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ABSTRACT

We prove a quantitative equidistribution statement for certain adelic ho-
mogeneous subsets in positive characteristic. As an application, we de-
scribe a proof of property (7) for arithmetic groups in this context.

1. Introduction

Let X = L/A be the quotient of a locally compact group L by a lattice A C L.
Any subgroup M C L acts on X by left multiplication. A homogeneous
measure on X is, by definition, a probability measure p that is supported on a
single closed orbit Y = My gA of its stabilizer My = Stab(u). A homogeneous
set is the support of a homogeneous measure.

Motivated by problems in number theory, the limiting behavior of a se-
quence {p;} of homogeneous measures has been extensively studied. When L
is a Lie group and Stab(u;) is generated by unipotent subgroups, Mozes and
Shah [24] used Ratner’s celebrated measure classification theorems [30] and the
Linearization techniques of Dani and Margulis [6] to obtain a very satisfactory
classification theorem for the limiting measure; see also [11, 15, 8].
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More recently, the quantitative aspects of this problem have attracted con-
siderable attention. Indeed, in a landmark paper, Einsiedler, Margulis, and
Venkatesh [10] proved an effective equidistribution theorem for homogeneous
measures when M and L are semisimple Lie groups and A is a congruence
lattice, under some additional conditions; and in a followup work Einsiedler,
Margulis, Venkatesh and the first named author [9] extended this result to cer-
tain adelic periods in the number field setting.

In this paper, we consider homogeneous measures in positive characteristic
setting. Let us fix some notation in order to state our main results. Let F' be a
global function field, and let G be an absolutely almost simple, simply connected
F-group. Throughout the paper, we assume G does not admit non-standard
isogenies. This condition is always satisfied if char(F) > 3. More precisely, G
admits non-standard isogenies only in the following cases: if char(F) = 2 and G
is of type By, Cy, (n > 2) or of type Fy, another case is if char(F) = 3 and G
is of type Gao; see [26, §1] and references therein.

Put G’ = G x G, and let

H={(hh):he G} C G’

be the diagonal embedding of G in G'.

Throughout the paper, ¥ denotes the set of all places of F. For each
place v€X, let F, be the completion of F at v, and let Ap (or simply A if
there is no confusion) denote the ring of adeles over F'.

Let G'=G'(A) and X=G'/G/(F). We let mx denote the G’-invariant prob-
ability measure on X. Let i:H— G’ be the above inclusion. For every g€ G,

Yy := gi(H(A)/H(F))
is a closed orbit in X equipped with a probability measure 1, which is invariant
under
Hy, = gH(A)g™ "
Throughout the paper, we drop i from the notation and simply write

Yy = gH(A)/H(F).

We will use the following notion of complexity which was introduced and
studied in [9]. Let Qy C G’ be a compact open subgroup. Given (Y, uig) as
above, define

(1) vol(Yy) = my(€2o N Hg)_l
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where m, denotes a Haar measure on H, which projects to uy. Note that
a different choice of 2y only changes the above function by a multiplicative
constant; see [9, §2.3] for a proof.

The following is the main theorem of this paper.

THEOREM 1.1: There exists k > 0 so that the following holds. Let g € G', and
let (Yy, 1g) be as above. Then

\ [ ran- [ fde] < vol(Y,)*S(f), | e C2(X),
Yg

where S(f) denotes a certain adelic Sobolev norm, and the implied multiplica-
tive constant depends on X. The exponent k depends only on the type of G
and F. If X is compact, then k depends only on the type of G.

Similar to the proofs in [10, 9], our proof relies on uniform spectral gap.
However, our treatment deviates from loc. cit. in that instead of using effective
ergodic theorems for the action of unipotent subgroups, we use averages over
expanding pieces of root subgroups, see §7.2. This idea (which is due to Mar-
gulis, see [23]) makes the analysis in the case at hand more transparent. We
also use the work of Prasad [29]; albeit our application here is less intricate than
in [9], in particular, our treatment does not rely on [1], as H C G’ is simply
connected and embedded.

As it was mentioned our proof relies on uniform spectral gap. However, it
also allows us to give an independent proof of property (7) in all cases except
for groups of type A;. That is, if we assume property (1) for groups of type Ay,
Drinfeld [7], and use the uniform estimates on decay of matrix coefficients for
groups with Kazhdan’s property (T'), Oh [25], we can deduce property (7) in
all other cases as well as our theorem.

In the number field setting, the proof of property (7) has a long history and
was completed thanks to several deep contributions; see [17, 25, 31, 16, 3, 4, 14].
In the positive characteristic setting, the existing literature is far less satisfactory
beyond groups with property (T'), the aforementioned work of Drinfeld [7], and
the work of Lafforgue [21, 22]. However, the statement itself is agreed upon by
the experts. We hope the following theorem will contribute to filling this lacuna
in the literature.
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THEOREM 1.2 (Property 7): Let the notation and assumptions be as above, in
particular, we assume that G does not admit non-standard isogenies.

Let v € X be such that G is isotropic over F,. Then L(G(A)/G(F)), the
orthogonal complement of G(A)-invariant functions, is isolated from the trivial
representation as a representation of G(F,). Moreover, this isolation (spectral
gap) is independent of the F-form of G.

ACKNOWLEDGMENT. We would like to thank H. Oh for her interest in this
project and also for several helpful discussions. We are particularly grateful to
her for communications regarding [25]. We would also like to thank G. Prasad,
I. Rapinchuk, and A. Salehi Golsefidy for helpful discussions. We also thank
the referee for their helpful comments.

2. Notation and preliminaries

Let F be a global function field. Let ¥ be the set of places on F, and let A be
the ring of adeles over F'. For each place v € X, let F}, be the completion of F'
at v. Let 0, be the ring of v-integers in F; k, denotes the residue field of o,
and w, is a uniformizer of 0,. We will denote by |z|, the absolute value on F,.
Note that 0, is the maximal compact subring of F,. Let

By(a,r)={beF,:|la—bl, <r}.

As in the introduction, let G be an absolutely almost simple, simply con-
nected F-group which does not admit non-standard isogenies. This condition
is always satisfied if char(F') > 3. More precisely, G admits non-standard iso-
genies only if char(F) = 3 and G is of type G2 or char(F) = 2 and G is of
type Bp,Chp, (n > 2) or of type Fy; see [26, §1] and references therein.

Put G’ = G x G. Let

H={(h,h):he G}C G

be the diagonal embedding of G in G’. We also write G! = G x {1} and

G? = {1} x G. For every group L, we put L = L(A). We will often simplify

the notation and denote G' simply by G, but G? will always be denoted as G2.
Abusing the notation slightly, for every g € G’ and a subset B C G, we let

Ay(B) =g{(g,g): (g,1) € B}g~".

We adapt a similar notation for subsets of G(F,) for all v € X.
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For i = 1,2, let 7 denote the projection from G’ onto the i-th component.
Denote by ¢! : G — G’ the map g — (g,1) and 2 is the map g — (1,9).
For every v € X, we let m, : G' — G/(F,) denote the natural projection,
and ¢, : G'(F,) — G’ denotes the natural embedding in the v-th place. Put

i i i _ i
my, =m0, andi, =, 0.

For L = G*,G’, H and every v € X, let L, = 1,(L(F,)). Given g = (g,) € G’
and w € X, we will let

w

9" = tw o Tw(9).
That is, giv = g, and gy =1 for all v # w.
Let p: G — SLy be an embedding defined over F. For any v € 3, let

Ky = t,(p~ ' (SLn(0,))) € Go
and let K C G denote the product of K, for all v. For m > 1, let
(2) K,[m] :=ker(K, — SLy(0,/w}0,));
note that K, = K,[0]. Let
Ky ={(g",9°) : (9" 1) € K},
and define K’ and K| [m] accordingly. We choose g in (1) to be K’. For
any L C K,, v € ¥, and m > 0 we defined L[m] := LN K[m)].
For any subspace h C g,, we write h[0] for the preimage of the o,-integral
N x N matrices under the restriction of the differential Dp : g — slx to h. More
generally, we write h[m] for the preimage of the matrices all of whose entries

have valuation at least m.

Recall that X = G'/G/(F') and Y, = gH/H(F') where g € G'. The homo-

1

geneous set Yy is equipped with the H, = gHg™ -invariant probability mea-

sure fig.
LEMMA 2.1: We have Stab(uy)=H,-C(F), where C denotes the center of G'.
Proof. By virtue of [9, Lemma 2.2], we have

Stab(uy) = gHN(F)g~*

where N denotes the normalizer of H in G’. Since H = {(h,h) : h € G} and G
is absolutely, almost simple, we conclude that N = H - C which implies the
claim. |
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LEMMA 2.2: For every g € G', there exists some § € G* so that Y, = Yj.
Proof. Let g = (¢(V, (2)) then
Yy = {9, 9®)(h,h) : h € G(A)}
={(g 1)h 9P (gM) g W) h e G(A)}
= {(h,g®(g")h) : h € G(A)}.
The claim thus holds with § = (1, (¢®(¢g™M)~1),). &

In view of this lemma, from this point until the end of the paper, we will
always assume g € G2.

2.1. PROPERTIES OF A SPLIT LIE ALGEBRA. Let g be the Lie algebra of G and
for any v € 3, let g, := Lie(G) ® F,. We fix w such that G is Fy-split. In
particular, G,, is a Chevalley group (see [33, §3.4.2]). Let ® be the set of roots
for G- Let py, := char(ky,).

Let a be a maximal split torus of g,. Then, g can be decomposed as
g =00 ® D)o 91, where for any A € a*

(3) g :={v €g:Vac€ aad(a)v = A(a)v},
and ® C a* is the set of roots for g,, i.e., the set of non-zero characters for
which (3) is non-empty (see [32, §2.6]).

For any A € ®, there exists a one-dimensional Lie algebra gy C g, and a
one-dimensional unipotent subgroup Uy = {ux(r)} C G, such that gy is the
Lie algebra of Uy (see [2, §2.3]). Set Ly = (Ux,U_»). Then, for any ¢t we can
also denote by ay(t) the unique diagonal element in Ly such that

ax(ux(Dax(t™) = u(t?).

Fix two opposite Borel subgroups B and B~ in G,. Denote by U and U~ the
unipotent radicals of B and B~, respectively, and by A = BN B~ a maximal
split torus of G,,. For every nonnegative integer m, let

Un=UNKym], U,=U" NKylm], and A, =ANK,[m].
Then, according to [33, §3.1.1] for any m € N, we have
(4) Kw [m] = U;A’"LU’"L'

Fix an ordering A{,...,A\q on ®t once and for all; we use the ordering
—A1,...,—Ag on ®7. In view of [33, §3.1.1] again, the product map
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from Hle Uy, [m] to UT[m] is a bijection. For every A € ® and every g€ U*[1],

we define gy to be the A-coordinate of ¢ in this identification. Using (4), we can

define gy for any A € ® and g = u—aut € K,,[1] by taking gy = uj.

For every non-negative integer m, we also define
A_p={a€A: aUsma™t € Uy and a_lU{ma cU;}

LEMMA 2.3: There exists somemg € N (depending only on the dimension of G)
such that the following holds. For every g € K,,[2mg + 1], there exists A € ®,
so that

o' € KuAm Ko (999" x = 11l = 4, lg'9g' ™ = 11} = gm0 4.

Proof. We first note that for allmeN, all ¢'¢ K\, A_,,, K\, and all g€ K,,[2m+1],

we have
999" € Ku[1].
Therefore (g'gg’~1), is defined.
Let us begin with the following claim: one can assume

() lgx =1l = q,,°llg = 1| for some A € ®

where ¢ € N depends only on dim G.

To see (5), note that since g € K,[1], we can write ¢ = g~ ¢°¢" where
g € A, g € Uy and g~ € U;. Suppose now that (5) fails with ¢ = 1,
then [|g° — I|| > |lg= — I|. Let A € ® be a simple root so that [A(¢%)| is
maximal. The map

7 (ua(r)gua(=r))x
is a rational function f1(r)/f2(r) so that coefficients of f; are bounded by
< |lg—1I]| and |[f2(r) — 1] < 1/2 for all |r|, < 1. Therefore, there exists
some r € F,, with |r|, =1 so that if we put

g = ux(r)gur(=r),
then

llgn = Il > [lg — 1].
Now suppose the claim is proved for §. For 8 > 0 and x € G put

Bp(x) = {g' € KwAomoKu : [(g%g" " x = Il = Bllg'x g = 1|}

Then,

Es(g)ur(r) C Eg(g) and |Eg(§)un(r)| = |Es(g)| > g3dim G,
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We thus assume that (5) is satisfied, and will show the lemma holds with A
and mg = c+ 1. For simplicity in the notation, let us assume A € &, the argu-
ment when \ € ®~ is similar. Put § = ay (@, )gax(ws ™). Then § € K,[1].
Using (4) and the decomposition of U; into one-dimensional unipotent sub-

groups, we can write
9 =9 g°hiux(s")ha, hi,hs € Ur.

We now want to look at the decomposition of ¢ into a diagonal element and

elements of the one-dimensional unipotent groups. Conjugation by ay (@, 1)

2¢c+2

expands wuy(s") by ¢2¢t%, and for each other root ¢ # A, it expands g, by

at most ¢5tl. We conclude from (5) that s = ¢2¢*2s’ satisfies ux(s) = ga.

k we have

Moreover, for k such that |s|, = ¢~
—c—1 k o 2042 —2m—1 _ 1
0 < sl = 0" < 0T =4

and ¢ € Kylk + 1], §o € Ky[k + 1] for all o # .
Since K[k + 1] is a normal subgroup of K,,, we have

§ = hi(s)
where h € K[k + 1]. Moreover, for every g2 € K[k + 1], we have
92995 " = h"ux(s)

where h" € K,k + 1].
Altogether, there is some

g1 € KyA_c 1Ky = KwA—mng
so that for every go € Ky [mo + 1] we have gog1997 195 ' € K,[1] and
19291991 95 ) = 11l = @™ llg — 1]

The proof is complete. i

3. Construction of a good place

Recall that Y, = gH(A)/H(F'), where g = (1, (g»)). In this section we show the
existence of a place w where the group

w=8¢(Gy) = gHyug™"

has controlled geometry.
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Recall the definition of K, and K| from §2. For every v € X, let
(6) Koy, :=Hy,NK, = gH,g ' NK! = Ay(K,) N K.

In this section, we will simply write Y for Y, and denote K, y, by K, y.
The following is the main result of this section.

ProposITION 3.1 (Existence of a good place): There exists a place w of F
such that

(1) G is split over F,,

(2) my(K!,) and m,(K,y) are hyperspecial subgroups of G’(Fy)
and ,,(Hyg), respectively,

(3) g* € K,,, see §2 for the notation,

(4) qu < log(volY))? where the implied constant depends on G.

Let us begin by recalling some standard facts from Bruhat—Tits theory.

3.1. BRUHAT-TITS THEORY. Let G, F be as in our setting (see §2), and let ve€X.
Then:

(1) For any point z in the Bruhat-Tits building of G(F,), there exists a
smooth affine group scheme QS,(UI) over 0,, unique up to isomorphism,
such that: its generic fiber is G(F, ), and the compact open subgroup
&5 (0,) is the stabilizer of z in G(F,); see [33, 3.4.1].

(2) If G is split over F, and x is a special point, then the group scheme 6,(f)
is a Chevalley group scheme with generic fiber G; see [33, 3.4.2].

(3) red, : 051(}1)(0”) — @(I)(kzv), the reduction mod w, map, is surjective,
which follows from the smoothness above; see [33, 3.4.4].

(4) @(I) is connected and semisimple if and only if = is a hyperspecial
point. Stabilizers of hyperspecial points in G(F;,) will be called hyper-
special subgroups; see [33, 3.8.1] and [29, 2.5].

If G is quasi-split over F;, and splits over 1/7; (the maximal unramified ex-
tension of F,), then hyperspecial vertices exist; and they are compact open
subgroups with maximal volume. Moreover a theorem of Steinberg implies
that G is quasi-split over F, for all v; see (33, 1.10.4].

It is known that for almost all v, the groups K, are hyperspecial; see [33,
3.9.1] (and §2 for the definition of K,). We also recall that: for almost all v the
group G is quasi-split over F,; see [27, Thm. 6.7].
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3.2. ADELIC VOLUMES AND TAMAGAWA NUMBER. Fix an algebraic volume
form w on G defined over F'. The form w determines a Haar measure on each
vector space g, := Lie(G) ® F, which also gives rise to a normalization of the
Haar measure on G(F,). We denote both these measures by |w,|, and denote
by |wa| the product measure on G(Ag). Then

% dim G
(7) lwal(G(AF))/G(F)) = Dp " "7(G),
where 7(G) is the Tamagawa number of G, and Dp is the discriminant of F.
In the case at hand G is simply connected; it was recently proved that 7(G) = 1,
see [12, §1.3].

3.3. THE QUASI-SPLIT FORM. The volume formula (7) relates the Haar measure
on Y to the algebraic volume form w (and the field F). However, the volume
of our homogeneous set Y as a subset of X depends heavily on the amount of
distortion coming from g.

Following [29, Sect. 0.4], we let G denote a simply connected algebraic group
defined and quasi-split over F' which is an inner form of G. Let L be the field
associated to G as in [29, Sect. 0.2];! it has degree [L : F] < 3. We note that G
should be thought of as the least distorted version of G.

Let w° be a differential form on G corresponding to w. This can be described
as follows: Let ¢ : G — G be an isomorphism defined over some Galois extension
of F. We choose w” so that w’ = ¢*(w"); it is defined over F. It is shown in [29,
Sect. 2.0-2.1] that, up to a root of unity of order at most 3, this is independent
of the choice of .

As was done in [29], we now introduce local normalizing parameters ¢, which
scale the volume form w® to a more canonical volume form on G(F,).

For every place v € X, choose an 0,-structure on G, i.e., a smooth affine group
scheme over o0, with generic fiber G as in [29, Sect. 1.2].

Let {P, C G(F,)} denote a coherent collection of parahoric subgroups with
“maximal volume”; see [29, Sect. 1.2] for an explicit description. Let us recall
that by a coherent collection we mean that [[, ., Py is a compact open subgroup
of G(Ar). Note that any F-embedding of G into GLy gives rise to a coherent
family of compact open subgroups of G(Ar) which at almost all places satisfies

I In most cases L is the splitting field of G except in the case where G is a triality form
of D4 where it is a degree 3 subfield of the degree 6 Galois splitting field with Galois
group S3. Note that there are three such subfields which are all Galois-conjugate.
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the above requirements on P,; see §3.1. At the other places we may choose P,
as above and then use (1) in §3.1 to define the 0,-structure on G(F),). Let us also
remark that maximality of the volume implies that the corresponding parahoric
is either hyperspecial (if G splits over an unramified extension) or special with
maximum volume (otherwise).

This allows us, in particular, to speak of “reduction modulo w,”. For every
place v of F, we let M, denote the reductive quotient of red,(P,); this is a
reductive group over the residue field.

Let r, € F, be so that r,w? is a form of maximal degree, defined over o,,

whose reduction mod w, is non-zero, and let ¢, = |ry |-

3.4. PRODUCT FORMULA. Let us use the abbreviation Dy p = DLD;[L:F] for
the norm of the relative discriminant of L/F; see [29, Thm. A]. It is shown
in [29, Thm. 1.6] that

(8) [[eo=D5) A,
vES

where A > 0 depends only on G over F and [F : Q], 5(G) = 0 when G splits
over F' in which case L = F, and s(G) > 5 otherwise; these constants depend
only on the root system of G.

It should be noted that the parameters c, were defined using G and w? but
will be used to renormalize w, on G, and hence on H.

Abusing the notation, we will speak of hyperspecial subgroups of G,,, G.,,
and Hg,, in the remaining parts of this section.

Let X' C ¥ denote the set of places where G is isomorphic to G over F, and
that K, is hyperspecial. Then ¥\ ¥’ is finite.

LEMMA 3.2: Let v € ¥'. Then:

(1) eplwo|(Kypy) < 1.
(2) Assume g ¢ K. Then

Colwy|(Kyy) < 1/2.
Proof. In view of the definition of K, y, see (6), we have
9) K,y =A¢(K,)NK,.

Since v € ¥/, G is isomorphic to G over F, and we have ¢, |w,|(K,) = 1 which
implies the first claim.
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To see the second claim, first note that if g¥ does not normalize K/, then g,
does not normalize 72(K,), where 72 : G,, — G(F),) is the natural projection;
see §2. In particular,

[m3(Ky) s m(Ky) N gy o (Ku)ge] > 2.

v v

Now since v € ¥/, we have 72(K,) is a hyperspecial vertex in G(F,), m2(K,)
equals its normalizer in G(F,); this and the above imply part (2) in view of (9).

We recall the argument that 72(K,) equals its own normalizer for the con-

2
v

venience of the reader; 72(K,) is the stabilizer of a hyperspecial point, x,

say. Since g, normalizes 72(K,), m2(K,) also stabilizes gyx,. If gyxy # Xy,
then 72(K,) stabilizes the geodesic between these two points which is a contra-

diction. [ |

3.5. THE VOLUME OF A HOMOGENEOUS SET. In view of our definition of volume
and taking into account the choice of €y, the equation (7) implies that
LdimG _
(10) vol(Y) = D, T (el (50 ))
VEX
where |w,| is as before. This and (8) imply that
1 1dim
(11) vol(Y) = AD 5D D™ T (culwol (Foy)) .
vEX
Let us note the rather trivial consequence vol(Y) > 1 of (11).2 Below we
will assume implicitly vol(Y') > 2 (which we may achieve by replacing Q, by a
smaller neighborhood at one place in a way that depends only on G).

Proof Proposition 3.1. Recall that ¥’ C ¥ denotes the set of places where G is
isomorphic to G over F,, and that K, and hence K| = {(g1,g2) : (gi,1) € K,}
is hyperspecial. Furthermore, if g¥ € K, then

K,y =Ay(K,)NK,

is hyperspecial in Hg .
Now recall from Lemma 3.2 that for all places v€X’, we have ¢, |wy| (K, y) <1.
Moreover, if v € ¥’ but g ¢ K, then

(12) Col|wy| (Kyy) < 1/2.

2 This would also follow trivially from the definition if only we would know that the orbit
intersects a fixed compact subset.
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By the Chebotarev density theorem, the set
¥ ={veX:G is split over F,}

has positive density, ¢ > 0 say, which depends only on G.

Let B be a constant depending on G which will be explicated later. Assume
now (for a contradiction) that for every v € X" with ¢, < Be~!log(vol(Y))?,
we have ¢, |w,|(Kyy )™t > 2.

Recall also that we are assuming vol(Y") > 2. The above discussion, (11), and
the prime number theorem imply that

VOl(Y) > BIQB log(vol(Y))?/(log B—log c+2log log(vol(Y)))

where B’ depends only on G. Now if B >>g 1, then

BIQB log(vol(Y))?/(log B—log c+2log log(vol(Y))) > VOl(Y)

This contradiction finishes the proof. |

4. Deduction of Theorem 1.2 from Theorem 1.1

In this section, we complete the proof of Theorem 1.2. The proof relies on
Theorem 4.1 below, which in turn is a consequence of Theorem 1.1. It should
be noted, however, that the proof of Theorem 1.1 requires a certain uniform
decay of matrix coefficients for H, ., where w is a good place; see §7.1. In the
setting of Theorem 4.1, the group H, ., has Kazhdan’s property ('), thus the
required uniform rate follows from the work of Oh [25].

As before, we let ' denote the projection onto the first factor. Through-
out this section, the space G(A)/G(F) is equipped with the G(A)-invariant
probability measure, we thus drop this measure from the notation.

THEOREM 4.1: Assume the absolute rank of G is at least 2. There exists k1 > 0
which satisfies the following. Let fi,fo € L3(G(A)/G(F))—the orthogonal
complement of G(A)-invariant functions—be 7! (K,)-finite functions. Then

[{g-f1, fo)| < dim(r" (Ko).f1)"/? dim(m! (Ko). f2) *Ear,) (8) "I fill2]| f2ll2,

where g € G(F,), (m'(K,).f) is the linear span of m'(K,).f, and Eg(r,) Is the
Harish-Chandra spherical function of G(F).

Let us first assume Theorem 4.1 and finish the proof of Theorem 1.2.
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Proof of Theorem 1.2. First note that the theorem in the case where G is of
type A; follows from [7]. We may, therefore, assume that the absolute rank
of G is at least 2.

By [5], see also [14, Lemma 3.22], we may restrict ourselves to smooth func-
tions in LZ(G(A)/G(F)). Now by [5, Thm. 2 and Cor.], Theorem 1.2 is equiva-
lent to the existence of a uniform decay rate for matrix coefficients for ! (K,)-
finite functions in L3(G(A)/G(F)) as claimed in Theorem 4.1. |

Proof of Theorem 4.1. Let g = (1,(gs)) € G’ where g, = g and g, = 1 for
all u # v.

In view of our definition of the volume of a homogeneous set, there exist
positive constants k2 and k3 (depending only on the root system of G(F,))
such that

19172 < vol(Yy) < [lg|I"3.

Thus, we conclude from Theorem 1.1 that if
f=fH®f with fi € C(G(A)/G(F)) for i =1,2,

then

Uxfduyg—/xflemdmxl

= '<g~f17f2>G(A)/G(F)/

fi / 7| < gl S (h).
G(A)/G(F) G(A)/G(F)

The implied multiplicative constant depends on G(A)/G(F') and so also on
the F-structure of G. We note, however, that thanks to [5], the above up-
grades to a uniform effective bound on the decay of the matrix coefficients as
in Theorem 4.1 with k; independent of the F-form of G. This implies Theo-
rem 4.1. |

Remark: We now discuss the independence of the above proof from other proofs
of property (7) (which, as mentioned earlier, we failed to locate in the litera-
ture beyond groups with property (T"), and the works of Drinfeld [7] and Laf-
forgue [21, 22]).
Let w be a place obtained by applying Proposition 3.1 to Y. In particular,

(1) G is split over F,,

(2) K|, and K, y are hyperspecial subgroup of G,, and H,,, respectively,

(3) quw < log(volYy))? where the implied constant depends on G.
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Then by [25, Thm. 1.1], and our assumption that the absolute rank of G is
at least two, the group G,, has property (T'). Therefore, there exists a con-
stant k4 (which depends only on the type of G) so that for any unitary rep-
resentation (m, H) of G,, without a non-zero G,,-invariant vector, all K,,-finite
vectors f1, fo € H, and all h,, € Gy, we have

(13) [(m(huw)- f1, fo)| < dim{my (Ky). f1) '/ dim (Ko ) f2) V2 LAl fo [l =4

where the implicit constant depends on G,. If char(F) > 2 this is stated
in [25, Thm. 1.1]. A careful examination of the proof shows that (13) holds
when char(F) = 2 as well; see [25, §4.7].

As we discussed above, our proof of Theorem 4.1 relied on Theorem 1.1.
Moreover, the latter relies on a spectral gap input for certain representations
of G, ; see §7.1, in particular properties (S5) and (S6). In the case at hand,
this input is provided thanks to (13). Thus the above proof is independent of
assuming property (7) in all cases considered here, except for groups of type
Ay

5. Effective generation of a group at a good place

In this section, we fix a good place w and show some useful properties of G;

see §3 for the definition and the proof of the existence of a good place. In par-

ticular, G is split over F,, and we can apply the notation and results from §2.1.
Recall that o, is the maximal compact subring of F,,, w, is a uniformizer

of 0, and 7 (K,,) = G(0y). For any L > 0 and R C G, denote by R[L] the set

of elements in R whose entries vanish in 0, /@Z0,. For any L > 0 and v C g

denote by t[L] the set of elements in v whose entries have valuation at least L.
For every A € @, let Ay be the scheme theoretic split torus in

<U,\, U,/\> =~ SLo
which we realize as a closed Z-subscheme of G. Put
(14) A= Ag(AN) C Hy;

the elements in A’ will be denoted by @’y (¢). Similarly, put U, = Ay(Usx) C H,
and their elements by /, , (s).
Note that for every g € G, t € FX, and s € F,,, we have

(15)  a\(H)gah(t)™! = ax()gaa(t)™" and  u(s)gur(—s) = ua(s)gu(—s).
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For b e F, and r > 0, let
B(b,r):={s € Fy : |b— 5|y, <7}

LEMMA 5.1: There exists an absolute constant k5 such that the following holds.

(1) Assume that char(F') > 2. For any A\ € ® and every |s|, = 1, we have
Ulks) C {un(r? —s?) : |rfw = 1}.
(2) Assume that char(F) = 2. Then
{ur(c®) : |clw < 1} C {un(r? — s2) 1 |r|w = 1}.
Proof. Let us first assume that char(F) > 2. Let v, : F2 — F,, be defined by
Ys(t,r) =t — (r* — 5%).

Then,
Ms
or
Hence, by the implicit function theorem (see [20, §4]), there exists 0 < o < 1,
such that for all t € B(0,a?) there exists r € B(s,a) so that 1,(t,7) = 0, i.e.,
t = 2 — s2. This implies the first claim with k5 = o?.
If char(F) = 2, then 2 — s2 = (r — 5)? which implies the claim. 1

(0,1) = —2 # 0.

LEMMA 5.2: Recall that G does not admit any non-standard isogenies. There
exist kg and £ > 1 with the following property. Let A € ®. Then, there exist
hi,...,hy € Hy . with ||h;|| <1 so that every g € K,[re] can be written as

g = 8182 8¢,
where for any 1 <i</{, g; € hiUA[O]hi_l.

Proof. Clearly it suffices to prove this for a fixed A € ®. First note that since
G = G! (see §2) for every h = (h',h?) € H, ., we have

RUAR™Y = (Y, 1)UA(A', 1) € G and  Ad(R)uy = Ad((h',1))ux C gu.

Since G is simply connected and does not admit any non-standard isogenies,
there exist A, ..., W o € Hgw so that the Fy,-span of {Ad(h])uy} equals g.,,
see [26, Prop. 1.11] and references therein. Moreover, since K, is Zariski dense
in G, we can choose h} so that ||h}|| <1 for all i.
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In consequence, by [2, Prop. 1.16] applied with {h;U,\hfl 11 < <dimG}
and G, we conclude that the product map
‘

@:HUj—>G,w

j=1
is a separable surjective morphism, where ¢ is absolute and
U; € {hUxk, " :1<i<dimG} forevery1<j</.

Thus, by the implicit function theorem (see [20, §3]), there exists kg so that

Guledl < o f[ o))

3_1. The proof is complete. |

where U;[0] := h};Ux[0]h

Remark 5.3: Lemma 5.2 is the only place in the paper where the assumption
that G does not admit non-standard isogenies is used.

We also need the following lemma, which deals with the case that the char-
acteristic of F' equals 2, see Lemma 5.1.

LEMMA 5.4: Assume char(F) = 2 and let 79 € 0,, be nonzero. Let A € ®. There
exists an absolute constant ¢’ with the following property. For everyr € B(0,1),
’U,,\(T) = hl ce hel
where for all 1 < i < ¢, either h; € {ux(100?) : |T00?| < |10|7'} or hi € Hyup

with ||hs|] < 1.

Proof. We give a hands on proof based on direct computations. Let us begin
with the following observation: Let @y : SLy — (Ux,U-») be the natural iso-
morphism which maps the upper (resp. lower) triangular unipotent subgroup

of SLy to Uy (resp. U—-y). There exist 0 < k7 < 1 and hy,ha,hs € Hy o
with ||h;|| <1 so that every element

h e <p,\< (T(;) ?) SLo (02 [k7]) (T% (1)> ) =: L'Am (k7]

can be written as a product
(16) h="hy---hg

where for every 1 < j <6, h; chi{ux(r0a?) : |1pa?| < l}h;1 for some 1<7<3.
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This is a special case of Lemma 5.2, applied with SLa over F2 and the root
subgroup {ux(r) : r € F2}.

We now turn to the proof of the lemma. Let |al, |c| < k7 and put »' =
then

o1 a? 0 0 1\ (a2 a4+ r'a=? 45t
1 o) \rptc a2)J\1 ) \ o0 a’ '

This implies that

() 2))=((6 )

B a72 T/32 +T/a—2 +T0_1C2
- 0 a? '
Now, we have

a2 0 a=2 a4 a4t (1 mo(rg tac)? (1 (1+at))
0 a2 0 a? 0 1 —\o 1 ’

applying ¢, we conclude that

a? 0 a=? r'a?+r'a? 4 ptc? B
SQA((O 32>>%<< 0 a2 ’ ux(ro(7g 'ac)?) = ua(r),

where we also used r = (1 + a*)r’.

_r
1+at?

The claim follows from these computations and (16). |

LEMMA 5.5: There exist Cy so that the following holds. Let m1; € N, m > 3m,
and \ € ®. Let g € K,,[m] satisfy ||gx — I|| > q,"|lg — I||. Let my > m be

- (mg—m1)/2

so that g € Ky[mgy| \ Kylmg + 1]. For every ¢t < [t|w < qu , and
all |s|w < 1, we have

lax (B)uh (s)gub (=)ar(t™") — ax()grax(t™ )|l < Cray max{|s|w, [¢]5"}-
If we further assume that |t|,, =gl > C1¢2™ 3 and |s|,, <C1 gy, 2™ 3,
lla (B (s)gui (=s)aj (t™) — I > g™ 72,

where the implied constant is absolute.
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Proof. First note that in view of (15), we may replace @, and v/, with a and uy,
respectively.

The proof is based on the following observation: let g € K,,[m’'] for some m’>1,
then for all s € Br(0,1) we have

ux(s)gur(—s) = gh(s, g)

where ||h(s, g)|| < |lg — I|||s|w and the implied constant is absolute.
Let g and ¢ be as in the statement, and let s € B,,(0,1). Conjugating the
above with ay(t), we conclude that

(17) ax(t)ux(s)gur(=s)ax(t™") = ax(t)gax(t™")he(s, g)
where (s, g) = ax(t)h(s,g)ax(t™1), hence,
1 (s,9) = Il < qu?lg = Tll[s]ew < [8]w

for an absolute implied constant.
Recall the condition |gn — I|| > ¢,™|lg — I||. Moreover, note that the

w

conjugation by ay(t) has weight 2 for Uy and weight < 1 otherwise. We thus
conclude that

lax(t)gax(t™") — ax()grax (™) < gu*[tl

This and (17) finish the proof of the first claim.
To see the second claim first note that

ax(t)gaax(t™1) = ux(t) where |7| > ¢, ™ %

moreover, if |t|, = gime ™I/ > C1g2™*3 and |s|, < C171q,?™ 3, then
Crqyy max{|sfw, [t} < q;,™ 77

The second claim thus follows from the first claim and the above. [ |

Recall from §3 that we fixed a Haar measure [ [ ¢,|w, | on Hy, and in particular,
Cwlww| on Hg . Unless otherwise stated explicitly, ¢, |wew| is the measure of
reference on Hy ,, throughout the paper.

LEMMA 5.6: Let mg be as in Lemma 2.3. Let m > 6mg + 1. Fori = 1,2, let
FE,; C KwAfmng

be two subsets so that |K,A_ ., K, \ E;| < ¢;tmodimG,
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Then for every g’ € K [m], there exist a; € Ay(E;) and A € ® so that
asg'ar’ =g € Kylm —2mo] C Gy x {1}, llga — 1] > [lg — 1|
where the implied constant depends only on dim G.

Proof. Let us write
g =1g
for some h € H, ,,NK,[m] and § € K,,[m]=G,NK] [m]. facAy(KyA_rn,Kuw),

then
gat = (haYaga™'.
Note that since g € K,,[m], for all a as above we have aga™t € K,,[m — 2my).
We will find oy, € Ay(E;) so that agg’afl = algafl.
Since g € Ky[m] C Ky[2mg + 1], in view of Lemma 2.3, there exists A\ € @
so that

|Eé| > q—3T)'L0 dim G
= Yuw

where By = {y € KuwA_m,Kw : [I(y8y~")x = Il = ¢ llygy~" — I}
Since h € K|, N Hy,,,, we have

hAg(KpA_mgKw) = Ag(KyA_myKuw).

In particular, the map f: Ag(E1) = Ay(KyA_m,Ky) defined by a — ha™! is
measure-preserving.

Altogether, and in view of our assumption on the relative measures of Ej
and Fs, we may choose iy € Ay(E1) N Ay (Eg) with as = f(a1)™ € Ay(Es).
The lemma follows. i

6. Non-divergence of unipotent orbits

In this section we show that when X is not compact, the cusps have small
measure with respect to pg. We follow the proof of [10, Lemma 3.6.1], which
relies on the non-divergence of unipotent flows.

Let F be a finite field such that F is a finite separable extension of F' := F(T),
the field of rational functions in one variable over F; see, e.g., [34, Ch. III].
Let G = ResF/};(G’). Then G is a semisimple F-group and

G(Ap)/G(F) = G'(Ap)/G'(F).
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Fix a good place w € ¥, and let @ be a place of F so that wlw. We note
that since w is a good place for G’, the group G is isotropic over Fj (however,
it need not be split).

Let K'(w) := H,Um K. Since G is simply connected, it follows from strong
approximation (see [28]) that one can write

6/(4) = () [[ G0 ) G/(F) = K(@)G(F)G (),
v|w
LetI' = G(F‘) NK'(w) and Gg = G( 15); note that I' is a congruence subgroup
of Gi3. The above implies that

K'(0)\G'(A)/G/(F) = Gy/T.
Let O be the ring of w-integers in F; note that O is a PID. Let § = Lie(Gg),

and let go be an O-lattice in the g with the property that [go, §o] C go. As it
is done in [10], for any z € X, we set

ht(z) = sup{[[Ad(g)u| " : z = gT, g € Gy, u € go \ {0}},
and
S(R) :={z € X : ht(x) < R}.
LEMMA 6.1: For every m € N, let

Q= {((92): (92)) € K"+ (90, 9,) € T (K, [m])}.

There exists kg so that for all z € X with m < ht(x)~ "8, the map g — gz is
injective on Q..

Proof. Fix some m € N and assume that gz = gox for g1,82 € Q),. Fix
§ € Gy = G(Fy) such that the projection to the w place of  is gT'. Then,

81,09 = 82,09,
and so gi}bglﬁgj fixes L, := Ad(g)go. Note that L, is an O-lattice in g. By the
definition of the height, for all u € L, we have |[u|| > ht(z)~!
Since the covolume of L, is independent of  (and equals the covolume of go),
by lattice reduction theory, one can find a basis uy,...,uy (where d < 2N?)

of L, such that ||u;|| < ht(x)?; see [18, Thm. 1.2] and references therein.
Thus, by choosing the constants m, kg sufficiently large, we get

|\g27,111]g17@ui —w| <ht(z)™* foralll<i<d.
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In that case, the vector 8, legm;) fixing the lattice L, setwise implies that it
is, in fact, fixing L, pointwise. Thus, g;’,lngw belongs to the center of Ga.
Let ¢’ € G’ be so that = ¢'G/(F). Then, we have g; ‘g1 = ¢'vg'~" where
v = (v},7?) € G/'(F) and 4" embeds diagonally in G(A). Now since gg’;gl,w
is central, we conclude that (v.,72) is central, which is impossible if m is big
enough. |

PROPOSITION 6.2 (Non-divergence estimate): There are positive constants kg
and K19, depending on N and [F : F], so that for any g € G’ we have

11g(X \ 6(R)) < p,? R0,
recall that p,, = char(k,,).

Proof. The proof is similar to that of [10, Lemma 3.6.1] (see [10, App. B]) where
one replaces the use of the non-divergence result by Kleinbock and Margulis [19]
with Ghosh [13]. We will go over the main steps of the proof presented in [10,
App. B] to explicate the differences.

Since O is a PID, discrete O-submodules of g are free; see [13, Lemma 4.1].
Following [13, §4], for a discrete O-module A = @le Ou;, we denote
[[A] = |Jlug A+~ Auglly. Then, ||A] is a “norm like” function in the language
of [13] that plays the role of the covolume of A in the proof (see the proof of
Lemma 4.3 and properties N1-N3 in [13]). We refer to A as an O-arithmetic
lattice in ,

V= @ Fau; C g.
i=1

Let h € Gg. A subspace V' C g is called h-rational if V N Ad, go is an
O-arithmetic lattice in V; we let |[V||, = ||V N Adp go||. The first step is to
show that for any h there are no h-rational subspaces which are H,, invariant
of low norm.

Let U = {u(t)} be a one-parameter Fg-unipotent subgroup of H,, and
use Adju()) in the definition of A(t) in the Proof of [10, Lemma 3.6.1], i.e.,
h(t) = Adjeu)) lve€ SL(V), where V' is an h-rational space for some h € G-

Now, one can follow the arguments in [10, Proof of Lemma 3.6.1] using the
above notations, Lemma 6.1, [13, Thm. 5.2], and [13, Property N2| to show that
there exist positive constants ¢, kg such that for any = € m,(HgI')

(18) there is no z-rational, H,-invariant proper subspace of norm < cpgng7

where c is an absolute constant and kg depends only on dim G.
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Put £ = cp;'ig. Since the number of z-rational proper subspaces of norm at
most ¢ is finite and U C H,,, a.e. h € H,, has the property that AUh ™! does not
leave invariant any proper x-rational subspace of norm < £. Alternatively, we
may also conclude for a.e. h € H,, N K| that U does not leave any proper ha-
rational subspace of norm < ¢ invariant.

Since p4 is H-invariant and H-ergodic, by Mautner phenomenon pg4 is also
U-ergodic. This also implies that the U-orbit of hx equidistributes with respect
to pg for a.e. h. We choose h € H,, N K, so that both of the above properties
hold for =’ = hax.

Let B’ be such that ' = W'T'g. Then, for any h'T'g-rational subspace V, if
we let

Yy (t) = HAd;(It) Vllu(t)*lh’ = HAd;(It)(V N Adw go)l,

then either ¢y is unbounded or equals a constant > £. Thus, by [13, Thm 4.4]
there exists a positive constant k11 so that

g ({t < o < mault) ¢ &))< P (9 1y ({t < tho < 7).

for all large enough r and ¢ > 0, where & = k39 only depends on the de-
gree of the polynomials appearing in the matrix entries for the elements of the
one-parameter unipotent subgroup U. The lemma now follows as the U-orbit
equidistributes with respect to fi4. |

7. Invariant subgroups for the measure p

Recall that p is an Hg-invariant measure on Y, = gH(A)/H(F). In this section,
we will use tools from homogeneous dynamics combined with algebraic prop-
erties of good places which have been established in previous sections to prove
Theorem 1.1. When X is not compact, the proof will also use the non-divergence
result proved in Lemma 6.2.

7.1. ADELIC SOBOLEV NORMS. Let C*°(X) denote the space of functions which
are invariant by a compact open subgroup of G'(A). We follow [9, App. A] to
define Sobolev norms on C*°(X), and present some of its properties.

First, we define a system of projections pr,[m| for any unitary G'(F,)-
representation for each place v such that ) . pr,[m] = 1. For any v € X,
let Av,[m] be the projection on K, [m]—invaria;lt vectors—this is simply given
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by averaging over the compact open subgroup K, [m| equipped with the proba-
bility Haar measure. Put pr,[0] := Av,[0] and pr,[m] := Av,[m] — Av,[m — 1]
for m > 1.

Let M be the set of functions mapping ¥ to the non-negative integers, such
that almost every v is mapped to zero. For any m € M let

”mH = qunva and pr Hpr mv
v

Then pr[m| acts on any unitary G’(A)-representation, and ), prim|f = f
for any f € C°°(X). Moreover, for any f € C*(X) and m € M, the func-
tion pr[m]f is invariant under K, =[], Ky[mo).

Given an integer d > 0 we define a degree d Sobolev norm by

(19) = llml|¥l| pr{m](1 + ht ()" f ()3,

m

where ht(-) is as defined in §6. For a compactly supported smooth function
on X any of these Sobolev norms is finite. It is also easy to see that

(20) Sa(f) <Sa(f) ifd<d.

We claim that in a similar way to [9, App. A], we have the following:

(S0) For any d, Sy is a pre-Hilbert norm on C2°(X).

(S1) There exists do, depending on N, and [F : F] (see §6 for the definition
of F) such that for all d > do, we have || f||z~ <a Sa(f).

(S2) Given do, there are d > d’ > dyp and an orthonormal basis {ex} of
the completion of C'°(X) with respect to Sy which is orthogonal with
respect to Sy such that

st/ ek 2 <00 and Z 22?((::))2

(S3) Let g € G(A) and f € C(X). We write g.f for the action of g on f,
and ||g|| = [[,ex ll90/l. Then, for every d > 0

Salg-f) < lgll*™Sa(f),

where the implied constant is absolute. If in addition g € K, then we
have Sy4(g.f) = Sa(f).
Now let us fix a good place w. Note that for every A € ®, we have

ur(s)]] < (14 |s]w)Y  for all s € F,.
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(S4) For any d > do, any r > 0, any g € K,[r], and any f € C*(X), we
have

lg-f = flloo < 5" Sal(f).

(S5) There exist dy, M, which depend only on N, so that the following holds.
For every L, let Avy be the operation of averaging over K, [L]. Let
Ae ®and s € F,. Put T, = AvL*éu;(s) *x Avy, where x denotes
convolution of operators. For all € X, all f € C(X), and d > dy we
have

T, f(z) / f dmix| < gD Eht(2)? | Ty 2.08a(f),

where || Ts||2,0 denotes the operator norm of Ts on LZ(X,mx). More-

over, we have

(21) ITsllz0 << (1 + Is|u) =2 g™

(S6) There exist dy, M, which depend only on N, so that for all d > dy and
all A € &, we have

(22)  [(ua(s)f1, f2)r2(u) — /f1 dﬂ/ﬁ d#‘ < (14 [8]w) M Sa(f1)Sa(f2).

Indeed, the above properties can be shown arguing in a similar way to [9,
App. A4]. We only present a brief guided tour of the proof, and the implied
changes in the statements. In the proof of property (S1), Lemma 6.1 replaces
[9, Lemma 7.2], and so the implied constant only depends on N and [F : F]. In
the proof of property (S3), for any place v and g € G,, the inequality

ht(gz) < |lglI*" ht(x)

follows from the definition of ht(z) (see §6), and so (except possibly a different
power in the result) the proof is the same.

Properties (S5) and (S6) follow from 1/M-temperedness (see [5, Thm. 2]) of
the natural representation of G(F,,) on LZ(X,mx) and LZ(X, u1), respectively.
In the case where G is type Aj, this follows from property (7), [7]. In all other
cases, G has absolute rank at least 2, and w is so that G is F,-split (see §3).
Therefore, G(F,,) has property (T') and the desired 1/M-temperedness follows
from [25].
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7.2. GENERIC POINTS. Let A € ®. Let n € N. For any x € X and t = w,",
define

(23) D,f(z) := qg/

B(0,qu™)

F(ah (i (s)z) ds — /X fdp

see the beginning of §5, more specifically (14), for the definition of d(¢)
and v\ (s). In particular, we have a)\(t),u)\(s) € Hg.n C Hy for all t,s,\.
Therefore, they preserve the measure p.

A point x € X is called ng-generic for A with respect to the Sobolev norm Sy
if, for any integer ¢ > ng, we have

(24) |Def (@) < a5 * Sa(f)
where M is as in (22).
PRrROPOSITION 7.1: If dy is chosen large enough, depending on N, then for

all d > dy the pu-measure of points which are not ng-generic for some A € ®

with respect to Sq is <« qEnO/E)M.

Proof. Let A € ® be arbitrary. For simplicity in the notation, we will write a’(t)
and u'(s) for a)\(t) and u)(s), respectively.

Let £ > ng be an integer and dy satisfy (22). Let f be a fixed function
in C2°(X). Let us write B = B(0,¢,"). Put

Ay ={(s1,52) € BX B : |51 — 52| < q'1¥/'°}

andAngxB\Al.
For (s1,s2) € B x B, put

F(s1,82) = (d'(t)u'(s1 = s2)a’ (1) f, [
If (s1,s2) € Ag and [t|, > ¢, then
d (t)u'(s1 — so)a’ (t71) =o' (7)  with |7] > ¢,

Hence, for any (s1,s2) € A and [t|, > ¢%, by (22) we have

i (o)

< q;Qé/QOMSdO (f)2
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Since the Lebesgue measure of A is q;21€/10, using the definition of Dy f(x)

and the Fubini’s theorem, now we have

/ Do ()] du
X

2

:qgf/B/BF(sl,SQ)dsldSQ— (/deu)
2
:q?f(/Al F(Sl,SQ)dsldSQ+/A2F(81,82)d81d82) — (/deu)

< Bq;QZ/QOIVISdO (f)2
Using Markov’s inequality we arrive at
(25) p({z € X | Def(x)] > e}) < 367 2¢, %2 M Sy, (f)*.

To conclude, we use property (S2) of the Sobolev norms. That is, there
are d > d' > dy and an orthonormal basis {e;} of the completion of C°(X)
with respect to Sg which is orthogonal with respect to Sy so that

S (er)?
(26) ZSd/(ek)Q < oo and Z Sf% < o0
k k
Put ¢ = (3, Su(ex)?)~1/? and define
(27) X' = U {x € X : |Dpei(x)| > cq/*M Sy (es)}.
>ng,i>1
Using (25) and (26), we have
(28) p(X") < "M

Let f € C°(X), and write f = > frer and suppose x ¢ X'. Let £ > ny,
then using the triangle inequality for D, we obtain

Def(@)] <Y1 full Deer(@)] < eq”*™ >~ | filSar(er)
k k

< cgq,, " /*M (; |fk|2) v ( ; Sar (%)2)

= g, M Sy(f),

where the last inequality follows from the definition of ¢ and since {e;} is an

1/2

orthonormal basis with respect to S;.
This completes the proof in view of (28) as A was arbitrary. |
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For the rest of this section, we fix some d > dy so that Proposition 7.1 holds,
and write S = Sy.
For every m, let Q. = {((90),1) € K : g € 7 (Kw[m])}.

PROPOSITION 7.2: There exists k12 such that for all ¢ € N and all large
enough m > 3¢, the following holds. Let g € Q,, satisfy g, # 1 and

lgwa = Il = a,,°llgw — 1.

Let A\ € ®. Suppose y1,y2 € X are two |m/10]-generic points for the measure
with respect to S satisfying that y» = gy1. Then,

ux(7)-1(f) — u(f)] < q,""2S8(f)
for all T € B(0,1) and all f € C*(X).

Proof. As in the proof of Proposition 7.1, we write a'(t),u/(s) for a)\(t), v} (s);
we also write a(t),u(s) for ax(t),ur(s). Recall from (15) that

a(t)ga(t™) = ' (Hga(t™) and  u(s)gu(—s) = u'(s)gu(~s).

Let us also recall that a'(¢) and u/(s) belong to Hg, hence, they leave p
invariant, while a(t),u(s) € G,, and we do not have any a priori information
regarding their action on u.

For all s and ¢, put

gar = a' (t)u/ (s)gu/ (=s)a(t71);

note that g5 ;. = g, for all v # w.
Apply Lemma 5.5 with m; = ¢, and let m > 3¢. Let us write

t=[(mg, —¢)/2]

where g, € Ky[mg,] \ Kulmg, +1]. Let |tl, = ¢; we will always assume
|s|lw < |t|,}. By Lemma 5.5, we have

(29) 185,000 — alt)grwalt )| < Crgy, ™
moreover, if |t|, = ¢, > C1¢2“*3, then

w

(30) ||gs,t,w 1] > q;672-
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Recall now that y;, i = 1,2, is |m/10]-generic for x w.r.t. S. This, together
with our choice of the integer £ > |m/10], implies that

(31) |qﬁ,/B B fla' (t)u'(s)y;)ds — /X fdul < q;e/SMS(f)
w(0,qw

fori=1,2.
Since y2 = gy1, we get that a'(t)u'(s)y2 = gs1a’ (t)v'(s)y1. In particular,

fla' (0w (s)y2) = f(gsea’ (t)u' (s)y1)-
Applying (31) with ya, we thus conclude that

(32)

[ e mas— [ fad <t s
B (0,qw°) X

Put g = a(t)g’a(t™!) where g, = g, for all v # w, and g}, = gy, 1. Then (32)
and (29) imply that if m > 5¢, then

i sedemas [ g <)
Bu(0,q5") X
The above, (31), applied with y; and g~1.f, and property (S3) yield
(33) & u(f) = (D] < q, M S(F).
Recall that ||gw . — I|| > ¢, °llgw — 1||. Therefore, if we write
u(r0) = a(t)guwra(t™),

then ¢, 2 < |7o]w < 1.

For every p, put g, := a’(p)ga’(p~"). Then g,, = &, and g, = u(p*7).
Moreover, we have

8o-1(f) — ()] = [&-p(a’ (p~1).f) — ula' (p1).f)]

oy < g, PMS(d (p71). 1),

where we use the fact that p is Hg-invariant in the first equality and (33) in the
second line. In view of property (S3), we have

S (p™)f) < max{[pfy, o[, "V }S(f)-
This and (34) imply

l8o-1(f) — 1(f)] < a /"M max{|p[s" %, | ol IS ().
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Recall now that §71g, = u((p? —1)70). Using the triangle inequality, the above,
and (33) applied to g,.f, we may conclude that

u((p? = D)70)-1(f) = n(H)| = 18 &p-pu(f u(f)l
<& 8p-1u(f) = Bo-n(F)] + [&p-n(f) — u(f)]
<, MS(f) + q;f/gM max{[pl ", ol }S (/)
< g, PMS(f),

for all |pl, = 1. We now consider two cases:

CASE 1: char(F) > 2. Then by Lemma 5.1, B(0,x5) C {p?> — 1 : |plw = 1}.
This and the fact that |79|w > ¢, 2 imply that

[u(r)-n(f) = n(f)] < a5, "M S(f)
for all 7 € B(0,q,° 2k5). Using u(p?7t) = d'(p)u(r)a’(p~') and arguing as

~—  ~—

in (34) again, we conclude that so long as m (and hence ¢) is large enough,

Ju(r)-u(f) = p(f)] < g, MM S(f)
for all 7 € B(0,1); the proof is complete in this case.
CASE 2: char(F) = 2. Then by Lemma 5.1, we have

Jul7).p(f) = w(f)] < 47PN S (f)

for all 7 = 19a? and « € B(0,1). Using u(p?7) = a’(p)u(r)a’(p~!) and arguing
as in (34) again, we conclude that so long as m is large enough,

(35) Ju(7)-p(f) = u(f) < a5 "M S(f)

for all 7 = 1pa? with |7| < ¢52 (recall that ¢,°2 < || < 1).
Now by Lemma 5.4, for every r € B(0,1)

ux(r) = hy - he
where ¢’ is absolute and h; € H, ,, with
IRl <1 or h; € {ur(roa?) : |roe?| < |m0] ™1}
This and (35) complete the proof in this case as well. n

Recall that volgs denotes our fixed Haar measure on G’. Also recall that for

every m, we let

Q= {((90), (92)) € K" = (gu, 9) € mu (K, [m])}.
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LEMMA 7.3: Assume n is so that

o vol(Y)
volg/ (@) " < m

where C denotes the center of G'. There exist points y,,y2 and A € ® so that:

vol(Y),

(1) y1 and yo are |n/20|-generic for A and the measure i w.r.t. S,
(2) y2 = gy1 where g € Qp—m, \ Stab(u). Moreover, g,, # 1 and we have

lgwx — Il > ¢, lgw — I,

where myg Iis as in Lemma 2.3.

Proof. We may assume vol(Y) is large enough so that n maybe chosen with
[n/20] > 2mgo + 1. Let

(R)=6(R)n{y €Y : yis [n/20]-generic}.

!

good
Then by Propositions 7.1 and 6.2, if R >>,, 1 is large enough, we have
(36) 11(Ygo0a(R)) = 1 — gyt 1modimG,

good

Fix one such R for the rest of the argument, and put Y, 200d

good (}%)
Let H= A, (K,A_n,Ky,). Put

Yh ::{(hay) €Hx ygood: hy € ygood}'

Note that for every h € H and all y € Yy 4N h_lYg{OOd, we have (h,y) € Yu.
Since H C Hy ,, leaves p invariant, it follows from this observation and (36) that
for every h € H, the fiber {y : (h,y) € Yy} has measure > 1 — 2g 1Mo dimG,

Therefore, by Fubini’s theorem, there exists a subset Ygo0q4 C Yg’ood with
M(Y:good) Z 1— q;Smg dim G
so that if for every y € Ygooa we put Hy = {h € H: hy € Y, 4}, then
|H \ Hy| < q;E)modimG.
Let {Q!,.x; : i € I} be a a disjoint covering of &(R), then #I < volg/(Q’,) 1,
moreover, since ((Ygooa) > 0.9, there exists some i so that
1
(@, -ig N Ygooa) = T
Recall now from Lemma 2.1 that Stab(u) = H - C(F). We now claim that
there exist y1,y5 € Q,.Zi, N Yaooa so that y5 = g'y) for some g’ ¢ Stab(u).
Assume to the contrary that for every y,y" € Q.2 N Ygood, we have y' = hy
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where h € Stab(p). Then, since b — bx is injective for all x € S(R) and
all b € Q,, see Lemma 6.1, we have

@y, N Yeood) < (#C(F)) - m(Q, N H).

From this we conclude that

VOlG’ (Q;z) < (#I)_l < 2/11(@{,1.%'1‘0 N Y;_z;ood)
<2 (#C(F)) - m(Q, NH) <2 (#C(F)) - vol(Y)!

which contradicts our assumption and proves the claim.

We now use Lemma 5.6 to move g’ to g € Qm—2m, while keeping points
generic; moreover, we need g, # 1 and that ||gy,\ — I|| > |lgw — I for
some A € .

Let Eq, Ey C Ky A_p, K be so that

Ag(El) - Hy; and |KwA7moKw \Ez| < q;5m0 dimG.

For i =1,2, let a; € Hy, and A € @ satisfy the conclusion of Lemma 5.6, and
put g := azg’a;’. Note that g € Q,_2mm,, since g, = g, for any v # w, and by
Lemma 5.6 we have

agg,fual_l =g € Ky[n —2mg) C Gy x {1}

satisfies ||gw.x— I|| > ||gw — I||. Moreover, since a; € Stab(u) and g’ & Stab(u),
we have g ¢ Stab(u).

Let y; = a;y;. Since a; € H,., we have y; € Y!

wood- Furthermore, since y5 = g'y;,

Yo = Qoyh = Oé2g'af1041?/1 = gy1-

It only remains to show that g,, # 1. Assume to the contrary that g, = 1.
Then for every £ > [n/20] and i = 1,2, we have

qﬁj/ , fla)\(t)u)(s)y;)ds —/ fd,u‘ < qt/BM ()
Buw(0,q") <
for all f € C2°(X). Now since g, = 1 and a)\(t),u)\(t) € Hy,w C GY,, we have

al\ (t)ul (s)y2 = a)\(t)u)\(s)gyr = ga)\ (t)u)(s)y

for all ¢, s. This and the above imply that u(g=t.f) = u(f). That is, g € Stab(u)
which is a contradiction. The proof is complete. |
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COROLLARY 7.4: There exist some k13 and L so that

|u(b-f) = ()] < vol(Y) = 138(f),
for every b € K| [L] and every f € C°(X).
Proof. Since K,[L] = K,[L]- (Hy N K},[L]) for every L > 0 and H, leaves

invariant, it suffices to find k13 and L so that the claim holds for all b € K, [L].
Let n € N be so that

o vol(Y)
volg/ (@)~ < m

see Lemma 7.3. Then by that lemma, there exist y1, yo = gy1, and A € ® which

vol(Y);

are both [n/20]-generic for A and the measure p, so that g € Qpn—2my, 8w # 1,
and
lgws — 111 > a5™llgw — 11,
Let m = n — 2myg, Assuming n is large enough, we have |m/10] > [n/20].
Apply Proposition 7.2 with ¢ = mg and these y1, y2 = gy1, and m. We thus
conclude that

(37) ux(7)-u(f) = p(f)] < a5,""12S8(f)

for all 7 € B(0,1) and all f € C*(X).
In view of Lemma 5.2, there exist hi,...,hy € Hy so that every b € K,,[ke]
may be written as b = by - - - by, where b; € hiUA[O]hi_l for every 1 <1 < /.
Since h; € H, leave the measure 1 invariant, and we may choose h; so that
||| < 1, the above and (37) imply the claim with L = kg and k15 = *k12. n

Proof of Theorem 1.1. The proof goes along the same lines as the proof of [9,
Thm. 1.5]; we recall the details for the convenience of the reader.

Let f € C*(X). Let L be as in Corollary 7.4, and let Av be the operation
of averaging over K,,[L]. Let us also fix some A € ® and let du; (s) be the delta
mass at u(s) for some s € Fy,. Let Ty = Av*d,, (s) x Av, where x denotes the
convolution operation. In view of Corollary 7.4 and the fact that u)(s) € H,
leaves p invariant, we conclude that

(38) lu(f) = (T )] < vol(Y) 7" (S(Guy (s) * Avxf) + S(f)).
Therefore,
() =mx (NI <1(Ts f)=mx ()] + vol(Y) (S (0uy (s) * Av£f) + S(f))

(39) —% 4d
ST f) =mx ()] 4+ vol(Y) 7" (1 + |s]w) ™" S(f)
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where we used S(d,; () *Av*f) < (1+ |5)w)* VIS (f). We now estimate the first
term on the right side of the above. First recall from (S5) that

Tsf(x) — /fde < g0t (2) | Ts|2,08(f),

where || Ts||2,0 denotes the operator norm of Ty on L3(X,mx). Therefore,
) = mx()] = | [ 7o = mx(s)

§| Tsfme(f)dM|+| Tsfme(f)d/A
S(R) X\&(R)
< gL RYT 208 (f) + a B[ fllo

< (1 |s|w) T/ 2MGGADIRT 4 g2 RT*)S(f);

in the last inequality we used || Ts|l2,0 < (1 + |s]o) "1/2Mg24L | see (21).
Optimizing |s|, and R, and using the fact that ¢, < (logvol(Y))?, we get
the theorem from the above and (39). |
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