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Abstract

This work introduces a theoretical framework to describe the dynamics of react-
ing multi-species fluid systems in-and-out of equilibrium. Our starting point
is the system of generalised Langevin equations which describes the evolu-
tion of the positions and momenta of the constituent particles. One partic-
ular difficulty that this system of generalised Langevin equations exhibits is
the presence of a history-dependent (i.e. non-Markovian) term, which in turn
makes the system’s dynamics dependent on its own past history. With the
appropriate definitions of the local number density and momentum fields, we
are able to derive a non-Markovian Navier—Stokes-like system of equations
constituting a generalisation of the Dean—Kawasaki model. These equations,
however, still depend on the full set of particles phase-space coordinates. To
remove this dependence on the microscopic level without washing out the
fluctuation effects characteristic of a mesoscopic description, we need to care-
fully ensemble-average our generalised Dean—Kawasaki equations. The out-
come of such a treatment is a set of non-Markovian fluctuating hydrodynamic
equations governing the time evolution of the mesoscopic density and momen-
tum fields. Moreover, with the introduction of an energy functional which
recovers the one used in classical density-functional theory and its dynamic
extension (DDFT) under the local-equilibrium approximation, we derive a
novel non-Markovian fluctuating DDFT (FDDFT) for reacting multi-species
fluid systems. With the aim of reducing the fluctuating dynamics to a single
equation for the density field, in the spirit of classical DDFT, we make use of a
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deconvolution operator which makes it possible to obtain the overdamped
version of the non-Markovian FDDFT. A finite-volume discretization of the
derived non-Markovian FDDFT is then proposed. With this, we validate our
theoretical framework in-and-out-of-equilibrium by comparing results against
atomistic simulations. Finally, we illustrate the influence of non-Markovian
effects on the dynamics of non-linear chemically reacting fluid systems with
a detailed study of memory-driven Turing patterns.

Keywords: non-Markovian fluctuating dynamical density-functional theory,
multispecies, reacting species, finite-volume simulations, memory-driven Tur-
ing patterns

(Some figures may appear in colour only in the online journal)
1. Introduction

Many applications, from chemistry to biology and engineering, exploit complex fluids consist-
ing of colloidal particles. A number of challenging issues in applications requires chemically
reacting particles while colloidal chemistry is often the preferred path for particulate systems
and formulated products. Examples range from the design of micro-/nanofluidic devices [1],
lab-on-chip applications [2] and analysis of chemical reactors [3] to biological macromolecules
in solutions [4], dispersion of carbon nanotubes in solvents [5] and preparation—formulation
of organic nanoparticles [6].

Physical properties at the nanoscale may be investigated in a ‘brute-force’ manner by solv-
ing the Newton’s equations of motion for each individual particle, i.e. by means of molecular
dynamics or Monte Carlo simulations. However, many interesting dynamical events, such as
protein folding [7, 8] and phase nucleation [9, 10], occur at time- and lengthscales several
orders of magnitude larger than those accessible by atomistic simulations [11]. Due also to
the prohibitively high computational cost associated with such simulations, coarse-graining
remains a highly relevant instrument in the study of reacting systems. Precursory model reduc-
tion techniques go back to the phenomenological description of pollen particles in water by
Brown [12]. However, it was not until the work of Langevin [13] that a low-dimensional
(stochastic) model for such phenomena was formulated. Since then, several reduced models
have been proposed [14-26]. A standard way to coarse-grain a system is by using projection-
operator techniques to decouple the relevant and the non-relevant degrees of freedom in the
system [16, 20, 25, 27]. This leads to a system of stochastic generalized Langevin equations
(GLEs) for the time evolution of the resolved variables (relevant degrees of freedom). The
effects of the unresolved variables (the irrelevant degrees of freedom) are included as the noisy
part of the GLEs. Such GLEs typically have non-Markovian terms involving time convolu-
tions which carry information about the history of the dynamical system at hand. Most existing
studies focus on the so-called Markovian limit of the full GLEs where the memory effects are
ignored [28, 29]. Importantly, the Markovian approximation can be inaccurate when the sys-
tem does not have a clear scale separation between the resolved and the unresolved variables.
It is worth underlying that, in general, GLEs are used to describe the stochastic time-evolution
of a set of observables of interest of a dynamical system. These observables can be either
some particle coordinates (microscopic observables) or continuum field variables (macroscopic
observables). In this work, GLEs are used to obtain the time evolution of some particle coor-
dinates of interest (or resolved particles). It follows that this Langevin approach still gives a
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description of the system at particle-level, and thus it is essentially equivalent in computational
complexity to atomistic simulations.

A continuum/mean-field framework capable of describing small-scale systems is offered
by density-functional theory (DFT) or its dynamical counterparts known as dynamical DFT
(DDFT), and fluctuating hydrodynamics (FH). Unlike the atomistic GLEs, both DDFT and
FH operate with local averaged densities and are thus computationally tractable. DDFT is usu-
ally obtained by deriving the Fokker—Planck equation governing the evolution of the system
probability density function, which is then averaged over all but one degrees of freedom [22,
30-32]. Recently, several extensions of DDFT were proposed for multi-component systems
[30] to include hydrodynamic interactions [31-33] and effects of particle orientability [34].
On the other hand, FH for simple liquids was initially stipulated by Landau et a/ from empir-
ical arguments [35]. The connection between FH and the density-functional framework for
small-scale systems was later highlighted in the works of Kawasaki and Dean (DK) [28, 36]
(with Dean’s equation being the overdamped counterpart of Kawasaki’s). In the DK approach,
a heuristic energy functional accounting for small-scale features was introduced. Recently, a
rigorous and systematic derivation of FH and fluctuating DDFT (FDDEFT) for the general case
of arbitrarily shaped thermalized particles was offered by Durdn-Olivencia et al [34].

It should be emphasised, however, that the DK model describes the evolution of instanta-
neous microscopic fields, thus containing the same physical information as the original set of
GLEs, and hence leaves the equations computationally intractable and at the same time dis-
connected from the original Landau ef al theory. Even more importantly, this disconnection
has often led to the misconception that the DK model describes the evolution of macroscopic
observables. The formalisation of the connection between DK and FH to enable the description
of the evolution of observable fields and remove the dependence on the microscopic GLEs has
lately received a great deal of attention. Indeed, recent efforts have achieved the desired formal
connection under the local-equilibrium approximation [29, 37]. Finally, applications of FH to
multi-component reacting systems have been studied in many works, e.g. references [38—40].

Thus far, the inclusion of fluctuations in the DDFT framework has posed many questions
[41]. For instance, in some studies such as the work by Elder et al [42], an additional noise
term was artificially included, but the physical meaning of this term remains questionable. At
the same time, the derivation of the Fokker—Planck equation, the first step in the derivation of
DDFT, requires that we already averaged out the noise. The recent effort by Durdn-Olivencia
et al [29] showed that DDFT can be understood as the most-likely realisation of FDDFT, thus
providing closure to a long standing debate in the density-functional theory community about
the inclusion of fluctuations establishing also rigorously the connection between FDDFT and
FH from first principles.

In the present work we start with microscopic GLEs of reacting systems to derive the corre-
sponding FH equations. The underlying GLEs allow us to obtain the proper noise correlations
in FH, as well as include memory effects. We derive the non-Markovian FH governing the time
evolution of the one-body density and momentum fields in systems of several reacting species.
Adopting a density-functional formulation, we transform the FH equation to an equivalent
FDDFT equation. In the appropriate overdamped limit, the latter reduces to a single equation
for the time-dependent one-body density field.

In general, numerically solving the non-Markovian FH is quite challenging due to the mem-
ory term and the time-correlated noise. For a memory term in the form of decaying exponential
series, the computational issues are overcome by introducing an additional field, whose time
evolution accounts for both the memory term and noise time correlations. Such an approach
will be denoted as ‘extended field dynamics’. The resulting non-Markovian DDFT equations
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Figure 1. Flowchart showing the approach followed to obtain the non-Markovian
FDDFT and its overdamped approximation. The interconnections to previous formu-
lations are also included. Arrows denote the relations among the different approaches.
Thin boxes/arrows: previous approaches. Thick boxes: main results of this work. Text
and equations on arrows provide a brief explanation of the main approximations or

manipulations.

are then solved numerically using a finite-volume approach. Our numerical scheme is exempli-
fied with several applications to multi-component reacting systems leading to the emergence
of stochastic Turing patterns [43—51].

In section 2 we introduce the GLEs for an isothermal multi-component system of parti-
cles, which provide the starting point for our derivation. Section 3 deals with the inclusion
of microscopic density and momentum fields, and the derivation of the FH equations for a
multi-species reacting system. A non-trivial deconvolution operator has to be defined to take
the overdamped limit of the previously derived FH. This leads to the formulation of a non-
Markovian overdamped FDDFT equation for the density field in section 4. The computational
challenges due to both the memory term and the correlated noise are overcome by introducing
an extended-field variable dynamics framework in section 5. The finite-volume method is then
adopted for the spatiotemporal discretization of the extended variable dynamics in section 6.
Section 7 reports several computational experiments including a comparison between molec-
ular dynamics simulations and FH that validates our main theoretical results, and a dedicated
study of memory-driven Turing patterns. Conclusions and outlook for possible future work are

offered in section 8.
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Table 1. List of abbreviations and corresponding definitions adopted in the manuscript.

Abbreviations Definitions

GLE Generalized Langevin equation
DFT Density functional theory
DDFT Dynamical DFT
FDDFT Fluctuating DDFT

FH Fluctuating hydrodynamics

In figure 1, we show a flowchart summarizing the main equations in this work and their
connections to previous formulations. Moreover, for the sake of clarity, we include in table 1
a summary of the abbreviations used in the text and their definition.

2. GLEs

Consider an isolated system containing a total of Ny ((f) particles at time ¢, withs = 1,...,K
denoting the different coexisting species. The phase-space coordinates of a given species s are
noted as z; = {r,,p,}, with ry = {ry... Ty, } and p; = {p,.. .prm} being the particle
positions and momenta, respectively. In many cases, such as colloids in suspension, one is
interested in the dynamical evolution of only the first N, of the original Ny ; particles belonging
to the species s. The coordinates of the particles of interest are also known as resolved variables,
while the remaining ones are denoted as unresolved variables or thermal bath. Using time-scale
separation (or weak coupling) between resolved and unresolved variables, the resolved ones
can be shown to obey the following GLE [16, 20, 25, 56]:

i‘i,s(t) - mzlpi,s(t)’

! (1)
Pis(D) = Fi(t) — / dr'0,(t — {)p; () + Ris(1),
fo
where F;; = —V,, U(r;,) is the effective force experienced by each particle, with U(r; ) being
the potential of mean force in the form:
K No N ()
Ui ™) = > D Valris—ria)+ > Vilrig =10 + Ue(ris), ()
a=l,a#s j=1 J=1,j#i

where V,, is the two-body interacting potential acting between particles of the species s and
o, and Uy, is the external potential acting on the system. It is worth highlighting that the
underlying assumption in equation (2) is that the inter-particle interactions are governed by
one- and two-body interactions. While this assumption allows us to significantly simplify the
derivation in what follows, it also poses some limitations. In fact, the energy functional that
we derive is only able to account for the two-body correlations. For applications requiring
higher-order interactions, the assumption could be relaxed, and our derivation could be easily
extended in order to account for any N-body interactions. Should this be the case, the structure
of the equations derived hereinafter [specifically equation (26)] would lead to the exact first
equation of the YBG hierarchy, which involves all N-body densities, and hence correlations.
The second term on the right-hand side of equation (1) is widely known as the damping
force, representing the deterministic drag coming out from the random collisions of the target
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particles with the surrounding bath particles. Such a drag force involves a memory-kernel ten-
sor B,(f) which makes the force dependent on the entire history of the particle dynamics [25,
26, 52—55]. It is worth noticing that if the thermal bath is characterized by multiple timescales,
the dynamical effects of the bath particles of the original system may not be fully embedded
in the memory kernel ,(¢) of equation (1). But these applications are beyond the scope of this
work.

The stochastic term R; ,(¢) in equation (1) accounts for the volatility which the just men-
tioned collisions with the bath induces on the particle’s acceleration. This emerges as a Gaus-
sian distribution with zero mean and a correlation function satisfying the fluctuation dissipation
theorem:

(Ris(1) =0,

, , 3)
<Ri,s(t)Ri,s(t )> - mskB Tgs(t - t),

where kg is Boltzmann’s constant, 7 is the absolute temperature imposed by the system of
bath particles and the brackets (-) denote the ensemble average over multiple realizations of
the noise, i.e. (A) = f p(z)A(z)dz, with p(z) being the probability density function defined in
the phase space of the original system. Despite being derived for equilibrium conditions, in this
work equation (3) is also applied to systems in local-equilibrium. This extension is rigorously
valid if the thermal bath is assumed to relax instantly toward local-equilibrium conditions. For
the sake of clarity, we need to highlight that all particles of the same species, say s, have the
same mass and memory kernel and interact only via the pairwise potential V, as specified in
equation (2).

Some systems are characterized by a time-scale separation between resolved and unre-
solved particle dynamics, due for instance to the much higher inertia of the first compared
to the latter particles. In these cases, the memory kernel tensor in equation (1) can be approx-
imated as 0,(r) = 20,,4(r), where §(7) is a Dirac’s delta function and 8, is a constant. This
approximation allows one to obtain a memory-less (or Markovian) formulation, with a much
simpler structure. In fact, in the Markovian limit the memory term in equation (1) loses its
convolution structure, i.e. fl; dr'0,(t — 1)p; (') = O0pis(1), while the stochastic term becomes
delta-correlated in time, i.e. (R; ()R, (1)) = mskgTO,5(t — 1) [26]. However, when no clear
scale separation between colloidal and bath particles is present, the Markovian hypothesis is
not applicable and one needs to seek a way of approximating the memory kernel to numerically
track the dynamics [21, 23, 25, 56].

In a recent study on the parameterization of GLEs, Lei et al used a data-driven approach
to approximate the memory kernel [56]. Following this study, one could consider atomistic
observations of a system at equilibrium, then right-multiply equation (1) by the initial momen-
tum p,(0) and, finally, take the ensemble average with respect to the equilibrium distribution
function, obtaining the following equation:

8= / 0,(t — Hh (1) dr, 4)
0

where we have defined the matrices g (1) = (Fis — p (1) - p/(0)) and h;,(t) = (p, (1) -
pf ,(0)) and made use of the orthogonality between the stochastic term and the particle momen-
tum, i.e. (R;s(?) - p;(0)") = 0 [25]. Taking the Laplace transform' of equation (4), we get

! The Laplace transform of a function f() is defined as 7()\): 0+°° fHe A dr.
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0,(N) = Zis(Vh;, V), (5)

where g;s(\), E,-,S(A) and 53()\) denote the Laplace transforms of h; 4(t), g; (1) and 8(1), respec-
tively. Assuming that the memory kernel 6(7) is isotropic and represented in the form of
decaying exponential series, 0(f) = ZkAs,keBSvk’I, we can express its Laplace transform as:

d

~ A
es()\) = Z ml, (6)
P s,

where I is the identity matrix with dimension 1, 2 or 3 depending on the dimensional-
ity of the system, A ; and By are real-valued and B;; < 0. In a data-driven approach, if
the matrices h; (f) and g; (¢) are computed from historical data, the sets of coefficients
{As1, - s Asgs -, Asqt and { By, ..., Bsg, . . ., Byg } can be fitted using equations (5) and (6).

3. Non-Markovian fluctuating hydrodynamics (FH)

The goal of this section is to go from the non-Markovian GLEs to a more hydrodynamic picture
of the equations. For this, we introduce the microscopic number and momentum density fields
of species s, containing a number of particles N,(7) evolving in time according to the particle
reactions:

Ny (1)

palrs ) =Y 6(r —riy),
i=1

(N

Ns(1)
Jsr) =" p S —riy),
i=1
where N; is the number of particles in species s.
To obtain the time-evolution equations governing the dynamics of the microscopic densities
just introduced, equation (7) must be differentiated with respect to time, which can be done by
applying the discrete Leibniz integral rule:

N;(t) N (1)

0y f06(r—ris) = > 0, [fE: 000 —ri)] + fN 05 — r, )

i=1 i=1

N o
dr
It is convenient to express the derivative of the discrete upper summation limit in the distribu-
tion form, 2 = x5(7), where £ indicates the reaction rate. The second term in the right-hand
side of equation (8), which in our case will be stochastic in nature, can then be determined
empirically [57].
Applying the time derivative defined in equation (8) to the equation (7), and using
equation (1), we obtain the time evolution of the number and momentum density fields of
each species s:

ups(ry 1) = =V, - (m; ' J(r; ) + 1, (73 1), )

Nq(1) Ny(1)

OJsrst)y = =V, - > (m; ' p) @ p 0 —rig) + Y Fi0r —riy)

i=1 i=1
t A~
_ / 10,1 — 1] 1) + () + (2 ), (10)
)
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where W, and W, are the contributions to density and momentum due to chemical reactions,
and the local random force 7, is:

Ns (1)

n,ri ) =Y 60 = ri)R;s(2). (1)

i=1

Notice that the terms 0, and W, in general allow for reactions between the non-resolved
variables and particle sources. However, if reactions can occur between resolved particles only,
the conservation of mass and momentum of the total system must also be imposed:

K
Z ’UA)/),(I(I'; t) - 0,

a=1

(12)
K
PRIRGHE
a=1

Finally, we can rewrite the noise term without changing its statistical properties (see appendix
A) as [28, 29, 58-60]

nr; ) =/ ps(r; DR(r; 1), (13)
where R, denotes the spatial-temporal noise satisfying the fluctuation-dissipation theorem
(Ry(r; OR(r'; 1)) = mkpTO(t — 1)5(r — 1), (14)

where kg denotes the Boltzmann constant.

The first and the second terms in the right-hand side of equation (10) can be rewritten now
in terms of p,(r; ¢) and Js(r; 7). The second term with the force F; ;, experienced by the particle
can be further rewritten as

Ns(0)

Z Vi, U(ri,s,rN)(S(r —riy) = py(ryt)

i=1

ViUex(r; 1)

< (15)
+ Z /dr,vrva(r - r/) (ﬁa(r,;t) - (5(7‘ - r/))‘| .
a=1
The convective flux then becomes [29, 61]
N (1) Ns(@) Ns@ (o —1
= j= s Pis ® ivér—ri,s(sr_r‘,s
Z (ms_lpis) ®pis6(r - ri) = ZI—I Z]_l (m p“A) p’A ( ) ( % )
— ’ ’ ps(r; 1)
—1% (. Lo
_ (my Jri0) ® Ji 0. (16)

Ps(rs 1)

It is worth underlying that, as discussed extensively in references [29, 61], the approach
followed to obtain the convective flux in equation (16) is mathematically rigorous only if
a physical interpretation of the Dirac delta function is accepted. Specifically, if the phase
space is partitioned in cells each containing a single particle, the Dirac delta can be approxi-
mated as a Kronecker delta normalized with respect to the volume of the cell. As highlighted
in [29], such approximation is strictly valid only for particle systems with a repulsive hard
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core, which represent by far the most common kind of systems studied in classical particle
physics.
Thus, the fluctuating momentum-moment equation reads

(m; ' j(r; 1) @ jo(r; 1)
ﬁs(r; 1)

js(r;H) ==V, - ( ) — ps(r; DV, Uexe (15 1)

K
0 [TV =) (a0~ 1)
a=1

- / A0t — ju(ri) + A E DR D) + 5. (17)

0]

The following definitions of the kinetic, internal and external energy functionals

w(r)’

o)’

1
Helovm) = [ o
1 K
Hulod =53 [ [ ar arve = oo, - s~ oo,
a=1
1
Hy'161 = 5 [ dr Ui, (1)

allow us to rewrite equation (17) in terms of the functional derivative of equation (18) as

o s ) @ Ju 0\ o [o SHulpd | o OHE (]
Orjsr;t) = =V, - ( (i) ) Al {V’ ops(r.n) " Sps(r,1)

SHilps» J]

- / e

fo

Vi + Vs OR(r; 1) + wjis(rin).  (19)

Notice that equation (19) still depends on all particle positions and momenta through the
terms py(r; f) and Js(ri0). Thus, a proper ensemble average is required to obtain a mesoscopic
description of the system [29]. With this aim, Durdn-Olivencia et al extended the concept of
equilibrium canonical distribution, well known from classical statistical mechanical arguments,
to local-equilibrium conditions. Local-equilibrium conditions are out-of-equilibrium configu-
rations of the system under which the particles, despite having small deviations from their
equilibrium velocities and energies, behave locally as in equilibrium. This approach allows
us to take the ensemble average of the system out-of-equilibrium, under a local-equilibrium
approximation. To this end, we introduce a probability density function f;,(r", p"; t) for the
system in local-equilibrium condition:

Fiel?™, 1) = 27 M (20)

where Z is the partition function, 3 = (kg7) ' and H(", p"; 1) is the Hamiltonian given by:

9
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Nq(1) Na(1)

/drz m- pl Pl+ Z ZV"(r"_

a=l,a#s j=1

Ni(0)
+ D Vilris = 1) + Uea(riy) | 80 =), @1
j=Lj#i

Hence, the ensemble average of density, momenta and reaction sources become fields:

ps(r; 1) Ps("; 1))
A b
wj(r; 1) Wj(r; 1)

Ensemble averaging equation (19) yields the mesoscopic FDDFT for species s:

ups(ryt) = =V, - (my ' j(r 1) + w,5(r; 1) (23)
(s @ SFp]  — SHSp]
Ouds(rif) = =V ( 1) ) pulr: ’){ o) T Spyt)
- / Q10,1 — 1), 1)+ /P DR 1) + W, ), (24)

where we introduced the free-energy functional, defined as sum of ideal and excess-over-ideal
contributions F;[p] = Fi9[p,] + Filps]* [29]:

Filp] = ksT / dr py(r:1) (log(\py(ri 1)) — 1) (25)

with A the thermal de Broglie wavelength. The excess part of the free energy is defined through
the relation:

CX[

e p,] R OHy| ps /
UL e <ps<r OV, 5p§r t)> Z / 'V, Valr = r)pQ . r'sn (26)

where pEz) (r,r';1) = (ps(r;N)p.(r'; 1)) is the inter-species pair-correlation function. The func-
tional F;[p] satisfies the relation:

0Fs[ps]
503(", t)

P50V, = ks TV:ps(r, t)+Z / 'V Valr =)l r'sn - (27)

which represents the first equation of the Yvon-Born—Green hierarchy if the averages are
taken at equilibrium. For this reason, the functional F;[p] can be interpreted as the classical
Helmbholtz free-energy functional (a more extensive discussion is available in reference [29]
and references therein). Notice that in local equilibrium, the term containing the Helmholtz free
energy is associated with pressure. In fact, from the Gibbs—Duhem relation (dp = ) p,dp,),
and the Euler—Lagrange equation of equilibrium density functional theory (i, = 0 F[ps]1/9ps)
we get:

0Fsps]
dps(r, 1)’

Vep = psr:0V, (28)

10
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which is consistent with the well-known expressions for one-component systems [29, 59].

The terms w,; and w; represent the average density and momentum reaction rates. The
density reaction rate w,, depends on the average number of particle changing species, and
thus it can be modeled or directly measured from experiments [see for instance equation (76)].
The momentum reaction rate w, accounts for the average momentum transfer rate between
particles during the reaction events. If reactions occur only between resolved particles, i.e.
for systems with non-reactive thermal baths, the conservation of mass and momentum of
the total system is satisfied, i.e. 25:1 Wy (r;1) = 0 and 25:1 wj(r;t) = 0. Moreover, for
isotropic reactions, i.e. when the reaction depends only on the random collisions between
the reacting particles, the momentum transfer rate w ; ; has zero components. However, when
reactions are favored along some specific directions, for instance in systems made of aligned
polar particles, then the term w;, will actively contribute to the evolution of the species’
momentum.

4. Markovian and overdamped limits. Connections with DDFT and
reaction—diffusion equations

In many cases the memory kernel decays to zero on a timescale much smaller than the charac-
teristic timescale of the density dynamics. Under such circumstances, the density field relaxes
much slower than the momentum field, and it is possible to assume that the material derivative
of the momentum vanishes, D,j; ~ 0. This approximation allows us to reduce the equations
of FH to a single evolution equation for the density. Our system, however, contains a non-
Markovian memory term which complicates taking the overdamped limit. We proceed by
defining the following deconvolution operator:

T [ / l df ot — )ymw(r; 1), qﬁ} = 7(r; 1), (29)
fo

which is applied to both sides of the momentum equation (24). With the above assumption
D,j, ~ 0, we obtain the non-Markovian time evolution of the density field of the species s in
a multi-component system:

apq(l‘, t) = vr . {ms_lz |:pv(r, t) (v 6-7:s[Pv] v 6H6UX [pJ)

Sps(rt) " Spr.t)

+ Vs DR (ry 1) + wj (1, t)] } + w,s(r;1). (30)

In general, the operator Z may be arbitrarily defined, with the only restriction that it needs to
satisfy equation (29). In this work, we take advantage of the properties of the Laplace transform
and define the operator Z as:

L[o0)]

_ {ﬁ[fb(t)]ﬁ[ﬂ’(r; 0]

L[o0)] }:”(”) G

where L[ (r; 1)]= [, m(r; )e”"/* dt indicates the Laplace transform of a time-dependent field.

1
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Applying the operator Z in equation (29) for a multicomponent system of ideal gases, we
obtain the following non-Markovian time evolution of the density field of the species s:

ammnzvf{ﬁfzﬁwgnmn+ mom&mo+w”mﬂ}+wwmo. (32)
Neglecting the reaction contributions to the momentum, we obtain:
Oupurs0) = Vo {m T (ks TV 50 + /0 DR 0| | + w50 (33)

where we employed the space invariance of the operator Z. By utilising equation (31), we
obtain

ks TV ps(r; 1) + /ps(r DR(r; 1))
L16(0)]

Ops(ryt) =V, - {ms_lﬁ_l [ﬁ [ } } + wps(r; ). (34)

Defining now the function D(r) = £~ [(£[0(1)])"'], and using the properties of the Laplace
transform we get

Oupurs0) = D)+ - { (ks T, ' Vops 050+ /0T DR 0) b+ 0,50, (35)

where * denotes convolution in time. B
For a memory kernel in the form 6,(¢) = ZZ A, zePskt | the function D(7) is given by

d

~1
~ A\

Doy=c"' || o : 36
@ (kl—&g> (36)

The highest values of ) in the Laplace transform correspond to the lowest frequencies, which
are usually dominant. This allows us to simplify the above even further:

d -1 d d
=~ _ . As k)\ — Bs k Bs k
D(1) ~ I _— = ! — | = . .

Finally, equation (35) reduces to

atps(r; t) - Deff vr ° {kBTmzlvrps(r; t) + Ps("; t)Rs(r; t)} + wp,s(r; t), (38)

d By
kA

An alternative derivation of equation (38) would be to first take the Mé{]{rkovian limit of an
ideal-gas model followed by the overdamped limit assuming that the momentum reaction rate
w; , is negligible. This way equation (30) would be reduced to the usual reaction—diffusion
equation for the density [57]:

where we have introduced the effective diffusion coefficient, Deg =

Oupurs) = V- [keT (m00,) ™" (Vop)| + Vi /DR 0) + 0,50, (39)

In this section we have presented some of the main theoretical results of this work. Using
a properly defined deconvolution operator and taking the overdamped limit of the previously
derived FH, we derived a novel non-Markovian overdamped FDDFT equation for the density
field. Moreover, for memory kernels in the form of exponential series, we simplified the con-
volutional structure of the above equation, defining an effective diffusion coefficient including
low-frequencies contributions to memory effects.

12
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5. Extended field dynamics

Numerically solving the non-Markovian equations (23) and (24) is a highly non-trivial task.
First, because it is not obvious how to sample colored (time-correlated) noise. Additionally,
the direct evaluation of the convolution integral requires keeping track of the entire history of
the momentum field, which drives up the computational cost. Within the so-called extended
dynamics approach, additional variables are introduced to capture the memory and noise effects
on the observables [56, 62, 63]. In this section we derive the extended dynamics for the non-
Markovian FH, generalizing the work by Kawai [63]. For simplicity we assume that the global
effects of the bath are isotropic [56] and the memory kernel can be expressed as the exponential
series [62, 63] already introduced in section 2 and repeated here for convenience:

d
0,(1) = 6,(NT =Y~ Aye™ T, Byx <0. (40)
k

5.1. Convolution decomposition

Defining the extended field variable associated with the kth mode of the memory term of
species s:

1

Z(r;t) = / dr A, e 0 j (1), (41)
fo

we can express the convolution term as j;:) dro,(t —1)j(r;t) = ZZ Z,(r; t). By differentiat-

ing Z; with respect to ¢ yields the time evolution of the field Z;; in the form of a stochastic
partial differential equation (SPDE):

atzs,k(r; t) = Bs,k Zs,k(r; t) + As,k js(r; t)~ (42)

5.2. Noise decomposition

The noise term is given by
N, 1) =/ ps(r; OR(r; 1), (43)

where R; denotes the spatial-temporal noise with correlations (R(r; DR (r'; 1)) = kgTO,(t —
?6(r — r)I. Notice that because of the symmetry between 7 and ¢ in the fluctuation-
clissipation theorem, 6,(f) must be even: 6,(f) = 0,(—1). Additionally, its Fourier transform
Os(w)= f:;o 04(H)e~“Tdr must be both real and even when w is real. It follows that in the w-
plane, the roots and singularities of gs(w) must be symmetric with respect to both the real and
imaginary axes. This allows us to introduce the function x(w) such that

0,(w) = 2X(W)X" (—w), (44)
where

X =Y —i(w+iBu) b (45)
k

with real coefficients b, and B,;. The singular points of X '(w) lie in the lower half of the
complex w-plane. Moreover, we define two functions in the Fourier space:

(W) =X ") =Y (w+iBy) (—iby) . (46)

k
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and
Ki(w) = —i(w + iByx) " byal(w), (47)

and we denote their Fourier inverse transform with A(#) and k(#), respectively. By combining
equations (45)—(47) it follows that:

> hiw) =1 (48)
k

or, equivalently,

Zkk(t) = 8(1). (49)
k

Moreover, equation (47) can be rewritten as (iw — Bs,k) %k(w) = bs,kz (w), which in the time
domain gives:

%kka) — Byiki(t) = byxC). (50)

We introduce two more vector fields, corresponding to a delta correlated stochastic field (as
will be proved later) and an auxiliary stochastic field, respectively:

“+o00
E(r;n = /o C(t — m(r; tHdr (51)

and
“+o00
UMGHES / ki(t — ) (r; £)dr . (52)
0

From equations (52) and (49) it follows that:

d
P NGCHEE X)) (53)
k

while, combining equations (52) and (50), we obtain

Om i (r; 1) = Bsym i (r; 1) + bsr&(r3 1), (54)

Equations (53) and (54) allow us to express the original correlated noise as a function of the
white noise £(7). A discussion of the properties of the stochastic process &(r; f) can be found in
appendix B.

5.3. Non-Markovian FH equations

Defining an extended field S, (r; 1) = —Zx(r; 1) + m,(; 1), the FH equations are expressed in
the following form:

Dups(ryt) = =V, - (my ' j(r; ) + w,,(r; 1) (55)

14
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c ) (m1j(r;0) ® jr;t) B ) 0Fps] SHE [ ps]
O j(rit)y=—V, ( ) > ps(r; 1) [V, 75%(", 5 + Vriéps(r, )
d
+ ) Saxlrs ) + w5 0) (56)
k
O0iSsk(ry 1) = Byg Ssi(r;t) — Agx J(rs ) + bi& (1) (57)

where &(ry; 1)) is a stochastic process with zero mean and correlations (€,(r; 1)E,(r; 1)) =
2kgTps(r; 1)0(r — )0(t; — t) mathbfl.
The system in equation (57) can be also rewritten in vector form:

OU(r; 1) = =V, - M(r; 1) + Ni(r; ) + Ry(r 1) + Qs (58)

In the above equation Uf; is the unknown, M is the conservative flux, and Q; is the stochastic
term for species s:

(m, ' j(r; 1))
ps(r; 1) Ly, S AsE T 0
RG] th@?fh@ﬂ 0
. ps(r; .
Z/{s — SS,](r? t) , Mx — 0 , Qs — bl és(r7 t) . (59)
Ssx(r; 1) 0 by &(r; 1)
The source terms are
0
s(r; 1)
§Flp,] SH[p,]] | & “o.
—ps(r; r r s. 5 .S ;t
P |V Ops(r, 1) v Ops(r, 1) - Xk:S’k(r ) w”é’ )
N = Byy Soi(rit) — Agy ji(rs0) - Re=
ce 0
Bs,k Ss,k(r; t) - As,k js(r; t)

(60)
6. Finite volume discretization

The FH system of equations and the corresponding deterministic and overdamped counterparts
have been solved numerically using different techniques, including pseudo-spectral methods
[64], and finite volumes [57, 65—-67]. Here we employ the finite-volume method to discretize
equation (58) because of its enhanced capability in dealing with non-regular fields and complex
geometries. For simplicity, we present the discretization for a one dimensional system; the
generalization to higher dimensions is then straightforward.

A domain of length L is partitioned into n identical cells of width Ax = L/n. The value
of the discretized variable vector for the species s at the cell 1 < j < n is then defined as the
following average over the cell volume V;

U (1) = i / U(e. 1) d. o
Vi
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Similarly, time integration is performed by discretizing the total simulation time 7 in steps of
magnitude Az, such that we can assume Uy, = U, j(mAt1), with 0 < mAz < T. The multiplica-
tive white noise &,(r; f) is discretized, using the following spatio—temporal average [57, 65]

" B (m+1)Ar d pv,](t) G 62
W0 =13 At/mm /E(x D~ AxAr 62)

where G represents a vector with components sampled independently from a standard Gaussian
distribution A/(0, 1). In order to implement time stepping, we define the forward and backward
conservative fluxes as:

M) M () F M j(0)

. s(X31) = 63
V- Mi(x; 1) dx Ax (63)
where M, ;(f) denotes the average value of the field M(x; ) at the cell j, i.e.
MU x:1) = M (0. (64)
Finally, both source terms are discretized simply:
NiUs f(x5 1)) = N (1)
(65)

RiUs. j(x; 1) = R j(0).

The source term N;(x; ). contains the gradient of the variation of the free-energy functional.
Within mean-field treatment, the latter has the following form:

§Flpsl  6Fps] ,
Sps(r, 1) ~ Sps(r, 1) + Z /drV (r —rpa(¥';0). (66)

The above equation can be discretized as follows [66]:

0FIp)\ _ 6F p,)
Ops(r,t) ), Ops(r, 1)
To improve the accuracy of time integration for nonlinear systems, each time step is

usually further subdivided. In the present work, we adopt a two-stage MacCormack predic-
tor—corrector scheme [68]:

K
+ sz Zv(y,j—i(t)pw,i(t)- (67)

Ps=Ps,i a=1 i

~ A
Uy = U — ‘ (Mm vi1) AN+ QT+ RY)

N N
Uyt = 3 e i = S (R~ M)+ A (A 2+ R |

(68)

7. Numerical applications

71. Equilibrium mono-component system

In order to test the numerical stochastic integrator, we consider a non-Markovian FDDFT
approach to model a system of N non-reacting ideal gas particles with single exponential mem-
ory kernel. The particle momentum time correlation function of the corresponding GLE can
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be obtained in a closed analytical form [62, 69]:

B B .
(p(OPO) e? | cos(§2t) — 20 s1n(Qt)> Q #£0,

Crit) = ol ) (69)

PORO) | 5B

Q:
e > 0,

where we introduced a complex-valued parameter 2 = /A — B2/4.

To obtain the time-correlation function for the discretized non-Markovian FDDFT model,
we proceed as follows. First, we define the time-correlation function of the discretized
momentum in a cell as:

1 Ny(1) /Nx‘(t)
C (1) = <Ax2 /V jdrz; DS — ri(1)) /V idr ; P0G —ri0) ). (70)

Next, we employ the independence between p;(f) and r;(¢), and between p,(¢) and pj(t), to write

Ni(1) N(1)

1
Cit = x5 /V dr /V Ay 0> (pOpO) (0 — ri)0G —ri(O))

i=1 j=1
N ()

1
= M/V,dr/vjdrl; (p(OP:(0)) (5(r — ri()6(F — ri(0))) . (71)

Moreover, since all particles have the same momentum correlation, we introduce Gt = CA‘,,,»(I).
This gives:

Ns (1)

G , /
Cij(0) = Affz) L /V 'y~ (S = r0)5( — ri(0)
i =l
G XK L
N de’ <;5<r—ri(t)) /V ,_dr or —r,-(O))>. (72)

Finally, assuming that both r;(0) and r;(r) belong to the same cell V}, i.e. that the cell size
is much larger than the particle mean path, we obtain the time-correlation of the momentum
field:

Cz Ns() Cz 1 ) )
Coj(t) = Afg Vdr<26<r—r,»<r))> — A(;) <A—x /V drﬁ(r,r)> =c,<r)%. (73)
J i=1 J

We computed the momentum field time-correlation of a uniform ideal-gas system with non-
Markovian FDDFT, atomistic stochastic simulations (GLE) and theory [equation (73)]. The
ideal-gas system is coupled with a thermal bath at fixed temperature 7 = 1 through a single
exponential memory kernel. We analyzed systems characterized by three different memory
kernels, corresponding to the under damped (A = 1 and B = —1), the damped (A = 1 and
B = —2) and the over damped (A = 1 and B = —4) cases. The domain is discretized in 40
cells of Ax = 100 (in reduced units).

The GLE simulations are run with the g/d integrator, which is part of the LAMMPS package
[62, 70]. The data are gathered over 500 independent trajectories, each running for 10* steps
with a time step Ar = 0.001.
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Figure 2. Comparison between numerical and theoretical momentum time-correlations
for an ideal-gas system coupled with a thermal bath at fixed temperature 7' = 1 through
a single exponential memory kernel [62]. The time-correlation function is computed in
the underdamped limit with A} = 1 and B; = —1 (a), in the damped case with A} = 1
and B; = —2 (b) and in the overdamped limit with A; = 1 and B; = —4 (c). We also
report the momentum space correlations between every cell and the middle cell for the
overdamped case (d). The system considered is uniform with initial conditions p = 0.5
and j = 0.0. The domain is discretized in 40 cells of Ax = 100.

The non-Markovian FDDFT is integrated with the finite-volume scheme discussed above.
The data are averaged over 1000 independent trajectories, each running for 10> steps with a
time step Az = 0.1.

Figures 2(a)—(c) show that the momentum time-correlation functions obtained using atom-
istic, continuum and theoretical approaches converge, within statistical uncertainty, to the same
result. It is worth noticing that only exponentially decaying momentum time-correlation func-
tions can be obtained in the Markovian approximation, i.e. the time-correlation function in
figure 2(a) can be recovered only by means of a non-Markovian framework. We also report
the space correlations between every cell and the middle cell for the overdamped case in
figure 2(d). Evidently, our numerical scheme does not introduce any spurious space correlations
into the ideal gas.

72. Non-equilibrium space transition

The main aim here is to demonstrate the significant role of the memory kernel in non-
equilibrium processes and to validate the FH algorithm using GLE simulations. We study an

18



J. Phys. A: Math. Theor. 53 (2020) 445007 A Russo et al

ideal-gas system at temperature 7 = 1 inside the double-well potential:

@) -)]

with C = 5 and x¢y = 200. The time evolution of the system is computed in the underdamped
limit, with A} = 1 and B; = —1, and in the overdamped limit, with A} = 1 and B; = —4. To
force mass transport between the two wells, the system has non-uniform initial conditions with
pt =10, p~ =5, where p* refers to the density in the left well and p~ to the density in the
right well. As in the previous example, the GLE simulations are run with the gid integrator.
The data are gathered over 10 independent trajectories, each running for 10° steps with a time
step Ar = 0.001.

The non-Markovian FDDFT is integrated with the finite-volume scheme discussed above.
The data are averaged over 100 independent trajectories, where each was run for 10° steps with
a time step Az = 0.1.

Figures 3(a) and (b) depict a comparison of the time-evolution of the mean density profiles
obtained from GLE and FH in the underdamped and overdamped cases. Despite the presence
of a sharp gradient, the numerical scheme is able to accurately reproduce the diffusion of the
density step function and the mass transfer between the two wells. The evolution in time of
the difference between the total mass contained in the left well m™(f) and the mass in the right
well m~(f) is reported in figure 3(c). The noticeable difference between the overdamped and
underdamped cases highlights the importance of the memory effects when modeling out-of-
equilibrium systems. This prototypical example suggests that, during phase transitions, but also
biological state transitions and chemical reactions, the widely adopted Markovian assumption
may not be satisfied.

73. Memory-driven Turing patterns in binary reacting system

Here we apply our framework to study Turing patterns [43] observed in reaction—diffusion
systems. Specifically, our aim is to show how Turing patterns can arise in systems composed of
two reacting chemicals characterized by dissimilar memory kernels. To observe Turing patterns
in two-component systems one typically needs to use a third substance, which is fixed in space
and reversibly bound to only one of the two components. As a result, the effective diffusion
coefficient of the binding component is significantly smaller than that of the other components.
Here we show that a similar scenario can be realized by using a thermal bath with dissimilar
memory kernels for the two reacting components.

Consider the non-linear kinematic chemical-kinetics model proposed by Schnakenberg [44]
involving three reactions with chemicals X, A, B and X:

k
X, k:‘ A, BE2ux,, 2x 4+ X 3x, (75)
—1

with k_;, ki, k, and k3 representing the reaction-rate constants. This reaction involves an
autocatalyst X; (it is both product and catalyst) for the same elementary reaction, a reactant
X, and two auxiliary species A and B, which are later assumed in excess. The prototypical
Schnakenberg’s reaction model exhibits interesting dynamical behaviors (i.e. steady-state solu-
tions with spatially inhomogeneous patterns and bifurcations [71]). It also has many direct
applications in the study of morphogenetic processes involving skin patterns [72]. Let us define
the densities of X;, A, B and X; as p,, a, 8 and p,, respectively. The law of mass action states
that the rate of a chemical reaction is proportional to the concentration of the reacting species.

19



J. Phys. A: Math. Theor. 53 (2020) 445007 A Russo et al

(a)

{p(y. 1)

L t=0 t=0
% 10.%
—— FH -+—- GLE —— FH —+- GLE
— 0
L - t=100 =100
4 10 =

- % 4 .

o t = 500 0

(p(y, 1))

—200 —100 0 100 200 —200 —100 0 100 200
x x
()
1000 —— FH overdamped

~+- GLE overdamped
—— FH underdamped

—+- GLE underdamped

0 2500 5000 7500 10000
t

Figure 3. Comparison between FH and GLE for a non-uniform ideal gas in a double-
well potential at temperature 7 = 1. The system is started off with a non-symmetric
initial condition to force mass transport between the two wells. The density-time evo-
lution is computed in the underdamped limit with A; = 1 and B; = —1 (a) and in the
overdamped limit with A} = 1 and B} = —4 (b). In (c) we report the time evolution of
the difference between the total mass contained in the left well m™* (¢) and the mass in the
right well m™ (¢). Such dynamics clearly shows the significant influence of the memory
kernel on non-equilibrium processes. The domain is discretized in 40 cells of Ax = 10
and periodic boundary conditions are used.

This law, when applied to equation (75), gives the time-evolution of the components, namely:

Wy, (1) = koo — ki p1(r; 1) + ks pi(rs Dpa(rs 1),
Wy, (r; 1) = ka8 — k3 pi(rs Dpa(r3 1),

we(r; ) = kip1(r; 1) — k1,

wp(r;t) = —ka3.

(76)

If A and B are in excess, then o and [ can be assumed to be constant. It follows that
wq(r; 1) ~ wpa(r; t) ~ 0, the so-called ‘quasi-steady approximation’ in chemical kinetics, and
the following system of continuity equations governs the time evolution of the system:

Op1(rs 1) = — V- (my ' (r50)) + wp, (r3 1) -
Dpa(ry 1) = — V- (" jo(r; D) + w,, (13 ).
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Deterministic Stochastic
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Figure 4. Turing patterns for B, ; = —0.4 characterized by a wavelength L ~ 70 con-

sistent with the one predicted theoretically. Panels (a)—(c) and (b)—(d) correspond to the
deterministic and stochastic cases, respectively. Panels (a) and (b) and (c) and (d) show
the evolution in time of the densities of the two components p; and p,, respectively.

The following parameters are adopted in our numerical simulations: k_ja = 1.0, k; = 0.02,
kgﬂ =20,k = 10-°.

Turing patterns are observed when a uniform dynamical system is linearly stable in the
absence of diffusion, but becomes linearly unstable in the presence of non-uniform diffusion.
In our analysis, we use the one-dimensional overdamped density equation, equation (38), in
the weak-noise limit:

Op1(x; 1) = d 07 p1(x; 1) + wy, (33 1)
X (78)
Oip2(x; 1) = dr0; p1 (x5 1) + wp, (X3 1)

where we defined d; = kg TDefr,ym; ' and dy = m; 'kp T Defr . First, we compute the stationary
states of the Schnakenberg model by setting:

wy, (r;1) =0 (79)
wy, (r;t) = 0.
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Figure 5. Turing patterns for By = —0.4 characterized by a wavelength L ~ 70 con-

sistent with the one predicted theoretically. Panels (a)—(c) and (b)—(d) correspond to the
deterministic and stochastic cases, respectively. The steady-state densities are reported
in (a) and (b). In (c) and (d) we plot the structure factors of the steady states.

A unique uniform stationary state then exists given by:

b _ kBt ko

1 kl

pb _ k2ﬂk% ~
> k(B +koja)?

P ~ 150

(80)

The Jacobian matrix for the purely reactive system evaluated at the stationary state, i.e. with
Owp;
dpj

components J; ; = ,» 1s given by:
Pi

kzﬂ — k_lOé k3 2
; ki bitkaa (koS + k1) .
B 2k BK, k3 |
kB + k_1ax k%(k2ﬂ+k_la)
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Deterministic Stochastic
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Figure 6. Same as figure 4, but for B;; = —0.4 and L ~ 50.

At the same time, the Jacobian matrix of the reaction—diffusion system is given by
Jix =J — [d1,d>]I. The reaction parameters chosen in this study satisfy the following con-
ditions

Tr J=Ji1 +Jpn~—0.0158<0 (82)
Det J = J11J2» — Ji2J21 ~ 0.0004 > 0 (83)

to ensure the stability of the purely reactive system, as required for the appearance of Turing
patterns (see appendix C for more details).

The effective diffusion parameters d; and d, are functions of the memory kernels, as shown
in section 4. We consider two cases, both with single exponential memory kernels, with param-
eters A;; = 1.0, Ap; = 1.0 and B, = —20.0. The two cases differ due to B, ;, which is set
to = —0.4 in case (a) and to —0.2 in case (b). The respective values of d| are 0.4 and 0.2.
Notice that in both cases the Turing instability conditions are satisfied because DetJy, < 0
(see appendix C for more details). The minimum wavenumber for which Turing instability
occurs is given by:

[diJxn 4 daJyy
kp =4 ————. 84
2d,d, 84

Such value corresponds to a wave-length L = 27 /k,.
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Deterministic Stochastic
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Figure 7. Same as figure 5, but for B;; = —0.4 and L ~ 50.

Figure 4 shows the time-evolution of the density for case (a) obtained from both determin-
istic and stochastic formulations. The characteristic wavelength for such a system, L ~ 70, is
theoretically predicted by equation (84) and is recovered in both deterministic and stochastic
solutions. As expected, for the stochastic evolution the instability is enhanced by the noise,
thus the patterns arise sooner. Interestingly, the structure factor reported in figure 5 and dis-
cussed in appendix D, exhibits a clear peak at about the predicted wave number. However,
in the stochastic case, higher frequency contributions due to the correlated noise are also
visible.

In figure 6 we report the deterministic and stochastic density evolution for case (b). In this
case we also observe the wavelength predicted by the theoretical analysis, L ~ 50. However,
the evolution of this system shows the presence of secondary peaks with low intensity, as also
suggested by the corresponding structure factor (figure 7).

Let us conclude this section by emphasizing that the prototypical Schnakenberg model was
used to exemplify our FFDFT framework. But the framework is quite general and can be used
to model any reaction scheme. Specifically, obtaining the memory kernel for each species (via
e.g. molecular dynamics simulations) opens the road to analyzing the influence of interpar-
ticle interactions and correlated fluctuations (accounting for thermal bath effects) on pattern
formation.
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8. Summary and conclusions

We have derived a theoretical-computational framework for reactive multispecies colloidal
systems. Starting from the non-Markovian GLEs describing the motion of the reactive parti-
cles, and by appropriately defining the local number and momentum density fields, we obtained
the corresponding non-Markovian Navier—Stokes-like system of microscopic FH. Introducing
the Helmholtz free-energy functional from classical density-functional theory yields a non-
Markovian FDDFT for reacting multispecies fluid systems, the main result of our theoretical
work. Introducing an appropriate deconvolution operator enables us to obtain the overdamped
limit. This resulted in the non-Markovian and overdamped equation for the density field, a gen-
eralisation of FDDFT to include chemical reactions and memory effects. Moreover, in order to
make the equations for the non-Markovian FDDFT computationally tractable, we introduced
additional field variables whose purpose is twofold: they include the memory term contribu-
tions without actually computing any convolution explicitly, and they account for the effects
of the time-correlated random term. This additional fields allowed us to develop an extended
dynamics framework equivalent to the non-Markovian FDDFT. Additionally, we presented
a finite-volume scheme to discretize the non-Markovian FDDFT, and we provided several
numerical experiments to exemplify our framework. These include ideal gas in-and-out-of
equilibrium, and a two-species reacting system exhibiting memory-driven Turing patterns.

The framework can be adopted to investigate a wide spectrum of physicochemical phenom-
ena in colloidal systems. We have demonstrated that memory effects, through inducing time
correlations and variations of the fluid mobility that alter the transition path, can play a cru-
cial role in the dynamical evolution of systems undergoing state transitions. As a result, the
theoretical-computational treatment of memory effects requires careful consideration.

We believe that our results can motivate further theoretical-computational studies on reac-
tive colloidal systems and may even be useful in the experimental scrutiny of pattern formation
including Turing patterns. There are also a number of interesting questions related to the work
presented here. For example, an interesting extension would be to apply the methods proposed
here to the study of phase transitions in biological fluids where memory effects should play an
important role. Such systems are often characterized by space- and time-scales, which are not
accessible with atomistic simulations [7, 8]. Another possible line of future work is to include
the effects of geometric confinement [73—75]. We shall examine these and related issues in
future studies.
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Appendix A. Derivations of noise in fluctuating hydrodynamics

The noise term in equation (10) is n,(r;7) = Zf\’:‘({) O(r — ris)R; (1), where R, (f) has zero
mean and correlation function (R; (DR, (7)) = kpTO(r — ). It follows that the spatiotemporal
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correlations of 1, can be expressed as:

Ns(1) Ns(1)
(ny(rs Dm0 1)) = <Za<r m)Zé(r —r”>R”(r>R”(r>> (A.1)

Using the property of the Dirac delta function
Ni(1) Ny(?) Ni(1) Ns(1)

Y 0 —r)> 60 —ri) =Y 0 —ri)ir—r)=>_ 8¢ —ri)ér—r), (A2)
i= i=1 i=1 i—=1

the spatio—temporal correlations of 7, can be rewritten as:

Ni(1)
(nr o3 1)) = <Z 8 — ri )0 — IRy (DR (1 >>

i=1

= (ps(r; 6(r — ks TO(1 — 1)) . (A.3)

Thus, introducing a spatiotemporal noise satisfying (R(r; )R,(r';7)) = kgTOs(r — 1)
o(r — 1), the local fluctuation term can be rewritten as

N, 1) =/ ps(r; OR(r: 1). (A4)

Appendix B. Stochastic process of extended field dynamics

In this section, we discuss the properties of the stochastic process &(r; ). First, since all the
singularities of ((w) = X~ '(w) lie in the lower-half complex w-plane, then for 7 > 0:

(1) = / dw C(w)e‘” = hm / dw ((w)e“”

~ . 1 -~
= — % dw ((w)e™” — lim—/ dw ((w)e“" =0 (B.1)
2 ct arc(a——a)

a—00 2T

where §C+ dw indicates the integral over a closed contour C* that goes along the real line from

—a to a and then along a semicircle centered at O from a to a, while farc(a—>—a) dw is the integral

along an arc centered at 0 from a to —a. Hence, for ¢t > 0 we can write

“+o00 +oo
€0 = / ¢t — Dym(t)df = / ¢t — Oyt (B.2)
0

—00

Thus, the spatio—temporal correlation function of £ (r; ) is given by:

+o0 —“+o0
(& rin)E, (i n)) = </ df1/ dryC(r — (s 1) [ — t’z)m(i‘/;f/z)]T>

+oo —“+o0
/ d / Al — 1) ()l (1)) (1 — 1) (B.3)

where we used the fluctuation-dissipation theorem.
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Employing the definition of Fourier transform of 6; and ((f), together with
equations (44)—(46), we obtain:

+oo +oo
(£, 1)&,('s 1)) = ks Tps(r; )6(r — ') 1 / dry / dy C(t = 1)¢(12 — 5)0,(1; — 1))

—+o0 —+o0 1
= kgTps(r; )o(r — 1) I/ dt’l/ dsy C(n — t’l)z—
-0 —o0 m

+OC -~ . / /
X / dw Oy(w)e“ )¢t — 1)

/ oo / oo / / 1
= kgTps(r; )o(r — r') I/ dtl/ dr, ((f — II)E
+OC -~ H / / H 1
X / dw es(w)elw(tl_tz)C(tz _ tlz)e—lw(tl—IZ)elw(ll—tz)

| oo e
= kgTp,(r;6(r — ') I / dw / dr\ ¢ty — £))e =g (w)

+oo . / /N -
X / le2 C(IZ _ tlz)elw(tzflé)elw(tlftz)

+o0 . - )
—aTp 03 ) 1= [ Q-
| ~ :
—aTp (03— 1~ [ dw Q2R (—wpe

| :
= ks Tps(r; o0 — 1) T / dw 2e17)
m™J)_

= 2kgTps(r; )o(r — r')o(t; — 1) L. (B4)

o0

It follows that &,(r; 1) is delta-correlated in space and time, and consequently can be easily
generated, i.e. as in reference [65].

Appendix C. Linear stability analysis for reaction—diffusion systems
Turing patterns are observed when a uniform system is stable in the absence of diffusion,
but become unstable to perturbation with diffusion. For the analysis, we consider the one-

dimensional density equation:

Ohp1(x; 1) = di0; pr(x; 1) + w,, (x3 1)

X (C.1)
Oipa(x; 1) = drO; p1(x; 1) + w,, (x3 1)
with stationary states given by:
wy, (r;1) =0
(C.2)
wy, (r;t) = 0.
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Hence, we study the linear stability of the system around the stationary state for both the corre-
sponding reacting-only system and for the full system. The time evolution of the infinitesimal
perturbations dp, and ép, is given by:

6p1 = d10*6py + J110p1 + J126pa
X (C.3)
00y = dr075p1 + J216p1 + J220p2

Owp;

where the coefficients of the Jacobian matrix evaluated at the stationary state J; ; = 5% | |
i1

introduced. A particular solution is given by

0 .
(gg;) - (g%) gl (C4)

Combining equations (C.3) and (C.4), we obtain the eigenvalue problem:

dp1
— kI =0 C5
Jx ) <5p2> (C.5)
where
Jig — dik? Jioj >
= ’ ’ . C.6
Ji ( Ja Jop — dok* (©0)

The uniform stationary solution is stable if both eigenvalues \;; at a wave number k have
negative real part. Such a condition is verified if:

Tr Ji = Ji1 +Jao — (di + d)k* <0 (C.7)
Det J; = (J11 — dik>)(Jay — dak®) — J12J21 > 0. (C.8)
Turing patterns can arise when a reaction-only system, corresponding to d; = d, = 0, is

stable, but the corresponding reaction—diffusion system is unstable. The reaction-only system
is stable when the following two conditions are satisfied:

Tr J=Ji1+J»n <0 (C.9)

Det J = Ji1Jx — Ji12Jo1 > 0. (C.10)

The reaction—diffusion system is unstable when at least one of equations (C.7) and (C.8) is
not verified. Because of equation (C.9), TrJ;, < TrJ < 0, thus equation (C.7) is always verified.

Instability then occurs if and only if DetJ;, < O for at least a value of k. The minimum value
of k for which such a condition occurs is given by:

[diJxn 4 daJvy
kp =14/ ——— C.11
2d,d, ( )

which corresponds to a wave number L; = 2 /k. It directly follows that the corresponding
DetJy,, < 0 when:

diJo + d>J
Det Jiw = J11J22 — JiaJo1 — % <0. (C.12)
1642
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Appendix D. Structure factor

As shown in previous works [57, 65], the structure factor is useful not only to study the stability
of the numerical integrator, but also in multi-phase systems to obtain the frequency components
characterizing the system. If we consider a periodic domain of volume V, the spatial Fourier
transform of the number density for the species s is given by:

1 .
Psk(t) = v / ps(r, e K rdr. (D.1)
14

Thus, the structure factor is defined as the variance of the Fourier transform of the density
fluctuations of species s,

S(K) = V{0psscdi ) (D.2)

with the Fourier transform of the density fluctuations being 0p,x = psx — (fsk)- In case of
uniform ideal gases, the structure factor is computed as [57]:

S(k) = ps/B. (D.3)
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