codebook vector:

bz = )= Tk =aEming 2 -2 or (z&)
! 0 otherwise

In this case, the probability estimates are usually non-differentiable. Due
to this, in practice, back-propagation over this sampling block is achieved
with the help of straight-through gradient approximation, enabling end-to-
end training as illustrated in Van Den Oord, Vinyals, et al., 2017. Due to the
deterministic nature of sampling and the uniform prior assumption, the
Dxq, term in the objective drops to be constant.

While in the case of stochastic sampling, as in Gumbel, the one-hot
probabilities are approximated with the softmax distribution resulting in
p(z | x) = softmax(exp((g; + 2i)/t)), where g; is sampled from a Gumbel
distribution, and t is the temperature parameter as detailed in Jang et al.,
2016; Maddison et al., 2016.
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A.7 CODEBOOK COLLAPSE

Codebook collapse is a common challenge in training vector quantized
models, in this case, only one or a selected few embeddings (>> total
number of codebook embeddings) of a codebook are being used repeat-
edly. Various engineering tricks have been proposed to address this issue
previously Van Den Oord, Vinyals, et al., 2017; Bardes et al., 2021; Takida
et al., 2022; Trauble et al., 2022. In this work, we first detach the inputs
to the quantization block so that the object-centric representations are not
affected by quantizer gradients. We also use the exponential moving aver-
age (EMA) over codebook embeddings which encourages the embedding
vectors to converge at the mean of the representations. Along with EMA
we also utilize random restart of dead codebook vectors with the running
representational statistics.

In terms of slot distributions, we initialize the distribution on a unit
hypersphere, fix the mean of the distribution, and learn the slot-specific
transformation functions which transform the fixed distribution into the
required distribution. This was first proposed in Tomczak and Welling, 2018
to prevent overfitting of learnable priors.

A.8 OBJECT DISCOVERY

Here, we provide more analysis on sensitivity analysis of COSA on object
discovery task. We first test our framework on all three sampling methods
using Gumbel, Cosine, and Euclidian codebooks. We use the convolutional
encoder and decoder architectures with 5 convolutional and transpose
convolutional layers. Additionally, we provide the comparative results on
slot properties across different methods.

A8.1  Quantitative Analysis

Table A.3 and A.4 demonstrates the sensitivity of COSA with respect to
selected sampling criteria. Based on the results, it can be observed that CoSA
performs similarly or better than its slot attention counterpart, illustrating
the effectiveness of grounded representations. We measure the diversity in
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the codebook embeddings and their variation in sampling by measuring
CBP and CBD properties, and these properties illustrate the variability in
sampling and differences in codebook representations. The resulting values
for all five datasets are described in table A.5. These results demonstrate
that there’s no collapse in codebook representations and the sampling
(ref. appendix section A.7 for details on codebook collapse). To measure
the goodness of the generated slots, we measure OPI and SFID which are
tabulated in table A.6.

Table A.3: Sensitivity analysis of COSA on object discovery.

METHODS({), CLEVR TETROMINOES OBjECTS-ROOM Brrmogt FFHQ
METRICS(=)  \gE()) FID() MSE() FID()) MSE() FID()) MSE() FID()) MSE() FID(})
SA 6.37 38.18 1.49 3.81 7.57 38.12 14.62 12.78 55.14 54.95

CoSA-GUMBEL 3.82 31.84 0.21 0.26 5.45 32.41 9.84 9.36 41.77 52.21
CoSA-EucLipian 4.04 33.18 1.13 1.61 6.42 34.05 8.97 8.41 31.94 35.14
CoSA-CosINE 3.14 29.12 0.42 0.41 4.85 28.19 8.17 9.28 33.37 36.34

A.8.2  Qualitative Analysis

Fig. A.2(a), A.6(a), A.8(a), A.10(a), and A.4(a) illustrate vanilla SA results.
Fig. A.2(b), A.6(b), A.8(b), A.10(b), and A.4(b) illustrate the results of COSA-
Cosine. While, Fig. A.3(a), A.7(a), A.9(a), A.11(a), and A.5(a) illustrate the
results of CoSA-Gumbel and finally, Fig. A.3(b), A.7(b), A.9(b), A.11(b), and
A.5(b) illustrates CoSA-Euclidian results.

Table A.4: ARI on CLEVR6, Tetrominoes, ObjectsRoom, and COCO datasets, for SA baseline
model and CoSA-cosine variant. In the case of COCO we use DINOSAUR variant of SA Seitzer
et al., 2022 (ViT-S16) as a baseline and use DINO feature extractor (ViT-S16) for CoSA.

METHOD TETROMINOES CLEVR6 OgjECcTSROOM COCO
SA/DINOSAUR  0.99 +0.005 0.93 £0.002 078 £0.02  0.28 £ 0.02

COSA-EUCLIDIAN  0.99 £ 0.002  0.94 &£ 0.002 0.81 £ 0.01 0.27 £ 0.02
CoSA-GUMBEL 0.99 £ 0.001  0.93 £ 0.002 0.80 £ 0.01 0.30 £ 0.02
CoSA-CosINE 0.99 £ 0.001  0.96 = 0.002  0.83 = 0.002  0.36 & 0.01
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Figure A.2: Vanilla SA and CoSA-Cosine object discovery results on tetrominoes dataset.
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Figure A.3: CoSA-Euclidian and CoSA-Gumbel object discovery results on tetrominoes dataset.
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Figure A.4: Vanilla SA and CoSA-Cosine object discovery results on objects-room dataset.
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Figure A.5: CoSA-Euclidian and CoSA-Gumbel object discovery results on objects-room

dataset.
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Figure A.6: Vanilla SA and CoSA-Cosine object discovery results on CLEVR dataset.
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Figure A.7: CoSA-Euclidian and CoSA-Gumbel object discovery results on CLEVR dataset.
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Figure A.8: Vanilla SA and CoSA-Cosine object discovery results on bitmoji dataset.
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Figure A.10: Vanilla SA and CoSA-Cosine object discovery results on ffhq dataset.
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Table A.5: Codebook properties across different sampling methods across datasets.

METHODS(/), CLEVR TETROMINOES OsjECTS-ROOM Brrmoj1 FFHQ
Metrics(=)  CBD(1) CBP(1) CBD(1) CBP(f) CBD(1) CBP(f) CBD(f) CBP(1) CBD() CBP(1)

CoSA-CosINE 0.99 44.39 0.99 26.53 0.99 28.22 0.99 54.87 0.99 36.97
CoSA-EUCLIDIAN 0.99 32.40 0.99 28.99 0.99 24.26 0.99 55.50 0.99 24.28
CoSA-GUMBEL 1.0 29.62 1.0 22.35 1.0 23.05 1.0 37.61 1.0 24.69

Table A.6: Slot properties.

MEeTtHODS(]), CLEVR TETROMINOES OgJECTS-RoOM Brrmojt FFHQ
METRICS(—) OPI(}) SFID(]) OPI() SFID() OPI(}) SFID(}) OPI(l) SFID(}) OPI(}) SFID(])
SA 0.43 238.7 0.48 270.3 0.42 162.9 0.41 204.1 0.27 240.9
IMPLICIT 0.35 220.1 0.56 249.1 0.37 128.5 0.34 197.4 0.24 244.1
CoSA-GUMBEL 0.35 192.7 0.43 231.2 0.42 119.4 0.30 201.2 0.28 213.1

COSA-EUCLIDIAN  0.40 173.1 0.34 236.7 0.34 137.5 0.29 190.3 0.33 232.3
CoSA-CosINE 0.45 175.8 0.53 235.2 0.39 103.2 0.37 213.3 0.32 211.3

A.8.3 DINOSAUR Adaptation

To extend slot attention to real-world images, we adopt DINOSAUR model
Seitzer et al., 2022, which uses the Vision Transformer (ViT-516) model
trained with DINO training strategyCaron et al., 2021. The main objective
of DINOSAUR is to reconstruct latent representation rather than recon-
structing the original image. To compare our framework under similar
specifications, we use DINO as a feature extractor and use CoSA for the
extracted latent features to reconstruct these features and use the result-
ing attention maps as slots. We demonstrate the results of DINOSAUR
and variants of DINO-CoOSA in Figures A.12, A.13. Table 3.1 illustrates
the quantitative results on COCO dataset; note that the results in the
original work are based on the ViT-B16 feature extractor, while we use ViT-
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Figure A.11: CoSA-Euclidian and CoSA-Gumbel object discovery results on ffhq dataset.
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(b) DINO-C0SA-Euclidian

Figure A.12: Results on COCO dataset.

516 due to computational resources. We base our implementation by con-
sidering base implementation from https://github.com/amazon-science/
object-centric-learning- framework and use provided hyperparameters
in ‘coco_feat_rec_in_smalll6_auto.yaml’, with only changes in the num-
ber of GPUs and the batch size; we use a single GPU with a batch size of

32.
A.8.4 Codebook Size Analysis

Given we make dictionary sufficiency assumption (refer to an assumption
A.4), we perform extensive ablations on dictionary size on CLEVR data for
all three sampling strategies. Table A.7, A.8, and A.g correspond to Cosine,
Euclidean, and Gumbel sampling strategies. As it can be observed, a very
low number of codebook embeddings (M=16) results in high MSE error
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(b) DINO-CoSA-Gumbel

Figure A.13: Results on COCO dataset.
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and lower ARI scores, while increasing the embeddings drastically also
does not help. While the number of embeddings around 64, 128 provide
similar results without any collapse (indicated by higher perplexity scores).
This indicates that the framework is not extremely sensitive to the codebook
size, given the codebook does not collapse.

Table A.7: Codebook size ablations with Cosine Sampling

METHODS({.), CLEVR

METRICS(—)  MSE()) FG-ARI() CBD(1) CBP(1)
M=16 8.11 0.73 0.99 14.96
M=64 3.14 0.96 0.99 44.39
M=128 3.46 0.94 0.98 51.65
M=256 6.68 0.85 0.98 82.20

Table A.8: Codebook size ablations with Euclidian Sampling

MEeTHODS({.), CLEVR

METRICS(—)  MSE())  FG-ARI() CBD(1) CBP(1)
M=16 4.81 0.93 0.99 8.33
M=64 4.04 0.94 0.99 32.40
M=128 3.64 0.94 0.95 20.69
M=256 4-34 0.89 0.96 19.79

Table A.9: Codebook size ablations with Gumbel Sampling

MEeTHODS({.), CLEVR

METRICS(—)  MSE())  FG-ARI() CBD(1) CBP(1)
M=16 6.64 0.88 1.0 11.06
M=64 3.82 0.93 1.0 29.62
M=128 3.89 0.93 0.99 27.16
M=256 5.46 0.92 0.99 30.28
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Figure A.14: Demonstration of object binding across instances in a given image. The title of
each figure corresponds to the sampled element index of GSD &.

A.8.5 Multiple Object Instances

In this section, we demonstrate the effectiveness of COSA on binding multi-
ple instances of an object in a given image to a same element in GSD. In
Figure A.14, the title of each sub figure correspond to GSD index being se-
lected for that particular object. As observed in first-fifth row GSD elements
S19, 64, 614, 615, and B3; are being sampled twice, respectively.

Similarly, to previous analysis we use the coco trained model and analyse
the binding capabilities across multiple frames in a video sequence. For
this we use the COCO trained model and perform zero-shot adaptation
in DAVIS video dataset Perazzi et al., 2016. Figure A.15 reflects this anal-
ysis, where each row correspond to a particular frame in a vide. We can
observed that GSD elements G54, and Sy4 consistently map to camel and
the background, respectively.
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Figure A.15: Demonstration of object binding across frames in a video sequence. The title of
each figure corresponds to the sampled element index of GSD &.
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A.9 ABSTRACTION FUNCTION

We tried multiple variants of spectral decomposition for abstracting object-
level features including singular value decomposition, QR decomposition,
vanilla quantization, and eigenvalue decomposition. Table A.10 describes
the results on the CLEVR dataset for all different types of variants of ab-
straction functions. We use the principle components based decomposition
approach as the default abstraction function because the results do not vary

too much among different types of spectral decomposition methods.

Table A.10: Abstraction functions

MEeTHODS(]), VANILLA QUANT. PRINCIPLE VEC. QUANT. QR VEC. QUANT. SINGULAR VEC. QUANT.
METRICS(2)  MsE(l) FID() MSE()  FID())  MSE() FID() MSE()  FID())
CoSA-GUMBEL 6.44 43.61 3.82 29.12 4.18 33.74 3.97 26.29
CoSA-EucCLIDIAN 8.32 54.11 4.04 33.18 4.76 32.43 4.14 28.57
CoSA-COSINE 7.68 48.72 3.14 31.84 3.64 34.12 3.98 30.22

A. 10 OBJECT COMPOSITION

Unlike SLATE Singh et al., 2021, our approach does not require test time
prompt generation, as the dictionary behaves as a set of prompts; we do
not need to learn prompt dictionary, as we learn object/property level
distribution as part of our algorithm. The prompting in our approach
is solely based on the learned slot dictionary. Algorithmically, we first
sample input features from a dictionary and corresponding slots, followed
by positional matting and iterative slot refinement for generating realistic
object-level scenes. Algorithm 6 describes the approach with pseudo-code.

Object composition illustrates that the grounded representation (every
embeddings in a GSD) are specialised to capture specific individual object in
a given environment. We select K slots, sample embeddings from the respec-
tive slot distributions and refine them, generating K 4 channelled images,
which we further combine by merging them using softmax distribution,
providing us with the prompted image.
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Algorithm 6 Scene composition by random slot prompting

1: Prompt Dictionary Items: index ~ U/ {0, M}
2: Sample Inputs: z = G![index]

3 Compute: k = Kg(z), and v = Vy(z)

4 fori=0,...,R > R Monte Carlo samples

5. slots) ~ & [index] € RK*% > Sample prompted slots from GSD

6: fort=1,...,T > Refine slots over T attention iterations

7 slots} = f (g (Q7 (LayerNorm (slotsffl)) ,k) ,v) > Update slot
representations

8: slots! += MLP (LayerNorm (7—[9 (slotsf-_l, slots! ) )) > GRU
update & skip connection

o: return ) ;slots;/R > MC estimate

A.10.1  Slot Dictionary Analysis

Here, we describe the mapped dictionary elements, Fig. 3.3, A.16, A.17,
and A.18 illustrate randomly selected dictionary index to slot mapping.
To generate these images, we list the sampled codebook index for given
100 images and group them with respect to uniquely sampled codebook
indices. It can be observed that the codebook kind groups similar-looking
object properties together. In Fig. 3.3, it can be seen that embedding-7 of
the codebook corresponds to cheeks, embedding-14 maps to head ware and
forehead, embedding-25 maps to eyes, and embedding-55 maps to facial
hair. It is important to note that these semantics are completely subjective
and assigned by observation. Similar observations can be made on CLEVER
and Object-Room models illustrated in Fig. A.16 and Fig. A.17, respectively.
The model still struggles to disentangle in the case of natural images like
the FFHQ dataset as illustrated in Fig. A.18, nevertheless, it is grouping
some similar-looking regions together.

A.10.2 Scene Generation

Finally, we also demonstrate the image composition objective by randomly
sampling embeddings from the codebook and performing iterative attention
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Figure A.16: Gumbel dictionary embedding to observation mapping for CLEVR dataset.
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Figure A.17: Cosine dictionary embedding to observation mapping for Objects-room dataset.
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Figure A.18: Gumbel dictionary embedding to observation mapping for FFHQ dataset.
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Table A.11: Compositional FID and SFID scores.

METHODS({), CLEVR TETROMINOES OsjecTS-Room Brrmojt FFHQ
METRICS(—) FID(|) SFID(}) FID(}) SFID(}) FID(}) SFID()) FID(}) SFID(]) FID(}) SFID(|)
CoSA-GUMBEL 116.1 257.7 32.1 256.1 194.1 184.2 127.1 262.6 225.7 237.1
COSA-EUCLIDIAN  122.2 236.2 36.3 278.4 194.1 184.2 114.3 215.8 209.3 241.3
CoSA-CosINE 117.8 240.1 28.1 256.8 184.2 186.0 114.3 273.2 185.8 235.2
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(b) CoSA-Euclidian

(c) CoSA-Gumbel

Figure A.19: Image composition with random slot prompt on bitmoji dataset.

to generate results. Fig. A.19, A.20, and A.21 illustrate both randomly
sampled slots and the resulting image composition.

A.11

DISCRIMINATIVE/REASONING TASKS

For validating discriminative tasks, we consider CLEVR-Hans and Float-
ingMNIST tasks, where the main objective is to segregate the image into
different classes based on the contents of the image, while proving a rational
for the segregation without explicitly training for the rational. More details
about the datasets are described in A.3. As the classification is based on

the object properties in the images, we consider the properties as emerg-
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Figure A.2o0: Image composition with random slot prompt on CLEVR dataset.
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Figure A.21: Image composition with random slot prompt on Tetrominoes dataset.

ing entities and model it as a reasoning task by considering the emerging
properties as a rationale for prediction. The correctness of the generated
rationale is measured using Hungarian Matching Coefficient (HMC).

To demonstrate the generalizability property of model due to grounded
representations, we perform cross domain adaptability test. For adaptability
test we train the model on one dataset and fine-tune the classification head
on other datasets by controlling the data samples. The main hypothesis
here is that the grounded representations are meaningful environmental
properties, which goes beyond the downstream tasks. Qualitatively, table
A.13 describes the performance of the model trained and tested on CLEVR-
Hans3 and CLEVR-Hansy datasets in columns 1 and 3, while the other
two columns indicate the task adaptability results with few shot (k=100)
learning performances with the different base model. Similarly, table A.12,
A.14 and table A.15 describe the results on FloatingMNIST2 and FloatingM-
NIST3 datasets respectively with different variants of tasks (Add, Sub, and
Mixed). Finally, table A.16 demonstrates the performance on Mixed tasks
on FloatingMNIST2 and FloatingMNIST3.

A.12 TRAINING AND COMPUTATIONAL DETAILS

We train all the models with adam optimizer with a learning rate of 0.0004,
batch size of 16, with early stopping with the patience of 5, and for a maxi-
mum of min(4oepochs, 40000 steps). We use linear learning rate warmup for
10000 steps with a decay rate of 0.5 followed by reduce on the plateau learn-
ing rate scheduler. The experimental config files and training/inference

scripts with be made available for reproducibility and further research.
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Figure A.22: Few shot task adaptability accuracy for all the methods.
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Figure A.23: Few shot adaptability on FloatingMNIST2-diff to FloatingMNIST2-add dataset.
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Table A.12: Accuracy and Hungarian matching coefficient (HMC) for reasoning objective on
addition and subtraction variant of floatingMNIST2 (FMNIST2) dataset. Here, the first and
third pair of columns correspond to the models trained and tested on the FMNIST2-Add
and FMNIST2-Sub datasets, respectively, while the second and fourth pair correspond to
few-shot(k=100) adaptability results across datasets.

MetHODS(|), | FMNIST2-ADDsource  FMNIST2-SUBtarget | FMNIST2-SUBgource  FMNIST2-ADDtarget
METRICS(™) | Ac()  HMC()  Acc(t)  Fih) | Acc(t) HMC() Acc(l)  Fi(h)

CNN 97.62 - 10.35 10.05 98.16 - 12.35 9.50

SA 97.33 0.14 11.06 09.40 97.41 0.13 08.28 7.83
CoSA-GUMBEL 97.52 0.11 30.75 28.23 98.44 0.12 28.45 20.53
CoSA-EucLIDIAN | 98.12 0.10 60.24 50.16 98.64 0.12 63.29 58.29
CoSA-COSINE 98.33 0.10 37.47 36.00 98.81 0.12 50.43 44.47

Table A.13: Accuracy and Hungarian matching coefficient (HMC) for reasoning objective on
CLEVR-Hans dataset. Here, the first and third pair of columns correspond to the models
trained and tested on CLEVR-Hans3 and CLEVR-Hansy datasets respectively, while the second
and fourth pair corresponds to few shot(k=100) adaptability results across models.

METHODS(/), CLEVR-HANS3source  CLEVR-HANS7target CLEVR-HANS7source  CLEVR-HANS3target
METRICS() — Ace(f)  HMC() Acc()  Fi(f) | Acc(t) HMC() Acc()  Fi(h)

CNN 67.89 - 28.14 16.66 80.06 - 58.49 55.11

SA 68.53 0.38 31.69 26.21 81.12 0.41 70.08 68.28
CoSA-GUMBEL 71.88 0.26 40.42 38.18 82.72 0.32 69.98 69.81
COSA-EUCLIDIAN  70.64 0.28 46.45 46.88 81.17 0.30 71.35 68.33
CoSA-CosINE 70.28 0.28 43.23 45.05 82.28 0.31 72.82 70.41

We run all our experiments on a cluster with Nvidia Telsa T4 16GB GPU
card with Intel(R) Xeon(R) Gold 6230 CPU. The processing speed of our
framework in comparison to the baselines is tabulated below. Table A.17
and A.18 describe the object discovery and reasoning speed in terms of
iteration/sec. It is to be noted that speed might differ slightly with respect
to the considered system and the background processes.

All experimental scripts and scripts to generate datasets is available on
GitHub at https://github.com/koriavinashl/CoSA.

A.13 LIMITATIONS AND FUTURE WORK

Our proposed method also possesses a few limitations; here we detail them
and also propose a few possible ways to address them:

¢ Limited variation in slot-prompting: As the current prompting is
solely based on dictionary size, the diversity in scene generation is
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Table A.14: Accuracy and Hungarian matching coefficient (HMC) for reasoning objective on
addition and subtraction variant of floatingMNIST2 (FMNIST2-mixed) dataset. Here, Base
models corresponds to the models trained on source datasets and datasets described in the
following row correspond to the target datasets, used in generalisability.

Base MoDELS (—) FMNIST2-Mixep  FMNIST2-Mixep FMNIST2-Mixep ~ FMNIST2-App FMNIST2-Sus
METHODS(!), FMNIST2-Mixep ~ FMNIST2-App FMNIST2-Sus ~ FMNIST2-Mixep  FMNIST2-Mixep
METRICS() — Acc(t) HMC() Acc() Fi(f) Acc() Fi(f) Acc() Fif) Acc(h)  Fi(h)

CNN 98.93 - 23.96 18.13 13.53 09.56 14.01 07.10 05.62 04.22
SA 98.12 0.11 15.32 11.25 20.02 15.49 13.13 09.55 14.13 09.57
CoSA-GUMBEL 98.28 0.11 37.86 34.45 41.04 34.75 29.30 24.04 32.57 24.72

CoSA-EucLIDIAN  98.12 0.10 53.22 45.98 63.05 50.15 50.59 44.48 60.39 53.15
CoSA-CosINE 98.40 0.08 56.21 49.30 64.60 58.18 40.54 37.56 50.63 43.44

Table A.15: Accuracy and Hungarian matching coefficient (HMC) for reasoning objective on
addition and subtraction variant of floatingMNIST3 (FMNIST3-mixed) dataset. Here, Base
models corresponds to the models trained on source datasets and datasets described in the
following row correspond to the target datasets, used in generalisability.

Base MODELs (—) FMNIST3-Mixep  FMNIST3-Mixep  FMNIST3-Mixep ~ FMNIST3-App FMNIST3-Sus
METHODS(/), FMNIST3-Mixep ~ FMNIST3-App FMNIST3-Sus ~ FMNIST3-Mmxep  FMNIST3-MIixep
MEmCS()  Ace(t) HMC() Acc()  Fi(f)  Acc()  Fi(f)  Acc()  Fi()  Acc()  Fi(h)

CNN 96.23 - 05.29 04.61 07.06 08.13 10.66 04.11 10.19 04.99
SA 96.29 0.18 08.83 04.77 06.68 03.40 07.16 03.87 13.81 06.28

CoSA-GUMBEL 97.37 0.14 14.13 08.53 21.77 12.31 11.95 09.31 18.95 12.28
CoSA-EUCLIDIAN  97.07 0.15 16.32 11.26 35.46 22.09 23.37 18.97 20.50 11.76
CoSA-CosINE 96.85 0.15 17.87 13.04 35.35 30.38 19.01 11.95 20.94 10.47

limited. To address this, we can explore the possibility of stochastic
VQVAE Takida et al., 2022. Additionally, contrastive learning could
also prove useful to learn shape, colour, location, and texture code-
books separately, increasing the control and variability of composi-

tional scene generation.

* Assumption of representation overcrowding: the assumption that
representation overcrowding can be controlled with the architectural
design, but exploring the direction to enforce this behaviour with

additional regularization would be interesting.

* Heuristic for slot-distribution selection in the case of non-unique
object composition: The current heuristic to handle repeated objects in
a scene is dependent on the scale of principle components (eigenvalues
of the principle direction vectors); it would be interesting to explore
the directions to have it implicitly within the sampling procedure.
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Table A.16: Accuracy and Hungarian matching coefficient (HMC) for reasoning objective on
addition and subtraction variant of floatingMNIST3 (FMNIST3) dataset. Here, the first and
third pair of columns correspond to the models trained and tested on FMNIST3-Add and
FMNIST3-Sub variant of datasets respectively, while the second and fourth pair corresponds
to k-shot adaptability results across models.

BASE MODELS (—) FMNIST3-ApD FMNIST3-ApD FMNIST3-Sus FMNIST3-Sus

METHODS({.), FMNIST3-ApD FMNIST3-Sus FMNIST3-Sus FMNIST3-ApD
METRICS()  Acc(t) HMC() Acc(f) Fi(f) Acc(t) HMC() Acc(f) Fi(f)
CNN 96.42 - 15.92 08.10 97.62 - 06.80 04.46
SA 96.66 0.16 1238  07.25 97.33 0.14 05.45 02.67

CoSA-GUMBEL 98.76 0.14 18.92 1011  97.52 0.11 09.59 08.01
CoSA-EucLIDIAN  98.11 0.14 19.82 1172  98.12 0.10 17.91 11.03
CoSA-COSINE 98.33 0.10 20.22  13.63 98.33 0.10 14.01 07.82

Table A.17: Iteration per second details for all datasets on object discovery task.

Methods(]), CLEVR TetrOMINOES OBjEcTs-Room Birmojyi  FFHQ

Metrics(—) it/s it/s it/s it/s it/s
SA 10 16 16 10 5
IMPLICIT 14 22 22 14 6
CoSA-Gumbel 7 18 18 7 4
CoSA-Euclidian 9 20 20 9 5
CoSA-Cosine 9 20 20 9 5

Table A.18: Iteration per second details for all datasets on reasoning task

MEeTHODS(.), CLEVR-HaNs FLAOTINGMNIST

METRICS(—) it/s it/s
SA 16 16
CNN 20 20
CoSA-GUMBEL 12 12
CoSA-EucLipDIAN 15 15
CoSA-CosINE 15 15
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PSA-APPENDIX

B.1 LIST OF ASSUMPTIONS

Assumption B.1 (B- Disentanglement, Lachapelle et al., 2024b). Let s =
{sp, ¥ B € B} be a set of features wrt partition set B. The learned mixing function
f4 is said to be B disentangled wrt true decoder fy if there exists a permutation
respecting diffeomorphism vp = fd_l o f4V B € B which for a given feature s can
be expressed as vg(s) = vg(sp).

Assumption B.2 (Additive Mixing Function). A mixing function f;: S — X,
is said to be additive if there exist a partition set B and functions f5 : s — R/

such that: f4(s) = Y pep f1 (s).

Assumption B.3 (Irreducibility). Given an an object x; € x, a model is consid-
ered as irreducible if any subset of an object, y C xy is not functionally independent
of the complement of the subset contained within the object, y° N x as expressed by
the Jacobin rank inequality in equation 5 in Brady et al., 2023.

Assumption B.4 (Compositionality). Compositionality as defined by is a struc-
ture imposed on the slot decoder f; which implies that each image pixel is a function
of at most one slot representation, thereby enforcing a local sparsity structure on
the Jacobian matrix of f; Brady et al., 2023.

Remark B.1. The compositionality is guaranteed by explicitly minimising the
compositionality contrast but was empirically observed to be implicitly satisfied
in the case of additive decoders Brady et al., 2023. Later, Lachapelle et al., 2024b
showed this as the property of additive decoder models. However, the additive
decoders studied by Lachapelle et al., 2024b are not expressive enough to represent
the “masked decoders” typically used in object-centric representation learning,
which stems from the normalization of the alpha masks. This means some care
must be taken in extrapolating the results in Lachapelle et al., 2024b to the models
we use in practice. Additionally, additive decoders scale linearly in the number of
slots K, so some less significant scalability issues remain relative to state-of-the-art
non-additive decoders (e.g. using Transformers).

225



Assumption B.5 (u task). Conditioning latent variables on an observed vari-
able to yield identifiable models. The main assumption is that conditioning on a
(potentially observed) variable u renders the latent variables independent of each
other Khemakhem et al., 2020a.

Assumption B.6 (Object Sufficiency). A model is said to be object sufficient iff
there are no additional objects in the original data distributions other than the ones
expressed in training data.

Assumption B.7 (Decoder Injectivity). The function f; : S — X mapping
from slot space to image space is a non-linear piecewise affine injective function.
That is, it specifies a unique one-to-one mapping between slots and images.

Remark B.z2. In practice, we use a monotonically increasing decoder with leakyReLU
activation which should encourage injectivity behaviour Khemakhem et al., 2020a;
Khemakhem et al., 2020b.

Assumption (Weak Injectivity Kivva et al,, 2022) Let f : Z — X be a
mapping between latent space and image space, where dim(Z) < dim(X’).
The mapping f; is weakly injective if there exists xo € X and 6 > 0 such
that [f~'({x})| = 1, ¥ x € B(xp,0) N f(Z), and {x € X :| f1({x}) |=
oo} C f(Z) has measure zero w.r.t. to the Lebesgue measure on f(Z).

Remark B.3. In words, Assumption 5.1 says that a mapping f; is weakly injective
if: (i) in a small neighbourhood around a specific point xy € X the mapping is
injective — meaning each point in this neighbourhood maps to exactly one point in
the latent space Z; and (ii) while f; may not be globally injective, the set of points
in X that map back to an infinite number of points in Z (non-injective points) is
almost non-existent in terms of the Lebesgue measure on the image of Z under f;.

B.2 AGGREGATE POSTERIOR PROOFS

Lemma 4.2(Aggregate Posterior Mixture) Given that probabilistic slot
attention induces a local (per-datapoint x € {x;} ) GMM with K compo-

i=
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Figure B.1: Concatenated Slot Gaussian Mixture. Examples of the higher dimensional Gaus-
sian mixture induced by the permutation equivariance of slot attention and the K! ways of
concatenating sampled slots. Here we start with a random 1D GMM with K = 3 modes, each
representing a different slot distribution, which then induces a respective 3D GMM with
K! = 6 modes.

nents, the aggregate posterior g(z) obtained by marginalizing out x is a
non-degenerate global Gaussian mixture with MK components given by:

9(2) f wN (27, %) (B.1)

] Mg

Proof. We begin by noting that the aggregate posterior g(z) is the optimal
prior p(z) so long as our posterior approximation g(z | x) is close enough
to the true posterior p(z | x), since for a dataset {x;}, we have that:

pz) = [ plz| x)p(xdx (B.2)
= lEerp(x) [P(Z | X)] (B.3)
1
~ l. B.
i l; p(z | x) (B.4)
LS oz %) (B.5)
~ Mi:lq Z | X; 5
=:¢(z), (B.6)

where we approximated p(x) using the empirical distribution, then substi-
tuted in the approximate posterior and marginalized out x. This observation
was first made by Hoffman and Johnson, 2016 and we use it to motivate
our setup.

In our case, probabilistic slot attention (Algorithm 5) fits a (local) GMM to

each latent variable sampled from the approximate posterior: z ~ q(z | x;),
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fori=1,..., M. Let f(z) denote the (local) GMM density, its expectation is
given by:

Epxq(zio f / / p(x)q(z | x)f(z)dxdz (B.7)
~ // M - 25 (z | x)f(z)dxdz (B.8)

L )d (B.9)
_/Mi;q(z|x,)f(z z 9

14 =

= /ﬂ Z/\/’(z;,u(xi),vz(xi)) : Z T N (Z;Ih‘k, ‘71'2k) dz
= k=1

(B.10)

K
§(z—p(x)) - ), maN (Z;ﬂik, crfk) dz (B.11)

k=1

R
—
Z| =
Mz

I
—

i

Mz

f TN ( (%:); prik, Zk) (B.12)

k=1

Il
A

l

=:q(z) (B.13)

~

where we again used the empirical distribution approximation of p(x),
and the following basic identity of the Dirac delta to simplify: [ 6(x —
X)f(x)dx = F(x).

For the general case, however, we must instead compute the product of
g(z | x) and f(z) rather than use a Dirac delta approximation as in Equa-
tion C.46. To that end we may proceed as follows w.r.t. to each datapoint

K
q(z | x;) - f(z) = N (z; u(x:), 0% (x;)) kz TN (Z},”ik/ tf,-2k> (B.14)
=1
K
=Y 7 [N (im0} ) N (zp(x), 2 (x))|  (Bas)
k=1

K
= Y 7N (z7n, %), (B.16)

k=1
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where the posterior parameters of the resulting mixture are given in closed-
form by:

-1
~ 1 1 PN (x) ;
2 2 HAX; Hik
62 = — 4+~ , = 0 += |, (B.17)
ik (0_12]( o2 (Xz’)> Hik ik <‘72(Xi) U?k) 7

which are the standard distributional parameters obtained from a product

of two Gaussians.

For the updated mixture coefficients 7T;;, we propose a principled way to
include a posterior-weighted contribution of each mode to the new mixture
coefficients. First, note that (71, 7tjp, . . ., 7Tk ) are parameters of a multino-
mial distribution as Zf:l 1ty = 1, for each datapoint x;. Since the Dirichlet
distribution is the conjugate prior of the multinomial distribution, we can
place a Dirichlet prior over the mixing coefficients for each datapoint, then
update it to a posterior using the data. Concretely, we place a symmetric
Dirichlet prior over the mixing coefficients as follows:

(7'[1‘1, TCi2, e vy 7TiK) ~ Dirichlet (Déil,lxiz, v ,lXiK) , for i=1,2,...,M,
(B.18)

where a; € RK are the concentration parameters of the i Dirichlet distri-
bution, and Vi, k : aj = 1, indicating uniformity over the open standard
(K — 1)-simplex. To compute the posterior Dirichlet distribution we cal-
culate “pseudo-counts’ by integrating the product of the posterior density
q(z | x;) with each one of the K modes of the Gaussian mixture, thereby
measuring a posterior-weighted contribution of each mode k to the new
aggregate mixture:

Cix = /N <z;yik,0’l-2k) -N(z;,u(x,-),o‘z(xi))dz, for i=1,2,...,M,
(B.19)

which we can then use as pseudo-counts to compute the Dirichlet posterior:

(7T, i, -, Tik) | (v, Cins -+ Cixc) ~ (B.20)

Dirichlet (a;1 + ¢j1, 0 + €2, - - -, &ix + Cik) , (B.21)
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fori =1,2,..., M. Each posterior probability is then readily given by the

mean estimate
K
~ + ¢ ~
Ty = M = E Ty = 1. (B.22)
Z =1 (“z; + Cz;)

Putting everything together, the aggregated posterior is therefore given by:

K
Y 7 (zfin, %), where z~q(z|%),  (B23)

1 Mg

which concludes the proof. O

Corollary B.1 (Multiview Aggregate Posterior). The aggregate posterior q(z) is
a non-degenerate Gaussian mixture, in the sense that it is a well-defined probability
distribution, as the updated mixture coefficients sum to 1 over the number of
components M x K.

Proof. Recall from Lemma 4.2 that the aggregate posterior q(z) — obtained
by marginizaling out x from a probabilistic slot attention model - is a
mixture distribution of M x K components with the following parameters:

{ﬁik,ﬁik,?rfk}, for i=1,2,...,M, and k=1,2,...,K.  (B.24)

To verify that g(z) is a non-degenerate mixture, we observe the following
implication:

K
Y mx=1, for i=1,2,...,M, (B.25)
k=1

1 M K 1 M 1
Ml;k; ik M; M
M K 7t
= Zzﬁzlf (B.27)
i=1k=1
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which says that the scaled sum of the mixing proportions of all K compo-
nents in all M GMMs must equal 1, proving that the associated aggregate
posterior mixture q(z) is a well-defined probability distribution. O

Theorem C.1 (Mixture Distribution of Concatenated Slots). Let f; denote
a permutation equivariant probabilistic slot attention function such that
fs(z,Ps') = Pfi(z,s'), where P € {0,1}¥*K is an arbitrary permutation
matrix. Let s = (sq,8p,...,8k) € RX? be a random variable defined as the
concatenation of K individual sampled slots, where each slot is Gaussian
distributed within a K-component mixture: sy ~ N (si; e, Zx) € RY, Vk €
{1,...K}. Then, it holds that s is also Gaussian mixture distributed com-

prising K! mixture components:

K!
p(s) =Y mpN(s;pp, Tp), where (B.28)
p=1

e A, e RN, 1, e RKIXK (B.29)

Proof. Each slot s ~ N(pm, Z) is sampled independently from s; ~
N (pj,Lj), for any j # k, meaning they are conditionally independent
given the latent mixture component assignment. Thus, the concatenated
slots variable s = (sq,sp, ..., sk), can be described by a Kd-dimensional mul-
tivariate Gaussian distribution with a block diagonal covariance structure

as follows:
S7(1) M) Ly O 0
s= @ x| LT T T T 8o
S7(K) Hr(K) 0 0 - Iy

where 77 : [K] — [K] is a permutation function of the set [K] := {1,2,...,K}.
Since the slot attention function f; is permutation equivariant, there exist K!

possible ways to concatenate K slots, and each permutation induces a mode
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within a Gaussian mixture living in IRX? space. Since each permutation of

the slots is equally likely, the mixture coefficients are given by:

= (my, m,..., k), where 7, = vpe{1,2,...,K!} (B.31)

K!
K!
= ) m=1, (B.32)
p=1
which concludes the proof. O

Remark B.4. Based on the above result, it is evident that concatenating K >
2 unique slots can be viewed as a sample from a GMM with K! components.
Constructing a scene requires at least two unique slots, one for the background and
one for an object, thus supporting our theory regarding slot composition.

B.3 INJECTIVE DECODERS: SUFFICIENT CONDITIONS

In this section, we provide a theoretical overview of the decoder architecture
we use and offer sufficient conditions for a leaky-ReLU decoder to be weakly
injective in the sense of Assumption 5.1 as shown and adapted from Kivva
et al., 2022.

Definition B.1 (Piece-wise Decoders, Kivva et al., 2022). Lets = {s1,sp,...,8x}
denote a given set of sampled z; in each mixture component (K slots) in the
GMM, P(Z). Let o : R — R denote the leaky-ReLU activation function, and
let m = ng,ny,n,...,nr = nand H(ny, ny) denote the set of full-rank affine
functions h; : R" — R". We consider piece-wise functions mapping each slot
representation s € S € R™ x K to an image x € X € R" in the output space,
FIK=n . § — X, of the form below:

Fogormt = {ht oogohi_joco---cohy|h€ H(ni—lrni)}' (B.33)

The following Corollary, corollary and proofs are adapted from Kivva
et al., 2022.

Corollary B.2 (Injectivity of mixing function). Given f; € F[I'7" where
fi=hiooohy_yo0o...00hy, f;is injective.
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Proof. Each affine function ; has full column rank and is therefore both
injective and invertible. Since the activation function ¢ is also injective, we
get that f; is injective and invertible. O

Corollary B.3 (Inverse of mixing function). Let f; = hfoooh;_jo000
...o00hy € FI'7" where m = ng < ny < --- < np = n. Given h; is affine
and invertible, then for almost all x € f;(IR™) there exists & such that f, Visa
well-defined affine function, h; on B(x,5) N fz3(IR™).

Proof. We know f; is a piecewise affine function which is invertible. There-
fore, it simply follows, Vy € B(x,J) there exists ¢ such that f;l is an affine
function in the domain B(x, ). One can therefore deduce there exists some
affine function h; where fd_1 = h; ! in the domain B(x, d). O

B.4 SLOT IDENTIFIABILITY PROOF

Definition B.2 (Slot Identifiability Brady et al., 2023). Given a diffeomorphic
ground truth function f : S — X, and inference model § : X — S, § correctly
slot identifies every object x; € X with the ground slot s € S via 8, = §(f(sk))
if there exists a unique slot k € [K] for all x; € X, and there exists an invertible
diffeomorphism, or in our case an affine transformation, such that s, = h(8y) for
all s € S.

Remark B.5. Brady et al., 2023 established that compositionality (Assumption B.4)
and irreducibility (Assumption B.3) of the decoder f; is required for slot identifia-
bility in the sense of Definition B.2.

SUMMARY & INTUITION. The following theorems and proof extend
the identifiability results of Kivva et al., 2022 to slot-attention models,
we include all the proofs and details for the sake of completion. In this
work, we do not consider the irreducibility criteria in Brady et al., 2023
and define slot identifiability only by an injective mapping of each slot to
subspaces representing objects in a scene to satisfy compositionality without
the use of computationally heavy methods such as additive decoders and
compositional contrast. We show identifiability of each slot representation
up to affine transformation by passing a concatenation of samples from each

mixture component which represents slots through a piecewise function in
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Definition B.1 representing the decoder, f;. The trick in this proof lies in
our observation of the fact that a concatenation of samples from each slot
mixture component is a sample from a high dimensional GMM p(s), as
highlighted in Theorem C.1. We then use the identifiability results of Kivva
et al., 2022 to show p(s) is identifiable up to affine transformation. This
then implies identifiability up to affine transformation of the aggregate
posterior §(z), a non-degenerate GMM by Lemma 4.2 where a sample from
a mixture component in §(z) represents an individual slot representation.
This contrasts with Kivva et al., 2022 which does not consider identifiability
of the aggregate posterior and its mixture components in the context of slot
representation learning.

In order to proceed, we begin by stating three key theorems defined
and proven in the work of Kivva et al., 2022 which are essential for our
slot identifiability proof. First, we restate the definition of a generic point as

outlined by Kivva et al., 2022 below.

Definition B.3 (Generic Point). A point x € f;(IR™) C R" is generic if there
exists & > 0, such that f : B(s,8) — R" is affine for every s € f;'({x})

Theorem B.1 (Generic Functions Kivva et al., 2022). Given f; : R" —
R" is a piecewise affine function such that {x € R" : | fd_l({x})\ = oo} C
fa(R™) has measure zero with respect to the Lebesgue measure on fz(IR™), this
implies dim(f;(R™)) = m and almost every point in f3(IR™) (with respect to the
Lebesgue measure on f;(IR™)) is generic with respect to fj.

Theorem B.2 (Extension of Generic Point, Kivva et al., 2022). Consider a
pair of finite GMMs in R™:

J /
y=Y mN(yp L), and y =) mN(yu,x)). (B.34)
=i =

Assume that there exists a ball B(x,8) such that y and y' induce the same measure
on B(x,6). Then'y =y, and for some permutation T we have that 7t; = 71';( )

i
and (pi, L) = (ﬂ;(i)r):;(i))-
Theorem B.3 (Equivalence of GMM, Kivva et al., 2022). Given z ~
Y N (z i, E) and 2/ ~ Z]]':1 N (2, E) and fq(z) and fa(2') are
equally distributed. We can assume for x € R" and 6 > 0, f; is invertible on
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B(x,26) N f;(R™). This implies that there exists x; € B(x,d) and &1 > 0 such
that both f; and f; are invertible on B(xqy,61) N fy(R™).

We next propose our slot identifiability result below.

Theorem 4.2 (~;-Identifiable Slot Representations). Given that the aggre-
gate posterior ¢(z) is an optimal, non-degenerate mixture prior over slot
space (Lemma 4.2), f; : S — X is a piecewise affine weakly injective mixing
function (Assumption 5.1), and the slot representation, s = (sy,...,Sk)
can be observed as a sample from a GMM (Theorem C.1), then p(s) is
identifiable as per Definition 4.2.

Proof. The proof extends from Kivva et al.,, 2022 to slot-based models.
Given two piece-wise affine functions f;, fd S — X, Vk € [K], lets =
(s1,.--,8k), 3 s ~ N (s, L) and 8’ = (s),...,sy), > s ~ N (sp;mp, Zp)
be a pair of slot representations constructed by sampling and concatenating
each mixture component (i.e. slots) from two distinct GMMSs. As proven in
Theorem C.1, given individual sampled slots sy are conditionally indepen-
dent given the mixture component k, then a concatenated sample is from a
higher dimensional GMM in RX?. Now, suppose for the sake of argument
that f;(S) and f;(S’) are equally distributed. We assume that there exists
x € X and 6 > 0 such that f; and f; are invertible and piecewise affine on
B(x,0) N f;(S), which implies dim f;(S) = |S].

We now restrict the space B(x, §) to a subspace B(xX, §') where x € B(x,4")
such that f; and f; are now invertible and affine on B(x/,d") N f4(S). Next,
we let L C X be an |S|-dimensional affine subspace (assuming |X'| > |S]),
such that B(x,¢") N f;(S) = B(x,é') N L. We also define hehg + 8§ —
L to be a pair of invertible affine functions where h;l(B(x’ ,0)NL) =
f7Y(B(X,8)NL) and h};l(B(x’, §YNL)= f,Y(B(xX,8)NL).

Therefore, this implies hi¢(s) and h f(s’ ) are finite GMMs which coincide
on B(x,6") N L and hg(s) = hy(s') based on Theorem B.2. Given, h =
hJ;l ohsand hf(s) and h f(s’ ) then & is an affine transformation such that
h(s) =+.

Given Theorems B.1 and C.2, there exists a point x € f;(S) that is generic
with respect f; and f; and invertible on B(x,d) N f4(S). Having established
that there is an affine transformation %(s) = s’ and two invertible piecewise
affine functions f; and f; on B(x,6) N f4(S), this implies that p(s) is iden-
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tifiable up to an affine transformation and permutation of s; € s, which
concludes the proof. O

Corollary 4.1 (Individual Slot Identifiability). If the concatenated slot dis-
tribution p(s) is ~s-identifiable (Theorem 4.2) then this implies q(z) is
identifiable up to affine transformation and permutation of the slots, s; and
therefore each slot distribution s; ~ N (s; i, Zx) € RY,Vk € {1,...K} is
also identifiable up to an affine transformation.

Proof. Given Theorem B.2, we know that each higher dimensional mixture
component in p(s) induces the same measure on B(x, §) and hence for some
permutation T we have that (p(), () = (y’r(n(i)),Z’T(n(i))). Therefore,
each mixture component s, ;) is identifiable up to affine transformation,
and permutation of slots representations in s. Now, given sampling s is
equivalent to obtaining K samples from the GMM, 4(z) and concatenating,
this makes g(z) identifiable up to affine transformation, 4 and permutation
of slot representations in s.

It now trivially follows that each slot representation sy ~ N (sy; px, Zg) €
RYVk e {1,...,K} is identifiable up to affine transformation, 1 based on
the following observed property of GMMs:

K K
Y ks (N (s e, Zi)) ~ hﬁ( Y N (sy; g Zzlc))/ (B35)
k=1 k=1

which concludes the proof. O

B.5 METRICS

s1s:  Slot identifiability score Brady et al., 2023, mainly focus on Rz
score between ground-truth and the estimated slot representations wrt to
maximum Rz score from the models fit between each and every inferred
slots. By design SIS requires a model fitting at every validation step to
compute this relativistic measure, due to which the metric seems to vary
quite a bit across runs, as observed in Figure B.2.
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smMcc: Mean correlation coefficient is a well studied metric in disen-
tangled representational learning Khemakhem et al., 2020a; Khemakhem
et al., 2020c, we extend this with additional permutational invariance on
slot dimensions. SMCC measures the correlation between estimated and
ground truth representations (or estimated representations across runs, in
the case when ground truth representations are unavailable) once the slots
are matched using Hungarian matching. To compute identifiability up to
affine transformation along the representational axis and permutation in
slots (check definition 4.2), similar to weak identifiability as per the defini-
tion in the paper and in Khemakhem et al., 2020b, we use the MCC up to
some affine mapping A, which we learned by matching slot representations
across runs. In summary, SMCC can be computed with the following three
steps:

* Matching the order of slots using Hungarian matching;
* Affine transformation of slot representation;
¢ Followed by computing mean correlation.

Apart from variations described in Figure B.2, we further analyse both the
metrics by fixing the model and data; and by computing both the metrics
for 10 times. We then considered the mean and variance in the performance,
which is reflected as follows: SIS: 35.26 + 6.46, SMCC: 77.83 + 0.36. Here,
the resulting variation is only the reflection of the metric, which clearly
indicates the stability of SMCC over SIS.

SMCC
SIS

— AE e ) th AE

A SAAVANATY sA § Ry I\ | Ty sA

050 jf* % : = MONET * it A N LRl MONET

~ SANoA oas{ Ll pri /) BN Y v LIL + SA-NoA

045 PSA (Ours) ot “a PSA (Ours)

~ PSA-Proj (Ours) PSA-Pro] (Ours)
PSA-NOA (Ours) 010 ! : PSANoA (Ours)

[ 20 a0 60 80 100 [] 20 40 60 80 160

Epoch Epoch

Figure B.2: Identifiability scores throughout training. Our proposed SMCC metric (top)
is much more stable than SIS (bottom) in capturing identifiability, and better in discerning
differences between methods, showing substantial improvements for PSA.
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Table B.1: Quality of compositional image generation with FID measure

METHOD CLEVR OsJECTS-ROOM

FG-ARI 1 CFID | RFID | FG-ARI 1 CFID | RFID |
SA 0.96 £ 0.01 - 41.81+2.82  0.79 +0.06 - 16.49 +3.34
SA-NoA 0.62 +0.02 - 81.21+8.72  041+0.12 - 96.64 +21.33
PSA-NoA 0.84+0.01 36424853 68.02+10.21 0.784+0.04 5455+143 21.37+1.03
PSA 0.85+0.02 2850+427 5270+1.74 0.78+0.02 2049+236 21.00+1.43

PSA-Proyj  095+0.00 28.79+550 39424829 081+0.04 3458+4.32 16.85+5.68

| | o o SR T ST T 3
» . ¥ . . : L

| & | & AR IR . I N L €

Figure B.3: Random samples from the 2D synthetic dataset used in our aggregate posterior
identifiability experiments. As outlined in the main text, there are in total five ‘object’ clusters
in the dataset, and each observation contains at most three of the clusters.

B.66 AUTOMATIC RELEVANCE DETERMINATION OF SLOTS

For evaluation, we calculate the MAE between the estimated and ground
truth numbers of slots and measure the reduction in FLOPs achieved using
the proposed ARD method. We observe MAE values of 1.03 and 0.58,
and significant savings of up to 41% and 62% in FLOPs on the CLEVR
and Objects-Room datasets respectively, when compared to using a fixed
number of slots K.
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Reconstruction Slot 1; pi=0.08 Slot 4; pi=0.14 Slot 7; pi=0.51

Reconstruction Slot 1; pi=0.00 Slot 4; pi=0.03 Slot 5; pi=0.10 Slot 7; pi=0.05

Reconstruction Slot 1; pi=0.14 Slot 4; pi=0.10 Slot 5; pi=0.15 Slot 7; pi=0.13

Reconstruction Slot 1; pi=0.13 Slot 4; pi=0.03 ; Slot 7; pi=0.00

Reconstruction Slot 1; pi=0.05 Slot 4; pi=0.28 . Slot 7; pi=0.00

Input.

Reconstruction Slot 1; pi=0.03 Slot 4; pi=0.04 3 Siot 7; pi=0.02

Figure B.4: Demonstration of ARD on CLEVR dataset.

B.7 COMPOSITIONALITY RESULTS
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Input Reconstruction Slot 2; pi=0.02 slot 3; pi=0.65 pi=0.02 pi=0.03 Slot 6; pi=0.05 Slot 7; pi=0.19
Input Reconstruction Slot 1; pi=0.06 Slot 2; pi=0.73 Slot 3; pi=0.02 pi=0.00 Slot 5; pi=0.00 Slot 6; pi=0.00 Slot 7; pi=0.19
Input Reconstruction Slot 1; pi=0.47 Slot 2; pi=0.02 Slot 3; pi=0.03 pi=0.00 pi=0.12 Slot 6; pi=0.35 Slot 7; pi=0.02
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Figure B.5: Automatic Relevance Determination (ARD) of slots on the OpjecTsRoom dataset.
As shown, when using our proposed probabilistic slot attention (Algorithm 5), the mixing
coefficients 7r; € RK, Vi automatically approach zero when slots are inactive.
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Composed

Figure B.6: Aggregate posterior sampling for image composition on CLEVR dataset.
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Figure B.7: Aggregate posterior sampling for image composition on OsjEcTsRoom dataset.
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Figure B.8: Visualizations of attention and alpha masks on the Pascal VOC2012 dataset are
shown, with alpha masks on the left and attention masks on the right, for a PSA-MLP model
using a DINO feature extractor. In the figure above, the images from left to right represent:
the original image, ground-truth segmentation, alpha mask segmentation, individual entities
grouped in the alpha mask, slot attention segmentation mask, and individual entities grouped
in the slot attention mask.
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Figure B.9: Visualizations of attention and alpha masks on the Pascal VOC2012 dataset are
shown, with alpha masks on the left and attention masks on the right, for a PSA-Transformer
model using a DINO feature extractor. In the figure above, the images from left to right
represent: the original image, ground-truth segmentation, alpha mask segmentation, individual
entities grouped in the alpha mask, slot attention segmentation mask, and individual entities
grouped in the slot attention mask.
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VISA-APPENDIX

C.1 NOTATIONS

Table C.1: Notation and definitions used in the model.

Symbol Description

ov Abstract object set as observed from
viewpoint v.

Vl=A{1,...,V} Exhaustive set of viewpoints, representing
all possible views.

A,B C [V] Subsets of viewpoints, used for training.

X = Xyep X7 Data space, formed by the Cartesian product

xA={x":Yve A} e X

fe

of data spaces for each view in subset A.
Data sample, where x” is the data from view
v, and x? represents the set of data across all
views in A.

Encoder model that maps input data to a
latent space or feature representation.
Spatial latent features, representing inferred
spatial properties from the data.
View-specific slot space, where features are
tied to particular viewpoints.
View-invariant content space, representing
features that remain consistent across
different viewpoints.

Samples from the view-specific slot space,
representing view-dependent latent features.
Samples from the view-invariant content
space, representing features that remain

unchanged across views.
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Symbol

Description

for fs

fd/fd

vey

fv,fv

Hc, Bs, Bo

0c, 05,00

TCc, 7Ts, Ty
Ank

Pc P C{0,1}KxK

ns

AK
HXI HU

Slot attention module responsible for
attending to and disentangling different
parts of the input related to different views.
Mixing function that combines view-specific
and view-invariant features into a unified
representation.

View information space that encodes
information specific to each viewpoint (e.g.,
angle, position).

A sample from the view information space,
representing a specific view or camera
configuration.

View extractor function that extracts
viewpoint-related information from the data.
Mean of invariant content, view-specific
slots, and view distributions.

Standard deviation of invariant content,
view-specific slots, and view distributions.
Mixing coefficients of invariant content,
view-specific slots, and view distributions.
Assignment confidence of a slot k getting
mapped to token 7.

Permutation matrix.

Matching function used to align object
representations across views.

Simplex in the space of dimension K.

Space of homeomorphic transformations.
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Figure C.1: Data generating process: The figure illustrates 3D point cloud data in the first
row, with camera location highlighted in red, blue, and arrow. Following rows indicates
projected images and point cloud as observed from red, blue, and cameras, respectively.

C.2 DATASETS
c.2.1 Illustrative dataset

To visually illustrate the effectiveness of our theory we experiment with
two dimensional illustrative dataset. For this, similar to Kori et al., 2024c,
we defined a K = 5 component GMM, with differing mean parameters
pu={m,..., ps}, and shared isotropic covariances, which we use to sam-
ple locations for an object. For a given location, we randomly select one
object from {‘cube’, ‘cylinder’, ‘pyramid’, ‘sphere’} and generate
1000 random points on the surface of the selected shape uniformly cover-
ing it. To create a single data point, we randomly select three of the five
locations and place a randomly selected object at the location. To include
multiple viewpoints, we consider V camera location and project the ob-
jects, creating V different scenes. We then fill this by considering convex
hull operation resulting in projected images as illustrated in Fig. C.1. To
maintain uniformity, we only use imaging modality in the main paper
while also demonstrating point cloud illustrations here in the appendix.
We use different colours representing different objects in Fig. C.2, C.3 and
used 10,000 data points in total to train our toy models. Unlike existing
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benchmark datasets, here we remove all the confounding effects caused
by lighting and depth. This provides an ideal test bed to validate all our
theoretical claims.

c.2.2  Proposed dataset

In this work, we introduce the Mv-MoV1 datasets, created using Kubric Greff
et al., 2022, which feature multi-view scenes with segmentation annotations.
We propose two variants of the dataset: Mv-MoVIC, where the camera
locations for every viewpoint remain fixed across all scenes, and Mmv-MoVID,
where the camera locations dynamically change for each scene.

Both Mv-MoVIC and mv-MoVID primarily consist of scenes generated
by randomly selecting a background from a set of 458 available options
and choosing K objects, where 3 < K < 6, from a pool of 930 objects. In
total, a significantly high number of images can be generated in general.
In contrast, for this work, we generate 72,000 scenes, each captured from
5 different viewpoints, with object segmentation masks for every view to
facilitate the evaluation of model performance. In the case of Mv-MoVIC,
the locations of all five cameras are fixed across the 72,000 scenes, while in
MV-MoVID, the camera positions are dynamically sampled and vary across

scenes.

C.3 MASK GENERATION

In the case of additive decoders, the decoder outputs K three channelled
tensors along with K single channelled mask. We consider normalising these
masks with softmax transformation along slot dimension, ensuring that
each pixel only contributes to a single slot. The resulting softmaxed masks
are used in composing (image = ) ; masky - image, ) the slots to reconstruct
an image for training. During inference, we normalise masks with sigmoid
transformation, allowing us to estimate occluded objects visually, resolving
the spatial ambiguities with occluded objects. In a later section, we illustrate
the results with both softmax and sigmoid transformations.
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c.3.1  Additivity Implications

Definition C.1 (Additive models). Function f is considered to be an additive
decoder if, for any object decoders fq,; and masking mechanism my;, if they can be
expressed as:

f(z) =) mobj(z) © fobj(zk) (Ca)

ke[K]

As pointed out in Lachapelle et al., 2023, softmax-based masks do not
truly fall under the category of additive decoders due to the competition
between masks for groups of pixels. This implies that the additive decoders
studied in Lachapelle et al., 2023 are not expressive enough to represent
the “masked decoders” typically employed in object-centric representation
learning. The issue arises from the normalization of alpha masks, and care
must be taken when extrapolating the findings from Lachapelle et al., 2023
to the models used in practice.

Although sigmoid-based masks satisfy the condition of additivity during
inference, it is important to note that the model is still trained using softmax
normalization in our setting. The effect of using sigmoid masks during
inference can be visually observed in Appendix C.5.

C.4 PROOFS

Lemma C.1 (ELBO ). With prior distributions p(v) and p(c) for view and content
latent random variables, the likelihood p(x) can be maximised by maximising the
following expression:

log p(x) > Elog p(x | Tgo(c),v) =KL (q(v | x) || p(v)) := ELBO(x) (C.2)

Proof. Considering the generative model in Eqn. 4.12 respecting the graphi-
cal model in Fig. 5.3, we get:
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X) = [[ P Toole), v4) ple) p(v*) dv de €3
V,C XA
log p(x 108//17 | ek, v4) plen) p(vA)Z(V’CX)

T dvdepx (C4)
> [t I xalerx | Tar (x4) log p(x | Tao (), v)

P(Viq:K) P(CéK) A
T | x) aleng | <) T Ao (©3)

= % [[ 4 Ixaer | T &) log p(x | Tos (€ v*)
p(vie)  plefy)
q(vA | x) g(erx | x7)

v’ dCl:K (C6)

Given the iterative update for ¢ with EM algorithm, ideally we expect

posterior to converge to prior, which results in:

logp(x) = 1 [[ a(v" |x)q(er | T ())) 1og px” | Tar (€)1, v°)

veEA
p(v{lzK) v
W av® dey.x Cy)
=) Ecvlog p(x” | Tgo(c),v) =KL (q(v [ x°) || p(v)) (C8)

vEA

Given the subscript notation, the above expression can also be expressed

Ecylogp(x| Tge(c),v) =KL (g(v [ x) || p(v)) := ELBO(x) (C.9)

O

Lemma C.2 (Mean GMM). Let z € RN*4 be a random variable drawn from a
GMM with K components:

K
z~ ) mN(zm, L), (C.10)
i1
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where 1ty are the mixture weights, py € R? are the mean vectors, and L) € R4*4
are the covariance matrices. Assuming the mixture satisfies the ICA assumption,
such that the components of z are statistically independent. A projected random
variable Z as the average over the dimensions of z:

zZ =

UL

d

)z, (C.11)
j=1
is also distributed according to a GMM with K components, with appropriately
transformed means and variances.

Proof. Given the random variable z follows a GMM, so its density can be
expressed as:

K
p(z) =Y mN(zpu, i), (C.12)
k=1
where:
e = [ k- bedl 5 T = diag([074, 0%y, - ., 01 g))- (C.13)

Considering, the projection of z onto Z is defined as:

Z:

d
Z z;. (C.14)
j=1

[Ul -

Given the ICA assumption, the components z. ; are independent. For a fixed
component k, the projected mean and variance of Z can be derived as:

I 1
E[z] = 7 Z Hij; Var(z) = i Z (7,%,]-. (C.15)
=1

Since the projection Z is a linear combination of independent Gaussian
variables, Z remains Gaussian for each component k. Thus, the overall
distribution of Z is also a GMM:

K
p(z) =Y mN(Zpsp, Uzg,k), (C.16)
k=1
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where:
1 ¢ ) 1 &,
Pk = 5 Y i kT 3 ) i (C.1y)
j=1 =

This concludes the proof.
O

Lemma C.3 (Convex Combination of GMMs). Lets' = {s},... sk} and s> =
{s3,...,s%} be two sets of K random vectors in IRY, each distributed according to
GMMs:

K K
st~ Y N (e Zg); 87~ Y N (o o) (C.18)
k=1 k=1

where iy € R, Ly € R4, and 7t; . are the means, covariances, and mixing
coefficients respectively.

Then for any weights wq, wy € R such that wy + wy = 1, the convex combina-
tion s = wys' + wys? is also distributed according to a GMM with K components.

Proof. Without loss of generality, assume the components of both GMMs are
aligned. For each component k, we derive the parameters of the resulting
mixture:

The mixing coefficients of the resulting GMM are weighted combinations

of the original coefficients:
T = W1 Tk + W2l k (C.19)

For each component k, the convex combination of Gaussians results in a

Gaussian distribution. The mean of the resulting Gaussian is:

_ W1TTY M1k T W2 TT) kMo k

fir = - (C.20)
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The covariance of the resulting Gaussian for each component k can be
derived as follows. Firstly, recall that for a random variable X, the covariance

Var(X) = E[(X - E[X])(X - E[X]) "] = E[XX "] - E[X]E[X]" (C.21)

First lets compute E[sys; ]:

T
1 2 1 2
W1TTY kS + W2TT kS W17 kS + W2TT) kS
IE[SkS,j]ZIE ( 1787k k~ 2782 k k> < 1787k k~ 2782k k) (C.22)
Tk Tk
_ i Elsl(s]) ] + winh ER ()] -
(7%)?
W1 W2 7T k 702,k
T Tk o1 (2)T 4 s2(s}) ) (Cay)
(72k)
Then, substitute known expectations:
E[si(si) "] = Zik + pitui (C25)
E s}((slzc)—r] = F‘l,kl/’;,k (C.26)
Finally, by subtract E|[s{]E[s.]T = fisi] we get the covariance:
2.2 2.2
- Wiy Xk + Wity X
£ — 1751, k=1k 270 k=2,k (C.27)

(72)?
To verify this forms a non degenerate GMM, we show the mixing coeffi-

cients sum to 1:

=

K
Yo A=) (wimf + warty) (C.28)
k=1 k=1
K K
=wy Yy mg+wy ) ok (C.29)
k=1 k=1
=w;-14+wy-1=1 (C.30)

Therefore, the convex combination results in a valid Gaussian mixture
model with K components, where each component has mean jiy, covariance

¥, and mixing coefficient 7t;. O
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LEMMA 4.2. (Optimal Content Mixture) For A € [V], given the a local

content distribution q(cy.x | sfiy, x?) (per-scene xA € {x}M,), which can
be expressed as a GMM with K components, the aggregate posterior g(c)
is obtained by marginalizing out x, s is a non-degenerate global Gaussian

mixture with MK components:
1 M K 5
ple) =q(c) = - Y Y- "N (i, %) - (C31)
i=1k=1

Proof. We extend the proof in Kori et al., 2024c¢, by incorporating hierarchical
slot to aggregate content formalisation. For which, we begin by noting
that the aggregate posterior g(c) is the optimal prior p(c) so long as our
posterior approximation g(c | s4,x4) is close enough to the true posterior
p(c | s?,x4), since for a dataset x € {xlA f\i 1, for which we start with
q(s? | x*), wlog, given view point transformation is deterministic, we
consider x4 = T4 (x) we have that:

psh) = [ p(s* [ x)p(x)ax (€3)
= ]Ewap(xA) |:p(SA | XA)} (C.33)
1 M
~ 3 Y p(s?| x')  (empirical approximation) (C34)
i=1
1 M
~ o Y q(s® | x*) (posterior approximation) (C.35)
i=1
= q(s"), (C:36)
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We further extend this to g(c), with the result from Lemma C.3, we know
that the g(c | s) is a GMM with same number of components as g(s? | s°)
for any v € [V] as follows

p©) = [ plc|sM)p(sh)ds” (€37)
= ]EsAwp(sA) {p(c | SA)} (C.38)
~ LY plelst) (C39)
M i=1 l ‘
14 4
~ Y alels) (C40)

Il
—_

(C.41)

I
=
—~

(g]
~
~

where we approximated p(x) using the empirical distribution, then substi-
tuted in the approximate posterior, marginalizing x to get p(s), we later
consider the distributional form of p(s) and marginalise s* to get p(c). This
observation was first made by Hoffman and Johnson, 2016 and was used in
Kori et al., 2024¢c we use it to motivate our setup. Given our model fits a
local GMM to each latent variable sampled from the approximate posterior:
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24 ~q(z | x), fori =1,..., M. Let f;(z") denote the (local) the product
of GMM density, its expectation is given by:

B, x4),q(24|x4) fs //P q(z* | x*) fs(z4)dxAdz" (C42)
N// MZ(S q(z? | x?) f(z?)dxAdz"
(C.43)
LS A Ay g Ay g A
= [ Laz" |x) (") dz (C.44)
i=1
1 A Ay 2 A
=] M N (2% n(x"), o> (x{"))

K
Y N (2% (), o () dz

(C.46)
1 Y A A A 2 A
= Yo ) m(x N (z sie(x1), o (xg ) (C.47)
i=1k=1
= q(z"), (C.48)

where we again used the empirical distribution approximation of p(x),
and the following basic identity of the Dirac delta to simplify: [6(x —
X) fe(x)dx = fo(x).

For the general case, however, we must instead compute the product of
q(z4 | x4) and f;(z?) rather than use a Dirac delta approximation as in
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Eqn. C.46. To that end we may proceed as follows w.r.t. to each datapoint

A.
X

q(z" [xf') - fi(2") = N (2% p(x1), 7 (x))

K
Y mOMN (2, o) (Ca9)
k=1

K
= Y mOAIN (245 (), o2 (x1h))
k=1
N (2, o () (C.50)

Given that means across all views are aligned, similar to Lemma C.3, we
know the resulting combined GMM has same number of components:

A K
9z |x0) fi@") =TT L AN (i 0ki), (Cs)
v=1k=1

Given the product of GMM is a GMM with the number of components equal
to the product of a number of components in individual GMM, however
in our setting we consider all the components in individual GMM across
viewpoints to be aligned resulting in GMM with a number of components
equal to the sum of individual components which in our case correspond
to K. The posterior parameters of the resulting mixture are given in closed

form by:

The resulting GMM is still on the view-specific slots, the aggregation of these
slots to obtain content vectors marginalises the viewpoint-level information
with convex combination of parameters across all the viewpoints considered
as described in cf. C.3, results in:

4|

K
- e =2
Z TN <Zrﬂivkr ‘Tz'vk) =

N (Z;ﬁik, 31.2]{) , (C53)
o1 k=1 k

K
=1
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14| 77 \2
o =8(0u ) = Y (’k) T (C.54)
k

=RV
R |A| s
liok = 8Pk 7ik) = ) —jar o Pk (C.55)

Now to show that the resulting GMM is non-degenerate we need to show
ZII<<:1 7ty = 1,fori =1,2,..., M. Based on Eqn. C.47:

1 M K M K A
— L LT *ZZZ (C.56)
z:lkzl M| i=1k=1v=1
L yae L M-, e
T MA| = MIA] - o7
1 M K
— =Y Y A=l (C.58)

based on the above equation we can say that the scaled sum of the mixing
proportions of all K components in all M GMMs when the components
are aligned must equal 1, show that the resulting aggregate posterior is
non-degenerate and a valid probability distribution. O

Assumption (Weak Injectivity) Let f : Z — X be a mapping between
latent space and image space, where dim(Z) < dim(X’). The mapping f; is
weakly injective if there exists xg € X and § > 0 such that |f~1({x})| =1,
Vx € B(xg,0) N f(Z),and {x € X : |f 1 ({x})| = o0} C f(Z) has measure
zero w.r.t. to the Lebesgue measure on f(Z) (cf. Kivva et al., 2022).

Remark C.1. In words, Assumption 5.1 says that a mapping f; is weakly injective
if: (i) in a small neighbourhood around a specific point xo € X the mapping is
injective — meaning each point in this neighbourhood maps to exactly one point in
the latent space Z; and (ii) while f; may not be globally injective, the set of points
in X that map back to an infinite number of points in Z (non-injective points) is
almost non-existent in terms of the Lebesgue measure on the image of Z under f;.

Theorem C.1 (Mixture of Concatenated Slots). Let fs denote a permuta-
tion equivariant probabilistic slot attention function such that fs(z%, Ps’) =
Pfs(2%,8%), where P € {0,1}X*K is an arbitrary permutation matrix. Let ¢ =
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(g(st,.),...,8(s8,.)) € RX be the concatenation of K individual content vec-
tors, where each vector is an aggregate of all the slots obtained from considered
viewpoints in a viewpoint-set A C [V (cf. Kori et al., 2024c). Due to the nature
of the aggregator function, the individual content vector is Gaussian distributed
within a K-component mixture: ¢ ~ N (py, Li) € R, Vk € {1,...K}. Then, c
is also GMM distributed with K! mixture components:

K!
p(c) = Z TN (¢; pp, Zp), where 7t € AKI*l,yp e ]RKd,Zp € RKdxKd
p=1

(C.59)

We additionally borrow some theorems and definitions from Kivva et al.,

2022 which are essential for our proofs.

Theorem C.2 (Invertibility Kivva et al., 2022). Givenz ~ Z{:l N (z; i, X;)
and z’ ~ Z]]./:l N (2, &) and f4(z) and fa(2) are equally distributed. We
can assume for x € R" and 6 > 0, f; is invertible on B(x,25) N f;(R™). This
implies that there exists x; € B(x,8) and 6y > 0 such that both fy and f; are
invertible on B(x1,41) N fz(R™).

THEOREM 4.3  (Affine Equivalence of aggregate content) For any subset
A C [V], such that |A| > 0, given a set of images x* € X4 and a corre-
sponding aggregate content ¢ € C and a non-degenerate content posterior
q(c | s*), considering two mixing function f;, f; satisfying assumption 5.1,

with a shared image, then c are identifiable up to ~ equivalence.

Proof. Based on the results of Kori et al., 2024c we know that when p(s)
is aggregate posterior of q(s | x), p(s) is identifiable up to ~s equivalence.
Additionally, based on lemma 4.2 we know that both ¢(s | x) and g(c | s)
are a non-degenerate GMM with valid probability distribution. Using
similar arguments in Kivva et al., 2022; Kori et al., 2024¢ we show that p(c)
and p(s) are identifiable up to ~s equivalence. W.1.0.g, given view point
transformation is deterministic, we consider x = Tpa (x?).
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We know that

)= [aGstc |xp xA)dxA (C60)

—/Hq s” | X”)p(x")dx (C.61)
vEA

-/ Q(Zmﬁw( ), 02(x )))p(x”)dxA C62)

-1l W/ <Z o N (C”;ﬂk(xv),cr,%(x”))> S(x° —x?)dxA (C.63)
vEA k=1
XK
- Ie—IIa ( E |X\ ( s Bivk, 0, wk)) (C.63)

Change of variables from s to ¢ to get prior over random variable ¢, with

matching function g, results in:

p(erk) = /p(s{‘;m (5{1:[( — g(stx, ”{L}K)) defly (C.65)

Given the transformation g is linear, resulting us with the distribution

with mean given by:

Ec (c1.x) = Es <g(Sf‘;K, 7TA,1:K)) (C.66)
=g (]Es(siqu)f ”ﬁk) (C.67)
=), ik 7 Es (sfix) (C.68)

vEA ZUEA Tk

and the covariance follows the diagonal structure as in p(c), which can
be described as follows:

7! 2
Var(c1.x) = <1K) Vare(cf (C.69)
( 1 K) Ug Z‘UGA ﬂiK C( l.K)

Finally, the mixture components can be expressed as:

Yovea Ty
i = S (C70)
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With distribution parameters described in equations C.68, C.69, and C.7o,

we define the aggregate content distribution as GMM expressed as follows:

XK
PO = L AN (), Var (o)) (C7)

VALIDITY OF p(c): The outer summation in equation C.71 can be split
into two one for image samples and other for original mixing coefficients,

which results in the equation:

X K
Z ﬁﬂfc v; E(c)i), Var(c)i) (C.72)
i=1k=1

Based on this we can observe the each component in our GMM corresponds
to particular slots for a given image in a given viewpoint, triple describing
each component is:

{ ,k/,u‘uzk/ mk}/for 021/-~/|A| i:1,2,.,.,|X|, (C'73)
and k=1,2,...,K (C.74)

To verify that p(c) is a non-degenerate mixture, we observe the following

implication:
HE 1 Toea 7
veA Yk
— =1, (C.75)
LLx A
R 5 T TMEEE R
— T X|-]A]-1= (C.76)
X[ Al & S ) IA\

similar to lemma 4.2, this says that the scaled sum of the mixing pro-
portions of all K components in all |X¥| GMMs must equal 1, proving that
the associated aggregate posterior mixture p(c) is a well-defined and non
degenerate probability distribution.
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[

INVERTIBILITY RESTRICTIONS:  Given two piece-wise affine composi-
tional functions fy, f; : C x V — X, for a given set of views v, let ¢ =
(c1,--., k), ¢ ~ N (e, Eg) and ¢ = (..., k), > ¢ ~ N (., Z)
be a pair of aggregate content representations, result of sampling a concate-
nated higher dimensional GMM distribution in RX, as shown in Theorem
C.1, Kori et al., 2024c. In the case when, fz(C, {v"}) and fy;(C’, {v"})" are
equally distributed. Now assume that there exists x* € X and ¢ > 0 such
that f; and f; are invertible and piecewise affine on B(x?,5) N f4(S), for a
given set of views v, which implies dim f;(C, {v4}) = |C|.

AFFINE SUBSPACE: We now restrict the space B(x#,4) to a subspace
B(x'4,8") where x* € B(x'4,4") such that f; and f; are now invertible and
affine on B(x'4,6') N f4(C x {vA}). With L C X4 be an |C|-dimensional
affine subspace (assuming | X' > |C|), such that B(x'4,6") N f44(C, {v}) =
B(x'4,5") N L. We also define i, hy : C — L to be a pair of invertible
affine functions where hj?jl(B(x’A,é’) NL) = f‘;tl(B(x’A,(S’) NL;v4) and
hf?ul(B(x’A,zS’) NL) = fd_ﬁl(B(x’A,(S’) NL;v*). Implying /¢ (c) and hz(c') are
finite GMMs that coincide with B(x'4,6") N L and h¢(c) = h f(c’ ), theorem
B.2, Kivva et al., 2022. Given, h = h};l ohy and hy(c) and hf(c’) then h is

an affine transformation such that i(c) = ¢’.

~s EQUIVALENCE: Given Theorems B.1 and C.2, there exists a point x €
faz(C,{v}) that is generic with respect f; and f; and invertible on B(x,5) N
faz(C,{v4}). Having established that there is an affine transformation
h(c) = ¢ and invertiblility of piece-wise affine functions f; and f; on
B(x#,8) N f4:(C, {vA}), this implies that c is identifiable up to an affine
transformation and permutation of ¢, € ¢, concluding our proof.

REMARK:  Given Theorem B.2, we know that for each higher dimensional

mixture component in p(c) induces the same measure on B(x*, ) and hence
: _ !/

for some permutation T we have that (s, (), L)) = (V/r(n(i))’z‘r(n(i)))'

Therefore, each mixture component ¢, ;) is identifiable up to affine trans-

formation, and permutation of aggregate content representations in c. Now,

fas correspond to push forward operation, applying function f; on all the elements of the
given set.
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given sampling ¢ is equivalent to obtaining K samples from the GMM, q(z)
and concatenating, this makes g(z) identifiable up to affine transformation,
h and permutation of slot representations in c. It now trivially follows
that each of the aggregate content representation ¢, ~ N (¢ g, Zg) €
RY,Vk e {1,...,K} is identifiable up to affine transformation, / based on
the following observed property of GMMs:

K K
Y meihy (N (s ) ~ by (Y N (simh 20), (C79)
=1 k=1

O

THEOREM 4.4 (Invariance of aggregate content) For any subset A, B C
[V], such that |A| > 0,|B| > 0 and both A, B satisfy an assumption 4.1, we
consider aggregate content to be invariant to viewpoints if f4 ~s fp for
data X4 x X'B.

Proof. Based on equation C.71, p4(s) and pg(s) can be expressed as follows:

|XIK 4 Y oen Tl - 2
_ €A "ty . k TCok ) 2
c) = — T KN | ¢ —— U, — |
pale) = L a1 4] ( Lo L (zveAnz v’f)

vEA vEA

UK 1 Yen ! Tk T z
; @Y ( o Lt T (5 ) "“k)
Given the assumption of viewpoint sufficiency 4.1 we know the objects

observed in viewpoint set A are same as the object observed in set B.
Following the results of Theorem 4.3, we know that both p4(s) and pp(s)
are independently identifiable up to ~; equivalence, which means f4 and
fp are invertible for a given views v* and v® respectively.
AFFINE MAPPING.  Without loss of generality, for a given set of views v/,
there exists some L C X' be an |S|-dimensional affine subspace, such that
B(x'4,8) N fas(C, {vA}) N fp;(C, {vA}) = B(x¥'4,6) N L. This implies their
exists an affine map between ¢ = f;l(xA;vA) and ¢ = fp L(xB;vA). Let
hy : C — L to be an invertible affine functions where h;l;(B(x’ 4,6NVNL) =
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fgﬁl(B(x’A,é’) NLvA) = fgjl(B(x’B,(S’) N L;v?) resulting in hy(c) = ¢
Similarly, we can show their exists an affine map between ¢ = f;l (x4;vB)
and & = f;1(xB;vB), such that hp(¢) = &.

INVARIANCE SETUP. In the case when representations are invariant,
pa(c) and pg(c) are equally distributed, which means aggregate content
domain in both cases are same or similar C4 = Cg.

d =h(&) (C.78)
= hy(c) = (hohg)(¥) (C.79)
= ¢=(h' ohohg)(¢) (C.80)

Given composition of affine maps is affine, we can consider the mapping
(h;ll ohohg) to be an affine, resulting in an ~ equivalence between f,
and fp.

O

THEOREM 4.5 (Approximate representational equivariance) For a given
aggregate content ¢, for any two views v,V ~ p4(v), resulting in respective
scenes X ~ pa(x | v,c) and X ~ pa(x | ¥,¢), for any homeomorphic,
monotonic transformation iy € H, such that h,(x) = X, their exists another
homeomorphic and monotonic transformation h, € H, such that H, C
He ©RI™ and v = iy (7 (he(x);)).

Proof. For a given view v and a mixing function f; that satisfy assumptions
5.1 and is piecewise affine, from theorem 4.3 we know the latent view
representations are identifiable up to ~; equivalence for a given aggregate
content vector. We know that p(v) is expressed as GMM with a considered
set of viewpoints, ideally learning each component for each viewpoint.

|A|
p(v) =Y 7°N(v;po, 00)

v=1

Following similar arguments in Theorem 4.3 and Kivva et al., 2022, we can
show that for a given content representation ¢ the view distribution p(v) is
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identifiable up to affine transformation. This means, for any two considered
models fy, fa, such that fz;(V;{c}) and fz(V; {c}) are equally distributed,
then for any x* ~ X’ with the corresponding content representations given
by c the views v = f;'(x%¢), v/ = f;'(x;c) are related in by an affine

transformation h(v) = v/, results in:

|A]| |A]|
Y °hy (/\/’(v;yv,vzz,)) ~ hy (2 TN (v; po, zrf,)) , (C.81)
v=1 v=1

Without loss of generality we can consider any function f : C x V — X' is
identifiable up to affine transformation, with this for given views v, v ~ p(v)
and for any object representations c, the resulting scenes are sampled by
distributions learned with mixing function f is given by x ~ p¢(x | ¢,v), X ~

pr(x | ¢ V). As previously established for some affine transformation ,

h(v) = fl(xe) = v="h"! ( f*l(x;c)) (C.82)

Given hy(x) = X, when combined with above equation we know v =
W=t (fL(x;¢)), v =11 (f~1(he(x);c)), for some invertible affine transfor-
mations h and K.

Given hy is homeomorphic and monotonic, and f is piecewise linear, the
inverse can be transferred resulting in v = 1'~! (I, (f1(x;¢))), similarly
we can also swap i’ ~! with h,, resulting in v = h, (W'~! (f~(x;c))). Addi-
tionally combining the results from theorem 4.3 and Kivva et al., 2022, we
know that /=1 o 1 is an affine transformation 4. This results in:

h=K"1oh (C.83)
— v = (yohoh) ( kg c)) (C.84)
— 7= Iy(v) (C.85)

Given affine transformation preserves monotonicity and homeomophism,
the resulting transformation h, € H, and h, € H,, concluding the proof.
O
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Run #1 Run #3 Run #4

Z Z

Figure C.2: Identifiability of 4(c) and g(s). Estimated marginalised slot distribution (4(s)-blue
contours) and marginalised content distribution (g(c)- contours, across 4 runs of VISA.
This provides strong evidence of recovery of the latent space up to affine transformations,
empirically verifying our claims in Thm. 4.3.

C.5 EXPERIMENTS
c.5.1  Toy Setting

Here, we repeat the experiments in CASE sTUDY 1 with point cloud giving us
two dimensional distributions, which can analysed visually. In Fig. C.2, we
display the distributions of marginalized aggregate content distribution g(c),
comparing different runs that are either rotated, skewed, or mirrored with
respect to each other, indicating identifiability up to affine transformation.
To quantitatively measure the same, we computed SMCC and observed
it to be 0.95 £ 0.01, empirically verifying our Thm. 4.3. Furthermore, to
illustrate the invariance of distribution g(c) across viewpoints (Thm. 4.4),
we consider three different views. We use all possible pairs to learn g(c)
distributions as illustrated in Fig. C.3, where the distributions from second
to last sub-figures are learned wrt viewpoints described by {g, r}, {r, b},
and {g, b}, respectively. Similar to our previous findings, these distributions
were also found to be rotated, skewed, or mirrored relative to each other,
with an observed SMCC of 0.87 &+ 0.11, further confirming the claims in
Thm. 4.4.

c.5.2  Synthetic dataset results
Here, we illustrate visual results reflecting object binding in the case of

view ambiguities. Table C.2, demonstrates identifiability results on CLEVR-
AUG datasets. In Fig. C.4, we demonstrate the results of VISA across three
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Figure C.3: Viewpoint invariance for g(c). Estimated marginalised aggregate content distribu-
tion g(c) when trained with different view pairs {( , red), (red, blue), ( , blue)} are
illustrated in later figures. As the resulting distributions with different datasets only vary by
an affine transformation, providing strong evidence for Thm. 4.4.

Table C.2: Comparing identifiability of 4(s), (c), and p(v) scores wrt existing OCL methods
on CLEVR-AuUG dataset.

METHOD SMCC 1 Nv-SMCC 1 MCC 1

AE 0.26 £ .01 - -
SA 0.45 1+ .05 - -
PSA 0.48 +.03

MulMON  0.56 +.04 0.57 +.01 -
OCLOC 0.58 £ .02 0.60 £ .01 0.48 £ .04

VISA 0.64 = .01 0.66 £ .01 0.57 £ .04

different views. We additionally highlight some of the occluded regions
which seem to be better captured by our proposed model, which can be
attributed to the multi-view setting and the sigmoid mask.

Additionally, we also illustrate the results from CLEVR-mv dataset in
figure C.5.

c.5.3 Influence of Number of Views
Here, we demonstrate the influence of the number of views on the overall

identifiability of object-centric representations. Similar to Fig. 4.1(c), in Fig.
C.6, we observe an increasing number of views increase overall results.

C.5.4 MVMOVI Results

Here, we discuss the results obtained from the proposed dataset. To reiterate,

MVMoOVI-C is a variant where fixed camera positions are maintained for all

265



g
H

Slot-1 Slot-2 Slot-4 Slot-5

®
&*

o
>

=
Y n &

IR N

VI

View-3

(a)

Slot-4 Slot-5

g

Recon.

View-1 -
tal L g

View-2

View-3

L

u].
A
[ 2]

b

(b)

Recon. Slot-1 Slot-2 Slot-3 Slot-4
. -
C L
= o,
i A B Q -
yul

(O]

Figure C.4: Visual illustrations of benchmark results on CLEVR-AUG dataset.

viewpoints across all scenes in the dataset. This setup helps assign a fixed
type of viewpoint conditioning for all images captured from a particular
camera.

The detection and binding quality of different models are illustrated
in Table 4.5. From these results, we can clearly observe that while the
model demonstrates similar binding capabilities, the identifiability of object
representations is improved in our proposed model. This suggests that
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Figure C.5: Visual illustrations of benchmark results on CLEVR-Mv dataset.

the use of fixed camera positions in MvMOoVI-C enhances the consistency
and quality of object representation learning, leading to better detection
performance across different viewpoints.

Figure C.7 & C.8 showcases the object discovery capabilities of the VISA.
In the iteration of the MvMoOVI-D dataset, we vary the camera position
for each scene, making the dataset more dynamic and allowing for the
potential violation of assumption 4.1 in certain cases. Table C.3 presents the
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Figure C.6: Influence of Number of viewpoints on identifiability for synthetic datasets.

binding and identifiability results for both in-domain and out-of-domain
data, following a similar analysis as in Table 4.5. We observe consistent
trends and behaviours, suggesting that the impact of the assumption is
minimal. A more detailed analysis of the assumption’s effects will be left
for future work.
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.

Slot-4 Slot-5

.

Figure C.7: Visual illustrations of benchmark results on MvMoViI-C dataset with 2 views.

(b)

c.5.5 View warm-up
Given the stochasticity during the initial phase of training, to facilitate

meaningful representation in content aggregator function, we consider view

warm-up strategy. For the initial 100,000 iterations, we randomly use the
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Segmentation

Figure C.8: Visual illustrations of benchmark results on MvMoVI-C dataset with 3 views.

view-specific slots for reconstruction instead of invariant content with a
probability of o.5.

This primary makes sure the feature extractor extracts meaningful repre-
sentations before aggregation, which helps to stabilize the training process
and allows the model to effectively bind and integrate information from
different perspectives in later stages of training.

C.5.6 Hyperparameters

In Table C.4, we detail all the hyper-parameters used in our experiments. In
the case of benchmark experiments, we use trainable CNN encoder as used
in Locatello et al., 2020b; Kori et al., 2024b, while in the case of proposed
mMvMoVi datasets we use DINO (Caron et al., 2021) encoder to extract
image features and change our objective to reconstruct these features rather
than the original image as proposed in Seitzer et al., 2022. For most of
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Table C.3: Identifiability and generalisability analysis on Mv-MoVID dataset.

METHOD INDOMAIN ANALYSIS OuT OF DOMAIN
mBO 1 SMCC 1 NV-SMCC 1 MCCt | mBO*? SMCC 1 NvV-SMCC 1 MCC 1
SA-MLP 0.24 £ 0.031 0.44 £ 0.005 - - ‘ 0.24+0.097  0.45+0.008
PSA-MLP 0.26 +£0.022  0.44 £ 0.006 0.25+0.012  0.42+0.006
VISA-MLP 0.24+0.099  0.48 4 0.009 0.46 £ 0.054 0.57 £ 0.021 ‘ 0.25+0.011 0.48 £ 0.006 0.51 £ 0.021 0.55 £ 0.021

SA-TRANSFORMER 0.34+£0.017  0.4040.041 - - 0.34£0.066  0.38+0.031
PSA-TraNsFORMER  0.37+0.021  0.38 £ 0.007 0.36+£0.024  0.36 +0.016

VISA-Transformer  0.39£0.016  0.46 £0.001 0.48 +0.001 0.54+0.032 | 037+0051  0.46+0.022 0.45+0.010 0.54 £+ 0.029

hyperparameters we use the values suggested by Locatello et al., 2020b;
Seitzer et al., 2022, based on their ablation results.

c.5.7 Computational Resources

We run all our experiments on a cluster with a Nvidia NVIDIA Lgo 48GB
GPU cards. Our training usually takes between eight hours to a couple
of days, depending on the model and the dataset. It is to be noted that
speed might differ slightly with respect to the considered system and the

background processes.
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Table C.4: Experimental details w.r.t datasets

DATASETS({) PARAMETERS VALUES
No. Layers 4
No. Views 10 (GSO: 8)
No. Slots 7
Training Epochs 5000
Batch Size 32
Optimizer ApaMm
CLEVR, GSO Learning Rate 0.0002
Initial Slot p N(0,1)
Initial Slot ¢ I
Warmup Steps 10000
Decoder SpPATIAL BROADCASTING-CNN
x— likelihood N (py, o21)
No. Layers 4
No. Views 10
No. Slots 4
Training Epochs 5000
Batch Size 64
Optimizer Apam
GQN Learning Rate 0.0002
Initial Slot p N(0,1)
Initial Slot o I
Warmup Steps 10000
Decoder SrATIAL BROADCASTING-CNN
x— likelihood N (py, o21)
No. Layers 4
No. Views 5
No. Slots 7
Training Epochs 560
Batch Size 64
Optimizer ApamMW
MvMoVI-C, MvMoVI-D  Learning Rate 0.0002
Initial Slot pu N(0,1)
Initial Slot & I
Warmup Steps 10000

Pretrained Encoder
Decoder
x— likelihood

DINO_VITB16
MLP, TRANSFORMER

N(”’XrI[)
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